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Part

Introductory Calculations

Heat-Transfer Calculations opens with eight brief industrial
heat-transfer calculations. While they are short, especially
when compared to the calculations that make up the bulk of
this handbook, these opening calculations are not trivial. And
they deal with real life, which is the hallmark of the
calculations throughout the book:

m A chemical processing technology that needs a thinner liquid
film coating for better adhesive properties of a new product

® A new passive method of cooling an electronic assembly that
uses a closed-loop thermosyphon

» During casting of an industrial metal component, a more
efficient gating and risering system that minimizes the amount
of metal poured to produce a good casting

® A furnace wall in a coal-fired power plant

m A reinforced-concrete smokestack that must be lined with a
refractory on the inside

m The condenser in a large steam power plant
m The duct of an air conditioning plant

® A concentric tube heat exchanger with specified operating
conditions

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.
Any use is subject to the Terms of Use as given at the website.



Introductory Calculations

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.
Any use is subject to the Terms of Use as given at the website.



Source: Heat-Transfer Calculations

Chapter

Multiphase Films
and Phase Change

Greg F. Naterer

University of Ontario Institute of Technology
Oshawa, Ontario, Canada

Problem 1

A chemical processing technology needs a thinner liquid film coating for
better adhesive properties of a new product. The film flows down under
gravity along an inclined plate. Effective thermal control is needed to
achieve a specified level of adhesive quality. This goal is accomplished
by changing the wall temperature at a certain point along the plate,
which affects the thermal boundary layer within the film. Before eval-
uating heat transfer based on the Nusselt number, the film velocity is
needed to predict thermal convection within the film. Then the growth
of the thermal boundary layer can be determined. The spatial profile
of temperature remains constant, after the point where the edge of
the thermal boundary layer reaches the edge of the film. This point is
needed for sizing of the processing equipment. Thus, a thermal analysis
is needed to find the film velocity, boundary-layer growth, and Nusselt
number for evaluating the temperature within the film. This processing
temperature affects the adhesive properties of the film.

Consider a liquid film (ethylene glycol at 300 K) during testing of
the chemical process. The film slows steadily down along a flat plate
in the x direction. The plate is inclined at an angle of 6 with respect to
the horizontal direction. The x position is measured along the direction
of the plate. It is assumed that the film thickness 8 remains nearly uni-
form. A reference position of x = 0 is defined at a point where the wall
boundary conditions change abruptly. Before this point, the film, wall,
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1.4 Introductory Calculations

and air temperatures are 7). Then the surface temperature increases
to T, (downstream of x = 0) and a thermal boundary layer &, develops
and grows in thickness within the film.

Part (a) Using a reduced form of the momentum equation in the liquid
film, as well as appropriate interfacial and wall boundary conditions,
derive the following velocity distribution in the film:

o (VY (Y

v=2 (6) (5)
where U refers to the velocity at the film-air interface. Neglect changes
of film velocity in the x direction along the plate.

Part (b) Consider a linear approximation of the temperature profile
within the thermal boundary layer, specifically, T' = a + by, where the
coefficients a and b can be determined from the boundary conditions.
Then perform an integral analysis by integrating the relevant energy
equation to obtain the thermal boundary-layer thickness 87 in terms of
x,d, U, and a. For U = 1 cm/s and a film thickness of 2 mm, estimate
the x location where 8y reaches the edge of the liquid film.

Part(c) Outline a solution procedure to find the Nusselt number, based
on results in part (b).

Solution

Part(a) Start with the following mass and momentum equations in the
film:

ad a
HL% o (1.1)
ax  ady
u u ap 9%u )
- - _ZZ - 0 1.2
puax—i-pva 8x+M8y2+pg(Sm ) (1.2)

From the continuity equation, the derivative involving u vanishes since
the terminal velocity is attained, and thus v equals zero (since dv/dy = 0
subject to v = 0 on the plate). As a result, both terms on the left side of
Eq. (1.2), as well as the pressure gradient term (flat plate), disappear
in the momentum equation. Also, we have the boundary condition with
a zero velocity at the wall (y = 0) and an approximately zero velocity
gradient at the air-water interface. The gradient condition means that
du/0y = 0 at y = 3 as a result of matching shear stress values (. du/9y)
on both air and water sides of the interface and p, < py.
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Integrating the reduced momentum equation, subject to the bound-
ary conditions, we obtain the result that

uy) = g(sinb) <6y - 1yz) (1.3)
v 2

Substituting y = d into Eq. (1.3) gives the following expression for the
velocity at the air-water interface:

: 2
U:g(sll)ne) (%) (1.4)

Combining Eqs. (1.3) and (1.4), we have

b2

Part (b) Assuming steady, two-dimensional (2D), laminar, incompress-
ible flow in the liquid film, with negligible stream-wise conduction and
viscous dissipation, we have the following governing energy equation:

3 9 92T
— Wl + —@T) = a— 1.
8x(u )+8y(v ) O‘ay2 (1.6)

where the second term vanishes as a result of the previous discus-
sion (v = 0). Multiplying Eq. (1.6) by dy, integrating across the thermal
boundary layer from O to 87, and invoking the Leibniz rule, we have

d [ 3%y aT aT

T @T)dy — a—ugTTéT = —a— 1.7)

&1

x Jo y 9y [or ay lo
The first term on the right side of Eq. (1.7) vanishes since it will be
assumed that the fluid above and near y = &y is isothermal at T' = Tj.
Although this assumption cannot be directly applied in the linear tem-
perature profile, it nevertheless arises in more accurate temperature
profiles (such as quadratic or cubic curve fits) and thus is adopted here.

Since the temperature distribution is assumed as T' = a + by, we can
now obtain the unknown coefficients and use the results in Eq. (1.7).
After applying the boundary conditions of T=T, at y =0 and T = Tj
at y = dp, we obtain the following distribution:

C’B—ﬂ)
— )Y
T

T:Tn+< (1.8)
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Substituting Eqgs. (1.5) to (1.8) into Eq. (1.7) and dividing by U(T,, —
Ty) = UAT, we obtain

i PO - ) a2 6)-(3)

ZU—ST

Performing the integration, simplifying, and rearranging terms, we
obtain

(1.9)

d 28 38| «
_ _ 1.1
dx [ 95 48%| U (1.10)

Integrating Eq. (1.10) subject to 87 = 0 at x = 0, we have

28 38 «

95 1y - T" (1.11)
Solving this equation for 8 = & gives the location where the film and
thermal boundary-layer edges coincide. At this location, x ~ 0.16U8% /.
Substituting numerical values for the specified interfacial velocity, film
thickness, and property values of ethylene glycol at 300 K, the x location
becomes 6.8 cm.

Part (c) Finally, the local Nusselt number can be obtained by

_hx  (qu/AT)x  kATx  x
N = = T kare o (1.12)

where 87 is obtained from the solution of Eq. (1.11).

Problem 2

A new passive method of cooling an electronic assembly involves the
use of a closed-loop thermosyphon, which absorbs heat along its boiling
surface and rejects heat in the condensing section (see Fig. 1.1). The ap-
proach must be tested to determine whether it can be used as a retrofit
option to augment thermal management of an existing system. As the
heat flux increases and generates a higher rate of condensate return
flow along the walls, the higher vapor velocity may produce apprecia-
ble effects of shear forces that entrain liquid from the return flow. This
entrainment disrupts the thermosyphon operation, unless an adequate
surface area of return flow is provided. This problem investigates how
the required surface area is related to the condensation flow rate within
a thermosyphon.
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heat output «<— —> condensing
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boiling section

8
heat input T T

Figure 1.1 Schematic of a closed-loop thermosyphon.

Consider a cylindrical copper thermosyphon divided into a lower in-
sulation section (3 cm) and an upper condensing section (3 cm). The
thermosyphon is oriented vertically with the heater surface at 120°C
along the bottom boundary. Saturated water is boiled at atmospheric
pressure above the heater. The top surface (above the condensation sec-
tion) is well insulated. What surface area is required to produce a total
condensation flow rate of 0.03 g/s at steady state?

Solution

A thermosyphon of 6 cm length under steady-state operation is consid-
ered in this problem. The properties of saturated liquid water at 100°C
are p; =279 x 1075 kg/ms, Pr; = 1.76, hp, = 2257 kd/kg, c,; = 4217
J/kg K, p; = 958 kg/m?, and o = 0.059 N/m. For saturated vapor at
100°C, the density is p, = 0.596 kg/m®. For saturated liquid water at
82°C (initially assumed surface temperature of the condenser), the
properties are p; = 971 kg/m3, cpr =42 kd/kg K, b =0.671 WmK,
and p; = 343 x 107% kg/ms.
For nucleate boiling, the following correlation is adopted [1]:

" 81— p)1? [eps(To — Tear)
= wh L 1.13
o = fg[ o ] s, thygPry 1

Using appropriate coefficient values for ¢; y and n based on a water-
copper arrangement, we obtain

9.8(958 — 0.596) 72
gl =279 x 10 x 2,257,000[ ( )}

0.059

[ 4217(120 — 100) T

0.013 x 2,257,000 x 1.76 (1.14)

and so g/, = 1.09 x 10 W/m?.

/)
S
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Assuming a condensing surface temperature of 7; . = 82°C (return-
ing and iterating afterward as required)

By, = hpg+0.68c,(Tiat — Tic) = 2257 x 10° + 0.68(4200)18
= 2.308 x 10°kJ /kg (1.15)
Thus, the heat removed through the condensing section is
e = 1hs, = 3 x 107°(2.308 x 10°) = 69.2 W (1.16)

Also, on the basis of conservation of energy for the entire system, the
heat removed through the condenser must balance the heat added from
the heat source to the boiling section:

DZ
g =ql, <—1T4 ) (1.17)

which requires a thermosyphon diameter of

D [ 4(69.2)

1/2
_228 | _0.009m =9 1.18
7(1.09 x 106)} m=Jmn (1.18)

For a cylindrical thermosyphon length of 6 cm, this diameter yields a
total surface area of about 0.0018 m?.

The initially assumed condensing surface temperature should be
checked. For heat transfer in the condensing section, we obtain

qc = 69.2 = EcﬂDLc(nat - Tsc) (1.19)

where

(1.20)

1/4
_ (p1 — p)EPH
B = 0.943 |:gpl P — PulR fg:|

Pvl(Tsat - T;,C)LC
Substituting numerical values yields

9.8(971)(971 — 0.596)0.671%(2.308 x 105)
343 x 10-6(0.03)

1/4
} 7(0.009)0.03(100 — T; )3/

(1.21D)

69.2 =0.943 [

Solving this equation gives a surface temperature of 95.5°C.
The updated temperature value can be used to recalculate prop-
erty values, leading to updated 7/;, and g. values, and iterating until
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convergence is achieved. Also, the flow Reynolds number is

, -5
Res — 4m 4(3 x 107°)

= = =124 1.22
pwD 343 x 10-6(w)0.009 ( )

which supports the previous use of a laminar flow correlation since
Re; < 30. The Reynolds number is smaller than the value correspond-
ing to transition to laminar-wavy flow.

Problem 3

During casting of an industrial metal component, a more efficient gating
and risering system is needed, in order to minimize the amount of metal
poured to produce a good casting. Solidification of liquid metal within
the mold during the casting process depends largely on the external rate
of cooling. This problem considers a one-dimensional analysis to predict
spatial and time-varying changes of temperature within a solidified
material. These estimates of temperature profiles within the solid are
needed to predict transition between columnar and equiaxed dendrite
formations, as well as dendrite fragmentation. Mechanical properties
of the solidified material are adversely affected if the solid temperature
falls too rapidly and produces an unstable dendritic interface.

Consider a region of liquid tin, which is initially slightly above the fu-
sion temperature (Tr = 505 K), that is suddenly cooled at a uniform rate
through the wall at x = 0. Solidification begins and the solid-liquid in-
terface moves outward from the wall. The thickness of the liquid region
is much larger than the growing solid layer, so conduction-dominated
heat transfer within a one-dimensional (1D) semi-infinite domain is
assumed.

Part (a) Using a quasi-stationary approximation, estimate the temper-
ature variation within the solid as a function of position x. Express your
answer in terms of the wall cooling rate, time, thermophysical proper-
ties, and T¥.

Part (b) How long would it take for the temperature to drop to 500 K
(or 99 percent of Tf) at x = 4 cm, when the wall cooling rate is 8 kW/m??

Solution
Part (a) According to the 1D quasi-stationary approximation for heat
transfer in the solid, we have

9*T;

75 =0 (1.23)
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subject to T; (X, t) = Ty with X(0) = 0. The following interfacial heat

balance at x = X is obtained because no initial superheating occurs in
the liquid region:

=Qqu (1.24)

where q,, is a specified constant.
Integrating Eq. (1.23) and imposing the condition of Eq. (1.24), we
obtain
dT; Qw
= C = —
dx — 'k
Integrating again and matching the temperature with Ty at x = X, we
have

(1.25)

Qu

TZQX9 =
X, 1) A

X+Cy =Ty (1.26)
This result yields the following result for temperature in the solid:
L =Ty - $4X —x) (1.27)

Substituting the differentiated temperature into Eq. (1.24), we obtain
Qw dX

ks|—)=pL— 1.28

<%) Pl (1.28)

The right side represents latent heat released at the interface, which
balances the rate of heat conduction from the interface on the left side
of the equation. Integrating the result subject to X (0) = 0, we have

Qw
X=——t 1.29
oL (1.29)

which can be substituted into Eq. (1.27) to give

T =T - %w (g—zt - x> (1.30)

This result is approximately valid for ¢ > 0 since the transient deriva-
tive was neglected in Eq. (1.23).

Part (b) At a specified time #;, the temperature reaches a specified frac-
tion of Tf, denoted by aTf, when

aly =Ty — v <q—“’ts - x) (1.31)
P
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This result can be rearranged in terms of the position x; as follows:
G

T
X =t —(1—0L)]u

(1.32)
pL Qw

Using the thermophysical properties for tin, as well as the given nu-
merical values in the problem statement, we obtain

2,
8000 £ —0.01 x 229 x (505) (1.33)

0.04 = 6940 x 59,000 Tl 8000

A time of 3116 s is required before the temperature at x = 0.04 m
reaches 500 K, or 99 percent of the fusion temperature.

Reference

1. G.F. Naterer, Heat Transfer in Single and Multiphase Systems, CRC Press, Boca Raton,
Fla., 2002.
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Industrial
Heat-Transfer
Calculations

Mohammad G. Rasul

School of Advanced Technologies and Processes
Faculty of Engineering and Physical Systems
Central Queensland University

Rockhampton, Queensland, Australia

Introduction

Heat transfer is an important aspect of thermodynamics and energy.
It is fundamental to many engineering applications. There is a heat or
energy transfer whenever there is a temperature difference. Engineers
are often required to calculate the heat-transfer rate for the application
of process technology. A high heat-transfer rate is required in many in-
dustrial processes. For example, electrical energy generation in a power
plant requires a high heat transfer from the hot combustion gases to the
water in the boiler tubes and drums. There are three different modes of
heat transfer: conduction, convection, and radiation. In practice, two or
more types of heat transfer occur simultaneously, but for ease of calcula-
tion and analysis, the modes may be separated initially and combined
later on. Details of heat-transfer analysis, design, and operation can
be found elsewhere in the literature [1-5]. In this chapter basic heat-
transfer equations with several worked-out examples on heat-transfer
calculations and thermal design of heat-exchange equipment, usually
used in process industries, are presented.

21
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2.2 Introductory Calculations

Basic Heat-Transfer Equations

The heat-transfer rate is the amount of heat that transfers per unit time
(usually per second). If a hot metal bar has a surface temperature of
on one side and # on the other side, the basic heat-transfer rate due to
conduction can be given by

Q = UA At (2.1)

where @ = heat-transfer rate in watts (W)
U = heat-transfer coefficient in W/m? K
A = surface area of the hot metal bar in m
At = to — t; = temperature difference in kelvins

2

If a hot wall at a temperature % is exposed to a cool fluid at a tempera-
ture #; on one side, the convective heat-transfer rate can be given by

Q = hAAt (2.2)

where 4 is the convective heat-transfer coefficient in W/m? K. The con-
vective heat-transfer coefficient is usually given a special symbol, A, to
distinguish it from the overall heat-transfer coefficient U.

Because of the many factors that affect the convection heat-transfer
coefficient, calculation of the coefficient is complex. However, dimen-
sionless numbers are used to calculate & for both free convection and
forced convection [1-5]. For forced convection, the formula expressing
the relationship between the various dimensionless groups may gener-
ally be written in the following form:

Nu = A Re® Pr® (2.3)

where Nu= hd/\, Re = pvd/p, Pr = pnC,/\, and A, a, and b are constant
for the particular type of flow [1-5]. Here, Nu is the Nusselt number, Re
is the Reynolds number, and Pr is the Prandtl number; d is the diameter
or characteristic dimension in meters, \ is the thermal conductivity in
W/m K, p is the density in kg/m3, . is the dynamic viscosity in pascals,
and C, is the specific heat capacity at constant pressure in kd/kg K.

For composite materials in series as shown in Fig. 2.1, the overall
heat-transfer coefficient U due to combined conduction and convection
heat transfer is given by

= —+ X+ — (2.4)

where hj = heat-transfer coefficient of fluid film A
hp = heat-transfer coefficient of fluid film B
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0 Q
e 816, s =A N ANN—

R, R, R, R, R, Ry

Figure 2.1 Heat transfer through a composite wall [5].

N\ = thermal conductivity of materials
x = wall thickness

Thermal resistance R is the reciprocal of U for unit area; therefore

Xn 1
= A BT A

1 X1

RA=mv 1=m,-~,

R,

The total resistance to heat flow in series is then given by

1 X 1
= .. = 4y 4 -
Rr=Rs+R+R+---+R,+Rg or Rr hAA+ )\A+hBA
(2.5)
Similarly, the total resistance in parallel is given by
1 1 1 1 1 1
> =5 Tt tot+ttom+5 (2.6)
RT RA Rl Rz Rn RB

The overall heat-transfer coefficient U is then given by U = 1/RrA.
The total resistance to heat flow through a cylinder, which has cross-
sectional inner radius of ; and outer radius of ry, is given by

Ry — 1 +Zln(r2/r1) 1

oA, omN A, 2.7

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.
Any use is subject to the Terms of Use as given at the website.



Industrial Heat-Transfer Calculations
2.4 Introductory Calculations
The total resistance to heat flow through a sphere, which has inner
radius of r; and outer radius of rq, is given by

_ 1 > ro —ri n 1
o hOAO 41T)\7‘17‘2 hiAi

Ry (2.8)
where subscripts i and o represent inside and outside, respectively.

Any material which has a temperature above absolute zero radiates
energy in the form of electromagnetic waves. The wavelength and fre-
quency of these waves vary from one end to the other end over the
spectral band of radiation. It was discovered experimentally by Stefan
and verified mathematically by Boltzmann that the energy radiated
is proportional to the fourth power of the absolute temperature. The
Stefan-Boltzmann law of radiation is given by

Q =coA(ty —t}) (2.9)

where t; = absolute temperature of body in kelvins

t; = absolute temperature of surroundings in kelvins
o = Stefan-Boltzmann constant (56.7 x 1072 W/m? K*)
€ = emissivity (dimensionless)

Equation (2.9) indicates that if the absolute temperature is doubled,
the amount of energy radiated increases 16 times. However, over a re-
stricted range of Celsius temperatures, little error is introduced by cal-
culating an equivalent heat-transfer coefficient for radiation #x defined
by [1]

Q =ecA(ty —t}) = hrAll, — t1) (2.10)

Therefore, hg = [ea(t; — t})/(t2 — t1)] equivalent radiation heat-transfer
coefficient.

Heat Exchanger

The equipment used to implement heat exchange between two flow-
ing fluids that are at different temperatures and separated by a solid
wall is called a heat exchanger. Heat exchangers may be found in appli-
cations such as space heating and air conditioning, power production,
waste-heat recovery, and chemical processing. Different types of heat
exchangers are used in process industries [2,7]:

Concentric tube

= Counterflow
= Parallel flow
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Crossflow

= Single pass

8 Chax (mixed), Cpin (unmixed)
® Cmin (mixed), Cmax (unmixed)

Shell and tube

= Single-shell pass and double-tube pass
= Multipass and so on

There are two basic methods of heat-exchanger analysis: logarith-
mic mean-temperature-difference (LMTD) method and the number-
of-transfer-units (NTU) method. Details on heat-exchanger analysis, de-
sign, and operation can be found in the book by Shah and Sekulic [2]. In
LMTD method, the heat-transfer rate can be calculated by the following
equation for a concentric tube heat exchanger as shown in Fig. 2.2:

At; — Ale

_— and A=mdl
1n(At1/At2)

(2.11)

Q = UAAg, where Al =

In the NTU method, effectiveness (¢) is calculated through NTU as
follows:

e—NTU(l—R)
&= {1 ReNTUG-R (2.12)
lF[u'd B tFluid B
_ | X 2 L 1 X 2
Fud | ST T Flid At e—o—TaT] Fluid
A S S — o S T— —» — ] —> [ > > am A
| e i L S~ [ Y= — |[— <
' § | m * T
i Fluid B
Temp. 4 | Fluid B Temp.‘l [ ui
1 2
ta 2 4 X
1 X 1
N Ar,&
ty —r, Ly, At
Aty At Aztz ty
tp /tB! L,
Aty
tg, X X Iy,
-] | Length ! — | Length /
di dl
(a) (b)

Figure 2.2 Parallel-flow (@) and counterflow (b) concentric heat exchangers and the tem-
perature distribution with length [5].
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where NTU = UA/Cminv R= Cmin/CmaXv €= Q/ Qmaxa and Qmax =
Chin(tp; —t. ;). Then C = mC), and C,, is evaluated at the average tem-
perature of the fluid t,v; = (& +1,)/2.

Worked-out Examples

The following assumptions have been made to solve the worked-out
examples presented below:

m Negligible heat transfer between exchanger and surroundings

m Negligible kinetic-energy (KE) and potential-energy (PE) change

m Tube internal flow and thermal conditions fully developed

m Negligible thermal resistance of tube material and fouling effects

» All properties constant

Example 1

In a coal-fired power plant, a furnace wall consists of a 125-mm-wide
refractory brick and a 125-mm-wide insulating firebrick separated by
an airgap as shown in Fig. 2.3. The outside wall is covered with a 12 mm
thickness of plaster. The inner surface of the wall is at 1100°C, and the
room temperature is 25°C. The heat-transfer coefficient from the out-
side wall surface to the air in the room is 17 W/m? K, and the resistance
to heat flow of the airgap is 0.16 K/W. The thermal conductivities of the
refractor brick, the insulating firebrick, and the plaster are 1.6, 0.3, and
0.14 W/m K, respectively. Calculate

1. The rate of heat loss per unit area of wall surface.
2. The temperature at each interface throughout the wall.

3. The temperature at the outside surface of the wall.

Refractory Air gap Firebrick

brick \ / (P}aster

1100°C
Air

O\

SN\

NN

SN

S\

Furnace

NN

i3

M

4 Figure 2.3 Composite wall for Example 1.

25°C
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Solution

Known. Specified thermal conductivities and thickness of wall mate-
rials, the room temperature, and the wall surface temperature.

Analysis

1. Consider 1 m? of surface area of the wall in Fig. 2.3. Then, using
equation for resistance, we have

125
Resistance of refractory brick = )\iA =16 <10°
=0.0781 K/'W
Similarly
Resistance of insulating firebrick 125 0.417 K/'W
1 1 1 1 = ———— = U.
wating 0.3 x 105
Resistance of plaster = L = 0.0857 K/'W
P T014x100
. . . 1 1
Resistance of air film on outside surface = PAT 17 0.0588 K/'W

Resistance of airgap = 0.16 K/'W

Hence, the total resistance is Ry = 0.0781 + 0.417 + 0.0857 + 0.0588 +
0.16 = 0.8 K/W. Using the heat-transfer rate equation, we have @ =
(ta — tg)/ Ry = (1100 — 25)/0.8 = 1344 W, thus the rate of heat loss per
square meter of surface area is 1.344 kW.

2. Referring to Fig. 2.3, the interface temperatures are ¢, t,
and t3; the outside temperature is #;. Using the thermal resistance
calculated above, we have @ = 1344 = (1100 — ¢;)/0.0781; therefore
t1 = 995°C. Similarly, @ = 1344 = (t; — t2)/0.16; therefore t; = 780°C.
Also, @ = 1344 = (t; — t3)/0.417; therefore t; = 220°C, and @ = 1344 =
(t3 — t4)/0.0857; therefore ¢, = 104°C.

3. The temperature #; can also be determined by considering the heat-
transfer rate through the air film, @ = 1344 = (¢, — 25)/0.0857; there-
fore ¢4 = 104.1°C. The temperature at the outside surface of the wall is
104.1°C.

Example 2

In a process industry, a reinforced-concrete smokestack must be lined
with a refractory on the inside. The inner and outer diameters of the
smokestack are 90 and 130 cm, respectively. The temperature of the
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d,=90 cm

.
/ \E\

t
’ Iltz
i

]

77777,

d Figure 2.4 Figure for Example 2.
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\ 4

d;=130 cm

inner surface of the refractory lining is 425°C, and the temperature of
the inner surface of the reinforced concrete should not exceed 225°C.
The thermal conductivity A of the lining material is 0.5 W/m K, and
that of the reinforced concrete is 1.1 W/m K. Determine the thickness
of the refractory lining and temperature of the outer surface of the
smokestack under the conditions that the heat loss must not exceed
2000 W per meter height.

Solution

Known. Referring to Fig. 2.4, ro = 45 cm, r3 = 65 cm, #; = 425°C, and
to = 225°C, and thermal conductivities are as specified.

Analysis. The smokestack can be considered as a case of heat transfer
through a cylinder. For heat transfer across a cylinder, we have

2 —t) 2wl —t3)
(/A In(re/r1)  (1/A9) In(r3/r2)

Q
Substituting values, we obtain

2m(425 — 225)
(1/0.5)In(45/r1)

2000 =

Therefore, r1 = 32.87 cm or d; = 65.74 cm. Then the lining thickness is

de—dl _ 90 - 65.74 1913 em

3
2 2
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Therefore
2mw(225 — t3)

2000 = t = 118.6°C
1/10In65/45) O ®

The temperature of the outer surface of the smokestack is 118.6°C.

Example 3

In a large steam power plant, the condenser (where steam is condensed
to liquid) can be assumed as a shell-and-tube heat exchanger. The heat
exchanger consists of a single shell and 30,000 tubes, each executing
two passes. The tubes are constructed with d = 25 mm and steam con-
denses on their outer surface with an associated convection coefficient
of h, =11,000 W/m? K. The heat-transfer rate @ is 2 x 10° W, and this
is accomplished by passing cooling water through the tubes at a rate of
3 x 10* kg/s (the flow rate per tube is therefore 1 kg/s). The water enters
at 20°C, and the steam condenses at 50°C. What is the temperature of
the cooling water emerging from the condenser? What is the required
tube length per pass?

Solution

Known. Specifications of a shell-and-tube heat exchanger with speci-
fied heat flow rate and heat-transfer coefficient. Water inlet and outlet
temperatures.

Properties. Assume cold-water average temperature = 27°C, from
thermophysical properties of saturated water [3, app. A6], C, = 4179
J/kg K, n = 855 x 1078 N s/m?, A = 0.613 W/m K, and Pr = 5.83.

Analysis. The cooling-water outlet temperature can be determined
from the following energy-balance equation:

Q =m.Cpolteo—t.;) or  2x10°=30,000 x 4179(, — 20)

Therefore ¢, , = 36°C.

The heat-exchanger design calculation could be based on the LMTD
or NTU method. Assuming the LMTD method for calculation, we have
Q@ = UA Aty,, where A= N x 2 x wdl and

1
(1/h;) + (1/hs)

Here, h; may be estimated from an internal flow correlation, with
Reynolds number (Re) given as

4m 4x1
Re— " _ — 59,567
©= 7dp T 7 (0.025) 855 x 105
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Therefore, the flow is turbulent. Using dimensionless correlation [1,3],
we have Nu = 0.023Re”® Pr’* = 0.023(59,567)°8(5.83)* = 308. Hence

N 0.613 9
Therefore
U= 1 = 4478 W/m? K
(1/7552) + (1/11,000)
(tni — te.o) — o —tei) (50 — 36) — (50 — 20)
Aty = : : - — = =21°
i In[(tn; — te.0)/(Eno — tei)] In(14/30) c
Q 2 x 10°

=451m

l == =
UQCNwd)AY,,  (4478)(30,000 x 21 x 0.025) x 21

Example 4

In an air-conditioning plant, fluid at 20°C flows through a duct which
has a wall thickness of 100 mm. The surrounding temperature
is 10°C. The convective heat-transfer coefficient inside the duct is
12 W/m? K, and that of outside is 5 W/m? K. The thermal conductivity
of the duct is 0.5 W/m K, and the external emissivity is 0.85. Assum-
ing negligible internal radiation, determine the heat flow rate through
the duct per square meter of duct surface and external wall surface
temperature. Use an initial trial value of 40°C for external duct wall
temperature.

Solution

Known. Specifications of an air-conditioning duct and specified oper-
ating conditions. Inside and outside heat-transfer coefficients.

Analysis
Trial 1. The external duct wall temperature ¢ = 40°C = 313 K. The
equivalent heat-transfer coefficient for external radiation is given by

_ ecAlt; —t{)  0.85 x 56.7 x 1079(313* — 283*)

=5.115 W/m? K
to — 11 40 — 10 5.115 W/m

hr

Therefore, the combined convection-radiation heat-transfer coefficient
outside is A, = 5.115+ 5 = 10.115 W/m? K.
The overall heat-transfer coefficient U can be determined by

1 1

1_1 ¢ 1 1 0.1 1
U K A

t =12 05 T 10115 0382
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Therefore, the overall heat-transfer coefficient U = 2.616 W/m? K and
Q = UA At = 2.616 x 190 = 497.13 W.

The outside temperature differenceis At = 497.13/10.115 = 49.15°C.
Therefore, t = 49.15 + 10 = 59.15°C.

Trial 2. t =59.15°C = 332.15 K. The equivalent heat-transfer coef-
ficient for external radiation is now

At — 19 0.85 x 56.7x1079(332.15* — 283+
hp E0AUz — 1) _ 0.85 x 56.7x107( ) 5645 W/m?2K
o—t 49.15

The combined convection-radiation heat transfer coefficient outside is
then h, = 5.645 + 5 = 10.645 W/m? K. Therefore

1 X 1 1 0.1 1
Ok I Th 1205 " 106a5 ~ 0377

Therefore the overall heat-transfer coefficient U = 2.65 W/m? K and
Q =UA At =2.65 x 190 = 503.6 W. The outside temperature differ-
ence is At = 503.6/10.645 = 47.3°C; therefore ¢t = 47.3 + 10 = 57.3°C.

Further iterations could be made to refine the accuracy even more,
but these are unnecessary as this result is only a small improvement.
Therefore, the heat flow rate is 503.6 W and the wall temperature is
57.3°C.

Example 5

A concentric tube heat exchanger with an area of 50 m? operating under
the following conditions:

Inlet Outlet
Heat capacity temperature temperature
Description rate Cp, kKW/K t,°C t,, °C
Hot fluid 6 70 —
Cold fluid 3 30 60

1. What would be the outlet temperature of hot fluid?

2. Is the heat exchanger operating in counterflow or parallel flow or
cannot be determined from the available information?

3. Determine the overall heat-transfer coefficient.
4. Calculate the effectiveness of the heat exchanger.

5. What would be the effectiveness of this heat exchanger if its length
were greatly increased?
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th,i = 7OOC _
A= 10 C,= 6 kW/K

teo = 60°C

Figure 2.5 Counterflow concen-

tric heat exchanger and its

temperature distribution for Ex-
» ample 5.

C.= 3 kW/K

Solution

Known. Specified operating conditions of heat exchanger including
heat capacity rate.

Analysis

1. The outlet temperature of hot fluid can be determined using the
energy-balance equation as follows: @ = C.(t.o — t.i) = Chtni — tho)
or 3000(60 — 30) = 6000(70 — #,,). Therefore, #;, , = 55°C.

2. The heat exchanger must be operating in counterflow, since #,, < Z,.
See Fig. 2.5 for temperature distribution.

3. The rate equation with A = 50 m? can be written as
Q = Cc(tc,o - tc,i) =UA Atlm

At; — Ale _ (70 — 60) — (565 — 30)
In(AL /Al In(10,/25)

Aty = =16.37°C

Therefore, 3000(60 — 30) = U x 50 x 16.37, soU = 109.96 W/m? K.

4. The effectiveness with the cold fluid as the minimum fluid C, = Cpjn
is

Q _ Cc(tc,o - tc,i) _ 60 — 30

= = = =0.75
Qmax Cmin(th,i - tc,i) 70 — 30

€

5. For a very long heat exchanger, the outlet of the minimum fluid
Chnin = C. will approach #, ;:

Q

Qmax

Q = Cmin(tc,o - tc,i) = Qmax € 1
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Example 6

You have been asked to design a heat exchanger that meets the following
specifications:

Inlet Outlet
Mass flow temperature temperature
Description rate m, kg/s t,°C t, °C
Hot fluid 28 90 65
Cold fluid 27 34 60

As in many real-world situations, the customer hasn’t revealed or
doesn’t know the additional requirements that would allow you to pro-
ceed directly to a final design. At the outset, it is helpful to make a
first-cut design based on simplifying assumptions, which may be eval-
uated later to determine what additional requirements and tradeoffs
should be considered by the customer. Your submission must list and
explain your assumptions. Evaluate your design by identifying what
features and configurations could be explored with your customer in
order to develop more complete specifications.

Solution

Known. Specified operating conditions of heat exchanger including
mass flow rate.

Properties. The properties of water at mean temperature, determined
from thermophysical properties of saturated water [3], are given in
Table 2.1.

Analysis. Using the rate equation, we can determine the value of
the UA product required to satisfy the design criteria. Sizing the heat
exchanger involves determining the heat-transfer area A (tube
diameter, length, and number) and associated overall convection co-
efficient U such that U x A satisfies the required UA product.

TABLE 2.1 Properties of Saturated Water at Mean Temperature

Hot-water mean Cold-water mean
Description Units temperature, 77.5°C temperature, 47°C
Density p kg/m? 972.8 989
Specific heat C, kd/kg K 4.196 4.18
Viscosity p kg/m-s 3.65 x 10704 5.77 x 10704
Conductivity A W/m K 0.668 0.64
Prandtl number Pr — 2.29 3.77
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Your design approach should have the following five steps:

1. Calculate the UA product. Select a configuration and calculate
the required UA product.

2. Estimate the area A. Assume a range of area for overall coeffi-
cient, calculate the area, and consider suitable tube diameter(s).

3. Estimate the overall convection coefficient U. For selected tube
diameter(s), use correlations to estimate hot- and cold-side convection
coefficients and overall coefficient.

4. Evaluate first-pass design. Check whether the A and U values
(U x A) from steps 2 and 3 satisfy the required UA product; if not, then
follow step 5.

5. Repeat the analysis. Iterate on different values for area parame-
ters until a satisfactory match is made U x A = UA.

To perform the design and analysis, the effectiveness-NTU method may
be chosen.

1. Calculate the required UA. For initial design, select a concentric
tube, counterflow heat exchanger, as shown in Fig. 2.6. Calculate UA
using the following set of equations:

e~ NTUQ-R)

&= { T ReNTUA-R

where NTU = UA/Cmin» R= Cmin/CmaXv €= Q/ Qmaxa and Qmax = Cmin
(i — t,i)- Then C = mC,, and C, is evaluated at the average tempera-
ture of the fluid, tae = & +4,)/2.

Substituting values, we find € = 0.464, NTU = 0.8523, @ = 2.94 x
106 W, and UA = 9.62 x 10* W/K.

2. Estimate the area A. The typical range of U for water-to-water
exchangers is 850 to 1700 W/m? K [3]. With UA = 9.62 x 10* W/K, the
range for A is 57 to 118 m?, where A = wd;IN and [ and d are length
and diameter of the tube, respectively. Considering different values of
d; with length [ = 10 m to describe the heat exchanger, we have three
different cases as given in Table 2.2.

th,i =90°C
Aty
teo = 60°C tho = 65°C

At
2 Figure 2.6 Counterflow concen-

ti=34°C  tric heat exchanger and its
temperature distribution for
Example 6.

m, =27 kg/s

\ 4
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TABLE 2.2 Result of Analysis for Three Different d; Values

Case d;, mm I, m N A, m2
1 25 10 73-146 57-113
2 50 10 36-72 57-113 (answer)
3 75 10 24-48 57-113

3. Estimate the overall coefficient U. With inner (i.e., hot) and
outer (i.e., cold) water in the concentric tube arrangement, the over-
all coefficient is given by

1 1 1

U=l h
where h; and h, are estimated using dimensionless correlation assum-
ing fully developed turbulent flow.

Coefficient, hot side, h;: For flow in the inner side (hot side), the
coefficient h; can be determined using the Reynolds number for-
mula Rey; = 4my,;/wd;p, and ny, = my,; N, and the correlation, Nu =
hid;/x = 0.037Re%® Pr®3 where properties are evaluated at average
mean temperature &, , = (. + tho)/2.

Coefficient, cold side, h,: For flow in the annular space d, — d;, the
relations expressed above apply where the characteristic dimension is
the hydraulic diameter given by dj,, = 4A.,/P,, Aco = [m(d2 — d?)]/4,
and P, = w(d, + d;). To determine the outer diameter d,, the inner and
outer flow areas must be the same:

wd?  w(d? —d?)

Ac,i = Ac,o or 4 = 4

The results of the analysis with / = 10 m are summarized in Table 2.3.
For all these cases, the Reynolds numbers are above 10,000 and turbu-
lent flow occurs.

4. Evaluate first-pass design. The required UA product value de-
termined in step 1 is 9.62 x 10* W/K. The U x A values for cases 1
and 3 are, respectively, larger and smaller than the required value of
9.62 x 10* W/K. Therefore, case 2 with N = 36 and d; = 50 mm could be
considered as satisfying the heat-exchanger specifications in the first-
pass design. A strategy can now be developed in step 5 to iterate the

TABLE 2.3 Results of h;, hy, U, and UA Product for Three Different d; and N Values

Case d,mm N Am?2 & Wm?2K h, Wm?2K U, Wm2K UxA WK

1 25 73 57 4795 4877 2418 1.39 x 105
2 50 36 57 2424 2465 1222 6.91 x 104
3 75 24 57 1616 1644 814 4.61 x 104
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analysis on different values for d; and N, as well as with different
lengths, to identify a combination that will meet complete specifica-
tions.
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Part

Steady-State Calculations

The collection of calculations in this part deals with a variety
of circumstances encountered in industrial settings. They are
as follows:

m The fabrication of sheet- and fiberlike materials

» High-temperature gas turbine components

» Hammer-bank coils on a high-speed dot-matrix printer

m Fuel cells

m Large turbogenerators

» Double-paned windows

Contributors include academics, an engineer working in
industry, and a consultant. All of the calculations are
steady-state and mostly involve cooling using gases and
liquids. Determination of heat-transfer coefficients, a subject

encountered later in this handbook, is a key factor in several
calculations. Thermal resistance plays an important role.
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Chapter

Heat-Transfer and
Temperature Results for
a Moving Sheet Situated

in a Moving Fluid

John P. Abraham

School of Engineering
University of St. Thomas
St. Paul, Minnesota

Ephraim M. Sparrow

Department of Mechanical Engineering
University of Minnesota
Minneapolis, Minnesota

Abstract

A method is developed for determining the heat transfer between a mov-
ing sheet that passes through a moving fluid environment. The method
also enables the streamwise variation of the sheet temperature to be
determined. The numerical information needed to apply the method is
presented in tabular form. With this information, the desired results
can be calculated by algebraic means.

Introduction

In the fabrication of sheet- and fiberlike materials, the material cus-
tomarily is in motion during the manufacturing process. The process-
ing may involve heat transfer between the material and an adjacent

3.3
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Mve

©

Figure 3.1 Processing station consisting of a moving sheet
situated in a parallel gas flow.

fluid which may also be in motion. Typical materials include polymer
sheets, paper, linoleum, roofing shingles, and fine-fiber matts. Illustra-
tive diagrams showing possible processing configurations are presented
in Figs. 3.1 and 3.2. In Fig. 3.1, an unfinished or partially finished ma-
terial is unrolled and becomes a moving sheet. In order to complete the
finishing operation, a fluid flows over the sheet either to heat or cool it
before rollup. In Fig. 3.2, a polymeric sheet is seen emerging from a die.
Air flowing through an opening in the die passes in parallel over the
sheet to facilitate the heat-transfer process. Another alternative (not
illustrated) is to eliminate the blown fluid flows of Figs. 3.1 and 3.2 and
instead pass the moving sheet through a confined liquid bath.

A necessary prerequisite for the solution of the heat-transfer prob-
lem for such processing applications is the determination of local and
average heat-transfer coefficients. The issue of heat transfer and the
degree to which it is affected by the simultaneous motion of the partic-
ipating media will be the topic of the present chapter. From an anal-
ysis of laminar fluid flow and convective heat transfer, a complete set

Ug
- —_—
Us /
= w
-€ 9 o

Figure 3.2 A moving sheet extruded or drawn through a die.
A parallel fluid stream passes over the sheet.
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Figure 3.3 Side view showing the web-processing sta-
tion of Fig. 3.1.

of heat-transfer results have been obtained. The results are parame-
terized by the ratio Uy/U; and the Prandtl number. A design-oriented
example will be worked out to provide explicit instructions about how
to use the tabulated and graphed heat-transfer coefficients.

In practice, it is highly likely that the thermal interaction between
the moving sheet and the moving fluid would give rise to a stream-
wise variation of the sheet temperature. An algebraic method will be
presented for dealing with such variations.

The model on which the analysis will be based is conveyed by the
diagrams shown in Figs. 3.3 and 3.4. These diagrams are, respectively,
side views of the pictorial diagrams of Figs. 3.1 and 3.2. Each diagram
shows dimensional nomenclature and coordinates. The problems will
be treated on a two-dimensional basis, so that it will not be necessary
to deal further with the z coordinate which is perpendicular to the plane
of Figs. 3.3 and 3.4.

Similarity Solutions and Their
Physical Meanings

The velocity problem, solved in Ref. 1, was based on a similarity solution
of the conservation equations for mass and momentum. To understand

.Uf

L

K Boundary layer

$$
$s u, — C

X

Figure 3.4 Side view showing the extrusion
process of Fig. 3.2.
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y

Figure 3.5 Velocity profiles in the boundary layer corresponding to a flat sheet
moving through an otherwise quiescent fluid. The profiles correspond to four
streamwise locations x; < x9 < x3 < x4.

the nature of a similarity solution, the reader may refer to Fig. 3.5,
which shows representative velocity profiles for the case of a moving
surface situated in an otherwise stationary fluid and where u is the
local streamwise velocity in the fluid and y is the coordinate perpen-
dicular to the surface of the sheet. Each velocity profile corresponds to
a streamwise location x. The nomenclature is ordered with respect to
position so that x; < x2 < x3 < x4.

If amore concise presentation of the velocity information were sought,
the optimal end result would be a single curve representing all velocity
profiles at all values of x. Such a simple presentation is, in fact, possible
ifthe y coordinate of Fig. 3.5 is replaced by a composite coordinate which
involves both x and y. Such a coordinate is normally referred to as a
similarity variable. For the case of a moving surface in a stationary
fluid, the similarity variable is

E=y L (3.1

VX

When the velocity profiles of Fig. 3.5 are replotted with £ as the abscissa
variable, they fall together as shown in Fig. 3.6.
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clc

g

Figure 3.6 Velocity profiles of Fig. 3.5 replotted as a function of the similarity
variable ¢ of Eq. (3.2). All the profiles fall together on a single curve.

The temperature problem will be solved for parametric values of the
ratio a = Uy/U; in the range between 0 and occ. The temperatures of
the fluid and the surface, respectively Ty and T;, will not enter the
solution as such because they are removed by the introduction of a
dimensionless temperature variable. The solutions will encompass both
streamwise-uniform and streamwise-varying sheet temperatures. The
fluids to be considered are gases (primarily air) and liquid water. The
Prandt]l numbers of these fluids vary between 0.7 and 10. The worked-
out example will demonstrate how to deal with sheet surfaces whose
temperatures vary in the streamwise direction.

Analysis

Analysis of the heat-transfer problem has, as its starting point, the
conservation-of-energy principle. The equation expressing conservation
of energy for a boundary layer is

aT  aT 92T

To continue the analysis, it is necessary to make use of the existing
solutions for the velocity components u and v. The expressions for u and
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v are available from Eqgs. (3.A6) and (3.A7). These expressions involve
a special similarity variable which is appropriate for the situation in
which both of the participating media are in motion. In Eqs. (3.A6) and
(8.A7), the quantity U, appears. Its definition is

Urel = |(]s - Uf| (33)

To make Eq. (3.2) compatible with the expressions for u and v, it is
necessary to transform the physical coordinates, x and y, to the simi-
larity variable m, which is used for the velocity problem as shown in the
appendix at the end of this chapter. Furthermore, for compactness, it is
useful to define a dimensionless temperature © as

O, y) = TLoT (3.4)
so that
Tx,y)= (T —Tr) O(x,y)+ Ty (3.5)

The fluid temperature T that appears in Eq. (3.4) will be a constant
for all values of x. On the other hand, the temperature 7; of the moving
sheet may vary with x as the sheet either cools down or heats up as a
result of heat exchange with the fluid. To keep the analysis sufficiently
general to accommodate variations of T; with x, the temperature dif-
ference (T; — Ty) that appears in Eq. (3.5) will be assumed to have the
form

T, =Ty +ax” (3.6)

where a is a constant. The exponent n may be zero or any positive
integer. The case n = 0 corresponds to a uniform sheet temperature.

We will now consider the quantity 47'/0x appearing in Eq. (3.2). This
quantity can be evaluated by applying the operation 3/dx to Eq. (3.5),
with the result

oT o|(T;—Tr)O+ T 00 o(T: — T,
0x 0x 0x 0x
— (T - 7922 4 Onax 1 (3.7)
0x

where the derivative 97;/9x has been evaluated using Eq. (3.6). Simi-
larly, the terms 37/0y and 82T/dy? follow as

aT [T - TpO + Ty]
dy dy

90
ay

= (T, - Ty) (3.8)
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and

20
82—T = al:(ﬂ_Tf)@] = (T; T)82—® (3.9)
ay2 dy oo f 9y2 )

Although © depends on both x and y, it is advantageous to tentatively
assume that © is a function only of the similarity variable n, which is a
combination of x and y. Then, with ® = ®(v), it remains to evaluate the
quantities 90 /9x, 3© /3y, and 320 /dy? in terms of derivatives involving
the similarity variable n. For that evaluation, and with the definition
of my taken from Eq. (3.A3), we obtain

%z a(yv Urel/vx) |

= —— 1
P 3 ox (3.10)
and
a Ure re.
o _ 30vUe/ve) _ [T (3.11)

ay ay VX

With these relationships, the quantities 90 /dx, 3©/dy, and 320 /dy?
follow as

90 _dOdm __mde _ (3.12)
ox dm 0x 2x dn 2x

0© doim |Ud®  |Ua
T D ool 1
dy dn 3y vx dnm VX © (3.13)

82@ a[v Urel/vx (d®/dﬂ)] ] Urel 0 (d®/dﬂ) _ Urel d2® 37]
VX

dy?2 oy dy vx dng dy

Urel d2® _ Urel®”
ve dng  vx

(3.14)

When Eqgs. (3.7) to (3.9), (3.12) and (3.13), (3.A6), and (3.A7) are sub-
stituted into the energy-conservation equation [Eq. (3.2)] and if the
notation ® = d/dn is used, there results

1 1
®—-f0 =0 3.15
nf 5 Pr (3.15)

Everything in this equation is a function only of . As a final specifica-
tion of the temperature problem, it is necessary to state the boundary
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conditions. In physical terms, they are
T=T at y=0 and T—Tr as y— o0 (3.16)

These conditions may be transformed in terms of the new variables ®
and m to yield

®=1 at n=0 and ®—->0 as m—> o0 (3.17)

Numerical Solution Scheme

A suggested method of numerically solving the dimensionless energy
equation [Eq. (3.15)], along with its boundary conditions [Eq. (3.17)]
will now be presented. The relevant equations are

®"(n) = Prlnf'(m) © (v) — /2 f(m)O'(n)] (3.18)
O+ An) = O(n) + O'(n)An (3.19)
O'(m+ An) = 0'(n) + ©"(n)An (3.20)

to which Egs. (3.A14) to (3.A17) along with Eq. (3.A10) must be added
if the velocity problem has not already been solved. This scheme in-
volves simultaneous solution of the velocity and temperature prob-
lems. For these equations, the quantities Uy /U;, n, and Pr are prescribed
parameters.

The solution of these equations, including Egs. (3.A14) to (3.A17),
starts by assembling the values of ®, @/, f, f', and f” at n = 0. Among
these, the known valuesare ® = 1,f=0,f’ = U; /Uy, and f” from Table
3.A1. Since the value of ®" at 1= 0 must be known in order to initiate
the numerical integration of Egs. (3.18) to (3.20), it is necessary to make
a tentative guess of the value of ®(0). Once this guess has been made,
the known values of Pr, n, f, f’, ®, and ® at n = 0 are introduced into
Eq. (3.18) to yield ®”(0). Then, the right-hand sides of Eqgs. ( 3.19) and
(3.20) are evaluated at n = 0, yielding the values of ®(An) and ®'(An).
At the same time, the f equations, Egs. (3.A14) to (3.A17), are used as
described in the text following Table 3.A1 to advance f, /', f”, and [
fromm=0ton= An.

A similar procedure is followed to advance all the functions from
n= Anton=2Am. These calculations are repeated successively until ®
takes on a constant value. If the thus-obtained ® value does not equal
zero as required by Eq. (3.17), the tentatively estimated value of ®'(0)
must be revised. In this case, a new value of ®(0) is selected, and the
foregoing computations are repeated. This process is continued until
the behavior of © stipulated by Eq. (3.17) is achieved.
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Extraction of Heat-Transfer Coefficients

For later application, heat-transfer coefficients are needed. These co-
efficients can be extracted from the numerical solutions that have just
been described. The local heat-transfer coefficient at any location x is
defined as

oT

f
q ay y=0
= 3.21
’ T, (3.21)

hy =

where the subscript n corresponds to the exponent n in the sheet sur-
face temperature distribution of Eq. (3.6). The use of the absolute-value
notation is motivated by the fact that heat may flow either from the mov-
ing surface to the fluid (7; > Tf) or vice versa (Ty > T;). The derivative
9T/dy can be transformed into the variables of the analysis by making
use of Eqgs. (3.8) and (3.13), with the end result

Py =Ry Ur; |©(0)| (3.22)
V.

A dimensionless form of the heat-transfer coefficient can be expressed
in terms of the local Nusselt number Nu, whose definition is

hn Ure / Ure / /
Nu,, = 25 = /= 6,(0)] = Z2516,(0)) = VRe, [©}(0)]

ke v
(3.23)

where Re, represents the local Reynolds number: Re, = U, x/v. Val-
ues of |©/,(0)| /Pr®*® needed to evaluate 4, and Nu,, for three Prandtl
numbers (0.7, 5, and 10) are listed in Table 3.1 for » = 0 (uniform sheet
temperature), 1, and 2. The factor Pr%45 is used to diminish the spread
of the results with the Prandtl number and to improve the accuracy of
the interpolation for Prandtl numbers other than those listed. Inspec-
tion of the table reveals that the values of |©(0)| are greater at higher
Prandt]l numbers. This is because the thermal boundary layer becomes
thinner as the Prandtl number increases, and, as a consequence, the
temperature ®,(n) must decrease more rapidly between its terminal
values of 1 and 0. Also noteworthy is the observation that the sensitiv-
ity of |©/,(0)| to the velocity ratio a increases with increasing Prandtl
number.

For the case of uniform sheet temperature (n = 0), the local Nusselt
number can be integrated to obtain a surface-averaged heat-transfer
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TABLE 3.1 Listing of |©’(0)|/Pr®*® Values for n = 0 (Uniform Sheet Temperature),
1,and 2

n=0 n=1 n=2

a=— 0.7 5 10 0.7 5 10 0.7 5 10

0.00 0.410 0.559 0.596 0.943 1.164 1.224 1316 1573 1.647
0.10 0.453 0594 0.631 1.014 1233 1294 1407 1.662 1.739
0.20 0.500 0.635 0.673 1.097 1313 1376 1510 1.769 1.848
0.30 0.554 0.685 0.723 1.194 1410 1476 1.633 1.897 1.980
0.40 0.618 0.746 0.786 1.311 1.532 1.599 1.786 2.057 2.144
0.50 0.696 0825 0.866 1.459 1.685 1.758 1.980 2.261 2.354
0.60 0.800 0931 0974 1.657 1.893 1972 2238 2537 2.639
0.70 0.946 1.085 1.132 1.942 2197 2285 2.612 2941 3.055
0.80 1.186 1.342 1395 2412 2.705 2.809 3.235 3.616 3.752
0.90 1.715 1915 1987 3459 3.846 3986 4.625 5134 5.321
1.11 1.700 1.931 1911 3373 3.688 3.812 4.484 4913 5.078
1.25 1.164 1.299 1286 2288 2478 2556 3.032 3.294 3.400
1.43 0.917 1.004 0994 1.786 1912 1966 2.356 2.535 2.612
1.67 0.766 0.818 0.809 1471 1552 1592 1933 2.054 2.110
2.00 0.656 0.683 0.676 1.245 1.291 1.317 1.626 1.701 1.741
2.50 0.572 0576 0.569 1.068 1.082 1.098 1.384 1419 1.445
3.33 0.504 0.487 0.480 0920 0905 0.910 1.182 1179 1.191
5.00 0.445 0410 0401 0.792 0.747 0.741 1.005 0.962 0.960
10.0 0.392 0.343 0.328 0.675 0.599 0.580 0.842 1.241 0.737
00 0.344 0279 0.258 0.564 0.452 0417 0.686 0.548 0.506

coefficient g, defined as

T
“Tlan-TH| T A -1y

= m/{) h0|Ts—Tf|de= z/(; hodx  (3.24)

where W is the width of the sheet. Equation (3.24) shows that A can
be obtained as the length average of hy. The indicated integration can
be carried out by substituting Eq. (3.22) into the Eq. (3.24), giving

1t U, 2k |0((0)] [UraL
ho = f/o ke~ |©5(0)| dx = 7 . (3.25)
or
oL UralL /
Nuro = ,:—f =2(040)| | == = 2|©40)| VRer (3.26)

For situations where the sheet temperature is not uniform (n # 0), the
average heat-transfer coefficient cannot be obtained by averaging A.
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lllustrative Example

The purpose of this worked-out example is to demonstrate how to deal
with generalized streamwise temperature variations of the moving
sheet.

Problem statement

A linoleum sheet moving at 0.5 ft/s is to be cooled by a parallel stream
of air whose velocity is 5 ft/s. The temperature of the sheet emerging
from a die is 160°F, while the air temperature is 80°F. The thickness of
the sheet is /32 in. (}/384 ft), its width is 3 ft, and the distance between
the die and the takeup roll is 5 ft. The thermophysical properties of the
participating media are

Linoleum sheet

Density (ps) = 22 lb,/ft?
Specific heat (¢;) = 0.21 Btu/lb,,-°F

Air

Density (py) = 0.0684 Ib,,/ft3

Specific heat (¢r) = 0.241 Btw/lby,-°F

Thermal conductivity (k) = 0.0160 Btuw/h-ft-°F
Kinematic viscosity (v7) = 0.690 ft*/h

Prandtl number (Pr) = 0.7

Find
The temperature decrease of the sheet as it cools between its departure
from the die and its arrival at the takeup roll.

Discussion

The solution strategy to be used to achieve the required result is as
follows:

1. Obtain an estimate of the change in the temperature of the moving
sheet between the initiation of cooling (x = 0) and the termination of
cooling (x = 5 ft). This estimate will enable you to judge whether the is-
sue of a streamwise temperature variation is worthy of further pursuit
from the standpoint of engineering practice. In this regard, it should
be noted that the maximum temperature difference between the mov-
ing sheet and the adjacent air is 80°F. If a 5 percent decrease in this
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temperature difference is deemed to be allowable, then a temperature
drop of 4°F along the length of the sheet would be regarded as accept-
able.

2. If the estimated overall temperature decrease is judged to be sig-
nificant, then a refined approach is warranted. The first step in that
approach is to determine the variation of the sheet temperature T.!
with x by making use of the local heat-transfer coefficients that corre-
spond to uniform surface temperature. Here, the superscript I is used to
denote the temperature variation obtained from the first iteration. This
approach, while seemingly inconsistent, is appropriate as the starting
point in the successive refinement of the solution.

3. The temperature T'(x) is then fitted with a polynomial of the form

TQI(x) ~ap+ai1x + a2x2
This polynomial approximation to the sheet temperature will be re-
quired in the first step in the refinement process.

4. Tt is noted that the fitted curve T.!(x) contains x°, x!, and x2. This
observation, taken together with Eq. (3.6), suggests that heat-transfer
coefficient information is needed for the cases n = 0, 1, and 2.

5. Use the heat-transfer coefficients identified in paragraph 4 to de-
termine the local heat flux g(x) at the surface of the sheet.

6. The g(x) information enables 7.''(x) to be determined.

7. Compare T(x) with T.'(x) and, if necessary, continue iterating
until convergence.

Step 1. An upper-bound estimate of the streamwise decrease in tem-
perature of the moving sheet can be made by utilizing a heat-transfer
model in which the sheet temperature is constant during the process.
This calculation requires the determination of the surface-averaged
heat-transfer coefficient Ay from Eq. (3.25). The value of ©;(0) can be
found in Table 3.1 for the velocity ratio Ur/U; = 10, Pr=0.7,and n =0
to be 0.392(0.7%45) = 0.334. Next, the Reynolds number Rey, is calcu-
lated to be
UL (4.5 ft/s)5 ft 3600s

= = =11 .2
Rer == = = 0690 f2h h 7,000 (827

With this information, the heat-transfer coefficient emerges as

_ 2k, |© (0 2(0.0160 Btu/h-ft-°F) 0.334
Fio = 2Rr ‘LO( )| [GraL _ ( ;/ft ) J/117.000
1%

=0.731—5—= (3.28)

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.
Any use is subject to the Terms of Use as given at the website.



Heat-Transfer and Temperature Results for a Moving Sheet Situated in a Moving Fluid

Heat Transfer for Moving Sheet in Moving Fluid 3.15

An energy balance on the moving sheet can be used to connect the
estimated heat loss due to convection with the change in temperature
of the moving sheet. That energy balance is

tses AT, = —hoA(T, — Tj) (3.29)

where ri1g is the mass flow rate of the sheet, ¢, is the specific heat of the
sheet, and AT is the temperature change experienced by the sheet dur-
ing the cooling process. The convective area A includes both the upper
and lower surfaces of the sheet. When the mass flow rate of the sheet
and the convective area are expressed in terms of known quantities,
Eq. (3.29) becomes

psWitUscs ATy = —2hoWL(T; — Ty) (3.30)

where W, ¢, and L represent, respectively, the width, thickness, and
length of the sheet. Equation (3.30) can be solved for the sheet
temperature change to give

2hoL(T, — T})

AT =
° pstUscs

_ 2(0.731 Btu/h-ft>-F)(5ft)(80°F)(1 h/3600 s)
(22 1by /f£3) (ﬁft) (0.5 ft/5)(0.21 Btu/Ibp-"F)

= —-27.0°F (3.31)

A temperature decrease of this magnitude warrants a refined approach
that accounts for temperature variations all along the sheet.

Step 2. The next step in the solution procedure is to determine 7!
based on local heat-transfer coefficients that correspond to uniform sur-
face temperature. The symbol 7.! represents a preliminary temperature
variation of the sheet which will be used as the basis of further refine-
ments. An energy balance can be performed on the sheet to connect the
T! with the local rate of heat loss. This balance leads to

dT! 2k 2ho@) (TMx) - T))
de — ptesUs pstesUs

(3.32)

which can be rearranged and integrated along the sheet length to give

fTs dr}! B /x 2ho(NdN 2
0

s = = - ho(Nd\ 3.33
T T;I(x) - Tf pstesUs pstesUs /0 o) ( )
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in which \ is a variable of integration. After Eq. (3.22) is substituted
into the right-hand side, and the indicated integrations are performed,
there follows

7;1(.96) — Tf rel
In <—TSI(0) - Tf) pstch / By~ |0(0)] dA

_ 2kf|®/(0)| / relf \/7d)\ (3 34)
pstcs s ’

After integrating on the right-hand side and inserting the limits of
integration, we obtain

TXx) - Ty 4kf |©5(0)| [Urerx
In{S——~ 3.35
" (TJ(O) - ) pstesUs v (8.:35)
which can be solved explicitly for T.!(x) to give
4k |©0(0)| x
Iy — (710) — _ f 10 Urel
') = (0) - T7) exp [ ( A )} + T
= (B0 - 1Ty) e+ 1y (3.36)

where Q, which was used to simplify the expression of Eq. (3.36), is
found to be

4(0.0160 Btu/h-ft-°F) 0.334 45ft/s-x

0.690

Q=
(22 Tbyy /£t3) (3§4ft) (0.21 Btu/Ibm-"F)(1800 ft/h) | eos ft2/s

=0.151Vx (3.37)
Equations (3.36) and (3.37) can be combined to give

T (x) — 80(°F) = (80)e " *1V*(°F) ~ 75.86 — 6.907x + 0.6641x2(°F)
(3.38)

where the polynomial on the right-hand side is a least-squares fit used
to approximate T..

Step 3. A refined calculation can be carried out using the polynomial
expression of Eq. (3.38). The first step in the refinement is the recogni-
tion that the first-law equation [Eq. (3.2)] is linear with the tempera-
ture T'; that is, wherever T appears, it is to the power 1. It is also known
that for a linear differential equation, solutions for that equation for
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different boundary conditions can be added together. This realization
suggests that a suitable solution form for 7(x, y) in the presence of a
quadratic variation of the sheet temperature is

T(x,y) — Ty = ag®o(n) + a101(n)x + azOa(m)x* (3.39)

where the ©,, terms are functions of m alone. Note that at the sheet
surface, where ©,(0) = 1 for all n, Eq. (3.39) reduces to

Ti(x) —Tr =ao +a1x + asx’? (3.40)

which is identical in form to Eq. (3.38). In addition, as y — oo, it follows
that ©,(0) — 0 for all n. Furthermore, substitution of Eq. (3.39) into the
first law [Eq. (3.2)] shows that the differential equation obeyed by ©,,(n)
is that of Eq. (3.15). In light of these facts, it follows that the solutions
for ©,(n) have already been obtained and tabulated for n = 0, 1, and
2 (Table 3.1). The heat flux at the surface of the moving sheet can be
obtained from Eq. (3.39) by application of Fourier’s law, which gives

d (a()@()(”f]) + a1®1(n)x =+ azﬁ")g(”f])xz)
ay

aT
qlx) = —kf@ = —kf

y=0

y=0
(3.41)

When the indicated differentiations are carried out, there follows

UI‘e / / /
q(x) =ky vxl (ao |©4(0)| + a1x |©(0)| + agx? ’@2(0)|> (3.42)

The numerical values of |©,(0)|, |©}(0)|, and |©,(0)| were determined
from Table 3.1 to be 0.334, 0.575, and 0.717, respectively. When the
values of ag, a1, and ag are taken from Eq. (3.38) and inserted into Eq.
(3.42), the local heat flux emerges as

qx) =k Urel [95.3 — 3.97x + 0.476x” (3.43)
4 X

Step 4. Equation (3.43) can be used as input to the energy balance of
Eq. (3.32) to give

Urel

2k (25.3 — 3.97x + 0.476x2)
TII 9 f

aly” _ _ 2q9@) _ vx (3.44)

dx pstchvs pstcsl]s
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or, on integration

Ur
< 2k; —;1(25.3 — 3.97\ + 0.476)2)d\

T:(x)
dT" = — / L (3.45)
/T(O) 0 pstesUs

S

where the variable of integration \ has been introduced. When the in-
tegration of Eq. (3.45) is carried out, we obtain

_Zkf\/ Usel /v

P~ (50.6x'/2 — 2.65x%/2 + 0.190x5/2)
pS cS S

(3.46)
When the known quantities are substituted into Eq. (3.46), the second-
iteration sheet temperature is found to be

T;H(x) _ Y;H(O) —

T(x) = —0.226(50.6x% — 2.65x%% 4 0.190x°/2) + 160 (3.47)

A comparison of 7' with 7! will enable a determination of whether
further iteration is required. That comparison, set forth graphically
in Fig. 3.7, shows satisfactory agreement between T.' (dashed curve)
and T! (solid curve). The close agreement (within 1.7°F) obviates the
need for further revision. Equation (3.47) can be used to determine the
overall temperature decrease experienced by the sheet throughout

160
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Figure 3.7 Comparison between the first- and second-iteration results 7;l and T;I.
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the entire cooling process. That decrease is found to be

TN(L) = —0.226 (50.6L1/2 — 2.65L%% + 0.190L5/2) + 160 = 138.7°F
(3.48)

Concluding Remarks

A method has been developed for calculating the heat exchange between
a moving fluid and the surface of a sheet which also moves. Both the
fluid and the sheet move in the same direction. The heat transfer is
initiated by a temperature difference between the fluid and the sheet
which exists at their first point of contact. The initial temperature of
the sheet may be set by upstream processes to which the sheet is sub-
jected. Under normal conditions, the sheet temperature will vary in the
streamwise direction as a result of thermal interaction with the mov-
ing fluid. Determination of the temperature variation of the sheet is
another focus of the methodology developed here.

The information needed to determine both the heat-transfer rate and
the sheet temperature variation is provided in tabular form. With this
information, the desired results can be obtained by algebraic operations.

Nomenclature
a Constant value used in Eq. (3.6)
ao,a1,az  Coefficients used in the polynomial fit of 7!

A Surface area of sheet

c Specific heat

f Similarity function

h Local heat-transfer coefficient
h Averaged heat-transfer coefficient
k Thermal conductivity

L Length of sheet

m Mass flow rate of moving sheet
n Constant value used in Eq.(3.6)
Nu Nusselt number

p Pressure

Pr Prandtl number

q Local heat flux

Q Rate of heat flow

Re Reynolds number

t Sheet thickness

T Temperature
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T First-iteration sheet temperature
T Second-iteration sheet temperature
u,v x, y velocities
U Velocity
w Sheet width
X,y Coordinates
Greek
M Similarity variable based on the relative velocity
® Dimensionless temperature
W Dynamic viscosity
v Kinematic viscosity
3 Similarity variable based on the sheet velocity
p Density
i\ Streamfunction
o _ 4k, |©'(0)| Urax
pstesUs v
Subscripts
f Fluid
rel Relative
s Surface

0,1,2 Corresponding to zeroth-, first-, and second-order terms in the
temperature polynomial

Reference

1. John P. Abraham and Ephraim M. Sparrow, Friction Drag Resulting from the Simul-
taneous Imposed Motions of a Freestream and Its Bounding Surface, International
Journal of Heat and Fluid Flow 26(2):289-295, 2005.

Appendix: Similarity Solutions
for the Velocity Problem

The starting point of the analysis is the equations expressing conser-
vation of mass and x momentum for laminar boundary-layer flow of a
constant-property fluid. These are, respectively

ou Jv
— 4+ —=0 3.A1
e T 3y ( )
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and

du  du 1dp  d%u

—v—=-—Z 4y 3.A2
u8x+vay pdx+v8y2 ( )

In these equations, u and v are the velocity components that re-
spectively correspond to x and y, with p the pressure, and p and v,
respectively, the density and the viscosity of the fluid. Although both
the freestream flow and the bounding surface move, the streamwise
pressure gradient dp/dx is essentially zero, as it is for the two limiting
cases of a moving fluid in the presence of a stationary surface and a
moving surface passing through a stationary fluid.

These equations may be transformed from the realm of partial differ-
ential equations to that of ordinary differential equations by using the
similarity transformation from the x, y plane to the m plane. To begin
the derivation of the similarity model, it is useful to define

n= ) 2 (3.A3)
VX
and
Y = V Usel vx f('ﬂ) (3.A4)

where U, = ‘Uf — Us\ These variables can be employed to transform
the conservation equations, Eqgs. (3.A1) and (3.A2), to similarity form

d3f 1d*fdf L, 1,

dﬂ3+2dﬂ2d”ﬂ_f +2ff—0 (3.A5)
In the rightmost member of this equation, the notation’ = d/dn for
compactness. The fact that this equation is an ordinary differential
equation is testimony to the fact that the magnitude of the relative
velocity is a suitable parameter for the similarity transformation. It
still remains to demonstrate that the boundary conditions depend only
on m and are independent of x. To this end, the velocity components are
needed. They are expressible in terms of f and f” as

u=Uaf' (3.A6)
1 re.
=3 VU Lo’ = ) (3.A7)
X

The physical boundary conditions to be applied to Egs. (3.A6) and
(3.A7) are

v=20 and u=Us at y=0 (3.A8)
u— Ur as Y — 00 (3.A9)
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The end result of the application of the boundary conditions is

. U,
ll]] £l — o0) = —L (3.A10)
rel

f0O=0  f'0)= U

The transformed boundary conditions of Eq. (3.A10) are seen to be con-
stants, independent of x. Therefore, the similarity transformation is
complete.

From the standpoint of calculation, it is necessary to prescribe the
values of f" at = 0 and asn — oo. To this end, it is convenient to define

U

= 1 3.Al11
a T, ( )

so that

U 1 1
"0)= — = = (3.A12)
A e AT A Rl T
and

U UJU
Ua ~ [1-Up/U] ~ [T«

(3.A13)

f'tn— o0) =

A review of Egs. (3.A5), (3.A10), (3.A12), and (3.A13) indicates a
complete definition of the similarity-based, relative-velocity model. To
implement the numerical solutions, values of o = Uy/U; were paramet-
rically assigned from 0 (stationary fluid, moving surface) to oo (station-
ary surface, moving fluid). The values of f”|, = o that correspond to the
specific values of « are listed in Table 3.A1. The knowledge of f”|, - o,
together with an algebraic algorithm, enables Eq. (3.A5) to be solved
without difficulty.

Many algorithms can be used for solving Eq. (3.A5). In the present
instance, where f”|, = ¢ is known, the equations which constitute the
algorithm are

f"(m) = —% fl)-f"(n) (3.A14)
f"(n+An) = f"(n)+ An-f"(n) (3.A15)
f'n+Aan = f'(n)+ An-f"(n) (3.A16)

fn+An) = f(n)+ An-f'(n) (3.A17)

The use of the algorithms set forth in Eqgs. (3.A14) to (3.A17) will now
be illustrated. The first step is to choose a velocity ratio as represented
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TABLE 3.A1 Listing of f”(y = 0) Values for the
Similarity-Based, Relative-Velocity Model

o= Up/U f(n=0)
0.000 —0.4439
0.1000 —0.4832
0.2000 —0.5279
0.3000 —0.5797
0.4000 —0.6421
0.5000 —0.7204
0.6000 —0.8238
0.7000 —-0.9713
0.8000 —-1.214
0.9000 —-1.717
1.111 1.726
1.250 1.177
1.429 0.9257
1.667 0.7689
2.000 0.6573
2.500 0.5704
3.333 0.4991
5.000 0.4377
10.00 0.3829
00 0.3319

by «. Then, by substituting the value of a into Eq. (3.A12), the value
of f'|, = o is determined. With this information, the values of f, f’, and
" at n =0 are known, the latter from Table 3.A1. In addition, the value
7”7 = 0 at n = 0 follows directly from the differential equation [Eq.
(3.A14)].

The numerical work is initiated by evaluating the right-hand sides of
Egs. (3.A14) to (3.A17) at = 0. These calculations yield the numerical
values of f(AT), f'(Av), f" (Av), and f”” (Am), which are, in turn, used as
new inputs to the right-hand sides of Egs. (3.A14) to (3.A17). The end
result of this second step are the values of f(2A), f'(2A7), f” (2A7), and
" (2Am). These operations are continued repetitively until an n value
is reached at which /' becomes a constant. For checking purposes, the
value of that constant should be equal to that obtained from Eq. (3.A13)
for the selected value of .
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Chapter

Solution for the
Heat-Transfer Design of a
Cooled Gas Turbine Airfoil

Ronald S. Bunker

Energy and Propulsion Technologies
General Electric Global Research Center
Niskayuna, New York

Introduction: Gas Turbine Cooling

The technology of cooling gas turbine components via internal con-
vective flows of single-phase gases has developed over the years from
simple smooth cooling passages to very complex geometries involving
many differing surfaces, architectures, and fluid-surface interactions.
The fundamental aim of this technology area is to obtain the high-
est overall cooling effectiveness with the lowest possible penalty on
thermodynamic cycle performance. As a thermodynamic Brayton cycle,
the efficiency of the gas turbine engine can be raised substantially
by increasing the firing temperature of the turbine. Modern gas tur-
bine systems are fired at temperatures far in excess of the material
melting temperature limits. This is made possible by the aggressive
cooling of the hot-gas-path (HGP) components using a portion of the
compressor discharge air, as depicted in Fig. 4.1. The use of 20 to
30 percent of this compressed air to cool the high-pressure turbine
(HPT) presents a severe penalty on the thermodynamic efficiency unless
the firing temperature is sufficiently high for the gains to outweigh the
losses. In all properly operating cooled turbine systems, the efficiency
gain is significant enough to justify the added complexity and cost of the

4.1
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cooling technologies employed. Actively or passively cooled regions in
both aircraft engine and power-generating gas turbines include the sta-
tionary vanes or nozzles and the rotating blades or buckets of the HPT
stages, the shrouds bounding the rotating blades, and the combustor
liners and flame-holding segments. Aircraft engines also include cool-
ing in the exhaust nozzles and in some low-pressure turbines (LPTSs).
All such engines additionally cool the interfaces and secondary flow
regions around the immediate hot-gas path.

Cooling technology, as applied to gas turbine components such as the
high-pressure vane and the blade, consists of four main elements: (1)
internal convective cooling, (2) external surface film cooling, (3) mate-
rials selection, and (4) thermomechanical design. Film cooling is the
practice of bleeding internal cooling flows onto the exterior skin of the
components to provide a heat-flux-reducing cooling layer. Film cooling
is intimately tied to the internal cooling technique used in that the
local internal flow details will influence the flow characteristics of the
film jets injected on the surface. Materials most commonly employed in
cooled parts include high-temperature, high-strength nickel- or cobalt-
based superalloys coated with yttria-stabilized zirconia oxide ceramics
[thermal barrier coating (TBC)]. The protective ceramic coatings are
today actively used to enhance the cooling capability of the internal con-
vection mechanisms. The thermomechanical design of the components
must marry these first three elements into a package that has accept-
able thermal stresses, coating strains, oxidation limits, creep rupture
properties, and aeromechanical response. Under the majority of prac-
tical system constraints, this means the highest achievable internal
convective heat-transfer coefficients with the lowest achievable friction
coefficient or pressure loss. In some circumstances, pressure loss is not
a concern, such as when plenty of head is available and the highest
available heat-transfer enhancements are sought, while in other appli-
cations pressure loss may be so restricted as to dictate a very limited
means of heat-transfer enhancement.

In many respects, the evolution of gas turbine internal cooling tech-
nologies began in parallel with heat-exchanger and fluid-processing
techniques, “simply” packaged into the constrained designs required
of turbine airfoils (aerodynamics, mechanical strength, vibrational re-
sponse, etc.). Turbine airfoils are, after all, merely highly specialized
and complex heat exchangers that release the cold-side fluid in a con-
trolled fashion to maximize work extraction. The enhancement of in-
ternal convective flow surfaces for the augmentation of heat transfer
was initially improved around 1975 to 1980 through the introduction
of rib rougheners or turbulators, and also pin-banks or pin-fins. Almost
all highly cooled regions of the high-pressure turbine components in-
volve the use of turbulent convective flows and heat transfer. Very few, if
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4.4 Steady-State Calculations

any, cooling flows within the primary hot section are laminar or transi-
tional. The enhancement of heat-transfer coefficients for turbine cooling
makes full use of the turbulent flow nature by seeking to generate mix-
ing mechanisms in the coolant flows that actively exchange cooler fluid
for the heated fluid near the walls. These mechanisms include shear lay-
ers, boundary-layer disruption, and vortex generation. In a marked dif-
ference from conventional heat exchangers, few turbine-cooling means
rely on an increase in cooling surface area, since the available surface
area—volume ratios are very small. Surface area increases are bene-
ficial, but are not the primary objective of enhancements. The use of
various enhancement techniques typically results in at least 50 and as
much as 300 percent increase in local heat-transfer coefficients over
that associated with fully developed turbulent flow in a smooth duct.

Problem Statement

Estimate the minimum cooling flow requirements for a prescribed
high-pressure turbine inlet guide vane (Fig. 4.2) meeting predefined
system and component constraints, using basic engineering thermal-
fluid relationships. Determine the optimal configuration of cooling flow
and airfoil wall composition. The hot-gas (air) inlet total pressure and

X =4 inches

. Py=500 psia
Em> Hot A 0
ORI T = 3400°F

|—> X Flat plate external flow
mmm> Coolant P, =520 psia Internal channel flow
Air T, =1000°F

Figure 4.2 Problem geometry and flow simplification.
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temperature are 500 psia (3.446 MPa) and 3400°F (1870°C), respec-
tively. The air coolant supply total pressure and temperature are 520
psia (3.584 MPa) and 1000°F (538°C), respectively. The substrate metal
of the vane may be assumed to have an isotropic thermal conductivity
of 10 Btw/h/ft/°F (17.296 W/m/K), while the protective ceramic TBC
thermal conductivity is 1 Btu/h/ft/°F (1.73 W/m/K). The airfoil chordal
length is 4 in. (10.16 cm), and the airfoil is 3 in. (7.62 cm) in height. The
wall thickness may be considered a constant value along the length and
height of the airfoil. The external hot-gas Mach number over the airfoil
is represented by a linear variation from 0.005 at x =0to 1.0 at x = L,
where L is the total length. This distribution represents the average of
the pressure and suction sides of the airfoil, as well as the endwalls, and
suits the average nature of the present estimation. The airfoil is con-
sidered choked aerodynamically. The average surface roughness ks
on the airfoil is 400 pin. (10 pm). The conditions are considered to be
steady-state, representing a maximum power operating point.

Certain constraints must be placed on the solution as typically dic-
tated by material properties or fluid pressure fields. The substrate
metal is a Ni-based superalloy composition, but must not exceed a max-
imum temperature of 2000°F (1094°C) at any given location. The TBC
thickness may not exceed 0.010 in. (0.254 mm) as a result of strain limits
of bonding with the metal. Also, the TBC maximum temperature must
not be more than 2300°F (1260°C) to avoid the infiltration of molten
particulates from the hot gases. The overall temperature increase of
the cooling air due to convective exchange with the airfoil interior sur-
faces must not exceed 150°F (66°C). We will utilize impingement jet
arrays to cool the airfoil inside, and film cooling to reduce the external
incident heat flux. The maximum impingement jet Reynolds number
cannot exceed 50,000 without reducing coolant pressure to the point of
allowing hot-gas ingestion inside the airfoil. The average film cooling
effectiveness may be assumed to be 0.4 for the entire airfoil. Coolant
temperature rise as the flow passes through the film holes is approxi-
mately 50°F (10.5°C).

Solution Outline

In the complete design of such a high-temperature component, many
interdependent aspects of design must be considered for both the in-
dividual component and its integration into the engine system. The
design system is an iterative method in which aerothermomechanical
requirements and constraints must be balanced with material limita-
tions and high-level system objectives. We will consider here only the
thermal design portion of the total solution. In addition, component
design may entail one of several levels of analysis, from preliminary
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Figure 4.3 One-dimensional thermal resistance model for a cooled airfoil.

estimates, to detailed two-dimensional analyses, to complete three-
dimensional computational predictions including the conjugate effects
of the convective and radiative environments. Each level of analysis
has its use as the design progresses from concept to reality. Prelimi-
nary design uses mostly bulk quantities and one-dimensional simpli-
fied equations to arrive at approximate yet meaningful estimates of
temperatures and flow requirements. Two-dimensional design incorpo-
rates boundary-layer analyses, network flow and energy balances, and
some thermal gradient estimates to refine the results for local tem-
perature and flow predictions suitable for use in finite-element stress
modeling. Three-dimensional design may use complete computational
fluid dynamics and heat-transfer modeling of the internal and external
flow fields to obtain the most detailed predictions of local thermal effects
and flow losses. In the present solution, only the simplified preliminary
design method will be used. Figure 4.2 shows the vane airfoil and end-
walls reduced first to a constant cross section of the aerodynamic shape,
and then again to a basic flat plate representing flow from the leading-
edge stagnation point to the trailing edge. While the actual airfoil or
endwall shape involves many complexities of accelerating and deceler-
ating flows, secondary flows, and discrete film injection holes, a good
estimate may still be obtained using fundamental flat-plate relations.

The solution may be best understood as a sequence of several steps
leading to an overall model that is optimized for material thicknesses,
cooling configuration, and cooling flow. Figure 4.3 shows the one-
dimensional thermal model that applies to any location on the airfoil.
These steps include

1. Estimation of the external heat-transfer coefficient distribution on
the airfoil

2. Inclusion of airfoil surface roughness effects for the external heat-
transfer coefficients
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3. Calculation of the average adiabatic wall temperature due to film
cooling

4. Estimation of the internal heat-transfer coefficients due to impinge-
ment cooling

5. Calculation of the required cooling flow rate

6. Optimization of the solution

The solution will be iterative to account for fluid property changes with
temperature, both internal and external to the airfoil. Thermal radia-
tion heat load incident on the airfoil will be neglected here, but should
be included for any locations that are in direct view of the combustor
flame. The required properties for air may be calculated by the following
equations:

Density: p = P/RT, lb,/ft3

Dynamic viscosity: p = 28.679{[(7/491.6)1°1/(T + 199)}, Ib,,/ft/h
Thermal conductivity: £ = 1.065 x 10~4(T)%7, Btu/h/ft/°"R
Specific heat: C,, = 2.58 x 107° . T' + 0.225, Btu/lb,,,/°R

Prandtl number: Pr = 0.7

Temperature T is a static reference value in °R, and pressure P is a
static value in psia. The local hot-gas static temperature is determined
from the isentropic relationship between total temperature and local
Mach number:

Tiotal/ Tatatic = 1+ [(y — 1)/2]1- M2 y(T) = specific-heat ratio

External Boundary Conditions

External heat-transfer coefficients

By utilizing a simple flat-plate model for the airfoil in which the start
(leading edge) is at X = 0 in. and the end (trailing edge) is at X = 4 in.,
we can employ boundary-layer heat-transfer equations for the assumed
conditions of constant freestream velocity and zero pressure gradient.
The laminar and turbulent heat-transfer coefficients (HTCs) at some
location x may then be expressed per Kays and Crawford [1] as

. k
Laminar h(x) = 0.332= - Re*5Pr'/3
X
k
Turbulent h(x) = 0.0287= - Re*®Pr6
X
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where the local Reynolds number (Re) is based on the distance as
Re = pVx/w and the fluid properties are evaluated at a simple aver-
age film temperature Tsim = 0.5 - (Tgas + Tiyan). The film temperature is
a function of local wall temperature, and since the local wall temper-
ature will change with the external A(x) distribution, the solution be-
comes iterative. Moreover, when the internal cooling is altered in a
subsequent step, wall temperature will again be changed, leading to
iteration throughout the solution. The gas temperature in this case is
the static hot-gas value.

Calculation of the laminar and turbulent heat-transfer coefficients is
not sufficient; we must also approximate the location of transition from
laminar to turbulent flow, and model the transition zone. Typical tran-
sition of a simple boundary layer occurs between Reynolds numbers
200,000 and 500,000 [1]. We will model the external heat-transfer coef-
ficients as laminar up to Re = 200,000, turbulent after Re = 500,000,
and use the local average value of the two in the short transition
region.

Film cooling

Film cooling of gas turbine components is the practice of bleeding the
internal cooling air through discrete holes in the walls to form a layer
of protective film on the external surface. Figure 4.4 shows the ideal
case of a two-dimensional tangential slot of film cooling covering a
surface. In this ideal case, the layer of film has the exit temperature
of the coolant after having been heated by internal cooling and en-
ergy pickup through the slot. The gas “film” temperature driving ex-
ternal heat flux to the surface is then that of the coolant rather than
that of the hot gas. As the film-cooling layer progresses downstream,

Mainstream
hot gas

Tgas

adiabatic wall

AN
Film

supply

Tcoolant

Figure 4.4 Ideal tangential slot film cooling (three-
temperature problem).
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diffusion, shear mixing, and turbulence act to mix the coolant with
the hot gas and reduce the effective film temperature. Eventually, the
two streams of fluid would be completely mixed, and, because of the
overwhelming amount of hot gases, the film temperature would re-
turn to that of the hot gas. This is also true for the realistic case of
film cooling via many discrete jets, where coolant injection and mixing
are highly three-dimensional processes. In either case, the film cooling
serves to reduce the driving potential for external convective heat flux.
This three-temperature problem is characterized by the adiabatic film
effectiveness defined as

Tgas - T;\diabatic wall

Tgas — Lcoolant exit

where the adiabatic wall temperature is that which would exist in
the absence of heat transfer. This adiabatic wall temperature is the
reference mixed gas temperature that drives heat flux to the wall in
the presence of film cooling. In the present model, the average adia-
batic film effectiveness is 0.4. The local value of adiabatic wall tem-
perature is then determined from the local gas static temperature
(from the Mach number distribution) and the coolant exit tempera-
ture. The latter temperature is a function of the degree of internal
cooling.

Surface roughness effect

In most gas turbines, a significant portion of the airfoil external surfaces
become rough as a result of deposits, erosion, or corrosion. Roughness
serves to elevate heat transfer coefficients drastically when the rough-
ness elements become large enough to disrupt or protrude through the
momentum thickness layer 85. Roughnessis generally characterized us-
ing a so-called sandgrain roughness &, that is related to the actual phys-
ical average height k.5 of the rough peaks [2]. Depending on the type
of roughness, the relationship is in the range of ks = 2k 1,5 to 10k, [3].
For the present estimation purposes we shall use k; = 5k.s. A local
roughness Reynolds number is then defined on the basis of ;. A surface
is said to be smooth if the roughness Re, is less than 5, and fully rough
when greater than 70, with a transition region between these values [2].
This roughness Re;, also employs the coefficient of friction as

1/2
R = 1V (1)
W 2
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In the specific case of a fully rough surface, the coefficient of friction is
then related to the momentum thickness by

co_ 0.336
"= [n (86404 /k;)12

82 = 0.036 - x - Re "2
Finally, the fully rough surface heat-transfer coefficient in an external

boundary layer may be expressed with the model due to Dipprey and
Sabersky [4] as

_ (k/x)-Re-Pr-(Cr/2)
= 0.9+ [(Cf/z)l/Z/Rek—SO.Z . PI‘_O'44]

rgh

We may now estimate the magnitude and form of the external heat-
transfer coefficient distribution by assuming a constant value of exter-
nal wall temperature, at least until a specific wall temperature distri-
bution is determined using internal cooling. Knowing that our target
maximum value is 2300°F (1260°C), we will use 2200°F (1205°C) for
now as the surface temperature everywhere. We also know that the
coolant is allowed to heat up by as much as 150°F (66°C) inside the air-
foil, plus another 50°F (10.5°C) for the film hole through-wall heating.
We shall therefore use a film-cooling exit temperature of 1200°F (650°C)
as an average value. As an aside, it is generally best to fully utilize
the allowable internal cooling before exhausting the air as film cool-
ing. All calculations are performed in a spreadsheet format. Figure 4.5
shows the current intermediate estimates for Re and Re;, distributions,
the smooth- and rough-surface heat-transfer coefficient distributions,
and for reference, the Mach number. The locations of laminar and turbu-
lent transition are reflected in the discontinuities present in the heat-
transfer coefficients. The fully rough condition of Re;, = 70 occurs at
x/L >~ 0.25. The effect of roughness is seen to be nearly a doubling of
the local heat-transfer coefficients. Overall, it is somewhat startling to
note that heat-transfer coefficients may vary by an order of magnitude
over the entire surface. We should note that the current estimate has
not accounted for the airfoil leading-edge stagnation region heat trans-
fer, which actually acts as a cylinder in crossflow with augmentation
due to freestream turbulence and roughness. Hence the heat-transfer
coefficients for x/L < 0.1 should be much higher, but the addition is
not large compared to the rest of the airfoil. We should also mention
that film injection affects local heat-transfer coefficients, sometimes
significantly, but the complexity is too much to include in this simple
estimation.
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Figure 4.5 External flow Reynolds numbers and heat-transfer coefficients.

Internal Cooling

Impingement cooling

The use of impingement jets for the cooling of various regions of modern
gas turbine engines is widespread, especially within the high-pressure
turbine. Since the cooling effectiveness of impingement jets is very high,
this method of cooling provides an efficient means of component heat
load management given sufficient available pressure head and geo-
metric space for implementation. Regular arrays of impingement jets
are used within turbine airfoils and endwalls to provide relatively uni-
form and controlled cooling of fairly open internal surface regions. Such
regular impingement arrays are generally directed against the target
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Gj = pjV; X

Ge =pVe ——p TZ

Figure 4.6 General jet array impingement geometry.

surfaces, as shown in Fig. 4.6, by the use of sheetmetal baffle plates, in-
serts, or covers which are fixed in position relative to the target surface.
These arrangements allow for the design of a wide range of impinge-
ment geometries, including in-line, staggered, or arbitrary patterns of
jets. There are several pertinent parameters in such jet array impinge-
ment arrangements. The primary fluid parameter is the jet Rep, based
on the orifice diameter and exit velocity. The main geometric parame-
tersinclude the target spacing Z/ D, and the jet-to-jet (interjet) spacings
x/D and y/D. Also important in an array of jets is the relative crossflow
strength ratio of postimpingement mass velocity to jet mass velocity
G./Gjor(pV)./(pV);. This crossflow effect can in severe cases actually
shut down the flow of coolant from subsequent jets. Fortunately, in the
design of turbine inlet vanes, the crossflow ratio is relatively weak, usu-
ally around G./G; = 0.2, as a result of the large number of distributed
film holes over the surface that extract the air.

Jet array impingement correlations for surface-average heat-transfer
coefficients exist in the literature for various conditions. The correlation
of Bailey and Bunker [5] for square jet arrays is used here:

k x Z VA
hp = D {47.1 — 5.55 + D <7.3 - 2.35>

+ Rep (4 %1073 —-1.3x107*. % —15x10°8 -ReD)

G, x Z
— 1.2 -13.7— — 28—
—l—Gj (6 37D 8D>}
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This expression is valid for 1 <x/D < 15,15 < Z/D < 5, and Rep <
100,000. The jet Rep is based on the supply cooling conditions. The
coolant properties used in this equation are based on an internal film
temperature, the average of the coolant supply temperature, and the
local internal wall temperature.

Coolant temperature rise

The last element of this process is simply a check of the allowed tem-
perature rise in the coolant. This is obtained by calculating the heat
flux through the composite wall, iterating for closure on the wall tem-
peratures, and summing the total heat flux that must be absorbed by
the coolant. The total coolant flow rate m. is merely the sum of the
impingement jet flows as determined from the jet diameter D, jet Rep,
and the number of jets that fit into the airfoil wall chord and height
space. The coolant temperature rise is then

Z [hD A (Twall internal — Tcoolant)]
me - Cp

AT, =

Optimization of Solution

Optimization of the current design based on average conditions means
determining the minimum coolant usage possible while still satisfying
the required constraints. The parameters that are available for varia-
tion include the impingement jet array geometry, jet Rep, metal wall
thickness, and TBC thickness. Actually, maximum thermal protection
is obtained with the maximum TBC thickness of 0.010 in. (0.254 mm),
so this parameter is set by common sense. Metal thickness must be
set to a value that can be manufactured. Aside from this, a minimum
metal thickness will lead to more effective internal heat flux; 0.050 in.
(1.27 mm) is selected to meet both needs. In exploring the design
space available, the constraints cannot all be exactly satisfied by a
single solution. In addition, calculations show that the most limiting
constraint is that of the 150°F (66°C) allowable coolant temperature
rise. This means that the coolant impingement heat-transfer coefficient
will be limited in order to maintain the temperature-rise limit. This
solution is represented by the following design:

Metal thickness 0.050 in. (1.27 mm)
TBC thickness 0.010 in. (0.254 mm)
Jet diameter 0.031 in. (0.787 mm)
Jet Rep 20,000

Jet x/D 8
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Jet Z/D 3
Number of jets 195
Cooling HTC 404 Btwh/ft?/°F (2293 W/m?/K)

Maximum metal T’ 1951°F (1066°C)
Maximum TBC T' 2245°F (1230°C)
Average external T' 2079°F (1138°C)

Bulk metal T' 1782°F (973°C)
Coolant AT 149.5°F (65.6°C)
Coolant flow rate 0.195 1b,,/s (88.64 g/s)

The metal and TBC maximum temperatures are each about 50°F
(10.5°C) below their allowable limits. The complete thermal distribu-
tion is shown in Fig. 4.7. The external heat-transfer coefficient dis-
tribution is essentially the same as that of Fig. 4.5, with roughness.
Hot-gas static temperature decreases significantly as the Mach num-
ber increases. The effect of film cooling makes it clear why this cooling
method is the best line of defense in design, serving to directly reduce
the driving potential for heat flux to the surface. Low external heat-
transfer coefficients near the airfoil leading edge are balanced by high
thermal potentials, while high heat-transfer coefficients at the trailing
edge encounter lower thermal potentials. Using this coolant flow rate
for each of the airfoil sides, and approximating the same amount again
for the two endwalls, the entire airfoil cooling flow is 0.78 1b,,,/s (355 g/s).
A turbine airfoil of this size has a count of about 44 in the engine, mak-
ing the total vane segment cooling 34.32 1b,,,/s (15.6 kg/s). For an engine

4000
3500
;u? 3000 z
© 2500 ove v
3 M’
S 2000 - 1
5 1500 &5 —e—T adiabatic wall
= —=—T external surface
1000 T external metal
500 ——T internal metal
T hot gas
o T T T T
0 0.2 0.4 0.6 0.8 1
X/L

Figure 4.7 Optimized wall temperature distribution for con-
strained problem.
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flow rate of approximately 300 lb,,/s (136.4 kg/s), the vane cooling flow
represents 11.44 percent of the engine compressor airflow, which is very
typical of high-performance gas turbine inlet guide vanes.

An additional note is appropriate here. Real turbine vane cooling
designs make full use of available parameter space in a local manner
rather than on an average basis. Film cooling will be varied in strength
over the airfoil surface, and internal cooling will also be adjusted lo-
cally, to obtain a more uniform distribution of resulting material tem-
peratures leading to lower in-plane stresses.
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Chapter

Steady-State
Heat-Transfer Problem:
Cooling Fin

David R. Dearth

Applied Analysis & Technology
Huntington Beach, California

Introduction

In one of my early engineering consulting projects, finite-element anal-
ysis (FEA) techniques were utilized to investigate extending service life
of hammer-bank coils on a high-speed dot-matrix printer. One aspect
of this overall project was assigned to estimate reductions in coil tem-
peratures when additional cooling fins are added. Figure 5.1 shows the
original single-fin and two new dual-cooling-fin design concepts selected
for investigation.

Before beginning development of the FEA idealizations, I recommend
doing a few sample “warmup” problems with known textbook solutions.
These test problems are extensively investigated prior to tackling the
real problem. This sample problem was also a “sanity” check, hand so-
lution created to ensure that I was using the correct units on the heat-
transfer parameters before I invested time on the actual FEA mathe-
matical idealizations.

The representative warmup problem selected for investigating this
heat-transfer project was a simplified cooling fin idealized as a uniform
rod or cylinder. A search through the engineering literature address-
ing heat-transfer problems located various portions of each individual

5.1
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aspect of these types of heat-transfer problems. However, none of the
engineering references contained a complete approach to the problem
from beginning to end. This sample fin problem contains all the features
of any real-life problem as a comprehensive, step-by-step solution to the
simplified version of the cooling fins with an FEA model to cross-check
the results. Once we were confident of our methodology, techniques,
and procedures from investigating this sample problem, we proceeded
to address the real-life problem.

Sample Problem: Heat-Transfer Solution
for a Simplified Cooling Fin

Figure 5.2 shows a sample problem of a cylindrical fin with heat source
at the base temperature 7T = 250°F and surrounding still air at T, =
72°F. The fin is fabricated from a generic aluminum alloy with thermal
conductivity K = 130 Btu/h-ft-°F.

The first step in the analysis is to determine an average heat-transfer
film coefficient A,y for free (natural) convection to the surrounding am-
bient air (fluid). For purposes of this sample problem A, = 1.30 Btu/h-
ft?>-°F. The arithmetic for estimating A,vg can be found in the detailed
hand calculations that follow.

For our sample problem, it is desired to estimate the distribution of
temperatures °F along the length of the fin and at the tip.

b4
T.=72F | | \
L Still Air @

L=6in.
D=1/2in. Free Convection
'l Film Coefficient
hyye = 1.30 Btwh-ft2-°F
! Figure 5.2 Sample heat-transfer
: “fin” model for steady-state tem-
peratures.
777777777
T, = 250°F
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5.4 Steady-State Calculations

To gain confidence in our solution, we will present two approaches: (1)
hand solutions using conventional equations found in most engineering
textbooks on heat transfer and (2) correlate results with a finite-element
idealization.

Answers

An aluminum rod (K = 130 Btu/h-ft-°F) having a diameter of 0.500 in.
and a length of 6 in. is attached to a surface where the base temperature
is 250°F. The ambient air is 72°F, and the average free convective heat-
transfer film coefficient along the rod length and end is /4y = 1.30
Btu/h-ft>-°F.

Determine the temperature distribution along the length of the cylin-
drical rod, accounting for the heat transfer at the endface.

Step 1: Compute average film coefficient
from mean film surface temperature T,

Tiim = —5— (5.1)

Substituting into Eq. (5.1), we obtain

2 2
T = 5027” — 161°F

Table 5.1 lists properties of air at Tjj,, = 161°F using liner interpola-
tion from data in table A-4 of Ref. 1.

Step 2: Compute Grashof number Gr and
check for laminar or turbulent free
convection

Let Thim = Tiurface = T's:

TABLE 5.1 Properties of Air at 161°F

0.0634 1b/ft3

0.2409 Btwlb-°F
1.3787 x 1075 Ib/s-ft
21.83 x 107° ft2/s
0.01713 Btw/h-ft-°F
1.1263 ft2/h

0.698

Density p

Specific heat C),
Dynamic viscosity
Kinematic viscosity v
Thermal conductivity %
Thermal diffusivity «
Prandtl number Pr
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For gas (air),
gB(T: — Too)L3
_ 1 . 1
~ T°R 161+ 460

Let characteristic length L = L, = (6/12) ft. Substituting into Eq. (5.2),
we obtain

Gr (5.2)

B =1.610 x 103 °R! (5.3)

(322 ft/s%)(1.610 x 1073 °R~1)(250 — 72) °R (¢/12 ft)?

G
r (21.83 x 10-5 ft2/s)?

= 2.421 x 107
Compute the Rayleigh number Ra:
Ra = Gr Pr = (2.421 x 107) (0.698) = 1.690 x 10

Since Ra = Gr Pr < 10%, laminar flow conditions may be assumed.

Step 3: Compute average film heat-transfer
coefficient hayg = h

First compute the Nusselt number:

N 5
Nu = =~
Y=

The Nusselt number can also be represented using empirical relations
depending on the geometry of the free convective system:

(5.4)

Nu = C(Gr Pr)* (5.5)
Then
% = Nu = C(Gr Pr)® (5.6)
For a long cylinder L/D > 10 and laminar flow, select the following
coefficients: C = 0.59 and a = 1@, from table 7.1 in Ref. 2.
Substituting and solving for A, we obtain

0.01713 Btu/h-ft-°F

0.59)(1.690 x 107)/4
6/19 ft (0.59X x 100

h =

= 1.30 Btu/h-ft>-°F
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5.6 Steady-State Calculations

Step 4: Solve for temperature distribution
along the length of the fin

The solution to the differential equations for combined conduction-
convection of the fin with heat loss at the endface can be found in Ref. 2:

T(x) — Ty, _ cosh[m(L —x)] + (h/mK) sinh[m(L — x)]
T-T. cosh(mL) + (h/mK) sinh(mL)

| hP | 2h )
m= XA = T for a cylinder (5.8)

Substituting and solving Eq. (5.8), we obtain

(5.7

where

2 x (1.30 Btu/h-ft2-°F) 1
= =0.9798 ft
\/(130 Btu/h-ft-°F)[(0.50,/2)/12 ft]
Also
_ 2o
h 1.30 Btu/h-ft*- ' F — 0.010206

mK ~ (0.9798 ft~1)(130 Btu/h-ft-"F)
Substituting into Eq. (5.7), we obtain

T(x) — 72  cosh[0.9798(%/12 — x)] + (0.010206)sinh[0.9798(%/12 — x)]
250 — 72 cosh[0.9798(%/12)] + (0.010206)sinh[0.9798(%/12)] 5.9)

Step 5: Evaluate T(x) at '/,-in. intervals
(0.50/12-ft intervals)

Table 5.2 lists estimates for external surface temperatures of the fin by
using a spreadsheet to minimize roundoff in the arithmetic of Eq. (5.9).
Figure 5.3 plots the data of Table 5.2.

Step 6: Verify hand calculations using FEA
idealization

Table 5.2 estimates the steady-state fin tip temperature T, tip =
229.9090°F. Figure 5.4 summarizes results for an FEA model idealiza-
tionin which Fig. 5.2 is processed using MSC/Nastran. Figure 5.4 shows
an average tip temperature Ty, tip, ave = 229.9119°F. A comparison be-
tween the solutions gives a percentage difference equal to +0.00126
percent.
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TABLE 5.2 Fin External Surface

Temperatures
x, in. T(x),°F

Base 0.00 250.0000
0.50 246.7976
1.00 243.8856
1.50 241.2594
2.00 238.9144
2.50 236.8468
3.00 235.0532
3.50 233.56305
4.00 232.2763
4.50 231.2885
5.00 230.5654
5.50 230.1058

Tip 6.00 229.9090

Applying the Principles

With a high degree of confidence in defining and solving a simplified
version of the transient heat-transfer problem, the final step is to apply
the principles. Because of the complexity of the geometry, FEA methods
are better suited for addressing solutions for the actual three fin design
concepts shown in Fig. 5.1.

What Is Finite-Element Analysis, and
How Does It Work?

Finite-element analysis methods were first introduced in 1943. Finite-
element analysis uses the Ritz method of numerical analysis and

260

220

00 05 10 15 20 25 30 35 40 45 50 55 6.0
Length x, in.

Figure 5.3 Fin external surface temperatures plot.
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minimization of variational calculus to obtain approximate solutions to
systems. By the early 1970s, FEA was limited to high-end companies
involved in the aerospace, automotive, and power plant industries that
could afford the cost of having mainframe computers. After the intro-
duction of desktop personal computers, FEA was soon made available
to the average user. FEA can be used to investigate new product designs
and improve or refine existing designs.

The FEA approach is a mathematical idealization method that ap-
proximates physical systems by idealizing the geometry of a design
using a system of grid points called nodes. These node points are con-
nected together to create a “finite” number of regions or mesh. The
regions that define the mesh are assigned properties such as the type
of material and the type of mesh used. With the mesh properties as-
signed, the mesh regions are now called “elements.” The types of mesh
can be defined as rod elements, beam elements, plate elements, solid
elements, and so on. Constraints or reactions are entered to simulate
how the idealized geometry will react to the defined loading.

Analysis models can represent both linear and nonlinear systems.
Linear models use constant parameters and assume that the material
will return to its original shape after the loading is removed. Nonlinear
models consist of stressing the material past its elastic capabilities, and
permanent deformations will remain after the loading is removed. The
definitions for the materials in these nonlinear models can be complex.

For heat transfer, FEA models can be idealized for both steady-state
and transient solutions. The mesh elements are defined using the ma-
terial conductivity or thermal dynamics to represent the system being
analyzed. Steady-state transfer refers to materials with constant ther-
moproperties and where heat diffusion can be represented by linear
equations. Thermal loads for solutions to heat-transfer analysis include
temperatures, internal heat generation, and convection.

FEA Results: Comparison of
Fin Designh Concepts

With a high degree of confidence in defining and solving the sample
heat-transfer problem, the final step is to apply the principles. Figure
5.5 shows summary results when the FEA model idealizations of fin
designs shown in Fig. 5.1 are analyzed using MSC/Nastran. In Fig. 5.5
magnetic coils for each fin design concept are shown generating internal
heat at the rate of 16 Btu/h per coil.

Table 5.3 lists a comparison of average coil temperatures for each
fin design concept. Table 5.3 shows dual-fin concept 1, which produces
the largest estimate of a 22 percent reduction in coil temperatures.
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TABLE 5.3 Summary of Average Coil Temperatures

Original
single-fin  Dual-fin = Dual-fin
design concept 1  concept 2

Average coil temperature 162°F 127°F 132°F
Percent reduction N/A —22% —19%

Dual-fin concept 2 comes in at a close second at 19 percent reduction in
coil temperatures.

As a result of this steady-state heat-transfer analysis, an approxi-
mate 20 percent reduction in coil operating temperatures could signif-
icantly extend the operational life of the magnetic coils. Therefore it
is recommended that both dual-fin concepts be evaluated by perform-
ing actual physical testing before implementation of any production
changes.
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Chapter

Cooling of a Fuel Cell

Jason M. Keith

Department of Chemical Engineering
Michigan Technological University
Houghton, Michigan

Introduction

This problem applies fundamentals of heat transfer to the cooling of a
fuel cell, which may have applications in laptop computers, cell phones,
and the motor vehicles of the future. In this problem you will predict the
electrical current generated within the fuel cell for a certain hydrogen
mass flow rate, estimate the efficiency of the fuel cell in generating
electricity, estimate the heat loss, and design a cooling system for the
fuel cell.

Background: The Proton-Exchange
Membrane Fuel Cell

Each cell within a fuel cell is basically an electrochemical device which
converts hydrogen and oxygen gas into water and direct-current elec-
tricity. The by-product of the reaction is heat, which must be removed
to prevent damage to the fuel cell components. A rough schematic of a
single cell within a fuel cell is shown in Fig. 6.1. Hydrogen gas flows
within channels etched in the bipolar plate (slanted lines in Fig. 6.1).
The gas is transferred by convection to the surface of the gas diffusion
layer (horizontal lines in Fig. 6.1), which it penetrates to reach the an-
ode (area to left of center with vertical lines in Fig. 6.1). At the interface
between the anode and electrolyte is a platinum catalyst, which oxidizes

6.1
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.2 Steady-State Calculations

Figure 6.1 Schematic of one cell
of a proton-exchange membrane
fuel cell. The slanted lines repre-
sent the bipolar plates; the hor-
izontal lines, the gas diffusion
layer; the vertical lines, the elec-
trodes (left block is the anode;
right block is the cathode); and
the open block, the electrolyte.

ALAMIMMIMKK
AT

the hydrogen into electrons and protons:
2H; — 4H' +4e” (6.1)

The protons are relatively small and can pass through the electrolyte
membrane (open block in center of Fig. 6.1). The electrons are rela-
tively large and cannot pass through the electrolyte. They must pass
by electrical conduction back through the anode, gas diffusion layer,
and bipolar plate, through an electrical load (such as a lightbulb), and
around to the other side of the fuel cell. The electrons then conduct
through the bipolar plate, gas diffusion layer, and anode, where they
recombine with the protons in the presence of oxygen, in a reduction
reaction to form water:

02 +4H" +4e — 2H,0 (6.2)

The oxygen gets to the cathode via the same convection-diffusion mech-
anism that the hydrogen uses to reach the anode. The overall reaction
is equal to the sum of the anode and cathode reactions:

The direct-current electricity produced by the fuel cell will have a cur-
rent I and a voltage E.q. It is customary to “stack” n cells together to
make a much larger system, called a “fuel cell stack,” with stack volt-
age E = nE. and current I. A cartoon of a fuel cell stack is seen in
Fig. 6.2. Note that the current is the same regardless of the number of
cells in the stack. Additional information on the fuel cell chemistry and
construction is available in the textbook by Larminie and Dicks (2003).

To predict the heat generation, we need to know the efficiency of the
fuel cell. Let us define efficiency as the rate of electrical work within
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Cathode, Electrolyte, Anode (all very thin)

Conducting Bipolar Plate

Figure 6.2 Side view of a fuel cell stack.

the fuel cell divided by the rate of thermal energy generation if the fuel
were burned by combustion, such that

pP

=0 (6.4)
1 Ccombustion

The rate of electrical work is also called power and is given as the
product of the stack voltage E and current I within the fuel cell,

P =1IE =InE.q (6.5)

and the rate of thermal energy generation due to combustion is given as

Ccombustion = anuel AH (6 6)

where Mg, is the molar flow rate of hydrogen per cell within the stack
and AH is the heat of formation, given as AH = —241.8 kd/mol if the
water product is steam (lower heating value) or AH = —285.8 kdJ/mol
if the water product is liquid (higher heating value). Fuel cells for com-
mercial and/or automotive uses will often have a condenser to produce
liquid product, so the higher heating value will be used here.

The electrical current I is also related to the hydrogen molar flow
rate Mp,e). Equation (6.1) shows that for each mole of Hs reacted at the
anode, two moles of electrons are generated. The charge of a mole of
electrons, in units of coulombs per mole, is given as Faraday’s constant
F = 96,485 C/mol. Thus, a molar flow rate M, to each cell gives an
electrical current of

. Mg,e1 mol fuel 2mole~ FC

I S mol fuel mol e~

=2FMpa A (6.7)

since one coulomb per second is equal to one ampere of current. Sub-
stituting Eq. (6.7) into Eq. (6.5) and dividing by Eq. (6.6) gives the
efficiency m,

_ 2F. Ecell _ Ecell
"= TAH T 148

(6.8)
if the higher heating value of hydrogen is used.
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6.4 Steady-State Calculations

Energy that is not converted into electrical power is released as heat.
A simple energy balance on the process gives

Ccombustion =P+ Q (69)

Combining Eqgs. (6.4) and (6.9) to eliminate C.ompustion gives the heat
generation within the fuel cell:

Q=P (1 - 1) (6.10)
mn

We will now estimate the electrical energy generation and heat gener-
ation in a fuel cell stack.

Example calculation: efficiency, fuel usage,
and heat generation

Consider a fuel cell stack with five cells of cross-sectional area A. =
10 cm?. Such a small fuel cell may be used in a cell phone or a laptop
computer. Assume that the cell voltage E.. is related to the current
density i = I /A in units of mA/cm? according to the relationship

Ecen = Eoc — A InG) — ir — m exp(ni) (6.11)

where, for a certain type of proton-exchange membrane fuel cell, the
parameters in this equation are given by Laurencelle et al. (2001) as
E,=1031V,A=0.03V,r=245x 104 kQ cm?, m=2.11x 1072V,
and n = 8 x 1073 cm?/mA. The first term estimates the voltage at zero
current density, also called the open-circuit voltage. The second term
represents activation losses, the third term represents ohimic losses, and
the final term represents mass-transfer losses. For additional informa-
tion, consult the text by Larminie and Dicks (2003). The components
of Eq. (6.11) are plotted in Fig. 6.3. It is customary to operate a fuel
cell within the “ohmic” region of the graph; thus for a current density
of 500 mA/cm?, the cell voltage E..; = 0.72 V. The stack voltage is E =
nE.n = 5(0.72) = 3.6 V, and the current is given by iAc1 = 500 mA/cm?
(10 cm?)(1 A/1000 mA) = 5 A. The total power is equal to the stack volt-
age multiplied by the current, P =IE = (5 A)(3.6 V) = 18 W.
The molar hydrogen flow rate per cell required to produce this power
can be calculated by rearranging Eq. (6.7) in terms of Mg, :
Mo = - (6.12)
fuel = oOF .
Thus, Mpue = 5 A/2/(96,485 C/mol) = 2.6 x 10~° mol/s. The total hy-
drogen molar flow rate can be calculated by multiplying this value by
the number of cells and is equal to 1.3 x 10~* mol/s. Noting that as the
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Figure 6.3 Polarization plot for proton-exchange mem-
brane fuel cell.

molecular weight of hydrogen is 2 g/mol, it would take about one hour
to use a gram of hydrogen in this fuel cell.

Using Eq. (6.8), the efficiency of the fuel cell ism = 0.72/1.48 = 0.487.
Thus, the heat generation can be calculated from Eq.(6.10)as @ = 18 W
(1/0.487 — 1) = 19.0 W. The heat generation per cell is thus Q1 =
19.0/5 = 3.8 W. This heat will have to be removed by cooling air to
maintain the fuel cell at a steady-state temperature, which we will now
discuss.

Convective Cooling

Consider the fuel cell stack shown in Fig. 6.2. Larminie and Dicks (2003)
state that fuel cells with P > 100 W require air cooling. To avoid drying
out the membrane, separate reactant air and cooling air are required.
This is achieved by placing cooling channels within the bipolar plate. A
schematic of one cell with such a cooling channel is shown in Fig. 6.4.
We assign the following variables, from the perspective taken from a
side view of the fuel cell: L is the height of the plate and channel; d is
the depth of the plate and channel (so the product Ld is the area A.p),
t is the thickness of the bipolar plate, cathode, electrolyte, and anode;
and w is the width of the cooling channel.

Heat generation within the fuel cell occurs near the cathode, elec-
trolyte, and anode (left and right sides of the schematic in Fig. 6.4). In
essence, a total heat generation rate of Qc.;1/2 W can be considered to be
input at the left and right sides of the cell, as shown in the left portion
of Fig. 6.5. Since the cathode, electrolyte, anode, and bipolar plate are
made of materials with high thermal conductivity (about 20 W/m-K),
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TOP VIEW

L

¢}

Half of cathode, —
electrolyte & anode Half of cathode,
electrolyte & anode

Conducting bipolar plate

Cooling channel

SIDE VIEW

Figure 6.4 Single cell with cooling channel.

the heat source can be considered to be input directly into the cooling
channel, as seen in the right portion of Fig. 6.5. Thus, it is appropriate
to model this system as heat transfer to a channel with a constant wall
flux at the boundaries (due to a uniform heat generation rate per unit
area of the channel surface).

An energy balance over the fluid in the channel yields

n.’lcoolantcp(noolant,out - Téoolant,in) - chll (613)

which can be used to estimate the exit temperature of the cooling air.
The maximum temperature of the channel wall can be estimated using
a heat-transfer coefficient. For channels with a constant heat flux at
the boundary, fully developed laminar flow, and a very high channel

— — > |e
e — > |e
e — > |e
— — > |
— — > |e

Figure 6.5 Heat generation within a single cell of a fuel cell stack.
The picture on the left shows the heat source within the cathode,
electrolyte, and anode of the fuel cell. The picture on the right shows
an approximation where the heat is input directly into the cooling
channel.
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aspect ratio, Incropera and DeWitt (1996) report the following Nusselt
number:

kD,

as

Nu =8.23 (6.14)

where Dy, is the hydraulic diameter, given as

D, = HAeross section (6.15)

Pchannel
where Agross section and Paannel are the cross-sectional area and the
perimeter of the cooling channel, respectively. For a channel aspect ra-
tio of 1, 2, 4, and 8, the Nusselt number is equal to 3.61, 4.12, 5.33, and
6.49. The correlation for the Nusselt number is valid when the Reynolds
number is less than 2300:

4 4 oolan
Re — —-Teoolant (6.16)

Wgas P channel
where |Lgqs is the gas viscosity. As the coolant heats up as it travels along
the channel, the location of maximum solid surface temperature will be
at the exit. An energy balance yields that the temperature difference
between the solid and gas is a constant, due to the fact that a uniform
heat flux is present:

chll
LP, channel

Finally, an energy balance within the bipolar plate, cathode, and anode
yields the relationship between the surface temperature and that at
the cell edge where the heat is supplied

h(Tsurface - T;gas) = (6.17)

Ted e — 4dsurface chll
Rsolia ——= = 6.18
solid t LP channel ( )

Again, this temperature difference is a constant along the entire chan-
nel length because of the constant-heat-flux approximation.

Example calculation: cooling the fuel cell

We will apply the principles in the preceding section to remove the 19 W
of heat generated within the fuel cell. In general, fuel cells with power
output P < 100 W can be cooled by natural convection. As this fuel
cell may be placed inside a cell phone or a laptop computer, convective
cooling may be justified. The procedure illustrated here may also be
extended to a larger stack.

Proton-exchange membranes are typically operated about 50°C. Tem-
peratures above 100°C can damage the fuel cell components. If we wish
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TABLE 6.1 Dimensions and Thermal

Properties

Item Value

L 3.16 cm = 0.0316 m
d 3.16 cm = 0.0316 m
t 0.5 cm = 0.005 m

w 0.1 cm = 0.001 m
Esolid 20 W/m-K

kgas 0.0263 W/m-K

Pgas 1.84 x 10~* g/em-s
Cy 1.0 J/g-K

to maintain the maximum temperature within the fuel cell at 60°C, for
example, with cooling air at 20°C, what air mass flow rate is required?
Thermal properties and dimensions of the fuel cell are given along with
air thermal properties in Table 6.1.

This problem is solved in a procedure reverse as that derived in the
previous section. The channel perimeter P annel is equal to 2d + 2w =
0.0652 m. Equation (6.18) is then used to estimate the solid surface
temperature at the cooling channel exit:

t
Tsurface = f[:edge - # A 1
3.8W 1 0.006m 1°C
=60°C — — =59.5°C
0.0316 m 0.0652m 20 Wm —-K 1K 6.19)

The aspect ratio of the channel is d/w = 31.6, so it is safe to use the infi-
nite aspect ratio value for the Nusselt number Nu = 8.23. The hydraulic
diameter is given by Eq. (6.15):

D, — 4 Across section _ 4dw
" Pinannel 2(d + w)

4 0.0316 m
~2\0.0316 m + 0.001 m

> 0.001 m = 0.0019 m (6.20)

which is close to 2w as d > w. Equation (6.14) can then be used to
calculate the heat-transfer coefficient:

0.0263 W/m-K

_ goghes _
h=8.235"% =823~ o

) =111 W/m?-K (6.21)
h
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The heat-transfer coefficient can now be used to determine the gas exit
temperature using Eq. (6.17):

chll
Tas = Ldgurface — 77 5
8 f hLPchannel
3.8W 1 1 °C
_595°C — =428
8950 - i Wm? — K <0.0316 m) (0.0652 m) K 8C

(6.22)

Finally, the air mass flow rate can be determined from Eq. (6.13), by
setting Teoolant,out = Tgas- The resulting expression is

chll

Cp(ﬂoolant,out - Tcoolant,in)

3.8W 1
= =0.166 g/ 9
1.0 J/g-K 42.8 — 20°C g/s (6.23)

To prove that this is laminar flow, the Reynolds number must be calcu-
lated from Eq. (6.16):

Meoolant =

4ricoolant 4 0.166g/s m
Re = = =550
® = gasPhamnal | 1.84 x 10-4 g/em-s 0.0652 m 100 cm
(6.24)

The total mass flow rate of coolant is equal to the value for one cell
multiplied by the number of cells, so 7itcolant, total = 0.83 g/s.

Discussion and Conclusions

Analysis of the sample system presented above shows that the max-
imum cooling flow rate to maintain laminar flow within the cooling
channel is 0.689 g/s per cell or 3.44 g/s total. In this circumstance,
the maximum temperature within the fuel cell is Toqq. = 42.5°C, the
maximum surface temperature is Tiy face = 42.0°C, and the exit coolant
temperature is Tioolant.out = 25.5°C. The minimum cooling flow rate can
also be determined by selecting a maximum value for Toq4ge, say, 90°C.
The flow rate is 0.072 g/s per cell or 0.36 g/s total. The maximum sur-
face temperature is Tyurface = 89.5°C, and the exit coolant temperature
i8 Tioolant.out = 73.0°C. The Reynolds number in this case is 240.

In practice, the power required to operate electronic equipment by
the fuel cell will vary. During high loads, the fuel cell temperature will
likely increase. Using a maximum possible temperature of 90°C and a
Qcenn value of 5.7 W (representing a 50 percent increase over the base
case considered here) yields a cooling mass flow rate of 0.128 g/s per
cell or 0.64 g/s total.
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6.10 Steady-State Calculations

This calculation applies convection and conduction heat transfer to
the design of a fuel cell cooling system. The situation studied here can
be considered a worst-case scenario as the cooling fluid must remove all
the heat generated within the fuel cell. In practical applications, there
are additional heat losses to the environment. The total heat generated
per cell Q.1 can be multiplied by a percentage to account for these
effects.
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Chapter

Turbogenerator Rotor
Cooling Calculation

James T. McLeskey, Jr.

Department of Mechanical Engineering
Virginia Commonwealth University
Richmond, Virginia

Problem

Prior to 1960, large turbogenerator rotors were cooled indirectly and
limited in output to approximately 200 MW. Heat generated in the wind-
ings was conducted to the surface of the rotor and then removed from
the outer diameter by convection to the hydrogen gas. As the capability
increased in the late 1950s, it became necessary to find more efficient
methods of cooling the rotors. Manufacturers developed cooling systems
where the cooling gas was directly in contact with the copper conduc-
tors. These direct-cooled rotors helped make possible the construction
of turbogenerator units with capacities as high as 1300 MW.

In spite of the improved cooling techniques, rotor heating can still be
a limiting factor under lagging power factor conditions. Determining
the rotor temperature profile is necessary when designing a new ma-
chine. In addition, with improvements in steam turbine design, it is now
possible to retrofit older steam turbines and provide power increases of
as much as 10 percent over the original rating. It is often necessary to
determine the ability of the generator rotor to tolerate this increase in
power.

In order to better quantify these limits, it is necessary to calculate
the cooling gas flow and temperature profile in the generator rotor. The

71
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7.2 Steady-State Calculations

Gas Outlet at R, Retaining Ring

Gas Inlet at R;

Active Length L

A

Figure 7.1 Side view of a typical turbogenerator rotor showing cooling gas inlet
and outlet regions.

following calculation is for a direct-cooled turbogenerator rotor with
axial flow passages in the windings. The dimensions and configuration
are not for any particular machine, but are typical. The principles can
be applied to other designs with appropriate adjustments.

Assumptions

1. All cooling is due to direct cooling of hydrogen in contact with the
copper.

2. Radial and axial heat transfer within the copper is ignored.

Cooling principle

In alarge turbogenerator, the rotor provides the rotating magnetic field.
In order to generate this field, current passes through the windings of
the rotor. Naturally, these windings can become quite hot. To prevent
damage to the electrical insulation which surrounds the windings, it is
necessary to cool the windings.

Cooling the winding is often done as shown in Figs. 7.1 to 7.4. Cold
gas enters under the retaining ring, travels axially through the cop-
per windings, and exits at the center of the rotor. The pressure differ-
ence driving the gas results from the different radii of the inlet and
exit points. The inlet radius is less than the exit radius, so the inlet is
traveling at a lower linear velocity and, in accordance with Bernoulli’s
principle, is at a higher pressure.

Calculation Method

The calculation consists of five primary steps:

1. Determine the cooling gas properties.

2. Determine the volume flow rate of the cooling gas through the rotor.
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Turbogenerator Rotor Cooling Calculation 7.3

Rotor Slots
(filled with

windings) \

Retaining Ring

Gas Inlet at R;

Gas Inlet into Side of Winding

/

Copper Windings

Figure 7.2 Cutaway view of generator winding head region (under the re-
taining ring) showing the gas inlet and filled rotor slots.

3. Determine the temperature rise in the gas passing through the rotor.

4. Determine the temperature difference between the cooling gas and
the copper windings.

5. Determine the absolute temperature of the copper.

Determine the gas properties

Modern turbogenerators are capable of achieving nearly 300 MW of
output using air as the cooling medium. However, all units larger than
that and most older units greater than 80 MW use hydrogen as the
cooling medium because of its low density and viscosity and relatively
high heat capacity. Our calculation will assume that hydrogen is used.

The first step in calculating the cooling is to determine the gas proper-
ties based on the estimated operating conditions. In a computer model,
this step might be repeated iteratively after the rest of the calculation
is performed, but a generator designer can usually make a good first
approximation based on the typical data.
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7.4 Steady-State Calculations

Cooling gas outlets from the windings

Cooling gas inlets into windings

Figure7.3 Schematic of a single axially direct-cooled generator rotor wind-
ing turn showing gas inlet and outlet holes.

S S
QO
OO

| __— Cooling holes

®e

—— —— Copper turn
OO

O O Figure 7.4 Cross-sectional view of
a generator rotor winding slot

A showing the axial cooling holes in
O O hum the direct-cooled rotor windings.
v This slot contains eight turns.

. Wtum .
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Turbogenerator Rotor Cooling Calculation 7.5

TABLE 7.1 Operating Conditions

Parameter Variable Value Comment
Cooling medium — Hydrogen —
Hj pressure P 75 psig = —
517 x 10° Pa
Cold-gas temperature Teold 45°C =318 K This is the estimated

temperature of the cold
gas entering the rotor; it
is based on the stator
cooler design

Hj purity Hy, pure 98% = 0.98 The hydrogen in the
machine will not be 100%
pure

Estimated maximum AT max 75°C Limited by insulation

temperature rise of
rotor
Maximum temperature TH, max 120 Teold + AT max
of H2
Estimated average Tavg gas 82.5°C =356 K (Teold + THymax)/2

Hy temperature

Gather the operating conditions. See Table 7.1.

Determine the gas properties at T,yqq.s- 1t is necessary to find the prop-
erties for both the hydrogen and the air in the system and then use the
hydrogen purity to find a weighted average.

Density. Using the ideal-gas law, we obtain
_ P
RHZ Tavg gas
pP
pair = 5 m7
RairTavg gas

for the given conditions, pg, = 0.352 kg/m3 and p i, = 5.06 kg/m3. The
weighted average is

PH, where Ry, =4.124 x 103 J/kgK (7.1)

where Ry, = 0.287 x 103 J/kgK  (7.2)

p = pH, - Ha pure + Pair - (1 — Ha, pure)
= 0.446 kg/m> (7.3)
Absolute viscosity
p, = 1.053 x 107° Pa-s
Wair = 2.155 x 107° Pa-s
= pH, - Ha pure + Rair - (1 — Ha, pure)
=1.075 x 10 ® kgm!s7! (7.4)
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Kinematic viscosity

v
vp = —
p

= 2.409 x 107® m2s! (7.5)

Specific heat
C, = 10,000 W-s/kg-K
Thermal conductivity

A = 0.2W/m-K

Determine the volume flow rate of the
cooling gas through the rotor

The primary cooling mode inside a direct-cooled rotor is forced con-
vection of the heat from the copper to the cooling gas. Therefore, it is
necessary to determine the volume flow rate and the velocity of the gas
through the copper windings. The pressure driving the flow is gener-
ated as a result of the difference in the diameters of the gas inlet and
outlet.

Gather the geometric data. See Table 7.2.

The self-generated pressure and the volume flow rate depend on the
geometric configuration of the rotor. Although some approximations can
be made when the exact dimensions are unknown, more fully defining
the problem will lead to more accurate results.

Find the self-generated pressure. Because the hydrogen inlet and outlet
are at different diameters, the linear velocities are different. The inlet
is at a smaller diameter and is therefore traveling at a lower linear
velocity and, in accordance with Bernoulli’s principle, is at a higher
pressure. This forces the cooling gas through the rotor:

p(2m x rpm/60 s)?(R2 — R?)

Af)self = 9

= 2.854 x 10° Pa (7.6)

where rpm is the rotation speed in revolutions per minute (r/min). In
some machines, additional pressure for moving the gas through the
rotor is provided by external fans.
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Turbogenerator Rotor Cooling Calculation 7.7

TABLE 7.2 Geometric Dimensions (See Figs. 7.1 to 7.5)

Parameter Variable Value Comment

Rotor body radius R, 0.5m Outer radius of rotor body

H, inlet radius R; 0.4m Radius under retaining
ring where Hy enters
the rotor

Active length L 6.0 m Length of iron through
which the windings
pass

Rotation speed rpm 3600 min—1! —

Number of slots Nylots 20 —

Number of Cu turns Turns 8 —

per slot (layers)

Holes per turn Holeturn 2 —

Holes per slot Holeg,t 16 Turns - Holegymn

Turn thickness Aturn 0.0148 m —

Turn width Wturn 0.030 m —

Copper resistivity Rcu 0.01675x 10°6Q-m —

Cooling passage d 8 mm —

diameter
Excitation current 1 2000 A —

Determine gas velocity through the windings. The gas enters the rotor
under the retaining rings at each end and moves to the center where it
exits. This means that all the calculations are performed for half of the
active length of the rotor as shown in Fig. 7.5.

The velocity depends on the pressure drop through the rotor. The
pressure drop depends on the friction and the geometry:

AP = APfriction + AF’geometry (77)
The pressure drop due to friction can be found from

L/2pv?
APfriction = )\f%% (78)
where A\ = 0.316/Re'/* = 0.316/(vd/v;)!/* for smooth copper profiles
and turbulent flow. The term L/2 is used because the gas enters at one

f Outlet i
T

Inlet

Velocity

P L/2 R

Figure 7.5 Schematic cross section of the side of a single cooling hole in the
copper winding.

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.
Any use is subject to the Terms of Use as given at the website.



Turbogenerator Rotor Cooling Calculation

7.8 Steady-State Calculations

end and exits at the center of the rotor. The dynamic pressure is given
by pv?/2.
The pressure drop due to geometry is given by

2
v
APyeometry = c% (7.9)
where c is a geometric coefficient, typically between 5 and 15 depending
on the rotor.

If we define
1/4
Vi L/2
=0.316( — —
a=0.3 6(d> d
= 27.76 (m/s)*2?5 (7.10)
and

AP
b=2— with AP = AE)self
P

— 12,789 N-m/kg (7.11)

then we can write the equation for the pressure loss as

b_pms (7.12)
a a
If we determine a and b using the values given above and assume a
value for ¢ (¢ = 10), the roots of the above equation can be found to give
the velocity.

Using MathCad to find the roots, the value obtained wasv = 23.81 m/s
in each cooling hole. The volume flow rate in a single cooling hole can
be found by multiplying this velocity by the area of each hole:

2
Vhole = area x velocity = wal v

=1.196 x 107> m¥s (7.13)

Then the total volume flow rate in a single slot can be determined by
multiplying this value by the number of holes in a single slot:

Vslot = Vhole : HOleslot

=19.1 x 103 m¥s (7.14)
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Turbogenerator Rotor Cooling Calculation 7.9

Determine the temperature rise in the gas
passing through the rotor

The rotor is assumed to be operating under steady-state conditions.
Therefore, the hydrogen gas must remove any heat generated by the
windings. The first step is to determine the amount of heat produced in
the winding in each slot (actually in each half-slot since the cooling gas
exits at the center). This is due to I2R losses from the excitation current.
The heat is found by first calculating the cross-sectional area of one
turn of copper (Fig. 7.4) and multiplying by the resistivity to determine
the total resistance. This value is then multiplied by the square of the
excitation current. This, however, requires an estimate of the copper
temperature rise (assumed here as a first guess to be AT = 75°C).
The cross-sectional area of one turn is

2
T
Acy = (Bturn X Weurn) — T x Holeturn

= 343.5 x 1075 m? (7.15)

The total resistance of windings in one half-slot is

Ryot = Rcu(14+0.004- AT) - turns - zﬁ
=152x107°Q (7.16)
Power (heat) produced in one half-slot is
Pyoy = I*Rygot, = 6085 W (7.17)

This power (heat) must be removed by the hydrogen. To find the temper-
ature rise of the hydrogen, divide this power by the total heat capacity
of the hydrogen flowing through the copper:

P, slot
Cp p Valot

= 71.25°C (7.18)

ATy, =

The temperature profile of the hydrogen gas is shown in Fig. 7.6. It
enters from the end at the cold gas temperature of 45°C and reaches a
maximum of 116.25°C at the center of the rotor.
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Figure 7.6 Temperature profiles of Hy gas and copper for an axially direct-cooled gen-
erator rotor.

Determine the temperature difference

between the cooling gas and the

copper windings

Under steady-state conditions, all the heat generated in the copper is
assumed to be transferred to the hydrogen. However, because there is
some thermal resistance between the copper and the hydrogen, the cop-
per is at a higher temperature. This temperature must be determined
by finding the heat-transfer coefficient between the hydrogen and the
copper.

Reynolds number of flow in holes

d
Re = 2% = 7907 (7.19)
Vi
Prandtl number of flow
C
Pr— """Tp —0.538 (7.20)
Heat-transfer coefficient for flow in smooth copper pipe
0.8 0.4
h—0023. A-Re™-Pr-
d
= 589.2Wm?-°C (7.21)
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Turbogenerator Rotor Cooling Calculation 7.11

The temperature difference between the copper and the hydrogen is

Pslot
ATow, = ———— 7.22
Cully = 3~ Areagf ( )

where Areag,r equals surface area of the copper in contact with the
hydrogen (the perimeter of the hole times the length of the copper):

L
Areag,r = wd - 5 - Holegt = 1.206 m?
(7.23)
ATeun, = 8.57°C

The temperature profile of the copper is shown in Fig. 7.6. The copper
temperature remains 8.6°C above the hydrogen temperature across the
length of the rotor and reaches its maximum at the center of the rotor.

Determine maximum temperature of copper

The maximum copper temperature occurs at the center of the rotor for
a rotor with this type of cooling. It can be found from

Teuw = Teoid + ATH, + ATcun,

=45+71.2+48.6 =124.8°C maximum value (7.24)

In order to protect the insulation, the maximum desired temperature
is typically 130°C, so this rotor design would be acceptable.

Summary and Conclusions

The calculation presented here provides a method for determining the
temperature profile in a large turbogenerator rotor with direct axial
cooling using hydrogen. For the particular parameters chosen, the hy-
drogen gas reaches a maximum of approximately 116°C. This results
in a maximum copper winding temperature of approximately 125°C. If
this were an actual rotor, the maximum temperature would be within
the typically quoted class B temperature limit of 130°C. The maximum
copper temperature occurs at the center of the rotor for this design.

A wide variety of direct-cooled rotor designs are produced by various
manufacturers. The principles outlined in this calculation can be ap-
plied to other designs with the appropriate adjustments for such things
as different cooling flow patterns (Costley and McLeskey, 2003) or sub-
stantial indirect cooling (McLeskey et al., 1995). This analysis of the
thermal limits of the rotor will allow for maximum utilization under all
generator operating conditions.
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Chapter

Heat Transfer through
a Double-Glazed Window

P. H. Oosthuizen

Department of Mechanical Engineering
Queen’s University
Kingston, Ontario, Canada

David Naylor

Department of Mechanical and Industrial Engineering
Ryerson University
Toronto, Ontario, Canada

Problem Statement

Consider heat transfer through a 1-m-high double-paned window un-
der nighttime conditions, when the effects of solar radiation can be ig-
nored. The heat transfer can be assumed steady and one-dimensional,
and the effects of the window frame can be ignored. The window glass
can be assumed to be 3 mm thick and to have a thermal conductivity
of 1.3 W/m°C. The gap between the panes is 10 mm. The air tempera-
ture inside the building can be assumed to be 20°C and the outside air
temperature, 5°C. On the basis of available results, the heat-transfer
coefficients on the inner and outer surfaces of the window can be as-
sumed to be 4 and 25 W/m?°C, respectively, and the emissivity of the
glass can be assumed to be 0.84. Find the heat-transfer rate through
the window per unit area for the case where the gas between the panes
is air and for the case where it is argon. Also express these results in
terms of an overall heat-transfer coefficient and in terms of the overall
heat-transfer resistance.

8.1
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8.2 Steady-State Calculations

Convection Convection
— —
iati Radiation
Radiation
Outdoors: 7= T, (<T}) Indoors: 7= T;

Convection and
| Radiation

— —
Conduction Conduction

Figure 8.1 Heat-transfer situation under consideration.

Solution

The situation considered here is shown in Fig. 8.1. The following nomen-
clature is used here:

A Frontal area of window

AR Aspect ratio; H/w

H Height of window

hep Convective heat-transfer coefficient for flow between window panes

hei Convective heat-transfer coefficient for inner surface of window

heo Convective heat-transfer coefficient for outer surface of window

h, Radiation heat-transfer coefficient

he Radiation heat-transfer coefficient for flow between window panes

hyi Radiation heat-transfer coefficient for inner surface of window

ho Radiation heat-transfer coefficient for outer surface of window

k Thermal conductivity

Nu Nusselt number based on w

Nu, First Nusselt number value given by between-glass convection
equations

Nu, Second Nusselt number value given by between-glass convection
equations

Nu, Third Nusselt number value given by between-glass convection
equations

Q Heat-transfer rate through window

@ Heat-transfer rate through gap between window panes

Q; Heat-transfer rate to inner surface of window

Qi Heat-transfer rate through inner pane

Qg0 Heat-transfer rate through outer pane

(AR Heat-transfer rate from outer surface of window

Ra Rayleigh number based on w and 73 — T3

R Overall heat-transfer resistance
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Heat Transfer through a Double-Glazed Window 8.3

R Inside heat-transfer resistance

R, Outside heat-transfer resistance

R, Heat-transfer resistance of glass window pane

R, Heat-transfer resistance of pane-to-pane gap

T Inside air temperature

T, Outside air temperature

T Temperature of inside surface of window

T Temperature of outer surface of inner window pane
T Temperature of inner surface of outer window pane
T; Temperature of outside surface of window

w Distance between the two panes of glass

B Bulk expansion coefficient

Kinematic viscosity of between-panes gas

Because the effects of solar radiation are ignored and because the
glass is essentially opaque to the infrared radiation therefore involved
in the situation considered, the glass panes will be assumed to behave
as conventional opaque gray bodies. The radiant heat transfer will be
treated by introducing radiant heat-transfer coefficients A, .

Because it is assumed that the heat transfer is steady, it follows that
the rate of heat transfer from the inside air to the inner surface of the
window is equal to the rate of heat transfer through the inner glass
pane, which in turn is equal to the rate of heat transfer across the gap
between the panes, which in turn is equal to the rate of heat transfer
across the outer glass pane, which in turn is equal to the rate of heat
transfer from the outside surface of the outer glass pane to the outside
air; thus considering the heat-transfer rate per unit window area, we
obtain

&_Qgi_&_ng_&
A A A A A

The subscripts i, gi, b, go, and o refer to the heat-transfer rate from the
inside air to the inside glass pane, across the inner glass pane, across
the gap between the panes, across the outer glass pane, and from the
outside glass pane to the outside air, respectively.

The heat transfer from the inside air to the inner glass surface is ac-
complished by a combination of radiation and convection. These will be
expressed in terms of convective and radiative heat-transfer coefficients
defined by

Qci Qri
A = e (4 A
n, (fZ 71)

=hyi (T, - Th)
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T, T T;

Figure 8.2 Temperatures used in
obtaining solution.

where 7] is the inside air temperature and 77 is the temperature of
the inner surface of the inner glass pane as shown in Fig. 8.2. Now it
is assumed that the window area is small compared to the size of the
room to which it is exposed, so the following can be assumed:

(ﬁ;i — 0e(T* — %) = 0e(T% + T2) (G + T)(T — Ty)

1

Hence, since by definition

Qri

A =h (T, - Th)

it follows that
i = oe(T* + T%) (T + Th)

The total heat-transfer rate to the inner glass surface is therefore given
by
Q _ Qci + Qri
A A A
The heat is transferred across the inner pane by conduction so that
since steady, one-dimensional conduction is being considered, it follows
that

= (hci +hrl)(7; - Tl)

Q_,Thi-T
X op 22
A ty
where the temperature 7 is as defined in Fig. 8.2.
The heat-transfer rate across the gap between the panes is given by

% = (heo + o) (T2 — T3)
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Heat Transfer through a Double-Glazed Window 8.5

Because the gap between the panes, 1 cm, is small compared to the
height of the window, 1 m, it will be assumed that the radiant heat
transfer across the gap is given by the equation for radiant heat between
two infinite gray surfaces

Qv (LT o(LP+T7)(B+T)(B-T)
A 1/e4+1/e—-1 1/e+1/e -1

o (T2 + T2 (B + T)(B - T)
2/e — 1

where the emissivities of the two surfaces are the same. From this
equation it follows that
hb:ou?+G¥ME+E):o@¥+gﬂﬂb+E)

" 1/e+1/e—1 2/e — 1

For the reasons given when discussing the heat transfer across the
inner glass pane, the heat-transfer rate across the outer pane is given:

Q -1,

A~k

tg

Finally, consider heat transfer from the outer surface of the outer
glass pane to the outside air. For the same reasons as those discussed
when considering the heat transfer from the inside air to the inside
glass surface, it follows that

% = (hco +hro)(T4'1 - T:J)

where
hro = 0'8(7:12 + 7:)2) (Ty+ 1)

The equations above give

Q 1

=

Q
- __qp-m X — T T
Ahg + hy ' Akg/tg e
R 1 QR 1
¥ _p-n 2 —T - T,
A hcb + hrb ? ’ A kg/tg ’ !
Q 1
® - _n-7
Ahey +hey 7
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Adding these equations together and rearranging then gives

Q -7

A1 PR S S S
hci + hri kg/tg hcb + hrb kg/tg hco + hro

The heat-transfer rate is commonly expressed in terms of an overall
heat-transfer coefficient U, which is defined by

From the preceding two equations it follows that

1_ 1 1. 1 1 1
U B (hci + hri) kg/tg (hcb + hrb) kg/tg (hco + hro)

Alternatively, the overall heat transfer rate can be expressed in terms
of the thermal resistance R of the window, which is defined by

Q (T-T)
A R

Comparison of these equations then gives

S SIS S S SR

B hci + hri kg/tg hcb + hrb kg/tg hco + hro

=R +R+R+R+R,
where

R = Ry= o Ry= o R=
hcz + hrl k /tg hcb + hrb B hco + hro

The space between the two panes of glass forms a vertical high-aspect-
ratio enclosure. In order to find the convective heat-transfer rate be-
tween the two glass panes, the heat-transfer rate across this enclosure
is assumed to be expressed in terms of the Rayleigh number Ra, and
the aspect ratio AR, which are defined by

Bgw® (T — 1)

Ra = >

v

AR=2
w

respectively. The following three Nusselt numbers are then defined
(see El Sherbiny, S. M., Raithby, G. D., and Hollands, K. G. T., 1982,
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“Heat Transfer by Natural Convection across Vertical and Inclined Air
Layers,” J. Heat Transfer, vol. 104, pp. 94-102)

Nu, = 0.0605 Ra'/?

31/3

.1 4 0.293
Nu, 1+{ 0.104 Ra

1+ (6310/Ra)"™

Ra 0.272
Nu, =0.242 | —
b (AR)

and the Nusselt number for the heat transfer across the enclosure is
taken as the largest of these values:

Nu; = maximum (Nu,, Nup, Nu,)

The value of the convective heat-transfer coefficient for the gap between
the glass panes is then given by

Nu,w
ky

hci =

where & is the thermal conductivity of the gas in the enclosure between
the glass panes.

The thermal conductivity %k, and the kinematic viscosity in the
Rayleigh number are evaluated at the mean temperature in the gap, at

L+T3

Tbm: 9

An iterative solution procedure is required; this procedure involves
the following steps:

1. Guess the values of 71, 15, T3, and Tj.

2. Using these values, calculate h,;, k., by, and Agp.

3. Calculate Q/A, U, and R.

4. Using this value of /A, calculate T1, T3, T3, and T; using

Q1 Q@ 1
T=T-X——_ Th=T-=

YT Ahg + b 2T Akt

Q 1 Q@ 1
T=T->—— T=T--=

ST Ahg+ by T T Akt
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Figure 8.3 Variation of thermal conductivity % of air and ar-
gon with temperature.

5. Using these temperature values, repeat steps 1 to 3. If these new
temperature values are essentially the same as the guessed values,
the procedure can be stopped. If not, the process is repeated to again
give new values for the temperatures.

This procedure can be implemented in a number of ways. The results
given here were obtained by implementing this procedure in the spread-
sheet software Excel.

In order to obtain the results, the values of v and & for air and argon
have to be known over the temperature range covered in the situation
considered. The values assumed here are shown in Figs. 8.3 and 8.4.

25 T T T

m?%/s

2

6

Kinematic Viscosity x 10~

1 0 1 1 |

0 20 40 60 80
Temperature, °C

Figure8.4 Variation of kinematic viscosity v of air and argon
with temperature.
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TABLE 8.1 Thermal Resistance Values, m? C/W

Gas R; R, Ry R, R, R

Air 0.1154 0.00231 0.1605 0.00231 0.03432 0.3148
Argon 0.1152 0.00231 0.1951 0.00231 0.03433 0.3492

The calculated values of /A, U, and R for the two cases are

Air Q/A=47.65W/m?C, U=3.18 W/m? C, R=0.315m? C/W
Argon Q/A=42.95W/m?C, U =2.86 W/m? C, R = 0.349 m? C/W

It will be seen that the heat-transfer rate per unit area with argon be-
tween the panesis about 11 percent lower than it is with air between the
panes. This is basically due to the fact that argon has a lower thermal
conductivity than does air.

The R values for the two gases for each component of the window are
shown in Table 8.1. From the values given in this table it will be seen
that the biggest contributor to the overall thermal resistance is the gas
space between the panes. The thermal resistance at the inside surface
of the window is the next-highest contributor.

It was also found that the Nusselt number for the between-panes
heat transfer was 1 in both cases considered, indicating that the heat
transfer across the gas layer is effectively by conduction, since if this is
true, it follows that

2D fharis YA

A w kb(TQ_TB):

(i.e., Nu = 1). This is because the gap between the panes is small.
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Part

Transient and
Cyclic Calculations

The contributors of the chapters in this part work in U.S.
government defense installations, consulting firms, industry in
the United States and Japan, and academia. The calculations
they describe come out of real life:

m Locating corrosion under paint layers on a metal surface

m The combustion tube of a prototype pulsed detonation engine

m Coke deposits in fired heaters processing hydrocarbon liquids,
vapors, or gases

» Tape drives used as backup storage devices of computer data

» Infrared thermographic (IR) surveys of roofs to detect leaks

» A motor vehicle painting process that involves a series of paint
application steps and paint drying / curing ovens

m An electronics cooling system

m Laminates of dissimilar materials, which are commonly
found in industrial products, such as printed-circuit boards
in electronic equipment

m Heat and mass transfer with phase change, which is
encountered in drying operations, the chemical process
industry, air conditioning and refrigeration, and
manufacturing operations

» A method of optimizing vapor compression refrigeration
cycles

» A Low Temperature, Low Energy Carrier (LoTEC®), a
passive thermal carrier designed to permit payload transport
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9.2 Transient and Cyclic Calculations

to and from the International Space Station at
approximately constant temperature without external power

Most of the calculations in this part are time-dependent,
although there are several in which steady-state calculations
do deal adequately with the problem at hand, even though, for
example, intermittent heat generation may be involved.
Heat-transfer-coefficient determination again plays a role in
several calculations.
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Chapter

Use of Green’s Function
to Solve for Temperatures
in a Bimaterial Slab
Exposed to a Periodic
Heat Flux Applied to
Corrosion Detection

Larry W. Byrd

AFRL/VASA
Wright-Patterson Air Force Base, Ohio

This problem demonstrates the use of separation of variables and
Green’s function to determine the transient temperature distribution
in a layer of paint covering a corroded metal surface. It simulates a
proposed noncontacting method of locating corrosion under paint. The
following pages give the details of the analysis and a comparison with
a finite-difference approximation.

The detection concept is based on the assumption that a corrosion
layer between the metal substrate and the paint will have a larger
thermal resistance than will areas with no corrosion. A sinusoidally
varying heat flux is applied to the painted surface as shown in Fig.
9.1. It is desired to show that this will result in a periodic variation in
surface temperature that is at the same frequency as the applied flux.
The unique aspect of this approach is that the phase lag between the
surface temperature and the incident flux, not a change in amplitude of
the resulting sinusoidal variation in surface temperature, is used as the

9.3
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9.4 Transient and Cyclic Calculations
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Figure 9.1 Corrosion detection system.

indicator of corrosion. The incident flux is chosen to be small enough to
cause only a slight rise in the paint temperature. The only way to detect
this temperature fluctuation is to filter the sinusoidal signal at the load
frequency to eliminate the typical random fluctuations in temperature
as shown in Fig. 9.2. This has been claimed to give a resolution as good
as 0.001 K in commercial differential thermography systems [1].

A one-dimensional heat conduction model of an aluminum plate with
corrosion at the interface between the aluminum and the paint is shown
in Fig. 9.3. The effect of the corrosion layer is modeled by a change in the
thermal conductance h; between the paint and the substrate. If there is
no corrosion and the thermal contact was perfect, the conductance A, is
infinite. This corresponds to zero resistance to heat conduction. In real

Typical Noisy Signal
300 -
290 Conditioned Signal Removes Components Not at Load Frequency
VA VA VA VA VAVAVAVA VA VAR,
270 -
260 -
250 ‘ \ T
0 0.05 0.1 0.15 0.2
Scaled Load Signal Time (s)

Figure 9.2 Typical signal conditioning used in differential thermography.
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Use of Green’s Function to Solve for Temperatures 9.5
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Figure 9.3 Problem geometry.

systems the conductance is a large, but not infinite, value. As the surface
begins to corrode, the thermal conductance decreases and the layer acts
as an insulator. This means that less energy will be conducted into the
substrate and more will be lost to the environment. The conductance
for no corrosion is assumed to be greater than 1000 W/m? C and is on
the order of 100 W/m? C when corrosion is present. A mathematical
model of the system solves the heat conduction equation in each layer
with additional boundary conditions at the interface to account for the
thermal conductance. The change in volume due to the corrosion is not
modeled; thus the interface is shown as having a negligible thickness.

The heat conduction equation for each region and the associated
boundary conditions are given as Egs. (9.1a) to (9.1d) and (9.2a) and
(9.2b). Equations (9.1b) and (9.1c) specify that the heat flux is contin-
uous across the interface but the temperature is discontinuous, with
the difference controlled by the value of 4;. It is assumed that the sys-
tem and the surroundings are initially at a uniform temperature Tj. At
t = 0, the painted surface at x = L is heated by incident radiation such
that the absorbed part is given by go[1 + A sin(w?)] and also loses heat
by convection. The back surface at x = 0 is considered to be insulated as
shown by Eq. (9.1a), but the results should not be significantly different
if heat transfer by convection or radiation was included.

Region 1:

2T, T
Lo O<x<Li; t>0 9.1

M ox2 ot
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Use of Green’s Function to Solve for Temperatures in a Bimaterial Slab
Exposed to a Periodic Heat Flux Applied to Corrosion Detection

9.6 Transient and Cyclic Calculations

3T
“1_o x=0; ¢t>0 (9.12)
0x
3T
—kla—l —h(T,—-Ty) x=1Li; ¢t>0 (9.1b)
X
3T, AT
kl—l =k2—2 x=Ly; t>0 (9.1¢)
0x Jx
T =T, O<x<L;; t=0 (9.1d)
Region 2:
3T, Tk
aga—xg:a—: Li<x<L; t>0 (9.2)
AT 1+ A sin(wt
b 22 Ty = by | 7y - ST A SN
0x ho
@)
x=L; t>0 (9.2a)
=T x<Li<L; t=0 (9.2b)

Separation-of-Variables Technique

The separation-of-variables method is a well-known technique used to
solve partial differential equations when the solution can be written
as a product of functions of a single independent variable [2]. For one-
dimensional heat conduction in a slab of width L, with no heat genera-
tion, the equation is

2T 19T
Substituting T(x, t) = X(x)['(¢) into Eq. (9.3) gives
X'x)  I'@®)
Xw) —are P ®D

B is a constant called an eigenvalue which will be determined by the
boundary conditions. I'(£) can be found in terms of B by integrating the
second ordinary differential equation in Eq. (9.4):

I'(t) = Tye B (9.5)
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Use of Green’s Function to Solve for Temperatures 9.7

X(x) is found by solving the first ordinary differential equation in
Eq. (9.4) and will have the following form:

Bx

_ . Bx Bx . Bx
X(x) = ap sin 17 + a; cos 17 + by sinh 7 + by cosh 7 (9.6)

X(x) is referred to as an eigenfunction. To satisfy the initial condition,

the solution is written as an infinite series of the eigenfunctions multi-
plied by I'(¢) as

T, t) =Y AX (B, ©)T(Bn, ) 9.7)

n=20

The constants A, are found using the initial condition and the orthog-
onality of the eigenfunctions. Orthogonality means that the integral of
the product of any two eigenfunctions X(j3,,,x) and X(B,, x) over the do-
main is zero unless m = n. The constants I'g and those in X(x) have been
absorbed into A,,. The initial condition can be written as

]

Ty= ) AX(Bux) (9.72)

n=20

Multiplying both sides of Eq. (9.7) by X(B,,, x) and integrating gives

L L
f Ty X (B, x)dx = / An X2 (@, ) = AnN(By) 9.8)
x=0 x=0

where N(B,,) is the normalization integral. This is easily rearranged to
give A,, for any value of m.

The present problem cannot be solved by separation of variables in its
simplest form because the boundary condition at x = L is not only non-
homogeneous but also time-dependent. It can be solved using a Green’s
function approach for composite media as given by Ozisik [3]. The prob-
lem is first transformed using

Ti(x,t) = 0;(x, ) + &x) F@) (9.9)

to remove the nonhomogeneous boundary condition at x = L. This re-
sults in a time-dependent volumetric heat source term in the heat con-
duction equation. The subscripti = 1, 2 refers to the regions 1 and 2. #)
is defined in Eq. (9.2a), while 6 and & are the solutions to the following
auxiliary problems.
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Use of Green’s Function to Solve for Temperatures in a Bimaterial Slab
Exposed to a Periodic Heat Flux Applied to Corrosion Detection

9.8 Transient and Cyclic Calculations

Region 1:
920, dft) 96,
My x=0; t>0 (9.10a)
ax
001
_kla =hi(01—0) x=L;; t>0 (9.10b)
20 a0,
by = ky— x=Ly; t>0 (9.10¢)
ax 0x
6:1(0) = Ty — £(0) O<x<ULi; t=0 (9.10d)
Region 2:

90y df) 06e
_ - = L L; 11
S & a0 o 1<x<L; t>0 (9.11)

00
@53+@%:0 x=L  t>0 (9.11a)
X

02(0) = Tp — £(0) Li<x<L; t=0 (9.11b)

Region 1:
2
3_52120 0<x<Iq (9.12)
9x
8_3;,1 =0 x=0 (9.12a)
0x
0
e e x=L (9.12b)
kla—gl = kgﬁ X = L1 (9120)
0x ax
Region 2:
82
& 0 Li<x<L 9.13)
9x
0&
k23_ + hoko = ho x =1L, (9.13a)
x

For this problem, & = & = 1.
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The solution for 6;(x, ) can be written in terms of Green’s function as

Xj+1

2

0;(x, t) = Z / Gij(x, tlx', 7)|; = o Fj(x))dx’
i=1] 4
transient
t Xj+1
+ / / Giix. tix',7) [Z—jgj(x/, T)] de'de | (9.14)
T=0 %
periodic

where Green’s function is defined as

k.
o e BT <—J) W (20)W (")
o
Gii(x, tlx', 1) = / 9.15
G, t,T) n; N (9.15)
The normalization integral is
. Ly \ L
Ny==2 [ W2 (x)dx+ —= W2 (x)dx
o 1n s 2n
x=0 x =1L
) (9.16)
Fi=0;x,0= —% and M = —qoAw cos(mT)
ho kj

The second term in Eq. (9.14) which is marked periodic will be found
to be associated with a sinusoidally varying component, while the first
term will show a transient response that goes to a terminal value. The
eigenfunctions ¥;, are solutions to the following problems.

Region 1:
92wy, 2
n B 0<x<Ly (9.17)
8x2 o
Wy,
M _ x=0 (9.17a)
0x
W,
- axl = Hi(Vy, — Ws,) x=1L4 (9.17b)
Wy, Wy,
IRty Mt x =1, (9.17¢)
0x 0x
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9.10 Transient and Cyclic Calculations

Region 2:
2\1_, . 2
T B Li<x<L (9.18)
0x (63)]
W,
- L HyWy, =0 x=L (9.18a)
h;
H="="
ki
Solving these equations gives
Win(x) = Ajpsin (%) + By, cos (f/’;ﬁ) (9.19)

The eigenvalues B, and constants A;, and B;, are determined from the
boundary conditions to arrive at a solution for 6;(x, ¢), which is then
substituted into Eq. (9.9) for T}(x, ¢). Equation (9.17a) gives A, = 0.
This results in a set of homogeneous algebraic equations:

% sin(y;L1) — cos(y1 L)  sin(ysLq) cos(yz2L1) B, o
k; sm(vlLl) cos(yeL1) —sin(yoLq) gj: = g
0 X Y2
(9.20)
Xo = yg cos(yeL) + Hy sin(yeL) (9.20a)
Ys = —ve sin(ye L) + Hs cos(yzL) (9.20b)
Bn
i = 2
Y NG (9.20¢)

Since the set of equations is homogeneous, the constants can be deter-
mined only to a multiplicative constant. Thus, without a loss of gener-
ality, By, is set equal to 1 and Ay, and By, are

Ag, = sin(ye L) [cosle) - % Sin('YlLl)]
1

k
= % cos(yeLy) sin(viLy) 9.21)

By, = cos(yeL1) [cos(ylLl) - ;{—11 Sin(v1L1)]

+ - 7 ? sin(yeL1) sin(y; L1) (9.22)
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Use of Green’s Function to Solve for Temperatures 9.11

The eigenvalues B, are found by using the requirement for a nontriv-
ial solution that the determinant of the coefficient matrix is equal to
zero:

% sin(y;L1) — cos(yiL1)  sin(yoL1)  cos(yaL1)

k . jr—
kl Sln('YlLl) COS(Vle) — 51n(~y2L1) =0 (9.23)
2

X Y,

The normalization integral can now be written as

Ly L
No= " [ cos 2(yp,2)dx + ks / [ Az, in(y2,%) + Bz cos(yznx)]” dx
a1 a2
Ly

a1 2 471,1

_hk |:L1 Sin(z"llnLl)]

{ A2 [L Ly sin(2vyp,L) — sin(2Van1)]
" 47271

B2 L-L, + sin(2vyo, L) — sin(2vs, L1)
n 2 4’Y2n

2A9, By, [COS(2van1) - COS(2van)] }
+
4'\'211 47271

(9.24)

To demonstrate that the resulting surface temperature will provide a
signal at the load frequency, only the periodic part of the solution for
region 2 is needed because the rest will be filtered out. From Eq. (9.14)
this is

3 e*[”rzz(t*T)[—quw cos(w 7)1z, Wan(x)

t
n=1
= .2
92p /T o Nnhz dT (9 5)
where

Ly L

k1 k2

o g
x=0 x =1L
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9.12 Transient and Cyclic Calculations

Evaluating the integral over 7 gives

_ B sinw 2
0o € th(_qOA(JJIZn) [e siiloit d) _ Bé[j:‘ﬂzi| "Ij2n(X)

B+ w?
0. )=
2p(x ) ngl ]vnhz

(9.27)

The term with the negative exponential will die out to leave the periodic
component:

—qoAw N I, Vo, (x) sin(wt + ¢y,)
0o, (x, 8) = (9.28)
o ha n§1 Nov/By + 02
The periodic component of the temperature at x = L is
Top(L,t) =T + P11 Ae Z C,sin(wt + ¢,) (9.29)
hz n=0

where Co=—-1/w, =0, and C,, = |:12n\112n(L)/Nn B,‘%—f-wZ} forn> 1.

The sum can be rewritten using trigonometric identities to give

Tp(L, )

00 2 o) 2
q0 .
=To + Iy 1- Aw ( E C, cos(d>n)> + < E C, sm(d)n)>

n=0 n=0

x sin(wt + ) (9.30)
3 C, sin(d,)
db=tant|2=0 | & (9.31)
C, cos(dy,)
n=0

The surface temperature can be seen to have the correct form to be
used to detect a change in thermal conductance. Specifically, it is pro-
portional to the single load frequency w with a phase angle that is a
function of the conductance between the paint and substrate. Figure
9.4 shows the surface temperature for a time range of 10 s. Also shown
by the blue line is a finite-difference approximation of the surface tem-
perature. This method used an explicit scheme to update the tempera-
ture. In Fig. 9.5, the time and temperature scales have been changed to
show the temperature profile up to 5000 s. Note that at long times the
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Figure 9.4 Surface temperature for short times: ¢o = 10 W/m2, h; = 1000
W/m?2 C, hg =6 Wm2 C, L; = 2mm, L = 2.54 mm.

exponential part of the solution disappears and the temperature ap-
proaches a steady-state temperature with a superimposed ripple. The
ripple is not as apparent on this figure because of the scale used to
illustrate the total change in temperature, which can be shown to ap-
proach qo/ hy = (10 W/m?2)/(6 W/m? K) = 1.7 K. The ripple magnitude is
small because of the low-level incident energy (go = 10 W/m?) used for
this particular simulation. Low levels are desirable because the surface
temperature will change by only a few degrees, but this makes it harder
to detect the ripple magnitude, so some control is required. Figure 9.6
shows the difference in phase lag between a segment with 4; assumed
to be either 1000 or 5000 W/m? C and the phase lag associated with
corrosion (h; = 100 W/m? C) for a paint thickness of 0.254 mm. This
is convenient for corrosion detection because if a plot of phase lag is

0 1000 2000 3000 4000 5000 6000
Time (s)

Figure 9.5 Surface temperature for long times: g = 10 W/m?2, h; = 1000 W/m?2 C, hy = 6
W/m? C, L; = 2 mm, L = 2.254 mm.
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9.14 Transient and Cyclic Calculations

phase difference ®(h;) — ©(100)
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40

\
\
» \ ——h,=1000
\

20
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phase difference
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-10

01 2 3 45 6 7 8 910
load frequency (Hz)

Figure 9.6 Phase lag referenced to a thermal conductance of 100 W/m2C:
qo = 10 Wm?2, L1 = 2 mm, L = 2.254 mm, hy = 6 W/m? C.

shown over the surface, the areas that are corroded will have a large
contrast compared to the pristine regions. The phase lag is dependent
on the thermal conductance #; and the heater frequency. If the heater
frequency is too high, the phase lag is the same regardless of #;, and it
is not a good indicator of corrosion. Figure 9.7 shows the effect of the
thickness of the paint layer. As can be seen, the thicker the paint is, the
lower the frequency needed to detect a change in phase lag. This can be
problematic because the filtering technique is faster and has less noise
as the load frequency is increased.

40

35 . freq = 0.25
m ——freq=0.5
® 30
5 ——freq =0.75
)
3 ® freq =1
8 20
% freq=2
5 15 \
E
T 10
o
S 5

0 = : e

0.2 0.25 0.3 0.35 0.4 0.45 0.5
paint layer thickness (mm)

Figure 9.7 Effect of paint thickness: gy = 10 W/m2, h; = 1000 W/m? C, hy = 6
W/m? C, L1 = 2 mm.

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.
Any use is subject to the Terms of Use as given at the website.



Use of Green’s Function to Solve for Temperatures in a Bimaterial Slab
Exposed to a Periodic Heat Flux Applied to Corrosion Detection

Use of Green’s Function to Solve for Temperatures 9.15

In summary, this analysis gives the temperature distribution in a
two-layer material exposed to a sinusoidally varying heat flux on one
face and insulated on the other. The surface temperature shows the typ-
ical asymptotic rise of a slab exposed to a hot gas with a superimposed
ripple. The phase lag between the incident heat flux and the surface
temperature is a function of the material parameters and the thermal
conductance between the material layers.
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Introduction

This problem considers estimation of temperature as a function of time
of a circular tube heated internally by a hot gas with a periodically vary-
ing temperature. The lumped-capacitance method neglects the temper-
ature variation in the tube wall, so it is described as simply 7'(¢). It is
also assumed for this problem that the heat transfer is primarily in the
radial direction, so axial conduction is neglected. The solution will be

10.1
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10.2 Transient and Cyclic Calculations

Figure 10.1 Prototype pulsed detonation engine with four
detonation tubes.

applied to the combustion tube of a prototype pulsed detonation engine
(PDE) shown in Fig. 10.1. Data taken from a water-cooled aluminum
tube and a free-convection—radiatively cooled steel tube is analyzed to
determine the heat-transfer characteristics of the interior and exterior
surfaces.

A PDE operates cyclically, completing a fill-detonation-exhaust cycle
typically many times per second. Conventional engines chemically re-
lease heat through deflagrative combustion, resulting in slow burning
and isobaric (constant-pressure) heat addition. Detonative combustion
propagates at supersonic speeds, resulting in pressure gain combustion
and resultant higher thrust and efficiency. The fill-burn-exhaust cycle
of the tube consists of equal time intervals for each phase. The pres-
sure in a PDE is initially low. The detonation processes increases the
pressure substantially, and the resultant high-momentum flux from the
detonation tube produces thrust and allows the PDE to self-aspirate as
a result of the overexpansion observed near 4 ms in Fig. 10.3. In prac-
tice, the detonation-exhaust portion of the PDE cycle is followed by a
purge cycle of cold air which serves as a buffer between hot products
and the fresh reactants entering the detonation tube prior to the next
detonation and to cool the hot tube walls. The PDE thrust can be con-
trolled by regulating operating various operating parameters such as
the frequency of the detonations.

Mathematical Formulation

Figure 10.2 shows a schematic a section of the tube wall with the
convective heat transfer occurring at the inside and outside surfaces
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Lumped-Capacitance Model of Tube Heated by Periodic Source 10.3

Figure 10.2 Schematic of the
lumped-capacitance model.

characterized by q;(¢) = b A;i[Tx(¢) — T'(¢)] and q,(t) = h,A[T(t) — To],
T5(t) is the gas temperature in the tube, Ty is the ambient tempera-
ture outside the tube, and % is the average heat-transfer coefficient.
The subscripts i and o refer to inner and outer, respectively. An energy
balance gives

dT

meE

=MA; (T; — T) — ho A, (T — Th) (10.1)
The gas temperature is modeled as

T; = T, + AT cos(wt) (10.2)

with AT = (Ty — Tp)/2 and T;, = (T¢ + Tp)/2, and w = 27 f is the circular
firing frequency.

As seen in Fig. 10.3, this is an approximation to the actual tempera-
ture, which is a function of position and shows a sharp spike as the det-
onation occurs. There are several ways to improve the results if needed.
One is to include the gas temperature as a Fourier series which could be
made to fit any expected time variation. Another method is to break the
problem into discrete time increments with constant values of the gas
temperature appropriate for the phase of the fill-burn-purge cycle and

3500 +
3000 -

2500
o 2000 \7‘\ \7-\ \7*\ \7‘\ —Tow
= 1500 S
ool A AT AT :
500 - \

0 T T 1
0 50 100 150

time (ms)

Figure 10.3 Expected gas temperature in PDE tube, T; cxp,
and the approximation 7.
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104 Transient and Cyclic Calculations

sum up the changes in tube temperature as time progresses. The heat
transfer would also be expected to be a function of the tube tempera-
ture, but any difference between the model and the actual apparatus
will be absorbed into the values of A; and &,, which will be determined
semiemperically. Thus they will be average coefficients over the time-
span of interest.

Solution

Using m= pw(r2 —r?)L, A; = 27nr;L, and A, = 27r,L, Eq. (10.1) be-
comes

dT

T +aT = b + c cos(wt) (10.3)
_ w (10.3a)
p ("02 —-r ) G
b= Z(hil"iTm + hOrO%) (103b)
p (’"02 - rlz) G
¢ o 2uriAT (10.3¢)

p(rg—riz)Cp

The solution to this ordinary differential equation is given by the sum
of a particular and homogeneous solution, T' = T}, + Tj, [1].
Temperature 7}, is the solution to

dT;
— T,=0 10.4
7 +aT;, ( )

This can be solved by separating the variables and integrating to give
T, = Thoe™™ (10.5)

The particular solution T}, would be expected to have a form similar to
the right-hand side of Eq. (10.3). It is assumed as

T, = o+ B cos(wt) + v sin(wt) (10.6)
Substituting into Eq. (10.3) gives
[—Bw + ay]sin(wt) + [y + aB]cos(wt) + aa = b + ¢ cos(wt) (10.7)
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Lumped-Capacitance Model of Tube Heated by Periodic Source 10.5

Equating the coefficients of the sin(w¢) and cos(wt) and constant terms
gives

—Bw+ay=0 (10.7a)
wy+aB =c (10.7b)
aa=2>5 (10.7¢)
which gives
o= é (10.8a)
a
ca
B= s (10.8b)
cw
V= (10.8¢)
Thus
7,22 o] % coston + —2 sin(w) (10.9)
b= c w2+a2cosw w2+a251 I .

This form can be readily transformed into a sinusoidal function with a
phase angle ¢ by substituting

a ®
sin(p) = —— cos(¢p) = ——
V=V V= a
and using the trigonometric identity:
cos(wt) sin(p) + sin(wt) cos(Pp) = sin(wt + b) (10.10)
o =tan"! (2) (10.10a)
w

The particular solution is then found to be

T, = é + M (10.11)

a /2 + a?
The temperature can now be written as

b csin(wt + ¢)

T@) = Thoe ™ + = 10.12
(&) =Thoe ™+ + T ( )
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10.6 Transient and Cyclic Calculations

The integration constant 7} ocan be found by using the initial condition
T =T, at t = 0, giving the temperature as

b  csin(¢) >:| —w b csin(ot +¢)
Tt) =Ty — | - + ——== -+ — 10.13
) [o (a—i- et e+ + i ( )

This equation will be used to estimate values for @ and b so that #; and
h, can be determined from experimental data for the special case where
¢ is small. When representative values of the thermal parameters are
substituted into the definitions for the constants a, b, and c, it is seen
that ¢/vo? +a? << Ty or b/a for f = 24 Hz, which is typical of the op-
erating frequency for which data were available. It also means that as
t — oo,then T — b/a = T,,. This allows a simplification of Eq. (10.13) to

T.(t) = —at, which is linear in time. This allows a straightforward de-
termination of a from the slope of the line. 7, is given as
T— b/a T-— Too

Figure 10.4 shows the calculated and experimental temperatures us-
ing approximately 85 s of data. T, is taken at 84.67 s and used to
calculate b once a is found from Eq. (10.14). As can be seen, the model
gives good agreement with experiment as the largest difference is less
than 3.4 K. Equations (10.3a) and (10.3b) can now be used to determine
h; =46.1 W/m2 K and A, = 1100 W/m? K. It should be noted that #;
is an averaged value over all phases of the firing cycle and reflects
the sinusoidal approximation to the periodic but nonsinusoidal gas

experiment

0 10 20 30 40 50 60 70 80 90
Gt

exp
Figure 10.4 Comparison with experiment for cooled alu-
minum tube.
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Figure 10.5 Effect of firing frequency on tube temperature
T(f, t) versus t.

temperature. These values of heat-transfer coefficients were then used
to explore the temperature variation with time and firing frequency as
shown in Fig. 10.5. Here a frequency value of zero models a continuous
flow of hot-gas temperature at the flame temperature with no fill or
purge phases. This special case shows the typical exponential behavior
found in a first-order system. For nonzero frequency the temperature
response consists of a transient going exponentially toward a steady-
state value with a superimposed ripple due to the periodic nature of
the gas temperature. As the frequency is increased, the ripple magni-
tude decreases and is almost negligible at the test frequency of 24 Hz.
For these calculations it is assumed that the heat-transfer coefficients
are not a function of the firing frequency. This is probably true for the
water-cooled exterior of the tube but may be incorrect for A;.

Steel Tube

Analysis of the steel tube data was carried out in a manner similar to
that for the water-cooled aluminum tube. The firing frequency for these
data was 25 Hz. There are some differences, however:

1. Data at several points along the tube demonstrated a marked
temperature variation with length. This could be due to variations in
heat-transfer coefficient or gas temperature inside the tube or axial
heat conduction along the tube, especially near the head, which acted
as a heat sink. Figure 10.6 shows the temperature at various points as
a function of time.
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10.8 Transient and Cyclic Calculations
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Figure 10.6 Temperature profiles as a function of time 7'(¢) for the steel tube.

2. The mechanism of heat loss to the surroundings differed from that
observed for the outer-cooled aluminum tube. As shown in Fig. 10.7,
radiative heat loss predominates after about 60 s. The free-convection
heat-transfer coefficient and radiative loss to the ambient are calculated
using Egs. (10.15) [2] and (10.16):

1/6 2
h= (ﬁ) 06+ oomRap (10.15)
D [1 + (0.559/ Pr)9/16]

_9.81-(T - Ty)D?

Rap = (10.15a
7T+ Tovag/2 :
g = e A(T* — Ty) (10.16)
1.5-10* T T T
1-104 [~ -
Gpaq4:0)
Qo £ ———
----- 5000 - —
0 | | |
0 57.5 115 172.5 230

t

Figure 10.7 Heat flux due to convection and radiation for
the steel tube x = 0.432 m.
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Figure 10.8 Comparison of theoretical and experimental temperatures.

where Pr is the Prandtl number, v is the kinematic viscosity, and o, is
the thermal diffusivity of the air surrounding the tube and evaluated
at (T + Ty)/2. The Stephan-Bolztmann constant is o, and € is the emis-
sivity. The temperature must be in an absolute scale for both the free
convection and radiation calculations.

The energy balance including radiation is given as

dT
dt
This is a nonlinear ordinary differential equation and can be readily
solved by numerical means, but this is outside the scope of the present
analysis. Figure 10.8 compares the theoretical and experimental results

(dotted lines) at selected points along the tube. The other points show
similar agreement. Table 10.1 gives the calculated interior and exterior

mCp—— = hiA; (T — T) — hoA, (T — Ty) — €0 A,(T* — Tp}) (10.17)

TABLE 10.1 Average Heat-Transfer Coefficients on Interior
and Exterior of Steel Tube at Selected Locations

x, m h;, Wm?2 K ho, W/m?2 K
0.114 202 314
0.26 309 258
0.432 201 200
0.578 221 190
0.737 193 207
0.889 149 203
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10.10 Transient and Cyclic Calculations

heat-transfer coefficients. Since the analysis did not include radiative
effects, the heat-transfer coefficients must be considered as equivalent
coefficients which lump both convective and radiative effects into a sin-
gle coefficient. As can be seen from Fig. 10.8, this gives good agreement
between theory and experiment.

Summary

A lumped-capacitance model of a pulse detonation engine exhaust tube
was modeled and good agreement was found between experiment and
theory when empirically determined constants were used. The temper-
ature response consisted of a transient going exponentially to a steady-
state value with a superimposed ripple due to the periodic nature of the
gas temperature. At firing frequencies above 1 Hz, the ripple magnitude
becomes negligible compared to the mean temperature. The method al-
lowed the calculation of a semiempirical equivalent heat-transfer coef-
ficient which lumped the effect of radiative and convective losses.

Nomenclature

Constant given by Eq. (10.3a), s™!
27rL surface area of tube, m?
Constant given by Eq. (10.3b), K/s
Constant given by Eq. (10.3c), K/s
Specific heat, J/’kg K

Diameter, m

Frequency, Hz

Convective heat-transfer coefficient, W/m? K
Length of tube, m

Mass of tube, kg

Prandtl number for air = v/a,

\:sgs b«b\@é‘)ﬁ@,’b@

Radius, m

Rap Rayleigh number given by Eq. (10.15a)
Time, s

Temperature of tube, K

Flame temperature, K

NN

Gas temperature, K

T, Homogeneous solution to the differential equation for
temperature, K

Th.0 Initial value of the homogeneous solution, K
T Mean gas temperature, K
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T Ambient temperature, K

T, Particular solution to the differential equation for temperature, K

T. Natural logarithm of dimensionless temperature difference given
by Eq. (10.14)

T, Temperature at t = oo, K

q Heat-transfer rate, W

q- Heat flux due to radiation, W/m?

x Distance along tube measured from engine head, m

Greek

a, B,y Constants in the particular solution given by Eq. (10.6), K

0q Thermal diffusivity of air, m?/s

AT Magnitude of the gas temperature fluctuation, K

€ Emissivity

o Stephan-Boltzmann constant 5.67x10~8, W/m? K*

v Kinematic viscosity of air, m?/s

b Phase lag given by Eq. (10.10a), radians

p Density, kg/m?

® Circular frequency o = 2w f, rad/s

Subscripts

i Inner

o Outer
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Source: Heat-Transfer Calculations

Chapter

11

Calculation of

Decoking Intervals for
Direct-Fired Gas and
Liquid Cracking Heaters

Alan Cross
Little Neck, New York

Introduction

Fired heaters processing hydrocarbon liquids, vapors, or gases are sub-
ject to the formation of coke deposits at the inner walls of the tubular
heating coils contained within the radiant and convection sections of the
heater, if the film temperatures at these locations are high enough. The
thickness of the coke deposits increase with increasing temperature and
time, and because such deposits have relatively low conductivity, the in-
sulating effect limits cooling of the tube wall by the process fluid and
results in an increase in tube metal temperature with time. When the
tube metal temperature reaches the design temperature of the tubes,
the heater must be shut down for decoking or otherwise decoked, using
on-stream procedures, if coil damage is to be avoided. Since decoking
represents lost production time and requires operator intervention, it
is desirable to keep the interval between decokings as long as possible
so as to minimize overall operating costs. Since the frequency of de-
coking is an important operating characteristic, potential users of fired
cracking heaters will often request that on-stream time be specified
and in some cases guaranteed. Despite these requirements, very little
has been published regarding coke deposition rates and calculation of

1.1
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11.2 Transient and Cyclic Calculations

same, nor has any information on this subject been provided in such
heater design documents as the American Petroleum Institute (API)
fired heater standards. Likewise, provision has not been made for in-
corporating specification of run length in API data sheets. The following
analysis is designed to indicate how run length may be calculated for
typical fired cracking heaters, using available thermal decomposition
data for hydrocarbon and petroleum fractions.

Calculation of Maximum Heat Flux

Reference 1 provided a correlation among fired heater flue gas tempera-
tures at the outlet of the radiant section, burner mass flow rate, burner
flame temperature, burner flame diameter, tube and flue gas emissivity,
and flame length. The correlation assumed that the flue gas tempera-
ture at the burner outlet was equal to the adiabatic flame temperature
and in the case of burners firing vertically upward, that the flue gas
progressively cools as a result of radiation to the tubular process coil
and eventually reaches the bridgewall temperature at the outlet of the
radiant section. Thus

1 1
(Tow??  (Thign)?

WsC,(0.5) [ } =0.173 yeoAmDpLp(1078)  (11.1)

vy = 544[ Dp P(mfco, + mf,0)]%47 (11.1a)

Once the bridgewall temperature, the burner diameter, and the height
of the radiant section have been fixed, the following equations may be
used in conjunction with Eq. (11.1) to evaluate such pertinent variables
as burner mass flow rate, heat absorbed by the process coil, burner lib-
eration, tubular heat-transfer surface, burner and tube spacing, and
the number of tubes irradiated by a single burner. It should be noted
that fixation of the bridgewall temperature, burner diameter, and ra-
diant section height should be sufficient to yield a burner spacing of
3 to 5 ft and a burner velocity of about 20 ft/s—which will be somewhat
higher if pressurized air is used. In other words, pressure drop across
the burner should not exceed the available draft at the burner location.

Qb O (T — Thw) (11.2)
Burner

Qi _ WzC,(Tir — 60) (11.3)
Burner

Qabs/;)ourner _ (RR)an (11.4)
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CCrurner = ANr (CC tubes) (11.5)
row
Nr A,
—ROWTI'DO(LF) = FR (11.6)

For purposes of illustration, it will be assumed that the heater will be
of the horizontal tube cabin type with burners firing vertically upward
between two rows of tubes backed by refractory walls and fired from one
side only. If this were the case, the effective overall tube length would
be given by

Qr
Ngr= —— —— 11.7
BT Qaps/burner ( )
Lyr = Ner(CChurner) (11.8)

To calculate maximum heat flux, Eq. (11.1) is solved for a 50°F flue
gas temperature differential, thereby allowing for calculation of a cor-
responding differential flame length. The equations which follow are
then again used in conjunction with Eq. (11.1) to solve for the maxi-
mum heat flux, noting that at the bottom of the heater Tz, = flame
temperature and T,,, = (flame temperature — 50°F) and that at the top
of the heater Tj,, = bridgewall temperature and Thi;n = (bridgewall
temperature + 50°F). Further note that the maximum flux occurs at
the outlet end of the coil, which in the case of concurrent flow locates
the coil outlet adjacent to the bridgewall and which in the case of coun-
tercurrent flow locates the coil outlet adjacent to the burner outlet.
Calculations indicate that concurrent flow is to be preferred because of
the much longer run length that results with this arrangement.

A= &NR(W)DOLI (11.9)
row
Ac, = CCpurner(L1)(NR) (11.10)
Ql,abs = WBCp(5O) (1111)
Q) QI abs
Y = —= 11.12
(A max  Ac,.I ( )
Q) Ql,abs
—- = 11.13
(A avg Aol ( )

Hydrocarbon and Petroleum Fraction
Decomposition Rates

Examination of the reaction velocity data of Fig. 11.1, obtained from
Ref. 2, indicates that hydrocarbon and petroleum fraction thermal
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11.4 Transient and Cyclic Calculations
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Figure 11.1 Constants for initial rates of thermal decomposition of hydrocarbons and
petroleum fractions.

decomposition may be considered to vary as the reciprocal of the ab-
solute temperature in accordance with an Arrhenius equation for a
first-order reaction:

K = Ae B/Tiim (11.14)
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The resulting reaction velocity constant equations determined for
a typical liquid feedstock, gas oil, and a typical gaseous feed-
stock, ethane, are as follows, as is the equation for calculating film
temperature:

Q 1
) = T — Thuidow 11.1
(A o hl fluid out ( 5)
50,248
In(Kgo) = 30.7 — (11.16)
Tim
47,025
In(Keipn) = 22.88 — (11.17)
Tim

The variation of reaction time with the reaction velocity constant is, in
accordance with the data source, equal to

1 100

For liquid feedstocks, such as gas oil, X is considered equal to the per-
centage yield of 400°F endpoint gasoline and in the case of gaseous
feedstocks, such as ethane, to the percentage conversion. In the case
of gas oil cracking, the percentage yield of gasoline was assumed equal
to 16 percent and the yield of coke was assumed equal to 25 percent,
as these are typical yields of products leaving a delayed coking drum.
In the case of ethane cracking, 70 percent conversion and 80 percent
coke yield was assumed. With regard to the liquid reaction velocity con-
stants used, it must be assumed that the data are applicable to typical
hydrocarbon fractions and no doubt vary in accordance with the source
and chemical composition of the crude oil from which the fractions are
derived. It would appear from the variations in the data between light
and heavy fractions, such as naphtha and residua, that the velocity
constants vary directly with molecular weight of the feedstock. Thus,
in the absence of experimental reaction rate data, such a relationship
might prove useful.

Coke Deposition Rates

The rate of coil coke deposition is considered equal to the thickness of a
stationary layer of liquid or gaseous material at the inside wall of the
process coil after having been converted to coke, divided by the time
required for conversion, as defined by Eq. (11.18). As a first approxima-
tion, it is assumed that the thickness of the stationary layer referred
to is equal to the molecular diameter, as determined by the Avogadro
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number, which specifies the number of molecules in 1 gram mole of
material:

Nayog = 6.03(10%) (11.19)
(MW) Vg
" =V 11.20
B4 Nprog) (11.20)
MW

Mp=—"—— (11.21)

E 454(NAv0g)
Mp(Cy)Ve = Ve (11.22)
tp = (Vp)1/3 (11.23)

The thickness of the coke deposit based on a stationary monomolecular
layer of feedstock is then

Ve
tc=—t 11.24
¢=y,tr ( )
and the coke deposition rate is
lc
Rp == 11.25
D= g ( )

The run length or interval between decokings is equal to the maximum
allowable coke thickness, or that thickness at which the design tube
metal is reached, divided by the coke deposition rate. The maximum
allowable coke thickness is given by

Q tw 1 L¢
hid W = 4 2 = [Taesion — Tou 11.2
< A . KW + th + KC [ design o t] ( 6)

and the run length, by

R, — Le/12 (11.27)
Rp

Pertinent calculated run length data for gas oil and ethane cracking
are summarized in Table 11.1.

Concluding Remarks

A method for calculating run length on the basis of fired heater oper-
ating conditions and design variables has been proposed. Run length
so calculated is based on a stationary monomolecular layer of fluid at
the tube wall, and the thickness of the initial layer is calculated on the
basis of feedstock molecular weight, density, and the Avogadro number.
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TABLE 11.1 Run-Length Data for Direct-Fired Liquid and Gas Cracking Heaters

Cracking heater feed Gas oil Ethane

Flow arrangement Countercurrent Countercurrent
Decoking interval, years 0.25 0.36
Process fluid temperature inlet/outlet, °F 750/920 1250/1550
Burner diameter/flame diameter, ft 1.0/2.7 1.0/2.7
Flame temperature/bridgewall temperature, °F 3500/1600 3500/2000
Burner flame and radiant section height, ft 25 30
Burner flow rate, Ib/h 4673 7350
Process tube heat absorption, Btu/h-burner 2.66 3.31
Burner heat liberation, Btwh-burner 4.82 7.59
Burner center-to-center spacing, ft 3.0 7.66
Tube outer diameter, in./tube center-to-center 4.5/8.0 5.5/12

spacing, in.
Number of tubes per burner 4.52 7.66
Incremental flame length for 50°F AT, ft 0.234 0.72
Incremental tube area, ft2 2.49 7.94
Incremental cold-plane area, ft2 1.404 5.52
Overall average flux, Btu/h-ft2 10,000 20,000
Average flux/maximum flux at outlet, Btu/h-ft2 28,100/50,000 27,800/39,900
Film temperature, °F 1032 2019
Reaction velocity constant 0.053 50.4
Coke formation rate, ft/s 0.0214(10°8) 0.0163(10°8)
End-of-run coke thickness, in. 0.0207 0.022

The run length so calculated must be considered as a maximum since
the stationary layer at the wall might be more than one molecule thick,
in which case the run length would be shorter than predicted. Thus,
a generous negative allowance should be provided if a guaranteed run
length is to be provided. Furthermore, the heater should be designed for
concurrent flow when hydrocarbon feedstock tube metal temperatures
exceed approximately 700°F, as the concurrent arrangement in such
cases would very significantly increase run length. At temperatures in
this range, however, it is likely that run length would be limited by
pressure drop rather than high tube metal temperature, particularly if
relatively small-diameter tubes are used.

Regarding the lack of reaction velocity data for feedstocks with a wide
boiling-point range, for example, crude oil, run-length calculation would
require that flash curve data be obtained so that the boiling range and
composition of the tube wall fluid at the coil outlet might be categorized
as being similar to gas oil, residuum, or some other fraction for which
data are available. Furthermore, if a cracked product slate is unavail-
able, it would be prudent to assume that feedstock decomposition of the
fluid at the wall results in deposition of 100 percent of the carbon in
the feed, in which case the calculated run length would be shorter than
would otherwise be predicted.
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Nomenclature

A Constant

Ac,1 Incremental cold-plane area, ft?

A, Outside tube surface per burner, ft?

Aol Incremental tube surface, ft2

B Constant

Cp Flue gas specific heat, Btu/lb-°F

Cy Pounds of coke deposited per 1b fluid

CCrurner Burner center-to-center spacing, ft

CCiube Tube center-to-center spacing, ft

Dy Flame diameter, ft = Dy p (Tr/Thuel + air)™/?
D;ip Burner inner diameter, ft

D, Tube outer diameter, ft

e 2.718

hio Corrected inside heat-transfer coefficient, Btu/h-ft>-°F
K Reaction velocity constant

K¢ Thermal conductivity of coke, 13 Btu/h-ft2-°F/in.
Kein Ethane reaction velocity constant

Kco Gas oil reaction velocity constant

Kw Thermal conductivity of tube, Btw/h-ft2-°F/in.
L¢ Coke thickness, in.

Lr Burner flame or radiant section height, ft
Lypp Total heater length, ft

L; Incremental flame length, ft

In Natural logarithm

My Pounds of fluid per molecule fluid

mfco, mol fraction CO,

mfy,o mol fraction H,O

MwW Molecular weight

Navog Avogadro number, 6.03 (1023)

Nar Total number of burners per heater

N Number of rows of tubes: 2 as for 2 rows of tubes straddling

single row of burners in liquid cracking heater; 1 as for 2 rows
of burners straddling single row of tubes in gas cracking heater

(Np/row) Number of tubes per row per burner
P Gas pressure, atm

Qps/burner Coil heat absorption per burner, Btu/h
Q1.abs Incremental heat absorption, Btu/h
Qup/burner Heat liberation per burner, Btu/h
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Qr Total radiant section absorption, Btu/h

(Q/A)ayg Average heat flux, Btu/h-ft?
(Q/A)max Maximum heat flux, Btu/h-ft?

°R °F + 460

Rp Coke deposition rate, ft/s

Ry, Run length, s

(RR)ayg Average radiant flux per burner, Btuw/h-ft?

tc Coke thickness, ft

tp Fluid thickness, ft

tw Tube wall thickness, in.

Tesign Tube wall design temperature, °R

Tr Flame temperature, °R

Taim Film temperature, °R

Thuid out Outlet fluid temperature, °R

Thael + air Temperature of air and fuel entering burner, °R

Tigh Higher flue gas temperature, °R

Tow Lower flue gas temperature, °R

Tout Fluid outlet temperature, °R

Ve Cubic feet of coke per molecule fluid

Ve Coke specific volume, ft3/1b

Vi Cubic feet of fluid per molecule fluid

Vr Fluid specific volume, ft3/1b

Wz Burner flue gas mass flow rate, 1b/h

X Percent reacted for gaseous feed or —400°F E.P. gasoline yield
for liquid feed

Greek

v 544[Dp P (mfco,+ mfy,0)1%47
€ Tube wall emissivity, 0.8
Reaction time, s

A Flue gas, tube temperature correction factor (T3, ... — Trigh ave/ Toave):

\ for gas oil cracking = 0.9, \ for ethane cracking = 0.7
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Chapter

12

Transient
Heat-Transfer Problem:
Tape Pack Cooling

David R. Dearth

Applied Analysis & Technology
Huntington Beach, California

Introduction

Early in my engineering consulting career, development work for tape
drives used as backup storage devices of computer data was just be-
ginning. I was assigned the responsibility for developing performance
and operational standards. One problem associated with tape drives is
that data reliability is sensitive to temperature extremes. As part of the
work performed on improving data reliability it was of interest to esti-
mate the time required for tape packs to return to room temperature
(RT) after extended exposure to high temperatures, such as when a tape
pack is left in an automobile all day or exposed to direct sunlight. In
this investigation both conventional hand solutions and finite-element
analysis (FEA) techniques were utilized to estimate midpack temper-
ature response (function of time) as the tape material (polyester) cools
to room temperature. Figure 12.1 shows a typical tape pack design con-
cept. It was desired to estimate the time for the tape pack center to
return to room temperature (72°F) after a temperature “soak” at 130°F.

The presence of the aluminum hub on which the tape is wound made
hand solutions for the transient heat-transfer solution quite difficult
to solve. Therefore, FEA techniques were decided to be the most viable
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12.2 Transient and Cyclic Calculations

UpP

Qenterllne Tape Pack
(I
X 0.315"
Aluminum Hub

4.00"

Figure 12.1 Tape pack with aluminum hub.

technique. Before beginning development of the FEA idealization, I rec-
ommend doing sample “warmup” problems with known textbook solu-
tions to a simplified version of the actual geometry shown in Fig. 12.1.
This test problem was extensively investigated prior to tackling the
real problem. This sample problem was also a “sanity” check, a hand
solution was created to ensure that I was using the correct units on
the heat-transfer parameters before I invested time on the actual FEA
mathematical idealizations.

The representative warmup problem selected for investigating this
heat-transfer project was a simplified tape pack idealized as a flat verti-
cal plate. A search through the engineering literature addressing heat-
transfer problems located various portions of each individual aspect of
these types of heat-transfer problems. However, none of the engineering
references contained a complete approach to the problem from begin-
ning to end. This sample transient heat-transfer problem contains all
the features of any real-life problem as a comprehensive, step-by-step
solution to the simplified version of the tape pack with an FEA model
to cross-check the results. Once we were confident of our methodology,
techniques, and procedures from investigating this sample problem, we
then proceeded to address the real-life problem.

Sample Problem: Heat-Transfer Solution
for Transient Tape Pack Cooling

Figure 12.2 shows a sketch of the simplified tape pack transient cool-
ing problem with the tape pack initially at high-temperature soak
T; = 130°F and suddenly exposed to surrounding still air at 75, = 72°F.
The magnetic tape pack is essentially polyester plastic (Mylar) with
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UP

Qenterline J Tape Pack

| I

0.315"

Figure 12.2 Simplified tape pack transient heat-transfer cooling with aluminum
reel hub neglected.

thermal conductivity K = 0.02168 Btu/h-ft-°F. The presence of the tape
oxide coating was neglected.

For this problem, it is desired to estimate the time required for the
tape pack to cool down to 99 percent of room temperature (72.72°F after
temperature soak at 130°F.

The first step in the analysis is to determine an average heat-transfer
film coefficient .y, for free (natural) convection to the surrounding am-
bient air (fluid). Assuming the vertical tape pack to be similar to a
vertical plane an estimate for average heat-transfer film coefficient is
havg = 1.6985 Btuwh-ft?-°F. The arithmetic for estimating havg can be
found in the detailed hand calculations that follow.

To gain confidence in our solution techniques, we will present two
approaches: (1) a hand solution using conventional equations found in
most engineering textbooks on heat transfer and (2) correlate results
to a finite-element idealization.

Answers

A reel of magnetic tape is assumed to have the following thermal prop-
erties for polyester material (trade name Mylar):

Tape density p = 87.09 1b/ft3
Tape specific heat C,, = 0.315 Btu/lb-°F
Tape thermal conductivity K = 0.02168 Btu/h-ft-°F

The tape reel physical dimensions are inside diameter of 2.00 in., out-
side diameter 4.00 in., and thickness 0.315 in., and the tape reel is ini-
tially at uniform elevated temperature 130°F. The tape pack is suddenly
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124 Transient and Cyclic Calculations

exposed to surrounding free ambient still air at RT (72°F) and the av-
erage free convective heat-transfer film coefficient A,z = 1.6985 Btu/
h-ft2-°F.

Determine the time required for the center region of the tape pack to
return to 99 percent of RT (72.72°F).

Step 1: Compute average film coefficient
from mean film surface temperature T,

The mean film temperature is

T+ T,
Thim = hT (12.1)

Substituting into Eq. (12.1), we obtain

130 + 72
Thie = T“L — 101°F

Table 12.1 lists properties of air at T, = 101°F using linear inter-
polation from data in table A-4 of Ref. 1.

Step 2: Compute Grashof Gr number and
check for laminar or turbulent free
convection

Let Thim = Tiurface = Ts:

gB(T; — T)L?
e

Gr (12.2)

For gas (air), we obtain

1 1

= =1.783 x 1072°R~! 12.3
T°R ~ 101+ 460 x (12.3)

B:

Let the characteristic length equal surface area divided by the
perimeter: L = L, = (w/4)(4% — 22)/(w4) = 0.75 in. Substituting into

TABLE 12.1 Properties of Air at 101°F

Density p = 0.0709 1b/ft3

Specific heat Cp, = 0.2404 Btu/lb-°F

Dynamic viscosity w = 1.2767 x 1072 Ib/s-ft
Kinematic viscosity v = 18.16 x 1075 ft?/s
Thermal conductivity 2 = 0.01567 Btu/h-ft-°F
Thermal diffusivity « = 0.9281 ft2/h

Prandtl number Pr = 0.705
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Eq. (12.2), we obtain

Gr — (32.2 ft/s*)(1.783 x 1073 °R~1)(130 — 72)°R (0.75/12 ft)?
(18.16 x 10-5 ft%/s)2

= 2.464 x 10*

Compute the Rayleigh number:
Ra = Gr Pr = (2.464 x 10*)(0.705) = 1.738 x 10*

Since Ra = Gr Pr < 10%, laminar flow conditions may be assumed.

Step 3: Compute average film heat-transfer
coefficient h,,g = h

First compute the Nusselt number:

Nu = % (12.4)

The Nusselt number can also be represented using empirical relations
depending on the geometry of the free convective system:

Nu = C(Gr Pr)® (12.5)
Then

hL
2

To estimate the heat-transfer film coefficient, neglect radial effects
and treat the tape pack similar to a vertical plate with thickness 0.315
in. For laminar flow, select the following coefficients: C = 0.59 and a =
1/4, from table 7-1 of Ref. 2. Substituting and solving for %, we obtain

0.01567 Btu/h-ft-°F
0.75/12 ft

= Nu = C(Gr Pr)* (12.6)

h= (0.59)(1.738 x 10*)1/4

= 1.6985 Btwh-ft>-°F

Step 4: Determine solutions for
time-dependent temperatures at the tape
pack center

The partial differential equation for transient cooling in one spatial
direction, x in this case, can be found in Ref. 2:

2

10
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12.6 Transient and Cyclic Calculations

where a represents thermal diffusivity for the tape material:

(12.8)

Substituting into Eq. (12.8), we obtain

0.02168 Btwh-ft-°F
o =
(87.09 10/ft?) (0.315 Btu/lb-°F)

=17.903 x 10~ ft2/h

The solution to the partial differential equation can be determined us-
ing the method of separation of variables. In both undergraduate and
graduate classes I've taught at California State University at Long
Beach (CSULB), considerable class time has been spent investigating
the exact solution to Eq. (12.7). One can find numerous formulations to
the solution of Eq. (12.7).

Without consuming a great deal of time on the details of how to solve
Eq. (12.7), one formulation for the exact solution can be represented
by a series solution with the following nondimensional definitions used
to simplify writing of the solution. Define the nondimensional (normal-
ized) temperature function:

T(x,t) — Ty

Define the nondimensional distance parameter x’, where x is a local co-
ordinate direction from the pack centerline toward the outside surface:

x == (12.10)

Define the nondimensional time parameter, called the Fourier modulus
Fo:

Fo = (%) ¢ (12.11)

Define the nondimensional temperature constant, called the Biot num-
ber Bi:

_RL,

Bi = 12.12
i % ( )

Using the nondimensional variables above, the exact solution to Eq.
(12.7) can be represented by the following series solution:
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ulx,t) = Z a, cos()\nx)e_}"% Fo (12.13)

n=1
where \, are roots to

Bi-cos\, —\,-sin\, =0 (12.14)

with a, and N, given by Egs. (12.15a) and (12.15b), respectively:

1 1
a, = ﬁ/o cos A\, x dx (12.15a)

1
Nn=/ cos® \, x dx (12.15b)
0

Even with all the various approaches available for solving Eq. (12.7),
one still ends up with quite a task remaining before completing the
solution arithmetic. Further simplifications can be made depending on
the magnitude of Bi. For Bi < 0.1, one can use a lumped-parameter
solution that assumes the tape pack approximated by a single concen-
trated mass. For Bi > 0.1, one can use chart solutions, called Heisler
charts [5]. Figure 12.3 shows a chart solution for an infinite slab at the
midplane location (x' = x/L = 0 at x = 0).

The chart solution method can be somewhat cumbersome to read if
one has a lot of points to plot, but it represents an easy way to address
Eq. (12.13). An alternate method to chart solutions is to compute val-
ues for Eq. (12.13) directly. After some investigation, one can reduce
Eq. (12.13) and formulate a one-term, time-dependent approximate so-
lution at the midplane location (x’ = x/L = 0 at x = 0) with < 2 percent
error. The one-term approximation to Eq. (12.13) is shown as Eq. (12.16)
for u(x, t) as

u(x,t) = A; e NFo (12.16)

For the problem at hand, let the characteristic length L, for Eqs. (12.11)
and (12.12) equal one-half the tape reel width L, =(0.315/2) in. =
0.1575 in.

Substituting into Eq. (12.11) for the Fourier modulus Fo, we obtain

7.903 x 10~ ft>/h
Fo = 5 °
0.1575 in.
12 in./ft

= 4.5876 - (¢, h)

(t, h)

= 0.07646 - (¢, min)
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Transient Heat-Transfer Problem: Tape Pack Cooling 12.9

Substituting into Eq. (12.12) for the Biot number Bi, we have

g _ ((1:6985 Btwh-ft”-F \ (0.1575 in.
' = 10.02168 Btwh-ft—°F /\ 12 in/ft

= 1.0283

For Bi = 1.028, solve for the coefficients A; and \; using Eqs. (12.14),
(12.15a), and (12.15b):

A; =1.12078 and A1 = 0.86730

Step 5: Estimate time required for midpack
to cool down to 99 percent of RT

Substituting into Eq. (12.16) and solving for the time required for the
center region of the tape pack (x' = x/L = 0 at x = 0) to return to 99 per-
cent of RT (72.72°F), ¢ in minutes, we obtain

(x,t) = 70,8 — T — 12.72 — 72 = 1.12078 - 67(0.86730)2 -(0.07646) - (t, min)

T-T.  130-172

0.012414 = 1.12078 . ¢ 005751 (¢, min)

0.012414 :
—A50207T L
—0.05751 "~

t = 78.29 min

A spreadsheet is used to minimize round off in the arithmetic.

Step 6: Evaluate T(0, f) at 5-min intervals for
comparison to FEA results

Table 12.2 lists estimates for internal temperature of the tape pack at
the midplane location (x’ = x/L = 0 at x = 0) as a function of time ¢. A
spreadsheet is used in this table to minimize roundoff in the arithmetic
of Eq. (12.16).

Step 7: Verify hand calculations using
FEA idealization

Table 12.3 lists a comparison of estimates for temperatures at the tape
pack center versus time when the geometry shown in Fig. 12.2 is ana-
lyzed using both hand solutions and an FEA mathematical idealization
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12.10 Transient and Cyclic Calculations

TABLE 12.2 Hand Solution: Tape Pack Cooling Center Temperatures versus Time

Time, min Fo{t} w0, t) T(0,t)
Start 0.00 0.000 1.000 130.00
5.00 0.382 0.841 120.76
10.00 0.765 0.631 108.57
15.00 1.147 0.473 99.43
20.00 1.529 0.355 92.58
25.00 1.911 0.266 87.44
30.00 2.294 0.200 83.58
35.00 2.676 0.150 80.68
40.00 3.058 0.112 78.51
45.00 3.441 0.084 76.89
50.00 3.823 0.063 75.66
55.00 4.205 0.047 74.75
60.00 4.588 0.036 74.06
65.00 4.970 0.027 73.55
70.00 5.352 0.020 73.16
75.00 5.734 0.015 72.87 Range
80.00 6.117 0.011 72.65 99% RT
85.00 6.499 0.008 72.49
90.00 6.881 0.006 72.37
95.00 7.264 0.005 72.28
End 100.00 7.646 0.004 72.21

TABLE 12.3 Tape Pack Cooling Center Temperatures versus Time Comparison
of FEA versus Hand Solutions

Time, min FEA Hand Percent difference
Start 0 130.000 130.000 0.000
5 120.876 120.760 —0.001
10 108.692 108.574 —0.001
15 99.484 99.434 —0.001
20 92.586 92.578 0.000
25 87.419 87.435 0.000
30 83.549 83.578 0.000
35 80.650 80.684 0.000
40 78.479 78.514 0.000
45 76.853 76.886 0.000
50 75.635 75.665 0.000
55 74.723 74.749 0.000
60 74.039 74.062 0.000
65 73.528 73.547 0.000
70 73.144 73.160 0.000
75 72.857 72.870 0.000 Range
80 72.642 72.653 0.000 99% RT
85 72.481 72.490 0.000
90 72.360 72.367 0.000
95 72.270 72.275 0.000
End 100 72.202 72.207 0.000
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Figure 12.4 Summary comparison results of hand versus FEA solution, transient thermal
response.

processed using MSC/Nastran. A comparison between the solutions es-
timates a percentage difference no larger then +0.001 percent during
the initial transient response with virtually no difference between the
solutions after approximately 15 min of cooling. Figure 12.4 shows a
summary comparison between the hand solution and the FEA model
solutions as a graph.

Applying the Principles

With a high degree of confidence in defining and solving a simplified
version of the transient heat-transfer problem, the final step is to apply
the principles. Because of the complexity of the geometry that includes
an aluminum hub in addition to the wound tape, FEA methods are
better suited for addressing the solutions. Before we discuss the finite-
element solution, a short introduction to FEA follows.

What Is Finite-Element Analysis,
and How Does It Work?

Finite-element analysis methods were first introduced in 1943. Finite-
element analysis uses the Ritz method of numerical analysis and min-
imization of variational calculus to obtain approximate solution to sys-
tems. By the early 1970s, FEA was limited to high-end companies
involved in the aerospace, automotive, and power plant industries that
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12,12 Transient and Cyclic Calculations

could afford the cost of having mainframe computers. After the intro-
duction of desktop personal computers, FEA was soon made available
to the average user. FEA can be used to investigate new product designs
and improve or refine existing designs.

The FEA approach is a mathematical idealization method that ap-
proximates physical systems by idealizing the geometry of a design us-
ing a system of grid points called nodes. These node points are connected
together to create a “finite” number of regions or mesh. The regions that
define the mesh are assigned properties such as the type of material and
the type of mesh used. With the mesh properties assigned, the mesh
regions are now called “elements.”