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Preface
The present edition differs from the first in several significant aspects. Typo-

graphical errors as well as several mathematical errors have been removed. In a number
of places the text has been revised to enhance clarity. Several additional algorithms have
been included as well as an entire new chapter on geometric image transformations. By
popular demand, and in order to provide a better understanding of image algebra, numerous
exercises have been added at the end of each chapter. Starred exercises at the end of a
chapter depend on knowledge of material from subsequent chapters.

As with the first edition, the principal aim of this book is to acquaint engineers,
scientists, and students with the basic concepts of image algebra and its use in the concise
representation of computer vision algorithms. In order to achieve this goal we provide a
brief survey of commonly used computer vision algorithms that we believe represents a
core of knowledge that all computer vision practitioners should have. This survey is not
meant to be an encyclopedic summary of computer vision techniques as it is impossible to
do justice to the scope and depth of the rapidly expanding field of computer vision.

The arrangement of the book is such that it can serve as a reference for computer
vision algorithm developers in general as well as for algorithm developers using the image
algebra C++ object library,iac++.1 The techniques and algorithms presented in a given
chapter follow a progression of increasing abstractness. Each technique is introduced
by way of a brief discussion of its purpose and methodology. Since the intent of this
text is to train the practitioner in formulating his algorithms and ideas in the succinct
mathematical language provided by image algebra, an effort has been made to provide the
precise mathematical formulation of each methodology. Thus, we suspect that practicing
engineers and scientists will find this presentation somewhat more practical and perhaps a
bit less esoteric than those found in research publications or various textbooks paraphrasing
these publications.

Chapter 1 provides a short introduction to the field of image algebra. Chapters
2–12 are devoted to particular techniques commonly used in computer vision algorithm
development, ranging from early processing techniques to such higher level topics as image
descriptors and artificial neural networks. Although the chapters on techniques are most
naturally studied in succession, they are not tightly interdependent and can be studied
according to the reader’s particular interest. In the Appendix we presentiac++ computer
programs of some of the techniques surveyed in this book. These programs reflect the
image algebra pseudocode presented in the chapters and serve as examples of how image
algebra pseudocode can be converted into efficient computer programs.

1 Theiac++ library supports the use of image algebra in the C++ programming language and is available
via anonymous ftp fromftp://ftp.cise.ufl.edu/pub/src/ia/.
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Notation

The tables presented here provide a brief explantation of the notation used
throughout this document. The reader is referred to Ritter [1] for a comprehensive treatise
covering the mathematics of image algebra.

Sets Theoretic Notation and Operations

Symbol Explanation

���������
Uppercase characters represent arbitrary sets.

� �
	��� Lowercase characters represent elements of an arbitrary set.

���
�����
Bold, uppercase characters are used to represent point sets.

� ������� Bold, lowercase characters are used to represent points, i.e.,
elements of point sets.

�
The set

������� ��������� ��!"!#! $
.

% � %'& � %)(
The set of integers, positive integers, and negative integers,
respectively.

%+*
The set

% * �,�-� �"���"!#!�!#��.0/1�"$
.

%'&*
The set

%'&* �,� �������"!#!�!#��.+$
.

%)2 *
The set

%'2 * �3� /4.657�8�#!"!"!
��/9�8� � �#�8�#!�!#!��:.;/<�=$
.

> � >?& � >@( � >BADC The set of real numbers, positive real numbers, negative real
numbers, and positive real numbers including 0, respectively.

E
The set of complex numbers.

F
An arbitrary set of values.

F?G
The set

F
unioned with

��H $
.

F ( G The set
F

unioned with
� / H $

.

F?2 G
The set

F
unioned with

� / H � H $
.

I
The empty set(the set that has no elements).

�=J The power setof
�

(the set of all subsets of
�

).

K
"is an element of."

LK
"is not an element of."

M
"is a subset of."
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Symbol Explanation

NPORQ
UnionNTSUQPV3W�X6Y�X6Z[N]\�^�X6Z[Q0_

.

O`8a-b N ` Let
WN ` _ `8a-b be a family of sets indexed by an indexing setc

.
O`8a-b N ` V3W�d[Y8d[Z[N `fe \�^?g-hjilk"g-m
hB\�n�k4opZ c _ .qOrts)u N r

qOrvs)u N r VwN u SUN0x?S�y#y"yS0N q .zOrts)u N r
zOrvs)u N r V3W#d{Y�dUZ[N r+e \�^|m�\�}0k4~|Z{�'�@_ .NP�RQ

IntersectionNT�UQPV3W�X6Y�X6Z[N�g-n��0X�Z{Q0_
.

�`8a-b N ` Let
WN ` _ `8a-b be a family of sets indexed by an indexing setc

.
�`8a-b N ` V3W�d[Y8d[Z[N ` e \�^�g=ili�opZ c _ .q�rts)u N r

q�rvs)u N r VwN u �UN x ��y#y"y�0N q .z�rts)u N r
z�rvs)u N r V3W#d{Y�dUZ[N r e \�^?g=ili�~�Z��'�?_ .N��[Q

Cartesian productN��[QPV�W8��d)�:�8��Y�dUZ{N{���6Z[Q0_
.

q�rts)u N r
q�rvs)u N r V3W-��d u ��d�x=�#y"y#y��:d q ��Y�d r Z�N r _ .z�rts)u N r
z�rvs)u N r V3W-��d u ��d�x=�:d�����y"y"y �@Y�d r Z{N r _ .� q

The Cartesian product of� copies of
�

, i.e.,
� q�V q�rts)u � .

N��@Q
Set difference
Let

N
and

Q
be subsets of some universal set� ,NT�@QPV3W�dUZ[N�Y�d��Z[Q0_

.

N{�
ComplementN��'V � �@N , where � is the universal set that contains

N
.

 ¡�¢-£ �¤N{� The cardinality of the set
N

.

 ¥§¦ ~  #¨ �¤N{� A function that randomly selects an element from the set
N

.

Point and Point Set Operations

Symbol Explanation

©«ªR¬ If © � ¬ Zp�q , then ©0ª®¬ V,��d u ª � u �)y#y"y§��d q ª � q � .
©[¯�¬ If © � ¬ Zp�q , then ©U¯�¬ V,��d u ¯ � u �)y#y"y§��d q ¯ � q � .
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Symbol Explanation

°{±�² If °?³�²�´pµ�¶ , then °[±²{·3¸�¹+º¼»8º-³'½"½#½§³�¹ ¶ » ¶�¾ .
°À¿=² If °?³�²�´pµ�¶ , then °À¿=²{·,¸�¹'º¿�»8º#³)½#½"½§³�¹ ¶ ¿8» ¶�¾ .
°«ÁU² If °?³�²�´pµ�¶ , then °0ÁU²�·�¸
¹+º+Á[»8º-³'½#½"½'³�¹ ¶ ÁU» ¶�¾ .
°«ÂU² If °?³�²�´pµ�¶ , then °0ÂU²�·�¸
¹ º Â[» º ³'½#½"½'³�¹ ¶ ÂU» ¶ ¾ .
°'Ã�² In general, if °?³�²�´�µ|¶ , and Ã{Ä�µ®Å{µ�ÆÇµ , then°'Ã�²È·3¸�¹ º Ã�» º ³'½"½"½�³§¹ ¶ Ã�» ¶ ¾ .
É Ãj° If

É ´�µ , °�´{µ|¶ , and Ã{Ä8µÊÅ[µ�ÆÇµ , thenÉ Ã�°�·3¸ É Ã§¹ º ³'½#½"½§³ É Ã�¹ ¶ ¾ .
°ÀË�² If °?³�²�´pµ�¶ , then °ÀË�²{·�¹'º»8ºÍÌÊ¹§Î"»-Î?Ì�±"±#±'ÌÊ¹ ¶ » ¶ .
°�ÅU² If °?³�²�´pµ�¶ , then°�Å«²�·3¸�¹ Î »"Ï�ÐÊ¹jÏ#» Î ³�¹jÏ-» º ÐÈ¹ º »"Ï�³�¹ º » Î Ð�¹ Î » º ¾ .
°Ñ ² If °�´{µ|¶ and ²�´pµ�Ò , then°:Ñ ²�·,¸�¹'º"³À½"½#½§³�¹ ¶ ³�»8º�³'½"½#½'³�» ÒÓ¾ .
Ð�° If °�´{µ|¶ , then Ð�°p·Ô¸:Ð4¹ º ³À½"½"½�³§Ð4¹ ¶ ¾ .
Õ °�Ö If °�´{µ|¶ , then

Õ °�ÖÓ·3¸ Õ ¹'º¤Öj³À½"½#½§³ Õ ¹ ¶ Ö ¾ .
× °�Ø If °�´{µ|¶ , then

× °�ØÓ·3¸ × ¹ º Øj³À½"½#½§³ × ¹ ¶ Ø ¾ .
Ù °§Ú If °�´{µ|¶ , then

Ù °§ÚD·3¸ Ù ¹ º Ú
³'½#½"½§³ Ù ¹ ¶ Ú ¾ .
ÛjÜ ¸Ý° ¾ If °{·�¸
¹ º ³�¹ Î ³"½"½#½�³:¹ ¶ ¾ ´pµ�¶ , then ÛjÜ ¸Ý° ¾ ·1¹ Ü .
Þ ° If °�´{µ|¶ , then

Þ °�·�¹'º|ÌÊ¹§Î?Ì�±"±#±'ÌÊ¹ ¶ .
ß ° If °�´{µ|¶ , then

ß °[·7¹+º¼¹§Î6±#±"±�¹ ¶ .
Á|° If °�´{µ|¶ , then Á|°�·�¹+º+Á[¹§Î?Áà±#±"±�Á�¹ ¶ .
Â|° If °�´{µ|¶ , then Â|°�·�¹ º Â[¹ Î Âà±#±"±�Â�¹ ¶ .
á ° á Î If °�´{µ|¶ , then

á ° á Î ·àâ ¹ Î º Ìã±#±"±�Ìä¹ Î¶ .
á ° á º If °�´{µ|¶ , then

á ° á º ·æå ¹'º�å�Ì7å ¹§Î�åÌ�±"±"±DÌãå ¹ ¶ å .
á ° á#ç If °�´{µ|¶ , then

á ° á#ç ·æå ¹+º=å�Á�å ¹�Î8åÁà±#±"±�Áæå ¹ ¶ å .
è�éÝê ¸�° ¾ If °�´{µ|¶ , then

è�é¤ê ¸¤° ¾ ·�ë .

ì Ì�í If
ì ³
íïîðµ|¶ , then

ì Ì�íñ·3ò#°0Ì®²óÄô°õ´ ì�ö ë è ²�´�í�÷ .
ì Ð�í If

ì ³
íïîðµ|¶ , then
ì Ð{íñ·3ò#°UÐ�²óÄô°õ´ ì�ö ë è ²�´�í�÷ .

ì Ì�ø If
ì î1µ|¶ and Û ´{µ|¶ , then

ì Ì�ø�·3ò#°0Ì®ø�Äô°{´ ì ÷ .
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Symbol Explanation

ùûú�ü
If
ù]ý1þ|ÿ

and ��� þ|ÿ , then
ùæú�ü������[ú�ü
	�� � ù� .

ù����
If
ù����ïýðþ|ÿ

, then
ù�����������	�� � ù
����� � ��� .

ù! ��
If
ù����ïýðþ|ÿ

, then
ù! ��"�#�$��	�� � ù"%'&)(��*� ��� .

ù!+,�
If
ù����ïýðþ|ÿ

, thenù-+��.�#�$�/	�� � ù����.%'&)(��*� ù�0���� .
ù21,�

If
ù����ïýðþ|ÿ

, then
ù�1��.�#�435�6��798!	�� � ù
%:&)(;7 � ��� .

ú�ù
If
ù]ý1þ|ÿ

, then
ú�ù"���8ú<�=	�� � ù>� .?ù

If
ù]ý1þ|ÿ

, then
?ù"�#����	�� � þA@,%'&)(��!*� ù� .B�C � 3Ýù-8 If

ù]ý1þ|ÿ
, then B$C � 3Ýù-86� the supremum of

ù
. Ifù"�����ED$�F�9G4��H�H�HI�F� ÿ �4� then B$C � 3Ýù-86�J�EDLK��9G6K�H$H�HMK,� ÿ .N ù

For a point set
ù

with total order O ,�LP<� N ù
QR� O �9PS�UTV� � ù� ����9P�� .W5&)X)3�ù!8
If
ù]ý1þ|ÿ

, then
WY&)XZ3�ù-86�

the infimum of
ù

. Ifù"����� D �F� G ��H$H�H��F� ÿ � , then
WY&)XZ3�ù-86�J� DL[ � G\[ H$H�H [ � ÿ .] ù

For a point set
ù

with total order O ,� P � ] ù
QR�)^ O�_ �UTV� � ù� ���� P � .`�a ��W `$b 3¤ù!8 If
ù]ý1þ|ÿ

, then`�a ��W `�b 3�ù-8 � ùc3d��%'&)(:��e�fhg `�a � B�b & b f b e b &ZiI8 .` %'��(j3¤ù!8 If
ù]ý1þ|ÿ

, then ` %'��(j3¤ù-8E�ki aVb�` %'��('WY&)%'fhWliIgm��XUù
. In

particular, if
ù
����� D ��n�n�n���� ÿ � , then ` %'��(j3¤ù!8E�o& .

Morphology

In the following table,p ��q,�Mr�� and s denote subsets of
þ�ÿ

.

Symbol Explanation

p�t The reflection ofp across the originu �#3wvj�Ivj�$H�H�H��Mv�8 � þ�ÿ .
pyx The complement ofp ; i.e., p�x ����� � þ|ÿ!	��/* ��p � .
pyz pyz ���${}|�~�	�{ �p � .
p 1-q

Minkowski additionis defined asp 1q��#�${m|�~�	�{ �p �F~ � qy� (Section 7.2).

p�� q Minkowski subtractionis defined asp,� q���3 pyx 1q t 8 x
(Section 7.2).
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Symbol Explanation���<�
The opening of

�
by
�

is denoted
���<�

and is defined by���<�����d�,�4�����-�
(Section 7.3).���<�

The closing of
�

by
�

is denoted
���<�

and is defined by���<�����d���������S�
(Section 7.3).���/�

Let
���#�w�������

be an ordered pair of structuring elements.
The hit-and-miss transformof the set

�
is given by���J���#���/�4���!�������V��� �,����¡5¢
(Section 7.5).

Functions and Scalar Operations

Symbol Explanation£ ��¤�¥§¦ £
is a function from

¤
into

¦<¨
©'ª�«,¬'d® � £ �

The domainof the function
£ ��¤�¥§¦

is the set
¤¨

¯ ¬'®±°:² � £ � The rangeof the function
£ ��¤�¥§¦

is the set� £ �U³±���:³�´!¤µ¢
.£A¶A·

The inverseof the function
£
.¦�¸

The set of all functions from
¤

into
¦

, i.e., if
£ ´-¦�¸

, then£ �¹¤.¥§¦�¨
£6º »

Given a function
£ �S¤.¥§¦

and a subset¼ ��¤ , the
restriction of

£
to ¼ ,

£Lº » � ¼ ¥§¦
, is defined by£Lº » � ¬ �E� £ � ¬ �

for
¬ ´ ¼ .£Eº ½

Given
£ � ¼ ¥§¦

and
° �4¾�¥§¦

, the extension of
£

to
°

is

defined by
£Eº ½ ��³±�E�=¿ £ ��³V�ÁÀÃÂ\³�´ ¼° �w³±�ÄÀÃÂ\³�´�¾/Å ¼ ¨° � £

Given two functions
£ ��¤Æ¥§¦

and
° �4¦�¥RÇ

, the
composition

° � £ ��¤�¥RÇ
is defined by� ° � £ �È�w³±�E� ° � £ ��³V�F�

, for every
³�´¤

.£�É °
Let

£
and

°
be real or complex-valued functions, then� £�É ° �M��³±�L� £ �U³±� É ° ��³V�

.£�Ê °
Let

£
and

°
be real or complex-valued functions, then� £�Ê ° �M�d³V�E� £ ��³±� Ê ° �d³V�

.Ë Ê$£
Let

£
be a real or complex-valued function, andÌ be a real

or complex number, then
£ ´�ÍÏÎ

,
� Ë Ê�£ �Ð�d³V�E� Ë Ê � £ ��³±���

.º £Eº º £Eº �w³±�6� º £ �w³±� º
, where

£
is a real (or complex)-valued

function, and
º £ �w³±� º

denotes the absolute value (or
magnitude) of

£ ��³V�
.
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Symbol ExplanationÑÐÒ
The identity function

Ñ Ò�Ó�ÔÆÕÖÔ
is given by

Ñ Òm×�ØÚÙ6Û�Ø
.

ÜSÝ Ó!ÞßàháAâ Ô à Õ§Ô Ý The projection functionÜ4Ý onto the ã th coordinateis defined
by Ü4Ý ×dØ â�ä�å�å$åMä Ø Ý ä�å$å�åMä Ø Þ ÙLÛ�Ø Ý .æ�ç'è�é ×YÔÙ The cardinality of the set

Ô
.æ�ê±ë�ì5æ$í ×YÔÙ A function which randomly selects an element from the setÔ

.Ømî!ï
For

Ø ä ïmð�ñ ,
Ø�î!ï

is the maximum of
Ø

and
ï
.Ømò!ï

For
Ø ä ïmð�ñ ,

Ø�ò!ï
is the minimun of

Ø
and

ï
.ó Ø�ô

For
Ø�ðñ

the ceiling function
ó ØSô

returns the smallest
integer that is greater than or equal to

Ø
.õ Ø�ö

For
Ø�ðñ

the floor function
õ ØSö

returns the largest integer
that is less than or equal to

Ø
.÷ Øùø

For
Ø�ðñ

the round functionreturns the nearest integer to
Ø
.

If there are two such integers it yields the integer with
greater magnitude.Ø�ú ë�é ï For

Ø ä ïmð�û ,
Ø�ú ë�é ïmÛ è if there existsü ä è ðû withèmý ï such that
Ø�Û�ï üÿþ è .��� ×dØVÙ The characteristic function��� is defined by��� ×UØ±ÙEÛ�� Ñ��	� Ø�ð�
������������ ��� ���

Images and Image Operations

Symbol Explanation� ä��<ä � Bold, lowercase characters are used to representimages.
Image variables will usually be chosen from the beginning of
the alphabet.� ð"!�#
The image� is an

!
-valued imageon $ . The set

!
is called

the value setof � and $ the spatial domainof � .% ð�!�#
Let

!
be a set with unit

Ñ
. Then

%
denotes an image, all of

whose pixel values are
Ñ
.& ð�!�# Let

!
be a set with zero

�
. Then

&
denotes an image, all of

whose pixel values are
�
.��' ( The domain restrictionof � ð"!�#

to a subset) of $ is
defined by��' ( Û �+* × )-, ! Ù

. Thus, ��' ( ð.! (
.
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Symbol Explanation/1032 The range restrictionof /54.687 to the subset9;: 6 is
defined by/80 2=< /?>A@CBED 9GF . The double-bar notation is
used to focus attention on the fact that the restriction is
applied to the second coordinate of/ : BHDI6 . Thus ifJ <LK�M 4IBHN�/O@ M F 4 9QP , then /10R254 9�S ./�T UWVYX 2[Z If /A4"6�7 , \]: B , and 9^: 6 , then therestriction of / to \
and 9 is defined as/�T UWVYX 2[Z < /+>_@ \ D 9GF . Thus ifJ <LK�` 4 \ N�/a@ ` F 4 9bP , /�T UcVdX 2�Z 4 98S ./�T e Let B and f be subsets of the same topological space. The
extension of/54.6�7 to g 4.61h is defined by/�T eO@ M F <ji /O@ M F�kml M 4IBg @ M Fnkml M 4 fpo B.q@r/�T gsFut @v/OwxT /�y[TuzRz3z�T /�{ F Row concatenation of images/ and g , respectively the row
concatenation of images/ w t / y tu|R|3|�t / { .}~� / �

g
���� Column concatenation of images/ and g .

� @C/ F If /A4"6�7 and
� Nx6���� , then the image

� @C/ F 4.��7 is
given by

��� / , i.e.,� @C/ F <LK @ M t�� @ M F�F N � @ M F < � @C/O@ M F�Fut M 4IB P ./ ���
If

� N f ��B and /A4"6�7 , the induced image/ ��� 4"6�h is
defined by/ ��� <�K @v� t /O@ � @C� F�F F N��.4 f�P ./�� g If � is a binary operation on6 , then an induced operation on6�7 can be defined. Let/ t g 4.68� ; the induced operation is
given by /�� g <LK @ M t�� @ M F�F N � @�� F < /a@ M F � g @ M F�t M 4IB P .� ��/
Let

� 4"6 , /A4�6�7 , and � be a binary operation on6 . An
induced scalar operation on images is defined by� ��/ <�K @ M t�� @ M F�F N � @ M F < � ��/O@ M F3t M 4IB P ./�e
Let / t g 4"��7 ; /�e <�� @ M t�� @ M F F N � @ M F < /O@ M F e U�� Z t M 4AB.  .¡W¢�£ e / Let / t g 4�@ ��¤ F 7 ;¡W¢3£ e / <j¥ @ M t�� @ M F�F N � @ M F < ¡c¢3£ e U�� Z /O@ � F�t M 4AB§¦ ./©¨
If /A4"6�7 and 6 has a conjugation operation *, then the
pointwise conjugate of image/ , /d¨�@ M F < @r/O@ M F F ¨ .ª / ª / denotes reduction by a generic reduce operationª Nx6�7-��6 (Section 1.4).

The following four items are specific examples of the global reduce operation. Each
assumes/A4"��7 and B <�K3M w t M y t3|R|3|�t M { P .
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Symbol Explanation«¬ «E¬¯®°¬O±v²�³�´Oµ^¬O±v²1¶3´Oµ�·R·3·�µ^¬O±r²O¸©´
.¹ ¬ ¹ ¬¯®°¬O±v²�³�´Q·�¬O±C²1¶3´�·x·3·R·3·�¬a±v²O¸©´

.º ¬ º ¬¯®»¬O±C²�³¼´O½5¬O±r²1¶R´O½�·3·R·�½5¬O±r²O¸©´
.¾ ¬ ¾ ¬¯®»¬O±C² ³ ´O¿5¬O±r² ¶ ´O¿�·3·R·�¿5¬O±r² ¸ ´
.

¬?ÀbÁ
Dot product,

¬+ÀbÁ.®ÃÂ�±r¬=·�ÁQ´�®Ä«Å�Æ�Ç ±v¬a±È²1´�·uÁb±v²1´ ´
.É¬

Complementation of a set-valued image
¬
.¬©Ê

Complementation of a Boolean image
¬
.¬�Ë

Transpose of image
¬
.

Templates and Template Operations

Symbol ExplanationÌÎÍ Ï�ÍCÐ Bold, lowercase characters are used to representtemplates.
Usually characters from the middle of the alphabet are used
as template variables.ÏÒÑÔÓCÕ ÇbÖR× A template is an image whose pixel values are images. In
particular, anÕ -valued template fromØ to Ù is a functionÏ+Ú ØEÛ Õ Ç

. Thus, ÏÒÑ Ó Õ Ç Ö ×
and Ï is an Õ Ç

-valued
image onØ .Ï3Ü
Let ÏÒÑ Ó Õ Ç Ö ×

. For eachÝ Ñ Ø , Ï Ü ® Ï ± Ý ´
. The imageÏ3Ü¯Ñ"Õ Ç

is given by ÏRÜ ®�ÞÎ±v² Í�ÏRÜ ±v²1´�´ Ú ² Ñ Ù�ß .à ± ÏRÜ ´
If Õ;Ñ Þ�á Í â ß and ÏÒÑ Ó Õ Ç Ö ×

, then thesupportof Ï is
denoted by

à ± Ï Ü ´ and is defined byà ± Ï Ü ´Q®LÞ�² Ñ Ù Ú�Ï Ü ±r²1´Òã®Ãä ß .à8å ± Ï Ü ´
If ÏÒÑ Ó á Ç å Ö ×

, then
àOå ± Ï Ü ´Q®LÞ�² Ñ Ù Ú�Ï Ü ±r²1´Òã®Ãæ ß .àsç å ± Ï Ü ´

If ÏÒÑ Ó á Ç ç å Ö ×
, then

à ç å ± ÏRÜ ´Q®LÞ�² Ñ Ù Ú�ÏRÜ ±v²1´èã®�é�æ ß .à8ê å ± Ï3Ü ´
If ÏÒÑ-Ó á Ç ê å ÖR×

, then
à ê å ± Ï Ü ´Q®LÞ�² Ñ Ù Ú�Ï Ü ±v²1´èã®ÃëÒæ ß .
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Symbol ExplanationìÎíïîdð
A parameterizedñ -valued template fromò to ó with
parameters inô is a function of the form

ì+õ ô�öø÷Cñ�ù�úRû .ì3ü
Let

ìÒý ÷ ñsù ú û . The transpose
ì3üOý ÷ ñ û ú ù is defined asì3ü þdívÿ�ð��°ì � í��1ð

.

Image-Template Operations

In the table below,ó is a finite subset of
���

.

Symbol Explanation�
	� ì
Let

í ñ� 	 � � ð
be a semiring and� ý ñ�ù ,

ì+ý ÷Èñsù�úRû , then
the generic right convolution product of� with

ì
is defined

as � 	� ì����sívÿ ��� írÿ�ð�ð�õ�ÿ�ý ò���� írÿ�ð��������� � í��1ð � ì � í��1ð��� ì 	� �
With the conditions above, except that now

ìÒý ÷ ñ û ú ù , the
generic left convolution product of� with

ì
is defined asì 	� � �!��írÿ �"� íWÿ�ð ðbõ�ÿ;ý ò���� írÿ�ð��#��$��� � í%�1ð � ì þ ívÿ�ð��� �'&� ì

Let ò)( ��* , � ý ñ�ù , and
ìÒý ÷ ñsù ú û , where ñ ý,+.- � �0/ .

The right linear convolution productis defined as�'&� ì��21èívÿ �3� íWÿ�ð ðbõ�ÿ�ý ò���� ívÿ�ð4�65þ87 ù:98;=<?>A@CB� í%�1ðED ì � í%�1ð�FG ì &� �
With the conditions above, except that

ìÒý ÷Cñ û ú ù , the left
linear convolution productis defined asì &� � �)HI J írÿ �"� íWÿ�ð ð�õ�ÿ.ý ò��$� íWÿ�ð�� 5þ87 ù:98; í >�K@ ð� í%�1ðED ì þ írÿ�ðEL MN  �POQ�R
For S
TVU�WX�Y and

R T[Z�U�WX�Y]\�^ , the right morphological
max convolution productis defined byS�_` RbadcfeAg�h"i:e�gkjlj:mng Tpo h�iqe%g�j4a rs8t W:u8v8w8xy?zA{.|S e%}kj�~�RC��e%}kjC���R _` S For S
TVU�WX�Y and

R T Z U ^ X�Y \ W , the left morphological max
convolution productis defined byR _` S a��� � e%gqh3iqe�g4j"jmCg Tpo h�i:e�g�j�a rs8t W:u8v wnx e z��{ jS eA}kj�~GR s e�g4j=� �� �SP�` R For S'TVU�WX�Y and

R T[Z�U�WXkY]\$^ , the right morphological min
convolution productis defined byS��` Rba c eAg:h"iqe�g4j"j:mng T�o h�iqe�g�j�a �s8t Wqu�� x y?z { |S eA}kj�~f��R � eA}kj � �
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Symbol Explanation�����
For

�
�V������
and

� �[��������]� �
, the left morphological min

convolution productis defined by� ��¡��¢�£¤ ¥�¦%§q¨A©q¦%§4ª"ª«C§ �¬ ¨$©:¦�§�ª ¢ ®8¯ �°8±=² ¦%³3´µ ª� ¦�¶kªk·f¸ � ® ¦�§�ª=¹ º»G¼�'½¾ �
For

�
� � �0¿ÁÀ� � �
and

� �#Â � �q¿�À� � �Ã �
, the right

multiplicative max convolution productis defined by� ½¾ � ¢dÄ ¦%§q¨3©q¦�§�ª3ª«C§ �f¬ ¨l©q¦�§4ª ¢ÆÅ®8¯ �q°�±8Ç ³ µCÈ� ¦%¶kªÊÉ �$Ë ¦%¶kª$Ì ¼� ½¾ �
For

�'�Í�A�q¿ÁÀ��� �
and

� � Â �A�q¿�À �Î�� Ã �
, the left multiplicative

max convolution productis defined by� ½¾ ��¢�£¤ ¥�¦%§q¨3©q¦�§�ª3ª«C§ �f¬ ¨�©q¦%§4ª ¢ Å®8¯ �:°8± ¦ ³ ´µ ª� ¦%¶kªÉ � ® ¦�§4ªE¹ º»Ï¼� �¾ �
For

�
� � �q¿�À� � �
and

� �#Â � �q¿�À� � �Ã �
, the right

multiplicative min convolution productis defined by� �¾ � ¢dÄ ¦%§q¨3©q¦�§4ª"ª«C§ �p¬ ¨l©q¦%§�ª ¢ ®8¯ �:°8± ² Ç ³ µCÈ� ¦%¶kªqÉ�¸ ��Ë ¦A¶kª�Ì ¼� �¾ �
For

�'� � �q¿ÁÀ� � �
and

� � Â � �q¿�À� � � Ã �
, the left multiplicative

min convolution productis defined by� �¾ �=¢�£¤ ¥�¦�§:¨"©:¦�§�ª3ª«n§ �p¬ ¨�©q¦%§�ª ¢ ®8¯ �:°8± ² ¦%³ ´µ ª� ¦A¶kªqÉ4¸ � ® ¦�§4ªE¹ º»Ï¼
Neighborhoods and Neighborhood Operations

Symbol ExplanationÐ ¨lÑ
Italic uppercase characters are used to denoteneighborhoods.Ñ �[��Òn�� � A neighborhood is an image whose pixel values are sets of
points. In particular, aneighborhood from

¬
to Ó is a

function
ÑÔ« ¬ÖÕ×ÒC�

.Ñ,¦?ØÙª
A parameterized neighborhoodfrom

¬
to Ó with parameters

in Ú is a function of the form
Ñ)« Ú Õ � ÒC� � �

.Ñ ¸
Let

Ñ � � ÒC� � �
, the transpose

Ñ'¸ � � ÒC� � �
is defined asÑ'¸�¦�¶kª ¢�Û § ��¬ «C¶ � ÑÜ¦%§4ªÞÝ

, that is,¶ � Ñ,¦%§�ª�ßáà'§ �ãâ ¸�¦%¶kª
.Ñ¡äå·¾ Ñdæ

The dilation of
Ñ]ä

by
Ñdæ

is defined byÑ,¦�§4ª ¢ çè ¯=é�ê3ë?ì=íEî3ï]ð$î%ñ�ò�ó[îAô'õ�ñ4ò3ò .
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Image-Neighborhood Operations

In the table below,ö is a finite subset of÷�ø .

Symbol Explanationù�úÊû ü
If ýÿþ���� ú����

, then
ù�ú	� 
������� 
�������� � þ ù�ú���� þ�� � .�"!# ý Given

� þ ù�ú , ýÆþ � � ú � � , and reduce operation$%� ù�ú&� 
�' ù
, the generic right reduction of

�
with ý is

defined as( � !# ý*)+( � ) � $ ��� 
,�-��� � $�.0/ 
,�1��� � (�23) . Thus,�"!# ý �4 ( �5��6 ( � )7) � � þ8� ��6 ( � ) � $ ��� 
������ � .ý !# � With the conditions above, except that nowýÖþ � � ú � � , the
generic left reduction of

�
with 9 is defined as(Aý !# � ) � ( � !# ý;:<) .�>=# ý Given

� þã÷ � , and theimage averagefunction? � ÷ � � 
 ' ÷ , the right reduction of
�

with ý yields the
neighborhood averaging operation,( �@=# ý*)+( � ) � ? � ��� 
,���0� � .�%A# ý Given

� þã÷ � , and theimage medianfunctionB � ÷ � � 
C' ÷ , the right reduction of
�

with ý yields the
neighborhood median filtered image,( � A# ý�)D( � ) � B � ��� 
,�-��� � .

Matrix and Vector Operations

In the table below,E and F represent matrices.

Symbol ExplanationEHG The conjugateof matrix E .EI: The transposeof matrix E .EKJ�F , EHF The matrixproductof matricesE and F .E LMF The tensor productof matricesE and F .E>N#PO F The p-productof matricesE and F .E>N# :O F The dualp-productof matricesE and F , defined byE>N# :O F � � F&:3N# O EQ: � : .
References
[1] G. Ritter, “Image algebra.” Unpublished manuscript, available via anonymous ftp from

ftp://ftp.cise.ufl.edu/pub/src/ia/documents, 1994.
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CHAPTER 1
IMAGE ALGEBRA

1.1. Intr oduction

Sincethe field of imagealgebrais a recentdevelopmentit will be instructiveto
providesomebackgroundinformation. In thebroadsense,imagealgebrais a mathematical
theoryconcernedwith thetransformationandanalysisof images.Althoughmuchemphasis
is focusedon the analysisand transformationof digital images, the main goal is the
establishmentof a comprehensiveand unifying theory of image transformations,image
analysis,and imageunderstandingin the discreteaswell asthe continuousdomain[1].

The idea of establishinga unifying theory for the variousconceptsand opera-
tionsencounteredin imageandsignalprocessingis not new. Over thirty yearsago,Unger
proposedthat many algorithmsfor imageprocessingand imageanalysiscould be imple-
mentedin parallelusingcellular array computers[2]. Thesecellulararraycomputerswere
inspiredby the work of von Neumannin the 1950s[3, 4]. Realizationof von Neumann’s
cellular arraymachineswasmadepossiblewith the adventof VLSI technology.NASA’s
massivelyparallelprocessoror MPP andthe CLIP seriesof computersdevelopedby Duff
andhis colleaguesrepresentthe classicembodimentof von Neumann’soriginal automaton
[5, 6, 7, 8, 9]. A moregeneralclassof cellulararraycomputersarepyramidsandThinking
MachinesCorporation’sConnectionMachines[10, 11, 12]. In an abstractsense,the vari-
ousversionsof ConnectionMachinesareuniversalcellular automatonswith an additional
mechanismaddedfor nonlocalcommunication.

Many operationsperformedby thesecellulararraymachinescanbe expressedin
termsof simpleelementaryoperations.Theseelementaryoperationscreatea mathematical
basis for the theoreticalformalism capableof expressinga large numberof algorithms
for imageprocessingandanalysis. In fact, a commonthreadamongdesignersof parallel
image processingarchitecturesis the belief that large classesof image transformations
can be describedby a small set of standardrules that induce thesearchitectures. This
belief led to the creationof mathematicalformalismsthat were usedto aid in the design
of special-purposeparallel architectures. Matheron and Serra’s Texture Analyzer [13],
ERIM’s (EnvironmentalResearchInstituteof Michigan)Cytocomputer[14, 15, 16], Martin
Marietta’s GAPP [17, 18, 19], and LockheedMartin’s PAL processor[20] are examples
of this approach.

The formalismassociatedwith thesecellular architecturesis that of pixel neigh-
borhoodarithmeticandmathematicalmorphology.Mathematicalmorphologyis thepartof
imageprocessingconcernedwith imagefiltering and analysisby structuringelements.It
grewout of theearlywork of Minkowski andHadwiger[21, 22, 23], andenteredthemod-
ern era throughthe work of MatheronandSerraof the EcoledesMines in Fontainebleau,
France[24, 25, 26, 27]. Matheronand Serranot only formulatedthe modernconcepts
of morphologicalimagetransformations,but alsodesignedandbuilt the TextureAnalyzer
System. Since thoseearly days,morphologicaloperationshave beenapplied from low-
level, to intermediate,to high-level vision problems.Among somerecentresearchpapers
on morphologicalimageprocessingareCrimminsandBrown [28], Haralicket al. [29, 30],
Maragosand Schafer[31, 32, 33], Davidson[34, 35, 36], Dougherty[37, 38], Goutsias
[39, 40], KoskinenandAstola [41], andSivakumarandGoutsias[42].
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2 CHAPTER 1. IMAGE ALGEBRA

SerraandSternberg were the first to unify morphologicalconceptsandmethods
into a coherentalgebraictheory specifically designedfor image processingand image
analysis. Sternberg was also the first to use the term “image algebra” [43, 44]. In the
mid 1980s,Maragosintroduceda new theoryunifying a large classof linearandnonlinear
systemsunder the theory of mathematicalmorphology [45]. More recently, Davidson
completedthe mathematicalfoundationof mathematicalmorphologyby formulating its
embeddinginto the lattice algebraknown as Mini-Max algebra [46, 47, 48]. However,
despitetheseprofound accomplishments,morphologicalmethodshavesomewell-known
limitations. For example,such fairly common image processingtechniquesas feature
extraction basedon convolution, Fourier-like transformations,chain coding, histogram
equalizationtransforms,imagerotation,andimageregistrationandrectificationare— with
theexceptionof a few simplecases— eitherextremelydifficult or impossibleto expressin
termsof morphologicaloperations.Thefailure of a morphologicallybasedimagealgebrato
expressa fairly straightforwardU.S.government-furnishedFLIR (forward-lookinginfrared)
algorithm was demonstratedby Miller of Perkin-Elmer[49].

The failure of an image algebrabasedsolely on morphologicaloperationsto
providea universalimageprocessingalgebrais dueto its set-theoreticformulation,which
restson the Minkowski addition and subtractionof sets [23]. Theseoperationsignore
the lineardomain,transformationsbetweendifferentdomains(spacesof differentsizesand
dimensionality),andtransformationsbetweendifferentvaluesets(algebraicstructures),e.g.,
setsconsistingof real-, complex-,or vector-valuednumbers.The imagealgebradiscussed
in this text includestheseconceptsandextendsthe morphologicaloperations[1].

The developmentof image algebragrew out of a need,by the U.S. Air Force
SystemsCommand,for a commonimage-processinglanguage. Defensecontractorsdo
not usea standardized,mathematicallyrigorousand efficient structurethat is specifically
designedfor imagemanipulation. Documentationby contractorsof algorithmsfor image
processingand rationale underlying algorithm design is often accomplishedvia word
descriptionor analogiesthat are extremelycumbersomeandoften ambiguous.The result
of thesead hoc approacheshasbeena proliferationof nonstandardnotationandincreased
researchand developmentcost. In responseto this chaotic situation, the Air Force
ArmamentLaboratory(AFATL — now known as Wright LaboratoryMNGA) of the Air
Force SystemsCommand,in conjunctionwith the DefenseAdvancedResearchProject
Agency (DARPA), supportedthe early developmentof imagealgebrawith the intent that
the fully developedstructurewould subsequentlyform the basis of a common image-
processinglanguage. The goal of AFATL was the developmentof a complete,unified
algebraicstructurethatprovidesa commonmathematicalenvironmentfor image-processing
algorithmdevelopment,optimization,comparison,coding,andperformanceevaluation.The
developmentof this structureprovedhighly successful,capableof fulfilling the tasksset
forth by the government,and is now commonlyknown as imagealgebra.

Becauseof thegoalssetby thegovernment,the theoryof imagealgebraprovides
for a languagewhich, if properlyimplementedasa standardimageprocessingenvironment,
cangreatlyreduceresearchanddevelopmentcosts.Sincethefoundationof this languageis
purely mathematicaland independentof any future computerarchitectureor language,the
longevityof animagealgebrastandardis assured.Furthermore,savingsdueto commonality
of languageand increasedproductivity could dwarf any reasonableinitial investmentfor
adaptingimagealgebraasa standardenvironmentfor imageprocessing.

Although commonality of languageand cost savings are two major reasons
for consideringimage algebraas a standardlanguagefor image processing,thereexists
a multitude of other reasonsfor desiring the broad acceptanceof image algebraas a
componentof all image processingdevelopmentsystems. Premieramong theseis the
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1. 1 Introduction 3

predictableinfluenceof an imagealgebrastandardon future imageprocessingtechnology.
In this, it can be comparedto the influenceon scientific reasoningand the advancement
of sciencedueto the replacementof the myriadof differentnumbersystems(e.g.,Roman,
Syrian, Hebrew, Egyptian, Chinese,etc.) by the now common Indo-Arabic notation.
Additional benefitsprovidedby the useof imagealgebraare

• The elementalimage algebraoperationsare small in number,translucent,
simple,and provide a methodof transformingimagesthat is easily learnedand
used;

• Imagealgebraoperationsandoperandsprovidethe capabilityof expressing
all image-to-imagetransformations;

• Theoremsgoverningimagealgebramakecomputerprogramsbasedon image
algebranotationamenableto both machinedependentandmachineindependent
optimization techniques;

• The algebraicnotationprovidesa deeperunderstandingof imagemanipula-
tion operationsdueto concisenessandbrevityof codeandis capableof suggesting
new techniques;

• Thenotationaladaptabilityto programminglanguagesallowsthesubstitution
of extremelyshort and conciseimagealgebraexpressionsfor equivalentblocks
of code,and thereforeincreasesprogrammerproductivity;

• Imagealgebraprovidesa rich mathematicalstructurethat can be exploited
to relateimageprocessingproblemsto othermathematicalareas;

• Without image algebra,a programmerwill never benefit from the bridge
thatexistsbetweenanimagealgebraprogramminglanguageandthemultitudeof
mathematicalstructures,theorems,andidentitiesthatarerelatedto imagealgebra;

• Thereis no competingnotationthat adequatelyprovidesall thesebenefits.

The role of image algebrain computervision and image processingtasksand
theory shouldnot be confusedwith the government’sAda programminglanguageeffort.
Thegoalof thedevelopmentof theAdaprogramminglanguagewasto provideasinglehigh-
order languagein which to implementembeddedsystems.The specialarchitecturesbeing
developednowadaysfor image processingapplicationsare not often capableof directly
executingAda languageprograms,often due to supportof parallel processingmodelsnot
accommodatedby Ada’s taskingmechanism.Hence,most applicationsdesignedfor such
processorsare still written in specialassemblyor microcodelanguages.Imagealgebra,
on the other hand,providesa level of specification,directly derivedfrom the underlying
mathematicsonwhich imageprocessingis basedandthatis compatiblewith bothsequential
and parallel architectures.

Enthusiasmfor image algebramust be temperedby the knowledgethat image
algebra,like any other field of mathematics,will neverbe a finishedproductbut remain
a continuously evolving mathematicaltheory concernedwith the unification of image
processingand computervision tasks. Much of the mathematicsassociatedwith image
algebraandits implication to computervision remainslargely uncharteredterritory which
awaitsdiscovery. For example,very little work hasbeendonein relating imagealgebra
to computervision techniqueswhich employ tools from suchdiverseareasas knowledge
representation,graphtheory, and surfacerepresentation.
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4 CHAPTER 1. IMAGE ALGEBRA

Several image algebraprogramminglanguageshave been developed. These
include image algebraFortran (IAF) [50], an image algebraAda (IAA) translator[51],
image algebraConnectionMachine *Lisp [52, 53], an image algebra language(IAL)
implementationon transputers[54, 55], andan imagealgebraC++ classlibrary (iac++)
[56, 57]. Unfortunately,thereis often a tendencyamongengineersto confuseor equate
theselanguageswith image algebra. An image algebraprogramminglanguageis not
image algebra,which is a mathematicaltheory. An image algebra-basedprogramming
languagetypically implementsa particularsubalgebraof thefull imagealgebra.In addition,
simplistic implementationscanresult in poor computationalperformance.Restrictionsand
limitationsin implementationareusuallydueto a combinationof factors,themostpertinent
beingdevelopmentcostsandhardwareandsoftwareenvironmentconstraints.Theyarenot
limitationsof imagealgebra,andthey shouldnot be confusedwith the capabilityof image
algebraas a mathematicaltool for imagemanipulation.

Imagealgebrais a heterogeneousor many-valuedalgebrain thesenseof Birkhoff
andLipson [58, 1], with multiple setsof operandsandoperators.Manipulationof images
for purposesof imageenhancement,analysis,and understandinginvolves operationsnot
only on images,but also on different typesof valuesandquantitiesassociatedwith these
images.Thus,thebasicoperandsof imagealgebraareimagesandthevaluesandquantities
associatedwith theseimages. Roughly speaking,an image consistsof two things, a
collectionof pointsanda setof valuesassociatedwith thesepoints. Imagesare therefore
endowedwith two typesof information,namelythe spatialrelationshipof the points,and
also sometype of numericor other descriptiveinformation associatedwith thesepoints.
Consequently,the field of imagealgebrabridgestwo broadmathematicalareas,the theory
of point setsand the algebraof valuesets,and investigatestheir interrelationship.In the
sectionsthat follow we discusspoint and value setsas well as images,templates,and
neighborhoodsthat characterizesomeof their interrelationships.

1.2. Point Sets

A point set is simply a topological space. Thus, a point set consistsof two
things,a collectionof objectscalledpointsanda topologywhich providesfor suchnotions
asnearnessof two points,theconnectivityof a subsetof thepoint set,theneighborhoodof
a point, boundarypoints, andcurvesandarcs. Point setsare typically denotedby capital
bold lettersfrom the end of the alphabet,i.e., W, X, Y, andZ.

Points(elementsof point sets)are typically denotedby lower casebold letters
from the endof the alphabet,namely RTS0UVS0WYX*Z . Note also that if R%X\[^] , thenx is of
form RM_a`cbed�SfbhgiS�j�jkjeShb ]fl , wherefor each mQ_oniSfpfS�j�jkjeSfq , b0r denotesa real number
called the ith coordinate of x.

Themostcommonpoint setsoccurringin imageprocessingarediscretesubsetsof
n–dimensionalEuclideanspace[s] with q�_KntS^pfS or 3 togetherwith thediscretetopology.
However,other topologiessuch as the von Neumanntopologyand the odd-evenproduct
topologyare also commonlyusedtopologiesin computervision [1].

There is no restriction on the shape of the discrete subsetsof [^] used
in applications of image algebra to solve vision problems. Point sets can assume
arbitrary shapes. In particular, shapescan be rectangular, circular, or snake-like.
Some of the more pertinent point sets are the set of integer points u (here we viewuwv [ d ), the n–dimensional lattice ue]wv [^] (i.e., ue]x_ u�y@uzy|{k{�{8y}u�_~ R�X*[^���HR*_"`7b d S�jkj�j�Sfb ] l STb r X\u8�e���Hm3_>niS3j�jkjeSfq�� ) with q�_�p or q�_�� , and
rectangularsubsetsof u g . Two of the most often encounteredrectangularpoint setsare
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1. 2 Point Sets 5

of form � �"�e�}�*�e���4���c�����f�e���5�*� �%�H� � ��� �¢¡z£�¤ � ��� �e� �¢¥¦£�¤0§ �
or

� ����¨� �*��¨� � � �������f�e���5�*� �%�	¤&� ��� �C¡ � ¤I� �e� �C¥ §�©
Wefollow standardpracticeandrepresenttheserectangularpointsetsby listing thepointsin
matrix form. Figure1.2.1providesa graphicalrepresentationof thepointset

� ��� ¨� �,� ¨� .

... ...

... ...

... ...

...

...

...

...

...

...

xª

y«
1

2

m¬

1 2 n

Figure 1.2.1. The rectangularpoint set ®°¯|±�²³|´ ±�²µ .

Point Operations

As mentioned,someof the more pertinentpoint setsare discretesubsetsof the
vector space ¶ µ . Thesepoint setsinherit the usualelementaryvector spaceoperations.
Thus,for example,if ®¸·�± µ (or ®¸·�¶ µ ) and ¹�¯Kºc»�¼�½�¾�¾k¾e½h» µf¿ ½ÁÀ\¯KºcÂi¼�½3¾�¾k¾e½fÂ µh¿ÄÃ® , then the sum of the points x and y is definedas¹�ÅMÀ*¯Æºc»�¼�ÅMÂi¼�½�¾�¾k¾�½f» µ ÅMÂ µh¿ ½
while themultiplicationandadditionof a scalarÇ Ã ± (or Ç Ã ¶ ) anda point x is givenbyÇ È�¹8¯>º�Ç	È�» ¼ ½3¾�¾k¾e½fÇ�È�» µ ¿
and ÇÉÅÊ¹*¯"º7ÇHÅM» ¼ ½�¾�¾�¾h½eÇÉÅÊ» µ ¿ ½
respectively.Point subtractionis also defined in the usualway.

In additionto thesestandardvectorspaceoperations,imagealgebraalsoincorpo-
ratesthreebasictypesof point multiplication. Thesearethe Hadamard product, the cross
product(or vectorproduct) for pointsin ±eË (or ¶^Ë ), andthedotproductwhicharedefinedby¹*È�À*¯>º�» ¼ È�Â ¼ ½�¾k¾�¾h½f» µ ÈkÂ µ ¿ ½¹ ´ À*¯Æºc»eÌ�ÈkÂ Ë�Í » Ë ÈkÂ�Ìi½f» Ë ÈkÂ ¼ Í » ¼ È�Â Ë ½h» ¼ È�Â�Ì Í »hÌ5È�Â ¼ ¿ ½
and ¹3ÎÏÀ\¯�»�¼TÈkÂi¼�Å » Ì ÈkÂ Ì ÅÐÈkÈ�ÈhÅ » µ È�Â µ ½
respectively.
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6 CHAPTER 1. IMAGE ALGEBRA

Notethat thesumof two points,theHadamardproduct,andthecrossproductare
binaryoperationsthat takeasinput two pointsandproduceanotherpoint. Therefore,these
operationscan be viewed as mappingsÑÓÒ\Ñ�ÔxÑ wheneverX is closedunder these
operations.In contrast,thebinaryoperationof dotproductis ascalarandnotanothervector.
This providesanexampleof a mappingÑKÒHÑÕÔ°Ö , where Ö denotestheappropriatefield
of scalars.Anothersuchmapping,associatedwith metric spaces,is the distancefunctionÑÐÒ�Ñ¸Ô�× which assignsto eachpair of points x andy the distancefrom x to y. The
mostcommondistancefunctionsoccurringin imageprocessingaretheEuclideandistance,
the city block or diamonddistance,andthe chessboard distancewhich aredefinedby

ØÁÙÛÚTÜÏÝ�Þ^ßáà	âãä�å�æ Ùcç ä�èMé�ä ÞëêÏìHíî Ü
ï Ù�ÚTÜÏÝ�Þ^ß âãä�å�æñð ç ä èMé ä ð Ü

and ò ÙÛÚTÜÏÝ�Þ�ßCó8ô�ç�õ ð ç ä èMé ä ð0öÁ÷QøCù¦ø¢ú�û Ü
respectively.

Distancescan be convenientlycomputedin termsof the norm of a point. The
threenormsof interesthereare derivedfrom the standardü�ý normsþ Ú þ ý ßÓÿ âã � å�æ ð ç � ð ý � æ�� ý��
The ü�� norm is given by þ Ú þ � ß â�� å�æ�ð ç � ð Ü
where â	� å�æ ð ç � ð ß�óYô�ç�õ ð ç æ ð Ü�
�

eÜ ð ç â3ð û . Specifically, the Euclideannorm is given byþ Ú þ ê ß�� ç ê æ�������� ç êâ . Thus,

ØÁÙÛÚTÜÏÝ3ÞQß þ Ú è Ý þ ê . Similarly, the city block distance
can be computedusing the formulation ï Ù�ÚTÜ7Ý3ÞHß þ Ú è Ý þ æ and the chessboarddistance
by using

ò Ù ÚTÜ7Ý3Þ�ß þ Ú è Ý þ � .

Note that the p-norm of a point x is a unary operation, namely a functionþ|þ ý ö Ñ�Ô × . Another assemblageof functions Ñ Ô × which play a major role in
variousapplicationsaretheprojectionfunctions.Given Ñ���× â , thenthe ith projectionon
X, where ��� õ ÷ Ü�
�

hÜ ú�û , is denotedby � � anddefinedby � � Ù�Ú3ÞVßKç � , where

ç �
denotes

the ith coordinateof x.

Characteristicfunctions and neighborhoodfunctions are two of the most fre-
quently occurringunary operationsin imageprocessing. In order to definetheseopera-
tions, we needto recall the notion of a power set of a set. The power set of a set S is
definedas the setof all subsetsof S andis denotedby ��� . Thus, if Z is a point set, then��� ß õ Ñ ö Ñ�� � û .

Given Ñ!�"�#� (i.e., Ñ$��� ), then the characteristicfunction associatedwith
X is the function %'&

ö � Ô õ�(fÜ ÷�û
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1. 2 Point Sets 7

defined by )+*-,/.10�2436587:9 .<;>=? 7:9 .A@;>=4B
Forapairof pointsetsX andZ, aneighborhoodsystemfor X in Z, or equivalently,

a neighborhood function from X to Z, is a functionCED =GFIH�JKB
It follows that for eachpoint L ;M= ,

C , L 0ONQP . The set
C , L 0 is calleda neighborhood

for x.

Thereare two neighborhoodfunctionson subsetsof R�S which are of particular
importancein imageprocessing.ThesearethevonNeumannneighborhoodandthe Moore
neighborhood.The von Neumannneighborhood

CTD =UFVH#WYX
is definedbyC , L 0�2[Z�\ D \62[,^]`_�acbedf] S

0�g�h-\i2j,k]`_�dl]
S
anmo0pd�b#dqmr;sZ ? d 5et�t d

whereL 2Q,�]�_dq] S
0u;>=�N R�S , while theMooreneighborhoodv D =wFIHeW X is definedbyv , L 0�2QZ\ D \i2[,^] _ asb#dl] S

axmy0�d�b#dlmz;MZ ? d 5t�t B
Figure 1.2.2 providesa pictorial representationof thesetwo neighborhoodfunctions; the
hashedcenterarearepresentsthepoint x andtheadjacentcellsrepresenttheadjacentpoints.
The von Neumannand Moore neighborhoodsare also called the four neighborhood and
eight neighborhood, respectively. They are local neighborhoodssince they only include
the directly adjacentpoints of a given point.

N
{

(x)  = M(x)  =

Figure 1.2.2. The von Neumannneighborhood|M}/~+�
and the Moore neighborhood��}/~+� of a point x.

There are many other point operationsthat are useful in expressingcomputer
vision algorithmsin succinctalgebraicform. For instance,in certaininterpolationschemes
it becomesnecessaryto switch from points with real-valuedcoordinates(floating point
coordinates)to correspondinginteger-valuedcoordinatepoints. Onesuchmethodusesthe
inducedfloor operation �q�>�f�+�>�V��� definedby ��~l�<��}����`�:�q���/�f���q�����q�u��� � �y� , where~>�Q}������l�q�e�+����f�l� � ���A�'� and ���o���K�6� denotesthe largestintegerlessthanor equalto�o� (i.e., �:�o�����4�l� and if �M��� with �c�[�o� , then �M�����o��� ).

Summary of Point Operations

We summarizesomeof themorepertinentpoint operations.Someimagealgebra
implementationssuchas iac++ provide manyadditionalpoint operations[59].
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8 CHAPTER 1. IMAGE ALGEBRA

Binary operations. Let �����^�` �¡q�o¢#¡�££�£�¡l�o¤l¥¡y¦��§��¨© ª¡l¨�¢©¡+£££q¡l¨¤q¥j«�¬ ¤ , and �®�^¯   ¡f¯ ¢ ¡�£�££f¡q¯Y°±¥>«4¬ ° .

addition �³²´¦n���^�   ²´¨   ¡�£�££q¡l� ¤ ²n¨ ¤ ¥
subtraction �>µs¦n���^�   µs¨   ¡�£�££q¡l� ¤ µc¨ ¤ ¥
multiplication �A¶¦��·�^�   ¨   ¡+££�£f¡l� ¤ ¨ ¤ ¥
division �+¸�¦n�·�^�   ¸©¨   ¡�££�£f¡q� ¤ ¸#¨ ¤ ¥
supremum ¹�º©»��/��¡¼¦+¥-�½�^�  +¾ ¨   ¡�££�£�¡l� ¤¿¾ ¨ ¤ ¥
infimum À:Á�Â`����¡¼¦+¥-���¼�  +Ã ¨   ¡�££�£�¡l� ¤¿Ã ¨ ¤ ¥
dot product �+ÄÅ¦c���   ¨   ²x� ¢ ¨ ¢ ²Æ¶�¶¶�²�� ¤ ¨ ¤
crossproduct �^Á>� Ç�¥ �³È¿¦A�[�^� ¢ ¨�ÉÊµc�oÉ�¨ ¢ ¡f�lÉ¨   µn�   ¨Éy¡l�   ¨ ¢ µn� ¢ ¨   ¥
concatenation �ÌË  ������ �¡�£�££f¡q�o¤�¡l¯e �¡�£�££�¡l¯ ° ¥
scalar operations ÍyÎl�n�·�^ÍÏÎq�� �¡+£££q¡lÍyÎf�l¤q¥Y¡

where Îs«xÐª²K¡�µ¿¡lÑl¡ ¾ ¡ ÃuÒ
Unary operations. In the following let �c�½�k�   ¡l� ¢ ¡�£££q¡f� ¤ ¥O«n¬ ¤ .

negation µ-�n�w�ÅµÓ�   ¡�£�££�¡fµÓ� ¤ ¥
ceiling Ô��lÕ>�w��Ô��   Õl¡�£££�¡�Ô:� ¤ Õ#¥
floor Ö��l×>�w��Ö��   ×l¡�£££�¡�Ö:� ¤ ×#¥
rounding Ø �fÙÚ���ÛØ �   Ù�¡�£�££�¡�ØÜ� ¤ ÙÝ¥
projection »lÞ����+¥ß���lÞ
sum àu�c���   ²á� ¢ ²â¶¶¶+²ã� ¤
product ä-�x�w�   � ¢ ¶¶�¶y� ¤
maximum ¾ �s�å�   ¾ � ¢ ¾ ¶¶�¶ ¾ � ¤
minimum Ã �s�å�`  Ã �q¢ Ã ¶¶�¶ Ã �o¤
Euclidean norm æÛ��æ ¢ ��ç � ¢   ²�¶¶�¶�²n� ¢¤è   norm æÛ��æ   ��é �` eéY²4é �f¢yép²Æ¶¶�¶�²Æé �o¤+éè�ê

norm æÛ��æ ê �Gé �` ªé ¾ é �f¢1é ¾ ¶�¶¶ ¾ é �l¤+é
dimension ëyÀ:ì6�:�+¥¿��Á
neighborhood íM�:�+¥ïîå¬ ¤
characteristicfunction ð+ñu�  ¥O�Uò6ó À/Â  «>ôõ À/Â Aö«>ô
It is important to note that severalof the above unary operationsare special

instancesof spatialtransformationsô�÷Iø . Spatialtransformsplay a vital role in many
imageprocessingand computervision tasks.

In the abovesummarywe only consideredpoints with real- or integer-valued
coordinates. Points of other spaceshave their own induced operations. For example,
typical operationson points of ôù�V��ú�¢�¥ ¤ (i.e., Boolean-valuedpoints) are the usual
logical operationsof ûyü�ý , þ#ÿ , �lþ©ÿ , and complementation.

Point Set Operations

Point arithmetic leadsin a naturalway to the notion of set arithmetic. Given a
vector spaceZ, then for ôi¡oø�«���� (i.e., ���	��
� ) and an arbitrary point ����� we
define the following arithmetic operations:

addition �����������������������! #"%$&�'�(��)
subtraction �*+�������,*+���������! #"%$&�'�(��)
point addition �������-�.�/�+��0�(�(�1)
point subtraction �*2���-�.�3*'��0�(�(�1)
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1. 2 Point Sets 9

Anothersetof operationson 465 aretheusualsetoperationsof union, intersection,
set difference (or relative complement), symmetricdifference, and Cartesianproduct as
defined below.

union 7�839;:=<.>�?0>�@37A6B�>�@�9�C
intersection 7�D,9E:F<�>�?�>�@37HGJI%K0>L@(9'C
setdifference 7�MN9E:=<.>�?0>L@(7GJI%K0>(O@39�C
symmetricdifference 7�P,9Q:�<�>�?0>�@�7R8,9QGJI%K0>(O@37RD/9�C
Cartesianproduct 7�S39�:�<�TVUXWZY\[3?�U�@�7!G#I%K&Y'@(9�C

Note that with the exceptionof the Cartesianproduct, the set obtainedfor eachof the
aboveoperationsis againan elementof 4 5 .

Another commonset theoreticoperationis set complementation.For 7]@�4 5 ,
the complementof X is denotedby ^7 , and defined as _7`:]<a>�?b>�@�cdGJI%K0>1O@�71C .
In contrastto the binary set operationsdefined above,set complementationis a unary
operation. However,complementationcan be computedin termsof the binary operation
of set differenceby observingthat ^7�:QcXM67 .

In additionto complementationtherearevariousothercommonunaryoperations
which play a majorrole in algorithmdevelopmentusingimagealgebra.Amongtheseis the
cardinality of a setwhich, whenappliedto a finite point set,yields thenumberof elements
in theset,andthe choicefunctionwhich, whenappliedto a set,selectsa randomlychosen
point from the set. The cardinalityof a setX will be denotedby card(X). Note that

e GJB6K�?�4 5/fhg`ikjmlonqparsrJtvu	wsxzy{y|r}y|~�y.uJxz�XlNj 4 5�� W
while e.� A6� e.� ?�4 5 f c��
Thatis, e GJB6K	T�73[�@ g and e.� A6� e.� TV7�[X:�U , wherex is somerandomlychosenelementof X.

As was the casefor operationson points, algebraicoperationson point setsare
too numerousto discussat length in a short treatiseas this. Therefore,we again only
summarizesomeof the more frequentlyoccurringunary operations.

Summary of Unary Point Set Operations

In the following 7��Q��� .
negation �{7E:!<6�{U=?0U'@37(C
complementation _7�:=<a>�?b>�@(����GJI%K0>(O@37(C
supremum ���o�%TV7�[�TZ�vA6B��v�VI%�k� � ��A6�mI���� � �q73[
infimum �mI%��TZ7�[�TZ�vA6B��v�VI%�s� � ��A6�mI���� � �q73[
choicefunction e.� A6� e.� Tm73[{@37 TZB6GJI%K#Aa�3��� e.� A6� � I � � � � � I���[
cardinality e GJB6K�T�7�[{:�� ����e GJB6KJ�VI%G#�k�s����A6�17
The interpretationof �a����T�73[ is as follows. SupposeX is finite, say 7�:<.U� 6WJU\¡6W£¢�¢a¢�WJU�¤JC . Then ���o�%TV7�[�:¥�a����Tv¢a¢�¢J���o�%TZ���o�%TZ���o�%TZU� 6WzU�¡|[.W¦U%§�[.W¦U%¨©[|W%¢�¢a¢�WzU�¤6[ ,

where �a����TmU%ª«WzU	¬6[ denotesthe binary operation of the supremumof two points de-
fined earlier. For example, if U ª : TZ ª W�� ª [ for �®: ¯�W%¢a¢�¢�Wz° , then ���o�%TV7�[:TZ  �±  ¡²±R³a³�³�±  ¤ W	�  X± � ¡X±R³a³a³v± � ¤ [ . More generally, ���o�%TV7�[ is definedto be the
leastupperboundof X (if it exists).The infimum of X is interpretedin a similar fashion.

If X is finite andhasa total order,thenwe alsodefinethemaximumandminimum
of X, denotedby ´�7 and µ+7 , respectively,asfollows. Suppose7H:¶<�U   W�U ¡ W%¢a¢a¢vW�U ¤ C
and U  ¸· U ¡¹·�³a³�³0· U ¤ , where the symbol · denotesthe particular total order on X.
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10 CHAPTER 1. IMAGE ALGEBRA

Then º2»h¼-½�¾ and ¿�»h¼=½XÀ . The most commonlyusedorder for a subsetX of Á%Â
is the row scanningorder. Note also that in contrastto the supremumor infimum, the
maximumandminimum of a (finite totally ordered)set is alwaysa memberof the set.

1.3. Value Sets

A heterogeneousalgebra is a collection of nonemptysetsof possiblydifferent
types of elementstogetherwith a set of finitary operationswhich provide the rules of
combiningvariouselementsin order to form a new element.For a precisedefinition of a
heterogeneousalgebrawe refer the readerto Ritter [1]. Note that the collection of point
sets,points,andscalarstogetherwith the operationsdescribedin the previoussectionform
a heterogeneousalgebra.

A homogeneousalgebrais a heterogeneousalgebrawith only onesetof operands.
In other words, a homogeneousalgebrais simply a set togetherwith a finite numberof
operations.Homogeneousalgebraswill be referredto as valuesetsand will be denoted
by capital blackboardfont letters, e.g., Ã{ÄLÅ , and Æ . There are severalvalue setsthat
occurmoreoften thanothersin digital imageprocessing.Thesearethesetof integers,real
numbers(floating point numbers),the complexnumbers,binary numbersof fixed lengthk,
theextendedreal numbers(which includethesymbols Ç�È and/or ÉbÈ ), andtheextended
non–negativereal numbers.We denotethesesetsby Á�Ä�Ê{ÄqË0Ä�Á Â�Ì , Ê\Í£Î¼®Ê3Ï1Ð©Ç0È�Ñ ,Ê²Ò Î ¼RÊ1Ï(ÐoÉbÈ�Ñ , Ê�Ó Î ¼RÊ1Ï(Ð6Ç0ÈÔÄ�ÉbÈ�Ñ , and Ê�ÕvÖÎ ¼�Ê Í Ï�Ð©×�Ä	ÇØÈÙÑ , respectively,
wherethe symbol Ê Í denotesthe set of positive real numbers.

Operations on Value Sets

The operationson and betweenelementsof a given value set Å are the usual
elementaryoperationsassociatedwith Å . Thus, if ÅÛÚ�Ð6Á�Ä�Ê{Ä%Á Â Ì Ñ , then the binary
operationsare the usual arithmetic and logic operationsof addition, multiplication, and
maximum,and the complementaryoperationsof subtraction,division, and minimum. IfÅ�¼-Ë , then the binary operationsare addition, subtraction,multiplication, and division.
Similarly, we allow the usualelementaryunaryoperationsassociatedwith thesesetssuch
as the absolutevalue, conjugation,as well as trigonometric,logarithmic and exponential
functionsas theseareavailablein all higher-levelscientificprogramminglanguages.

For the set Ê Ó Î we needto extendthe arithmeticand logic operationsof Ê as
follows: Ü Ç�Ý¦ÉvÈ�Þ\¼¶ÝzÉvÈ�Þ£Ç Ü ¼�ÉvÈ Ü Ú(Ê�Ò ÎÜ ÇßÈà¼ÔÈQÇ Ü ¼�È Ü ÚáÊ Î

Ý¦ÉvÈßÞ%Ç�Èh¼�È�ÇÙÝzÉvÈ�ÞX¼¶ÉvÈÜ�â Ý¦ÉvÈ�ÞX¼®Ý¦ÉvÈ�Þ â�Ü ¼ Ü Ü ÚáÊ Ó Î
NotethattheelementÉbÈ actsasa null elementin thesystemÝ�ÊXÓ Î Ä â Ä	Ç0Þ if we

view theoperation+ asmultiplicationandtheoperation
â

asaddition. Thesamecannotbe
saidabouttheelementÈ in thesystemÝZÊ Ó Î3Ä�ã{Ä	Ç0Þ since ÝzÉvÈ�Þ.Ç�Èä¼�È�ÇLÝ«ÉvÈßÞ²¼®ÉvÈ .
In orderto remedythissituationwedefinethedualstructureÝZÊ Ó Î Ä	ãåÄ	Çbæ�Þ of ÝZÊ Ó Î Ä â Ä	Ç0Þ
as follows: Ü Ç æJç ¼ Ü Ç ç Ü Ä ç ÚáÊÜ Ç æ ÝzÉvÈ�Þ�¼®Ý¦ÉvÈßÞ£Ç æ Ü ¼¶ÉvÈ Ü Ú(Ê�Ò ÎÜ Ç æ Èh¼�ÈQÇ æ Ü ¼�È Ü Ú(ÊXÎ

Ý�ÉvÈ�Þ�Ç æ Èà¼ÔÈÛÇ æ ÝzÉvÈ�Þ�¼ÔÈÜ ã3Èh¼�È�ã Ü ¼ Ü Ü ÚáÊ Ó Î
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1. 3 Value Sets 11

Now theelementè�é actsasanull elementin thesystemêzë�ì�í3î�ï{î	è�ðòñ|ó Observe,however,
that the dual additions è and èbð introducean asymmetrybetween ôbé and è0é�ó The
resultantstructure ê�ë ì£í î	õ{î	ï{î	èLîvè�ð�ñ is known asa boundedlattice orderedgroup [1].

Dual structuresprovide for the notion of dual elements.For each ö¹÷dë ì£í we
defineits dual or conjugate öaø by ö6ø0ùàôåö , where ô0ê«ôbéßñ�ùRé . The following duality
laws are a direct consequenceof this definition:ú.ûJü ú�ýoþoüvþ�ÿ ý

ú � ü ú�ý����|ü þ ÿ ý þ�� � þ
and

ú�ý � �aü þ ÿ ý þ ��� þ
.

Closely relatedto the additiveboundedlattice orderedgroup describedaboveis
the multiplicativeboundedlattice orderedgroup 	�ë�
�í î	õ{î	ïåî�� î���ð�� . Herethe dual ��ð of
ordinary multiplication is definedas� � ð�� ù � � ��� � î � ÷áë 
� ùÔë����������
with both multiplicative operationsextendedas follows:� �3éhù�é�� � ù�é � ÷(ë �í� � ð éhù�é�� ð � ù�é � ÷áë �í�!��éàùÔé"�#��ù$��!� ð éhù�é%� ð �Øù�é
Hence,the element0 actsas a null elementin the system 	 ë&
('í î	õ{î�� � and the elementè0é actsas a null elementin the system 	 ë)
*'í î	ï{î ��ð � . The conjugateö6ø of an elementö1÷ ë 
+'í of this value set is definedby

ö ø-, . ö0/21 if ö&÷'ë �� if ö�ùÔè0éèØé if ö�ù3� ó

Anotheralgebraicstructurewith duality which is of interestin imagealgebrais the

valueset 465%ø 7oî	õ{î	ï{î98èLî-8è ð;: , where 5%ø70ù�ê<5 7 ñ ì£í ù=5 7 �>��é�î|ôåé?�Øù@����îA�î�ôbé�î	éB� .
The logical operationsõ and ï arethe usualbinary operationsof max (or) andmin (and),
respectively,while the dual additiveoperations 8è and 8è ð aredefinedby the tablesshown
in Figure 1.3.1.

8è 0 1 ôbé é 8è ð 0 1 ôbé é
0 1 0 é ôåé 0 1 0 é ôbé
1 0 1 é ôåé 1 0 1 é ôbé
ôåé é é é é ôbé é é é ôbé
é ôbé ôåé é ôåé é ôåé ôbé ôbé é

Figure 1.3.1. The dual additive operations 8è and 8è ð .
Note that the addition 8è (as well as 8è ð ) restricted to 5 7 ùC�0�	îAD� is the

complementof the exclusive-oroperation,xor, andcomputesthe valuesfor the truth table
of the biconditionalstatementE�F�G (i.e., p if and only if q).
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12 CHAPTER 1. IMAGE ALGEBRA

Theoperationson thevalueset HIJ canbeeasilygeneralizedto its k-fold Cartesian
product H IJLKNM H IJ>O H IJPORQDQDQSO H IJ . Specifically, if T MVU T�W6X2Y6YDY*X(T#Z0[]\^H IJLK
and _ M�U _ W XYDY6Y*X+_ Z [`\aH IJ K , where TcbLX+_*b�\dH IJ for e Mgf XYDY6YX(h , then Tjik _ Ml T W ik _ W XmYDY6Y*X(T Z ik _ ZDn .

The addition ik shouldnot be confusedwith the usualaddition T�o0prq Z on H J K .
In fact, for TPX+_`\sH J K TBik _ M l U T W k _ W [utvXY6YDY+X U T Z k _ Z [ut n , where

U T b k _ b [ t Mxwcy e{z U T b k _ b [|T}o0p~q M�ff e{z U T b k _ b [|T}o0p~q M y)�
Many point setsare also value sets. For example,the point set � M��m� is a

metric spaceas well as a vector spacewith the usualoperationof vector addition. Thus,Uv��� X k [ , wherethesymbol“
k

” denotesvectoraddition,will at varioustimesbeusedboth
asa point setandasa valueset. Confusionas to usagewill not ariseasusageshouldbe
clear from the discussion.

Summary of Pertinent Numeric Value Sets

In order to focus attentionon the value setsmost often usedin this treatisewe
provide a listing of their algebraicstructures:

(a) U<� X(�9X(�-X k X Q [
(b) U<� X k X Q [
(c) U H�X(�-X(�9X k X Q [
(d) U H J K X(�-X(�-X k X Q [
(e) U<���m� X*�-X(�-X k X k t [
(f)

l ����� X(�-X(�9X O X O t n
(g) ��H IJ~X(�9X(�-X ik X ik t;�
In contrastto structurec, theadditionandmultiplication in structured is addition

and multiplication T}o0p�q Z .
Theselisted structuresrepresentthe pertinentglobal structures. In various ap-

plicationsonly certainsubalgebrasof thesealgebrasare used. For example,the subalge-
bras Uv�)� � X(�-X k [ and Uv� � � X+�-X k t [ of Uv� �m� X(�-X*�-X k X k t [ play specialroles in mor-
phologicalprocessing.Similarly, the subalgebraUv� X+�-X(�-X k [ of U H�X(�-X(�-X k X Q [ , where�jM@� y X f X(q(XYDYDY+XL_�XY6YDY�� , is the only pertinentapplicablealgebrain certaincases.

The complementarybinary operations,wheneverthey exist, are assumedto be
partof the structures.Thus,for example,subtractionanddivision which canbe definedin
termsof additionandmultiplication,respectively,areassumedto bepartof U<� X(�-X(�9X k X Q [ .

Value Set Operators

As for point sets,given a valueset � , the operationson q�� are againthe usual
operationsof union, intersection,set difference,etc. If, in addition, � is a lattice, then
the operationsof infimum andsupremumarealso included. A brief summaryof valueset
operatorsis given below.
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1. 4 Images 13

For the following operationsassumethat �!�+�a���r� for somevalueset � .

union �¡ P�x¢¤£6¥>¦§¥¨���3©0ª¨¥¨���¬«
intersection �¡P�x¢a£�¥P¦®¥9���3¯~°±®¥¨���²«
setdifference �§³��N¢a£�¥�¦®¥¨�#�$¯~°±®¥!´�P�c«
symmetricdifference �§µ���¢@£0¥P¦®¥9�#�¶ ��=¯�°±�¥®´���¡��!«
Cartesianproduct ��·P�x¢@£r¸v¯+��¹»º�¦§¯¬���3¯~°±®¹-�P�¬«
choicefunction ¥»¼*©0½{¥»¾�¸{��º!�¶�
cardinality ¥»¯~ª0±¿¸À�§ºÁ¢@¥»¯~ª0±~½{°¯~ÂÀ½ÄÃÆÅÇ©0È��
supremum É6Ê�Ë¸Ì�§º¨¢�ÉDÊrË*ª0¾0ÍÇÊ*ÍÎ©0È��
infimum ½{°ÈÏ¸v�§º¨¢N½Ì°È*½{Í}Ê+ÍÐ©0È>�

1.4. Images

Theprimaryoperandsin imagealgebraareimages,templates,andneighborhoods.
Of thesethreeclassesof operands,imagesare the most fundamentalsincetemplatesand
neighborhoodscanbeviewedasspecialcasesof thegeneralconceptof animage.In orderto
providea mathematicallyrigorousdefinitionof an imagethatcoverstheplethoraof objects
called an “image” in signal processingand image understanding,we definean image in
generalterms,with a minimumof specification.In thefollowing we usethenotation �ÁÑ to
denotethe setof all functions �=ÒÐ� (i.e., �¨Ñ¡¢j£0È=¦®ÈÇ½ÌÉ�¯®È+Ê*°¥�ÃÆ½Ì©0°�È+ª0©0ÍÓ�BÃÆ©¨�®« ).

Definition: Let Ô be a valuesetandX a point set. An Ô -valuedimage
on X is any elementof Ô)Õ . Given an Ô –valuedimage ÖØ×ÓÔ)Õ (i.e.,Ö�Ù ÚÜÛÝÔ ), then Ô is called the setof possiblerangevaluesof a and
X the spatial domainof a.

It is oftenconvenientto let thegraphof an image Þ��P�2ß representa. Thegraph
of an image is also referredto as the data structure representationof the image. Given
the datastructurerepresentationàÇá]ârã{ä)å|àÏãÀäçæ|æ}è-ä�éPêPë , then an element ã{ä å�àã{ämæ�æ of
the datastructureis calleda picture elementor pixel. The first coordinatex of a pixel is
calledthe pixel location or imagepoint, andthe secondcoordinatea(x) is calledthe pixel
value of a at location x.

The abovedefinition of an imagecoversall mathematicalimageson topological
spaceswith rangein an algebraicsystem.RequiringX to be a topologicalspaceprovides
uswith thenotionof nearnessof pixels. SinceX is not directly specifiedwe maysubstitute
anyspacerequiredfor theanalysisof an imageor imposedby a particularsensorandscene.
For example,X could be a subsetof ì*í�îrïcð�í with äñé`ê of form ä�áxãvòmå|ó¿åvôÆæ , where
the first coordinatesã<ò2åLóræ denotespatial location and t a time variable.

Similarly, replacingtheunspecifiedvalueset õ with ìmö�÷ or õ�áøã<ìöL÷)å+ì öúù å+ì öLû æ
providesus with digital integer-valuedanddigital vector-valuedimages,respectively.An
implication of theseobservationsis that our imagedefinition also characterizesany type
of discreteor continuousphysical image.

Induced Operations on Images

Operationson and betweenõ -valuedimagesare the natural inducedoperations
of the algebraicsystem õ . For example,if ü is a binary operationon õ , then ü inducesa
binary operation— againdenotedby ü — on õ�ý definedas follows:
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14 CHAPTER 1. IMAGE ALGEBRA

Let þmÿ������ � . Then

þ����
	����� ÿ�������������������	$þ��������������úÿ�� ��!#"�$
For example,supposeþmÿ��%�'& � and our value set is the algebraicstructureof the real
numbers(&9ÿ�)Sÿ+*;ÿ�,-ÿ�-�� . Replacing� by the binary operations)!ÿ.*�ÿ/, , and - we obtain
the basic binary operations

þ0)
�1	����� ÿ�������������������	$þ�����/)2�.����»ÿ��1��!#"~ÿþ3*4�1	����� ÿ�������������������	$þ������*4�.5���»ÿ��1�6!7"�ÿþ8,9�1	����� ÿ�������������������	$þ�����/,:�.����»ÿ��1��!#"~ÿ
and þ8-:� 	��;�� ÿ���5���<���=�������	$þ�(���/-:�.����úÿ��1�6!7"
on real-valuedimages.Obviously,all four operationsarecommutativeandassociative.

In additionto the binary operationbetweenimages,the binary operation� on �
also inducesthe following scalaroperationson images:

For >?�@�@ACBED¤þF��� � ,>��(þ�	��G5� ÿH��������9�8�������	%>��(þ�(���úÿ��1�6!7"
and þ��I>9	%���� ÿ���������:�8��5����	$þ�������E>�ÿ��1�6!7"J$
Thus,for >:� & , we obtain the following scalarmultiplication andadditionof real-valued
images: >K*úþ9	��G5� ÿH��������9�8�������	%>K*»þ/5���Dÿ��#�#!#"
and >=)�þ9	��;5� ÿH������<���=�������	%>�)ñþ/5���Dÿ��#�#!#";$
It follows from the commutativityof real numbersthat,>K*»þ9	Bþ3*L>MANBED?>=)�þ9	BþO)?>/$

Althoughmuchof imageprocessingis accomplishedusingreal-, integer-,binary-,
or complex-valuedimages,manyhigher-levelvision tasksrequiremanipulationof vector-
andset-valuedimages.A set-valuedimageis of form þ
��!QPSRNT . Here the underlying
valueset is U(R;T¿ÿ�V-ÿ/W-ÿCX+Y , wherethe tilde symbol denotescomplementation.Hence,the
operationson set-valuedimagesarethoseinducedby theBooleanalgebraof the valueset.
For example,if þ2ÿ<���ZU(R;TNY � , then

þ8V:� 	��;�� ÿ���5���<������5����	$þ������V:�.[���Dÿ��#�#!7" ÿþ8W:� 	��;�� ÿ���5���<������5����	$þ������W:�.[���Dÿ��#�#!7" ÿ
and Xþ3	]\��� ÿ���5���<����������^	`_þ/5���Dÿ�� ��! a!ÿ
where _þ/5���9	b��c�þ/���� .
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1. 4 Images 15

Theoperationof complementationis, of course,a unaryoperation.A particularly
useful unary operationon imageswhich is inducedby a binary operationon a value set
is known as the global reduceoperation. More precisely, if d is an associativeand
commutativebinary operationon e and X is finite, say fhgjiLk�lGm<k�nNm�oCoLoIm<kIp/q , then d
inducesa unary operation r1s eutwvxe
called the global reduceoperationinducedby d , which is definedasr�y g rzC{�| y/} k�~�g r ��<��� y/} k��G~�g y/} k l ~�d y/} k n ~�dM�L�C��d y/} k p ~/�
Thus,for example,if e
g%� and d is the operationof addition( d�gF� ), then

r g%� and� y g ����;�3�����������/�����4�/�2�/�����C�/���L�C�E�2�/�5�/�E�4�
In all, thevalueset �(�����K���������� �� providesfor four basicglobalreduceoperations,namely¡ ���:¢@�+�9£
� , and ¤ � .

Induced Unary Operations and Functional Composition

In theprevioussectionwe discussedunaryoperationson elementsof ¥ � induced
by a binary operation ¦ on ¥ . Typically, however,unary image operationsare induced
directly by unaryoperationson ¥ . Given a unaryoperation §
¨�¥2©ª¥ , then the induced
unary operation ¥ � ©«¥ � is againdenotedby f and is definedby§ ���E����¬;�5���<������<� ¨ �������� § ���/�����<�®���1¯6°7±J�
Note that in this definition we view the composition §6² � as a unary operationon ¥ �
with operanda. This subtledistinctionhasthe importantconsequencethat f is viewedas
a unary operation— namely a function from ¥ � to ¥ � — and a as an argumentof f.
For example,substituting � for ¥ and the sine function ³C´�µ
¨ � © � for f, we obtain the
inducedoperation ³C´�µ]¨ � � © � � , where³L´5µ ���E����¬;�5���H������<� ¨ �������� ³L´5µ ���/�������4���1¯�°#±��

As anotherexample,considerthe characteristicfunction¶K·;¸ �<¹G�º�]»3¼¾½À¿ Á=ÂÄÃÅÇÆ;È�É�Ê4Ë�Ì ½ÎÍ Ê �
Then for any �2¯'� � , ¶K·N¸ ���E� is the Boolean(two-valued)imageon X with value 1 at
locationx if ������� ÂÐÏ andvalue0 if �/�����ÒÑ Ï . An obviousapplicationof this operation
is the thresholdingof an image.Givena floatingpoint imagea andusingthecharacteristic
function ¶KÓ Ô5Õ Ö�×5Ø(ÙGÚ^ÛÝÜ�Þ¾ßáà8âKãåäÄã=æçÇè�é<ê�ë4ì�í ßáî ë�ï
then the image b in the image algebraexpressionðMñ Û�òôó®õ8ö Ô5Õ Ö5×�Ø�òEÚ
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16 CHAPTER 1. IMAGE ALGEBRA

is given by÷ ø%ù�ú�û�ü�÷�ú5û�ý<ý�þ.÷.ú[û�ý�ø�ÿ/ú�û�ý��������?ÿ/ú�û�ý��
	�ü����������������� ÷�ú[û�ý^ø������
Theunaryoperationson an image

ÿ��! �"
discussedthusfar haveresultedeither

in a scalar(an elementof
 

) by useof the global reductionoperation,or another
 

-valued
imageby useof thecomposition#�$ ÿ9ø # ú�ÿEý . Moregenerally,givena function # þ� &%('

,
thenthecomposition#)$ ÿ providesfor a unaryoperationwhich changesan

 
-valuedimage

into a
'

-valuedimage # ú�ÿEý . Taking the sameviewpoint, but usinga function f between
spatialdomainsinstead,providesa schemefor realizing naturally inducedoperationsfor
spatialmanipulationof image data. In particular, if # þ+*,%.-

and
ÿ/�0 "

, then we
definethe inducedimage

ÿ $1# �� �2 byÿ $�# ø�ùGú43.ü<ÿ/ú # ú53�ý<ý<ý�þ637��*&�8�
Thus, the operationdefinedby the aboveequationtransformsan

 
-valuedimagedefined

over the spaceX into an
 

-valuedimagedefinedover the spaceY.

Examplesof spatialbasedimagetransformationsareaffine andperspectivetrans-
forms. For instance,suppose

ÿ/�09 "
, where

-;:=<+>
is a rectangular?A@CB array. IfD �=	E�(F > and # þG-H%I-

is definedas

# ú�J�üLKJý^øNM ú5J�üOK;ý ���P	Q�0Jú5R�	TSUJ+üOK;ý.���PJWV
	 ü
then

ÿ $X# is a onesidedreflectionof a acrosstheline
J3øY	

. Furtherexamplesareprovided
by severalof the algorithmspresentedin this text.

Simpleshiftsof animagecanbeachievedby usingeithera spatialtransformation
or point addition. In particular,given

ÿE�
 "
,
-;:=<+>

, and
30�0<+>

, we definea shift
of a by y as ÿ1Z73 ø�ùGú5[Eü�÷.ú\[Jý<ý�þ ÷.ú4[�ý�øFÿ�ú4[1S&3ºý®ü�[1SC3&�!-]���
Note that

ÿ�ZE3
is an imageon

-^Z_3
since

[1S737�&-a` [W�!-NZE3
, which provides

for the equivalentformulationÿ1Z73 ø�ùGú5[Eü�÷.ú\[Jý<ý�þ ÷.ú4[�ý�øFÿ�ú4[1S&3ºý®ü�[Q�b-cZE3Q���
Of course,one could just as well define a spatial transformation # þ�-dZY3^%e-

by# ú4[�ý�ø][1S73 in order to obtain the identical shifted image
ÿ�ZE3
ø�ÿ $6# .

Anothersimple unary imageoperationthat can be definedin termsof a spatial
mapis imagetransposition. Givenan image

ÿ��! gfihkjlfnm
, thenthe transposeof a, denoted

by
ÿ�o

, is definedas
ÿ�oqp�ÿ $+# ü where # þ�<+r @ < F %(< F @ <Xr is givenby # ú�J+ü�K�ý�ø%ú5K�üOJEý .

Binary Operations Induced by Unary Operations

Various unary operationsimage operationsinduced by functions # þs t%u 
can be generalizedto binary operationson

 �"
. As a simple illustration, considerthe

exponentiationfunction # þ�9)v+w1%x9
defined by # ú�yGý øcynz , wherek denotessomenon-

negativereal number. Then f inducesthe exponentiationoperationÿ z øc{�ú5û�ü<÷.ú[û�ý�ý:þ=÷�ú[û�ý^øc| ÿ/ú5û�ý~} z ü�û&�b-&��ü
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1. 4 Images 17

wherea is a non-negativereal-valuedimageon X. Wemayextendthis operationto a binary
imageoperationas follows: if �����Y�^����������� , then

�X�������4�k�L���5�����������5���k�/������� ������� ���&�� C¡�¢
The notion of exponentiationcanbe extendedto negativevaluedimagesaslong

as we follow the rules of arithmetic and restrict this binary operationto thosepairs of
real-valuedimagesfor which �+�4��� ���£��� �0�¥¤X�0�0  . This avoids creationof complex,
undefined,and indeterminatepixel values such as ��¦¨§©��ª« �e¬� « �N¯®X°(±�� , respectively.
However, there is one exceptionto theserules of standardarithmetic. The algebraof
imagesprovidesfor the existenceof pseudoinverses. For �²�U� � , the pseudoinverseof
a, which for reasonof simplicity is denotedby �+³ ¬ is definedas

� ³ ¬ �^´)�~�k���)�\���O�W���8�~����� §�+�5���²µ�¶ �+�5����·�¸±&¹nº�»X¼©½�¾ µ�¿ ¼��)�4�����0±qÀÁ¢
Note that if somepixel valuesof a arezero,then �¨ÂO� ³ ¬ ·�ÄÃ , where1 denotesunit image
all of whosepixel valuesare1. However,theequality �1ÂL�+³ ¬ ÂL���¸� alwaysholds. Hence
the name“pseudo inverse.”

The inverseof exponentiationis defined in the usualway by taking logarithms.
Specifically, ÅÇÆ¯È � �P�cÉl�4�k�O���~�����������5���k� ÅÇÆ¯È ������� �+�5�������C�� UÊl¢
As for real numbers,

Å\Æ¯È � � is definedonly for positiveimages;i.e., �����E�7����ËÌ� � .

Anothersetof examplesof binaryoperationsinducedby unaryoperationsarethe
characteristicfunctionsfor comparingtwo images.For �����/�U� � we defineÍ¨ÎÐÏ �~�q�k�YÑ�4�k�O���4���O�)�1���~���k��§ µ�¶ �+�5����ÒÓ�)�~���©��¹�ºL»�¼©½L¾ µÔ¿ ¼Õ���4���k�Y±�ÖÍ¨×ÐØlÙ~ÚqÛkÜYÝÙ4Þ8ßLà�Ù4Þ�ÛOÛ)á1à�Ù~Þ�ÛkÜ�â8ã�äkÚ+Ù5Þ�Û�åÓæ)Ù~Þ�Û©ß�ç�èLé�ê¯ë�ì�ãîíLêÕà�Ù4Þ�ÛkÜYï�ðñ1ò Ø Ù5ÚqÛ�ÜÄÝ�Ù~Þkß�à�Ù4Þ�Û�ÛÁá1à�Ù4Þ�Û�Ücâ)ã�äkÚ+Ù4Þ�ÛkÜ¸æ)Ù4Þ�Û�ß�ç�è�élê©ë�ì�ã�í�ê�à�Ù~Þ�ÛkÜ�ïðñ¨óÐØlÙ~ÚqÛkÜYÝÙ4ÞkßOà�Ù4Þ�ÛOÛ)á1à�Ù~Þ�ÛkÜ�â8ã�äkÚ+Ù5Þ�Û�ôÓæ)Ù~Þ�Û©ß�ç�èLé�ê©ëLì�ãÔíLêÕà�Ù4Þ�ÛkÜYï�ðñ¨õ Ø Ù~ÚqÛkÜYÝÙ4ÞkßOà�Ù4Þ�ÛOÛ)á1à�Ù~Þ�ÛkÜ�â8ã�äkÚ+Ù5Þ�Û�öÓæ)Ù~Þ�Û©ß�ç�èLé�ê©ëLì�ãÔíLêÕà�Ù4Þ�ÛkÜYï�ðñP÷ò Ø�Ù5ÚqÛ�ÜÄÝ�Ù~Þkß�à�Ù4Þ�Û�ÛÁá1à�Ù4Þ�Û�Ücâ)ã�äkÚ+Ù4Þ�Û�øÜ¸æ)Ù4Þ�Û�ß�ç�è�élê©ë�ì�ã�í�ê�à�Ù~Þ�ÛkÜ�ïð�ù

Functional Specification of Image Operations

Thebasicconceptsof elementaryfunction theoryprovidetheunderlyingfounda-
tion of a functional specificationof imageprocessingtechniques.This is a direct conse-
quenceof viewing imagesas functions. The mostelementaryconceptsof function theory
are the notionsof domain,range,restriction,andextensionof a function.

Imagerestrictionsand extensionsare usedto restrict imagesto regionsof par-
ticular interestandto embedimagesinto larger images,respectively.Employingstandard
mathematicalnotation, the restriction of Ú_ú0û�ü to a subsetZ of X is denotedby ÚÌý þ ,
and defined by ÚÌý þ0ÿ Ú���Ù����bû�ÛkÜ]ÝnÙ5ÞkßLÚ+Ù4Þ�ÛLÛPá�Þ&ú��8ð�ù
Thus, ÚÌý þEúÓû þ . In practice,the usermay specify Z explicitly by providing boundsfor
the coordinatesof the points of Z.
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Thereis nothing magicalaboutrestrictinga to a subsetZ of its domainX. We
canjust aswell definerestrictionsof imagesto subsetsof the rangevalues.Specifically,if�	��


and �� 
�� , thenthe restrictionof a to S is denotedby ����� anddefinedas��� ��� ��������� � �"!
In termsof the pixel representationof ��� � we have ��� ��#%$ ��&(')�*�+& �)�-, �*�+& �  �/. . The
double-barnotationis usedto focus attentionon the fact that the restrictionis appliedto
the secondcoordinateof � � �0� 
 .

Imagerestrictionsin termsof subsetsof the value set



is an extremelyuseful
conceptin computervision asmanyimageprocessingtasksarerestrictedto imagedomains
over which the image values satisfy certain properties. Of course, one can always
write this type of restriction in terms of a first coordinaterestriction by setting 1 #$ &�-� , �"�2& �  �/. so that ��� �3# ��4 5 . However, writing a programstatementsuch
as 6 , # ��4 5 is of little value since Z is implicitly specified in terms of S; i.e., Z
must be determinedin terms of the property “ �*�+& �  �

.” Thus, Z would have to be
precomputed,addingto the computationaloverheadaswell asincreasedcode. In contrast,
directrestrictionof thesecondcoordinatevaluesto anexplicitly specifiedsetSavoidsthese
problemsand providesfor easierimplementation.

As mentioned,restrictionsto the rangeset provide a useful tool for expressing
variousalgorithmicprocedures.For instance,if �-87 � andS is the interval �29"'): �/� 7 ,
wherek denotessomegiven thresholdvalue, then ���<;>=@? ACB denotesthe imagea restricted
to all thosepoints of X wherea(x) exceedsthe value k. In order to reducenotation,we
define ���ED = � �F� ;G=H? ACB . Similarly,���@I"= � ���@J =H? ACB 'K���EL"= � ��� ;�MNA�? =OB 'P���@= � ���@Q =�R '8S@TVU����HWN= � ��� ;�M"A�? =YX !

As in thecaseof characteristicfunctions,a moregeneralform of rangerestriction
is given when S correspondsto a set-valuedimage

� [Z]\_^H` � ; i.e.,
� �2& ���a
cb &�d� .

In this casewe define ���@� #[$ �+&('Y�"�+& �Y�-, �"�+& �  � �2& ��.e!
For example,for ��'f6g[7 � we define�F� Wih � $ �+&('Y�"�+& �Y�-, �"�+& �kj 6/�G& �O. '-��� LVh � $ ��&(')�"��& �)�-, �"�2& � l 6/�+& �m. '�F� Iih � $ �+&('Y�"�+& �Y�-, �"�+& �kn 6/�G& �O. '-��� D h � $ ��&(')�"��& �)�-, �"�2& � o 6/�+& �m. '�F� h � $ ��&(')�*�+& ���P, �*�+& � # 6/�G& ��. '-�F�_pq h � $ ��&(')�*�+& ���P, �*�+& �sr# 6/�G& ��.t!

Combining the conceptsof first and secondcoordinate (domain and range)
restrictionsprovidesthe generaldefinition of an imagerestriction. If �- 
�� , 1 � � , and�u�v


, then the restrictionof a to Z and S is defined as��4 ; 5 ? � B # �����Y1w� �(�"!
It follows that ��4 ; 5 ? � B # $ ��&(')�"��& �)�-, &�x1ySHTiUd�*�]& �  � . , ��4 ; � ? � B # ��� � , and��4 ; 5 ? ^ B # ��4 5 .

The extensionof �d 
�� to 6� 
{z on Y, whereX and Y are subsetsof the
sametopologicalspace,is denotedby �E4 h and definedby�E4 h �+& � #v| �"��& �~}�� &�-�6/�G& ��}�� &�-�8�E� !
In actualpractice,the userwill haveto specify the function b.
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1. 4 Images 19

Two of the most important conceptsassociatedwith a function are its domain
andrange. In the field of imageunderstanding,it is convenientto view theseconceptsas
functions that map imagesto setsassociatedwith certain imageproperties. Specifically,
we view the conceptof rangeas a function�E�t�V�����_�������H�
definedby �E�t�V���H�+�"�����E�s�8���C�����"�2���(�V�E� �<�E¡K� ���-¢8£ .

Similarly, the conceptof domainis viewed as the function¤ �E¡K�t¥+���_� �§¦ ¨G©2ª/«i©¬¯® �°� �s±
where �{� ¦ ¨²© ª «i© ¬ ® �y³H´��s´x��� ¦ ¨>µV¶ ·t® ± �-�¸��� ±/¹ �x�H� ±(º �8�H�N»
and domain is definedby¤ �E¡P�t¥��F�+´(���y³H���¼¢½�¾� ¦ ¨GµV¶ ·t® �+��� ��´/�G���(�u���V�E� �<�E¡K�-�s�x� »À¿

Thesemappingscanbe usedto extractpoint setsandvaluesetsfrom regionsof
imagesof particular interest. For example,the statement�C�Á� ¤ �E¡P�t¥��F�2��ÂEÃ"ÄE�
yields the set of all points (pixel locations) where a(x) exceedsk, namely �Å������-¢½���"�2���/Æ�ÇV£ . The statement��� ���E���V�t�E�2��Â ÃNÄ �
on the other hand,resultsin a subsetof È insteadof X.

Closelyrelatedto spatialtransformationsandfunctionalcompositionis thenotion
of imageconcatenation. Concatenationservesas a tool for simplifying algorithm code,
addingtranslucencyto code,andto providea link to the usualblock notion usedin matrix
algebra.Given �-�x�FÉEÊ « ÉmË and ´d�¸�(ÉÌÊ « É@Í , thenthe row-order concatenationof a with
b is denotedby ��� ¦ ´(� and is definedas�+� ¦ ´(��Î�� ¦ ÏtÐ ¨GÑO¶ Ä ® ¿
Note that �+� ¦ ´��-�[�{ÉEÊ « ÉEÍYÒ�Ó .

Assumingthe correctdimensionalityin the first coordinate,concatenationof any
numberof imagesis definedinductively using the formula Ô�ÕcÖ ×dÖ�Ø_Ù Ú�ÔYÔ+Õ�Ö/×�Ù@Ö�Ø_Ù so
that in generalwe haveÔ�Õ"Û_Ö ÕÀÜtÖVÝ<Ý@Ý�Ö ÕÀÞGÙ(Ú%Ô)Ô+Õ*ÛHÖ ÕiÜ_ÖVÝ@Ý@Ý�Ö ÕVÞ�ß�Û�Ù<Ö ÕiÞ²Ù"à
Column-order concatenationcanbe definedin a similar manneror by simpletransposition;
i.e., áââââââââã Õ"ÛäÕ Üä

...äÕVÞ

å�ææææææææç Ú[Ô�Õ"ÛHÖ ÕiÜtÖVÝ@Ý<Ý"Ö ÕiÞGÙ2èéà
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20 CHAPTER 1. IMAGE ALGEBRA

Multi-V alued Image Operations

Although generalimage operationsdescribedin the previoussectionsapply to
both single and multi-valuedimagesas long as thereis no specificvalue type associated
with the genericvalueset ê , thereexist a large numberof multi-valuedimageoperations
thatarequitedistinct from single-valuedimageoperations.As thegeneraltheoryof multi-
valuedimageoperationsis beyondthe scopeof this treatise,we shall restrictour attention
to somespecificoperationson vector-valuedimageswhile referring the readerinterested
in moreintricatedetailsto Ritter [1]. However,it is importantto realizethat vector-valued
imagesare a specialcaseof multi-valued images.

If êxëuì�í and îPïxêFð , thena(x) is a vectorof form î*ñ+ò�ó�ë%ñ+î"ô@ñ+ò�ó@õ"ö@ö<öVõÀî í ñ2ò�óYó
where for each ÷xëùø_õ"ö@ö<öVõ�ú , îiûñ+ò�ó�ï�ì . Thus, an image îüï�ñ]ì{íió ð is of formîýë[ñ�î ô õ"ö<ö@ö"õtî í ó andwith eachvectorvaluea(x) thereareassociatedn realvaluesî û ñ+ò�ó .

Real-valuedimageoperationsgeneralizeto theusualvectoroperationson ñ]ì�íÀó ð .
In particular, if î�õ2þvïÿñ]ì�íió ð , thenî��	þxë%ñ+î ô �	þ ô õ"ö<ö@öiõYî í �dþ í óî��Oþxë%ñ+î"ô��Oþ/ô<õ�ö@ö<öVõYî í �Oþ í óî��Kþxë%ñ+î*ô��Kþeô@õ�ö@ö<öVõ)î í � þ í óî��Kþxë%ñ+î ô �Kþ ô õ�ö@ö<öVõ)î í � þ í ó	�
If 
8ë3ñ�� ô õ"ö<ö@öVõ� í ó�ï ì�í , then we also have


��	îPëuñ��Hô��	î"ô@õ�ö@ö<öVõ� í �	î í ó"õ
���îPë%ñ�� ô ��î ô õ"ö<ö@ö"õ� í ��î í ó"õ
etc. In thespecialcasewhere 
 ë%ñ��Eõ��EõVö<ö@öVõ�@ó , we simply usethescalar �sï8ì anddefine����î���
���î�õ����Eî���
��Eî , and so on.

As before,binary operationson multi-valued imagesare inducedby the corre-
spondingbinary operation���_ì�í� §ì�í"!0ì�í on the valueset ì�í . It turnsout to be useful
to generalizethis conceptby replacingthe binary operation � by a sequenceof binary
operations�$#%�iì{í& �ì�í�! ì , where 'Pë ø_õ"ö@ö<öVõ�ú , and definingî(�Àþ)�[ñ�î(�Àô�þ õYî(�+*Oþkõ"ö@ö@öiõYî(� í þ�ó,�
For example,if �-#.��ì{í. xì{í/!½ì is definedbyñ10 ô õ"ö@ö<ö"õ�0 í ó2� # ñ�3 ô õ"ö@ö@öiõ�3 í ó�ë54%67098$0Àû:�%3 # �ýø<;�÷=;>'(?{õ
thenfor îFõ)þdïdñ2ì�íÀó ð and @Cë�î(�Àþ , the componentsof @tñ2ò�ó(ëÿñ�@ ô ñ2ò�óOõ"ö<ö@ö"õ@ í ñ+ò�ó)ó have
values @A#éñ+ò�ó(ë�î"ñ2ò�ó��-#Eþ/ñGò�ó(ë54B670C8@î û ñ�ò�óD�Kî+#éñ2ò�ó"�ýø�;�÷=;E'F?
for 'wë øéõ"ö<ö@ö"õ¯ú .

As anotherexample,suppose� ô and � * aretwo binary operationsì *  ¼ì * !�ì
defined by ñ�0 ô õ�0 * ó�� ô ñ�3 ô õ�3 * ó(ëG0 ô 3 ôIH 0 * 3 *
and ñ�0 ô õ0 * ó�� * ñ�3 ô õ�3 * ó�ëJ0 ô 3 * �E0 * 3 ô õ
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1. 4 Images 21

respectively.Now if KDL2M)N�O�P=Q	R-S representtwo complex-valuedimages,thentheproductTBU KWV(M representspointwisecomplexmultiplication, namelyT7XZYD[IU\X KC] X^YD[ M_] XZYD[=` K Q XZYD[ M Q X^YD[ LWKC] X^YD[ M Q XZYD[Da K Q XZYD[ M�] X^YD[�[�b
Basic operationson single and multi-valued imagescan be combinedto form

imageprocessingoperationsof arbitrarycomplexity. Two suchoperationsthathaveproven
to be extremelyuseful in processingreal vector-valuedimagesarethe winner takeall jth-
coordinatemaximumandminimum of two images.Specifically, if KDL�M>N X P=c [ S , thenthe
jth-coordinate maximumof a and b is defined as

K�d)e fgM U\h$XZY L TiX^YD[�[Bj�T7X^YD[kU K XZYD[=lnm K+f X^YD[�o MCf X^YD[ L=p+q�rWsut2v lxw s T7XZYD[IU M XyYD[Az L
while the jth-coordinate minimumis definedas

K�{)e f-M U\h$XZY L TiX^YD[�[Bj�T7X^YD[kU K XZYD[=lnm K+f X^YD[�| MCf X^YD[ L=p+q�rWs	t�v l}w s T7XZYD[IU M XyYD[AzFb
Unaryoperationson vector-valuedimagesaredefinedin a similar componentwise

fashion. Given a function ~ j PE��P , then f inducesa function P=c%��P=c , againdenoted
by f, which is definedby

~ X�� ] L � Q LC�u�-�CL � c [I��X ~ X�� ] [ L(~ X�� Q [ LD�-�-�:L(~ X�� c [2[	b
Thesefunctions provide for one type of unary operationson vector-valuedimages. In
particular, if K U�X K ] L7K Q LC�-�u�CL7K c [ N X P=c [ S , then

~ X K [I� ~��_K U�X ~ X K ] [ L(~ X K Q [ L,�u�-�:L(~ X K c [2[	b
Thus, if ~ U��-���\j P���P , then�-�^�,X K [IU�X1�-�Z�,X KC] [ L,�u�-�:L �-�Z�,X K c [�[Cb
Similarly, if ~ U����F� , then� �F� X K [IU O � �+� X K ] [ L,�u�-�9L � �+� X K c [ R b

Any function ~ j P=c���P�c gives rise to a sequenceof functions ~ f UG� f ��~ jP=c%��P , where � U�� LC�u�-�CL � . Conversely,given a sequenceof functions ~�f j P=c%��P ,
where � U�� LC�-�u�CL � , then we can definea function ~ j P�c���P�c by

~ X�YD[k�JX ~ ] X�YD[ L(~ Q X^YD[ LC�u�-�9L:~ c XZYD[�[ L
where Y�U\X�� ] L,�u�-�9L � c [ N�P=c . Suchfunctionsprovidefor a morecomplextype of unary
image operationssince by definition

~ X K [IU\X ~ ] X K [ LC�u�-�9L~-� X K [�[IU�h$X^Y L2M X^YD[�[%j M X^YD[IU�X ~ ] X K X^YD[�[ LC�-�u�9L�~-� X K X^YD[2[�[�z L
which meansthat the constructionof eachnew coordinatedependson all the original
coordinates.To provide a specificexample,define ~ ] j PIQ���P by ~ ] X�� L�� [<U��-�^�,X��:[=a���$�$��X � [ and ~ Q j PkQ���P by ~ Q X�� L� [ U��	�$�gX��:[=aJ�u�Z�C�CX � [ . Then the inducedfunction
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22 CHAPTER 1. IMAGE ALGEBRA¡E¢_£�¤=¥A¦u§©¨ª£�¤I¥A¦-§
given by

¡)«�¬�¡®$¯¡ ¥A° . Applying f to an image ±>² £�¤I¥A¦u§ results
in the image¡�¬ ± ° «\³®¬^´I¯2µ�¬y´ °�° ¢¶µ�¬Z´ ° «\¬�·$¸^¹,¬ ± u¬Z´ °�°Cº¼»	½ ·$¾�¬ ± ¥ ¬^´ °2° ¯ »	½ ·$¬ ± A¬^´ °�°º ·u¸Z¹C¾C¬ ± ¥ ¬^´ °�°�° ¯=´ ²%¿\À7Á
Thus, if we representcomplexnumbersas points in

¤I¥
and a denotesa complex-valued

image,then
¡�¬ ± ° is a pointwiseapplicationof the complexsine function.

Global reduce operationsare also applied componentwise. For example, if±G² ¬�¤�Â ° § , and Ã « »AÄFÅ$Æ ¬ ¿ ° , thenÇ ± «�¬ Ç ± $¯CÈuÈ-È9¯ Ç ± Â9°«ÊÉËÍÌÎÏ-Ð  ±  ¬^´ Ï ° ¯CÈ-È-È:¯�ÌÎÏ-Ð  ± Â ¬^´ Ï °1ÑÒ ² ¤ Â Á
In contrast,the summation

ÂÓÔyÐ  ± Ô « ÂÓÔyÐ uÕ Ô ¬ ± ° ² ¤ § sinceeach ± Ô ² ¤ § . Note that the

projectionfunction Õ Ô is a unary operation
¬�¤�Â ° § ¨Ö¤ § .

Similarly, × ± «�¬ × ± -¯DÈ-ÈuÈ9¯ × ± Â(° ¯Ø ± «�¬ Ø ±  ¯DÈ-ÈuÈ9¯ Ø ± Â ° ¯
and Ù ± «\¬ Ù ± $¯DÈ-È-È:¯ Ù ± Â(° Á

Summary of Image Operations

The lists below summarizesomeof the moresignificantimageoperations.

Binary image operations.

It is assumedthat only appropriatelyvalued imagesare employedfor the op-
erationslisted below. Thus, the operationsof maximumand minimum apply to real- or
integer-valuedimagesbut not complex-valuedimages. Similarly, union and intersection
apply only to set-valuedimages.

generic ±(Ú µ¼«Û³$¬Z´I¯Üi¬^´ °�° ¢�Ü7¬^´ ° « ± ¬Z´ ° Ú µ_¬^´ ° ¯=´ ²%¿¶À
addition ± º µ/«�³+¬Z´I¯Üi¬^´ °�° ¢ÝÜ7¬�´ ° « ± ¬�´ °Cº µ_¬Z´ ° ¯=´ ²&¿ÞÀ
multiplication ±"ß µ/«�³+¬Z´I¯Üi¬^´ °�° ¢ÝÜ7¬�´ ° « ± ¬Z´ ° ß µ_¬^´ ° ¯=´ ²%¿�À
maximum ± × µ.«Û³$¬Z´I¯Üi¬^´ °�° ¢�Üi¬^´ ° « ± ¬Z´ ° × µ_¬y´ ° ¯=´ ²%¿�À
minimum ± Ø µ.«Û³$¬Z´I¯Üi¬^´ °�° ¢�Üi¬^´ ° « ± ¬Z´ ° Ø µ_¬y´ ° ¯=´ ²%¿�À
scalar addition Ã º ± «Û³$¬�´I¯Üi¬^´ °2° ¢ Üi¬^´ ° « Ã º ± ¬^´ ° ¯=´ ²%¿�À
scalar multiplication ÃàßA± «Û³+¬Z´I¯Üi¬^´ °2° ¢ Üi¬�´ ° « Ã�ß	± ¬Z´ ° ¯=´ ²%¿�À
point addition ± º>á «\³®¬^â9¯�µ_¬yâ °�° ¢Ýµ_¬yâ ° « ± ¬^â�ã á=° ¯=â ²%¿ º>á À
union ±�ä µ.«Û³$¬Z´I¯Üi¬^´ °�° ¢�Üi¬^´ ° « ± ¬Z´ ° ä µ_¬y´ ° ¯=´ ²%¿�À
intersection ±�å µ.«Û³$¬Z´I¯Üi¬^´ °�° ¢�Üi¬^´ ° « ± ¬Z´ ° å µ_¬y´ ° ¯=´ ²%¿�À
exponentiation ±(æ «�ç=¬^´I¯�Ü7¬Z´ °�° ¢ÝÜ7¬�´ ° « ± ¬�´ ° æFè}é+ê ¯=´ ²�¿.ë
logarithm ì ½gí æ ± «�îi¬^´I¯�Ü7¬Z´ °�° ¢�Üi¬^´ ° « ì ½-í æFèïé+ê ± ¬�´ ° ¯=´ ²%¿/ð
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1. 5 Templates 23

concatenation ñ^òIó ôIõIöJò=ó ÷7øCùyúAû ü	ý�þIòÞÿ�� �������	� þIôEÿ
� ��������
concatenation

�� ò�ô �� ö�ñ^ò�ó ôIõ��
characteristics �����

ñ^ò9õIö��®ñ��Iþ��7ñ �Dõ�õ"!��iñ��DõIö$#&%('�òCñ �Dõ&)�ô�ñ �Dõ	þ+*-,/.1032�4"%65/07�Wñ��DõIö98-:��;<�
ñ^ò9õIö��®ñ��Iþ��7ñ �Dõ�õ"!��iñ��DõIö$#&%='IòCñ �Dõ&>�ô�ñ �Dõ	þ+*-,/.1032?4"%@5/07�Wñ��DõIö98-:�BA �
ñ^ò:õIöC�+ñ �IþD�iñ��Dõ2õ"!B�iñ��DõIöE#&%6'IòCñ��Dõkö ô_ñF�Dõ-þ+*<,?.1032/4"%@5?07�(ñ �DõIöG8H:��I �
ñ^ò9õIö��®ñ��Iþ��7ñ �Dõ�õ"!��iñ��DõIö$#&%='IòKJ LNM&OQPRJ LNM3S+T-U/V1W3X�Y"Z6[/W7\�J�LNM�]9^-_`�a�b J�cdM�]�e-J�L�S�\�J LNM/M"f�\HJ�LNM�]$g&Z(hRcKJ LNM&iQPRJ LNM3S+T-U/V1W3X?Y"Z@[/W7\�J�LNM�]9^-_`kjl b J�cmM�]Ce<J L�SD\HJ�LNM?M"fB\HJ�LNM�]Eg&Z6h�cKJ�LNMon]GP&JFLNMpS+T<U?V1W3X/Y"Z@[?W7\1J LNM�]G^H_

Wheneverb is a constantimage,say PQ]rq (i.e., P&J�LNM"]squtmLwvyx ), then we
simplywrite cdz for c1{ and |F}p~ z c for |�}p~ { c . Similarly, we haveqK��c , `��<� J cmM , `��<� J�cdM , etc.

Unary image operations.

As in the caseof binary operations,we again assumethat only appropriately
valuedimagesare employedfor the operationslisted below.
value transform ����c�]���J�cmM&]�e-J�L�S�\�J�LNM?M�f�\�J LNM�]���J�cKJ�LNM?M3S+Lwv�x�_
spatial transform ck����]�e<J��&S/c�J���J��+M/M?M�f��wv��w_
domain restriction c�� �s]�e<J L�S/cKJ LNM�M�f�L�v��R_
range restriction cN�	�$]�e�J�L�S/c�J�LNM/M�f�cKJ LNM&v �¡_
extension c�� {�]£¢oJ�L�S�\�J�LNM?M�f�\�J�LNM&]£¤ cKJ LNM¥Z6h¦L�v�xP&JFLNM§Z6h¦L�v���¨�x�©
domain ª�}�«�¬��®¯J�cmM&]$e	Lwv�x°fB±"²�v�³�´<µ ¶	µ�·¯¸�¹Nº�»9¼�½
range ¼�¾�¿dÀÂÁÃ¸�·dºR»ÅÄ�¼�Æ�Ç£È�É&¹wÆ�ÊE´<µ ¶	µN¼�»G·�¸�¹Nº½
generic reduction Ë�·�»$·K¸�¹+Ì3º�Í1·K¸�¹NÎpº�ÍÐÏpÏpÏ<Í1·�¸�¹KÑdº
imagesum ÒÓ·�»°ÒÔ�Õ�Ö ·�¸�¹Nº"»×·K¸�¹ Ì º¯Ø�·K¸�¹ Î ºKØÙÏpÏ	ÏKØÚ·K¸�¹ Ñ º
imageproduct Û�·�»ÜÛÔ�Õ�Ö ·K¸�¹NºR»C·K¸�¹+Ì3º�Ï·K¸�¹NÎ	ºÝÏ�ÏpÏ	Ï+Ïp·K¸�¹KÑdº
imagemaximum ÞÚ·y» ÞÔ�Õ�Ö ·K¸�¹NºR»9·�¸�¹ Ì ºNß�·K¸�¹ Î º¯ßEÏpÏpÏàß�·K¸�¹ Ñ º
imageminimum áÚ·y» áÔ�Õ�Ö ·K¸�¹NºR»9·�¸�¹+Ì3ºNâ�·K¸�¹NÎ	º¯âEÏpÏpÏàâ�·K¸�¹KÑmº
imagecomplement ã·�»åä¯¸ ¹Ræ/çH¸�¹Nº�º�È�ç�¸�¹Nº�»éè·K¸ ¹Nº3æ+¹wÆyÊwê
pseudoinverse ·Kë Ì »rì�¸ ¹�æ�í&¸�¹Nº/º�È�í&¸�¹Nº�»sì Ìî	ïðÔ<ñ°ò6ó¦·K¸�¹Nº�ô»Gõõ ö-÷/ø1ùpú/û"ò@ü/ù ý
imagetranspose ·1þK»�Ä-¸/¸�ÿ¯æ���º3æ?·1þ ¸�ÿ¯æ��<º/º�È&·1þ ¸�ÿNæ��<º+»×·K¸��1æ�ÿmºæN¸���æDÿdºÝÆ�Ê�½

1.5. Templates

Templatesareimageswhosevaluesareimages.Thenotionof a template,asused
in imagealgebra,unifiesandgeneralizestheusualconceptsof templates,masks,windows,
and neighborhoodfunctions into one generalmathematicalentity. In addition, templates
generalizethenotion of structuringelementsasusedin mathematicalmorphology[27, 60].
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24 CHAPTER 1. IMAGE ALGEBRA

Definition. A template is an image whose pixel values are images
(functions). In particular,an � -valuedtemplatefrom Y to X is a function�����
	 � � . Thus,

���� � ����� and t is an � � -valuedimageon Y.

For notationalconveniencewe define
��������������������

. The image
���

has representation ���! #"$��%�&'�(���)%����*�%+��,.-0/
Thepixel values

� � �1%2�
of this imagearecalledtheweightsof thetemplate

at point y.

If t is a real- or complex-valuedtemplatefrom Y to X, then the supportof 354
is denotedby 687:9<;>= and is definedas?A@ 9 ; =CBED'F!GIHKJL9 ; @ F�=LMBONQPSR
More generally,if 9LG+T1U�VXW5Y and U is an algebraicstructurewith a zeroelement0, then
the supportof 9 ; will be definedas

?Z@ 9 ; =�B[D5F\G\H
JL9 ; @ F�=LMB]N^P .
For extendedreal-valuedtemplateswe also define the following supportsat

infinity: ?`_@ 9 ; =CBED5F*G\HaJL9 ; @ F�=LMB]bcP
and ?edf_@ 9 ; =gBED5F!GIH
JL9 ; @ F�=LMBih0bjPSR

If X is a spacewith an operationk suchthat
@ Hml�kL= is a group,thena template9LGcTnUoV�W V is saidto be translationinvariant (with respectto the operationk ) if andonly

if for eachtriple FCl)pSlQqrGmH we havethat 9 ; @ F�=�BE9 ;tsvu @ F�kwqx= . Templatesthat are not
translationinvariant are called translationvariant or, simply, variant templates.A large
classof translationinvariant templateswith finite supporthavethe nice propertythat they
canbe definedpictorially. For example,let HyB]z`{ andy = (x,y) be an arbitrarypoint of
X. Set Fg|SB @n} l�~Lh��<='lgF { B @n} k]�^l�~^='lC���v��F��0B @�} k+�tl�~Xh+�5= . Define 9�G T1� V W V by
defining the weights 9 ; @ p�=�B[�tlA9 ; @ Fg��=�B��$l�9 ; @ F { =�B���l�9 ; @ F`�5=0BE��l������O9 ; @ F�=0B�N
wheneverx is not an elementof D5pAl�Fg|�l)F { l�F`�^P . Note that it follows from the definition
of t that

?Z@ 9<;>=ZB�D'pSl)F | l�F { l�F � P . Thus,at any arbitrarypoint y, the configurationof the
supportand weightsof 9 ; is as shownin Figure 1.5.1. The shadedcell in the pictorial
representationof 9 ; indicatesthe location of the point y.

y�

x�

y�

x�
x� +1

y� -1

 3  1

 2 4

Figure 1.5.1. Pictorial representationof a translationinvariant template.
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Therearecertaincollectionsof templatesthat canbe definedexplicitly in terms
of parameters.Theseparameterizedtemplatesareof greatpracticalimportance.

Definition. A parameterized� -valuedtemplatefrom Y to X with param-
etersin P is a function of form �I�`�����)��������� The setP is called the
setof parametersandeach�+ +� is called a parameterof t.

Thus,a parameterized¡ -valuedtemplatefrom Y to X gives rise to a family of

regular ¡ -valuedtemplatesfrom Y to X, namely ¢`£�¤¦¥$§A¨c©1ªg«�¬5�®�¯r°\±³² .

Image-Template Products

The definition of an image-templateproduct provides the rules for combining
imageswith templatesandtemplateswith templates.Thedefinition of this productincludes
the usualcorrelationandconvolutionproductsusedin digital imageprocessing.Supposeª is a valuesetwith two binary operationś and µ , where ´ distributesover µ , and µ
is associativeandcommutative.If ¶�°�©1ªg«A¬5 , then for each ·c°!¸ , ¶'¹*°wªo« . Thus, ifº °+ªg« , whereX is finite, then º ´»¶ ¹ °�ªg« and ¼¾½ º ´¿¶ ¹$À °cª . It follows that the
binary operationś and µ inducea binary operation

µ´Á®^ª «ÃÂ © ª « ¬ ÃÄ ª �Å
where Æ!Ç º µ´.¶L°Èª 
is defined by Æ ½É· À Ç ¼ ½ º ´¿¶<¹ À Ç ¼ÊÌË'Í ½ º ½1Î À ´¿¶<¹�½ÉÎ À�À`Ï
Therefore,if Ð Ç»Ñ ÎZÒ Å Î�Ó Å�Ô<Ô5ÔvÅ Î�ÕvÖ , thenÆ ½É· À Ç ½ º ½1Î Ò À ´�¶5¹v½ÉÎ Ò À)À µ`½ º ½ÉÎ Ó À ´�¶5¹v½:Î Ó À�À µ�×<×5×^µ`½ º ½1Î Õ À ´¿¶<¹v½:Î Õ À�À`Ï

Theexpressionº µ´.¶ is calledthe right convolutionproductof a with t. Note that
while a is animageon X, theproduct º µ´.¶ is animageon Y. Thus,templatesallow for the
transformationof an imagefrom onetype of domainto an entirely differentdomaintype.

Replacing ½�ª Å µ Å ´ À by ½nØ Å$Ù³Å × À changes
ÆcÇ º µ´.¶ intoÆmÇ º Ù´�¶ Å

the linear image-templateproductor simply the convolutionof º with ¶ , whereÆ ½É· À Ç+ÚÛ^Ü « ½ º ½1Î À ×'¶<¹v½:Î À�À Åº °�Øg« , and ¶�° © Øg« ¬  .

Every template Ý]° © ª  ¬ « has a transposeÝÌÞ\° © ªg« ¬  which is definedÝÌÞ¹ ½:Î À Ç Ý Û ½:· À . Obviously, ½1Ý'Þ À Þ Ç Ý and ÝÌÞ reversesthe mappingorder from Ð Ä ª 
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26 CHAPTER 1. IMAGE ALGEBRA

to ßáà
âgã . By definition, ä'åæ�ç»è.é�âgã and êrënäÌåæ�çìè�íé�â , wheneverè�é�âoã andäîé�ë1âgï0í ã . Hencethe binary operationsç and ð induceanotherproductoperation

ðçÁñ ë â ï í ã]ò â ã àóâ ï�ô
where õ!ö ä ðçwèréÈâ ï
is defined by õA÷Éø�ùgö ê ë ä åæ�çìè í ö êúÌû'ü ÷ ä åæ ÷:ý�ù ç¿è ÷:ý�ù�ù`þ
The expressionä ðç.è is called the left convolutionproductof a with s.

Whencomputing ä ðç�è , it is not necessaryto usethe transposeä å since

êú'û'ü ÷ ä åæ ÷:ý�ù ç�è ÷:ý�ù�ùgö êú'û'ü ÷ äÌÿ ÷:ø�ù çìè ÷1ý�ù�ùLþ
This allows us to redefinethe transformation

õ+ö ä ðç.è asõA÷¦ø�ùCö êú<û'ü ÷ ä ÿ ÷Éø�ù ç¿è ÷:ý�ù�ùLþ
For the remainderof this section,we assumethat

÷ â ô ð ù is a monoid and let 0
denotethe zero of â under the operation ð . Supposeè+é�â ã and �!éyë1â � í ï , where
X and Z are subsetsof the samespace. Since â is a monoid, the operator ðç can be
extendedto a mapping

ðçÁñtâ ã ò ë â � í ï àáâ ï�ô
where

õ�ö è ðç�� is definedbyõA÷:øgù�ö�� êú<û'ü���� ÷ è ÷:ý�ù ç	� æ ÷:ý�ù�ù�
���������ö��� 
�������mö��+þ
Theleft convolutionproduct ä ðç�è is definedin a similar fashion.Subsequentexampleswill
demonstratethat the ability of replacingX with Z greatlysimplifies the issueof template
implementationand the useof templatesin algorithm development.

Significantreductionin thenumberof computationsinvolving theimage-template
productcanbeachievedif

÷ â ô ð ô ç ù is a commutativesemiring.Recallthat if � é ë â � í ï ,
then the supportof t at a point

ø é�ß with respectto the operation ð is defined as� ÷ � æ ù�ö��'ý é � ñ�� æ ÷:ý�ù��ö ��� . Since � æ ÷:ý�ù ö � whenever
ý �é � ÷ � æ ù , we have thatè ÷Éý�ù ç!� æ ÷Éý�ù ö � whenever

ý"�é � ÷ � æ ù and, therefore,

êú<û'ü���� ÷ è ÷1ý�ù ç � æ ÷:ý�ù�ùgö êú'û'ü��$#�%'&'($) ÷ è ÷1ý�ù ç � æ ÷Éý�ù�ù`þ
It follows that the computationof the new pixel valueb(y) doesnot dependon the sizeof
X, but on the sizeof

� ÷ � æ ù . Therefore,if * ö,+.-0/$1�÷2�"� � ÷ � æ ù)ù , then the computationof
b(y) requiresa total of 34*�5,6 operationsof type ð and ç .

As pointedout earlier,substitutionof differentvaluesetsandspecificbinary op-
erationsfor ð and ç resultsin a wide varietyof differentimagetransforms.Our primeex-
amplesarethering

÷87 ô:9³ô<; ù andthevaluesets
÷=7?><@ ôBA�ôDC�ôB9³ôE9 å ù and ë 7GF�H@ ôBA�ôEC�ô ò ô ò å í þ

The structure
÷I7J><@ ôEA�ôEC�ôB9³ôE9 å ù providesfor two lattice products:õmö èKAL�MJN
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where OQP2RTS?U VW�X4YQZ�[]\0^`_'acb$d�e f PcghSji�kmljP2ghS2n:o
and OpU fKqr kGo
where OGPsRTSJU tW�X$YQZ�[$^u_'acb$d e f P8ghSjiwv]k l PxghS=n0y
In orderto distinguishbetweenthesetwo typesof latticetransforms,we call theoperator zr
the morphologicalmaxconvolutionoperatorand qr the morphologicalmin convolution
operator. It follows from our earlierdiscussionthat if {"|~}?�j� Pxk l SJU,� , thenthe value
of b(y) is �u� , the zero of ���h� underthe operationof z . Similarly, if {�|�}j� Pxk l SJU,� ,
then
OGPxR?S~U � .

The left morphologicalmax andmin operationsare definedbyk zr f U��� � PxRGoIOGPsR?SIS~�wOQP2RTSJU VW�X�YGZ0[]\4^�_'acb$d�e k W PxRTSji f P2ghS2n:o?R������ ��
and k qr f U��� � P2RQoDOGPsRTSIS~��OGPsR?SJU tW�X$YQZ�[ ^ _'a b d e k W P2RTSji v f PcghS8n0o?R��~��� �� o
respectively.The relationshipbetweenthe morphologicalmax and min is given in terms
of lattice duality by

f�qr kuU�Pxk$� zr f ��S � o
where the image f � is defined by f � PxghS�U e f PxghS8n � , and the conjugate(or dual) ofk�� � � Y �h����� is the template

k � ��� � � �<� � Y definedby
k �W PxR?SKU e k l P2ghS=n � . It follows

that
k �W PxRTS¡U � k vl P2ghS .

The value set
� �G¢¤£� o z o q o�¥`¦4§?¨'© also providesfor two lattice products.Specif-

ically, we have ª�«�¬~®°¯ ¦
where

ªJ±c²h³J« ´
µ�¶$·Q¸:¹�º'»2¼�½�¾

¬j±2¿h³ § ¯ÁÀ ±x¿h³=Â ¦
and

ª�«�¬~Ã®�¯ ¦
where

ªG±s²T³J« Ä
µ�¶$·Q¸�¹4Å`º'» ¼ ½�¾

¬Æ±8¿h³ § ¨ ¯ÁÀ ±x¿h³=Â Ç
Here 0 is the zero of ÈGÉjÊË under the operation of


, so that

ªG±x²?³�«ÍÌ
wheneverÎ�Ï�Ð ± ¯�À ³`«"Ñ

. Similarly,

ªG±2²T³`«�Ò
whenever

ÎÓÏÔÐ Ë ± ¯�À ³`«�Ñ .
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The lattice products ÕÖ and ×Ö are called the multiplicative maximumand
multiplicative minimum, respectively. The left multiplicative max and left multiplicative
min are defined asØ ÕÖ�ÙÛÚ�ÜÝÞ Ýß�àcáJâDãGàxáhäEäÛå�ãGàsá?ä Ú æç�è$éQê�ë]ì àxíIîï ä

ð Ø ç àxáTäGñ Ù à2òhä=ó0â?á�ô�õ
ö Ý÷Ýø

and Ø ×Ö�ÙÛÚ ÜÝÞ Ýß à2áQâDãGàsáTäIä~å�ãGàsá?ä Ú ùç�è$éQê�ë$ì àxíIîï ä
ð Ø ç àxáTäGñ�ú Ù à2òhä2ó:â?ápô~õ

ö Ý÷Ýø â
respectively.The duality relationbetweenthe multiplicative max andmin is given byÙ ×Ö Ø Ú à Ø$û ÕÖ�Ù û ä û âwhere

Ù û àxòhä Ú à Ù à2òhäEä û and
Ø ûç àxá?ä Ú ð Ø�ü à2òhä=ó û . Here ý û denotestheconjugateof r in þGÿ��� .

Summary of Image-Template Products

In the following list of pertinent image-templateproducts
Ù ô � é and

Ø ô� �?é����
. Again, for eachoperationwe assumethe appropriatevalueset

�
.

right genericconvolution productÙ
	Ö Ø Ú�� àxáGâIãGàsáTäDä~å�ãGàsáTä Ú������ à Ù àxòhä Ö Ø�ü à2òhäIäjâ?á°ô õ �right linear convolution product���������� �"!$#&%��'!)(*(,+-%��.!/($�1024365 � � �'7)(98���:;�'7)(<(;#/!>=@?BA
right morphologicalmax convolution product�
CD �E� � �F!G#&%G�.!/(<(�+ %��'!H(/�JI24365@K � �'7)( � ��:L�F7)("M4#/!N=O? A
right morphologicalmin convolution product�
PD ��� � �'!�#<%��.!H(&(�+�%��F!H(/�RQ24365SK � �F7)( � T � : �'7)(UMV#/!S=@? A
right multiplicative max convolution product� C�W��� � �F!G#&%��.!H(<(�+ %��'!/($� I24365 K � �'7)(YXO� : �'7)(ZMV#/!N=�? A
right multiplicative min convolution product� P�W��� � �'!�#<%��.!/(<(�+-%��.!H($� Q24365@K � �"7)(�X T � : �"7)(FMV#/!N=�? A
right xor max convolution product�B[CD ��� � �F!G#&%��.!H(<(�+-%��.!/($� I24365]\ � �F7)( [� � : �'7)(&^H#/!S=�? A
right xor min convolution product� [PD ���_� �"!G#&%��.!H(<(`+-%��.!H($� Q24365 \ � �"7)( [� T ��:L�'7)( ^ #/!S=O?BA
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In the next set of operations,a�b_cZd/e f�g .

left genericconvolution product

a�hiNj,k�lnm'o�p<q�m.oHr&r�s-q�m.oHr$k�tu�vxw m a�y mZo/rzi{jzm"|)r<rzp/o bO}N~
left linear convolution product

a-�i�j,k�� m"o�p<q�m.oHr&r,s-q�m.o/r$k1�y4� g m a y m'o/r$�*jzm"|)r<r;p/o bO}B�
left morphologicalmax convolution product

a��� j
k � mFoGp&qGm.o/r<r`s-q�m'oHr/kJ�y4� g@� a�y mFoHr � jzm"|)rF�4p/o bO} �
left morphologicalmin convolution product

a��� j,k���m'o�p<q�m.oHr&r�s�q�mFoHr/kR�y4� g � a�y m"oHr � � j;m'|)rU�Vp/o b�}B�
left multiplicative max convolution product

a �i�j,k � mFoGp&q�m.oHr<r�s q�m'o/rHkJ�y4� g>� a�y m'o/r��,jzm"|)rZ��p/o b�} �
left multiplicative min convolution product

a �iNj,k_� m'o�p<q�m.o/r<r�s qGmFoHr$kJ�y4� g � a�y m'oHr�� � jzm"|)rF�Vp/o b�}B�
left xor max convolution product

a,��� j,k�� mFoGp&q�m.oHr<r�s q�m'o/r$k �y4� g]� a y mFoHr �� j;m'|)r&�Hp/o b�}��
left xor min convolution product

a
��� j,k_� m"oGp&q�m�o/r<r�s-q�m.oHr$k �y4� g � a�y m'o/r �� � jzm'|)r � p/o bO}��
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Binary and Unary Template Operations

Since templatesare images,all unary and binary image operationsdiscussed
earlierapply to templatesaswell. Any binary operation� on � inducesa binary operation
(again denotedby � ) on �"�/����� as follows: for eachpair �6� �N¡¢�"�/����� the induced
operation �£�¤� is definedin termsof the inducedbinary imageoperationon �/� , namely¥ ���¤�6¦"§{¨©� § �¤� § ª¬« ¡® . Thus, if �°¯©± , �²�4��¡ � ±/� � � , and �³¯©´ , then¥ �$´N�6¦ § ¯1� § ´S� § , where � § ´S� § denotesthe pointwisesumof the two images� § ¡@±/�
and � § ¡µ±/� .

The unary templateoperationsof prime importanceare the global reduceopera-
tions. SupposeY is a finite point set,say ¶¯�· «/¸ � «)¹ �zº�º�ºz� «z»;¼ , and �½¡ � �/� � � . Any
binary semigroupoperation� on � inducesa global reduceoperation¾�¿ � � � � �ÁÀ � �
which is definedby ¾ ��¯ ¾Â�Ã�Ä � § ¯ ¾ ÅÆ&Ç¤È � § Æ ¯Á� § È �¤� §4É �BÊ�Ê�Ê²�¤� § ÅÌË
Thus,for example,if �N¯�± and � is the operationof addition( ��¯Á´ ), then

¾ ¯�Í andÎ ��¯ Î§4ÏÑÐ,Ò�Ó
ÔÕÒ�Ó²ÖH×NÒ�ÓÑØ/×¢Ù�Ù�Ù¬×WÒ�Ó²Ú¬Û
Therefore,Ü Ò is an image,namelythe sumof a finite numberof images.

In all, the valueset Ý"Þ�ß × ß Ù ß¤à�ß¤á$â providesfor four basicglobal reduceoper-
ations,namely Ü Ò ßäã Ò ßæå Ò , and ç Ò .If thevalueset è hastwo binaryoperationsé and ê sothat Ý<è�ß&é)ßxêNâ is aring (or

semiring),thenunderthe inducedoperations ë¤ì"è/í�î Ð ß&é)ßxê�ï is alsoa ring (or semiring).
Analogousto theimage-templateproduct,thebinaryoperationsê and é inducea template
convolution product éêñð ì è$ò î í�ó ì è í î Ð1ô ì è$ò î Ð
definedas follows. Supposeõæö÷ìZè ò î í , Ò ö÷ì"è/í�î Ð , and X a finite point set. Then the

templateproduct ø Ô õ éê Ò , where ø�ö�ìZè ò î Ð , is definedasø Ó ÝFùVâ Ô�úû£ü�ý Ý"õ�þLÝFùVâ)ê Ò Ó Ý"ÿ)â<â ���>ö������
	��Lù
ö� Û
Thus, if õ ö ì Þ ò î í and Ò ö ì Þ í î Ð , then ø Ô õ ×ê Ò is given by the formulaø Ó Ý'ùVâ Ô �þ�� í õ þ ÝFùVâ Ù£Ò�Ó Ý'ÿ)â Û

The lattice product ø Ô õ à� Ò is defined in a similar manner.For õæö1ì"Þ ò��� î í
and Ò ö ì Þ í ��� î Ð , the product templater is given byø Ó Ý'ù4â Ô �þ�� í � õ þ Ý'ù4â ×�Ò�Ó Ý"ÿ)â�� Û

The following exampleprovidesa specific instanceof the aboveproductformu-
lation.
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Example: Suppose����� �"!$#&%('*) %�' are the following translationinvariant
templates:

1 12
+

1

3

-1

s   , =y- t   
.

=y-

Thenthe templateproduct /103254687 is the templatedefinedby

r   9 =y:
1 2 1

36
;

3

-1 -2 -1

If <>=*?A@CBED&F�GHJI K F�G are defined as above with values LNM outside the
support,thenthe templateproduct OQPR<TSU ? is the templatedefinedby

r   V =yW
2 3 2

4
X

5
Y

4
X

0
Z

1 0
Z

The templatet is not an []\_^` -valuedtemplate.To providean exampleof
the templateproduct a5bc8d , we redefinet as

t   
e

=yW
1

3

1
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Then fhgjiQklnm is given by

r   =y-
1 2

+
1

3 6
o

3

1 2
+

1

Theutility of templateproductsstemsfrom the fact that in semiringstheequationprqshtvu qsxwzy|{}t p~qs�u�y qs�w
holds [1]. This equationcan be utilized in order to reducethe computationalburden

associatedwith typical convolutionproblems.For example,if �N���z������� � � is definedby�
� � ��� , then

r   9 =y:
4 6

;

4

6
;

9
�

-6

-4 -6

-4

�������� ������v� ��x�z�|�}� �������� ��x�|�
where

t   
 

=yWs   ¡ =yW 2 3 -2

2
¢
3

-2

The constructionof the new image £�¤ ¥8¦�§¨x© requiresnine multiplicationsand
eightadditionsperpixel (if we ignoreboundarypixels). In contrast,thecomputationof the
image £�¤ª¥}«¬¦�§¨��® §¨�¯ requiresonly six multiplicationsandfour additionsper pixel. For
large images(e.g.,size °z±³²�´Qµ¶°�±·²�´ ) this amountsto significantsavingsin computation.

Summary of Unary and Binary Template Operations

In the following
·¸�¯T¹»ºv¼J½r¾�¿

and
¼

denotesthe appropriatevalueset.

genericbinary operation
�À�¯ ¤ « *À�¯³®ÂÁ�Ã" Á À�¯ Á

templatesum
 § ¯ ¤ «  § ¯³®ÂÁ�Ã� Á § ¯ Á

max of two templates
~Ä�¯ ¤ « |ÄÅ¯Æ® Á Ã� Á Ä5¯ Á
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min of two templates Ç~È�É5Ê Ë$Ç|ÈÅÉÆÌÎÍ�Ï�Ç Í È5É Í
genericreduceoperation ÐÑÉÒÏ8ÐÓ�Ô*Õ É Í×Ö Ð ØÙ$Ú>Û É Í Ù Ö É Í Û$Ü É Í·Ý Ü�Þ�Þ�Þ·Ü É Í Ø
sum reduce ßàÉáÏâßÍ�ã�ä É Í×Ö É Í Û�å É Í Ý å Þ�ÞzÞ å É Í Ø
product reduce æçÉ�ÏèæÍ�ã³ä É Í Ö É Í Û�Þ É Í Ý Þ|ÞzÞ�ÞJÞ É Í Ø
max reduce éêÉ�Ï éÍ�ã³ä É Í Ö É Í Û�ë É Í Ý ë�Þ�ÞzÞÑë É Í Ø
min reduce ìêÉ�Ï ìÍ�ã³ä É Í Ö É Í Û È5É Í Ý È Þ�ÞzÞ È5É Í Ø
In the next list, ÇNínîÂï|ð�ñ�ò , ÉNíçîÂï ò ñ ä , X is a finite point set, and ï denotes

the appropriatevalue set.

generictemplateproduct ó Ö Ç Üô ÉõÊöó Í Ë¬÷�Ì Ö Ðø�Ô*ù ËÂÇ*ú�Ë�÷(Ì ô É Í Ë�û�Ì$Ì
linear templateproduct ó Ö Ç åô ÉõÊöó Í ËÂ÷(Ì Ö ßú ã ò Ç�ú�Ë¬÷�Ì Þ É Í Ë¬û�Ì
additivemax product ó Ö Ç ëü ÉNÊöó Í Ë¬÷(Ì Ö éú ã ò Ç ú Ë¬÷�Ì å É Í Ë�û�Ì
additivemin product ó Ö Ç Èü ÉNÊöó Í Ë¬÷(Ì Ö ìú ã ò Ç ú Ë¬÷�Ì å É Í Ë�û�Ì
multiplicative max product ó Ö Ç ëô ÉNÊöó Í ËÂ÷�Ì Ö éú ã ò Ç*ú�Ë¬÷�Ì Þ É Í Ë¬û�Ì
multiplicative min product ó Ö Ç�Èô ÉNÊöó Í ËÂ÷�Ì Ö ìú ã ò Ç ú Ë¬÷�Ì Þ É Í Ë¬û�Ì

1.6. Recursive Templates

In this section we introduce the notions of recursivetemplatesand recursive
template operations,which are direct extensionsof the notions of templatesand the
correspondingtemplateoperationsdiscussedin the precedingsection.

A recursivetemplateis definedin termsof a regulartemplatefrom somepoint
setX to anotherpoint set Y with somepartial order imposedon Y.

Definition. A partially ordered set ýÿþ�� ��� (or poset) is a set P together
with abinaryrelation

�
, satisfyingthefollowing threeaxiomsfor arbitrary� �����
	�� þ :

(i) � � � ý��������������� �
(ii) � � ��������� � �! "��# � ý$�%�'&��)(�*�+,+-��&.��0/ �
(iii) � � �1�%���2� � 	  � � 	 ý�&3�����($�)&4�)��� �
Now supposethat X is a point set,Y is a partially orderedpoint setwith partial

order 5 , and 6 a monoid. An 6 -valuedrecursivetemplatet from Y to X is a function798;:<7�=?>�7�@BA9CEDGF!H 6BI�J�KBL9M , where NPORQESUTVKBW and N�X�Q�SUTYKZL , suchthat[E\�]�^_a`cb NEX b ]Bd�dfehg'ijk\�l)m�nfo�eqp�rts _-`fb<u X b ]?dvd J sxw�]y\
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Thus,for each zR{-| , }.~?�)zB� is an � -valuedimageon X and }h�f�)zB� is an � -valuedimage
on Y.

In most applications,the relation ���V| or ����| usually holds. Also,
for consistencyof notationand for notationalconvenience,we define }�~��1��}�~?�<z?� and}E�'����}E�B�)zB� so that }������)}�~%����}q����� . The support of t at a point y is defined as� �)}����y��� � ��}�~%���P� � ��}q���%�v� . The setof all � -valuedrecursivetemplatesfrom Y to X will

be denotedby ���B����������� ��� �'� .
In analogyto our previousdefinition of translationinvariant templates,if X is

closedunder the operation   , then a recursivetemplate }�{U���B�����B�¡��� �¡� ��� is called
translation invariant if for eachtriple ¢f��z£��¤�{�� , we have } � �)¢��x�¥} �q¦�§ �)¢x ¨¤�� , or
equivalently, } ~�� �<¢��©��} ~���¦�§ �<¢� ª¤�� and } ��� �<¢��©��} �'��¦�§ ��¢x �¤�� . An exampleof an
invariant recursivetemplateis shownin Figure 1.6.1.

1

1

1-1
=tt =

Figure1.6.1. An exampleof an integer-valuedinvariantrecursivetemplatefrom «�¬ to «�¬ .
If t is an invariantrecursivetemplateandhasonly onepixel definedon the target

point of its nonrecursivesupport c®�¯�°�±�² , then t is called a simplified recursivetemplate.
Pictorially, a simplified recursivetemplatecan be drawn the sameway as a nonrecursive
templatesincethe recursivepart and the nonrecursivepart do not overlap. In particular,
the recursivetemplateshownin Figure1.6.1canbe redrawnasillustratedin Figure1.6.2

11

1-1

t =

Figure 1.6.2. An exampleof an integer-valuedsimplified recursivetemplate.

Thenotionsof transposeanddualof a recursivetemplatearedefinedin termsof
thosefor nonrecursivetemplates.In particular,the transpose³3´ of a recursivetemplatet is

definedas ³�´
µ·¶�³�´¸Z¹�³P´ º�» . Similarly, if ³�¼¾½�¿ZÀÁ�Â ¹'¿BÀÁ�ÂtÃ�ÄÅÀÇÆ º
È , thenthe additivedual of

t is definedby ³PÉ�µ ¶ ³�É¸ ¹�³�É º�» . Themultiplicativedual for recursive¿cÊ
ËÂ -valuedtemplates
is defined in a likewise fashion.

Operations betweenImagesand RecursiveTemplates

In order to facilitate the discussionon recursivetemplatesoperations,we begin
by extendingthenotionsof the linearconvolutionproduct ÌÍ , the morphologicalmax ÎÏ ,
and the multiplicative max ÎÍ to the correspondingrecursiveoperations ÌÍ º ¹1ÎÏ º , andÎÍ º , respectively.
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1.6 RecursiveTemplates 35

Let X andY befinite subsetsof ÐZÑ with Y partially orderedby Ò . If ÓÕÔÖÐZ× andØ Ô�Ù�Ð ×�Ú Ð�Û9Ü�Ý ÛßÞ à
á , thenthe recursivelinear convolutionproduct Óãâä à Ø is definedby

Óåâä à Ø9æèç�é)ê Ú�ë é�ê?ìvìÕí�ê Ôãî ÚÕë é)êBìBæ ïðqñ�ò é<ó�ô�õ�ì é Ó é)ö�ìf÷.Ø.ø%ù�é)ö�ì�ì âïúPñqò Ý ó�û õ á é ë é�ü�ìf÷.Ø à ù'é<ü�ìvìPýÿþ
The recursivetemplateoperation âä à computesa new pixel value ë é�ê?ì based

on both the pixel values Ó é)ö�ì of the sourceimage and somepreviouslycalculatednew
pixel values ë é)ü�ì which are determinedby the partial order Ò and the region of support
of the participating template. By definition of a recursivetemplate,

ü Ò ê
for everyü Ô�� é�Ø à ù ì and

ê��Ô�� é�Ø à ù ì . Therefore,ë é<ê?ì is alwaysrecursivelycomputable.Some
partialordersthatarecommonlyusedin two-dimensionalrecursivetransformsareforward
and backwardrasterscanningand serpentinescanning.

It follows from thedefinitionof âä à thatthecomputationof anewpixel ë é�ê?ì can
bedoneonly afterall its predecessors(orderedby Ò ) havebeencomputed.Thus,in contrast
to nonrecursivetemplateoperations,recursivetemplateoperationsare not computedin a
globally parallel fashion.

Note that if the recursivetemplatet is definedsuch that � é�Ø à ù ìxæ��
for allê Ô�î , then one obtainsthe usualnonrecursivetemplateoperation

Óãâä à Ø9æ
��� �	 é)ê Úvë é�ê?ìvìåí ë é)êBìBæ 
ð�ñqò é)ó ôvõ ì é Ó é�ö�ìB÷.Ø ø�ù é)ö�ì�ì Ú ê ÔÕî

� ��� þ
Hence,recursivetemplateoperationsare naturalextensionsof nonrecursivetemplateop-
erations.

Recursivemorphologicalmax and multiplicative max are defined in a similar
fashion. Specifically, if ÓªÔªÐ ×��� and

Ø Ô Ù Ð × ��� Ú Ð × ��� Ü Ý × Þ à
á , thenë æ Ó�������
is defined by��������� � "!$#&%(' �*)�+-,.�0/ 1 �32���4 �65(7 �32��38:9 �;6!<# %$'>= )@? ,$A / �B�3C(��4 � � 7 �*C"��8"D
For 1FE�G�H�I0JKML6N and

� EPOQGRHSITJKUL6NWV GRHSITJKMLYX>Z = X\[ � A ,�]� 1 9^ � �
is defined by�_�3�`�`� � "!$# � ) +-, � / 1 �32��ba �65Q7 �*2��38:9 �;6!<# = )c? ,dA / �_�*C"�_a � � 7 �3C(�R8eD
Theoperationsof the recursivemorphologicalmin andmultiplicativemin

�0fg �]h6i0j f^ � �
are definedin the samestraightforwardfashion.
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Recursivemorphologicalmax and min as well as recursivemultiplicative max
and min are nonlinearoperations. However, the recursivelinear convolution remainsa
linear operation.

Thebasicrecursivetemplateoperationsdescribedabovecanbeeasilygeneralized
to the genericrecursiveimage-templateconvolutionproductby simple substitutionof the
specificoperations,suchasmultiplicationandaddition,by thegenericoperationsk and l .
More precisely,given a semiring m�nbo"l�o0kFp with identity, thenonecandefinethe generic
recursiveproduct lkrqFs&nutwvrx�nutyozn�{y|.} {>~ qz�u� nu{
by defining ����� lkUq�� by�_m��`p��M��-��� m*���@�dp\� �0m3��p�kP�.�e��m*��p��$lF��@�Y� } �*� � � � �_m��"p�k�� q ��m3�(p3�"�
Again, in additionto thebasicrecursivetemplateoperationsdiscussedearlier,awidevariety
of recursivetemplateoperationscan be derived from the generalizedrecursiverule by
substitutingdifferentbinaryoperationsfor k and l . Additionally, parameterizedrecursive
templatesaredefinedin thesamemannerasparameterizednonrecursivetemplates;namely
as functions �Ws$� � x nutWoQn�{ |d} {\~ q0� o
whereP denotesthe setof parameters,and �&m ��pB��¡¢�&m ��p � o"�&m �zp q�£ with �&m¤�zp �¦¥ x n t | {
and �&m ��p q ¥ x n { | } {>~ qT� .

Summary of Recursive Template Operations

In the following list of pertinentrecursiveimage-templateproducts§©¨¦ª�« and¬ ¨rRª�«W®Qªu¯\°d± ¯>²´³Tµ . As before,for eachoperationwe assumetheappropriatevalueset ª .

recursivegenericconvolution product

§·¶¸ ³ ¬\¹»º¼½ ¼¾
¿3À ®-Á ¿�À`Â@Â©Ã Á ¿*ÀuÂ ¹ À ¨©ÄÅ®BÆÇ@ÈYÉ ¿*ÊÌË@ÍdÂyÎ § ¿RÏ�Â ¸ ¬ÑÐeÒ ¿�Ï�Â3Ó ¶ÆÇ-ÈYÉ ± Ê3Ô Í µ Î Á ¿*Õ"Â ¸ ¬ ³ Ò ¿*Õ"Â�Ó

Ö ×Ø×Ù
recursivelinear convolution product

ÚÜÛÝßÞ�à\áãâ×××ä ×××å�æ�ç�è-é_æ*ç�êcêÜëyé_æ�çuê á çíì©îÅè ïð"ñ(ò æ3ó*ô-õ$ê æ
Ú æ*ö�ê�÷ àÑøeù æ*ö�êcê Ûïú¢ñ$òQû ó-ü õ$ý æ*é_æ3þ(êu÷

à Þ ù æ3þ(êcê
ÿ ×××Ø×××Ù

recursivemorphologicalmax convolution product

Ú��� Þ à\áãâ×××ä ×××å_æ*ç_è@é_æ�ç`ê-ê©ë_éBæ3ç`ê á ç]ì îÅè �ð"ñ<ò���� æ*ó�ô@õdê
� Ú æ3ö�ê Û à.øQù æ3ö�ê 	 �

�úYñ$ò��
�\û ócü õ$ý
� é_æ*þ(ê Û à Þ ù æ*þ"ê 	

ÿ ×××Ø×××Ù
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recursivemorphologicalmin convolution product

���������
����� �������������� �"!#!%$��&�'�"! � �)(+*)�

,-�.0/�1 ��243#56!
7 � �48�!:9<; �>=@? ��8�!BA �

,CD.
/ 1FE 2HGI5
J
7 ����K�!:9 ; � � ? �LK�!'A

M ���N���O
recursivemultiplicative max convolution product

�%PQ � ���
����� ���� �'�&�#��� �"!�!R$F��� �"! � �S(%*T�

U-�.
/ �4243#56!
7 � �48�!�V �D=W? �'8�!4A P

UCD.
/ E 2 GI5 J
7 ��� KX!YV � � ? �4KX!'A

M ���N
���O

right multiplicative min convolution product

� �Q � ���
����� ���� �'�&�#��� �"!�!R$F��� �"! � �S(%*T�

,-�.
/ 1 ��243#56!
7 � ��8�!FVZ; � =W? �48�!'A �

,CD.
/ 1 E 2 GI5 J
7 ����K�!FV ; � � ? �'KX!'A

M ���N
���O

The definition of the left recursiveconvolutionproduct
�\[Q � � is also straight-

forward. However,for sakeof brevity andsincethedifferentleft productsarenot required
for the remainderof this text, we dispensewith their formulation. Additional facts about
recursiveconvolutionproducts,their propertiesandapplicationscanbefoundin [1, 61,62].

1.7. Neighborhoods

Thereareseveraltypesof templateoperationsthat aremoreeasily implemented
in termsof neighborhoodoperations.Typically, neighborhoodoperationsreplacetemplate
operationswheneverthevaluesin thesupportof a templateconsistonly of theunit elements
of the value set associatedwith the template. A template ]%^`_4aZbFcDd with the property
that for each eS^gf , the valuesin the supportof ]Dh consistonly of the unit of a is called
a unit template.

For example,the invarianttemplate]<^jilknmpoHq m o shownin Figure1.7.1 is a unit

templatewith respectto the valueset rLk�sut�s:vxw sincethe value1 is the unit with respect
to multiplication.

t
y

=

1

1

11

1

1

1

1

1

Figure 1.7.1. The unit Moore templatefor the valueset z4{F|W}~|:��� .
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Similarly, the template�%���l�n�p����~� � � shownin Figure 1.7.2 is a unit template

with respectto the value set �L� �:�%�W�F�W�<� since the value 0 is the unit with respectto
the operation � .

 0

 0

 0

 0r� =  0

Figure1.7.2. The unit von Neumanntemplatefor the valueset �L���:�%�W�F�W��� .
If ��� �:¡ is an ¢�£g¤ arrayof points, ¥§¦T�Z¨ , and ©~¦«ª>�n¬l¯® ¬  is the °±£g°

unit Moore template,then the valuesof the ¢�£�¤ imageb obtainedfrom the statement²`³ ´ ¥%�µ © are computedby using the equation² � ¶"� ´ ·¸�¹ ¨&º�»�¼¾½4¿IÀ ¥:��Á��ÃÂl©lÄ:�'Á�� ´ ·¸�¹ ¨�ºX»�¼¾½4¿IÀ ¥:�'Á��ÅÂ
ÆZÇ
We needto point out that the differencebetweenthe mathematicalequality

²�´ ¥+�µ © and
the pseudocodestatement

²È³x´ ¥%�µ © is that in the latter the new imageis computedonly
for thosepoints y for which �ÊÉ�ËÃ�4©DÄ@�ÍÌ´ÏÎ

. Observethat since ¥:�4Á��FÂWÆ ´ ¥:��Á�� andÐ � ¶Z� ´ ËÃ�4©>ÄW� , where
Ð ��¶Z� denotesthe Moore neighborhoodof y (seeFigure 1.2.2),

it follows that ² �'¶"� ´ ·¸�¹ ¨&º@ÑÒ¼ Ä À ¥:��Á��ÓÇ
This observationleads to the notion of neighborhood reduction. In implementation,
neighborhoodreductionavoidsunnecessarymultiplication by the unit elementand,as we
shall shortly demonstrate,neighborhoodreduction also avoids somestandardboundary
problemsassociatedwith image-templateproducts.

To preciselydefine thenotion of neighborhoodreductionwe needa moregeneral
notion of the reduceoperation Ô ³FÕ ¨×Ö Õ

, which was defined in terms of a binary
operationØ on

Õ
. The more generalform of Ô is a function

Ô ³
Õ ¨�Ù Ú Ö Õ �
where ÛÜ¦`Ý4ÞI¨FßDà and

Õ ¨ Ù Ú ´âá ¥ Ù Ú ¼ Ä À ³ ¥%¦ Õ ¨)�Z¶S¦+ãÈä .

For example,if
Õ ¨ ´ �Z¨ , where �å�â�:¡ is an ¢æ£)¤ array of points andÛç¦ Ý Þ ¨Fß6è  , then one suchfunction could be definedasé ³ � ¨�Ù Ú Öæ�%�

where ê Ý ¥ Ù Ú ¼ Ä À ß ´ ê¸�¹ Ú ¼ Ä À ¥:��Á�� . Anotherexamplewould be to define

Ô ³ � ¨�Ù Ú Öæ�
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as ëRì�íÅî ï�ðòñ
ó'ôÍõ ö÷4øHùHú ðûïFð¾ñXó¾óýüþ�ÿ ï ðûñXó í ����� , then ë implementstheaveragingfunction,which

we shall denoteby average. Similarly, for integer-valuedimages,the medianreduction���
	����������� î ï�� �
is definedas ���
	����� ì íZî ïFð¾ñ�ó'ô õ ���
	������� í ����������� í ��� �"!
��� #
#
#$� í ��� ��%&�(' , where ) ��*+� õ� � � � �,� � ! � #-#
# ��� ��%.' .

Now suppose/ 021 , 354 ì7698uô-: is a unit template with respect to the
operation; of the semiring

� 6 �7<=� ; �
, ) �&> �@? 8 is a neighborhoodsystemdefinedby) ��*�� õBA � 3 ñ � , and í�4 6 � . It then follows that C � õjí <;D3 is given by

C ��*�� õ ëE
F(G$H&I ð"JLKIó � í �7�=� ;M3 ñ ���=�(� õ ëE�F�G$H&NPORQ�SUTPV�W�XPY
This observationleads to the following definition of an image-neighborhood

convolutionproduct. Given Z\[^] , T`_ba+c , a neighborhoodsystem dfehg\ikj�l
(i.e., d _nm j�l,o-p ), anda reductionfunction qre a+cts u i a , thenthe image-neighborhood
convolutionproduct v5e w Tyxz d is definedby

v V�{+X w q m T�s c}| u�~���� o
for each {y_ g . Note that the product xz is similar to the imagetemplateproduct �z
in that xz is a function

xz e a cy� m j l o p i a p Y
In particular, if T�_��+c , � e��=��i j���� is the Moore neighborhood,and� _��-� ���(� � � is the � � � unit Moore templatedefined earlier, then T��z � w T��z � .

Likewise, T����� w T��� d , where
� _ � � � �� � � ��� denotesthe von Neumannunit template

(Figure1.7.2) andN denotesthe von Neumannneighborhood(1.2.2). The latter equality
stemsfrom the fact that if v eRw T �� �

and ¡�eRw T �� d , then since
� � V�W=X w�¢ for allWr_ Z5£¥¤ �¦� V � �§X and ¤ �¦� V � �§X w`d V�{+X for all points {¨_ � � , we havethat

v V�{�X w ©ª�« c}|§¬.�®°¯�±7²&³
´ µ7¶=· ¸¨¹-ºPµ�¶=·9» ¼½�¾.¿}À.Á ¯ º ³

´ µ�¶=·Â»ÄÃÅµ�Æ�·PÇ
Unit templatesact like characteristicfunctionsin that theydo not weigha pixel,

but simply note which pixels are in their supportand which are not. When employedin
the image-templateoperationsof their semiring, they only serveto collect a numberof
valuesthat needto be reducedby the gammaoperation. For this reason,unit templates
are also referredto as characteristictemplates. Now supposethat we wish to describea
translationinvariantunit templatewith a specificsupportsuchas the È�É¥È supportof the
Moore templatet shownin Figure1.7.1. Supposefurther thatwe would like this template
to be usedwith a variety of reductionoperations,for instance,summationandmaximum.
In fact, we cannotdescribesuchanoperandwithout regardof the image-templateoperationÊË by which it will be used.For us to derive the expectedresults,the templatemustmap
all points in its supportto the unitary value with respectto the combiningoperation

Ë
.

Thus, for the reduceoperationof summation Ì , the unit valuesin the supportmust be
1, while for the maximumreduceoperation Í , the valuesin the supportmust all be 0.
Therefore,we cannotdefinea single templateoperandto characterizea neighborhoodfor
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reductionwithout regardto the image-templateoperationto be usedto reducethe values
within the neighborhood.However,we can captureexactly the informationof interestin
unit templateswith the simple notion of neighborhoodfunction. Thus, for example,the
MooreneighborhoodM canbeusedto addthevaluesin every Î+ÏÐÎ neighborhoodaswell as
to find the maximumor minimum in sucha neighborhoodby usingthe statementsÑ�ÒÓ�Ô

,ÑtÕÖ Ô
, and Ñ�×Ö Ô

, respectively.This is oneadvantagefor replacingunit templateswith
neighborhoods.

Anotheradvantageof using neighborhoodsinsteadof templatescan be seenby
consideringthe simpleexampleof imagesmoothingby local averaging.SupposeÑÙØ¥Ú�Û ,

whereÜMÝßÞ=à is an á�Ï�â arrayof points,and ãäØÄå-Ú9æ(ç�è æ�ç is the Î+ÏÐÎ unit Mooretemplate

with unit values1. The imageb obtainedfrom the statementé¨ê ëíìî§ï Ñ�ÒÓ ã-ð representsthe
imageobtainedfrom a by local averagingsincethe new pixel value é ï�ñ ð is given by

é ï�ñ ð9ë�òó ôõ�ö Û}÷§ø�ù�ú�û�ü Ñ ï7ý ð+þ�ã
ÿ ï�ý ð9ë òó ôõ�ö Û}÷�ø�ù"ú7û�ü Ñ ï�ý ð �
Of course, there will be a boundary effect. In particular, if

� ������
	����������������	������������
, then� � �!	"�# � �$ �&%'� �(	)�#+*,%-� �!	 .��*/%-�0.1	"�#-*,%-�0.2	
.�0#	

which is not the averageof four points. One may either ignore this boundaryeffect (the
mostcommonchoice),or onemay useoneof severalschemesto preventit [1]. However,
eachof theseschemesaddsto the computationalburden. A simpler and more elegant
way is to usethe Moore neighborhoodfunction M combinedwith the averagingreduction3546387(9�:�3<;�9 . Thesimplestatement

� � � %>=?A@
providesfor thedesiredlocally averaged

image without boundaryeffect.

Neighborhoodcompositionplaysan importantrole in algorithmoptimizationand
simplificationof algebraicexpressions.Giventwo neighborhoodfunctions BDC 	 B5E �(F�GIH.KJ�L

, then the dilation of BDC by B5E , denotedby BDC *? B5E , is a neighborhoodfunctionB �MF�GNHO.<J L
which is definedasB ��PQ � RS2T�UQV
WYX(Z � B C ��PQ-*[�&\^]_P�0-	

where B �&P�M*>` 4 �"a�*b`>�caed B �&PQf�
. Just as for templatecomposition,algorithm

optimizationcanbe achievedby useof the equation
%g*? � BDC *? B5E  � �&%g*? BDC h*? BiE for

appropriateneighborhoodfunctionsandneighborhoodreductionfunctions j . For k d/l
,

thekth iterateof a neighborhoodB �!F�G�Hm.(J<L
is definedinductivelyas B�n � B^n)o C *? B ,

where B�p �&PQ � �#PM�6qrPsdtF�G
.

Most neighborhoodfunctionsusedin imageprocessingare translationinvariant
subsetsof

F�G
(in particular,subsetsof u E�v F E ). A neighborhoodfunction B �(F�GDHm.<J L

is said to be translationinvariant if B �&P�*�\M � B ��PQM*w\
for every point

\xdyF�G
.

Given a translationinvariantneighborhoodN, we defineits reflectionor conjugateB�z byB�z �{P� � B^z ��|r�*bP
, where B�z ��|r � �!]�a}��aed B ��|rf�

and
| � ��~2	2~2	-�)�)�-	2~(cd�F�G

denotesthe origin. Conjugateneighborhoodsplay an important role in morphological
image processing.

Notealsothat for a translationinvariantneighborhoodN, the kth iterateof N can
be expressedin terms of the sum of setsB n ��PQ � B n<o C �&P�+* B �{|�#�
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Furthermore, since �^�)�+�#���+��� �e�{��� � ��8�(���Y�K��� ���<�+�
���Q�-����� and��8�����Y�K��� ���<�+�#���Q�-���-��� ��2���������1� �������#�{���-���+� , we have the symmetric relation� � ���Q����� �<�+� ���r���>�e�&��� .
Summary of Image-NeighborhoodProducts

In the following list of pertinentimage-neigborhoodproducts�/ /¡�¢ , £�¤t¥ ,
and �¦  �{§!¨ �"© . Again, for eachoperationwe assumethe appropriatevalueset ¡ .

genericneighborhoodreduction

�6ª« �¬�t1�&�h®�¯h�&���0�±°c¯²���Q���6³ � �Q´ ���Y��� �h®��e gµN¶
neigborhoodsum

���« �x� ·¸ ¹ �&�²®º¯h�»�Q�º�¼°½¯h�&����� ¾¿ � ¢�À ���Y�8� �'�{Á+�'®��_ �µ¬Â ÃÄ
neighborhoodmaximum

�DÅÆ �Ç� ·¸ ¹ �&�h®0¯h�»���0�¼°�¯²���Q�M� È¿ � ¢²À �������)É �&Á+�-®��, gµ�Â ÃÄ
neighborhoodminimum

��ÊÆ �¬� ·¸ ¹ �&�h®0¯h�»���0�±°c¯²���Q��� Ë¿ � ¢hÀ ������� �-��Á+�-®��e gµÌÂ ÃÄ
Note that

� Å« �Ç� ·¸ ¹ ���²®º¯²�»���0�±°c¯h�&�Q��� È¿ � ¢²À ������� �-��Á+�-®��e �µ�Â ÃÄ
and, therefore,� Å« �m�s�IÅÆ � . Similarly, � Ê« �m�s��ÊÆ � .

Although we did not addressthe issuesof parameterizedneighborhoodsand
recursiveneighborhoodoperations,it shouldbe clear that theseare definedin the usual
way by simplesubstitutionof the appropriateneighborhoodfunction for the corresponding
Booleantemplate.For example,a parameterizedneighborhoodwith parametersin the set
P is a function ��°(Í6Î � §!¨ � ¢ . Thus,for eachparameterÏ± �Í , �e�YÏr� is a neighborhood
systemfor X in Z since ÐeÑÓÒ�Ô½Õ!ÖØ×ÚÙ(Û . Similarly, a recursiveneighborhoodsystemfor
a partially orderedset Ñ�Ö_ÜÞÝßÔ is a function Ð¬à>Ñ�ÐâáãÜ
ÐDäQÔ�Õ�ÖÇ×æå{Ù!Û�Ü Ù)ç�è satisfyingthe
conditionsthat for each é,ê_Ö , é[ëêìÐDäMÑ�é+Ô , and for each í±êìÐDä�Ñ&é+Ô , í�Ý�é .
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1.8. The p-Product

It is well known that in the linear domain templateconvolution productsand
image-templateconvolutionproductsare equivalentto matrix productsand vector-matrix
products,respectively[63, 1]. Thenotionof a generalizedmatrix productwasdevelopedin
orderto providea generalmatrix theoryapproachto image-templateproductsandtemplate
convolutionproductsin both the linear andnonlineardomains.This generalizedmatrix or
p-productwas first defined in Ritter [64]. This new matrix operationincludesthe matrix
and vector productsof linear algebra,the matrix product of minimax algebra[65], as
well as generalizedconvolutionsas specialcases[64]. It providesfor a transformation
that combinesthe sameor different typesof values(or objects)into valuesof a possibly
differenttype from thoseinitially usedin the combiningoperation.It hasbeenshownthat
the p-productcanbe appliedto expressvariousimageprocessingtransformsin computing
form [66, 67, 68]. In this document,however,we consideronly productsbetweenmatrices
havingthe sametype of values. In the subsequentdiscussion,îðïNñ"ò�ó2ô�õ and the setof
all ös÷�ø matriceswith entriesfrom î will bedenotedby î�ùcú2û . We will follow theusual
conventionof setting î û�ü îhý ú1û andview î û asthe setof all n-dimensionalrow vectors
with entriesfrom î . Similarly, the set of all m-dimensionalcolumn vectorswith entries
from î is given by þ{î ù5ÿ��²ü�� î ý ú1ù�� �hü î�ùcú ý��

Let ö�ó
ø�ó and p be positive integerswith p dividing both m and n. Define the
following correspondences: �
	�����	 ÷ ��û�� 	�� ��û������� þ��ró�� ÿMü þ �"!$# ÿ&%')( �ró*,+.-0/�- #213�41 %' ó6587:9;#21<��1 ' ó
and = 	 �> �ù?� 	 ÷ ��	 � ��ù���<@ � þBA
ó0� ÿQü þBAC!D# ÿ ' ( �ró*,+.-E/ - #F1G��1 ' ó65�7H9"#21�AI1KJ ' �
Since = 	 þ
L0ó6M ÿ;N = 	 þ
L � ó6M � ÿ4O L N L �GP / L ü L � 5�7H9DM N M � , = 	 linearizesthe array �ù,� 	 ÷  �	 using the row scanningorder as shown:QRRRRRRRRRRRRRRRRRS

ýT ý U ý V WT ý6U W V XYXYX ZT ý6U Z V XYXYX 	T ý6U 	 V	 � ýT W U ý
V 	 � WT W U W V XYXYX 	 � ZT W U Z V XYXYX W 	T W U 	 V
...

...
...

...T\[^] ý V 	 � ýT_[ U ý
V T\[ U W V XYXYX T_[�] ý`V 	 � ZT\[ U Z V XYXYX [ 	T\[ U 	 V
...

...
...

...T^T ù,� 	 V ] ý V 	 � ýT ù,� 	 U ý V T ù,� 	 U W V XYXYX T ù,� 	 U Z V XYXYX T ù,� 	 V 	�a ùT ù,� 	 U 	 V

bdccccccccccccccccce
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It follows that the row-scanningorder on f�gh,i�jlkmf gj is given byn`o�p6q.rIs<n
o�tup6q�tvrxw y j n`o�p6q.r�s$y j n
o^t
p6q�tvr
or, equivalently,by n`o�p6q.rIs<n
o t p6q t rzw{oz|$o t~}�� o~��o t����H� q�s�q t��

We definethe one-to-onecorrespondence� j;� f�g��k�f�gh?i�j k�f�gj�� f�g��k�f�gh��� � j � n`�Cp �&pB�>r�� n
��p6y j n`�.p6��r6r �
The one-to-onecorrespondenceallows us to re-indexthe entriesof a matrix � ��n
����� � r��� �_� h in termsof a triple index

� � � ¡_¢�� £0¤
by using the convention� � � ¡¥¢u� £E¤ �¦��� � ��w y j n`o�pBq&r§��¨�p©,ª&« � «¬ s�oCs¯®l°6± ���²� ¬ s�q�s³± �

Example: Supposé?µ·¶�¸º¹{µ·»½¼�¾�¿�ÀÁµÂ¶ . Then ¹�ÃÄÀÁµÂÅÆ¸)ÇÉÈËÊÁÈÀxµÌ¶�¸�¼Í¾�¿ÌÇÉÈ�ÎFÈË¹$ÃÄÀ³µÌÅ . Hencefor ÏÐµÌÑBÒ²Ó6Ô Õ6Öº×)ØFÙ�Ú²Û , we haveÜÞÝ�ßzàHá0á à²á Ù à²á6â à²á6ã à²á6ä à²á Ûà Ù á à Ù0Ù à Ù â à Ù ã à Ù ä à Ù6ÛzåÝ ßzà á ÔYæ á Ô á6ç à á ÔYæ á Ô Ù ç à á ÔYævÙ8Ô á6ç à á ÔYæ_Ù8Ô Ù ç à á ÔYæ â Ô áBç à á ÔYæ â Ô Ù çà Ù8ÔYæ á Ô á6ç à Ù8ÔYæ á Ô Ù ç à ÙèÔYævÙ8Ô á6ç à Ù8ÔYæ_Ù8Ô Ù ç à Ù8ÔYæ â Ô áBç à ÙèÔYæ â8é Ù ç ålê
The factor ëCìí of the Cartesianproduct ë�ìíïî ë�ìð is decomposedin a similar

fashion. Here the row-scanningmap is given byñ
ò�ó ë ìò î ë ìí�ô ò�õ ë ìíö,÷HøEù ø³ñ ò²ú`û�ü`ý�þ ÿ ú`û � � þ ú������.þ
	xý�ü��� ý � ������ü����� ��� û � ���
This allows us to re-index the entriesof a matrix � ÿÐú������ �
þ���� í! #"�$&%(' in termsof a
triple index )+*-,/. 0+1�. 2 by using the convention

) *3,�. 0�14. 265 )+78. 2:9 ;=< $&>�?&@A' 5CB ?DFE!G�HIGKJ�L > LNMPORQ�STJUL @ LKV#W+MYX
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Example: SupposeZ�[]\
^`_a[cbedgf
hCij[lk . Then Znmoip[]k�^rq:sutpsiv[]k�^wdxf
h]qys{zNs|Z}moip[~k . Hencefor ��[]������� ���`�p�n���#� , we have

��[
���
�
���+� ����� �R�I����+� ����� �R���� �o� � �/� � �+��/�o� �/�/� ���+�

����
� [

���
�
��� � � ��� � � ��� � � �+� � � ��� � � ��� � ���� � � ��� � � ��� � � �+� � � ��� � � ��� � �� � � � ��� � � � � � � �+� � � � � � � ��� � �� � � � ��� � � � � � � �+� � � � � � � ��� � �

����
���

Now let �T ]¡&¢g£-¤+¥4¦�§©¨(ª¬«® and ¯±°e²�³�´-µ·¶ ¸�¹�º©¨¼»�«#½ . Using the maps ¾À¿ andÁ ¿ , A and B can be rewritten asÂ °]Ã+Ä/Å ¶ Æ4Ç4¶ È+É4Ê�Ë «�ÌÎÍ�ÏFÐ!Ñ/ÒIÑNÓ�ÔCÕ`Ô×Ö&ÍØÓ�ÔPÙ&Ú ²ÜÛ Í�Ý ¹(°pÞ�ß ÔCà:Í¼á�â�ãä ° Ã+å Æ�Èo¶ æ+É4¶èç ÊAé «¼ê�ÍëÏFÐ®Ñ+ÒIÑjÓ�Ô|ì Ú ² Ý�Í Þg¹(°|Û4ß Ô×íKá�â#ãKÓ�ÔïînÔ|ðgñ
The p-product or generalizedmatrix product of A and B is denotedby ò×óô ¿ ¯ , and is
the matrix õ

°{òïóô ¿ ¯Tºa¨ ªèÆ¬»�ö4¿�É&«�Æ·÷ö4¿AÉ¬½
defined by

Á Æ3ø�¶ ù+É-Æ¬´4¶ ¸-É ° ¿úû/ü¼ý Ã&þ ø�¶ Æÿ´4¶ û É ³ Æ û ¶ ù+É4¶ ¸ Ê ° Ã&þ ø�¶ Æ¬´4¶ ý É ³ Æ ý ¶ ù+É4¶ ¸ Ê ó������+ó Ã&þ ø8¶ Æ¬´4¶ ¿oÉ ³ Æ ¿A¶ ù+É�¶ ¸ Ê Í
where Á Æ-ø8¶ ùÜÉ3Æ¬´4¶ ¸ É denotesthe ² � Í � ¹ th row and ²�� Í�� ¹ th column entry of C. Here we usethe
lexicographicalorder ² � Í � ¹
	e² � ß Í � ß ¹�� � 	 � ß� Ò���� Õ ° Õ ß Í Þ�	NÞ ß ñ Thus, the matrix C
has the following form:���������������������������������������������

������� ��� �!��� ��� "�"�"$#%����� ���&����� '�� #%����� ��� �)(*� �+� "�"�"$#%����� ���&�,(*� '+� "+"�"-#%�!��� �+� ��.,� /,� "�"+"-# �!��� �+�1032 45� '�6#%�7��� (*� �!��� ��� "�"�"$#%����� (*�&����� '+� #%����� (*� �)(*� �+� "�"�"$#%����� (*�&�,(*� '+� "+"�"-#%�!��� (1� ��.,� /�� "�"+"-# �!��� (1�10 2 4 � '�6
...

...
...

...
...# 0 ����84 6 ����� �+� "�"�"9# 0 ���784 6 ����� '�� # 0 ���784 6 �&(*� �+� "�"�"9# 0 ���784 6 �,(*� '+� "+"�":# 0 ���784 6 ��.,� /,� "�"+":# 0 ���784 6;032 4 � ' 6#%��(*� ��� �!��� ��� "�"�"$#%�,(*� ���&����� '+� #%�,(*� ��� �)(*� �+� "�"�"$#%�,(*� ���&�,(*� '+� "+"�"-#%�)(*� �+� ��.,� /�� "�"+"-# �)(*� �+�10 2 4 � '�6

...
...

...
...

...
...# 0�(*� 84 6������ �+� "�"�"9# 0�(*� 84 63����� '�� # 0�(*� 84 63�&(*� �+� "�"�"9# 0�(*� 84 63�,(*� '+� "+"�":# 0�(*� 84 63��.,� /,� "�"+":# 0�(*� 84 6;0 2 4 � '76

...
...

...
...

...
...#%��<�� =�� ����� �+� "�"�">#%�%<�� =�� ����� '�� #%��<�� =�� �,(*� �+� "�"�">#%�%<�� =�� �,(*� '�� "+"�"?#%�%<�� =+� ��.,� /�� "�"+"?# �%<�� =+�1032 4@� '�6

...
...

...
...

...
...#%��A � ���&����� �+� "�"�"B#%�7A � ��� ����� '+� #%��A � ���&�,(*� �+� "�"�"B#%�7A � ��� �,(*� '+� "+"�"C#%��A � ���&��.!� /,� "�"+"B# �%A � ���10 2 4 � '�6

...
...

...
...

...
...# 0�A � 8 4 63����� �+� "�"�"D# 0�A � 84 63����� '+� # 0�A � 8 4 63�,(*� �+� "�"�"D# 0�A � 84 63�,(*� '+� "+"�"E# 0�A � 8 4 6F��.,� /�� "�"+"E# 0�A � 8 4 6;032 4 � '�6

G HHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHI
The entry JLK�M�N OLP�K!Q7N R%P in the (s,j)-row and (i,t)-column is underlinedfor emphasis.
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To provide an example,supposethat SUTEVXWZY[T]\�W5^_TE`aWcbedafhg�Tji . Then
for p = 2, oneobtains YlkLmnT]i�W5^okLmnT]VEbedaf]p
qDrsqEV . Now lett Tvu�w�x*xBwXx�yCwXx�z{wXx7|}w�x�~CwXx��w�y�xBw�y*yBw�y�z{w�y�|{w�y*~�w�y1������� y����e���U�
and � T������ x*x � x+y � x�z� y�x � y*y � y+z� z�x � zLy � z1z� |�x � |Ly � |1z

�*�� � �U|e�Xz��
Then the (2,1)-row and (2,3)-columnelement �L� y*��x+� � y�� z1� of the matrix� Th�¡ ¢ y � � ��£ �,¤�¥%¦ ��� �,§5¥%¦ ��¨ T � |e��©
is given by �L� y���x�� � yL� z+� T yª«L¬ x w y�� +® � y�� « �;¯ �L° ® � « ��x7�%� zT w yL� +® � y���x���¯ �L° ® � x*��x��%� z   w y�� +® � y�� y+��¯ ��° ® � y���x��%� zT w�y+z ¯ � x�z   w�y�| ¯ � z*z��
Thus,in orderto compute� � y���x�� � y�� z1� , the two underlinedelementsof A arecombinedwith
the two underlinedelementsof B as illustrated:

u w x*x w x+y w x�z w x�| w x+~ w x+�w y�x w y*y w y�z w y+| w y*~ w y*��±  ¢ y ��� � x*x � x+y � x�z� y�x � y*y � y�z� z�x � zLy � z*z� |�x � |Ly � |*z
� ��T u w x*�  ® � x1��x�� w x*�  ® � x*� y+� w x*�  ® � yL��x�� w x*�  ® � y�� y�� w x*�  ® � z���x�� w x*�  ® � z�� y��w y��  ® � x1��x�� w y��  ® � x*� y+� w y��  ® � yL��x�� w y��  ® � y�� y�� w y��  ® � z���x�� w y��  ® � z�² y�� ±  ¢ y���� �L° ® � x*��x��³��x �L° ® � x*��x��%� y �L° ® � x*��x��%� z�L° ® � x*� y+�³��x �L° ® � x*� y+�%� y �L° ® � x*� y+�%� z�L° ® � y���x��³��x �L° ® � y���x��%� y �L° ® � y���x��%� z�L° ® � y�� y+�³��x �L° ® � y�� y+�%� y �L° ® � y�� y+�%� z

� ���
T ��� � � x*��x�� � x*��x�� � � x*��x�� � x*� y�� ¯�¯�¯ � � x*��x7� � y�� z1� ¯�¯�¯ � � x*��x�� � z�� z1�� � x*� y+� � x*��x�� � � x*� y+� � x*� y�� ¯�¯�¯ � � x*� y�� � y�� z1� ¯�¯�¯ � � x*� y�� � z�� z1��L� y���x�� � x*��x�� ��� y���x�� � x*� y��B¯�¯�¯ ��� y���x7� � y�� z1� ¯�¯�¯ �L� y���x�� � z�� z1��L� y�� y+� � x*��x�� ��� y�� y+� � x*� y��B¯�¯�¯ ��� y�� y�� � y�� z1��¯�¯�¯ �L� y�� y�� � z�� z1�

� ��
T���� � x*x � x+y ¯�¯�¯ � x�� ¯�¯�¯ � x�©� y�x � y*y ¯�¯�¯ � y1� ¯�¯�¯ � y1©� z�x � zLy ¯�¯�¯ � z´� ¯�¯�¯ � z´©� |�x � |Ly ¯�¯�¯ � |´� ¯�¯�¯ � |´©

�*�� �
In particular,u pCV µ}¶·` iV}i}` pCµ}\ ±  ¢ y ��� V \ pp{i}VV V}¶i µ·`

� �� T ��� \ p�µ p¸p}p�µ p�µ}V¹¶ p�` i¸µ p�º» i p�µ p�¶ µ V¹µ p�i p�V}V¸µp�µ pL¼ p » p�µ}V¸\ º p�V p�V}i¸µp¹p \ p�\ » p�V p�V p�¼ µ Ve`
� �� �
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If ½�¾À¿:Á ÂÃ Á ÁÅÄ�ÆeÇaÈ]É ¾�ÊËÌ�ÍÎÏÐ Ñ*ÒÓÕÔ
then Ö ½E×ØÚÙ É�Û�Ü ¾ Ö Í Ô Î Ô Î Ô Á ÛÞÝ¾ Ö Í Ô Ã Î Ô Ï Ô Ã Ð Û ¾ É Ü ×Ø:Ù ½ Ü�ß
This shows that the transposeproperty, which holds for the regular matrix product, is
generallyfalse for the p-product. The reasonis that the p-product is not a dual operation
in the transposedomain. In order to makethe transposepropertyhold we define the dual
operation

×Ø Üà of

×Ø à by ½�×Ø Üà ÉEáãâ�É Ü ×Ø à ½ Ü,ä Ü ß
It follows that ½E×Ø à É ¾ â�É Ü ×Ø Üà ½ Ü&ä Ü
and the p-product is the dual operationof

×Ø Üà . In particular,we now havethe transpose

property

â ½E×Ø à É ä Ü ¾ É Ü ×Ø Üà ½ Ü
.

Sincethe operation

×Ø Üà is definedin termsof matrix transposition,labeling of
matrix indices are reversed. Specifically, if

½å¾ Ö�æ�ç�è Û
is an é�êÕë matrix, then A gets

reindexedas

½ì¾ â æ ç*í î�ï�ðLñ ä
, using the conventionæ ç*í î,ï3í ðLñ ¾ æ ç´í èlò ó à Ö�ô Ô%õ Û ¾9ö Ô÷5ø�ùLú+ù ÁÞû õ û ëcüLý ÆeÇaÈ ÁÞû ô û ý ß

Similarly, if
É ¾ Ö�þLç�è Û

is an ÿÕê�� matrix, then the entriesof B are relabeledas
þ î � í ïLñ%í è

,
using the convention þ î � í ïLñ%í è ¾ þ ç*í è ò � à Ö�� Ô ô Û ¾ � Ô÷5øXùLú+ù ÁÞû ô û ý ÆeÇaÈ ÁÞû � û ÿoüLý ß
The product

½E×Ø Üà É ¾ �
is then definedby the equationó î � í ç�ñ³î,è�í ðLñ ¾ à�ï
	�� â æ ç*í î,ïeí ðLñ þ î � í ïLñ%í è ä ¾ â æ ç*í î�*í ðLñ þ î � í���ñ%í è ä ×

�
�
�
× â æ ç´í î à í ðLñ þ î � í à ñ�í è ä�ß

Note that the dimensionof C is é����à ê�� à ��� .
To provide a specificexampleof the dual operation

×Ø Üà , supposethat

� ¾ ÊÌ æ ��� æ � Ù æ ��� æ ���æ Ù �Bæ Ù*Ù æ Ù �Cæ Ù �æ��
�Bæ�� Ù æ����Cæ���� ÑÓ ÆeÇaÈ]É ¾ ÊËËËËËÌ þ ��� þ � Ùþ Ù � þ Ù*Ùþ��
�>þ�� Ùþ��
�>þ�� Ùþ �!�>þ � Ùþ "!�>þ " Ù
Ñ*ÒÒÒÒÒÓ ß
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In this casewe have #%$'&)(+*,$.-/(102$435(7698/:�;<$4= . Thus, for p = 2 and using the
schemedescribedabove,the reindexedmatriceshaveform

> $ ?@BA5CED F�C�D�C�GHAIC�D FJC�D K�GLAIC�D FMK!D�C�GNA5C�D FOK!D KPGA)K!D FJC�D�C�GHAQK!D FJC�D KEGLAQK!D FMK!D�C�GNA)K!D FOK!D KPGA�R D FJC�D�C�G A�R D FJC�D KEG A�R D FMK!D�C�G A�R D FOK!D KPG ST 6U8/:4VW$
?XXXXX@
Y FC�D�C�GD�C Y FJC�D�C�G�D KY FC�D KEGD�C Y FJC�D KEG�D KY FMK!D�C�GD�C Y FZK!D�C�G�D KY FMK!D KEGD�C Y FZK!D KEG�D KY F R D�C�GD�C Y F R D�C�G�D KY F R D KEGD�C Y F R D KEG�D K

S�[[[[[T]\

Accordingto thedualproductdefinition, thematrix
>_^`2aK VW$_b is a cedf- matrix givenby

b�$
?XXXXXXX@
g C�C g CEK g C R g C�hg K!C g K�K g K R g KEh
...

...
...

...g i C g i K g!i R g!i h
...

...
...

...g j C g j K g!j R g!j h

S�[[[[[[[T $
?XXXXXXXX@
g FC�D�C�GMF�C�D�C�G g F�C�D�C�GMFC�D KEG g F�C�D�C�GMFMK!D�C�G g FC�D�C�GJFMK!D KEGg FC�D KEGMF�C�D�C�G g F�C�D KPGMFC�D KEG g F�C�D KPGMFMK!D�C�G g FC�D KEGJFMK!D KEG

...
...

...
...g FMK!D R GMF�C�D�C�G g FJK D R GMFC�D KEG g FJK D R GMFMK!D�C�G g FMK!D R GJFMK!D KEG

...
...

...
...g F R D R GMF�C�D�C�G g F R D R GMFC�D KEG g F R D R GMFMK!D�C�G g F R D R GJFMK!D KEG

S [[[[[[[[T \

The underlinedelement g i R is obtainedby using the formula:

g i R $ g FMK!D R GMFJK D�C�G $ Kkl m C A R D F l D�C�G Y FMK!D l GD K $ A R D FC�D�C�G Y FZK!D�C�G�D K ^ A R D FZK!D�C�G Y FJK D KPGD K \
Thus, in order to compute g i R , the two underlinedelementsof A are combinedwith the
two underlinedelementsof B as illustrated:

?@BA C�C A CEK A C R A C�hA K!C A K�K A K R A KPhA R C A R K A R�R A R h ST ^` a K
?XXXXX@
Y C�C Y CEKY K!C Y K�KY R C Y R KY h
C Y h KY n C Y n KY i C Y i K

S�[[[[[T�\
As a final observation,notethat thematricesA, B, andC in this examplehavethe form of
the transposesof the matricesB, A, andC, respectively,of the previousexample.

1.9. Exercises

1. a. Showthat the additionof a scalar oqp]r anda point s�p7r�t is a specialcaseof
the addition of two points s%()uWpvrwt .

b. Showthat scalarmultiplication of a point s�pxrwt is a specialcaseof Hadamard
multiplication of two points in rBt .

2. Showthat the operationsof point additionandscalarmultiplication satisfy:

a. o<y�z�s ^ uB{1$'o<y
s ^ o<y
u , where o|p}r and s%(Iu~p}rBt ,
b. z�o ^}� {ey�s2$'o<y
s ^~� y
s , where o�( � p}r and s�p}rBt .

© 2001 by CRC Press LLC



48 CHAPTER 1. IMAGE ALGEBRA

3. Let � be a distancefunction on ��� and � a point in ��� . The neighborhood (or sphere
or ball) of radius � of � is denotedby ���E� �U���B� anddefinedas� �P� � ���������U�2�7� ��� �5���%�P���e���Q���
Give a graphicalrepresentationof the neighborhoodof the origin �7�����5���9� of radius1 if

a. � is the Euclideandistance,
b. � is the chessboarddistance,
c. � is the city block distance.

4. Let �%�P�W�_�B� . For �~� � , show that:

a. ¡��%¡E¢�£¤� ,
b. ¡��%¡ ¢ � � if and only if ��� ���I���9� ,
c. ¡��¦¥]�§¡P¢}�¨¡!�¦¥]�%¡P¢ ,

d. ©©©© �ª«�¬� � « � « ©©©© �®¡ �%¡ ¢ ¡ �e¡ ¢ ,

e. ¡��°¯2�§¡ ¢ �¤¡��%¡ ¢ ¡��§¡ ¢ .

5. Let ± , ² , and ³ be any threesetsin �B� . Show that

a. ±µ´¶��²¸·|³%�¹� �±�´q²]�B·2�±�´|³w� ,
b. ±µ·¶��²¸´|³%�¹� �±4·º²]�B´2�²µ·|³%� ,
c. ��±4´º²7�<� ±»· ² ,
d. ��±4·º²7�<� ±»´ ² ,
e. ±¤¼���²'´|³w�¹�½��± ¼°²]�B´¶��±,¼7³%� ,
f. ±¤¼���²'·|³w�¹�½��± ¼°²]�B·¶��±,¼7³%� .

6. Let ¾]�2�B¿ . Show that ¾°À
¾�Á  À ¾7�W¾ and that ¾ÂÁ  À�¾ºÀ�¾ÂÁ  �W¾�Á  .
7. Suppose¾���Ã��v�B¿ and Ä¦�»�¾Å¥2ÃB�ÇÆ�È . Show thatÉ%Ê�Ë �¾/�%��Ä Á  À ÄI�
8. Define the Booleancomplementof a real-valuedimage ¾Ì�_�B¿ by ¾/Í , where ¾/Í<�Î ¥�¾�Á  À�¾ . If Ã'�W�B¿ show that

a. É%ÏIÐ ��¾/�<�ÒÑ É�Ê/Ð ��¾/�Ó Í ,
b. É§Ô¬ Ð �¾/�°�ÒÑ É�Ð ��¾��Ó Í ,
c. ¾ Í À)¾��¨� .

9. SupposeÕ � ��Ö¨� denotesthe absolutevaluefunction ÕÂ�E�9�B��× �I×������]� . ShowthatÕÙØe¾°�Ì¾ÚÆ|�P¥Û¾��
whenever ¾.���B¿ .

10. SupposeÜ���Ý¹�.Þ���ß�à�á ß à are the following translationinvariant templates:

1 2 1

1

3

-1
ys  = t  =y .

a. Find â�ã%ä�å�æèç , â�ã1é å9æ�ê , and â�ã%ëºåìæèç .
b. Let í<î�ã1ïð å . Give a graphicalrepresentationof í ç .
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11. Supposeñ2ò ó�ôBõö�÷Ùø
ù . The dual of ñ is denotedby ñìú and is the template ñ9ú|òó ô ù ö�÷ ø õ definedby ñìúû�ü�ýÇþ�ÿ�� ñ�� ü���þ�� ú . Show that�
	� ñ ÿ ü ñ ú�� � ú þ ú
where ��� ñ¶ò ó ô ù ö�÷ ø õ .

12. Suppose

ys  = t  =y
1

2

3 11 1

11

11 1

2

aretwo translationinvariantreal-valuedtemplateson ��� . Providea graphicalrepresentation
of ��� where

a. ���������� , and
b. ��� �
!" � .

13. A real- dual-valuedimage # is an elementof $�%�&'%)(+* or ,�%-��. * .
Constructthreerealdual-valued/102&3/40 rectangularimages5�6 , 5 � , 587 . Computethe image59�:$ !�; 6<( 7=?>A@ 5 = �:$�5B6 ! 6�5 � ( ! 6�5C7ED
14. Let 5A6 , 5 � , 587 be as in Exercise13. Find

a. #F��5A62�G5 � �G5C7 , and
b. HI# .

15. Let J 6 and J � be two neighborhoodsdefinedon �A� , 5 a rectangularKL&�M real-
valued image and NO� ! . Show that59�� $�J 6 �� J � (P�Q$R5'�� J 6 (�� J � D
16. Let S �UT /WVX0ZYZ[ \VZ\][ /]0Z^P_a`�bdce �gfhi VZ^ //W\ZVVZVZY\Z0j[

kmln D
Computeeachof the following:

a. $ S �� � e (+o ,
b. $ e o �� � S o ( ,
c.
e o �� o � S o .

17. a. Suppose

S
and
e

are p2&qK matricesand r is a s�&�t matrix. Show that$ S � e (
��vu rI�g, S ��wu rx.��y, e ��zu rx. .
b. Suppose

S
is an pP&vK matrix and

e
and r areof dimensions{&vt . ShowthatS �� u $ e ��r|(x� , S �� u r . � , e �� u r . .

c. Let the dimensionof

S
,
e

, and r be sw&zt , }~&�p , and K�&zM , respectively.
Suppose� dividesboth t and } , and � dividesboth p and K . ShowthatS �� u , e ���� r . � , S �� u e . ���� r�D
This is the associativelaw for the generalizedmatrix product.
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CHAPTER 2
IMAGE ENHANCEMENT TECHNIQUES

2.1. Intr oduction

The purposeof image enhancementis to improve the visual appearanceof an
image,or to transforman imageinto a form that is bettersuitedfor humaninterpretation
or machineanalysis.Although thereexistsa multitudeof imageenhancementtechniques,
surprisingly,theredoesnot exist a correspondingunifying theory of imageenhancement.
This is due to the absenceof a generalstandardof image quality that could serveas a
designcriterion for image enhancementalgorithms. In this chapterwe considerseveral
techniquesthat haveproveduseful in a wide variety of applications.

2.2. Averaging of Multiple Images

The purposeof averagingmultiple imagesis to obtain an enhancedimage by
averagingthe intensitiesof several imagesof the samescene. A detailed discussion
concerningrationaleandmethodologycanbe found in GonzalezandWintz [1].

Image Algebra Formulation

For ���������1�4���m� , let �B�3�:��� be a family of imagesof the samescene. The
enhancedimage, �O���P� , is given by

�'��� ����� ����� � �m�
For actual implementationthe summationwill probablyinvolve the loop

� � ��¡¢8£�¤¦¥�§4¨ � �©� �|ª £E£¬«�3�������� �® ¨8¯ ª £°£¬«� � � �� � �
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Noisy Images

Source Image

k = 100

k = 20

k = 5

Σ       1
       k

. . .

+ η + η + η
         1          2     k

Averaged Images

Figure 2.2.1. Averagingof multiple imagesfor different values
of k. Additional explanationsare given in the commentssection.

Comments and Observations

Averagingmultiple imagesis applicablewhen severalnoise degradedimages,±A²1³´±dµ�³�¶1¶4¶m³·±d¸ , of the samesceneexist. Each ±8¹ is assumedto havepixel valuesof the
form ±8¹·º�»½¼)¾¿±dÀ�ºRÁ�¼AÂqÃ�¹�ºRÁ�¼4³
where±dÀ is thetrue(uncorruptedby noise)imageand Ã�¹·º�Á�¼ is a randomvariablerepresent-
ing the introductionof noise(seeFigure2.2.1). The averagingmultiple imagestechnique
assumesthat the noiseis uncorrelatedandhasmeanequalzero. Under theseassumptions
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the law of large numbersguaranteesthat as Ä increases,ÅBÆ�Ç�È|ÉËÊÌ ÌÍÎ?Ï Ê Å Î Æ�Ç�È approachesÅdÐÑÆ�Ç�È . Thus,by averagingmultiple images,it may be possibleto assuagedegradationdue
to noise. Clearly, it is necessarythat the noisy imagesbe registeredso that corresponding
pixels line up correctly.

2.3. Local Averaging

Localaveragingsmoothsan imageby locally reducingthevariationin intensities.
This is doneby replacingthe intensity level at a point by the averageof the intensitiesin
a neighborhoodof the point.

Specifically, if Å denotesthe sourceimageand ÒvÆRÓÔÈ a neighborhoodof Ó withÕ·Ö�×´Ø Æ´ÒvÆRÓÔÈ·ÈÔÉ~ÙÛÚ9ÓwÜvÝ�Þ , then the enhancedimage ß is given byß
ÆRÓÔÈPÉaàÙ áâ°ãEäåçæ�è ÅAÆ�Ç�È�é
Additional detailsaboutthe effectsof this simpletechniquecanbe found in Gonzalezand
Wintz [1].

Image Algebra Formulation

Let Å{ÜvêPë be the sourceimage,and ÒvÆRÓÔÈ-ìGÝAÞ a predefinedneighborhoodofÓwÜvÝAÞ . Let í�î�êPëPï ðòñÛê denotethe averagingfunction (seeSection1.7). The result
image ß�ÜzêPë , derivedby local averagingfrom Å{ÜvêPë is given by:ßgî�ÉaÅQóô�õ é

Comments and Observations

Local averagingtraditionally imparts an artifact to the boundaryof its result
image. This is becausethe numberof neighborsis smallerat the boundaryof an image,
so the averageshouldbe computedover fewer values. Simply dividing the sumof those
neighborsby a fixed constantwill not yield an accurateaverage. The image algebra
specificationdoesnot yield suchanartifactbecausetheaverageof pixels is computedfrom
the set of neighborsof eachimagepixel. No fixed divisor is specified.

2.4. Variable Local Averaging

Variablelocal averagingsmoothsanimageby reducingthevariationin intensities
locally. This is done by replacing the intensity level at a point by the averageof the
intensitiesin a neighborhoodof the point. In contrastto local averaging,this technique
allowsthe sizeof theneighborhoodconfigurationto vary. This is desirablefor imagesthat
exhibit highernoisedegradationtoward the edgesof the image[2, 3].

The actual mathematicalformulation of this method is as follows. SupposeÅyÜòê ë denotesthe sourceimage and Ò�î�ö÷ñùø ë a neighborhoodfunction. If ú æ
denotesthe numberof points in ÒûÆ�ÓÔÈüìýö , then the enhancedimage ß is given byß
ÆRÓÔÈ)É àÙ æ áâ°ã¬ä
åþæEè ÅAÆ�Ç�È1é
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Image Algebra Formulation

Let ÿ������ denotethesourceimageand ���
	����� thespecific neighborhood
configurationfunction. The enhancedimage � is now given by

�����aÿ�������
Comments and Observations

Although this techniqueis computationallymore intensethanlocal averaging,it
may be more desirableif variationsin noisedegradationin different image regionscan
be determinedbeforehandby statisticalor other methods. Note that if

�
is translation

invariant, then the techniquereducesto local averaging.

2.5. Iterative Conditional Local Averaging

The goal of iterative conditional local averagingis to reduceadditive noise in
approximatelypiecewiseconstantimageswithout blurring of edges.Themethodpresented
here is a simplified version of one of severalmethodsproposedby Lev, Zucker, and
Rosenfeld[4]. In this method,the valueof the image ÿ at location � , ÿ������ , is replacedby
theaverageof thepixel valuesin a neighborhoodof � whosevaluesareapproximatelythe
sameas ÿ������ . The methodis iterated(usually four to six times) until the imageassumes
the right visual fidelity as judgedby a humanobserver.

For the preciseformulation, let ÿ������ and for � �!	 , let ������� denotethe
desiredneighborhoodof � . Usually,

� ����� is a "$#�" Moore neighborhood.Define% �������'&)(*�+�,�����-�/. ÿ��0���21�ÿ��0(3�).547698;:
where < denotesa user-definedthreshold,andset =>�����?�A@CB�DFEG�FHI�0���J� .

The conditionallocal averagingoperationhasthe formÿ�K5�����?� L=������ MNPORQPSUT;V ÿ�KXW3YX��(3�Z:
where ÿ�K5�[��� is the value at the \ th iteration and ÿ/]^�¿ÿ .

Image Algebra Formulation

Let ÿ������ denotethe sourceimage and
�`_ 	a�b�� the desiredneighbor-

hood function. Selectan appropriatethreshold < and definethe following parameterized
neighborhoodfunction:c % ��ÿd��e0�����I��&X(�� � ����� _ . ÿ��0���21�ÿ���(3�X.54f<98 �

The iterativeconditionallocal averagingalgorithmcannow be written asÿhg _ �aÿhgXW3Y+i� % ��ÿ/j
W3Yk�l:
where ÿ ] �Gÿ .
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2.6. GaussianSmoothing

Gaussiansmoothingis employedin numerousimage processingand computer
vision algorithms.As pointedout by Marr andHildreth [5], therearetwo considerationsin
choosinga smoothingfilter. First, it must reducethe rangeof scalesover which intensity
changesoccur,thusit shouldbesmoothandrelativelyband-limitedin thefrequencydomain.
Second,it shouldrepresentan averagingof nearbypoints, thus it shouldbe smoothand
localizedin the spatialdomainas well. Simple spatialdomainsmoothingfilters suchas
local averagingaddressthe secondconsiderationbut fail to satisfy the first. In fact, these
arein mutualconflict. Leipnik [6] hasshownthat the filter that provideslocalizationbest
in both the spatialand frequencydomainsis the Gaussian,namely

m$n[odpIq rs2t u5v^w�x5ykzz0{ z-|
and in two dimensions,

m$n�o |F} p~q ��F�5� z w x�y z xh� zz0{ z .

The Gaussiansmoothing� of an image � is achievedby convolving it with the
Gaussian

m
:

� n�o |C} pIq � n�o |C} p��^m$n�o |C} p?q ��� �
��� �
� n�� |�� pFm�n[o$� � |C} � � pJ�R��� ���

Image Algebra Formulation

Let ������� for some2–dimensionalpoint set � be the sourceimage. If we
were to imaginethe set � to haveunboundedextent,then the Gaussiansmoothing � of
image � would given by

� q ������
where

� �������^� � is definedby

�l�U�;�  X¡ n[¢ |C£ p?q ru;v�s � w x¥¤ yZx¥¦[§¨z©xP¤ª�JxP«
§¬zz0{ z �
In practice,we must smoothboundedimageswith a boundedtemplate. In such cases,
truncatingthe extentof the templatewill lead to introductionof a bias by the smoothing
evenat thosepointswherethetemplatesupportis entirelycontainedwithin the imagepoint
set. This is due to the integral of the truncatedGaussianbeing lessthanone. To achieve
an unbiasedresult, the templatemust be constructedas follows:

�X�U�;�  Z¡ n�¢ |C£ pIq ru;hv�s � w xP¤�yZxP¦F§ z xP¤¨�JxR«;§ zz0{ z
where  is given by

 q ®�U�5�  Z¡0¯;° n[± ¤�²�³ ²´§ p
ru5v�s � w x�y z xP� zz0{ z �
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Comments and Observations

The Gaussianis a separablefunction, that is, µ$¶[·2¸F¹Pºf»¼µ�¶�·/ºJµ$¶[¹5º . This
meansthat convolutionswith the 2–dimensionalGaussiancan be computedwith iterated
convolutionsof 1–dimensionalGaussians,namely,½ ¶F·3¸C¹;º�¾^µ�¶[·2¸k¹5ºI» ½ ¶F·2¸k¹5º�¾^µ$¶[·dº�¾^µ$¶[¹5ºX¿
This can be computedwith two image-templatelinear productoperations:À »'¶ ½�ÁÂ�Ã�Ä º ÁÂÅÃXÆ ¿
where Ã�ÇFÈUÉ
Ê Ë)Ì ¶[Í2¸k¹5ºI» ÎÏ ÇCÐ�Ñ Ò;Ó^Ô>ÕhÖ ×lÕhØFÙªÚÚ�Û Ú ¸Ã Æ È¬É;Ê ËZÌ ¶F·2¸FÜ;ºI» ÎÏ Æ Ð Ñ Ò;Ó^Ô>ÕPÖUÝFÕPÞ[Ù ÚÚ�Û Ú ¸Ï Ç » ßÈ¨É5Ê Ë)Ì0à;á ¶�âCã Ö¨ä�å ä0Ù º

ÎÐ�Ñ Ò5Ó Ô Õ�× ÚÚ�Û Ú ¸
and Ï Æ » ßÈUÉ;Ê ËZÌ0à;á ¶�â Ú Ö�ä�å ä0Ù º

ÎÐ�Ñ Ò5Ó^Ô ÕPÝ�ÚÚ�Û Ú ¿
Choice of the supportof the template

Ã
must be madewisely, balancingthe

template’ssizeagainstthepropertiesof thesmoothingfilter. Too smallanextentwill yield
a filter that no longer providesgood locality in both spaceand frequency. Too large an
extentwill requireextraprocessingtime for no measurablebenefit.

An appropriatechoiceof size shouldbe driven by the standarddeviationof the
Gaussian,

Ð
. More than 95% of the energy in the Gaussianis containedwithin a radius

of
Ò;Ð

units from the origin and more than 99% of the areais containedwithin a radius
of æ Ð units. Either of theserepresentreasonablechoicesfor templateradiusfor a variety
of applications.

2.7. Max-Min Sharpening Transform

The max-min sharpeningtransformis an image enhancementtechniquewhich
sharpensfuzzy boundariesandbringsfuzzy graylevel objectsinto focus. It alsosmoothens
isolatedpeaksor valleys. It is aniterativetechniquethatcomparesmaximumandminimum
valueswith respectto the centralpixel value in a small neighborhood.The centralpixel
valueis replacedby whicheverof the extremain its neighborhoodis closestto its value.

Thefollowing specificationof themax-minsharpeningtransformwasformulated
in KramerandBruchner[7]. Let ½~ç�è3é bethesourceimageand ê�¶ìë�º denotea symmetric
neighborhoodof ë ç�í . Define½Gîðï�ñ�òIóõô÷öXø�ùXú�ï�û3ò�ü9û,ý+þ�ï0ñ�ò©ÿú��9ï�ñ�ò�ó�ô�����ùXú�ï�û3ò�ü9û,ý þ�ïìñ�ò©ÿ��
The sharpeningtransform � is definedas

� ï�ú>ï�ñ�òJòIó 	 ú�
,ï�ñ�ò���Iú�
,ï�ñ�ò��*ú�ï�ñ�ò�� ú>ï�ñ�ò�� ú��9ï�ñ�òú � ï�ñ�ò��������������! "�#�
The procedurecan be iteratedas�%$%&�' ï�ú>ï�ñ�òJòIó � ï �($ ï0ú�ï�ñ�òJòFò)�
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Image Algebra Formulation

Let *,+.-�/ be the sourceimage,and 0214365 a desiredneighborhoodof 37+98�: .
The max-min sharpenedimage ; is given by the following algorithm:

*�< = >?*A@BDC*�EF=G>H*�IB CJ =G>K*�LNMO*�P,QSR,TU*;,=G>KVXWZY%1 J 5�TU* L MOVX[�Y(1 J 5�T)* P]\
The algorithm is usually iterateduntil ; stabilizesor objectsin the imagehave

assumeddesirablefidelity (as judgedby a humanobserver).

Comments and Observations

Figure 2.7.1 is a blurred imageof four Chinesecharacters.Figure 2.7.2 show
theresults,after convergence,of applyingthemax-minsharpeningalgorithmto theblurred
characters.Convergencerequired ^_R�` iterations.Theneighborhood

C
usedin this example

is the von Neumannneighborhood.

Figure 2.7.1. Blurred characters.
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Figure2.7.2. Resultof applyingmax-min sharpeningto blurred characters.

2.8. Smoothing Binary Images by Association

The purposeof this smoothingmethodis to reducethe effectsof noisein binary
pictures. The basicidea is that the 1-elementsdue to noiseare scattereduniformly while
the 1-elementsdue to messageinformation tend to be clusteredtogether. The original
imageis partitionedinto rectangularregions. If the numberof 1’s in eachregionexceeds
a given threshold,then the region is not changed;otherwise,the 1’s are set to zero. The
regionsarethentreatedassinglecells,a cell beingassigneda 1 if thereis at leastone1 in
the correspondingregion and0 otherwise. This new collection of cells can be viewed as
a lower resolutionimage. The pixelwiseminimum of the lower resolutionimageand the
original imageprovidesfor the smoothedversionof the original image. The smoothened
versionof the original imagecan againbe partitionedby viewing the cells of the lower
resolutionimage as pixels and partitioning thesepixels into regionssubjectto the same
thresholdprocedure. The precisespecificationof this algorithm is given by the image
algebraformulation below.

Image Algebra Formulation

Let T denotea giventhresholdand aNbdc(egf_h%i)j bethesourceimagewith kmlon�p .
For a fixed integer qsrut , definea neighborhoodfunction vxwyq�z|{gkm}Kt j by

~ vxwyq�z4�yw���z������xbNk�{�� � qX� ��� � q������
Here �)� ��� meansthat if ����w���f��gz , then �)� ���������)��g��f�������(� .

The smoothedimage a���bdc(e�f�h)i�j is computedby usingthe statement

a�� {G�]a¢¡s£X¤�¥�w�aN¦§ v¨w�q�z"z �
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2.8 SmoothingBinary Imagesby Association 63

If recursionis desired,define

©�ª�« ¬©¢®°¯²±�³�´�©�ª4µ·¶�¸¹º ´�»¢¸¼�½7¾_¿"¿
for ¼ÁÀÃÂ , where ©�Äd¬Å© .

The recursionalgorithm may reintroducepixels with values 1 that had been
eliminated at a previous stage. The following alternativerecursionformulation avoids
this phenomenon:

© ª «G¬]© ª4µ�¶ ®s¯ ±�³ ´y© ª4µ�¶ ¸¹7º ´�»,¸7¼�½Æ¾)¿�¿�Ç

Comments and Observations

Figures2.8.1 through2.8.5provide an exampleof this smoothingalgorithm for»x¬ÉÈ and Ê ¬ËÈ . Note that
º ´�»�¿ partitions the point set X into disjoint subsetssinceÌ º ´�»�¿�Íy´�Î6¿�¬ Ì º ´�»�¿�Í�´4Ï�¿xÐ Ñ)Ò Ó�ÔS¬ÅÑ_ÕÓgÔ . Obviously,thelarger thenumberk, thelarger the

sizeof thecells
Ì º ´y»�¿4Í4´�Î�¿ . In theiteration,oneviewsthecells

Ì º ´y»�¿4Í4´�Î�¿ aspixelsforming
the next partition

Ì º ´�»,¸Æ¾�¿4Íy´�Î�¿ . The effectsof the two different iterationalgorithmscan
be seenin Figures2.8.4 and 2.8.5.

Figure 2.8.1. The binary sourceimage a.
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64 CHAPTER 2. IMAGE ENHANCEMENT TECHNIQUES

Figure 2.8.2. The lower-resolutionimage ÖX×�Ø(Ù4ÚÜÛÝ7Þ Ù�ß�à�à is shownon the
left and the smoothenedversion Ú�áNÖX×�Ø�Ù�ÚNÛÝÞ Ù�ß�à�à of a on the right.

Figure2.8.3. The lower-resolutionimage â²ãZä�å4æ·ç�èé�ê å�ë#ì"ì of the first iteration.
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2. 9 Median Filter 65

Figure2.8.4. The smoothenedversion í�î,ïuí�ðsñXòZî%ó�í�ôöõ÷7ø óyù#ú"ú of a.

Figure 2.8.5. The image û�ü�ýþû�ÿ������Zü���û�ÿ	�
�� ������ .
As canbe ascertainedfrom Figs. 2.8.1through2.8.5,severalproblemscanarise

whenusingthis smoothingmethod.The techniqueasstatedwill not fill in holescausedby
noise. It could be modified so that it fills in the rectangularregionsif the numberof 1’s
exceedsthe threshold,but this would causedistortionof the objectsin the scene.Objects
that split acrossboundariesof adjacentregionsmaybe eliminatedby this algorithm. Also,
if the imagecannotbe broken into rectangularregionsof uniform size, other boundary-
sensitivetechniquesmay needto be employedto avoid inconsistentresultsnearthe image
boundary.

Additionally, the neighborhood
� ����� is a translationvariantneighborhoodfunc-

tion that needsto be computedat eachpixel location y, resulting in possibly excessive
computationaloverhead.For thesereasons,morphologicalmethodsproducingsimilar re-
sults may be preferablefor imagesmoothing.

2.9. Median Filter

The medianfilter is a smoothingtechniquethat causesminimal edgeblurring.
However,it will removeisolatedspikesandmaydestroyfine lines[1, 2, 8]. The technique
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66 CHAPTER 2. IMAGE ENHANCEMENT TECHNIQUES

involves replacingthe pixel value at eachpoint in an imageby the medianof the pixel
valuesin a neighborhoodabout the point.

Thechoiceof neighborhoodandmedianselectionmethoddistinguishthevarious
median filter algorithms. Neighborhoodselection is dependenton the source image.
The machine architecturewill determinethe best way to select the median from the
neighborhood.

A samplingof two medianfilter algorithmsis presentedin this section.Thefirst
is for anarbitraryneighborhood.It showshow animage-templateoperationcanbe defined
thatfindsthemedianvalueby sortinglists. Thesecondformulationshowshow thefamiliar
bubblesort can be usedto selectthe medianover a ����� neighborhood.

Image Algebra Formulation

Let ������� be the sourceimage, � ��!#"%$&� a neighborhoodfunction. Let' ���(�*) +,"-� denotethe medianfunction describedin Section1.7. The medianfiltered
image . is given by

. �0/1�324�5�6
Alternate Image Algebra Formulation

Thealternateformulationusesa bubblesort to computethe medianvalueover a�7��� neighborhood.Let ���8�(� be the sourceimage. The images��9 areobtainedby

� 9 �0/:�<;	= 9?>	@BADC�ADEF>
where the functions = 9 are definedas follows:

=�GIH�JLK(/MJON�HQP >R@ K=&STH�JLK(/MJON�HVU @�>W@ K=RX�H�JLK(/MJON�HVU @�> P�K=RY�H�JLK(/MJON�HVU @�> U @ K=&ZTH�JLK(/MJON�HQP > U @ K=&[TH�JLK(/MJON�H @\> U @ K=&]TH�JLK(/MJON�H @\> P&K=R^�H�JLK(/MJON�H @\>R@ K 6
Themedianimage . is calculatedwith the following imagealgebrapseudocode:

�`_	�0/:�a�b&c C(dIe P 6f6 gih bjbTkalb�cnm dReoC N @ 6p6 E h bjb�kq �0/3� 9sr ��t� t � /:� 9`u � t��9L�0/ qv e�w h bjb�kv e�w h bxb�k.y� /:� Y 6
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2. 9 Median Filter 67

Comments and Observations

The figuresbelow offer a comparisonbetweenthe resultsof applyingaveraging
filter and a medianfilters. Figure 2.9.1 is the sourceimageof a noisy jet. Figures2.9.2
and2.9.3showtheresultsof applyingaveragingandmedianfilter, respectively,over zn{7z
neighborhoodsof the noisy jet image.

Figure 2.9.1. Noisy jet image.

Figure2.9.2. Noisy jet imagesmoothedwith averagingfilter over a |7}�| neighborhood.
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68 CHAPTER 2. IMAGE ENHANCEMENT TECHNIQUES

Figure 2.9.3. Resultof applying medianfilter over
a ~��3~ neighborhoodto the noisy jet image.

Coffield [9] describesa stackcomparatorarchitecturewhich is particularly well
suitedfor imageprocessingtasksthat involve orderstatisticfiltering. His methodologyis
similar to the alternativeimagealgebraformulation given above.

2.10. Unsharp Masking

Unsharpmaskinginvolves blendingan image’shigh-frequencycomponentsand
low-frequencycomponentsto producean enhancedimage[2, 10, 11, 12]. The blending
maysharpenor blur thesourceimagedependingon theproportionof eachcomponentin the
enhancedimage. Enhancementtakesplacein the spatialdomain. The preciseformulation
of this procedureis given in the imagealgebraformulationbelow.

Image Algebra Formulation

Let �����(� be the sourceimage and let � be the image obtainedfrom � by
applyingan averagingmask(Section2.3). The image � is the low-frequencycomponent
of the sourceimageand the high-frequencycomponentis ���3� . The enhancedimage �
producedby unsharpmaskingis given by

�n�0�3�O�����������������
or, equivalently,

�n�0�3�������D�����3�`���I���
A ����� between� and � resultsin a smoothingof the sourceimage. A � greaterthan� emphasizesthe high-frequencycomponentsof the sourceimage,which sharpensdetail.
Figure2.10.1showstheresultof applyingtheunsharpmaskingtechniqueto a mammogram
for severalvaluesof � . A ~��8~ averagingneighborhoodwas usedto producethe low-
frequencycomponentimage � .
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2. 10 UnsharpMasking 69

A moregeneralformulation for unsharpmaskingis given by

�n 0¡£¢¥¤&¦¨§�©3ª(«L¬3�¤Iª�®
where ¢�®��¯�° . Here ¢ is the weighting of the high-frequencycomponentand  is the
weighting of the low-frequencycomponent.

Source γ = 0.0

γ = 0.5 γ = 5

γ = 10 γ = 20

Figure 2.10.1. Unsharpmaskingat variousvaluesof ± .
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Comments and Observations

Unsharpmaskingcan be accomplishedby simply convolving the sourceimage
with the appropriatetemplate. For example,the unsharpmaskingcan be done for the
mammogramin Figure 2.10.1 using

²n³0´3µ�¶·:¸x¹
where

¸
is the templatedefinedin Figure 2.10.2. The valuesof º and » are ¼?½�¾¿ andÀ ¾xÁÂ¼¿ , respectively.

 v

wÃ
 v  v

 v

 v  v

 v

 v

t =

Figure 2.10.2. The Moore configurationtemplate
for unsharpmaskingusing a simple convolution.

2.11. Local Ar ea Contrast Enhancement

In this sectionwe presenttwo methodsof local contrastenhancementfrom Harris
[13] and Narendraand Fitch [14]. Each is a form of unsharpmasking (Section2.10)
in which the weighting of the high-frequencycomponentis a function of local standard
deviation.

Image Algebra Formulation

Let Ä�Å�Æ�Ç , andN be a neighborhoodselectedfor local averaging(Section2.3).
The von Neumannor Moore neighborhoodsare the most commonlyusedneighborhoods
for this unsharpmasking technique. The local mean image of Ä with respectto this
neighborhoodfunction is given by

ÈÊÉ0Ë ÄÍÌÎÐÏ�Ñ
The local standarddeviationof Ä is given by the image

Ò É0Ë3ÓOÔMÕ&Ö ÄØ× È£Ù�Ú ÌÎÛÏ�ÜnÝÞ Ñ
Theimage ÕRÖ ÄØ× È£Ù�Ú ÌÎ-Ï�ÜnÝÞ actuallyrepresentsthelocal standarddeviationwhile Ó�ßáà
is a lower boundappliedto

Ò
in orderto avoid problemswith division by zeroin the next

step of this technique.

The enhancementtechniqueof [13] is a high-frequencyemphasisschemewhich
useslocal standarddeviationto control gain. The enhancedimage â is given by

â É0ËäãÒ�å Ö ÄØ× È£Ù Ñ
As seenin Section2.10, Ä�× È representsa highpassfiltering of Ä in the spatialdomain.
The local gain factor ælç Ò is inverselyproportionalto the local standarddeviation. Thus,
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a larger gain will be appliedto regionswith low contrast.This enhancementtechniqueis
useful for imageswhoseinformationof interestlies in the high-frequencycomponentand
whosecontrastlevels vary widely from region to region.

The local contrastenhancementtechniqueof Narendraand Fitch [14] is similar
to the one above,except for a slightly different gain factor and the addition of a low-
frequencycomponent. In this technique,let

èêé ë ìí�îjïWðFñ�òsó�ô ò
denotethe global meanof ò . The enhancedimage õ is given by

õ é ë÷ö�ø èù ø ñ�ò7ú3û£ó�ü3ûþý
where ÿ�� ö � ì�� The additionof the low-frequencycomponentû is usedto restorethe
averageintensity level within local regions.

Weneedto remarkthat in bothtechniquesaboveit maybenecessaryto put limits
on the gain factor to preventexcessivegain variations.

2.12. Histogram Equalization

Histogramequalizationis a techniquewhich rescalestherangeof animage’spixel
valuesto producean enhancedimagewhosepixel valuesare more uniformly distributed
[15, 1, 16]. The enhancedimagetendsto havehigher contrast.

Themathematicalformulationis asfollows. Let ò����	� 
 denotethesourceimage,�Oë�������Fñ�� ó , and ��� bethenumberof timesthegraylevel � occursin theimage ò . Recall
that ����ë�� ÿ ý ì ý øRøRø ý���ú ì�� . The enhancedimage õ is given by

õ ñ �Ló�ë!�" #%$'&ô��(*) �+��,�
Image Algebra Formulation

Let ò��-�	� 
 be the sourceimage and let . denotethe normalizedcumulative
histogramof ò as definedin Section10.11.

The enhancedimage õ is given by

õ é0ë�ñ��Fú ì ó ø ñ .0/ ò`ó �
Comments and Observations

Figure2.12.1is anillustrationof thehistogramequalizationprocess.Theoriginal
imageandits histogramsareon the left sideof thefigure. Theoriginal imageappearsdark
(or underexposed).This darknessmanifestsitself in a biastowardthelower endof thegray
scalein the original image’shistogram.On the right sideof Figure2.12.1is the equalized
imageand its histograms. The equalizedhistogramis distributedmore uniformly. This
moreuniform distributionof pixel valueshasresultedin an imagewith bettercontrast.
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Figure 2.12.1. Left: Original image and
histograms.Right: Equalizedimageand histograms.

2.13. Histogram Modification

The histogramequalizationtechniqueof Section2.12 is a specific exampleof
imageenhancementusinghistogrammodification. The goal of the histogrammodification
techniqueis to adjust the distribution of an image’s pixel values so as to producean
enhancedimagein which certaingraylevel rangesarehighlighted. In thecaseof histogram
equalization,the goal is to enhancethe contrastof an imageby producingan enhanced
imagein which the pixel valuesareevenlydistributed,i.e., the histogramof the enhanced
image is flat.

Histogrammodificationis accomplishedvia a transferfunction13254�687�9;:
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wherethe variable <	=><�?A@B<�@C<+DE= representsa gray level valueof the sourceimageandF = F ? @ F @ FHGAI is the variablethat representsa gray level valueof the enhancedimage.
Themethodof derivinga transferfunctionto produceanenhancedimagewith a prescribed
distributionof pixel valuescanbe found in eitherGonzalezandWintz [1] or Pratt [2].

Table2.13.1lists the transferfunctionsfor severalof the histogrammodification
examplesfeaturedin Pratt[2]. In thetable JLKNMPO is thecumulativeprobabilitydistributionof
the input imageand Q is an empirically derivedconstant.The imagealgebraformulations
for histogrammodificationbasedonthetransferfunctionsin Table2.13.1arepresentednext.

Table 2.13.1 HistogramTransferFunctions

Name of modification Transfer function T(z)

Uniform modification: RTSVUWR�XZY[R;\�]�^�_�`'a�b[R;\
Exponentialmodification: RTS[R \ Y \c[dfe U%gHY�^�_�`'ah]

Rayleighmodification: R3SiR \ b,jWk'lnm d%epo \\�qsrEtvu+w�x�y \�z m
Hyperboliccuberoot

modification: R3S o j{R \hzh|X Y}R \�zN|\ y UW^�_�`'a8]~b5R \�zN|\ x |
Hyperbolic logarithmic

modification: R3SiR \ j������� y r*t{u+w
Image Algebra Formulation

Let ���-�	� � denotethe sourceimageand � the normalizedcumulativehistogram
of � as definedin Section10.11. Let ��� and ��� denotethe grey value boundsfor the
enhancedimage.Table2.13.2belowdescribesthe imagealgebraformulationfor obtaining
the enhancedimage � usingthe histogramtransformfunctionsdefinedin Table2.13.1.

2.14. Lowpass Filtering

Lowpassfiltering is an image enhancementprocessusedto attenuatethe high-
frequencycomponentsof an image’s Fourier transform[1]. Since high-frequencycom-
ponentsare associatedwith sharpedges,lowpassfiltering hasthe effect of smoothingthe
image.

Suppose���-��� where �������i���	� . Let �� denotethe Fouriertransformof � ,
and �� denotethe lowpassfilter transferfunction. The enhancedimage   is given by

 E¡�¢*£+¤�¥>��¦¨§ �H© ��E¡�ª�£�«'¥¬ �� ¡�ª�£;«�¥;®n£
where ¯� is thefilter which attenuateshigh frequencies,and ¦ § � denotestheinverseFourier
transform. Sections8.2 and 8.4 presentimage algebraimplementationsof the Fourier
transformand its inverse.
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Table 2.13.2 ImageAlgebra Formulationof HistogramTransferFunctions

Name of modification Image algebra formulation

Uniform modification: °²±´³¶µf·�¸º¹}·�»�¼ ½ ¾A¿�ÀÂÁ�Ã5·;»
Exponentialmodification: °Ä±´³Å· » ¹ »Æ�Ç%È µfÉ�¹}½ ¾0¿�À�Á ¼

Rayleighmodification: °Ä± ³Ê·�»ËÃÍÌ%Î'Ï*Ð Ç%È�Ñ »»�ÒsÓ Ô�ÕNÖØ×�ÙÂÚ »�Û Ð
Hyperboliccuberoot

modification: °Ü±´³ Ñ Ì · »�ÛNÝ¸ ¹º· »�ÛNÝ» Ú ½ ¾0¿�ÀÂÁ*ÃB· »�Û�Ý» Ù Ý
Hyperbolic logarithmic

modification: °²± ³Ê·�» Ì�ÞNßÞáà Ú Ó Ô�Õ�ÖH×
Let âã ½�ä*å�æ'Á be the distancefrom the point ½�ä*å�æ'Á to the origin of the frequency

plane; that is, âã ½�ä*å�æ'Á³�ç�ä Ð Ã}æ Ðáè »hÛ ÐHé
The transferfunction of the ideal lowpassfilter is given by

âê ½�ë�å;ì�Á>³îí É²ïñð âã ½+ë�å�ì'Á�òîóô ïWðöõã ½�ë�å;ì�Á�÷øó	å
where ù is a specifiednonnegativequantity,which representsthe cutoff frequency.

The transferfunction of the Butterworthlowpassfilter of order ú is given byâê ½�ë�å�ì�ÁË³ ÉÉ>Ãüû*Ì âã ½�ë�å�ìTÁNýÂó Ú Ð�þ å
where ÿ is a scalingconstant.Typical valuesfor ÿ are É and � ÎA¹ É .

The transferfunction of the exponentiallowpassfilter is given by

âê ½�ë�å;ì�Á>³������ � ¹	� Ñ âã ½+ë�å;ì�Á�ýÂó Ù þ�
 é
Typical valuesfor � are É and �� ç � Î è .

Theimagesthatfollow illustratesomeof thepropertiesof lowpassfiltering. When
filtering in the frequencydomain, the origin of the image is assumedto be at the center
of the display. The Fourier transformimagehasbeenshiftedso that its origin appearsat
the centerof the display (seeSection8.2).
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Figure 2.14.1 is the original image of a noisy angiogram. The noise is in the
form of a sinusoidalwave. Figure2.14.2representsthepowerspectrumimageof thenoisy
angiogram.The noisecomponentof the original imageshowsup asisolatedspikesabove
andbelow the centerof the frequencyimage. The noisespikesin the frequencydomain
areeasily filtered out by an ideal lowpassfilter whosecutoff frequency � falls within the
distancefrom the centerof the imageto the spikes.

Figure 2.14.3showsthe result of applying an ideal lowpassfilter to 2.14.2and
thenmappingback to spatialcoordinatesvia the inverseFourier transform.Note how the
washboardeffect of the sinusoidalnoisehasbeenremoved.

One artifact of lowpassfiltering is the “ringing” which can be seenin Figure
2.14.2. Ringing is causedby the ideal filter’s sharpcutoff betweenthe low frequencies
it lets passand the high frequenciesit suppresses.The Butterworthfilter offers a smooth
discriminationbetweenfrequencies,which resultsin lesssevereringing.

Figure 2.14.1. Noisy angiogram.

The lowpassfiltering usedabovewassuccessfulin removingthe noisefrom the
angiogram;however, the filtering blurred the true image. The image of the angiogram
beforenoisewas addedis seenin Figure 2.14.4. The blurring introducedby filtering is
seenby comparingthis imagewith Figure 2.14.3.

Lowpassfiltering blurs an imagebecauseedgesand other sharptransitionsare
associatedwith the high frequencycontentof an image’sFourier spectrum. The degree
of blurring is relatedto the proportionof the spectrum’ssignal power that remainsafter
filtering. The signal power � of ������� is definedby���������! "$# �&%('*),+.- ���0/1�3254$6 + �0����/1�7�98;:=<
The percentageof power that remainsafter filtering > usingan ideal filter ?@�A with cutoff
frequency B is �DC ?>FEG?@ A�H�I�,J>G� ELK,MNMO<
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Figure 2.14.2. Fourier transformof noisy angiogram.

Figure 2.14.3. Filtered angiogramusing ideal filter.

As P increases,more andhigher frequenciesare encompassedby the circular region that
makesup the supportof QR�S . Thus,as P increases,the signal power of the filtered image
increasesand blurring decreases.The top two imagesof Figure 2.14.5 are thoseof an
original image(peppers)andits powerspectrum.The lower four imagesshowtheblurring
that results from filtering with ideal lowpassfilters whose cutoff frequenciespreserveT=UWVXT=YWVXT=ZWV

and
TNT=[

of the original image’ssignal power.

The blurring causedby lowpassfiltering is not always undesirable. In fact,
lowpassfiltering may be usedas a smoothingtechnique.

Image Algebra Formulation

The image algebra formulation of the lowpass filter is roughly that of the
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Figure 2.14.4. Angiogrambeforenoisewas introduced.

mathematicalformulation presentedearlier. However, there are a few subtletiesthat a
programmerneedsto be awareof when implementinglowpassfilters.

The transfer function\]�^`_3a7b$cedgfihkjml5n _poeq&bLo�rLs7t ovu�wx jyl n _poeq&bLo r s7t ovz�w
representsa disk of radiusd of unit heightcenteredat the origin

^ x a x c
. On theotherhand,

the Fourier transformof an image {}|5~e� , where � d��p�����p�
, resultsin a complex-

valuedimage �{�|D��� . In other words, the location of the origin with respectto �{ is not
thecenterof X, which is the point n � o a � o r , but the upperleft-handcornerof �{ . Therefore,
the product �{�� \] is undefined. Simply shifting the image �{ so that the midpoint of X
movesto the origin, or shifting the disk imageso that the disk’s centerwill be locatedat
the midpoint of X, will result in properly alignedimagesthat can be multiplied, but will
not result in a lowpassfilter sincethe high frequencies,which are locatedat the corners
of �{ , would be eliminated.

Thereare various options for the correct implementationof the lowpassfilter.
Onesuchoptionsis to centerthe spectrumof the Fourier transformat the midpoint of X
(Section8.3) and then multiplying the centeredtransformby the shifteddisk image. The
resultof this processneedsto beuncenteredprior to applyingtheinverseFouriertransform.
The exactspecificationof the ideal lowpassfilter is given by the following algorithm.

Suppose�{�|���� and � d�� � ��� �
, wherem andn are evenintegers. Define

the point set � d�fv^`�3a7�$c����=�,�	��� ��� o q��,������e� o�� s�t o u�w* 
and set �]5��d¡^7¢1£ ¤vc,£ ¥G¦
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Original Power spectrum

Filtered at 90%

Filtered at 97%

Filtered at 93%

Filtered at 99%

Figure 2.14.5. Lowpassfiltering with ideal filter at variouspower levels.

The algorithm now becomes§¨ª© « §¨�¬®�¯;°W±X¯=²´³`µ�¶· ©�«¹¸�º¼»1½�¾ §¨	¿ §À1Á ¬®�¯;°W±X¯,²N³9µÂ¶�ÃOÄ
In this algorithm, 1 and 0 denote the complex-valued unit and zero image,

respectively.

If U is definedas Å «ÇÆ1³7È¼ÉËÊL¶�©�Ì9ÈOÍ�Î&ÊNÍ�Ï »7Ð ÍvÑÓÒ®Ô instead,then it becomes

necessaryto define ÕÀ as ÕÀ ©�«×ÖÙØÛÚ Ü�Î Ì,Ý Í É=Þ Í Ï,ß Ú à , wherethe extensionto 0 is on the array
X, prior to multiplying Õ¨ by ÕÀ . Figure 2.14.6providesa graphicalinterpretationof this
algorithm.

Anothermethod,whichavoidscenteringtheFouriertransform,is to specifythesetÅ « Æ ³`È3ÉËÊL¶�© Ì ÈpÍeÎáÊNÍ Ï »7Ð ÍvÑ�Ò Ô andtranslatethe image Ø1Ú Ü directly to the cornersof
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center shift

multiply u

v�
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v

1
U
�a�
d
�

d
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v

inverse  F.T.

u

v�

u

v

v

center�u

Figure2.14.6. Illustration of the basicstepsinvolved in the ideal lowpassfilter.

X in orderto obtainthedesiredmultiplication result. Specifically,we obtainthe following
form of the lowpassfilter algorithm:���� 	�
��� ��������� ����������������������� ������� ��!������������ �"���#�$�%!����'&(� )*+ � 	-,/.10324�576 ��18:9
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Here ;=< >? meansrestricting the image d to the point set X and then extendingd on X
to the zero imagewhereverit is not definedon X. The basicstepsof this algorithm are
shown in Figure 2.14.7.

multiply@
shift and extend

u

v

u

v�
uA

v

inverse  F.T.
B

1
Ua�

Figure 2.14.7. Illustration of the basic stepsas
specifiedby the alternateversionof the lowpassfilter.

As for the ideal lowpassfilter, thereare severalway for implementingthe C th-
order Butterworth lowpassfilter. The transferfunction for this filter is definedover the
point set DFEHG�IKJ LNMOG�IQPL , and is definedbyRS:T�U�V%W�X E YY:Z\[^]�_%`ba L�cedfL�g'hji Lk lnm%o V
where [ denotesthe scaling constantand the value

RS:T#U�V%W�X
needsto be convertedto a

complexvalue. For correctmultiplication with the image
Rp , the transferfunction

RS
needs

to be shiftedto the cornersof X. The exactspecificationof the remainderof the algorithm
is given by the following two lines of pseudocode:RS�q E _ RS Zsr RS Z T�tuV(vnX�w Zxr RS Z T�v V�y�X�w Zzr|{S Z T#t$V%y�X#w l3} ~� q E-�/�1� r Rp ] RS w:�

The transferfunction for exponentiallowpassfiltering is given byRS/T�U1V(W�X E������7��%���=��� U m Z W m� � o��� V
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where �#�������/�"���Q�  ¢¡$���Q£  and ¤¥ �¦�1�%�n� needsto be a complexvalued.The remainderof
the algorithm is identical to the Butterworthfilter algorithm.

2.15. Highpass Filtering

Highpassfiltering enhancesthe edgeelementsof an imagebasedon the fact that
edgesandabruptchangesin gray levelsareassociatedwith thehigh-frequencycomponents
of an image’sFourier transform(Sections8.2 and8.4). As before,suppose¤§ denotesthe
Fouriertransformof the sourceimage § . If ¤¥ denotesa transferfunction which attenuates
low frequenciesand lets high frequenciespass,then the filtered enhancementof § is the
inverseFourier transformof the productof ¤§ and ¤¥ . That is, the enhancedimage ¨ is
given by ¨©�#ª��f«��:¬�¯®�°n±³²§ �(´���µ��/¶ ²¥ �%´��fµ��f·©�
where  ®¹¸ denotesthe inverseFourier transform.

The formulation of the highpasstransfer function is basically the complement
of the lowpasstransferfunction. Specifically, the transferfunction of the ideal highpass
filter is given by ²¥ �%´��fµ��:¬»ºN¼F½¾ ²¿ �À´���µ���Á»ÂÃ ½Ä¾ ¤¿ �%´��fµ���ÅÆÂe�
where Ç is a specifiednonnegativequantity which representsthe cutoff frequencyand²¿ ���1�(���È¬ÊÉ��eË:ÌÍ��ËÏÎ °�Ð Ë .

The transferfunction of the Butterworthhighpassfilter of order Ñ is given by²¥ �Ò´���µ��:¬ º °°�Ó/Ô%Õ×ÖÀØ�ÙÚ�Û'Ü�Ý ÞÒß×àâáäãæåÄç=è¦é�ê(ë�ìQíî è#ï4ê%ïnìï åÄç=è¦é1ê%ënì î è#ï4ê%ïnìÀê
where ð is a scalingconstant.Typical valuesfor ð are ñ and ò óõôöñ .

The transferfunction of the exponentialhighpassfilter is given by÷ø è%ù�êfú�ì î»ûü ýÿþ���� � ô����
	�� ÷ è%ù�êfú�ì������ åÄç¯è#é�ê%ë�ìKíî è#ï4ê%ïnìï åÄç¯è#é�ê%ë�ì î è#ï4ê%ïnì��
Typical valuesfor � are ñ and ����� ò ó�� .

Image Algebra Formulation

Let ��! #"�$ denotethe sourceimage,where % î'&)(+*,&)- . Specify the point
set . î/&1032 46587:9<;4 , and define =>@?BADC byE>GFIH1JLKNMGO'PRQTS�U'V H)W�XYKNW�ZN[]\ W_^a`b ScU V H)W�XYKNW Z []\ W_da`fe

Oncethetransferfunctionis specified,theremainderof thealgorithmis analogous
to the lowpassfilter algorithm. Thus, one specificationwould beE>hg�O i E>jXlk E>jX6FImnJ Q MpoqX'k E>jXaF Q J]rsMpotXuk =>jXYF�mvJLrsM�oswyx z{ g O}|�~ [ k�E�q� E>1o e
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Thispseudocodespecificationcanalsobeusedfor theButterworthandexponentialhighpass
filter transferfunctionswhich are describednext.

TheButterworthhighpassfilter transferfunctionof order � with scalingconstant� is given by ������:���
�G��� ��I���L�����L�����L�)���]�I��� �¡  �c¢¤£¦¥ �¡§1�]¨©�3ª�@��«��L«��« £¬¥ �¡§1�L¨��G�@��«��L«����
where

�I§1��¨©�q@®¯�±°1²3³ �6´ °s²�µ� .The transferfunction for exponentialhighpassfiltering is given by������s�¶�
����·¸ ¹<º�»�¼¾½¡¿tÀÂÁ
Ã�ÄsÅ §yÆ�Ç#¨NÆ¶È �]� ÆLÉ:Ê¶Ë £¬¥ �I§1�L¨N�3ª�Ì�]«f��«¶�« £¬¥ �I§1�L¨N�G�Ì�]«f��«¶�¶Í
2.16. Exercises

1. Constructa synthetic image and add randomperturbationsto eachpixel value. In
your construction,choosea representationthat clarifiestheeffectsof local averagingwhen
using the neighborhoodsdescribedbelow.

a. Implementthe local averagingalgorithmusingthe Moore neighborhood.
b. Repeat1.a using the skew neighborhood

N =

2. Constructa syntheticimageconsistingof vertical stripesof differentwidths.

a. Implementthe local averagingalgorithmsusingthe Moore neighborhood.
b. Repeat2.a using the template

1 2 1

1 2 1

4 22yt   =

and multiply the resulting imageby 1/16.
c. Explain the differenteffects of thesetwo smoothingoperations.

3. Considerthe following algorithm. At eachpixel location,calculatethe difference Î
betweenthepixel valuesof thetwo verticalneighborsaboveandbelowthepixel. Calculate
the difference Ï betweenthe pixel valuesof the two horizontalneighborsto the left and
right of the pixel. If Î exceedsÏ , thenthe valueof the pixel is replacedby the weighted
averageof the pixel and its two horizontal neighbors. Otherwise,it is replacedby the
averageof the pixel and its two vertical neighbors.

a. Write an imagealgebraformulationof this algorithm.
b. Implementthe algorithm.
c. Thealgorithmcanbeimplementedin termsof templateswith weights ÐÒÑ and ÓÔÑ .

Investigatetheeffectsof this algorithmfor differentcombinationsof weightsand
also for repeatedapplication.
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4. Provethat the Max-Min SharpeningTransformstabilizes,i.e., show that thereexists
a positive integer Õ suchthat Ö�×sØÚÙyÛDÜ'Ö�ÝÞØcÙyÛ for all integers ßnà@Õ .

5. Show that while ØcÙâáäãGÛjåæ}ç ÜèÙéåæ}ç áÌãêåæ¯ç
, it is not true in generalthatØÚÙ<áëã�Û3ìæ#ç Ü±Ù,ìæYç áíã6ìæ#ç . This showsthat local averagingis a linear operation

while medianfiltering is not.

6. A generalizationof unsharpmaskingthat is often usedfor object enhancementand
backgroundsuppressionsis given by the operationã�ØIîpïÚð
Û�Üêñññññ�ò ó�ô ÙsØIõ�ïLß�Û1ö ò óø÷ ÙsØIõ¡ï�ß�Û�ñññññ
where Ù denotesthe input image,

çÒù
is an ÕäúûÕ rectangularneighborhoodcenteredatØ�î]ï¡ð�Û , çâü is an ý±úvý rectangularneighborhoodcenteredat ØIîpï¡ð
Û , and Õ,þBý .

a. Providean imagealgebraformulation of this algorithm.
b. Implementthisalgorithmona syntheticimagewheretheobjectintensityis greater

than the backgroundand the objectsize can be coveredby
ç ù

.
c. Repeat6.b exceptthat the object intensity is lessthan the background.
d. Repeat6.b exceptthat the objectsize is greaterthan

ç ù
but lessthan

ç�ü
.

7. Implementthe Gaussiansmoothingalgorithm on at least two different imagesusing
different templatesupport. Analyze your results.

8.* Implementthe five histogrammodificationsdescribedin Table 2.13.2 and describe
their effects and differenceswhen applied to an image.

9.* Developa programto displayhistogramplotsof digital imagessimilar to thoseshown
in Figure 2.12.1. Test your programon suitable imagesand provide an image algebra
formulation of your program.

10.* It follows from Section1.7 that if
ç

denotesan ÕnúvÕ rectangularneighborhoodandÿ
a templatewith

ç Ø���ÛGÜ��DØ ÿ�� Û for each� , thenthe image Ù áæ ÿ is equivalentto Ù@åæ}ç
as long asoneignoresboundaryeffects and

ÿ�� Ø��:Û Ü
	��NÕ ü whenever����DØ ÿ�� Û .
a. Show that the Fourier transform of

ÿ �
is given by �� Ø��1ï���Û Üù× ×�� ù�Ý���� ×�� ù�� ��� ù× ÷ � � � ü"! #%$ Ý�&('p×*) ��� � ü+!�#-, Ý�&('p× .

b. Using10.a,establisha relationshipbetweensmoothingby averagingandlowpass
filtering.

11.* Implementthe threehighpassfilters describedin Section2.15.

12.* Considertheunsharpmaskingalgorithmgivenby ã/.�Ü_Ù áæ ÿ , where
ÿ

denotesan ÕÔú3Õ
rectangulartemplatewith

ÿ � Ø���ÛGÜ
	 and
ÿ � Ø��:Û�Ü�ö ù×0� ù whenever�21Ü3�4���DØ ÿ � Û .

a. Find the Fourier transformof
ÿ �

.
b. Using 12.a, establisha relationship betweenunsharp masking and highpass

filtering.
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CHAPTER 3
EDGE DETECTION AND

BOUNDARY FINDING TECHNIQUES

3.1. Intr oduction

Edgedetectionis an importantoperationin a large numberof imageprocessing
applicationssuch as image segmentation,characterrecognition,and sceneanalysis. An
edgein an imageis a contouracrosswhich the brightnessof the imagechangesabruptly
in magnitudeor in the rate of changeof magnitude.

Generally,it is difficult to specify a priori which edgescorrespondto relevant
boundariesin an image. Imagetransformswhich enhanceand/ordetectedgesareusually
taskdomaindependent.We, therefore,presentawidevarietyof commonlyusedtransforms.
Most of thesetransformscan be categorizedas belonging to one of the following four
classes:(1) simple windowing techniquesto find the boundariesof Booleanobjects,(2)
transformsthat approximatethe gradient, (3) transformsthat use multiple templatesat
differentorientations,and(4) transformsthat fit local intensityvalueswith parametricedge
models.

The goal of boundaryfinding is somewhatdifferent from that of edgedetection
methodswhich are generally basedon intensity information methodsclassified in the
precedingparagraph. Gradient methodsfor edge detection, followed by thresholding,
typically producea numberof undesiredartifactssuchasmissingedgepixels andparallel
edgepixels, resultingin thick edges.Edgethinning processesandthresholdingmay result
in disconnectededgeelements.Additional processingis usuallyrequiredin orderto group
edgepixels into coherentboundarystructures.The goal of boundaryfinding is to provide
coherentone-dimensionalboundaryfeaturesfrom the individual local edgepixels.

3.2. Binary Image Boundaries

A boundarypoint of anobjectin a binary imageis a point whose4-neighborhood
(or 8-neighborhood,dependingon the boundaryclassification)intersectsthe objectand its
complement.Boundariesfor binary imagesareclassifiedby their connectivityandwhether
theylie within theobjector its complement.Thefour classificationswill beexpandedupon
in the discussioninvolving the mathematicalformulation.

Binary imageboundarytransformsare thinning methods.They do not preserve
the homotopyof the original image. Boundarytransformscan be especiallyuseful when
usedinsideof otheralgorithmsthat requirelocationof theboundaryto performtheir tasks.
Many of the other thinning transformsin this chapterfall into this category.

The techniquesoutlined below work by using the appropriateneighborhoodto
either enlarge or reducethe region with the 56 or 76 operation,respectively. After the
objecthasbeenenlargedor reduced,it is intersectedwith its originalcomplementto produce
the boundaryimage.
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For 8:9;�<�=�>�?�@A= let B denotethesupportof 8 . TheboundaryimageCD9E; <0=�>�?�@
of 8 is classifiedby its connectivityand whether FHGIB or FHGIBKJ , where F denotes
the supportof C .

(a) The image C is an exterior8-boundaryimageif F is 8-connected,FLG2BKJ ,
and F is the setof points in BMJ whose4-neighborhoodsintersectB . That is,

CON�PRQTSVU >XW%Y*Z[N�PRQR\]BH^S3_a`cbedfP�9EBMJ<hgji"k0l�m�n/Wpo�ljq
(b) The image C is an interior 8-boundaryimage if F is 8-connected,FrGsB ,
and F is thesetof pointsin B whose4-neighborhoodsintersectBKJ . The interior
8-boundaryC can be expressedas

CtN(PRQTS U >XW-Y/Z�N�PRQ�\]BKJT^S3_u` bedfP49�B<hgji�k�l�m�n/Wpo�l�q
(c) The image C is anexterior4-boundaryimageif F is 4-connected,FLG2BKJ ,
and F is the set of points in BMJ whose8-neighborhoodsintersect B . That is,
the image C is definedby

CON�PRQTSLU >vW%Y/w3N�PRQ�\]Bu^S3_a`cbedxPE9�BKJ<ygzi�k0l{m�n/Wpo�l�q
(d) The image C is an interior 4-boundaryimageif F is 4-connected,F|GsB ,
and F is the setof points in B whose8-neighborhoodsintersectBKJ . Thus,

CtN�PRQ}SLU >XW%Y*w3N�PRQ~\*BMJT^S3_a`cbedfP�9�B<hgji"k0l�m�n/Wpo"l�q
Figure3.2.1below illustratesthe boundariesjust described.The centerimageis

the original image. The 8-boundariesareto the left, andthe 4-boundariesare to the right.
Exterior boundariesare black. Interior boundariesare gray.

Figure 3.2.1. Interior andexterior 8-boundaries(left), original
image(center),and interior and exterior 4-boundaries(right).
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Image Algebra Formulation

Thevon Neumannneighborhoodfunction � is usedin the imagealgebraformu-
lation for detecting8-boundaries,while the Moore neighborhoodfunction � is usedfor
detectionof 4-boundaries.

Let �]�4������� ��� bethesourceimage.Theboundaryimagewill bedenotedby �O�
(1) Exterior 8-boundary—�E�����"���4�e�T�������� ���
(2) Interior 8-boundary—�E�����"�������K�� ���"�����
(3) Exterior 4-boundary—�4�������x������� ���K�� �3�
(4) Interior 4-boundary—�4�������x�������� �V�"�T�+�

Comments and Observations

These transformsare designedfor binary images only. More sophisticated
algorithmsmust be usedfor gray level images.

Noise aroundthe boundarymay adverselyaffect resultsof the algorithm. An
algorithmsuchas the salt and peppernoiseremovaltransformmay be useful in cleaning
up the boundarybeforethe boundarytransformis applied.

3.3. Edge Enhancementby Discrete Differ encing

Discretedifferencingis a local edgeenhancementtechnique.It is usedto sharpen
edgeelementsin an image by discretedifferencing in either the vertical or horizontal
direction, or in a combinedfashion [1, 2, 3, 4].

Let ���E  � be the sourceimage. The edgeenhancedimage ��E  � can be
obtainedby one of the following differencemethods:

(1) Horizontal differencing�O�¢¡��¤£j�T�2�¥��¡"�¢£j���4����¡"�¢£§¦2���
or �t��¡"�¤£c�T�©¨ ����¡"�¢£j�~�����¡"�¢£ª�«���~�����¡"�¢£/¦s�����
(2) Vertical differencing�O�¢¡��¤£j�T�2�¥��¡"�¢£j���4����¡�¦2�z�¢£j�
or �t��¡"�¤£c�T�©¨ ����¡"�¢£j�~�����¡¥���z�¢£j�~�����¡�¦2�z�¢£j���
(3) Gradientapproximation�t��¡"�¢£j�T�¬ ���¢¡��¤£c�®�E����¡0¦3�z�¢£�� ¬+¦V¬ �¥�¤¡"�¤£c�~����¢¡��¤£¯¦©����¬
or �t��¡��¤£����I¬ ���¢¡��¤£j���E�¥��¡�¦2�j�¤£°¦3����¬�¦3¬ �¥��¡"�¢£j���4����¡¥���z�¢£°¦3����¬��
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Image Algebra Formulation

Given the sourceimage ±:²E³~´ , the edgeenhancedimage µ²�³�´ is obtained
by the appropriateimage-templateconvolutionbelow.

(1) Horizontal differencing µ·¶�¸2±]¹º�»0¼
wherethe invariant enhancementtemplate

»
is definedby» ½p¾�¿ À�Á"Â�ÃRÄ ¸
ÅÆ Ç%È Ã ¸ Â�É"¼¢ÊjÄË ÆXÇ%È Ã ¸ Â�É"¼¢Ê ¹ Æ ÄÌ ÍjÎ"Ï0Ð�Ñ"Ò Ç-Ó Ð

or µÔ¶�¸�±]¹º�Õj¼
where Õ ½-¾�¿ À�Á Â¢ÃRÄ ¸IÅ[Ö Ç%È Ã ¸ Â¢É�¼¤ÊjÄË Æ×Ç%È Ã ²EØ Â�É"¼¢Ê Ë Æ Ä�¼{Â�É�¼¤Ê ¹ Æ ÄÚÙÌ ÍzÎ�Ï0Ð{Ñ�Ò ÇpÓ Ð�Û
(2) Vertical differencing µÜ¶�¸©±:¹º�Ý
where the template

Ý
is definedbyÝ ½p¾�¿ À�Á Â�ÃRÄ ¸
Å Æ Ç%È Ã ¸ Â¢É�¼¤Ê�ÄË ÆvÇ%È Ã ¸ Â¢É ¹ Æ ¼¤ÊcÄÌ ÍjÎ"Ï0Ð�Ñ�Ò ÇpÓ Ð

or µÔ¶�¸�±*¹ºÞ/¼
where Þ ½%¾�¿ À�Á Â�ÃRÄ ¸
Å Ö Ç%È Ã ¸ Â¤É"¼¤ÊcÄË ÆvÇ%È Ã ²4Ø Â¢É Ë Æ ¼¤Ê�Ä�¼�Â�É ¹ Æ ¼¢ÊjÄ+ÙÌ ÍjÎ"Ï0Ð�Ñ"Ò ÇßÓ Ð�Û
(3) Gradientapproximationµà¶�¸Ká�±:¹º�Ý á�¹Iá�±]¹ºD» á
or µ·¶�¸á ±:¹º�â á+¹Vá ±*¹ºDã á ¼
wherethe templates

Ý
and

»
aredefinedasaboveand

â
,
ã

aredefinedbyâ ½ä¾�¿ À�Á Â�ÃRÄ ¸LÅÆ Ç-È Ã ¸ Â�É"¼¢ÊjÄË ÆXÇ-È Ã ¸ Â�É ¹ Æ ¼¤Ê ¹ Æ ÄÌ ÍjÎ�Ï�Ð�Ñ�Ò ÇpÓ Ð
and ã ½ä¾�¿ À�Á Â�ÃRÄ ¸ Å4Æ Ç-È Ã ¸ Â�É"¼¢ÊjÄË ÆåÇ-È Ã ¸ Â�É Ë Æ ¼¤Ê ¹ Æ ÄÌ ÍjÎ�Ï�Ð�Ñ�Ò ÇpÓ Ð�Û
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3.3 EdgeEnhancementby DiscreteDifferencing 89

The templatescan be describedpictorially as

t
æ
 =s =

1

-1

r  =

uç  = v = w =

 1 -1 -1-1

-1

-1

2

1

-1 1

-1

2

Comments and Observations

Figures3.3.2through3.3.4belowaretheedgeenhancedimagesof themotorcycle
image in Figure 3.3.1.

Figure 3.3.1. Original image.

Figure 3.3.2. Horizontal differencing: left è é]êëì è , right è é*êë�í è .
© 2001 by CRC Press LLC



90 CHAPTER 3. EDGE DETECTION AND BOUNDARY FINDING TECHNIQUES

Figure 3.3.3. Vertical differencing: left î ï]ðñDò î , right î ï*ðñ�ó î .

Figure3.3.4. Gradientapproximation:left ô õ:ö÷�ø ôtöùô õ]ö÷·ú ô , right ô õ:ö÷û ô/öùô õ*ö÷�ü ô .
3.4. Roberts Edge Detector

TheRobertsedgedetectoris anotherexampleof an edgeenhancementtechnique
thatusesdiscretedifferencing[5, 1]. Let õ�ýEþ~ÿ be thesourceimage.Theedgeenhanced
image �ý�þ�ÿ that the Robertstechniqueproducesis definedby���������
	������õ���������	��õ�����ö������/ö���	�	��}ö���õ��������§ö���	��4õ�����ö�������	�	��� �!�" ��#

Image Algebra Formulation

Given the sourceimage õ]ý�þ�ÿ , the edgeenhancedimage �ý�þ�ÿ is given by�%$&�  ��õ*ö÷(' 	 � ö(��õ*ö÷ø 	 �) *!�" � �
where the templates

'
and

ø
are definedby',+.-�/ 0�1 ��2*	3�546 78� 9;:32<�=��������	�>�?9;:32<�=����ö����@�°ö��,	A B�C�DFE,G�H 9JI E�Kø +.-�/ 0�1 ��2*	3�ML � 9N:32O�=�����@�P	�>�Q9N:32O�=����ö������R�S��	A B�C�DTE)G�H 9.I E #

The templates
'

and
ø

can be representedpictorially as

 1  1

-1 -1

s = t
U
 =
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3.5 Prewitt EdgeDetector 91

Comments and Observations

Figure3.4.1showsthe resultof applyingthe Robertsedgedetectorto the image
of a motorcycle.

Figure 3.4.1. Motorcycle and its Robertsedgeenhancedimage.

3.5. Prewitt Edge Detector

The Prewitt edgedetectorcalculatesan edgegradientvectorat eachpoint of the
sourceimage. An edgeenhancedimageis producedfrom the magnitudeof the gradient
vector. An edgeangle,which is equal to the anglethe gradientmakesto the horizontal
axis, canalso be assignedto eachpoint of the sourceimage[6, 7, 1, 8, 4].

Two masksare convolvedwith the sourceimage to approximatethe gradient
vector. One mask representsthe partial derivative with respectto V and the other the
partial derivative with respectto W .

Let XZY<[�\ be the sourceimage,and ]_^�`�]Fa,`�b,b�b�`c]_d denotethe pixel valuesof
the eight neighborsof e�f�`@g�h enumeratedin the counterclockwisedirectionas follows:

0
i 123

j
4

5
k

6
l

7
m

an a

an an
a

a a an(    )i,j
o

Let p q r�s_t3u(s�v3u(s_w�xzy{r�sF|}u(s_~�u(s���x and ��q r�s_�3u�sT|�u�s_w,xzyr�s��3u(s���u�s_t�x . The edgeenhancedimage ���<��� is given by��r����@�Px�q���p ~ u(� ~)� |@��~
and the edgedirection image ���<��� is given by��r����@�
x�q�s_�����cs_�R� �p��3�
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Image Algebra Formulation

Let �Z�<��  be the sourceimageand let ¡ and ¢ be definedas follows:

¡�£.¤�¥ ¦�§�¨�©*ª�«5¬ ®R¯>°Q±&² ©O«=¨c³ ¯´°�µ·¶8¯�° ª µ ¨c³ ¯(°�µ�¶ ª µ*¸�¹ ¨c³ ¯�°�µ�¶�º»° ª° ±N² ©O«=¨c³ º¼°�µ�¶R¯´° ª µ ¨c³ º¼°�µ�¶ ª µ�¸�¹ ¨�³ º½°�µ�¶
º¾° ª¿ ¸�À�ÁTÂ�¹�ÃÄ±JÅ�Â
Æ
¢ £;¤�¥ ¦�§ ¨�©*ª3«MÇ ¯>°Q±N² ©<«È¨�³ ¯(°�µ�¶É¯�° ª µ ¨c³ µ�¶R¯S° ª µ�¸�¹ ¨�³ º¼°�µ�¶R¯´° ª° ±N² ©<«È¨�³ ¯(°�µ�¶
º»° ª µ ¨�³ µ�¶
º¾° ª µ�¸�¹ ¨Ê³ º»°�µ�¶_º>° ª¿ ¸�À�ÁTÂ)¹�ÃÄ±.Å�Â_Ë

Pictorially we have:

 1

-1

 1 1  1

 1

 1

-1

-1-1 -1

-1

s = t =

The edgeenhancedimage Ì�Í<Î�Ï is given byÌ�Ð ÑÓÒÕÔ×Ö�Ø>Ù(Ú�Û�Ü�Ý¾Ö�Ø>Ù�Þ�Û�Ü)ß�à�á Ü�âäã
The edgedirection image åæÍçÎ�Ï is given byåèÐ&Ñêé
ë�ìcícé
î�ïñð�Ö�ØòÝó Þ,Û�ô õ�ö�÷Äø�ù.ú
ûNüTý�þ�ÿ����)Ö·ØOÝó Ú�Û,ô õ�ö�÷Äø�ù.ú
û.üFý�þ ÿ���� ã

Here we use the commonprogramminglanguageconventionfor the arctangentof two
variableswhich defines é_ë�ì�ícé_î�ï Ö��	��
_Û� é
ë�ìcícé
î ð����� .

Comments and Observations

A variety of masksmay be usedto approximatethe partial derivatives.

Figure 3.5.1. Motorcycle and the imagethat represents
the magnitudecomponentof the Prewitt edgedetector.
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3.6 SobelEdgeDetector 93

3.6. Sobel Edge Detector

TheSobeledgedetectoris a nonlinearedgeenhancementtechnique.It is another
simplevariationof the discretedifferencingschemefor enhancingedges[9, 10, 1, 8, 4].

Let ������� be the sourceimage,and ������������������� ��! denotethe pixel valuesof
the eight neighborsof "$#��&%(' enumeratedin the counterclockwisedirectionas follows:

0
) 12

*3
+
4
,
5
-

6
.

7
/

a0 a0 a

aa0
a a a

(    )i,j
1

The Sobeledgemagnitudeimage 243�5�6 is given by287�9;:$<(=?>A@�BDCFEHGICKJIL�M C :
where BN>O7�P�Q?E8R(PIS?E8PUTV=�WX7$P L E8R(P C EHPIY�=
and GZ>[7$R(P�\?EXP L E8P T =]WX7�P Y E8RIP�^_E8P Q =K`
The gradientdirection image a is given byaF7b9�:&<U=�>cP�d�e;f P�gih B Gkj `

Image Algebra Formulation

Let lm3n5�6 be the sourceimage. The gradientmagnitudeimage 2o3n5]6 is
given by 2 p >rqs7blut8v�= C Ew7blutyx�= C�z L�M C :
where the templatesv and x are definedas follows:

v�{�|�} ~K�;7��k=?> ����� ���� Wu�����?��>O7 �;Wu�(:��DWu�K=��I��7 �;Wu�(:��UEw�K=� ���?��>O7 �$Ew�(:��DWu�K=��I��7 �$Ew�(:��UEw�K=W�R����?��>O7 ��W��I:b�(=R ���?��>O7 �$Ew�(:��(=� �(�����K�������;�(`
x {s|�} ~ � 7��k=?> ����� ���� Wu�����?��>O7 �;Wu�(:��DWu�K=��I�_7K�$Ew�(:��DWu�K=� ���?��>O7 �;Wu�(:��UEw�K=��I�_7K�$Ew�(:��UEw�K=W�R����?��>O7 ��:b��Wu�K=R ���?��>O7 ��:b��Ew�K=� �(�����K����������`
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s = t
æ
 =

-1 -1

-1

-1

 1  1  1

 1

 2

 2

-2

-2

The gradientdirection image is given by��� �8�� �¡;¢ �(£�¤¦¥�¥�§©¨ªy«�¬� ®u¯±°�² ¥�§³¨ªy´�¬� ®Z¯±°�¬K²
where

�� �¡;¢ ��£�¤�¥bµ ² ¶I¬N· �U �¡ ¢ �U£¹¸�º»�¼
.

Comments and Observations

The Sobeledgedetectionemphasizeshorizontalandvertical edgesover skewed
edges;it is relatively insensitiveto off-axis edges. Figure 3.6.1 shows the Sobel edge
image of the motorcycletest image.

Figure 3.6.1. Motorcycle and its Sobeledgeenhancedimage.

3.7. Wallis Logarithmic Edge Detection

UndertheWallis edgedetectionschemeapixel is anedgeelementif thelogarithm
of its valueexceedsthe averageof the logarithmsof its 4-neighborsby a fixed threshold
[2, 1]. Suppose½�¾À¿�ÁFÂÄÃ&Å denotesa sourceimagecontainingonly positive values,andÆIÇ(È�Æ�É�È ÆIÊ(È�Æ�Ë denotethe valuesof the 4-neighborsof ¿�Ì È&Í Ã enumeratedas follows:

0
Î

3
Ï2

Ð 1
a

a aÑ
a

(   )i,j

The edgeenhancedimage ÒÓ¾�Á Å is given byÒ¹¿�Ì È$Í Ã�ÔcÕsÖ�×�ØK¿�½�¿�Ì È&Í Ã�Ã	ÙÛÚÜ ¿$ÕÝÖ�×(Ø�¿ Æ�Ç ÃkÞyÕÝÖ�×(ØV¿ Æ�É Ã�ÞXÕÝÖ�×(ØV¿ Æ�Ê Ã�Þ8ÕÝÖ�×(ØV¿ ÆIË Ã�Ã
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3.7 Wallis Logarithmic EdgeDetection 95

or ß¹à�á;â�ãUä?åçæèÄéÝê�ë(ì�í àbîïà�á;â$ã(ä�ä;ðñ�òKñ�óKñUôVñ(õ�ö³÷
Image Algebra Formulation

Let

î³øÓà$ù�ú?ä$û
be thesourceimage.The edgeenhancedimage

ßXø�ù û
is given

by ßXü(åýæè¹þ�ÿ���� à�î±ä ���� â
wherethe invariant enhancementtemplate

� ü	� 
 ù û
is definedas follows:�	���� ��� à � ä?å��mè ��� � å[à�� â�(ä� æ ��� � ø��Ià � � æ â�UäVâ à ��â� � æ äKâVà!� � æ â"�(ä�âVà!��â"� � æ ä�#$ %	&!')(+*!, �.- ( ÷

Pictorially,
�

is given by

 4-1 -1

-1

-1

t =

Comments and Observations

TheWallis edgedetectoris insensitiveto a globalmultiplicativechangein image
values.The edgeimageof / will be the sameas that of 021+/ for any 043�576 .

Note that if the edgeimageis to be thresholded,it is not necessaryto compute
the logarithm of / . That is, if 8:9�;=<>@?�A+BDCFE /HGJIKML
and N 9�; /OIKPLRQ
then

8TS UWVX; N S U CZY\[^]
Figure3.7.1showsthe result of applying the Wallis edgedetectorto the motor-

cycle image. The logarithmusedfor the edgeimageis base2 ( _ ;a`
).

Figure 3.7.1. Motorcycle and its Wallis edgeenhancement.
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3.8. Frei-Chen Edge and Line Detection

A bdcPb subimagee of an image f may be thoughtof as a vector in g7h . For
example,the subimageshownin Figure3.8.1hasvector representation

e�ikjllm n�on+p...n�q
r�sstvu

Themathematicalstructureof the vectorspacegwh carriesover to the vectorspaceof bxcdb
subimagesin the obvious way.

b
y

0
z b

y
1

b
y

2
{b

y
3
|b

y
4

b
y

5
}

b
y

6
~ b

y
7
� b

y
8

b
�
 =

Figure 3.8.1. A ���P� subimage.

Let � denotethe vector spaceof ���:� subimages.An orthogonalbasisfor � ,�O�
, that is usedfor theFrei-Chenmethodis theoneshownin Figure3.8.2. Thesubspace�

of � that is spannedby the subimages�@�	�!�����!���R� and ��� is calledtheedgesubspaceof� . TheFrei-Chenedgedetectionmethodbasesits determinationof edgepointson thesize
of the anglebetweenthe subimage� andits projectionon the edgesubspace[11, 12, 13].

The angle �+� between� andits projectionon the edgesubspaceis given by

� �������	��� ������ � ¡£¢ �¥¤ � ¡H¦ ��§ �¨ ¡�¢ � ¤ � ¡H¦ ��§ �)©�ªª«¬®H¯
The ¦ operatorin theformulaaboveis thefamiliar dot (or scalar)productdefinedfor vector
spaces.The dot productof �°�!±4²³� is given by� ¦ ± � ´µ ¡�¢�¶�· ¡ � ¡ ¯
Small valuesof �F� imply a betterfit between� and the edgesubspace.

For eachpoint ¤¹¸ �!ºR§ in the sourceimage » , the Frei-Chenalgorithm for edge
detectioncalculatesthe angle � � betweenthe projectionof the �¼��� subimagecentered
at ¤¹¸ � ºR§ andthe edgesubspaceof � . The smallerthe valueof � � at ¤!¸ ��ºD§ is, the better
edgepoint ¤¹¸ � º�§ is deemedto be. After � � is calculatedfor eachimagepoint, a threshold½ is applied to selectpoints for which � �¿¾ ½ .

Figure3.8.3showstheresultsof applyingtheFrei-Chenedgedetectionalgorithm
to a sourceimageof variety of peppers.Thresholdswereappliedfor angles�F� of 18, 19,
20, 21, and 22À .
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Figure 3.8.2. The basis ÅÇÆ usedfor Frei-Chenfeaturedetection.

Equivalentresultscanbe obtainedby thresholdingbasedon the statisticÈÉÊ.Ë@Ì)ÍÎ7ÍZÏZÐ�ÑJÒÓÐÕÔÒOÑJÒ Ö
which is easierto compute.In this case,a larger value indicatesa strongeredgepoint.

The Frei-Chenmethodcan also be usedto detectlines. SubimagesÎ�× Ö Î�Ø Ö Î�Ù Öand Î�Ú form the basisof the line subspaceof Û . The Frei-Chenedgedetectionmethod
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20

18

19

21 22

o

o

o

o o

Original

Figure 3.8.3. Edgedetectionusing the Frei-Chenmethod.

basesits determinationof lines on the size of the anglebetweenthe subimageÜ and its
projectionon the line subspace.Thresholdingfor line detectionis doneusingthe statisticÝÞß.à�á¥âã7âZäZå�æ Ü åÕçÜ æ Ü è
Larger valuesindicate strongerline points.

Image Algebra Formulation

Let é�ê:ë@ì be thesourceimageandlet ãwâ¹äåZí denotethe parameterizedtemplate
whosevaluesare definedby the image ã ß of Figure 3.8.2. The centercell of the imageã ß is taken to be the location of î for the template. For a given thresholdlevel ï , the
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Frei-Chenedgeimage ð is given byðòñ�óPôwõWöø÷ùùúüûýþ�ÿ�� ������	� ��
������ � ��	� ����� �����	�
The Frei-Chenline image � is given by

��ñ óMô õ�ö ÷ùùú �ýþ�ÿ�� �������� ��
��� �� � ���� ����� ����� �
3.9. Kirsch Edge Detector

The Kirsch edgedetector[14] applieseight masksat eachpoint of an imagein
order to determinean edgegradientdirection and magnitude.Let

�� "!�#
be the source

image. For each
��
$&%'�

we denote (*) $ ( � $,+-+-+.$ (*/ as pixel valuesof the eight neighborsof��
$&%'�
enumeratedin the counterclockwisedirection as follows:

0
0 12

13
2
4
3
5
4

6
5

7
6(    )

a a7 a

a7 a7
aaa7 i,j

Theimage8:9<;�= thatrepresentsthemagnitudeof theedgegradientis givenby8?>�@A&B'CEDGFIHKJMLON�A�FIH*JPLOQ R�S-TVUXW-Y.TKQ[Z]\^D`_KA-aba-a�Ac[ded�A
where S T DfH Thg H T,ikjlg H T-i�m and Y T DnH Tbipohg H T-irqsg`t-tbtug H Tbi�v . The subscriptsare
evaluatedF�wux*yKz{w�| . Furtherdetails about this methodof directionaledgedetectionare
given in [11, 8, 1, 14, 4].

The image }~9~L�_pAbN�Aba-aa-A.c�d = that representsthegradientdirectionis definedby}E>�@�A&B'C�Z�D�xrA����K�����Q R�S,��U	W-Y.�KQuD FIH*J_��G\���c LKQ R�S-T�U�W-Y.TKQ dO�
Theimage } t�� Ru� canbeusedif it is desirableto expressgradientanglein degreemeasure.
Figure3.9.1showsthemagnitudeimagethatresultsfrom applyingtheKirsch edgedetector
to the motorcycle image.

Figure 3.9.1. Kirsch edgedetectorappliedto the motorcycleimage.
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Image Algebra Formulation

Let �������]����p�b�-�����*�]�����K�-��� denotetheMooreneighborhoodabouttheorigin,
and �`���������� ��K���u¡�� denotethe deletedMoore neighborhood.

Let ¢ be the function that specifiesthe counterclockwiseenumerationof �`� as
shownbelow. Note that ¢k£"¤�¥§¦¨ andfor each8-neighbor© of a point  �ª�&«O¡ , the point ©��
definedby ©��l�¬©~�G �ª���«O¡ is a memberof �`� .
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For each ³"´¶µ�·K¸-¹�¸�º-ºbº�¸�»*¼ , we define ½�¾¿*À as follows:½�¾�¿OÀÁ�Â�Ã Ä,Å�¾�ÆÇÀeÈfÉ�Ê ËÍÌ Æ�Î�´	Ï�ÎrÐuÑÓÒVÔk¾�Æ�Î{À�Õ¶¿IÖ�×-Ø^Ù]ÚGÛÜÞÝ ËÍÌ Æ Î ´	Ï Î ÐuÑÓÒßÔP¾�Æ Î ÀÇÕà¿IÖ�×-Ø^Ù^á�Û· â�ã�äKå,æ�ç Ëéè åOêThus, ½ can be pictorially representedas follows:
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(6) =t(5) =

For the sourceimage ì�íïî�ð let ñóòßô�õ÷öøì�ùúüû�ý�þKÿ ö . The Kirsch edgemagnitude
image � is given by � ô�õ ���������
	�� ñ�����
The gradientdirection image � is given by�"ô�õ � ��ò 	�� ý�þ ù�� ÿ����������! #"%$'&)(�*
In actualimplementation,the algorithmfor computingthe imagem will probablyinvolve
the loop  ,+ -�(.0/�132�46587 *9* :<; /�/6= >+?-@ #A)B6CEDF@G�� 2 "HBI 5�J ; /�/�= *
A similar loop argumentcan be usedto constructthe direction imaged.
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3.10. Dir ectional Edge Detection

The directionaledgedetectoris an edgedetectiontechniquebasedon the useof
directionalderivatives[15, 16]. It identifies pixels as possibleedgeelementsandassigns
one of K directionsto them. This is accomplishedby convolving the image with a set
of L M edgemasks. Eachmaskhas two directionsassociatedwith it. A pixel is assigned
the directionassociatedwith the largestmagnitudeobtainedby the convolutions.Suppose
that the convolutionwith the N th maskyielded the largestmagnitude.If the result of the
convolutionis positive,thenthe direction OQP is assigned;otherwise,the direction O�PSRUT�V�W
(modulo X�YZW ) is assigned.

For a given source image [�\^]`_ , let [ Pba [3ced P , where d#f , d)g ,h6hihkj d#l LZm Monqp g denotethe edgemasksand c denotesconvolution. The edgemagnitude
image dr\s]�_ is given by

d)t!u�v a wyx6z{�| N |~}������� [�P�t!u�v ���
Let O P be the direction associatedwith the mask d P . Supposethat d)t!u�v a � [��Zt!u�v � . The
direction image ��\^]�_ is given by

��t�u�v a t�O � R@����f�tq[ � t�u�v�v��ZTiV�W�v wy�i� XZY�W �
As an illustration, the directionaledgetechniqueis appliedto the infraredimage

of a causewayacrossa bay asshownin Figure3.10.1. Thesix masksof Figure3.10.2are
usedto determineoneof twelvedirections,WZ� j X�WZ� j YZW�� j6hih6hoj��Z� X�XZW�� , to beassignedto each
point of the sourceimage. The resultof applyingthe directionaledgedetectionalgorithm
is seenin Figure 3.10.3. In the figure, directionsare presentedas tangentvectorsto the
edgerather than gradientvectors(the tangentto the edgeis orthogonalto the gradient).
With this representation,the bridge and causewaycan be characterizedby two bandsof
vectors.Thevectorsin onebandrun alonga line in onedirection,while thosein the other
bandrun along a line in the oppositedirection.

The edgeimagerepresentationis different from the sourceimagerepresentation
in that it is a plot of a vectorfield. Theedgemagnitudeimagewasthresholded(seeSection
4.2), and vectorswere attachedto the points that survivedthe thresholdingprocess.The
vectorat eachpoint haslengthproportionalto the edgemagnitudeat the point, andpoints
in the direction of the edge.

Figure 3.10.1. Sourceimageof causewaywith bridge.
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Figure 3.10.2. Edgemaskwith their associateddirections.

Image Algebra Formulation

Let ���s�¡  be the sourceimage. For ¢��#£Z¤¦¥i§�¥�¨6¨i¨o¥¦©ª¬«§�® , let�`¯^°?±U²³¤¦¥�´9µ�¶¸·�²q��¶¹»º ¯!µ�¥
where ¼�²�½�µ is definedas ¼�²%½�µk±~¾0¿ ½À¿?¥�Á Â�¨oÃkÄÆÅQ²³½�µ�Ç�È

The result image É is given byÉ#°?±Ê²³ËH¿ ÌÍµ�ÎÏ�Ð Ì¯ÒÑ Å � ¯ È
Note that the result É containsat eachpoint both the maximal edgemagnitude

andthe directionassociatedwith that magnitude.As formulatedabove,integers¤ throughÁ «Ó§ to representthe Á directions.

Comments and Observations

Trying to include the edgedirection information in Figure 3.10.3on one page
hasresultedin a rather“busy” display. However,edgedirectioninformation is often very
useful. For example,the adjacentparallel edgesin Figure 3.10.3 that run in opposite
directionsare characteristicof bridge-like structures.

Themajorproblemwith thedisplayof Figure3.10.3is that,evenafter threshold-
ing, thick (morethanonepixel wide) edgesremain.The thinningedgedirectiontechnique
of Section5.7 is one remedyto this problem. It usesedgemagnitudeandedgedirection
information to reduceedgesto one pixel wide thickness.

Oneothercommenton directionaledgedetectiontechniqueconcernsthe sizeof
the edgemasks.Selectingan appropriatesize for the edgemaskis important. The useof
larger masksallowsa larger rangeof edgedirections.Also, larger masksarelesssensitive
to noisethansmallermasks.Thedisadvantageof largermasksis that theyarelesssensitive
to detail. The choiceof masksize is applicationdependent.
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Figure 3.10.3. Edgepoints with their associateddirections.

3.11. Product of the Differ enceof Averages

If theneighborhoodsoverwhich differencingtakesplacearesmall,edgedetectors
basedon discretedifferencingwill be sensitiveto noise. However,the ability to precisely
locateanedgesuffersasthesizeof theneighborhoodusedfor differencingincreasesin size.
The productof the differencesof averagestechnique[17] integratesboth large and small
differencingneighborhoodsinto its schemeto producean edgedetectorthat is insensitive
to noiseand that allows preciselocation of edges.
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We first restrict our attentionto the detectionof horizontaledges. Let Ô�Õ×Ö`Ø ,
where ÙÛÚÝÜßÞáà×Üßâ , be the sourceimage. For ã�Õ^äæå�Ü�ç definethe image è�é byè é�ê³ëÆìîíoëÀï6ð ÚòñãHó Ô ê�ë�ìõô ã÷ö ñ íÍëßïoð�ô Ô ê�ë�ì�ô ã÷öùø íoëßï�ð�ôUúiú6úÍô Ô ê�ë�ì�íoëSïoðöûÔ ê³ë�ì ö ñ íoëSï�ð ö@Ô ê�ë�ì öùø íoëßï�ð ö úiú6ú ö@Ô ê�ë�ì öùã íoëSïüð óþý

The productè ê�ë ì íoë ï ð Ú�è�ì ê³ë ì íoë ï ðkú è�ï ê�ë ì íoë ï ð�ú è�ÿ ê�ë ì íÍë ï ð�úiú6ú è�� ê�ë ì íÍë ï ð
will be large only if eachof its factors is large. The averagingthat takesplaceover the
large neighborhoodsmakesthe factorswith large ã lesslikely to pick up false edgesdue
to noise.The factorsfrom large neighborhoodscontributeto the productby cancellingout
falseedgereadingsthat may be pickedup by the factorswith small ã . As ê�ë�ìiíoëßï�ð moves
farther from an edgepoint, the factorswith small ã get smaller. Thus, the factorsin the
productfor small neighborhoodsserveto pinpoint the edgepoint’s location.

Theaboveschemecanbe extendedto two dimensionsby defininganotherimage�
to be � ê!ë�ìîíoëSïüð Ú � ì�ê³ë�ì�íÍëßïoð�ú � ï6ê�ë�ì6íÍëßï�ð�ú � ÿ�ê�ë�ì�íoëSï�ð�ú6úiú � �Àê�ë�ìiíoëßï�ð�í

where � é ê³ë ì íÍë ï ð Ú ñã ó Ô ê�ë ì íÍë ï ô ã ö ñ ð�ô Ô ê�ë ì íÍë ï ô ã÷ö#ø ð�ô úiú6ú�ô Ô ê³ë ì íoë ï ðöûÔ ê�ë ì íÍë ï ö ñ ð ö@Ô ê³ë ì íoë ï ö#ø ð ö úiú6ú ö@Ô ê³ë ì íoë ï ö#ã ð óþý
The image

�
is sensitiveto vertical edges.To producean edgedetectorthat is sensitive

to both vertical and horizontal edges,one can simply take the maximum of
�

and è at
eachpoint in Ù .

Figure 3.11.1 comparesthe results of applying discretedifferencing and the
product of the differenceof averagestechniques. The sourceimage (labeled90/10) in
the top left corner of the figure is of a circular region whosepixel valueshave a �����
probabilityof beingwhite againsta backgroundwhosepixel valueshavea ñ ��� probability
of being white. The correspondingregionsof the image in the upper right corner have
probabilitiesof white pixels equal to 	���� and 
���� . The centerimagesshow the result
of taking the maximumfrom discretedifferencingalonghorizontalandvertical directions.
The imagesat the bottom of the figure show the resultsof the productof the difference
of averagealgorithm. Specifically,the figure’s edgeenhancedimage � producedby using
the productof the differenceof averagesis given by� ê³ë�ìiíoëSïüð Ú��� ë�� � ì�ê�ë�ì�íÍëßïoð�ú � ïîê³ë�ìiíÍëßï�ð�ú ��� ê³ë�ìîíoëSïüð�ú ��� ê³ë�ìiíoëSïüð�ú � ì��Qê³ë�ìiíoëSï�ðüíè ì ê³ë ì íoë ï ðkú è ï ê�ë ì íoë ï ð�ú è � ê³ë ì íÍë ï ð�ú è � ê³ë ì íoë ï ð�ú è ì�� ê³ë ì íÍë ï ð�� ý

Image Algebra Formulation

Let Ô�Õ^Ö Ø be the sourceimage. Define the parameterizedtemplates
� ê��0ð andè ê��0ð to be � ê��0ð��ßê���ð Ú  ñ !#" � Ú ê%$ ì í&$ ï ô('�ð*)�+�,-' Ú.� í ñ í ø í�/0/&/üí%� ö ñö ñ1!2" � Ú ê%$6ìií&$�ï ö '�ð*)�+�,-' Ú ñ í ø í&/0/�/üí%�� 3�4�5�6%7�8 !29 6
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70/30 Source image90/10 Source image

Discrete differencing
applied to 90/10 source
image

Discrete differencing
applied to 70/30 source 
image

Product of the difference
of averages applied to 
90/10 source image

Product of the difference
of averages applied to 
70/30 source image

Figure 3.11.1. The productof the differenceof averages
edgedetectionmethodvs. discretedifferencing.

and :*;�<�=?>�;A@�=*BDCE FHG IKJ @LBM;ON0P�QSROT0N%U0=�VXWZY�R�B[�T G T?\�T0]0]&]�T^<`_ G_ GaIKJ @LBM;ON P _bROT0N U =�VXWZY�R�B G T�\�T0]&]�]&T^<[ c�d�egf&h�i IKj f�T
where

;?k P T�k U =*Bbl
. Theedgeenhancedimage m producedby theproductof the difference

of averagesalgorithm is given by the imagealgebrastatementmon Bqpsrt0u�v Gwyx{z ;�|-Q}�~ ; w =�= z ��� portXu�v Gwyx{z ;A|-Q} :*; w =�= z ���
The templatesusedin the formulation aboveare designedto be sensitiveto vertical and
horizontal edges.

3.12. Canny Edge Detection

The methodof edgedetectiondescribedby JohnCanny in 1986 [18] hasbeen
extremelyinfluential. Numerousimplementationsof edgedetectorsbasedon Canny’sideas
havebeendeveloped.Somewritten works give the misimpressionthat Cannydeveloped
a single optimal edgedetector. In fact, Canny describeda methodof generatingedge
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detectorsusingan optimizationapproachandshowedhow to usethe techniqueto generate
a robustdetectorfor stepedges.This sectionpresentsthe methodof Cannyanddiscusses
someissuesassociatedwith its implementation.

Canny’sstartingpoint is to notethatthethreemostimportantperformancecriteria
for an edgedetectorare that it should i) provide good detectionwith high probability of
reportingan edgewherethereis an edgeand low probability of reportwherethereis no
edge; ii) provide good localization, that is, the points markedas edgepoints should be
close to the actual location of the edge;and iii) respondonly once to a single edge(in
a one-dimensionalsignal).

In looking at criteria i) and ii), Cannynotesthat an uncertaintyprinciple relates
them. Improvingthedetectionof a filter—asmeasuredby signal-to-noiseratio (SNR)—will
reduceits localization. Conversely,improving the localizationof a detectorwill hurt its
detectionprobability. Cannyshowshow to developa linear filter that will optimize the
productof SNR and localization in responseto a step edgein an image with Gaussian
additivenoise.Thefilter thatoptimizesthis productis theedgeitself (unsurprisingly).This
filter doesnot, however,performwell with respectto the third criterion(which wasto have
only a singleresponseto a singleedge)in the presenceof noise. Cannyusedconstrained
optimizationto solve the problemof finding a detectorfor stepedgesthat satisfiescriteria
i) and ii) underthe constraintof yielding a single response.After solving the constrained
optimizationproblem,Cannynotesthat the optimal filter canbe approximatedby the first
derivativeof the Gaussianwith only a 20% reductionin performanceon criteria i) and ii),
anda 10%performancereductionin thesingleresponsemeasure.He further notesthat the
derivativeof the Gaussianis identical to a one-dimensionalMarr-Hildreth edgedetector
describedin Section3.14.

When finding edgesin a two or higher dimensionalimage, one must employ
somemechanismto find directionaledges.Cannyrejectsthe techniqueof samplingedges
in orthogonaldirectionsand using gradient to determinethe correct orientation on the
groundsthat theuncertaintyin theedgedirectionandtheresponseof thefilter will degrade
the result. He notesthat by usingsix differentoperatordirections,the error in orientation
of the bestmatchingdirectionalfilter will be 15 degreesand that the operatoroutputwill
fall to about85% of its maximumvalue. Cannyfinds this magnitudeof error acceptable.

After filtering edges,Cannyappliesa thresholdingoperationwith hysteresis.This
techniqueis employedto attemptto reducethe impactof noisein the edgeimageon the
final result. Any point abovea high threshold(a primary point) is markedin the result
image,as is any groupof pointsconnectedto a primary point, lying on the samecontour,
and having valuesabovea lower threshold.

Image Algebra Formulation

Let �L����� be the sourceimagewhoseedgesare to be mapped.

SelectseparatedGaussianfiltering templates��� and �0� usinganappropriatechoice
for � . Thesewill be usedto generatea smoothedversionof the sourceimage.

Find a sequenceof directionalderivativetemplates�&���%�&�0�?�%�g� � usingthemethod
describedin Section11.5. (Canny chose �(�q� .) Thesewill be usedto calculateedge
magnitude.

Using a methodsimilar to that for constructingdirectionalderivativetemplates,
construct ��� radial spoketemplates� � �0�0�&����� � �g� � . Let�Z���A���&�?�Z�%��� �o¡1¢?£ � � �¤¦¥{��§�� �©¨ ¤¤«ª0¬O�®&¯�° ¢�± ®
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andlet ²³X´ be the rotationfunction for µ correspondingto direction ¶ , asdefinedin Section
11.5. Templates· ´ and ·�¸ ´ areorientednormalto theedgerespondingwith greatestintensity
to template¹ ´ . Thenlet eachtemplate· ´»º»¼¾½ ¼�¿�ÀSÁ�ÂÃ�Ä ²³ . Thesewill be usedto find the local
maxima in the edgemagnitudeimage.

Let ¹�Å representthe cumulativehistogramtemplatedefinedin Section10.11.

Using a methodsimilar to that usedto constructtemplates¹ ´ and · ´ , constructÆ connectorneighborhoodsÇ ¼�È%É0É&É%È ÇHÊÌË�Í eachcontainingthosepoints lying along the
edgedirection at the target point. Thesewill be usedto find low-thresholdedgepoints
connectedto identified edgepoints.

The Cannyedgedetectionalgorithmis describedin imagealgebraas follows:ÎÐÏ ÀÒÑ�Á�ÓÔbÕ ÍOÖ ÓÔ×Õ ¸Ø Ï ÀÒÙÚÛÏ ÀÝÜHÞß�à�á ¶ãâåäçæéèêè Æ ë àÌà�ìØ ´ Ï Àîí Î ÓÔ ¹ ´ íÚïÏ À ÚLð ¶*ñ�ò�óZô Ñ Ø ´ ÖØ Ï À Ø ð Ø ´õ ä÷ö ë àÌà�ìß�à�á ¶ãâåäçæéèêè Æ ÜÝø ë à{à�ìù Ï À ù ð ò�ú ´ Ú û ò*ü Ñ ô ÓÔþý%ÿ Ö Ø û ò*ü Ñ ô ÓÔþý�� ��� Ö Øõ äZö ë àÌà�ì� Å À�� ¹ Å Ñ Ø Ö� Ã
	�� Ï À � Â Å Ñ ægè  Ö��� ´�� � Ï À � Â Å Ñ ægè�� Öù Ã�	�� Ï À ù û ò ü ô � Ã�	��ù Ê�� � Ï À ù û ò ü ô � � ´�� �ë àÌà�ìù Ï À ù Ê�� �ß�à�á ¶ãâåäçæéèêè Æ ÜÝø ë àÌà�ìù Ê�� � Ï À ù Ê�� � ð ù Ã�	�� û Ñ ù û ò ú ´ Ú Ö ðÔ Ç ´õ�� â������ õ ä ù À ù! #"�$õ äZö ë àÌà�ìõ äZö ë àÌà�ì è
Comments and Observations

Figures 3.12.1 through 3.12.4 show the results of applying the Canny edge
detectorwith % ÀÐø è & to the motorcycleimage. Note the edgepointsaddedby hysteresis
thresholding(Figure 3.12.3). Productionof theseextra edgepoints is a relatively time-
consumingprocessbut important in preservingcontours.
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Figure3.12.1. SourceImage(left) with Gaussiansmoothingapplied(right).

Figure3.12.2. Edgemaxima(left) andhigh thresholdedgepoints (right).

Figure 3.12.3. Low thresholdpoints (left) and
points addedby hysteresisthresholding(right).

Figure 3.12.4. Canny edgeimage.

AlthoughCanny’sdetectorcalculatesfirst derivativeedgemagnitudes,its attenu-
ationof locally non-maximaledgepointsmakesit essentiallya secondderivativetechnique.
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Thus,it bearscloserresemblanceto the Marr-Hildreth detector(Section3.14) thanany of
the first derivative techniquespresentedhere. In comparingthe final result to the Marr-
Hildreth edgedetector,we seethat Canny’s detectoryields what seemto be the most
intuitively importantedges.But this is providedat theexpenseof usingarbitrarythreshold
settingsanda rathertime-consuminghysteresisthresholdingoperation.

3.13. Crack Edge Detection

Crackedgedetectiontechniquescomprisethe family of algorithmsthatassociate
edgevalueswith the points lying betweenneighboringimagepixels [19]. More precisely,
if oneconsidersa 2-dimensionalimagewith 4-neighborconnectivity,eachspatiallocation
lying exactly betweentwo horizontally or vertically neighboringpixels correspondsto a
crack. Eachsuchpoint is assignedan edgevalue. The namecrack edgestemsfrom the
view of pixels as squareregionswith cracksin betweenthem.

Any of the edgedetectionmethodspresentedin this chaptercan be converted
into a crackedgedetector.Below, we considertheparticularcaseof discretedifferencing.

For a given sourceimage ')(+*-, , pixel edgehorizontaldifferencingwill yield
an image ./(0*-, suchthat .21�35476�829:'�1�354�6�8<;+'�1=354�6?>A@B8 for all 1=354�6�8C()D . Thus,if there
is a changein value from point 1=354�6�8 to point 1=354�6E>F@�8 , the differencein thosevaluesis
associatedwith point 1�3�4�6G8 .

The horizontal crack edgedifferencing technique,given ')(H*I, , will yield a
result image ./(+*-J where K 9MLN1=354�O!8�P�Q�3�4�O�;SRTVU 4VQW354XOC>YRTVU (+D[Z , that is, . ’s point
set correspondsto the cracksthat lie betweenhorizontally neighboringpoints in D . The
valuesof . are given by .C1W3�4�O!829:'�1�354�\]O�^�8-;_'�1�3�4�`7O�a�8#b
One can computethe vertical differencesas well, and storeboth horizontaland vertical
differencesin a single image with scalaredgevalues. (This cannotbe doneusing pixel
edgessince eachpixel is associatedwith both a horizontal and vertical edge.) That is,
given 'c(0*I, , we can compute .d(e*gf whereh 9Sij1�k R 4Xk T 8)P+lmk R 4Xk T ; RTVn 4olmk R 4Xk T > RT!n 4olpk R ; RT 4�k T n 4�q�rslpk R > RT 4�k T n (+D_t
and .C1W3�4�O!829u'�1v\]3
^w4�\]O�^�8-;_'�1�`x3
aw4�`xO�a�8�b

Image Algebra Formulation

Given sourceimage 'y(H*-, , define spatial functions z R 4{z T 42z!|�4CzB} on * T as
follows: z R 1�~ R 4�~ T 829�lm~ R 4X~ T > RTGnz T 1�~ R 4�~ T 829�lm~ R 4X~ T ; RTGnz R 1�~ R 4�~ T 829 l ~ R > RT 4�~ T nz R 1�~ R 4�~ T 829 l ~ R ; RT 4�~ T n b
Next constructthe point seth 9d1�z R 17D�8��)z T 1WD�8�8���1=z | 1WD)8j�yz } 1�D�858�4
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and define ���M���-���B� by�m���B��� �����5�����!�������2�Y�_� ��� �����B�X�w���2�F���x�V�� w�����!�5 ��¡ �¢�£� �����B�X�w���2�F��¤x�V��¥w��¤��!�5¥��¦ §�¨5©�ª�«�¬ �� ª�®For a point with integral first coordinate,� can be picturedas follows:

1 1-

and for a point with integral secondcoordinate,̄ can be picturedas

1

1-

The crack edgeimage °d±³²I´ is given by°0µ�¶�·�¸¹�º�»
Alternate Image Algebra Formulation

Someimplementationsof imagealgebrawill not permitoneto specifypointswith
non-integralcoordinatesasarerequiredabove.In thosecases,severaldifferenttechniques
can be usedto representthe crack edgesas images. One may want to map eachpoint¼�½V¾v¿�½!À�Á

in Â to the point
¼�Ã�½V¾!¿XÃV½!À�Á

. In such a case, the domain of the crack edge
imagedoesnot covera rectangularsubsetof Ä À , all points involving two odd or two even
coordinatesare missing.

Another techniquethat can be usedto transformthe set of crack edgesonto a
lesssparsesubsetof Ä À is to employa spatialtransformationthatwill rotatethecrackedge
pointsby angle Å�ÆGÇ andshift andscaleappropriatelyto mapthemontopointswith integral
coordinates.The transformationÈAµwÉËÊÍÌ definedbyÈ ¼�½ ¾ ¿�½ À Á ¶�Î ½ ¾2Ï ¾À ¸ ½ À ¿�½ ÀÐÏ ½ ¾ ¸ ¾À!ÑÓÒ ¼�½ ¾ ¿�½ À Á ±)ÂÈgÔ ¾ ¼=Õ ¾ ¿�Õ À Á ¶×Ö Õ ¾ Ï Õ À ¸uØÃ ¿ Õ ¾ ¸ Õ ÀÃ Ù Ò ¼�Õ ¾ ¿XÕ À Á ±_Ì
is just sucha function. The effect of applying È to a setof edgepoints is shownin Figure
3.13.1 below.
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Horizontal Neighborhoodá

Figure 3.13.1. The effect of applying â to a set of edgepoints.
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Comments and Observations

Crack edge finding can be used to find edgesusing a variety of underlying
techniques.The primary benefit it providesis the ability to detectedgesof featuresof
single pixel width.

Representationof crackedgesrequiresoneto constructimagesoverpointsetsthat
are eithersparse,rotated,or containfractional coordinates.Suchimagesmay be difficult
to representefficiently.

3.14. Marr-Hildr eth Edge Detection

TheMarr-Hildrethedgedetectionapproach[20] is motivatedby biologicalstudies
of mammalianvision systems.Marr and Hildreth proposeda methodthat dealswith an
imageseparatelyat different resolutions,eachresolution’sedgemap being generatedby
finding the zerocrossingsin a secondderivativeoperator.The methodfor eachresolution
can be describedsuccinctly as follows:

(a) Convolvethe sourceimagewith a two-dimensionalGaussian.

(b) Calculatethe Laplacianof the resultingimage.

(c) Find the zero-crossingsof that image.

Marr notesthat the zero-crossingsmay be detectedeconomicallyat eachgiven scaleby
searchingfor the zero valuesin the resulting image,however,searchingfor zero values
will not generallyyield connectedcontours.We discussseveralalternateandmorerobust
methodsby which zero-crossingscan be found.

Image Algebra Formulation

Let ãåäçægè be the sourceimage,and let évê_äSë=æ-èCì è be a Gaussiansmooth-
ing templatewith variance í�î , constructedas describedin Section 2.6. We can con-
struct a template to calculate the Laplacian by adding together two orthogonal one-
dimensionalsecondderivative templates. A discrete,partial secondderivative template
can be constructedby calculatingthe first differencesto the left and right of a point ï ,
namely ðvñ�òVó=ô=õöð!ñ�ò�ó5õø÷Cò!ô÷Cò and ðvñ]òVó=ô7õwðvñ�òVó�õ�÷Còmô÷Cò , then taking the first differenceof thesetwo,ðvñ]òVó=ù�÷Cò!ô7õöð!ñ�òVó=ô÷Cò ú ð!ñ]ò�ó�ô7õöð!ñ�òVó�õø÷CòBô÷Cò û ðvñ�òVó=ù�÷Cò!ô7õ î ð!ñ�òVó=ôxùwð!ñ]ò�ó5õø÷Còmô÷Cò . Letting ü)ï ûþý leads
us to a templateof the following form:

1 1-2

The Laplacianis formedby addingthe partial derivativeswith respectto both ÿ
and � . Using the fact that �������� �	�
������� �
��	����� � ����� , we note that the Laplacian
of an image � is given by � � ������
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where � has the form:

1

1

-4

1

1

The finding of zero-crossingsis a matterthat is rarely discussedin any detail in
connectionwith Laplacianof GaussiantechniquessuchastheMarr-Hildrethedgedetector,
however,it is not a trivial task. HuertasandMedioni [21] presenta relatively complicated
methodof deriving zero-crossingsaccurateto the subpixel level. The marchingcubes
algorithm of Lorensen[22], which was developedto find surfacesof constantdensity in
three-dimensionalmedical data, has been recastas the marching squaresalgorithm for
applicationto two-dimensionalimages.Any techniquethatcanbeusedto find isoelevation
lines in digital elevationmapscanbe employedto find zero-crossings.

Wepresenta morphologicaltechniquefor identifyingzero-crossings.While notas
accurateastheothermethodsdiscussed,this techniqueis perfectlyreasonablefor generating
an edgemap for shape-basedrecognitiontasks.

Note that to identify zero-crossings,we mustdistinguishthe boundariesbetween
regionsof negativevaluesandthoseof positivevalues.Let � betheMooreneighborhood.
We can find the positive region image�����	�! #"�$
then calculateits outer boundary % � �&� �(') � * �,+��-
We can also find the negativeregions��./�	�!0 " $
and calculateits inner boundary % ./�&��1 * ��+. ') � -
The conjunctionof thesetwo boundaryimages,% � % � ' % .
is an imagethat hasa nonzeropixel neighboringeverycrossingfrom positive-to-negative,
positive-to-zero,or negative-to-zero.

Comments and Observations

Figures3.14.1 through 3.14.2 show the applicationof the Marr-Hildreth edge
detectorto the motorcycleimageat severalscales.
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Figure3.14.1. Laplacianof Gaussianwith 243 2 (left) andzero-crossings(right).

Figure3.14.2. Laplacianof Gaussianwith 546 4 (left) andzero-crossings(right).

Figure3.14.3. Laplacianof Gaussianwith 546 8 (left) andzero-crossings(right).

The complexity of the imagesconstructedwith smallervaluesof 5 is striking.
Like the local maximumimageof the Cannydetector,thereare numerousedgesthat are
not readily apparentto the humanobserver.

Onecanusea first-derivativeedgedetectorto condition the resultsof the Marr-
Hildreth algorithm, providing a more Canny-like edge image without the carrying out
the hysteresisthresholdingtechnique. If we perform Sobel edgedetection(Section3.6)
on the Gaussiansmoothedimage and removeany zero-crossingswith less than median
edgestrengththen we get the resultsshown in Figure 3.14.4. This simple techniqueis
significantly less complex than Canny’s hysteresisthresholdingyet yields similar, if not
superior,qualitative results.
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Figure 3.14.4. Zero-crossingimageswith low Sobeledge
strengthpoints removedfor 798 2 (left) and 7:8 4 (right).

3.15. Local Edge Detection in Thr ee-DimensionalImages

This techniquedetectssurfaceelementsin three-dimensionaldata. It consistsof
approximatingthe surfacenormal vectorat a point andthresholdingthe magnitudeof the
normalvector. In three-dimensionaldata,boundariesof objectsaresurfacesandthe image
gradientis the local surfacenormal [11, 23, 24].

For ;<8>=@?#ACBDACE�F , let GH;4G(8JI =LKDM!NPO,MQN	R�M�F , and define S�TU=�;
FV8W?YXDGH;4G ,S M =Z;
F[8WB�XDGH;4G , and S]\�=�;
F�8WE�X^G�;4G .

Suppose_ denotesthe sourceimage and

` =a;cbUFQ8edf=@?Yb!gihLACB�bQg:j�ACE]bkg9lDF�mon�pqhrAaj�AClVptsvuiwx y
denotesa three-dimensionalz|{}z|{}z neighborhoodaboutthe point ;Vb~8�=a?�b�ACB�b�A�EUb�F .
The componentsof the surfacenormal vector of the point ; b are given by

��� 8 ����,�[�����C� _#=a;
FQ��� � =a; u ; b FHA���8 w A x Aa�D�
Thus, the surfacenormal vector of ;Vb is

� =�;Vb]FQ8�=@� T A�� M AC� \ FH�
The edgeimage � for a given threshold � b is given by

�Y=�;
FQ8�� G � =�;
F]G�� �~G � =�;
F�G¢¡¤£#bn ¥�¦L§D¨�©rª/�¬«L¨��
Image Algebra Formulation

Let _�¯®±° be the sourceimage. The edgeimage � is definedas

�[8	²!³!´ �±µ#¶ =�_�N·9¸ T�F M N	=�_�N·:¸ M F M Ni=Z_�N·:¸ \F MC¹ A
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where º±»�¼!½U¾Z¿�ÀiÁ�ÂU»a¾�¿vÃÄ¿
ÅHÀ ÆÈÇÉ¿ËÊ:ÌÍ¾Z¿cÅUÀ . For example, consider ÌP¾�¿VÅ]À aÎÐÏ4Î�Ï�Î
domain. The figure below (Figure3.15.1)showsthe domainof the º » ’s.

xÑ

yÒ

zÓ

xÑ 0

yÒ
0

zÓ 0

zÓ 0+1

zÓ 0 -1

Figure 3.15.1. Illustration of a three-dimensionalÔ�ÕÄÔ�ÕÄÔ neighborhood.

Fixing Ö to havevalue Ö]× , we obtain

0 0 0

0 0 0

00 0

gØ
wÙ 0

 =0x,y,zÚ(         )3

Fixing Û to havevalue Û]ÜÞÝJß , we obtain
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1gâ wã 0
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Fixing å to havevalue å]æ¢çÍè , we obtain
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wã 0
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á
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á_ 2

à
2
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á
3
á_

2

2

_2

2

_

2
à

2

_3
á
3
á_ 3

á
3
á_

(             ) =0x,y,zä -13

Comments and Observations

The derivation usesa continuousmodel and the methodminimizes the mean-
squareerror with an ideal step edge.
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3.16. Hierar chical Edge Detection

In this edge detectionscheme,a pyramid structureis developedand used to
detectedges.Theideais to consolidateneighborhoodsof certainpixels into onepixel with
a value obtainedby measuringsomelocal features,thus forming a new image. The new
imagewill havelower resolutionand fewer pixels. This procedureis iteratedto obtain a
pyramidof images.To detectan edge,oneappliesa local edgeoperatorto an intermediate
resolutionimage. If the magnitudeof the responseexceedsa given thresholdat a pixel
thenone proceedsto the next higher resolutionlevel and appliesthe edgeoperatorto all
the correspondingpixels in that level. The procedureis repeateduntil the sourceimage
resolutionlevel is reached[25, 11].

For éëêqì�íDî�ï�î]ðUðUð�îrñYòqïôó , let õ#öoê¯÷Qø�ù denotethe imagesin a pyramid, whereú ö[ûýüÿþ��rî������oí	�
�rî��	����/ò&ï�� . The sourceimageis õ�������ê4÷ ø�� ��� . Given õ������ , one
can construct  "!$#&%'%'%(#  ���*) in the following manner:

 *+�,�-.#�/$0214352687  "9;: � ,�<�-=#><'/$0*?@ A9&: � ,�<�-A? 3 #><'/B0*?@ A9&: � ,�<�-=#><'/C? 3 0*?@ A9&: � ,�<$-A? 3 #><'/�? 3 0�D�E
The algorithmstartsat someintermediatelevel, F , in the pyramid. This level is typically
chosento be FG1IH )>JKML .

The image NO+QPSR�TVU containingboundarypixels at level F is formedby

N + ,=-=#�/$021XW  + ,�-=#�/QY 3 0�YZ + ,�-.#�/[? 3 0\W]?^W  + ,�-_? 3 #�/�0�YZ + ,�-`Y 3 #�/$0\W
for all ,�-=#�/$0aPcba+ .

If, for somegiven threshold d , N + ,�-=#�/�0fegd , then apply the boundarypixel
formation techniqueat points ,�<$-.#(<B/�0]#&,h<�-_? 3 #><'/$0&#],h<$-.#(<B/i? 3 0]#&,h<�-_? 3 #><'/i? 3 0 in levelFO? 3 . All otherpointsat level FC? 3 areassignedvalue j . Boundaryformationis repeated
until level klY 3 is reached.

Image Algebra Formulation

For any non-negative integer F , let b + denote the setm ,�-.#�/$0�nQj	o
-.#�/	o<�pCY 3 q . Given a source image  ������'PaR T�r s�t construct a
pyramidof images  *+uPaR T U for FvP
w\jx# 3 #\%'%'%=#>kAYy<�z as follows:

 + n{1 35  +;: � ?|y} #
where }&~���� �(� ,���0M1X� 3���� ��PSw�,�<A�>�=�]���]�>���x�������(�]�$�&�]���x�>�(�]���	�>�\�]�h�A���	�$�>�&���	�&�>������=�A�'�=�C���=�� 
For ¡£¢¥¤&¦>§¨M© , constructthe boundaryimagesªV«��'¬\¬'¬>�=ªO�®�¯ using the statement:

ª «u° ¢²±�³>´µ��¶ « �·@¸ ¯ ���y±�³&´��h¶ « �·¹¸ ¦ �&�
where

1 -1t
º
1 =

1

-1

t2 =
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To constructthe boundaryimagesat level » where ¼f½^»¿¾^À"ÁÃÂ , first define

ÄaÅÇÆ{È^É�Ê »�Ë�Ì�Í�ÎhÏMÐÒÑ�ÓµÔ'ÕAÖ�×&Ø
Next let Ù ÆÃÚ Ð[Ñ�ÓÜÛ�ÝµÞCß be definedby

ÙAÎ=Ì.à�á�× È²â Î Ý Ì.à Ý á$×&à]Î Ý Ìxã^Â�à Ý áB×&à]Î Ý Ì=à Ý áCãÃÂ\×]à&Î Ý ÌAãGÂ$à Ý áiã²Â&×]ä
and åÙ Æ Ý�ÞCß�æ�çÜÛèÝ�ÞCß be definedby

åÙ_Î�ég× È êë�ìîí ï&ð�ñµò ÙAÎ&ó>àõô�×&à÷öõø$ù2é ú Ú ï Ñ�Ó Ø
The effect of this mappingis shownin Figure 3.16.1.

(i,j) W

g(    )û
Wi,jgü (    )

Figure3.16.1. Illustration of the effect of the pyramidalmap ýþ^ÿ��������	��
������ .

The boundaryimage �� is computedby

 � ÿ��������	������� ����! #"%$ � �	������� ����& (')$*$,+.-/�0�1 �3254 + 687
where0 denotesthe zero imageon the point set 9;: .

Alternate Image Algebra Formulation

The aboveimagealgebraformulation gives rise to a massivelyparallel process
operatingat eachpoint in the pyramid. Onecan restrict the operatorto only thosepoints
in levels <>=�? wherethe boundarythresholdis satisfiedasdescribedbelow.

Let @BA,C�D*EGF�HJILKMC*DNE�F#H�E)CODQPSRBE�FMH�E)C�DUTVR#EGF#H�E)COD*EGFWPXR,H)E�C�D*EGFYTVR,H[Z . This maps a
point C�DNE�F#H into its von Neumannneighborhood.Let \@ A^]`_Ma�bdce_�a�b be definedby

\@	AfCOghHiI jk5l5m npo5qBr @	A�C%spE5t#H)EvuOw#xyg z _ a b�{
Note that in contrastto the functions @ and \@ , @ A and \@ A arefunctionsdefinedon the same
pyramid level. We now compute |�} by

| } ] I�~��[�B�%�8�O� }�����N� k �� k����#o�o T�&� A*��T&�M�U�B��� }�����[� k �� k����#o�o T�&�,� �f� ���� k����Mo5� � � {
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Comments and Observations

This techniqueignoresedgesthat appearat high-resolutionlevels which do not
appearat lower resolutions.

The method of obtaining intermediate-resolutionimagescould easily blur, or
wipe out edgesat high resolutions.

3.17. Edge Detection Using K-Forms

The K-forms techniqueencodesthe local intensity differenceinformation of an
image.Thecodesarenumbersexpressedeitherin ternaryor decimalform. Local intensity
differencesarecalculatedandarelabeled�	�f� , or � dependingon thevalueof thedifference.
The K-form is a linear function of theselabels,where � denotesthe neighborhoodsize.
The specificformulation,first describedin Kaced[26], is as follows.

Let �	� be a pixel valueandlet ���(�� f f ��p��¡ be the pixel valuesof the 8-neighbors
of � � representedpictorially as

a¢ 1

a¢ 2a¢ 3a¢ 4

a¢ 6 8a¢
a¢ 5

a¢ 7

a¢ 0

Set £f¤¦¥V§	¤U¨©§	ª
for all «v¬J¯®B°�±�±.°N²	³ andfor somepositivethresholdnumber ´ define µ·¶¹¸©º»,¼U°f®#°%½B³ as

µ¿¾%À(Á ¥ÃÂ ¼ÅÄ�Æ¹À¹Ç ¨;È®ÉÄÊÆWË�ÀUËBÌ È½ÅÄÊÆ�À¹Í È ±
SomecommonK-form neighborhoodsare picturedin Figure 3.17.1. We usethe notation
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verticalÎ horizontal horizontal verticalÎ

normalÏ obliqueÐ

1-forms 2-forms

4-formsÑ
neighboring pixel

reference pixelÒ

Figure 3.17.1. CommonK-forms in a ÓÕÔÖÓ window.

×�Ø¯ÙÚ to denotethe K-form with representationin baseÛ , havinga neighborhoodcontainingÜ pixel neighborsof the referencepixel, andhavingorientationcharacterizedby the roman
letter Ý . Thusthehorizontaldecimal2-form shownin Figure3.17.1is denoted

×¦Þ)ßà*á , having
base10, 2 neighbors,andhorizontalshape. Its value is given by

â Þ%ãà*á3ä�å á,æ3ç Ó�è ä�é,ê æ�ë è ä�é à�æ�ì
Thevalueof

â¦Þ%ãà*á is asingle-digitdecimalnumberencodingthetopographicalcharacteristics
of the point in question. Figure 3.17.2graphically representseachof the possiblevalues
for thehorizontal2-form showinga pixel andtheorientationof thesurfaceto left andright
of that pixel. (The pixel is representedby a large dot, andthe surfaceorientationon either
side is shownby the orientationof the line segmentsto the left andright of the dot.)
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2-formíhorizontal

00          0          north-south ridge
î
01          1          west plateau edge
î
02          2          western slope
î
10          3          east plateau edge

11          4          plain or plateau

12          5          foot of western slope

20          6          eastern slope

21          7          foot of eastern slope
ï
22          8          north-south valley

topographicalð
analogyf

10ñf
ò
3
ó

Figure 3.17.2. The nine horizontal2-forms and their meaning.

The vertical decimal2-form is definedto beô�õ�ö÷GøQù�ú øfû3ü�ý)þ ù�ÿ�� û��^þ ù�ÿ�� û��
The ternary K-forms assigna ternary numberto eachtopographicalconfiguration. The
ternary horizontal 2-form is given byô õ��� ù�ú ø ûyü
	���þ ùOÿ� û�� þ ù�ÿ ÷ û��
and the ternary normal 4-form isô��� ü
	�������þ ùOÿ � û���	�����þ ùOÿ � û���	���þ ù�ÿ� û�� þ ù�ÿ ÷ ûyü�	���� ô õNö� � ô õ��� �
Note that the multiplicative constantsare representedbase3, thus theseexpressionsform
the ternarynumberyieldedby concatenatingthe resultsof applicationof þ .

The valuesof other forms are calculatedin a similar manner.

Three different ways of using the decimal 2-forms to constructa binary edge
image are the following:

(a) An edgein relief is associatedwith any pixel whoseK-form value is 0, 1,
or 3.

(b) An edgein depth is associatedwith any pixel whoseK-form value is 5, 7,
or 8.

(c) An edgeby gradient threshold is associatedwith a pixel whoseK-form is
not 0, 4, or 8.
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Image Algebra Formulation

Let ����� � be the source image. We can compute images !#"$�%�&� for' �)(�*�+�,-,-,-+/.�0 , representingthe fundamentaledge imagesfrom which the K-forms are
computed,as follows: ! " 132 �54687:9 '<; +
wherethe

7�9 '=; �?>/�&�A@ � are definedas shownin Figure 3.17.3.

t
B
(1) = 1-1

t
B
(5) = 1 -1

t
B
(2) =

1

-1

t
B
(6) =

1

-1

t
B
(3) =

1

-1

t
B
(7) =

1

-1

t
B
(4) = 

1

-1

t
B
(8) =

1

-1

Figure 3.17.3. K-form fundamentaledgetemplates.

Thus, for example, C�D�E�F is definedbyC�D�E�FHGJI�K3L�MND/ONPRQ�FTS U$V EXW3YZDN[\P�]�FTS^D/ONP_Q:FE W`YaDRb�PNcdFeS�DHOHP_Qaf�E�Fg h�iNj#k�l�m Won kdp
Let the function q be definedas in the mathematicalformulation above. The

decimal horizontal 2-form is definedbyr:sutvHw S�xzy�{ D}|#~�F�f�{ D}| v F p
Other K-forms are computedin a similar manner.

Edge in relief is computedas��� S?��� w K v K ����� rds�tvHw�� p
Edge in depth is computedas � � S�� � ~ K ��K �u� � r s�tv_w � p
Edge in threshold is computedas� � S�� � v K s�K ��K ~ K ��K �H��� r s�tv_w�� p

Comments and Observations

The K-forms techniquecapturesthe qualitativenotion of topographicalchanges
in an image surface.

The useof K-forms requiresmorecomputationthangradientformation to yield
the sameinformationasmultiple forms mustbe computedto extractedgedirections.
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3.18. Hueckel Edge Operator

The Hueckeledgedetectionmethodis basedon fitting image data to an ideal
two-dimensionaledgemodel[1, 27, 28]. In the one-dimensionalcase,the image � is fitted
to a step function �:�H���&���$� �o� ��������� ¢¡ �o� ��£���� ¤
If the fit is sufficiently accurateat a given location,an edgeis assumedto exist with the
sameparametersas the ideal edgemodel. (SeeFigure 3.18.1.) An edgeis assumedif

b

x¥ 0 x  +l¥
0

x  -l¥
0

h

a

s

x¥

y¦

Figure 3.18.1. One-dimensionaledgefitting.

the mean-squareerror

§�¨ª©�«H¬�®© «�¯ ±° ²�³H´�µ ¶¸·:³/´�µ<¹}º�»¼´
is below somethresholdvalue.

In the two-dimensionalformulation the ideal stepedgeis definedas

·�³R´�½N¾dµ ¨�¿ÁÀ ÂoÃ ´�Ä�Å�Æ�ÇAÈ8¾�Æ�ÉRÊ�Ç¢ËÍÌÀ È�Î ÂoÃ ´�Ä�Å�Æ�ÇZÈ8¾�Æ�É<Ê�ÇÐÏÍÌ�½
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whereÑ representsthedistancefrom thecenterof a testdisk Ò of radius Ó to theidealstep
edgeÔRÑÁÕ?Ó×Ö , and Ø denotestheangleof thenormalto theedgeasshownin Figure3.18.2.

b+h
Ù
θ
Úρ

b
Ù

Figure 3.18.2. Two-dimensionaledgefitting.

The edgefitting error isÛ�ÜÞÝßÝàªá âäãHå�æ�ç¼è é8ê�ãNå\æ�ç�è<ë}ì�íîå:í:ç�ï (3.18.1)

In Hueckel’s method, both image data and the ideal edge model are ex-
pressedas vectors in the vector spaceof continuousfunctions over the unit disk ð Üñ ã/ò æHó¼èAô�ò ì&õ ó ìzöø÷�ù . A basisfor this vectorspace— alsoknown asa Hilbert space—
is anycompletesequenceof orthonormalizedcontinuousfunctions ú�û#ü ô×ý Ü�þ æ ÷ æ�ÿ�ÿ�ÿ�� with
domainð . For suchabasis,â and ê havevectorform â Ü ã ��� æ � ì æ�ÿ�ÿ�ÿ è and ê Ü ã ��� æ � ì æ�ÿ�ÿ�ÿ è ,where ��� Ü Ý Ý	 
 � ãHå�æ�ç�è_â�ã�å\æ�ç�è�í�åäí�ç�æ �&ÜÞþ æ ÷ æ�ÿ�ÿ�ÿ
and ��� Ü Ý Ý	 
 � ã�å�æ�ç�èHê:ãHå�æ�ç¼è�í�å�í�ç�æ �&Ü�þ æ ÷ æ�ÿ�ÿHÿÁï
For applicationpurposes,only a finite numberof basisfunctions can be used. Hueckel
truncatesthe infinite Hilbert basisto only eight functions, û� æ û � æ�ÿ�ÿ�ÿ�æ û�� . This providesfor
increasedcomputationalefficiency. Furthermore,his sub-basiswaschosenso as to havea
lowpassfiltering effect for inherentnoisesmoothing.AlthoughHueckelprovidesanexplicit
formulationfor his eight basisfunctions,their actualderivationhasneverbeenpublished!

Having expressedthe signal â and edgemodel ê in terms of Hilbert vectors,
minimizationof the mean-squareerror of Equation3.18.1can be shownto be equivalent

to minimizationof
����� � ã � � é � � è ì . Hueckelhasperformedthis minimizationby usingsome

simplifying approximations.Also, although â is expressedin termsof vectorcomponents� � æ�ÿ�ÿ�ÿ�æ � � , ê:ã/ò æ�ó�è is definedparametricallyin terms of the parametersã � æ û æ � æ � è . The
exact discreteformulation is given below.
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Definition of the eight basisfunctions. Let ������� ��!"�$# bea disk with center���%�"��!"�&# and
radius ' . For each �(�)��!*#,+-����� � ��! � # , define.0/21' 3 �4�,56� � #�798:�4!;5<! � #=7> � . # /@? 1 5 . 7�A*B�C 7 �
and D � �=EF�$GH# /JIKMLON �QP"#SR ? 1 8:T�P 7 AD B �=EF�$GH# /VUXWT Y L[Z B�C 7 R N ��P"# ? I P 7 5\T A] 7 ��E[�$G^# /_Ua`L Z B�C 7 R N ��P�# ��Eb5:E � #c ?ed P 7 5 1 ADgf �=EF�$GH# / U `L Z B�C 7 R N �QP"# �QGh5:G � #c ?id P 7 5 1 ADgj �=EF�$GH# / U `L Z B�C 7 R N �QP"# ��Eb5:E � #c ? ` 5 d P 7&A]lk ��E[�$G^# / U `L Z B�C 7 R N ��P�# �&Gh5mG � #c ? ` 5 d P 7 ADon �=EF�$GH# /VUa` T` L Z B�C 7 R N ��P"#)p U ��E,5<E � #c Z 7 5 U �QG;5qG � #c Z 7srDot �=EF�$GH# / U ` T` L Z B�C 7 R N ��P"#9R&T ��E,5<E&�$#c �QGu5mG&�$#c v
Then w � / U T dHLT I Z B(C 7 D �w B / UyxT Z B�C 7 D Bw 7 / D 7 8 D jw f / Dgf 8 D kw j / `T D nw k / `T Dotw n / U Id Z B�C 7 � D 7 5 Dgj #w t / U Id Z B�C 7 � Dgf 5 D k # v
Note that when

3 �4�,5<�%�&# 7 8-�z!h56!"�{# 7 / ' , then
> �QP"# /}| . Thus,on the boundaryof� eachof the functions ~�� is | . In fact, the functions ~�� intersectthe disk � as shown
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in the following figure:

h0 h1 h2 h3

h4 h5 h6 h7

R
�

Figure 3.18.3. The intersection ���S�*���"���[�=�{��� .
In his algorithm, however,Hueckelusesthe functions �a���Q�S���H�$�*�&�$�$�Q���*� in-

steadof � �X�����}���$�*�$���$�&���"� in orderto increasecomputationefficiency. This is allowable
sincethe ��� ’s arealsolinearly independentandspanthesameeight-dimensionalsubspace.

As a final remark, we note that the reasonfor normalizing � — i.e., �����l� �4 ,¡< �¢$��£y¤¥�z¦h¡\¦"¢$��£ insteadof �§� � �4 ¨¡\ %¢{�=£y¤:�z¦h¡<¦"¢{�=£ forcing �ª©«�6©¬�
— is to scalethe disk ���4  ¢ ��¦ ¢ � back to the size of the unit disk, so that  restrictedto���z  ¢ �Q¦ ¢ � canbe expressedasa vector in the Hilbert spaceof continuousfunctionson � .

Hueckel’s algorithm. Thealgorithmproceedsasfollows: Choosea digital disk of radius®
(
®

is usually 4, 5, 6, 7, or 8, dependingon the application)and a finite numberof
directions ¯�°���±;�²�*�´³{³$³&��µ�� — usually ¯h���"¶H�(·^¸ ¶ ��¹ �*¶ �{�&º ¸*¶ .

Step 1. For »��¼���{� �{³$³$³���� , compute ½ ¾¿� ÀÁ�Â*Ã Ä&ÅeÆ*ÇOÁÈÂ�ÉsÃ Ä&É�Å [�z M��¦*�=���z�4 )�Q¦ � ;
Step 2. For Êl�-���{� �{�$�{�=�{Ë , compute Ì ¢ �(¯=Í"�Î�ÐÏ £*Ñ�Ò"Ó ¯=ÍÎ¤�Ï�Ô Ó �ÈÕF¯=Í ;
Step 3. For Êl�-���{� �{�$�{�=�{Ë , compute Ì � �(¯ Í �Î�ÐÏsÖ Ñ�Ò$Ó ¯ Í ¤�Ï&× Ó ��Õ¯ Í ;
Step 4. For Êl�-���{� �{�$�$���$Ë , compute Ì £ �4¯ Í �Ø� ½ � ¤«½HÙ�Ú4Û&Ü"Ý £ ¯ Í ¡\Ý$»zÞ £ ¯ Í$ß ¤½*à$á Ó ��Õ¯ Í Ñ�Ò$Ó ¯ Í ;
Step 5. For Êb�����{� �{�$���$�{Ë , compute âã�i¯�Í*�O�åä É�Áçæçè4Åé ä É Áçæ è Å é$ê Ì £ � �4¯=Í"�M¤ªÌ ££ �4¯=Í*�zë �zì £ ;
Step 6. For Êb�}���$�*�$�{�=�&�{Ë , compute í0�4¯ Í �Î�îÌ$¢��4¯ Í �)¤-âã�4¯ Í � ;
Step 7. Find ï suchthat ð ía�z¯ ñ��$ð%òóð í0�4¯ Í �{ðô�:Êb�����{� �{�$���$�{Ë ;
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126 CHAPTER 3. EDGE DETECTION AND BOUNDARY FINDING TECHNIQUES

Step 8. Calculateõlö@÷�ø�ù4ú�û�ü=ýSþ{ÿ � ��� ù4ú�û*ü � ÷ � ù4ú�û�ü ���
	� ö���0ù4ú û ü=ý��çù�� � ü ��� ø ����� õ ø � ø ��� � �"õ ø ��� 	� ö �! � � � � � õ�ù"� � õ�ù"� � õ�ü�ü � ù ��� õ�ü ø ý�# $
Step 9. Set

% ö'&&&&&
�aùzú û ü

� ( �
ø
� � �Hù � øø � � ø) � � ø* � � ø+ ü � �Hù � ø � � ø, ü � �"� ø &&&&&

and define - ù .  	0/  üSö21 ù � 	 � 	 õ 	 ú û ü4365 %87:9; <>="?A@!B�C 3 D @FE
Remarks. The edgeimage

-
haseither pixel value zero or the parameter

ùHG 	"IJ	 õ 	 ú K ü .
Thus,with eachedgepixel we obtainparametersdescribingthe natureof the edge.These
parameterscouldbeusefulin furtheranalysisof theedges.If only theexistenceof anedge
pixel is desired,thenthe algorithmcanbe shortenedby droppingSTEP8 anddefining- ù .L 	�/  üyöM1 � 365 %N7O9;P<>="?A@QB"C 3 D @FE
Note that in this casewe also needonly compute R � 	�STS�S�	 R , since R  is only usedin the
calculationof U .

It canbe shownthat theconstantV in STEP9 is thecosineof theanglebetween
the vectors W

ö ù �Q 	 � � 	TS�STS�	 � , ü and X
ö ù Y" 	 Y � 	�S�STS�	 Y , ü . Thus, if the two vectorsmatch

exactly, then the angle is zero and V
ö �

; i.e., W is alreadyan ideal edge. If V[Z ;AE \
,

then the fit is not a goodfit in the mean-squaresense.For this reasonthe threshold] is
usuallychosenin the range

;^E_\a` 9 Z � . In additionto thresholdingwith ] , a further test
is often madeto determineif the edgeconstantfactor

I
is greaterthana thresholdfactor.

As a final observationwe note that V would haveremainedthe samewhether
the basis bdc or

I c had beenusedto computethe componentsR>c .
Image Algebra Formulation

In the algorithm,the userspecifiesthe radius e of the disk over which the ideal
stepedgeis to be fitted to the image data, a finite numberof directions

ú  	 ú � 	!fTf�f�	 ú g ,
and a threshold ] .

Let Wihkjml denotethe sourceimage. Define a parameterizedtemplate n
ù0ozü pq ø r jmsQt , where u

ö ; 	 � 	�STSvST	"w
, by

n
ù0ozü
xzy�{}|�~2����� y�{}|4�6���!{����������� �>�"�A���"� �6� �F�

Here ��~�y��>�����¡ !| correspondsto thecenterof thedisk ¢ y��£| of radius ¤ and {¥~¦yH§¨����§L �| .
For © in ª � �Q«��!¬�¬T¬���i® , define ¯�°�±�²´³µ²�¶ by ·Q¸ y�¹¡|�~'yH¹º�T» ¹A»6�"¼ ¸ | .
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3.18 HueckelEdgeOperator 127

The algorithm now proceedsas follows:½A¾º¿ÁÀmÂ!ÃÅÄFÆÇÆ ÈaÉF¾F¾�ÊËÍÌ
Î ÏË¥ÐÑÓÒ�Ô�Õ�Ö× ÃFØÁÉF¾F¾ºÊ½A¾>¿ÚÙ�ÂTÃÛÄAÆ�Æ ÜÝÉF¾F¾ºÊÞàßâá ãäÎ_ÏåËzæèçêé�ë�ìTívãèÐ�Ëzî�ç�ì Õðï ívãÞLñ á ã Î_ÏåË^ò�çêé�ë�ìTí ã Ð�ËÍóèç�ì Õðï í ãÞ æQá ã Î_ÏåË¨ñ£ÐôËLõèçFö!é0ë�ì æ í ãø÷ ì Õùï æ í ã�ú ÐôËLûèç!üÚçºì Õðï í ã çêé�ë�ìTí ãý ã Î Ï Þ ßQá ãþ ÞAßQá ã þ çFö�Þ æ ñ á ã ÐÓÞ ææ!á ã úJÿ�� ã Î_ÏåÞ ß!á ã Ðôý ã× ÃAØäÉF¾F¾ºÊ� Î_Ï Ô�� þ æ Ö��ã��Íß	� ã Ô � ã Ö
ÛÎ_Ï é�ë�ì Ô�� î Ô � Ö"ÖaÎ_Ï ì Õðï¨Ô�� î Ô � Ö"ÖÞ ß Î_Ï Ë æ ç�
>Ð�Ë î ç�Þ ñ Î_Ï Ë ò ç�
>Ð�Ë ó ç�ÞAæÚÎ_Ï Ë ñ Ð�Ë õ ç ö 
 æ ÷  æ ú�Ð�Ë û ç�üÚç�èç�
ý Î_Ï ÞAßþ Þ ß þ ç ö Þ æ ñ ÐÚÞ ææ úJÿ��ÛÎ_Ï ÞAæ������ ü Ô ý
Ð�Þ ñ Ö��� Î_Ï��aç � ñ Ô � Ö ��� � � ç���çAö�� ÷ � æ ú æ ö��
Ð üÚç�� æ ú��� Î_Ï Ë ßº÷ � ç! �èÐ"� ç Ô � Ð#�Úç Ô üèÐ"� ÖvÖ%$ ç Ô � ÷ � Ö æ �!&' Î_Ï � æ Ô � Ö ��(*)ÚçQË æ ñ ÐÚüÚç ö Ë ææ Ð�Ë æî Ð�Ë æò Ð�Ë æó ú Ð � ç ö Ë æõ Ð�Ë æû ú�+zÿ�ÞiÎ Ï�,.-0/ Ô ' Ö ç Ô �21	�21 � 1 � î Ô � Ö0Ö Æ
Remarks. Note that Þ is a vectorvaluedimageof four values.If we only seeka Boolean
edgeimage,thenthe formulationcanbe greatlysimplified. The first two loopsremainthe
sameand after the secondloop the algorithm is modified as follows:� Î_Ï4356 �Íß þ � 6 þ' Î Ï � � ( )Úç�Ë æ ñ Ð üÚç^ö�Ë ææ Ð�Ë æî Ð�Ë æò Ð�Ë æó ú Ð � çAö Ë æõ Ð�Ë æû ú�+zÿ�ÞÅÎ_Ï�,7-0/ Ô ' Ö Æ

Furthermore,oneconvolutioncanbe savedas Ë ß neednot be computed.

Comments and Observations

Experimentalresultsindicate that the Hueckel operatorperformswell in noisy
andhighly texturedenvironments.The operatornot only providesedgestrength,but also
informationasto the heightof the stepedge,orientation,anddistancefrom the edgepixel.

TheHueckeloperatoris highly complexandcomputationallyvery intensive.The
complexity rendersit difficult to analyzethe resultstheoretically.
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128 CHAPTER 3. EDGE DETECTION AND BOUNDARY FINDING TECHNIQUES

3.19. Divide-and-Conquer Boundary Detection

Divide-and-conquerboundarydetectionis usedto find a boundarybetweentwo
known edgepoints. If two edgepointsareknown to be on a boundary,thenonesearches
along the perpendicularsof the line segmentjoining the two points, looking for an edge
point. The methodis recursivelyappliedto the resulting2 pairsof points. The result is an
orderedlist of pointsapproximatingthe boundarybetweenthe two given points.

The following methodwas describedin [11]. Suppose8:9<;>=@?�ACB�D is an edge
image definedon a point set E , F and G denotetwo edgepoints, and HJI%FK?�GML denotes
the line segmentjoining them. Given NPOQ= , define a rectangularpoint set R of sizeS NUTWV�FYX#G�V as shown in Figure 3.19.1.

x

yZ
p[

q\
D
]

S
^
L p[ q\(   ,   )
_

Figure 3.19.1. Divide-and-conquerregion of search.

Let ` be the set of all the edgepoints in the rectangularpoint set a . Next,
choosepoint b from ` such that the distancefrom b to cKd�e2fhgMi is maximal. Apply the
aboveprocedureto the pairs d�e2f	b>i and d%bjfhgMi .

Image Algebra Formulation

Let kml<n>ojf�p�q�r be an edgeimage,and etsudwvyx�f�vjz�i�f�g#sud�{Cx�f�{�z�i|l~} be the
two edgepointsof k . Let cJd��7f	��i denotethe line segmentconnectingpoints � and � , and
let �@d��7f�c7i denotethe distancebetweenpoint � and line c .

Find a rectangularpoint set a with width �!� aboutthe line segmentconnectinge and g . Assumewithout loss of generalitythat v x�� { x . Let ��s�������� xj����� ��� ���� ��� �>� . Let
points �!f���f��2f�� be definedas follows:

��s e¢¡£��¤ ��¥§¦ � � ��¡�¨� � f����%� � �2¡©¨ � �:��ªsWem¡£�«¤¬ ¥�¦ ��¬��2¡©®¯¨�m° f����%�±¬j�2¡�®!¨�Y°2°�²stg�¡"��¤ ��¥�¦ � � �2¡©¨� � f������ � �2¡«¨� �M��³s´gµ¡W�©¤ ¬ ¥�¦ � ¬ �2¡ ®!¨� ° fh����� ¬ �2¡ ®¯¨� °¶°¸·
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3.19 Divide-and-ConquerBoundaryDetection 129

Figure3.19.2showsthe relationshipsof ¹¯º�»�º�¼2º�½ , and ¾ to ¿ and À .

Let Á�ÂÄÃ!ºÆÅ7º�Ç�È , where Å#É�Â�Ê:ËCºhÊ@Ì�È and Ç²ÉÍÂÏÎ¯ËCºhÎCÌ�È , denotethe first coordinate
of the closestpoint to Å on ÐKÂÏÅ7º	ÇÈ having secondcoordinateÃ , that is,

ÁyÂ�Ã!º	Å7ºÆÇÈ.ÉÒÑmÓ�ÔÖÕ!×	Ø�Ù�×ÏÚÄÛMÙ�×ÆÔÜÕCÝ�ØMÙÞÝ	Ú%Ø�Ù�Ý	ÔÜÕ!×	Ø�Ù�×ÏÚÕ Ý Ø�Ù Ý ßáà Ê ÌµâÉãÎ ÌÊ Ë ßáà Ê Ì ÉãÎ Ì!ä
Note that Á is partial in that it is defined only if there is a point on ÐJÂ%Å7ºÆÇ�È
with second coordinate Ã . Furthermore, let åµÂÄÃ!º�æYº	Å7º	Ç�º�ç�È denote the setè Â�éÆº�Ã�È¢ê�é0ëíì�º�ÁyÂ�Ã!º	æYºÆÅ:ÈJî£é0îïÁyÂ%Ã!ºÆçMºÆÇÈÞð ; that is, the set of points with second
coordinateÃ boundedby ÐJÂ�æYºÆÅÈ and ÐJÂ%Ç�º	ç�È .

xñ
yZ

S
^p[

q\
D

sò
t
ó

uô
võ

θ

Figure 3.19.2. Variablescharacterizingthe region of search.

We can then computethe set ö containingall integral points in the rectangle
describedby cornerpoints ÷!ø	ù�øÆú , and û as follows:ö ü ý þ ;

if ÿ�� ��� � then

for � in ���	��
����� � ��� loop

if ��� ÿ � then

if ����� � thenö ü ý ö��������!ø	úKø�÷¯øÆú�øÆû��! 
elseö ü ý ö��"�����!ø	úKø�÷¯øÆûJøÄù#�! 
end if;

else-- � � ÿ �
if ����� � thenö ü ý ö��"�����!ø�÷!ø	ù�ø	ú2øÄû��! 
elseö ü ý ö$�"�����!ø�÷!ø	ù�ø	ù�øÄû%�& 
end if;

end if;
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end loop;

else-– '#($)�*+(
for , in -�. (�/10�0�2 ' (�3 loop

if ,�)54	( then

if ,�)�*+( then687:9 6$;"<>= ,@?�AB?�CD?EAB?�F�G!H
else687:9 6�;"<�= ,B?EAB?�C@?�FI?�J�G!H
end if;

else-- ,�KL4 (
if ,�)�* ( then687:9 6�;"<�= ,B?�C@?�JM?EAB?NFOG!H
else687:9 6�;�<�= ,B?�C@?�JM?�JM?NFPG&H
end if;

end if;

end loop;

end if.

Let Q 9SRDT#UWV@XZY[=\=Z]%^ _ G!`�a�b	G . If c VDd#Re= Q$G 9gf , the line segmentjoining h and i
definesthe boundarybetweenh and i , and our work is finished.

If c V@d#Re= QjGk) f
, define image l�m�n[o by l =�p G 9qRe=�p ?Er = hI?EisG\G . Let t 9cEu T#X c�v =�RDT#UwVDX�Y[= lI` a+xDy G�G . Thus,asshownin Figure3.19.3, t will be an edgepoint in set6

farthestfrom line segmentr = hI?	i+G . The algorithm can be repeatedwith points h andt , and with points t and i .

x

yZ
p[

q\
rz

Figure 3.19.3. Choice of edgepoint { .
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Comments and Observations

This techniqueis useful in the casethat a low curvatureboundaryis known to
exist betweenedgeelementsand the noiselevels in the imageare low. It could be used
for filling in gapsleft by an edgedetecting-thresholding-thinningoperation.

Difficultiesarisein theuseof this techniquewhenthereis morethanonecandidate
point for the newedgepoint, or whenthesepointsdo not lie on the boundaryof the object
beingsegmented.In our presentationof thealgorithm,we makea non-deterministicchoice
of the new edgepoint if there are severalcandidates. We assumethat the edgepoint
selectionmethod— which is usedas a preprocessingstep to boundarydetection— is
robustandaccurate,andthat all edgepointsfall on the boundaryof the objectof interest.
In practice,this doesnot usually occur, thus the sequenceof boundarypoints detectedby
this techniquewill often be inaccurate.

3.20. Edge Following as Dynamic Programming

The purposeof this particular techniqueis to extractone high-intensityline or
curveof fixedlengthandlocally low-curvaturefrom animageusingdynamicprogramming.
Dynamic programmingin this particularcaseinvolves the definition and evaluationof a
figure-of-merit(FOM) functionthatembodiesanotionof “bestcurvature.”Theevaluationof
the FOM function is accomplishedby usingthe multistageoptimizationprocessdescribed
below (seealso Ballard and Brown [11]).

Let |~}L�s� be a finite point set and suppose� is a real-valuedfunction of �
discretevariableswith eachvariablea point of | . That is,

�w��|w����������#�������E��� � �O� � ���������������\� � �&�
Theobjectiveof theoptimizationprocessis to find an � -tuple

���� � �������E���� � ��� | � suchthat

� � �� � ��������� �� � �����w�D��� � �Z� � �������E��� � � � ��� � �������E�\� � ��� |w�s� �
It can be shownthat if � can be expressedas a sum of functions

� ��� � �������E��� � ��� � � �Z� � ��� � �s  � � ��� � �\�+¡��s �¢�¢�¢!  � �D£ � ��� �e£ � ��� � �!�
then a multistageoptimization procedureusing the following recursionprocesscan be
applied:

1. Define a sequenceof functions ¤#¥��¦|§�~� recursivelyby setting

¤ � ���¨���g©«ª1�$� |¤#¥!¬ �#�Z%�����w�D�s� �B¥ ���O��%�s  ¤#¥ ��%� � �$� |�� ª1�� | �
for ® ��¯¦�������E� �W° ¯ .
2. For each

�� | , determinethe point
� ¥�¬ ���Z%�O��� ¥ � | suchthat

¤ ¥�¬ � ��%��� � ¥ �Z� ¥ ��¨�s  ¤ ¥ ��� ¥ ��±
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that is, find the point ²�³ for which the maximumof the function´[µD¶ ·¦¸ ²%¹�ºS» ·¦¸ ²M¼�½�¹s¾À¿ ·D¸ ²¨¹
is achieved.
The Á -tuple

¸!Â²�Ã�¼!Ä�Ä�Ä	¼ Â²sÅ1¹ cannow be computedby usingthe recursionformula:

3. Find
Â² Å�ÆkÇ suchthat ¿ Å ¸ Â² Å ¹IºÉÈWÊDË+Ì�¿ Å ¸ ½%¹WÍÎ½ ÆWÇ$Ï .

4. Set
Â² · ºÐÈ ·�Ñ Ã ¸ Â² ·�Ñ Ã ¹ for Ò$ºÐÁWÓgÔ¦¼�Ä�Ä�ÄE¼�Ô .

The input to this algorithmis an edgeenhancedimagewith eachpixel location² having edgemagnitudeÕ ¸ ²¨¹>ÖØ× and edgedirection Ù ¸ ²¨¹ ÆÀÚsÛ . Thus, only the eight
octagonaledgedirections ×¼�ÔB¼�Ä�Ä�Ä\¼�Ü are allowed (seeFigure 3.20.2).

In addition,ana priori determinedintegerÁ , which representsthe(desired)length
of the curve, must be suppliedby the useras input.

For two pixel locations ²O¼�½ of the image, the directional difference Ý ¸ ²O¼\½�¹ is
defined by

Ý ¸ ²O¼\½�¹OºßÞwà Ù ¸ ²¨¹�Ó�Ù ¸ ½%¹ àâá�ãäà Ù ¸ ²¨¹[ÓåÙ ¸ ½%¹ à+æºgÜÔ çBè�éê!ëEì áîí ê@ï
The directionaldifferenceÝ is a parameterof the FOM function » which is definedas

» ¸ ² Ã ¼�Ä�Ä�Ä\¼�² Å ¹�º Åð·!ñ Ã Õ ¸ ² · ¹PÓ
Åeò¨Ãð·�ñ Ã Ý ¸ ² · ¼�² ·�Ñ Ã ¹

subject to the constraints

(i) Õ ¸ ² · ¹ÎóÉ× (or Õ ¸ ² · ¹ôóÉÒBõ for somethreshold ÒDõ ),
(ii) öE² · Ó�² ·�Ñ Ã ö�÷�ø ù , and

(iii) Ý ¸ ² · ¼�² ·�Ñ ÃE¹ú÷ûÔ .
The solution

¸ Â² Ã ¼�Ä�Ä�Ä�¼ Â² Å ¹ obtainedthroughthe multistageoptimizationprocess
will be the optimal curve with respectto the FOM function » .

Note that constraint(i) restrictsthe searchto actualedgepixels. Constraint(ii)
further restrictsthesearchby requiringthepoint ² · to be an8-neighborof thepoint ² ·�Ñ Ã .
Constraint(iii), the low-curvatureconstraint,narrowsthe searchfor adjacentpoints even
further by restrictingthe searchto threepoints for eachpoint on the curve. For example,
given ² ·�Ñ Ã with Ù ¸ ² ·�Ñ Ã ¹Oºg× , thenthepoint ² · preceding² ·�Ñ Ã canonly havedirectional
values ×¼�Ô , or Ü . Thus, ² · can only be oneof the following 8-neighborsof ² ·�Ñ Ã shown
in Figure 3.20.1.

xk
ü xk

ü
+1

xý k
ü

xk
ü

+1þ
xk
ü

xk
ü

+1

Figure 3.20.1. The threepossiblepredecessorsof ÿ������ .
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In this example,the octagonaldirectionsare assumedto be orientedas shown
in Figure 3.20.2.

123
�
4
�
5

0
�

6
	

7

Figure 3.20.2. The eight possibledirections 
����� .
In the multistageoptimizationprocessdiscussedearlier,theFOM function � had

no constraints.In orderto incorporatetheconstraints(i), (ii), and(iii) into the process,we
define two step functions ��� and ��� by� � ����������� �! �#"%$$ �& �#'%$
and � � �(���)�+* � �, �-'/.$ �, �-"/.�0

Redefining � by�1�� ��2�3�3�342 657�)�%� � �� �82  � �69:� � �; ��2 =<8�69?>�>�>@9A��5CB � �;65�B ��2 65D� 2
where ��EC���E 2 �E@F � ����GIH����EJ��KL� � ��H����EJ�M�(NDK%G O����E 2 �E�F � �69P� � �(O��;�E 2 �E�F � �Q��N
for RS��. 2�3�3�342MT KU. , resultsin a functionwhich hasconstraints(i), (ii), and(iii) incorporated
into its definition andhasthe requiredformat for the optimizationprocess.The algorithm
reducesnow to applying steps1 through4 of the optimizationprocessto the function � .
The output ��V � 2�3�3�3W2 V 5 � of this processrepresentsthe optimal curveof length T .

Image Algebra Formulation

The input consistsof an edgemagnitudeimage X , the correspondingdirection
image Y , and a positive integer T representingthe desired curve length. The edge
magnitude/directionimage ��X 2 Y�� could be provided by the directional edge detection
algorithm of Section3.10.

Suppose�;X 2 Y��[Z\�(] 2M^6_ �a` . Define a parameterizedtemplate bdce��] 2W^=_ ��`gfh ] `ei ` byb��;X 2 Y���j=�;��)� * X=����kKlO��� 2Mm � �, on pK m n "%q r 2 X=����e's$ 2�tvuDw O��; 2Qm �e"x.K � yJzM{�|�}Q~����Q|
and a function ��ce] ` f�� by���;�=�������D�����@Hv�a
C���p��� T �;� n���� �Q�@�
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The multistageedgefollowing processcan then be expressedas�4�o� �?� ���@���d���o��� �¡£¢£¤�¥§¦�¨©¨ ª[«s¦�¬C C ��J®@¯ � �I�°�W®²±³µ´J¶�·6¸M¹kº» ®�¯ � �I�½¼�¾ ¶�´J¶�·¿¸4¹�º6À �W® º ��Á1ÂJÃQÄ�ÃMÅDÆvÃ ¼Ç¾ ¶;´�¶;·6¸W¹�º6À �W® º �ÉÈ � �Ê ¥�Ë£¬C � vÌÍ6Î � �Ï¼ ¶ � Î º�1 �¡U¢£¤�¥Ðª[«%¦J¨©¨©¦�¬C C vÌÍ ® �I� » ®�¯ � ¶�ÌÍ ®�¯ � ºÊ ¥1ËU¬C � v
Note that by restricting

� �
to Ñ �gÒCÓ�ÔÖÕ�× ª�¶;·6ØvÙ¿Ú�º

one may further reducethe
searchareafor the optimal curve

¶�ÌÍ � ¸�Û�Û�Û4¸�ÌÍ Î º .
Comments and Observations

The algorithm provides the optimal curve of length
ª

that satisfiesthe FOM
function. The methodis very flexible andgeneral.For example,the length

ª
of the curve

could be incorporatedas an additionalconstraintin the FOM function or other desirable
constraintscould be added.

The methodhas severaldeficiencies. Computationtime is much greaterthan
manyother local boundaryfollowing techniques.Storagerequirements(tablesfor

ÔÜ®�¯ �
)

are high. The length
ª

must somehowbe predetermined. Including the length as an
additionalconstraintinto the FOM function drasticallyincreasesstorageandcomputation
requirements.

3.21. Exercises

1. Note thedateson the referencesto papersby Roberts[5], Prewitt [7], Sobel[9], Marr
andHildreth [20], andCanny[18]. Considertheuseof multiple edgedirections,smoothing,
calculationof the first derivative,and calculationof the secondderivative. Describethe
trendsthat you seein edgedetectionover the periodof 21 yearscoveredby thosepapers.

2. Considerthe Frei-Chenorthogonalbasistemplatesshownin Section3.8. Verify that
thebasisis orthogonal.How easywould it be to definea new basiswith differentweights
for the edgesubspace?Designsucha basiswith templatesthat morecloselyapproximate
thoseof the Sobel edgedetector.

3.* Use the techniquedescribedin Section11.5 to createa programwritten using the
imagealgebraC++ library to implementCannyedgedetectionusing just four directional
derivatives(at 45Ý increments)rather than six as shown in Section3.12. Comparethe
resultswith the six directionversionof the algorithm. Discusswhetheror not usingmore
directionsprovided better results.

4. Considerthe image algebraformulation for the Laplacian shown in Section 3.14.
Reformulatethis as the differencebetweenan imageanda smoothingof that imagewith
a von Neumannneighborhood.
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5. Supposeyou want to find edgesat subpixel resolution. Which of the detectors
presentedin this book are amenableto such a modification? Using the image algebra
C++ library, implementa modificationof the Marr-Hildreth edgedetectorusing bilinear
interpolationto reportedgesat points in an imagehaving four times the resolutionof the
original image. Testyour algorithmusingsyntheticimagescontainingstepedges.Down-
sampleyour imagesby a factor of 16 (four times both horizontally andvertically) before
testing.

6. Investigatethe behaviorof the Sobel,Canny,andMarr-Hildreth edgedetectorsto the
following image:ÞpßÉàâáäã�å�æDá�ã;å ç Þ6èêé6ë ç é1ì�íkîðïpñ ò�ó é6ë�ôPõé6ë�öLõ ò�ó õÇ÷Lé6ë�÷%ø�ùú�û ò�ó é6ë�üPø�ù ý
Discusswhereyou believeedgesshouldappearin this imageand wherethey do appear
in the different algorithms. Discusswhich of theseedgealgorithmsrepresentsa first-
derivativeand which is a second-derivativeoperator.

7. Both the Cannyand Marr-Hildreth detectorscan be usedat a sequenceof scalesto
providebetterlocality for edgesfound at a lower scale.Designan algorithmto track edge
pointsfrom a low resolutionimage(large þ ) througha sequenceof higherresolutionimages
(with successivelysmaller þ values)to improveits location. Whatproblemsmustyou face
in designingany such algorithm?
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CHAPTER 4
THRESHOLDING TECHNIQUES

4.1. Intr oduction

This chapterdescribesseveralstandardthresholdingtechniques.Thresholdingis
one of the simplestand most widely usedimage segmentationtechniques.The goal of
thresholdingis to segmentan imageinto regionsof interestandto removeall otherregions
deemedinessential.The simplestthresholdingmethodsusea single thresholdin order to
isolateobjectsof interest. In many cases,however,no single thresholdprovidesa good
segmentationresult over an entire image. In suchcasesvariableandmultilevel threshold
techniquesbasedon variousstatisticalmeasuresare used. The materialpresentedin this
chapterprovidessomeinsight into different strategiesof thresholdselection.

4.2. Global Thr esholding

The global thresholdingtechniqueis usedto isolate objectsof interesthaving
valuesdifferent from the background. Eachpixel is classifiedas either belongingto an
object of interestor to the background.This is accomplishedby assigningto a pixel the
value 1 if the sourceimagevalue is within a given thresholdrangeand 0 otherwise[1].
A samplingof algorithmsusedto determinethresholdlevelscanbe found in Sections4.6,
4.7, and 4.8.

The global thresholdingprocedureis straightforward.Let ÿ������ be the source
imageand � ���
	�� beagiventhresholdrange.Thethresholdedimage������������ � is givenby�������� � �"!$#%�'&µÿ(�����)&*	�,+�-
.�/10
23!$4
/
for all �5�56 .

Two special casesof this methodologyare concernedwith the isolation of
uniformly high valuesor uniformly low values. In the first the thresholdedimage  will
be given by ��7����� � �"!$#�ÿ(�����)8*	�,+�-
.�/�0923!:4
/
while in the secondcase ������;�=< �>!$#�ÿ(������&?	�@+A-9.�/�0923!B49/A�
where 	 denotesthe suitablethresholdvalue.

Image Algebra Formulation

Let ÿ'�5�;� be the sourceimage and � ���C	�� be a given thresholdrange. The
thresholdedresult image ��D�E���1�1� � canbe computedusingthe characteristicfunctionDFG��HJI K�L M9NO�(ÿP��Q
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The characteristicfunctions RDS TVU�W(X�Y�Z\[
and

RDS T]U�^ X Y�Z\[
canbe usedto isolateobject of high valuesand low values,respectively.

Comments and Observations

Globalthresholdingis effectivein isolatingobjectsof uniformvalueplacedagainst
a backgroundof different values. Practicalproblemsoccur when the backgroundis non-
uniform or whentheobjectandbackgroundassumea broadrangeof values.NotealsothatRDS T]UJ_ `�a Xcb YOZ\[�TdY�U W ` YeZ\[9[;f�YOU ^ X Y�Z\[9[�g
4.3. Semithresholding

Semithresholdingis a useful variation of global thresholding[1]. Pixels whose
valueslie within a given thresholdrangeretain their original values. Pixels with values
lying outsideof thethresholdrangearesetto 0. For a sourceimage

Z'h5i;j
anda threshold

range k l�mCn�o , the semithresholdedimage

R�hpiqj
is given byR�Y�r�[�T s ZtY�r�[vu$w l'x ZtYyr�[ x*nz {�|
}�~1�
� u$� ~

for all

r5h5�
.

Regionsof high valuescan be isolatedusingR�Y�r�[;SGT s Z(Y�r�[vu$w�Z(Yer�[�� nz {�|
}�~��
� u:� ~
and regionsof low valuescan be isolatedusingR�Y�r�[;SGT s Z(Y�r�[vu$w�Z(Yer�[ x�nz {�|
}�~��
� u:� ~ g

Image Algebra Formulation

The imagealgebraformulation for the semithresholdedimage

R�h�i;j
over the

rangeof values k l�m�n�o is R5SGT�Z�fCU _G`�a X�b YOZ\[�g
The imagessemithresholdedover the unboundedsets kGn(m9� [ and

Y
� ��mCn�o aregiven byR�Y7r�[�SGT]Z�f�U�W(X�YyZP[
and

R�Y�r�[;SGT�Z�fCU ^ X Y�Z\[ m
respectively.
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Alternate Image Algebra Formulation

The semithresholdedimagecan also be derivedby restricting the sourceimage
to thosepointswhosevalueslie in the thresholdrange,and then extendingthe restriction
to � with value � . The imagealgebraformulationfor this methodof semithresholdingis�5�G� �O�J���G��� �9�7��� �\�
If appropriate,insteadof constructinga result over � , onecan constructthe subimage�
of
�

containingonly thosepixels lying in the thresholdrange,that is,� �G������� ��� �c�y�
Comments and Observations

Figures4.3.2and4.3.3below showthe thresholdedandsemithresholdedimages
of the original imageof the Thunderbirdsin Figure 4.3.1.

Figure 4.3.1. Image of Thunderbirds� .

Figure 4.3.2. Thresholdedimageof Thunderbirds D¡ ¢]£�¤�¥y¦C§�¨O©\ª .
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Figure 4.3.3. Semithresholdedimageof Thunderbirds«�¬ V®�¯1°�±�²e³C´1µe®\¶ .
4.4. Multilevel Thr esholding

Global thresholdingandsemithresholdingtechniques(Sections4.2 and4.3) seg-
mentan imagebasedon the assumptionthat the imagecontainsonly two typesof regions.
Certainly,an imagemay containmore than two typesof regions. Multilevel thresholding
is an extensionof the two earlier thresholdingtechniquesthat allows for segmentationof
pixels into multiple classes[1].

For example,if the imagehistogramcontainsthreepeaks,then it is possibleto
segmentthe imageusing two thresholds.Thesethresholdsdivide the valueset into three
nonoverlappingranges,eachof which canbeassociatedwith a uniquevaluein theresulting
image. Methodsfor determiningsuchthresholdvaluesare discussedin Sections4.6, 4.7,
and 4.8.

Let ®'·5¸;¹ bethesourceimage,andlet º ²E» ¯�¯1¯ » º�¼ bethresholdvaluessatisfyingº ²�½ º¿¾ ½ ¯�¯1¯ ½ º�¼ . Thesevaluespartition ¸ into À�Á5Â intervalswhich areassociatedwith
values Ã ² » ¯1¯�¯ » Ã ¼AÄ ² in the thresholdedresult image. A typical sequenceof result values
might be Â » ¼ÆÅ ²¼ » ¯1¯�¯ » ²¼ »
Ç . The thresholdedimage «]·p¸;¹ is definedby

«�µ7È�¶�ÊÉË Ì Ã�² Í$Î]ºÆ²�Ï�®(µOÈ�¶Ã1Ð Í$Îpº�Ð;Ï�®tµ�È�¶�Ñ?º�Ð Å ²Ã ¼¿Ä ² Í$ÎÒ®(µÔÓ\¶�Ñ?º ¼(Õ
Image Algebra Formulation

Define the function Ö�¬J¸ ×Ê¸ by

Ö(µ
Ø�¶;ÚÙ Ã�² Í$ÎJºÆ²%Ï?ØÃ1Ð Í$ÎJº�Ð;Ï�ØÛÑ*º�Ð Å ²Ã ¼�Ä ²ÜÍ$ÎJØÝÑ?º ¼ Õ
The thresholdedimage «]·�¸ ¹ canbe computedby composingÖ with ® , i.e.,«�¬GÞÖàß�® Õ

© 2001 by CRC Press LLC



4.6 ThresholdSelectionUsing MeanandStandardDeviation 141

4.5. Variable Thr esholding

No single thresholdlevel may producegoodsegmentationresultsover an entire
image. Variable thresholdingallows different thresholdlevels to be applied to different
regionsof a image.

For example,objectsmaycontrastwith thebackgroundthroughoutan image,but
dueto unevenillumination, objectsandbackgroundmay havelower valueson onesideof
the imagethanon the other. In suchinstances,the imagemay be subdividedinto smaller
regions.Thresholdsarethenestablishedfor eachregionandglobal (or other)thresholding
is applied to eachsubimagecorrespondingto a region [1].

The exact methodologyis as follows. Let á'â5ã;ä be the sourceimage, and
let image åæâÚã ä denotethe region thresholdvalue associatedwith eachpoint in ç ,
that is, å;è�é;ê is the thresholdvalueassociatedwith the region in which point é lies. The
thresholdedimage ë�âDìEí�î�ï�ð ä is definedbyë%è7é�êCñóò ï ôGõ�á(è�é�ê�ö�å÷è�é�êí ô$õ�á(è�é�ê�ø�å÷è�é�ê�ù

Image Algebra Formulation

The thresholdedimage ë can be computedas follows:ëDúGñ�û�üPý(è�áPê�ù
Comments and Observations

Variable thresholdingis effective for imageswith locally bimodal histograms.
This methodwill producethe desiredresultsif the objectsarerelatively small andarenot
clusteredtoo close together. The subimagesshouldbe large enoughto ensurethat they
containboth backgroundand object pixels.

Thesameproblemsencounteredin global thresholdingcanoccuron a local level
in variable thresholding. Thus, if an imagehas locally nonuniformbackground,or large
rangesof valuesin someregions,or if themultimodalhistogramdoesnot distinguishobject
from background,the techniquewill fail. Also, it is difficult to define the image å without
somea priori information.

4.6. Thr esholdSelectionUsing Mean and Standard Deviation

In this sectionwe presentthe first of three automaticthresholdingtechniques.
The particularthresholdderivedhereis a linear combination,þ¿ÿ����Vþ���� , of the meanand
standarddeviationof thesourceimageandwasproposedby Hamadani[2]. Themeanand
standarddeviationare intrinsic propertiesof the sourceimage. The weights þÆÿ and þ�� are
pre-selected,basedon imagetype information, in order to optimizeperformance.

For a given image á'âpã ä , where ç is an 	�
� grid, the mean � andstandard
deviation � of á are given by

�5ñ ï	�� �� � � ÿ ��� � ÿ á(è��9î��Aê
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and

��� ���� � !#"$ %'&)(+*$, &)(.-�/0-�132547698;:<6>=72
respectively. The thresholdlevel ? is set at

? �+@ ( :BA @ = � 2
wherethe constants@ ( and @ = are imagetype dependent.

Image Algebra Formulation

Let
/DCFE9G

, where H �JI "LK I * . The meanandstandarddeviationof
/

are
given by the image algebrastatements

:NM � � O! $ /
and � M �QP � �! $ -R/S8D:<6>=UT
The thresholdlevel is given by

? M �F@ ( :�A @ = � T

Comments and Observations

For typical low-resolutionIR images@ ( �V@ = � � seemsto work fairly well for
extracting“warm” objects. For higher resolution @ ( � � or @ ( � � T W and @ = �YX may
yield better results.

Figure4.6.1showsan original IR imageof a jeep(top) andthreebinary images
that resultedfrom thresholdingthe original basedon its meanand standarddeviation for
various @ ( and @ = .
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Figure 4.6.1. Thresholdingan imagebasedon thresholdlevelZ�[J\�]�^�_Q\7`ba for various \c] and \�` : (a) \c]d[fe7g�\�`h[fe7g�Z�[fe�i�j ,
(b) \c]k[�e7g�\�`k[mlng�Z�[Lepoqi , (c) \c]k[Lesrtjng�\�`h[fe7g�Z�[ulsv7w . At the

bottom of the figure is the histogramof the original image. The threshold
levels correspondingto images(a), (b), and (c) havebeenmarkedwith arrows.

4.7. Thr esholdSelectionby Maximizing Between-ClassVariance

In this section we present the method of Otsu [3, 4] for finding threshold
parametersto be used in multithresholdingschemes. For a given \ the method finds
thresholdsvyxzZ ]B{ Z `O{Y|b|p|){ Zb}b~ ]B{L��� e for partitioning the pixels of ���+�5�0�����
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into the classes �������s�����>�0���<�����7���F�����<�����U �¡
...�£¢¤�+�s�����>�0���<�����7��¢>¥������<�£�Q��¢'¦   ¡
...��§U¨) ©���U�R���3�0�R�<���©���ª§q¨< ª¥��<�R�<����«¬¯®U¡

by maximizing the separabilitybetweenclasses. Between-classvariance is usedas the
measureof separabilitybetweenclasses.Its definition,which follows below,useshistogram
informationderivedfrom the sourceimage. After thresholdvalueshavebeendetermined,
they can be usedasparametersin the multithresholdingalgorithmof Section4.4.

Let

�y°D��±0²'�5³
and let ´ be the normalizedhistogramof

�
(Section10.10). The

pixels of

�
are to be partitionedinto µ classes

���U�¶�h b�ª·p·b·ª����§U¨) 
by selectingthe

� ¢
’s as

stipulatedbelow.

The probabilitiesof classoccurrencȩº¹ ��� ¢ � are given by¸»¹ ��� � �9�½¼ � �¿¾>ÀÁÂpÃ � ´ �'Ä7�©��¼��3�   �
...¸»¹ ��� ¢ �9�½¼ ¢ � ¾>ÅtÆ�ÀÁÂpÃ ¾>Å ¦   ´ �'Ä7���¯¼��3� ¢'¦  ª�)¬;¼���� ¢ �
...¸»¹ ����§U¨) ¶����¼�§U¨) ©�

² ¨< ÁÂpÃ ¾>Ç�È À ¦   ´ �'Ä7���u®�¬É¼�����§U¨) ¶�ª�
where

¼���� ¢ ��� ¾>ÅÊÂpÃ � ´ �'Ä7� is the0th-ordercumulativemomentof the histogramevaluatedup

to the

� ¢
th level. The classmeanlevels are given byË ���¿¾ ÀÁÂpÃ �

ÄÍÌ ´ ��Äq�¼Î� � Ë ���b ��¼��3�b Ï�
...Ë ¢<� ¾ Å Æ�ÀÁÂbÃ ¾ Å ¦  

ÄÍÌ ´ �'Ä7�¼ ¢ � Ë ����¢'¦   �9¬ Ë �3��¢R�¼���� ¢'¦  ª�9¬N¼��3� ¢ �
...Ë §U¨) Î� ² ¨< ÁÂpÃ ¾ ÇÏÈ À ¦  
ÄkÌ ´ ��Äq�¼ §q¨<  � Ë ¾ ¬ Ë ���ª§q¨< ¶�®�¬;¼���� §U¨)  � �

where Ë ��� ¢ ��� ¾ ÅÊÂpÃ � ÄÍÌ ´ ��Äq� is the 1st-ordercumulativemomentof the histogramup to the� ¢
th level and Ë � ² ¨) ÊÂbÃ � ÄSÌ ´ �'Ä7� is the total meanlevel of

�
.
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In orderto evaluatethegoodnessof the thresholdsat levels Ð�ÑQÒbÓ�Ô½Ò�ÕhÔ×ÖbÖpÖsÔÒªØÚÙ Ó ÔQÛ�ÜFÝ , the between-classvarianceis usedasdiscriminantcriterion measureof class
separability. This between-classvariance Þ Õß is definedas

Þ Õßhà¯á�âbã�ä<â Ü ä<å Õ�æ á Ó ãRä Ó Ü ä<å Õ ÖbÖpÖ æ á ØqÙ Ó ãRä ØUÙ Ó Ü ä<å Õ
or, equivalently,

Þ Õß à¯á â ä Õâ æ á Ó ä Õ Ó æ ÖpÖbÖ æ á ØUÙ Ó ä ÕØUÙ Ó Ü ä Õsç
Note that Þ Õß is a function of ÒÚÓÚè�ÒªÕUèªébébéªè¶Ò ØUÙ Ó (if we substitutethe corresponding

expressionsinvolving the ÒÏê ’s). The problem of determiningthe goodnessof the Ò�ê ’s
reducesto optimizing Þ Õß , i.e., to finding the maximumof Þ Õß ã Ò Ó è¶Ò Õ èbépébé3è�ÒªØqÙ Ó å or

ë�ì�íBî á â ä Õâ æ á Ó ä Õ Ó æ ÖbÖpÖ æ á ØqÙ Ó ä ÕØqÙ Ó Ü ä Õðï Ð�Ñ�Ò Ó Ô½Ò Õ Ô�ÖbÖpÖsÔQÒ ØUÙ Ó ÔQÛcÜQÝ�ñ ç
To the left in Figure4.7.1is theblurredimageof threenestedsquareswith pixel

values ò7Ð , Ýbó7Ð , and ôqõ�Ð . Its histogrambelow in Figure 4.7.2 showsthe two threshold
levels, Ý7Ýbò and Ýbö7÷ , that result from maximizing the variancebetweenthreeclasses.The
result of thresholdingthe blurred image at the levels aboveis seenin the image to the
right of Figure 4.7.1.

Figure4.7.1. Blurred image(left) and the result of thresholdingit (right).
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Figure4.7.2. Histogramof blurred imagewith thresholdlevels marked.

Image Algebra Formulation

Wewill illustratetheimagealgebraformulationof thealgorithmfor ø�ù+ú classes.
It is easily generalizedfor other ø with ûOüýøÉþýÿ��+û .

Let �������
	��� be the sourceimage. Let � and � be the normalizedhistogram
andnormalizedcumulativehistogramof � , respectively(Sections10.10and 10.11). The
1st order cumulativemomentimage � of � is given by

���tù�� ��� �����
where � is the parameterizedtemplatedefined by

� ������� �"!�� ù$#&%(' �
� % �*),+ % ü !- .0/�1325476 )98 20:
The imagealgebrapseudocodefor the thresholdfinding algorithm for øyùýú is

given by the following formulation:
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;=<?>A@BDCE< >F@BHGI< >F@J <?>�KEL"M3N�OHPQSRUTWVYX[Z @]\^\?M3N`_ba R]RDcQSR0TedfXDZgV�h O0\^\?M3NiOja R]RUckmln< > opL V PkqC&r s otL d P�N o]L V Pk G <?>�OEN o]L d P
J l < > KEL V Pk lJ C < > KEL d PYNuKEL V PkECJvG <?> J N�KEL d Pk Gw Gx <?>yk l J Gl h kEC J G C h kzG J GG N J GXUQ w Gxe{ ;}|0~�� ZB C <?> VB G <?> d;=<?>Fw Gx� ZS�WXUQ� Zt� a R]R�c� ZS� a R]RUc \

Whenthe algorithmterminates,the desiredthresholdsare B C and B G .

Comments and Observations

This algorithm is an unsupervisedalgorithm. That is, it has the advantageous
propertyof not requiringhumanintervention. For large � the methodmay fail unlessthe
classesare extremelywell separated.

In the figuresbelow, the directionaledgedetectionalgorithm(Section3.10) has
beenappliedto the sourceimagein Figure 4.7.3. The magnitudeimageproducedby the
directionaledgedetectionalgorithm is representedby Figure 4.7.4. The directionaledge
magnitudeimagehas256 gray levels. Its histogramcanbe seenin Figure4.7.6.

Otsu’salgorithmhasbeenappliedto find a bi-level thresholdB C that canbe used
to cleanup Figure 4.7.4. The thresholdlevel is determinedto be 105, which lies in the
valley betweenthe broad peak to the left of the histogramand the spiked peak at 255.
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The thresholdis markedby an arrow in Figure4.7.6. The thresholdedimagecanbe seen
in Figure 4.7.5.

Figure 4.7.3. Sourceimageof a causewaywith bridge.

Figure4.7.4. Magnitudeimageafter applyingdirectionaledgedetectionto Figure4.7.3.

Figure 4.7.5. Resultof thresholdingFigure 4.7.4 at
level specifiedby maximizing between-classvariance.
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Figure 4.7.6. Histogramof edgemagnitudeimage(Figure4.7.4).

4.8. Thr esholdSelectionUsing a Simple Image Statistic

The simple image statistic (SIS) algorithm [5, 4, 6] is an automaticbi-level
thresholdselectiontechnique. The method is basedon simple image statisticsthat do
not requirecomputinga histogramfor the image. Let �����Y� be the sourceimageover
an ����� array � . The SIS algorithmassumesthat � is an imperfectrepresentationof an
object and its background.The ideal object is composedof pixels with gray level � and
the ideal backgroundhas gray level � .

Let ���"���"��� be the maximumin the absolutesenseof the gradientmasks � and �
(below) applied to � and centeredat ���7���0���A� .

 1

-1

-1  1s = t =

In [5], it is shown that�����z�g �¡5���v¢ £
¤�¥�¦�§�¨Y©Hª�¤�¥�¦�§�¨D¢�������  �¡D��� ¢ ª�¤"¥7¦�§0¨5¢ «
¬®A¯°²±

The fraction on the right-hand side of the equality is the midpoint betweenthe gray
level of the object and background. Intuitively, this midpoint is an appealinglevel for
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thresholding. Experimentationhas shown that reasonablygood performancehas been
achievedby thresholdingat this midpoint level [6]. Thus, the SIS algorithm sets its
threshold ³ equal to

³W´
µ¶·�¸Y¹Wº¶»5¸�¹v¼ ½
¾�¿�À�Á�ÂYÃHÄ�¾"¿7À�Á�ÂD¼µ¶·�¸�¹ º¶»D¸�¹ ¼ Ä�¾�¿�À�Á0Â5¼ Å

The imageto the left in Figure4.8.1 is that of a squareregionwith pixel valueÆHÇ È
setagainsta backgroundof pixel value É�Ê thathasbeenblurredwith a smoothingfilter.

Its histogram(seenin Figure 4.8.2) is bimodal. The thresholdvalue
ÆHË Ì

selectedbased
on the SIS methoddividesthe two modesof the histogram.The resultof thresholdingthe
blurred imageat level

Æ5Ë0Ì
is seenin the imageto the right of Figure 4.8.1.

Figure 4.8.1. Blurred image(left) and the result of thresholding
(right) using the thresholdlevel determinedby the SIS method.

Image Algebra Formulation

Let Í�ÎÐÏYÑ be the sourceimage,where ÒÔÓ�Õ�ÖØ×`Õ�Ù . Let Ú and Û be the
templatespictured below.

 1

-1

-1  1sÜ = t
Ý

=

Let Þfß?àÐá âäãå�æ á]çÐá âäãåFè á . The SIS thresholdis given by the image algebra
statement é ß à$êìë Þfí�á âmá îê Þ ï
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Figure 4.8.2. Histogramof blurred image.

Comments and Observations

Figures4.8.4 and 4.8.5 are the resultsof applying Otsu’s (Section4.7) and the
SIS algorithms,respectively,to the sourceimage in Figure 4.8.3. The histogramof the
sourceimagewith the thresholdlevels markedby arrowsis shownin Figure 4.8.6. Note
thatthemaximumbetweenclassvariancefor Otsu’sthresholdoccurredat gray level valuesðHñ ò

through
ðDó0ô

. Thus,thesmallestgray level valueat which themaximumbetween-class
varianceoccurredwaschosenas the Otsu thresholdlevel for our illustration.

Figure 4.8.3. Original image.
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Figure 4.8.4. Bi-level thresholdimageusing Otsu’s algorithm.

Figure 4.8.5. Bi-level thresholdimageusing the SIS algorithm.
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Figure4.8.6. Histogramof original imagewith thresholdlevelsmarkedby arrows.
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4.9. Exercises

1.* Write a programthat will computethe histogramof an image,automaticallylocatea
major dip in the histogramfor thresholdselection,and thresholdthe imageto producea
binary image. Expressyour programin imagealgebrapseudocodeand test it on suitable
images.

2. Developa programin image algebrapseudocodethat will generatea digital image
containingseveral80 to 240gray-level-tallbell-shapedtowerson a backgroundof specified
gray level. Implementthe thresholdselectiontechniquesdescribedin this chapterandtest
them on your artificial images.

3. Developyour own adaptivethresholdprogramthatcansetthethresholdfor eachtower
of the imagegeneratedin Exercise2. Your programshouldbe capableof isolating any
one (and only one) of the gray-level towers.

4. Thresholdlevels can be varied to suit local or neighborhoodinput imagegray-level
variations.The intuitive result is the preservationof local contrast,thusyielding an output
imagewith less loss of information and a subjectivelymore pleasingappearance.Tech-
niquesimplementingsuchlocal thresholdsarecommonlyknownaslocally adaptivethresh-
olding. Locally adaptiveimage thresholdingtechniquesinclude line- or edge-sensitive
thresholdingand averagegray-level basedthresholding. An exampleof edge-sensitive
thresholdingwasgiven in Section4.5. In averagegray-levelbasedthresholding,thethresh-
old is determinedas a function of the averageinput image gray-valuein a local region
(usually a õ�ö�õ or ÷øö�÷ neighborhood).Pixel intensitiesthat differ significantly from
this averageare assumedto containlocal contrastinformation and are thus distinguished
in an output image. Developan algorithmthat implementslocally adaptiveimagethresh-
olding basedon averagegray-level thresholding. Write your algorithm in imagealgebra
pseudocode.Implementyour algorithm on suitableimages.
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CHAPTER 5
THINNING AND SKELETONIZING

5.1. Intr oduction

Thick objectsin a discretebinary imageare often reducedto thinner represen-
tationscalledskeletons,which are similar to stick figures. Most skeletonizingalgorithms
iterativelyerodethecontoursin a binary imageuntil thin skeletonsor singlepixels remain.
Thesealgorithmstypically examinethe neighborhoodof eachcontourpixel and identify
thosepixels that canbe deletedandthosethat canbe classifiedasskeletalpixels.

Thinningandskeletonizingalgorithmshavebeenusedextensivelyfor processing
thresholdedimages, data reduction, pattern recognition, and counting and labeling of
connectedregions. Another thinning application is edgethinning which is an essential
stepin the descriptionof objectswhereboundaryinformationis vital. Algorithms given in
Chapter3 describehow varioustransformsandoperationsappliedto digital imagesyield
primitive edgeelements.Theseedgedetectionoperationstypically producea numberof
undesiredartifactsincluding parallel edgepixels which result in thick edges.The aim of
edgethinning is to removethe inherentedgebroadeningin the gradient image without
destroyingthe edgecontinuity of the image.

5.2. Pavlidis Thinning Algorithm

ThePavlidisthinningtransformis a simplethinningtransform[1]. It providesan
excellentillustration for translatingset theoreticnotationinto imagealgebraformulation.

Let ù�úuûUüSýHþ�ÿ�� denotethe sourceimageandlet
�

denotethe supportof ù ; i.e.,��� û���ú��	�jù�
��� � þ�ÿ . Theinsideboundaryof
�

is denotedby ����
 �  . Theset ��
 � 
consistsof thosepointsof ����
 �  whoseonly neighborsare in ����
 �  or

���
.

The algorithm proceedsby starting with � � þ , setting
���

equal to
�

, and
iterating the statement

��� � � ��� ��� �"!$#&% � ���'��!�( ���)� ��� ��!*#+#
(5.2.1)

until
� � �,� �'��!

.

It is important to note that the algorithm describedmay result in the thinned
regionhavingdisconnectedcomponents.This situationcanbe remediedby replacingEq.
5.2.1 with

����� � � ��� ��! # % � ��� ��!�( ��� � ���'��! #+# % �.- � � � � ��� �"! #�#&/ ��� �"! # ý
where - ��
�01 is the outside boundaryof region 0 . The trade-off for connectivity is
highercomputationalcostandthepossibility that the thinnedimagemaynot be reducedas
much. Definitions for the variousboundariesof a Booleanimageandboundarydetection
algorithmscan be found in Section3.2.

Figure5.2.1below showsthe disconnectedandconnectedskeletonsof the SR71
superimposedover the original image.
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Figure5.2.1. DisconnectedandconnectedPavlidisskeletonsof the SR71.

Image Algebra Formulation

Let 2 be the Moore neighborhoodand 243 be the Moore neighborhoodwith
its centerpixel deletedas shownin Figure 5.2.2. The image algebraformulation of the

   M  =0
5

Figure 5.2.2. The deletedMoore neighborhood647 .
Pavlidis thinning algorithm is now as follows:

8�9;:=<
>@?BADC'E 8GF:IH CKJKJ+L8M9;:4HN 9;:4H�OP 6Q 9;: N R O HS 9;:4TVU 7XWYW H O Q R[Z]\^ 6 7 Z O QH19;: S�_�NEa`cb�CKJKJXL�d
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Whenthe loop terminatesthe thinnedimagewill becontainedin theimagevariable e . The
correspondencesbetweentheimagesin thecodeaboveandthemathematicalformulationare

f�gih+j�k lKh�l e"mf n]gporq4f ms gItvu'w�txlKh�yzkD{ u|l'}Xj�~�kX����gI�����.��� ms n gporq s m }Xuzl�)g������1�[�
If connectedcomponentsare desiredthen the last statementin the loop should

be changedto

e1� � ����f������ nV� �.� ���� � � e �+�
Comments and Observations

Therearetwo approachesto this thinning algorithm. Note that the mathematical
formulationof the algorithmis in termsof the underlyingset (or domain)of the image e ,
while the imagealgebraformulation is written in termsof imageoperations.Sinceimage
algebraalsoincludesthesettheoreticoperationsof unionandintersection,theimagealgebra
formulationcould just aswell havebeenexpressedin termsof set theoreticnotation;i.e.,� �;� lckD�1}Xt�uz� e"�X� � , ��� �;� lKkD�1}@t�u'� e���� � , and so on. However,deriving the sets �����.���
and ������� would involve neighborhoodor templateoperations,thusmaking the algorithm
lesstranslucentandmorecumbersome.Theimage-basedalgorithmis far simplerandmore
translucent.

5.3. Medial Axis Transform (MAT)

Let ���p�V� , e¡ i¢¤£'m[¥X¦[§ , and let � denotethe supportof e . The medialaxis
is the set, ¨ © � , consistingof thosepoints ª for which there exists a ball of radius«*¬ , centeredat ª , that is containedin � and intersectsthe boundaryof � in at leasttwo
distinct points. The dotted line (centerdot for the circle) of Figure 5.3.1 representsthe
medial axis of somesimple regions.

.

Figure 5.3.1. Medial axes.

The medialaxis transform  is a gray level imagedefinedover ® by

i¯�°�±]²´³rµa¶ ·¹¸ °¡º�»¼ ½D¾Y¿ À[Á*Â ·�Ã ÀDÄ
The medial axis transformis unique. The original image can be reconstructedfrom its
medial axis transform.
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ThemedialaxistransformevolvedthroughBlum’s work onanimalvision systems
[1–10]. His interestinvolved how animalvision systemsextractgeometricshapeinforma-
tion. Thereexistsa wide rangeof applicationsthat finds a minimal representationof an
imageuseful [7]. The medial axis transformis especiallyuseful for imagecompression
sincereconstructionof an imagefrom its medial axis transformis possible.

Let Å)ÆXÇÉÈ�Ê denotethe closedball of radius Ë andcenteredat È . The medialaxis
of region Ì is the set

ÍÏÎÑÐ È¡ÒÓÌÕÔrÖ�Ë[×�ÒÓØÚÙ4Û�Å Æ�Ü ÇÉÈ�Ê&ÝGÌ�ÞàßXá|âäã*åXæ$ç'Ç�Åéè Ü ÇÉÈ�Ê"êäë|Ì�Ê&ìîíàïKð
The medial axis transformis the function ñÏÔzÌóòôØ Ù defined by

ñiÇ�È�Ê Î´õ Ë × ö¹÷ È¡Ò Íø ùDúYû ü�ýYþ övÿ ü ð
The reconstructionof the domainof the original image � in termsof the medial

axis transform ñ is given by

Ì Î��×���� Å��
	 ×�� Ç�È�Ê+ð
The original image � is then

��ÇÉÈ�Ê Î��� ö¹÷ È¡ÒÓÌø ö¹÷ È¡Ò�����Ì�ð
Image Algebra Formulation

Let �GÒ Ð ø Þ � ï�� denotethe sourceimage. Usually, the neighborhood� is a
digital disk of a specifiedradius.The shapeof the digital disk will dependon the distance
function used. In our example � is the von Neumannneighborhood.

The following imagealgebrapseudocodewill generatethe medialaxis transform
of � . When the loop terminatesthe medial axis transformwill be stored in the image
variable ñ . �

Ô Î ø
ñ Ô Î�������� "! �$#Î%�  �&�&(') Ô Î �+*-,/.10+Ç�Ç2�4357698;:<=698>1? @A>CB7DE ? @ E B=F2>HGJI 8K ?L@ KNM< 6OQP"RNS�T�TVUXW

The result of applying the medial axis transformto the SR71 can be seenin
Figure 5.3.2. The medial axis transformationis superimposedover the original imageof
the SR71which is representedby dots. Hexadecimalnumberingis usedfor the display
of the medial axis transform.
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Figure 5.3.2. MAT superimposedover the SR71.

The original image Y can be recoveredfrom the medial axis transform Z using
the image algebraexpression

Y+[L\ ]^_-`ba;ced `H_"f Zhgbij%k _Vl;anm�o
Becauseeachmedialaxisvalueis onegreaterthantheassociatedneighborhoodradius,the
transformencodesisolatedpoints (with value1) andyields exactreconstruction.

Comments and Observations

Themedialaxis transformof a connectedregionmaynot be connected.Preserv-
ing connectivity is a desirablepropertyfor skeletonizingtransforms.

The applicationof the medial axis on a discretizedregion may not representa
goodapproximationof the medial axis on the continuousregion.

Different distancefunctions may be used for the medial axis transform. The
choiceof distancefunction is reflectedby the templateor neighborhoodemployedin this
algorithm.

5.4. Distance Transforms

A distancetransformassignsto eachfeaturepixel of a binaryimagea valueequal
to its distanceto thenearestnon-featurepixels. Thealgorithmmaybeperformedin parallel
or sequentially[11]. In eithertheparallelor sequentialcase,globaldistancesarepropagated
usingtemplatesthat reflectlocal distancesto thetargetpoint of thetemplate[9, 11,12, 13].
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A thinnedsubsetof theoriginal imagecanbederivedfrom thedistancetransform
by extractingthe imagethat consistsof the local maximaof the distancetransform. This
derivedsubsetis called the distanceskeleton. The original distancetransform,and thus
the original binary image,can be reconstructedfrom the distanceskeleton. The distance
skeletoncan be usedas a methodof imagecompression.

Let p be a binary image definedon q�rts1u with v for featurepixels and
0 for non-featurepixels. The SR71 of Figure 5.4.1 will serveas our sourceimage for
illustrationspurposes.An asteriskrepresentsa pixel valueof v . Non-featurepixel values
are not displayed.

Figure 5.4.1. Sourcebinary image.

The distancetransformof w is a gray level image xhy{zb| suchthat pixel valuex~}����2��� is the distancebetweenthe pixel location }����2��� andthe nearestnon-featurepixels.
The distancecan be measuredin termsof Euclideandistance,city block, or chessboard,
etc.,subjectto theapplication’srequirements.Theresultof applyingthecity block distance
transformto the imageof Figure5.4.1canbe seenin Figure5.4.2. Note that hexadecimal
numberingis used in the figure.

The distanceskeleton � of the distancetransform x is the imagewhosenonzero
pixel valuesconsistof local maximaof x . Figure 5.4.3 representsthe distanceskeleton
extractedfrom Figure5.4.2andsuperimposedover the original SR71image.

The restorationtransform is usedto reconstructthe distancetransform x from
the distanceskeleton � .
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Figure 5.4.2. Distancetransformimage.

Image Algebra Formulation

Let �����H� , and �%���V���J���Q� be the sourceimage. Note that the templates� , �+���2�-���n���/� , and   may be definedaccordingto the specificdistancemeasurebeing
used.The templatesusedfor our city block distanceexamplearedefinedpictorially below
in Figure 5.4.4.

Distance transform

The distancetransform ¡ of � , computedrecursively,is given by

¡9¢L�A�2�4£¤ � �V�1£¤¦¥ �Q§¨�
where © is the forwardscanningorderdefinedon � and ª is thebackwardscanningorder
definedon � . Theparallelimagealgebraformulationfor thedistancetransformis givenby

¡9¢L��«¬(H®(¯�° �²±�=¡ ¯�³�³Q´¡9¢ ����+¢L�µ�¨�¶£¤  /�°-·C¸+¯�³�³(´�¹
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Figure 5.4.3. Distanceskeleton.
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Figure5.4.4. Templatesusedfor city block distanceimagealgebraformulation.

Distance skeleton transform

The distanceskeletontransformis formulatednonrecursivelyasº�» ¼�½9¾J¿bÀ;ÁQÂ�Â2½�ÃÄÆÅQÇbÈ ½ ÇJÉ
Restoration transform

The restorationof ½ from º can be donerecursivelyby½9»L¼AÂnºÊÃÄÌË Â ÈÎÍ�ÇnÇ ÃÄ¦Ï1Í�Ð�É
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5.5. Zhang-SuenSkeletonizing

The Zhang-Suentransform is one of many derivativesof Rutovitz’ thinning
algorithm[6, 7, 14, 15,16]. This classof thinningalgorithmsrepeatedlyremovesboundary
points from a region in a binary image until an irreducible skeletonremains. Deleting
or removing a point in this context meansto changeits pixel value from 1 to 0. Not
everyboundarypoint qualifiesfor deletion. The 8-neighborhoodof the boundarypoint is
examinedfirst. Only if the configurationof the 8-neighborhoodsatisfiescertaincriteria
will the boundarypoint be removed.

It is the requirementsplaced on its 8-neighborhoodthat qualify a point for
deletion togetherwith the order of deletion that distinguishthe various modificationsof
Rutovitz’ original algorithm. Someof the derivationsof the original algorithmareapplied
sequentially,andsomeare parallel algorithms. One iteration of a parallel algorithm may
consistof severalsubiterations,targetingdifferentboundarypointson eachsubiteration.It
is theorderof removalandtheconfigurationof the8-neighborhoodthatqualify a boundary
point for deletionthat ultimately determinethe topologicalpropertiesof the skeletonthat
is produced.

The Zhang-Suenskeletonizingtransform is a parallel algorithm that reduces
regionsof a Booleanimageto an 8-connectedskeletonsof unit thickness.Eachiteration
of the algorithm consistsof two subiterations. The first subiterationexaminesa Ñ$ÒÑ neighborhoodof every southeastboundary point and northwest corner point. The
configurationof its ÑÓÒÔÑ neighborhoodwill determinewhetherthe point can be deleted
withoutcorruptingtheidealskeleton.On thesecondsubiterationa similar processis carried
out to selectnorthwestboundarypoints and southeastcornerpoints that can be removed
without corruptingthe ideal skeleton.What is meantby corruptingthe ideal skeletonand
a discussionof the neighborhoodconfigurationsthat make a contour point eligible for
deletion follows next.

Let Õ×ÖÙØVÚ�ÛQÜ�ÝJÞ be the source image. Select contour points are removed
iteratively from Õ until a skeletonof unit thicknessremains. A contour(boundary)point
is a point that haspixel value1 andhasat leastone8-neighborwhosepixel valueis 0. In
order to preserve8-connectivity,only contourpoints that will not disconnectthe skeleton
are removed.

Each iteration consistsof two subiterations. The first subiterationremoves
southeastboundarypoints and northwestcorner points. The seconditeration removes
northwestboundarypoints and southeastcorner points. The conditions that qualify a
contourpoint for deletionare discussednext.

Let ßáàQÛnßbâ�ÛJãäãäãäÛnßHå be the 8-neighborsof ß . (SeeFigure 5.5.1below.) Recalling
our conventionthatboldfacecharactersareusedto representpointsanditalics areusedfor
pixel values,let æ�ç
èéÕHê2ßbç¨ëJÛNìíÖ¦Ø�Ü�ÛJîQî�îïÛïð�Ý .
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Figure 5.5.1. The 8-neighborsof ÷ .
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Let øúùeûýü denotethe numberof nonzero8-neighborsof û and let þíù¨û�ü denote
the numberof zero-to-onetransitionsin the orderedsequenceûáÿ���û�������������û	�
��ûáÿ . If û is a
contourpoint and its 8-neighborssatisfy the following four conditionslisted below, thenû will be removedon the first subiteration.That is, the new valueassociatedwith û will
be 0. The conditionsfor boundarypixel removalare

(a)
�� øúùeû�ü ���

(b) þíùeûýü����
(c) �Hÿ����������������
(d) � � ��� � ���� ����
In the exampleshownin Figure 5.5.2, û is not eligible for deletionduring the

first subiteration.With this configuration øúù¨û�ü!�#" and þíùeûýü!�%$ .

 p

  0  1  1

 1  0

 1  0  1

Figure 5.5.2. Examplepixel valuesof the 8-neighborhoodabout & .

Condition (a) insuresthat endpointsare preserved. Condition (b) preventsthe
deletionof pointsof the skeletonthat lie betweenendpoints.Conditions(c) and(d) select
southeastboundarypointsandnorthwestcornerpoints for the first subiteration.

A contourpoint will besubjectto deletionduringthesecondsubiterationprovided
its 8-neighborssatisfyconditions(a)and(b) above,andconditions')(+*�, and ')-
*., aregivenby

')( * , /10�23/54623/�7�8:9
')- * , / 0 23/�;<2�/ 7 8=9

Iteration continuesuntil either subiterationproducesno changein the image.
Figure5.5.3showsthe Zhang-Suenskeletonsuperimposedover the original imageof the
SR71.
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Figure 5.5.3. Zhang-Suenskeletonof the SR71.

Image Algebra Formulation

Let >@?#A�B�C3DFE�G be the sourceimage. The template H , definedpictorially in

t
I

=

  1  2

 4

 8 16 32

 64

128

Figure 5.5.4. Censustemplateusedfor Zhang-Suenthinning.

Figure5.5.4,is a censustemplateusedin conjunctionwith characteristicfunctionsdefined
on the sets J KML@N�O�PRQ5PRS�P�T3U�P�TWV	P�T3X�PWU�V�PYU�Z�PWO\[5PRV
Z�P]X\Q�PWQ\[5PYQ^U�P]_\Q�PT\T�U�P�T�U\[5PRT�U\_�P�T�O5T\P�T�O3X5P�T+V`O5P�T�_\U�PaT�_^O�P�T�_\X5PRT�_\_�PU\[^S�PWU\U�V�PbU^U\X�PWU\U^S�PWU\O�T^PYUFV`[5PYUFV	T\P]U�V
O�PWU�V`Z5PbUFV`_
c
and J d L@N�O�PWQ�PWS�P�TRU�P�T3V�P�T�X�P]U�V	PWU\Z5PYO^[�P]O�T\PaV`Z5PYX^Q�P]Q\[�PWQ\UQ\O5PY_^Q�P�T\TRU5P�T�U\[�P�T�UFV	PaT�U\Q5P�T�U\_5PRT�O5T\P�T�O^X�P�T3V�O5PT�X^_�P�T�_\U5PRT�_\O�P�T�_^X�PWU\UWV�PYU^U\X5PYU^U\S�P]U�V
[�PWU�V`Z5PbU^X\U
c
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to identify points that satisfy the conditionsfor deletion. e�f targetspoints that satisfy (a)
to (d) for the first subiterationand e�g targetspoints that satisfy (a), (b), ( h3i ), and ( j
i ) for
the secondsubiteration.

The imagealgebrapseudocodefor the Zhang-Suenskeletonizingtransformiskml npoq^r1s\t�uwvbxynzk�{ t
|
|�}kml n xx l~n x��FvR���m�����3vbx���� {R{x l~n x��
vR�w��� ��� vbx����� {a{u����6t
|
|�}��
It maybemoreefficient to uselookuptablesratherthanthecharacteristicfunctions���^� , and ��� � . The lookup tablesthat correspondto ���^� , and ��� � aredefinedby� vR� {�n#�����~� ��� e�f� �\¡a¢�£3¤W¥ �§¦ £`¨m©�ª j

« vR� {�n � ���¬� �w� e g� �^¡R¢�£3¤a¥ ��¦ £
¨
respectively.

Comments and Observations

The Zhang-Suenalgorithm reducesthe imageto a skeletonof unit pixel width.
Endpointsarepreserved.The Zhang-Suenalgorithmis alsoimmuneto contournoise.The
transformdoesnot allow reconstructionof the original imagefrom the skeleton.

Two-pixel-widediagonallinesmaybecomeexcessivelyeroded. !®� blockswill
be completelyremoved.

Finite sets ¯ and ° are homotopic if there exists a continuousEuler number
preservingone-to-onecorrespondencebetweentheconnectedcomponentsof ¯ and ° . The
fact that �®� blocksareremovedby the Zhang-Suentransformmeansthat the transform
doesnot preservehomotopy. Preservationof homotopyis consideredto be an important
topologicalproperty. We will provide an exampleof a thinning algorithm that preserves
homotopy in Section5.6.

5.6. Zhang-SuenTransform — Modified to PreserveHomotopy

The Zhang-Suentransform of Section 5.5 is an effective thinning algorithm.
However,the fact that �®± blocksare completelyerodedmeansthat the transformdoes
not preservehomotopy. Preservationof homotopyis a desirableproperty of a thinning
algorithm. We take this opportunityto discusswhat it meansfor a thinning transformto
preservehomotopy.

Two finite sets̄ and ° arehomotopicif thereexistsa continuousEulernumber
preservingone-to-onecorrespondencebetweenthe connectedcomponentsof ¯ and ° .

Figure 5.6.1 showsthe resultsof applying the two versionsof the Zhang-Suen
thinning algorithm to an image. The original image is representedin gray. The largest
portion of the original image is the SR71. A ²�®² -pixel squarehole hasbeenpunched
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5.6 Zhang-SuenTransform— Modifiedto PreserveHomotopy 167

out near the top center. An X has beenpunchedout near the centerof the SR71. A³µ´6³
-pixel squarehasbeenaddedto thelower right-handcorner.Theoriginal Zhang-Suen

transformhasbeenappliedto the imageon the left. The Zhang-Suentransformmodified
to preservehomotopyhasbeenappliedto the imageon the right. The resultingskeletons
are representedin black.

Theconnectivitycriterionfor featurepixelsis 8-connectivity.For thecomplement
4-connectivityis the criterion. In analyzingthe image,note that the white X in the center
of the SR71is not one8-connectedcomponentof the complementof the image,but rather
nine 4-connectedcomponents.

The featurepixels of the original imageare containedin two 8-connectedcom-
ponents.Its complementconsistsof eleven4-connectedcomponents.The skeletonimage
producedby the original Zhang-Suenalgorithm (left Figure 5.6.1) has one 8-connected
components.Its complementhaseleven4-connectedcomponents.Therefore,thereis not
a one-to-onecorrespondencebetweenthe connectedcomponentsof the original imageand
its skeleton.

Noticethat themodifiedZhang-Suentransform(right Figure5.6.1)doespreserve
homotopy.This is becausethe

³�´¶³
in the lower right-handcornerof the original image

was shrunk to a point rather than being erased.

To preservehomotopy,theconditionsthatmakea point eligible for deletionmust
be mademore stringent. The conditionsthat qualify a point for deletion in the original
Zhang-Suenalgorithmremainin place. However,the 4-neighbors(seeFigure5.5.1)of the
point · areexaminedmoreclosely. If the target point · hasnoneor one4-neighborthat
haspixel value1, thenno changeis madeto the existingsetof criteria for deletion. If ·
hastwo or three4-neighborswith pixel value1, it canbedeletedon thefirst passprovided¸
¹�ºa¸	»!¼¾½ . It canbe deletedon the secondpassif ¸À¿MºÁ¸	Â!¼¾½ . Thesechangesinsurethat³Ã´±³

blocks do not get completelyremoved.

Figure 5.6.1. Original Zhang-Suentransform
(left) and modified Zhang-Suentransform(right).

Image Algebra Formulation

As probablyanticipated,theonly effect on the imagealgebraformulationcaused
by modifying theZhang-Suentransformto preservehomotopyshowsup in thesets ÄÆÅ and
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of Section5.5. The sets

Ç
É Ê
and

Ç�ÉÈ
that replacethem areÇ É ÊMË Ç Ê�ÌÎÍÐÏ�Ñ�ÒWÓ�Ô�ÒWÕ\Ô5ÒYÕ^Ï�Ö×�Ø	ÙÇ É È Ë Ç�È ÌÎÍ`Ú3Û\Ó5Ò�Ú�Û�Ü�ÒWÏ\Ï^Ü�ÒWÏ\Ï3Ý�Ö`Þ

5.7. Thinning Edge Magnitude Images

The edge thinning algorithm discussedhere uses edge magnitudeand edge
directioninformationto reducetheedgeelementsof an imageto a setthat is only onepixel
wide. The algorithm was originally proposedby Nevatiaand Babu [17]. The algorithm
presentedhere is a variant of Nevatiaand Babu’s algorithm. It was proposedin Ritter,
Gader,andDavidson[18] and was implementedby Norris [19].

The input to the algorithm is an imageof edgemagnitudesand directions. The
input imageis alsoassumedto havebeenthresholded.Theedgethinningalgorithmretains
a point as an edgepoint if its magnitudeand direction satisfy certainheuristiccriteria in
relationto themagnitudesanddirectionsof two of its 8-neighbors.Thecriteria thata point
mustsatisfy to be retainedasan edgepoint will be presentedin the next subsection.

The edge image that was derived in Section 3.10 will serve as our example
sourceimage. Recall that evenafter thresholdingthe thicknessof the resultingedgeswas

undesirable.Let ß Ë#àÁáâÒRãåä<æ¾ç)è È+éÐêWë
be an imagewith edgemagnitudes

áìæ�è ê+ë
and

directions
ã�æ±è ê�ë

. The rangeof
ã

in this variationof the edgethinning algorithmis the
set (in degrees),

ÍÐÔ�ÒWÓ\Ô5ÒYÕ^Ô�Ò�í�í�íWÒYÓ^Ó\Ô^Öïîðè
.

To understandthe requirementsthat a point must satisfy to be an edgepoint, it
is necessaryto know what is meantby the expression“the two 8-neighborsnormal to the
directionat a point.” The two 8-neighborsthat comprisethe normal to a given horizontal
or vertical edgedirection are apparent. The questionthen arisesabout points in the 8-
neighborhoodof

à)ñaÒóò`ä
that lie on thenormalto, for instance,a

Ó^Ô�ô
edgedirection. For non-

verticalandnon-horizontaledgedirections,thediagonalelementsof the8-neighborhoodare
assumedto makeup thenormals.For example,the points

à)ñÀõöÚ\Òóò�õâÚ�ä
and

àÁñ�÷¾Ú\Òóòø÷âÚ�ä
are on the normal to a

Ó^Ô\ô
edgedirection. Thesetwo points are also on the normal for

edgedirections
Õ\Ô^ô

,
Ï�Ú�Ô\ô

, and
Ï�ù`Ô^ô

(seeFigure 5.7.1). We are now readyto presentthe
conditionsa point must satisfy to qualify as an edgepoint.
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Figure 5.7.1. Directionsand their 8-neighborhoodnormalsabout ÿ�������� .
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5.7 Thinning EdgeMagnitudeImages 169

An edgeelementis deemedto existat thepoint ��	�
��� if any oneof the following
setsof conditionshold:

(1) The edgemagnitudesof pointson the normal to ����	�
���� areboth zero.

(2) The edgedirectionsof the points on the normal to ����	�
���� are both within�����
of ����	�
���� , and ����	�
���� is greaterthan the magnitudesof its neighborson

the normal.

(3) One neighboron the normal hasdirection within
�����

of ����	�
���� , the other
neighboron the normal hasdirection within

�����
of ����	�
������! #" ��� , and ����	�
����

is greaterthan the magnitudeof the former of its two neighborson the normal.

The resultof applying the edgethinning algorithm to Figure3.10.3canbe seen
in Figure 5.7.2.

Image Algebra Formulation

Let $&%!��'
(�)�+*�,�-�.0/21 be an imageon the point set 3 , where �4*5- 1 is the
edgemagnitudeimage,and �6*7- 1 is the edgedirection image.

Theparameterizedtemplate8���	�� hassupportin thethree-by-three8-neighborhood
about its target point. The 	 th neighbor(orderedclockwisestarting from bottom center)
hasvalue1. All otherneighborshavevalue0. Figure5.7.3providesan illustration for the
case	�%:9 . The small numberin the upperright-handcornerof the templatecell indicates
the point’s position in the neighborhoodordering.

The function ;=<?> � 
 ��� 
A@#@2@�
 ������BDC > � 
# �
#@�@#@A
�E B definedby

;F��G��H%JI�K G+� ���L�� M
is usedto definedthe image N�%';F���H��*O> � 
#@2@#@�
�E B 1 . The pixel value N���P�� is equalto the
positionalvalueof oneof the 8-neighborsof P that is on the normal to ����P�� .

The function Q is usedto discriminatebetweenpointsthat areto remainasedge
pointsandthosethat are to be deleted(havetheir magnitudeset to 0). It is definedby

Q?��R=
�RTS�
�R . 
�UV
(UFSA
(U . �W%

XYYYYYYYYYYYYYYYYYYYZ YYYYYYYYYYYYYYYYYYY[

��R=
�U\�^]`_aRTSb%cR . % �d ]`_aRfe'R S 
(Rge7R . 
d h UjikU S h�l ��� 
d m�npoqh UjikU . h�l ���]`_aRfe'RTS�
 h UjiOUrS h�l ��� 
m�npoqh  2" � �kUDisU . h�l ���]`_aRfe'R . 
 h UjiOU . h�l ��� 
m�npoqh  2" � ��UDisU S h�l ���� � 
�U�� t�u�vrw#x�yb]{z�w d
The edgethinnedimage |:* , -�. / 1 can now be expressedas|=<}%kQ~���'
����� 8���N���
����� 8�����Np��9��rR���Ua"��A
��+
(�T�� 8���N��#
(���� 8����Np�O9\�rR&��U+"���� d
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Figure 5.7.2. Thinnededgeswith direction vectors.
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Figure 5.7.3. Parameterizedtemplateusedfor edgethinning.
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5.8. Exercises

1. Give a set theoreticimagealgebraformulationof the Pavlidis thinning algorithm.

2. a. Provide an image algebraformulation of the medial axis transformusing the
chessboarddistance. Implementthe algorithm on a Booleanimage containing
irregularly shapedobjects.

b. Repeat2.a using the city block distance.Compareandanalyzethe resultswith
thoseobtainedin 2.a.

3. Exploreanddiscusshow a skeletonizedobjectcanbe usedasa primitive for pattern
recognition.

4. The medialaxis transformhasbeensuccessfullyappliedin pathplanningfor robotic
applications.Givena robotof circumference� , constructa building floor with hallwaysof
differentwidths, somewider than � and othersnarrowerthan � . Find the medial axis of
the hallwaysandeliminatethosethat cannotbe navigatedby the robot. Given your map
of the building floor as the input image,write an algorithm (in imagealgebra)that will
computethe pathsthe robot can travel.

5. a. Provide an image algebraformulation of the distancetransformusing the Eu-
clideandistance.Implementthe algorithmon a Booleanimagecontainingirreg-
ularly shapedobjects.

b. Repeat5.a usingthe chessboarddistance.Compareandanalyzethe resultswith
thoseobtainedin 5.a.

6. Give a non-recursiveimagealgebraformulationof a restorationtransformthat restores
the distanceskeletonsobtainedfrom exercises5.a and 5.b.

7. Let �D���\������� be definedby ��������a���2���T�����F���������+�'��  , ¡��k��¢r�A£�  � , and
let ¤ denotethe supportof ¡ .

a. Show that ��¥����+¦¤j§�¨©� if and only if �:�7ª where ª denotesthe supportof¡¬« ��� .
b. Show that �F������¤®�q�¯� if and only if �°�c± where ± denotesthe supportof¡¬² � � .

8. Derive a less cumbersomealgorithm that yields a one-pixel-widedirectional edge
imagethan the onegiven in Section5.7. Expressyour algorithmin imagealgebra.
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CHAPTER 6
CONNECTED COMPONENT ALGORITHMS

6.1. Intr oduction

A wide variety of techniquesemployedin computervision reducegray level
images to binary images. Thesebinary images usually contain only objects deemed
interestingandworthy of further analysis.Objectsof interestare analyzedby computing
various geometricpropertiessuch as size, shape,or position. Before such an analysis
is done,it is often necessaryto removevariousundesirableartifactssuchas feelersfrom
componentsthroughpruningprocesses.Additionally, it maybedesirableto labeltheobjects
so that eachobjectcanbe analyzedseparatelyandits propertieslisted underits’ label. As
such,componentlabelingcanbe considereda fundamentalsegmentationtechnique.

The labeling of connectedcomponentsalso providesfor the numberof compo-
nentsin an image. However,thereare often fastermethodsfor determiningthe number
of components.For example,if componentscontainsmall holes,the holescanbe rapidly
filled. An applicationof the Euler characteristicto an imagecontainingcomponentswith
no holesprovidesone fast methodfor countingcomponents.This chapterprovidessome
standardlabeling algorithmsas well as examplesof pruning,hole filling, and component
counting algorithms.

6.2. Component Labeling for Binary Images

Componentlabeling algorithms segmentthe domain of a binary image into
partitions that correspondto connectedcomponents. Componentlabeling is one of the
fundamentalsegmentationtechniquesused in image processing. As well as being an
importantsegmentationtechniquein itself, it is often an elementof morecompleximage
processingalgorithms[1].

The set of interestfor componentlabeling of an image, ³�´7µ�¶\·2¸�¹Aº , is the set
of points »½¼¿¾ that havepixel value 1. This set is partitionedinto disjoint connected
subsets.The partitioning is representedby an image À in which all points of » that lie
in the sameconnectedcomponenthave the samepixel value. Distinct pixel valuesare
assignedto distinct connectedcomponents.

Either4- or 8-connectivitycanbe usedfor componentlabeling. For example,let
the imageto the left in Figure 6.2.1 be the binary sourceimage(pixel valuesequal to 1
areshownin black). The imagein thecenterrepresentsthe labelingof 4-components.The
imageto the right representsthe 8-components.Differentcolors (or gray levels)areoften
usedto distinguishconnectedcomponents.This is why componentlabelingis alsoreferred
to asblob coloring. From the differentgray levels in Figure6.2.1,we seethat the source
imagehasfive 4-connectedcomponentsandone8-connectedcomponent.
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174 CHAPTER 6. CONNECTEDCOMPONENTALGORITHMS

Figure6.2.1. Original image,labeled4-componentimage,andlabeled8-componentimage.

Image Algebra Formulation

Let ÁTÂ�ÃÅÄ\Æ#Ç�ÈAÉ be the sourceimage,where Ê is an ËÍÌÏÎ grid. Let the imageÐ
be defined byÐ�Ñ�Ò Æ�Ó�Ô�Õ Ñ�ÒVÖ ÇAÔ�Îq×sÓ�Æ�ØbÙrÚAÛ�ÚÜÇ�Ý Ò Ý6Ë¯Þ�ßpà¯ÇjÝáÓ¬Ý'ÎWâ

The algorithm startsby assigningeachblack pixel a uniquelabel and usesã to
keep track of componentlabels as it proceeds. The neighborhoodä is either the von
Neumannneighborhoodfor 4-connectivityor the Moore neighborhoodfor 8-connectivity.

When the loop of the pseudocodebelow terminates,å will be the image that
containsconnectedcomponentinformation. That is, pointsof Ê that havethe samepixel
value in the image å lie in the sameconnectedcomponentof Ê .å=æ}Õkçã�æ}Õ Ð=è Áé�ê?ë�ìFí å'îÕ°ã ì\ï�ïÅðå�æ}Õkããñæ}Õ Ñ å=òó ä=Ô è ÁíAôrõqì�ï\ï�ð â
Initially, eachfeaturepixel of Á has a correspondingunique label in the image ã . The
algorithm works by propagatingthe maximum label within a connectedcomponentto
every point in the connectedcomponent.

Alternate Image Algebra Formulations

Let
Ð

be asdefinedabove.Define the neighborhoodfunction ä Ñ ÁpÔ as follows:ö ä Ñ ÁpÔ�÷ Ñø Ô�Õ¿ù ø Èaú�ù#ûÏÕ ø × Ñ ÄrÆ Ò ÔWü�Û ø × Ñ�Ò Æ�Ä�Ôbæ�Á Ñ û�Ô�îÕ°ÄrÆ Ò Õ!Çbü�Û Ö Ç�È\â
The componentsof Á arelabeledusingthe imagealgebrapseudocodethat follows. When
the loop terminatesthe image with the labeledcomponentswill be containedin image
variable å . å=æ}Õkçã�æ}Õ Ð=è Áé�êýë�ìFí ãTîÕ:å ì\ï�ï�ðå�æ}Õkããñæ}ÕOå=þó ä Ñ ÁpÔí#ôÿõ ì�ï\ï�ð â
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6.2 ComponentLabeling for Binary Images 175

Note that this formulation propagatesthe minimum value within a componentto every
point in the component. The variant neighborhood

�
as definedaboveis usedto label

4-connectedcomponents.It is easyto seehow the transitionfrom invariantneighborhood
to varianthasbeenmade.Thesametransitioncanbeappliedto theinvariantneighborhood
usedfor labeling 8-components.

Variant neighborhoodsare not as efficient to implementas invariant neighbor-
hoods. However, in this implementationof componentlabeling there is one less image
multiplication for eachiteration of the �������
	 loop.

Although the abovealgorithmsaresimple,their computationalcost is high. The
numberof iterationsis directly proportionalto �� . A fasteralternatelabeling algorithm
[2] proceedsin two phases. The number of iterations is only directly proportional to����� . However,theprice for decreasingcomputationalcomplexityis an increasein space
complexity.

In thefirst phase,thealternatealgorithmappliestheshrinkingoperationdeveloped
in Section6.4 to the sourceimage ����� times. The first phaseresultsin ����� binary
images������������������� �
!#"�$&%'� . Each ��( representsan intermediateimagein which connected
componentsare shrinking toward a unique isolatedpixel. This isolatedpixel is the top
left cornerof the component’sboundingrectangle,thus it may not be in the connected
component.The image � !)"*$+%'� consistsof isolatedblack pixels.

In the secondphase,the fasteralgorithm assignslabels to eachof the isolated
blackpixelsof theimage� !)"*$+%'� . Theselabelsarethenpropagatedto thepixelsconnected
to themin � !#"*$
%', by applyinga label propagatingoperation,thento � !#"*$
%�- , andso on
until � � is labeled.In the processof propagatinglabels,new isolatedblack pixels may be
encounteredin the intermediateimages.Whenthis occurs,the isolatedpixels areassigned
unique labelsand label propagationcontinues.

Notethat thelabelpropagatingoperationsareappliedto theimagesin thereverse
ordertheyaregeneratedby theshrinkingoperations.More thanoneconnectedcomponent
maybeshrunkto thesameisolatedpixel, but at differentiterations.A uniquelabelassigned
to an isolatedpixel shouldincludethe iterationnumberat which it is generated.

The template. usedfor imageshrinkingand the neighborhoodfunction / used
for label propagationare definedin following figure. The faster algorithm for labeling

 4  2

 1 8
s0    =   P   =   
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8-componentsis as follows:1*243 5617 38569:�;*<>=+?@1�AB5DCE=&FGF>H1 A�IKJ 3 5MLON�PRQ STQ UTQ8J 2 Q8J�JVQ8JXWTQ8JVY�Q8JVZ�Q8JXP\[>]^1 A`_a�b�c7 385 7 _Dd?�e&fg=&F&F>Hh 385 7`i djk385M1�l:�;�<�=+? hKm 9n=&FGF>Hj�385o]qpsr>]qt _�u c _ h c rTLwvKJ�]qj c�x jj�3856j x 1�lzy Jj�385o]qj x{D| c rT1 l}y Jh 385 h
i d?�e
f~=&F&F>H��
When the last =&F&F>H terminatesthe labeled image will be contain in the variable j . If
4-componentlabeling is preferred,the characteristicfunction in line � shouldbe replaced
with L N�SRQ UTQ8J�JVQ8JXWTQ8J\Y�Q8J\Z�Q8J�P�[ �

Comments and Observations

The alternatealgorithm must store t _�u intermediateimages.Thereare other
fast algorithmsproposedto reducethis storagerequirement[2, 3, 4, 5]. It may also be
moreefficient to replacethe characteristicfunction LON�PRQ STQ UTQ � � �}Q8J�P�[ by a lookup table.

6.3. Labeling Componentswith Sequential Labels

Thecomponentlabelingalgorithmsof Section6.2 beganby assigningeachpoint
in the domain of the sourceimage the numberthat representsits position in a forward
scanof the domain grid. The label assignedto a componentis either the maximum or
minimum from the setof point numbersencompassedby the component(or its bounding
box). Consequently,labelnumbersarenot usedsequentially,that is, in d����+���
�R�����R��u order.

In this sectiontwo algorithmsfor labelingcomponentswith sequentiallabelsare
presented.Thefirst locatesconnectedcomponentsandassignslabelssequentially,andthus
takesthe sourceimageas input. The secondtakesas input labeledimages,suchas those
producedby the algorithmsof Section6.2, andreassignsnew labelssequentially.

It is easyto determinethe numberof connectedcomponentsin an imagefrom
its correspondingsequentiallabel image;simply find themaximumpixel valueof the label
image. The set of label numbersis also known, namely � d����
���
�������R���&�&� where � is the
maximumpixel valueof the componentimage. If componentlabelingis onestepin larger
imageprocessingregimen,this informationmay facilitate later processingsteps.

Labelingwith sequentiallabelsalsooffersasavingsin storagespace.Supposeone
is working with d����`d�� graylevel imageswhosepixel valueshaveeightbit representations.
Up to ����� labelscanbe assignedif labelingwith sequentiallabelsis used. It may not be
possibleto representthe label imageat all if labelingwith sequentiallabelsis not usedand
a label value greaterthan ����� is assigned.
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Image Algebra Formulation

Let �s�����+�R����� bethesourceimage,where� is an ����� grid. Theneighborhood�
usedis eitherthe von Neumannneighborhoodfor labeling4-connectedcomponents,or

the Moore neighborhoodfor labeling 8-connectedcomponents.

Whenthe algorithmbelow ends,the sequentiallabel imagewill be containedin
image variable � .  �¡ ¢ �� ¡8¢ �£ ¡8¢ �¤
¥�¦¨§ª©�« ��¬z¬8�® ¥&¥�¯¤
¥�¦E°±©�« ��¬²¬8�� ¥G¥>¯©�¤ ��³ § � °>´ ¢ �nµ�¶�· « �¡8¢¸ *¹ ��º³ § � °�´ ¡ ¢ �»³ § � °�´ ¹@ 

¼ ¶ © +·~�k½¢ £  ¥G¥>¯£ ¡ ¢ �� ¡ ¢ ³ £¿¾À � ´ºÁ �· «
Â  ¥&¥>¯· «
Â~©�¤· «
Â  ¥G¥>¯· «
Â  ¥G¥>¯� ¡8¢ �ÄÃ¸�'¬
Alternate Image Algebra Formulation

Thealternateimagealgebraalgorithmtakesasinput a labelimage� andreassigns
labelssequentially.Whenthe ¼ ¶ © +· loop in the pseudocodebelow terminates,the image
variable � will containthe sequentiallabel image. The componentconnectivitycriterion
(four or eight) for � will be the samethat wasusedin generatingthe image � .§ ¡8¢ �� ¡8¢¸Å

� ¡8¢ ¾ �¼ ¶ © +·Æ�Ç½¢ �` ¥&¥>¯§ ¡ ¢ § ¹ �� ¡8¢ §'ÁTÈwÉ*Ê ³^� ´ ¹ �� ¡8¢ ³ È�Ë Ê ³V� ´�´�Á �� ¡8¢ ¾ �· «
Â  ¥&¥>¯ ¬
Comments and Observations

Figure6.3.1showsa binary image(left) whosefeaturepixels arerepresentedby
an asterisk.The pixel valuesassignedto its 4- and8-componentsafter sequentiallabeling
are seenin the centerand right images,respectively,of Figure 6.3.1.
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Figure6.3.1. A binary image,its 4-labeledimage(center)and8-labeledimage(right).

6.4. Counting ConnectedComponentsby Shrinking

The purposeof the shrinking algorithmpresentedin this sectionis to count the
connectedcomponentsin a Booleanimage. The idea, basedon Levialdi’s approach[6],
is to shrink eachcomponentto a point and thencount the numberof pointsobtained.To
expressthis ideaexplicitly, let ÌÎÍ�Ï�Ð
Ñ�Ò�Ó�Ô denotethe sourceimageand let Õ denotethe
Heavisidefunction definedby

Õ×ÖÙØ�Ú�Û�Ü ÐÞÝ8ß�Øºà@ÐÒáÝ}ßOØºâ@Ð
ã
One of four windows may be chosenas the shrinking pattern. Each is distinguishedby
the direction it compressesthe image.

Shrinking toward top right —

Ì�Ö\ä�ÑXå�Ú¸æ8Û6ÕKç Õ×Ö^Ì×Öqä Ñ\å¿è@Ò�Ú�é¸Ì×Öqä Ñ\å�Ú'éêÌ�Öqä*é@Ò�Ñ\å�ÚKè@Ò�Ú�é�Õ�ÖVÌ�Öqä ÑXå>ÚKéÄÌ�Ö\ä�éDÒ�ÑXå#è@Ò�ÚKè@ÒRÚVë�ã
Shrinking toward top left —

Ì�Ö\ä�ÑXå�Ú¸æ8Û6ÕKç Õ×Ö^Ì×Öqä Ñ\å�Ú'éêÌ�Öqä Ñ\å¿é@Ò�Ú'éêÌ�Öqä*é@Ò�Ñ\å�ÚKè@Ò�Ú�é�Õ�ÖVÌ�Öqä ÑXå>ÚKéÄÌ�Ö\ä�éDÒ�ÑXåºéDÒ�ÚKè@ÒRÚVë�ã
Shrinking toward bottom left —

Ì�Ö\ä�ÑXå�Ú¸æ8Û6ÕKç Õ×Ö^Ì×Öqä Ñ\å�Ú'éêÌ�Öqä×èìÒ�Ñ\å�Ú'éêÌ�Öqä Ñ\å¿é@Ò�ÚKè@Ò�Ú�é�Õ�ÖVÌ�Öqä ÑXå>ÚKéÄÌ�Ö\ä�è@Ò�ÑXåºéDÒ�ÚKè@ÒRÚVë�ã
Shrinking toward bottom right —

Ì�Ö\ä�ÑXå�Ú¸æ8Û6ÕKç Õ×Ö^Ì×Öqä Ñ\å�Ú'éêÌ�Öqä Ñ\ånèìÒ�Ú'éêÌ�Öqä×èìÒ�Ñ\å�ÚKè@Ò�Ú�é�Õ�ÖVÌ�Öqä ÑXå>ÚKéÄÌ�Ö\ä�è@Ò�ÑXå#è@Ò�ÚKè@ÒRÚVë�ã
Each iteration of the algorithm consistsof applying, in parallel, the selected

shrinking window on every elementof the image. Iteration continuesuntil the original
image has beenreducedto the zero image. After eachiteration the numberof isolated
points is countedand addedto a running total of isolated points. Each isolated point
correspondsto an 8-connectedcomponentof the original image.

This shrinkingprocessis illustratedin theseries(in left to right andtop to bottom
order) of imagesin Figure 6.4.1. The original image (in the top left corner) consistsof
five 8-connectedpatterns.By the fifth iterationthe componentin the upperleft cornerhas
beenreducedto an isolatedpixel. Then the isolatedpixel is countedand removedin the
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6.4 CountingConnectedComponentsby Shrinking 179

following iteration. This processcontinuesuntil eachcomponenthasbeenreducedto an
isolatedpixel, counted,and then removed.

Figure 6.4.1. The parallel shrinking process.

Image Algebra Formulation

Let ���������
	��� be the sourceimage. We will illustrate the image algebra
formulationusingthe shrinkingwindow that compressestowardthe top right. This choice
of shrinking window dictatesthe form of neighborhoods� and � below. The template� is usedto find isolatedpoints.

N
�

  =M  = O
�

  =

The imagevariablea is initialized with the original image. The integervariable� is initially set to zero. The algorithmconsistsof executingthe following loop until the
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imagevariable a is reducedto the zero image.����������� �!#" �%$%$�&')( ! '+*-, . �+/ .1032-. �54687:919;9� ( !=<?>A@ . <?>CB . � *6EDF9 * <?>GB . � *6-HI9J9�LK%MN�%$%$�&PO
When the algorithm terminates,the value of ' will representthe numberof 8-connected
componentsof the original image.

Alternate Image Algebra Formulation

The aboveimagealgebraformulationcloselyparallelsthe formulationpresented
in Levialdi [6]. However,it involves threeconvolutionsin eachiteration. We canreduce
numberof convolutionsin eachiterationto only oneby usingthefollowing censustemplate.
A binarycensustemplate(whoseweightsarepowersof 2), whenappliedto a binaryimage,
encodestheneighborhoodconfigurationsof targetpixels. Fromtheconfigurationof a pixel,
we can decidewhetherto changeit from 1 to 0 or from 0 to 1, and we can also decide
whetherit is an isolatedpixel or not.

= 1

24

8

16 32 64
Q

128

256
RsS

The algorithmusing the binary censustemplateis expressedas follows:T�UAVXW�Y�Z\[]#^ W%_%_�`Zba ] ZdceEfg a ] g c-hjilknmGo�ipZrq;qZba ]ts iuZrqYLv�wxW%_%_�`zy
In order to count 8-components,the function s shouldbe defined as

s i;{�q ]F|)}�~�� {:����� }���� �����1���J���;����}�����}�}X�L}����J}�����}L������X�J�����J��~��;� y
The 4-componentsof the imagecan be countedby defining s to be

s i;{�q ] | }�~�� {j�5��� }����������1���1���L}�}���}L���L}��r�L};������X�J�����;��~��J� y
In either case,the movementof the shrinking componentis toward the pixel at the top
right of the component.

© 2001 by CRC Press LLC



6.5 Pruningof ConnectedComponents 181

Comments and Observations

The maximum numberof iterationsrequiredto shrink a componentto its cor-
respondingisolatedpoint is equalto the  �¡ distanceof the elementof the region farthest
from top rightmostcornerof the rectanglecircumscribingthe region.

6.5. Pruning of Connected Components

Pruningof connectedcomponentsis a commonstepin removingvariousunde-
sirableartifactscreatedduring precedingimageprocessingsteps.Pruningusuallyremoves
thin objectssuchasfeelersfrom thick, blob-shapedcomponents.Thereexistsa widevariety
of pruningalgorithms.Most of thesealgorithmsareusuallystructuredto solvea particular
task or problem. For example,after edgedetectionand thresholding,various objectsof
interestmay be reducedto closedcontours.However,in real situationstheremay alsobe
manyunwantededgepixels left. In this casea pruning algorithm can be tailored so that
only closedcontoursremain.

In this sectionwe presenta pruning algorithm that removesfeelersand other
objectsthatareof single-pixelwidth while preservingclosedcontoursof up to single-pixel
width as well as 4-connectivityof componentsconsistingof thick bloblike objects that
may be connectedby thin lines. In this algorithm,a pixel is removedfrom an object if it
containsfewer than two 4-neighbors.The procedureis iterativeandcontinuesuntil every
object pixel has two or more 4-neighbors.

Image Algebra Formulation

Let ¢¤£F¥�¦�§�¨�©Lª be the sourceimage and « denotethe von Neumannneigh-
borhood. The following simple algorithm will producethe prunedversionof a described
above: ¬I ®°¯

±�²A³X´�µ ¬·¶® ¢ ´�¸%¸�¹¬Iº® ¢¢ º®�»?¼�½¿¾ ¢5ÀLÁl¢ÃÂÄ «ÆÅuÇµ�È�Éx´%¸%¸�¹CÊ
The resultsof applying this pruningalgorithmareshownin Figure6.5.1.

Figure 6.5.1. The sourceimage a is shownat
the left and the prunedversionof a on the right.
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Comments and Observations

The algorithmpresentedabovewasfirst usedin an autonomoustarget detection
schemefor detecting tanks and military vehicles in infrared images [7]. As such, it
representsa specificpruningalgorithmthat removesonly thin feelersandnon-closedthin
lines. Differentsizeneighborhoodsmustbe usedfor the removalof larger artifacts.

Since the algorithm presentedhere is an iterative algorithm that usesa small
neighborhood,removal of long feelers may increasecomputationaltime requirements
beyondacceptablelevels, especiallyif processingis doneon sequentialarchitectures.In
suchcases,morphologicalfilters may be more appropriate.

6.6. Hole Filling

As its nameimplies, theholefilling algorithmfills holesin binaryimages.A hole
in this context is a region of 0-valuedpixels boundedby an 8-connectedset of 1-valued
pixels. A hole is filled by changingthe pixel valueof points in the hole from 0 to 1. See
Figure 6.6.1 for an illustration of hole filling.

Figure 6.6.1. Original image(left) and filled image(right).

Image Algebra Formulation

Let ËÃÌ�Í�Î%ÏLÐ�Ñ�Ò bethesourceimage,andlet thetemplateÓ andtheneighborhoodÔ
be picturedbelow. The hole filling imagealgebracodebelow is from the codederived

by Ritter [8].

 4  8

 2  3  8

 =s N
Õ

   =
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Ö:× Ø°ÙÚ ×ºØ ÛÜXÝAÞ�ß�à Ú·áØâÖ�ß¿ã%ã�äÖ:×ºØ Ú�åÚ Ø Údæ çnè
éëê
ì í1í;î�ïlÚ æð-ñ�òà�ó�ôxß%ã%ã�äÖ:× Ø°ÙÜXÝAÞXß�à Ú·áØâÖ�ß¿ã%ã�äÖ:×ºØ ÚÚ ×ºØ ïpÚIõö#÷ òAø Ûà�ó�ôxß%ã%ã�äPù
When the first Ü�ÝAÞXß�à loop terminates,the image variable

Ú
will contain the

objectsin theoriginal image Û filled with 1’s andsomeextra1’s attachedto their exteriors.
The secondÜ�ÝAÞ�ß�à loop “peels off” the extraneous1’s to producethe final output imageÚ

. The algorithmpresentedaboveis efficient for filling small holes. The alternateversion
presentednext is more efficient for filling large holes.

Alternate Image Algebra Formulation

Let Û#ú�û�ü�ý�þLÿ�� be the sourceimage and
÷

the neighborhoodas previously
defined.The holesin Û arefilled usingthe imagealgebrapseudocodebelow.Ú ×ºØ°ÙÖ+×ºØ��Ü�ÝAÞ�ß�à Ö áØ Ú ß%ã%ã�äÚ ×ºØEÖÖ:×ºØ ïpÚ õö ÷ òAø ÛàLó�ôxß%ã¿ã�äCù
Whenthe loop terminatesthe “filled” imagewill becontainedin the imagevariable Ö . The
secondmethodfills the whole domainof the sourceimagewith 1’s. Then,startingat the
edgesof thedomainof theimage,extraneous1’s arepeeledawayuntil theexteriorboundary
of the objectsin the sourceimageare reached.Dependingon how

õö
is implemented,it

may be necessaryto add the line Ö ï ü�ý1ü ò Ø#ü
immediatelyafter the statementthat initializes Ö to � . This is becausetemplate� needsto
encountera ü before the peelingprocesscan begin.

6.7. Exercises

1. Rewritethe connectedcomponentlabelingalgorithmsusingthe operationsof
øð

andõð
insteadof

øö
and

õö
.
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2. As mentionedin Section6.2, there exist other fast connectedcomponentlabeling
algorithms.Using the referencesprovided,give an imagealgebraspecificationof onesuch
algorithm.

3. Given a Booleanimage ���	��
������� , let ����� be the set of points having pixel
value 1 in � . Let ������
��������� � be defined by

���! #"%$ & � '!(*)+�! #"-,.��/�0 #"21436587�9�:;'0<�7=
Specify an algorithm in imagealgebrathat computes� .

4. A binary imageovera rectangular>@?BA arrayis equivalentto a binary >�?BA matrix.
Both the image and the matrix are bulky and can be easily compressed.For example,
given an CD?EC booleanimage of the formFGGGGGGGGGH


 �I
J
 
 �I
K

 
 �L
 
 �I
K

 
K
J
 �L
K
K

 
 �J� �J�I
K

 
 �L
 
 �I
K

 
 �L
 
 �I
K

 
 �J� �J�I
K

 
 �J� �J�I
K


MONNNNNNNNNP
then the first row is equivalentto the binary number01000100= 68. Hencethe matrix
can be written as a single column vector F GGGGGGGGGH

Q CR�QCQ 
R�QR�QQ 
Q 


MONNNNNNNNNP
It follows that the binary image can be written as a simple string “68 36 8 60 36 36
60 60” and the image value �S�T'U��V�" can be easily recoveredfrom the condensedstring
by using a decimal-to-binaryconversionfunction. Specify an image algebraalgorithm
that compressesa binary imageinto a column vector or string. Providea decompression
algorithm specifiedin image algebra.

5. Let ������
������ � and �W��� denotethe set of points correspondingto one of the
connectedcomponents� of � . Note that �YXZ�\[ ] . Let ^_�!�`"a�Z� be the smallest
rectangulararray containing � . A pixel �Tb��c���db\"c" is called an extremal point of the
component� of � if b is on the boundaryof ^_�!�`" . Providean algorithmthat labelsthe
extremalpointsof connectedcomponentsof � . Specify your algorithmin imagealgebra.
Can your algorithm be implementedin parallel?

6. As mentionedin this chapter,componentlabeling algorithmsform a computational
bottleneck in many algorithms. Can you develop a more efficient algorithm to label
connectedcomponentsthan the onespresentedin this chapter?Canyou specifya parallel
algorithm?
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7. Specify an alternatepruning algorithm. Can you specify a pruning algorithm that
removeslong feelerswithout significantly increasingcomputationtime? Can you specify
a parallel pruning algorithm?
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CHAPTER 7
MORPHOLOGICAL TRANSFORMS AND TECHNIQUES

7.1. Introduction

Mathematicalmorphologyis thatpartof digital imageprocessingthatis concerned
with imagefiltering andgeometricanalysisby structuringelements.It grewout of theearly
work of Minkowski andHadwigeron geometricmeasuretheoryandintegralgeometry[1,
2, 3], and enteredthe modernera throughthe work of Matheronand Serraof the Ecole
desMines in Fontainebleau,France[4, 5]. Matheronand Serranot only formulatedthe
modernconceptsof morphologicalimagetransformations,but alsodesignedandbuilt the
Texture AnalyzerSystem, a parallel imageprocessingarchitecturebasedon morphological
operations[6]. In theU.S.,researchinto mathematicalmorphologybeganwith Sternberg at
ERIM. SerraandSternberg werethefirst to unify morphologicalconceptsandmethodsinto
a coherentalgebraictheoryspecificallydesignedfor imageprocessingandimageanalysis.
Sternberg was also the first to usethe term imagealgebra [7, 8].

Initially themainuseof mathematicalmorphologywasto describeBooleanimage
processingin the plane, but Sternberg and Serraextendedthe conceptsto include gray
valuedimagesusingthecumbersomenotionof anumbra. During this time a divergenceof
definitionof thebasicoperationsof dilation anderosionoccurred,with Sternberg adhering
to Minkowski’s original definition. Sternberg’s definitionshavebeenusedmore regularly
in theliterature,and,in fact, areusedby Serrain his bookon mathematicalmorphology[5].

Since those early days, morphological operationsand techniqueshave been
appliedfrom low-level, to intermediate,to high-levelvision problems.Amongsomerecent
researchpaperson morphologicalimageprocessingareCrimminsandBrown [9], Haralick,
etal. [10, 11], MaragosandSchafer[12, 13,14], Davidson[15, 16,17], Dougherty[18, 19],
Koskinenand Astola [20], and SivakumarandGoutsias[21]. The rigorousmathematical
foundationof morphology in terms of lattice algebrawas independentlyestablishedby
Davidsonand Heijmans[22, 23, 24]. Davidson’swork differs from that of Heijmans’ in
thatthefoundationprovidedby Davidsonis moregeneralandextendsclassicalmorphology
by allowing for shiftvariantstructuringelements.Furthermore,Davidson’swork establishes
a connectionbetweenmorphology,minimax algebra,anda subalgebraof imagealgebra.

7.2. Basic Morphological Operations: Boolean Dilations and Erosions

Dilation anderosionarethe two fundamentaloperationsthatdefinethealgebraof
mathematicalmorphology.Thesetwo operationscanbe appliedin differentcombinations
in orderto obtainmoresophisticatedoperations.Noiseremovalin binary imagesprovides
onesimpleapplicationexampleof the operationsof dilation anderosion(Section7.4).

The languageof Booleanmorphologyis that of settheory. Thosepoints in a set
beingmorphologicallytransformedare consideredthe selectedsetof points, and thosein
the complementsetare consideredto be not selected.In Boolean(binary) imagesthe set
of pixels selectedis the foregroundand the set of pixels not selectedis the background.
The selectedsetof pixels is viewedasa set in Euclidean2-space.For example,the setof
all black pixels in a Booleanimageconstitutesa completedescriptionof the imageandis
viewed as a set in Euclidean2-space.
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188 CHAPTER 7. MORPHOLOGICAL TRANSFORMSAND TECHNIQUES

A dilation is a morphologicaltransformationthat combinestwo setsby using
vector addition of set elements. In particular, a dilation of the set of black pixels in a
binary imageby anotherset (usuallycontainingthe origin), sayB, is the set of all points
obtainedby addingthe points of B to the points in the underlyingpoint set of the black
pixels. An erosioncanbeobtainedby dilating thecomplementof theblackpixelsandthen
taking the complementof the resultingpoint set.

Dilations and erosionsare basedon the two classicaloperationsof Minkowski
addition and Minkowskisubtractionof integral geometry.For any two sets egf�h\i andj fkh\i , Minkowski addition is defined aseml j+n	oqp*rEsut�pav e`w sxvyj{z
and Minkowski subtractionas eD| j�n�} e�~�l j*�q� ~ w
where

j � n�o���s�t;sEv�j{z
and e ~ n�oq��v h\i t����v e z ; i.e.,

j �
denotesthe reflection

of B acrossthe origin � n�}T� w � w4�q����w ���*v h�i , while e ~ denotesthe complementof A.
Herewe haveusedthe original notationemployedin Hadwiger’sbook [3].

Defining e�� n	o�p�rEsut�pav e z , onealso obtainsthe relations

e�l j�n������� e�� n����ut�j*��B� e �n��a�
(7.2.1)

and e�| j�n  �����\¡ e � n�oq�ut¢j � f.e z w (7.2.2)

where
j � n�o�s£rE�¤t�sEv`j�z . It is theselast two equationsthat makesmorphologyso

appealingto many researchers.Equation7.2.1 is the basisof morphologicaldilations,
while Equation7.2.2 providesthe basisfor morphologicalerosions. SupposeB contains
the origin 0. ThenEquation7.2.1saysthat e�l j is the setof all pointsp suchthat the
translateof

j �
by thevectorp intersectsA. Figures7.2.1and7.2.2illustratethis situation.

A

B
¥

Figure 7.2.1. The set ¦¨§�©\ª with structuringelementB.
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p«

A Β

Figure 7.2.2. The dilated set ¬�£® .
Note: original set boundariesshownwith thin white lines.

ThesetA/B, on theotherhand,consistsof all pointsp suchthat thetranslateof B
by thevectorp is completelycontainedinsideA. This situationis illustratedin Figure7.2.3.

A/B
¯

p°

Figure 7.2.3. The erodedset ±D²¢³ .
Note: original set boundariesshownwith thin black lines.

In the terminologyof mathematicalmorphologywhendoinga dilation or erosion
of A by B, it is assumedthat A is the set to be analyzedandthat B is the measuringstick,
calleda structuringelement.To avoid anomalieswithout practicalinterest,the structuring
elementB is assumedto includethe origin, andboth A andB areassumedto be compact.
The set A correspondsto either the supportof a binary image ´+µY¶�·¹¸�º�»�¼ or to the
complementof the support.

The dilation of the image a using the structuringelementB resultsin another
binary image ½@µ	¶�·¹¸qº�» ¼ which is definedas½¿¾!À#Á%Â+Ã ºÅÄÇÆÈÀÉµ`Ê@ËÉ¾T±�Ì`³�Á·ÎÍ�ÏUÐ�Ñ�ÒcÓ�ÄÕÔUÑ×Ö (7.2.3)
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Similarly, the erosion of the image ØmÙgÚ�ÛÜ�Ý�Þ�ß by B is the binary imageà Ù�Ú�Û�Ü�Ý�Þqß definedby à¿á!âäã\å+æ ÝÅçOè â Ù`éDê�ëÛÎì�ícî¹ï�ð�ñ�çOòcïó (7.2.4)

The dilation and erosionof imagesasdefinedby Equations7.2.3and7.2.4can
be realizedby using max and min operationsor, equivalently,by using OR and AND
operations.In particular,it follows from Equations7.2.3and7.2.1 that the dilated image
b obtainedfrom a is given byà�ádâ#ã%å	ôDõö ÚqØ á0âD÷Eø\ãaù;ø Ù�ë*ú�Þ%ó
Similarly, the erodedimageb obtainedfrom a is given byà�á!â#ã¿å�ô�û!ü Ú�Ø á!âD÷xøäãaùýø Ùyë{ÞÈó

Image Algebra Formulation

Let ØÉÙEÚqÛ�Ü�Ý�Þ ß denotea sourceimage(usually, þmÿ���� is a rectangulararray)
andsupposewe wish to dilate é ÿ.þ , whereA denotesthesupportof a, usinga structuring
elementB containingthe origin.

Define a neighborhood� ù þ���� ß by� á0øäã%å Ú â Ù£þ ù�â
	Eø Ù`ë ú Þ×ó
The imagealgebraformulation of the dilation of the imagea by the structuringelement
B is given by àuùÇå Ø�� �aó

The imagealgebraequivalentof the erosionof a by the structuringelementB
is given by àuùÇå Ø�� �Éú�ó

Replacinga by its BooleancomplementØ�� in the aboveformulationfor dilation
(erosion)will dilate (erode)the complementof the supportof a.

Alternate Image Algebra Formulations

We presentan alternateformulation in termsof image-templateoperations.The
main rationalefor the alternateformulationis its easyextensionto the gray level case(see
Section7.6).

Let � denotethe 3-elementboundedsubgroupÚ 	�� Ü�Û�Ü � Þ of ����� . Define a

template �EÙ � �����! #"�$ by

%'&)(+*�,�-�.0/ 132 *4-65
798
:;8=<4>;?@BA CEDGFIHKJGL 1NM HPO
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The imagealgebraformulation of the dilation of the imagea by the structuringelement
B is given by QSRUT6V;WXZY\[

The imagealgebraequivalentof the erosionof a by the structuringelementB
is given by QSRUT]V�^X YK_P[

With a minor changein templatedefinition,binarydilationsanderosionscanjust
aswell be accomplishedusingthe lattice convolutionoperations

W`
and

^`
, respectively.

In particular, let a Tcbed\fhgPfIi]j
and define

Y�kml a�npo�q n o by

Y�r�s+t�u T;v gxwUy t T{z}|=~�f�~ k�� _d��P���I���!��w���� [
The dilation of the imagea by the structuringelementB is now given byQSRUT]V W` Y
and the erosionof a by B is given byQ9R T{V ^` Y�[

Comments and Observations

It can be shown that�c� s �c� �;uG�E� fs � �E��u � � �6� fs � �E��u!�E� T � ��s�� � ��u f��� s��;�\�0u � s ��� �;uG�\� f��� s�������u T s �c� �;u���s �c� ��u f����)�� �\s�������u T s � �P� u�¡�s � �\��u�[
Theseequationsconstitutethebasiclawsthatgovernthealgebraof mathematicalmorphol-
ogy andprovide the fundamentaltools for geometricshapeanalysisof images.

The current notation usedin morphologyfor a dilation of A by B is
� |` �

,
while an erosionof A by B is denotedby

�£¢ �
. In order to avoid confusionwith the

linear image-templateproduct
|`

, we use Hadwiger’s notation [3] in order to describe
morphologicalimagetransforms.In addition,we usethe now more commonlyemployed
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definitions of Sternberg for dilation and erosion. A comparisonof the different notation
anddefinitionsusedto describeerosionsanddilations is providedby Table7.2.1.

Table7.2.1 NotationandDefinitionsUsedto DescribeDilations andErosions

Minkowski Addition¤c¥4¦£§©¨
ª¬«®

¤ ª Subtraction¤
¯E¦°§ ±
ª¬«P³²

¤ ª §µ´�¤·¶�¥�¦0¸K¹ ¶
Serra
Maragos

Dilation of A by B¤»º¼ ¦;¸B§ ¨
ª¬«® ²

¤ ª Erosionof A by B¤£½9¦0¸¾§ ±
ª¬«P ²

¤ ª §µ´�¤�¶�º¼ ¦;¹ ¶

Sternberg Dilation of A by B¤»º¼ ¦¿§ ¨
ª¬«®

¤ ª Erosionof A by B¤£½9¦°§ ±
ªI«P ²

¤ ª §µ´�¤ ¶ º¼ ¦ ¸ ¹ ¶

7.3. Opening and Closing

Dilations and erosionsare usually employedin pairs; a dilation of an imageis
usually followed by an erosion of the dilated result or vice versa. In either case,the
result of successivelyapplieddilations and erosionsresultsin the elimination of specific
imagedetail smaller than the structuringelementwithout the global geometricdistortion
of unsuppressedfeatures.

An openingof an imageis obtainedby first erodingthe imagewith a structuring
elementandthendilating the resultusingthe samestructuringelement.The closingof an
imageis obtainedby first dilating the imagewith a structuringelementand then eroding
the result using the samestructuringelement. The next sectionshowsthat openingand
closing provide a particularly simple mechanismfor shapefiltering.

Theoperationsof openingandclosingareidempotent;their reapplicationeffects
no further changesto the previously transformedresults. In this senseopeningsand
closingsareto morphologywhatorthogonalprojectionsareto linearalgebra.An orthogonal
projectionoperatoris idempotentandselectsthepartof avectorthatlies in agivensubspace.
Similarly, openingandclosingprovidethemeansby which givensubshapesor supershapes
of a complexgeometricshapecan be selected.

The openingof A by B is denotedby

¤°ÀB¦
anddefined as¤£À�¦¿§�´G¤
¯E¦�¹�¥�¦ Á

The closing of A by B is denotedby

¤ÃÂ¾¦
and defined as¤£Â�¦¿§�´G¤c¥}¦;¹!¯P¦ Á
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Image Algebra Formulation

Let ÄZÅ£Æ'ÇIÈKÉKÊ'Ë denotea sourceimage and B the desiredstructuringelement
containingthe origin. Define ÌÎÍ)ÏÑÐÓÒ Ë is definedby

ÌÕÔ×Ö³Ø�ÙÚÆ'ÛÕÅ}ÏÜÍ�Û
Ý=ÖÕÅ4Þ0ß®Êáà
The imagealgebraformulationof the openingof the imagea by the structuringelement
B is given by â

ÍUÙ�Ô+Ä�ãä Ì ß Ø³åä Ì�à
The imagealgebraequivalentof the closing of a by the structuringelementB

is given by â
ÍUÙ£Ô×Ä0åä Ì�Ø³ãä Ì4ßEà

Comments and Observations

It follows from thebasictheoremsthatgovernthealgebraof erosionsanddilations
that æÃçBÞ�è°æ , Ôéæ°ç�Þ;Ø�ç¾Þ»ÙÃæ°ç¾Þ , æÜè°æÃêBÞ , and Ô�æ°ê�Þ Ø�ê�ÞmÙÃæÃêBÞ . This
showsthe analogybetweenthe morphologicaloperationsof openingand closing and the
specificationof a filter by its bandwidth.Morphologicallyfiltering an imageby anopening
or closingoperationcorrespondsto the ideal nonrealizablebandpassfilters of conventional
linearfilters. Oncean imageis idealbandpassfiltered, further idealbandpassfiltering does
not alter the result.

7.4. Salt and Pepper Noise Removal

Openingan imagewith a disk-shapedstructuringelementsmoothsthe contours,
breaksnarrowisthmuses,andeliminatessmall islands.Closingan imagewith a disk struc-
turing elementsmoothsthe contours,fusesnarrow breaksand long thin gulfs, eliminates
small holes,andfills gapsin contours.Thus,a combinationof openingsandclosingscan
beusedto removesmallholesandsmall specklesor islandsin a binary image.Thesesmall
holesand islandsare usually causedby factorssuchas systemnoise,thresholdselection,
andpreprocessingmethodologies,andarereferredto as salt andpeppernoise.

Considerthe image shown in Figure 7.4.1. Let A denotethe set of all black
pixels. Choosingthe structuringelementB shownin Figure7.4.2, the openingof A by B

æ£ç�Þ¿Ù�ÔGæ
ëEÞ�Ø�ì�Þ6È
removesall the peppernoise(small black areas)from the input images.Doing a closing
on æ£ç�Þ ,

Ô�æ£ç�Þ;Ø�ê�Þ£Ù¿í3Ô�æ£ç�Þ;Øîì4ÞðïñëPÞ6È
closesthe small white holes(salt noise)andresultsin the imageshownin Figure7.4.3.
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Figure 7.4.1. SR71 with salt and peppernoise.

Figure 7.4.2. The structuringelementB.

Figure 7.4.3. SR71with salt and peppernoiseremoved.

Image Algebra Formulation

Let ò�ó=ô'õIöK÷Kø'ù denotea sourceimageand ú the von Neumannneighborhood.
The image b derived from a using the morphological salt and peppernoise removal
techniqueis given by ûSüUý�þ!þGþ ò0ÿ� ú����� ú����� ú���ÿ� ú��
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Comments and Observations

Salt and peppernoise removal can also be accomplishedwith the appropriate
medianfilter. In fact, thereis a closerelationshipbetweenthe morphologicaloperations
of openingand closing (gray level as well as binary) and the medianfilter. Imagesthat
remainunchangedafter beingmedianfiltered arecalledmedianroot images. To obtainthe
medianroot imageof a given input imageonesimply repeatedlymedianfilters the given
imageuntil thereis no change.An imagethat is both openedandclosedwith respectto
the samestructuringelementis a medianroot image.

7.5. The Hit-and-Miss Transform

Thehit-and-misstransform(HMT) is a naturaloperationto selectout pixels that
havecertaingeometricpropertiessuchas cornerpoints, isolatedpoints, boundarypoints,
etc. In addition,theHMT performstemplatematching,thinning,thickening,andcentering.

Sinceanerosionor adilationcanbeinterpretedasspecialcasesof thehit-and-miss
transform,theHMT is consideredto be themostgeneralimagetransformin mathematical
morphology.This transformis oftenviewedastheuniversalmorphologicaltransformation
upon which mathematicalmorphologyis based.

Let B = (D, E) bea pair of structuringelements.Thenthehit-and-misstransform
of the set A is given by the expression�
	��
�������������������� �!�"�#��$�%'&

(7.5.1)

Forpracticalapplicationsit is assumedthat
�)(��* +,&

Theerosionof A by D is obtained
by simply letting

�*�+*-
in which caseEquation7.5.1 becomes�)	.�)*��/0�
&

Sincea dilation can be obtainedfrom an erosionvia the duality
�213�4657� $ /8�:9<; $

, it
follows that a dilation is also a specialcaseof the HMT.

Image Algebra Formulation

Let ="> 5@?BAC;ED and
�
F5@�3-G�H;

. Define IJ>FK�LNMPOGQ M O , where L �RTSVU , byIPW 5YXB;T�Z\[^]`_ Xa�b�cd��-�� > � 9e ]f_ Xa�b�cd��-�� > � 9 &
The imagealgebraequivalentof the hit-and-misstransformappliedto the image = using
the structuringelement

�
is given by g �` =\hi jlknm

Alternate Image Algebra Formulation

Let the neighborhoodso"prq^sutwvyx�z be definedbyo|{Y}�~T�������"t�s��"�|}|�3�����
and q
{�}N~������|��t4s��"�|}d���H��� m
An alternateformulation imagealgebrafor the hit-and-misstransformis given by� s`��{Y�\�� o���~���{Y�T�<{Y��~N�� qF��~ m
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Comments and Observations

Davidsonprovedthat the HMT can also be accomplishedusinga linear convo-
lution followed by a simplethreshold[22]. Let �����C���N�l���B�����N�l�l�<�������l l�Y���G¡H¢ £l¤|¥�¦�§¨ª©�«£ ¤|¥@¬ §¨n© , wherethe enumerationis suchthat �<� � ���N�l�n� � �Y���l�l�<���l���®¯�Y���G¡H¢ £ ¤°¥ ¦�§¨n© and�C�B<± � ���N�l�n�B<± � �Y�N�²�l���<�l�³�   ���N�G¡\¢´£ ¤ ¥ ¬ §¨ª© . Define an integer-valuedtemplater fromµ � to

µ � by

¶ ¨ �Y�B�·¢¹¸\º�»�¼ �¾½`¿ ��¢À� » ���N�Á ½f¿ �ÀÂ¢À�VÃY���N�|Ä�¢)Å8�l���<�Æ�PÇ:È
Then É\Ê ¢ÀËÍÌ��YÎ�ÏÐ ¶ �l�"Ñ�ÒuÓPÔ³Ó�Õ´¢ Ö »Ø× � º »Y¼ �
is anotherimagealgebraequivalentformulation of the HMT.

Figure7.5.1showshow the hit-and-misstransformcanbe usedto locatesquare
regionsof a certainsize. The sourceimage is to the left of the figure. The structuring
elementÙ
¢
�7Ú|�³ÛH� is madeup of the Ü\Ý"Ü solid squareÚ andthe ÞßÝ�Þ squareborderÛ . In this example,the hit-and-misstransformis designedto “hit ” regionsthat cover Ú
and “miss” Û . The two smallersquareregionssatisfy the criteria of the exampledesign.
This is seenin the imageto the right of Figure 7.5.1.

The templateusedfor the image algebraformulation of the exampleHMT is
shownin Figure7.5.2. In a similar fashion,templatescanbe designedto locateany of the
region configurationseenin the sourceimage.

D E

a b

Figure7.5.1. Hit-and-misstransformusedto locatesquareregions.Region à
(correspondingto sourceimage á ) is transformedto region â (image ã ) with the
morphologicalhit-and-misstransformusingstructuringelementäÀå�æ7ç|èGé�ê byë å�àFì#í . In imagealgebranotation, îðï�ñ°òóô,õ with

õ
asshownin Figure7.5.2.
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Figure 7.5.2. Templateusedfor the imagealgebraformulationof
the hit-and-misstransformdesignedto locatesquareregions.

7.6. Gray Value Dilations, Erosions, Openings, and Closings

Although morphologicaloperationson binary imagesprovide useful analytical
tools for image analysis and classification, they play only a very limited role in the
processingandanalysisof gray level images.In order to overcomethis severelimitation,
Sternberg and Serraextendedbinary morphologyin the early 1980sto gray scaleimages
via the notion of an umbra. As in the binary case,dilations and erosionsare the basic
operationsthat definethe algebraof gray scalemorphology.

While therehavebeenseveralextensionsof theBooleandilation to thegraylevel
case,Sternberg’s formulaefor computingthe gray valuedilation anderosionarethe most
straightforwardeven though the underlying theory introducesthe somewhatextraneous
conceptof an umbra. Let øwùûúýü and þ.ÿnø�� ú be a function. Then the umbra of f,
denotedby

��� þ�� , is the set
��� þ��ßù´ú�ü	��
 , definedby��� þ��� � ��� 
�� ��� ��������� � ü�� � ü���
 ����ú ü���
 ÿ ��� 
�� ��� ��������� � ü ���"ø��� �!� ü���
#" þ �$� 
 � � � ��������� � ü �%'&

Note that the notion of an unboundedset is exhibitedin this definition; the valueof
� ü���


can approach (*) .

Since
��� þ��"ù6úýü���
 , we can dilate

��� þ�� by any other subsetof ú�ü���
 . This
observationprovidesthe clue for dilation of gray-valuedimages. In general,the dilation
of a function þ.ÿÆúýü+� ú by a function ,�ÿ�ø-� ú , where ø ù)ú�ü , is definedthrough
the dilation of their umbras

��� þ��/. ��� ,�� as follows. Let 01� ��� 
 ��������� � ü �2� ú�ü and
definea function 3"ÿuú ü � ú by 3 � 0��#�5476 �98�: �aú ÿ � 0 � : ��� ��� þ��#. ��� ,��<; . We now
define þ=.>,@?-3 . The erosionof f by g is definedas the function þ�AB,C?�D , whereD7�E(GF � (Hþ��#.CH,JI and H, � 0��K�L, � (M0�� .

Openingsandclosingsof f by g aredefinedin the samemanneras in the binary
case.Specifically,the openingof f by g is definedas þKN�,K� � þ�AO,P��.Q, while the closing
of f by g is defined as þSRT,U� � þV.S,P�$AB, &

When calculating the new functions 31� þW.U, and DU� þ�AO, , the following
formulasfor two-dimensionaldilationsanderosionsareactually beingused:3 �YX �Z�[4Q6 �\^]`_ 8 þ ��XSa 0J� a , � 0��b;
for the dilation, and D ��X �c�d47eYf\g]h_�i 8 þ � 0 aWX ��(j,Pk � 0��b; (7.6.1)

for the erosion,where , k ÿnø k � ú is definedby , k � 0����5, � (#0��7l�0U�3ø k . In practice,
the function f representsthe image,while g representsthe structuringelement,wherethe
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supportof g correspondsto a binary structuringelement.That is, onestartsby defininga
binary structuringelementB in m�n aboutthe origin, andthenaddsgray valuesto the cells
in B. This definesa real-valuedfunction g whosesupportis B. Also, the supportof g is,
in general,muchsmallerthanthearrayon which f is defined.Thus,in practice,the notion
of an umbraneednot be introducedat all.

Sincethereare slight variationsin the definitionsof dilation anderosionin the
literature,we again remind the readerthat we are using formulationsthat coincidewith
Minkowski’s addition and subtraction.

Image Algebra Formulation

Let o=p1qJr denotethe gray scalesourceimage and g the structuringelement
whosesupportis B. Definean extendedreal-valuedtemplatet from m�n to m�n bys�t�uYv�wZxzy�{ uY|7}Uv�w�~��+|7}Uv p����}*� ���$�P�h���#~��$���
Note that the condition

|>}=v p[��� is equivalentto
}#v p[�K�t , where �K�t denotesthe

translationof ��� by the vector y.

The imagealgebraequivalentsof a gray scaledilation anda gray scaleerosion
of a by the structuringelementg are now given by�C� x o��� s
and �C� x oK���s �Z�
respectively. Here s �t u�v�wJx y } { u�|7}�v�w�~���|7}jv p+�� � ���$�P�h���#~��$���

The openingof a by g is given by�C� x5u o �� s � w �� s
and the closing of a by g is given by�C� x�u o �� s�w �� s � �

Comments and Observations

Davidson has shown that a subalgebraof the full image algebra, namely  x5¡ q¢r£�¤ �J¥ q¢r£�¤�¦�§K¨ �� � �� � � � � � � � }#© , containsthe algebraof gray scalemathe-
maticalmorphologyasa specialcase[22]. It follows thatall morphologicaltransformations
can be easily expressedin the languageof imagealgebra.

That the algebra
 

is moregeneralthanmathematicalmorphologyshouldcome
as no surpriseas templatesare more generalobjects than structuring elements. Since
structuringelementscorrespondto translationinvariant templates,morphologylacks the
ability to implementtranslationvariantlatticetransformseffectively. In orderto implement
such transformseffectively, morphologyneedsto be extendedto include the notion of
translationvariantstructuringelements.Of course,this extensionis alreadya partof image
algebra.
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7.7. The Rolling Ball Algorithm

As was made evident in the previous sections,morphologicaloperationsand
transformscanbe expressedin termsof imagealgebraby usingthe operators ª« and ¬« .
Conversely,any imagetransformthat is basedon theseoperatorsandusesonly invariant
templatescanbeconsidereda morphologicaltransform.Thus,manyof thetransformslisted
in this synopsissuchas skeletonizingand thinning, are morphologicalimagetransforms.
We concludethis chapterby providing an additional morphologicaltransformknown as
the rolling ball algorithm.

The rolling ball algorithm,also known as the top hat transform, is a geometric
shapefilter that correspondsto the residueof an openingof an image[5, 7, 8]. The ball
usedin this imagetransformationcorrespondsto a structuringelement(shape)that does
not fit into thegeometricshape(mold) of interest,but fits well into the backgroundclutter.
Thus,by removingthe objectof interest,complementationwill provide its location.

In order to illustratethe basicconceptbehindthe rolling ball algorithm,let a be
a surfacein 3-space.For example,a couldbea functionwhosevaluesa(x) representsome
physicalmeasurementsuchasreflectivity at points >®�¯° . Figure7.7.1representsa one-
dimensionalanaloguein termsof a two-dimensionalsliceperpendicularto the ±³²9´`µ�¶ -plane.
Now supposes is a ball of someradiusr. Rolling this ball beneaththe surfacea in such
a way that the boundaryof the ball, and only the boundaryof the ball, always touches
a, resultsin anothersurfaceb which is determinedby the set of points consistingof all
possiblelocationsof the centerof the ball as it rolls below a. The tracing of the ball’s
centerlocationsis illustrated in Figure 7.7.2.

Figure 7.7.1. The signal a.

It maybeobviousthat thegenerationof thesurfaceb is equivalentto anerosion.

To realize this equivalence,let ·U¸J¹»º½¼ be definedby ·B¾�¿�À�ÁÃÂ ÄOÅ�Æ1Ç<¿Ç Å , where¹ÈÁ�ÉB¿>Ê+¼JË=¸�Çh¿Ç/Ì@Ä#Í . Obviously, the graphof s correspondsto the uppersurface
(upperhemisphere)of a ball s of radiusr with centerat the origin of ¼¢Î . Using Equation
7.6.1, it is easyto show that ÏjÁÑÐÓÒ�Ô .
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Figure 7.7.2. The surfacegeneratedby the centerof a rolling ball.

Next, let s roll in the surfaceb suchthat the centerof s is alwaysa point of b
andsuchthat every point of b getshit by the centerof s. Then the top point of s traces
anothersurfacec aboveb. If a is flat or smooth,with local curvaturenever lessthan r,
then ÕGÖ�× . However,if a containscrevassesinto which s doesnot fit — that is, locations
at which s is not tangentto a or pointsof a with curvaturelessthanr, etc. — then Õ7ØÖ=× .
Figure7.7.3 illustratesthis situation. It shouldalso be clearby now that c correspondsto
a dilation of b by s. Therefore,c is the openingof a by s, namely

ÕGÖ�ÙY×�Ú�Û�Ü'ÝÞÛ*Ö�×Gß#Û�à
Hence, Õ�á=× .

Figure 7.7.3. The surfacegeneratedby the top of a rolling ball.

In order to removethe backgroundof a — that is, thoselocationswhere s fits
well beneatha — onesimply subtractsc from a in order to obtain the image â�ã�ä�åCæ
containingonly areasof interest(Figure 7.7.4).
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Figure 7.7.4. The result of the rolling ball algorithm.

Let çdè�é¢ê denotethe digital sourceimage and s a structuringelementrep-
resentedby digital hemisphereof somedesiredradius r about the origin. Note that the
supportof s is a digital disk S of radius r. The rolling ball algorithm is given by the
transformationç@ëíì which is definedbyì�î�ç�ï1ðòñ�ç�ó	ô�õ�ö�ô<÷$ø

Image Algebra Formulation

Let çUèCéJê denotethe sourceimage. Define an extendedreal-valuedtemplate
s from ù�ú to ù�ú by û<ü ñYý�õZîzþ ôBñYÿ7ïUý�õ�����ÿ7ï�ý�è����ï	� 
����������������ø

The imagealgebraformulationof the rolling ball algorithmis now given byì��òî1ç�ï=ñYç��� û � õ��� û ø
Comments and Observations

It shouldbe clearfrom Figure7.7.4that suchan algorithmcouldbe usedfor the
easyand fast detectionof hot spots in IR images. Thereare many variantsof this basic
algorithm. Also, in manyapplicationsit is advantageousto usedifferent sizeballs for the
erosionand dilation steps,or to use a sequenceof balls (i.e., a sequenceof transformsç�ëÃì �"! #7î�$"!�%&!(')')'*!,+ ) in order to obtain different regions (different in shape)of
interest.Furthermore,thereis nothingto preventanalgorithmdeveloperfrom usingshapes
different from disksor balls in the abovealgorithm. The shapeof the structuringelement
is determinedby a priori informationand/orby the objectsone seeks.

7.8. Exercises

1. Provethe six basiclaws of the algebraof mathematicalmorphology(Section7.2).

2. a. Expressthe algorithm ñ^ç ��.- õ �� û in terms of a single template / . How is /
defined?

b. Can the algorithm ñYç ��0- õ �� û be expressedin terms of a single template / ?
Explain your answer.
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3. Let 1�2,3�4�5 6 and 79801;:�3 . Definea template<=4 > 5 6 ?A@9B so that 1;CD <E8F7 .
4. In Chapter3 (Section3.2) morphologicaloperationswereusedto find edgein binary
images. Specify a morphology-basededgedetectorfor gray-level images. Comparethe
performanceof your edgedetectorwith the performanceof the Prewitt and Sobel edge
detectors.

5. RepeatExercise4 usingthe operationsof CG and HG insteadof CD and HD .

6. Specifyamorphology-basedholefilling algorithmthatis differentfrom thosepresented
in Chapter6.

7. Constructseveralbinary imagescontainingvariousdigitized objectsof interestsuch
ascoins,rectangles,andpencilsaswell asotherobjectsof no interestsuchasamorphous
blobs,noise,trapezoids,etc. Specify a morphology-basedrecognitionalgorithm that will
identify all objectsof interestand ignoreor eliminateall objectsof no interest.

8. Let 1 be a IKJ;LMI"J binary imagecontaininga singleblack pixel.

a. Definea templateN suchthat the iteration O*P)P(P,O�OQ1 CD N(R CD N(RSP(P)P CD N�R resultsin a
chessboardimage(i.e., eachwhite pixel’s horizontaland vertical neighborsare
black and vice versa).

b. Specify an iterativemorphology-basedalgorithm suchthat applicationto image1 resultsin a herringbonepattern(i.e., alternatingzigzaglinesof blackandwhite
pixels).

9. Themedialaxistransform(Section5.3) is a morphologicaltransformbasedon erosions
anddilationsusinga ball shapedneighborhood.Implementthemedialaxis transformusing
different templateshapessuch as rectangles,triangles,and line segments.Comparethe
results for various objects.
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[3] H. Hadwiger,VorlesungenÜberInhalt,OberflæcheundIsoperimetrie. Berlin: Springer-
Verlag, 1957.

[4] G. Matheron,RandomSetsand Integral Geometry. New York: Wiley, 1975.

[5] J. Serra, Image Analysisand MathematicalMorphology. London: AcademicPress,
1982.

[6] J. Klein andJ. Serra,“The textureanalyzer,”Journal of Microscopy, vol. 95, 1972.

[7] S. Sternberg, “Biomedical imageprocessing,”Computer, vol. 16, Jan.1983.

[8] S.Sternberg, “Overviewof imagealgebraandrelatedissues,”in IntegratedTechnology
for Parallel ImageProcessing(S. Levialdi, ed.),London:AcademicPress,1985.

[9] T. CrimminsandW. Brown, “Image algebraandautomaticshaperecognition,”IEEE
TransactionsonAerospaceandElectronic Systems, vol. AES-21,pp.60–69,Jan.1985.

[10] R. Haralick,L. Shapiro,andJ. Lee,“Morphological edgedetection,”IEEE Journalof
Roboticsand Automation, vol. RA-3, pp. 142–157,Apr. 1987.

© 2001 by CRC Press LLC



7.9 References 203

[11] R. Haralick, S. Sternberg, and X. Zhuang, “Image analysis using mathematical
morphology:PartI,” IEEETransactionsonPatternAnalysisandMachineIntelligence,
vol. 9, pp. 532–550,July 1987.

[12] P. MaragosandR. Schafer,“Morphological filters Part I: Their set-theoreticanalysis
andrelationsto linear shift-invariantfilters,” IEEE Transactionson Acoustics,Speech,
and SignalProcessing, vol. ASSP-35,pp. 1153–1169,Aug. 1987.

[13] P. MaragosandR. Schafer,“Morphological filters Part II : Their relationsto median,
order-statistic,andstackfilters,” IEEE Transactionson Acoustics,Speech,andSignal
Processing, vol. ASSP-35,pp. 1170–1184,Aug. 1987.

[14] P. Maragos,A Unified Theoryof Translation-InvariantSystemswith Applicationsto
MorphologicalAnalysisandCodingof Images. Ph.D.dissertation,Georgia Instituteof
Technology,Atlanta, 1985.

[15] J. Davidson, “Simulated annealingand morphologicalneural networks,” in Image
Algebraand Morphological ImageProcessingIII , vol. 1769of Proceedingsof SPIE,
(SanDiego, CA), pp. 119–127,July 1992.

[16] J. Davidson and A. Talukder, “Template identification using simulated annealing
in morphology neural networks,” in SecondAnnual Midwest Electro-Technology
Conference, (Ames, IA), pp. 64–67,IEEE CentralIowa Section,Apr. 1993.

[17] J. Davidsonand F. Hummer, “Morphology neural networks:An introduction with
applications,”IEEE SystemsSignalProcessing, vol. 12, no. 2, pp. 177–210,1993.

[18] E. Dougherty, “Unification of nonlinear filtering in the context of binary logical
calculus,part ii: Gray-scalefilters,” Journal of Mathematical Imaging and Vision,
vol. 2, pp. 185–192,Nov. 1992.

[19] E. Dougherty,“Optimal binary morphologicalbandpassfilters inducedby granulo-
metric spectralrepresentation,”Journal of MathematicalImagingand Vision, vol. 7,
pp. 175–191,Mar. 1997.

[20] L. KoskinenandJ. Astola, “Asymptotic behaviourof morphologicalfilters,” Journal
of MathematicalImagingand Vision, vol. 2, pp. 117–136,Nov. 1992.

[21] K. Sivakumarand J. Goutsias,“Morphologically constrainedgrfs: Applications to
texturesynthesisand analysis,”IEEE Transactionson PatternAnalysisand Machine
Intelligence, vol. 21, pp. 99–131,Feb. 1999.

[22] J. Davidson,Lattice Structures in the Image Algebra and Applications to Image
Processing. Ph.D. thesis,University of Florida, Gainesville,FL, 1989.

[23] J. Davidson,“Foundationandapplicationsof lattice transformsin imageprocessing,”
in Advancesin ElectronicsandElectron Physics(P. Hawkes,ed.),vol. 84, pp.61–130,
New York, NY: AcademicPress,1992.

[24] H. Heijmans,“Theoreticalaspectsof gray-levelmorphology,” IEEE Transactionson
PatternAnalysisandMachineIntelligence, vol. 13(6), pp. 568–582,1991.

© 2001 by CRC Press LLC



CHAPTER 8
LINEAR IMAGE TRANSFORMS

8.1. Introduction

A large classof imageprocessingtransformationsis linear in nature;an output
imageis formed from linear combinationsof pixels of an input image. Suchtransforms
includeconvolutions,correlations,andunitarytransforms.Applicationsof lineartransforms
in imageprocessingarenumerous.Linear transformshavebeenutilized to enhanceimages
and to extractvariousfeaturesfrom images. For example,the Fourier transformis used
in highpassand lowpassfiltering (Chapter2) as well as in texture analysis. Another
applicationis image coding in which bandwidthreductionis achievedby deleting low-
magnitudetransformcoefficients. In this chapterwe provide sometypical examplesof
linear transformsand their reformulationsin the languageof imagealgebra.

8.2. Fourier Transform

The Fourier transform is one of the most useful tools in image processing.It
providesa realizationof an image that is a compositionof sinusoidalfunctions over an
infinite bandof frequencies.This realizationfacilitatesmanyimageprocessingtechniques.
Filtering, enhancement,encoding,restoration,textureanalysis,featureclassification,and
patternrecognitionare but a few of the many areasof image processingthat utilize the
Fourier transform.

TheFouriertransformis definedovera functionspace.A function in thedomain
of the Fourier transformis said to be definedover a spatial domain. The corresponding
elementin the rangeof theFouriertransformis saidto bedefinedovera frequencydomain.
We will discussthesignificanceof the frequencydomainafter theone-dimensionalFourier
transformand its inversehave beendefined.

The Fourier transform TVUXWZY\[^]W of the function W`_�acbXdVe�f is definedby

]W UXghYi[kj T\UXWhYmlnU�ghYo[ pqr p WSU�stY,u rZv�wyx{z)|~} sZ�
where �Z[F� ��� . Given ]W , then W canbe recoveredby usingthe inverseFourier transformT r e which is given by the equation

WZU�shYi[���T r e UXT�UXWhY*Ym�)UmshY�[ pqr p ]WZU�ghY�u v�w)x{z�|"} g �
The functions W and ]W are called a Fourier transformpair.

Substitutingthe integral definitionsof the Fourier transformand its inverseinto
the aboveequation,the following equality is obtained

WSU�stYV[ pqr p
�� pqr p WZU�shY�u rAv�w)x�z�|~} sK���u v�w)x�z�|"} g �
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206 CHAPTER 8. LINEAR IMAGE TRANSFORMS

The inner integral (enclosedby squarebrackets)is the Fourier transformof � . It is a
function of � alone. Replacingthe integral definition of the Fourier transformof � by��S�X�h� we get

�Z���h��� ��� �
�� �X�h���)�*�)����� �~�S¡

Euler’s formula allows � �*�)����� to be expressedas ¢¤£�¥���¦�§Z�h�t� ¨ª©K¥(©¬« �¬¦"§Z�h�t� . Thus, � ���)�����
is a sum of a real and complexsinusoidalfunction of frequency � . The integral is the
continuousanalogof summingover all frequencies� . The Fourier transformevaluatedat� ,

�� �¬�t� , can be viewed as a weight appliedto the real and complexsinusoidalfunctions
at frequency � in a continuoussummation.

Combiningall theseobservations,the original function �S���t� is seenasa contin-
uousweightedsum of sinusoidalfunctions. The weight applied to the real and complex
sinusoidalfunctionsof frequency� is given by the Fourier transformevaluatedat � . This
explainsthe use of the term “frequency” as an adjectivefor the domain of the Fourier
transformof a function.

For imageprocessing,an imagecan be mappedinto its frequencydomainrep-
resentationvia the Fourier transform. In the frequencydomainrepresentationthe weights
assignedto the sinusoidalcomponentsof the imagebecomeaccessiblefor manipulation.
After the imagehasbeenprocessedin the frequencydomainrepresentation,the represen-
tation of the enhancedimage in the spatial domain can be recoveredusing the inverse
Fourier transform.

Thediscreteequivalentof theone-dimensionalcontinuousFouriertransformpair
is given by � �¯®"�i�±° ²\�  �m³n�´®y�i�0µ � ¶·¸¤¹Zº  �¬»���� � �*��¼ ¸ ��½ µ
and  �¬»��i�¿¾�² ��¶ � � �mÀ)�X»��i�ÂÁ« µ � ¶·¼ ¹Zº � �¯®"��� ���

¸ ¼��¯½ µZÃ
where �Ä�ÅÇÆÉÈ and

�ÊÄ�Ë�ÆÉÈ . In digital signalprocessing, is usually viewed as having
beenobtainedfrom a continuousfunction � ÄÍÌÍÎXÅ ¶,Ï by sampling � at somefinite number
of uniformly spacedpoints Ð�� º Ã � ¶ Ã)Ñ(Ñ)Ñ�Ã � µ � ¶*Ò9Ó Å andsetting  �¬»��\�Ô�Z��� ¸ � .

For � Ä�Ì Î Å � Ï , the two-dimensionalcontinuousFourier transformpair is given
by �� �¬� Ã�Õ �V� ��� �

��� �
�S�m� Ã�Ö ��� � ���)�¯×����(ØSÙ�Ú(Û � �t� Ö

and �Z��� Ã*Ö �o� ��� �
��� �

�� �X� Ã*Õ ��� ���)�Ü×Ü�(�"ØhÚ¤Ù)Û �~�h� Õ ¡
For discretefunctions �ÝtÞZßáàMÞ µ�â Å we havethe two-dimensionaldiscrete

Fourier transform� ��� Ã�Õ �i�±° ²\�  �m³n�¬� Ã�Õ �i� µ � ¶·¸)¹Zº ß � ¶·¼ ¹Zº  �Q® Ã »~�,� � ���)� � ¼Vãä Ø
¸ÇåÈ � Ã
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with the inversetransformspecifiedby

æZç�è,éQê~ëiìîí{ïVð ñ(ç(òætë¬ó�ç¬è�émê"ëiì ôõZöø÷ ð�ñùú(û ühý ð ñùþ"ûZü òæZç¬ÿ�é��~ë�������� ç þ
	�� ú��� ë �
Figure8.2.1showstheimageof a jet andits Fouriertransformimage.TheFourier

transformimageis complex-valuedand, therefore,difficult to display. The valueat each
point in Figure8.2.1is actuallythe magnitudeof its correspondingcomplexpixel valuein
theFouriertransformimage.Figure8.2.1doesshowa full periodof thetransform,however
theorigin of the transformdoesnot appearat thecenterof thedisplay. A representationof
onefull periodof thetransformimagewith its origin shiftedto thecenterof thedisplaycan
be achievedby multiplying eachpoint æSç�� é�� ë by ç�� ô ë�� ��� beforeapplyingthe transform.
The jet’s Fourier transformimage shown with the origin at the centerof the display is
seenin Figure 8.2.2.

Figure8.2.1. The imageof a jet (left) and its Fourier transformimage(right).

Figure 8.2.2. Fourier transformof jet with origin at centerof display.
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208 CHAPTER 8. LINEAR IMAGE TRANSFORMS

Image Algebra Formulation

The discreteFourier transformof the one-dimensionalimage ����� ��! is given
by the image algebraexpression "�$#%�$&')(+*
where

( �-,�./�0!21 �0! is the templatedefinedby(4365�798 #;:=<?>�@0A 3�BDC�E�F
The template

(
is called the one-dimensionalFourier template. It follows directly from

the definition of
(

that
(0G # (

and
5H(=I�8 G # (JI

, where
(JI

denotesthe complexconjugateof(
definedby

(JI3 5�798 # 5K(43L5�798�8 I #M: >�@0A 3NBKC�E . Hence,the equivalentof the discreteinverse
Fourier transformof

"� is given by

�$#POQ 5 "�$&')( I 8 F
Theimagealgebraequivalentformulationof thetwo-dimensionaldiscreteFourier

transformpair is given by "�$#R�S&'T(
and �$# OQ�U 5 "�$&')( I 8N*
wherethe two-dimensionalFourier template

(
is definedby(WVDX6Y Z�[�5K\]*�7J8 #;: <?>�@ B 5 3_^`ba Adc! 8 *

and ef#Pgihkjlg E F
8.3. Centering the Fourier Transform

Centeringthe Fourier transform is a common operation in image processing.
CenteredFourier transformsare useful for displaying the Fourier spectraas intensity
functions,for interpretingFourierspectra,and for the designof filters.

The discreteFourier transformandits inverseexhibit the periodicity"� 5�md*�n68 # "� 5�m & U *�n68 # "� 5�md*on & Q 8 # "� 5�m & U *�n & Q 8
for an U j Q imagea. Additionally, since

"� 5�mp*�n08 # "� I=5�qrmd*sqrn68 , the magnitudeof the
Fourier transformexhibits the symmetryt "� 5�mp*�n08 t # t "� 5�qrmp*Nqrn68 t F

Periodicity and symmetry are the key ingredientsfor understandingthe need
for centeringthe Fourier transformfor interpretationpurposes.The periodicity property
indicatesthat

"� 5�md*�n]8 hasperiod of length m in the u direction and of length n in the v
direction,while the symmetryshowsthat the magnitudeis centeredaboutthe origin. This
is shownin Figure 8.2.1 where the origin

5�u9*�u08
is locatedat the upper left handcorner

of the image. Sincethe discreteFourier transformhasbeenformulatedfor valuesof u in
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8.3 Centeringthe Fourier Transform 209

the interval v w9x9y{z�|�} andvaluesv in the interval v~w�x9��z�|�} , the resultof this formulation
yields two half periodsin theseintervalsthatarebackto back. This is illustratedin Figure
8.3.1(a), which showsa one-dimensionalslice alongthe u-axis of the magnitudefunction�������� xow0� � . Therefore,in order to display one full period in both the u and v directions,
it is necessaryto shift the origin to the midpoint ��� �bx�� �6� andadd points that shift to the
outsideof theimagedomainbackinto theimagedomainusingmodulararithmetic.Figures
8.2.2and8.3.1illustratethe effect of this centeringmethod.The reasonfor usingmodular
arithmetic is that, in contrastto Figure 8.3.1 (a), when Fourier transforming ���-�d� ,
where �-�;� ��� � � , thereis no informationavailableoutsidethe intervals v~w9x�y�z�|�} andv w9x���z�|�} . Thus, in order to display the full periodicity centeredat the midpoint in the
interval v~w9x�y�z�|�} , the intervals ��w9x � ��� and � � �¡ �|]x�y¢zR|N� needto be flipped and their
endsgluedtogether.The samegluing procedureneedsto be performedin the v direction.
This amountsto doing modulararithmetic. Figure8.3.2 illustratesthis process.

-m/2

( a )
£

0
÷

m/2 m

one period¤
( b )
£

0
÷

one period¤

a¥

a¥

m/2 m

0
¦

u,§( )

0
¦

u,§( )

Figure8.3.1. Periodicityof the Fourier transform.Figure(a) showsthe two half periods,
oneon the interval ¨ª©9«=¬  ® and the otheron the interval ¨�¬ b«o¯°® . Figure (b)
showsthe full periodof the shiftedFourier transformon the interval ± ©9«�¯�² .

Image Algebra Formulation

Let ³´¶µ�·¹¸ , where º¼»-½ ¬¿¾ ½iÀ and m and n are even integers. Define the
centeringfunction Á�Â�ÃiÄoÂ�Å¶ÆdºÈÇÉº byÁsÂ�Ã�ÄoÂ�ÅLÊ�ËÍÌ�»ÏÎÐËSÑÓÒ ¯ Ô « Ã Ô Õ�Ö ¯$×0Ø�Ê�¯Ù«oÃ�Ì�Ú
Notethatthecenteringfunctionis its owninversesince ÁsÂ�Ã�ÄoÂ�ÅLÊ�ÁsÂ�Ã�ÄoÂ�ÅLÊ�ËÍÌ�ÌÍ»%Ë . Therefore,
if ÛÜ denotesthe centeredversionof ³´ , then ÛÜ is given byÛÜ Æ~»ÝÛ´ßÞ ÁsÂ�Ã�ÄoÂ�Å=Ú
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210 CHAPTER 8. LINEAR IMAGE TRANSFORMS

Figure8.3.2illustratesthemappingof pointswhenapplyingcenterto anarrayX.

uà

vá

uâ

vã

center

Figure 8.3.2. The centeringfunction appliedto a ä�å�ælä�å array. The
different shadingsindicatethe mappingof points underthe centerfunction.

Comments and Observations

If X is somearbitraryrectangularsubsetof ç�è , thenthecenteringfunctionneeds
to take into accountthe locationof the midpoint of X with respectto the minimum of X,
wheneveréSêìëdí4î¡ï�ðñ íWò6ó�ò]ï . In particular,by defining the function

é$ê�ô�í4î¡ï ñ é¡õ6ö�íKî¡ï�÷Téøê4ëdí�î¡ïpù�äú ó
the centeringfunction now becomes

ûsü ëiý ü�þ í4ÿÍï ñ�� ÿ¡÷lé$êìëdí�îSï�ù é$êìô�í4î¡ï��4é��0ô�í ú é$êìô�í4îSï�ï�ù é$êìëdí4î¡ï��
Note that é$êìô9íìîSï does not correspondto the midpoint of X, but gives the

midpoint of the set î�÷ é$êìëdí�îSï . Theactualmidpoint of X is givenby ûsü ë�ý ü�þ í�é$êìëdí�î¡ï�ï .
This is illustratedby theexampleshownin Figure8.3.3. In this example,éøê4ëdí�îSï ñ í	� ó�
0ï ,éøõJö í4î¡ï ñ í�ä�9ó�ä��]ï , and é$êìô�í4îSï ñ í	
9ó��Lï . Also, if î ñ ç���æ�ç�� , then éøê4ëdí�îSï ñ í�ò9ó�ò�ï ,éøõJö í4î¡ï ñ í�é{÷�ä]ó�ë°÷�ä�ï , and éøê4ô�íìîSï ñ�� � è ó � è�� . This showsthat the generalcenter
function reducesto the previouscenterfunction.
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5
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13

X

X min(X)

Figure 8.3.3. The shift �������	 �!	�#" of a $%'&($�)
array X. The point �'�	*+!,�#".-�!	/10�23" is shownin black.

If X is a squarearrayof form �4-65�78&95�7 , thencenteringcanbe accomplished
by multiplying the imagea by the imageb definedby :;!=<>0�?�"@-A!��B$C"�DCEGF prior to taking
the Fourier transform.This follows from the simple fact expressedby the equationHJI�KMLONQPSR DTE�U R FCVXW 7 - HKCLXN DTE�FCV -Y!��B$" DTE�F 0
which holdswhenever!	Z\[30�]J[C"^-`_ 7 I 0 7 I�a . Thus, in this casewe can compute bc by using
the formulation bcAd -feg!,h9i�:@"�j
8.4. Fast Fourier Transform

In this sectionwe presentthe image algebraformulation of the Cooley-Tukey
radix-2 fast Fourier transform(FFT) [1, 2]. The imagealgebraexpressionfor the Fourier
transformof hlknmgoJp is given in Section8.2 bybh�-qh�rsut 0
where

t
is the Fourier templatedefinedbyt,v !	w1"x- HMy{z}|J~��}�����G�

Expanding ����u� , we get the following equationfor �� :
������M��� ���>��~���� �G�	�1��� �{z}|C���~C���G�

In this form it is easyto seethat ���	� z�� complexaddsandmultiplicationsarerequiredto
computetheFouriertransformusingtheformulationof Section8.2. Foreach� �¡�8���x¢9£ ,� complex multiplications of �G�	�1� by � �{z}|C���~C��� are requiredfor a total of � z complex
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212 CHAPTER 8. LINEAR IMAGE TRANSFORMS

multiplications. For each ¤¦¥¨§©¥«ª�¬® the sum ¯+°�±²³�´Gµ requires ª¶¬® complexaddsfor

a total of ª\·¸¬(ª complexadds. The complexarithmetic involved in the computationof
the ¹ ° ·�ºM»�¼ ³}½ ¯ termsdoesnot enter into the measureof computationalcomplexity that is
optimizedby the fast Fourier algorithm.

The numberof complexaddsandmultiplicationscanbe reducedto ¾À¿	ª8ÁXÂCÃ · ªGÄ
by incorporatingthe Cooley-Tukey radix-2 fast Fourier algorithm into the imagealgebra
formulation of the Fourier transform. It is assumedfor the FFT optimizationthat ª is a
power of 2.

The separabilityof the Fourier transformcan be exploited to obtain a similar
computationalsavingson higher dimensionalimages. Separabilityallows the Fourier
transform to be computedover an image as a successionof one-dimensionalFourier
transformsalong eachdimensionof the image. Separabilitywill be discussedin more
detail later.

For the mathematicalfoundationof the Cooley-Tukey fast Fourieralgorithmthe
readeris referredto Cooley, et al. [1, 2, 3]. A detailedexpositionon the integrationof
theCooley-Tukeyalgorithminto the imagealgebraformulationof theFFT canbe found in
Ritter [4]. The separabilityof the Fourier transformand the definition of the permutation
function Å ¯ÇÆ È ¯ÊÉ È ¯ usedin the imagealgebraformulationof theFFT will be discussed
here.

Theseparabilityof the Fouriertransformis key to thedecompositionof the two-
dimensionalFFT into two successiveone-dimensionalFFTs. The structureof the image
algebraformulationof the two-dimensionalFFT will reflect the utilization of separability.

The discreteFourier transform,asdefinedin Section8.2, is given byËÌ ¿=Í>ÎÐÏ3Ä@Ñ ¯+°�±Ò³´Gµ Ó °�±Ò¼ ´Gµ Ì ¿�§MÎ}Ô�Ä}¹ ° ·ÐºC» ¿ ¼@ÕÖg× ³>ØÙ ÄJÚ
The double summationcan be rewritten asËÌ ¿	Í�Î}ÏSÄxÑ ¯1°>±Ò³´Gµ

ÛÜSÝ ¹ ° ·ÐºC» ³ ØÙ�Þ Ó °>±Ò¼ ´Gµ Ì ¿,§SÎ}Ô�Ä�¹ ° ·}ºC»�¼ ÕÖ;ßà
or ËÌ ¿=Í>Î}ÏSÄxÑ ¯+°�±Ò³C´Gµ ËÌ ¿=Í>ÎÐÔ1Ä�¹ ° ·}ºC» ³�ØÙ Î
where ËÌ ¿	Í�Î}Ô�Ä@Ñ Ó °>±Ò¼ ´Gµ Ì ¿�§SÎÐÔ�Ä�¹ ° ·}ºC»�¼ ÕÖ Ú
For each ¤¡¥áÔq¥áªÇ¬� , ËÌ ¿=Í>Î}ÔâÄ is the one-dimensionalFourier transformof the Ô th
column of Ì . For each ¤u¥ãÍq¥4ä�¬¨ ,ËÌ ¿	Í�Î}ÏJÄ@Ñ ¯1°>±Ò³C´Gµ ËÌ ¿=Í>Î}ÔâÄ}¹ ° ·}ºC» ³ ØÙ
is the one-dimensionalFourier transformof the Í th row of

ËÌ ¿=Í>Î}ÔâÄ .
From the above it is seen that a two-dimensionalFourier transform can be

computedby a two-stageapplicationof one-dimensionalFourier transforms.First, a one-
dimensionalFouriertransformis appliedto thecolumnsof the image. In thesecondstage,
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anotherone-dimensionalFourier transformis appliedto the rows of the result of the first
stage.The sameresult is obtainedif the one-dimensionalFouriertransformis first applied
to the rows of the image, then the columns. Computing the two-dimensionalFourier
transformin this way has“separated”it into two one-dimensionalFourier transforms.By
usingseparability,anysavingin thecomputationalcomplexityof theone-dimensionalFFT
can be passedon to higher dimensionalFourier transforms.

For åçæ�è3é , the permutationê�ë©ì�í�ë#îïí�ë is the function that reversesthe bit
orderof the ð -bit binary representationof its input, andoutputsthe decimalrepresentation
of thevalueof thereversedbit order. Forexample,thetablebelowrepresentsê�ñBìSí�ñòîóí�ñ .
The permutationfunction will be usedin the imagealgebraformulation of the FFT. The
algorithmusedto computethe permutationfunction ê ë is presentednext.

Table 8.4.1 The Permutationê ñ and Its CorrespondingBinary Evaluationsô
Binary

ô
Reversedbinaryô õGö+÷ ôùø

0 000 000 0

1 001 100 4

2 010 010 2

3 011 110 6

4 100 001 1

5 101 101 5

6 110 011 3

7 111 111 7

For úçû�ü3ý and þ@û�ÿ�� � ���������}ú	� �
compute
���=þ�� as follows:������������ û¡ÿ� � û¡þ��� �"! � û¡ÿ$# ��!&%�'�( �ú��)� �+* �,�.-/ � û10 � ü�2��� û(ü �43  � � ü / �� � û /���,5 * �,�6-��� # 7 �8� ����95�:
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Image Algebra Formulation

One-Dimensional FFT

Let ;=<?>A@.B , where CED F8G for some positive integer H . Let I DJ F�KML�N)DPORQ�S�QUT�T�T�QWV&X�Y�ZUC	[\S,] andfor ^_<`I , definethe parameterizedtemplatea6bc^ed by

a8bc^�d&f8bgVhdiD jkkkl kkkm S nporqts�u�^8v$nxwiy�z�yU{}|6{e~"V�D�s� bhs�Q�^�d nporqts�u�^8v$ntw�yUz�y�{�|6{e~"V�D�s+�`^[ � bhs6Q�^edEnporqts�u�^8v$ntw���~�~"|6{e~�V�D�sS nporqts�u�^8v$ntw���~�~"|6{e~�V�D�s+[�^O �8����y�����ntw�y8Q
where � b&s�Q�^�d�D?�6�+���p� ���e���,���� . The following image algebraalgorithm computesthe
Cooley-Tukey radix-2 FFT. ;"L�D�;r� �8¡¢,£8¤ N�L�D¥S ¦ £ VhX�Y Z C_§ £R£.¨;�L�D�;��© a�ª�F K �)«�¬�®�¯ § £,£6¨�°
The function �8¡ is the permutationfunction definedearlier.

By thedefinitionof thegeneralizedconvolutionoperator,;±�© a ª F6K �)« ¬ is equalto;�b�s�diD ²³p´,µ b�¶�·�¸ ¹tº�»9¼�½�¾ »À¿�Á ½cÂ »&Ã ½g¾ »)Ä
Notice that from the definition of the template Á there are at most 2 valuesof ¾ in the
supportof Á for every Å�ÆÈÇ�ÆÊÉ�ËÍÌ . Thus, only Î�É complex multiplications and É
complexaddsarerequiredto evaluate¼_ÏÐ Á�Ñ�Î Ò�ÓÕÔ�Ö . Sincethe convolution ¼_ÏÐ ÁeÑ�Î Ò�ÓÕÔ×Ö is
containedwithin a loop thatconsistsof ¾&Ø�Ù�Ú É iterations,thereare Û ½ É ¾&Ø�Ù É�» complexadds
andmultiplicationsin the imagealgebraformulation of the FFT.

One-Dimensional Inverse FFT

The inverseFouriertransformcanbe computedin termsof theFouriertransform
by simple conjugation. That is, ¼�Ü Ñ�ÔÝÀÞ ½�ß¼�à » Ö à . The following algorithm computesthe
inverseFFT of ß¼âá\ã ä�å using the forward FFT andconjugation.

¼"æ�ÜPç¼ à è é Ýê,ë8ì"í æ�Ü Ì î ë ¾hØ�Ù Ú É_ï ëRë.ð¼�æ�Ü�¼�ÏÐ Á�Ñ�Î Ò�Ó)Ô Öñ�ò�ó ï ë,ë6ð
¼"æ�Ü ô ÌÉ ¼�õ à Ä
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Two-Dimensional FFT

In our earlier discussionof the separabilityof the Fourier transform,we noted
that the two-dimensionalDFT canbe computedin two stepsby successiveapplicationsof
the one-dimensionalDFT; first alongeachrow followed by a one-dimensionalDFT along
eachcolumn. Thus,to obtaina fastFouriertransformfor two-dimensionalimages,we need
to apply the imagealgebraformulationof the one-dimensionalFFT in simplesuccession.
However,in orderto performtheoperationsö ÷�ø�ù and ö±úû�ü8ýcþeÿ

specifiedby thealgorithm,
it becomesnecessaryto extendthe function ø�ù and the template

ü�ýtþeÿ
to two-dimensional

arrays. For this purpose,supposethat ���������	��ù , where 
����� and 
������ , and
assumewithout loss of generalitythat 
���� .

Let �����������������! �"� $#�#�#% '&)(�*�+$�-,."�/ and for
þ10 � definethe parameterized

row template
ü8ýcþ�ÿ �2�436587 by

ü8ýcþ�ÿ:9<;!= >$?×ýA@  'B ÿ � CDDDE DDDF " GIHKJMLON þ�P GRQ2SUT�S$VXWYV[Z ýA@  'B ÿ � ý L� :\ ÿ] ý L� þ�ÿ G^H_JML[N þ�P G<Q`S$T�S$VaWYV[Z ýA@  'B ÿ � ý L�ú þ  '\ ÿ, ] ý L� þ�ÿ G^H_JML[N þ�P G<Q`bKZcZdW�V[Z ýA@  %B ÿ � ý L� %\ ÿ" G^H_JML[N þ�P G<Q`bKZcZdW�V[Z ýA@  %B ÿ � ý Le, þ  '\ ÿ� b�f'gOSih:jkG<Q:S! 
where ] ý L� þ�ÿ ��l�mon$pRq^rts[uwv!xwyx . Note that for each

þ10 � ,
ü�ýtþeÿ

is a row templatewhich is
essentiallyidentical to the templateusedin the one-dimensionalcase.

The permutationø is extendedto a function ze�!�{3|� in a similar fashionby
restrictingits actionsto the rows of � . In particular,definez � ����3}�~!� z � ý �: �� ÿ � ý ø � ý � ÿ  w� ÿ��
With the definitionsof z and

ü
completed,we are now in a position to specify the two-

dimensionalradix-2 FFT in termsof imagealgebranotation.

If � , z � and
ü

arespecifiedasaboveand ö 0 587 , thenthe following algorithm
computesthe two-dimensionalfast Fourier transformof ö .öX��� ör÷kz ��K�Y� ��� ��"k� � &)(�* + ��� �!���öd����ö±úû�üO� � � m��:��U�!� � �!�Y�öX��� ö[��÷kz ù�K��� ��� ��"k� � &)(�* + 
a� �!�Y�öd����ö±úû�ü[� � � m��:��U�O� � �!�Y��öX��� öO� �

Two-Dimensional Inverse FFT

As in theone-dimensionalcase,thetwo-dimensionalinverseFFTis alsocomputed
using the forward FFT and conjugation. Let ������8� . The inverseFFT is given by the
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216 CHAPTER 8. LINEAR IMAGE TRANSFORMS

following algorithm: �d��� ��[¡
¢�£!£K¤�¥§¦O¨�©!ª_«�©!¬§!_®�d����¯±°²a³ �O´

¡
µ

Alternate Image Algebra Formulation

The formulation of the fast Fourier transformaboveassumesthat the image-
templateoperation ¶· is only appliedover the supportof the template. If this is not the
case,the“fast” formulationusingtemplateswill resultin muchpoorerperformancethanthe
formulationof Section8.2. The alternateimagealgebraformulationfor the fast transform
usesspatialtransformsratherthantemplates.Thealternateformulationis moreappropriate
if the implementationof ¶· doesnot restrict its operationsto the template’ssupport.

For thealternateformulation,let thevariablesof the two-dimensionalFFT above
remainas defined. Define the functions ¸�¹%º�»�¹ �O¼¾½¿¼

as follows:

¸�¹ÁÀAÂ�º%Ã�Ä �ÆÅÈÇ ÂÉ¶ËÊ ¹MÌ�Í º%Ã�Î6Ï^ÐdÑÓÒÔ'Õ^ÖO×UØ ÏÚÙ2Û$Ü�Û$ÝÀAÂ�º%Ã�Ä Þ�ß:àOÛ�á:âkÏ<Ù:Û»�¹wÀwÂ�º'Ã�Ä �ÆÅ Ç Âeã	Ê ¹MÌ�Í º%Ã Î ÏRÐ Ñ ÒÔ ÕRÖ!×�Ø Ï<ÙäÞOåOåÀwÂ�º'Ã�Ä Þ�ß:àcÛ$á:âkÏ<Ù:Û µ
The images æ ¹èçêé8ë usedin the alternateformulation are definedasìdíÁîAï�ð:ñ!òäó ôöõd÷ ï�ð'ø íúù�û'ü ý^þdÿ��������� 	 ý�
�������� õ ÷ ï�ð'ø íMù�û ü ý^þ ÿ��� ����� 	 ý�
��������

The alternateformulation for the fast Fourier transformusingspatialtransforms
is given by ����ó�� �"!�#$�%'&)( ��ó+*-, % .0/�1 �3254 %�%�6�7� ó8� � 1 í:9êìeí<;Yî=� �">�íwò?�@�A 4 %B%C6����ó��EDB�"!GF$�%'&)( ��ó+*-, % .0/�1 �3H 4 %�%C6�7� ó8� � 1 í 9êì í ;Yî=� �"> í ò?�@�A 4 %B%C6I����ó�� D �

Notethat theuseof the transpose� D beforeandafterthesecond4 %�%C6 in thecode
aboveis usedfor notationalsimplicity, not computationalefficiency. Theuseof transposes
canbe eliminatedby using analoguesof the functions >�í , 1 í , and ìeí in the second4 %�%C6
that are functionsof the column coordinateof J .
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8.5 DiscreteCosineTransform 217

Comments and Observations

The discussionpresentedhereconcernsa generalalgebraicoptimizationof the
Fouriertransform.Many importantissuesarisewhenoptimizingtheformulationfor specific
implementationsand architectures[4].

The permutationfunction is not neededin the formulation of the Fourier trans-
form of Section8.2. The computationof the permutationfunction K�L doesadd to the
computationalcost of the FFT. For each MONQPSR�T�U�T�V�V�VWTGXZY[U]\ , K�L_^`Mba requires cd^begf]h]i�X�a
integeroperations.Thus, the evaluationof K L will requirea total of cj^`X�egf�h i X�a integer
operations.Theamountof integerarithmeticinvolvedin computingK L is of thesameorder
of magnitudeas the amountof floating point arithmeticfor the FFT. Hencethe overhead
associatedwith bit reversalis nontrivial in the computationof the FFT, often accounting
for 10% to 30% of the total computationtime.

8.5. Discrete Cosine Transform

Let klNnmpo3q . The one-dimensionaldiscretecosinetransform r�^=k:a is defined bys rp^=k:aut=^bv:axwzy|{�} ^bv:aX L�~����]��� k�^`��a {�} f]��� ^ y ���+U�a�v��y X � v7w�R�T�U�T�V3V�V�TGXZY[U�T
where } ^bv:axw�� �� i���� v�w+RU ��� v�w�U�T y T�V3V�V3TGXdY�U��
The inverseone-dimensionaldiscretecosinetransform r ~�� ^=k:a is given by� r ~�� ^=k:au�3^���a�w LE~�������� } ^bv:a { k�^`v�a {3} f]� � ^ y ����U3a�v:�y X � �
The cosinetransformprovide the meansof expressingan image as a weightedsum of
cosinefunctions. The weightsin the sumare given by the cosinetransform.Figure8.5.1
illustratesthis by showinghow the squarewave�C^`��aw�� U ��� R����7�QUY U ��� U ���7� y
is approximatedusing the first five termsof the discretecosinefunction.

For klNnmpo qC¡ o q thetwo-dimensionalcosinetransformandits inversearegivenbys r�^=k:a`t=^�v¢T�£�aw¤y|{3} ^`v�a {3} ^b£�aX LE~����S��� LE~���¥ ��� k�^��¢T�¦�a {3} f]�¢� ^ y � �§U3a�v:�y X � {�} f]��� ^ y ¦¨��U�a�£'�y X �
and� r ~¢� ^=k:a � ^`�¢TG¦�aw©yX LE~�������� LE~���ª3��� } ^bv:a {�} ^`£'a { k�^bv�TG£�a {�} f]�¢� ^ y �|�«U�a�v��y X � {�} f]�¢� ^ y ¦¨�§U3a�£'�y X � T
respectively.

Figure8.5.2 showsthe imageof a jet and the imagewhich representsthe pixel
magnitudeof its cosinetransformimage.
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Figure 8.5.1. Approximationof a squarewave using
the first five termsof the discretecosinetransform.

Image Algebra Formulation

The template¬ usedfor the two-dimensionalcosinetransformis specifiedby¬]�®'¯ °3±�²`³¢´�µ�¶·�¸S²u¹�¶�º�¸�²�»�¶xº�¸�¼]½�¾ ²�¿�³|À+Á3¶�¹�Â¿'Ã Ä º3¸�¼]½¢¾ ²b¿�µ À«Á�¶G»'Â¿�Ã Ä)Å
The imagealgebraformulationsof the two-dimensionaltransformandits inverseareÆ ²=Ç:¶xÈÉ· ¿Ã ²`ÇÊÀË ¬3¶
and Æ�Ì¢Í ²ÎÇ:¶�ÈÉ· ¿Ã ²=ÇlÀË ¬3Ïg¶�´
respectively.
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8.5 DiscreteCosineTransform 219

Figure 8.5.2. Jet image(left) and its cosinetransformimage.

The one-dimensionaltransformsare formulatedsimilarly. The templateusedfor
the one-dimensionalcaseisÐ�Ñ�Ò`Ó�ÔÕ�ÖSÒu×�Ô�Ø�Ö�Ù]Ú�Û Ò�Ü�Ó|Ý+Þ3Ô�×:ßÜ�à á â
The imagealgebraformulationsof the one-dimensionaldiscretecosinetransformand its
inverseare ã Ò=ä:Ô�åÉÕ Üà Ò=älÝæ ÐSÔ
and

ã¢ç�è Ò=ä�ÔåÉÕ�ÒÎäéÝæ Ð�êgÔ�ë
respectively.

In [5], a methodfor computingthe one-dimensionalcosinetransformusing the
fast Fourier transformis introduced.The methodrequiresonly a simplerearrangementof
theinput datainto theFFT.Theevenandoddtermsof theoriginal image

älìîí<ïSð�ëàÊÕ+Ü�ñ
are rearrangedto form a new image ò accordingto the formulaò Ò�ó�ÔÕ�ä¢Ò`ÜôóôÔõ]ö:÷ò ÒWødù�Þúùûó:Ô<Õ§ä�ÒbÜ�ó Ý�Þ3Ô

ó�Õ«üEë3Þ'ëGý3ý�ý�ë ø Ü ù[Þ â
Using the new arrangementof termsthe cosinetransformcan be written asþ ã Ò=ä�ÔbÿÎÒ`×�ÔÕ Ü'Ö�Ò`×�Ôà þ ð � ç¢è������ ò Ò`Ó�Ô�Ø3Ö�Ù]Ú¢Û

Ò � Ó Ý§Þ3Ô�×�ßÜ�à áÝ ð � ç¢è��	�
��� ò Ò`àZù[Þúù�ÓEê Ô�Ø�Ö�Ù]Ú Û
Ò � Ó ê Ý � Ô�×:ßÜ�à á ÿ â

Substituting

Ó�Õ«àjù[Þxù Ó ê
into the secondsumandusingthe sumof two anglesformula

for cosinefunctions yieldsþ ã ÒÎä:ÔÎÿbÒb×:ÔÕ Ü�Ö�Òb×:Ôà � ç�è��	��� ò ÒbÓ:Ô�Ø�Ö�Ù]Ú¢Û
Ò � Ó�Ý+Þ�Ô�×�ßÜ�à á â

© 2001 by CRC Press LLC



220 CHAPTER 8. LINEAR IMAGE TRANSFORMS

The abovecanbe rewritten in termsof the complexexponentialfunction as���������������������� ����� !#"%$&'�(�)+* ��,+�.-0/21435176	8:9<;>= ! -51 ' 6�=>879?; !A@� ��� ������-7/21CB�1D6�879?;>= ! -.E !F"G$&'�(�) 3 * ��,��H-0106 ' =>879?; ! @�I� ��� ������-7/21�351D6�879?;J= ! -�KFL "%$ � * ��M7���+� @.N
where

L "%$
denotesthe inverseFourier transform.

Let O �P1 6�879Q;>= ! -RL "G$ � * � . Since* is real-valuedwehavethat O �  TS �+�.�PU OGV ���+� .
Consequently, W�������������+�C� � - � ���+��-5/21�� O ���+�X�Y:Z�[W���\���\�\�  TS �+�.� � -7]#^_� O �����`� �a�cb N E N0d7d5d>N  �fe
Therefore,it is only necessaryto compute

! = termsof theinverseFouriertransformin order
to calculate

W���\���\�\�X���
for

�g� b N E N7d5d`d5N  hS E .
The inversecosinetransformcan be obtainedfrom the real part of the inverse

Fourier transformof � ������-D���X����-01D6�879?;J= ! e
Let the images i and j be definedbyi �����H� � �X���j ���+���k1 6�879?;J= ! N �l�kb N E N5d`d5dDN  TS E e
The even indexedtermsare calculatedusingK � "%$ ����� M � � ,F�.�P/m1Hn !F"%$&6 (�) 3 � ���+��-0��������-7106�879?;>= ! @ -7106 ' =>879Q; !po�P/m1rq K L "%$ � i -0�l- j � M ��,+��s ,l�kb N E N5d7d7dXN  � S E e
The odd indexedterms are given byK � "%$ ����� M � � ,ut E �.�c/21.n !r"%$&6 (�) 3 � ���+��-0��������-71 6�879?;>= !A@ -51 6 ' =J879?; ! o�c/21 q K L "G$ � i ->�a- j � M �  lS E S ,�� s ,l�kb N E N5d7dXd7N  � S E e

With the information above it is easy to adapt the formulations of the one-
dimension fast Fourier transforms (Section 8.4) for the implementationof fast one-
dimensional cosine transforms. The cosine transform and its inverse are separable.
Therefore,fast two-dimensionaltransformsimplementationsare possibleby taking one-
dimensionaltransformsalong the rows of the image,followed by one-dimensionaltrans-
forms along the columns[5, 6, 7].

© 2001 by CRC Press LLC



8. 6 Walsh Transform 221

8.6. Walsh Transform

The Walsh transformwas first definedin 1923 by Walsh [8], althoughin 1893
Hadamard[9] hadachievedasimilar resultby theapplicationof certainorthogonalmatrices,
generallycalledHadamardmatrices,which containonly the entries+1 and–1.

In 1931 Paleyprovided an entirely different definition of the Walsh transform,
which is the oneusedmost frequentlyby mathematicians[10] and is the oneusedin this
discussion.

The one-dimensionalWalsh transformof v_wyx.z	{ , where |~}P��� , is given by

�
��� v��\� ��� ��}��|h�#�G���	��� v ��� � � �G��� ��� �X� � �`���?� �5� ���>�F�\�#�<�W� �>� �u  �¢¡ |�£
The term ¤\¥ ��¦ � denotesthe § th bit in the binary expansionof

¦
. For example,

¤ � � �7¨ ��} � � ¤ � � �5¨ �H} �F� ¤0© � �7¨ �.} �F� ¤>ª � �5¨ �C} �F�.«:¬� ¤>® � �5¨ �.} � £
The inverseof the Walsh transformis

¯ � �%� � v��`° ��� �C} �F�G��� ��� v ��� � � �%��� ��� �X� �5±`²`³<´Wµ�¶?²�·>¸#¹\¸A³?´Wº�¶`»
The set of functions createdfrom the product

¼ ºF½�¾ ±.¿PÀ7ÁGÂÃÄ?Å�Æ ½XÇÉÈ ± ² ³ ´Wµ�¶?² ·>¸#¹\¸#³ ´Wº�¶
form the basisof the Walshtransformandfor eachpair ½�¾%ÊXË ± , ¼ º+½�¾ ± representsthe ½�¾GÊJË ±entry of the Hadamardmatrix mentionedabove. Rewriting the expressionfor the inverse
Walsh transformas

Ì ½X¾ ±�¿ÎÍ Á%ÂÏ
º Å�ÆGÐRÑ ½ Ì ±�Ò ½�Ë ±�Ó ¼ º ½�¾ ± Ê

it is seenthat Ì is a weightedsum of the basisfunctions ¼ º+½�¾ ± . The weightsin the sum
aregivenby the Walshtransform.Figure8.6.1showsthe Walshbasisfunctionsfor Ô ¿ÎÕandhow an imageis written as a weightedsum of the basisfunctions.
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Figure 8.6.1. The Walsh basisfor ÚÜÛ�Ý .
Thus,theWalshtransformandtheFouriertransformaresimilar in that theyboth

provide the coefficients for the representationof an image as a weightedsum of basis
functions.Thebasisfunctionsfor theFouriertransformaresinusoidalfunctionsof varying
frequencies.The basisfunctions for the Walsh transformare the elementsof Þpßuà�á7à7â7ã	ä
definedabove. The rate of transition from negativeto positive value in the Walsh basis
function is analogousto the frequencyof the Fourier basisfunction. The frequenciesof
the basisfunctionsfor the Fourier transformincreaseas å increases.However,the rateat
which Walshbasisfunctionschangesignsis not an increasingfunction of å .

For æ_çéè ã	ä�êrã�ä , the forward andreverseWalshtransformsaregiven byë
ì�í æ�î\ï í åGáJðpî.Û àÚhñ#òGóôõ	ö�÷ ñrò%óôø ö�÷ æ íXù á`úAîrû òGóüý ö�÷ í ßuà5î`þ ÿ�� � õ�� ÿ����
	��
� ��� �� ÿ�� � ø � ÿ����
	��
� ��� ���
and � ì ò%ó í æ�î�� í�ù áJúpî�Û àÚ ñFòGóô� ö�÷ ñFòGóô� ö�÷ æ í å%á>ð�î û ò%óüý ö�÷ í ßuà5î þRÿ�� � õ�� ÿ ���
	��
� ��� �� ÿ�� � ø � ÿ ���
	���� ��� ��� á
respectively.Hereagain, æ canbe representedasa weightedsumof the basisfunctions

� ���
� � � í�ù áJúpîCÛ û ò%óüý ö�÷ í ß à7î þRÿ � � õ�� ÿ ���
	��
� ��� �� ÿ � � ø � ÿ ���
	��
� ��� ���
with coefficients given by the Walsh transform. Figure 8.6.2 showsthe two-dimensional
Walshbasisfor ÚhÛcÝ . The function � ���
� � � í�ù á>ú�î is representedby the image  ��� in which
pixel valuesof à are white andpixel valuesof ßuà are black.
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Figure 8.6.2. Two-dimensionalWalsh basisfor !#"%$ .
Figure 8.6.3 showsthe magnitudeimage (right) of the two-dimensionalWalsh

transformof the image of a jet (left).

Figure8.6.3. Jet imageand the magnitudeimageof its Walshtransformimage.

Image Algebra Formulation

The imagealgebraformulationof the fast Walshtransformis identicalto that of
the fast Fourier formulation (Section8.4), with the exceptionthat the template& usedfor
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the Walsh transformis

')(�*,+.-0/
1 243�(�576�8�+:9 ;<<<= <<<>
? @�ACB�DFE *HG @�IKJML)JONQPRNTS (U5V6W8H+K9X( D 6�Y�+? @�ACB�DFE *HG @ZI[JOLHJON\PRN,S (U5V6W8H+K9X( D^] *V6WYH+_ ?`@�ACB�DFE *HG @ZI[aTSTSbPRN,S (�576�8)+:9X( D 6�Y)+? @�ACB�DFE *HG @ZI[aTSTSbPRN,S (�576�8)+:9X( D _ *76�Y)+c aHd.eTJ�fWgh@�I�J)i

TheWalshtransformsharestheimportantpropertyof separabilitywith theFourier
transform.Thus,the two-dimensionalWalshtransformcanalsobe computedby taking the
one-dimensionalWalshtransformsalongeachrow of the image,followed by anotherone-
dimensionalWalsh transformalong the columns.

Alternate Image Algebra Formulations

If the convolution
]j

doesnot restrict its operationsto the template’ssupport,
the spatialtransformapproachwill be muchmoreefficient. The only changethat needsto
be madeto thealternatefast Fouriertransformof Section8.2 is in the definition of the kCl
images.For the spatialtransformimplementationof the fast Walshtransform,the imagesk lbmon _ ? 6 ?Mp4q are definedasrts�uWvKwOxzy|{~}�� ������������T�M���U�����T����b� �������� ���
� �����h�����:�

In [11, 12], Zhu provides a fast version of the Walsh transform in terms of
the p-product. Zhu’s methodalso eliminatesthe reorderingprocessrequiredin most fast
versionsof the Walsh transform. Specifically,given a one-dimensionalsignal ��� ��¡�¢ ,
where £¥¤§¦H¨ , the Walsh transformof a is given by©oª�«F¬®°¯ ±²´³ µ·¶h¸¹®ºRª µ º ¸¹�ºMªO»4»M»Tª µ½¼¾¸¹�º�«F¿Z¬.¬�¬�À ¿�Á
where µbÂ ¯Ãª ± Á ± Á ± Á�Ä ± ¬ for Å ¯ ± Á7ÆMÆ4ÆFÁTÇ .

Notethat the2-productformulationof theWalshtransforminvolvesonly theval-
ues+1 and–1. Therefore,thereis no multiplication involvedexceptfor final multiplication
by the quantity ¶È .

For
«§ÉÃÊÌË�ÍKÎÏË�Ð

, where ² ¯ÒÑ ¼ and Ó ¯ÔÑ�Õ
, the two-dimensionalWalsh

transformof a is given byÖ °¯Ò× È ³ µQ¶h¸¹�ºMª µ º ¸¹#º�ª�»4»M»Tª µb¼^¸¹#ºO«Ï¿0¬�¬.¬UÀ©oª�«,¬®°¯ ±² Ó ×VØ ³ µ ¶ ¸¹ º ª µ º ¸¹ º ªW»M»M»Tª µ Õ ¸¹ º Ö ¿ ¬�¬.¬UÀ
where ÙKÚ �Û[ÜbÝÞÛKß Î Ú , with à ¯§á^»Hâ

, is definedby

Ù Ú ªUã ¶ Á ã º Á�Æ4ÆMÆ�Á ã Ü ¬[¯åäææç ã ¶ ã º »4»M»Þã Úã Ú�è ¶ ã ÚMè º »4»M»Ãã º Ú
...

...
. . .

...ãHé ß�ê ¶Uë ÚMè ¶ ã�é ß�ê ¶�ë Ú4è º »4»M»Ãã�ß Ú
ì�ííîðï

Thus, the function Ù È convertsthe vector ³ µ ¶ ¸¹ º ª µ º ¸¹ º ª�»4»M»Ïª µ ¼ ¸¹ º « ¿ ¬.¬.¬UÀ back into
matrix form.

Additional p-product formulationsfor signalswhoselengthsare not powersof
two can be found in [11, 12].
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8.7. The Haar Wavelet Transform

Thesimplestexampleof a family of functionsyielding a multiresolutionanalysis
of the spaceñKò)ó ôVõ of all square-integrablefunctionson the real line is given by the Haar
family of functions.Thesefunctionsarewell localizedin spaceandarethereforeappropriate
for spatialdomainanalysisof signalsandimages.Furthermore,theHaarfunctionsconstitute
an orthogonalbasis. Hence,the discreteHaar transformbenefitsfrom the propertiesof
orthogonaltransformations.For example,thesetransformationspreserveinner products
wheninterpretedaslinearoperatorsfrom onespaceto another.Theinverseof anorthogonal
transformationis alsoparticularlyeasyto implement,sinceit is simply thetransposeof the
direct transformation.Andrews[13] pointsout thatorthogonaltransformationsareentropy
preservingin an information theoreticsense.A particularly attractivefeatureof the Haar
wavelettransformis its computationalcomplexity,which is linearwith respectto thelength
of the input signal. Moreover,this transform,as well as other waveletrepresentationsof
images(seeMallat [14]), discriminatesorientededgesat different scales.

The appropriatetheoretical backgroundfor signal and image analysis in the
contextof a multiresolutionanalysisis givenby Mallat [14], wheremultiresolutionwavelet
representationsareobtainedby way of pyramidalalgorithms.Daubechiesprovidesa more
generaltreatmentof orthonormalwavelet basesand multiresolutionanalysis[15], where
the Haar multiresolutionanalysisis presented.The Haar function, definedbelow, is the
simplestexampleof an orthogonalwavelet. It may be viewedas the first of the family of
compactlysupportedwaveletsdiscoveredby Daubechies.

ThediscreteHaar wavelettransformis a separablelinear transformthat is based
on the scaling function öF÷UøTù:úoûbü ý½þ ø·ÿ üý

otherwise,

and the dyadic dilationsand integertranslationsof the Haar function� ÷�ø,ù:ú�� ü ý^þ ø ÿ��
ò� ü �

ò þ
ø ÿ üý

otherwise.

A matrix formulation of the Haar transformusing orthogonalmatricesfollows.
A convenientfactorizationof thesematricesleadsto a pyramidalalgorithm,which makes
useof the generalizedmatrix productof ordertwo. The algorithmhascomplexity � ÷���ù .

Let

�Xú
	�����������
, and � � ô���� be a real-valued,one-dimensionalsignal.

Associatewith � the column vector

÷������� �  �!�"�����#�$ � ù&%
, where

�(' ú � ÷*)�ù for

)+�,�-#
. To

determinean orthonormalbasis .!/ '102)3�4�-#�5
for the vector spaceô6� � , define�87(9 ÷UøFù3: � ÷;	 7 ø �=< ù

for the rangeof integer indices > �=?
and

ý þ < ÿ@	 7
. For fixed > and < , the function��729 ÷UøFù

is a translationby < of the function
� ÷�	 7 øTù

, which is a dilation of the Haarwavelet
function

� ÷�ø,ù
. Furthermore,

��729 ÷�ø,ù
is supportedon an interval of length

	 $ 7
. The infinite

family of functions . ��729 ÷UøFùA0 > �4?B ý¾þ < ÿC	 7 5
togetherwith the scalingfunction

öÏ÷UøFù
constitutean orthogonalbasis,known as the Haar basis, for the spaceñKò)ó ý  ü õ of square-
integrablefunctionson the unit interval. This basiscan be extendedto a basisfor ñKòHó ôVõ .
The Haar basiswas first describedin 1910 [16].

To obtain a discreteversionof the Haar basis,note that any positive integer

)
can be written uniquely as )7úD	 7FE < 
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where GIHKJ and LNM@OQP@R S . Using this fact, defineT�U8VXW�Y3Z [\ ] for all W HQ^-_
and Ta`*VbW8Y+Zdc R S]fe"g S2h�i W]+jCk R(l S�m�n!oXp�q g S2hsr R m�n W�t for all W H4^ _vu (8.7.1)

where w k R S1x O for w k [ u R u y"y"y�u ]Fz [ . Thefactor R l S(m�n oXp�q in Equation8.7.1normalizes
the Euclideanvector norm of the T ` . Hence, { T ` { q k [ for all w|H}^-_ . The vector T1U
is a normalized,discreteversionof the scaling function ~ V���Y . Similarly, the vectors T `
for w k [ u R u!y"y*y"u ]�z [ are normalized,discreteversionsof the waveletfunctions g S2h V;�-Y .
Furthermore,thesevectorsare mutually orthogonal,i.e., the dot productT `�� T�� k L wheneverw|�k W(�
Therefore, ��_ k�� T `�� w3H4^-_�� is an orthonormalbasisfor the vector space�6��� of one-
dimensionalsignalsof length

]
.

Now define the Haar matrices � _ for
] k R n , � a positive integer,by lettingT3` H4� _ bethe ith row vectorof � _ . Theorthonormalityof therow vectorsof � _ implies

that � _ is an orthogonalmatrix, i.e., ���_ � _ k � _ �Q�_ k�� _ , where � _ is the
]��,]

identity matrix. Hence, ��_ is invertible with inverse � ma�_ k ���_ . Setting � k R ma�*p�q , the
normalizationfactor may be written asR l S(m�n!obp�q k R m l n2m�S�obp�q k � n2m�S �
The Haar matricesfor

] k R u&��u and � in termsof powersof � are� q k i � �� z � j u
� � k¢¡£¤ � q � q � q � q� q � q z � q z � q� z � L LL L � z �

¥�¦§ u
and

�©¨ k ¡£££££££££¤
�(ª ��ª �(ª ��ª ��ª ��ª ��ª ��ª�(ª ��ª �(ª ��ª z �(ª z ��ª z ��ª z ��ª� q � q z � q z � q L L L LL L L L � q � q z � q z � q� z � L L L L L LL L � z � L L L LL L L L � z � L LL L L L L L � z �

¥�¦¦¦¦¦¦¦¦¦§ �
The signal « may be written asa linear combinationof the basisvectors T ` :« k _ mv�¬ `X U+® `XT3` u (8.7.2)

wherethe ® ` (for all w|H¯^-_ ) are unknowncoefficients to be determined.Equation8.7.2
may be written as « k�° T6U u T²± u"y!y"y�u T _ ma�´³¶µk � �_ µ u (8.7.3)
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8.7 The Haar WaveletTransform 227

where ·¹¸Qº�»�¼ is thevectorof unknowncoefficients,i.e., ·�½�¾�¿²ÀÂÁ�Ã for each¾a¸ÅÄ-Æ . UsingÇNÈvÉÆ À Ç�ÊÆ and solving for · , one obtains· À Ç Æ�ËaÌ (8.7.4)

Equation8.7.4definesthe Haar transformHaarTransform1D for one-dimensionalsig-
nals of length ÍdÀÏÎ(Ð , i.e.,ÑsÒ�Ò2Ó�Ô�ÓÕÒ�Ö�×�ØsÙ�Ó2ÚvÛÝÜ ½�ËvÞ�Í-¿1ß Ç Æ ËvÌ
Furthermore,an imagemay be reconstructedfrom the vector · of Haar coefficientsusing
Equation8.7.3. Hence,definethe inverseHaar transformInverseHaarTransform1D
for one-dimensionalsignalsbyà Ösá�â2Ó-×�â!ÑsÒ�Ò�Ó(Ô�ÓsÒ2Ö�×2ØsÙ�Ó(ÚvÛÝÜ ½;·ãÞ�Í�¿3ß Ç ÊÆ ·sÌ

To definetheHaartransformfor two-dimensionalimages,let äåÀÂÎ�Ð and Í�ÀÂÎ�æ ,
with çèÞ*é²¸¯Ä�ê , and let Ë4¸¯º »�ë1ìã»2¼ be a two-dimensionalimage. The Haar transformofË yields an äÏíÅÍ matrix ·�Àïî Á Ãñð"ò of coefficients given by·óÀ Ç�ô îñõ�Ãñð ò Ç ÊÆ Þ (8.7.5)

where õ�ÃñðöÀ÷Ëè½;¾øÞ�ù(¿ for all ½;¾øÞ&ù8¿©¸CÄ ô íÅÄ-Æ . Equation8.7.5 definesthe Haar transform
HaarTransform2D of a two-dimensionaläÏíÅÍ image:ÑÕÒ�Ò�Ó�Ô�ÓÕÒ8Ö�×2ØsÙ(ÓÝÚ�ú8Ü ½´ËvÞ�ä4Þ�Í�¿1ß Ç ô î õ Ã ð ò Ç ÊÆ Ì

The image Ë canbe recoveredfrom the äïí4Í matrix · of Haarcoefficientsby
the inverseHaartransform,InverseHaarTransform2D, for two-dimensionalimages:à Ösá-â2Ó�×�â2ÑsÒ�Ò Ó�Ô�ÓsÒ2Ö�×2ØsÙ�Ó(Ú�ú8Ü ½;·ãÞ�äNÞ�Í�¿3ß Ç Êô îñÁ Ãñð ò Ç Æ Þ
i.e., Ë�À Ç Êô î Á Ã ð ò Ç Æ Ì (8.7.6)

Equation8.7.6 is equivalentto the linear expansion

ËöÀ ô ÈvÉû Ã¶ü�ý Æ ÈvÉûð!ü�ý Á�ÃñðAþ ÿ3Ã����sðsÞ
where ÿ Ã ¸�� ô for all ¾F¸}Ä ô and � ð ¸�� Æ for all ù4¸}Ä Æ . The outer product ÿ Ã ��� ð
may be interpretedas the image of a two-dimensional,discreteHaar wavelet. The sum
over all combinationsof the outerproducts,appropriatelyweightedby the coefficients Á�Ãñð ,
reconstructsthe original image Ë .
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Image Algebra Formulation

The imagealgebraformulation of the Haar transformis basedon a convenient
factorizationof the Haarmatrices[13]. To factor ��� for 	�
������� and � , let��� 
 ��� �� ����� �

��� 
 �!" � � # ## # � �� ��� # ## # � ���
$&%'(�

and

�*) 
 �!!!!!!!!!"

� � # # # # # ## # � � # # # ## # # # � � # ## # # # # # � �� ��� # # # # # ## # � ��� # # # ## # # # � ��� # ## # # # # # � ���

$ %%%%%%%%%',+
The Haar matrices � � �-� � � and � ) may be factoredas follows:� � 
 ��� �

� � 
 � � �/.0�. � 12� � � � �
and � ) 
 � � � . �. � 1 � � � )


 �!!!!!!!"
� � . � 33 . �.0� 1 � 3� � � 4 � � �3. � 3 1 �3

$ %%%%%%%'
� � � . �. � 1 � � � ) +

From this factorization,it is clear that only pairwisesumsand pairwisedifferenceswith
multiplicationby

�
arerequiredto obtaintheHaarwavelettransforms(directandinverse)of

animage.Furthermore,theone-dimensionalHaartransformof a signalof length �65 maybe
computedin 7 stages.The numberof stagescorrespondsto the numberof factorsfor the
Haar matrix � ��8 . Computationof the Haar transformof a signal of length 	 requires�:9;	 �=<?> multiplications and �:9@	 �A<?> sums or differences. Hence, the computational
complexity of the Haar transformis

. 9;	 > . Further remarksconcerningthe complexity
of the Haar transformcan be found in Andrews[13] andStrang[17].

The imagealgebraformulationof the Haarwavelettransformmay be expressed
in termsof thenormalizationconstant

� 
B�DCFE@G � , the Haar scalingvector HI
J9 � � �:>;K , and
the Haar waveletvector LA
M9 � � �N�:>OK , as describedbelow.
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8.7 The Haar WaveletTransform 229

One-Dimensional Haar Transform

Let PMQSRUTWV , with XZY\[6] , ^ZQ`_ba . The following pyramidal algorithm
implements c0d YfeDg:gih:j:hDglkbm?n�oih6pFqsrutvPxw&X�y2w
where P is treatedas a row vector.z|{ d Y�Pn�oih~} d Y�����o*^��:o:o���:� d Y z �v��������&�z � d Y z �v�F�|����2�� k:���:o:o��c0d YJ� z ]|� � ]|� � ] �F� �������F� ���;���
Example: Let P(YMt@� { w-� � w��?���&w-�:�2y . The Haar transformc Y � z�  � �   � � � � � � �Y �;¡  { w&¢  { w&¢ �{ w-¢ �� w-¢ �{ w-¢ �� w-¢ �� w&¢ �  �
of P is computedin threestages,as shownin Figure 8.7.1.
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Figure 8.7.1. Pyramidalalgorithm data flow.

Note that the first entry of the resultingvector is a scaledglobal sum,since«�¬¯®B° ¬²± ³�´
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Two-Dimensional Haar Transform

Let µZ¶¸·6¹ and º»¶A·6¼ , with ½b¾À¿�ÁÃÂbÄ , andlet Å»ÁÃÆÈÇ�É�Ê�ÇlË beatwo-dimensional
image. The following algorithm implementsÌ�Í ¶fÎ�Ï�Ï�Ð:Ñ�Ð�ÏlÒuÓWÔ�ÕiÐWÖ�×�ØbÙÚÅF¾&µ�¾&º�Û�Ü
Theone-dimensionalHaartransformof eachrow of Å is computedfirst asan intermediate
image Ý . The secondloop of the algorithmcomputesthe Haar transformof eachcolumn
of Ý . This procedureis equivalentto the computationÌ ¶ßÞ*à�Ù-áãâiä å�æÚÞèçé Û .ê|ë�Í ¶�ÅÔ�ÕiÐ~ì Í ¶�í�î�Õ*¿�ï:Õ:Õ�ðñ ä Í ¶ ê ävò�ó�ôõ�ö&÷ê ä Í ¶ ê ävòFó|ôõ ö2øù Ò:ú�ï:Õ:Õ�ðÝ Í ¶Jû ê ¼�ü ñ ¼iü ñ ¼ òFó ü�ý?ý�ýuü ñ ó@þê ë Í ¶�ÝÔ�ÕiÐ0ÿ Í ¶�í|î�Õ ½~ï:Õ:Õ�ðñ å Í ¶ ÷ ç ôõ ç ö ê åWò�óê å Í ¶ ø ç ôõ ç ö ê åWò�óù Ò�ú~ï:Õ:Õ�ð

Ì0Í ¶
��������������

ê ¹�ñ ¹�ñ ¹ ò�ó�
...�ñ ó

���������������
Ü

Example: Considerthe gray scalerendition of an input image of a 	6·�
�	i· letter “A”
asshownin Figure8.7.2. In the gray scaleimagesshownhere,black correspondsto the
lowest value in the image and white correspondsto the highestvalue. For the original
image,black = 0 and white = 255.

© 2001 by CRC Press LLC



8.7 The Haar WaveletTransform 231

Figure 8.7.2. Input image.

The row-by-row Haar transformof the original imageis shownin Figure 8.7.3,
andthe column-by-columnHaartransformof the original imageis shownin Figure8.7.4.

Figure 8.7.3. Row-by-row Haar transformof the input image.

Figure 8.7.4. Column-by-columnHaar transformof the input image.

Computingthe column-by-columnHaar transformof the imagein Figure 8.7.3,
or computingthe row-by-rowHaartransformof the imagein Figure8.7.4,yields theHaar
transformof theoriginal image.Theresultis shownin Figure8.7.5. Interpretationof Figure
8.7.5is facilitatedby recognizingthat the ������� matrix of coefficients is partitionedinto
a multiresolutiongrid consistingof ����������������� �!� subregions,asshownin Figure8.7.6.
Eachsubregioncorrespondsto a particularresolutionor scalealongthe x- andy-axes.For
example,the labeledsubregion "�#%$ & containsa �#'�(�&*),+��(- versionof the original
imageat a scaleof �!.�- along the x-axis anda scaleof �!./+ along the y-axis.
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Figure 8.7.5. Gray scaleHaar transformof the input image.

δ
0 2,3

1

2

Figure 8.7.6. Haar transformmultiresolutiongrid.

Thelargevaluein theupperleft-handpixel in Figure8.7.5correspondsto a scaled
globalsum. By eliminatingthe top row andthe left columnof pixels, the remainingpixels
arerenderedmoreclearly. The result is shownin Figure8.7.7. The bright white pixel in
the top row resultsfrom a dominantfeatureof the original image,namely,the right-hand
diagonalof theletter “A. ” TheHaarwavelettransformis thereforesensitiveto thepresence
and orientationof edgesat different scalesin the image.
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8.8 DaubechiesWaveletTransforms 233

Figure8.7.7. Gray scaleHaar transformwithout top row and left column.

8.8. Daubechies Wavelet Transforms

The Daubechiesfamily of orthonormalwavelet basesfor the space 354/6 798 of
square-integrablefunctionsgeneralizethe Haarwaveletbasis.Eachmemberof this family
consistsof the dyadic dilations and integertranslations:<;�= >@?BA@C5D EF G ;IH :�JKEG ; A'L�M@N'OQPRO�M�SRTUO
of a compactlysupportedwaveletfunction

:V?�A@C
. The wavelet function in turn is derived

from a scalingfunction W ?�AXC , which also hascompactsupport. The scalingand wavelet
functions have good localization in both the spatial and frequencydomains [15, 18].
Daubechieswasthe first to describecompactlysupportedorthonormalwaveletbases[18].

Theorthonormalwaveletbasesweredevelopedby Daubechieswithin the frame-
work of a multiresolutionanalysis.Mallat [14] hasexploitedthefeaturesof multiresolution
analysisto developpyramidaldecompositionandreconstructionalgorithmsfor images.The
imagealgebraalgorithmspresentedhereare basedon thesepyramidalschemesandbuild
uponthe work by Zhu andRitter [12], in which the Daubechieswavelettransformandits
inverseareexpressedin termsof the p-product. The one-dimensionalwavelettransforms
(direct and inverse)describedby Zhu andRitter correspondto a single stageof the one-
dimensionalpyramidalimagealgebraalgorithms.Computerroutinesandfurtheraspectsof
the computationof the Daubechieswavelettransformsmay be found in Presset al. [19].

For every Y SZT\[ , a discretewaveletsystem,denotedby ] 4_^ , is definedby a
finite numberof coefficients, `ba O `dc O!e�e!e�O ` 4f^hg c . Thesecoefficients, known as scaling or
waveletfilter coefficients, satisfy specificorthogonalityconditions. The scaling functionW ?BA@C is definedto be a solution ofW ?BA@CUD 4_^�g cijhk a ` j W ? G A'L(ldC%m
Moreover, the set of coefficientsn j Do?fL E C j ` 4_^�g c g j OQlpDrqdO E O�e!e_e%O G Y L E O
definesthewaveletfunction

:s?BA@C
associatedwith thescalingfunctionof thewaveletsystem::V?�A@CUD 4_^�g cij!k a n j W ? G AtLulvC%m
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To illustratehow thescalingcoefficientsarederived,considerthecasewyx{z . Let| xr}f~�����~b����~b����~��!�
and � xo}B� � ��� � ��� � ��� � �xo}B~ � ����~ � ��~ � �%��~ � ���
Note that | and

�
satisfy the orthogonalityrelation |�� � x � . The coefficients ~b����~v�!��~b� ,

and ~�� are uniquely determinedby the following equations:~ ��5� ~ � �9� ~ ���� ~ �� x�� (8.8.1a)~ � ~ � � ~ � ~ � xr� (8.8.1b)~�����~b� � ~d���u~b��xr� (8.8.1c)��~ � ����~ � � z�~ � ����~ � xr�d� (8.8.1d)

Equations8.8.1a-dare equivalentto � | � � xK� (8.8.2a)}B~ � ��~ � ��~ � ��~ � ���d����� � }B�v���v��~ � ��~ � ��~ � ��~ � �5x{� (8.8.2b)� � x{� (8.8.2c)}B�v�!����zv����� � � x{�v� (8.8.2d)

Solving for the four unknownsin the four Equations8.8.1a-dyields~b��x,��� ��� ������� � z~v�Vx � � � � � � ��� � z~ � x � ��� � � � ��� � z~���x � �s� � � � ��� � zv�
(8.8.3)

In general, the coefficients for the discretewavelet system � �_  are determinedby z/w
equationsin z�w unknowns.Daubechieshastabulatedthe coefficients for wpxKzv���v�%¡�¡!¡����!�
[15, 18]. Higher-orderwaveletsare smootherbut havebroadersupports.

Image Algebra Formulation

Let w£¢(¤\¥ . For the direct and inverse � �f  wavelettransforms,let| x¦}�~ � ~ �¨§�§�§ ~ �_ �©�� ��ª
and � xo}B� � � �¨§!§�§ � �_ �©�� ��ª
denotethe scaling vector and the waveletvector, respectively,of the wavelet transform.
Furthermore,let | � x¬« ~ �~ �d � | � x®« ~ �~ �\ ��¡!¡�¡�� |  �©�� x¯« ~ �f �©\�~ �f �©<�d �

© 2001 by CRC Press LLC



8.8 DaubechiesWaveletTransforms 235

and °£±�²¯³d´ ±´�µ@¶¸· ° µ ²®³X´�¹´_º�¶'·%»!»�»�· °'¼�½ µ ²¾³X´%¹ ¼�½ ¹´%¹ ¼�½ µd¶'¿
In the computationof the wavelet transformof a signal or image,the scalingvector acts
as lowpassfilter, while the waveletvector actsas a bandpassfilter.

Thealgorithmsin thissectionmakeuseof specificcolumnandrow representations
of matrices.For À ²¦ÁÃÂKÄRÁ@Å and ÆpÇÉÈUÊ , the columnvectorof Æ is definedbyË�Ì�ÍÏÎ Æ/Ð ² ÎBÑ ±hÒ ± · Ñ ±hÒ µ ·�»!»�»�· Ñ ±hÒ Å ½ µ · Ñ µ Ò ± · Ñ µ Ò µ ·!»�»�»�· Ñ µ Ò Å ½ µ ·�»�»!»�· Ñ Â ½ µ Ò ± · Ñ Â ½ µ Ò µ ·�»!»�»�· Ñ Â ½ µ Ò Å ½ µ Ð�Ó ·
and the row vector of Æ is definedby Ô Ì�Õ¸Î ÆÖÐ ² Î�Ë�Ì�Í×Î ÆÖÐ�Ð Ó .

Whencomputingwaveletcoefficientsof a datavectornearthe endof the vector,
the supportof the scalingvectoror waveletvectormay exceedthe supportof the data. In
suchcases,it is convenientto assumeperiodicboundaryconditionson thedatavector,i.e.,
the datavector is treatedasa circular vector. Appropriatespatialmapsaredefinedbelow
to representrequiredshifts for dataaddressing.

One-Dimensional Daubechies Wavelet Transform

Let À ²,Á@Ø , with Ù ²,Ú�Û , ÜÝÇ Á�Þ , and let ÆÉÇ{È Ê be a one-dimensional
signal. Circular shifts of a row vectormay be representedby compositionwith the spatial
map ßXàuáUÀãâäÀ definedby ß à áæåèç Î åêéÝë�Ðfì�í�î Î ÙRÐ ·
where ë�Ç Á .

The following pyramidalalgorithmcomputesthe one-dimensionalwavelettrans-
form ïðÇ�ÈUÊ of Æ , where Æ is treatedas a row vector.ñ ± á ² Æò á ² Ü�ó Îæôöõ í�÷ ¹ Î Ú ÷bÐÏø�ó�ù!Ðúdû�üyý\þ ÿ ��� û����bûbû	�


�� þ ÿ� �������������� ��� ����� � � !  �"�#�%$'& � �)( ����*� �
 � þ ÿ� ����������	+ � � � �#��� � � !  �����%$,& � � ( ����-+ �.	/10 �bûbû2�3 þ ÿ54687:9 
 7;9 
 7 ��� 9=<><	<?9 
@�6ACB

Remarks

• The wavelettransformis computedin
�

stages.Eachstagecorrespondsto a scaleor
level of resolution.The numberof stagesrequiredto computethe wavelettransform
is a function of the length D ÿFE)G

of the input datavector and the length
E H

of the
wavelet or scaling vector.

•
87

and

 7

are row vectorsof length
EJILKNM ��OQP � ��RTS ��� each.

• Thecase
Hyÿ �

yields theHaarwavelettransformwith
+ ÿ +>� ÿVU

and
� ÿ �W� ÿYX

,
where

U
and

X
are the Haarscalingandwaveletvectors,respectively.
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The original signal Z may be reconstructedfrom the vector [ by the inverse
wavelettransform. The following algorithmusesthe tensorproductto obtain the inverse
wavelettransformof [;\�]_^ , where [ is treatedas a row vector.`baTc�d e6fLgihkj�l6enmkj-oTp	q�rsot aTcYu vxwzy){*|QvxwQ}>{*|-~	~>~-|�v	w"`b��}>{z�� aTc����Ywx���n�	� m w6d ��{n�,�Y}>{�1����� aTc�}�� � ��� ���	�

[)� aTc t
[ � aTc�u vxwz`�{*|Qv	ws`;��}	{-|	~>~	~�|Qvxw"d)`��Y}>{��
t � aTc��*��� [�� � j	q�r��   r � � �¡w [ ��¢'£ � {
t � aTc¥¤ � � [ � � j	q#r��   r ¤ � ��w [ � ¢,£ � {t aTc t � � t �t aTc

row
w t§¦ {`¥aTc�d)`¨	©1ª � ��� �¬«

Remarks

• The reconstructeddatavector
t

hasdimensions
}�b®

.

•
t � and

t � are matriceshaving dimensions
d¯°`

.

Example: Let
�°c±d

. The scaling coefficients for ²´³ are given by Equations8.8.3. A
typical wavelet in the ²�³ wavelet basismay be obtainedby taking the inversewavelet
transformof a canonicalunit vectorof length

®±c¡d)µ
. For

��c¡¶
, thegraphof the inverse²·³ wavelet transformof ¸ r�r is shownin Figure 8.8.1.
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Figure 8.8.1. Typical ¹�º wavelet.
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8.8 DaubechiesWaveletTransforms 237

Two-Dimensional Daubechies Wavelet Transform

Let »½¼¿¾¬À½Áb¾¬Â , with ÃÄ¼¿Å)Æ , ÇÈ¼±Å�É , and Ê@ËQÌÎÍ�¾¬Ï . Circular column
shifts of a two-dimensionalimageare easily representedby compositionwith the spatial
map ÐJÑÓÒ_»ÕÔÖ» definedby

Ð Ñ ÒØ×zÙkËsÚ)Û�ÜÝ×sÙ6Ë*×nÚ'Þ�ß Ûkàâá ãä×sÇåÛ6Û*Ë
with ßæÍå¾ . Analogously,circularrow shiftsof two-dimensionalimagesmayberepresented
by compositionwith the spatialmap ç Ñ ÒJ»èÔé» definedby

ç Ñ ÒØ×êÙkËêÚ2Û_ÜÝ×k×zÙ=Þ�ß Û�à�á ãä×zÃëÛ*ËsÚ)Û-Ë
with ß�Í�¾ .

Let ì�Í°í#î be a two-dimensionalimage. The following algorithmcomputesthe
two-dimensionalwavelettransform ï¥Í°í_î of ì , where ì is treatedasan ÃðÁåÇ matrix.
Theone-dimensionaltransformof eachrow of ì is computedfirst asan intermediateimageñ . The secondloop of the algorithm computesthe one-dimensionaltransformof each
column of ñ . ò�ó

Ò ¼ôìõ ÒT¼�Ì@öY×x÷�Ìná	ø)ù2×zÅ2øCÛnúûöýü>Ûþ1ÿ�� Ù¬ÒT¼�ü � ÿ õ�� ÿ�ÿ���	� ÒT¼ ò ��
� Þ� ù�� ó Þ � 
������� ������� � �"!$# �&%�'( #*) ����+-,.����� � '( #�/�0 '21 � �3���4� �5����� � �6!7# �	%8'( #9/ �:�;=<?>	@	@�AB +-,DCE��FHG�IJFKGEIJF�� � G$LML�LGNI �	O� 0 + , BP +-,.QSRT��U�VXW�Y # �[Z\Y %^] RT_ %` @�acb +-,T_�d @ P >	@	@\AI�ec+ , )gf0 '( f # ��e�� � ' 1 � �3���4� )gf� '( f # �5� e�� � ��h # � %��ei+-, /9f 0 '( f # ��e�� � ' 1 � �3���4� /*f� '( f # �5� e\� � ��h # � %:�;=<?>	@	@\A
j +-,

kllllllllllllm

�onRI7nRI$nJ� �R
...RI �

p�qqqqqqqqqqqqr
s

Example: Considerthe gray scalerendition of an input image of a t Zvu t Z letter “A”
asshownin Figure8.8.2. In the gray scaleimagesshownhere,black correspondsto the
lowest value in the image and white correspondsto the highestvalue. For the original
image,black = 0 and white = 255.
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238 CHAPTER 8. LINEAR IMAGE TRANSFORMS

Figure 8.8.2. Input image.

Supposewyx{z . The row-by-row |~} wavelettransformof the original imageis
shownin Figure 8.8.3, and the column-by-column| } wavelet transformof the original
image is shown in Figure 8.8.4.

Figure 8.8.3. Row-by-row wavelettransformof the input image.

Figure 8.8.4. Column-by-columnwavelettransformof the input image.

Computingthecolumn-by-columnwavelettransformof theimagein Figure8.8.3,
or computingthe row-by-row wavelet transformof the image in Figure 8.8.4, yields the���

wavelet transformof the original image. The result is shownin Figure 8.8.5. As in
the Haar wavelet representation,the Daubechieswaveletrepresentationdiscriminatesthe
location, scale,and orientationof edgesin the image.
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Figure 8.8.5. Gray scalewavelet transformof the input image.

Alternate Image Algebra Formulation

Thealternateimagealgebraformulationof theone-dimensionalwavelettransform
presentedhereusesthe dual ��2��

of the 2-productinsteadof the tensorproduct. Let

���o������� �� ��J�� �
������ � � ������� �� ��&�� �

������M������� ���� � ������� � �M� �� � ��� �
� � �M� �� � ��� �

������
The following algorithmcomputesthe inverseone-dimensionalwavelettransform ���K �¡
of ¢K�T �¡ , where £ �¥¤§¦ , ¨ �ª©�« , and ¬� ¤§® .¯�° �±©�²E³µ´·¶ �9¸ ² � �9¹-º�� � ¹� ° �T» ¼¾½5¿&À � ¼¾½�ÁMÀ �M������� ¼�½ ¯�Â ÁMÀ5ÃÄ ° � ¬ Â ½¾Å�ÆXÇ�È � ½E©�È	ÀXÉ Â ÁMÀÊ=Ë�Ì?Í ° �ÎÁoÏ Ë ÄÑÐ Ë	Ë�Ò¢&Ó ° � �¢�Ô ° �Î» ¼¾½ ¯ À � ¼�½ ¯ � Á�À ���M����� ¼¾½�© ¯ÕÂ ÁMÀ�Ã� ° �±½ ¢&Ó8ÖN¢�Ô À ��×�� �8� � ��� �ØÙ�Ú � ½ ¢&Ó�ÛoÜ Ù ÖN¢�ÔÝÛoÜ Ù À ��2�� � Ù� ° � row ½ � � À¯° �.© ¯Þ�ß=à Ð Ë	Ë�Ò �
8.9. Exercises

1. The Fourierspectrumof an imageis complex-valuedandusually displayedas a pair
of images: either magnitude-phaseor real-imaginarypart.

a. Find a relationshipbetweenthe two representations.
b. Give an interpretationof each.

2. Provethata representationof onefull periodof the Fouriermagnitudespectrumof an
image,with the origin in the centerof the display,canbe achievedby multiplying á ½Eâ �Eã À
by ½ Â ÁMÀ[ä ®$å before applying the transform.
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240 CHAPTER 8. LINEAR IMAGE TRANSFORMS

3. Give theimagealgebraformulationsof thefollowing propertiesof thediscreteFourier
transform:

a. The addition theorem: æèç�éëê×ì8í8îTæ�ç�é7íê2æ�ç�ì8í
where

é ï ì can be one-dimensional,

é ï ìñðóòõô¾ö
, or two-dimensional,

é ï ìªðòõôM÷ùøJô�ö
.

b. The time (space)convolution theorem:æ�ç�éëú�ì8í8îÎæ�ç�é7íèû9æ�ç�ì8í ü
c. The frequencyconvolution theorem:æ�ç�éýû*ì8í îþæ�ç�é7í§úoæ�ç�ì8í ü

4. Prove that the discreteHaar transform,as an orthogonaltransformation,preserves
inner products.

5. Referto thegrayscaleHaartransformdepictedin Figures8.7.5and8.7.6,andidentify
other featuresof the original imagebesidesthe onediscussedat the endof Section8.7.

6. Explain why in the computationof the Daubechieswavelet transform of a signal
or image, the scaling vector acts as a lowpassfilter, while the wavelet vector acts as a
bandpassfilter.

7. Discusshow the waveletrepresentationsdiscriminatethe location,scale,andorienta-
tion of edgesin the original image.

8. Discusshow the Haartransformcanbe usedfor finding and/orremovingedgesfrom
an image.

9. Give the image algebraformulation of the two-dimensionaldiscretesine transform
and its inverse:ÿ � ç�é7í � ç � ï�� íèî �� ê � �
	������� ��	��� ���

é ç � ï�� í�û ������� � �"!���# �%$ !���#'&�(!�� ) û �*�+����� � !��,# �%- !���#'&�
!�� )
ÿ � ç�é7í � ç � ï.� íèî �� ê � ��	��$ ��� ��	��- ���

é ç � ï/� í�û �*�+� � � ��!��,# �%$ !���#'&�(!�� ) û �*�+� � � � !��,# �%- !���#'&�
!�� )
where

é ð òõô�ö&øJô�ö
.
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CHAPTER 9
PATTERN MATCHING AND SHAPE DETECTION

9.1. Introduction

This chaptercoverstwo relatedimageanalysistasks:objectdetectionby pattern
matchingandshapedetectionusingHough transformtechniques.Oneof the most funda-
mentalmethodsof detectingan objectof interestis by patternmatchingusing templates.
In templatematching,a replica of an object of interestis comparedto all objectsin the
image. If the patternmatchbetweenthe templateandan object in the imageis sufficiently
close(e.g.,exceedinga given threshold),thenthe object is labeledas the templateobject.

The Hough transformprovides for versatilemethodsfor detectingshapesthat
can be describedin terms of closedparametricequationsor in tabular form. Examples
of parameterizableshapesare lines, circles, and ellipses. Shapesthat fail to haveclosed
parametricequationscanbe detectedby a generalizedversionof the Houghtransformthat
employslookup table techniques.The algorithmspresentedin this chapteraddressboth
parametricand non-parametricshapedetection.

9.2. Pattern Matching Using Correlation

Patternmatchingis usedto locateanobjectof interestwithin a larger image.The
pattern,which representsthe object of interest,is itself an image. The image is scanned
with the given pattern to locate sites on the image that match or bear a strong visual
resemblanceto the pattern.The determinationof a goodmatchbetweenan imagea anda
patterntemplatep is usually given in termsof the metric02143�5�687:9<;�=>143?6 = 7A@B3?6�9DCE3?9 =�F
wherethesumis overthesupportof p. Thevalueof d will besmallwhena andp arealmost
identical and large when they differ significantly. It follows that the term

3?6G9
will have

to be large wheneverd is small. Therefore,a large valueof
3?6�9

providesa goodmeasure
of a match. Shifting the patterntemplatep over all possiblelocationsof a andcomputing
the match

3?6G9
at eachlocationcanthereforeprovidefor a set candidatepixels of a good

match. Usually, thresholdingdeterminesthe final locationsof a possiblegoodmatch.

The methodjust describedis known asunnormalizedcorrelation, matchedfilter-
ing, or templatematching. Thereareseveralmajorproblemsassociatedwith unnormalized
correlation. If the valuesof a are large over the templatesupportat a particularlocation,
thenit is very likely that

3?6G9
is alsolarge at that location,evenif no goodmatchexistsat

that location. Anotherproblemis in regionswherea and p havea large numberof zeros
in common(i.e., a goodmatchof zeros). Sincezerosdo not contributeto an increaseof
thevalue

3?6G9
, a mismatchmaybe declared,eventhougha goodmatchexists.To remedy

this situation,severalmethodsof normalizedcorrelation have beenproposed.One such
methodusesthe formulation H 1JIK 3?6G9 F
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244 CHAPTER 9. PATTERN MATCHING AND SHAPE DETECTION

where LNMPO?Q and the sum is over the regionof the supportof p. Anothermethoduses
the factor

LRMTSUO?Q VXWY S,O?Z[VXWY
which keepsthe valuesof the normalizedcorrelationbetween–1 and1. Valuescloserto
1 representbetter matches[1, 2].

The following figures illustrate patternmatchingusing normalizedcorrelation.
Figure 9.2.1 is an image of an industrial site with fuel storagetanks. The fuel storage
tanksarethe objectsof interestfor this example,thusthe imageof Figure9.2.2 is usedas
the pattern.Figure9.2.3 is the imagerepresentationfor the valuesof positivenormalized
correlationbetweenthe storagetank patternandthe industrialsite imagefor eachpoint in
thedomainof the industrialsite image.Note that the locationsof thesix fuel storagetanks
showup asbright spots.Therearealsolocationsof strongcorrelationthatarenot locations
of storagetanks. Referringbackto the sourceimageandpattern,it is understandablewhy
there is relatively strong correlationat thesefalse locations. ThresholdingFigure 9.2.3
helpsto pinpoint the locationsof thestoragetanks.Figure9.2.4representsthe thresholded
correlation image.

Figure 9.2.1. Industrial site with fuel storagetanks.

Figure 9.2.2. Patternusedto locate fuel storagetanks.
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9.2 PatternMatchingUsing Correlation 245

Figure9.2.3. Imagerepresentationof positivenormalizedcorrelationresulting
from applying the patternof Figure 9.2.2 to the imageof Figure 9.2.1.

Figure 9.2.4. Thresholdedcorrelationimage.

Image Algebra Formulation

Theexactformulationof a discretecorrelationof an \^]8_ image `ba:c�d with
a pattern e of size fUgihkjml*n>]ofUgip8jqlrn centeredat the origin is given by

s fUt�u.vBn<w x
y�z{|~} y��%xGy�zU�
� y�z{�*} y�� � y�z�� `�f,t2����u.v����'n<��e?f+��u/��n�� (9.2.1)

For fUt�����u.v����'n2�aR� , oneassumesthat `�fUt2�E��u.v>�E�'n�w�� . It is alsoassumedthat the
patternsize is generallysmaller than the sensedimage size. Figure 9.2.5 illustratesthe
correlationas expressedby Equation9.2.1.
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k
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x+k� (x+k,y+l)
�

Figure9.2.5. Computationof the correlationvalue  
¡,¢�£�¤
¥ at a point ¡,¢�£.¤B¥§¦R¨ .

To specify templatematchingin imagealgebra,definean invariant patterntem-
plate t, correspondingto the patternp centeredat the origin, by setting©�ª%«B¬ r® ¡U¯�£�°B¥<±³²µ´ ¡U¯·¶�¢�£/°�¶N¤
¥¹¸»º ¶�¡U¼½¶¿¾*¥?Àm¯Á¶A¢µÀq¼³¶¿¾Â*Ã Ä ¶E¡,Å8¶E¾"¥?Àq°�¶�¤·ÀmÅÆ¶q¾Ç È�É�ÊGË*Ì�Í ¸%Î Ë(Ï
The unnormalizedcorrelationalgorithm is then given by 8Ð»±EÑDÒÓ © Ï
The following simple computationshowsthat this agreeswith the formulation given by
Equation9.2.1.

By definition of the operation ÒÓ , we havethat 
¡,¢�£.¤B¥Ô± Õª%Ö
¬ ×"®�ØBÙ Ñ�¡,¯�£.°B¥ÛÚ © ªÜ«B¬ r® ¡U¯�£.°B¥ Ï (9.2.2)

Since t is translationinvariant,
© ª%«i¬ r® ¡�¯�£.°�¥2± © ª%Ý�¬ Ý�® ¡�¯·¶N¢�£.°�¶�¤B¥ . Thus, Equation9.2.2

can be written as  X¡U¢�£/¤i¥<± ÕªÜÖ
¬ ×Þ®UØ�Ù Ñ�¡ß¯�£.°�¥<Ú © ª'Ý�¬ Ý�® ¡U¯Á¶à¢�£.°�¶A¤
¥ Ï (9.2.3)
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Now á*â'ã�ä ã�å�æUçÁèàé�ê�ëìèAí
îðïòñ unless æUçÁèàé�ê.ë�èAí
î8ó4ôìõ+á�â%ãrä ã�å�ö or, equivalently,unlessè÷æUø½è¿ù*î?ú¿ç�èDéûúmøüè:ù and è÷æUýµèEù"îÔúmëþèDí8úqý÷èoù . Changingvariablesby lettingÿ ï çµè¿é and
� ï ë�èqí changesEquation9.2.3 to

� æßé�ê.íBîÛï ������	�
 � â ���� å ��������
 � â ����� å�� æUé�� ÿ ê.í�� � î��rá â%ã�ä ã�å æ ÿ ê � î
ï ������	�
 � â ���� å ��������
 � â ����� å � æUé�� ÿ ê.í�� � î����?æ ÿ ê � î�� (9.2.4)

To computethe normalizedcorrelationimagec, let N denotethe neighborhood
functiondefinedby �oæ��ÛîÛï4ôÔæ,á� Gî . Thenormalizedcorrelationimageis thencomputedas�"! ï æ � �# á�î%$Xæ � �# �Rî&�

An alternatenormalizedcorrelationimageis given by the statement�"! ï æ � �# á�î%$Xæ � �# �Rî(') õ+*?á�â�ãrä ã�å�ö ') �
Note that *?á â%ã�ä ã�å is simply thesumof all pixel valuesof the patterntemplateat theorigin.

Comments and Observations

To beeffective,patternmatchingrequiresanaccuratepattern.Evenif anaccurate
patternexists,slight variationsin the size,shape,orientation,andgray level valuesof the
object of interest will adverselyaffect performance. For this reason,patternmatching
is usually limited to smaller local featureswhich are more invariant to size and shape
variationsof an object.

9.3. Pattern Matching in the Frequency Domain

Thepurposeof this sectionis to presentseveralapproachesto templatematching
in thespectralor Fourierdomain.Sinceconvolutionsandcorrelationsin thespatialdomain
correspondto multiplicationsin the spectraldomain, it is often advantageousto perform
templatematchingin the spectraldomain. This holds especiallytrue for templateswith
largesupportaswell asfor variousparallelandoptical implementationsof matchedfilters.

It follows from the convolution theorem[3] that the spatial correlation � �# á
correspondsto multiplication in the frequencydomain. In particular,

� �# á ï-, ��� õ�.� � .á�/ ö ê (9.3.1)

where .� denotestheFouriertransformof a, .á / denotesthecomplexconjugateof .á , and , ���
the inverseFourier transform. Thus,simple pointwisemultiplication of the image .� with
the image .á / andFourier transformingthe result implementsthe spatialcorrelation � �# á .

One limitation of the matchedfilter given by Equation9.3.1 is that the output
of the filter dependsprimarily on the gray valuesof the imagea ratherthanon its spatial
structures.This canbe observedwhenconsideringthe outputimageandits corresponding
gray value surfaceshown in Figure 9.3.2. For example,the letter E in the input image
(Figure 9.3.1) produceda high-energy output when correlatedwith the pattern letter B
shownin Figure9.3.1. Additionally, the filter output is proportionalto its autocorrelation,
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and the shapeof the filter output aroundits maximummatchis fairly broad. Accurately
locating this maximum can thereforebe difficult in the presenceof noise. Normalizing
the correlatedimage 0213547698;:<>=�?0A@ ?4CB&D , as donein the previoussection,alleviatesthe
problemfor somemismatchedpatterns.Figure9.3.3providesan exampleof a normalized
output. An approachto solving this problemin the Fourier domain is to usephase-only
matchedfilters.

The transferfunction of the phase-onlymatchedfilter is obtainedby eliminating
the amplitudeof

?4EB
through factorization. As shown in Figure 9.3.4, the output of the

phase-onlymatchedfilter
8F:<�G(?0A@IHJLKM HJ K MON providesa much sharperpeak than the simple

matchedfilter since the spectralphasepreservesthe location of objectsbut is insensitive
to the image energy [4].

Furtherimprovementsof the phase-onlymatchedfilter canbe achievedby corre-

latingthephasesof botha andt. Figure9.3.5showsthattheimagefunction
8F:< G HPM HP M @QHJ%KM HJ K M NapproximatestheDirac R –functionat thecenterof the letterB, thusprovidingevensharper

peaksthan the phase-onlymatchedfilter. Note also the suppressionof the enlarged B
in the left-handcornerof the image. This filtering techniqueis known as the symmetric
phase-onlymatchedfilter or SPOMF[5].

Figure9.3.1. Theinput imagea is shownon theleft andthepatterntemplatet on theright.
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Figure9.3.2. The correlatedoutput image S�TVUFW�XZYC[\I] [^�_&` and its gray valuesurface.

Figure9.3.3. Thenormalizedcorrelationimage acbedFf�gZh�ijAk ilCm&nEo>p j2qr"sut g+vxw h+y l�zO{&| {%}~n g%vxw ,
where

s p~� t b�� pLl&� t and its gray value surface.
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Figure9.3.4. The phase-onlycorrelationimage ����������I�I��L�� �� � �O� andits gray valuesurface.

Figure 9.3.5. The symmetricphase-onlycorrelation

image ���������� �� ��� ��%�� �� � �O� and its gray value surface.

Image Algebra Formulation

Although the methodsfor matchedfiltering in the frequencydomainare mathe-
maticallyeasilyformulated,theexactdigital specificationis a little morecomplicated.The
multiplication �  � �¡�¢ implies thatwe musthavetwo images �  and �¡E¢ of thesamesize. Thus
a first step is to createthe image �¡C¢ from the patterntemplatet.
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To createthe image £¤C¥ , reflect the patterntemplatet acrossthe origin by setting¦;§�¨©«ª ¤�¬O&® °¯ §%±�¨²© . This will correspondto conjugationin the spectraldomain. Since t
is an invariant templatedefinedon ³´ , p is an imagedefinedover ³�´ . However,what is
neededis an imageover µ>¶E·2¸>¹~º §�»�©¼ª¾½ . As shownin Figure 9.2.5, the supportof the
patterntemplateintersectsX in only the positivequadrant.Hence,simple restrictionof p
to X will not work. Additionally, the patternimagep needsto be centered with respectto
the transformedimage £» for the appropriatemultiplication in the Fourierdomain. This is
achievedby translatingp to the cornersof a andthenrestrictingto the domainof a. This
processis illustrated in Figure 9.3.6. Specifically,define

¦5¿ ªÀ§�¦�Á-Â ¦2ÁÃ§LÄ�Å%Æu©~Ç�Á-Â ¦ÈÁÉ§LÊVÅËÄZ©~Ç�ÁVÂ ¦ÈÁÉ§LÊVÅËÆu©~Ç�©�Ì ÍÏÎ
Note that therearetwo typesof additionsin theaboveformula. Oneis imageadditionand
theotheris image-pointadditionwhich resultsin a shift of the image.Also, the translation
of the image p, achievedby vector addition, translatesp one unit beyondthe boundary
of X in order to avoid duplicationof the intersectionof the boundaryof X with p at the
corner of the origin.

(0,0)

(M,0)

(0,N)N-1
Ð

M-1
(M,N)

pÑ

X

,0)Ò(m-
Ó

1 (m-1 ,n-Ô 1)

,n-Ô 1)(0

Figure9.3.6. The imagep createdfrom the patterntemplatet using reflection,
translationsto the cornersof the arrayX, and restrictionto X. The

valuesof p are zero exceptin the shadedarea,wherethe valuesare
equalthe correspondinggray level valuesin the supportof t at (0,0).
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The image ÕÖ�× is now given by ÕØ , the Fourier transformof p. The correlation
imagec can thereforebe obtainedusing the following algorithm:ØFÙ�ÚÛ�Ü Ý Ö�Þàß�á ß°â ÙËã�ÚÛØäÜ�ÝVÙ+Ø2åVæ ØÈåÃÙ+ç>èxéuÛLê(åÃæ Ø�å"Ù+ëeèËçZÛLê(åÃæ Ø�å"Ù+ëeèËéuÛLêàÛ�ì íî Ü�Ý-ïFð�ñ�Ù Õò2ó ÕØ²Û&ô

Using the imagep constructedin the abovealgorithm, the phase-onlyfilter and
the symmetricphase-onlyfilter havenow the following simple formulation:î Ü�Ý-ïFðñöõ ÕòIó ÕØì ÕØ�ìà÷
and î Ü�Ý-ïFð�ñ�õ Õòì Õò ì ó ÕØì ÕØ�ìà÷ è
respectively.

Comments and Observations

In order to achievethe phase-onlymatchingcomponentto the matchedfilter
approachwe neededto divide thecompleximage ÕØ by the amplitudeimage ì ÕØ�ì . Problems
can occur if somepixel valuesof ì ÕØ�ì are equal to zero. However, in the imagealgebra
pseudocodeof the variousmatchedfilters we assumethat øùú øù ú Ý ÕØ ó ì ÕØ�ì ðñ , where ì ÕØ�ì ð�ñ
denotesthe pseudoinverseof ì ÕØ�ì . A similar commentholds for the quotient øûú øû ú .

Somefurther improvementsof the symmetricphase-onlymatchedfilter can be
achievedby processingthe spectralphases[6, 7, 8, 9].

9.4. Rotation Invariant Pattern Matching

In Section9.2 we noted that patternmatchingusing simple patterncorrelation
will be adverselyaffectedif the patternin the imageis different in sizeor orientationthen
the templatepattern. Rotationinvariantpatternmatchingsolvesthis problemfor patterns
varying in orientation. The techniquepresentedhere is a digital adaptationof optical
methodsof rotation invariant patternmatching[10, 11, 12, 13, 14].

Computingthe Fourier transformof imagesandignoring the phaseprovidesfor
a patternmatchingapproachthat is insensitiveto position (Section9.3) since a shift inò Ù+üè°ýþÛ doesnot affect ì Õò Ù+ÿè��þÛ�ì . This follows from the Fourier transformpair relationò Ù%üQãÏü ß èËý«ãÏý ß Û�� Õò Ù+ÿè��ZÛ�Ý�� ð���	�
 Þ�������������%â����
which implies that ì Õò ÙLÿ�è��ZÛ�� ð���	�
 Þ�������������°â���� ì°Ý¾ì Õò Ù+ÿè��ZÛ�ìËè
where ü ß Ý ý ß Ý é��! denotethe midpoint coordinatesof the é#" é domain of Õò .
However,rotation of ò ÙLü�èËýZÛ rotates ì Õò Ù%ÿ�è$�EÛEì by the sameamount. This rotationaleffect
canbe takencareof by transforming ì Õò ÙLÿ�è$� Û�ì to polar form ÙLÿ�è$� Û&% Ù('Eè�)ZÛ . A rotationofò Ù+üèËýZÛ will thenmanifestitself asa shift in the angle ) . After determiningthis shift, the
patterntemplatecan be rotatedthroughthe angle ) and then usedin one of the standard
correlationschemesin order to find the location of the patternin the image.

The exactspecificationof this technique— which, in the digital domain,is by
no meanstrivial — is providedby the imagealgebraformulationbelow.
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9.4 RotationInvariant PatternMatching 253

Image Algebra Formulation

Let t denotethe patterntemplateand let *,+.-0/21435/�1 , where 687:9�; , denote
the imagecontainingthe rotatedpatterncorrespondingto t. The rotation invariantpattern
schemealludedto abovecan be brokendown into sevenbasicsteps.

Step 1. Extendthepatterntemplatet to a patternimageoverthedomain <�=?>@<�=
of a.

This stepcan be achievedin a variety of ways. One way is to usethe method
definedin Section9.3. Another methodis to simply setA8B 7#C�D =0E�FHG =IE�F�J�K / 1 35/ 1ML
This is equivalentto extending C D =IE�F2G =IE�F�J outsideof its support to the zero image on< = >N< = .

Step 2. Fourier transforma and p.O* B 7QP4R�*�SOATB 7QPUR A S L
Step 3. Centerthe Fourier transformedimages(seeSection8.3).O* B 7 O*WVYX�Z�[]\$Z�^OA_B 7 OA VYX2Z�[]\$Z�^ L

Centering is a necessarystep in order to avoid boundaryeffects when using bilinear
interpolationat a subsequentstageof this algorithm.

Step 4. Scalethe Fourier spectrum.O* B 7Q`�a�b]R K O* K2ced SOATB 7Q`fa�bgR K OA K�chd S L
This stepis vital for the successof the proposedmethod. Imagespectradecreaserather
rapidly as a function of increasingfrequency,resulting in suppressionof high-frequency
terms. Taking the logarithm of the Fourier spectrumincreasesthe amplitudeof the side
lobesand thus providesfor more accurateresultswhen employingthe symmetricphase-
only filter at a later stageof this algorithm.

Step 5. Convert
O* and

OA to continuousimage.
The conversionof

O* and
OA to continuous images is accomplishedby using bilinear

interpolation. An image algebraformulation of bilinear interpolation can be found in
Section11.4. Note thatbecauseof Step4,

O* and
OA arereal-valuedimages.Thus,if

O*5i andOA i denotethe interpolatedimages,then
OA i�j O*5ik+l-0m , wheren 7poqRsrtj�uvS B rwj$ux+y-�z�{5|~}���rtjgux��6:� d�� L

That is,
O* i and

OA i arereal-valuedimagesover a point set
n

with real-valuedcoordinates.

Althoughnearestneighborinterpolationcanbeused,bilinear interpolationresults
in a more robust matchingalgorithm.

Step 6. Convert to polar coordinates.
Define the point set� 7 �U�(�2���������Y�W���t����Q� �:���� �4���k� �q�]�� �N� � � � �x�������
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and a spatial function �¡ &¢¤£¦¥ by�w§s¨�©�ª�«q¬&p§(¨2©(®2¯�°�«�±Y²N³x´qµ]ª4¨�©�°�¶¸·¹«�±Y²l³x´qµ!¬�º
Next computethe polar images. »¼  ½ »¼5¾w¿ �»À  ½ »À ¾ ¿ �5º

Step 7. Apply the SPOMFalgorithm (Section9.3).

Sincethe spectralmagnitudeis a periodic function of Á and « rangesover the
interval Â½Ã@ÁÄ�«�Å�ªt«�Æe�Á�Ç , the output of the SPOMFalgorithm will producetwo peaks
along the « axis, «�± and «�È for some ÉeÊÌË�Æ and Í¡ÊÌË�Æ . Due to the periodicity,Î «�± Î ² Î «�È Î ÏÁ and, hence, Í,ÐÃk§�ÉÑ².³�´!µq¬ . One of thesetwo anglescorrespondsto
the angleof rotationof the patternin the imagewith respectto the templatepattern.The
complementaryanglecorrespondsto the sameimagepatternrotated180Ò .

To find the locationof the rotatedpatternin the spatialdomainimage,onemust
rotatethepatterntemplate(or input image)throughtheangle « ± aswell astheangle « È . The
two templatesthusobtainedcanthenbe usedin oneof the previouscorrelationmethods.
Pixelswith the highestcorrelationvalueswill correspondto the patternlocation.

Comments and Observations

Thefollowing examplewill helpto furtherclarify thealgorithmdescribedabove.
The patternimage À and input image ¼ are shownin Figure9.4.1. The exemplarpattern
is a rectanglerotatedthroughan angleof 15Ò while the input imagecontainsthe pattern
rotatedthroughan angleof 70Ò . Figure9.4.2showsthe outputof Step4 andFigure9.4.3
illustratesthe conversionto polar coordinatesof the imagesshownin Figure 9.4.2. The
outputof theSPOMFprocess(beforethresholding)is shownin Figure9.4.4. The two high
peaksappearon the « axis ( ¨ÓÏÔ ).

Figure9.4.1. Theinput imagea is shownon theleft andthepatterntemplatep on theright.

The reasonfor choosinggrid spacingÕ2Öt× ÖØ ØkÙtÚÛ in Step6 is that the maximum

valueof Õ is Õ ØÜÙtÚ ×ÌÝ ØÜÙtÚ�Þ�ßÛ Ø which preventsmappingthepolar coordinatesoutsidethesetà
. Finer samplinggrids will further improve the accuracyof patterndetection;however,

computationalcostswill increaseproportionally. A major drawbackof this methodis that
it works bestonly whena single object is presentin the image,andwhen the imageand
templatebackgroundsare identical.
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Figure 9.4.2. The log of the spectraof áâ (left) and áã (right).

Figure9.4.3. Rectangularto polar conversionof äå (left) and äæ (right).

Figure 9.4.4. SPOMFof imageand patternshownin Figure 9.4.3.

9.5. Rotation and Scale Invariant Pattern Matching

In this sectionwe discussa methodof patternmatchingwhich is invariantwith
respectto both rotationandscale.Thetwo maincomponentsof this methodaretheFourier
transformandthe Mellin transform.Rotationinvarianceis achievedby usingthe approach
describedin Section9.4. For scaleinvariancewe employ the Mellin transform.Sincethe
Mellin transform çéè å¹ê of an image å,ëNì0í2îðï]í�î is given byñ çéè å5ê(ò è(ó¹ô�õ êIöh÷Üøtùúû2ütý ÷@øwùúþ ü¹ý å èfÿqô�� ê ÿ ø ������� ù � � ø �	��
�� ù � ô
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it follows that if ��������������������������� , then "! #���%$�'&(�*)+���,�.-0/21�3�4�576  "! 8�9�#$'�&���):�7;
Therefore, <  ! 8���%$'�&���):� < � <  "! 8�0��$�'&(��)=� < �
which showsthat the Mellin transformis scaleinvariant.

Implementationof theMellin transformcanbeaccomplishedby useof theFourier
transformby rescalingthe input function. Specifically,letting >?�,@2ACB+� and DE�F@%ACB+� we
have �G�FHJILK�M9NPO��G�,H�I0O:>���FHRQGK�M0NGO����SHRQ0O:D�;
Therefore,  "! #�0�#$''&(��)���� TUT �V������:���V-W1�/�3=4�X�6'�Y-W1%/�5�4�X�6'O+�9O��� TUT �.Z�HJI(��HRQ�[�H -0/21�3 I 495 Q 6 O:>0O:D
which is the desiredresult.

It follows that combiningthe FourierandMellin transformwith a rectangularto
polarconversionyieldsa rotationandscaleinvariantmatchingscheme.Theapproachtakes
advantageof the individual invariancepropertiesof thesetwo transformsas summarized
by the following four basic steps:

(1) Fourier transform��������:�7�'\]'�(���=��^`_���&���):�7��a\�'&(��)=�
(2) Rectangularto polar conversion_�V�&���):�7� a\��&���)=��^`_�V�b���c:�7� a\�'b���c��
(3) Logarithmic scaling of b_��'b���c��7� a\��bd��c���^e_�]Z�HCfhgji�k+��cC[+� a\lZ'HCf"g'i�km��cC[
(4) SPOMF

Image Algebra Formulation

Theimagealgebraformulationof therotationandscaleinvariantpatternmatching
algorithmfollows the samestepsas thoselisted in the rotation invariant patternmatching
schemein Section9.4 with the exceptionof Step6, in which the point set n shouldbe
defined as follows:no�qprjb / ��c�s:�ut�b / �wvx�y /2z#{ ��c*s|� x:}�~y � } ����� ~P��� {�� ;

The rescalingof b / correspondsto the logarithmic scaling of b in the Fourier-
Mellin transform.

As in the rotation invariant filter, the output of the SPOMF will result in two
peakswhich will be a distance

}
apart in the c direction and will be offset by a factor

proportionalto thescalingfactor from the c axis. For ���S��� yP� x , this will correspondto
an enlargementof the pattern,while for yP� x ����� y � v , the proportionalscalingfactor
will correspondto a shrinkingof the pattern[5]. The following example(Figures9.5.1 to
9.5.3) illustratesthe importantstepsof this algorithm.
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Figure9.5.1. Theinput imagea is shownon theleft andthepatterntemplatep on theright.

Figure 9.5.2. The log of the spectraof �� (left) and �� (right).

Figure9.5.3. Rectangularto polar-logconversionof �� (left) and �� (right).

9.6. Line Detection Using the Hough Transform

TheHoughtransformis a mappingfrom ��� into the functionspaceof sinusoidal
functions. It was first formulatedin 1962 by Hough [15]. Since its early formulation,
this transformhasundergoneintenseinvestigationswhich haveresultedin severalgener-
alizationsanda variety of applicationsin computervision andimageprocessing[1, 2, 16,
17, 18]. In this sectionwe presenta methodfor finding straight lines using the Hough
transform. The input for the Hough transformis an imagethat hasbeenpreprocessedby
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258 CHAPTER 9. PATTERN MATCHING AND SHAPE DETECTION

Figure 9.5.4. SPOMFof imageand patternshownin Figure 9.5.3.

sometype of edgedetectorandthresholded(seeChapters3 and4). Specifically,the input
shouldbe a binary edgeimage.

A straight“line” in the senseof the Houghalgorithmis a colinearsetof points.
Thus,the numberof points in a straightline could rangefrom oneto the numberof pixels
alongthediagonalof the image.Thequality of a straight“line” is judgedby thenumberof
pointsin it. It is assumedthat thenaturalstraightlines in an imagecorrespondto digitized
straight“lines” in the imagewith relatively large cardinality.

A bruteforceapproachto finding straightlines in a binary imagewith � feature
pixels would be to examineall �l�����(���� possiblestraightlines betweenthe featurepixels.

Foreachof the �������(���� possiblelines, ���G� testsfor colinearitymustbeperformed.Thus,
the bruteforce approachhasa computationalcomplexityon the orderof ��� . The Hough
algorithm providesa methodof reducingthis computationalcost.

To begin the descriptionof the Hough algorithm, we first define the Hough
transformand examinesome of its properties. The Hough transform is a mapping  
from ¡ � into the function spaceof sinusoidalfunctionsdefinedby

 £¢�¤�¥�¦�§�¨�©«ª¬S¥l®7¯�°d¤�±�¨(²³§u°�´#µ�¤�±�¨C¶
To seehow the Hough transformcan be usedto find straight lines in an image, a few
observationsneedto be made.

Any straightline ·�¸ in the ¥9§ -planecorrespondsto a point ¤#ª+¸:¦�±C¸C¨ in the ª+± -plane,
where ± ¸º¹¼»"½ ¦�¾�¨ and ª ¸º¹ ¡ . Let µ ¸ be the line normal to · ¸ that passesthrough the
origin of the ¥0§ -plane. The angle µ ¸ makeswith the positive ¥ -axis is ± ¸ . The distance
from ¤ ½ ¦ ½ ¨ to · ¸ along µ ¸ is ¿ ª ¸ ¿ . Figure 9.6.1 below illustratesthe relation between· ¸ ,µ ¸ , ± ¸ , and ª ¸ . Note that the x-axis in the figure correspondsto the point ¤ ½ ¦ ½ ¨ , while the
y-axis correspondsto the point ¤ ½ ¦�¾9À=�=¨ .
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Figure9.6.1. Relationof rectangularto polar representationof a line.

Suppose È�É�Ê�Ë�ÌCÊ'Í , Î,Ï`ÐÑÏÓÒ , are points in the É0Ì -plane that lie along the
straight line Ô�Õ (seeFigure 9.6.1). The line Ô�Õ has a representationÈ8Ö�Õ=Ë*×�ÕCÍ in the Ö+× -
plane. The Hough transform takes each of the points È'É Ê Ë�Ì Ê Í to a sinusoidal curveÖ�Ø,É Ê'Ù7Ú�Û Èj×�Í�Ü³Ì Ê�Û Ð#Ò�Èj×�Í in the ×CÖ -plane. The propertythat the Houghalgorithmrelieson
is that eachof the curves Ö�ØÝÉ Ê8Ù7Ú�Û È�×�Í�Ü�Ì Ê�Û Ð#Ò�È�×�Í havea commonpoint of intersection,
namely È8Ö Õ Ë�× Õ Í . Conversely,the sinusoidalcurve ÖØ¼É Ù7Ú�Û È�×�Í�Ü�Ì Û Ð8Ò�È�×�Í passesthrough
the point È8Ö Õ Ë�× Õ Í in the Ö�× -planeonly if È'É(Ë�Ì=Í lies on the line È#Ö Õ Ë�× Õ Í in the É9Ì -plane.

As an example,considerthe points È7Î=Ë�Þ:Í , È�ßmË�à�Í , È'àmË�ß�Í , and È'ámË�â:Í in the É9Ì -
plane that lie along the line Ô Õ with × and Ö representation× Õ Ø ã äæåèçmé"Þ�ê=àdë andÖ Õ Ø¼ì ß=â�å¼àmé"á=à:Þ , respectively.Figure9.6.2showsthesepointsandthe line Ô Õ .
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Figure 9.6.2. Polar parametersassociatedwith points lying on a line.
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The Hough transformmapsthe indicatedpoints to the sinusoidalfunctions as
follows: ðºñ�ò�ó�ô�õ=ö�÷«øPù ú7û�üdò�ý�ö(þ³õ=ü�ÿ���ò�ý�öðºñ�ò���ô��=ö�÷«øPù��=úRû�ü�ò�ý�ö(þ��=üCÿ���ò�ý�öðºñ�ò���ô	��ö�÷«øPù��=úRû�ü�ò�ý�ö(þ��=üCÿ���ò�ý�öðºñ�ò�
�ô��=ö�÷«øPù�
=úRû�ü�ò�ý�ö(þ��=üCÿ���ò�ý�ö�
The graphsof thesesinusoidalfunctionscanbe seenin Figure9.6.3. Notice how the four
sinusoidalcurvesintersectat

ýGù��������� õ������
and

ø�ù�� ��������� 
��:õ
.
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Figure 9.6.3. Sinusoidalsin Houghspaceassociatedwith points on a line.

Eachpoint !�"$#�%'& ata featurepixel in thedomainof theimagemapsto a sinusoidal
function by the Hough transform. If the feature point !("�)*#*%�)�& of an image lies on a
line in the "+% -plane parameterizedby !�,'-�#*.�-/&0!�.�-�#1,2-�& , its correspondingrepresentation
as a sinusoidalcurve in the ,'. -planewill intersectthe point !�,2-'#*.�-3& . Also, the sinusoid,546"8739�:;!�.�&=<>%?:/@�A$!�.�& will intersect !�, - #*. - & only if the featurepixel location !�"$#	%�& lies
on the line !�, - #	. - & in the "+% -plane. Therefore,it is possibleto countthenumberof feature
pixel points that lie along the line !(, - #*. - & in the "B% -plane by counting the numberof
sinusoidalcurvesin the ,2. planethat intersectat thepoint !�, - #*. - & . This observationis the
basisof the Hough line detectionalgorithm which is describednext.

Obviously, it is impossibleto count the number of intersectionof sinusoidal
curvesat every point in the ,2. -plane. The ,'. -planefor CEDGF6,HF6D5#8IJFK.�LKM must
be quantized.This quantizationis representedas an accumulatorarray NO!�@1#(P2& . Suppose
that for a particularapplicationit is decidedthat the ,2. -planeshouldbe quantizedinto anQSR 7 accumulatorarray. Eachcolumnof the accumulatorrepresentsa T U incrementin the
angle . . Eachrow in the accumulatorrepresentsa V(WX incrementin , . The cell locationNY!(@�#ZP�& of the accumulatoris usedas a countingbin for the point [/[(@+C X V \ V1WX #(P T U \

in the,'. -plane (and the correspondingline in the "+% -plane).

Initially, every cell of the accumulatoris set to 0. The value NY!�@1#ZP;& of the
accumulatoris incrementedby 1 for every feature pixel !�"$#*%�& location at which the
inequality ] , ) C^!�"+739�:;!�.*_�&Y<>%�:�@�A$!	.1_�&1& ] La`
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is satisfied,where b(c�d*e�f*g�hjilk�k�m+n6op;q p1ro eZsOt u�q and v is an error factor usedto compensate
for quantizationand digitization. That is, if the point b�c d e	f g h lies on the curve cKiwx3y�z b�f�h|{a} z m(~$b�f�h (within a margin of error), the accumulatorat cell location �Yb�m1e(s�h is
incremented.Error analysisfor the Houghtransformis addressedin Shapiro’sworks [19,
20, 21].

Whentheprocessof incrementingcell valuesin theaccumulatorterminates,each
cell value �Yb�m1e(s�h will beequalto thenumberof curvesc�i w8x3y�z b(f�h/{�} z m�~$b(f�h thatintersect
the point b�c�d3e	f1g�h in the c'f -plane. As we haveseenearlier, this is the numberof feature
pixels in the imagethat lie on the line b�c d e	f g h .

The criterion for a good line in the Houghalgorithmsenseis a large numberof
colinearpoints. Therefore,the larger entriesin the accumulatorareassumedto correspond
to lines in the image.

Image Algebra Formulation

Let ��������e����/� be thesourceimageandlet theaccumulatorimage � be defined
over � , where��i��?b�c d e*f g h���c d i���mOn���O� ���� ejf g i s;�x ej����m$� � ej�S�^s�� x���
Define the parameterizedtemplate �J��k� +¡8q � by��b��¢h(£¥¤�¦ §/¨1b�cBe*f�h|i�© �«ª ¬�?b w e*}�h|i®�°¯;±B²³ cSn^b w8x3y�z bZf�h${^} z m�~$b�f�h*h ³ �av�µ´�¶1·�¸3¹*ºª¼»1¸ �
The accumulatorimageis given by the imagealgebraexpression��� i�½ ��b��jh �
Computationof this variant templatesum is computationallyintensiveand inefficient. A
more efficient implementationis given below.

Comments and Observations

For the x quantizedvaluesof f in theaccumulator,thecomputationof wEx3y�z b�f�h'{} z m�~$bZf�h is carriedout for eachof the ¾ featurepixel locations b w e	}�h in the image.Next,
eachof the � x cells of the accumulatorare examinedfor high counts. The computational
cost of the Hough algorithm is ¾ x { � x , or ¿�b�¾Hh . This is a substantialimprovement
over the ¿Jk(¾JÀ3q complexityof thebruteforceapproachmentionedat thebeginningof this
section. This complexity comparisonmay be a bit misleading.A true comparisonwould
haveto takeinto accountthe dimensionsof the accumulatorarray. A smalleraccumulator
reducescomputationalcomplexity. However, better line detectionperformancecan be
achievedwith a finer quantizationof the c'f -plane.

As presentedabove, the algorithm can incrementmore than one cell in the
accumulatorarray for any choice of values for the point b w e	}�h and angle f . We can
insure that at most one accumulatorcell will be incrementedby calculating the unique
value c as a function of b w e*}�h and quantizedf g as follows:c�i�Á wEÂ ´�»=b(f g hY{>}|»1ªÃ±�b�f g h�Ä�e
where[z] denotesthe roundingof z to the nearestinteger.
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The equationfor Å canbe usedto definethe neighborhoodfunctionÆÈÇ�É�ÊÌË;Í
by Æ�Î ÅBÏ*Ð�ÑjÒÔÓ Î�Õ Ï�Ö'Ñ Ç Å5Ò�× ÕBØ�Ù�Ú�Î Ð�Ñ=Û�Ö Ú�Ü�Ý$Î Ð�Ñ(Þ�ß2à
The statement á Ç Ò á?â�ã

ä Ç Ò á Ûå Æ
computesthe accumulatorimage sinceä Î(Ü ÏZæ;ÑçÒ èéÃê�ë ì/í�î�ïéñð�òñë ó(ô*í á Î(Õ Ï*Ö�ÑYà

A straight line õ÷ö in the
Õ Ö -plane can also be representedby a point

Î�ø ö�Ï Ø ö3Ñ ,
where

ø ö is the slopeof õÃö and
Ø ö is its Ö intercept. In the original formulation of the

Hough algorithm [15], the Hough transformtook points in the
Õ Ö -plane to lines in the

slope-interceptplane;i.e., ù Ç�Î�Õ�ú Ï*Ö ú Ñ Ê Ö ú Ò ø�Õ�ú Û Ø
. The slopeinterceptrepresentation

of linespresentsdifficulties in implementationof thealgorithmbecauseboth theslopeand
the Ö interceptof a line go to infinity asthe line approachesthe vertical. This difficulty is
not encounteredusing the Å2Ð -representationof a line.

As an example,we have applied the Hough algorithm to the thresholdededge
imageof a causewaywith a bridge(Figure9.6.4). The Å2Ð -planehasbeenquantizedusing
the û�ü0ý Ë�þ

accumulatorseenin Table 9.6.1. Accumulatorvaluesgreaterthan ÿ þ
were

deemedto correspondto lines. Threevaluesin the accumulatorsatisfied this threshold;
they are indicatedwithin the accumulatorby doubleunderlining. The threedetectedlines
are shown in Figure 9.6.5.

Thelinesproducedby our exampleprobablyarenot thelinesthata humanviewer
would select.A finer quantizationof Ð and Å would probablyyield betterresults. All the
parametersfor our examplewerechosenarbitrarily. No conclusionson theperformanceof
thealgorithmshouldbedrawnon thebasisof our example.It servessimply to illustratean
accumulatorarray. However,it is instructiveto apply a straightedgeto the sourceimage
to seehow the quantizationof the Å2Ð -planeaffectedthe accumulatorvalues.

Figure 9.6.4. Sourcebinary image.
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Figure 9.6.5. Detectedlines.

Table 9.6.1 Hough SpaceAccumulatorValues

ρ\θ 0 π/20 π/10 3π/20 π/5 π/4 3π/10 7π/20 2π/5 9π/20 π/2 11π/20 3π/5 13π/20 7π/10 3π/4 4π/5 17π/20 9π/10 19π/20

-200 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

-190 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

-180 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2

-170 4 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 3

-160 6 4 3 0 0 0 0 0 0 0 0 0 0 0 0 0 3 2 5 11

-150 6 6 5 0 0 0 0 0 0 0 0 0 0 0 0 2 3 4 11 11

-140 7 7 6 3 0 0 0 0 0 0 0 0 0 0 0 2 4 9 8 8

-130 9 7 8 5 2 0 0 0 0 0 0 0 0 0 3 2 6 9 10 16

-120 7 9 8 8 4 0 0 0 0 0 0 0 0 0 0 4 11 17 14 8

-110 9 9 9 8 9 1 0 0 0 0 0 0 0 3 3 13 11 12 9 10

-100 8 8 8 9 11 8 0 0 0 0 0 0 0 2 4 16 16 9 9 9

-90 8 8 8 7 12 7 0 0 0 0 0 0 6 2 9 9 7 8 9 13

-80 7 8 10 11 11 8 7 0 0 0 0 0 2 5 18 10 9 12 7 5

-70 8 8 9 9 11 8 10 0 0 0 0 0 5 15 16 6 12 8 6 7

-60 7 8 8 11 11 8 13 1 0 0 0 0 7 12 13 8 9 7 5 4

-50 7 8 7 9 11 9 16 14 0 0 0 6 15 18 14 9 7 6 7 9

-40 9 7 8 11 10 16 14 22 0 0 17 6 15 13 8 14 8 7 8 13

-30 13 9 7 8 10 13 13 21 8 0 6 6 26 18 12 13 6 13 15 19

-20 8 12 10 9 9 8 15 16 21 0 14 26 14 18 15 6 11 18 18 15

-10 9 8 10 11 9 7 14 18 34 0 6 22 14 17 9 11 13 18 16 15

0 8 9 7 7 15 10 11 16 30 77 74 22 25 14 15 9 23 17 12 15

10 13 11 9 11 13 14 23 25 40 144  75 15 20 17 14 15 15 10 11 7

20 14 14 15 12 10 9 17 21 48 39 84  32 28 19 29 15 16 13 10 8

30 13 14 15 14 13 16 15 22 19 14 7 34 30 36 18 24 14 10 9 12

40 17 14 15 14 15 27 18 54 21 34 97  70 42 31 19 14 12 16 15 10

50 13 19 20 15 19 14 36 32 27 45 29 53 24 23 21 12 13 11 10 8

60 8 12 13 17 21 24 31 24 22 10 0 6 27 14 13 8 9 8 8 8

70 6 7 11 17 29 16 29 13 5 0 0 0 23 19 11 6 6 8 8 9

80 8 6 7 12 10 9 6 13 1 15 0 0 6 17 14 6 9 8 8 8

90 13 7 7 8 9 7 11 9 7 0 0 0 0 15 11 8 10 9 10 8

100 8 7 7 6 13 10 9 7 0 0 0 0 0 10 15 16 9 9 9 9

110 11 10 9 12 9 16 7 6 0 0 0 0 0 0 7 15 10 7 11 9

120 9 10 15 11 13 12 7 0 0 0 0 0 0 0 10 15 9 7 8 10

130 16 15 15 15 14 7 5 2 0 0 0 0 0 0 0 6 9 6 10 9

140 14 14 11 11 7 5 7 0 0 0 0 0 0 0 0 4 6 7 8 9

150 8 13 12 8 2 1 0 0 0 0 0 0 0 0 0 1 5 6 7 7

160 13 9 3 2 2 2 0 0 0 0 0 0 0 0 0 0 2 5 7 6

170 7 6 5 3 3 0 0 0 0 0 0 0 0 0 0 0 0 4 3 4

180 0 2 3 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 4

190 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

200 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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264 CHAPTER 9. PATTERN MATCHING AND SHAPE DETECTION

9.7. Detecting Ellipses Using the Hough Transform

The Hough algorithm can be easily extendedto finding any curve in an image
that can be expressedanalytically in the form ���������
	��� [22]. Here, � is a point in
the domainof the imageand � is a parametervector. For example,the lines of Section
9.6 canbe expressedin analytic form by letting ����������	
��������������	�� �!�#"%$��&��	�')( , where�*�+�&�,��(-	 and �)�.�/���0�1	3254�6 . We will first discusshow the Houghalgorithm extends
for any analytic curveusing circle location to illustrate the method.

Thecircle ���7')8
	 6 �9�&�:'<;=	 6 �>(-6 in the �?� -planewith center��8!�@;�	 andradius( can be expressedas �A��������	B�C���7'D8�	 6 �����E'<;=	 6 'F(-6G�H , where �I�J�/8=�0;K��(L	 .
Therefore,just asa line MON in the �P� -planecanparameterizedby anangle �#N anda directed
distance(,N , a circle �QN in the �?� -planecanbe parameterizedby the location of its center��� N �@� N 	 and its radius ( N .

TheHoughtransformusedfor circle detectionis a mapdefinedoverfeaturepoints
in thedomainof the imageinto the functionspaceof conicsurfaces.TheHoughtransformR

usedfor circle detectionis the mapRGS ��� N �0� N 	�TU��8G'*� N 	 6 �F��;V'5� N 	 6 'D( 6 �W,X
Note that the Hough transformis only appliedto the featurepoints in the domainof the
image. The surface �/8G')� N 	 6 �Y��;V'5� N 	 6 'F(-6V�� is a cone in 8
;Z( spacewith 8
;
intercept ��� N �0� N �@L	 (seeFigure 9.7.1).

ψ[

ρ

(
\
x  , y  , 0)

0
]

0
]. χ^

Figure 9.7.1. The surface _%`Ga<bPced�f!gh_/ija*k�c#d�fKa*l f�mon .
The point _/b,p@q0k#p�d lies on the circle _�b7a)` c d�f�g�_�kEa)i c d�fKa)l fc mrn in the bPk -

planeif andonly if the conic surface _%`Ga5b p d f g>_/i<a<k p d f a<l f�mIn intersectsthe point_%`
c�q@i�c�q�l,ced in `�i�l -space. For example,the points _�atsLq n d and _0sLq n d lie on the circleu _�_�b�q0k1dQq�_ n q n q#s0d@d m b f gvk f aDs m�n in the b?k -plane.TheHoughtransformusedfor circle
detectionmapsthesepoints to conic surfacesin `
i�l -spaceas followswvx _�atsLq n d�yU_�`zg�s#d f g i f a)l f m{nwvx _@sLq n d�yU_%`Ga|sQd f gFi f a)l f m�n~}
Thesetwo conic surfacesintersectthe point _ n q n q#s0d in `�i�l space(seeFigure9.7.2).
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Figure 9.7.2. The two conicscorrespondingto the two points ���t�1�0���
and �0�1�0��� on the circle �P�!�{�1�B�.� under the Hough transformh.

The featurepoint ���~�@�0�#�%� will lie on the circle �����L���
�1���,��� in the �?� -plane if
andonly if its imageunderthe Hough transformintersectsthe point ���
�1�@�
�����,�e� in �
�Z� -
space.More generally,the point ��� will lie on the curve �����������#���o� in the domainof
the imageif and only if the curve �A��� � ���
�E� � intersectsthe point � � in the parameter
space.Therefore,the numberof featurepoints in the domainof the imagethat lie on the
curve �A������� � �E� � can be countedby countingthe numberof elementsin the rangeof
the Hough transformthat intersect � � .

As in the caseof line detection,the parameterspacemust be quantized. The
accumulatormatrix is the representationof the quantizedparameterspace. For circle
detectionthe accumulator¡ will be a three-dimensionalmatrix with all entriesinitially set
to 0. The entry ¡�����¢L�@��£e���L¤�� is incrementedby 1 for every featurepoint ��� � �0� � � in the
domainof the imagewhoseconic surfacein �
��� -spacepassesthrough ��� ¢ �0� £ ��� ¤ � . More
precisely, ¡A��� ¢ �0� £ ��� ¤ � is incrementedprovided¥ ��� ¢ �*� � � � �>��� £ �)� � � � �j� ¤ ¥1¦{§ �
where

§
is usedto compensatefor digitization and quantization. Shapiro [19, 20, 21]

discusseserror analysiswhen using the Hough transform. If the aboveinequality holds,
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266 CHAPTER 9. PATTERN MATCHING AND SHAPE DETECTION

it implies that the conic surface ¨�©Vª<«�¬/�®!¯h¨/°jª)±#¬/@®Kª<²v³o´ passesthroughthe point¨%©�µL¶@°�·�¶�²L¸� (within a margin of error) in ©
°�² space.This meansthe point ¨�« ¬ ¶@± ¬  lies on
thecircle ¨/«7ªj© µ  ® ¯ ¨/±Eª*° ·  ® ªv² ¸ ³�´ in the «P± -plane,andthusthe accumulatorvalue¹ ¨%©�µL¶@°�·#¶�²1¸� shouldbe incrementedby 1.

Circles are among the most commonly found objects in images. Circles are
specialcasesof ellipses,and circles viewed at an angle appearas ellipses. We extend
circle detectionto ellipsedetectionnext. The methodfor ellipsedetectionthat we will be
discussingis taken from Ballard [22].

Theequationfor anellipsecenteredat ¨�©=¶0°º with axesparallelto thecoordinate
axes(Figure 9.7.3) is ¨�«7ªj©
 ®» ® ¯ ¨�±Eª)°! ®¼ ® ³¾½1¶�¿LÀÁ ¨@¨/«�¶@±LQ¶�¨�©=¶0°K¶ » ¶ ¼ ��³ ¨�«7ªD©��®» ® ¯ ¨�±Eª<°=�®¼ ® ªÂ½�³{´�Ã
Differentiatingwith respectto « , the equationbecomesÄ ¨/«Åª)©
» ® ¯ Ä ¨�±Eª)°!¼ ® Æ ±Æ « ³�´~¶
which gives us ¨�«7ª)©
 ® ³ Ç » ®¼ ® Æ ±Æ «ºÈ ® ¨�±Eª*°� ® Ã
Substitutinginto the original equationfor the ellipse yields¨�±Eª<°= ®¼ ® É ½�¯ » ®¼ ® Ç Æ ±Æ «�È ®ËÊ ³¾½1Ã
Solving for ° we get °)³�±�Ì ¼ ®Í Ç ½�¯¾Î,Ï ¨ÑÐ@ÒÐ%Ó  ÏÔ Ï È Ã
It then follows by substitutingfor ° in the original equationfor the ellipse that©v³W«tÌ » ®Í Ç ½�¯ Ô ÏÎ Ï ¨ Ð�ÒÐ%Ó  Ï È Ã

Forellipsedetectionwe will assumethattheoriginal imagehasbeenpreprocessed
by a directionedgedetectorandthresholdedbasedon edgemagnitude(Chapters3 and4).
Therefore,we assumethat an edgedirection image ÕYÖ¾×Ø´~¶ ÄeÙ &Ú exist, where Û is the
domainof the original image. The direction Õº¨/«�¶@±L is the directionof the gradientat the
point ¨/«�¶0±1 on theellipse. Thetangentto theellipseat ¨/«�¶0±1 is Ü�ÝÜ�Þ�ß à ÞLá Ýeâ . Sincethegradient
is perpendicularto the tangent,the following holds:Æ ±Æ « ß à ÞLá ÝQâ ³|ã0ä-å3æQÕº¨/«�¶0±1�ª Ù ÄZç Ã
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. α
β

(χ, ψ)

xè

yé
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Figure 9.7.3. Parametersof an ellipse.

Recall that so far we haveonly beenconsideringthe equationfor an ellipse whoseaxes
are parallel to the axes of the coordinatesystem. Different orientationsof the ellipse
correspondingto rotationsof an angle ê about ë%ì!í@î�ï can be handledby adding a fifth
parameterê to the descriptorsof an ellipse. This rotation factor manifestsitself in the
expressionfor ð�ñð�ò , which becomesó,ôó,õEö ÷ ò1ø ñeù�úFû0ü,ý3þeÿ ë õ í ô ï�� � ���)ê ���

With this edgedirectionandorientationinformationwe canwrite ì and î asì ú õ	� 
�� ����� ���� � ë������~ë�� ÷ ò1ø ñQù�� �� �"! ï�ï �$#
and î ú ô � %&� �'��� � � ë ����� ë � ÷ ò1ø ñeù�� �� �"! ï@ï ��(� # í
respectively.

The accumulatorarray for ellipse detectionwill be a five-dimensionalarray ) .
Everyentryof ) is initially setto zero. For everyfeaturepoint ë õ í ô ï of theedgedirection
image,the accumulatorcell )�ë�ì'*-í@î&+�í@ê � í 
�, í %.- ï is incrementedby 1 wheneverö ì * �0/11112

õ3� 
��, �&��� � �4� � 5 ë6������ë�� ÷ ò1ø ñQù�� �� ��!87 ï�ï �$#
9�::::; ö=<?>A@

© 2001 by CRC Press LLC



268 CHAPTER 9. PATTERN MATCHING AND SHAPE DETECTION

and B C�DFEHGIIIIJ�K L MONPQ R�S�TVU=WX$Y�Z�[�\]Y�^�_a`=b ced�fhgW fji8k�l8l Wm Wn o p�qqqqr
B=s?t N(u

Larger accumulatorentry values are assumedto correspondto better ellipses. If an
accumulatorentry is judgedlarge enough,its coordinatesaredeemedto be the parameters
of an ellipse in the original image.

It is importantto notethatgradientinformationis usedin theprecedingdescription
of an ellipse. As a consequence,gradientinformation is usedin determiningwhethera
point lies on an ellipse. Gradientinformation showsup as the termv Kvxw B _a`(b cAd�y{z}|�~h�e� Y w'� K l E����E��$�
in the equationsthat were derived above. The incorporationof gradient information
improvestheaccuracyandcomputationalefficiencyof thealgorithm. Our original example
of circle detectiondid not use gradient information. However, circles are specialcases
of ellipsesand circle detectionusing gradientinformation follows immediatelyfrom the
descriptionof the ellipse detectionalgorithm.

Image Algebra Formulation

Theinput image� y Y�� � � l for theHoughalgorithmis theresultof preprocessing
theoriginal imageby a directionaledgedetectorandthresholdingbasedon edgemagnitude.
The image

������� � S��e�
is definedby�xY w&� K l y�� S��������.�=��� �¡�$¢.�a£8¤j�x� �¡£ Y w'� K l��¥j¦��§�e�©¨�£}ª]«8�A¨¬ªj=®¯�� (£¬ª.�A«�°±�a¨8� u

The image
� �³²´� � � � l �

containsedgedirection information.

Let µ �{¶©· be the accumulatorimage,where¸ y �=Y�¹&º � C�D � � Z �8»'¼ b M P l±½(�3¾{¿ s?À � �3¾{Á s{Â � �3¾ z sÄÃ ��Å¾{Æ sÈÇ � �$¢j� �3¾{É sÈÊ � u
Let Ë Y w'� K � ¹ � C � � ��»Ì� M � t¬Í � t N l denotethe conditionB ¹ E GIIIIJ w L » NQ R S�T m WU W Y�Z�[�\.Y�^�_�`=b ced�f g W f"i�l8l W o

p qqqqr
B=s?tAÍ �¡¢j�

B C�E GIIIIJ K L M&NPQ R S�TÎU W Y�Z�[�\]Y�^�_a`=b ced�f g W f"i¬l8l Wm W o p qqqqr
B=sÏt N u
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Define the parameterizedtemplate Ð byÐ$Ñ�Ò�Ó¬ÔaÕ=Ö ×eØ¬Ñ�Ù ÖÛÚÝÜ}ÞxÜ�ßÌÜ6à Ó�áVâ�ãåä´æèçêé(ëjìxä�í8äaé(ë�î Ñ8ï Ü�ðjÜ Ù Ü�Ú±Ü�ÞxÜ}ßÌÜ�à�ÜAñêò�Ü�ñ8ó Ó ä�ô�ô}õ¡í8äaô6öj÷�ìõ$ëjì�ø Ñ6ù Ü¬ú ÓFá ãû é(í¬ü.÷Aý8þ±äaô¬÷�ÿ
The accumulatorarray is constructedusing the imagealgebraexpression��� á � Ð=Ñ�Ò�Ó ÿ
Similar to the implementationof the Hough transform for line detection,efficient in-
crementingof accumulatorcells can be obtainedby defining the neighborhoodfunction� �����
	�� by

� Ñ�Ù� Ü}Ú��$Ü�Þ���Ü}ß���Ü8à�� Ó�áVâ Ñ6ù Ü�ú Ó � Ù� á ������ ù�� ß ó�� � ã��  "!#$ ! % Ñ �'&)( Ñ+* Ô¯Õ(Ö ×AØ-,/.! ,1032 Ó¬Ó !54
6877779

õ¡ëjì Ú � á
������ ú � à ó�: � ã�� $ ! % Ñ �+&)( Ñ+* Ô�Õ=Ö ×eØ-, .! ,10 2 Ó�Ó ! ! # 4

6877779<; ÿ
The accumulatorarray can now be computedby using the following image algebra
pseudocode: = � á?>A@5B�CADFE'Ñ øHG5I ÓÒ � á ÒKJ L�M� á Ò �N � ÿ
9.8. Generalized Hough Algorithm for Shape Detection

In this sectionwe show how the Hough algorithm can be generalizedto detect
non-analyticshapes.A non-analyticshapeis onethatdoesnot havea representationof the
form O�ÑFP ÜFQ Ó á û

(seeSection9.7). The lack of an analytic representationfor the shape
is compensatedfor by the use of a lookup table. This lookup table is often referredto
as the shape’sR-table. We beginour discussionby showinghow to constructan R-table
for an arbitrary shape.Next we show how the R-table is usedin the generalizedHough
algorithm. The origin of this techniquecan be found in Ballard [22].

Let R beanarbitraryshapein thedomainof theimage(seeFigure9.8.1). Choose
any point S+T�UWV�X off the boundaryof R to serveas a referencepoint for the shape.This
referencepoint will serveto parameterizetheshapeRYSFTZU)V�X . Foranypoint on theboundary
of RYSFTZU)V�X let [YSW\�U3]^X be the angleof the gradientat SF\�U)]"X relative to the \_] coordinate
axis. The vector `a SF\�U)]"X from SF\�U)]"X to S-TZU)V�X can be expressedas a magnitude-direction
pair ScbdSc\�U)]"X�U3e�SF\�U)]"X3X , where bdSc\�Uf]dX is the distancefrom SF\�U)]"X to S+T�UfVYX and eYSc\�U)]"X is
the angle `a Sc\�Uf]dX makeswith the positive \ axis.

TheR-tableis indexedby valuesof gradientangles[hg for pointson theboundary
of RYSFTZU)V�X . For eachgradientanglein the R-table,therecorrespondsa set i�SF[ g X of Scb�Ufe�X
magnitude-anglepairs. The pair SWb5U)ejX is an elementof ikSc[ g X if andonly if thereexistsa
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Figure 9.8.1. Non-analyticshaperepresentation.

Table 9.8.1 The Structureof an R-Tables tvudsxwzy{�| }�~F� ||"�W� ||W�A� ~c� |� �)� |� �A�������)� ~+� |�Z� �f� |��� ���
...

...{�� }�~c� � |��)� � |F�^� ~c� �� �)� � � �^�������)� ~+� ��Y� �f� ��Y� ���
...

...{�� }�~c� � | �)� � | ��� ~+� �� �f� � � �A�������)� ~+� ���� �)� ���� ���
point �F� �W�A� on the boundaryof �Y�F� �)��� whosegradientdirection is { � andwhosevector�� �c� �f�d� has magnitude� and direction � . Thus,� � {�� �d��� � � �)�j���"  �c� �f�d�A¡K¢ �¤£"¥§¦�¥ { �F� �)�"�d� {�� ��� �c� �f�d�5�x�Z�d¨5©_ª � �c� �f�d�"� �d« �
which we will shortenfor notationaleaseto� � {�� ��� }j~ � �¬ �)� �¬ � ��¯®±°²®´³ � � �
where ³ � �¶µ¸· �5¹ � � � { � �3� . Table9.8.1 illustratesthe structureof an R-table. It providesa
representationof thenon-analyticshape�Y�F� �)��� thatcanbe usedin thegeneralizedHough
algorithm.
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9.8 GeneralizedHoughAlgorithm for ShapeDetection 271

If ºc»j¼)½A¾À¿ÂÁjÃYºFÄZ¼WÅ�¾ there is a ÆhÇ3¼ ÈÊÉÌËÍÉÌÎ�¼ in the R-table such thatÆ Ç�Ï ÆYºc»�¼f½d¾ . For that Æ Ç thereis a magnitude-anglepair ÐFÑ ÇÒ ¼)Ó ÇÒ�Ô in ÕkºcÆ Ç ¾ suchthatÄ Ï »kÖ×Ñ ÇÒÙØ�Ú5Û ÐWÓ ÇÒ Ô
and Å Ï ½KÖÜÑ ÇÒ Û ËFÝ Ð Ó ÇÒ�Ô^Þ

An important observationto make about the R-table is that by indexing the
gradientdirection, gradient information is incorporatedinto the shape’sdescription. As
in the caseof ellipse detection(Section9.7), this will make the Hough algorithm more
accurateand more computationallyefficient.

As it standsnow, the shapeÃYºFÄZ¼)Å�¾ is parameterizedonly by the locationof its
referencepoint. The R-table for Ã�ºFÄ�¼fÅ�¾ can only be usedto detectshapesthat are the
result of translationsof ÃYºFÄZ¼)Å�¾ in the »ß½ -plane.

A scaling factor can be accommodatedby noting that a scalingof ÃYºFÄZ¼)Å�¾ byÛ is representedby scaling all the vectors in each of the ÕkºcÆ�ÇF¾�¼±ÈÊÉàËáÉâÎá¼ by Û .
If ÕkºcÆ�ÇF¾ ÏÌã Ð Ñ ÇÒ ¼)Ó ÇÒ Ôåä ÈKÉÜæåÉèç¯Ç�é is the set of vectorsthat correspondto Æ�Ç for the
original shape,then ÕkºcÆ Ç ¼ Û ¾ Ï ã Ð Û Ñ ÇÒ ¼)Ó ÇÒ Ô ä ÈKÉÜæåÉèç Ç�é correspondto Æ Ç for the scaled
shape.Thus,informationfrom theR-tableis easilyadaptedto takecareof differentscaling
parameters.

A rotation of the shapethrough an angle ê is also easily representedthrough
adaptationof R-table information. Let ÕkºcÆ Ç ¼fê5¾ be the set of vectors that correspond
to Æ�Ç in an R-table for the rotated shape. The set ÕkºFÆ�Ç)¼)ê5¾ is equal to the set of
vectorsin Õkº3ºcÆ�Ç�ë±ê"¾3ì Ú5í�î"ï ¾ of the original shaperotatedthroughthe angle êxì Ú5í�î"ï .

More precisely, if Æ Ò Ï ºcÆ�Çjëðêd¾Wì Ú5íZîdï and Õ�ºFÆ Ò ¾ Ïòñ¯ó Ñ Ò ô ¼fÓ Ò ô¸õ ä È/É´ö÷É´ç Ò�ø , thenÕkº+Æ�Çf¼)ê"¾ Ï ñKó Ñ Ò ô ¼ ó Ó Ò ô ëðê õ ì Ú5í�î"ï õ ä È/É´öùÉ<ç Ò ø . Therefore,information from an R-

table representingthe shape Ã�ºFÄ�¼fÅ�¾ parameterizedonly by the location of its reference
point can be adaptedto representa more generalshape Ã�ºFÄ�¼fÅ�¼ Û ¼fÆ�¾ parameterizedby
referencepoint, scale,and orientation.

Havingshownhow anR-tableis constructed,we candiscusshow it is usedin the
generalizedHough algorithm. The input for the generalizedHough algorithm is an edge
imagewith gradientinformation that hasbeenthresholdedbasedon edgemagnitude.Letú º+»�¼f½d¾ denotethe direction of the gradientat edgepoint ºc»�¼f½d¾ .

Theentriesof theaccumulatorareindexedby a quantizationof theshape’sÄ�Å Û ê
parameterspace.Thus,the accumulatoris a four-dimensionalarraywith entriesû º+Ä�ü�¼fÅ�ýj¼ Û¸þ ¼fê¸ÿ�¾�¼�� ������� ÈKÉ	�ZÉ�
�¼�È É�ùÉ��Z¼ÈKÉ��²É���¼������xÈ/É� É�� Þ
Entry û º-Ä��5¼)Å ü ¼ Û ý ¼)ê ÿ ¾ is thecountingbin for pointsin the »ß½ -planethatlie on theboundary
of the shapeÃYºFÄ � ¼fÅ ü ¼ Û ý ¼fê ÿ ¾ . Initially all the entriesof the accumulatorare0.

For eachfeatureedgepixel ºc»�¼)½"¾ add 1 to accumulatorentry û ºcÄ � ¼fÅ ü ¼ Û ý ¼fê ÿ ¾
if the following condition,denotedby �²ºF»�¼)½�¼3Ä � ¼)Å�üf¼ Û ýj¼)ê�ÿ�¼��! 5¼"��#"¼$��%5¾ , holds. For positive
numbers �  ¼"� # ¼ and � % , �²º+»�¼)½�¼3Ä���¼)Å ü ¼ Û ý ¼)ê ÿ ¼$�  ¼"� # ¼$� % ¾ is satisfiedif there exists a È�Éö É ç Ò such that & Ä'�hë ó »�Ö Û ý Ñ Ò ô Ø�Ú5Û ójó Ó Ò ô ë±ê ÿ õ ì Ú5íZîdï õ_õ &)( �  
and & Å ü ë ó ½/Ö Û ý Ñ Ò ô Û Ë-Ý ó�ó Ó Ò ô ë±ê ÿ õ ì Ú5íZîdï õjõ &*( � # ¼
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272 CHAPTER 9. PATTERN MATCHING AND SHAPE DETECTION

when +-,/.0,/132$46587:9<;�5�=?>A@�B*C?7ED�FG+6HJI�K . The IMLN2$I�O*2 and I�K are error tolerancesto allow
for quantizationand digitization.

Larger countsat an accumulatorcell meana higherprobability that the indexes
of the accumulatorcell are the parametersof a shapein the image.

Image Algebra Formulation

The input image P:QR,/S�2".85 for the generalizedHoughalgorithmis the resultof
preprocessingthe original imageby a directionaledgedetectorand thresholdingbasedon
edgemagnitude. The image SUT�V�WX2<Y<Z�[ is definedby

S6,�1\2$4A5�Q ] Y_^a`cb<dXe*bgfih�ekjX^ml�n�d6boh�lp,/182$4A5b$q�r$b!b�dGs'l"t�u�bvs�t�w*xydWzwAl�tXbvu${p^ms�bA|
The image .}TE~�W�2"B*C35 [ containsedgegradientdirection information. The accumulator�
is definedover the quantizedparameterspaceof the shape� QRVk,��8�v2��8�32"�!�k� ����5��XY��E�����p2<Y���?���g2<Y��������g2�Y��������JZ6|

Define the template � by

�*,�P�5��m� �  �¡ ,���2"�p2$�*2"9k5�Q ] Y_^a`0S¢,/182"4*5�Q£Yhkj�d¥¤¥,�1\2$4X2��g2$�p2$�A2$962"I!Lv2$I"O�2"I�K�5'^ms's"h�¦�^ms�§�b�dWzwA¦�tXbvu�{p^ms�b)|
The set ¨©,/DGFA5 is the set from the R-tablethat correspondsto the gradientangle DGF . The
accumulatoris constructedwith the imagealgebrastatement

�i��Q«ª �*,�P�5!|
Again, in actual implementation,it will be more efficient to constructa neighborhood
function ¬ � �  B [ satisfying the above parametersin a similar fashion as the
constructionof the neighborhoodfunction in the previoussection(Section9.7) and then
using the three-linealgorithm: ® ��Q¯@6>k=i°6±�²8,/S�³k´�5Pµ��Q¶Po+ ·�¸��Q¹P:º» ¬¼|
9.9. Exercises

1. Discusssimilarities and differencesbetweencorrelation and convolution. Write a
relationshipbetweenthem in imagealgebra(using sometemplate � ).
2. Write an imagealgebraexpressionof the autocorrelationof an image �	T�½ [ with
itself. Thenprove that the autocorrelationfunction is alwayseven.

3. Write an image algebraexpressionof the power spectraldensity function (power
spectrum),which is definedas the Fourier transformof the autocorrelationfunction.

4. Sections9.4and9.5presentpatternmatchingmethodswhich areinvariantwith respect
to rotationand both rotationandscale,respectively.Formulatean imagealgebramethod
for scale-onlyinvariant patternmatching.
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5. Sonarcan determinethe distancefrom a soundsourceby meansof correlation. The
systemhastwo transducersseparatedby a distance.The transducersreceivethe signals¾X¿
andthe time-delayedÀA¾ ¿�Á3Â�¿ , respectively,where À is an attenuationfactor which can be
assumedto be 1 and Ã�Ä is the time lag due to the different pathsfrom the sourceto the
transducers.Even in the presenceof noise,the correlationof ¾ ¿ and À*¾ ¿�Á3Â�¿ will havea
peakat a distancefrom theorigin correspondingto the delay Ã�Ä . Devisean imagealgebra
schemeto determinethedistancefrom a signalsource,makingany necessaryassumptions.

6. Supposewe havea fixed camerathatcapturesimagesof a roadat giventime intervals.
Devisean imagealgebraschemethatusespatternmatchingandcorrelation(asin Exercise
4) to determinethe speedof a vehicle in motion on the road.

7. Find the Hough transformof lines enclosingan object with vertices Å'ÆiÇ¶È"É<Ê6Ë"ÊkÌ ,Å\Í¥Ç¸È"É<ÊXË<É�ÊkÌ , and Å3Î�Ç¸È/Ê�Ë�É<ÊkÌ . Sketchthe modified object enclosedby lines obtained
by replacing È�Ï�Ë�Ð*Ì of the object lines by ÑÒÏ Í Ë$ÐgÓ�ÔAÊkÕ!Ö . Calculatethe areaof the modified
object.

8. Implementa Hough transformthat will detectan ellipse.

9. Developa Houghtransformthat detectsan ellipsein its rotatedandscaledversions.

10. Generalizethe two-dimensionalHough transform for line detection to a three-
dimensionalHough transformthat detectsplanes.
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CHAPTER 10
IMAGE FEATURES AND DESCRIPTORS

10.1. Introduction

Thepurposeof this chapteris to provideexamplesof imagefeatureanddescriptor
extractionin an imagealgebrasetting. Imagefeaturesare useful extractableattributesof
imagesor regionswithin an image.Examplesof imagefeaturesarethe histogramof pixel
valuesandthesymmetryof a regionof interest.Histogramsof pixel valuesareconsidereda
primitive characteristic,or low-level feature,while suchgeometricdescriptorsassymmetry
or orientationof regionsof interestprovide examplesof high-level features. Significant
computationaleffort may be requiredto extracthigh-level featuresfrom a raw gray-value
image.

Generally,imagefeaturesprovidewaysof describingimageproperties,or proper-
tiesof imagecomponents,thatarederivedfrom a numberof differentinformationdomains.
Somefeatures,suchashistogramsandtexturefeatures,arestatisticalin nature,while oth-
ers, such as the Euler numberor boundarydescriptorsof regions,fall in the geometric
domain. Geometricfeaturesare key in providing structuraldescriptorsof images. Struc-
tural descriptionsof imagesareof significantinterest.Theyarean importantcomponentof
high-level imageanalysisandmay also provide storage-efficient representationsof image
data. The objectiveof high-level image analysisis to interpret image information. This
involvesrelatingimagegray levelsto a varietyof non-image-relatedknowledgeunderlying
sceneobjectsand reasoningabout contentsand structuresof complex scenesin images.
Typically, high-level imageanalysisstartswith structuraldescriptionsof images,suchasa
codedrepresentationof an imageobjector the relationshipsbetweenobjectsin an image.
Thedescriptiveterms“inside of” and“adjacentto” denoterelationsbetweencertainobjects.
Representationandmanipulationof thesekindsof relationsis fundamentalto imageanaly-
sis. Hereoneassumesthata preprocessingalgorithmhasproduceda regionallysegmented
imagewhoseregionsrepresentobjectsin the image,andconsidersextractingthe relation
involving the imageregionsfrom the regionally segmentedimage.

10.2. Area and Perimeter

Areaandperimeterarecommonlyuseddescriptorsfor regionsin theplane.In this
sectionimagealgebraformulationsfor the calculationof areaandperimeterarepresented.

Image Algebra Formulation

Let × denotethe region in ØEÙ�Ú�ÛXÜ<Ý<Þ<ß�àpá�ßMâ whosepoints havepixel value Ý .
Oneway to calculatethe area ã of × is simply to count the numberof points in × . This
can be accomplishedwith the imagealgebrastatementãåä æèç Ø�é

The perimeter ê of × may be calculatedby totaling the numberof 0-valued
4-neighborsfor eachpoint in ë . The imagealgebrastatementfor theperimeterof ë using
this definition is given byê�ä�æEì�í�ç îÒï�ð<î�Øòñó	ô ð"õ3ñ	ï�ð<î�ØiñóEô<ö õ�õvÜ
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wherethe templates÷kø and ÷�ù are definedpictorially as

 2  1
 2

 1

t
ú

t
ú

= =
1 2

Alternate Image Algebra Formulation

The formulas for areaand perimeterthat follow have beenadaptedfrom Pratt
[1]. Theyprovidemoreaccuratemeasuresfor imagesof continuousobjectsthathavebeen
digitized. Both the formula for areaandperimeterusethe templateû definedbelow.

 3

 3 1

 1
t
ü

=

Let ýÿþ � ������ . The alternateformulationsfor areaandperimeteraregiven by

� þ �	��
������ �����Òý�� � ������ý���� � �� �!�#"$��ý�� �&%' �$� �(��Òý)� � �+*,��ý��-�
� �#.���ý�� �0/���$� �+1,��ý�� � �+2,��ý��-�-3

and 4 þ5� � 
���"���ý�� � �6 � � ���7�Òý�� � ������ý�� � �+(,��ý�� � �+*,��ý��� � �8� 1 ��ý�� � � 2 ��ý��9�-�93;:
respectively.

10.3. Euler Number

The Euler numberis a topologicaldescriptorfor binary images. It is definedto
be the numberof connectedcomponentsminus the numberof holesinside the connected
components[2].

Thereare two Euler numbersfor a binary image � , which we denote < " � � � and< . � � � . Eachis distinguishedby the connectivityusedto determinethe numberof feature
pixel componentsandthe connectivityusedto determinethe numberof non-featurepixel
holescontainedwithin the featurepixel connectedcomponents.The Euler numberof a
binary image is referencedby the connectivity usedto determinethe numberof feature
pixel components.

The4-connectedEulernumber,<7"$� � � , is definedto bethenumberof 4-connected
featurepixel componentsminus the numberof 8-connectedholes,that is

< " � � ���>= " � � �?A@ . � � �7B
Here, = " � � � denotesthe numberof 4-connectedfeaturecomponentsof � and @ . � � � is the
numberof 8-connectedholeswithin the featurecomponents.

© 2001 by CRC Press LLC



10.3 Euler Number 277

The 8-connectedEuler number, C!D$E8FHG , of F is definedby

C D E8FHG�I>J D E-FHGKALNM$E8FOG7P
where JQD,E8FHG denotesthe numberof 8-connectedfeaturecomponentsof F and L M E8FHG is the
numberof 4-connectedholeswithin the featurecomponents.

Table10.3.1showsEuler numbersfor somesimplepixel configuration.Feature
pixels are black.

Table 10.3.1 Examplesof Pixel ConfigurationsandEuler Numbers

No. R SUTOV R�W SUXHV R�W Y TZV R�W Y XNV R�W [ TZV R�W [ XNV R�W
1.

1 1 0 0 1 1

2.
5 1 0 0 5 1

3.
1 1 1 1 0 0

4.
4 1 1 0 4 0

5.
2 1 4 1 1 -3

6.
1 1 5 1 0 -4

7.
2 2 1 1 1 1

Image Algebra Formulation

Let \ ]_^a`cb7d�eUf be a Boolean input image and let g�h ij\lkmon , wheren ]qp�r�sZt�uwv!xQy v x is the template representedin Figure 10.3.1. The 4-connectedEuler
number is expressedasz9{$|8}H~�� ������ � ��� |8��~Z� �#� |8��~�� �� |-�)~�� �+� |8��~Z��� �#� |8��~Z��� �+� |8��~-�9�
and the 8-connectedEuler numberis given by�9�$|8}H~�� � �� � � ��� |8��~Z� �#� |8��~�� �� |-�)~�� �+� |8��~���� �� |8��~���� �+� |8��~-�9�
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t =
� 3

�
3
�
1

1

Figure 10.3.1. Pictorial representationof the
templateusedfor determiningthe Euler number.

The imagealgebraexpressionsof the two typesof Euler numberswere derived
from the quadpatternformulationsgiven in [1, 3].

Alternate Image Algebra Formulation

The formulation for the Euler numberscould also be expressedusing lookup
tables. Lookup tablesmay be moreefficient. The lookup table for the 4-connectedEuler
number is

���Q�a �¡£¢¤¥
¤¦
§ ¨ª© �«¡ §¬� �®¡°¯± §�¨²© �«¡q³ ¬� �´¡¶µ· ¨²© �«¡ ·®¬� �´¡¶¸¹ ¬$ºw»N¼!¾½¿¨²Àw¼ÂÁ

and the lookup table for the 8-connectedEuler numberis

Ã �   +¡ ¢¤¥
¤¦
§ ¨Ä© �«¡ §Å¬� �®¡°¯± §Æ¨Ä© �«¡q³ ¬� �®¡°µ± ·Ç¨Ä© �«¡ ·®¬� �®¡°¸¹ ¬�ºw»c¼7w½¿¨ÈÀw¼ÂÉ

The4-connectedand8-connectedEulernumberscanthenbe evaluatedusinglookuptables
via the expressions

ÊÌË �-ÍH ¿Î5¡ §Ï�Ð �Ñ��Í�ÒÓ�Ô  ÖÕ,×HØ ÊÌÙ �8ÍH ¿Î5¡ §ÏÚÐ Ã �8ÍlÒÓ�Ô   Á
respectively.

10.4. Chain Code Extraction and Correlation

The chain code providesa storage-efficient representationfor the boundaryof
an object in a Booleanimage. The chain coderepresentationincorporatessuchpertinent
information as the length of the boundaryof the encodedobject, its area,and moments
[4, 5]. Additionally, chaincodesare invertible in that an objectcanbe reconstructedfrom
its chain code representation.

The basic idea behind the chain code is that eachboundarypixel of an object
hasan adjacentboundarypixel neighborwhosedirection from the given boundarypixel
can be specifiedby a uniquenumberbetween0 and 7. Given a pixel, considerits eight
neighboringpixels. Each8-neighborcan be assigneda numberfrom 0 to 7 representing
oneof eight possibledirectionsfrom thegivenpixel (seeFigure10.4.1).This is donewith
the sameorientationthroughoutthe entire image.

© 2001 by CRC Press LLC



10.4 ChainCodeExtractionandCorrelation 279

0
�

1
2

3

4

5
�

6
7

x x

xx

x

x x x

0
�12

�
3
�
4
�
5
�

6
�

7
�

x

Figure10.4.1. The 8-neighborhoodof 	 and the associatedeight directions.

The chain codefor the boundaryof a Booleanimageis a sequenceof integers,
����
���������
�����������������
 �"!$#%���'& , from the set ��������������"�'()& ; i.e., 
���*+�-,/.10 for *2��3�4���4�����1��!5#6� . The numberof elementsin the sequencec is called the length of the
chaincode.Theelements
��7�)� and 
 �7!8#9��� arecalledthe initial and terminalpoint of the
code,respectively.Startingat a given basepoint, the boundaryof an object in a Boolean
image can be tracedout using the head-to-taildirections that the chain code provides.
Figure10.4.2illustratesthe processof tracingout the boundaryof the SR71by following
directionvectors.The informationof Figure10.4.2is then“flattened” to derive the chain
codefor its boundary.Supposewe choosethe topmostleft featurepixel of Figure10.4.2
asthebasepoint for theboundaryencoding.Thechaincodefor the boundaryof the SR71
is the sequence (3�":��'(��'(��'���;�����'���)���)����<
Given the basepoint and the chain code, the boundaryof the SR71 can be completely
reconstructed.The chaincodeis an efficient way of storingboundaryinformationbecause
it requiresonly threebits ( =?> ��@ ) to determineany oneof the eight directions.

Thechaincodecorrelationfunctionprovidesa measureof similarity in shapeand
orientationbetweentwo objectsvia their chain codes. Let 
5,A�7. 0 �CBED and 
)FG,H�7. 0 �CBJI
be two chainsof length m and n, respectively,with KML ! . The chain codecorrelation
function N�O�O�PRQ .TSVUXWY#Z�)���;[ is definedby

N O�O P �]\?�^� �K _` a bdcfe�gEh i ��
��7*j�k#V
?Fl�'�7*�mn\�� K gEo !1���kp�qr s <
The valueof \ at which N O�O P takeson its maximumis the offset of the segmentof 
?F that
bestmatches
 . The closerthe maximumis to � the betterthe match.

Image Algebra Formulation

Chain Code Extraction

In this sectionwe presentan imagealgebraformulation for extractingthe chain
codefrom an8-connectedobjectin a booleanimage.Thisalgorithmis capableof extracting
the chain code from objectstypically consideredto be poor candidatesfor chain coding
purposes.Specifically, this algorithm is capableof coping with pinch points and feelers
(as shown in Figure 10.4.3).
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Figure 10.4.2. Chaincodedirectionswith associateddirection numbers.

Let tvuxwJy�z�{E|�} be the sourceimage. The chain code extraction algorithm
proceedsin threephases.Thefirst phaseusesthecensustemplate~ shownin Figure10.4.4
togetherwith the linear image-templateproductoperation �� to assigneachpoint ��u��
a numberbetweeny and �3{�{ . This numberrepresentsthe configurationof the pixel values
of t in the 8-neighborhoodabout � . Neighborhoodconfigurationinformation is storedin
the image ��u������'�"���;} , where

�����nt��� ~��
This informationwill be usedin the last phaseof the algorithmto guide the selectionof
directionsduring the extractionof the chain code.
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Figure 10.4.3. Booleanobject with a pinch point and feelers.
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Figure 10.4.4. Censustemplateusedfor chain codeextraction.

The next stepof the algorithm extractsa startingpoint (the initial point) on the
interior 8-boundaryof the object and providesan initial direction. This is accomplished
by the statement: ��� � ¡£¢¥¤)¦E§�¨�©jª�«+¬�E®J¯�°
Herewe assumethe lexicographical(row scanning)order. Hence,the startingpoint

� �
is

the lexicographicalminimum of the point set

¤�¦E§±¨�©+ª�«j¬� ® ¯
. For a clockwisetraversalof

the object’s boundarythe startingdirection

¤
is initially set to ² .

There are three functions ³'´ «�©+¯µ��¶¥· ¶�¸
, ¹ �2¶1º»· ¶ ¸ ¼ ¸¾½ « ²�¿'² ¯ , andÀ ��¶1º¾Á2¶�ÂÄÃC¸R·Å¶1º

that are usedin the final phaseof the algorithm. The function ³�´ «"©j¯
returnsthe Æ th bit in the binary representationof the integer

©
. For example, ³ ¸?«7Ç�¯È¡ÊÉ

,³ Ã�«7Ç�¯$¡ËÉ
, and ³ � «7Ç�¯Ì¡ ² .

Givena direction,the function ¹ providesthe incrementsrequiredto moveto the
next point alongthe pathof the chaincodein Í . The valuesof ¹ are given by¹ « ² ¯k¡�« ²�¿ É�¯ ¿¹ «�É�¯k¡�«;ÎZÉ ¿ É�¯ ¿¹ «7Ï)¯k¡�«;ÎZÉ ¿�² ¯ ¿¹ «7Ð)¯k¡�«;ÎZÉ ¿ ÎÑÉ�¯ ¿¹ «+Ò�¯k¡�« ²�¿ ÎZÉ�¯ ¿¹ «7Ó)¯k¡�«'É ¿ ÎZÉ�¯ ¿¹ «7Ç)¯k¡�«'É ¿'² ¯ ¿'ÔEÕ�Ö¹ «7×)¯k¡�«'É ¿ É�¯�°

© 2001 by CRC Press LLC



282 CHAPTER 10. IMAGE FEATURES AND DESCRIPTORS

The key to the algorithm is the function Ø . Given a previousdirection Ù and a
neighborhoodcharacterizationnumberÚÜÛ9ÝßÞjà�á , the function Ø providesthenextdirection
in the chaincode. The valueof Ø is computedusing the following pseudocode:ØÌâ�ÛäãAåæ â Û-çè)é1ê?ë3ì Ø�ÛHãÑå ë�í�í�îØÌâ Û9Þ"ÙÜïñðÈã æ ákò�óEÙõôêEöø÷'ù Þ7Ú�áúÛAçRû é4ì�üØÌâ ÛäãAåì�ü�ý$êEöæ â Û æ ïHåì�ü�ýøë�í�í?îfþ
Notethat Ø asdefinedaboveis designedfor a clockwisetraversalof theobject’sboundary.
For a counterclockwisetraversal,the lineØ±â�Û9Þ7Ùÿï-ðÈã æ áúòÌóEÙÑô
should be replacedby ØÌâ�Û%Þ�Ùÿï��Üï æ áúò±óEÙõô þ
Also, the startingdirection Ù for the algorithmshouldbe set to � for the counterclockwise
traversal.

Let ������ç	��å�
� be the sourceimageand let ���%Þ����Eá���� be the imagevariable
usedto storethe chaincode. Combiningthe threephasesoutlinedabovewe arrive at the
following imagealgebrapseudocodefor chaincodeextractionfrom an 8-connectedobject
containedin � : Ý�â Û��±ï���à�â�Û à��Ùõâ Û-çÙ��Gâ�ÛVØTÞCÙ��;ÝGÞlà���á;áæ â�Û-çë�í�í?îÙÑâ�ÛVØTÞ"Ù��"ÝGÞlà�á"áêJö ÙÑÛ Ù � � ü�ý à�Û à � û é4ì�ü!#" ì �%$ì�ü�ý$êEö�3Þ æ ákâ Û-Ùà2â�Û à$ï'&)Þ�Ù�áæ â�Û æ ï åì�ü�ýøë�í�íEî�þ
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In order to reconstructthe object from its chain code,the algorithm below can
be usedto generatethe object’s interior 8-boundary.(*) +�,(�-/.�012)3+54.6) +�. 087�9 -;:<-�=>1?1@<ACBEDGF�H 4>IJI KML54 N A�A�O(P-Q.�1R) +S4.T)3+�. 7�9 -;:�- D 1;1U H	V N A�AWO I
The region boundedby the 8–boundarycan then be filled using one of the hole filling
algorithmsof Section6.6.

Chain Code Corr elation

Let :MX�-ZY�[�1;\�] and :%^2X�-ZY�[�1;\�_ be two chainswhere `ba K . Let :W^c )3+�:%^	d e c
where e c - D 16)8YgfhYji is the function definedby e c - D 1k+l- D 7nm 1 `ko>p K . The imageqrX�stLu4Cv4?w \ _ that representsthe chaincodecorrelationbetween: and : ^ is given byq�- m 1R) + 4` x y o%z {�| :}L~:%^cW����� � I

Comments and Observations

Theimagealgebrapseudocodealgorithmpresentedherewasdevelopedby Robert
H. Forsmanat the Center for ComputerVision and Visualizationof the University of
Florida. To improve the performanceof the chaincodeextractionalgorithm, the functione usedfor chain codeextractionshouldbe implementedusing a lookup table. Suchan
implementationis given in Ritter [6].

10.5. Region Adjacency

A region, for the purposesof this section, is a subsetof the domain of (gXY�� whose points are all mappedto the same(or similar) pixel value by ( . Regions
will be indexed by the pixel value of their members, that is, region ��� is the set� .nX���)%(P-/.�18+ D�� .

Adjacencyof regionsis an intuitive notion, which is formalizedfor (�X�Y�� by
the ��p m relation.

� � ��p m � c���� .8vZ��X���� �J�?� p -�.8v?��1R+g4 �I ��I	�� � 4>Ib(P-/.�18+ D��%��  (P-Z�21�+ m¡>¢£ Ib(P-/.�18+ m �%��  (P-Z�21�+ D I
Here p denotesthe Euclideandistancebetween .¤+¥-Z¦�§�v¨¦	©�1 and �b+ª-�«C§%v¬«%©�1 ; i.e.,p -�.8v?��1*+® -�¦ § L�« § 1 © 7 -Z¦ © L�« © 1 © . In other words, � � and � c are adjacentif and
only if thereis a point in � � anda point in � c that area distanceof oneunit apart.
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The adjacencyrelation,denotedby ¯#°�± , can be representedby a set of ordered
pairs,an image,or a graph. The orderedpair representationof the ¯�°�± relation is the set²>³�´?µ ±W¶ · ´;µ ±u¸�¹�º�»½¼�¾�¿�¯�°�±}¾rÀ>Á�Â
The ¯�°Z± relation is symmetric( ¾ ¿ ¯�°�±Ã¾ ÀuÄ ¾ À ¯#°�±E¾ ¿ ). Hence,the abovesetcontains
redundantinformation regardingthe relation. This redundancyis eliminatedby using the
set

²>³�´?µ ±W¶ · ´2Å ±uº%»½¼�¾ ¿ ¯#°�±u¾ À Á to representthe adjacencyrelation.

The image ÆÇ¸ ²ÈÉµËÊ Á�Ì definedbyÆ ³Q´?µ ±#¶�ÍÏÎ ÊÑÐÓÒ ¾ ¿ ¯�°�±Ô¾ ÀÈÖÕ>×?Ø	Ù�Ú;Û ÐJÜ;Ù>µ
where Ý�Í ²>³Z´;µ ±>¶ ·>Þrß ´ ßáàãâ µ�Ê ß�±åä ´ Á is the imagerepresentationof the adjacency
relation amongthe regions in æ .

Regionnumbersform theverticesof thegraphrepresentationof the ¯�°�± relation;
edgesare the pairs

³Z´;µ ±W¶ , where ¾ ¿ ¯�°Z±E¾ À . Thus,thereare threeeasyways to represent
the notion of region adjacency.As an example,we provide the threerepresentationsfor
the adjacencyrelation definedover the regionsin Figure 10.5.1.

1

2

34

5

6

Figure 10.5.1. Albert the alligator (Region1) and environs.

(a) Orderedpair representation—ç�è�é}êìë>íZî	ï�ðËñËïòíQó	ï¨î%ñËïòíQô½ï¨î%ñËïòí�õÉï¬î%ñíZõ	ï?ô>ñËïòíQö	ï�ðËñËïòí�ö	ï¨î%ñËïòí�öÉï¬õ%ñø÷
(b) Image representation—ù	ú é ðûîüóÖô õ öðî ðó ý ðô ý ðhýõ ý ðhý ðö ð ðhýüý ð

© 2001 by CRC Press LLC



10.5 RegionAdjacency 285

(c) Graph representation—

1

23 6

4
þ

5

Image Algebra Formulation

Let ÿ������ be the input image, where � is an �	��
 array. In order for
the adjacencyrelation to be meaningful, the image ÿ in most applicationswill be the
result of preprocessingan original imagewith sometype of segmentationtechnique;e.g.,
componentlabeling (Sections6.2 and 6.3).

The adjacencyrelation for regionsin � will be representedby the image �������������
, where ��� �������! #"%$'&)(*�+(-, ÿ ����(� )./��� . The parameterizedtemplate0 � ÿ " �1 �2������� �43 � usedto determineof adjacencyis defined by

0 � ÿ "6587:9 ;�<��=�6�! :" � >?@ ?A �CBEDF�����= :" � � �HG#I � ÿ � IKJ �'�6LM"�� ÿ � I �NL:"6"�� � � 
 � ÿ � IOJ �:�NLM"�� ÿ � I �PL'"6"�"Q:R�=�6�! S" � � �TGMI � ÿ � I �NL J ��"U� ÿ � I �NL:"�"�� � � 
 � ÿ � I �PL J ��"�� ÿ � I �PL'"N"6"� Q'V6WYX�RNZ BE[ XM\
The adjacencyrepresentationimageis generatedby the imagealgebrastatement

� $ �^]_0 � ÿ " \
For a fixed point

� Ia` �PL ` " of � , 0 � ÿ " 5b7�cN9 ;�c6< is an imagein
�2�Y����� �

. If regions dfe and dhg
“touch” at the point

� Ii` �PL ` " , 0 � ÿ "65b7 c 9 ; c <������= #" is equalto
�
; otherwiseit is

�
. If regions dfe

and dhg touch at any point in � , the maximum

]5b7'9 ;�<kj � 0 � ÿ " 5b7:9 ;�< �=�6�! #"
will take on value

�
; otherwiseit will be

�
. Therefore,

� �����= :" � ] 0 � ÿ " � ]5b7:9 ;�<kj � 0 � ÿ "65b7'9 ;�<��=�6�! S"
is equalto

�
if dle and dmg are adjacentand

�
otherwise.The orderedpair representation

of the adjacencyrelation is the set n o �HG � 
 � �qp�r+s " \
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Comments and Observations

In the definition of adjacencyabove,two regionsareadjacentif thereis a point
in one region and a point in the other region that are unit distanceapart. That is, each
point is in the 4-neighborhoodof the other. Another definition of adjacencyis that two
regionsare adjacentif they touch alonga diagonaldirection. With the seconddefinition,
two regionsareadjacentif thereis in eachregiona point which lies in the 8-neighborhood
of theother. Anotherway to expressthesecondadjacencyrelationis that thereexistpoints
in eachregion that are at distance t u of eachother.

If the seconddefinition of adjacencyis preferred,the templatebelow should
replacethe templateusedin the original imagealgebraformulation.

v'wyxaz�{b|:} ~���w����=�:z:�
������� ������
� � � {b�k} �����f{8�4�N|2{8��{b|=� � } ~��k} ��{b|:} ~�����}�%�b�#{E��{�|=� � } ~��k} ��{�|:} ~������k}{8�y} ����� {b�F�N|�{b��{b|'} ~k� � ��} ��{b|'} ~����k}�%�b�M{b��{b|'} ~k� � ��} ��{b|'} ~������k}{8�y} �����T{b�F�N|�{b��{b|'� � } ~k� � �k} ��{b|:} ~����k}�%�b�M{b��{b|'� � } ~k� � �k} ��{b|:} ~������k}:�=�{8�y} ����� {b�F�N|�{b��{b|�� � } ~y� � �k} ��{b|:} ~�����}�%�b�M{���{�|�� � } ~y� � ��} ��{�|:} ~������� ���N�Y�� 6¡F¢b£��#¤

The imagealgebraformulationof thealgorithmpresentedabovewasfirst formu-
lated in Ritter [6] and Shi and Ritter [7].

10.6. Inclusion Relation

The inclusionrelationdescribesthe hierarchicalstructureof regionsin an image
using the relation “inside of.” Regionsare defined as they were in Section10.5. The
inclusion relation can be representedby a set of orderedpairs, a directedgraph, or an
image.As an example,we presentrepresentationsfor the imageshownin Figure10.6.1.

1

2

3
4

5
6

Figure 10.6.1. Inclusion of smallerfishes ¥=¦¨§�¥k©Mª¬«� a bigger fish.

(a) Orderedpairs — The orderedpair ®�¥�¯=°#± is an elementof the ¥k¦¨§�¥y©Mª²«�
relation iff region ³f´ is inside of region ³hµ . For Figure 10.6.1the ¥k¦¨§�¥k©MªT«�
relation is representedby the set of orderedpairs¶ ®=·Y¯N¸�±�¯U®�·Y¯U¹�±�¯U®�º�¯6»:±U¯�®yº�¯�¹�±U¯�®k¼a¯N¸�±�¯U®y¼i¯�¹�±U¯�®y»�¯�¹�±U¯®=¸Y¯�¹�±�¯U®P¹:¯�¹�±N®=¸Y¯N¸�±�¯U®�»�¯P»�±U¯�®k¼a¯�¼2±�¯U®yºY¯Nº�±�¯U®�·Y¯N·�±N½M¾
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(b) Directedgraph— The verticesof the graphrepresentationof the inclusion
relationareregionnumbers.Thedirectededge¿6À6ÁkÂ#Ã with tail at À andheadat Â is
an elementof the graphiff ÄfÅOÀyÆ¨Ç�À=È:ÉËÊ�ÌÍÄËÎ . The directedgraphrepresentation
of the inclusion relation is shown below. The ÀkÆ¨Ç�ÀkÈMÉÏÊ�Ì relation is reflexive,

1

2 3

4 6 5

thusin the graphaboveeachregion is assumedto havean edgethat pointsback
to itself.

(c) Image— The inclusion is representedby the image Ð definedby

ÐÒÑ�Ó�Ô=Õ#ÖO×�ØfÙÛÚEÜ%ÝfÞ Ókß¨à�ÓyáMâËã�ä Ýmåæèç'é6êYëUìPí ÚEî ëMï
The following is the image representationof the inclusion relation for Figure
10.6.1. ÓYðñÕ Ùóò ôèõ öø÷Ù Ù æ æùæøæøæò ÙùÙ æùæøæøæô Ù æ Ù æøæøæõ ÙùÙ æ Ù æøæö Ù æ Ù æ Ù æ÷ ÙùÙ æùæøæ Ù
Note that regionsare sets; however, the Ókß¨à�ÓkáMâ²ã�ä relation and set inclusionú

relation are distinct concepts. Two algorithmsusedto describethe inclusion relation
amongregionsin an image are presentednext.

Image Algebra Formulation

The first image algebra formulation bases its method on the tenet thatÝlÞ Óyß¨à�Óká#âûã�ä Ýhå if f the domain of ÝfÞ is contained(
ú

) in the holes of Ýhå . The al-
gorithm beginsby making binary images ü Þ ×�ýÿþ Þ ÑyÐaÖ and ü å ×�ýOþ å ÑyÐaÖ to representthe
regions ÝlÞ and Ýhå , respectively,of the sourceimage Ð . Next, one of the hole filling
algorithmsof Section6.6 is usedto fill theholesin ü å to createthefilled image ü å . RegionÝlÞ is inside of Ýhå if f ü Þ�� ü å × ü å .

Let Ð������ be the sourceimage,where � ×
	����	�� . Let � ×�	����	�� ,
where �²× � Ð . We shall constructan image ������� that will representthe inclusion
relation. Initially, all pixel valuesof � are setequalto Ù . The imagealgebrapseudocode
usedto createthe imagerepresentation� of the inclusion relation amongthe regionsof
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288 CHAPTER 10. IMAGE FEATURES AND DESCRIPTORS� is given by ���  "!#%$'&)(+*-,/.1020-3 �54 $6$87#%$'&�9)*:,/.1020-3 �54 $6$87*;#)(=< 9?>;,6@ �BA (DCE98F�< HG�I1J�K ,L:M �N �OQP M A � FLDR �  SO P R A � FL R �  TJ $ 4 K #U* 4V4 A L R F*;# L M 3 L-R  L-R I1J�K ,�WA 91CX(YF �N ZGK 46[ K�\A (]CE91F �  ^GK ,_@`*;#K ,_@`*;#K ,_@ 4 $6$;7K ,_@ 4 $6$87a0
The subroutine

J $ 4 K #b* 464 is an implementationof oneof the hole filling algorithmsfrom
Section6.6.

Alternate Image Algebra Formulation

The algorithm aboverequires c-dec8fagihj applicationsof the hole filling algorithm.
Eachapplicationof the hole filling algorithmis, in itself, computationallyvery expensive.
The alternateimage algebraformulation assumesthat regions at the samelevel of the(Yk�lm(Yn6oqp;r

graph are not adjacent. This assumptionwill allow for greatercomputational
efficiency at the cost of loss of generality.

The alternateimage algebraformulation makesits determinationof inclusion
basedon pixel valuetransitionsalonga row startingfrom a point

Aisbt C]u t F
insidea region

and moving in a direction toward the image’sboundary. More specifically, if the image� is definedover an vxw k grid, the numberof transitionsfrom region y M to region y R
startingat

Azs t CXu t F
moving alonga row towardthe right sideof the imageis given by{-|1} n�~�� � .����������Tu t | k�n A (�Ci91F  �A � Ais t CXu t�� ����.:F-C � Azs t CDu t�� ��F]F��10

For example,in sequenceAzsUt CDu t F A]sbt CDkUF� Azs CXu'F � � � ����� � ��� � � .� . � ��� ��� ����� . G .1. .:�
thereare two transitionsfrom 4 to 6 and one transitionfrom 6 to 4.

It follows from elementaryplane topology that if y M is
(�k�l:(YnVo"p;r y R then

startingfrom a point in y M thenumberof transitionsfrom
(

to
9

is greaterthanthenumber
of transitionsfrom

9
to
(
. The image algebraformulation that follows basesits method

on this fact.
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Let ������� , where �¡ £¢U¤¦¥�¢¨§ be the sourceimage. Let © be the ordered
pair representationof the inclusion relation. For ª« ¬i¢�®6¯1°]± , define the parameterized

template ²��´³;µ;¶_·-¸8¹mº¼»¾½�¿ by

²'¬��a·DÀa·�ÁV°�Â'¬zÃ�·iÄV°Q ¦Å ¸ÇÆNÈ�¬zÃ�·iÄ1°� �¬���¬iÀa·DÁÊÉ�Ë?ÌÍ¸-°�·]��¬iÀa·DÁÊÉ�Ë_°]°Î8ÏbÐ ¸�Ñ�Ë�ÑÍÒ`Ì�Á¶�Ó1Ô�Õ_Ö-×�ØÊÆÚÙ�ÖVÛ
Let Ü�Ý1¢ ±ÊÞ ¢ ± bethereflection Ü¨¬EÀß·DÁ1°Q �¬iÁ_·DÀb° . Thealternateimagealgebraformulation
usedto generatethe orderedpair representationof the inclusionrelationfor regionsin � is©�ÝN "µ;¬X¸1·:¸-°:·-¬�à�·Xà;°�·má:á:áX·�¬zâ+�a·Xâ+�%°ã¹ä_å;æ`ç�è:é ¸1Û2Û-â`�qê å6å8ë¬]À_ì1·DÁ;ì-°BÝ  ^í-îUï;Ã�í-ð8¬zñ6ï;òôó6Ã�Òß¬Y�aõmö÷°]°ø ÝN �ù ²'¬��a·DÀ ì ·XÁ ì °©?ÝN Z©�úôñVï;ò�ó6Ã�Òß¬�¬ ø Ì øqû Ü�°�õ;ü ì °ý éVþ ê åVå8ë Û
Here

ø`û Ü denotesthe compositionof
ø

and Ü , and ¬ øôû Ü�°D¬zÀß·DÁ1°�  ø ¬�Ü�¬]Àß·XÁ'°]°�  ø ¬�Á_·DÀb° .
A nicepropertyof this algorithmis thatoneexecutionof the

ä%å'æ
loop findsall the regions

that contain the region whoseindex is the current value of the loop variable. The first
algorithm presentedrequirednested

ä_å'æ
loops.

Note that for eachpoint Ë`��¢ , ²1¬Y�a·DÀbì;·DÁ;ì-°�Â?��µ�¶�·m¸:¹ º is an imagewhosevalue
at ¬iÃ]·EÄ1° indicatewhetherthe line crossesthe boundaryfrom ÿ�� to ÿ�� at ¬]Àbì;·DÁ;ì�É^Ë?ÌÍ¸-° .
Thus,

ø ¬�Ã]·EÄ8°ô ��Â�� ½ ²1¬e�ß·XÀUì;·DÁ;ìm° Â ¬zÃ�·iÄV°� 
�
	����Â���� ²'¬e�a·DÀbì;·DÁ;ì:° Â ¬zÃ�·EÄV° is the total numberof

boundarycrossingsfrom ÿ � to ÿ � , and
ø ¬zÃ�·iÄ1°�� ø ¬eÄ1·DÃ�° implies ÿ � ÃYÒ��mÃYñ6ð ï;Üôÿ � .

Comments and Observations

Both formulations,which were first presentedin Shi and Ritter [7], producea
preorderingon thesetof regions.That is, the ����������� �"! relationis reflexiveandtransitive.
The first formulation is not a partial orderingbecauseit fails to be antisymmetric.To see
this consideran imagethat consistsof two regions,one of black pixels and the other of
white pixels that togethermake a checkerboardpatternof one pixel squares. Under its
assumptionthat regionsat the samelevel are not adjacent,the secondformulation does
producea partial ordering.

10.7. Quadtree Extraction

A quadtreeis a hierarchicalrepresentationof a #"$&%'#�$ binary imagebasedon
successivepartition of the image into quadrants. Quadtreesprovide effective structural
descriptionsof binary images,and the operationson quadtreesare simple and elegant.
Gargantini [8] introduceda new representationof a quadtreecalled linear quadtree.In a
linear quadtree,he encodeseachblack node(foregroundnode)with a quaternaryinteger
whosedigits reflectsuccessivequadrantsubdivisions.He needsa specialmarkerto encode
big nodeswith more than one pixel. Here, we encodea quadtreeas a set of integersin
base5 as follows:
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Eachblacknodeis encodedasan ( -digit integerin base5. Eachsuccessivedigit
representsthe quadrantsubdivisionfrom which it originates. At the kth level, the NW
quadrantis encodedwith 1 at thekth digit, theNE with 2, theSW with 3, andtheSEwith
4. For a black nodeat the kth level, its last (*),+ digits areencodedas 0’s.

NW
-

NE
-

SW
.

SE
.

Figure 10.7.1. A binary imageand its quadtree.

 131  132

 134  233

140

320/
4000

Figure 10.7.2. Codesof black pixels.

To obtain the set of quadtreecodesfor a 1"24351"2 binary image,we assignthe
individual blackpixelsof the imagetheir correspondingquadtreecodes,andwork upwards
to merge 6 codesrepresenting6 black nodesat a lower level into a code representing
the black nodeconsistingof those 6 black nodesif possible. The merging processcan
be performedas follows: whenever 6 black nodesat the 798
:<;>= th level are encoded
as ?A@B?�CED�D�D9?GFIHKJLD�D�D9JM N�O P2�Q F Q @ , HSRT;"UV1KUXWYUX6 , we merge thosecodesinto ?�@�?�CZD�D>DX?GF[J�D>D�D�JM N�O P2KQ F which

representsa kth-level black nodeconsistingof the 6 black nodesat the 7�8\:];>= th level.
This schemeprovidesan algorithmto transformsa 1�2^3_1"2 binary imageinto its quadtree
representation.
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Image Algebra Formulation

Let the sourceimage `�a'b�cGd be an imageon egfihIj�kVlnmporqIs�tukvlwmStyx"z�{u|�} .
Define an image ~Ea4b d by ~�j9kvlwm�oZf zK����� ����� jXk

� lwm � ov� � l
where k�f zY����� ��� k

� x �
m�f zY����� ��� m

� x �
and

� jXk
� l�m � oEf ��� �� |�����k � f<s
�"����m � f<sx�����k � fi|L�"����m � f<s� ����k � f<s
�"����m � fi|� ����k � fi|L�"����m � fi|"�

Next, definethe template �Ij��Ko as follows:

 0

 0 0

  -5n-k�
t
�
(k)  =

Finally, definetwo functions  ¢¡ and  "£ by  ¡�¤9¥¢¡"¦B¥"£�§�¨©¤�ªI¥¢¡"¦Bª¢¥"£�§
and   £�¤w«¬¡>¦V«�£G§[¨®[¯ « ¡ª±° ¦�¯ « £ª*°p²Z³

Now, if ´ denotesthe set of quadtreecodesto be constructed,then ´ can be
obtainedby using the following algorithm.´¶µ ¨ ·¸K¹ µ ¨ ¸»º>¼½ µ ¨¿¾À¢Á�Â�ÃYÄÅ¸ÇÆ�ÈyÉ ÊKËÌ Æ µ ¨¿¤ ¸ Æ ÍÎÐÏ ¤ ½ §X§�Ñ   ¡ÒIÆ µ ¨Ó¤nÔEÕ�Ö Ì Æ §�Ñ  "£´ µ ¨ ´u×_Ø"Ù ¾YÚÜÛ�¤X¤ ¸�Æ
º>Ò¢Æ §GÝ"ÞßÖG§¸�Æ�à ¡Lµ ¨ Ì Æ½ µ ¨ ½�áÐâ ³

In the abovealgorithm,which first appearedin Shi [7], ¸�ã is a ª Æ�ä ª Æ image
in which any positivepixel encodesa kth-level black nodewhich may be further merged
to a big nodeat the å9æ�çuè�é th level. The image êrë is a ìIí�î�ïÅð4ìIí�î�ï imagein which any
positive pixel encodesa black nodemerged from the correspondingfour black nodesat
the kth level. The image ñ ë is a ìIí»ð5ìIí binary imagein which any pixel with value 1
indicatesthat the correspondingnodecannotbe further merged. Thus,a positivepixel ofò ëÅó ñ ë encodesa kth level black nodewhich cannotbe further merged.
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10.8. Position, Orientation, and Symmetry

In thissection,imagealgebraformulationsfor position, orientation, andsymmetry
arepresented.Position,orientation,andsymmetryareusefuldescriptorsof objectswithin
images[9, 10].

Let ô4õ÷öEø�ù be an imagethat representsan objectconsistingof positive-valued
pixels that is setagainsta backgroundof 0-valuedpixels. Positionrefersto the locationof
the object in the plane. The objects’scentroid (or centerof mass)is the point that is used
to specify its position. The centroidis the point ú û¬ü ý�þ whosecoordinatesaregiven by

û»ÿ����ø ù û��Gô�ú9û�üVýIþ���û���ý���ø ù ô�úXû�üBý¢þ���û���ýý�ÿ ���ø ù ý	�Vô�úXû�üVýIþ
�pû���ý���ø ù ô�úXû�üBý¢þ���û��pý�
For the digital image ô5õ÷ö���������� the centroid’scoordinatesaregiven by

û»ÿ
������� ��� ��� û���ô�úXû�üBý¢þ������� ��� ��� ô�úXû�üBý¢þ

ý�ÿ
������� ��� ��� ý	��ô�ú�û�üVýIþ������� ��� ��� ô�ú9û�üVýIþ �

Figure10.8.1showsthe location of the centroidfor an SR71object.

Orientationrefers to how the object lies in the plane. The object’s momentof
inertia is usedto determineits angleof orientation.The momentof inertia aboutthe line
with slope �! #"%$ passingthrough ú û�ü ý¢þ is definedas&(' ÿ*)+)ø ù-, ú9û/. ûYþ�0�12"3$4.,úXý5. ýpþ
687�09$9:<;=��ô¬ú9û�üBý¢þ���û���ý �
Theangle $ �=>?� thatminimizes

& '
is thedirectionof theaxisof leastinertia for theobject.

If $ �@>A� is unique,thenthe line in the direction $ �@>A� is the principal axisof inertia for the
object. For a binary imagethe principal axis of inertia is the axis aboutwhich the object
appearselongated.The principal axis of inertia in the direction $ is shownfor the SR71
objectin Figure10.8.1.The line in thedirection $ �CBD� is theaxis aboutwhich the moment
of inertia is greatest.In a binary image,the object is widest aboutthis axis. The angles$ �E>A� and $ �=B�� are separatedby 90F .

Let G ;!H ÿ )I)ø ù ú9ûJ. ûKþ ; ��ô¬ú9û�üBý¢þ!��û���ýG �!� ÿ )I)ø ù ú9ûJ. ûKþ úXý5. ý�þK�Gô�ú9û�üBý�þ
�pû���ýG H!; ÿ )I)ø ù ú9ýL. ý�þ ; �Vô�úXû�üVýIþ
��û���ý �
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y

x

θ

(x,y)- -

Figure 10.8.1. Centroidand angle M of orientation.

The momentof inertia aboutthe line in the direction M can be written asN(OCP*Q%R�S8T�U2V R M4WYX Q[Z�Z!T\U2V M�]8^ T MC_ Q%S�R ]8^ T R Ma`
The momentof inertia is minimized by solvingb N(Ob M P*c
for critical valuesof M . Using the identity d!e V XfM P Rfg<h�iKOZ!j�g<h�ilk
O the searchfor critical values
leadsto the quadraticequationd!e V R M=_ Q R�S W Q S�RQ[Z!Z d!e V M4Wnm P*c `
Solving the quadraticequationsleadsto two solutionsfor d!e V M , and hencetwo anglesMpoEq i and Mpo h8r . Thesearethe anglesof theaxesaboutwhich the objecthasminimumand
maximummomentsof inertia, respectively.Determiningwhich solution of the quadratic
equationminimizes(or maximizes)the momentof inertia requiressubstitutionback into
the equationfor

N O
.
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For the digital image s-tvuxw�y�z�w�{ the centralmomentsof order2 aregiven by|%}�~=�����9�K�Y��� �������/� ��� }�� s ���3�!�#�| ��� ���������Y��� �������/� ��� � ���5� ��� � s �������l�| ~�} ��������� ��� ��� ���L� ��� } � s �����!�f�8�
Symmetryis the ratio, �����5� y3��{� � y���� ��  , of the minimum momentof inertia to

the maximummomentof inertia. For binary imagessymmetryis a roughmeasureof how
“elongated”an object is. For example,a circle hasa symmetryratio equalto 1; a straight
line has a symmetryratio equal to 0.

Image Algebra Formulation

Let s(tYuK¡ , where ¢ �¤£ �¤¥ £ � , be an imagethat representsan object. Let¦ � t £ ¡� and ¦ } t £ ¡� be the projectionimagesdefinedby¦ � �������l� � �¦ } �������l� � ���
The imagealgebraformulationsfor the coordinatesof the centroidare

��§ �©¨ ¦ � � s¨ s�ª§ �©¨ ¦ } � s¨ s �
The imagealgebraformulasfor the centralmomentsof order2 usedto computethe angle
of orientationare given by| }�~ § � � � ¦ � � ��� }�� s| ��� § � � � ¦ � � ��� � � ¦ } � �#� � s| ~�} § � � � ¦ } � �#� }=� s �
10.9. Region Description Using Moments

Momentinvariantsareimagestatisticsthatareindependentof rotation,translation,
and scale. Moment invariants are uniquely determinedby an image and, conversely,
uniquelydeterminethe image(modulusrotation, translation,andscale). Theseproperties
of momentinvariantsfacilitate patternrecognitionin the visual field that is independent
of size,position, andorientation. (SeeHu [11] for experimentsusingmomentinvariants
for patternrecognition.)
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The momentsinvariantsdefinedby Hu [11, 12] arederivedfrom the definitions
of moments,centralizedmoments,and normalizedcentralmoments. Thesestatisticsare
definedas follows:

Let « be a continuousfunction definedover ¬® . The momentof order ¯?°�±
²�³ of« is defined by ´Jµ�¶=· ¸¹º ¸
¸¹º ¸I»

µ#¼l¶ «3¯ » ±
¼ ³�½ » ½

¼ ±
where °�±�²(¾À¿�Á�±8Âl±�Ãa±8Ä9Ä9Ä Å . It has beenshown [13] that if « is a piecewisecontinuous
function with boundedsupport,then momentsof all ordersexist. Furthermore,underthe
sameconditionson « ,

´ µ�¶
is uniquely determinedby « , and « is uniquely determined

by

´ µ�¶
.

The central momentsof « are definedbyÆ µ�¶ · ¸¹º ¸
¸¹º ¸ ¯ »JÇ » ³

µ
¯ ¼ Ç

¼ ³
¶
«È¯ » ±

¼ ³�½ » ½
¼ ±

where » ·
´vÉ�Ê´ Ê�Ê ËÍÌ�Î ¼ · ´%ÊpÉ´ Ê�Ê�Ï

The point ¯ » ±
¼ ³ is called the image centroid. The centerof gravity of an object is the

physicalanalogueof the image centroid.

Let Ðv¾Ñ¬xÒ , where ÓÕÔ×Ö3 is an

´ÙØvÚ
array. The discretecounterpartof the

centralizedmomentof order ¯A°�±�²�³ is given byÆ µ�¶ ·ÜÛ Ý
Û
Þ ¯ »JÇ » ³

µ ¯ ¼ Ç
¼ ³ ¶ Ð3¯ » ±

¼ ³ Ï
The normalizedcentral moment, ß µ�¶ , is definedbyß µ�¶ · Æ µ�¶Æ�à Ê�Ê ± á=â�ã8ä
ã å · °çæè²Ã æ*Â Ï

We now presentthe seven, é É ±�é  ±\Ä9Ä9Ä�±�é3ê , momentinvariants developedin Hu
[11]. For the continuouscase,thesevaluesare independentof rotation, translation,and
scaling. In the discretecase,someaberrationsmay existsdueto the digitization process.é É · ß  Ê æYß Ê é  · ¯�ß  Ê Ç ß Ê  ³  æèë�ß É�Éé�ì · ¯�ßÍì Ê ÇYí ß É  ³  æÜ¯ í ß  É Ç ß Ê ì9³ é�î · ¯�ßÍì Ê æïß É  ³  æÜ¯�ß  É æïß Ê ì8³ é3ð · ¯�ß ì Ê ÇYí ß É  ³�¯�ß ì Ê æïß É  ³�ñò¯�ß ì Ê æèß É  ³  ÇÑí ¯�ß  É æïß Ê ì ³ �óæï¯ í ß  É Ç ß Ê ì ³p¯�ß  É æèß Ê ì ³ ñ í ¯�ß ì Ê æèß É  ³  Ç ¯�ß  É æYß Ê ì ³  óé3ô · ¯�ß  Ê Ç ß Ê  ³ ñ ¯�ß ì Ê æïß É  ³  Ç ¯�ß  É æõß Ê ì ³ �óæ(ë#ß É�É ¯�ß ì Ê æYß É  ³D¯�ß  É æïß Ê ì ³é ê · ¯ í ß  É Ç ß ì Ê ³�¯�ß ì Ê æïß É  ³ ñ ¯�ß ì Ê æèß É  ³  ÇÑí ¯�ß  É æïß Ê ì ³  óæï¯ í ß É  Ç ß�ì Ê ³p¯�ß  É æèß Ê ì\³ ñ í ¯�ßÍì Ê æèß É  ³  Ç ¯�ß  É æYß Ê ì9³  ó Ï

Table 10.9.1 lists moment invariantsfor transformationsapplied to the binary
imageof the character“A.” Thereis somediscrepancywithin the é�ö dueto digitization.
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Table10.9.1 Moment Invariantsof an ImageunderRigid-Body Transformations÷lø ÷lø ÷lø ÷lø ÷fø ÷fø ÷lø
0.472542 0.001869 0.059536 0.005188 -0.000090 0.000223 0.000018

0.472452 0.001869 0.059536 0.005188 -0.000090 0.000223 0.000015

0.472452 0.001869 0.059536 0.005188 -0.000090 0.000223 0.000018

0.321618 0.000519 0.016759 0.001812 -0.000009 0.000040 0.000004

0.453218 0.001731 0.058168 0.003495 -0.000047 0.000145 0.000031

Image Algebra Formulation

Let ùvúÑû�ü , where ýÕþ×ÿ�� is an ����� array. Let �	��
lý�ÿ denotethe � th
coordinateprojection. The imagealgebraformulationof the ��������� th momentis������
 ����� � �! � ��  ù	"
The ���#�$�%� th central momentis given by& ��� 
'�(�)�*� �,+ - � �  �.� � + / � �  ù��
where

- �1032540 4*4 and
/ �1064720 4*4 are the coordinatesof the imagecentroid. Computationof

the invariantmomentsfollow immediatelyfrom their mathematicalformulations.

10.10. Histogram

Thehistogramof animageis a functionthatprovidesthefrequencyof occurrence
for each intensity level in the image. Image segmentationschemesoften incorporate
histograminformation into their strategies.The histogramcan also serveas a basisfor
measuringcertaintextural properties,and is the major statisticaltool for normalizingand
requantizingan image [12, 14].

Let ý be a rectangular�8�9� array, :��<;>=Jú@?A
CBED(=�DGFIH for somefixed
integer F , and J8�LKÍù-ú9?CüM
CN�OP�RQPS��2ùT�@þU:WV .

The histogramimage, X!� ùR�=úY?)Z , that correspondsto ù-úYJ is definedbyX��2ù��$�*�	�\[]O^N�_`;>a�ú-ýb
Íù��.a��c�<�7H^"
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Thatis, dfe.g	hji.k correspondsto thenumberof elementsin thedomainof g thataremappedtoi by g . Figure10.10.1showsanimageof a jet superimposedovera graphicalrepresentation
of its histogram.
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Figure 10.10.1. Imageof a jet and its histogram.

The normalizedhistogramimage l�m*n�o$p*qsr(t u`o>v�wyx of n is definedby

l�m.n#o$p*q	z v{>|P}�~ m.��q�� l�m.n#o$p*q>�
It is clear that ��.� x l!m*n�o�p.q�z�v . The normalizedhistogramcorresponds,in someways, to

a probability distribution function. Using the probability analogy,lfm.n�o�p*q is viewedasthe
probability that n�m���q takeson value p .

Image Algebra Formulation

Define a parameterizedtemplate���P�����j� x3�%�
by definingfor each n�r � � the template

�
with parametern , i.e.,

� m.nTq6r � � x � � , by� m5nRqj�Rm���qcz�� v����cn�m���qcz��u¡ £¢j¤¦¥%§j¨��y©ª¥C�
The image l�r\« x obtainedfrom the codel � z�¬ � m5nTq
is the histogramof n . This follows from the observationthat since ¬ � m.nRqz�¬®%¯�° � m5nTq � ,l�my�Cq±z�¬®%¯>° � m5nTq � m5�Cq�z the numberof pixels having value � .

If oneis interestedin the histogramof only oneparticularvalue � , thenit would
be more efficient to use the statement² � z´³ µT¶Pm*nTq
since � µ ¶ m*nTq representsthe number of pixels having value � , i.e., since � µ ¶ m*nTq =�� � � µ ¶ m*n�m���qjq and µ ¶ m.n�m*��q$qEzv�·¸n�m.��q�z�� .
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Comments and Observations

Notethat thetemplateformulationaboveis designedfor parallelimplementation.
For serial computersit is much more efficient to iterateover the sourceimage’sdomain
and incrementthe value of the histogramimageat gray level ¹ wheneverthe gray level¹ is encounteredin the sourceimage.

10.11. Cumulative Histogram

Fora givengraylevelof an image,thevalueof thecumulativehistogramis equal
to the numberof elementsin the image’sdomainthat havegray level value lessthan or
equal to the given gray level. The cumulativehistogramcan provide useful information
about an image. For example,the cumulativehistogramfinds its way into eachof the
histogramspecification formulasin Section2.13. Additional usescanbe found in [12, 15].

Let º�»Y¼)½ and ¾	»Y¼ . The cumulativehistogram¿¦À*ºTÁ�»Y¼±Â is definedby

¿PÀ*º�Ã$¾*ÁcÄ�Å]Æ^Ç�È`É%Ê9»9ËÍÌ3º�À�Ê�ÁfÎ�¾ªÏCÐ
The normalizedcumulativehistogram ¿PÀ*ºTÁ)»�Ñ Ò¦Ã%ÓªÔ Â is defined by

¿`À.º#Ã$¾*Á	Ä ÓÅ>ÆPÇ�È`À.Ë�Á�Õ ¿ÖÀ.º�Ã�¾.Á]Ð
The normalizedcumulativehistogramis analogousto the cumulativeprobability function
of statistics.

Figure10.11.1showsan imageof a jet superimposedover a graphicalrepresen-
tation of its cumulativehistogram.
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Figure 10.11.1. Imageof a jet and its cumulativehistogram.
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Image Algebra Formulation

Theimagealgebraformulationfor thecumulativehistogramis very similar to the
formulationfor the histogram(Section10.10). Only the template× needsto be modified.
Theequalityin thecasestatementof thetemplatebecomesaninequalitysothatthetemplate× usedfor the cumulativehistogramis

×�Ø.ÙRÚjÛRØ�Ü�ÚcÝ�Þ�ß�à�á Ù�Ø�â�Ú�ãäÜå¡æ£çjè¦é%êjë àyì éCí
The cumulativehistogramis then representedby the imagealgebrastatementî�ï Ý(ð�×£Ø.ÙTÚ í

Comments and Observations

As with the histogramin Section10.10,the templateformulation for the cumu-
lative histogramis designedfor parallel computers.For serial computersthe cumulative
histogramî shouldbe calculatedby iteratingover the domainof the sourceimage.When-
ever the gray level ñ is encountered,the value of î at all gray levels less than or equal
to ñ should be incremented.

10.12. Texture Descriptors: Spatial Gray Level DependenceStatistics

Texture analysisis an important problem in image processing. Unfortunately,
thereis no precisedefinition of texture. In this section,the approachto textureanalysisis
basedon the statisticalpropertiesof an image. In particular,statisticalpropertiesderived
from spatialgray level dependencematricesof an imageare formulated.

Spatialgrayleveldependence(SGLD)matriceshaveprovento beoneof themost
popularandeffectivesourcesof featuresin textureanalysis.TheSGLD approachcomputes
an intermediatematrix of statistical measuresfrom an image. It then definesfeatures
as functions of this matrix. Thesefeaturesrelate to texture directionality, coarseness,
contrast,andhomogeneityon a perceptuallevel. The valuesof an SGLD matrix contains
frequencyinformation about the local spatial distribution of gray level pairs. Various
statistics[16] derived from gray level spatial dependencematriceshave beenproposed
for use in classifying image textures. We will only presenta subsetof thesestatistics.
Our main purposeis to illustrate how their derivationsare formulatedin imagealgebra.
Informationon the interpretationof spatialdependencestatisticsandhow they canbe used
for classifyingtexturescan be found in varioussources[16, 17, 18].

Thestatisticsexaminedhereareenergy, entropy,correlation,inertia,andinverse
differencemoment. For a given image Ù<òôóRõö , where ÷øÝ1ó�ù´ú(óRû and G denotes
the numberof expectedgray levels, all second-orderstatisticalmeasuresare completely
specifiedby the joint probabilityü Øþý�ÿ���ý � ï�� ��ÜCÚcÝ����
	
���� ������� ��� Ù�Ø�ÿ�� � ÚcÝ � ������Ù�Øjÿ���ý±ÿ�� � �(ý � ÚcÝGÜ����
where ý�ÿ��Rý � òYó . Thus, ü Øþý�ÿ���ý � ï�� ��Ü^Ú is theprobabilitythatanarbitrarypixel locationØ�ÿ�� � Ú hasgray level � , while pixel location Ø7ÿ��(ý�ÿ�� � ��ý � Ú hasgray level Ü .

By setting ��Ý � ���� �!�"$#&%#('�) and � Ý+* Ø�ý±ÿRÚ-,.��Ø�ý � Ú/, , ü Ø.ý�ÿ��$ý � ï�� ��ÜCÚ can be
rewritten asü Ø0���1� ï2� �7Ü�ÚfÝ3�$�
	
���� �4�5�6� �(� Ù Øþÿ�� � ÚcÝ � ������Ù Ø7ÿ7�8��9	
:;��� � �<��: � ���£Ú	ÝUÜ=� í
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Thisprovidesfor analternateinterpretationof s; thefour-variablefunction >;?-@BA1CED2F-AHGJI rep-
resentstheprobabilitythatanarbitrarypixel location ?-K�A-L�I hasgraylevel F , while ataninter
samplespacingdistanced in angulardirection C the pixel location ?0K�M8@�NO
P;C�AQL7M8P;F4R�C2I
has gray level G .

It is commonpracticeto restrict C to theangles0 S , 45S , 90S , and135S , although
differentanglescould be used.Also, distancemeasuresother than the Euclideandistance
areoften employed.Many researcherspreferthe chessboarddistance,while othersusethe
city block distance.

Foreachgivendistanced andangle C thefunctions definesa TVUWT matrix >J?X@$A1C
I
whose ?0F-AHG�I th entry >
?0@$AQC;I/Y Z is given by >
?0@$AQC
IHY Z\[]>
?0@�A1C^D�F/A0G�I . The matrix >J?X@$A1C
I is
called a gray level spatial dependencematrix (associatedwith a). It is importantto note
that in contrastto regularmatrix indexing,the indexingof >J?X@$A1C
I startsat zero-zero;i.e.,_a` F/A�G ` Tcbed .

The standardcomputationof the matrix >
?0fgK�A1fgL�I is accomplishedby setting>J?Xf7K�A1f7LhD�F/A0G�Ii[jNk�l
@�m2?XK�AQL2I\Don�?0K�A1L�I.[pF�k�R�@Vn�?0K�M3f7K�AQLqM3f7LBIr[aG�s&t
For illustration purposes,let u be a vwUxv grid and nzyz{}|~ be the imagerepresentedin
Figure10.12.1below. In this figure,we assumetheusualmatrix orderingof a with n�? _ A _ I
in the upper left-hand corner.

1 0 0 2

0 1 1 1

2 2 1 0

1 0 1 0

Figure 10.12.1. The ����� exampleimagewith gray valuesin �$� .
Spatialdependencematricesfor � , computedat variousanglesand chessboard

distance�x���w�����B� �7�r���
� �7����� , are presentedbelow.

�
�1� �1����r���� ��� ���� ���� �
 ¡ �J�X� �/¢����£�i�¤�� � �¥��¦� �� � �

 ¡
�J�Q� �-��§ � �r� �� � � ��¥� ��¥� �

 ¡ �J�Q� � �¨ § � �i� �� �©� ��¥�¦�� � �
 ¡

Forpurposesof textureclassification,manyresearchersdonotdistinguishbetween�J� �$�Qª^«�¬/�0�� and �J� �$�1ª�«;��1¬4� ; thatis, theydonotdistinguishwhichoneof thetwo pixelsthat
are � �7���1�7��� aparthasgray valuei andwhich onehasgrayvaluej. Thereforecomparison
betweentwo texturesis often basedon the texture co-occurencematrix®(� �$�Qª
�r� �
� �$�Qª
��¯ �£°�� �$�1ª
��
where � ° denotesthe transposeof s. UsingtheSGLD matricesof theaboveexampleyields
the following texture co-occurencematricesassociatedwith the image shown in Figure
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10.12.1: ±B²1³ ´Qµ2¶¸·r¹�º»r¼¦½ ¼½�½ ¾¼�¾ µ
¿À ±�²

¼ ´-Á2µ�¶;·i¹Âº»r¼¥¼¥¼¼Ã½
³

¼
³ µ

¿À
±�²³ ´ ½�Ä ¶ ·r¹�º» µ ½ ¼½¥½

³
¼

³ µ
¿À ±(²Q³ ´ ³ ¾2Ä ¶ ·r¹�º»r¼�¾ µ¾�¼Ã½µ ½ µ

¿À
Since co-occurencematriceshave the property that

±�²0Å ´/Æ�·x¹ ±(²XÅ ´QÆÈÇ8É�· —
which can be ascertainedfrom their symmetry— the rationalefor choosingonly angles
between µ and É becomesapparent.

Co-occurencematricesareusedin defining the following morecomplextexture
statistics. The marginal probability matrices

±JÊB²XÅ ´1Æ�Ë�Ì0· and

±
Í�²0Å ´1Æ^Ë;Î�· of

±�²0Å ´QÆ
· are
defined by

± Ê ²XÅ ´1Æ�Ë�Ì�·i¹jÏ;Ð ±�²XÅ ´1Æ�Ë�Ì-´HÎ�·
and

± Í ²0Å ´QÆ�Ë;Î&·i¹ Ï�Ñ ±�²-Å ´1Æ�Ë�Ì/´0Î�·´
respectively.The meansand variancesof

± Ê
and

± Í
areÒ Ê ²-Å ´1Æ;·i¹ Ï ÑpÌ ± Ê ²XÅ ´QÆ�Ë&Ì�·Ò Í ²XÅ ´1Æ
·i¹pÏ;ÐÓÎ ± Í ²0Å ´1Æ^Ë;Î�·Ô�ÕÊ ²XÅ ´1Æ¸·i¹jÏ Ñ ² Ì$Ö Ò Ê ²XÅ ´QÆ
·/· Õ ± Ê ²XÅ ´QÆ�Ë�Ì�·Ô�ÕÍ ²0Å ´QÆ
·i¹×Ï Ð ² ÎoÖ Ò Í ²0Å ´1Æ
·-· Õ ± Í ²XÅ ´1Æ�Ë;Î�·;Ø

Five commonlyusedfeaturesfor textureclassification that we will reformulate
in terms image algebraare definedbelow.

(a) Energy: ÏBÑpÏ;Ð]Ù ±(²HÅ ´1Æ�Ë�Ì/´HÎJ·ÛÚ Õ
(b) Entropy: Ï�ÑpÏ;Ð ±�²XÅ ´1Æ�Ë�Ì/´HÎ&·-Ü�Ý;Þ ²X±�²-Å ´1Æ�Ë�Ì/´0Î�·-·
(c) Correlation:ß Ñ ß Ð ² Ì�Ö Ò Ê ²XÅ ´1Æ
·-· ² ÎqÖ Ò Í ²0Å ´QÆ
·/· ±�²0Å ´QÆ�Ë�Ì-´HÎ&·Ô Ê�²XÅ ´QÆ
· Ô Í2²-Å ´QÆ;·
(d) InverseDifferenceMoment:Ï Ñ Ï Ð ³³ Ç ² Ì$ÖVÎJ· Õ

±(²XÅ ´1ÆEË2Ì-´HÎJ·
(e) Inertia: Ï Ñ Ï Ð ² Ì}ÖxÎ&· Õ ±�²-Å ´1Æ�Ë�Ì/´0Î�·
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Image Algebra Formulation

Let à8áãâ$äå , where æ is an çéèëê grid and ì representsthe numberof gray
levelsin the image.First, we showhow to derive the spatialdependencematricesíJîXï�ðQñ
ò ,
where ïzápâ�ó , and ñVáõô¸ö2÷�ð/ø�ù�÷2ð1ú�ö�÷Jð¸û;ü�ù�÷þý .

By taking d to be the chessboarddistance,í
î0ï$ðQñ
ò can be computedin termsof
the intersamplespacingsÿ�� and ÿ�� . In particular,let N denotetheneighborhoodfunction� î���ð��2ò��õô
î	��
8ÿ���ð���
8ÿ��òÛý��
The images cannow be computedusing the imagealgebrafollowing pseudocode:��������� � ö�� � ì��ãû�� ����������� !� � ö"� � ì��<û�� �#�$�íJîXÿ���ðQÿ���ò£î � ð  ò � �&%('*)�+ '-,-î�à�ò.
/'10�î�à�ò2
3 �54687�9 � �#�$�687�9 � �#�:� �
Thus, for example,choosing ÿ��� û and ÿ��;� ö computesthe image íJîQû2ðQö ÷ ò , while
choosing ÿ�<�éû and ÿ�=� û computesí
î1û�ð/ø&ù2÷Qò .

The co-occurenceimagec is given by the statement> îXÿ���ðQÿ���ò � � íJîXÿ���ðQÿ��2ò.
3í@?�îXÿ���ðQÿ���ò@�
Theco-occurenceimagecanalsobecomputeddirectlyby usingtheparameterized

template A�î�à�ð1ÿ��ð1ÿ�2ò^áCB0âED@F�G1H@FJI8K definedby

L:MON.P�QR-P�QS�T�UWV:X Y[Z�M	\]P_^�TJ` abc bd�egfih \-`j^�k8lEmnNoM�R-P�S�TJ`�NoM�RnpqQ�R-P�S�pjQ�S#T�`r\s fih \ut`j^�k:l1mvM]MONoM]R.P�SwTJ`x\.k:lymzNoM�R�p;Q�R.P�S�p;QS{T*`|^wT}�~ M�NoM	R.P�SwT�`j^�k:l1mnNoM�RnpqQ�R-P�S�pjQ�S#T�`x\�T�T� }w�]�{��~�� fi� �#�The computationof � M�Q�R-P�Q�S#T now reducesto the simple formula� M�Q�R.P�Q�TJ��`C� LwMON.P�Q�R-P�Q"T �
To seehow this formulationworks, we compute� M]QR-P�QS�T@M�\�P	^wT for

\"t`�^
. Let� M]\]P_^$T�`���M�R-P�S�T(�����{M�N�M�R-P�S�T�`�\�k$l1m;NoM�R�p;Q�R.P�S�p;QS{T*`|^�T}�~ M�NoM	R.P�SwT�`�\�k:lym�N�M�R�p;QR-P�S�p�Q�S�TJ`|^�T�� �

By definition of templatesum, we obtain� M	QR-P�QS#T�M�\�P	^wT�` �UWVwX Y�ZO� K
LwM�N.P�Q�R.P�Q�S#T]UWV�X Y�Z�M�\�P	^�T

` �UWVwX Y�ZO�#��U���X �[Z s`x���# :¡�M � M]\�P	^wT�T` � M�Q�R-P�Q�S¢��\]P_^$T �
If
\(`x^

, then we obtain £UWV�X Y[ZO�w�#UW�OX ��Z e which correspondsto the doubling effect along the

diagonalwhen adding the matrices ¤ p ¤�¥ . Although the templatemethodof computing
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¦¨§�©�ª.«�©�¬w canbestatedasa simpleone-lineformula,actualcomputationusingthismethod
is very inefficient since the templateis translationvariant.

The marginal probability images ¦:®{§�©�ª-«�©�¬w and ¦$¯#§�©�ª.«�©�¬w canbe computed
as follows: °�±w²z³.´rµ�¶�±�·�¸j¹�º#±�±�»

¦ ® §�©�ª-«�©�¬#�§ ³ j¼ ´&½-¾-¿ÀÁ�Â-Ã ¦¨§�©�ª.«�©�¬#�§
³ «_Ä$

Å8Æ¨Ç º�±#±$»°�±w² Ä ´xµ�¶�±�·�¸j¹�º#±�±$»
¦ ¯ §�©�ª.«�©�¬#�§�Äwj¼ ´&½J¾-¿À È ÂoÃ ¦#§	©ª-«�©¬#�§

³ «	Ä�Å8Æ¨Ç º�±#±$»EÉ
The actualcomputationof thesesumswill probably be achievedby using the following
loops:

°¨±�²�³ ¼ ´Êµ"¶�±�·�¸|¹�º#±#±$»°�±w² Ä!¼ ´&µ�¶�±�·�¸<Ë�º#±�±$»
¦ ® §	©�ª.«�©�¬��§ ³ �¼ ´ ¦¨§�©�ª-«�©�¬#�§ ³ «_Ä$-Ì�¦¨§_©�ª-«�©�¬��§ ³ «_ÄÍÌ ¹ Å8Æ¨Ç º�±#±$»Å[Æ�Ç º#±#±$»

and
°�±w² Ä¨¼ ´Êµ"¶�±�·�¸r¹Íº#±#±$»°�±�²�³ ¼ ´&µÎ¶¨±n·r¸<Ë�º�±#±$»
¦ ¯ §	©ª-«�©¬#�§�Äwj¼ ´ ¦¨§�©�ª.«�©�¬#�§ ³ «_Ä�oÌ�¦#§]©�ª-«�©�¬w@§ ³ Ì ¹ «_Ä�Å8Æ�Ç º#±�±$»Å8Æ¨Ç º�±#±$».É

Another version for computing ¦$®�§�©�ª-«�©�¬# and ¦$¯#§�©�ª-«�©�¬w , which does not
involve loops, is obtainedby defining the neighborhoodfunctions Ï ® ¼oÐ ½�Ñ Ð ½�Ò Ð ½
and Ï ¯ ¼(Ð ½!Ñ Ð ½xÒ Ð ½ byÏ ®�§ ³  ´xÓ § ³ «_Ä�5¼"Ä ´xµ « ¹ «oÔ8Ô8Ô1« ·�¸r¹:Õ
and Ï ¯#§�Äw ´ÖÓ § ³ «_Ä$�¼ ³o´xµ « ¹ «.Ô8Ô[Ôy« ·�¸|¹8Õ «
respectively.The marginal probability imagescan then be computedusing the following
statements: ¦ ® §	©�ª.«�©�¬w;¼ ´ ¦¨§]©ª-«�©¬�2Ì× Ï ®¦ ¯ §�©�ª-«�©�¬�j¼ ´ ¦#§]©�ª-«�©�¬w(Ì× Ï ¯ É
This methodof computing ¦ ® §�©�ª-«�©�¬# and ¦ ¯ §�©�ª-«�©�¬# is preferablewhenusing special
mesh-connectedarchitectures.

Next, let Ø�Ù §�Ð ½ ]Ú@Û be the identity imagedefinedbyØ § ³  ´x³ « ³ Ù Ó[µ «[Ô8Ô8Ô�« ·j¸r¹$ÕwÉ
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The meansandvariancesof Ü$Ý�Þ	ßà-á�ßâ�ã and Ü:ä#Þ�ß�à-á�ß�â#ã are given byå Ý�Þ	ß�à.á�ß�â�ãJæ�çCè é.ê�Ü$Ý�Þ]ß�à.á�ß�âwãå ä Þ�ß�à-á�ß�â#ãJæ�çCè é.ê�Ü ä Þ�ß�à-á�ß�âwãëoìÝ Þ�ß�à-á�ß�â#ãJæ�çCè Þ�éyí å Ý Þ	ßà-á�ßâ#ã�ã ì ê�Ü Ý Þ	ß�à.á�ß�âwãë ìä Þ�ß�à.á�ß�â#ãJæ ç è ÞOéoí å ä Þ	ß�à.á�ß�â�ã�ã ì ê8Ü ä Þ	ßà-á�ßâ#ã@î
The imagealgebrapseudocodeof the different statisticalfeaturesderivedfrom

the spatial dependenceimage are

(a) Energy: ï æ�çðè ñ Ü¨Þ�ß�à-á�ß�â#ãOò ì
(b) Entropy:ïÎó{ô�õ�ö æ�ç è Ü¨Þ�ß�à-á�ß�â#ãJê[÷�ø8ù{Þ]Ü#Þ�ß�à-á�ß�â#ã]ã
(c) Correlation:ú æ�ç ñ ûüÞ�ý�þ�í å Ý Þ�ß�à-á�ß�â�ã]ã@Þ�ý ì í å ä Þ�ß�à.á�ß�âwã�ã�Ü¨Þ�ß�à-á�ß�â#ãOòë Ý#Þ]ß�à-á�ß�âwã ë ä#Þ	ß�à.á�ß�â�ã á
where the coordinateprojections ý(þ[á�ý ì=ÿ Þ�����ã � for the ����� grid 	 are
definedby ý(þ�Þ�
�á��wã�ç
������ý ì Þ�
�á��wã�ç��wî
(d) InverseDifferenceMoment:����� æ ç è Ü#Þ	ß�à.á�ß�âwã��� Þ�ý(þJí<ý ì ã ì
(e) Inertia: � æ�ç è Þ	ý þ í ý ì ã ì ê�Ü#Þ]ß�à-á�ß�âwã

Comments and Observations

If the imagesto be analyzedare of differentdimensions,it will be necessaryto
normalizethe spatialdependencematrix so that meaningfulcomparisonsamongstatistics
canbe made. To normalize,eachentry shouldbe divided by the number Ü¨Þ��yá���ã of point
pairsin thedomainof theimagethatsatisfytherelationof beingat distance� of eachother
in theangulardirection � . Thenormalizedspatialdependenceimage  Ü�Þ��yá!�:ã is thusgivenby

Ü#Þ��yá"�[ã�æ ç Ü#Þ��1á"�:ã# î
SupposeÜ¨Þ%$wá�&('[ã is thespatialdependencematrix (at distance1, direction0' ) for

animagedefinedoveran )*� ó grid. Thereare + ó Þ,) í*$�ã nearesthorizontalneighborhood
pairs in the )-� ó grid. Thus, for this example

Ü#Þ%$�á!& ' ãJæ�ç Ü#Þ"$wá"&�'�ã+ ó Þ�) í*$[ã î
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10.13. Exercises

1. The ratio .0/21�354"673�8:9,;<6%4"=?>@6%AB6%4%C�D of a connectedobject in a binary imageis known
as its measure of compactness.Write an algorithm in image algebrathat computesthe
compactnessof objectsin binary images. Implementyour algorithm.

2. Given a binary image E its horizontaland vertical signaturesare definedas F�9�G�CIHJK E�9�GML"N�C and FO9�N(CPH JQ E�9�GRLTS N(C , respectively(i.e., F projects E onto the G and N axes).

Specify an imagealgebraalgorithm that computestheseprojections.

3. Projectionsare not information preservingtransforms. However, given a sufficient
numberof projectionsof an objectsallows for the reconstructionof the object to a high
degreeof accuracy. (This follows from the theory of computerassistedtomography.)
Specifyan imagealgebraalgorithmthat computesprotectionof a binary imageonto lines
having an angle of U from the G -axis.

4. Specifyanalgorithmin imagealgebrathatwill find themaximaldiameterof anobject
in a binary image. Implementyour algorithm.

5. Specifyan algorithmin imagealgebrathat will find the smallestrectangleenclosing
an object in a binary image. Note that the rectangle’ssidesmay not be parallel to the
x and y axis.

6. Let VIHXW7V59�YZC\[�YMH^](L7S_S_S_L,`Ma denotethe chaincodeof the boundaryof an object in a
binary image. An alternativeformulation for the length of the perimeterof the object is
given by the formulation ;�6%4B=_>@6%A�6%4\H bc d eMfOgih d L
where gih d H^]kjml�n oqp ]%ro s ] p 9 p ]5C�t�u dwvZx S
Similarly, the areaof the object canbe computedusing the formulation3y4�673zH bc d eMfRg@{ d
where g|{ d H g G d~} N d j g N dom� Lg G d H*�5�0`M9�� p V59�Y,CBC��T�~`M9 oqp V59�YZC�CTLg N d H*�T�~`M9�. p V59�YZC�CB�%�0`M9�V�9�YZC!CTL�T�~`M9���CkH�� ] YZ�P���*�� YZ�P��H�p ]�YZ�P���*� L
and N d denotesthe N coordinateof the endpointof V59�YZC . Specify an algorithm in image
algebrathat computesthe perimeterandareaof objectsusingthe aboveformulations.Im-
plementyour algorithmandcomparethe resultswith thoseobtainedusingthe formulations
given in Section10.2. Discussthe differences.
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7. Suppose a binary image contains an 8–connectedobject with Euler number�������i���(� . How many holes does the object contain? Supposeall holes are both
4–connectedand 8–connected.

a. Specify an algorithm in image algebrathat computesthe chain code of such
objects.

b. Extendyour algorithmto alsocomputethe total areaandperimeterof this object
using the specificationas given in Exercise6.

8. The image algebra formulation for computing region adjacencywas specified in
termsof parameterizedtemplateswhich are often computationallyinefficient. Providean
alternateimagealgebraformulationof regionadjacencythatavoidstheuseof parameterized
templates.

9. RepeatExercise8 for region inclusion relationships.

10. In Section10.10 it was noted that the parameterizedtemplateformulation for com-
puting an imagehistogramwas designedfor parallel implementation.Explain how such
implementationcan be achievedusing this particularspecification.

11. A basicnotion of patternrecognitionis the featurevector. The featurevector ���� �(�7�7�5�5�!�"�5� � is usedto condensethe descriptionof relevantpropertiesof a texturedimage
into a small subsetof � -dimensionalfeaturespace.For instance,with eachpixel � ��  ��¡ � ,
one may associatea certainnumberof texture features� ��  ��¡ � � � � � ��  ��¡ � �5�7�5�"�!� � ��  ��¡ ��� .
Suchfeaturevectorstend to form separateclustersin � -dimensionalspaceaccordingto
the texturefrom which they werederived. Devisea methodthat usesspatialdependency
statisticsand featurevectorsto segmentan imageof a naturalscenecontainingpossible
regionsof grasses,trees,and buildings.
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CHAPTER 11
GEOMETRIC IMAGE TRANSFORMATIONS

11.1. Intr oduction

Geometrictransformationschangethe spatial relationshipsamong the objects
in an image or changethe geometryof an object in an image. Examplesof geometric
transformationsare affine and perspectivetransforms. These types of transformsare
commonlyusedin imageregistrationand rectification. For exampleobjectsin magnetic
resonanceimagery (MRI) are displacedbecauseof the warping effects of the field and
raster-scannedsatelliteimagesof the earthexhibit thephenomenonthatadjacentscanlines
areoffset slightly with respectto oneanotherbecausethe earthrotatesassuccessivelines
of an image are recorded.

Functionsbetweenspatialdomainsprovidetheunderlyingfoundationfor realizing
naturally induced operationsfor spatial manipulationof image data. In particular, if¢¤£(¥§¦©¨

and ª¬«¤¯® , then we define the inducedimage ª@° ¢ «¤¯± byª²° ¢´³¶µ�·,¸º¹ ª ·�¢�·�¸¯»�»�»´£q¸ « ¥¬¼¾½ (11.1.1)

Thus,the operationdefinedby Eq. 11.1.1transformsan  –valuedimagedefinedover the
spaceX into an  –valuedimagedefinedover the spaceY. Figure11.1.1providesa visual
interpretationof this compositionoperation.

X

a

Y

a

F

f
¿

f
¿

Figure 11.1.1. The spatial transform À�ÁIÂ .
11.2. Image Reflection and Magnification

The basic transformationsof the plane give rise to the basic geometricimage
transformations.Basic planar transformationsare translations,rotations,reflections,con-
tractions,and expansions.In the image domain, thesecorrespondto shifting an image,
rotatingan image,reflecting an imageacrossa straight line, andshrinking or magnifying
an image. In this sectionwe restrictour attentionto the basicoperationsof imagereflec-
tion andmagnification. Theseoperationsare particularly easyif integral grid points map
to integralgrid pointsandlinesof reflectionsarevertical or horizontal;i.e., of form Ã�ÄÅ
or Æ¤ÄÇÅ , wherek is an integer. In caseof magnification,we have ÈÊÉ^ËÌÉÎÍMÏ , andÂÑÐ�ËÓÒÔÈ . Thus,if X andY arerectangulararrays,thenf is a many-to-onemap,meaning
that in this particularcase,magnificationis achievedvia replicationof pixel values.
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Image Algebra Formulation

We first considerthe caseof reflectingan image Õ¬ÖØ×ÚÙ acrossa vertical line.
SupposeÛ�Ü*Ý�Þ is a rectangularßmàâá array, ãqä�åiäÎæ Þ , and ç2è�ÛêéÔÛ is definedas

çMë�ìRíBî~ïñðÎò ë�ìRí"î�ï óõôâå@ä*ìë�ö�åz÷øìMí"î�ïùóúô�ì|û�å¬ü
The image b given by ý è ð©Õ�þ\ç
representstheone-sidedreflectionof a acrossthe line ì@ðå . Figure11.2.1illustratessuch
a reflection on a ÿ ã5ö@à�ÿ ã7ö imageacrossthe line å2ð ã ��� .

Figure 11.2.1. One-sidedreflectionacrossa line.

The imagealgebraformulation for magnifyingan imageby a factor of k, where
k is a positive integer,by usingsimplereplicationof pixel valuesis alsostraightforward.
For a given pair of real numbers�����
	����	���� , let ������������	��������	������ . Suppose "!�#%$
denotesthesourceimageandX is a rectangular&('*) array. Let Y bea +,&('-+.) arrayand
define /10�24365 by /7�8�%�9�;: �< �>= ; i.e., /7�?	���@	����%�A�?BC��@B��D� , where B�E%�4: �< 	�E8= . Then

F 0 �G IHJ/

representsthe magnificationof a by a factor of k. Figure11.2.2representsan exampleof
a magnificationby a factor of +K�(L . Hereeachpixel wasreplicatedfour times,two times
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in the x direction and two times in the y direction.

Figure 11.2.2. Magnificationby replication.

Comments and Observations

As pointedout in thediscussionabove,imagereflectionandimagemagnification
are easy as long as grid points are mappedto grid points. This is generally not the
caseasa simple reflectionacrossa non-verticalor non-horizontalline illustrates. In such
casesinterpolationtechniquesare the usualtool for realizinggeometrictransforms.These
techniquesarediscussedin subsequentsections.The inducedimage MKNPO given in either
one of the above two examplescould just as easily be obtainedby use of an image-
templateoperation.However,in variouscasesthestatementQ�R STMUNVO providesfor a more
translucentexpressionandcomputationallymoreefficient methodthan an image-template
convolution.

11.3. Nearest Neighbor Image Rotation

In this sectionwe presenta methodfor rotatingan imageaboutanarbitraryangleW
. The problemof rotating an imagethroughan arbitrary degreeis that, generally,grid

points do not end up on grid points. Similar problemsarise in a variety of geometric
transformations.Note that in both imagereflectionand imagemagnificationas described
in the previoussection,the function f canbe viewed asa function on X>Y into XCY ; that is,
as a function preservingintegral coordinates.In the strictestsense,however,thereexist
only a few geometrictransformationsof XCY , namelytranslations,reflections,androtations
throughanglesthat are integral multiples of Z�[�\ . Practicalapplications,however,force
us to considermore generalgeometrictransformationsthan thesebasic grid transforms.
The generaldefinition for geometricoperationsin the plane ]9Y is in termsof a functionO^RJ]9Y`_a]9Y with

OCb?cCd@e�f%Sgb�O�hDb�c>d@e�fid�O Y b
cVd�e�f?fid (11.3.1)

resulting in the expression

Qjb8c>d@e�f9STMCb�c.k�d@e�klfmSnMCb�O�h�b�c>d@e�f�d@O Y b
cVd@e�f?f7d (11.3.2)
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wherea denotesthe input image,b the output image, o�prqTs�tDu?oCv@w�x , and wyprqns�z�u
oVv@w�x . In
digital imageprocessing,thegreylevel valuesof theinput imagearedefinedonly at integral
valuesof o p and w p . However,restrictingf to somerectangularsubsetY of { z*|n}9z , it is
obviousthat for most functions f, ~��������yu
s�x��| { z . This situationis illustratedin Figure
11.3.1,wherean output location is mappedto a position betweenfour input pixels. For
example,if f denotesthe rotation aboutthe origin, then the coordinates

o p q�s�t�u
oVv@w�x%q�o��D�����P��w������C���y����w p q(s�z�u�o>v@w�xmqno������C����w��D����� (11.3.3)

do not, in general,correspondto integral coordinatesbut will lie betweenan adjacent
integer pair. Thus, the formulation given by Equation 11.1.1 can usually not be used
directly in digital image processing. Image rotation can be approximatedby using the
nearestneighbor, or zero-order interpolation.

f
�

x,y�(    )
x� ,y�(      )
�

Figure 11.3.1. Mapping of integral to non-integralcoordinates.

Image Algebra Formulation

Redefinethefunction f definedby Equation11.3.1as ��>���>�@���m��  ¡C�?�V������¢ . That is,

��£�
�V�����9¤(�D  �,¥¦¢
��  ��¥§¢§�1¨ ¡C�?�V�����©¤A�
�,¥����y¥��C�

where
  ªi¢

denotesthe roundingof r to the nearestinteger. Then the image

«6¬ ¤GI® ��

is obtainedfrom a by useof nearestneighborinterpolation.

Comments and Observations

In nearestneighborinterpolation,thegray level of theoutputpixel is takento be
that of the input pixel nearestto the position to which it maps. This is computationally
efficient and,in manycases,producesacceptableresults.On the negativeside,this simple
interpolationschemecanintroduceartifactsin imageswhosegraylevelschangesignificantly
over one unit of pixel spacing. Figure 11.3.2 showsan exampleof rotating an image
using nearestneighbor interpolation. The results show a sawtootheffect at the edges.
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Additionally, dueto roundingto thenearestneighbor,missingpixel valuesmayalsooccur
in the rotated image.

Figure 11.3.2. Rotationusing nearestneighborinterpolation.

The imageshownin Figure11.3.2is a very low resolutionimage. In larger high
resolutionimagesthe sawtootheffect is not nearly as noticeable.

11.4. Image Rotation using Bilinear Interpolation

As mentionedin the previoussection,rotatingan imagecausesoutput pixels to
be mappedto non-integralcoordinatepositionsof the input imagearray. The new pixel
locationsaregenerallysomewherebetweenfour neighboringpixels of the input array. The
simple nearestneighborcomputationwill, therefore,produceundesirableartifacts. Thus,
higherorderinterpolationschemesareoften necessaryto determinethe pixel valuesof the
output image. The methodof choice is first-order or bilinear interpolation. First-order
interpolationproducesmoredesirableresultswith only a modesrincreasein computational
complexity. Imagerotationusingbilinear interpolationrequiresthe input image ¯�°²±%³ to
be extendedto an image ¯.´C°"µ�±©¶?·y¸ andthenresampledon an appropriateoutputarrayY.

Image Algebra Formulation

Supposē�°¹± ³ , whereX is an º4»²¼ array. Definean º;»½¼ rectangle

¾ ´�¿^À µ�Á ´ Â�Ã Á ´Ä ¶ÆÅÈÇPÉÊÁ ´ Â ÉÊº Ã ÇPÉÊÁ ´Ä ÉÊ¼ Ã µ
Á ´ Â�Ã Á ´ Ä ¶j°½± Ä�Ë

and extenda to a function ¯.´J°(µ
±9¶ · ¸ as follows:
First set both ¯Cµ?Á Â Ã Á Ä ¶ ¿ÍÌ and ¯.´�µ
Á Â Ã Á Ä ¶ ¿ÎÌ whenever µ
Á Â Ã Á Ä ¶Ï°Ð± ÄDÑ ¾ ´ . Forµ�Á.´ Â Ã Á,´Ä ¶1° ¾ ´ , set

¯ ´ µ�Á ´ Â�Ã Á ´ Ä ¶ ¿ ¯Cµ
Á Â Ã Á Ä ¶>ÒnÓ ¯Cµ�Á Â ÒnÇ Ã Á Ä ¶VÔ¹¯Cµ?Á Â Ã Á Ä ¶
Õ�µ
Á ´ Â Ô�Á Â ¶
Ò(Ó ¯Cµ?Á Â Ã Á Ä Ò(ÇD¶%Ô`¯Cµ?Á Â Ã Á Ä ¶�Õ�µ
Á ´ Ä Ô�Á Ä ¶
Ò(Ó ¯Cµ?Á Â Ò�Ç Ã Á Ä ÒnÇ�¶CÒ�¯7µ
Á Â Ã Á Ä ¶ÖÔ¹¯Cµ�Á Â Ã Á Ä ÒnÇ�¶VÔ×¯7µ
Á Â ÒnÇ Ã Á Ä ¶�Õ�µ�Á ´ Â Ô�Á Â ¶@µ
Á ´ Ä Ô�Á Ä ¶ Ã

(11.4.1)
where Á.Ø ¿ÚÙ Á,´ØÜÛ . Note that Á,ØKÉ4Á.´Ø É4Á.Ø%Ò�Ç , and ¯.´�µ
Á,´ Â Ã Á.´Ä ¶ ¿ ¯Cµ
Á Â Ã Á Ä ¶ wheneverÁ Â ¿ Á.´ Â and Á Ä ¿ Á.´Ä . Thus, ¯.´ is a continuousextensionof a to ± Ä with the four corner
valuesof ¯.´ on X agreeingwith thoseof a as shownin Fiigure 11.4.1.

© 2001 by CRC Press LLC



314 CHAPTER 11. GEOMETRIC IMAGE TRANSFORMATIONS

aÝ x� 1( x� 2, )

aÝ x� 1(
�

x� 2
Þ, +1)

x� 2
Þ,aÝ x� 1( +1 )
ß

a x� 1( +1 x� 2
Þ, +1)

ß
a 1x� 2,x�(        )

Figure 11.4.1. The bilinear interpolationof a.

Now supposeà(á©â9ãÆäåâ9ã , where

àCæ?çCè@é�ê%ëgæ�à�ìDæ�ç>è@é�êiè�à ã æ
çVè�é�ê?êiè (11.4.2)

denotesthe rotation

à�ì�æ�ç>è@é�ê9ëTç�íDî�ï�ðPñ"é�ï�ò�óCðnôyõ�ö�à ã æ
çVè@é�ê9ë(ç�ï�ò�óCðJ÷øé�íDî�ï�ð�ù (11.4.3)

If Y denotesthe desiredoutputarray, then let úû ëüà�ý þÿá��6ä â9ã andset� á ë������ 	à (11.4.4)

in orderto obtainthedesiredspatialtransformationof a. In particular,the valuesof ç �
 foròjë���è� in Equation11.4.1are now replacedby the coordinatefunctions à 
 æ?é ì è@é ã ê of f.
Figure11.4.2illustratesa rotationusingfirst order interpolation. Note that in comparison
to the rotation using zero-orderinterpolation(Figure 11.3.2), the boundaryof the small
interior rectanglehasa smootherappearance;the sawtootheffect is visibly reduced.The
outerboundaryof the rotatedimageretainsthesawtoothappearancesinceno interpolation
occurson points æ
ç � ì è@ç � ã ê�� âmã���� � .

Figure 11.4.2. Rotationusing first-order interpolation.
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Alternate Image Algebra Formulation

Thecomputationalcomplexityof the bilinear interpolation(Equation11.4.1)can
be improved if we first interpolatealong one direction twice and then along the other
directiononce. Specifically,Equation11.4.1can be decomposedas follows. For a given
point ����� ����������! #"!� compute$ � �%�&� � ����� � �(' $ ��� � �)� � �+*-, $ �&� � */.0�)� � �21 $ �3� � ��� � �54��&� � �617� � �
along the line segmentwith endpoints �&� � �)� � � and �&� � *-.8��� � � , and$ � � �&� � � �)� � *9.��6' $ �:� � ��� � *-.��+*-, $ �&� � */.0�)� � */.%�21 $ �&� � ��� � *-.��54���� � � 17� � �
alongthe line segmentwith endpoints��� � ��� � *9.;� and ��� � *-.8��� � *9.�� . Thenset$ � �&� � � ��� � � �<' $ � � �3� � � ��� � �=*9, $ � � �&� � � ��� � *9.��21 $ � � �3� � � ��� � �&4>��� � � 17� � �;?
Thisreducesthefour multiplicationsandeightadditionsor subtractionsinherentin Equation
11.4.1to only threemultiplicationsandsix additions/subtractions.

Although Equation11.4.4representsa functionalspecificationof a spatialimage
transformation,it is somewhatdeceiving;the image $ � in the equationwasderivedusing
typical algorithmicnotation(Equation11.4.1). To obtaina functionalspecificationfor the
interpolatedimage $ � we canspecify its valuesusingthreespatialtransformations@�A0�B@ � ,
and @ � , mapping "!�DCE" , definedby@�A���� � � �)� � � �<'9�8FG� � �>H ��FI� � ��H �

@ � ��� � � ��� � � �<' J �KFG�L� � H *9.0��FM�L�� H �ONQPRFG�L� � HTSVU�KFG�L� �>H ��FI�����H � W8X3YLZ;[3\�NM]3Z
and @ � ��� � � ��� � � �<' J �KFG�L� �>H ��FI�����H */.��ON^P_FG�L���HTSV`�KFG�L� �>H ��FI�����H � W8X3YLZ;[3\�NM]3Z �
and two real-valuedimagesfunctions a � ��a �  7b6cBd definedbya � ��� � � ��� � � �6'9� � � 1eF5� � � H
and a � �3� � � �)� � � �6'f� �� 1#F>� � ��H ?
We now define$ � ' $_g @ A *h� $ig @ � 1 $jg @ A �6k;a � *-� $_g @ � 1 $_g @ A �6k;a �*l� $_g @ � g @ � * $_g @�Am1 $jg @ � 1 $jg @ � �6kna � kna � ?
A nice featureof this specificationis that the interpolatedimage $ � is only definedover
the region of interest "o� and not over all of b � .
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Comments and Observations

Since pqsrutwv�x6y
, it is very likely that pq2z5t|{~}�V�!� . This meansthat the output

image ���/� ��� pq maycontainmanyzerovalues,and— if Y is not properlychosen— not
all valuesof a will be utilized in the computationof b. The latter phenomenonis called
lossof informationdueto clipping. A simplerotationof an imageaboutits centerprovides
anexampleof both,the introductionof zerovaluesandlossof informationdueto clipping,
if we choose

t � �
. Figure 11.4.3 illustratesthis case. Here the left imagerepresents

the input imagea and the right imagethe output image �V��� � � pq . Note that the value� z>���%�)� y { is zerosince pq2z��0�K��� y { � z&� � � �)� � y {�}���!� . Also, thecornerareasof a after rotation
havebeenclippedsincetheydo not fit into Y. Of course,for rotationstheproblemclipping
is easily resolvedby choosingY sufficiently large.

2,x�1x�(         )�
(        )
�

1y
�

2,y�

Figure 11.4.3. Rotationwithin the samearray. The left image
is the input imageand the right imageis the output image.

The definition of the interpolatedextension��� requiresimagesto be specifiedas
computationalobjectsrather than enumeratedobjects(suchas the input imagea). Once
the spatial transform �l�����0�K�����;� hasbeenchosen,the dummy variables ��� and � �� are
replacedby �5� � ��� � �5� and � � �&� � � , respectively.Eachpixel valueof  ¡�9����¢/£� canthenbe
determinedpixel by pixel, line by line, or in parallel.

The spatial transformationof a digital image as exhibited by Equation11.4.4
representsa generalscheme. It is not restrictedto bilinear interpolation; any extension��� of a to a point set ¤!� containingthe rangeof f may be substituted.This is desirable
eventhoughbilinear interpolationandnearestneighborapproximationarethemostwidely
usedinterpolationtechniques.Similar to zero-order,first-order interpolationhas its own
drawbacks.The surfacegiven by the graphof ��� is not smooth;whenadjacentfour pixel
neighborhoodsareinterpolated,the resultingsurfacesmatchin amplitudeat theboundaries
butdonotmatchin slope.Thederivativeshave,in general,discontinuitiesat theboundaries.
In manyapplications,thesediscontinuitiesproduceundesirableeffects. In thesecases,the
extraadditionalcomputationalcostof higherorder interpolationschemesmay be justified.
Examplesof higherorder interpolationfunctionsarecubic splines,Legendreinterpolation,
and �¥§¦%¨�© � . Higher order interpolation is usually implementedby an image-template
operation.

11.5. Application of Image Rotation to the Computation
of Dir ectional Edge Templates

In a continuousimage,a sharpintensity transitionbetweenneighboringpixels
as shown in Figure 11.5.1(a)would be consideredto be an edge. Such steepchanges
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in intensitiescan be detectedby analyzing the derivativesof the signal function. In
sampledwaveformssuchas shownin Figure 11.5.1(b),approximationsto the derivative,
such as finite differencemethods,are usedto detect the existenceof edges. However,
dueto sampling,high frequencycomponentsareintroduced,andeverypair of pixels with
different intensitiescould be consideredan edge. For this reason,smoothingbeforeedge
enhancementfollowed by thresholdingafter enhancementare an importantpart of many
edgedetectionschemes.

a  xª (  )

x0
x

(a) (b)

x0

a  xª (  )

x

Figure11.5.1. (a) Continuousimagewith edgephenomenon.(b) Sampledimagefunction.

The gradient of an image a is defined in terms of direction oriented spatial
derivativesas «~¬=�®+¯±°³² ¬=�®+¯² ® °µ´<¶%·%¸M¹8º�» ¹K¼�½¶%¹0º¶%·%¸M¹8º�» ¹K¼�½¶%¹ ¼ ¾¡¿
Onediscreteapproximationof the gradientis given in termsof the centereddifferencesÀ �Á=Â)¯(° ¬=�Á=Â6Ã7Ä�Á=Â�Å�Á�Æ�¯2Ç�¬=3Á=Â6Ç7Ä�Á=Â%Å)ÁÈÆ;¯

É &Ä�Á Â ¯
and À &ÁÈÆ;¯<° ¬=3Á Â Å�Á Æ ÃlÄ�Á Æ ¯ÊÇ|¬=3Á Â Å�Á Æ ÇËÄ�Á Æ ¯

É &Ä�Á Æ ¯ ¿
The centereddifferences

À &Á Â ¯
and

À �Á Æ ¯
can be implementedusing the templatesshow

in Figure 11.5.2.

1

1

t    
Ì

=yÍ s   Î =yÍ
-1

-1

Figure 11.5.2. The centereddifferencetemplatesÏ and Ð .
The pixel valuesat location Ñ/ÒÔÓ&Õ×Ö�Ø)ÕÈÙ;Ú of ÛÝÜÞ Ï and Û�ÜÞ Ð are the centered

differencesßLÓ�Õ=Ö)Ú and ßLÓ&ÕÈÙ;Ú , respectively.This conceptforms the basisfor extensionsto
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varioustemplatesusedfor edgedetection.Variantsof thecentereddifferencetemplatesare
the àâá¡à templatesshownin Figure 11.5.3which form smoothenedor averagedcentral

t    
ã

=yä s   å =yä 1

-1

1 1

-1 -11-1

1

1-1

-1

Figure 11.5.3. The averagedcentereddifferenceoperators.

differenceoperators.

The templatest and s are orthogonal; one is sensitiveto vertical edgesand
the other to horizontaledges. We may view t and s as correspondingto evaluatingthe
averagedderivativesin the 0æ and90æ direction,respectively.Evaluationof the derivative
in directionsotherthan0æ or 90æ becomesnecessaryif oneis interestedin detectingedges
that are neitherhorizontalor vertical. One simple way of obtaininga templatethat can
be usedfor evaluatingthe averagedcentraldifferencein a desireddirection ç is to simply
rotate the image è�éIê;ë ê�ì through the angle ç and use the resulting image values for the
weightsof the new template.For example,applyinga rotation f asdefinedin Section11.4
to the image è éGênë ê�ì with ç = 90æ resultsin the image è éGênë ê�ì±í�î which is identical to the
image ï éMê;ë ê�ì . Sinces is translationinvariant,the image è éGênë ê3ìÈíBî completelydeterminess.
However,for anglesç otherthan90æ theresultingimageèKéIê;ë ê�ì í=î maynot bea satisfactory
approximationof the averagedcentraldifferencein that direction; for ç = 30æ the imageè éMê;ë ê�ì í�î is basicallythesameas è éGênë ê3ì . Thereasonfor this is thesmallsizeof thesupportofè éMê;ë ê�ì andassociatedinterpolationerrors. In orderto obtaina moreaccuraterepresentation,
oneschemeis to enlarge the image è éðênë ê�ì to the imageshownin Figure11.5.4androtate

-1 -1 0
ñ

1 1

11

1 1

11

1 10
ñ0ñ
0
ñ0ñ-1

-1

-1

-1-1

-1

-1

-1

Figure 11.5.4. The enlarged template ò .
this enlarged imageusingbilinear interpolation.For ó = 30ô the resultingimage ò�õMön÷ ö3ø=ù�ú
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is of the form shown in Figure 11.5.5.

1 1

11

1

1

1

0
û
-1

-1

-1-1

-1

-1

-1

-0.73 0.13
û
-0.37

-0.87

-0.5 0.37
û0.87
û
-0.13 0.73

û

0.5
û

Figure 11.5.5. The enlarged template ü rotatedthroughangle ýâþ�ÿ���� .
The final ÿ��Vÿ template r is obtainedby restricting its support to a ÿ��lÿ

neighborhoodof the centerpixel location y (Figure 11.5.6).

0
ñ 1

-1 -0.5 0.37
ñ

0.5
ñ

-0.37

-0.87 0.87
ñr   � =yÍ

Figure 11.5.6. The final ����	 centereddifferenceoperator.

While t will result in maximal enhancementof vertical or 90	 edges,r will be
more sensitiveto 120	 edges. Likewise, rotation through an angle of 60	 results in a
templatewhich is sensitiveto 150	 edges(Figure 11.5.7).

0

 1

-1

0.5


-0.37-0.87

-0.5

0.37



0.87



s   � =y�
Figure 11.5.7. The averaged���� centereddifferenceoperator.

Image Algebra Formulation

Let �����������������������! ������"�������#���$� . Definean ideal stepimage %'&'(*) by%,+.-0/��1-32�45� 6 �!798.:;- 2=< �7 8.:;- 2=> �� ?A@CBED�FHG=8JI�D$K
Createthe continuousextensionof % , namely %"L , as describedin Section 11.4. Also
define : / +M- / �N- 2 4O�P- /�Q ?HI�R'��- 2 I�8JS,R , : 2 +J- / �N- 2 4T�P- / I�8JS,RVUW- 2�Q ?HI�R , :X+.- / �N- 2 4O�
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. Let bdcfe�g!h ^#i"^ h�jlkme�g!h ^�i"^ h�j and no c Z�p qsr bdtvu _ . The

translationinvarianttemplatew , for calculatingthederivativeof an imagein direction x , is
definedby specifyingits imageat the origin, wHyMzA{ z#|}c�~������Z .

11.6. General Affine Transforms

The general formulation of spatial transformationgiven by Equation 11.3.1
includesthe classof affine transformations.A transformation

Z'r u _ t�u _ of the formZ,Y#� [ ^C� _ ` c Y1��� [5��� � _5����[ ^3��� [*��� � _5���H_ `�^
wherea, b, d,

��[
, and

�H_
areconstants,is calleda (2–dimensional)affine transformation.

An equivalentdefinition of an affine transformationis given byZXY1��` c �'��� ��� ^ (11.6.1)

where � c Y���[H^C�H_A`�^�� c�� � ��9�*� ^��a�3� � c Y � [�^ � _�`��
If
� c � [  ii [  � ,

� cO¡ , and ¢�£¤h , then
Z

representsa magnificationby a factor ¢ . On

the otherhand,if
i¦¥ ¢ ¥ h , then

Z
representsa contraction(shrinking)by the factor ¢ .

The matrix A can alwaysbe written in the form

� � ��§� � c��'¨ [3©�ª�« x [ ¨ ["«�¬� x [g ¨ _E«®¬� x _ ¨ _,©�ª�« x _ � ^
where

Y ¨ [ ^ x [ ` and ¯ ¨ _ ^ x _ ��° _$± correspondto the points(a,c) and(b,d) expressedin polar
form. In particular,if ¨ [ c ¨ _ , x [ c²x _ , and

� cW¡ , thenEquation11.6.1correspondsto
a rotation about the origin. If A is the identity matrix and

��³c´¡ , then Equation11.6.1
representsa translation.

In addition to simple imagerotation, translation,magnificationand contraction,
affine transformationsare used in such varied tasksas image compression,registration,
analysis,andimagegeneration[1, 2, 3, 4]. Variouscombinationsof affine transformations
can be usedto producehighly complexpatternsfrom simple patterns.In this sectionwe
provide examplesof imageconstructionusing simple combinationsof someof the affine
transformsdiscussedabove.

Image Algebra Formulation

Let
Z�[�YJ��` c �'��� , where

� cµ� [  ii [  � and ¢�c _¶ . Theimage~�� Z�[ represents

a contraction(shrinking)of the input imagea by the factor of
_¶ . Figure11.6.1illustrates

the contraction. Here the input imagea, shownon the left, containsa trapezoidof base
length l andangleof inclination x . The output image ~·� Z�[ is shownon the right of the
figure, with pixels having zero valuesdisplayedin black.

© 2001 by CRC Press LLC



11.6 GeneralAffine Transforms 321

Figure 11.6.1. Imagecontractionusing an affine map.

SupposȩH¹Hº.»�¼*½¾»À¿#ÁÃÂÅÄÄ Â,Æ�Ç�È º�ÉËÊ Â ¼EÌÍÏÎ º�ÉËÊ Â ¼,ÌÍ;ÐCÑaÒ�ÓAÔÖÕ
Then

¸ ¹
representsa shift in thedirection Ó . Composing×ÙØ ¸�Ú with

¸ ¹
resultsin the image

º ×ÛØ ¸�Ú�¼ Ø ¸ ¹ shown on the left of Figure 11.6.2.

The compositionof two affine transformationsis againan affine transformation.
In particular, by setting

¸¤½�¸�Ú Ø ¸ ¹ , it is obvious that

º ×!Ø ¸�ÚÜ¼ Ø ¸ ¹ could have been
obtainedfrom a single affine transformation,namelyº ×!Ø ¸ Ú ¼ Ø ¸H¹}½ ×!Ø º#¸ Ú Ø ¸H¹�¼�½ ×·Ø ¸ Õ
Now iterating the processusing the algorithmÝßÞ ½ Ý Ç Ý Ø ¸
with initial image

Ý ½ × , resultsin the railroad to infinity shownon the right of Figure
11.6.2.

Figure 11.6.2. A railroad to infinity.

Anotherexampleof iteratingaffine transformationsin order to creategeometric
patternsfrom simplebuilding blocksis theconstructionof a brick wall from a singlebrick.
In this example,let w and l denotethe width and length of the brick shown on the left
of Figure11.6.3. Supposefurther that we want the cementlayer betweenan adjacentpair
of bricks to be of thicknesst. A simple way of building the wall is to use two affine
transformationsf andg, wheref is a horizontalshift by an amountà�áËâ , andg is composed
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of a horizontalshift in the oppositedirection of f by the amount ã�ä"åçæCè#é�ê anda vertical
shift by the amount ë�åìæ . Specifically, ifí ã#î�ïñð�îHò�è5ó�ã�î�ï5ô�ã1ä�å�æCèAð"îHò�è
and õ ã1î ï ð�î ò è5óTã#î ï å�ã1ä"å�æCè®é�ê�ð"î ò ôßã�ëmå�æCè#è,ð
then iterating the algorithm öV÷ ó ö!ø ã öÏù í è ø ã ö!ù õ è
will generatea brick wall whosesizewill dependon the numberof iterations.The image
on the right of Figure 11.6.3was obtainedby using the iterationú#û�ü3û�ýHþÿ ÷ ó ööV÷ ó ö!ø ã ö·ù í è ø ã öÛù õ è���$þ����lÿ ó ö

Figure 11.6.3. Generationof a brick wall from a single brick.

11.7. Fractal Constructs

Although the namefractal wascoinedby B.B. Mandelbrot[5, 6], fractal objects
were well known to mathematiciansfor at least a century and played an important role
in suchareasas topology, function theory,anddimensiontheory[7, 8]. Sincetheseearly
worksin fractalresearch,fractalshavefoundwide-useapplicationsin imageanalysis,image
compression,imagerendering,andcomputergraphics[9, 2, 1, 10].

A fractal object displaysself-similarities,in a somewhattechnicalsense,on all
scales.The object neednot exhibit exactly the samestructureat all scales,but the same
typeof structuremustappearat all scales.PrototypicalexamplesaretheSirpinskicurve, or
Sirpinski triangle,and the von Koch snowflake. The Sirpinski curve is formed by starting
with a triangle and connectingthe midpointsof the threeedges,thus dividing the given
triangleinto four triangles.Removingthe interior triangle(the onesharingno vertexwith
the original triangle) leavesthreetriangles,eachsharinga vertexwith the original triangle
as shown in Figure 11.7.3. The processis then repeatedon eachof the trianglesand
continuesad infinitum.

The constructionof the von Koch snowflakestartswith an equilateraltriangle.
Each edge of the triangle is divided into three segmentsof equal length. Three new
equilateraltrianglesare formed,oneon eachmiddle segment,resultingin a Starof David
(Figure 11.7.5). The processis repeatedon eachof the six smaller trianglesdetermining
the boundaryof the Star of David. Again, the iterationcontinuesad infinitum.
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Image Algebra Formulation

In orderto generatethe Sirpinski curveimage,let �	��
���� 
�� , where ����� � ,
and let ����
��� be the input imagecontainingthe triangle definedby��� �!#"%$&�('*),+.- �/�10�"324�5��6�.�178��$903":<;>=@?BADCFE +HG A4I
Definean affine contractionmap -KJML �ON L �

by - ����!#"/$P�Q� �/�R!@�M"/$ . The Sirpinski curve
constructionis now given by the following algorithm:S.TMUWV J � )9X T*Y[Z�T%TF\] J �^�`_ -a J � ] � ����b/�c! : $d J � ] � �e�bM��!#�b/�D$� J � ]�f a fgdhDiBj Z�T4T/\

The input image � is shownon the left in Figure 11.7.1,while the contraction�k_ - is shownon theright of Figure11.7.1. In Figure11.7.2,thetranslatedimagesa and
d

areshownon theleft andright, respectively.Figure11.7.3showstheimage � J � ]Wf a fld
after the first andseconditerationwhile Figure11.7.4showsthe fifth andkth iteration.

Figure 11.7.1. Input image m (left) and the contractionmonlp (right).

Figure 11.7.2. The translationsq and r of the contractions*tWu .
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Figure 11.7.3. Output v�wyx{z�|}zK~ after the first
iteration (left) and after the seconditeration (right).

Figure11.7.4. TheSirpinskicurveafterthefifth iteration(left) andthefinal iteration(right).

In order to construct the von Koch snowflake, let �<�����@�{� ���#� , where� ���F����� . Definethe image ���8���� containinga solid equilateraltriangle by

��e���4���
��� ��}� �.� �¡  �¢%�£ �¡¤^¥ �F� � �¢%�£ �¡¤�¦W¥ �M� �Q§ �/¥ � � �

¨ �© ª>«@¬BD®F¯
�H°


Let � and

®
denotethe following contractionand reflectionmappings:

� ���R±@�M�k�Q� �/�R±@�M�l¦8² � �® �e�R±@�M�k�´³µ�R±c³ ¥ � � ²D¶ � ¦��M¶
The following algorithm constructsthe Snowflake:·.¸M¹Oº¼» � �9½

¸¡¾�¿�¸4¸FÀÁ�» �[�`Â �Ã » � Á � ³ � ± ¥ � � ¶Ä¼» � Á � �e² � ± © �Å » ���ÇÆ Á Æ Ã Æ Ä
� » � Å Â ®ÈDÉBÊ ¿Ë¸4¸MÀ
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Figures11.7.5and11.7.6showthe image ÌoÍÏÎÑÐPÒ at variousstagesin the loop.
The imageon the left of Figure 11.7.5showsthe output image Ì after the first iteration
while the imageon the right showsthe imageafter the seconditeration. The third andkth
iteration are illustrated in Figure 11.7.6.

Figure11.7.5. Thefirst andseconditerationsin theconstructionof thevonKochsnowflake.

Figure11.7.6. Thethird andfinal iterationsin theconstructionof thevon Koch snowflake.

Alternate Image Algebra Formulation

Thereare variousalternateimagealgebraformulationsfor constructingthe Sir-
pinski curveor the von Koch snowflake.Different input imagescanalsobe usedin order
to obtain essentiallythe samefractal construct. Here we provide but one example. An
alternateway of constructingthe Sirpinski curveon ÓyÔ�ÕÖ×�Ø ÕÖ× is to startwith the unit
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image ÙKÚ	Û on Ü and implementthe following algorithm:

Ý.ÞMßOà¼á Ú(â9ã Þ¡ä�å�Þ4ÞFæç�á Ú[Ù`èOéê á Ú çgë^ìeí�î#ï�ð/ñ/òó¼á Ú çgëÏìeïðMñ�î#íµò
Ù á Ú çgô ê ô�óõDöB÷ åËÞ4ÞMæ

In this algorithm, the affine transformis againgiven by é ì�ø�î�ù4ò Ú ìeñMø�î#ñ/ùMò
, andï Ú ñ/ú

. The differencebetweenthe first versionand the alternateformulation is that the
input image in the alternateversion is just a simple squareand the two translationsare
simple horizontaland vertical shifts. Figure 11.7.7showsthe output imageafter the first
andseconditeration,while Figure11.7.8illustratesthe fourth andkth iteration.

Figure 11.7.7. The output after the first and second
iterationsof the alternateSirpinski curve construction.

Figure 11.7.8. The output after the fourth and final
iterationsof the alternateSirpinski curve construction.
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Comments and Observations

Sincedigital imagesare finite (thereare only û	üþý pixels in an û ÿ�ý image)
and a fractal object is obtainedby an infinite iteration process,true fractals cannotbe
generatedin digital image processing. Hencefractal objects in digital imagesare only
first approximationsof real fractal objects. This observationis sometimeslost in the
engineeringliterature.

Anotherimportantconsiderationin digital fractalconstructionconcernstheappli-

cationof geometriccontractions.In the transformationmatrix
�������� 		 ���
 correspond-

ing to ���������� � ������������ , � � ������ . It follows from the definition given in Section11.6
that � is a contraction.This may seema little oddas � actuallyenlargesor dilatesobjects
in the planeby a factor of two. However,although � �"!$#&% enlargesspatialobjectsin! to twice their sizein % , the input image ' is an imageon % while ')(*� is an imageon! . Therefore,an object in image ' will appeartwo timessmallerin the image '+(,� .

Although the affine map �-.���/��� � .�����/���"� is a function from 0 � to 0 � , in the
underlyingimplementationof the algorithmsspecifiedin this aswell asprevioussections,
the function is simply viewed as a map from the sub-array! �21�34�5 �76 1-3485 � of % into% . Thus,strictly speaking,the resultingimage '9()� is an imageon the array ! . In our
specification,we assumethat ':(;� has beenextendedto the array % by assignmentof
zero valuesto the pixels in %=<"! .

Notethat thetrianglein theinput imageof theSirpinskicurvealgorithmhasbase
andheightequalto ý � �"> , with the baseequalto the bottomboundaryof the image. In
thevon Koch snowflakeconstruction,the startingtrianglehadto be movedup in the input
imagewith its basesitting on the line � � ý in order to avoid clipping of objectswhen
applyingthe reflection ' �@? (,A . The line of reflectionis parallel to the baseof the input
triangleata distancecorrespondingto �B theheightof theinput trianglefrom thebase.Also,
the imagesare displayedin the standardC������� -coordinatesystem,with the origin in the
bottomleft-handcornerinsteadthe usualupperright-handcornerasis commonfor digital
images. In other words, the display imagesare upsidedown. This was donein order to
orderto avoidconfusionanddisplaythefractalobjectsastheyusuallyappearin textbooks.

11.8. Iterated Function Systems

The renderingof imagesin the precedingtwo sectionswas accomplishedby
iterationof a given setof affine transforms.The notion of iterativefunctionsystems(IFS)
was first formalizedby M. Barnsleyand hasbeenusedin a variety of applicationssuch
as image rendering,analysis,and compression[9, 2, 1, 10]. An IFS on 0 � is a finite
set of affine mappings DE� � �F� � �-GHGIG)�J� 4-K with each �IL being a contractionmapping. A
contractionmapping �M�;0 � # 0 � has the property thatN ��OCP��Q���-CRS�.�UTWVlü N XP*�YRZ�
for some constant V with 	 � V �[� and \)P*�YR&]^0 � . This property meansthat
contractionmappingsof compactsetsmust possessfixed points. For iterative function
systems,thesefixed pointsresult in the attractorsof the systems.More precisely,suppose�2�U%_#`% is a contraction,where % is somecompactsubsetof 0 � . For acbd% ,
define �-.a9� � DH�O�P��=�7Pe]fa K . If D"� � �F� � �-GIGHG;�F� 4 K is an IFS on % , then the functiong �h�"i�#j�"i , definedby g Ca+� � 4kLXl � �ILY�a9�Q�
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is a contractionmapping. It can be shown that there is a uniqueset monMp"q such thatmsrutXvCwyxQz+{}| x�~��9� for any compactset � n�p q . Here | x denotesthe kth iterateof | .
The set m is called the attractor of the IFS �E���"�F�"���-�H�I�)�J�I�-� . The von Koch snowflake
andtheSirpinskicurveconstructedin theprevioussectionareexamplesof attractorsof the
respectiveiterative function systemsusedin their construction.

The algorithmsfor constructingthe von Koch snowflakeandthe Sirpinski curve
in the precedingsectionare deterministicalgorithms. Far more interestingand complex
imagescan be constructedby using randomiterationsof iterative function systems. In
particular,given an IFS �E���"�F�"�����I�H���F�I�-� on � , one can assigna probability ��� to each� � with

������� � � r�� . Choosingan initial point ���;nf� andthenchoosingrecursively

� x n��H� � ~ � xI� � � �F� � ~ � x�� � � �-�I�H�J��� � ~ � x�� � � �8�
where the probability of the event ��xdr � � ~ ��x�� � � is � � , one obtains a sequence�Q� x��)� r����-���FpF�-�I�I������� that converges to the attractorof �E� � �F� � �-�H�I�;�F� � � . We
illustratethe useof randomiterationandattractorsby providing an imagealgebraformu-
lation for renderingthe image of a fern.

Image Algebra Formulation

Let ��� ~�  �.¡ � r ~ �F�-�F¢£�Q¤�¡ �� � ~�  �/¡ � r ~ �F¢ ¥�¦  ¨§ �F¢©�Iª«¡F�U¬��¢ ª  ;§ ��¢ ¥�¦�¡ § ��¢©¤ ��"® ~�  �/¡ � r ~ �F¢©p   ¬��F¢©p�¤�¡F����¢ p"¯  �§ ��¢©p�p�¡ § ��¢©¤ ��"° ~�  �/¡ � r ~ ¬)�F¢£�H¦  ±§ �F¢©p�¥�¡F����¢©p�¤  ;§ �F¢©p"ª«¡ § �F¢ ª�ª �
and �²r´³ ��µ ³ � .

. ¶ � r¸·ynf³ q�~.¹ �Iº � � r ~ ���/� �»F¼�½2¾H¿ ��¢£¢©wÁÀ ¼«¼IÂÃ � rÅÄÇÆÉÈ�ÊËÄYÌJÍC³-ÎÏËÐ�ÐQÑÊ � rÓÒ ¾"» Ã rÔ�Ê � rcÕ ¾"» p¨Ö � ÖM¥�¤Ê � rc× ¾"» ¥�Ø�Ö � ÖWÙ�¯Ê � roÚ ¾"» Ù�ª+Ö � Ö��I���~�  ��¡ � � r¸� � ~C  ��¡ �¶ ~�Û Ø�¦  ;§ �H¦��F�Yª8¥�¡ÝÜ � � rM�Þ ¿Fß À ¼8¼�Â��à"áãâ�äæå
Applying this algorithm to a ç"è�è:éeç�è�è array producesthe attractorset shownin Figure
11.8.1.
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Figure 11.8.1. Fern imageafter one, two, three,andnine iterations.

Comments and Observations

Observethat the probabilitiesfor the event ê�ë±ìuí"îðï�ê�ëEñ�òQó , ô�ìÔõ�ö-÷I÷H÷-ö«ø , in the
abovealgorithm are given by ùOò+ìsúFû©ú�õ , ù�ü}ìsú�û ý�þ , ù�ÿ:ìsúFû©ú�� , and ù��:ì úFû©ú�� . These
probabilitiesare generallyobtainedby computing

ù î�� � �
	��� î ���î���ò � �
	��� î � ì
� � î � î����Çî���î ���î���ò � � î � î ��� î � î � ö

where
 î denotesthetransformationmatrix correspondingto í î and � meansapproximately

equal. If
�
	��� î ì�ú , then ù î shouldbe assigneda small positivenumber.

11.9. Exercises

1. Constructa syntheticbinary image � containinga disk � of somelarge radius � .
a. Implementa shrinking algorithmthat shrinks � to a disk of radius � � õ .
b. Apply your algorithm successivelyuntil � consistsof a single pixel. During

successiveapplications,does � retain its circular structure?
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2.

a. Implementthe nearestneighborimagerotation algorithm.
b. Using a gray value imagecontaininga sceneas initial input, successivelyrotate

the imagethroughan angleof 30 using an input the imageobtainedfrom the
previousrotation. Computethe outputafter twelve successiverotationswith the
original input image.

3. RepeatExercise2 using bilinear interpolation.

4. Specify an algorithm in image algebrathat transformsan !#"�$ rectangularimage
into a trapezoidalimagewith base $ and height !
5. Specify an algorithm in imagealgebrathat transformsa horizontal line into a semi-
circle. Implementyour algorithm.

6. In Section11.6 we presentedan algorithm that generateda rectangularbrick wall
from a singlerectangularbrick. Specifya similar algorithmthat will generatea hexagonal
brick wall from a singlehexagonalbrick. Your algorithmshouldleavea cementcrackof
thickness% betweenadjacentbricks. Implementyour algorithms.

7. Let &('*)�+, "-)�+, , where $.'*/�0 and 132�)546 be definedby

187�9;:=<�>?'A@CBEDGF 9IHJ<KML %=N5OQP�R DTS OVU
Implementthe Sirpinski curvealgorithm using the image 1 as your input.

8. Constructyour ownfractalconstructby specifyingaffine transformsandanappropriate
input image. Specify your algorithm in imagealgebra.

9. Specify an alternative algorithm in image algebra that will create the von Koch
snowflake.

10. Specify an iterative function systemfor constructingthe Sirpinski curve. Write an
imagealgebraalgorithmthatwill constructtheSirpinski curveusingthespecifiediterative
function system.
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CHAPTER 12
NEURAL NETWORKS AND CELLULAR AUTOMATA

12.1. Intr oduction

Artificial neuralnetworks(ANNs) andcellular automatahavebeensuccessfully
employedto solvea varietyof computervision problems[1, 2]. Onegoalof this chapteris
to demonstratethat imagealgebraprovidesan ideal environmentfor preciselyexpressing
currentpopularneuralnetworkmodelsand their computations.Artificial neuralnetworks
(ANNs) aresystemsof denseinterconnectedsimpleprocessingelements.Thereexistmany
differenttypesof ANNs designedto addressa wide rangeof problemsin theprimaryareas
of pattern recognition,signal processing,and robotics. The function of different types
of ANNs is determinedprimarily by the processingelements’patternof connectivity,the
strengths(weights)of the connectinglinks, the processingelements’characteristics,and
training or learningrules. Theserules specify an initial set of weightsand indicatehow
weightsshouldbe adaptedduring useto improve performance.

The theoryandrepresentationof the variousANNs is motivatedby the function-
ality andrepresentationof biologicalneuralnetworks.For this reason,processingelements
areusually referredto asneuronswhile interconnectionsare calledaxonsand/orsynaptic
connections.Although representationsandmodelsmay differ, all havethe following basic
componentsin common:

(a) A finite set of neuronsWYX=Z\[^]�WYX�_`[a]^b\bQbcWYXed�[ with eachneuron WYX�fG[ having a
specificneuralvalueat time g which we will denoteby W�hcXefT[ .
(b) A finite setof axonsor neuralconnectionsikj*Xelnm o`[ , where lnm o denotes
the strengthof the connectionof neuron WYXefT[ with neuron W�Xqpr[ .
(c) A propagationrule s h XefT[tj uvo\w;x W h X�p`[zy�l m{o .
(d) An activationfunction | which takes s as an input and producesthe next
stateof the neuron

W hT} x\X�fG[?j~|�Xcs h XefT[;����[^]
where � is a thresholdand | a hardlimiter, thresholdlogic, or sigmoidalfunction
which introducesa nonlinearity into the network.

It is worthwhile noting that imagealgebrahassuggesteda moregeneralconceptof neural
computationthan that given by the classicaltheory [3, 4, 5, 6].

Cellular automataand artificial neuralnetworkssharea commonframework in
that the new or next stageof a neuronor cell dependson the statesof other neurons
or cells. However,thereare major conceptualandphysicaldifferencesbetweenartificial
neuralnetworksand cellular automata.Specifically,an n-dimensionalcellular automaton
is a discreteset of cells (points, or sites) in � u . At any given time a cell is in one of a
finite numberof states.The arrangementof cells in the automatonform a regulararray,
e.g., a squareor hexagonalgrid.
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As in ANNs, time is measuredin discretesteps. The next stateof a cell is
determinedby a spatially and temporally local rule. However, the new stateof a cell
dependsonly on the current and previousstatesof its neighbors. Also, the new state
dependson the statesof its neighborsonly for a fixed numberof stepsback in time. The
sameupdaterule is appliedto everycell of the automatonin synchrony.

Although the rules that governthe iteration locally amongcells is very simple,
theautomatonasa wholecandemonstratevery fascinatingandcomplexbehavior.Cellular
automataare being studiedas modeling tools in a wide rangeof scientific fields. As a
discreteanalogueto modelingwith partial differential equations,cellular automatacan be
usedto representand study the behaviorof naturaldynamicsystems.Cellular automata
are also usedas modelsof information processing.

In this chapterwe presentan exampleof a cellular automatonas well as an
applicationof solving a problemusing cellular automata.As it turns out, imagealgebra
is well suited for representingcellular automata.The statesof the automata(mappedto
integers,if necessary)canbestoredin animagevariable �����5�� aspixel values.Template-
imageoperationscanbe usedto capturethe stateconfigurationof a cell’s neighbors.The
synchronizationrequiredfor updatingcell statesis inherent in the parallelismof image
algebra.

12.2. Hopfield Neural Network

A pattern,in the contextof the � nodeHopfield neuralnetworkto be presented
here, is an � -dimensionalvector �A���������G���`�^�\�\�^�T�
��� from the space �����`���`�\�\� � .
A special subsetof � is the set of exemplarpatterns ������ �¡£¢��¥¤§¦I¤©¨«ª , where �¡¬�®e¯Q¡ � �=¯\¡� �\�Q�\���=¯\¡�±° . The Hopfield net associatesa vector from � with an exemplar
patternin � . In sodoing,thenetpartitions � into classeswhosemembersarein someway
similar to theexemplarpatternthat representsthe class.For imageprocessingapplications
the Hopfield net is bestsuitedfor binary imageclassification.Patternswere describedas
vectors,but theycanjust aseasilybeviewedasbinaryimagesandvice versa.A description
of thecomponentsin a Hopfieldnetandhow they interactfollows nextandis basedon the
descriptiongiven by Lippmann[7]. An examplewill then be providedto illustrate image
classificationusing a Hopfield net.

As mentionedin theintroduction,neuralnetworkshavefour commoncomponents.
The specificsfor the Hopfield net presentedhereare outlined below.

1. Neurons

The Hopfield neural network has a finite set of neurons �8�³²G�^�\�~¤´²3¤´���
which serveas processingunits. Each neuronhas a value (or state)at time µ denoted
by �5¶c�e²T� . A neuronin the Hopfield net canbe in oneof two states,either ��� or ·£� ; i.e.,� ¶ ��²G�¸�¹�����`��·º�\� .

2. Synaptic Connections

The permanentmemoryof a neuralnet resideswithin the interconnectionsbe-
tweenits neurons.For eachpair of neurons,�8��²G� and ����»`� , thereis a number¼n½{¾ calledthe
strengthof the synapse(or connection)between���c²T� and ���q»r� . The designspecifications
for this versionof theHopfieldnet requirethat ¼ ½{¾ �¿¼ ¾a½ and ¼ ½�½ �JÀ (seeFigure12.2.1).
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Figure12.2.1. Synapticconnectionsfor nodesÄ�Å�ÆeÇ and Ä8Å�È`Ç of theHopfield neuralnetwork.

3. Propagation Rule

The propagationrule (Figure 12.2.2)defineshow statesand synapticstrengths
combineasinput to a neuron.Thepropagationrule É�Ê�Å�ÆGÇ for theHopfieldnet is definedby

É Ê ÅeÆTÇ?ËÍÌÎÏ\Ð;Ñ Ä Ê Å�È`Ç�Ò?Ó Ï�Ô
4. Activation Function

The activationfunction Õ determinesthe next stateof the neuron Ä�ÊTÖ Ñ Å�ÆGÇ based
on thevalue É�Ê�ÅeÆTÇ calculatedby thepropagationrule andthecurrentneuronvalue Ä�Ê×ÅcÆTÇ (see
Figure12.2.2).Theactivationfunctionfor theHopfield netis thehardlimiter definedbelow.

Ä�ÊGÖ Ñ ÅeÆTÇ?ËØÕ�ÅcÉ�Ê�ÅeÆTÇ\Ù×Ä�ÊcÅeÆTÇ�ÇVËÍÚÛ Ü Ä�Ê�ÅeÆTÇÞÝ{ßàÉ�Ê�ÅeÆTÇáË¿âã ÝäßåÉ�Ê�ÅeÆTÇàæ§âç ã ÝäßåÉ Ê ÅeÆTÇàè§â Ô
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Figure12.2.2. Propagationrule andactivationfunction for the Hopfield network.

The patternsusedfor this versionof the Hopfieldnet are ð -dimensionalvectors
from thespaceñ~òôó�õ÷ö�øQörù^ú . Let û�ütòþý�ÿ\ü �`ø�ÿQü�Yø�������ø=ÿ\üú � denotethe � th exemplarpattern,
where ö	�
���� . Thedimensionalityof thepatternspacedeterminesthenumberof nodes
in the net. In this casethe net will have ð nodes���^ö��aø��������^ø�������ø�����ð�� . The Hopfield net
algorithm proceedsas outlined below.
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Step 1. Assignweightsto synapticconnections.

This is the stepin which the exemplarpatternsareimprintedonto the permanent
memoryof the net. Assignweights ����� to the synapticconnectionsas follows:

����� � !" #%$&'�(*),+ '� + '� -/.1032�
45 -/.10 �
4�6
Note that � ��� �7� ��� , thereforeit is only necessaryto perform the computationabovefor098 4 .

Step 2. Initialize the net with the unknownpattern.

At this step the pattern that is to be classified is introduced to the net. If: �<;>= )�? =A@ ?�B�B�BC? =EDGF is the unknownpattern,setH�I ; 0 FJ�K= � ?�LNM 0 MO 6
Step 3. Iterateuntil convergence.

Calculatenext statevaluesfor the neuronsin the net using the propagationrule
and activation function, that is,HQPSR ) ; 0 FJ�%TVUW DX� (Y) HQP ;S4�FZ����� ? HQP ; 0 F�[\]6
Continuethis processuntil further iteration producesno statechangeat any node. At
convergence,the O -dimensionalvector formedby the nodestatesis the exemplarpattern
that the net hasassociatedwith the input pattern.

Step 4. Continuethe classificationprocess.

To classify anotherpattern,repeatSteps2 and 3.

Example

As an example,considera communicationssystemdesignedto transmitthe sixL�^`_NL 5 binaryimages1, 2, 3, 4, 9, andX (seeFigure12.2.3).Communicationschannelsare
subjectto noise,andso an imagemay becomegarbledwhenit is transmitted.A Hopfield
net can be usedfor error correctionby matchingthe corruptedimagewith the exemplar
patternthat it most resembles.

Figure12.2.3. Exemplarpatternsusedto initialize synapticconnectionsa�b�c .
A binary image d7e%fhgji�k�l�m , where nporqYs�tvuwqYs�x , can be translatedinto a

pattern yo{zS| s i�| t i�}�}�}Ci�| s~tCxC� , andvice versa,using the relations| s~x�� b�� s��S� c o���� k��/�Jd�z���i�� � o%gk �/�Jd�z���i�� � o�k
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and �������~���J�{�������`�� �¡C¢¤£�¥Y �¦S§E¨ �ª©v«« �/�¬�� �¡C¢£�¥Y �¦S§E¨ �7«¯®
The six exemplarimagesare translatedinto exemplarpatterns.A 120-nodeHopfield net
is thencreatedby assigningconnectionweightsusing theseexemplarpatternsasoutlined
earlier.

The corrupted image is translated into its pattern representation ° �� �   � �Q±³²h´�´�´ � �Qµ �
andintroducedto the Hopfield net (¶ ¡ ����� is setequalto

� £ � «¸·
��·º¹
).

Theinputpatternevolvesthroughneuronstatechangesinto thepattern »° �ª� »�   � »�A± � ´�´�´ � »�Qµ �
of the neuronstatesat convergence( »� £ � ¶A¼ ����� ). If the net converges to an exemplar
pattern, it is assumedthat the exemplarpatternrepresentsthe true (uncorrupted)image
that was transmitted. Figure 12.2.4pictorially summarizesthe useof a Hopfield net for
binary patternclassificationprocess.

Image Algebra Formulation

Let ¶¾½w¿ ©G«���«ÁÀ³Â³Ã betheimageusedto representneuronstates.Initialize ¶ with
the unknownimagepattern. The weightsof the synapticconnectionsare representedby
the template Ä�½{Å�Æ Â ÃÈÇ Â Ã which is definedby

Ä £ �S���J�ÊÉË ÌºÍÎÏ�Ð  QÑ Ï¨ Ñ Ï£ �/� �3Ò�
�� �/� �¬�
���
where Ñ Ï£ is the

�
th elementof the exemplarfor class Ó . Let Ô be the hardlimiter function

definedearlier. Theimagealgebraformulationfor theHopfieldnetalgorithmis asfollows:��Õ��KÖ
×�Ø�Ù�ÚjÛ ¶ Ò�Ü� ÚEÝEÝ�Þ�ßÕ�� ¶¶ Õ�� Ô � ¶áàâ Ä � ¶ �Û³ãQäåÚEÝEÝ�Þ ®

Asynchronousupdating of neural statesis required to guaranteeconvergence
of the net. The formulation above doesnot updateneural statesasynchronously.The
implementationabovedoesallow moreparallelismandhenceincreasedprocessingspeed.
Theconvergencepropertiesusingthe parallelimplementationmaybe acceptable;if so, the
parallelismcan be usedto speedup processing.

Alternate Image Algebra Formulation

If asynchronousbehavioris desiredin order to achieveconvergence,theneither
the template Ä needsto be parameterizedso that at eachapplicationof ¶�àâ Ä only one
randomlychosenneuronchangesstate,or the following modification to the formulation
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with the unknown pattern is extracted
from the neuron state configuration
at time t = c.
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Figure 12.2.4. Exampleof a Hopfield network.
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Iteration: 1 2 30

Network converges
to correct exemplar

Network converges
to incorrect exemplar

Network does not
converge to an
exemplar pattern

Ideal image

Each pixel of the
image is randomly
reversed with a 
probability of .35 and
introduced  to the
Hopfield net

Figure 12.2.5. Modes of convergencefor the Hopfield net.
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abovecan be used. æßç èêé
ë¯ìîí�ïñðóò]ôèæ ï,õEõ�ö÷ ç�èùøEúÁûýü�þ�ÿ�� ò��æßç�è òë¯ì�í�ïQð ÷ ôè � ïEõ,õ�öþ¬ç�è ��� úÁþ �	� � ÷ �ò ��þ � ç�è 
 � ò������ ��� ò ��þ ���÷ ç�è ÷���� þ �ð����VïEõEõÁöð����vï,õEõ�ö �

Comments and Observations

The Hopfield net is guaranteedto converge providedneuronstatesare updated
asynchronouslyand the synaptic weights are assignedsymmetrically, i.e., ! � " è ! "�� .
However, the network may not converge to the correct exemplarpattern,and may not
evenconverge to an exemplarpattern. In Figure12.2.5threecorruptedimageshavebeen
createdfrom the “1” imageby reversingits pixel valueswith a probability of 0.35. The
network is the sameas in the earlierexample.Eachof the threecorruptedimagesyields
a different modeof convergencewhen input into the network. The first convergesto the
correctexemplar,the secondto the incorrectexemplar,andthe third to no exemplar.

The two major limitations of the Hopfield net manifestthemselvesin its conver-
gencebehavior.First, the numberof patternsthat canbe storedandaccuratelyrecalledis
a function of the numberof nodesin the net. If too many exemplarpatternsare stored
(relativeto the numberof nodes)the net may converge to an arbitrarypatternwhich may
not be any oneof the exemplarpatterns.Fortunately,this rarely happensif the numberof
exemplarpatternsit small comparedto the numberof nodesin the net.

The secondlimitation is the difficulty that occurswhen two exemplarpatterns
sharetoo manypixel valuesin common.Thesymptomshowsup whena corruptedpattern
converges to an exemplarpattern,but to the wrong exemplarpattern. For example,the
Hopfieldnetof thecommunicationsystemtendsto associatethe“9” imagewith a corrupted
“4” image. If the applicationallows, the secondproblemcanbe amelioratedby designing
exemplarpatternsthat sharefew commonpixel values.

12.3. Bidir ectional AssociativeMemory (BAM)

An associativememory is a vector spacetransform # ç $&%(' $&)
which

may or may not be linear. The Hopfield net (Section12.2) is an associativememory* ç $&%+',$-%
. Ideally, the Hopfield net is designedso that it is equal to the identity

transformationwhen restrictedto its setof exemplars. , that is,* � / è 0 / �
TheHopfield net restrictedto its setof exemplarscanbe representedby the setof ordered
pairs * � /21�35476�89�:6�8�; ç 6�8=< .?> �
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12.3 BidirectionalAssociativeMemory (BAM) 341

A properlydesignedHopfieldnet shouldalsotakean input patternfrom @-A that is not an
exemplarpatternto the exemplarthat bestmatchesthe input pattern.

A bidirectionalassociativememory(BAM) is a generalizationof theHopfieldnet
[8, 9]. The domainandthe rangeof the BAM transformationB neednot be of the same
dimension. A set of associationsCEDGFIH7J�K9L:M-K�NPOQJ�KSR @ AUTWVYX MZK[R @-\ L�]_^a`b^dcfe
is imprinted onto the memoryof the BAM so thatBPg h:ikjkl m�n K n�o_p_q Csr
That is, B H J K N DEM K

for
]t^�`�^�c

. For an input pattern
J

that is not an elementofF J K O�]�^d`b^ac e
the BAM shouldconverge to the associationpair

H J K L:M K N
for the

J K
that best matches

J
.

The componentsof the BAM andhow they interactwill be discussednext. The
bidirectionalnatureof the BAM will be seenfrom the descriptionof the algorithm and
the exampleprovided.

The threemajor componentsof a BAM are given below.

1. Neurons

Unlike theHopfieldnet, thedomainandtherangeof theBAM neednot havethe
samedimensionality.Therefore,it is necessaryto havetwo setsof neuronsu i and u v to
serveasmemorylocationsfor the input andoutputof the BAM B O @ Axw @ \ :u i Dzy{JI|~}���O�]�^d}�^a���u v D�y{M�|�����O�]�^a�2^����9r
The statevaluesof

J5|�}��
and

M�|��I�
at time � are denoted

J���|�}t�
and

M��:|~�I�
, respectively.

To guaranteeconvergence,neuronstatevalueswill be either
]

or � ] for the BAM under
consideration.

2. Synaptic Connection Matrix

The associations
H J K L:M K N L{]�^�`�^�c2L

where
J K D H�� K m L � K� L��{����L � KA N andM K D H�� K m L � K� L{���{��L � K\ N , arestoredin the permanentmemoryof the BAM usingan

�����
weight (or synapticconnection)matrix � . The

}t�
th entry of � is given by

����  D o¡K�¢ m � K� � K  r
Note the similarity in the way weightsareassignedfor the BAM andthe Hopfield net.

3. Activation Function

The activation function £ used for the BAM under considerationis the hard
limiter definedby

£ |~¤¥L~¦9�ZD¨§ ¦ ©«ª�¤¬D�] ©«ª�¤t®a� ]¯©«ª�¤t°a�r
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342 CHAPTER 12. NEURAL NETWORKSAND CELLULAR AUTOMATA

The next stateof a neuronfrom ±I² is given by³&´¶µ&·�¸�¹IºZ»�¼I¸�½�´~¾�¿ À¥Á:³&´�¸~¹Iº~º&»,ÂÃ Ä ³&´~¸�¹Iº�ÅÇÆ�½�´~¾�¿ À?»�ÈÉ ÅÊÆZ½�´~¾�¿ À¬ËaÈÌ É ÅÊÆZ½�´~¾�¿ À¬ÍaÈ�Á
where

½�´Î»Ï¸�½�´�¸ É º�Á~½�´:¸�ÐÑº	Á�Ò{Ò�Ò�Á~½Ó´~¸�ÔÕº~º
and

¾�¿ À
is the

¹
th column of

¾
.

The next stateof
½I¸~Ö�ºS× ±�Ø is given by½ ´7µ�· ¸�Ö�ºZ»�¼I¸�³ ´ ¾�Ù ¿ Ú Á:½ ´ ¸�Ötº~ºZ» ÂÃ Ä ½Ó´~¸~Ö�ºÛÅ«ÆZ½�´~¾ Ù ¿ Ú »�ÈÉ Å«ÆZ½ ´ ¾ Ù ¿ Ú ËaÈÌ É Å«ÆZ½ ´ ¾ Ù ¿ Ú ÍaÈ�Á

where
³&´�»z¸�³&´:¸ É º	Á:³�´Ü¸�ÐÝº�Á{Ò�Ò�ÒÞÁ:³&´~¸�ß2º~º

and
¾ Ù ¿ Ú

is the
Ö

th columnof the transposeof
¾

.

The algorithmfor the BAM is asoutlinedin the following four steps.

Step 1. Createthe weight matrix w.

The first step in the BAM algorithm is to generatethe weight matrix
¾

using
the formula ¾ Ú�À »áàâã�ä ·�å ãÚ�æ ãÀ Á
where

½ ã »Gç å ã · Á å ãè Á�Ò�Ò{Ò:Á å ãé�ê and
³ ã »�ç æ ã · Á æ ãè Á�Ò{Ò�Ò�Á æ ãë�ê arefrom theassociation

ç7½ ã Á:³ ã ê .
Step 2. Initialize neurons.

For the unknowninput pattern ì »Õ¸îí · Á7í è Á�Ò�Ò{Ò�Á7í é º initialize the neuronsof ± Ø
as follows: ½�ïQ¸�Ö�ºð»fíÓÚ?Á É_ñ Ö ñ Ô�ò
The neuronsin ± ² shouldbe assignedvaluesrandomlyfrom the set ó Ì É Á É�ô , i.e.,³ ï ¸�¹Iº&»�õ	ö�÷Wø7õ�ùW¸ ó Ì É Á É�ô º�Á É�ñ ¹ ñ ß�ò

Step 3. Iterateuntil convergence.

Calculatethe next statevaluesfor the neuronsin ± ² using the formula³&´�µ�·�¸�¹Iº&»ú¼5¸�½�´~¾�¿ ÀIÁ~³&´:¸�¹Iº:º	Á É_ñ ¹ ñ ß�Á
then calculatethe next statevaluesfor the neuronsin ±IØ using½ ´�µ�· ¸�Ö�ºZ»�¼5¸�³ ´ ¾ Ù ¿ Ú Á:½ ´ º	Á É�ñ Ö ñ Ô�ò
Thealternationbetweenthesets± ² and ± Ø usedfor updatingneuronvaluesis why this type
of associativememoryneuralnet is referredto as“bidirectional.” Theforwardfeed(update
of ± ² ) followed by the feedback(updateof ± Ø ) improvesthe recall accuracyof the net.

Continue updating the neuronsin ± ² followed by those in ± Ø until further
iteration producesno state changefor any neuron. At time of convergencet = c, the
associationthat the BAM hasrecalledis

¸7½¥Á~³&º
, where

½û»�¸�½Iü�¸ É º�Á~½�ü�¸�ÐÝº	Á�Ò�Ò{Ò�Á:½�ü�¸~ÔÕº~º
and³ý»þ¸�³Zü�¸ É º�Á~³Züÿ¸�ÐÝº�Á{Ò�Ò�Ò~Á:³-üÿ¸�ß2º:º

.
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12.3 BidirectionalAssociativeMemory (BAM) 343

Step 4. Continueclassification.

To classify anotherpatternrepeatSteps2 and 3.

Example

Figure12.3.1showsthe evolutionof neuronstatesin a BAM from initialization
to convergence. Three lowercase-uppercasecharacterimage associations(a, A), (b, B),
and(c, C) wereusedto createthe weight matrix � . The lowercasecharactersare

���������
imagesand the uppercasecharactersare

�	�
�����
images. The conversionfrom imageto

patternandvice versais doneasin the exampleof Section12.2. A corrupted“a” is input
onto the �� neuronsof the net.

Image Algebra Formulation

Let �
����� ����������� and ������� ����������� be the imagevariablesusedto represent
the statefor neuronsin the sets �  and ��� , respectively. Initialize � with the unknown
pattern. The neuronvaluesof � � are initialized to either � � or

�
randomly. The weight

matrix � is representedby the template  !�#"%$ � �'& � � given by 	(*),+.-'/ 012 35476 2(98 2: �
where 6 2( is the ; th componentof � 2 and 8 2: is the + th componentof � 2 in theassociation
pair " � 2 � � 2 & . The activation function is denoted< .

The imagealgebrapseudocodefor the BAM is given by=?> /A@B�C.DFEHG �JI/ =?ELKMKFN=9> /��� > /�<O)%�QPR  � �S-� > /�<O),��PR  �T � �7-G�U7VWELKMKXN.Y
Comments and Observations

The BAM hasthe samelimitations that the Hopfield net does.First, the number
of associationsthatcanbeprogrammedinto thememoryandeffectively recalledis limited.
Second,the BAM may have a tendencyto converge to the wrong associationpair if
componentsof two associationpairshavetoo manypixel valuesin common.Figure12.3.2
illustratesconvergencebehaviorfor the BAM.

The complementZ\[ of a pattern Z is definedbyZ [ ),]^-_/a` � bdc Z_)e]^-_/f� �� �gbhc Z_)e]^-_/ � Y
Note that the weight matrix � is defined by� ( : / 012 35476 2(i8 2:
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Figure 12.3.1. Bidirectional natureof the BAM.

which is equivalentto jlknm!oqprs�t'uwvyxiz sk|{�} xi~ sm����
Therefore,imprinting the associationpair

}^�w���'�
onto the memoryof a BAM also imprintsv �L�\�y�5� {

onto the memory. The effect of this is seenin Block 5 of Figure12.3.2.
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Associations encoded into the BAM

1. 2.

3. 4.

S Sa b

Sa Sb

SbSb SaSa

Sa

SaSa

Sb

SbSb

Five  examples of the convergence behavior of the BAM

Corrupted "a"

Corrupted "a"

Corrupted "a"

Corrupted "a"

Corrupted "a"

5.
Sa

Sb

Figure 12.3.2. Modesof convergencefor the BAM.

12.4. Hamming Net

TheHammingdistance� betweentwo patterns�w���������W����������� is equalto the
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numberof componentsin � and � that do not match. More precisely,�.� �w�y�S�_������� |¡5¢O£ � �%¤ �'¥J� �,¤ � £ �
or �O� �5���'�_�§¦ � ¥¨��©�� ª¡5¢ � �%¤ ��� �%¤ ��«

The Hammingnet [7, 10] partitionsa patternspace¬�¯®�¥ � � ��°�±�² into classes³µ´ � �·¶¹¸º¶¹» . Eachclassis representedby anexemplarpattern¼ ´¾½ ³l´ . TheHamming
net takesas input a pattern ¿ ½ ®�¥ � � ��° ± ² andassignsit to class

³·À
if andonly if�_Á ¼ À ��¿5Â?Ã �.� ¼ ´ �y¿S���%Ä ¸ � � � � �ÆÅ�Å�ÅÆ� » �ÈÇºÉ� ¸ «

That is, the input patternis assignedto the classwhoseexemplarpatternis closestto it as
measuredby Hammingdistance.The Hammingnet algorithmis presentednext.

Thereis a neuron � � ¸ � in the Hammingnet for eachclass
³ ´ � �9¶Ê¸Ë¶Ê» (see

Figure12.4.1). The weight Ì�ÍdÎ assignedto the connectionbetweenneurons� �,Ï � and � �ÑÐ �
is given by Ì�ÍdÎ9�¨Ò � ÓÕÔ Ï � Ð¥×Ö ÓÕÔ Ï É� Ð �
where Ø�Ã§Ö
Ã ¢Ù and �º¶ Ï � Ð ¶Ú» . Assigning theseweights is the first step in the
Hamming algorithm.

Whentheinput pattern¿�� �ÜÛ ¢ � Û7Ý ��Å�Å�ÅÈ� Û � � ½ ®�¥ � � ��° ± ² is presentedto thenet,
theneuronvalue ��Þ � ¸ � is setequalto thenumberof componentmatchesbetween¿ andthe
exemplar¼ ´ . If ¼ ´ � �%ß ´ ¢ � ß ´ Ý ��Å�Å�Å�� ß ´� � is the ¸ th exemplar,�àÞ � ¸ � is setusingthe formula� Þ � ¸ �_�âá �� ª¡5¢7ã   ´ Û  |ä¹å ¦ ���
where ã   ´ �qæèçéÝ .

The next stateof a neuronin the Hammingnet is given by

�7êeë ¢ � ¸ �'�ì!íîîîîî ï �7ê � ¸ �'¥ðÖ ��ñ¶ Ç ¶¹»ÇËÉ� ¸ �7ê � Ç7�%òÈóóóóóô �
where ì is the activation function definedbyì �,õ �_�#ö õ Óh÷ õùø ØØ ú�ûyü7ý�þ�ÿ Ó�� ý�«
The next stateof a neuronis calculatedby first decreasingits currentvalueby an amount
proportionalto thesumof thecurrentvaluesof all theotherneuronvaluesin thenet. If the
reducedvaluefalls below zerothenthe new neuronvalueis set to Ø ; otherwiseit assumes
thereducedvalue. Eventually,the processof updatingneuronvalueswill leadto a statein
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12.4 HammingNet 347

which only oneneuronhasa valuegreaterthanzero. At thatpoint theneuronwith thenon-
zerovalue,say ��� ���	��
�� , representsthe class ��� that the net assignsto the input pattern.
At time  , the valueof � ���	� wasgreaterthanall the otherneuronvalues.Therefore,

�
is

the numberof the classwhoseexemplarhadthe mostmatcheswith the input pattern.
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Figure 12.4.1. Hamming network.

Figure12.4.2showsa six-neuronHammingnetwhoseclassesarerepresentedby
theexemplars1, 2, 3, 4, 9, andX. The Hammingdistancebetweenthe input pattern3 and
eachof the exemplarsis displayedat the bottom of the figure. The numberof matches
betweenexemplar 465 and 3 is given by the neuronstates7�8:9�;=<?>A@CBD;EBDF . At time of
completion,only oneneuronhasa positive value,which is 7�G?9�HI<�JDKILNM H . The Hamming
netexampleassignstheunknownpatternto Class5. That is, the input patternhadthemost
matcheswith the “9” exemplarwhich representsClass5.

Image Algebra Formulation

Let 7PORQ6ST@6>U@UVUWYX betheimagevariableusedto storeneuralstates.Theactivation
function Z is as definedearlier. The template [\O^]�_ W?`�a W?b definedby[ 5 9�cd<eJgf 5hi >
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Figure 12.4.2. Hamming net example.
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where jNkmlon�p?k qsrtpAku=r?vwvUvtrxp?ky{z is the | th exemplarpattern,is usedto initialize the net. The
template }�~������t�e� �?� definedby

}��Nn���z�l �P� ��� ��l����� ��� ���l��
is usedto implementthe propagationrule for the net.

Given the input pattern ��~�� � � r �U� ��� the image algebraformulation for the
Hamming net is as follows: �C  l�n¡�£¢¤�¥ z=¢�¦ §¨I©=ª¬«	¯® n¡°e±³²Un � ztz�´ � «Nµ¶µ:·�C  l¹¸ºn � ¢¤ }YzU»s¼½«NµNµ:·¾   l¹¿NÀYÁÃÂ¶��|�n �ÅÄ ±=²AzAÆ
The variable ¾ containsthe numberof the classthat the net assignsto the input pattern.

Comments and Observations

Thegoalof our examplewasto find thenumberof theexemplarthatbestmatches
the input patternasmeasuredby Hammingdistance.The formulationabovedemonstrated
how to use image algebrato implement the Hamming neural network approachto the
problem. A simpler imagealgebraformula that accomplishedthe samegoal is given by
the following two statements: Ç n¡�Èz   lÊÉ ��°ÌË q ���{ÍAjNÎÈ�U�¾   lÏ¿NÀYÁdÂN�È|�n Ç ÄUÐNÑ z?Æ
12.5. Single-Layer Perceptron (SLP)

A single-layerperceptron is usedto classify a pattern �ÒlÓnÕÔ q r�Ô u rwvUvwvtr�ÔNÖTz\~×ÙØ � Ö into oneof two classes.An SLP consistsof a setof weights,�wÚ ² rtÚ q rwvUvwvtrtÚ k � r�Ú Î ~{��rÜÛÞÝß�àÝßÁár
and a limiter function ¸   ��âN�wÛ �äãæåYçsèAé:ê

definedbyë�ì�íïî�ð�ñ éóòõô íÃö çç÷ò�ô íÃø çsù
Let ú ðûìýüºþ è ü�ÿ è������tè ü � î���� , in order to classify ú the perceptronfirst calculatesthe
sum of products � ì ú î ð
	����	 þÈüºþ���������	 � ü �
and then appliesthe limiter function. If

ë�� � ì ú î�� ç
, the perceptronassignsú to class���

. The pattern ú is assignedto class
� þ

if
ë�� � ì ú îÞö ç

. The SLP is representedin
Figure 12.5.1.
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Figure 12.5.1. Single-layerperceptron.

The graph of #�$&%('*),+-$/.10324.658795:2<;�;�;=2>.@?37=? is a hyperplanethat
divides A ? into two regions. This hyperplaneis called the perceptron’sdecisionsurface.
Geometrically,the perceptronclassifiesa patternbasedon which side the pattern(point)
lieson. Patternsfor which %='CBD+@E�# lie on onesideof thedecisionsurfaceandareassigned
to F 0 . Patternsfor which %G'*B�+IHJ# lie on the oppositeside of the decisionsurfaceand
are assignedto F 5 .

Theperceptronoperatesin two modes— a classifyingmodeanda learningmode.
The patternclassification modeis asdescribedabove.Beforethe perceptroncan function
as a classifier,the valuesof its weightsmust be determined. The learningmodeof the
perceptronis involved with the assignmentof weights(or the determinationof a decision
surface).

If the applicationallows, i.e., if the decisionsurfaceis known a priori , weights
can be assignedanalytically. However,key to the conceptof a perceptronis the ability
to determineits own decisionsurfacethrougha learningalgorithm[7, 11, 12]. Thereare
severalalgorithmsfor SLP learning. The onewe presentherecanbe found in Rosenblatt
[11].

Let KL'*BNM=OQPRML+TS�UMWV 5 be a training set, where B�MX$Y'[Z\M^]�O*Z(MT_RO�`�`�`8OCZ\MWa�+cb�d andP M b>KR#=O�efS is the classnumberassociatedwith B M . Let .1gh'Ci8+ be the value of the j th
weight after the i th training patternhasbeenpresentedto the SLP.The learningalgorithm
is presentedbelow.

Step 1. Seteach . g 'Q#k+�O1#cl�j@lnmoO equalto randomreal number.

Step 2. PresentB M to the SLP. Let PLpM denotethe computedclassnumber
of B M , i.e.,

P pM 'qi8+�$
r s . 0 'ti�u�e�+,2 ?v g V 5 Z\MWw,;�. g 'ti�u�e�+hx�y
Step 3. Adjust weightsusing the formula. g 'ti8+N$�. g 'qiNu�e�+,2{zc;�'hPRM6u|P pM 'qi8+}+N;QZ\M w y
Step4. RepeatSteps2 and3 for eachelementof the training set,recycling

if necessary,until convergenceor a predefinednumberof iterations.

Theconstant,#IEnz�l~e , regulatesthe rateof weightadjustment.Small z results
in slow learning. However,if z is too large the learningprocessmay not be ableto home
in on a good set of weights.

Note that if the SLP classifiesB M correctly,then P M u|PfpM 'ti8+�$
# andthereis no
adjustmentmadeto the weights. If P M u�PfpM 'qi8+I�$># , then the changein the weight vector
is proportionalto the input pattern.
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Figure 12.5.2 illustrates the learning processfor distinguishingtwo classesin�N�
. Class1 pointshavebeenplottedwith diamondsandClass0 pointshavebeenplotted

with crosses. The decisionsurfacefor this exampleis a line. The lines plotted in the
figure representdecisionsurfacesafter ���J�G�8�L�=�h���=� and �L� training patternshavebeen
presentedto the SLP.

n=80

n=40
n=20

n=0

Figure12.5.2. SLP learning— determinationof the perceptron’sdecisionsurface.

Image Algebra Formulation

Let ���{�N���N� be the imagevariablewhosecomponentsrepresentthe weights
of theSLP.Let �����N� be thepatternthat is to beclassified.Augment � with a � to form����4�8�L�*� � ���������C� ��� �����R�3� �N� . The function ¡ is the limiter definedearlier. The class
number ¢ of � is determinedusing the imagealgebrastatement¢I£ ��¡9�Q¤6�C�J¥ �� �}��¦

To train theSLP,let �k�*��§��T¢R§ � ��¨ §�© � bea trainingset. Initially, eachcomponentof
theweight imagevariable � is setto a randomrealnumber.Theimagealgebrapseudocode
for the SLP learningalgorithm (iteratinguntil convergence)is given byª £«�{¬L®\¯k°G± � ª³²��� � °�´�´Rµª £ �|�¶ ´L·¹¸º¯�» � ¦¼¦ ½ °�´�´fµ¢k¾§ £ ��¡9�Q¤6� �� § ¥�� �}��¿£«���>À�Ác¥��Â¢R§6Ã{¢R¾§ � ¥ ��D§±�»=Ä¹°�´�´fµ±�»=Ä¹°�´Å´fµ ¦
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Comments and Observations

If thesetof input patternscannotbedividedinto two linearseparablesetsthenan
SLP will fail asa classifier.Considerthe problemof designingan SLP for XOR classifi-
cation. Suchan SLP shouldbe definedover the patternspaceÆRÇQÈ�ÉTÈRÊ�ÉWÇ*È=ÉWË�Ê�ÉWÇ8ËLÉ8ÈRÊWÉ�ÇTËkÉ�Ë�ÊTÌkÍ
The classesfor the XOR problem areÎ�Ï�Ð ÆkÇhÈ=ÉTÈRÊ�ÉWÇ8ËkÉ�Ë�ÊTÌ ÇhÈ6Ñ�Ò3Ó�È Ð È=É�Ë1Ñ Ò3Ó>Ë Ð ÈkÊÎÕÔÖÐ ÆLÇÂÈGÉ�Ë�ÊWÉ�ÇTËkÉTÈRÊTÌ ÇÂÈ6Ñ Ò3Ó4Ë Ð ËLÉ�Ë�Ñ Ò3Ó
È Ð Ë�Ê�Í
Thepointsin the domainof the problemareplottedin Figure12.5.3. Pointsin Class0 are
plottedwith opendotsandpointsin Class1 areplottedwith solid dots. A decisionsurface
in ×�Ø is a line. Thereis no line in ×@Ø that separatesclasses0 and1 for the XOR problem.
Thus,an SLP is incapableof functioning asa classifierfor the XOR problem.

(1,1)

(1,0)

(0,1)

(0,0)

Class 0 point
Ù
Class 1 point
Ù

Figure 12.5.3. Representationof domain for XOR.

12.6. Multilayer Perceptron (MLP)

As seenin Section12.5, a single-layerperceptronis not capableof functioning
asan XOR classifier. This is becausethe two classesof points for the XOR problemare
not linearly separable.A single-layerperceptronis only able to partition ÚÜÛ into regions
separatedby a hyperplane.Fortunately,morecomplexregionsin ÚDÛ can be specifiedby
feedingtheoutputfrom severalSLPsinto anotherSLPdesignedto serveasa multivariable
AND gate. The designof a multilayer perceptronfor the XOR problem is presentedin
the following example.

In Figure12.6.1,theplanehasbeendivided into two regions.TheshadedregionÝßÞ
lies betweenthe lines whoseequationsare à3á�â�ãkäcâ�ãRå�æèç and é�à{ãLäêà�ãLåêæèç .

Region
Ý:ë

consistsof all pointsnot in
Ý Þ

. Thepointsof classì Þ for theXOR problemlie
in
Ý Þ

andthepointsin ì ë lie in
Ý ë

. Region
Ý Þ

is theintersectionof thehalf-planethatlies
above à3á�â{ãLäíâ�ãkå3æ
ç andthe half-planethat lies below é6àîãLäIàîãkåIæ�ç . Single-layer
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perceptronsï=ðÜñ1ò and ï=ð,ñ@ó can be designedwith decisionsurfacesôXõ÷ö3ø�ù
úRûêù�úkü
and ô¹õ4ý�ö{úkûþö|úLü , respectively.The intersectionrequiredto create ÿ ò is achievedby
sendingthe outputof ï=ð,ñ ò and ï=ðÜñ ó throughanotherSLP that actsasan AND gate.

(1,1)

(1,0)

(0,1)

(0,0)

Class 0 point
�
Class 1 point
�

-1 + 2x + 2y = 0

3 -2x - 2y = 0
�

XOR
�

R
�

R
�

R1

0
�

0
�

Figure 12.6.1. Multilayer perceptronsolution strategyfor XOR problem.

One SLP implementationof an AND gateand its decisionsurfaceis shownin
Figure12.6.2.All thecomponentsof a two-layerperceptronfor XOR classificationcanbe
seenin Figure12.6.3. The first layer consistsof �����
	 and ������ . An input pattern ���������
is presentedto both �����
	 and ������ . Whetherthe point lies above ����������� ���"!$# is
determinedby �����%	 ; ������ determinesif it lies below &'�(���)�*����!+# . The secondlayer
of the XOR perceptrontakesthe output of �����
	 and ������ and determinesif the input
satisfiesboth theconditionsof lying above �����*���,�*����!-# andbelow &
�.���)�(����!+# .

(1,1)

(1,0)

(0,1)
/

(0,0)
/

Class 0 point

Class 1 point

-3 + 2x + 2y = 0

x0

y1

f
2Σ

x0 y11
3

Decision surface

Single-layer perceptron for AND
4

AND
5

-3 2
6

2
6

Figure 12.6.2. Single-layerperceptronfor AND classification.
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Above or below
the decison surface
-1 + 2x + 2y = 0?

Above or below
7
the decison surface
3 - 2x -2y = 0?

AND

Lies between the lines
-1 + 2x + 2y = 0 and
3 - 2x - 2y = 0 ?

XOR

x8  y9

x8  XOR y

1 1

22-3

1 1
:

1 1

-1 2 2 3
;

-2 -2
SLP
<

1 SLP
1 2

=

Figure 12.6.3. Two-layer perceptronfor XOR classification.

By piping the output of SLPs through a multivariable AND gate, a two-layer
perceptroncan be designedfor any class >@? whose points lie in a region that can be
constructedfrom the intersectionof half-planes. Adding a third layer to a perceptron
consistingof a multivariableOR gateallows for the creationof evenmorecomplexregion
for patternclassification.The outputsfrom the AND layer are fed to the OR layer which
servesto union the regionscreatedin the AND layer. An OR gateis easily implemented
using an SLP.

Figure 12.6.4 showspictorially how the XOR problem can be solved with a
three-layerperceptron. The AND layer createstwo quarter-planesfrom the half-planes
createdin thefirst layer. Thethird layerunionsthe two quarter-planesto createthedesired
classification region.

The exampleaboveis concernedwith the analytic designof a multilayer per-
ceptron. That is, it is assumedthat the classificationregionsin A�B are known a priori .
Analytic designis not accordantwith theperceptronconcept.Thedistinguishingfeatureof
a perceptronis its ability to determinetheproperclassification regions,on its own, through
a “learning by example”process.However,the precedingdiscussiondoespoint out how
the applicability of perceptronscan be extendedby combining single-layerperceptrons.
Also, by first approachingthe problemanalytically,insightswill be gainedinto the design
and operationof a “true” perceptron.The designof a feedforward multilayer perceptron
is presentednext.

A feedforwardperceptronconsistsof aninput layerof nodes,oneor morehidden
layersof nodes,andan output layer of nodes.We will focus on the two-layerperceptron
of Figure 12.6.5. The algorithmsfor the two-layer perceptronare easily generalizedto
perceptronsof threeor more layers.

A nodein a hiddenlayer is connectedto everynodein the layeraboveandbelow
it. In Figure 12.6.5 weight C
D E connectsinput node F�D to hidden node G�E and weightH EJI connectsG�E to output node KLI . Classificationbeginsby presentinga patternto the
input nodes F�DNMPORQTS�QTU . From there dataflows in one direction (as indicatedby the
arrowsin Figure12.6.5)throughthe perceptronuntil the outputnodes K I MVO)Q-WXQ-YZM are
reached.Outputnodeswill havea valueof either [ or O . Thus,the perceptronis capable
of partitioning its patternspaceinto \L] classes.
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(1,1)

(1,0)

(0,1)

(0,0)

Class 0 point

Class 1 point

XOR
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^

0
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^

0R1

R1

2x = 1

2y = 1

Above
_
2y-1 = 0?

Left of
2x -1=0?

Below
2y-1 = 0?

Right of
^
2x-1 = 0?

x`  XOR y

1

1

1

1
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1 1 1

1 1 11 1
1

1

1 1
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_
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0
c

0
c

0
c

0
c

2 2 2
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Figure 12.6.4. Three-layerperceptronimplementationof XOR.
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Figure 12.6.5. Two-layer perceptron.
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The stepsthat governdataflow throughthe perceptronduring classification are
as follows:

Step 1. Presentthe pattern u*v+wyx{zP|}x�~�|P�V�P��|}x��y�
�.� � to the perceptron,i.e.,
set ����v�x�� for �.������� .

Step 2. Computethe valuesof the hidden-layernodesusingthe formula��� v �
�������

���{��������� ��  � � �N¡ �£¢ �¤��¥¦�¨§ª©

Step 3. Calculatethe valuesof the outputnodesusingthe formula«L¬ v �
����� �

��J�y® �°¯�� �±  ��}®P²³� ¢ �)� ´X��µZ©

Step4. Theclass ¶�v·w�¸VzP|�¸J~L|V�V�P��|�¸�¹�� that theperceptronassignsu mustbe
a binary vectorwhich, wheninterpretedasa binary number,is the classnumber
of u . Therefore,the « ¬ must be thresholdedat somelevel º appropriatefor the
application. The classthat u is assignedto is then ¶»v¼w�¸½zP|�¸³~�|V�P�V�N|�¸�¹�� , where¸ ¬ v¿¾�ÀÂÁÃw « ¬ � .

Step 5. RepeatSteps1, 2, 3, and4 for eachpatternthat is to be classified.

Above,whendescribingtheclassificationmodeof theperceptron,it wasassumed
that the valuesof the weights betweennodeshad alreadybeendetermined. Before the
perceptroncanserveasa classifier,it mustundergo a learningprocessin which its weights
are adjustedto suit the application.

The learningmodeof the perceptronrequiresa training set ÄLw�u�ÅJ|�¶�Å��ÇÆ½ÈÅyÉ z , whereuZÅZ�(� � is a patternand ¶�Å
�(ÄLÊ�|V�VÆ ¹ is a vectorwhich representsthe actualclassnumber
of uZÅ . The perceptronlearns(adjustsits weights) using elementsof the training set as
examples.The learningalgorithmpresentedhereis known asbackpropagationlearning.

For backpropagationlearning, a forward passand a backwardpassare made
through the perceptron. During the forward passa training pattern is presentedto the
perceptronandclassified.The backwardpassrecursively,level by level, determineserror
terms usedto adjust the perceptron’sweights. The error terms at the first level of the
recursionare a function of ¶�Å andoutput of the perceptronw « z | « ~ |V�P�V��| « ¹ � . After all the
error termshavebeencomputed,weightsareadjustedusingtheerror termsthat correspond
to their level. Thebackpropagationalgorithmfor the two-layerperceptronof Figure12.6.5
is detailedin the stepswhich follow.

Step 1. Initialize the weights of the perceptronrandomly with numbers
between Ë,Ê�©Ì� and Ê�©Ì� ; i.e.,Í � � v�¸ � « �}¸J��wÇÎÏË,Ê�©Ì��|�Ê�©Ð�ÒÑÓ� Ê��¨�Ô�¨�Ò|P�¤�*¥¦�¨§ÕLÖØ×Ù � ¬ v�¸ � « �}¸J�LwJÎÏË,Ê�©Ì��|�Ê�©Ì�ÒÑÓ� Ê���¥¦�¨§ª|P�¤��´"��µZ©
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Step 2. PresentÚZÛ�Ü�ÝÐÞ�Û ßLà}Þ�Ûá�àJâVâVâ�à}Þ�Ûã}ä from the training pair ÝåÚZÛ�àçæLÛNä to the
perceptronand apply Steps1, 2, and 3 of the perceptron’sclassificationalgo-
rithm outlined earlier. This completesthe forward passof the backpropagation
algorithm.

Step 3. Computethe errors èJé�ê±àJëíì-îXì-ïZà in the output layer using

èJé ê Üñð�ò�Ý�ë
ó�ðLòLä�ô�õ Û ò ó*ðLòLö±à
where æLÛ�Ü÷ÝNõ�Û ß à�õ�Û á àVâPâVâ�à�õ�Ûø ä representsthe correct class of ÚZÛ . The vectorÝ�ð ß à�ð á àVâVâPâçà�ð ø ä representsthe output of the perceptron.

Step4. Computetheerrors èPù³ú�àVë'ìüûýì�þ.à in thehidden-layernodesusing

è ù ú,Ü+ÿ���ÝJë
ó*ÿ��Lä ø�ò�� ß è é ê��	� � ò�

Step 5. Let � � ò�Ý��ä denotethe value of weight � � ò after the � th training

patternhas beenpresentedto the perceptron. Adjust the weights betweenthe
output layer and the hiddenlayer accordingto the formula

� � ò Ý���ä Ü � � ò Ý��Zó¨ëJä���� � è é ê � ÿ � 

The parameter�����Xì ë governsthe learningrateof the perceptron.

Step 6. Adjust the weightsbetweenthe hidden layer and the input layer
accordingto ���

��Ý���ä�Ü
���
��Ý�Zó ëVä���� � è ù ú � Þ Û

�



Step 7. RepeatSteps2 through6 for eachelementof the training set. One
cycle throughthe training set is called an epoch. The performancethat results
from the network’s training may be enhancedby repeatingepochs.

Image Algebra Formulation

Let ���� ±ë"!$#&%(' and )*�+% ø be the imagevariablesusedto storethe values
of the input layer andthe output layer, respectively.The template,-�-ô.%�/	021�3�ö /	451�3 will
be usedto representthe weightsbetweenthe input layer and the hidden layer. Initialize, as follows: ,76�Ý8��ä Ü$ë, 6 Ý89}ä�Ü�� ë)ì:9�ì�;, � Ý.9 ä�Ü+õJÿ ð"9 õ=<LÝ�> ó?� 
 ë�à@� 
 ë.A ä �¦ì�9Zì�;åàPë¤ìüûýì�þ 
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The template BDCFE.G�H"IKJ�LNM HPO representsthe weights betweenthe hidden layer and the
output layer. Initialize B by setting

BRQ�SUTWVYX�Z�[]\�^UZ�_"Sa`cbed]fhg�i@d]fjgNk�V dmlnTol�pqirgsl:t�l:uvf
The activation function for the perceptronis

w SyxzV{X gg}|�_�~�� f
Let ��S����iy�"�yV��P����� be the training set for the two-layer perceptron,where �v��XS���� � iU�����ir�r�	�aiU����.V�C�G � is a patternand �W��C��	d�irgr�	� is a vectorwhich representsthe actual

classnumber of �v� . Define ��{� to be S@g�i�]� � i�]��"ir�	�r�ai�]�� V . The parameterizedtemplates� S��i.�}VsC�E8G H I5J�L M H O and ��S��iN�{V�C�E8G H�� J�L M H������ are definedby

� S8��iN�RV Q S�TWVYX��m 	�YS8t�Vv =��S�TWV d$l¡Tol�pqirgsl:t¢l�u
and ��S8��iN�{VN£rSy^V}X¤d d$l¥^vl�¦��S8��iN�{V�§�S.^VYX��$ ��YS�T�V} =��S^UV dml�^vl�¦.irg?l*Tol�pqf
The imagealgebraformulationof the backpropagationlearningalgorithmfor oneepochis

¨�©�ª�«�¬r g�f�f ®?¯ ©�©"°�q±2X w EP²� � |³¡´ Mµ ±2X w S.�+|³ B{V��¶7±2X µ Sy·¸b µ V E � � b µ M��¹�±2X¡��Sy·¸bº�}VaS8� ¶ |³ BR»�VBq±2X¡B¼| � S8��¶�iN�{V´ ±2X ´ |n��E��¹¸i ²� � M½ �¾ ¯ ©�©W° f
To classify �¿XÀSj� � iU� � i	�r�	�aiU� � V , first augment it with a g to form ��ÁXSag�iU� � i� � ir�	�r�ai� � V . The pattern � is then assignedto the classrepresentedby the image �

using the image algebracode:

�Â±2X w S ²�+|³¡´ Vµ ±2X w S8�¡|³ BRV�¸±2X¡ÃYÄKÅ�S µ V�f
Comments and Observations

Thetreatmentof perceptronspresentedherehasbeenverycursory.Ourpurposeis
to demonstratetechniquesfor theformulationof perceptronalgorithmsusingimagealgebra.
Otherworks presentmorecomprehensiveintroductionsto perceptrons[7, 10, 12, 13].
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12.7. Cellular Automata and Life

Among the bestknown examplesof cellular automatais JohnConway’sgame
Life [2, 14,15]. Thelife processesof thesyntheticorganismsin thisbiospherearepresented
next. Although this automatonis referredto as a game,it will provide an illustration of
how easily the workingsof cellular automataare formulatedin imagealgebra.

Life evolveson a grid of points ÆÈÇÊÉRË7ÌqÉ�Í . A cell (point) is either alive or
not alive. Life andits absencearedenotedby statevalues1 and0, respectively.Thegame
beginswith any configurationof living andnonliving cells on thegrid. Threerulesgovern
the interactionsamongcells.

(a) Survivals— Every live cell with two or threelive 8-neighborssurvivesfor
the next generation.

(b) Deaths— A live cell that has four or more 8-neighborsdies due to over-
population.A live cell with one8-neighboror nonedies from loneliness.

(c) Birth — A cell is broughtto life if exactlythreeof its 8-neighborsarealive.

Figure 12.7.1 shows the life cycle of an organism. Grid 0 is the initial state
of the life-form. After ten generations,the life-form cyclesbetweenthe configurationsin
grids 11 and 12.

4 5
Î

6
Ï

7
Ð

8 9
Ñ

10 11

1 2 30
Ò

Figure 12.7.1. Life cycle of an artificial organism.

Dependingon the initial configurationof live cells, the automatonwill demon-
strateoneof four typesof behavior[14]. The patternof live cells may:

(a) vanish in time

(b) evolve to a fixed finite size
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(c) grow indefinitely at a fixed speed

(d) enlarge and contractirregularly

Image Algebra Formulation

Let ÓnÔ�Õ"Ö�×	ØrÙrÚ , where ÛÝÜDÞ�ß7à¡Þ�á , be the imagevariable that containsthe
statevaluesof cells in the automata.The cells stateat time â is denotedÓ]ã . The template
usedto capturethe statesof neighboringcell is shownbelow.

1 1 1

1 9 1

1 1 1

t =

Let äzå be the initial configurationof cells. The next stateof the automatonis
given by the image algebraformula

ä�æUç�è�é2ê¡ë{ìNírî èaè î èïyð�ñ ä]æ(òó¡ô"õ�ö
12.8. Solving Mazes Using Cellular Automata

In this sectionan unconventionalsolution to finding a path througha mazeis
presented. The method usesa cellular automata(CA) approach. This approachhas
severaladvantageouscharacteristics.The memory requiredto implement the algorithm
is essentiallythat which is neededto store the original mazeimage. The CA approach
providesall possiblesolutions,and it candeterminewhetheror not a solutionexists[16].
The CA methodis also remarkablysimple to implement.

Conventionalmethodsto the mazeproblemuseonly local informationaboutthe
maze.As themouseproceedsthroughthemaze,it markseachintersectionit passes.If the
corridor that themouseis currentlyexploringleadsto a dead-end,themousebacktracksto
the last markerit placed. The mousethen tries anotherunexploredcorridor leadingfrom
the markedintersection. This processis continueduntil the goal is reached. Thus, the
conventionalmethodusesa recursivedepth-firstsearch.

The price paid for usingonly local informationwith the conventionalmethodis
thememoryneededfor storingthemouse’ssearchtree,which maybe substantial.TheCA
approachrequiresonly the memorythat is neededto storethe original mazeimage. The
CA approachmusthavethe informationthat a viewer overlookingthe whole mazewould
have.Dependingon theapplicationtheassumptionof theavailability of a global overview
of the mazemay or may not be reasonable.

Themazefor this exampleis a binary image.Walls of themazehavepixel value
0 andarerepresentedin black (Figure12.8.1). The corridorsof the mazeare4-connected
and havepixel value 1. Corridorsmust be one pixel wide. Corridor points are white in
Figure 12.8.1.

In somewaystheCA approachto mazesolvingmaybeviewedasa poorthinning
algorithm(Chapter5). A desirablepropertyof a thinning algorithmis the preservationof
ends.To solvethemazetheCA removesends.Endsin themazearecorridorpointsthatare
at the terminusof a dead-endcorridor. A corridor point at the endof a dead-endcorridor
is changedto a wall point by changingits pixel valuefrom 1 to 0. At eachiterationof the
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Figure 12.8.1. Original maze.

algorithm,the terminalpoint of eachdead-endcorridor is convertedinto a wall point. This
processis continueduntil no dead-endcorridorsexist,which will alsobethe time at which
further iteration producesno changein the image. When all the dead-endcorridorsare
removed,only solution pathswill remain. The result of this processappliedto the maze
of Figure 12.8.1 is seenin Figure 12.8.2.

For this example,the next stateof a point is function of the currentstatesof the
points in a von Neumannneighborhoodof the target point. The next staterulesthat drive
the mazesolving CA are

(a) A corridor point that is surroundedby threeof four wall points becomesa
wall point.

(b) Wall points alwaysremainwall points.

(c) A corridor point surroundedby two or fewer wall pointsremainsa corridor
point.

Image Algebra Formulation

Let ÷¢ø¡ù	ú�ûrürý	þ be the mazeimage. The templateÿ that will be usedto capture
neighborhoodconfigurationsis definedpictorially as

t =
1

1 5 1

1
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Figure 12.8.2. Maze solution.

The imagealgebracodefor the mazesolving cellular automatonis given by��� ������
	�������������� ������������ �� �����! #"%$ &'$ (#) �*�,+-/. �'021��������
3
12.9. Exercises

1. Cana parallel implementation(i.e., all neuronsfire simultaneously)guaranteeconver-
genceto a steadystateof the Hopfield net? Explain your answer.

2.

a. Implementthe Hopfield net usingthe patternsshownin Figure12.2.3. Doesthe
net provide perfectoutput for uncorruptedinput of all patterns?

b. Add thefour letterpatternsshownin Figure12.3.1to theHopfield memoryestab-
lishedin 2.a. Doesthe expandednet still provideperfectoutput for uncorrupted
input of all patterns?

3. Implementthe following variant of the Hopfield network:
Assign weights 465�7 using the formula

4 5�7 �98:;%<>=!?A@ ;5CB @ ;7�D
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and use the propagationrule

E2F�G>HJIAK*L�MONQPR�STUWV H I*E�F#IYXZL\[�]�^ U L`_a�b
RepeatExercise2 using this variation of the Hopfield net.

4. Constructa BAM to establishthe following threeassociation:

a. Idcfe'cZe#ghcZe%ghcJLjikI#cZe'cWL ,
b. IdcZe'cZe'cZelcJLminIdcZe%ghcWL ,
c. IoghcZe%ghcZe'cZe'cdLjipIoghcZe'cJL .

What happenswhena vectorsuchas IoghcZe%ghcZe%ghcZe%gqcWL is presentedto the BAM?

5. Thereexistsa wide variety of neuralnetworksnot discussedin this chapter.Consult
your local sciencelibrary or do a web searchto find two networksnot discussedhere.
Providean imagealgebradescriptionof the two networks.

6. Designa 2–layer,2–input,1–outputperceptronnet that will solve the XOR problem.
The net must work in the following way. The input to the net are the values+1, —1.
The weights(which you determine,that is, you are not using the perceptronconvergence
procedure),shouldclassifyany input from the shadedregionas a —1. Valid input points
from the unshadedregionsshouldbe identified with value +1.

(-1,1) (1,1)

(1,-1)(-1,-1)
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7. Design a 2–layer, 2–input, 1–outputperceptronnet that will identify points within
the regionshadedin the figure below with -1 andpointsoutsidethe regionwith +1. The
weightsfor this net are fixed (determinedby you) as in Exercise6.

(0,1)

(1,-1)(-1,-1)

8. Designa 3–layer,2–input,1–outputfeedforwardperceptronnetthatwill classify(-1,1)
and(1,-1) asoneclass,andthe line segmentbetween(-1,-1) and(1,1) asanotherclass.

9. Designa multi-layer, 3–input,1–outputfeedforwardperceptronnet that will classify
(1,1,1) and (-1,-1,-1) as one class,but will classify (1,1,-1), (-1,1,1), (1,-1,1), (-1,-1,1),
(-1,1,-1), and (1,-1,-1) as the other class.
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APPENDIX.
THE IMAGE ALGEBRA C++ LIBRARY

A.1. Intr oduction

In 1992, the U.S. Air Force sponsoredwork at the University of Florida to
implementa C++ classlibrary to support image algebra,iac++. This appendixgives
a brief tour of the library thenprovidesexamplesof programsimplementingsomeof the
algorithmsprovided in this text.

Current information on the most recentversion of the iac++ classlibrary is
availablevia the Worldwide Web from URL

http://www.cise.ufl.edu/research/IACC/.

The distributionandsomedocumentationareavailablefor anonymousftp from

ftp://ftp.cise.ufl.edu/pub/src/ia/iac++.

Theclasslibrary hasbeendevelopedin theC++ language[1, 2]. Severaldifferent
platformshavebeensupportedin the past. The currentexecutableversionof the library
hasbeendevelopedandtestedfor the following compiler/systemcombinations:

Table A.1.1 Currently testediac++ platforms.

Compiler System

g++ v 2.95.2 Solaris2.7, 2.8
RedHatLinux 5.2

The library is likely to be portable to other systemsif the g++ compiler is
employed.Porting to othercompilersmight involve significanteffort.

A.2. Classesin the iac++ Class Library

The iac++ classlibrary providesa numberof classesand relatedfunctions to
implementa subsetof the imagealgebra. At the time of this writing the library contains
the following major classesto supportimagealgebraconcepts:

(a) IA_Point<T>
(b) IA_Set<T>
(c) IA_Pixel<P,T>
(d) IA_Image<P,T>
(e) IA_Neighborhood<P,Q>
(f) IA_DDTemplate<I>

All namesintroducedinto theglobalnamespaceby iac++ areprefixedby thestringIA_
to lessenthe likelihood of conflict with programmer-chosennames.

Points

The IA_Point<T> classdescribesobjectsthat are homogeneouspoints with
coordinatesof type T. The library providesinstancesof the following point classes:

(a) IA_Point<int>
(b) IA_Point<double>
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The dimensionalityof a point variable is determinedat the time of creationor
assignment,andmay be changedby assigninga point valuehavingdifferentdimensionto
the variable. Usersmay createpointsdirectly with constructors.Functionsandoperations
may also result in point values.

One must #include "ia/IntPoint.h" to have accessto the class of
points with int coordinatesand its associatedoperations. One must #include
"ia/DblPoint.h" to haveaccessto the classof pointswith double coordinatesand
its associatedoperations.

Point operationsdescribedin the sectionsthat follow correspondto thoseoper-
ationspresentedin Section1.2 of this book.

Point Constructors and Assignment

Let i, i1, i2, ..., representint-valued expressions.Let iarray represent
an array of int valueswith n elements. Let d, d1, d2, ..., representdouble-valued
expressions.Let darray representan arrayof double valueswith n elements.And let
ip anddp representpointswith int anddouble coordinatevalues,respectively.

Table A.2.1 Point Constructorsand Assignment

constructa copy IA_Point<int>(ip)
IA_Point<double> (dp)

construct from coordinates IA_Point<int> (i)
IA_Point<int> (i1,i2)
IA_Point<int> (i1,i2,i3)
IA_Point<int> (i1,i2,i3,i4)
IA_Point<int> (i1,i2,i3,i4,i5)
IA_Point<double> (d)
IA_Point<double> (d1,d2)
IA_Point<double> (d1,d2,d3)
IA_Point<double> (d1,d2,d3,d4)
IA_Point<double> (d1,d2,d3,d4,d5)

construct from array of
coordinates

IA_Point<int>(iarray, n)
IA_Point<double>(darray, n)

assigna point ip1 = ip2
dp1 = dp2

Binary Operations on Points

Let p1 andp2 representtwo expressionsboth of type IA_Point<int> or
IA_Point<double>.
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Table A.2.2 Binary Operationson Points

addition p1 + p2

subtraction p1 - p2

multiplication p1 * p2

division p1 / p2

supremum sup (p1, p2)

infimum inf (p1, p2)

dot product dot (p1, p2)

crossproduct cross (p1, p2)

concatenation concat (p1, p2)

Unary Operations on Points

Let p represent an expression of type IA_Point<int> or
IA_Point<double>.

Table A.2.3 Unary Operationson Points

negation -p

ceiling† ceil (p)

floor† float (p)

rounding† rint (p)

projection (subscripting) p(i)
p[i]‡

sum sum (p)

product product (p)

maximum max (p)

minimum min (p)

Euclidean norm enorm (p)rts
norm mnorm (p)r6u
norm inorm (p)

dimension p.dim()

†This function appliesonly to points of type IA_Point<double>.

‡Subscriptingwith () yields a coordinatevalue, but subscriptingwith [] yields a
coordinatereferenceto which onemay assigna value,thuschanginga point’s value.

Relations on Points

Let p1 andp2 representtwo expressionsboth of type IA_Point<int> or
IA_Point<double>. Note that a relation on points is said to be strict if it must be
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satisfied on all of the correspondingcoordinatesof two points to be satisfiedon the points
themselves.

Table A.2.4 Relationson Points

lessthan (strict) p1 < p2

lessthan or equal to (strict) p1 <= p2

greater than (strict) p1 > p2

greater than or equal to (strict) p1 >= p2

equal to (strict) p1 == p2

not equal to (complementof ==) p1 != p2

lexicographiccomparison pointcmp (p1, p2)

Examplesof Point Code Fragments

One can declarepoints using constructors.

IA_Point<int> point1 (0,0,0);
// point1 == origin in 3D integral Cartesian space

IA_Point<double> dpoint (1.3,2.7);
// dpoint is a point in 2D real Cartesian space

Onemay subscriptthe coordinatesof a point. (Note that point coordinatesusezero-based
addressingin keepingwith C vectors.)

point1[0] = point1[1] = 3;
// point1 == IA_Point<int> (3,3,0)

One can manipulatesuchpoints using arithmeticoperations.

point1 = point1 + IA_Point<int> (1,2,3);
// point1 == IA_Point<int> (4,5,3)

And one may apply various functions to points.

point1 = floor (dpoint);
// point1 == IA_Point<int> (1,2)

Sets

The C++ templateclassIA_Set<T> provides an implementationof sets of
elementsof type T. The following instancesof IA_Set are provided:

(a) IA_Set<IA_Point<int> >
(b) IA_Set<IA_Point<double> >
(c) IA_Set<bool>
(d) IA_Set<unsigned char>
(e) IA_Set<int>
(f) IA_Set<float>
(g) IA_Set<IA_complex>
(h) IA_Set<IA_RGB>

IA_Set<IA_Point<int> > and IA_Set<IA_Point<double> >, provide some
capabilitiesbeyondthoseprovided for other sets.
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Setsof Points and Their Iterators

The point set classes IA_Set<IA_Point<int> > and
IA_Set<IA_Point<double> > provide the programmer with the ability to
defineandmanipulatesetsof point objectsall havingthe sametype anddimension.

One must #include "ia/IntPS.h" to haveaccessto the classof setsof
int points and its associatedoperations. One must #include "ia/DblPS.h" to
haveaccessto the classof setsof double points and its associatedoperations.To gain
accessto point set iterator classesand their associatedoperations,one must #include
"ia/PSIter.h".

Point set operationsdescribedin the sectionsthat follow correspondto those
operationspresentedin Section1.2 of this book.

Point Set Constructors and Assignment

In Table A.2.5, let ip, ip1, ip2, ..., representIA_Point<int>-valuedex-
pressions. Let iparray representan array of IA_Point<int> values, each of di-
mensiond, with n elements. Let dp, dp1, dp2, ..., representIA_Point<double>-
valuedexpressions.Let dparray representan arrayof doublevalues,eachof dimension
d, with n elements. And let ips and dps representsetswith IA_Point<int> and
IA_Point<double> elements,respectively.

The function IA_boxy_pset createsthe setcontainingall points boundedby
the infimum andsupremumof its two point arguments.The type of set is determinedby
thepoint typesof the arguments.TheIA_universal_ipset andIA_empty_ipset
createuniversalor empty setsof type IA_Point<int> of dimensionspecifiedby the
argument. Setsof type IA_Point<double> are createdin a correspondingfashionby
IA_universal_dpset andIA_empty_dpset.
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Table A.2.5 Point Set Constructorsand Assignment

constructa copy IA_Set<IA_Point<int> > (ips)
IA_Set<IA_Point<double> > (dps)

construct from points IA_Set<IA_Point<int> > (ip)
IA_Set<IA_Point<int> > (ip1,ip2)
IA_Set<IA_Point<int> > (ip1,ip2,ip3)
IA_Set<IA_Point<int> > (ip1,ip2,ip3,
ip4)

IA_Set<IA_Point<int> > (ip1,ip2,ip3,
ip4,ip5)

IA_Set<IA_Point<double> > (dp)
IA_Set<IA_Point<double> > (dp1,dp2)
IA_Set<IA_Point<double> > (dp1,dp2,
dp3)

IA_Set<IA_Point<double> > (dp1,dp2,
dp3,dp4)

IA_Set<IA_Point<double> > (dp1,dp2,
dp3,dp4,dp5)

construct from array of
points

IA_Set<IA_Point<int> > (d,iparray,n)
IA_Set<IA_Point<double> > (d,dparray
n)

assigna point set ips1 = ips2
dps1 = dps2

functions returning
point sets

IA_boxy_pset (ip1, ip2)
IA_boxy_pset (dp1, dp2)
IA_universal_ipset (dim)
IA_universal_dpset (dim)
IA_empty_ipset (dim)
IA_empty_dpset (dim)

Binary Operations on Point Sets

In Table A.2.6, let ps, ps1 and ps2 representexpressionsall of type
IA_Set<IA_Point<int> > or IA_Set<IA_Point<double> >. Let p represent
an expressionhaving the sametype as the elementsof ps.
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Table A.2.6 Binary Operationson Point Sets

addition ps1 + ps2

subtraction ps1 - ps2

point addition ps + p
p + ps

point subtraction ps - p
p - ps

union ps1 | ps2

intersection ps1 & ps2

setdifference ps1 / ps2

symmetricdifference ps1 ˆ ps2

Unary Operations on Point Sets

Let ps representan expressionof type IA_Set<IA_Point<int> > or
IA_Set<IA_Point<double> >.

Table A.2.7 Unary Operationson Point Sets

negation -ps

complementation ˜ps

supremum sup (ps)

infimum inf (ps)

choice function ps.choice()

cardinality ps.card()

Relations on Point Sets

Let ps, ps1, and ps2 represent expressions all of type
IA_Set<IA_Point<int> > or IA_Set<IA_Point<double> >. Let p
representan expressionhaving the sametype as the elementsof ps.

Table A.2.8 Relationson Point Sets

containmenttest ps.contains(p)

proper subset ps1 < ps2

(improper) subset ps1 <= ps2

proper superset ps1 > ps2

(improper) superset ps1 >= ps2

equality ps1 == ps2

inequality ps1 != ps2

emptinesstest ps.empty()
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Point Set Iterators

The classIA_PSIter<P> supportsiteration over the elementsof setsof type
IA_Set<IA_Point<int> > andIA_Set<IA_Point<double> >. This providesa
singleoperation,namelyfunctionapplication(the parenthesesoperator),takinga reference
argumentof the associatedpoint type and returning a bool. The first time an iterator
objectis appliedasa function, it attemptsto assignits argumentthe initial point in the set
(accordingto an implementationspecifiedordering). If thesetis empty,the iteratorreturns
a falsevalueto indicatethatit failed; otherwiseit returnsa truevalue. Eachsubsequentcall
assignsto the argumentthe value following that which was assignedon the immediately
precedingcall. If it fails (due to havingno morepoints) the iterator returnsa falsevalue;
otherwiseit returnsa true value.

Examplesof Point Set Code Fragments

Onecan declarepoint setsusing a variety of constructors.

IA_Set<IA_Point<int> > ps1;
// uninitialized point set

IA_Set<IA_Point<int> > ps2(IA_IntPoint(0,0,0));
// point set with a single point

IA_Set<IA_Point<int> > ps3(IA_boxy_pset(IA_Point<int>(-1,-1),
IA_Point<int>(9,9)));

// contains all points in the rectangle
// with corners (-1,-1) and (9,9)

// Introduce a predicate function
int pred(IA_IntPoint p) { return (p[0] >= 0)? 1 : 0; }

IA_Set<IA_Point<int> > ps4(2, &pred);
// the half plane of 2D space having nonnegative 0th coord.

IA_Set<IA_Point<int> > ps5(3, &pred);
// the half space of 3D space having nonnegative 0th coord.

One can operateupon thosesets.

ps1 = ps3 & ps4;
// intersection of ps3 and ps4 contains all points
// in the rectangle with corners (0,0) and (9,9)

ps1 = ps3 | ps4;
// union of ps3 and ps4

ps1 = ps3 + IA_Point<int> (5,5);
// pointset translation

ps1 = ps3 + ps3;
// Minkowski (pairwise) addition

// relational operations and predicates
if ((ps2 <= ps3) || ps2.empty())

ps2 = ˜ps2; // complementation
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And one can iterateover the elementsin thosesets.

IA_PSIter<IA_Point<int> > iter(ps3);
// iter will be an iterator over the points
// in set ps3

IA_Point<int> p;

// the while loop below iterates over all the points in the
// set ps3 and writes them to the standard output device
while(iter(p)) { cout << p << "\n"; }

Setsof Values and Their Iterators

In additionto pointsets,theusermayemploytheC++ templateclassIA_Set<T>
to constructandmanipulateextensivesetsof valuesof anyC++ typeT for which thereis an
ordering. Instancesof setswith bool, unsigned char, int, float, IA_complex,
and IA_RGB elementsare instantiatedin the iac++ library. The classIA_Set<T>
imposesa total orderingon theelementsof typeT in the set,andsupportsoperationsmax
andmin. If thevaluetypedoesnotprovideunderlyingdefinitions for max andmin (aswith
IA_complex), thenthelibrary choosessomearbitrary(but consistent)definitionfor them.

Onemust#include "ia/Set.h" to haveaccessto instancesof thevalueset
classandassociatedoperations.To gain accessto the iteratorsandassociatedoperations,
one must #include "ia/SetIter.h".

Value Set Constructors and Assignment

Let v, v1, v2, ..., representT-valued expressions.Let varray representan
arrayof T valueswith n elements,andlet vs, vs1, andvs2 representsetswith T-valued
elements.

Table A.2.9 Value Set Constructorsand Assignment

constructa copy IA_Set<T>(vs)

construct from values IA_Set<T> (v)
IA_Set<T> (v1,v2)
IA_Set<T> (v1,v2,v3)
IA_Set<T> (v1,v2,v3,v4)
IA_Set<T> (v1,v2,v3,v4,v5)

construct from array of
values

IA_Set<T>(varray,n)

assigna value set vs1 = vs2

Binary Operations on Value Sets

Let vs1 andvs2 representtwo expressions,both of type IA_Set<T>.
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Table A.2.10 Binary Operationson Value Sets

union vs1 | vs2

intersection vs1 & vs2

setdifference vs1 / vs2

symmetricdifference vs1 ˆ vs2

Unary Operations on Value Sets

Let vs representan expressionsof type IA_Set<T>.

Table A.2.11 Unary Operationson Value Sets

maximum max (vs)

Minimum min (vs)

choice function vs.choice()

cardinality vs.card()

Relations on Value Sets

Let vs, vs1 andvs2 representexpressionsall of type IA_Set<T>.

Table A.2.12 Relationson Value Sets

containmenttest vs.contains(v)

proper subset vs1 < vs2

(improper) subset vs1 <= vs2

proper superset vs1 > vs2

(improper) superset vs1 >= vs2

equality vs1 == vs2

inequality vs1 != vs2

emptinesstest vs.empty()

Value Set Iterators

The class IA_SetIter<T> supports iteration over the elements of an
IA_Set<T>. This providesa single operation,namely function application(the paren-
thesesoperator),taking a referenceargumentof type T and returninga bool. The first
time an iteratorobject is appliedasa function, it attemptsto assignits argumentthe initial
point in the set (accordingto an implementation-specified ordering). If the set is empty,
the iterator returnsa falsevalueto indicatethat it failed; otherwiseit returnsa true value.
Eachsubsequentcall assignsto the argumentthe valuefollowing that which wasassigned
on the immediatelyprecedingcall. If it fails (due to having no more points) the iterator
returnsa false value; otherwiseit returnsa true value.
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Examplesof Value Set Code Fragments

Value setscan be constructedby explicitly listing the containedvalues.

IA_Set<int> v1(1,2,3);
// constructs a set containing three integers.
// sets of up to 5 elements can be
// constructed in this way

float vec[] = { 1.0, 2.0, 3.0,
1.0, 2.0, 3.0,
3.0, 2.0, 1.0 };

IA_Set<float> v2( vec, 9);
// constructs a set containing the three
// unique values 1.0, 2.0, and 3.0, that

// are contained in the 9 element vector vec

One can apply operationsto thosevalue sets

v2 = v2 & IA_Set<float>(2.0, 3.0);
// the intersection of v2 and the
// specified set is assigned to v2

v2 = v2 | 6.0;
// the single element 6.0 is united with set v2

cout << v2.card() << "\n";
// writes the cardinality of set

if (IA_Set<int>(1, 2) <= v1) // test for subset
cout << v1 << "\n"; // write the set

One can iterateover the valuesin thosesets.

IA_SetIter<int> iter(v1);
int i;

// write all the elements of a set
while (iter(i)) { cout << i << "\n"; }

Images,Pixels, and Iterators Over Image Pixels and Values

The image classesdefinedin the iac++ library are instancesof the template
classIA_Image<P,T>, comprising the imagesdefined over sets of points of type P
having valuesof type T. The following instancesof the IA_Image classare provided
in the library:

(a) IA_Image<IA_Point<int>, bool>
(b) IA_Image<IA_Point<int>, unsigned char>
(c) IA_Image<IA_Point<int>, int>
(d) IA_Image<IA_Point<int>, float>
(e) IA_Image<IA_Point<int>, IA_complex>
(f) IA_Image<IA_Point<int>, IA_RGB>
(g) IA_Image<IA_Point<double>, float>
(h) IA_Image<IA_Point<double>, IA_complex>
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To gainaccessto theclassdefinitionsandassociatedoperationsfor eachof these
imagetypes,onemust#include the associatedheaderfile. The basicunaryandbinary
operationson the supportedimagetypesare includedin the following files, respectively:

(a) ia/BoolDI.h
(b) ia/UcharDI.h
(c) ia/IntDI.h
(d) ia/FloatDI.h
(e) ia/CplxDI.h
(f) ia/RGBDI.h
(g) ia/FloatCI.h
(h) ia/CplxCI.h

In thesefile names,theDI designation(discreteimage)denotesimagesover sets
of point with int coordinatesand CI (continuousimage) denotesimagesover setsof
points with double coordinates.

A pixel is a point togetherwith a value. Pixels drawn from imagesmapping
points of type P into valuesof type T are supportedwith the classIA_Pixel<P, T>
which canbe instantiatedfor any combinationof P andT. Objectsbelongingto this class
havethe two publicly accessiblefieldspoint andvalue. An IA_Pixel object,while
it doesbring togethera point and a value, is not in any way associatedwith a specific
image. Thus,assigningto the value field of an IA_Pixel object doesnot changethe
actualvalueassociatedwith a point in any image. The definition of theIA_Pixel class
is containedin the headerfile ia/Pixel.h.

Image Constructors and Assignment

Givenapoint typeP andavaluetypeT, onecancreateandassignimagesmapping
pointsof typeP into valuesof typeT. In thefollowing tableimg, img1, andimg2 denote
objectsof typeIA_Image<P,T>, p denotesan objectof type IA_Set<P>, t denotesa
valueof typeT, pixarray denotesan arrayof n objectsof typeIA_Pixel<P,T>, and
f denotesa function with signatureT f(P) or T f(const P&).

Table A.2.13 ImageConstructorsand Assignment

constructan empty
image

IA_Image<P,T> ()

constructa copy IA_Image<P,T> (img)

constructa
constant-valuedimage

IA_Image<P,T> (ps,t)

construct from an
array of pixels

IA_Image<P,T> (pixarray,n)

construct from a
point-to-valuefunction

IA_Image<P,T> (ps,f)

assignan image img1 = img2

assigneachpixel a
constantvalue

img = t

assignto img1 the
overlappingparts of
img2

img1.restrict_assign(img2)
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Binary Operations on Images

Let img1 and img2 represent two expressions both of type
IA_Image<IA_Point<int>,T>.

Table A.2.14 Binary Operationson Images

addition img1 + img2

pointwisemaximum max (img1 , img2 )

subtraction img1 - img2

multiplication img1 * img2

division img1 / img2

pseudo-division pseudo_div (img1 , img2 )

modulus† img1 % img2

binary and† img1 & img2

binary or† img1 | img2

binary exclusiveor† img1 ˆ img2

logical and img1 && img2

logical or img1 || img2

left arithmetic shift† img1 << img2

right arithmetic shift† img1 >> img2

pointwiseminimum min (img1 , img2 )

characteristiclessthan chi_lt (img1 , img2 )

characteristiclessthan
or equal to

chi_le (img1 , img2 )

characteristicequal chi_eq (img1 , img2 )

characteristicgreater
than

chi_gt (img1 , img2 )

characteristicgreater
than or equal

chi_ge (img1 , img2 )

characteristicvalue set
containment

chi_contains (img1 , vset )

† Availableonly for imagesfor which T is an integertype (bool, unsigned char,
or int).

Unary Operations on Images

Let img representan expressionsof typeIA_Image<IA_Point<int>,T>.
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Table A.2.15 Unary Operationson Images

projection img (p)
img [p]†

negation -img

pointwiseone’s
complement

˜img

pointwiselogical not !img

cardinality img .card()

domain extraction img .domain()

range extraction img .range()

sum sum (img )

maximum max (img )

minimum min (img )

product prod (img )

absolutevalue abs (img )

ceiling ceil (img )

floor floor (img )

exponential exp (img )

natural logarithm log (img )

cosine cos (img )

sine sin (img )

tangent tan (img )

complexmagnitude abs_f (img )

complexangle arg_f (img )

complexreal part real_f (img )

compleximaginary part imag_f (img )

sqareroot sqrt (img )

integer squareroot isqrt (img )

square sqr (img )

†Subscriptingwith () yields thevalueassociatedwith thepoint p, but subscript-
ing with [] yields a reference to the value associatedwith p. One may assignsuch a
referencea new value, thus changingthe image. This operationis potentially expensive.
This is discussedat greaterlengthin the sectionprovidingexamplecodefragmentsbelow.

Domain Transformation Operations on Images

Let img , img1 , and img2 representexpressionsof type IA_Image<P, T>.
Let tset representan expressionof typeIA_Set<T>. Let pset representanexpression
of type IA_Set<P> and let p representan elementof sucha point set.
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Table A.2.16 Domain TransformationOperationson Images

translation translate (img , p)

restriction of domain to
a point set

restrict (img , pset )

restriction of domain
by a value set

restrict (img , tset )

extensionof one image
by another

extend (img1 , img2 )

Relations on Images

Let img1 andimg2 representtwo expressionsbothof typeIA_Image<P, T>.

Table A.2.17 Relationson Images

lessthan img1 < img2

lessthan or equal to img1 <= img2

equal to img1 == img2

greater than img1 > img2

greaterthan or equal to img1 >= img2

not equal to
(complementof equal
to)

img1 != img2

strictly not equal to strict_ne (img1 , img2 )

Input/Output Operations on Images

The iac++ library supportsthe reading and writing of images in extended
portablebitmap format (EPBM) [3]. This format supportsthe commonlyusedpbm, pgm,
andppm formats. The EPBM supportsonly two-dimensionalrectangularimagesanddoes
not representan image’spoint set,thusnot all imagesrepresentablein theiac++ library
can be directly read or written. When an EPBM image is read, it is assignedan int
coordinatepoint set spanningfrom the origin to the point whosecoordinatesare one less
than the numberof rows and numberof columnsin the image. To insure that we write
only rectangularimages,any image to be written is extendedto the smallestenclosing
rectangulardomainwith the value0 usedwhereverthe imagewas undefined.

Let istr representanistream andlet in_file _name representa character
string containingan input file name. Let max_ptr be a pointer to an int variable that
will receiveas its value the maximumvalue in the imageread.
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Table A.2.18 Input Operationson Images

read a bit image read_PBM (in_file_name )
read_PBM (istr )

read an unsignedchar
image

read_uchar_PGM (in_file_name )
read_uchar_PGM (in_file_name , max_ptr )
read_uchar_PGM (istr )
read_uchar_PGM (istr , max_ptr )

read an integer image read_int_PGM (in _file_name )
read_int_PGM (in_file_name , max_ptr )
read_int_PGM (istr )
read_int_PGM (istr , max_ptr )

read an RGB image read_PPM (in_file _name)
read_PPM (in _file_name , max_ptr )
read_PPM (istr )
read_PPM (istr , max_ptr )

One may write either to a namedfile or to an ostream. If writing to a named
file, the imageoutput function returnsno value. If writing to an ostream,the imageoutput
function returnsthe ostream.The display function displaysan imageto the currently
selecteddisplay. The IMAGE_DISPLAY environmentvariableshouldmap to a program
that will display the pgm file which is the program’sargument. The default value for
IMAGE_DISPLAY is xv.

Let ostr representanostream andlet out_file_name representa character
string containingan outputfile name. Let bit _img denotean imagewith bool values,
uchar _img denotean imagewith unsigned char values,int _img denotean image
with int values,and rgb _img denotean imagewith IA_RGB values. Let maxval be
an unsigned int representingthe maximumvalue in an image.

Image Iterators

The classIA_Pixel<P,T> supportsstoringof a point andvalueasa unit and
providesthe two field selectorspoint andvalue. Instancesof theIA_Pixel classare
providedfor thesamecombinationsof P andT onwhichIA_Image instancesareprovided.

Iteratorsover either the values or the pixels of an image can be constructed
and used. The class IA_IVIter<P, T> supportsimage value iteration and class
IA_IPIter<P, T> supportspixel iteration. The value iterator providesan overloading
of function call with a referenceargumentof the image’s rangetype. The pixel iterator
function call overloadingtakesa referenceargumentof type IA_Pixel<P, T>. To use
imageiterators,one must#include "ia/ImageIter.h".

The first time an imagevalue (pixel) iterator object is appliedas a function, it
attemptsto assignits argumentthevalue(pixel) that is associatedwith thefirst point in the
image’sdomainpoint set. If the imageis empty,a falsevalueis returnedto indicatethat it
failed, otherwisea truevalueis returned.Eachsubsequentcall assignsto theargumentthe
value (pixel) associatedwith the next point in the image’sdomain. If the iterator fails to
find sucha value(pixel) becauseit hasexhaustedtheimage’sdomainpoint set,the iterator
returnsa false value, otherwiseit returnsa true value.
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Table A.2.19 Output Operationson Images

write a bit image write_PBM (bit_img , out_file_name )
write_PBM (bit_img , ostr )

write an unsignedchar
image

write_PGM (uchar_img , out_file_name )
write_PGM (uchar_img , out_file_name ,

maxval )
write_PGM (uchar_img , ostr )
write_PGM (uchar_img , ostr , maxval )

displayan unsigned
char image

display (uchar _img )

write an integer image write_PGM (int_img , out_file_name )
write_PGM (int_img , out _file_name ,

maxval )
write_PGM (int_img , ostr )
write_PGM (int _img , ostr , maxval )

write an RGB image write_PPM (rgb_img , out _file_name )
write_PPM (rgb_img , out_file_name ,

maxval )
write_PPM (rgb_img , ostr )
write_PPM (rgb_img , ostr , maxval )

Image Composition Operations

Two kinds of compositionoperationsare supportedfor images.Sincean image
mapspoints to values,one may generatea new image by composinga value-to-value
mappingwith an imageor by composingan imagewith a spatial transform(or point-to-
point mapping).To usecompositionof a value-to-valuefunction with an image,onemust
#include "ia/ImgComp.h".

Let img beanimageof typeIA_Image<P, T>, let value_map bea function
with signatureT value_map (T), let point _map be a function pointerwith signature
P point_map (const P&), and let result_pset be the set of type IA_Set<P>
over which the result of the compositionis to be defined. The result of composingthe
point-to-pointmappingfunction with the imageat any point p in the result _pset is
equal to img (point_map (p)). The result of composingthe value-to-valuemapping
function with the image is value_map (img (p)).

Table A.2.20 ImageCompositionOperations

composean imagewith
a point-to-point
function

compose (img , point_map , result_pset )

composea
value-to-valuefunction
with an image

compose (value_map , img )

Note that the compositionof an image with a point-to-pointmappingfunction
takesa third argument,namelythe point setover which the result is to be defined.This is
necessarybecausedeterminingthesetof pointsover which the result imagedefinesvalues
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would requireus to solvethegenerallyunsolvableproblemof computingthe inverseof the
point_map function. Thus,we requirethe userto specify the domainof the result.

Examplesof Image Code Fragments

One may constructimages.

IA_Image <IA_Point<int>, int> i1;
// uninitialized image

IA_Image<IA_Point<int>, int> i2(ps3, 5);
// a constant image over point set ps3
// having value 5 at each point

// we may use a function such as p0 below to create an
// image with value at each point specified by a function
int p0(IA_Point<int> p) { return p[0]; }
IA_Image<IA_Point<int>, int> i2(ps3, &p0);

It is importantto note the significant differencein applicationof an imageas a
function (as in i2(...)) versussubscriptingof an image(as in i2[...]). In the first
case,the value of the image at a point is returned. In the secondcase,a referenceto a
pixel, the specificvaluemappingof a point within an image,is returned.An imagepixel
canhaveits valueassignedthroughsucha reference,thusmodifying the image.Assigning
an image to a variablecan be quite time consuming. The iac++ library tries to avoid
suchcopying whereverpossible.Assigningan imageto a variableusually doesnot copy
storage.Instead,it usesa referencecountingtechniqueto keeptrack of multiple usesof
a single image representation.If an image having multiple readersis subscripted(with
operation[]), a uniqueversionof the imageis createdso that thesubscripter(writer) will
get a uniquecopy of the potentially modified image. While this insulatesother readers
of that imagefrom future changes,it also imposesa significantpenalty in both time and
space.Thus, it is preferableto use function applicationnotationrather than subscripting
whereverpossible.

i1 = i2; // i1 and i2 now share the same value map

// write a point of image i2 (same as i1)
cout << i2(IA_Point<int>(3,5));

i1[IA_Point<int>(2,4)] = 10;
// Subscripting a pixel of i1 causes new
// storage for its value mapping to be allocated
// whether or not an assignment is actually made

The iac++ library also supportsassignmentto a subregionof an image with the re-
strict_assign memberfunction.

i2.restrict_assign (i1);
// For each point p in both i1 and i2’s domains
// This performs assignment
// i2[p] = i1(p);

Onemay restrict the valueof an imageto a specifiedsetof pointsor to the setof points
containingvaluesin a specifiedset,andonemayextendan imageto thedomainof another
image.
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i1 = restrict(i2, ps4);
// i1’s domain will be the intersection of
// ps4 and i2.domain()

i1 = restrict(i2, IA_Set<int>(1, 2, 3));
// i1’s domain will be all those
// points in i2’s domain associated with value
// 1, 2, or 3 by i2.

i1 = extend(i2, IA_Image<IA_Point<int>, int>(ps4, 1));
// i1’s domain will be the union of i2.domain() and ps4
// and value 1 will be associated with those
// points of ps4 not in i2.domain().

Onemay reducean imageto a singlevaluewith a binary operationson the rangetype if
the image has an extensivedomain.

// binary operation defined by a function
int add(int i, int j) { return i + j; }

cout << i1.reduce(&add, 0) << "\n";
// writes the result of adding
// all the pixel values of i1

One can composea C++ function of one parameterwith an image having elementsof
the sametype as the function’s parameter.This lets one efficiently apply a user-defined
function to eachelementof an image.

int my_function(int i) { ... }
i1 = compose (my_function, i2);

// This is equivalent to assigning i1 = i2
// and for each point p in i1.domain() executing
// i1[p] = my_function(i1(p))

Likewise,sinceanimageis conceptuallya functioncompositionof animagewith a function
mappingpoints to points will yield a new image. The point setof suchan imagecannot
be effectively computed,thusonemustspecify the setof points in the resultingimage.

IA_Point<int>
reflect_through_origin(const IA_Point<int> &p)
{

return -p;
}

i1 = compose (i2,
reflect_through_origin,
IA_boxy_pset (-max(i2.domain()),

-min(i2.domain()));
// After executing this,
// i1(p) == i2(reflect_through_origin(p)) = i2(-p).

Input/output,arithmetic,bitwise, relational, and type conversionoperationsare provided
on the image classes.
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IA_Image<IA_Point<int>, int> i3, i4;
IA_Image<IA_Point<int>, float> f1, f2;

// image I/O is supported for pbm, pgm, and ppm image formats
i3 = read_int_PGM ("image1.pgm");
i4 = read_int_PGM ("image3.pgm");

// conversions mimic the behavior of C++ casts
f1 = to_float (i3*i3 + i4*i4);
f2 = sqrt (f1);

// All relational operations between images, with the
// exception of !=, return a true boolean value
// if the relation holds at every pixel.
// != is the complement of the == relation.
if (i3 < i4)

write_PGM (max(i3) - i3);

Iterationover the valuesor pixels in an imageis supportedby the library.

IA_IVIter<IA_Point<int>, int> v_iter(i1);
// declares v_iter to be an iterator over the
// values of image i1

IA_IPIter<IA_Point<int>, int> p_iter(i1);
// declares p_iter to be an iterator over the
// pixels of image i1

int i, sum = 0;

// iterate over values in i1 and collect sum
while (v_iter(i)){ sum += i; }
cout << sum << "\n";

// prints the sum

IA_Pixel<IA_Point<int>, int> pix;
IA_Point<int> psum = extend_to_point(0, i1.domain().dim());

// sum together the value-weighted pixel locations in i1
while (p_iter(pix))

psum += pix.point * pix.value;

cout << (psum / i1.card()) << "\n";
// prints i1’s centroid.

Neighborhoodsand Image-NeighborhoodOperations

A neighborhood is a mappingfrom a point to a set of points. The iac++ li-
brary templateclassIA_Neighborhood<P, Q> provides the functionality of image
algebraneighborhoods.To specify an instanceof this class,one gives the type of point
in the neighborhood’sdomain and the type of point which is an elementof the range.
The library contains the single instanceIA_Neighborhood <IA_Point<int>,
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IA_Point<int> >, mapping from points with integral coordinatesto sets of points
with integralcoordinates.The library providesthe following kinds of operations:

(a) constructorsand assignment,
(b) function applicationof the neighborhoodto a point,
(c) domain extraction,and
(d) image-neighborhoodreductionoperations.

Neighborhood Constructors and Assignment

Let Q be the argument point type of a neighborhoodand P be the type of
elementsin the result point set. Let nbh , nbh1 , and nbh2 denote objects of type
IA_Neighborhood<P,Q>. Let result_set bea setof typeIA_Set<P> containing
points with dimensionalitydim that is to be associatedwith the origin of a translation
invariant neighborhood.Let domain _set be a set of type IA_Set<Q> over which a
neighborhoodshall be defined. Let point _to_set_map be a function pointer with
prototype IA_Set<P> point_to_set _map (Q) or with prototype IA_Set<P>
point_to_set_map (const Q&).

Table A.2.21 NeighborhoodConstructorsand Assignment

constructan
uninitialized
neighborhood

IA_Neighborhood<P, Q> ()

constructa copyof a
neighborhood

IA_Neighborhood<P, Q> (nbh)

constructa translation
invariant neighborhood

IA_Neighborhood<P, Q> (dim ,
result_set )

constructa translation
variant neighborhood
from a function

IA_Neighborhood<P, Q> (domain _set ,
point_to_set_map )

assigna neighborhood
value

nbh1 = nbh2

Neighborhoodoperationspresentedin the sectionsthat follow are introducedin
Section1.7.

Image-NeighborhoodReduction Operations

The definitions for the neighborhoodreductionoperationsare provided in the
following headerfiles:

(a) ia/BoolNOps.h for imagesof type IA_Image<P, bool>
(b) ia/UcharNOps.h for images of type IA_Image<P, unsigned

char>
(c) ia/IntNOps.h for imageof type IA_Image<P, int>
(d) ia/FloatNOps.h for imagesof type IA_Image<P, float>
(e) ia/CplxNOps.h for imageof type IA_Image<P, IA_Complex>
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In thetablefollowing, img denotesanimageobject,nbh denotesaneighborhood,
andresult _pset denotesthepoint setoverwhich theresultimageis to bedefined.If no
resultpointsetis specified,theresultingimagehasthesamedomainasimg . For thegeneric
neighborhoodreductionoperation,the functionwith prototypeT binary_reduce (T,
T) is a commutativefunction with identity zero usedto reduceall the elementsof a
neighborhood.Alternatively, the function T n_ary_reduce (T* , unsigned n),
which takesan arrayof n valuesof typeT andreducesthemto a singlevalue,canbe used
to specify a neighborhoodreduction.

Table A.2.22 Image-NeighborhoodReductionOperations

calculate the right
image-neighborhoodsum

sum (img , nbhd, result_pset )
sum (img , nbhd)

calculate the right
image-neighborhood
product

prod (img , nbhd, result_pset )
prod (img , nbhd)

calculate the right
image-neighborhood
maximum

max (img , nbhd, result_pset )
max (img , nbhd)

calculate the right
image-neighborhood
minimum

min (img , nbhd, result_pset )
min (img , nbhd)

calculatea right
image-neighborhood
product with a
programmer-specified
reduction function

neighborhood_reduction (img , nbhd,
result_pset , binary _reduce , zero )

neighborhood_reduction (img , nbhd,
result_pset , n_ary _reduce )

Examplesof Neighborhood Code Fragments

The neighborhoodconstructorsprovided in the library supportboth translation
invariantandvariantneighborhoods.A translationinvariant neighborhoodis specifiedby
giving the set the neighborhoodassociateswith the origin of its domain.

IA_Neighborhood<IA_Point<int>, IA_Point<int> >
n1 (2,

IA_boxy_pset (IA_Point<int>(-1,-1),
IA_Point<int>( 1, 1)));

// n1 is a neighborhood defined for all
// 2 dimensional points,
// associating a 3x3 neighborhood with each point.

// A neighborhood mapping function.
IA_Set<IA_Point<int> > nfunc (IA_Point<int> p) { ... }

// A neighborhood constructed from a mapping function.
IA_Neighborhood<IA_Point<int>, IA_Point<int> >

n2 (IA_boxy_pset(IA_Point<int>(0,0) IA_Point<int>(511, 511),
nfunc)

Neighborhoodreduction functions map an image and a neighborhoodto an image by
reducingthe neighborsof a pixel to a single value. The built-in neighborhoodreduction
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functionsmax, min, product, andsum areprovided,togetherwith a functionssupporting
a user-specified reductionfunction.

IA_Image<IA_Point<int>, int> i1, i2;

i1 = max (i2, n1);
// Finds the maximum value in the neighbors of each pixel
// in image i1 and assigns the resultant image to i2.

// Specify a reduction function.
int or (int x, int y) { return (x | y); }

// Reduce an image by giving the image, neighborhood,
// reduction function, and the identity of the reduction
// functions as arguments to the generic reduction functional.

i1 = neighborhood_reduction (i2, n1, i1.domain(), or, 0);

Templatesand Image-Template Product Operations

An imagealgebratemplatecanbethoughtof asanimagewhich hasimagevalues.
Thus,imagealgebratemplatesconcernthemselveswith two differentpoint sets,thedomain
of the templateitself, and the domainof the imagesin the template’srange. Theiac++
library currently supportsthe creationof templates— in which both of thesepoint sets
arediscrete— with the C++ templateclassIA_DDTemplate<I> which takesasa class
parameteran image type. The iac++ classlibrary providesthe following instancesof
IA_DDTemplate:

(a) IA_DDTemplate<IA_Image<IA_Point<int>,bool> >
(b) IA_DDTemplate<IA_Image<IA_Point<int>,unsigned char> >
(c) IA_DDTemplate<IA_Image<IA_Point<int>,int> >
(d) IA_DDTemplate<IA_Image<IA_Point<int>,float> >
(e) IA_DDTemplate<IA_Image<IA_Point<int>, IA_Complex> >

The operationsdefinedupon theseIA_DDTemplate instancesare definedin
the following include files:

(a) ia/BoolProd.h
(b) ia/UcharProd.h
(c) ia/IntProd.h
(d) ia/FloatProd.h
(e) ia/CplxProd.h

Template Constructors

Let the argument image type I in the IA_DDTemplate class be
IA_Image<P,T>. Let templ , templ1 , and templ2 denote objects of type
IA_DDTemplate<I >. Let img denotethe image to be associatedwith the origin by
an image algebratemplate. Let dim denotethe dimensionalityof the domain of img .
Let domain _pset denotethe point set over which an image algebratemplateis to be
defined. Let the function I templ_func (IA_Point<int >) be the point-to-image
mappingfunction of a translationvariant template.
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Table A.2.23 TemplateConstructorsand Assignment

constructan
uninitialized template

IA_DDTemplate<I > ()

constructa copyof a
template

IA_DDTemplate<I > (templ )

constructa translation
invariant template

IA_DDTemplate<I > (dim , img )
IA_DDTemplate<I > (domain_pset , img )

constructa translation
variant templatefrom a
function

IA_DDTemplate<I > (domain_pset ,
templ_func )

assigna templatevalue templ1 = templ2

Templateoperationspresentedin thesectionsthatfollow areintroducedin Section
1.5.

Image-Template Product Operations

In Table A.2.24, let img denotes an image object of type I which is
IA_Image<P,T>. Let templ denotean object of type IA_DDTempl<I >, and re-
sult _pset denotesthepoint setoverwhich theresultimageis to bedefined.If no result
point set is specified,the resulting imagehasthe samedomainas img . For the generic
templatereductionoperation,the function with prototypeT pwise_op (T, T) is a
commutativefunction with identity pwise_zero usedas a pointwise operationon the
sourceimageand templateimageand the function with prototypeT binary_reduce
(T, T) is a commutativefunctionwith identity reduce_zero usedto reducethe image
resultingfrom the pointwisecombining. Alternatively, the function T n_ary_reduce
(T* , unsigned n) which takesan array of n valuesof type T and reducesthem to
a single value, can be usedto specify a templatereduction.

In the productoperations,the following correspondencesmay be drawnbetween
iac++ library function namesandthe imagealgebrasymbolsusedto denotethem:

(a) linear_product correspondsto
��

,
(b) additive_maximum correspondsto ��

,
(c) additive_minimum correspondsto ��

,
(d) multiplicative_maximum correspondsto �

�
,

(e) multiplicative_minimum correspondsto ��
, and

(f) generic_product correspondsto �
�

with pwise_op corresponding
to

�
, binary_reduce correspondingto � , andn_ary_reduce corre-

spondingto � .

Examplesof Template Code Fragments

Constructorsfor IA_DDTemplate supportbothtranslationinvariantandvariant
templates.The translationinvariant templatesare specifiedby giving the imageresult of
applying the templatefunction at the origin.
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Table A.2.24 Image-NeighborhoodReductionOperations

calculate the right
image-templatelinear
product

linear_product (img , templ , result_pset )
linear_product (img , templ )

calculate the right
image-neighborhood
additivemaximum

addmax_product (img , templ , result _pset )
addmax_product (img , templ )

calculate the right
image-neighborhood
additiveminimum

addmin_product (img , templ , result _pset )
addmin_product (img , templ )

calculate the right
image-neighborhood
multiplicative maximum

multmax_product (img , templ ,
result_pset )
multmax_product (img , templ )

calculate the right
image-neighborhood
multiplicative minimum

multmin_product (img , templ ,
result_pset )
multmin_product (img , templ )

calculatea right
image-neighborhood
product with a
programmer-specified
reduction function

generic_product (img , templ ,
result_pset , pwise_op , binary_reduce ,

reduce_zero , pwise_zero )
generic_product (img , templ ,

result_pset , pwise_op , n_ary_reduce ,
pwise_zero )

calculate the left
image-templatelinear
product

linear_product (templ , img , result_pset )
linear_product (templ , img )

calculate the left
image-neighborhood
additivemaximum

addmax_product (templ , img , result _pset )
addmax_product (templ , img )

calculate the left
image-neighborhood
additiveminimum

addmin_product (templ , img , result _pset )
addmin_product templ , img )

calculate the left
image-neighborhood
multiplicative maximum

multmax_product (templ , img ,
result_pset )
multmax_product (img , templ , img )

calculate the left
image-neighborhood
multiplicative minimum

multmin_product (templ , img ,
result _pset )
multmin_product (templ , img )

calculatea left
image-neighborhood
product with a
programmer-specified
reduction function

generic_product (templ , img ,
result_pset , pwise _op, binary_reduce ,
reduce_zero , pwise_zero )
generic_product (templ , img ,
result_pset , pwise_op , n_ary_reduce ,
pwise_zero )
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IA_Image<IA_Point<int>, int> i1, i2;
IA_DDTemplate<IA_Image<IA_Point<int>, int> > t1, t2;

i1 = read_int_PGM ("temp-file.pgm");
// read the template image

i2 = read_int_PGM ("image.pgm");
// read an image to process

t1 = IA_DTemplate<IA_Image<IA_Point<int>,int> > (i2.domain(),
i1);

// Define template t1 over the same domain as image i2.

t2 = IA_DDTemplate<IA_Image<IA_Point<int>, int> (2, i1);
// Define template t2to apply anywhere
// in 2D integer Cartesian space.

Templatescanbe definedby giving a function mappingpoints into their imagevalues.

IA_DDTemplate<IA_Image<IA_Point<int>, int> > tv;
const IA_Set<IA_Point<int> >

ps (IA_boxy_pset (IA_Point<int>(0,0),
IA_Point<int>(511,511)));

// function from point to image
IA_Image<IA_Point<int>, int> f(const IA_IntPoint &p)
{ return IA_Image<IA_Point<int>, int>(ps, p[0]); }

tv = IA_DDTemplate<IA_Image<IA_Point<int>, int> >(ps, &f);
// tv applied to any point p, yields the image
// f(p) as its value.

Finally, any of these types of templatesmay be used with image-template
product operations. The operationslinear_product, addmax_product, ad-
dmin_product, multmax_product, and multmin_product are provided by the
iac++ library togetherwith a genericimage-templateproductoperationsupportingany
userspecifiableimage-templateproductoperations.

IA_DDTemplate<IA_Image<IA_Point<int>, int> > templ;
IA_Image<IA_Point<int>, int> source, result;
IA_Set<IA_Point<int> > ps;

// ... code to initialize source and templ

result = linear_product(source, templ, ps);
// result will be the linear product of source and
// templ defined over point set ps.

result = addmax_product(source, templ);
// result will be the add_max product of source and
// templ defined over default point
// set source.domain()

result = multmin_product(source, templ);
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A.3. Examples of Programs Using iac++

The examplesthat follow presentbrief programsemployingtheiac++ library.
The first exampleshowshow to perform averagingof multiple images. This example
involvesthe useof imageinput andoutputoperationsandbinary operationsuponimages.
Thesecondexampleshowshow to composean imageto a point-to-pointfunction to yield
a spatial/geometricmodificationof the original image. The third examplepresentslocal
averagingusinga neighborhoodoperationin two ways: usingthe sumreductionoperation
(andincurring an edgeeffect) andusingan n-ary reductionoperation.The fourth andfinal
examplepresentsthe Hough transform.

Example 1. Averaging of Multiple Images

//
// example1.c -- Averaging Multiple Images
//
// usage: example1 file-1.pgm [file-2.pgm ... file-n.pgm]
//
// Read a sequence of images from files and average them.
// Display the result.
// Assumes input files are pgm images all having the same pointset
// and containing unsigned char values.
//

#include "ia/UcharDI.h"
#include "ia/FloatDI.h"

int main(int argc, char **argv)
{

IA_Image<IA_Point<int>, float> accumulator;
IA_Image<IA_Point<int>, u_char> result;

if (argc < 2) {
cerr << "usage: "

<< argv[0]
<< " file-1.pgm [file-2.pgm ... file-n.pgm]"
<< endl;

abort();
}

// Get the first image
accumulator = to_float (read_uchar_PGM (argv[1]));

// Sum the first image together with the rest
for (int i = 1; i < argc - 1; i++) {

cout << "Reading " << argv[i+1] << endl;
accumulator += to_float (read_uchar_PGM (argv[i+1]));

}

result = to_uchar (accumulator / float (i));
display (result);

}
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Example 2. Composingan Image with a Point-to-Point Function

//
// example2.c -- Composition of an Image with a Function
//

#include <iostream.h>
#include "ia/UcharDI.h"

//
// point-to-point mapping function
//

IA_Point<int>
reflect_through_origin (const IA_Point<int> &p)
{

return -p;
}

int
main ()
{

// read in image from cin
IA_Image<IA_Point<int>, u_char> img = read_uchar_PGM (cin);

IA_Image<IA_Point<int>, u_char> result;

result = compose (img,
reflect_through_origin,
IA_boxy_pset (-max (img.domain()),

-min (img.domain())));

display (result);

return 0;
}

Example 3. Using Neighborhood Reductions for Local Averaging

//
// example3.c -- Local Averaging
//
// usage: example3 < file.pgm
//
// Read an image from cin and average it locally
// with a 3x3 neighborhood.
//

#include "math.h"
#include "ia/UcharDI.h"
#include "ia/IntDI.h"
#include "ia/Nbh.h"
#include "ia/UcharNOps.h"
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u_char
average (u_char *uchar_vector, unsigned num)
{

if (0 == num) {
return 0;

} else {
int sum = 0;
for (int i = 0; i < num; i++) {

sum += uchar_vector[i];
}
return u_char (irint (float (sum) / num));

}
}

int main(int argc, char **argv)
{

IA_Image<IA_Point<int>, u_char>
source_image = read_uchar_PGM (cin);

IA_Neighborhood <IA_Point<int>, IA_Point<int> >
box (2, IA_boxy_pset (IA_Point<int> (-1, -1),

IA_Point<int> ( 1, 1)));

//
// Reduction with sum and division by nine yields a boundary
// effect at the limits of the image point set due to the
// lack of nine neighbors.
//
display (to_uchar (sum (source_image, box) / 9));

//
// Reduction with the n-ary average function correctly
// generates average values even at the boundary.
//
display (neighborhood_reduction (source_image,

box,
source_image.domain(),
average));

}

Example 4. Hough Transform

main.c

//
// example4.c -- Averaging Multiple Images
//
// usage: example4 file-1.pgm [file-2.pgm ... file-n.pgm]
//
// Read a sequence of images from files and average them.
// Display the result.
// Assumes input files are pgm images all having the same pointset
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// and containing unsigned char values.
//

#include "ia/IntDI.h" // integer valued images
#include "ia/UcharDI.h" // unsigned character images
#include "ia/IntNOps.h" // neighborhood operations

#include "hough.h" // Hough transform functions

int main(int argc, char **argv)
{

IA_Image<IA_Point<int>, int>
source = read_int_PGM (argv[1]);

IA_Image<IA_Point<int>, int>
result;

IA_Set<IA_Point<int> >
accumulator_domain = source.domain();

//
// Initialize parameters for the Hough Neighborhood
//
hough_initialize (source.domain(), accumulator_domain);

IA_Neighborhood<IA_Point<int>, IA_Point<int> >
hough_nbh (accumulator_domain, hough_function);

IA_Image<IA_Point<int>, int> accumulator;

display (to_uchar (source * 255 / max(source)));

//
// Map feature points to corresponding locations
// in the accumulator array.
//
accumulator = sum (source, hough_nbh, accumulator_domain);

display (to_uchar(accumulator * 255 / max(accumulator)));

//
// Threshold the accumulator
//

accumulator = to_int(chi_eq (accumulator, max(accumulator)));

display (to_uchar(accumulator*255));

restrict (accumulator, IA_Set<int>(1));

//
// Map back to see the corresponding lines in the
// source domain.
//
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result = sum (hough_nbh, accumulator, source.domain());

display (to_uchar(result * 255 / max(result)));
}

hough.h

// hough.h
//
// Copyright 1995, Center for Computer Vision and Visualization,
// University of Florida. All rights reserved.

#ifndef _hough_h_
#define _hough_h_

#include "ia/Nbh.h"
#include "ia/IntPS.h"

void
hough_initialize (IA_Set<IA_Point<int> > image_domain,

IA_Set<IA_Point<int> > accumulator_domain);

IA_Set<IA_Point<int> >
hough_function (const IA_Point<int> &r_t);

// Accomplish the Hough Transform as follows:
//
// Given a binary image ‘Source’ containing linear features
//
// Call hough_initialize with first argument Source.domain()
// and with second argument being the accumulator domain
// (an r by t set of points with r equal to the number of
// accumulator cells for rho and t equal to the number of
// accumulator sells for theta).
//
// Create an IA_Neighborhood as follows:
// IA_Neighborhood<IA_Point<int>, IA_Point<int> >
// HoughNbh (AccumulatorDomain, hough_function);
//
// Then calculate the Hough Transform of a (binary) image
// as follows:
//
// Accumulator = sum (Source, HoughNbh);

#endif

hough.c

// hough.c
//
// Copyright 1995, Center for Computer Vision and Visualization,
// University of Florida. All rights reserved.
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#include "hough.h"
#include "math.h"
#include <iostream.h>

static const double HoughPi = atan(1.0)*4.0;
static double *HoughCos;
static double *HoughSin;

static int RhoCells;
static int ThetaCells;
static IA_Point<int> IterationMin;
static IA_Point<int> IterationMax;
static IA_Point<int> ImageSize;
static IA_Point<int> Delta;

//
// hough_initialize:
//
// Initializes parameters for HoughFunction to allow a neighborhood
// to be created for given image and accumulator image point sets.
//

void
hough_initialize (IA_Set<IA_Point<int> > image_domain,

IA_Set<IA_Point<int> > accumulator_domain)
{

//
// Check to make sure the image domain and accumulator domain
// are both 2 dimensional rectangular point sets.
//

if (!image_domain.boxy() ||
!accumulator_domain.boxy() ||
image_domain.dim() != 2 ||
accumulator_domain.dim() != 2) {

cerr << "Hough transform needs 2-D rectangular domains."
<< endl;

}

//
// Record data necessary to carry out rho,theta to
// source pointset transformation.
//

ImageSize = image_domain.sup() - image_domain.inf() + 1;
Delta = ImageSize / 2;
IterationMin = image_domain.inf() - Delta;
IterationMax = image_domain.sup() - Delta;

RhoCells = accumulator_domain.sup()(0) -
accumulator_domain.inf()(0) + 1;

ThetaCells = accumulator_domain.sup()(1) -
accumulator_domain.inf()(1) + 1;
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//
// Create sine and cosine lookup tables for specified
// accumulator image domain.
//

HoughSin = new double [ThetaCells];
HoughCos = new double [ThetaCells];

double t = HoughPi / ThetaCells;
for (int i = accumulator_domain.inf()(1);

i <= accumulator_domain.sup()(1);
i++ ) {
HoughSin[i] = sin (t * i);
HoughCos[i] = cos (t * i);

}
}

//
// hough_function
//
// This function is used to construct a Hough transform
// neighborhood. It maps a single accumulator cell location
// into a corresponding set of (x,y) coordinates in the
// source image.
//

IA_Set<IA_Point<int> >
hough_function (const IA_Point<int> &r_t)
{

double theta, rho;

//
// Convert accumulator image pixel location to
// correct (rho, theta) location.
//

rho = double (r_t(0) - RhoCells/2) *
enorm(ImageSize)/RhoCells;

theta = r_t(1)* HoughPi / ThetaCells;

IA_Point<int> *p_ptr, *pp;
int coord, i;
int num_points;

//
// Construct vector of (x,y) points associated with (rho,theta)
// We check theta to determine whether we should make
// x a function of y or vice versa.
//

if (theta > HoughPi/4.0 && theta < 3.0*HoughPi/4.0) {
//
// Scan across all 0th coordinate indices
// assigning corresponding 1st coordinate indices.
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//
num_points = ImageSize(0);
p_ptr = new IA_Point<int> [num_points];

for (coord = IterationMin(0), pp = p_ptr;
coord <= IterationMax(0);
coord++, pp++) {

*pp = Delta +
IA_Point<int> (coord,

nint (rho -
(coord * HoughCos [r_t(1)]
/ HoughSin [r_t(1)])));

}
} else {

//
// Scan across all 1st coordinate indices
// assigning corresponding 0th coordinate indices.
//
num_points = ImageSize(1);
p_ptr = new IA_Point<int> [num_points];

for (coord = IterationMin(1), pp = p_ptr;
coord <= IterationMax(1);
coord++, pp++) {

*pp = Delta +
IA_Point<int> (nint (rho -

(coord * HoughSin [r_t(1)] /
HoughCos [r_t(1)])),

coord);
}

}

//
// Turn vector of points into a point set
//

IA_Set<IA_Point<int> > result (2, p_ptr, num_points);
delete [] p_ptr;
return result;

}

FigureA.3.1. Sourceimage(left) andassociatedaccumulatorarray image(right).
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Figure A.3.2. Binarizedaccumulatorimage(left) and
the line associatedwith the identified cell (right).

Example 5. Canny Edge Detection

canny_edge.c

#include "canny_params.h"

#include "ia/FloatDI.h"
#include "ia/FloatCI.h"
#include "ia/UcharDI.h"
#include "ia/BitDI.h"
#include "ia/Pixel.h"
#include "ia/DDTempl.h"
#include "ia/FloatProd.h"
#include "ia/Nbh.h"

#include "ia/chistogram.h"
#include "ia/gauss_templates.h"
#include "ia/BNops.h"
#include "ia/scale_to_uchar.h"

#include "edge_templates.h"
#include "local_maximum_templates.h"
#include "connector_neighborhoods.h"
#include "iostream.h"

float SIGMA = 1.0;

main(int argc, char **argv) {

IA_Image<IA_Point<int>, float>
source_image = to_float (read_int_PGM(argv[1]));

if (argc > 2) {
SIGMA = atof (argv[2]);

}

//
// Perform Gaussian smoothing on the source image.
//
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IA_DDTemplate<IA_Image<IA_Point<int>, float> > tgx=gauss_x(SIGMA);
IA_DDTemplate<IA_Image<IA_Point<int>, float> > tgy=gauss_y(SIGMA);

IA_Image<IA_Point<int>, float>
smoothed_image =

linear_product(linear_product(source_image, tgx),
tgy);

IA_Image<IA_Point<int>, float>
edge_magnitude(smoothed_image.domain(), 0.0);

IA_Image<IA_Point<int>, int>
direction_image(smoothed_image.domain(), -1);

//
// Calculate edge magnitude in each of the chosen directions and
// maintain a map of the edge direction associated with each pixel.
//

for (int i = 0; i < NUM_DIRECTIONS; i++) {

IA_Image<IA_Point<int>, float>
dir_i_edge(abs(linear_product (smoothed_image,

edge_templates[i])));

//
// Note where the current edge point dominates in the edge image
//
direction_image =

max (i*to_int(chi_gt(dir_i_edge, edge_magnitude)),
direction_image);

//
// Store edge magnitude of dominators in edge_magnitude
//
edge_magnitude = max(edge_magnitude, dir_i_edge);

}

//
// Apply local-maximum finding
//

IA_Image<IA_Point<int>, bool>
edges(edge_magnitude.domain(), false);

for (int i=0; i < NUM_DIRECTIONS; i++) {

edges |=
chi_eq(i,direction_image)
&chi_ge(edge_magnitude,
linear_product(edge_magnitude,
local_maximum_templates[i]))

&chi_ge(edge_magnitude,
linear_product(edge_magnitude,
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local_maximum_templates[i+
NUM_DIRECTIONS]));

}

//
// Get rid of pixels displaying boundary effect
//
IA_Set<IA_Point<int> >

interior = IA_boxy_pset(source_image.domain().inf() +
IA_Point<int>(1,1),

source_image.domain().sup() -
IA_Point<int>(1,1));

edge_magnitude = restrict(edge_magnitude, interior);
edges = restrict(edges, interior);

display(scale_to_uchar(edge_magnitude));
display(to_uchar(edges));

//
// Normalize edge values to range 0 .. 255 for creation of
// cumulative histogram.
//
float edge_max = max(edge_magnitude);

IA_Image<IA_Point<int>, u_char>
histogrammable_edge = to_uchar(255 / edge_max *

edge_magnitude);

CumulativeHistogram<u_char>
edge_cumulative_histo(histogrammable_edge);

//
// Canny recommends using the 80% percentile edge value as
// a good threshold to keep noise out of the edge map.
//
int t_low;
int t_high;

for (t_low=0;
t_low < 256 && edge_cumulative_histo(t_low) <= 0.4;
t_low++);

for(t_high=t_low++;
t_high < 256 && edge_cumulative_histo(t_high) <= 0.8;
t_high++);

//
// Restore edge threshold to correct range (from 0 .. 255)
//
t_low = int(t_low * edge_max / 255.0);
t_high = int(t_high * edge_max / 255.0);

//
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// Start by identifying edges_high points as edge points.
//
IA_Image<IA_Point<int>, bool>

new_edges = edges &&
chi_gt(edge_magnitude, t_high );

//
// Also find points in edge image satisfying a low threshold
//
IA_Image<IA_Point<int>, bool>

edges_low = edges &&
chi_gt(edge_magnitude, t_low );

display(to_uchar(new_edges));
display(to_uchar(edges_low));

IA_Image<IA_Point<int>, bool>
initial_edges = new_edges;

//
// Repeatedly search to see if a point is
// 1. in the edges_low image,
// 2. has a neighboring point that is a previously identified
// edge point, and
// 3. lies in that neighboring point’s edge direction
// If a point satisfies these criteria, identify it as an edge
// point.
//
direction_image = restrict(direction_image, interior);

do {

// Include previously identified points
edges = new_edges;

//
// Check each edge direction
//
for (int i = 0; i < NUM_DIRECTIONS; i++) {

new_edges |=
edges_low

& max (edges & chi_eq (i, direction_image),
connector_neighborhood[i]);

}

//
// Continue until no new edge points are added
//

} while (new_edges != edges);

display (to_uchar (edges ˆ initial_edges));
display (to_uchar (edges));

}
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canny_params.h

#ifndef canny_params_h_
#define canny_params_h_

#define NUM_DIRECTIONS 6

#endif

edge_templates.h

#ifndef edge_templates_h_
#define edge_templates_h_
#include "ia/Pixel.h"
#include "ia/DDTempl.h"
#include "ia/FloatDI.h"

#include "canny_params.h"

extern
IA_DDTemplate<IA_Image<IA_Point<int>, float> >
edge_templates[NUM_DIRECTIONS];

#endif;

edge_templates.c

#include "edge_templates.h"

static
IA_Pixel<IA_Point<int>, float>
e0[] = { IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,-1),

-1),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,1),

1),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,-1),

-1),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,1),

1),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,-1),

-1),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,1),

1)};
static const int e0n = 6;
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static
IA_Pixel<IA_Point<int>, float>
e1[] = {IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,-1),

-0.366025),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,0),

0.5),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,1),

1),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,-1),

-0.866025),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,1),

0.866025),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,-1),

-1),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,0),

-0.5),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,1),

0.366025)};
static const int e1n = 8;

static
IA_Pixel<IA_Point<int>, float>
e2[] = {IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,-1),

0.366025),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,0),

0.866025),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,1),

1),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,-1),

-0.5),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,1),

0.5),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,-1),

-1),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,0),

-0.866025),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,1),

-0.366025)};
static const int e2n = 8;

static
IA_Pixel<IA_Point<int>, float>
e3[] = {IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,-1),

1),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,0),

1),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,1),

1),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,-1),

-1),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,0),

-1),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,1),

-1)};
static const int e3n = 6;
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static
IA_Pixel<IA_Point<int>, float>
e4[] = {IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,-1),

1),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,0),

0.866025),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,1),

0.366025),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,-1),

0.5),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,1),

-0.5),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,-1),

-0.366025),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,0),

-0.866025),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,1),

-1)};
static const int e4n = 8;

static
IA_Pixel<IA_Point<int>, float>
e5[] = {IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,-1),

1),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,0),

0.5),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,1),

-0.366025),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,-1),

0.866025),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,1),

-0.866025),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,-1),

0.366025),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,0),

-0.5),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,1),

-1)};
static const int e5n = 8;

IA_DDTemplate<IA_Image<IA_Point<int>, float> >
edge_templates[NUM_DIRECTIONS] = {
IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( e0, e0n)),
IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( e1, e1n)),
IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( e2, e2n)),
IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( e3, e3n)),
IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( e4, e4n)),
IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( e5, e5n))};
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local_maximum_templates.h

#ifndef local_maximum_templates_h_
#define local_maximum_templates_h_
#include "ia/Pixel.h"
#include "ia/DDTempl.h"
#include "ia/FloatDI.h"

#include "canny_params.h"

extern
IA_DDTemplate<IA_Image<IA_Point<int>, float> >
local_maximum_templates[2*NUM_DIRECTIONS];

#endif;

local_maximum_templates.c

#include "local_maximum_templates.h"

static
IA_Pixel<IA_Point<int>, float>
nm0 [] = {
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, -1),1)};

static const int nm0n = 1;

static
IA_Pixel<IA_Point<int>, float>
nm1 [] = {
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, -1),0.381854),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1, -1),0.559073),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1, 0),0.059073)};

static const int nm1n = 3;

static
IA_Pixel<IA_Point<int>, float>
nm2 [] = {
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, -1),0.059073),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1, -1),0.559073),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1, 0),0.381854)};

static const int nm2n = 3;

static
IA_Pixel<IA_Point<int>, float>
nm3 [] = {
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1, 0),1)};

static const int nm3n = 1;
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static
IA_Pixel<IA_Point<int>, float>
nm4 [] = {
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, 1),0.059073),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1, 0),0.381854),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1, 1),0.559073)};

static const int nm4n = 3;

static
IA_Pixel<IA_Point<int>, float>
nm5 [] = {
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, 1),0.381854),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1, 0),0.059073),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1, 1),0.559073)};

static const int nm5n = 3;

static
IA_Pixel<IA_Point<int>, float>
nm6 [] = {
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, 1),1)};

static const int nm6n = 1;

static
IA_Pixel<IA_Point<int>, float>
nm7 [] = {
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1, 0),0.059073),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1, 1),0.559073),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, 1),0.381854)};

static const int nm7n = 3;

static
IA_Pixel<IA_Point<int>, float>
nm8 [] = {
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1, 0),0.381854),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1, 1),0.559073),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, 1),0.059073)};

static const int nm8n = 3;

static
IA_Pixel<IA_Point<int>, float>
nm9 [] = {
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1, 0),1)};

static const int nm9n = 1;

static
IA_Pixel<IA_Point<int>, float>
nm10 [] = {
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1, -1),0.559073),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1, 0),0.381854),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, -1),0.059073)};

static const int nm10n = 3;

static
IA_Pixel<IA_Point<int>, float>
nm11 [] = {

© 2001 by CRC Press LLC



410 APPENDIX. THE IMAGE ALGEBRA C++ LIBRARY

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1, -1),0.559073),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1, 0),0.059073),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, -1),0.381854)};

static const int nm11n = 3;

IA_DDTemplate<IA_Image<IA_Point<int>, float> >
local_maximum_templates[2*NUM_DIRECTIONS] = {
IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm0, nm0n)),
IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm1, nm1n)),
IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm2, nm2n)),
IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm3, nm3n)),
IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm4, nm4n)),
IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm5, nm5n)),
IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm6, nm6n)),
IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm7, nm7n)),
IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm8, nm8n)),
IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm9, nm9n)),
IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm10, nm10n)),
IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm11, nm11n))};

connector_neighborhoods.h

#ifndef connector_templates_h_
#define connector_templates_h_

#include "ia/Nbh.h"
#include "canny_params.h"

extern
IA_Neighborhood<IA_Point<int>, IA_Point<int> >
connector_neighborhood[NUM_DIRECTIONS];

#endif

connector_neighborhoods.c

#include "connector_neighborhoods.h"
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static
IA_Set<IA_Point<int> >
s0 = IA_Set<IA_Point<int> >(

IA_Point<int>(-1, 0),
IA_Point<int>( 0, 0),
IA_Point<int>( 1, 0));

static
IA_Set<IA_Point<int> >
s1 = IA_Set<IA_Point<int> >(

IA_Point<int>(-1, -1),
IA_Point<int>( 0, 0),
IA_Point<int>( 1, 1));

static
IA_Set<IA_Point<int> >
s2 = IA_Set<IA_Point<int> >(

IA_Point<int>(-1, -1),
IA_Point<int>( 0, 0),
IA_Point<int>( 1, 1));

static
IA_Set<IA_Point<int> >
s3 = IA_Set<IA_Point<int> >(

IA_Point<int>(0, -1),
IA_Point<int>(0, 0),
IA_Point<int>(0, 1));

static
IA_Set<IA_Point<int> >
s4 = IA_Set<IA_Point<int> >(

IA_Point<int>(-1, 1),
IA_Point<int>( 0, 0),
IA_Point<int>( 1, -1));

static
IA_Set<IA_Point<int> >
s5 = IA_Set<IA_Point<int> >(

IA_Point<int>(-1, 1),
IA_Point<int>( 0, 0),
IA_Point<int>( 1, -1));

static int numpoints = 3;

IA_Neighborhood<IA_Point<int>, IA_Point<int> >
connector_neighborhood [NUM_DIRECTIONS] = {
IA_Neighborhood<IA_Point<int>, IA_Point<int> > (2, s0),
IA_Neighborhood<IA_Point<int>, IA_Point<int> > (2, s1),
IA_Neighborhood<IA_Point<int>, IA_Point<int> > (2, s2),
IA_Neighborhood<IA_Point<int>, IA_Point<int> > (2, s3),
IA_Neighborhood<IA_Point<int>, IA_Point<int> > (2, s4),
IA_Neighborhood<IA_Point<int>, IA_Point<int> > (2, s5)};
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