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Preface
The spectacular development of new sources of electromagnetic radiation, covering a range of frequencies from radio waves to far ultraviolet
(lasers, masers, synchrotron radiation, microwave sources), has resulted in
considerably renewed interest in photon-atom interactions. New methods
have appeared for obtaining more precise information about the structure
and dynamics of atoms and molecules, for controlling their internal and
external degrees of freedom, and for generating new types of radiation.
These developments have caused a growing number of physicists, chemists,
researchers, and engineers to become interested in interactions occurring
between matter and low-energy radiation. With these two books on
photons and atoms, our aim is to provide the theoretical bases necessary
for undertaking the study of these processes beginning at a level of
quantum mechanics and classical ellectromagnetism corresponding to that
of first-year graduate course.
Such a program is naturally composed of two parts. First, one must
introduce a theoretical framework that can be used to describe the
quantum dynamics of the global system “electromagnetic field
nonrelativistic charged particles” arid discuss the physical content of the
theory, as well as its different possible formulations. These problems have
been studied in a previous volume entitled Photons and Atoms-Zntroduction to Quantum Electrodynamics. Second, one must show how such a
theoretical framework can be used to analyze the interactions between
photons and atoms as they appear in atomic and molecular physics,
quantum optics, and laser physics. This is the goal of the present volume
entitled Atom-Photon Interactions: Basic Processes and Applications. The
goals of these two volumes are thus clearly distinct and, depending on the
concerns and needs of the reader, one or the other or both volumes of this
work may be used.
It is, of course, impossible to present in a single volume an exhaustive
study of the interaction between matter and radiation and of all the
related physical phenomena. We have thus emphasized the aspects that
we consider to be essential. First we will analyze in detail the elementary
processes in which photons are emil ted, absorbed, scattered, emitted and
reabsorbed, or exchanged between idoms. Extensive use of diagrammatic
representations will allow us to visualize the processes being described. A
knowledge of these elementary processes is, nevertheless, not always
sufficient for analyzing in simple terms the extremely large variety of

+
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Preface

phenomena which may result from the interplay of these processes. Thus
we thought it important to bring together in this book different theoretical
approaches, which are usually dispersed in more specialized works, and
which are more particularly adapted to one aspect or another of the
phenomena being discussed (perturbative methods, resolvent method,
master equation, Langevin equation, optical Bloch equations, dressed
atom method, etc.). Finally, we have decided to illustrate each of these
methods in simple systems, so as to be able to show as clearly as possible
their significance and their limitations. Our hope is to have integrated in
this volume the basic elements allowing the physics of the matter-radiation
interaction be mastered in all its different aspects.
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Introduction

tions, photons. Exchanges of energy, momentum, and angular momentum
between the systems of particles and the transverse field are thus described by the absorptions and emissions of photons. These processes
constitute the elementary interactions between matter and the transverse
field.
Let us first of all point out that identifying the elementary processes
does not exhaust the subject. In fact, the interplay of several of these
processes may result in qualitatively new effects. For example, the large
number of degrees of freedom of the field is at the origin of the appearance of irreversible evolutions for the atoms. The field may appear in this
case as a reservoir, and statistical mechanics methods prove to be especially convenient for describing the effect of the field on the particles.
Another aspect of the electromagnetic field requires a special approach:
the electromagnetic field is, in fact, one of the rare fields that we know
how to produce in states having a nonzero average amplitude. The
evolution of atomic systems in such coherent fields gives rise to a wealth of
phenomena which were first explored in magnetic resonance experiments
before being studied in the field of optics.
This variety of phenomena and the appropriate theoretical methods
required for understanding them are discussed in the six chapters of this
book. The first chapter reviews the concept of transition amplitude, which
is essential for the quantum description of photon-atom interactions. The
important states of the particles and of the field are identified, and we
introduce diagrammatic representations to visualize the processes under
study. Chapter I1 presents an overview of photon-atom interactions. The
different elementary processes are reviewed and analyzed in terms of
transition amplitudes: absorption, emission, and scattering of photons;
radiative corrections, and photon exchanges. These processes are illustrated in several examples selected from various contexts. Chapter I11
takes up the problem of calculating transition amplitudes with the resolvent, a tool more powerful than perturbation theory. We demonstrate how
nonperturbative expressions for the transition amplitudes can be obtained,
particularly for the decay of an unstable state or for resonant scattering.
Starting in Chapter IV, we no longer attempt to determine the evolution
of the “field + particle” system, but only that of the atom. We show in
Chapter IV that, for several field states, the evolution of the atom can be
described by a relaxation equation for the density matrix of the atom (or
by a Langevin equation for its observables). Several results are also
established with regard to the damping and fluctuations of internal and
external atomic observables. In Chapter V, we consider how the effect of
coherent, monochromatic radiation, which may be intense, can perturb the
evolution of the atom. Using some approximations, such an evolution may
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be described by optical Bloch equations, in which the effect of the
coherent field is considered as a time-dependent perturbation. The optical
Bloch equations constitute, along with the Maxwell equations, basic equations that can be used for analyzing many physical problems. Finally,
Chapter VI describes the same problem from the point of view of the
“dressed atom”, which uses a quantum description of the field mode
having a macroscopic amplitude. This point of view clearly emphasizes the
role played by the fundamental processes of absorption, stimulated emission, and spontaneous emission discussed in Chapter 11 and proves to be
quite convenient for interpreting many phenomena that occur in the
presence of intense radiation.
As in the other volume, Photons and Atoms-Introduction to Quantum
Electrodynamics, each chapter is supplemented by complements which
have various functions; they may clarify ideas introduced in the chapter or
extend the chapter by presenting examples of applications; they may also
propose other points of view or treat additional problems. A succinct,
nonexhaustive bibliography is presented, either in the form of general
references at the end of the chapter and the complements, or in the form
of more specific references mentioned in notes at the bottom of the page.
The books are cited by author’s name, except for Photons and AtomsIntroduction to Quantum Electrodynamics, which is referred to by its title.
To avoid excessive references to this book, we have assembled in an
Appendix the essential elements of the description of Coulomb gauge
electrodynamics. However, this Appendix is extremely succinct, and the
reader is invited to refer to the previously mentioned work for questions
concerning foundations of the theory. Finally, we have assembled at the
end of this volume 20 corrected exercises that illustrate several aspects of
the interaction between matter and radiation. We made them essentially
independent so that they may, for the most part, be undertaken independently of a detailed reading of any given chapter.
For a simple first approach, the reader can cover just Chapters I, I1 and
V, and accept the existence of relaxation rates after a look at Section A of
Chapter IV. This reader will thus have an overall view of elementary
processes and will have become familiar with simple methods for calculating transition amplitudes and with optical Bloch equations as well.
NOTE
According to current usage, the term “radiation” is used in general to
designate the transverse field, although they are identical only in the
absence of charged particles.

Atom-Photon Interactions
Basic Processes and Applications
Claude Cohen-TannoudJl, Jacques Dupont-Roc & Gilbert Grynberg

0 2004 WILEY-VCI-I Verlag GmhH & Co.

CHAPTER I

Transition Amplitudes
in Electrodynamics

The goal of this first chapter is to introduce the concept of transition
amplitude, which is essential for the quantum description of interactions
between atoms and photons.
We begin in Section A by recalling that the transition amplitude
associated with a physical process is the evolution-operator matrix element
between the initial and final states of the process under study. The
calculation of these amplitudes frequently uses perturbation theory and is
based on the splitting of the total Hamiltonian H into an unperturbed
part H , and a coupling V .
We then discuss in Section B the basic ideas of auantum mechanics
concerning the time dependence of transition amplitudes. Distinctions are
made among several cases according to whether the initial and final states
of the process under study belong to the discrete or to the continuous
spectrum of H,. The three complements explore this problem in greater
detail. Complement A assembles several important results concerning the
perturbative calculation of transition amplitudes and physical quantities
that can be deduced from these amplitudes (transition rates, cross-sections, etc.). Complement B, introduces the concept of effective Hamiltonian, which is useful for describing situations where several energy levels
of H , forming a well-isolated manifold are indirectly coupled through
other levels of H,. Complement C , presents a very simple model of a
discrete state coupled to a continuum, which allows one to exactly calculate the transition amplitudes and to understand the way the discrete state
of H , can be traced in the eigenstates of H .

,
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In Section C, we apply these ideas to a system of charged particles
interacting with the electromagnetic field. Starting with the Hamiltonian
H of quantum electrodynamics in the Coulomb gauge, we consider several
possible splittings of this Hamiltonian into an unperturbed part H , and a
coupling I/. We emphasize the advantages of the Coulomb gauge, which
allows the Coulomb interaction to be included in the particle Hamiltonian,
and the bound states of charged particles, such as atoms, molecules, or
ions to be considered as “unperturbed”. We also introduce diagrammatic
representations of interaction processes that allow the evolution of the
global system to be simply visualized. These are the interaction processes
(absorption, emission, scattering, etc.) that we will review in Chapter 11.

1.A

Probability Amplitude Associated with a Physical Process

7

A-PROBABILITY AMPLITUDE ASSOCIATED
WITH A PHYSICAL PROCESS

The idea of probability amplitude plays a central role in the quantum
description of the time evolution of a physical process. The system under
The probability
study is prepared at an instant ti in a given state
is given, in
amplitude of finding it, at another instant t j , in the state
the Schrodinger representation, by

where U ( t f ,t i > is the evolution operator between ti and t j . The main
advantage of these amplitudes (A.1) is that they can be multiplied: the
amplitude for going from
to I+*) between t , and t,, and then from
between t , and t3 is given by the product
114,) to

Another interesting property of the amplitudes (A.1) is that they interfere.
If the system is not observed at an intermediate instant t,, the amplitudes
associated with all the possible intermediate states must be summed over.
It is in fact well known that

where the { I ( P ~ ) ]form an orthonormal basis of states.
The calculation of the amplitude (A.1) assumes, of course, that we
already know how to determine I+;) and I+j). Generally the initial state
and the final state are characterized by well-defined values of some
physical variables. Thus we must be able to calculate the eigenvalues and
eigenstates of the observables that represent these physical variables. We
must also know the evolution operator U ( t f ,ti) which is determined by
diagonalizing the Hamiltonian H of the system. However, in most cases,
and particularly in electrodynamics, we do not know how to exactly
calculate the eigenstates and eigenvalues of H . It is thus necessary to
resort to approximation methods.
The perturbative calculation of amplitudes (A.1) depends in general on
the splitting of the Hamiltonian H into an “unperturbed” part H,, for
which the eigenstates Ip,) and eigenvalues En are known, and a perturba
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0

ti

LA

tf

Figure 1. Temporal variation of the parameter A ( t ) allowing the perturbation V to
be adiabatically switched on and switched off. This simulates a collision of duration
T.

tion V = H - H,:

Since any state I t,bi) or I t,bf ) may always be expanded on the basis I q,,) of
eigenstates of H,, the amplitudes (A.1) can be expressed as a function of
the quantities

which represent the transition amplitudes induced by the perturbation V
between unperturbed states. In this chapter, we will concern ourselves
with these transition amplitudes and with their calculation in the form of a
perturbative expansion in powers of V.
When the problem under study can be stated in terms of collisions, it is
quite convenient to adiabatically “switch on” and “switch off” the perturbation V by formally multiplying V by a parameter A ( t ) , whose time
variations are represented in Figure 1. In this way we can “simulate” the
collision of two wave packets, which initially ( t I ti) do not interact
because they are too distant from each other, and then, after the collision
(tf It ) , are again separated and no longer interact. The limit of the
expression (AS), when the duration T of the collision (see Figure 1) tends
to infinity, is simply an element of the scattering matrix S. (The evolution
operator U must then be taken in interaction representation with respect
to H , to eliminate the free evolution exponentials in ti and in tf due to
H,; see Complement A,, $1).

I.B.1

9

Time Dependence of Transition Amplitudes

B-TIME

DEPENDENCE OF TRANSITION AMPLITUDES

To give some idea of the type of physical information that may be
extracted from the preceding transition amplitudes, we are going to
distinguish among different cases, depending on whether the initial and
final states 19,) and lpf) of the process belong to the discrete or to the
continuous spectrum of the unperturbed Hamiltonian H o . For each of
these cases, we review the time dependence that quantum mechanics
predicts for the matrix elements of the evolution operator, and we show
how it is possible to connect the transition amplitudes to measurable
physical quantities such as level shifts, lifetimes, cross sections, etc. Such
general ideas will be useful for analyzing the physical processes to be
reviewed in Chapter 11.
1. Coupling between Discrete Isolated States

We begin by considering the case in which the unperturbed Hamiltonian H,, has one or several discrete eigenstates that are well isolated from
all other eigenstates of H,.
One particularly simple case is that of a single discrete state Ip,) , well
isolated, having unperturbed energy E l . Let us now consider the amplitude
(B.1.a)
where

is the evolution operator between t , = - T / 2 and tf = + 7'/2 in the
interaction representation with respect to H,, (see Complement A , , 01).
C,,(TI represents the probability amplitude that the system, prepared in
state l q l ) at t , , is still there a time T later. By inserting on the right or on
the left of U ( T )= exp(-iH7'/2h) the closure relation on the eigenstates
of H , a superposition of exponentials of T appears, one of which has a
clearly preponderant weight (zero order in V ) :

In (B.2), I+,) is the eigenstate of H that approaches I q , ) when V tends to
zero, and 6 E , is the shift of state Ip,) due to the coupling V ,given by the

10
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I.B.2

well-known perturbative expansion:

The study of the amplitude (B.1.a) allows the level shifts to be calculated.
Note that, in the expansion of the amplitude (B.21, it is sufficient to know
the term linear in T to obtain a€,. We will encounter situations of this
type in the study of the radiative shift of atomic states caused by the
virtual emission and reabsorption of a photon.
Another interesting case is the one in which H, has two discrete states,
Ip,) and Ip,), well isolated from the others, having the same unperturbed
energy E l = E,. Consider the amplitude

which allows us to calculate the probability

that the system, initially in the state Ip,), passes after a time T to the state
Ip2).It is well known in quantum mechanics (the two-level problem) that
P,,(T) has an oscillating character. The frequency of this reversible oscillation of the system between Ip,) and Ip,), called the "Rabi nutation
frequency", is proportional to the coupling introduced by V between Ip,)
and lpl), either directly (if (p21VIp,) is nonzero), or indirectly (if
( p 2 1 V I q , ) is zero) via other levels far from Ip,) and 19,) (see Complement B,). Such situations occur, for example, when an atomic system
interacts with an intense monochromatic wave (see Complement A",).
If several discrete eigenstates of H , that are close to each other form a
group sufficiently well isolated from all the other levels of H,, then the
transition amplitudes between two levels of the group are superpositions
of Rabi oscillations with different amplitudes and frequencies. At the limit
where the number of coupled states becomes extremely large, the interferences between these different Rabi oscillations eventually give an irreversible character to the evolution of the system. This is what we will study
now by considering couplings involving a continuum of eigenstates of H o .
2. Resonant Coupling between a Discrete Level and a Continuum

In this paragraph we assume that a discrete state lpl), having energy
E l , is coupled by V to a continuum Ip,) of eigenstates of H,, (the energy
E, of 1 pf ) varies continuously).

I.B.2
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‘The calculation of the transition amplitude ( P f /o ( T ) l q , )is well-known
in quantum mechanics. At the lowest order in V , that is, first order, we
find (see Complement A , , 92-b)

Ljr,(T) = ( q f / L j ( T ) I q , 2
) S,, - 2 ~ i f i ‘ ~ ’ ( EE,)Vf,
~ - + . . . (B.6)
where V’, = (qrlV1q,)is the matrix element of V between (qtl and 19,)
and where 6‘T’(Ef - E l ) is a delta function of width h / T that expresses
the conservation of the unperturbed energy to within ti/T (uncertainty
related to the interaction duration T ) . In fact, fi(TKEf- E , ) is the
Fourier transform of the product of an exponential with frequency
( E , - E , ) / h and a square function of width T . To obtain the transition
probability from 19,) to Ipf), we must take the square of the modulus of
(B.6). Because states 19,) and l q f ) are assumed to be different, the first
term of (B.6), S,,, is zero. In addition, the square of
is proportional to
T c ~ ‘[see
~ ’ Complement A ,, Equation (4911. The probability of transition
from lq,) to lqf) is thus proportional to the duration of the interaction,
which allows us to define a transition rate equal to

In fact, the final state Ip,), which belongs to a continuous spectrum, is not
normalizable. The quantity that does have a physical meaning is the
transition rate toward a group of final states. For example, the sum of
(B.7) over all the states Iq,) gives the transition rate
of the discrete
state 19,) to any state of the continuum:

r

In the second line of (B.81, it is assumed that I Vr,l 2 depends only on E ,
and p is the density of final states evaluated at E, = E, (Fermi’s golden
rule).
Another interesting quantity is the probability 1 ol,(T)12that the system
will remain in the discrete state 19,) after a time interval T . The preceding
perturbative calculation gives (conservation of the norm):

12
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I.B.3

T h e probability of finding the system in state 19,) thus decreases proporIn fact, a nonperturbative calculation of the amplitude
tionally to
q , ( T ) , to which we will return in Chapter 111, is possible (*>.It gives

r.

u l l ( T ) = e-rr/2

e-wr/il

(B.lO)

which shows that the discrete state decays exponentially over time with a
“lifetime”:
1

(B.11)

r

7 = -

T h e probability lq,(T)12 decays indeed as e x p ( - T T ) = e x p ( - T / r ) . A
shift 6El of the discrete state also appears as a result of its coupling with
t h e continuum. T h e expression for 6 E l is

(B.12)
where 9 denotes the principal part. Thus it is clear that the study of
transition amplitudes involving a discrete state and a continuum gives
access to important physical quantities, such as lifetimes or level shifts. In
Chapter I1 we will discuss a n important example of this type of situation,
t h e spontaneous emissior, of radiation by a discrete excited atomic state.
Remark
The exponential decay of I q l ( T ) 1 2is a simple example of irreversible evolution
resulting from the superposition of an extremely large number of Rabi oscillations having different frequencies (see end of preceding wbsection). It is
important, however, to note that such a result holds only if the continuum to
which the discrete state Icp,) IS coupled is extremely flat, more precisely, if the
varies extremely slowly with E,. If the continuum has
quantity IV,,~*p(Ef)
structures responsible for rapid variations in 1
1 ’p(E, 1, damped oscillations
may persist in I L j , ( ~ ) l ’ (see Complement c,,,).

Yl

3. Couplings inside a Continuum or between Continua

It remains for us to consider the case in which both the initial state l p l )
and the final state l’p, ) of the physical process being studied belong to the
same continuum o r to two different continua of eigenstates of H,). Situa( * ) A simple model of a discrete state coupled t o a continuum is also analyzed in
Complement C , . It allows the exponential decay described by expression (B.10) to be simply
obtained.

I.B.3
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tions of this type are frequently encountered in the study of the scattering
of photons by atoms. In this case, the state Ip,) (Ipf)) represents the atom
in a given energy level in the presence of an incident (scattered) photon.
Because the energy of incident and scattered photons may vary in a
continuous fashion, IF,) and Ipf) d o indeed belong to a continuum.
For sufficiently large T , the transition amplitude o f f ( T )is just an
element of the S matrix. T h e quantum calculation of o f , ( T )gives (see
Complements A , and B,,,):

of,(
T)

=

a,,

-

2 s r i a ‘ y E f - E().Yf,

(B.13)

where a(‘) is a delta function of width h / T , and where Y f ,is the
transition matrix which can be expanded in powers of V (Born expansion)
as

q being a n infinitely small and positive quantity.
Remark
If the Born expansion does not converge, then expression (B.14) becomes
meaningless. This occurs, for instance, when HI, has a discrete eigenstate lpk)
whose energy E , coincides with that of the initial Ip,) and final lq,) statcs
(“resonant scattering” case). However, a compact expression of the transition
matrix 7,f
can be determined (see complement B,,,, 5l.b):

where it is H instead of HI, that appears in the denominator of the second
term. We can verify that the formal expansion of the expression (B.15) actually
results in the expansion (B.14). Indeed, the identity
1

1

A

B

_ = _

1

+ -B( B

-A)-

1
A

(B.16)
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applied to A = El - H

1
E, - H

-

+ iq

+ iq, B = E, - H,, + iq
1

El - H,,

+ iq

+

gives

1

El

-

H,; + iq

'L

1

El -

H + iq

. (B.17)

The iteration of (B.17). when substituted into the second term of (B.15). gives

(B.14).

As in subsection B.2, if I q f ) f (q,),the calculation of the transition
probability 19,)
19,) causes the square of the
function, which is
, appear. It is thus possible to define a transition
proportional t o T 8 ( T )to
rate
--$

Wf,=

1 pf,(T)I

=

27
-lYf,12S(T)(Ef-E/).
h

(B.18)

Since the final state 19,) is not normalizable, only the sum of w f l over a
group of final states has a physical meaning. This summation causes the
density of final states p ( E f = E l ) to appear. Finally, the initial state 19,) is
also nonnormalizable because it belongs to a continuum. However, an
incident flux can be associated with such a state lpl). and it is well known
that the ratio of the transition rate from state 19,) toward a group of final
states and the incident flux associated with 19,) is simply a scattering
cross-section. W e can thus see how it is possible to derive a measurable
physical quantity, such as a cross-section, from the transition amplitudes
ofl(T)
between two states belonging to two continua. In the following, we
will give several examples of scattering processes (Rayleigh, Raman, and
Compton scattering, photoionization, bremsstrahlung, etc.).
Remurk
Expression (B.18) appears as a generalized Fermi golden rule, whcre the
coupling Y,, between Ip,) and I@,) contains all the orders in V . However, it
should be emphasized that expression (B. 13), and expression (B.181, which
results from it, are valid at all orders in V only if lp,)and Ip,) both belong to a
continuum. In addition, the exact expression (B.15) for .T,l must be used if
intermediate resonant states exist. In the case where either one of the t h o
states lp,) or lp ) is discrete, the difference between o , , ( T ) and S,( is
proportional to 6' ' ( E f - E , ) only at the lowest order in V .

i
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TO ELECTRODYNAMICS

C-APPLICATION
1. Coulomb Gauge Hamiltonian

We will now consider the electrodynamics case. The system under study
consists of an ensemble of charged particles a , having charge q, and mass
m u ,interacting with an electromagnetic field. Let ra and p, = (h/i)V, be
the position and momentum of the particle a , and A(r) be the potential
vector of the field which, in the Coulomb gauge, is transverse (A = A L ) .
The Hamiltonian that describes the dynamics of this system is written, in
the Coulomb gauge (see Appendix, 63),

The first term of (C.1) represents the kinetic energies of the particles,
since the velocity rcxof the particle a is

The second term of (C.1) represents the interaction of the spin magnetic
moments of the particles (S, is the spin of the particle a ; g,, is its Land6
factor) with the magnetic field B of the radiation field evaluated at the
points where the particles are located. The third term, V,,,,, is the
Coulomb energy of the system of particles. It is the sum of' the Coulomb
interaction energies between pairs of particles ( a , p ) and of the Coulomb
self-energies F&, of cach particle

is a constant given by formula (43) in the Appendix. Finally, the
last term H , is the energy of thc transverse field (electric Ei and magnetic B):

F:.~,~,,

H,?

=

Eo

d.'r[E',(r)

+ c2B2(r)]

(C.4.a)

which can also be expressed simply as function of the annihilation and
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creation operators a, and a,+ of a photon in the normal vibrational
“mode” j of the field (identified by the wave vector k,, the polarization E,,
and the frequency w, = c k , )

Each mode j is thus associated with a one-dimensional harmonic oscillator. The eigenstate In,) of such an oscillator (with n, = 0,1,2. . . ) represents a state in which the mode j contains n, photons having energy zlw,,
momentum hk, and polarization E,. Finally, recall that the different
transverse fields E, and B, as well as A, can be expressed as a linear
combination of operators a , and a,? (see expressions (29), (30), and (28)in
the Appendix).
For what follows, it is useful to rewrite the Hamiltonian H in the form
(C.5.a)
with
(C.5 .b)

(C.5 .c)
(C.5.d)
The splitting of H into H,,+ V may be achieved in several ways. We
will now discuss two that lead to different types of perturbative expansions
for the transition amplitudes.
2. Expansion in Powers of the Charges q,
A first possibility consists of gathering in H,, all the terms independent
of 4,:

(C .6.a)

I.C.3
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The charges q , thus appear as coupling parameters characterizing the
strength of the perturbation:
( C .6.b)
The eigenstates of H , thus simply represent the free particles (eigenstates of p;/2rn,) in the presence of transverse photons (eigenstates of
H R ) . No bound state of the particles can appear in H,, because no
coupling, either direct or indirect, can exist between the particles.
All terms contained in V-the Coulomb interaction as well as the
interaction between the particles and the transverse field-will then be
treated in a perturbative fashion. The physics problems that can be
studied simply with such an approach are thus essentially particle-particle
or particle-photon scattering problems (Coulomb scattering, Compton
scattering, bremsstrahlung emission, etc.).

3. Expansion in Powers of the Interaction with the Transverse Field
The second splitting of H that we will consider here consists of
collecting in H,, all the terms that depend either on the dynamical
variables of the particles, or on the dynamical variables of the transverse
field, but not on both at the same time:

H,, = H p + HR

(C.7.a)

where
(C.7.b)
is a particle Hamiltonian. The perturbation V thus contains all terms
containing both the particle operators and transverse field operators:
V = H I , + H:,

+ H12.

(C.7.c)

The perturbative expansion in powers of V is thus an expansion in powers
of the interaction between the particles and the transverse field.
Since the Coulomb interaction V,,,, is included in the particle Hamiltonian, such a Hamiltonian can now describe bound states. In fact, the
eigenstates of H p are characterized by two types of quantum numbers: on
the one hand, the external quantum numbers, describing the motion of the
center of mass of the group of particles, and on the other hand, the

18
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internal quantum numbers, describing the excitation state of the system of
particles in the center-of-mass reference frame. For example, if the
particles under study form an atom or a molecule, the internal quantum
numbers indicate the energy levels of this atom or this molecule. The
eigenstates of H , thus describe situations in which systems of particles,
such as atoms, molecules, ions, etc. in well-defined internal states and with
a well-defined global momentum, are in the presence of a certain number
of transverse photons characterized by well-defined energy, momentum,
and polarization.
The perturbative treatment of V then allows us to describe the processes of absorption or emission of photons by such systems of particles.
Further on we will give a diagrammatic representation of the transition
amplitudes induced by V that allow these different processes to be
visualized.
Remark
When the system of particles consists of several distinct systems A , B , . . .
(atoms, molecules, ions, electrons, etc.) well separated from each other, it may
be advantageous to retain in H,, only the Coulomb energies inside each system,
V&$, Vc",",,,and to include in the interaction Hamiltonian V the Coulomb
interaction energy between different systems, V&t,.. . . The eigenstates of H,,
thus represent situations in which the different systems A , B , . . . are in welldefined external and internal states, without mutual interactions, and in the
presence of a certain number of photons.

4. Advantages of Including the Coulomb Interaction
in the Particle Hamiltonian
The first advantage of the splitting (C.7) as compared to (C.6) is that it
allows us to consider states where charged particles are bound by the
Coulomb interaction (atoms, molecules, ions, etc.) as unperturbed states.
Such states can indeed exist before the switching on and survive after the
switching off of V .(See Figure 1.)With the other splitting (C.6), no bound
state could exist in the absence of V (*>. Atoms, molecules, ions, etc.
would dissociate into nuclei and electrons before the switching on and
after the switching off of V , and it would be much more difficult to
describe the emission, absorption, or scattering of photons by such systems.
("1 Of course, we ignore here any interactions other than electromagnetic ones, such as,
for example, strong interactions responsible for the cohesion of nuclei.

1.C.j
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T h e second advantage of the splitting (C.7) is that V,,,,, is, in the
nonreiativistic domain, much more important than the interaction with the
transverse field. It is thus natural to start with the eigenstates of H,, and
deal with the effect of interactions with the transverse field as a perturbation.
Remarks
( i ) The elimination of the scalar potential and the longitudinal vector potential
causes the Coulomb interaction to appear as a purely particle term in the
Coulomb gauge representation. In another gauge, for example, in the Lorentz
gauge, the Coulomb interaction appears only in a second-order treatment of the
interaction between particles and scalar and longitudinal potentials (* J. The
advantages of the splitting (C.7) that we just discussed are thus closely connected to the choice of the Coulomb gauge.
(ii) Such advantages also exist in other formulations of quantum electrodynam-

ics equivalent to Coulomb gauge electrodynamics, such as, for example, the one
leading to the electric dipole Hamiltonian (see Appendix, $ 5 ) . The new Hamiltonian H ' , which is the unitary transform of H = H,, + V , may also be written
in the form H ' = H,, + V ' ,where H,, has the same expression as in (C.7) and
contains in particular the Coulomb interaction.

5. Diagrammatic Representation of Transition Amplitudes
Let us use, for example, the splitting (C.7). T h e perturbative expansion
of the evolution operator causes the transition amplitudes to appear as
products of matrix elements of V between eigenstates of H,, a n d of free
evolution exponentials between two interactions, these products being
summed over all times a n d over all intermediate states (see Complement
A , , g2.a):

(") See, for example. Complement B, of Photons and Atoms-Introduction
Elrctrodynumics.

to Quantum
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of these products, because such representations allow one to visualize the
physical processes involved in the transition amplitude.
The free propagation of particles will be represented by straight lines,
while that of photons will be represented by wavy lines. Next to each line
will be quantum numbers indicating the corresponding free state ( a , b , . . .
for the state of particles, wave vector k, and polarization E for photons).
Each of these lines has associated with it exponential factors of the type
exp[-iE(Tk - ~ ( ) / h ]describing
,
the free evolution of the state of energy
E between times T~ and T / associated with the ends of the line (these
times are not explicitly shown on the diagram to keep it as simple as
possible). Each diagram is read going from bottom to top (following the
time course of the process). The lines for particles and for photons coming
from the bottom correspond to the free state in the ket Ip,) of the matrix
element; the lines for particles and for photons going toward the top
correspond to the free state in the bra ( pfl. The matrix elements of I/ are
represented by the points at which these lines intersect (vertex), with the
matrix element being taken between the state described by the lines which
arrive at the vertex and that described by those which leave from it. A
photon line arriving and disappearing at this point (Figure 2 a ) corresponds to the annihilation of a photon ( a term of H I , and H;,). A photon
line leaving from this point (Figure 2 b ) corresponds to the creation of a
photon ( a + term of H,, and H;,). The two-photon terms of H12 corre-

ke

Figure 2. Different types of vertex corresponding to different matrix elements
of

v.
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i

\

p;

Figure 3. Diagrammatic representation of transition amplitude
iC.9).

spond to the three Figures 2c (a’ term annihilating two photons), 2d
term creating two photons), and 2e ( a a f or a + a terms creating one
photon while annihilating another).
In many processes, there is more than one interaction between atoms
and fields. The corresponding diagram thus contains several vertices and
several lines associated with the free propagation between interactions. It
symbolizes the product of all the quantities (matrix elements of I/, free
evolution exponentials) represented in this way. For example, the diagram
in Figure 3 symbolizes the quantity
exp[ - i ( E c 4- h w ’ ) ( t f - ~ ~ ) / h ] ( c ; k ’ e ’ l V ( b ; Ox )

x exp[-iE,(T,
x exp[ -i( E ,

-

r,)/h](b;OII.’Iu;ke) x

+ h 0 ) ( 7 , - t,)/h]

and represents the amplitude that the system of particles, initially in state
T , an incident photon k e and passes into state 6 ,
then finishes at instant r 2 in state c by emitting a photon k’e’. Other types
of diagrams will be introduced later on in this book.

a, absorbs at instant

Remark
In other formulations of quantum electrodynamics equivalent to Coulomb
gauge electrodynamics, the interaction Hamiltonian V‘ may have matrix elements that are more simple than V .For example, in the electric dipole point of
view (see Appendix, 951, the interaction Hamiltonian (of the form -qE,*r)
contains only one-photon terms that are linear in a and a + . There are no more
two-photon terms such as those coming from A* and resulting in matrix
elements of the same type as those represented in Figures 2c, 2 d , and 2 e . This
results in a great simplification in the higher order terms of the perturbative
expansion of the transition amplitudes.
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GENERAL.
REFERENCES
For the importance of transition amplitudes, see Feynman, Volume 111,
Chapters 3 and 7, Cohen-Tannoudji. Diu, and Laloe, Chapter 111, Section
E; Ley-l,ebloncl and Balibar, Chapters 4 and 5 .
The 1,erturbative calculation of transition amplitudes may be found in
many quai tum mechanics books. See, for example, Messiah, Chapter
XVII; Cohen-Tannoudji, Diu, and Laloe, Chapter XIII; Merzbacher,
Chapter XVIII: Schiff, Chapters 8 and 9; Feynman and Hibbs, Chapter
VI. References concerning transition amplitudes between two continua
(collision problems) will be given in Chapter 111.
For Coulomb gauge electrodynamics, see the Appendix and the references therein.

A,.l

Perturbative Calculation of Transition Amplitudes

23

COMPLEMENT A I
PERTURBATIVE CALCULATION OF TRANSITION
AMPLITUDES-SOME USEFUL RELATIONS
In Chapter I, without presenting any formal proofs, we used several
results concerning transition amplitudes. The goal of this complement is to
sketch a brief derivation of these results and to gather several useful
relations to which we will continue to refer throughout this book.
We will begin ($1) by introducing the interaction representation and by
emphasizing its advantages. We will then ( $ 2 ) proceed to the perturbative
calculation of transition amplitudes and to the determination of the
lowest-order terms (order 0,1,2) in the expansion of these amplitudes in
powers of the coupling V. Finally, we will study ($3) the transition
probability from an initial state toward a final state by distinguishing
several cases according to the discrete or continuous nature of the energy
spectrum.

1. Interaction Representation
As in Chapter I, the Hamiltonian H of the system under study is split
into

H

=

H"

+ V.

(1)

'The unperturbed Hamiltonian H , is assumed to be time independent.
The coupling V may or may not depend on time [for example, if V is
multiplied by the parameter A ( t ) , whose temporal variations are shown in
Figure 1 of the chapter].
Going from the usual Schrodinger representation to the interaction
representation with respect to H,, is achieved by applying the unitary
transformation

to the vectors I4(t)) and operators A of the Schrodinger representation,
t o being a reference instant that we take as the origin of time ( t o = 0). If
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I $ ( t ) ) and A(t) represent the vectors and operators in the new representation, then we have

If V were zero, the interaction representation would be identical to the
Heisenberg representation, and $( t )) would remain fixed over time. It
follows that, in the general case where V is nonzero, I $ ( t ) ) evolves only as
a result of the presence of the coupling V .To see this more precisely, let
us determine the evolution equation of I $ c t ) ) by applying ihd/dt to (3.a)
and by using the Schrodinger equation for ihd!Ji(t))/dt. We get

where

Equation (4) clearly shows that the rate of variation of i $ ( t ) ) is at least
first order in K In particular, in the study of a collision process, where the
coupling V can be switched off in the remote past and the far future (see
Figure 1 in Chapter I), the state vector does not evolve in the interaction
representation before the collision begins and after it ends. This allows us
to understand how the matrix elements of the evolution operator &tf, t , )
in interaction representation have a well-defined limit when t f and t ,
tend, respectively, to + ~0 and - ~0 (scattering matrix). It is useful also for
what follows to determine the relation that exists between & t f , t , ) and the
evolution operator U ( t f ,t , ) in the Schrodinger representation. The equation

gives, taking in account (3.a)

A,.2
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2. Perturbative Expansion of Transition Amplitudes
U ) PEKTURRATIVE

EXPANSION
O F THE. EVOLUTION
OPERATOR

The evolution operator U ( t f ,r , ) of the Schrodinger representation is
defined by (6), and satisfies the initial condition
U(t,,r,)=

1.

(9)

Taking into account the Schrodinger equation satisfied by j@(tf)), Equation (6) is equivalent to the integral equation

is the unperturbed evolution operator associated with H,.To prove this
equivalence, it is sufficient to verify that the operator U defined by (10)
actually satisfies (9) and the evolution equation

By successive iterations, Equation (10) thus leads to the well-known
perturbative expansion of the evolution operator

with
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The structure of the term (13.b) is that of a product of ( n + 1) unperturbed evolution operators separated by n interaction operators If. By
taking the matrix elements of (13.b) between the eigenstates (pfl and 19,)
of H , and by inserting ( n - 1) times the closure relation on the eigenstates of H , , between two successive V operators, formula (C.8) of the
chapter is obtained.
Equation (8) finally allows us to obtain the perturbative expansion of
the evolution operator in the interaction representation

Comparison of (14.b) and (13.b) demonstrates that using the interaction
representation eliminates the free evolution exponentials exp( - i H , t f / h )
and exp(iH,t,/Zt) relative to the initial and final times. Let ,Yf,be the
t , ) between the eigenstates (pfl and 19,) of H,,
matrix element of O(tf,

The perturbative expansion (14) thus yields
(16.a)

We will now calculate the first- and second-order terms in V of this
perturbative expansion of the transition amplitude Pfj.
b) FIRST-ORDER
T R A N S I T I O N AMPLITUDE

Using (16.b), (14.b), and (51, we get

where we have set Vfi= (cp,lVlqj).

We assume here that V is time

A,.2
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independent and select the origin of time such that
t, =

-T/2

tf =

+T/2

where T is the duration of the interaction. T h e integral over
thus be calculated and it yields

T , of

(17) can

where

According to the first equality in (20), 6 ( T ) ( Ef E , ) tends t o 6 ( E f - E , )
when T -+ =. In fact, according to the second equality in (20),6'T'(Ef - E l )
is a diffraction functicn, represented in Figure 1. Its maximal amplitude
T / 2 x h is obtained for Ef - E, = 0, and its width is o n the order of
4 7 ~ h / T (distance between the first two zeros on either side of the

tWEf

-T

I*----

T

I

- 4I

Figure 1. Variations of the function S ( T ) (E , - E l )versus ( E , - El ),
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maximum). Its integral equals 1. Hence this function is an approximste
delta function expressing the conservation of energy with an uncertainty
h / T due tG the finite duration of the interaction.
Remark
If V is multiplied by the function A([) shown in Figure 1 of Chapter I, relation
(19) remains valid but 8 ( T )is then the Fourier transform of a square function
with a width on the order of T , with smooth edges. The function 8'') is in this
case an apodized diffraction function for which the integral is always equal to 1
and which can still be considered as a delta function of width h / T .
c ) SECOND-ORDER
TRANSITION
AMPLITUDE

For second order, Equations (16.b), (14.b), and ( 5 ) yield

The sum over the intermediate states ( ( P k ) represents a sum over the
eigenstates of H o . To eliminate the restriction
2 T ~ the
, integrand in
(21) is multiplied by the Heaviside function O ( T 2 - T ~ ) ,which is equal to 1
for r 2 > T i and equal to 0 for r 2 < T i . We then use the identity

which can be easily checked by calculating the integral of (22) by the
method of residues. Equation (21) may thus be rewritten

where
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From subsection 2-b above, the integrals over T * and T , give, respectively,
2 ~ h 6 ' ~ ) ( E-, E, ) and 2 ~ h 6 ' ~ ) (-E E, ) . These two functions are practically zero as soon as E differs from E, for the former and from El for t h e
latter by more than h / T . Their product is thus a function of E which is
nonzero if E, and El are equal within h / T , a n d if E also coincides with
this common value of El and E, within h / T .
To carry out the latter integral over E which remains to be done in
(23), we must now compare t h e width in E of 6(')(E, - E ) 6 ( T ) ( E-, E )
which is on the order of h / T about El = E,, to the width of the other
function W,,(E) which appears in (23). I n many cases, which we will
describe further on, W , , ( E )is a function of E that varies only slightly with
E over an interval of width h / T . It is thus possible to replace V J f l ( E by
)
W f l ( E lin) (23) and to take W f , ( E ,out
) of the integral, which gives
X

I-=d E 6 ' " ( E
i

X

-

E,)G"'(E

-

Ef).

(25)

The integral over E of ( 2 5 ) can be easily calculated from the integral form
(20) of 6 ( T )

(Note that there is n o restriction on the temporal order of T and T'.) T h e
integral over E of ( 2 6 ) gives 27rh6(7 + T ' ) , so that ( 2 6 ) reduces to

/,

.+ x

dE

E

-

E,)

E

-

Ef)=

-Y.

Finally, by substituting (27) into (25), we obtain

Transition Amplitudes in Electrodynamics

30

A,.2

Let us now specify the cases for which W,.,(E)may be indeed considered
to be a function of E varying slowly on the scale of h / T . Essentially, there
must not be any discrete eigenstates Iq,) of H,, for which the energy E , is
extremely close to E j and E,. In such a case, the function ( E - E , + i ~ ) - ’
wculd vary quite rapidly with E x a r E = E j , because it diverges for
E = E,, By contrast, note that H,, may have a continuous spectrum E ,
near E j = E,. In this case, the sum over k in (24) becomes actually an
integral over E,. The fraction 1 / ( E i q - E,) is then expressed as a
function of 6 ( E - E,) and P [ l / ( E - E,)] and yields, after integration
over E,; functiom of E which have no reason to diverge near Ei = E,.
For sufficiently large T , these functions may thus be considered as varying
slowly on the scale of h / T .
Finally, summarizing the results obtained in this paragraph, we may
write

+

Y f=l a,, - 2 7 ~ i a ( Ef
~ ) (- El

vf,+

Iim

T-+o+

1

+ O( v”.
C El -VrkE Vk
, + i~
I

Remarks
(i) If either the initial state 19,) or the final state IqI) or both states are
discrete, the intermediate state lp,) may be the same as this discrete state in
the sum (241, which leads to a divergence of W f i ( E near
)
El or Ef.This may,
however, occur only if the diagonal element of V in the discrete state,
(or
V , ) , is nonzero. We can always put these diagonal elements back into H,,
(which amounts to replacing El by El +
It is then possible to use expression (28) for .Y$?). Nevertheless, for orders higher than 2, it is, in general,
impossible to prevent icp,) (or Ipf)) from appearing as an intermediate state.

vj

vl).

(ii) In Chapter 111, we will introduce methods for calculating transition amplitudes that are more powerful than those discussed in this complement. These
methods allow us to sum up all the terms of the perturbation expansion in
which one or more discrete states, which appear as intermediate states, might
lead to divergences of the transition amplitudes because their energy is extremely close to that of the initial and final states. We will thus obtain
nonperturbative expressions for these transition amplitudes that are valid under
conditions for which expression (29) is not. The same approach allows us to
for higher orders in the case of a scattering
generalize expression (29) of
problcm where Ip,) and Ipf) both belong to the continuous spectrum of Ho.
We obtain in this case
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where the transition matrix S,, is given by expression (B.15)in Chapter I.
When it is valid, the expansion in powers of V of .7isfthe
, Born expansion,
the first two terms of which appear inside the brackets in (29).

3. Transition Probability
a> CALCULATION OF

DIFFERENT

THE

TRANSITION
PROBABILITY
STATE

TO A

FINAL
STATE

FROM T HE INITIAL

Assume that 19,) is different from l c p l ) . The first term, a,, of (29) is
thus zero. The transition probability P f , ( T )from 19,) to Iqf) at the end of
time T is

From (201, the function
[ q E , - Ei)]

1 sin2(E, - E , ) T / 2 h

= yr2

( E , - El)'

is the square of a diffraction function. For E, = El, [6")(E, - El>12
reaches its maximum value, T 2 / 4 r 2 h 2 The
.
distance between the first two
zeros of this function on either side of its maximum is, as for a'", equal to
4 a h / T and gives some idea of its width. Later on, we will need the
integral over Ef of this function, which is on the order of ( T 2 / 4 a 2 h 2 )X
( 4 ~ h / T )that
, is, on the order of T / a h . In fact, from (271, we obtain

6)

PROBABILITY BETWEEN
LOWEST-ORDER
CALCULATION

TRANSITION

TWO

DISCRETE
STATES.

Let us begin by assuming that Icp,) and Icp,) are two discrete eigenstates of H o , having energies El and E, that are close to each other and
far from all other eigenstates of Ho. To lowest order in V , the transition
probability from (cp,) to I q f ) is written, using (31) and (32)

32

A,.3

Transition Amplitudes in Electrodynamics

This relation is, of course, valid only if T is sufficiently small so that the
perturbative treatment of V is justified. It is interesting to compare it with
the exact formula obtained in the simple case where 19,) and 19,) are the
only eigenstates of H,, and where as a consequence the exact diagonalization of H , + V is possible (*):
P,,(T)

4 I V,, I
=

s i n 2 [Tc d ( E , - E f ) 2

+ 41V,,12].

(35)

( E , - E , ) 2 + 41Vf,12

Expressions (34) and (35) are identical to lowest order in V,!. In particular,
for E, = E l , Equation (34) gives

which is the first term in the expansion in powers of Vffof the function
sin2[1 V,,I T / h ] describing the resonant Rabi nutation between Iq,) and

I+

FINAL
S T A T E BELONGS
TO
DENSITY
OF STATES

C ) CASE WHERE THE

AN

ENERGY
CONTINUUM.

When the final state belongs to an energy continuum, P j l ( T ) is no
longer a transition probability, but rather a transition probability density.
The quantity which has a physical meaning is thus the probability that the
system will reach a group of final states characterized by eigenvalues
falling within a certain domain D j . To be specific, let us first consider two
concrete examples which will allow us to introduce the concept of density
of states.
a) Density of States for a Free Massice Particle

We consider a free particle with mass M . The final states Iqf) are
momentum states I p) satisfying the classical orthonormalization relation

(PIP’) = 6 ( P

-

P’).

(37)

The final state Ip,) has no physical meaning (its norm is infinite). By
contrast, we can consider the probability that in the final state, the
momentum of the particle points into the solid angle 6 0 , about the
direction of p, and its energy is within the interval 6 E j about E, = p f / 2 M .
( * ) See, for example, Cohen-Tannoudji, Diu, and Laloe, Chapter IV. 5C-3. We also
assume here that V,, = V,! = 0.
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These conditions define a domain Df in momentum space and the
corresponding probability equals

Instead of using px, p y ,pz to characterize the final state Ip), it is also
possible to use other variables such as the energy E and the polar angles 0
and cp characterizing the direction of p. If d R is the solid angle corresponding to d0 and dcp, one has
d3p = p 2 d p d R = p ( E ) d E d R
where d R

=

(39)

sin 0 d6 d q and where
dP

p ( E ) =p2-

dE

M

=p2-

P

=MJ2ME

is by definition the density of final states. Expression (38) is thus written

Remark
It is possible to discretize the continuum and to obtain final states of norm 1 by
enclosing the particles in a cubic box with sides of length L and by imposing
periodic boundary conditions to obtain final states having the same spatial
dependence as the states fp). The sum over the final states included in a
domain Df is thus a true discrete sum. When L tends to infinity, it is
convenient to replace this discrete sum by an integral. The density of states
p ( E ) is thus defined such that p ( E l d E d f 2 is the number of discretized states
contained in the domain associated with d E and d o . As a result of the periodic
boundary conditions, the possible values of the wave vector k (which is equal to
p/h) form a regular lattice of points in k space with one point per elementary
volume ( 2 ~ r / L ) 'The
.
number of states in d3k is thus ( L / 2 a ) ' k 2 d k d o , which
for p ( E ) gives the value

LS
1
, o ( E ) = -- M & C E .
(271.y h'
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The final result for the transition amplitude (41) certainly does not depend on

L . To see this, it is sufficient to note that the presence of (pi in the matrix
element of the evolution operator implies that the square of the modulus of this
matrix element contains a factor 1/L3which compensates for the factor L3
appearing in the density of states (42).

p ) Density of States for a Photorz
Another important example of energy continuum is that of one-photon
states 1 k E ) satisfying the orthonormalization relation

Recall that the states I k E ) result from the action of creation operators
a:(k) on the vacuum. It is thus possible to write an equation analogous to
(38) where it is also nccessary to sum over the polarizations and to replace
d'p by
d'k

=

k 2dk d R

=

p( E ) d E d R

(44)

with
dk

p( E ) = k 2 -

dE

E2 1

E2

h 2 c 2 hc

h3c3

= -- = -

(45)

To determine (45), we have used the relation E = h w = hck between the
photon energy E and the modulus k of its wave vector (instead of
E = p2/2M).
In the case where the radiation is confined in a box of volume L3,(45)
must be replaced by
p(E)

y)

L3 E 2
( 2 4 3 h3C3

= --

General Case

In the general case, we assume that the final state l'pf ), belonging to a n
energy continuum, is characterized by its energy E and a group of other
physical variables designated by p, and we get
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for the probability that, starting from the normalized state lcp,), the system
will arrive after time T in one of the final states of the domain D,
characterized by 6E, and 8 P f . In (471, p ( E , PI is the density of final states
which, in the general case, depends on both E and P .

d ) TRANSITION
RATET O W A R D

A CONTINUUM OF

FINAL
STATES

In expression (471, i ( E , pl~(r)lcpf)12,
is simply the square of the
modulus of the transition amplitude .Yf,
given in (29) with a,, = 0. At the
lowest order in V we obtain, by writing ti(,?, P ; cp,), the matrix element Q f :

In general, p ( E , P ) I L - ( EP, ; cp,)12 is a function of E varying with E much
more slowly than [ 6 ( T ) ( E- E,)]' which, for sufficiently large T , has an
extremely small width, on the order of h / T . If this is the case, we can then
replace [S'''(E - E,)I2 by a "delta function" centered on E,. Because the
integral over E of [S(')(E - E,)I2 is, according to (33), equal to T / 2 r r h ,
we are justified to write (with regard to slowly varying functions of E )

[6

2

1

qE - E,)] = -S'y
2rril

E

-

E,)

(49)

The substitution of (49) into (48) then shows that 6 9 is proportional to
the duration T of the interaction, which allows us to define a transition
probability per unit time Sw(E,, P f >

Assume that the interval 6 E , contains E, and that SE, is greater than the
width h / T of 6'7 ' ( E - E,). The integral over E is thus straightforward. If,
in addition, S p p t is sufficiently small so that the integral over /3 becomes
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unnecessary, we finally get

which is simply the Fermi golden rule for the transition probability per
unit time and per unit interval Sp.
Remark: Sum ocer Polarizations

Let us return to the photqn example. Frequently the squared matrix element of
(50) has the form I E . XI-, where X is a vectorial quantity and where E is the
polarization vector of the photon. If we do not observe the polarization of the
emitted photon, then we must, for a given emission direction k, sum over
the two states of polarization E and E’ orthogonal to k and orthogonal to each
other; that is, calculate

To evaluate the sum between parentheses in (52), it is sufficient to note that E ,
E’, and K = k/K form an orthonormal basis for which the closure relation is

written

from which we deduce

c

&,Ej

=

&,El

+ &;.&;

=

6;j - K,K]

=

Slj -

k,kj
k
?

E l k

(54)

and consequently

c I€

Elk

’

XI2 =

x x* ’

(k . X ) ( k . X * )
k’

(55)

e ) CASEWHEREBOTH T H E I Y ~ T I A LA N D FINAL
STATESBELONG
TO A C O N T I N ~ U M
I n this case, the initial state is itself also not physical (because it has an
infinite norm). It is nevertheless possible to derive from it a quantity
having a physical meaning, such as a particle flux, if Iq,) represents an
incident free particle having a well-defined momentum.
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Let us calculate such an incident flux for a particle having mass M and
for a photon. It is thus particularly convenient to use discretized states in a
cube having sides of length L . In the discretized state Ip,) or Ik,), having
norm 1, the particle density is 1/L3 (one particle in a volume L') and the
velocity equals p , / M = Zlk,/M for the particle of mass M , or C K , for the
photon (where K , = k,/k,). From that we deduce that the incident flux @,
equals

for the free particle with mass M and
C

a, = L3 K i

(57)

for the photon. Dividing by I@( the transition probability per unit time
and per unit solid angle yields the differential scattering cross-section from
k , toward k , .
Remark
If both 19,) and 19,) belong to a continuum, two factors 1/L3 appear in the
squared matrix element of (51). One factor 1/L3 is compensated for by the
factor L3 that appears in the final-state density (see Remark in paragraph 3-c
above). The other factor 1/L' compensates for the one appearing in expression
(56) or ( 5 7 ) of the flux, when 8 w / 8 0 is divided by this flux. It is therefore clear
that the scattering cross-section does not depend on L.

GENERAL
REFERENCES
Same bibliography as for Chapter I.
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COMPLEMENT B,
DESCFUPTION OF THE EFFECT OF A PERTURBATION
BY AN EFFECTIVE HAMILTONIAN
1. Introduction-Motivation

For many systems, the eigenstates of the Hamiltonian H cannot be
exactly determined. In contrast, those of an approximate Hamiltonian H,,
are sometimes known. Thus, in the case of electrodynamics, we saw in
Section C of the chapter that the Hamiltonian is diagonalizable in the
absence of coupling between the particles and the field. In this case,
perturbation theory can be used to determine the eigenstates of H , by
taking as a perturbation the difference between H and H,.
In this complement, we will consider the case of a Hamiltonian H ,
having energy levels E l , which are grouped into manifolds Z?:, Z?,: . , .
that are well separated from each other. The subscript i denotes the
different levels ti, a ) of the same manifold, and P, is the projector over
the manifold 82:

To say that the manifolds are well separated signifies that the spectrum of
H , has the shape indicated in Figure 1. More precisely, we assume

Figure 1. Manifolds
Hamiltonian H,.

E:, Ei,.. . of the

go,
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In physical terms, the quantum number i characterizes the degrees of
freedom for which the Bohr frequencies ( 1 5 ,
- ~E,,)/h (intervals between
levels of a same manifold) are small. In contrast, the index a is a quantum
number relative to quantities for which the Bohr frequencies ( E l , - E,@>/h
(intervals between two different manifolds) are much larger. Thus, the
existence of well-separated manifolds reveals the presence within the
system of two types of degrees of freedom: fast degrees of freedom
characterized by Greek indices such as a , and slow degrees of freedom
characterized by Roman subscripts such as i .
Situations of this type are encountered in many physics problems,
especially in the study of interactions between matter and radiation. Let us
consider, for example, the system made up, on the one hand, of an
electron in a external static potential and, on the other hand, of a mode
k e of the radiation field with frequency w . In the absence of interaction
between the electron and the radiation, the energy levels of the overall
system are designated by the quantum numbers i of the electron in the
external potential and the number a = N of photons in the mode. If the
frequency w of the mode under consideration is extremely large as
compared to the frequencies ( E l - E,)/h characterizing the movement of
the electron in the external potential, the situation is analogous to that in
Figure 1. The manifold g
: = 8; thus consists of the energy levels of the
electron in the external potential in the presence of N photons and the
other manifolds corresponding to a number N' f N of photons are at a
distance (A" - N l h w .
To obtain the total Hamiltonian H , let us now add to H , the perturbation or the coupling which we write in the form AV, where A is a
dimensionless parameter:

H

=

H,

+ AV.

(4)

The operator V has matrix elements inside a manifold as well as between
two different manifolds. For example, for the system mentioned above, the
interaction between the electron and the mode k e couples the manifold
Ti! to manifolds g;+, (and g;- the corresponding physical processes
being the emission (and absorption) of a photon k e by the electron. If A is
sufficiently small, more precisely, if

the energy levels of the Hamiltonian H are clustered, as are those of H,,
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in manifolds go,
g P ,.., well separated from each other, the levels of go
tending to those of g:)when A + 0.
The physical effects of the coupling AV are of two types. On the one
hand, the wave functions are modified. In particular, the wave functions of
: are “contaminated” by the wave functions of other
the manifold 8
manifolds 8; with p # a. On the other hand, the energies are modified.
In particular, the slow Bohr frequencies (within one manifold) are changed.
Let us now study in more detail these two types of effect in the case of the
physical example introduced above. As a result of the contamination of
the states of 29; by those of g;?,, N is no longer a good quantum
number, and the electron observables, which commute with the photon
number operator, may thus have nonzero matrix elements between per.
rapid
turbed states of gN and perturbed states of g N + ] Physically,
components at frequency w appear in the electron motion, which, in fact,
correspond to the vibration of the electron in the electric field of mode k E .
In addition, the nonresonant coupling between 8
: and g i + , shifts the
states of kFj to second order in AV. Physically, the virtual emission and
reabsorption (or virtual absorption and reemission) of one photon by the
electron changes the slow electron motion in the external potential.
In this complement, we are essentially interested in the modification
made to the slow motion by the coupling AV and not to the contamination
of wave functions. Our goal is to attempt to construct a Hamiltonian
: such that its eigenvalues in 8
: are
acting only within each manifold 8
identical to those of H in go.Such a Hamiltonian, called the effective
Hamiltonian, acts only on the slow degrees of freedom because its matrix
elements between ( i , a1 and Ij,p ) are zero if a # p. Because it correctly
describes the slow motion, it incorporates the effect on the slow degrees of
freedom of the coupling of the latter with the fast degrees of freedom. In
the case of the physical system described above, the effective Hamiltonian
is a purely electronic Hamiltonian which describes the perturbed slow
motion of the electron by means of corrective electron terms: correction to
the kinetic energy of the electron (due to the fact that its inertia is
modified by the virtual photon cloud which surrounds it) and correction to
the potential energy (due to the fact that the electron vibrating in the field
of the mode w averages the static external potential over the extent of its
vibrational mode) (*I. Other important physical examples may be given,
e.g., the eflectix magnetic interaction between two electrons associated
with the virtual emission of a transverse photon by an electron and the

( * ) Such an effective Hamiltonian is derived in P. Avan, C. Cohen-Tannoudji, J. DupontRoc, and C. Fabre, J . Physique, 37, Y93 (1’976).
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reabsorption of this photon by the other electron (see Chapter 11, Section F).
We will show in this complement how an effective Hamiltonian can be
constructed by means of a unitary transformation applied to the total
Hamiltonian H (*). The principle of the method is described in Section 2.
We will then determine ($3) the unitary transformation and the expression
of the effective Hamiltonian. Finally, we will examine ($4) the case in
which the system under study is an ensemble of two subsystems whose
interaction is described by the coupling AV. We will demonstrate in
particular how it is possible to obtain an operator expression for the
effective Hamiltonian which involves only observables of the system that
evolve with slow frequencies.
2. Principle of the Method

Thus we are seeking an effective Hamiltonian H' having the following
properties:
a) H' is Hermitian
b) H' has the same eigenvalues as H , with the same degeneracy
c) H ' has no matrix elements between unperturbed manifolds

qi',E;, . . .

Properties a>and b) result in the fact that there is a unitary transformation

which allows us to go from H to H'

Property c> is expressed by the equation

( * ) A review of the different ways of formally constructing effective Hamiltonians may be
found in D. J. Klein. J. Chem. Fhys., 61, 786 (1974). A more recent reference explicitly gives
the terms of the effective Hamiltonian up to the fifth order: 1. Shavitt and L. T. Redmon,
J. Cliem. Php., 73, 5711 (1980).
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The matrix representing H' in the unperturbed initial basis li, a) is block
diagonal. Each block is relative to a manifold 8
: and represents an
effective Hamiltonian H,",, which describes the perturbed levels of this
manifold

H'

=

CP,H,",.
u

Equations (8) and (9) are not sufficient to entirely determine the transformation T . In fact, if T is a solution, we can construct an infinite number of
other solutions of the form U T , where U is an arbitrary unitary transformation acting only inside manifolds 8;).
One way to remove this uncertainty is to impose on S the condition that it does not have matrix
elements inside each manifold:

P,SP,

=

for any a .

0

(11)

To explicitly calculate S, it is convenient to write it in the form of an
expansion in powers of A

It is obvious that the zero-order term is zero, because H,, is itself diagonal
in the basis (li, a ) ) . Equation (8) can then be expanded in the form
1
1
H ' = H + [ I ' s , H ] + - [ ~ s , [ ~ s , H ]+] - [ i s , [ i S , [ i S , H ] ] ] + * . .
2!
3!

By substituting S from expression (121, we obtain an expansion of the
effective Hamiltonian.

Each term HL can be expressed as a function of S,,, of H,, and of V .
Conditions (9) and (ll), applied step by step, determine S,, and consequently H ' .
It is helpful to write the effective Hamiltonian H' thus determined in
the form

H'

=

H,,

+w

(15)
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where

W is called the "level-shift" operator. According to Property b) of H ' , W
produces exactly the same effect over the energy levels of H,, as the
perturbation AV. In contrast, according to Property c), it has the advantage of acting only inside manifolds. If we seek only new energies in the
manifold 2Ya, it is much simpler to use W than to use AV, which couples
:?L to all other manifolds.

3. Determination of the Effective Hamiltonian
a ) ITERATIVE CALCULATION
OF S

Let us order the expression (13) for H' in increasing powers of A , after
having replaced S by its expansion (12) and H by its expression (4). Thus

H'

=

H,

+ [iAS,, H,,] + AV +
1

+ [ i A 2 S 2H,,]
,
+ [ i A S , , h V ]+ -2[ i A S , , [ i A S , ,H,]] +
+ [iA"S,, H,] + [ i A " - l S , _ , , AV] +
1

+-[ih"-'S,_-,,[iAS,,
H,]] +
2
1
+-[ZAS,, [iA"-'S,-,, H O ] ]+ . . . -t
2
1
+-[iAS,,
n!

[ZAS,,. . . [ i A S , ,H o ]

...I

-t

..
The last term of (17) contains n stacked commutators.
Let us first consider first-order terms in A:

and write that the matrix element of H i between two different manifolds
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is zero. We obtain the equation

which determines the matrix elements of S , between two different manifolds, since the other elements are zero according to (11).

( i , a l i A S , / j ,a )

=

(20.b)

0.

Let us now consider the nth-order term, h"H,:. It involves all the operators
S,, p ranging from 1 to n. T h e fact that all matrix elements of A"HA
between two different manifolds a and p are zero allows us to express the
matrix elements of A"S, between these same manifolds as a function of
those of the operators S, of lower order than n. Indeed, A"S,, appears
only in a single term, that of the commutator with H(,. W e thus obtain an
equation of t h e type

.

.F(AAV; AS,, . . . A"-'S,_,)

for a

f

p

(21 .a)

additionally with

( i , aliA"S,lj, a > = 0

(21 .b)

Step by step, S is thus entirely determined.
b ) EXPRESSION
O F T H E SECOND-ORDER
EFFECTIVE
HAMILTOKIAN

Note first of all that the expression for the 12th-order effective Hamiltonian does not involve A"S,,. In fact, we have previously seen that, in the
expression for the nth-order term of (17), S,, is involved only in the simple
commutator with H o . Because H,, is diagonal with regard to a and since
S,, is nondiagonal, such a commutator is nondiagonal and thus does not
contribute to the expression of H ' within each manifold. Hence, to
determine the effective Hamiltonian up to order 2, it is thus sufficient to
know AS,, which is given by (20.a). The matrix elements of H' within the
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manifold a are written

Let us show that the last term of (22) is identical, except for one factor, to
the next to last term. In fact, [iAS,, H,,] is purely nondiagonal, and
according to (19), its matrix elements are opposite to those of AV between
different manifolds. Let us call AVnd the nondiagonal part (which connects the different manifolds) of AV. Hence we have
[iAS,, H,,]

+ AVnd = 0

(23)

and the last term of (22) is reduced to - [ i A S , , hVnd]/2. The next-to-last
term also involves only the nondiagonal part of AV, so that the product by
AS, yields a diagonal term. Hence, up to second order, Hsf is reduced to

H,",, = H,,P,

+ P,AVP, + i P , [ i A S , , A V ] P , + . . . .

(24)

Similar simplifications occur in all orders.
Let us now explicitly calculate the matrix elements of the last term of
(24) by using the matrix elements (20.a) of AS,:

( i , a l [ i A S , , A V ] / j , a=)

c

k.y#a

( i , a l i A S , I k , y ) ( k y l A V / j , a)

- (i,aIhV/k,y)(k,y/ihS,/j,a)
=

c

k , y t n

( i , a / A V l k y, ) ( k , y / A V / ja, > X

We finally get, for ( i l H S f l j )up to second order in A :

(ilH&lj)

=

E,cr8,,+ ( i , cuIAVlj, a )

+
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The first term of (26) represents the unperturbed energy of levels of 8':),
the second term represents the direct coupling between the levels i and j
of 8:, and the third term represents the indirect coupling between these
two levels through all the levels k y of other manifolds E':. This last term
has the structure of a second-order perturbation term, that is, a product of
two matrix elements of AV divided by an unperturbed energy denominator
(the two energies E l , and El, oF the two levels of 8
': appearing symmetrically if they are different).
c) HIGHER-ORDER
TERMS

We have seen how, step by step, the higher-order terms may be
explicitly calculated. In fact, at least from a formal point of view, the
expression for the effective Hamiltonian may also be given in compact
algebraic forms. These two types of expressions may be found in the
references quoted at the beginning of this complement.
4. Case of Two Interacting Systems

We will now consider the case of two systems d and 9,
with respective
Hamiltonians HA and H R , that interact by means of a Hamiltonian AV.
The spacings between energy levels of 9 are assumed to be large as
compared to those of d.This is shown by the following equations:

We assume that the coupling between the two systems is written in the
form
AV = A x A , R ,
w

where the operators A , (resp. R,) are relative to the subsystem d (resp.
9).
Finally, we assulne A, and R , to be purely nondiugonal in the bases
Ui>I and (la>).
To determine If,*,, let us replace E l , by El + E,, in (26), and AV by its
expression (31). Because R, is nondiagonal in a , the second term of (26)
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is zero. Hence we get

By using the inequality (30), we can expand the fractions appearing in (32)

and the equivalent by replacing i by j. The second order term becomes

Note that the sum over y may be extended to the case y = a , because the
corresponding terms ( a IR, l a ) are zero. The closure relations over states
I y ) on one hand, and over l k ) on the other hand thus allow us to rewrite
these two terms in operator forms. Actually
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Finally, the effective Hamiltonian may be written in operator form:

+

...

(36)

Hence it does indeed appear as a sum of operators relative to &, with
coefficients that are the average value in the state l a ) of operators relative
to 9.
The first two terms represent the free evolution in the manifold
8;).
The third term describes the effect of virtual transitions to other
manifolds. The last term of (36) is a correction to the third term which
takes into account the fact that a virtual transition to the manifold p
is not infinitely short but rather lasts a time which is on the order of
h/ lE, - EoI. The operators A , and A,, have the time to evolve when
acted upon by HA during this period. This is expressed by the last term of
(36).
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COMPLEMENT C
DISCRETE LEVEL COUPLED TO A BROAD CONTINUUM:
A SIMPLE MODEL

Many interaction processes between atoms and photons may be analyzed in terms of a discrete level coupled to a continuum. Such an analysis
can provide good insights into these processes, but it often requires a
detailed knowledge of the essential characteristics of the new eigenstates
resulting from the coupling between the discrete state and the continuum.
Hence we consider it important to devote a complement to the analysis of
this problem. The results obtained will allow us to clarify several of the
discussions in Chapter 11.
Rather than considering the most general situation, we prefer to limit
ourselves in the majority of this complement to a sufficiently simple model
so that formalism will not be a major obstacle. This model cannot, of
course, include all the details of the phenomena, but it will allow us to
point out and to explain their essential features.
We begin ($1)by describing the model and the simplifying assumptions,
which consist of taking a continuum extending from --oo to +-oo on the
energy axis and a coupling with the discrete state independent of the
energy. “Seen” from the discrete state, the continuum appears in this
case to be completely “flat” and structureless. It is then possible, after
“discretization” of the continuum, to perform an exact calculation of the
eigenstates and eigenvalues of the total Hamiltonian. The essential result
is that the contamination of the new eigenstates by the discrete state is
significant only in an interval centered on the energy of the discrete state,
the width of this interval being on the order of h r , where r is the
transition rate of the discrete state to the continuum calculated by using
the Fermi golden rule (42). We then demonstrate ($3) how this “dissolution” of the discrete state, over an interval of width hT in the new
continuum, allows us to quantitatively understand several important physical phenomena, such as the exponential decay of the discrete state, the
excitation of this discrete state starting from another state of the system,
the resonant scattering through this discrete state, and Fano profiles. The
last subsection (44) provides some indications concerning the way eigenstates of the new continuum may be calculated in more general situations
(nonflat continuum) and without discretization of the continuum.
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1. Description of the Model ( * )
a ) THEDISCRETE
STATEA N D

THE

CONTINUUM

Let us consider a Hamiltonian H , which has as eigenstates a discrete
state ( 9 ) and a continuum of states IE,p). For the state I&@), E
denotes the eigenvalue associated with H , (unperturbed energy) and p
denotes other quantum numbers allowing one to distinguish IE, p ) among
orthogonal states having the same energy E .
Assume that the discrete state Iq) is coupled to the continuum IE, p )
by a coupling Hamiltonian V . It is always possible to change the basis
within each subspace of energy E of the continuum in order to single out
the linear combination of states IE, p ) which is coupled to I q ) , and which
is denoted by JE),among all other orthogonal linear combinations which
are not coupled to Iq). We use L ' ~to denote the matrix element (El V l q ) .
Knowing eigenvalues and eigenvectors of the total Hamiltonian allows us
to determine the dynamics of the system. It is thus appropriate to
diagonalize the total Hamiltonian in the base ( l q ) , IE) . * . 1 (**I. We
begin by introducing some simplifications which will allow us to reduce the
calculations as much as possible while retaining the essential physical
results.
b ) DISCRETIZATIOY
OF THE CONTINUUM

First we discretize the continuum. Such a step was presented for the
electromagnetic field in the chapter, with the introduction of a fictitious
box with periodic boundary conditions. If the dimension L of the box is
large compared to all other characteristic lengths of the problem, the
physical results will not depend on the volume L3 and will be obtained at
the limit 1/L3 + 0.
We thus proceed similarly and replace the states of the continuum ( E )
by discrete states ( k ) spaced by S in energy. The density of states is thus
1/6. The matrix element (klVJcp) is designated u k . The physical results
are obtained at the limit 6 + 0.

(*) Such a model was introduced by U. Fano, NUOCOCimento, 12, 156 (1935).
(*") We assume that V has no matrix elements within the continuum. Then the linear

combinations of states IE, p ) , of the same energy E , which are not coupled to the discrete
state lcp) remain eigenstates of the total Hamiltonian, with the eigenvalue E. If
( E ,p I VIE',p ' ) was different from zero, a prediagonalization of the Hamiltonian inside the
continuum would result in the previous situation.
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The application of Fermi’s golden rule for a system initially in state Ip)
leads to a transition rate
to the continuum equal to

r

where I ’ is the matrix element (assumed to be real) of V between Ip) and
the state I k ) of the same energy as Ip). Relation (1) clearly implies that,
at the limit 6 + 0, P ~ / Smust remain constant and equal to h r / 2 7 ~ .
c ) SIMPLIFYING
ASSUMPTIONS

First we assume that the discretized continuum extends from --a; to
levels separated by the quantity 6. The unperturbed
energy of the level I k ) is thus

+ x with equidistant

where k is any integer (positive, negative, or zero). In what follows, the
energy 15, of the discrete level is taken as the origin of energies (Ev= 0)
and thus coincides with the energy of the level k = 0 of the quasi-continuum.

For the coupling, we assume that all the matrix elements of V between
the level lp) and the states Ik) are equal and real

Finally, all the other matrix elements of V are assumed to be zero.

2. Stationary States of the System. Traces of the Discrete State
in the New Continuum
a)

THEEIGENVALUE
EQUATION

Let €, and 14,) be the eigenvalues and eigenvectors of the total
Hamiltonian H = H , + V .
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Let us project Equation (3) respectively onto (kl and ( c p l . Using the
assumptions made concerning H,, and V [see relations (211, we get

Equation (4.a) gives (* >:

This expression, when substituted into (4.b), yields the eigenvalue equation

c
k

1'
Ep

- Ek

=

E,

In addition, by using ( 5 ) and the normalization condition

we find for the components of 14,)
choice of phase):

on

Icp)

and Ik) (with an appropriate

Let us return to the eigenvalue equation (6). It involves a series of the
form L k ( z - k ) - ' with z = E,/S. Similarly, the sum C k ( Z - k > - 2 appears in the components (8.a) and (8.b) of the eigenvectors. It is possible
( * ) W e will see further on that E, - E , is always nonzero.
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to show that (*I
(9)

k

By integration, we obtain

C ( 2- k ) - '

=

k

-.

x

tan x z

It follows that the eigenvalue equation (6) takes the simpler form
7Tc2

S tan(?rE,/S)

=

E,

that we will transform, by using (11, into

Finally, we introduce the angle defined by
(13.a)
which allows us to write the solution of (12) in the form
(13.b)
where m is an integer ( 2 0 or I 0). Since p, is (by definition of the tan-'
function) between - ~ / 2and x / 2 , p W / ris the difference between E,/6
and the integer closest to E,/6. We will use this angle p, later on.
b ) GRAPHIC
DETERMINATION
OF T HE NEW EIGENVALUES

To determine the eigenvalues of the total Hamiltonian, we must solve
Equation (12); that is, find the intersections of the line y = ax with the
curve y = l/tan bx ( a and b being respectively equal to 2 / h T and 7/81.
This may be done graphically (see Figure 1).
( * ) See, for example, Cartan (Chapter V).
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Figure 1. Graphic determination of the eigenvalues of H . The abscissa of each
point of intersection between the line y = 2 x / h T and the curve y = l/tan(nx/b)
is an eigenvalue of the total Hamiltonian. Let M , be the point of intersection
whose abscissa is between k6 and ( k + 1)s (the abscissa of M - , being between
- ( k + 116 and - k S ) . The associated eigenvalue is denoted E , (Greek index
corresponding to the Roman index k ) .

An eigenvalue E , is associated with each intersection b!fk between
the line y = ax and the curve y = l/tan bx (the unperturbed levels are
indicated by a Roman index and the perturbed levels by corresponding
Greek index). It is clear from Figure 1 that the new eigenvalues E ,are
interspersed between the old ones ( E , < E, < E,,
and E -(,+ ,). <
E - , < E-,). The eigenstates of H thus form a quasi-continuum for which
the density of states is extremely close to l/fi (there is one eigenstate per
interval of energy 8).
We also note in Figure 1 that, for sufficiently large values of k , the
abscissa of point M , differs very little from k 8 , so that, to a first
approximation, we have E , = E,. This relation is satisfied when, at the
point of intersection, the curve is sufficiently close to its asymptote.
According to (12), this occurs when
~

,
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The presence of the discrete level thus significantly modifies the eigenvalues and eigenvectors of the quasi-continuum only over an energy interval
on the order of hT around the energy of the discrete level.
c ) PROBABILITY
DENSITY
OF THE DISCRETE
STATEI N THE NEWCONTINUUM

In the presence of the coupling V , the discrete state Icp) is found
diluted in the different states {I+J of the quasi-continuum of H, the
component of Icp) in the state
being given by the square of the
expression (8.a). To transform the denominator of this expression, we use
(9). We get

(15)
that is, using (11) and (1)
1

which finally yields

Let us consider an interval [ E , E + d E ] with d E large compared to 6, but
small compared to hT. The probability dNv of finding the discrete state
Icp) in this interval equals

Transition Amplitudes in Electrodynamics

56

c,.3

which yieids, taking into account (17) and (l),

At the limit 6

+

0 , c 2 tends to 0 and expression (19) becomes
--

dE

-

2

+E2

which is a Lorentzian curve of width hl', centered on E = E , = 0 and
having an integral over E equal to 1.
Such a result demonstrates that, after coupling, the discrete level Ip) is
spread over an interval of width AT in the new continuum. In other words,
only the levels of the new continuum located in an interval on the order of
AT about E , retain the memory of the level 19) in their wave function.
3. A Few Applications of This Simple Model

The results obtained above concerning the new continuum of states
and the density dN,/dE characterizing the traces of the discrete
state Jcpj in this new continuum are helpful for a quantitative treatment of
several problems. We review now some of them.
a)

DECAYOF

THE

DISCRETE
LEVEL( * )

Let us first attempt to calculate the probability that the system, initially
prepared (at t = 0) in the discrete state Ip), still remains in the same state
an instant t later. Let us use the relation (17) and expand J p )on the basis
of eigenstates I $ p ) of the Hamiltonian. We get

( * ) This problem may also be treated by using the Weisskopf-Wigner method. See, for
example Cohen-Tannoudji, Diu, and Laloe, Complement D,,,,.
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becomes

and the probability amplitude of finding the system in the state Ip) is,
according to (21) and (221, equal to

which we may rewrite by replacing c 2 by ( h T / 2 7 ) 6 :

At the limit 6
that

-+

0, the sum 6Z,f(E,)

tends to an integral j’dEf(E), so

This integral is calculated by the method of residues and reduces to

The probability of finding the system at the instant t in the level 19) is
thus

It decays exponentially with a time constant

r-’.
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t
Figure 2. Energy-level scheme considered in this paragraph. The arrows represent
the coupling between the levels.

b ) EXCITATION
OF THE SYSTEM
IN
STATE

THE

DISCRETE
LEVELFROM ANOTHER

Let us now assume that the system under study has another discrete
level Ix), with unperturbed energy E x , orthogonal to the discrete state
( 9 ) and to the quasi-continuum of states {lk)}. This level Ix) is coupled
directly only to the state Ip) by a coupling Hamiltonian W.
(CPIWIX)

=

w

(28.a)

(klWlx)

=

0.

(28 .b)

All the other matrix elements of W are assumed to be zero.
We show in this section that, if w is sufficiently small, the system,
initially in state Ix), leaves this state with a well-defined rate. In other
words, as a consequence of its coupling with a discrete level Ip), which is
itself coupled to a continuum, the level I X ) acquires a finite lifetime.
We have shown previously (42) that the coupling of Ip) with the states
Ik) gives rise to a new quasi-continuum of states lt+bp). Let us now
calculate (t+bpIWlx).Because W couples Ix) only to Ip), we have

It thus appears that W couples the level Ix) to the quasi-continuum of
states {lt+bp)). If the coupling w remains small, the probability per uilit
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time that the system leaves the state I,Y) is given by Fermi's golden rule:

for E, = E,, is equal to 1/6.) By using (29)
(The density of states {
and (17), we find at the limit 6 -+ 0:

In the particular case where Ix) and
E, = O), expression (31) becomes

Ip)

have the same energy ( E x =

4w2

r, = h21'.
Hence, a discrete state Ix) coupled to another discrete state Ip) which is
unstable will itself decay irreversibly, with a rate r, given by (32).
Remarks
(i) The trcatment presented above is valid only for sufficiently small w. More
precisely the coupling w must be smaller than the width hT of the interval over
is significant, or equivalently, the width of the interval of
which I($,IWl,y)l*
the new continuum ( I $ p ) )
in which the probability that Iq) is present is
important. Such a result may also be understood by comparing the period of the
Rabi oscillation between I x ) and Iq), which is on the order of h / w , and the
lifctime of the system in the level Iq), which is on the order of
If this
lifetime is shorter than the period of the Rabi oscillation, a system initially in
the state I,y> will evolve irreversibly to the continuum because, once it has
passed through Iq), it will immediately decay in the continuum ( l k ) } and will
have an extremely low probability of returning to Ix). Note that the condition
w << hT implies that
<<
The lifetime associated with the level I,y> is
much longer than that associated with the level Iq).

r-'.

r,

r.

(ii) The level I,y> introduced above may itself be part of the continuum
( I k ) } (this is in particular the case for the absorption of a photon between the
ground state a and a discrete excited state b of an atom, a problem that we will
consider in subsection B-4 of Chapter 11). To apply the preceding treatment, we
must remove the state I,y) from the continuum. Clearly, if 6 is sufficiently
small, the new continuum resulting from the coupling between the discrete
state (cp) and the continuum of states ( l k ) } from which we have subtracted I x )

Transition Amplitudes in Electrodynamics

60

will be sufficiently close to the continuum
preceding results remain valid.
C)

RESONANT
S CAT T E RING

THROUGH A

(I@,))

c,.3

studied above, so that all the

DISCRETE
LEVEL

Let us now consider two levels lx,) and Ix,) having the same energy
E,. For example, in the problem of the resonant scattering of a photon
by an atom, Ix,) and Ix,) are states which represent the atom in the
ground state in the presence of the incident or scattered photon, respectively (see 9C-3 of Chapter 11). These two levels Ix,) and Ix,) are coupled
to Icp) by a coupiing term W ( ( q l WIx,) = w, and (qIWIx,) = w,). On the
other hand, we assume that Ix,)and Ix,) are neither coupled to each
other ((x,IWlx,) = 0 ) nor to the levels of the quasi-continuum {Ik))
( ( k l Wlx,) = 0). We will study the scattering from Ix,) to Ix,) and show
that, even if E, = E,, the scattering amplitude does not diverge. This
result is, of course, related to the fact that the discrete level lcp) is spread
by the coupling V in the quasi-continuum of states {I$,+>).
First, we recall how the scattering amplitude diverges when the coupling between the discrete state Ip) and the continuum { I k ) }is not taken
into consideration. To lowest order in V , the transition matrix element is
written

that is, again

an expression that diverges if Ex = E,.
The coupling between 19) and Ik) appears only to higher orders in V .
In fact it is possible to write the transition matrix element to all orders in
V . It is sufficient to replace H , by H = H , + V in (33) [see expression
(B.15) in this chapter]. Because W couples Ix,) and Ix,) only to Icp), we
get

Let us now introduce the closure relation over the eigenstates I$,+) of H
in the central matrix element of (35). The density of the state Icp) in the
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new continuum then appears explicitly, and expression ( 3 5 ) becomes,
taking (17) and (1) into consideration,

In the limit 6

-+

0, this sum tends to the following integral:

which may be calculated by the residue method and gives
1

q,= W T W , E x + izZ( r/2)

i38)

’

The scattering amplitude thus does not diverge any more when Ex =
E , = 0. Note that everything happens as if, in the lowest-order expression,
the energy of the discrete level Ip) had been replaced by a complex
energy E , - ihr/2 = - i h r / 2 . While remaining finite, the transition
matrix element thus varies in a resonant fashion when Ex is swept over an
interval of width hT about E , = 0.

d ) FANOPROFILES
We come back to the case where the system has another state Ix)
coupled to Jp)by a coupling term W((plWIx) = w),but we now assume
that Ix) is also directly coupled by W to the states Ilk)} of the quasicontinuum. We also make a simplifying assumption concerning the
matrix elements ( k I W l x ) which are assumed to be independent of Ik)
(( k I W l x ) = w’).
What is the probability that a level I$,+) will be excited
from Ix)? This probability is proportional to the square of the matrix
element ( $ w I W l x )which may be calculated from (17) and (5):

( $ , + l ~ l x=)

( ~ I W I X ) L+’ C,(klWlx>~*/(E,+ - E k )
[j?

+(

y ) 2+

Ei]

1/ 2

(39)
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an expression which is written, taking (6) into consideration,

wz' + w'E,,

When the energy of the state E, varies, the two terms of the numerator of
the right-hand side of (40) add up or subtract depending on the respective
signs of E, and of L'w/w'.Hence the lineshape (probability of excitation
as a function of E,) is generally asymmetric.
Relation (40) is frequently rewritten as a function of the reduced
variables

is the energy in units of h r / 2 . The parameter q defined in (42)
characterizes the ratio between the coupling to the discrete state Iq) and
the coupling to the quasi-continuum ( I k ) } . Let us also introduce the
parameter 5

E,

2 6
h2r2
hr

t = -4u2
5-I

-

--

(43)

represents the number of levels of the discretized continuum within
the natural width (5 -+ 0 when S
0). By using these definitions, we
obtain from (40)
-+

In Figure 3 we have represented several possible excitation profiles
obtained for different values of q . They are called Fano profiles (* 1. Note
( * ) Such profiles are encountered in several physical situations, for example in photoionization near an autoionizing state.
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0

0

q=o

q%.l
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0
q-2

Figure 3. Fano profiles obtained for different values of q . The
intensity of the transitions to the states I$,)
of the quasi-continuum is represented by solid lines. The dashed line corresponding to the envelope of these intensities allows us to
visualize the profile of excitation at the continuous limit
(6 -+ 0). Note that except for the limiting situations q = 0 and
q>> 1, the profiles are asymmetric.

that the situation q >> 1 (case where the coupling between Ix) and 19) is
much larger than the coupling between Ix) and lk)) corresponds to the
situation considered in subsection 3-b of this complement.
Remark

In all the situations considered previously, the limit 6 -+ 0 did not pose any
problem. This is not always the case, and certain precautions must be taken
when the problem under study (*) involves quantities such as ( k l $ , ) [relation
(8.b)] in which the factor l/(E, - E,) appears. Actually, in the discrete case
( E , - E,) never vanishes (see Figure 11, and thus division by (E,, - E k )
presents no difficulties. This is what we did, for example, to deduce (5) from
(4.a). By contrast, more precautions must be taken in determining the limit of
l/(E, - E,). In order to determine such a limit considered as a distribution,
we reexpress (E, - E,)-' as a function of the angle p' , defined by Equation
(13.a) and of the integer m closest to E,/6 (see Figure 1). By using Equation
(13.b) and the fact that E, = k 8 , we obtain
1

1

(45)

(*) This is the case, for example, when one studies the energy distribution of the final
states resulting from the disintegration of the discrete state.

Transition Amplitudes in Electrodynamics

64

Let us rewrite (45) as the sum of an odd function of ( r n
function.

c,.4
-

k ) and an even

Since q,/a is, in modulus, less than +, cp,d/a tends to zero when 6 tends to
zero. The first term of the right-hand side of (46) is odd in ( m - k ) 6 , and hence
tends, when 6 + 0, to 9 ( l / ( E ’ - E ) ) , where E’ and E are associated, respectively, with E, and E , and 9 denotes the principal part. Let us now analyze
the second term. It has significant values only for m close to k . In particular,
for Em = E,, its value is equal to a/(cpp6) and thus tends to infinity when
6 + 0. When Em # E,, this term has the opposite sign but its value remains on
the order of 1/6 for small ( m - k ) . Its width in E , is of the order of 6. The
second term of (46) thus tends to a distribution localized in En, = E , when
6 + 0. Let us now calculate the sum.

The sum of this series is known (*) to be .rr/tan cp,;
(13.a),

It follows that the limit 6

+

that is, again according to

0 of the second term of (46) is

( 2 a / h T ) E G ( E - E’).
Finally,

4. Generalization to More Realistic Continua. Diagonalization
of the Hamiltonian without Discretization
We return in this last subsection to the problem of a discrete state 19)
coupled to a continuum of states { IE)), to directly study (without discretizing the continuum) the eigenstates IJr(E)) of the total Hamiltonian. In
contrast to the situation in subsections 2 and 3, we will not make any
(*) See for example, Cartan, corrected exercise

25, p. 226.
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restrictive assumptions on the continuum and on its coupling with the
state 19). In particular, the matrix element (EIVlp) = d E ) is now an
arbitrary function of E . The orthonormalization relation between states of
the continuum is

( E ’ I E ) = 6( E

- €’)

(50)

and the matrix elements of the Hamiltonian H , and of the coupling V are
(cplH,l~) = E ,

(51.a)

(ElH,,IE’) = E6( E - E’)

Let I$(€’))

(ElVIP)

=

L.(E)

(E’IVE)

=

(CpIVlp)

(51.b)
(51.c)

=

(51.d)

0

be an eigenstate of H , with eigenvalue E‘

( 52)

HIIL(E’)) = E’l$(E’)).

To find the expansion of I+(E’)) over the unperturbed states 19) and IE),
we proceed as in subsection 2-a and first project ( 5 2 ) onto Iq), then onto
( E ) .We thus obtain the equations

Distribution, theory allows the general solution of (54) to be written in the
form

where z ( E ’ ) is an arbitrary function of E‘. To determine this function
z ( E‘), we substitute (55) into (53.a), and we obtain
E, + 9 / d E

E ) I2
E‘ - E

I[*(
~

+ z ( E’)I I % ( E ’ ) 1’

=

E’
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that is

E,

1 r(E')
+ h A ( E ' ) + -hz ( E ' ) = E'
7

r

(57)

2

with

A( E ' )

I W ) I2
El-E

1
h

-P/ d E ___ =

=

1
27

.

(58.b)

From this we deduce

z(E')

=

27

E'

-

hA( E ' )
fir(E ' )

E,

-

(59)

Equations (55) and (59) allow us to find the new eigenvectors to within a
normalization coefficient, which is determined by the equation

<$(E')l$(E))= 6 ( E ' - E ) .

( 60)

We do not give here the calculation of this normalization coefficient, but
we will simply quote the result ("1:
1

I$(E'))

=

([E'- E,

-

hA(E')]'+ [hT(E')/2]')

+ [ E'

-

E,

-

hd( E ' ) ]

1/2

(61)

No restrictive assumption having been made on the variation of the
coupling c ( E ) with E , the vectors thus obtained may be applied to the
study of many problems.
(")

See U. Fano, Phys. Rer

.. 124.
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CHAPTER I1

A Survey of Some Interaction
Processes between Photons
and Atoms

Chapter I1 presents an overall view of the interactions between atoms
and photons. Our main goal is to introduce in the simplest possible way
some fundamental processes, to specify the vocabulary used to describe
them, and to analyze the associated physical phenomena. The emphasis
will be placed more on the physical content of the processes under study
than on the calculation methods. During this discussion, we will use only
simple ideas concerning the transition amplitudes introduced in Chapter I,
reserving for subsequent chapters the presentation of more powerful and
more precise calculation methods.
T o classify the different processes to be studied, we find it convenient to
consider the number of photons involved in a given process (to lowest
order where this process appears). Hence, the simplest processes are those
during which a new photon appears (emission processes studied in Section
A), or during which a photon, initially present, disappears (absorption
processes studied in Section B). Distinctions are made among several
cases, depending on the discrete or continuous nature of the initial and
final internal atomic states. This allows us to review several important
phenomena such as photoionization, Bremsstrahlung, photodissociation,
etc. We also show in Section B how the dynamics of the absorption
process (or stimulated emission) may be sensitive to the state of the
incident field. This discussion is extended in Complement A , , where the
probability of absorption is described in terms of correlation functions for
the two interacting systems, the atom and the field.
We then discuss, in Section C, a more complex process involving several
photons, the scuttering process during which one photon disappears and a
67
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new photon appears. Distinctions are made among several types of scattering processes, depending on whether the incident photon has an energy
that is small or large compared to the excitation energies of the atom, a
special treatment being devoted to the case of resonant scattering.
The following section, Section D, deals with multiphoton processes
during which several photons appear or disappear. The variety of these
processes is extremely large, and we review only some significant examples.
Finally, in the last two sections, Sections E and F, we study processes
for which the state of the field is the same in the initial and final states,
but during which photons may be emitted or reabsorbed, or absorbed and
reemitted. We first consider in Section E spontaneous (or stimulated)
rudiatice corrections resulting from the emission and the reabsorption (or
the absorption and reemission) of a photon by a charged particle or by an
atom. The case in which photons are emitted by a particle (or an atom)
and reabsorbed by another particle (or another atom) is then analyzed in
Section F. Such photon exchanges between particles or atoms give rise to
effective interactions for which two examples are given (magnetic interactions and Van der Waals interactions). Finally, the problem of radiative
corrections is described in Complement B I , using another approach
(Pauli-Fierz approach), which consists of carrying out on the quantum
electrodynamic Hamiltonian a unitary transformation that subtracts the
transverse field “bound” to the particles from the total field.

II.A.1

Emission Process: A New Photon Appears

A-EMISSION
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PROCESS: A NEW PHOTON APPEARS

The emission of a photon with wave vector k and polarization E is a
process in which the number of photons in the mode kE increases by one
unit, passing from n in the initial state to n + 1 in the final state, while all
the other modes remain in the same state. We will assume in this
subsection that, in the initial state, all the modes are empty. The emission
is then called spontaneous emission. We will subsequently return to the
case in which photons are present in the initial state. Distinctions are
made depending on whether the initial or final (internal) atomic states are
discrete or continuous.
1. Spontaneous Emission between Two Discrete Atomic Levels.
Radiative Decay of an Excited Atomic State
a ) DIAGRAMMATIC REPRESENTATION

Let us first consider the spontaneous emission of a photon by an atom
passing from one discrete internal state lb) to another discrete internal
state la). More precisely, we take, for the initial state of the global system,
the state

IP,)

=

Ib,K;O)

('4.1)

which represents an atom in the internal state b , with global momentum
h K , the field being in the vacuum state, and for the final state

which represents the atom in the internal state a , with global momentum
hK', in the presence of a photon k e . The diagrammatic representation of
such a process (see Chapter I, QC-5)is given in Figure 1.

Figure 1. Diagrammatic representation of spontaneous
emission between two discrete states b and a.
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Figure 2. Another diagrammatic representation of the
process of spontaneous emission between two discrete
states b and a .

The conservation of energy, expressed by the function 6‘T’(Ef- E i )
appearing in the transition amplitude [relation (29) of Complement A , 1,
leads to

E,

h2KZ

+=E,+2M

h2KI2

2M

+ hw

Similarly, the conservation of the total momentum, due to the translation
invariance of the interaction Hamiltonian (*I, results in

hK

=

hK’

+ hk.

(A.4)

The internal state b necessarily has an energy greater than that of the
state a. This is obvious when (A.3) is written in the center-of-mass
reference frame (K = 01, but it does not clearly appear in the diagram of
Figure 1, which does not show the internal energies. For this reason,
another type of diagrammatic representation (Figure 2) is sometimes used,
where the internal states are represented by horizontal lines with ordinates proportional to the internal energy, and the emission of a photon is
represented by a wavy arrow going from b to a (the atom “falls” from b
to a by emitting a photon).

b ) SPONTANEOUS
EMISSION
RATE
Because total momentum is conserved, the problem of spontaneous
emission can be studied separately in each subspace corresponding to a
given value of this total momentum, for example, in the center-of-mass
system where K = 0 and where, as a result of (A.41, K’ = -k. In this
subspace, [ p i ) = Ib,O;O) is a discrete state, because we have fixed the
value K = 0 and because both the internal state b and the vacuum state
10) of radiation are discrete. By contrast, there exists an infinite number of
(*I See, for example, Photons and Atoms-Introduction
Chapter 111, PD-3.

to Quantum Electrodynamics,
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final states Iqf) = la, - k; k e ) , corresponding to all the possible values of
k, for which the energies E,
h o + ( h 2 k 2 / 2 M )vary continuously. These
states are coupled to 19,) by H,, [see (C.5.b) of Chapter I)]: the problem
of spontaneous emission between two discrete atomic states is thus finally,
with regard to the global system atom + radiation, a problem involving a
discrete state coupled to a continuum. The evolution of the system thus
will present an irreversible character. There will be no reversible oscillations between (cp,) and Icpf), but rather an irreversible departure from the
discrete state Icp,) to the continuum I c p f ) with a transition rate r given,
according to expression (B.8) of Chapter 1, by (*)

+

On the other hand, the energy conservation relation (A.3), combined with
(A.4), determines the energy of the final states, and consequently the
emitted frequencies. In the center-of-mass system (K = 0, K’ = - k) we
obtain

where

is the energy of the atomic transition b

+a

and where

h2k2
h2w2
-Ere, = -2M
2Mc2
is the recoil kinetic energy of the atom associated with the emission of the
photon. Because hw << Mc2, this recoil energy is extremely small compared to h w in the optical (and a fortiori microwave) range, and is
frequently neglected. This is equivalent to considering M = m, and thus an
infinitely heavy atom. The frequency w of the spontaneously emitted
photons in the center-of-mass system is thus equal, to within E,,,/h, to
the atomic transition frequency w g .
( * ) Exercise 1 presents a calculation

of

r

for a two-level atom.
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Remarks
(i) Consider a reference frame, other than the center-of-mass system (K # O),
in which the atom moves with a velocity v = hK/M. The simultaneous resolution of (A.3) and (A.4) yields

For each direction k of emission, there is thus a well-defined emission frequency, depending on the velocity v of the atom and on the angle between v
and k. This is the well-known Doppler effect.
(ii) In all the foregoing, we have implicitly assumed that the atom's center of
mass moves freely. When the atom evolves in an external potential, the total
momentum is no longer a constant of the motion [Equation (A.4) is no longer
valid]. Expression (A.3) then becomes

E,

+ E:'h. = E , + EiG, + hw

(A.3')

where E:!A. and E:f,'. are, respectively, the initial energy (before emission) and
final energy (after emission) associated with the motion of the center of mass in
the external potential. Under certain circumstances, the probability that this
energy does not change during the emission process (E:!A, = ELf,',) may be
significant. In this case, the emitted photon has a frequency that is shifted
neither by the recoil effect nor by the Doppler effect. Such a situation corresponds to the Dicke and Mossbauer effects, and is studied in greater detail in
Exercise 2. The analysis made here on the emission process may be easily
generalized to the absorption process considered in Section B. When the atom
is placed in an external potential, it may happen that the frequency of an
absorbed photon exactly corresponds to the atomic frequency.
c) NONPERTURBATIVE
RESULTS

All the previous considerations result from a calculation of the lowestorder transition amplitude. As we have already indicated in Chapter I
(§B-2), it is possible to go further and to obtain expressions containing
terms to all orders in H I , for the amplitudes (cp,Io(T)lcp,) and
(cpf(o(T)(cp,)
(see also Complement C , or Chapter 111, PC-1). The results
of such a nonperturbative treatment are thus as follows:
(i) The probability P,(T) that the atom is still present in the highest
state b at time T decreases exponentially with a time constant:
7'-

1

r

(A.lO)
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where r is given by (AS) (*>. T is called the radiatice lifetime of the state
b. The spontaneous emission is thus responsible for a radiative decay of
the excited atomic levels.
(ii) As a result of its finite lifetime T , the excited state b has a certain
width in energy, characterized by f i / ~= fir. is called the natural width
of the level b (in angular frequency units). The spontaneous emission lines
are thus not infinitely narrow, as predicted by the first-order theory, but
rather have a certain width (equal to the sum of the natural widths of the
two levels involved in the transition).
(iii) Finally, it is found that the state b is shifted in energy. This is a
radiative correction to which we will return later in paragraph E-1-b.

r

Remark

Spontaneous emission from a discrete excited atomic level may be profoundly
modified if, instead of being in free space, the atom is enclosed in a cavity (**I.
Actually, the modes of the electromagnetic field in the cavity form a discrete
ensemble (if the damping of the cavity is negligible). First of all, suppose that
one of the eigenfrequencies of the cavity coincides with the atomic frequency
u(,,
all the other eigenfrequencies being sufficiently far from w o so that we may
ignore the nonresonant coupling of the atom with these other modes (for this it
is necessary that the cavity be small enough). We will also ignore the external
quantum numbers (negligible recoil energy). The two states Icp;) = Ib; O ) , atom
in the state b, resonant mode in the state lo), and Icp,) = la; l), atom in the
state a with one photon in the resonant mode, thus form two discrete states of
the global system, degenerate in energy and far from all the other states. The
interaction between the atom and the radiation therefore gives rise to a Rabi
oscillation: the atom emits a photon into the cavity, then reabsorbs it, then
reemits it, and so on. In the case where the eigenfrequencies of the cavity do
not coincide with w o , the evolution is completely different: the atom cannot
emit a photon into the cavity, because the total energy would not be conserved.

2. Spontaneous Emission between a Continuum State and a Discrete State
We now assume that one of the two atomic states, a or b, belongs to a
continuum, the other being discrete.
( * ) We assume that the only energy level lower than E , to which the atom can decay from
b by spontaneous emission is the level a.
( * * ) See for example D. Kleppner, Phys. Re[,.Lett., 47, 233 (1981); S. Haroche and J. M.
Raimond, in Adcances in Atomic and Molecular Physics, edited by D. R. Bates and
B. Bederson, Academic Press, New York, 1985, Vol. 20, p. 347; P. Filipowicz, P. Meystre,
G. Rempe and H. Walther, O p f . Acta, 32, 1105 (1985).
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Figure 3. Spontaneous emission from a
state b of the ionization continuum to a

discrete atomic state

a.
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a ) FIRST
EXAMPLE:
RADIATIVE
CAPTLJRE

In the first example we study, the atomic state b belongs t o the
ionization continuum of the atom (*>. This continuum is represented by
hatched lines in Figure 3 (the distance E , between the beginning of the
continuum a n d the ground state is the ionization energy). Spontaneous
emission causes the atom to pass from a state b of this continuum to a
discrete state a located below the ionization limit.
Physically, a state such as 6 describes a collision state between an
electron and a n ion. T h e electron is not bound to the ion in the state b. By
linearly superposing states such as 6 , wave packets can be constructed
which describe an electron arriving from infinity, interacting with the ion,
and then going far away. If a spontaneous emission process of the type
shown in Figure 3 occurs, the electron loses energy radiatively and is then
bound to the ion in a state a , thus forming a neutral atom. This is known
as radiative capture of the electron by the ion. Radiative capture of
electrons by protons occurs in interstellar space and is at the origin of the
formation of hydrogen atoms in Rydberg states n , which are detected in
radio astronomy by the microwave radiation that these atoms then emit in
transitions n
n - 1, tz - 1 IZ - 2 . . . .
Because the states 19,) = I6;O) and Iqf) = la;ke) both belong to
continua (the first because of b, the second because of kE), it is possible to
define a transitim rate and an incident flux, and, consequently, a radiative
capture cross-section of the electron in the state a . Such cross-sections
play an important role in astrophysics and plasma physics.
-+

-+

( * ) T h e atom is assumed to be infinitely heavy, so that the external quantum numbers are
ignored.
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Figure 4. Interaction potentials and energy levels of a diatomic molecule. The
figure corresponds to an excimer or exciplex, the ground state being dissociative.
An excited electronic level where the two
atoms are bound is considered.

b ) SECONDEXAMPLE:
RADIATIVE
DISSOCIATION
OF A MOLECULE
W e now consider a second exalilple, borrowed from molecular physics,
where it is the higher state b that is discrete, and the lower state a that
belongs t o a continuum.
T h e state b is assumed t o belong t o an excited electronic state of a
diatomic molecule, in which the effective interaction potential V ( r ) between the two atoms has a minimum as a function of the internuclear
distance r (Figure 4). T h e state b is a state of vibration-rotation in this
potential well.
T h e state a , on the other hand, belongs t o a dissociative electronic
state, that is, to a state for which the potential V ( r ) between the two
atoms does not have a minimum (or for which the minimum is extremely
shallow). In such an electronic state, the two atoms cannot form a stable
molecule, and the state u actually describes a collision state between t h e
two atoms. Molecules having configurations of the same type as those
shown in Figure 4 are called excimers, for homonuclear molecules (such as
Xe,), o r exciplexes, for heteronuclear molecules (such as XeF).
In a state such as b, the two atoms vibrate about their equilibrium
position. T h e spontaneous emission of a photon h w causes the molecule
t o pass into the state a located at h w below b, then the two atoms rapidly
move away from each other. T h e spontaneous emission has thus dissociated the molecule. This is why the name “radiative dissociation” is given
to such a process. Because state a belongs to a continuum, the frequency
of the emitted photon can vary within a certain interval and the spectrum
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Figure 5. Spontaneous emission between two states of the ionization continuum of an atom.
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of the light emitted is a continuous spectrum and not a spectrum of
discrete lines.
Remark
Such systems are well suited to the realization of laser sources (*I. Because the
lower state a dissociates extremely rapidly, with characteristic times (on the
order of the molecular dimensions divided by the relative velocity of the two
separating atoms) that are much shorter than the radiative lifetime of the
higher state b, the state a may be less populated than the state b (for example,
in a discharge where the state h is permanently populated by collisions). It is
therefore possible to realize significant population inversions between h and a
leading to a high gain.

3. Spontaneous Emission between Two States of the Ionization
Continuum-Bremsstrahlung

We finally consider, in this last subsection, the case in which the two
states a and b both belong to a continuum. For example, a and b may
both be located in the ionization continuum of an atom (Figure 5 ) .
Physically, an electron moves from infinity toward an ion with an initial
kinetic energy E,. Arriving in the vicinity of the ion, it spontaneously emits
a photon, which causes it to lose the energy h a . However, this energy loss
is insufficient to allow it to be captured by the ion, and the electron again
moves away toward infinity with a final kinetic energy E , = E, - h w
lower than E,. The spontaneous emission of a photon has thus slowed
down the electron, hence the name Bremsstrahlung (deceleration-induced
(*) See, for example, IEEE J . of Quantum. Electron., QE-15, 26.5 (1979); Excimer Lasers,
Vol. 30 of Topics in Applied Physics, edited by C. K. Rhodes, Springer Verlag, Berlin, 1979;
M. H. R. Hutchinson, Appl. Phys., 21, 9.5 (1980).
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radiation) given to the process. Because the energy E , of the final state a
may vary continuously, the Bremsstrahlung spectrum is continuous.
We must emphasize the importance of the presence of the ion. Actually, the real emission of a photon by a free electron is forbidden (*I. To
see this, it is sufficient to consider the reference frame in which the
electron is at rest. The emission of a photon and the recoil of the electron
to conserve global momentum necessarily result in a state for which the
energy is greater than that of the initial state. Hence there is no final state
of the global system, coupled by H,, to the initial state, that has the same
energy. A third partner is required, in this case the ion, which may provide
the momentum necessary to achieve a final state of the global system
having the same energy and the same momentum as the initial state (**I.

( * ) On the other hand. a free electron may virtually emit a photon and reabsorb it (see
OE-1 below).
( ” * ) Exercise 8 presents a calculation of the cross-section for the emission of a photon by
Bremsstrahlung. This calculation is a perturbative one with regard to the potential created by
the ion and it uses the Pauli-Fierz representation introduced in Complement B,,.
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B--ABSORPTION

II.B.1

PROCESS: A PHOTON DISAPPEARS

During an absorption process, a photon disappears. The corresponding
energy is gained by the atom in the form of recoil kinetic energy and an
increase in internal energy. As for spontaneous emission, distinctions can
be made among several cases, depending on the discrete or continuous
character of the internal atomic energy in the initial and the final states.
Some examples of these different situations are briefly summarized in
subsections 1-3.
A new element appears in the study of absorption processes. Whereas
in the study of spontaneous emission, the initial state of the field is always
the vacuum, several types of initial states may now be envisioned for the
field: monochromatic or broadband incident radiation, weak or strong
radiation, with constant or pulsed intensity, etc. We will show in subsection 4, by using qualitative arguments, how the dynamics of the absorption
process between two discrete states may be sensitive to the properties of
the incident radiation.
Finally, note that there is an emission process known as stimulated
emission that has many similarities to the process of absorption. As with
absorption, stimulated emission is caused by photons present in the initial
state. On the other hand, when the atom undergoes a transition to a lower
state, the energy lost by the atom is gained by the field that induced this
transition. Instead of being depleted, the incident radiation is thus amplified. Most of the results we establish in this subsection concerning absorption may thus be adapted to stimulated emission.

1. Absorption between Two Discrete States
This involves a process which is exactly the reverse of the emission
process discussed previously in subsection A-1. By absorbing a photon h w
the atom passes from a discrete internal state a to another discrete
internal state b having a higher energy. Two possible diagrammatic
representations of such a process are shown in Figure 6.
The conservation of global energy and momentum implies that the
frequency w of the photon absorbed by an atom initially at rest (K = 0) in
the state a , is given by

Thus, for an atom initially at rest, the frequencies of emission and
absorption differ, respectively, from the atomic frequency w u by the
quantities - Erec/h and + Erec/h [compare (A.6) to (B.111.
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Figure 6. Two diagrammatic representations of the absorption process (compare
Figure 1 to 6 a , and 2 to 6p).

We will return later ($4) to the conditions under which it is possible to
define a probability of absorption (or of stimulated emission) per unit
time.
2. Absorption between a Discrete State and a Continuum State
a ) FIRSTEXAMPLE:
PHOTOIONIZATION

This process is the reverse of radiative capture. An atom, initially in a
discrete internal state a , for example, the ground state, absorbs a photon
having an energy hw higher than the ionization energy E, of the atom,
and ends up in the state h of the ionization continuum (see Figure 7).
This disappearance of a photon, accompanied by the appearance of a
photoelectron, is simply the well-known photoelectric effect. The conservation of global energy at the end of the absorption process results in the

I
El

I

Figure 7. Photoionization of an atom by the
absorption of a photon ( h w > E,).
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fact that the energy of state b above the ionization threshold, that is also
t h e final kinetic energy rnv2/2 of t h e photoelectron, once it is separated
from the ion, is related t o the energy Aw of the incident photon and t o the
ionization energy E , by t h e equation:

hw

=

E,

+

1
- m i 2

2

which is just t h e Einstein relation.
Because the final state belongs necessarily t o a continuum (as a result
of t h e continuous character of E J , the Fermi golden rule allows us t o
calculate a photoionization rate and, consequently, after division by the
flux associated with the incident photon, a photoionization cross-section.
Remarks
(i) The preceding discussion seems to indicate that the probability of photoionization is zero for ho < E, because the absorption of a photon hw cannot
bring the atom into the ionization continuum. Actually, at high intensities, the
atom can be photoionized even if hw < E,. This occurs through a multiphoton
ionization process, during which the atom absorbs n photons (with n > l),
bringing to it an energy nhw sufficient to pass into the ionization continuum
(see Section D below).
(ii) For hw sufficiently large compared to E,, the probability of photoionization
decreases extremely rapidly as o increases. The physical interpretation of this
rapid decrease is simple. Actually, the greater hw is compared to El, the more
the atomic electron appears free to the incident photon. But we know that the
absorption of a photon by a free electron is not allowed as a real process. To
see this, consider Figure 8a, where the relation between the energy E and the
momentum p for a free electron is shown (parabola E = p 2 / 2 r n ) . A free
electron initially at rest (point 0 )that absorbs a photon having energy E =, hw
and momentum p = E / c goes from point 0 to point 0‘ (the line 00‘ has a
slope c that is nearly vertical compared to the slope of the tangents to the
parabola, which is equal to p / m = c’ << c ) . The electron “thus leaves the
parabola”, so that the corresponding transition cannot be real. This remains
true even if the electron is not initially at rest.
On the other hand, in a bound state, the momentum of the electron is no
longer perfectly defined. For example, in the ground state lqa), having energy
- E l , the wave function has a certain width in momentum space represented by
segment MN in Figure 8p. The length of MN is a characteristic distance over
which the wave function q , ( p ) decreases. Hence, the amplitude of absorption of
a photon k e is proportional to the matrix element (qfle . p exp(ik . r ) l q , )
where Iq,) is the ground state and Iqf) is the state of the continuum with
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Figure 8. Diagrams describing the role of energy and momentum conservation in
the absorption of a photon by a free ( a ) or bound ( p ) electron.

energy h w - E,. The operator exp(ik . r) is a translation operator in momentum space translating p by hk. The amplitude of absorption of the photon is
thus proportional to the overlap integral, in momentum space, of the wave
function E pcp,(p - hk) with the wave functions cpf(p) of the states of the
continuum having energy h w - E,. In Figure Sp, the width of E . pcp,(p - hk)
is represented by the segment M'N' obtained starting from MN by a translation h w / c on the p axis and h w on the E axis. The functions 'pf(p) are
schematically represented by the points P and Q. The overlap of these
functions can thus be nonzero and the transition is therefore allowed. When h w
increases, the segment M ' N ' moves away from the points P and Q and the
overlap integral for the corresponding wave functions decreases. It is thus
possible to qualitatively understand (*) why the photoionization cross-section
decreases with h w for h w >> E,.

b ) SECOND
EXAMPLE:
PHOTODISSOCIATION
In the second example, borrowed from molecular physics, the initial
state a is a vibration-rotation sublevel of the electronic ground state of a
stable molecule (the effective potential has a minimum in this state-see
Figure 9). The absorption of a photon ho brings the molecule to a
dissociativc excited electronic state b.
(") For

more details, see Bethe and Salpeter, Section 69.
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Figure 9. Photodissociation of a molecule
by absorption of a photon.
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Hence, the absorption of a photon h w breaks apart the molecule. Such
a process is called photodissociation (*I.

3. Absorption between Two States of the Ionization Continuum:
Inverse Bremsstrahlung
Figure 10 shows a photon absorption between two states a and b of the
ionization continuum. Such a transition, known as a “free-free’’ transition,
is accompanied by an acceleration of the electron. The corresponding
process, which is the reverse of that in Figure 5 , is called “inverse

Figure 10. Photon absorption between two states
of the ionization continuum.
( * ) See for example Herzberg, Chapter VII
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Bremsstrahlung”. It plays an important role in the heating of electrons in
a laser-induced plasma.

4. Influence of the Initial State of the Field on the Dynamics
of the Absorption Process
We return to the question of absorption between two discrete internal
atomic states, the ground state a and an excited state b (for the sake of
simplicity, we assume the atom to be infinitely heavy and disregard the
external quantum numbers). We will attempt to identify the discrete or
continuous nature of the final state of the global atom
radiation system,
and show that several time evolutions are possible, depending on the
nature of the state of the incident radiation.
Let us first assume that the incident radiation is monochromatic and
resonant. For example, a single mode kOEg is populated and contains N
photons of frequency w g = ck,, equal to the frequency of the atomic
transition ( E , - E,)/h. The initial state of the total system is thus
19,) = la; Nk,,Eo) (atom in the state a in the presence of N photons
k0E,,, all the other modes being empty). The interaction Hamiltonian H,,
couples this state lcp,) to another state Ipf) = Ib;(N - l)k,Eo) representing the atom in the excited state b in the presence of N - 1 photons
kgEll, all the other modes being empty. As a result of the resonant
character of the excitation, the loss of energy due to photon annihilation is
compensated for by the gain in the internal energy of the atom, and the
two states 19,) and 19,) have the same energy (left-hand side of Figure
11). We now study the states to which the state Ipf) is coupled. In
addition to the coupling with the state Iq,), we must also consider the
possibility that the atom will return to the state a by emitting a photon in
a mode k E that was initially empty. The N - 1 photons k O e Oremain
spectators in such a transition, which is simply the transition studied in
subsection A-1 to describe the spontaneous emission of a photon k e from
the state h. The state I q f ) is thus also coupled to all the states 19,) =

+

I.,)

IpJ) =

=

10

; Nk, €0)

4--c

Ib; (N -

l)k,Eo)

+--b

Figure 11. Some important states of the global “atom
ing in the study of the absorption process.

10

; ( N - l ) k , €0.

ke)

+ radiation” system appear-
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la; ( N - l)k,Eo, kE) (atom in the ground state a in the presence of N - 1
photons koEo and one photon kE) which form a continuum (right-hand
side of Figure 11). The preceding analysis thus demonstrates that the state
Iq,) is not a “true final state” for the atom leaving 19,) because it is also
coupled to the continuum of states Iq,). Moreover, the transition from
Iq,) to 19,) through Iqf), that is, the appearance of a new photon kE
accompanied by the disappearance of an incident photon kOEO,is simply a
scattering process. We will return to this important process in Section C
that follows.
The temporal evolution of the global system starting from the initial
state lq,),which may be studied using the amplitude ( q , I ~ ( T ) / q ,is) ,
simple in several cases which we will now discuss. First consider the
evolution of the state 19,) in the two limiting cases where either the
coupling on the right with the states Iq,) or the coupling on the left with
the state Iq,) can be neglected. If the state 19,) were coupled only to the
state Iq,), the problem would then be reduced to that of two discrete
states of the same energy coupled to each other (see Chapter I, §B-l). The
evolution of the system would thus be a Rabi nutation between 19,) and
19,) occurring at the Rabi frequency 0 , proportional to the product of
where ( E z )is
the dipole moment d , , of the transition a +-+ b by
the mean value of the square of the electric field at the atom location,
evaluated in the state INk,E,). This Rabi frequency, proportional to fi,
increases with N . On the other hand, if the state 19,) were coupled only
to the continuum Iq,), it would disintegrate exponentially toward the
continuum with a lifetime T = l/T (see §A-l).The two limiting cases thus
correspond to the two situations R , >> or R , <<
In the first case
(intense monochromatic wave), we can, to a first approximation, neglect
the spontaneous decay of b. The atom oscillates between a and b at the
Rabi frequency O,, and this rapid nutation is slowly damped with a time
constant on the order of
In this case, we obviously cannot describe
the process in terms of transition rate or absorption cross-section. In the
second case (weak monochromatic excitation), we can disregard in a first
approximation the coupling of Iqf) with lq, ). The diagonalization of the
coupling on thc right in Figure 11 in the subspace formed by the discrete
state 19,) and the continuum (Iq,)) yields a single continuum of new
states
in which the density of the state 19,) (near the unperturbed
energy of Iq,)) is on the order of l / h T (one state over an interval AT):
The state Iqf) is in some way “diluted” within the continuum {I$,))
over
an interval having a width on the order of hT (see Complement C,). The
coupling of the state Ip,) with this new continuum gives rise to a
disintegration rate of l q L ) ,which, according to Fermi’s golden rule, is on
the order of ( l / h ) X (square of the coupling between 19,) and Iq,)) x

im,

r

r- ’.

r.
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(density of the state I q f ) in the new continuum), that is on the order of
( l / h ) X h2R: X ( l / h r ) = L?;/r.It is thus possible in this case to define
an absorption rate, proportional to O:, thus to N , i.e., to the incident flux,
and consequently to derive an absorption cross section.
All the preceding considerations concern monochromatic incident radiation. Let us now assume that, in the initial state, the atom is in the
presence of N , photons k l e , , N , photons k 2 e 2 , .. . , N, photons k , e , .. .
the frequencies w 1 = c k l , w 2 = c k , . . . w , = ck, . . . forming an extremely dense ensemble, that we can consider as a continuous spectrum.
The initial state ( 9 , ) = la; N , k , e , . . . N,k,E,
) is thus coupled to a
large number of states I q f ) = / b ;N , k , e ,
(N,- l)k,e, * * . ) corresponding to the atom in the state b, a photon k , e , having been absorbed.
Because w , = c k , may take a large number of values, the states I q f ) now
form a continuum, instead of being reduced to a single discrete state as in
the monochromatic case displayed in Figure 11. Even if the coupling of
these states lqf) with the states Iq,) associated with spontaneous emission of a photon k e from b is disregarded, the temporal evolution of 19,)
is thus that of a discrete state coupled to a continuum, and it is possible to
define an absorption rate which can easily be seen to be proportional to
the value of the incident intensity for w = w o . It is thus possible to recover
in this way the Einstein B coefficients that describe absorption and
stimulated emission (see also Chapter IV, Section El.
We have limited ourselves, in the preceding examples, to stationary
states for the incident field (eigenstates of HR). It is easy to envision the
large variety of situations which may be realized with nonstationary
incident radiation (pulsed excitation).
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C-SCATTERING PROCESS: A PHOTON DISAPPEARS AND
ANOTHER PHOTON APPEARS
1. Scattering Amplitude-Diagrammatic

Representation

In a scattering process, the global system passes from an initial state
lq,), in which the atom is in a state a in the presence of a photon kE, to a

final state Iqf) in which the atom is in the state a‘ in the presence of
another photon k’e’. Three possible pathways allow lq,) to be connected
to I q f ) : the atom absorbs the photon k e and passes into the state b, then
emits the photon k’e’ and passes into the state a‘ (Figure 12~x1;it may also
first emit the photon k’e’ before absorbing the photon k e (Figure 12p);
finally, the absorption of k c and the emission of k’e’ may occur simultaneously (Figcre 12y). The two processes 12a and 12p correspond to the
action of H,, to the second order with an intermediate state, whereas the
process 12y is associated with the action of H I , to first order (see Chapter
I, 5C-5 and Figure 2).
According to the relation (B.14) of Chapter I, the three amplitudes Y,[
associated with these three pathways equal, respectively, in the lowest
order,

C

Iim

cqf= C

Iim

7;=

Fz

b q-’O+

( a ‘ ; k’E‘IH,,lb; O ) ( b ;OIH,, l a ; kE)

E,

+ h w - E , + iq

( a ’ ; k’E’IHlIlb; kE, k’c’)(b;k e , k’e’lH/,Ia;k e )

t) v-0,

=

( u ’ ; k ’ e ’ ~ H 1 2k~ea);.

E,

- hw’ -

E,

+ iT

(C.l .a)
(C.1.b)
(C.1.c)

H,, and H,, are the one-photon and two-photon interaction Hamiltonians
given by the expressions (C.5.b) and (C.5.d) of Chapter I. Here we neglect
H i and the effects due to the spins.
Remark
In the electric dipole approach (see Appendix, 9 9 , the interaction Hamiltonian
between the atom and the radiation contains only linear terms in a and a + so
that, in this approach, the scattering always appears as a second-order process
for the interaction Hamiltonian Hi. Hence therc are only two possible pathways associated with diagrams of the type 12a and 12p.

The intermediate state of process 12p is never discrete, due to the
presence of the photons h w and hw’. By contrast, the intermediate state
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Figure 12. Possible pathways connecting the initial state and the final state of a
scattering process.

of process 1 2 a may be discrete if the atomic state b is discrete. In such a
case, the energy denominator of (C.1.a) may lead to a divergence (*) of
7;if h w is equal to E, - E,, that is, if the frequency w of the incident
photon is resonant with the frequency ( E , - E,)/h of the transition
b a. This is a resonant scattering process that we exclude for the
moment and to which we will return later (QC-3).
The conservation of total energy between lp,) and Ipf) results in (for
an infinitely heavy atom for which recoil is neglected)
E,

+ h o = E,f + Rw’ .

If the atom found in the Same state at the end of the scattering process
(a’ = a), we have Eaf = E,, and consequently, according to (C.2), w‘ = w .
The scattering is known as elastic. If a’ differs from a , the scattering is
inelastic and the change in energy of the photon h(w’ - w > reflects the
change in atomic energy E , - E,,.
Finally, we note the existence of another diagrammatic representation
of process a that is frequently used (Figure 13). The absorption of the
photon h w is represented by an upward arrow joining the state a to a
dashed line located at a distance h o above a . The emission of ho‘ is
represented by a downward arrow connecting this dashed line to the state
a’. The advantage of this representation is that the distance between the
state b and the dashed line in Figure 13 represents clearly the energy
( * ) If state b belongs to a continuous atomic spectrum, the presence of iq in the
denominator of (C.1.a) results in the appearance of a principal part and a delta function that
yield finite results when the integration over the energy E, of b is performed, even if
E, - E , may be equal to ho.
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b

13. Another diagrammatic
representation of process a shown in

Figure

Figure 12.

a

.’

defect of the intermediate state of the scattering process. The scattering is
resonant when the dashed line coincides with the state b. One might well
wonder whether such a dashed line represents an energy level. Actually,
what is involved is not an atomic level, but rather an energy level of the
one photon k E , or also atom in the
global system: atom in the state a
state a’ + one photon k’d [these two states have the same energy
according to (C.211. The state b of Figure 13 may also be considered as a
state of the global system, atom in the state b without any photon. Hence
we can clearly understand how the distance between the level b and the
dashed line in Figure 13 represents the energy defect of the global system
in the intermediate state of process a .
In the preceding, we have considered the scattering of a photon by an
atom. A photon can also be scattered by a free electron (recall that a
photon cannot be really absorbed or emitted by a free electron). Such a
process is just Compton scattering. Diagrams a , p, y in Figure 12 remain
valid provided that a , b, and a‘ are considered as the quantum numbers
specifying the free-electron state (for example, momentum and spin). The
resolution of the equations expressing the conservation of total energy and
total momentum between Iqi) and Iqf) yields the well-known expression
for the Compton frequency shift.

+

2. Different Types of Photon Scattering by an Atomic or Molecular System

Depending on the energy of the incident photon and the elastic or
inelastic character of the scattering, different names are used to designate
the scattering of a photon by an atom or a molecule. We will now review
some examples of such processes.
a ) LOW-ENERGY
ELASTIC
SCATTERING:
RAYLEIGH
SCATTERING

The energy hw of the incident photon is assumed to be very small
compared to the ionization energy of the atom E,, and thus compared to
the energy differences E, - E , separating the initial atomic level a , which

II.C.2
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n,
h w ’ = fio

a

Figure 14. Rayleigh scattering.

is generally the ground state, from excited electronic states b appearing in
the intermediate state:

Since the scattering is elastic, we have a’ = a , and hw’ = hw. The Rayleigh
scattering is thus the scattering, without change in frequency, by an atom
or a molecule irradiated by a radiation having a frequency much lower
than its resonance frequencies (Figure 14).
It is possible to show that the Rayleigh scattering cross-section is
proportional to w 4 (it increases extremely rapidly with the frequency of
the incident photon), and to the static polarizability of the atomic system
in state a (see Exercise 3).
b ) LOW-ENERGY
INELASTIC
SCATTERING:
RAMANSCATTERING

The energy hw of the photon is always assumed to be small compared
with the ionization energy E,, but the final state a‘ of the atomic system is
now different from a. The scattering, which is then called Raman scattering, is thus accompanied by a change in frequency, w - w‘, which according to (C.2) is equal to ( E a r- E,)/h. In general, the levels a and a’ are
different rovibrational levels of a molecule, and the measure of the
frequency shift between the incident light and the scattered light allows us
to determine the frequencies of vibration and rotation of the molecule (*).
Depending on whether the initial molecular level U is lower or higher in
energy than the final level a’, the scattering process is called Stokes
(Figure 1.5~1)or anti-Stokes (Figure 15P) Raman scattering. The scattered
light has a frequency w’ lower than o in the first case, and higher in the
second case.
(*) See,

for example, Herzberg, Chapter 11, $4.
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Figure 16. Inverse Raman process of that in
Figure 15a.

Remark

Assume that the modes w and w’ (Figure 15a) are both initially populated. It is
then possible to consider the inuerse process of process 15a, where the
molecule, initially in the state a’, ends in the state a by absorbing a photon hw’
and by emitting a photon h w (Figure 16). The processes in Figure 15a amplify
the radiation at the frequency w’ (by absorption of a photon hw and induced
emission of a photon hw’), whereas the processes in Figure 16 deplete it (by
absorption of a photon hw‘ and induced emission of a photon h w ) . However,
the initial molecular state is not the same in the two cases, which leads to
amplification and depletion processes respectively proportional to the numbers
N, and Nat of molecules in states a and a‘. If N, > N,,, the molecular medium
presents a gain at frequency w’. Thus, a laser oscillation at frequency w’ can be
obtained if the gain of the medium enclosed in a cavity tuned around w‘ is
larger than the losses. This is the principle of Raman lasers (*),

c ) HIGH-ENERGY
ELASTIC
SCATTERING:
THOMSON
SCATTERING
The energy hw of the incident photon is assumed to be large compared
with the ionization energy of the atom E,. The elastic scattering, with
a’ = a and o’= o (Figure 17) is, in this case, called Thomson scattering.
(*I See, for example, Bloembergen, $4 and 5 ; Shen, Chapter 10; W. Kaiser and M. Maier
in Laser Handbook, edited by F. T. Arrecchi and E. 0. Schultz-Dubois, Vol. 2, p. 1077,
North-Holland, Amsterdam, 1972; Hanna, Yuratich and Cotter, Chapters 5 and 6 .
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Figure 17. Thomson scattering.

Such a process plays a preponderant role in the scattering of soft x rays by
atoms.
The quantum calculation of the total Thomson-scattering cross-section
u r (see Exercise 4) yields, in the limit where the wavelength A of incident
radiation is large compared with the atomic dimensions a , (*), the
well-known result uT = 87~r,2/3(where r , is the classical electron radius),
that is, the scattering cross section of a monochromatic wave by a classical
free electron. Such a result shows that Thomson scattering by an atomic
electron may be interpreted in semi-classical terms. The incident wave
causes the electron to vibrate at a frequency w much higher than those of
its motion around the nucleus (on the order of E,/h). To first approximation, everything happens as if the atomic electron were free. Moreover,
when h w % E,, it is the amplitude (C.1.c) that is the most significant, as
for the free electron and not (C.1.a). The contribution of the latter is
actually decreased by the factor hw in the denominator.
d ) HIGH-ENERGY
INELASTIC
SCATTERING
WITH THE FINAL
ATOMIC
STATE
I N THE IONIZATION
CONTINUUM:
COMPTON
SCATTERING

Finally, we assume that hw is very large compared with E,, and even
sufficiently large so that the wavelength A is small compared with the
atomic dimensions a,. The binding of the electron to the nucleus thus
(*) For a hydrogen atom, the conditions hw >z E, and A >z a,,, considered in this
paragraph, correspond to the energy interval [ a 2 m c 2- a m c 2 ] ,where a is the fine structure
constant. See Photons and Atoms-Introduction to Quantum Electrodynamics, Chapter 111,
Figure 2.
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Figure 18. Compton scattering by an atomic
electron.
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plays only a small role in the scattering that greatly resembles Compton
scattering by a free electron. One then expects the important scattering
processes to be inelastic processes where the atom is ionized in the final
state (Figure 18).
The momenta hk and hk’ of the incident and scattered photons and
the momentum po of the electron in the final state a’ are thus very large
compared with that of the electron in the initial state a , which is distributed over an interval having a width on the order of h / ~ , about a zero
mean value. To first approximation, we can thus consider the process in
Figure 18 as a Compton-scattering process by a free electron initially at
rest. The corrections to this approximation arc due to the distribution of
electron momentum in the initial state and in the final state and thus yield
information about the atomic wave functions. As for Thomson scattering,
it is the amplitude (C.1.c) that is preponderant.
Remark
It is possible to analyze Compton scattering by a free or bound electron by
means of energy-momentum diagrams analogous to those in Figure 8. Thus,
Figure 19a represents the Compton scattering by a free electron initially at
rest. In order t o be able to draw two-dimensional figures, with the energy on the
ordinate and the momentum on the abscissa, we will limit ourselves to backward scattering, the momenta hk and h k of the incident and scattered photons
being in opposite directions. It can be seen from Figure 19a that it is possible,
starting from point 0 of the parabola, to arrive at another point 0 on the
parabola by successively carrying out the translation 00’ corresponding to the
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Figure 19. Energy-momentum diagrams associated with Compton scattering by a
free electron initially at rest (a)and by a bound electron ( p ) .

absorption of the incident photon h w , hk and the translation 0'0" corresponding to the emission of the scattered photon hw', h k . The scattering process may
therefore be real. For a bound electron, it is necessary to start from the ground
state, for which the wave function cp,(p) is, as in Figure 8, represented by a
horizontal segment M N , located at the ordinate -E,. At high energy ( h w >>
E,), the preponderant term of the amplitude for Compton scattering is given by
the expression (C.l.c), which is, according to the expression for H,, [see
relation (C.5.d) in Chapter I], proportional to (cpatIexpi(k - k ) . rlcp,). Thus
we obtain the overlap integral of the ground-state wave function cp,(p), translated by h(k - k'), with the wave function cp:,(p) of the state of the continuum
with energy -El + h ( w - w ' ) . In Figure 19p, these two wave functions are
represented, respectively, by the segment M"N" (obtained starting from MN as
a result of two translations h o , h k and -hw', - h k ) and by the points P and
Q (corresponding to the intersection of the parabola by the horizontal line of
energy - E , + h w - hw'). Because of the finite width of M"N", the preceding
overlap integral may be important for a range of values of w ' , w being fixed.
Thus, the Compton scattering by a bound electron does not give rise to an
infinitely narrow line (in a given scattering direction), unlike what occurs for a
free electron.

3. Resonant Scattering

We now return to the case in which the frequency w of the incident
photon is very close to the frequency w o = ( E , - E , ) / h of an atomic
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Figure 20. Some important states of the total atom
the study of resonant scattering.
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l a ; k’ E ’ )

+ radiation system involved in

transition between two discrete states a and b. The process a in Figure 12
is thus preponderant compared with the others, because the amplitude
(C.l .a) that is associated with it diverges at resonance. Consequently, we
concentrate in this subsection on the study of this process. We assume that
a’ = a (elastic scattering), and that there is only a single incident photon
kE.
In Figure 20, we have represented the states of the total “atom
radiation” system that play an important role in the scattering process.
The final state of the scattering process, ( a ;k ’ d ) , has the same energy as
the initial state la; kE). Moreover, these two states both belong to the
same continuum of states (atom in the state a in the presence of one
photon). At the lowest order in H/l, the initial and final states of the
scattering process are indirectly coupled through the discrete state 16;0).
We can vary at will the difference h ( w , - w ) between the energy of the
state 1b;O) and that of the initial state, by scanning w about w ” .
To qualitatively understand how we can resolve the difficulty connected
with the divergence of the amplitude (C.l.a), let us leave the perturbative
point of view that is used to determine (C.1.a) and attempt to understand
the dynamics of the system, keeping only the single states of Figure 20 and
their mutual couplings (represented by dashes and arrows). Hence we
replace the transition matrix element (C.l.a), valid for the lowest order in
H/1, by

+

valid to all others in H,, (it is H and not H, that appears in the energy
denominator associated with the intermediate state [see equation (B.15) in
Chapter I]).
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Thus it appears that, in a theory to all orders in H I , , it is not the
discrete state Ib;O) that must be considered as the intermediate state of
the scattering process, as is suggested by Figure 20, but rather the
ensemble of all the eigenstates of the total Hamiltonian H . When we limit
ourselves to the states of Figure 20, the eigenstates of H form a continuum (see Complement C,: the discrete state Ib;O) “dissolves” in the
continuum of eigenstates of H I . The sum over the intermediate states
appearing in the expression (C.4) is thus a sum over a continuum that does
not lead to any divergence (due to the +iT of the denominator, which
introduces a principal part and a delta function). In addition, the interaction Hamiltonian H,, couples the initial state and the final state to the
eigenstates of H insofar as they have a nonzero component on the
discrete state 1b;O). Hence, in the expression (C.41, the sum over
the intermediate states involves the density of the discrete state 1b;O) in
the new continuum of eigenstates of H , a density that varies resonantly
over an interval of width hT about the energy E , (see Complement (2,).
Thus one expects that, while remaining finite, the scattering amplitude
exhibits a resonance when the frequency w of the incident photon is swept
about w 0 = (E, - E,)/h.
The preceding qualitative discussion is confirmed by the simple calculation presented in Complement C,. Recall here the result: it is sufficient to
replace the nonperturbed energy E, of (b ; O) in the denominator of
(C.1.a) with E , - ih(T/2). Note that such a modification applied to the
evolution exponential exp(-iE,t/h) of the state lb; 0) transforms this
exponential into exp( -iE,t/h) exp( - T t / 2 ) , and accounts for the wellknown exponential decrease of the probability amplitude of being in the
state b. The nonperturbative expression for the transition matrix near
resonance is thus finally:

7fYS=

( a ; ke’IH,, Ib; O ) ( b ;OIH,, la; k e )

ho

+ E,

- E,

+ ih( T / 2 )

that is an expression for which the modulus and the phase vary extremely
rapidly over an interval of width T about w = w o = ( E , - E,)/h. The
nonperturbative character of ((2.5) clearly appears if one uses the following power-series expansion:

The presence of I-, which is second order in H,, (see AS), in the
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denominator of (C.5) is thus equivalent, according to (C.61, to the sum of
an infinite number of terms of increasing powers of IY,~.
Expression (C.6) may also be interpreted in semiclassical terms. Let us
consider a classical oscillator of eigenfrequency w g , damped with a time
constant r- If this oscillator is subjected to a monochromatic excitation
of frequency w , its “response” will have a modulus and a phase varying in
a resonant fashion over an interval of width r about w = w g , and
described by the same factor [ w - w g + i(r/2)]-’
as that appearing in
((2.6).
The preceding analogy allows us to very simply understand the essential
characteristics of the scattered light close to resonance, which is also
called “resonance fluorescence”. If the incident light is monochromatic, the
scattered light is also monochromatic (*> with the same frequency, and its
intensity varies with the detuning from resonance w - w o as a Lorentzian
of width
If, on the other hand, the incident radiation has a very flat
spectrum near w = w o , the different components of this spectrum will be
scattered with an efficiency proportional to [ ( w - w O l 2+ (r2/4)]-’
and
the scattered light will have a Lorentzian spectrum of width centered on

’.

r.

w =

r

wg.

Similar considerations may also be used to understand the scattering of
a wave packet. If the wave packet is very long in time ( A t >> r-’),and as
a result very narrow in frequency ( A w <<
the different waves making
up the packet will be scattered in practically the same way because
Aw << r, and the scattered wave packet will have the same form as that of
the incident wave packet. On the other hand, if the wave packet is very
short in time ( A t << r-’-see
Figure 21~x1,and consequently very wide in
frequency ( A w >> r), the scattered wave packet will have a different
shape (Figure 21p), because only the components of the wave packet
having a frequency within an interval of width r about w = w g will be
efficiently scattered. More precisely, the scattered wave packet has a time
dependence given by the convolution product of the incident wave packet
by the Fourier transform of the scattering amplitude [ w - w g + i(r/2)]-’.
After a rising edge analogous to that of the incident wave packet, the
scattered wave packet decays exponentially over a time on the order of
r-’.It can also be said that, in this second case ( A t <<
the resonant
scattering may be decomposed into two steps: an excitation of the atom
during the very brief passage time A t of the wave packet, followed by the
exponential decay by spontaneous emission of the excited state prepared
in such a quasi-percussional manner (see also Exercise 13).

r),

r-‘),

(*I We disregard here the nonlinear scattering processes that appear at high intensity [see
Remark (iii) at the end of this paragraph].
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atom

Figure 21. a-Representation
of an incident short wave packet ( A t << r-’).
P-Shape of the scattered wave packet.

Remark5
(i) Every discrete atomic state 6, except for the ground state, “disappears”
when the coupling between the discrete state 1b;O) and the continuum of
spontaneous emission la; k’d) is taken into consideration. Its “trace” manifests
itself only in the form of a resonance in the scattering amplitude. Strictly
speaking, the problem of the spontaneous emission from an excited state
prepared at t = 0, (studied in subsection A-1 above), should be analyzed in
terms of the scattering of a short wave packet, which “prepares percussionally
the excited state”.
(ii) In this entire subsection we have ignored any possible degeneracy in the
higher state b and lower state a . Some interesting effects connected with the
existence of such manifolds may be observed in resonant scattering (ievel-crossing resonance, quantum beats, optical pumping, etc.). See Exercise 6.
(iii) We have also limited ourselves in this subsection to the case of low-intensity incident radiation (a single incident photon). At higher intensity, new
effects appear, such as nonlinear scattering processes involving many incident
photons (see, for example, Figure 29P). More generally, the Rabi nutation
induced by an intense resonant laser beam can considerably modify the spectrum of scattered light. We will return to this question later (see Chapters V
and VI).

98

Some Interaction Processes between Photons and Atoms

II.D.l

D-MULTIPHOTON PROCESSES: SEVERAL PHOTONS
APPEAR OR DISAPPEAR
The elementary processes of emission and absorption that we studied in
Sections A and B concerned only a single photon, which appeared or
disappeared during the transition. More complex processes may occur in
which the number of photons may increase or decrease by several units,
the total energy of the final state of the particles + radiation system being
of course equal to that of the initial state (likewise for the total momentum
and total angular momentum). Such processes are called multiphoton
processes. Their variety is so great that it is impossible to present an
exhaustive review here. Instead, we will confine ourselves to qualitatively
describing a small number of simple examples. Before beginning, note that
scattering, studied in Section C above, may also be considered as a
multiphoton process, in the sense that two photons are “involved” during
the process, one that disappears ( h w ) and another that appears ( A d > .
Although the total number of photons is the same in the final state and in
the initial state, nothing prevents a scattering process from being considered as a two-photon process, sharing many properties with the absorption
(or emission) of two photons.
1. Spontaneous Emission of Two Photons

Let us consider the transition 2s,/,
isllz in the hydrogen atom. As a
result of the Wigner-Eckart theorem and the space reflection symmetry,
the only allowed electromagnetic transition between these two levels is a
M 1 magnetic dipole transition. Actually, this transition is extremely weak
for the following reasons. First, it can result only from the spin magnetic
moment M,, the orbital quantum number being zero in the two states.
Furthermore, M,, which acts only on the spin degrees of freedom, has a
zero matrix element between the nonrelativistic wave functions of the two
states (the orbital and spin components separate, and the scalar product of
the orbital components is zero). Hence, the spontaneous emission of a
magnetic dipole photon on the transition 2 ~ , -+, ~ls,/* can result only
from relativistic corrections to the wave functions, and is quite negligible
for the hydrogen atom (*I.
In the next order of perturbation theory (second order), it is possible to
get a radiative disintegration of state 2s to state Is by the spontaneous
--j

( * ) This would no longer be true for highly charged hydrogenlike ions for which the
relativistic effects a r e much greater (the transition probability M1 varies as a function of
Z’”).
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Figure 22. Spontaneous emission of two
photons k e and k'e' associated with the
transition 2 s
1s.

Figure 23. Another possible diagrammatic
representation of the spontaneous emission of two photons on the transition

emission of two electric dipole photons E l . The diagrammatic representation of the corresponding transition amplitudes is given in Figure 22. The
atom emits a photon k e (Figure 22a), and goes from state 2s to an
intermediate state c (which, according to selection rules for electric dipole
transitions, can only be a state p (1 = 1) of the discrete or continuous
spectrum), then emits a second photon k ~ to' end in state 1s. Diagram
22p corresponds to the other possible order of emission of the two
photons (*I. The conservation of total energy at the end of the process
implies that

and appears more clearly in the diagrammatic representation in Figure 23.
The calculation of the spontaneous emission rate for two photons k E
and k'd, summed over all pairs of photons satisfying (D.l), results in a
radiative lifetime of the 2s state that is much shorter than that associated
( * ) We have not represented the amplitude associated with H,,, analogous to that in
Figure 2 d in Chapter 1 (with u = 2s and b = Is), because its value is zero within the
long-wavelength approximation.
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with the spontaneous emission of a A41 photon on the transition 2 ~ , / ~
or an El photon on the transition 2 ~ , -+
/ ~2 p I l 2 (*I. It can thus be
said that the radiative disintegration of the state 2 s is dominated by a
spontaneous emission process involving two photons. The lifetime is on
the order of 0.1 sec.
-+

2. Multiphoton Absorption (and Stimulated Emission)
between Two Discrete Atomic States

An atom submitted to sufficiently intense radiation can absorb several
incident photons and go from a discrete level a to another discrete level b,
located at a higher energy, at a distance equal to the sum of the energies
of the absorbed photons. Such a process is called multiphoton absorption,
the reverse process being multiphoton stimulated emission. Figure 24
represents an example of the two amplitudes associated with the absorption of two photons between two discrete states a and b.
Multiphoton absorption processes can appear in a large number of
atomic or molecular systems, in all frequency ranges (hertzian, microwave,
infrared, visible, etc.). The photons that are absorbed can have the same
or different frequencies (these frequencies may even be very different,
such as, for example, in multiphoton transitions simultaneously involving
optical and microwave photons).
As previously mentioned above, the total momentum and total angular
momentum must be conserved at the end of the process. Such laws of
conservation (in combination with the conservation of parity) explain
several important properties of multiphoton transitions. Two simple examples are analyzed in the following remarks.
Remarks
(i) As a first example of the application of the laws of conservation, we will
consider a two-photon absorption process, in which both photons have the same
frequency w and opposite wave vectors k and - k, thus opposite momenta
+ h k and -hk. When the atom goes from state a to state b by absorbing these
two photons having zero total momentum, its momentum does not change, and
hence its kinetic energy does not change. Consequently, to the first order in
c/c, where L' is the atomic velocity, the resonance condition (conservation of

+

( * ) The interval between the 2s,,, and 2p,,, energy levels (Lamb shift) is quite small (on
the order of 1000 MHz). and spontaneous emission is negligible in this frequency range (it
varies as w ' ) . See the discussion of the various deexcitation processes of the 2 s state in Bethe
and Salpeter, Section 7.
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Figure 24. Absorption of two photons between two discrete states.

total energy) is written

In a two-photon absorption process in which the photons have the same
frequency but opposite directions of propagation, there is thus neither a
first-order Doppler effect nor a recoil effect. We can also understand the origin
of this resuli by going from the laboratory reference frame to the atom rest
frame. In this rest frame, the first-order Doppler shifts of the two photons,
+ k . v and - k . v, are opposite and compensate for each other exactly in the
energy balance. All these considerations are easily generalized to transitions
involving more than two photons. If the sum of the wave vectors of photons
absorbed during the transition is zero ( & k , = O), any first-order Doppler effect
disappears in the resonance condition (*).
(ii) The second example we will consider concerns an atomic level having a
=
angular momentum. The atom is subjected to a static magnetic field B,,
parallel to Oz,which splits the two Zeeman sublevels m = - $ and m = + 4
by a quantity hw,, proportional to B,, and to a radio-frequency field B, cos w t ,
having a fixed frequency w and linear polarization perpendicular to B,). When
the field B,, is swept, resonant transitions occur between the two Zeeman
sublevels when the splitting hw,, between these sublevels is equal to an odd
number times h w :

J

W,)

= (2n

+ 1)w.

The odd character of the spectrum is a direct consequence of the conservation
of total angular momentum. The linear radio-frequency field may actually be
considered as the superposition of two rotating fields, right-hand and left-hand
circularly polarized, with which are associated (++ and (+- photons, having
(*) See, for example, G. Grynberg and B. Cagnac. Rep. Prog. Phys., 40, 791 (1977); V. S.
Letokhov and V. P. Chebotayev, in Non-linear Laser Spectroscopy, Vol. 4 o f Springer Series in
Optical Sciences, Springer-Verlag, Berlin, 1977, Chapter 4.
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Figure 25. One, three, or five photon resonances obtained with a linearly polarized
radio-frequency field orthogonal to the static magnetic field.

respectively angular momenta + h and - h with respect to Oz. Thus, to go from
sublevel rn = - to rn = + 4, the atom needs to increase its angular momentum along Oz by +h. It can do this only by absorbing either one photon u', or
two photons 'rc and one photon u- (Figure 2 5 ) and more generally n + 1
photons '
u and n photons u-.The conservation of energy thus immediately
yields the resonance condition (D.3) (*I.

3. Multiphoton Ionization
Multiphoton ionization processes may also cause an atom to go from a
discrete level to a level of the continuum. For example, an atom, initially
in the ground state, can be ionized by laser radiation of frequency w , even
if the energy hw of the incident photons is lower than the ionization
energy E,. Actually, by absorbing a sufficiently large number of photons,
the atom may always acquire the necessary energy to reach the ionization
continuum (Figure 26) (* *). The probability of multiphoton ionization
increases significantly when an intermediate excitation step involves a
quasi-resonant transition between discrete levels. For example, in the
three-photon ionization process represented in Figure 26, the discrete
(") For the study of multiphoton processes in the radiofrequency range, see J. M. Winter,
Ann. Phys. (Paris),4, 745 (1959); Rrossel; Cohen-Tannoudji, Diu, and Laloe, Complement
BXIII.

( * * ) For a review of the work on these processes, see, for example, G. Mainfray and C.
Manus, in Multiphoton Ionization of Atoms, edited by S . Chin and P. Lambropoulos,
Academic Press, New York, 1984, p. 7; Shen, Chapter 22.
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Figure 26. Ionization of an atom by the
absorption of three photons (the energy of
state a increased by 2Aw is quasi-resonant
with the energy of the discrete state c).

level c has an energy close to that of level a increased by 2 h o , and the
two-photon transition a + c is quasi-resonant. The state of the global
system “atom in the state a + 2 photons” (represented by a dotted line)
has an energy close to that of the discrete state c.
Remarks
(i) The variation of the photoionization probability versus (2w - w c a ) for the
process shown in Figure 26 is generally not symmetric around the resonance
frequency (2w = w c a ) . We can actually distinguish two contributions to the
transition amplitude to the continuum: that in which the intermediate level
attained after absorption of two photons differs from c and that in which the
intermediate level is c . The first contribution generally varies little when
2w - w , , varies about 0, whereas the second has a resonant behavior and
changes sign for 2w = w c o . Depending on the sign of the detuning (2w - w,,),
the two contributions add together or cancel each other out, which explains the
asymmetry in the variation of the probability of photoionization. Actually, we
find again in this problem the Fano profiles considered in Complement C ,
($3-d). To be specific, the level lu; N k e ) is, on the one hand, coupled directly
to the continuum I b ; ( N - 3)ke) through nonresonant terms, and on the other
hand to the discrete level I c ; ( N - 2 ) k ~ ) ,which is itself coupled to the
continuum.
(ii) The probability of multiphoton ionization also depends on the radiation
state. Consider, for instance, a two-photon ionization process obtained either
with a monochromatic field in the state INke), or with a state IN,k,e,; N , ~ , E , )
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in which two field modes are filled. The wave vectors k, k,, and k, are assumed
to be sufficiently close so that the atomic matrix elements involved in the
transition amplitude are the same regardless of the type of photons absorbed.
In the case in which the initial state is ( a ;N k e ) , the transition amplitude to the
continuum is proportional to JN(N-1)= N (we assume N, N,, N2 x=-1) and
the transition probability varies as N 2 . In the case in which the initial state is
la; NlklE1, N,k,e,), the probability of absorbing two photons of mode k l e l is
proportional to Nf and that of absorbing two photons of mode k2E2
is proportional to N.: Let us now consider the transition amplitude associated
with the absorption of a photon in each mode. We must add the contributions
of the two possible orders of absorption “ k l e l then kZE2” and “ k 2 e 2 then
klel” which result in a transition to the same final state Ib;(N, - l)k,e,,
(N2 - 1)k2e2). The transition amplitude is thus proportional to 2
m and
the transition probability varies as 4N, N2. Finally, the probability of ionization
from the state la; N,k,e,, N2k2e2) is proportional to N: + N; + 4N,N2,
which is always greater than (N, + N,)’. For the same incident radiation
energy, the multiphoton ionization is thus more efficient when the photons are
taken from different modes.

4. Harmonic Generation

An atom or a molecule, starting from a discrete state a , for example,
the ground state, can absorb p photons hw (with p > 11, then return to
state a by emitting a single photon of energy p h w . Figure 27 shows such a
process for p = 3. It correspond to “third harmonic generation”. Here
again, intermediate quasi-resonances can increase the efficiency of such a
process.
Remark
The generation of a harmonic field may be considered to be a scattering process
with the absorption of p photons ke and the emission of a photon k’e’, the
conservation of energy resulting in w’ = PO.

Figure 27. Third harmonic generation (with quasiresonance at the discrete level c ) .
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Let us now analyze the contributions of two atoms A and B to such a
process. We assume that these atoms are initially in the ground state a and that
their centers of mass have momenta hK, and hK,. The initial radiation state
corresponds to N photons in mode kE and 0 photons in mode k‘d, such that
for the global photon atom system, the initial state is

+

If the creation of a harmonic photon results from the interaction with atom A ,
the final state of the process is

where h 6 k = h ( p k - k’) represents the modification of the momentum of the
atom A resulting from the conservation of total momentum for the atom + field
system. If, on the other hand, the emission of the harmonic photon results from
the interaction with atom B , it is the latter that undergoes the recoil effect and
the final state of the process is

When 6 k # 0, the two final states Ipf) and Iqj) are different, and the
probability of emission of a harmonic photon is the sum of the probabilities
obtained for each atom. On the other hand, when 6 k = 0, the final state of the
process is the same whether the scattering atom is A or B : it is not possible to
specify which atom emitted the harmonic photon. T o find the probability of
emission, the scattering amplitudes for each atom must be added before the
sum is squared. If the scattering amplitudes are in phase, the resulting probability of emission is double in the direction for which 6 k = 0, which is just
k’ = pk, i.e., the forward direction.
The foregoing reasoning may be extended to any number No of atoms. The
emission of the harmonic wave in the direction k’ = p k results from the
coherent contribution of different atoms and increases as N:, whereas the
emission in other directions increases linearly with N,.The situation obtained
in this way is characteristic of forward scattering.
Let us finish by emphasizing that the foregoing analysis is applicable only for
diluted media, the dimensions of which are sufficiently small so that the effects
of the refraction index may be ignored. If this is not the case, the incident
photons as well as the scattered photons may interact several times with the
atoms of the medium, which modifies their propagation. The phase velocities of
the incident wave and of the harmonic wave are no longer necessarily equal.
During propagation, dephasing may thus appear between the two waves,
resulting in destructive interference between the contributions of successive
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planes of atoms. To obtain a coherent emission of the harmonic wave that is as
intense as possible, a phase-matching condition must be realized between the
incident wave and the harmonic wave (*).

5. Multiphoton Processes and Quasi-Resonant Scattering
The foregoing example may be considered to be multiphoton scattering
in the sense that some photons disappear and others appear (the arrows
point in different directions, either up or down). Another example of such
a situation is the resonant excitation of a level b located at a distance h w ,
above level a , an excitation that can appear at high intensity, even if the
frequency w of incident radiation is not exactly equal to w , . The atom,
leaving a , absorbs an incident photon h w , spontaneously emits (**I a
photon hw', then absorbs a second incident photon h w to end up in level
b (Figure 28).
The conservation of energy yields

or equivalently

Because the two intermediate states are quasi-resonant (if w , - w is not
too large), the probability of such a process is sufficiently large to be
observable.
Actually, we saw in subsection B-4 above that an excited state is never
the actual final state of a physical process, because this excited state can
always disintegrate by spontaneous emission. In addition to the quasi-resonant scattering process to lowest order in the incident field (Figure 29a),
we are thus naturally led to now consider the scattering process to second
order in the incident field (Figure 29/31, in which the atom absorbs a
photon h w , emits a photon hw', absorbs a second photon h w , and finally
emits a photon hw'' to end up in a.
Whereas the conservation of energy implies for process CY that the
scattered photon has the same frequency as the incident photon (as for

(*I For more details on harmonic wave generation and frequency mixing, see Bloembergen, $5 and 6; Shen, Chapters 6, 7, and 8; Hanna, Yuratich, and Cotter, Chapter 4 and the
included references.
( * * ) If radiation is already present at frequency w ' , it can be amplified through the
process in Figure 28 by stimulated emission [see, for example. F. Y. Wu, S. Ezekiel, M.
Ducloy, and B. R. Mollow, Phps. Re(,. Lett., 38, 1077 (1977)l.
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b

Figure 28. Three-photon process allowing
level b to be excited, even if the incident
photons d o not have the exact resonance
energy ( w z w,,).

I

a

Raylcigh scattering), for process p, we must have only

which shows that w' and w" may vary continuously. Thus, at high intensity,
the light scattered by an excited atom near resonance is no longer
necessarily monochromatic. Actually, the amplitude associated with process p exhibits a resonance when the energy attained after absorption of
the second photon k w (third dotted line in Figure 29) varies about the
energy of state b , within an interval of width k r . Thus, it follows that w"
is distributed over an interval of width r about w,,, and consequently, 0'
over an interval symmetric with respect to w , thus centered on 2 0 - w 0
(Figure 30).
Figure 30 was drawn by assuming that Iw - wOI > r. If this is not the
case, and if, in addition, the incident intensity is sufficiently large to obtain
a Rabi frequency larger than
then the preceding perturbative approach
is no longer valid because it does not converge. We will see later in

r,

Aw

a)

hw'

-- -(PI

Figure 29. Quasi-resonant scattering, first order in incident field (a)and second
order ( P I .
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Figure 30. Spectrum of the light scattered by an atom excited near resonance. The
central monochromatic line and the two sidebands of width r' correspond respectively to processes a and p in Figure 29.

Chapters V and VI how other approaches (for example, that of the
"dressed" atom) allow the essential properties of the scattered light to be
understood.
Remark
In the process shown in Figure 29p, photons of frequency OJ' and w" = 2w - w'
are strongly correlated because the emission of a photon w' is necessarily
associated with the emission of a photon of frequency 2 0 -- w' so that energy is
conserved at the end of the process. Moreover, for a group of N atoms
(N >> 11, the emission of such a pair of photons occurs preferentially in
directions k' and k satisfying the phase matching relation 2k = k' + k .
Actually, when photons are emitted in these directions, the momentum of the
atom does not change at the end of the process, and the transition amplitudes
relative to different atoms must be added together (rather than the probabilities
-see remark in subsection D-4). The emission of two photons in directions
satisfying the phase-matching condition is thus N times more probable than the
emission in two arbitrary directions.
Experimentally, a standing wave of frequency w is often used. In this case,
the absorption of two photons propagating in opposite directions leads to the
phase-matching condition k' + k" = 0. The two correlated photons are thus
emitted in opposite directions (*).
(*) Cf. P. Grangier, G. Roger, A. Aspect, A. Heidmann. and S. Reynaud. Phps. R e [ ,
L e t [ . , 57, 687 (1986).
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E-RADIATIVE CORRECTIONS: PHOTONS ARE EMITTED
AND REABSORBED (OR ABSORBED AND REEMITTED)
In all the examples considered above, the state of the radiation field is
not the same in the initial state and the final state of the process being
studied. Even in the scattering process, where the number of photons
remains constant, the direction of the scattered photon is usually different
from that of the incident photon (except for forward scattering). We will
now consider processes for which the state of the radiation field is the
same in the final state and the initial state, while changing in the intermediate state.
1. Spontaneous Radiative Corrections
a>

CASEOF

A

FREEELECTRON:
MASSCORRECTION

Let us begin with the most simple case, that of a free electron with
momentum p, initially in the vacuum state 10) of the radiation field. The
initial state is thus

This electron may always emit a photon k e , its momentum changing from
p to p - hk (Figure 31a). However, as we mentioned above (§A-31, the
new state thus obtained, Ip - hk; k e ) , can never have the same energy as
the initial state I p; O ) , so that it cannot be the final state of a real process
conserving total momentum and energy. On the other hand, the electron
may always reabsorb the emitted photon and thus reach a final state which
exactly coincides with the initial state (Figure 3 1 ~ ~Thus,
).
although a free
electron may not emit a photon in a real fashion, it nevertheless may
always emit and reabsorb it virtually, as is sometimes said to emphasize
the fact that such an emission of a photon can be only transient. The
process in Figure 31a is order 2 in H,,, hence order 2 with regard to the
charge q. At the same order q 2 , we must also take into account the effect
of H,, to order 1. The u k E u & term of H,, may in fact simultaneously
create and annihilate a photon k e , with the electron remaining in the
same state p (Figure 31p).
In the subspace of total momentum p, the initial state Ip,) = /p;O) of
processes 31a and 31/3 is a discrete state. Because it is not coupled to any
other state with the same energy by the interaction Hamiltonian, it is
relatively well isolated from the other unperturbed states of Ho. The
amplitude (cp,/o(T)/cp,),
for which Figure 31 shows the lowest-order terms
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Figure 31. Second-order processes in q occurring for a free electron with momentum p, in the vacuum state of the radiation field.

in q , should thus allow us to determine the shift of the state Ip; 0) due to
the coupling between the electron and the transverse radiation field (see
$B-1 in Chapter I). In fact, the shifts associated with processes 31a and
31p are, respectively,

fzk)2

,

and are just the shifts of the states Ip; O), obtained to second order in H,,
and first order in H12,from perturbation theory.
Because the denominator of (E.2) is always negative, the shift SE, is
negative. To lowest order in l/c’ (we perform a nonrelativistic calculation), - h w is the predominant term in the denominator. Because H I , =
-qA . p/m is proportional to the operator p, and because Ip; 0) is an
eigenstate of this operator, the numerator of (E.2) is proportional to p2.
Finally, 6E, may be expressed in the form
S Ea

p2 am
2m m

=---

where 6m is a constant given by (32) in Complement B l , . Process 31a thus
describes a decrease in the kinetic energy of the electron caused by an
increase in its mass from m to m + 6m (according to (E.4), SE, is actually
a term of order 1 in the expansion of p2/2(m + Sm)in powers of 6m/m).
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The physical origin of this effect is discussed in Complement B l l . An
electron, having a velocity p/m, creates a transverse field proportional to
its velocity, which is carried along by the electron (one can also say that
the electron moves surrounded by a cloud of “virtual photons”). The
energy SE, is the sum of the energy of the transverse field bound to the
electron (which is positive), and the coupling energy of the electron with
this transverse field (which is negative and greater in absolute value).
Expression (E.3) is easy to calculate from the expression of H,, and
from the mode expansion of A. We find

an expression that represents the vibrational kinetic energy of the electron
in vacuum fluctuations since Z?‘ is simply the contribution of the mode kE
to (OIE: lo). With this energy SE, is associated another mass correction
Sm‘ = SE,/c2, which has to be added to the correction appearing in (E.4).
By extending the calculation to higher orders in 1/c2, one would also find
a term analogous to (E.4) with Srn‘ in the numerator. Finally, processes
31a and 31p are responsible for a correction to the electron mass.
Remarks
(i) The transverse field associated with virtual photons in Figure 31 may be
considered, to a first approximation, to be bound to the electron. Another
approach that can be used to study radiative corrections consists of carrying out
a unitary transformation (Pauli-Fierz transformation) on the quantum electrodynamics Hamiltonian for the purpose of subtracting this bound transverse field
from the total field. The lowest-order radiative corrections would thus appear
directly in the particle Hamiltonian. This approach is discussed in Complement B,,.
(ii) Expressions (E.2) and (E.51, which result from a nonrelativistic treatment of
the electron, are certainly incorrect with regard to the contributions of the
relativistic modes k e ( h w >, mc’). In fact, the intermediate state, p - hk, of the
electron in process 31a may be relativistic for sufficiently large h w , although
the initial (and final) states are not (we assume p / m i e 1). In addition, we did
not consider here the possibility that electron-positron pairs could appear in the
intermediate state. In fact, a completely relativistic calculation leads to highfrequency terms different from those of the sums (E.2) and (E.51, and yields, for
the total mass correction 6 m , an integral over w that diverges logarithmically
(whereas the integrals (E.2) and (E.5) diverge linearly and quadratically). We
will not consider here the problems involved in the appearance of divergent
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Figure 32. Emission and reabsorption of a photon by an atom initially
in internal state b.

(4

expressions in the radiative correction calculations and the way these problems
are solved (renormalization of the electron mass and charge).

b ) CASEOF AN ATOMICELECTRON:
NATURALWIDTH
AND RADIATIVE
SHIFT

Let us now consider the case of a bound electron, for example, an
atomic electron bound to a nucleus by the Coulomb interaction. Processes
completely analogous to those in Figure 31 may be considered. For
example, an atom, initially in the discrete state b (*), may emit a photon
k e and move to another state a , then reabsorb the photon k e and return
to state b (Figure 32a). The summation over the intermediate states
should now concern not only all the photons k e , but also all the internal
atomic states a. Likewise, process 32p directly generalizes 31p.
The essential difference between processes 32a and 32p is that intermediate states la; k e ) having the same energy as the initial state 16; 0)
may appear when b is an excited atomic state, and may thus be the final
states of a real process. Such a situation occurs when b can disintegrate
radiatively by spontaneous emission toward a state a with energy E , < E,
(see §A-1). In other words, the transition to the intermediate state in
Figure 32a is not always virtual as it is for 31a. It may also be real.
Mathematically, the possibility of real transitions starting from the
initial state 19,) = Ib;O) is manifested by the fact that the amplitude
(cpilU(T)lcpi) for the system to remain in the same state after a time T is
now not only oscillating, but it is also damped:

(*) For the sake of simplicity, we do not write the external quantum numbers, which, in
the center-of-mass system are K = 0 in the initial and final states, K’ = - k in the intermediate state.
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r

The diagrams in Figure 32 allow us to calculate and 6 E to lowest order
in q . r is the probability per unit time of leaving state b for a lower
energy level by real spontaneous emission of a photon. The expression for
was given previously [see (A.511. h A is a shift of state 6,generalizing
(E.2) and (E.3):

r

h A 2 = (b;OIH,,Ib;O).

(E.9)

In (EN, 9 denotes principal part. Thus, for an excited atomic state, the
spontaneous radiative corrections are manifested by a radiative shift and a
radiative broadening, appearing as real and imaginary parts of a complex
correction to the energy. For the ground state, only the radiative shift
remains, because no real spontaneous emission process can occur starting
from the ground state.
Let us return to expression (E.7) for the shift h A . It is easy to see that
(E.9) coincides with (E.5) in the long-wavelength approximation and thus
represents the vibrational kinetic energy of the electron in vacuum fluctuations. As for h A , , it is possible, for the high-frequency part of the sum
over w [i.e., for h w large compared to IE, - E,I, but small compared to
mc’ in order for the nonrelativistic expression (E.8) to be valid], to expand
( E , - E , - h w ) - ’ in powers of ( E , - E,)/hw. The zero-order approximation amounts to neglecting E , - E , in the denominator of (E.8): one
can show (see Exercise 7) that it gives the contribution, to the shift h A , of
state b, of the variation in kinetic energy of the electron due to the mass
correction 6m previously introduced for a free electron. The following
term, of order 1 in ( E , - E,)/hw, is related to a correction of the
potential energy V ( r ) ,proportional to the Laplacian AV(r) of U r ) . For a
Coulomb potential [ V ( r ) l/r], this correction, which is proportional to
6(r), thus particularly affects the s states and removes the degeneracy
between the 2 ~ , and
/ ~ 2p,/, states of the hydrogen atom predicted by the
Dirac equation (Lamb shift). Physically, this correction to V ,proportional
to AV, may be interpreted as resulting from the averaging of the potential
“seen” by the electron in its vibrational motion under the influence of
vacuum fluctuations (see Complement B,, and Exercise 7).

-

Remark
It is also possible to consider the energy levels of an electron in a uniform static
magnetic field, and to calculate the radiative shifts of these levels, as we did
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Figure 33. a: Absorption and reemission of an incident photon. p : Induced
emission of a photon k e identical to an incident photon, and reabsorption of this
photon.

above for the levels of an atomic electron. Such a calculation shows that the
frequencies w , of the cyclotron motion of the charge and w L of the Larmor
precession motion of the spin are both decreased, w , being decreased more
than w L . The g factor of the electron, which may be defined as the ratio
2 w L / w c , is thus increased by radiative corrections above the unperturbed value
Exercises 10
of 2 predicted by the Dirac equation ( g - 2 anomaly-see
and 12).

2. Stimulated Radiative Corrections
In the previous subsection, the radiation field state is the vacuum 10) in
the initial state and in the final state. We will now suppose that several
incident photons are initially present, and we will study the process by
which an atom absorbs one of these photons, then reemits it (Figure 3 3 a ) ,
or emits in a stimulated fashion a photon identical to one of the incident
photons and then reabsorbs it (Figure 33p), returning, in these two cases,
to a final atomic state a identical to the initial state. The intermediate
atomic state b is arbitrary. To the same order q 2 , we must also take into
account the effect of H,2 to the first order, which can be represented by
the diagrams in Figure 34.
In many cases, the probability amplitude (cpilo(T)Icpi) for the system to
remain in the same state 19;) = la; N k E , other incident photons) after a
time T is, to a very good approximation, an oscillating and damped
exponential, as in (E.6):
(E.lO)
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Figure 34. Diagrams representing the effect of H,? to first order. a : Terms in
a’a; p: Terms in aa+.

For example, such a situation occurs when the incident radiation is
monochromatic, but of low intensity, or sufficiently far from resonance, or
if it has a large spectral width (see discussion of subsection B-4 above). In
this case, what is the physical significance of the parameters
and A’
appearing in the amplitude (E.10)?
The damping rate r‘ of the state 19:) represents the probability per
unit time for the global system to leave state 1 ~ : ) . We can also say that
is the probability per unit time that the atom in state u absorbs an incident
photon, or emits in a stimulated way a photon identical to the incident
photons. Because the intermediate state in Figure 33 may not be resonant
and serves only as an intermediate state in the scattering process, it is
actually more correct to consider that
is a rate for any incident photon
to be scattered. This probability is directly related to the total scattering
cross-section (*I.
The physical effect associated with the damping rate
may be considered either from the point of view of the atom or from the point of view of
the field. From the atom’s point of view,
appears as a radiutiLle
broadening of the level a caused by incident photons. In other words,
is
analogous, for the absorption and stimulated emission processes, to the
natural width
associated with spontaneous emission processcs. In contrast with r, which is an “intrinsic” quantity, r‘ depends on characteristics of the incident beam (intensity, direction, polarization, spectral

r’

r‘

r’

r‘

r’

r’

r

( * ) The fact that the amplitudes associated with the processes in Figures 33 and 34 allow
us to calculate a rate r’ simply related to the total scattering cross-section is not surprising.
The processes in Figures 33 and 34 are indeed ,fotward-scattering processes, and it is
well-known that there exists a relation between the total scattering cross-section and the
imaginary part of the forward-scattering amplitude (Bohr-Peierls-Placzek relation; see, for
instance, Messiah, Chapter XIX. Section 31).
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r,

distribution, etc.). In addition, in contrast with
r‘ may be nonzero for
the ground state (there is no real spontaneous emission process starting
from the ground state a , whereas there may be real absorption processes,
and more generally, scattering processes starting from a). With regard to
the field, r’ is associated with the attenuation of the incident beam caused
by absorption or with its amplification caused by stimulated emission. In
fact, the processes in Figures 33 and 34 are forward-scattering processes.
Recall that, classically, the attenuation (or amplification) of the incident
field is related to the interference between the incident field and the
forward-scattered field.
Let us now consider the other parameter A appearing in (E.10). From
the atom’s point Gf view, h A may be considered to be a shift of state a
caused by incident photons (light shift). Such an effect is sometimes called
the “dynamic Stark effect” by analogy with the ordinary Stark effect, which
is associated with the polarization energy of an atom in a static electric
field. In the case studied here, the energy h A may be considered to be the
polarization energy of the atom in an electric field with a nonzero
frequency, a field to which the atom “responds” with its “dynamic” rather
than static polarizability. The shift h A is the equivalent, for absorption
and stimulated emission, of the shift h A associated with spontaneous
emission and discussed above in subsection E-1-b. The symmetry of the
exciting light is involved in the properties of h A . Because this symmetry is
no longer the spherical symmetry of spontaneous emission (where the
atom interacts with all the modes), it is clear that the light shifts of
different Zeeman sublevels of an atom may be different (*I. From the
point of view of the radiation field, the forward-scattered field is, in
classical terms, phase-shifted with respect to the incident field, so that the
total field undergoes not only in a change in amplitude (this is the effect of
I”), but also a change in phase (effect of A). Such a phase change,
summed over all the atoms of a medium, is at the origin of the refraction
index of this medium.
Remark

To keep this discussion brief, we will not give the expression for d’ here. Let us

say only that it is considerably simplified in two extreme cases. If the excitation
is quasi-resonant, that is, if the energy of the incident photons is close to that

(*I It was in this way that light shifts were observed for the first time as a modification,
caused by light, of the Zeeman splittings in the atomic ground state. The magnetic resonance
lines in the ground state are actually very narrow, and differential shifts of the Zeeman
sublevels, although very small, may be easily detected. See, for instance, C. Cohen-Tannoudji
and A. Kastler, Progress in Optics, (edited by E. Wolf), North-Holland, Amsterdam, 1966,
VOl. v, p. 1.
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allowing a transition from level a to another level 6, then process 33a
predominates, with, in addition, a single significant intermediate atomic state,
that is quasi-resonant. The other simple cxtreme case corresponds to a highfrequency excitation, for which hw is large compared to all the energies
( E , - Eo). An expansion in powers of ( E , - E , ) / h w , similar to the one we
introduced above for (E.81, allows h A to be expressed as a sum of terms each
having a simple physical interpretation: vibrational kinetic energy of the electron in the incident wave, variation in potential energy resulting from the
averaging of external fields by this vibrational motion, etc. The comparison of
radiative corrections induced by an incident field with spontaneous radiative
corrections allows one to identify in the latter the part which may be attributed
to vacuum fluctuations (they have the same form as radiative corrections that
would be induced by a fluctuating field having a spectral density of h w / 2 per
mode), and the part that may be attributed to the interaction of the electron
with its own field (radiation reaction) (*I.

( * ) See Complement A,, and J. Dupont-Roc, C. Fabre, and C. Cohen-Tannoudji, J .
Phys. B 11, 563 (1978).
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F-INTERACTION BY PHOTON EXCHANGE
In Section E, we considered a situation in which the same particle (or
the same group of particles) virtually emits and reabsorbs a photon. In the
presence of several particles (or groups of particles), the photon emitted
by one may be reabsorbed by another. Conservation of energy between the
initial state and final state holds only for the global system, each subsystem
being possibly modified. Such a modification may be considered as resulting from an interaction between the two subsystems. In this section we
illustrate this type of process with two examples.
1. Exchange of Transverse Photons between Two Charged Particles:

First Correction to the Coulomb Interaction
Consider two charged particles a and p , with respective momenta p,
and pp, in the vacuum state of the radiation field. Let us take as the
unperturbed Hamiltonian H , that of the free particles and the free field
(point of view described in subsection C-2 of Chapter 1). The interaction
Hamiltonian thus includes the Coulomb interaction between the two
particles and the interaction with the transverse field. Using the notation
in subsection E-1-a, the initial state is written

The processes affecting these particles to the second order in electric
charges may be divided into two classes. We first rediscover those described in the diagrams in Figure 31, in which one of the particles emits
and reabsorbs a photon, while the other remains a spectator. These are
the radiative corrections specific to each of the particles. In addition, we
have the Coulomb interaction between the two particles (Figure 35a) and
the exchange of transverse photons (Figures 356 and c).
Figures 356 and 35c describe a scattering process in which the pair of
particles moves from state p a , pp to state pb;, pb by exchanging a transverse photon. In the space of the states of the global system particles +
photons, Figures 356 and 35c demonstrate the existence of an indirect
coupling between two states belonging to the 0 photon manifold (states
/p,,p,;O) and lpb;, pb;O)) via an intermediate state belonging to the
one-photon manifold (which is separated from the zero-photon manifold
by a large energy gap if h w is sufficiently large). Such an indirect coupling
may also be described by a particle “effective Hamiltonian” SV (acting
only inside the zero-photon manifold) which is to be added to Vc,,,.
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(c)

Figure 35. Electromagnetic interactions between two charged particles LY and p.
( a ) Coulomb interaction. ( b ) Emission of a transverse photon by a and reabsorption of this photon by p. ( c ) Emission of a transverse photon by p and reabsorption of this photon by a.

According to the results in Complement B,, the matrix elements of 6V are
given by the expression

On the right-hand side of (F.2), E,, E p t ,EP,,are the unperturbed energies
for particles in states Ip,, p,), Jp’,,pl,), lp:, p i ) . For sufficiently large
h w , E, - Eprrand Epc- E,. can be neglected in the denominators, while
only hw is retained. The summation over p: and p i introduces a closure
relation, which yields an explicit expression for 6V:

( F .3.a)
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where

(F.3.b)
To derive (F.3.b), we used Equation (54) of Complement A , and replaced
the discrete sum by an integral. The Fourier transform appearing in
(F.3.b) can be calculated (*I. One finds
( F .3.c)

Inserting (F.3.c) into (F.3.a) finally gives
1

4a4p

sv= - 8rr~,m,rn~c

IT.

PP

- rPl

+

We thus see in this example how the effect of photon exchange between
two systems may be described, to a certain approximation, by an effective
Hamiltonian acting only on these systems. One can then use this effective
Hamiltonian as an “interaction Hamiltonian” while “forgetting” the field
producing this interaction.
Expression (F.4) describes the first correction to the Coulomb interaction (**I. When added to the particle Hamiltonian, it gives rise to two
types of forces in the equations of motion: on the one hand, the magnetic
force between the currents associated with the particle velocities; on the
other hand, a delay correction of order c2/c2 to the Coulomb force
related to the propagation time of the real interaction between the two
particles.
(*) For such calculation, it is convenient to regularize the functions to be integrated by
replacing l / k 2 by l / ( k z
q 2 ) ,where q is an infinitely small positive quantity.
(**I The absence of h indicates that it will be identical in classical theory. Cf. Landau and
Lifchitz, The Classical Theov of Fields, 08-4.

+
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Remarks
(i) Let us emphasize the fact that 6V is an effective Hamiltonian derived from
the real interaction H , l . It must be used only for calculating energies. We can
also make it appear directly in the particle Hamiltonian by carrying out a
unitary transformation on the Hamiltonian (C.1) of Chapter I.
(ii) Instead of being eliminated to cause the Coulomb interaction to appear, the
longitudinal part of the vector potential and the scalar potential may be
quantized, which gives rise to longitudinal and scalar photons. In this case, the
Coulomb interaction itself is described as an exchange of longitudinal and
scalar photons between particles (*).
(iii) The relativistic dynamics of spin-; particles are described by the Dirac
Hamiltonian. The Hamiltonian for the interaction with the transverse field is
written as -cqa . A(r), where the three components of the vector Q are three
Dirac matrices representing the velocity operator (**). The same technique we
discussed in this subsection leads to the Breit interaction between particles 1
and 2 (***I

Likewise (F.4), VBis an effective Hamiltonian describing the real interaction in
an approximate way.

2. Van der Waals Interaction between Two Neutral Atoms
Consider two neutral atoms A and A‘ located at points R and R’. We
denote their distance D and u the unit vector of the line joining them:

D

=

IR

-

R’I;

u

=

(R - R’)/D.

(F.6)

Let us consider the effect of their interaction with the transverse field
when they are both in their ground states la) and la’). We will use the
electric dipole approximation. It is then useful to choose the point of view
discussed in subsection 5 of the Appendix, where the Hamiltonian for the
interaction with the transverse field is

Hi= -d.E,(R)

-d’.E,(R’)

(*) See, for example, Photons and Atoms-Introduction
Chapter V, Section D.
(**I See, for example, Photons and Atoms-Introduction
Complement A,.
(***) See, for example, Bethe and Salpeter, Section 38.

to Quantum Electrodynamics,
to Quantum Electrodynamics,

122

Some Interaction Processes between Photons and Atoms

II.F.2

with d being the electric dipole moment of A , d’ the electric dipole
moment of A’ and E L the field operator given by formula (29) in the
Appendix. Recall that, in this point of view, there is no longer any direct
Coulomb interaction between A and A’, and that E L ( R ) represents the
total electric field outside the systems of charges. The whole interaction
between the two atoms is carried by the transverse field and appears to
result from an exchange of virtual photons. In order to be able to identify
the modification in the energy of the two atoms in their ground state, we
consider the probability amplitude for the global system, initially in the
state

representing the two atoms in the photon vacuum to remain in this state
after a time T .
The emission of a photon by one of the atoms in state la) (resp. la’)) is
necessarily accompanied by a transition to an excited state Ib) (resp. lb’)).
Conservation of energy thus requires a subsequent absorption or emission,
which allows the atom to return to the ground state. To the second order,
we have only emission or absorption by the same atom (see diagram in
Figure 32a), the other atom being simply a bystander. The first diagrams,
in which both atoms are involved and in which they both return to their
ground state in the final state, necessarily involve four interactions. Two
examples are shown in Figure 36. The whole set of fourth-order diagrams
is obtained by varying the temporal order of the different interactions.
The elementary process on which the Van der Waals interaction is
based is thus, in the point of view adopted here [that is, by using the
Hamiltonian (F.711, the exchange of pairs of photons between the two
atoms. Note that the different intermediate states are all nonresonant with
the initial state (which is the ground state of the global system of
atoms photons). As for radiative corrections, the probability amplitude
that the system will remain in the initial state (which is a discrete state of
the total system, well-isolated from all others), allows us to calculate the
shift A E of the energy of this initial state Ip,) (see SB-1 in Chapter I).
This shift depends on the distance D between A and A’: this is the Van
der Waals interaction. The general calculation of A E is too long to be
discussed here (*I, but we will identify below two simple limiting cases.
We first point out that the different transverse-field modes do not
contribute uniformly to the interaction. There are few low-frequency
modes (the density of modes varies as k 2 d k ) and the coupling matrix

+

(*) Cf. Power, Chapters VII and VIII.
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a’

b’

a‘

( ff)

ts)

Figure 36. Examples of diagrams describing the Van der Waals interaction between two neutral atoms in the ground state by exchange of transverse photons. To
interact with the field and return to the ground state, each atom must necessarily
emit or absorb two photons, so that the interaction between the two atoms
requires the exchange of at least two photons. Ten other diagrams may be
obtained from diagrams a and p by changing the temporal order of the four
vertices.

element varies as 6.
Furthermore, the contributions of the modes having
a large wave vector interfere destructively as a result of the rapid variation, from one mode to the next, of the phase difference between the
factors exp(ik . R) and exp(ik . R’)which appear in the matrix elements of
the interaction relative to each exchanged photon. Consequently, the
significant contribution to the interaction results from the modes for which
the wavelength is on the order of the distance D between atoms. We must
distinguish two cases, depending on whether the energy hc/D of these
photons is large or small as compared to the typical excitation energy
IE, - E,I of the atoms. In the first case, which corresponds to a distance
between atoms smaller than A,, = hc/ IE, - E,I, the excitation energy of
the atoms is negligible compared to the photon energy in the intermediate
states. In the second case, the distance D is large compared to A,, and
the excitation energy of the atoms predominates. In each of these extreme
cases, the global process may be divided into two sequential processes.
a ) SMALLDISTANCE:
D << A,,

The energy of the virtual photons is high. They may thus exist for only
an extremely short period of time. The two “photon lines” in Figure 36a
are quasi-horizontal, as compared to the time interval separating these two
lines and during which the two atoms are excited. The exchange of a
photon between the two atoms may thus be considered as a quasi-instantaneous process, described by an effective Hamiltonian which simultaneously
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excites the two atoms. This process is analogous to the one discussed in
subsection F-1 above, and the effective Hamiltonian that describes it has a
structure identical to (F.31, except for the replacement of q p / m by d, and
of A(R) by E I (R).It follows that
SV=

-E- 1

(E

kE 2 E 0 L 3

1

- --

. d)(E . d’) elk’(R-R‘)
+ h.c.

E did(,Si: (R - R’)

E O ij

where Si: is the transverse S function (*) which, far from the origin, is

8,: (R - R’)=

-a1,

+ 3U1U,

47D3

(F.lO)

This effective Hamiltonian 6 V is simply the dipole-dipole interaction
between two neutral atoms. It couples the state la, a ’ ) to the excited states
Ib, b’). Consequently, to the second order in SV, the energy shift of the
state la, a ’ ) is given by

AE=

b ’ ) ( b , b‘lSVla, a ’ )
E ( a , a’JSVlb,
E , + E,, - Eb - Ebn

(F.ll)

bb’

in which the D dependence stems from that of SV given by (F.9) and
(F.lO):

AE

=

C,/D‘.

(F.12)

The coefficient C, is a function of the dipole matrix elements for atoms A
and A’ and of the energy denominator appearing in (F.11). A E represents
the usual Van der Waals interaction.

(*I The summation over the polarizations E in the first line of (F.9) actually causes the
function S,, - ( k , k , / k 2 )to appear [see formula (54) in Complement A , ] . Integration over k
of the product of this function and exp rk (R - R’)then yields a Fourier transform which is
simply the transverse 6 function appearing in the second line of (F.9). For a discussion of the
properties of 6,; , see Photons and Atoms-Introduction to Quantum Electrodynamics,
Complement A,.
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Figure 37. Example of a two-photon exchange process,
which predominates at large distances. The energy of the
virtually exchanged photons is very small compared with
the excitation energy of the atoms, and the duration of the
virtual excitation of each atom is very short compared to
the time photons take to propagate from one atom to the
other.

Remark

In the usual point of view (interaction Hamiltonian proportional to A . p), there
is an instantaneous Coulomb interaction between the two atoms, V&E,,,The
effect of V,:, on the ground state of the two atoms is null to the first order and
yields the Van der Waals interaction (F.12) to the second order.

b ) LARGEDISTANCE
A,,

<< D

The energy of the exchanged photons is small compared to the excitation energy of the atoms. The duration of the virtual excitation of each
atom is short compared to the photon propagation time. Such a situation
corresponds to processes such as those shown in Figure 37. In the case of
very large distances, the overall process may be considered to be the
quasi-instantaneous emission of a pair of photons by one of the atoms,
followed by the absorption of this pair by the other atom after a certain
time interval. The comparison with the case for short distances allows us
to predict, without making any further calculations, the dependence of A E
with regard to D. Let us consider the energy defects of the various
intermediate states, that appear in the denominator of the expression for
A E. During the processes of virtual excitation of each atom, through which
the pair of photons is emitted or absorbed, the energy defect is on the
order of E , - E , or E,<- Eat, because hw and hw‘ are negligible as
compared to these atomic excitation energies. During the photon propagation, it is equal to h w + hw‘. In the processes considered in subsection a,
the energy defects were successively h w , E , Ebr - E , - Ear, ho’ because in the first and third intermediate states, we could neglect the
atomic excitation energies compared to h w and hw’. The energy of the
photons thus appears twice in the denominator instead of only once in
the case corresponding to Figure 37. In the calculation of the Fourier
integrals over k and k’, multiplying the function to be integrated by k or k‘
causes an additional factor 1/D to appear in the result, for the simple

+
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reason of homogeneity. From that we can deduce that at a large distance
1
dE a 7

D

(F.13)

The Van der Waals interaction decreases more rapidly than at a small
distance (*I. Recall that the transition from one regime to the other occurs
for D close to h o b , the wavelength associated with the atomic transitions.
GENERAL
REFERENCES

A general presentation of the different processes to lowest order for
which they appear may be found in Heitler, Chapter V and in Power,
Chapter VII. Also see the reference works cited in this chapter. They
generally contain reviews on the phenomena discussed.

(*) This is the Casimir and Polder effect, Phys. Rer., 73, 360 (1948).
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COMPLEMENT A,,
PHOTODETECTION SIGNALS AND CORRELATION
FUNCTIONS

At the end of Section B, we saw how the dynamics of the absorption of
a photon between two discrete atomic states depend on the state of the
incident field. These dynamics also depends on the atomic transition,
because, starting from a lower discrete atomic state, the subsequent
evolution of the atom depends, on whether the upper level is discrete or
belongs to a continuum.
In this complement, we present a synthetic treatment of these problems
in terms of correlation functions of the two interacting systems, the atom
and the field. Although limited to the lowest order of perturbation theory,
such a treatment allows us to classify the different situations that appear
by comparing the different characteristic times of the problem: duration of
the interaction, correlation times characterizing the fluctuations of the
atomic dipole and of the incident electric field, atomic relaxation time, etc.
It is also clear that the quantitative analysis of the excitation processes of
an atom placed in an incident field is essential if we want to extract from
the excitation probabilities measured on the atom, that is from photodetection signals, some information on the incident field. We show in this
complement how it is possible to relate the photodetection signals to
correlation functions of the incident radiation field. The expressions
obtained in this way are the basis for the interpretation of several modern
quantum optics experiments.
We begin ($1)by presenting a few simple models of atomic photodetectors and by specifying the type of measurements that can be made on
them. We will then establish (92), from a perturbative calculation of
excitation amplitudes, a general expression relating the excitation probability of the atom to correlation functions of the atomic dipole and of the
incident field. The results are then applied successively to the cases of
broadband ($3) and narrow-band ($4) photodetectors. They allow us to
show that it is then possible to measure either the instantaneous intensity
of the field or its spectral density. Finally, we will analyze ( $ 5 ) the
correlations between the signals of two broadband photodetectors and
show that they allow us to obtain higher-order correlation functions of the
field.
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1. Simple Models of Atomic Photodetectors
a ) BROADBAND
PHOTODETECTOR

Most broadband photodetectors are based on the photoelectric effect.
Let us consider, for example, an atom A , having a ground state l a ) and
for which the ionization continuum begins at a distance E, ( E , is the
ionization energy) above the energy of l a ) (Figure 1).
Let us assume that this atom, in state la), interacts during a time At
with a radiation field having all its frequencies above E,/h. We measure
the probability that the atom has been photoionized after A t , by detecting,
for instance, the photoelectron produced by the ionization. (This detection
process is assumed, for simplicity, to have a 100% efficiency.) The width of
the spectral response of such a detector is measured by the width of the
distribution of levels to which the ground state is efficiently coupled by the
interaction Hamiltonian. The detector is called broadband if this width is
large compared with the spectral width of the incoming radiation.
b ) NARROW-BAND
PHOTODETECTOR

Let us now assume that atom A has a discrete excited level lb) located
at a distance ho, above the ground state la) (Figure 2). This atom in state
la) is irradiated for a time A t by incident radiation having a spectrum of
frequencies sufficiently concentrated about w , so that no atomic transition
other than a + b can be excited in any appreciable way. One measures, at
the end of time A t , the probability that the atom has been brought to the
excited state b. For example, one can shine at this instant an intense
radiation which can ionize an atom in state Ib) with a 100% efficiency, but
is unable to ionize it from la), and detect the photoelectron produced by
the ionization.
Later on we will see that the probability for the atom to be excited in
Ib) is related to the spectral density of incident radiation at frequency oo.

todetector.

i

a
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Figure 2. Ground state, discrete excited level, and
ionization continuum of an atom used as a narrow-band photodetector.

'

Such a photodetector is thus narrow band. We will also discuss the
influence of the spontaneous emission process which gives rise to the
natural width of the excited level lb) and the different regimes that may
appear, depending on the relative values of r, A w R (spectral width of
incident radiation), A t - I , 0 , (Rabi frequency characterizing the interaction between the atom and the incident field).

r

Remark
The photodetector in Figure 1 may also be used as a narrow-band photodetector if a filtering device of the energy of the photoelectron is incorporated into
the measuring device. As a result of energy conservation, a photoelectron
having kinetic energy E,, may actually only be produced by the components of
the incident field at frequency w such that Aw = E , + E,.

2. Excitation Probability and Correlation Functions
a)

HAMILTONIAN.
EVOLUTION
OPERATOR

The Hamiltonian H of the total (photodetector atom
system is written

H

= CIA

+ HR + V .

+ radiation)
(1)

HA is the Hamiltonian of the atom (for which the center of mass is
assumed to be fixed at O), H R is the Hamiltonian of the radiation,
HR = Chwi(a:a,

+ f)

1

and V is the interaction Hamiltonian which, in the electric dipole point of
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view (see Appendix, 09, is equal to
V = -d

E,(O)

(3)

where d is the electric dipole moment of the atom and EL(0) is the field
operator (* 1, given by the expansion (89) in the Appendix and evaluated at
the center of mass of the atom. To simplify these calculations, we ignore
the vector character of d and E (we can assume, for example, that d and E
are both parallel to Oz), which allows (3) to be replaced by
V = -dE(O).

(4)

In the interaction representation with regard to HA + H R , the evolution
operator &At,O) between the instants 0 and At is written, to the first
order in V [see expression (14) of Complement A,].

O ( A t , O ) = ll

1

+ -/"'dtV(t)
Iti 0

where

with

b ) CALCULATION
OF THE PROBABILITY
THATTHE ATOMHAS LEFTTHE
GROUND
STATE AFTER A TIMEA t
At the initial instant t = 0, the atom is in the ground state la) of H A ,
and the incident radiation field is in the state IpR),so that the initial state
of the total system is, in the interaction representation

The atom is allowed to interact with the radiation for a time At. We
calculate, in this subsection, the probability PeXc(At)that, at the end of this
( * ) To simplify notation, from now

on, w e will omit t h e index 1 in E,(O)

All.2
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time interval, the atom has been brought to any excited state Ic) (of the
discrete or continuous spectrum of HA).
Let { I p ) } be an orthonormal basis of radiation states (for example,
eigenstates of H,). The probability that the total system has gone from the
initial state (8) to the state Ic, p ) after a time A t is, according to (9,(6),
and (7), equal to

We have used the hermicity of d and E(O) and the fact that c # a [so that
the first term of ( 5 ) does not contribute]. Because the final state of the
radiation field is not observed, the excitation probability P,,,(At) defined
above is obtained by summing (9) over p and over c f a

Because the operator d is odd, we have

The transition probability (9) is thus null for c = a and the restriction
z a is not necessary in (10). The summation over p and c of expression
(9) thus causes two closure relations to appear and results in

c

P,,,( A t )

=

1

1 dt‘ 1 d t ” G;(

7
fi

At

0

dl

0

t’, tr’)GR(
t ’ , r”)

i12)

where

The functions GA or G, are average values in the initial state of the atom
or of the radiation of the product of two atomic or radiation operators
taken, in the interaction representation, at different instants t’ and t”.
These “two-time averages” are also called correlation functions. The
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probability of excitation P,,,(At) of the atom may thus be expressed, to
lowest order in I/, as a double integral of the product of two correlation
functions of the two interacting systems, the correlation function of the
dipole d and the correlation function of the field E(0). Note that these
correlation functions correspond to a free evolution, because the evolutions of d and &O) are, according to (71, governed respectively by H A
and HR.
Remarks
(i) The two-time averages (13) are not necessarily real. Their real and imaginary
parts are related to quantities having precise physical meanings: the symmetric
correlation function describing the dynamics of the fluctuations, and the linear
susceptibility describing the linear response of the system to a perturbation (see
Complement A,").
(ii) In the electric dipole point of view adopted here, the field operator E(O),
which appears in the interaction Hamiltonian (4), does not physically represent
the transverse electric field in 0, but rather the displacement, divided by E" (see,
for example, subsection 5-c of the Appendix, or Photons and Atoms-Introduction to Quantum Electrodynamics, Complement A
The excitation probability
(12) is thus actually related to the correlation function of the displacement in 0.
However, this displacement evolves freely [the evolution of E in (13.b) is due
only to the Hamiltonian HR]and the average value of the product of the two E
is taken in the state lpR)that describes the free incident field in the absence of
a photodetector. The free correlation function of the displacement in 0 in the
state I p R ) is thus the same as that of the free incident electric field in 0 in the
absence of a photodetector. This is why we can consider the correlation
function G,(t', t " ) written in (13.b) as the correlation function of the incident
electric field.
(iii) During the transition l a , p R ) -+ I c , ~ ) , the energy of the atom varies by
E, - E,. The average variation ( A H , ) of the atomic energy during time At is
thus equal to

In addition, the substitution of (9) into (14)

A I1 -2

Photodetection Signals and Correlation Functions

133

Finally, by using (15), we can, by following a procedure similar to that leading
from (10) to (12), transform (14) into

i

=

d

- -h/ dor d t ’ / d 0r d t ” G,(t’, t”),G;(t’,
dt

t”)

(16)

This shows that physical quantities other than the excitation probability, such as
the average variation of the atomic energy, may also be related to correlation
functions of the two interacting systems (see Complement A ,”).

c) ATOMIC
DIPOLECORRELATION
FUNCTION
Let us return to expression (13.a) for G i . By using (7.a) and by
inserting the closure relation over the eigenstates Ic) of HA between d t ’ )
and &t”), we obtain

G,*(t’,t”) thus appears as a sum of exponentials evolving at the various
Bohr frequencies o,, = ( E , - E , ) / A of the transitions c tf a starting
from a , weighted by the squares of the moduli of the matrix elements of d
between the two levels of these transitions.
It is possible to rewrite (17) in the form

where

The Fourier transform FJW)of G,*(t’ - t ” ) is thus a superposition of
delta functions centered on the various Bohr frequencies of the transitions
starting from a , weighted by I ( a I d l c ) 12.
It is clear from (17) that G,*(t’,t ” ) depends only on t‘ - t“. This is due
to the fact that the state la), in which the correlation function is calculated, is an eigenstate of H A , and thus a stationary state of the free atom,
whose properties are invariant in a time translation.
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d ) FIELD
CORRELATION
FUNCTION
The operator E(0) is, according to formula (89) of the Appendix, a
linear superposition of annihilation and creation operators a, and a,? of
the different field modes j . Because, according to (7.b), the evolution of
E(0, t ) is due solely to HR, each a, is multiplied by e-rw,tin &O, t ) , and
each a,? is multiplied by erwJ‘,where w, is the frequency of the mode j .
Let us now introduce the operator ,$+)(O, t ) , which is the part of &O, t )
that contains only exponentials in exp( - io,t), and the adjoint operator
E(-)(O,t ) , which contains only exponentials in exp(iw,t).
(20 .a)

(20.b)
,@+)(O, t ) is called the positive-frequency component of the field, @ ) ( O ,
the negative-frequency component. By replacing E by E(+) ,!?-)
(13.b), we obtain

+

t)
in

Assume that the field is in a stationary state, that is, in a statistical mixture
of eigenstates In,, n 2 . . . n j * . * ) of HR ( n , being the number of photons
in the mode j ) , with weights p ( n , , n , . . . n, ... 1. It is then easy to see
that the last two terms of (21) are zero, because they involve averages of
the type (a,a,) or (a:a:) which are zero in each state In,, n 2 . . . n, . . . )
of the mixture. On the other hand, the first two terms in (21) are nonzero
and depend only on t‘ - t“. For instance, the first term of (21), is equal to,
taking (20) into account,
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where

is the average number of photons in the mode j. The index N in G/
means that the operators are arranged in the normal order in the correlation function (22) (annihilation operators to the right of the creation
operators). Relation (22) can also be written in the form

where

is the Fourier transform of G / ( t '
(221, in the form

-

t"), and can be written, according to

(24 .c)

It is clear from (24.c) that .'i?/(w> characterizes the frequency distribution
of the average energy of the field, that is, its spectral density. An analogous calculation yields for the second term of (211, which we denote
G g ( f '- t " ) because its operators are arranged in antinormal order

where

Finally, let us assume that the incident radiation has a spectral density
W ,and extends over an interval

F f ( w ) , centered about a central frequency
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of width Aw,. From Equation (24.a), it is possible to show that
(26.a)
where C[(f’ - t”) is an envelope function given by

C [ ( t ’ - r ” ) is the Fourier transform of a function of width Aw,, centered
on w = 0, and thus tends to zero when It’ - t”l becomes large compared
to l/Au,, which may be considered to be the correlation time of the
incident field.
To conclude this section, let us show that only the function G;(t‘ - t”)
contributes significantly to the excitation probability (12). Consider the
other correlation function of the field G<(t’ - t”), given in (251, and
compare it to the atomic correlation function G,*(t’ - t ” ) given in (17).
Both of these correlation functions appear as a sum of exponentials with
positive frequencies, varying, respectively, as exp[ - iwj(t’ - t”)] and
exp[ -iwca(r’ - t ” ) ] (acois always positive because a is the ground state).
The product of G,*(t’ - t”) by G;(t‘ - t”) is thus a function of t’ - t”
evolving extremely rapidly, at optical frequencies. It follows that the
integral over t‘ and t” in (12) yields a negligible result if A t is large
compared to an optical period. On the other hand, G;(t’ - t ” ) is, according to (24.a) and (24x1, a sum of exponentials with negative frequencies, as
exp[iwj(t’ - t ” ) ] . The product of G[(t’ - t ” ) and G,*(t’ - t ” ) may thus
contain components that vary only slightly with t’ - t“ [if the two spectral
densities (19) and (24.c) overlap] and which will contribute significantly to
the integral in (12). Therefore, in (12) we can neglect the contribution of
G;(t’ - t ” ) as compared to that of G [ ( t ’ - t ” ) and write

1
P,,,(At) = T/A‘dt’/A‘dt’f G,*(t’ - t”)G[(t’ - r ” ) .
h

0

0

(27)

Such a result expresses that, for an atom leaving the ground state, the only
process which can be resonant is the absorption process, during which the
energy gained by the atom is lost by the field. The correlation function
G[, defined in (221, where the field operators are arranged in the normal
order, characterizes the ability of the field to induce absorption processes,
whereas the other correlation function (reverse order) G; is involved in
stimulated and spontaneous emission processes [associated, respectively,
with terms (nj) and 1 inside the parentheses in (25.b)l.
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3. Broadband Photodetection
a)

CONDITION
ON THE CORRELATION
FUNCTIONS

Assume that all the incident radiation frequencies are greater than the
ionization frequency E,/h of the atom used as a photodetector. The
excitation of discrete levels located below the ionization threshold may
thus be ignored, because it can never be resonant, and only the contribution of the states of the ionization continuum can be retained in the
expression ( 1 9 ) for F,(w).
The function 3’,(w) characterizes the spectral
sensitivity of the photodetector, that is, the way it reacts to the various
incident frequencies. In order for the photodetector to be considered as a
broadband photodetector, the width A w , of F,(w) must be very large
compared to the width Am, of 2?/(w>

The response of the photodetector thus varies only slightly over the range
of the incident radiation spectrum.
Condition (28) implies that the temporal width of G,*(t’ - t ” ) , on the
order of l / A w , about t’ - t” = 0, is much smaller than that of the
function C:(t’ - t ” ) defined in (26.b) and which is on the order of l / A w , .
b ) PHOTOIONIZATION
RATE

Substitute (26.a) into (27). Because C / ( t ’ - t ” ) varies much more
slowly than G,*(t’ - t”) about t‘ - t“ = 0, we can replace t‘ - t” by 0 in
C:(t‘ - t ” ) , which yields

C,N(O) = G,N(O) = ( B ‘ - ’ ( o , t ~ ) B ( + yfo), )

=(E(-)(o)E(+)(o)).

(29)

Because the field is in stationary state, the one-time average value
(J!?’(O,
t ’ ) l ? ( + ) ( O , t ’ ) ) does not actually depend on time. We thus get
1
P e x , ( A t ) = -( E“(O)E‘+’(O))
h2

X

The integration domain over t’ and t“ in (30) is shown in Figure 3.
Because of the exponential decrease of G;(t’ - t ” ) with t’ - t”, the
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Figure 3. Domain of integration involved
in the calculation of the excitation probability. The function to be integrated is
significant only in the hatched zone.

t'

t

integrand of (30) is different from 0 only in a strip of width l / A w , about
the principal diagonal (hatched portion of the figure).
Let us assume that

The hatched strip in Figure 3 is thus very narrow. Let us take as new
variables t' and T = t r - t". Condition (31) allows - m and + m to be taken
as the limits of integration over T , and we obtain

Because Pex,(At)is proportional to A t , it is possible to define an excitation
rate

where the factor s, according to (32) and (181, is equal to
s

277
h

= +7,,(

W)

(34)

We have thus demonstrated that the ionization rate is proportional to the
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quantity ( E ( - ) ( O ) E ( + ) ( O ) This
) , quantity can be considered as characterizing the total intensify of the field at 0, because, according t o (24.a)

( E ( - ) ( O ) E ( + ) ( O )=
) GF(0)

= /Z:(w)

dw,

(35)

which shows that ( E ( - ) ( O ) E ( + ) ( O )is) the integral over all the frequencies
of the spectral density of the field. T h e excitation rate we,, is also
proportional to a factor s which, according to (34), is related to the
sensitivity of the photodetector at t h e average frequency W of the incident
radiation.
Remarks
(i) The conditions for validity of result (33) are given in (28) and (31); to these

conditions must be added

which expresses that the perturbative treatment of V is valid.
(ii) It is possible to generalize the calculation of this paragraph to the case in
which the radiation is not in a stationary state. The same reasoning as that
made at the end of subsection 2-d allows us to show that the last two terms of
(211, which are now nonzero, do not significantly contribute to the integral in
(121, because they vary too rapidly (in exp[ +iG(t’ + t”)]). Thus expression (27)
remains valid. On the other hand, the average value (29) now depends on t‘,
and for P,,,(At) the following result is obtained:

Pe,,(At)

=

s j B t d t ’ (l ? - ) ( O , t ’ ) E ( + ) ( O t‘))
,
0

(37)

where s is still given by (34). We thus find that the probability of photoionizing
the atom between t‘ and t’ + dt‘ is equal to w,(O, t‘)dt’, where the single
counting rate

4. Narrow-Band Photodetection
a)

CONDITIONS
ON THE INCIDENT
RADIATION
AND

ON THE

DETECTOR

Let us now assume that the incident radiation has a frequency spectrum
such that it can resonantly excite only a single discrete excited state Ib)
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located at a distance h w , above a, with E , - E , = hw,,. It is thus possible
to retain only the contribution of this state in expression (19) of F A ( w ) and
to obtain
FA(@)

=

ld,,126(w

- wo)

(39.a)

which yields for G,*(t’ - t ” )

Such a detector, which corresponds to the level diagram in Figure 2, and
which, according to (39.a), responds to only a single frequency, is called a
narrow-band detector. Later on (9c) we will see how it is possible to refine
this model, by including in (39.b) the effect of the natural width of the
excited level b.

b ) EXCITATION
BY A BROADBAND
SPECTRUM
Assume that the spectral density F[ of the incident radiation has a
nonzero width Aw,. In the domain of integration over t‘ and t“ (see
Figure 3), the product of the two functions G:(t’ - t”) and G;(t’ - t”) is
nonzero only in a strip of width AoR’ (which is now determined by G;,
and not by G; as was the case in subsection 3). If At >> A w , ’, this strip is
extremely narrow, and a calculation analogous to that of subsection 3-b,
allows, taking into account (39.b), the transformation of (27) to

It is thus possible to define an excitation rate equal to [according to (24.b)]

A narrow-band photodetector, irradiated by broadband radiation, thus
measures the spectral density of the incident radiation (namely, the
Fourier transform of the correlation function of the field, arranged in the
normal order) at the response frequency of the detector.
Finally, note that the foregoing perturbative treatment is valid only if
w,,,At << 1. Moreover, At must be very large compared to Am,’, these
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two conditions on A t are compatible only if A w , >> wexc,that is, if the
incident radiation is not too intense.
Remark

When the incident radiation impinging on the detector is also monochromatic,
expression (40) is no longer valid. Assume, for example, that in expression (24.c)
for F;(o), ( n , ) is nonzero for only a single mode j. In addition, assume that
the frequency o, of this mode coincides with the frequency w g of the detector.
We obtain

The coefficient of proportioflality of the delta function is simply the intensity
( E i - ) E ( + ) ) To
. see this, it is sufficient to integrate (42) over o and to use (35).
From (42), and taking into account (24.a), we deduce

Then we substitute (39.b) and (43) into the expression (27) for P,,,(At). Because
the two exponentials of (39) and (43) cancel each other out, the integral over t'
and t" is immediate and yields

(44)
where we have set
(45)
Thus there is no longer any transition rate. Actually, expression (44) is just the
first term of the expansion in powers of I/ of the sinusoid [sin(RIAt/2)]' =
[l - cos f l l A t ] / 2 that describes the reversible exchange of energy between the
atom and the field at the Rabi frequency f2, defined by (45).

c ) INFLUENCE OF

THE

NATURALWIDTHOF

THE

EXCITED
ATOMIC
LEVEL

Consider an isolated atom, without any incident radiation, in a linear
superposition of states l a ) and Ib). The average value of d is thus
nonzero and oscillates at the frequency wi). Such an oscillation cannot,
however, continue indefinitely. Because the amplitude of finding the atom
in the excited state decreases exponentially with a time constant (r/2)I,
because of spontaneous emission
is the natural width of the excited

(r
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level b ) , the mean dipole is damped with the same time constant. One can
show that the same damping occurs for the correlation function of
the atomic dipole, so that an expression more precise than (39.b) for
G,*(t’ - t”) is given by

G , * ( ~-!

,rf)

=

/ d O h / ,2- - ~ ~ , ~ ( f ‘ - r ’ ‘ )

e-r~t’-t’’~/2

(46)

It follows that the Fourier transform FA(@)
of G,*(t’ - t”) is not an
infinitely narrow delta function but rather a Lorentzian of width
We
will not demonstrate here the result (46) (*I, we will instead study how
such a photodetector, of width
responds to a broad-line (AwR>> r )or
a narrow-line ( A m R<< r ) excitation.

r.

r,

(i) Broad-line excitation: A w R B r. The situation is the same as that in
subsection 4-b above. In expression (271, the function G:(t’ - t ” ) decreases much more rapidly with t‘ - t“ than G,*(t’ - t”) so that, in the
regions where GL(t’ - t”) is nonzero, the decreasing exponential of (46)
can be replaced by 1. The introduction of r thus has no effect on the
excitation rate which is still given by (41).
(ii) Narrow-line excitation: A w R << r. Now it is G,*(t‘ - t ” ) which decreases more rapidly with t‘ - t” than G f ( t ’ - t”). In the regions where
G,*(t’ - t”) is nonzero, G f ( t ‘ - t ” ) can be considered as being purely
monochromatic at frequency W = w o (if it is assumed that the incident
radiation spectrum is still centered on w o ) , and therefore we can use (43).
If (46) and (43) are substituted into (271, and if At >>
we then have

r-.’,

using definition (45) for 0,.
It is thus possible, even with monochromatic excitation, that the excitation probability of the atom increases linearly with time, instead of
quadratically, as would be the case with r = 0 [see (44)]. Thus we
quantitatively justify the discussion in subsection B-4 of the chapter [see
also subsection 3-b of Complement C , , particularly relation (32) of this
complement, which coincides with (47)].
( * ) This result can be established using the quantum regression theorem (see Complements C, and A”).
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For the perturbative calculation to be valid, it is, of course, necessary
that w,,,At << 1, that is, according to (471,

r
In addition, to establish (47), we have assumed

r-'

<< A t

(49)

(so that the strip in Figure 3 can be considered to be very narrow). These
two equations are compatible only if
0,

<<r

(50)

that is, if the incident intensity is low enough. In the opposite case, that is,
if 0 , >> r, A t must be much smaller for the perturbative calculation to be
valid ( A t << 0 ; ' ) .The last exponential of (46) thus remains almost equal
to 1 and we recover the result (44) derived with r = 0.
5. Double Photodetection Signals
a ) CORRELATION
BETWEEN Two PHOTODETECTOR
SIGNALS
Consider two atoms 1 and 2, having centers of mass assumed to be fixed
at r l and r,. These atoms are subjected to an incident radiation of
spectral density such that the two atoms may be considered to be broadband photodetectors. Under such conditions, the two atoms may be ionized. We wish in this last subsection to calculate the probability
w,,(r,, c,;r2,t,)dt, dt, that atom 1 will be ionized between t , and t , + d t ,
and atom 2 between t , and t , + dt,. In general, such a probability is not
simply equal to the product of wI(rl, t , ) d t , and wI(r2, t,)dt, where wI is
the ionization rate of a single atom. The function wII thus allows us to
characterize the correlations between the ionizations produced by the
same field at two different points and at two different instants.
b ) SKETCHO F

THE

CALCULATION
OF w,,

The procedure to be followed is quite similar to that in subsections 2
and 3 above. The Hamiltonian H of the problem is now

H

=

HA]

+ HA, + HR - d , E ( r , ) - d,E(r,)

where H A ! and d, are the Hamiltonian and the dipole of atom z ( i

(51)
=

1,2).
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Consider the amplitude ( c l , c,, pIo(At, O)lal, a,, q R ) that, between
the instants 0 and A t , each atom i goes from the ground state a, to the
excited state c , , the field going from state 19,) to state l p ) . Because there
are necessarily two interactions with the field, it is necessary to take the
second-order term of the perturbative expansion of O ( A t , 0) [see formula
(14) in Complement A,]:

v v, +

We are not interested in processes in which the field interacts twice with
the same atom. Because
=
?,, we can thus, in (521, replace
p(t”)f(t’)by 6 ‘ 2 ( t ” ) ~ l ( t+’ ) ~,(t”)v,(t’),
which yields

x (pIE(+)(r,,t t ) E ( + ) ( r 1t ,’ ) 1qR)+ similar terms 1 e 2. ( 5 3 )
The operators E have been replaced by E ( + ) ,because the contribution of
the operators E(-), which are associated with emission processes, is
negligible compared to that of I?+) for amplitudes for which the atom
starts from the ground state (see discussion at the end of subsection 2-d
above). Because the two operators I?’)
of (53) commute (they contain
only annihilation operators that commute between themselves), they may
be put in reverse order (*I. Thus invert t‘ and t” in the second term of
(53). The regrouping of the two terms yields a result equivalent to the first
term without any restriction on the order of t’ and t”.
To obtain the probability that the two atoms are excited between 0 and
A t , it is necessary to square the modulus of the first term of (53) (without
restriction on the order of t‘ and t”), then sum over p and over c 1 # a ,
and c, f a,. Because the terms c, = a , and c, = a, are zero as a result of
the fact that d , and d, are odd, they can be included to introduce closure
relations that lead to the following expression of P,,,(At)

P,,,( A t )

1

=

7

Id‘ /“

h o

dt;

0

dt; /“dt;
0

IA‘dt;
0

( * ) Nevertheless, see the remark at the end of the paragraph which refers to a more
precise calculation taking into account the source atoms emitting the radiation.

145

Photodetection Signals and Correlation Functions

A11.5

We should note once again the normal order of the field operators that
appear in the field correlation function in (54).
Because the photodetectors are broadband, the two correlation functions of d , and d, decrease much more rapidly with t‘, - t i and t ; - t‘;
than the correlation function of the field. A calculation analogous to the
one in subsection 3 above thus allows (54)to be transformed into

P,,,( A t )

=

sl$2LA‘
dt’

LAr

dt” x

where s1 and s2 are sensitivity factors given by expressions analogous to
(34).
Finally, imagine that an aperture masks the field for atom 1 after t and
another one masks the field for atom 2 after t,, with both t , and t , being
less than A t . The foregoing calculation remains valid on the condition that
V , and V2 be replaced by V,O(t, - t ) and V,O(t, - t ) where O is the
Heaviside function. The probability of having atom 1 being ionized between 0 and t , and atom 2 being ionized between 0 and t , is given by a
formula analogous to (551,where /(‘ dt‘ 1;‘ d t ” is replaced by /:I dl‘ /d* dt”.
It is thus sufficient to take the derivative of this excitation probability with
respect to t , and t , to obtain the elementary probability wII defined in
subsection 5-a above, which equals

,

W,/(Tl,

=

t,;r2,t 2 )

=

sls,( I?-)(r,, t l ) & ) ( r 2 , t 2 ) i ( + ) ( r 2 t2).@f)(r,,
,
t l ) ) . (56)

Finally, note that since the operators l?-) and l?+) do not commute, wII
cannot be written in the form of an average value of the product of two
intensities at r , , t , and r,, t ,

where
Z(r,, t , )

=

E ( - ) ( r , , t , ) E ( + ) ( r l ,t , )

( i = 1,2).

This lack of commutation between & )
and ,!?+)
is at the origin of
several quantum effects observable on double photodetection signals (* 1.
(*) See, for example, Photons and Atoms-Introduction
Complement A , , , .

to Quantum Electrodynamics,
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Remark
In the foregoing, we have assumed the incident radiation to be free. More
precisely, in the absence of photodetector atoms, Hamiltonians (1) and (5 1)
reduce to H,. In certain cases, it can be worthwhile to include in the analysis
the sources of the incident radiation, for example, if one wants to correlate the
signals provided by the photodetectors with correlation functions of the dipole
of the emitting atom (this is what we do for example in subsection D-1 of
Chapter V). In this case, HR must be replaced in (1) and (51) by

where H , is the Hamiltonian for the source atom and V,, is the interaction
between the radiation and the source atom. The calculation of the probabilities
of excitation of photodetector atoms is quite similar to that done in this
complement. However, we should now go to the interaction representation with
respect to HA + H H + H , + V,, and no longer with respect to HA + HR. The
free field operators $*)(r, t ) of this complement must then be replaced by
positive- and negative-frequency components E ( * )(r, t ) of the field operator
E(r, t ) , coupled to the source atom, and taken in the Heisenberg picture with
respect to the Hamiltonian (58).
The single photodetection signals studied in subsections 3 and 4 above retain
the same form, except that ,!?*)(r, t ) is replaced by E ( * )(r, t ) . For example, the
single counting rate provided by a broad band photodetector is proportional to
( E(-)(r, t)E(+)(r,t ) ) . A narrow-band photodetector measures the spectral
density of the field at its frequency w,,, that is, the Fourier transform of
(E(-)(r, t ' ) E ( + ) ( r ,t " ) ) , evaluated at oo.
The calculation of the double counting rate requires a few more precautions.
In expression (531, the operators E(+)(r,,t ' ) and E(+)(r,, t"), which replace
,!?+)(TI,
t ' ) and .$+)(r,, t"), do not commute, and it is no longer possible to
regroup the two terms of (53) into a single double integral. The two terms must
be evaluated separately and respecting the temporal order t" > t' in the two
products E(+)(r,,t " ) E ( + ) ( r ,t,' ) and E(+)(r,,t")E(+)(r2,t ' ) . However, only one
of these two products contributes to the double counting rate w,,(r,, t , ; r,, t z ) ,
the first if t , > t , , the second if t , > t,. Finally, if t 2 > t , , formula (56) remains
valid, provided that l?*)(r, t ) be replaced by E(*)(r,t ) . If, on the other hand,
t 1 > t,, r l , t , and r 2 , t 2 must be interchanged. In conclusion, in the presence of
sources, the higher-order correlation functions of the field which appear in the
photodetection signals must be arranged, not only with the components of
positive frequency to the right of components of negative frequency, but also
with increasing time from the outside to the inside.
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COMPLEMENT B,,
RADIATIVE CORRECTIONS IN THE PAULI-FIERZ
REPRESENTATION
In Section E, we studied processes during which photons are emitted
transiently, and then reabsorbed. These processes give rise to modifications of the effective properties of the emitting systems, atoms or particles,
which are called “radiative corrections”. Actually, one can consider a
particle or an atom as permanently surrounded or “dressed” by a cloud of
virtual photons which quantum-mechanically describe the state of the
transverse field which is “tied” to the particle or the atom.
To understand such a tied transverse field, let us come back to classical
theory. Consider, for example, a uniformly moving particle. In addition to
the Coulomb field, there is also a magnetic field around the particle, which
is linear in r / c , and a correction to the Coulomb field in c2/c2. These two
latter fields are derived from the transverse vector potential. It follows that
in quantum theory, the transverse field is not just the radiation emitted by
the particles. Actually, this radiation vanishes for a uniformly moving
particle. The transverse field also describes the part of the field dependent
on the velocity of the particles, which is tied to them in a certain sense as
long as this velocity does not change. It is this field which is described by
the cloud of virtual photons.
It is therefore tempting to try to take as unperturbed states of the
field particles system new states that include the part of the transverse
field that is bound to the particles. More precisely, the problem is to find a
unitary transformation such that, in the new unperturbed states representing the particles in the presence of the “new vacuum”, each particle is
accompanied by the transverse field associated with its velocity. The
transformation that Pauli and Fierz (* introduced to study the emission
of low-frequency radiation during an electronic collision (the so-called
“infrared divergence” problem) realizes this goal on a part of the mode
spectrum of the field. This transformation is actually simple only when it is
limited to the long-wavelength modes.
In subsection 1, we determine the transverse field bound to a classical
particle and establish the expression for the Pauli-Fierz transformation
for a localized quantum particle. The effect of this transformation on the
observables of the field and of the particle, and in particular on the
Hamiltonian is analyzed in subsection 2. We then show ($3) that the new

+

(*) W. Pauli and

M. Fierz, Nuoi.0 Cimento, 15, 167 (1938).
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Hamiltonian explicitly contains the mass correction am, encountered in
Section E of this chapter, and a correction to the potential energy that
allows us to develop a physical understanding of the Lamb shift. Another
important result is that the particles are coupled to the new transverse
field only to second order in q , and only if they are accelerated. Although
the Pauli-Fierz transformation is interesting for discussing the radiative
corrections in the long-wavelength approximation, it is not easily generalizable. Its limitations are discussed at the end of the complement.
1. The Pauli-Fierz Transformation
a ) SIMPLIFYING
ASSUMPTIONS

To simplify as much as possible the calculations and emphasize the
physical ideas, we consider a single particle a , located near the origin by
an external potential U,(r). Moreover, we take into account only the
modes with a wave vector having a modulus less than a limit k , such that
the spatial variations of the corresponding fields are negligible over the
extension a, of the wave functions of the particle in the potential Ue(r).
The long-wavelength approximation is thus applicable to all the modes
considered, so that the interaction of the particle with the transverse field
can be characterized by A(O) (the expansion of A is limited to the modes
Ikl < k,). The Coulomb-gauge Hamiltonian is written

a:(k)a,(k)

+-

where the symbol < indicates that the integral is limited to Ikl < k,.
The operators a,(k) and a:(k) characterize the total transverse field.
Our goal is to find a unitary transformation T that will allow us to
separate the transverse field tied to the particle from the total field,
leading to a new formulation of the electrodynamics in which the free
states of a particle include this transverse field. In the new representation,
the operators a,(k) and a:(k) must characterize the transverse field that is
not tied to the particle. The first step of such a program thus consists of
determining the transverse field tied to a particle.

b ) TRANSVERSE
FIELD
TIEDTO

A

CLASSICAL
PARTICLE

Let us consider the particle a in uniform motion with a velocity v,. The
accompanying field is well known in classical electrodynamics. It derives,
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(*I:

p(r’, t’) and j(r’, t ’ ) being the charge and current densities associated with
the particle a. For a motionless particle (v, = O), @,(r) is the Coulomb
potential and A, is zero. For a moving particle, Equations (2) give the
Lienard-Wiechert potentials, for which the first-order expansion in v, is

written

where r, is the position of the particle at the instant t. The first term of
(3.b) is simply the vector potential ordinarily used in electrokinetics to
describe the magnetic effects at the quasi-static limit. The Pauli-Fierz
transformation neglects the higher-order terms in v, and takes into consideration only these first corrections to the Coulomb field, and assumes in
addition that v, = p , / r n a . The latter approximation is equivalent to
neglecting the second term of the expression [p, - q,A(r,>]/rn, of v,,
which would give a contribution in qf. We thus calculate the field tied to
the particle to the first order in p, and 4,. The potentials (3.a) and (3.b)
do not satisfy the Coulomb gauge, because @, differs from the Coulomb
potential by second-order terms in u,/c which do not explicitly appear in
(3.a) and because A, has a nonzero divergence. The potentials that
describe the same field in the Coulomb gauge are, on the one hand, the
Coulomb potential, and, on the other hand, the transverse part of A,
(because a gauge change does not modify the transverse component of the
vector potential and because the vector potential is purely transverse in
(*)Jackson, Chapter 6, Landau and Lifchitz, The Classical Theory ofFields, 08-1 and 8-2;
see also Photons and Atoms-Introduction
to Quantum Electrodynamics, Exercise 4 of
Complement C,.
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the Coulomb gauge-see Appendix, $1-b and 91-c). To obtain the transverse component of the vector potential (3.b), it is sufficient to write it in
the form of a Fourier transform and to retain, for each value of k, only the
projection of the field onto the plane perpendicular to k. We thus obtain

or

with

The quantity P,(k) is thus the value of the normal variable describing how
the mode (k, E ) is excited by the motion of the particle. Note that the state
of the field + particle system characterized by p, and P,(k) is stationary:
In the absence of external perturbation, the uniform translation motion of
the particle and of the associated field persists indefinitely.
Remark
Instead of starting from retarded potentials, then returning to the Coulomb
gauge, we could have directly determined the expression for API by integrating
the equations of motion of the normal variables of the field [equation (18.b) of
the Appendix] in the presence of the current associated with the particle in
uniform motion. This is done in Exercise 9. At the lowest order in q, and pa,
we recover (6).

In the problem considered here, the particle moves in the potential
U,(r) and its motion is not uniform. The potential API(r) does not thus
describe the exact transverse field around the particle, even in the approximation under consideration. It is the field that should accompany the
particle if its motion were uniform. It thus corresponds to the stationary
state of the field + particle system tangent, at this instant, to its real
motion. If we know only the values of the dynamic variables ru and p, of
the particle at the instant t , the sum of the Coulomb field a n d of that
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derived from Apl(r) represents the best approximation of the real field
that can be constructed from these two data.
Since we will only consider here the modes for which the long-wavelength approximation is valid, it is convenient to make k . r,- 2: 0 in (4) and
(6). We thus get
4,

=

1

m,w Z h w ( 2 4 3

E

. P,

and (*)

c)

DETERMINATION
OF THE PAULI-FIERZ
TRANSFORMATION

Now that we have identified the transverse field tied to the particle, we
can return to quantum theory. We will use the Schrodinger representation
in which the operators are time independent. In quantum theory, Equation (7) defines an operator P,(k) relative to the particle [P,(k) depends
only on the dynamic variable p, of the particle which is represented by the
operator -ihVr 1.
We seek a uiitary transformation T which subtracts the transverse field
tied to the particle from the total transverse field. To do this, it is sufficient
that the transformation translate each operator a,(k) of the quantity P,(k)
determined previously:

T a , ( k ) T + = a,(k)

+ P,(k).

(9)

We will see in the following subsection that such a transformation allows
us to subtract the transverse field tied to the particle from the total
transverse field. First, we give the explicit form of T .
Because P,(k) depends only on a single particle operator p, and
because P,(k) commutes with all the radiation operators, Equation ( 9 ) may
be considered as defining a simple translation for the a and a + . Such a
translation operator is well known [see formula (66) and (67) of the
Appendix]. It can be written

(*I To simplify

notation, the index I will henceforth be omitted in APL.
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Having thus determined the transformation, we will now determine the
correspondence between physical variables and mathematical operators in
the new point of view, as well as the new Hamiltonian.

2. The Observables in the New Picture
a ) TRANSFORMATION
OF THE TRANSVERSE
FIELDS

In the Coulomb picture, noted (11, the mathematical operators
A(r)
E,(r)

=

=

1 d3k &f'w[a,(k)E + a,'(k)E e - r k ' r ] (1l.a)
1 d3k ~ i 2 ? w [ a , ( k ) E e ' k ' r a , + ( k ) ~ e - ' ~ ' ~(1l.b)
]
<

E

<

E

-

represent, respectively, the total transverse vector potential and the transverse electric field (see Appendix, Q1-f)

A(r)
E,(r)

=

A(')(r)

(12.a)

=

E(l)(r).

(12.b)

The operator representing the total transverse vector potential in the new
picture, noted (2), is the transformed of A(')(r) by T and is written

A(2)(r)

=

TA(')(r) T += TA( r) T'.

(13)

By using expression (1l.a) for A(r) and Equations (7) and (91, we thus
obtain:

A(*)(')

=

A(r)

+ Ap(r)

(14)

where A(r) is, again, the mathematical operator (ll.a>,and where AJr) is
given by (81, p a being now considered as an operator. Because Ap(r)
depends only on p a , and because p, commutes with T, A&) is invariant
with respect to T and thus represents, in the two pictures, the same
physical variable, that is, the transverse field tied to the particle:

AP( r)

=

A(;)( r)

=

A(;)( r ) .

(15)
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The combination of (14) and.(15) thus yields
A( r)

=

A(’)( r) - A(;)( r)

=

SA(’)(r) .

( 16)

The operator Ah) thus describes, in the new picture, the difference
between the total transverse field A(2)(r)and the transverse field tied to the
particle A$)(r), difference that we noted 6A(2)(r).The result obtained thus
conforms to our initial motivation for introducing the transformation T.
Similarly, the transverse electric field is represented in the new picture
by
E(z)(r) = TE‘:’(r)T+= TE,(r)T+

(17)

according to (12.b). By using expression (1l.b) for E,(r) and equation (9),
we can verify that
TE,(r)T+= E,(r)

( 18)

so that the operator E, still represents the transverse electric field in the
new picture:
E,(r)

=

E(:)(r).

(19)

Such a result is not surprising. The deviation of the electric field with
respect to the Coulomb field is of order v,‘/c2 and our calculation of P,(k)
takes into account only the terms linear in v,.

6 ) TRANSFORMATION
OF THE PARTICLE
DYNAMICAL
VARIABLES
We return to expression (10) for T. Using (71, it is possible to write (10)
in the form:

where Z(r) is a quantum field (*) defined by

(*) A similar transformation can be introduced for a particle interacting with a classical
external field. See W. C. Henneberger, Phys. Rec. Lett., 21, 838 (1968); or Photons and
Atoms-Introduction to Quantum Electrodynamics, QB-4of Chapter IV.
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We now study how T transforms the position of the particle, which, in the
Coulomb picture, is represented by the operator r, (this operator is
defined as performing the multiplication by r,):

Because the particle operator p, commutes with the field operator Z(O),
(20) is also a translation operator for r,, and we get

The last term of (23), which we write g,, has the same form in the two
pictures because Z(0) commutes with itself

The physical meaning of 5 , is obtained by calculating, to the first order in

q,, its second derivative with respect to time by using the Heisenberg

equation. To lowest order in q,, we can replace the total Hamiltonian by
HR to evaluate [in the representation (111 the rate of change of Z(0).
Taking the time derivative of a,(k) is equivalent to multiplying a,(k) by
- i w . We deduce from this that Z = E, and consequently that
mag,

=

q,E,(O)

+ higher-order terms in 4,.

(25)

The variable 5, thus represents the motion the particle would have if it
were subjected only to the transverse field (to first order in 4,): this is the
linear response of the free particle to E,(O). Substituting (24) into (23)
thus yields

and shows that, in the picture (2), the operator r, represents the “average
position” of the particle about which this particle accomplishes the vibrational motion gf). We note this average position rt2):

We now consider the other dynamical variable p,. Because it commutes
with T , the operator p, represents the same physical quantity in both
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pictures:

Later on we will see, once we have derived the expression for the
Hamiltonian H ( 2 ) , that p',) is simply related to the average velocity
[r&(2),
H(2)]/ih.
It is interesting at this stage to compare Equations (16) and (26) giving
the physical meaning for the operators A(r) and r, in the new picture. It
then appears that the transformation T is equivalent to taking account in
advance of the linear response of each of the systems (the particle or the
transverse field) to the other one. Equation (16) actually means that the
transverse field, produced at the first order in q , by the particle, is
subtracted from the total field, whereas (26) means that the displacement
of the particle, produced to first order in q , by the field, is subtracted
from the instantaneous position. Because in the new representation, each
operator of one system describes the deviation of the corresponding
physical variable with respect to its linear response to the other system, we
can easily guess that the new Hamiltonian must not contain any more
interaction terms that are linear in q, between the particle and the
transverse field. This is what we will now verify by calculating H ( 2 ) .
c ) EXPRESSION
FOR THE NEW HAMILTONIAN

The Hamiltonian H " ) in the Coulomb gauge is the operator H written
in (1). By using (131, (14), (281, (231, and (9) we obtain

The first term of (29) contains AJO), which is written, taking into account
(8),
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The summation over the transverse polarizations E [see formula (54) in
Complement A,], and then the integral over the direction and the modulus of k present no difficulty and give

where the mass am,, which is second order in q,, equals

The first term of (29) is thus, taking into account (311, equal to

Because, according to (321, am, is second order in q,, the terms in q,Sm,
and am: of (33.a) are, respectively, third and fourth order in q,. It is thus
possible, up to the second order, to ignore them and to write the first term
of (29) in the form (*I:
2
P O

2m,

P i 2am,
2m,

m,

4,
-pa
m,

2

*

A(0)

+ - (4A, ( 0 ) ) 2 .
2m,

(33.b)

Let us now consider the last integral of (29). It gives rise to three types of
terms. The first, in a'u, has the form of a free field Hamiltonian. The
second, linear in a and a', as well as in /3 and p', is simply, taking into
account (7) and (]].a), q,p, . A(O)/m,. Finally, the third, which involves
pfP, is quadratic in p , and equals (pi/2m,)(6ma/m,). The third term of
(*) It is of course possible to retain all the terms of (33.a). If the mass m,, which appears
in the expression (20) for T , is slightly modified, an expression for H'2' can be obtained,
which, while remaining compact, is exact to all orders in q, [see Remark (i) at the end of the
subsection g hereafter].
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(29) is thus equal to

When (33.b) and (33.c) are added, the terms in p , * A(0) cancel each other
exactly; the second term of (33.b) and the third term of (33.c) combine to
give -(pi/2m,)(Srn,/m,). Finally, to the second order in q , for the
kinetic energy term, H ( 2 )is put in the form

H'2'

=

HL

+ HR

(34.a)

where

H'
a

=

2

- P( ,l 2m,

am,

+

and where

H,

(34.c)

=

3. Physical Discussion
a ) MASSCORRECTION

To interpret the first term of (34.b), we start by analyzing the physical
meaning of p a . In the Heisenberg picture, the equation of motion for r, is
written

where

m*, = m ,

+ Sm,

(36)

[the last equality of (35) is valid to the second order in q , ] . Taking into
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account ( 2 7 ) and (281, Equation ( 3 5 ) then gives
p'2'
a

= ,*r"2'

a a

(37)

and expresses that p',) is the momentum associated with the average
position of the particle, the mass ma being replaced by m*,.The first term
of (34.b), which can be written p : / 2 m * , , thus represents the kinetic energy
associated with the average motion of the particle.
The mass correction Sm,, given in (321, represents the contribution of
long-wavelength modes to the electromagnetic mass of the particle. By
returning to the terms of the Coulomb Hamiltonian that are at the origin
of the correction - ( p ~ / 2 m a ) ( S m , / r n a ) appearing in the first term of
(34.b), it can be seen that this correction, which is globally negative, is the
sum of two contributions: the energy of the transverse field tied to the
particle [term in p'p of the last integral in (29)], which is positive, and
the interaction energy of the particle with its own transverse field, which is
negative and twice as large [term in - 2 p a . A,(O) of the first term of (2911.
The kinetic energy correction in Sm, thus represents the field energy and
the interaction energy of the transverse field tied to the particle. This
energy correction was studied directly in the picture (1) in Chapter I1
[formula (E.411.
Remark
Let us return to the calculation of H(') presented in subsection 1-f above, and
suppose that ma is changed to m*, = m , + Sm, in expression (20) for T

To obtain the transform by T' of the kinetic-energy term of H"), it is then

sufficient to replace Sm,/m, by Sm,/m*,, inside the brackets of the first line
of (33.a), which leads to replacing (33.a) by
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Similarly, to obtain the transform of the term HR in H ( ” , it is sufficient to
replace rn, by m*, in (33.c), which gives
(33’ .c)
When we add (3Y.a) and (33’.c), the terms in p, . A(0) still exactly cancel each
other and the terms in p2/2m*, combine to exactly give pi/2m*,. Finally, we
obtain for H ( 2 )= T‘H(’)T‘+ a compact expression which generalizes (34) and
remains valid at all orders in q,

+

2

E&,

+ HR + %(A(O))’.

(34’)

2m,

Expression (34’) for H(’) is particularly useful in studying certain problems such
as that of the “infrared catastrophe” (see Exercise 9). In fact, if the matrix
elements of the second term of (34’) are exactly calculable, we can study
physical processes, such as the scattering of a charged particle by a potential, to
first order with respect to the external potential, but to all orders with respect
to the coupling with the transverse field.

b ) NEW INTERACTION
HAMILTONIAN
BETWEEN
TRANSVERSE
FIELD

THE

PARTICLEAND

THE

It is only in the second term of (34.b), which can be written
+ 5,) taking into account (24), that both the variables of the
particles (r,) and those of the transverse field (Z(0)) appear. As we
guessed at the end of subsection 2b, there is no longer any interaction
term linear in q, between the particle and the transverse field. The
lowest-order term is obtained by expanding qaUe(ra 6 , ) in powers of 5,
and is written, according to (24),

q,U,(r,

+

It is indeed second order in q,, but it is a one-photon term, because Z(0)
is, according to (21), a linear superposition of the u j and u;. The term
q,VUe(r,)/m,, that appears in (38) is, except for its sign, the external
electric force acting on the particle divided by m, and evaluated at r,,
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which is the average position of this particle. The interaction Hamiltonian
(38) thus describes the coupling of the transverse field Z(0) with the
acceleration of the average motion of the particle in the external field.
Such a result recalls the fact that, classically, the field radiated by a
charged particle is proportional to its acceleration. Because the new
transverse field is essentially the radiation field, it is not surprising to find
that it is the acceleration of the particle that is coupled to this field.
The following term in the expansion in powers of Z of the second term
of (34.b) is written

This is a two-photon term because it is quadratic in Z. It is third order
in q,.
The new picture is particularly convenient for studying the effect of
vacuum fluctuations on the atomic energy levels. We now study the
average value in the photon vacuum of the interaction Hamiltonians (38)
and (39). The average value of the interaction Hamiltonian (38) is zero.
On the other hand, the average of Z i Z j is nonzero for i = j and represents the average quadratic deviation of the vibrational motion of the
particle under the action of vacuum fluctuations. The correction to the
potential L’,(rJ resulting from the average in the vacuum of (39) thus
represents the effect of the “averaging” of the potential U, by the particle
during its vibrational motion. For example, for the hydrogen atom, Ue is a
Coulomb potential, so that

C F2Ue(r) = i

where q is the proton charge. The effect of the averaging is then manifested by an effective potential:

which slightly increases the energies of the s states (1 = 0). This is the
physical origin (*) of the experimentally observed splitting between the
state 2s1,2 and the state 2 p , , , (Lamb shift), which is discussed in
( * ) T. A. Welton, Phys. Reu., 74, 1157 (1948).

Bll.3

Radiative Corrections in the Pauli-Fierz Representation

161

subsection E-1-b of this chapter. In fact, we must also take into account
the effect of the coupling (38) with the transverse field at the second order:
a correction to (41) results, which essentially concerns the contribution of
the lowest-frequency modes (see Exercise 7). Note that we only evaluated
the contribution of the modes for which the long-wavelength approximation is justified.
Remarks
(i) Finally, we examine the last two terms of (34.b). E&,
is the Coulomb
self-energy of the particle. Using the reasoning that allows us to go from (24) to
( 2 9 , A(0) is, at the first order in q , and except for the sign, the velocity of Z(0).
The last term of (34.b) may thus be written

It thus represents the kinetic energy of the vibrational motion of the particle in
the transverse field. Finally, the last term of (34.a) is the energy of the
transverse field in the new picture, that is, the energy of the transverse field not
tied to the particle.

(ii) The disappearance of the terms linear in q, in the new interaction
Hamiltonian is an interesting property that can be used to characterize unitary
transformations more general than the Pauli-Fierz transformation. Suppose,
for example, that a unitary transformation that eliminates the interaction terms
linear in q, and q p is carried out on the Coulomb-gauge Hamiltonian of a
system of two particles coupled to the transverse field. The effects in qaqp,
which were described in the Coulomb picture by an exchange of transverse
photons between the two particles (current-current interaction discussed in
Section F of Chapter 111, must then explicitly appear in the new particle
Hamiltonian. Actually, in the new picture, any exchange of photons would lead
to higher-order effects in qaqp.. The same procedure may be used to derive
Hamiltonians describing magnetic interactions between two particles with spins
(see, for example, Exercise 11).
c) ADVANTAGES
OF THE NEWREPRESENTATION

Finally, if we limit ourselves to lowest order in q, and to the effect of
the long-wavelength modes, the Pauli-Fierz picture has several advantages.
First of all, the radiative corrections are manifested by simple modifications of the potential- and kinetic-energy terms of the particle, and the
physical meaning of these modifications is very clear.
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Then, the interaction between the particle and the new transverse field,
which is associated with “real photons”, is much more physical in the
sense that it directly involves the acceleration of the particle. The study of
the emission of low-frequency radiation during a collision is simplified
considerably (see Exercises 8 and 9).
Finally, the asymptotic states of a collision process have a much simpler
form in the new picture. Actually, outside the zone of action of the
potential U,, the Hamiltonian (34) (or 34‘) is reduced to the sum of a
free-particle Hamiltonian and a radiation-field Hamiltonian. The asymptotic states of scattering thus appear as the simple products of a particle
plane wave multiplied by a radiation state. On the other hand, in the
Coulomb picture, the interaction between the particle and the transverse
field persists in the initial state and in the final state, because this
interaction involves the velocity of the particle which, in contrast to what
occurs with the acceleration, does not cancel out before the collision and
after the collision. The incident or scattered particle is therefore, in the
Coulomb picture, “dressed” by a cloud of “virtual” photons, and the
construction of correct asymptotic states is thus more complex (see Complement B,,,, 02).
All the foregoing advantages must not, however, make us forget the
limitations of the Pauli-Fierz picture. First, there is the long-wavelength
approximation. We could deal without it, but with more complex calculations by using unitary transformations that eliminate the interaction terms
linear in q , [see Remark (ii) of subsection 3-b], or which consist of
replacing Z(0) by Z(r,> in (20) (*I. There are also more fundamental
limitations that we will now address.
d ) INADEQUACY
O F THE CONCEPT
OF

A

FIELD
TIEDTO

A

PARTICLE

The idea of separating the field tied to the electron from the free field
represents a first version of the idea of “renormalization” envisaged by
Kramers in 1938 (**I. He attempted to construct a classical, then a
quantum theory, in which the field tied to the electron and the rest of the
electromagnetic field are constantly distinguishable. The contribution of
the electromagnetic field to the mass of the particle would thus result only
from the bound field. This is essentially what occurs at the lowest order:
the correction to the kinetic energy appearing in the first term of (34.b)
results from the transverse field tied to the particle and may be interpreted as resulting from a mass correction.
( * ) See, for example, E. A. Power and T. Thirunamachandran, A m . J . Phys., 46, 370

(1978).

(**)

H. A. Kramers, Nuoro Cimento, 15, 108 (1938).
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Actually, we can not go very far in this direction. The idea itself of a
field tied to a particle must be questioned. It has meaning only for a
classical particle in uniform motion. As soon as the particle accelerates or
decelerates, the fields A, and E,, functions of r, and p,, change instantaneously in the whole space. Therefore such fields should not be considered, in relativistic theory, as physical fields. In the quantum framework,
another difficulty appears: we cannot impose a uniform linear motion on
the particle. We can only solve the coupled Heisenberg equations for the
field and particle observables, for a particle initially in uniform translational motion in the presence of the vacuum. To first order in q,, we
recover the classical idea, because the calculated field results from the
unperturbed motion of the particle. However, at higher orders, the motion
of the particle is perturbed by the initial field, which, quantum mechanically, never vanishes, and its motion is no longer uniform. Finding a
unitary transformation that exactly achieves the separation of the bound
field is, in fact, impossible.
To become really efficient, the idea of “renormalization” should be
considered in a completely different theoretical perspective. On the one
hand, the particles must be described relativistically, and the calculations
carried out in such a way as to involve only covariant variables. On the
other hand, the idea itself of decomposing the electromagnetic field into
two parts is abandoned. It is in calculating the probability amplitude of a
process that we distinguish among the different contributions. Starting
with a particle in a vacuum and turning on the coupling to the field, we
identify, on a probability amplitude, the ensemble of interaction processes
that appear, as being those describing the “dressing” of the particle by
virtual photons, and which result from the interaction of the particle with
the field produced by itself and with the vacuum fluctuations. The variation of the energy of the system produced by this coupling can be
interpreted as a change in the mass of the particle. In the presence of
other particles or an external field, we then distinguish in the probability
amplitude the processes that are identical to the preceding ones and which
will be expressed as a renormalization of the mass from the processes
corresponding to an interaction with another particle or with the external
field.
It is thus finally on the probability amplitudes of the processes and not
on the field itself that we have to separate the contributions to the
electromagnetic mass, and the contributions to the real production of
radiation. This is the point of view adopted in the chapter.
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CHAPTER I11

Nonperturbative Calculation of
Transition Amplitudes

In Chapter I, we introduced the concept of transition amplitude on
which is based the quantum description of interaction processes between
charged particles and photons. However, we limited ourselves to a perturbatirv calculation of these amplitudes, based on a splitting of the total
Hamiltonian H of the system into an unperturbed part H , and a coupling
V. For example, the calculation of transition amplitudes, presented in
Complement A , , was limited to the second order in V .
We also used a perturbative approach to analyze, in Chapter 11, several
physical effects that may be observed in atoms interacting with photons,
each process being represented diagrammatically at the lowest order in V
where it manifests itself. Nevertheless, throughout Chapter 11, it appeared
that a deeper understanding of certain physical phenomena requires going
beyond perturbation theory and taking into account some effects of V to
all orders. This is the case, for example, for the radiative decay of an
excited atomic state, due to the spontaneous emission of a photon, or for
resonant scattering. To analyze these phenomena, in Chapter I1 we used
qualitative arguments based on a simplified model, introduced in Complement C,, consisting of a discrete state coupled to a perfectly flat continuum. The aim of the present chapter is to treat these problems in a more
general fashion and to present methods for calculating the evolution
operator that are more powerful than those presented in Complement A , ,
in that they lead to nonpertuvbatice expressions for the transition amplitudes.
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We begin in Section A by showing why, for the study of this type of
problem, it is useful to introduce the resoluent G ( z )= l / ( z - H ) of the
Hamiltonian H , with z being a complex variable. The relation that exists
between the resolvent G ( z ) and the “unperturbed” resolvent G,,(z =
l / ( z - H J , relative to the unperturbed Hamiltonian H,, is in fact an
algebraic equation, much simpler to manipulate than the integral equation
connecting the evolution operators U(T)and Uo(7) associated, respectively, with H and H,. Once the matrix elements of G ( z ) have been
calculated, the corresponding matrix elements of U ( T ) are deduced from
them by a contour integral. The analytic properties of G ( z ) ,which are
involved in this contour integral, are analyzed in Complement A , , , .
We then show in Section B how the algebraic equation connecting G ( z )
and G o b ) may be used to obtain exact and compact expressions formally
resumming the perturbation series and paying particular attention to some
unperturbed states that play an important role in the physical processes
under study. Two different approaches are used to introduce these resummation methods. One, which is extremely simple, relies on a diagrammatic
representation of the perturbation series; the other, which is more rigorous,
uses projection operators. The essential feature of the exact expressions
thus obtained is that they are particularly suitable for introducing approximations. In this way, we can take into account the intermediate transitions
involving certain unperturbed states to all orders in V ,while still perturbatively treating the effect of intermediate transitions to the other eigenstates of H,.
These partial resummation methods for the perturbation series are then
applied in Section C to some quantum electrodynamics problems. We
present a nonperturbative treatment of different phenomena associated
with spontaneous emission (exponential decay and radiative shift of an
excited atomic level, spectral distribution of emitted radiation, radiative
cascades, effect of a coupling between two levels with different lifetimes).
We also analyze the problem of multiphoton resonances and introduce the
idea of generalized Rabi frequency.
Finally, we mention two other applications that are studied in the
complements. Complement B,,, shows how it is possible to use the
resolvent G ( z )to study resonant scattering and to derive an exact expression for the scattering amplitude of a photon by an atom. Last, Complement C,,, uses a simple model to study the corrections to the exponential
decay for a discrete state coupled to a continuum of finite width. In
particular, we show, by using simple graphic constructions, how increasing
the coupling between the discrete state and the continuum change continuously the time evolution from a regime of exponential decay to a regime
of Rabi oscillations.
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A-EVOLUTION OPERATOR AND RESOLVENT

1. Integral Equation Satisfied by the Evolution Operator
As we previously indicated in subsection 2-a of Complement A , , the
V
evolution operator U ( t , t’) associated with the Hamiltonian H = H ,
is the solution to the differential equation

+

d
ih-U(t,t’)
dt

=

(H,)+ V ) U ( t , t ’ )

(A.1.a)

obeying the initial condition

U ( t ’ ,t ’ ) = 1.

(A.1.b)

It is easy to verify that the solution of Equations (A.l) may be written

where

u,(t , t ’ ) = exp[ -iH,(t

- t’)/h]

(A-3)

is the evolution operator associated with the unperturbed Hamiltonian
H,. The integral equation (A.2) satisfied by the evolution operator may be
iterated to yield the perturbative expansion of U ( t ,t’) in powers of V. We
obtain in this way Equation (13) of Complement A , and the expansion for
the transition amplitudes given by Equation (C.8) of Chapter I.
The constraint imposed that t , vary between t‘ and t prevents the
integral in (A.2) from being a convolution product. To eliminate this
constraint and to obtain a true convolution product that transforms into a
simple product by Fourier transformation, we now introduce new operators, very closely related to U ( t , t’).
2. Green’s Functions-Propagators
Consider the operators K , and K O + defined by
K+(t,t’)

=

U ( t , t ’ ) O ( t - f’)

K,+(t,t’)

=

U,(t,t’)O(t
- f’)
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where O ( x ) is the Heaviside function, equal to 1 for x > 0, and equal to 0
for x < 0. By multiplying the two terms of (A.2) by O ( t - t ’ ) and by
replacing /,t d t , by / + z d t , O ( t - t , ) O ( t , - t ’ ) , it is easily verified that
K + ( t , t ’ ) = K,+(t,t’)

t

1 +==
d t , Ko+(t,tl)VK+(tl,t’).
(A.6)
-1
rh
--Dc

Equation (A.6), quite similar to (A.21, now involves a true convolution
product.
Before taking the Fourier transform of (A.61, note that, taking into
account (A.1.a) and the fact that dO(x)/dx = 6 ( x ) , K + ( t , t ‘ ) obeys the
equation

(ih;

-H)K+(r,r‘)

=

h q t - f’).

(‘4.7)

The form of Equation (A.7) with a right-hand side proportional to 8 ( t - f ’ ) ,
explains why the operator K + ( t ,t ’ ) is sometimes called the “Green’s
function”. In fact, it is a retarded Green’s function because K + ( t ,t ’ ) is
non-null only for t > t ’ . It is also possible to introduce advanced Green’s
functions

K - obeys the same evolution equation as K +

(Zh$

-H)K-(f,t‘)

=

ihiqt - t ’ )

(A.10)

but satisfies different boundary conditions.
We now introduce the Fourier transform of K + ( t , t ‘ ) , which actually
depends only on T = t - t ’ . Let us write
(A.ll)
the coefficient - 1/27~ibeing introduced to have the most simple possible
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form for G,. By inverting (A.111, we obtain

(A.12)
Since K+(.r) = e - ' H r / h O ( T ) , Equation (A.12) becomes

where 7 is a positive real number that tends to zero. Similar calculations
can be made for K - and its Fourier transform G - ( E ) defined by

They lead to

G-(E)

=

1
lim
? + o + E - H - i7

(A.15)
'

The operators G + ( E ) and G - ( E ) , introduced in (A.13) and (A.15) are
called advanced and retarded propagators. By Fourier transform, the
integral appearing in (A.6) becomes a simple product and the integral
equation (A.6) becomes an algebraic equation

where G, + ( E) is the retarded propagator associated with H,. Note also
that Equation (A.16) may be derived directly from the identity

1

1

1

_
-_ -B + -B( B
A
written with A
- H , = v.

=

E -H

+ iq, B = E

1
-A)A
- H,

+ i7, and

(A.17)
thus B - A

=

H
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3. Resolvent of the Hamiltonian
The very simple form of G , ( E ) suggests the introduction of the
operator G(z), a function of the complex variable z , defined by
G( Z )

1

(A.18)

= -

z -H'

G ( z ) is called the resolcent of the Hamiltonian H . The propagators
G + ( E ) and G - ( E ) are simply the limits of G(z) when z tends to the
point E on the real axis, with a positive or negative value of its imaginary
part

G+
- ( E )=
lim G ( E k Z 7 ) .

(A.19)

-0,

The evolution operator U ( T )is expressed by a simple contour integral of
G(z). Because e ( x ) + O ( - x ) = 1, Equations (A.4) and (A.8) lead to

(A.20)

u ( T ) =K+(T) -K-(T)

which yields, when (A.11) and (A.14) are taken into account
dEe-'ET/h[G-(E) - G+(E)].

(A.21)

It is then sufficient to use (A.19) to obtain

(A.22)
where C + + C- is the contour represented in Figure 1. C + and C - are
lines situated, respectively, immediately above and below the real axis and
followed from right to left for C + and from left to right for C-. For 7 > 0
( T < 01, the contribution of C- (C,) is zero.

c+
-

Real axis

*

C-

Figure 1. Integration contour appearing in the integral for
G( z 1.

UT)
as

a function of
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Because ( / ( T I can be deduced from G ( z ) by a contour integral, it is
clear that the analytic properties of the resolvent G ( z ) play an important
role in the determination of the properties of (/(TI. We can show (see
Complement A,,,) that the matrix elements of G ( z )are analytic functions
of z in the whole complex plane except for the real axis. The singularities,
which are all on the real axis, consist of poles located at the discrete
eigenvalues of the Hamiltonian H, and of cuts extending over the intervals corresponding to the continuous spectrum of H . A cut is characterized by the fact that the matrix elements of G ( z )do not tend to the same
value, when z tends from below or from above toward a point on the real
axis, located on the cut. The difference between these two values represents the difference between the two sides of the cut. Also note that it is
possible, starting, for example, from the upper half-plane, to extend
analytically the determination of G ( z ) in the upper half-plane toward the
lower half-plane. We thus explore the “second Riemann sheet”. The
continued function is no longer necessarily analytic outside the real axis
and may have complex poles, which describe unstable states of the system
(states having a complex energy and characterized by exponential damping). Later on we will have the occasion to return to this point.
Finally, let us give the perturbative expansion of G ( z )in powers of V .
The identity (A.171, applied to A = 2 - H, B = z - Ho,yields

G ( z )= G,(z)

+ G,(z)VG(z)

(A.23)

where G , ( t ) is the resolvent of H,. This algebraic equation may be
iterated to yield

G( 2 )

=

Go(2 )

+ Go(z)VG,( 2 ) + G”( 2)VG,( z)VG,( 2 ) + . .

*

.

(A.24)
Let us take the matrix element of (A.24) between the eigenstates ( q k I and
IqI) of H,,, with unperturbed energies Ek and El. By using the closure
relation over the eigenstates 19,) of H,, and by setting G k / ( z )=
( q k I G ( z ) l q , ) ,yj

=

(q,Iv1qj)>we

+c--1

2 - E ,

Obtain

1

y.,-

‘k i -

z-Ei

1

2-E,

+ *. ..

(A.25)

The structure of (A.25) is quite simple and consists of products of matrix
elements of V and of unperturbed energy denominators.
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RESUMMATION OF THE PERTURBATION
SERIES

1. Diagrammatic Method Explained on a Simple Model
The simple form of the expansion (A.24) or (A.25) allows us to regroup
the terms where an energy denominator 1/(z - E,) involving a particular
unperturbed state Ip,) appears n times, then to formally sum the perturbation series. We get in this way compact and exact expressions for which
interesting approximations can then be carried out.
Assume, for example, that Jcp,) is a discrete state of H,, with energy
E,, well isolated from all the other discrete states (on the other hand, E,
may fall inside the continuous spectrum of H,). The matrix element
G O b ( z=
) ( q b l G O ( z ) ( p b=) 1/(z - E,) of the unperturbed resolvent has
a pole at z = E, and consequently varies very rapidly near z = E, along
the contour C + + C - in Figure 1. Thus we expect similar variations for
the matrix element of the perturbed resolvent G , ( Z ) = ( ( P b tG(z)lp,),
which tends to G,,(z) when V tends to zero. It is clear that near z = E,,
the energy denominators in 1/(z - E,) of the expansion (A.25) of G,(z)
play an essential role. Let us attempt to regroup the terms of this
expansion which all contain the same number of denominators in l / ( z E,).
With k = 1 = b , the zero-order term in V of (A.25) is reduced to
l / ( z - E,), and thus contains this energy denominator once. Because
k = I = b, the following terms of the expansion contain at least twice
l / ( z - E,). If we require them to contain 1/(z - E,) only twice, all the
other energy denominators must involve states 19,) other than Icp,,). The
ensemble of these terms may thus be diagrammatically represented in the
form

+

where a solid line represents a factor 1/(z - E,), a dotted line a factor
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l / ( z - E , ) with i f b, and a circle represents the matrix element of I/
between the two states associated with the lines located on both sides of
the circle (the Summation over the intermediate states i, j * * . is implicit).
The sum (B.1) may be rewritten formally

t

where the square represents the sum

Q

0
I

The explicit expression R , ( z ) for such a sum is equal to

The foregoing reasoning is easily generalized to terms that contain n
denominators in l / ( z - Eb). For example, the ensemble of terms n = 3 is
represented by
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and contributes to G,,(z)by

Then it is sufficient to sum the contributions corresponding to different
values of n to obtain

that is, also
1
Gb(Z) =

z - E , - Rb(2 )

'

It is important to note that expression (B.8), which formally sums the
perturbation series by giving a privileged role to the state lqb),is an exact
expression. We have given here a diagrammatic demonstration of (B.8).
We now present another demonstration of (B.8), which uses projection
operators and which has the advantage of being applicable to situations in
which it is interesting to single out not only one, but several discrete
eigenstates of H,.
2. Algebraic Method Using Projection Operators
a ) PROJECTOR ONTO

A

SUBSPACE

O F THE

SPACEOF STATES

Let go be a subspace of the space of states subtended by an ensemble
of eigenvectors of H , { lq,), / q b ). . . l q , ) } ,which play an important role in
the physical process under study and that we wish to single out in the
expansion of G ( z ) in powers of V. If the states Iq,), l p b ) . * * Iql) are
orthonormal, the projector onto the subspace 8,is written

p

=

Iq,)(q,l

+ Iqb)(qbl +

' ' '

+

Iq/)(q/l

(B.9)

and satisfies the relations

P

=

P+

P2=P
characteristic of an orthogonal projector.

(B.1O.a)
(B.1O.b)
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We use .Yoto designate the supplementary subspace of goand use Q
to designate the projector onto 9,)
which is written
Q = l - P

(B.ll)

and satisfies relations similar to (B.10)

Q

Q+

(B.12.a)

Q2= Q.

(B. 12.b)

=

Because the subspaces 27(,and 9,)
are orthogonal, we also have
PQ

=

Moreover, the fact that the states
H , leads to
[ P , H(,]=

QP

=

(B.13)

. . . , lcp,), are eigenstates of

Icp,,),

Icp,),

[ Q Y

0.

Ho]

=

0

(B.14)

and consequently, according to (B.13)
PHoQ

=

&HOP = 0.

(B.15)

We calculate now the projection P G ( z ) P of G ( z )in the subspace go.We
will also calculate the other projections of G ( z ) : inside Y oQ, ( G ( z > Q ,
and between Zo and Po,
P G ( z ) Q and Q G ( z ) P .
b ) CALCULATION
OF THE PROJECTION
OF
I N THE

SUBSPACE
8,,

THE

RESOLVENT

Let us begin with the equation defining G ( z )

( z - H o - V ) G (Z

) =

1

(B.16)

that we multiply on the right by P , and on the left by P or Q. If we insert
P + Q = 1 [see (B.11)] between ( z - H,, - V ) and C ( Z )and use (B.15),
we obtain the following two equations:

P(z - H ) P [ P G ( z ) P ] - P V Q [ Q G ( z ) P ] = P
- Q W [PC( z ) P ]

+ Q( z

- H ) Q [Q G ( Z ) P ] = 0

(B.17)

(B.18)

which are two operator equations connecting the two operators P C ( z ) P
and Q G ( z ) P . To eliminate Q G ( z ) P from these two equations, it is
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sufficient to rewrite (B.18) in the form

QG( Z ) P

=

Q
z

-

QHoQ - QVQ

VPG( 2 ) P

(B.19)

and to then substitute (B.19) into (B.17) to obtain

We now introduce the operator R ( z ) defined by

R(2)

=

V+

v

Q
2 -

QHoQ - QVQ

V

(B.21)

The operator R ( z ) is called the feud-shiftoperator for reasons that will be
explained later. Its perturbative expansion in powers of V is written

R ( z ) = V + V-

Q

z

- H,

v + v-V 2 - QH ,

Q
2-H,

V+

* * *

. (B.22)

We used (B.12.b) and (B.14) to write Q [ z - QH,Ql-' = Q [ z - H,I-'.
The presence of projection operators Q in the expansion (B.22) results in
the fact that the energy denominators appearing in (B.22) are all relative
to eigenstates of H , other than those subtending go.By substituting
(B.21) into (B.201, we obtain for the projection of G ( z ) in 8, the
expression

PG( z ) P

D

1

=

z

- PHoP - PR(z)P

(B.23)

which generalizes Equation (B.8).
Let us first show that Equation (B.23) is actually equivalent to (B.8)
when the subspace 8,contains only one eigenstate Ip,) of H,, in which
case

p

= lcp,)(cp,l

Q

=

1-

Iqb)(qbI

=

c

( B .24)
Iqj)(pjI.

(B.25)

i i h

The projections in 8,of G ( z ) , R ( z ) , H , that appear in (B.23), thus
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reduce to 1 x 1 matrices, that is, numbers equal to, respectively, G b ( t )=
(pbIG(Z ) l q b ) , R b ( z ) = ( ( P h l R ( Z ) I p b ) , and (qblH,')tpO,) = Eb* Equation
(B.23) thus has the same form as (B.8). Moreover, by taking the matrix
elements of the two sides of (B.22) between (qbl and l q b ) and by using
the form (B.25) of Q, we verify that the quantity R b ( z )appearing in (B.23)
does indeed coincide with the expansion (B.4) derived above from a
diagrammatic approach.
In Section C , we will also consider situations in which the subspace go
contains two discrete eigenstates I q b ) and 19,) of H,, with eigenvalues E ,
and E,,in which case
p

= Iqb)((Pbl

Q

=

1-

c

+

( B .26)

Ip,)(p,l

(B.27)

Icpi)(cp,I.

i=b,c

The matrix representing PG(z)P in the basis ( l q b ) Iq,))
,
of
2 x 2 matrix

is thus a

(B.28)
Equation (B.23) expresses that the 2
inverse of the matrix

X

2 matrix written in (B.28) is the

c ) CALCULATION
OF OTHERPROJECTIONS
OF G ( z )

Substituting (B.23) into (B.19) yields
QG( z ) P

=

Q

V

P

z - QHoQ - QVQ t - PH,P - PR( z ) P

.

(B.30)

To obtain PG(z)Q, it is sufficient to take the adjoints of the two sides of
(B.30) and to use the Hermiticity of P , Q, H,, and V .By changing t* to z
in the equation thus obtained, we find

PG( t ) Q =

P
Q
. (B.31)
V
z - PHoP - PR( z ) P z - QHoQ - QVQ

Finally, we calculate QG(r)Q. Multiply (B.16) on the right and on the left
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by Q. We get

Q ( z - H ) Q [ Q G ( z ) Q l - Q w [ P G ( z ) Q I = Q.

(B.32)

From (B.32) we deduce, taking into account (B.31)

+

Q
z - QH,Q - QVQ

V

P
z

- PH,P

- PR( 2 ) P

V

Q
z - QHoQ - QVQ ‘

( B .33)
d ) INTERPRETATION
OF THE LEVEL-SHIFT
OPERATOR
The operator PR( Z I P appears in the denominator of expressions (B.231,
(B.301, (B.311, and (B.33) giving the various projections of G ( z ) . Let us
momentarily “forget” that P R ( z ) P depends on z . The examination of
(B.23) suggests that PRP be considered as a “Hamiltonian” in the
subspace &Yo, being added to PH,P and allowing us to determine the
shifts of the perturbed levels relative to unperturbed levels. This is
the reason for which the name level-shift operator is given to R(z).This
interpretation of PRP also allows us to simply understand the structure of
the other expressions obtained previously. For example, reading expression (B.30) (from right to left) suggests that the system, starting from go,
evolves under the effect of the “Hamiltonian” PH, P + PRP, then passes
through the effect of the coupling V in the subspace Y owhere
,
it evolves
under the effect of the Hamiltonian QHoQ + QVQ.
Let us now describe in more detail the dependence on z of P R ( z ) P . In
fact, in the contour integral (A.22) which allows us to calculate the matrix
elements of U(T)from those of G ( z ) , it is the values of G ( z ) in the
immediate neighborhood of the real axis that matter. It is thus important
to calculate the matrix elements of P R ( z ) P for z = E k- iq, where E is a
point on the real axis and q is an infinitely small and positive quantity. Let
19,) and 19,) be two eigenstates of H , belonging to go.According to
(B.211, we have

Because

1

-=-

X*i?J

X

x2+q

x

+ q

T i ~ 6 X ()

(B.35)
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we get

where
(B.37)

Because operators V , H, P , and Q are Hermitian, it is clear from (B.37)
and (B.38) that the matrix elements A,,(E) and Tb,(E)are Hermitian

(B.39)

On the other hand, the presence of the factor i in (B.36) shows that, if
I',,(E) is nonzero, the operator PR(E f i q ) P is represented in Z?,) by a
non-Hermitian matrix. Even if it is legitimate to neglect the variation with
E of Abc.(E)and r b c ( E )about the unperturbed energy of the levels of &Yo,
as we will see later on in several cases, PR(E i 7 ) P is not a true
Hamiltonian. The anti-Hermitian part of this operator (comirig from the
terms T i h f , , ) describes dissipative phenomena, that is, expresses the fact
that the system may leave &Yo in an irreversible way.
Remark
When T,,,.(E) is nonzero, it also appears in (B.36) that R,,(E
iq) does not
tend to the same value when z tends to the point E on the real axis from below
or from above, which is characteristic of a cut. In fact, it can be shown by using
calculations similar to those in Complement A , , , that PR(z)P possesses cuts
over all the intervals of the real axis corresponding to the continuous spectrum
of QHQ. O n the other hand, PR(z)P diverges when z tends to a discrete
eigenvalue E, of QHQ, in which case Abc.(E)and T,,(E) are not defined in
E = E,.

3. Introduction of Some Approximations

All the expressions derived in the preceding subsection are exact. We
will now show how they are particularly well suited to approximations of a
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nonperturbative type by taking into account certain contributions of V to
all orders and by singling out one or several unperturbed states.

a ) PERTURBATIVE
CALCULATION
OF THE LEVEL-SHIFT
OPERATOR.
PARTIAL
RESUMMATION
OF THE PERTURBATION
SERIES
Let us first consider the situation described in subsection B-1 in which
H , has a discrete eigenstate 19,) well-isolated from all the other discrete
eigenstates of H,. As we have already indicated, it is near z = E, on the
contour C + + C- of Figure 1 that G,(z) takes on the most important
values. Let us now examine expression (B.4) near z = E,. All the energy
denominators involved in the expansion of R b ( Z ) are large because the
other discrete energies of H, are assumed to be far from E,. Moreover,
even if E , falls within the continuous spectrum of H,, the sums over the
intermediate states associated with this continuous spectrum involve delta
functions and principal parts which do not lead to any divergence (see the
calculations in subsection C-1-a below). If I/ is sufficiently small compared
with H,, series (B.4) is rapidly convergent and it appears completely
legitimate to approximate Rb(i!)by retaining only a finite number of terms
in expansion (B.4) or (B.3). For example, we can retain only the first two
terms of these expansions, which is equivalent to replacing (B.4) by

( B .40)
or (B.3) by

A = O +

0
I

A
I

(B.41)

The main interest of expression (B.8) is that a perturbative approximation
for R b ( z ) does not correspond to a perturbative approximation for G b ( z ) .
In fact, the replacement in (B.8) of R,(z) by the approximate expression
(B.40) is equivalent to approximating G , ( z ) by

It is clear from (B.42) that the approximate expression for G,(z), obtained
according to approximation (B.401, contains arbitrarily high powers of I/
and thus does not correspond to a truncation of expansion (A.24). In other
words, approximation (B.40) is equivalent to making a partial resummation
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of the perturbation series: the infinite sum

+

i

+

+

(B.43)

is replaced by another infinite sum

( B .44)

where all the denominators in l / ( z - E h ) are retained but only a single
denominator in 1/(z - Ei)with i # b is retained between two denominators in l / ( z - Eh).The foregoing considerations can easily be generalized
to the case where H , has several discrete eigenstates forming an ensemble
well isolated from the other eigenstates of H,. If P is the projector onto
the corresponding subspace go,the approximation equivalent to (B.40)
consists of keeping only the first two terms of expansion (B.22) and thus
replacing, in (B.23), P R ( z ) P by

Pl?(z)P

=

PW

+ PV- Q w.
2

-

H,,

( B .45)

b ) APPROXIMATION
CONSISTING
OF NEGLECTING
THE ENERGY
DEPENDENCE
OF THE LEVEL-SHIFT
OPERATOR

As in the preceding subsection, let us first assume that the subspace go
contains only a single state Iqh), and let us now consider expression (B.8)
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written for z

=
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E f iq

Quite frequently it happens that the variations with E of R,(E k iq) are
much slower than those of G,(E f i ~ ) , in particular near E = E,, where
the “trace” of the pole appearing in the unperturbed resolvent G,,(z) =
1/(z - E,) is manifested by a resonant behavior of G,(E f iv). An
approximation frequently carried out thus consists of neglecting the variaand to substitute into (B.46) R,(E f i 7 ) by
tion with E of R,(E f

W e will return later on (OC-1-c) to the conditions of validity for such a n
approximation. Because Rb(E , k iq) is a complex quantity independent
of E , it appears in (B.46) that such a n approximation is equivalent to
correcting the unperturbed energy E, by a complex quantity, the real part
of t h e correction representing an energy shift and the imaginary part
representing a broadening.
has a dimension greater than 1. Assume that
I n the general case,
the states lq,), [ ( P h )
19,) which subtend 27” have the energies
E,, E,, . . . , E, grouped around E,. T h e approximation equivalent to (B.47)
thus consists of setting

Remarks
(i) It is certainly possible to carry out the two previous approximatips at the
same time, that is, to replace R,(z) by ? perturbative expression R,(z), and
then to neglect the variations with E of R,(E f iq).

(ii) By replacing R,(E iq) by R,(E, 5 i ~ in) (B.461, we obtain an approximate expression for G J E , iq) which no longer has poles near the other
discrete eigenvalues of Ho. However, the exact expression for G,(z), G , ( z ) =
(rp,l(z - H ) - ’ I q , ) shows that GJz) has poles at the discrete eigenvalues E,
of H , the residues corresponding to these poles being equal to I(pbl$,)12
where 14,) is the eigenstate of H having an eigenvalue Em. The residue
1 ( rp, 1 $ a ) 1 is very small if V is very small and if 1
tends, when I/ tends to
zero, to a discrete eigenstate of H,, orthogonal to l r p b ) . These are the poles,
having very small residues, that the approximation (B.47) causes to disappear
from G,(z).

’

III.C.1

Study of a Few Examples

C-STUDY

183

OF A FEW EXAMPLES

We now apply the foregoing nonperturbative methods to a few quantum electrodynamic problems. An important example of the situation in
which the subspace 8'" contains only a single discrete state is that of the
spontaneous emission of radiation from an excited discrete atomic state.
In subsection 1 we will show how the study of the projection P G ( z ) P of
G ( z )onto 27, allows us to calculate the evolution of the excited state and
to find the exponential decay of this excited state as well as its radiative
shift. Continuing with this simple example, we will then show in subsection
2 how the calculation of Q G ( z ) P allows us to calculate the spectral
distribution of spontaneously emitted photons and to analyze other physical phenomena such as radiative cascades. The last two subsections are
devoted to the study of physical situations in which two discrete states
I q b ) and Iq,) play an important role (subspace goof dimension 2). We
begin by studying the effect of a coupling between two excited atomic
levels having different lifetimes, an important example of such a situation
being the quenching of the metastability of the 2s state of hydrogen by
Stark coupling with the 2 p state. Finally, we study light shifts and the
generalized Rabi frequency associated with multiphoton resonance between two discrete atomic levels (*).
1. Evolution of an Excited Atomic State
a>

NONPERTURBATIVE
CALCULATION
OF THE PROBABILITY
AMPLITUDE
THATTHE ATOMREMAINS
EXCITED

Let us consider an atom in a nondegenerate excited discrete state 16).
For the sake of simplicity, we ignore its external degrees of freedom
(global translation of the atom). Let

be the state of the total atom + radiation system representing the excited
state b in the vacuum of photons. The state Iqb) is an eigenstate of the
unperturbed Hamiltonian H,, having an energy Eb which is assumed to be
(*) The physical examples considered in subsections 3 and 4 correspond to the general
situation in which the two levels I q h ) and 19,) have different widths. The case in which the
two levels l q h ) and Ip,) are either stable or have the same width is encountered in
experiments involving magnetic resonance in ground states or excited states. This situation
results in simpler calculations (see Complement A",).
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well isolated from all other discrete eigenvalues of H,. We will calculate

in order to subsequently deduce, from the contour integral (A.221, the
probability amplitude

that the atom, initially in state b, will remain in this state for a time
According to formula (B.81, GJz) is equal to

T.

where R , ( z ) is given by an expression similar to (B.4). In quantum
electrodynamics (see 5C-1 in Chapter I), V = H,, + H,2 where H,, and
H,, are first and second order with respect to the charges q , (we ignore
here the effects due to the spins, described by H,”,). As in subsection
B-3-a, we replace R b ( z )by its second-order expression in q, which is
written

where la;k e ) represents the atom in the internal state a in the presence
of a photon kE. In the long-wavelength approximation, the first term of
(C.5) is just a constant independent of b, given by expression (E.5) in
Chapter I1 and that we assume to be reintegrated into H,. Expression
(C.5) is thus reduced to the last term, for which the diagrammatic
representation [analogous to (B.401 is

in which the dashed line of (B.41) has been replaced here by the combination of a straight line representing the atom in state a and a wavy line
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representing the photon kE. The replacement of R , ( z ) by fi,(z) in (C.4)
thus results in summing in G b ( z )the ensemble of terms

bL

a'

bl

ke +

ke'

ke

b
b

Thus we neglect all the processes in which several intermediate states
(instead of a single one) appear between two states Ib; 0) (represented by
a simple atomic line b without a wavy photon line); for example
b l
kE'

or

or
ke

bl
Let us now calculate the value of Z?Jz) near the real axis. The last
term of Equation (C.5) gives
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Taking into account (B.351, we get
(C.10)
(C.11)

f,(E)

=

-c
271-

~ l ( a ; k e l H , l ~ b ; 0 ) 1 2 6-( E , - h w ) (c.12)
a

ke

so that the approximate expression for G,(E & i ~ is) written
G , ( E -t

iv) =

1
E & iq - E, -

Ad,( E ) k i(

A / 2 ) f b (E )

.

(C.13)

Before going further, we would like to emphasize some important properties of the functions fJE)and d,(E). First of all, from Equations (C.11)
and (C.121, one gets the relation

d,( E ) =

-9’1
1
271-

fb( E ’ )
dEf---E - E‘

(C.14)

Relation (C.14) is a dispersion relation between two functions d,(E) and
f , ( E ) that are connected by a Hilbert transform. It also appears clearly in
(C.12) that f , ( E ) is positive and is different from zero only for E > E ,
(because E , + hw varies between E , and + m). In fact, f , ( E > d E characterizes the intensity of the coupling between the initial state 16;0 ) and the
ensemble of final states la; k e ) having an energy lying between E and
E + d E . Because the density of states and the matrix elements of H,,
generally vary slowly with the energy E , it follows that f b ( E )and consequently d , ( E ) are functions that vary slowly with E . Finally, for E = E,,
d,(E) and f , ( E ) take on values which we designate A , and r,, that are
given by
(C.15)
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and for which the physical interpretation is quite clear: Ad, is the shift (to
second order in q ) of state b, due to the coupling with the radiation field.
r, is the rate of spontaneous emission of a photon from state b to a state
a of lower energy.
b ) RADIATIVE
LIFETIME
AND RADIATIVE
LEVELSHIFT

Let us now return to expression (C.13) for G,(E k ih) and introduce
the additional approximation consisting of replacing the functions f b ( E )
and &E), which are functions that vary slowly with E , by the values they
take near E = E,. Thus we obtain
(C.17)
The contour integral (A.22) of (C.17) then gives
(C.18)
Expression (C.17) can also be written
(C.19 .a)
where
?.?b

= Eh

+ kd,

(C .19.b)

is the energy of state b corrected by the radiative level shift Ad,. The
results presented in subsection A-1-c in Chapter I1 are thus demonstrated:
The excited state b is shifted and the probability that the atom remains in
the excited state decays exponentially with a lifetime T b = 1 / r b . Actually,
the various terms of the infinite partial sum (C.7) correspond by Fourier
transform to the various terms of the expansion in powers of A , and rhof
the exponential (C.18). If we had stopped the perturbation expansion at a
certain order n, we would have obtained a polynomial in f, and not an
exponential decay. Thus it appears quite clearly that a nonperturbative
treatment is indispensable for describing the exponential decay of excited
states.
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TREATMENT
OF THE Two

PRECEDING
SUBSECTIONS
In the two preceding subsections, we have introduced two approximations in order to arrive at expression (C.18) for Ub(7). First, in the exact
expression (C.4) for G,(z), we replaced R,(z) by the approximate expression k,(z)given in (C.5). Then, we have ignored the variations with E of
d b ( E f ir]) and replaced &,(E k ir]) by R b ( E , k iq) = h A , T ihr,/2.
We begin by studying the second approximation. Let us examine the
result that we would have obtained for U b ( 7 ) if we had not ignored the
dependence on E of R , ( E k i ~ ) . Instead of (C.171, we now use (C.13).
According to (A.21), U,(T) is, to within a multiplicative factor, the Fourier
transform of G , - ( E ) - G,+(E). More precisely, the relations (A.211,
(A.191, and (C.13) allow us to write

where

For the exponential decay of U b ( 7 ) described by (C.18) to be valid, the
variations of %,(El with E must be those of a Lorentzian. It is clear from
(C.20.b) that %,(El does not generally coincide with a Lorentzian (*). For
the Lorentzian approximation to be valid in (C.20.b), it is necessary that
f b ( E ) and d”,(E) change very slightly when E varies about E , + h A , over
an interval of several hrb. The function
is then quite close to the
Lorentzian leading to (C.181, over an interval of values of E equal to
several times the width of this Lorentzian. To express more precisely the
(*) For this to be so, it is necessary that f J E ) be independent of E , & E ) being thus
null according to (C.14). Such a situation actually corresponds to the simple model of
continuum considered in Complement C,.
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foregoing condition, let us call hw, the energy interval over which f b ( E )
and
vary appreciably. For example, if b is the first excited state and
a is the ground state. then hw, is on the order of E, - E,. It is therefore
necessary that

w o>> r,, 4,.

(C.21)

When IE - E,( is not negligible compared to hw,, it is no l9nger
possible to ignore in (C.20) the variations with I? of f b ( E ) and 4,(E)
which lead to a non-Lorentzian behavior of the wings of Z b ( E ) . The
corrections to exponential decay are discussed in Complement C where
a bell-shaped curve of width hw, is used for f , ( E ) .
It remains for us to examine the other approximation used above which
consists of replacing R , ( z ) by the perturbative expression written in ((2.5).
The infinitely small parameter that characterizes the perturbative expansion (B.4) of R & z ) is H,,/H,; that is on the order of magnitude of
[ r / ~ , ]because
'/~
H;l/w,. The inequality ((2.21) results in the fact
that, if the first terms (C.5) of the perturbative expansion of R , ( z ) are
nonzero, the subsequent terms may be neglected.
Finally, note that the structure (C.20.b) of
remains valid even if
R,(E k iq) is not replaced by k,(E i-iq) (see Remark ii of subsection 3
in Complement

r-

2. Spectral Distribution of Photons Spontaneously Emitted
by an Excited Atom
a ) RELEVANT
MATRIX ELEMENT
OF

THE

RESOLVENT
OPERATOR

We will calculate here the matrix element of G ( z )
( a ; kelG(

z ) Ib;O)

( C .22)

between the initial state Ib; 0) (atom in the excited state b in the vacuum
field) and the final state la; k e ) (atom in the state a in the presence of a
photon ke). We assume that a is the ground state and b is the first excited
state, with the transition b + a being allowed. Once (C.22) is calculated,
the probability amplitude that after an elapsed time T the atom will emit a
photon k e and pass from b to a is obtained by using the contour integral
(A.22). If T is positive, only the contour C , contributes and
<a;kelU(T)lb;o) =

-1
1

2Tl

-=
+s

dEe-'E'/*(a;kE/G(E

+ iq)lb;O).
((2.23)
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The first nonzero term of the expansion (A.24) allowing one to connect
lb;O) to lu; k e ) is the term GoH,,GO,which yields

aYE

which may be represented by the diagram

(C.25)

b

previously introduced in Chapter I1 (see Figure 1).
Let Po be the subspace subtended by lb; 0). Because la; k e ) belongs to
the supplementary subspace Po,the matrix element ((2.22) is a matrix
element of Q G ( z ) P . The use of (B.30) thus allows us to obtain the
following exact expression for (C.22)

The last matrix element of (C.26) was discussed in the paragraph above
and we obtained for this term an approximate expression (C.171, which is
nonperturbative because it sums all the diagrams represented in (C.7). For
z = E -C iq, expression ((2.26) becomes, taking into account (C.19.a)
(a;kelG(E
( a ; keI

+ iq)/b;O)=
E

+ iq

1
-

QHQ

Vl6; 0)

1

E -gh

+ ih(rb/2)

. (C.27)

We now consider the first matrix element of (C.27). To evaluate it, as in
subsection B-1 above, we just consider the subensembles of diagrams
resulting from the expansion of G ( E -t iq) in powers of H,,. We may thus
attempt to sum all the diagrams in which the final state la; k e ) appears an
arbitrary number of times, which reylts in an arbitrary number of denominators l / ( z - E, - h w ) analogous to the one appearing in (C.24). On
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the other hand, between two such states la; k e ) , we retain at most one
“nonresonant” state that is different from Ib;O) or 1a;ke). More precisely, we limit ourselves to the infinite sum of diagrams of the type (C.28)

a

I

ke

+

(C.28)
where the double line b represents the perturbed propagator of the initial
state corresponding to the last term of (C.27) and symbolically representing the infinite sum (C.7). The diagrams represented in (C.28) suggests the
following image: once the photon kE has been emitted, the atom in state a
virtually emits and reabsorbs photons continually. Such processes are
responsible for the radiative level shift of the ground state a. Note that
there is no instability for the state a because there is no lower-energy state
to which the atom may radiatively decay from a . Because the photon kE is
a “spectator” in (C.281, we can easily convince ourselves by using the same
approximations as those used to derive (C.17) that the summation of all
the diagrams in ((2.28) leads to replacing the first denominator of (C.24)
(written for z = E + 27) by 1/(E + i7 - ia- h w ) , where Ea is the
energy E , corrected for the radiative level shift h A , of the state a. An
approximation of the exact expression (C.26), which is better than ((2.241,
is thus finally

( C .29)
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and is represented by the diagram

ab

(C.30)

where the two double lines represent the perturbed propagators of the
initial state and of the final state. An approach more direct than that
followed here, rigorously defining the final perturbed state, is presented in
Complement B,,, .
Before studying the spectral distribution of the emitted radiation, we
will first generalize expression (C.29) to the case for which the radiative
decay of the initial excited state causes several photons to appear in the
final state.
b ) GENERALIZATION
TO A RADIATIVE
CASCADE

We will now consider the case in which the atom leaves a level c that is
more excited than b and returns to the ground state a by emitting two
2 Figures 2a and 2p, representing the two
photons k l e , and k 2 ~ (see
possible temporal orders of emission of the two photons).
The presence of a level b located between c and a results in the fact
that the amplitude of processes ( 2 a ) and ( 2 p ) may take on large values

Figure 2. Passage from the excited state c io the ground state a by spontaneous
emission of two photons k l e , and k 2 E 2 . The two processes a and p differ in the
order in which the two photons are emitted.
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due to resonance in the intermediate state. This is what occurs when the
frequency w I of the photon klEl for process ( 2 a ) or the frequency w 2 of
of
the photon k2EZ for process ( 2 p ) are very close to the frequency
the transition c + h , the atom passing intermediately into state b. Such a
situation corresponds to a radiative cascade c
b -+ a.
We assume in the following that the atomic frequencies w,b and wba
are noticeably different (the difference I@,b - W b a ( being very large compared to the widths
and rb of c and b). In such a case, the two
amplitudes associated with processes ( 2 a ) and ( 2 p ) can never both be
large simultaneously (*I. We will assume w , to be near w,b and neglect
process ( 2 p ) . The photon klEl is thus the one that is emitted first in the
transition c -+ b.
The matrix element
-+

'r,

allows us to calculate the transition amplitude
(a;k

k2

~ , /U ( 7 )

(c;0) =
d E e-lE+/*(a;k l E 1 ,k2E21G(E

+ i7)Ic;O).

(C.32)

At the lowest order in HI,, the third term of expansion (A.25) yields,
for the contribution of process ( 2 a )to amplitude (C.311, the result

represented by the diagram

(C.34)

( * ) See the remark at the end of this subsection and Exercise IS, which considers the
situation where the three levels a , b , c are nearly equidistant.
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As in the previous subsection, we may sum the other higher-order diagrams, of the same type as (C.35), which contain the “resonant states”
Ic; O), lb; k l E 1 ) ,la; klE,, k 2 ~ 2 )as
, intermediate states, an arbitrary number of times, and contain no more than one nonresonant state between
two such resonant states.

(C.35)

As above, such a summation is equivalent to replacing El by 8, i h ( c / 2 ) in the denominator of (C.33) (written for z = E + i 7 ) with
i = a , b, c. We thus obtain

(C.36)
corresponding to the diagram obtained by replacing the three single lines

a , b, c in (C.34) by three double lines symbolizing the perturbed propaga-

tors [see the first diagram in (C.46)I.
More elaborate methods, using projection operators over several orthogonal subspaces, may be developed to study the problem of radiative
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cascades. They confirm the results derived here by diagrammatic methods (*).

c ) NATURAL
WIDTHA N D SHIFTOF

THE

EMITTEDLINES

a ) Line Emitted f r o m the First Excited Leuel

We return to the spontaneous emission of a single photon from the first
excited level b.
To obtain the spectral distribution of the emitted photon, we must
calculate the emission amplitude (C.23) for a time T sufficiently long so
that the atom has certainly returned to state a ( 7 >> r;'), then study the
dependence on w of the squared modulus of this amplitude.
We substitute (C.29) into ((2.23) and calculate the integral over E by
+ tiw of (C.29)
the residue method. For T % I'LL, only the pole at

-i(

E, +h

w ) /~h

(C.37)

(C.38)
represents the (angular) frequency of the transition connecting state b
shifted by h d , to state a shifted by hA,. We then square the modulus of
(C.37). The dependence on w of the numerator is much slower than that
of the denominator and may be neglected. The distribution in frequency
Z(w) of the emitted photons is thus proportional to

It is given by a Lorentz curve of width at half-maximum
natural width, centered on O b u , which differs from
A, - A,.

r,,,called

the
by the shift

p ) Lines Emitted in a Radiatii>e Cascade
To obtain the spectral distribution of the two photons emitted in the
radiative cascade c + b + a (see Figure 2a), we must now substitute
( * ) See, for example, L. Mower, Phys. R e [ , . 142. 799 (1966): A. S. Goldhaber and K. M.
Watson, Phys. Re[,.160, 1151 (1967); L. Mower, Phys. R e [ , . 165. 145 (1968).
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contributes to the integral and we obtain
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8, + h w , + h w ,

As previously, it is legitimate to neglect the variation with w 1 and w 2 of
the numerator compared to that of the denominator, so that the combined
distribution Z(w,, w,) of the frequencies of the emitted two photons is
given by

where Oh, is already given in (C.38) and where

w,, = ( E , - E$h.

(C.42)

Let us assume that we observe only the first photon w l . Its spectral
distribution is obtained by integrating l ( w l , w,) over w2:

The integral over w 2 of (C.41) may be easily calculated by the residue
method. We get

( C $44)
where

Och =

[Ec- Eh)/h.

The spectral distribution of photons emitted on the transition c

(C.45)
-+

b is
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given by a Lorentzian centered at web and for which the width at
half-maximum is the sum of the natural widths
and
associated with
the initial and final levels of the transition.
If, on the other hand, we observe only the photon w 2 , we must
integrate (C.41) over w , . We then find the same result as the one given in
(C.39).

r,

r,

Remark
Strictly speaking, the amplitude of emission of the two photons is represented
by a sum of two diagrams differing by the order in which the two photons are
emitted.

(C.46)

These two diagrams correspond to the two processes in Figure 2 and describe
two different paths going from the same initial state to the same final state. The
corresponding amplitudes must therefore interfere. In fact, if lGcb - G b a />>
the two amplitudes may never be large simultaneously, so that the
interference effects are negligible. The previous calculation is therefore valid.
On the other hand, if the three levels a, b, and c are equidistant, then the two
amplitudes associated with (C.46) may be comparable and their interference
may no longer be ignored. An example of such a situation is analyzed in
Exercise 15 which studies the spontaneous emission in cascade starting from the
level n = 2 of a harmonic oscillator.

r,, r,,

3. Indirect Coupling between a Discrete Level and a Continuum.
Example of the Lamb Transition
a ) INTRODUCING
THE PROBLEM

We now consider the case in which a discrete level 19,) of H , is
coupled to a continuum, not directly (as in the foregoing subsections) but
indirectly, via another discrete level I q b ) of H , having a nearby energy.
This situation is encountered, for example, in the hydrogen atom, the
metastable level 2s1,* being very close in energy to the unstable level
2 ~ , (see
, ~ Figure 3). We show in this subsection how a weak coupling
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Figure 3. Diagram of the energy levels of
the hydrogen atom considered in this
subsection. Levels 2s1/* and 2pIl2 are
quasi-degenerate. Level 2p,,* may decay
to level ls1,* by emitting a photon. Level
21i1,* is metastable in the absence of the
coupling W.
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between these two levels may lead to a significant reduction in the
(*).
metastability of the level 2s,:
The problem that we consider is thus that of a discrete level Ip,) =
/c;O) of H , = H p + HR (atom in the excited state c without any photon),
coupled by a Hamiltonian W to a nearby level ( q b )= Ib;O) (atom in the
excited state b without any photon). This second state Ip,) is itself
coupled by H,, to a continuum of states la; k e ) (atom in the ground state
a in the presence of a photon ke). On the other hand, we assume that
Iq,) is not directly coupled to la; k e ) by H,, and is thus metastable with
regard to spontaneous emission. A system initially prepared in state 19,)
must therefore pass through the intermediate state Ipb) before it is able
to emit a photon. Thus it clearly appears that the evolution of the state
(9,) cannot be studied independently of that of the state lqb).Thus we
find ourselves in a situation in which the relevant subspace ZF, is subtended by Iq,) and 19,) and thus has a dimension equal to 2.
For the hydrogen example, we assume that the coupling W between the
states Iq,) and I V b ) is due to an external static electric field E, so that
W = -d.E,

(C.47)

where d is the electric dipole moment of the atom.
Remarks
(i) The theory developed below may be adapted easily to the case in which the
coupling between Iq,) and Iq,) is due to a microwave electromagnetic field
by a spontaneous
(*) Actually, the 2 s , , , state may decay radiatively to state
two-photon emission (see Chapter 11, §D-1). Here we neglect such a process because the
instability introduced by the coupling with the unstable state 2 p , , , is assumed to be more
significant.
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having a frequency close to ( E , - E,)/h. If we assume that initially there are N
photons in this mode k l e l of the field and that the atom is in the state c , the
coupling between / c ; N k , e I ) and 1b;(N + l ) k , e , ) may induce a transition
between these two levels. Because the level Ib;(N l ) k , e , ) is unstable, as a
result of its coupling to the continuum of states l u ; ( N + l ) k , e , , k e ) , the
evolution of the system is described by equations similar to those obtained in
the case of the Stark coupling (C.47). The relevant subspace go is then
subtended by I c ; N k , e , ) and I h ; ( N + l ) k , e , ) .

+

(ii) We emphasize here the instability of the state Icp,) induced by the coupling
W .Another possible approach would consist of first determining the eigenstates
Ix,) and Ix2> of the projection of H,, W in the subspace subtended by
Iqh) and l q c ) , then studying the effect of the radiative coupling between the
states Ix,) and l,yz) thus obtained and the continuum (1u;ke)). It would,
however, be incorrect to think that the evolution of Ix,) and / x 2 ) may be
deduced exclusively from the diagonal matrix elements (x,IR(E + iq)lxl) and
(,y21R(E+ i 7 ) l x 2 ) .Because the states Ix,)and Ix2) are close in energy and
coupled to the same continuum la; k e ) , the nondiagonal elements (x,IR(E +
iq)lxz) and ( x 2 1 R ( E+ iq)Ixl), must also be taken into account. Another
physical example in which two degenerate levels are resonantly coupled to the
same continuum is studied in Exercise 14, which deals with the problem of
superradiance of a system of two atoms.

+

6) NONPERTURBATIVE
CALCULATION
OF THE TRANSITION
AMPLITUDE
The system being in the state 19,) at t = 0, we calculate the probability
of finding it in the same state at a
amplitude (cpc/U(f,O)Ipc) = Ucc(t)
subsequent time t . To do this, first we consider (qcIG(z)Ipc)= G,,(z).
Because the evolutions of states I V h ) and 19,) are coupled, we have to
study the projection of G ( z ) in the subspace go subtended by Ipb) and
1 ~ ~ ) It. thus follows from subsection B-2-b that the matrix (B.28) representing P G ( z ) P is the inverse of matrix (B.29). It is thus equal to

(C.48)
where

is the determinant of the matrix (C.29).
In the physical problem studied here, the Hamiltonian H is the sum of
H , = H p + H , and I/ = H,, + H,* + W . As in subsection C-1, we will
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carry out approximations on the exact expressions ((2.48) and (C.49). We
replace the matrix elements R,, of R (with i, j = b or c) by perturbative
expressions R,,, calculated up to second order with regard to the charges
q . Along the contour C , of Figure 1 (which has to be considered for
T > O), we also neglect the variation with E of R , , ( E + iq), by replacing
R i j ( E iq) by k i j ( E o iq), where E , = ( E , + E,)/2 is the mean energy
of states Iq,) and Iq,).
Let us begin by calculating the nondiagonal element a,,(E, + iq). The
Hamiltonian H12, which does not act on particles in the long-wavelength
approximation, cannot couple Iq,) to Iq,). Furthermore HI,cannot
couple Iq,) and Iq,) to the second order, because the atomic states ( b )
and Ic) have opposite parities. Finally, the “crossed” coupling terms
involving both H I , and W are zero between the states I p b ) and 19,) which
both contain no photons. From that we deduce that, to the second order
in q

+

+

(C.50.a)

I?,,( E,

+ iq) = I+‘&.

(C.50.b)

For the diagonal elements R b b and R.,,, we neglect the quadratic Stark
effect due to the matrix elements of W between the state lb) (or Ic)) and
the other distant levels. Because the crossed diagonal terms involving both
HI,and W are zero, and because E , = E, = E,, we obtain

=

h A , - -i

rb

(C.50.c)

2

and similarly

’,.( E ,

+ iq) = Ad,.
+

( C S O .d)

The absence of an imaginary term in R,,(E,
iq) is due to the fact that
the state Ic) is metastable.
Finally, the approximations made above on PR(E + i q ) P are equivalent to considering that P C ( z ) P is the resolvent of the “Hamiltonian”

PH,P
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+ PR(E, + i q ) P that is represented by the matrix
(C.51)

+

(where, as above, we have set Er = E, h A , for i = b , c ) . The matrix
(C.51) thus appears as a non-Hermitian effective Hamiltonian allowing us
to study the evolution within the subspace 27".
Substituting (C.50) into (C.48) and (C.49) yields

CJE

+ iq) =

E

-

E, + ih-rh

2

( E - 2,)-

(C.52)

.
IwhCl2

To obtain U,,(T),it is then sufficient to carry out the contour integral
(A.22) by the residue method. We obtain in this way

(C.53)
where z , and z 2 are the eigenvalues of the matrix (C.51).
c ) WEAKCOUPLING
LIMIT.BETHEFORMULA

Let us consider first the case in which I W,,I is very small as compared
with hTb ( I W,,I K h r h ) . The eigenvalues of (C.51) are then respectively
equal to

(C.54 .b)
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Now separate the real and imaginary parts of these eigenvalues. We then
see the following quantities appear
(C.55)

(C.56)

the meaning of which will be given later (recall that
we obtain

l b

= E , - hA’ - ih-

2

rf

z 2 = Ec + h A - ih-

2

h&bc =

Eb - E,), and

(C.57 .a)
(C.57.b)

In the case of weak coupling, r’ and A are very small compared with r,
and the eigenvalues z , and z2 differ only slightly from the diagonal terms
of the effective Hamiltonian (CSl), even when the energy difference h&,,
between levels b and c is zero. By substituting the values of z1 and z 2
into the expression (C.53) for Uc,(t),
we find that the essential contribution
comes from the pole z 2 , so that

It follows from ((2.58) that the coupling W has two consequences for level
c: On the one hand, this level is shifted by the quantity h A , on the other
hand, it acquires a finite lifetime l / P . As a result of its coupling with b,
level c is “contaminated” by b and thus becomes unstable. We see in
formula (C.561, also called the Bethe formula, that the decay rate r’ varies
with &bc as a Lorentzian curve centered at &b, = 0. This probability is
maximal when the energies of levels b and c are equal (including radiative
shifts). On the other hand, the variation of A as a function of &bc is that
of a dispersion curve [see (C.55)I. Although they are coupled to each
other, the energy levels continue to cross each other at &bc = 0 when the
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energies
and E, are scanned using an external parameter (*I. The
perturbation W thus does not lift the degeneracy of the energy levels when
W is small compared to h r b . We find also that the eigenstates 19,) and
/ q 2 )of the matrix (C.51) differ only slightly from 19,) and 19,) (the
corrections being at the maximum on the order of I wb,I / h r b ) :

Note that these two states are not orthogonal because the matrix (C.51) is
not Hermitian.
d ) STRONG
COUPLING
LIMIT.RABIOSCILLATION

Let us now consider the other limiting situation where I W b , i >>
this case, the eigenvalues z 1 and z 2 of ((2.51) are equal to

- + h-n - ih-rl
2
2

z1 = E ,

-

n - ih-r2

z 2 = E , - h-

2

2

hrb.

In

(C.60.a)

( C .60.b)

with

((2.61)
1

.

“i

r l =2-

%I

l+-

(C.62)

( C .63.a)

( * ) In the case of hydrogen, such a scanning is carried out by a Zeeman shift of the levels
in a static magnetic field. See W. E. Lamb and R. C. Retherford, Phys. Rec. 79, 549 (1950);
81, 222 (1951); 86, 1014 (1952).
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(C.63.b)
Substituting these values for z1 and z 2 in (C.53) yields the transition
At resonance (Gbc = O), we find that
amplitude Ucc(t).
(C.64)

The evolution of the system starting from the state 19‘) thus appears as a
damped Rabi oscillation. The frequency of this oscillation is proportional
to the coupling matrix element 1 wbcI and the damping time of the
oscillation is twice the lifetime of the level b. Under the effect of the
strong coupling between the two states, the instability of the level b is
found to be distributed equally between b and c. The eigenstates of the
matrix (C.51) are in this case symmetric and antisymmetric linear combinations of l(Pb) and 19,) (if Wb, is real). Their energies are ,Go i I wbCI.In
contrast to the previous case (weak coupling), the degeneracy of the two
levels b and c is thus lifted by W .
If the qystem is detuned from resonance, then the mixing of the wave
functions becomes less important and the eigenstates of (C.51) tend to
I 9 b ) and icp,)
when hlGbcl >> lWbcl.The natural widths rl and r2 of
these levels [related to the imaginary parts of (C.60.a) and (C.60.b)l thus
= 0 [see (C.63.a) and
pass progressively from rb/2and rb/2to rb and
(C.63.b)l. As for the energies [real parts of (C.60.a) and (C.60.b)], they
equal ( L of h 0 ) / 2 and form a “level anticrossing” when W b c varies (see

r,

Figure 4. Level anticrossing. The energy levels in the absence of W are drawn with
dashed lines and the perturbed energy levels are represented by solid lines.
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Figure 4). The Rabi oscillation occurs at the frequency 0 given in ((2.62)
and its amplitude decreases.
Remark
In this entire subsection we have considered Iq,) to be stable in the absence of
coupling W . The results obtained may be extended easily to the case in which
19,) has a lifetime equal to
In this case, we must add an imaginary part
-ihr,/2 to the diagonal term E, of the effective Hamiltonian ((2.51). The level
- r,\.
anticrossing situation thus corresponds to the inequality 1 W,, 1 >> h
In particular, when the two levels have the same lifetime, the coupling between
I cph I and I cp,) always leads to a level anticrossing.

rc--'.

w,

4. Indirect Coupling between Two Discrete States. Multiphoton Transitions
a ) PHYSICAL
PROCESSAND SUBSPACE
g(,
OF RELEVANT
STATES

The goal of this last subsection is to show how the resolvent formalism
may be applied to the study of multiphoton transitions. For example, let us
consider the case of the resonant two-photon absorption between two
excited discrete levels c and b (see Figure 5). The energy difference
E , - E , = rimhc between these levels is near 2 h w where w is the frequency of the N incident photons k e . We assume that the lower level of
the transition c is metastable, whereas the higher level b decays by a
radiative cascade, through the levels d , to the ground state a. Such a

b
hw

t

Figure 5. Energy-level diagram corresponding to the two-photon absorption process considered in this paragraph.
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scheme corresponds, for example, to the case of the transition 2 s -+ 3s of
the hydrogen atom, the radiative decay of the 3s level occurring almost
completely via the 2 p level.
Let l+(t)) be the state vector of the total atom + field system, corresponding to the initial state I+(O)) = IC; N k e ) (atom in the state c in the
presence of N photons of the mode kE, all the other modes being empty).
Among the eigenstates of H , = H p + H R that will appear with a significant amplitude in the expansion of I4(t)), the state Ib;(N - 2 ) k ~ plays
)
a
predominant role because the condition w b c = 2w implies that this state is
nearly degenerate with Ic; N k e ) . Other states will also play an important
role for long times, namely, those which result from the spontaneous
emission of one photon from the excited state b (Id; ( N - 2)ke, k l e l ) ) or
of two photons ( l a ; (N- 2)ke, k l e , , k2E2)).
Note that these two latter states of the total system do not involve the
atomic levels b and c. More generally, if it is possible to neglect all the
spontaneous emission processes able to bring back the atom in levels b
and c, these two atomic levels appear in the expansion of It,/&))
only
through the states 19,) = ( b ; ( N- 2 ) k ~ )and 19,) = Ic; N k e ) . The
probability of finding the atom in the level b or c (regardless of the state
of the field) is thus equal to that of finding the total system in state 19,) or
19,). The calculation of the evolution operator, and therefore that of the
resolvent, may then be limited to the subspace gosubtended by Ip,) and
19,). Such a simplification would not be possible if the atomic state c were
the ground state because it would be repopulated by spontaneous emission. Thus it would be necessary to take into account many other states of
the total system to describe the atomic evolution (see BC-4-f).
b ) NONPERTURBATIVE
CALCULATION
OF THE TRANSITION
AMPLITUDE

We choose here to use the electric dipole point of view to describe the
coupling between the atom and the field (*I. The Hamiltonian H is then
decomposed in H , = H p + HR and Hi = - d . E I .
To derive the evolution of the system, it is necessary, as in subsection
C-3-b, to calculate beforehand the eigenvalues of the effective Hamiltonian PHoP P N E , + i 7 ) P where E , is the mean energy of the levels
I 9 b ) and Ip,). The matrix elements of PR(E, + i T ) P , are calculated here
at the lowest order in q , where they are nonzero, namely, second order.

+

(*) One can actually show (see, for example, Photons and Atoms-Introduction
to
Quantum Electrodynamics, Exercise 2 in Complement E,") that the Hamiltonian - d E I is
often more convenient to use than H,, for the study of multiphoton transitions between
discrete levels.
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For the diagonal terms, we thus have

dbb(EO

+ iq)

I ( b ; ( N - 2)keIH;Ii; ( N - 2 ) k e , k ’ d I 2
+
E , - E i- hw’ + iq
i k’e‘#ke
+i c1 ( b ; ( NE-, 2-) kEi~ I-Hho; l i ;(+Niq- 1)kE) 1’ +
( N - 3)ke)I2
.
(C.65)
+i cI ( 6 ; ( NE-, 2)ke(H;/i;
- E, + ho + iq

c c

In the sum over k ~ of’ the first term of (C.651, the photons kE are
spectators. Except for the contribution of the single mode k e (which may
be neglected) we find a sum analogous to (C.9), which thus describes the
spontaneous radiative effects (lifetime, radiative level shift) previously
discussed in subsection C-1 (*I.
In the last two sums of (C.651, it is possible to eliminate the term iq
appearing in the denominator. In fact, in the example studied here, we
exclude any single-photon resonance starting from b so that no energy
denominator can ever vanish (**I. The last two terms of (C.65) are
therefore real. Let us call their sum hA,. The quantity hA, actually
describes the light shift of the level I q b ) resulting from the interaction
with the incident photons. By assuming that the number of photons in this
mode k e is very large ( N >> 1) and by using the expression (89) in the
Appendix which gives the field operator E I , we can reexpress the last two
terms of ((2.65) in the form
hAb

c I (bld .
2E0L3
Nh 0

=-

Eli)

l2

1

E,

-

Ei- h~

+ E,

- Ei + hw
(C.66)

Or again, by using the intensity operator I

=

E(;)

*

E‘:’

introduced in

(*I Strictly speaking, the first sum in (C.65) does not coincide with ((2.9). To obtain the
correct radiative level shift hd,, from the electric dipole Hamiltonian, it is necessary to add
to this sum the contribution from the dipole self-energy term of the electric dipole Hamiltonian [see relation (76) in the Appendix and Exercise 71.
( * * ) I n the case where there is a level I of the ionization continuum of the atom such that
E, = E , + hw, it would be necessary to retain the term in iq. The imaginary part of the last
sum of (C.65) would then be associated with the lifetime of level h due to the photoionization process.

Nonperturbative Calculation of Transition Amplitudes

208

III.C.4

Complement A , l :

The light shift h A c of the other level is given by a similar expression
obtained by replacing 6 by c.
Finally, the diagonal terms of the effective Hamiltonian PH,P + P d ( E ,
i q ) P are written (with the notation El = E, + h A , for i = b, c )

+

(C.68)
for level b and
Nhw

+ E, + hA:

(C.69)

for level c which was assumed to be metastable (r,= 0).
Let us now consider the nondiagonal term l?,,(E, + iq), which is equal
to

c ( b ;( N
i

-

2)k~lH;li;
( N - l)kE)( i; ( N - 1)kEIH;Ic; NkE)
E,

+ hw - Ei + iq

(C.70)
We have replaced E , by Nhw + E, in the energy denominator (we also
could have taken E , = ( N - 2)hw + E,, which is only slightly different).
Note that the term in iq of the denominators may be eliminated because
there is no level i located at an equal distance from levels b and c (no
single-photon resonance). In contrast to the situation in subsection C-3,
here there is no direct coupling between levels l ( P b ) and [(P,), but rather a
second-order indirect coupling through the states /i;( N - 1)kE). In the
limit N >> 1, we can rewrite d , , ( E , ) in the form

(C.71)
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Finally, the effective Hamiltonian that describes the evolution within gois
written

and has many similarities to the Hamiltonian (C.51) discussed in the
preceding subsection. We may thus use the results of this subsection to
determine the temporal evolution of the transition amplitudes U J t ) and
U ( t ) . As above, we successively examine the case of weak coupling
b:
( I R ~ ~ ( E<
,<J /h r b ) and that of strong coupling (Ifib,(E())l >> fir,).
c > WEAKCOUPLING
CASE.TWO-PHOTON
EXCITATION
RATE

Expression (C.58) shows that the population of state c decreases
exponentially with a rate given by the imaginary part of the eigenvalue of
the effective Hamiltonian ((2.72) relative to the unperturbed state Icp,).
Let us write - i h r " / 2 the imaginary part of the eigenvalue of (C.72)
closest to ~ h +w E, + h A c . rffequals

and represents the two-photon excitation rate. Note that this transition
probability is maximal when
hG,,

+ h( A\

- A',)

=

2hw

(C.74)

that is, when the energy of the two photons is resonant with the energy
difference between levels b and c , corrected by spontaneous radiative
level shifts (included in hObc = E b - g c )and light shifts hA\ and h&=.
The resonance condition thus depends on light shifts: it follows that the
center of the two-photon resonance shifts when the incident light intensity
changes. The width at half-maximum is hr,. The variation of P with the
intensity is quadratic because fi,,(E,) varies as ( I ) [see (C.7111. The
two-photon transition probability is thus proportional to the square of the
incident intensity.
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Remark
In the case of weak coupling (lR,,(E,)I e AT,), that is, when the two-photon
transition is not “saturated”, the light shifts are often small compared with the
natural width h r b of the levels studied. This allows one to use the two-photon
transitions for high-resolution spectroscopy (see Chapter 11, OD-2). Such a
qroperty results from the fact that the light shifts A A , and h A c vary as
Rbc(Eo),
proportionally to ( I ) . There are thus many situations in which we can
have IA, - AcI << r, while still having a non-negligible transition probability (*I.

d ) STRONGCOUPLING
LIMIT.TWO-PHOTON
RABIOSCILLATION
When I f i b , ( & ) l >> hrb,the eigenvalues of the effective Hamiltonian
(C.72) are given by expressions similar to (C.60.a) and (C.60.b) but where
w,, and o,, are replaced by f i b c ( ~ o )and ( & b c + f i b - A, - 2 w ) . BY
analogy with the results obtained in subsection C-3-d, we can therefore
predict that the evolution of the system will be a damped oscillation
between levels b and c. For example, at resonance ( 6 b c + d b - A< = 2 w ) ,
the probability of finding the system in the state Iq,) is equal to

(C.75)
The Rabi oscillation phenomenon thus also appears for a two-photon
resonance. This oscillation occurs at the generalized Rabi frequency
21fibc(EO)I/ h , which is, according to (C.71), proportional to the incident
intensity.
e) HIGHER-ORDER
MULTIPHOTON
TRANSITIONS
The foregoing approach may easily be generalized to a multiphoton
transition involving more than two photons.
We consider for example the three-photon resonant transition between
the states c = 2s and b = 4f of the hydrogen atom. Near resonance, the
states Iq,) = Ic; N k e ) and Iq,) = / b ; ( N - 3 ) k ~ )play a preponderant
role. As above, the diagonal elements R,,(Eo + i v ) and R,,(E, + i v )
(where E , is the mean of the energies of the states Iqb) and I q c ) )appear
to the second order in H; and represent the natural widths and spontaneous radiative level shifts of b and c , as well as the light shifts of these
levels. On the other hand, R,,(Eo) now appears only to the third order in
( * ) See, for example, Grynberg, Cagnac, and Biraben
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H i and equals, retaining only the first nonvanishing term,

Depending on the relative values of I& (E,)1 and AT,, we can define
h,c
either a three-photon transition rate (if IRhc(Eo)l<< AT,) equal to

or a three-photon Rabi oscillation frequency (if Ik,,(E,)I >> hT,> equal
to 211?hc(E")1/h.
Note that, when the transition is not saturated, the transition probability
is proportional to Ikbc(E0)12
which varies as the cube of the light
intensity. Thus the light shifts play a more important role than they do in
the case of two-photon resonance because the coupling matrix element
lkbc(Eo)linducing the transition appears at an order of perturbation
higher than Ah and Ac.

r"

f > LIMITATIONS
OF THE FOREGOING
TREATMENT
In all the examples discussed in subsections C-3 and C-4, we were able
to study the evolution of the system by limiting ourselves to a small
number of selected levels. Such a situation is, nevertheless, far from being
general. For example, let us consider one-photon resonant absorption
from the ground state a. We call 6 the first excited level and assume that
only a single mode of the field is populated, this mode containing N
photons of frequency w close to ( E , - E,)/A. To find the evolution of the
system, we may be tempted to generalize the foregoing treatment by
studying the projection of the resolvent onto the subspace subtended by
la; N k e ) and I b ; ( N - 1)kE). Nevertheless, it is clear that such an approach does not allow us to predict the probability of finding the atom in
one of the levels a or b. Actually, the spontaneous emission process from
the level b couples state Ib;(N - 1)kE) to state l a ; ( N - l ) k e , k , e , ) . A
new absorption from this level leads to the state lb; ( N - 2 ) k ~k, l E l ) , etc.
It is thus impossible to limit ourselves only to the states la; N k e ) and
I b ; ( N - 1)ke) (except for times sufficiently short so that the probability
of return by spontaneous emission to level a is negligible). For this type of
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problem, the use of the resolvent is not convenient because the subspace
of selected states gohas a dimension that is too large and it is necessary
to use other methods (master equation, optical Bloch equations, dressed
atom), which will be discussed in the following chapters.
GENERAL
REFERENCES
Messiah (@XVI-15, XXI-13, 14, 151, Goldberger and Watson (Chapter
VIII), Roman (04-5).
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COMPLEMENT A
ANALYTIC PROPERTIES OF THE RESOLVENT

In Section A of this chapter, we introduced the resolvent

G(Z )

=

1

Z-H

of the Hamiltonian H of the system under study, z being a complex
variable. We have shown that this operator has several interesting properties. In particular, its matrix elements between eigenstates of the unperturbed Hamiltonian H , are often more simple to calculate than those of
For instance, it is possible to formally sum
the evolution operator U(T).
the perturbation series in powers of I/ = H - H,. Once the matrix element of G ( z ) between the initial and final states of the process under
study has been Lalcuiated, the corresponding matrix element of U(T)can
be deduced from it by a contour integral. It is thus important to specify
the analytic properties of the matrix elements of G ( z ) considered as
functions of the complex variable z . This is the aim of this Complement.
We begin ($1) by showing that the matrix elements of G ( z )are analytic
in the entire complex plane excluding the real axis. We then analyze ($2)
the singularities of these matrix elements on the real axis and show that
they are related to the discrete or continuous nature of the eigenvalues of
H . Finally, we return to the problem of a discrete state of H , coupled to a
continuum. We first show that such unstable states correspond to poles of
the analytic continuation of the resolvent in the second Riemann sheet
(83). Exponential decays are associated with these poles. We then show
(94) that the contour integral also gives rise to nonexponential contributions.
1. Analyticity of the Resolvent outside the Real Axis
Let l u ) be an arbitrary normalized state
(ulu)

=

1

and

be the matrix element of G ( z ) in this state.
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To study the analytic properties of G,,(z),it is convenient to introduce
the eigenstates of H . Some are discrete eigenstates, I$,) with eigenvalues
Ei, the other eigenstates
belonging to the continuous spectrum. If the
have the usual normalization, the closure relation
states I$,) and I$k)
over the eigenstates of H is written

It is often convenient to have the energy E explicitly appearing as a
quantum number labeling the states of the continuous spectrum, to which
must be added other quantum numbers denoted by y. The change of
variables k + E, y then causes the density of states to appear in d3k =
p ( E , y ) d E dy (see Q3-c in Complement A , ) and (4.a) becomes

The introduction of (4.b) between l / ( z

-

H ) and l u ) in (3) yields

Let us now assume that z is a point in the complex plane located at a
nonzero distance 6 from the real axis. In (51, all the denominators z - E i ,
z - E’ have a modulus larger than 6. Since all the numerators of ( 5 ) are
positive, we can thus give an upper bound for I G,( z )I

The term between brackets in (6) is simply the square of the norm of l u ) ,
which, according to (2), equals 1, so that

AIH.2
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A similar demonstration allows us to show that the derivative of
GJz), GL;(z)is also bounded.
Finally, G,(z) is, according to (51, an infinite sum of terms which are
analytic functions of z outside the real axis. This sum is finite. Thus GJz)
exists outside the real axis, as well as its derivative. G J z ) is thus analytic
outside the real axis.
Remark
The foregoing demonstration may be generalized to matrix elements of G ( z )
between two different normalized states l u ) and lc). Inequality (6) is then
replaced by

and the foregoing conclusion remains valid.

2. Singularities on the Real Axis

First of all, at every point E of the real axis which is not an eigenvalue
of H , G,(z) is analytic. In the foregoing demonstration, it suffices to
replace 6 by the distance between E and the eigenvalue of H closest
to E.
When z tends to a discrete eigenvalue E j of H , the term I ( u li,hi) 12/
( z - E i ) of the sum ( 5 ) tends to infinity. The discrete eigenvalues of H are
thus poles for G,(z) (except when ( u l + , ) = O), having I ( U I $ ~ ) I * as
residues.
Let us now assume that z tends to an eigenvalue of E in the continuous spectrum, which is distinct from a discrete eigenvalue. Two situations
are possible, depending on whether the imaginary part of z is positive or
negative (Figure 1). To see this, let us calculate lim,,+,,+ G,(E k iv),
which, according to (51,equals
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and continuous spectrum of H (start-

where

The first term of the right-hand side of (8) simply tends, when q
C iI ( u I +hi) I 2/( E - Ei), which is a real quantity. Using
1
1
lim
=B- T i x 6 ( x )
v + o + x k iq
X
~

+

O,, to

( 10)

where 9 designates the principal part, one finds that the second term is
equal to

The limits of G J E Ifr iq), when q + O,, actually exist, but are different
depending on whether z tends to E by positive or negative values of the
imaginary part [if f u ( E )is nonzero]. We say that the function G,(z) has a
cut along the continuous spectrum. The difference, - 2ixf,(E), between
the values of G J E iq) and G J E - iq), represents the gap between the
two sides of the cut. The point at which the cut begins, E,, is called the
branch point. Because the density of states p(E’, y ) generally tends to
zero when E’ tends to E,, the same is true for f J E ’ ) according to (9).
The gap between the two sides of the cut thus tends to zero when E
approaches the branch point.
Also note that the values taken by the function G,(z) on both sides of
the cut are complex conjugates of each other, according to (11). More
generally, the Hermiticity of H results in

+

Gu(z*)= (GU(Z))*.

( 12)

The function G,(z) is analytic in the upper half-plane. We can make an
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analytic continuation of this function beyond the cut onto the lower
half-plane. The value taken by the analytic continuation is different from
the value taken at the same point by the initial determination of the
function, because the cut precisely introduces a discontinuity into this
determination. We say that G , ( z ) has been continued onto the second
Riemann sheet, the complex plane constituting the first Riemann sheet. A
similar continuation may be made from the lower half-plane to the upper
half-plane.
In summary, the foregoing discussion has shown that the function G J z )
is analytic in the complex plane except for the discrete eigenvalues of H ,
which constitute poles, and for the continuous spectrum of H that makes
up a cut. It is possible to analytically continue GJ z) beyond the cut onto
the second Riemann sheet. The second determination G,”(z) thus obtained may have poles. We will now see how these poles characterize the
unstable states resulting, for example, from the coupling of a discrete state
with a continuum.
3. Unstable States and Poles of the Analytic Continuation of the Resolvent

We return to the problem of spontaneous emission discussed in subsection C-1. The discrete state lcp) = Ib;O), which is an eigenstate of the
unperturbed Hamiltonian H,, with eigenvalue E,, represents the atom in
the discrete excited state ( b ) in the photon vacuum 10). It is coupled by
H,, to the states la; k e ) which represent the atom in the state a in the
presence of a photon k E . The states J a ; k e ) , of unperturbed energy
E , + hw form a continuum starting from E , (for the sake of simplicity, we
assume that there is no atomic state other than la) with energy less than
Eb).

The matrix element of the unperturbed resolvent in the state

[(pb)

has a pole at z = E,. As for the matrix element of G ( z ) in l p b ) , we have
shown that it can be put in the form

and we have calculated, because H,, is very small, an approximate value
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Near the real axis, G,(z) may be written

The quantity f b ( E ) is a positive function, which is zero for E < E,, and
which describes the intensity of the coupling of the discrete state Iq,) with
the shell of energy E in the continuum (la;kE)) [see (C.1211. The quantity
d b ( E ) is simply related to f b ( E ) by the dispersion relation (C.14). For
E = E,, f b ( ~ , ) = r,, and h&(Eb) = h A , represent, respectively, the
radiative decay rate of 19,) to the continuum and the radiative shift of the
state 19,).
It is clear from (16) that G,(E + iq) and Gb(E - iq) tend to welldefined limits when q + O , , but these limits are different when f b ( E ) is
nonzero, because

Thus, G,(z) possesses a cut on the real axis, starting from the branch
point E, [because f b ( E )= 0 for E < E,] and going to infinity.
The fact that the singularity changes from a pole for G,,(z) to a cut for
G b ( z )shows that H no longer has, as H , does, any discrete state of
energy close to E,. The coupling I/ has in a way “dissolved” the discrete
state 1%)
in the continuum. However, a trace of the discrete state
remains, which is revealed by significant variations of G,(E + iq) and
G,(E - iq) when E varies about E, + Ad,. We will now show that these
iq) are in fact due to the existence of a
important variations of G,(E
pole in the analytic continuation of G,(z) near z = E,.
Remarks
(i) The distance (17) between the two sides of the cut varies strongly with E
near E = E,. These variations, which are close to those of a Lorentzian
centered at Eb Ad, and of width AT,, are just those of the density of the

+
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discrete state Iqb) in the new continuum. In fact, if I $ ( E , y ) ) designates the
eigenstatc of the total Hamiltonian H with eigenvalue E , the general expressions (8), (9), and (11) demonstrated above show that, for l u ) = 19,)

The integral of the right-hand side of (18) is just the density of the state Ip,) in
the new continuum. The comparison of (17) and (18) clearly shows that this
density is significant near E , + Ad, and varies very rapidly with E over an
interval of width hr,. Such a result generalizes the one obtained in Complement C , on a very simple model.
(ii) It is possible to exactly calculate R & r ) and thus to obtain for { , ( E ) and
d,(E) and
F,,(E) given in (C.ll) and (C.12). For this it is sufficient to use the general
expressions (B.37) and (B.38) written in the case where the subspace 8,has
only one dimension [we then have d , ( E ) = A,,(.!?) and T,(E) = r,&E)]. If the
closure relation over the eigenstates of the operator QHQ is inserted between
the two operators V of (B.37) and (B.38), we obtain exact expressions having
the same structure as (C.11) and (C.121, la; k e ) , being replaced by an eigenstate of QHQ, and E ,
hw by the corresponding eigenvalue. It appears then
that T,(E) is positive and nonzero for E 2 I?,, where E, is the energy of the
ground state of QHQ, that is, the energy E , of the ground state of H,,
corrected by the radiative shift of this state. The cut of G , ( z ) thus starts from
i,and not from E,. Similarly, we can show that the dispersion relation (C.14)
remains valid between the exact functions db(E ) and rb(
E).

rb(E ) more general expressions than the perturbative expressions

+

Let us now return to (15). Near z = E,, we can, according to (16),
f o r Im z > 0, and by h[A,
approximate I?,(z) by h [ A , - Z(r,,/2)]
u 6 / 2 ) ] for Im t < 0. Near E , and for Im z > 0,

+

(19.a)
Near E , and for Im z < 0,
(19.b)
It is clear in (19) that G,(z) has no pole near E, because the imaginary
part of the denominator is never zero (Im z and +hI',/2 always have the
same sign). Let us now make the analytic continuation of G , ( z ) , given by
(19.a), from the upper half-plane to the lower half-plane across the cut.
Near E,, the continuation of the function onto the second Riemann sheet,
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GL’(z), has by continuity a form quite close to (19.a) but the domain of
definition is now extended to Im z < 0. Near E , and for Im z < 0,

Thus it is clear that GA‘(z)has a pole at

Similarly we could make the analytic continuation (19.b) from the lower
half-plane to the upper half-plane and show that the continued function
has a pole in z g .
We thus see that the pole of Go,(,?), which was at z = E , on the real
axis [see (1311, has not really disappeared in the change from H , to H .
The effect of the coupling I/ was simply to slightly shift this pole onto the
second Riemann sheet. In general, the unstable states, that is, the traces
of the discrete states of H , coupled to continua, correspond to poles of
the analytic continuation of the resolvent (such states are also called
“resonances”).
4. Contour Integral and Corrections to the Exponential Decay
Let us return to the contour integral, which allows us to connect U b ( 7 )
to G & z )[see Figure 1 and expression (A.22)in this chapter]. If we assume
that T > 0, the contribution of C- is zero in (A.22)(we can close the
contour to z = -im and there are no poles in the lower half-plane). The
contour thus reduces to C,, that is a line slightly above the real axis and
followed from right to left, so that if T > 0

To evaluate the integral by the residue method, it is necessary to close the
contour toward the bottom [(Im Z)T must be negative]. Thus the contour
must necessarily pass into the second Riemann sheet in its right-hand part,
because G,(z) has a cut extending from E , to infinity, whereas in its
left-hand part, it remains in the first Riemann sheet. To close the contour,
it is thus necessary to go back to turn around the branch point of the cut
at E = E , (see Figure 2).
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Figure 2. Closure toward the bottom of the contour integral C,. The parts drawn
with dashed lines are in the second Riemann sheet.

The contour thus encloses the pole located at z o in the second
Riemann sheet, the existence of which has been demonstrated above [we
shall assume that G ~ ( zhas
) no other pole within the contour]. The
contribution of this pole to the contour integral is a damped exponential.
The contribution of the semicircle is zero if its radius is sufficiently large.
Finally, the contribution of the contour L formed by the contour turning
around the branch point is written

-E
\u

1

2rri

[ Gh(2 )

-

G;'( z ) ] e-'lTIhd z

E , - ; ~

(23)

It represents corrections to the exponential decay associated with the pole
at 2". Expression ( 2 3 ) in particular allows us to understand why the decay
of U h ( ~at) very long times ( T >> T;') is less rapid than an exponential
decay. In fact, for very large T , the exponential exp(-izT/k) damps the
contribution of the pole much more than that of the contour L , because
this contour has regions where Im z is as small as we like, whereas for the
pole Im z remains equal to Im zo. Actually, if G b ( z )- G F ( z ) varies as
( z - E,)" near z = E,, the integral of (23) which, for T >> r;', involves
only this neighborhood, varies as 1 / ~ " + (for
'
reasons of homogeneity).

GENERAL
REFERENCE
Goldberger and Watson (Chapter VJII).

222

Nonperturbative Calculation of Transition Amplitudes

COMPLEMENT B,,,
NONPERTURBATIVE EXPRESSIONS FOR THE SCATTERING
AMPLITUDES OF A PHOTON BY AN ATOM
In Chapter 11, we reviewed several processes in which photons are
scattered by charged particles or by atoms. To describe these processes,
we used scattering amplitudes calculated in lowest-order perturbation
theory. As we have already seen for resonant scattering, such an approach
is not always sufficient, in the sense that diagrams involving the resonant
intermediate state can lead to divergences. It is therefore necessary to sum
all these diagrams to obtain a finite expression.
An approach going beyond the lowest order is also necessary to correctly account for the interaction of an atom with a quantum electromagnetic field in the initial and final states of a scattering process. In fact,
even if the incident photon is far from the atom, the atom interacts with
the electromagnetic field by virtually emitting and reabsorbing photons.
The atom-field interaction is thus always present and must be taken into
account in the very definition of asymptotic scattering states.
These problems may be approached in different ways, in particular by
using scattering states. We will present here another approach, which is
related to the time evolution of the system and which uses the properties
of the operator G ( z ) .In subsection 1, we will reconsider from such a point
of view the second-order calculation of scattering amplitudes described in
Complement A , and we will complete it by the derivation of the Born
expansion of the 9 matrix. We will also obtain a compact expression for
this expansion using the resolvent and allowing us to treat the case of
resonant scattering. Nevertheless, it appears that such an approach is not
sufficient to treat the problem of the scattering of a quantum field, and
that the asymptotic stationary states must be defined correctly. This
problem is treated in subsection 2. Finally, in subsection 3, we derive an
exact expression for the S-matrix for the scattering of a photon by an
atom, taking into account all the radiative processes, in the intermediate
state as well as in the initial and final states.
1. Transition Amplitudes between Unperturbed States
Throughout this subsection, we will consider that the initial and final
states of the scattering are eigenstates of the unperturbed Hamiltonian
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Ho. For the scattering of one photon, these states are

and we have to evaluate the transition amplitude between the states Iq,)
and 19,).
At the limit where the interaction time tends to infinity, and if one
eliminates the obvious phase factors due to the unperturbed evolution of
the states Iqi) and Iqf),this amplitude is the element S,, of the S-matrix:

S,,

=
=

((PflSIqi) =

lim [ e x p ( j E , T / 2 h ) ( q ~ l L I ( T / 2 -T/2)lcpj)exp(iE,T/2h)].
,

T+-

(2)

In (2), U t ,t ’ ) represents the evolution operator associated with the total
Hamiltonian
H=H,+V

(3)

including the interaction I/.
a ) USING
THE RESOLVENT

We will explicitly calculate (2) by using the properties of the resolvent
G ( z ) .According to Equation (A.22) taken for t > 0,

We will not directly replace G ( z )by l / ( z - H )here. In fact, in order to
obtain an expression having a well-defined limit when T tends to infinity,
it is convenient to introduce G 0 ( z )to the left and to the right of G ( z ) .
The corresponding poles located at E j and E, thus give rise to oscillating
terms compensating for those outside the integral. To do this, we use
Equation (A.23) connecting G to G,, in the form

G( z )

=

Go(Z )

+ Go(r ) V G ( Z )

(5.a)

Go(Z

+ G( z)VG0(2 ) .

(5.b)

then in the form
G( Z

) =

)
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and consequently

We assume for the time being that the matrix element (cp,lVG(z)Vlcp,)
has no real pole in the region z = Ei or E f . On the other hand, we do not
exclude the existence of a cut corresponding to the continuous part of the
spectrum of H . Complex poles may of course exist in the second Riemann
sheet.
We must now substitute expression (7) into (4) and calculate the
integral by the method of residues, closing the contour to z = -im along
the path indicated in Figure 2 of Complement A l l ] .Let us first consider
the contribution of the singularities of ( cpfl VG(z)V(cp,). The complex
poles of the second Riemann sheet yield terms of the type

which rapidly tend to zero when T tends to infinity. Similarly, as we saw in
Complement A 111, the contribution of the contour L turning around the
branch point also tends to zero when T + a. Finally, possible discrete
poles E,, far from Ei and E f , would yield contributions of the type
1

(9)

According to the hypotheses made concerning the poles E,, the denominators are large, and the coefficient of the exponential is therefore small.
Moreover, when T tends to infinity, the exponential becomes an extremely
rapidly oscillating function of Ei and E f . Considered as a distribution,
such a function is zero, because when multiplied by a slowly varying
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function of E, and E, and integrated over these variables, it yields an
integral which tends to zero when T + w. Finally, the singularities of
(cpflVG(z)VIcpl)
do not contribute to the integral in (4).
b ) TRANSITION
MATRIX

The calculation of S,, is thus reduced to that of the contribution of the
poles of (7) located at z = E, and t = E,. Let us write Uf,(E) the
coefficient of l / ( z - E I X z - E,) in (7), taken for z = E + iq:
U,l( E )

=

(cpflV

+ VG(E + iv)Vlcp,).

( 10)

The contribution to (4) of the poles at El and E f of (7) may then be
written

S f i = lim
T-OC

=

6,,

+

lim

T-m

U,;( E i ) - U E

f,

COS(

T
E, - E l ) - 2h

The coefficient of the cosine is finite for Ei = E f . When T tends to
infinity, the cosine is a rapidly oscillating function of Ei - E,, of finite
amplitude. We have seen previously that such a function, considered
as a distribution, is zero. In the last term, we recognize the function
7-r6(7)(Ef- E j ) , so that at the limit T + w, E, = E, and Sri reduces to the
expression

where the transition matrix Y,,
is given by expression (10) taken for
E = El:

Y f=1(cpflV+ V G ( E ,+ iq)V1cpI).

(13)
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We have thus derived in a general way relations (B.13) and (B.15) of
Chapter I, under the conditions of regularity assumed for (qflVG(z)Vlqi).
If G ( E i + i ~ is) replaced in (13) by its expansion in powers of V (A.241,
the Born expansion of Sfl
is obtained. The first terms of this expansion
are the same as those previously encountered [relation (29) in Complement A,].
c > APPLICATION
TO RESONANT
SCATTERING

For this application, the Hamiltonian H , is H , = H p + H R and the
coupling V is the interaction Hamiltonian H / = H,, + H12 + H,?, (see
93-b of the Appendix). We saw in Chapter I1 (9C-3) that three states play
privileged roles in resonant scattering: the initial state la; k e ) coupled by
the interaction H I to the resonant excited state / b ; O ) , which is itself
coupled to the continuum of final states la'; k ' d ) (see Figure 20 in
Chapter 11). Neglecting nonresonant processes concerning states la) and
lar), we will attempt here to take into account all the intermediate
transitions to the resonant state Ib;O) between the absorption of the
initial photon and the emission of the final photon. For an electric dipole
transition, the last two processes can only be achieved in a resonant
fashion by H,,, and the matrix 7is written for this approximation:

We saw in Chapter I1 that the approximation consisting of replacing G by
Go in the intermediate state is equivalent to taking into account only
process (1.51,

:[,

a'

and leads to a divergence of YfY5.
A better approximation consists of
replacing ( b ; O I G ( E , + h w + iv)Ib;O) in (14) by expression (C.17). This
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is equivalent to summing all the higher-order process represented in (16):

a’
a’

+

+

The expression for YfYsthen becomes

yfy=

( a ’ ; k‘e’IHI,~6;O)(6;OIH/l~a;
ke)

E,

+ hw

-

(E,

+ h A , ) + ih( rh/2)

and coincides, to within the radiative shift of the state 6, with expression
(C.5) in Chapter 11. Using the resolvent has thus allowed us to derive a
nonperturbative expression for the scattering amplitude at resonance.

A ) INADEQUACYOF SUCHAN APPROACII

In the calculation discussed above, only the higher-order radiative
processes affecting the intermediate state were taken into account. Similar
processes affecting the initial or final state were ignored. A consequence
of this approximation can be seen in (17): The energy of the state a is not
corrected by hd,. Starting with the exact expression for (pfl VG(z)Vlpi),
we could consider the complete expansion of G ( z ) and also sum the
contributions of the processes in which the first and the last events are not
the absorption of the initial photon and the emission of the final photon.
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Such a process is shown, for example, in (18):

bb
b

In doing so, we would take into account the processes that correct the
energy of the initia! and final states in the expression for Ffl.
However,
the approach that leads from expression ( 7 ) to expression (13) is no longer
justified. In fact, in (pfl VG(z)Vlp,) real poles appear at energies E, +
h A , + h w and EA + h A , , + hw' close to E, and E,. Thus it is necessary
to completely revise the derivation of the expression for Sf,.
The difficulty that we encounter here lies in the fact that the states Ip,)
and I'p,.) are not asymptotically stationary. In ordinary collisions, the
interaction V between the particles may be neglected in the initial state
and in the final state. The eigenstates of H , are then adequate for
describing these states, in the sense that it is possible to build with these
states quasi-monochromatic wave packets, having a finite extension and
such that the particles are far from each other, so that V can be neglected.
In the present case, H, describes not only the interaction of the atom with
the initial and final photons, but also the interaction of the atom with the
whole transverse field, and the transverse field interacts permanently with
the particles constituting the atom. This interaction is responsible for
several physical effects (magnetic interaction between particles, retardation effects in the electromagnetic interaction, radiative corrections), and
there is no justification for neglecting H , in the initial state or in the final
state. In other words, the correct asymptotic states of the scattering

Bw.2

229

Nonperturbative Expressions

process must contain not only the free photons k e or k’d, but also the
“virtual photon cloud” that describes the transverse field near the atom.
We will thus reexamine the theory of scattering by introducing such states.

2. Introducing Exact Asymptotic States
a>

THEATOMI N

THE

ABSENCE
OF FREEPHOTONS

The atomic states la), la’), ( b ) ,. . . are eigenstates of the particle
Hamiltonian H p given in Chapter I [formula (C.7.b)l. They are stationary
only in the absence of coupling with the transverse field. The true
Hamiltonian of the system of particles constituting the atom, interacting
via the electromagnetic field, is the total Hamiltonian

H

=

H,

+ HR + H,

=

H,

+ H,.

(19)

The only stable stationary state of the atom is thus the ground state of H ,
which we will call I$,),
of energy ,!?,

The state I$,)
represents the atom in its ground state in the absence of
free photons, but accompanied by the transverse field with which it is
associated, as well as by vacuum fluctuations of the field throughout all
space. The difference between ,!?, and E , represents the radiative shift of
the ground state. We assume that the state I$,)
is normalized. Apart from
,!?a, the spectrum of H is a continuum extending from
to +m.
Remarks
(i) The ground qtate of H may be degenerate, and can contain several sublevels
I$,). I$, )
’ . . Certain levels close to the ground state can have a long
radiative lifetime and can be considered as stable to a certain approximation.
The spectrum
- - of H is then made up of several continua starting from the
energies E,, E , . . .
(ii) The expression for I$,>
may be obtained in the form of a WignerBrillouin-type expansion. We denote by P the projector onto the eigensubspace
of H,,, which contains the zero-order approximation I@:)) = / a ;0 ) of 14,) (and
possibly the zero-order approximation for other sublevels I$,)
of the ground
are assumed to be normalized, and the
state). The state vectors 14,) and $)I:
constant representing the projection of I@,) onto I$,”) is written
Let us

a.
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then project 14,) onto the two subspaces defined by P and Q

14,)

=

@I+:)

=

+ Ql4,).

Bl‘l.2

Il

- P:

(21)

The expression for Ql$,) is obtained as follows: Multiply (20) by Q on the left
and insert 1 = P Q between H and I $ , ) .
Because by definition Pl4,) is
equal to @I$:)
and PHoQ = 0, we have

+

The expansion in powers of HI of the fraction in ( 2 2 ) and substitution into (21)
gives the Wigner-Brillouin expansion of 14,). The constant Z is determined by
the normalization of 19,).

The state I$,)
is not a zero-photon state. To see this, it is sufficient to
verify that the operator a,(k) does not give zero when it acts on 19,) (see
the calculation in the following). The photons present in state 14,) are in
fact the “virtual” photons that “dress” the atom in its ground state and
describe the quantum transverse field associated with the atom.
Let us calculate more precisely a,(k)l I),). The relation
Ha,(k) - a,(k)H

derived from [H,, a,(k)]

=

=

+ [ H Ia,(k)]
,

(23)

[HI,a,(k)]II),).

(24)

-hoa,(k)

-Aoa,(k) leads to

( H - Ea + ho)a,(k)IcL,)

=

Note that
( 2 5 .a)

( 2 5 .b)
Finally, we get

Nonperturbative Expressions

Blll.2

23 1

The spectrum of H has a lower bound at E,, so that the denominator
equals at least tiw, whereas the numerator is first order in H,. Therefore
a,(k)l$,) is first order with regard to the coupling between the particles
and the transverse field.

b ) THEATOMI N

THE

PRESENCE
OF A FREEPHOTON

Let us consider the state obtained by creating a photon k e in the
presence of the atom in its ground state

k e ) are not exactly eigenstates of H , as was the state
These states
I$,). Actually, we have

HI$,; k e )

I$,>

=

Ha:(k)

=

[ H , a:(k)] 14,) + a:(k)HI$,).

(28)

The fact that I$,)
is an eigenstate of H allows us to write, taking into
account the commutation relation [H,, a:(k)l = hwa;(k) and Equation
(25)
HI$,;ke)

($ + tio)l$,;ke) + [H,,a:(k)]I$,)
= ( E , + hw)l$,;ke) + ~ ( k ) l $ , ) o

=

(29)

If the second term of the right-hand side of (29) were neglected,
ke)
would be an eigenstate of H with eigenvalue l?, + h w . We now show how
it is possible to make such an approximation for wave packets constructed
from 14,; k e ) and for which the photon is localized far from the atom.
More precisely, let us consider the state vector I4(t>)obtained by combining the states
k e ) with an amplitude g,(k) and a time evolution factor
exp[ - i ( E , + tiw)t/hI:

Using (29) then leads without difficulty to
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We call g(r, t ) the transverse-plane wave packet constructed from
g,(k)/6.

Equation (31) is then written, taking into account (25):

where v, = [ p a - qaA(ra)]/mais the velocity operator of the particle a.
Let us assume that the function gJk) is real, peaked around the mode
k O e Oand
, of width A k . The function g(r, t = 0 ) is then centered about the
origin, the dimension of the wave packet being l / A k . The time evolution
of the wave packet is a propagation at the velocity c in the direction k,.
After a time It1 >> l / c A k , the wave packet has thus left the origin and
g(0, t ) = 0. Therefore, when It1 + m, and to the extent that in the state
14,) the coordinates ra of the particles are close to 0, we have
g ( r a , t)l$,)

=0

(34)

and consequently

The state vector (30) is thus a solution of the Schrodinger equation for
It1 + CQ. The limit It1 -+ w simply indicates that the wave packet (32) has
left the region where the atom is located. Next we go to the limit where
A k tends to zero. I+(t)) then essentially includes the state I$,; koeo)
evolving with the energy g, + hw,, and the wave packet has a spatial
extension L , that tends to infinity. However, for times greater than L , / c ,
the state I4(t))is a solution of the Schrodinger equation. Thus, by giving
this expression the meaning that we just defined by the double passage to
the limit A k + 0 and t >> l / c A k , we can consider the state I$,; koEo) to
be asymptotically stationary, with energy Eo + ho,.Such a state describes
for t + - co a quasi-monochromatic photon 14,; k e ) incident on the atom,
and for t
03, the same photon leaving to infinity. The states I$,;
k e ) are
thus well suited for describing the initial or the final state for the
scattering of a photon by an atom.
--f
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3. Transition Amplitude between Exact Asymptotic States
a ) NEWDEFINITION
OF THE S-MATRIX

We just saw, that at the limit It1 + a,the time evolution of asymptotic
states is given by simple oscillating exponentials corresponding to the
energies

-

E a i k E= E,

+ Am

( 36)

in which the exact energy g, of the state I$,) appears. The generalization
of the definition (2) of the S-matrix to the exact asymptotic states introduced above is thus

where

-

E,

- + hw

E a i k e= E ,
I

=

Ef =

=

E,

+A

(38.a)

d

(38.b)

IGj)

= I$,;ke)

(38 .c)

I$j)

= I$,t;k’E’).

(38 .d)

As in subsection 1, the calculation of the matrix element of U reduces to

that of G ( z ) between
and
Taking into account (38x1, (38.d),
and (271, this matrix element is written

Expression (4) must thus be replaced by

To calculate the matrix element appearing in (40), it is convenient to
shift G ( z )to the left of a,,(k’) or to the right of a;(k), because the states
14,) and I$,) are eigenstates of the operator H appearing in G ( z ) . Let
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us start with the commutator

which yields, taking into account (25)
~:(k)(z hw - H )

= ( Z -

H)a:(k)

+ V,(k).

(42)

It is then sufficient to multiply (421, on the left by G(z), and on the right
by G(z - h w ) , to obtain
=a;(k)G(z - h w )

G(z)a:(k)

+ G(z)l/,(k)G(z

- hw).

(43)

Finally, multiply (43) on the left by a,,(k’). The term a,((k’)G(z) appears
in the right-hand side and can be transformed once more by using the
adjoint equation of (43) ( z being replaced by z* and ke by ke’)
a’,(k’)G(z)

=

G ( z - hw’)a,,(k‘)

+ G ( z - hw‘)V,f(k’)G(z).

(44)

Finally, we obtain
a,t(k’)G( z)a:(k)

=

a,,(k’)a,f(k)G( z - h w )

+

+ G ( z - hw’)a,r(k‘)V,(k)G(z - h w ) +
+ G ( z - hd)iQ(k’)G(z)I/,(k)G(Z
and consequently, because
eigenvalues
and I?,$

I$,)

and

-

h w ) (45)

are eigenstates of H with

In the first term of (46), a,,(k’) may be brought to the right of the product
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of operators by a commutation relation:

Except for the second term, about which we will show that its contribution
to (40) is negligible, expression (47) is quite similar to (7). We can use this
similarity to apply to (47) the procedure of subsections 1-a, 1-b, and 1-c,
after having shown that the initial assumption made after expression (7) is
actually verified here, that is, that ($,,I V$(k’)G(z)l/,(k)l$,) has no real
poles in the region z = El or Er.
To do this, recall (see Complement A,,,) that if lu) is a normalized
state vector, ( u / G ( z ) l u ) has poles for the discrete eigenvalues of H and a
cut on the real axis corresponding to the continuous spectrum. This
property can be generalized easily to the matrix elements of G ( z )between
two different states having a finite norm (see the remark in subsection 1 of
Complement All,).We first verify that V,(k)IQ,) has indeed a finite norm.
By using 25.b) and the expression for the velocity v, of the particle a , we
obtain
( *a

The second member is the average, in the ground state of the system, of
observables that are obviously finite (the velocity of the particles is
bounded), so that the square of the norm of K(k)I$,) is finite. It is the
L$(k’)G(z)l/E(k)($,)- has no dissame for V,,(k’)I$,,). Consequently,
crete poles other than I?, and Eat,which are far from Ei = E , + h w and
l q = Eat + h w .
Therefore, using the same reasoning as that at the end of subsection 1-a
allows us to ignore the contributions of the singularities of G ( z ) to the
contour integral (40), at the limit T + m. The only nonzero contributions
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come from the poles at giand
of (47). A calculation similar to the one
in subsection 1-b thus allows us to generalize [for the first and third terms
of (47)] the results (12) and (13) in the form

with

Let us finally calculate the contribution c 2 of the second term of (47) to
the expression (40). Integration using the residue method immediately
gives

X

<I/J,,la:(k)a.~(k‘)II/J,).

(50)

When T tends to infinity, c2 becomes a rapidly oscillating function of Ei
and Ef. Its amplitude is finite, and even small in so far as uJk’)l$,) is
first order in H, (see end of subsection 2-a). Considered as a distribution,
c2 thus tends to zero.
Remark
Let us return to the comparison between (7) and (47). The preceding demonstration cannot be applied to (qflVG(z)VIql)
because 19,) and lqf) are states
of the continuous spectrum, which do not have a finite norm. In fact, using
perturbative methods we have shown in subsection 1-d that ( q f lVG(z)Vlq,)
has poles at E,
ho and go,+ hw’.

+

b ) NEWEXPRESSION
FOR

THE

TRANSITION
MATRIX.PHYSICAL
DISCUSSION

Expression (49.b) for Yfl
may still be transformed and put in a form
very close to that of the perturbative expression describing, to second
order in q , the same scattering process between uncoupled states la; k e )
and la; k ’ d ) [formula (C.1) of Chapter 111.
To do this, we will move a,,(k’) to the right of V,(k) in the first term of
(49.b) and use result (26) obtained previously for aJk’)lI/J,). We write
WE,,(k’,k) the commutator of a,,(k’) and K(k), which, according to (251,

B111.3
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equals

h

-

2E”(2?$rn

LE.

E’-

a

2

9, exp[i(k - k’)

ma

. ra]. (51)

It is then possible to write the first term of (49.b) in the form

where we have used (26) in going from the first line to the second. Finally,
the new transition matrix Y f fcan be written in the form

9ff
= ( $ u , l v , F ( k , k ) + v(k)G(f?,

- hw)l/Ff(k’)

+

+ V;(k’)G(E, + hw + iq)V,(k)l$,).

(53)

To facilitate the comparison of exact and perturbative expressions for Fff,
it is convenient to rewrite formula ((2.1) of Chapter 11 in a way which
exhibits the operators V,(k) and V,t(k’) used here. To do so, it is sufficient
to write

and
( a ’ ; k’d
=

la ;kE) = ( a ’ ; 0 la,,( k’) H,a: (k) la ; 0)

( a ’ ; 0 I [ ak,(k’) , [ H , , at+(k)] ]

+ a ? (k‘
, ) a,’
=

+ [ H , , a:( k ) ] a , , ( k ) +

( k) H , Ia ; 0)

(a’;OIW,,,(k’,k)la;O)

+ 6,,,6(k

-

k’)(a‘;O(H,(a;O). ( 5 5 )

For kc: # k f d , the second member of (55) reduces to the first term and
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formula (C.1) of Chapter I1 is written in the form

which closely resembles the exact expression (53).
The comparison of (53) and (56) shows clearly that, to go from the
approximate expression to the exact expression, la; 0 ) must be replaced by
I$=), E , by E,, and Go by G. Thus the quantities relative to the bare
ground state are replaced by those of the state “dressed” by the cloud of
transverse photons and the free propagator G o is replaced by the perturbed propagator G .
A more exhaustive analysis of expression (53) lies beyond the scope of
this Complement. We can, however, suggest the following ideas: a first
approximation of the complete propagator of the atom is that of a “bare”
atom in which the electrons have renormalized masses, and the interaction
with the nucleus is modified at short distance. Thus, the use of the
second-order formula (56), with renormalized parameters and complex
energies for the excited states, actually constitutes an excellent approximation of (53). This result, which is in fact quite general, may be demonstrated within the framework of the renormalization theory. It justifies the
current practice in all quantum optics and low-energy electrodynamics
which consists of ignoring the radiative corrections, and of using the
renormalized physical parameters directly in the formulas.

REFERENCES
For the standard collision theory, see Goldberger and Watson. For the
applications to field theory, this Complement was inspired by G. C. Wick,
Rev. Mod. Phys., 27, 339 (1955), and by Kroll.
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COMPLEMENT C,,,
DISCRETE STATE COUPLED TO A FINITE-WIDTH
CONTINUUM: FROM THE WEISSKOPF-WIGNER
EXPONENTIAL DECAY TO THE RABI OSCILLATION
1. Introduction-Overview

The methods introduced in Section B of this chapter for partially
summing the perturbation series correctly account for the exponential
decay of a discrete level coupled to a continuum. We also discussed in
subsection C-1-c the conditions of validity for such a result. In particular,
the transition rate r, from the discrete state (p,) to the continuum must
be very small compared with a parameter wo characterizing the scale of
variation with E of a function T , ( E ) that describes how the discrete state
lp,) is coupled to the energy shell E in the continuum [see (C.1211. In
some cases, when I',(E) is a bell-shaped curve, hw, is approximately the
width of this curve and may therefore be considered as the continuum
width.
Now imagine that we could progressively increase the coupling I/, and
thus T,(E), without modifying the width hw, of I ' J E ) . When r, reaches
values on the order of w,,,
the deviations from the exponential decay
become more and more important. At the limit r, >> w,,,
it even seems
that the width of the continuum could be neglected to a first approximation, so that the continuum could be considered as a discrete state. We
therefore expect, for
% w,,,
that the time evolution of the system tends
toward a Rabi oscillation between two discrete levels.
The goal of this Complement is to present a model of a discrete state
coupled to a continuum of finite width, sufficiently simple to allow one to
understand by using graphic constructions how increasing the coupling V
progressively changes the time evolution of the system ("1. This model is
presented in subsection 2 as well as a derivation of an exact expression for
the Fourier transform % b ( E ) of the amplitude U,(T) that the system,
prepared at time 0 in the discrete state l ( P h ) , remains in this state after a
time T has elapsed. Contrary to what we did in subsection C-1 of this
chapter, we no longer make the approximation consisting of replacing the
expression R,(z):ppearing
in the denominator of ((2.4) by an approximate expression R,(z). The model is sufficiently simple to allow an exact

rb

( * ) C. Cohen-Tannoudji and P. Avan, in Etats Atomiques et Molhilaires Coup& d un
Continuum. Atomes et Molkcules Hauternent ExcrtPs Editions du CNRS, Paris, 1977, p. 93.
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calculation of R , ( z ) , and therefore of R,(E f iv). After discussing the
important physical parameters of the problem ($3), we then show ($4) how
it is possible, for each value of E , to graphically construct %,(El. We can
then study the shape of %b(E) in various regimes: weak coupling ($5);
intermediate coupling (§6); and strong coupling ($7); and thus understand
how %,(E) changes progressively from a Lorentzian form (the Fourier
transform of which is a damped exponential) to a set of two delta
functions (for which the Fourier transform is a sinusoid).

2. Description of the Model
a ) UNPERTURBED
STATES

The unperturbed Hamiltonian H,, is assumed to have a sing!e discrete
eigenstate Iq,), of energy E,, and a single continuum of states IE, p ) with
an energy E varying continuously from 0 to f~ ( p is the ensemble of
quantum numbers other than E required to characterize the states of the
continuum).

b ) ASSUMPTIONS
CONCERNING

THE

COUPLING

The coupling is written AV where A is a dimensionless parameter. If
A << 1, the coupling is weak; if A B 1, the coupling is strong. V is
assumed to have nonzero matrix elements only between the discrete state
and the continuum. These matrix elements are written u ( E , p )

c) CALCULATION
OF THE RESOLVENT
AND

OF THE

Equation (B.8) of the chapter becomes here

PROPAGATORS

c,,,*2
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where R,(z) is given by an expression analogous to (B.4)

I’p,), 19,) . . . being eigenstates of H,, other than
Ei,E, . . . .

I’p,),

and of energies

The assumptions made above concerning H , and V allow us to considerably simplify expression (4). First of all, the first term is zero according
to (2.a). We now consider the third term. Because all the states /‘pi)and
19,) other than Ip,) are necessarily the states IE, P ) and IE’, P ’ ) of the
continuum (see subsection 2-a above), the central matrix element of the
third term of (4) reduces to (E’P’IAVIE,P), which is zero according to
(2.a). Analogous reasoning allows us to show that all the higher-order
terms in V of the expansion (4) are zero. Finally, there only remains the
second-order term where Ip,) is replaced by IE’,P’). R,(z) is then
written, using (2.b):

where p(E’, P ’ ) is the density of states in the continuum. Thus, the
simplifying assumptions on H , and V allow us to obtain an exact expression for R,(z). Moreover, R,(z) varies simply as h2.
The retarded and advanced propagators are written, using (A.19)
and (3):

But, according to ( 5 )
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Because

1
1
lim
___ =B- T i T r 8 ( x )
T-+o+ x k i7
X

(8)

Equation (6) gives
lim Rb(E k iq)

T+O+

=

hh2

2

(9)

where

and finally

d ) FOURIER
TRANSFORM
OF THE AMPLITUDE
Ub(7)
According to (A.211, the Fourier transform 2Yb(E)of Ub(7) is proportional to G b _ ( E )- G,+(E). More precisely, Equations (A.21) and (12)
give

where

(13.b)
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Finally, we have obtained equations for U,(T)and %,(E) that are completely analogous to (C.20.a) and (C.20.b). Nevertheless, we must not
forget that expressions (10) and (11) for A & E ) and T,(E) are exact, within
the framework of the simplified model that we have chosen, whereas
expressions (C.11) and ((2.12) result from a perturbative calculation of
R,(E f i ~ ) , limited to the second order in V [see (C.511. When V increases beyond a certain value, expressions (C.11) and ((2.121, and thus
(C.201, are no longer valid, whereas (13.b) still remains exact. In the simple
model chosen here, increasing the coupling simply amounts to increase the
factor A* multiplying T,(E) and A , ( E ) in (13.b), while the functions T,(E)
and A , ( E ) still retain the same form.
Remark
We have derived formulas (13.a) and (13.b), which will serve as a basis for the
rest of the complement, starting from the general formalism established in
Section A of this chapter. The model chosen for H , and I/ in this complement
is, however, so simple that Equations (13.a) and (13.b) can be obtained more
directly. We expand the state vector i $ ( t ) ) in terms of the states i v b ) and
IE, P > .

The Schrodinger equation is then written

By integrating (15.b), with the initial condition d E , p , 0) = 0, and by substituting the solution thus obtained into (15.a), we get

where T & E )is defined in (11); that is again
db(

t)

=

-A*/'

0

dT Y b ( T ) C b ( t -

T )

(16.b)
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where

The exact integro-differential Equation (16.b) can be used as a starting point for
several treatments: a perturbative treatment [where c,(t - T ) is replaced by
c,(O) = 11, a Weisskopf-Wigner treatment [where c,(t - T ) is replaced by c , ( t )
and taken out from the integral]. We can also, without making any approximation, introduce Fourier-Laplace transforms of c,(t) and Y b ( t ) and transform
(16.b) into an algebraic equation, from which it is possible to derive (13.b).

3. The Important Physical Parameters
Before discussing the graphical construction of %,(E), we will specify
the shape and the essential properties of the functions T J E ) and A , ( E )
appearing in (13.b).
a ) THEFUNCTION
T,(E)

According to its definition (111, T b ( E )characterizes the coupling induced by V between the discrete state I p b ) and the energy shell E in the
continuum. It also clearly appears in (11) that

Because the continuum starts from E
p ( E , p ) is zero for E < 0, so that

=

0 [see (l.b)], the density of states

When E increases, p ( E , p ) is generally an increasing function of E ,
whereas ( v ( E ,@ ) I 2
tends to 0 when E + 00. We assume here that
lu(E, p>12tends to 0 sufficiently rapidly so that

Finally, using all these results, we take for T J E ) a function for which the
variations with E have the shape represented in Figure 1. The width at
half-maximum of this function, hw,, may be considered as the width of the
continuum.

c111.3
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Figure 1. Shape of the function Tb(E).

b ) THEP AR AM E T E R a,C HAR AC T E R I ZI N G T H E CO U P L I N G
STATEWITH THE WHOLECONTINUUM

OF T H E

DISCRETE

Assume for a moment that all the states IE,p> and Iqh) are degenerate in energy. The discrete state would then be coupled only to the state
V1q h ) ,that is, to the following normalized linear combination:

the coupling matrix element between Iqh) and I$) being

The Rabi frequency 0 , of the oscillation of the system between the state
J q h )and the state 14) would then be equal to (21) (divided by h).
Actually, the states I E , p ) are not degenerate with I q b ) and have an
energy spread over a range zlw,. However, if the coupling AV is sufficiently
strong, we expect that the system has enough time to make several
oscillations between lph) and the continuum before the effect of the
energy spread hw, of the states IE, p ) is perceived. We are thus led to
introduce the parameter
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Figure 2. Shape of the function A , ( E ) .

[where we used (11) for the second equality]. Later we will see that AR, is
actually the Rabi oscillation frequency appearing for A >> 1.
Finally, note that I',(E) must decrease sufficiently rapidly with E for
the integral (22) to be convergent.
c)

THEFUNCTION
A,(E)
The relations (10) and (11) result in

A,(E)

=

-P/dE'1
277

I'd E ' )

E - E"

The dispersion relation (23) allows us to predict the shape of A & E ) from
that of T , ( E ) . If I',(E) resembles a bell-shaped curve (Figure 11, then
A , ( E ) resembles a dispersion curve (Figure 2).
When IE I >> hw,, the denominator of (23) is equivalent to E because
E' cannot, because of the numerator I',(E'), be much greater than hw,.
From this we deduce that if \El >> hw,,

[we used (22) for the second equality]. The wings of the function A , ( E )
thus decrease as 1/E.
4. Graphical Discussion

a ) CONSTRUCTION
OF THE CURVE
%,(I?)

In Figure 3, three functions of E are represented: hA21',(E), RA2A,(E)
and E - E , (straight line of slope 1, crossing the E axis at E J . We now

CIII-4
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Straight line E - E ,

E

Figure 3. Graphical construction of %&5).

consider a vertical line with abscissa E , and denote by A , B , C , and D the
intersections of this vertical line with, respectively, the E axis and the
curves hA2r,(E), hA2A,(E), E - E,. We have
AB

=

AA2Tb(E )

CD

=

E - E,

-

hA2Ab( E )

(25)

so that the expression (13.b) for %b(E) may be written

%,(E)

=

1
lim -

11-0,

7

( A B / 2 ) + 77
( C D ) 2 + [ ( A B / 2 ) + 771’’

(26)

For each value of E , we can then measure AB and CD and determine
% J E ) by using (26).
Because all the quantities appearing in the denominator of (26) are
positive, we expect to find a maximum of %(, E ) near the values of E such
that the distance CD is zero. The abscissas Em of the maxima of Z b ( E )
are then given, according to (29, by

Em - Eb - hA2A,( E m ) = 0.

(27)
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Figure 4. Graphical determination of the abscissas of the maxima of y b ( E ) .

b ) GRAPHICAL
DETERMINATION
OF THE MAXIMA
OF %,(El.
CLASSIFICATION
OF THE VARIOUS
REGIMES

According to (27), the abscissas of the maxima of ?/,(El
are obtained
by finding the intersections of the curve hA,(E) with the straight line
(E - E,)/A2 passing through E , with the slope 1/A2 (Figure 4).
For a weak coupling ( A << l), ( E - Eb)/A2 is an almost vertical line,
and there is only a single point of intersection, having an abscissa very
close to E,: Em = E,. A better approximation is obtained by replacing Em
by E, in the last term of (27), which is very small. This gives
Em = E,

+ hA2Ab( E,).

When the coupling A increases, Figure 4 shows that the abscissa of the
intersection point of h A , ( E ) with ( E - Eb)/A2 shifts to the left, until A
reaches a critical value A,, beyond which Em becomes negative, that is,
less than the beginning of the continuum starting at E = 0. (New intersections of the two curves may also appear.) The value of A, is obtained by
setting Em= 0 in (2 I):
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[We used (23) for the second equality.] Later on (06-b) we will return to
the physical meaning of the critical coupling.
For very strong couplings ( A >> l), the slope of the straight line
( E - E,)/Az becomes very small, and in Figure 4 this line generally
crosses the curve h d , ( E ) at three points, with abscissas E i ’ , EZ), and
E$). E:) is quite close to the abscissa of the zero of d,(E). The abscissas
E Z ) and E$) correspond to points located in the wings of hd,(E), for
which the asymptotic expression (24) for A,(,??) can be used. By substituting (24) into (271, we then obtain

Because E, can be neglected compared with Em, Equation (30) gives

that is also
EE’= - A h a

I

E$’= +AhL?,.

(32.a)
(32.b)

5. Weak Coupling Limit
a> WEISSKOPF-WIGNER
EXPONENTIAL
DECAY

When A << 1, the term [ E - Eb - hA2Ab(E)l2of the denominator of
(13.b) is very large compared with all the others, except in the neighborhood E = E,, where it vanishes. In the very sma;. rms hh2rb(E) and
hA2A,(E),it is thus legitimate to replace E by E , because it is only near
E = E , that these terms are non-negligible compared with [ E - E, hA2A,(E)I2. We then have

where
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The Fourier transform of (33) is

which is the well-known result derived by Weisskopf and Wigner. r b is the
transition rate from the discrete state I q b ) to the continuum, calculated by
the Fermi golden rule, and h A b is the shift of this discrete state due to the
coupling with the continuum.
b ) CORRECTIONS
TO THE EXPONENTIAL
DECAY

A better approximation than the one leading to (33) consists of still
replacing T b ( E )and A b ( E ) by r b and A , in the denominator of (13.b),
where the dependence on E is essentially determined by the term
[ E - Eb - hh2Ab(E)I2,but retaining r b ( E ) in the numerator. We then get

The fact that r b ( E ) is zero for E < 0 and tends to zero when E + CQ (see
Figure 1) thus shows that the wings of Z b ( E )tend to zero more rapidly
than those of a Lorentzian. This results in corrections to the exponential
decay (35), which we will now discuss.
First, we can consider the expression (36) to be the product of the
Lorentzian (33) and the function r b ( E ) / r b , which is equal to 1 for
E = E b , and is negligible outside an interval of a few hw,. Therefore, the
Fourier transform in (36) will be the convolution product of the exponential (35) and the Fourier transform of r b ( E ) / r b . Because the function
r b ( E )has a width hw,, its Fourier transform y b ( 7 ) has a finite width in T ,
which is on the order of l/w,. Moreover, r b ( E ) is strictly zero for E < 0
and is not infinitely differentiable at E = 0. Thus its Fourier transform
y b ( 7 ) behaves like a power of ( 1 / ~ )at infinity. More precisely, if T b ( E )
starts off like E n , then y b ( T ) varies as 1 / ~ " + l at infinity. The convolution
product of ~ ~ (and
7 )the exponential (35) thus modifies the behavior of
u b ( T ) at both short and long times.
At short times, the exponential (35) will be rounded and will no longer
have a discontinuous derivative at T = 0. It turns out that we can directly
determine the behavior at short times from (15). If t << l/w,, the exponentials exp[ k i ( E - E b ) t / h ] can be replaced by 1 (because E - Eb is at
most on the order of a few hw,). The integration of (15.b) between 0 and t
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thus results in
c ( E , p , t ) = tAc( E , P ) / i h .

(37)

The conservation of the norm and (22) result in

// d E d p p ( E , ~ ) I L ' ( E , p ) 1'

=

1 - t2A2h-*

=

1 - A2R:t2.

(38)

It thus appears that for very short times ( t << l/wo), ICb(t)1' does not
decrease linearly with t, as (35) would suggest, but rather quadratically.
For long times (T >> r';'), the convolution product of the functions (35)
and yb(T), behaves like the one decreasing the most slowly, thus like
1/T"+'.

6. Intermediate Coupling. Critical Coupling

When A increases, the deviations of %b(E) relative to a Lorentzian
become more and more important. Large structures can appear in the tails
of %b(E), as well as new maxima. Before going any further, it is important
to specify the shape of %&El near one of the maxima.
a ) POWER

EXPANSION
OF %b(E) NEAR

A

MAXIMUM

Near a zero Em of Equation (27), we can write

We used (27) and expanded A , ( € ) - A,(E,) to first order in ( E - Ern).
We write
(40.a)

(40 .b)
and substitute (39) into the denominator of (13.b). We obtain for
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with

Thus it appears that near a maximum with abscissa E m , ~ , ( E has
) the
shape of a Lorentzian, centered at E = E m , of width hy, at half-maximum given by (42), and of weight 1/(1 - A A 2 k m ) . Of course, these results
are valid only if T,(E) and A J E ) vary slightly over the width hym of this
Lorentzian, that is, if

b ) PHYSICAL
MEANING
OF

THE

CRITICAL
COUPLING

As soon as A exceeds Ac, it can be seen in Figure 4 that the line
( E - Eb)/A2 intersects the curve h A , ( E ) at a point Em having a negative
abscissa. We then use the results of the preceding subsection to specify the
shape of ?Y,(E) around this value Em.
Because I',(E) is zero for negative E and because Em is negative,
r b ( E m )= rmis zero and therefore, according to (42),

The approximation (41) of 2Yb( E ) is then certainly valid because, ym being
zero according to (441, condition (43) is fulfilled. Thus, around E = Em,

-

1

1 - hh2d:,

6( E - E m ) .

(45)

We thus find that, for A > A,, a delta function appears in Z b ( E ) , centered
at E = Em in the region E < 0. This delta function, according to (13.a),
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gives rise to an undamped oscillation in U,(T)of the form
1
1 - hA2Am

- 1 E,T / h

Physically, the coupling has shifted the initial discrete state Ip,) to
negative energies so much that this discrete state has passed below the
continuum. This state has become stable because there are no more states
of the continuum having the same energy toward which it can disintegrate.
7. Strong Coupling

For A >> 1, Figure 4 shows that there are three points of intersection
between the straight line ( E - Eb)/A2 and the curve hA,(E), having
abscissas E:), E g ) , and EC).
The one furthest to the left has a negative abscissa EC). %,(El is thus
near this point a delta function given by (45). As A >> 1, we can use the
asymptotic value (32.a) for EC), E:) = -AhOn,,as well as the asymptotic
expression (24) for A , ( E ) to calculate A; = A,(E,). Thus A b ( E )=
- h O : / E 2 and consequently
Ab(E m ) = Ab( - A h a , )

=

- -=
h2h2O;

1

--

h A2

(47)

so that

1

1

1 - hA2Am

=--

2'

Thus the expression of %,(E) contains, in E = -AhO,, a delta function
of weight i.
Now consider the other intersection of the abscissa EE) = + A h a , (see
32.b). Near this value of E , 2Yb(E)behaves like a Lorentzian given by (41).
A calculation, identical to the foregoing one, shows that the weight,
1/(1 - hA2A,), of this Lorentzian is also equal to i. Its width y m ,
according to (421, equals
ym -

h2~,(hhR,)

1 - hA2A,,,

=

1

?A*&(

hho,).

(49)

If T,(E) decreases more rapidly than 1 / E 2 when E tends to infinity, this
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EL3)- AfiR,

EL*)- - AfiR,

t

Figure 5. Shape of the variations of ?Yb(EE)for h >> 1.

width ym tends to 0 when A
CQ. It tends to a constant if T J E ) varies as
1/E2. Finally, it diverges if r b ( E ) tends to zero less rapidly than 1/E2.
Finally, we examine the contribution of the third point of intersection
at E:), around the zero of A b ( E ) . We return to expression (13.b) for
2Yb(E),We see that, over an interval of a few hw, on the right of E = 0,
E - Eb can be neglected compared to h h 2 r b ( E ) and hA2Ab(E),because
A >> 1, so that %b(E) is proportional to 1/A2 in this interval. Thus it
appears that in this same interval, %b(E) behaves like a curve with a width
on the order of hw,, whose weight, varying as l/A2, tends to zero when
A + w. Actually the Lorentzian approximation (41) is no longer valid in
this case, because r b ( E ) and A b ( E )vary a great deal in the interval hw,.
Finally, the variations of 2Yb(E) with E , for A >> 1, have the shape
shown in Figure 5 . As the weight of the central structure tends to zero
when A
m, the behavior of Ub(7) is essentially an oscillation of the form
--f

--f

1eihhflIT
2

+

1 e-ihhfllT
2

=

cos A h L l n , ~

(50)

due to the beat note of the Fourier transforms of the two narrow curves in
Figure 5 , which each have a weight (for the time being, we neglect the
width y,,, of the right-hand curve). We recover the Rabi oscillation at the
frequency AR, when A becomes very large. There are, however, corrections to this oscillation.

3

(i) For very short times ( T << w;'), small corrections appear, varying as
1/A2, due to the broad central structure in Figure 5. They are damped in a

time on the order of l/w,.
(ii) The contribution of the right-hand curve in the figure is damped
with a time constant on the order of l / y m , where y,,, is the width of this
curve. The Rabi oscillation is thus damped with a time constant l / y m .

C,,,.'

Discrete State Coupled to a Finite-Width Continuum

255

(iii) At very long times (T >> l/y,,,) only the contribution of the delta
function, centered at -Ahi2, persists. It is equal to eiA"1'/2 and is not
damped.

Point (ii) clearly shows that it is impossible to obtain an undamped Rabi
oscillation, as is the case for two truly discrete states. The coupling with a
continuum introduces a fundamental irreversibility into the problem, which
will never disappear, even if the couplings are strong.
To summarize, this very simple model shows the existence of a continuous transition between two extreme regimes, the Weisskopf-Wigner exponential decay, and the Rabi oscillation, while at the same time specifying
the corrections that must be applied to these two extreme regimes.
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CHAPTER IV

Radiation Considered as a Reservoir:
Master Equation for the Particles

A-INTRODUCTION-OVERVIEW

In this chapter, we focus on the evolution of the particles and we derive
equations describing such an evolution. A famous example of this approach is the one used by Einstein, who in 1917 introduced equations
describing the effect of absorption, stimulated emission, and spontaneous
emission processes between levels a and b of an atom immersed in the
black-body radiation field (*)

In (A.l) N, and Nb are the numbers of atoms in states a and b ( E b > EO),
A , , , is the spontaneous emission rate from b to a , B o + b (and B b + , )
are the absorption (and stimulated emission) rates from a to b (and from
6 to a), and u ( w ) is the energy density of the radiation field at the
frequency w = (Eb - E,)/h. The purpose of this chapter is to justify and
to generalize equations of this type starting from the basic equations of
quantum electrodynamics describing the coupled evolution of the particles
and the field.
(*) A. Einstein, Phys. Z. 18, 121 (1917).
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First note that the particles, forming a subsystem of a larger system,
may be described only by a density operator. Indeed, even if the global
system is in a pure state described by a state vector, the state of the
particles is, in general, a statistical mixture of states. The density operator
u describing such a mixture is obtained by making a partial trace over the
variables of the radiation field of the density operator p of the global
system:
u = Tr, p

( A .2.a)

i.e., again, in terms of matrix elements

The Roman subscripts a and b describe the states of the particles, and the
Greek subscripts p describe the states of the radiation field (*I. Thus, the
state of the atom with two levels a and b introduced above is described by
the density matrix:

In addition to the populations u b b and a,, of the two levels, proportional
to the quantities Nb and N, appearing in (A.11, there are the nondiagonal
elements flab and a,,, also called coherences between a and b, which are
related to certain physical variables, evolving at the frequency ( E h - E , ) / A ,
such as the electric dipole moment of the atom.
Before attempting to derive an evolution equation for a , it might be
useful to draw inspiration from other examples in classical physics where
we are concerned with only one part of the global system.
Consider, for example, the Brownian motion of a heavy particle immersed in a gas or in a liquid of light particles, with which it undergoes
constant collisions. As a result of the difference in mass, a very large
number of collisions is required to make the velocity of the heavy particle
vary appreciably. How can we describe the motion of the heavy particle? A
first possibility is to introduce a Langerin equation, where the effect of the
fluid on the particle is described by two types of force: a friction force,
which describes the cumulative effect of the collisions and which damps
(*) It is clear that the information contained in u is not as complete as the information
contained in p . In particular, the reduced density operator u describes neither the radiation
field nor the correlations existing between the particles and the radiation field.
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the velocity of the particle with a characteristic time TK;a Langeoin force,
which describes the fluctuations of the instantaneous force about its
average value, and varies with a characteristic time on the order of the
collision time T,, which is much shorter than TK.Another possibility is to
derive an evolution equation for the statistical distribution function f(r, p)
describing the position and the momentum of the heavy particle. In
general, one studies the variation A f of f over an interval of time At that
is very short compared with TK(so that the average velocity of the particle
varies slightly during A t ) , but very long compared with T , (so that many
elementary collisions occur during this time interval). The equation giving
A f / A t is then simple. It is a Fokker-Planck equation, describing how the
distribution function shifts and broadens under the influence of the
collisions.
We retain from the foregoing example the following general ideas.
First, the relevant particle A? interacts with a system 5%’having a very
large number of degrees of freedom (the ensemble of the other particles
of the gas or of the liquid). The “heat capacity” of .R is therefore very
large, and there is no macroscopic modification of the state of 9 under
the influence of the coupling with A?. 9 can be considered to be a
reseruoir. Then, the evolution equation for A? is simple, if there are two
distinct time scales in the problem: a very short time T , characterizing the
fluctuations of the perturbation exerted by 9 on A?, and a much longer
time TR characterizing the rate of variation of d.If we consider only a
coarse-grained rate of variation, averaged over a time At such that T , <<
At << TR, then simple kinetic equations can be obtained for the distribution functions of d .
Is it possible to apply the foregoing ideas to the case where A? is an
ensemble of particles (that we assume here to form an atom or a molecule)
and 9 is the radiation field? First, 9 actually has an infinite number of
degrees of freedom, corresponding to the infinite number of modes of the
electromagnetic field. If d is an atom (or a small number of atoms), it is
legitimate to consider that the state of 9 changes only slightly as a result
of its coupling with A?. What, then, are the conditions for the appearance
of two distinct time scales? The dynamics of the field fluctuations (electric
or magnetic) acting on the charged particles are described by the correlation functions of these fields. It can be shown (*) that, if the state of the
field is the vacuum (which corresponds to the problem of spontaneous
emission of photons by A?), these correlation functions ( E ( t ) E ( t - T )
E ( t - T ) E ( t ) ) decrease very rapidly with T . The correlation time T , of

+

(*) See, for example, Photons and Atoms-lntroduction
111-C-3and Complement C,,,.

to Quantum Electrodynamics,
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these vacuum fluctuations is very short, shorter than the period 2 7 r / w 0 of
the relevant transition b + a , which itself is much shorter than the
lifetime l/r of the level b , which characterizes the evolution of the atom.
A similar result holds for an atom interacting with an incident wave whose
spectral width A w is sufficiently large (*I and whose intensity is sufficiently
low. Indeed, the correlation time of the incident field is on the order of
T , = Aw-', and the average time TR after which an absorption or emission
process occurs (evolution time for the atom) is inversely proportional to
the light intensity I, so that, for appropriate values of A w and I , the
condition T, << TR is satisfied. This is the case in particular for black-body
radiation, or for radiation emitted by ordinary sources (such as discharge
lamps), which are neither completely monochromatic nor very intense.
Thus a large number of situations exist in which the radiation field can
be considered as a reservoir exerting on the atom a perturbation that
varies extremely rapidly on the atomic evolution time scale. In this
Chapter, we show how the master equation giving the coarse-grained rate
of variation of the density operator of d can be derived simply and in a
perturbative manner when the coupling V between d and W has a weak
effect during the correlation time T , of the fluctuations of 9.This
situation is reminiscent of the weak-collision regime in Brownian motion.
The condition expressing that the coupling has a weak effect during T~ is
known as the motional narrowing condition for reasons that will become
clear later on. We begin (Section B) by deriving the master equation. We
then provide a physical interpretation for the coefficients appearing in this
equation (Section C), and we discuss the conditions of validity for the
approximations used to derive the master equation (Section D). The
results derived in these three parts are valid in general for any small
system srf coupled to a reservoir 9,
provided the condition of motional
narrowing is satisfied.
We return in Section E to the problem of a two-level atom coupled to
the radiation field and we use the foregoing results to derive the evolution
equations for the atomic density matrix under the influence of spontaneous emission, absorption, and stimulated emission processes. We are
interested not only in internal degrees of freedom (populations of the two
levels a and b and coherence between a and b ) , but also in the evolution
of the external degrees of freedom (velocity of the center of mass) due to
momentum exchanges between the atom and the photons.
Three complements continue the discussion of this chapter. Complement A,, shows that the two-time averages appearing in the master
(*I W e exclude here the case where the atom interacts with resonant monochromatic
radiation (see Chapters V and VI).
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equation can be related to two categories of statistical functions, the
symmetric correlation functions describing the dynamics of the fluctuaand the linear susceptibilities
tions of the observables of a? and 9,
describing the linear response of each system to an external perturbation.
These functions can be used to show how the different physical effects
described by the master equation can be simply interpreted by considering
that the two interacting systems, &’ and 9,
fluctuate and polarize each
other. Complements B,, and C,, illustrate the different ideas introduced
in this chapter by using the simple example of a harmonic oscillator
coupled to a reservoir of harmonic oscillators. The evolution of the
oscillator is studied in the Schrodinger representation (Complement B,,),
as well as in the Heisenberg representation (Complement C,,). In particular, we show how the Heisenberg equations for the oscillator can be
transformed and put in a form similar to that of the Langevin equation for
Brownian motion. Such a calculation demonstrates the close connection
that exists between fluctuations and dissipation.
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B-DERIVATION OF THE MASTER EQUATION FOR A
SMALL SYSTEM AX? INTERACTING WITH A RESERVOIR 9
1. Equation Describing the Evolution of the Small System in the
Interaction Representation

Let

+ HR + V
(B.1)
HA is the Hamiltonian of
be the Hamiltonian of the global system A? + 9:
A?, HR is the Hamiltonian of 9,
and V is the interaction between d and
9.
The density operator p of the global system
+ 9obeys the evolution
H

=

HA

JX!

equation

which becomes, in the interaction representation with respect to HA + HR:

with

The advantage of the interaction representation is that, if V is sufficiently
small, / j ( t ) evolves slowly and in particular no longer contains the unperturbed free evolution exponentials.
Integrating Equation (B.3) between t and t A t yields

+

/j(t + A t ) = / j ( t )

1

+ % /t

r+At

an equation that can be iterated to give

dt’[V(t’),/j(t’)]

P.5)
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where we have set

Ab(t)

+At)

=b(t

-b(t).

(B.7)

Here we are interested in the evolution of the small system .'B
Equation (A.2.a), which defines the reduced density operator u of d from
the density operator p of d +9becomes, in the interaction representation

6(t )

=

Tr, b( t ) .

P.8)

By taking the trace with respect to 9 of Equation (B.6), we obtain
A6( t )

=

1
F/

t+At

lh t

+

(

dt' Tr,[

p( t ' ) , b( t ) ] t

dt'/"dt''Tr,[V(t'),
t

[f(t"),b(t")]].

(B.9)

Up to this point, no approximation has been introduced and Equation
(B.9) is exact. Before going further and introducing some approximations,
we must now describe the assumptions concerning the reservoir.
2. Assumptions Concerning the Reservoir
a> STATEOF THE

RESERVOIR

Let

6,( t )

=

Tr, b( t )

(B.lO)

' of
be the density operator of 9 obtained by taking a partial trace over a

i i ( t ) . Because 9 is a reservoir, the variation of ~ ? ~ (due
t ) to the coupling

with d is weak. To a first approximation, f?R(t> may be considered to be
constant in the interaction representation (*):
6R(t)

6,(0) = U R .

(B.ll)

Moreover, we assume that the reservoir is in a stationary state, that is, that

u, commutes with H,:

[%H,1

=

0.

(B.12)

In other words, u, has no nondiagonal elements between eigenstates of
H , with different eigenvalues and can therefore be considered as a
(*) The coupling V ,of course, causes weak correlations to appear between s
' and 9 that
are essential for the evolution of d (see OD-4).
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statistical mixture of eigenstates Ip) of HR

with weight p ,
(B.14)
This is the case in particular when 9 is in thermodynamic equilibrium at
temperature T , the p , being then equal to
(B.15.a)

( B .15 .b)

b ) ONE-TIME
AND TWO-TIME
AVERAGES
FOR
OESERVABLES

THE

RESERVOIR

The interaction V between d and 9'will be taken as a product of an
observable A of d and an observable R of 9.
V = -AR

(B.16)

which gives, in the interaction representation
F(t)

=

-A(t)d(t)

(B.17)

with

because the observables of d commute with those of 9.
Remark
The following calculations may be adapted easily to the more general case
where V is a sum of products of operators A , of d and R , of 9,
having the
form - C, A, R,.

We assume that the average value of R in the state
] 0
Tr[gRR] = T r [ f f ~ d ( f ) =

0
,

of R is zero
(B.19)

the first equation following from (B.18.b), (B.121, and the invariance of the
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trace of a product in a circular permutation. It follows that, for all t
Tr,[

C T R ~ (t

)]

=

A(t)Tr[ U R R (t ) ] = 0.

(B .20)

The average value in U, of the coupling p ( t ) is therefore zero. If this were
not the case, it would suffice to reinsert T~R[URV]
into HA and to take
V - (T~R[CTRV])
@
as the new interaction Hamiltonian, l Rbeing the
unit operator in the state space of 9,
The average value of R ( t ) in uR is a one-time average. We now
consider the two-time average
g(t’,t”)

=

Tr[o-,R(tr)R(tff)]

(B.21)

equal to the average value in the state U, of a product of two observables
&t”) taken at two different times t‘ and t”. In Complement
A,”, we analyze the physical meaning of the function g(t’, t”). In particular, we show that the real part of g(t’, t”) is a symmetric correlation
function describing the dynamics of the fluctuations of R in the state u,,
whereas the imaginary part of g ( t f , t ” ) is related to a linear susceptibility.
By using (B.121, (B.18), and the invariance of the trace of a product in a
circular permutation, it is easy to show that g ( t ’ , t”) depends only on

d(t’)and

=

t‘ - t“.

Tr,[

r R R (t’)k(t f f ) ] = Tr,[
=

a, elH,t’/h R e - i H R ( t ‘ - r ’ ‘ ) / f i

T r R [ u R k ( ~ ) k ( 0 )=] g ( 7 ) .

R e-iHRt”/h

1

(B.22)

To evaluate g ( T ) more precisely, we substitute expression (B.14) for
into (B.22). This gives

CT,

(B.23)
where we have set
(pIRlv)

( B .24)

w,, = w , - w ,

( B .25 .a)

R,,

=

w, = E,/h.

( B .25 .b)
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Because p , and IR,,I* are real, it is clear from (B.23) that

Expression (B.23) shows that g ( T ) is a superposition of exponentials
oscillating at the different Bohr frequencies cop, of 3.Because 9 is a
reservoir, it has a very dense ensemble of energy levels and, consequently,
a quasi-continuous spectrum of Bohr frequencies, so that the exponentials
of (B.23) interfere destructively once T becomes large enough. More
precisely, we assume here that the function g ( T ) tends rapidly to zero
when T increases, and we call T~ the order of magnitude of the width in T
Of g ( 7 ) .
Finally, the assumptions made about 9’
are equivalent to assuming that
9 is in a stationary state and exerts on sd a “force” fluctuating about a
zero average value with a short correlation time T=.
3. Perturbative Calculation of the Coarse-Grained Rate of Variation
of the Small System

We now return to the exact equation (B.91, and we derive from it a
master equation for 6 by introducing several approximations which will be
discussed later on (Section D).
If V is sufficiently small, and if A t is sufficiently short compared with
the evolution time T, of 6, it seems legitimate to neglect the evolution of
p’ between t and t“ in the last term of (B.91, which is already second-order
in V and to replace p’(t”) by , X t ) . Such an approximation is equivalent to
an iteration of (B.5) in which only terms up to second order in V are
retained.
After such an approximation, the right-hand side of (B.9) contains only
p’(t), which can still be written in the form

where p’,o,r,,(t), which is equal to the difference between p’(t) and the
product of the reduced density operators of d and 9,
describes the
correlations that exist between d and 3 at time t . In what follows, we
will neglect the contribution of ,6c,,,,rto A 6 ( t ) . Later on, in Section D, we
will return to the conditions of validity for such an approximation, which
assumes in particular that T , << A t . The general idea is that the initial
correlations between d and 9 at time t disappear after a time T , and
contribute little to the evolution of 6 over the interval [ t , t + A t ] , which is
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much longer than T, (*I. Such an approximation is thus equivalent to
writing, using (B.81, (B.10), and (B.11)

We have thus introduced two approximations, one based on the condition
4t << TR, and the other based on the condition 4t >> T,, which implies
the existence of two very different time scales TR >> T,:
r,

-K 4

t << TR.

(B.29)

These two approximations allow Equation (B.9) to be written in a form
relating the increase A 6 of 6 between t and t At to 6 ( t ) .Indeed, if in
(B.9) we replace &t”> and & t ) by (B.28) and divide both sides of the
equation by- A t , we obtain [the first term of (B.9) is zero, according to
(B.20)1

+

A6
4t

1 1

[

- = - - - ~ r + A i d t ’ ~ i ‘ d TrR[
t ” v(t‘),$ ( t ” ) , 6 ( t ) @ f f R ] ] .

h2 4t

(B.30)
The rate of variation A 6 / 4 t is called the “coarse-grained” rate of
variation because it can be considered to be the time average of the
instantaneous rate d 6 / d t over an interval 4t. Indeed, A 6 / 4 t can be
written

A6

_
-At

6(t +At) - 6 ( t )
At

=

z1 i

[+At

dt’,.

d6
dt

(B.31)

All the rapid variations of the instantaneous rate occurring on a time scale
smaller than 4t are smoothed out in such an average. The fact that
4 6 / A t depends only on the state 6 0 )of the system d at time t means
that, examined with a time resolution that is not too high, the evolution of
d depends only on the present and not on the past (Markov process).
Because, according to (B.17) and (B.181,
and v(t”>are, like
6 ( t )8 a,, products of observables of A! and of W commuting with each
other, the trace over 2%’ of (B.30) concerns only products of the form
aRfi(t’>fi(f”>or ffRfi(t”>l?(t’>.
Thus it is clear that the integral of (B.30)

v(ct’>

(*) New correlations between .d and 9 appear between t and r
ones that cause Cr to evolve.

+ A t , and these are the
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depends on the reservoir only through the two-time averages g ( 7 ) or
T = t’ - t”. To take advantage of the fact
that g ( 7 ) decreases very rapidly with T , it is convenient to change the
variables of integration in (B.301, switching from the variables t‘ and t“ to
the variables T and t‘. Figure 1 shows the domain of integration in t’ and
t” of (B.301, which is the triangle OAB. The lines corresponding to equal
values of T are parallel to the first bisector OB, which corresponds to
T = 0. For fixed T , we can integrate over t’ from t + T to t + A t , then
integrate over T from 0 to A t , which gives

g(--7) introduced above, with

Because the two-time averages of the reservoir g ( T ) and g ( - - 7 ) are
negligible for T >> T ~the
, only region of the integration domain where the
integrand is nonzero is a narrow band of width on the order of T,, near OB
(hatched region of Figure 1). As A t >> T ~ a, negligible error is made if the
upper bound of the integral in T of (B.32) is extended to +so and if the
lower bound of the integral over t‘ is extended to t . Finally, after
expanding the double commutator of (B.301, and using (B.17) and (B.221,

t“

B

I + 7

I

-rA
+ AI

Figure 1. Domain of integration over t‘ and t“. As a result of the presence of the
two-time averages g ( T ) and g( - T ) of the reservoir, only a narrow strip of width T,
near OB contributes (hatched area).
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we get
A6
At

-=

-J;Spzi
1

1

t+dl

dt’ x

x ( g ( T ) [ A ( f ’ ) A -( ?. ’> ~ ( t >- A ( t - T)a(r)A(rt)]t
+ g ( - T ) [ & ( t ) A ( t ’ - T ) k ( t ’ ) - A ( t ’ ) 6 ( t ) A ( t-t T ) ] ) . (B.33)

To go further and carry out the integration over t’, we now project the
operator Equation (B.33) over a basis of states.
4. Master Equation in the Energy-State Basis

Let l a ) be the eigenstates of H A , having eigenvalues E,:
HAb)

=

(B.34)

E,la>.

Equation (B.33) becomes, in the orthonormal basis { l a ) }
(B.35)
with

The dependence on t‘ of the integrand of (B.36) can come only from
the matrix elements A,,(t’), A,,(t‘ - T ) * . . which vary as exp iwant’,
exp iwnc(r’ - T ) . . . , where the w,,,, w,, . . . are the Bohr frequencies
of d:
(“an

(B.37.a)

= wa - (“n

w, =

E,/h

w,, =

E,/h.

(B.37.b)

It is then simple to verify that all the terms of (B.36) inside brackets vary
as exp z(wuh - w C d ) t ‘ .For example, the dependence on t’ of the first term
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a,,,
+ w,

is (taking into account

it follows that wb

=

wd)

expi(w, - w,
- w,)t‘=expi(w,
- wc)t’=
= exp i( w , - wb + wd - W c ) t ’ = exp i( wah - w c n ) t ’ . (B.38)
The dependence of the second term is
exp i ( w a - w ,

+ on -

Wb)t’ =

exp i( w U b- w C d ) t ’

(B.39)

and analogous proofs can be made for the third and fourth terms. It
follows that the integral over t’ of (B.36) can be calculated easily and gives

where
(B.41)
If jwab - wcdl << l / A t , the value of f in (B.40) is close to 1. By contrast,
if Iw,b - wcdl >> l / A t , it is close to zero. It is thus legitimate to ignore
the couplings between AGab/At and 6 c d if Iw,b - wcdl >> l / A t . Finally,
if Iwab - wcdl l / A t , we will see later on that the condition TR>> A t
implies that the coupling between A 6 a b / A t and 6,d has a weak effect. We
will neglect this effect and retain only the terms coupling AGUb/At to Gcd
with lwab - wcdl << l / A t , terms called secular and for which f = 1.
Finally, with this “secular approximation”, the master equation (B.35)
becomes
5

“ob-

At

X:,‘)

-

c

(sec) e f ( w o b - w c d

c,d

)‘ 9abcdGcd(

t>

( B -42)

indicates that the sum is restricted to states c, d such that
g a b c d are coefficients independent
of t and A t and are given by the integral over r of (B.36).

where

loab- w,dl << l / A t , and where the
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Before calculating the coefficients s u b c d of the master equation and
giving them a physical interpretation, we have to switch from the interaction representation to the Schrodinger representation, where the density
operator of d is d t ) . From the relation

between the matrix elements a ( t ) and G(t) follows the relation

between the instantaneous rate of variation of uuband sub. We approximate the instantaneous rate dG,,,/dt appearing in (B.45) by using the
coarse-grained rate A&,,,/dt calculated in (B.42). We then obtain, by
using (B.44)

The exponential appearing in (B.42) has disappeared. In the Schrodinger
representation, the master equation, expanded over the basis of eigenstates of H A , has the structure of a linear differential system with time-independent coeficients.
The first term of the right-hand side of (B.46) describes the free
evolution of a,,,, while the second term describes the effect of the
interaction with <%'. The coefficients s u b c , are thus on the order of l / T R ,
where TR is the evolution time of d.If the matrix elements c u b and a,,
have sufficiently different eigenfrequencies w,,, and wed, that is, if
Iwuh - wCdl >> l/TR, the coupling '%,bed between them will have very
weak effects (in the same way as in quantum mechanics where a coupling
V,, between two energy levels E , and E, has very weak effects if
IE, - E,, >> Vub).Because TR >> A t [see (B.2911, the condition lo,,,wCdl l / A t indeed corresponds to Iw,h - wCdl >> l/TR. It is thus legitimate to neglect in (B.42) the coupling between U,b and a c d when Iwuh w c d l is not very small compared with l / A t .

-
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C-PHYSICAL CONTENT OF THE MASTER EQUATION
1. Evolution of Populations
The populations a,, of the energy levels la) of d all have the same
free evolution frequency (was = 0). The coupling terms that exist among
them are thus all secular terms. Moreover, we assume that there is no
coherence a,, with a very low free evolution frequency (IwCdl << l/At).
Thus the populations are coupled only to populations and Equation (B.46)
can be written

To calculate .Raa,,,we set b = a and d = c in (B.43). First assume that
c # a. The two Kronecker symbols S,, and Sac are then zero. The two
terms remaining inside the brackets in (B.43) are complex conjugates of
each other [see (B.26)] and are regrouped to give

Replacing g ( 7 ) by its expression (B.23) then gives

The integral over 7 is equal to 27rS(wP, + m c a ) and can be rewritten,
using (B.25) and (B.371, as 27rh6(EP + E, - E, - Ea). Also, IAac121R,P12
is equal, according to (B.16), to I ( v , a I V l p , c > 12. Finally, by setting

we obtain for

r, , a

%a,,,
a #c

rc

=r c+a

r,

The physical interpretation of ,
a is very clear.
+ a is the probability per unit time for the system .d to make a transition from level c to
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Figure 2. Transition rate between states c and a of '
s ( a ) and states p , c and V , a
of .d + W (PI. rc
is obtained from r,,? y , L2 by an average over p and a sum
over v.
~

level a as a result of its coupling with 9.
Indeed, such a transition
corresponds, for the global system d + 9,
to a transition lp, c ) -+ lv, a )
(Figure 2). Equation (C.5) gives the rate for this transition (in agreement
with the Fermi golden rule), averaged ocer all the possible initial states p of
the reservoir (weighted by pp.>and summed ocer all the final states v of the
reservoir, with the delta function expressing the conservation of energy for
the global system d +9.
9aaaa
remains to be evaluated. These are now the second and fourth
terms inside the brackets of (B.431, which cancel the terms n = a of the
first and third sums. The remaining terms n # a cause Ta+,, to appear,
and we obtain

Finally, the master equation for the populations (C.1) is written
(C.7 .a)
U L

n #a

c#a

or as
(C.7.b)
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Equation (C.7.a) indicates that the population a,, of ~8’decreases as a
consequence of the transitions occurring from a to the other levels n , and
increases as a result of transitions from other levels c to the level a. The
form (C.7.b) exhibits the balance of transfers occurring for each pair of
levels c and a and simply yields

c-dtd ua a = o
a

(conservation of the normalization of u over time).
Remarks
(i) Very often, the steady-state solution of equation (C.7.b) corresponds to

Condition (C.9), called the “detailed balance condition”, shows that in the
steady state, and for any pair of levels a and c , the number of transitions from
a to c compensates for the number of transitions from c to a .
(ii) If the reservoir 9’ is in thermodynamic equilibrium at temperature T , that
is, if populations pw of the levels p of 9’are given by (B.15), it can be shown by
using (C.5) (see Exercise 16) that

Comparing (C.9) with (C.10) then shows that the populations a,, of d tend,
under the effect of the interaction with 9,
to a steady state where they are
proportional to exp( - E , / k , T ) . By interacting with a reservoir in thermodynamic equilibrium, the system d also reaches thermodynamic equilibrium at
the same temperature T .

2. Evolution of Coherences
We now examine the evolution of the nondiagonal elements
of u,
and we first consider the case where the Bohr frequency w,b associated
with the coherence a,, is nondegenerate, that is, the case where there are
no other Bohr frequencies w C d differing from w a b by less than l / A t . The
only secular term is therefore the one coupling the coherence u a b to itself,
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and Equation (B.46) is written
d
Zuab

To calculate Sabab,
set c

= -iwabuab

=

+ gabab'ab*

(C.11)

a , d = b in (B.43). This gives

We then replace g ( T ) by (B.231, g ( - T ) by g(T>*, and evaluate the
integrals from 7 = 0 to T = m of the exponentials, leading to the appearance of principal parts and delta functions. We thus obtain
9abab

where d a b and

-

=

(C.13)

rabare real quantities given by
(C.14)

with

(C.15)

and an analogous expression for A , , and where
nonad. + r a i d .

= rab

(C.16)

with

(C.17)
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and

The quantity hd,, represents a shift, second order in V , of the
frequency wObdue to the interaction between d and 9.
Indeed, in (C.151,
Ad, is the shift of the state Ip, a ) of the global system d +9,
weighted
by the probability of occupation p , of the level p of the reservoir and
summed over p . Thus hA, can be considered to be the average energy
shift of the state l a ) of d.
The quantity rob
represents the damping rate of the coherence
due
to the interaction between d and 9.
The first contribution to r o b , shown
in (C.17), comes from nonadiabatic effects, because expression (C.17) is
the half sum of the rates with which the system leaves state a or state b. A
process removing the system from state a or from state b actually perturbs
the oscillation of any physical quantity sensitive to uob.The second
contribution, shown in (C.18), is called adiabatic because it is due to
processes where d does not change state while interacting with 9,
which
goes from a state p to a state v having the same energy as p .
Finally, we consider the case where the frequency (.dab is degenerate.
As in Equation (B.461, we must take into account the couplings between
the coherence
and the other coherences a, such that Iw,d - wObl <<
l/At. The calculation of 9 , b c d from (B.43) (with c # a , b # d ,
/w,b - wcdl <
< l/At) thus gives

x 6(E,

+ E,

-

E,

-

E,).

(C.19)

The couplings between different coherences having the same Bohr frequency are important for understanding the shift and the broadening of
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transitions of systems having equidistant levels, such as the harmonic
oscillator or the dressed atom.
Remark
All the expressions derived in this part that relate physical parameters such as
A , , y a hd . royonad., Sahcd
. . to matrix elements of V remain valid when
I/, instead of having the form V = - A R , is generalized as V = - C,A,R,.

rh-0,

9

3
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OF THE APPROXIMATIONS

To specify the conditions of validity for the treatment presented in
Section B above, we must first evaluate an order of magnitude of the
evolution time T R for the system a’.
1. Order of Magnitude of the Evolution Time for PI

We return to Equation (B.30) and try to evaluate an order of magnitude
for the right-hand side. We saw above (end of subsection B-3) that the
only part of the domain of integration in Figure 1 that contributes
significantly to the integral is a strip of width T , near the first bisector OB.
On this bisector, t’ = t”, and the integrand of (B.30) is on the order of
( V 2 ) R 6 ( t )where
,

The order of magnitude of the right-hand side of (B.30) is thus obtained
by multiplying (D.1) by l / h 2 A t times the area of the cross-hatched
portion of Figure 1, which is on the order of T , At

We denote u 2 the order of magnitude of ( V 2 ) , . The parameter L:
characterizes the intensity of the coupling between d and 9.
Because the
coefficient multiplying 6 on the right-hand side of (D.2) is on the order of
the inverse of the evolution time T, of d,we obtain for 1/TR the order of
magnitude

1

2
C 7,

TR

h2

- * -

2. Condition for Having Two Time Scales

Using (D.3), the condition T , << T,, on which the entire discussion in
Section B above is based. can be written as
L‘ 7,

- << 1.
h
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Equation (D.4) expresses that the evolution due to the coupling V between .d and 9,
characterized by the frequency u / h , has a very weak
influence during the correlation time T , (a situation similar to the weakcollision regime of Brownian motion where the velocity of the heavy
particle changes only slightly during the collision time T J .
The parameter u introduced above also characterizes the dispersion of
values of V. If the broadening of the spectral lines of .d produced by the
coupling with 9 were inhomogeneous, the width of the spectral lines
would be on the order of u / h . But, from (D.21, the width is approximately
l / T R ,which is, according to (D.3) and (D.4)
U UTc

--

h h

li

<< h

Thus the fact that the interaction between B’ and 9 fluctuates rapidly,
reduces the inhomogeneous width v / h by a factor LIT,/^ -=c1, hence the
name “motional narrowing” condition given to (D.4).

3. Validity Condition for the Perturbative Expansion
If Equation (B.5) is iterated beyond the second order [while replacing
@ ( t )everywhere it appears by (B.2811, we obtain for the second member of
(B.30), in addition to the double commutator already there, a triple
commutator, a quadruple commutator, etc.
The same procedure as the one followed in subsection D-1 above may
be used to evaluate the order of magnitude of the contributions of these
terms that are higher order in V. For example, the triple commutator
involves the integral over t , , t 2 ,t , of a product of three operators
g(tl)t?f2)v(t3)
and of uR.Because the three times t,, t2, t, must be quite
close to each other (to within T,), the significant volume of integration is
on the order of T,‘ A t , so that the order of magnitude of the third-order
term in V is

or l i ~ , / h times the second-order term. It thus appears that the small
parameter U T , / ~ also characterizes the perturbation expansion. If condition (D.4) is satisfied, it is legitimate to stop such an expansion at the
second order in V.
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4. Factorization of the Total Density Operator at Time t
We now examine the approximation consisting of neglecting Pcorrel(tin
(B.27). Assume that the correlations [described by Pcorre,(t11 that exist
between d and 9 at time t result from interactions that occurred
between d and 9 prior to t . This is equivalent to assuming that at a
given initial time t o , prior to t , d and 9 are not correlated (dand 9,
for example, start to interact at t o ) .To lowest order in V ,it is necessary to
have at least one interaction prior to t to have ~,o,rel(t)# 0. If we now
consider that ijcorrel(t)is nonzero, the contribution to A 6 ( t ) of the
first-order term in V of (B.9) is no longer zero because it is then no longer
possible to use (B.20). Thus, to second order in V , a new contribution to
A 6 ( t ) appears that results from an interaction prior to t (which creates
correlations between d and 91,
and from another interaction in the
interval [ t , t + A t ] (which produces a variation A 6 of 6 from these
correlations).
The order of magnitude of this contribution that was neglected is

v

with t“ varying prior to t , and t’ in the interval [ t , t + A t ] . Because
(p((t’)v(t’’))Ris zero once t’ - t” >> T,, the domain of integration is
reduced to two intervals of width T , on both sides of t , and the order of
magnitude of the rate of variation associated with (D.7) is
u’T,‘

--

h2 A t

C’T,

T,

h2 At

1

T,

TR A t ’

Thus it appears, as we mentioned previously [see discussion before (B.2811,
that the contribution of the last term of (B.27) is smaller than that of the
first term by a factor T J A t . Because we have taken A t >> T,, it is
completely legitimate to neglect such a contribution.
Thus the initial correlations between d and 9 at time t have an effect
on the future of 6 only in the interval [ t , t + T ~ ]whereas
,
new correlations
are established permanently in the interval [ t , t + A t ] and cause 6 to
evolve proportionally to A t .
Remark
It is possible to imagine correlations between d and 9 at time t that can have
a spectacular influence on the subsequent evolution of d . Consider, for
example, at time t o = 0, an atom initially excited in the state Ib), with no
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incident photon. Radiative decay can occur between 0 and t . Then imagine that
at time t , we apply to the state I $ ( t ) ) of the global system atom + radiation the
time-reversal operator K . Because the Schrodinger equation has the time-reversal symmetry, we know that at time 2 t , the atom will have returned to the
excited state (more precisely to the state K l b ) ) , in the radiation vacuum. It is
therefore clear that the state K l $ ( t ) ) has very specific correlations because the
evolution from this state does not at all have the irreversible behavior predicted
by the master equation. Thus such an equation cannot always be valid, even if
9 is a reservoir. Nonetheless, we should note that correlations of the type
contained in the state K I $ ( t ) ) are very peculiar and extremely difficult to
achieve in an experiment. Therefore we exclude all situations of this type from
our discussion.

5. Summary

Finally, the treatment presented in Section B is based on the motional
narrowing condition (D.4). Under such a condition, two very distinct time
scales T R and T, can be defined, and a perturbative calculation can be
performed for the variation A 6 of 6 in the interval [ t , t + A t ] with
T, << A t << TR. It is then not necessary to take into account the initial
correlations between d and 9 at time t , resulting from interactions
between d and 9 prior to t . The fact that the coarse-grained rate of
variation A u / A t is given (in the Schrodinger representation) by a differential linear system with constant coefficients implies that the previous
approach is valid for all t . The master equation can therefore be used to
predict the evolution of 6 over much longer times, on the order of a few
TR.A remarkable feature of this approach is that a perturbative study of
the evolution of the system over a time interval that is short ( A t << TR),
but not too short ( A t >> T,), allows its behavior to be predicted over much
longer times. In this sense, such an approach is nonperturbative and is
similar to the procedure presented in Chapter 111 where a perturbative
calculation of the level-shift operator allows nonperturbative expressions
for the transition amplitudes to be obtained.
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E-APPLICATION TO A TWO-LEVEL ATOM COUPLED
TO THE RADIATION FIELD

In this last part, the foregoing ideas are illustrated using a simple
example. We derive and discuss the master equation describing the evolution of the density matrix of an atom with two levels a and b under the
effect of spontaneous emission, absorption, and stimulated emission processes. First, the atom is assumed to be infinitely heavy and at rest, which
allows us to study the evolution of just the internal degrees of freedom
($1). The translational degrees of freedom of the center of mass are then
taken into account, and we will study the evolution of the atomic velocities
resulting from momentum exchanges between the atom and the incident
radiation field (42).
1. Evolution of Internal Degrees of Freedom

The atomic electrons are assumed to evolve around a fixed point 0. In
the electric dipole point of view, the interaction Hamiltonian between the
atom and the radiation field is written [see formula (91) in the Appendix]
I/= - d - E . ( O )

=

-id-

E ~ (u a~: )

(E.l)

where d is the electric dipole moment and where the field operator is
evaluated at the point 0.
a) MASTEREQUATION
DESCRIBING
SPONTANEOUS
EMISSION
FOR A

TWO-LEVEL
ATOM

We begin by assuming that the radiation field is in the vacuum state

We previously explained (Section A) why it is legitimate to consider the
radiation field in such a state as a reservoir. The state (E.2) indeed
satisfies conditions (B.12) and (B.20), taking into account expression (E.1)
for V.
The spontaneous emission of a photon from the lower state a cannot
conserve the total unperturbed energy. Equation (C.5) thus implies
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:

(E.4.a)

which is just the rate r for the spontaneous emission of a photon,
previously introduced in Chapter I1 and equal to the inverse of the
radiative lifetime T of level b
(E.4.b)
Equations ((2.7) for the populations are thus written here

\ x 'd
aa

=

and have the same form as the Einstein equations (A.1) [with u ( o ) = 01.
For the evolution G f the nondiagonal element of ub,, the general results
of subsection C-2 give

where hAb, is the difference in radiative shifts of the levels b and a
(E.7.a)
(E.7.b)
( E .7.c)

and where r/2, which is the half-sum of (E.3) and (E.4.b), is the
nonadiabatic contribution to the damping of gab [see (C.l7)]. The adiabatic contribution (C.18) is zero because V has no diagonal elements in
state la) or state 16) (d is odd and l a ) and Ib) are assumed to have a
well-defined parity).
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Remark
We must not forget that the approximation consisting of considering only two
atomic levels a and b causes several effects to be lost. First, even if a is the
ground state and b is the first excited state, other states more excited than b
can decay radiatively to a or b. Moreover, the contribution of other atomic
levels c of the atom certainly cannot be ignored in nonresonant processes
(virtual emission and reabsorption of a photon) which are the origin of the
radiative shifts of a and b.

b ) ADDITIONAL
TERMS
DESCRIBING
THE ABSORPTION
AND INDUCED
OF A WEAKBROADBAND
RADIATION
EMISSION

We now assume that some photons are initially present. The density
operator of the radiation is, according to (B.14), a statistical mixture of
eigenstates In, . . . n , . . . ) of HR, representing n, photons in the mode
1, . . . n, photons in the mode i . . . , with a weight p ( n , . . . n , . . . )

Conditions (B.12) and (B.20) are still satisfied. We explained above (Section A), that if the spectral width of the radiation described by (E.8) is
sufficiently broad, and if its intensity is sufficiently low, the condition
rc << TR is satisfied, which we assume here.
The transition rate from the lower level a to the higher level b,
calculated from (CS), is no longer zero when (E.2) is replaced by (E.8).
We write it as r'. It represents the probability per unit time for the
absorption of a photon from a and equals

Because V is proportional to the field E L , and E I is a linear combination
of a, and a+ [see (E.111, all the n' must be equal to n, except one, n:
which must equal n , f 1. In fact, because Eb > E,, the conservation of
energy results in the fact that only n: = n i - 1 is possible, so that (E.9) is
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rewritten

Because ( n , - l l u l l n L )= fi(0,la111,),

r'

is also equal to

which causes the average number ( n , ) of photons in the mode i to appear

r'

The radiation state thus appears in
only through the average number
of photons in each mode. Finally, the function 6 ( h w , - h u b a ) expressing
the conservation of energy in (E.ll)results in the fact that only the
average numbers of photons in the resonant modes contribute.
is thus
proportional to the average intensity I ( w b , ) of the incident radiation at
the atomic frequency wba.
A similar procedure can be followed for calculating r b ,. It is now the
matrix elements of u: between Ib; n1 . . * n , . . . ) and ( a ; n , . . . ni
I . . . 1 that are involved and (E.11) must be replaced by

r'

~

+

We used the normalization relation for p ( n , * * ni . . . 1. The contribution of the term 1 inside the parentheses ( ( n , ) + 1) in (E.13)gives the
previously calculated transition rate r associated with the spontaneous
emission from b to a. As for the other term ( n , ) , it gives the transition
probability r' given in (E.11) so that
9

(E.14)
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Finally, the evolution equations (C.7) for populations become, in the
presence of incident radiation,

They actually have the general form of the Einstein equations (A.1)
because r' is proportional to the light intensity at the frequency w,, and,
for an atom with two nondegenerate levels a and b, it can be shown that
B,,, = B,,, in (A.1).
Remarks
(i) Until now, we have made no assumption concerning the angular distribution
and the polarization of the incident radiation. If the incident radiation is
isotropic and unpolarized, the average number of photons ( n , ) in a mode I
(i.e., a mode k , E , ) depends only on the frequency w , of this mode and not on
K , = k , / k , and E,. The sum over i of (E.11) is in fact a sum over E, 1 k , ,
followed by an angular integral over K , and an integral over k , = I k J . If ( n , )
depends only on w , , the sum over E, and the integral over K , are the same in
expressions (E.4.a) and (E.11) giving r and
The difference between
and
appears only in the integral over 0,. Because of the function S(hw, - h w b U )
appearing in (E.4.a) and (E.111, this difference is simply a multiplying factor
( n ( w h U ) )for
For isotropic and unpolarized incident radiation, we have

r'.

r'

r

r'.

r' = r( n ( w , u ) ) .
r'

is thus equal to
mode.

r

(E.16)

multiplied by the average number of photons per resonant

(ii) We now assume that the radiation is in thermodynamic equilibrium at
temperature T . Such radiation is isotropic and unpolarized so that (E.16) is
applicable. Moreover, in this case, we know the value of the probability
p ( n , n , . . . n, . . . ) [see (B.15)] and, consequently, according to (E.12) the value
of ( n ( w b a ) )which equals (*)
(E.17)
(*) See, for example, Photons and Atoms-Introduction
Exercise 4 in Complement D,,,.

to Quantum Electrodynamics,

N.E.1

Two-Level Atom Coupled to the Radiation Field

287

We then substitute (E.16) into the first equation (E.151, which gives, in the
steady state (dubb/dt = 0)

(E.18)
It is then sufficient to substitute (E.17) into (E.18) to obtain

(E.19)
Thus we have derived the Einstein equations from the first principles and
showed that they imply that the atom reaches thermodynamic equilibrium.
(iii) The average number of photons per mode for isotropic radiation, ( n ( w ) ) ,
is directly related to the radiation energy density at frequency o,u(w). To show
this, we actually express in two different ways the radiation energy density in
the frequency interval [ w , w + dw]. O n the one hand, this density is u(w)dw,
and on the other hand, it is the average energy per mode ( n ( w ) ) h w divided by
the volume L3, multiplied by the number of modes in the frequency interval
[ w , w + dw], which, taking into account the two possible polarizations, equals
8 a k 2 dk/(2a/LI3. Finally, we have

(E.20)

It remains to examine the new evolution equation for uba, which is
written

The new terms, indicated by a prime superscript, describe, on the one
hand, an additional damping (in
of a,,, associated with a shortening
of the lifetime of levels a and b as a result of the absorption and
stimulated emission processes and, on the other hand, an additional shift
Ab, of the line b ++ a

r')

A'ba = A b' - A ' a

(E.22)

associated with the light shifts of levels a and b produced by the incident
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radiation. For example, A‘, is given by

A calculation analogous to that carried out on (E.10) yields

( E .23.b)
and shows that A’, may be significant if the excitation profile Z ( w ) is
quasi-resonant, while remaining asymmetric with respect to o b , . We have
thus precisely justified the qualitative considerations of subsection E-2 in
Chapter I1 concerning the shift and broadening of the levels of an atom
produced by the incident light.
Remarks
(i) The foregoing discussion can be generalized to the case in which levels a
and b each contain several Zeeman sublevels. The master equation can then be
used to quantitatively describe the population transfers between Zeeman
sublevels of a by absorption-spontaneous emission or absorption-stimulated
emission cycles (“optical pumping”) as well as the evolution of the various
coherences between Zeeman sublevels (“1.
(ii) In (E.23), we considered only processes in which one photon is virtually
absorbed from a and then reemitted. Actually, a photon can also be virtually
emitted from a , and then reabsorbed, which leads to an expression analogous
to (E.23.a), where the quantity appearing in C, is replaced by

The term independent of n; in (E.24) gives the radiative shift A, of state a [see
(E.7.c)l. As for the term proportional to n,, it gives a contribution similar to
(E.23), except for the replacement of w - w,,, by - w - w b , in the denominator (which demonstrates that this last correction to A a is very small when the

(*I See, for example, Cohen-Tannoudji.
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excitation is quasi-resonant). A more correct expression for Aa is thus

For a real atom, we should also take into account the virtual excitation of all
other transitions a + c starting from a .

2. Evolution of Atomic Velocities

The goal of this final section is to obtain a master equation describing
the evolution of the atomic velocity distribution function due to momentum exchanges between the atom and the radiation field.
The atom is still represented by a two-level system a and 6 , but we now
take into account the motion of its center of mass, with position R and
momentum P. The eigenfunctions of the Hamiltonian P 2 / 2 M of the
center of mass (where M is the mass of the atom) are plane waves on
which periodic boundary conditions are imposed in a cube-shaped box of
side L (as for the modes of the radiation field). These eigenfunctions are
written

(E.26)
The atom interacts with a homogeneous isotropic unpolarized radiation
field for which the spectral width is sufficiently large and the intensity
sufficiently weak so that it is possible to write a master equation for the
atom.
We begin (§a) by generalizing equations (E.15) and by deriving equations describing the coupled evolution of internal and translational
degrees of freedom. We then show how it is possible, under certain
conditions, to eliminate the internal variables and to obtain a
Fokker-Planck equation for the atomic velocity distribution function (Ob).
Finally, we discuss the physical meaning of this equation (Oc and Od).
a> TAKING
INTO ACCOUNT
THE TRANSLATIONAL
DEGREESOF FREEDOM
I N THE

MASTEREQUATION

The atomic density matrix elements are now identified by internal ( a or
b ) and external (p) quantum numbers. We are interested in the populations T ~ =
, ~
ah,,
. h p and T ~= cap,
, n~
p that represent the probability of the
atom's being in state b or a with total momentum p.

290

Radiation Considered as a Reservoir

IV.E.2

In the electric dipole representation (see 95 of the Appendix), the
Hamiltonian VR for the coupling between the atom, assumed to be
neutral, and the radiation field is equal to

where d is the electric dipole moment of the atom and where the field
operator E (R)is evslluated at the center of mass. The equations generalizing (E.15) are thus written

h p and rbp8
a p are deduced from (C.5) and
where the coefficients rap,
(E.10). Thus, by setting wba = w o , we have
+

x 6 [ hw,

- hwj

~

+

[$ 3
1
-

(E .29)
From (E.27) it is possible to split the matrix element of VR into a part
depending on the center of mass variables and a part depending on the
internal variables and radiation field variables. We thus obtain, using the
same notation as in subsection E-1:

(E.30)
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From Equation (E.26) we get
(E.31)
which allows us to rewrite

rap,+bp
in the form

and tRare the frequency shifts due, respectively, to the Doppler
where
effect and to the recoil effect
(E.33)
(E.34)
A similar calculation gives

and

where

tRare still given by (E.33) and (E.34).

Remurks
(i) By writing Equations (E.28), we havc implicitly assumed that the diagonal
term ah,, h p is not coupled to any nondiagonal term u,,,~, The absence of
such couplings does not result from a secular approximation similar to the one
in subsection B.4. In fact, p' and p" can have the same modulus and different
directions, so that the free evolution frequency of the coherence anpl,apr,
can be
arbitrarily small. Actually, the term coupling uhp,
h p to a,,,, ap8, is, according to
(C.19), equal to

[

:;i I ) : ;

x 6 hw,, -- h w , + - - -

(E.36)
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We then separate, in the matrix elements of V,, the part dependent on the
center-of-mass variables as we previously did in (E.30). The first matrix element
is proportional to 6 p - h k ,p,, and the second is proportional to 8 p - h k , , p cItp . is
then clear that we must have p‘ = p”. It follows that, for the master equation
considered here, there is no coupling between the diagonal and the nondiagonal terms of the density matrix u.
(ii) A more precise study including the second-order Doppler effect is sometimes necessary. In this case (E.33) must be replaced by

=

k;. P

M

wo

P’

(E.37)

- 2 M’C’’

We now substitute (E.32) and (E.35) into Equations (E.28). The sums
over p’ reduce to a single term, because of the delta functions expressing
momentum conservation:

To simplify the calculations, we ignore the dependence of
C,,l(b;OIVla; 1,)12 with the direction K , = k , / k , of k , , which is equivalent to taking an isotropic radiation pattern (see, however, the remark
following). This quantity thus depends only on w , [it varies linearly with
w , = c k , , according to (E.l)] and can be expressed as a function of r

(E.39)
By taking the limit L

+

and by calling n-,(p) (with j

=

a , 0) the
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population density of level j in momentum space, we finally obtain for
(E.38):

where d o is the elementary solid angle about K = k/k and where, for
each direction K , the modulus of k is determined by the argument of the
delta function, i.e., by the Doppler and recoil shifts.
The comparison of Equations (E. 15) and (E.40) clearly shows what are
the new effects connected with the atomic motion. First, when the atom
goes from one level to another by absorption or emission of a photon, its
momentum increases or decreases by a quantity hk equal to the momentum of the absorbed or emitted photon. Second, the rates of absorption
and stimulated emission involve the average numbers of photons having a
frequency which is no longer w o , but is now corrected by the Doppler and
recoil shifts.
Remark

If the radiation pattern is not isotropic, it is sufficient to replace d 0 / 4 5 ~in
(E.40) by I ( Kd) 0 / 4 i ~ , where I ( K )is the normalized radiation intensity
(1df2 I ( K ) / ~ T= 11, which has the important property of being even [ I ( K=)
I ( -K)]. The friction coefficient y and the diffusion coefficient D introduced
further on are then tensors and no longer scalars.

b ) FOKKER-PLANCK
EQUATION
FOR
DISTRIBUTION
FUNCTION

THE

ATOMICVELOCITY

The probability density that the momentum of the atom is equal to p,
regardless of its internal state, is given by

In the electric dipole representation, the momentum p is identical to Mv
[see Equation (78) of the Appendix], so that the function d p ) is also the
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distribution of atomic velocity v. We now attempt to derive an evolution
equation for d p ) from Equations (E.40).
a) The Small Parameters of the ProWm

In what follows, we assume that hk is small compared with the width
A p of the functions .rr,(p),.rr,(p) and that to and tRare small compared
with the width Aw of the spectral distribution of w 3 ( n ( w ) ) .We thus
introduce two small parameters
( E .42.a)
(E.42.b)
from which it is possible to express t R / A w

hk 0”
--Aw
2MAw
5R

( E .42 .c)

771772.

The rate of variation +(p) of ~ ( p is
) obtained by adding the two
equations (E.40). It appears that +(p) is canceled out if we set to = tR= 0
in the argument of the delta function and hk = 0 in ~ , ( p- hk) and
~ , ( p hk). To order 0, in v l and v2,we thus have +(p) = 0.

+

Remark
The comparison of the second-order Doppler effect
with Aw shows that

#,

introduced in (E.371,

(E.43)
In situations where Aw 5 w,, the second-order Doppler effect introduces small
at most.
corrections of order

-22

p ) Perturbative Expansion of the Evolution Equation for ~ ( p )
Because +(p) is canceled out to order 0 in T~ and 77*, it is convenient to
expand, on the one hand rj(p & hk) (with j = a , b ) in powers of v1 =
h k / A p , and on the other hand, the delta function in powers of to and SR
(which is equivalent after integration over w to expanding the factor

IV.E.2
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multiplying the delta function in powers of { , / A w

k hk)

~ j ( p

with I , m

= x,

=

xj(p) k h k . VT,

1
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and [ R / A w ) :
J2Tj

+ -2 [C, mk I k "dk,ak, + . . .

(E.44)

y , z:

The expansion (E.45) can be ordered as a function of the small parameters
introduced in the preceding paragraph so as to cause the successive
appearance of terms of order zero, 772, 771772, 77: * * * , etc.

In the equation giving +(p) obtained by summing the two equations
(E.401, the contribution of first-order terms in q1 or 772 is zero because of
the angular integral

(E.47)
(where 1 = x , y , z ) . The terms in
come either from products of the
second terms of developments (E.44) and (E.46) or from the third term of
(E.46). By using

(E.48)

+

we find that the contribution of the terms in 7 7 , to
~ ~ is written

The terms in 77; come from the second-order terms of the expansion
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(E.44) of

T ; . Their

N.E.2

contribution to 7i is equal to
(E.50)

Finally, the terms in
cancel each other in (E.40.a) and (E.40.b) and
disappear from the equation for 7i.
Thus, up to order 2 in q 1 and v 2 ,+(p) reduces to the sum of (E.49) and
(E.50). It clearly appears that +(p) does not depend only on d p ) [and the
derivatives of d p ) relative to p]. The presence of r U ( p ) and rb(p) in
(E.49) and (E.50) is a manifestation of the coupling that exists between
internal and external variables.
Remark
In the order of perturbation considered here, ?i remains equal to the sum of
(E.49) and (E.50) even when the second-order Doppler effect is included in to.
This results from the fact that the linear term in to,obtained by expanding the
delta function, disappears from the sum of (E.40.a) and (E.40.b) when we set
k = 0 in ~ , ( p hk).
y ) Adiabatic Elimination of Internal Variables

The fact that +(p) is smaller than +,(PI or 7ib(p) by a factor on the
order of v1v2 or 7; means that the characteristic evolution time of the
external variables is much longer than that of the internal variables. We
will use this difference between the two time scales to eliminate the
internal variables from the equation giving 7i(p).
Because the terms (E.49) and (E.501, whose sum gives 7i(p), are already
second order in q 1 and v2,we can limit ourselves to the order 0 in q 1 and
q2 to study the evolution of the populations .rr,(p) and rb(p) that appear
in these terms. Thus, to order 0 in v1 and v2,Equations (E.40) become

where

r’ = r( n ( w o ) )

(E.5 1 .c)

because the radiation is isotropic [see (E.1611. Therefore, it follows that, to
order 0 in q1 and q 2 ,.rr,(p) and ~ , ( p tend
)
with a very short time constant
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equal to l/(r+ 2r’),
to the values

We can therefore consider that ~ , ( p )and Tb(p) adapt themselves quasiinstantaneously to the much slower variations of d p ) and at each instant
take the values given in (E.52). Substituting these equations into (E.49)
and (E.50) thus allows us to “adiabatically eliminate” raand r b in favor
of 7 . The contribution of the second line of (E.49) is canceled and we
obtain the following equation for 7i:

(E.53)
where the coefficients y and D are given by

(E.54)

(E.55)
The partial differential equation (E.53) is a Fokker-Planck equation which
is very similar to the one encountered in the study of Brownian motion.
c) EVOLUTIONS
OF THE

MOMENTUM
MEANVALUEAND VARIANCE

To physically interpret the coefficient y in (E.531, we calculate the rate
of variation of the momentum mean value
(P)

=

/ d3p PT ( P, t )

(E.56)

by multiplying both sides of (E.53) by p and integrating over p. Integrating
the two terms of the right-hand side by parts and assuming that d p ) tends
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to zero sufficiently rapidly when 1 p 1
d

-(P>
dt

+ m,

=

lV.E.2

we obtain

-Y(P>.

(E.57)

We assume in what follows that d(n(wo)>/dwo is negative, i.e., that the
mean number of photons per mode is a decreasing function of w near w o .
The coefficient y defined in (E.54) is then positive and Equation (E.57)
shows that it is the damping rate of the average momentum value (friction
coefficient).
The same type of calculation results in
d

-(p2)

dt

=

-2y(p2)

+20

(E.58)

which shows that the variance u; of p
up? = ( P 2 > - (P>2

(E.59)

obeys, taking into account (E.57) and (E.581, the following equation:
( E .60)
The coefficient 2 0 thus characterizes the rate of increase of the variance
of p which is also damped at a rate 2y. The coefficient D is thus a
diffusion coefficient for the momentum (see $1-b in Complement CIv).
We now attempt to qualitatively understand why the atomic velocity is
damped if d ( n(wo)>/dwo is negative. To do that, we consider a simplified
one-dimensional model where the momenta of the atom and the photons
are parallel or antiparallel to Ox. If the atom goes to the right ( v > 01, the
photons that propagate in the opposite direction must have a frequency
lower than w o , w o - woc’/c, in order to interact in a resonant manner with
the atom, whereas the photons propagating in the same direction must
have a higher frequency, w o + w,v/c (Doppler effect). If d(n(wo>>/dwo
is negative, the atom thus “sees” more resonant photons arriving in the
direction opposite to its motion than in the same direction as its motion.
The momentum that it will absorb will thus be directed preferentially in
the direction opposite to its motion and the atom will be slowed down.
The foregoing reasoning can be made quantitative. Consider the mean
momentum gained by an atom of momentum p in absorption and stimulated emission processes. The atom has a relative probability 7j,(p) =
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r a ( p ) / ~ ( p )of being in state a , so that during the time dt, it absorbs
T ( n ( w , + k . v))7j,(p)dt dR/47r photons whose wave vector k points
into the solid angle d o . The number of photons emitted through stimulated emission is given by a similar expression where
is replaced by
The rate of variation of the atomic momentum due to these processes is
thus, to first order in k . v / A o ,

+,.

do

’

+ -d(n(wo)’ ][i.,c.,- + , ( p ) ] ~ . (E.61)
M

dt

The angular integration over
(E.47) and (E.481,

dw,

K =

k / k thus gives, taking into account

Spontaneous emission does not contribute to dp/dt because, in the
reference frame of the atom, it occurs with equal probabilities in opposite
directions and therefore does not cause the mean velocity of the atom to
vary. Finally, by substituting into (E.62) the adiabatic expressions (E.52)
for r aand %-b and by averaging over the initial momentum p of the atom,
we recover equation (E.57) with the expression (E.54) for y .
To understand the expression (E.55) for the diffusion coefficient D,
note that for each elementary process of absorption, stimulated emission
or spontaneous emission, the momentum of the atom varies by a quantity
whose modulus equals hk,, and whose direction varies randomly from one
process to another. In momentum space, the momentum of the atom thus
makes a random walk with a step hk,. Let dn be the mean total number
of elementary processes during d t for an atom of momentum p
dn

=

[r’fia(p) + ( T + r’)+b(P)] d t .

(E.63)

According to the well-known properties of a random walk, the increase in
p2 over a period d t equals
dp2 = h 2 k i d n

=

A2k;[r’f?a(p)

+ ( r + r’)+b(p)] d t .

(E.64)

It is then sufficient to substitute the adiabatic expressions (E.52) for T,
and r binto (E.641, and then to average over the initial momentum p of
the atom, to find that p2 increases as 2 Dt, where D is given by (E.55).
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d ) STEADY-STATE
DISTRIBUTION.
THERMODYNAMIC
EQUILIBRIUM
The Fokker-Planck equation (E.53) can be written in the form of a
continuity equation
a

(E .65)

where the “current” J(p, t ) is given by

(E .66)
It is then easy to verify that the Fokker-Planck equation has a steady-state
solution (a.rr/at = 01, given by the solution to the equation J = 0, which is
written
r b t ( p )= N exp

[

-

-

2 p 2 ]

(E.67)

where M is a normalization constant. In the steady state, the distribution
function of momenta or velocities is thus Gaussian.
Finally, we consider the specific case where the radiation field interacting with the atom is in thermodynamic equilibrium. We must then use
expression (E.17) for ( n ( w , ) ) . Using (E.16), we obtain for the coefficients
y and D given in (E.54) and (E.55)

r
=

D =

hw, hwo

--

6 sinh( h w o / k , T ) k,T M c 2

r
2 sinh( h w , / k , T )

h*w;

--

c2

(E.68 .a)

(E.68.b)

Substituting (E.68) into (E.67) shows that

(E .69)
which is just a thermodynamic equilibrium distribution at temperature T .
We thus generalize the results of subsection E-1 above and show that the
external degrees of freedom, as well as the internal degrees of freedom,
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reach thermodynamic equilibrium when the atoms interact with a radiation field which is itself in thermodynamic equilibrium.

GENERAL
REFERENCES
Abragam (Chapter VIII), Louise11 (Chapter 6), Cohen-Tannoudji (44),
Aganval (Chapter 6). Also see the original article by R. K. Wangsness and
F. Bloch, Phys. Reu., 89, 728 (1953).
The discussion of the evolution of atomic velocities in subsection E-2
was derived for the most part from the thesis of J. Dalibard, Universitt
Pierre et Marie Curie, Paris (1986).
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COMPLEMENT A
FLUCTUATIONS AND LINEAR RESPONSE
APPLICATION TO RADIATIVE PROCESSES

We showed in this chapter that, when the radiation field can be
considered as a reservoir, the evolution of the density operator of the
particles is described by a master equation. In this equation, the reservoir
is involved only through a single function g(.r), which is a two-time
average of an observable R of the reservoir.
The purpose of this complement is first to relate the real and imaginary
parts of g ( 7 ) to two statistical functions of the reservoir, a symmetric
correlation function and a linear susceptibility function. We show in
subsection 1 how these statistical functions can be used to characterize the
way the small system is affected by its interaction with the reservoir. From
this analysis, it is possible to derive a very general physical interpretation,
according to which each of the two-coupled systems, the small system and
the reservoir, fluctuates and polarizes the other. More precisely, on the
one hand, there are processes in which the small system evolves according
to its own dynamics, polarizes the reservoir, which in turn modifies the
motion of the system; on the other hand, there are phenomena in which it
is the fluctuations of the reservoir that polarize the small system and
modify its properties.
We then apply (42) these general results to the case of an atom
interacting with a homogeneous and isotropic radiation field. Black-body
radiation and the vacuum field are two examples of this type of situation.
We evaluate the statistical functions associated with the atom and with the
radiation field, and we interpret the atomic level shifts, as well as the
energy exchanges between the atom and the radiation field as resulting
from fluctuations of the radiation field and from the radiation reaction.
1. Statistical Functions and Physical Interpretation
of the Master Equation

We start with expression (B.22) for the function g ( T ) , from which the
coefficients (B.43) of the master equation are defined:

This function

g(T)

is not real, even though R is Hermitian, because, in

gciici-;tl. l i ( 7 ) ;ind I j ( 0 ) do n o t commute. 'To separate the real and
imtginniy piirts o f , q ( ~ ) .wc writc

where ( ) R indicates the average over the reservoir in the state defined by
u,. The first term in (2) is a symmetric correlation function, and the
second is related to a linear susceptibility of the reservoir. We analyze the
properties of these two functions before returning to the interpretation of
the master equation.
U ) SYMMETRIC CORRELATION

FUNCTION

Let C,(T) be the symmetric correlation function of the observable R

c,( 7 )

1

=

- ( k (T

2

) i ( O )

+ k(O)k(T ) ) , .

(3)

This function is real and tends to the ordinary correlation function in the
classical limit. It gives a physical description of the dynamics of the
fluctuations of the observable R in the state uR.If R were a random
classical function of frequency w ~ , ,

R(tj

=

R,,exp[ - - i ( w , t

+ pj] + C.C.

(41

and if the amplitude R , and the phase cp were independent random
variables, q being uniformly distributed between 0 and 27r, then thc
correlation function of R would equal

The explicit expression for the quantum correlation function defined by ( 3 )
is given bk the real part o f expression (B.23) for g ( ~ )

It appears in the form of a sum of expressions of the same type as ( 5 )
corresponding to the different Bohr frequencies involved in the motion of
H . The function CJ7) is even in T .
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We also use the Fourier transform
C,(

T ) =

1

k,(w)

27

of C,(T) defined by

/ dw kR(

w)

-

AIVJ

e-jWT

(7)

and which equals

The function t , ( w ) is also real and even.
Remark
The function C R ( T ) is the autocorrelation function of the variable R. The
correlation function for two different (real) variables R , and R , is defined by
cPq(T)

= k(RP(o)fiq(T)

+

d,(T>d,(o>)R'

(9)

The previously described properties are generalized as follows:
Cpq(7)

e;,(0)

=

Cp*,(T);

=

t,,(- m ) ;

C,,(T)

= Cqp(-T)

e,,(

tP,(0J)
=

-0).

(lO.a)
(lO.b)

b ) LINEAR
SUSCEPTIBILITY

The symmetric correlation function (3) describes the fluctuations of the
observable R of the reservoir. Another statistical function, the linear
susceptibility, allows its linear response to an external perturbation to be
characterized.
First recall some simple results for a classical damped harmonic oscillator. When such an oscillator is subjected to a periodic force

it has a forced oscillation motion of complex amplitude X:
x ( t ) = Xe-'"'

+ C.C.

( 12)

The amplitude X is proportional to F

X

=

i(w)F.

(13)

The coefficient of proportionality R ( w ) is the linear susceptibility of the
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oscillator at the frequency w . This is a function of the parameters
characterizing the oscillator. Separation of the real and imaginary parts of
i(w)

i (w )

=

i'(w ) + ii"(0 )

(14)

results in the appearance of the components i ' F and Y F of the motion
of x, respectively, in phase and in quadrature with the force f ( t ) . More
generally, if f ( t ) is a sum of oscillating exponentials:

the response of the oscillator is the sum of the responses associated with
each frequency w :

By inverting the Fourier transform (15) and introducing the Fourier
transform of the function i ( w )

expression (16) is written in the form

1 x( t
+m

X(

t)

=

-m

-

t ' ) f (t ' ) dt'.

(18)

We now return to the reservoir 9,
which is a quantum system. If it is
subjected to a perturbation
V (t )

=

-RA( t )

(19)

where A ( t ) is a classical function, its state will become slightly different
from the initial steady state a,. From perturbation theory, we can determine the motion induced by this perturbation on the mean value of an
observable, for example, R , whose mean value in the initial steady state is
assumed to be zero for the sake of simplicity. To first order in A (*I,
an
(*) See Photons and Atoms-Introduction
Complement E,".

to Quantum Electrodynamics, Exercise 6 in
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expression similar to (18) is obtained for the mean value of R at time t ,

where the linear susceptibility

~

~

(of 7the
)

reservoir is given by

The mean value is taken as it was previously in the state U, of 9 and
equals 1 for T > 0 and 0 for T < 0. The comparison of (2) and (21) yields
7 )the imaginary part of g ( T ) :
the following relation between ~ ~ ( and

The explicit expression for

xR(T)

is thus directly deduced from (B.23):

n

as well as its Fourier transform, defined as in (7):

-i.rrS( wFU+ w )

1

+ i.rrS( w p v - w ) .

(24)

In contrast to e R ( w ) ,the function i R ( w )is not real, and it is advantageous
to separate its real and imaginary parts which characterize the response in
phase and in quadrature at the frequency w :
i R ( W ) =

i(RW( )

+ iil;c(

(25)

W )

Note that i ( R ( w ) is even in w , and that

i i ( w > is odd.
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Remark
The generalization to the case of a coupling I/ = - C,R,h,
and (21) is written

for formulas (20)

If j$! and i i qare the reactive and dissipative parts defined by separating the
principal parts and the delta functions as in (26.a) and (26.b) [these are no
longer the real and imaginary parts of ,$,,(w)], their symmetry properties are

c > POLARIZATION
ENERGY
AND DISSIPATION

The linear susceptibility is also involved in the energy exchanges between the system and the external medium near equilibrium. To see this,
we return to the example of the classical damped oscillator introduced at
the beginning of the preceding subsection and we show that i ' ( w ) and
i " ( w > appear, respectively, in the expressions giving the polarization
energy of the oscillator and the energy dissipated by the damping processes. The results will suggest a physical interpretation for the quantum
expressions giving the level shifts of the small system d,due to its
interaction with the reservoir ($1-d), and the energy exchange rates
between d and W ($1-e).
In the steady-state regime, the work per unit time carried out by the
external force (111, averaged over a period T , is equal to:

==

L T d t [ - i w X e-"''

+ c.c.)

=

(-iwXF*

2=

w/p'(w)(2FF*).

+ c.c.][ F e-""' + c.c.]
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This power is dissipated by the damping process of the oscillator. For this
reason ,f"(w) is called the dissipative part of the susceptibility. It appears
clearly in the first line of (31) that only the part f,. of the force f ( t > in
phase with the velocity 1 contributes to this process.
The other part of the force f,, in phase with x, does no work in the
steady state; it does work only when the oscillation amplitude varies. If
this variation is slow, the corresponding work is stored in a reversible form
in the oscillator. It is equal to
W=

I),(

t ' ) i ( t ' ) dt'.

(32.a)

The quasi-stationary part of W equals

w /*dt'[ F:X
=

where

+ c.c.]

(32.b)

is the slow variation of the oscillation amplitude and where

is the part of the force in phase with X . In the presence of the driving
force, a variation in the oscillation amplitude implies also a variation in
the interaction energy

w,= - f ( t ) x

(34)

which equals, on average over a period (only f, contributes),

w,

=

- ( FZX

+ C.C.).

(35)

Therefore, in the presence of the driving force, and for slow variations of
+ plays the role of potential
the parameters, the quantity U =
energy. When Equation (32.b) for
is integrated by parts and combined
is cancelled and that U
with (35), one finds that the contribution from

w w,
w

w,
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is given by
U

= - /‘dt’[
=

F:X

- i f w( ) / ‘

+ c.c.]

dt’[X*X

= -i‘(w)lX12/Ii(w)12

+ C.C.]/~i (w ) l2
=

1
7$ ’ ( w ) ( 2 F F * ) .

(36)

U represents the reversible variation of the oscillator energy due to its
“polarization” in the presence of the force f(t). It is this reactive part
i ’ ( w ) of the polarizability that is associated with this physical effect. We
will call U the polarization energy, by analogy with the effect of a static
electric field on a dielectric medium.
d)

PHYSICAL INTERPRETATION OF THE

LEVELSHIFTS

The interaction of the small system d with the reservoir 3 among
other effects, gives rise to a shift of the energy levels of .d given by
formula (C.15) in the chapter. In this expression, the matrix element
( p , a 1 Vl v , n ) can be factored into one part relative to d and another part
relative to 9:

To make the statistical functions discussed above appear in this expression, we express the fraction l / ( w p v + w a n ) as a product of functions
relative to each of the two systems, each of these functions having a given
parity:
9
wpu

1
=

+ w,n

1
-/dw
4

X
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When (38) is substituted into (37), ,&<w>, ,&,<w>, &,<w>, and e A a ( w ) ,
appear, where &,,(w) and i A a ( w ) are the symmetric correlation function
and the linear susceptibility of the observable A of the system d in the
state la), given by expressions analogous to (8) and (24) and where only
p a = 1 is nonzero. The shift A , appears in the form of a sum of two terms:

A,

=

A:

+ A:

(39)

where

The interpretation of these expressions is simple if they are compared to
formula (36): &,(w) d w / 2 ~represents the spectral density defined in (8)
for the fluctuations of the observable R of the reservoir in the frequency
band dw. The quantity - ( i ) i > a ( w ) & R ( w )dw/277 is the polarization
energy of the system d in the state a perturbed by these fluctuations.
Therefore, hA‘,‘ represents the polarization energy of the small system in
the state a induced by the fluctuations of the variable R of the reservoir
(the superscript fr indicates fluctuations of the reservoir).
In (411, the roles of d and 9 are reversed. A: represents the
polarization energy of the reservoir by the small system. The motion of the
observable A in the state l a ) , characterized by
perturbs the equilibrium of the reservoir, and the interaction of A with the polarization thus
created in 9,
proportional to i k , gives rise to the energy shift hAS.
This shift therefore represents the effect of the “reservoir reaction” on
the small system (which explains the superscript rr). As before, only the
reactive part & of the polarizability of the reservoir contributes to the
polarization energy.

eAa,

el PHYSICAL
INTERPRETATION
OF THE ENERGY
EXCHANGES
We now consider energy exchanges between the system d and the
reservoir 9.
To do this, we start with the rate of variation of the mean
atomic energy for the atom initially in the state a:
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where ru is the transition rate from u to 6 , produced by the interaction
with the reservoir and given by (C.5).
The replacement of ru b by its expression (C.5) gives a general explicit
expression for d( HA),/dt:
~

We proceed as in subsection 1.d and write

When (44) is substituted into (431, the statistical functions for sf and 9’
appear, and d( HA)Jdt appears in the form of a sum of two terms

where
(46.a)
(46 .b)
The two terms (46.a) and (46.b) have an especially clear physical meaning
when they are compared with expression (31) describing the absorption of
energy by a system. The first involves the symmetric correlation function
for the reservoir and the linear susceptibility of the atom. It thus describes
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the absorption of energy by the small system, when this system is perturbed by the reservoir fluctuations. The second term involves the symmetric correlation function of the small system and the linear susceptibility of
the reservoir. It describes the damping by the reservoir of the atomic
motion. Because krris the energy gained by the atom, -krris in fact the
energy absorbed by the reservoir, according to the interpretation of
expression (31).

2. Applications to Radiative Processes
We now assume that PZ is an atom fixed at the origin 0 of the
coordinate system and that 55' is a homogeneous and isotropic broadband
radiation field, defined by the probabilities p ( n , , n 2 , . .. n i * * . ) as in
Section E of the chapter. The average number of photons in the mode i,
( n , ) , is defined by (E.12). It depends only on m i and is written ( n ( m i ) ) .
This average number of photons per mode at the frequency m i is related
to the energy density of the radiation field by (E.20). For the sake of
simplicity, we take a simple model for the atom which consists of a single
electron moving in a potential with spherical symmetry about the origin,
inside a volume having small dimensions compared with the wavelengths
of the incident radiation field. Thus, we can make the long-wavelength
approximation for all the modes considered, whose frequency is less than a
cutoff frequency w M .
Let r and p be operators for the position and momentum of the
electron, q and m its charge and its mass, and A(0) the vector potential at
0. With the aforementioned approximations, the coupling between the
atom and the radiation field is reduced to (*>
V = v, + V, +

:(

V, = - - p ,

1

v;

A,(O).

(47.a)
(47.b)

The coupling does not have the simple form V = -AR, but is instead a
sum of such couplings. However, because the system is isotropic, we can
easily show that the rate of variation of the density matrix a, is the sum of
the rates corresponding to V,, V,, 5 . Thus, it is sufficient to calculate the
statistical functions relative to R = A,(O) for the field, and A = qp,/m
for the atom and then to sum over x , y , z .
(*) In the long-wavelength approximation, the Hamiltonian H,2 does not act on the
electron variables.

A,.2
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a ) CALCULATION
OF THE STATISTICAL
FUNCTIONS

We begin with the calculations for the field. Expressions (8) for c , ( w )
and (24) for i , ( w ) have the same form:

where f * ( w , , , w ) is a function of given parity i-with regard to OJ,~:
+
for
and - for 2. Using a more precise notation for (481, we obtain

c,

x

ci ( I ( . . . , n j ,. . . / A , ( O )I . . . ,n j + I , . . . ) 12f *(

-aj, w )

+

We used the fact that A x ( 0 )is linear in a j and a:, and changes n j by 5 1.
The matrix elements of (49) equal:

The sum over the distributions of photons {nil weighted by p ( . . . , ni,. . . )
causes ( n i > to appear, so that

We replace the discrete sum over the modes by a sum over the polarizations, calculated by using formula (54) from Complement A , , and an
integral over k (for which the angular part can be calculated explicitly
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because (nj)is assumed to depend only on w j ) . This yields
S * W

1
=

/uM

~ T ~ E , C
0 ~

dw' h w' [ *( n( w' )

This result applied successively to
d w'

=-

1

w.

677&,c3

+ 1) + ( n( 0')) 1f '( w' , w ) .

tiX,
a:", a:'"

hw'( n( w ' )

gives

+ 1/2) [a( w' + w ) + 6( w' - w ) ]

(55)

Before commenting on these expressions in the following subsection, we
~the
) correlation function for the
give the expressions t ; ; : ( w > and i ; " , of
atomic variable qp,/m, and the corresponding susceptibility, when the
atom is in the state la). The equations equivalent to (81, (26.a), and
(26.b) are

A,.2
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b ) PHYSICAL
DISCUSSION

The spectral density of the field fluctuations appears as the sum of two
terms:

The first involves the average number of photons per mode. By using
(E.20), it can be put in the form a u ( w ) / 3 s , w 2 , thus showing that it is
proportional to the energy density of the radiation at the frequency w , a
completely classical quantity. The second term adds 1/2 to ( n ( w ) ) for all
the modes. It corresponds to the contribution of vacuum fluctuations,
whose zero-point energy equals hw/2. Therefore, the spectral density of
vacuum fluctuations is identical to that of a random isotropic classical
electromagnetic field whose frequency distribution corresponds to a half
quantum per mode.
The situation is completely different for the susceptibility of the field,
which is independent of ( n ( w ) ) . This property is related to the linearity of
Maxwell equations: The field created by a given source is independent of
the existing field. In particular, this results in the fact that the susceptibility of the field is the same for a microscopic source as for a classical
macroscopic source. Indeed, (54) and (55) do not contain h. The susceptibility of the field is a classical variable.
Finally, note that, for w > 0,

ejy(0)= 2h( n( 0)+ 1/2),,fkXX(w ) .
At thermodynamic equilibrium, according to (E.17) we have

2(n(w)

+ 1/2)

=

hw

and

In this particular case, this relation is an expression for the fluctuationdissipation theorem, relating the spectral density of the fluctuations to the
dissipative part of the susceptibility.
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TO THE

A,.2

FLUCTUATIONS
OF THE RADIATION
FIELD

To calculate the effect on the atomic energy level la) of the fluctuations
of the radiation field, we explicitly calculate expression (40) for the case of
the coupling of the atom with the component A,(O)pf the vector potential. By using expressions (57) and (53) for izaxand C i x ,we obtain

x ( i3.rr&,c3
i u " d d h d ( n ( o ' )

+ 1 / 2 ) [ 6 ( ~ '+ 0 )+ S ( W ' - w ) ]

In the integral over w , the contributions of S(w' + w ) and S(w' - w ) are
equal, because the rest of the integrand is even in w . We must then add to
(63) analogous contributions coming from A,(O) and A,(O), which gives

The energy-level shift due to the fluctuations of the field appears as the
sum of the effect A: of the incident photons, proportional to (do)),
and
of the effect of the fluctuations of the vacuum A t corresponding to the
"1/2 per mode" term in (64).
First we expand A:. By using the following results

/,oMu'do'[

9
-

wo

1

+ w'

+

9
1

~
]
= -2w01n

WM
0 0

(65.b)
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we obtain

As shown in Exercise 7, this expression can be transformed into

( a = fine structure constant, hcK, = mean atomic excitation energy). This
shift affects only the s states: this is the Lamb shift discussed previously in
the treatment of radiative corrections (Chapter 11, PE.l.b, Complement
B,, and Exercise 7). The preceding calculation clearly shows its physical
origin: the vacuum fluctuations cause the electron to undergo a vibrational
motion during which it averages the Coulomb potential over a distance of
approximately f i h / m c . The average potential differs from the value of
the potential at the average position only inside the source of the Coulomb
potential, hence the function
Note that the coefficient ~ ( h / r n c is
)~
proportional to h: the Lamb shift is a quantum effect, just like the vacuum
fluctuations that give rise to it. Nevertheless, once the existence of these
fluctuations is acknowledged, their effect is the same as the one which
would be produced by a random classical field characterized by a spectral
density corresponding to an energy h w / 2 per mode.
We return now to the part A," of A t , proportional to ( n ( w ' ) ) [see (6411.
It corresponds to the stimulated radiative corrections that we described in
subsection E.2 of Chapter 11. For the sake of simplicity, assume that
( n ( w ' ) > is appreciable only near a frequency w L close enough to w U b so
that only a particular level contributes to the sum over all the levels b of
(64). The corresponding shift of the level a equals

This is the light shift due to the radiation field. Note that this quantity can
also be expressed as a function of the mean quadratic value of the electric
radiation field. In fact, ( n ( w ) )dw is related to the energy density in the
same frequency band u ( w > dw by formula (E.201, and the integral over w'
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is simply the energy density of the radiation

/ dw’

U( 0’)
=

so

-

2

(E2, + c 2 B 2 )= so( E: ) .

(69)

(For a free and stationary radiation field ( E : ) = c 2 ( B 2 ) . > Using the
relation ( a l p l h ) = Im w,,(alrlb), and the approximation I W , ~ , ~ = w L ,we
then have

This expression, which causes the polarization energy of the atom by the
electric field to appear, justifies the name “dynamic Stark effect” also
given to ~ [ f ’ .
d , LEVELSHIFTSDUE

TO

RADIATION
REACTION

Expression (41) for A: involves the “susceptibility” ,& of the field,
which, according to (541, does not depend on ( n ( w ) ) .The phenomenon of
radiation reaction is therefore independent of the field incident on the
atom.
By using expressions (54) for 2;’
relative to A x ( 0 )and (56) for
relative to p , , then by summing over the analogous expressions with y and
z . we obtain

A,.2
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The integral over w’ up to the limit w M thus yields, taking into account
(65.a):

hAS

=

c

-q2

6.rr2~,m2c3

I(alPlb)12wM

where 6 m is the correction to the mass of the particle associated with the
Hence, the expression (72) is
Coulomb field and given by 6mc2 =
the correction to the kinetic energy of the particle associated with this
change in mass. The factor is due to the noncovariant cutoff procedure
we used to eliminate the effect of the high-frequency modes. The same
factor also appears in classical theory.
~
~
the
,
energy associated with the interaction of
Note that E ~ describes
the particle with its own Coulomb field, in the same way that A: describes
the effect on the particle of its interaction with its own transverse field.
These two effects are the same as those occurring in classical electromagnetism, as demonstrated by the absence of h in the expression for am.
They are independent of the atomic potential and are therefore the same
for a free particle. Another consequence of the increase in the mass of the
particle is the decrease in its cyclotron frequency in a magnetic field. One
can thus qualitatively explain why the Land6 factor of the electron is
greater than 2 (see Exercises 10 and 12).
e ) ENERGY
EXCHANGES
BETWEEN

THE

ATOMAND

THE

RADIATION

We will now consider successively the rates kfrand krrassociated,
respectively, with radiation fluctuations and radiation reaction.
With expressions (46.a), (59), and (58), and after summation of the
effects relative to the three components x , y , z,kf*is put in the form:

It is advantageous to write (73) in a form that exhibits the spontaneous
emission rate r,s,P relative to the transition ab (which occurs of course
from the highest level toward the lowest level). By expanding (E.4.a), we
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find

so that

Just like a random classical perturbation, the fluctuations of the radiation
field transfer the population of the state a toward other higher or lower
levels b. As in subsection 2-b, the incident radiation field contributes to
this process proportionately to ( d 1 6 J g b /1) per mode, and vacuum fluctuations contribute proportionately to i. Note also that the latter yield a
transition rate equal to only half of r;:.
The quantity krris calculated in the same way from (46.b), (55), and
(56). We find:

This expression can be put into a particularly simple form, because
( a l p l b ) w , , is directly related to the matrix element of the acceleration i.'
of the electron in the atomic potential:

We can then use the closure relation over b to obtain

The energy lost by the atom per unit time due to the radiation reaction is
equal to the average in the state l a ) of the power radiated classically by
the particle, with this power being proportional to the square of the
particle acceleration. & I r is, moreover, always negative and corresponds to
an energy loss, even for the ground state of the atom. Thus, we find here
some results that are well known in classical electrodynamics: the Lorentz

A IV 2
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damping force, and the fall of the electron onto the nucleus. Of course, it
is not possible to consider only the effect of the radiation reaction,
because even in the absence of radiation, vacuum fluctuations exist and
play a role, as we saw in the preceding paragraph. To compare their
respective roles, it is interesting to put (76) in the same form as (75). We
obtain

b

L

(79)

whereas

If l a ) is the ground state, lEb - E,I = ( E , - Eb) and cirr+ ci’ = 0. The
atomic ground state is stable, because vacuum fluctuations exactly cancel
out the effect of the radiation reaction. The quantized character of the
field, of which vacuum fluctuations are a manifestation, is therefore
essential for preserving the stability of the ground state of the atom. This
result is very general (*I: The coupling of a quantized system to a classical
dynamic system would lead to incoherences connected in the present case
to the fact that the uncertainty relations would be violated for the electron
if it were to lose energy from the ground state. If l a ) is an excited level,
the two energy variation rates cancel out for transitions toward levels b
above a (the atom cannot gain energy) and are added together for
transitions toward the lower levels b. Thus, we can say that vacuum
fluctuations and the radiation reaction contribute equally to the total
spontaneous emission transition rate rij’ (* *).
REFERENCES
A general discussion of correlation functions and susceptibilities can be
found in Martin, Les Houches 1967. See also Landau and Lifchitz,
Statistical Physics, Chapter XII.
For the particular application considered in this complement, more
detailed discussions can be found in J. Dalibard, J. Dupont-Roc, and
C. Cohen-Tannoudji, J . Phys. (Paris), 43, 1617 (1982); 45, 637 (19841, and
in the references therein cited.
(*) 1. R. Senitzky Phys. Rec. Left.,20, 1062 (1968).
( * * ) This is why heuristic calculations taking into account only one of these two effects

lead to rates which are too small by a factor f.
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COMPLEMENT B,,
MASTER EQUATION FOR A DAMPED HARMONIC
OSCILLATOR
1. The Physical System

In Section E of the chapter, we worked out the master equation for a
two-level atom interacting with the radiation field. In this complement, we
consider the case where the small system d is a one-dimensional harmonic oscillator of frequency w o whose Hamiltonian is

where b' and b are the creation and annihilation operators of this
oscillator. As in the example in Section E, the reservoir 9 consists of an
infinite number of one-dimensional harmonic oscillators i, of frequency w ,
with creation and annihilation operators a: and a,, so that the Hamiltonian HR for 9 is written

HR = z h w , ( a : a ,
I

+ 3).

(2)

Finally, we take a very simple coupling Hamiltonian between d and 9 of
the form

v = c(g,b+a, + g p a : )

(3)

1

where g, is the coupling constant between d and the oscillator i of 9.
Each term in (3) describes processes in which d gains (or loses), one
energy quantum h w o , whereas one oscillator i of 9 loses (or gains) one
quantum hw,. For the sake of simplicity, we have not included terms of
the type ba, or b+a: in V because the antiresonant processes to which
they give rise cannot contribute to the damping of d.
Such a model can describe several different physical situations. For
example, ~ 2 2can be a matter harmonic oscillator, i.e., a charge elastically
bound to the origin (and constrained to move on one axis, so as to be
similar to a one-dimensional oscillator), and the oscillators i of 9 can be
the different modes of the radiation field. The master equation for &' thus
describes how the motion of the elastically-bound charge is damped by the
spontaneous emission, absorption and stimulated emission of radiation.
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We can also consider a’ to be a mode of an electromagnetic cavity, the
oscillators i being matter oscillators contained in the walls of the cavity.
The master equation for A’ then describes the damping of this eigenmode
of the cavity due to losses inside the walls.
Aside from its intrinsic interest in connection with the two preceding
physical situations, the example discussed in this complement has the
great advantage of leading to coupled Heisenberg equations for the
operators b and a , which are linear with respect to these operators. It is
then very easy to derive from these equations an evolution equation for b
that closely resembles the Langevin equation used to describe Brownian
motion in classical theory. This is done in Complement C,,, which also
establishes the relationship that exists between fluctuations and dissipation, in classical theory as well as in quantum theory.
To determine the form of the master equation for the harmonic
oscillator, it is obvious that we can use the results from Section C of the
chapter, and explicitly calculate the coefficients of the master equation in
this particular case. Here we take a different approach, and starting from
(B.30), directly derive an operator equation for the motion of cr, without
making reference to any particular basis ($2). We then use this equation to
derive the evolution equations for the populations of the energy levels of
H A , and for the average values of certain observables (03). Finally, by
projecting this equation onto a coherent state basis, we derive the evolution equation for the distribution of quasi-probability P N ( p ,p* ), which
has the form of a Fokker-Planck equation (04).

2. Operator Form of the Master Equation
We rewrite equation (B.30) with the change of variables (B.32) and use
the fact that 7, <=< A t to extend to + m the upper bound of the integral
over 7 = t’ - t” and extend to t the lower bound of the integral over t‘
(see discussion at the end of subsection B-3). We then have

A6
At

_ =

1 1
---/
h2 A t

m

0

d( t’ - t ” )

x [‘+A‘ dt’ Tr,[
We write V in the form

X

v( t ’ ) , [ c(t ” ) , 6(t )

@

crR]].

(4)
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where

Assume that CT, is diagonal in the basis {ln,,n2 . * . n, . . . )I of the
eigenstates of HR [ C T ~is still given by formula (E.811. Of the two operators
li<t’) and V ( f ) of (41, one must contain a,, the other containing a:, so
that the trace over R of their product multiplied by uR g’ives a nonzero
result in (4). Such a restriction results in only two possibilities,
the first consisting of taking V(t’>= -d+(t’>@+)(t’) and L?t”> =
-d(t”)k(-)(t”),
while the second follows from the first by exchanging t’
and t”. Moreover, we can check that the two terms of (4)corresponding to
these two possibilities are Hermitian conjugates of each other. In the
interaction representation, the operators d ( t ) , Z , ( t ) * * * have a very simple
time dependence, d ( t > = b e-rw[l‘,Z , ( t ) = a, e-““~‘. . . as a result of the
simplicity of the commutators [ b ,HA],[ a , , HR] . . * .
Finally, by using the invariance of a trace in a circular permutation and
the fact that the integrand of (4) depends only on t’ - t“, we obtain

A6
1
_ - -At
h2

I

i

where ( n , ) is the average number of excitation quanta of the oscillator i,
which is still given by (E.12). An analogous calculation gives
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The first integral of ( 7 ) thus equals

r + rt

= -

2

where the quantities
on, are given by

+ i(A + A )

r, r',A , A , which will be interpreted physically later

(1l.b)

(12.a)

(12.b)
For the second integral of (7) a similar calculation yields

Finally, by substituting (10) and (13) into (71, by using [ b ,b + ] = 1, and
by returning to the Schrodinger representation, we obtain the following
operator form for the master equation

+ A ) [ b + b , u ]+
+ T b u b c + r'(b +a b + b u b ' ) .
-

i(w,
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In (14), [ A ,B ] + represents the anticommutator AB
absence of terms involving A .

B,.3

+ BA. Also note the

Remark
As in Section E, some simplifications appear if the average number of quanta
(ni)of the oscillator i depends only on the energy of this oscillator, and not on
the parameters other than the energy that are used to characterize the oscillators. The same procedure as that leading to (E.16) then yields

r' = r( n ( w , ) )

(15)

where ( n ( w , ) ) is the average number of quanta in the oscillators of the
reservoir having the same frequency w o as the oscillator d.If, moreover, 9 is
in thermodynamic equilibrium, ( n ( w , ) ) is equal to [exp(hw,/k,T) - 11-I.

3. Master Equation in the Basis of the Eigenstates of HA

a) EVOLUTION
OF THE POPULATIONS
Let a,,,be the population of the energy level In) of &'. Equation (14)
taken in average value in the state In) gives
d-

dt

=

-nTu,,

+ ( n + l ) ~ ~ , , , , , ,+, ,

r

The interpretation of and I" follows immediately from this equation. If
we assume that .d is an atomic oscillator and 5%' the radiation field, then
r is associated with the spontaneous emission process, and r' with the
absorption and stimulated emission processes. More precisely, nT is the
spontaneous emission rate from the level In) to the lower level In - 1):
The level In) empties by spontaneous emission to the level In - 1) at a
rate nT and is filled from the level In 1) at a rate ( n + l)r (wavy lines
in Figure 1). The factors n and n 1 are simply related to the squares of
the moduli of the matrix elements of b and b+ appearing in V [see (3)]
between In) and In - 1) or between In + 1) and In). Similarly, the
absorption processes empty the level In) toward the level In + 1) at a rate
( n + Or' and fill it from level In - 1) at a rate n r ' (rising arrows in
Figure 11, the stimulated emission processes occurring in the opposite
direction at the same rate (falling arrows).
The parameter A appearing in (14) is related to "spontaneous" radiative shifts occurring in the absence of any excitation of 9 [ h A does
not depend on (n,)--see (12.a)I. Due to the structure of V , the ground

+

+

'1
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n-1

(n+i)r

(n
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+ 1 r"

Figure 1. Transfer rate between energy levels of the harmonic oscillator associated
with spontaneous emission processes (wavy lines) and absorption and stimulated

emission processes (straight lines).

state 10) of the oscillator in the presence of the reservoir in the state
10,0, . . . 0,) is not coupled to any other state. The spontaneous radiative
shift Ad, of 10) is therefore zero. By contrast, if the oscillator is in the
state Il), the coupling I/ given in (3) allows transitions in which &' falls
from 11) to lo), whereas an oscillator i of 9 goes from lo,) to 11,). The
shift h A is simply the radiative shift associated with such a process
(summed over all the oscillators i). The same reasoning can be applied to
an oscillator initially in the state In), which then goes from In) to In - l ) ,
whereas an oscillator i goes from 10,) to 11,). Because I(n - llbln)I2 =
n1(01b11)I2, the spontaneous radiative shift of the state In) equals nhA.
Finally, the difference between the shifts hA, and h A , - , of two adjacent
levels is independent of n and equals hA, which shows that the perturbed
levels of the oscillator remain equidistant with an apparent frequency
w,
A , as expressed by the fourth term in (14).
Finally, we consider the last parameter A'. Because it depends on the
( n , ) [see (12.b)], it represents a radiative shift due to the incoming
radiation. We calculate such a shift for the level 11). A stimulated
emission process causing the oscillator &' to fall from 11) to 10) and an
additional quantum hw, to appear in oscillator i shifts level 11) by the
quantity h A given in (12.b). However, we must not forget the absorption
processes that result in a jump from 11) to 12) for &' and the disappearance of a quantum h w , for 9'.
Such a process shifts the level 11) by
- 2hA', the negative sign resulting from the fact that the energy defect in
the intermediate state now equals h ( w , - w o ) , instead of h(wo - w , ) and
the factor 2 coming from I (21b+ 11).1, Finally, the global shift of the level
11) equals +hA' - 2hA' = - h A . The same results holds for the level In),
which is shifted by nhA' - ( n + 1)hA = - h A . Thus, it is clear that the
absorption and stimulated emission processes shift all the levels of &' by
the same amount and therefore do not change the frequency of the
oscillator. This is the reason why A' does not appear in (14).

+
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b ) EVOLUTION
OF

A

B,.3

FEWAVERAGE
VALUES

First we calculate d(b)/dt, which allows us to study how the mean
position and the mean velocity of d are damped. Because ( 6 ) = Tr(ab)
d
-(b)
dt

=

d
-Tr(ab)
dt

=

Tr

We then substitute (14) into the last term of (17). By using the invariance
of a trace in a circular permutation and the commutator [ b , b + ] = 1, we
easily obtain
d

i ( ~ +
0

A)

‘1

+ -2

(b).

Under the influence of the coupling of d with 9,
the oscillation of ( b )
thus undergoes a frequency shift A and is damped with a rate ‘ / 2 .
The result (18) calls for two comments. First, the damping rate of the
oscillator does not depend on its initial excitation, contrary to what Figure
1 might suggest, by showing transition rates between levels of .d that
increase with the energy of these levels. Second, the damping rate depends
only on and not on T’.To attempt to understand these two points, we
write the evolution equation of the coherence a,, , involved in ( b ) =
~ : , ~ ~ a ,,., Projecting
, + , (14) over ( , i
1 ) and In) yields

‘

+

+

The first two terms of (19) essentially describe a destruction of the
coherence between In + 1) and In) due to processes that empty the levels
n and n + 1. The global coefficient of a,+l , is indeed, according to
(C.171, the half-sum of all the transition rates that leave from In) and
In + 1) and which all increase with n. By contrast, the last two terms of
(19) describe coherence transfers, supplying CT,,+~ , from a,+,
by
spontaneous and stimulated emission, and from a,, , - by absorption.
These transfer terms exist only because the levels of d are equidistant:
the coherences a,,+ ,,, a,, , and a, , - evolve at the same frequency
(see the end of subsection C-2). These coherence transfers result in the

,

+

+

,,

B,.4

Master Equation for a Damped Harmonic Oscillator

fact that (6) is damped at a rate independent of
the coefficient of
in (19) (*I.
Finally, we calculate the evolution of ( b + b )
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r’ and much lower than

d
dt
The same calculation method as that leading to ( 8) yields
d
-(6+6)
dt

=

-T(6+6)

+ r’.

The spontaneous emission processes thus damp ( b + b ) with a rate r,
whereas the absorption and stimulated emission processes give rise to the
In the steady state
source term

r’.

r‘

(b+b),, = -.

r

If the reservoir ,9is
’in thermodynamic equilibrium, we can use (15) to
show that

which is indeed the value corresponding to the oscillator a? at thermodynamic equilibrium.
4. Master Equation in a Coherent State Basis
In classic statistical mechanics, the state of the oscillator s’is defined
by a given probability distribution in phase space. In quantum mechanics,
the uncertainty relations between x and p prevent us from defining a
state corresponding to a point in phase space. We can, however, replace
these points by minimum uncertainty states, such as coherent states, and
expand u in the form of a sum of projectors over such states. The
evolution equation of the quasi-probability describing the expansion of u
(*) Such a result derived from the master equation is reminiscent of the result in Exercise
15. The equidistance between the energy levels of the harmonic oscillator gives rise to
interferences between the different amplitudes associated with a radiative cascade and
results in the fact that the spectral distribution of the emitted radiation is independent of the
initial excitation of the oscillator.
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over such a basis has the simple form of a Fokker-Planck equation which
can be integrated exactly.
a ) BRIEFREVIEWOF COHERENT
STATESAND
OF THE DENSITY
OPERATOR
(*)

THE

REPRESENTATION
PN

The coherent states of the oscillator d are the eigenstates of the
annihilation operator b, having eigenvalue P
(24.a)
(24.b)
They can also be written in the form

or equivalently

A representation PN(also known as a “Glauber representation”) exists for
the density operator u,if it can be written in the form

where d2P = d Re P d Im P. The advantage of the function PN(P,P * ) is
that it closely resembles, in certain ways, a classical probability distribution. The hermiticity of u ( a = a’) and its normalization (Tr u = 1) result
in the fact that PN(P,P * ) is a real and normalized function. Also, it is easy
to show that the mean value in the state a of any function of b and b+
arranged in the normal order (i.e., with all the 6+ to the left of the b ) is
thus quite simply expressed as a function of PN(P, P * ) (the index N in PN
refers to normal order):

The function PN(P, P * ) can, however, take negative values and relations
as simple as (28) are no longer valid for orders other than the normal
order. For this reason PN(P, P* is actually a quasi-probability distribution
and not a probability distribution.
(*) For more details, see, for example, Photons and Atoms-Infroduction to Quantum
Electrodynamics, 5C-4 in Chapter 111 and Exercises 5 and 6 of Complement D,,,,
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Remark

Other quasi-probability distributions are also used. For example, the distribution PA(P, P * ) gives expressions as simple as (28) for the mean values of
products of operators bm(b+)' arranged in antinormal order. Likewise, the
Wigner distribution W(P1, P,) is adapted to the calculation of mean values of
symmetrized products of Hermitian operators b , = ( b + b + ) / f i and b , =
i(b+- b ) / f i . It can be shown (*) that PA and W can be expressed as a
function of Phi:

b ) EVOLUTION
EQUATION
FOR P,,,(P, P * , t >
When expression (27) is put into the master Equation (141, terms of the
form blp)(pI and Ip)(Plb+ appear, which, according to (24), equal
PIP)(PI and p*Ip)(PI, respectively. Other terms, of the form b+lP)(Pl
and IP)(Plb also appear, and we now explain how to calculate them. We
consider p and p* to be independent variables (instead of R e p and Im P )
and take the derivative with respect to p or P* of the expression

which follows from (25). We then have

which yields

(*) See, for example, H. Haken, Reu. Mod. Phys. 47, 67 (1975), in particular page 116,
and the references therein cited.
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It is possible to transform each of the terms obtained after substituting
(27) into (14). Consider, for example, the terms in b+ba of (14). They can
be written, using (24) and (33)

Integrating the term in a/dp by parts and assuming that PN(/3,p*)
vanishes at infinity, we then obtain

Analogous calculations can be made for all the other terms of (14). By
setting the coefficient of IP)( p I equal to zero in the integral over d2p, we
obtain

+

where we have set k 0 = oo A .
c) PHYSICAL
DISCUSSION

The first two terms of (36), in d/ap and d / d p * , are drift terms
describing how the quasi-probability distribution drifts over time. The last
term, in d2/dpap*, is a diffusion term describing the broadening of the
distribution.
Equations of the same type as (36) are known as Fokker-Planck
equations and are used in a very general way to give an approximate
description of the evolution of certain probability distributions [see, for
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example, Equation (E.53)]. It should be noted that, for the simple model
described here, the Fokker-Planck equation was derived without any
approximation from the master equation.
One can check by substitution that the function

which reduces to S(p - po)S(p* - p;l:)for t = 0, is a solution of (36) and
is therefore the Green’s function for this equation. It is a Gaussian
centered at a point in the complex plane that executes a spiral motion
having angular velocity W o and a radius that decreases exponentially with
time. The width of the Gaussian increases with time, from the value 0 for
t = 0 to the value
for t = m. For t -+ a, the expression (37)
gives the representation PN of the equilibrium state

-4

( n ( w o ) )being given by (E.17) if the reservoir is in thermodynamic equilibrium.
Remark
Note a remarkable property of P,,,(p, p * ) : If ( n ( w , ) ) = 0, i.e., if the reservoir
is in the ground state lo), then the Green’s function (37) remains a delta
function of zero width regardless of t . Such a result expresses that, if a matter
oscillator is initially in a coherent statc (for which the representation Phi is a
delta function), without any incident photons, it continues to remain in a
coherent state when it decays by spontaneous emission.
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COMPLEMENT C,,
QUANTUM LANGEVIN EQUATIONS FOR A SIMPLE
PHYSICAL SYSTEM

The master equation derived in this chapter describes, in the
Schrodinger representation, how a small system d evolves under the
influence of its interaction with a large reservoir 9.
The purpose of this
Complement is to approach the same problem in the Heisenberg representation. To simplify the calculations as much as possible, we limit ourselves
to the simple model, introduced in Complement BIv, of a harmonic
oscillator d coupled to a reservoir 9 of harmonic oscillators. Our
purpose is twofold: first, to show that the Heisenberg equations for the
observables of d can be put in a form similar to that of the Langevin
equations for classical Brownian motion; then to use these HeisenbergLangevin equations to analyze the relations that exist between fluctuations
and dissipation and to calculate correlation functions for observables of d.
We begin ($1) by reviewing the essentials of the classical theory of
Brownian motion and by analyzing the Langevin equation used to describe
such motion. We then derive ($2) the quantum Heisenberg-Langevin
equations relative to the simple model of Complement B,, and discuss for
these equations the fluctuation-dissipation theorem as well as the quantum
regression theorem relative to the correlation functions for d.
1. Review of the Classical Theory of Brownian Motion

a ) LANGEVIN
EQUATION
A large particle having mass M and momentum p is immersed in a
homogeneous fluid of lighter particles with which it undergoes continuous
collisions that make its motion erratic. The equation introduced by
Langevin to phenomenologically describe such motion is written (for a
component p of p):

The total force acting on the particle is separated into two parts. The first,
- y p ( t 1, describes the cumulative effect of collisions, which is to damp the
momentum of the particle with a friction coefficient y . The second is a
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fluctuating force F ( t ), called the Langevin force, which describes the
fluctuations of the instantaneous force around its average value. In Equation (11, F ( t ) is considered to be an external force, independent of p ( t > ,
described by a random stationary function of t , satisfying the following
properties:
(i) The average value of F ( t ) is zero:

(ii) The correlation function for the Langevin force, which describes
the dynamics of the fluctuations of F ( t ) , has the form

F( t)F(t')

=

2Dg(t - t')

(2.b)

where D is a coefficient (that will be interpreted later on) and g ( t - t ' ) is
an even function of t - t', of width T,, whose integral over 1 - t' equals 1.
The properties of parity and of invariance by translation in time of g
result from the fact that F ( t ) F ( t ' ) is a clzssical stationary autocorrelation
function. The correlation time T , of F ( t ) is on the order of the collision
time between the Brownian particle and a particle
-in the fluid. It is much
shorter than the damping time TR = y - ' of p ( t ) , because several collisions are necessary to appreciably change the momentum of the heavy
particle

With regard to the functions of t - t' varying slowly on the scale of T ~
g ( t - t ' ) thus appears as a delta function, so that the correlation function
(2.b) can be approximated by

F( t)F( t')

2D6( t - t ' ) .

(4)

b ) INTERPRETATION
OF THE COEFFICIENT
D. CONNECTION
BETWEEN FLUCTUATIONS
AND DISSIPATION

We now study the evolution of p ( t ) starting from a well-defined initial
value p(t,,) = p o . Integrating (1) gives

,
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The average momentum therefore is damped with a rate y. We now
calculate the evolution of the variance a i ( t ) of p ( t ) :

Using ( 5 ) and (6)
p ( t ) - p(t) =

/Id t ’ F ( t’) e-y(f-t‘)
I0

so that

The two exponentials of (9) vary slowly on the scale of
gives (for t - to x= 7,)

Using (4) then

T ~ .

Equation (10) shows that a i ( t ) , i.e., the dispersion of the possible
values of p , begins by increasing linearly with t - to:

D then appears as a momentum di@sion coefficient.
At long times ( t - t o x= y - ’ ) , Equation (10)
shows that a;(t) tends to
to zero according
an equilibrium value equal to D/y, whereas p ( t ) tendsto (6). It follows from (7) that the equilibrium value of p 2 is
D
p2=-.

Y

If the fluid is in thermodynamic equilibrium, this equilibrium value must
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satisfy

Substituting (12) into (13) and solving for D then gives the Einstein
equation

D

=

(14)

MkBTy

establishing a relationship between the diffusion coefficient D characterizing the fluctuations of the Langevin force acting on p and the friction
coefficient y characterizing the dissipation force acting on this same
variable p . Recall that, according to (111, D also appears as the diffusion
coefficient of p .
Remark
Let

be the increase of p ( t ) between to and
(6) and (11) then give

--

to

+ 6 t with T, << 6 t << y - ’ .

[ 6 p ( t ) - 6p(t)I2= [ 6 P ( t ) l 2 -

Equations

[SpOl2= 2 D S t .

Because [ 6 p ( t ) I 2 varies as p i y 2 6 t 2 according to (16) and is thus negligible as
compared to D 6 t , we can write (17) in the form

Equations (16) and (18) give the first- and second-order moments of the
increase 6 p of p over a short time.
C)

A FEWCORRELATION FUNCTIONS

We make t o tend to --M in (5). The random function p ( t ) has then lost
any memory of the initial conditions and can be written at time t ‘ :
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a ) Correlation between the Momentum and the Langevin Force

Multiply both sides of (19) by F ( t ) and take the average value. This
gives
p ( t’)F ( t ) =

1‘’d t ” F ( t”)F ( t ) e-y(t’-r’’).
--m

If t is in the future of t’ and if t - t’ B T,, we have in (20) t - t” >>
(because t” < t r ) ,so that F ( t ” ) F ( t ) is zero:
p ( t’)F( t )

=

0

if t - t’ >> T

~ .

T,

(21)

Equation (21) shows that p ( t ’ ) , which depends on the Langevin force in
the past of t’, cannot be correlated with the Langevin force F ( t ) at a time
t in the future of t’ if t - t‘ >> 7,.
If t is in the past of t’ and if t’ - t >> T,, we can use (4) and Equation
(20) then gives:

Finally, for t close to t’(lt - t’I ,< T,), p ( t ’ ) F ( t ) varies rapidly between
2 0 and 0 over an interval of width T,, and takes a value equal to D for
t = t‘ [this results from Equation (20) written for t’ = t and from the fact
that F ( t ” ) F ( t ) is even].
All these results are summarized in Figure 1, which shows the variations with t of p ( t‘)F ( t ) . The important point, that we will use later on,

r
Figure 1. Variations with t of p ( t ’ ) F ( t ) .

t
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is that p ( t ’ ) is decorrelated from F ( t ) if t 2 t’, except in a small interval
of width T , near t = t‘, where p ( t ’ ) F ( t ) remains finite and on the order
of D.

p ) Momentum Autocorrelation Function
Multiply both sides of (1) by p ( t ’ ) and take the average value. This gives

-

with the initial condition p ( t = t ‘ ) p ( t ’ ) = p 2 . We will now show that the
second term of the right-hand side of (23) can be ignored for t 2 t’.
Replace~t by t” in (23) and integrate over t“ from t’ to t. The contribution of F ( t ” ) p ( t ’ ) to p ( t ) p ( t ’ ) is equal to lt!dt” F ( t ” ) p ( t ’ ) and remains
bounded by DT,according to Figure 1. Using (3), this contribution is-very
small compared with Dy-’,which is simply the initial value p 2 of
p ( t ) p ( t’) according to (12). One can thus ignore it and consider that, for
t 2 t’, p ( t ) p ( t’) obeys
t 2 t‘

d
dt

-p ( t ) p ( t ’ ) = -yp( t ) p (t ’ ) .

(24)

It thus appears that p ( t ) p ( t ’ ) decreases exponentially with t - t’ starting
from an initial value given by (12). Because p ( t ) p ( t ’ ) is an autocorrelation function and is thus even in t - t’, we finally have

Equation (25) shows that the correlations between p ( t ) and
p ( t ’ ) decrease, i.e., “regress” in the same way as the average value p ( t ) , which
obeys the equation

analogous to (24).
We could have obtained expression (25) directly from (19) and (4). The
advantage of the derivation presented here is that it can be generalized in
quantum theory, leading to the “quantum regression” theorem (see $2-g).
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Remark
The effect of the correction introduced by the last term in (23) is to round off
the sharp point of (25) in t = t' and to make p ( t ) p ( t ' ) start with a horizontal
tangent at this point. To derive such a result, we consider the Fourier transforms 6 ( w ) and l % w ) of p ( t ) and F ( t ) . Equation (1) leads to

We can then use the Wiener-Khinchine theorem, which states that the Fourier
transforms of l j ( w ) I 2 and I&w)l* are (except for multiplicative coefficients)
the autocorrelation functions p ( t ) p ( t ' ) and F ( t ) F ( t ' ) . According to (27),
p ( t ) p ( t ' ) is thus the convolution product of the Fourier transform of
(y2 + w 2 ) - ' , i.e., e-yl'-t'l, by the Fourier transform of 1 & 0 ) 1 ~ ,
i.e.,
g ( t - t'). Because the width T~ of g ( t - t ' ) is much smaller than that, y-',
of exp(-ylt - t'l), we again find that p ( t ) p ( t ' ) is nearly equal to
exp( -ylt - t ' l ) , apart from small corrections in 7 , / T R which round off the
sharp point at t = t' over an interval of width T ~ .

2. Heisenberg-Langevin Equations for a Damped Harmonic Oscillator
We now return to the model, introduced in Complement B,", of a
harmonic oscillator sd (of frequency w o , with creation and annihilation
operators b+ and b ) coupled to a reservoir of oscillators i (of frequency
w i , with creation and annihilation operators a: and ai). The total Hamiltonian H can be expressed as

H

+ HR + V

=

HA

=

h0(
b+b +

i)+ C ~ ~ , ( U+'i)U +, c(
i

i

gib+ai

+ gTba:)

where g i is a coupling constant.
a) COUPLED
HEISENBERG
EQUATIONS

The Heisenberg equation for b(t) is written
d
ih-b(t)
dt

=

[ b ( t ) ,HI

=

hwOb(t)

+ Cgiai(t).
i

(28)
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It depends on the operators ai(t) of the reservoir whose evolution
equation has a similar form:
d

iA--a,(

dt

t)

=

[ a,( t ) , H ]

=

hw,.,(

t)

+ g*b( t )

The evolutions of the annihilation operators b(t) and a,(t) are thus
coupled to each other by the linear equations (29) and (30). Note that the
simplicity of these equations results from the bilinear form in b or bi and
a , or a+ that we have chosen for the interaction V and from the fact that
the commutators [ b ,b + ] and [ a i , a:] simply equal 1. In Complement A,
we will consider the case where the oscillator d is replaced by a two-level
system. The last term of the equation analogous to (29) is then nonlinear
because, in this case, it depends not only on the a i ( t ) , but also on the
operators of d.
It will be convenient for what follows to set:
b(t)

=

6 ( t ) e-'"Or

(31.a)

ai( t )

=

il(t ) e-'"'J

(31 .b)

so that 6 and 2,evolve only under the influence of V .Equations (29) and
(30) then become

b ) THEQUANTUM
LANGEVIN
EQUATION
AND QUANTUM
LANGEVIN
FORCES

We integrate Equation (33) to get

and insert the result obtained into (32). This gives
d

--A(
dt

t)

= -/r-t"
0

dT K (

T )

6( t - T ) f p ( t )

(35)
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where

First consider the function K ( t ) given in (36). Since 9 is a reservoir, the
2
frequencies wi of the oscillators cover a very wide range. Besides, lgil
generally varies slowly with mi. It follows that the set of oscillating
exponentials of (36) interfere destructively when T increases starting from
0, so that K ( T ) becomes negligible as soon a: T >> T ~ where
,
T , is the
correlation time of the reservoir. In addition, b(t - T ) varies much more
slowly with T, over a time scale TR x=-T,, where TR is the damping time of
d . We can then neglect the variation with T of $t - T ) as Fompared
to that of K ( T ) in the integral of (35), and replace b(t - T ) by b ( t ) which
may then be removed from the integral. Assuming f - t o >> T,, we get in
this way

r

=-++A
2
where r and Ad are the parameters that were introduced in expressions
(1l.a) and (12.a) in Complement B,, and which describe respectively the
spontaneous emission rate and the spontaneous radiative shift of the
oscillator. Equation (35) can then be rewritten:
dt

(39)

To show that Equation (39) can be considered a,s a Langevin equation,
we must now study the properties of the operator F ( t ) . According to (371,
@ ( t )is an operator of the reservoir. At the initial time to, where both the
Schrodinger and Heisenberg representations coincide, we assume that the
density operator of the global system is factored in the form a, 8 uR
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where uR is given by the statistical mixture of the states In,n, * . . ni * * )
with weights p ( n , n ,
ni
[see formula (E.811. Because a , ( t J has
no diagonal elements in the state Ini), it follows that

(#( t ) ) = Tr uAuRF(t ) = 0.

(40)

The average value of Equation (39) gives
-d( 6 ( t ) )
dt

=

-(-r2

+i3)(6(f))

which coincides with Equation (18) of Complement B,, [when we return
from b ( t ) to b ( t ) by using (31.a)l. We now calculate the correlation
functions of $ ( t ) and F'(t). Because only products such as a ~ ( t o ) a i ( t o )
and a,(t,)a:(t,) have nonzero average values (respectively equal to ( n , )
and (n,) + 1) in the state (E.8) of the reservoir, we get
(F(t')$(t))

=(P+(tt)$+(t))

=

0

(42)

As above, the oscillating exponentials appearing in (43) and (44) interfere
destructively as soon as It - t'l >> T,. The two-time averages (43) and (44)
are thus very narrow functions of T = t - t'. We call 20, and 2 0 , the
integrals over T of these functions between ---a, and $ 0 0 :
20,

1

+m

=

--1o

dT( P + ( t - T ) F ( t ) )

(45)

(the sybscripts N and A indicate the normal or antinormal order of 8
'
and F ) . Using (43), (44), and formulas (1l.a) and (1l.b) from Complement
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BIv, these integrals equal

We can thus rewrite (43) and (44) in the form

( 8+(t)8(f'))

~ D N ~t N t(' )

(49)

(8(f)@+(f'))
= 2 D ~ g , ( f- t ' )

(50)

=

where g N ( T ) and g,(.r) are two normalized functions of T , of width T , (*).
Finally, if we assume that ( n , ) depends only on w i , we can use relation
(15) from Complement Blv, with r' = r ( n ( w , ) ) [where ( n ( w , ) ) is the
average number of quanta of the reservoir modes having the same frequency w 0 as 4,to rewrite (47) and (48) in the form
2DN

= r(n(wO))

20,

=

I'(1 + ( n ( w o ) ) ) .

The operators 2 and 8+ can therefore be considered to be Langevin
forces fluctuating very rapidly around a zero average value. However, it
should be noted that these operators do not commute with each other, as
shown by the difference between (51) and (52).
c ) CONNECTION
BETWEEN

FLUCTUATIONS
AND DISSIPATION

Equations (51) and (52) establish a quantitative relationship between
the fluctuations of 8 and 8+,characterized by D, and DA, and the
damping r characterizing the dissipation associated with the motions of b
and b+. If the reservoir is in thermodynamic equilibrium, ( n ( w o ) ) is equal
to [exp(hw,/k,T) - 11-' and expression (511, for example, becomes

(*I Functions g , and g , do not have a well-defined parity in T . With regard to the
functions of T varying over time scales TR 2> T,, they can be considered to be a sum of
~ , can be replaced by a 8 ( ~ )
functions 6 , 6 ' , 6 " ' . . , At the lowest order in T ~ / Tthey
function.
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an equation that can be considered as an expression for a quantum
fluctuation-dissipation theorem. In contrast to what we did in subsection
1-b above, relation (53) is derived from Heisenberg equations of motion
rather than from a phenomenological equation. It is also valid whatever
the relative values of hw, and k,T. In particular, if hw, << k,T, Equation (53) becomes

Tk,T
2DN= hwo

(54)

and, as in (141, establishes a relationship between D and T k , T .
The relation (53) between D, and
was derived from (511, i.e., from
the explicit calculation of the two-time average ( P ’ ( t - T ) $ ( t ) ) of the
Langevin forces appearing in expression (45) for 20,. It is also possible to
relate the coefficient D, to the rate of increase of the “crossed” variance
of b+ and b defined as

r

Z/;y(t) = ( 6 + ( t ) L ( t ) )- ( S + ( t ) ) ( S ( t ) )

(55)

with the coefficient DA being related to the rate of increase of the
variance

%( t ) = (6( t ) i + ( t ) ) - (6(t ) ) ( 6+(t ) )

(56)

corresponding to the antinormal order of b and b+. Such a result, which
will be derived in subsection 2-e below, in a certain sense generalizes the
relation (11) demonstrated above for the classical Langevin equation, and
shows that the rate of increase of the variance of p is proportional to D.
Before calculating dTN/dt and dTA/dt, we begin by deriving some
useful results concerning the two-time averages ( $ + ( t ) b ( t r ) ) or
(G’(t’Mt1).

d) MIXEDTWO-TIME
AVERAGES
INVOLVING
LANGEVIN
FORCES
AND
OPERATORS
OF &’
We integrate Equation (39) between t o and t r

For to +

-m,

the first term of (57) is negligible and we then obtain, by
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1:

The same reasoning as that used in subsection 1-c-a then gives, for the
variations of (F“+(t)&t’)) with t , results analogous to those shown in
Figure 1. For f > t’, $ + ( t ) is not correlated with 6(t’), except in an
interval of width T , near t = t’. When t increases and crosses the value t’,
($+(t)h(t’)) goes from the value 20, to o over an interval of width 7,. In
particular, the value for f = t’ is given by

because ( $ + ( t ) $ ( t ” ) ) varies much more rapidly with t - t” than the
exponential. In the same way, we find

( A + ( t ) $ ( t))

= j f d t ” ($+(t”)$( t ) ) .
to

The change of variable T = t - t” and the stationary character of the
two-time averages of @+ and $ allow us to recombine (59) and (60) in the
form
( & + ( t ) f ( f ) )+ ( $ + ( t ) i ( t ) ) = / f ( t f o ) d r ( F ? + ( t

- T)$(f))

=

2DN.

- ( I -to)

We used (45) and assumed that t - to >> 7,.

e ) RATEOF VARIATION
OF THE VARIANCES
FNAND VA
The evolution of the average value ( h ( t ) ) was determined by the
relaxation Equation (41). The evolution Equation (39) of the operator
itself results in the appearance of the same rate of variation, which we call
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the “drift” term, written 8 ( 6 ( t ) ) :
9(6(t))=

-( r2 + i A ) 6 ( f ) .
-

(62)

The rate of variation of 6 ( t ) is then simply the sum of the drift term and
the Langevin force
d
-6(t)
dt

=8(6(t))

+F(t).

(63)

Similarly
d
-d6t + ( t )

=9(6+(t))+ F+(t)

with
9 ( 6 + ( t ) )=

(64)

(--r + i A ) 6 + ( t )
2

We now consider the rate of variation of the operators 6’6 and 66’
appearing in the variances TNand
defined in (55) and (56). For 6+6,
we first obtain

= 9 ( b + ( t ) ) b ( r ) + 6 + ( t ) 9 ( 6 ( t ) )+ E + ( r ) b ( t )

+ h+(t)fi(t).
(66)

Taking the average value of both sides of (66) and using (61) (*), we get
d
-d(t6 + ( t ) h ( t ) ) = ( a ( S ’ ( t ) ) b ( t ) )

+ ( 6 + ( t ) 8 ( 6 ( t ) ) )+ 2 0 ,

(67)

(*) The fact that the last two terms of (66) have, according to (611, a nonzero average
value prevents us fromeconsidering their sum to be a Langevin force in the equation of
motion of the operator b+(t)b(t).
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i.e., also, using (62) and (65):
d
-(L+(t)h(t))
dt

=

-r(h+(t)&(t))+ 20,.

According to (63) and (64), we have

=

-r(h+(t))(h(f))

(69)

so that, by subtraction, Equations (68) and (69) yield, using (55)

Similar calculations yield

and consequently

The variances thus tend to increase linearly with t under the influence of
the Langevin forces, whose effect is represented by the constant terms
2 D, and 2 DA of (70) and (72). These terms can thus indeed be considered
as diffusion coefficients. The damping r limits this diffusion motion and
the equilibrium values of (70) and (72) again give the relations among the
coefficients D , I', and the temperature [see (53)l.
Remark
The fact that D, and DA are different results from the quantum nature of F ( t )
and F + ( t ) and is essential for preserving the commutation relation between 6
and 6+. By subtracting (68) from (711, we find that a necessary condition for
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( [ & t ) , 6'(t)]) remaining equal to 1 is that

DA-D

r

,-2
--

(73)

a condition that is indeed satisfied by (47)and (48).

f ) GENERALIZATION
OF EINSTEIN'S
RELATION
We return to Equation (67). Because the operator 6 + ( t ) & ( t )is an
operator of the small system d,we can associate with it a drift velocity
a(6+6)whose average value is by definition the rate of variation of
(b+b).
d

dt

( 6+( t ) 6( t )) = ( 9(6+(t ) b( I ) ) )

(74)

In principle the master equation for d allows us to calculate d ( 6 + 6 ) / d t
and thus to derive 9(6+6)from it. Indeed, Equation (21) of Complement
B,, gives
9 ( 6 + ( t ) L ( t ) )=

-ri+(t)h(t)
+I-'.

(75)

Equation (74) allows us to rewrite (67) in the form

all the operators of the right-hand side of (76) being taken at the same
time t . Equation (76) can be considered to be a generalization of the
Einstein relation (14)AbeJween D and r. It expresses the diffusion coefficient D, relative to b+b as a function of the drift velocities that describe
the damping of 6+6,6+,and 6 and which can all be calculated starting
from the master equation.
It is also clear from (76) that the diffusion coefficient D, is associated
only with the non-Humiltonian part of the drift velocities. If we indeed
had, for any operator GA of d
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then 2 0 , would be zero because

[H,h+h]
- [ H , h + ] h - h + [ H , h ] = 0.

( 78)

It is for this reason that the radiative shifts of the levels of d,
which can
be described by an effective Hamiltonian, do not appear in the expression
for diffusion coefficients.
In the particular case under consideration here, it is sufficient to
substitute (751, (621, and (65) into (76) to immediately obtain expression
(47) for D,.
g)

CALCULATION
OF TWO-TIME
AVERAGES
FOR OPERATORS
OF d.
QUANTUM
REGRESSION
THEOREM

We take the Hermitian conjugate of Equation (391, multiply both sides
on the right by b(t’) and take the average value. This gives
d
-(h+(t)h(t’))
dt

=

-( r2

- -

i A ] ( h + ( t ) h ( f ’ ) +) ( # + ( t ) h ( f ’ ) ) . (79)

Assume that t 2 t‘. AccordiFg tohwhat we saw in subsection 2-d concerning the two-time averages ( F + ( t ) b ( t ’ ) ) ,the last term of (79) is zero except
in a small interval of width T ~ near
,
t = t’, where it is on the order of D,.
It is thus totally legitimate to neglect such a term for t >> t’, the error
made on (h’(t)h(t’)) being on the order of D,T~, !.e., according to (511,
on the order of T ’ T c << 1. The two-time averages ( b + ( t ) h ( t ’ ) )can therefore, to a very good approximation, be considered as obeying the equation
t 2 t’

d
-d(th + ( t ) h ( t ’ ) )

=

-( -r2

-

iA)(h+(t)h(t’))

(SO)

exactly analogous to the Hermitian conjugate of Equation (41):
tLt’

d
-d(th + ( t ) )

=

r

- ( - -2i + + ( t ) )

giving the evolution of the one-time averages.
The foregoing result constitutes the quantum regression theorem which
allows us to calculate the evolution of two-time averages using equations
having the same structure as those giving the evolution of one-time
averages, which are themselves obtained from the master equation.
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Finally, using the simple model of an oscillator coupled to a reservoir of
oscillators, we were able to extend most of the results obtained from the
Langevin description of Brownian motion to a quantum system. We will
see in Complement A, that it is also possible to generalize these results to
the case of a two-level atom coupled to a reservoir of oscillators (in this
case, the modes of the radiation field), and to thus obtain the BlochLangevin equations. Such a generalization is nontrivial because a two-level
atom is nonlinear, which causes nonlinear terms to appear in the coupled
evolution equations, and makes the manipulation of these equations more
difficult than in the linear case studied here.
REFERENCES
For classical Brownian motion theory, see Van Kampen.
For quantum Langevin equations of a system coupled to a reservoir, see
Lax or else M. Lax, Phys. Reu., 145, 110 (19661, and the references therein
cited.
For the specific problem of the harmonic oscillator, see I. R. Senitzky,
Phys. Reu., 119, 670 (1960); Louisell, Chapter 7; Sargent, Scully, and Lamb
Chapter 19.
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CHAPTER V

Optical Bloch Equations

After having described in the previous chapter the evolution of an
atomic system placed in the vacuum of the radiation field or in the
presence of broadband radiation, we will now consider situations where
the atom interacts with a monochromatic incident radiation field whose
frequency is very close to an atomic eigenfrequency. Our goal is to
understand, on the one hand, the temporal evolution of the atomic system,
and, on the other hand, the essential characteristics of the light that the
atom reemits in the presence of the radiation field (“fluorescence”).
The treatment presented here is not perturbative with respect to the
incident field. Indeed, we would like to study the case where the incident
light intensity is sufficiently high to “saturate” the atomic transition (the
corresponding Rabi frequency is then large compared with the natural
width of the levels). Such a situation is common in experiments where
laser sources are used. It is therefore no longer possible to calculate only
the linear response of the atom or to study scattering processes involving a
single incident photon, as we did in Section C of Chapter I1 or in
Complement B,,, .
The physical problem studied in this chapter cannot be approached
simply by the nonperturbative methods used in Chapter 111, which are
based on the calculation of the resolvent G ( z ) of the Hamiltonian in a
subspace go of privileged states. Indeed, when the incident radiation
contains several photons and when it excites an atomic transition starting
from the ground state a, a very large number of states of the atom + field
system must be taken into account (see SC-4-f in Chapter 111). These
states correspond to the many “fluorescence cycles” that the atom can
353
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undergo starting from the ground state a (by passing from a to b by
absorbing an incident photon k e , then by returning from b to a by
spontaneously emitting a photon into another mode krer).The subspace
go of privileged states thus has a dimension that is too high for simple
calculations to be made with the projection of G ( z )onto this subspace.
Rather than studying the evolution of the atom field global system,
we can instead more modestly attempt to derive an evolution equation for
the atomic system alone. Nevertheless, it is clear that the methods used in
Chapter IV are not directly applicable to the problem studied here,
because the radiation field can no longer be considered as a reservoir. The
correlation time of the monochromatic incident radiation is actually infinitely long. It is thus impossible to derive equations analogous to Equations (E.15) and (E.21) in Chapter IV that allow us to describe the physical
phenomena in terms of transition rates between levels, corresponding to
absorption, stimulated emission, and spontaneous emission processes.
Moreover, if it were possible to take into account only the interaction of
the atom with the incident radiation, considered as an external monochromatic field, then we could certainly write the Schrodinger equation describing the evoiution of the atomic state vector under the influence of this
sinusoidal perturbation. However, it is absolutely necessary to also consider the interaction of the atom with the empty modes of the field. It is, in
fact, these interactions and the corresponding relaxation processes that
allow the atom to reach a steady state, resulting from the competition
between the excitation by the incident wave and the damping due to
spontaneous emission. Moreover, the light that the atom reemits and that
we wish to analyze is simply the light that appears in these initially empty
modes. The optical Bloch equations, which we will consider in this
Chapter, express precisely that the rate of change of the atomic density
matrix is a sum of two terms describing, respectively, the contribution of
the coupling with the incident wave and the contribution of the coupling
with the empty modes. We begin in Section A by deriving these optical
Bloch equations for a two-level atom and by specifying the different
possible ways to write these equations. We will then analyze, in Section B,
the physical meaning of the optical Bloch equations by emphasizing what
distinguishes them from other types of evolution equations. Finally, we will
review several physical problems that these equations allow us to treat.
Section C is devoted to a study of the temporal evolution of the internal
and external degrees of freedom of the atom. Section D then describes
various properties (total intensity, spectral distribution, etc.) of the fluorescence emitted by the atom. Such an analysis is based on the study of
correlation functions for the atomic dipole and uses the quantum regression theorem that is derived in Complement A, starting from the coupled
Heisenberg equations for the atom and the field.
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BLOCH EQUATIONS FOR A TWO-LEVEL ATOM

A-OPTICAL

To simplify the calculations as much as possible, we will consider a
single atom, at rest at the coordinate origin 0, with only two discrete
nondegenerate states, the ground state a and the first excited state b,
located at a distance h w o above a and having a natural width r.
1. Description of the Incident Field
The incident radiation is treated as an external field, and is thus
described by a given classical function of time. The particles interact, on
the one hand, with this external field, and on the other hand, with the
quantum radiation field which we assume to be initially in the vacuum
state 10). The Hamiltonian for the atom field system is then written
(within the long-wavelength approximation and in the electric dipole
picture)

+

H

=

HA

+ HR

-

d . [E,(O, t )

+ E,(O)]

(*.I)

where HA is the Hamiltonian of the atom, HR is the Hamiltonian of the
quantum radiation field, d is the electric dipole moment of the atom, E, is
the external field associated with the incident radiation, and E I (0) is the
quantum radiation field.
Moreover, we assume an incident monochromatic field, with frequency
w L and amplitude go:

E,( 0, t )

= gocos w,t.

(‘4.2)

Remarks
(i) The description of the incident radiation by an external field is not an
approximation if the quantum field is initially in a coherent state. This result is
shown in Exercise 17.
(ii) We also neglect any modification of the incident radiation due to its
interaction with the atom. More precisely, we consider a single atom interacting
with “macroscopic” incident radiation such as laser light. We are then justified
in neglecting the absorption o r amplification of such radiation by the atom. Our
treatment therefore excludes situations where an ensemble of atoms interacts
with a field originating from the atoms themselves. Such a situation is encountered, for example, for atoms inside a cavity, or for optically dense media. In
this case, we must solve coupled evolution equations for the atoms and the field
that are sometimes known as Bloch-Maxwell equations (*I.
( * ) See, for example, Sargent, Scully, and Lamb, Chapter VIII; Allen and Eberly, Chap-

ter IV.
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2. Approximation of Independent Rates of Variation

If the external field (A.2) were zero, we would know how to write the
evolution equation for the atomic density matrix u. Indeed, when the
initial state of the total field is the vacuum, the radiation can be treated as
a reservoir. The evolution equation for u is the master equation describing
the influence of spontaneous emission on a two-level atom [see Equations
(E.5) and (E.6) in Chapter IV].
Similarly, if we could neglect the effect of the coupling with the
quantum field E I (0) in (A.11, the evolution of u would simply be given by
the Schrodinger equation
ihb= [HA- d . ~ o c o s w L t , u ] .

(-4.3)

The approximation of independent rates of variation consists of independently adding the rates of variation of u associated with the two previous
couplings - d . gocos w,t and - d E l (01, and calculated as if each
coupling acted alone. By expanding Equation (A.3) in the basis (la), Ib)}
and by adding the damping terms of Equations (E.5) and (E.6) from
Chapter IV that describe the effect of spontaneous emission, we get

in,cos W L t ( V b , - g a b ) - r u b ,
baa= -in, cos W L f ( u b , - u , b ) + r u b ,

(A.4.a)
(A.4 .b)

bbb =

b a b = iwOuab

-

b b , = -iOoUba

r

in1 cos w L f ( U b b - u,,) -

5u.b

+ in,COS w L t ( u b , - a,)

- Tub,.

r

(A.4.c)
(A.4.d)

We have assumed that the radiative shifts of levels a and b have been
included in the atomic frequency oo and we have set

hnn,
=

-doh . &Yo

(A.5)

where
dub =

(aIdIb)

=

(bldla)

(A.6)

element of d, which is assumed to be real. The frequency 0 ,
Rabi frequency. It characterizes the strength of the coupling
atom and the incident wave. Each of the two rates that we
in (A.4) conserves the normalization of u, i.e., satisfies
kaa+ b b b = 0.
Because we describe the effect of spontaneous emission by using the
same terms as those derived in the absence of radiation, we neglect

is the matrix
is called the
between the
have added
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the modifications of spontaneous emission connected with the presence
of the incident radiation. Such an approximation is valid if the effect of the
coupling with this radiation can be neglected during the correlation time
T, of the vacuum fluctuations that are responsible for spontaneous emission. One can show (as we do in Complement A, and in Chapter VI) that
this is indeed the case if the Rabi frequency 0 , is very small compared.
with the frequency w , of the transition a
6

-

Note that such a condition already underlies the approximation which
takes into account only two of the atomic levels. If it were not satisfied, we
would need to also take into account the coupling between the incident
wave and all the other atomic transitions. To be able to limit ourselves to
two levels, we must also, in addition to (A.71, assume that

a condition expressing the fact that the incident radiation, with frequency
w L , is quasi-resonant with the transition a +.+ b.
Remark

The only relaxation process considered here is spontaneous emission whose
correlation time is shorter than the optical period 0 0 ’ . It would be possible to
include in Equations (A.4) some terms describing the effect of other relaxation
processes, such as, for example, collisions (see Exercise 18). The approximation
consisting of independently adding the rates of variation is valid only if
(A.7’)

where T , is the correlation time of these other relaxation processes. In the case
of collisional relaxation, T, is on the order of the collision time and the
conditions (A.7‘) and (A.8) define the “impact limit” (see Complement BvI).

3. Rotating-Wave Approximation
a ) ELIMINATION
OF ANTIRESONANT
TERMS

The dipole d, which is purely nondiagonal in the basis { l a ) , Ib)}, may be
written, using (A.6)
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with
(A. 10.a)
(A.1O.b)
( A .10.c)
and 9are, respectively, the raising and lowering
The operators 9+
operators from a to b and from b to a. We rewrite the interaction
9-and of the expoHamiltonian, - d . gocos w L t , as a function of Y+,
nentials exp(-iw,t) and exp(+iw,t) which come from cos w,t and which
are associated, respectively, with the absorption and the emission of a
photon. We then have, using (A.5)
- d . gocos w,t

=

:hO,[ 9+
ePiwLf

+ 9'-eiwLf+ Y-e-iwLf+ 9+
e'"~'].
(A.ll)

The first two terms inside the brackets describe processes where the atom
rises from a to b by absorbing a photon or falls from b to a by emitting a
photon. These processes are resonant near w = w o and are much more
important than the nonresonant processes associated with the last two
terms in (A.ll) (the atom falls from b to a by absorbing a photon or rises
from a to b by emitting a photon). Therefore, in the rest of this chapter,
we will neglect (*) the last two terms of (A.11). The corresponding
approximation is called the rotating-wave approximation, for reasons that
will become apparent later on (QA.4).
b ) TIME-INDEPENDENT
FORM
OF THE OPTICAL
BLOCHEQUATIONS

If we keep only the first two terms of (A.10, Equations (A.4) are
modified: ffba cos w,t and ffab cos w L t are replaced by ab,[exp(iw,t)]/2
and aab[exp(-iw,t)]/2, respectively, in the right-hand side of (A.4.a) and
(A.4.b); cos w,t is replaced by (exp iw,t)/2 in (A.4.c) and by
[exp(-iw,t)]/2 in (A.4.d). It is then possible to suppress any time dependence in the coefficients of the equations by introducing new variables
eiwLr

'ba

=

'ab

= *ab

a' a

=

*aa

e-iwLf

'bb

(A.12)
= ffbb

( * ) We then lose certain physical effects, such as the Bloch-Siegert shift of the resonance
w o = o,to which we will return later

on in Complement A",.
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which leads to the following equations

where

6,

= O L - wg

(A.14)

is the detuning between the frequency w L of the incident wave and the
atomic frequency w o . Note that we still have d(&aa+ &bb)/dt = 0.
c ) OTHERFORMS
OF

THE

OPTICAL
BLOCHEQUATIONS

It will be useful for what follows to rewrite Equations (A.13) in terms of
average values of operators. We introduce the three operators

whose average values are

In conjunction with the normalization condition
(A.17)
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these equations allow us to rewrite (A.13) in the form
(A. 18.a)

(A.18.b)
(A. 18.c)
Finally, we introduce other variables
(A.19.a)
(A.19.b)
(A.19.c)
which are very often used in this type of problem (u, u, and w are the
three components of the “Bloch vector”). When Equations (A.13) are
rewritten as a function of u, u, and w , they become

r

v

=

(A.20.a)
1

- R,w - - u

-6,u

(A .20.b)

2

(A.20.c)
w represents half the difference between the populations of the two levels
b and a . To interpret u and u , we calculate the average value of d
(d)

=

Tr( a d )

=

dab(

uba)

+ &ba e--i”JLf
)

=

dab(&abe i ” J L r

=

2dab(u cos o,t

- u sin o,t).

(A.21)

The comparison of (A.21) and (A.2) shows that u and u are, respectively,
proportional to the components of (d) in phase and in quadrature with
the incident field [because -sin w,t = cos(w,t
~/2)].

+
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4. Geometric Representation in Terms of a Fictitious Spin

Every two-level system is formally equivalent to a fictitious spin i. We
associate the states I - ) and I + ) of such a spin with states l a ) and 16).

and we introduce the (dimensionless) spin operators Y xY
, yand
, Yz,
represented in the basis {I + ), I - )) by the matrices

(A.23)

3,

which are simply, except for the factor
the Pauli matrices. Each
operator of the two-level system is represented in the basis (Ib), l a ) ) by a
2 X 2 matrix which can always be expanded over the three matrices in
(A.23) and the unit matrix ( IL1. Thus
( H A ) = h,(

( -d

*

:)

8, cos U L t ) = hO, cos wLt

=

hwo
-(
1) + h ~ , ( 9 ’ ~ )(A.24.a)
2

(; ;)

=

2 h 0 1 cos W L t ( Y X ) .
( A .24.b)

The Hamiltonians HA and - d * &Yocos wLt may therefore be considered
as Hamiltonians describing the interaction of the fictitious spin with the
magnetic fields B, and 2B, cos w L t , which are, respectively, parallel to Oz
and O x , and have amplitudes such that the Larmor spin precession
frequencies around these two fields are w , and 2O, cos oLt (Figure la).
The field 2B, cos wLt parallel to O x can be decomposed into two fields,
having the same amplitude B,, rotating in the plane xOy at the frequency
w L in the clockwise and counterclockwise directions. If w L = o,, the
counterclockwise component accompanies the spin in its Larmor precession around B, and thus can act efficiently on it, whereas the other
component rotates much too rapidly relative to the spin (at the frequency
- 2 w L ) to have any appreciable effect. The approximation of the rotating
wave consists precisely of retaining only the component rotating in the
same direction as the spin, hence the name for this approximation.
We now put ourselves in the OXYZ reference frame rotating about Oz
at the frequency w L . In this reference frame, the rotating component that
we have retained from the field 2B, cos wLt becomes a time-independent
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'1"
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Y

0
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Y

Figure 1. Magnetic fields acting on the fictitious spin. ( a ) In the laboratory
reference frame Oxyz. ( b ) In the reference frame OXYZ rotating around Oz at the
frequency w L (the component of the field rotating in the opposite direction is
neglected).

field B, parallel to OX and the field along OZ is reduced from B, to b,
because the Larmor spin precession about OZ is reduced from w , to
w o - w L (Figure 1b). In the rotating reference frame, the spin therefore
"sees" the resultant B, of b, and B , , called the effective field, about which
it precesses at the frequency

n = J m

(A.25)

At resonance (6, = w L - w o = 01,b, is zero and the spin precesses about
B, at the Rabi frequency 0,. We recover the Rabi oscillation of the
system between the two levels a and b.
We now show that the variables u , c, and w introduced in (A.19) are in
fact average values of the spin components in the rotating frame. Note
that the correspondence (A.22) and formulas (A.23) result in the usual
relations 9 + = Pxk i P y . Therefore, definition (A.19.a) for u and relations (A.16) allow us to write u in the form

u

=

A- Tr ( [( PX
+ i Y y )e-'"'Lr + (PX- i Y y e) l W ~ ' ] )

=

(9')cos w,t

=

(9).
ex

(T

+ (Yy)sin w,t

(A.26)
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where e x is the unit vector of the axis OX of the rotating frame. Similar
relations can be derived for c and w , so that
u =

(Yx)c

=

(Yy> w

= (YZ).

(A.27)

The fact that c has a + ~ / 2phase shift relative to u is then geometrically
obvious. With these new notations, Equations (A.20) become

(A.28 .a)

d

r

-WZ)
= 0 , ( p y) r(Y",)
- dt
2

(A.28.c)

and closely resemble the Bloch equations for magnetic resonance (with
relaxation times T , and T2 which equal here, for spontaneous emission,
l/r and 2 / r ) .
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B-PHYSICAL DISCUSSION-DIFFERENCES WITH OTHER
EVOLUTION EQUATIONS
1. Differences with Relaxation Equations. Couplings between Populations
and Coherences

As opposed to the relaxation equations examined in Chapter IV, the
Bloch equations (A.13) do not separate into two distinct groups where
either only the populations eggand 8 b b of the two levels appear, or only
the “coherences”
and Gbg (nondiagonal density matrix elements)
appear. It is therefore not possible to directly interpret them in terms of
transition rates between levels a and 6.
The terms in 0 , of Equations (A.13) couple populations and coherences. This originates from the coherent nature of the external field. The
phase difference between the oscillation of the average electric dipole
moment ( d ) and the driving field gocos w,t is crucial for determining
whether the atom will absorb energy ( G b b - Gag increases) or lose energy
(&bb - Gag decreases). The rate of variation of 6 b b - eggthus necessarily
depend; on (d), i.e., according to (A.21), on &bba and Gob [more precisely
on the component in quadrature L’ = ( G a b - $ b b a ) / 2 i which is involved in
the work done by the field on the dipole].

egb

Remark
There are situations where the Bloch equations can be transformed into
relaxation equations involving populations only. If the coherences evolve much
more rapidly than the populations (as a result of an additional relaxation
process which damps them more efficiently than the population differences),
they can “adiabatically follow” the evolution of the populations, i.e., at each
time reach the steady-state condition corresponding to the value of the populations assumed to be “frozen” at this time. It is then possible to rewrite at each
time the coherences as a function of the populations at the same time and to
thus obtain evolution equations involving populations only. An example of a
physical problem where the coherences can be adiabatically eliminated is
analyzed in Exercise 18. We consider in this exercise a two-level atom undergoing collisions which introduce a collisional broadening much larger than

r.

2. Differences with Hamiltonian Evolution Equations

In Chapter I11 we saw that the instability of the excited state 6, due to
spontaneous emission, may often be described by the addition of an
imaginary part, - i h r / 2 , to the energy Eb = ho, of this state (we take
E , = 0). It may then be asked whether it would be possible to write
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Equations (A.4) in a Hamiltonian form, by replacing the atomic Hamiltonian HA in Equation (A.3) by the non-Hermitian Hamiltonian:

and by also replacing the commutator HAu- uH, by HAu - u H i + , so as
to preserve the Hermiticity of d a / d t , and therefore of u. Such a procedure results in the correct equations of motion (A.4.a), (A.4.c), and (A.4.d)
for ubb,bab,and bba.However, the equation of motion for uaaobtained in
this way does not contain the transfer term from b to a , Tub,, appearing
in the right-hand side of the correct equation (A.4.b).
It is therefore not possible to find an atomic Hamiltonian, not even a
generalized one including complex energies, that allows us to write the
optical Bloch equations as a Schrodinger equation. In particular, this
shows that the atomic system must be described by a density operator, and
that it is impossible to describe the effect of spontaneous emission in
terms of a rate of variation of an atomic state vector. This is, of course,
related to the fact that the optical Bloch equations describe the evolution
of a subsystem (the atom), which is part of a larger set (the atom
quantum radiation).

+

3. Differences with Heisenberg-Langevin Equations
Written in the form (A.181, the optical Bloch equations appear to
describe the evolution of average values of the atomic operators S , , S - ,
and S,. One might ask whether it would be correct to write the same
equations for the operators themselves instead of the average values.
A simple counterexample allows us to show that such a procedure
would be incorrect. Rewritten in the particular case 0 , = 0 and without
averaging, Equations (A.18.a) and (A.18.b) would indeed result in both S +
and S - decreasing exponentially to zero, which is incompatible with the
operator identity S+S-+ S-S+= Ib)(bl + l a ) ( a l = ll, which results
from (A.15) and which must be satisfied at all times.
In fact, the Heisenberg equations for S,, S - , and S , may be put in a
form similar to (A.18), but, in addition “Langevin forces” F,, F - , and F,
appear in the right-hand side, representing to some extent the fluctuating
part of the force exerted on the atom by the quantum radiation, while the
cumulative effect of this force is represented by the friction terms in r
(see Complement A”). More precisely, if the Bloch equations (A.18) for
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form:

=
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+, -, 2 ) are written in the condensed

the Heisenberg-Langevin equations for the operators S,,

differ from (B.2) by the term F,, which is an operator acting on the
degrees of freedom of both the atom and the radiation field. The average
value of Fq is zero, so that the Heisenberg-Langevin equations (B.3)
indeed give, in average value, the Bloch equations (B.2). The presence of
F, is nevertheless required in the operator equation (B.3) to ensure that
the various commutation relations among S , , S - , and S, are preserved
over time. Finally, note that F, fluctuates very rapidly, in the sense that
the two-time averages (Fq(t)F,4t + 7 ) ) decrease very rapidly with T , on a
time scale T~ (correlation time of vacuum fluctuations) much shorter than
the relaxation time r- associated with spontaneous emission or the Rabi
period 0 ;

'.
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Studying the solutions of optical Bloch equations allows us to analyze
the time evolution of the quantities u , c , and w ,which are average values
of “internal” atomic obsercables, such as the mean dipole or the population difference between states b and a. This is what we do in subsection
C.l. It is also possible to express the average force exerted by a driving
field on the oscillating atomic dipole as a function of u and c. The optical
Bloch equations thus allow us to also analyze the mean radiatice forces
exerted by a light beam on an atom. These forces, which act on the
“external” or translational degrees of freedom of the atom, are discussed
in subsection C.2.

1. Internal Degrees of Freedom
a ) TRANSIENT
REGIME

The optical Bloch equations (A.20) or (B.2) are linear differential
equations with constant coefficients. The solutions to these equations are
thus superpositions of exponentials exp( - r,t). We will not give here the
general expression for the eigenvalues -rA of the Bloch matrix ( g q qbut
8),
we will instead study some limiting cases.
In the limit 0 , 0 and for w L = w o (6, = O), we see in (A.18) that
two r, appear that are equal to r / 2 , and the third one to r. At very low
intensities, and at resonance, the transient regime is thus purely damped
(without oscillation).
By contrast, for R , >> r and 6, still zero, the transient response must
reflect the Rabi oscillation at the frequency 0,.This is clearly seen from
the representation of the problem in terms of the fictitious spin (see
Figure l b ) . In the rotating reference frame OXYZ,the field b, is zero and
the spin precesses at the frequency 0 , around B , which is aligned on OX.
The component of the spin in the plane YOZ thus rotates very rapidly at
the frequency 0 , by going successively over the axes OY and OZ, where
the damping rates are equal to r / 2 and r,respectively. Therefore, we
expect that the average damping rate (over a period 27r/0,) is the
half-sum of r/2 and r, i.e., 31“/4. Two of the exponentials of the
transient regime must therefore be exp( k i 0 , t )exp( - 3rt/4). The third
corresponds to the motion of the spin along OX, which is purely damped
with a rate r/2.The calculation of r , , r z , and r3 in fact confirms that if

-
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0 , >> r and if 6,
rl

=

=

0

3r
4

in, + -

r2 =

3r

-in,+ 4

r
r3 = 2’

(C.1)

Finally, we consider the case IS,I x=- 1011I,‘. The effective field Be of
Figure l b is then practically aligned on 02. The motion of the spin in the
plane XOY is, in this case, a precession at the frequency a, damped with
a rate r/2, whereas the motion on OZ is purely damped with a rate r. It
is found that if 16,l >> O,, r
rl

=

is,

r
+ -2

r2 = -is,

r
+ -2

r3 = r.

(C.2)

b ) STEADY-STATE
REGIME

The steady-state solution of the Bloch equations (A.20) is
us, =

0 1

-

2 6;

+

6,
(r2/4)

(C.3 .a)

+ (0;/2)

(C.3.b)

w,,

1

0:
+ -21 = u;; = 4 6; + (I‘*/4) + (O;/2)

(C.3 .c)
*

We have given the value for wst + rather than for wst, because it
represents the steady-state population of the upper state b [see (A.17) and
(A.19.c)l.
In Equations (C.3) the component in quadrature of the dipole ( u s , ) and
the population of the upper state vary with the detuning 6, = wL - w o as
an absorption curve, centered at 6, = 0, with a half-width [(r2/4)
+
(O;/2)]1’2, whereas the component in phase ( u s , )varies as a dispersion
curve. When, 6, being fixed, O , increases, us, and ! i s , start to increase
linearly with O,, then go through a maximum and tend to zero for very
large 0,.At very high intensities, the mean dipole is therefore zero. The
population g;; starts to increase quadratically with O,, and then tends to
a limit value equal to when 0 , tends to infinity. An intense excitation
thus equalizes the populations of the two levels. It is said that the
transition is “saturated”. The solution (C.3) is usually expressed as a
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function of the saturation parameter

which represents the degree of saturation of the transition. We then have
USt =

6,
s
.n,l+s

--

r

s

ust = --

2 4 1 +s

=

1

s

.

--

21+s

(C.5)

Finally, note that, because of the presence of 0: in the denominator of
Equations (C.31, these expressions are not perturbative with regard to the
driving field. (The expansion in series of the fractions causes arbitrarily
large powers of 0, to appear.)
c) ENERGY
BALANCE.
MEANNUMBEROF INCIDENT
PHOTONS
ABSORBED
PER

UNITTIME

Between t and t + d t, the atomic electron moves from r to r
the driving field gocos o,t carries out work on it:

+ dr and

The average power absorbed by the atom thus equals, taking into account
the fact that q(r) = (d):

(g)

= gocos

WLt . (d).

We then insert into (C.7) expression (A.21) giving (d) as a function of u
and u , and average (C.7) over an optical period. We then have

where we have used the definition (AS) for 0,. It is thus clear that the
mean absorbed power is related only to the quadrature component u of
the mean atomic dipole. Finally, by dividing (C.8) by the energy Aw, of
each incident photon, we simply obtain the mean number of photons
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absorbed per unit time by the atom.

($) R p .
=

Equation (C.9) thus suggest a simple interpretation of the third Bloch
equation (A.20.c). By replacing w by ( u b b - u , , ) / 2 = u b b - ($) in this
equation, we obtain
ubb =

dN
(x)

(C.10)

-

Any disappearance of an incident photon corresponds to a transition of

the atom from a to 6. This is expressed by the first term of (C.10). The
second term describes a departure from 6 due to spontaneous emission.
In steady state, bbbis zero. The number of photons absorbed per unit time
is therefore equal to the number of photons emitted spontaneously per
unit time
(C.11)

2. External Degrees of Freedom. Mean Radiative Forces
Until now, we have considered the atom as being infinitely heavy and at
rest at the coordinate system origin. If its translational degrees of freedom
are to be taken into consideration, the Hamiltonian (A.l) must be replaced by
H

P2

= -

2M

+ HA + HR - d . [Ee(R,t) + E ,

(R)]

(C.12)

where P and R are the momentum and the position of the center of mass
of the atom, and M is the total mass. The first term of (C.12) represents
the translational kinetic energy of the atom. The external field and the
radiation field are now evaluated at center of mass R of the atom.
a ) EQUATION
OF MOTION
OF THE CENTER
OF THE ATOMIC
WAVEPACKET

The Heisenberg equations for R and P are written
(C.13.a)
(C.13.b)
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The average value of Equation (C.13.b), taken over the atomic wave
function, gives (Ehrenfest equation):
(C.14)
Let rG = (R) be the center of the atom wave packet. The left-hand side of
((2.14) is simply Mrc;. To evaluate the right-hand side, we will introduce
two approximations.
i) Small Atomic Wave Packet Limit
Because of the large value of M , the de Broglie wavelength of the
atom, A,, = h/Mz:, is in general much smaller than the optical wavelength A , which characterizes the scale of spatial variations of the driving
field. It is therefore possible to construct atomic wave packets having very
small dimensions compared with the optical wavelength. For such wave
packets, it is completely legitimate to replace the operator R in the
right-hand side of (C.14) by its mean value (R) = rG. It can be shown that
the last term of (C.14), which represents the contribution of the gradient
of the quantum radiation field at rG, is zero (*). Equation (C.14) is then
written

Mr,

=

Z

(d,)VE,,(r,,t).

(C.15)

j=X,y,z

The right-hand side can be interpreted as the force that governs the
motion of the center rG of the atomic wave packet. This force is expressed
as a function of the driving field evaluated at this point.
ii) Existence of Two Distinct Time Scales for the Evolution of Internal and
External Degrees of Freedom
As we saw above, the internal degrees of freedom of the atom evolve
appreciably over time scales on the order of Tint= T-' (or 0;' if
0;' >> T).We will consider here only atoms of very slow velocity u ,
which, during Tint,travel over a distance uTint= vT-' very small compared with the scale of the variation of the light wave (on the order of A).
Moreover, we will see later on that, under the influence of radiative
forces, the velocity itself evolves over time scales on the order of Text=
A/Erec where Ere, = t i 2 k 2 / 2 M is the recoil energy of the atom when it
absorbs a photon k e . For most of the allowed transitions, AT >> Ere,,
which results in the fact that Tint<< Text(for example, for the yellow lines
of sodium, hT = 400Ere,).
( * ) See the remark at the end of Section 2 of Complement A".
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The large difference between Tint and Text results in the fact that, if
rG = 0 initially, the mean dipole (d) has the time to reach the steady-state
regime calculated in subsection C-1-b before rG has changed appreciably
under the influence of the mean radiative force written in the right-hand
side of (C.15). In what follows in this part, we will consider the mean
radiative force exerted on an atom initially at rest at 0. To calculate such a
force, we can thus replace ( d j ) in (C.15) by its steady-state value calculated above.
Remarks
(i) We can, of course, also consider the mean radiative force acting on an atom
having a velocity v. Here again, the condition Tint<< Textallows us to neglect
the variation of v during the time needed for ( d j ) to reach a steady-state
regime. The Bloch equations used for calculating ( d j ) must then take into
account the fact that the driving field “seen” by an atom in motion is not the
same as for an atom at rest. The interest of such velocity-dependent radiative
forces is that, in certain cases, they can damp the velocity of the atom and
therefore constitute an efficient means of cooling.
(ii) In this entire section, we are interested only in the mean radiative force
exerted on the atom. The fluctuations of this force around its mean value are
responsible for a diffusion of the atomic momentum and a heating of the
translational degrees of freedom. These physical phenomena may be analyzed
by using Bloch-Langevin equations analogous to those introduced in Complement A, (*I.

b ) THETwo TYPESOF FORCES
FOR

AN

ATOMINITIALLY
AT REST

Near the origin 0 where the atom is located, the driving field is written

Ee(r, t )

=

eg0(r) cos[wLt +

4(r)].

(C.16)

Its amplitude iF0(r) and phase 4(r) vary in space. By contrast, we assume
for the sake of simplicity that the polarization vector e does not depend on
r (**I. The time origin can always be chosen so that the phase +(r) is zero
at r = 0.

4(0)

=

0.

(C.17)

We thus obtain the field (A.2) introduced previously.
(*) See, for example, J.

P. Gordon and A. Ashkin, Phys. Rec. A , 21, 1606 (1980).

(**I Note, however, that there exist efficient cooling mechanisms associated with polariza-

tion gradients and multilevel atoms. See, for example, C . Cohen-Tannoudji and W. D.
Phillips, Physics Today, October 1990, p. 33, and references therein.
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Using (C.16) and (C.171, the field gradient appearing in (C.15) is written

VE,,

=

ej[cos w,t Vg0 - sin w,t Z0V4]

(C.18)

where VEe,, VgO,V4, and go are evaluated at r = 0. We saw in the
preceding subsection that it is possible to take, for the mean dipole (d),
expression (A.21) obtained above where u and u are replaced by their
steady-state values.

( d j ) = 2 ( d u b ) j [ u s t c o s w L-t ust sin w L t ] .

(C.19)

We then substitute ((2.18) and (C.19) into (C.15) and take the average over
an optical period. The expression we obtain for the mean radiative force
.Facting on the atom is
.F =

i

(dj)VEej

=

(e . da,)[ustVEO+ U ~ ~ E , , V ~ ] (C.20)

which causes two types of forces to appear: a force that we call reactive,
proportional to the amplitude gradient and to the in-phase component of
the dipole
s,eact

=

. duh)UstVg"

(e

(C.21)

and a force that we call dissipative, proportional to the phase gradient and
to the quadrature component of the dipole
gdissip

=

. dub)UstgOv4.

(C.22)

It will be convenient for what follows to reexpress these two forces as a
function of the Rabi frequency R, which is written, according to (AS) and
(C. 16):

0 , = - d u b . e g0'o/k.

(C.23)

We then obtain
s,eact

= --AJ-+sta

(C .24.a)

with

( C.24.b)
and
gdissip

=

- "lust

(C.25 .a)
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with

p = v4.

(C.25 .b)

c ) DISSIPATIVE
FORCE.RADIATION
PRESSURE

The simplest example of a light wave having a phase gradient is the
plane wave with wave vector k,
Ee(r, t )

=

ego cos(w,t - k, . r)

which has a constant amplitude and a phase

p

=

V4 =

4(r) =

- k,

-k,.

(C.26)

. r so that
(C.27)

For such a wave, the reactive force is zero (because V g 0 = 0) and the
dissipative force is written, using (C.25) and (C.27):

(C.28)
The equality ((2.9) then allows us to transform (C.28) into
gdissip

=

(

dN
x ) s t h k L

((2.29)

where (dN/dt),, is the mean number of incident photons disappearing
per unit time in the steady state regime. The physical interpretation of
Equation ((2.29) is very clear. Each incident photon carries a momentum
hk, which is gained by the atom during the absorption of such a photon. If
the atom returns to the ground state by stimulated emission of a photon, it
loses this momentum which is then regained by the incident beam. By
contrast, if the atom returns to the ground state by spontaneous emission,
the loss of momentum is zero on average, because spontaneous emission
occurs with equal probabilities in two opposite directions. Moreover, a
fluorescence cycle, i.e., an absorption-spontaneous emission cycle, definitely causes a photon to disappear from the incident beam. Thus we can
understand why the average momentum gained per unit time by the atom,
i.e., the mean force acting on it, is hk, times the mean number of incident
photons that disappear per unit time. For this reason, the force ((2.29) is
often called the “radiation pressure force” or the “resonant scattering
force”. Equation (C.11) also allows us to write (C.29) in the form

(C.30)
and shows that the dissipative force is also equal to hk, times the number
of photons spontaneously emitted per unit time. When
is replaced by
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its value (C.3.c) we get

The dissipative force varies with the detuning 6, = w L - w o as a
+
Lorentzian centered at wL = w o , of full width at half-maximum [ r 2
212:1'/2. At low intensity, the force is proportional to Of, and thus to the
intensity. At high intensity, it tends toward a limit
(C.32)
independent of the intensity.
Remarks
(i) We give an order of magnitude for Ysat,
or rather for the acceleration
(C.33)
that such a force can communicate to the atom. For the sodium atom excited on
the yellow lines, we find ( y ( = lo6 m/s2, or approximately lo5 times the
acceleration due to gravity.
(ii) The foregoing results allow us to evaluate an order of magnitude of the
time Text characterizing the temporal variations of the external degrees of
freedom. Consider an atom initially at rest, illuminated by a resonant plane
wave. Under the influence of the corresponding radiation pressure, its velocity
will increase from 0 to y t during a time t , y being the modulus of (C.33). The
time Textis the time after which the velocity has reached a value urn such that
the atom gets out of resonance with the incident wave because of the Doppler
effect. It is then no longer affected by this wave. The time Textand the velocity
u, are thus given by the equations
(C.34.a)

kLu, = r.

( C .34 .b)

Eliminating urn one gets
(C.35)
which justifies the value h/E,,, taken above as the order of magnitude of Text.
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d ) REACTIVEFORCE.
DIPOLEFORCE
A plane wave has no amplitude gradient. To have Vg0, and consebe,,
nonzero, it is necessary to superimpose several plane
quently F,,,,
waves with different wave vectors.
As an example, we consider the simple case of a standing wave resulting
from the superposition of two plane waves of opposite wave vectors + k,
and - k,. If k, is parallel to Oz and e is parallel to O x , the incident wave
(C.16) is written

Ee(r, t )

=

e,go cos k,z cos w,t

((2.36)

and it has an amplitude that varies sinusoidally in space with a period
A = 27r/k,. By contrast, the phase of the wave is constant. The reactive
force, which, according to (C.211, depends on the component u of the
dipole in phase with the driving field, does not involve any exchange of
energy between the atom and the driving field. According to (C.8), these
exchanges depend only on the quadrature component u. The absence of a
global exchange of energy between the atom and the field does not,
however, prevent a redistribution of energy among the different plane
waves making up the driving wave. For example, an atom in a standing
wave can indeed absorb a photon in the wave + k , and then emit in a
stimulated way a photon into the other wave - k,. At the end of this cycle
of absorption into one wave and then stimulated emission into another
wave, the global energy of the field has not changed. However, a photon
has passed from wave + k, to wave - k,, which causes the momentum of
the field to vary by -2hk,, and therefore the momentum of the atom to
vary by +2hk,.
To illustrate the foregoing argument, we represent in the complex plane
(see Figure 2) the fields E l and E , of the two plane waves k, and - k, at
a point where we assume, for example, that these fields are in quadrature
(for more generality, we take E l and E , with different amplitudes).
Consider the reactive response of the dipole to the total field E. This
response u is in phase with E (or has a 7r phase shift depending on the
sign of the detuning w, - wo>. Let u1 and u 2 be the projections of u on
El and E,. The component u1 in phase with E l does not absorb any
energy from E l . The same is true for u2 and E,. By contrast, 2.4, has a
+ ~ / 2phase shift with respect to E l , whereas u 1 has a -7r/2 phase shift
with respect to E,. It follows that if wave E l loses energy by interacting
with u,, wave E , gains energy by interacting with ul. Moreover, because
lElllu21 = IE211ull, then the energy lost by one wave is gained by the
other. The foregoing scheme thus explains, on the one hand, the existence
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Figure 2. Representation in the complex plane of a field E resulting from the
superposition of two fields E l and E, in quadrature. u , u l , and u 2 are the dipoles
in phase respectively with E , El, and E,.

of a redistribution of energy between the two waves, and on the other
hand, the coherent nature of this redistribution because its direction
(1 + 2 or 2 + 1) depends only on the relative phases of the two waves at
the point where the atom is located. Finally, note that, depending on
whether u has a zero or 7~ phase shift with respect to E , the direction of
the redistribution is different. The same scheme also allows us to predict
the direction of the redistribution, and thus the sign of the reactive force,
depending on the sign of the detuning w L - w o .
To obtain the general expression for the reactive force, we substitute
the expression (C.3.a) for uStinto (C.24.a). We then have

%act

=

-

V( a:>

f 4 w L - wo)

4

2

(WL

-wo)

r2

a: .

++4
2

(C.37)

From this we find that greact,
which varies with the detuning w L - w o as a
dispersion curve, changes sign with w L - w o . For w L < w o (red detuning)
the force attracts the atom toward regions of high intensity. For w L > w o
(blue detuning) the force repels the atoms away from the high intensity
regions.
For each value of the intensity, and thus of a:, the value of the
detuning 6 , = w L - w,, that maximizes ISreaC,I
is different. We find that
this value for
is on the order of lOIl, so that the maximal value of
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ISreaCtI
is on the order of

(C.38)

By contrast with the dissipative force, the reactive force increases without
bound when the intensity of the wave increases. Because IV0,l is at most
on the order of k , R , , where k L = 27r/h, the maximum value of ISrea,,I
is
about h k , 0 , , which corresponds to momentum exchanges of hk, occuras should be the case for a force involving absorptionring at a rate
stimulated emission cycles. Such a result can be compared with the
maximal value ((2.32) of the dissipative force, which is on the order of hkL
times the rate of spontaneous emission I'.
Finally, note that the reactive force (C.37) derives from a potential

a,,

S,eact

=

-vu

(C.39)

where

U=

2

For a red detuning, the regions of maximum intensity, such as the focal
zone of a laser beam, thus appear as potential wells for the atom. Such
wells can be used to trap neutral atoms.
is also called the dipole force. We will see
The reactive force ISreactI
later on in Chapter VI that it can be given another physical interpretation,
in terms of energy levels for the atom dressed by the incident photons.
This picture will also allow us to understand the mechanism of fluctuations
of this force about its mean value. These fluctuations considerably limit
the stability of the optical traps based on this force.
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OF THE LIGHT EMITTED BY THE ATOM

In this last part, we show how the optical Bloch equations, which are
atomic evolution equations, also allow us to analyze the properties of the
fluorescence emitted by the atom. To do this, we use the fact that the field
radiated by the atom onto the photodetector observing the emitted light is
proportional to the atomic dipole. The photodetection signals, which,
according to the results in Complement A,,, are proportional to the
correlation functions of the field arriving at the detector, can therefore be
expressed in terms of one- or two-time averages of the emitting dipole
moment (01). An important example of a light signal proportional to a
one-time average is the total intensity emitted by the atom. Using this
simple example, we will show how it is possible to distinguish in the
emitted light the contribution of the mean dipole from that of the dipole
fluctuations around its mean value (02). Most of the other signals are
proportional to two-time averages. The quantum regression theorem,
derived in Complement A,, allows us to study the evolution of two-time
averages of the atomic dipole, by using the optical Bloch equations. We
will apply it here to the study of the spectral distribution of the emitted
light (03).
1. Photodetection Signals. One- and Two-Time Averages of the Emitting
Dipole Moment
a ) CONNECTION
BETWEEN THE RADIATED
FIELDAND

MOMENT

THE

EMITTING
DIPOLE

We consider the field, at the position rD of the detector and at time t ,
radiated by the atom located at 0. This field is proportional to the dipole d
of the atom (*) at time t - ( r D / c ) :
E(r,,t)

=

i 3

qd t - -

where 7 is a proportionality coefficient. To simplify notation, we have
ignored the vector nature of E and d . Equation (D.l) is valid between
operators in the Heisenberg representation. We are interested in the
evolution of operators having frequencies close to + w , (or fw,). We call
E ( + ) and E ( - ) the positive and negative frequency components of the
(*) Strictly speaking, E is proportional to d (see Photons and Atoms-Introduction to
Quantum Electrodynamics, Exercise 6 in Complement EEv).However, we are interested here
in the motion of d having frequencies close to oL so that d = - w i d .
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operator E(rD,t ). Similarly, according to (A.91, (A.10), and (A.151, the
dipole d can be split into positive and negative frequency components
S- exp(-iw,t) and S+ exp(+iw,t). Starting with (D.11, it is possible to
write

E(*)(rD,t)= -qeiiWl-(l-rD/C)ST(t -

$).

P.2)

Remark

Strictly speaking, expression (D.l) does not represent the total field at the
detector position, even if, as we assume here, this detector is located outside
the incident laser beam, so that Ep(rD,t ) = 0. Integrating the equations of
motion for the operators a and a + of the field in the presence of sources
actually causes two contributions to appear [see, for example, Equations
(23)-(26) in Complement A,]: one that depends on the emitting dipole
moment and gives rise to the radiated field or source field, and the other, which
is independent of the dipole and represents the quantum vacuum field. It can
be shown that the latter does not contribute to the photodetection signals [see
Remarks (ii) and (iii) at the end of the following subsection]. We will thus
ignore it here.

b ) EXPRESSION
OF PHOTODETECTION
SIGNALS

,,

In Complement A , we introduced two correlation functions for the
field E arriving at the detector

C , ( t , 7 ) = ( W ) ( r D ,t

+ T)E(+)(rD,t ) )

+

(D-3)

C 2 ( t , T ) = ( E ( - ) ( r D , t ) E ( - ) ( r D ,+t T)E(+)(rD,t T)E(+)(rD,t)).

P.4)
Several photodetection signals may be expressed in terms of these
correlation functions. For instance,

is a one-time average which is equal to the total average intensity at time t ,
as it is measured by a broadband photodetector. The Fourier transform of
C,(t, 7)with respect to 7

gives the spectral density of the radiation, as measured by a narrow-band
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photodetector. Finally, C , ( t , T ) represents a photon correlation signal,
proportional to the probability density of detecting one photoelectron at
time t and another at time t + T .
In the two following subsections, we will study the total intensity (D.5)
as well as the spectral distribution (D.6) of the emitted light, the photon
correlation signals (D.4) being discussed in subsection E-3 of Chapter VI.
Using (D.2) in (D.5) and (D.6) then gives

( W ) >= v 2 ( S + ( t- ('D/C))S-(t

P.7)

- ('D/C)))

Remarks

(i) Because we take into consideration here the source field E , this field is not
free and the two operators E ( + )in (D.4) do not commute with each other; nor
do the two E ( - ) . Recall that the interpretation of (D.4) as a photon correlation
signal is valid only if T is positive (see the remark at the end of Complement
A,,).
(ii) We return now to the contribution of the vacuum field to the photodetection signals. Equation (D.2) must be replaced by

where E , is the quantum vacuum field. Several terms depending on EL*) then
appear in expressions for C , and C , when (D.9) is inserted into (D.3) and
(D.4). However, it is possible to show that all these new terms equal zero.
Consider, for example, the function C,. The state of the quantum field is the
vacuum, so that
( D .10 .a)
( D .10.b)
Because the E6*) appear in the normal order in (D.3), (D.lO) then shows that
all the new terms appearing in C , are zero.
(iii) The foregoing demonstration does not apply to C,. Some terms having the
form

(ois+(t - ( ' ~ / c ) ) S + ( t+ T
x

Eh+'(rD,f f T ) s - ( t

- (rD/c))

- ('o/C))Io)

x
(D.ll)

remain, because the presence of S- to the right of E6+) prevents Eh+) from
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acting on 10). The fact that T is positive in C, [see Remark (i)] nevertheless
allows us to show that E6+)(rD,t + T ) commutes with L [ t - ( r D / c ) ]and can
thus act on 10) to yield a zero result. We will give here only a simple physical
argument to explain this result (*). The quantum field E$+)(rD,
t + T ) does not
commute with the quantum field E&-)(r’,
t ’ ) if r’, t‘ is on the light cone of
rD, t + T. Such a light cone intersects the time axis for the emitting atom
located at 0 at time t + 7 - ( r D / c )which is in the future of the time t - ( r D / c )
appearing in the operator S- of (D.111, because T is positive. However, the
dipole S - ( t - ( r D / c ) )depends only on the quantum field E$’) at its position
that acted on it prior to t - ( r D / c ) .It then commutes with Eif)(rD,t + 7 ) for
T > 0.

2. Total Intensity of the Emitted Light
a ) PROPORTIONALITY
TO THE POPULATION
OF THE ATOMIC
EXCITED
STATE
Because the two operators S , and S - appearing in expression (D.7)
for ( Z ( t ) ) are taken at the same time, we can use the relation S + S - =
Ib)( b I, which gives

(D.12)
Such a result expresses physically that the light energy arriving at the
detector at time t is proportional to the population a,, of the atomic
excited state at time t - ( r D / c ) . It is the basis for optical detection
methods which consist of using the signal given by a broadband photodetector to follow the evolution of atomic populations a,,,and a,, = 1 - a,,,
in the transient regime as well as in the steady state. In the latter case, the
study of the variations of a,, with oL - oo allows the phenomenon of
optical resonance to be detected.
b ) COHERENT
SCATTERING
AND INCOHERENT
SCATTERING

We rewrite the operators S, of (D.7) in the form

where ( S - ) is the average value of S +- and where
+

(*) For a more detailed demonstration, see, for example, B. R. Mollow, J . Phys. A , 8,
L130 (1975).
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is the difference between S +
- and its average value, satisfying
-

b/C)))

=

0.

(D.15)

Such a separation allows us to distinguish between two components in the
light radiated by the “instantaneous” dipole S,. First, the radiation of the
average dipole (S,) which is the radiation of a classical oscillating dipole
with a phase that i s well defined relative to the incident laser field. The
light radiated by (S,) can then interfere with the incident field. It is for
this reason that the- radiation of (S,) is frequently associated with a
coherent scattering process. The other component 6 S + of S + radiates a
field which does not have a phase that is well defined relative to the
incident field because this radiation comes from the fluctuating part of the
atomic dipole. The corresponding scattering process is called incoherent.

c) RESPECTIVE
CONTRIBUTIONS
OF COHERENT
AND INCOHERENT
SCATTERING
TO THE TOTAL
INTENSITY
EMITTED
I N STEADY
STATE
In the steady state, ( S + ( t ) ) and ( S , ( t ) S - ( t ) ) do not depend on t. By
inserting (D.13) into (D.71, we obtain

(I)

=

772(S+>(S-> + q2(6S+6S-).

(D.16)

The first term of (D.16) represents the contribution to ( Z ( t ) ) of the mean
dipole, whereas the second term represents the contribution of the fluctuations of the dipole. We call the two contributions (Icoh)and (Iincoh).
To calculate ( Icoh)and ( Zincoh), it is sufficient to use the steady-state
solution to the optical Bloch equations given in subsection C-l-b above.
We then obtain, using (A.151, (A.161, (A.191, and (C.5):

where s is the saturation parameter defined in (C.4)

- lust+

=

1

s2

2 (1

+ s)’.

= -

iu,, I

2

Figure 3 shows the variations of (Icoh)and (Zincoh)

(D.18)
with s (which is
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0,s

0

5

S

Figure 3. Variations of ( Icoh)
and ( Zincoh) with the saturation parameter s defined
in (C.4).

proportional to the incident laser intensity ZJ. For low values of I,
11, (Icoh)
is proportional to s, and thus to I L , whereas ( z i n c o h ) is
proportional to s2, and thus to Zf. The scattering process is then essentially coherent and we can define a scattering cross section, because the
total radiated intensity is proportional to ZL, and thus to the incident flux.
At high intensities (s B l), ( Zcoh) tends to zero. Indeed, as a consequence
of the saturation of the atomic transition, the mean dipole ( S , ) tends to
zero. By contrast, ( Zincoh) is important and becomes almost independent
of IL. Such a result expresses the fact that the atom spends half its time in
the higher state b. Therefore, it cannot emit more than r/2 photons per
unit time, regardless of the incident intensity. Finally, it can be seen that
at high intensities, the scattering is essentially incoherent.

(s <<

3. Spectral Distribution of the Emitted Light in Steady State
a ) RESPECTIVE
CONTRIBUTIONS
OF COHERENT
A N D INCOHERENT

ANDINELASTIC
SPECTRA
SCATTERING.
ELASTIC

In steady state, ( S , ) is time independent. Substituting (D.13) into
(D.8) yields
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where
(D.20)

1

q2
Yincoh(
U ) = 2T

+m

--m

d7 ei(wL--W)T
(sS+(t+ T)sS-(t)).

(D.21)

Integrating (D.20) gives, using (D.17)

The light emitted in the steady state by the mean dipole is therefore
monochromatic, with frequency w L . Such a result is indeed in accordance
with the physical picture of a mean dipole oscillating in the forced regime
at the frequency w L under the influence of laser excitation, and thus
radiating a field having the same frequency. In the low-intensity limit, the
corresponding scattering process is indeed described by the lowest-order
elastic scattering diagram, shown in Figure 29a of Chapter 11. The
spectrum (D.22) is thus an elastic scattering spectrum.
The contribution (D.21) of the incoherent scattering to A w ) is simply
the spectral density of the dipole fluctuations. We will show later on that
such a density is not monochromatic. It is for this reason that y i n m h ( U ) is
an inelastic scattering spectrum.
6 ) OUTLINE
OF THE CALCULATION
OF THE INELASTIC
SPECTRUM

In the steady state, the two-time average appearing in (D.21) does not
depend on t and is equal to ( S S + ( T ) S S - ( O ) ) . The fact that S + = ( S - ) +
and the invariance by time translation leads to

which allows us to rewrite (D.21) in the form
x,ncoh( U ) =

T2

-2 Re
2T

( SS+(T)SS-(O))

(D.24)

which involves only the positive values of T.
We now write the Bloch-Langevin equations satisfied by the three
operators SSq(7) (with q = +, -, z ) . To do this, subtract from (B.3)
Equation (B.2), which is satisfied by the average values ( S q ) . The source
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terms A, disappear, and we then have

6 s 4 (T )

=

cgq,t6S,,(

T )

-k

F4( T )

4‘

(D.25)

where L B is~ the
~ Bloch
~
matrix and Fq(7) is the Langevin force acting on
S,(T). Because T is positive in (D.241, we can then use the quantum
regression theorem, derived in Complement A,, which states that, for
T > 0, the three two-time averages ( S S , ( T ) ~ S
-(0)) obey the same equa; is,
tions as the three one-time averages ( 6 S q ( ~ ) )that

It thus appears that (SS,(T)SS-(O>) is a superposition of three exponentials exp(-r,T), where the - r , ( A = 1,2,3)are the three eigenvalues of
the Bloch matrix ~ 2 % ’ ~ ~ ~ .
In the following subsection, we study only the few limiting cases
previously considered in subsection C-1-a above in connection with the
transient evolution of one-time averages. A more complete calculation can
be made, using, for example, a Fourier-Laplace transformation of Equations (D.26)(see the references at the end of the chapter).
c) INELASTIC
SPECTRUM
IN

A

FEWLIMITING
CASES

First assume that w L = w o and a,<< r (low-intensity resonant excitation). We saw above (see §C-1-a) that two r, are equal to r/2, whereas
the third one equals r. The inelastic spectrum is then, according to
(D.241, composed of two lines having a total width at half-maximum of 2 r
and r, both centered at wL.
We now consider the limit IwL - woI >> a,,
r which is the limit of a
nonresonant excitation. According to formula (C.2) given above, the spectrum Yinco,,(w) is made up of three lines: a central line at w L , of width 2 r
(associated with r,) and two sidebands centered at w L + (0,- w o > =
2wL - w o and w L - ( w , - w o ) = mu, of width r (associated, respectively,
with r l and r z ) . The two sidebands are associated with the second-order
nonlinear scattering process represented in Figure 29p of Chapter I1 (see
also Figure 30 of Chapter 11). The central line of width 2 r can be
interpreted as being associated with a inverse scattering process starting
from the excited state b (spontaneous emission of a photon w from b ,
then absorption of a laser photon w L and return to state b), the atom
being initially prepared in the state b by the three-photon process shown
in Figure 28 of Chapter 11.
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Finally, at high intensities and for a resonant excitation ( 0 ,>> r,

w L = w,), we can use result (C.l), which leads to the fact that the inelastic

r

spectrum is made up of a central line at w L of width
(associated with
r 3 ) and two sidebands centered at w L +
and w L - 0 , of width 3 r / 2
(associated with rl and r , ) (*I. This is the fluorescence triplet for which it
is not possible to give a perturbative interpretation in terms of scattering
processes involving several photons. We shall reexamine this problem in
Chapter VI by using the dressed atom approach and we will also study the
other optical detection signal:

a,

which, for

T

> 0, represents a photon-correlation signal.
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COMPLEMENT A,
BLOCH-LANGEVIN EQUATIONS AND
QUANTUM REGRESSION THEOREM

In Section D of the chapter, we showed how the characteristics of the
light emitted by an atom excited by a laser beam are related to the
two-time averages of the emitting atomic dipole. The purpose of this
complement is to show that the dynamics of these two-time averages are
determined by equations that are completely analogous to the optical
Bloch equations. The results obtained in Complement C,, for a harmonic
oscillator can then be generalized to a two-level atom. Note, however, that
such a generalization is not obvious because of the nonlinearities associated with a two-level system.
We begin by writing the Heisenberg equations for the atomic dipole
and for the quantum radiation field in the presence of the driving field,
which is assumed to be monochromatic and to have a frequency close to
the atomic eigenfrequency (91). Then, by formally solving the equations of
motion for the field, we decompose the total quantum field into two parts:
the free field and the field produced by the dipole (92). When this
expression for the total field is substituted into the Heisenberg equation
for the atomic dipole, this equation then takes the form of a Langevin
equation. The rate of variation of the atomic observables indeed appears
as the sum of an average rate (similar to that of the Bloch equations) and
a Langevin force, which is zero on average and fluctuates rapidly (93).
Using these Bloch-Langevin equations, we finally derive the quantum
regression theorem, which states that the quantum correlations regress as
the average values.
1. Coupled Heisenberg Equations for the Atom and the Field
We consider exactly the same system as the one described in the
chapter. One atom, represented by a two-level system, is fixed at the
coordinate-system origin 0. It interacts with the driving field E,(O, t ) of
frequency w L given in (A.2) and with the quantum radiation field E(O),
assumed to be initially in the vacuum state 10).
a ) HAMILTONIAN
AND OPERATOR
BASISFOR

THE

SYSTEM

Within the long-wavelength approximation, and in the electric dipole
representation, the Hamiltonian of the system is the one previously used
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in the chapter and is given by (A.1). We write it in the form

H

=

HA + HR + H,, + H I .

(1)

HA is the atomic Hamiltonian which we assume to include the dipole self
energy cdip[see formula (76) in the Appendix]. The atom is considered as
a two-level system, whose internal energy is measured from the ground
state la) so that HA is simply

HR is the Hamiltonian of the quantum radiation field
HR =

1d3k

elk

ho[a:(k)a,(k)

+ i].

(3)

Within the long-wavelength approximation, the sum over the modes kE is
limited to 1 k / < k,, with k, satisfying the long-wavelength condition.
The electric dipole moment operator d is assumed to have a real matrix
element between l a ) and Ib), directed along Oz, and written dabe,:
d

=

(Ib>(aI

+ Ia)(b/)d,be,.

(4)

The Hamiltonian for the interaction with the driving field HI, is written:

H,,

E,(O, t )

=

-d

=

han,(
Ib)(al

9

+ la)(bl) cos w,t

(5)

where 0 , is the Rabi frequency defined by (AS). Finally, HI is the
interaction Hamiltonian with the quantum field:

H I = - d . E , (0)
=

- d g b E i r ( O ) ( Ib)(al

+ la>(bl).

(6)

Recall that the field E ,(r) is defined by expression (89) in the Appendix
E L ( r ) =i[d3k

E'w(a,(k)Eeik'r- a : ( k ) ~ e - ' ~ ' ~ )

(7)

elk

in which the sum over k is limited to Ikl < k,.
The equivalence of the two-level system with a spin 3, described in
Subsection A-4 of the chapter, allows us to express any atomic observable
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as a linear combination of the four operators

{9+,
P z ,p-,
11
with
Y+=
Ib>(al

9-=
la>(bl

Pz
= ;[ I b X b l

- la>(aI]

1 being the unit operator. Therefore
HA = h w , [ 9 z

H,,

+ 1/21

+ HI = [halcos w L t - d a b E L z ( 0 ) ] ( P + + Y - ) .

(lO.a)
(10.b)

Similarly, the observables of the field are expressed as a function of the
operators

( * * ' > a , ( ka,+(k),
),
.* . }

(11)

so that it is sufficient to know the evolution of the operators (8) and (11) to
determine the evolution of the total system.
b ) EVOLUTION
EQUATIONS
FOR

THE

ATOMIC
AND FIELD
OBSERVABLES

In the Heisenberg representation, the atomic operators are time dependent, and their commutation relations at a given time t ,
[ P + ( t L9-(t>l

=

2Pz(t)

(12.a)

[ , Y z ( t > ,W t > I

=

*9'+(t>

(12.b)

allow us to explicitly write the Heisenberg equation

for each of the three operators P+,
P-,
and Pz.
We then have
dt
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The adjoint of (14) gives the equation for 9 - ( t )
d

-X(t)

dt

=

-iw&(t>

+ 2iP,(t)

dab

0 , coswLt - - E . , ( O , t )
A

1

.

(15)

Similarly, we obtain for 9 ’ ( t )
d

-Pz(t)

dt

=

- i( P+
( t ) - 9-( t ) ) (R cos w L t -

dab
~

A

E

(0, t )

To derive these equations, we used the fact that the field operator
E ,(O, t ) commutes with the atomic operators taken at the same time.
The evolution of the field is entirely determined by that of the operators a,(k) and their adjoints. The operator a,(k) commutes with the
atomic operators taken at the same time, and satisfies the usual commutation relations for the creation and annihilation operators. The Heisenberg
equation for the operator a,(k) is written

=

c)

-iwa,(k, t )

1

+ -gW€. d( t ) .
A

(17)

ROTATING-WAVE
APPROXIMATION.
CHANGEOF VARIABLES

As in the chapter, we are interested only in quasi-resonant radiative
processes and therefore we make the rotating-wave approximation. In the
Heisenberg picture, such an approximation consists of neglecting in the
right-hand side of the equations of motion (14)-(17) the coupling terms
between the atom and the field having eigenfrequencies that are very
different from those of the operator appearing in the left-hand side. For
example, in Equation (14), we retain only the component (exp i w L t ) / 2 of
cos w L t and the terms in a:(k) of E l z ( O , t ) . It is also convenient to
introduce operators whose rates of variation are slow relative to the
optical frequencies. For the atom, we therefore use the operators S , , S,,
and S - , defined by (A.15). For the field, we use the operators
a,(k, t )

=

a^,(k, t ) e P r o t .
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Equations (14)-(17) then become

(18.b)

(18.c)
(19)

(20)
and where E p ) and E?) are the parts of E I,containing, respectively, the
annihilation and creation operators of the different modes. By using the
operators a^ and a^+, we have

Note that, in the absence of interaction between the atom and the empty
modes of the radiation field, Equations (18) form a system of linear
equations with constant coefficients whose eigenfrequencies are those of
the spin in the rotating reference frame, i.e., +_
and 0, whereas
a*,(k) is constant. According to the assumptions we made, these frequencies are small compared with wL and w O .

d

d ) COMPARISON
WITH

THE

m

HARMONIC
OSCILLATOR
CASE

To derive the Heisenberg-Langevin equation for the atom, in the
following section we will use a procedure quite similar to the one followed
in Complement CIv, where the atom was represented by a harmonic
oscillator. First we compare the Heisenberg equations of the two systems.
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Equation (19) is very similar to Equation (33) in C,, giving the
evolution of d l . It is formally integrated in the same way

When they are multiplied by exp(-iwt) and substituted into the quantum
expression for the fields, the two terms in the right-hand side of (23) give,
respectively, the initial field having evolved freely from to to t , and the
field created by the atomic dipole between these two times. Thus, the two
terms in (23) represent what are usually called the “free field” and the
“source field” (see references at the end of the chapter).
The three equations (18) are equivalent to the equation of motion (32)
for 6 in CIv, and the adjoint equation for b+. One can first notice a
difference between Equations (18) and (32): the external field introduces
couplings between the evolutions of S,, S,, and S - , whereas 6 and 6+
evolve independently in the absence of coupling with the reservoir. However, this difference is not essential, because we could make linear combinations of the three equations (18) so as to display the eigenmodes for the
evolution of the atomic observables in presence of the external field. A
second, more important, difference relates to the form of the coupling
terms with the reservoir, represented here by the quantum field in the
vacuum state. Whereas these coupling terms depended only on reservoir
operators, thus playing the role of source terms in the equation of motion
for 6 , they appear here as products of an atomic operator and a field
operator. This property is related to the fact that the response of a
two-level system to a field is nonlinear (the response to the sum of two
fields is not the sum of the responses to each of them). It makes the
transition to the Heisenberg-Langevin equation more difficult, because we
must pay attention to the order in which the two operators of the product
are written. The atomic operators S,(t) ( 9 = +, z , -1 and those of the
field, Ei“)(O,t ) and E!“)(O,t ) , commute when they are taken at the same
time. This is not true for the free field and the source field taken
separately. Indeed, the free field depends on a^,(k, t o ) ,whereas the source
field depends on S + ( t - T ) [first and second terms of (2311. These two
operators do not necessarily commute with S,(t). Therefore, the coupling
terms with the free field and the source field appear in different forms,
depending on the order selected for writing the product of S,(t) and
E I (0, t ) . We will use this property in the following subsection to simplify
the calculations as much as possible.
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2. Derivation of the Heisenberg-Langevin Equations
In Equations (18), the fields E!")(O,t ) and E!')(O, r ) are now split into a
free field part and a source-field part

+ Ei,")(O,t )
E?)(O, t ) = E&;)(O, t ) + Elf)(O,t )

E;")(O,t )

=

E&",'(O,t )

(24.a)
(24 .b)

where

E&",(O,t )

=

1d3k xis,iFua^,(k, t o )e-1"'
E

Ej,")(O,t )

=

/ d3k

and

a ) CHOICE
OF

THE

NORMALORDER

Later on we will take the average in the vacuum state of equations (18),
or of similar equations derived from them and giving the evolution of
products of atomic operators. It is then convenient to write, in these
products, the operators a^,(k, t o ) on the right and the operators a^,'(k, t o )
on the left insofar as the relations

0

(28 .a)

(Ola^:(k, t o ) = 0

(28 .b)

;,(k, t o ) 10)

=

can be used for all the modes k, E . Therefore, in the second terms of
Equations (18), we place the operators E!")(O,t 1 on the right of operators
S , ( t ) , and the operators E!')(O, t ) on the left (which is possible, because
these operators commute). The contributions of E&:) and E k ) to these
terms will therefore be zero on average. Only the source fields El,") and
Ejf) will contribute to the averages. This way of ordering the operators
corresponds to what is known as the normal order. With this choice,
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we can, for example, explicitly write Equation (18.a) by using (24.b), (271,
and (26):

The penultimate term comes from Eh',). It is zero on average in the
vacuum and we will see later on that this term can be considered as the
Langevin force F + ( t ) acting on S + . The last term represents the contribution of the source field that we will now evaluate. Before doing so, note
that the equation for S - ( t ) is obtained by taking the Hermitian conjugate
of (291, whereas the equation for S,(t) is written

in,

$,(t)=-(S-(t)
2

- S+(t))

+ -[e'"~'S+(t)E~",(O,t)
h

- h.c.1 -

b ) CONTRIBUTION
OF THE SOURCE
FIELD

The last terms in (29) and (30) appear in the form of an integral over
of S,(t - T ) multiplied by the function

7

or by f * ( ~ ) The
.
operators S,(t - T ) are slowly varying functions of T on
the time scales wO1 and w L By contrast, the integral over k in (31) leads
to summing over a very broad spectrum of frequencies (between 0 and
ck,), so that the function f ( ~ is) very narrow around T = 0, with a width
on the order of l / c k , . Over such a short time interval, it is reasonable to
approximate the evolution of S,(t - T ) by its unperturbed evolution. We
can choose for such an evolution, either the one that occurs in the
presence of the external field at frequencies tand 0, or the
evolution in the absence of any interaction with the field which occurs at
frequencies +a, and 0. These two choices lead to identical results to

'.

-4
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within terms in f l l / w o or in 6,/wo, which are of the same order of
magnitude as those neglected in the rotating-wave approximation. We take
the second option here, which gives expressions directly comparable to
those used in the chapter for the Bloch equations. Thus, in (29) and (301,
we replace S,(t - T ) by
~ , ( t

7) =

S+
-(t)eki8LT.

(32)

Thus in the last term of (291, appear on the one hand the operator
S + ( t ) S , ( t ) which, according to Pauli matrix algebra, is equal to -S+(t)/2,
and on the other hand, the integral

=

2[ -id

+

i]

(33)

r

where
is the spontaneous emission rate from the state b [formula
(E.4.a) in Chapter IV] and h A is the radiative shift of the state b [formula
(E.7.b) also from Chapter IV; within the rotating wave approximation, the
radiative shift of state a is zero]. The contribution of the source field to
the right-hand side of (29) is thus finally written

i i+ 1
--

id S + ( t ) .

(34)

By proceeding in the same fashion, we find that the contribution of the
source field to (30) is
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c ) SUMMARY.
PHYSICAL
DISCUSSION
Using (34) and (351, the equations of motion for S + ( t ) , S , ( t ) , and S - ( t )
are written
(36.a)

S,(t)

=

S_(t)

=

0,
-i-S+(t)
2
in,S,(t)

where

-

-

rS,(t )

0,

+ i-S-(
2

(- is' + P)

- ~

t)

r

- -

2

+ F,(

( t + )~ - ( t )

t ) (36.b)

(36 .c)

is the detuning between the laser frequency w L and the atomic frequency
corrected by the radiative shift A, and where the Langevin forces are
given by
F+(t)

=

2id,,

-E"'(0, t ) e-iwl-l S A t )

h

dab
i - [ e ' " ~ ~ ' S + ( t ) E ~ " , ' ( O ,t ) h.c.1
h
2ida,
F - ( t ) = -eiwf-'Sz( t ) E{,",(O, t ) .
h
F,(t)

=

(37.a)
(37.b)
(37.c)

In what follows, we take the average values of the operators in the
Heisenberg representation in a state of the global system having the form
I PA;0), representing the atom in the state I W,) in the presence of the
quantum field in the vacuum state. The average values of the Langevin
forces (37) in such a state are zero as a consequence of relations (28). It
remains to be shown that their correlation time is short, which we will
prove in the following subsection.
Equations (36) are the Bloch-Langevin equations. They differ from the
Bloch equations (A.18) only by the Langevin forces. If we take the average
value in the vacuum state, they give exactly the Bloch equations, so that
the derivation of Equations (36) given in this complement constitutes a
justification for the approximation of independent rates of variation,
introduced in the chapter under the assumptions 16121,0 , << w L , w g .
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Finally, we return to the physical interpretation of the calculations
presented in this subsection. These calculations might lead us to believe
that the damping and the radiative shifts are due solely to the interaction
of the atom with its own field (radiation reaction), whereas the fluctuations
of the free field are involved only in the Langevin forces. However, a
choice other than the normal order would have led to different conclusions, although the global effect on the evolution of (S,) remains, of
course, the same.
In fact, to be able to give a physical interpretation to each of the rates
of variation, the one due to the radiation reaction as well as the one due
to the vacuum fluctuations, one must consider only Hermitian variables of
the system and require that their respective rates of variation be separately Hermitian. One can then show (*) that these conditions are satisfied
only if the products S , ( t ) E , z(O, t ) with ( q = x , y , 2 ) are made symmetric.
The resulting conclusions concerning the contribution of the radiation
reaction and the contribution of the vacuum fluctuations are then in
complete agreement with those given in Complement AIv.
Remark
It can be seen in (23) that the term relative to the source field depends only on
and E , . It is thus even in k. As a result, the source field is even in r. In
particular, its gradient at the origin is zero. The force exerted on the atom by its
own field is therefore zero, a result we have admitted in subsection (C-2-a) of
the chapter. The same result holds also for the average force due to the vacuum
field (25). To see this, it is sufficient, for example, to choose the normal order in
expression (C.14).

w

3. Properties of Langevin Forces

We showed in subsection 2 above that the three operators S,(t)
+, z , - ) obey the Bloch-Langevin equations (36) which can be
written in the form
(q =

d
dt

-S,( t )

=

CL2944,S
t4
)c
+(A,

+ F4( t )

4'

where
and A, are constant coefficients identical to those appearing in
the optical Bloch equations (A.181, and where the F,(t) are the forces
("1 J. Dalibard, J. Dupont-Roc, and C . Cohen-Tannoudji, J . Phys. (Paris), 43, 1617 (1982);

45, 637 (1984).

A,,.3

Bloch-Langevin Equations and Quantum Regression Theorem

399

given in (37) having an average value equal to zero

These forces may be considered as Langevin forces, insofar as their
correlation functions are characterized by a correlation time T , that is very
short compared to r-'. To prove this we will show that
F,J t , t ' )

= (F,+(

t)F,,( t ' ) )

=

2Dqqrg(t

-

t')

(40)

where Dqqc is a diffusion coefficient, on the order of r, and where
is a function of t - t' of width T, = l / c k , and having an
integral equal to 1 (this function is not necessarily even in t - t' as a result
of the quantum nature of the forces F J .
In the case of the harmonic oscillator studied in Complement C,,, the
Langevin forces depend only on the field operators, and calculating their
correlation functions is very easy. Expressions (37) show that the Langevin
forces of the two-level system are products of free field operators and
atomic operators. Calculating their correlation functions therefore requires prior knowledge of the commutation relations between atomic
operators and free field operators (*I.

g(t - t ' )

a ) COMMUTATION
RELATIONS
BETWEEN THE ATOMIC
DIPOLEMOMENT
AND THE

FREEFIELD

We first write explicitly the commutator [ S , ( t , ) , E$,",(O,t,)] by using
(25):

Using (23), we can reexpress &,(k, t o ) as a function of a^,(k, t,) [which
commutes with S , ( t , ) because it is taken at the same time] and of the
source field. We then have

The sum over k and

E

causes the function f , introduced in (31), to appear

(*) See also B. R. Mollow, J . Phys. A , 8, L130 (1975).
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with the argument T - ( t , - t , ) . This function f is very narrow, with
width l / c k , around 0, and the integral over T extends only to positive
values of 7 because t , - to is positive.
First assume that t , < t , , more precisely that t , - t , << - l/ck,. The
integral of f [ -~( t , - t , ) ] is then zero because the interval of integration
[0, t , - t o ] does not contain the interval of width l / c k , about t , - t , in
which f is appreciable. It follows that

[s,(t,),E ~ " , ( ot,, ) ] = o

if t , << t , - ( I / C ~ , ) .

(43)

Such a result is physically satisfying. Indeed, the operator S,(t,) depends
only on the vacuum field E(,*)(O,t ' ) which acted on the atomic dipole at
times t' located in the past of t , (t' < t,). Therefore, this operator
commutes with the vacuum field Eb*)(O, t l > in the future of t , ( t , > t,) (*I.
Assume now that It, - t,I 5 l / c k , . The integral over T in (42) is no
longer zero and can be calculated by using the approximation (321, which
is written here

and we then have

This is a function of t , and t,, on the order of TA/d,,. By taking the
Hermitian conjugate of (43) and (451, we obtain analogous relations for
E6",(0, t ).

b ) CALCULATION
OF THE CORRELATION
FUNCTIONS
OF LANGEVIN
FORCES
For example, we calculate the correlation function
( F : ( t ) F + ( t ' ) ) where F + is defined in (37.a)

.Y++=

F + + ( t , r ' ) = ~4d,2b
( S , ( r ) E ( Or" ) ( O , et i)~ ~ ( ' - ' ' ) E 6 ~ ) ( 0 , t ' ) S , ( t (46)
')).
( * ) Recall that the commutator [E,$:)(rl, rl), Eb;)(r2, t z ) ] is nonzero only if the two
events ( r l , t1) and (r2, t 2 ) are located on the same light cone.
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We reverse the order of the two fields. Equation (25) then gives

where f is the function previously introduced in (31). This function
f ( t - t’) is centered at t - t’ = 0 and has a width on the order of l/ck,.
Expression (46) is thus written

In the first term, S,(t’) is slowly varying on the scale of the width l / c k ,
of the function f(t - t’). Thus we can replace t’ by t to arrive at S:(t)
which is equal to
Note that the integral over t from --cc to +-cc of this
first term is simply, using ( 3 0 , the sum over all the modes of
( d f b / h 2 ) ~ : g 2 2 , r r 8 ( w- w,). According to (33), this sum equals
Therefore, this first term can be simply written T g ( t - f ’ ) , where g ( T ) , proportional to f ( ~ ) is, a function of T having a width l / c k , and an integral
equal to 1. The second term of (48) is negligible: indeed, if It - t’I >>
l / c k , , we can use (43) and its analog for
either to make S,(t)
commute with E6‘,)(0,t’), or E6;)(0, t ) with S,(t’), depending on the sign of
t - t’. One of these fields then acts directly on the state
0) which is
involved in the average value of (46) and gives a zero result; if It - t’l 5
l / c k , , the foregoing commutators remain finite, on the order of T h / d , ,
according to (451, so that the second term is on the order of
( d i b / h 2 ) ( r h / d a b ) *= r2.In the same interval of width l/ck,, the first
term is equal to T ( c k , ) >> r2.It is therefore justified to neglect the
second term of (48) relative to the first one and finally we have:

a.

r.

F + + ( t , f ’ )= r g ( t - t ’ )

(49 .a)

which gives, according to (40),

2D++=

r

(49 .b)

Optical Bloch Equations

402

A,.3

Similar calculations give for the other diffusion coefficients

D - - = D-+= D,-= 0,-=D - ,
2D,, = r((S,)
+
2D,,= r(S+)
2D+,

=

=

0

i)

(50 .a)
(50 .b)
(50.c)

T(S-).

(50.d)

c ) QUANTUM REGRESSION
THEOREM

This theorem is a consequence of properties (39) and (40) of the
Langevin forces, and of the existence of the two very distinct time scales,
r-’ and T , = l / c k , , with T , << r-’. To derive this theorem, we will
follow a procedure quite similar to the one used in Complement (2,”. We
give here only an outline of the proof. As in subsection 2-d in Complement
C,,, we begin by showing

( F 4 ( t ) S q l ( t ’ )=) o

if t - t’ >> 7,.

(51)

For this it is sufficient to formally integrate the system of linear equations
(38) to show that S , ( t ’ ) depends linearly on the Langevin forces F,,,(t”) in
the past of t’ and therefore, as a consequence of (401, cannot be correlated
with the Langevin force F4(r) for sufficiently distant in the future of t‘.
We then multiply the two sides of (38) by S J t ’ ) (after having replaced
the index of summation q’ by q ” ) and we take the average value. This
gives

+ A,(Sq4t’)) + ( F 4 ( f ) S 4 ’ ( f ’ ) ) .

(52)

For t - t’ >> T,, the last term in (52) is negligible, using (51). For t - t’ 5
we can show that it remains finite and on the order of DqSt,that is, on
the order of r, so that its contribution to the solution of (52) for t 2 t’ is
on the order of r7, e 1. Finally, we can ignore the last term of (52) for
t 2 t ’ . This shows that the two-time averages ( S , ( t ) S , , ( t ’ ) ) obey, for
t > t’, the equations
T,,
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having the same structure as the equations describing the evolution of the
one-time averages ( S , ( t ) )

It is such a result that allowed us, in Section D of the chapter, to use
optical Bloch equations to study the dynamics of the fluctuations of the
atomic dipole.
d ) GENERALIZED
EINSTEIN
RELATIONS

To end this complement, we show how the diffusion coefficients D,,,
introduced in (40) can be calculated directly from optical Bloch equations,
without having to use the expressions (37) for the Langevin forces, as we
did in subsection 3-b above. To do this, we follow a procedure similar to
the one used in subsections 2-e and 2-f of Complement C,".
We return to (38) and call "drift velocity of S," the quantity
9(
S,)

=

c944rtS4tt
+ A,
d'

(55)

so that the rate of variation of S , given by (38) is just the sum of the drift
velocity and the Langevin force:
d
-d- St , ( t )

=53(S,(f>) + F , ( t ) *

( 56)

Note that since F,(t) is zero on average, only the drift velocity remains for
( S,(t )>:

We now consider the operator S,'(t)S,,(t), which is an atomic operator
at time t . Pauli matrix algebra allows us to express it as a function of the
S,,,(t) and to calculate the average drift velocity
d

-(s,'(t)s,w)
dt

= ( "(Sd(t)S,t(t)))

(58)

as a function of the coefficients 9 and A appearing in the optical Bloch
equations (54).
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We can also write directly, using (56):

To calculate the last term in (59), note that, according to (511, the forces
F,(t) are not correlated with the operators S J t - A t ) if A t >> l/ck,.
Thus we integrate Equation (56) between t - A t and t , so that we can
express S J t ) as a function of S,(t - A t ) in the product ( F ; ( t ) S q f ( t ) ) .
We choose A t to be relatively small as compared to r-’ so that a linear
approximation of the variation of S , ( t ) between t - At and t is justified.
S,,( t )

=

Sqc(t - A t )

+ A t 9 ( S q , ( r - A t ) ) + /tt - A t Fq,( t ’ ) dt’.

(60)

When we substitute this expression into the last term of (59) and use
definition (54) for NS,,), average values of the type ( F , + ( t ) S J t - A t ) )
and A,,(F;(t)) appear, which are zero. What remains is the contribution
of the last term in (60)
(F,+(t)S,r(t) + S;(t)F,w)
=

[:Al

=

+ Fl(t’)F,,(t))

dt’(F,+(t)F,,(t’)

=

2Dqq,/‘

=

2D,,,/

t -AI

+At
-At

dt’[ g ( t - t ’ )
d.r g( 7)

=

+ g(t’ - t ) ]

2D,,,.

(61)

To derive (611, we used (40) and the fact that the integral of the function g
over an interval that is large as compared to its width is equal to 1.
Combining (581, (591, and (61) gives the generalized Einstein relation

2D,,$

= (9 ( S ; S 4 , )

-9(S:)S,,

- S;9(Sqt))

(62)

where it is understood that all the quantities are taken at time t .
Like the similar relation (76) derived in Complement C,,, Equation
(62) is the expression of a connection between fluctuations (characterized
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by the diffusion coefficient D,,,) and dissipation (characterized by damping coefficients appearing in the drift velocities). It is also clear from (62)
that the diffusion coefficient is associated with the non-Hamiltonian part
of the drift velocities.
Finally, we can verify in the case of D++ that the result given by (62)
coincides with that found above. To do this, we must use the relations

s;s+= s-s+= -s, + -2

(63 .a)

s,s+= *-s
2

(63 .b)

1

1

~

*

(63 .d)
We thus obtain 2D++=

r, in agreement with (49.b).
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CHAPTER VI

The Dressed Atom Approach

A-INTRODUCTION: THE DRESSED ATOM

This last chapter, just as the preceding one, is devoted to the study of
an atomic system interacting with a monochromatic resonant or quasi-resonant laser field. However, instead of treating the laser field as a classical
external field, we now consider it as a single-mode quantum field. The
motivation for such a quantum treatment is twofold. First, because the
Hamiltonian of the atom + field global system is time independent, it is
possible to introduce true energy levels and to study the manifestations of
the atom-laser interaction on the positions and the wave functions of these
levels. Second, with a quantized laser field, it is possible to clearly identify
the elementary processes of absorption and stimulated emission of laser
photons, as well as the spontaneous emission processes for fluorescence
photons. We can then shed new light on several important physical
phenomena, such as the spectral distribution of the light emitted or
absorbed by the atom, the photon correlations, or the fluctuations of
dipole forces.
Figure 1 shows the different subsystems considered in this chapter,
along with their respective Hamiltonians and the various couplings. An
atom A , with Hamiltonian HA, is first coupled by the Hamiltonian VALto
a particular mode of the field, which initially contains photons and which
we call the “laser mode” L , with Hamiltonian HL. Atom A is also
coupled by V,, to the “reservoir” R of the initially empty modes of the
field, with Hamiltonian HR. The global Hamiltonian of the A + L + R
407
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HA

Figure 1. Various subsystems considered in this chapter, with respective Hamiltonians HA,HL, and HR. The Hamiltonians VAL and V‘, describe the interactions
between A and L on the one hand, and between A and R on the other hand.

system is then

H

= HA

+ H L + HR + VAL+ VAR.

(A.1)

In Section B below, we begin by neglecting VARand by considering the
system A L formed by the coupled-system atom + laser mode. The
Hamiltonian of A + L is

+

Such a system, which we call the “atom dressed by laser photons”, has an
infinite ladder of discrete energy levels. The positions and the wave
functions of these energy levels are studied in detail and we show how the
processes of absorption and stimulated emission of laser photons appear
in the basis of uncoupled states (eigenstates of HA + H,) and in the basis
of dressed states (eigenstates of H A L ) .
We then introduce the coupling VAR in Section C . Considering the
system A + L as spontaneously emitting photons into the reservoir R of
empty modes allows us to introduce the picture of the radiative cascade of
the dressed atom. In this picture, the sequence of photons emitted by the
atom under the influence of laser excitation appears as a sequence of
photons emitted in a cascade by the dressed atom descending along the
ladder of its energy levels. Several physical phenomena are reviewed and
interpreted from this point of view.
To provide quantitative support for the pictures given in Section C, we
study in Section D the master equation which describes the spontaneous
emission of the dressed atom. Using the results from Chapter IV, we
derive the evolution equation for the dressed atom density operator a,,
under the influence of its coupling with the reservoir R. The projection of
this equation onto the dressed state basis is analyzed in detail in the
secular limit where it is possible to neglect the couplings between populations of dressed levels and coherences between dressed levels. We also
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show how the optical Bloch equations are contained in these more general
equations.
In Section E, the foregoing results are then applied to several concrete
physical problems: widths and weights of the various components of the
fluorescence triplet; absorption spectrum recorded on a weak laser beam,
probing either the transition excited by the first laser beam or another
transition sharing a common level with the first one; photon correlation
signals; average value and fluctuations of dipole forces.
Finally, two complements continue the discussions of this chapter in
other directions. Complement A,, reviews several applications of the
dressed atom method in the area of magnetic resonance. Spontaneous
emission is then negligible, but the intensity of the field can be large
enough for the Rabi frequency to be comparable to the eigenfrequency of
the transition. Complement B,, shows how it is possible to apply the
dressed atom approach to the problem of the collisional redistribution of
radiation.
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VI.B.l

LEVELS OF THE DRESSED ATOM

1. Model of the Laser Beam
To simplify the quantum description of the laser field as much as
possible, we consider a cavity without losses, having only one mode, with
frequency w L , which contains photons. This mode is chosen in such a way
that its field is similar to that of the laser beam. Such a model thus
associates with the laser beam a free mode of a cavity, the laser mode L.
The atom is assumed to be placed inside the cavity (Figure 26). The fact
that it can absorb and emit photons in a stimulated fashion in this mode L
represents the only possible cause for the variation in the number of laser
photons.
In the real experiment, the atom is not generally in a cavity, but instead
interacts in free space with an incident laser wave (Figure 2 a ) . The model
corresponding to Figure 26 can be applied to the real experiment only if
several conditions are fulfilled.
(i) The field “seen” by the atom in the cavity must have the same value
and the same local spatial variations as in the real experiment.
(ii) The cavity must be sufficiently large so that the spontaneous emission of the atom is not modified.

Atom

Figure 2. ( a ) Real experiment. The atom interacts with an incident laser wave.
( b ) Model used here. The atom interacts with the field of a lossless cavity having
only one mode containing photons.
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Condition (i) shows that the exact value of the average number ( N ) of
photons in the laser mode is not important. Only the ratio ( N ) / V (where
V is the volume of the cavity) is significant, because it is related to the
energy density. Condition (ii) requires that V must be very large. Indeed,
we will make ( N ) and V tend to infinity while keeping ( N ) / V constant.
We also assume that the width A N of the distribution of the number of
laser photons is very large (for example, if the laser mode is in a coherent
state, A N =
Another important parameter is the number of
photons emitted spontaneously by the atom during the interaction time T
(corresponding to the actual experiment). This number is at most on the
order of T T / 2 , and is also equal to the number of photons that disappear
from the laser mode, because each fluorescence cycle (absorption followed
by spontaneous emission) transfers a photon from the laser mode to
initially empty modes. At the limit ( N ) + 00, V + we can also take
A N + CQ, and thus A N >> T T , which allows us to neglect the number of
absorbed laser photons compared with A N and to consider that, during
the entire duration T of the experiment, the atom is subjected to the same
laser intensity.

m).

(13,

Remark

It is, of course, possible to also consider experiments on atoms actually located
in a cavity having sufficiently small dimensions so that the spontaneous emission
of these atoms is modified. We must then explicitly consider the modes of this
real cavity. We will not deal here with these “cavity quantum electrodynamics”
effects (see the references given at the end of subsection A-1-c in Chapter 11).

In what follows, we thus assume

( N ) ,A N

%

1, T T .

P.1)

We also assume that A N , while being very large compared with 1, is very
small compared with ( N )

which is equivalent to taking, for the distribution of the photon number in
the laser mode, a relatively narrow distribution around a large average
value.
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M.B.2

+ Laser Photons System

We begin by neglecting the interaction between the atom and the laser
photons. The Hamiltonian of the global system is then HL HA, where

+

H L = hw,(a+a

+ +)

is the Hamiltonian of the laser mode, a + and a being the creation and
annihilation operators, and

is the atomic Hamiltonian, having eigenstates Ib) and la) with energies
h w , and 0.
The eigenstates of HA + H L are then labeled by two quantum numbers:
the number N of laser photons, and the atomic quantum number b or a.
The states la, N + 1) and Ib, N ) are close to each other near resonance,
i.e., when
16Ll << w ,

P.5)

where

Figure 3. Manifolds 8 ( N + l), B ( N ) , and 8 ( N - 1) of uncoupled states of the
atom + laser photons system. The energy difference ha, between the two levels of
a given manifold is very small compared with the gap ho, between two adjacent
manifolds.
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is the detuning between the laser frequency w L and the atomic frequency
energy difference between these two levels equals ha,, the level
la, N + 1) being above 16, N ) if 6, is positive. The manifold formed by
these two levels is written

w o . The

+ 1>,

8 ( N ) = {la, N

Ib, N ) ) .

(B.7)

+

Figure 3 shows such a manifold, located at a distance h w , below 8 ( N 11,
formed by la, N + 2 ) and l b , N + 1) and at a distance h w , above
8 ( N - 11, formed by l a , N ) and Ib,N - 1).
3. Atom-Laser Photons Coupling
a> INTERACTION HAMILTONIAN

In the electric dipole representation (see Appendix, Q.9,
the interaction
Hamiltonian VAL between the atom and the laser mode is written
- d * EL(R), where d is the atomic dipole and E,(R) is the laser field
operator, evaluated at the position R of the atom. Here we treat R
classically. With an appropriate choice for the coordinate origin, the field
E,(R) is equal to

where

E,

is the polarization of the laser mode. Because
d

where d,,

=

(aldlb)

=

= dab(

P++
9-)

(B.9)

(bldla) is assumed to be real and where

Y+=
Ib)(a

9-=
la)(bl

(B.10)

VAL is finally written

VAL= - d . E,(R)

=

g ( P++
Z

)(
a + a+)

(B.11)

where g is a coupling constant equal to
(B.12)
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b ) RESONANT
AND NONRESONANT
COUPLINGS

The interaction Hamiltonian VALcouples the two states of each manifold 8 ( N ) to each other. The corresponding matrix element is written

Physically, such a coupling expresses the fact that the atom in the state la)
can absorb a laser photon and go to state Ib).
The state la, N + 1) is also coupled by VAL to the state Ib, N + 2 ) ,
which belongs to 8 ( N 2). Similarly, the state Ib, N ) is coupled to
la, N - l ) , which belongs to 8 ( N - 2). In addition to the resonant
couplings within the same manifold, V, thus also introduces nonresonant
couplings between states belonging to different manifolds, separated by
f 2 h o L . We neglect here these nonresonant couplings. We will see in
Complement A,, (94-b) that, among other effects, they give rise to the
Bloch-Siegert shift of magnetic resonance lines.

+

c ) LOCALPERIODICITY
OF THE ENERGY
DIAGRAM

The relative variation of the coupling U , over the range A N of the
distribution of the number of laser photons is written, using (B.13)

(B.14)
Using (B.21, such a variation can be neglected, which is equivalent to
approximating uN by
(B.15)
Taking a coupling U , independent of N leads to the fact that the
energy-level diagram resulting from the diagonalization of HA + H L + VAL
can be considered to be periodic over a range A N of values of N around
(N).
d ) INTRODUCTION
OF THE RABIFREQUENCY

We assume here that the laser mode is in a coherent state
Iaexp(-iw,t)) with a being real. Equation (B.8) then gives in average
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value, and by using the fact that ( N )= a'
( a e-iOLfIE,(R) la e - i O L ' )

=

€?,,cos wLt

(B.16.a)
(B. 16.b)

We know that it is then correct (see Exercise 17) to treat the laser field as
a classical external field given by (B.16.a). This is what was done in
Chapter V. We then set:

where 0 , is the Rabi frequency that we assume to be positive. By
substituting (B.16.b) into (B.17) and by using (B.121, we can write (B.15) in
the form
UN =

h0,/2

(B.18)

which expresses the resonant coupling associated with VALas a function of
the Rabi frequency 0, introduced in Chapter V.
4. Dressed States
a ) ENERGY
LEVELSAND WAVEFUNCTIONS

When we take into account the coupling uN between the two states
la, N
1) and Ib, N ) of 8 ( N ) , we obtain two perturbed states Il(N))
and ( 2 ( N ) )that we call dressed states. For N varying in the interval A N
around (N),
we can ignore the variation of uN with N and use (B.18). We
then find that the two dressed states are separated by an interval

+

h 0 = h\/6t

+ 0:

(B.19)

and are symmetrically located with respect to the unperturbed levels
(Figure 4).
By convention, the state Il(N)) will be the one with the greatest
energy, so that the eigenstates Il(N)) and ) 2 ( N ) )are written
II(N))

=

sin 81u, N

12( N ) )

=

cos ela, N

+ 1) + cos elb, N )

+ 1) - sin elb, N )

(B.20.a)
(B.20.b)
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t
Figure 4. Uncoupled levels (left-hand part) and perturbed levels (right-hand part)
of the manifold 8 ( N ) .

where the angle 0 is defined by
tan20

=

0,

--

0 I 20 < T .

(B.21)

b ) ENERGY
DIAGRAM
VERSUS hw,

Figure 5 shows the variations with hw, of the energies of the dressed
states Il(N)) and 12(N)). The uncoupled state la, N ) is chosen as the
energy origin. The dashed lines represent the energies of the uncoupled
states la, N + 1) (straight line with slope 1 passing through the origin)
and Ib, N ) (horizontal line with ordinate hw,). They intersect at h w , =
Aw,. The energies of the dressed levels 11"))
and 12(N)) form the two
branches of a hyperbola having the above-mentioned lines as asymptotes.
The minimum distance between the two branches of the hyperbola occurs
when hw, = hw, and is equal to h 0 , .
By contrast with the uncoupled states which cross each other for
h w , = hw,, the dressed levels 11")) and 12(N)) repel each other and
form an "anticrossing" (*I. The advantage of such a graphic representation, as well as the others that will be given later on in this chapter, is that
it gives an overall view on several physical phenomena. For instance, when
the detuning 6 , = w L - w o is made to vary from positive values to
negative values, it can be seen in Figure 5 that the state Il(N)) passes
continuously from the uncoupled state la, N + 1) to the uncoupled state
Ib, N),while, for 6, = 0, it is a linear superposition of these two states
(*) Recall that we have not yet considered spontaneous emission. When we take this
phenomenon into account, the perturbed levels continue to cross each other if 0,is not
sufficiently large compared with r (see 5C-3-c in Chapter 111).
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fiO0

Figure 5. Energies of the dressed levels / l ( N ) ) and 1 2 ( N ) ) (solid lines) versus
hw,. The dashed lines represent the energies of the uncoupled states la, N
1)
and Ih, N ) .

+

with equal weights. The distances between the perturbed levels and their
asymptotes for /6,1 >> 0 , represent the light shifts (or a.c. Stark shifts) of
atomic states a and b due to the coupling with the laser. It can be seen,
for example, in Figure 5 , that the light shift of the state a is positive for
6, > 0 and negative for 6, < 0, with the situation for the state b being the
reverse.
5. Physical Effects Associated with Absorption and Induced Emission
As we have already seen above, the couplings described by cN correspond to processes of absorption (la, N + 1) + Jb,N)) or stimulated
emission (Ib, N ) + la, N + 1)). The effects of these processes can be
considered from a dynamic or a static point of view.
We begin with the dynamic point of view. Assume that the system is in
the state la, N 1) at time t = 0. What is the probability 9 ( fof) finding
it in the state Ib, N ) at time t ? This problem is well known in quantum
mechanics. The probability 9 ( t ) is a sinusoidal function of time, oscillating at the Bohr frequency 0 associated with the two perturbed levels
Il(N)) and 12(N)). The oscillation is a full oscillation when the two
uncoupled states la, N 1) and Ib, N ) both contain equal proportions of
the coupled states J l ( N ) )and 12(N)).We then find the “Rabi nutation”

+

+
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phenomenon, which, at resonance (6,
01.

=
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O), occurs at the Rabi frequency

From the static point of view, the effect of the coupling is manifested by
the fact that the new stationary states of the global system have energies
and wave functions that differ from those of the uncoupled states. We will
see later on that these differences give rise to several important phenomena, such as the modification of the emission or absorption spectra of the
atom when it interacts with the laser beam.

M.C.l
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C-RESONANCE FLUORESCENCE INTERPRETED AS A
RADIATIVE CASCADE OF THE DRESSED ATOM

After having discussed the energy levels of the dressed atom Hamiltonian HAL,we now introduce the coupling of this system with the empty
modes of the field (right-hand portion of Figure 1). Such a coupling causes
photons to appear in modes that were initially empty. These are the
fluorescence photons that an atom emits when it is excited by a resonant
laser wave, and which appear here as photons spontaneously emitted by
the dressed atom. The purpose of this section is to analyze such a picture
in more detail and to show that resonance fluorescence can indeed be
described in terms of a radiative cascade of the dressed atom descending
along its energy-level ladder as a result of successive spontaneous emission
processes. The emphasis here will be put on simple physical arguments. A
more quantitative study, based on the master equation for describing the
spontaneous emission of the dressed atom, will be presented in Sections D
and E. After a brief review of the different time scales of the problem ($11,
we describe the radiative cascade of the dressed atom and the different
physical phenomena associated with it. Two different bases are used: the
uncoupled basis (92) adapted to the temporal aspect of the processes, and
the dressed state basis ($3) adapted to the energy aspect.
1. The Relevant Time Scales

In Chapter IV, we introduced two characteristic time scales for a
relaxation process such as spontaneous emission: the correlation time T,,
which is very short ( 7 , is less than one optical period l/oobecause its
inverse characterizes the range of variation of the spectral density of
vacuum fluctuations which varies as w 3 ) ; the radiative lifetime T~ = r-',
which is much longer and is the average time after which an initially
excited atom emits a photon. When an atom is excited, one cannot predict
with certainty the time at which the photon will be emitted. Only the
emission rate r is known. When emission occurs, the process itself lasts a
time on the order of 7,.
Now consider the processes of absorption and stimulated emission.
According to subsection B.5, the characteristic time scale associated with
them is the Rabi nutation period, which equals 0;' at resonance and
0-' in the general case [see (B.1911. In this entire chapter (just as in the
previous chapter), we will limit ourselves to the case
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Condition (C.11, which is equivalent to w o >> O,,1 ~ 5 ~ 1expresses
,
the fact
that the duration 7c of an elementary spontaneous emission process is too
short for the interaction with the laser photons to manifest itself during
this time 7,: The laser photons remain “spectators.” By contrast, between
two spontaneous processes (time scale
the atom and the laser
photons have time to get coupled.
The physical picture that we will give below for resonance fluorescence
depends, of course, on the experiment being considered. If we are interested in the temporal aspect of the phenomena, by measuring, for example, the various emission times of the photons emitted by the atom using a
very wide-band photodetector, it is clear that the description of the
evolution of the system will be simpler in the uncoupled basis, because, for
each elementary spontaneous emission process, the laser photons remain
spectators. If, by contrast, we attempt to measure the energy of the
emitted photons by means of a narrow-band photodetector of bandwidth
6 v , the measurement time (on the order of 6 v - l ) is sufficiently long to
allow the Bohr frequencies of the coupled atom + laser photons system to
be measured. The dressed state basis is then more interesting.

r-’),

2. Radiative Cascade in the Uncoupled Basis
a ) TIMEEVOLUTION
OF

THE

SYSTEM

In Figure 6, we have represented three manifolds 8 ( N ) , 8 ( N - l),
and kY(N - 2) of uncoupled levels of the atom + laser photons system
(the levels containing b are to the right of the levels containing a). The
couplings induced by VAL between levels of the same manifold describe
absorption or stimulated emission processes (horizontal arrows pointing,
respectively, to the right and to the left). Because the laser photons remain
spectators during an elementary spontaneous emission process in which
the atom goes from b to a, the corresponding transitions connect states b
and a with the same value of N (wavy lines).
The time evolution can then be described in the following way. Assume
that the system is initially in Z ( N ) , where it makes a Rabi oscillation
between la, N + 1) and Ib, N ) . At a certain time, a “quantum jump” (of
duration 7,) occurs from lb, N ) to la, N ) with the spontaneous emission
of a photon. A new Rabi oscillation then begins between la, N ) and
Ib, N - l), until the next quantum jump Ib, N - 1) + la, N - l), and
so on.
b ) PHOTONANTIBUNCHING

The foregoing discussion shows that, immediately after a spontaneous
emission process, the atom is found in the lower state a, with the global

Resonance Fluorescence Interpreted as a Radiative Cascade
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Figure 6. Radiative cascade in the uncoupled basis. The horizontal arrows correspond to absorption and stimulated emission processes, and the wavy arrows
correspond to spontaneous emission processes.

system being, for example, in the state la, N ) of 8 ( N - 1). No spontaneous emission occurs from la, N ) (see Figure 6) and a certain amount of
time is needed before the atom goes into the state Ib, N - 1) (by absorption of a laser photon) and then becomes able to spontaneously emit
another photon again.
Two spontaneous emissions of photons by the same atom are thus
separated by a time interval T whose probability distribution tends to 0
when T + 0. Such an effect is called photon antibunching and has been
observed experimentally (*I. It is a typical quantum effect.
c) TIMEINTERVALS
BETWEEN T w o SUCCESSIVE
SPONTANEOUS
EMISSIONS

Assume that a photon is emitted at time t = 0, for example, during a
transition Ib, N ) -+ la, N ) . Just after t = 0, the system is therefore in the
state l a , N ) . Because the next photon is necessarily emitted from
Ib, N - 1>,the probability that the following emission will occur between
7 and T
dT is equal to K ( 7 ) d ~where K ( T )is r times the probability of
being in Ib, N - 1) at time T , knowing that the global system started from
la, N ) at t = 0. To calculate K ( T ) ,we can then limit ourselves to the two

+

(*) H. J. Kimble, M. Dagenais, and L. Mandel, fhys. Rer'. Letf., 39, 691 (1977); M.
Dagenais and L. Mandel, fhys. Rec. A , 18, 2217 (1978); J. D. Cresser, J. Hager, G. Leuchs,
M. Rateike, and H. Walther in Dissipafice Systems in Quantum Optics, Val. 27 of Topics in
Current Physics, edited by R. Bonifacio (Springer-Verlag, Berlin, 1982).
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states of the manifold 8 ( N - 1). The problem is then reduced to the
evolution of two coupled states, one being the stable state la, N),and the
other being the unstable state Ib, N - 1). We previously studied such a
problem in subsection C.3 of Chapter I11 and showed that the evolution
within the manifold of the two states is described by a non-Hermitian
effective Hamiltonian. One must actually solve the system of equations

..
lCa =

0 1

TCb

with the initial condition c,(O) = 1 and Cb(0) = 0, and deduce K ( T )=
Such a calculation is straightforward and leads to, for a resonant
excitation ( 6 , = 0):

l7CJT)I2.

( C .3.a)
with

(We assume that A2 > 0, i.e., 0 , 2 r / 2 . If not, we must change the sign of
A2 and replace sin by sinh.)
The function K ( T )characterizes the distribution of intervals T between
two successiue emissions. We now consider the sequence of random times
t , . - . at which the atom has spontaneously emitted photons
t,, t,
during its radiative cascade. The time t , of emission of the nth photon is
correlated with the time t , - , of emission of the previous photon. This is
the antibunching effect mentioned above. By contrast, the intervals T , =
t , - t , - l and T , - ~ = t,-l - t,.-2 are independent random variables, because, after emission of a photon at time t , - the system starts again from
a state of the type l a , N ) independently of everything that happened
before t n - , . Knowing the distribution K ( T )of the intervals between two
successive emissions is thus sufficient for the characterization of the
statistical properties of the random process formed by the sequence of
emission times. If the emitted photons are observed with a photodetector
and if the efficiency 77 of the detector is known, it is easy to imagine that it

,,
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is possible to calculate, using 77 and H T ) ,all the characteristics of the
number of photons detected during a time T (photon counting signals) (*).
In subsection E.3, we will calculate the photon-correlation signal from
the master equation describing the evolution of the dressed atom. We will
then justify in detail the introduction of the function K ( T ) and all the
physical pictures we have just presented.

3. Radiative Cascade in the Dressed State Basis
a ) ALLOWED
TRANSITIONS
BETWEEN DRESSED
STATES

To find the allowed spontaneous transitions between dressed states, we
must determine the pairs of dressed states between which the atomic
dipole d has a nonzero matrix element. We saw in subsection C.2 that, in
the uncoupled basis, d can only connect the two levels ( b ,N ) and la, N )
belonging to two adjacent manifolds 8 ( N ) and 8 ( N - 1) (arrow with
dashed lines in Figure 7). The two levels l1(N)) and 12(N)) of B ( N )
are both “contaminated” by Ib, N ) (see B.20). Similarly, the two levels
I1(N - 1)) and 12(N - 1)) of 8 ( N - 1) are both contaminated by la, N ) .
One thus concludes that the four transitions connecting the two dressed
states of two adjacent manifolds are all allowed (wavy arrows in Figure 7).
By contrast, because the two states Il(N)) and 12(N)) are not contaminated simultaneously by la, N ) and Ib, N ) , there is no allowed transition
between the two dressed states 1 1(N)) and l2(N)) of the same manifold.
Similarly, we would show that there are no allowed transitions between
8 ( N ) and 8 ( N - p ) if p > 1.
Quantitatively, the four transition matrix elements between li(N)) and
1 j ( N - 1)) are proportional to the matrix elements (i(N)(S?+lj ( N - 1)).
For N varying in the interval A N about (N),we can use expression
(B.20) for the states li(N)). The matrix elements between (i(N)I and
I j ( N - 1)) of the operator 9’+defined in (B.10) are then independent of
N,and are written ( 9 + l i j They
.
equal
(1(N)19’+11(N- 1)) =

(P+)~~
= sinecoso

( 2 ( N ) 1 9 + 1 2 ( N - 1)) = ( s L + ) 2 2= -sinOcose

(C.4.a)
(C.4.b)

(1( N )19’+12( N - I))

=

( Y+),~
= c0s2 8

(C.4.c)

( 2 ( ~ ) 1 9 + 1 1 ( ~I))-

=

( s ? + ) ~=~ -sin28.

(C.4.d)

( * ) See, for example, S. Reynaud, Ann. Phys. Fr., 8, 315 (1983).
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b ( N - 1)

Figure 7. Allowed spontaneous transitions between uncoupled states (on the left)
and dressed states (on the right).

b ) FLUORESCENCE
TRIPLET
The central frequencies of the lines spontaneously emitted in the
allowed transitions in Figure 7 equal:

II(

+ L!

N))

-+

)2(N - 1)): frequency w L

transition 12( N ) )

-+

Il( N - 1)): frequency w L - 0

transition ti( N ) )

+

li( N - 1)): frequency w L

transition

(i

(C.5)
=

1,~).

The dressed atom approach thus provides a very simple interpretation of
the triplet structure of the fluorescence spectrum, formed by a central line
at w L and two sidebands at w L f 0.
To determine the widths of these three lines, it is not sufficient to
calculate the natural width of each dressed state, which is equal to the
spontaneous emission rate of a photon from this level (given by the Fermi
golden rule). Indeed, because the dressed atom energy diagram is periodic, coherence transfers can occur (as for the harmonic oscillator; see
Complement B,,, 03.b) between pairs of states corresponding to the same
Bohr frequency. Later on, we will see how using the master equation for
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the dressed atom solves this problem. We will also obtain simple expressions for the weights of the lines as a function of the populations of the
levels and of the transition rates.
c ) TIMECORRELATIONS
BETWEEN FREQUENCY
FILTERED

FLUORESCENCE
PHOTONS

r.

The three lines of the triplet, having a width on
Assume that R >>
the order of as we will see below, are then well separated. By placing in
front of the broadband detector that observes the fluorescence light a filter
with a frequency bandwidth Sw such that

r

and whose central frequency coincides with w L , w L + 0 , or w L - 0 , one
can then determine from which line of the triplet the detected photon was
emitted while still maintaining a temporal resolution better than rTo interpret the signals observed under such conditions, the picture of
the radiative cascade between dressed levels is particularly convenient.
For example, in the cascade represented in Figure 8, the system starting
from Il(N)) emits a photon w L + R, which brings it to 12(N - l)), then
a photon w L - 0, which brings it to Il(N - 2)), then a photon w L ,which
brings it to Il(N - 3)), and so on.

'.

I ( N - 1)

I(N - 2 )

8 ( N - 3)

I 1w

-

3))

l2(N - 3 ) )

Figure 8. Radiative cascade in the
dressed state basis.
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The foregoing picture allows us to simply understand the temporal
correlations between photons emitted in the various lines of the triplet.
For example, after the emission of a “large” photon ( w , + 01, the
dressed atom is in a type-2 state from which it can emit only a “small”
photon ( w , - 0 )or a “medium” photon (w,). Between two emissions of
large photons ( w , + R), there must necessarily be the emission of a small
photon ( w , - R), which brings the dressed atom from a type-2 state to a
type-1 state. The correlations between photons w L + R and w L - R have
been experimentally observed (*I.
Remark
We return to the photon antibunching effect observable with a broadband
detector (see sC.2.b above). How will it appear in the dressed state basis?
Immediately after a photon is detected, we know that the system is in a state
that contains only a , for example, la, N ) . However, the state la, N ) is a linear
superposition of the two dressed states I l ( N - 1)) and 12(N - 1 ) ) which does
not radiate. The subsequent evolution causes the phase difference between
I l ( N - 1 ) ) and / 2 ( N - 1 ) ) to vary at the rate f2 and again makes possible the
emission of light. In other words, the Rabi oscillations observed on the population of J b ,N ) , and therefore on the emission rate, appear in the dressed state
basis as a quantum beat signal, the initial coherence between the two levels of
8 ( N - 1) being suddenly prepared by the detection of the first photon. By
placing filters (of the type described in this subsection) in front of the detector,
one suppresses these beats in the same way as, in a quantum beat experiment,
any attempt to determine from which state the photon is emitted suppresses the
interference which is at the origin of the beat.

(*) A. Aspect, G. Roger, S . Reynaud, J. Dalibard, and C. Cohen-Tannoudji, Plzys. Re(,.
Lett., 45, 617 (1980).

M.D.1

427

Master Equation for the Dressed Atom

D-MASTER

EQUATION FOR THE DRESSED ATOM

In subsection E-a-1 of Chapter IV, we derived the master equation
describing the spontaneous emission of an atom with two levels a and b.
For the discussion here in Section D, it will be useful to rewrite this
equation in the form

In (D.l), a, is the atomic density operator, HA is the atomic Hamiltonian
(B.4), and P+and 9-are the operators given above in (B.10). The
projection of (D.1) on the basis {la), Ib)} gives

which are indeed the Equations (E.5) and (E.6) of Chapter IV (we assume
that the radiative shifts have been included in 0,).
In this Section D, we generalize Equation (D.1) for the atom + laser
mode system; i.e., for the dressed atom with Hamiltonian HAL = HA +
HL VAL. We begin ($1) by deriving the general form of the master
equation within the approximation of independent rates of variation. We
then project this equation over the dressed state basis and physically
interpret the results obtained at the secular limit 0 >> (42). Finally, we
show how a quasi-steady state can be defined for the radiative cascade of
the dressed atom (43).

+

r

1. General Form of the Master Equation
a ) APPROXIMATION
OF INDEPENDENT
RATESOF VARIATION

The physical discussion in subsection C-1 above shows that, if the
condition T , << 0-’ is fulfilled, the laser photons remain “spectators”
during an elementary spontaneous emission process, because there is not
sufficient time for the Rabi oscillation with frequency 0 to occur during
the correlation time T , of such a process. By contrast, between two
spontaneous emission processes, there is sufficient time for the coupling
VAL between the atom and the laser photons to manifest itself. The
approximation of independent rates of variation consists of independently
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adding the rates of variation of the density operator aALof the dressed
atom, due, respectively, to the processes of absorption and induced emission on the one hand, and spontaneous emission on the other hand, and
calculated as if each type of process were acting alone. We thus generalize
Equation (D.1) in the form

It should be noted that HA, (which contains VAL)has replaced HA in the
first term (*). Later on (see the Remark in subsection D-2-b and Complement BvI) we will return to the corrections that can be made to the
approximation of independent rates of variation.
The last two terms of (D.3) describe the effect of spontaneous emission.
By projecting over the uncoupled basis of eigenstates of HA + H L , they

03.4)

the quantum
numbers N and N‘ of the laser photons being unchanged during the
process.
To simplify notation, we will now write a instead of a,, for the density
operator of the dressed atom.
b ) COMPARISON
WITH OPTICAL
BLOCHEQUATIONS

We introduce

(*) The operators Y 5 of (D.3) must also be understood as the tensor products of
operators (B.10) by the unit operator of the laser mode.
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The equations of motion for (.S+), ( K ) ,and ( S ; ) can be obtained from
(D.3). One can easily check that these equations are identical to the
optical Bloch equations (A.18) in Chapter V. For the spontaneous emission terms, such a result is not surprising, considering the similarity
between (D.2) and (D.4). For the absorption and stimulated emission
terms [contribution of the first term of (D.311, it is sufficient to note that
the projection of H A L onto a manifold 8 ( N ) of the dressed atom is
represented in the basis {lb, N),la, N + 1)) by the following matrix,
except for a constant term.

In Chapter V we introduced a geometric representation for the Rabi
oscillation (associated with absorption and stimulated emission processes)
in terms of a fictitious spin coupled to magnetic fields (see subsection A-4
in Chapter V). It is easy to see that the matrix (D.6) coincides with the
matrix that represents, in the rotating reference frame OXYZ,the interaction Hamiltonian of the fictitious spin with the effective field Be (see
Figure 1 in Chapter V). Thus, there is a strong analogy between the
dressed states Il(N)) and 12“)) of a manifold 8“) of the dressed
atom and the eigenstates of the fictitious spin along the direction of the
effective field B,. The angle 20 introduced in (B.21) corresponds to the
angle between the two fields Be and b, in Figure 1 of Chapter V.
We have therefore shown that the optical Bloch equations in Chapter V
are contained in the more general equations (D.3). However, it should not
be forgotten that the “reduction” operation associated with (D.5) (sum
over N ) “condenses” all the manifolds 8 ( N ) into a single manifold, and
thus causes the loss of the picture of the radiative cascade 8 ( N )
8 ( N - 1) + 8 ( N - 2) . . . and all the resulting simple physical interpretations (see Section C above).
-j

2. Master Equation in the Dressed State Basis in the Secular Limit
a ) ADVANTAGES
O F THE COUPLED
BASISI N THE SECULAR
LIMIT

The operator equation (D.3) can be projected over any basis. Because
the dressed state basis diagonalizes HAL,such a projection is particularly
simple for the first term in (D.3). However, in this basis, the last two terms
of (D.3) give equations that are not as simple as (D.4). In particular,
couplings between dressed state populations and coherences between two
dressed states appear.
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However, the situation is simplified if the splitting A 0 between the two
states of a manifold is large compared to AT. We can then ignore the
“nonsecular” couplings between populations and coherences and formulate a simple physical picture in terms of spontaneous transfer rates
between dressed states. In the rest of Section D we will assume that

b ) EVOLUTION
OF POPULATIONS
We project Equation (D.3) over /;(A’)) on the right, and over ( i ( N ) I on
the left (with i = 1 or 2). When the nonsecular couplings between populations and coherences are ignored, we obtain for the population

of the dressed state l i ( N ) ) the evolution equation

where the transition rates

equal, using (C.4)
r1+1= r 2 - 2

=

r cos2 B sin2 6

r,,, = r sin4 8
r1-2
=~ C O S ~ B .

(D.ll)

The interpretation of Equation (D.9), written for i

=

1,

is very clear (see Figure 9a). The state J l ( N ) ) decays by spontaneous
emission to the levels Il(N - 1)) (with a rate I‘, 1) and (2(N - 1)) (with
and is populated from the levels Il(N + 1)) (with a rate
a rate rl+2)
and 12(N + 1)) (with a rate r,+,).
+
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l 1 ( N + 1)>

b(N

12(N + 1 ) )

Il(N))

b(N)

l 2 ( N 1)

I1W - 1))
12(N
(a)

+ 1)

Q ( N - 1)

- 1))

(b)

Figure 9. ( a ) Transfer of populations responsible for the variation of the population of the state Il(N)). ( b ) Transfer of coherences from B ( N + 1) to B ( N ) .

Remark
Instead of deriving (D.9) from (D.31, we could use the general equations (C.7)
and (C.5) of Chapter IV. The expressions (D.11) for the transition rates would
only be found if the spectral density of vacuum fluctuations (which vary as w 3 )
can be considered as constant from one component of the fluorescence triplet
to another, i.e., if
3

W[,

=

(WL

-

a )3 =

(WL

+

= u;.

(D.13)

Condition (D.13) is simply the validity condition ((2.1) for the approximation of
the independent rates of variation (because T, 5 w , ’ ) . It then appears that by
directly using the general results from Chapter IV, one could correct the
foregoing approximation and obtain a master equation for the spontaneous
emission of the dressed atom, which is more general than the one derived from
(D.1) and (D.3).

c ) EVOLUTION
OF COHERENCES-TRANSFER
OF COHERENCES

The projection of (D.3) on the right over / 2 ( N ) )and on the left over
(1(N)l gives
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where
1

rI2= -2 [ r1 - 1

+ r l - 2 + r,,, + L

2

r

(D.15)

1 = -

2

is the half sum of all the transition rates starting from the states Il(N))
and 12(N)) and where

T ( 1 ( N ) I 4 1 ( N + 1))(2(N + l ) l 9 + 1 2 ( W
=
= -rsin2ecos28.

K12 =

~(Y+)T~(Y+)~~

(D.16)

The first term of the right-hand side of (D.14) describes the free evolution
of the coherence (l(N)lal2(N)) at the frequency 0. The second term
describes the damping due to radiative transitions of the states involved to
lower states of 8 ( N - 1). Finally, the last term describes the radiative
transfer of coherence from 8 ( N 1) to Z ( N ) (see Figure 9b). As for the
harmonic oscillator (see Complement B,,, §3-b), it is due to the periodicity of the energy diagram which gives rise to coherences evolving at the
same frequency.

+

Remark
It is also possible to consider coherences between states belonging to different
manifolds (with IN - N’I -=zA N ) . For example, for the evolution equation of
(l(N)IuI2(N‘)) we obtain the expression
d
-(l(N)Iu/2(”))
dt

=

-i[n + ( N - N‘)w,](l(N)lcTI2(N‘))

+

- ~ ~ 2 ( l ( N ) ~ m ~ 2 ( NKi2(1(N
‘))

-

+ 1)1u12(N‘ + 1))
(D.17)

where ri2,which is the half-sum of the transition rates from Il(N)) to
Il(N - 1)) and 12(N - 1)) and from 12(N’)) to Il(N‘ - 1)) and 12(N’ - l)),
is equal to r12
and where

Ki2 = r ( l ( N ) 1 Z I 1 ( N + 1))(2(N’+ 1)19+12(N’))
= r(p+)T,(.y+>=
22
K12.

(D.18)

From this we deduce that, except for the free evolution term, the coherences
(1(N)IcI2(N’)) and (1(N)lal2(N)) obey the same evolution equations. A
similar procedure would show that the coherences ( i ( N ) l u l i ( N ’ ) with
)
i = 1,2
obey, except for the free evolution term, the same equations as the populations
( i ( N ) l u l i ( N ) )= T,(,,,).
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d ) REDUCED
POPULATIONS
AND REDUCED
COHERENCES

The evolution equations for the “reduced” variables
XI = h

N

(TI2 =

(

N

( D .19 .a)

)

(D. 19.b)

C(1(N)lal2(N))
N

are easily derived from Equations (D.9) and (D.14).
For the reduced populations v l and 7r2, we obtain
+l

+

= -7rIrl-2

7i2 =

772r2+1

-77zr2,1
+ 7rlrl+2.

(D .20)

The steady-state solution of these equations
=

Ty

=

r2+,

rl+*
+ r, -.,

-

r1-2

-

rl + r2

e

COS~

+

obeys the

sin4 e

+ sin4 e
e

COS~

sin4 6

+ C O S ~e

(D.21 .a)

(D.21 .b)

ion

7r;tr1,,
= 7ryr2+,

(D.22)

called the “detailed balance condition” and also satisfies the normalization condition
7r;t

+ %-it

=

1.

( D .23)

The transient regime is given by

where the time constant

T~~

is the inverse of

+ r,
rpop
= rl
-t

+

+ sin4 e) .

= ~ ( C O 6S ~

( D .25)
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The reduced coherence o12obeys the evolution equation
(D .26)

where the damping rate

rcoh
equals

rcoh
= r12
- K , , = r(i + cos2 B sin2 0 )

( D .27)

[we used (D.15) and (D.1611. Note the importance of the transfer term
rcohis not simply equal to r,, = r / 2 .

( - K,,), which results in the fact that

Remark
We saw above (QD-l-b) that the reduction operation (D.5) in the uncoupled
basis yields the usual optical Bloch equations. Here in (D.19) we carry out a
similar reduction in the dressed state basis. It can be shown that the equations
obtained ((D.20) and (D.26)) are identical to the optical Bloch equations, when
the following two transformations are used.
The Bloch equations must be written, not in the basis {I k)} of eigenstates
of S,, but instead in the basis of eigenstates of the fictitious spin along the
effective field B, (Figure 1 in Chapter V). Such a basis change is equivalent to
diagonalizing the Hamiltonian part of the optical Bloch equations.
In this new basis, the relaxation terms due to spontaneous emission are less
simple than in the basis ( 1 & )}. To obtain (D.20) and (D.26) we must retain only
the secular relaxation terms (in the new basis).
As above, one should not forget that the reduction (D.19) causes the picture
of the radiative cascade to be lost in the dressed state basis (see Figure 8).

More generally, one can consider the reduced coherences
(+(.q)
[I

=

C( i( N - q ) ((TIj ( N ) )

(D .28)

N

involving coherences between states belonging to different manifolds,
separated by qhw,. Equations (D.17), (D.181, and (D.27) then result in

Except for the free evolution term, the reduced coherences 01’;) and u,,
defined in (D.19.b) obey the same evolution equations. Similarly, one
)
the evolution equation
would show that ~ $ 7 obeys
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a n d that the two reduced coherences
equations

CT!~’)with

i

=
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1 , 2 obey the coupled

( u e h a s assumed that (Y is real). The initial distribution p , ( N ) of the
number of laser photons,

(D.34)
satisfying
is then centered at ( N )= a* and has a width AN =
(B.2). Using (D.32), (D.34), and (B.201, one can calculate all the initial
values of the matrix elements of v. For example,

(1( N)lv(0)/2( N ’ ) ) = sin 6, cos 6 c N + , c N , +I
=

sin 6, cos 6,\Ipo(N

+ l)p(,(N ’ + 1) .

(D.35)

If we consider the coherences between adjacent manifolds (IN - N’I <<
AN), the square root in (D.35) can be approximated by p o ( N ) , so that
(l(N)Iu(0)l2(Nr)) is close to (l(N)Iu(O)I2(N)). More generally, for
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small IN - N'I, we have

( i( N b ( 0 ) I j ( N'))= ( i( N)I@>

I j ( N 1) .

( D .36)

b ) TRANSIENT
REGIME
AND QUASI-STEADY STATE

Let a,(t) be the projection of a ( t )onto the manifold 8 ( N )of the two
states I1(N)) and 12(N)). According to the foregoing, the evolution of
a,(t) should reflect the existence of two phenomena. In the first place, the
transient evolution of the reduced density matrix introduced in subsection
D-2-d should appear; the reduced populations and coherences must tend
to their steady-state values T;', T ; [given in (D.2111 and a$ = 0 with the
time constants rp;k and rc.Aon the order of r-'.Second, because laser
photons are permanently absorbed, the distribution p ( N ) of the number
of laser photons must shift downward. During a time T , the order of
magnitude of this shift is T T .
As soon as T T >> 1, the reduced density matrix has achieved its steady
state. Because ( N )and A N are very large compared with T T [condition
(B.l)], we can ignore the downward shift of the distribution p , ( N ) and
consider only a quasi-steady state for the cascade in which
Tl(N)

(D.37)

=eP"(N)

(1(N)142(N)> = (.XP"(N)

=

(D.38)

0.

Remarks
(i) Such a quasi-steady state can be considered as resulting from a dynamic
equilibrium. When N varies by f 1, p , ( N ) varies only slightly and (D.37) gives
T,(,,,+
,) = rl(,,,).
The cancellation of 7i,(,,,! in the quasi-steady state is first due
to the fact that the population which arrives from Il(N 1)) is compensated
for by the population which leaves I 1 ( N ) ) toward Il(N - 1)) (see Figure 9a).
Then, the detailed balance condition (D.22) for TS' and T;' shows, using
(D.371, that the population which arrives in I l ( N ) )from 12(N 1)) is compensated for by the population which leaves I l ( N ) ) toward 12(N - 1)). The state
Il(N)) is therefore traversed by population fluxes which cancel each other.

+

+

(ii) We have only considered here the quasi-steady state of ( i ( N > l cj ~
( N ) ) . To
obtain the quasi-steady state of ( i ( N ) I u Ij ( N ' ) ) , it is sufficient to note that the
two matrix elements obey the same evolution equations, except for the free
evolution term (see Remark, QD-Zc), and also that their initial values are
identical [see (D.36)]. In the quasi-steady state, their values thus only differ by
the free evolution exponential. In particular

(i(jqlali("))

=

e-l(N-")wI-'

":tPo(

N)

( ~ ( N ) ( ( T ( ~ (=
N e' -) f)( N - " ) W ~ t u S ; p o ( N )= 0.

( D .39)

( D .40)
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E-DISCUSSION

OF A FEW APPLICATIONS

1. Widths and Weights of the Various Components
of the Fluorescence Triplet

As a first application of the dressed atom approach, we will determine
in this subsection the widths and the weights of the three components of
the fluorescence triplet emitted by the atom. To do this, we start with the
expression for the steady-state spectrum [see formulas (D.8) and (A.15) in
Chapter V]:

=

r

-

7i-

Re

Lm(Y+

( T ) .i"_(0)) e

d7 .

Here the average is taken in the quasi-steady state defined above (OD-3).
The normalization of 9 ( w ) is selected so that the total intensity

corresponds to the number of photons emitted per second.
To evaluate the two-time average which appears in the second line of
(E.l), we use the quantum regression theorem which says that, for T > 0,
(P+(T)Y-(O))
evolves as (P+(T)).
We must then begin by discussing the
evolution of ( Y + ( T
i.e.,
) )the
, evolution of the mean dipole moment.
a ) EVOLUTION
OF THE MEANDIPOLE
MOMENT

In the dressed state basis, the operator
notations introduced in (C.41,

that is. also

Y+is written, with the
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with

pif = (p+),Cli(N))(j(N
N

-

111.

03.5)

The advantage of using (E.4) is that the three terms on the right-hand side
contribute to the mean dipole moment with different eigenfrequencies.
Consider first the average value of 9i2,
which is equal to
(Pi2)
= ( 9 + ) 1 2 C ( 2 ( N - l)lal1(N))
N

= <9+>12(7P

(E-6)

where a#) is a reduced coherence of the same type as those introduced
above in (D.28), and whose evolution equation according to (D.30), is
given by

6;;)
= [ i( w L + 0 ) - rCo&;;).

(E.7)

Using (E.7) in (E.6) then shows that

The component ( 9 j 2 ( 7 ) ) of the mean dipole moment thus evolves at the
frequency w L + 0 and is damped with a rate equal to rcoh.
An analogous
calculation for ( 9 3 7 ) ) yields

We now consider the average value of the operators
the last term of (E.4)

92 appearing in

By using the evolution equations (D.31) for the reduced coherences a;..')
and the fact that, according to (C.4.a) and (C.4.b), ( 9 + I l 1 = -(P+)22,
we
obtain for the average values ( P ; ' ( T )and
) ( 9 2 2 ( 7 ) )the coupled evolution equations
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The 2 X 2 matrix associated with such a linear system has eigenvalues
where rpop
is given in (D.25). It follows that,
equal to i w , and i w , - rpOp
the average values
after a transient regime damped with a rate rpop,
(
9
:
(
7
)
)
tend to a steady state, or more precisely to a forced oscillation
regime given, according to (E.10) and (D.391, by

b ) WIDTHSAND WEIGHTSOF

THE

SIDEBANDS

We now consider the contribution of each of the terms of (E.4) to the
( ~rise
) ,to the two-time average
spectrum (E.1). The first term, 9 J 2gives
( 9 j 2 ( 7 ) E ( 0 ) ) .The quantum regression theorem indicates that, for
T > 0, this two-time average obeys a quantum evolution equation identical
( ~ )(E.8)
) . then gives,
to the equation for the one-time average ( 9 , ! 2Using
for 7 > 0,

an equation whose solution is

Substituting (E.14) into (E.1) gives

(E.15)

+

i.e., a Lorentzian line centered at w ,
0 , with a full width at half
which, according to
maximum 2 r c 0 h and having a weight ( * > r(3’i29’.-),
(E.9, is equal to

According to (D.381, (2(N)lull(N)) is zero in the quasi-steady state. We
(*) Using (E.2) and (E.15), the weight of a line of the triplet is the number of photons
emitted per second in this line.
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thus obtain, using (D.37) and (D.101,

The physical interpretation of such a result is very clear. The line at
+ 0 is emitted in a transition I1(N)) -+ 12(N - 1)) [see (C.511. The
weight of the line is the product of the population of the states Il(N))
from which the line starts and the rate f l, of the transitions Il(N)) +
12(N - 1)).
A completely analogous calculation gives a Lorentzian centered at
wL - 0 for the other sideband at w, - 0, with a full width at half
maximum 2fc,, and a weight

w,

This weight is equal to the weight of the other sideband given by (E.171,
according to the detailed balance condition (D.22). Because the two
sidebands have the same weight and the same width, the fluorescence
spectrum is symmetric about w L .
c) STRUCTURE
OF THE CENTRAL
LINE

The last term in (E.4) yields the sum of the two averages (9:(~)9-(0)),
with i = 1,2. According to the quantum regression theorem, for r > 0,
both these two-time averages obey coupled evolution equations

(E.19)
involving the same coefficients p i j as the evolution equations (E.11)
concerning the one-time averages (
9
:
(
7)). Because the eigenvalues of
the matrix pij are equal to iw, and iw, - rpop,
we deduce that the
contribution of the last term in (E.4) has the general form

When the last term of (E.20) is inserted into (E.0, it gives rise to the
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coherent (or elastic) component of the fluorescence spectrum
Ycoh(
W ) = I'B6( w - w L )

(E.21)

with weight TB. The first term of (E.20) corresponds to the central
inelastic component of the fluorescence triplet, centered at w L , with
weight TA and full width at half-maximum 2TpOp.
To calculate A and B, first we set T = 0 in (E.20). This gives

A calculation analogous to the one leading from (E.16) to (E.17) then
yields for the total weight T ( A + B ) of the two lines centered at w L the
result

T ( A + B)

=

T ; ~ r l++Ty2,2.
l

(E .23)

The interpretation of (E.23) is analogous to the one given above for (E.16).
Finally, we take 7 >> Tp;h in (E.20). The first term of the right-hand side
of (E.20) is then zero and the two operators of the left-hand side are
decorrelated so that

according to (E.12). However, according to (E.8) and (E.91, only the last
term in (E.4) contributes to (9+(0))zt,which is thus equal to the complex
conjugate of the term in brackets of (E.24). Using the fact that (9+)22
=
-(9+)11,
we find the weight T B of the coherent line

Finally, the dressed atom method allowed us to obtain analytical
expressions for all the characteristics (widths and weights) of the three
lines of the fluorescence spectrum, within the secular limit O >> r where
these lines are well separated. By using expressions (D.25) and (D.27) for
Tpopand r c o h , as well as the definition (B.21) of 8,we can recover all the
results obtained in subsection D-3-c in Chapter V for the widths of the
lines in the two limits 0 , >> T,w L = w o on the one hand, and laLl B O,,
T on the other hand. In addition, we also obtain here very physical
expressions for the weights of the lines [see (E.171, (E.181, and (E.2311 in
terms of populations of dressed states and spontaneous emission rates.
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2. Absorption Spectrum of a Weak Probe Beam
a) PHYSICAL
PROBLEM

In addition to the laser beam at w L , which is in general intense and
b of frequency w o , we now
perturbs the atom on the transition a
consider a second laser beam, of very low intensity, whose frequency w is
close, either to w o (Figure lOa), or to the frequency wb of another
transition b ++ c sharing a common level ( b )with the foregoing transition
(Figure lop).
The absorption of the probe beam is measured by means of a detector.
We next discuss the modification of the absorption spectrum of the probe
beam due to the presence of the beam of frequency w L .
++

b ) CASEWHERETHE Two LASERS
ARECOUPLED
TO THE SAME
TRANSITION

Because the second laser beam is of low intensity, we neglect any
perturbation introduced by this beam on the positions, widths, and quasisteady-state populations of the states of the atom “dressed by the photons
wL”. Figure 11 shows the manifolds 8 ( N ) and 8 ( N - 1) of this dressed
atom. The circles represent the populations r i t p o ( N )and r ; ‘ p 0 ( N ) of the
type 1 and type 2 states in the quasi-steady state. We have assumed
8, < 0 ( w L < wo), so that the state Il(N)), which is more contaminated
by Ib, N ) than 12(N)), is more unstable and thus less populated
(Tit

< r;9.

The transitions “probed” by the second laser beam correspond to pairs
of dressed states between which the atomic dipole d has a nonzero matrix

“6
b-

I
I

0 0I

“0

Figure 10. The second laser beam, of frequency w , probes either the transition
* b previously perturbed by the first laser of frequency w L (a),or the transition

a

b

++

c

(PI.
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I

i
12(N

I

t

-1))

Q(N-1)

Figure 11. Dressed levels and quasi-steady-state populations of the atom + photons w L system. The wavy arrows indicate the transitions probed by the second
laser beam.

element. These are therefore the same transitions as those involved in the
fluorescence triplet, and they are represented by the wavy arrows in Figure
11. Without giving the details of the calculations (which are indeed quite
similar to those in subsection E-1 above), one immediately understands
that the transition Il(N)) t, ) 2 ( N - 1)) (of frequency o L 0 )is absorbing because, the lower level being more populated than the upper level,
the absorption processes 12(N - 1)) + Il(N)) overcome the stimulated
emission processes I l ( N ) ) + ) 2 ( N - 1)). These conclusions are reversed
for the transition 12(N)) Il(N - 1)) (with frequency wL - 01,which is
amplifying because the upper level is more populated than the lower level.
Finally, the two transitions l i ( N ) ) + ( i ( N - 1)) with i = 1,2 (with frequency w , ) do not result in any amplification or any absorption because
they connect equally populated levels (*).
The dressed atom approach thus allows us to easily predict that for
w L < w ~ and
,
at the secular limit (0 >> r),the absorption spectrum of
the probe beam over the transition a
b is composed of an absorption

+

-

-

-

(') T h e w results are valid only within the framework of the secular approximation. T h e
f.Their
nonxcular term\ give rise to amplification o r attenuation processes for Iw,, - W I
importance i \ ncvcrthclc\s lower hy i i laclor /'/fl1. For more details. see B. R. Mollow, Phys.
/ ( C I A , 5 , 2217 (1072); (;. (irynhcrg, I:.1.c Hihiin, ;ind M. Pin;ird. J . N i y s . ( P ~ . T 47,
) , 1321
(1')8/J): M . ' I . (irunci\cn, K. I<, M;icl)cm;iltl. ; I I I ~I<. W. I%oytl. J . O / ) / .SOC. Am. SW. B. 5. 123
I'M)
,
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+

line, centered at w L 0 , of width 2rCoh
(damping rate of the reduced
(ry - rSt),and of an amplifying
, with weight TI
coherences a I 2 ) and
(7; - rSt>
line, centered at w L - 0 ,with width 2rCohand weight rz+,
~

(*I.

Remarks
(i) The foregoing results can be interpreted perturbatively in the limit
a,, The states Il(N)) and I2(N - 1)) then differ only slightly
from Ib, N ) and la, N ) , so that the absorption line 12" - 1)) .+ Il(N)),
whose frequency is very close to w,,, corresponds to the ordinary absorption
a
b [at order zero in f2,/(wo - w L ) ] . By contrast, the transition 1 2 ( N ) ) +
I l ( N - l)), whose frequency is very close to 2 w , - w,,, involves the contamination of 1 2 ( N ) ) by Ib, N ) and the contamination of 11(N - 1)) by / a ,N).This
transition is therefore at least second order in O , / ( w , - 0,).The amplification mechanism is related to a three-photon process: The atom goes from a to
6 by the absorption of two laser photons w L and the stimulated emission of a
photon 2 0 , - w o (see Figure 28 in Chapter 11).
w 0 - w L >>

-

r.

(ii) The results discussed above are obviously only valid for atoms at rest. When
we consider moving atoms, new effects appear because, for each velocity group,
the dressing and probe beams have their frequencies shifted by the Doppler
effect. The case where these two beams have the same frequency and propagate
in opposite directions (geometry of saturated absorption spectroscopy) is discussed in Exercise 20 in the limit ku >> 0 , >> ( k u being the Doppler width
of the transition). It is shown in this exercise that, even when w = w L = w o , the
medium is not totally transparent for the probe beam.

r

c) PROBING
ON

A TRANSITION
TO A THIRDLEVEL.
THEAUTLER-TOWNES
EFFECT

We now consider the situation in Figure lop and assume that w o and
so that we can ignore any perturbation
produced by the intense laser with frequency w L w o on the state c (the
c).
laser w L is too far from resonance for the transition b
In the left-hand part of Figure 12, we have represented the uncoupled
states la, N + l), Ib, N ) , and Ic, N). Because w L is close to w o , the
states la, N + 1) and 16, N )are close and separated by ti16,I (we assume
w L < w o so that Ib, N ) is above la, N + 1)). The distance between lb, N )
and Ic, N ) is hob. Under the influence of the coupling VAL,the states
la, N + 1) and Ib, N ) give rise to the two dressed states Il(N)) and
12"))
separated by h 0 : By contrast, lc, N ) , which is not close to the

wb are sufficiently different

-

-

($1These effects were observed experimentally. See, for example, F. Y. Wu, S. Ezekiel,
M. Ducloy, and B. R. Mollow, Phys. Reu. Lett., 38, 1077 (1977).
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I

la, N + l)\

t

Figure 12. Unperturbed levels (left-hand part) and dressed levels (right-hand part)
involved in the interpretation of the Autler-Townes doublet (wavy arrows).

levels lb, N i 1) to which it is coupled, remains unchanged (*) (right-hand
side of Figure 12).
The transitions, with frequencies close to w b , which are probed by the
second laser beam, are those that reduce to the Ic, N ) tf lb, N ) transition in the limit R,= 0. Because the two dressed states / l ( N ) ) and
12(N)) are both contaminated by lb, N),we see that, for 0 , # 0, two
Il(N)) with frequency wb - (R + 6,)/2
transitions appear: ( c ,N )
and Ic, N ) tf 12(N)) with frequency wb + (0 - 6,)/2 represented by
the wavy arrows in Figure 12.
Thus, the dressed atom approach allows us to easily predict that the
excitation by an intense laser of a transition a * b splits into two
components the absorption line for a laser probe beam tuned to another
transition b tf c sharing a common level with a
b. The corresponding
doublet is called the Autler-Townes doublet (**I. If 0 , is fixed and if
w L - w o is varied, the splitting between the two components of the
doublet changes and reaches a minimum equal to 0 , for w L = w o . If the
level IC, N ) is unpopulated in the absence of the probe beam, the weight
of each component l i ( N ) ) I c , N ) of the Autler-Townes doublet is
proportional to the product of the steady-state population q?'of the level
l i ( N ) ) [given in (D.21)] and the transition rate from l i ( N ) ) to Ic, N )
proportional to \ ( i ( N ) l b N)/*.
,
The width of the line l i ( N ) ) Ic, N ) is

-

-

-

-

( * ) These nonresonant couplings actually introduce a slight light shift of the state Ic, N )
that we neglect here.
( * * ) S. H. Autler and C. H. Townes, Phys. Reu., 100, 703 (1955). See also C. H. Townes,
and A. L. Schawlow, Microwace Spectroscopy, Dover, New York, 1975, 810-9.
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Figure 13. Perturbative interpretation of the Autler-Townes doublet at the limit
>> R,, 8., a-Direct process between b and c involving the absorption
of one probe photon. p-Two-photon process (one laser photon and one probe
photon) between a and c .

w o - wl,

the sum of the width of the level c and the width of the level Ji(N)) equal
to .zjq i'
~

Remark
As in subsection E-2-b above, it is possible to give a perturbative interpretation
of the two lines at the limit w o - w L B R,, r. The state Il(N)) then differs
only slightly from Ib, N ) and the line jl(N)) .+ Ic, N ) , having a frequency
close to wb, corresponds to the ordinary 6 -+ c absorption (Figure 13a). The
transition / 2 ( N ) ) -+ / c ,N ) around w; + o,,- w L involves the contamination
of / 2 ( N ) ) by lb, N ) . This process is thus at least first order in Rl/(wo - w L ) .
It corresponds to the two-photon absorption process in Figure 13p where the
atom goes from a to c by absorbing one laser photon w L and one probe laser
photon.

3. Photon Correlations
In Section D of Chapter V, we introduced the two-time average

which is involved in the probability density of detecting, in the light
emitted by the atom, two photons separated by the interval T [see formula
(D.27) in Chapter V, which, in the steady-state regime, depends only on
T I . We calculate here such a photon-correlation signal and show that the
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result obtained confirms the picture of the radiative cascade for the
dressed atom given above (OC-2).
a> CALCULATION
OF THE PHOTON-CORRELATION
SIGNAL

In (E.26), the operators are considered in the Heisenberg representation. For example,

where H is the Hamiltonian (A.1) of the atom + laser mode + empty
modes global system and r,, is an initial time. The states of t h e global
system will be described by using the uncoupled basis Is, N ; I n i ) ) , where
s = a or b, and where the n i represent the numbers of photons in modes
other than the laser mode. In particular, I{O}> represents the vacuum for
all these modes.
be the density operator of the global system (for the sake
Let aALR(rJ
of clarity, in this subsection we return to more detailed notation, of the
for the global system, and uAL for the atom + laser mode
type a,,,
system.. . 1. Using the invariance of a trace by circular permutation, we
write (E.26) as

where the relation

(E.29)
was used. Using (B.lO) and the fact that all the operators of (E.28) act in
the state space of the global system enables us to write the operator
Y+Yas

c

9+z=

Ib, N ; {a,}>( b , N ; { H I } I

N , (n,)

which finally gives, for the trace appearing in (E.28)

(E .30)
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Up to this point, we have not made any approximation. We now neglect
the correlations between the dressed atom (system A + L ) and the
reservoir R of empty modes, and approximate the density matrix of the

is the density matrix of the dressed atom. Such an approxiwhere aAL(t)
mation was previously discussed in detail in subsection D-4 of Chapter IV.
It is justified by the fact that the correlations which exist at the time t
between A L and the reservoir R disappear after a time on the order of
the correlation time T~ of R and are therefore not important if we restrict
ourselves in (E.26) to times T B T ~ It
.
is actually the same type of
approximation that was used to derive the quantum regression theorem.
The foregoing approximation and expression (B.10) for Y +allow us to
write the operator 27-aALR(f)9+
appearing in (E.31) in theform

+

When this expression is substituted into (E.311, the product of the two
following probability amplitudes appears:

and

The first amplitude is non-negligible only if N‘ - 1 - N = Xin,. The state
la, N ’ ) indeed belongs to the manifolds 2%”
- 1) of the dressed atom,
whereas the state I b , N ) belongs to the manifold 8 ( N ) , and the difference between the integers N ’ - 1 and N identifying these two manifolds
must correspond to the number of spontaneously emitted photons. Similarly, the other amplitude is non-negligible only if N” - 1 - N = X l n l .
From this we deduce that the only non-negligible terms coming from the
double sum over N‘ and N“ of (E.33) are the terms N ’ = N“. This, finally,
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gives

b ) PHYSICAL
DISCUSSION

We now interpret the general term of the sum appearing on the
right-hand side of (E.34). The second factor is simply the population
r b , N ’ ( t ) of the state Ib, N ‘ ) at the time t . For t - to % r-’,this population tends to the quasi-steady population rb,
N r . The first factor physically
represents the probability 9 ( b , N ; T ~ U N
, ’ ; 0) that the dressed atom will be
in the state Ib, N ) at the time 7, knowing that the system departed at time
0 from the state la, N ’ ) . Because the evolution during this time T is due
either to absorption and stimulated emission processes that cause the
system to oscillate between the states la, A”) and ( b ,N ’ - l), or to
spontaneous emission processes that cause it to fall to lower manifolds
(see Figure 61, B ( b ,N ; TIU, N ’ ; 0) is nonzero only if N = N‘ - 1,
N’ - 2, N ‘ - 3 . . . . Finally, we have shown that the photon-correlation
signal (E.26) can be written

The physical interpretation of (E.35) is quite clear. To emit the first
photon that is detected at time t , the atom must be in the excited state b.
It is for this reason that the probability rb,” of finding the atom in the
state b, N’ appears in (E.35). Immediately after this emission, the atom is
in state a , the laser photons remaining spectators: This is the quantum
jump b, N’ -+ a , N’ discussed in subsection C-2-a. To emit the second
photon, which will be detected at time T after the first one, the atom must
again go from a to b during this time T . The second term of (E.35) gives
the probability of such a passage, which is itself decomposed into several
contributions la, N ’ ) -+ Ib, N‘ - p ) with p = 1 , 2 . . . . For p = 1, the
second photon detected is emitted from Ib, N ’ - l ) , which belongs to the
same manifold as la, N ’ ) . The term p = 1 of (E.35) therefore corresponds
to the case where the second photon detected at f + T is the first
fluorescence photon emitted after the first photon detected at t . The term
p = 2, which corresponds to an emission from 16, N‘ - 2), corresponds to
the case where the second photon detected at t + T is the second

450

The Dressed Atom Approach

VI.E.3

fluorescence photon emitted after the first photon detected at time t , the
first fluorescence photon (emitted from 16, N ’ - 1 ) ) being not detected,
and so on. Thus we see how the photon correlation signal can be
interpreted by using the picture of the radiative cascade introduced above.
Finally, we show that it is possible to transform expression (E.35). In
(E.351, the first factor depends only on p and not on N ’ (for N’ varying
within the width A N of the distribution of the number of laser photons).
The sum over p of this term represents the probability 9 ( 6 ;T I U ; 0) of
being in 6 at time T starting from a at time 0. The sum over N ‘ of the
second factor of (E.35) represents the probability r b of being in the state
6. It is therefore possible to write (E.35) in the form

The result (E.36) could have been obtained from the optical Bloch
equations and the quantum regression theorem (*I. The advantage of
the dressed atom approach is that it leads to expressions like (E.35) in
which the contributions of the different steps of the radiative cascade
appear explicitly. In particular, the term p = 1 involves the function
9(6,N ’ - 1; T I U , N’;O), which is directly related to the function K ( T )
introduced above (QC-2-c)and giving the distribution of intervals between
two successive emissions. We have

Such a function is not easy to calculate from the optical Bloch equations,
which instead lead to the function

giving the distribution of time intervals between a n y two emissions (not
necessarily successive).
Remark
Compare the two functions J ( T ) and K ( T ) for a resonant and saturating
excitation (6, = 0, 0 , z+ r).Using the optical Bloch equations, we find

( * ) See, for example, Cohen-Tannoudji, p. 98
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whereas the expression (C.3) for K ( T )gives

K(T)=

r

-[I
2

-cos~,~]e~"~/*.

(E.39.b)

r-',

For T <<
spontaneous emission can be ignored. The two functions are
then equal and reflect the resonant Rabi oscillation between la, N ' ) and
lb, N' - 1). By contrast, for T >>
K(T)tends to zero (the first emission
after the first detection has certainly occurred) whereas AT)tends to r/2,
which is simply T.rrit. Indeed, T ( b ; T ~ U0)
; has then lost any memory of the
initial conditions at T = 0 and tends to the steady-state population of h.

r-',

c)

GENERALIZATION
TO A THREE-LEVEL
SYSTEM:
INTERMITTENT
FLUORESCENCE

Another advantage of the dressed atom approach, for the discussion of
photon correlations, is the possibility of generalizing it to situations more
complex than those considered here. Consider, for example, the case
b and a
6' starting both from the
where two atomic transitions a
ground state a and, having eigenfrequencies w o and wh, are simultaneously excited by two laser beams L and L' with frequencies w L and w:,
respectively, close to w o and w;, (Figure 14). The natural widths of the
excited levels b and b' are r and r', respectively.
The function K ( T ) giving the distribution of the intervals T between
two successice emissions (whether these emissions take place on the
transition b + a or b' + a ) can be calculated by a method that is
completely analogous to the one presented in subsection C-2-c. For this
we consider the atom dressed by the two laser modes L and L'. The
uncoupled levels of the system A + L + L', labeled by the atomic quantum numbers a, b or b' and the numbers N and N ' of laser photons w L
++

++

r
b
4

U

Figure 14. Configuration of levels allowing
intermittent fluorescence to be observed.
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and w L , are grouped now into three-dimensional manifolds 8 ( N , N’):
8 ( N , N ’ ) = (la,N

+ 1, N’ + l), I b , N , N‘ + l), Ib‘, N + l , N ’ ) } .
(E.40)

Immediately after the emission of a photon, the atom is projected into the
state la) and the global system is found, for example, in the state
la, N + 1, N’
1) of 8 ( N , N‘). The interactions between A and L and
between A and L‘,characterized by the Rabi frequencies f2, and f2;,
couple such a state to the two other states lb, N , N’ + 1) and
Ib’, N + 1, N ’ ) of 8 ( N , N ’ ) from which the atom can spontaneously emit
a photon with rates r and r‘.As long as the atom has not spontaneously
emitted a photon, the system remains within the manifold 8 ( N ,N ’ ) and
its evolution can then be described by a non-Hermitian effective Hamiltonian (see Chapter 111, QC-3). More precisely, if

+

is the projection onto B ( N , N ’ ) of the state vector of the system, the
coefficients c,, cb, and cb, obey the following coupled equations analogous
to (C.2)

where 6, = w , - w o and 6;- = w i - w;, are the frequency detunings of
the two laser excitations.
The function K ( T )giving the distribution of time intervals T between
two successive emissions is equal to the probability of emission at the time
T of a photon by the dressed atom in the state (E.41), with the initial
condition I$(O)) = la, N + 1, N‘ + 1). It is therefore equal to

)
~ ~ ’ ( are
7 ) the solutions of Equations (E.42) satisfying the
where c ~ ( T and
initial conditions c,(O) = 1, c,(O) = c,,(O) = 0.
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The solutions c ~ ( T )and C J T ) of Equations (E.42) are the superpositions of exponentials exp(-heT) where the -A, are the characteristic
roots of the system (E.42). A particularly interesting situation occurs when
r >> (the level b‘ being, for example, a metastable level with a lifetime
that is much longer than that of b). For sufficiently low values of O;, we
then find that one of the roots -A, gives a damping time [on the order of
(r’)-’]
much longer than the two others. As a result, K ( T ) then has a
component which decreases very slowly with T . Such a result indicates that
there is a nonzero probability that two successive emissions will be
separated by a very long time that is much longer than the average time
(on the order of r-’)separating two successive emissions when only the
transition b
a is excited by a resonant and intense laser. Adding the
laser excitation at w; on the transition a * b’ can thus stop the fluorescence of the atom for a long period of time and cause “black periods” to
appear in this fluorescence.
The dressed atom method thus gives a simple (*) approach to this
phenomenon of “intermittent fluorescence” whose qualitative interpretation is the following. Any absorption of a laser photon w; by the atom
puts the atom into the level b’ where it can escape, for a time on the order
of (r‘)-’,
from the action of the laser at oL. The advantage of such a
method, called the “shelving method” (**I, is to allow the absorption of a
single photon w;. (the one which puts the atom on the shelf b’) to be
detected by the absence of a very large number of fluorescence photons on
the transition a
b. Another interest is the possibility that the “quantum
jumps” that the atom makes between a and b‘ under the influence of the
laser excitation at w; (***I be detected by the stopping or reestablishment
of the fluorescence. Several experiments have allowed such quantum
jumps to be observed on a single trapped ion (****I.

r’

-

-

Remark

-

Another interesting situation arises when an atom possesses two lower levels u
and u‘, which are both coupled to a single excited state b (see Figure 15).
When the two transitions a ++ b and a‘
b are simultaneously excited by
two laser beams with frequencies w L and w; such that the Raman resonance
See, for example, C. Cohen-Tannoudji and J. Dalibard, Europliys. Lett., 1, 441 (1986).
Such a method was proposed by H . G. Dehmelt, Bull. A m . Phys. Soc., 20. 60 (1975).
( * * * ) The connection between quantum jumps and intermittent fluorescence was s u g
gested by R. J. Cook and H. J. Kimble, Phys. Rec. Letr., 54, 1023 (1985).
( * * * * ) W. Nagourney, J. Sandberg, and H. Dehmelt, Phys. Rec. Lett.. 56, 2797 (1986);
The. Sauter, W. Neuhauser, R. Blatt, and P. E. Toschek, Phys. Rev. Lett., 57, 1696 (1986);
J. C. Bergquist, R. G. Hulet, W. M. Itano, and D. J. Wineland, Phys. Rec. Lett., 57, 1699
(1986).
(*)

(**I

The Dressed Atom Approach

454

VI.E.4

b

a’

Figure 15. Configuration of levels leading to the dark resonance phenomenon.

condition h ( w , - u;) = E , - E, is satisfied, one observes a complete disappearance of the fluorescence (black resonances) (*I. In the dressed atom
approach, such a phenomenon is due to the existence within each manifold
8 ( N ,N ’ ) of a linear combination of la’, N , N’ 1) and Iu, N + 1, N ’ ) which
is not coupled to Ib, N , N ’ ) by the atom-laser interaction and which is stable
with regard to spontaneous emission. The atoms get trapped into this state
(trapping state) (**>.

+

4. Dipole Forces

To end Section E, we now study the dipole forces related to the
amplitude gradients of the laser field (see QC-2-d in Chapter V). First we
introduce energy diagrams that give the energies of the dressed levels as a
function of the position of the atom in the laser field (§a). Then we show
how these energy diagrams allow us to simply understand the average
value (Qb)and the fluctuations ( $ 4 of these dipole forces.
a ) ENERGY
LEVELSOF THE DRESSEDATOMI N A SPATIALLY

INHOMOGENEOUS
LASERWAVE

If the amplitude of the wave associated with the laser mode varies in
space, so does the Rabi frequency a,, which depends on the point r where
the atom is located and which we write OI(r) (***I.
(*I The first observation of this phenomenon was reported in G. Alzetta, A. Gozzini, L.
Moi, and G . Orriols, Nuooo Cimento, 36B, 5 (1976).
( * * ) See, for example, P. M. Radmore and P. L. Knight, J . Phys. B , 15, 561 (1982); J.
Dalibard, S. Reynaud, and C. Cohen-Tannoudji, in Interaction of Radiation with Matter, A
Volume in Honor ofAdrian0 Gozzini, Scuola Normale Superiore, Pisa, 1987, p. 29.
(***I The eigenmodes used to quantify the field are not plane waves here, but rather
modes reproducing the spatial dependence of the laser field.
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Figure 16. Variations, as a function of the position r of the atom, of the energies
of a few dressed levels.

Figure 16 shows the variations, as a function of the position r of the
atom, of the energies of the dressed levels belonging to the manifolds
8 ( N ) and 8 ( N - 1). Outside the laser beam, n,(r)tends to zero and
these levels tend to the uncoupled states la, N
1) and Ib, N ) for 8 ( N ) ,
la, N ) and Ib, N - 1) for B ( N - l), which are separated by ha, (the
figure represents the case 8, > 0). Within the laser beam fi,(r) is nonzero
and the splitting

+

hR(r)

=

h

m

m

(E.44)

between the two dressed levels of the same manifolds increases with

n:(r>.

We begin by neglecting spontaneous emission. Assume that the system
is in the state Il(N)) or 12(N)) and that the motion of the atom is
described by a wave packet having very small dimensions (compared to the
wavelength of the laser field) and moving sufficiently slowly so that one
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can neglect any nonadiabatic transition from one level to another. The
system will then adiabatically follow the level Il(N)) or 12(N)) in which it
is found initially, and the energy curves in Figure 16 appear in this case as
.
dressed atom therefore
potential energy curves VIN(r) and V Z N ( r )The
experiences a force
F,

=

-VV,,(r)

=

h
--VO(r)
2

(E.45.a)

if it is on a type-1 level and a force
F,

=

h
-VVZN(r) = +-VO(r)
2

=

-F,

(E.45.b)

if it is on a type-2 level. We are then led to the picture of a force acting on
the dressed atom that depends on the internal state, either type 1 or type
2, in which it is found. This is, in a certain sense, an optical Stern-Gerlach
effect very similar to the usual Stern-Gerlach effect that occurs for a spin
in an inhomogeneous magnetic field.
Spontaneous emission causes the dressed atom to cascade along its
energy diagram. The radiative transitions of the atom can change the type
of state (1 or 2) in which it is found (for example, the transition I 1(N)) -,
12(N - 1)) is a transition from state 1 to state 2), which causes the sign of
the force acting on it to change abruptly. We thus arrive at the physical
picture of a light force acting on the atom and whose sign changes
randomly over time.

b ) INTERPRETATION
OF THE MEANDIPOLEFORCE

In steady state, the mean dipole force appears as the mean of the forces
F, and F, = -F, given in (E.451, weighted by the proportions of times
spent in the type-1 and -2 levels, which are simply the steady-state reduced
populations .ri' and r ; introduced in subsection D-2-d above
(Fdip)= F I r i t

+ F,r;

h

= - - V O ( r ) [ r i ' - T;'].

2

(E.46)

Using the values given above at the secular limit for O(r), .ri' and .rit[see
(E.441, (D.211, and the definition (B.21) for 01, one can show that expression (E.46) indeed coincides with the value obtained in subsection C-2-d in
Chapter V from the optical Bloch equations (see the references at the end
of the chapter).
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Figure 17. Dressed levels and steady-state reduced populations for a detuning
6, > 0 ( a ) and for a detuning 6, < 0 (PI.

We confine ourselves here to interpreting the sign of ( Fdip)(see Figure
17). For w , > w o (6, > 0) (Figure 17a), it is the level Il(N)) that tends to
la, N 1) outside the laser beam. This level is thus less contaminated by
Ib, N ) than the other dressed level 12(N)). Consequently, it is more
stable and therefore more populated: 7:' > 7 ; . The dressed atom thus
spends more time in the type-1 levels where it is pushed outside the laser
beam. The mean dipole force is thus expelling the atom outside the
regions of high intensity. These conclusions are reversed for wL < w,,
(6, < 01, where it is level 12(N)) that tends to la, N 1) and which is
thus more populated: 7 ; > 7;'(see Figure 17p). For w L < w o , the mean
dipole force thus attracts the atom to regions of high intensity. Finally, for
w L = w,, ( 6 , = O), the two dressed levels are equally contaminated by
=
and (Fdip)= 0.
la, N + l),

+

+

st,

c) FLUCTUATIONS
OF THE DIPOLEFORCE

Figure 18 shows the evolution over time of the instantaneous force
acting on the atom. This force jumps at random times between the two
possible values F, and F, = -F, [see (E.4511.
The time intervals T~ and
spent in each type-1 or -2 dressed level between two successive quantum
jumps are random variables, whose mean values are on the order of r-'
for a quasi-resonant excitation.
The fluctuating force in Figure 18 produces a diffusion of the atomic
momentum characterized by the diffusion coefficient
(E.47)
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Figure 18. Time variation of the instantaneous dipole force acting on the atom.

The order of magnitude of this coefficient is given by the product of the
value of the term in brackets of (E.47) at T = 0, which is equal to F:, and
the correlation time of the fluctuating force in Figure 18, which is on the
-hVO,, so that
order of ( T ~ ) ( T ~ ) r-'. At resonance, F,

-

-

-

(E.48)

We can see in (E.48) that the diffusion coefficient associated with the
dipole forces increases very rapidly with the laser intensity, as Of,
whereas
the maximal depth of the potential well associated with such a force
increases only as 0 , (see subsection C-2-d in Chapter V). We can then
understand why the heating associated with Ddipmakes it difficult to trap
neutral atoms with dipole forces (*).
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COMPLEMENT A,,
THE DRESSED ATOM IN THE RADIO-FREQUENCY DOMAIN

In this chapter, we introduced the dressed atom approach to describe
an atom interacting with a resonant or quasi-resonant laser beam. The
same approach can be used to describe the effect of transitions (real or
virtual) induced by a radio-frequency field between fine, hyperfine, or
Zeeman sublevels of an atom.
When the radio-frequency domain is compared to the optical domain,
two clear differences appear. Spontaneous emission is negligible and the
number of levels to be considered is finite. This simplifies the evolution
equations and situations where the fields are very intense, i.e., when the
Rabi frequency is on the same order as or greater than the transition
frequency can then be handled easily (*I.
The purpose of this complement is to present the particularly simple
case of a two-level system interacting with a radio-frequency field. The
splitting
between the two unperturbed atomic sublevels is varied by
means of an external parameter (for example, a static magnetic field). The
energy diagram of the dressed atom therefore presents an infinite number
of energy levels which exhibit “crossings” or “anticrossings” when plotted
versus hw,,,. We begin (01) by reviewing the conditions for which resonances can be associated with level crossings or anticrossings. We then
interacting with a static
present (42) the system considered, a spin
magnetic field and a radio-frequency (rf) field. Two polarizations of the
field are considered. For circular polarization (43), exact calculations can
be made. This example allows us to give a full quantum description of the
magnetic resonance phenomenon, which appears when the Larmor frequency on of the spin is equal to the frequency w of the rf field. Other
resonant effects, which can be observed near w n = 0 or w g = 2w are also
analyzed, for arbitrarily high intensities of the radio-frequency field. The
study of the linear polarization case (44) also allows several examples of
higher-order effects to be discussed and calculated (multiphoton transi-

( * ) Certainly, such situations can also be considered in the optical domain. However, at
such high intensities, the two levels connected by an optical transition are in general strongly
coupled to several other excited levels, in particular to ionization continua. The calculation of
the corresponding nonlinear phenomena is thus much more complex. By contrast, in the
radio-frequency domain, the splitting between the sublevels is considerably smaller than the
optical distances between them and other excited levels.
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tions, radiative shift of resonances, modification of the magnetic properties
of the atom).
Obviously, all these effects could be studied by using a classical description of the rf field and Bloch equations. The dressed atom approach allows
a more global analysis to be made. It has the advantage of correlating all
the observable resonance phenomena with the properties of the energy
diagram of a time-independent Hamiltonian.
1. Resonance Associated with a Level Crossing or Anticrossing

Consider a system described by an unperturbed Hamiltonian H,. Let
l q b ) be two of its eigenstates, with energies E, and E , close to
each other. When a perturbation V is added, the energies and the wave
functions of these states are perturbed in a way that essentially depends
on the energy splitting between the levels and the properties of V . In this
subsection, we introduce the notions of level anticrossing and level crossing and we show that resonances of different types can be associated with
them.
19,) and

a ) ANTICROSSING
FOR A TWO-LEVEL
SYSTEM

First we consider the simple case where V couples only the states 19,)
and 19,) to each other

(assumed to be real) and we write

The energies of the two perturbed levels are

E,

=

E,

=

E,

+ E,
2

E,

+ E,
2

h0

+-2

hR
2

--

(3.b)

with

As functions of w,,, the energies E , and E , vary as two branches of a
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Figure 1. Level anticrossing. Variation with hw,, of the unperturbed energies E ,
and E , (taken to be equal, respectively, to hw,,/2 and - h w , , / 2 and represented
by dashed lines), and the perturbed energies (represented by solid lines).

hyperbola having E , and E , as asymptotes (Figure 1). They form an
anticrossing.
The perturbed states Ixl) and lx2) are given by

with
tan28

= -

0,

-,

wub

0 I 28

<IT.

(6)

In the middle of the anticrossing ( E , = Eb), the eigenstates are superpositions of Ip,) and 19,) with equal amplitudes.
The time evolution of the system, and in particular the transition
amplitude from state 19,) to state Ip,), can be derived by different
methods. In anticipation of more complex situations, we use the resolvent
method here. The matrix element G,,(z), which according to formula
(C.48) in Chapter 111, is equal to
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has El and E , as poles. The transition amplitude U b , ( t ) , for t > 0, is
found from the usual integral [see (A.22) in Chapter 1111,

1

exp( -iElt/h)

= ‘ba

-iRl
exp[ -i( E l
R

--

The transition probability P b , ( t )

+

1
E2 -

El

exp( - iE,t/h)

Rt

1

+ E2)t/2h]sin -.2
=

I Ub,(t)12
then equals, using (41,

It displays Rabi oscillations whose amplitude equals 1 at the center of the
anticrossing ( m o b = 0). The amplitude of the oscillations decreases as 0 , b
moves away from the center, while their frequency increases.
In several experiments, the Rabi oscillation cannot be observed indefinitely due to the finite lifetime of the system. For example, if the levels a
and b are sublevels of an excited atomic state with a lifetime l/r,
spontaneous emission causes the system to decay after a random time
interval t whose distribution is given by

For ground-state sublevels, the lifetime of these levels is infinite, but the
system can move and leave the observation region, or else the Rabi
oscillation can be interrupted by a relaxation process resulting from the
interaction of the system with its environment.
In most cases, it is necessary to continuously renew the system by means
of an adequate preparation process (optical excitation, filling of a cell by
an atomic beam. ..I. We assume here that the relevant systems are
continuously prepared in the state Ip,) and that they evolve under the
influence of the Hamiltonian H,, + V during a random time t whose
distribution is given by (lo), with the observation being made on the
average population of the state I p h ) . This last quantity is simply the

average
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Fbaof

P J t ) with weight (10):

(1l.a)
or also, using (9),

(11.b)

Thus, under the conditions described previously for preparation and
detection, the anticrossing is manifested by a population transfer from
19,) to I p b ) , resonant in the center of the anticrossing (oab= 0). This
resonant transfer is proportional to 0: for 0 , <<
and tends to a limit
equal to for r << 0,.The half-width of the resonance (variation of Pba
with w a b ) is [ r 2 0 ~ ] ’ /The
’ . fact that the width of the resonance
increases with the intensity 0 ; of the coupling is sometimes called
“radiative broadening” or “power broadening”.

4

r,

+

6) HIGHER-ORDER
ANTICROSSING

It may happen that the perturbation V does not directly couple the
state 19,) to the state 19,) (V,b = o), but that instead this Coupling exists
in higher orders through one or several levels Ip,), whose energies are far
from E , and E,. More precisely, we assume

To calculate the transition amplitude ub,(t),we then consider the projection of the resolvent onto the subspace subtended by ( p a )and I p b ) . If P
is the projector onto this subspace, the expression for PG(z)P is given by
Equation (B.23) in Chapter 111:
PG( z ) P

P
=

2

- H,

-

PR(z)P’

(13)

To the extent that the energy levels E , and E , are close to each other and
far from other levels lqc), the level shift operator R ( z ) can be approximated by its value for z = E , = ( E , + E b ) / 2 . As we saw in subsection B-3
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in Chapter 111, this is equivalent to describing the time evolution in the
subspace go by using the effective Hamiltonian

Taking into account condition (12), it is sufficient in the expansion of
R(E,) [see formula (B.22) in Chapter 1111 to retain only the first nonzero
term. Let p be the order of the first nonzero term of the nondiagonal
element R,,(EJ. As for the two diagonal elements, it should be pointed
out that, for all finite values of p , there exists at least one nonzero element
V,, and another nonzero element Vbc,.The second-order terms of the
expansion of R,,(E,) and R,,(E,) are thus necessarily nonzero, and these
are the preponderant terms, because we assume that V,, =
= 0.
With these approximations, we are brought back to the problem of the
preceding subsection with the substitution

v,,

Ei + Ei
Eb

=

+ Rii(E,)

Ei

(i

= U ,b )

( 15.a)
(15.b)

Rab( E O ) .

The levels Ip,) and Ip,) are first shifted by the quantities R,,(E,) and
R,,(E,), so that their crossing point E, = E 6 is shifted by
jsw,,

= -

[R,,(Eo)

- Rbb(Ed1

( 16)

(see Figure 2). Moreover, these levels are coupled by Rab(E,) and form an
anticrossing. The minimum distance between the two levels E l and E , is
R,,(E,), which is therefore of order p in V . This is an anticrossing of
order p . It should be noted that, if p > 2, the level shift, which is second
order, is much more important than the gap of the anticrossing.
The calculation of ub,(t) from the expression

allows us to associate the same physical phenomena with the higher-order
anticrossings as with the first order anticrossing: Rabi oscillation for
P,,(t), resonance for Fba. It is sufficient to make the substitutions (15) in
(9) and (11). The only new phenomena are, on the one hand, the scift of
the center of resonance due to the replacement of E , and E , by E , and
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\

I

Figure 2. Higher-order anticrossing. As in Figure 1, the long-dashed straight lines
represent the energies of unperturbed levels Ip,) and Ipb). The short-dashed
straight lines represent the levels shifted by the quantities R,, and Rbb.The solid
lines represent the perturbed levels which anticross.

E6, and

-

on the other hand, the radiative broadening of the resonance
which varies as IRa61,thus as IVI', and no longer as 0 , IVI.
c) LEVELCROSSING.
COHERENCE
RESONANCE

It may happen that R b a ( z )is zero to all orders if, for symmetry reasons
for example, the states Iq,) and Iq,) belong to two subspaces which are
not connected by the perturbation V. The energy levels then continue to
cross while being shifted. Their energies E , and ?,?6 are solutions to the
implicit equations

The corresponding eigenstates are written I$,) and I $ b ) . The time evolution respects the symmetry just as the Hamiltonian does, so

No transitions are induced by V between the level Iq,) and the level

I%).
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Despite the absence of transition, we can observe a resonance at the
shifted crossing point defined by

if the systems are prepared in a superposition of states I@,) and

(+b):

(the series of dots indicates that I$i) and I$f)
can have nonzero projections onto other states). This resonance is related to the interference, in
between two terms associated
the transition amplitude from I$i) to
with two "paths" going, respectively, through 16,) or 1 6 b ) . More precisely, the contribution of these two terms to the transition amplitude is
written

=

&A,

exp( -i.E,t/h)

+ p:Ab

exp( -igbr/h).

(23)

In the transition probability P,,(t 1, the interference between these two
terms in ( 2 3 ) gives rise to a modulation at the frequency Gbo = ( E b -

Ea)/':

which manifests itself in the averaged probability
resonant term at Gab = 0:

pfidefined in (1l.a) by a
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It should be noted that the resonance is observable only if the four
numbers A,, A,, p,, and p b are simultaneously nonzero. It is then
necessary to prepare and detect coherent superpositions of the levels that
cross. This type of resonance is thus called coherence resonance (*I.
Remark
It may happen that two levels Ip,) and lpb) are coupled indirectly by R,,(E),
but that this coupling tends to zero when the crossing point is approached. One
can then show that, despite their coupling, the perturbed levels continue to
cross. The resonances observed near such a crossing are quite similar to
coherence resonances, but they can appear even if the system is prepared in the
state ip,) and detected in the state I p h ) (**I.

2. Spin

Dressed by Radio-Frequency Photons

a ) DESCRIPTION
OF THE SYSTEM

The fine, hyperfine, or Zeeman structures of atoms and molecules
involve a finite number of sublevels, frequently very close to each other in
comparison to electronic excitation energies. We consider here the most
simple case where there are only two sublevels. A model of such a system
is provided by a paramagnetic atom assumed to be fixed at the origin,
having a spin
and interacting with a static magnetic field B,. The
magnetic moment p associated with the spin S is given by

3

where y is the gyromagnetic ratio, and where S,, S,, and S, are the three
Pauli matrices, multiplied by i. The angular precession velocity of the spin
around the direction Oz of the magnetic field B, is
w , = -yB,.

(27)

Such a spin is also assumed to interact with a monochromatic radiofrequency field. Because the spatial variations of the radio-frequency field
are negligible on the atomic scale, the atom is sensitive only to the value
B,(O, t ) of this field at the point 0 where the atom is located. A mode kE of
the free field can then be used to simulate the action of B,(O, t ) on the
($1 A concrete example of level-crossing resonance (Hanle or Franken effect) is discussed
in Exercise 6 .
(**I For more details, see G. Grynberg, J. Dupont-Roc, S . Haroche, and C. CohenTannoudji, J . Phys. (Paris), 34, 523 (1973); 34, 537 (1973).
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atom, provided that its frequency w , its polarization E , and its quantum
state l + ( t ) ) are such that the average value of the magnetic field operator
B(0) is equal to the experimental value B,(O, t ) . We choose here for 11,Nt))
a coherent state Icu(t)) (with a >> 1) satisfying

( a( t ) IB( 0) I a( t ) > = Bl(O?t ) .

(28)

The advantage of this description of the radio-frequency field is obviously
that, instead of a time-dependent perturbation problem, we can now
consider the problem of the evolution of an isolated system (dressed
atom), for which there are conserved variables, such as energy, angular
momentum, etc., which greatly facilitate the calculations and the physical
interpretation of the results.
In the absence of interaction between the atom and the radio-frequency
field, the Hamiltonian H , of the system is the sum of the atomic Hamiltonian HA and the Hamiltonian HR of the mode of the radio-frequency
field. The influence of other modes of the radio-frequency field is neglected, as is the zero-point energy of the mode:

H,) = HA + HR
HA = - p . B, = hw,S,

(29)

HR = hwafa.

(31)

( 30)

If I +) and I -) are the two eigenstates of S , , are IN) is the state with N
photons of the mode being considered, the eigenstates of H , are I k,N ),
with energies E *,

H()l

*

7

N,

= Ek,Nl

f N,
5

E*,N - * ( h w , / 2 )

+ Nho.

(32)
(33)

As a function of the splitting h w , between the two atomic sublevels, the
energy diagram appears as an infinite number of straight lines of slope k
and with ordinates Nhw for w ( , = 0 (Figure 3). In what follows, we will
consider levels such as N = ( N ) >> 1.
b ) INTERACTION
HAMILTONIAN
BETWEEN
RADIO-FREQUENCY
FIELD

THE

ATOMAND THE

The interaction Hamiltonian between the magnetic moment carried by
the spin and the magnetic field of the mode with polarization E is
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(N + 1)Ro
NRw

( N - 1) hw

I

0

I

ho

1

2hw

Figure 3. Unperturbed energy levels of the spin
system.

*

I

hw,

3hw

+ radio-frequency photons

The expression for B(O) results from formula (30) in the Appendix:

B(0)

=

\i"[
2 &,

2~3

a i(k

k ') + a +

(-i)(k X

E*)

k

Using (26) and (35), expression (34) for V can be put in a simple form:

where e is the polarization vector of the rf magnetic field and where A
plays the role of a coupling constant having the dimension of an energy.
Consider now more precisely the matrix elements of I/. They are
nonzero only between the states I f, N ) whose values of N differ by one
unit:

A N = kl.

(37)

The selection rules for the eigenvalues m , of S, depend on the polarization e of the rf magnetic field. Two particular cases are considered.
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i) Circular Polarization
The circular polarizations u, and (+- relative to the static magnetic
field B, are obtained by selecting for the polarization e:
1
e,= -(ex

fi

The coupling is then written (with S +- = S,
A
V =-(
u+

(38)

5 ie,,).

+ is,)

aS++ a + S - )

(39 .a)

I5

and
A

Vu-= - ( a s - +

(39.b)

a+S+).

fi

It is easy to check that Vu+ conserves the quantum number m, + N . This
selection rule is a physical consequence of the conservation of the z
component of the total angular momentum. Its interpretation is very
simple: Each photon of the mode carries a unit of angular momentum
along Oz, so that (m,+ N ) h represents the total angular momentum of
the system, which is conserved. Similarly, V,- conserves m, - N , each
photon having an angular momentum - h.
ii) Linear Polarization
A polarization of the radio-frequency field that is linear and perpendicular to Oz is obtained, for example, for e = e x .We call such a polarization
U:

V, = AS,(a

+ a+).

(40)

Note that V, changes N by 5 1 and m, by k 1, and thus m , + N by 0 or
by 52. This shows that V, conserves the quantum number

77(ms,N )
The latter takes the values

+ 1 or

=

(-1

m,+N-1/2

- 1, depending

(41)

on the levels.

Remark
In formulas (39.a), (39.b), and (401, the operators a + and a are creation and
annihilation operators for photons of the corresponding modes [a+ for (39.a),
u- for (39.b), and (T for (40)]. To simplify notation, they are written with the
same letters.
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c) PREPARATION
AND DETECTION

Different methods can be used to prepare paramagnetic atoms in a
given spin state: The deflection of atoms in an atomic beam by magnetic
field gradients depends on their spin state and can be used for ground or
metastable states. Optical pumping can be used under the same conditions, or for atoms contained in a cell. The states prepared in this way are
not necessarily eigenstates I k) of H,, but may also be coherent superpositions of these eigenstates. This is what happens, for example, if transverse
optical pumping (i.e., perpendicular to the static field B,) prepares the
spins in an eigenstate of S, or S,. Optical excitation with circularly
polarized light allows one to prepare excited electronic states with angular
momentum
in a given Zeeman sublevel or a superposition of these
sublevels. Finally, Boltzmann equilibrium at low temperatures in a high
magnetic field is characterized by unequal populations of the two sublevels
I +>and I ->. Pulsed radio-frequency techniques may then allow superposition states to be prepared.
To be specific, we assume in what follows that the preparation scheme
provides atoms in the state
Icp,)

=

I->

(42)

or, for a coherent excitation, in the state

(the eigenstate of S, with eigenvalue The initial state of the total
system is thus the tensor product of these states and the state of the
radio-frequency field at the time of preparation, which is assumed to be
either a state IN) or a coherent state l d t ) ) . Magnetic deflection and
optical methods (for example, measuring the absorption of a circularly
polarized light beam) can also be used for detection. The signals obtained
are proportional to the population of a given state that we assume to be

or, for coherent detection,

(45)

I4f) = [ I + > + I - > ] / &
For the dressed atom, the populations of the states
@ IN) must be summed over N.

I@f>

I +, N ) or

N )

=
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Remark

We assume implicitly that the preparation and detection processes are not
affected by the interaction with the radio-frequency field (or that they take
place outside the region where the radiofrequency field acts). Such a condition
implies that the typical correlation time for the preparation and detection
processes are shorter than the inverse of the pertinent Bohr frequencies of the
system, or that the entry (and exit) times of the atoms within the interaction
region are sufficiently short so that the sudden approximation can be applied.

3. The Simple Case of Circularly Polarized Photons

This case is particularly simple, because the energy diagram and the
resonance signals can be determined analytically.
a ) ENERGY
DIAGRAM
The coupling V,, has nonzero matrix elements only between eigenstates of H , characterized by the same value of m, N . The diagonalization of H can thus be carried out separately inside each of these
m, + N takes only
subspaces. Because m, can only take the values
half-integer values, and a two-dimensional subspace is associated with
each of these values. Therefore, the subspace associated with the value
N + is subtended by the two states:

+

t,

whose unperturbed energies

E,

=

(N

+ 1)hw - (hw0/2)

E,

are separated by the Bohr frequency wab = w
of V,+ in this subspace are given by

=

Nhw

-

+ (hw0/2)

w O . The

(47)

matrix elements

(48 .b)
Because the dispersion of the values of N around ( N ) is very low in
relative value, we can approximate the matrix element (48.b) by
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where

The perturbed states resulting from the states I +, N ) and I -, N + 1)
thus form a simple anticrossing of the type discussed in subsection 1-a.
The energy levels El") and E , ( N ) are two hyperbolas centered on
w,, = w , whose equations are given by (3.a) and (3.b) with the values (47)
for E , and Eb:

-1E , ( N ) =
h

-A1E 2 ( N ) =

:) /m
:) /m.

(N + (N + -

W +

(51.a)

W -

(51.b)

The corresponding eigenstates I,yl(N)) and 1,y2(N)) are expressed as a
function of the unperturbed states (46) by the formulas (5).

+ 1) + cos el +, N )
I , y 2 ( ~ ) )= cos el -, N + 1) - sin el +, N )
I X 1 ( ~ ) )= sin el

tan20

= --

-, N

01

w -

wg

o I 28 < T .

(52.a)
(52.b)
(53)

The energy levels are shown in Figure 4. They form a set of hyperbolas
having the unperturbed levels from Figure 3 as asymptotes and for which
the gap between the two branches is equal to h 0 , .
We now consider the other level crossings in the unperturbed energylevel diagram. In the presence of the coupling V ,these level crossings do
not transform into anticrossings. Indeed, the levels that cross belong to
subspaces corresponding to different values of N + m,,and they are thus
not coupled by V to any order.

b ) MAGNETIC
RESONANCE
INTERPRETED
AS A LEVEL-ANTICROSSING
RESONANCE
OF THE DRESSED
ATOM
According to the discussion in subsection 1-a, a population transfer
between the unperturbed states 19,) = I - , N + 1) and I q b ) = 1 + , N )
is associated with each of the anticrossings in Figure 4. This transition
between these two states of the dressed atom is interpreted as a spin flip
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t"
(N + 1 ) h w

Nhw

(N - I ) h w

I

I

0

2 Lw

fio

*

I

3 Lo

Figure 4. Variations with h w , of the energy levels of a spin
polarized radio-frequency photons.

Lo0

dressed by circularly

from the state I -) to the state I +) with the absorption of a radio-frequency
photon. This transfer is resonant at w,,, = 0, or w = w o . If atoms are
prepared continuously in the state I -) in the presence of N + 1 photons,
the population of the state 1 +, N ) is given by formula (1l.b):

P ( + , N ; - , N + 1)

1

=

-

2

a:
r 2+ 0: + ( w

(54)

2'

- wg)

t h i \ cxpre\sion, we have assumed N = ( N ), and have used the approximation (40). Actually, because the preparation is not made with a welltfcfincd valuc of N and the observation concerns only the spin state, it is
n c u \ w r y t o h k c the average over the different initial values of N , with
thc; wcighl I ' Nlru) 12, and for each valuc of N , to sum over all the possible
f ~ n i l lvaliic\ N' oI the number ot' photons. Because the state 1 -, N
1) is
LfJIJpICd fJnly to t h c 5t;rlc I t , N ) , t h e sum over N' contains only the term

In

+
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(54). We then have

Because [ (N[cU)l2has appreciable values only for N = ( N )= la12, the
approximation (49) made in the expression for p( + , N;- , N + 1) is valid.
This latter quantity, independent of N, can be removed from the sum over
N,which then equals 1 as a consequence of the normalization of la).
Finally, we have

The average transition probability p + - varies with w o - w as a resonance
curve, centered at w o = w , having a width 2[r2 0t]'/2and whose
height tends to when 0,/r tends to infinity.

+

Remark
Because the radio-frequency field is described by the state i a ( t ) ) , the density
matrix describing a system prepared at time t is

or else by approximating the evolution of the field between 0 and

1 by the
evolution of a free field (the modification of the field due to the spins is
assumed to be negligible):

Thus, the source term of the master equation describing the evolution of the
spins interacting with the field contains modulated terms at frequencies ( N N ' h . These terms give rise to resonant signals, detectable for N - N'= i 1.
Here we are interested only in static signals, for which it is sufficient to consider
the time-independent term in (58):
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This distribution of states I +, N ) with weights 1 ( N l a ( 0 ) )1' is precisely the one
we considered for the derivation of (56).
c) DRESSED
STATELEVEL-CROSSING
RESONANCES

In the absence of the radio-frequency field, the two energy levels of the
spin in the magnetic field cross each other at w o = 0. A level-crossing
resonance can be observed on spins prepared and detected, respectively,
in the states
and Ilcl,) given by (43) and (45). The correspondence
la) = I -), Ib) = I + ) allows one to apply formula (25) with A, =
- 1/
A, = p a = p, = 1/
w a b = - w o . This gives the shape of the
level-crossing resonance (*>

a,

a,

In the presence of the radio-frequency field, but in the absence of
interaction, the energies of the levels 1 +, N ) and I -, N ) cross each other
at w o = 0. When the interaction is taken into account, the straight lines of
Figure 3 become the hyperbolas of Figure 4, which no longer cross at
w o = 0. More precisely, the energy splitting between the states E,(N - 1)
and E , ( N ) equals, according to (511,

It cancels out at

~

The interaction thus shifts the crossing point. For low values of O,, it is
found at w o = 0 : / 2 o and approaches w g = w when 0 , increases. It
disappears for 0 , 2 w .
To analytically determine the expression for the level-crossing resonance, we can express the unperturbed states as a function of the dressed
(*) This crossing resonance in zero magnetic field corresponds to the Hanle effect [see W.
Hanle. 2. Phys., 30, 93 (1924) and also Brossel].

1

=

-{cos

v5

91xl( N ) ) - sin 91x2(N)) +

To apply formula ( 2 9 , we must consider the projections of Id,. il:) and
I d f . N ) on the levels that cross each other, in this case Ixl(A' - 1)) and
1x2(N)).
They equal -sin9/J?S, - s i n O / & ,
+ s i n g / a . -sin@/\:!,
which. after the summation over N, results in
-

P,,

sin4 9

&:,

2

I'* + &;,

= -

where 0 is given by ( 5 3 ) and G,,,, is given by (01). In the limit of low values
of I),: the crossing remains near ( I ) , ) = 0, :ind sin H = I . The circular
radio-frequency field t h e n acts like at1 cflectivc static tield parallel to 0 2
which 5hifts the position 01' the level crossing b y ;I q u a n t i t y equal to
0 ; / 2 0,.
Thc cncrgy di;igr;im i r i I'igurc 4 has iiiiiiiy other cwjssings. Ncvertheless.
a small number 01 them ciiii Ix o I ~ s c i ~ v ciii~ IIlic clctcctioti signals. Indeed.
the \ l a t e \ prcp;rrctl i11i(l tlclcclctl iirc liiic;ir conihiiialions o f thc four
drc\\cd j t a t c s appearing ill 1 Iic cxIwtisiotis (h4.;1) ;tiid ((14.b). O n l y the
crossing points hctwccii Ilic ~ ~ ~ i ~ t ~ cc~iic*rgV
~ ~ ~ lcvcls
~ ~ i iit'c
i ~ obseivable
l i t i ~ in
the dctcctioii \igiial\. 'I'ltcic i11.corilv I W O of lliciit ;Itid ihcy corrcspotid t o
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the points of intersection of E , ( N ) and E , ( N - 1) marked C , and Ch in
Figure 4. The first is the one we just discussed. The second one is located
at w o = 2w at the weak coupling limit, and approaches w o = w at high
intensity. The expression for the corresponding resonance is still given by
formula ( 6 3 , but for values of w o close to the crossing point given by the
second solution of Oab = 0, or, according to (611,
0 0 =0

+4

v .

(66)

In the perturbative limit and near w o = 20, formulas (61) and (53) give
Gab = [ w 0 - ( 2 w - O : / 2 w ) ] , and tan28 = O , / w , or 28 O J w . The
resonance appears in the form

It is observable only in the presence of the coupling with the radio
frequency, which, by contaminating the states I -, N + 1) by I + , N ) and
I +, N - 1) by I -, N ) , allows the excitation and the coherent detection
of the two levels that cross each other.
4. Linearly Polarized Radio-Frequency Photons
The energy diagram for a spin dressed by u+ (or a _ )radio-frequency
photons causes only one anticrossing resonance and two crossing resonances to appear. We now consider the case where the radio-frequency
photons have a linear polarization, perpendicular to the magnetic field
(polarization a),and show that such a situation is richer in physical
phenomena.
a ) SURVEYOF THE NEW EFFECTS

Because S , = ( S + + S-)/2, the interaction Hamiltonian (40) can be
written in the form

v, = v++ v-

(68)

where
A

v+= - ( S + a + s p a + )
2

h

v-= -2( S _ a + S + a + ) .

(69.a)
(69 .b)
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V , couples the level I +, N ) to the level I -, N + l), which gives rise to a
level anticrossing at w o = w as in the preceding subsection. V - couples
I +, N ) to I -, N - 1) and gives rise to one anticrossing at w o = -a. The
corresponding matrix elements are

(+,NIV,I-,N-

1)

=

p v

and can be approximated by
fin1

(+,NIV,l - , N ) 1) = 2

with (*)

To lowest order in a,,
the energy diagram presents anticrossings at
with which are associated two resonances symmetrical with
respect to w o = 0.
In higher orders, it is necessary to consider, in addition to the saturation effects produced separately by V , and V - , the crossed effects
between these two terms. For example, the anticrossing created by Vnear w o = - w shifts the levels that are resonantly coupled by V,, at
w o = w . This latter anticrossing is then shifted, as well as the associated
magnetic resonance: this is the Bloch-Siegert shift that we will calculate in
subsection 4-b.
Moreover, levels which, for a pure coupling V , (or V - ) would belong
to subspaces unconnected by V , (or V-1, are now coupled in higher
orders. For example, the state 1 +, N ) is coupled in first order to
I - , N & l), in second order to I +, N k 2) and I +, N),etc. In general,
I +, N ) is coupled to all the states I -, N -t ( 2 p + 1)) and I +, N ) 2 p ) ,
where p is an integer. The unperturbed states can then be regrouped into
two subspaces that are not connected by V,. These two subspaces actually
wo = ) w ,

(*I With this definition, 12, represents, as it does in the chapter, the resonance Rabi
frequency for the one-photon resonance ( w o = + w ) . It should be noted that most of the
original articles use another parameter, w 1 = - y B , , for a linearly polarized radio-frequency
field B , cos w t e x . The relationship between these two parameters can be obtained by
decomposing a linear field into left and right circular fields and is written w , = 212,.
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correspond to the values + 1 and - 1 of the quantum number q(rns,N )
conserved by V,, which is given in (41). The crossings between levels of the
same subspace are transformed into anticrossings by V,. This is the case
for the states I +, N ) and I -, N + ( 2 p + 1)) which cross each other at
w g = ( 2 p + 1)w. By contrast, the intersections between levels of different
subspaces remain crossings. This is the case for the states I +, N ) and
I -, N + 2 p ) which cross each other at w o = 2 p w . The dressed atom
energy diagram thus has an odd spectrum of anticrossings and an even
spectrum of crossings, with which are associated resonances that will be
discussed in subsections 4-c and 4-d. As the resonances w o = + w , all
these resonances undergo radiative shifts.
As a result of the invariance of V, and H R by time reversal and the
odd character of HA in this operation, the energy levels are symmetric
relative to w g = 0. Consequently, the zero-field level crossings are not
shifted (*I. When the intensity of the field varies, the slope of the energy
levels in zero field, which represents the Land6 factor of the dressed atom,
also varies. This variation can be precisely determined for any value of
R , / w , as we will show in subsection 4-e.
b ) BLOCH-SIEGERT
SHIFT

We consider the levels 19,) = I -, N + 1) and I 9 b ) = 1 +, N ) between which magnetic resonance transitions occur near oo= w , and we
use the results from subsection 1-b. The matrix elements of the operator
R ( E J taken for

will be determined to lowest nonvanishing order. The nondiagonal element has actually only one first-order term, which, according to (71),
equals

For the diagonal matrix elements, the first-order term is zero, so we must
( * ) The fact that the energy levels are doubly degenerate in zero field is a consequence of
the Kramers theorem: see Messiah, Chapter XV.
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considcr the sccond-ordcr tcrm. For cxamplc,

The only nonresonant intermediate state that contributes is the state
I +, N + 2). By using (73) and by approximating w o by w , we obtain

Similarly,

Thus the anticrossing is shifted, according to (161, by the quantity
Sw, = -Swab =

-

0:

-

4w

which is the Bloch-Siegert shift (*I. The magnetic resonance now occurs
for a weaker static field. It is clear from the foregoing calculation that such
an effect is due to nonresonant couplings induced by V,. These couplings
disappear when the rotating-wave approximation is made, as in the chapter (BB-3-b). An analogous calculation shows that the shift of the resonance w" = - w is the opposite of (78), so that the two resonances
approach the zero field.
Remark
We calculated the Bloch-Siegert shift to lowest order in O l / w . To derive the
higher-order terms, we must consider the next terms of the expansion of R ( z )
and not make the approximation consisting of replacing z by E,. The energies
(*) See,

for example Abragam (Chapter 11).
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E , ( N ) and E , ( N ) are derived as solutions of an implicit equation giving the
poles of G ( z ) .The center of the anticrossing, defined as the point where the
energy levels have a horizontal tangent, can then be expressed in the form of a
power expansion of Ol/w (*).

c) THEODDSPECTRUM
OF LEVEL-ANTICROSSING
RESONANCES

+

Consider two unperturbed levels that cross at w o = ( 2 p l ) w , for
example, lp,) = 1 -, N + 1) and 19,) = 1 +, N - 2 p ) , and once more
apply the results of subsection 1-b. The shift R,,(Eo) of the level Ip,) is
produced by its coupling with the levels I +, N ) and I +, N + 2 ) with the
corresponding matrix elements being equal to h 0 , / 2 . The average energy
E , equals

E,

= Eo

+
2 Eb

=

(N-p

+ +,

(79)

so that by approximating w o by ( 2 p + O w , the energy denominators
corresponding to the states I +, N ) and 1 +, N 2 ) are, respectively,

+

( N - p

+ 1/2)hw - [(hw,,/2)+NAw]

3

-2phw

and
( N - p

+ 1/2)hw -

[(hw0/2)+ ( N + 2)hw] = - ( 2 p

+ 2)hw.

Finally

The shift of the level lpb) is the opposite of (801, which, according to (16),
leads to a shift of the resonance center:

so, =

n;

--

2p

4w P ( P

+1
+ 1).

(*) See, for example: C. Cohen-Tannoudji, J. Dupont-Roc, and C. Fabre, J . Phys. B , 6,
L214 (1973).
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We now derive the nondiagonal element Rab(Eo) that produces the
anticrossing. Because the states 19,) and lqb) differ by 2p 1 photons,
the first nonzero term of the expansion of R,,(E,) is of order 2 p 1:

+

+

and equals, after all the calculations are done

A resonant transfer between the two states \ p a ) and l q b ) is associated
with this anticrossing. When the resonance is not saturated, i.e., for
lRabl << [wf, + r2I1l2,
its intensity is proportional to R i b , and thus to
On;lp+2.Its shift relative to w o = ( 2 p + l ) w is given by (81). Note that the
shift varying as 0: increases more rapidly than the intensity varying as
Ofp+2, so that when the resonances are significant, they are already
considerably shifted.
We return now to the physical interpretation of the odd resonances.
These are multiphoton transitions, as shown clearly by the comparison of
the initial state 19,) and the final state IPb) of the system. More precisely,
the numerator of (82) is a product of matrix elements of V,, which, from
left to right, causes the number of photons in each intermediate state to
decrease by one unit, the spin going alternatively to the state I +) or I -).
The photons u are linear superpositions of u + and u- photons. As a
result of the conservation of angular momentum along Oz, the transition
from the state I -, N + 1) to the state I +, N - 2 p ) is realized by the
successive absorption of a (T+ photon, then a (T- photon, etc., for a total
of ( p + 1) u, photons and p a - photons (see Fig. 25 in Chap. 11). For
the same reason, a 2p-photon transition between the states I -) and 1 +)
is forbidden for u polarization, because the atomic angular momentum
cannot have changed by one unit of h at the end of the process. By
contrast, such a transition would be allowed if the polarization of the field
were no longer perpendicular to Oz, with the three types of photons, u + ,
u-,and 7 then being present.
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d ) THE EVENSPECTRUM
OF LEVEL-CROSSING
RESONANCES
The levels I +, N ) and 1 -, N + 2 p ) cross at w g = 2 p w . In the presence of coupling, the perturbed levels continue to cross each other, but
are shifted. The calculation of the diagonal matrix elements of R(E,) is
analogous to those in the foregoing paragraph. The result is identical,
except for the substitution of 2 p 1 for 2 p , which gives for the shift of
the crossing

+

-

-

As in the case discussed in subsection 3-c, the level-crossing resonance is
observable only if the perturbed states I +, N) and I -,N + 2 p ) contain
states I +, N') and I -, N') with the same number of photons. The
initial and final states I$,) and $I),
are indeed linear combinations of
I +, N') and I -, N').The amplitudesd
( 4 N'l +, N), (I),N'I
, +, N),
and ( + b l ,N'I - ,N 2 p ) , ( y ! ~ ~ N'I
,
- ,N+ 2 p ) , being, respectively, of
- " "crossing
I,
resonance is exorder ( O , / w ) ~ " ' - " i and ( f 2 , / ~ > ~ ~ + ~ ~the
cited in lowest order for N 5 N' IN + 2 p , and its intensity is on the
order of

-

+

-

N+Zp-N'

N'-N

These level-crossing resonances are interesting in that they do not undergo any radiative broadening and that their radiative shift is measurable
up to values of 0 , on the order of w . The quadratic approximation (84) is
then no longer sufficient, and the higher-order terms must then be taken
into account (*).
e > A NONPERTURBATIVE
CALCULATION:
THE LAND^ FACTOR
OF THE DRESSED
ATOM

Until now, we have adopted a perturbative approach. The Hamiltonian
for the atom dressed by (T photons cannot actually be explicitly diagonalized, except at one point, w o = 0. It then equals
H(w,

=

0)

=

hwa+a

+ hS,(a

+a+).

(86)

( * ) See, for example, C. Cohen-Tannoudji, J. Dupont-Roc. and C. Fabre, J . Phys. B , 6,
L218 (1973).

486

The Dressed Atom Approach

A,.4

In this expression, S , is the only atomic operator. H thus commutes with
S , and its diagonalization is reduced to that of its projection HE onto each
of the two eigensubspaces of S,,

HE= ~ U U ' U
=

+ -A(.
2
E

+ a+)

&A
h o a++ 2hw)(Q

(

A2

&A

+

zno)

-

4hw

(87)

where E = k1. The application to He of the translation operator
exp[sA(a+- a ) / 2 h o ] [see Appendix, formula (66)l gives hwa'a ( A 2 / 4 h w ) , for which the diagonalization is immediate, its eigenvalues
being

EN = Nhw

-

A2

4hw

Finally, the eigenstates of H corresponding to the eigenvalue EN are

-

I&,; N )

=

exp[ - & A ( a + - a ) / 2 h o ] IE,)IN)

(89)

(the states 1 -,>
and I +,) are given, respectively, by (43) and (45) as a
function of the eigenstates I k) of S,).
The Zeeman effect for the dressed atom corresponds to the lifting of
the degeneracy of the states I k ,; N) by the Zeeman Hamiltonian

H,

=

hwoS,.

For weak magnetic fields ( w o << 01, first-order perturbation theory in H ,
yields the term linear in w o , and thus the Land6 factor of the dressed
atom. By using the matrix elements of S , in the basis I&,>

;
we find that, in the subspace I k N), H , is represented by a 2
(E,IS,IE,)

=

(+, IS,I

0

-x)

(91)

=

,;

matrix whose matrix elements are

- -

(+,;NIH,I -,; N)

=

hw0

-(Nlexp
2

A

-(a+-

h6J

.)IN).

X

2

(92)

The factor (NIexp[A(a+- a)/hw]lN) can be calculated explicitly (see the
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remark below). In the limit where N = fl>> 1, it is expressed as a
function of the zero-order Bessel function, 1,:
(Nlexp[A(a+- a ) / h w ] IN) = J0(201/w).

(93)

Thus, the Larmor frequency w o of the free atom is, for the dressed atom,
multiplied by J o ( 2 0 , / w ) . This function decreases from the value 1,
cancels out and changes sign for 2 0 1 / w = 2.4, then continues to oscillate
while slowly decreasing. The Land6 factor of the dressed atom can thus be
markedly different from that of the free atom.
Remark (*)

We now evaluate the matrix element (93) for N = N
formula, we can put it in the form
<Nlexp[ - A( a + -

2>

1. By using the Glauber

.)]IN)=

hw

Because A / h w << 1, the first factor equals 1. The second factor involves the
vector

The values of p that contribute to (95) are on the order of

In the calculation of UPIN), we can thus take N - p = N = ( N ) . This leads to
the approximation
aPIN)= \ / o p I N - p > .
We then have

(*) See N. Polonsky and C. Cohen-Tannoudji, J . Phys. (Paris), 26, 409 (1965).

(97)
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Similarly,

and

The sum appearing in (100) is simply the series expansion of the Bessel function

J, so that

f)

QUALITATIVE

EVOLUTION
OF THE ENERGY
DIAGRAM
A r HIGHINTENSITY

All the results that we discussed in subsection 4 clearly appear in the
energy diagram for the dressed spin in Figure 5 . In this figure, drawn for
0 , < w , we can distinguish anticrossings near w o = w , 3 w . . . , and cross-

<<oo
= w>>

“Wg

=3on

E

( N + 1) hw

NhW

1) hw

0

Figure 5. Energy levels for a spin
polarization.

hw

f

2 hw

3hw

hwo

dressed by radio-frequency photons having a u
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ings at w o = 0, 20,. . . . The radiative shifts are also apparent, as well as
the decrease in the slope of the levels in zero field.
When 0 , increases, the anticrossings w o = f w and the crossings
w o = f 2 w arrive at w o = 0, at the same time that the slopes of the levels
cancel out at the origin, i.e., for 2 0 1 / w = 2.40. If 0 , increases even more,
the Land6 factor changes sign, and then the three-quantum resonance and
the crossing w,, = 4w each progressively come to and disappear at the
origin for the second zero of the Bessel function (2RI/w = 5.521, and so
o n . . . . The study of the energy diagram for the dressed spin thus provides
a global view of the phenomena that allows us to understand their
evolution when the intensity of the radio frequency increases and when a
perturbative treatment is no longer valid.
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COMPLEMENT B,,
COLLISIONAL PROCESSES IN THE PRESENCE
OF LASER IRRADIATION

Several differences exist between the emission spectra of an isolated
atom and those of an atom undergoing collisions with other atoms.
Consider, for example, the fluorescence spectrum of a two-level atom. In
the absence of collisions, such a spectrum is composed of a symmetrical
triplet in which the two sidebands have the same intensity (see §E-l). In
addition, in the limit of large detunings from resonance, the intensity of
the central line of the triplet is proportional to 0: (where 0 , is the Rabi
frequency), whereas the intensity of the sidebands varies as 0;. In this
complement we will show that, in the presence of collisions, the fluorescence triplet becomes asymmetrical. For example, in the large detuning
limit, the sideband whose frequency is close to the atomic frequency w o
changes its behavior, with its intensity also becoming proportional to 0:.
The emission spectrum then contains two dominant lines, one at the laser
frequency wL and the other at the atomic frequency w o (Figure 1). This
line at the frequency w o results from the excitation of the level b in a
collisionally aided process, with the collision providing the energy defect
h ( w o - w L ) between the energy of level b (solid line in Figure 1) and the
energy reached as a result of the absorption of a photon from level a
(dashed line in Figure 1). We know that this intermediate step of the

b

(a )

(P 1

Figure 1. Dominant lines observed in the emission spectrum of an atom subjected
to collisions. In addition to the Rayleigh scattering at the frequency w L (a),an
emission at the frequency w,, due to the excitation of the level b in a collisionally
aided process ( p ) is also observed.
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excitation process can actually be interpreted as an energy level of the
atom + photons global system (see the discussion concerning Figure 13 in
subsection C-1 of Chapter 11). The dressed atom approach, which will be
used in this complement, is thus particularly appropriate for describing
collisional processes in the presence of radiation (*I.
After having introduced the parameters describing the collisional relaxation of an atom in the absence of radiation ($11,we describe the effect of
collisions in the dressed state basis (02). We then study the modifications
of absorption and emission spectra of the atom resulting from collisions
(03). Finally, we discuss how the transfer rates between dressed states can
be calculated in two different limits corresponding to detunings which are
either small or large compared with the inverse of the duration T~~~~of a
collision ($4).

1. Collisional Relaxation in the Absence of Laser Irradiation
a ) SIMPLIFYING
ASSUMPTIONS

Consider an atom A with two levels u and b in a gas composed of
atoms X.Atom A undergoes random collisions with these atoms. The
duration T~~~~of each collision is assumed to be small compared with the
time interval Tcollseparating two successive collisions: The collisions are
thus binary and well separated in time. The average kinetic energy of the
atoms ( 3 k B T / 2 ) is assumed to be much smaller than ho, = E, - E,, so
that the excitation of the level b from the level a during a collision is
energetically impossible. The energy of the first excited level of the atom
X is also assumed to be very large compared with h w o . Consequently,
during a collision, it is not possible to transfer the energy from the excited
atom A to the atom X. More generally, we assume that there is no
nonradiative deexcitation (“quenching”) of b to a during a collision.
To summarize, the only effect of the collisions considered here is to
modify the energies of the levels of A during the collision. We call E , ( r )
and E , ( r ) the energies of the levels u and b of the atom A in the
presence of the X atom at a distance r (see Figure 2) (**). During the
collision, the Bohr frequency associated with the transition a +-+ b is
modified so that the essential effect of the collision is to induce a phase
(*) Such a point of view is used by S. Reynaud and C . Cohen-Tannoudji, J . Phys. (Paris),
43, 1021 (1982).
(**) By contrast, we assume that the wave functions of the levels a and b are only slightly
modified by the presence of the X atom. In particular, the electric dipole matrix element of
the atom A between the states a and b is assumed to be the same as for an isolated atom.
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1

r

t

Figure 2. Energy levels of the atom A in the presence of an atom X at a distance r .

shift of the oscillation of the atomic dipole. For this reason, this type of
collision is known as a "dephasing collision".
For the sake of simplicity, we assume that the atom A is at rest and
that the X atoms follow classical linear trajectories (*).
b ) MASTEREQUATION
DESCRIBING
THE EFFECTOF COLLISIONS
ON THE EMITTING
ATOM

First we discuss the effect of a single collision. According to the
assumptions made in the preceding subsection, the diagonal elements a,,
and ab, of the density matrix a, of the atom A do not change. On the
other hand, the nondiagonal element is modified by a quantity which, in
the interaction representation, is written

where

4 is the phase shift accumulated during the collision. It

is equal to

(*I The effects associated with the changes in velocity of the atom resulting from collision
are discussed, for example, by P. R. Berman. in Les Houches X K W I I I "New Trends in
Atomic Physics", edited by G. Grynberg and R. Stora, North-Holland, Amsterdam, 1984,
p. 451.
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represents the instantaneous oscillation frequency of the

Oba(

t,

Eb(

=

( ‘1)

- Ea(

A

‘1)

(3)

Consider a time interval A t which is long compared with the duration
of a collision and short compared with the time interval Tcoll separating two collisions ( T ~ ~<<
, , At a T,,,,). Because A t <
< Tcoll,the probability
that an atom A has undergone a collision during A t is very low, so that
the modification
of 6 b , during A t is small. By contrast, because
A t >> T ~ any~ collision
~
~
,that occurred during the interval A t has had
enough time to take place from start to finish. To find A&,,, we must sum
the relation (1) over all the possible collisions. During A t , the number of
collisions the atom A undergoes with an atom X whose velocity is
included in the volume element d3r: about v and whose trajectory has an
impact parameter between b and b db, is
T , ~ , ~

+

AN( b , ~ =
) N277b d b ) v ( f ( v )d3a A t

(4)

where N is the number of atoms X per unit volume and f(v) is their
velocity distribution. The variation A G b a / A t can then be written

with

where 4 ( b , v) is the phase shift for a collision associated with a trajectory
having an impact parameter b and relative velocity v. We call y and 7 the
real and imaginary parts of ( 1 - e-’b)co,l:

, ~evolution
,
of
For times long compared with T ~ ~the
by the coarse-grained average (51, so that

6ba

can be described

By contrast, as we have mentioned above, the dephasing collisions do not
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introduce any transfer from one atomic level to another, which leads to
the following equations for the populations

Finally, Equations (8) and (9) can be combined into a single operator
equation

where S, is the operator defined by S,la)
[see Equation (A.15.c) in Chapter V].

=

- < ~ > 1 a >and
,
S,lb) =

(i)lb)

Remark
Every two-level system can be considered as a fictitious f spin (see PA-4 in
Chapter V). Because a dephasing collision modifies the energy difference
between the two levels, its effect on the fictitious spin is equivalent to the effect
of a magnetic field b(t) parallel to Oz applied to the spin during the collision.
The angle 4 then represents the angle of rotation of the spin about Oz under
the influence of b(t). Note that we have made no assumptions about 4 and that
this angle can correspond to a rotation greater than 2 ~ .

2. Collisional Relaxation in the Presence of Laser Irradiation
a ) THEDRESSEDATOMAPPROACH

Collisions also appear as relaxation processes for the dressed atom, and
it is possible to describe their effect by using a master equation. Despite
the large number of levels of the dressed atom, the number of parameters
necessary to describe the effect of dephasing collisions is relatively small.
This is a result of, on the one hand, our choice of a simple collisional
model (the model described in subsection 1-a), and, on the other hand, the
fact that it is usually justified to use the secular approximation that allows
the evolution of the populations to be decoupled from the evolution of the
coherences (and also the evolution of the coherences having different
eigenfrequencies to be decoupled from each other).
b ) EVOLUTION
OF POPULATIONS:
COLLISIONAL
TRANSFERS
BETWEEN DRESSED
STATES

First note that the dephasing collisions cannot induce population transj ( N , ) is zero if N # N’. Indeed,
fer from one manifold to another:
we assumed in subsection 1-a that the energy likely to be transferred

c$\+
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during a collision is on the order of k,T, a quantity that is small compared
with the optical energy. By contrast, k,T is, in general, large compared
with the splitting h 0 between the levels ( l ( N ) )and (2(N)) of the same
manifold, and the collisions can induce transfers from Il(N)) to (2(N))
with a rate TT&+2(N,that we write as w (for N near ( N ) , w can be
considered as being independent of N ) . Note that the relation fiR << k,T
leads to [see Equation (C.10) in Chapter IV]

Furthermore, we assume that R is large compared with y , which allows
the secular approximation to be applied and the couplings between
populations and coherences to be neglected. The evolution equation for
populations T ~ ( of
~ ) the dressed atom under the influence of collisions is
thus written
(12.a)
(12.b)
The dephasing collisions thus tend to equalize the populations between
sublevels of the same manifold of the dressed atom (Figure 3).
Remark
Equations (12) indicate that, in the dressed state basis, collisional relaxation
affects not only the coherences, as is the case for the bare atom [see Equations
(8) and (911, but also the populations. Using the language of nuclear magnetic
resonance, we can say that the relaxation, which is only of type T , for the bare
atom, becomes partially of type T , for the dressed atom. It is easy to understand such a result by using the notion of fictitious spin. For the bare atom, the

’

I (N1)

Figure 3. Transfers between levels of
the dressed atom induced by dephasing collisions.
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random field b(t) representing the effect of the dephasing collision is aligned
along 0 2 , as is the field B, associated with the energy separation h w o between
the levels b and a. By contrast, in the presence of a laser wave, b(t) is no longer
aligned with the total field Be in the rotating reference frame. Recall that the
components of B, along OZ and OX are, respectively, proportional to ( w , - w , )
and 0 , (see Figure 1 in Chapter V). Thus, in the rotating reference frame, the
field b ( t ) has a component orthogonal to Be which can induce transfers between
the eigenstates 1 +) and 1
of the component of the spin on Be. Equations
(12) do express quantitatively the existence of such transfers between dressed
states.

->

c ) EVOLUTION
OF COHERENCES.
COLLISIONAL
DAMPING
AND

COLLISIONAL
SHIFT

We now consider the coherences (l(N)I612(N)) and (2(N)l6l l(N))
between two sublevels of the same manifold 8 ( N ) . The relaxation of
these coherences can be described by using two parameters K and 5‘ which
describe, respectively, the damping of the coherence and the shift of its
frequency of evolution:
d

-(
d t 1( N ) 1612( N))
d

=

-(
d t 2( N ) 1611(N)) =

- (K

+ it)( 1( N ) 1612( N))

- (K -

is)( 2( N ) 1611(N)) .

(13.a)

(13.b)

By contrast with the situation encountered in OD-2-c for spontaneous
emission, here there is no transfer of coherence between two manifolds.
This is a consequence of the collision model described here, which ignores
any collisional transfer phenomenon between two levels separated by
optical energies.
Remark
The effect of collisions on the evolution of the coherence ( l ( N ) 1 5 / 2 ( N ’ )with
>
N # N‘ is given by an equation similar to (13.a)

This point will be justified in subsection 4.
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IMPACTLIMIT

A particularly important experimental situation occurs when R T , , ~<<~ 1,
with R being the Rabi frequency (B.19). This condition, which implies that
the relations IwL - w ~ / T , , ,<~< 1 and R ~ e T
1 are~simultaneously
~ ~ ~ verified, corresponds to the “impact limit”. In this case, the Rabi oscillation at
the frequency R does not have time to occur over the duration T~~~~of the
collision. We then have a situation similar to the one encountered for the
case of spontaneous emission in subsection D-1-a of the chapter. Here
again, it is therefore possible to use the approximation of independent
rates of variation to find the explicit form of the master equation for the
dressed atom. This approximation consists of writing the rate of variation
of aAL as the sum of the rate of variation (10) associated with the
collisions (the quantum numbers associated with the laser photons remain
“spectators”) and of the rate of variation associated with the Hamiltonian
H A L for the dressed atom

We will now project Equation (15) over the basis l i ( N ) ) of the dressed
states and show that it is possible in the impact limit to express the three
parameters w , K , and 5 describing the collisional relaxation of the dressed
atom as a function of the two parameters y and 7 introduced for the bare
atom. To do this, we use the following matrix elements deduced from
(B.20):

1
( ~ ( N ) I S , ~ ~ ( N=
’ ) -(sin2e
)
- cos2e)s,,,~
2
( I ( N ) ~ S ~ \ ~ ( N=’ )-sinecose6,,,,
)

=

=

-a,,,,-

-a,-

cos 20

sin 20
2 .

2

(16.b)
(16.c)

We first consider (*) ( l ( N > l a ll(N’)). By using the secular approximation,
( * ) W e omit the index A L of a
,

when there is no ambiguity.
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we deduce from (15)
d

-4
d t 1( N )lull( ”1)

=

Y

=

- i ( N - N ’ ) W L ( l ( N ) ~ ( T ~ l ( N ’ )-) $ l ( N ) l a ( l ( ” ) )

=

-i( N

- N’)w,(

+

1(N ) l a l l ( N ’ ) ) -

For N = N‘,we then find, by comparing (17) and (12.a), that the value of
w for the impact limit is simply
Y
w = - sin2 28.

2

( 18)

By using (15) again, as well as the secular approximation, we obtain for the
evolution equation of ( l ( N ) I (TI 2(N‘))

d

-( 1( N)lC)2(N ’ ) ) =
dt

-

i[ n

+ ( N - N ’ ) W L ] ( 1( N ) l a ) 2 (N ’ ) ) -

- [ Y ( C O S+~ sin48)
~
+ i77~0~2e](l(N)la12(N’)).

(19)

Comparing with (13.a) then gives
K =

y(cos4 e

5 = 77 C

+ sin4 e )

O S ~ ~ .

Remarks
(i) It is possible to find the coefficient w in the impact limit by using a more
physical approach. To do this, we assume that the system is at the initial time
fi = - T in the state \ l ( N ) ) and study the effect of a collision with an atom X .
Because OT,,,~~
<< 1, we can ignore the atom-laser coupling during the collision.
The effect of the collision is simply to phase shift the coefficients of the
expansion of the state /1(N)) over the states la, N + 1) and Ih, N ) . Starting at
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the initial time from the state

I$(-T))

= Il(N)) = sinela, N

+ 1) + coselb, N )

(22)

the system is found at time T in the state

=

sin eta, N

+ 1)exp

{

-

E,(r(t))

+ ( N + l)hw,]

dt

By assuming that the collision occurs within the interval ( - T , T ) , we can, by
using (2), rewrite I$(T)) (except for a global phase factor) in the form:

In the impact limit, we can take an interval T which is large compared with
while still having 16,IT << 1 so that

( $ ( T ) )= s i n O l a , N + 1 ) + c o s B e - ' + l b , N ) .

T~~~~

(25)

The state I $ ( T ) ) at the end of the collision then differs from I l ( N ) ) because of
the phase shift e-'+ of the component along Ib, N ) . Using (B.20) then gives for
the transition probability

The transition rate from I l ( N ) ) to 1 2 ( N ) ) is obtained by summing (26) over all
the possible collisions. It is then sufficient to use (7.a) to find again expression
(18) giving w.
(ii) An argument analogous to that used in the preceding remark also allows us
to understand certain collisional effects in optics and nonlinear spectroscopy.
Consider, for example, a three-level atom ( a , b, 6') identical to the one in
Figure 14 of this chapter. We assume that the two incident beams having
frequencies w , and w; and exciting the transitions a
b and a
b' are
nonresonant and that a,/
/6,I and O',/ ISLl are small compared with 1 (with
6, = w , - w,, and 6; = w; - w',,). The atom being studied also undergoes
collisions with the atoms X and the conditions defining the impact limit
(16,l, IS;] << ~ & f , arc
)
assumed to be fulfilled. The dressed states in the

- -
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manifold B ( N ,N')introduced in (E.40) are:

0,
Il(N, N')) = - - l a ,
26,

0;

12(N,N')) = - - - l a , N
2s;

13(N, N')) = l a , N

N

+ 1, N' + 1) + J b ,N,N' + 1)

(27.a)

+ 1 , N' + 1) + Ib', N + 1, N')

(27.b)

+ 1, N' + 1) +
(27.c)

If the system is initially in the state 13(N,N'))and then undergoes a collision
with an atom X , a procedure analogous to the one made in the previous
remark allows us to show that its state after the collision is

0;
+e-'@Ib', N + 1, N')
2s;
where @ = /'",dt(wb,,(t)
- w b ) is the phase shift of the coherence between
the states a and b' induced by the collision. Because the state I@(T))differs
from the state 13(N, N')),we find transfers to the levels 12(N, N ' ) ) and
\1(N, N'))analogous to those discussed in the preceding remark. Moreover, a
coherence between the states Il(N, N')) and I2(N, N'))is created by the
collision

The average over the collisions leads to an average excitation rate of the
coherence equal to

where yba = y + iq, yb,a and y b b rbeing similarly associated with the relaxation
of the coherences ubga
and uhhrof the bare atom. The right-hand side of (30) is
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generally nonzero, which shows that the collisions are able to create coherences
between dressed states. We also know (see Complement A,,, $1-c) that a
coherence excited in this way goes through a resonant value when its characteristic evolution frequency is zero. The evolution frequency of the coherence
between 12(N,N’))and Il(N, N’))being (6, - 6L), the process induced by
collision that we consider here must be resonant when 6, = 6L, i.e., when
E , - Ebr = h ( w , - u;).The dressed atom approach thus allows us to understand how collisions can cause the appearance of resonances associated with
Bohr frequencies between excited levels (*). Later on [see Remark (ii) in
subsection 3-d] we will present an example of a physical situation where such
resonances can appear.
3. Collision-Induced Modifications of the Emission and Absorption
of Light by the Atom. Collisional Redistribution
We now discuss how the resonance fluorescence of an atom excited by a
laser wave is modified when this atom undergoes collisions.
a)

TAKING
INTO ACCOUNT
SPONTANEOUS
EMISSION

In the dressed atom approach, it is necessary to take into account two
relaxation processes, the “radiative” relaxation resulting from spontaneous emission processes and the “collisional” relaxation associated with
collisions. The first process, discussed in this chapter (SC-1 and Section
D), is characterized by a correlation time T ~ , at
,
most of the order of an
optical period l/uo, and a relaxation time TR1equal to T-’. For the
second process, discussed in the preceding subsection, the correlation time
T~~ is on the order of the collision time T ~ and
~ the
, ~relaxation time TR2is
on the order of the time between collisions Tcoll.
We are able to separately describe each of these relaxation processes by
a master equation as a result of the existence of two distinct time scales
for each process, which is manifested by the two conditions
1

(31.a)
(31 .b)
When the two relaxation processes act together, as we assume here, it is
necessary, in order to be able to calculate a coarse-grained relaxation rate
( * ) For more details, see G . Grynberg, J . Phys. B , 14, 2089 (1981). The first observation of
such a resonance was obtained in a four-wave mixing experiment by Y. Prior, A. R. Bogdan,
M. Dagenais, and N. Bloembergen, Phys. Rec. Lett. 46, 111 (1981).
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for a,,, to introduce a time interval At that is both long compared to T~~
and T~~ and short compared to TR1 and TR2,which implies, in addition to
the conditions (311, that
(32.a)
(32.b)
We assume in what follows that conditions (32) are also satisfied.
Finally, note that, because T~~ is in general very small compared to r c 2 ,
a spontaneous emission process can take place from start to finish during a
collision. The probability that such an event will occur is on the order of
T ~ ~ ~which
~ /is very
T ~ small
~ ~compared
~ ,
to 1, according to (31.b) (*I. This
condition then allows us to neglect any modification of one relaxation
process by the other. Finally, to obtain the master equation for the dressed
atom, it is sufficient to independently add the radiative and collisional
relaxation terms, calculated as if each relaxation process acted alone. We
then obtain

where Ida,,/dtI,,,
is given by Equation (D.3) in this chapter and where
{da,,/dt}coll is given by Equations (12) and (13) of this complement.
Remarks
(i) Conditions (31) and (321, which allow us to justify the structure of Equation
(33), do not involve the generalized Rabi frequency 0 = [R: + 62]1/2. The
comparison between R and T~~ or between R and TRj(i = 1,2) appears at a
later stage. For example, when R T ,=~RT,,~,<( 1 (impact limit), the terms
{dmAL/dt)col,have the same form as they do for the bare atom, the laser
photons remaining spectators, because we can neglect the atom-laser interaction over the duration of the collision. Moreover, the conditions RT,, >> 1 and
0 T R Z >> 1 are the basis of the secular approximation.
(*) This assumes, of course, that the collision does not allow a spontaneous transition that
would otherwise be quasi-forbidden (for example, if a and b have the same parity). In fact,
such collisions cannot be described within the framework of the model chosen here because
we have assumed that the matrix element of the dipole between a and b does not vary
significantly during the collision (see $1-a).

B,.3

Collisional Processes in the Presence of Laser Irradiation

503

(ii) Equation (33) and the quantum regression theorem do not allow one to
correctly calculate the frequency of the photons emitted spontaneously during a
collision, because the atomic frequency is then strongly perturbed (see Figure
2). The error made is, however, negligible, because it concerns only a small
fraction T ~ ~ of ~the ~emitted
/ Tphotons.
~ ~ ~ ~

b ) REDUCED
STEADY-STATE
POPULATIONS
Starting with Equation (33), it is possible to determine the values of the
steady-state populations and thus the intensity of the three lines of the
fluorescence spectrum having frequencies oL,oL - 0 , and oL + 0.
Thus, a procedure similar to the one used in the chapter allows the
evolution equations for reduced populations to be deduced from (33).
More precisely, taking into account the collisional term (12) leads us to
generalize equations (D.20) in the following form:

The steady-state solution of these equations is

(35 .a)

(35 .b)
or also, using (D.11)

.;,

=

+t

-

r sin4 e + w
r(c0s4e

(36.a)

+ sin4e) + 2w

r C O S ~e + w
- r ( c 0 s 4 e + sin4 e) + 2w

'

(36.b)

It is easy to verify in expressions (35) or (36) that the collisions tend to
decrease the difference I T ; ' - rZtI between the steady-state populations
in agreement with the picture in Figure 3.
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c) INTENSITY
OF THE THREE
COMPONENTS
OF THE FLUORESCENCE
TRIPLET

The two sidebands centered at ( w , - 0 ) and ( w , .t 0 ) have equal
weights in the absence of collisions. Such a result is no longer true in the
presence of collisions. The weight of the line centered at ( w , + 01, equal
to vYfT1 according to (E.17), is different from the weight of the line at
( w , - 0 )which, according to (E.181, is equal to x;T2 1. By using (D.11)
and (361, we indeed find

-

~

I ( wL
I(W,

r sin4 e + w
+ 0 ) = r C O S ~e ~ ( C Oe S+ ~sin4 e) + 2w
r C O S ~e + w
- 0 )= rsin4e
~ ( C Oe S
+ ~sin4 e) + 2w

(37.a)
(37.b)

which do not coincide when w # 0 (except for resonant excitation where
sin’ e = cos’ e = +).
The total weight of the central line, which is deduced from (E.23) and
(D.10, is unchanged:

I ( w,)

=

r cos2 e sin’ e

(37 .c)

but the ratio between coherent and incoherent contributions is modified.
Indeed, the weight of the coherent line which, according to (E.25), is
proportional to rl ,(vSt - v;I2 decreases in the presence of collisions.
In the steady-state regime, the number of absorbed photons is equal to
the number of photons emitted spontaneously. As a result, the total
absorption A varies as the sum of the three weights (37.a), (37.b), and
(37.c) which can be put in the form
~

r C O S ~28
~ ( C Oe S+ ~sin4 e) + 2w
It is then clear that A is an increasing function of w,i.e., the absorption
increases in the presence of collisions.
d ) PHYSICAL
DISCUSSION
I N THE LIMIT0 , <
< IS,I

<<

Jn this subsection, we consider the case of nonresonant excitation in the
perturbative limit ( 0 , / IS,I << 1) and in the impact limit (IS,/ << T~;:,).
Under these conditions, and by also assuming S , < 0 (*I, we have,
(*) In the case where 6, > 0, we have 0 = ( ~ r / 2 )- (0,/26,) instead of (39). Starting
with this result, it is easy to show that formulas (40)-(43) demonstrated in this subsection
remain valid when 6 , > 0.
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according to (B.21):

As a result of cos2 8

- 1, sin2 8 - n f / 4 6 ? , and according to (18)
w = y-

0:
2s;

The intensities of the different components of the triplet, to lowest order
in O , / 1sLl where they appear, then equal, according to (371,
(41 .a)

Z(w,)

r n;

= -4 8;

r n;

Z(2W" - 0,) = --.
16 13:

(41 .b)

(41.c)

The asymmetry among the components of the fluorescence triplet clearly
appears in formulas (41.a) and (41.c). Whereas the line of frequency
(2w0 - w , ) varies as (0,/S,)4, the line of frequency w,, is more intense
because it is proportional to (0,/13,)*.
Moreover, at this order of perturbation, this line depends exclusively on the collisional processes as shown
by the coefficient y of formula (41.a). Also note that the ratio Z(wo)/Z(wL)
neither depends on the intensity of the incident field nor on the detuning
from resonance (if the impact condition remains valid) and equals

This formula shows that we can determine the coefficient of collisional
relaxation y by measuring the ratio between the intensities of the fluorescence line of frequency w,, and that of the Rayleigh scattering line at w L .
The absence of dependence of (42) with the incident field is due to the
fact that in the perturbative limit, the two processes under consideration
are associated with the absorption of a single incident photon (see Figures
16 and la).
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I1W")- l b , N )
I2(N))-la,

N + 1)

- 10,N)

12W-1))

Figure 4. Diagram of the radiative and collisional processes in the perturbative
limit.

The foregoing results can be represented on the energy-level diagram
of the dressed atom (Figure 4). The system has a relative probability close
to 1 of being in the state 12(N)),which, in the limit considered, is only
slightly different from la, N + 1) (this large probability is represented by
the large filled circle in Figure 4). Because the level 12(N)) is only slightly
contaminated by Ib, N ) , the probability of spontaneous emission from this
level is very low. By using (D.11) and (391, we find rL!:/46; for the
probability of radiative transition from 12(N)) to 12(N - 1)) and an even
smaller quantity, TL!f/1662 for the probability of transition from 12(N))
to Il(N - 1)). By contrast, the level Il(N)), which is only slightly different from Ib, N ) , decays easily to 12(N - 1)) la, N ) with a probability
equal to r. The relative population in the level J l ( N ) ) results from
competition between the supply resulting from collisions whose probability
is w [given by formula (40)] and the disappearance resulting from spontaneous emission. The probability of finding the system in the state Il(N))
is thus simply w / T .
Finally, note that in the limit considered in this subsection, the absorption signal (38) is equal (to second order in L!,/S,) to

-

A

=

-0:
(r+2y)
462

(43)

and corresponds to the sum of the intensity of the Rayleigh line and the
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collision
-------

a

a

(P 1

(a I

Figure 5. Absorption of a probe beam of frequency 0;. by an atom interacting
with a nonresonant beam of frequency w L and undergoing collisions. The excitation spectrum has two resonances associated with the processes represented in (a)
and (PI.

line at the atomic frequency w o . The absorption increases in the presence
of collisions. More precisely, A increases linearly as a function of the
number of perturbing atoms X because y is proportional to N , according
to formulas (6) and (7).

-

Remarks

(i) Instead of observing the fluorescence on the transition b
a , one can also
probe the atom with a second laser beam of frequency w i on a transition
starting from the level b to a level c having higher energy. The excitation
spectrum of the level c then has two resonances: The first resonance is
obtained when w i + w L = o,, and is associated with the two-photon excitation
of the level c starting from the level a (Figure 5a). The second resonance
w i = w,b corresponds to a process where the atom is first brought to the level b
in a collisionally aided process, then to the level c by the absorption of a second
resonant photon on the transition c
b (Figure 5p). Note that the two
processes represented in Figures 5a and 5p appear at the same order only in
the presence of collisions (*I. The ratio of the intensity of the line at w i = w,b
to the intensity of the line at w i = w,, - w L increases with the collision rate. If

-

(*I In the absence of collisions, the atoms can be brought to the level b only by nonlinear
processes involving two laser photons oL (see Figure 28 in Chapter 11).
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I
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1
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mt

Figure 6 . Diagram of the levels considered in Remark (ii). Ionization by absorption of two photons in a collision-assisted process. The excited level in the
intermediate step can be either b or b', depending on whether the first absorbed
photon is w L or w;.

it is possible to neglect the influence of intermediate levels other than b in the
two-photon excitation, then the ratio between the intensities of the two lines is,
in the impact limit, equal to 2 y / T (*I.
(ii) Consider now an atom having three discrete levels a , b, and b' and an
ionization continuum (Figure 6a). This atom interacts with two nonresonant
incident laser beams, with frequencies w L and wLt close to w o and wb. We
study the ionization resulting from the absorption of two photons, one of
frequency w L , and the other of frequency w)L. In addition to the ionization
resulting from the simultaneous absorption of these two photons, there exists,
in a collisional environment, a stepwise ionization where the atom is brought in
an intermediate step into one of the levels b o r b' by a collisionally aided
excitation process (Figures 6p and 6 y ) .
Consider then the probability amplitudes associated with the ionization
processes represented in Figures 6/3 and 6 y . If the transfer of energy and
momentum resulting from the collision is the same for these two processes, it is
not possible to determine the path actually taken by the system and an
interference between the two probability amplitudes is then possible. The
energy transferred during the collision is equal to h6, for the process (6p) and
to h6; for the process ( 6 y ) . A necessary condition for the two diagrams to

(*I For more details, see, for example, P. F. Liao, J. E. Bjorkholm, and P. R. Berman,
Phys. Reu. A , 21, 1927 (1980).
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ha;, i.e., again

We then see the appearance of the resonance condition mentioned in Remark
(ii) in subsection 2-d. The collisions indeed lead to a resonant variation of the
photoionization probability when o L - W; varies around the value corresponding to the energy separation between the excited levels b and b’. One can
actually show that the intensity of this resonance depends on the collisional
factor (30) calculated above (*I.
(iii) U p to this point, we have considered only the case where the incident field
is a plane wave. If the incident field is the superposition of two plane waves
propagating in different directions, the resulting field is spatially modulated.
This has several consequences. First, because the wave functions of the dressed
atom change from point to point, the dipole moment of the transition
l i ( N ) ) + li(N 1)) (with i = 1,2) varies spatially. Consequently, a grating of
transition moments is created, and thus an index grating, which will instantaneously follow the variations of the applied field. Second, in the presence of
collisions, the transition probability w between the levels 1 2 ( N ) ) and / l ( N ) ) is
larger for atoms located at the antinodes of the wave [see formula (4011. A
grating of excited atoms is thereby created. The characteristic evolution time
for this second grating is the radiative lifetime of the level b i.e., l/r (see
Figure 4).
These atomic gratings give rise to many effects in nonlinear optics. For
example, consider the situation where the dressing field results from the
superposition of two plane waves with frequencies W , and W ; and wave vectors
k and k’. The dressing field is then modulated, not only spatially, but also
temporally (at the frequency w L - w; that we assume to be small compared to
1~3~1).
The mechanisms giving rise to the gratings of transition moments and of
excited atoms considered above are then modulated in time. Contrary to the
grating of transition moments that instantaneously follows the temporal variations of the field, the grating of excited atoms follows with a time constant
r-’, which results in a phase shift between the light modulation and the
grating of excited atoms (**) and to a complete smearing of the latter when
i W L - W ; ~ a r.
We now introduce a probe wave. Several wave-mixing phenomena occur that
can be interpreted as resulting from the diffraction of the probe wave on the
atomic gratings created by the waves k, w L and k’, 0;. The fact that the
amplitude of the grating of excited atoms induced by collision varies in a

+

(*) For

more details, see G . Grynberg and P. R. Berman, Phys. Re(,. A , 41, 2677 (1990);

43, 3994 (1991).
( * * ) Such a phase shift gives rise to an energy exchange between the two waves; see
D. Grand-Clement, G. Grynberg, and M. Pinard, Phys. Rec. Lett., 59, 40 (1987).
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resonant fashion about w L = 0; allows us to understand why, in the presence
of collisions, the generation of a new wave can vary in a resonant fashion over
an interval of width r about w L - w; = 0 (*I.

4. Sketch of the Calculation of the Collisional Transfer Rate
a ) EXPRESSION
OF

S-MATRIX

THE

TRANSFER
RATEAS A FUNCTION
OF THE COLLISION

We now return to the general case and introduce the S-matrix describing the internal evolution of the atom A + laser mode system in a
collision with the perturber X characterized by the initial parameters b
and v. Such a collision replaces the initial state, described by 6 A L , by the
final state SOALS+. If we consider time intervals A t such that T ~ <<~
A t << Tcoll,the variation A 6 A L of the density matrix of the global system
during At is equal to

where the average over the collisions (
was defined by formula (6).
The quantity dGAL/At is the average of dGAL/dt over times that are long
compared with T ~ The
~ identification
~
~
.
of these two quantities is equivalent
to making a coarse-grained average, i.e., to ignoring the behavior of GAL
during very short times. Within the framework of this approximation, the
master equation is written

We now project this equation onto the basis l i ( N ) ) of the dressed
states. Because we assumed that the collisions cannot couple two levels of
different manifolds, the matrix elements of S satisfy the relation

(i( N )IS(j ( N’))= S N N f S i j .

(47)

For example, we write the evolution equation for (l(N)l6ll(N)). By
(*) See A.

R. Bogdan, M. W. Downer, and N. Bloernbergen, Opt. Letf., 6, 348 (1981).

~

,
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using (461, (471, and the secular approximation, we find

The unitarity of the S matrix results in

sl,ql+ s,,s;, = 1

(49)

which allows one to show that Equation (48) is identical to Equation (12)
for the evolution of populations of the dressed atom and gives the
expression for w :
w = (Sl2S?2)COIl.

(50)

For the physical discussion that follows, it is convenient to reexpress
S in the uncoupled basis
{la, N + l ) , Ib, N ) ) . We then transform S,, = (1(N)IS12(N)) by using
(B.20). We then have
w as a function of the matrix elements of

or also
(1(N)IS12(N))
=

=

+ lISIa, N + 1) - ( b , NISlb, N ) ] + lISlb, N ) + cos2 O(b,N I S l a , N + 1 ) .

sin 0 cos e [ ( a , N

- s i n 2 e ( a ,N

(52)

It is sometimes possible to neglect certain terms in Equation (52). Consider, for example, the impact limit. The amplitude ( b , NISla, N + l ) ,
which is associated with the absorption of a laser photon during the
collision, is on the order of f21~c,,,lthat we have assumed to be very small
compared to 1. The last two terms of (52) are thus at most on the order of
~ l ~ c o lThe
l . first term of (52) is, in the perturbative limit, on the order of
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n,/ I6,l.

It is larger than the last two terms because 1/ 16,l >> T ~ in ~the,
impact limit. It is thus possible in this case to calculate the effect of the
collisions by taking into account only the phase shifts ( a , N + 1ISla,
N 1) and ( b , NISlb, N). This is, in fact, the procedure we followed in
subsection 2-d [see, in particular, Remark (91. In the next subsection, we
analyze another situation where, on the contrary, it is the last term of (52)
that is dominant.

~

+

b ) CASEWHERETHE LASERFREQUENCY
BECOMESRESONANT
DURING
THE COLLISION.
LIMITOF LARGEDETUNINGS
In this subsection, we consider the limit where ill/ lS,I << 1. We
assume that 6, < 0, and we rewrite formula (52) limiting ourselves to
terms up to order one in n,/6,:
a1

(l(N)JS12(N))= - - [ ( a , N +
26,

l I S l a , N + 1) -

- ( b , NISJb,N)]+ ( b , NlSla, N

+ 1).

(53)

We saw in the preceding subsection that, in the impact limit, the last term
of the right-hand side of (53) is smaller than the first term. We now show
how this result is no longer correct for large detunings 16,l > T~;,'~.
Consider the energy levels in Figure 2 and draw the energy levels of the
atom A + laser mode system as a function of the distance r between A
and X . We see in Figure 7 that there are two possible situations,
depending on the sign of 6,. When w L < w o , the curves representing
E , ( r ) N A w , and E J r ) + (N + l)hw, cross each other at r = ro (Figure 7a), whereas there is no crossing between these potential curves for
wL > w,, (Figure 7/31. We first consider the case where the laser frequency
becomes resonant during the collision, i.e., the case where there are level
crossings. Because the energies vary by a quantity greater than or equal to
A6, during the time T ~ of~ the
, collision,
~
the distance A E between the
energy levels near the crossing point has an order of magnitude given by
A E = h6,(t - t , , ) / ~ , ~where
~,
to is the time at which the crossing occurs
(see Figure 8). The transition essentially occurs during a time interval
( ~ ~ ~ ~ , / l The
6 ~ l ) ~ ~ ~ .
such that It - t,l ,< h / A E , which gives It - t,l
transition amplitude ( b , NISla, N + 1) is, in order of magnitude, equal to
nllt - t o / , i.e., ~ 1 6 L l ~ c o l l la,[.
~ 1 ~ 2In~ ~the
/ large detuning limit
(16Ll~co,,
>> 11, the last term of the right-hand side of (53) is thus larger
than the first term, whose order of magnitude is n,/ I6,I. In this limit, the

+

-
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0

Figure 7. Variation of the energy levels la, N + 1) and lb, N ) as a function of the
distance r between the atoms A and X . The two schemes correspond to the two
possible signs of the detuning from resonance: 6, < 0 (a)and 6, > 0 ( P I .

transition probability between the dressed levels is thus simply equal to
I(b, NISla, N + 1)12.Because this term is larger than the term retained
in the impact limit, we deduce that the transition probability decreases
more slowly as a function of 16,) than the Lorentzian (41a) found in the
impact limit. Such a result is related to the existence of a crossing between
the potential curves in Figure 7a. Consequently, the transition probability
takes different values for opposite values of 6,. In the situation depicted

tE
I0

ti

I

Figure 8. Variation of the uncoupled energy levels as a function of time during a
collision in the case where w L < w o . Under the influence of the coupling, it is
1) before the collision to move
possible for a system prepared in the state la, N
to the level Ib, N ) near the crossing points located at times t o and tb.

+
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in Figure 7, the transition probability will be larger for w L < w o than for
WL

> wo (*I.

Remark
W e return to the situation encountered in Figure 7a where there is a crossing
between the potential curves, and we briefly consider how it is possible to
calculate the transition probability between la, N + 1) and Ib, N ) in this
situation. Because the transition results from the existence of the level crossing
located at r = r o , we can calculate the transition probability for each value of
the impact parameter b and of the relative velocity v by using the Landau
formula

with A E being the time derivative of E , ( r ( t ) ) - E , ( r ( t ) ) taken at t = to.
Formula (54) takes into account the two crossings located at to and ti,. To
obtain w , it is necessary, according to (50), to average (54) over b and v. Note,
however, that for large values of 16,I, the level crossing at ro is associated with
a very small impact parameter, so that the approximation of linear classical
trajectories is no longer justified (**I.

(*) Such an asymmetry between the wings of the absorption line was obsewed, for
example, by J. L. Carlsten, A. Szoke, and M. G. Raymer, Phys. Rec. A , 15, 1029 (1977).
(**) For more details, see V. S. Lisitsa and S. I. Yakovlenko, JETP Lett., 39, 759 (1974);
41, 233 (1975).
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Exercises

1. CALCULATION
OF THE RADIATIVE
LIFETIMEOF AN EXCITEDATOMIC
WITH THE DAMPING
TIMEOF A CLASSICAL
DIPOLE
LEVEL.COMPARISON
MOMENT
A particle of mass m and charge q is bound near the origin 0 by a static
potential V(r). Let H p be the Hamiltonian for this particle:

H

P2

+ V(r)
'-2m
-

l a ) be the ground state of energy E,, and Ib) be the first excited state,
having energy E,. These two states are assumed to be discrete and we set

a> Let H I be the interaction Hamiltonian in the Coulomb gauge
between this particle and the radiation field. Calculate the matrix element
of HI between the state ( h ; O )(particle in the state b; 0 photon) and the
state la; ks) (particle in the statc 11 in the presence of one photon ke).
The spins of the particles will be ignored and the long-wavelength approximation will be used, which consists o f neglecting the spatial variations of
the vector potential A over the rangc o f the wave functions of states a
and b.
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b ) Calculate the commutator [r, H p ] and derive from it a relation
between the matrix elements ( a l p l b ) and (a l rl b ). Express the matrix
element ( a ; kelH,lb;O) as a function of d = (alqrlb), the matrix element
of the electric dipole of the particle. It will be assumed that a and b are
levels having a magnetic quantum number m, = 0, so that only the
component along the Oz axis of d (written d and assumed to be real) is
different from zero.
c ) Calculate the radiative lifetime T = r-’ of the excited level, where
r is the spontaneous emission rate of a photon from b. The summation is
to be carried out over all the polarizations and directions of the emitted
photon. Express r as a function of d , w o , and various fundamental
constants such as h , c, and c0.
d ) Assume that the value of w o and the spatial ranges of the wave
functions of states a and 6 are approximately those of a hydrogen atom in
states 1s and 2 p . Calculate an order of magnitude for l/wo7. Express the
result as a function of the fine-structure constant a = q2/477c,,Rc. Comment on this result.
e ) Let r,, be the inverse of the damping time for the motion of a
classical particle with the same charge, oscillating parallel to Oz at the
frequency w o . We recall that (*>

Show that the spontaneous emission rate
written

r

r = rdfd

-

calculated above can be
(4)

where f o b is a dimensionless parameter characteristic of the atomic
b, known as the “oscillator strength” of the transition. Give
transition a
the expression of f o b .
Solution

a ) Within the long-wavelength approximation, H , is equal to - ( q / m ) p . A(0). The
expansion of A(r) in modes [see expression (28) in the Appendix] allows us to rewrite H , in
the form

Hf = ( * ) See, for example, Photons and Atoms-Introduction
Exercise 7 in Complement C,.

to Quantum Electrodynamics,
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where Hw,= ( ~ / ~ E , w , L ~which
) " ~ gives
.

b ) To calculate the commutator of r and H p , note that r and V(r) commute with each
other, which leads to

P

[r, H p ] = ih-.

(7)

m

We then find for the matrix element of p

which gives, using ( 2 ) and (6)

Because a and b have quantum numbers m ,
levels is z . By using d = q ( a i z l b ) , we obtain

=

0, the only component of r coupling these

c ) The probability of emission per unit time and per unit solid angle of a photon with
polarization E is given by the Fermi golden rule

where p ( E ) is given by formula (46) in Complement A , . By replacing p ( E ) and dU,,
by their
values, we find
dw
1
w;
_
--dy&

8 r 2 c , he3

df2

'

e,)2

To find the probability for the emission of a photon in any direction and with any
polarization, it is necessary to sum over E and integrate over d o , which gives, using relation
( 5 5 ) in Complement A , .
1

w:

I'= -- d 2 .
3TE"

hC3

d ) We replace d by qao, where a, is the Bohr radius. We then have

1
W,,T

%

q' w&z$
w(:a$
-a3 T S 0 h C c2
c2 '
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- (I, which gives

From this we conclude that the lifetime of the excited state is much longer, by a factor
( l / ( ~ ) ~than
, the characteristic evolution time of the electron around the nucleus. Relation
(15) also expresses that the width of the transition, on the order of l / ~ ,is very small
compared with the emission frequency w o .
e ) By comparing (13) to (4) and (31, we see that
2mw0 d 2

fab =

That is, again, using the definition of d

=

h7 ’

q(alrlb):

2. SPONTANEOUS
EMISSION
OF PHOTONS
BY

EFFECT

A

TRAPPED
ION.LAMB-DICKE

The purpose of this exercise is to study the structure of the lines
emitted by an excited atomic system for which the motion of the center of
mass is not free, but is confined to a finite region of space by a potential
V(R). This type of situation appears in different contexts: photon emission
from a nucleus bound in a crystalline matrix (Mossbauer effect), or from
an atom, or a molecule for which the mean free path is small compared
with the wavelength of the emitted radiation (Dicke effect) (*>. We will
consider here the spontaneous emission of photons by a trapped ion.
The state of the ion can be expanded over a basis li) 8 Ix), where li)
corresponds to the internal degrees of freedom (excitation of electrons in
the center-of-mass reference frame) and Ix) corresponds to the external
degrees of freedom (relative to the center of mass). We assume, for the
sake of simplicity, that we have a hydrogen-like ion composed of an
electron with charge q1 = q and mass m , and a nucleus with charge
qz = - 2 4 and mass m 2 . The total charge and mass are Q = (1 - Z > q
and M = m, + m 2 . The variables of the center of mass R and P and the
internal variables r and p are related to the variables of the two particles
(*) See, for example, A. Abragam, The Mossbauer Effect, Gordon and Breach, New York,
1964; R. H. Dicke, Phys. Reu., 89, 472 (1953).
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by the equations:

R=

mlrl + m2r2

p

=

P1 + P2

r

=

r l - r2

P

m1 + m 2

-

m

P1

P2

m1

m2

where m is the reduced mass:

1
m

-

1
m1

1

+--.

m2

a ) Show that, within the long-wavelength approximation, the Hamiltonian in the Coulomb gauge for a free ion is

H

=

H,

P2

+2 M + V,,, + V,,, + HR

(3)

where H R is the radiation field Hamiltonian and where

V,,,

We have called

E

=

4

--p.
P

~

A(R)

the~ sum
~ of, the Coulomb self-energies and set

b ) The center of mass of the ion is assumed to evolve in an external
potential V(R) so that the new Hamiltonian is H
V(R). V(R) is assumed
to be attractive and to have a minimum at R = 0 so that the eigenstates of

+
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the Hamiltonian
P2

Hex, = 2 M + V(R)

(6)

are discrete bound states Ix,) with energy 8,.
At the initial time, the ion is in an excited electronic state 16) in the
absence of photons. Its state vector is Ib,x,;O) where Ix,) describes the
initial vibrational state of the center of mass. After a photon k e is
spontaneously emitted, the ion is found in its electronic ground state l a ) .
Show that the transition amplitude, associated with a process where the
final vibrational state is Ixl),is proportional to ( a l p * elb)(Xlle-'k'RI,yn).
c ) Calculate the frequencies of the photons spontaneously emitted in a
given direction K , by an ion assumed to be initially in the state Ib, x,), as
well as the relative intensities of the corresponding lines. We assume that
1
8
, - 8,l << hw,, where h w , = E , - E,, and we set

where k, = (w,/c)K,.
Show that the total intensity emitted over all these lines is independent
of V(R) and is thus equal to the total intensity emitted by a free ion.
Show, in the case where the spatial extent D of the center-of-mass
motion is very small compared with the wavelength of the emitted radiation, that the line of frequency w , is much more intense than the other
lines (Dicke effect).
d ) The emission of a photon on the transition b, x,, 4 a, xl causes the
vibrational energy of the ion to vary. Show that, for an ion leaving the
state b, x, and emitting a photon in the direction K , , the average value
8 8 of this energy variation is equal to

By using the fact that the average value of P in the bound state Ix,) is
zero, show that 6 8 coincides with the recoil energy of a free ion.
The energy difference Igl - 8,l between vibrational levels with I # n is
assumed to be very large compared to 68.What can be deduced from this
with regard to the intensity of the unshifted line of frequency w,?
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Solution
a ) Start with the Hamiltonian in the Coulomb gauge

Within the long-wavelength approximation, A(r,) can be replaced by A(R). The term for the
interaction with the field, which is linear in q a , then becomes

-

(:p,

1

-

-p2)
zq

,

m2

A(R) = - q

Rewrite p l and p 2 as a function of p and P by using (1.b) and (1.d):
p, = p

m1
+ -P
M

p2 = - p

(1t.a)

+ -P.
m2

(1l.b)

M

The interaction terms linear in q are

Q . A(R)

p . A(R) - - P

M

which correspond, respectively, to V,,, and to the first term of Vex,.The second term of Vex,
is obtained directly from (9), when A*(r,> is replaced by A2(R>.
Finally, by using the relation

we recover, after having regrouped terms, the form (3) of the Hamiltonian.
b ) The states lh, x,~;0) and / a , xi;k c ) are the eigenstates of H , + He,, + HR having
energy E , + gn and E , + 8,+ hck, respectively. The only term for the Hamiltonian coupling these states is V,,, (because Vex, does not depend on internal variables, the matrix
elements of V,,, between l a ) and Ib) are zero). By using the expansion of A into a and a +
[see Appendix, formula (2111, we find
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(4

(PI

Figure 1. ( a ) Representation of possible transitions from the excited level ( b ,x,,).
( p ) Shape of the emission spectrum in the case where liFn - iFll >> h T (radiative
width of the transition).

c ) Because of energy conservation, the emitted photon has a frequency

As a consequence of the discretization of the levels associated with the center-of-mass
motion, the spontaneous emission spectrum has a vibrational structure (see Figure 1).
Because Ig,, - gl1 << ha,,, the density of states of the electromagnetic field varies slightly
from one emission line to another and the probability that a photon will be emitted in the
line Ib,,yn) -+ / a , , y l ) is proportional to the square of the modulus of (141, the only term
depending on the center-of-mass variables being Z n l ( ~ , , ) .
Because IF?,, - F?,l e
z hw,, we will also neglect the variation of the modulus of the wave
vector k as a function of the final vibrational level and replace k with k,, because we are
interested in the emission in the direction K,,. We then calculate I l l Z n l ( ~ " )

(we used the closure relation C,l,yl) (,y,l = 1). The normalization condition (16) shows that
I,,,(K,)) can be considered to be the probability that the atom will go from Ib, ,y,) to la, , y l )
by emitting a photon of frequency w o + (gn- iZ,)/h in the direction K,,, with any polarization ( I n / is indeed independent of E). Condition (16) also shows that the total intensity
emitted in the direction
independent of V ( R ) .

K,,

is independent of the external quantum numbers and therefore
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In the case where Ik,D1 K 1, e'kil'R can be replaced, to a first approximation, by 1.
IJK~)
is then close to
In/(KO)

= I(X/lX,)12 =

(17)

%I.

In this case, the transition where the vibrational excitation does not change ( n = [) is much
more intense than the other transitions. The central frequency for this line coincides with w o
and is not shifted.
d ) To obtain 6 8 ,it is necessary to first weight (8/
- 8,,)
by the probability I , , / ( Kof~the
)
corresponding transition, then to sum over all the possible final states x I

an expression that can be simplified by using the closure relation over

1 ~ ~ ) :

The operator erkll is a translation operator, by the amount - h k,, in momentum space. We
can then rewrite (20) in the form

Because the average value of P in the bound state

Ix,)

is zero, we obtain

h2ki

68= -

2M

which is indeed the recoil energy of a free ion. We also observe that, on the average, the
vibrational energy increases during the spontaneous emission process (regardless of the
initial vibrational state). Note that 6 8 is independent of K~ and therefore remains equal to
the recoil energy when we average over the photon's direction of emission.
for all / # n, to satisfy Equation (18), it is necessary for the line
If 6 8 *: l8/ associated with the emission of an unshifted photon w o to be more intense than the other
lines. The condition 168'1 << IZ?/ - gnI for 1 f n means that the emitting ion is very rigidly
bound to the trap. It cannot by itself absorb the recoil associated with the emission of the
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photon. It is the ion + trap global system that recoils. This demonstrates the very close
similarity between this phenomenon and the emission, without recoil effect, of a y ray by a
nucleus rigidly bound in a crystalline potential (Mossbauer effect).

3. RAYLEIGH
SCATTERING

The purpose of this exercise is to calculate the cross section for the
scattering of a photon by an atomic system in the limit where the energy
h w of the photon is very small compared with the excitation energies
( E , - E,) of the system with a designating the ground state and b the
excited levels. The system is assumed to be located at the coordinate
system origin and the long-wavelength approximation is made, so that the
electric dipole Hamiltonian Hi = - d . E,(O> can be used (see Appendix,
§5>.
a> The initial state of the system being 19,) = la; k e ) (atom in the
ground state in the presence of a photon ke), calculate, to second order in
H i , the element of the transition matrix Yfl
between the states 19,) and
lqf) = 10; k ’ d ) . The calculation of Yf, will be done to zero order in
h w / ( E , - E,) and the result will be expressed as a function of the static
polarizability tensor amnof the atomic system:
amn=

1

-

‘0

c ( a l d . e , l b ) ( b l d . emla) + E( a, i d . e , / b ) ( b l d . enla)
b

‘a

-

(1)

where d * em is the component of the atomic dipole d in the direction Om
( m = x , y , 2).
b ) Calculate the differential cross section for the scattering of a photon
k e in a solid angle d o ’ around k’ with polarization E ’ . To do this, first
calculate the transition rate to all the relevant final states.
c > Consider the usual situation in atomic physics where the static
polarizability tensor is isotropic (arnn= aO?jmn).
In this case evaluate the
differential and total cross sections. Compare this last result to the
classical cross section

obtained ( * > for a classical elastically bound electron whose resonance
( * ) See, for example, Photons and Atoms-Introduction
Exercise 7 in Complement C,.

to Quantum Electrodynumics,
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frequency is w o ( r o = q 2 / 4 ~ s o r n cis2 the classical radius of the electron).
It will be useful to reexpress a g as a function of the oscillator strength
defined by

Solution
a ) The intermediate state of the scattering process is either a zero-photon state lb: 0) or
a two-photon state Ib; k e . k'e'). The matrix elements of Hi between these states and Iq,)
can be calculated from the expansion in modes of E,(O) [see Appendix, formula (89)l:

In the Born expansion of T,!
[see Chapter I, formula (B.l4)], we retain only the second-order
term (the first-order term is, of course, zero, because H i does not directly couple la; k e ) and
la; k'e')):

In the low-frequency limit, i.e., for h w , hw' << (E,,
approximated by

-

E u ) , the foregoing expression can be

which can also be written

b ) By using formulas (47) and (51) from Complement A , (the second formula being
generalized to the case of an indirect coupling), we obtain for the transition probability per
unit time and unit solid angle:
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or also, because the conservation of energy requires w

=

w’,

The differential cross section is obtained by dividing (9) by the photon flux, which equals
c/L’ [see Complement A,, formula (57)l:

The differential cross section varies as w4, i.e., increases when the frequency increases. For
example, for the visible part of the spectrum, the blue wavelengths are more scattered than
the red wavelengths.
c ) Replace an,,,
by aOBmnin (10). This gives

To calculate the total cross section, we select the direction Oz along E . It is then necessary to
carry out the summation over E’ perpendicular to K‘ and the angular average. By using
relation (54) from Complement A , , we find

‘

To calculate a,,, we express the square of the matrix element I ( a Iz Ib) I as a function of the
oscillator strength

a”=

--x
2q2
‘0

I(alzlb)12

b

E a - Eh

q2
=---C,.
‘Om

b

fob
wab

By substituting this value for a,, into (12), we find the expression

which can be rewritten in the form (2) if we set
1

- =

c,.

fub

b woh

Ex. 4

Exercises

527

Because E h f n h= 1, according to the Reiche-Thomas-Kuhn sum rule, l/wi can be considered to be the average of the quantities I / O J ~ relative
~
to the various transitions a --* 6
starting from a , weighted by the corresponding oscillator strengths.

Remark on the Choice of the Interaction Hamiltonian
The calculations made in this exercise use the electric dipole Hamiltonian. It is
also possible to use the Coulomb-gauge Hamiltonian
-

4
-p

m

q2

. A(0) + -A2(0)
2m

We know from general arguments (see Photons and Atoms-Introduction to
Quantum Electrodynamics, Exercise 7 in Complement EIv) that the results
obtained are the same in the two representations. This equivalence can be
verified directly in the case of Rayleigh scattering. With the Coulomb-gauge
Hamiltonian, Sf,appears as the sum of two terms. The first term is similar to
(51, except that the matrix elements of d are replaced by those of p. The second
term is derived from the A* term that directly couples Iq,) to Icp,).
If, in the
sum over the intermediate levels, we ignore hw compared with ( E , - E,) in the
denominator, the result is zero, because the term in A2 exactly compensates for
the term involving a summation over b (to verify this point, one has just to
replace ( h i p . & l a > by ( m / i h ) ( E , - E,)(blr. & l a > so that the closure relation
over b can be introduced). This proves that the approximation made with the
electric dipole Hamiltonian [zeroth-order calculation in h o / ( E , - E,)] cannot
be so hastily used with the Coulomb-gauge Hamiltonian. It is actually necessary
in this representation to carry out the expansion of the energy denominators
( E , ho - E,)-' and ( E c ,- hw - E,)-' to higher orders in h o / ( E , - Ea).
If, in the first-order term, we replace all the matrix elements of p . E by those of
r . E, and if we introduce a closure relation, we can show that this term is also
equal to zero. It is in fact the second-order term in h w / ( E , - E,) of the
expansion that coincides with (6). Using the Coulomb-gauge Hamiltonian thus
leads, for this problem, to longer calculations, although, of course, the final
result is the same.

+

4. THOMSON
SCATTERING

The purpose of this exercise is to calculate the elastic cross section for
the scattering of a photon by an atomic electron in the limit where the
photon energy zlw is large compared with the ionization energy E, of the
atom ( h w >> E,). By contrast, zlw is assumed to be small compared with
amc' (where a is the fine-structure constant), so that the long-wavelength
approximation can be applied.
a ) The system, placed at the coordinate system origin, is assumed to be
initially in the state Ip,) = la; kE) (atom in the ground state la) in the
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presence of a photon k e ) . Use the Coulomb-gauge interaction Hamiltonian
HI

=

HI, + Hi2

(1)

with H,, = - ( q / r n ) p * A(0) and H,, = q2A2(0>/2m.Calculate to second
order in q the contributions of H,, and H,, to the transition matrix
element Yfl
between the initial state 19,) and the final state Iqf) =
la; k’e’) (the excited states of the atomic Hamiltonian are called b).
6) Show that the condition hw >> E , results in the contribution of H I ,
to Yf,
being small compared with the contribution of H,2.
c ) By keeping only the contribution of H12 to Y f jcalculate
,
the
differential cross section for the scattering of a photon k e in a solid angle
d o ’ about k’ and with a polarization E’. Calculate the total cross section
and show that this result coincides with the result obtained for a classical
elastically bound electron (*I:
Utot =

8.sr

2

3 ro

with ro being the classical electron radius ( r o = q2/477&,rnc2).
Solution
a ) By using the expansion in modes

of A(0) [see Appendix, formula (2811, we find

which contains terms in a k c u 3 E and
c uLErakE
allowing Ip,) to be directly coupled to Ip,.). It
follows that the contribution 7;:
of)
H I , to Sf,is equal to

Now calculate the second-order contribution of H l l . The intermediate state of the process
can be a zero-photon state Ib; 0) or a two-photon state Ib; k e , k’e’), so that the contribution
7;;)of H I , to the transition matrix is equal to:

where w’

=w

by conservation of energy.

($1 See Photons and Atoms-Introduction
Complement C , .

to Quantum Electrodynamics, Exercise 7 in

Ex. 4

Exercises

529

b ) The levels b for which the matrix element is sufficiently large to give a significant
contribution to (5) are those satisfying IE, - E,J E, << hw. If we then neglect ( E , - E , )
compared with hw and -hw' (= - h w ) , the two terms of ( 5 ) exactly cancel each other. To
find the order of magnitude of
it is thus necessary to carry out the expansion at a
higher order in ( E , - E,)/hw. We then find

-

.Ft,'),

By replacing ( E , - E,) by E , in the numerator and by then using the closure relation over 6 ,
we obtain

Now ( a l ( p ' / m ) l u ) is twice the average kinetic energy of the ground state. and its order of
magnitude is E l . Finally, the comparison of (4) with (7) shows that

Y;,'
by)a factor on the order of (hw/E,)'.
c ) To calculate the differential cross section, we proceed as we did in Exercise 3
(Question b). The transition probability per unit time and per unit solid angle is equal to
7);)is thus larger than

where e 2 = q 2 / 4 r r s , . If we divide by the photon flux, which is equal to c / L 3 , we find that
the differential cross section is

To find the total cross section, it is necessary to sum ( E . E ' ) ~ over the two polarizations
orthogonal to k' and to make the angular average. Such a calculation was made in Exercise 3
(Question c) and gives 8 ~ / 3 T. h e total cross section is thus the same as the one obtained in
classical electrodynamics for an elastically bound electron.

Remurk on the Choice of the Interaction Humiltoniun
It is, of course, possible to find ( 2 ) by using the electric dipole Hamiltonian. The
calculations are, however, slightly more difficult. There is no direct coupling
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between Ip,) and Ipf), and Sf,
is equal, on the energy shell, to

W e see that, if, in the energy denominators, Eb - E , is neglected as compared
with h a , the two terms in brackets cancel out each other because w’ = w . It is
then necessary to carry out the expansion of the energy denominators at the
next order in ( E b - E,)/hw. By replacing ( E , - E,)(bld . & l a ) by
(ihq/rn)(blp . E ~ u )we
, can then introduce the closure relation over b and thus
arrive at a value for Sf,
which is identical to the value found directly with H,,
[formula (4) with w = 0’1.

5. RESONANT
SCATTERING

Consider an atom A whose center of mass is assumed to be fked at a
point 0, taken as the origin. Let la) be the ground state of this atom and
Ib) be the first excited state, both assumed to be nondegenerate. The
a is written as w o . For the sake of
Bohr frequency of the transition b
simplicity, only the component d , of the electric dipole operator of the
atom is assumed to have a nonzero matrix element between a and b. It is
assumed to be real and is written db,.

-

The spontaneous emission rate from the state b equals (see Exercise 1):

We consider a photon with wave vector k and polarization E , whose
frequency w is close to the resonance frequency wo. The transition rate for
the system to go from the initial state

to the final state
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is equal to [formula (B.18) in Chapter I]:

where Yfi
is given by expression (C.5) in Chapter 11:

Yfl=

( a ; k’d I H; I b ; 0) ( b ; 0 IH; I a ; k E )

hw - hw,

+ ih( r/2)

(5)

H; is the interaction Hamiltonian in the long-wavelength approximation
and in the electric dipole representation [see Appendix, formula (901

a> Find an explicit expression for Sfi.
Discuss its amplitude and its
phase variation near resonance.
b ) Show that the differential cross section for the scattering of a photon
kE in a solid angle dR‘ about the direction K’, with a polarization E’
(perpendicular to K’) is equal to

c+(ke

--f

K’E’)

9
16r2

= -A’

(’

d2&:

(w

(r/212
- w 0 y + (r/212

(7)

with A, = 2 r c / w 0 .
c ) Show that, at resonance, the total cross section for the scattering of
a photon with polarization e , is on the order of A& with a numerical
coefficient to be calculated.
Solution
a ) Using expression ( 6 ) for Hi,the expression for E,(O) [Appendix, formula (SS)], and
relations (1.a) and (l.b), we get

Thus
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The transition matrix element Yft is a complex number which exhibits a resonance for
w = w o . Its amplitude is maximal at resonance, and its phase varies from 7r to 0 when w goes
is purely imaginary at resonance. Because we are interested in frequencies
through w o . Sfl
near w o , in the coefficient of the resonant term, we can replace w and w‘ by w o , and d i a by

its expression as a function of

r

taken from (2). This yields

b ) The number of final states with energy between hck‘ and hc(k’ + d k ’ ) whose wave
vector points inside the solid angle d o ‘ about K‘ equals, using formula (46) of Complement
A,,
p(hck‘)hcdk‘dR’

7L3
k”dk’dR’.

=

87
The total transition rate to all the relevant final states is then equal to

As we did previously, we now replace ck by w o in the factors preceding the resonant term.
The initial state corresponds to a photon in the volume L3, moving at velocity c, and

corresponds to a flux

+ = - -C

L3

The differential cross section is then

It depends implicitly on K‘ through E’, which is perpendicular to K‘.
c) If we do not select the polarization in the detection, it is necessary to sum the
probabilities corresponding to two polarizations E’, and E’* that are orthogonal to each other
(and to K’). We obtain [formula (54) from Complement A , ]

The total scattering cross section is obtained by then summing the differential cross section
over all the directions K’.
a,,, = [ d o ’

u(ke,
r=1,2

+

K‘E:).

Ex. 6
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1, and
/df?(l

We get, for w =

-

K:')

=

3
-A:

=

87

-.

3

Wo,

u z

27

This result is identical to the one obtained for the resonant scattering of a classical wave by
an elastically bound classical electron (see Photons and Atoms-Introduction to Quantum
Electrodynamics, Exercise 7 in Complement (2,).

6. OPTICALDETECTION
OF
ATOMICSTATES(*I

A

LEVELCROSSING
BETWEEN Two EXCITED

An atom A , placed at the coordinate system origin 0, has two excited
states lb) and Ic), with energies E , and E, that are close to each other.
These states are connected to the ground state la) by electric dipole
transitions chsracterized by the matrix elements
dab =

(aIdIb)

d,,

=

(aIdIc).

(1)

The states 16) and Ic) have radiative lifetimes l/r, and l/I',. We assume
that the energies E, and E, can be modified by means of an external
parameter x (a magnetic field, for example) and that the levels cross each
other for a particular value x o of the parameter (Figure 1).
Starting with the atom in state l a ) in the presence of a photon klE1,we
want to study the resonant scattering process that consists of going from
the initial state la; k,E1) of the global system to the final state la; k 2 ~ 2 ) .
Due to the quasi-resonance of the incident photon with the Bohr frequencies W b , = ( E b - E,)/h and w,, = ( E , - E , ) / A , the states Ib) and Ic)
play a preponderant role in the scattering. An obvious generalization of
formula (C.5) from Chapter I1 gives the following expression for the
transition matrix element:

(*) For the experimental observation of such effects, see W. Hanle, 2. Phys., 30, 93
(1924); P. A. Franken, Phys. Rec., 121, 508 (1961).
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Figure 1. Level crossing between two excited states Ib) and Ic).

XO

X

where

Hi

=

-d

. E,(O)

(3)

is the electric dipole Hamiltonian.
a ) Find the expression for .Ffl
as a function of d a b and d a c .
b ) Following a procedure similar to that used in Exercise 5, show that
the scattering cross section is the sum of resonant cross sections a ( b ) and
a ( c ) relative to the states b and c, and of an additional term 6a that is to
be calculated.
c ) The atom A interacts with a light beam having a spectral width A
that is large compared with rb and r,. This beam is assumed to be
described by a flux C$ of photons whose frequencies are randomly distributed according to a probability distribution f ( w ) , centered at w = coba
and of width A with wba B A >> r b , r,.
a) The light intensity I , scattered in a solid angle SO, about u 2 =
k,/k,, with the polarization E,, consists of three parts I(b), I ( c ) , and 61
corresponding, respectively, to a( b), d c ) , and 6a. Calculate these three
quantities. Show that the first two quantities vary only slightly when Eb
and E , vary over an interval which is large compared to rb and r,, but
small compared to A .
p ) Show that SZ varies in a resonant fashion when x is varied about
x o . What is the width of this resonance? What conditions must the
polarizations E , and E~ satisfy for this resonance to be observed?
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Solution
a)

The matrix elements of H i are calculated in Exercise 5. From them we deduce
(.2

'

dab)(EI

'

d:b)

w , - wba + i ( r b / 2 )

+

(E2

w1

'

dac)(El

- w,,

'

d:c)

+ i(rc/2)

b ) Using Exercise 5 , the scattering cross section is written

where 4

=

c/L' and

This gives

where

Expanding the squared modulus of the sum yields
u = u(b)

+ u ( c ) + 6u

(9)

where

and an analogous expression for d c ) , and

c) According to the definition of the differential cross section, the light intensity scattered
in the solid angle 6 0 , about K~ is
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By replacing u by its expression (9), we obtain
I

=

I(b)

+ I ( c ) + 61

(13)

where I ( b ) , I ( c ) , and S I are expressions analogous to (121, except for the replacement of u
by d b ) , d c ) , or 6u.
Expression (10) shows that a ( b ) is nonzero only near w 1 = wbu over a width r,. When
the integral over w 1 is evaluated, the fact that the width A of f ( w l ) is large compared to r,
allows one to approximate the Lorentzian by a function 6 ( w , - who):

The expression for I ( c ) is similar. When E, is swept by some hTb, I ( b ) varies in relative
value by a quantity on the order of Tb/A, which is very small.
p ) Similarly, 6u is important only in the neighborhood of o,= wba = w c a . In this
domain, we can take f ( w , ) as constant and equal to f ( w b a ) . The integral of 6u over w , is
done by the residue method, and gives

where wCb= ( E , - E b ) / h . 6 1 varies resonantly around w,, = 0, with a width on the order
of (rb+ rc).
When x is swept about x o . the shape of the resonance is Lorentzian, a mixture
of absorption and dispersion depending on the value of the complex number S,ST. For 6 1 to
be nonzero, it is necessary that
sbs:

= (&2

'

'

dzb)(EZ

'

d:c)(El

'

dac)

(16)

Figure 2. Scattering amplitudes whose interference gives rise to the level-crossing
resonance.
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he nonzero, which implies that each of the factors must he different from zero. Physically, it
is then necessary that each polarization E , and E~ be able to excite both states 6 and c. They
respectively excite and detect linear superpositions of the states Ib) and lc). At the crossing
point, the superposition created by the incident photons is stationary. It persists until the
photon k Z E Z is reemitted. Far from this point, the superposition of states evolves before the
reemission of the photon, which thus occurs from a different state, so that the detected light
intensity is, in general, different.
This phenomenon can also be understood as an interference between scaftering amplitudes allowing the passage from the same initial state la; k l E 1 ) to the same final state
/ a ;k 2 E Z ) via two different “paths,” going through either state 1b;O) or state Ic;O) (Figure
2). The scattered intensity is maximal when the two amplitudes are in phase. The phase
difference between these two amplitudes depends on the energy splitting between l b ) and
I c ) and varies rapidly versus E, - E, for resonant excitation. This is manifested by a rapid
variation of the scattered intensity over an interval on the order of h(Th + r,) around the
crossing point.

7. RADIATIVE
SHIFTOF AN ATOMICLEVEL.BETHEFORMULA
FOR THE LAMBSHIFT

The purpose of this exercise is to calculate the radiative shifts of the
levels of the hydrogen atom, and to obtain the expression that was first
derived by Bethe (*) for the 2s level (Lamb shift). It is interesting to
simultaneously carry out the calculation in both the A . p and E . r
representations, because, although they both lead to the same result, the
two calculations look rather different. A third representation, the
Pauli-Fierz representation, is discussed in the last question. It is particularly convenient because the correction to the electron mass already
appears explicitly in the Hamiltonian.
We introduce the following simplifications: (a) Only the modes having a
wave vector with a modulus less than a bound k, such as k , a , << 1 ( a ,
is the Bohr radius) are taken into account. The long-wavelength approximation is made for these modes. (b) The electron is considered as a
spinless particle of mass rn and charge q . The proton is assumed to be
infinitely heavy, fixed at the origin, so that the potential energy at point r is

V,(r)

= -

q2
4rr&,r

-.

The operators r and p, being the usual quantum operators of the electron,
the Hamiltonians of the system in the A . p and E . r representations are
(*I See H. A. Bethe, Phys. Reu., 72, 339 (1947); Bethe and

Salpeter (519).
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written, respectively,

H

=

=

H,

H,

=

H,

+ HI

and

H'

+ &Lip + Hi

where

HA + HR

with

HR = C h w j ( ~ f u+j i).
i

Within the long-wavelength approximation, the interaction Hamiltonians
are written

HI = H I , + H,2

Hi

=

-qr

*

=

4

- -p
m

*

A(0)

q2
+ -A2(0)
2m

E,(O).

(7)
(8)

The dipole self-energy equals

&Lip

=

q2
C ( E* r)~ 2 .
~ E , L ~

(9)

Finally the mode expansions of A(O) and E,(O) are

Let la; 0) be the ground state of HA in the presence of the vacuum. The
corrections to the energy E, of this state, produced by the interaction of
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the electron with the transverse field, are written, respectively, in the two
representations, and to second order in q :

hA,

=

(a;OI&&ipla;O)
+

a ) By using the following notation:

(14.a)
(14.b)
(14.c)
show that A, and A, can be put in the form

where r,, is a constant to be calculated.
b ) We assume that k , is large compared with all the quantities k b ,
relative to the states that contribute appreciably to the sums over Ib) in
expressions (12) and (13). Expand hd, and hd', in powers of k, in the
form

hA,

=

D,

hA,

=

T,'

+ Pa + La

+ DL + Pl + L',

(17)

( 18)

where T , D, P , and L are expressions, respectively, of order k a , k&) k,,
and In k,. The terms of order l/k,) ( l / k M ) 2 , .. . , are neglected. Calculate these different terms and show that T,' is zero.
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c) Derive the relation

and demonstrate that DL
quantity

=

D,, Pl

= Pa, and

L',

=

L a .By introducing the

physically interpret the term Pa.
d ) The Bethe formula is the expression for the last term La of (17). By
introducing the average excitation energy hcK, with the formula

show that L a can be
and by using the double commutator of p with Ha,
written in the form

(a = q2/4rrs0hc is the fine-structure constant).

e) Generalize expression (17) to the energy levels Inlm) other than the
ground state of the hydrogen atom. Show that, within a manifold n, all the
levels have the same shift hd,,, except for the s states ( I = 0).
f > In the Pauli-Fierz representation, the Hamiltonian is written [see
formula (34') in Complement B,,]

where m*

=

m

+ Sm and where 5 is given by
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a ) Show that, to order 2 in the coupling with the transverse field, the
shift hA'L of the state la;O) is written

Ad':

=

D, + L'b

where

with p and v indicating the x , y , z components of the vectors
0 ) Derive the following formulas

(OI5,5,lO)

=

2a

( h ) ,a,

- 377

mc

cE
k

=

4 and V

~ ( ~ ) 2 S , u ( l n(27)
~ )

3rr

and

2ff

2

a,,

=G(%)

ha

In k,

where k,, is positive, small compared with k,, and where k , is a lower
bound assumed to be very small, but nonzero.
-y) Using the foregoing results, show that L'L can be written in the form

Physically interpret the first term and the correction associated with the
second term.
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Using formula (21) and the commutator of p with H,, show that L‘, is
equal to L,.
Solution
a ) Using (7) and (10)

The last factor equals 6 , , and when the discrete sum is replaced by an integral, we have

where

is the classical electron radius ((I is the fine-structure constant). The matrix element of H,,
equals

and the second term of (12) is written

Note that p,, = 0, so that the term b = a does not contribute. The sum over the transverse
polarizations is carried out by using formula (54) from Complement A,. Taking the continuous limit then gives

By inserting (31) and (35) into (12), we obtain expression (15) for hd,.
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The first term of expression (13) for hAL is written, using (9),

=

=

2
-mc2r,(olr21a)~kMk2dk
3?r
0

c

2
-mc2ro(
3?r

b

IrObl2)LkMk2dk.

(36)

The calculation of the second term of (13) is quite similar to the calculation of the second
term of (121, except for the replacement of E~ . p by imwiEj . r. By making this substitution in
( 3 9 , we directly find the second term of (16).
b) Consider the fractions in k appearing in the second terms of (15) and (16) and develop
them into simple elements:

=

k 2 - kb,k

+ k;,

-

k;o- k b ,

1

+k .

(38)

When the first term of (38) is integrated, it gives a contribution in k a to hafa,which must be
regrouped with the first term of (16). Note then that they cancel out so that T,' = 0. The
integration of the other terms of (38) or of (37), as well as the integration of the first term of
(1.51, gives

Because k,
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B

kbo, in expressions (41) we can make the approximation

In

kba + k M
~

= In

-.k M

kha

kbo

c ) Start with the commutator
[ ~ , , r ]= [ p 2 / 2 m , r ]

=

-ihp/m.

(43)

By taking the matrix element of this equation between the states l a ) and Ib), we obtain (19).
When k z y lrba1’ is replaced by lpabj2/m2c2 in expressions (41) and (40) for L’a and PA, we
immediately obtain the corresponding expressions for L o and Po.
For DL,it should be noted that

1

=---(a1

2 imc

-r.p+p.rla)=--

- 3h
2 mc

(44)

By inserting (44) into expression (39) for DL,we find the expression of D,.
We return to expression (40) for Pa. Using the closure relation over lb), we can put it in
the form

where

The term Pa is interpreted as the variation of the average in state l a ) of the kinetic-energy
term p2/2m, due to a mass variation 6m. From (46), we see that a m is (except for a factor 4
resulting from the noncovariant cutoff procedure) the contribution of the Coulomb field
energy of the electron to its mass, calculated by limiting the integral over k to k,.
d ) By making approximation (42) in the expression (41) for L a , and by using formula (21),
we obtain

Note that
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Moreover,

so that

Finally, by using (50) and (32) in (471, L , is put in the form (22).
e ) Levels other than the ground state are degenerate and the application of perturbation
theory requires some caution. Indeed, the radiation field is isotropic, and when we sum over
all the modes, no second-order coupling is introduced between the levels of different
quantum numbers U , m).In each of the subspaces ( I , m), HA has a nondegenerate spectrum
characterized by the quantum number n. We can then apply the same calculations as we did
previously.
A second difference appears because the denominators k,,
k can now cancel out for
k h 4 < 0, showing that when the atom is in excited states, it can emit a real photon. If we are
concerned only with the positions of the energy levels, expressions (12) and (13) remain valid,
on the condition that the fraction be replaced by its principal part. When we integrate over
k , we obtain

+

The result is the same as for positive k,,, on the condition that kh, be replaced by IkbaJ in
the logarithm. We then obtain

with

where K , , is defined similarly to K , [see formula (2111. The first term of the right-hand side
of (52) is independent of the level and the second term, according to the virial theorem,
depends only on n . L,, is proportional to the average of Nr), and therefore to lpn,,,,(0)12,
which is nonzero only for the s states ( I = 0). The shift of the s states relative to the other
levels of the same manifold is positive. Its physical interpretation was given in Chapter I1
(DE-1-b).
f ) We use the Pauli-Fierz representation and we first consider the zero-order terms with
regard to the interaction with the transverse field ( 5 = 0, and therefore H,2 = 0). The
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eigenvalues of the Hamiltonian

H:

=

P2

- + Vo(r)
2m*

+ HR

(54)

are not identical to the eigenvalues of H,. Indeed, the contribution of the electromagnetic
mass 6m of the particle to the kinetic energy is already taken into account through m* (the
physical significance of the eigenstates is also different as a consequence of the transformation of the observables; see Complement B,,). We use the notation EX for the energy of the
ground state / a ; O ) of H:. In the expression for the shift hA; of this level, we will not find
the term Po because it has been taken into account in E,*.
a) To second order in the interaction with the transverse field, the Hamiltonian H" is
written

where

with
(57.a)
(57.b)
The shift hA'L then equals, in second order,

hA'L

=

( u ; O I H ; ' ~ I U ; O+)

or also, after using (31), (57), and with the approximation E,* - E,* = -hck,,:

with L'b being given by (26)
p ) Using (24), we get
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By using this matrix element and formula (54) from Complement A,, we find

which leads to formula (27).
For (28), the calculation is quite similar, and we obtain

The integral equals

This leads to formula (28).
y ) By inserting (27) and (28) into (26), we immediately obtain (29) [the term b = a is zero
in (26) because ( a IVVola) = 0 and it can then be eliminated from the sum]. As explained in
Complement B,, (53-b), the first term of the right-hand side represents the averaging of the
potential V , ( r ) by the particle vibrating with an amplitude 5 under the influence of vacuum
fluctuations. However, 6 actually represents the motion of the particle only for a free
particle. This is still a good approximation for the modes of frequencies ck, that are large
compared with the eigenfrequencies ck,, of the particle in the potential V&). For the
low-frequency modes, the response of the particle is weakened by the presence of the
potential. This is expressed by the second term of the right-hand side of (29).
By taking the matrix element of [p, H,] = (h/i)VV&) between l a ) and Ib), we obtain
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This formula allows us to write the second term inside the brackets in (29) in the form

Using (21) (k,

being changed to k m ) and (SO), it can then be written in the form

and is regrouped with the first term inside the brackets of (29) to give In(k,/K,).
Replacing
AV,(r) by ( q 2 / E o ) 8 ( r ) results in an expression for L’b that is identical to expression (22)
for L,.

8. BREMSSTRAHLUNG.
RADIATIVE
CORRECTIONS
TO ELASTIC
SCATTERING
BY A POTENTIAL

The goal of this exercise and the following one is to study a few
radiative processes that appear during the scattering of a charged particle
by a potential. Part A is devoted to a discussion of the cross section for the
emission of a photon by a particle decelerated by a potential (“Bremsstrahlung”). Part B examines the first radiative corrections to the elastic
scattering cross section (scattering without photon emission). Finally, the
following exercise shows how low-frequency divergences of the cross
sections calculated in A and B can be eliminated by an appropriate
redefinition of the measured quantities, which takes into account the finite
energy resolution in energy of the detector observing the scattered particle. The Pauli-Fierz representation, which is particularly convenient for
approaching these various problems, will be used in these two exercises.
The reader may find it useful to refer to Complement B,,, which presents
a detailed description of this point of view, as well as Complement A , ,
which contains the essential results concerning the perturbative calculation of scattering amplitudes and cross sections.
Notation

In the Pad-Fierz representation, the Hamiltonian H of a particle of
charge q , coupled to a static external potential and to the transverse
radiation field, is written
H

=

~

P2
2m

+ V,(r + 5 ) + H , .
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In (l),rn is the mass of the particle (corrected for electromagnetic inertia),
r is its position (assumed to be close to the origin 01, p is its momentum;
V,(r + g) is the potential energy of the particle in the external potential,
evaluated at the point r + 5 where

Z(r) is a field operator (“Hertz vector”) defined by

Finally, HR is the Hamiltonian of the radiation field whose expansion in a
and a + is given by formula (45) in the Appendix.
In comparison with expression (34’) in Complement B,,, in (1) we
ignored the characteristic Coulomb self-energy E~~~~ of the particle (which
is a constant) and a radiation field term equal to q ! A t ( 0 ) / 2 m which can
be shown to play a negligible role in problems dealing with scattering by a
potential V, considered in this exercise and in the following one.
A. Brehmsstrahlung

In this first part, the initial state of the particle
state

+ field system is the

representing a particle with momentum p , in the presence of the photon
vacuum. The final state is the state

representing the particle of momentum pz in the presence of a photon k e
of energy hw. We write E , = pT/2rn and E , = p:/2rn. The states Ip,)
are taken as discrete, as are the modes of the field, in a cube having sides
of length L .
a ) Show, in the nonrelativistic limit ( p , / r n << c), that the momentum
hk of the emitted photon is very small compared with p I . In all of what
follows, the momentum of the emitted photons is ignored and the varia-
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tion in momentum of the particle during collision is written as

b ) Show that the interaction Hamiltonian for going from /+bin) to I$,-,)
originates only from the term V,(r 5 ) of H . Calculate, to first order in V,
and in q , the amplitude &(p1 + p, + ke) for the particle to be scattered
from p, to p, with the emission of a photon kE ( S matrix element between
Express the result obtained as a function of
I$in) and

+

c) Without making detailed calculations, indicate how the calculation
of d ( p l --+ p, + ke), to first order in V, and in 4 , would appear in the
Coulomb representation. More precisely, discuss the form taken in the
Coulomb representation by the asymptotic states of the scattering processes and give the diagrams which contribute to d ( ~ +
, p, + ke) in this
representation. Why is the Pauli-Fierz representation simpler?
d ) The momentum p, and the direction n, = pJp, of the scattered
particle are kept constant. Calculate, from the results in h , the probability
per unit time dw(p, -+ p, + k e ) for the particle to be scattered in a solid
angle d o , about n,, with the emission of a photon with a frequency
between w and w + dw, in the solid angle dl2 about K = k/k. Deduce
from this the value of the differential scattering cross section d d p , -+
p, + ke)/dl2, dl2 dw.
The particle is assumed to be a nucleus with a charge q = Zq,, (where
q, is the charge of the proton), the scattering potential being the one
created by a nucleus of charge Z'qp fixed at the origin. Express the
preceding differential cross section as a function of Z , Z', p,, pz, w and
the fine-structure constant a.
e ) This question examines the asymptotic form of the amplitude
d P 1 + p, + k e ) calculated in b when the energy hw of the emitted
photon is very small compared with E l and E , and can thus be ignored.
Show that d ( p l + p, + ke) can then be written

4P1

+

PZ

+ k ~ =) d f ' ( ~ , P,)
+

X

qvi(Q,kE)

(7)

where d$')(pl
-+ p,) is the elastic scattering amplitude (without photon
emission), calculated to first order in V, and zero order in q , and where
7,(Q, k e ) is a correction coefficient which depends only on Q and the
emitted photon k e . Give the expression for 7,.
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B. Radiative Corrections to Elastic Scattering

The initial state is still (4.a), but the final state is now
Mfi")

(8)

= Ip2;O).

In the absence of interaction with the transverse field, i.e., to zero order in
V, is written d J p ) ( p , + p2)
and was previously introduced in e. The purpose of Part B is to calculate
the first corrections (in q 2 )to this amplitude.
f ) Show that it is necessary to expand V,(r + 5 ) up to the second order
in 5 to obtain the first radiative correction to d$)(pl -+ p2). Calculate
this correction and show, by using the properties of the Fourier transform,
that this correction is proportional to d$)(pl + p2). Deduce from this
result that the elastic scattering amplitude d J p , + p2), to first order in
V, and to second order in q , can be written

q , the scattering amplitude to first order in

where the form factor Y(Q) is equal to

with 7 , being the coefficient introduced in (7). What is the physical effect
of F(Q)?
g ) After having replaced the discrete sum by an integral, show that the
sum over k e that appears in the correction term in (9) diverges logarithmically as In k , where k , is the lower bound of the integral over k = Ikl.
We will then keep k,, finite and nonzero, and postpone to the next
exercise the solution of this "infrared divergence" problem.
h ) Without making detailed calculations, indicate the diagrams that
must be considered to study the same physical phenomenon in the
Coulomb representation.
i) Let dre,(pl -+ pz)/df12 be the differential cross section for elastic
scattering to the second order in q. Show that
~u,,(P,

-+

I

~ 2 ) / d f l 2= 1 - q 2 C ~ : ( Q , k e )dg,(P)(~i ~ 2 ) / d f l 2 (11)
+

ke

where du$"P(p1--$ p 2 ) / d 0 2 is the differential elastic scattering cross section at zero order in q.
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j ) Consider a set 8 of very low-frequency modes of the field. Show, by
using (71, (91, and (10) that the decrease in the elastic scattering cross
section resulting from the emission and the reabsorption of a photon in
one of the modes of the set 8 is equal in absolute value to the cross
section for the emission of a photon in any one of the modes of the set 8.
What can be deduced about the cross sections for the scattering of the
particle with the emission of 0 or 1 photon?
Solution
a ) The conservation of global energy results in

El

=

E,

+ ho.

Because E , is positive, it follows from (12) that

The momentum of the emitted photon therefore has a modulus that is very small compared
with the momentum of the particle.
b ) Expand V,(r + 5 ) in powers of 6 = qZ(O)/rn

The first-order term in 5 relates

I$i,,)

to

I&,):

We used (3) and ( 5 ) and the fact that if K(Q)is the Fourier transform of V,(r) defined in (6),
the Fourier transform of VV,(r) appearing in L3(pzlVV,(r)lp,) is equal to -iQY$Q).
By using formula (19) from Complement A , , we then obtain, to first order in q and in V,:

=

- 2 7 1 8'T'( E - E , - hw )

"./

7
m

2 & 0 w3L'

Q

(16)

where ~ 5 ' ~is) a delta function having a width on the order of h / T , with T being the
interaction time [formula (20) in Complement A ,I.
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c ) First note that the states (4.a) and (4.b) are correct asymptotic states in the Pauli-Fierz
representation. Indeed outside the range of the potential, the term V,(r + 5 ) in (1) can be
ignored and the Hamiltonian H is then reduced to the Hamiltonian (p2/2m) H R so that
states (4.a) and (4.b) can be considered as eigenstates of H . The asymptotic states corresponding to (4.a) and (4.b) in the Coulomb representation are obtained from (4.a) and (4.b)
by the unitary transformation

+

1
and they have a form that is more complex than (4.a) and (4.b) because they represent the
incident or scattered particle “dressed” by a cloud of virtual photons that this particle emits
and reabsorbs.
In the calculation of the amplitude for the emission of a real photon by the particle, we
can, at the lowest order in 9, replace T + by 1 and use (4.a) and (4.b) to describe the initial
and final states of the scattering process in the Coulomb representation. However, in this
representation, it is necessary to have two interactions, one with VJr) and the other with
H,, = - 9 p . AL(0)/m to go from
to I$fin).
Because these two interactions can occur
with two different time orderings, there are two diagrams (Figure 1). The calculation for .d is
then more complicated because it is a second-order calculation with an intermediate state
[see formula (28) in Complement A,].
d ) To obtain the transition rate from the amplitude (161, one must follow the procedure
presented in subsection 3 in Complement A,: square the modulus of (16), use the fact that
is proportional to T [see formula (49) in A,], which, after dividing by T ,
the square of
yields the transition rate

Figure 1. Diagrams representing Bremsstrahlung emission in the Coulomb representation.
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It is then necessary to sum (18) over the final states of the particle and of the photon.
Formulas (42) and (46) in A , give, for the number of states of the particle in d E , dR,, the
result L’mp, dE, dR2/(27rh)’ and for the number of states of the photon in dw d R the
result L3o2dwdR/(27rc)’. The integral over E , eliminates the function a(‘) in (181,
provided that E , is replaced by El - h o , so that finally

The flux associated with the incident particle is
cross section

If q = z q p and if V,(r)
which gives, for (20),

=

=

L-’p,/m, which gives the differential

ZZ’qi/4TEgT, we have, according to (6), T ( Q ) = ZZ’q;/EoQ2,

where a = q,2/47rs0hc = &.
The presence of w in the denominators of (20) and (21) shows that d a / d w d R d R ,
diverges when w -+ 0.
e ) To first order in V, and zero order in q , only the first term of (14) can be retained,
which gives

If hw << El, E,, one can ignore hw compared with E l - E , in the function
of (16) (in
the following calculations, this function 6(T’ indeed acts on slowly varying functions).
Moreover, if hw * E l , E,, one can, by using (12), ignore the difference between Ipl I and
lp21 in (16), so that for constant p1 and n2 = p2/p2, the wave vectors Q appearing in (16)
and (22) can be considered to be identical (recall that in (22), lpll and lp21 are rigorously
equal because El = E,). Using these approximations, Equation (7) is a consequence of (16)
and (22). with

f) The term in 5 V V , of (14) relates Ipl;O) to Ip2;O) only at second order and thus
contributes to the scattering amplitude only at second order in V,. By contrast, the next term,
C,Cj, directly relates lpl; 0) to I p,; 0) (one of the two operators 5, creates a photon that the
other operator destroys), so that this term gives the first correction to (22), which is first order
in V, and second order in q.
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equals
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1 ~ 20)
;

Using (3), the first matrix element of (24) equals

For the second matrix element, the properties of the Fourier transform result in

Finally, the first radiative correction to (22) is written

Regrouping (22) and (27) gives (9) if we set

which, using (231, gives Equation (10).
Finally, the radiative corrections are equivalent to replacing %$Q) by Z$Q)F(Q). This is
equivalent to replacing the scattering potential V,(r) by the convolution product of VJr) by
the Fourier transform F(r) of F(Q). This result shows that the particle, vibrating under the
influence of vacuum fluctuations, averages the potential V,(r) over the range of its vibrational
motion.
g ) When E k E is replaced by ( L / 2 ~ ) ~ / k ’ dd R
k C , in the correction term of (9), the
integral 1 dw/w appears, which diverges logarithmically as In k , , when the lower bound
tends to zero.
h ) In the Coulomb representation, the foregoing radiative corrections appear only in the
third order, V, being used once and H,, twice. They are represented by the three diagrams
in Figure 2. Such a third-order calculation is much more complicated than the first-order
calculation made here using the last term of (14). Moreover, it is no longer possible, in the
second-order calculation in 4 made here, to replace T+ with 1 in (17) and to use (4.a) and
(8) as the initial and final states of the scattering process in the Coulomb representation
(which gives rise to normalization corrections for the final and initial states).
and d::’involve the same
i ) The calculations for duel and dq;) made starting from de,
, same summations over the final states and the same incident fluxes.
functions [ 6 ( T ) ] 2the
Because, according to (91, deland d,!:)are proportional, we can deduce that the ratio
duel/du,(:) is just the square of the term in brackets of (9), which, at second order in 4,
indeed coincides with the term in brackets of (11).
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Figure 2. Diagrams representing the first radiative corrections to elastic scattering
by a potential in the Coulomb representation.

j ) The decrease in the elastic scattering cross section as a result of the emission and the
virtual reabsorption of a photon in any one of the modes of the set 2Z' is, using (111, equal to

Besides, using (71, the cross section for the emission of a photon in any one of the modes of
8 can be written as

The sum of (29) and (30) indeed cancels out.
We now reexamine, in light of the preceding result, the problem of infrared divergences
encountered above, in questions d and g. To do this, we concentrate on the low-frequency
modes and assume that the particle interacts only with the modes of the set 8.The
cancellation of (29) by (30) shows that the sum of the scattering cross sections with the
emission of 0 or 1 photon does not depend on the modes of 2Z' and thus has no infrared
divergence when the set 8 is enlarged so as to contain modes with lower and lower
frequencies.
The foregoing result then allows us to show that the experimentally relevant quantities do
not exhibit any infrared divergence. Indeed, the detector observing the scattered particle
always has a finite energy resolution. If the energy h w of the emitted photon is smaller than
the energy sensitivity h6 of the detector, the observation carried out on the scattered particle
will not allow us to know whether or not a very soft photon (frequency less than 6) has been
emitted during the scattering process. The measured quantity is thus indeed the sum of the
elastic scattering cross section and the inelastic scattering cross section with the emission of a
photon having a frequency less than 6. This sum remains finite, whereas each cross section
separately presents an infrared divergence.
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It should, however, be noted that expressions (29) and (30) were obtained here in a
perturbative fashion and thus no longer have any meaning in certain limits. For example,
when the frequency of the modes of 8 tends to zero, the absolute value of the term in
brackets of (29) can become greater than 1, as a result of infrared divergence. Such a result is
manifestly absurd (it leads to a negative elastic scattering cross section!). This shows the
necessity of taking into account higher-order terms in q. Consequently, a satisfactory
discussion of the “infrared catastrophe” can be given only within the framework of a
nonperturbative treatment in y (see the following exercise).

9. LOW-FREQUENCY
BREMSSTRAHLUNG.
NONPERTURBATIVE
TREATMENT
OF THE INFRARED
CATASTROPHE
The purpose of this exercise is to study the low-frequency radiation
emitted by a charged particle during the scattering of this particle by a
static potential V,.
The problem is first analyzed within the framework of classical radiation theory (Part A). One then considers in Part B the amplitudes
describing the scattering of the particle with the emission of an arbitrary
number of low-frequency photons. Using the Pauli-Fierz representation,
the calculation is carried out in a nonperturbative fashion relative to the
coupling between the charged particle and the transverse field. It is
possible to establish in this way a connection between the classical and
quantum descriptions for the radiated field and to show how the infrared
divergences appearing in the perturbative calculation of scattering cross
sections can be eliminated.
This exercise is an extension of the preceding exercise, which the reader
is advised to study beforehand. For this reason, any previously introduced
notation will not be redefined.
A. Classical Treatment of the Radiated Field

Let a,,(t) be the normal classical variable describing the state of the
classical transverse field in the mode kE. Recall that the equation of
motion for a k , ( t )is written [see Appendix, formulas (18.b) and (26)l

with i ( k , t ) being defined by
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where

is the current associated with the charge q located at d t ) with a velocity
fit).

The range of the scattering potential V, is sufficiently small so that it is
possible to use the long-wavelength approximation Ik . dr>l << 1, not only
t , ) and
during the collision ( t , It It,), but also before the collision ( t I
after the collision ( t 2 t,). Moreover, the reaction of the emitted radiation
upon the motion of the particle is neglected, which is equivalent to
considering d t ) as a given function of time.
a ) Let v1 be the velocity of the particle before the collision [ f i t ) = v1 if
t < t , ] . Show that, within the framework of the long-wavelength approximation, Equation (1) has for t It , a particular time-independent solution
PkE(vl).Calculate Pke(vl).What is the physical interpretation of the field
described by the normal variables {PkE(vl)}?
b ) Show that the solution to Equation (l), which is equal to PkE(vl)for
t It , , can be written, for t 2 t , ,

where v, is the final velocity of the particle [ f i t ) = v, for t 2 t,]. Calculate ykE and show that y k E is proportional to the temporal Fourier
transform of the acceleration of the particle. What is the field radiated by
the particle at the end of the scattering process?
c) Consider the low-frequency limit w r , ez 1, where 7, is the duration
of the scattering process, on the order of t , - t,. Show that y k e then
depends only on the variation in velocity 6v = v, - v, of the particle
during the scattering process.
d ) In the low-frequency limit, calculate the total energy radiated by the
particle in the modes of frequency less than w,. This total energy will be
reexpressed as a function of hw,, 6v/c and the fine-structure constant
(the charged particle is assumed to be an electron).
B. Quantum Nonperturbative Treatment of the Radiated Field

In this entire section, two categories of modes are considered: the
,
with a lower-case Greek subscript and
low-frequency modes k A E Awritten
such that w A < w,, and the high-frequency modes k',E,,, written with an
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upper-case Greek subscript and such that w, < w,, (*). The contributions
of these two types of modes to a field operator, for example the Hertz
vector Zh), will be written Z' f(r) and Z h f(r) [to obtain Z' f or Z" f, it is
sufficient to replace kE by khE, or knEli in formula (3) in Exercise 81.
Finally, the state l{n,},In,,)) represents a state of the field where the n,
are the numbers of photons in the modes k , E , , and the n,, are the
numbers of photons in the modes k/iEA,with the energy of such a state
being C,n,hw, + C,,n,hw,,.
e ) In the Pauli-Fierz Hamiltonian [see formula (1) in Exercise 81, the
particle-transverse field interaction appears only in the term V,(r + 5). For
the nonperturbative treatment presented here, it is preferable, instead of
expanding V,(r + 5) in powers of 5, to express it as a function of the
Fourier transform y ( k ) of V,(r) [see Equation (6) in Exercise 81. Express
V,(r + 5) as a function of ?(k) and the operators exp(-ik. r) and
exp(-ik. 5).
f ) Calculate, to first order in V, and to all orders in q , the amplitude
d ( p l , {O,}, (0,) + p 2 , {OA}, { n A }for
) the particle to be scattered from p1 to
p z , with the emission of 0 high-frequency photons and a given number of
low-frequency photons characterized by the set {n,). Use the notation
p l - p, = hQ, and express this amplitude as a function of T ( Q > and the
matrix elements of radiation operators involving the high- and lowfrequency parts, 5" f and 5' f, of 5.
g ) The o, are assumed to be so small that one can completely neglect
C,n,hw,
compared with El and E,, and also neglect the difference
between J p I Iand lpzl in the amplitude calculated in Question f). Show
that

where the first amplitude appearing in the right-hand side of ( 5 ) is the
elastic scattering amplitude, to first order in V, and to all orders in q ,
which is calculated by completely ignoring the low-frequency modes. Show
that

(*) One nevertheless assumes that w , is not too large in order to allow the long-wavelength approximation even for high-frequency modes ( w < u,,,).

,
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h ) Show that the final state of the low-frequency field is

at the end of a scattering process in which the particle goes from p, to p2,
without any emission of high-frequency photon.
i) Show that the state of the quantum field radiated at the end of the
scattering process p l , ( O A ) + p2,(O,i) is the coherent state associated with
the classical radiated field during the same scattering process. What can
be concluded from this result about the average energy of the quantum
field radiated at low frequency and for the distribution of the number of
photons emitted in each low-frequency mode?
j ) The detector observing the particle scattered in the direction n2 =
p2/p2 has an energy resolution that is too low to allow the observation of
the energy loss C A n A h w Aof the particle due to low-frequency radiation
(actually, it is this energy resolution that fixes the bound w,,, selected to
separate the two types of modes). The transition rate, measured by the
detector, is then written
dWmeasured(P1

+

p2)

=

c dw(pl,

h,)

{o,t17

('A}

-+

p2, { o , t } 7

InA}).

(7)

By using ( 5 ) and (61, show that dwmeaSured
is simply equal to the elastic
transition rate dw,,(p,, (OJ -+ p z , {O,t)) calculated by completely ignoring
the low-frequency modes.
Generalize the preceding result to other processes in which highfrequency photons are emitted, for example, to the scattering process
PI, (o,4}? { O A }
P2, {n,t)?(nA).
Solution
a ) Substitute (3) into (21, then substitute (2) into (1). By approximating exp[-ik. d t ) ]by
1, we then obtain

Prior to the collision ( f 5 t l ) , the particle is not in the range of the scattering potential V,. Its
velocity f i t ) is therefore constant and equal to v l . The right-hand side of (8) is thus time
independent, which demonstrates that Equation (8) has, for I 5 t l , the particular solution

which is time independent. This solution represents the value of the normal variables
associated with the transverse field bound to the incident particle, which is in uniform
translational motion (see Complement B,,, $1-b).
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b ) After the collision ( t 2 t 2 ) , the particle is free again, and it has a velocity v2. The
general solution to Equation (8) is then the sum of the particular solution of the equation
with the right-hand side, obtained from (9) by replacing v1 by v 2 , and the general solution to
the equation without the right-hand side, which varies as exp(-iwt), and can therefore be
written yk, exp(-iwt):

The two terms in the right-hand side of (10) describe, respectively, the transverse field
"bound" to the scattered particle moving away from the range of V, and the free transverse
field that appeared after the collision and is thus the transverse field radiated by the charged
particle.
To calculate y k p rintegrate Equation (8) between t i and t > f 2 to get

Expressing a k , ( t l )in the form of Equation (9) and a,,(t) in the form of Equation (10) then
gives

Ykr =

-9

[E

v2 erwf -

E

v, erwll]

+

e

r( t ' ) elwr'dr'

Because f ( r ' ) is zero for t' < t , and t' > t 2 (the particle is in uniform motion), it is possible
to replace j,: by 1:; in (12), which results in the appearance of the Fourier component at
the frequency w of the acceleration of the particle. Such a result confirms the interpretation
given above for the last term in (lo), which describes the field radiated by the particle.
c) If w ( t z - t , ) << 1, we can approximate the exponential of the integral of (12) by 1,
which allows us to replace this integral by E (v, - v , ) = E 6v. We then have

d ) The total energy of the free field described by the normal variables {yk,exp(-iwt))
and having a frequency w Iw, is written, using (13),
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Expression (14) represents the energy radiated at low frequency ( w < w m ) by the particle.
Using relation (54)from Complement A , gives

/ d R E e l & , = / d R ( S,,

-

E

and consequently
q2%

z -(Sv)2=
- 6EOiT2C3
" f

-(-) S v
2a
3ir

c

hw,

where a = q2/4ir&(,hc is the fine-structure constant. It is thus clear from (16) that XI.,
<<
hw,.
e ) Inverting formula (6) of Exercise 8 gives
1

V,(r)

=

It is then sufficient to replace r by r
commute to obtain

2
+ F,

k

(17)

e - l k ' ' "y,(k).

and to use the fact that r and 5

=

qZ(O)/m

f ) We first calculate the matrix element of V,(r + F,) between lpl,{O,J,{OA)) and
Ip2,{OA),{ n h ) ) .Because F, = S h ' f + F,"f and t h ' fand g"f commute, this matrix element can
be factored into three parts. The part relative to the particle is written

The other two parts relative to F,h'f and F,"' equal, respectively, using the S r Q appearing in
(191, ({O,,)lexp(-iQ . F , h ' f ) l { O A ) > and ({n,)lexp(-iQ . F,"f)l{OA)).
Regrouping the preceding results gives

g) If C,n,hw, is negligible compared with E l and E,, we can replace the function
in (20) by S(')(E, - E,). We can also neglect the difference between / p , I and (p21 and
replace Q by the value corresponding to the elastic scattering. The low-frequency modes are
no longer involved, except in the last matrix element in (20). We then obtain the equality (9,
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where

does not depend on low-frequency modes.
To prove ( 6 ) , it is sufficient to write the left-hand side of (6) in the form

Because the operators exp(+iQ 5' f ) act only on the low-frequency photon subspace, and
because the operator appearing in brackets in (22) is just the unit operator in this subspace
= 1.
(closure relation), expression (22) is reduced to ((O,)I(O,))
h ) Equations (5) shows that if the particle is scattered from p i to pz without emitting any
high-frequency photon, the coefficients for the expansion of the final state of the low-frequency
6"f)l(OA)). The normalizafield over the states l(na)) are proportional to ({n,)lexp(-iQ
tion condition (6) then shows that ((n,)lexp(-iQ
g"')l(OA)) is indeed the probability
amplitude of finding the low-frequency field in state I(n,)). We deduce that the final state of
the low-frequency field after the scattering process ( p l , ( 0 , ) pz,(O,)) can be written
--f

because the states I ( n , ) ) form a basis in the low-frequency photon subspace.
i) In (23) we replace Q by ( p , - p2)/h = - m 6 v / h where 6 v = v2 - v,, then replace
5' by qZ' /(O)/m. By using the expansion of Z' '(0) in a k E and ak', with w < w, [see
formula ( 3 ) in Exercise 81 we obtain

'

where y k Eis given in (13). From this we deduce [see formulas (65)-(67) in the Appendix] that
exp[-iQ . 5 " f ] is a translation operator for a k L :

and that / I / J ; " ~is) the coherent state corresponding to the classical field radiated at low
frequency

As a consequence of (26) and using the properties of coherent states, the average value of the
energy of the quantum field radiated at low frequency is equal to the corresponding classical

Ex. 10

Exercises

564

energy given by Equation (16). Similarly, the distribution of the number of photons ke
emitted is a Poisson distribution with average l y k E l 2 .
Finally, in the nonperturbative calculation presented in this exercise, no infrared divergence appears in the physical predictions concerning the low-frequency photons that are
emitted. Moreover, Equation (26) provides a clear connection with classical theory.
j ) Take the square of the modulus of (5) and divide by the duration of the interaction.
One obtains for the transition rate

where the first term of the right-hand side, dw,,, is independent of the low-frequency modes.
The sum over ( n A in
) (27) then gives, using (6)
d ~ r n e . + s u r c d--t
( ~~~

2 =)

dwel(p1, {041

+

{',I).

(28)

P Z ~

The measured rate therefore no longer depends on the low-frequency modes.
The foregoing arguments are easily generalized to processes in which high-frequency
photons are also emitted. It is sufficient in (5) to replace .d,,,(p,,(O,,) + p2,(0,,)) by the
amplitude d e l ( p , ,{ O J + p 2 , (n,)) given by the following equation generalizing (21):

In (29), I p l I is of course not equal to I p 2 1 . Because the amplitude (29) depends only on the
high-frequency modes, we can, as we did above, use ( 6 ) to show that the measured rate

does not depend on low-frequency modes.
Thus, the foregoing nonperturbative treatment rigorously proves that the experimentally
relevant quantities do not depend on low-frequency modes.

10. MODIFICATION
OF
TO

THE CYCLOTRON
F R E Q U E N C Y OF
ITS INTERACTION
WITH THE RADIATION
FIELD

A

PARTICLE
DUE

The purpose of this exercise is to study the way the interaction with the
radiation field modifies the cyclotron motion of a charged particle in a
static magnetic field B,. An effective Hamiltonian will be used to describe
the modification of the slow motion of the particle due to its interaction
with the high-frequency modes of the radiation field.
Let rn be the mass of the particle and q be its charge. The uniform
magnetic field B, is described by the vector potential

Ex. 10

Exercises

565

Let m be the mass of the particle and q be its charge. The uniform
magnetic field B, is described by the vector potential
A,(r)

=

$(B, x r)

(1)

and is parallel to the Oz axis. The Hamiltonian for the particle (assumed
to have no spin) is

a ) Derive the expression for the three components u,, c y , and u, for
the velocity operator as a function of p and r. Calculate their commutation
relations. Write the Heisenberg equations for the velocity components.
Deduce from these equations the motion of u,, u,,, L',
and the expression
for the cyclotron frequency w,.
6) First consider the effect of the interaction of the particle with a
particular mode of the transverse field, with wave vector k and polarization E, and whose frequency w is assumed to be large compared with the
cyclotron frequency
0,<
<

w.

(3)

+ H,

(4)

The Hamiltonian of the system is then

H

=

H,

where

H,

=

H,

=

Hp

+ h w ( u f u + $)

-qv

*

A(r)

(5)

9'
+ -A2(r)
2m

with
A(r) = d , , , ( E e i k " ' u + ~ e - ' ~ ' " a + )

(7)

d,,
being
, a constant equal to ( ~ / ~ E , o L ~ ) ' / ~ .
Show that, for the low-energy states of the particle, a large frequency
range w exists for which the long-wavelength approximation is justified.
Such an approximation will be used in what follows.
c ) By using the results in Complement B,, derive the effective Hamiltonian that describes the dynamics of the particle in the presence of the
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radiation vacuum, to second order in q and in the approximation w , / o <<
1. Calculate the projection of the velocity of the particle over the polarization vector E as well as the kinetic energy of the corresponding motion.
Give a physical interpretation for the result obtained.
d ) The particle now interacts with all the modes of frequency between
c k , and ck,:
c k , < o < ck,.

(8)

The upper bound is fixed by the long-wavelength approximation; the lower
bound is taken to be greater than w c , so that the results of c can be used
for each of these modes.
Show that one can independently sum the effective Hamiltonians associated with each of the modes to describe the motion of the particle in the
photon vacuum. How is the cyclotron frequency modified?
Solution
a)

The velocity operator for the particle in the presence of the vector potential A&) is

or

u, commutes with

I,,

and L.,, and
4
[ u x , u , ] = ih;F;lBo.

The Hamiltonian for the particle, which describes its kinetic energy, can be written

H p = $mv2
We then consider the Heisenberg equations for the components of v

b x = i- [ H P , ~ xim
] = - [ ~ 2 , ~im, ] = - [ ~ =
~ -,4~ x ].
h
2h
2h
m BOU"

(13 .a)

i
I j y = -h[ H p r u y ]

(13.b)

im

= -2[hu ; , u Y ]

4

= -m Boux '
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u, and cY oscillate with a s r / 2 phase difference at the cyclotron frequency

The equation for c, is written

and shows that the motion along Or is uniform.
b ) The commutation relation (11) leads to the uncertainty relation

This relation fixes the order of magnitude of the velocity in the lowest energy levels (called
Landau levels) (*)
c4

- ( 7)
W L l

2

or

Because the motion is periodic, with a period 2a/o,, the spatial extension of the wave
functions is on the order of

For the long-wavelength approximation to be valid, it is necessary that
ka

(
i

1

or

(*) See, for example, C. Cohen-Tannoudji, Diu, and Laloe, Complement Ev,.
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Conditions (3) and (21) then imply that w must satisfy

For a magnetic field of 1 Tesla, this range extends from microwaves to visible light.
In the direction 02, the particle is free, and therefore nonlocalized. One can assume that
an appropriate potential keeps it in the neighborhood of z = 0 with an extension also
satisfying condition (20).
c ) Assume that the partic!e is localized in the neighborhood of the origin: r = 0. In the
long-wavelength approximation, the term q2A2(0)/2m depends only on the field variables,
and the coupling Hamiltonian between the field and the particle reduces to

In the manifold corresponding to the vacuum lo), ( a + a ' ) is zero. The motion of the
particle is characterized by the frequency w,, which is very small compared with the
frequency of the mode ( k s ) . We can then directly apply the results of subsection 4 in
Complement B,.
The expression for the effective Hamiltonian is

(Hb),ka,'=Hp

q2
+ -(OIA2(0)10)
2m

+ q2d:(ol(a + a ' )
q2
d
:

- ---(OI(a
2

+ a+)

+
1

(hw/2) - h w ( a + a
1

[(hw/2) - hw(a+a +

The double commutator reduces to

and we finally obtain

+ {) ( a + U')lO)(E

+)I

(a

'V)?

+ U+)IO)[E

-

,

V,

[E

. V, ~

p l ]+

.' .
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with

Sm,,

=

2 q '..I,'
ho

'

The coupling with the mode k, E introduces a correction to the kinetic energy in the effective
Hamiltonian that describes the slow motion of the particle. This correction is anisotropic,
zero for the components of v perpendicular to E , and nonzero for the motion along the
direction E. The velocity of the slow motion along E, which is written

is represented by the operator

In the effective Hamiltonian, the corresponding kinetic energy is written (to second order
in q )

Everything occurs as if the inertia of the particle had increased in the direction E.
For the last term of (261, one can suggest the following interpretation. In the initial
Hamiltonian, the term (q2/2rn)d2 represents the vibrational kinetic energy of the particle under the influence of the vacuum fluctuations of the mode ke. In the presence of
the magnetic field, the vibrational motion of the particle in the xy plane is modified
by the magnetic field which curves the trajectory and results in the appearance of an orbital
magnetic moment proportional to B,. The last term in (26) represents the diamagnetic
energy associated with this induced motion (*).
d ) The coupling H,, is now written

It is linear in a and a + so that only the one-photon intermediate states Ikiei>appear in the
second-order term of the effective Hamiltonian. The calculation of the contribution corresponding to this state can be made by taking into account only the coupling with the mode

(*I For a more detailed discussion, see, for example, P. Avan, C. Cohen-Tannoudji,
J. Dupont-Roc, and C. Fabre, J . Phys. (Paris), 37, 993 (1976).
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ktE,. This is the same as summing the effective Hamiltonian (HLyvacover i:

C

(HhIvac =

(HL):~~

(32)

I

k, < k , < k M

The sum over E and E' and the angular average over the polar angles of k gives, in the
continuous limit [see formula (55) in Complement A,]
do
j,-(E'v)'=
&

2
-v2
3

(33)

j4,c.:=5
2

do

(34)

&

and an analogous formula for the average of
1
(HL)vac= - ( m - 6m)v'
2

E:.

We then have

92
+ -jkM4wk'dk

2m

k,

where

6m

=

2 4wk'dk
-/36m,,
3

P / L )

=

16w
-jkMk2dk
3 k,

4
~

(277/LI3

"[

flu

1

-:I

+ -7
3 0

fl

2E,0(2T)3

(35)

]

(k, is very small compared with k, and can be neglected). We obtain the mass correction
6 m previously calculated in Complement B,, [see formula (32)].
The second term of (35) is constant and does not change the dynamics of the particle.
Returning to the operators r and p, the first term is written

that is, again, to first order in 6 m

Everything occurs as if the mass of the particle had increased by a m so that the cyclotron
frequency becomes

The cyclotron motion is thus slowed down by the increase in mass.
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11. MAGNETIC
INTERACTIONS
BETWEEN SPINS

The purpose of this exercise is to study a unitary transformation that
causes the Fermi contact interaction and the dipole-dipole interaction
between two spins to appear explicitly in the particle Hamiltonian. In the
usual picture, these interactions are due to an exchange of transverse
photons between the two spins. To simplify the calculations as much as
possible, the particles carrying the spins will be assumed here to be fked
(we thereby ignore the magnetic interactions associated with the translational motion of the particles, such as the current-current interaction,
previously discussed in subsection F-1 in Chapter 11, or the spin-other
orbit interaction).
Consider the spins S,, S,, . . . located at fixed points r,, r p , . , . . These
spins interact, on the one hand with the quantized radiation field, and, on
the other hand, with a static magnetic field B,. The Hamiltonian of this
system is, in the usual representation,
= HR

-

cyasa
a

'

[BO

+ B(ra)]

(1)

where HR is the free radiation Hamiltonian:

The gyromagnetic ratio y, is equal to g,q,/2m, where g , is the g factor
of the particle a,having a mass m , and a charge 4,. B(r,) is the magnetic
field of the radiation at point r,:
B(r,)

=

i/ d3k

(

H is split into three terms: H R , which is of zero order in electric charge
H , = -C,y,S, . B(r,), corresponding to the interaction between the
spins and the radiation field B(r), which is first order in q,, and H , =
- C,y,S, * B,, corresponding to the interaction between the spins and the
external magnetic field.
a ) First consider the case for B, = 0. One looks for a unitary transformation T = exp(iF/h), F being first order in q,, on the Hamiltonian H
such that the linear term in q, of the transformed Hamiltonian H' =

q,,

Exercises

572

Ex. 11

THT+ is zero. What is the relation verified by F ? Cne can use the identity

b ) The operator F is taken in the form

Calculate P,(k,

E)

and check that

where Z(r) is the vector quantum field

c) Give the terms of order less than or equal to 2 in q, of the
transformed Hamiltonian H'. Show that the magnetic interactions between different spins (Fermi contact interaction and dipole-dipole interaction) appear explicitly in H ' . Show that self-energy terms also appear for
each spin. To calculate these terms, a cutoff (lkl 2 k , ) will be introduced
in the mode expansion of the transverse fields.
What is the new interaction Hamiltonian between the spins and the
transverse field?
d ) The field B, is now assumed to be nonzero. By using the same
unitary transformation as before and limiting the calculation to the first
two terms of (41, calculate the operator H; transformed of H,. Show that
a new interaction term between the spins and the radiation field now
appears, which is linear in a and a+. Give a physical interpretation for the
dependence of this term on B,.
Solution
a ) By using (4), we find that H' can be expressed as a function of F in the form of an
expansion:

H! =

erF/h

He-iF/h

(8)
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We regroup the terms of the same order in powers of 4,. We then have, because F is first
order in 4,,
zero order

HR

first order

HI

secondorder

i

+ [; F , H R ]

i
-[F,Hl] +
h

For the first-order term to be zero, it is necessary that

b ) Using the form of F given in ( 5 ) along with the commutators
[a,(k), a$(k')]

=

6,,,6(k

-

k')

we obtain

But, from ( 1 ) and (31, H I is equal to

As a consequence of condition (9), the factors of the annihilation and creation operators are
opposite in (11) and (12), which leads to

We substitute this expression into formula ( 5 ) giving F . We see that the expansion of the
vector field V x Z(r,) appears, Z(r,) being defined by (7), and we finally obtain relation (6).
c ) The zero-order term of H' is the radiation Hamiltonian HR; the first-order term is
zero as a consequence of condition (9) imposed on the unitary transformation. The secondorder term is equal to
(14.a)
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that is also, by using (9) to transform the second commutator

(14.b)
Equations (1) and (6) allow H i to be rewritten in the form

The commutator associated with the particle operators is

[(S,),l

Pd,] = i h C E I , k h 3 ( S , ) k
k

with E , , ~being the antisymmetric tensor. Using (31, (71, and (lo), as well as formula (33) from
the Appendix, we calculate the commutator between the radiation operators

X { -[a,(k),a$(k')](~

+ [a:(k),

X E),(K'

a,,(k')](~

X

~'),e''

X E ) ~ ( K ' X E'),

e-"

'0

+

'-elk'

'P

1

By using the transverse delta function (see the Appendix and Complement A , of Photons
and Atoms-Introduction to Quantum Electrodynamics), we can rewrite (17) in the form

Finally, formula (15) giving the Hamiltonian H i is simplified by using (16) and (18):
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We first study, in the first term of H i , the contribution of terms corresponding to
different particles (a # p). By using (34) from the Appendix, we can rewrite the term relating
to the pair a,p:

We recognize two contributions in H;(a, p): the first is the Fermi contact interaction, and
the second is the dipole-dipole interaction.
The first term in (19), for the case where a = p, gives a contribution E ~ to
, the magnetic
moment self-energy

By introducing a cutoff I kl s k,, we obtain, for sif(0),

which gives for

The interaction of the spins with the tiansverse field is given by the last term in (19) which
is quadratic as a function of the annihilation and creation operators a,(k) and a:(k). Note
that the operator B(r,) which appears in this formula no longer represents the total magnetic
field in the new representation. Instead, it now represents the difference between the total
magnetic field and the magnetic field produced by the magnetic moments (discussion
analogous to the one in subsection 2-a in Complement B,,).
d ) In the unitary transformation, Hs becomes

If we keep only the first two terms of (41, we obtain, for the component ( S u ) l ,
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an expression which can be transformed by using (6) and (16)

Using (24) and (26), we then obtain for H i

The last term of (27) is a new spin-transverse field interaction Hamiltonian, which is linear in
a and a + (one-photon term):

It is obviously associated with the precession of the magnetic moment about the static field
B,. The spin can radiate and then emit photons only because it precesses about Bo.

Remark
The interaction Hamiltonian in the usual representation H, differs from the
Hamiltonian Hi found after applying the unitary transformation. Of course, all
the physical predictions must be identical in the two representations. If we
consider, for example, a spin f in a magnetic field B, aligned along the axis Oz,
this spin can emit a photon into a mode k e of the field for which ck = --yaBo.
When this resonance condition is satisfied, it is easy to prove the following
equality:

(with I k e ) = a:(k)lO)). Equality (29) ensures that the transition probabilities
(absorption or emission of photons) are the same in the two representations on
the energy shell.

12. MODIFICATION
OF AN ATOMIC
MAGNETIC
MOMENT
DUE
TO

ITS COUPLING
WITH MAGNETIC
FIELD
VACUUM
FLUCTUATIONS

Consider a paramagnetic atom in its ground state la). This atom is
supposed to be a neutral atom having a magnetic moment M = y S where
S is the spin of the particle and y is the gyromagnetic ratio that can be
written in the form y = g , q / 2 m , where 4 and m are the charge and the
mass of the electron and g, is the Land6 factor for the state a . This atom
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is placed in a static magnetic field B, parallel to 02. The free evolution of
the magnetic moment coupled to B, is a Larmor precession motion, with
frequency w L = -yB,. The purpose of this exercise is to show that this
frequency is slightly modified as a result of the interaction of the atomic
magnetic moment with the magnetic field vacuum fluctuations. We will use
for this the same unitary transformation as the one introduced in Exercise
11.
To study the influence of the coupling with the magnetic field B(r) of
the radiation, we take the following model Hamiltonian (*I:

where HR is the radiation Hamiltonian, H , = - y S . B, describes the
interaction of the magnetic moment with the static field and H , =
- y S . B(r) describes the interaction with the radiation field.
a ) Calculate at the third order in q the operator H i transformed from
H, by the unitary transformation T = exp(iF/h) where F = y(V x Z(r)) .
S. The fields B(r) and Z(r) are given by formulas (3) and (7) in Exercise 11.
One can use formula ( 4 ) from this exercise with B = H,, A = F / h to
calculate the first three terms of the expansion.
b ) Calculate the average value of Hk in the state Im,;O) (with m s h
being the eigenvalue of S , and 10) being the photon vacuum). Show that
the result can be interpreted as a correction Sw, to the Larmor frequency
w L . Express Sw,/w, as a function of x , = hw,/mc2 (where wM = c k ,
is the cutoff frequency for the mode expansion) and of the fine-structure
constant a = q 2 / 4 r ~ , h c C .
c ) What is the physical origin of Sw,? Can its sign be interpreted?
d ) In the same magnetic field B,, a particle with charge q and mass m
has a cyclotron motion of frequency w , = -qB,/m. The interaction of
this particle with the transverse field is responsible for a variation in mass
( * ) This Hamiltonian is not sufficient to quantitatively predict the modification of the
magnetic moment of a free electron. There are terms of relativistic origin in the electronradiation interaction, which, for field frequencies large compared with the atomic frequencies, have the same order of magnitude as the terms retained in this model Hamiltonian.
They do not, however, qualitatively change the conclusions drawn from (1). A more complete
and more rigorous approach to this problem may be found in the following references:
P. Avan, C. Cohen-Tannoudji, J. Dupont-Roc, and C. Fabre, J . Phys. (Paris), 37,993 (1976);
J. Dupont-Roc, C. Fabre, and C. Cohen-Tannoudji, J . Phys. B , 11,563 (1978); J. Dupont-Roc
and C. Cohen-Tannoudji, in New Trends in Atomic Physics, Les Houches X X X V I I I ,edited by
G. Grynberg and R. Stora, Elsevier, New York, 1984, p. 157.
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Sm and thus a variation Sw, in the cyclotron frequency given by

with Sm being equal to q 2 k , / 3 ~ , 7 r 2 c 2 (see Exercise 10). Compare
S O L / W L to S w , / w c .
If the corrected Land6 factor gh is defined by the relation

with w;
tion S g ,

=
=

+

+

w L Sw, and w: = w ,
Sw,, what is the sign of the correcgh - g,? What is its origin?

Solution
a ) To determine H i

to third order in y, it is necessary to calculate the transform of S, to second order. The zeroand first-order terms were calculated in Exercise 11 [formulas ( 2 5 ) and (26)l. We now
calculate the second-order term:
9J2)
=

[ [ f sz]]

1 iF

-

2

-,
h

,

Starting with relation (26) from Exercise 11, we obtain

The components of the field V X Z(r) commute with each other. We transform (6) by using
the commutation relations between the components of S [see formula (16) in Exercise 111:
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Finally we obtain H.; by regrouping - YB,,S$~’with the previously calculated zero- and
first-order terms.

b ) Calculate the average value of the zero- and first-order terms of H i in the state
/m,;O). We find - m , h y B , for the zero-order term and 0 for the first-order term, because
this term is linear in u,(k) and u:(k), whose average value in the vacuum is zero. To find the
average value of the next term, first calculate

X(K X

E ) ~ ( KX’ E’),(Olu,(k)uS(k’)10)

el(”‘)

. (9)

The other combinations of annihilation and creation operators have a zero average value in
the vacuum. By using the commutation relation

and formula (33) from the Appendix, we obtain

Finally, the average value in the state Im,;O) of the operator H i written in (8) is given by
( m , ; O l H ~ I m , ; O=) -m,hyB,
We thus find a corrcction So, to the Larmor frequency
SW,

=

-w,--

W,

=

-yB, equal to

hkh
4m2 1 2 a 2 ~ , , c 3

gh2

We can finally express S w L / o L as a function of g,, x M , and a.This gives
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c ) The magnetic moment precesses (while keeping a constant modulus) in the total field,
which is the static field B, + the vacuum field B(r). The vacuum fluctuations of frequency w
(high compared with w,) cause the magnetic moment to have an angular oscillation at the
frequency w . For the coupling with the static field B,, the relevant quantity is the time
average of the magnetic moment, which clearly has a smaller modulus than the instantaneous
magnetic moment. We then expect the rapid angular oscillation of the magnetic moment in
the vacuum fluctuations to reduce the effective magnetic moment of the atom and thus to
produce a negative correction G w L / o L according t o formula (14).
d ) Express the variation 6 w c / w c of the cyclotron frequency as a function of x , and a.
Using relation (21, we find
6WC

-=
wc

ff

-4--x,.
3iT

It thus appears S w , / w , is linear in x M , whereas 6 w L / w L is quadratic [see (14)]. For the
low-frequency modes ( x , << 11, described correctly in this theoretical approach, the modification of the cyclotron frequency is thus more important than the modification of the Larmor
frequency. Such a result is not surprising. It indicates that, in the nonrelativistic domain, the
magnetic interactions, which are responsible for 6 w L / w L , are less intense than the electric
interactions, which are responsible for 6 w , / w , .
If we define gb by using relation (3), the preponderant correction term comes from the
linear correction in x , of 6w,/o,. As a consequence of the sign of 6 w , / w , (19, this term
results in a value of gb that is greater than g,. Because the cyclotron frequency w , decreases
more than the Larmor frequency w L , the ratio 2 w L / w , increases. Thus

13. EXCITATION
OF A N ATOM
BY A WAVE
PACKET:
BROADBAND
EXCITATION
A N D NARROW-BAND
EXCITATION
Consider an atom in its ground state a interacting with a photon whose
state is described by the wave packet I$R).
The purpose of this exercise is
to calculate the probability for the atom to be excited to a level b by this
photon and to show that the time evolution of this probability can differ a
great deal depending on whether the spectral width of the incident field is
large or small compared with the natural width r,, of the excited level.
a ) Show that the matrix element ( b ; O l G ( E + i T ) / u ; k e )of the resolvent (where 7 is infinitely small and positive) can be taken, to a very good
approximation, as equal to
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where ,!?a and ib
are the energies of the levels a and b including the
radiative shifts (2, = E, + h A , for i = a , b).
b ) Deduce from this result the probability amplitude ( b ; OlU(t)la; k e )
of finding the system in the state lb;O) at the time t knowing that it is in
the state la; k e ) at the initial time. One will set h&b, = (8, - ,Gal.
c > Assume that the initial state of the field
is a one-photon wave
packet of the form

where k , is the average wave vector and where the summation concerns
states having the same polarization E and the same direction of propagation K = k / k . Give the expression for the transition amplitude
(b;OlU(t)la;$,) = Ub,(t). Neglect the dependence on k of the matrix
elements (b;OlH,,la; k e ) which can then be replaced by a unique matrix
element ( b ; 0 IH,, la; k
In what follows, o, = c k , is assumed to coincide with the frequency
3,, of the transition. In other words, the incident wave packet has a
central frequency that is resonant with the atomic transition frequency.
d ) If the curve giving Ig(k)l2 as a function of k has a width A k that is
small compared with the average value k , of k , one can show that the
square of the modulus of the Fourier transform of g(k) is proportional to
the intensity of the field ( E ( - ) E ( + ) at
) the atom location (*I. Let f ( t ) be
the Fourier transform of g ( k )
f (t ) =

1dw g ( k ) e-I"'.

(3)

The curve f ( t ) is shown in Figure 1. The function f ( t ) is assumed to be
maximum at t = t o and has a width at half-maximum equal to A t . The
time origin t = 0 is chosen well before the time when the incident wave
packet arrives in the neighborhood of the atom so that t o >> A t , I';'.
Show that, using these assumptions, the transition amplitude U b a ( t )
calculated in c > is proportional to the convolution product of f ( t ) by the
Fourier transform of - [ w + i ( I ' b / 2 ) ] - ' .
e) First consider the situation where lg(k)l is a very narrow function of
k , with a width A k much smaller than rb (narrow-band excitation). Show
that the probability of finding the atom in the level b then adiabatically
(*)

BC-2-c.

See Photons and Atoms-Introduction

to Quantum Electrodynamics, Chapter 111,
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Figure 1. The curve f(t).

0
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I

follows the time evolution of lf(t)l2, that is, the time evolution of the
incident intensity.
f Now consider the case for quasi-percussional excitation where
A t << r;'. Show that the probability of finding the atom in the level b is
then represented by a curve whose rise time is on the order of A t and
whose decay time is equal to I';'.
Solution
a ) Let go be the subspace subtended by lb;O) and P be the projector over this
subspace. Relation (B.31) from Chapter 111 gives

The same type of reasoning as that leading from relation (C.26) to relation (C.29) in Chapter
111 then allows Equation (1) to be derived.
b ) The transition amplitude ( b ; OIU(t)la;k e ) is deduced from (1) by the contour integral
(A.22) of Chapter 111. Integration by the residue method then gives

c)

Because

is a linear superposition of states Ike), we immediately find
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IJsing (9,as well as the assumption concerning (b; BIH,, la; k e ) , we then obtain

that is, also, by carrying out the variable change k'
c k , = Gba

=

k

-

k , and by using the fact that

w, =

U

( I ) =

I
.
[ e - / , > t / 2 - e-'w"]
-e-'~h'/'(b;OIH,I/u;klE)/dk'g(k')
- ( w ' + i( I',,/2))
h

+ i(I'b/2)]-':

d ) Let h ( t ) be the Fourier transform of - [ w
h(t)

=

/ dw

'

e-lwl

-w -

i( r b / 2 )

27riB(t) exp( - r b t / 2 )

=

where O ( t ) is the Heaviside function.
appears in the integral over k' of (7.b). The
The product of g ( k ' ) and - [ w ' + i(I'J2)I-l
Fourier transform of this product gives the convolution product f h of f(t) by h ( t ) , which
will be written C:
9

C(t)=foh(t)

=

1
-/
271

tm

-m

f ( r ' ) h ( t - t')dt'

The first term in brackets in (7.b), exp(-Tbt/2), does not depend on k'. It thus gives rise to a
contribution proportional to C(0):

According to the assumptions made concerning f ( t ) (see Figure 11, f(t') and 0(0 - t ' ) =.
B( - r ' ) do not overlap, so that Equation (9) gives a zero result for C(0). Only the contribution
of the second term in brackets of (7.b) remains, which leads to the following result for ub,(t)

e ) T h e convolution product f h is obtained by taking the integral over t' of the two
functions f(t') and h(f - t ' ) represented in Figure 2.
In the convolution product of the two functions having very different widths, it is the
wider function that determines the shape of the curve for the time variation of the
convolution product.
0
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Figure 2. The functions h(t - t‘) and f(t’).

If the width A k of g(k) is very small compared with rb(narrow-band excitation), then
the width l / A k of f(t’) is much larger than the width r;’ of h(t - r‘). The convolution
product c(t)then closely resembles f ( r ) and the excitation probability 1 Ub,(t)12varies as
the intensity If(t)12 of the incident field at the location of the atom.

f ) If, by contrast, Ak > rb(broadband excitation) it is then f(t’) that is much narrower
than h(r - t’) and C ( t ) then closely resembles h(t - ro), the rising edge at t = t o having a
width on the order of A t (Figure 3). IUb,(t)12thus increases over a time interval on the
order of A t , then decreases with a time constant equal to I‘;’. In this case, the preparation
phase of the system in the excited state, which lasts a time A t , is clearly distinguishable from
the decay phase, which lasts a time

r;’.

0

10

Figure 3. The function C ( t ) in the case where A t << r;

t

’.
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14. SPONTANEOUS
EMISSION
BY

A SYSTEM
OF Two NEIGHBORING
ATOMS.
AND SUBRADIANT
STATES(*)
SUPERRADIANT

Consider a system of two identical atoms. The first one, located at R , , is
modeled as an electron 1, having position r , and momentum p , , evolving
in a central potential. The ground state of this atom is a , and b , is the
first excited state. For the second atom, the corresponding variables are
called R , , r,, and p,, and the states are written a2 and b,. The distance
R = IR, - R21 between the two atoms is assumed to be large compared
with the spatial extension a, of each atom, and small compared with the
b , (or a, * b,). The electrostatic
wavelength A, of the transition a ,
interaction between the dipoles of the two atoms (van der Waals forces)
will be neglected, but the coupling of each atom with the vector potential
A of the radiation field is taken into consideration. The purpose of this
exercise is to study the spontaneous emission of such a system. More
precisely, it will be shown that there is an excitation state of the two-atom
system in which it emits a photon more rapidly than an isolated atom
(superradiant state), and another one in which it emits no photons at all
(subradiant states).
Because a, << R << A,, it is possible to use the long-wavelength approximation and, in the interaction Hamiltonian H I , to replace Ah-,) and
A(r,) by A(O), the origin of the coordinate system being selected in the
neighborhood of R , and R,. This gives for H I , the following expression:

-

HI, =

C

-

4

-pi.A(0).

i=1,2

One calls Ip,) = la,, b,; 0) the state in which atom 1 is in the state a and
atom 2 is in the state b in the presence of 0 photon and Ip,) = Ib,, a,; 0)
is the state in which the atomic excitations are exchanged. The restriction
of the resolvent to the subspace 8, subtended by Ip,) and 19,) will be
calculated to determine the evolution of the system inside this subspace.
a ) Let M be the operator M = P,H,P + P&E,, + i ~ l Pwhere
,
P is the
R is the shift operator calculated to
projector onto the subspace En,
second order in 4, E , = E, + E,, and 7 is infinitely small and positive.
Express the diagonal matrix elements M I , = (p,IMIp,) and M,, =
(p,lMlp,) as a function of I?, = E , + RA,, and i b
= E , + h A , , where
h A , and h A , are the radiative shifts of the states a and b.
(*)

The superradiant states were introduced by R. H. Dicke, Phys. Re[,.,93, 99 (1954)
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b ) Calculate the nondiagonal matrix elements M,, = (p,lMlp,)
M,, = (p21MIp1).Show that the result obtained can be written

Ex. 14

and

if only levels a and b are taken into account in the calculation of the
radiative shifts h A , and h A b . In what follows, the atom is considered as a
two-level system so that result (2) can be used.
c ) Calculate the eigenvalues and eigenvectors of the operator M .
Deduce from this result that if the system is in the state Iqs;O ) , where

then its radiative lifetime is shorter than the radiative lifetime of an
isolated atom (this state is called superradiant).
Why is the state Ips; 0 ) where

called subradiant?
d ) At the initial time, the system is assumed to be in the state 19,).
What is the probability of finding one of the two atoms in an excited state
after a time interval that is long compared with 1 / r b ?
e) The Hamiltonians for atoms 1 and 2 are written Hj’) and Hj2’.
Calculate the average value of the dipole moment of atom 1 ,
( qS/qz,(t)lqS),in the superradiant state and the correlation function
q2(cp,lz,(t)z2(0)lps)
where q z l ( t )= exp(zHj”t/h)qz, exp(-iHj’)t/h) is
the dipole moment operator in the Heisenberg representation. What are
these same average values in the subradiant state Iq,)? What is the
physical interpretation of superradiance and subradiance?
Solution
a ) The matrix element MI, is equal to E , + E , + klI(E,)+ i q ) . By proceeding as in
subsection C-1 in Chapter 111, we find at second order in 4a
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In the first sum, atom 2 remains a “spectator”, as atom 1 does in the second sum. We can
then write
R,,(E,

+ i q ) = R o o ( ~+oi q ) + R,,(E, + i q )

(6)

where k,,(E, + i q ) and k b b ( E b+ i q ) are identical to the quantities calculated in subsection C-1 in Chapter 111 for an isolated atom. It follows that
R,,(E,

+ iq) = hA, + hA,

rb

- ih-2

(7)

(because the ground state is stable, there is no imaginary term associated with hA,).
Consequently,

An identical calculation proves that M,, = M I , .
b ) Now consider M I , = R,,(E, + i q )
42(Efl+

i.11)

=

c c (a,,

c , d k,E

b2: O I H I ,
E,

I c ~d , ; k e ) ( c l , d , ; k~ Iff,, Ib,, ~ 2 0 ;)

+ E,

-

E, - Ed - ho

+ iq

‘

(9

Because H I , can modify only the state of a single atom, it is clear that the only intermediate
states leading to a nonzero result in (9) are Ib,, b,; k e ) and lal,a,; k e ) so that

For two-level atoms, the two sums in the right-hand side of (10) are, respectively, equal to
R,,(E, + i q ) and R,,(E, + iq), which proves formula (2).
c ) The effective Hamiltonian in the subspace gflis represented by the matrix M

The eigenvectors of the matrix M are Icp,;O) and Iqa;0) and the corresponding eigenvalues
are

Eo + 8, + hA, + hA, - ihr,
= E , + E, + 2(hA, + hd,) - ihT,

A,

=

A,

=

Ea + 8, - ih-rb2

=

E,

+ E,.

- (hd,

+ h A b ) + ih-rb2
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From this we conclude that the state 19,) has a radiative lifetime that is half the radiative
lifetime of an isolated atom. For this reason, this state is called superradiant. By contrast, the
state lpa) is stable and is thus called subradiant. It is also easy to check that
(a,,a 2 ;kelH,, lpCa;
0) = 0, which demonstrates that lp,) is not coupled to the one-photon
continuum and thus cannot decay by spontaneous emission.
d ) If at the initial time the system is in the state

the projection of the state vector on go is, at a later time t , equal to

After a time that is long compared with l/rb,P i $ ( ! ) ) coincides, except for a phase factor,
with (1,' fi)lpu;O), so that the probability of finding one of the two atoms in the excited
The evolution
state is equal to f (the probability for each atom is the same and is equal to
of atom 1 is thus markedly different depending on whether it is isolated or close to another
identical atom. This is a consequence of the fact that the two atoms I and 2 are indirectly
coupled to each other by the radiation that they can emit. The two states icp,) and lp2) are
coupled to the same continuum and it would be incorrect to apply the Fermi golden rule to
only one of these two states.
e ) When we evaluate (cp,/qzl(t)lpp,),
by using the expression (3) for the state lp3);we
, ~ zero
( ~ ~
obtain two types of terms: the first terms, having the form ( U , I ~ Z ~ ~ ~ ~ I ~ are
because of the scalar product ( h 2 1 a 2 ) , and the second terms, having the form
( a , I q z , ( t ) l ~ , ) ( b ~ l 6are
~ ) ,zero because of parity.
We now calculate the correlation function between the two dipoles. By introducing the
closure relation between z , ( f )and z 2 ( 0 )and by keeping only the nonzero terms, we obtain

a).

=

where ldl'

=

~d~~cosw,,t

q * 1 ~ ~ , .The
, 1 ~ same
,
calculations made for the state Ip0) give
(~olwl(~)lP
=~
0)
~ ~ ~ p , , l z l ( 1 ) z 2 ( o ) l p , , ,=

- Idl2coswol

(18.a)

(18.b)

~ U ~ ) ,
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The average value of each electric dipole is zero for the superradiant state as well as for the
subradiant state. By contrast, the dipoles of the two atoms are perfectly correlated. They
oscillate in phase in the superradiant state and oscillate out of phase in the subradiant state
[note that sign differs in (17) and (18.b) for t = 01. Consequently, the waves emitted by the
two atoms interfere in a perfectly constructive way in the superradiant state. As a result, the
system radiates more efficiently than an isolated atom and it thus has a shorter lifetime. By
contrast, in the subradiant state, the interference is constantly destructive, and the system
does not radiate. Its lifetime is infinitely long.

15. RADIATIVE
CASCADE
OF

A

HARMONIC
OSCILLATOR

The purpose of this exercise is to calculate the spectral distribution of
photons emitted in a radiative cascade by an excited harmonic oscillator
and, using this simple example, to show the importance of the interferences between transition amplitudes corresponding to different time orders for the emission of the various photons of the cascade.
A particle with charge q and mass m is assumed to move along the axis
Oz and is bound to the origin 0 by an attractive force, - m w i z , proportional to the distance from the origin (one neglects any excitation of the
motion perpendicular to Oz which is assumed to correspond to frequencies much greater than the frequency w o of the oscillational motion along
02). Let b+ and b be the creation and annihilation operators associated
with such a one-dimensional harmonic oscillator. The particle Hamiltonian H A is written

HA = hw,(b+b

+ i)

and has as its eigenstates the states lu,) ( n = 0,1,2,. . . ) with eigenvalues
E,, = ( n + i ) h w o . In the long-wavelength approximation, the interaction
Hamiltonian between the oscillator and the radiation is written

HI

=

H,,

+ H12 =

q

- -p,A,(O)

m

q2
+ -AS(O)
2m

where

is the momentum of the oscillator and A,(O) is the z component of the
vector potential A h ) evaluated at r = 0.
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a ) The particle
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+ radiation system is initially in the state

(oscillator in the state lu,) in the presence of the photon vacuum).
Calculate the probability per unit time I', that the system will leave the
state (cp,) by spontaneous emission. I', is called the natural width of the
level u,. Express
as a function of r, = I' and calculate I' as a function
of q , E , , m , c, and w,.
b ) Give the expression, to second order in q , for the radiative shift Ad,
of the state Icp,). Do not try to explicitly calculate A,, as was done for r,
and assume that an adequate cutoff in the summation over the modes of
the field allows the value of A, to remain finite. Using the properties of
the matrix elements of H I , and H 1 2 , prove that A, - A , - , = A , - A,.
What can be concluded about the perturbed energies 2,= En h A , of
the oscillator? In what follows, set

r,

+

h6,

=

hw,

+ h( A,

- A,).

(5)

c ) The system is initially in the state lcp,). Study the amplitude

that, at the end of a period of time T , the oscillator will go from level u2 to
level u, by spontaneously emitting two photons kaE, and kbEb. In (61,
U(T)is the evolution operator. To calculate (61, first evaluate the matrix
element corresponding to the resolvent G(z)

and use the result derived in subsection C-2-b in Chapter I11 according to
which it is sufficient to replace, in the expression at the lowest order in q
of (7), the unperturbed energies En of the states u, by 2,- ih(I',/2).
Deduce from this result the value of the amplitude (6) for T B r-'. Show
that this amplitude is a sum of two terms that will be expressed as a
function of Go, w,, Wb, and I' and of the quantities p a and , u b defined by

d ) Let Z(w,, wb)dw, d o b be the probability that the two emitted
photons kaE, and kbEb have frequencies, respectively, between o, and
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+

+ dw, and wb and wb d u b . Prove that I ( w u , w b ) can be factored in
the form of a product of two functions of w , and w b , both having the same
width. Deduce from this result that the frequencies of the two photons are
independent and calculate the spectral distribution of the emitted radiation. Compare such a result with the one that would be obtained if the
interferences between the two amplitudes calculated in c were neglected.
e ) Can the results obtained in c and d be generalized to the case
where the oscillator starts initially in the level lu,) and then spontaneously
emits three photons k .E,, k E b , and k $?,
w,

Solution
a ) The Harniltonian H,, acts only on the radiation and cannot change the state of the
of leaving the state lp,,) thus involves only H,,,
oscillator. The probability per unit time
which couples Ip,) = lu,;O) to I u n i l ; k e ) . In the expression of
given by the Fermi
golden rule, we can neglect the coupling of Ip,) with /u,+ k e ) which does not conserve
energy, and we then have

r,,

r,,

Equations (2) and (3) and the expansion of A,(O) in u k s and u l e lead to

so that

and, consequently,

To calculate rl = r , use (9) and (10) with n
integral. This leads to

=

1, and replace the discrete sum

EkEby an
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The sum over the polarizations gives [see formula (54) in Complement A,],

and the integral over the solid angle leads to
/do( 1so that we finally have for

5)

=

r

Result (16) indeed coincides with the inverse of the energy damping time of a classical
particle with charge q oscillating at the frequency w,, (*).
b ) To second order in 4 , h A , is written
hA,

=

(u~;OIH/,IU,~;O)

I( u ,,+ I ;k E IH,, Iu ,,;0) 1' +
-h(w

+sc
+9cI
kE

+
+W")

( u , - I ; kE I H I , I u,; 0) 1,
h(wo

kE

- w )

('7)

The first term in (17) represents the effect of H , , at the first order. Because H , , does not act
on lu,,), this term is independent of n and represents a global shift. The two following terms
represent the effect of the virtual emission and reabsorption of a photon k e from the state
lu,), the oscillator passing through an intermediate state I U , , + ~ ) or I U ~ - . ~ ) . By using (11)
and an analogous identity, which is written

I(u, +

;k e

If l

I u,; 0) 1,

=

( n + 1)1 ( u I ; k e IH,, I L ' ~ ) ;0) l2

(18)

we obtain for (17)

(*) See, for example, Photons and Atoms-Introduction
Exercise 7 in Complement C , .

to Quantum Electrodynamics,
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an equation that leads to

The shifted levels of the oscillator thus remain equidistant.
c ) To lowest order in q, the matrix element (7) equals
1
z - E , - hw, - h w b f i p 6 z

1

- E,

1
JTkl
- hw,

+ z - E , - h w , - h u b v1r p a z - E l1- h u b

1

+
1

(21)

with the amplitude associated with (21) being represented by a sum of two diagrams

corresponding to different time orders for the emissions of the two photons. To derive (21),
we used

and definition (8) for fro and F ~ .
As in subsection C-2-b in Chapter 111, in (21) we replace En by i n
- ih(rn/2) (with
r,,= 0, rl = r, = 2r) and integrate the expression obtained for (21) along the contour
C, in Figure 1 of Chapter !I1 (the only relevant contour for T > 0). For T
only the
contribution of the pole at E , + h w , + h u b remains and we obtain for the amplitude (6) the
result

r,

XZ-

r-',
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Factor out l / ( w a

+ w,

- 26,

Ex. 15

+ I T ) from the expression inside the brackets of (24) and use

One finally gets for the amplitude ( 6 )

d ) The probability density I ( w a ,w b ) is proportional to the square of the modulus of (26).
It can then be factored in the form

which proves that the frequencies w , and w b of the two photons emitted in the cascade are
independent.
Because the variations of Ipb12 and l p u l z with w, and w , can be neglected compared
with the variations of the denominators, it is clear from (27) that each of the emitted photons
has a Lorentzian spectral distribution centered at Go and having a full width at half-maximum r.
If we were to neglect the interferences between the two amplitudes (24), we would obtain
for I ( w u ,w,) the sum of the square modulus of the two terms inside the brackets in (24). A
calculation identical to the one made at the end of subsection C-2-c in Chapter 111 would
then give a spectral distribution that would be a superposition of two Lorentzians centered at
Go, but having different widths, respectively, equal to r, + r,, = r and r, + rl = 3r. The
interference between the amplitudes corresponding to different time orders for the emissions
of the two photons thus leads to the result that the spectral distribution of the emitted
radiation is the same, whether the oscillator leaves from the state lul) or the state lu2).
e ) If the oscillator leaves from the state lu,), there are now 3! = 6 different amplitudes
to take into account, corresponding to the six possible time orders for the emission of the
three photons k o E , , k b E h , and kc€,.The calculation of Question c above is easily generalized and gives, for example, for the amplitude associated with the process where kcE, is
emitted first, then k b E b and finally kaE,, the result

We must now sum (28) over all the possible permutations of the three frequencies w,, w b ,
and oC.

Ex. 15

Exercises

595

First we sum (28) over the 2! permutations, which keep unchanged the first emitted
photon w,. From the results of the preceding question

The probability amplitude associated with all processes where the first photon emitted is
kc&,,i t . , the sum of (28) over all the permutations of ka&, and kbEb, can then be written,
using (29),

We multiplied the numerator and denominator of (28) by [ w c - Go + iV/2)].
We must now sum n = 3 expressions analogous to (30) that differ by the frequency of the
first emitted photon, which can be w , or w b or w,. Because the three fractions have the same
denominator, it is sufficient to add the numerators

After simplification with the last term of the denominator of (301, the global amplitude
becomes

@
~

h3

exp( -i(

E, + hw, + h u b + h w , ) t / h }

x

The probability density f ( u aw, b , w , ) giving the frequencies of the three emitted photons,
which is equal to the square of the modulus of (321, is still factored, which proves that the
three emitted photons have independent frequencies, each distributed according to a
Lorentzian centered at Go with a full width at half-maximum r.
The foregoing proof can be generalized by recurrence to the case where the oscillator
starts from any excited state lu,,). It allows us to show that the interference between the n!
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amplitudes corresponding to the n ! possible time orders of the n emitted photons starting
from lu,) leads to the result that the spectral distribution of the radiation emitted by the
oscillator is the same, regardless of the initial excitation state of the oscillator.

16. PRINCIPLE
OF

THE

DETAILED
BALANCE

A system AZZ interacts with a reservoir 9’
so that the relaxation theory
in Chapter IV is applicable. One calls E,, E,, E,, . . . the energy levels of
AZZ, and E,, E,, . . . the energy levels of the reservoir 9.
If V is the
coupling Hamiltonian, the transition probability per unit time that the
system d will go from the state Ic) to the state la) is written [see formula
(C.5) in Chapter IVI:

where p , is the probability that the reservoir is in the state I p ) .
For the reservoir in thermodynamic equilibrium, verify the relation

What consequence does this relation have on the flux of populations
between the levels c and a of system AZZ at thermodynamic equilibrium?
Solution
In thermodynamic equilibrium, the ratio of the populations of the microscopic states p
and v of the reservoir is

In (1) we then replace p , as a function of p , and the exponential ( 3 ) . This gives

The 6 function allows E , - E , to be replaced by E, - E , in the exponential. The
exponential is then independent of p and v and can then be factored out of the sum. By
inverting the order of the summations over v and p and by using the Hermiticity of V which
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implies I ( p , c l V l u , a ) l

=

I(v,alVlp,c), we can write I , , ,

r, ,= exp[ - ( E , - E , . ) / k , T ]
(1
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X

277-

x p u
"

xI

( p ,c I

in the form

U v , a) 1' a( E,, + E,

-

E, - E c )

U

from which relation (2) follows.
In thermodynamic equilibrium, the ratio of the populations
and I c ) of the small system is

77-i'and ..;" of the states

la)

By regrouping (5) and (61, we obtain

This relation expresses the fact that the flux of populations from a to c and from c to a
equilibrate exactly. By generalizing this result to all transitions, the "detailed balance"
principle is established. It expresses that the flux of populations between the levels is
equilibrated separately over each transition.

17.

EQUIVALENCE BETWEEN A QUANTUM

STATEAND

AN

FIELDI N

A

COHERENT

EXTERNAL
FIELD

Particles with charge q N and mass m N interact with the quantum
electromagnetic field. The Coulomb gauge is chosen and at the initial time
t = 0, each of the modes of the field (labeled by the subscript j > is
assumed to be in a coherent state l a j ) (this can be, in particular, the
vacuum state of the mode, 10,))

The purpose of this exercise is to show that it is possible to apply a unitary
transformation to the Hamiltonian of quantum electrodynamics such that,
in the new representation, the particles are coupled on the one hand to a
classical external field, and on the other hand, to the quantum field
initially in the vacuum state (*).
(*) See, for example, B. R. Mollow, Phys. Reu. A , 12, 1919 (1975).

598

Exercises

Ex. 17

a ) Consider the unitary operator

T ( t )=

l-IT,(t)

(2)

T,(t)

exp[ a; elo,?a, - a,e-rwira:]

(3)

=

J

where the a, are the complex numbers appearing in (1).
Calculate T(t)a,T+(t) and T(t)a:T+(t). Deduce from this that the
transform T(t)A(r)T+(t) of the transverse vector potential A(r) is the sum
of the quantum field Ah) and a classical field Ac,({a,}; r, t ) that will be
written as a function of the a,’s.
In this exercise one can use the identity
exp( A

+ B ) = exp( A ) exp( B ) exp( 3[ A , B 1)
-

(4)

which is valid if [ A , B ] commutes with A and B.
b ) What is the relation between the state vector I$’(t)) in the new
representation and the state vector I $ ( t ) ) in the old representation? Show
that the new initial state I$’(O)) is the vacuum lo).
c ) The Hamiltonian that describes the dynamics of the field + particles
system in the Coulomb gauge is written

where Vcoul is the Coulomb interaction between the particles and where
HR is the radiation Hamiltonian

+ i).

HR = ~ h w j ( a f a j
i

(6)

Prove that, in the new representation, the Hamiltonian H ’ ( t ) that describes the dynamics of the global system is written

+

[

H ’ ( t ) = T ( t ) H T + ( t ) ih dy]T+(f).
d ) Show that

(7)
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Deduce from this the expression for H ' ( t ) . Give a physical interpretation
for this Hamiltonian.
e ) Generalize the preceding proof to the case in which the charged
particles form a neutral atom, located at 0, and where the interaction
Hamiltonian is t h e electric dipole Hamiltonian.
Solution
IT)

Using formula ( 6 7 ) from the Appendix, with T, = exp(ATa,
T,a,T,'= a,

Ala,+), we get

+ A,
for .i

T,a,T,+= a ,
With A ,

-

#

i.

e-""". Equations (9) hecome

=

Ta,T+= a,

+ a, e-"*lr

Ta,+T+= a:+
When the operators Ta,T+ and TaTT'
obtain

A'(r)

=

(lO.a)

cxy e r w J ' .

(lO.b)

in TA(r)T+ are replaced by (10.a) and (10.b), we

TA(r)T'=

A(r)

+ Aa(

{a]};r, r

)

(11)

where

b ) In the new representation, the state of the system is represented by

(13)

lb'(t)) = T(t)lllr(t)).

At the time

r

=

0

I$'('))

=

T(o)I$(o))

=

T(o)I{aJ})

'

(14)

But, using formula ( 6 5 ) from the Appendix,
la,)

=

exp(a,a:-

afa,)IO,)

=

T,+(O)IO,)

(15)

or
10,) = T , ( O ) l a , )

(16)
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and by taking the product over all the modes
10)

=

T(O)I{(Yj))

Comparing this with (14) proves that
I$’(O))

=

10).

c) The evolution equation for the new state vector is

The Schrodinger equation in the old representation gives ih dl$(t))/dt
inserting T+T = 1 on the left of I J l ( t ) ) , we then obtain

=

H I $ ( f ) ) . By

d ) First calculate ih[dT(t)/dt]T+(t). It should be noted that, if X ( t ) does not commute
with d X ( t ) / d t , then d exp[X(t)]/dt # [dX(t)/dtlexp[X(t)l. It is then necessary, before
taking the derivative, to separate the factors containing a and a + by using formula (4). The
calculation is then performed as follows:

Using (10.a) and (10.b)

By adding (25) and (26), we obtain formula (8).
The transformation T ( t )does not act on r, and pa. It leaves VcOulunchanged and, using
(11) changes p, - q,A(r,) into p, - q,A(r,) - 4,Acl((a,);r,, t ) , so that the new Hamilto-
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nian H ' ( t ) is written

This Hamiltonian describes the particles interacting with the quantum field A(r) and with the
classical field AC,((aj); r,, t ) . The initial state of the quantum field is now the vacuum,
according to (18). Thus, we have proved a complete equivalence between a quantum field in a
coherent state, and the corresponding classical field to which is added the vacuum field.
e ) In the electric dipole representation, the Hamiltonian for the interaction between the
field and the particle is written (see Appendix, 55-d)

The transformation T ( t )acts only on E (0) which it transforms into E I (0) + Ecl((aj); 0, t )
with

We then obtain

whereas the particle Hamiltonian is unchanged and the radiation Hamiltonian is transformed
as in the preceding question. We find the same result: In the new representation, the
particles interact with the classical electrical field associated with the aj's, and with the
vacuum field.

18. ADIABATIC
ELIMINATION
OF COHERENCES
AND TRANSFORMATION
OF OPTICAL
BLOCHEQUATIONS
INTO RELAXATION
EQUATIONS
The purpose of this exercise is to study a physical situation where the
nondiagonal elements of the density matrix of an atom (coherences) evolve
much more rapidly than the populations of these levels. The coherences
can then be reexpressed at each time as a function of the populations and
the optical Bloch equations are then transformed into relaxation equations
for the populations only.
A two-level atom ( a : ground state, 6 : excited state with a natural width
r; E , - E , = h w , ) interacts with an incident laser field with frequency w L
and amplitude go.The optical Bloch equations describing the evolution of
the density matrix aij( i , j = u or b ) of such an atom are written [see
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formula (A.13) in Chapter Vl

--

d t - i(01/2)(&ba - &ab) - rub,
daaa
-=
-i(01/2)(&ba - $ab) +
dt

We have set &,b = a,, exp(-ioLt) = (&b,)*, 6, = oL - w o . The Rabi
frequency 0 , is defined by 0 , = - d a b * E 0 / h , where d a b is the matrix
element of the atomic dipole d that is assumed to be real.
This atom is subjected to elastic collisions with a foreign gas which do
not induce any transfer between a and b, and whose only effect is to
dephase the atomic dipole. The effect of these collisions on aijis thus
manifested by an additional damping of the coherences &,b, having the
form

(the collisional shift of the line is assumed to be included in w o ) . The
populations auaand a b b are not affected by the collisions.
a ) Assume that the rates of variation due, respectively, to the coupling
with the laser wave and to the collisions can be added independently.
Write the evolution equation for the coherence Gab.
b ) First consider the steady state. For this case, express &ab as a
function of ( a b b - a,,) and deduce from this the expression a:: for a b b in
the steady state.
Knowing that the total intensity of the light emitted by the atom is
proportional to ra:;, indicate how this emitted intensity varies with y in
the limit 16,l >> y , r , 0 J l + (2y/r)]1’2. How can this result be interpreted?
c) Now consider a situation where y >> r. Also assume that the
populations evolve very slightly over a time on the order of y - l . Show that
the coherences adjust themselves at each time to the slowly varying
populations. What is the corresponding expression for &,b as a function of
a,, and Ubb?
d ) Substitute the preceding expression for &,b into the evolution equations of populations. Show that the equations obtained in this way can be
interpreted in terms of absorption, stimulated emission, and spontaneous
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r'

emission rates between the levels a and b. Calculate the rates
of
absorption and stimulated emission as a function of y , a,., and 0,.
e ) What condition must 0 , satisfy for the slow variation hypothesis for
the populations, used in Question c , to be valid?
Solution
a)

The evolution equation for

-dsah- dt

&ah

is

a,

- i a L s O h - i-(ubb
2

b ) In the steady state, d&ah/dt

=

&ah =

- uaa)-

0 and Equation (3) gives
-i(Rl/2)(ubh

(Y + (r/2))

-

+ i6L

'

(4)

By substituting this value and the value for Gbo = &,*b into Equation (1.a) or (l.b), we find an
: + ulb = 1):
equation whose steady-state solution is (using u
0:
u,;;= 4 6:

(1 + ( 2 Y / O )

+

( ( f / 2 ) + Y)2 + (fi?/2)(1 + (2Y/T)).

(5)

In the limit considered in this problem, we find

The term proportional to f is associated with the Rayleigh scattering and the term
proportional to y corresponds to an emission at the frequency w,, which results from a
collision-assisted excitation [see Complement B,, and, in particular, Figure 1 and formula
(43)l.
c ) If ubh- a,, were constant, then &ah would tend to the steady-state value (4) with a
time constant which is equal, according to Equation (31,to the inverse of y + ( r / 2 ) = y . We
can deduce from this result that if ah, - uaa varies slowly on the time scale y - ' , then &hbo
can quasi-instantaneously adapt to slow variations of ubb- uoaand at each time take the
value given by Equation (4).
d ) By substituting Equation (4) into Equations (1.a) and (l.b), we find

with
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Ex. 19

Because Equations ( 7 ) have the same structure as Equations (E.15) in Chapter IV, the
interpretation of the absorption, induced emission, and spontaneous emission terms can be
immediately deduced.
e ) According to Equations (7), the characteristic evolution time of ubbb
- a,, is
+ 2r’)-’.
This time is long compared with y - ’ if

(r

that is, again, if

Equations ( 7 ) are therefore valid only if the saturation by the intense field is sufficiently
weak.

19. NONLINEAR
SUSCEPTIBILITY
FOR
A FEWAPPLICATIONS

AN

ENSEMBLE
OF TWO-LEVEL
ATOMS.

Consder a dilute medium made up of two-level atoms. These atoms,
assumed to be at rest, interact with a plane wave gocos(wLt - k, r)
propagating in the plane xOy. The matrix element of the electric dipole
between the levels a and b, d a b , is aligned along Oz as is the field &Yo of
the incident wave. For the sake of simplicity, these quantities will be
treated as scalar variables.
The average value ( d ) of the atomic dipole can be written in the form
(d)

+

= Eo

Re(a’ + j(yt1)g0
e-‘(WL‘-kL’r)

(1)

where a = a’ id is the polarizability of the atom. The purpose of this
exercise is to study the nonlinearities of the polarizability (Y and to apply
the obtained results to the self-focusing problem and to the generation of
a forward conjugated wave.
a ) The susceptibility ,y = X I + ix” of the medium is equal to the
product Na of the number N of atoms per unit volume and the atomic
polarizability a. By using the results from Chapter V, show that X I and X I ’
are, respectively, equal to
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where r is the natural width of the level 6, 6, = w, - w g is the detuning
from resonance, and 0 , = - d a b g o / h is the Rabi frequency.
6) Consider the situation where 16, I >> r and recall that the refractive
index of a dilute medium is equal to 1 + ( x ' / 2 ) . The distribution of the
field in the plane perpendicular to the direction of propagation k, is
assumed not to be uniform and to have the form goexp(-r2/ri) when
entering the medium (k, coincides with Ox and r 2 is equal to y 2 z 2 ) .
Without going into the details of the calculations, indicate why the wave
has a tendency to become defocused when w L < w o and focused when

+

w,

> wg.

c ) Now consider the case where the incident field is made up of two
plane waves, having the same frequency and the same polarization parallel
to Oz,but propagating in different directions in the x O y plane. These two
waves are written
cos(w,t - k, * r) and E, cos(w,t - k, * r) with
gP -=ztFo. Calculate ( d ) at the first order in tFp and deduce from this the
polarizabilities a; and a: for the weak wave. Show that the susceptibilities for the wave i%',,xb = Nab and xi = Na; do not depend on the
direction of propagation of the weak wave.
Also show that ( d ) has an oscillating component varying as
exp[-i(w,t - k , . r)] with k, = 2k, - k,, able to generate a field in the
direction k,.
d ) Assume 16,l >> r. By using the values of xb and x' found previously, calculate the angle 0 that k, and k, must make in order to fulfill
the phase-matching condition (the generation of the wave in the direction
k, is then the most intense). Is it possible to achieve this condition
whatever of the sign of a?,
Solution
a ) By using relations (A.21) and (C.3) from Chapter V, and by assuming k, to be parallel
to O x , we find

Because d,, and goare both aligned along Oz, (3) can be rewritten:
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Relation (1) leads to

( d ) = c o [ a ' p ocos(w,r

-

k,x)

+ a"p0sin(w,t

-

k,x)].

(5)

When (4) is compared with (9,one obtains formulas (2). These formulas show that X' and X"
are decreasing functions of the intensity of the incident field (because of the factor
0: = d , ' b 8 i / h 2 of the denominator). At very high intensities, the dispersion and the
absorption tend to 0. As a function of S,, ,y' reaches its extrema when 6, =
and changes sign with 6,. X" has a maximum for 6, = 0 and is

-/\

divided by 2 for 6, = + \/( r2/4) + (R:/2) .
b ) The index of the medium, which is equal to 1 + ( ~ ' / 2 ) , is not the same at every point
in space because 0:. which is proportional to pi, is not constant in the plane perpendicular
to k,. In the case where 6, = w , - w o < 0, X' is positive, but as a result of the saturation
effects, its value at the center of the beam is smaller than at the edges. The optical length of
a slice S Z of the medium is shorter for the central ray than for the lateral ones: The medium
behaves as a divergent lens and there is self-defocusing of the beam (*).
When w , > w o , the susceptibility X' is negative. Because Ix'I is smaller in the center of
the beam than at the edges as a result of saturation, the index is larger in the center of the
beam than at the edges. Consequently, the medium behaves as a convergent lens and there is
self-focusing. If the medium is sufficiently long, the transverse dimension of the beam
decreases during its propagation but the saturation of the medium prevents this dimension
from tending to 0. Indeed, as the focusing increases, the field at the center increases, as does
the Rabi frequency. When the Rabi frequency is greater than I S L [ , the susceptibility ,y' near
the center of the beam becomes insensitive to transverse variations in intensity because of the
saturation, and the lens effects are thus greatly attenuated. The competition with the
diffraction effects then results in the propagation of a wave having a constant transverse
dimension in the medium (**).
c ) The average value of the atomic dipole is now given by

where a' and 6'' are given by formulas analogous to the formulas in Question a , except for
'
,
the replacement of 0; by d,$,lg" exp(ik, . r) + Zp exp(ik, . r)12/h2. To first order in 8
this last term is written

(*) For more details on the effects of self-focusing and self-defocusing, see Shen (Chapter
17) or S. A. Akhmanov, R. V. Khokhlov, and A. P. Sukhorukov, in Laser Handbook 2, edited
by F. T. Arecchi and E. 0. Schulz-Dubois, North Holland, Amsterdam, 1972, p. 1151.
(**I
See A. Javan and P. L. Kelley, IEEE J . Quantum. Electron., QE-2, 470 (1966).
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By expanding i' and i" to first order in g,,we find

From the second term of (8),we deduce

The susceptibility ,yp = N a p for the low-intensity wave 8, thus differs from the susceptibility
(2) found for the intense wave. For instance, as R, increases, ,yb and ,y; tend to 0 more
rapidly than ,y' and x". Even for the situations where 6; + (r2/4)> of, ,yb and ,yE
coincide with x' and ,y" only for the term independent of Lt: (usual linear susceptibility).
The first nonlinear term of the susceptibility, which is proportional to Of, is, in this limit,
twice as large in modulus for the weak wave as for the intense wave. Finally, it is clear from
Equations (9) that a,, and therefore x,, do not depend on the direction of k,.
The third term in formula (8) corresponds to a source term in the Maxwell equations
allowing a field to be generated that propagates in the direction k,.
d) For the generation of the wave in direction k, to be important, it is necessary that the
fields radiated by the successive planes of the atoms be in phase. This requires that the
coincides with
spatial period of the field of the dipoles, equal to / k c l - ' = 12k, - k,l
the wavelength for a low-intensity wave of frequency w,, which is equal to c / w L [ l (,yb/2)].
Because this last quantity is also equal to Ik,l
it should be possible to construct an
isosceles triangle with sides k , = 2kL - k, and k, and height k, (Figure lb).
The geometry of Figure l b is achieved when

-',

-',

k,cosO
i.e., for small angles B , when

=

kL

+
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Figure 1. Arrangement of wave vectors: (a) in the general case; ( b ) when phase
matching is fulfilled.

Angle 0 is thus given by the equation

i.e., again, using (2.a) and (9.a) in the limit 16,

I >> r

We note that this equation has a solution only for 6, > 0. The angle 0 is an increasing
function of 6, on the interval 0 < 6, < R , /
and a decreasing function beyond that. As a
function of the linear susceptibility ,yo = -Nld,b12/~Oh8L

6,

which proves that 0 is always less than

\/lxol

20. ABSORPTION
OF A PROBEBEAMBY ATOMS
INTERACTING
WITH A N INTENSE
BEAM.APPLICATION
TO SATURATED
ABSORPTION
Consider an ensemble of atoms with two levels a and b (resonance
frequency w o , excited state b with natural width r ) interacting with a
monochromatic plane wave of frequency w . The electric field of this wave
is sufficiently intense for the condition 0 , >> r to be always fulfilled ( 0 ,
is the Rabi frequency). The dressed atom method introduced in Chapter
VI will be used to describe the atom + laser mode system.
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The purpose of this exercise is to describe the transmission of a weak
wave which “probes” such a medium. The atoms are first assumed to be at
rest (Part A) and one considers how the transmission of the probe beam
varies versus its frequency w’. One then considers the case of moving
atoms (Part B) for which the Doppler broadening is large compared with
0 , and calculates the absorption of a probe beam having the same
frequency as the intense wave and propagating in the opposite direction
(saturated absorption spectrum). Throughout the exercise, the atomic
dipoles as well as the polarizations of the fields are assumed to be parallel
to a common axis O x , so that their vector character will be ignored.

A. Effect of an Intense Wave on the Absorption of a Weak Wave
a ) Recall that the operator d associated with the dipole of the atom is
equal to d++ d - with d + = d a b 9 + , where 9’+=
Ib)(al, Y - =la)(bl,
and dab = ( a l d l b ) ( d a bi s assumed to be real). Recall also that the
reduced matrix elements of the density operator u for the dressed atom
are defined by u:..”)= C,(i(N - p)lalj(N)), where the li(N)) (with
i = l,2) are the dressed states of the manifold 8, [see Chapter VI,
formula (D.28)]. Express ( d - ) as a function of dab, up)and of the angle
8 defined by tan 20 = O , / ( w o - w ) (0 I28 < T).
b ) First consider the case where the atom interacts only with the
intense wave. Calculate ( d - ) in the quasi-steady-state regime and express
the result as a function of dab,
w o , and w .
c ) The atoms now interact with the intense wave and the probe beam.
The latter is described classically by an electric field 8’cos(w’t - 9’)with
amplitude 8’ and phase 9’.In the rotating-wave approximation, the
Hamiltonian for the interaction between the atom and the probe beam is

a,,

with ha‘,= -dabB‘.
Write the evolution equations of the reduced matrix elements up)(one
can set A ( p )= ~4;) - a{;)).What is the quasi-steady-state solution of
these equations to zero order in
d ) Now use perturbation theory to describe the solution at the first
order in 0;of the preceding equations. Calculate the reduced matrix
elements u h p ) proportional to
eiV’whose time dependence is e-””.

a‘,?

a’,
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e) Calculate the component of ( d - ) evolving as R’, e-‘(u‘r-+”)
. 0ne sets

a‘ is associated with the dispersion of the medium and a” is associated
with its absorption. Calculate a”. For what values of (w’ - w ) is a”

resonant? Indicate whether these resonances correspond to an attenuation
or an amplification and give the physical origin for the obtained results.
B. Saturated Absorption

Now assume that the intense wave and the probe beam have the same
frequency w L in the laboratory reference frame, but that these waves
propagate along Oz in opposite directions. Moreover, the atoms now have
a nonzero velocity. As a consequence, in the rest frame of the atom the
frequencies of the two waves undergo opposite Doppler shifts:

where u, is the projection of the atomic velocity on 02.
To obtain the average absorption (or dispersion) of the probe beam, it
is necessary to average the result of formula (2) over the velocity distribution after having replaced w and wr by expressions (3.a) and (3.b). One
thus obtains the average dipole
-

(d-)=

-/

1

U

+m

G

-

_(d_(u,))exp[-(u:/u2)]

du,

(4)

which is a function of 6, = wL - w o (the parameter u equals ,/-).
Recall that R , is assumed to be very small compared with the Doppler
width ku. The purpose of this section is to study the imaginary part of the
average polarizability (which will be written 2)for 16, I -=Kku.
f) Assume that 6, is h e d and fulfills the condition IS,[ e~ ku. What
are the velocity groups that resonantly interact with the probe beam?
Show that, for these velocity groups, Iu,I -=K u and from this deduce
that exp[ - ( u : / u 2 ) ] can be replaced by 1 in (4).
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g ) Give the expression of l / t a n 2 6 as a function of a,, kuZ, and 0,.
One will set s = tan 8 (s varies from 0 to +m). Show that

with

fl(s)

=

6,
20,

3 -s2

+2s

and
f2(s) =

fl(-

f ) n26,,

+

=

1 - 3s2
2s

~

.I#

with 4 s ) being a small quantity equal to
&(S)

=

r[1
-

0, 2

+

(1

s2
+s2)

h ) Let s, be the positive root of fl(s) = 0, and s2 be the positive root
of f 2 ( s ) = 0. Evaluate s1 and s2 and show :hat s2 = s1/3. Express
(s1/3) - (l/s,), ( ~ ~ / +
3 () l~/ ~ ~ and
) ~ (s1/3I4
,
+ ( l / ~ ,as) ~a function of
6,/fil.
i) Using the fact that the condition 0 , >> r results in 4 s ) << 1,
one replaces the functions E ( s ) / [ E ~ ( s ) + f?(s)l with i = 1, 2 by
~ 6 [ ( s- sj)f;(sj)] = [T/If;(sj)I]6(s - sj). After integration over
group the terms associated with s, and s2 and show that
-

1

Using the results from Question h , deduce from this result that

10 + l6( i3L/0,)2

25

+ 48( S,/01)2 + 64( S,/R,)4
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j ) Formula (7.b) gives the saturated absorption lineshape in the limit

r << 0 , << ku. Compare the absorption at the center (6,

= 0) and at the
edges (IS,[ z=-0,).What is the order of magnitude of the width of the
saturated absorption line?
In an elementary model of saturated absorption, one considers that the
pump and probe beams interact, for 8, = 0, with the same velocity group
ku, = 0. The probe beam is then considered as propagating in a medium
in which the populations of the levels a and b are equalized by the pump
0 for 8, = 0. Does this result
wave. Such a model thus predicts that
coincide with the result of formula (7.b)? What is the physical origin for
the difference?
k ) Now assume that the atom undergoes a collisional relaxation due to
dephasing collisions. Is it possible to simply predict how a" varies for
8, = 0 as a function of the ratio y / r (where y is the damping rate of the
coherence between levels a and b due to collisions)?

z=

Solution
a ) Using ( d - ) = Tr crd- and inserting the closure relation between cr and

L,gives

The only nonzero matrix elements of 5 - can be deduced from formulas (C.4) in Chapter VI
and lead to
(d-)

=

d,bc[sin0COS8((1(N+

l ) l g l l ( N ) ) - ( 2 ( N + l)lcr12(N)))

-

N

- s i n 2 0 ( 2 ( ~+ 1)IcrII(N))
=

d,,[sin 0 cos 0( 0 , ' ; ' )- ~

+ cos2e(i(N + l ) l a 1 2 ( ~ ) ) ]

1 '))
; - sin2 Or$;') + cos2 0&')].

(9)

b ) Using results (D.391, (D.40), and (D.21) from Chapter VI, we then have
( d - ) =d0,sin0cos0

sin4 B
sin4 e

- COSB
~ e-iWt

+ C O S ~e

It is then sufficient to express these trigonometric functions as a function of sin28 and
cos 20, and then of tan 20 = O , / ( w o - w ) , to obtain

[note that such a result coincides in the limit
Exercise 191.

40; + ( w o - w)'

B

r

with the result of
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c ) The rate of variation of the density operator u for the dressed atom is given by the
sum of two types of terms: terms that describe the effect of the atom-intense wave interaction
and of the spontaneous emission, which were previously studied in Chapter VI; and terms
that describe the interaction with the probe beam and which are written [ V ,u ] / i h . From (1)
and formulas (C.4), (D.ll), and (D.31) from Chapter VI, we then find for the evolution
equation of A ( p ) = u4f) - a/f)

+ ~ ( C O eS ~- sin4 e) elPwf
Similarly, by using formula (D.30) from Chapter VI, we find

The solution to these equations to zero order in a',,
in the quasi-steady state, can be
deduced from Equations (D.211, (D.39), and (D.40) of Chapter VI:
A(P) =

e - sin4 e
C O S ~e + sin4 e
COS~

(14.a)

erpwr

d ) To find the first-order solution in a',,
in the right-hand sides of Equations (121, (13.a),
and aif)by their zero-order solutions given in
and (13.b), it is sufficient to replace A ( p ) ,u{$",
(14.a) and (14.b) [in Equation (121, we also omit the last term, which is proportional to
(c0s4 0 - sin4 01, and is a source term for the zero-order terms]. We then immediately find
that the linear term in 0; in the expansion of A(p) in powers of 0; is zero.
it is necessary to take p = - 1
Consider now (13.a). To obtain an evolution in e-'"''-v'),
and keep only the first term in the right-hand side of the equation, which is approximated by
-i(R;/2)co~~BA(~)exp[-i(w't
- cp')]. By using (14.a) with p = 0, we then find
&I)

=

C O S ~e - sin4 e
~0;
-cos~e
2
C O S ~e + sin4 e

_ '

e-r'w'l

-v')

rcoh
+ i[n + ( w - w ' ) ]
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Similarly, the solution of (13.b) evolving in e-i(””‘-q’) is

~4;’)

=

-i-

0; . 2 C O S ~o - sin4 o
sin e
2
C O S +
~ sin40
~
rcoh

- i( w‘ I - p‘ )

i [ R+

-

(0‘-

w)]

(16)

’

e ) Substituting (15) and (16) into (9) gives
(L)
= -idab- 0’1 e-,(d-v’)
2

Using (2) and the definition 0;
=

Id I’ cos40 - sin40
a
h
Eo

cOs40

=

o - sin4 o
C O S ~o + sin4 o

COS~

- d a b . 8 ’ / h then leads to

[ rzh+ ( a +

o

COS~

+ sin40‘coh

X

w

- w’>’

-

rzh+ (0 +

sin40
- 0)

,I.

(18)

Assume that c0s4 0 > sin4 0 (which corresponds to 6, < 0). In this case, the resonance
occurring at w’ = w + R is associated with an attenuation process (a”is positive) whereas
the resonance occurring at w’ = w - R is associated with an amplification (a’’is negative).
The width at half-maximum of each of these resonances is 2 r m h .The attenuation is greater
than the amplification by a factor of tan4 0 = (0 - w o + w ) * / ( R + w o - 0 ) ’ . The physical
interpretation of these resonances and their sign (attenuation or amplification of the probe
beam) is given in subsection E-2-b of Chapter VI.
f ) According to (3.a) and (3.b), the second term of (18) is resonant for the velocity group
L‘, such that
2ku,

=

40: + (6,

+ ku,)’

.

(19.a)

Similarly, the first term of (18) is resonant when
2ku2 =

-

40; + ( 6 , + ku,)’

.

(19.b)

By squaring expressions (19.a) and (19.b), we note that k u , and ku, are solutions of the same
second-degree equation and are equal to
6,

ku,

=

ku,

=

+d

-4

m
3

6, -

3

~

(20.a)

(20.b)

Because 6, and R , are both small compared with ku, Equations (20) result in I u , I Q: u and
l u z l *: u. Consequently, the velocity groups that make an important contribution to (4) are
such that the Boltzmann exponential can be replaced by 1.
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Remark
The velocity groups that interact resonantly with the probe beam can also be
derived by a graphical method. First consider the frequency of the pump laser
in the rest frame of an atom having velocity L',. This frequency is, according to
(3.a), equal to o L ku,. Its variations with ku, for constant 8, are those of a
straight line with slope 1, represented by the dashed line in Figure 1. Similarly,
the Doppler-shifted frequency of the probe laser, which, according to (3.b), is
equal to w L - kv,, is represented by the dashed straight line with a slope of
- 1, which intersects the first line at the point I having abscissa 0 and ordinate
o L . From the discussion in Part A, for each value of ku,, the absorption
spectrum of the atom in its rest frame consists of two lines centered at the
frequencies of the sidebands o [(o- w,)* + f2f]1/2 which, according to
(3.a), equal

+

*

oL

+ ku, + df2; + ( o L - o, + kv,)'

(21 .a)

wL

+ kL2, - 40; + ( o L

(21.b)

- o0

+ ku,) 2 .

/
"1
WI

I

\

2

/

/

'I

\

B'

\

\

\

,
Figure 1. Graphical determination of the velocity groups which are resonant with
the probe beam.
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The variations of these two frequencies with kc, for constant 6, are represented by the two branches of the hyperbola drawn with solid lines in Figure 1,
having as one asymptote the horizontal line at w o . For a given S,, the velocity
groups ku, and ku, that are resonant with the probe beam, i.e., capable of
absorbing (or amplifying) this wave, are given by the abscissas of the intersections M , and M , of this hyperbola with the straight line of slope - 1.
To determine whether these velocity groups absorb or amplify the probe
beam, we introduce the velocity group ku, = w o - w, for which the pump wave
is resonant. The vertical line having the abscissa ku, intersects the hyperbola at
the points A and B having ordinates w o + 0 , and w o - 0 , (the middle J of
AB, with ordinate w,, is the center of the hyperbola). For 1’ < uo, the apparent
laser frequency is smaller than w,. The branch A’A of the hyperbola, which
corresponds to the upper sideband, is then absorbing, whereas the branch B“B
is amplifying [see the discussion following formula (18) and the discussion in
subsection E-2-b of Chapter VI]. For u > uo, these conclusions are reversed,
the branch BB’ is absorbing whereas the branch AA” is amplifying. From this
we conclude that, for the value of 6, chosen for Figure 1, the velocity group
ku, is absorbing whereas the velocity class ku, is amplifying. For other
situations, for example, w L - w o = 0, for which u0 = 0. the two resonant
velocity groups are both on the absorbing branches.
g)

From (3.a), we deduce that
1

1 - s2

tan20

2s

--

6,

- -~

+ ku,
0,

and consequently

-1.

k u , = - 0 ,6,[ +
~ 1 -s2

When this relation is differentiated. we obtain

dri,

0, 1

+ s2

2k

s2

= - -d s

In expression (18) for a”,we replace cos2 0 by 1/(1 + s2) and sin2 0 by s2/(1 + s2). We
by using Equation (D.27) from Chapter VI;
proceed in the same way for rcoh
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The denominators of the fractions appearing in (18) have, respectively, the form
[J0: + ( 6 ,

40; + ( 6 ,

+ kc,)*

+ kc,)2

k 2kc,]*.

T h e value of

kc,

r;,, +

is given by (23). Finally,

is equal to

4.:

+ ( 6 , + kc,)2

+ SZ)

= -(1
0,

2s

Using (41,(181, and (231426) then leads to formula ( 5 ) .
h ) The function fl(s) cancels out for

with the other negative root being outside the domain of integration of (5). Similarly, the only
positive root of f2(s) is

Start with
SI

3

.,
1

-

=

1s:-3

T (7)

and use the fact that f , ( s , ) = 0. Using (6.a), we obtain
1

s,

4 6,

By squaring both sides of this equation, we get

(z);

1
+

and by again squaring both sides of (31)

16 6 ;

=

7%

2

+

j
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(33.a)

(33.b)

,.

L'aing .c2 = .s,
\\e transform (34.~1)into (7.a). W h e n (7.a) is simplified by finding a common
denomiiititor. we get
j.3.

{(;j'+
X

(3';[(;)*+

".i;j'+(h)'
81

+]

+

++

3

.

(34.b)

Sirnplifiing by s I + (3/sl) a n d using (31) a n d (32), we find (7.b).
1 ) T h e curve giving 2 as a function of 6 has a minimum at 6, = 0. has a width o n the
order of
a n d tends to a limit equal to & l d ~ , , 1 2 / ~ , l k iwhen
r
16, 1 >> f ) , . Note that this
limit c o r r e y ~ i n d \to t h e linear absorption for the prohe beani alone. I t should he noted tli;\t
the s i d t h of t h i j CUNC i5 smaller than ku, which shows that i t is possihlr to perforni Doppler
free spectroscopy by using saturatcd xhsorption ( * ) .
T h e value ( i f 'G at 0 , = 0 i \ cquiil to 0.h times its asymptotic value. This sIio\\s t1i;il lhr.
medium 1 5 ncvcr tritally tr:rnsp;ircnt l o r Ihc probc IW;I
11. coiilriiry ((1 tlic prLdictioiis 0 1 thc
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elementary model described in Question j . Indeed, when 6, = 0, the velocity groups
interacting resonantly with the probe beam are, according to (20.a) and (20.b), k c , = O ,/ 6
and k c , = -O, /
For these velocity groups, the population difference 7;‘- i ~ be; ~
tween the two levels of the same manifold of the dressed atom is very different from 0. More
precisely from (27) and (28), s1 and s2 equal
and 1/ 6 when 6, = 0, and using formula
(D.21) from Chapter VI, IT:‘
- a;‘/is equal to 3. The probe beam thus interacts with
velocity groups for which the populations of the dressed levels are not equalized.
k ) In the presence of collisional relaxation, the population difference between the
dressed levels can be deduced from formulas (36) and (18) in Complement B,, applicable in
the impact limit.

6.

6

7y

-

sin4 e - C O S ~e

=

e

COS~

+ sin4 6 + 4(y/r)sin2

e cos’ o

(35)

’

To obtain the saturated absorption line shape, it is thus necessary in formula ( 5 ) to replace
1/(1 + s4) by

1 + s4
It is also necessary to replace

E(S)

1

+ (4y/f

)s’

’

by

1

+S4

(37)

[see Complement B,,, formula (20.a)l.
When the relaxation rate y remains small compared with ku, we can replace as before
the functions E ’ ( S ) / [ E ” ( S ) + f,’(s)] by Dirac functions and thus obtain

+ (1 + 3s:)
instead of (34.a).

( 1 -s:>
(1 + si + 4 ( y / T ) s i )

1
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To find the behavior at 6,

=

0, we replace s, by

Ex. 20

6 and

s2 by 1/

6 in (38) to obtain

When the collision rate increases, a" decreases and tends to 0. This is due to the fact that the
collisions tend to equalize the populations of the dressed levels. Consequently, the medium
becomes more and more transparent for the probe beam.
One might wonder whether the elementary model presented in Question j (which indeed
predicts p= 0 for 6, = 0) is better justified when y >3 T.In fact, this model is associated
with a description of the atom only in terms of the populations a,, and a,, of the atomic
levels a and b. According to the optical Bloch equations, such a model is generally incorrect
because it neglects effects connected with the optical coherence
Nevertheless, when y
increases, this optical coherence is increasingly damped and it might be justified to consider
only the populations a,, and a,, (see Exercise 18). We must not forget, however, that the
velocity groups that effectively interact with the probe beam remain determined by the
energy diagram of the dressed atom [see Figure 1 and Equation (20)] and are independent
of y .
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APPENDIX
QUANTUM ELECTRODYNAMICS IN THE COULOMB
GAUGE-SUMMARY OF THE ESSENTIAL RESULTS
This appendix briefly summarizes the procedure for quantizing the
electromagnetic field in the Coulomb gauge and gathers together the
essential formulas that are used in this volume (*>.
The system studied in electrodynamics is composed of two interacting
subsystems: the electromagnetic field on the one hand, and an ensemble of
charged particles on the other. Quantum electrodynamics attempts to
describe, within the framework of quantum mechanics, the states and the
dynamics of these two subsystems whose evolutions are coupled. The
charged particles are actually the sources of the field and the field exerts
forces on the particles.
We first introduce the variables used to describe the field ($1) and the
particles (92) in classical and quantum theories. Then we introduce the
Coulomb-gauge Hamiltonian which governs the dynamics of the global
system (93). We then review a few important quantum states of the field
(94), and last we introduce the electric dipole representation currently
used to describe localized systems of charges such as atoms or molecules
(05).
1. Description of the Electromagnetic Field
a ) ELECTRIC
FIELDE

AND

MAGNETIC
FIELDB

In classical electrodynamics, the fields E(r, t ) and B(r, t ) obey the
Maxwell equations

V . E(r, t )

=

1
-p(r, t )

C . B(r,t)

=

0

V

X

E(r, t )

V x B(r,t)

&o

= -

=

a

-B(r, t )
at

i a
--E(r,
c 2 at

t)

1

+7j(r7t)
&OC

( * ) It is, of course, impossible to discuss in a short appendix all the aspects of the
quantization of the electromagnetic field or to prove all the results cited here. The reader can
refer to Photons and Atoms-Introduction to Quantum Electrodynamics for a more detailed
presentation.

62 1

622

APP. 1

Appendix

where the charge density p(r,t) and current density j(r, t ) are those
associated with the particles. After a spatial Fourier transformation, the
Maxwell equations become (*I
ik * 8 ( k , t )

=

1
--p(k,

t)

(2.a)

EO

ik . 9 ( k , t )

=

0

ik X 8 ( k , t )

=

- -9(k, t)

ik x 9 ( k , t )

=

a

at

1 a8(k,t)
c

at

1

+y i ( k , t )
EOC

where E(r, t ) and 8 ( k , t ) , for example, are related by:
E(r, t )

1
=

1d3k 8 ( k , t ) e i k ' r .

( 2.rrl3I2

(3)

The two equations (2.a) and (2.b) fix the longitudinal parts ZI1and BIIof
the electric and magnetic fields, i.e., the projections onto k/k of 8
and 9:

In real space, these relations become

Bll(r,t )

=

0.

(5.b)

The magnetic field is purely transverse, whereas the longitudinal electric
field coincides with the Coulomb field associated with the distribution of
charge p(r, t ) at the same time. The longitudinal fields are thus not really
(*I We systematically use the following notation: a scalar or vectorial field in real space is
written with a Roman letter, whereas its spatial Fourier transform is designated by the same
cursive or italic letter.
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independent variables for the field. They are either zero, or they can be
expressed through p as a function of the particle variables. By contrast,
= 9,
which are the projections of 8 and
the transverse fields 8, and 9L
9 in the plane perpendicular to k, are independent variables whose
equations of motion can be deduced from (2.c) and (2.d)

a

-9(k, t )
at

=

-ik X 8, (k, t )

b ) VECTORPOTENTIAL
A AND SCALARPOTENTIAL
U
In quantum theory, it is necessary to consider the potentials A and U
related to the fields E and B by the equations
E(r,t)

=

B(r, t )

=

-VU(r,t) -

V

X

dA(r, t )
at

~

A(r, t )

(7.b)

which, in reciprocal space, become
8(k, t )

=

-ikY(k, t ) -

9(
k, t )

=

ik X d (k, t ) .

a+,

t)
at

(8.b)

The fields E and B are invariant in the gauge transformation associated
with the function F(r, t >
A(r, t )

+

A’(r, t )

U(r, t )

.-+

U’(r, t )

=

A(r, t )

=

+ VF(r, t )

U(r, t ) -

(9.a)

dF(r, t )
at

which can also be written
d(k,t) +d’(k,t) =d(k,t)

+ ikSr(k,t)

% ( k , t ) + %’(k,t) = Y ( k , t ) -

3.q k, t )
at

(lO.a)
(lO.b)

It is clear from Equations (10) that only d , ,and Y change in a gauge
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transformation, whereas d, is gauge invariant
= d 1(k,

d >(k, t )

t).

(11)

Equations (8) prove also that the transverse fields 8, and 9 depend only
on d ,

a

g, (k, t )

=

- -Hi(k, t )

9(k,t)

=

ik

(12.a)

at
X

d , (k, t ) .

(12.b)

c) COULOMB
GAUGE

The Coulomb gauge (V A

=

d , , ( k t, )

0) corresponds to the choice
=

0

=

(13)

A,,(r,f),

By comparing the longitudinal part of (8.a) with (4.a), we then obtain

or, equivalently,

In the Coulomb gauge, the longitudinal vector potential is zero and the
scalar potential coincides with the Coulomb potential associated with the
charge distribution p(r, t ) at the same time. Therefore, in this gauge
the independent variables of the field are the transverse vector potential
d , (k, t ) and its velocity 2,(k, t ) = -8, (k, t ) .
d ) NORMALVARIABLES

The simple form for the equations of motion (6) of the transverse fields
suggests the introduction of the following linear combination of 9 and
8, [or, using (121, of d , and 2,l
E,(k,t) -c=

A( k ) [ -2,( k , t )

k

k

X9(k,t)

+ iwdl

1

(k, f)]
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where M k ) is a normalization constant that we will later on take to be
equal to - i \ l e o / 2 h w . The evolution equation for a is then quite simple:

,

In the absence of sources ( j = 0), the variables a(k, t ) corresponding to
the different possible values for k evolve independently of each other, with
a time dependence exp(-iwt) where o = c k . The variables (Y thus
describe the normal modes of vibration of the free field and are for this
reason called normal variables.
Equation (16) shows that a is, like 8, and 9,a transverse field. For
each value of k, we can introduce two unitary vectors E and E’, orthogonal
to each other and both perpendicular to k. Each ensemble k , defines
~
a
normal vibrational mode of the field and the normal variable associated
with this mode
a,(k)

= E

. a(k)

(18.a)

obeys, according to (171, the evolution equation
(18.b)
By using the reality conditions for the fields E , B, and A
example, for E I are written

,, which, for

we can invert Equations (16) and express 8, (k, t ) , 9 ( k , t ) , and A?, (k, t >
as a function of a,(k, t > and a:(- k, t ) . A Fourier transformation then
gives the expansions of the various transverse fields as functions of the
normal variables. Later on, these expansions are written directly as a
function of the operators a,(k) and ab(k) which are associated, in quantum theory, with the normal variables a,(k) and a:(k). The set of degrees
of freedom associated with the transverse field is usually designated as
“radiation”. The state of the radiation is thus defined at time t by the
given normal variables a,(k, t ) for all k and all E.

e ) PRINCIPLE
OF CANONICAL
QUANTIZATION

I N THE

COULOMB
GAUGE

The canonical quantization procedure requires pairs of conjugated
dynamical variables to be identified, which, after quantization, become
operators whose commutators equal ih.
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For the electromagnetic field, we can introduce a Lagrangian which
contains only the really independent variables of the field ( d , and 2,)
and the variables of the particles (standard Lagrangian in the Coulomb
gauge) and which leads to the Maxwell equations for the field and to the
Newton-Lorentz equations for the particles. With regard to this Lagrangian, the conjugate moment of the generalized coordinate d c ( k ) is
found to be equal to r E(k)= E,G,(k) and the canonical commutation
relations are written
[ d E ( k ) r,?(k)]
,
= ih6,,,6(k - k ) .

(20.a)

The operator a,(k) associated with the normal variable a,(k) is expressed
as a function of the operators d c ( k )and rE(k)= EO2,(k)by an equation
analogous to (16). By choosing an appropriate normalization constant A(k
[ A ( k )=
we then find that relation (20.a) is equivalent to

-id-],

[a,(k),a+(k' )]

=

(20 .b)

6,,,6(k - k')

with all the other commutators being zero.
To follow the quantum electrodynamic calculations presented in this
book, it is sufficient to know the commutation relations (20.b) and the
expressions for the physical variables as a function of the operators a and
a + which are discussed in the next subsection.

f ) QUANTUM
FIELDS
IN

THE

COULOMB
GAUGE

As we explained above, it is possible to invert Equations (16) between
operators and to use the Hermiticity conditions of these operators to
obtain, by Fourier transformation, the expansions of the field operators in
a, and a:. We find in this way that
A , (r)

=

/ d 3 k xd,,,[&u,(k) e i k ' r + Ea:(k) e - i k ' r ]
E

E , (r)

=

/ d 3 k zi,ZU[EaF(k)e i k ' r- Ea"k)e-'k'']
E

B(r)

=

/d"k

ci9U[(~
X E)a,(k) eik.'

-

(K X

E)a:(k) e p i k ' r ]

E

(23)
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where
w = ck
K

[

dW
= hpOo(2a)']

=

1/2

(24.a)
(24.b)

k/k
gW= u d u

= 8Jc.

(24.c)

The total electric field E(r) is written
E(r)

=

E l (r) + Ell(r)

(24.d)

where E,,(r>is given in (5.a).
It is often convenient to consider the field as being contained in a cubic
box with periodic boundary conditions. The dimension L of this box is
taken as being large compared with all the characteristic dimensions of the
problem under consideration. The components of the wave vectors are
then multiples of ~ T / Land the modes form a discrete ensemble designated by the subscript j . The Fourier integrals are replaced by series
following the rule

The creation and annihilation operators are redefined by

~
k , . The a, and
where Cl is the elementary cell of volume ( ~ T / L )about
a: satisfy the simple commutation relation
[ a , , a:]

=

a,].

The fields are expressed as a function of the a, in the form

(27)
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Last, to finish this subsection, we give several useful formulas. In the
bilinear expressions with respect to the fields, the following sums involving
the Cartesian components of the transverse polarization vectors E and E‘,
perpendicular to k are often encountered:

where I and rn = x , y , 2, elmnis the antisymmetric tensor, and where K is
defined in (24.b). Expression (31) represents, in reciprocal space, the
projector onto the subspace of transverse fields. In real space, this projector is represented by the transverse delta function

where Y(1 r - r’l) is a regularization function equal to 1 everywhere except
inside a small sphere around Ir - r’l = 0, where it tends to zero. Finally,
from (2714291, we obtain the following commutation relations for the
fields in real space:

2. Particles

Particles are described within a nonrelativistic framework: their velocity
is assumed to be small compared with c , and their number is invariant. In
this limit, we can describe each particle a by the conjugate variables ra
(position) and p, (momentum), rather than using a field theory. In
quantum theory these variables become observables obeying the canonical
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commutation relations

In the presence of the vector potential, the velocity v, of the particle is
related to p, by
m,v,

=

P,

-

q,A

I (r,)

(37)

(m,and q, are, respectively, the mass and the charge of the particle a).
The charge density and the current density are expressed as a function of
the preceding variables
(38.a)
(38.b)
We will also use their spatial Fourier transforms
(39.a)
(39.b)

3. Hamiltonian and Dynamics in the Coulomb Gauge
a ) HAMILTONIAN
The Hamiltonian H describing the dynamics of the system formed by
the transverse field and the particles can be written as

The first term of H is the kinetic
(37) for the velocity].
The second term represents the
moments possibly carried by the
particle a ) with the magnetic field

energy of the particles [see expression
interactior, energy of the spin magnetic
particles ( g , is the g factor for the
B(ra).

630

APP. 3

Appendix

The third term, Vcoul, is the energy of the longitudinal field (Coulomb
energy)
Vcoul =

-1
d3r E i ( r )
2
EO

=

21d3k lgl1(k)1’
EO

which, using (4.a) and (39.a), equals

is the Coulomb self-energy of particle a, which is expressed in
reciprocal space in the form of a divergent integral, unless a cutoff k, is
introduced

The fourth term of H represents the energy of the transverse field
H R = EO
y/d

3r[E: ( r )

+ c2B2(r)]

which, using expressions (29) and (30) for E , and B, can be put in the
form

HR = Chw,(u’u,
1

+ i).

(45)

In the presence of external fields described by the potentials Ae(r, t ) and
Ue(r, t ) , the Hamiltonian (40) must be modified as follows:

Finally, note that the momentum of the field
a simple expression in the Coulomb gauge:

+ particles global system has
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The first term represents the momentum of the particles and the momentum of the longitudinal field associated with them; the second term is the
momentum of the transverse field

PR =
=

ED/ d3r E

I (r) X

B(r)

chkja,+aj
i

where the fields have been replaced by their expressions (29) and (30).
b ) UNPERTURBED
HAMILTONIAN
A N D INTERACTION
HAMILTONIAN

It is interesting to split the Hamiltonian H of the global system into
three parts:
H

=

Hp

+ HR + HI

(49)

where H p depends only on the variables r, and p, of the particles
(particle Hamiltonian), H R depends only on the variables a j and a: of
the field (radiation Hamiltonian), H I depends both on r,, p, and a j , a /
(interaction Hamiltonian). Starting with expression (40) for H , we obtain,
beside H R given by (45),

H I = H I , + H12 + Hfl
where H I , and Hfl are linear with respect to the fields

and where H I , is quadratic

(51)
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For systems of bound particles, the relative orders of magnitude of the
different interaction terms are the following:

For low radiation intensities, the ratio H I 1 / H p is small, which results in
the ratio H12/H1,also being small. The ratio H,?,/HIl is on the order of

which is the ratio between the momentum hk of the photon and the
momentum p of the particle. For low-energy photons (for example, in the
optical or microwave domain) and a bound electron, this ratio is very small
compared with 1.
c) EQUATIONS
OF MOTION

In the Heisenberg representation, the equations of motion can be
deduced from expression (40) for H and the canonical commutation
relations (20.b) and (36).
For the position and the velocity of the particles, we find, respectively,
the relation (37) between the velocity v, of the particle and the momentum
p,, and the Newton-Lorentz equation, appropriately symmetrized, giving
the acceleration of the particle in the presence of the fields E and B.
For the transverse fields, we recover the Maxwell equations between
operators. Because the transverse fields are linear functions of a j and a:,
these equations are equivalent to the equations of motion for the a j :

which are the quantum equivalents of Equations (18.b), and which have
the structure of harmonic oscillator equations with source terms. In
general, it is not possible to explicitly calculate their solutions, because the
source term depends on the motion of the particles, which are themselves
affected by the transverse field that we are looking for. However, in the
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absence of particles, the evolutions of the operators a j are decoupled and
Equation (57) can be integrated to give
aj( t ) = a j ( 0 ) exp( - i w j t ) .

(58)

The evolution of the free fields can be immediately deduced from (58).
They appear as sums of traveling plane waves with wave vector kj,
frequency w j = c k j and polarization E ~ For
.
example:

X [ a j ( 0 ) E jexp[ i(kj

*

r

-

o j t ) ]-

a T ( 0 ) exp[
~ ~ -i(kj . r

-

ojt)]).

(59)
In certain calculations, particularly calculations of photodetection signals,
it is necessary to isolate the components of fields with positive and
negative frequencies. For the free fields, formulas of the same type as (59)
give an explicit expression for these components. For example,
E$zi(r,f) = ci

exp[ i ( k j . r

-

wit)]

(60.a)

j

E$;!(r, t )

=

[E(,:,!(r, t ) ] +.

( 60 .b)

In the Schrodinger representation, observables are time independent and
the state vector evolves in state space according to the Schrodinger
equation.
4. State Space

In the Coulomb gauge, the dynamics of the global system is equivalent
to the dynamics of an ensemble of nonrelativistic particles and an infinite
collection of harmonic oscillators representing the modes of the transverse
field. In quantum theory, the state space B of the system is the tensor
product of the state spaces gP and gR associated with each of these
subsystems. The spaces gP and gR are themselves tensor products of
spaces relative to each of the particles, and to each of the modes of the
transverse field:
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We now consider iFR in more detail. An orthonormal basis of each of
the spaces 5 is composed of the basis {Inj)) of the energy eigenstates of
the oscillator j . Using expressions (45) and (48) for HR and PR, the state
In,) * . . Inj) . . . , written more concisely as I{n,)), is an eigenstate of
these two observables:

(63 .a)
(63 .b)

It represents a state of the field containing n1 photons of the mode
1,. . . , n, photons of the mode j , with each photon of a mode j contributing to the total energy and momentum by the elementary “quanta” hw,
and hk,.
The vacuum is the ground state of H R corresponding to n , = * . =
nJ. = . . . = 0. It is written more concisely as 10) and is characterized by
the property
ajlO) = 0

for each j .

(64)

In each of the spaces 2?,, the Inj) are not the only interesting states. The
“coherent” states l a j ) play a particular role in the discussion of quasiclassical situations. They can be deduced from the vacuum 10) by a unitary
transformation

defined by

whose action is a translation of the operator a j by the quantity a,

T ( a j ) a j T + (a,)

=

aj

+ a,.

(67)

The state la,) is an eigenstate of the annihilation operator a j having the
eigenvalue a j
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and its expansion onto the basis { I n j ) )is given by

5. The Long-Wavelength Approximation and the Electric Dipole
Representation

Atoms and molecules are composed of charged particles (electrons and
nuclei) forming bound states whose size a, is typically on the order of a
few Bohr radii. Assume that such a system interacts with radio frequency,
infrared, visible, or ultraviolet radiation. The wavelength A of this radiation is large compared with a, and it is legitimate to neglect the spatial
variations of the electromagnetic field over the size of the system of
particles: all the particles see the same field. This is the long-wavelength
approximation.
For the sake of simplicity, consider an atom (or a molecule) that is
globally neutral and located close to the origin 0. To lowest order in a,, its
electrical properties are characterized by its electric dipole moment
d

=

Cqara
a

A unitary transformation on the Hamiltonian (40) can cause the coupling
between the atom and the field to appear explicitly in the form of an
electric dipole interaction between the atomic dipole d and the radiation.
To higher orders in a,/& the same procedure would result in the
appearance of electric quadrupole and magnetic dipole interactions, etc.
Because we neglect them here, we also omit in H the spin magnetic
coupling HA, so that we start with the approximate Hamiltonian:

a ) THEUNITARY
TRANSFORMATION

The transformation

[:

T=exp --d.
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where

is a translation concerning both the operators p , and the operators a j and

a;. The fundamental operators are in fact transformed according to the

following rules

TraTi= ra

(74.a)

Tp,T+= P, + 4,A(O)

(74 .b)

TajTi= a j

+ Aj

T a f T i = a;+ AT.

(74.c)
(74 .d)

Because the transformation is time independent, the new Hamiltonian is
written

H'

=

THT+

where

b ) THEPHYSICAL
VARIABLES
IN THE ELECTRIC
DIPOLE
REPRESENTATION

The physical variables in the new representation are represented by the
transforms G' of the observables G which represent them in the original
representation

G'

=

TGTi.

(77)

Starting with expressions (37), (21), (231, and (22) for the operators
representing, respectively, the velocity of the particle a, the transverse
vector potential, the magnetic field and the transverse electric field, we
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obtain expressions for the new observables which represent these variables:

XL(r) = TA,(r)T+=A,(r)
=

Edu,[a ] & ,elk, + U I+ E J e-lk,
I

B’(r)
E’, (r)

1

(80)

B(r)
= T E , (r)T+

=

=

(79)

~ Z ? u , [ i ( u+
J A])&, elk)

+ h.c.1

I

=

1
E (r) - -P,

,

(r)

EO

where P , (r) is the transverse part of the polarization density P(r) associated with the atom when it is considered as a pointlike dipole:

P(r)

=

d6(r)

(82)

Note that, according to (74.a), r: = r,, so that the position of the particles,
the atomic dipole and the polarization density are represented by the
same operators in the two representations.
c ) THEDISPLACEMENT
FIELD

Starting with the total electric field E(r) and the polarization density
P(r), we introduce the displacement field

D( r)

=

s,E( r)

+ P( r) .

(84)

We study its properties in reciprocal space, where it is written:

[Relation (82) has been used to calculate the Fourier transform of P(r)].
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With expression (39.a for p(k), the Maxwell equation (2.a) is written:
ia,k

*

a(k)

The expansion in powers of k * ra made in formula (86) is justified in the
long-wavelength approximation because kr, = ka, << 1. The first term
inside the brackets of formula (86) is zero because the system of charges is
assumed to be globally neutral. The second term is expressed as a function
of the electric dipole. We then have, in the dipole approximation,

From (bS) and (871, it is clear that k .B(k) is zero so that the displacement
field is transverse for a globally neutral system.
Moreover, the polarization P(r) is zero outside the system of charges
( I > a J , and (84) is reduced to
E(r)

=

for Irl > a .

D(r)/s,

(88)

The displacement field is thus the transverse field which coincides, except
for the factor E , , with the total electric field outside the system of charges.
One advantage of the new representation is that a very simple operator
describes D(r)/EO, and thus the total electric field. Indeed, according to
(841, the transversality of D results in the fact that D = E,,E I + P, . As a
consequence of (811,
D’(r)/E,

=

E’, (r)

1

+ -P;

(r)

EO

d ) ELECTRIC
DIPOLEHAMILTONIAN

We now return to the Hamiltonian H‘. The last term of (75) is the new
interaction Hamiltonian. Using (891, it is written
Hi

=

- d . D’(0)/cO

(90)
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and represents the interaction energy between the electric dipole and the
displacement field. It is frequently written in the form

it being understood that E ,(r) is the mathematical operator defined by
(29) or (89) as a function of a j and a:. It is usually designated by the term
“electric field”, although it coincides with this variable only outside the
system of charges. H’ is thus written

H R is given by (43, Hi by (901, and HL by
HL = H p +

(93)

The new particle Hamiltonian is obtained simply by adding to H p given in
(50) a dipolar self-energy described by expression (76). However, it should
be noted that, in HL, p i / 2 m , is indeed the kinetic energy of the particle
a , according to (781, whereas this is not the case in (501, because the
velocity is given by (37) in this representation.
In all the foregoing, the atom is assumed to be at rest at the origin of
the coordinate system. In certain problems, it is important to take into
account the motion of the center of mass R of the atom. If the atom is
globally neutral, it is sufficient, in the electric dipole representation, to
replace 0 by R in Hi:
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Index

A
Absorption. see also Multiphoton
processes; Virtual
collisionally aided absorption, 504, 506
connection with scattering, 84
between a discrete state and a state of
the continuum, 79
Doppler free two-photon absorption, 101
in the dressed atom picture, 417,420
dynamics of the absorption process, 83
for a harmonic oscillator, 326
number of photons absorbed per unit
time in steady state, 369
of a probe beam by an atom driven by
an intense laser field, 442. 608
of a probe beam by an atom driven by
an intense laser field and perturbed
by collisions, 506
rate. 85. 115,209.257.284.326.370.603
saturated absorption. 444,608,615
three-photon absorption, 102.210
between two continuum states, 82
between two discrete states. 78
two-photon absorption, 101,205,446, 507
of a wave packet, 580
Acceleration of particles (connection with
their radiative coupling), 160, 162,320,
558
Adiabatic:
elimination of fast variables, 296. 364.

601

switching, 8
Amplification. 90. 106.443.614
Amplitude, see Scattering: Transition
amplitude
Analytic:
continuation, 171. 217
properties of the resolvent, 171.213
Annihilation operator, 626.627.632
Anomaly (g - 2 anomaly), 114
Antibunching of photons, 420,426
Anticrossing(s) (of levels):
in the energy diagram of the dressed
atom, 416
general, 204,461
of higher order, 464.483
resonance, 464,474.483
for a spin f dressed by rf photons. 474.
480.483.488
Antinormal order. 136,331.345
Antiresonant terms or coupling, 357,414
Approximation:
of independent rates of variation, 356.
357,427,431,497.602
long-wavelength approximation. 162.635
rotating-wave approximation, 357.391.
482
Asymptotic state, 162,222,229.232,553
Atom, see Two-level atom; Three-level
atom; Dressed atom
Autler-Townes (doublet or effect), 444

645

646

Index

Averages:
one-time averages. 137.264. 380
two-time averages. 131.265.302.345.
350.386.399.402.437.439.440.446

B
Balance (principle of detailed balance).
274.433.436.596
Beats. see Quantum beats
Bethe formula:
for the Lamb shift. 537.540
for the lifetime, 201
Black (or dark) resonances. 454
Bloch, see also Optical Bloch equations
equations, 363
vector, 360
Bloch-Langevin equations. 385.388. 397
Bloch-Maxwell equations, 355
Bloch-Siegert shift. 358.414.481
Born expansion, 13.31.226
Boundary conditions, see Periodic
boundary conditions
Breit Harniltonian, 121
Bremsstrahlung. 76.82, 548. 557
Broadening (radiative), 115
Brownian motion, 258. 334
C

Canonical quantization, 625
Capture (radiative), 74
Cascade (radiative):
definition, 192
of the dressed atom. 419,420.423.425,
435
for a harmonic oscillator, 589
interference between amplitudes. 197. 591
lowest-order amplitude, 193
nonperturbative amplitude. 194.590
and photon correlation. 421.425.447
spectral distribution of the emitted
photons, 195.591
Casimir-Polder effect, 126
Cavity (spontaneous emission in a cavity).
73.41 1
Center of mass, see Degrees of freedom
Charge, see Density
Coarse-grained rate of variation, 259.266.
493.501.510
Coherence(s) (of the density matrix):

adiabatic elimination. 364. 601
collision induced. 500
coupling with populations. 364
damping and frequency shift. 276.283.
328.432.496
definition. 258
evolution equations. 274.283.328.43 1.
496
reduced coherences, 433
transfer. 328.431
Coherence resonance. 466.477.485
Coherent:
scattering. 105. 382.383.441. 504
states. 329. 333.41 1.414.435. 560. 597.634
Collision(s):
average over collisions. 493. 5 10
characteristic times, 491. 501
dephasing collisions. 492. 602, 612
fluorescence in presence of collisions.
501.504
impact limit. 497,504
level crossing during a collision, 512
resonances or coherences induced by
collisions, 500. 501. 509
S-matrix, 510
Collisional(1y). see also Relaxation by
collisions
aided process, 490
damping and shift, 496
redistribution. 501
transfer between dressed states. 494
transfer rate, 494,496. 5 10
Commutation relations:
between the atomic dipole and the free
field. 382.399
for the operators a and a'. 626.627
for the particles, 629
for the quantum fields, 626
Compton scattering, 88.91
Conservation of:
angular momentum, 101.471
energy. 28.70.78.81.93.99, 100. 106
momentum, 70,78.81.93. 100,293,374
Contact interaction. 571
Continuum:
coupled to a continuum, 12.36
coupled to a discrete state, see Discrete
state
discretized. 50
with a finite width, 239,244
flat, 49

Index
general. 32
ionization continuum. 74. 76. 79. 82.91.
92. 103. 128
Contour integral, 170.220
Correlation(s):
between the system and the reservoir,
263,266,280,448
time. 259, 335.419, 501
between two atomic dipoles, 588
Correlation function:
of the atomic dipole, 133,381.385.402
for a Brownian particle. 337
general. 127. 131
higher-order correlation function, 145,
387.446
of the Langevin forces. 335.343,400
of the radiation field. 134,259,315
of the reservoir, 265,311
symmetric correlation function, 303
of the vacuum field. 315
Coulomb:
gauge. 15,19,624.626
interaction. 15, 18. 120.630
potential. 624
self-energy. 15.3 19.630
Counting (photons), 423. See also Photon
correlations
Coupling, see Continuum; Discrete state;
Indirect coupling between two states;
Nonresonant coupling
Creation operator, 626,627
Crossing. see Level crossing
Cross section for a process. 14. See also
Scattering
Current. see Density
Cut (singularity of the resolvent). 171. 179.
216,218
Cutoff (in the mode expansion of the field),
148
Cyclotron frequency, 114.3 19.564.578

D
Damped harmonic oscillator:
absorption and emission, 326
comparison with a two-level
atom, 392
density of quasi-probability, 330
evolution of coherences, 328
evolution of populations. 326
Fokker-Planck equation, 332
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Heisenberg-Langevin equations.
340
level shifts, 326. 327
master equation, 322
radiative cascade, 197.589
Damping. see Coherence;
Collisional; Radiative
Decay (exponential):
corrections to the exponential
decay, 189.221.250
of a probability amplitude, 12,
57. 187.239
Degrees of freedom:
external, or translational, or of
the center of mass, 289.300.
370.375,454.518
internal, 282.289,367. 371,518
Delay between two successive
emissions. 421,450,451
Density. see Spectral density
of charge, of current, 622.629
of polarization, 637
Density matrix (or operator), 258,365. See
also Factored density operator;
Reduced
Density of states:
general case, 34,214
for a massive particle. 32
for a photon, 34
Detailed balance (principle or equation),
274,433,436,596
Diagrammatic representation:
of the matrix elements of the coupling
Hamiltonian. 20
of the perturbation series. 172, 181.185,
191, 194. 197,227,228, See also
Resummation
of the transition amplitudes. 19.21
of the various radiative processes, see rhe
corresponding entries
Dicke line narrowing, 72.518
Diffusion coefficient:
associated with dipole forces, 457
for a damped harmonic oscillator, 332.
348
for the momentum of an atom. 298.
299
for the momentum of a Brownian
particle, 336
for a two-level atom, 399,402,405
Dipole (atomic). see also Correlation;
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Index

Dipole (atomic) (Continued)
Correlation function; Electric dipole
commutator with the radiated field, 382.
399
connection with the radiated field, 379
in the dressed state basis. 437. 609
reactive or dissipative components, 360.
362.368.373.376.604,610
for a two-level atom, 357
Dipole-dipole interaction. 571
Dipole forces:
in the dressed atom picture, 454
fluctuations, 451
mean value, 376,456
Discrete state, see also Anticrossing;
Indirect coupling between states
coupled to a close discrete level, 10. 31
coupled to a continuum (general case).
10,35.64.71,84
coupled to a finite-width continuum
(simple solvable model), 239
coupled to a flat continuum, 49
coupled to an unstable state. 58. 197
density of presence in a continuum. 51.
55.95.219
discrete states coupled to the same
continuum, 588
distant from all other states, 9
Discretization:
of a continuum, 50
of the fie!d modes, 627
Disintegration:
of a discrete state coupled to a
continuum, 12.56.239
radiative disintegration. 112. 187. 584
Dispersion relation, 186
Displacement, 637
Dissipation of energy, 307
Dissipative:
force. 374
susceptibility, 308
Dissociation (radiative), 75
Dissociative state, 75. 81
Divergence:
infrared divergence, 551, 557
of radiative corrections, 111
Doppler effect. 72. 101.291. 292.293. 298.
609
Dressed atom:
absorption of a probe beam, 442.507.608
absorption and stimulated emission

processes. 417.420
allowed transitions between dressed
states. 423
collisional processes, 494
connection with optical Bloch equations,
428,434
dipole forces. 454
dressed (or coupled) states (energies
and wave functions), 415,455,474
energy diagram. 412.416.417.421.424.
425,455,470.475.488
fluorescence triplet. 424.437
general, 407.410
Hamiltonian. 408,412.413,469
Lande factor, 481.485
level anticrossing, 416,474,480,483,488
level crossing, 474.477.481.485.489
manifolds, 412.452
master equation for spontaneous
emission, 427
photon correlations, 421,425,426
radiative cascade, 419,420.423.425.435
in the radiofrequency domain, 460
resonance fluorescence. 419
three-level atom, 442,445.451.454.499.
507. 508
uncoupled states, 412,420,469
Drift velocity (or term), 332. 347,403

E
Effective field, 362
Effective Hamiltonian. 38. 118.201.209,
422.452.465.565
Einstein:
coefficients. 85,257
equations, 257.287
generalization of the Einstein relation,
349,403
relation (for Brownian motion), 337
relation (for photoelectric effect), 80
Elastic scattering, 87. 88.90, 384,441. 527
Electric dipole, see also Representation
Hamiltonian. 636.638
picture. 635
self-energy. 538.636.639
Electromagnetic fields, see also Free field;
Longitudinal field; Source: Transverse
field; Vacuum
in Coulomb gauge, 626
in the electric dipole representation, 637

Index
elementary excitations, 634
evolution equations for a and a'. 632
expansions as a function of normal
variables or in a and a'. 626,627
external electromagnetic fields. 355
general. 621
in the Pauli-Fierz representation, 152
tied to a particle. 147. 148, 162. 560
Electron radius (classical). 91. 525. 528
Emission, see Spontaneous emission;
Stimulated; Virtual
Energy diagram:
of the dressed atom, 412.416.417.421.
424.425,455
of a spin $ dressed by rf photons. 470.
475.488
Evolution operator, 24. 167. 170
Exchange of energy:
between atom and field. 3 19.369
between system and reservoir, 310
Exchange of momentum between atom
and field, 293.299.374.376
Exchange of photons, 118. 121. 161
Excimer. exciplex. 75
Excitation probability. 129. 580
Excited state (evolution), 183. 515
Expansion of the fields, see
Electromagnetic fields
External, see Degrees of freedom
External fields. 355. 597, 630

F
Factored density operator. 267.280.448
Fano profiles, 61, 103
Fermi:
contact interaction. 571
golden rule, 11
Fictitious spin, 361.429.494.495
Field, see Electromagnetic fields
Fierz. see Pauli-Fierz transformation
Fluctuations:
of the atomic dipole, 383. 385,402
connection between fluctuations and
dissipation, 315, 337. 344.404
dynamics of, 303
of radiation, 134.315, 320
of radiative forces, 372.457
of a reservoir, 265,302.3 10.3 12
of vacuum, 111, 113. 160,259.315,317.
320.398, 547. 576
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Fluorescence, see Intermittent fluorescence;
Resonance fluorescence; Triplet
Flux:
for a massive particle, 37
for a photon, 37
Fokker-Planck equation:
for Brownian motion, 259
for a damped harmonic oscillator. 332
for the velocity distribution function of
an atom, 293.297
Forces, see Dipole forces; Radiation
pressure
Franken (effect), 468. 533
Free field, 132,382.394.399, 561,633
Friction (force or coefficient), 258.298,
299.334
Functions, see Correlation function;
Green's function

G
g factor, 114.576
Gauge, 19,623
Glauber (Prepresentation), 330.331.333
Grating:
of excited atoms, 509
of transition moments, 509
Green's function, 67,333

H
Hamiltonian:
in Coulomb gauge, 15.629
effective Hamiltonian. 38, 118,201,209.
422.452.465, 564
electric dipole Hamiltonian, 636.638
for the interaction between particles
and transverse field, 16, 159. 527. 529.
63 1
non-Hermitian Hamiltonian, 179.201,
209.365.422.452
of particles, 17, 18.631
Pauli-Fierz Hamiltonian. 155. 157
of radiation. 15,630
Hanle effect, 468,477,533
Harmonic generation. 104
Harmonic oscillator, see Damped
harmonic oscillator
Heisenberg-Langevin equations:
for a damped harmonic oscillator, 340.
394

Index

650

Heisenberg-Langevin equations (Conrinued)
for a two-level atom. 365.394.397
Hilbert transform. 186

I
Impact limit:
definition, 357,497
fluorescence triplet, 504
master equation, 497
S-matrix, 499, 510
Incoherent scattering, 382,384
Indirect coupling between two states, 46.
58. 83.94. 118. 197. 205. 208,464. 480.
484. 588
Inelastic scattering, 89. 91. 384.386.441
Infrared (catastrophe or divergence). 551.
557
Integrodifferential equation. 243. 341
Intensity (of radiation), 139. See also
Resonance fluorescence
Interaction, see Contact interaction;
Dipole-dipole interaction; Exchange
of photons; Hamiltonian: Magnetic;
Represen tation
Interference between transition amplitudes,
105. 108. 197.467,508, 536.589.590
Intemiittent fluorescence, 451
Internal. see Degrees of freedom
Inverse bremsstrahlung. 82
Ionization:
continuum. 74.76.79. 82,91.92, 102, 128
energy, 74, 79, 128
multiphoton ionization, 102
inultiphoton ionization in the presence
of collisions. 508
one-photon ionization, 79, 80. 137

J
Jumps, see Quantum jumps

K
Kramers, 162.481
Kuhn. see Thomas-Reiche-Kuhn

L
Lamb:
shift, 113, 160. 317
transition, 198

Lamb-Dicke effect. 72. 518
Landau formula, 514
Lande factor:
for the dressed atom. 485
for the electron, 114, 319
Langevin equation:
for Brownian motion, 258.334
for a damped harmonic oscillator. 340
for a two-level atom, 366,386,388,394.
397
Langevin force:
for Brownian motion, 258.334,335
correlation function, 335. 337,343. 399.
400

for a damped harmonic oscillator, 342.
345
mean value, 335,343.399
for a two-level atom. 366,386,397, 398
Larmor (frequency or precession). 114,
361,481, 576
Level anticrossing. see Anticrossing
Level crossing:
during a collision. 513
in the energy diagram of a spin f
dressed by rf photons. 474,477.
48 1,485.488
resonance, 466.477.485.533
Level shift:
collisional. 496
due to the coupling with the reservoir.
276. 309
general. 9. 12
light shift. 116.207. 209. 288. 317. 327
physical interpretation, 309. 316. 318
radiative shift. 110. 112. 186. 187. 195.
229.283.316.317.326. 537
in the rf domain. 482.483.485
Level-shift operator:
approximate calculation. 180. 181. 184.
199.206.465
for an atomic excited state. 186
for a discrete state coupled to an
unstable state, 199
general. 176. 178
non-Hermitian, 179.201.209
for two discrete states coupled to the
same continuum. 585
for two indirectly coupled discrete states.
206
Lienard-Wiechert potentials, 149
Lifetime. 12. 57. 73. 187. 202, 515. 580
Light shift. 116. 207.209.288. 317, 327

Index
Linear response. 155. 302.306. See also
Linear susceptibility
Linear susceptibility. see also Dissipative:
Reactive
of a harmonic oscillator. 304. 307
of a quantum system. 306
of radiation. 314
of the reservoir. 265. 306. 310. 312
Longitudinal field. 622. 624
Long-wavelength approximation. 162.635
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Multiphoton processes:
absorption. 100. 101. 102.205.210.446.
484. 507
general. 98
generalized Rabi frequency, 210. 21 1.484
harmonic generation. 104
ionization. 103. 508
quasi-resonant scattering. 106
in the rf domain. 101.483
spontaneous emission. 98
transition rate. 209.2 I 1

M
Magnetic:
interactions. 120. 161. 571
moment. 114.468.576.629
Magnetic resonance:
coherence resonance. 477.485
multiphototi resonance. 102.484
one-photon resonance. 102.474.480
Markov process, 267
Mass:
mass correction. 109. 113. 157,319. 544.
570
reduced mass. 519
Master equation. see also Relaxation by
collisions
for atomic velocities, 289
for coherences. 274.283.287
in the coherent state basis. 329
for a damped harmonic oscillator. 322
derivation. 262
discussion of approximations. 278
in the dressed state basis. 429.495
general. 257. 364
operatorial form. 269.323.427.428.494
for populations. 272.283.286
for the spontaneous emission of the
dressed atom. 427
for a two-level atom. 282
Matrix. see Density matrix: S-matrix:
Transition matrix
Maxwell equations. 621
Metastable state. 98. 197. 205
Mode. see Normal modes of the field
Mamenturn (of the field. of particles). 631.
See also Conservation; Exchange of
momentum between atom and field:
Velocity
Monochromatic. see Radiation
Mossbauer effect. 72.518
Motional narrowing condition. 260.279

N
Natural width. 73. 113. 141. 195. 580
Negative frequency component. 134.358.
380.633
Non-Hermitian operator. 179.201.209.365.
422.452
Nonlinear response, 393,604
Nonlinear susceptibility. 604
Nonperturbative:
approach. 165.281.369.485. 557
scattering amplitude, 222
transition amplitude, 72, 165. 183.206
transition matrix, 94.95. 225. 236
Nonresonant coupling. 38.357.414,482
Normal modes of the field:
expansion in normal modes, 626.627
general, 624
laser mode. 407.410
mean number of photons per mode. 285
Normal order. 135.330.345.394
Normal variable, 150.557.624

0
Operator. see Annihilation operator;
Creation operator; Evolution operator:
Level-shift operator: Translation
operator
Optical Bloch equations:
connection with the dressed atom
picture, 428.434
differences with other evolution
equations, 364
general, 353
geometrical interpretation using a spin
360,429
steady-state solution, 368,602
time-dependent form, 356
time-independent form, 358,359,360,363

i,
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Optical Bloch equations (Continued)
transformation into rate equations. 601
transient regime. 367
Osciliator strength. 516. 525

P

Pauli-Fierz transformation. 11 1. 147, 151.
537.548.557
Periodic boundary conditions. 627
Perturbative expansion:
of the evolution operator, 19.25, 167
of the level-shirt operator, 176
of the resolvent, 171. 172
of the S-matrix. 13,26,30
Phase-matching condition. 106. 108.605
Phase shift (in a collision), 492
Photodetection signals:
for a broadband detector. 137.380
calculation, 127. 130
connection with the one- or two-time
averages of the emitting dipole. 379
double counting signals. 143
for a narrow-band detector. 140. 380
Photodetector:
broadband, 128, 139
narrow band, 128. 137
Photodissociation, 8 1
Photoionization:
multiphoton ionization. 102
in the presence of collisions. 508
single photon ionization, 79.80. I37
Photon correlations:
connection with the correlation function
of the emitting dipole, 381. 387
delay between two successive emissions.
421,450
in the dressed atom picture. 421.425.446
formula for the photon correlation
signal. 143. 145. 380
between frequency-filtered fluorescence
photons. 425
photon antibunching. 421.426
for three-level systems. 451
Photon counting, 422
Polarizability (atomic). 424. 604
Polarization:
density, 637
energy. 307.309.310
Polarization of radiation:
circular. 102.471.473
linear. 471.479

sum over polarizations. 36,627
Poles (of the resolvent), 171. 182.215.217
Populations (of energy levels):
coupling with coherences, 364
definition. 258
evolution equations, 272, 283.286. 326.
430.494.602
reduced populations. 433.503
thermodynamic equilibrium, 274,287.
596
transfers of (or flux of populations).
365,494,596
Positive-frequency component. 134.358,
379.380.633
Potentials (scalar or vector), 623
Probe beam, 442.507.608
Projection operators. 174
Propagation (corrections due to). 120. 125
Propagator. 167, 169. 240

Q
Quantization (canonical), 625
Quantum beats (ir, the radiative cascade
of the dressed atom), 426
Quantum electrodynamics:
in Coulomb gauge, 15.621
in the electric dipole picture, 635
in the Pauli-Fierz representation. 147.
152, 155
Quantum jumps. 420.449.453
Quasi-classical state, see Coherent
Quasi-probability (density of). 330
Quasi-resonant:
excitation. 357
intermediate state, 102. 104. 106
scattering, 106
Quasi-steady state (for the radiative
cascade of the dressed atom), 435

R
Rdbi frequency. nutation. or oscillation,
10. 32. 73. 84, 141.203.210. 239.246.
254. 356. 362. 415.418.419.426.451,
460.463
Radiation, see also Fluctuations;
Redistribution of radiation
black-body radiation. 257.260
bremss:rahlung. 76.82. 548, 557
broadband and weak intensity, 260.284.
289.3 12

Index
classical versus quantum descriptions,
355,415. 597
density of energy at frequency o.257.
287,3 I8
isotropic a n d unpolarized. 286. 289. 312
monochromatic, 354. 355,407
reaction, 318. 320, 398
Radiation pressure. 374
Radiative. see also Cascade: Radiative
corrections
broadening. 1 I5
capture. 74
clamping. 283. 354. 367.433.434. 515
disintegration. 112. 187. 584
dissociation. 75
level shifts, 110. 112. 187. 195. 229. 283.
316. 318. 327. 537
lifetime. 73. 187. 515
Radiative corrections:
associated with spontaneous emission.
109. 117. 147
to elastic scattering by a potential. 548
to the y factor. 114.485. 576
mass radiative corrections. 110. 113. 157.
3 19.544. 570
stimulated radiative corrections. 114. 117.
207.317.481.485
Radio-frequency domain. see Dressed
atom: Magnetic resonance
Raman:
scattering. 89
stimulated Raman effect. 90
Rayleigh scattering. 88. 524
Reaction:
radiation reaction. 318. 320. 398
oi the reservoir. 310
Reactive:
force. 373. 376
susceptibility. 309. 3 10
Recoil energy. 71. 78. 101.291. 293.371.
375.523
Redistribution of rddiation:
due to collisions. 501
in a standing wave. 376
Reduced :
density operator. 258.262
populations and coherences (for the
dressed atom). 433. 503. 609
Refraction index. ! 16. 604
Regression theorem (quantum):
for a damped harmonic oscillator. 350
for a two-level atom. 386. 388.402. 439.
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440
Reiche. see Thomas-Reiche-Kuhn
Relaxation by collisions:
in the absence of laser irradiation. 491
in the dressed state basis, 494. 51 1
master equation. 492
master equation in the impact limit. 497
in the presence of laser irradiation. 494
Relaxation equations, see Master equation:
Relaxation by collisions
Relaxation time. 278. 419. 501
Renormalization. 162. 238
Representation:
A * p a n d E * r. 527.529. 537
electric dipole representation, 635
Heisenberg representation. 334. 365. 370.
388.632
interaction representation. 23. 262. 27 I
Pauli-Fierz representation. I 1 i . 147. 151.
537. 548. 557
Schrodinger representation. 7.23.27 1.
633
Reservoir. see ulso Correlation;
Fluctuations; Linear susceptibility:
Reaction
general. 259
one- and two-time averages of reservoir
observables. 264.268
state. 263.284. 596
Resolvent operator. see also Resummation
analytic continuation. 171. 217
analytic properties. 171. 213
connection with the evolution operator.
170.220.242.463
connection with the S-matrix. 223. 233
definition. 170
perturbative expansion. 171. 172
projection onto a subspace. 175. 184. 199.
206.240.464.585
projection between two subspaces. 177.
190, 580
Resonance (associated with a n unstable
state). 97.220
Resonance. see Magnetic resonance: Black
resonances
Resonance tluorescence:
in the dressed iitom picture. 419.421,
424.437.446
expression of signals, 380
fluorescence triplet. 108. 387.424.437
general. 96, 379
intermittent. 45 1

Index
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Resonance fluorescence (Conrinued)
perturbative approach. 107.386
photon correlations. 387,421,425.446
in the presence of collisions, 504
spectral distribution, 108.380.384
total intensity. 380,382
Resonant scattering, 60.88.93.226.530,533
Response, see Linear response
Resummation (of the perturbative
expansion of the resolvent operator):
formal, 172
partial. 180. 185. 191. 194,227,228
Rotating frame. 361. 362. 367
Rotating wave approximation. 357.391.482

S
S-matrix:
connection with the resolvent operator.
223.233
definition. 8. 13,223,233
perturbative expansion, 13.26,29
Saturated absorption, 444.608.615
Saturation parameter, 369
Scalar potential, 623
Scattering (of a photon):
coherent scattering, 105.382. 384.441, 504
Compton scattering. 88.91
cross section. 14.37. 1IS. 524. 527.530.
534
elastic scattering, 88.90.384.441. 527
incoherent scattering, 382.384
inelastic scattering. 89. 91. 384, 386. 4441
quasi-resonant scattering. 106
Raman scattering. 83
Rayleigh scattering. 88. 524
resonant scattering. 60.88.93.226.530
resonant scattering near a level crossing,
533
scattering amplitude. 86.222
Thomson scattering, 90.527
of a wave packet. 96
Scattering of a particle by a potential. 548
Secular (approximation or limit), 270.274.
430.44 I. 443.495
Self-energy:
Coulomb, 15
of an electric dipole. 207. 538.636.639
of a magnetic moment, 575
Self-focusing. 604
Shelving method. 453
Shift. see Level shift

Source:
atoni, 146.381
field, 380.393, 395
Spectral density, 135. 140, 257. 310, 315
Spectral distributions:
of photons absorbed in a probe beam.
442.507
of photons emitted in a radiative
cascade. 195. 196,589
of photons spontaneously emitted by an
excited atom. 189. 195
of resonance fluorescence photons. 108.
380.384.437
Spin(s):
fictitious spin f .361.429.494.495
magnetic interactions between spins. 571
spin dressed by rf photons. 468. See
also Anticrossing: Energy diagram:
Level crossing
Spontaneous emission:
amplitude that the atom remains excited.
I83
amplitude for a photon to be emitted.
189. 195
in a cavity. 73
between a continuum state and a discrete
state. 73
description by a master equation. 282.
42 7
for the dressed atom. 419.427
for a harmonic oscillator. 326. 333. 589
number of photons emitted per unit time
in steady state. 370
in the presence of collisions. 501
rate. 70. 186.257. 515
spectral distribution of emitted photons,
189. 195
between two continuum states. 76
between two discrete atomic states. 69
for two nearby atoms. 585
two-photon spontaneous emission. 98
for a trapped ion. 5 I8
Starkeffect (a.c.). 116.317. Seealso Light
shift
State space. 633
Statistical functions, 302. 313
Steady state:
for atomic velocities. 300
for a damped harmonic oscillator. 329.
333
for the reduced populations and
coherences of the dressed atom. 433.
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Index
503
for a two-level atom. 287. 368
Stern-Gerlach effect (optical). 456
Stimulated emission:
connection with dipole forces. 376
in the dressed atom picture. 417
general. 78
for a harmonic oscillator. 326
rate. 257. 285.602
for a two-level atom. 257. 285
Stokes. anti-Stokes (Raman scattering). 89
Superradiance and subradiance. 585
Susceptibility. see Linear susceptibility;
Nonlinear susceptibility

T
Thermodynamic equilibrium. 274.286.
300. 3 15.329.333.337.344.596
Thomas-Reiche-Kuhn (sum rule). 527
Thomson (scattering). 90, 527
Three-level atom:
black resonances. 454
collisionally aided radiative processes.
499. 507. 508
driven by two laser beams. 442.445.
45 I
intermittent fluorescence, 451
Tied transverse field. 147, 148. 162. 560
Time scales. 259.267.278.371.419.501
Townes. see Autler-Townes
Transformation, see Unitary transformation
Transient regime. 367.433.436
Transition amplitude. see UISG
Diagrammatic representation:
Nonperturbative
basic properties. 5. 7. 165
to first order with respect to the
coupling. I I. 26
interference between transition
amplitudes. 105. 108. 197. 467. 508. 537.
589. 594
nonperturbativc calculation, 72. 165. 199.
222.233
perturhative calculation. 1 I . 13. 19.23. 25
to second order with respect to the
coupling. 28
time evolution. 9
Transition matrix, 13. 94, 95. 225. 236
Transition rate, see the corresponding eniries
for the various processes; see also Fermi;
Master equation; Populations

Translation operator, see also Degrees of
freedom
for a and a'. 151,563,598,634
for a particle, 154
Transverse delta function, 124. 628
Transverse field, 622,623,638. See also Tied
transverse field
Traps (for neutral atoms), 378.458
Triplet (fluorescence triplet):
central component. 108.424.440.504
dressed atom approach, 424,437
optical Bloch equation approach, 384.
386
in the presence of collisions, 504
sidebands. 108,424,439, 504
Two-level atom, see also Dressed atom;
Langevin equation
absorption or induced emission, 284,
417
analogy with a spin 361
collisional relaxation. 491
comparison with a harmonic oscillator.
392
master equation, 282
nonlinear susceptibility. 604
optical Bloch equation, 355
quasi-resonant scattering. 93. 106
spontaneous emission, 183.282

iq

U

Unitary transformation, 41. 151, 571. 577.
597
Unstable states, 217

V
Vacuum:
field. 380
fluctuations, 111, 113. 160.259, 315. 317.
320,398,547,576
state, 69, 109. 147. 282. 634
Van der Waals interaction, 121. 124
Variance (rate of variation of). 336. 346
Vector potential. 623
Velocity(ies) (atomic):
damping rate, 298
diffusion coefficient. 298,299
distribution function, 293
evolution equation, 289
operator, 564.629.637
Vertex, 20
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Vibration:
of a particle in the transverse field. 154.
161
of a trapped ion, 520
Virtual:
absorption and re-emission, 40. 109.
1I4
emission and re-absorption, 40. 109. 112.
118.228
photons, 122. 162.229.230.553
transition. 48

W
Wave mixing, 509.604
Wave packet (scattering of or excitation
by), 96,231.580
Weisskopf-Wigner (exponential decay), 56.
239.249
Width, see Natural width
Wiechert. see Lienard-Wiechert potentials
Wiener-Khinchine theorem, 340
Wigner-Brillouin expansion, 229
Wigner distribution. 331

