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PREFACE TO THE SECOND EDITION 2015 

 

 

"If there is a God, he's a great mathematician."~Paul Dirac 

"How is an error possible in mathematics?"~Henri Poincare 

"Go down deep enough into anything and you will find mathematics."~Dean Schlicter 

 

 About Indian Institute of Technology Joint Entrance Examination (IIT-JEE) 

Indian Institute of Technology (IIT) are the premier Engineering Institutes of India. 

Career in engineering calls for high level of confidence, motivation and capacity to do hard work besides 

intelligence and analytical & deductive thinking. Therefore, in order to select the brightest students for 

admission in the Indian Institute of Technology (IIT), National Institute of Technology (NIT) and other 

Engineering Institutes of India, the competitive entrance examination Indian Institute of Technology Joint 

Entrance Examination (IIT-JEE) is conducted on all India basis every year, along with other state level 

engineering entrance examinations. IIT-JEE is considered to be one of the toughest competitive entrance 

examinations in the world with success ratio well below 1%. The number of candidates appearing in IIT-

JEE as well as the level of competition has grown tremendously in the past years thus creating a need for 

highly specialized course content and result-oriented coaching and training. 

 About the student 

An engineering aspirant should possess sharp mental reflexes, acumen and skill to 

understand and master the fundamental concepts of Science and Mathematics; should have the basic 

qualities of an ideal student; should be capable of going through the rigorous and tough training schedule 

to achieve the standards set by the IIT-JEE and other engineering entrance examinations; and must be 

hungry for achievement. With specialized coaching and training, such talented students can achieve 

success in IIT-JEE and other engineering entrance examinations. 
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 Purpose of the book 

This book is useful for students and learners of IIT-JEE, Higher and Technical 

Mathematics; and also for the students who are preparing for Standardized Tests, Achievement Tests, 

Aptitude Tests and other competitive examinations all over the world. 

 Organization of the book 

This book is a part of book series which is divided into two volumes, seven parts and 

twenty eight chapters as under:- 

Volume-1 

Part-I: Differential Calculus 
Chapter-1: Real Functions, Domain, Range 
Chapter-2: Limit 
Chapter-3: Continuity 
Chapter-4: Derivatives 
Chapter-5: Applications Of Derivatives 
Chapter-6: Investigation Of Functions And Their Graphs 

Part-II: Algebra 
Chapter-7: Equations And Inequalities 
Chapter-8: Quadratic Expressions 
Chapter-9: Progressions 
Chapter-10: Determinants And Matrices 

Part-III: Trigonometry 
Chapter-11: Trigonometric Identities And Expressions 
Chapter-12: Trigonometric And Inverse Trigonometric Functions, Equations And Inequalities 
Chapter-13: Properties Of Triangles 

Volume-2 

Part-IV: Two Dimensional Coordinate Geometry 
Chapter-14: Point And Straight Line 
Chapter-15: Circle 
Chapter-16: Parabola 
Chapter-17: Ellipse 
Chapter-18: Hyperbola 

Part-V: Vector And Three Dimensional Geometry 
Chapter-19: Vector 
Chapter-20: Three Dimensional Coordinate Geometry 

Part-VI: Integral Calculus 
Chapter-21: Indefinite Integrals 
Chapter-22: Definite Integral 
Chapter-23: Differential Equations 
Chapter-24: Applications Of Calculus 

Part-VII: Algebra 
Chapter-25: Complex Numbers 
Chapter-26: Binomial Theorem 
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Chapter-27: Permutations and Combinations 
Chapter-28: Probability 

This book contains theory and a large collection of about 7500 questions. In each 

chapter, theory is divided into Sections and questions are divided into Question Categories. For each 

Section there are one or more corresponding Question Category/ Categories in order to make this book 

more readable and more useful for the readers and students. 

 Using the book 

Each Section and its corresponding Question Category/ Categories is the prerequisite of 

its following Sections and their corresponding Question Category/ Categories. It is recommended that 

readers and students should read a Section and then solve the questions of its corresponding Question 

Category/ Categories; and thereafter go to the next Section and so on. This approach is necessary for 

proper conceptual development and problem solving skills. 

 Reader's feedback 

All readers and students are requested and welcome to send their feedback, comments, 

corrections, suggestions, improvements, mathematical theory and questions on my email ID 

sanjivadayal@yahoo.com. This will help in continuous improvement and updation of this book. All readers 

and students are invited to join me as friends on Facebook at URL www.facebook.com/sanjiva.dayal and 

they are also invited to join my Facebook Group "Mathematics By Sanjiva Dayal". 

Place: Kanpur, India. 

Date: 28
th
 March, 2015. Sanjiva Dayal 

 B.Tech. (I.I.T. Kanpur) 

 Author 
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CHAPTER-14 

POINT AND STRAIGHT LINE 
 
SECTION-14.1. LOCUS, COORDINATES, EQUATION 

1. Locus 
When a point moves so as to satisfy a given condition, or conditions, the path it traces out is called its Locus 
under these conditions. Locus of a point is a point, curve or region. 

2. Representation of a point in two-dimensional space by coordinates 
i. Coordinates of a point P in two-dimensional space w.r.t. OXY axes is ordered pair of real numbers 

written as  yx,  such that the coordinates are the distances from the origin of the feet of the 
perpendiculars from the point P on the respective coordinate axes. 

ii. Coordinates of origin is  0,0 . 
3. Equation of a curve/ region 

i. The equation of a curve/ region is the relation which exists between the coordinates of every point on the 
curve/ region, and which holds for no other points except those lying on the curve/ region. 

ii. Equation of x-axis is 0y ; equation of y-axis is 0x . 
 
SECTION-14.2. POINTS 

1. Distance formula 

i. Distance between two points ),( 11 yx  and ),( 22 yx  = 2
21

2
21 )()( yyxx  . 

ii. Distance of a point ),( 11 yx  from origin = 2
1

2
1 yx  . 

2. Section formula 
i. Coordinates of the point which divides the line segment joining the points ),( 11 yx  and ),( 22 yx  in a 

given ratio 21 : mm  internally is 


















21

1221

21

1221 ,
mm

ymym

mm

xmxm
. 

ii. Coordinates of the point which divides the line segment joining the points ),( 11 yx  and ),( 22 yx  in a 

given ratio 21 : mm  )( 21 mm   externally is 


















21

1221

21

1221 ,
mm

ymym

mm

xmxm
. 

iii. Coordinates of the mid-point of the points ),( 11 yx  and ),( 22 yx  is 






 

2
,

2
2121 yyxx

. 

3. Area of a triangle 

i. Area of a triangle whose vertices are ),( 11 yx , ),( 22 yx  and ),( 33 yx  is 

1

1

1

2

1

33

22

11

yx

yx

yx

 . 

ii. If the coordinates of the vertices are written in anti-clockwise order, then the value of the determinant 

1

1

1

33

22

11

yx

yx

yx

 is positive, but if written in clockwise order, then the value of this determinant is negative. 
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4. Condition of collinearity of three points 

Three points ),( 11 yx , ),( 22 yx  and ),( 33 yx  are collinear iff 0

1

1

1

33

22

11



yx

yx

yx

 and are non-collinear if 

0

1

1

1

33

22

11



yx

yx

yx

. 

5. Coordinates of centroid of a triangle 
Coordinates of the centroid of a triangle whose vertices are ),( 11 yx , ),( 22 yx  and ),( 33 yx  is 








 


3
,

3
321321 yyyxxx

G  

6. Coordinates of incenter and ex-centers of a triangle 
i. Coordinates of the incentre of a triangle whose vertices are ),(),,(),,( 332211 yxCyxByxA   is  



















cba

cybyay

cba

cxbxax
I 321321 ,  

ii. Coordinates of the ex-centers are 



















cba

cybyay

cba

cxbxax
I 321321

1 ,  



















cba

cybyay

cba

cxbxax
I 321321

2 ,  



















cba

cybyay

cba

cxbxax
I 321321

3 ,  

 
SECTION-14.3. GENERAL EQUATION OF A STRAIGHT LINE 

1. Definition of a straight line 
i. A straight line is a curve such that every point on the line segment joining any two points on it lies on it. 
ii. Every first degree equation in yx, , i.e. 0 cbyax , represents a straight line. 

2. General equation of a straight line 
i. General equation of a straight line is 0 cbyax , where a and b both cannot be zero. 
ii. If a = 0, then the line is parallel to x-axis. If b = 0, then the line is parallel to y-axis. 

3. Two (or more) equations representing the same straight line 
i. 00  kckbykaxcbyax , ( 0k ), therefore equations 0 cbyax  and 0 kckbykax  

represent the same straight line. 
ii. Conversely, equations 0111  cybxa  & 0222  cybxa  represents the same line if 

212121 ,, kcckbbkaa   or 
2

1

2

1

2

1

c

c

b

b

a

a
 . 

iii. The number of arbitrary constant in the equation of a straight line is two, hence to completely determine 
the equation of a straight line, two conditions are required to determine the two arbitrary constants. 

4. Inclination and slope (gradient) of a straight line 
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i. Inclination of a line, denoted by , is the angle which the line makes with positive x-axis and  0 . 
ii. Slope (gradient) of a line, denoted by m, is tan . 
iii. Slope of lines parallel to y-axis is not defined. 

 
SECTION-14.4. EQUATION OF A STRAIGHT LINE IN DIFFERENT STANDARD FORMS 

1. Slope-intercept form 
i. cmxy   

where 
m = slope. 
c = yintercept. 

ii. Therefore equation of a line passing through origin is mxy  . 
2. Point-slope form 

)( 11 xxmyy   

where ),( 11 yx  is a given point on the line and m = slope. 
3. Two point form 

)( 1
12

12
1 xx

xx

yy
yy 














  

where ),( 11 yx  and ),( 22 yx  are two given points on the line and 
12

12

xx

yy
m




 . 

4. Intercept form 

1
b

y

a

x
 

where 
a = x  intercept 
b = y  intercept. 

5. Normal form 
pyx   sincos  

where 
p = length of the perpendicular from origin 
 = angle that this perpendicular makes with positive x-axis. )20(   . 

6. Parametric form 

i. r
kyhx







 sincos
 or cosrhx  , sinrky    Rr  

where (h, k) is a given point on the line 
  = inclination of the line 

r  distance of the point (x, y) on the line from the point (h, k). 

ii. For all real r, the point   sin,cos rkrh   always lies on the line passing through the point (h, k) 

and having inclination . r  is the distance of the point   sin,cos rkrh   from (h, k). 

 
SECTION-14.5. TRANSFORMATION OF GENERAL EQUATION OF A LINE IN DIFFERENT 

STANDARD FORMS 
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1. Transformation of 0 CByAx  in the slope-intercept form  cmxy   
0 CByAx  

CAxBy   




















B

C
x

B

A
y  

Therefore, 

Slope (m) = 
B

A
  

y  intercept = 
B

C
 . 

2. Transformation of 0 CByAx  in the intercept form 







 1

b

y

a

x
 

0 CByAx  
CByAx   

1

























B

C

y

A

C

x
 

Therefore, 

x  intercept = 
A

C
  

y  intercept = 
B

C
 . 

3. Transformation of 0 CByAx  in the normal form  pyx   sincos  
0 CByAx  

CByAx   

222222 BA

C
y

BA

B
x

BA

A








  

222222 BA

C
y

BA

B
x

BA

A




































   

Therefore, 

p = 
22 BA

C


 

If C > 0, then 
22

cos
BA

A


 , 

22
sin

BA

B


 . 

If C < 0, then 
22

cos
BA

A


 , 

22
sin

BA

B


 . 

 
SECTION-14.6. A STRAIGHT LINE AND POINT(S) 

1. Position of a point w.r.t. a line 
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A point ),( 11 yx  lies above, on or below the line 0 cbyax  when 
b

cbyax  11  is >, = or < 0. 

2. Position of two points w.r.t. a line 
Two points ),( 11 yx  and ),( 22 yx  lie on the same side or different side of the line when 

  cbyaxcbyax  2211  is > or < 0. 
3. Length of perpendicular from a point on a line 

i. Length of perpendicular from a point ),( 11 yx  on a line 0 cbyax  is 
22

11

ba

cbyax




. 

ii. Therefore, length of perpendicular from origin on the line 0 cbyax  is 
22 ba

c


. 

iii. Algebraic length of perpendicular from a point ),( 11 yx  on a line 0 cbyax  is 
22

11

ba

cbyax




. 

 
SECTION-14.7. TWO OR MORE LINES 

1. Angle between two lines 

i. Acute angle between two lines having gradients m1 and m2 is 
21

211

1
tan

mm

mm



 , therefore obtuse angle is 

21

211

1
tan

mm

mm




  . 

ii. Lines are parallel when 21 mm  . 

iii. Lines are perpendicular when 121 mm . 

iv. Acute angle of a line with x-axis = m1tan . 

v. Acute angle of a line with y-axis = 
m

mm
1

tancottan
2

111  


. 

2. Equation of a line parallel to a given line 
Equation of a line parallel to a given line 0 cbyax  is 0 byax , where  is any constant. 

3. Equation of a line perpendicular to a given line 
Equation of a line perpendicular to a given line 0 cbyax  is 0 aybx , where  is any constant. 

4. Distance between two parallel lines 

Distance between two parallel lines 1cmxy   and 2cmxy   is 
2

21

1 m

cc




. 

5. Point of intersection of two non-parallel lines 
Point of intersection of two non-parallel lines 0,0 222111  cybxacybxa  is 




















1221

1221

1221

1221 ,
baba

acac

baba

cbcb
 (By Cramer’s rule). 

6. Equation of angular bisectors of two lines 
i. Equation of angular bisectors of two lines 0111  cybxa , 0222  cybxa  are 
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2
2

2
2

222

2
1

2
1

111

ba

cybxa

ba

cybxa









. 

ii. Let the equation of the two lines be written so that 1c  and 2c  are both positive, then 

2
2

2
2

222

2
1

2
1

111

ba

cybxa

ba

cybxa









 is the bisector of the angle containing the origin. 

iii. Let the equation of the two lines be written so that 1c  and 2c  are both positive. If 02121  bbaa  then 

2
2

2
2

222

2
1

2
1

111

ba

cybxa

ba

cybxa









 is the acute angle bisector. If 02121  bbaa  then 

2
2

2
2

222

2
1

2
1

111

ba

cybxa

ba

cybxa









 is the acute angle bisector. 

iv. Angle between the acute angle bisector and each of the lines is less than 45. Angle between the obtuse 
angle bisector and each of the lines is more than 45. 

7. Equation of family of lines passing through the points of intersection of two given lines 
Equation of family of lines passing through the points of intersection of two given lines 

0,0 222111  cybxacybxa  is 0)()( 222111  cybxacybxa  , where  is any constant. 
8. Test of concurrency of three lines 

Three lines 0,0,0 333222111  cybxacybxacybxa  are concurrent if 0

333

222

111



cba

cba

cba

 and 

are non-concurrent if 0

333

222

111



cba

cba

cba

. 

 
SECTION-14.8. GENERAL SECOND DEGREE EQUATION REPRESENTING A PAIR OF LINES 

1. Equation representing n straight lines 
i. The equation representing n straight lines, nicybxa iii ,.......,2,1,0  , is 

0)).......()(( 222111  nnn cybxacybxacybxa , which is a nth degree equation in x, y. 

ii. A nth degree equation in x, y may represent n straight lines iff it can be factorized into n linear factors. 
2. Second degree equation representing two straight lines 

i. A second degree equation representing two straight lines 0111  cybxa  and 0222  cybxa  is 

0))(( 222111  cybxacybxa . 

ii. Conditions that a general second degree equation 0222 22  cfygxbyhxyax  may represent 
two straight lines are:- 

a.      0222
 acgabhafgh  

02 222  chbgaffghabc  
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0

cfg

fbh

gha

. 

2222 chbgaffghabc   or 

cfg

fbh

gha

 is denoted by  . 

b. 02  abh . 
Case 1: If  0,0 2 abh Two different lines; 

Case 2: If  0,0 2 abh Two parallel lines or coincident lines (one line) or no locus; 

Case 3: If  0,0 2 abh A point. 

iii. If the lines are 11 cxmy   and 22 cxmy   then ,
2

21 b

h
mm   ,21 b

a
mm   ,

2
21 b

f
cc   

,21 b

c
cc   

b

g
cmcm

2
1221  . 

iv.  = acute angle between the lines 
ba

abh




 

2
1 2

tan  

a. if 0 ba  then lines are perpendicular 
b. if abh 2  then lines are parallel. 

v. Point of intersection of the lines is 
















abh

ghaf

abh

hfbg
22

, . 

vi. Equation of bisectors is 

      
h

yyxx

ba

yyxx 00
2

0
2

0 





 

where  00 , yx  is the point of intersection of lines. 

a. If a = b, the equation of bisectors is        0000
2

0
2

0 ;0 xyxyxyxyyyxx  . 

b. If h = 0, the equation of bisectors is    0000 ;0 yyxxyyxx  . 

3. Homogeneous second degree equation representing a pair of straight lines 
i. The equation representing n straight lines passing through origin, niybxa ii ,.......,2,1,0  , is 

0).......((( 2211  ybxaybxaybxa nn , which is a homogeneous nth degree equation in x, y. 

ii. A homogeneous nth degree equation in x, y may represent n straight lines passing through origin iff it 
can be factorized into n linear factors. 

iii. A homogeneous second degree equation representing two straight lines 011  ybxa  and 022  ybxa  

is 0))(( 2211  ybxaybxa . 

iv. Condition that a homogeneous second degree equation 02 22  byhxyax  may represent two straight 

lines passing through origin is abh 2 ,   being zero. 
Case 1: If  02 abh Two different lines passing through origin. 
Case 2: If  02 abh Coincident lines (one line) passing through origin. 
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Case 3: If  02 abh A point (origin). 

v. If the lines are xmy 1  and xmy 2  then 
b

h
mm

2
21   and 

b

a
mm 21 . 

vi.  = angle between the lines 
ba

abh




 

2
1 2

tan  

a. if 0 ba  then lines are perpendicular 
b. if abh 2  then lines are coincident (one line). 

vii. Point of intersection of lines is origin. 

viii. Equation of the bisectors is 
h

xy

ba

yx




 22

 

a. If a = b, the equation of the bisectors is xyyx  022  
b. If h = 0, the equation of the bisectors is 0;00  yxxy . 

4. Homogeneous equation of lines joining the origin to the points of intersection of a given line and a 
given second degree curve 
Equation of lines joining the origin to the points in which the straight line 0 nmylx  meets the second 

degree curve 0222 22  cfygxbyhxyax  is 

0)(22
2

22 


























n

mylx
c

n

mylx
fygxbyhxyax , which is a homogeneous second degree 

equation. 
 
SECTION-14.9. TRANSFORMATION OF AXES 

1. Parallel transformation of axes 
Let yxO  be the axes parallel to the axes Oxy  such that  khO , , then 













kyy

hxx
 and 













kyy

hxx
 

2. Angular transformation of axes 
Let yxO  be the axes rotated through an angle  w.r.t. the axes Oxy , then 

















cossin

sincos

yxy

yxx
 and 

















cossin

sincos

yxy

yxx
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EXERCISE-14 
 

CATEGORY-14.1. LOCUS PLOTTING 

Plot locus on x - y plane:- 
1. x y x y    1 1, .  
2. 3 2 1 0 3 2 3 0x y x y     , .  
3. x y x y y    1 2 2, , .  
4. x y y x x y       2 0 2 5 10 5 2 10 0, , .  
5. 2 6 9 4 56 3 5 4y x x y x y     , , .  
6. x y y x y x      3 13 0 5 5 4 28 7, , .  

7. x x y x y2 4 3 0 2 2 0      , .  

8. y x x y x    2 2 3 1, .  

9. y x y x  2 24, .  

10. y x x y x x     2 24 3 4 3, .  

11. 2 2 32 2y x y x x   , .  

12. y x y x y      2 0 2 3 0 1 0, , .  

13. y x y   log , .2 0 2 0  

14. .01,log2  yxxy  

15. x x y xy2    . 

16. 2 0 02 2 2y x x y   , .  

17. 2 0 2 0 1 02 2x y x y     , , .  
18. xy x y y x    1 0 0, , .  

19. x y x y  , 2 . 

20. xy 1.  

21. y e x
 

1

2
.  

22. y x x  2 12 .  

23. 
y x

xy




2
0.  

24. 
y x

y x x

  

 


1 1

2
0

2
.  

25.    1log22log
3

1

3

1  yyx , xxy 2332   

26.   .21,log1log
2
1

2
1 xxyyyx   

27.   .842,log12log 2
2

2 xxyyxy   

28.    .1log42log,4 2
2

2  yxyyx  
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29. .12,1,4 2  xxyxyxyx  

30.     1 yx  

31.    
2

3
 yx  

32.      1,max yx  

33.     
2

3
,max yx  

34.      1,max yx  

35.     
2

1
,max yx  

36.     
2

3
,max yx  

37.      1,max yx  
 
CATEGORY-14.2. DISTANCE FORMULA 

38. Find the distance between the following pairs of points:- 
i. (2, 3) and (5, 7). {Ans. 5} 
ii. (4, -7) and (-1, 5). {Ans. 13} 

iii. (a, 0) and (0, b). {Ans. a b2 2 } 

iv. (b+c, c+a) and (c+a, a+b). {Ans. a b c ab bc2 2 22 2 2    } 

v. (a cos , a sin ) and (a cos , a sin ). {Ans. 2sin2 a } 

vi.    am am am am1
2

1 2
2

2,2 ,2 . and  {Ans.     42
2121  mmmma } 

39. Find the value of h if the distance between the points (h, 2) and (3, 4) be 8. {Ans. 3 2 15 } 
40. A line is of length 10 and one end is at the point (2, -3); if the abscissa of the other end be 10, prove that its 

ordinate must be 3 or -9. 
41. Find the area of the circle centered at  2,1  and passing through  6,4 . {Ans. 25 } 

42. Prove that the points (2a, 4a), (2a, 6a) and  aaa 5,32   are the vertices of an equilateral triangle whose 
side is 2a. 

43. Prove that the points (2, -2), (8, 4), (5, 7) and (-1, 1) are at the vertices of a rectangle. 
44. Prove that the points (-2, -1), (1, 0), (4, 3) and (1, 2) are at the vertices of a parallelogram. 
45. Vertices of a quadrilateral ABCD are  0,0A ,  4,3B ,  7,7C  and  3,4D . Check whether the 

quadrilateral ABCD is a square or rectangle or parallelogram or rhombus. {Ans. Rhombus} 

46. Prove that the point 








1

14

39

14
,  is the center of the circle circumscribing the triangle whose vertices are (1, 

1), (2, 3) and (-2, 2). 
47. If O be the origin, and if the coordinates of any two points P1 and P2 be respectively (x1, y1) and (x2, y2), 

prove that 21212121 cos yyxxOPPOPOP  . 
48. Prove that a point can be found which is at the same distance from each of the four points 
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am
a

m
am

a

m
am

a

m

a

m m m
am m m1

1
2

2
3

3 1 2 3
1 2 3, , , , , , .





































 and  

 
CATEGORY-14.3. SECTION FORMULA 

49. Find the coordinates of the points which 
i. divides, internally and externally, the line joining the points (1, 3) and (2, 7) in the ratio 3 : 4. {Ans. 

 10
7

33
7, ,   2 9, } 

ii. divides, internally and externally, the line joining (-1, 2) to (4, -5) in the ratio 2 : 3. {Ans. 
   1 11164

5, , ,  } 

iii. divides, internally and externally, the line joining  (-3, -4) to (-8, 7) in the ratio 7 : 5. {Ans. 
    71

12
29
12

41
2

69
2, , , } 

50. The line joining the points (1, -2) and (-3, 4) is trisected; find the coordinates of the points of trisection. 
{Ans.     1

3
5
30, , ,2 } 

51. The line joining the points (-6, 8) and (8, -6) is divided into four equal parts; find the coordinates of the 
points of section. {Ans.       5

2
9
2

9
2

5
211, , , , , } 

52. Find the ratio in which the line segment joining the points  4,3   and  2,1  is divided by y axis. 
{Ans. 3:1} 

53. In a triangle ABC, find the length of the median from B  on AC  where  3,1A ,  1,1B ,  1,5C . {Ans. 

10 } 
54. Find the coordinates of the points which divide, internally and externally, the line joining the points (a+b, 

a-b) to the point (a-b, a+b) in the ratio a : b. {Ans.    a b
a b

a ab b
a b

a ab b
a b

a b
a b

2 2 2 2 2 2 2 22 2


 


 



, , , } 

55. The coordinates of the vertices of a triangle are (x1, y1), (x2, y2) and (x3, y3). The line joining the first two is 
divided in the ratio l : k, and the line joining this point of division to the opposite angular point is then 

divided in the ratio m : k + l. Find the coordinates of the latter point of section. {Ans.  kx lx mx
k l m

ky ly my
k l m

1 2 3 1 2 3 

 

 

 , } 

56. Prove that the coordinates, x and y, of the middle point of the line joining the point (2, 3) to the point (3, 4) 
satisfy the equation x - y + 1 = 0. 

57. Prove that the lines joining the middle points of opposite sides of a quadrilateral and the line joining the 
middle points of its diagonals meet in a point and bisect one another. 

58. A, B, C, D, ...... are n points in a plane whose coordinates are (x1, y1), (x2, y2), (x3, y3)........ AB is bisected in 
the point G1; G1C is divided at G2 in the ratio 1 : 2; G2D is divided at G3 in the ratio 1 : 3; G3E at G4 in the 
ratio 1 : 4, and so on until all  the points are exhausted. Show that the coordinates of the final point so 

obtained is 






 

n

yyyy

n

xxxx nn .........
,

......... 321321 . 

 
CATEGORY-14.4. AREA OF A TRIANGLE, COLLINEARITY OF POINTS 

59. Find the area of the triangle the coordinates of whose vertices are:- 
i. (1, 3), (-7, 6) and (5, -1). {Ans. 10} 
ii. (0, 4), (3, 6) and (-8, -2). {Ans. 1} 
iii. (5, 2), (-9, -3) and (-3, -5). {Ans. 29} 
iv.  (a, b+c), (a, b-c) and (-a, c). {Ans. 2|ac|} 
v. (a, c+a), (a, c) and (-a, c-a) {Ans. a2 } 
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vi. (a cos 1, b sin1), (a cos 2, b sin 2) and (a cos 3, b sin3). {Ans. 2 2 3 3 1 1 2

2 2 2absin sin sin
        } 

vii. (am1
2, 2am1), (am2

2, 2am2) and (am3
2, 2am3). {Ans.    a m m m m m m2

2 3 3 1 1 2   } 

viii.   am m a m m1 2 1 2, ,   am m a m m2 3 2 3,  and   am m a m m3 1 3 1,   {Ans. 

   a m m m m m m
2

2 2 3 3 1 1 2   } 

ix. 


























3
3

2
2

1
1 , and ,,,

m

a
am

m

a
am

m

a
am  {Ans.    a m m m m m m

m m m

2
2 3 3 1 1 2

1 2 32

   } 

60. An equilateral triangle has each side equal to a . If the coordinates of its vertices are  11, yx ,  22 , yx  and 

 33 , yx , then find the value of the determinant 

1

1

1

33

22

11

yx

yx

yx

. {Ans. 
2

3 2a
} 

61. Check whether that the following sets of points are collinear or not:- 
i. (1, 4), (3, -2) and (-3, 14). {Ans. non-collinear} 

ii.    .8,8and6,5,3,
2

1









  {Ans. collinear} 

iii.      .,and,,, bacacbcba   {Ans. collinear} 

iv.      baba ,,0,0,,  and  aba ,2 . {Ans. collinear} 
62. Find the area of the quadrilateral the coordinates of whose vertices, taken in order, are 

i. (1, 1), (3, 4), (5, -2) and (4, -7). {Ans. 41
2 } 

ii. (-1, 6), (-3, -9), (5, -8) and (3, 9). {Ans. 96} 
 
CATEGORY-14.5. COORDINATES OF CENTROID, INCENTER, EX-CENTERS OF A TRIANGLE 

63. Find the coordinates of centroid, incenter, ex-centers of the triangle the coordinates of whose vertices are 

(1, 2), (5, 2) and (1, 5). {Ans. 







 3,

3

7
G ,  3,2I , (7, 8), (-1, 4), (4, -1)} 

64. If G be the centroid of a triangle ABC and P be any point prove that 
3(GA2 + GB2 + GC2) = BC2 + CA2 + AB2 and PA2 + PB2 + PC2 = GA2 + GB2 + GC2 + 3GP2. 

 
CATEGORY-14.6. FINDING EQUATION OF A STRAIGHT LINE FROM ITS PROPERTIES 

65. Find the equations to the straight lines passing through the following pairs of points:- 
i. (0, 0) and (2,  2). {Ans. x y  0 } 
ii. (3, 4) and (5, 6). {Ans. y x 1} 

iii. ( 1, 3) and (6,  7). {Ans. 7 10 11y x  } 

iv. (0,  a) and (b, 0). {Ans. ax by ab  } 

v. (a, b) and (a + b, a  b). {Ans.  a b x by b ab a     2 2 02 2 } 

vi. (at1
2, 2at1) and (at2

2, 2at2). {Ans.  y t t x at t1 2 1 22 2   } 

vii. at
a

t
at

a

t1
1

2
2

, ,


















 and . {Ans.  t t y x a t t1 2 1 2   } 
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viii.    a a a acos , sin cos , sin .   1 1 2 2 and  {Ans.      x y acos sin cos1
2 1 2

1
2 1 2

1
2 1 2          } 

ix.    a b a bcos , sin cos , sin .   1 1 2 2 and  {Ans.      x
a

y
bcos sin cos1

2 1 2
1
2 1 2

1
2 1 2          } 

x.    a b a bsec , tan sec , tan .   1 1 2 2 and  {Ans. 

     bx ay abcos sin cos1
2 1 2

1
2 1 2

1
2 1 2          } 

66. Find the equation of the straight line 
i. cutting off an intercept unity from the positive direction of the axis of y and inclined at 45 to the axis 

of x. {Ans. y x 1} 

ii. cutting off an intercept  5 from the axis of y and being equally inclined to the axes. {Ans. 
x y  5 0 } 

iii. cutting off an intercept 2 from the negative direction of the axis of y and inclined at 30 to OX. {Ans. 
x y  3 2 3 0 } 

iv. cutting off an intercept  3 from the axis of y and inclined at an angle tan 1 3
5  to the axis of x. {Ans. 

5 3 15 0y x   } 
v. cutting off an intercepts 3 and 2 from the axes. {Ans. 2 3 6x y  } 

vi. cutting off an intercept  5 and 6 from the axes. {Ans. 6 5 30 0x y   } 
67. Find the equation to the straight line which passes through the point (5, 6) and has intercepts on the axes 

i. equal in magnitude and both positive, {Ans. x y 11} 
ii. equal in magnitude but opposite in sign. {Ans. y x 1} 

68. Find the equations to the straight lines which pass through the point  (1,  2) and cut off equal distances 
from the two axes. {Ans. x y x y    1 0 3, } 

69. If the point  2,5  bisects the intercept of a line between the axes, then find the equation of the line. {Ans. 
2052  yx } 

70. Find the equation of the line through  2,1P  such that its intercept between the axes is bisected at P . 
{Ans. 042  yx } 

71. Points  3,1A  and  1,5C  are opposite vertices of a rectangle ABCD. If the slope of BD  is 2, then find its 
equation. {Ans. 42  yx } 

72. Find the equation to the straight line which passes through the given point (x,y) and is such that the given 
point bisect the part intercepted between the axes. {Ans. xy x y x y     2 } 

73. Find the equation to the straight line which passes through the point ( 4, 3) and is such that the portion of 
it between the axes is divided by the  point in the ratio 5 : 3. {Ans. 20 9 96y x  ; 03245  yx } 

74. Find the equations to the sides of the triangles the coordinates of whose vertices are respectively 
i. (1, 4), (2, 3) and (1,  2). {Ans. x y y x y x      3 7 0 3 1 7 11, , } 

ii. (0, 1), (2, 0) and (1,  2). {Ans. 2 3 4 3 1 2 2x y y x x y     , , } 

75. Find the equations to the diagonals of the rectangle the equations of whose sides are x = a, x = a, y = b, 
and y = b. {Ans.        y a a x b b a b ab y a a x b b a b ab                 , } 

76. Find the equation to the straight line which bisects the distance between the points (a, b) and (a, b) and 
also bisects the distance between the points ( a, b) and (a,b). {Ans. 2 2ay b x ab a b      } 

77. Find the equation to the straight lines which go through the origin and trisect the portion of the straight line 
123  yx  which is intercepted between the axes of coordinates. {Ans. y x y x 6 3,2 } 
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CATEGORY-14.7. FINDING PROPERTIES OF A STRAIGHT LINE BY ITS EQUATION 

78. Find slope, x-intercept, y-intercept, p and  of the following straight lines:- 
i. x y  2 3 0.  
ii. 5 7 9 0x y   .  
iii. 3 7 0x y  .  
iv. 2 3 4 0x y   .  

79. Prove that the point whose coordinates are respectively (5, 1), (1, -1) and (11, 4) lie on a straight line, and 
find its intercepts on the axes. {Ans. 3 3

2, } 
 
CATEGORY-14.8. POSITION OF POINT(S) W.R.T. A STRAIGHT LINE, LENGTH OF 

PERPENDICULAR FROM A POINT ON A STRAIGHT LINE 

80. Given points (3,4) and (5,2) and a line 032  yx . Determine the position of the points w.r.t. the line. 

{Ans. (3,4) is above; (5,2) is below; points are in different sides} 
81. Find the position of the points  2,1  and  1,2  w.r.t. the line 124  yx . {Ans. points are in different 

sides} 
82. Find the length of the perpendicular drawn from 

i. the point (4, 5) upon the straight line 3x + 4y = 10. {Ans. 22
5 } 

ii. the origin upon the straight line 
x y

3 4
1  .  {Ans. 12

5 } 

iii. the point (3, 4) upon the straight line    12 6 5 2x y   .  {Ans. 
13

66
} 

iv. origin on the line 1
b

y

a

x
. {Ans. 

22 ba

ab


} 

v. the point (b, a) upon the straight line 
x

a

y

b
 1.  {Ans. 

22

22

ba

baba





} 

83. Find the length of the perpendicular from the origin upon the straight line joining the two points whose 
coordinates are    a a a acos , sin cos , sin .    and  {Ans.  acos 1

2   } 

84. Show that the product of the perpendiculars drawn from the two points   a b2 2 0, upon the straight 

line 
x

a

y

b
bcos sin .  1 2 is  

85. If p and p be the perpendiculars from the origin upon the straight lines whose equations are 
x y ec asec cos    and x y acos sin cos ,    2  prove that 4p2 + p2 = a2. 

86. What is the points on the axis of x whose perpendicular distance from the straight line 
x

a

y

b
 1 is a? 

{Ans.   a
b b a b 2 2 0, } 

87. Show that the perpendiculars let fall from any point of the straight line 2x + 11y = 5 upon the two straight 
lines 24x + 7y = 20 and 4x  3y = 2 are equal to each other. 

88. Find the coordinates of the centers and the radii of the four circles which touch the sides of the triangle the 

coordinates of whose vertices are the points (6, 0), (0, 6) and (7, 7). {Ans.  
2

3
2
9

2
9 ,, ;   24,12,2 ; 
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  24,2,12 ;   26,3,3  } 
 
CATEGORY-14.9. ANGLE BETWEEN TWO LINES, PARALLEL AND PERPENDICULAR LINES 

89. Find the angles between the pairs of straight lines 
i. x y x y   3 5 3 7 and .  {Ans. 90 } 

ii. x y x y   4 3 11 and 6 .  {Ans. tan1 23
10 } 

iii. y x x   3 7 8 and 3y .  {Ans. tan1 4
3 } 

iv.    y x y x     2 3 5 2 3 7 and .  {Ans. 60 } 

v. 012  yx  and 3x . {Ans. 2cot 1 } 

vi.        m mn y mn n x n mn m y mn n x m2 2 3 2 2 3        and . {Ans. 44

2241tan
nm
nm


 } 

90. Find the tangent of the angle between the lines whose intercepts on the axes are respectively a,  b and b, 

 a. {Ans. ab
ba

2
1 22

tan  } 

91. Prove that the points (2,  1), (0, 2), (2, 3), and (4, 0) are the coordinates of the vertices of a parallelogram 
and find the angle between its diagonals. {Ans. tan1 2 } 

92. Find the equation to the straight line 
i. passing through the point (2, 3) and perpendicular to the straight line 4x  3y = 10. {Ans. 

4 3 18y x  } 

ii. passing through the point ( 6, 10) and perpendicular to the straight line 7x + 8y = 5. {Ans. 
7 8 118y x  } 

iii. passing through the point (2, 3) and perpendicular to the straight line joining the points (5, 7) and (6, 
3). {Ans. 4 11 10y x  } 

iv. passing through the point (4, 3) and perpendicular to the straight line joining (1, 3), (2, 7). {Ans. 
x y  4 16 0 } 

93. A rectangle has two opposite vertices at the points  2,1  and  5,5 . If the other vertices lie on the line 

3x , then find their coordinates. {Ans.  1,3 ,  6,3 } 
94. Find the equation of the line which is perpendicular to the line 05  yx  and forms a triangle with 

coordinate axes of area 5 sq. units. {Ans. 0255  yx } 

95. If the foot of the perpendicular from the origin to a straight line is at the point  4,3  , find the equation of 
the line. {Ans. 2543  yx } 

96. Find the perpendicular distance of the origin from the perpendicular from the point (1, 2) upon the straight 
line x y  3 4 0.  {Ans. 2 3

2
 } 

97. If  1,1A ,  2,13 B  and  23,3 C  be three vertices of a square, then find the diagonal through B . 

98. Find the equation to the straight line drawn at right angles to the straight line 
x

a

y

b
 1  through the point 

where it meets the axis of x. {Ans. ax by a  2 } 
99. Find the equation to the straight line which bisect, and is perpendicular to, the straight line joining the 

points (a, b) and (a, b). {Ans.    2 2 2 2 2 2x a a y b b a a b b           } 

100. Prove that the equation to the straight line which passes through the point  a acos , sin3 3   and is 
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perpendicular to the straight line x y es a x y asec cos cos sin cos .        is  2  

101. Find the equations to the straight line which passing through (x, y) and respectively perpendicular to the 

straight lines x x + y y = a2, 
xx

a

yy

b







2 2
1 and x y + x y = a2. {Ans. 

 yx xy a xy b x y a b x y xx yy x y                 0 2 2 2 2 2 2, , } 

102. Find the equations of the straight lines which divide, internally and externally, the line joining ( 3, 7) to 
(5,  4) in the ratio of 4 : 7 and which are perpendicular to this line. {Ans. 
121 88 37133 24 1043y x y x   , } 

103. Show that the equations to the straight lines passing through the point (3, 2) and inclined at 60 to the 
line 3 1 2 0 3 2 3 3 0x y y y x        are  and .  

104. Find the equations to the straight lines which pass through the origin and are inclined at 75 to the straight 
line  x y y x a   3 .  {Ans. x y x  0 3 0, } 

105. Find the equations to the straight lines which pass through the point (h, k) and are inclined at an angle tan1 

m to the straight line y = mx + c. {Ans.     y k m y k m x h    , 1 22 } 

106. Find the angle between the two straight lines 3x = 4y + 7 and 5y = 12x + 6 and also the equations to the 
two straight lines which pass through the point (4, 5) and make equal angles with the two given lines. 
{Ans. tan ,9 ,    1 33

56 7 1 7 9 73x y x y } 

107. One side of a square is inclined to the axis of x at an angle  and one of its extremities is at the origin; 
prove that the equations to its diagonals are    y xcos sin sin cos       and 

   y x asin cos cos sin       , where a is the length of the side of the square. 
 
CATEGORY-14.10. DISTANCE BETWEEN TWO PARALLEL LINES 

108. Find the distance between the lines 02  yx  and 0122  yx . {Ans. 
8

5
} 

109. Find the distance between the lines 1134  yx  and 1568  yx . {Ans. 
10

7
} 

110. Find the distance between the parallel lines 42  xy  and 536  yx . {Ans. 
53

17
} 

111. Find the length of the sides of the rectangle whose sides are 012  yx , 012  yx , 032  yx  
and 0124  yx . 

 
CATEGORY-14.11. POINT OF INTERSECTION OF TWO NON-PARALLEL LINES 

112. Find the coordinates of the points of intersection of the straight lines whose equations are 
i. 2 3 5 0 4 3x y x y     and 7 .  {Ans.   11

29
41
29, } 

ii. 
x

a

y

b

x

b

y

a
   1 1 and .  {Ans.  ab

a b
ab
a b , } 

iii. y m x
a

m
y m x

a

m
   1

1
2

2

 and  .  {Ans.   a
m m m ma

1 2 1 2

1 1,  } 

iv. x y a x y acos sin cos sin .   1 1 2 2    and   {Ans.  a acos sec , sin sec
       1 2 1 2 1 2 1 2

2 2 2 2

    } 

113. Two straight lines cut the axis of x at distances a and -a and the axis of y at distances b and b respectively; 
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find the coordinates of their point of intersection. {Ans.   a b b

b b
bb
b b

 

 


 , 2 } 

114. Find the distance of the point of intersection of the two straight lines 2 3 5 0 4 0x y x y     and 3  from 
the straight line 5 2 0x y  .  {Ans. 130

17 29
} 

115. Find the foot of the perpendicular from the point  5,0  on the line 0543  yx . {Ans.  1,3 } 

116. Find the nearest point on the line 2543  yx  from the origin. {Ans.  4,3  } 

117. Find the ratio in which the line 0523  yx  divides the join of  7,6   and  3,2 . {Ans. 7:37 } 

118. Show that the perpendicular from the origin upon the straight line joining the points  a acos , sin   and 

 a acos , sin   bisects the distance between them. 

119. Find the equations of the two straight lines drawn through the point (0, a) on which the perpendiculars let 
fall from the point (2a, 2a) are each of length a. Prove also that the equation of the straight line joining the 
feet of these perpendiculars is y x a 2 5 .  {Ans. y a y x a  ,3 4 3 } 

120. Find the point of intersection and the inclination of the two lines 
   Ax By A B A x y B x y B       and 2 .  {Ans.  11 45, ,  } 

121. Find the coordinates of the point in which the line 2 3 7 0y x    meets the line joining the two points (6, 

-2) and (-8, 7). Find also the angle between them. {Ans.  5
2

1
4

1 60, , tan } 

122. Find the coordinates of the feet of the perpendiculars let fall from the point (5, 0) upon the sides of the 
triangle formed by joining the three points (4, 3), (-4, 3) and (0, -5); prove also that the points so 
determined lie on a straight line. {Ans.       1 3 31 5 3, , , , , } 

123. Find the coordinates of the point of intersection of the straight lines 35y and 132  xyx  and 

determine also the angle at which they cut one another. {Ans.  2 1 1 7
17, , tan } 

124. Find the angle between the two lines 3 12 0 0x y x    and + 2y -1 . Find also the coordinates of their 
point of intersection and the equations of lines drawn perpendicular to them from the point (3, -2). {Ans. 

 45 5 3 3 9 8, , , ,2    x y x y } 

125. Through the point (3, 4) are drawn two straight lines each inclined at 45 to the straight line x  y = 2. Find 
their equations and find also the area included by the three lines. {Ans. x y 3 4 9

2, , } 

126.  0,5A  and  0,3B  are two of the vertices of a triangle ABC . Its area is 20 square units. The vertex C  

lies on the line 2 yx . Find the coordinates of C . {Ans.  5,3   or  5,7 } 

127. If line 082  yx  is the perpendicular bisector of AB . If  5,3B , then find the coordinates of A . 

{Ans.  1,1 } 
128. Find the coordinates of the orthocenter of the triangles whose angular points are 

i. (0, 0), (2, -1) and (-1, 3). {Ans.   4 3, } 

ii. (1, 0), (2, -4) and (-5, -2). {Ans.  11
13

7
13, } 

129. Find the center and radius of the in-circle of the triangle whose sides are 
i. 0x , 0y  and 1243  yx . {Ans.  1,1 , 1} 

ii. .03-4 and 01243,0243  yxyxyx  {Ans.   13
28

5
4

157
140, , } 

iii. .01+ and 0334,0342  xyxyx  {Ans.     85 7 5
120

21 5 65
120

35 7 5
120, , } 

iv. .07-4+3 and 0512,0  yxyxy  {Ans.  7
9

14
27

14
27, , } 

130. Find the position of the center of the circle circumscribing the triangle whose vertices are the points (2, 3), 
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(3, 4) and (6, 8). {Ans.   27
2

39
2, } 

131. Given the lines 3 4 4 0 2 3 4 0 5 0x y a x y a x y a      , , and - +  prove that the feet of the 
perpendiculars from the origin upon them are collinear. 

132. Find the area of the triangle formed by the straight lines whose equations are 
i. y = x, y = 2x and y = 3x + 4. {Ans. 4} 
ii. y + x = 0, y = x + 6 and y = 7x + 5. {Ans. 361

48 } 
iii. 2y+ x - 5= 0, y +2x - 7 = 0 and x - y + 1= 0. {Ans. 3

2 } 

iv. y ax bc y bx ca y cx ab   ,  and = - .  {Ans.    1
2 b c c a a b   } 

v. y m x
a

m
y m x

a

m
y m x

a

m
     1

1

2

2

3

3

,  and .  {Ans.    a m m m m m m

m m m

2
2 3 3 1 1 2

1
2

2
2

3
22

  
} 

vi. y m x c y m x c   1 1 2 2, and the axis of y. {Ans.  

 

c c

m m

1 2
2

1 22




} 

vii. y m x c y m x c y m x c     1 1 2 2 3 3, .and   {Ans.       1
2

2 3

2

2 3

3 1

2

3 1

1 2
2

1 2

c c

m m

c c

m m

c c

m m











  } 

133. Prove that the area of the triangle formed by the three straight lines 
x y p x y p x y pcos sin , cos sin cos sin             1 2 30 0 0 and  is 

      
     

1

2
1 2 3

2
p p psin sin sin

sin sin sin
.

     

     

    

  
 

134.  1,2P ,  1,4 Q ,  2,3R  are the vertices of a triangle. If through P  and R  lines parallel to opposite sides 
are drawn to intersect in S , then find the area of PQRS . {Ans. 4} 

135. Prove that the area of the parallelogram contained by the lines 

4 3 0 3 4 0 4 3 3 0 3 4 2 0 2y x a y x a y x a y x a a          , , .and +  is 
2

7
 

136. Prove that the area of the parallelogram whose sides are the straight lines 

a x b y c a x b y d a x b y c a x b y d1 1 1 1 1 1 2 2 2 2 2 20 0 0 0           , , and  is 
  d c d c

a b a b
1 1 2 2

1 2 2 1

 


.  

137. The vertices of a quadrilateral, taken in order; are the points (0, 0), (4, 0), (6, 7) and (0, 3); find the 
coordinates of the point of intersection of the two lines joining the middle points of opposite sides. {Ans. 
 5

2
5
2, } 

138. A and B are two fixed points whose coordinates are (3, 2) and (5, 1) respectively. ABP is an equilateral 
triangle on the side of AB remote from the origin. Find the coordinates of P and the orthocentre of the 

triangle ABP. {Ans.    8 3
2

3 2 3
2

24 3
6

9 2 3
6

   , , , } 

139. If three vertices of a rhombus taken in order are  1,2  ,  4,3  and  3,2 , then find the fourth vertex. 

{Ans.  2,3  } 
140. The lines x y x y x y x y           1 0 2 0 2 3 0 2 4 0, ,  4  and  are the equations to the sides of a 

quadrilateral taken in order; find the equation to its diagonals and the equation to the line on which their 
middle point lie. {Ans. 10 32 43 0y x   , 29 25 5 0y x   , 80 52 47y x  } 

141. Find the direction in which a straight line must be drawn through the point (1, 2) so that its point of 

intersection with the line x + y = 4 may be at a distance 
1

3
6  from this point. {Ans. 15  or 75  from x-
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axis} 
142. Find the image of the point  3,1  in the line 0 yx . {Ans.  1,3  } 

143. Find the image of the point  3,1  in the line 06  yx . {Ans.  5,3 } 

144. Find the distance of the point  5,3  from the line 01432  yx  measured parallel to the line 12  yx . 

{Ans. 5 } 
 
CATEGORY-14.12. ANGULAR BISECTOR OF TWO LINES 

145. Find the equations of the angular bisectors of the following pairs of straight lines, specify the bisector of 
the angle in which the origin lies and also specify the acute angle bisector:- 
i. x y x y     3 6 2 3 3 6 2 3  and .  {Ans. y x 2 6, } 
ii. 12 5 4 0 4 7 0x y x y      and 3 .  {Ans. 99 77 71 0 7 9 37 0x y x y     , } 
iii. 4 3 7 0 7 31 0x y x y      and 24 .  {Ans. x y x y    2 1 0 3,2 } 

iv. 2 4 5x y x   and y+ 3 .  {Ans.        2 2 3 2 1 4 2 5 2 2 3 2 1 4 2 5         x y x y, } 

146. Find the bisectors of the angles between the straight lines  ax
m

m
by 




21

2
 and 

 ax
m

m
by 






21

2
. {Ans.      y b m m x a mm       1 0 , 

     y b mm x a m m       1 0 } 

147. Show that the straight lines 0 yx , 43  yx , 043  yx  form an isosceles triangle. 
148. Two sides of an isosceles triangle are given by the equation 037  yx  and 03  yx . If its third 

side passes through the point  10,1 , then find its equation. {Ans. 0313  yx  or 073  yx } 
149. Find the equations to the bisectors of the internal angles of the triangles the equations of whose sides are 

respectively 
i. .012+3y-4 and 3512,643  xyxyx  {Ans. 33 9 31112 64 141 0 7 18x y x y y x      , , } 

ii. .6y+2 and 4,1553  xyxyx  {Ans.    3 17 5 17 15 4 17    x y , 

   4 10 2 10 12 4 10    x y } 

150. Find the equations to the straight lines passing through the foot of the perpendicular from the point (h, k) 
upon the straight line Ax + By + C = 0 and bisecting the angles between the perpendicular and the given 
straight line. {Ans.      A y k B x h Ax By C       } 

 
CATEGORY-14.13. FAMILY OF LINES PASSING THROUGH THE POINT OF INTERSECTION OF 

TWO GIVEN LINES 

151. Find the equation to the straight line passing through 
i. the point (3, 2) and the point of intersection of the lines 2 3 1 4 6x y x y    and 3 .  {Ans. 

43 29 71x y  } 
ii. the point (2, -9) and the intersection of the lines 2 5 8 0 4 35x y x y     and 3 .  {Ans. x y 11} 
iii. the origin and the point of intersection of x y x y     4 0 20 0 and 7 proving that it bisects the 

angle between them. {Ans. y x 3 } 

iv. the origin and the point of intersection of the lines 
x

a

y

b

x

b

y

a
   1 1 and .  {Ans. y x } 
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v. the point (a, b) and the intersection of the lines 1 and 1 
a

y

b

x

b

y

a

x
. {Ans. 

 a y b x ab a b2 2   } 
vi. the intersection of the lines x y a x y a     2 0 3 2 0 and and parallel to the straight line  3x + 4y 

= 0. {Ans. 3 4 5x y a  } 
vii. the intersection of the lines x y x y     2 3 0 4 7 0 and 3 and perpendicular to the straight line  y 

- x = 8. {Ans. x y  2 0} 
viii. the intersection of the lines 3 4 1 0 1 0x y x y      and 5 and cutting off equal intercepts from the 

axes. {Ans. 23 23 11x y  ; 038  yx } 
ix. the intersection of the lines 2 3 10 2 6x y x y    and  and the intersection of the lines 

16 10 33 14 29 0x y x y     and 12 .  {Ans. 13 23 64x y  } 
152. Find the equations to the straight lines passing through the point of intersection of the straight lines 

Ax By C A x B y C        0 0 and  and 

i. passing through the origin, {Ans.  Ax By C A x B y CC
C         0 } 

ii. parallel to the axis of y, {Ans.  Ax By C A x B y CB
B         0 } 

iii. cutting of a given distance a from the axis of y {Ans.   Ax By C A x B y CBa C
B a C        
   0 } 

iv. passing through a given point (x, y). {Ans.   Ax By C A x B y CAx By C

A x B y C        
 

     0 } 

153. Prove that the diagonals of the parallelogram formed by the four straight lines 3x + y = 0, 3y + x = 0, 
3x + y = 1 and 3y + x = 1 are at right angles to one another. Prove the same property for the 

parallelogram whose sides are
x

a

y

b

x

b

y

a

x

a

y

b

x

b

y

a
       1 1 2 2, , . and   

154. Find the orthocentre of the triangle whose sides are given by 01074  yx , 05  yx  and 

01547  yx . {Ans.  2,1 } 
155. Show that the orthocenter of the triangle formed by the three straight lines 

3
3

2
2

1
1  and  ,

m

a
xmy

m

a
xmy

m

a
xmy   is the point    



















a a
m m m m m m

, .
1 1 1 1

1 2 3 1 2 3

 

 
CATEGORY-14.14. CONCURRENCY OF THREE LINES 

156. Prove that the following sets of three lines meet in a point:- 
i. 2 3 7 3 4 13 33x y x y x    , .and  8 -11y  
ii. 3 4 6 0 6 5 9 0 0x y x y x      , .and 3 + 3y + 5  

iii. 
x

a

y

b

x

b

y

a
y x    1 1 and  and .  

157. Check whether the lines 0643  yx , 02232  yx  and 0574  yx  are concurrent or not. 
{Ans. not concurrent} 

158. For what values of a, the lines 012  yx , 033  yax  and 0223  yx  are concurrent? {Ans. 
Ra } 

159. If the line mxy   meets the lines 012  yx  and 032  yx  at the same point, then find the value 
of m . {Ans. -1} 
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160. If the lines 012  yax , 013  ybx , 014  ycx  are concurrent, then show that cba ,,  are in 
A.P. 

161. Prove that the three straight lines whose equations are 011815  yx , 031012  yx  and 
011-66y+6 x  all meet in a point. Show also that the third line bisects the angle between the other two. 

162. Find the conditions that the straight lines y m x a y m x a y m x a     1 1 2 2 3 3 and  and   may meet in a 

point. {Ans.      m a a m a a m a a1 2 3 2 3 1 3 1 2 0      } 

163. In any triangle ABC, prove that 
i. the medians meet at a point. 
ii. the perpendicular bisectors of the sides meet at a point. 
iii. the altitudes meet at a point. 
iv. the bisectors of the angles A, B and C meet at a point. 

164. If through the angular points of a triangle straight lines be drawn parallel to the sides, and it the 
intersections of these lines be joined to the opposite angular points of the triangle, show that the joining 
lines so obtained will meet in a point. 

 
CATEGORY-14.15. A VARIABLE LINE PASSING THROUGH A FIXED POINT 

165. If cba ,,  are in AP , then show that 0 cbyax  will always pass through a fixed point and find the 

coordinates of this fixed point. {Ans.  2,1 } 
166. If a straight line move so that the sum of the algebraic length of perpendiculars let fall on it from the two 

fixed points (3, 4) and (7, 2) is equal to three times the algebraic length of perpendicular on it from a third 
fixed point (1, 3), prove that there is another fixed point through which this line always passes and find its 
coordinates. {Ans.  7 3, } 

167. A straight line is such that the sum of the algebraic length of perpendiculars let fall upon it from any 
number of fixed points is zero. Show that it always passes through a fixed point. 

168. Two fixed straight lines OX and OY are cut by a variable line in the points A and B respectively and P and 
Q are the feet of the perpendiculars drawn from A and B upon the lines OBY and OAX. Show that, if AB 
pass through a fixed point, then PQ will also pass through a fixed point. 

169. If the equal sides AB and AC of an isosceles triangle be produced to E and F so that BE.CF = AB2, show 
that the line EF will always pass through a fixed point. 

170. A variable straight line cuts off from n given concurrent straight lines intercepts the sum of the reciprocals 
of which is constant. Show that it always passes through a fixed point. 

 
CATEGORY-14.16. EQUATION REPRESENTING MORE THAN ONE STRAIGHT LINES 

171. Find the joint equation of the straight lines 1 yx  and 4 yx . {Ans. 043522  yxyx } 
172. What loci are represented by the following equations:- 

i. 022  yx . 

ii. 02  xyx . 
iii. 0 ayxy . 

iv. 0123  xxx . 
v. 023  xyx . 

vi. 033  yx . 

vii. 022  yx . 
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viii. 02 yx . 

ix. 0)4)(1( 22  yx . 

x. 0)4()1( 2222  yx . 

xi. 0)()( 22  cxmycmxy . 

xii. 0)()()( 2224222222  aycbxax . 

xiii. 0)( 22  yax . 

xiv. 0)( 22  cyx . 
 
CATEGORY-14.17. A GENERAL SECOND DEGREE EQUATION REPRESENTING A PAIR OF 

STRAIGHT LINES 

173. What loci are represented by the following equations:- 
i. 0153110116 22  yxyxyx . {Ans. 0523  yx ; 0352  yx } 

ii. 0512496 22  yxyxyx . {Ans. 013  yx ; 053  yx } 

iii. 01222 22  yxyxyx . {Ans. 01 yx } 

iv. 02222 22  yxyxyx . {Ans. no locus} 

v. 0264562 22  yxyxyx . {Ans.  0,1 } 
174. Find the value of k so that the following equations may represent pairs of straight lines and find their 

equations also:- 
i. 03543116 22  yxkyxyx . {Ans. 0732,0543,12  yxyxk } 

ii. 0962 22  ykxyxyx . {Ans. 03,032,3  yxyxk } 

iii. 02511212 22  yxykxyx . {Ans. 023,0124,10  yxyxk ; 

028,0243,
2

35
 yxyxk } 

iv. 01298  yxkxy . {Ans. 
3

4
,

2

3
,6  yxk } 

v. 067522  yxykxyx . {Ans. 022,062,
2

5
 yxyxk ; 

033,063,
3

10
 yxyxk } 

vi. 031651210 22  yxyxykx . {Ans. 2} 

vii. 013710113 22  kyxyxyx . {Ans. 4} 

viii. 02222  yykxyx . {Ans. k } 

ix. 984 22  kyxyx . {Ans. 4} 
175. What relations must hold between the coefficients of the equations so that each of them may represent a 

pair of straight lines? 

i. 022  cycxbyax ; {Ans. 












0;0

0

bac

ab
} 

ii. 02  dxcybxyay ; {Ans. bcadd  ;0 } 
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iii. 012222  fygxyx . {Ans. 122  gf } 
176. Prove that the following equations represent two straight lines; find the angle between them; their point of 

intersection; and the equation of angular bisectors:- 
i. 036306 22  yxxyy . {Ans. 45 ,  5

12
5
6 , , 036123614 22  yxyxyx } 

ii. 02245 22  yxyxyx . {Ans. 5
31tan ,  1,2 , 032214565 22  yxyxyx } 

iii. 018329383 22  yxxxyy . {Ans. 90 ,  2
5

2
3 , , 0775868128 22  yxyxyx } 

iv. 0252 22  yxxxyy . {Ans. 3tan 1 ,  1,1 , 06846 22  yxyxyx } 

v. 04422  yxyx . {Ans. 90 ,  2,2 , 0422  yxxy } 

vi. 0133252 22  yxyxyx . {Ans. 
2

3
tan 1 , 










3

1
,

3

1
, 02233 22  yxyx } 

vii. 0476352 22  yxyxyx . {Ans. 
5

1
tan 1 ,  2,1 , 019226525 22  yxyxyx } 

viii. 0133252 22  yxyxyx . {Ans. 








5

4
cos 1 } 

177. The equation 017712 22  ygxbyxyx  represents a pair of perpendicular lines, then find b and g. 
{Ans. 12b , 1g } 

178. Find the combined equation of the lines through  1,1  and making angle 45  with the line 0 yx . 
{Ans. 01 yxxy } 

179. The equations to a pair of opposite sides of a parallelogram are 0672  xx  and 040142  yy ; 
find the equations to its diagonals. {Ans. 1465,5665  xyxy } 

180. Find the distance between the parallel lines given by 084222 22  xyxyx . {Ans. 4} 

181. Find the distance between the parallel lines given by 02969124 22  yxyxyx . {Ans. 
13

1
} 

182. Prove that the general equation 0222 22  cfygxbyhxyax  represents two parallel straight lines 

if abh 2  and 22 afbg  . Prove also that the distance between them is 
)(

2
2

baa

acg




. 

183. If the equation 0222 22  cfygxbyhxyax  represent a pair of straight lines, prove that the 
equation to the third pair of straight lines passing through the points where these meet the axes is 

022
2

2 22 







 cfygxbyxyh

c

fg
ax . 

184. If the equation 0222 22  cfygxbyhxyax  represents two straight lines, prove that the square of 

the distance of their point of intersection from the origin is 2

22)(
hab

gfbac




. 

 
CATEGORY-14.18. HOMOGENEOUS SECOND DEGREE EQUATION REPRESENTING A PAIR OF 

STRAIGHT LINES 

185. Find what straight lines are represented by the following equations, determine the angles between them 
and find the equation of the bisectors:- 
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i. 0127 22  yxyx . {Ans. 13
11tan;04;03  yxyx , 07227 22  yxyx } 

ii. 011244 22  yxyx . {Ans. 3
41tan,02;0112  yxyx , 012712 22  yxyx } 

iii. 0147133 22  yxyx . {Ans. 
19

83
tan,073;0211 1 yxyx , 0719471 22  yxyx } 

iv. 0372 22  yxyx . {Ans. 03;2  yxxy , 45 , 0727 22  yxyx } 

186. If the slopes of the lines given by 02 22  byhxyax  are in the ratio 1:3 , then find 2h . {Ans. 
3

4ab
} 

187. If the slope of one line in the pair 04 22  yxyax  is three times the other, then find a. {Ans. 3} 

188. The lines represented by 02  yxy  are rotated through an angle 
2


. Find the equation of the lines in the 

new position. {Ans. 02  xyx } 
189. Find the combined equation to a pair of straight lines passing through the origin and inclined at 30  and 

60  respectively with x axis. {Ans.   xyyx 43 22  } 

190. Find the angle between the pair of straight lines   01cossinsin 22222   xxyy . 

191. If the sum of the slopes of the lines given by 0724 22  ykxyx  is equal to the product of the slopes, 
then find k. {Ans. -2} 

192. Show that the lines 02 22  yxyx  and 3 yx  form a right-angled triangle. 

193. Find the equation to the pair of lines perpendicular to the pair of lines 043 22  yxyx . {Ans. 

034 22  yxyx } 

194. Prove that the two straight lines 0]cos)cos1(cos4[sinsin4cossin 222222   yxyx  

meet and angle . 
195. Prove that the two straight lines 222222 )sintan()sinsin)(cos(  yxyx   include an angle 

2. 
196. If the lines represented by 02 22  ypxyx  are rotated about the origin through an angle  , one in 

clockwise direction and other in anti-clockwise direction, then find the equation of the bisectors of the 
angle between the lines in the new position. {Ans. 02 22  pyxypx } 

197. Show that the two straight lines 0sintan2)cos(tan 22222   yxyx  make with the axis of x 
angles such that the difference of their tangents is 2. 

198. Prove that the equations to the straight lines passing through the origin which make an angle  with the 
straight line 0 xy  are given by the equation 02sec2 22  yxyx  . 

199. Show that the straight lines 0)3(8)3( 222222  yABABxyxBA  form with the line 

0 CByAx  an equilateral triangle whose area is 
)(3 22

2

BA

C


. 

200. Prove that the equation 0sin)cos3(sin)2cos32(sincos)sin3(cos 22   xxyy  

represents two straight lines inclined at 60 to each other. Prove also that the area of the triangle formed 

with them by the straight line 0)cos3(sin)sin3(cos  axy   is 
34

2a
, and that this 

triangle is equilateral. 
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201. Show that the equation 02 22  ayhxybx  represents a pair of straight lines which are at right angles to 

the pair given by the equation 02 22  byhxyax . 

202. If pairs of straight lines 02 22  ypxyx  and 02 22  yqxyx  be such that each pair bisects the 
angles between the other pair, prove that 1pq . 

203. Prove that the pair of lines 0)(2 2222  ybxybahxa  is equally inclined to the pair 

02 22  byhxyax . Show also that the pair 0)(2 2222  yxbyhxyax   is equally inclined to the 
same pair. 

204. If one of the straight lines given by the equation 02 22  byhxyax  coincide with one of those given by 

02 22  ybxyhxa , and the other lines represented by them be perpendicular, prove that 

bbaa
ab

abh

ab

bah










2

1
. 

205. Show that the distance between the points of intersection of the straight line 0sincos  pyx   with 

the straight lines 02 22  byhxyax  is 
 22

2

sinsincos2cos
2

ahb

abhp




. Deduce the area of the 

triangle formed by them. 
206. Prove that the product of the perpendiculars let fall from the point ),( yx   upon the pair of straight lines 

02 22  byhxyax  is 
22

22

4)(

2

hba

ybyxhxa




. 

207. Prove that the equation 0)(333  xyxyxy  represents three straight lines equally inclined to one 
another. 

208. Prove that one of the lines represented by the equation 03223  dycxyybxax  will bisect the angle 

between the other two if )32()3()32()3( 22 adabbcdbadcdbcca  . 

209. Show that two of the straight lines represented by the equation 0432234  exydxycxbxyay  will be 

at right angles if 0)()())(( 2  ecaaebeaddb . 

210. Prove that two of the lines represented by the equation 0432234  aydxyycxybxax  will bisect the 
angles between the other two if 06  ac  and 0 db . 

 
CATEGORY-14.19. HOMOGENEOUS EQUATION OF LINES JOINING THE ORIGIN TO THE 

POINTS OF INTERSECTION OF A GIVEN LINE AND A GIVEN SECOND 

DEGREE CURVE 

211. Find the lines joining the origin to the points of intersection of 01432 2  xxyx  and 13  yx . 

{Ans. 0522  xyyx } 
212. Prove that the straight lines joining the origin to the points of intersection of the straight line 2 yx  and 

the curve 012488125 22  yxyxyx  make equal angles with the axes. 
213. Prove that the angle between the straight lines joining the origin to the intersection of the straight line 

23  xy  with the curve 0118432 22  yxyxyx  is 
3

22
tan 1 . 

214. Find the equation to the pair of straight lines joining the origin to the intersections of the straight line 
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cmxy   and the curve 222 ayx  . Prove that they are at right angles if )1(2 222 mac  . 
215. Prove that the straight lines joining the origin to the points of intersection of the straight line 

hkhykx 2  with the curve 222 )()( ckyhx   are at right angles if 222 ckh  . 
216. Show that the straight lines joining the origin to the other two point of intersection of the curves whose 

equations are 022 22  gxbyhxyax  and 022 22  xgybxyhxa  will be at right angles if 

0)()(  bagbag . 
 
CATEGORY-14.20. LOCUS PROBLEMS IN STRAIGHT LINES 

217. The base BC (= 2a) of a triangle ABC is fixed; the axes being BC and a perpendicular to it through its 
middle point, find the locus of the vertex A, when 
i. the difference of the base angles is given (= ). {Ans. x xy y a2 2 22  cot } 

ii. the product of the tangents of the base angles is given (= ). {Ans. y x a2 2 2   } 

iii. the tangent of one base angle is m times the tangent of the other. {Ans.    m x m a  1 1 } 
iv. m times the square of one side added to n times the square of the other side is equal to a constant 

quantity c2. {Ans.     m n x y a ax m n c     2 2 2 22 } 

218. From a point P perpendiculars PM and PN are drawn upon two fixed lines which are inclined at an angle  
and meet in O. Find the locus of P. 
i. if OM + ON be equal to 2c. 
ii. if OM  ON be equal to 2d. 
iii. if PM + PN be equal to 2c. 
iv. if PM  PN be equal to 2c. 
v. if MN be equal to 2c. 
vi. if MN pass through the fixed point (a, b). 
vii. if MN be parallel to the given line y = mx. 

219. Two fixed points A and B are taken on the axes such that OA = a and BO = b. Two variable points A and 
B are taken on the same axes. Find the locus of the intersection of AB and AB when 
i. OA + OB = OA + OB 

ii. 
1 1 1 1

OA OB OA OB



  .  

220. OX and OY are two straight lines at right angles to one another. On OY is taken a  fixed point A and on OX 
any point B. On AB an equilateral triangle is described, its vertex C being on the side of AB away from O. 
Show that the locus of C is a straight line. 

221. If a straight line pass through a fixed point, find the locus of the middle point of the portion of it which is 
intercepted between two given straight lines. 

222. A and B are two fixed points. If PA and PB intersect a constant distance 2c from a given straight line, find 
the locus of P. 

223. Through a fixed point O are drawn two straight lines at right angles to meet two fixed straight lines, which 
are also at right angles, in the points P and Q. Show that the locus of the foot of the perpendicular from O 
on PQ is a straight line. 

224. Find the locus of a point at which two given portions of the same straight line subtend equal angles. 
225. Find the locus of a point which moves so that the difference of its distances from two fixed straight lines at 

right angles is equal to its distance from a fixed straight line. 
226. Having given the bases and the sum of the areas of a number of triangles which have a common vertex, 
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show that the locus of this vertex is a straight line. 
227. Through a given point O a straight line is drawn to cut two given straight lines in R and S. Find the locus 

of a point P on this variable straight line, which is such that 
i. 2OP = OR + OS 
ii. OP2 = OR . OS. 

228. Given n straight lines and a fixed point O. Through O is drawn a straight line meeting these lines in the 

points R1, R2, R3, ........Rn, and on it is taken a point R such that 
n

OR OR OR OR ORn
    

1 1 1 1

1 2 3

 . 

Show that the locus of R is a straight line. 
229. A right angled triangle ABC, having C a right angle, is of given magnitude and the angular points A and B 

slides along two given perpendicular axes. Show that the locus of C is the pair of straight lines whose 

equations are y = 
b

a
x.  

230. Two given straight lines meet in O and through a given point P is drawn a straight line to meet them is Q 
and R. If the parallelogram OQSR be completed find the equation to the locus of S. 

231. Through a given point O is drawn a straight line to meet two given parallel straight lines in P and Q. 
Through P and Q are drawn straight lines in given directions to meet in R. Prove that the locus of R is a 
straight line. 

232. Show that the orthocenter of the triangle formed by the straight lines 02 22  byhxyax  and 1mylx  

is a point ),( yx   such that .
2 22 blhlmam

ba

m

y

l

x










 Hence find the locus of the orthocenter of a 

triangle of which two sides are given in position and whose third side goes through a fixed point. 
 
CATEGORY-14.21. TRANSFORMATION OF AXES 

233. The origin is shifted to the point  3,2  then what are the co-ordinates of the point  5,3   in the new 

position? {Ans.  8,5  } 

234. If the origin is shifted to the point  2,1  then the coordinates of point A becomes  3,2 . What are the 

original coordinates of A? {Ans.  1,3 } 

235. Transform to parallel axes through the point  2,1  the equations 08442  yxy  and 

0442 22  yxyx . {Ans. xy 42  , 62 22  yx } 

236. What does the equation    0222  abxyxba  become if the origin be moved to the point 











0,

ba

ab
? {Ans.     22222 bayxba  } 

237. By transforming to parallel axes through a properly chosen point  kh, , prove that the equation 

0251121012 22  yxyxyx  can be reduced to one containing only terms of the second degree. 

Also find  kh, . {Ans. 









2

5
,

2

3
} 

238. What will be the coordinates of the point  32,4  when the axes are rotated through an angle of 30 in 

clockwise sense? {Ans.  5,3 } 
239. What will be the coordinates of the point in original position if its coordinates after rotation of axes 
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through an angle 60 be  3,2  ? {Ans. 














2

3
,

2

5
} 

240. Transform to axes inclined at 45 to the original axes the equations 122  yx , 

225171617 22  yxyx  and 26 2244  yxyx . {Ans. 012 yx , 225259 22  yx , 144  yx } 

241. If the axes are turned through an angle 2tan 1 , what does the equation 134 2  xxy  become? {Ans. 

14 22  yx } 
242. Find the angle through which the axes may be turned so that the equation 0 cbyax  can be reduced 

to the form x = constant and determine the value of this constant. {Ans. 
a

b1tan , 
22 ba

c


 } 

243. If mixed term xy  is to be removed from the general equation of second degree 

0222 22  cfygxbyhxyax , then prove that one should rotate the axes through an angle   given 

by 
ba

h




2
2tan  . 

 
CATEGORY-14.22. ADDITIONAL QUESTIONS 

244. If a line joining two points  0,2A  and  1,3B  is rotated about A  in anticlockwise direction through an 
angle 15  such that the point B  goes to C  in the new position, then find the coordinates of C . {Ans. 
















2

3
,

2

1
2 } 

245. If 
22


 x , then find the points of intersection of the two curves xy cos  and xy 3sin . {Ans. 










2

1
,

4


, 









8
cos,

8


, 










8

3
cos,

8

3 
} 
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CHAPTER-15 

CIRCLE 
 

LIST OF THEORY SECTIONS 
 

15.1. Equation Of A Circle 
15.2. Position Of A Point/Line W.R.T. A Circle 
15.3. Tangent, Normal, Chord And Polar Of A Circle 
15.4. System Of Circles 
 

LIST OF QUESTION CATEGORIES 
 
15.1. Finding Equation Of A Circle From Its Properties 
15.2. Finding Properties Of A Circle From Its Equation 
15.3. Position Of A Point/Line W.R.T. A Circle 
15.4. Tangent And Normal Of A Circle 
15.5. Chord Of A Circle 
15.6. Pole And Polar Of A Circle 
15.7. Position Of Two Circles W.R.T. Each Other 
15.8. Circles Passing Through The Points Of Intersection Of A Given Circle And A Given Line/Circle 
15.9. Common Chord Of Two Circles 
15.10. Common Tangent Of Two Circles 
15.11. Angle Of Intersection Of Two Circles, Orthogonal Circles 
15.12. Radical Axis, Radical Center 
15.13. Coaxial System Of Circles 
15.14. Locus Problems In Circles 
15.15. Additional Questions 
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CHAPTER-15 

CIRCLE 
 

SECTION-15.1. EQUATION OF A CIRCLE 

1. Definition of a circle 
A circle is the locus of a point which moves in a plane such that its distance from a fixed point in that plane 
is always constant. The fixed point is called the center of the circle and the constant distance is called the 
radius of the circle. 

2. Standard equation of a circle 
i. Equation of a circle with centre at (h, k) and radius a is 222 )()( akyhx   

ii. Therefore, equation of a circle with centre at origin and radius a is .222 ayx   
3. General equation of a circle 

i. Therefore, the equation of a circle is a second degree equation in which coefficient of 2x  and 2y  are 
equal and there is no term containing xy , i.e. the coefficient of xy  is zero. 

ii. Therefore, a general second degree equation 0222 22  cfygxbyhxyax  may represents a 
circle when a = b & h = 0 (necessary condition). 

iii. General equation of a circle is 02222  cfygxyx , which can be written as 

    cfgfygx  2222 . 

iv. If 022  cfg , this equation represents a circle with radius cfg  22  and center (-g,-f). 

v. If 022  cfg , this equation represents the point (-g,-f) (point circle). 

vi. If 022  cfg , this equation represents no locus (imaginary circle). 
vii. The general equation of a circle contains three arbitrary constants, i.e. g, f and c. 

4. Parametric equation of a circle 
i. Point )sin,cos(  aa  always lies on the circles 222 ayx  . 

ii. Point )sin,cos(  akah   always lies on the circle 222 )()( akyhx  . 
5. Equation of circle with given diametrically opposite points 

Equation of a circle whose diametrically opposite points are ),( 11 yx  and ),( 22 yx  is 

0))(())(( 2121  yyyyxxxx . 
 
SECTION-15.2. POSITION OF A POINT/LINE W.R.T. A CIRCLE 

1. Position of a point w.r.t. a circle 
i. A point ),( 11 yx  is inside, on or outside a circle 222 ayx   if 22

1
2
1 ayx   is <, = or > 0. 

ii. A point ),( 11 yx  is inside, on or outside a circle 02222  cfygxyx  if cfygxyx  11
2
1

2
1 22  

is <, = or > 0. 
2. Position of a line w.r.t. a circle 

i. A line cuts, touches or does not cut a circle if length of perpendicular from the center on it is <, = or > 
the radius. 

ii. Point(s) of intersection of a circle and a line can be obtained by solving their equations simultaneously. 
 
SECTION-15.3. TANGENT, NORMAL, CHORD AND POLAR OF A CIRCLE 
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1. Tangent to a circle 
i. Definition of Tangent: The tangent at any point on the curve is the straight line which is the limiting 

position of chord. The point is called the point of contact of the tangent. 
ii. Equation of the tangent at the point ),( 11 yx  on the circle 222 ayx   is 2

11 ayyxx  . 

iii. Equation of the tangent at the point ),( 11 yx  on the circle 02222  cfygxyx  is 

0)()( 1111  cyyfxxgyyxx . 

iv. The line cmxy   is tangent to the circle 222 ayx   if 21 mac  . Therefore, the line 

21 mamxy   is always a tangent to the circle 222 ayx   at the point 

















22 1
,

1 m

a

m

am
 . 

v. Equation to the pair of tangents drawn form ),( 11 yx  to the circle 02222  cfygxyx  is 
2

111111
2
1

2
1

22 ])()([)22)(22( cyyfxxgyyxxcfygxyxcfygxyx   
2. Length of tangent 

Length of tangent from an external point ),( 11 yx  to the circle 02222  cfygxyx  is 

cfygxyx  11
2
1

2
1 22 . 

3. Normal to a circle 
i. Definition of Normal: The normal at any point on the curve is the straight line which is perpendicular to 

the tangent at that point. 
ii. All normals to a circle pass through its center. 

4. Length of chord 
i. Definition of Chord: A chord of the curve is the straight line which joins two points on the curve. 

ii. Length of chord of a circle = 222 lr  , where r is the radius of the circle and l is the distance of the 
chord from the center of the circle. 

5. Chord of contact of tangents 
i. Definition of Chord of contact of tangents: The chord joining the points of contact of two tangents to 

the curve drawn from a given point, is called the chord of contact of tangents. 
ii. Equation of chord of contact of tangents drawn from an external point ),( 11 yx  to the circle 

02222  cfygxyx  is 0)()( 1111  cyyfxxgyyxx . 
6. Chord with a given mid-point 

i. The equation of the chord with mid-point (h, k) of the circle 222 ayx   is 22 khkyhx  . 

ii. The equation of the chord with mid-point (h, k) of the circle 02222  cfygxyx  is 

    cfkghkhckyfhxgkyhx  2222 . 
7. Polar and Pole 

i. Definition of Polar of a point w.r.t. a conic section and Pole of the Polar: If through a point P (inside, 
on or outside the conic section), drawn any straight line to meet the given curve at Q and R, the locus of 
the point of intersection of the tangents at Q and R is called the Polar of point P; and the point P is called 
the pole of its polar. 

ii. Equation of the polar of the point ),( 11 yxP   w.r.t. the circle 02222  cfygxyx  is the line 

0)()( 1111  cyyfxxgyyxxL . The point P is called the pole of its polar line L. 
iii. If the point P lies outside the circle, its polar is chord of contact of tangents from P; if the point P lies on 

the circle, then its polar is tangent at point P; if the point P lies inside the circle then its polar is a line 
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outside the circle. 
iv. The center of the circle has no polar. A line passing through the center of the circle has no pole. 
v. Therefore, chord with a given mid-point (h, k) is parallel to the polar of the point (h, k). 

 
SECTION-15.4. SYSTEM OF CIRCLES 

1. Position of two circles w.r.t. each other 
Two circles having radius 1r  and 2r  and distance between their centers is d, then if 

i.  21 rrd  circles are outside of each other 

ii.  21 rrd  circles touch externally 

iii.  2121 ~ rrdrr  circles cut each other at two points 

iv. 1rd   2r  circles touch internally 

v. 1rd   2r  one circle is completely inside the other 
2. General equation of circles passing through the points of intersection of a given circle and a given line 

General equation of circles passing through the points of intersection of a given circle 
02222  cfygxyx  and a given line 0 nmylx  is 0)(2222  nmylxcfygxyx  , 

where  is any constant. 
3. General equations of circles passing through the points of intersection of two given circles 

General equations of circles passing through the points of intersection of two given circles 
02222  cfygxyx  & 02222  cyfxgyx  is 

0)22()22( 2222  cyfxgyxcfygxyx  , where  is any constant  1. 
4. Equation of common chord/common tangent 

Equation of common chord/common tangent of two intersecting/touching circles is 
0)22()22( 2222  cyfxgyxcfygxyx . 

5. Common tangents to two circles 
i. If circles are outside of each other   Four common tangents (Two direct and two indirect) 
ii. If circles touch externally   Three common tangents 
iii. If circles cut each other at two points   Two common tangents 
iv. If circles touch internally   One common tangent 
v. If one circle is completely inside the other   No common tangent 
vi. Direct tangents cut the line segment joining the centers in the ratio 21 : rr  externally. 

vii. Indirect tangents cut the line segment joining the center in the ratio 21 : rr  internally. 
viii. If radii of the two circles are equal, then direct tangents are parallel to the line joining their centers and 

they do not intersect. 
6. Angle of intersection of two intersecting circles 

i. Definition of Angle of intersection of two intersecting curves: If two curves intersect at a point, then 
the angle between their tangents at the point of intersection is called the angle of intersection of the two 
curves at the point of intersection. 

ii. Orthogonal curves: Two curves are said to intersect orthogonally when their angle of intersection is 
90, i.e. their tangents at the point of intersection are perpendicular, and such curves are called 
orthogonal curves. 

iii. If the angle of intersection is 0, then the two curves have same tangent at the point of intersection. 
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iv. Angle of intersection of two intersecting circles is 
21

22
2

2
11

2
cos

rr

drr 
  , where 1r , 2r  are the radii of 

the two circles and d is the distance between their centers. 
v. If angle of intersection is 90, the two intersecting circles are said to be orthogonal circles. Orthogonality 

condition is ccffggdrr  22022
2

2
1 . 

7. Radical axis and Radical center 
i. Definition of Radical axis: The radical axis of two circles is the locus of a point which moves such that 

the lengths of the tangents drawn from it to the two circles are equal. 
ii. Equation of Radical axis of two circles is 0)22()22( 2222  cyfxgyxcfygxyx . 
iii. Radical axis is always perpendicular to the line joining the centers. 
iv. If circles cut each other then Radical axis is common chord; if circles touch each other then Radical axis 

is common tangent. 
v. Concentric circles cannot have equal tangents from a point, therefore concentric circles cannot have 

radical axis. 
vi. Definition of Radical center: The radical axes of three circles whose centers are non-collinear, taken in 

pairs, meet in a point. This point is called the Radical Center of the three circles. 
8. Coaxial Circles 

i. Definition of Coaxial circles: A system of three or more circles is said to be coaxial when each pair of 
circles of the system has the same radical axis. 

ii. Centers of the coaxial circles are collinear and the line passing through their centers is perpendicular to 
their common radical axis. 

iii. There are three kinds of coaxial system of circles:- 
Case I: All circles of the coaxial system cut each other at two points on the common radical axis. 
Case II: All circles of the coaxial system touch each other at one point on the common radical axis. 
Case III: Circles of the coaxial system does not intersect each other nor cut the common radical axis. 

iv. If the common radical axis is taken as y-axis and the line passing through the centers of the circles is 
taken as x-axis, then the equation of a coaxial system of circles is in simplest form and is 

0222  cxgyx i , where ig  is a variable and c is a constant. 

v. If 02222  cfygxyx  is one of the circles of a coaxial system of circles and 0 nmylx  is 
the common radical axis, then the general equation of the coaxial system of circles is 

0)(2222  nmylxcfygxyx  , where  is any constant. 

vi. If 02222  cfygxyx  and 02222  cyfxgyx  are the two circles of a coaxial system 
of circles then the general equation of the coaxial system of circles is 

0)22()22( 2222  cyfxgyxcfygxyx  , where  is any constant  1. 
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EXERCISE-15 
 

CATEGORY-15.1. FINDING EQUATION OF A CIRCLE FROM ITS PROPERTIES 

1. Find the equation to the circle 
i. whose radius is 3 and whose centre is (1, 2). {Ans. x y x y2 2 2 4 4    } 

ii. whose radius is 10 and whose centre is (5, 6). {Ans. x y x y2 2 10 12 39    } 

iii. whose radius is a + b and whose centre is (a, b). {Ans. x y ax by ab2 2 2 2 2    } 

iv. whose radius is a b2 2  and whose centre is (a,  b). {Ans. x y ax by b2 2 22 2 2 0     } 

2. Find the equation of the circle with centre on the y axis and passing through the origin and  3,2 . {Ans. 

01333 22  yyx } 

3. Find the equation to the circle which passes through the points (1, 2) and (4, 3) and which has its centre 
on the straight line 3x + 4y = 7. {Ans. 15 15 94 18 55 02 2x y x y     } 

4. Find the equation to the circle passing through the points (0, a) and (b, h) and having its centre on the axis 

of x. {Ans.    b x y a x b h a2 2 2 2 2 2     } 

5. Find the equations of the circle which pass through the points 
i. (0, 0), (a, 0) and (0, b). {Ans. x y ax by2 2 0    } 

ii. (1, 2), (3, 4) and (5, 6). {Ans. x y x y2 2 22 4 25 0     } 

iii. (1, 1), (2, 1) and (3, 2). {Ans. x y x y2 2 5 4 0     } 

iv. (5, 7), (8, 1) and (1, 3). {Ans. 3 3 29 19 56 02 2x y x y     } 

v. (a, b), (a, b) and (a + b, a  b). {Ans.       b x y a b x a b a b2 2 2 2 2 2 0       } 

6. Find the equation of the unit circle concentric with 084822  yxyx . {Ans. 

0194822  yxyx } 

7. Find the equation of the circle concentric with 04322  cyxyx  and passing through  2,1 . 

{Ans. 04322  yxyx } 

8. Find the equation of the circle which passes through  0,1  and  1,0  and has radius as small as possible. 

{Ans. 022  yxyx } 
9. ABCD is a square whose side is a . Find the equation of the circle circumscribing the square, taking AB  

and AD  as axes of reference. {Ans. 022  ayaxyx } 
10. ABCD is a square whose side is a. Taking AB and AD as axes, prove that the equation to the circle 

circumscribing the square is  x y a x y2 2   .  

11. Find the equation to the circle which passes through the origin and cuts off intercepts equal to 3 and 4 from 
the axes. {Ans. x y x y2 2 3 4 0    } 

12. Find the equation to the circle passing through the origin and the points (a, b), and (b, a). Find the lengths 

of the chords that it cuts off from the axes. {Ans.   x y x ya b
a b

a b
a b

2 2 2 2 2 2

0   



, } 

13. Find the equation to the circle which goes through the origin and cuts off intercepts equal to h and k from 
the positive parts of the axes. {Ans. x y hx ky2 2 0    } 

14. A circle is described on the line joining the points  1,0 ,  ba,  as diameter. Show that it cuts the x axis in 
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points whose abscissae are roots of the equation 02  baxx . 
15. Find the equation to the circle, of radius a, which passes through the two points on the axis of x which are 

at a distance b from the origin. {Ans. x y y a b b2 2 2 2 22    } 
16. Find the equation to the circle which 

i. touches each axis at a distance 5 from the origin. {Ans. x y x y2 2 10 10 25 0     } 

ii. touches both axes with radius 5. {Ans. 025101022  yxyx } 

iii. touches each axis and is of radius a. {Ans. x y ax ay a2 2 22 2 0     } 

iv. touches both axes and passes through the point  6,3 . {Ans. 096622  yxyx } 

v. touches both axes and passes through the point (2, 3). {Ans. 

  x y x y2 2 2 5 12 37 10 12 0       } 

vi. touches the axis of x and passes through the two points (1, 2) and (3, 4). {Ans. 
x y x y x y x y2 2 2 26 4 9 0 10 20 25 0         , } 

vii. touches the axis of y at the origin and passes through the point (b, c). {Ans.    b x y x b c2 2 2 2   } 

viii. touches the axis of x at a distance 3 from the origin and intercepts a distance 6 on the axis of y. {Ans. 

0926622  yxyx } 
17. Points (1, 0) and (2, 0) are taken on the axis of x. On the line joining these points an equilateral triangle is 

described, its vertex being in the positive quadrant. Find the equations to the circles described on its sides 
as diameters. {Ans. x y x x y x y x y x y2 2 2 2 2 23 2 0 2 5 3 3 0 2 7 3 6 0             ,2 ,2 } 

18. Find the equation to the circle passing through the points (12, 43), (18, 39) and (42, 3) and prove that it 

also passes through the points (54, 69) and (81, 38). {Ans.    x y   21 13 65
2 2 2 } 

19. Find the equation to the circle circumscribing the quadrilateral formed by the straight lines 232  yx , 

423  yx , 32  yx  and .32  yx  {Ans. 8 8 25 3 18 02 2x y x y     } 
20. Prove that the equation to the circle of which the points (x1, y1) and (x2, y2) are the ends of a chord of a 

segment containing an angle  is 

            x x x x y y y y x x y y x x y y           1 2 1 2 1 2 2 1 0cot .  

21. Find the equations to the circles in which the line joining the points (a, b) and (b, a) is a chord subtending 
an angle of 45 at any point on its circumference. {Ans. 

   x y a b x y a b x a b y a b2 2 2 2 2 2 2 22 2 0          , } 
22. Find the general equation of a circle referred to two perpendicular tangents as axes. {Ans. 

x y cx cy c2 2 22 2 0     } 

23. The angular points of a triangle are the points      a a a a a acos , sin , cos , sin cos , sin      and . 

Prove that the coordinates of the orthocentre of the triangle are 
     sinsinsin,coscoscos  aa . Hence prove that if A, B ,C and D be four points on a 

circle the orthocentres of the four triangles ABC, BCD, CDA and DAB lie on a circle. 
 
CATEGORY-15.2. FINDING PROPERTIES OF A CIRCLE FROM ITS EQUATION 

24. Find the coordinates of the centers and the radii of the circles whose equations are 
i. x y x y2 2 4 8 41    . {Ans.  2 4 61, , } 
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ii. 3 3 5 6 4 02 2x y x y     .  {Ans.  5
6

13
61, , } 

iii.  x y k x k2 2   .  {Ans.  k k2
5

20, , } 

iv. x y gx fy2 2 2 2   .  {Ans.  g f f g, , 2 2 } 

v.  1 2 2 02 2 2    m x y cx mcy .  {Ans.  c

m

mc

m
c

1 12 2 
, , } 

25. Find the coordinates of the point on the circle 03041222  yxyx  which is farthest from the 

origin. {Ans.  3,9 } 

26. Find the area of an equilateral triangle inscribed in the circle 0258622  yxyx . {Ans. 
6

3225
} 

 
CATEGORY-15.3. POSITION OF A POINT/LINE W.R.T. A CIRCLE 

27. Determine the position of the following points w.r.t. the circle 056422  yxyx :- 
i. (1,2). {Ans. inside} 
ii. (2,3). {Ans. outside} 

28. Determine the position of the following lines w.r.t. the circle 02542222  yxyx  and also find 
points of intersection, if any:- 
i. 053  yx . {Ans. cuts at (1,2) and (3,4)} 
ii. 02  yx . {Ans. does not cut} 

29. How many tangents can be drawn from  2,1  to 522  yx . {Ans. 1} 

30. How many tangents can be drawn from  2,2  to the circle 034622  yxyx . {Ans. 0} 

31. If the line mxy   passes outside the circle 0161022  xyx , then find the value of m . {Ans. 

4

3
m } 

32. Show that the straight line cmxy   cuts the circle 222 ayx   in real points if   cma  22 1 . 

33. Show that 03  yx  is one of the diameters of the circle 0641222  yxyx . 

34. Prove that the straight line y x c  2  touches the circle x y c2 2 2   and find its point of contact. {Ans. 

  c c

2 2
, } 

35. Find the condition that the straight line cx by b  2 0  may touch the circle x y ax by2 2    and find 

the point of contact. {Ans.  c a b b  or 0 0, , } 

36. Find whether the straight line x y  2 2  touches the circle x y x y2 2 2 2 1 0     .  {Ans. yes} 

37. Find the condition that the straight line 3 4x y k   may touch the circle x y x2 2 10  . {Ans. k = 40, -
10} 

38. Find the value of p so that the straight line x y pcos sin    0  may touch the circle 

x y ax by a2 2 2 22 2 0    cos sin sin   . {Ans. a b a bcos sin sin2 2 2 2 2     } 

39. Find the condition that the straight line Ax By C   0  may touch the circle    x a y b c   
2 2 2 . 

{Ans. Aa Bb C c A B    2 2 } 
40. A square is inscribed in the circle 034222  yxyx  and its sides are parallel to the coordinate axes 
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then find the vertices of the square. 
41. Find the equation to the straight lines joining the origin to the points in which the straight line y mx c   

cuts the circle x y ax by2 2 2 2   .  Hence find the condition that these points may subtend a right angle 
at the origin. Hence find also the condition that the straight line may touch the circle. {Ans. 

      0222 22  ybcxybmaxamc , ambc  ,   2221 bamambc  } 

42. Find the equation to the circle which 
i. has its centre at the point (3, 4) and touches the straight line 5 12 1x y  . {Ans. 

x y x y2 2 381
1696 8 0     } 

ii. has its centre at the point (1, 3) and touches the straight line 2 4 0x y   . {Ans. 

5 5 10 30 49 02 2x y x y     } 

iii. touches the axes of coordinates and also the line 
x

a

y

b
 1 , the centre being in the positive quadrant. 

{Ans.      
x y a b a b x a b a b y

a b a b
2 2 2 2 2 2

2

2 2

0          
  

} 

 
CATEGORY-15.4. TANGENT AND NORMAL OF A CIRCLE 

43. Write down the equation of the tangent to the circle 
i. x y x y2 2 3 10 15     at the point (4, 11). {Ans. 5 12 152x y  } 

ii. 4 4 16 24 1172 2x y x y     at the point   4 11
2, . {Ans. 24 10 151 0x y   } 

iii. x y2 2 4   which are parallel to the line x y  2 3 0.  {Ans. x y  2 2 5 } 

iv. x y gx fy c2 2 2 2 0      which are parallel to the line x y  2 6 0.  {Ans. 

x y g f g f c      2 2 5 2 2 } 

44. Find the equation to the tangent to the circle x y a2 2 2   which 

i. is parallel to the straight line y mx c  , {Ans. y mx a m  1 2 } 

ii. is perpendicular to the straight line y mx c  , {Ans. my x a m   1 2 } 

iii. passes through the point (b, 0) {Ans. ax y b a ab  2 2 } 

iv. makes with the axes a triangle whose area is a2. {Ans.   x y a 2 } 

45. Find the slope of the tangent at the point  hh,  of the circle 222 ayx  . {Ans. -1} 
46. Find the equation to a circle of radius r which touches the axis of y at a point distant h from the origin, the 

centre of the circle being in the positive quadrant. Prove also that the equation to the other tangent which 

passes through the origin is  r h x rhy2 2 2 0   . {Ans.    x r y h r   
2 2 2 } 

47. Find the equation to the circle whose centre is at the point (, ) and which passes through the origin and 
prove that the equation of the tangent at the origin is  x y  0 . {Ans. x y x y2 2 2 2 0     } 

48. A circle passes through the points (1, 1), (0, 6) and (5, 5). Find the points on this circle the tangents at 
which are parallel to the straight line joining the origin to its centre. {Ans.  1,5 ,  5,1 } 

49. Find the lengths of the tangents drawn 

i. to the circle 2 2 32 2x y   from the point (2, 3). {Ans. 46
2 } 

ii. to the circle 3 3 7 6 122 2x y x y     from the point (6, 7). {Ans. 9} 
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iii. to the circle x y bx b2 2 22 3 0     from the point (a + b, a  b). {Ans. 2 22 2a ab b  } 

iv. to the circle   052 22  yxyx  from  0,0 . {Ans. 
2

5
} 

v. to the circle 07222  yxyx  from  3,1 . {Ans. 22 } 

50. The distances from the origin of the centres of three circles x y x c2 2 22    (where c is a constant and 

 a variable) are in geometrical progression. Prove that the lengths of the tangents drawn to them from any 
point on the circle x y c2 2 2   are also in geometrical progression. 

51. Find the equation to the pair of tangents drawn 
i. from the point (11, 3) to the circle x y2 2 65  ,  {Ans. 7 4 65 4 7 65x y x y   , } 

ii. from the point (4, 5) to the circle 2 2 8 12 21 02 2x y x y     .  {Ans. 

   10 3 6 13 6 10 3 13 22 50 3 022 50 3
13       x y x y, } 

52. From any point on the circle x y gx fy c2 2 2 2 0      tangents are drawn to the circle 

 x y gx fy c g f2 2 2 2 2 22 2 0      sin cos  . Prove that the angle between them is 2. 

 
CATEGORY-15.5. CHORD OF A CIRCLE 

53. Find the length of the chord cut off by 12  xy  from the circle 222  yx . {Ans. 
5

6
} 

54. Find the length of the intercept which the circle 0127422  yxyx  cuts on y axis. {Ans. 1} 

55. Find the area of the circle in which a chord of length 2  makes an angle 
2


 at the centre. {Ans.  } 

56. If  3,x  and  5,3  are the extremities of a diameter of a circle with centre at  y,2 , then find the values of 
x  and y . {Ans. 1x , 4y } 

57. Find the equation of the diameter of the circle 04222  yxyx  which passes through the origin. 
{Ans. 02  yx } 

58. Find the equation of the chord of the circle 0422  xyx  whose mid point is  0,1 . {Ans. 1x } 

59. Find the equation to the chord of the circle 922  yx  whose middle point is  2,1 . {Ans. 
052  yx } 

60. Find the coordinates of the middle point of the chord cut off by 01852  yx  by the circle 

0542622  yxyx . {Ans.  4,1 } 

61. A square is inscribed in the circle 0934222  yxyx  with its sides parallel to the coordinate axes. 

Find the coordinates of its vertices. {Ans.  9,6  ,  5,6 ,  9,8  ,  5,8 } 
62. The lines 0532  yx  and 743  yx  are diameters of a circle of the area 154 sq. units, then find the 

equation of the circle. {Ans. 0472222  yxyx } 

63. Find the length of the chord joining the points in which the straight line 
x

a

y

b
 1  meets the circle 

x y r2 2 2  . {Ans. 2 2 2 2

2 2r a b

a b



} 

64. Find the equation to the circles which pass through the origin and cut off equal chords a from the straight 
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lines y = x and y = x. {Ans. x y ax x y ay2 2 2 22 0 2 0     , } 

65. If the chord of contact of tangents drawn from a point on the circle 222 ayx   to the circle 222 byx   

touches the circle 222 cyx  , then show that cba ,,  are in G.P. 

66. Find the condition that the chord of contact of tangents from the point (x, y) to the circle x y a2 2 2   

should subtend a right angle at the centre. {Ans.    x y a2 2 22 } 

67. A line is drawn through a fixed point  ,P  to cut the circle 222 ryx   at A  and B . Show that 

PBPA   is equal to 222 r  . 

68. Tangents are drawn from the point (h, k) to the circle x y a2 2 2  . Prove that the area of the triangle 

formed by them and the straight line joining their points of contact is 
 a h k a

h k

2 2 2

2 2

3
2 


. 

69. In any circle prove that the perpendicular from any point of it on the line joining the points of contact of 
two tangents is geometric mean of the perpendiculars from the point upon the two tangents. 

 
CATEGORY-15.6. POLE AND POLAR OF A CIRCLE 

70. Find the polar of the points 
i. (1, 2) with respect to the circle 722  yx . {Ans. 72  yx } 

ii. (4, 1) with respect to the circle 1122 22  yx .{Ans. 1128  yx } 

iii. (2, 3) with respect to the circle 056422  yxyx . {Ans. 0x } 

iv. ),5( 2
1  with respect to the circle 098733 22  yxyx . {Ans. 57523  yx } 

v. (a, b) with respect to the circle 022 2222  babyaxyx . {Ans. 2aaxby  } 
71. Find the pole of the straight line 

i. 12  yx  with respect to the circle 522  yx . {Ans. (5, 10)} 

ii. 62  yx  with respect to the circle 955 22  yx . {Ans. ),( 10
3

5
3  } 

iii. 0122  yx  with respect to the circle 013422  yxyx . {Ans. (1, 2)} 

iv. 0535448  yx  with respect to the circle 027533 22  yxyx . {Ans. ),( 3
1

2
1  } 

v. 033 22  babyax  with respect to the circle 2222 22 babyaxyx  . {Ans. (2a, 2b)} 

72. Find the equation to that chord of the circle 8122  yx  which is bisected at the point (2, 3), and its 

pole with respect to the circle. {Ans. 1323  xy , ),( 13
243

13
162 } 

73. Prove that the polars of the point (1, 2) with respect to the circles whose equations are 
05622  yyx  and 058222  yxyx  coincide; prove also that there is another point the 

polars of which with respect to these circles are the same and find its coordinates. {Ans. (2, 1)} 
74. Prove that the distances of two points, P and Q, each from the polar of the other with respect to a circle, 

are to one another as the distances of the points from the centre of the circle. 
75. Prove that the polars of a given point with respect to any one of the circles 02 222  ckxyx , where k 

is variable, always passes through a fixed point, whatever be the value of k. 
 
CATEGORY-15.7. POSITION OF TWO CIRCLES W.R.T. EACH OTHER 

76. Show that the circles     222 cbyax   and     222 caybx   touch each other if cba 2 . 



PART-IV/CHAPTER-15 

SANJIVA DAYAL CLASSES FOR IIT-JEE MATHEMATICS. Head office: A-602, Twin Towers, Lakhanpur, Kanpur-208024, INDIA. 
Phone: +91-512-2581426. Mobile: +91-9415134052. Email: sanjivadayal@yahoo.com. Website: sanjivadayal-iitjee.blogspot.com. 

15.13 

77. Show that the two circles 0522  yx  and 0154222  yxyx  touch each other internally. 

78. If the circles 922  yx  and 0822  cyyx  touch each other, then find c . {Ans. 15} 

79. If the circles ayx  22  and 098622  yxyx , touch externally, then find a. {Ans. 1} 

80. Show that the circle     222 52 ayx   will be inside the circle     222 63 byx   if 2 ab . 

81. Show that the circles   91 22  yx ,   251 22
 yx  are such that one of these circles lies entirely 

inside the other. 
82. Show that the circles 0161022  xyx  and 222 ryx  intersect each other in two distinct points if 

82  r  

83. If two circles     222 31 ryx   and 082822  yxyx  intersect in two distinct points, then 
find the value of r. {Ans. 82  r } 

 
CATEGORY-15.8. CIRCLES PASSING THROUGH THE POINTS OF INTERSECTION OF A GIVEN 

CIRCLE AND A GIVEN LINE/CIRCLE 

84. Find the equation of the circle passing through  3,1  and the points common to the two circles 

0168622  yxyx  and 082422  yxyx . {Ans. 010
2

1

2

322  yxyx } 

85. Find the equation of a circle passing through  1,1  and points of intersection of 031322  yxyx  and 

0257422 22  yxyx . {Ans. 025133044 22  yxyx } 

86. Two circles 622  yx  and 08622  xyx  are given. Find the equation of the circle through their 

point of intersection and the point  1,1 . {Ans. 01322  xyx } 
87. If y = mx be the equation of a chord of a circle whose radius is a, the origin of coordinates being one 

extremity of the chord and the axis of x being a diameter of the circle, prove that the equation of a circle of 

which this chord is the diameter is     1 2 02 2 2    m x y a x my .  

88. A variable circle passes through the point of intersection O of any two straight lines and cuts off from them 
portions OP and OQ such that m OP + n OQ is equal to unity. Prove that this circle always passes through 
a fixed point. 

 
CATEGORY-15.9. COMMON CHORD OF TWO CIRCLES 

89. Find the length of the common chord of the circles x y ax ay a2 2 22 4 4 0      and 

x y ax ay2 2 3 4 0    .  {Ans. 65
148a } 

90. Prove that the length of the common chord of the two circles whose equations are    x a y b c   
2 2 2  

and    x b y a c   
2 2 2  is  4 22 2

c a b  .  Hence find the condition that the two circles may touch. 

91. Find the length of the common chord of the circles, whose equations are  x a y a  
2 2 2  and 

 x y b b2 2 2    and prove that the equation to the circle whose diameter is this common chord is 

    a b x y ab bx ay2 2 2 2 2    .  {Ans. 2
2 2

ab

a b
} 

92. Find the equations to the straight lines joining the origin to the points of intersection of 
42422  yxyx  and 044222  yxyx . {Ans. xy  } 

93. Find the angle subtended by the common chord of 04422  yxyx  and 1622  yx  at the origin. 
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{Ans. 
2


} 

94. Tangents are drawn to the circle x y2 2 12   at the points where it is met by the circle 

x y x y2 2 5 3 2 0     . Find the point of intersection of these tangents. {Ans.  6 18
5, } 

 
CATEGORY-15.10. COMMON TANGENT OF TWO CIRCLES 

95. Find the number of common tangents to the circles 022  xyx , 022  xyx . {Ans. 3} 

96. Find the equations to the common tangents of the circles 096222  yxyx  and 

012622  yxyx . {Ans. x x y y y x    0 3 4 10 4 3 4, , , } 

97. Given the circles x y ax ay a2 2 22 4 4 0      and 04322  ayaxyx , find the equations of the 
common tangents and show that the length of each is 4a. {Ans. 01001663,4  ayxax } 

 
CATEGORY-15.11. ANGLE OF INTERSECTION OF TWO CIRCLES, ORTHOGONAL CIRCLES 

98. Find the angle of intersection of the circles 0168622  yxyx  and 082422  yxyx . 

{Ans. 
533

2
cos 1 } 

99. The two circles are drawn through the points (a, 5a) and (4a, a) to touch the axis of y. Prove that they 

intersect at an angle tan 1 40

9
. 

100. Prove that the following pairs of circles intersect orthogonally:- 
i. 022  yxyx  and 022  yxyx . 

ii. 0222  caxyx  and 0222  cbyyx . 

iii. 02222  cbyaxyx  and 02222  caybxyx . 
101. Find the equation to the circle which passes through the origin and cuts orthogonally each of the circles 

08622  xyx  and 72222  yxyx . {Ans. 029833 22  yxyx } 

102. Prove that the two circles, which pass through the two points (0, a) and (0, a) and touch the straight line 
cmxy  , will cut orthogonally if )2( 222 mac  . 

103. If two circles cut orthogonally, prove that the polar of any point P on the first circle with respect to the 
second passes through the other end of the diameter of the first circle which goes through P. 

 
CATEGORY-15.12. RADICAL AXIS, RADICAL CENTER 

104. Find the radical axis of the pair of circles:- 
i. 14422  yx  and 0111522  yxyx  {Ans. 1441115  yx } 

ii. 054322  yxyx  and 0118733 22  yxyx  {Ans. 210  yx } 
105. Find the radical centre of the sets of circles 

i. 03222  yxyx , 054222  yxyx  and 098722  yxyx . {Ans.  
3

2

3

2 ,  } 

ii. 36)3()2( 22  yx , 49)2()3( 22  yx  and 64)5()4( 22  yx . {Ans.  
50

13

25

26 , } 

106. Given the three circles 
x y x x y x x y x y2 2 2 2 2 216 60 0 3 3 36 81 0 16 12 84 0            , ,and  find the point from 
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which the tangents to them are equal in length. Also find the length of these tangents. {Ans.  33
4

1
4,2 , } 

107. Show that the radical centre of three circles described on the three sides of a triangle as diameter is the 
orthocenter of the triangle. 

108. Prove that the square of the tangent that can be drawn from any point on one circle to another circle is 
equal to twice the product of the perpendicular distance of the point from the radical axis of the two 
circles, and the distance between their centres. 

109. Prove that a common tangent to two circles is bisected by the radical axis. Hence, by joining the middle 
points of any two of the common tangents, we have a construction for the radical axis. 

 
CATEGORY-15.13. COAXIAL SYSTEM OF CIRCLES 

110. Find the equation of a circle which is coaxial with the circles 036222 22  yxyx  and 

012422  yxyx . It is given that the center of the circle to be determined lies on the radical axis 

of these circles. {Ans. 0110644 22  yxyx } 

111. Find the equation of the circle of radius 5 , which is coaxial with the circles 422  yx  and 

064222  yxyx . {Ans.   046642 2222  yxyxyx } 

112. Show that as   varies, the circles   022222  byaxbyaxyx   form a coaxial system. Find the 
equation of the radical axis and also the equation of the circle which are orthogonal to the circles of the 
above system. 

113. Prove that the circles with respect to which the given line 0 nmylx  is polar of the origin, form a co-
axial system with radical axis 022  nmylx . 

 
CATEGORY-15.14. LOCUS PROBLEMS IN CIRCLES 

114. Plot locus 
i. 16,1 2222  yxyx  

ii. 0,922  yxyx  

iii. 0323,4 22  yxxy  

iv. 4,1 2  xyxy  

v. 0,03,04 222  xxyyx  

vi. 1,3,9 222  xxyyx  

115. A point moves so that the sum of the squares of its distances from the four sides of a square is constant. 
Prove that it always lies on a circle. 

116. A point moves so that the sum of the squares of the perpendiculars let fall from it on the sides of an 
equilateral triangle is constant. Prove that its locus is a circle. 

117. A point moves so that the sum of the squares of its distances from the angular points of a triangle is 
constant. Prove that its locus is a circle. 

118. Find the locus of a point which moves so that the square of the tangent drawn from it to the circle 
x y a2 2 2   is equal to c times its distance from the straight line lx my n   0 . {Ans. A circle} 

119. Find the locus of a point whose distance from a fixed point is in a constant ratio to the length of the 
tangent drawn from it to a given circle. {Ans. A circle} 

120. A straight line AB whose length is c, slides between two given lines which meet at O; find the locus of the 
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orthocentre of the triangle OAB. {Ans. A circle with centre O} 
121. Find the locus of the vertex of a triangle, given (1) its base and the sum of the squares of its sides, (2) its 

base and the sum of m times the square of one side and n times the square of the other. {Ans. A circle} 
122. A point moves so that the sum of the squares of its distances from n fixed points is given. Prove that its 

locus is a circle. 
123. Whatever be the value of , prove that the locus of the intersection of the straight lines 

ayx   sincos  and byx   cossin , is a circle. 
124. From a point P on a circle, perpendiculars PM and PN are drawn to two radii of the circle which are not at 

right angles. Find the locus of the middle point of MN. 
125. Tangents are drawn to a circle from a point which always lies on a given line. Prove that the locus of the 

middle point of the chord of contact is another circle. 
126. Find the locus of the middle points of chords of the circle x y a2 2 2   which pass through the fixed point 

(h, k). {Ans. A circle} 
127. Find the locus of the middle points of chords of the circle x y a2 2 2   which subtend a right angle at the 

point (c, 0). {Ans. A circle} 
128. O is a fixed point and P any point on a fixed circle. On OP is taken a point Q such that OQ is in a constant 

ratio to OP. Prove that the locus of Q is a circle. 
129. O is a fixed point and P any point on a given straight line. OP is joined and on it is taken a point Q such 

that OP. OQ = k2. Prove that the locus of Q is a circle which passes through O. 
130. One vertex of a triangle of given angles is fixed, and another moves along the circumference of a fixed 

circle. Prove that the locus of the remaining vertex is a circle and find its radius. 
131. O is any point in the plane of a circle, and OP1P2 any chord of the circle which passes through O and 

meets the circle in P1 and P2. On this chord is taken a point Q such that OQ is equal to (1) the arithmetic, 
(2) the geometric and (3) the harmonic mean between OP1 and OP2. In each case find the equation to the 
locus of Q. {Ans. A circle, circle, straight line} 

132. Find the locus of the point of intersection of the tangent to a given circle and the perpendicular let fall on 
this tangent from a fixed point on the circle. 

133. A circle touches the axis of x and cuts off a constant length 2l from the axis of y. Prove that the equation of 
the locus of its centre is y x l2 2 2  . 

134. A straight line moves so that the product of the perpendiculars on it from two fixed points is constant. 
Prove that the locus of the feet of the perpendiculars from each of these points upon the straight line is a 
circle, the same for each. 

135. O is a fixed point and AP and BQ are two fixed parallel straight lines. BOA is perpendicular to both and 
POQ is a right angle. Prove that the locus of the foot of the perpendicular drawn from O upon PQ is the 
circle on AB as diameter. 

136. Two rods of lengths a and b, slide along the axes in such a manner that their ends are always concyclic. 
Prove that the locus of the centre of the circle passing through these ends is the curve 

 4 2 2 2 2x y a b   . 

137. Show that the locus of a point, which is such that the tangents from it to two given concentric circles are 
inversely proportional to their radii, is a concentric circle, the square of whose radius is equal to the sum of 
the squares of the radii of the given circles. 

138. Show that if the length of the tangent from a point P to the circle x y a2 2 2   be four times the length of 

the tangent from it to the circle  x a y a  
2 2 2 , then P lies on the circle 15 15 32 02 2 2x y ax a    . 
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Prove also that these three circles pass through two points and that the distance between the centres of the 
first and third circles is sixteen times the distance between the centres of the second and third circles. 

139. Find the locus of the foot of the perpendicular let fall from the origin upon any chord of the circle 
x y gx fy c2 2 2 2 0      which subtends a right angle at the origin. Find also the locus of the middle 
points of these chords. {Ans. A circle} 

140. Through a fixed point O are drawn two straight lines OPQ and ORS to meet a circle in P and Q, and R and 
S, respectively. Prove that the locus of the point of intersection of PS and QR, as also that of the point of 
intersection of PR and QS, is the polar of O with respect to the circle. 

141. A, B, C and D are four points in a straight line. Prove that the locus of a point P, such that the angles APB 
and CPD are equal, is a circle. 

142. The polar of P with respect to the circle 222 ayx   touches the circle 222 )()( byx   ; prove 

that the locus is the curve given by the equation )()( 22222 yxbayx    
143. Find the locus of the centre of the circle which cuts two given circles orthogonally. 
 
CATEGORY-15.15. ADDITIONAL QUESTIONS 

144. If the points  0,2 ,  1,0 ,  5,4  and  c,0  are concyclic, then find the value of c . {Ans. 
3

14
} 

145. Show that four distinct points  kk 3,2 ,  0,1 ,  1,0  and  0,0  lie on a circle for two values of k . 
146. A circle C of radius 1 is inscribed in an equilateral triangle PQR. The point of contact of C with the sides 

PQ, QR, RP are D, E, F respectively. The line PQ is given by the equation 063  yx  and the point 

D is 














2

3
,

2

33
. Further, it is given that the origin and the center of C are on the same side of the line PQ. 

Find 

i. the equation of circle C. {Ans. 0323222  yxyx } 

ii. the point E and F. {Ans.  0,3 , 














2

3
,

2

3
} 

iii. the equations of QR and RP. {Ans. 0y , xy 3 } 

147. Find the no. of points of intersection of the curve yx cossin   and circle 122  yx . {Ans. 0} 
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CHAPTER-16 

PARABOLA 
 

LIST OF THEORY SECTIONS 
 

16.1. Conic Sections 
16.2. Equation Of A Parabola 
16.3. Position Of A Point/Line W.R.T. A Parabola 
16.4. Tangent, Normal, Chord And Polar Of A Parabola 
16.5. Subtangent, Subnormal And Diameter Of A Parabola 
 

LIST OF QUESTION CATEGORIES 
 

16.1. Finding Equation Of A Parabola From Its Properties 
16.2. Finding Properties Of A Parabola From Its Equation 
16.3. Position Of A Point/Line W.R.T. A Parabola 
16.4. Tangent And Normal Of A Parabola 
16.5. Chord Of A Parabola 
16.6. Pole And Polar Of A Parabola 
16.7. Subtangent, Subnormal And Diameter Of A Parabola 
16.8. Locus Problems In Parabola 
16.9. Additional Questions 
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CHAPTER-16 

PARABOLA 
 
SECTION-16.1. CONIC SECTIONS 

1. Definition of Conic sections 
A conic section is the locus of a point such that its distance from a fixed point (S) always bears a constant 
ratio (e) to its distance from a fixed line (D). 

2. Definition of various terms of Conic sections 
i. Focus (S): The fixed point is called the focus of the conic section. 
ii. Directrix (D): The fixed line is called the directrix of the conic section. 
iii. Eccentricity (e): The constant ratio is called the eccentricity of the conic section. 
iv. Axis: The line passing through the focus and perpendicular to the directrix is called the axis of the conic 

section. 
v. Vertex (A): The point of intersection of the conic section and the axis is called the vertex of the conic 

section. 
vi. Foot of Directrix (Z): The point of intersection of the directrix and the axis is called the foot of 

directrix. 
vii. Latus rectum (LL’ ): The chord passing through the focus and perpendicular to the axis is called latus 

rectum. 
viii. Focal chord: A chord passing through the focus is called a focal chord. 
ix. Ordinate (PN): Let P be a point on the conic section then the line segment PN perpendicular to the axis 

is called the ordinate of point P. 
x. Double ordinate (PNP’ ): Let P be a point on the conic section then the chord PNP’ perpendicular to 

the axis is called the double ordinate of point P. 
xi. Focal distance: Let P be a point on the conic section then the distance of P from the focus is called the 

focal distance of point P. 
xii. Ellipse: If 0 < e < 1, then the conic section is called an ellipse. 
xiii. Parabola: If e = 1, then the conic section is called a parabola. 
xiv. Hyperbola: If e > 1, then the conic section is called a hyperbola. 

3. General equation of a conic section is a second degree equation 
i. Let  khS ,  be the focus, 0 nmylx  be the directrix and e be the eccentricity of a conic section, 

then by definition its equation is    
 
 22

2
222

ml

nmylx
ekyhx




 , which is a second degree 

equation. 
ii. A general second degree equation 0222 22  cfygxbyhxyax  may represent 

a. a pair of straight lines if 0  & abh 2 . 
b. a circle if 0 , ba   & 0h . 
c. a parabola if 0  & abh 2 . 
d. a ellipse if 0  & abh 2 . 
e. a hyperbola if 0  & abh 2 . 

 
SECTION-16.2. EQUATION OF A PARABOLA 
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1. Equation of a parabola with given Focus and Directrix 
i. Equation of the parabola with Focus at (h,k) and Directrix 0 nmylx  is 

   
22

22

ml

nmylx
kyhx




  

   
 

22

2
22

ml

nmylx
kyhx




  

  0222
 cfygxlymx . 

ii. Second degree terms form a perfect square. 
iii. 0 lymx  is perpendicular to the Directrix 0 nmylx  and parallel to the axis. 

2. Standard equation of a parabola 
Equation of a standard parabola having vertex at origin, axis as x-axis and focus at positive x-axis is 

axy 42  , where a is the distance between the vertex and the focus. 
3. Properties of standard parabolas 

  axy 42   axy 42   ayx 42   ayx 42   

1. Coordinates of Focus  0,a   0,a   a,0   a,0  

2. Equation of Directrix ax   ax   ay   ay   

3. Equation of Axis 0y  0y  0x  0x  

4. Coordinates of Vertex  0,0   0,0   0,0   0,0  

5. Coordinates of Foot of Directrix  0,a   0,a   a,0   a,0  

6. 
Coordinates of the end points of the 
Latus Rectum 

 aa 2,   aa 2,   aa,2   aa  ,2  

7. Length of Latus Rectum 4a 4a 4a 4a 

8. Equations of Latus rectums ax   ax   ay   ay   

 
4. Tracing a general parabola 

i. A general parabola is traced by parallel and angular transformation of axes. 

ii. Equation of a parabola having vertex at  kh,  and axis parallel to x-axis is    hxaky  42 . 

Equation of a parabola having vertex at  kh,  and axis parallel to y-axis is    kyahx  42 . 
5. Parametric equation of standard parabola 

Point  atat 2,2  always lies on the standard parabola axy 42  . This point is called point ‘t’. 
 
SECTION-16.3. POSITION OF A POINT/LINE W.R.T. A PARABOLA 

1. Position of a point w.r.t. a parabola 
The point ),( 11 yx  lies inside, on or outside the parabola axy 42   according as 1

2
1 4axy   <, = or > 0. 

2. Position of a line w.r.t. a parabola 
i. The line cy  , which is parallel to the axis of the parabola axy 42  , cuts the parabola at only one 
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point 







c

a

c
,

4

2

. 

ii. The line  0 mcmxy  cuts, touches or does not cut the parabola axy 42   according as mc <, = or 
> a. 

iii. The line cx   cuts, touches or does not cut the parabola axy 42   according as c >, = or < 0. 
iv. Points of intersection of a parabola and a line can be obtained by solving their equations simultaneously. 

 
SECTION-16.4. TANGENT, NORMAL, CHORD AND POLAR OF A PARABOLA 

1. Tangent to a parabola 

i. Slope of tangent at the point  11, yx  on the parabola axy 42   is 
  1,

2

11
y

a

dx

dy

yx








 . 

ii. Equation of tangent at the point  11, yx  on the parabola axy 42   is )(2 11 xxayy  . 

iii. Equation of tangent at ),( 11 yx  on a second degree curve 0222 22  cfygxbyhxyax  is 

      0111111  cyyfxxgbyyyxxyhaxx . 

iv. Slope of tangent at the point  atat 2,2  on the parabola axy 42   is 
  tdx

dy

atat

1

2,2









. 

v. Equation of tangent at the point  atat 2,2  on the parabola axy 42   is 2atxty  . 

vi. Straight line 
m

a
mxy   is always tangent to the parabola axy 42   at 









m

a

m

a 2
,

2
. 

vii. The combined equation of the pair of tangents drawn from an external point  11, yx  to the parabola 

axy 42   is 

     2111
2

1
2 244 xxayyaxyaxy  . 

viii. The tangent at two points  1
2

1 2, atat  and  2
2

2 2, atat  on the parabola axy 42   intersect at the point 

  2121 , ttatat  . 
ix. Length of tangent at point P on the conic section = PT, where T is the point where the tangent cuts the 

axis. 
2. Normal to a parabola 

i. Slope of normal at the point  11, yx  on the parabola axy 42   is 
 

a

y

dy

dx

yx
2

1

, 11









 . 

ii. Equation of normal at the point  11, yx  on the parabola axy 42   is )(
2 1

1
1 xx

a

y
yy  . 

iii. Slope of normal at the point  atat 2,2  on the parabola axy 42   is 
 

t
dy

dx

atat











2,2

. 

iv. Equation of normal at the point  atat 2,2  on the parabola axy 42   is 32 atattxy  . 

v. Straight line 32 amammxy   is always normal to the parabola axy 42   at )2,( 2 amam  . 
vi. Maximum three normals and minimum one normal can be drawn from a point to a parabola. The three 

points on the parabola at which the normals pass through a common point are called co-normal points. 
vii. The sum of the slopes of the normals at co-normal points is zero. 
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viii. The sum of the ordinates of the co-normal points is zero. 
ix. Length of normal at point P on the conic section = PG, where G is the point where the normal cuts the 

axis. 
3. Chord of a parabola 

i. The equation of the chord joining two points  1
2

1 2, atat  and  2
2

2 2, atat  on the parabola axy 42   is 

  2121 22 tatxtty  . 

ii. If the end points of a focal chord are  1
2

1 2, atat  and  2
2

2 2, atat  then 121 tt . Therefore, if one end 

point of a focal chord is  atat 2,2  then the other end point is 









t

a

t

a 2
,

2
 and its length is 

2
1










t
ta . 

Because 4
1

2











t
t , therefore length of smallest focal chord is 4a, i.e. latus rectum is the smallest focal 

chord. 
4. Chord of contact of tangents 

Equation of chord of contact of tangents drawn from an external point ),( 11 yx  to the parabola axy 42   is 

)(2 11 xxayy  . 
5. Chord with a given mid-point 

The equation of the chord with mid-point (h, k) of the parabola axy 42   is   ahkhxaky 42 2  . 
6. Polar and Pole 

i. Equation of the polar of the point ),( 11 yxP   w.r.t. the parabola axy 42   is the line 

)(2 11 xxayyL  . The point P is called the pole of its polar line L. 
ii. Therefore, chord with a given mid-point (h, k) is parallel to the polar of the point (h, k). 

 
SECTION-16.5. SUBTANGENT, SUBNORMAL AND DIAMETER OF A PARABOLA 

1. Subtangent of a point on the conic section 
i. If the tangent at any point P of a conic section meets the axis in T and 

PN be the ordinate at P, then NT is called the Subtangent of P. 
ii. Length of subtangent of a point ),( 11 yxP  on the parabola axy 42   is 

12x . 
iii. Vertex is the mid-point of the subtangent. 

2. Subnormal of a point on the conic section 
i. If the normal at any point P of a conic section meets the axis in G and PN be the ordinate at P, then NG 

is called the Subnormal of P. 
ii. Length of subnormal of a point ),( 11 yxP  on the parabola axy 42   is 2a, which is a constant. 

3. Diameter of a conic section 
i. Diameter of a conic section is the locus of mid-point of a chord of given slope. Diameter of a conic 

section is a straight line. 

ii. Diameter of the parabola axy 42  , bisecting chords of gradient m, is the straight line, 
m

a
y

2
 . Hence, 

diameter of a parabola is a straight line parallel to its axis. 
 

T A N G x 

P 
y 
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EXERCISE-16 
 
CATEGORY-16.1. FINDING EQUATION OF A PARABOLA FROM ITS PROPERTIES 

1. Find the equation to the parabola with 
i. focus )3,0(   and directrix 3y . {Ans. yx 122  } 

ii. focus )0,3(  and directrix 3x . {Ans. xy 122  } 

iii. focus (3,  4) and directrix 6 7 5 0x y   . {Ans.  7 6 570 750 2100 0
2

x y x y     } 

iv. focus (a, b) and directrix 
x

a

y

b
  1 . {Ans.  ax by a x b y a a b b      

2 3 3 4 2 2 42 2 0 } 

2. If the focus and vertex of a parabola are the points )2,0(  and )4,0(  respectively, then find its equation. 

{Ans. 3282  yx } 
3. If the vertex of a parabola is the point )0,3(  and the directrix is the line 05 x , then find its equation. 

{Ans.  382  xy } 

4. If  0,2  is the vertex and y-axis the directrix of a parabola, then find its focus and its equation. {Ans. 

 0,4 } 

5. Find the value of p when the parabola y px2 4 goes through the point (i) (3, 2) and (ii) (9, 12). {Ans. 
1
3 4, } 

6. Prove that the equation to the parabola, whose vertex and focus are on the axis of x at distances a and a 
from the origin respectively, is   y a a x a2 4    .  

7. The vertex of a parabola is the point ),( ba  and latus rectum is of length l. If the axis of the parabola is 

along the positive direction of y axis, then find its equation. {Ans.    by
l

ax 22
2

2
 } 

 
CATEGORY-16.2. FINDING PROPERTIES OF A PARABOLA FROM ITS EQUATION 

8. Find the vertex, axis, latus rectum and focus of the parabolas 
i. y x y2 4 4  . {Ans.     1 2 4 0,2 , , , ,2y } 

ii. x y x2 2 8 7   . {Ans.    4 4 2 4 49
2, , , , ,x  } 

iii. 0442  yxx . {Ans.    0,2,4,2,1,2 x } 

iv. y y x2 4 4  . {Ans.    1 2 4 0,2 , , , ,2y  } 

v. 041282  yxx . {Ans.  1,4 , 4x , 12,  2,4  } 

vi. 04842  xyy . {Ans.  2,0 , 2y , 8,  2,2 } 

vii. 0222  yxy . {Ans.  1,1 , 1y , 1, 






 1,
4

5
} 

viii. 04842  yxx . {Ans.  1,2  , 2x , 8, )1,2( } 

9. Find the equation of the directrix of the parabola 010342  yxx . {Ans. 
4

5
y } 

10. Find the vertex and latus rectum of the parabola 0191011816249 22  yxyxyx . {Ans. 



MATHEMATICS FOR IIT-JEE/VOLUME-II 

SANJIVA DAYAL CLASSES FOR IIT-JEE MATHEMATICS. Head office: A-602, Twin Towers, Lakhanpur, Kanpur-208024, INDIA. 
Phone: +91-512-2581426. Mobile: +91-9415134052. Email: sanjivadayal@yahoo.com. Website: sanjivadayal-iitjee.blogspot.com. 

16.8 











25

22
,

25

29
, 3} 

11. Find the coordinates of a point on the parabola xy 82   whose focal distance is 4. {Ans.  4,2  } 

12. For what point of the parabola y x2 18  is the ordinate equal to three times the abscissa? {Ans. 

 2 6, ,  0 0, } 

13. The two ends of latus rectum of a parabola are the points  6,3  and  6,5 , then find its focus. {Ans. 

 6,1 } 

14. If the parabola axy 42   passes through )2,3( , then find the length of its latusrectum. {Ans. 
3

4
} 

15. If the vertex of the parabola cxxy  82  lies on x axis, then find the value of c . {Ans. 16} 

16. Prove that the equation y Ax By C2 2 2 0     represents a parabola, whose axis is parallel to the axis of 

x and find its vertex and the equation to its latus rectum. {Ans.  B C
A

B A C
AB x

2 2 2

2 2
   , , } 

17. A point on a parabola, the foot of the perpendicular from it upon the directrix, and the focus are the 
vertices of an equilateral triangle. Prove that the focal distance of the point is equal to the latus rectum. 

 
CATEGORY-16.3. POSITION OF A POINT/LINE W.R.T. A PARABOLA 

18. Determine the position of the following points w.r.t. the parabola xy 72  :- 
i. (1,2). {Ans. inside} 
ii. (3, 4). {Ans. inside} 
iii. (9,8). {Ans. outside} 

19. Determine the position of the line 064  yx  w.r.t. the parabola yxy 442  . {Ans. cuts at 







 3,

4

3
 

and  2,1 } 
20. Determine the position of the line 05  yx  and 0768  yx  w.r.t. the parabola 

0110592416 22  yxyxyx . {Ans. does not cut, cuts at one point} 

21. Find the point of contact of the line 012  yx  with the parabola  322  xy . {Ans.  2,5 } 
 
CATEGORY-16.4. TANGENT AND NORMAL OF A PARABOLA 

22. Write down the equations to the tangent and normal 
i. at the point (4, 6) of the parabola y x2 9 , {Ans. 4 3 12 4 3 34y x x y   , } 

ii. at the point  6,3  of the parabola xy 122  , {Ans. 9 yx } 

iii. at the point of the parabola y x2 6  whose ordinate is 12, {Ans. 4 24 4 108y x x y   , } 

iv. at the ends of the latus rectum of the parabola y x2 12  {Ans. 
y x y x x y x y        3 9 3 0 9, , , } 

v. at the ends of the latus rectum of the parabola  y a x a2 4   {Ans. 
y x x y a y x x y a      , , ,4 0 4 } 

23. Find the equation of the normal to the parabola xy 82   having slope 1. {Ans. 06  yx } 

24. Find the equation of the tangent at the vertex of the parabola 0242  yxx . {Ans. 2y } 
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25. Show that the tangents at the points  1
2
1 2, atat ,  2

2
2 2, atat  on the parabola axy 42   are at right angles if 

121 tt . 

26. The tangents to the parabola axy 42   at  1
2
1 2, atat ,  2

2
2 2, atat  intersect on its axis, then show that 

21 tt  . 

27. Find the equation to that tangent to the parabola y x2 7  which is parallel to the straight line 

4 3 0y x   . Find also its point of contact. {Ans.  4 28 2814y x  , , } 

28. A tangent to the parabola y ax2 4  makes an angle of 60 with the axis. Find its point of contact. {Ans. 

 a a
3

2

3
, } 

29. A tangent of the parabola y x2 8  makes an angle of 45 with the straight line y x 3 5 . Find its 

equation and its point of contact. {Ans.    y x y x     2 1 0 2 2 8 8 81
2, , , , , } 

30. Find the points of the parabola y x2 4 at which (i) the tangent, and (ii) the normal is inclined at 30 to the 

axis. {Ans.    3 3 1
3

2 3
3,2 , , } 

31. Find the equation to the tangents to the parabola y x2 9  which goes through the point (4, 10). {Ans. 
4 9 4 4 36y x y x   , } 

32. If the line 1 yx  touches the parabola 02  xyy , then find the coordinates of the point of contact. 

{Ans.  1,0 } 

33. Prove that the straight line x y  1 touches the parabola y x x  2 . 

34. If the line 01 yx  touches the parabola kxy 2 , then find the value of k . {Ans. -4} 
35. For what value of m, the line 1 mxy  is a tangent to the parabola xy 42  . {Ans. 1} 

36. Prove that the straight line y mx c   touches the parabola  y a x a2 4   if c ma
a

m
  . 

37. Prove that the straight line lx my n   0  touches the parabola y ax2 4  if ln am 2 . 

38. Find the value of   for which the line 02  yx  is a normal to the parabola xy 82  . {Ans. 24} 

39. If cmyx   is a normal to the parabola ayx 42  , then find the value of c . {Ans. 32 amam } 
40. Find the equation to the common tangents of 

i. the parabolas y ax2 4  and x by2 4 , {Ans. b y a x a b
1
3

1
3

2
3

2
3 0   } 

ii. the circle x y ax2 2 4   and the parabola y ax2 4 . {Ans. x  0 } 
41. Two equal parabolas have the same vertex and their axes are at right angles. Prove that the common 

tangent touches each at the end of a latus rectum. 
42. If perpendiculars be drawn on any tangent to a parabola from two fixed points on the axis, which are 

equidistant from the focus, prove that the difference of their squares is constant. 
43. If P, Q and R be three points on a parabola whose abscissa are in geometrical progression, prove that 

tangents at P and R meet on the ordinate of Q. 
44. If the tangents at the points (x, y) and (x, y) meet at the point (x1, y1), and the normals at the same points 

meet at the point (x2, y2), prove that 

i. 
a

yy
x

41


  and 

21

yy
y


 , 
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ii. 
a

yyyy
ax

4
2

22

2


  and 

22 8a

yy
yyy


 , 

iii. 1

2
1

2 2 x
a

y
ax   and 

a

yx
y 11

2  , 

iv. if tangents be drawn to the parabola y ax2 4  from any point on the parabola  y a x b2   , then the 
normals at the points of contact meet on a fixed straight line. 

45. Find the lengths of the normals drawn from the point on the axis of the parabola y ax2 8 whose distance 
from the focus is 8a. {Ans. 6a, 10a} 

46. Prove that the distance between a tangent to the parabola and the parallel normal is a eccos sec 2 , where 
 is the angle that either makes with the axis. 

47. If a normal to a parabola make an angle  with the axis, show that it will cut the curve again at an angle 

tan tan 







1 1

2
 . 

48. Prove that the two parabolas y ax2 4  and  y c x b2 4   cannot have a common normal, other than the 

axis, unless b

a c
 2 . 

49. If a b2 28 , prove that a point can be found such that the two tangents from it to the parabola y ax2 4  
are normals to the parabola x by2 4 . 

50. Prove that three tangents to a parabola, which are such that the tangents of their inclinations to the axis are 
in a given harmonical progression, form a triangle whose area is constant. 

51. Prove that the parabolas y ax2 4  and x by2 4  intersect at an angle 


















3

2

3

2

3

1

3

1

1

2

3
tan

ba

ba
. 

52. Prove that two equal parabolas, having the same focus and their axes in opposite directions, cut at right 
angles. 

53. Show that the two parabolas   0242  abyax  and  baxby  242  intersect at right angles at 
the common end of the latus rectum of each. 

54. A parabola is drawn touching the axis of x at the origin and having its vertex at a given distance k from this 
axis. Prove that the axis of the parabola is a tangent to the parabola  x k y k2 8 2    

55. Two equal parabolas with axes in opposite directions touch at a point O. From a point P on one of them 
are drawn tangents PQ and PQ to the other. Prove that QQ will touch the first parabola in P where PP is 
parallel to the common tangent at O. 

56. If T be any point on the tangent at any point P of a parabola, and if TL be perpendicular to the focal radius 
SP and TN be perpendicular to the directrix, prove that SL = TN. Hence obtain a geometrical construction 
for the pair of tangents drawn to the parabola from any point T. 

57. The normal at the point )2,( 1
2

1 atat  meets the parabola again in the point )2,( 2
2

2 atat ; prove that 

1
12

2

t
tt  . 

58. Prove that the length of the intercept on the normal at the point )2,( 2 atat  made by the circle, which is 

described on the focal distance of the given point as diameter, is 21 ta  . 
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59. Prove that the area of the triangle formed by the normals to the parabola at the points 

)2,(),2,( 2
2

21
2

1 atatatat  and )2,( 3
2

3 atat  is 2
321211332

2

))()()((
2

ttttttttt
a

 . 

60. Prove that the orthocentres of the triangles formed by three tangents and the corresponding three normals 
to a parabola are equidistant from the axis. 

61. Prove that the equation to the circle passing through the points )2,( 1
2

1 atat  and )2,( 2
2

2 atat  and the 
intersection of the tangents to the parabola at these points is 

0)2()1)((]2)[( 2121
2

2121
2

21
22  ttttattttayttaxyx . 

62. Through the vertex A of the parabola axy 42   two chords AP and AQ are drawn, and the circles on AP 

and AQ as diameters intersect in R. Prove that, if 1, 2 and  be the angles made with the axis by the 
tangents at P and Q and by AR, then 0tan2cotcot 21   . 

 
CATEGORY-16.5. CHORD OF A PARABOLA 

63. In the parabola y x2 6 , find 
i. the equation to the chord through the vertex and the negative end of the latus rectum, and 
ii. the equation to any chord through the point on the curve whose abscissa is 24. {Ans. 

 2412,2  xmyxy } 
64. The vertex A of a parabola is joined to any point P on the curve and PQ is drawn at right angles to AP to 

meet the axis in Q. Prove that the projection of PQ on the axis is always equal to the latus rectum. 
65. A double ordinate of the curve y px2 4  is of length 8p. Prove that the lines from the vertex to its two 

ends are at right angles. 
66. Prove that the length of the chord joining the points of contact of tangents drawn from the point ),( 11 yx  is 

a

axyay 1
2

1
22

1 44 
. 

67. Prove that the area of the triangle formed by the tangents from the point ),( 11 yx  and the chord of contact 

is 
a

axy

2

)4( 2

3

1
2

1 
. 

68. What is the equation to the chord of the parabola xy 82   which is bisected at the point (2, 3)? {Ans. 
0134  yx } 

69. Find the mid-point of the chord 042  yx  of the parabola xy 42  . {Ans. 







1,

2

5
} 

70. If   be the angle which a focal chord of a parabola makes with the axis, prove that the length of the chord 
is 2eccos4a  and that the perpendicular on it from the vertex is sina . 

71. Prove that the semi-latus-rectum is a harmonic mean between the segments of any focal chord. 
72. Prove that the chord of the parabola y ax2 4 , whose equation is y x a  2 4 2 0 , is a normal to the 

curve and that its length is 6 3a . 
73. A chord is a normal to a parabola and is inclined at an angle   to the axis; prove that the area of the 

triangle formed by it and the tangents at its extremities is  332 eccossec4a . 
74. Prove that the normal chord at the point whose ordinate is equal to its abscissa subtends a right angle at the 

focus. 
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75. A chord of a parabola passes through a point on the axis (outside the parabola) whose distance from the 
vertex is half the latus rectum; prove that the normals at its extremities meet on the curve. 

76. Prove that on the axis of any parabola there is a certain point K which has the property that, if a chord PQ 

of the parabola be drawn through it, then 
22

11

QKPK
  is the same for all positions of the chord. 

77. If r1 and r2 be the lengths of radii vectors of the parabola which are drawn at right angles to one another 

from the vertex, prove that )(16 3

2

23

2

1
2

3

4

23

4

1 rrarr  . 
78. Prove that all circles described on focal chords as diameters touch the directrix of the curve, and that all 

circles on focal radii as diameters touch the tangent at the vertex. 
79. A circle is described on a focal chord as diameter; if m be the tangent of the inclination of the chord to the 

axis, prove that the equation to the circle is 03
4212 2

2

22 







 a

m
ay

m
axyx . 

80. LOL and MOM are two chords of a parabola passing through a point O on its axis. Prove that the radical 
axis of the circles described on LL and MM as diameters passes through the vertex of the parabola. 

81. A circle and a parabola intersect in four points; show that the algebraic sum of the ordinates of the four 
points is zero. Show also that the line joining one pair of these four points and the line joining the other 
pair are equally inclined to the axis. 

82. Through each point of the straight line hmyx   is drawn the chord of the parabola axy 42   which is 

bisected at the point; prove that it always touches the parabola )(8)2( 2 hxaamy  . 
 
CATEGORY-16.6. POLE AND POLAR OF A PARABOLA 

83. Given the parabola xy 102  , find polar of the point (1, 2) and pole of the line 01 yx . {Ans. 

 5,1,0525  yx } 
84. In a parabola, show that the polar of the focus is the directrix. 
85. If a perpendicular be let fall from any point P upon its polar prove that the distance of the foot of this 

perpendicular from the focus is equal to the distance of the point P from the directrix. 
86. T is the pole of the chord PQ; prove that the perpendiculars from P, T and Q upon any tangent to the 

parabola are in geometrical progression. 
 
CATEGORY-16.7. SUBTANGENT, SUBNORMAL AND DIAMETER OF A PARABOLA 

87. Find the length of the subtangent to the parabola xy 162   at the point whose abscissa is 4. {Ans. 8} 

88. For what point of the parabola axy 42   is 
i. the normal equal to twice the subtangent? 
ii. the normal equal to the difference between the subtangent and the subnormal? 

89. PN is an ordinate of the parabola. A straight line is drawn parallel to the axis to bisect NP and meet the 
curve in Q. Prove that NQ meets the tangent at the vertex in a point T such that AT NP 2

3
. 

90. The general equation to a system of parallel chords in the parabola xy 7
252   is 04  kyx . What is the 

equation to the corresponding diameter? {Ans. 2556 y } 
91. P, Q and R are three points on a parabola and the chord PQ cuts the diameter through R in V. Ordinates 

PM and QN are drawn to this diameter. Prove that RM.RN = RV2. 
92. The normal at a point P of a parabola meets the curve again in Q, and T is the pole of PQ; show that T lies 
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on the diameter passing through the other end of the focal chord passing through P, and that PT is bisected 
by the directrix. 

93. A parabola touches the sides of a triangle ABC in the points D, E and F respectively; if DE and DF cut the 
diameter through the point A in b and c respectively, prove that Bb and Cc are parallel. 

 
CATEGORY-16.8. LOCUS PROBLEMS IN PARABOLA 

94. Prove that the locus of the middle points of all chords of the parabola y ax2 4 , which are drawn through 

the vertex, is the parabola y ax2 2 . 
95. Prove that the locus of the centre of a circle, which intercepts a chord of given length 2a on the axis of x 

and passes through a given point on the axis of y distant b from the origin, is the curve x yb b a2 2 22   . 
Trace this parabola. 

96. PQ is a double ordinate of a parabola. Find the locus of its points of trisection. {Ans. 9 42y ax } 
97. Prove that the locus of a point, which moves so that its distance from a fixed line is equal to the length of 

the tangent drawn from it to a given circle, is a parabola. Find the position of the focus and directrix. 
98. If a circle be drawn so as always to touch a given straight line and also a given circle, prove that the locus 

of its centre is a parabola. 
99. If on a given base triangles be described such that the sum of the tangents of the base angles is constant, 

prove that the locus of the vertices is a parabola. 
100. Two parabolas have a common axis and concavities in opposite directions. If any line parallel to the 

common axis meet the parabolas in P and P, prove that the locus of the middle point of PP is another 
parabola, provided that the latus recta of the given parabolas are unequal. 

101. A parabola is drawn to pass through A and B, the ends of a diameter of a given circle of radius a, and to 
have as directrix a tangent to a concentric circle of radius b; the axes being AB and a perpendicular 

diameter, prove that the locus of the focus of the parabola is 
x

b

y

b a

2

2

2

2 2
1


 . 

102. Prove that two straight lines, one a tangent to the parabola  y a x a2 4   and the other to the parabola 

 y a x a2 4    , which are at right angles to one another, meet on the straight line x a a    0 . Show 

also that this straight line is the common chord of the two parabolas. 
103. Tangents are drawn to a parabola at points whose abscissa are in the ratio  : 1. Prove that they intersect on 

the curve  y ax2
21

4
1
4 


  . 

104. Prove that the locus of the middle point of the portion of a normal intersected between the curve and the 
axis is a parabola whose vertex is the focus and whose latus rectum is one quarter of that of the original 
parabola. 

105. PNP is a double ordinate of the parabola. Prove that the locus of the point of intersection of the normal at 
P and the straight line through P parallel to the axis is the equal parabola  y a x a2 4 4  . 

106. The normal at any point P meets the axis in G and the tangent at the vertex in G. If A be the vertex and the 
rectangle AGQG be completed, prove that the equation to the locus of Q is x ax ay3 2 22  . 

107. Two equal parabolas have the same focus and their axes are at right angles. A normal to one is 
perpendicular to a normal to the other. Prove that the locus of the point of intersection of these normals is 
another parabola. 

108. If PQ be a normal chord of the parabola and if S be the focus, prove that the locus of the centroid of the 
triangle SPQ is the curve 442 12881)53(36 ayaxay  . 
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109. If from the vertex of a parabola a pair of chords be drawn at right angles to one another and with these 
chords as adjacent sides a rectangle be made, prove that the locus of the further angle of the rectangle is 
the parabola )8(42 axay  . 

110. A series of chords is drawn so that their projections on a straight line, which is inclined at an angle  to the 
axis, are all of constant length c; prove that the locus of their middle point is the curve 

0)sin2cos)(4( 2222  caayaxy  .  
111. Prove that the locus of the poles of chords, which subtend a right angle at a fixed point (h, k), is 

0)(2)24( 22222  khaakyxahahyax . 
112. Prove that the locus of the middle points of all tangents drawn from points on the directrix to the parabola 

is 22 )3()2( axaaxy  . 
113. Circles are drawn through the vertex of the parabola to cut the parabola othogonally at the other point of 

intersection. Prove that the locus of the centres of the circles is the curve 
2222 )43()122(2 axaxaxxyy  . 

114. From the external point P tangents are drawn to the parabola; find the equation to the locus of P when 
these tangents make angles 1 and 2 with the axis, such that 
i. 21 tantan    is constant (= b). {Ans. bxy  } 

ii. 21 tantan   is constant (= c). {Ans. acx  } 

iii. 21 cotcot    is constant (= d). {Ans. ady  } 

iv. 21    is constant (= 2). {Ans. 2tan)( axy  } 

v. 2
2

1
2 tantan    is constant (= ). {Ans. axxy 222  } 

vi. 21 coscos   is constant (= ). {Ans. ])[( 2222 yaxx   } 

115. Two tangents to a parabola meet at an angle of 45; prove that the locus of their point of intersection is the 
curve 22 )(4 axaxy  . If they meet an angle of 60, prove that the locus is 03103 222  aaxxy . 

116. A pair of tangents are drawn which are equally inclined to a straight line whose inclination to the axis is ; 
prove that the locus of their point of intersection is the straight line 2tan)( axy  . 

117. Prove that the locus of the point of intersection of two tangents which intercept a given distance 4c on the 
tangent at the vertex is an equal parabola. 

118. Show that the locus of the point of intersection of two tangents, which with the tangent at the vertex form a 
triangle of constant area 2c , is the curve 222 4)4( caxyx  . 

119. If the normals at P and Q meet on the parabola, prove that the point of intersection of the tangents at P and 
Q lies either on a certain straight line, which is parallel to the tangent at the vertex, or on the curve whose 
equation is 04)2( 32  aaxy . 

120. Two tangents to a parabola intercept on a fixed tangent segments whose product is constant; prove that the 
locus of their point of intersection is a straight line. 

121. Show that the locus of the poles of chords, which subtend a constant angle  at the vertex, is the curve 
)4(cot4)4( 222 axyax   . Also show that if the constant angle be a right angle the locus is a straight 

line perpendicular to the axis. 
122. A point P is such that the straight line drawn through it perpendicular to its polar with respect to the 

parabola axy 42   touches the parabola byx 42  . Prove that its locus is the straight line 

042 2  abyax . 
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123. Two equal parabolas, A and B, have the same vertex and axis but have their concavities turned in opposite 
directions; prove that the locus of poles with respect to B of tangents to A is the parabola A. 

124. Prove that the locus of the poles of tangents to the parabola axy 42   with respect to the circle 

axyx 222   is the circle axyx  22 . 

125. Show the locus of the poles of tangents to the parabola axy 42   with respect to the parabola bxy 42   is 

the parabola x
a
by

2
2 4 . 

126. Find the locus of the middle points of chords of the parabola which 
i. pass through the focus. {Ans. )(22 axay  } 

ii. pass through the fixed point (h, k). {Ans. )(22 hxakyy  } 

iii. are normal to the curve. {Ans. 08)42( 4222  aaaxyy } 

iv. subtend a constant angle  at the vertex. {Ans. )4(16tan)28( 222222 yaxaaxya   } 

v. are of given length l. {Ans. 016)(4 22324  laxaxaayy } 

vi. are such that the normals at their extremities meet on the parabola. {Ans. )2(22 axay  } 
127. Two parabolas have the same axis and tangents are drawn to the second from points on the first; prove that 

the locus of the middle points of the chords of contact with the second parabola all lies on a fixed parabola. 
 
CATEGORY-16.9. ADDITIONAL QUESTIONS 
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CHAPTER-17 

ELLIPSE 
 

LIST OF THEORY SECTIONS 
 

17.1. Equation Of An Ellipse 
17.2. Position Of A Point/Line W.R.T. An Ellipse 
17.3. Tangent, Normal, Chord And Polar Of An Ellipse 
17.4. Subtangent, Subnormal And Diameter Of An Ellipse 
 

LIST OF QUESTION CATEGORIES 
 

17.1. Finding Equation Of An Ellipse From Its Properties 
17.2. Finding Properties Of An Ellipse From Its Equation 
17.3. Auxiliary Circle And Eccentric Angle In An Ellipse 
17.4. Position Of A Point W.R.T. An Ellipse 
17.5. Tangent And Normal Of An Ellipse 
17.6. Chord Of An Ellipse 
17.7. Pole And Polar Of An Ellipse 
17.8. Subtangent, Subnormal And Diameter Of An Ellipse 
17.9. Locus Problems In Ellipse 
17.10. Additional Questions 
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CHAPTER-17 

ELLIPSE 
 

SECTION-17.1. EQUATION OF AN ELLIPSE 

1. Equation of an ellipse with given Focus, Directrix and Eccentricity 
Equation of the ellipse with Focus at (h,k), Directrix 0 nmylx  and Eccentricity e is 

   
22

22

ml

nmylx
ekyhx




  

   
 

22

2
222

ml

nmylx
ekyhx




 . 

2. Standard equation of an ellipse 
i. An ellipse has two vertices, denoted by A and A’. The mid-point of the two vertices is called the center of 

the ellipse, denoted by C. The line segment AA’ is called the major axis of the ellipse. 

ii. Equation of an standard ellipse having center at origin and axis as x-axis is 1
2

2

2

2


b

y

a

x
, where 2a is the 

distance between the vertices and   abeabeab  2222 11 . 
iii. The line segment BB’, which is bisected at C, is perpendicular to AA’ and having length 2b, is called the 

minor axis of the ellipse. 
iv. An ellipse has two pairs of Focus and Directrix, denoted by S, S’ and D, D’ respectively. 
v. An ellipse has two Latus rectums, denoted by 11LL   and 22 LL  . 

3. Properties of standard ellipses 

  1
2

2

2

2


b

y

a

x
 1

2

2

2

2


b

x

a

y
 

1. Coordinates of Foci  0,ae   ae,0  

2. Equation of Directrices 
e

a
x   

e

a
y   

3. Eccentricity 
2

2

1
a

b
e   

2

2

1
a

b
e   

4. Coordinates of the vertices  0,a   a,0  

5. Coordinates of the center  0,0   0,0  

6. Equation of major axis 0y  0x  

7. Equation of minor axis 0x  0y  

8. Length of major axis 2a 2a 

9. Length of minor axis 2b 2b 

10. 
Coordinates of the end points of the minor 
axis 

 b,0   0,b  
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11. Coordinates of Foot of Directrices 







 0,

e

a
 










e

a
,0  

12. 
Coordinates of the end points of the Latus 
Rectums 



















a

b
ae

a

b
ae

22

,&,  
















 ae

a

b
ae

a

b
,&,

22

 

13. Lengths of Latus Rectums 
a

b 22
 

a

b 22
 

14. Equations of Latus Rectums aex   aey   

 
4. Tracing a general ellipse 

i. A general ellipse is traced by parallel and angular transformation of axes. 

ii. Equation of an ellipse having center at  kh,  and major axis parallel to x-axis is 
   

1
2

2

2

2







b

ky

a

hx
. 

Equation of an ellipse having center at  kh,  and major axis parallel to y-axis is 
   

1
2

2

2

2







b

hx

a

ky
. 

5. Auxiliary circle of the ellipse 
i. The circle described on the major axis of an ellipse as diameter, is called the Auxiliary circle of the 

ellipse. 

ii. Equation of Auxiliary circle of standard ellipse 1
2

2

2

2


b

y

a

x
 is 222 ayx  . 

6. Eccentric angle of a point on the ellipse 
If P is any point on the ellipse and the ordinate NP is produced to meet the Auxiliary circle at Q, then angle 

  20  ACQ  is called the Eccentric angle of the point P. 
7. Parametric equation of standard ellipse 

Point   sin,cos ba  always lies on the standard ellipse 1
2

2

2

2


b

y

a

x
, where   is the eccentric angle of the 

point. This point is called point '' . 
8. Alternate definition of an ellipse 

i. The sum of the focal distances of any point on an ellipse is a constant and equal to the length of the 
major axis (2a). 

ii. Therefore, an ellipse is the locus of a point such that the sum of its distances from two fixed points 
(Foci) is always a constant (2a). 

9. Area of an ellipse 
i. Area of ellipse = ab . 

 
SECTION-17.2. POSITION OF A POINT/LINE W.R.T. AN ELLIPSE 

1. Position of a point w.r.t. an ellipse 

The point ),( 11 yx  lies inside, on or outside the ellipse 1
2

2

2

2


b

y

a

x
 according as 1

2

2
1

2

2
1 

b

y

a

x
 is <, = or > 

0. 
2. Position of a line w.r.t. an ellipse 
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i. The line cmxy   cuts, touches or does not cut the ellipse 1
2

2

2

2


b

y

a

x
 according as 2c  <, = or > 

222 bma  . 

ii. The line cx   cuts, touches or does not cut the ellipse 1
2

2

2

2


b

y

a

x
 according as 2c  <, = or > 2a . 

iii. Points of intersection of an ellipse and a line can be obtained by solving their equations simultaneously. 
 
SECTION-17.3. TANGENT, NORMAL, CHORD AND POLAR OF AN ELLIPSE 

1. Tangent to an ellipse 

i. Slope of tangent at the point  11, yx  on the ellipse 1
2

2

2

2


b

y

a

x
 is 

  1
2

1
2

, 11
ya

xb

dx

dy

yx








 . 

ii. Equation of tangent at the point  11, yx  on the ellipse 1
2

2

2

2


b

y

a

x
 is 1

2
1

2
1 

b

yy

a

xx
. 

iii. Equation of tangent at ),( 11 yx  on a second degree curve 0222 22  cfygxbyhxyax  is 

      0111111  cyyfxxgbyyyxxyhaxx . 

iv. Slope of tangent at the point   sin,cos ba  on the ellipse 1
2

2

2

2


b

y

a

x
 is 

 




cot
sin,cos a

b

dx

dy

ba









. 

v. Equation of tangent at the point   sin,cos ba  on the ellipse 1
2

2

2

2


b

y

a

x
 is 1sincos  

b

y

a

x
. 

vi. Straight line 222 bmamxy   is always tangent to the ellipse 1
2

2

2

2


b

y

a

x
 at 


















 222

2

222

2

,
bma

b

bma

ma
 . 

vii. The combined equation of the pair of tangents drawn from an external point  11, yx  to the ellipse 

1
2

2

2

2


b

y

a

x
 is 

2

2
1

2
1

2

2
1

2

2
1

2

2

2

2

111 

































b

yy

a

xx

b

y

a

x

b

y

a

x
. 

viii. Definition of Director circle: The locus of the point of intersection of two perpendicular tangents to an 

ellipse is a circle and is called Director circle. Equation of Director circle of the ellipse 1
2

2

2

2


b

y

a

x
 is 

2222 bayx  . 
2. Normal to an ellipse 

i. Slope of normal at the point  11, yx  on the ellipse 1
2

2

2

2


b

y

a

x
 is 

  1
2

1
2

, 11
xb

ya

dy

dx

yx









 . 

ii. Equation of normal at the point  11, yx  on the ellipse 1
2

2

2

2


b

y

a

x
 is 
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22

1

2

1

2

2
1

1

2
1

1 ba
y

yb

x

xa

b

y

yy

a

x

xx
























. 

iii. Slope of normal at the point   sin,cos ba  on the ellipse 1
2

2

2

2


b

y

a

x
 is 

 




tan
sin,cos

b

a

dy

dx

ba









 . 

iv. Equation of normal at the point   sin,cos ba  on the ellipse 1
2

2

2

2


b

y

a

x
 is 

22cossec baecbyax   . 

v. Straight line 
 

222

22

mba

bam
mxy




  is always normal to the ellipse 1

2

2

2

2


b

y

a

x
. 

vi. Maximum four normals can be drawn from a point to an ellipse. The four points on the ellipse at which 
the normals pass through a common point are called co-normal points. 

vii. The sum of the eccentric angles of the co-normal points on the ellipse 1
2

2

2

2


b

y

a

x
 is equal to odd 

multiple of . 
3. Chord of an ellipse 

The equation of the chord joining two points   sin,cos ba  and   sin,cos ba  on the ellipse 

1
2

2

2

2


b

y

a

x
 is 







 








 








 

2
cos

2
sin

2
cos



b

y

a

x
. 

4. Chord of contact of tangents 

Equation of chord of contact of tangents drawn from an external point ),( 11 yx  to the ellipse 1
2

2

2

2


b

y

a

x
 is 

1
2
1

2
1 

b

yy

a

xx
. 

5. Chord with a given mid-point 

The equation of the chord with mid-point (h, k) of the ellipse 1
2

2

2

2


b

y

a

x
 is 

2

2

2

2

22 b

k

a

h

b

ky

a

hx
 . 

6. Polar and Pole 

i. Equation of the polar of the point ),( 11 yxP   w.r.t. the ellipse 1
2

2

2

2


b

y

a

x
 is the line 

1
2
1

2
1 

b

yy

a

xx
L . The point P is called the pole of its polar line L. 

ii. Therefore, chord with a given mid-point (h, k) is parallel to the polar of the point (h, k). 
 
SECTION-17.4. SUBTANGENT, SUBNORMAL AND DIAMETER OF AN ELLIPSE 

1. Subtangent of a point on the ellipse 

i. Length of subtangent of a point ),( 11 yxP  on the ellipse 1
2

2

2

2


b

y

a

x
 is 1

1

2

x
x

a
 . 

2. Subnormal of a point on the ellipse 
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i. Length of subnormal of a point ),( 11 yxP  on the ellipse 1
2

2

2

2


b

y

a

x
 is   1

21 xe . 

3. Diameter of an ellipse 

i. Diameter of the ellipse 1
2

2

2

2


b

y

a

x
, bisecting chords of gradient m, is the straight line x

ma

b
y

2

2

 . 

Hence, diameter of an ellipse is a straight line passing through its center. 
ii. Two diameters of an ellipse are said to be conjugate diameters if each bisects chords parallel to the other. 

iii. The two diameters xmy 1  & xmy 2  are conjugate if 
2

2

21
a

b
mm  . 

iv. Major axis and minor axis are conjugate diameters and are the only perpendicular conjugate diameters. 
v. The eccentric angles of the end points of conjugate diameters of an ellipse differ by a right angle. 
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EXERCISE-17 
 
CATEGORY-17.1. FINDING EQUATION OF AN ELLIPSE FROM ITS PROPERTIES 

1. Find the equation to the ellipse, whose focus is the point (1, 1), whose directrix is the straight line 
x y  3 0  and whose eccentricity is 1

2 . {Ans. 7 2 7 10 10 7 02 2x xy y x y      } 
2. Find the equation to the ellipses, whose centres are the origin, whose axes are the axes of coordinates, and 

which pass through 
i. the points (2, 2) and (3, 1). {Ans. 3253 22  yx } 

ii. the points (1, 4) and (6, 1). {Ans. 11573 22  yx } 
3. Find the equation of the ellipse referred to its centre 

i. whose latus rectum is 5 and whose eccentricity is 2
3 , {Ans. 20 36 4052 2x y  } 

ii. whose minor axis is equal to the distance between the foci and whose latus rectum is 10, {Ans. 
x y2 22 100  } 

iii. whose foci are the points (4, 0) and (4, 0) and whose eccentricity is 1
3 . {Ans. 8 9 11522 2x y  } 

iv. which passes through the point  1,3  and has eccentricity 
5

2
. {Ans. 3253 22  yx } 

v. whose one focus is at  0,4  and whose eccentricity is 
5

4
. {Ans. 1

35 2

2

2

2


yx

} 

vi. which passes through  1,2  having 
2

1
e . {Ans. 1643 22  yx } 

 
CATEGORY-17.2. FINDING PROPERTIES OF AN ELLIPSE FROM ITS EQUATION 

4. Find the latus rectum, the eccentricity, and the coordinates of the foci, of the following ellipses:- 

i. 93 22  yx . {Ans.  0,6,,2 3
6  } 

ii. 5 4 12 2x y   {Ans.  4
5

1

5

1

2 5
0, , , } 

iii. 123 22  yx . {Ans. 
3

4
} 

iv. 4595 22  yx . {Ans. 
3

10
} 

5. Find the center, length of the axes, eccentricity, the coordinates of the foci, equation of directrices and 
latus rectum of the following ellipses:- 
i. 9 5 30 02 2x y y   . 

ii. 02442 22  yxyx . 

iii. 011181694 22  yxyx . 

6. Find the eccentricity of the ellipse 1244 22  yxx . {Ans. 
2

3
} 

7. Whether the equation 01222  xxy  represents an ellipse or not? {Ans. No} 

8. Find the center, eccentricity and latus rectum of the ellipse 071584411414 22  yxyxyx . {Ans. 
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 3,2 , 
3

1
, 

6

8
} 

9. Find the eccentricity of an ellipse, if its latus rectum be equal to one half its minor axis. {Ans. 3
2 } 

10. Find the eccentricity of an ellipse 1
2

2

2

2


b

y

a

x
 whose latus-rectum is half of its major axis. {Ans. 

2

1
} 

11. If the length of the latus rectum of an ellipse is one third of its major axis, then find its eccentricity. {Ans. 

3

2
} 

12. If the length of the major axis of an ellipse is three times the length of its minor axis, then find its 

eccentricity. {Ans. 
3

22
} 

13. In an ellipse the distance between its foci is 6 and its minor axis is 8. Find its eccentricity. {Ans. 
5

3
} 

14. S  and T  are the foci of an ellipse and B is an end of the minor axis. If STB  is an equilateral triangle, find 

the eccentricity of the ellipse. {Ans. 
2

1
} 

15. Find the radius of the circle passing through the foci of the ellipse 1
916

22


yx

 and having its centre  3,0 . 

{Ans. 4} 
16. Find the lengths of, and the equations to, the focal radii drawn to the point (43, 5) of the ellipse 

25 16 16002 2x y  . {Ans. x y x y   4 3 24 3 11 4 3 24 3 7 13, , & } 
 
CATEGORY-17.3. AUXILIARY CIRCLE AND ECCENTRIC ANGLE IN AN ELLIPSE 

17. Find the equation of the auxiliary circle of the following ellipses:- 
i. 93 22  yx . 

ii. 02442 22  yxyx . 

18. Find the eccentric angle of the point  1,2   on the ellipse 42 22  yx . {Ans. 
4

7
} 

19. C is the center of an ellipse and Q is the point on the auxiliary circle corresponding to P on the ellipse; 
PLM is drawn parallel to CQ to meet the axes in L and M; prove that PL = b and PM = a. 

20. If , ,  and  be the eccentric angles of the four points of intersection of the ellipse and any circle, prove 
that    is an even multiple of  radians. 

21. Prove that the circle on any focal distance as diameter touches the auxiliary circle of the ellipse. 
22. Prove that the directrices of the two parabolas that can be drawn to have their foci at any given point P of 

the ellipse and to pass through its foci meet at an angle which is equal to twice the eccentric angle of P. 
23. Prove that the area of the triangle formed by three points on an ellipse, whose eccentric angles are ,  and 

, is 
2

sin
2

sin
2

sin2
 

ab . Prove also that its area is to the area of the triangle formed by the 

corresponding points on the auxiliary circle as b : a, and hence that its area is a maximum when the latter 

triangle is equilateral, i.e. when 
3

2
  . Prove also that the maximum area of the triangle 
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inscribed in the ellipse is ab
4

33
. Find the maximum area of the triangle inscribed in the ellipse 

1
916

22


yx

. {Ans. 39  sq. units} 

 
CATEGORY-17.4. POSITION OF A POINT/LINE W.R.T. AN ELLIPSE 

24. Is the point (4, 3) inside or outside the ellipse 5 7 112 2x y  ?  {Ans. outside} 

25. Determine the position of the line 01 yx  w.r.t. the ellipse 145 22  yx . {Ans. does not cut} 
 
CATEGORY-17.5. TANGENT AND NORMAL OF AN ELLIPSE 

26. Find the equation to the tangent and normal 
i. at the point  1 4

3,  of the ellipse 4 9 202 2x y  , {Ans. x y x y    3 5 9 3 5 0, } 

ii. at the point of the ellipse 5 3 1372 2x y   whose ordinate is 2, {Ans. 137625  yx , 
020256  yx } 

iii. at the ends of the latus recta of the ellipse 9 16 1442 2x y  . {Ans. 1647  yx , 

4
7774  yx } 

27. Prove that the straight line y x  7
12  touches the ellipse 3 4 12 2x y  . 

28. If cmxy   is a tangent to the ellipse 62 22  yx , then show that 36 22  mc . 

29. Find the equations to the tangents to the ellipse 4 3 52 2x y   which are parallel to the straight line 

y x 3 7 . Find also the equation of the tangents which are inclined at 60 to the axis of x and the 

coordinates of its points of contact. {Ans. 3
155

2
13  xy , 

12

65
3  xy ,  39

1952
26

653 , } 

30. Find the equations to the tangents at the ends of the latus rectum of the ellipse 
x

a

y

b

2

2

2

2
1  , and show that 

they pass through the intersections of the axis and the directrices. 

31. If 2
b

y

a

x
 touches the ellipse 1

2

2

2

2


b

y

a

x
 at P, then find the eccentric angle of P. {Ans. 45 } 

32. Find the points on the ellipse such that the tangent at each of them makes equal angles with the axes. Prove 

also that the length of the perpendicular from the center on either of these tangents is 
a b2 2

2


. {Ans., 

 
22

2

22

2

,
ba

b

ba

a


 ,  

22

2

22

2

,
ba

b

ba

a


 } 

33. In an ellipse, prove that the sum of the squares of the perpendiculars on any tangent from two points on the 

minor axis, each distant a b2 2  from the centre, is 2a2. 
34. In an ellipse, find the equations to the normals at the ends of the latus rectum, and prove that each passes 

through an end of the minor axis if e e4 2 1  . 
35. In an ellipse, if any ordinate MP meet the tangent at L in Q, prove that MQ and SP are equal. 
36. Two tangents to the ellipse intersect at right angles; prove that the sum of the squares of the chords, which 

the auxiliary circle intercepts on them, is constant, and equal to the square on the line joining the foci. 
37. If P be a point on the ellipse, whose ordinate is y, prove that the angle between the tangent at P and the 
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focal distance of P is tan 



1
2b

aey
. 

38. Show that the angle between the tangents to the ellipse 
x

a

y

b

2

2

2

2
1   and the circle x y ab2 2   at their 

points of intersection is tan  1 a b

ab
. 

39. A circle of radius r, is concentric with the ellipse. Prove that the common tangent is inclined to the major 

axis at an angle tan  



1
2 2

2 2

r b

a r
 and find its length. 

40. Prove that the common tangent of the ellipses 
x

a

y

b

x

c

x

b

y

a

x

c

2

2

2

2

2

2

2

2

2 2
    and  = 0  subtends a right 

angle at the origin. 
41. The tangent at P meets the axes in T and t, and CY is the perpendicular on it from the centre of the ellipse. 

Prove that 
i. Tt . PY = a b2 2  
ii. the least value of Tt is a b . 

42. Prove that the perpendicular from the focus of the ellipse upon any tangent and the line joining the centre 
to the point of contact meet on the corresponding directrix. 

43. Prove that the straight lines, joining each focus of the ellipse to the foot of the perpendicular from the other 
focus upon the tangent at any point P, meet on the normal PG and bisect it. 

44. In an ellipse, find the tangent of the angle between CP and the normal at P, and prove that its greatest 

value is 
a b

ab

2 2

2


. 

45. Prove that the straight line lx my n   is a normal to the ellipse, if 
 a

l

b

m

a b

n

2

2

2

2

2 2 2

2
 


. 

46. If a number of ellipses be described, having the same major axis, but a variable minor axis, prove that the 
tangents at the ends of their latus rectum pass through one or other of two fixed points. 

47. PM and PN are perpendiculars upon the axes from any point P on the ellipse. Prove that MN is always 
normal to a fixed concentric ellipse. 

48. A tangent to the ellipse 
x

a

y

b

2

2

2

2
1   meets the ellipse 

x

a

y

b
a b

2 2

    in the points P and Q. Prove that 

the tangents at P and Q are at right angles. 
49. Write down the equation of the pair of tangents drawn to the ellipse 523 22  yx  from the point (1, 2) 

and prove that the angle between them is 
5

512
tan 1 . {Ans. 05540304249 22  yxyxyx } 

50. If tangents TP and TQ be drawn to the ellipse from a point T, whose coordinates are h and k, prove that the 

area of the triangle TPQ is ,1
2

2

2

22

3

2

2

2

2




















b

k

a

h

b

k

a

h
ab  and that the area of the quadrilateral CPTQ is 
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2

1

2

2

2

2

1









b

k

a

h
ab . 

51. Tangents are drawn to the ellipse from the point 

















22

22

2

, ba
ba

a
; prove that they intercept on the 

ordinate through the nearer focus a distance equal to the major axis. 
52. Prove that the angle between the tangents that can be drawn from any point ),( 11 yx  to the ellipse is 

222
1

2
1

2

2
1

2

2
1

1

12
tan

bayx
b

y

a

x
ab




 . 

53. If T be the point ),( 11 yx , show that the equation to the straight lines joining it to the foci, S and S, is 

0)()( 2
1

222
11  yyeaxyyx . Prove that the bisector of the angle between these lines also bisects the 

angle between the tangents TP and TQ that can be drawn from T, and hence that STP = S TQ. 
54. Prove that the sum of the angles that the four normals drawn from any point to an ellipse make with the 

axis is equal to the sum of the angles that the two tangents from the same point make with the axis. 
 
CATEGORY-17.6. CHORD OF AN ELLIPSE 

55. In the ellipse 1
936

22


yx

, find the equation to the chord which passes through the point (2, 1) and is 

bisected at that point. {Ans. 42  yx } 

56. Find the equation of the chord of the ellipse 2052 22  yx  which is bisected at the point  1,2 . {Ans. 
1354  yx } 

57. Tangents are drawn from the point (3, 2) to the ellipse 94 22  yx . Find the equation to their chord of 
contact and the equation of the straight line joining (3, 2) to the middle point of this chord of contact. 
{Ans. yxyx 32,983  } 

58. Any point P of an ellipse is joined to the extremities of the major axis; prove that the portion of a directrix 
intercepted by them subtends a right angle at the corresponding focus. 

59. If the straight line y = mx + c meets the ellipse, prove that the equation to the circle, described on the line 
joining the points of intersection as diameter, is 

      a m b x y ma cx b cy c a b a b m2 2 2 2 2 2 2 2 2 2 2 2 22 2 1 0         . 

 
CATEGORY-17.7. POLE AND POLAR OF AN ELLIPSE 

60. Find with respect to the ellipse 874 22  yx , 

i. the polar of the point )1,( 2
1  and 

ii. the pole of the straight line 016712  yx . {Ans.  2
1

2
3 ,,0872  yx } 

61. In an ellipse, show that the polar of the focus is the corresponding directrix. 
62. Show that the four lines which join the foci to two points P and Q on an ellipse all touch a circle whose 

centre is the pole of PQ. 
63. In an ellipse, if the pole of the normal at P lie on the normal at Q, then show that the pole of the normal at 

Q lies on the normal at P. 
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64. CK is the perpendicular from the centre on the polar of any point P, and PM is the perpendicular from P on 
the same polar and is produced to meet the major axis in L. Show that (i) CK.PL = b2, and (ii) the product 
of the perpendiculars from the foci on the polar  = CK.LM. What do these theorems become when P is on 
the ellipse? If PN be the ordinate of P and the polar meet the axis in T, show that CL = e2. CN and CT.CN 
= a2. 

 
CATEGORY-17.8. SUBTANGENT, SUBNORMAL AND DIAMETER OF AN ELLIPSE 

65. Prove that the sum of the squares of the reciprocals of two perpendicular diameters of an ellipse is 
constant. 

66. Find the inclination to the major axis of the diameter of the ellipse the square of  whose length is (1) the 
arithmetical mean, (2) the geometrical mean, and (3) the harmonical mean, between the squares on the 

major and minor axes. {Ans. tan , tan , 1 1 45b
a

b
a

 } 

67. Show that the perpendiculars from the centre upon all chords, which join the ends of perpendicular 
diameters, are of constant length. 

68. In an ellipse, referred to its centre, the length of the sub-tangent corresponding to the point ),3( 5
12  is 3

16 ; 

prove that the eccentricity is 5
4 . 

69. In the ellipse 1
2

2

2

2


b

y

a

x
, write down the equations to the diameters which are conjugate to the diameters 

whose equations are 0 yx , 0 yx , x
b

a
y   and x

a

b
y  . {Ans. 022  xbya , 022  xbya , 

033  xbya , 0bxay } 
70. Show that the diameters whose equations are 04   03  and  xyxy , are conjugate diameters of the 

ellipse 543 22  yx . 
71. Prove that the straight lines joining the centre to the inter-sections of the straight line 

2

222 bma
mxy


  with the ellipse are conjugate diameters. 

72. Any tangent to an ellipse meets the director circle in P and Q; prove that CP and CQ are the conjugate 
diameters of the ellipse. 

73. In an ellipse. if CP be conjugate to the diameter parallel to the normal at Q, prove that CQ is conjugate to 
the diameter parallel to the normal at P. 

74. If a fixed straight line parallel to either axis meet a pair of conjugate diameters in the points K and L, show 
that the circle described on KL as diameter passes through two fixed points on the other axis. 

75. Prove that the chord, which joins the ends of a pair of conjugate diameters of an ellipse, always touches a 
similar ellipse. 

76. The eccentric angles of two points P and Q on the ellipse are 1 and 2; prove that the area of the 
parallelogram formed by the tangents at the ends of the diameters through P and Q is )(eccos4 21  ab , 
and hence that it is least when P and Q are at the end of conjugate diameters. 

77. A pair of conjugate diameters is produced to meet the directrix; show that the orthocentre of the triangle so 
formed is at the focus. 

78. If the tangent at any point P meets in the points L and L (i) two parallel tangents, or (ii) two conjugate 
diameters, prove that in each case LP.PL is equal to the square of the semi-diameter which is parallel to 
the tangent at P. 
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79. Tangents are drawn from any point on the ellipse 1
2

2

2

2


b

y

a

x
 to the circle 222 ryx  ; prove that the 

chords of contact are tangents to the ellipse 42222 rybxa  . If 
222

111

bar
 , prove that the lines 

joining the centre to the points of contact with the circle are conjugate diameters of the second ellipse. 
 
CATEGORY-17.9. LOCUS PROBLEMS IN ELLIPSE 

80. Find the locus of the middle points of chords of an ellipse which are drawn through the positive end of the 

minor axis. {Ans. x
a

y

b

y

b

2

2

2

2  } 

81. Find the locus of mid-points of a focal chord of the ellipse 1
2

2

2

2


b

y

a

x
. {Ans. 

a

ex

b

y

a

x


2

2

2

2

} 

82. In an ellipse, prove that the locus of the intersection of AP with the straight line through A perpendicular 
to AP is a straight line which is perpendicular to the major axis. 

83. The tangent at any point P of a circle meets the tangent at a fixed point A in T, and T is joined to B, the 
other end of the diameter through A. Prove that the locus of the intersection of AP and BT is an ellipse 

whose eccentricity is 
1

2
. 

84. From any point P on the ellipse, PN is drawn perpendicular to the axis and produced to Q, so that NQ 
equals PS, where S is a focus. Prove that the locus of Q is the two straight lines  y ex a   0 . 

85. Given the base of a triangle and the sum of its sides, prove that the locus of the centre of its incircle is an 
ellipse. 

86. With a given point and line as focus and directrix, a series of ellipses are described. Prove that the locus of 
the extremities of their minor axes is a parabola. 

87. A line of fixed length a + b moves so that its ends are always on two fixed perpendicular straight lines. 
Prove that the locus of a point, which divides this line into portions of length a and b, is an ellipse. 

88. Prove that the extremities of the latus recta of all ellipses, having a given major axis 2a, lie on the parabola 
 x a y a2     or on the parabola  x a y a2   . 

89. If ‘t’ is a variable, find the locus of the point of intersection of the two straight lines 0 t
b

y

a

tx
 and 

01
b

ty

a

x
. 

90. Prove that the locus of the mid-point of the portion of tangent of an ellipse included between the axes is 

the curve 
a

x

b

y

2

2

2

2
4  . 

91. Any ordinate NP of an ellipse meets the auxiliary circle in Q; prove that the locus of the intersection of the 
normals at P and Q is the circle 222 )( bayx  . 

92. The normal at P meets the axes in G and g. Show that the loci of the middle points of PG and Gg are 

respectively the ellipses 
 

1
4

1

4
2

2

222

2


 b

y

ea

x
 and  222

4
12222a baybx  . 

93. Find the locus of the feet of the perpendicular drawn from the centre upon any tangent to the ellipse. 
94. The normal GP is produced to Q, so that GQ = n . GP. Prove that the locus of Q is the ellipse 
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x

a n e ne

y

n b

2

2 2 2 2

2

2 2
1

 
  . 

95. If the product of the perpendiculars from the foci upon the polar of P be constant an equal to c2, prove that 
the locus of P is the ellipse 4424222224 )( bayaceacxb  . 

96. If two tangents to an ellipse and one of its foci be given, prove that the locus of its centre is a straight line. 
97. A point is such that the perpendicular from the centre on its polar with respect to the ellipse is constant and 

equal to c; show that its locus is the ellipse 
24

2

4

2 1

cb

y

a

x
 . 

98. If the circles be described on two semi-conjugate diameters of the ellipse as diameters, prove that the locus 
of their second points of intersection is the curve 2222222 )(2 ybxayx  . 

99. The tangents drawn from a point P to the ellipse make angles 1 and 2 with the major axis; find the locus 
of P when  
i. 21    is constant (= 2). {Ans. 2222 2cot2 bayxyx   } 

ii. 21 tantan    is constant (= c). {Ans. 22 2 caxycx  } 

iii. 21 tantan    is constant (= d) {Ans. )(4)( 2222222222 bayaxbaxd  } 

iv. 2
2

1
2 tantan    is constant (= ). {Ans. )(2)( 22222222222 bayaxbyxax  } 

100. Find the locus of the intersection of tangents 
i. which meet at a given angle . {Ans. )(cot4)( 222222222222 bayaxbbayx   } 

ii. if the sum of the eccentric angles of their points of contact be equal to a constant angle 2. {Ans. 
tanbxay  } 

iii. if the difference of these eccentric angles be 120. {Ans. 222222 4 bayaxb  } 
iv. if the lines joining the points of contact to the centre be perpendicular. {Ans. 

)( 22222424 babayaxb  } 

v. if the sum of the ordinates of the points of contact be equal to b. {Ans. byayaxb 22222 2 } 
101. Find the locus of the middle points of chords of an ellipse 

i. whose distance from the centre is the constant length c. {Ans. )()( 2424222222 yaxbcyaxb  } 

ii. which subtend a right angle at the centre. {Ans. )())(( 2424222222222 yaxbbayaxbba  } 

iii. which pass through the given point (h, k). {Ans. 0)()( 22  kyyahxxb } 

iv. whose length is constant = (2c). {Ans. 0))(()( 24242222222222222  yaxbbayaxbyaxbbac } 

v. whose poles are on the auxiliary circle. {Ans. )()( 224222222 yxbayaxb  } 
vi. the tangents at the ends of which intersect at right angles. {Ans. 

22222222244 ))(()( yaxbbayxba  } 
102. Prove that the locus of the intersection of normals at the ends of conjugate diameters is the curve 

.)()()(2 2222222232222 ybxabaybxa   
103. Prove that the locus of the intersection of normals at the ends of chords, parallel to the tangent at the point 

whose eccentric angle is , is the conic 
 2cos2sin)()sincos)(cossin(2 2222 babyaxbyax  . 

104. A parallelogram circumscribes the ellipse and two of its opposite angular points lie  on the straight lines 
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22 hx  ; prove that the locus of the other two is the conic 11
2

2

2

2

2

2











h

a

b

y

a

x
. 

105. Circles of constant radius c are drawn to pass through the ends of a variable diameter of the ellipse. Prove 
that the locus of their centres is the curve )())(( 2222222222222 ybxacbaybxayx  . 

106. The polar of a point P with respect to an ellipse touches a fixed circle, whose centre is on the major axis 
and which passes through the centre of the ellipse. Show that the locus of P is a parabola. 

107. Prove that the locus of the pole, with respect to the ellipse, of any tangent to the auxiliary circle is the 

curve 
24

2

4

2 1

ab

y

a

x
 . 

108. Show that the locus of the pole, with respect to the auxiliary circle, of a tangent to the ellipse is a similar 
concentric ellipse, whose major axis is at right angles to that of the original ellipse. 

109. Chords of the ellipse touch the parabola xbay 22 2 ; prove that the locus of their poles is the parabola 

xbay 22 2 . 

110. If the polar with respect to axy 42   touches the ellipse 1
2

2

2

2




yx
, find the locus of its pole. {Ans. 

1
4

2

22

2

2

2















 a

yx
} 

111. An ellipse is rotated through a right angle in its own plane about its centre, which is fixed; prove that the 
locus of the point of intersection of a tangent to the ellipse in its original position with the tangent at the 
same point of the curve in its new position is xybabayxyx )(2))(( 22222222  . 
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CHAPTER-18 

HYPERBOLA 
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18.4. Subtangent, Subnormal And Diameter Of A Hyperbola 
18.5. Asymptotes Of A Hyperbola 
18.6. Conjugate Hyperbola 
18.7. Rectangular (Equilateral) Hyperbola 
 

LIST OF QUESTION CATEGORIES 
 

18.1. Finding Equation Of A Hyperbola Fro Its Properties 
18.2. Finding Properties Of A Hyperbola From Its Equation 
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18.5. Chord Of A Hyperbola 
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18.3 

CHAPTER-18 

HYPERBOLA 
 
SECTION-18.1. EQUATION OF A HYPERBOLA 

1. Equation of a hyperbola with given Focus, Directrix and Eccentricity 
Equation of the hyperbola with Focus at (h,k), Directrix 0 nmylx  and Eccentricity e is 

   
22

22

ml

nmylx
ekyhx




  

   
 

22

2
222

ml

nmylx
ekyhx




 . 

2. Standard equation of a hyperbola 
i. A hyperbola has two vertices, denoted by A and A’. The mid-point of the two vertices is called the center 

of the hyperbola, denoted by C. The line segment AA’ is called the transverse axis of the hyperbola. 

ii. Equation of a standard hyperbola having center at origin and axis as x-axis is 1
2

2

2

2


b

y

a

x
, where 2a is 

the distance between the vertices and   11 2222  eabeab . 

(a). If 21  e  then ab  . 

(b). If 2e  then ab   (Rectangular hyperbola). 

(a). If 2e  then ab  . 
iii. The line segment BB’, which is bisected at C, is perpendicular to AA’ and having length 2b, is called the 

conjugate axis of the hyperbola. 
iv. A hyperbola has two pairs of Focus and Directrix, denoted by S, S’ and D, D’ respectively. 
v. A hyperbola has two Latus rectums, denoted by 11LL   and 22 LL  . 

3. Properties of standard hyperbola 

  1
2

2

2

2


b

y

a

x
 1

2

2

2

2


b

x

a

y
 

1. Coordinates of Foci  0,ae   ae,0  

2. Equation of Directrices 
e

a
x   

e

a
y   

3. Eccentricity 
2

2

1
a

b
e   

2

2

1
a

b
e   

4. Coordinates of the vertices  0,a   a,0  

5. Coordinates of the center  0,0   0,0  

6. Equation of transverse axis 0y  0x  

7. Equation of conjugate axis 0x  0y  

8. Length of transverse axis 2a 2a 
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9. Length of conjugate axis 2b 2b 

10. 
Coordinates of the end points of the 
conjugate axis 

 b,0   0,b  

11. Coordinates of Foot of Directrices 







 0,

e

a
 










e

a
,0  

12. 
Coordinates of the end points of the Latus 
Rectums 



















a

b
ae

a

b
ae

22

,&,  
















 ae

a

b
ae

a

b
,&,

22

 

13. Lengths of Latus Rectums 
a

b 22
 

a

b 22
 

14. Equations of Latus Rectums aex   aey   

 
4. Tracing a general hyperbola 

i. A general hyperbola is traced by parallel and angular transformation of axes. 
ii. Equation of a hyperbola having center at  kh,  and transverse axis parallel to x-axis is 

   
1

2

2

2

2







b

ky

a

hx
. Equation of a hyperbola having center at  kh,  and transverse axis parallel to y-

axis is 
   

1
2

2

2

2







b

hx

a

ky
. 

5. Auxiliary circle of the hyperbola 
i. The circle described on the transverse axis of a hyperbola as diameter, is called the Auxiliary circle of 

the hyperbola. 

ii. Equation of Auxiliary circle of standard hyperbola 1
2

2

2

2


b

y

a

x
 is 222 ayx  . 

6. Parametric equation of standard hyperbola 

Point   tan,sec ba  always lies on the standard hyperbola 1
2

2

2

2


b

y

a

x
. 

7. Alternate definition of a hyperbola 
i. The difference of the focal distances of any point on a hyperbola is a constant and equal to the length of 

the transverse axis (2a). 
ii. Therefore, a hyperbola is the locus of a point such that the difference of its distances from two fixed 

points (Foci) is always a constant (2a). 
 
SECTION-18.2. POSITION OF A POINT/LINE W.R.T. A HYPERBOLA 

1. Position of a point w.r.t. a hyperbola 

The point ),( 11 yx  lies inside, on or outside the hyperbola 1
2

2

2

2


b

y

a

x
 according as 1

2

2
1

2

2
1 

b

y

a

x
 is >, = or 

< 0. 
2. Position of a line w.r.t. a hyperbola 

i. The line 









a

b
mcmxy  cuts, touches or does not cut the hyperbola 1

2

2

2

2


b

y

a

x
 according as 2c  
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>, = or < 222 bma  . 

ii. The line 









a

b
mcmxy  cuts or does not cut the hyperbola 1

2

2

2

2


b

y

a

x
 according as c  or = 0. 

iii. The line cx   cuts, touches or does not cut the hyperbola 1
2

2

2

2


b

y

a

x
 according as 2c  >, = or < 2a . 

iv. Points of intersection of a hyperbola and a line can be obtained by solving their equations 
simultaneously. 

 
SECTION-18.3. TANGENT, NORMAL, CHORD AND POLAR OF A HYPERBOLA 

1. Tangent to a hyperbola 

i. Slope of tangent at the point  11, yx  on the hyperbola 1
2

2

2

2


b

y

a

x
 is 

  1
2

1
2

, 11
ya

xb

dx

dy

yx








 . 

ii. Equation of tangent at the point  11, yx  on the hyperbola 1
2

2

2

2


b

y

a

x
 is 1

2
1

2
1 

b

yy

a

xx
. 

iii. Equation of tangent at ),( 11 yx  on a second degree curve 0222 22  cfygxbyhxyax  is 

      0111111  cyyfxxgbyyyxxyhaxx . 

iv. Slope of tangent at the point   tan,sec ba  on the hyperbola 1
2

2

2

2


b

y

a

x
 is 

 




ec
a

b

dx

dy

ba

cos
tan,sec









. 

v. Equation of tangent at the point   tan,sec ba  on the hyperbola 1
2

2

2

2


b

y

a

x
 is 1tansec  

b

y

a

x
. 

vi. Straight line 222 bmamxy   is always tangent to the hyperbola 1
2

2

2

2


b

y

a

x
 at 















 222

2

222

2

,
bma

b

bma

ma
 . 

vii. The combined equation of the pair of tangents drawn from an external point  11, yx  to the hyperbola 

1
2

2

2

2


b

y

a

x
 is 

2

2
1

2
1

2

2
1

2

2
1

2

2

2

2

111 

































b

yy

a

xx

b

y

a

x

b

y

a

x
. 

viii. Definition of Director circle: The locus of the point of intersection of two perpendicular tangents to a 
hyperbola is a circle and is called Director circle. Equation of Director circle of the hyperbola 

1
2

2

2

2


b

y

a

x
 is 2222 bayx  , if  21  eba . If  2 eba , then there cannot be 

perpendicular tangents and hence there is no Director circle. 
2. Normal to a hyperbola 

i. Slope of normal at the point  11, yx  on the hyperbola 1
2

2

2

2


b

y

a

x
 is 

  1
2

1
2

, 11
xb

ya

dy

dx

yx









 . 
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ii. Equation of normal at the point  11, yx  on the hyperbola 1
2

2

2

2


b

y

a

x
 is 

22

1

2

1

2

2
1

1

2
1

1 ba
y

yb

x

xa

b

y

yy

a

x

xx

























. 

iii. Slope of normal at the point   tan,sec ba  on the hyperbola 1
2

2

2

2


b

y

a

x
 is 

 




sin
tan,sec

b

a

dy

dx

ba









 . 

iv. Equation of normal at the point   tan,sec ba  on the hyperbola 1
2

2

2

2


b

y

a

x
 is 

22cotcos babyax   . 

v. Straight line 
 

222

22

mba

bam
mxy




  is always normal to the hyperbola 1

2

2

2

2


b

y

a

x
. 

vi. Maximum four normals can be drawn from a point to a hyperbola. The four points on the hyperbola at 
which the normals pass through a common point are called co-normal points. 

3. Chord of a hyperbola 
The equation of the chord joining two points   tan,sec ba  and   tan,sec ba  on the hyperbola 

1
2

2

2

2


b

y

a

x
 is 







 








 








 

2
cos

2
sin

2
cos



b

y

a

x
. 

4. Chord of contact of tangents 

Equation of chord of contact of tangents drawn from an external point ),( 11 yx  to the hyperbola 1
2

2

2

2


b

y

a

x
 

is 1
2
1

2
1 

b

yy

a

xx
. 

5. Chord with a given mid-point 

The equation of the chord with mid-point (h, k) of the hyperbola 1
2

2

2

2


b

y

a

x
 is 

2

2

2

2

22 b

k

a

h

b

ky

a

hx
 . 

6. Polar and Pole 

i. Equation of the polar of the point ),( 11 yxP   w.r.t. the hyperbola 1
2

2

2

2


b

y

a

x
 is the line 

1
2
1

2
1 

b

yy

a

xx
L . The point P is called the pole of its polar line L. 

ii. Therefore, chord with a given mid-point (h, k) is parallel to the polar of the point (h, k). 
 
SECTION-18.4. SUBTANGENT, SUBNORMAL AND DIAMETER OF A HYPERBOLA 

1. Subtangent of a point on the hyperbola 

i. Length of subtangent of a point ),( 11 yxP  on the hyperbola 1
2

2

2

2


b

y

a

x
 is 

1

2

1 x

a
x  . 
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2. Subnormal of a point on the hyperbola 

i. Length of subnormal of a point ),( 11 yxP  on the hyperbola 1
2

2

2

2


b

y

a

x
 is   1

2 1 xe  . 

3. Diameter of a hyperbola 

i. Diameter of the hyperbola 1
2

2

2

2


b

y

a

x
, bisecting chords of gradient m, is the straight line x

ma

b
y

2

2

 . 

Hence, diameter of a hyperbola is a straight line passing through its center. 
ii. Two diameters of a ellipse are said to be conjugate diameters if each bisects chords parallel to the other. 

iii. The two diameters xmy 1  & xmy 2  are conjugate if 
2

2

21 a

b
mm  . 

iv. Transverse axis and conjugate axis are conjugate diameters and are the only perpendicular conjugate 
diameters. 

 
SECTION-18.5. ASYMPTOTES OF A HYPERBOLA 

1. Definition of Asymptotes 
Asymptote to a curve is a straight line which touches the curve at infinity. 

2. Asymptotes of a hyperbola 

i. The two asymptotes of the hyperbola 1
2

2

2

2


b

y

a

x
 are 0

2

2

2

2


b

y

a

x
x

a

b
y . 

ii. The asymptotes pass through the center of the hyperbola. 
iii. The bisectors of the angles between the asymptotes are the transverse and conjugate axes. 
iv. The combined equation of the pair of asymptotes differ the equation of the hyperbola by constant only, 

i.e. 
Equation of hyperbola 0222 22  cfygxbyhxyax ; 

Combined equation of asymptotes 0222 22  kfygxbyhxyax . 
 
SECTION-18.6. CONJUGATE HYPERBOLA 

1. Definition of Conjugate hyperbola 
Two hyperbolas are said to be conjugate hyperbolas if transverse axis of one is the conjugate axis of the 
other and conjugate axis of one is the transverse axis of the other. 

2. Equation of Conjugate hyperbola 

i. Equation of conjugate hyperbola of the hyperbola 1
2

2

2

2


b

y

a

x
 is 1

2

2

2

2


b

y

a

x
. 

ii. A hyperbola and its conjugate hyperbola have the same asymptotes. 
iii. The combined equation of the pair of asymptotes differ the equation of the hyperbola and its conjugate 

hyperbola by the same constant only, i.e. 
Equation of hyperbola 0222 22  cfygxbyhxyax ; 

Combined equation of asymptotes 0222 22  cfygxbyhxyax ; 

Equation of conjugate hyperbola 02222 22  cfygxbyhxyax . 
 
SECTION-18.7. RECTANGULAR (EQUILATERAL) HYPERBOLA 

1. Definition of Rectangular hyperbola 
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i. A hyperbola whose transverse and conjugate axes are equal in length, is called a rectangular hyperbola. 

ii. In a rectangular hyperbola, ba   and 2e . 
iii. A general second degree equation 0222 22  cfygxbyhxyax  represents a rectangular 

hyperbola when 0 , abh 2  and 0ba . 
2. Equation of a standard rectangular hyperbola 

Equation of standard rectangular hyperbola is 222 ayx  , where a is the length of its transverse and 
conjugate axes. 

3. Asymptotes of a rectangular hyperbola 
Equation of asymptotes of the rectangular hyperbola 222 ayx   are 022  yxxy , which are 
perpendicular lines. 

4. Equation of a rectangular hyperbola referred to its asymptotes as the coordinate axes 

i. Equation of a rectangular hyperbola with its asymptotes taken as coordinate axes is 
2

2a
xy  . 

ii. Therefore, the equation 2cxy   represents a rectangular hyperbola, where ca
a

c 2
2

 . 

iii. The point 








t

c
ct,  always lies on the rectangular hyperbola 2cxy  . 

5. Tangent to the rectangular hyperbola 2cxy   

i. The equation of tangent at  11 , yx  to the hyperbola 2cxy   is 22
11

2
11 

y

y

x

x
cyxxy . 

ii. The equation of tangent at 








t

c
ct,  to the hyperbola 2cxy   is cyt

t

x
2 . 

iii. Point of intersection of tangents at the points 








1
1 ,

t

c
ct  and 











2
2 ,

t

c
ct  is 









 2121

21 2
,

2

tt

c

tt

tct
. 

6. Normal to the rectangular hyperbola 2cxy   

i. The equation of normal at  11 , yx  to the hyperbola 2cxy   is 2
1

2
111 yxyyxx  . 

ii. The equation of normal at 








t

c
ct,  to the hyperbola 2cxy   is 043  cctytxt . 

7. Chord of the rectangular hyperbola 2cxy   

Equation of chord joining points 








1
1 ,

t

c
ct  and 











2
2 ,

t

c
ct  on the hyperbola 2cxy  is   02121  ttctytx . 

8. Chord with a given mid-point of the rectangular hyperbola 2cxy   

Equation of a chord of the hyperbola 2cxy  , whose mid-point is  kh,  is hkykxh 2 . 

9. Asymptotes of the rectangular hyperbola 2cxy   

Asymptotes of the rectangular hyperbola 2cxy   are the coordinate axes, i.e. 0xy . 

10. Conjugate hyperbola of the rectangular hyperbola 2cxy   

Equation of a conjugate hyperbola of rectangular hyperbola 2cxy   is 2cxy  . 
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EXERCISE-18 
 
CATEGORY-18.1. FINDING EQUATION OF A HYPERBOLA FROM ITS PROPERTIES 

1. Find the equation of the hyperbola whose directrix is 12  yx , focus  1,2  and eccentricity 2. {Ans. 

0216121116 22  yxyxyx } 

2. Find the equation of the conic with the focus at  1,1 , directrix along 01 yx  and with eccentricity 

2 . {Ans. 01442  yxxy } 
3. Find the equation to the hyperbola, referred to its axes as axes of coordinates 

i. whose transverse and conjugate axes are respectively 3 and 4. {Ans. 16 9 362 2x y  } 

ii. whose conjugate axis is 5 and the distances between whose foci is 13. {Ans. 25 144 9002 2x y  } 

iii. whose conjugate axis is 7 and which passes through the point (3, 2). {Ans. 65 36 4412 2x y  } 

iv. the distance between whose foci is 16 and whose eccentricity is 2. {Ans. x y2 2 32  } 
4. Find the equation to the hyperbola whose transverse axis is 2 and whose vertex bisects the distance 

between the centre and the focus. {Ans. 33 22  yx } 

5. Find the equation of the hyperbola with vertices  0,3  and  0,3  and semi-latusrectum 4. {Ans. 

03634 22  yx } 

6. Find the equation to the hyperbola, whose eccentricity is 5
4 , whose focus is (a, 0), and whose directrix is 

4 3x y a  . Find also the coordinates of the centre and the equation to the other directrix. {Ans. 

 7 24 24 6 15 0 12 9 29 02 2

3y xy ax ay a a x y aa        , , , } 

7. The equation of one of the directrices of hyperbola is 12  yx , the corresponding focus is  2,1  and 

3e . Find the equation of the hyperbola and coordinates of the center and second focus. {Ans. 

0221422127 22  yxyxyx , 









10

11
,

5

4
, 










5

1
,

5

13
} 

8. Find the equation of the hyperbola the coordinates of whose foci are  0,5  and the length of transverse 

axis is 8. {Ans. 144169 22  yx } 

9. Find the equation of the hyperbola whose foci are  4,6  and  4,4  and eccentricity is 2. {Ans. 

01273224412 22  yxyx } 

10. Find the locus of a point which moves so that the difference of its distances from the points  0,5  and 

 0,5  is 2. {Ans. 2424 22  yx } 

11. The coordinates of the foci of a hyperbola are  0,6  and its latus-rectum is of 10 units. Find the equation 

of the hyperbola taking the coordinate axes as the axe of the hyperbola. {Ans. 8045 22  yx } 
 
CATEGORY-18.2. FINDING PROPERTIES OF A HYPERBOLA FROM ITS EQUATION 

12. Find the eccentricity of the hyperbola 1243 22  yx . {Ans. 
3

7
} 

13. In the hyperbola 4 9 362 2x y  , find the length of the axes, the coordinates of the foci, the eccentricity 

and the latus rectum. {Ans.  6 4 13 0 13
3

8
3, , , , , } 
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14. Find the center, eccentricity, foci, directrices and the lengths of the transverse and conjugate axes of the 

hyperbola 01822 22  yxyx . {Ans.  2,1C , 3e ,    1,1&5,1 S , 1&3  yyD , 

3a , 6b } 

15. Find the centre of the hyperbola 02529616369 22  yyxx . {Ans.  3,2 } 
16. Find the coordinates of foci, the eccentricity and latus-rectum, equations of directrices of the hyperbola 

01449672169 22  yxyx . {Ans.    3,1&3,9 S , 
4

5
e , 

2

9
l , 

5

36
&

5

4
 xxD } 

17. Find the coordinates of center, eccentricity and latus-rectum of the hyperbola 
02110103 22  yxyxyx . {Ans.  2,2 } 

18. Find the eccentricity of the hyperbola with latusrectum 12 and semi-conjugate axis 32 . {Ans. 2} 

19. For what values of k the equation 1
812

22





 k

y

k

x
 represents a hyperbola? {Ans. 128  k } 

20. The foci of the ellipse 1
16 2

22


b

yx
 and the hyperbola 

25

1

81144

22


yx

 coincide, then find the value of 2b . 

{Ans. 7} 

21. Find the eccentricity of the hyperbola 1
2

2

2

2


b

y

a

x
. {Ans. 

2

22

b

ba
e


 } 

22. The hyperbola 1
2

2

2

2


b

y

a

x
 passes through the point of intersection of the lines 087137  yx  and 

0785  yx  and its latus rectum is 
5

232
. Find a and b. {Ans. 4,

2

5
 ba } 

23. Show that the curve represented by   sinhcosh  ax ,   sinhcosh  by  is a hyperbola. 
 
CATEGORY-18.3. POSITION OF A POINT/LINE W.R.T. A HYPERBOLA 

24. Is the point (4, 5) inside or outside the hyperbola ?36916 22  yx  {Ans. outside} 

25. Find the points common to the hyperbola 25 9 2252 2x y   and the straight line 25 12 45 0x y   . 

{Ans.  5 20
3, } 

 
CATEGORY-18.4. TANGENT AND NORMAL OF A HYPERBOLA 

26. Find the equation of the tangent to the hyperbola 14 22  xy  at the point  0,1 . {Ans. 1x } 

27. Find the equation of the tangent to the conic 0112822  yxyx  at  1,2 . {Ans. 02 x } 

28. Find the equation of a tangent parallel to xy   drawn to 1
23

22


yx

. {Ans. 01 yx } 

29. Find the equation of the tangent to the hyperbola 4 9 12 2x y   which is parallel to the line 4 5 7y x  . 

{Ans. 24 30 161y x   } 

30. Find the equation of the tangents to the hyperbola 182 22  yx  which are perpendicular to the line 
0 yx . {Ans. 3 yx } 

31. Find the equation of the tangent to the hyperbola 364 22  yx  which is perpendicular to the line 
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04  yx . {Ans. 033  yx } 

32. If the line  xy 3  touches the hyperbola 4559 22  yx , then find the value of  . {Ans. 6} 

33. Find the value of m  for which 6 mxy  is a tangent to the hyperbola 1
49100

22


yx

. {Ans. 
20

17
} 

34. Tangents are drawn to the hyperbola 2523 22  yx  from the point 








2

5
,0 . Find their equations. {Ans. 

0523,0523  yxyx } 

35. Find the equation of the common tangents to the hyperbola 33 22  yx  and the parabola xy 82  . {Ans. 
12,12  xyxy } 

36. Prove that the straight line 116521  yx  touches the hyperbola 23257 22  yx . Also find its point of 

contact. {Ans.  2,6  } 
37. Prove that a circle can be drawn through the foci of a hyperbola and the points in which any tangent meets 

the tangents at the vertices. 
38. In both an ellipse and a hyperbola, prove that the focal distance of any point and the perpendicular from 

the centre upon the tangent at it meet on a circle whose centre is the focus and whose radius is the semi-
transverse axis. 

39. Find the equation to, and the length of, the common tangent to the two hyperbolas 
x

a

y

b

y

a

x

b

2

2

2

2

2

2

2

2
1 1    and . {Ans.  y x a b a b

a b
    



2 2 2 2 2
2 2, } 

40. Find the condition that pyx   sincos , should touch the hyperbola 1
2

2

2

2


b

y

a

x
. {Ans. 

22222 sincos pba   } 
41. Show that the product of the lengths of the perpendiculars drawn from foci on any tangent to the hyperbola 

1
2

2

2

2


b

y

a

x
 is 2b . Prove further that the feet of the perpendiculars lie on the auxiliary circle 

222 ayx  . 
42. Prove that the part of the tangent at any point of an hyperbola intercepted between the point of contact and 

the transverse axis is a harmonic mean between the lengths of the perpendiculars drawn from the foci on 
the normal at the same point. 

43. The tangent at a point P on the hyperbola 1
2

2

2

2


b

y

a

x
 meet one of its directrices in Q. Show that PQ 

subtends a right angle at the corresponding focus. 

44. If 1m , 2m  are slopes of the tangents to the hyperbola 1
1625

22


yx

which pass through  2,6 , find the value 

of 21 mm   and 21mm . {Ans. 
11

20
,

11

24
} 

45. If the normal at P to the hyperbola 1
2

2

2

2


b

y

a

x
 meets the transverse axis in Q and conjugate axis in R and 

CF be perpendicular to the normal from the center then prove that 2. bPQPF  , 2. aPRPF   



MATHEMATICS FOR IIT-JEE/VOLUME-II 

SANJIVA DAYAL CLASSES FOR IIT-JEE MATHEMATICS. Head office: A-602, Twin Towers, Lakhanpur, Kanpur-208024, INDIA. 
Phone: +91-512-2581426. Mobile: +91-9415134052. Email: sanjivadayal@yahoo.com. Website: sanjivadayal-iitjee.blogspot.com. 

18.12 

46. If the normal at a point P to the hyperbola 1
2

2

2

2


b

y

a

x
 meets at the x-axis at G, show that SPeSG  . 

 
CATEGORY-18.5. CHORD OF A HYPERBOLA 

47. Find the equation to the chord of the hyperbola 25 16 4002 2x y   which is bisected at the point (5, 3). 
{Ans. 125 48 481x y  } 

48. Find the equation to the chord of the hyperbola 922  yx  which is bisected at  3,5  . {Ans. 
1635  yx } 

49. Let PQ be a double ordinate of the hyperbola 1
2

2

2

2


b

y

a

x
. If O be the center of the hyperbola and OPQ is 

an equilateral triangle, then prove that the eccentricity 
3

2
e . 

 
CATEGORY-18.6. POLE AND POLAR OF A HYPERBOLA 

50. Given the hyperbola 4001625 22  yx , find polar of the point (1, 2) and pole of the line 01 yx . 

{Ans.  25,16,4003225  yx } 
51. In a hyperbola, show that the polar of the focus is the corresponding directrix. 
52. An ellipse and a hyperbola have the same principal axes. Show that the polar of any point on either curve 

with respect to the other touches the first curve. 
 
CATEGORY-18.7. SUBTANGENT, SUBNORMAL AND DIAMETER OF A HYPERBOLA 

53. Find the equation of that diameter which bisects the chord 0207  yx  of the hyperbola 1
73

22


yx

. 

{Ans. 03  yx } 

54. In the hyperbola 144916 22  yx , find the equation to the diameter which is conjugate to the diameter 
whose equation is yx 2 . {Ans. xy 329  } 

 
CATEGORY-18.8. ASYMPTOTES OF A HYPERBOLA 

55. Find the equations of the asymptotes of the hyperbola 0722148103 22  yxyxyx . {Ans. 
032,0543  yxyx } 

56. Find the equations of the asymptotes of the hyperbola 034  yxxy . {Ans. 4,3  yx } 
57. Find the equation of the hyperbola which has 0743  yx  and 0134  yx  for its asymptotes and 

which passes through the origin. {Ans. 0173112712 22  yxyxyx } 

58. Show that the angle between the asymptotes of 1
2

2

2

2


b

y

a

x
 is equal to 









a

b1tan2 . 

59. Chords of contact of a point P w.r.t. the hyperbola 1
2

2

2

2


b

y

a

x
 and its auxiliary circle 222 ayx   are at 

right angle. Prove that P lies on one of the asymptotes. 
60. Prove that the tangent to a hyperbola makes with the asymptotes a triangle of constant area and the portion 

of the tangent is bisected at the point of contact. 
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CATEGORY-18.9. CONJUGATE HYPERBOLA 

61. Find the asymptotes of the hyperbola 03223 22  yxyxyx  and the equation to its conjugate 

hyperbola. {Ans. 013223 22  yxyxyx , 023223 22  yxyxyx } 
62. Through the positive vertex of the hyperbola a tangent is drawn; where does it meet the conjugate 

hyperbola? {Ans. )2,( ba  } 

63. If e and e be the eccentricities of a hyperbola and its conjugate, prove that 1
11

22





ee
 

64. Prove that chords of a hyperbola, which touch the conjugate hyperbola, are bisected at the point of contact. 
65. Tangents are drawn to a hyperbola from any point on one of the branches of the conjugate hyperbola; show 

that their chord of contact will touch the other branch of the conjugate hyperbola. 
66. Show that the chord, which joins the points in which a pair of conjugate diameters meets the hyperbola or 

its conjugate hyperbola, is parallel to one asymptote and is bisected by the other. 
67. A straight line is drawn parallel to the conjugate axis of a hyperbola to meet it and the conjugate hyperbola 

in the points P and Q; show that the tangents at P and Q meet on the curve 
2

2

2

2

2

2

4

4 4

a

x

a

x

b

y

b

y









 , and that 

the normals meet on the axis of x. 
 
CATEGORY-18.10. RECTANGULAR HYPERBOLA 

68. If 205 22  yx   represents a rectangular hyperbola, then find  . {Ans. -5} 

69. Show that the equation 02121833 22  yxyx  represents a rectangular hyperbola. Find its center 

and foci. {Ans.  2,3C , 













 2,

3

26
3S } 

70. If e  and 1e , are the eccentricities of the hyperbolas 2cxy   and 222 cyx  , then find the value of 
2
1

2 ee  . {Ans. 4} 
71. Find the equations of the two tangents to the hyperbola 27xy  which are perpendicular to the straight 

line 734  yx . Also find the points of contacts of these tangents. {Ans. 3634  xy } 
72. In a rectangular hyperbola prove that 

i. SP. SP = CP2 
ii. the distance of any point from the centre varies inversely as the perpendicular from the centre upon its 

polar. 
iii. if the normal at P meet the axes in G and g, then PG = Pg = PC 
iv. the angle subtended by any chord at the centre is the supplement of the angle between the tangents at 

the ends of the chord 
v. the angles subtended at its vertices by any chord which is parallel to its conjugate axis are 

supplementary. 
73. If tangent and normal to a rectangular hyperbola cut off intercepts 1a  and 2a on one axis and 1b  and 2b  on 

the other, show that 02121  bbaa . 

74. Show that the locus represented by 









t
tax

1

2

1
; 










t
tay

1

2

1
 is a rectangular hyperbola. Show also 
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that the equation to the normal at the point „t‟ is 
    t

a

t

y

t

x





 11 22
. 

75. If a triangle is inscribed in a rectangular hyperbola, prove that its orthocentre lies on the curve. 
76. Determine the constant c such that the straight line joining the points  3,0  and  2,5   is tangent to the 

curve 
 1


x

c
y . {Ans. 4c } 

77. If the normal to the rectangular hyperbola 2cxy   at the point “t” on it intersects the hyperbola at “ 1t ”, 

prove that 11
3 tt . 

78. A circle cuts a rectangular hyperbola 2cxy   in A, B, C, D and the parameters of these four points are 

4321 ,,, tttt  respectively. Prove that 14321 tttt . 

79. If the normals at four points   4,3,2,1;, iyxP iii  on the rectangular hyperbola 2cxy   meet at the point 

 khQ , , prove that  

i. hxxxx  4321 , 

ii. kyyyy  4321 , 

iii. 4
43214321 cyyyyxxxx  . 

80. Prove that if the normals at P, Q, R, S on a rectangular hyperbola intersect in a point, then the circle 
through P, Q, R passes through the other extremity of the diameter through S. 

 
CATEGORY-18.11. LOCUS PROBLEMS IN HYPERBOLA 

81. If m is a variable, prove that the straight lines 
x

a

y

b
m

x

a

y

b m
    and 

1
 always meet on the hyperbola. 

82. The normal to the hyperbola 
x

a

y

b

2

2

2

2
1   meets the axes in M and N, and lines MP and NP are drawn at 

right angles to the axes. Prove that the locus of P is the hyperbola  a x b y a b2 2 2 2 2 2 2

   . 

83. If one axis of a varying central conic be fixed in magnitude and position, prove that the locus of the point 
of contact of a tangent drawn to it from a fixed point on the other axis is a parabola. 

84. If the ordinate MP of a hyperbola be produced to Q, so that MQ is equal to either of the focal distances of 
P, prove that the locus of Q is one or other of a pair of parallel straight lines. 

85. Show that the locus of the centre of a circle, which touches externally two given circles, is a hyperbola. 
86. On a level plain the crack of the rifle and the thud of the ball striking the target are heard at the same 

instant. Prove that the locus of the hearer is a hyperbola. 
87. Given the base of a triangle and the ratio of the tangents of half the base angles, prove that the vertex 

moves on a hyperbola whose foci are the extremities of the base. 

88. Prove that the locus of the poles of normal chords with respect to the hyperbola 1
2

2

2

2


b

y

a

x
 is the curve 

222226262 )( yxbabxay  . 
89. Find the locus of the pole of a chord of the hyperbola which subtends a right angle at (1) the centre, (2) the 

vertex; and (3) the focus of the curve. {Ans. 

0)(2)2(,),( 22232222222222424
22

22




 baaexayabaxaxabbayaxb
ba
ba } 
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90. Show that the locus of poles with respect to the parabola axy 42   of tangents to the hyperbola 
222 ayx   is the ellipse 222 44 ayx  . 

91. Prove that the locus of the pole with respect to the hyperbola 1
2

2

2

2


b

y

a

x
 of any tangent to the circle, 

whose diameter is the line joining the foci, is the ellipse 
224

2

4

2 1

bab

y

a

x


 . 

92. Prove that the locus of the intersection of tangents to a hyperbola, which meet at a constant angle , is the 

curve    x y b a a y b x a b2 2 2 2 2 2 2 2 2 2 2 24     cot .  

93. From points on the circle x y a2 2 2   tangents are drawn to the hyperbola x y a2 2 2  . Prove that the 

locus of the middle points of the chords of contact is the curve    x y a x y2 2 2 2 2 2   . 

94. Chords of the hyperbola are drawn, all passing through the fixed point (h, k). Prove that the locus of their 

middle points is a hyperbola whose centre is the point 
h k

2 2
,







 . 

95. Two straight lines pass through the fixed points  0,a  and have slopes whose products is 0p . Show 
that the locus of the points of intersection of the lines is a hyperbola. 

96. AOB, COD are two straight lines which bisect one another at right angles, show that the locus of a point P 
which moves so that PDPCPBPA ..   is a rectangular hyperbola. 

97. Show that the locus of the foot of the perpendicular drawn from the center C of the hyperbola 1
2

2

2

2


b

y

a

x
 

on any normal is  2222 xbya       22222222 yxbayx  . 

98. Find the locus of the point of intersection of tangents to the hyperbola 3694 22  yx  which meet at a 

constant angle 
4


. {Ans.    364945 22222  xyyx } 

99. The chord of contact of the tangents through P to the hyperbola 1
2

2

2

2


b

y

a

x
 subtends a right angle at the 

centre. Prove that the locus of P is the ellipse  22222424 abbayaxb  . 

100. Show that the locus of the middle points of normal chords of the rectangular hyperbola 222 ayx  , is 

the curve   222322 4 yxaxy  . 

101. Chords of the hyperbola 222 ayx   touch the parabola axy 42  . Prove that the locus of their middle 

points is the curve   32 xaxy  . 

102. A line through the origin meets the circle 222 ayx   at P and the hyperbola 222 ayx   at Q. Prove 
that the locus of the point of intersection of the tangent at P to the circle with the tangent at Q to the 
hyperbola is the curve   6244 4 axya  . 

103. A variable straight line of slope 4 intersects the hyperbola 1xy  at two points. Find the locus of the point 

which divides the line segment between these two point in the ratio 1:2. {Ans. 021016 22  xyyx } 

104. Find the locus of the midpoints of the chords of the circle 1622  yx , which are tangent to the hyperbola 

144169 22  yx . {Ans.   22222 916 yxyx  } 
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105. The angle between a pair of tangents drawn from a point P to the parabola axy 42   is at 45 . Show that 
the locus of the point P is a hyperbola. 

106. Prove that the locus of the point of intersection of the lines 0343  kyx  and 0343  kykx  
for different values of k is a hyperbola whose eccentricity is 2. 

107. OA, OB are fixed straight lines, P is any point and PM, PN are the perpendiculars from P on OA, OB. Find 
the locus of P if the quadrilateral OMPN is of constant area. {Ans. Hyperbola} 

108. Show that the locus of the foot of perpendicular drawn from the center of the hyperbola 1
2

2

2

2


b

y

a

x
, on 

any tangent to it is   2222222 ybxayx  . 

109. A point P moves such that the tangents 1PT  and 2PT  from it to the hyperbola 3694 22  yx  are 

mutually perpendicular. Find the equation of the locus of P. {Ans. 522  yx } 

110. Show that the locus of the middle points of the portions of the tangents to the hyperbola 1
2

2

2

2


b

y

a

x
 

intercepted between the axes is 2222224 xbyayx  . 
111. The normal P to a hyperbola of eccentricity e, intersects its transverse and conjugate axes at Q and R 

respectively. Show that the locus of the middle point of QR is a hyperbola of eccentricity 
12 e

e
. 

112. A tangent to the hyperbola 1
2

2

2

2


b

y

a

x
, cuts the ellipse 1

2

2

2

2


b

y

a

x
, in P and Q. Find the locus of the 

middle points of PQ. {Ans. 
2

2

2

22

2

2

2

2

b

y

a

x

b

y

a

x









 } 
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CHAPTER-19 

VECTOR 
 

LIST OF THEORY SECTIONS 
 

19.1. Definition Of Vector And Its Properties 
19.2. Multiplication Of A Vector By A Scalar 
19.3. Addition And Subtraction Of Two (Or More) Vectors 
19.4. Scalar (Dot) Product Of Two Vectors 
19.5. Vector (Cross) Product Of Two Vectors 
19.6. Scalar Triple Product Of Three Vectors 
19.7. Vector Triple Product Of Three Vectors 
19.8. Reciprocal System Of Vectors 
19.9. Vector Equations 
19.10. Points 
19.11. Area And Volume 
19.12. Straight Lines 
19.13. Planes 
 

LIST OF QUESTION CATEGORIES 
 

19.1. Modulus, Equality, Scalar Multiplication, Addition And Substraction Of Vectors 
19.2. Direction Cosines Of Vectors 
19.3. Scalar (Dot) Product Of Two Vectors, Angle Between Two Vectors 
19.4. Vector Bisecting Angle Between Two Vectors 
19.5. Projection Of A Vector 
19.6. Vector (Cross) Product Of Two Vectors 
19.7. Scalar Triple Product 
19.8. Vector Triple Product 
19.9. Reciprocal System Of Vectors 
19.10. Vector Equations 
19.11. Points 
19.12. Area 
19.13. Volume 
19.14. Equation Of A Straight Line 
19.15. Point And Straight Line 
19.16. Angle Between Two Straight Lines 
19.17. Point Of Intersection Of Straight Lines 
19.18. Angular Bisector Of Two Straight Lines 
19.19. Shortest Distance Between Parallel And Skew Lines 
19.20. Equation Of A Plane 
19.21. Point And Plane 
19.22. Line And Plane 
19.23. Two Or More Planes 
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19.24. Geometrical Operations On Vectors 
19.25. Additional Questions 
 



MATHEMATICS FOR IIT-JEE/VOLUME-II 

SANJIVA DAYAL CLASSES FOR IIT-JEE MATHEMATICS. Head office: A-602, Twin Towers, Lakhanpur, Kanpur-208024, INDIA. 
Phone: +91-512-2581426. Mobile: +91-9415134052. Email: sanjivadayal@yahoo.com. Website: sanjivadayal-iitjee.blogspot.com. 

19.4 

CHAPTER-19 

VECTOR 
 
SECTION-19.1. DEFINITION OF VECTOR AND ITS PROPERTIES 

1. Scalar quantity 
A quantity which is completely expressed by a single real number that gives its magnitude and is not related 
to any direction in space, is called a scalar quantity. 

2. Vector quantity 
A quantity which is expressed by a real number, that gives its magnitude, and by a direction in space and 
follows law of parallelogram of addition, is called a vector quantity. 

3. Notation of vectors 
Vector quantities are represented by either bold letters a, b,…… or a


, b


,….. or a , b ,…….. 
4. Representation of vectors 

A vector is represented by a directed line segment. The length of the line segment is the magnitude of the 
vector and the direction of the line segment is the direction of the vector in space. 

5. Magnitude (Modulus) of a vector 
The magnitude (modulus) of a vector a


 is a non-negative real number and is denoted by a


. 

6. Equality of vectors 
Two vectors a


 and b


 are said to be equal, denoted as ba


 , iff they have same magnitude and same 

direction; otherwise they are said to be unequal, denoted as ba


 . 
7. Unit vectors 

i. A vector whose modulus is unity, is called a unit vector. Unit vectors are denoted by â , b̂ ,…… 
ii. 1ˆ a . 

8. Zero (Null) vector 
i. A vector whose modulus is zero, is called a zero (null) vector. A zero vector can assume any direction. A 

zero vector is represented by 0


. 

ii. 00 


. 

9. Like and unlike vectors 
Two (or more) vectors are said to be like when they have same direction and unlike when they have opposite 
direction. 

10. Collinear vectors 
Two (or more) vectors having the same or opposite direction, are said to be collinear vectors. 

11. Coplanar vectors 
Three (or more) vectors which lie on the same plane, are said to be coplanar vectors. 

12. Angle between two vectors 
Angle between two vectors,  , is the angle between their directions such that  0 . 

 
SECTION-19.2. MULTIPLICATION OF A VECTOR BY A SCALAR 

1. Definition 
i. If m be a non-zero scalar and a


 be a vector, then multiplication of a


 with m , denoted by am


, is defined 

as a vector whose magnitude is m  times the magnitude of a


 and whose direction is same as that of a


 if 
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m is positive and opposite to that of a


 if m is negative. If m is zero, then 00


a . If a


 is zero vector, 

then 00


m . 
ii.  a


1  is denoted as a


  and is called the negative of a


. a


  vector has the same magnitude as the 

vector a


 but opposite direction. Therefore, aa


 . 

iii. a
a

a



1

ˆ   is the unit vector in the direction of a


. 

2. Properties 
i. 00


a . 

ii. 00


m . 
iii.      amnamnanm


 . 

iv. amam


 . 

v. aa


 . 

3. Theorem of Collinearity 
If a


 and b


 are non-zero collinear vectors and  is scalar, then vector b


 can always be uniquely expressed 

as ab


 , where 
a

b




 , i.e. a
a

b
b





















 . But if a


 and b


 are non-collinear vectors, then ab


  for 

any scalar  . 
 
SECTION-19.3. ADDITION AND SUBTRACTION OF TWO (OR MORE) VECTORS 

1. Definition 
i. Sum of two (or more) vectors, a


 and b


, denoted by ba


 , is a vector determined by law of 

parallelogram, law of triangle and law of polygon of vectors. 

ii. Subtraction of b


 from a


, denoted as ba


 , is defined as vector sum of a


 and b


 . 
2. Properties 

i. abba


  

ii.       cbabcacbacba


  

iii. aa


 0  

iv. 0


 aa  
v.   anamanm


  

vi.   bmambam


  
3. Theorem of coplanarity and resolution of a vector w.r.t. system vectors 

i. If a


 and b


 be any two non-collinear vectors, then any vector r


 which is coplanar with a


 and b


, can be 

uniquely expressed as byaxr


 , where x and y are unique scalars. ax


 and by


 are called components 

of r


 w.r.t. the system vectors a


 and b


. 

ii. If a


 and b


 be any two non-collinear vectors and r


 is any vector non-coplanar with a


 and b


, then 

byaxr


  for any scalars x and y. 

iii. If a


, b


 and c


 are any three non-collinear, non-coplanar vectors, then any vector r


, can be uniquely 
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expressed as czbyaxr


 , where x, y and z are unique scalars. ax


, by


 and cz


 are called 

components of r


 w.r.t. the system vectors a


, b


 and c


. 
4. Theorem of equality of vectors in terms of components 

i. If a


 and b


 are any two non-collinear vectors and x and y are scalars, then 00  xbyax


, 0y . 

ii. If a


 and b


 are any two non-collinear vectors and 1x , 1y , 2x , 2x  are scalars, then 

212211 xxbyaxbyax 


, 21 yy  . 

iii. If a


, b


 and c


 are any three non-collinear, non-coplanar vectors and x, y and z are scalars, then 

00  xczbyax


, 0y , 0z . 

iv. If a


, b


 and c


 are any three non-collinear, non-coplanar vectors and 1x , 1y , 1z , 2x , 2y , 2z  are scalars, 

then 21222111 xxczbyaxczbyax 


, 21 yy  , 21 zz  . 

5. î , ĵ , k̂  system 

i. î , ĵ , k̂  are mutually perpendicular, unit vectors forming a right-handed system. 

ii. Any vector r


, can be uniquely expressed as kzjyixr ˆˆˆ 


 or  zyx ,, . 

6. Modulus, equality, scalar multiplication, addition and subtraction of vectors in î , ĵ , k̂  system 

i. If kzjyixr ˆˆˆ 


, then 222 zyxr 


 

ii. 0,0,00ˆˆˆ  zyxkzjyix


. 212121222111 ,,ˆˆˆˆˆˆ zzyyxxkzjyixkzjyix  . 

iii. If kzjyixr ˆˆˆ 


 and m is a scalar, then      kmzjmyimxrm ˆˆˆ  . 

iv. If kzjyixr ˆˆˆ 


 then k
zyx

z
j

zyx

y
i

zyx

x

r

r
r ˆˆˆˆ

222222222 
















































 



. 

v. If kajaiaa ˆˆˆ
321 


 and kbjbibb ˆˆˆ

321 


 then      kbajbaibaba ˆˆˆ
332211 


 and 

     kbajbaibaba ˆˆˆ
332211 


. 

7. Direction cosines of a vector 

i. If  ,  ,   are the angles which a vector r


 makes with the system vectors î , ĵ , k̂ , then cos , cos  , 
cos  are known as the direction cosines of r


 and are denoted by l, m, n respectively, i.e. cosl , 

cosm , cosn . 

ii. Direction cosines of vector î  are 1, 0, 0; direction cosines of vector ĵ  are 0, 1, 0; direction cosines of 

vector k̂  are 0, 0, 1. 

iii. If kzjyixr ˆˆˆ 


, then 
222

cos
zyx

x

r

x


  , 

222
cos

zyx

y

r

y


  , 

222
cos

zyx

z

r

z


   and 

222

1cos
zyx

x


  , 

222

1cos
zyx

y


  , 

222

1cos
zyx

z


  . 

iv. 1coscoscos 222    or 1222  nml . 
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v.      krjrirr ˆcosˆcosˆcos 


  and kji
r

r
r ˆcosˆcosˆcosˆ   



. 

vi. Like vectors have same direction cosines. 
8. Linearly dependent and linearly independent vectors 

i. A vector a


 is said to be a linear combination of vectors 1r


, 2r


,……, nr


 if there exists scalars 1x , 

2x ,….. nx , such that 

nnrxrxrxa


 .......2211 . 

ii. A set of non-zero vectors 1r


, 2r


,……, nr


 is said to be linearly independent, if 

0........0....... 212211  nnn xxxrxrxrx


. 

iii. A set of non-zero vectors 1r


, 2r


,……, nr


 is said to be linearly dependent, if there exists scalars 1x , 

2x ,….. nx  not all zero, such that 

0.......2211


 nnrxrxrx . 

 
SECTION-19.4. SCALAR (DOT) PRODUCT OF TWO VECTORS 

1. Definition 
Let a


 and b


 be two non-zero vectors and   be the angle between them, then the scalar product of a


 and 

b


, denoted by ba

 , is defined as the scalar cosba


. If a


 or b


 or both is a zero vector, then ba


  and is 

defined as scalar zero. 
2. Properties 

i. abba

  

ii. 
2

aaa


  

iii. 00 a


 

iv. If ba


 , then 0ba


 (Test of perpendicularity) 

v. If 00


 aba  or 0


b  or ba


  

vi. If   is acute angle 0 ba


. If   is obtuse angle 0 ba


. 

vii.          bamnbmnabamnbnam

  

viii.   cabacba

  

ix. bababa

 2

222
 

x. bababa

 2

222
 

xi.     22
bababa


  

xii. kkjjii ˆˆˆˆ1ˆˆ  ; kjkiji ˆˆˆˆ0ˆˆ   

xiii. If kajaiaa ˆˆˆ
321 


 and kbjbibb ˆˆˆ

321 


 then 332211 babababa 


. 

3. Angle between two vectors 

i. 
2

3
2

2
2

1
2

3
2

2
2

1

332211cos
bbbaaa

bababa

ba

ba
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2
3

2
2

2
1

2
3

2
2

2
1

33221111 coscos
bbbaaa

bababa

ba

ba




 . 

ii. If ba


  then 0332211  bababa . 

4. Vector bisecting angle between two vectors 

A vector which bisects the angle between the vectors a


 and b


 is 
b

b

a

a








 . A vector which bisects the angle 

between the vectors a


 and b


  is 
b

b

a

a








 . 

5. Projection of a vector on a vector 

Projection of vector a


 on vector b


 is denoted by a
b


Proj  and 

b

ba
a

b 







Proj . 

 
SECTION-19.5. VECTOR (CROSS) PRODUCT OF TWO VECTORS 

1. Definition 
Let a


 and b


 be two non-zero, non-collinear vectors, then their vector product, denoted by ba


 , is defined 

as a vector whose magnitude is sinba


, where   is the angle between a


 and b


, and which is 

perpendicular to both a


 and b


 such that a


, b


 and ba


  forms a right-handed system. If a


 or b


 or both is 

0


, then 0


ba . If a


 and b


 are non-zero and collinear, then 0


ba . 
2. Properties 

i. abba


 ; abba


 . 

ii. 00


a . 

iii. 0


aa . 

iv. If a


 and b


 are non-zero vectors then  0


ba  a


 and b


 are collinear vectors (Test of collinearity). 

v.          bamnbamnbnambnam


 . 

vi.   cabacba


 . 

vii. kkjjii ˆˆˆˆ0ˆˆ 


; kji ˆˆˆ  ; ikj ˆˆˆ  ; jik ˆˆˆ  . 

viii. If kajaiaa ˆˆˆ
321 


 and kbjbibb ˆˆˆ

321 


 then 

321

321

ˆˆˆ

bbb

aaa

kji

ba 


. 

ix. 
ba

ba





sin . 

x. Unit vectors perpendicular to both a


 and b


 are 
ba

ba







 . 
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3. Lagrange’s identity 

If a


 and b


 are any two vectors, then   2222
bababa


 . 

 
SECTION-19.6. SCALAR TRIPLE PRODUCT OF THREE VECTORS 

1. Definition 
i. Let a


, b


, c


 be three vectors, then scalar cba


  is called the scalar triple product of a


, b


, c


. 

ii. Let kajaiaa ˆˆˆ
321 


, kbjbibb ˆˆˆ

321 


 and kcjcicc ˆˆˆ
321 


, then 

cba

ccc

bbb

aaa

cba



321

321

321

. 

iii. In scalar triple product, interchanging the positions of dot and cross does not change its value. cba


  

or cba

  is denoted by  cba


. 

2. Properties 
i.            abcbcacabbacacbcba


 . 

ii.    cbamcbam


 . 

iii.      dcbdcadcba


 . 

iv. If any one of the vectors is a zero vector then   0cba


. 

v. If a


, b


, c


 are non-zero vectors but if any two of them are collinear then   0cba


. 

vi. If a


, b


, c


 are non-zero, non-collinear vectors then    0cba


 a


, b


, c


 are coplanar (Test of 
coplanarity). 

vii. If a


, b


, c


 are mutually perpendicular vectors, then if    0cba


 Right-handed system & if 

   0cba


 Left-handed system. 

viii.   
wcwbwa

vcvbva

ucubua

wvucba














 . 

 
SECTION-19.7. VECTOR TRIPLE PRODUCT OF THREE VECTORS 

1. Definition 
i. Let a


, b


, c


 be three vectors, then the vector  cba


  or   cba


  is called the vector triple product 

of a


, b


, c


. 

ii. The vector  cba


  is perpendicular to a


 and lies in the plane of b


 and c


. 
2. Properties 

i.      cbabcacba


  

ii.     cbacba


  
 
SECTION-19.8. RECIPROCAL SYSTEM OF VECTORS 

1. Definition 
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Three non-coplanar vectors a


, b


, c


 and three non-coplanar vectors a 


, b 


, c 


 form a reciprocal system of 

vectors if 1 ccbbaa


 and 0 bcaccbabcaba


. 
2. Properties 

i. 
 cba

cb
a 


 
 , 

 cba

ac
b 

 
 , 

 cba

ba
c 


 
  

ii.  
 cba

cba 
 1

  

iii. î , ĵ , k̂  is its own reciprocal. 
 
SECTION-19.9. VECTOR EQUATIONS 

If one or more vector equation(s) are given containing one or more unknown vector(s) and some known vectors 
and scalars, then unknown vector(s) can be determined in terms of known vectors and scalars. 
 
SECTION-19.10. POINTS 

1. Representation of a point in three-dimensional space by position vector 

If a point O is fixed as the origin and P is any point in space, then the vector OP is called the position vector 
of the point P with respect to O. 

2. Equation of a curve/ region 
The equation of a curve/ region is the relation involving the position vector of every point on the curve/ 
region, and which holds for no other point except for those lying on the curve/ region. 

3. Distance formula 
i. If a


 is the p.v. of point A and b


 is the p.v. of point B, then distance between the points A and B 

ba


 . 

ii. Distance of the point A from the origin a


 . 

4. Section formula 
i. Let A and B be two points with position vectors a


 and b


 respectively and let C be a point dividing AB 

internally in the ratio :1 , then the position vector of point C is given by 
1






 ba
OC



. 

ii. If C is the mid-point of AB, then 
2

ba
OC




 . 

iii. If C divides AB externally in the ratio :1 , then 
1






 ba
OC



. 

5. Collinearity of three points 
i. Let A, B, C be three points with positive vectors a


, b


, c


 respectively, then points A, B, C are collinear 

iff vectors ab


  and ac


  are collinear i.e.  acab


   for some scalar   or     0


 acab . 

ii. Points A, B, C are collinear iff there exists scalars x, y, z not all zero such that 0


 czbyax , where 
0 zyx . 

6. Coplanarity of four points 
i. Let A, B, C, D be four points with position vectors a


, b


, c


, d


 respectively, then points A, B, C, D are 
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coplanar iff vectors ab


 , ac


 , ad


  are coplanar i.e.    adacab


   for some scalars   

and   or   0 adacab


. 
ii. Points A, B, C, D are coplanar iff there exists scalars x, y, z, u not all zero such that 

0


 duczbyax , where 0 uzyx . 
7. Centroid of a triangle 

Let a


, b


, c


 be the position vectors of the vertices A, B, C of a triangle, then the position vector of the 

centroid OG  is given by  cbaOG



3

1
. 

8. Centroid of a Tetrahedron 
Let a


, b


, c


, d


 be the position vectors of the vertices A, B, C, D of a tetrahedron, then the position vector 

of the centroid OG  is given by  dcbaOG



4

1
. 

 
SECTION-19.11. AREA AND VOLUME 

1. Area of triangle, parallelogram and quadrilateral 

i. Area of ACABABC 
2

1
. 

ii. Area of parallelogram BDACADABABCD 
2

1
. 

iii. Area of quadrilateral BDACABCD 
2

1
. 

2. Volume of three dimensional objects 

i. Volume of a Parallelopiped whose coterminous edges are a


, b


,  cbac


  

ii. Volume of a Tetrahedron whose coterminous edges are a


, b


,  cbac


6

1
  

iii. Volume of a Triangular prism whose coterminous edges are a


, b


,  cbac


2

1
  

 
SECTION-19.12. STRAIGHT LINES 

1. Equation of a line in various forms 
i. Vector equation of a line passing through a point having p.v. a


 and parallel to gradient vector t


 is 

tar


 , where   is a scalar. 

ii. Vector equation of a line passing through two points having p.v. a


 and b


 is  abar


  . ab


  is a 
gradient vector of the line. 

2. Distance of a point from a line 

Distance of a point P having p.v. b


 from the line tar


  is 
 

t

tab





. 

3. Foot of the perpendicular drawn from a given point on a given line 

Let x


 be the p.v. of foot of perpendicular drawn from a point having p.v. b


 on a line tar


 , then 
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0tbx

tax





. 

Solve for scalar  and find x


. 
4. Angle between two lines 

i. Angle between two lines 11 tar


  and 22 tar


  is the angle between their gradient vectors 1t


 and 

2t


. 

ii. If   is the acute angle between the given lines, then  













 



 

21

211

21

21
coscos

tt

tt

tt

tt








 . 

iii. Lines are perpendicular if 021  tt


. 

iv. Lines are parallel if 21 tt


 , for some scalar  . 
5. Point of intersection of two lines 

Let x


 be the p.v. of point of intersection of two lines 11 tar


  and 22 tar


 , then 












22

11

tax

tax







. 

Solve for scalars  and . If there is no value of  and , then the lines do not intersect. If there is value of  
and , then lines intersect and find x


. 

6. Equation of angular bisectors of two intersecting lines 
Equation of angular bisectors of two intersecting lines 11 tar


  and 22 tar


  are 
















2

2

1

1
0 t

t

t

t
ar




 , where 0a


 is the p.v. of their point of intersection. 

7. Shortest distance between two parallel lines 

Shortest distance between two parallel lines tar


 1  and tar


 2  is 
 

t

taa



 12

. 

8. Shortest distance between two skew lines 
i. Two straight lines in space which are neither parallel nor intersecting are called skew lines, i.e. the skew 

lines are those lines which do not lie in the same plane. 
ii. The shortest distance between the two skew lines is the length of their common perpendicular line 

segment. 
iii. Let the two skew lines be 11 tar


  and 22 tar


 , then the shortest distance is the projection of 

12 aa


  on 21 tt


 , which is 
   

21

1221

tt

aatt







 or 

 

21

1221

tt

aatt







. 

iv. If   01221  aatt


 then lines are skew, if = 0 then lines are intersecting/parallel. 
 
SECTION-19.13. PLANES 

1. Equation of a plane in various forms 
i. The vector equation of a plane passing through a point having position vector a


 and normal vector n


 is 

  0 nar


 or nanr

  or nanr ˆˆ 


 (normal form), where n̂  is a normal unit vector. 
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ii. Distance of the plane from origin, nap ˆ


. 

iii. Therefore, the vector equation of planes having normal unit vector n̂  and a distance p from origin 
pnr  ˆ


. 

iv. The vector equation of a plane passing through a point having p.v. a


 and parallel to b


 and c


 is 

cbar


   (parametric form), where   and   are scalars, or   0 cbar


 (non-parametric 

form). A normal vector to the plane is cbn


 . 

v. The vector equation of a plane passing through three points a


, b


, c


 is    acabar


   

(parametric form), where   and   are scalars, or   0 acabar


 (non-parametric form). A 

normal vector to the plane is    acabn


 . 

vi. To find the equation of the plane pnr  ˆ


 in parametric form, find any three points on the plane and find 
the parametric equation of the plane through these three points. 

2. Distance of a point from a plane 

The length of perpendicular from the point having p.v. b


 to the plane   0 nar


 is 
 

n

nab





 or 

  nab ˆ


. 

3. Foot of perpendicular from a point on a plane 

Let x


 be the p.v. of the foot of perpendicular drawn from the point having p.v. b


 on the plane 

  0 nar


, then 
 













nbx

nax






0
. Solve for x


. 

4. Angle between a line and a plane 
i. The angle between a line and a plane is the complement of the angle between the line and normal to the 

plane. 

ii. If   is the angle between the line tar


  and the plane   0 nbr


, then 













 



 

nt

nt

nt

nt







1sinsin  . 

iii. If line is perpendicular to the plane then t


 and n


 are collinear i.e. nt


 , for some scalar  . 
iv. If line is parallel to the plane, then it is perpendicular to the normal to the plane i.e. 0nt


. 

5. Condition for a line to lie in a plane 

A line tar


  lies in the plane   0 nbr


 iff 0nt


 and   0 nba


. If 0nt


 but   0 nba


, 
then the line is parallel to the plane but not lying in the plane. 

6. Condition of coplanarity of two lines and equation of the plane containing them 
i. Lines 11 tar


  and 22 tar


  are coplanar (intersecting/parallel) if   01221  aatt


. 

ii. If lines are intersecting, then the equation of the plane containing them is 211 ttar


   or 

  0211  ttar


. 

iii. If lines are parallel, i.e. 21 tt


  for some scalar  , then the equation of the plane containing them is 
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  1121 taaar


   or   01121  taaar


. 
7. Point of intersection of a line and a plane which are not parallel 

i. A line intersects a plane at only one point if the line is not parallel to the plane, i.e. 0nt


. 

ii. Let x


 be the p.v. of the point of intersection of the line tar


  and the plane   0 nbr


  0 nt


, 

then   















0nbx

tax





. Solve for x


. 

8. Angle between two planes 
i. The angle between two planes is defined as the angle between their normals. 

ii. The angle,  , between the planes   01  nar


 and   02  nbr


 is given by 













 



 

21

211

21

21 coscos
nn

nn

nn

nn








 . 

iii. The planes are perpendicular if 1n


 and 2n


 are perpendicular, i.e. 021  nn


. 

iv. The plane are parallel if 1n


 and 2n


 are parallel, i.e. 21 nn


 , where   is a scalar. 
9. Line of intersection of two non-parallel planes 

i. Two non-parallel planes intersect along a line. 
ii. Gradient vector of the line of intersection is perpendicular to the normal vectors of the planes, i.e. if 1n


 

and 2n


 are the normal vectors of the planes then a gradient vector of the line of intersection is 21 nn


 . 
iii. To find the equation of line of intersection, find a point which lies on both the planes, i.e. lies on the line 

of intersection. Gradient vector of the line of intersection is 21 nn


 . Find the equation of the line of 
intersection. 

10. Equation of a plane passing through the intersection of two given planes 
The equation of a plane passing through the intersection of the planes 11 pnr 


 and 22 pnr 


 is 

    02211  pnrpnr


  or   2121 ppnnr  


, where   is any scalar parameter. 
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EXERCISE-19 
 

CATEGORY-19.1. MODULUS, EQUALITY, SCALAR MULTIPLICATION, ADDITION AND 

SUBSTRACTION OF VECTORS 

1. Given vectors kjia  32  and kjib 22  , find the following:- 

i. a . {Ans. 14 } 

ii. b . {Ans. 3} 

iii. a2 . {Ans. kji 264  } 
iv. b3 . {Ans. kji 663  } 
v. ba  . {Ans. kji 3 } 
vi. ba  . {Ans. kji 35  } 
vii. ba 54  . {Ans. kji 6213  } 

viii. ba 23  . {Ans. 263 } 

2. If kjia ˆ2ˆ2ˆ 


 and kjib ˆ2ˆ6ˆ3 


, then find the vector in the direction of a


 and having magnitude as 

b


. {Ans.  kji ˆ2ˆ2ˆ
3

7
 } 

3. If a


 is a non-zero vector of modulus a  and m  is a non-zero scalar, then show that am


 is a unit vector if 

m
a

1
 . 

4. Show that the vector kji ˆsinˆsincosˆcoscos    is a unit vector. 

5. Resolve the vector  111 ,,d   into components with respect to three non-coplanar vectors  211  ,,a , 

 011 ,, =b   and  320 ,,=c . {Ans. cbad
5
3

5
3

5
2  } 

6. For what value of  are the vectors  432  ,,a  and  86,, =b   parallel? {Ans. 4 } 

7. For what value of  are the vectors  86  ,,l   and  413 ,, =m   parallel? {Ans. 2 } 

8. Given three vectors  532  ,,a ,  103 ,,=b  and  234 ,,=c  . Find the components and the magnitude of 

the vector d = 3a + b  c. {Ans.   175,16,12,5  dd } 

9. Find the vector  zyx ,,=b  which is collinear with the vector  4122 ,,=a   if b 10 . {Ans. 

 8,2,24   or  8,2,24  } 

10. Given three vectors  13  ,a ,  21, =b  and  71,=c  . Determine the resolution of the vector p = a + 
b + c into components with respect to the vectors a and b. {Ans. p a b 2 3 } 

11. Given three nonzero vectors a, b and c each two of which are non-collinear. Find their sum if a + b is 

collinear with c and b + c is collinear with a. {Ans. 0


} 
12. What is the unit vector parallel to a i j k  3 4 2 ? What vector should be added to a so that resultant is 

the unit vector i? {Ans.   2 4 2i j k } 

13. The vectors a and b are non-collinear. Find for what value of x, the vectors c = (x  2) a + b and d = (2x + 

1) a  b are collinear? {Ans. 
3

1
x } 
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14. If a, b, c are non-coplanar vectors, prove that the following vectors are coplanar:- 
i. 3 7 4 3 2 2a b c, a b c, a b c      . 
ii. 5 6 7 7 8 9 3 20 5a b c, a b c, a b c      . 

15. If a, b, c are non-coplanar vectors, check whether vectors cbac,bac,ba 4343232   are 
coplanar or not. {Ans. non-coplanar} 

16. Find the constant  so that the vectors a i j k b i j k c i j k        2 2 3 3 5, ,   are coplanar. {Ans. 
4 } 

17. If the vectors cba


3  , cba


432   and cba


53   are coplanar, then find the value of  . {Ans. -
2} 

18. Find all the values of  such that    x y z, , , , 0 0 0  and 

       i j k i j k i j i j k          3 3 3 4 5x y z x y z . {Ans.   0 1, } 

19. Given that the vectors a


 and b


 are non-collinear, find the values of x  and y  for which the vector 

equality wvu


2  holds true if byaxu


2 , bxayv


32  , baw


24  . {Ans. 
7

10
x , 

7

4
y } 

20. A vector A has components A1, A2, A3 in a i, j, k system. The i, j, k system is rotated about the k vector 
through an angle  2 . Find the components of A in new i, j, k system in terms of A1, A2, A3. {Ans. 
A A A2 1 3, , } 

 
CATEGORY-19.2. DIRECTION COSINES OF VECTORS 

21. Find the direction cosines of the following vectors:- 

i. ji ˆˆ  . {Ans. 
2

1
, 

2

1
, 0} 

ii. kji ˆˆ3ˆ2  . {Ans. 
14

2
, 

14

3
, 

14

1
 } 

22. The component of a vector on the system vectors are 6, 3, 2. Find its modulus and direction cosines. 

{Ans. 7, 
7

2
,

7

3
,

7

6
 nml } 

23. Find the angles at which the vector kji ˆ2ˆˆ2   is inclined to each of the system vectors. {Ans. 

3

2
cos,

3

1
cos,

3

2
cos 111    } 

24. A vector r


 is inclined to i at 45  and j at 60 . Find the angle at which r


 is inclined to k. {Ans. 60 or 
120) 

25. A vector r


 is inclined at equal angles to i, j and k. If the magnitude of r


 is 6 units, find r


. {Ans. 

 kjir ˆˆˆ32 


} 

26. If a vector makes angles  ,  ,   with i, j and k respectively, prove that 2sinsinsin 222   . 
 
CATEGORY-19.3. SCALAR (DOT) PRODUCT OF TWO VECTORS, ANGLE BETWEEN TWO 

VECTORS 

27. Calculate the scalar product of the following vectors and angle between them:- 

i.  221  ,,a  and  636 ,, =b . {Ans. 12, 
9
4cos 1 } 
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ii.  142 ,,a   and  753 ,, =b . {Ans. 33 , 
1743

33
cos 1 } 

iii.  1132 ,,a   and  475 ,, =b . {Ans. 33 , 









1340

11
cos 1 } 

iv. kjia 432   and kji =b  2 . {Ans. 8 , 









174

8
cos 1 } 

v. kjia  52  and kjib 3 . {Ans. 90 } 

28. Find    2 3 4 6a b a b   , where a, b are mutually perpendicular unit vectors. {Ans. 10 } 

29. For what value of  are the vectors  21  ,,a   and  43 ,, =b   mutually perpendicular? {Ans. 2 } 

30. If kjia ˆ3ˆ2ˆ2 


, kjib ˆˆ2ˆ 


 and jic ˆˆ3 


, then find t such that bta


  is perpendicular to c


. 
{Ans. 8} 

31. Being given that 2a , 5b  and angle between a and b is 
3

2 find the value of  for which the vectors 

bap 17  and baq  3  are perpendicular. {Ans. 40 } 

32. The vectors a and b make an angle of 120, 3a  and 5b . Find a b . {Ans. 7 } 

33. If 3a


, 4b


and 5 ba


, then find ba


 . {Ans. 5} 

34. If ba


  then show that ba


  is perpendicular to ba


 . 

35. If a


 and b


 are unit vectors, then show that 11  ba


. 

36. Find the angle between the vectors a  b and a + b if  121 ,,a   and  012 ,, =b  . {Ans. 
11
1cos 1 } 

37. If kjia ˆ3ˆ2ˆ 


 and kjib ˆ2ˆˆ3 


, then find the angle between the vectors ba


  and ba


 . {Ans. 
90 } 

38. For what values of x are the vectors  43,,a x  and  365 ,, =b  perpendicular? {Ans. 6 } 

39. Given three vectors a, b and c, prove that the vector    b. c a a. c b  is perpendicular to the vector c. 

40. Find the angle between the vectors a2  and b
2

1
 if  424 ,,a   and  022 ,, =b  . {Ans. 

4
3 } 

41. The vectors a and b make an angle   2 3 . Being given that 3a  and 4b , calculate 

   3 2 2a b a b   . {Ans. 61} 

42. Find the vector a which is collinear with the vector  663 ,,=b  and satisfies the conditions a.b = 27. 

{Ans.  2,2,1a } 

43. Find the vector a which is collinear with the vector  012 ,,=b   if a.b = 10. {Ans.  0,2,4 a } 
44. Find the vector x which is collinear with the vector a i j k  2  and satisfies the condition x.a = 3. 

{Ans.  
2
1,

2
1,1 x } 

45. Find the vector a which is collinear with the vector  131 ,,=b   and satisfies the condition a.b = 22. 

{Ans.  2,6,2 a } 

46. The vector b, which is collinear with the vector  13108 ,,=a  , makes an acute angle with the unit vector 
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k. Being given that b  37 , find the vector b. {Ans.  
3

13,
3

10,
3
8 b } 

47. If the vector c


 is perpendicular to the vectors  1,3,2 a


,  3,2,1b


 and satisfies the condition 

  10ˆ7ˆ2ˆ  kjic


, then find c


. {Ans. kji ˆˆ5ˆ7  } 
48. Find the vector b being given that it satisfies the following conditions: the scalar product b.c = 3, where 

 211 ,,=c  , the vector b is perpendicular to a and d, where  112 ,,=a   and  253 ,,=d . {Ans. 

 
16
21,

16
3,

16
9b } 

49. Find the cosine of the angle between the vectors p and q which satisfy the system of equations 













bqp

aqp

2

2
 if it is known that the vectors a and b are  11,=a  and  11,=b  . {Ans. 

5
4 } 

50. The vertex x satisfies the following conditions: (a) x is collinear with the vector a i j k   6 8 7 5. ;  (b) x 

makes an acute angle with the unit vector k; (c) x  50 . Find the vector x. {Ans.  30,32,24 } 

51. Given two vectors  111 ,,=a   and  102 ,,=b . Find the vector x if it is known that it is coplanar with the 

plane of the vectors a and b; is perpendicular to the vector b and a.x = 7. {Ans.  3,
2
5,

2
3 } 

52. Find a unit vector coplanar with i j k i j k   2 2 and  and perpendicular to i j k  . {Ans. 

 kj
2

1 } 

53. Given two vectors in space:  211 ,,=a  and  131 ,,=b  . Find the unit vector which lies in the plane of 
the vectors a and b and makes an angle  =  4  with the vector a. {Ans. 

      









30
3210,

30
3275,

2
321  } 

54. What angle do the unit vectors a and b make if the vectors c = a + 2b and d = 5a  4b are known to be 

mutually perpendicular? {Ans. 
3
 } 

55. Find the value of the constant S such that the scalar product of the vector i j k   with the unit vector 
parallel to the sum of the vectors kji 542   and kji 32 S is equal to one. {Ans. S 1} 

56. Find , if the vectors kji 2  and kji  4 are mutually perpendicular. {Ans.   2 } 
57. Determine the values of c so that for all real x, the vectors kji 36 cx  and kji cxx 22   make an 

obtuse angle with each other. {Ans.  0,
3
4c } 

58. Find the vector a


 which is coplanar with the vectors î  and ĵ , perpendicular to the vector 

kjib ˆ5ˆ3ˆ4 


 and ba


 . {Ans.  ji ˆ4ˆ32   or  ji ˆ4ˆ32  } 

59. Find  and  if the vectors a i j k  3   is perpendicular to the vector b i j k  2   and a b . 

{Ans. 
12
41,

12
31   } 

60. Find a vector of magnitude 51  which makes equal angles with the vectors  kjia 22
3

1
 , 

 kib 34
5

1
  and jc  . {Ans.    5 5i j k } 
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61. If 3a , 5b , 7c  and a + b + c = 0. Prove that the angle between a and b is 
3


. 

62. If a


, b


, c


 are three vectors such that 0


 cba  and 2a


, 3b


, 4c


, then find the value of 

accbba

 . {Ans. 

2

29
 } 

63. If a


, b


, c


 are three mutually perpendicular vectors each of magnitude unity, then find the value of 

cba


 . {Ans. 3 } 

64. If a


 and b


 are two unit vectors inclined at an angle   such that ba


 is a unit vector, then find the value 

of  . {Ans. 
3

2
} 

65. If a


, b


, c


 are vectors such that 0ba


 and cba


 , then show that 
222

cba


 . 

66. If e1 and e2 are non-collinear unit vectors, compute    2 5 3e e e e1 2 1 2    if e e1 2  3 . {Ans. 
2

11 } 

67. Let a, b, c be the vectors of lengths 3, 4, 5 respectively. If each one is perpendicular to the sum of other 
two, then find the magnitude of vector a + b + c. {Ans. 5 2 } 

68. If a b a b   , then show that a and b are perpendicular. 

69. Prove that 
a b a b

a b ab2 2

2 2

 


. 

70. If a and b are unit vectors and  is the angle between them, show that ba 








2

1

2
sin


. 

71. If a, b, c are non coplanar vectors and 0 n.cn.bn.a , show that n is a null vector. 
72. If a, b, c are three mutually perpendicular vectors of equal magnitude, show that a + b + c is equally 

inclined to a, b and c and also find the angle   which a + b + c makes with any one of three given vectors. 

{Ans. 








3

1
cos 1 } 

73. Prove that      r r. i i r. j j r.k k   . 

74. If the vectors a, b, c are coplanar and a, b are non-collinear, then show that 

a. a a. b

a. b b. b
c

c. a a. b

c. b b. b
a

a. a c. a

a. b c. b
b   or 

a b c

a. a a. b a. c

b. a b. b b. c

0 . 

 
CATEGORY-19.4. VECTOR BISECTING ANGLE BETWEEN TWO VECTORS 

75. Find a vector bisecting the angle between the vectors kji  22  and kji 22  . {Ans. ki 3 } 

76. The vector i + j  k, bisects the angle between the vectors c and 3i + 4j. Determine the unit vector along 

c. {Ans.  kji 21011
15
1  } 

 
CATEGORY-19.5. PROJECTION OF A VECTOR 
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77. Find the projection of the vector kji ˆˆ2ˆ   on the vector kji ˆ7ˆ4ˆ4  . {Ans. 
9

19
} 

78. Find the projection of b i j k  2 3 2  in the direction of vector a i j k  2 3 . What is the vector 

determined by the projection? {Ans. 
14
2 ,  kji 32

7
1  } 

79. If jia 64   and kjb 43=  , find the vector form of the projection of a on b. {Ans.  kj 43
25
18  } 

80. Given two vectors  311 ,,=a   and  653 ,,=b  . Calculate   baba  2Proj . {Ans. 
133
22 } 

81. Let   4 3i j  and  be two vectors perpendicular to each other in the x  y plane. Find all the vectors in 

the same plane having projections 1 and 2 along  and  respectively. {Ans. ji 2  or  ji 112
5
1  } 

 
CATEGORY-19.6. VECTOR (CROSS) PRODUCT OF TWO VECTORS 

82. Given vectors kjia  2  and kjib  43 , find ba . Also determine the sine of the angle between 

a and b. {Ans. kji 1153  , 
156
155 } 

83. Find a unit vector perpendicular to both the vectors kjia  23  and kjib 5512  . {Ans. 

 kji 935
115
1  } 

84. If kjia 632  , kjib 263   and kjic 326  , show that cba 7  and a=cb 7 . Also prove 

that    a b c a b c 0    =  in this case. 
85. a and b are two vectors satisfying the condition a b 0  . Does it imply that one of the vectors a or b 

must be null vector? Give an example in support of your answer. 
86. Prove that a vector of magnitude 9 perpendicular to both the vectors kjia 34   and kjib 22   is 

  3 6 6i j k . 
87. The vector x, which is perpendicular to the vectors kjia 223   and ,52218 kjib   makes an 

obtuse angle with the unit vector j. Find its components if the length of the vector x is 14. {Ans. 
 12,6,4  } 

88. Find the vector c being given that it is perpendicular to the vectors  132  ,,a ,  321 ,, =b   and satisfies 

the condition  c. i j k .2 6     {Ans.  3,3,3c } 

89. Find the cosine of the angle between the directions of the vectors kjia  34  and kjib 22  . Also 
find a unit vector perpendicular to both a and b. What is the sine of the angle between a and b? {Ans. 

263
7 ,  kji 1067

185
1  , 

26
185

3
1 } 

90. Show that the vectors  kjia 632
7

1
 ,  kjib 263

7

1
  and  kjic 326

7

1
  form an 

orthonormal triad. Also find two vectors of magnitude 3 each being normal to the plane containing the 

vectors a and b. {Ans.  kji 326
7

3
 } 

91. Given kjia 32  , kjib  2  and jic  3 , find the unit vector in the direction of the resultant 
of these vectors. Also find a vector r which is normal to both a and b. What is the inclination of r and c. 
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{Ans.  kji 453
25

1  ,  kji  ,  
30
41cos  } 

92. If baba


 , then find the angle between a


 and b


. {Ans. 45 } 

93. Vectors a


 and b


 are inclined at an angle 120 . If 1a


, 2b


, then find     233 baba


 . {Ans. 

300} 

94. If     144
22
 baba


 and 4a


, then find b


. {Ans. 3} 

95. Prove that  a b a b a b   
2 2 2 2  or a b

a.a a.b

b a b.b
 

2

.
 and deduce the identity 

    2212121
2

2
2

2
2

2
2

1
2

1
2

1 ppnnmmpnmpnm   

     21221
2

1221
2

1221 mpmppnpnnmnm  . 

96. Prove that      a b c b c a c a b 0         . 

97. If a


 and b


 are two vectors such that 0ba


 and 0


ba , then show that either a


 or b


 is a null 
vector. 

98. If a b c d    and a c b d   , show that a  d is parallel to b  c. 
99. If a b  = a c , then prove that b differs from c by a vector which is parallel to a. 
100. If a b c b 0    , then show that a  c = k b, where k is a scalar. 
101. Interpret the equations: (i) a.b = a.c, (ii) a b  = a c  and prove that if both the equations hold 

simultaneously, then cb   if 0a  . 
 
CATEGORY-19.7. SCALAR TRIPLE PRODUCT 

102. Find      jikikjkji ˆˆˆˆˆˆˆˆˆ  . {Ans. 3} 

103. If kjia ˆ3ˆ2ˆ  , kjib ˆ2ˆˆ2   and kjic ˆ4ˆ3ˆ2  , find  cba . {Ans. 2 } 

104. Find the constant  so that the vectors a i j k b i j k c i j k        3 2 3 2, ,  are coplanar. {Ans. 
4 } 

105. If the vectors kji ˆ4ˆ3ˆ2  , kji ˆˆ2ˆ   and kjix ˆ2ˆˆ   are coplanar, then find x. {Ans. 
5

8
} 

106. If kjia ˆˆˆ 


, kjib ˆˆ2ˆ 


 and kjpic ˆ5ˆˆ3 


 are coplanar, then find p . {Ans. -6} 

107. If the vectors kji ˆˆˆ2  , jmi ˆˆ  , kji ˆˆˆ   are coplanar, then find the value of m . {Ans. -2} 

108. If the vectors c


, kzjyixa ˆˆˆ 


 and jb ˆ


 are such that a


, c


 and b


 form a right handed system, then 

find c


. {Ans. kxiz ˆˆ  } 

109. If 0 crbrar


 for some non-zero vector r


, then find the value of  cba


. {Ans. 0} 

110. Show that         cbacbabacba


32  . 

111. If a, b, c be three vectors, prove that    abcaccbba 2  and hence prove that the vectors 
a b b c c a  , ,  are coplanar if and only if a, b, c are coplanar. 

112. Prove that   0 accbba . 
113. Express (a) a, b, c in terms of b c c a a b  , , , and (b) b c c a a b  , ,  in terms of a, b, c. {Ans. 
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 ba

cba

ca
ac

cba

ba
cb

cba

aa
a


























 } 

 
CATEGORY-19.8. VECTOR TRIPLE PRODUCT 

114. If kjia ˆ3ˆ2ˆ  , kjib ˆ2ˆˆ2   and kjic ˆ4ˆ3ˆ2  , find  cba   and   cba  . {Ans. 

kji ˆ32ˆ26ˆ44  , kji ˆ37ˆ22ˆ41  } 

115. Find  kii  . {Ans. k } 

116. Prove that      a b c b c a c a b 0         . 

117. Prove that      i a i j a j k a k 2a         . 

118. Show that    a b c a b c      if and only if a and c are collinear or  a c b 0   . 

119. If a, b, c and d be four vectors, then prove that            a b . c d b c . a d c a . b d         0 . 

120. If the vectors b, c, d are not coplanar, then prove that            cbdabdcadcba  is 
parallel to a. 

121. Prove that    a b b c c a abc   
2 . Hence show that the vectors a b b c c a  , ,  are non-coplanar 

if and only if a, b, c are non-coplanar. 

122. If a, b, c be three unit vectors such that  a b c b  
1

2
. Find the angles which a makes with b and c, b 

and c being non-parallel. {Ans. 90 60 , } 
 
CATEGORY-19.9. RECIPROCAL SYSTEM OF VECTORS 

123. Find a set of vectors reciprocal to the set kji ˆˆˆ  , kji ˆˆˆ  , kji ˆˆˆ  . {Ans. 

     jikjki ˆˆ
2

1
,ˆˆ

2

1
,ˆˆ

2

1
 } 

124. Prove that the system of vectors i, j, k is its own reciprocal. 

125. If a


, b


, c


 and a

 , b


 , c


  are reciprocal system of vectors, then prove that 

i. 
 cba

cba
accbba 


 
 . 

ii.       3 acccbbbaa


. 

126. If a


, b


, c


 be three non-coplanar vectors and a

 , b


 , c


  constitute the reciprocal system of vectors, then 

prove that 

i.      ccrbbraarr


 . 

ii.      ccrbbraarr

 . 

 
CATEGORY-19.10. VECTOR EQUATIONS 

127. If     1ˆˆˆˆˆˆ  kjiajiaia


, then find a


. {Ans. î } 

128. If a.b 0 , find the vector r which satisfies the equations  r c b 0, r.a    0 . {Ans.  b
ba
cacr

 } 

129. Given that  1,1,1a


,  1,1,0 c


 and 3ba


. If cba


 , then find b


. {Ans. 








3

2
,

3

2
,

3

5
} 
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130. Let jia ˆˆ 


, kjb ˆˆ 


, ikc ˆˆ 


. If d


 is a unit vector such that  dcbda


 0 , then find d̂ . {Ans. 

6

ˆ2ˆˆ kji 
 } 

131. If bcbr


  and 0ar


 where kjia ˆˆ3ˆ2 


, kjib ˆˆˆ3 


 and kjic ˆ3ˆˆ 


, then find r


. {Ans. 

 kji ˆˆˆ2  } 
132. Let A i k B i j k C i j k       2 4 3 7, and . Find vector R which satisfies BCBR   and 

0AR . {Ans. R i j k   8 2 } 
133. Solve the following simultaneous equations for vectors x and y:- 























1x.a

byx

ayx

 {Ans. 
   

22
a

baa
ay,

a

baa
x





 } 

134. If c be a given non-zero scalar, and A and B be given non-zero vectors such that A B , find the vector X 

which satisfies the equations cA.X  and B=XA . {Ans. X
A

A
A

A B  
c

2 2

1
} 

135. Given equations: bar


 , dcr


 . Obtain condition for these equations to be consistent, and then 

solve the equations. It is assumed that a


, b


, c


 are non-coplanar. {Ans. adcb

 , 

 
   







  cbbdaadb

cba
r




 21
} 

 
CATEGORY-19.11. POINTS 

136. Given points  kji 32 A  and  kji 2B , find 

i. distance between the points A and B. {Ans. 14 } 

ii. mid-point of A and B. {Ans. kji 2
3

1

2

3
 } 

iii. the point which divides AB in the ratio 2:3. {Ans. kji
5

11

5

4

5

7
 } 

137. If the position vectors of P  and Q  are kji ˆ7ˆ3ˆ   and kji ˆ4ˆ2ˆ5   then find the cosine of the angle 

between PQ  and ĵ . {Ans. 
162

5
 } 

138. If points  jiA ˆ3ˆ60  ,  jiB ˆ8ˆ40   and  jiaC ˆ52ˆ   are collinear, then find a . {Ans. -40} 

139. Prove that      A B C1 3 3 4 7 3 2 5,2, , , , , , ,    are collinear and find the ratio in which B divides AC. {Ans. 1:3 

externally} 

140. If C is the middle point of AB and P is any point outside AB, then prove that PA PB PC








2 . 

141. If AO OB BO OC











, prove that A, B, C are collinear. 

142. If a


, b


 are the position vectors of A  and B  respectively C  is a point on AB  produced such that 

ABAC 3 , then find the position vector of C . {Ans. ab


23  } 

143. If P , Q , R  are three points with respective position vectors ji ˆˆ , ji ˆˆ  and kcjbia ˆˆˆ  . For what values 
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of a, b, c, the points P , Q , R  are collinear. {Ans. 1a , 0c , Rb } 
144. If a, b, c are non-coplanar vectors, prove that the following three points are collinear:- 

i. a 2b 3c, 2a 3b 4c, 7b 10c      . 
ii. a, b, 3a 2b . 
iii.      2a 3b 5c, a 2b 3c, 7a c . 
iv. a b c, 4a 3b, 10a 7b 2c     . 

145. If a, b are two non-collinear vectors, show that points l m l m l m1 1 2 2 3 3a b a b a b  , ,  are collinear if 

l l l

m m m

1 2 3

1 2 3

1 1 1

0 . 

146. Prove that the following four points are coplanar:- 
i. (4, 5, 1), (0, 1, 1), (3, 9, 4) and (4, 4, 4). 
ii. i j k i j k i j k i j k        2 3 3 2 6 4 2 2 3, ,  and . 

147. Check whether the four points kjikjikjikji 435,453,642,1284   are coplanar or not? 
{Ans. non-coplanar} 

148. If a, b, c are non-coplanar vectors, prove that the four points as given below are coplanar:- 
i. 2 3 2 3 3 4 2 6 6a b c, a b c, a b c a b c       , . 
ii. 6 2 2 3 2 4 12 3a b c, a b c, a b c a b c         , . 
iii. 6 4 10 5 3 10 4 6 10 2 10a b c, a b c, a b c b c       , . 

149. The position vectors of the points A, B, C and D are 3 2 2 3 4 2 4 5i j k i j k i j k i j k        , ,  and   

respectively. If the points A, B, C and D lie on a plane, find the value of . {Ans. 
17
146 } 

150. Find the value of k  for which the points  3,0,1A ,  4,3,1B ,  1,2,1C  and  5,2,kD  are coplanar. {Ans. -
1} 

151. If P  is a point in space such that 12OP  and OP  is inclined at angles of 45  and 60  with î  and ĵ  

respectively, then find the position vector of P . {Ans. kji ˆ6ˆ6ˆ26  } 

152. If the four points a, b, c, d are coplanar, prove that        abc bcd cad abd   . 

153. If a, b, c be any three non-coplanar vectors, then prove that the points cba 111 nml  , cba 222 nml  , 

cba 333 nml   and cba 444 nml   are coplanar if 

l l l l

m m m m

n n n n

1 2 3 4

1 2 3 4

1 2 3 4

1 1 1 1

0 . 

154. If G is the centroid of the triangle ABC, show that GA GB GC










0  and conversely if 

GA GB GC










0 , then G is the centroid of triangle ABC. 

155. Let r1, r2, r3, ....., rn be the position vectors of points P1, P2, P3, ....., Pn relative to an origin O. Show that if 
the vector equation a1r1 + a2r2 + ........ + anrn = 0 holds, then a similar equation will also hold good with 
respect to any other origin P if a1 + a2 + …..… + an = 0. 
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CATEGORY-19.12. AREA 

156. Show that the area of a triangle whose two adjacent sides are determined by the vector 

a i j b i j    3 4 5 7,  is 20
1

2
 square units. 

157. Find the area of the triangle whose side vectors are kjia  2  and kjib 32  . {Ans. 
2
83 } 

158. Find the area of the triangle whose vertices are  kji  2A ,  kji 3B  and  kji 2C . {Ans. 
2
7 } 

159. Find the area of a triangle whose vertices are the points a, b and c. {Ans. accbba 2
1 } 

160. If A, B, C, D are any four points in space, prove that AB CD BC AD CA BD

















 = 4 (area of  ABC). 

161. Prove that    a b a b a b    2  and interpret it. 
162. Given that vectors A, B, C from a triangle such that A = B + C. Find a, b, c, d such that the area of the 

triangle is 5 6  where A i j k B i j k C i j k        a b c d, ,3 4 3 2 . {Ans. 
5,2,4,8;11,2,4,8  dcbadcba } 

163. Find the area of the parallelogram whose adjacent sides are a i j k b i j k     2 3 3 2, . {Ans. 

8 3sq units. } 

164. Find the area of the parallelogram constructed on the vectors qpa


2  and qpb


 2  where p


 and q


 

are unit vectors forming an angle of 30 . {Ans. 
2

3
} 

165. Find the area of the parallelogram having diagonals 3 2 3 4i j k i j k    and . {Ans. unitssq.35 } 
166. Find two unit vectors parallel to the diagonals of a parallelogram whose sides are kji 542   and 

kji 32  . Also find the area of the parallelogram. {Ans.     511,82
69
1,263

7
1 kjikji  } 

167. If a i j k b i k c j k       2 3 2, ,  find the area of the parallelogram having diagonals a + b and b + 

c. {Ans. 
2
21 } 

168. Let Ar (r = 1, 2, 3, 4) be the area of four faces of a tetrahedron. Let, nr be the outward drawn normals to the 
respective faces with magnitudes equal to corresponding areas. Prove that n1 + n2 +n3 + n4 = 0. 

 
CATEGORY-19.13. VOLUME 

169. Find the volume of the parallelopiped whose edges are represented by the vectors:- 
i. a i j k b i j k c i j k        2 3 4 2 3 2, , . {Ans. 7} 
ii. a i j b i j k c i k      2 3 3, , . {Ans. 4} 

170. The volume of the parallelopiped whose edges are represented by     12 3 2 15i k j k i j k , ,  is 546. 

Find the value of . {Ans. 3} 
171. Three vectors a = (12, 4, 3), b = (8, 12, 9), c= (33, 4, 24) define a parallelopiped. Evaluate the lengths 

of its edges, area of its faces and its volume. {Ans. 13, 17, 41, 220, 435, 455, 3696} 
172. Find out the volume of a prism on triangular base, the three sides of the prism meeting on a vertex are 

given below:- 
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i. OA OB OC


  


  


  3 4 12 12 3 4 4 12 3i j k i j k i j k, , . {Ans. 693.5} 

ii. Find the unit vector perpendicular to OA OB
 

 and . {Ans.  kji 3913220
19345

1  } 

iii. Find the angle between OA OC
 

 and . {Ans. 
169
96cos 1 } 

iv. Find the area of triangle OAB. {Ans. 
2

19345
} 

173. Prove by vector method that the volume V of a tetrahedron in terms of the length of three coterminous 

edges and their mutual inclinations is 

1coscos

cos1cos

coscos1

36

222
2






cba

V  . 

 
CATEGORY-19.14. EQUATION OF A STRAIGHT LINE 

174. Vertices of a triangle are  kji 32 A ,  kji B  and  kji C . Find the equation of sides and 
medians. 

 
CATEGORY-19.15. POINT AND STRAIGHT LINE 

175. Find the distance of the point B  i j k 2 3  from the line which is passing through  A 4 2 2i j k   and 

which is parallel to the vector C


  2 3 6i j k . Also find the foot of perpendicular from B on the line. 

{Ans. kji ˆ2ˆ2ˆ4,10  } 

176. Find the perpendicular distance of  2,4,1 A  from BC where position vectors of B and C are respectively 

 2,1,2   and  1,5,0  . Also find the foot of perpendicular from A on the line BC. {Ans. 
7

263
, 

 kji ˆ146ˆ145ˆ130
49

1
 } 

177. The vertices of a triangle are  3,2,4A ,  1,3,1B  and  25,5 C . Use vectors to find the length of normal 

drawn from A to BC. Also find the foot of perpendicular from A on the line BC. {Ans. 
7

10
, 

 kji ˆ127ˆ95ˆ205
49

1
 } 

178. Find the perpendicular distance of a corner of a unit cube from the diagonal not passing through it. {Ans. 

3

6
} 

179. Prove that the perpendicular distance of the vertex A from the base of a  ABC with a, b, c as position 

vectors of A, B, C respectively, is 
a b b c c a

b c

    


. 

 
CATEGORY-19.16. ANGLE BETWEEN TWO STRAIGHT LINES 



PART-V/CHAPTER-19 

SANJIVA DAYAL CLASSES FOR IIT-JEE MATHEMATICS. Head office: A-602, Twin Towers, Lakhanpur, Kanpur-208024, INDIA. 
Phone: +91-512-2581426. Mobile: +91-9415134052. Email: sanjivadayal@yahoo.com. Website: sanjivadayal-iitjee.blogspot.com. 

19.27 

180. The vectors kji ˆˆ2ˆ3  , kji ˆ5ˆ3ˆ   and kji ˆ4ˆˆ2   form the sides of a triangle. Show that this triangle is 
a right-angled triangle. 

181. Given the vertices A (3, 2, 3), B (5, 1, 1) and C (1, 2, 1) of a triangle. Find its interior vertex angle A. 

{Ans. 
9
4cos 1 } 

182. The position vector of the points A, B, C, D are i j k i j i j k k j     , , ,2 3 3 5 2  respectively. Show 
that lines AB and CD are parallel. 

183. The position vectors of A, B, C, D with respect to the origin are respectively 
2 3 5 2 3 5 4 2 10 10i j k i j k i j k i j k        , , , . Show that lines AB and CD are parallel. 

184. Given four points        747541,712832 ,,=  ,,=,,=,,,  DandCBA . Are the lines AB and CD 
parallel? {Ans. yes} 

185. Let ABC  be a triangle, the position vectors of whose vertices are respectively kj ˆ10ˆ7  , kji ˆ6ˆ6ˆ   and 

kji ˆ6ˆ9ˆ4  . Then show that the ABC  is isosceles right-angled triangle. 

186. Let a  be a unit vector and b be a non-zero vector not parallel to a . Find the angles of the triangle, two 
sides of which are represented by the vectors  3 a b  and  b a.b a   . {Ans. 30 60  , ,90 } 

187. Prove that the points A (2, 3), B (-3, 1), C (7, 7) and D (3, 0) are the vertices of a trapezoid. Find the 

length of the median of the trapezoid. {Ans. 
2
343 } 

188. Given three successive vertices of a parallelogram : A (3, 2, 0), B (3, 3, 1) and C (5, 0, 2). Find its 

fourth vertex D and the angle between the lines AC and BD. {Ans.  
3

2,1,1,1 D } 

189. Prove that the points 2 3 5 3 4 4i j k i j k i j k     , ,  are the vertices of a right angled triangle. Find 

also the other two angles. {Ans. 
41
6cos,

41
35cos 11  } 

190. P, Q, R, S are the points kjikijiki  23and32,2,  respectively. Show that the projection of 

PQ  on RS  is equal to that of RS  on PQ  each being 
3

4
 . Also find the cosine of their inclination. {Ans. 

9
4 } 

191. A triangle is defined by its vertices A (2, 1, 2), B (1, 0, 0) and C (1+3, 3, 6). Calculate the angles of 

the triangle and the length of the median m drawn to the side BC. {Ans. 
32629

123cos



A , 

6
21cos 

B , 
346418

1232cos



C , m   2 9 2 6 2 3 } 

192. Determine the lengths of the diagonals of a parallelogram constructed on the vectors a = 2m + n and b = 
m  2n, where m and n are unit-vectors forming an angle of 60. {Ans. 7 13, } 

193. The position vectors of points A and B are kji ˆ4ˆ7ˆ6   and kj ˆ2ˆ9   respectively. A line 1L , parallel to 

the vector kji ˆˆˆ3  , passes through the point A and a line 2L , parallel to the vector kji ˆ4ˆ2ˆ3  , 

passes through the point B. Find the position vector of a point P on the line 1L  and a point Q on the line 
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2L  such that line PQ is perpendicular to 1L  and 2L  both. {Ans.  3,8,3P ,  6,7,3 Q } 

194. In a triangle ABC the point A (1, 2, 3) is the vertex of the right angle. Find the vertices B and C if it is 
known that B and C lie on the straight line MN, where M (1, 3, 2), N (1, 1, 3) and  ABC = 30. {Ans. 








 
3

37,
3

327,
3

132 B , 






 
9

321,
9

3221,
9

332 C } 

195. Prove that the angle between two diagonals of a cube is 








3

1
cos 1 . 

196. A line makes angles    , , ,  with the diagonals of a cube, prove that 

cos cos cos cos2 2 2 2 4 3       . 
197. Prove that in any triangle the line joining the mid-points of any two sides is parallel to the third side and 

half of its length. 
198. Prove that the parallelogram whose diagonals are equal is a rectangle. 
199. Prove that the diagonals of a rhombus are at right angles. 
200. Prove that the straight line joining the mid-points of two non-parallel sides of a trapezium is parallel to the 

parallel sides and half of their sum. 
201. Prove that the straight line joining the mid-points of the diagonals of a trapezium is parallel to  the parallel 

sides and half of their difference. 
202. Prove that the angle in a semi-circle is right angle. 
203. Prove that in a tetrahedron if two pairs of opposite edges are perpendicular, the third pair is also 

perpendicular. Also show that sum of the squares on two opposite edges is the same for each pair for such 
a tetrahedron. 

204. Prove that any two opposite edges of a regular tetrahedron are perpendicular. 
 
CATEGORY-19.17. POINT OF INTERSECTION OF STRAIGHT LINES 

205. Find the point of intersection of the line joining the points kji ˆ4ˆ4ˆ6  , kji ˆ8ˆ6ˆ9   and the line joining 

the points kji ˆ3ˆ2ˆ  , kji ˆ5ˆ2ˆ  . {Ans. k̂4 } 

206. Find the point of intersection of the lines    kjikjir ˆ3ˆ2ˆˆˆˆ    and    kjikjir ˆˆˆ2ˆˆˆ   . 
{Ans. Lines do not intersect} 

207. The position vectors of the points P and Q are kji ˆ2ˆ7ˆ5   and kji ˆ6ˆ3ˆ3   respectively. A line 1L , 

parallel to the vector kji ˆˆˆ3  , passes through the point P and a line 2L , parallel to the vector 

kji ˆ4ˆ2ˆ3  , passes through the point Q. A third line parallel to the vector kji ˆ5ˆ7ˆ2   intersects lines 

1L  and 2L . Find the position vector of the points of intersection. {Ans. kji ˆ3ˆ8ˆ2  , kj ˆ2ˆ  } 
208. In a triangle OAB, E is the mid-point of OB and D is a point on AB such that AD:DB = 2:1. If OD and AE 

intersect at P, determine the ratio OP:PD using vector methods. {Ans. 3:2} 
209. In a triangle ABC, D and E are points on BC and AC respectively, such that BD = 2DC and AE = 3EC. Let 

P be the point of intersection of AD and BE. Find BP/PE using vector methods. {Ans. 
3
8 } 

210. In a triangle ABC, D divides BC in the ratio 3:2 and E divides CA in the ratio 1 : 3. The lines AD and BE 
meet at H and CH meets AB in F. Find the ratio in which F divides AB. {Ans. 2:1} 

211. The median AD of a triangle ABC is bisected at E and BE is produced to meet AC in F, show by vector 
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method that BFEF
4

1
 . 

212. ABC is a triangle, E and F are mid-points of AC and AB respectively. CP is drawn parallel to AB to meet 

BE produced in P. Show that  FEP =  FCE = 
1

4
ABC . 

213. The points D, E, F divide sides BC, CA, AB of a triangle ABC in the ratio 1:2. The pair of lines AD, BE; 

BE, CF; CF, AD meet at P, Q and R respectively. Prove that area of  PQR = 
1

7
ABC . 

214. Prove that the medians of a triangle are concurrent and find the point of concurrency. 
215. The lines joining the vertices of a tetrahedron to the centroids of opposite faces are concurrent. 
216. The joins of the mid-points of the opposite edges of a tetrahedron intersect and bisect each other. 
 
CATEGORY-19.18. ANGULAR BISECTOR OF TWO STRAIGHT LINES 

217. Find both the angular bisectors of the lines    kjikjir ˆˆˆ2ˆ2ˆ2ˆ    and 

   kjikjr ˆ3ˆ2ˆˆ4ˆ3   . {Ans.         kjikjir ˆ337ˆ327ˆ372ˆˆˆ   } 

218. Find the incenter of the triangle having vertices kji ˆˆ3ˆ2  , kji ˆˆˆ   and kji ˆ3ˆˆ  . 

219. In a triangle ABC, c = 6, b = 8 and the angle A = 90. AM and BN are the bisectors of the angles A and B. 

Find the angle between the lines AM and BN. {Ans. 
10
1cos 1 } 

220. In parallelogram ABCD the internal bisectors of the consecutive angles B and C intersect at P. Use vector 
method to find BPC . {Ans. 90} 

221. Prove that internal bisectors of the angles of a triangle are concurrent. 
 
CATEGORY-19.19. SHORTEST DISTANCE BETWEEN PARALLEL AND SKEW LINES 

222. Find the shortest distance between the two lines    kjikjir ˆˆ3ˆ2ˆˆ2ˆ    and 

   kjikjir ˆˆ3ˆ2ˆˆˆ2   . {Ans. 
14

3
} 

223. Find the shortest distance between the lines    kjikjir ˆ2ˆˆ2ˆˆ2ˆ  


 and 

 kjikjir ˆ2ˆˆ2ˆˆˆ2  


. {Ans. 
3

101
} 

224. Find the shortest distance between two lines, one joining the points  3,2,1   and  4,6,16  and the other 

line joining the points  3,1,1  and  7,9,4 . {Ans. 7 units} 
225. Show that the shortest distance between a diagonal of a rectangular parallelopiped the lengths of whose 

three coterminous edges are a, b, c and the edges not meeting it are 
222222

,,
ba

ab

ac

ca

cb

bc


. 

 
CATEGORY-19.20. EQUATION OF A PLANE 

226. Find the equation of the plane, through the point kji ˆˆ3ˆ2   and perpendicular to the vector kji ˆ2ˆ2ˆ3  . 

Also find the perpendicular distance from the origin to this plane. {Ans.   2ˆ2ˆ2ˆ3  kjir


, 
17

2
 units} 
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227. Find the equation of the plane passing through point kji ˆ5ˆ2ˆ   and containing vectors kji ˆ9ˆ7ˆ5   and 

kji ˆˆ2ˆ3  . Find its distance from origin. {Ans.    kjikjikjir ˆˆ2ˆ3ˆ9ˆ7ˆ5ˆ5ˆ2ˆ    or 

  16ˆ11ˆ32ˆ25  kjir , 
1770

16
} 

228. Find the distance of the plane      kjikjikjir ˆˆˆˆˆ3ˆ2ˆˆ2ˆ    from origin. {Ans. 
26
9 } 

229. Find the unit vector perpendicular to the plane passing through points  kjiP ˆ2ˆˆ  ,  kiQ ˆˆ2   and 

 kjR ˆˆ2  . {Ans.  kji ˆˆˆ2
6

1
 } 

230. Find the equation of the plane passing through three points kji ˆ6ˆ6ˆ2  , kji ˆ9ˆ10ˆ3   and ki ˆ6ˆ5  . 

Also find its distance from origin. {Ans.   2ˆ2ˆˆ2  kjir


, 
3

2
} 

231. The vertices of a triangle ABC are (4, 2, 3); (1, 3, 1) and (5, 5, 2) respectively. Find the length of the 
perpendicular drawn from origin O to plane of  ABC. {Ans. 10 } 

232. If a, b, c are vectors from the origin to the points A, B, C show that a b b c c a      is perpendicular 
to the plane ABC. 

233. Find the equation of the plane   22  kjir  in parametric form. {Ans.    kikiir   22 } 
 
CATEGORY-19.21. POINT AND PLANE 

234. Find the equation of the plane passing through the point  1,2,3 A  and perpendicular to the vector 

kji ˆ4ˆ7ˆ4  . If PM be the perpendicular from  1,2,1 P  to this plane, find its length. {Ans. 

  6ˆ4ˆ7ˆ4  kjir


, 
9

28
 units} 

235. Let points P, Q, R have position vectors kji ˆˆ2ˆ3  , kji ˆ4ˆ3ˆ   and kji


22   respectively. Find the 
distance of P from the plane OQR. Also find the foot of perpendicular from P on the plane OQR. {Ans. 3, 

 kji ˆ2ˆ8ˆ11
13

1
 } 

236. Find the distance of  P i j k   from the plane passing through the three points 

     A B C2 2 2i j k i j k i j k     , , . Also find the position vector of the foot of perpendicular from 

P on the plane. {Ans.  kji 
3
4,

3
1 } 

237. Show that the perpendicular distance of a point whose position vector is a


 from the plane through three 

points with position vectors b


, c


, d


 is 
       

bddccb

cbadbadacdcb







. 

 
CATEGORY-19.22. LINE AND PLANE 

238. Find the angle between the line    kjikjir ˆˆˆ2ˆˆ2ˆ    and the plane   3ˆ2ˆˆ  kjir . {Ans. 

6
1sin 1 } 



PART-V/CHAPTER-19 

SANJIVA DAYAL CLASSES FOR IIT-JEE MATHEMATICS. Head office: A-602, Twin Towers, Lakhanpur, Kanpur-208024, INDIA. 
Phone: +91-512-2581426. Mobile: +91-9415134052. Email: sanjivadayal@yahoo.com. Website: sanjivadayal-iitjee.blogspot.com. 

19.31 

239. Find the angle between the line    kjikjir ˆˆˆˆˆˆ2  


 and the plane   4ˆˆ2ˆ3  kjir


. {Ans. 











42

2
sin 1 } 

240. Check whether the line    kjikjir ˆˆˆˆˆˆ2    lies in the plane   5ˆ2ˆˆ  kjir  or not? {Ans. 
Yes} 

241. Find the equation of the plane containing the lines    kjikjir ˆ4ˆ2ˆ3ˆ4ˆ4ˆ6    and 

   kjikjir ˆˆ2ˆˆ5ˆ2ˆ   . 

242. Find the equation of the plane containing the lines    kjikjir ˆˆˆˆˆ2ˆ    and 

   kjikjir ˆ2ˆ2ˆ2ˆ2ˆˆ   . 

243. Find the point of intersection of the line    kjikjir ˆ2ˆˆˆˆˆ    and the plane   1ˆˆ2ˆ  kjir . 

244. A straight line bar


  meets the plane 0nr


 in P . Find the position vector of P . {Ans. 

b
nb

na
a










 } 

245. The points A, B, C, D and E are respectively A (1, 2, 1), B (2, 1, 2), C (0, 4, 4), D (2, 2, 2) and E (4, 1, 
2). The line AB cuts the plane CDE in the point P. Prove by vector method that the point P is (3, 0, 3). 

246. Find the vector equation of the straight line through the points kji ˆˆ2ˆ   and jk ˆ2ˆ3  . Find also the point 

in which this line cuts the plane through the origin and the points ĵ4  and ki ˆˆ2  . {Ans. 

   ktjitr ˆ21ˆ2ˆ1 


,  kji ˆ3ˆ10ˆ6
5

1
 } 

247. ABC is a triangle whose vertices are î , ĵ  and k̂ . Find the distance of the point  3,2,1P  from the plane 

of the triangle ABC, measured along a line through P and parallel to the vector ji ˆˆ  . {Ans. 
2

1
 units} 

248. Find the image of the point kji ˆˆ3ˆ2   w.r.t the plane   1ˆˆˆ  kjir . {Ans. kji ˆ
3

7ˆ
3

1ˆ
3

4
 } 

249. Find the image of the line    kjikjir ˆˆ2ˆ2ˆˆˆ    w.r.t the plane   1ˆˆˆ  kjir . {Ans. 

 kjikjir ˆˆ4ˆ8ˆ
3

1ˆ
3

1ˆ
3

1









  } 

250. If a straight line is equally inclined to three coplanar straight lines, prove that it is perpendicular to their 
plane. 

 
CATEGORY-19.23. TWO OR MORE PLANES 

251. Two planes are perpendicular to one another. One of them contains vectors a


 and b


 and the other 

contains vectors c


 and d


, then find    dcba


 . {Ans. 0} 

252. Find the angle between the planes   2ˆˆ2ˆ  kjir  and      kjikjikjir ˆ3ˆ2ˆˆˆˆ2ˆˆˆ   . 

{Ans. 
83

6
cos 1 } 

253. A non-zero vector a


 is parallel to the line of intersection of the plane parallel to the vectors î , ji ˆˆ   and 
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the plane parallel to the vectors ji ˆˆ  , ki ˆˆ  . Find the angle between the vectors a


 and kji ˆ2ˆ2ˆ  . Also 

find the angle between the two given planes. {Ans. 
4


, 

3

2
cos 1 } 

254. Find the equation of line of intersection of the planes   2ˆ2ˆˆ  kjir  and   3ˆˆ2ˆ  kjir . {Ans. 

   kjijir ˆˆˆ3ˆˆ  


} 

255. Obtain the plane containing the line  kjir ˆˆˆ2  


 and perpendicular to the plane   .3ˆˆ  kir


 Also 

obtain the point where this plane meets the line  kjir ˆˆ3ˆ2  


. {Ans.   2ˆˆˆ  kjir


,  1,3,2  } 

256. Find the equation of the plane passing through the intersection of the planes   5ˆˆ3ˆ  kjir  and 

  3ˆˆˆ2  kjir  and passing through the point  2,1,2  . {Ans.   8ˆ2ˆ3  jir


} 

257. Find the equation of the plane passing through the intersection of the planes   1ˆ4ˆ3ˆ2  kjir  and 

  4ˆˆ  jir  and perpendicular to   8ˆˆˆ2  kjir . {Ans.   47ˆ12ˆ2ˆ5  kjir


} 
 
CATEGORY-19.24. GEOMETRICAL OPERATIONS ON VECTORS 

258. If a


, b


 are vectors forming consecutive sides of a regular hexagon ABCDEF, then find the vector 

representing side CD . {Ans. ab


 } 

259. If a


, b


 represent the diagonals of a rhombus, then show that 0ba


. 

260. If ABCD is a rhombus whose diagonals cut at the origin O , then show that 0


 ODOCOBOA . 
261. Let D , E , F  be the middle points of the sides BC , CA , AB  respectively of a triangle ABC . Then show 

that 0


 CFBEAD . 

262. In a trapezoid ABCD the vector BC AD





 .  Prove that the vector p = AC


+ BD


 is collinear with AD


 

(and, hence, with BC ) and find the coefficient  in the notation p =  AD


.  {Ans.   1 } 
263. Given a parallelogram ABCD  CDABBCAD , . A point K is chosen on the side AD, and a point L on the 

side AC such that 
5

AD
AK 


 and 
6

AC
AL 


. Prove that the vectors KL BL
 

 and  are collinear and find 

the proportionality factor  in the notation KL BL
 

=  . {Ans.    1
5 } 

264. A straight line is drawn through the vertex C of the square ABCD parallel to the diagonal BD, which cuts 
the straight line AD at a point E. Q is the point at which the diagonals of the square meet. Express the sum 

of the vectors AB CE
 

 and  in terms of the vectors DC CQ
 

 and . {Ans. AB CE DC CQ
   

   

 


2 } 

265. Assume that ABCD is a parallelogram, and BCAD , K is the midpoint of BC, L is the mid point of DC. 

Introduce the designations AK AL





a b,  and express the vectors BD and AC
 

  in terms of a and b. 

{Ans. ba
3
2

3
2 



AC , BD


  2 2a b } 

266. Being given vectors p and q on which a parallelogram is constructed, use them to express the vector which 
coincides with the altitude of the parallelogram, which is perpendicular to the side p. {Ans. 
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 p

p

qp
q

2
} 

267. Given a regular hexagon ABCDEF, M is the midpoint of DE, N is the midpoint of AM, P is the midpoint of 

BC. Resolve the vector NP


 into components with respect to the vectors AB


 and AF


. {Ans. 


 AFABNP
2
1

4
3 } 

268. If A1, A2, ......, An are the vertices of regular plane polygon with n sides and O is its centre, show that 

 OA OA n OA OAi i

i

n 








  
















 1

1

1

2 11 . 

 
CATEGORY-19.25. ADDITIONAL QUESTIONS 
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CHAPTER-20 

THREE DIMENSIONAL COORDINATE GEOMETRY 
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CHAPTER-20 

THREE DIMENSIONAL COORDINATE GEOMETRY 
 
SECTION-20.1. POINTS 

1. Representation of a point in three dimensional space by coordinates 
i. Coordinates of a point P in three dimensional space w.r.t. OXYZ axes is ordered triad of real numbers 

written as  zyx ,,  such that the coordinates are the distances from the origin of the feet of the 
perpendiculars from the point P on the respective coordinate axes. 

ii. If system vectors i, j, k are along x-axis, y-axis, z-axis respectively, then vector  zyxOP ,,  is the 
position vector of point P. 

2. Equation of a curve/ region 
i. The equation of a curve/ region is the relation which exists between the coordinates of every point on the 

curve/ region, and which holds for no other points except those lying on the curve/ region. 
ii. Equation of x-axis is 0 zy ; equation of y-axis is 0 zx ; equation of z-axis is 0 yx . 
iii. Equation of x-y plane is 0z ; equation of y-z plane is 0x ; equation of x-z plane is 0y . 

3. Distance formula 
i. Distance between the points  111 ,, zyxP  and  222 ,, zyxQ  is given by 

     2
12

2
12

2
12 zzyyxxPQ  . 

ii. Therefore, distance of the point  111 ,, zyxP  from the origin  0,0,0O  is .2
1

2
1

2
1 zyxOP   

4. Section formula 
i. Coordinates of the point which divides the line segment joining points  111 ,, zyxP  and  222 ,, zyxQ  

internally in the ratio 21 : mm  are 




















21

1221

21

1221

21

1221 ,,
mm

zmzm

mm

ymym

mm

xmxm
. 

ii. Coordinates of the mid-point of the line segment joining points  111 ,, zyxP  and  222 ,, zyxQ  are 








 

2
,

2
,

2
212121 zzyyxx

. 

iii. Coordinates of the point which divides the line segment joining points  111 ,, zyxP  and  222 ,, zyxQ  

externally in the ratio 21 : mm  are 




















21

1221

21

1221

21

1221 ,,
mm

zmzm

mm

ymym

mm

xmxm
. 

5. Condition for four points to be coplanar 

If 

1

1

1

1

444

333

222

111

zyx

zyx

zyx

zyx

=0, then the four points  111 ,, zyx ,  222 ,, zyx ,  333 ,, zyx  and  444 ,, zyx  are coplanar, 

if 0 , then points are non-coplanar. 
6. Centroid of a triangle 

Centroid of the triangle with vertices  111 ,, zyxA ,  222 ,, zyxB  and  333 ,, zyxC  is 
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3
,

3
,

3
321321321 zzzyyyxxx

. 

7. Centroid of a Tetrahedron 
Centroid of the tetrahedron with vertices  111 ,, zyxA ,  222 ,, zyxB ,  333 ,, zyxC  and  444 ,, zyxD  is 








 

4
,

4
,

4
432143214321 zzzzyyyyxxxx

. 

 
SECTION-20.2. AREA AND VOLUME 

1. Area of a triangle 
Area of a triangle whose vertices are  111 ,, zyx ,  222 ,, zyx  and  333 ,, zyx  is 

2

33

22

11

2

33

22

11

2

33

22

11

1

1

1

1

1

1

1

1

1

2

1

zy

zy

zy

zx

zx

zx

yx

yx

yx

 . 

2. Volume of a tetrahedron 
Volume of a tetrahedron whose vertices are  111 ,, zyx ,  222 ,, zyx ,  333 ,, zyx  and  444 ,, zyx  is 

1

1

1

1

6

1

444

333

222

111

xxx

zyx

zyx

zyx

V  . 

 
SECTION-20.3. DIRECTION COSINES AND DIRECTION RATIOS OF A STRAIGHT LINE 

1. Direction cosines of a line 
i. If  ,,  are the angles which a particular direction of the line L makes with the positive x-axis, y-axis, 

z-axis respectively, then cos , cos , cos  are known as the direction cosines of the line L and are 
generally denoted by l, m, n respectively i.e. cosl , cosm , cosn . 

ii. Clearly, the opposite direction of the line L, makes angles   ,   ,    with the positive x-axis, 

y-axis, z-axis respectively. Therefore, direction cosines of the line L are   cos ,   cos , 

  cos  or l , m , n  also. 

iii. 1222  nml . 
iv. Parallel lines have same direction cosines. 
v. Unit vectors  nmlt ,,ˆ   and  nmlt  ,,ˆ  are parallel to the line. 
vi. Direction cosines of x-axis are 1,0,0 or –1,0,0; y-axis are 0,1,0 or 0,–1,0 and z-axis are 0,0,1 or 0,0,–1. 

2. Direction ratios of a line 
i. If l, m, n are the direction cosines of a line L, then kl, km, kn  0k  are the direction ratios of the line L. 

ii. If a, b, c are direction ratios of the line L having direction cosines l, m, n then 
c

n

b

m

a

l
 . 

iii. If a, b, c are the direction ratios of the line L then its direction cosines are 
222 cba

a


, 
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222 cba

b


, 

222 cba

c


 or 

222 cba

a


 , 

222 cba

b


 , 

222 cba

c


 . 

iv. If 1a , 1b , 1c  and 2a , 2b , 2c  are the direction ratios of the same line or of parallel lines then 

2

1

2

1

2

1

c

c

b

b

a

a
 . 

v. Vector  cbat ,,


 is parallel to the line. 
3. Direction ratios of a line passing through two given points 

i. Direction ratios of a line passing through two points  111 ,, zyxA  and  222 ,, zyxB  are 12 xx  , 12 yy  , 

12 zz  . 

ii. Vector  121212 ,, zzyyxxt 


 is parallel to the line. 
 
SECTION-20.4. EQUATION OF A STRAIGHT LINE IN SYMMETRICAL FORM 

1. Equation of a line passing through a given point and given direction ratios or direction cosines 
(Symmetrical form) 
i. Equation of a straight line passing through a fixed point  111 ,, zyx  and having direction ratios a, b, c or 

direction cosines l, m, n is 
c

zz

b

yy

a

xx 111 






 or 

n

zz

m

yy

l

xx 111 






. 

ii. The coordinates of any point on the line 
c

zz

b

yy

a

xx 111 






 are   czbyax  111 ,, , where 

R . 

iii. Equation of x-axis is 
0

0

0

0

1

0 





 zyx
; equation of y-axis is 

0

0

1

0

0

0 





 zyx
; equation of z-

axis is 
1

0

0

0

0

0 





 zyx
. 

2. Equation of a line passing through two given points 
Equation of a line passing through two given points  111 ,, zyx  and  222 ,, zyx  is given by 

12

1

12

1

12

1

zz

zz

yy

yy

xx

xx














. 

 
SECTION-20.5. POINTS AND LINES 

1. Angle between two lines 
i. Let the direction ratios of the two lines be 111 ,, cba  and 222 ,, cba ; then the angle between them is 

212121
1

2
2

2
2

2
2

2
1

2
1

2
1

2121211 coscos nnmmll
cbacba

ccbbaa



















  , where 111 ,, nml  and 222 ,, nml  

are their direction cosines. 

ii. If 
2

1

2

1

2

1

c

c

b

b

a

a
  or 1

2

1

2

1

2

1 
n

n

m

m

l

l
, then lines are parallel. 

iii. If 0212121  ccbbaa  or 0212121  nnmmll , then lines are perpendicular. 
2. Point of intersection of two lines 
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i. Let the two lines be 
1

1

1

1

1

1

c

zz

b

yy

a

xx 






 and 

2

2

2

2

2

2

c

zz

b

yy

a

xx 






. 

ii. Coordinates of a general point on these lines are   111111 ,, czbyax   and 

  222222 ,, czbyax   respectively. 

iii. If these lines intersect then they have a common point i.e. 




























2211

2211

2211

czcz

byby

axax

. If this system has 

unique solution in ,  then lines intersect. If this system has no solution then lines do not intersect. 

iv. If the lines intersect, find   or  and substitute in the coordinates of general point to obtain the 
coordinates of point of intersection. 

3. Foot of the perpendicular and perpendicular distance of a point from a line 

i. Let the point  222 ,, zyxP  and the line 
c

zz

b

yy

a

xx
L 111 







 . 

ii. Let the foot of perpendicular from point P to line L be  czbyaxQ   111 ,, . Then Direction 

ratios of PQ are 21 xax  , 21 yby  , 21 zcz   . 
iii. Since PQ is perpendicular to the line L, therefore 

     
     

222
121212

212121 0
cba

zzcyybxxa
czczbybyaxax




  . 

Substitute this value of   to obtain coordinates of point Q. Now using distance formula find the 
perpendicular distance PQ. 

4. Shortest distance between two skew lines 

i. The shortest distance between two skew lines 
1

1

1

1

1

1

c

zz

b

yy

a

xx 






 and 

2

2

2

2

2

2

c

zz

b

yy

a

xx 






 is 

given by 

     2
1221

2
2121

2
1221

222

111

121212

babacaaccbcb

cba

cba

zzyyxx

d




 . 

ii. If 0

222

111

121212





cba

cba

zzyyxx

 then lines are skew, if = 0 then lines are intersecting/ parallel. 

 
SECTION-20.6. EQUATION OF A PLANE 

1. Equation of the plane passing through a given point and given normal 
i. Equation of the plane passing through a given point  111 ,, zyx  and normal having direction ratios a, b, c 

is       0111  zzcyybxxa . 
ii. Equation of y-z plane is x = 0; z-x plane is y = 0 and x-y plane is z = 0. 

2. General equation of a plane 
i. General equation of a plane is 0 dczbyax , where a, b, c, d are real numbers such that a, b, c are 
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not all zero. a, b, c are the direction ratios of its normal. 
ii. Three conditions are required to find the equation of a plane. 

iii. A point 






 

c

dba 
 ,,  lies on the plane R , . 

3. Equation of a plane passing through three given points 
i. Let the three given points be  111 ,, zyx ,  222 ,, zyx  and  333 ,, zyx . Substitute these points in the 

general equation of the plane and find a, b, c, d by Cramer’s rule. 

ii. Equations of the plane can also be written as 0

1

1

1

1

333

222

111


zyx

zyx

zyx

zyx

. 

4. Intercept form of a plane 
i. The equation of a plane whose intercepts are a, b and c on x-axis, y-axis and z-axis respectively, is 

1
c

z

b

y

a

x
. 

ii. Transforming the general equation 0 DCzByAx  in intercept form, we get 

1



































C

D

z

B

D

y

A

D

x
. Therefore, intercepts are 

C

D

B

D

A

D
 ,, . 

5. Equation of the plane in normal form 
i. If l, m, n are direction cosines of the normal to a given plane which is at a distance p from the origin, 

then the equation of the plane is pnzmylx  . 
ii. Transforming the general equation 0 DCzByAx  to normal form, we get 

222222222222 CBA

D
z

CBA

C
y

CBA

B
x

CBA

A











   

Therefore, 
222 CBA

D
p


  and 

222222222
,,

CBA

C

CBA

B

CBA

A


 are the direction 

cosines of the normal to the plane. 
 
SECTION-20.7. POINT(S) AND PLANE 

1. Position of two points w.r.t. a plane 
Two points  111 ,, zyx  and  222 ,, zyx  lie on the same or opposite sides of the plane 0 dczbyax  if 

  dczbyaxdczbyax  222111  is > or < 0. 
2. Distance of a point from a plane 

i. The length of perpendicular from a point  111 ,, zyxP  to the plane 0 dczbyax  is given by 

222

111

cba

dczbyax




. 

ii. Therefore, length of perpendicular from origin is 
222 cba

d


. 
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SECTION-20.8. LINE(S) AND PLANE 

1. Angle between a line and a plane 
i. The angle between a line and a plane is the complement of the angle between the line and normal to the 

plane. 
ii. Angle between the line having direction ratios a, b, c and the plane 01111  dzcybxa  is 


















 

2
1

2
1

2
1

222

1111sin
cbacba

ccbbaa
 . 

iii. If 0111  ccbbaa , then line is parallel to the plane. 

iv. If 
111 c

c

b

b

a

a
 , the line is perpendicular to the plane. 

2. Condition for a line to lie on a plane 

The line 
c

zz

b

yy

a

xx 111 






 lies in the plane 01111  dzcybxa  if 













0

0

111

1111111

ccbbaa

dzcybxa
. 

3. Condition for coplanarity of two lines and equation of the plane containing them 

i. Lines 
1

1

1

1

1

1

c

zz

b

yy

a

xx 






 and 

2

2

2

2

2

2

c

zz

b

yy

a

xx 






 are coplanar (intersecting/ parallel), if 

0

222

111

121212





cba

cba

zzyyxx

. 

ii. If the lines are intersecting, then the equation of the plane containing them is 0

222

111

111





cba

cba

zzyyxx

 

or 0

222

111

222





cba

cba

zzyyxx

. 

4. Point of intersection of a line and a plane which are not parallel 

i. Let the line be 
c

zz

b

yy

a

xx 111 






 and the plane be 01111  dzcybxa . 

ii. Coordinates of any point on the line is   czbyax  111 ,, . If this point lies on the plane then 

     
 

111

1111111
1111111 0

ccbbaa

dzcybxa
dczcbybaxa




  . Substitute this value of 

  to obtain coordinates of the point of intersection. 
 
SECTION-20.9. TWO (OR MORE) PLANES 

1. Angle between two planes 
i. Angle between two planes is defined as the angle between their normals. 
ii. The angle between the two planes 01111  dzcybxa  and 02222  dzcybxa  is given by 
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1cos


















2
2

2
2

2
2

2
1

2
1

2
1

212121

cbacba

ccbbaa
. 

iii. If 
2

1

2

1

2

1

c

c

b

b

a

a
 , then planes are parallel. 

iv. If 0212121  ccbbaa , then planes are perpendicular. 
2. Equation of a plane parallel to a given plane 

Equation of a plane parallel to the plane 0 dczbyax  is 0 czbyax . 
3. Distance between parallel planes 

Distance between two parallel planes 01  dczbyax  and 02  dczbyax  is 
222

21

cba

dd




. 

4. Equation of a plane passing through the intersection of two given planes 
i. The equation of a plane passing through the intersection of the planes 01111  dzcybxa  and 

02222  dzcybxa  is     022221111  dzcybxadzcybxa  , where   is any real 
parameter. 

ii. Equations of planes passing through x-axis is 0 zy  ; y-axis is 0 xz   and z-axis is 0 yx  . 
5. Equation of planes bisecting the angle between two given planes 

The equation of the planes bisecting the angles between the planes 01111  dzcybxa  and 

02222  dzcybxa  are 
2

2
2

2
2

2

2222

2
1

2
1

2
1

1111

cba

dzcybxa

cba

dzcybxa









. 

 
SECTION-20.10. EQUATION OF A LINE IN UNSYMMETRICAL FORM 

1. Equation of a line as intersection of two planes (Unsymmetrical form) 
i. The equation of a line in unsymmetrical form is 0,0 22221111  dzcybxadzcybxa , where 

1a : 1b : 1c  2a : 2b : 2c . It represents the line of intersection of the two planes 01111  dzcybxa  and 

02222  dzcybxa . 
2. Finding equation of a line in symmetrical form from equation in unsymmetrical form 

i. Let a, b, c be the direction ratios of the line, then as the line lies in both the planes, it must be 

perpendicular to normals to these planes. Therefore, 












0

0

222

111

ccbbaa

ccbbaa
. Solve for a, b, c. Choose a 

point which lies on both the planes, i.e. lies on the line and find the equation of the line. 
ii. To find a general point on this line, put x  in the equation of the planes and solve for y and z in terms 

of . 
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EXERCISE-20 
 
CATEGORY-20.1. POINTS 

1. Show that the points  10,7,0 ,  6,6,1 , and  6,9,4  form an isosceles right angled triangle. 

2. Show that the points  3,2,1 ,  1,3,2  and  2,1,3  form an equilateral triangle. 

3. Find the center of the sphere which passes through the points O  0,0,0 , A  0,0,a , B  0,,0 b  and C  c,0,0 . 

{Ans. 








2
,

2
,

2

cba
} 

4. If P  1,1,1  , Q  2,3,1 , R  8,11,5  are three points in a straight line, find the ratio in which Q divides PR. 
{Ans. 1:2} 

5. If  4,2,3 P ,  6,4,5 Q  and  10,8,9 R  are collinear, then find the ratio in which R  divides PQ . {Ans. 
3:2 externally} 

6. The mid-points of the sides of a triangle are  1,5,1  ,  2,4,0   and  4,3,2 . Find its vertices. {Ans. (1,2,3), 

(3,4,5), (1,6,7)} 
7. Prove that the three points A, B and C whose coordinates are  4,2,3  ,  6,4,5   and  10,8,9   respectively 

are collinear. 
8. Check whether that the points A, B and C whose coordinates are  4,2,3  ,  1,1,1  and  2,4,1  

respectively, are collinear or not. 
9. Prove that the three points A  5,3,2  B  3,2,1  and C  1,0,7   are collinear. Also find the ratio in which C 

divides AB. {Ans. 3:2 externally} 
10. Find the ratio in which the line joining the points  3,2,1  and  5,4,3   is divided by the yx   plane. Also 

find the coordinates of the point of division. {Ans. 3:5, 







 0,

4

11
,

2

1
} 

 
CATEGORY-20.2. AREA AND VOLUME 

11. Find the area of the triangle whose vertices are A  3,2,1 , B  1,1,2   and C  4,2,1  . {Ans. 
2

107
 sq. units} 

12. Show that the area of a triangle whose vertices are the origin and the points  111 ,, zyx  and  222 ,, zyx  is 

     2
1221

2
1221

2
12212

1
yxyxxzxzzyzy  . 

 
CATEGORY-20.3. DIRECTION COSINES AND DIRECTION RATIOS 

13. Find the direction cosines of a line having direction ratios 1, -2, 3. {Ans. 
14

3
,

14

2
,

14

1
 } 

14. Find the length of a segment of a line whose projections on the axes are 2, 3, 6. Also find the direction 

cosines of the line. {Ans. 7 units, 
7

6
,

7

3
,

7

2
} 

15. The projections of a directed line segment on the coordinate axes are 12, 4, 3. Find the DCs of the line. 

{Ans. 
13

3
,

13

4
,

13

12
} 
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16. If  ,  ,   are the angles which a directed line makes with the positive directions of the coordinate axes, 

then find the value of  222 sinsinsin  . {Ans. 2} 
17. Find the direction cosines of the line which is equally inclined to the axes. Find the total number of such 

lines. {Ans. 
3

1
,

3

1
,

3

1
; 

3

1
,

3

1
,

3

1
 ; 

3

1
,

3

1
,

3

1
 ; 

3

1
,

3

1
,

3

1
 ; 4 lines} 

18. Find the direction cosines l, m, n of the two lines which are connected by the relations 0 nml  and 

022  lmnlmn . {Ans. 
6

1
,

6

2
,

6

1
 ; 

6

2
,

6

1
,

6

1
 } 

19. Find the direction cosines l, m, n of the two lines which are connected by the relations 035  nml  and 

0357 222  nml . {Ans. 
6

2
,

6

1
,

6

1
 ; 

14

3
,

14

2
,

14

1
} 

20. Find the direction cosines of the sides and medians of the triangle ABC having vertices  2,3,1A , 

 3,1,2B  and  2,1,3C . 
21. Find the direction ratios and direction cosines of the diagonals of a unit cube having one vertex at origin 

and three edges along positive x, y, z axes. 
 
CATEGORY-20.4. EQUATION OF A LINE IN SYMMETRICAL FORM 

22. Vertices of a triangle are  1,1,2  ,  3,2,1  and  1,2,1 . Find the equation of the sides and medians. 

23. Check whether the line 
3

2

4

1

2

1 





 zyx
 passes through the point  3,1,2  or not? 

24. Find the coordinates of the point lying on the line 
2

1

4

2

3

2 





 zyx
 having x-coordinate equal to 3. 

25. Find the points in which the line 
2

7

5

12

1

1 







 zyx
 cuts the surface 0511 222  zyx . {Ans. 

   1,3,2,3,2,1  } 
 
CATEGORY-20.5. ANGLE BETWEEN TWO LINES 

26. If P, Q, R, S are four points with coordinates  1,3,2  ,  3,5,3  ,  3,2,1  and  7,5,3  respectively, prove that 
PQ is at right angles to RS. 

27. Prove that the line joining the points  3,2,1  and  3,2,1   is perpendicular to the line joining the points 

 5,1,2  and  2,3,3 . 

28. For what value of , the line joining the points P  4,3,2  and Q  ,2,1  is perpendicular to the line OP. 

{Ans. 
4

33
} 

29. If the vertices A, B and C of a triangle have coordinates  5,3,2 ,  2,3,1  and  2,5,3   respectively, find 

the angles of the triangle ABC. {Ans. 
3

2
cos,90,

3

1
cos 11   CBA } 

30. If P, Q, R, S are four points with coordinates  5,4,3 ,  3,6,4 ,  4,2,1  and  5,0,1  respectively, then find 

the projection of PQ on RS. Also find the projection of RS on PQ. {Ans. 
3

4
, 

3

4
} 
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31. Find the direction ratios of a line which is perpendicular to the lines having direction ratios 2,-1,3 and 1,3,-
2. 

32. Find the value of   for which the lines 
1

12

1

1









 zyx


 and 

1

2

2

11 







 zyx


 are perpendicular 

to each other. {Ans. 1} 
33. Show that the lines whose d.c.’s are given by 0 nml  and 0532  lmnlmn  are at right angles. 
34. Show that the lines whose direction cosines are given by the equations 022  nml  and 

0 lmnlmn  are at right angles. 
35. Prove that the acute angle between the lines whose d.c.’s are given by the relations 0 nml , 

0222  nml  is 
3


. 

36. If a variable line in two adjacent positions has direction cosines l, m, n and ll  , mm  , nn  , show 

that the small angle   between the two positions is given by        2222 nml   . 

37. Find the equations of the line through the point  111 ,, zyx  at right angles to the lines 
111 n

z

m

y

l

x
  and 

222 n

z

m

y

l

x
 . {Ans. 

1221

1

1221

1

1221

1

mlml

zz

lnln

yy

nmnm

xx














} 

38. If 111 ,, nml ; 222 ,, nml  and 333 ,, nml  are the direction cosines of three mutually perpendicular lines, then 

find the direction cosines of a line whose direction cosines are proportional to 321 lll  , 321 mmm  , 

321 nnn   and prove that this line is equally inclined to the given lines. {Ans. 

3
,

3
,

3
321321321 nnnmmmlll 

} 

39. Show that the straight lines whose direction cosines are given by the equations 0 cnbmal  and 
0222  wnvmul  are perpendicular if       0222  vucwubwva  and parallel if 

0
222


w

c

v

b

u

a
. 

40. Prove that the straight lines whose direction cosines are given by the relations 0 cnbmal  and 

0 hlmgnlfmn  are perpendicular if 0
c

h

b

g

a

f
 and parallel if 0 chbgaf . 

41. Find the angle between two diagonals of a cube. {Ans. 
3

1
cos 1 } 

42. A line makes angles  ,,,  with the four diagonals of a cube, prove that 

3

4
coscoscoscos 2222   . 

43. If the edges of a rectangular parallelopiped be a, b, c, show that the angle between the four diagonals are 

given by 












222

222
1cos

cba

cba
. 

44. If two pairs of opposite edges of a tetrahedron are perpendicular, then prove that the third pair is also 
perpendicular. 

45. If in a tetrahedron OABC, 222222 ABOCCAOBBCOA  , then show that its pairs of opposite 
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edges are at right angles. 
46. If a pair of opposite edges of a tetrahedron be perpendicular then show that the distances between the 

middle points of the other two pairs of opposite edges are equal. 
 
CATEGORY-20.6. POINT OF INTERSECTION OF TWO LINES 

47. Check whether the lines 
23

6

4

3 zyx








 and 

8

2

4

3

1

1 







 zyx
 intersect or not. If they intersect, find 

their point of intersection. {Ans. intersect,  2,3,1  } 

48. Prove that the lines 
c

cz

b

by

a

ax













 and 

c

cz

b

by

a

ax 






 intersect and find the coordinates 

of the point of intersection. {Ans.  ccbbaa  ,, } 
 
CATEGORY-20.7. POINTS AND LINE 

49. Find the equation of the perpendicular from the point  3,6,1  to the line 
3

2

2

1

1







zyx
. Find also the 

coordinates of the foot of the perpendicular and perpendicular distance of the point from the line. {Ans. 

01x , 2132  zy ,  5,3,1 , 13 } 

50. Find the equation of the perpendicular from the origin to the line 
12

3

1

2 zyx








. Find also the 

coordinates of the foot of the perpendicular and perpendicular distance of the point from the line. {Ans. 

412 





zyx
, 










3

4
,

3

1
,

3

2
, 

3

7
} 

51. Find the equation of the perpendicular from the point  11,1,3   to the line 
4

3

3

2

2







zyx
. Find also the 

coordinates of the foot of the perpendicular. Hence, find the length of the perpendicular. {Ans. 

4

11

6

1

1

3











 zyx
,  7,5,2 , 53 } 

52. Find the distance of the point  cbaP ,,  from the x axis. {Ans. 22 cb  } 

53. Prove that the line through the points  cba ,,  and  cba  ,,  passes through the origin if 
rrccbbaa  , where r and r are the distances of the points from the origin. 

 
CATEGORY-20.8. SHORTEST DISTANCE BETWEEN PARALLEL AND SKEW LINES 

54. Find the shortest distance between the lines 
43

1

2

1 zyx






 and 

4

1

32

1 


 zyx
. {Ans. 

29

3677
} 

55. Find the shortest distance between the lines 
1

7

2

5

1

3 







 zyx
 and 

1

1

6

1

3

1 







 zyx
. {Ans. 

5

14
} 

56. Find the shortest distance between the lines 
4

3

3

2

2

1 





 zyx
 and 

5

5

4

4

3

2 





 zyx
. Also find the 

equation of the line of shortest distance. {Ans. 
6

1
, 

3

133

2

3

3

53 







 zyx
} 
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57. Find the length and equations of the common perpendicular to the two lines 
23

6

4

3 zyx








 and 

1

7

14

2 




 zyx
. {Ans. 9, 

8

2

4

3

1

1 







 zyx
} 

58. Show that the distance between the lines zyax 122   and azayx 662   is 2a. 

59. Find the shortest distance between the lines 
1

3

1

8

3

3 







 zyx
 and 

4

6

2

7

3

3 







 zyx
. Find also the 

equation of the line of shortest distance and the points in which it meets the given lines. {Ans. 303 , 

1

3

5

8

2

3









 zyx
,  3,8,3 ,  6,7,3  } 

60. Show that the shortest distances between the diagonals of a rectangular parallelopiped and the edges not 

meeting it are 
22 cb

bc


, 

22 ac

ca


, 

22 ba

ab


, where a, b, c are the lengths of the edges. 

 
CATEGORY-20.9. EQUATION OF A PLANE 

61. Given a plane 05432  zyx . Find 

i. x-intercept, y-intercept and z-intercept. {Ans. 
4

5
,

3

5
,

2

5
 } 

ii. direction cosines of its normal. {Ans. 
29

4
,

29

3
,

29

2
} 

iii. its distance from origin. {Ans. 
29

5
} 

62. Find the equation of the plane passing through the point  1,3,3   and normal to the line joining the points 

 1,4,3   and  5,1,2  . {Ans. 01865  zyx } 

63. The foot of the perpendicular from the origin to a plane is  5,2,4  . Find the equation of the plane. {Ans. 
45524  zyx } 

64. Find the equation to the plane through  1,3,2 P  at right angles to OP. {Ans. 1432  zyx } 

65. Find the equation of the plane perpendicular to the line segment from  2,3,3  to  4,5,9  at the middle 
point of the segment. {Ans. 256  zyx } 

66. O is the origin and A the point  cba ,, . Find the equation of the plane through A and at right angles to OA. 

{Ans. 222 cbaczbyax  } 

67. Find the equation of the plane passing through the points  1,2,2  ,  2,4,3  and  6,0,7 . {Ans. 
17325  zyx } 

68. Find the equation of the plane through the point  1,1,1  and containing the line joining the points  2,2,2   

and  2,1,1 . {Ans. 0863  zyx } 

69. Show that the four points  3,4,1  ,  5,2,3  ,  5,8,3   and  1,2,3  are coplanar. Find the equation of 
the plane containing them. {Ans. 0 zyx } 

70. Show that the four points  0,1,0  ,  1,1,2  ,  1,1,1  and  0,3,3  are coplanar and hence show that the 
equation of the plane passing through these points is 3234  zyx . 
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71. Find the area of the triangle included between the plane 1243  zyx  and the coordinate planes. {Ans. 

266  sq. units} 
72. A plane meets the coordinate axes at A, B and C such that the centroid of the triangle ABC is  3,2,1 . Find 

the equation of the plane. {Ans. 18236  zyx } 

73. Find the equation of the plane passing through the point  1,2,1  and perpendicular to the line joining the 

points  2,4,1  and  5,3,2 . Find also the perpendicular distance of the origin from the plane. {Ans. 

23  zyx , 
11

2
} 

74. From a point  zyxP  ,,  a plane is drawn at right angles to OP to meet the coordinate axes at A, B and C. 

Prove that the area of the triangle ABC is 
 zyx

r
2

5

, where r is the length of OP and O is the origin. 

75. A plane makes intercepts aOA  , bOB   and cOC   respectively on the coordinate axes. Show that the 

area of the triangle ABC is 222222

2

1
baaccb  . 

76. A plane meets the coordinate axes in A, B and C such that the centroid of the triangle ABC is the point 

 rqp ,, . Show that that equation of the plane is 3
r

z

q

y

p

x
. 

77. Two systems of rectangular axes have the same origin. If a plane cuts them at distances a, b, c and cba  ,,  

respectively from the origin, show that 
222222

111111

cbacba 






 . 

 
CATEGORY-20.10. POINTS AND PLANE 

78. Find the distance of the point  3,2,1   from the plane 02432  zyx . {Ans. 
29

22
} 

79. Find the ratio in which the join of A  5,1,2  and B  3,4,3  is divided by the plane 1222  zyx . Also find 

the coordinates of the point of division. {Ans. 5:7, 








6

25
,

4

9
,

12

29
} 

 
CATEGORY-20.11. ANGLE BETWEEN A LINE AND A PLANE 

80. Find the angle between the line 
4

2

3

1

2

1 





 zyx
 and the plane 01532  zyx . {Ans. 

1102

15
sin 1 } 

81. Find the equation of the plane perpendicular to the line 
2

1

1

2

1

1 







 zyx
 and passing through the point 

 1,3,2 . {Ans. 12  zyx } 

82. Find the equation of the plane through the points  4,2,1  and  5,4,3   and parallel to the x-axis. {Ans. 
062  zy } 

83. The equation of line L is 
632

zyx



 . Through a point P  5,2,1 , a line PQ is drawn parallel to the plane 
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0543  zyx  to meet line L in Q. Find the equation of line PQ and the coordinates of Q. {Ans. 

8

5

13

2

4

1 







 zyx
, 








 9,

2

9
,3 } 

 
CATEGORY-20.12. A LINE LYING ON A PLANE 

84. Show that the equation of the plane containing the line 
1

2

2

3

3

1 







 zyx
 and the point  7,7,0   is 

0 zyx . 

85. Prove that the equation of the plane through the line 
2

1

4

6

3

1 





 zyx
 and parallel to the line 

5

4

3

1

2

2 







 zyx
 is 0109171126  zyx . 

86. Show that the plane through the point   ,,  and the line srzqpyx   is given by 

0

111

1 



srp

srzqpyx

 . 

 
CATEGORY-20.13. COPLANARITY OF TWO LINES AND PLANE CONTAINING THEM 

87. Find the equation of the plane which contains the two lines 
12

2

3

1 zyx






 and 

1

1

2

4

3

3 





 zyx
. 

{Ans. 06268  zyx } 

88. Prove that the lines 
4

3

3

2

2

1 





 zyx
 and 

5

4

4

3

3

2 





 zyx
 are coplanar. Find their point of 

intersection. Also find the equation of the plane in which they lie. {Ans.  1,1,1  , 022  zyx } 

89. Prove that the lines 
7

1

4

3

1

4 







 zyx
 and 

8

10

3

1

2

1 







 zyx
 intersect, and find the coordinates of 

their point of intersection and the equation of the plane containing them. {Ans.  6,7,5  , 
675611  zyx } 

90. Prove that the lines dczbayx   and   zyx  are coplanar if 

      0 adccba  . 

91. Show that the lines 
 









 dazaydax
 and 

 









 cbzbycbx
 are coplanar and find 

the equation of the plane in which they lie. {Ans. 02  zyx } 
92. Prove that the three lines drawn from a point with direction ratios 1,1,1 ; 0,3,2   and 3,0,1  are coplanar. 

93. Show that the lines 
 c

z

b

y

a

x
 , 






























c

z

b

y

a

x


 and 



zyx
  are coplanar, if ba   or cb   

or ac  . 

94. Prove that the lines 


zyx
 , 

 c

z

b

y

a

x
  and 

n

z

m

y

l

x
  will be in one plane if 
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      0 ba
n

ac
m

cb
l


. 

95. Prove that the three concurrent lines with direction cosines 222111 ,,;,, nmlnml  and 333 ,, nml  are coplanar, 

if 0

333

222

111



nml

nml

nml

. 

96. The vertices of a triangle PQR are the points  3,2,1  ,  6,0,5   and  1,4,0   in order. Find the direction 
ratios of the bisectors of the angle QPR. {Ans. 25, 8, 5} 

97. If 111 ,, nml  and 222 ,, nml  are the direction cosines of two concurrent lines, show that the direction cosine 

of two lines bisecting the angles between them are proportional to 21 ll  , 21 mm  , 21 nn   and 21 ll  , 

21 mm  , 21 nn  . 

98. The direction cosines of two lines are 111 ,, nml  and 222 ,, nml  and   is the angle between them. Show that 

the direction cosines of the bisectors of the angle between them are 












2
cos2

21



ll
, 












2
cos2

21



mm
, 












2
cos2

21



nn
 and 












2
sin2

21



ll
, 












2
sin2

21



mm
, 












2
sin2

21



nn
. 

 
CATEGORY-20.14. POINT OF INTERSECTION OF A LINE AND A PLANE 

99. Show that the distance of the point of intersection of the line 
2

5

2

4

1

3 





 zyx
 and the plane 

17 zyx  from the point  5,4,3  is 3. 

100. Find the distance of the point  4,3,1  from the plane 32  zyx  measured parallel to the line 

112 





zyx
. {Ans. 0 units} 

101. Find the coordinates of the point where the line joining the points  1,3,2   and  5,4,3   cuts the plane 

72  zyx . {Ans.  7,2,1 } 

102. Find the distance of the point  3,2,1  from the plane 5 zyx  measured parallel to the line 

632 


zyx
. {Ans. 1} 

103. Find the distance of the point P  2,8,3  from the line 
3

2

4

3

2

1 





 zyx
 measured parallel to the plane 

017223  zyx . {Ans. 7} 
104. Find the coordinates of the foot of the perpendicular drawn from the origin to the plane 

01643  zyx . Find also the coordinates of the point on the line which is at the same distance from 

the foot of the perpendicular as the origin is. {Ans. 









61

6
,

61

4
,

61

3
, 










61

12
,

61

8
,

61

6
} 

105. Find the image of the point  4,3,1  in the plane 032  zyx . {Ans.  2,5,3 } 
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CATEGORY-20.15. ANGLE BETWEEN TWO PLANES 

106. Find the equation of the plane through  2,0,1   and perpendicular to each of the planes 022  zyx  
and 03  zyx . {Ans. 0432  zyx } 

107. Find the equation of the plane passing through the points  2,1,1  and  2,2,2   and which is perpendicular 
to the plane 9226  zyx . {Ans. 042  zyx } 

108. Find the equation of the plane through the points  1,2,2  and  6,3,9  and perpendicular to the plane 
01662  zyx . {Ans. 9543  zyx } 

109. Find the angle between the planes 72  zyx  and 92  zyx . {Ans. 
3


} 

110. Show that the planes 9543  zyx  and 7662  zyx  are at right angles. 

111. Find the equation of the plane through the points  2,2,1 ,  2,1,3   and perpendicular to the plane 
532  zyx . {Ans. 091116  zyx } 

112. Find the equation of the plane which contains the line 
3

5

2

3 





zy
x  and which is perpendicular to the 

plane 1372  zyx . {Ans. 01439  zyx } 
113. A plane meets a set of three mutually perpendicular planes in the sides of a triangle whose angles are A, B, 

and C respectively. Show that the first plane makes with the other planes angles, the squares of whose 
cosines are CBcotcot , AC cotcot , BAcotcot . 

 
CATEGORY-20.16. PARALLEL PLANES 

114. Find the equation of the planes parallel to the plane 0322  zyx  which are at a unit distance from 

the point  3,2,1 . {Ans. 022  zyx , 0622  zyx } 

115. Find the equation of the plane through the point  2,4,1   and parallel to the plane 732  zyx . {Ans. 
0832  zyx } 

116. Find the distance between the parallel planes 0322  zyx  and 07244  zyx . {Ans. 
6

1
 

units} 

117. Find the distance between the parallel planes 0432  zyx  and 013936  zyx . {Ans. 
143

25
 

units} 
118. Find the equation of the plane through the point  2,3,1  and parallel to the plane 033223  zyx . 

Find the perpendicular distance of the point  2,3,3  from this plane. {Ans. 01223  zyx , 
17

6
} 

119. Find the equations of the planes parallel to the plane 0822  zyx  which are at a distance of 2 units 

from the point  1,1,2 . {Ans. 0822  zyx , 0422  zyx } 
 
CATEGORY-20.17. INTERSECTING PLANES 

120. Find the equation of the plane which is perpendicular to the plane 08635  zyx  and which contains 
the line of intersection of the planes 0432  zyx  and 052  zyx . {Ans. 

0173501551  zyx } 



PART-V/CHAPTER-20 

SANJIVA DAYAL CLASSES FOR IIT-JEE MATHEMATICS. Head office: A-602, Twin Towers, Lakhanpur, Kanpur-208024, INDIA. 
Phone: +91-512-2581426. Mobile: +91-9415134052. Email: sanjivadayal@yahoo.com. Website: sanjivadayal-iitjee.blogspot.com. 

20.19 

121. Find the equation of the plane through the line of intersection of the planes 0532  zyx , 
063  zyx  and passing through the origin. {Ans. 01327  zyx } 

122. Find the equation of the plane which contains the lines of intersection of the planes 0432  zyx  
and 052  zyx  and which is perpendicular to the plane 08635  zyx . {Ans. 

041504533  zyx } 
123. The planes 013  zyx , 035  zyx  intersect in the line L. Find the equation of the plane 

through the point  4,1,2  and perpendicular to L. {Ans. 052  zyx } 
124. Find the equation of the plane through the line of intersection of the planes 0 dczbyax  and 

0  zyx  and parallel to x-axis. {Ans.       0  adzacyab } 
125. Prove that the four planes 0 nzmy , 0 lxnz , 0mylx , pnzmylx   form a tetrahedron 

whose volume is 
lmn

p

3

2 3

. 

126. The plane 0mylx  is rotated about its line of intersection with the plane 0z , through the angle  . 

Prove that the equation of the plane in its new position is 0tan22  mlzmylx . 
 
CATEGORY-20.18. PLANES BISECTING THE ANGLE BETWEEN TWO PLANES 

127. Find the equations of the planes bisecting the angles between the planes 05263  zyx  and 
33124  zyx . Point out the plane which bisects the obtuse angle. {Ans. 0444716267  zyx , 

0865611  zyx } 
128. Find the equation of the plane which bisects the obtuse angle between the planes 922  zyx  and 

0131234  zyx . {Ans. 1561035  zyx } 
129. Find the bisector of the acute angle between the planes 0322  zyx  and 08623  zyx . {Ans. 

045321323  zyx } 
130. Find the equation of the plane bisecting the acute angle between the planes 0622  zyx  and 

012623  zyx . {Ans. 0783223  zyx } 
 
CATEGORY-20.19. EQUATION OF A LINE IN UNSYMMETRICAL FORM 

131. Find the equations of the line 3240423  zyxzyx  in symmetrical form. {Ans. 

52

5

3

2 zyx








} 

132. Find the angle between the lines 1122  zyx , 92  zyx  and 
2

1

3

5

1

3 







 zyx
. {Ans. 

406

1
cos 1 } 

133. Show that the lines 523  zyx , 32  zyx  and 02  zyx , 158107  zyx  are mutually 
perpendicular. 

134. Show that the lines 
2

1

5

6

3

4









 zyx
 and 44320523  zyxzyx  are coplanar. Also 

find their point of intersection and the equation of the plane in which they lie. {Ans.  3,4,2  , 
053251745  zyx } 
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135. Show that the lines 
4

3

3

2

2

1 





 zyx
 and 2350134  zxyx  are coplanar. Also find their 

point of intersection. {Ans.  1,1,1  } 

136. Find the length and position of the shortest distance between the lines 
2

2

3

1

4







zyx
 and 

32306325  zyxzyx . {Ans. 
39

617
, 2413130201127  zxzyx } 

137. Show that the length of shortest distance between the line 
43

1

2

2 zyx






; 

32306532  zyxzyx  is 
613

97
. 

138. Find the equations of the line through the point  3,2,1  and parallel to the line 052  zyx , 

063  zyx . {Ans. 
4

3

5

2

3

1 







 zyx
} 

139. Find the angle between the lines 523  zyx , 32  zyx  and 82  zyx , 05128  zyx . 

{Ans. 
875

27
cos 1 } 

140. Show that the following lines 1
4

2

3

3








z

yx
 and 3342032  zyxzyx  are coplanar. 

141. Find the equation of the plane containing the line 1
c

z

b

y
, 0x  and parallel to the line 1

c

z

a

x
, 

0y . {Ans. 01
c

z

b

y

a

x
} 

142. Prove that the lines bayx  , dcyz   and byax  , dycz   are perpendicular if 
01 ccaa . 

143. Prove that the equation to the two planes inclined at an angle   to the xy-plane and containing the line 
 sincos,0 xzy   is    222222 tantan2tan yzxzyx  . 

144. Show that the equation of the plane containing the line 1
c

z

b

y
, 0x  and parallel to the line 1

c

z

a

x
, 

0y  is 01
c

z

b

y

a

x
 and if 2d is the shortest distance then show that 2222   cbad . 

145. Find the equation of the plane through the lines zcybxaczbyax  0  and 

zyxzyx   0 . {Ans. 

 

 babaacaccbcb

zyx

} 

 
CATEGORY-20.20. LOCUS PROBLEMS 

146. P is a variable point and the coordinates of two given points A and B are  3,2,2  and  13,3,13   

respectively. Find the locus of P if 3PA = 2PB. {Ans. 0247101228222  zyxzyx } 

147. A, B are the points  5,4,3  and  7,3,1   respectively. A variable point P moves such that 
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i. PBPA  . 
ii. 222 2kPBPA  . 
Find the locus of P in each of these cases. {Ans. 092428  zyx , 022428 2  kzyx } 

148. A variable plane is at a constant distance p from the origin O and meets axes in A, B and C. Show that the 
locus of centroid of the tetrahedron OABC is 2222 16   pzyx . 

149. A point P moves on the plane 1
c

z

b

y

a

x
, which is fixed. The plane through P, perpendicular to OP 

meets the coordinates axes in A, B and C. The planes through A, B and C parallel to yz, zx and xy planes 

intersect in Q. Prove that the locus of Q is 
czbyaxzyx

111111
222

 . 

150. A variable plane passes through a fixed point   ,,  and meets the axes of reference in A, B, C. Show 
that the locus of the point of intersection of the planes through A, B, C and parallel to the coordinate planes 
is 1111   zyx  . 

151. A variable plane which remains at a constant distance 3p from the origin cuts the coordinates axes at A, B, 
C. Show that the locus of the centroid of the triangle ABC is 2222   pzyx . 

152. A variable plane at a constant distance p from the origin meets the coordinates axes in A, B and C. 
Through A, B, C planes are drawn parallel to the coordinate planes. Show that the locus of their point of 
intersection is 2222   pzyx . 

153. A variable plane makes intercepts on the coordinate axes the sum of whose squares is constant and equal 
to 2k . Show that the locus of the foot of the perpendicular from the origin to the plane is 

   22222222 kzyxzyx   . 
 
CATEGORY-20.21. ADDITIONAL QUESTIONS 
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21.2 

CHAPTER-21 

INDEFINITE INTEGRALS 
 

LIST OF THEORY SECTIONS 
 

21.1. Definition Of Indefinite Integral 
21.2. Basic And Standard Integrals 
21.3. Methods Of Integration 

 

LIST OF QUESTION CATEGORIES 
 

21.1. Direct Integrals 
21.2. Integration Of Elementary Trigonometric Functions 
21.3. Substitution 
21.4. Integration By Parts 
21.5. Reduction Formula 
21.6. Integration Of Rational Functions With Linear Denominator 
21.7. Integration Of Rational Functions With Quadratic Denominator 
21.8. Integration Of Rational Functions With Cubic Denominator 
21.9. Integration Of Rational Functions With Denominator Of Degree Four 
21.10. Integration Of Rational Functions With Denominator Of Degree More Than Four 
21.11. Integration Of Rational Functions Of sin x And cos x 
21.12. Integration Of Hyperbolic Functions 

21.13. Integration Of Irrational Functions Containing 
n

dcx

bax
1













 

21.14. Integration Of Irrational Functions Of Type dxcbxax 2  And    dxcbxaxBAx 2  

21.15. Integration Of Irrational Functions Of Type 
 

dx
cbxax

xPn


2
 

21.16. Integration Of Irrational Functions Of Type 
 


 cbxaxBAx

dx
n 2

 And 
 

 dcxbax

dx
22

 

21.17. Euler Substitutions 
21.18. Application Of Methods Of Integration 
21.19. Additional Questions 
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21.3 

CHAPTER-21 

INDEFINITE INTEGRALS 
 

SECTION-21.1. DEFINITION OF INDEFINITE INTEGRAL 

1. Differential of a function 
i. dx  denotes differential of x .  xdf  denotes differential of function  xf . 

ii. If 
 

     dxxFxdfxF
dx

xdf
  

2. Definition of indefinite integral 
i. Integration, denoted by  , is the inverse process of differential, i.e.      xfxdf . 

ii. In general,          CxfCxfdxdf , where C is an arbitrary constant known as constant of 

integration. 

iii. If                   CxfdxxFdxxFxdfdxxFxdfxFxf
dx

d
. Therefore, 

integrating a function  xF  w.r.t. x, denoted by   dxxF , means finding a function  xf  such that 

   xFxf
dx

d
 . 

iv. Certain integrals, such as  dxxsin , cannot be expressed in analytical form in terms of basic functions. 

3. Rules of integration 
i.      Cxfxdf  

ii.      dxxfkdxxkf  

iii.           dxxgdxxfdxxgxf  

 
SECTION-21.2. BASIC AND STANDARD INTEGRALS 

1. Basic integrals 

i.   





1
1

1

aC
a

x
dxx

a
a  

ii.   Cxdx
x

ln
1

 

iii.   C
a

a
dxa

x
x

ln
 

iv.   Cedxe xx  

v.   Cxxdx sincos  

vi.   Cxxdx cossin  

vii.   Cxxdx tansec2  

viii.   Cxxdx cotcosec2  



MATHEMATICS FOR IIT-JEE/VOLUME-II 

SANJIVA DAYAL CLASSES FOR IIT-JEE MATHEMATICS. Head office: A-602, Twin Towers, Lakhanpur, Kanpur-208024, INDIA. 
Phone: +91-512-2581426. Mobile: +91-9415134052. Email: sanjivadayal@yahoo.com. Website: sanjivadayal-iitjee.blogspot.com. 

21.4 

ix.   Cxxdxx sectansec  

x.   Cxxdxx coseccotcosec  

xi. CxCx
x

dx







11

2
cossin

1
 

xii. CxCx
x

dx







11

2
cottan

1
 

xiii. CxCx
xx

dx







11

2
cosecsec

1
 

xiv.   Cxxdx coshsinh  

xv.   Cxxdx sinhcosh  

xvi.   Cxxdx tanhsech2  

xvii.   Cxxdx cothcosech2  

xviii.   Cxxdxx sechtanhsech  

xix.   Cxxdxx cosechcothcosech  

2. Standard integrals 
i.   Cxxdx seclntan  

ii.   Cxxdx sinlncot  

iii.   Cxxxdx tanseclnsec  

iv.   Cxxxdx cotcoseclncosec  

v.  


 C
a

x

aax

dx 1
22

tan
1

 

vi.  






C

ax

ax

aax

dx
ln

2

1
22

 

vii. Caxx
a

ax
x

dxxa 
22

2
2222 ln

22
 

viii. C
xax

a

xa
dxxa 


 

 2
sin

2

22
1

2
22  

ix. Caxx
a

ax
x

dxax 
22

2
2222 ln

22
 

x.  


Caxx
ax

dx 22

22
ln  

xi.  


 C
a

x

xa

dx 1

22
sin  
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xii.  


Cxax
xa

dx 22

22
ln  

3. Direct integrals 
i. Direct integrals are those integrals which can be solved by comparing with Basic or Standard integrals. 

 
SECTION-21.3. METHODS OF INTEGRATION 

1. Methods of integration of elementary trigonometric functions 
i. Integrals containing odd powers of xsin  & xcos  
ii. Integrals containing even powers of xsin  & xcos  
iii. Integrals containing integer powers xtan  & xcot , Reduction formula 
iv. Integrals containing even powers of xsec  & xcosec  
v. Change to one of the above types using trigonometric identities 

2. Method of substitution 
i. Standard trigonometric substitutions 

3. Integration by parts 
i. Recurrence of an integral 
ii. Reduction formulae using integration by parts 

4. Methods of integration of rational functions 
i. Integration of rational functions with linear denominator. 
ii. Integration of rational functions with quadratic denominator. 
iii. Integration of rational functions with denominator of degree more than two by Method of partial 

fraction. 
5. Methods of integration of rational functions of sin x & cos x 

i. Substitution t
x


2
tan . 

ii. Integrals of type. dx
xbxa  cossin

1
. 

iii. Integrals of type dx
xqxp

xbxa
 



cossin

cossin
. 

iv. Integrals of type dx
rxqxp

cxbxa
 



cossin

cossin
. 

6. Methods of integration of hyperbolic functions 
i. Hyperbolic identities 

a. 1sinhcosh 22  xx  
b. xx 22 sechtanh1   
c. xx 22 cosechcoth1   

d. 
x

x
xxx

2tanh1

tanh2
coshsinh22sinh


  

e. 
x

x
xxxxx

2

2
2222

tanh1

tanh1
sinh211cosh2sinhcosh2cosh




  

f. 
x

x
x

2tanh1

tanh2
2tanh


  

ii. Hyperbolic functions are integrated using methods of integration of trigonometric functions. 
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iii. Substitution te x  . 
7. Methods of integration of irrational functions 

i. Integrals containing 
n

dcx

bax
1













. 

ii. Integrals of type dxcbxax 2 . 

iii. Integrals of type    dxcbxaxBAx 2 . 

iv. Integrals of type 
 cbxax

dx
2

. 

v. Integrals of type dx
cbxax

BAx






2
. 

vi. Integrals of type 
 

dx
cbxax

xPn


2
, 2n . 

Put 
 

  







cbxax

dx
cbxaxxQdx

cbxax

xP
n

n

2

2
12

 . 

vii. Integrals of type 
 


 cbxaxBAx

dx
n 2

. 

viii. Integrals of type 
 

 dcxbax

dx
22

. 

ix. Other cases of integrals containing cbxax 2  to be done by standard trigonometric substitutions. 

x. Integrals of the form  dxcbxaxxR 2,  can also be calculated by one of the following three Euler 

substitutions:- 

a. 0if2  axatcbxax  

b. 0if2  cctxcbxax  

c.  txcbxax 2  if 042  acb  and   is a real root of cbxax 2 . 
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EXERCISE-21 
 

CATEGORY-21.1. DIRECT INTEGRALS 

1.  sin sin .xd x  {Ans. C
x


2

sin2

} 

2.  tan tan .3 xd x  {Ans. C
x


4

tan4

} 

3. 
 d x

x

1

1

2

2




 .  {Ans. Cx  212 } 

4.  cos .3 3xd x  {Ans. Cx3sin } 

5. 
 
 

.
ln1cos

ln1
2 



x

xd
 {Ans.   Cx  ln1tan } 

6. 
 d x

x

1

1

2

2



 .  {Ans.   Cx  21ln } 

7. 
 d x

x

sin

sin
.




1

1  {Ans. Cx 1sinln } 

8.  e d xxsin sin .  {Ans. Ce x sin } 

9. 
d
x

x

3

1
3

2


















 .  {Ans. C
x










3
sin 1 } 

10.  x dx 1
15

.  {Ans. 
 

C
x




16

1 16

} 

11. 
 

dx

x2 3
5

 .  {Ans. 
 

C
x




 4328

1
} 

12. 
 

 
dx

a bx
c

c


 1 .  {Ans. 
 

 
C

cb

bxa c







1

1

} 

13.  8 3
65  x dx.  {Ans.   Cx  5

11

38
33

5
} 

14. 8 2 xdx.  {Ans. 
 

C
x





3

28 3

} 

15. 
 

m

a bx
dx


 23

.  {Ans. Cbxa
b

m
33

} 

16. 2 12x x dx .  {Ans.   Cx 
32 1

3

2
} 

17. x x dx1 2 .  {Ans.   Cx 
321

3

1
} 
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18. x x dx2 35 2 .  {Ans.   Cx 5 63 2
18

5
} 

19. 
xdx

x2 1
 .  {Ans. Cx 12 } 

20. 
x dx

x

4

54 
 .  {Ans. Cx  54

5

2
} 

21. 
x dx

x

3

43 1
 .  {Ans.   Cx 3 24 1

8

3
} 

22. 
 6 5

2 3 5 62

x dx

x x



 
 .  {Ans. Cxx  653 2 } 

23. sin cos .3 x xdx  {Ans. C
x


4

sin4

} 

24. 
sin

cos
.

xdx

x2  {Ans. Cxsec } 

25. 
cos

sin
.

xdx

x23  {Ans. Cx 3 sin3 } 

26. cos sin .3 2x xdx  {Ans. Cx  5cos
5

2
} 

27.  


 dxxe x 14ln3 1 . {Ans.   Cx 1ln
4

1 4 } 

28.  
 dxxe xsinln3cos . {Ans. C

x


4

cos4

} 

29. 
ln

.
x

x
dx  {Ans.   Cx 

3ln
3

2
} 

30. 
 tan

.



1 2

21

x dx

x
 {Ans. 

 
C

x




3

tan
31

} 

31. 
 

dx

x xsin
.

 
 1 3 21

 {Ans. 
 

C
x


 21sin2

1
} 

32. 
dx

x xcos tan
.

2 1  {Ans. Cx  tan12 } 

33. cos .3xdx  {Ans. Cx 3sin
3

1
} 

34.  cos cos .  2x dx  {Ans. Cxx  2sin
2

1
cos } 

35.  sin .2 3x dx  {Ans.   Cx  32cos
2

1
} 

36.  cos .1 2 x dx  {Ans.   Cx  21sin
2

1
} 



PART-VI/CHAPTER-21 

SANJIVA DAYAL CLASSES FOR IIT-JEE MATHEMATICS. Head office: A-602, Twin Towers, Lakhanpur, Kanpur-208024, INDIA. 
Phone: +91-512-2581426. Mobile: +91-9415134052. Email: sanjivadayal@yahoo.com. Website: sanjivadayal-iitjee.blogspot.com. 

21.9 

37. cos .2
4

2

x dx























 {Ans. Cx 









4
2tan

2

1 
} 

38.  e e dxx xsin .  {Ans.   Cex cos } 

39. 
 2 3

3 82

x dx

x x



  .  {Ans.   Cxx  83ln 2 } 

40. 
dx

x2 1 .  {Ans. Cx 12ln
2

1
} 

41. 
dx

cx m .  {Ans. Cmcx
c

ln
1

} 

42. 
xdx

x2 1 .  {Ans.   Cx 1ln
2

1 2 } 

43. 
x dx

x

2

3 1 .  {Ans. Cx 1ln
3

1 3 } 

44. 
e dx

e

x

x  1
.  {Ans.   Cex 1ln } 

45. 
e dx

e a

x

x

2

2 2 .  {Ans.   Cae x  22ln
2

1
} 

46. tan .3xdx  {Ans. Cx  3cosln
3

1
} 

47.  cot .2 1x dx  {Ans.   Cx 12sinln
2

1
} 

48. 
sin

cos
.

2

1 2

x

x
dx

  {Ans.   Cx  2cos1ln } 

49. 
dx

x xln
.  {Ans. Cx lnln } 

50. 
 ln

.
x

x
dx

m

  {Ans. 1,
1

ln 1






mC
m

xm

; 1,lnln  mCx } 

51.  dx
x

a x

. {Ans. C
a

a x


ln

2
} 

52. e xdxxsin cos .  {Ans. Ce x sin } 

53. a dxx3

 .  {Ans. C
a

a x


ln3

3

} 

54. a dxx

 .  {Ans. C
aa x


ln

1
} 

55. e dxx 


3 1 .  {Ans. C

e x




3

31

} 

56. e xdxx2

 .  {Ans. C
ex


2

2

} 
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57. e x dxx


3 2 .  {Ans. Ce x   2

3

1
} 

58. 
dx

x1 25 2
 .  {Ans. Cx  5sin

5

1 1 } 

59. 
dx

x1 9 2 .  {Ans. Cx  3tan
3

1 1 } 

60. 
dx

x4 2
 .  {Ans. C

x


2
sin 1 } 

61. 
dx

x2 92  .  {Ans. Cx 

3

2
tan

23

1 1 } 

62. 
dx

x4 9 2
 .  {Ans. C

x


2

3
sin

3

1 1 } 

63. 
xdx

x 4 1 .  {Ans. C
x




2

tan 21

} 

64. 
xdx

a x2 4
 .  {Ans. C

a

x


2
1sin

2

1
} 

65. 
x dx

x

2

6 4 .  {Ans. C
x



2
tan

6

1 3
1 } 

66. 
x dx

x

3

81
 .  {Ans. Cx  41sin

4

1
} 

67. 
e dx

e

x

x2 4 .  {Ans. C
ex



2
tan

2

1 1 } 

68. 
2

1 4

x

x

dx


 .  {Ans. C

x




2ln

2sin 1

} 

69. 
cos

sin
.

 



d

a2 2  {Ans. C
aa








 sin
tan

1 1 } 

70. 
e

e
dx

x

x

2 1
 .  {Ans. Cee xx   } 

71.  e dxx  1
3

.  {Ans. Cxeee xxx  3
2

3

3

1 23 } 

72. 
1

1 2






x

x
dx.  {Ans. Cxx  21 1sin } 

73. 
3 1

92

x

x
dx



 .  {Ans.   C
x

x  

3
tan

3

1
9ln

2

3 12 } 

74. 
1

1




x

x
dx.  {Ans. Cxx  21 1sin } 

75. 
 x x

x
dx

1

1

2

4



 .  {Ans.   Cxx  1ln
4

1
tan

2

1 421 } 
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76. 
 

1

1

2

2 3

 




x x

x

dx.  {Ans. C
x

x 




2

1

1

1
sin } 

77. 
 

dx

x x 


2
2

1
. {Ans.   Cxxx 










323 1
3

2
} 

78. 
2

1

1

2

x x

x
dx








sin

.  {Ans.   Cxx   312 sin
3

2
12 } 

79. 
 x x

x
dx








cos

.
1 2

2

3

1 9
 {Ans.    Cxx   312 3cos91

9

1
} 

 

CATEGORY-21.2. INTEGRATION OF ELEMENTARY TRIGONOMETRIC FUNCTIONS 

80. sin cos .3 2x x dx  {Ans.   Cxx 5cos3cos
15

1 23 } 

81. .cossin 34
 dxxx  {Ans. C

xx


7

sin

5

sin 75

} 

82. .cossin 53
 dxxx  {Ans. C

xx


8

cos

6

cos 86

} 

83. cos .3 x dx  {Ans. C
x

x 
3

sin
sin

3

} 

84. sin .5 x dx  {Ans. Cxxx  53 cos
5

1
cos

3

2
cos } 

85. cos .2 x dx  {Ans. C
xx


4

2sin

2
} 

86. sin .2 x dx  {Ans. C
xx


4

2sin

2
} 

87. sin .4 x dx  {Ans. Cxxx  4sin
32

1
2sin

4

1

8

3
} 

88. cos .6 x dx  {Ans. Cxxxx 









8

15
cos

4

5
cos2sin

12

1

16

5 24 } 

89. sin .8 x dx  {Ans. Cxxxxx  8sin
1024

1
2sin

24

1
4sin

128

7
2sin

4

1

128

35 3 } 

90. .cos8
 dxx  

91. tan .5 x dx  {Ans. Cxxx  coslntan
2

1
tan

4

1 24 } 

92. .tan7
 dxx  {Ans. Cx

xxx
 secln

2

tan

4

tan

6

tan 246

} 

93. .tan8
 dxx  {Ans. Cxx

xxx
 tan

3

tan

5

tan

7

tan 357

} 
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94. cot .4 x dx  {Ans. Cxxx  cotcot
3

1 3 } 

95.  .cot7 xdx  {Ans. Cx
xxx

 sinln
2

cot

4

cot

6

cot 246

} 

96.  tan tan .2 4x x dx  {Ans. Cx 3tan
3

1
} 

97. .sec4
 xdx  {Ans. Cxx  3tan

3

1
tan } 

98. .cos 6
 xdxec  {Ans. Cxxx  53 cot

5

1
cot

3

2
cot } 

99. cos sin .x x dx3  {Ans. Cx
x









 2cos

2

4cos

4

1
} 

100. cos cos .2 3x x dx  {Ans. Cxx  sin
2

1
5sin

10

1
} 

101. sin sin .2 5x x dx  {Ans. Cxx  7sin
14

1
3sin

6

1
} 

102. cos cos cos .x x x dx2 3  {Ans. Cxxxx 







 6sin

3

1
4sin

2

1
2sin2

8

1
} 

103. 
dx

x1 cos
.  {Ans. C

x


2
cot } 

104. 
dx

x1 sin
.  {Ans. C

x










42
tan


} 

105. 
1

1




cos

cos
.

x

x
dx  {Ans. Cx

x


2
tan2 } 

106. 
1

1




sin

sin
.

x

x
dx  {Ans. Cx

x











42
tan2


} 

 

CATEGORY-21.3. SUBSTITUTION 

107. 
dx

x x  1
.  {Ans. C

x

x






11

11
ln } 

108. 
x dx

a x

5

3 3
 .  {Ans.   Cxaxa  3322 2

9

2
} 

109. 
 
x dx

x

5

2 2

4
 .  {Ans. Cx

x

x






4ln4

4

8

2

4 2
2

2

} 

110. 
dx

x x a2 2 2
 .  {Ans. C

xa

ax





2

22

} 

111. 
x dx

a x

2

2 2
 . {Ans. Cxa

x

a

xa
 221

2

2
sin

2
} 
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112. 
dx

x x a2 2
 .  {Ans. C

x

a

a
 1sin

1
} 

113. 
1 2

4




x

x
dx.  {Ans. 

 
C

x

x





3

32

3

1
} 

114. 
1 2

2




x

x
dx.  {Ans. Cx

x

x



 1

2

sin
1

} 

115. 
 

dx

a x2 2 3


 .  {Ans. C

axa

x


 222
} 

116. 
 9 2 3

6




x

x
dx.  {Ans. 

 
C

x

x





5

52

45

9
} 

117. 
dx

x x2 2 9
 .  {Ans. C

x

x




9

92

} 

118. 
dx

x x1 2
 .  {Ans. C

x

x


 11
ln

2
} 

119. 
 

dx

x a2 2 3


 .  {Ans. C

axa

x





222
} 

120. x x dx2 24  .  {Ans.   C
x

xx
x

 

2
sin242

4
122 } 

 

CATEGORY-21.4. INTEGRATION BY PARTS 

121. x x dxcos .  {Ans. Cxxx cossin } 

122. x x dxsin .2  {Ans. Cx
x

x  2cos
2

2sin
4

1
} 

123. x e dxx
 .  {Ans.   Cxe x   1 } 

124. x dxx3 .  {Ans.   Cx
x

x

13ln
ln

3
2

} 

125. .ln dxx  {Ans. Cxxx ln } 

126.  .1ln ndxxxn  {Ans. C
n

x
n

xn

















1

1
ln

1

1

} 

127. .tan 1


 dxx  {Ans.   Cxxx  21 1ln
2

1
tan } 

128. x x dxtan .


1  {Ans. C

x
x

x








  

2
tan

2

1 1
2

} 

129. cos .


1 x dx  {Ans. Cxxx  21 1cos } 
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130. tan .


1 x dx  {Ans. Cxxxx   11 tantan } 

131. 
sin

.





1

1

x

x
dx  {Ans. Cxxx   14sin12 1 } 

132. x x dxtan .2
  {Ans. Cx

x
xx  cosln

2
tan

2

} 

133. x x dxcos .2
  {Ans. Cxx

xx
 2cos

8

1
2sin

44

2

} 

134. 
ln

.
x

x
dx3  {Ans. Cx

x










2

1
ln

2

1
2

} 

135. 
x x

x
dx

tan
.






1

21
 {Ans.   Cxxxx   212 1lntan1 } 

136. 
sin

.





1

1

x

x
dx  {Ans.   Cxxx  1sin12 } 

137.  ln .x dx2 1  {Ans.   Cxxxx  12 tan221ln } 

138. 
 

x dx

x

2

2 2
1

 .  {Ans. 
 

Cx
x

x



 1

2
tan

2

1

12
} 

139. 
x dx

x

3

21
 .  {Ans.   Cxxx 

3222 1
3

2
1 } 

140.  x x dx2 1ln .  {Ans. 
   

C
xxxxx




3692

1ln1 233

} 

141. x e dxx2 

 .  {Ans.   Cxxe x   222 } 

142. x e dxx3
 .  {Ans.   Cxxxex  663 23 } 

143. x a dxx2
 .  {Ans. C

aa

x

a

x
a x 










32

2

ln

2

ln

2

ln
} 

144. x x dx3 sin .  {Ans. Cxxxxxxx  sin6cos6sin3cos 23 } 

145. x x dx2 2cos .  {Ans. Cxx
x

x
xx

 2sin
8

1
2cos

4
2sin

46

23

} 

146. ln .2 x dx  {Ans.   Cxxx  2ln2ln2 } 

147. 
ln

.
3

2

x

x
dx  {Ans.   Cxxx

x
 6ln6ln3ln

1 23 } 

148. 
ln

.
2

5

x

x
dx  {Ans. Cxx

x








 2ln3ln

4

9

27

8 2

3
} 

149.  sin .


1 2

x dx  {Ans.   Cxxxxx   21sin2sin 2121 } 
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150.  tan .


1 2

x x dx  {Ans.     Cxxxx
x








   2121
2

1ln
2

1
tantan

2

1
} 

151. e x dxx sin .  {Ans. 
 

C
xxex




2

cossin
} 

152.  e x x dxx3 2 2sin cos .  {Ans.   Cxx
e x

 2cos52sin
13

3

} 

153. e n x dxax cos .  {Ans.   Cnxanxn
na

eax




cossin
22

} 

154.  sin ln .x dx  {Ans.      Cxx
x

 lncoslnsin
2

} 

155. 
x dx

x

2

21
 .  {Ans. Cxx

x
 12 sin

2

1
1

2
} 

156. a x dx2 2 .  {Ans.   Cxax
a

xa
x

 22
2

22 ln
22

} 

157. 
 

x e dx

x

x2

22
 .  {Ans. Ce

x

x x 












2

2
} 

158. x e xdxx2 sin .  {Ans.      Cexxxx x  cos1sin1
2

1 22 } 

 

CATEGORY-21.5. REDUCTION FORMULA 

159. Derive reduction formula of  xdxI n
n sin  and find  xdx10sin . 

160. Derive reduction formula of  xdxI n
n cos  and find  xdx11cos . 

161. Derive reduction formula of  xdxI n
n sec  and find  xdx5sec . 

162. Derive reduction formula of  xdxI n
n cosec  and find 3I  and 7I . 

163. Derive reduction formula of 
 




nn
ax

dx
I

22
. 

164. Derive reduction formula of    dxxaI
n

n
22 . 

165. Derive reduction formula of   dxxI n
n ln . 

166. Derive reduction formula of    1ln    dxxxI n
n . 

167. Derive reduction formula of  dxexI xn
n . 

168. Derive reduction formula of  xdxeI nx
n sin . 

169. Derive reduction formula of 



ax

dxx
I

n

n 2
. 

170. Derive reduction formula of  xdxxI mn
mn cossin,  and find 5,7I  and 6,7I . 
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CATEGORY-21.6. INTEGRATION OF RATIONAL FUNCTIONS WITH LINEAR DENOMINATOR 

171. .
32 x

dx
 {Ans. Cx 32ln

2

1
} 

172. 
x

x
dx

 4
.  {Ans. Cxx  4ln4 } 

173. 
x

x
dx

2 1 .  {Ans. Cxx 







 12ln

2

1

2

1
} 

174. 
3

3




x

x
dx.  {Ans. Cxx  3ln6 } 

175. 
 2 1

2

x dx

x



 .  {Ans. Cxx  2ln32 } 

176. 
x

x
dx




2

2 1
.  {Ans. Cx

x
 12ln

4

5

2
} 

177. 
Ax

a bx
dx

 .  {Ans. Cabx
b

a
x

b

A








 ln } 

178. .
32

22

 


dx

x

xx
 {Ans. Cx

xx
 32ln

8

11

42

2

} 

179. .
1

3

 x

dxx
 {Ans. Cxx

xx
 1ln

23

23

} 

180. 
x

x
dx

4

1 .  {Ans. Cxx
xxx

 1ln
234

234

} 

 
CATEGORY-21.7. INTEGRATION OF RATIONAL FUNCTIONS WITH QUADRATIC 

DENOMINATOR 

181. 
 

dx

x x  1
.  {Ans. C

x

x


1
ln } 

182. 
 

dx

x x  1
.  {Ans. C

x

x


1
ln } 

183. 
   

dx

x x  1 2 3
. {Ans. C

x

x






1

32
ln

5

1
} 

184. 
  

dx

a x b x  . {Ans. C
ax

bx

ab







ln

1
} 

185. 
dx

x x2 7 10  .  {Ans. C
x

x






2

5
ln

3

1
} 

186. 
dx

x x2 3 10  . {Ans. C
x

x






5

2
ln

7

1
} 

187. 
dx

x4 92  .  {Ans. C
x

x






32

32
ln

12

1
} 
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.

x dx

x




1
2  {Ans. C

x

x


ln
} 

474. 
 

x x

x
dx

ln
.

2 3
1

  {Ans. C
x

x
x 




1

ln
1tan

2

21 } 

475. .cos2
 dxxex x  {Ans.      Cxxxx

e
x

 sin1cos1
2

22
2

} 

476.  xe x dxx 2 2 1 . {Ans. C
ex x


2

22

} 

477. 
dx

x xsin cos
.

3 5  {Ans. C
x

x







 

tan

3tan

3

2 2

} 

478. tan .2 2x dx  {Ans.   Cxx
x

x




 tantan2ln
tan2

tan
tan 2

2

1 } 

479. 
 x dx

x x x

2

4 2

1

3 1



 
 . {Ans. C

x

xxx


 131
ln

242

} 

480. 
 

xe dx

x

x

1 2


 .  {Ans. C
x

ex


1

} 

481. 
xe dx

e

x

x1
 .  {Ans. C

e

e
eex

x

x
xx 






11

11
ln21412 } 

482. 
tan

.



1

4

x dx

x
 {Ans. 

 
C

x

xx

x

x





 

2

1

2

2

144

tan1
ln

6

1
} 

483. 
 

x x

x
dx

tan
.






1

2 2
1

 {Ans. 
   

C
x

xx

x

x










2

1

2

1

144

tan

12

tan
} 

484. 
 

tan
.






1

31

x

x
dx  {Ans. 

   
C

xx

x

x

x










 

14

1

12

tan

1

1
ln

4

1
2

1

2
} 

485. 
 

dx
x1 2

4


 .  {Ans. 
   

Cx
xxx

x 





















 322

213

1

212

1

21

1

2ln

1
21log } 

486. 
 e e dx

e e

x x

x x

3

4 2 1



  .  {Ans.   Cee xx  1tan } 
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487. 
dx

e ex x1 2 
 .  {Ans. C

eee

eee
xxx

xxx






2

2

11

11
ln } 

488. 
x

x

dx

x

2

2 4

1

1 1



 
 .  {Ans. C

x

x






1

2
cos

2

1
2

1 } 

489. e
x x x

x
dxxsin cos sin

cos
.

3

2


  {Ans.   Cxxe x secsin } 

490. tanh .x dx  {Ans. Cx
x

x




  tanhtan
tanh1

tanh1
ln

2

1 1 } 

 
CATEGORY-21.19. ADDITIONAL QUESTIONS 

491. If yxyfxfyfxfyxf ,3)()()()()(2   and 6)0( f , then find the function )(xf . {Ans. 

  12 3  xexf } 
492. Let f and g be functions satisfying the following conditions:- 

i. 1)0( f  
ii. )()( xgxf   
iii. )()( xfxg   
iv. 0)0( g . 
Determine the function f(x). {Ans. xxf cosh)(  } 
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CHAPTER-22 

DEFINITE INTEGRALS 
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22.3 

CHAPTER-22 

DEFINITE INTEGRALS 
 

SECTION-22.1. DEFINITION AND PROPERTIES OF DEFINITE INTEGRALS 

1. Definite integral as area under the curve of a function 

Numerical area under the curve of function  xf  between lines ax   and bx   is denoted by  
b

a

dxxf . By 

definition   






 















 
 




 n

ab

n

ab
iafdxxf

n

i
n

b

a

1

0

lim . 

2. Proper and Improper integrals, Newton-Leibniz formula 

If  xf  is continuous in  ba,  then  
b

a

dxxf  is said to be a proper integral and 

        aFbFxFdxxf b
a

b

a

  (Newton-Leibniz formula), where     dxxfxF  and 

     baxxfxF , ; otherwise  
b

a

dxxf  is said to be improper integral and Newton-Leibniz formula is 

not applicable and      aFbFdxxf
b

a

 . 

3. Fundamental properties of definite integrals 

i.   0
a

a

dxxf  

ii.     

b

a

b

a

dxxfkdxxkf  

iii.          

b

a

b

a

b

a

dxxgdxxfdxxgxf  

iv.     

a

b

b

a

dxxfdxxf  

v.     

b

a

b

a

dttfdxxf  

vi.       

b

c

c

a

b

a

dxxfdxxfdxxf  

 
SECTION-22.2. THEOREMS IN DEFINITE INTEGRALS 

1. Substitution in definite integral 



MATHEMATICS FOR IIT-JEE/VOLUME-II 

SANJIVA DAYAL CLASSES FOR IIT-JEE MATHEMATICS. Head office: A-602, Twin Towers, Lakhanpur, Kanpur-208024, INDIA. 
Phone: +91-512-2581426. Mobile: +91-9415134052. Email: sanjivadayal@yahoo.com. Website: sanjivadayal-iitjee.blogspot.com. 

22.4 

      dtttfdxxf
b

a






   

where 
i.    dttdxtx   ;  

ii.   a  and   b  

iii.  t  is a one-one function in  ,  

iv.  t  is differentiable in  , , otherwise     dtttf 




  will be an improper integral and Newton-

Leibniz formula will not be applicable. 
2. Integration by parts in definite integral 

i. If  xf  and  xg  are differentiable in  ba,  then             










bx

ax

b
a

bx

ax

xdfxgxgxfxdgxf . 

ii. Recurrance of an integral 
iii. Reduction formula 

3. Definite integral of symmetric functions 

i.     

b

a

b

a

dxxbafdxxf  

ii.     
2

00

2

a

dxxfdxxf
a

, if    xfxaf   

               = 0,                if    xfxaf   
4. Definite integral of even/odd functions 

    


aa

a

dxxfdxxf
0

2  if f(x) is an even function in  aa,  

               = 0                if f(x) is an odd function in  aa,  
5. Definite integral of periodic functions 

If f(x) is a periodic function with period T then 

i.    






nTb

nTa

b

a

dxxfdxxf , where n is an integer 

ii.     

TnT

dxxfndxxf
00

, where n is an integer 

 
SECTION-22.3. IMPROPER INTEGRALS 

1. Types of Improper integrals 

i. If  xf  is continuous in  ,a  then            aFFxFdxxfdxxf a

aa















 









limlimlim . If this 

limit exists, then the improper integral is said to be convergent and the value of this limit is the value of 
the improper integral; and if this limit does not exist, then the improper integral is said to be divergent. 
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ii. If  xf  is continuous in  b,  then            








FbFxFdxxfdxxf b
bb














 limlimlim . If 

this limit exists, then the improper integral is said to be convergent and the value of this limit is the value 
of the improper integral; and if this limit does not exist, then the improper integral is said to be 
divergent. 

iii. If  xf  is continuous in  ba,  and discontinuous at bx   then 

           aFFxFdxxfdxxf
b

a
b

a
b

b

a











 
 










limlimlim . If this limit exists, then the improper 

integral is said to be convergent and the value of this limit is the value of the improper integral; and if 
this limit does not exist, then the improper integral is said to be divergent. 

iv. If  xf  is continuous in  ba,  and discontinuous at ax   then 

           








FbFxFdxxfdxxf
a

b

a

b

a

b

a











 
 limlimlim . If this limit exists, then the improper 

integral is said to be convergent and the value of this limit is the value of the improper integral; and if 
this limit does not exist, then the improper integral is said to be divergent. 

2. Substitution and Integration by parts in Improper integrals 
3. Reduction formula in Improper integrals 
4. Application of properties in Improper Integrals 
 
SECTION-22.4. DEFINITE INTEGRALS CONTAINING PARAMETERS 

1.    xfdttf
dx

d x

a

  

2.  
 

 

         x
dx

d
xfx

dx

d
xfdttf

dx

d
x

x






  

3.     




b

a

b

a

dttxf
x

dttxf
dx

d
,,  

4.  
 

 

 
 

 

         x
dx

d
xxfx

dx

d
xxfdttxf

x
dttxf

dx

d
x

x

x

x










,,,, 



   

 
SECTION-22.5. ESTIMATING A DEFINITE INTEGRAL 

1. If    xgxf   in [a,b] then     

b

a

b

a

dxxgdxxf . 

2. If L and G are the least and greatest values of a function  xf  defined on an interval  ba,  then 

     abGdxxfabL
b

a

  . 

3.     

b

a

b

a

dxxfdxxf  
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4.         

b

a

b

a

b

a

dxxgdxxfdxxgxf 22  

 
SECTION-22.6. DEFINITE INTEGRAL AS LIMIT OF SUM OF SERIES 

1.   






 















 
 




 n

ab

n

ab
iafdxxf

n

i
n

b

a

1

0

lim  

 
SECTION-22.7. AVERAGE (MEAN) VALUE OF A FUNCTION IN AN INTERVAL 

1. Average value of a function  xf  in the interval  ba,  = 
 

 

b

a

dxxf
ab

1
. 
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22.7 

EXERCISE-22 
 

CATEGORY-22.1. DIRECT APPLICATION OF NEWTON-LEIBNIZ FORMULA 

1.   

3

1
21

1
dx

x
. {Ans. 

12


} 

2.   

36

0 92

1
dx

x
. {Ans. ln 3} 

3.  
3

6

2sin

1




dx
x

. {Ans. 3ln } 

4.  1
0

1

 x dx  {Ans.  2
3 8 1 } 

5.  
 

dx

x11 5 3
2

1





 .  {Ans. 7
72 } 

6.   

5

3
2

2

4
dx

x

x
. {Ans. 










7

15
ln2 } 

7.  
 

dx

x3 45
2

13





 . {Ans.   5 16 15 } 

8.  
y

y
dy






1

14

9

.  {Ans. 23
3 } 

9.  sin .
2

0
0

2 


t

T
dt

T










  {Ans. T

 cos 0 } 

10.  
dx

x x 
 90

16

.  {Ans. 12} 

11.   e e dxx x 1
4

0

1

 {Ans.  e1
5

5

} 

12.   
3

2
0

0

2 dx

b x
b a

a


  .  {Ans. 3ln b

b a } 

13.  
 

xdx

x 2 2
0

1

1
 .  {Ans. 1

4 } 

14.  
  

7 2

1
7 12

1
dx

xx
. {Ans. 

















5

6
ln

7

1
} 
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15.  
 

dx

x x

e

1 2
1 


ln
.  {Ans. 

2 } 

16.  
1 10

1




log
.

x

x
dx

e

 {Ans. 1 1
2 loge } 

17.  
e dx

x

x

1

2
1

2

 .  {Ans. e e } 

18.  
x dx

a x

n

n

an





1

2 2
0

2

.  {Ans. 
6n } 

19.  
dx

x x

e

11

3


 ln

.  {Ans. 2} 

20.   

2

0 cos2

1


dx
x

. {Ans. 








3

1
tan

3

2 1 } 

21.  .

8

5

2

3

2

1 2

3

4

3










 x

dxx
 {Ans. 4

3 } 

22.  
  

a dx

x a x a

a

  20

2

.  {Ans. ln 3
2 } 

23.  
dx

x x2 3 22
2

3

  . {Ans. 1
5

4
3ln } 

24.  
dx

x x2
0

1

4 5  .  {Ans. tan1 1
7 } 

25.  
dx

x x 3
1

2

.  {Ans. 1
2

8
5ln } 

26.  
dx

x x8 2 2
0 5

1

 


.

.  {Ans. 
6 } 

27.  cos .sin .5

0

2

2x x dx



  {Ans. 2
7 } 

28.   sin .2
0

0

 





x dx  {Ans. 
2 } 
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29.  
cos

sin
.

3

3

2

4 x dx

x









 {Ans. 12
1 } 

30.  cot .4
4

 




d  {Ans. 2
3 4 3

3

     cot cot } 

31.  
sin

.

1

2
1

2

x
x

dx





  {Ans. 1} 

32.  cos .7

0

4

2x dx



  {Ans. 8
35 } 

33.   

1

0
2 1cos2

1
dx

xx 
. {Ans. 





sin2
} 

 

CATEGORY-22.2. SUBSTITUTION IN DEFINITE INTEGRALS 

34.  
x

x
dx


 14

9

. {Ans. 7 2 2 ln } 

35.  
4

0

2

sin


dx
x

x
. {Ans. 2} 

36.   

1

0
8

3

1
dx

x

x
. {Ans. 

16


} 

37.   

3

0

1 dxxx . {Ans. 
4

9
} 

38.    

1

0

1 dxxx . {Ans. 
8


} 

39.  
xdx

x10

1

 . {Ans. 2 2  } 

40.  
x dx

x13

8


 . {Ans. 32

3 } 

41.  
xdx

x10

1


 . {Ans. 5

3 2 2 ln } 

42.  
 




1

0 2

3
2 1

1
dx

x
. {Ans. 

2

1
} 
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43.  
e dx

e e

x

x x 
0

1

. {Ans. ln e e 



1
1 2

2

} 

44.  
 

 

x dx

x



 


2

3 2

23

23
3

29

. {Ans. 8 3 3
2  } 

45.  
 

x dx

x

2

2 3
0

1

1
 . {Ans. 

32 } 

46.  
1 2

2
1

3



x

x
dx . {Ans. 2 2

3
2 3
1 2  


ln } 

47.  


7

0
3 22

3

xa

dxx
. {Ans. 

20

141
} 

48.  
1 2

6
2

2

1



x

x
dx . {Ans. 8

15 } 

49.  
x

x
dx

2

1

2 1
 . {Ans. 3 3  } 

50.  
dx

x x5 2
2

2

1
 . {Ans.  1

32
7 3

2 8   } 

51.  1 2

0

2





 e dxx
ln

. {Ans.  3
2 2 3 ln } 

52.  
 

dx

x 2
5

20

3

3
 .  {Ans. 3

24 } 

53.  
 25 2

3

4
2 5

5 


x

x
dx

.

. {Ans. 
3 } 

54.  
 

dx

x x2 1 12 2
0

1

3

 
 . {Ans. tan1 1

2 } 

55.  
 

dx

x x 2 5
8

3

2 2

2
 . {Ans. 6

27
2

48  } 

56.  
 

x dx

x

9

5 3
0

2

1

5


 . {Ans. 2

45 } 

57.  
x dx

x x

3

2
0

1

2

3 2  .  {Ans. 8 3 15 2 13
8ln ln  } 
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58.  
 

x dx

x

15

8
2

50

2

1

4


 .  {Ans.  5

192
55 7 125 } 

59.  
 

dx

x x  


1 1 3
0

2

.  {Ans. 
6 } 

60.  2 2

0

1

x x dx  {Ans.  3 2 31
2 ln } 

61.  x x dx5 2

0

3

1  {Ans. 105
848 } 

62.  
e e

e
dx

x x

x




1

30

5ln

 {Ans. 4 } 

63.   


4ln

3ln 2

3
dx

e

ee
x

xx

. {Ans. 
2

4 
} 

64.   


1

0 1

1
dx

x

x
. {Ans. 1

2



} 

65.  
dx

x x x2
1

3

5 1 
 .  {Ans. ln 7 2 7

9
 } 

66.  
x x

x
dx

sin

cos
.3

0

4



  {Ans. 4
1
2 } 

67.  
dx

x2 30

2

cos
.





 {Ans. 2
5

1 1
5tan } 

68.  
 

 

3 2

4 12
5

20

1 x dx

x x



 
 .  {Ans. 19

27
5

6 6 } 

69.  
sin cos

cos sin
.

x x dx

a x b x2 2 2 2
0

2





 {Ans.  
1

2 2a b
a
b

ln } 

70.  Prove  













3

2

3

1

3

2
95

4

)5( 03

2

2

dxedxe
x

x  

71.  Prove   

1

0

)()()( dxaxabfabdxxf
b

a

 

 

CATEGORY-22.3. INTEGRATION BY PARTS IN DEFINITE INTEGRALS 
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72.  xe dxx
 .
0

1

 {Ans. 1 2 e } 

73.  x x dxcos
0

2



 . {Ans. 2 1 } 

74.  


1

0

1tan xdxx . {Ans. 
2

1

4



} 

75.  
e

xdx
1

ln . {Ans. 1} 

76.  
4

1

dxe x . {Ans. 22e } 

77.  
xdx

xsin
.2

4

3





  {Ans. 
  9 4 3

36
1
2

3
2


 ln } 

78.  x x dx3

0

sin


 . {Ans.  3 6 } 

79.  



4

4

sin





xdxe x . {Ans. 4

2

2 


 e } 

80.  x x dxlog2
1

2

 . {Ans. 2 3
4 2 ln } 

81.  
4

0

2

sin



dxx . {Ans. 2} 

82.   ln x dx
e





 1
0

1

. {Ans. 1} 

83.  e x dxx2

0

2

cos



 . {Ans. e 2
5 } 

84.   









2

1
2

11
dx

xx
e x . {Ans. 








1

2

e
e } 

85.  ln3

1

x dx
e

 . {Ans. 6 2 e } 

86.   sin .


1 4

0

1

x dx  {Ans. 243 2
16

4

  } 
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22.13 

87.  tan . 
1

1

16

1x dx  {Ans. 16
3 2 3  } 

 
CATEGORY-22.4. REDUCTION FORMULA IN DEFINITE INTEGRALS 

88.  Derive reduction formulas for computing the integrals cosn x dx
0

2



  and sinn x dx
0

2



  (n a positive integer or 

zero) and compute the integrals : 

i. sin ;5

0

2

x dx



  {Ans. 8
15 } 

ii. cos ;8

0

2

x dx



  {Ans. 105
768

 } 

iii. sin ;11

0

2

x dx



  {Ans. 256
693 } 

89.  Derive a reduction formula for computing the integral sin cosm nx x dx
0

2



 (m and n positive integers or 

zero). Investigate particular cases of even and odd values of m and n. {Ans. nmnm
n

nmnm
n

nm III ,2
1

2,
1

, 



  } 

90.  Derive a reduction formula and compute the integral x e dxn x




1

0

(n a positive integer). 

91.  Prove the reduction formula 
        

dx

x

x

n x

n

n

dx

x
n n n

1 2 1 1

2 3

2 1 12 2 1 2 1



 




 
   (n a positive integer) and 

with the aid of it compute the integral 
 

dx

x1 2 4
0

1


 . {Ans. 11

48
5
64  } 

92.  Prove that if   


e

nn
n

n nIeIthendxxI
1

1,ln  (n a positive integer). 

93.  Find the reduction formula for  
1

0

, ln dxxxI nm
nm . {Ans. 1,, 1 


 nmnm I

m

n
I } 

94.  Let I x dxn
n  tan

0

4



 (n > 1 and is an integer). Check to see that I I
nn n 
2

1

1
.  

95.  Find  x x dxp q1
0

1

  (p and q positive integers) {Ans.  
p q

p q

! !

! 1 } 

 
CATEGORY-22.5. DEFINITE INTEGRAL OF PIECEWISE FUNCTIONS 
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22.14 

96.  If 10,)( 2  xxxf  

            21,  xx  

find dxxf
2

0

)( . {Ans. 
3

124 
} 

97.  If 
  1,  xxxf , 

         1,1  xx , 

then find  
2

0

2 dxxfx . {Ans. 
3

5
} 

98.  dxx


2

1

 {Ans. 
2

5
} 

99.  dxx 

2

0

1  {Ans. 1} 

100.  




1

1

1 dxx . {Ans. 2} 

101.  dx
x

x





3

1 5
 {Ans. 










32

25
ln52 } 

102.  dxxx






2

2

112  {Ans. 2ln
4

9
5 








 } 

103.  
e

e

dxx
1

ln . {Ans. 






 

e

e 1
2 } 

104.  
2

2

1
10log dxx . {Ans. 









e

8
log

2

1
10 } 

105.   







2

0 2
cos dx

x
. {Ans. 



4
} 

106.   dxx
5

0

 {Ans. 10} 

107.   
2

0

dxxx . {Ans. 
2

3
} 

108.   


4

2

dxxx . {Ans. 
2

41
} 

109.   dxx
2

0

2  {Ans. 325  } 
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22.15 

110.   dxx
n



2

0

 {Ans. 
  

6

141  nnn
} 

111.   


0

sin2 dxx . {Ans. 
3

2
} 

112.   




2

sin2 dxx . {Ans. 
3

5
 } 

113.    




3

1

2 dxxx . {Ans. 7} 

114.  


2

1

dx
x

x
. {Ans. 1} 

115.  )( badx
x

xb

a

  {Ans. ab  } 

116.      dxxxx




2

2

,min  {Ans. 1} 

 
CATEGORY-22.6. DEFINITE INTEGRAL OF SYMMETRIC FUNCTIONS 

117.  Prove the validity of the equality    f x dx f a b x dx
a

b

a

b

     

118.  Prove the validity of the equality    x x dx x x dxm n n m1 1
0

1

0

1

     

119.  Show that       




a

a

a

dxxfdxxfxf
0

 

120.  If    xbafxf  , then show that  
b

a

dxxxf  is equal to    

b

a

dxxfba
2

1
. 

121.  Prove that    f x dx f x dxcos sin
0

2

0

2

 

  . Apply the obtained result in computing the integrals 

cos sin2

0

2
2

0

2

x dx and x dx

 

  . {Ans.  
4 4, } 

122.  Prove that         .sinsin2
2

sin
2

sin
2

0

2

000
 





 dxxfdxxfdxxfdxxxf  Apply the obtained result to 

the computation of the integral 
x x

x
dx

sin

cos1 2
0 


. {Ans.  2

4 } 
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22.16 

123.  sin6

0 2

x
dx



  {Ans. 16
5 } 

124.    

1

0

991 dxxx . {Ans. 
10100

1
} 

125.   1 2 3

0

1

 x dx . {Ans. 3
16
 } 

126.  x x dx2 2

0

1

1 .  {Ans. 
16 } 

127.  
2

0

99cos xdx . {Ans. 0} 

128.  If n  is an odd positive integer, then find 
2

0

cos xdxn . {Ans. 0} 

129.   

2

0 cossin
sin



dx
xx

x
 {Ans. 4

 } 

130.  


0

4cossin xdxxx . {Ans. 
5


} 

131.  Prove 
12cot1tan1

3

6

3

6

















 x

dx

x

dx
 

132.  
 

    

a

dx
xafxf

xf2

0 2
. {Ans. a} 

133.  Prove 
2)()(

)( ab
dx

xbafxf

xfb

a




  

134.  
 

 












2

0

2




dx

xfxf

xf
. {Ans. 

4


} 

135.  


2

1 3
dx

xx

x
 {Ans. 2

1 } 

136.   

4

3

4

sin1









d  {Ans. )12(  } 

137.  


3

2 5
dx

xx

x
 {Ans. 2

1 } 
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22.17 

138.  


2

0 sincos

cos


dx
xx

x
. {Ans. 

4


} 

139.  


a

xax

dx

0
22

 {Ans. 4
 } 

140.   

n

n nx

dx2

0 cot1



. {Ans. 
n4


} 

141.   










2

0 cos34

sin34
ln



dx
x

x
. {Ans. 0} 

142.   

2

0
3tan1

1


dx
x

. {Ans. 
4


} 

143.  Prove 2ln
81

)1ln(1

0
2







 dx

x

x
 

144.  )0(
sincos10







 x

dxx
 {Ans. 




sin } 

145.   

2

0 sin1

1


dx
x

. {Ans. 1} 

146.  Prove 






















2cossinsin10

dx
x

x
 

147.  Prove 2ln
8

)tan1ln(
4

0





  dxx  

148.  Prove 2ln
2
1

4sincos1
cos2

0








dx
xx

dxx
 

149.  Prove 0
cossin1
sincos2

0









dx
xx

xx
 

150.  Prove  
4

0

2

0

2

0

cos)2(cos2cos)2(sinsin)2(sin



dxxxfdxxxfdxxxf . 

151.  Prove 
 

2
0

2 8
2

cossin2sin



 


 dx

x

xxx
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22.18 

152.  Prove 
 



  8
2

cossin2sin

0

2
2


 dx

x

xxx
 

 
CATEGORY-22.7. DEFINITE INTEGRAL OF EVEN/ODD FUNCTIONS 

153.  Prove dxxfxdxxfx
aa

a
 

 0

22 )(cos2)(cos  

154.  Show that the numerical value of  




2

2

3 dxsqxpx  depends only upon the constant s. 

155.  
dx

x1
2

2




 cos
.





 {Ans. 2} 

156.  cos .sin .t t dt2
4

2

2





















 {Ans.  2
3 } 

157.  


1

1

11sin xdx .. {Ans. 0} 

158.  x x dx10 9

8

8

0sin 








. 

159.  


1

1

23 cossin xdxx . {Ans. 0} 

160.   



2

2

22 cossincossin





dxxxxx . {Ans. 
15

4
} 

161.   








xdxxx 22 cossin1 . {Ans. 0} 

162.  




2

2

1

cos




dx
e

x
x

. {Ans. 1} 

163.  


3

3

2cos

sin




dx
x

xx
. {Ans. 










12

5
tanln

3

2
2


} 

164.   




1

1

2 1ln dxxx . {Ans. 0} 
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22.19 

165.  0,
sin

sin
log

2

2
















ad
a

a








. {Ans. 0} 

166.  
x x x x

x
dx

7 5 3

2
1

1 3 7
0

  




 cos
.  

167.  


1

1

dxxx . {Ans. 0} 

168.  e dx e dxx xcos cos


 2
1

1

0

1

 

169.  cos ln .x
x

x
dx

1

1
0

1

2

1

2 






  

170.  
x dx

a xa

a 2

2 2



  {Ans.   a2 2 2 1 ln } 

171.  dx
x

x






1

1 2
2

ln  {Ans. 0} 

172.   dxxxxx




1

1

22 11  {Ans. 0} 

173.  dxxax
a

a



 22  {Ans. 0} 

174.  dxxx



2

2

3coscos





 {Ans. 3
4 } 

175.  dx
x

x

x

x




























2

1

2

1

22

2
1
1

1
1

 {Ans.  3
4ln4 } 

176.  dxxx


2

3

1

sin  {Ans. 2
13


 } 

 
CATEGORY-22.8. DEFINITE INTEGRAL OF PERIODIC FUNCTIONS 

177.  dxx 

100

0

2cos1  {Ans. 2200 } 

178.  dxx 
3

32

0

2cos1



 {Ans. 
2

344
} 
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22.20 

179.  
50

0

cos dxx . {Ans. 100} 

180.  
3

16

0

sin



dxx . {Ans. 
2

21
} 

181.   dxx
100

0

 {Ans. 50} 

182.   




1000

0

dxe xx . {Ans.  11000 e } 

183.  If     



0

2

0

2 coscos dxxfkdxxf
n

, then find the value of k . {Ans. n} 

184.  Show that 


cos12sin
0




ndxx
n

 where n is a positive integer and  0 . 

185.  Show that if f(x) is a periodic function with the period T, then  f x dx
a

a T

  is independent of a. 

 
CATEGORY-22.9. CALCULATING IMPROPER INTEGRALS BY FIRST PRINCIPLES 

186.  
dx

x 4
1



 . {Ans. 1
3 } 

187.  
dx

x1



 .  {Ans. diverges} 

188.   e dx aax



 0
0

.  {Ans. 1
a } 

189.   


 
0

dxba xx . {Ans. 
ba ln

1

ln

1
 } 

190.  
ln

.
x

x
dx

2



  {Ans. diverges} 

191.  
 
dx

x x2
1 1



 .  {Ans. 1 2 ln } 

192.  
 

.
10

3


 x

dx
 {Ans. 1

2 } 

193.  
dx

x x 2
2 1



 .  {Ans. 
4 } 

194.  .
11

2


 xx

dx
 {Ans.  12ln  } 
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22.21 

195.  xe dxx



2

0

.  {Ans. 1
2 } 

196.  x e dxx3

0

2



 .  {Ans. 1
2 } 

197.  x x dxsin .
0



  {Ans. diverges} 

198.  e dxx




0

.  {Ans. 2} 

199.  e x dxx


 sin .
0

 {Ans. 1
2 } 

200.  e bx dxax



 cos .
0

 {Ans. a
a b

a a2 2 0 0


  if  diverges if , } 

201.  
tan

.



1

2
1

x

x
dx  {Ans. 4

1
2 2 ln } 

202.  
dx

x1 3
0 



 .  {Ans. 2
3 3
 } 

203.  
 

x

x
dx

1 2
1 



 .  {Ans. 1
2 4  } 

204.  
x

x
dx3

0 1



 .  {Ans. 
33

2 } 

205.  
x

x
dx

3

4
1

1

 .  {Ans. diverges} 

206.  
 

dx

x xe ln
.3

2



  {Ans. 2} 

207.  
dx

x1 2
0

1


 .  {Ans. 

2 } 

208.  
dx

x x1 2 12 2
0

1

  
 .  {Ans. 

3 3 } 

209.  
e

x
dx

x

1

3
1

0



 .  {Ans.  2
e } 

210.  
x dx

x  11

2

. {Ans. 8
3 } 
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22.22 

211.  x x dxln .
0

1

  {Ans.  1
4 } 

212.  
dx

x x

e

ln
.2

0

1

  {Ans. 1} 

213.  
dx

x xln
.

1

2

  {Ans. diverges} 

214.  
dx

x x

e

ln
.

1
  {Ans. 2} 

215.  
e

x
dx

x

1

3
0

1

 .  {Ans. diverges} 

216.  
  

 
dx

x a b x
a b

a

b

 
 . {Ans.  } 

217.  
  

 
x dx

x a b x
a b

a

b

 
 . {Ans.  

2 a b } 

218.  
  

x dx

x x

2

3

5

3 5 
 .  {Ans. 33

2
 } 

219.  
 

dx

x x2 1 2
1

1

 

 . {Ans. 

3 } 

220.  
3 22

23
1

1 x

x
dx





 .  {Ans. 102
7 } 

221.  
x

x
dx






1
35

1

1

.  {Ans. 10
7 } 

222.  
x

x
dx






1
53

1

1

.  {Ans. diverges} 

223.  
 ln

.
2 3

3
1

1 




x

x
dx  {Ans. 6 39

2 ln } 

224.  
dx

x x 



 11

.  {Ans.  } 

225.  ln .
1

1 1

3

2
1

1


 


x

x

x dx

x
 {Ans. 5

3
 } 

226.  
2

12

x dx

x 




 .  {Ans. diverges} 
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22.23 

227.  
dx

x x2 2 2 




 .  {Ans.  } 

228.  
 

dx

x 2 2
1



 .  {Ans. 
2 } 

229.  
dx

x x2
0

2

4 3  . {Ans. diverges} 

230.  
 

 

tan
.







1

43
0

1

1

x dx

x
 {Ans. 3 2 3

4
3
2 2  ln } 

 

CATEGORY-22.10. REDUCTION FORMULA IN IMPROPER INTEGRALS 

231.  
 

dx

a x
nn2 2

0 



 (  a positive integer).  {Ans.  
 

135 2 3
2 4 6 2 2 2 2 1

   

    





n
n a n

 } 

232.   x e dx nn x



0

 a positive integer . {Ans. n!} 

233.   x e dx nn x2 1

0

2 



  a positive integer . {Ans. n!
2 } 

234.     ln .x dx nn

0

1

  a positive integer  {Ans.  1 n n!} 

235.  
x dx

x
m m

m

1 2
0

1


 for :(a) even,(b) odd ( > 0). {Ans. (a)    

 
m m
m m
  

 

1 3 31
2 4 2 2



  (b)    

 
m m

m m
  

 

1 3 4 2
2 31


 } 

236.  
 

 
1

0

1



x

x
dx n

n

 a positive integer .  {Ans.  
   2 2 2 2 4 2
2 1 2 1 31

n n
n n

 

  



 } 

 

CATEGORY-22.11. CALCULATING IMPROPER INTEGRALS BY PROPERTIES 

237.  
 

dx

x x 




cos

 
2

1 1
0( < < 2 ). {Ans.  




sin } 

238.  Prove that 
dx

x

x dx

x1 1 2 24
0

2

4
0






 

 


 

239.  Prove that 
 

x x

x
dx

ln

1
0

2 2
0 





  

240.  Compute the integral 
x

x x
dx

2

3 2
1

2

1







  {Ans. 0} 

241.  ln sin .x dx
0

2



  {Ans.  
2 2ln } 
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22.24 

242.  
2

0

2sinln



xdx . {Ans. 2ln
2


 } 

243.   x x dxln sin .
0



  {Ans.   2

2 2ln } 

244.  x x dxcot .
0

2



  {Ans. 2 2ln } 

245.  
sin

.



1

0

1 x

x
dx  {Ans. 2 2ln } 

246.  
ln

.
x dx

x1 2
0

1


  {Ans.  

2 2ln } 

247.  Prove 2
1

sin1

1
2

1









dx
x

xx
 

248.  dx
x

xx







1

1
2

12

1

sin
 {Ans. 0} 

249.  Prove 0tanln2sin
2

0





dxxx  

250.   



0 cossec

tan
dx

xx

xx
. {Ans. 

4

2
} 

251.   



0 cos

1
dx

xba
. {Ans. 

22 ba 


} 

252.  


2

0 tancot

cot


dx
xx

x
. {Ans. 

4


} 

253.   



0
2cos1 x

dxx
 {Ans. 

22

2 } 

254.  If n  is even, then find 


0 sin

sin
dx

x

nx
. {Ans. 0} 

255.  Prove 2ln
1

1
ln

0
2 
















dx
x

x
x

 

256.  0,
cos

sin2

0

2


 bad

ba







 {Ans. )( 222

2 baa
b

 } 
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257.  Prove  







1

0 2
1

ln
2

sinln dxx


 

258.  Prove 0cotlntanln
2

0

2

0
 



dxxdxx  

259.  Prove )2(
2tansec

tan

0


 




dx
xx

xx
 

260.   

2

0 tan1

1


dx
x

. {Ans. 
4


} 

261.   



0
2sin21 x

dx
 {Ans. 

3
 } 

262.   

2

0
44 sincos

cossin


dx
xx

xxx
 {Ans. 16

2 } 

263.  Prove 2ln
1

)1ln(

0
2

2








dx
x

x
 

264.  Prove 2ln)cos1ln(
0




 dxx  

265.  Prove 
4)1)(1(0

2







xx

dxx
 

266.  .
sin6

2

0
2 



x

dx
 {Ans. 

7

6

12


} 

267.  Show that 
ab dx

a x b x2 2 2 2
0

2

2cos sin





, where a and b are any real numbers different from zero. 

268.  Prove 
abxbxa

dxx

2sincos

2

0
2222





  

269.  Prove 33

222

0
22222

)(
4)sincos( ba

ba

xbxa

dxx 







 

 
CATEGORY-22.12. DEFINITE INTEGRAL CONTAINING PARAMETER 

270.  Find the derivative 
dx

dy
 of the following functions:- 

i. 
x

tdtty
0

sin . {Ans. xxsin } 
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ii.  

2

0

21
x

dtty . {Ans. 412 xx  } 

iii. 

4

2

sin
x

x

dtty . {Ans. xxxx sin2sin4 23  } 

iv. 
3

2

ln
x

x

dtty    (x > 0) {Ans. xxx ln)49( 2  } 

v.  0
ln

1
3

2

  xdt
t

y
x

x

. {Ans. 
 

x

xx

ln

1
} 

vi. 

x

x

dtty
1

2 )cos(    (x > 0) {Ans. x
xxx

cos
2

11
cos

1
22
 } 

vii. 

x

dt
t

t
y

2

0

sin
 {Ans. 

x

x2sin
} 

viii.  

0
41

x

dtty  {Ans. 41 x } 

ix.  

3
2

1

3 ln;ln

3

t

t

dzzzxdzzzy  {Ans. tt 236 } 

x. 0sin

2

2

0

2

0

 


xy
t dttdte  {Ans. 22sin2

2

xxe y } 

xi. 0sin
00

 
xy

t dttdte  {Ans. xe y sin } 

xii. 0cossin23
0

2

2  
yx

dttdzz


 {Ans. 
y

x

cos

sin23 2
 } 

xiii. 




y

du
u

x
0

291

1
. {Ans. 291 y }. 

271.  If 




y

dt
t

x
0

241

1
, then find 

2

2

dx

yd
. {Ans. y4 } 

272.  Find the limits: 

i. 
1

)(tan

lim
2

0

21






 x

dxx
x

x
 {Ans. 4

2 } 

ii. 
xx

dtt
x

x sin

cos

lim

2

0

2

0




. {Ans. 1} 
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iii. 






x
x

x
x

x

dxe

dxe

0

22

0

2

lim  {Ans. 0} 

iv. 



 













 x
x

x
x

x

dxe

dxe

0

2

2

0

2

lim . {Ans. 0} 

v. 
3

0

0

2

sin

lim
x

dxx
x

x




 {Ans. 
3

2 } 

273.  If  xf  is continuous at 0x  and   20 f , then find 

 

x

dxxf
x

x





0

0
lim . {Ans. 2} 

274.  Find the points of extremum of the following functions: 

i. 0,
sin

)(
0

  xdt
t

t
xf

x

. {Ans. ),2,1(  nnx   maxima when n is odd, minima when n is even} 

ii.  


x t

dttexf
1

22 )1()(

2

 {Ans. maxima at x = 1, minima at x = 1} 

iii. 





2

0

2

2

45
)(

x

t
dt

e

tt
xf  {Ans. maxima at 1x , minima at 2,0,2x } 

275.  Solve the equation 
dx

x x

x

2
2 1 12




. {Ans. x  2} 

276.  Solve the equation 
dx

ex

x




1 62



ln

.  {Ans. x  ln4 } 

277.  Find the greatest and least values of the function  I x
t

t t
dt

x




 
2 1

2 22
0

 on the interval [1, 1]. {Ans. 

2ln
4

3



, 

2

3
tan3

8

13
ln

4

3 1


} 

278.  Find the point of extremum and the points of inflection on the graph of the function   y t t dt
x

   1 2 2

0

. 

{Ans. Minima at x=1, points of inflection at x=2, x= 4
3 } 

279.  Find the maxima of the function           

x

dtttttxf
1

223 213212 . {Ans. 1x } 
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280.   (a) Show that if f(t) is an odd function, then  f t dt
a

x

  is an even function. 

(b) Will  f t dt
a

x

  be an odd function if f(t) is an even function? {Ans. No if yes if a a 0 0, } 

281.  Prove the validity of the equality  
dt

t

dt

t
x

x

x

1 1
02

1

2
1

1





   

282.  Prove the identity 
 

t dt

t

dt

t t
e

x

e

x

1 1
12

1
2

1



 

tan cot

 

283.  Prove the identity sin cos
sin cos

 

  1

0

1

0

2 2

4
t dt t dt

x x


 

284.  It is known that f(x) is an odd function in the interval 






T T

2 2
,  and has a period equal to T. Prove that 

 f t dt
a

x

  is also a periodic function with the same period. 

285.  Evaluate 


1

0 ln

1
dx

x

x
. {Ans. 1ln } 

286.  If      

x

dttxktfy
0

sin , then prove that  xkfyk
dx

yd
 2

2

2

. 

 
CATEGORY-22.13. DEFINITE INTEGRAL OF PIECEWISE FUNCTIONS CONTAINING 

PARAMETER 

287.  Given 
  10,  xxxf  

       21,2  xx  

       2,2  xx . 

Find     0,
0

  xdxxfxg
x

. 

288.  If   




x

dttxf
1

 for any x, then find  xf . 

{Ans.     1,1
2

1 2  xxxf  

                    01,1
2

1 2  xx  

                    0,1
2

1 2  xx } 
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289.  If   

2x

x

dttxf  for any x, then find  xf . 

{Ans.     0,1
2

2
2

 xx
x

xf  

                     0,1
2

2
2

 xx
x

} 

290.  Find       xdxxxxf
x

0,cos,sinmax
0

. 

291.  If 0x , prove that          xxxxdxx
x

 1
2

1

0

. 

292.  Find the greatest value of   




x

dttxf

2

1

 on the interval 









2

1
,

2

1
. {Ans. 

4

1
} 

 
CATEGORY-22.14. ESTIMATING A DEFINITE INTEGRAL 

293.  Prove that  




1

0
4

1
1

1

4
dx

x


. 

294.  Prove that  

1

0

2
4

5 2

dxex . 

 
CATEGORY-22.15. DEFINITE INTEGRAL AS LIMIT OF SUM OF SERIES 

295.  Find   

2

1

2 dxxx  as limit of sum of series. {Ans. 
6

5
} 

296.  Sum the series:- 

i. lim
n n n n 




 










1

1

1

2

1

2
  {Ans. ln 2} 

ii. 












 nnnn 5

1

2

1

1

1
lim   {Ans. 5ln } 

iii. 
  




















 222222 1

1

2

1

1

1
lim

nnnnn
  {Ans. 

2 } 

iv. 
  
















 2222222 121
lim

nn

n

n

n

n

n

n

n
n

  {Ans. 
4


} 

v. lim
n n n

r

r n n 



 


 











1

1

4

8

1

23 3

2

3 3   {Ans. 2ln3
1 } 

vi. lim
n

n

n

n

n n









 







1

1

2

2

1
2 2 2 2   {Ans. 4

1
2 2 ln } 
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vii. 
100

999999 21
lim

n

n
n






. {Ans. 

100

1
} 

viii. lim sin sin sin sin
n n n n n

n

n
   











1

2

2

2

3

2 2
2 2 2 2   

  {Ans. 1
2 } 

ix. lim
n n n n an







 










1 1

1

1

2

1
  where a is a positive integer. {Ans. ln a } 

x. 















 nbnananan

1

2

1

1

11
lim  . {Ans. 









a

b
ln } 

297.  Prove the following:- 

i. 






 

 nn

nnn
n

221
lim


=  

2

3
2 2 1 . 

ii. .1
2

1
lim

1








n

r
n rn

rn

n


 

iii. 
   

lim .
n n

n

n

n

n n






 














1

1 2

1

8

3

8

2

3

2

3   

iv.  .21ln
1

lim
1

22








n

r
n rn

 

v. .
3

2321
lim 







 

 nn

n
n


 

vi. lim sec sec sec .
n n n n

n

n
  









1

4

2

4 4

42 2 2  


  

vii. lim tan tan tan ln .
n n n n

n

n
  









 

1

4

2

4 4

2
2

  


  

298.  Evaluate lim
n

n

n n

n

n










 








 



















1

1
1

2
12

2

2

2

2

1

  {Ans. 2
4

2e
 

} 

299.  Prove      
e

nnnn
n

n

n

4
21

1
lim 1




 . 

300.  Evaluate lim
!

n n

n
n

n








1

 {Ans. 1
e } 

 
CATEGORY-22.16. AVERAGE (MEAN) VALUE OF A FUNCTION IN AN INTERVAL 

301.  Compute the mean value of the function 
x

xxf
1

)(   on the interval [1, 4]. {Ans. 
9

20
} 

302.  Compute the mean value of the function 
xx

xf



2

1
)(  on the interval 









2

3
,1 . {Ans. 

5

6
ln2 } 

303.  Compute the mean value of the functions xxf sin)(   and xxf 2sin)(   on the interval [0, ]. {Ans. 
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2

1
,

2


} 

304.  Find the mean value of the function 
1

2
)(




xe
xf  on the interval [0, 2]. {Ans. 

1

2
ln2

2 


e
} 

305.  For what a the mean value of the function xxf ln)(   on the interval [1, a] is equal to the average rate of 
change of the function in this interval? {Ans. ea  } 

 
CATEGORY-22.17. ADDITIONAL QUESTIONS 

306.  If    xgxf
dx

d
  for bxa  , then find    

b

a

dxxgxf . {Ans. 
     

2

22 afbf 
} 

307.  If 












 


 3

323
ln

sin43

cos3

0

kdx
x

x


, then find k . {Ans. 
4

1
} 

308.  If   cxbeaexf xx  2  satisfies the conditions   10 f ,   312ln f ,   
2

394ln

0

 dxcxxf , then find 

a, b, c. {Ans. 5a , 6b , 3c } 

309.  Find the values of a for which   2543 3

0

2  adxxx
a

. {Ans. 2
2

1
 a } 

310.  If   







 a

dxax
2

log2log 2

2

0

2 , then find the value of a. {Ans. 0a } 

311.  If   1,564
1

 aadxxa
a

, then find a . {Ans. 2} 

312.  A cubic function  xf  vanishes at 2x  and has relative minimum/maximum at 1x  and 
3

1
x  such 

that  
3

141

1




dxxf , then find  xf . {Ans. 223  xxx } 

313.  If   B
x

Axf 









2
sin


, 2

2

1









f  and  



A
dxxf

21

0

  then find the value of the constants A  and B . 

{Ans. 0,
4

 BA


} 

314.  If   4
4

1




dxxf  and    73
4

2

 dxxf , then find the value of  
1

2

dxxf . {Ans. -5} 

315.  Let   0, xxf  be a non-negative continuous function and let     0,
0

  xdttfxF
x

. If for some 0c , 

    0 xxcFxf , then show that   00  xxf . 
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CHAPTER-23 

DIFFERENTIAL EQUATIONS 
 

LIST OF THEORY SECTIONS 
 

23.1. Definition, Order, Degree, Solution Of Differential Equation 
23.2. First-Order Differential Equation Of Degree One 
23.3. Differential Equation Of Higher Order And Higher Degree 
 

LIST OF QUESTION CATEGORIES 
 

23.1. Order And Degree Of A Differential Equation 
23.2. Formation Of Differential Equation From Its General Solution 
23.3. Variable Separable 
23.4. Homogeneous Equations 
23.5. Equations Reducible To Variable Separable And Homogeneous Form 
23.6. Linear Differential Equations 
23.7. Bernoulli’s Equation 
23.8. Miscellaneous First Order Differential Equations Of Degree One 
23.9. First-Order Differential Equation Of Higher Degree 
23.10. Second-Order Differential Equation 
23.11. Additional Questions 
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23.3 

CHAPTER-23 

DIFFERENTIAL EQUATIONS 
 

SECTION-23.1. DEFINITION, ORDER, DEGREE, SOLUTION OF DIFFERENTIAL EQUATION 

1. Differential equation 
An equation containing two related variables and their derivatives is called a differential equation, i.e. a 

differential equation in two variables x and y is of the form 0,,,,
2

2











dx

yd

dx

dy
yxf . 

2. Order of a differential equation 
The order of a differential equation is the order of the highest order derivative appearing in the equation. 

3. Degree of a differential equation 
The degree of a differential equation is the power of the highest order derivative, when derivatives are made 
free from radicals and fractions. 

4. Solution of a differential equation 
i. The solution of a differential equation is a relation between the two variables which satisfies the 

differential equation, i.e. the differential equation becomes an identity. 
ii. A differential equation has infinite solutions. 

5. General solution 
i. The solution which contains all the solutions of a differential equation, is called the general solution. 
ii. Number of arbitrary constants in a general solution is equal to the order of the differential equation. 

6. Particular solution 
Solution obtained by giving particular values to the arbitrary constants in the general solution, is called a 
particular solution. 

7. Boundary conditions 
An thn  order differential equation has n arbitrary constants in its general solution and therefore n conditions 
are required to get a particular solution, which are called boundary conditions. This particular solution 
satisfies the given differential equation and the given n conditions. 

8. Formation of differential equation from its general solution 
Consider a general solution containing n arbitrary constants. Therefore, it must be the general solution of an 

thn  order differential equation. Differentiating the equation n times we get n additional equations. 
Eliminating n arbitrary constants from these  1n  equations, we obtain the required differential equation of 
order n. 

 
SECTION-23.2. FIRST-ORDER DIFFERENTIAL EQUATION OF DEGREE ONE 

1. Differential equations in variable separable form 
If a differential equation can be put in the form    dxxgdyyf  , then the variables are separable and such 
equations can be solved by integrating both sides. 

     dxxgdyyf  

    CxGyF   
2. Substitution 

i. Given a differential equation 0,, 








dx

dy
yxf , substituting    

dx

dv
v

dx

dy
vy   , the differential 
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equation becomes 0,, 








dx

dv
vxf . 

ii. Given a differential equation 0,, 








dx

dy
yxf , substituting  

 udu

dy

dx

dy
ux







1
, the differential 

equation becomes 0,, 








du

dy
yuf . 

iii. Given a differential equation 0,, 








dx

dy
yxf , substituting  vy   and  

 
  du

dv

u

v

dx

dy
ux 








 , 

the differential equation becomes 0,, 








du

dv
vuf . 

3. Homogeneous differential equation 

If a differential equation can be put in the form 









x

y
f

dx

dy
, then it is said to be homogeneous and such 

equations can be solved by substituting 
dx

dv
xv

dx

dy
vxyv

x

y
 , the equation becomes 

 
  x

dx

vvf

dv
vf

dx

dv
xv 


 , which is variable separable. 

4. Equation reducible to variable separable and homogeneous form 

i. Equation of the form 
222

111

cybxa

cybxa

dx

dy




  can be reduced to variable separable or homogeneous form by 

substitution. 

ii. Case I:- If k
b

b

a

a


1

2

1

2 , then 
  211

111

222

111

cybxak

cybxa

cybxa

cybxa

dx

dy









 . 

Substituting 
dx

dy
ba

dx

dv
vybxa 1111  , the equation becomes 





























2

1
11

2

1
1

1

1

ckv

cv
ba

dx

dv

ckv

cv
a

dx

dv

b
, which is variable separable. 

iii. Case II:- If 
1

2

1

2

b

b

a

a
 , then substitute kYy   and hXx  , where h and k are constants to be chosen 

later. Now, 
dX

dY

dx

dy
  and the equation becomes 

 
  22222

11111

ckbhaYbXa

ckbhaYbXa

dX

dY




 . 

Now choose h, k such that 













0

0

222

111

ckbha

ckbha
, then the equation will be reduced to 

YbXa

YbXa

dX

dY

22

11




 , which is homogeneous differential equation. 

5. Linear differential equations 
i. If a differential equation can be put in the form 
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   xQyxP
dx

dy
 , then it is said to be a linear differential equation. 

ii. Find Integrating factor,  
 

dxxP
exI  

iii. Multiplying both the sides by  xI , we get 

         xIxQyxPxI
dx

dy
xI   

      xIxQyxI
dx

d
  

      dxxIxQyxId   

       CdxxIxQyxI  

6. Linear differential equation of the form    ySxyR
dy

dx
  

i. Find Integrating factor,  
 

dyyR
eyI  

ii. Multiplying both the sides by  yI , we get 

         yIySxyRyI
dy

dx
yI   

      yIySxyI
dy

d
  

        dyyIySxyId  

       CdyyIySxyI  

7. Equations reducible to Linear form (Bernoulli’s differential equations) 
i. Differential equations of the type 

    nyxQyxP
dx

dy
 , are Bernoulli’s equations. 

ii. Dividing both sides by ny , we get 

   xQyxP
dx

dy
y nn   1  

iii. Substituting  
dx

dv

dx

dy
ynvy nn   11 , we get 

 
   xQvxP

dx

dv

n


 1

1
 

       xQnvxPn
dx

dv
 11 , which is a linear differential equation. 

iv. Bernoulli’s equation may be of the form     nxyQxyP
dy

dx
 . 

 
SECTION-23.3. DIFFERENTIAL EQUATION OF HIGHER ORDER AND HIGHER DEGREE 

1. First-order differential equation of higher degree 
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i. If the differential equation is a polynomial in 
dx

dy
 or solvable in 

dx

dy
, then solve for 

dx

dy
 and put in the 

form  yx
dx

dy
,  and then solve as first-order differential equation of degree one. 

ii. If the differential equation can be put in the form  xpy , , where 
dx

dy
p  , then differentiating w.r.t. x 

we get 







 xp

dx

dp
p ,,1 , which is a first-order differential equation in p and x, and after solving we get 

its solution as   0,2 xp . Eliminating p from  xpy ,  and   0,2 xp , we get the solution as 

  0,3 yx . 

iii. If the differential equation can be put in the form  ypx , , where 
dx

dy
p  , then differentiating w.r.t. y 

we get 







 yp

dy

dp

p
,,

1
1 , which is a first-order differential equation in p and y, and after solving we get 

its solution as   0,2 yp . Eliminating p from  ypx ,  and   0,2 yp , we get the solution as 

  0,3 yx . 

2. Second-order differential equation 

i. If second-order differential equation is of the form 0,,
2

2









x

dx

dy

dx

yd
 , then substituting p

dx

dy
  and 

solving 0,, 







xp

dx

dp
 , which is a first-order differential equation in p and x, we get its solution as 

  0,1 xp . Now solving 0,1 







x

dx

dy
 , we get the solution as   0,2 yx . 

ii. If second-order differential equation is of the form 0,,
2

2









y

dx

dy

dx

yd
 , then substituting p

dx

dy
  and 

dy

dp
p

dx

yd


2

2

 and solving 0,, 







yp

dy

dp
 , which is a first-order differential equation in p and y, we get 

its solution as   0,1 yp . Now solving 0,1 







y

dx

dy
 , we get the solution as   0,2 yx . 

 
 



PART-VI/CHAPTER-23 

SANJIVA DAYAL CLASSES FOR IIT-JEE MATHEMATICS. Head office: A-602, Twin Towers, Lakhanpur, Kanpur-208024, INDIA. 
Phone: +91-512-2581426. Mobile: +91-9415134052. Email: sanjivadayal@yahoo.com. Website: sanjivadayal-iitjee.blogspot.com. 

23.7 

EXERCISE-23 
 

CATEGORY-23.1. ORDER AND DEGREE OF A DIFFERENTIAL EQUATION 

1. What is the order and degree of the differential equation 046
2

3

3









 y

dx

dy

dx

yd
. {Ans. 3, 1} 

2. What is the order and degree of the differential equation 02
42

3

3


















y

dx

dy

dx

yd
x . {Ans. 3, 2} 

3. What is the order and degree of the differential equation 
2

1 









dx

dy

dx

dy
xy . {Ans. 1, 2} 

4. What is the order and degree of the differential equation 032 123

2

3  yyy . {Ans. 3, 2} 

5. What is the order and degree of the differential equation 
2

22

3
2

1
dx

yd
k

dx

dy





















 . {Ans. 2, 2} 

 
CATEGORY-23.2. FORMATION OF DIFFERENTIAL EQUATION FROM ITS GENERAL 

SOLUTION 

6. Find the differential equations whose solutions are )3cos(  xAy , A being constant. {Ans. 

0)3tan(  xy
dx

dy
} 

7. Find the differential equations whose solutions are )sin( Axxy  , A being constant. {Ans. 

422
2

xyxy
dx

dy
x 








 } 

8. What is the degree of the differential equation satisfying  yxayx  22 11 . {Ans. 1} 

9. Find the differential equations of all circles passing through origin and having their centres on the x-axis. 

{Ans. 
xy

xy

dx

dy

2

22 
 } 

10. Find the differential equations of all lines passing through origin mxy  . {Ans. 
dx

dy
xy  } 

11. Find the differential equations of all circles which have their centres on x-axis and have given radius a. 

{Ans. 022 
dx

dy
yya } 

12. Prove that the differential equation of the family of parabolas axy 42   is 02  y
dx

dy
x . 

13. Show that the differential equation of the family of circles of fixed radius r with centres on y-axis is 

0)( 2
2

22 







 x

dx

dy
rx . 

14. Find the differential equation corresponding to the family of curves 2)( kxky   where k is an arbitrary 
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constant. {Ans. 084 2
3









y

dx

dy
xy

dx

dy
} 

15. From the differential equation of the circles represented by 222 2 axayy  , a being arbitrary constant. 

{Ans. 04)2( 2
2

22 







 x

dx

dy
xy

dx

dy
xy } 

16. Obtain the differential equation of which bxaxy  2  is the general solution, a, b being arbitrary 

constants. {Ans. 022
2

2
2  y

dx

dy
x

dx

yd
x } 

17. Find the differential equation whose solution is xx BeAey 22  . {Ans. 04
2

2

 y
dx

yd
} 

18. Find the differential equation whose solution is xBxAy 2cos2sin  . {Ans. 04
2

2

 y
dx

yd
} 

19. Find the differential equation whose solution is 122  ByAx . {Ans. 
dx

dy
y

dx

dy

dx

yd
yx 






















2

2

2

} 

20. Find the differential equation whose solution is B
r

A
v  . {Ans. 0

2
2

2


dr

dv

rdr

vd
} 

21. Find the differential equation of the family of curves 2xBeAexy xx   . {Ans. 

22 2
2

2

 xxy
dx

dy

dx

yd
x } 

22. Find the differential equation of the family of curves xx BeAey 53   for different values of A and B. {Ans. 

0158
2

2

 y
dx

dy

dx

yd
} 

23. Find the differential equation of straight lines cmxy  . {Ans. 0
2

2


dx

yd
} 

24. Find the differential equation having general solution xxxbxay sincossin  . {Ans. 

xy
dx

yd
cos2

2

2

 } 

25. Find the differential equations of the family of curves )sincos( xBxAey x   where A and B are 

arbitrary constants. {Ans. 022
2

2

 y
dx

dy

dx

yd
} 

26. Find the differential equation corresponding to xxx cebeaey  32  where a, b, c are arbitrary constants. 

{Ans. 067
3

3

 y
dx

dy

dx

yd
} 

27. Find the differential equation associated to the primitive xx cebeay 75  . {Ans. 0352 123  yyy } 

28. Find the differential equation having general solution xcexbxay  sincos . 

29. Find the differential equation having general solution 02222  cbyaxyx , where a, b, c are 
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arbitrary constants. {Ans. 
2

2

22

3

3

31 






























dx

yd

dx

dy

dx

dy

dx

yd
} 

 

CATEGORY-23.3. VARIABLE SEPARABLE 

30. 
2

2

y

x

dx

dy
 . {Ans. Cyx  33 } 

31.     011 22  dyxdxy . {Ans.  xyCyx  1 } 
32. 0)3()1(  dxydyx . {Ans. Kxy  )1)(3( } 

33. dxeyydye xx )1()1(   {Ans. yx eeyk  )1)(1( } 

34. yxyx exe
dx

dy  
32 . {Ans. Ceee xxy   3

3
1 } 

35. dyxydxyx 22 coscos  .{Ans. Cyyyxxx  seclntanseclntan } 

36. dyyxydxyx )1()1)(1( 2  . {Ans. kyy
yx

x  )1ln(22
22

ln
22

} 

37. 0)1()1(  dyxydxyx . {Ans. Cyxxy  )(ln } 

38. 0
1

1
2

2







x

y

dx

dy
. {Ans. Cxy   11 sinsin } 

39. 0)()( 2222  xyy
dx

dy
yxx  {Ans. 

xy

yx

ky

x 
ln } 

40. 0tan)7(sec2 
dx

dy
xyxy . {Ans. ykexy tan7 } 

41. )1(
1

1 2

2

2

xx
x

y

dx

dy
xy 




 . {Ans. Cxxy  12

2
1 tanln)1ln( } 

42. )sin()sin(tan yxyxy
dx

dy
  {Ans. Cxy  cos2sec } 

43. 
xyx

y

dx

dy

)1(

1
2

2




 . {Ans. 222 )1)(1( kxyx  } 

44. dxdyyx  )cos( . {Ans. 






 


2
tan

yx
cy } 

45. yx
dx

dy








1sin .{Ans. 
cx

yx







2

2
tan1 } 

46. 2)14(  yx
dx

dy
 {Ans. )2tan(214 kxyx  } 

47. 2)( yx
dx

dy
  {Ans. )tan( cxyx  } 

48. yxe
dx

dy 1 . {Ans. 1)(   yxecx } 
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49. 1)tan(  xyx
dx

dy
. {Ans. 

2

2

1

)sin(
x

kexy  } 

50. If ye
dx

dy 2  and 0y  when 5x , then find the value of x  for 3y . {Ans. 
2

96 e
} 

 

CATEGORY-23.4. HOMOGENEOUS EQUATIONS 

51. 0)()(  dyxydxyx  {Ans. Cyxx
y

 )ln(tan 22
2
11 } 

52. 
yx

yx

dx

dy




  {Ans. kxxyy  22 2 } 

53. 0
2

2







yx

yx

dx

dy
 {Ans. )()( 3 yxCyx  } 

54. xy
dx

dy
yx  )( 22 . {Ans. kye y

x


2

2

2 } 

55. 02)( 22  dyxydxyx . {Ans. kxyx  22 } 

56. dxyxdyxy )(2 22  . {Ans. )( 22 yxkx  } 

57. 0)( 22  dyxydxyx . {Ans. kyxx  )2( 222 } 

58. dxyxdyxyx )()( 222  . {Ans. x

y

xexyk


 2)( } 

59. 
23

23

3
3

xyx

yxy

dx

dy




 . {Ans. 2222 )( yxkxy  } 

60. 03)2( 233  dyxydxyx . {Ans. 233 kxyx  } 

61. dyyxxdxxyyx )3()2( 2322  . {Ans. 23 xeky y

x

 } 

62. 222 xyy
dx

dy
x  . {Ans. 322 kxxyy  } 

63.   0222  xydydxyyxx  {Ans. 
x

k
xyx ln22  } 

64. 
x

y
xy

dx

dy
x 2cos . {Ans. x

k
x
y lntan  } 

65. 
x

y

x

y

dx

dy
tan  {Ans. kxx

y
)sin( } 

66. 
x

y

x

y

dx

dy
sin  {Ans. kxx

y
2tan } 

67. )1ln(ln  xyy
dx

dy
x  {Ans. kxxey  } 

 

CATEGORY-23.5. EQUATIONS REDUCIBLE TO VARIABLE SEPARABLE AND HOMOGENEOUS 

FORM 

68. 
342

12






yx

xy

dx

dy
. {Ans. Cxyxy  )148ln(

4

5
2 } 
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69. 0)124()12(  dyyxdxyx . {Ans. kyxxy  )12ln(2 } 

70. 
1
1






yx

yx

dx

dy
 when 

3
1

y  at 
3

2
x . {Ans. )ln(

3

1
yxxy  } 

71. 
53

222






yx

yx

dx

dy
. {Ans. 4)3()32(  yxkyx } 

72. 
32
22






yx

yx

dx

dy
. {Ans. 3)1()533(  yxkyx } 

73. 0)523()532(  dxyxdyyx . {Ans. kyxyxxy  )(10)(34 22 } 

74. 124)13(2  yx
dx

dy
yx . {Ans. kxxyyxy  22 2322 } 

75. 0)12()12(  dyxydxyx . {Ans. Cyxxyyx  )(22 } 

76. 0)32()22(  dyyxdxyx . {Ans. kyxxyyx  64422 } 
 

CATEGORY-23.6. LINEAR DIFFERENTIAL EQUATIONS 

77. 
322 )1(

1

1

4







x
y

x

x

dx

dy
 {Ans. Cxxy  122 tan)1( } 

78. xxy
dx

dy
x 2sinsin4cos2   {Ans. Cxxy  secsec2 } 

79. 22 )1()1(  xxy
dx

dy
xx  {Ans. C

x

x

yx


 31

3

} 

80. ts
dt

ds
  {Ans. tCets  1 } 

81. gv
m

k

dt

dv
 . {Ans. 

k

mg
cev

t
m

k




} 

82. 1)1( 
dx

dy
yx  {Ans. 2 ykex y } 

83. 0)()1(
1tan2 


dx

dy
exy y  {Ans. kexe yy 

 11 tan2tan2 } 

84. 0
12 









dx

dy

y
xy  {Ans. yCe

y
x

1

1
1









 } 

85. 1)cossin(cos  xxxy
dx

dy
xx  {Ans. Cxxyx  tansec } 

86. xy
dx

dy
xx ln2ln   {Ans. Cxxy  2)(lnln } 

87. 0)102( 3  y
dx

dy
yx  {Ans. 232  Cyyx } 

88. dyyexdydx y 2sec  {Ans. Cyxe y  tan } 

89. 0)()1( 32  dyxxdxyxy  {Ans. Cxxy  1tan } 
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90. 
2

2

1

1
)1(

x
xy

dx

dy
x


  {Ans. C

x

x
xy 














1

1
ln1 2 } 

91. )1(2)2(2)1( 2  xyx
dx

dy
x  {Ans. Cxx

x

x

xy








)1ln(4)1(4

2

)1(

1

)1( 23

} 

92. dxydyyx 2sin)tan(   {Ans. yCyx tantan  } 

93. 0)cos1(sin2sin  xxy
dx

dy
x  {Ans. Cxx

x
y  sin

2
tan2 } 

94. 
1

1
2

2






x

yxx

dx

dy
. Given that y = 1 when x = 1. {Ans.  

3

2
)1(

3

1
1 2

3
232 








 xxxxy } 

 
CATEGORY-23.7. BERNOULLI’S EQUATION 

95. 22 yxy
dx

dy
 . {Ans. xcexx

y
 22

1 2 } 

96. 2y
x

y

dx

dy
 . {Ans. 

 xcx
y

ln

1


 } 

97. 
2

2

2
x

y

x

y

dx

dy
 . {Ans. xcyyx  } 

98. 
2

2

x

y

x

y

dx

dy
 . {Ans. c

xxy


22

11
} 

99. 
2

3

1

2
3

y

x

x

y

dx

dy



 . {Ans.   Cxxxxy  45623

4

1

5

2

6

1
1 } 

100. 2tan2 yxy
dx

dy
 . {Ans. cyy

xx
x 










4

2sin

2
cos2 } 

101. 
2

1

x

e

xdx

dy y

 . {Ans. 









2

12cxex y } 

102. xyxy
dx

dy 22 sincot  . {Ans. 
 cxx

y



cossin

1
} 

103. xyyx
dx

dy
x cos423   given   10 y . {Ans. xyx sin3 33  } 

 
CATEGORY-23.8. MISCELLANEOUS FIRST ORDER DIFFERENTIAL EQUATIONS OF DEGREE 

ONE 

104.   012 22  dxyxxydy . {Ans. 0122  cxyx } 

105.   02222  ydydxxyx . {Ans.   cyxex  22 } 

106.   0222 22  xydydxyxx . {Ans. C
x

xyx 
43

2 4
322 } 

107. xeyyx
dx

dy x

sin22

2

 . {Ans.   01cos2

2

 xcye
x

} 
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108. xeyyx
dx

dy x

ln22

2

 . {Ans.   01ln2

2

 cxxxye
x

} 

109.   yex
x

y

dx

dy x sec1
1

tan



 . {Ans.   cexy x  1sin } 

110. xyx
dx

dy
y 3coscostantan  . {Ans. C

xx
yx 

4

2sin

2
secsec } 

111. 32 tansec xy
dx

dy
y  . {Ans. xCexxxy  663tan 23 } 

112. xxyeyy
dx

dy
x  ln . {Ans.   Cxeyx x  1ln } 

113.   02  dyedxexyy xx . {Ans.   02  xecxy } 

114.  dxyxyxdy  sincos . {Ans.  xcyx tansec  } 

115. xxyxy
dx

dy 222 cossincot  . {Ans. Cx
y

ecx
 3cos

3

1cos
} 

116. yy
x

y
xdx

dy
sintan

1
tan

1
2

 . {Ans.   xCxy 221sin 2  } 

117. xyx
dx

dy
y 2coscostantan  . {Ans. Cxxy  sinsecsec } 

118.  2

2
lnln z

x

z
z

x

z

dx

dz
 . {Ans. C

xzx


22

1

ln

1
} 

119. yxyx
dx

dy 23 cos2sin  . {Ans.   2

2

3
1

2

1
tan 2 xexy  } 

120.   02sincos41 222  yxyx
dx

dy
x . {Ans.   Cxxy  32

3

4
1tan } 

121. yxy
xdx

dy 23 cos2sin
1

 . {Ans. Cxyx  62

6

1
tan } 

122.   0332  dyyxydxx . {Ans. Cye y

x


3

3

3 } 

123.   0233  dyxydxyx . {Ans. 
x

k
e x

y


3

3

3 } 

124. xyxy
dx

dy n 2sincos  . {Ans.   xn
n

Ce
n

x
y

sin1
1 1

2
sin2

1 





 } 

125. 02
1

2 3















 ydyxdxexy x  {Ans. 2

1
22 3

23 Cxexy x  } 

126.   03 23 
dx

dy
xyyx  {Ans. Cxxxy  ln3 } 

127.  
y

x
yx

dx

dy

cos

cos
sinsin  . {Ans. xCexy sin1sinsin  } 
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128.  yxy
dx

dy
y cos1cossin  . {Ans. xCexy  1sec } 

129.  yxyx eee
dx

dy
  . {Ans. 

xexy ceee  1 } 

130. xyxy
dx

dy 22 tantan2  . {Ans. Cx
y

x
 3

2

tan
3

1sec
} 

131.   221 xyxy
dx

dy
x  . {Ans. 1

1 2





x

ky
y } 

132.   axy
dx

dy
x  21 . {Ans. 21 xCaxy  } 

133. 03
322  dxeyxxdyydx x . {Ans. Ce

y

x x 
3

} 

134.    01tan2 231   yxyx
dx

dy
. {Ans. 

2

21tan2 21 xcexy   } 

135. xexyxy
dx

dy
x 3cossin2  . {Ans.   Cex

y

x x  1
sin

2
} 

136.   3321 yxxy
dx

dy
x  . {Ans.      222

2
111ln1

1
xCxx

y
 } 

137. xyxy
dx

dy
tansec2 3 . {Ans. Cxxx

y

xx



tansec

tansec
2

} 

138.   0cos12sin 22  dyxyxdxy . {Ans.   Cxyy  23 cos13 } 
 
CATEGORY-23.9. FIRST-ORDER DIFFERENTIAL EQUATION OF HIGHER DEGREE 

139.   0
2









y

dx

dy
xy

dx

dy
x . {Ans. 21; cxycxy  } 

140.  2yyxy  . {Ans. 
4

;
2

2 x
yccxy   or    04 22  xyccxy } 

141.  33 yyxy  . {Ans. 
81

4
;3

3
23 x

yccxy  } 

142. 
y

yxy



1

. {Ans. xy
c

cxy 4;
1 2  } 

143.  21 yyxy  . {Ans. 1;1 222  yxccxy } 

144. yyxy  sin . {Ans.   21 1cos;sin xxxyccxy   } 
145. yyyx  ln . {Ans. 1ln;ln  xyccxy } 
 
CATEGORY-23.10. SECOND-ORDER DIFFERENTIAL EQUATION 

146. xxy sin . {Ans. 21

3

sin
6

cxcx
x

y  } 
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147. xy 1tan . {Ans. 
   

21

212

2

1lntan1
cxc

xxxx
y 






} 

148. xy ln . {Ans. 21

2

2

3
ln

2
cxcx

x
y 








 } 

149. yyx  . {Ans. 2
2

1 cxcy  } 

150. xyy  . {Ans. 
2

2

21

x
xcecy x  } 

151. x
x

y
y 


 . {Ans. 2

2
1

3

3
cxc

x
y  } 

152.     011 22  yyx . {Ans.   211
2

1 ln1 cxccxcy  } 

153. 
x

y
yyx


 ln . {Ans.   2

1
2

11
1 cecxcy c

x




} 

154.   12 2
 yyyx . {Ans.   22

3

1
1

1
3

2
cxc

c
y  } 

155. xyxy 3sincot2  . {Ans. 









4

2sin

23

sin
1

3 xx
c

x
y } 

156.   yyy  21 2 . {Ans.    11
2

2 4 cyccx  } 

157.   022
 yyy . {Ans.  3

2

21 cxcy  } 

158. 
y

y
4

1
 . {Ans.   2112

3

4
ccycyx  } 

159.   0
1

2 2



 y

y
y . {Ans. 

2

1

cx

cx
y




 } 

160.   12
 yyy . {Ans.   1

22
2 cycx  } 

161.  2yyy  . {Ans. xcecy 2
1 } 

162.   22 432 yyyy  . {Ans.  1
2

2 sec cxcy  } 

163.      0ln1ln1 2
 yyyyy . {Ans. 2

1

cx

cx

ey 



 } 

164.   0
4

1 2
 yyyx . {Ans. 3

3

2
2

1
2

1 3
; c

x
ycxcxcy  } 

165.    23 yyyyy  . {Ans. 4
3

21 ;
4

;1 cy
xc

yeccy xc



 } 
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CHAPTER-24 

APPLICATIONS OF CALCULUS 
 

LIST OF THEORY SECTIONS 
 

24.1. Applications Of Derivatives In Geometrical Problems 
24.2. Area Of Regions 
 

LIST OF QUESTION CATEGORIES 
 

24.1. Tangent, Normal And Other Properties Of A Given Curve Depending On Derivative At A Point 
24.2. Applications Of Differential Equations In Finding Equations Of Curves 
24.3. Least Distance Between Two Curves 
24.4. Angle Of Intersection Of Two Curves 
24.5. Rate Of Change Problems Of Physics, Geometry Etc. 
24.6. Greatest & Least Value Problems Of Physics, Geometry Etc. 
24.7. Area Of Regions 
24.8. Additional Questions 
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CHAPTER-24 

APPLICATIONS OF CALCULUS 
 

SECTION-24.1. APPLICATIONS OF DERIVATIVES IN GEOMETRICAL PROBLEMS 

1. Properties of curves depending on derivative at  00 , yx  

i. Slope of the tangent to the curve at  
 00 ,

00 ,
yxdx

dy
yx 








 . 

ii. Slope of the normal to the curve at  
 00 ,

00 ,
yx

dy

dx
yx 








 . 

iii. Equation of the tangent to the curve at  00 , yx  is 
 

 0
,

0

00

xx
dx

dy
yy

yx









 . 

iv. Equation of the normal to the curve at  00 , yx  is 
 

 0

,

0

00

xx
dy

dx
yy

yx









 . 

v. The x-intercept of the tangent at  
 00 ,

0000 ,
yx

dy

dx
yxyx 








 . 

vi. The y-intercept of the tangent at  
 00 ,

0000 ,
yxdx

dy
xyyx 








 . 

vii. The x-intercept of the normal at  
 00 ,

0000 ,
yxdx

dy
yxyx 








 . 

viii. The y-intercept of the normal at  
 00 ,

0000 ,
yx

dy

dx
xyyx 








 . 

ix. The length of the tangent between  00 , yx  and the x-axis 
 

2

,

0

00

1
yx

dy

dx
y 








 . 

x. The length of the tangent between  00 , yx  and the y-axis 
 

2

,
0

00

1
yxdx

dy
x 








 . 

xi. The length of the normal between  00 , yx  and the x-axis 
 

2

,
0

00

1
yxdx

dy
y 








 . 

xii. The length of the normal between  00 , yx  and the y-axis 
 

2

,

0

00

1
yx

dy

dx
x 








 . 

xiii. Length of the sub-tangent at  
 00 ,

000 ,
yx

dy

dx
yyx 








 . 
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xiv. Length of the sub-normal at  
 00 ,

000 ,
yxdx

dy
yyx 








 . 

2. Properties of curves depending on derivative at  yx,  

i. Slope of the tangent to the curve at  
dx

dy
yx , . 

ii. Slope of the normal to the curve at  
dy

dx
yx , . 

iii. Equation of the tangent to the curve at  yx,  is  xX
dx

dy
yY  . 

iv. Equation of the normal to the curve at  yx,  is  xX
dy

dx
yY  . 

v. The x-intercept of the tangent at  
dy

dx
yxyx , . 

vi. The y-intercept of the tangent at  
dx

dy
xyyx , . 

vii. The x-intercept of the normal at  
dx

dy
yxyx , . 

viii. The y-intercept of the normal at  
dy

dx
xyyx , . 

ix. The length of the tangent between  yx,  and the x-axis 
2

1 









dy

dx
y . 

x. The length of the tangent between  yx,  and the y-axis 
2

1 









dx

dy
x . 

xi. The length of the normal between  yx,  and the x-axis 
2

1 









dx

dy
y . 

xii. The length of the normal between  yx,  and the y-axis 
2

1 









dy

dx
x . 

xiii. Length of the sub-tangent at  
dy

dx
yyx , . 

xiv. Length of the sub-normal at  
dx

dy
yyx , . 

3. Least distance between two non-intersecting curves 
Least distance between two non-intersecting smooth curves is the length of shortest common normal. 

4. Angle of intersection of two curves 
i. Let the curves   0,:1 yxfC  and   0,:2 yxgC  intersect at the point  00 , yx . 

ii. Slope of tangent of curve 1C  at  
 00 ,

100 ,
yxdx

dy
myx 
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iii. Slope of tangent of curve 2C  at  
 00 ,

200 ,
yxdx

dy
myx 








  

iv. Angle of intersection 
21

211

1
tan

mm

mm




  . 

v. If  90121 mm  curves intersect orthogonally. 

vi. If  021 mm  curves touch or cut with common tangent at the point of intersection. 
 

SECTION-24.2. AREA OF REGIONS 

1. Area bounded by curves  xfy   &  xgy   and lines ax   & bx  , when      baxxgxf ,  = 

     

b

a

dxxgxf . 

2. Area bounded by curves  yx   &  yx   and lines ay   & by  , when      bayyy ,  = 

    






by

ay

dyyy  . 
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24.6 

EXERCISE-24 
 

CATEGORY-24.1. TANGENT, NORMAL AND OTHER PROPERTIES OF A GIVEN CURVE 

DEPENDING ON DERIVATIVE AT A POINT 

1. Find the equation to the normal to the curve xy sin  at )0,0( . {Ans. 0 yx } 

2. Find the equation of the normal to the curve xxxy cossin  at 
2


x . {Ans. x2 } 

3. Find the equation of the normal to the curve  xxy  2  at the point  0,2 . {Ans. 22  yx } 

4. Find the point on the curve xy 2  where tangent makes 45  angle with x axis. {Ans. 








2

1
,

4

1
} 

5. At what point the slope of the tangent to the curve 03222  xyx  is zero?. {Ans.  2,1 ;  2,1 } 

6. If the tangent to the curve 0 byaxxy  at  1,1  is inclined at an angle 2tan 1  with x axis, then find 
a, b. {Ans. 1a , 2b } 

7. Find the value of t for which the tangent line to the curve 12  tx , tty  2  is perpendicular to 
x axis. {Ans. 0t } 

8. Find the equation of tangent at those points where the curve 232  xxy  meets x axis. {Ans. 
01 yx ; 02  yx } 

9. For the parabola axy 42  , find the ratio of the subtangent to the abscissa. {Ans. 2:1} 

10. If the parametric equation of a curve given by tex t cos , tey t sin , then find the angle which the 

tangent to the curve at the point 
4


t  makes with axis of x . {Ans. 

2


} 

11. If 54  xy  is a tangent to the curve qpxy  32  at  3,2 , then find p, q. {Ans. 2p , 7q } 

12. Find the point where the curve 0 xey xy  has a vertical tangent. {Ans.  0,1 } 

13. Show that the subtangent, ordinate and subnormal to the parabola axy 42   at a point (different from the 
origin) are in G.P.. 

14. If the tangent to the curve 2atx  , aty 2  is perpendicular to x axis, then find its point of contact. 

{Ans.  0,0 } 

15. Find the point where the tangent to the curve xey 2  at the point  1,0  meets x axis. {Ans. 







 0,

2

1
} 

16. Find the equation of the tangent to the curve 21
x

ey   at the point of intersection with the y axis. {Ans. 
02  yx } 

17. Find the equation of the tangent to the curve ttx cos , tty sin  at the origin. {Ans. 0y } 

18. If the tangent to the curve   sin ax ,  cos1 ay  at 
3


   makes an angle   with x axis, 

then find  . {Ans. 
6

5
} 

19. Find the fixed point P  on the curve 542  xxy  such that the tangent at P  is perpendicular to the line 

072  yx . {Ans.  2,3 } 
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20. Find the point on the curve 232  xxy  where tangent is perpendicular to xy  . {Ans.  0,1 } 

21. Find the slope of the tangent to the curve 832  ttx , 522 2  tty  at point  1,2 . {Ans. 
7

6
} 

22. Find the equation of the normal to the curve xyyx 633   at the point (3, 3). {Ans. xy  } 

23. Find the normal to xxy 33   which is parallel to 9182  yx . {Ans. 209,209  yxyx } 

24. Determine the constant c such that the straight line joining the points (0, 3) and (5, 2) is tangent to the 

curve 
1


x

c
y . {Ans. 4c } 

25. Find the tangent and normal to the curve 
2

3

2

2

1

2
,

1

2

t

at
y

t

at
x





  at the point for which 

2

1
t . {Ans. 

ayxayx 91316,21613  } 

26. Find the tangents to )2)(1( 3  xxy  at the points where the curve cuts the x-axis. {Ans. 
0147,33  xyxy } 

27. Find the normal at point P for which 
4


   to the curve  sincos aax  ,  cossin aay  . 

{Ans. 2axy  } 
28. Find the tangents and normal to the curve 07)3)(2(  xxxy  at the point where it cuts the axis of 

x. {Ans. 014020,0720  yxyx } 

29. Find the normal to the curve 32 xy   at the point whose abscissa is 8x . {Ans. 10423  yx } 

30. Find the normal to the curve 42 23  xxy  at the point where 2x . {Ans. 184  yx } 

31. Find the normals to the points on the curve 
)1( 2x

x
y


  where the tangent makes an angle of 

4


 with x-

axis. {Ans. 2
3

2
3 ,,0  yxyxyx } 

32. Find the points on the curve 329 xy   where normal to the curve makes equal intercepts with the axes. 

{Ans. 








3

8
,4 } 

33. Find the equation to the tangent to 23 ayx   at )8,4( 32 amam  and also the point in which the tangent cuts 

the curve again. {Ans. ),(,43 323 amamammxy  } 

34. Show that the normal to the curve 062105 35  yxxx  at P (0, 3) meets the curve again at two 
points. Find the equation of tangents to the curve at these points. {Ans. 32  xy } 

35. Show that the tangent to the curve 123 22  yxxy  at (1, 1) meets the curve again at the point  20
1

5
16 ,  . 

36. Find the point on the curve 510136 234  xxxxy  where the tangent is parallel to the line xy 2 . 

Show that two of these points have the same tangent. {Ans.  6
15

2
3 ,),5,2(),3,1( } 

37. Find the points on the curve 3xy  , the tangents at which are inclined at an angle of 60 to x-axis. {Ans. 






























4

3

4

1

4

3

4

1

3

1

3

1

3

1

3

1 ,,, } 
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38. Prove that all points on the curve 

















a

x
axay sin42  at which the tangent is parallel to the x-axis lie 

on the parabola axy 42  . 

39. The curve 523  cxbxaxy  touches the x-axis at P(2, 0) and cuts the y-axis at a point Q where its 

gradient is 3. Find a, b, c. {Ans. 3,, 4
3

2
1  cba } 

40. Show that tangents to the Folium of Descartes axyyx 333   at the point where it meets the parabola 

axy 2  are parallel to the axis of y. Also determine the point on the curve at which the tangent is parallel 

to x-axis. {Ans. 












aa 3

2

3

1

2,2 } 

41. Find the equation of the normal to the curve xyyx 833   at the point other than origin where it meets 

the curve xy 42  . {Ans. 0 xy } 

42. Show that the line 1
b

y

a

x
 touches the curve a

x

bey


  at the point where the curve crosses the y-axis. 

43. Show that the curve 2
















nn

b

y

a

x
 touches the straight line 2

b

y

a

x
 at that the point (a, b) whatever 

the value of n may be. 
44. The rectangular coordinates of a point on the curve are given by  3coscos3 x ,  3sinsin3 y . 

Find the equation of the normal at the point P where 
4


  . {Ans. xy  } 

45. Tangents are drawn from origin to the curve xy sin . Prove that their points of contact lie on 
2222 yxyx  . 

46. Find all the tangents to the curve  22),cos(  xyxy  that are parallel to the line 02  yx . 
{Ans. 042,0342   yxyx } 

47. Find the equations of the tangents drawn to the curve 0842 32  yxy  from the point (1, 2). {Ans. 

)2(32)32(),2(32)322(  xyxy } 
48. Find the equation of the straight line which is tangent at one point and normal at another point of the curve 

34,18 23  txty . {Ans. 02728927227,02728927227  yxyx } 

49. Tangent at point P1 [other than (0, 0)] on the curve 3xy   meets the curve again at P2. The tangent P2 

meets the curve at P3 and so on. Show that the abscissa of nPPPP ,,,, 321   form an G.P. Also find the 

ratio 
432

321

PPParea

PPParea




. {Ans. 16

1 } 

50. Find the equation of the normal to the curve )(sinsin)1( 21 xxy y   at x = 0. {Ans. 1 yx } 

51. Find the condition that the line 1 ByAx  may be a normal to the curve nn xya 1 . {Ans. 
nnnn nAnABBa   1221 )( } 

52. If 1 byax  is a normal to the parabola pxy 42  , show that 223 2 bpabpa  . 

53. In the curve baba kyx  , prove that the portion of the tangent intercepted between the coordinate axes is 
divided at its point of contact into segments which are in constant ratio (all the constants being positive). 
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54. Prove that the portion of the tangent to the curve 3

2

3

2

3

2

ayx   which is intercepted between the axes is of 
constant length. 

55. Prove that the sum of intercepts of the tangent to the curve ayx   upon the co-ordinate axes is of 

constant length. 
56. If p1 and p2 be the lengths of perpendiculars from the origin on the tangent and normal to the curve 

3

2

3

2

3

2

ayx   respectively, prove that 22
2

2
14 app  . 

57. Find the abscissa of the point on the curve 32 xay  , the normal at which cuts off equal intercepts from the 

axes. {Ans. 9
4a } 

58. Find the abscissa of the point on the curve 2)( xcxy   the normal at which cuts off numerically equal 

intercepts from the axes of coordinates. {Ans. 
2

c
 } 

59. In the curve tay
t

tax sin,
2

tanlogcos 







 , show that the portion of the tangent between the point of 

contact and the x-axis is of constant length. 
 
CATEGORY-24.2. APPLICATIONS OF DIFFERENTIAL EQUATIONS IN FINDING EQUATIONS 

OF CURVES 

60. The slope of the curve at any point is the reciprocal of twice the ordinate at the point. The curve also 
passes through the point (3, 4). Find the equation. {Ans. 132  xy } 

61. Show that the equation of the curve whose slope at any point is equal to xy 2  and which passes through 

origin is )1(2  xey x . 

62. The tangent at any point (x, y) of a curve makes an angle )32(tan 1 yx   with x-axis. Find the equation of 
the curve if it passes through (1, 2). 

63. Find the curve in which the slope of the tangent at any point equals the ratio of the abscissa to the ordinate 
of the point. {Ans. A rectangular hyperbola} 

64. Find the equations of the curve for which sub-tangent is constant. {Ans. a

x

key  } 

65. Find the equations of the curve for which sub-tangent varies as the abscissa. {Ans. kycx  } 

66. Find the equations of the curve for which sub-normal is constant. {Ans. kaxy  22 } 

67. Find the equations of the curve for which sub-normal is equal to abscissa. {Ans. 222 ayx  } 
68. The tangent at any point P of a curve meets the axis of x in T. Find the curve for which OP = PT, O being 

the origin. {Ans. 2axy  } 
69. A normal is drawn at a point P (x, y) of a curve. It meets x-axis at G. If PG is of constant length k, then 

show that the differential equation describing such curves is 22 yk
dx

dy
y  . Find the equation of such 

a curve passing through (0, k). {Ans. 222 kyx  } 
70. Find the equation of family of curves for which the length of the normal at point P is equal to OP. {Ans. 

222 kxy  } 

71. Find the curve in which the sub-tangent is always bisected at the origin. {Ans. xky 2 } 
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72. Show that the curve for which the normal at every point passes through a fixed point is a circle.  

73. Find the equation of a curve passing through 








2

7
,2  and having gradient 

2

1
1

x
  at  yx, . {Ans. 

12  xxxy } 
74. Find the curve for which the intercept cut off by a tangent on x-axis is equal to four times the ordinate of 

the point of contact. {Ans. y

x

ecy


4 } 
75. The normal PG to a curve meets the axis in G. If the distance of G from the origin is twice the abscissa of 

P, prove that the curve is a rectangular hyperbola. {Ans. Cxy  22 } 
76. The normal at each point of a curve and the line from that point to the origin form an isosceles triangle 

with the base on the x axis. Find the equation of the curve. {Ans. 222 ayx  } 
77. Find the curve which is such that portion of x-axis cut off between the origin and the tangent at any point is 

proportional to the ordinate of the point. {Ans. ky

x

aey


 } 
78. The tangent at a point P of a curve meets the axis of y in N. The parallel line through P to the axis of y 

meets the axis of x at M; O is the origin. If the area of the triangle MON is constant, show that the curve is 
a hyperbola.  

79. The normal at any point P of a curve cuts OX in G and N is the foot of the ordinate of P. If NG varies as 

the square of OP, find the curve. {Ans. kxCe
kk

x
xy 2

2
22 2

2

1
 } 

80. A curve is such that the length of perpendicular from origin on the tangent at any point P of the curve is 

equal to the abscissa of P. Prove that the differential equation of the curve is 02 22  x
dx

dy
xyy  and 

hence find the curve. {Ans. Cxyx  22 } 

81. A particle P moves so that its velocities parallel to the axis of x and y are respectively ky and kx where k 
is a constant different from zero. Find the path of the particle, if it passes through the point (3, 4). {Ans. 

2522  yx } 
 
CATEGORY-24.3. LEAST DISTANCE BETWEEN TWO CURVES 

82. Find the least distance between the following curves:- 

i. xy 2  and 1 xy . {Ans. 
24

3
} 

ii. xy ln  and xy  . {Ans. 
2

1
} 

 
CATEGORY-24.4. ANGLE OF INTERSECTION OF TWO CURVES 

83. Find the angle of intersection of the following curves:- 
i. 2xy   and 276 xy   {Ans. 7tan 1 } 

ii. 24 xy   and 2xy  . {Ans. 















7

24
tan 1 } 

iii. 12 yx  and 2xy   {Ans.  3
41tan } 
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iv. ayx 42   and axy 22  {Ans.  5
31

2 tan &  } 

v. 2222 ayx   and 222 ayx   {Ans. 4
 } 

vi. xy 2  and yx 2 . {Ans. 
2


, 









4

3
tan 1 } 

vii. 2axy   and 222 2ayx  . {Ans. 90 } 

84. If the two curves xay   and xby   intersect at an angle  , then show that 
ba

ba

lnln1

lnln
tan




 . 

85. If the line xy   touches the curve cbxxy  2  at a point  1,1  then find the value of b and c. {Ans. 
1b , 1c } 

86. If the curve 72  xay  and yx 3  cut orthogonally at  1,1 , then find the value of a . {Ans. 6} 

87. If the curves 1
4

2

2

2


y

a

x
 and xy 163   intersect at right angles, show that 

3

42 a . 

88. If curve 21 axy   and 2xy   intersect orthogonally then find the value of a . {Ans. 
3

1
} 

89. Show that the curves 23 23  xyx  and 23 32  yyx  cut orthogonally. 
90. Find the condition that the following conic may cut orthogonally: 

1
22


b

y

a

x
 and 1

22





 b

y

a

x
 {Ans. baba  } 

91. Show that 1
1

2

2

1
2

2





 kb

y

ka

x
 and 1

2
2

2

2
2

2





 kb

y

ka

x
 intersect orthogonally. 

92. Show that the curves axy 42   and 32 4xay   intersect each other at an angle of 
2

1
tan 1  and also if PG1 

and PG2 be the normals to the two curves at common point of intersection (which is not origin) meeting 
the axis of x in G1 and G2, then aGG 421  . 

93. Prove that the curves bxey ax sin  and axey   touch at the points for which 
2

2


  nbx . 

94. Show that the angle between the tangents at any point P and the line joining P to the origin O is the same 

at all points of the curve 







 

x

y
kyx 122 tan)ln( . 

95. Show that the family of curves represented by 
1

1
2

2






yy

xx

dx

dy
 and the family represented by 

0
1

1
2

2







xx

yy

dx

dy
 are orthogonal. 

 
CATEGORY-24.5. RATE OF CHANGE PROBLEMS OF PHYSICS, GEOMETRY ETC. 

96. A balloon, which always remains spherical, has a variable radius. If the radius of the balloon is increasing 
at a rate of 7

1  cm/sec, how fast is the volume increasing when the radius is 11
7  cm? [take 7

22 ] {Ans. 11
8  

c.c./sec} 
97. A spherical balloon is being inflated so that its volume increases uniformly at the rate of 40 cm3/min. How 
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fast is its surface area increasing when the radius is 8 cm? {Ans. 10 cm2/min} 
98. An inverted cone has a depth of 10 cm and base radius 5 cm. Water is poured into it at the rate of 2

11 c.c. 

per minute. Find the rate at which the level of the water in the cone is rising when the depth is 4 cm. {Ans. 

8
3  cm/min} 

99. A man 1.80 meter high moves directly away from a lamp post 6 meters high at the rate of 5.544 km/hr. 
How fast does the length of his shadow change? {Ans. 2.376 km/hr} 

100. A particle moves in a straight line with a velocity which varies as the square of the distance from a fixed 
point. Show that its acceleration varies as the cube of the distance. 

101. An aeroplane travels s kilometer in t hours from its start, where 25100 tts  , find the velocity of the 
aeroplane at the end of 5 hours. {Ans. 150 km/hr} 

102. The velocity of a body, in m/sec, in rectilinear motion is determined by the formula 23 ttv  . What 
acceleration will the body have 4 seconds after the start? {Ans. 11 m/sec2} 

103. The law of rectilinear motion of a body with a mass of 100 kg. is 132 2  tts  (s is in meters and t in 
seconds). Determine the kinetic energy of the body 5 seconds after start. {Ans. 26450 Joules} 

104. A body of mass 6 gram is in rectilinear motion according to law 3)1()1log(1  tts  (s is in 
centimeters and t in seconds). Find the kinetic energy of the body one second after it begins to move. 
{Ans. 4

3468  ergs.} 

105. If the law of motion of a body is tt beaes  , then prove that the acceleration is numerically equal to the 
distance covered. 

106. The velocity of rectilinear motion of a body is proportional to the square root of the distances covered. 
Prove that the body moves with constant acceleration. 

107. A raft is pulled to the bank by means of a rope, which is wound on a drum, at the rate of 3 meter per 
second. Determine the speed of the raft at the moment when it is 25 meter distance from the bank if the 
drum is situated on the bank 4 meter above the water level. {Ans. 3.03 m/sec} 

108. A point is moving along the cubical parabola 312 xy  , which of the coordinates changes faster? {Ans. 
when 22  x  abscissa, 2x  same, 2x  or 2x  ordinate} 

109. A point is moving along the parabola xy 122   at the rate of 10 cm/sec. Find the component velocity 

parallel to the axes, when it is at the point (3, 6). {Ans. 25  cm/sec} 
110. A body of mass m falls from rest in a medium whose resistance force is proportional to the square of the 

velocity of the body, the proportionality constant being k. Find the dependence of the velocity on time. If m 
= 10 kg, k = 1 kg/m & g = 10 m/sec2, find the terminal velocity and the time at which the body attains 99% 

of the terminal velocity. {Ans. 





















1

1

2

2

m

gk
t

m

gk
t

e

e

k

mg
v , 10 m/sec, 2.65 sec} 

 
CATEGORY-24.6. GREATEST & LEAST VALUE PROBLEMS OF PHYSICS, GEOMETRY ETC. 

111. Find the maximum value of xy  subject to 8 yx . {Ans. 16} 

112. Find the maximum slope of the curve 2723 23  xxxy . {Ans. 5} 
113. Break up the number 8 into two summands such that the sum of their cubes is the least possible. {Ans. 4 

and 4} 
114. What positive number added to its reciprocal yields the least possible sum? {Ans. 1} 
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Fig. 1 

115. Decompose the number 36 into two factors such that the sum of their squares is the least possible. {Ans. 6 
and 6} 

116. Find a positive number which exceeds its cube by greatest possible quantity. {Ans. 
3

1
} 

117. Find the value of a so that the sum of the squares of the roots of the equation   0122  axax  
assume the least value. {Ans. 1} 

118. Equal squares must be cut out of the corners of a square piece of card-board 18 cm by 
18 cm in order to fold the cardboard along the dashed lines (Fig. 1) and make a box of 
the greatest possible capacity. What must the side of the cut-out square be? Solve this 
problem for a rectangular piece of cardboard 8 cm by 5 cm. {Ans. 3cm, 1cm} 

119. A covered box of volume 72 cm3 and the base sides in a ratio of 1:2 is to be made. What 
must the lengths of all sides be so that the total surface area is the least possible? {Ans. 
3, 6 and 4cm} 

120. The volume of a regular triangular prism is v. What must the edge of the base be so that the total surface 

area is the least possible? {Ans. 43 v } 
121. An open cylindrical tub has a given volume v. What must the radius of the base and the altitude of the 

cylinder be to yield the least possible surface area? {Ans. v v
 

3 3, } 

122. Find the maximum area of the rectangle that can be inscribed in a circle of radius r . {Ans. 22 r } 
123. Determine the relationship between the radius R and the altitude H of a cylinder which has the least 

possible total surface area at the given volume. {Ans. H = 2R} 
124. A conic funnel with the generatrix 20 cm long must be made. What must the height of the funnel be to 

yield the greatest possible volume? {Ans. 
3

20
 cm} 

125. A sector with a central angle  is cut out of a circle to make a cone. What value of the angle  will yield 

the greatest possible volume of the cone? {Ans. 2 2
3 } 

126. The perimeter of an isosceles triangle is equal to 2p. What must its sides be so that the volume of the solid 

generated by revolving the triangle about its base is the greatest possible? {Ans. 3
4

3
4 2

p p p, , } 

127. The perimeter of an isosceles triangle is equal to 2p. What must its sides be so that the volume of the solid 
generated by revolving the triangle about the altitude dropped on the base is the greatest possible? {Ans. 
3
5

3
5

4
5

p p p, , } 

128. Determine the altitude of a cylinder of the greatest possible volume which can be inscribed in a sphere 

with a radius R. {Ans. R
3

2
} 

129. Determine the altitude of a cone with the greatest possible volume which can be inscribed in a sphere of a 
radius R. {Ans. 4

3 R } 

130. A raindrop with an initial mass of m0 is falling under the force of gravity. The loss in mass, due to 
evaporation, is proportional to time (the proportionality factor is equal to k). How many seconds will it 
take the kinetic energy to attain its greatest value after it begins to fall? What will its kinetic energy be? 

(Ignore the resistance of the air.) {Ans. 2

3

2

27
0 0

3 2

2

m

k

m g

k
, } 

131. Fuel expenditures, in Rs./hr, for a steamship are proportional to the cube of its speed, in km/hr. As is 
known, at a speed of a 10 km/h fuel costs are 30 rupees per hour and other expenses (independent of the 
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speed) amount to 480 rupees per hour. At what speed of the ship will the sum of expenses per kilometer be 
the smallest? What will the total sum of expenditures per hour be? {Ans. 20 km/hr, 720 rupees/hr} 

132. Three points A, B and C are situated so that the angle ABC is equal to 60. A car leaves point A, while 
simultaneously a train leaves point B. The car travels toward B at a speed of 80 km/h, while the train 
travels towards C at 50 km/h. At what time (from the beginning of travel) is the distance between the train 
and the car the smallest if AB = 200 km? {Ans. 70

43 hr} 

133. A point is given on the circumference of a circle. Draw a chord BC parallel to the tangent at point A so that 
the area of the triangle ABC is the greatest. {Ans. Distance between chord BC and point A = 3

4  diameter} 

134. Find the sides of a rectangle with the greatest possible perimeter inscribed in a semicircle of radius R. 

{Ans. 4 5
5

5
5R R, } 

135. In a given segment of a circle, inscribe a rectangle of the greatest possible area. {Ans. Height of rectangle 

= 8 3
4

2 2R h h  , where h is the distance of the mid-point of the chord subtending the arc of the segment from 

the center of the circle and R is the radius of the circle} 
136. About a given cylinder, circumscribe a cone of the least possible volume (the planes of the bases of the 

cylinder and cone must coincide) {Ans. Radius of base circle of cone = 15.  radius of cylinder} 
137. Find the altitude of a right circular cone having the least volume circumscribed about a sphere of a radius 

R. {Ans. 4R} 
138. Find the angle at the vertex of an axial section of a cone with the least lateral surface circumscribed around 

a given sphere. {Ans.  49 } 
139. What must the angle at the vertex of an isosceles triangle of a given area be such that the radius of the 

circle inscribed in this triangle is the greatest? {Ans. 60 } 
140. Find the altitude of a cone of the least volume which can be drawn around a hemisphere of radius R (the 

centre of the base of the cone falls on the centre of the sphere). {Ans. 3R } 
141. What must the altitude of a cone inscribed in a sphere of radius R be such that its lateral surface area is the 

greatest? {Ans. 4
3 R } 

142. Prove that a conical tent of a given volume requires the least amount of a material when its height is 2  
times the radius of the base. 

143. Through a given point P (1, 4) draw a straight line so that the sum of its positive intercepts on the 

coordinate axes is the smallest. {Ans. x y
3 6 1  } 

144. Find the sides of a rectangle with the greatest area which can be inscribed in the ellipse 
x

a

y

b

2

2

2

2 1  . 

{Ans. a and b2 2 } 
145. Find the ellipse having the least area which can be circumscribed about a given rectangle (the area of the 

ellipse with semiaxes a and b equals ab ). {Ans. Area of ellipse = 2   area of rectangle} 

146. At which point on the ellipse 
x y2 2

8 18
1   must a tangent be drawn such that the area of the triangle 

formed by this tangent and the coordinate axes is the smallest? {Ans. (2, 3)} 
147. Two points A (1, 4) and B (3, 0) are given on the ellipse 2 182 2x y  . Find a third point C on the ellipse 

such that the area of the triangle ABC is the greatest. {Ans.   6 6, } 

148. A point is given on the axis of the parabola y px2 2  at a distance a from its vertex. Determine the 
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abscissa x of the point on the curve closest to the given point. {Ans. x a p if a p x if a p    , 0 } 
149. An iron band of width a must be bent into an open cylindrical groove (the cross section of the groove is in 

the form of an arc of the circular segment). Find the value of the central angle subtended by this arc which 
yields the greatest capacity of the groove. {Ans. Cross section is a semi-circle} 

150. A log 20 m long has the form of a truncated cone whose ends have diameters of 2m and 1m. A beam of the 
square cross section and the greatest volume is to be cut from the log. The axis of the beam and the axis of 
the log must coincide. Find the dimensions of the beam. {Ans. length = 40

3 m , side of cross section = 
2 2

3 m } 

151. A series of trials resulted in n distinct values x1, x2, …, xn of a quantity X. A value x is often used for X 
such that the sum of the squares of its deviations from x1, x2, …, xn is the least possible. Find x which 

satisfies this requirement. {Ans. x x x x

n
n

  1 2 ........ } 

152. A fishing boat is anchored 9 km away from the nearest point on shore. A messenger must be sent from the 
fishing boat to a camp, 15 km from the point on shore closest to the boat. If the messenger can walk at a 
speed of 5 km per hour and can row at 4 km per hour, then at what point on shore must he land in order to 
reach the camp in the shortest possible time? {Ans. 3 km from the camp} 

153. A lantern must be hung directly above a circular plaza of radius R. At what height must it be installed to 
provide the best lighting for the road around the plaza? (The intensity of illumination of a surface is 
directly proportional to the cosine of the angle of incidence of the rays and inversely proportional to the 

square of the distance from the source of light.) {Ans. 
2

R
} 

154. Two sources of light with candlepowers I1 and I2 are separated from one another by a length l. Find the 
least illuminated point. (The intensity of illumination of a surface is inversely proportional to the square of 

the distance from the source of light) {Ans. 
l I

I I

1
3

1
3

2
3

 from source I1} 

155. A picture 1.4m high is hung on a wall so that its lower edge is 1.8m above the line of the observer’s eye. 
At what distance from the wall must the observer’s stand to occupy a most favourable position for 
examining the picture, i.e. to ensure the greatest angle of view? {Ans. 2.4m} 

156. A load of weight P, lying on a horizontal plane, must be displaced by a force F applied to it. The frictional 
force is directly proportional to the force pressing the load against the plane and is directed against the 
displacing force. The proportionality factor (coefficient of friction) is equal to k. At what angle  to the 
horizontal must the force F be applied so that its value turns out to be the least possible? Determine the 
least value of the displacing force. {Ans. tan ,



1

1 2
k kP

k
} 

157. In a printed book the text must occupy S square centimeters of each page. The top and bottom margins 
must be a cm each, and the right- and left-handed margins b cm each. If we are interested only in saving 

the paper, then what must the size of the printed page be? {Ans. 2 2b and aSb
a

Sa
b  } 

158. A vertex of a parabola lies on a circle of radius R, its axis is directed along the diameter. What must the 
parameter of the parabola be so that the area of the segment bounded by the parabola and the chord 
(common with the circle) is the greatest? [The area of a symmetric parabolic segment is equal to two thirds 
of the product of its base (the chord) by the altitude (the distance from the vertex to the chord)] {Ans. R

4 } 

159. A cone of altitude H and the base radius R is cut by a plane parallel to the generatrix. What must the 
distance between the line of intersection (of this plane and the plane of the cone base) and the centre of 
cone base be so that the area of the section is the greatest? [The area of a symmetric parabolic segment is 
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equal to two thirds of the product of its base (the chord) by the altitude (the distance from the vertex to the 
chord)] {Ans. R

2 } 

160. For what point P of the parabola y px2 2  has the segment of the inner normal at P the smallest length? 

{Ans.  p p,  2 } 

161. Show that a tangent to an ellipse whose segment intercepted by the axes is the shortest is divided, at the 
point of tangency, into two parts respectively equal to the semiaxes of the ellipse. 

162. In an ellipse, prove that the distance between the centre and any normal does not exceed the difference 
between the semiaxes. 

163. Given in a rectangular coordinate system xOy: a point (a, b) and a curve y = f (x). Show that the distance 
between the fixed point (a, b) and a variable point (x, f (x)) can reach an extremum only in the direction of 
the normal to the curve y = f (x). 

164. Let  ppA ,2 ,  qqB ,2  and  rrC ,2  be the vertices of a triangle ABC. A parallelogram AFDE is drawn 
with D, E, F on the line segments BC, CA, AB respectively. Find the maximum area of the parallelogram. 

{Ans.    prrqqp 
4

1
} 

165. A semicircle of radius unity is drawn with line segment AB as diameter. Two externally touching circles 
having radii a and b are drawn inside the semicircle such that both these circles touch the semicircle 
internally and both these circles touch the diameter AB also. Find the maximum value of ba  . {Ans. 

 122  } 
 
CATEGORY-24.7. AREA OF REGIONS 

166. Find the area bounded by the curve 3xy  , 2y  and the ordinates 2x  and 1x . {Ans. 
4

39
} 

167. Compute the area of the figure bounded by the parabolas y x 2  and y x .  {Ans. 1
3 } 

168. Find the area of the figure bounded by the curves y e y ex x  ,  and the straight line x = 1. {Ans. 

e e 1 2 } 

169. Find the area of the figure bounded by the curves 1 xy  and xy  3 . {Ans. 4} 

170. Find the area bounded by the curves 22 2 xxy   and the straight line xy  . {Ans. 
3

2
} 

171. Find the area bounded by the curve xxy  , x axis and the ordinates 1x , 1x . {Ans. 
3

2
} 

172. Find the area between the curve 234 xxy   and x axis. {Ans. 
6

125
} 

173. Find the area of the region bounded by the curve xy 42  , and y axis and the line 3y . {Ans. 
4

9
} 

174. If the area bounded by the curves axy 42   and mxy   is 
3

2a
, then find the value of m . {Ans. 2} 

175. Find the area bounded by the curve xxy sin  and x axis between 0x  and 2x . {Ans. 4 } 

176. Find the smaller area enclosed by the circle 422  yx  and the line 2 yx . {Ans. 2 } 

177. Find the area lying in the first quadrant and bounded by the curve 3xy   and the line xy 4 . {Ans. 4} 
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178. Find the area of the closed figure bounded by 
x

y
2cos

1
 , 0x , 0y and 

4


x . {Ans. 1} 

179. Find the area of the closed figure bounded by 1x , 2x  and 
1,22  xxy  

    1,12  xx  

and the abscissa axis. {Ans. 
3

16
 sq. units} 

180. Show that the area of the figure bounded by 1 xey , 0y , 0x  and 2x  is greater than 2. 
181. Find the positive value of the parameter ''a  for which the area of the figure founded by axy sin , 0y , 

a
x


  and 

a
x

3


  is 3. {Ans. 

2

1
} 

182. Find the area bounded by the curve xy 2sin , y axis and 1y . {Ans. 
2

1

4



} 

183. Find the value of a  for which the area between the curves axy 42   and ayx 42   is 1 unit. {Ans. 
4

3
} 

184. Find the area bounded by the loop of the curve  xaxay  22 . {Ans. 2

15

8
a } 

185. Find the area bounded by the circle 222 16ayx   and the parabola axy 62  . {Ans.  34
3

4 2


a

, 

 38
3

4 2


a

} 

186. Find the area bounded by the curves 1 xy , 1y  and 2x . {Ans. } 

187. Find the area cut off the parabola 234 xy   by the straight line 1232  xy . {Ans. 27} 

188. Find the area bounded by the parabola yx 42   and the line 24  yx . {Ans. 
8

9
} 

189. Find the area of the region for which 2230 xxy   and 0x . {Ans. 
3

5
} 

190. Find the area between the curve 242 xxy  , the x axis and the ordintates of two minima of the curve. 

{Ans. 
120

7
} 

191. Find the value of k  for which the area of the figure bounded by the curve 528 xxy  , the straight line 

1x  and kx   and the x axis is equal to 
3

16
. {Ans. 3 178 } 

192. Show that if A  is the area between the curve xy sin  and x axis in the interval 








4
,0


, then in the same 

interval, area between the curve xy cos  and x axis is A1 . 

193. Show that if A  is the area lying between the curve xy sin  and x axis between 0x  and 
2


x , then 

the area of the region between the curve xy 2sin  and x axis in the same interval is also A. 
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194. Find the area of the region lying between the line 02  yx  and the curve 2xy  . {Ans. 
3

10
} 

195. Find the area lying in the first quadrant and bounded by the circle 422  yx , the line yx 3  and x -

axis. {Ans. 
3


} 

196. Find the area bounded by the curves xey  , xey   and 2y . {Ans. 








e

4
ln2 } 

197. In the interval 








2
,0


, find the area lying between the curves xy tan , xy cot  and x axis. {Ans. 

2ln } 

198. Find the area lying between the curves xy 42   and xy 2 . {Ans. 
3

1
} 

199. Find the area of the figure bounded by the curve 21 xy  . {Ans. 
3

8
} 

200. Compute the area of one of the curvilinear triangles bounded by the x-axis and the curves y x sin  and 

y x cos . {Ans. 2 2 } 

201. Compute the area of the figure bounded by the x-axis and the curves y x sin 1  and y x cos 1  {Ans. 

2 1 } 

202. Compute the area of the figure bounded by the parabolas y x 2  and y
x



3

3
.  {Ans. 9

4 } 

203. Compute the area of the figure contained between the curve y
x




1

1 2  and the parabola y
x



2

2
. {Ans. 


2

1
3 } 

204. Compute the area of the figure bounded by the curve y = ln x, the y-axis and the straight lines y = ln a and 
y = ln b. {Ans. b a } 

205. Compute the area of the curvilinear triangle bounded by the y-axis and the curves y x tan  and 

y x
2

3
cos .  {Ans. 1

3
3

2 ln } 

206. Compute the area bounded by the x-axis and the curve y x x x  2 . {Ans. 3
14 } 

207. Compute the area of the figure bounded by the curve  y x x 1 2  and the x-axis. {Ans. 1
12 } 

208. Compute the area of the figure bounded by the curves y = ln x and y = ln2 x. {Ans. 3 e } 

209. Compute the area of the figure bounded by the curves y
x

x


ln

4
 and y x x ln . {Ans. 3 2 2 2 2

16

2 ln ln } 

210. Find the area of the figure bounded by the curve y x x sin cos3 3  and the segment of the x-axis joining 

two successive points of intersection of the curve with the x-axis. {Ans. 5
3 2 } 

211. Find the area of the finite portion of the figure bounded by the curves y x ex 2 2  and y x ex  3 . {Ans. 
18

2 2
e
 } 

212. Find the area bounded by the curve  y x x e x  2 2  and the x-axis. {Ans. 4} 

213. Compute the area of the figure contained between the parabola y x x   2 4 3  and the tangents to it at 
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the points (0, 3) and (3, 0). {Ans. 9
4 } 

214. Compute the area of the figure bounded by the parabola xy 62   and a normal to it inclined at an angle of 

135 to the x-axis. {Ans. 48} 

215. Compute the area bounded by the curve  y e x x ex    2 23 1 ,  the x-axis and two straight lines parallel 

to the y-axis drawn through the points of extremum of the function y. {Ans.  3 3 4e e  } 

216. The circle x y2 2 8   is divided into two parts by the parabola y
x



2

2
. Find the areas of both parts. 

{Ans. 2 64
3

4
3  , } 

217. Compute the area of the figure bounded by the curves y x2 2 1   and x  y  1 = 0. {Ans. 16
3 } 

218. Compute the area of the figure bounded by the parabolas y x2 8 16   and y x2 24 48  . {Ans. 32
3 6 } 

219. Compute the areas of the curvilinear figures formed by intersection of the ellipse 
x

y
2

2

4
1   and the 

hyperbola 
x

y
2

2

2
1  . {Ans.    2

2
1 2

33 2ln sin , 2 3 4 1 2
3ln sin  } 

220. Find the area of a loop of the line  y x x2 21  . {Ans. 8
15 } 

221. Find the area of the figure enclosed by the curve  y x2 2 3
1  .  {Ans. 3

4
 } 

222. Find the area of the figure enclosed by the curve y x x2 2 4  .  {Ans. 4
3 } 

223. Compute the area of the figure bounded by two branches of the curve  y x x 
2 5  and the straight line x 

= 4. {Ans. 73 1
7 } 

224. Compute the area of the figure bounded by the curve  y x x  2 9
2

, x-axis and y-axis. {Ans. 2
1 } 

225. Find the area of the finite portion of the figure bounded by the curve x y x2 2 4 1 ( )  and the straight line 

passing through its points of inflection. {Ans.  8 1 12
3

1 2
3  tan } 

226. Find the area of the figure bounded by the y-axis and the curve  x y y 2 1 .  {Ans. 12
1 } 

227. Find the area of the ellipse 1
2

2

2

2


b

y

a

x
. {Ans. ab } 

228. An ellipse is cut out of a circle whose radius is a. The major axis of the ellipse coincides with one of the 
diameters of the circle, while the minor axis is equal to 2b. Prove that the area of the remaining part equals 
that of the ellipse with the semiaxes a and a  b. 

229. Find the area of the figure bounded by an arc of a hyperbola and its Latus rectum. {Ans. 

  1ln 2  eeabeb } 

230. The circle x y a2 2 2   is divided into three parts by the hyperbola x y
a2 2

2

2
4

  .  Determine the areas 

of these parts. {Ans.   a2
6

2
8 3 2  ln ,   a2 2

3
2

4 3 2  ln } 

231. Find the area of the figure enclosed by the curve x ax a y4 3 2 2 0   .  {Ans. a2

8 } 

232. Find the area enclosed by the curves 3253 2  yx  and 2 xy . {Ans. 
2

33
 sq. units} 
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233. Find the area of the region bounded by the curves 2xy  , 22 xy   and 2y . {Ans. 24
3

20
  sq. 

units} 

234. Find the area given by 6 yx , yyx 622   and xy 82  . {Ans.  227
12

1
  sq. units} 
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CHAPTER-25 

COMPLEX NUMBERS 
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CHAPTER-25 

COMPLEX NUMBERS 
 

SECTION-25.1. DEFINITION OF COMPLEX NUMBERS 

1. Number system 
i. Natural numbers 
ii. Integers 
iii. Rational numbers 
iv. Irrational numbers 
v. Real numbers 

2. Definition of i 
i is a non-real complex number such that 12 i . 

3. Integer powers of i 
i. 10 i  
ii. ii 1  
iii. 12 i  
iv. ii 3  
v. 14 i  

4. Definition of Complex numbers 
i. If a, b are two real numbers, then a number of the form iba   is called a complex number, generally 

denoted by z. 
ii. ibaz   is called algebraic representation of the complex number z. 
iii. If a complex number ibaz  , then a is called the real part of z, denoted by Re(z), and b is called the 

imaginary part of z, denoted by Im(z). Hence,   az Re  and   bz Im . 

iv. If   0Im z , then the complex number is purely real. If   0Re z , then the complex number is purely 
imaginary. 0 is purely real as well as purely imaginary number. 

v. If   0Im z , then the complex number is non-real complex number. 
vi. Set of complex numbers is denoted by C. Set of complex numbers consists of real numbers and non-real 

complex numbers. Therefore, CR  . 
5. Equality of complex numbers 

i. 0,00  baiba . 
ii. dbcaidciba  , . 
iii. ‘Greater than’ and ‘Less than’ relation is not defined for complex numbers. 

6. Conjugate of a complex number 
If ibaz   is a complex number, then its conjugate is denoted by z  and ibaz  . 

 
SECTION-25.2. MATHEMATICAL OPERATIONS ON COMPLEX NUMBERS IN ALGEBRAIC 

FORM 

1. Basic mathematical operations on complex numbers in algebraic form 
If 111 ibaz  , 222 ibaz  , then 

i.    212121 bbiaazz   

ii.    212121 bbiaazz   



MATHEMATICS FOR IIT-JEE/VOLUME-II 

SANJIVA DAYAL CLASSES FOR IIT-JEE MATHEMATICS. Head office: A-602, Twin Towers, Lakhanpur, Kanpur-208024, INDIA. 
Phone: +91-512-2581426. Mobile: +91-9415134052. Email: sanjivadayal@yahoo.com. Website: sanjivadayal-iitjee.blogspot.com. 

25.4 

iii.    1221212121 babaibbaazz   

iv. 






























2
2

2
2

2112
2
2

2
2

2121

2

1

ba

baba
i

ba

bbaa

z

z
 

2. Properties of conjugate 

i.   zz   
ii.  zz  z is purely real. 
iii.  zz  z is purely imaginary. 

iv.  zzz Re2  

v.  zizz Im2  

vi.      22 ImRe zzzz   

vii. 2121 zzzz   

viii.   321321 zzzzzz  

ix. 2121 zzzz   

x. 2121 zzzz   

xi.  321321 zzzzzz   

xii. 
2

1

2

1

z

z

z

z









 

 
SECTION-25.3. ARGAND PLANE, MODULUS, ARGUMENT 

1. Geometrical representation of complex numbers on Argand plane 
i. A complex number can be represented by a unique point on a plane which is known as the Argand plane 

w.r.t. real and imaginary axes. 
ii. If   0Re z ,   0Im z  then z lies in 1st quadrant. If   0Re z ,   0Im z  then z lies in 2nd quadrant. If 

  0Re z ,   0Im z  then z lies in 3rd quadrant. If   0Re z ,   0Im z  then z lies in 4th quadrant. 
2. Position vector of a complex number 

i. Vector joining 0 to z on Argand plane is called position vector of complex number z, denoted by p.v.(z). 
ii.    zvpzvp ....  . 

iii. z  and z  are symmetrical about real axis and  zvp ..  and  zvp ..  are symmetrical about real axis. 
3. Geometrical addition and substraction of complex numbers on Argand plane 

i.      2121 ...... zvpzvpzzvp  . 

ii.      2121 ...... zvpzvpzzvp  . 
4. Modulus of a complex number 

i. Modulus of a complex number z, denoted by z , is its distance from 0 on the Argand plane. 

ii. 00  . 

iii. z  is a non-negative real number. 

iv.  zvpz ..  

v. If ibaz  , then 22 bazr  . 



PART-VII/CHAPTER-25 

SANJIVA DAYAL CLASSES FOR IIT-JEE MATHEMATICS. Head office: A-602, Twin Towers, Lakhanpur, Kanpur-208024, INDIA. 
Phone: +91-512-2581426. Mobile: +91-9415134052. Email: sanjivadayal@yahoo.com. Website: sanjivadayal-iitjee.blogspot.com. 

25.5 

vi. If 1z , then z is called a unimodular complex number. 

5. Properties of modulus 

i. zzz   

ii. 
2

zzz   

iii. 2121 zzzz   

iv. nn zzzzzz  2121  

v. 
nn zz   

vi. 
2

1

2

1

z

z

z

z
  

vii. 2121 zzzz   (Triangle inequality) 

viii. 2121 ~ zzzz   (Triangle inequality) 

ix. nn zzzzzz  ....................... 2121  

x. If 1z , then 
z

z
1

 . 

6. Argument (Amplitude) of a complex number 
i. Argument (Amplitude) of a complex number z, denoted by arg(z) or amp(z), is the angle which p.v.(z) 

makes with positive real axis. 
ii. Argument of 0 is not defined. 
iii. If   zarg , then Principal value of argument, denoted by p , is such that   p . 

iv. If p  is the Principal value of argument then  np 2  is also an argument. 

v. If ibaz  , then 
a

b
tan  and 

p = Principal value of arg (z) = 0,tan 1 






 a
a

b
 

                                                 = 0,0,tan 1 







  ba

a

b
  

                                                 = 0,0,tan 1 







  ba

a

b
 . 

vi.  zwhere
ba

b

ba

a
arg,sin,cos

2222






  . 

vii. cosra  , sinrb  , where  zarg . 
7. Properties of argument 

i.      zz argarg  

ii.    zz argarg   

iii.      2121 argargarg zzzz   

iv.        nn zzzzzz arg............argarg.........arg 2121   
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v.    21
2

1 argargarg zz
z

z









 

 
SECTION-25.4. POLAR REPRESENTATION OF COMPLEX NUMBER 

1. Polar (Trigonometric) representation of a complex number 
i.   sincos iribaz   

ii.       sincos irz  
iii. A complex number represented in algebraic form can be converted to polar form and vice versa. 

2. Mathematical operations on complex numbers in Polar form 
i.           212121222111 sincossincossincos   irririr  

ii. 
 
 

    2121
2

1

222

111 sincos
sincos

sincos



















i

r

r

ir

ir
 

iii.            212121222111 sincossincossincos  irririr  

iv.   Qnnini n
 ,sincossincos  . (De Moivre’s theorem) 

v.      Qnninrir nn
 ,sincossincos  . 

 
SECTION-25.5. EULERIAN REPRESENTATION OF COMPLEX NUMBER 

1. Series 
i. Sine series 

...............
!7!5!3

sin
753


zzz

zz  

ii. Cosine series 

...............
!6!4!2

1cos
642


zzz

z  

iii. Exponential series 

...............
!3!2!1

1
32


zzz

e z  

iv. Logarithmic series 

If 11  z , then   ...............
432

1ln
432


zzz

zz  

2. Euler’s identity 
 iei  sincos . 

3. Eulerian representation of a complex number 
i.    ireirz  sincos . 

ii. irez   
iii. A complex number represented in algebraic form can be converted to eulerian form and vice versa. 

4. Mathematical operations on complex numbers in Eulerian form 
i.     2121

2121
 


iii errerer  

ii.  21

2

1

2

1

2

1 







i

i

i

e
r

r

er

er
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iii.       .........
2121

2121 ................ 


 iii errerer  

iv.    innni erre   
5. Goemetrical multiplication and division of complex numbers on Argand plane 

i. Given 1
11

ierz   and 2
22

ierz  , then  21.. zzvp  has length 21rr  and makes angle 21    with real axis. 

ii. 








2

1..
z

z
vp  has length 

2

1

r

r
 and makes angle 21    with real axis. 

 
SECTION-25.6. POWER OF COMPLEX NUMBER 

1. Integer power of a complex number 
i. Nntimesnzzzz n  , . 

ii. Nnz
z

z
n

n  ,0,
1

. 

iii. 0,10  zz . 
2. Square roots of a complex number in algebraic form 

If ibaz  , then the two square roots of z are:- 

i. 0,
22

2222




















 bif
aba

i
aba

iba . 

ii. 0,
22

2222




















 bif
aba

i
aba

iba . 

3. Roots of a complex number in Polar/ Eulerian form 
i. If   0

00000 sincos  ieriribaz  , then the n nth roots of 0z  are 

1........,,2,1,0,
2

1

0

0









 

nker n

k
i

nk



 . 

ii. If 1210 ,..........,,, n  are n nth roots of a complex number 0z , then 1210 ,..........,,, n  are n 

roots of the polynomial 00  zz n . 

iii.     1100 .............  n
n zzzzz  . 

iv. 0......... 110  n . 

7. Properties of nth roots of unity 

i. The n nth roots of unity are 1..,,.........1,0,
2

sin
2

cos
2

 nk
n

k
i

n

k
e n

k
i

k






. 

ii. 1n
k . 

iii. 10   is always a root. 

iv. 1k , therefore roots lie on the unit circle. 

v. Angular difference is same = 
n

2
. 

vi. Roots are in G.P. with common ratio = n
i

e
2

. 
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vii.     110 ..............1  n
n zzzz   

viii.    11
221 ..............1....... 

  n
nn zzzzzz   

ix. 

 

 




























 

0
12

sin........
2

sin

0
12

cos........
2

cos1
0.......... 110

n

n

n

n

n

n
n





  

x. 110 .......... n =1, n is odd 

                          =-1, n is even 
xi. Non-real complex roots are in conjugate pairs. 

8. Properties of cube roots of unity 
i. The three cube roots of unity are 

10sin0cos0  iei , 

iie
i

2

3

2

1

3

2
sin

3

2
cos3

2






 and  

iie
i

2

3

2

1

3

4
sin

3

4
cos3

4






 

ii. The two non-real complex cube roots of unity, i.e. 3

2
i

e  and 3

4
i

e , are denoted by   and 2  
respectively. 

iii. 13   
iv. 1 is a cube root of unity. 

v. 22 ,,11    lie on unit circle. 

vi. Angular difference = 
3

2
. 

vii. 2,,1   are in G.P. 

viii.    23 11   zzzz  

ix.   22 1   zzzz  

x. 01 2   . 
xi. 11 32    

xii. 2   and  2  
9. Irrational and non-real complex powers of a complex number 

If 1z  is a complex number and 2z  is a non-real complex number then 

     rbaibabaiibaibaiz eereerrrez ln
1

2 
  , is one of the values. 2

1
zz  has infinite values for  n2 . 

10. Logarithm of a complex number 
If z is a non-zero complex number and irez  , then 

irz  lnln  is one of the values. zln  has infinite values for  n2 . 
 

SECTION-25.7. EQUATIONS IN COMPLEX NUMBERS 

1. Solving equations in complex numbers 
i. Some equations can be solved directly using same methods used for solving real equations. 
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ii. Substitute iyxz  , and get real equations in x, y and solve for x, y. 

iii. Substitute   sincos irz  , and get real equations in r,  and solve for r, . 

iv. Substitute irez  , and get real equations in r,  and solve for r, . 
 

SECTION-25.8. PROVING TRIGONOMETRIC IDENTITIES BY COMPLEX NUMBERS 

1. Proving trigonometric identities by complex numbers 
     33

3
22

2
1

1 sincossincossincoscossincos nnnnnnnn CiCCii  

Therefore, 
   22

2 sincoscoscos nnn Cn  

   33
3

1
1 sincossincossin nnnn CCn  

 
SECTION-25.9. POINTS 

1. Representation of a point in two dimensional plane by complex number 
i. A point P in two dimensional Argand plane is represented by its corresponding complex number z, 

denoted by  zP . Complex number z is called the affix of point P. 
ii. If the origin of coordinate system is at 0 and x-axis and y-axis are along real axis and imaginary axis 

respectively, then the coordinates of point  iyxP   is  yx, . 
2. Equation of a curve/ region 

i. The equation of a curve/ region is the relation involving the affix of every point on the curve/ region, and 
which holds for no other point except for those lying on the curve/ region. 

ii. Equation of real axis is   0Im z  or 0 zz ; equation of imaginary axis is   0Re z  or 0 zz . 

3. Converting complex equation to coordinate equation and vice versa 
i. For converting a complex equation of a curve   0zf , substitute iyxz   to get the coordinate 

equation of the curve as   0, yxg . 

ii. For converting a coordinate equation of the curve   0, yxg , substitute 
2

zz
x


  and 

i

zz
y

2


  to get 

the complex equation of the curve as   0zf . 
4. Distance formula 

i. Distance between the points  1zP  and  2zQ  is given by 12 zzPQ  . 

ii. Therefore, distance of the point  1zP  from origin is 1zOP  . 

5. Section formula 
i. Affix of the point which divides the line segment joining points  1zP  and  2zQ  internally in the ratio 

21 : mm  is 
21

1221

mm

zmzm




. 

ii. Affix of mid-point of the line segment joining points  1zP  and  2zQ  is 
2

21 zz 
. 

iii. Affix of the point which divides the line segment joining points  1zP  and  2zQ  externally in the ratio 

21 : mm  is 
21

1221

mm

zmzm




. 
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6. Condition for three points to be collinear 

Three points  1zP ,  2zQ ,  3zR  are collinear if 0

1

1

1

33

22

11



zz

zz

zz

 and non-collinear if 0 . 

7. Centroid of a triangle 

Centroid of the triangle with vertices  1zA ,  2zB ,  3zC  is 
3

321 zzz 
. 

 
SECTION-25.10. STRAIGHT LINE 

1. Equation of straight line in various forms 
i. Equation of straight line passing through point 0z  and parallel to the position vector of 1z  is 

Rzzz   ,10  (Parametric form) or 0101011  zzzzzzzz  (Non-parametric form). This line 

makes angle  1arg z  with positive real axis. Slope of this line is 
 
   izz

zz

z

z

11

11

1

1

Re

Im




 . 

ii. Equation of straight line passing through points 1z  and 2z  is 

  Rzzzz   ,121  (Parametric form) 

or     021212121  zzzzzzzzzz  (Non-parametric form) 

or 0

1

1

1

22

11 

zz

zz

zz

. 

iii. General equation of a straight line is of the form 0 bzaza , where Ca , Rb . 

a

i

a

b
zbzaza 

2
0 . Therefore, this line passes through the point 

a

b

2
  and is parallel to 

the p.v. of complex number iaor
a

i
. 

2. Equation of perpendicular bisector of a line segment 
Equation of perpendicular bisector of line segment joining points 1z  and 2z  is 21 zzzz   or 

   
2

2

2

12121 zzzzzzzz  . 

3. Distance of a point from a line 

i. The length of perpendicular from a point 1z  on the line 0 bzaza  is 
a

bzaza

2
11 

. 

ii. Length of perpendicular from origin on the line 0 bzaza  is 
a

b

2
. 

4. Angle between two lines 
If a line is parallel to the position vector of 1z  and another line is parallel to the position vector of 2z  then 

the angle between them is 








2

1arg
z

z
. 
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SECTION-25.11. CIRCLE 

1. Equation of a circle in various forms 

i. Equation of a circle having centre at 0z  and radius r is rzz  0  or 022

000  rzzzzzzz . 

ii. General equation of a circle is 0 bzazazz , Ca , Rb , ba 
2

, having centre a  and 

radius ba 
2

. 

iii. Equation of a circle with 1z , 2z  as end-points of diameter is 
2

21

2

2

2

1 zzzzzz   

or 
2

arg
2

1 














zz

zz
 

or 
2

1

zz

zz




 is purely imaginary 

or 

















2

1

2

1

zz

zz

zz

zz
 

or         01221  zzzzzzzz . 

iv. Equation of circle passing through three non-collinear points 1z , 2z , 3z  is 




























32

12

1

3

zz

zz

zz

zz
 is purely real 

or 





















































32

12

1

3

32

12

1

3

zz

zz

zz

zz

zz

zz

zz

zz
. 

2. Condition for four points being concyclic 
Four points 1z , 2z , 3z , 4z  are concyclic if 




























32

12

14

34

zz

zz

zz

zz
 is purely real, otherwise they are not concyclic. 

 
SECTION-25.12. CONIC SECTIONS 

1. General equation of a conic section 
Equation of a conic section having focus at 0z , directrix 0 bzaza  and eccentricity e is 

a

bzaza
ezz

20


 . 

2. Equation of an ellipse 
Equation of an ellipse having foci 1z , 2z  and length of major axis 2a is 

 azzazzzz 2,2 2121  . 

3. Equation of a hyperbola 
Equation of an hyperbola having foci 1z , 2z  and length of transverse axis 2a is 

 azzazzzz 2,2~ 2121  . 
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EXERCISE-25 
 

CATEGORY-25.1. EQUALITY, CONJUGATE, MATHEMATICAL OPERATIONS ON COMPLEX 

NUMBERS IN ALGEBRAIC FORM 

1. Simplify the following and put in algebraic form:- 
i. i 457  {Ans. i } 

ii.   34 


ni  {Ans. i } 

iii. 
i1

1
 {Ans. 1

2
1
2 i} 

iv. 
1

1





i

i
 {Ans. i } 

v. 
5 4

4 5





i

i
 {Ans. 40

41
9
41 i } 

vi. 
 1

3

2




i

i
 {Ans.  1

5
3
5 i} 

vii. 
2

1

1













i

i
. {Ans. -1} 

viii. 
 

2

1

2









 i

i
. {Ans. 2i} 

ix. 
 1

1

3

3





i

i
 {Ans. 2 } 

x. 
1

1

4 1













i

i

n

 {Ans. i } 

xi. 
 

1 2

1 1
2



 

i

i
 {Ans. 1} 

xii. 
  

  

3 2 2 3

1 2 2

 

 

i i

i i
 {Ans. 63

25
16
25 i } 

xiii. 
1

1

1

1










i

i

i

i
 {Ans. 2i } 

xiv. 
3

2

3

2










i

i

i

i
 {Ans. 2} 

xv. 
3

1

2

2

2

1





i i i
 {Ans. 17

10
9

10 i } 

xvi. 
1

1 2

3

1

3 4

2 4
























i i

i

i
 {Ans. 1

4
9
4 i } 

xvii. 
125

57 1

i
i  . {Ans. 0} 

xviii. 
574576578580582

584586588590592

iiiii

iiiii




. {Ans. -1} 
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xix.    44 11 ii  . {Ans. -8} 

xx.  12642  niii   terms. {Ans. -1} 

xxi. 
 

 i
iiiii





1

98765

. {Ans.  i1
2

1
} 

xxii. 
2

2

321

321

ii

ii




. {Ans. i } 

xxiii. 
 

    nn

nn

ii

ii
162112

3834








, Nn . {Ans. i1 } 

xxiv. 
2

1414   nn ii
. {Ans. i} 

xxv. 321   nnnn iiii . {Ans. 0} 

xxvi. 
 

 

 

 

a ib

a ib

a ib

a ib










2 2

 {Ans.  2 3 2 2

2 2

b a b

a b
i




} 

2. Find real values of x and y for which the following equations are satisfied:- 
i.    1 1 1 3    i x i y i,  {Ans. x y  2 1, } 

ii. 
x

i

y i

i
i











1

3 3
 {Ans. 

3

19
,

3

17
 yx } 

iii. 
   1 2

3

2 3

3

 




 




i x i

i

i y i

i
i  {Ans. x y  3 1, } 

iv.   x iy i i   2 3 4  {Ans. x y 5
13

14
13, } 

v.    iiiyx 511  . {Ans. 2x , 3y } 

vi.    1 6 22    i y i i x  {Ans. x y x y    5 2 5 2, , or } 

vii. iyxiiiii  25191632 46362 . {Ans. 4,1  yx } 

viii.    x x x i y i2 2 8 4 2       {Ans. x y  2 2, } 

ix.        x xi x yi i yi4 22 3 3 5 1 2        {Ans. x y x y    2 3 2 1
3, , or } 

3. If z  is a complex number such that 0z  and   0Re z , then show that   0Im 2 z . 

4. If 
i

i
iyx

67

53




 , then find y. {Ans. 

85

53
} 

5. If 
 sincos1

1

i
z


 , then find  zRe . {Ans. 

2

1
} 

6. If iyx
i


  sincos1

1
, then find the value of 2x . {Ans. 

2

1
} 

7. If     iyxiqpiyx 22  , then show that qx  , py  . 

8. If 122  SC , then show that 
iSC

iSC





1

1
 is equal to iSC  . 

9. If 
2

35 i
x


 , then find the value of    55

22  xxxx . {Ans. 42} 
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10. Find real  such that 
3 2

1 2





i

i

sin

sin




 is  (i)  real  (ii)  purely imaginary. {Ans.       n n, 3 } 

11. Find the value of niiii 26421   . {Ans. cannot be determined} 

12. If  2sin2cos
1

1
i

x

x





, then find the value of x . {Ans. tani } 

13. Show that a real value of x will satisfy the equation 
1

1
12 2


 

ix

ix
a ib a b if + =  (a, b real). 

14. If iyx
i


  sincos2

3
, then show that   31  xx  equals 2y . 

15. For what real values of x and y are the numbers  3 42 2ix y x y i and + +  conjugate complex? {Ans. 

   1 4 1 4, , ,   } 
16. If the complex numbers xix 2cossin   and xix 2sincos   are conjugate to each other, then find x . 
17. For what real values of x and y are the complex numbers x x yi2 7 9   and y i i2 20 12  equal? {Ans. 

       3 4 3 5 4 4 4 5, , , , , , , } 

18.  a b c b ic a z2 2 2 1 1+     , ,  prove that 
a ib

c

iz

iz








1

1

1
 where a, b, c are real numbers and z is a 

complex number. 

19. If 









i

i
A

0

0
, then find 2A . {Ans. 













10

01
} 

20. If 











i

i
A

0

0
, 







 


01

10
B , then show that OBAAB  . 

21. If 









i

i
A

0

0
 and 














0

0

i

i
B , then show that   BABA   is equal to 22 BA  . 

22. If 









01

10
A , 







 


0

0

i

i
B , then show that  2BA  equals 22 BA  . 

23. For a matrix 













i

i
A

0

0
, show that OAA 3 . 

 
CATEGORY-25.2. MODULUS AND ARGUMENT OF A COMPLEX NUMBER 

24. In which quadrant the complex number 












i

i

1

21
 lies? {Ans. II quadrant} 

25. Find the modulus of the following numbers:- 

i. 
  
  



sincos12

sincos31

ii

ii
z




 . {Ans. 

2

1
} 

ii. 
  ii

z
321

1


 . {Ans. 

26

1
} 

iii. 
 232

1

i
z


 . {Ans. 

13

1
} 
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iv.  sincos1 iz  . {Ans. 
2

sin2


} 

26. Find the argument of the following numbers:- 

i. 
31

31

i

i




. {Ans. 

3

4
} 

ii. 
13

31



 i
. {Ans. 

3


} 

iii. 
i

i





3

31
. {Ans. 

6


} 

iv. 
i

1
. {Ans. 

2


 } 

v. 
 22

71

i

i




. {Ans. 

4

3
} 

vi. 
 
 314

31
2

ii

i




. {Ans. 

2


} 

vii. 
 211

21

i

i




. {Ans. 0} 

27. Find the modulus and the principal value of the argument of the following numbers:- 
i. 1 i  {Ans. 2 4,   } 

ii.  1 3 i  {Ans. 2 2
3,   } 

iii. 1 2  i  {Ans. 4 2 2 8 ,  } 
28. Find the complex number in algebraic form if 

i.  
4

3
arg,2


 zz  

ii.  
3

2
arg,2


 zz  

iii.  
12

arg,3


 zz  

iv. 4z ,  
6

5
zamp . {Ans. i232  } 

29. If 0z  be a complex number and  
4

arg


z , then show that     0ImRe  zz . 

30. If a complex number z  has argument 
4


 and modulus unity, then find the modulus of zz 2 . {Ans. 

22  } 

31. Show that the amplitude of 
iba

iba




 is equal to 













22
1 2

tan
ba

ab
. 

32. If    iiiiyx 31211  , then find the value of 22 yx  . {Ans. 100} 
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33. If   iyxiz 
2sincos  , then find the value of 22 yx  . {Ans. 1} 

34. If      1 1 2 1 3 1     i i i ni x iy...... , show that 2.5.10....  1 2 2 2  n x y . 

35. If      iBAibaibaiba nn  2211 , then find the value of     222
2

2
2

2
1

2
1 nn bababa   . 

{Ans. 22 BA  } 

36. If      iBAibaibaiba nn  2211 , then find the value of 














i

i
n

i a

b

1

1tan . {Ans. 








A

B1tan } 

37. If Ra , then show that for any complex number   azaz   equals 
2

az  . 

38. If z1 and z2 are complex numbers, prove that z z z z1 2

2

1

2

2

2
    if and only if z z1 2  is pure imaginary. 

39. Demonstrate that the complex number x + iy whose modulus is unity, y  0 , can be represented as 

x iy
a i

a i
 




 where a is a real number. 

40. If .
111

=++ that prove 1
21

2121
n

nn zzz
zzzzzz    

41. If   idcibai 3 , then show that 















 

c

d

a

b 11 tantan  has the value 
6


 n , Zn . 

42. If 31 iz  , then find the value of    zz argarg  . {Ans. 
3

2
} 

43. If 1z , 2z  and 3z , 4z  are two pairs of conjugate complex numbers, then find 



















3

2

4

1 argarg
z

z

z

z
. {Ans. 0} 

44. If 21 zz   and     0argarg 21  zz , then show that 21 zz  . 

45. If   and   are different complex numbers with 1 , then show that 








1
 is equal to 1. 

46. For any two complex numbers 1z , 2z  and any two real numbers a  and b , prove that 

  2

2

2

1
222

21

2

21 zzbaazbzbzaz  . 

47. For any two non-zero complex numbers 1z  and 2z  if 02121  zzzz , then find the difference of 

amplitudes of 1z  and 2z . {Ans. 
2


} 

48. Let z and w be two non-zero complex numbers such that wz   and      wz argarg . Then show that 

z equals w . 

49. Prove that 
z z

z z
z z1 2

1 21
1 1 1




   if  and 1 2 . 

50. Prove that following inequality:-

     .222
2

2
2

2
1

2
1

2

1
2

21
2

21 nnnn babababbbaaa    where ar, br (r = 1, 

2............, n) are real. 
51. Prove the following identities:- 



PART-VII/CHAPTER-25 

SANJIVA DAYAL CLASSES FOR IIT-JEE MATHEMATICS. Head office: A-602, Twin Towers, Lakhanpur, Kanpur-208024, INDIA. 
Phone: +91-512-2581426. Mobile: +91-9415134052. Email: sanjivadayal@yahoo.com. Website: sanjivadayal-iitjee.blogspot.com. 

25.17 

i.      x a x x a a x a xa2 2 4 4 2 2 4 2 3 3 2

6 4 4      .  

ii.      x a x x a x a xa x a x a x a a2 2 7 7 5 2 3 4 6 2 6 4 3 2 5 7 2

21 35 7 7 35 21         .  

 
CATEGORY-25.3. POLAR (TRIGONOMETRIC) REPRESENTATION OF COMPLEX NUMBER, DE 

MOIVRE’S THEOREM 

52. Put the following numbers in trigonometrical form:- 
i. 1 {Ans. 0sin0cos i } 

ii. i {Ans. 
2

sin
2

cos


i } 

iii. 1 {Ans.  sincos i } 
iv. i {Ans.    22 sincos   i } 

v. 3 {Ans.  3 0 0cos sin i } 

vi. 5 {Ans.  5 cos sin  i } 

vii. 6i {Ans.  6 2 2cos sin  i } 

viii. 2i {Ans.     2 2 2cos sin   i } 

ix. i1  {Ans. 









4
sin

4
cos2


i } 

x. i1  {Ans. 









4

3
sin

4

3
cos2


i } 

xi.  3 i  {Ans.  2 5
6

5
6cos sin  i } 

xii. 
 

1 7

2
2





i

i
 {Ans.  2 3

4
3
4cos sin  i } 

xiii.  2 5 300 30. cos sin  i  {Ans.  5

2 2 4 4cos sin  i } 

xiv.   5 40 40cos sin i  {Ans.  5 140 140cos sin  i } 

xv. 
 

  12

12

1

1







n

n

i

i
 {Ans.  2 0 0cos sin i  if n is even,  2 cos sin  i  if n is odd} 

xvi. 1
2

     






i tan ,    


 {Ans.  sec cos sin   i  when 










2
,

2


 ; 

        sincossec i  when 















 


 ,

22
,  } 

53. Put the following numbers in algebraic form:- 

i. 









6
sin

6
cos3


i  {Ans. i

2

3

2

3
 } 

ii. 









10
sin

10
cos2


i  {Ans. 













 




22

15

2

55
i } 

iii. 









3

8
sin

3

8
cos2


i  {Ans. i31 } 
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54. Simplify the following and put in algebraic form:- 

i.    cos sin cos sin    


i i
1
 {Ans. 1} 

ii. 
 
 



30sin30cos4.0

75sin75cos4

i

i




. {Ans.  5 2 1 i } 

iii. 
1

1 2 cos sin i
 {Ans. 





cos35
2

cot21



 i
} 

iv. 
  

  

cos sin cos sin

cot tan

x i x y i y

u i i v

 

 1
 {Ans.     sin cos cos sinu v x y u v i x y u v       } 

v. 
   

   

cos sin cos sin

cos sin cos sin

2 2 3 3

4 4 5 5

7 5

12 6

   

   

 

 





i i

i i
 {Ans. cos sin47 47  i } 

vi.      365 cossin3sin3cos2sin2cos  iii 
  {Ans. sin cos25 25  i } 

vii.  4cossin  i . {Ans.  4sin4cos i } 

viii.    55 11 ii  . {Ans. -8} 

ix. 

8

8
sin

8
cos1

8
sin

8
cos1



























i

i
. {Ans. -1} 

x. 
8

8

8
cos

8
sin

8
cos

8
sin

























i

i

. {Ans. 1} 

55. Prove the following:- 

i.  cos sin .60 60 1
6  i  

ii.   2 56 15 56 15 16
8

cos sin . 
   i i  

iii.  sin cos cos sin .       






  







i n i n

n 1

2

1

2
 

iv. .2
2

1

2

1
88








 








  ii
 

v. 
1

1

 

 









  

cos sin

cos sin
cos sin .

 

 
 

i

i
n i n

n

 

56. Find the modulus and argument of the complex number  sincos= if 2
1 izzzz  . {Ans. 

2
33

22

2
3

22

2

,sin2,0sin

,sin2,0sin

,0,0sin

















when

when

definednotwhen

} 
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57. Prove that 
3

2

3

2
2

6 6









 









  

i i
. 

58. Find the value of 

66

31

31

31

31





































i

i

i

i
. {Ans. 2} 

59. If 

55

22

3

22

3






























ii
z , then show that   0Im z . 

60. Simplify 
 

  21

1





n

n

i

i
. {Ans. 12 ni } 

61. Simplify    88 11 ii  . {Ans. 52 } 

62. For kn 6 , Zk  , find the value of 

nn

ii












 














 

2

31

2

31
. {Ans. 2} 

63. If  sincos iz  , then find 21 zz  . {Ans. cos21 } 

64. If  sincos ia  ,  sincos ib  ,  sincos ic  , then find 
abc

abc
1

 . {Ans.   cos2 } 

65. If  sincos ix  ,  sincos iy  , then show that 
yx

yx




 is equal to 

2
tan

 
i . 

66. If  sincos ia  ,  sincos ib  ,  sincos ic   and 1
b

a

a

c

c

b
, then show that 

       coscoscos  is equal to 1. 
67. Find the general value of   which satisfies the equation 

         112sin12cos5sin5cos3sin3cossincos   nniii  . {Ans. 
2

2

n

r
} 

68. If z  1 , prove that 
1

1





z

z
  1z  is a pure imaginary number. What will you conclude if z = 1? If the 

number 
z

z





1

1
 is a pure imaginary, then prove that z  1 . 

69. If      1sincos2sin2cossincos   ninii  , then find the value of  . {Ans. 
 1

4

nn

m
} 

70. If 
10

cos2
1 


x
x , then find 

5
5 1

x
x  . {Ans. 0} 

71. If cos2
1

 x
x

, then find the value of 
n

n

x
x

1
 . {Ans. ncos2 } 

72. If 01cos22  xx , then find the value of 1cos22  nxx nn . {Ans. 0} 
73. If 11  zz , then simplify 100100  zz . {Ans. -1} 
74. If in polar form  ,11 z ,  ,12 z ,  ,13 z  and 0321  zzz , then find 1

3
1

2
1

1
  zzz . {Ans. 0} 

75. If 


















3

4
sin

3

4
cos


ia , then find the value of 

n
a

3

2

1







 
. {Ans. 

 
n

n

32

1
} 
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76. Find the sum of 432  ii  upto 100 terms. {Ans.  i150 } 

77. If the first term and common ratio of a GP is  i3
2

1
, then find the modulus of its n th term. {Ans. 1} 

78. Let z i z i1 210 6 4 6    and . If z is a complex number such that the argument of 
2

1

zz

zz




 is 

4


, then 

prove that z i  7 9 3 2 . 

79. Find the greatest value of the moduli of complex numbers z, satisfying the equation 2
4


z
z . {Ans. 

5 1 } 

80. It is known that z
z

a 
1

 where z is a complex number. What are the greatest and the least possible 

values of z ? {Ans. a a a a   2 24
2

4
2, } 

 
CATEGORY-25.4. EULERIAN REPRESENTATION OF COMPLEX NUMBER 

81. Put the following numbers in Eulerian form:- 
i. 1 {Ans. 0ie } 

ii. i  {Ans. 2


i

e } 
iii. 1  {Ans. ie } 

iv. i  {Ans. 2


i

e


} 

v. i1  {Ans. 42


i
e } 

vi. i1  {Ans. 4

3

2


i
e


} 
82. Put the following numbers in algebraic form:- 

i. 23


i
e  {Ans. i3 } 

ii. 62


i
e  {Ans. i3 } 

iii. 7ie  {Ans. 1 } 

83. If p.v.'s of 1z  and 2z  are perpendicular to each other, then show that 
2

1

z

z
 is purely imaginary. 

84. If x ir r r
 cos sin ,

 

2 2
 prove that x1 x2 x3......ad inf. = 1. 

85. If z i rr r r
  cos sin , ,2, ,....

 

3 3
1 3  then prove that z1 z2 z3....... = i. 

86. z
r

i
r

r  cos sin
 

10 10
 then z1 z2 z3 z4 = 1. 

87. If 2
1 1

cos    x
x

y
y

 and  2cos  etc., then prove that 
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i.    cos2
.......

1

xyz
xyz  

ii.  
x

y

y

x
  2 cos    

iii.  x y
x y

m nm n

m n
  

1
2 cos    

iv.  
x

y

y

x
m n

m

n

n

m
  2 cos    

 
CATEGORY-25.5. INTEGER POWERS OF A COMPLEX NUMBER 

88. Simplify:- 

i.  101 i . {Ans. 32i} 

ii.   101 
 i . {Ans. i

32

1
} 

iii.  53 i . {Ans. i16316  } 

iv.  10
3 i . {Ans. i3512512 } 

v.  100
3 i . {Ans. i322 9999  } 

vi.  531 i . {Ans. i31616 } 

89. If 













i

i
z

1

1
, then find 4z . {Ans. 1} 

90. If    131322  iz , then find 6z . {Ans. i} 

91. If ,
2

53 i
x


  find the value of 2 2 7 723 2x x x    and show that it will be unaltered if 

2

53 i
x


 . {Ans. 

4} 
92. If ix 45 find the value of x x x x4 3 29 35 4    . {Ans. 160 } 

93. For positive integers 1n , 2n , show that the value of the expression         2211 753 1111
nnnn iiii   

is a real number. 
 
CATEGORY-25.6. SQUARE ROOT OF A COMPLEX NUMBER IN ALGEBRAIC FORM 

94. Find the square root of the following numbers:- 
i. 4  {Ans. i2 } 
ii. i  {Ans.   1

2
1 i } 

iii. i  {Ans.   1

2
1 i } 

iv. i43  {Ans.  i 2 } 

v. i43  {Ans.  i 2 } 

vi. i125  {Ans.  i23 } 
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vii. i1  {Ans. 












 





2

12

2

12
i } 

viii. i125  {Ans.  i32 } 

ix.  8 6i  {Ans.  i31 } 

x. i541  {Ans.   2 5i } 

xi. i341  {Ans.   2 3i } 

xii.  7 24i  {Ans.   3 4i } 
95. Simplify the following and put in algebraic form:- 

i. 
ii

ii

125125

125125




. {Ans. ii

3

2
,

2

3
 } 

ii.     2

3

33


 ii  {Ans. 8
1 } 

96. Simplify   32  . {Ans. 6 } 

97. If iyxi  247 , then find 22 yx  . {Ans. 25} 

98. If ,
idc

iba
iyx




  prove that  x y

a b

c d

2 2 2
2 2

2 2
 




. 

99. Find the modulus of ii 22  . {Ans. 2} 

100. If   iiba  , then show that iba   is equal to  i  . 

101. Prove that : z z z z z z1 2

2

1 2

2

1

2

2

2
2 2     .  Interpret the result geometrically and deduce that 

                 2 2 2 2 ,  all number involved being complex. 

102. Prove that     .
2

1

2

1
2121212121 zzzzzzzzzz   

 
CATEGORY-25.7. ROOTS OF A COMPLEX NUMBER IN POLAR/ EULERIAN FORM 

103. Find all the values of the given roots:- 

i. i1 . {Ans. 2 2
1
4 8

1
4

7
8e ei i  

, } 

ii. 3 i . {Ans. i
2

1

2

3
 , i

2

1

2

3
 , i } 

iii.  3

1

22 i . {Ans. iee
ii




1,2,2 12

7

12



} 

iv.  4

1

64 . {Ans. i22 } 

v.  4
1

31 i . {Ans. 12

35

12

23

12

11

12 4
1

4
1

4
1

4
1

2,2,2,2


iiii
eeee



} 

vi. 4 i . {Ans. 8

13

8

9

8

5

8 ,,,


iiii
eeee } 

104. Find the product of cube roots of –1. {Ans. -1} 

105. Use De Moivre’s theorem to solve the equation    2 2 3 1 3 14x i    .  {Ans. 
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3,2,1,0,
48

524
sin

48

524
cos 







 








 
k

k
i

k
 } 

 
CATEGORY-25.8. CUBE ROOTS OF UNITY 

106. If 1, , 2 are the three cube roots of unity, show that 

i.   1- 1+     2 2 4.  

ii.    1+ 1+ 
3 2 3

0  .  

iii.    1- 1+       2 3 2 3

8.  

iv.    1- 1+      2 5 2 5

32.  

v.    2 + 5 2 + 2      2 5 7292 6 2 6

.  

vi.     12811
6262   . 

vii.     1+ 1+ 1+ 1+   2 4 8 1 .  

viii.     1- 1- 1- 1-   2 4 8 9 .  

ix.     nn 284422 2=factors 2  to...-1-1-1    

x.    x y x y x y x y3 3 2 2        .  

xi.    x y x y x y x y3 3 2 2        .  

xii.      x y x y x y xy     
2 2 2 2 2

6    .  

xiii.    a b c a b c a b c a b c abc            2 2 3 3 3 3 .  

xiv.        a b c a b c a b c b c a c a b abc a b c               2 3 2 3

2 2 2 27 0 if + + = .  

107. If  1  be a cube root of unity and    BA
71 , then find A  and B . {Ans. 1, 1} 

108. If   is a complex cube root of unity, then find 
21

1

1

1

 



. {Ans. 1} 

109. If   is a complex cube root of unity, then find     542 1111   . {Ans. 9} 

110. Simplify  4233   . {Ans. 16 } 

111. Simplify   22 2552   . {Ans. 19} 

112. Find the value of the expression          222 1332221   nnn , where 

  is an imaginary cube root of unity. {Ans. 
 

n
nn








 
2

2

1
} 

113. Find the value of the expression 










































































2222

111
3

1
3

1
2

1
2

1
1

1
1


nn , where   is an 

imaginary cube root of unity. {Ans. 
 

3

22 nn
} 

114. Find the value of the expression 
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            1111313412123112 2222   nnn . {Ans. 

 
n

nn








 
2

2

1
} 

115. If   is a complex cube root of unity, then find the value of 
2

2

2

2









acb

cba

bac

cba









. {Ans. -1} 

116. If 2,,1   are the cube roots of unity, then evaluate 

1

1

1

2

2

2

nn

nn

nn







 . {Ans. 0} 

117. If   is a cube root of unity, then evaluate 







1

1

1

2

2

2

. {Ans. 0} 

118. Find the value of the determinant 

1

1

1

45

43

53







. {Ans. 3} 

119. Prove that 1
1
14

14 
z

z , where z is a root of the equation 1
1


z
z . 

120. If  and  are the complex cube roots of unity, show that    4 4 1 1 0    .  

121. If x = a + b, y a b z a b      and =  where  and  are complex cube roots of unity, show that xyz 
= a3 + b3 

122. If x = a + b, y a b z a b     2  and = 2  prove that  x y z a b3 3 3 3 33    . 

123. Simplify 

nn 33

2

31

2

31







 








 
. {Ans. 2} 

124. Find the roots of the equation 0273 x . {Ans. –3, 3 , 23 } 

125. Find the roots of the equation   081 3
x . {Ans. –1, 21 , 221  } 

126. Prove that:- 
i. 1 + n + 2n = 0, when n is a positive integer but not a multiple of 3. 
ii. 1 + n + 2n = 3, when n is a multiple of 3. 

127. Given z z z A z z z B z z z C1 2 3 1 2 3

2

1 2

2

3        , , .     

i. Express z z z1 2 3, ,  in terms of A, B, C. 

ii. Prove  A B C z z z
2 2 2

1

2

2

2

3

2
3     .  

 
CATEGORY-25.9. HIGHER ROOTS OF UNITY 

128. Find all the six sixth roots of unity. Which of these are also cube roots of unity? {Ans. 

3

2

3 ,,1;5,4,3,2,1,0,3


 iii eeke

k

 } 
129. Find the seven seventh roots of unity and prove that sum of their nth powers always vanishes unless n be a 
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multiple of seven, n being an integer and then the sum is seven. {Ans. 6,5,4,3,2,1,0,7
2

ke
ki 

} 

130. Find the value of sin cos
2

7

2

71

6  k
i

k

k











 . {Ans. i} 

131. If  is an imaginary root of the equation zn  1 0,  prove that 1 02 1      n .  
132. Find the n, nth roots of unity and prove that the sum of their pth powers vanishes unless p be a multiple of 

n, p being an integer, and that then the sum is n. {Ans. 1,......,2,1,0,
2

 nke n
ki 

} 
 
CATEGORY-25.10. IRRATIONAL AND NON-REAL COMPLEX POWERS OF A COMPLEX NUMBER 

133. Simplify the following:- 
i. i2  {Ans. 2lnie } 

ii. 2i  {Ans. 2


i

e } 

iii. ii  {Ans. 2




e } 

iv.  ii1  {Ans. 2

2ln

4
i

ee




} 
 
CATEGORY-25.11. LOGARITHM OF A COMPLEX NUMBER 

134. Find the following numbers in algebraic form:- 
i.  1ln  . {Ans. i } 

ii. iln . {Ans. i
2


} 

iii. ln . {Ans. i
3

2
} 

iv.  ilnln . {Ans. 
22

ln


i } 

135. Find the value of z  satisfying the equation 0lnlnln 2  nzzz  . {Ans. 

   
,2,1

1

4
sin

1

4
cos 







m
nn

m
i

nn

m 
} 

 
CATEGORY-25.12. EQUATIONS IN COMPLEX NUMBERS 

136. Find all complex numbers z which satisfy the following equations:- 
i. z z 2  {Ans. z iy y R  1 , } 

ii.     02252 2  izizi  {Ans. i1 , i
5

2

5

4
 } 

iii. 02  zz  {Ans. 0 1 1
2

3
2

1
2

3
2, , ,  i i } 

iv. z z3   {Ans. 0, ,i i , 1, 1} 

v.  32 zz   {Ans. 0, 1, 5

2
i

e , 5

4
i

e , 5

6
i

e , 5

8
i

e } 

vi. iizz 21  {Ans. i
2

3
2 } 

vii. z z2 0  . {Ans. 0, ,i i } 
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137. If 01  izaz  and 2a , then find z . {Ans. i 2 } 

138. Find the integral solutions of the equations:- 
i.  1 2 i

n n  {Ans. n  0} 

ii.    1 1  i i
n n . {Ans. n k 4 } 

139. Find the complex numbers z which simultaneously satisfy the equations 
z

z i

z

z











12

8

5

3

4

8
1 and . {Ans. 

6 8 6 17 i i, } 

140. Find the common roots of the equations 0122 23  zzz  and 011001985  zz  {Ans.  , 2 } 

141. What is the number of solutions of the system of equations   0Re 2 z , 2z . {Ans. 4} 

142. For every real number c, find all the complex numbers z which satisfy the equation 
 z iz c i

2
2 2 1 0    . {Ans.  

   
   
     
    izc

icccziccczc

izc

zc









12,12

211;211,12,21

21,21

,,1221,

22



} 

143. For every real number c 1,  find all the complex numbers z that satisfy the equation z c z i   1 0 . 
{Ans.  

,2

2,2

,21

1,1

1

2
2

22













c

izc

izc

izc

c

ccc

} 

144. Find the range of real number  for which the equation z z i    1 2 0;  z x iy   has a solution and 
find the solution. 

{Ans. 










 1,

2

5
  

when 










 1,

2

5
 , iz 2

1

45
2

22










 

when  1 , iz 2
2

5
  

when  1,1 , iz 2
1

45
2

22










} 

145. For every real number c  0,  find all the complex numbers z which satisfy the equation 
2 4 1 0z cz ic    .  {Ans.  

izc

c

c

cc
4
1

416

344
2
1

2
1

2

2

,

,0










} 
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146. For every real number c  0,  find all complex numbers z, satisfying the equation z z cz i   0.  
 
CATEGORY-25.13. COMPLEX POLYNOMIALS 

147. Let   and   be the roots of the equation 012  xx . Find the equation whose roots are 719, . {Ans. 

012  xx } 
148. If i43  is root of the equation 02  qpxx , then find p, q. {Ans. 25,6  qp } 

149. If 32 i  is a root of the quadratic equation 02  baxx , where Rba , , then find the values of a  
and b . {Ans. 7,4 } 

150. For the equation 033 2  pxx , if one of the roots is square of the other, then find p. {Ans. 3, -6} 

151. Prove that     x x i x i x i x i4 4 1 1 1 1          . 

152. Solve the equation x x x4 24 8 35 0     having given that one root is i32  . {Ans. ii  2,32 } 

153. Let   and 2  be the cube roots of unity, then find the roots of the polynomial 













x

x

x

1

1

1

2

2

2

. 

{Ans. 0, 0, 0} 
154. If f(z) be divided by z  i and z + i, the remainders are respectively i and 1 + i. Determine the remainder 

when f(z) is divided by z2 + 1. {Ans.  i z i2
1
2  } 

155. It is given that n is an odd integer greater than 3 but n is not a multiple of 3. Prove that x x x3 2   is a 
factor of  x x

n n  1 1 . 

156. Show that the polynomial x x x xl m n p4 4 1 4 2 4 3      is divisible by x x x3 2 1    where l, m, n, p are 
positive integers. 

157. Prove that  x y x y
n n n    is divisible by   xy x y x xy y  2 2 ,  if n is odd but not a multiple of 3. 

158. If naaa .........,,, 21  are the real roots of the equation 01
2

2
1

1  



nn
nnn pxpxpxpx    (p1, p2, 

..., pn are real), then prove that         2531
2

42
22

2
2

1 ......11....11  pppppaaa n . 

159. If ,  are the roots of the equation x x2 2 4 0   ,  prove that    n n n n  2 31 cos .  

160. If x x2 2 1 0  cos ,  prove that x x nn n2 2 1 0  cos .  

161. Construct an equation whose roots are nth powers of the roots of the equation x x2 2 1 0  cos . {Ans. 
x n x2 2 1 0  cos  } 

162. Prove that if cos sin  i  is a solution of the equation x p x p x pn n n

n     

1

1

2

2 0 ,  then prove 

that 0sin2sinsin 21   nppp n .  real are  ......., , , 21 nppp  

 
CATEGORY-25.14. PROVING TRIGONOMETRIC IDENTITIES BY COMPLEX NUMBERS 

163. If cos cos cos sin sin sin ,           0  prove that 

i.  cos cos cos cos .3 3 3 3           

ii.  sin sin sin sin .3 3 3 3           

iii. cos cos cos sin sin sin .2 2 2 2 2 2 0            
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iv. .
2

3
sinsinsincoscoscos 222222    

 
CATEGORY-25.15. LOCUS PLOTTING 

164. Locate the point representing the complex numbers z on the Argand diagram for which 
i. arg z   3  
ii.  3 3 2 arg z  

iii.   arg z 4  

iv.   1Im 2 z  

v.  ziz Im2  . 

 
CATEGORY-25.16. POINTS 

165. Find the lengths of the segments connecting the points represented by the following pairs of numbers:- 
i. 5, 3 {Ans. 8} 
ii. 3, 4i {Ans. 5} 
iii. 6i, 3i {Ans. 9} 
iv. 1 i, 2+3i {Ans. 5} 
v. 3 2i, 3 + 5i. {Ans. 7} 

166. Find the points which divides the line segment joining points i1  and i32  in the ratio 2:3 internally and 

externally. {Ans. i
5

9

5

7
 , i31 } 

167. Show that the points iz 211  , iz 322  , iz 433   are collinear. Find the ratio in which 3z  divides 

the line segment joining points 1z  and 2z . {Ans. 2:1 externally} 

168. Show that the points iz 11 , iz  22 , iz 513   are collinear. Find the ratio in which 3z  divides the 

line segment joining points 1z  and 2z . {Ans. 2:3 externally} 
169. The three points z1, z2. z3 are connected by relation az bz cz a b c1 2 3 0 0      and .  Prove that three 

points are collinear. 
170. The cube roots of unity when represented on the Argand diagram form the vertices of an equilateral 

triangle (a)  true  (b)  False. {Ans. True} 
171. Show that area of the triangle on the Argand diagram formed by the complex numbers z , iz  and izz +  is 

. 
2

1 2
z  

172. Find the area of the triangle formed by points iz 321  , iz 732  , iz  43 . {Ans. 6} 

173. Find the area of the triangle formed by three complex numbers i1 , 1i , i2  in the Argand plane. {Ans. 
1} 

174. Show that the triangle formed by the points 1, 
2

1 i
 and i  as vertices in the Argand diagram is isosceles. 

175. If the complex numbers iaz 1 , ibz 12 , 03 z  form an equilateral triangle ( a , b are real numbers 

between 0 and 1), then find a, b. {Ans. 32a , 32 b } 

176. Show that the origin and the roots of the equation 02  qpzz  form an equilateral triangle if qp 32  . 
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177. If 1z , 2z  are two complex numbers such that   0Im 21  zz ,   0Im 21 zz , then show that 21 zz  . 

If 1z , 2z , 3z  are affixes of the vertices A , B  and C  respectively of a triangle ABC  having centroid at G  

such that 0z  is the mid point of AG , then show that 04 321  zzz . 

178. If 1z , 2z , 3z , 4z  are the affixes of the vertices of a parallelogram taken in order in Argand plane, then 

show that 4231 zzzz  . 

179. If 1z , 2z  represent adjacent vertices of a regular polygon of n  sides such that 
 
 

12
Re

Im

2

1 
z

z
. Then find 

n . 
180. Show that the triangle whose vertices are the points represented by the complex numbers z1, z2. z3 on the 

Argand diagram is equilateral if and only if 
1 1 1

0
2 3 3 1 1 2z z z z z z







  that is, if 

z z z z z z z z z1

2

2

2

3

2

1 2 2 3 3 1     . 

181. Complex numbers z z z1 2 3, ,  are the vertices A, B, C respectively of an isosceles right angled triangle with 

right angle at C show that     2331
2

21 --2=- zzzzzz  

182. If z z z z1

2

2

2

1 22 0+  cos , prove that the points represented by z z1 2,  and the origin form an isosceles 

triangle,  being real. 
183. z z z z1

2

2

2

1 2 0+   , prove that the points represented by z z1 2,  and the origin form an isosceles triangle 
with vertical angle 2 3 . 

184. Let 1z  and 2z  be complex numbers such that 1
1

2

2

1 
z

z

z

z
. Prove that the origin and the two points 

represented by 1z  and 2z  form vertices of an equilateral triangle. 
185. Let the complex numbers z z1 2, and z3 be the vertices of an equilateral triangle. Let z0 be the circumcentre 

of the triangle. Prove that .3+ 2
0

2
3

2
2

2
1 zzzz   

186. Show that the triangle with vertices at the points 21, zz  and   211 izzi   is right angled and isosceles. 

187. Show that the triangle whose vertices are z z z1 2 3, ,  and   z z z1 2 3, ,  are directly similar if 

z z

z z

z z

1 1

2 2

3 3

1

1

1

0







 . 

188. The complex numbers z z z1 2 3, ,  are the vertices of a triangle. Find all the complex numbers z which makes 

the triangle into a parallelogram. {Ans. 321 zzzz   or 321 zzzz   or 321 zzzz  } 

189. ABCD is a rhombus. Its diagonals AC and BD intersect at the point M and satisfy BD = 2AC. If the points 
D and M represent the complex numbers 1 + i and 2  i respectively, then find complex number 
representing A. {Ans. 3 11

2
3
2 i i, } 

190. The centre of a regular hexagon is i . One vertex is  i2 , z  is an adjacent vertex. Then find z . {Ans. 

 31 ii } 
191. Find the vertices of a regular polygon of n sides if its centre is located at z = 0 and one of its vertices z1 is 

known. {Ans. 
 

nkezz n
ki

k ......,,3,2,
12

1 
 

} 

192. Points z1 and z2 are adjacent vertices of a regular polygon of n sides. Find the vertex z3 adjacent to 
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 z z z2 3 1 . Also find the center of the polygon. {Ans.   niezzzz
2

1223  , 
n

i

n
i

e

ezz




2

2

12

1


} 

193. Assume that  A i ni  1,2  are the vertices of a n-sided regular polygon inscribed in a circle of radius 

unity. Find 

i. .2
1

2
31

2
21 nAAAAAA    {Ans. n2 } 

ii. .13121 nAAAAAA    {Ans. n } 

194. Let A1, A2, ........., An be vertices of an n-sided regular polygon such that 
1 1 1

1 2 1 3 1 4A A A A A A
   Find the 

value of n. {Ans. n  7} 
 
CATEGORY-25.17. STRAIGHT LINE 

195. Locate the points representing the complex numbers z on the Argand diagram for which 
i. 01 ziiz  
ii.     0211  zizi  

iii.     02121  izizi  

iv. 2 ziz  

v. izz 1 . 

vi. 1 ziz  

vii. 42  zz . 

viii. izz  3.03.0 log1log . 

ix. log log1 2 1 22z z   

196. If a  is real and aizaiz  , then find the locus of z . {Ans. real axis} 

197. If z  is a complex number such that 1
5

5






iz

iz
, then find the locus of z . {Ans. real axis} 

198. Show that if iyxz   and 
iz

iz
w






1
, then 1w  implies that in the complex plane z  lies on real axis. 

199. If the imaginary part of 
1

12





iz

z
 is –2, then prove that the locus of the point representing z in the complex 

plane is a straight line & find its equation. {Ans.     42121  zizi } 
200. Find the distance of the point i32  from the line 01 ziiz  and also find the distance of this line from 

origin. {Ans. 
2

5
, 

2

1
} 

201. Find the angle between the lines     0211  zizi  and     02121  izizi  and also find 

their point of intersection. {Ans. 
3

1
tan 1 , i

2

3

2

1
 } 

202. Let ,0,  bczbzb  be a line in the complex plane, where b  is the complex conjugate of b. If a point 

1z  is the reflection of a point 2z  through this line, then show that bzbzc 21  . 
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CATEGORY-25.18. CIRCLE 

203. Locate the point representing the complex numbers z on the Argand diagram for which 
i. 1 iz  

ii. 23  iz  

iii. z 1,  

iv. z  3,  

v. z  3 1,  

vi. z i 1,  

vii. i z  1 2 9,  

viii. 2 3  z i ,  

ix. z z   1 1 4
2 2

.  

x.     042121  zizizz  

xi. log
3

2
1

2
2

z z

z

 


  

xii. 2
1

322
log

2

30tan 

















 z

zz
. 

204. If z = 3, what is the location of the points corresponding to 

i. z + 2 
ii. z 1 + i. 
iii. 2  z 
iv. 1 +3z 

205. If 1z , 2z , 3z , 4z  are the affixes of four points in the Argand plane, and z  is the affix of a point such that 

4321 zzzzzzzz  , then show that 1z , 2z , 3z , 4z  are concyclic. 

206. If z  is complex number such that 2
1

Re 








z
, then show that the locus of z  is a circle. 

207. If 0
6

8
Re 













z

iz
, then show that z  lies on the curve 08622  yxyx . 

208. Show that the locus of the points z  satisfying the condition 
31

1
arg
















z

z
 is a circle. 

209. Find the equation of the circle having i  and i1  as diametric end-points. {Ans. 022  zzzz } 
210. Among the complex numbers z which satisfy the condition z i 25 15 , find the number having the least 

positive argument. {Ans. 12 16 i } 
211. Find the complex number having least modulus which satisfies the condition z i  2 2 1 . {Ans. 

  2 11

2
  i } 

212. If z is the affix of P in the Argand diagram and P moves so that 
1



z

iz
 is always purely imaginary, then 
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prove that locus of P is a circle of center 








2

1
,

2

1
 & radius 

2

1
. 

213. Determine the locus of the point z such that 
1

2

z

z
 is always real. {Ans. A line & a circle} 

214. If c be real, prove that the equation cbzaz 
22

 represents a circle & determine its center & 

radius. {Ans. 
2

2
2

1
,

2
bac

ba



} 

215. If the imaginary part of the expression 
1

1






z

e

e

z i

i




 be zero, then determine the locus of the point z. {Ans. 

A line & a circle} 
216. Find the equation in complex variables of all the circles which are orthogonal to z z  1 1 4 and . 

{Ans.  z if f f R    7 48 2 , } 

217. If z z z z z z1 2 3 1 2 31    and + + = 0  show that z z z1 2 3, ,  are the vertices of an equilateral triangle 

inscribed in a unit circle. 
218. If A & B represents the complex numbers 6i and 3 respectively and a point P moves such that PA = 2PB, 

then prove that the locus of P is    zizizz 2424  , which is a circle, and find its center & radius. 

{Ans. 20,24 i } 
 
CATEGORY-25.19. CONIC SECTIONS 

219. Locate the point representing the complex numbers z on the Argand diagram for which 
i. 51  ziz  

ii. 321  zz  

iii. 11  ziz  

iv. 511  zz  

v. 55  iziz  

vi. 105  iziz  

vii. 0222 22  zzzzzz  
220. Find the equation of the parabola having focus i1  and directrix 01 ziiz . {Ans. 

    0
2

7
22  zizizz } 

 
CATEGORY-25.20. ADDITIONAL QUESTIONS 

221. If   ibaiyx  3

1

, then show that 
b

y

a

x
  is equal to  224 ba  . 
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CHAPTER-26 

BINOMIAL THEOREM 
 

LIST OF THEORY SECTIONS 
 

26.1. Binomial Theorem And Its Characteristics 
26.2. Greatest Term 
26.3. Some Important Expansions And Standard Result 
26.4. Relationship Between Binomial Coefficients 
26.5. Multinomial Theorem 
 

LIST OF QUESTION CATEGORIES 
 

26.1. General Term 
26.2. Term Containing Given Power Of x 
26.3. Middle Term 
26.4. Greatest Term 
26.5. Sum Of The Coefficients/ Terms 
26.6. Calculations Using Binomial Theorem 
26.7. Divisibility Problems Using Binomial Theorem 

26.8. Standard Result  nn qpqp )()(  Even Integer 

26.9. Relationships Between Binomial Coefficients 
26.10. Multinomial Theorem 
26.11. Additional Questions 
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26.3 

CHAPTER-26 

BINOMIAL THEOREM 
 

SECTION-26.1. BINOMIAL THEOREM AND ITS CHARACTERISTICS 

1. Binomial expression, Trinomial expression and Multinomial expression 
An algebraic expression containing two terms is called a binomial expression. An algebraic expression 
containing three terms is called a trinomial expression. An algebraic expression containing more than two 
terms is called a multinomial expression. 

2. Binomial theorem for positive integral index 
If a and b are real/ complex numbers/ expressions, then for all Nn  

  n
n

nn
n

nrrn
r

nnnnnnnn bCabCbaCbaCbaCaCba  



 1
1

22
2

1
10   

             



n

r

rrn
r

n baC
0

; 

where 
 

1;
!!

!
0 


 n

nn
r

n CC
rrn

n
C . 

3. Binomial coefficients 
i. n

nnn CCC ,,, 10   are called binomial coefficients. 

ii. Binomial coefficients can be generated by Pascal’s triangle 
         1         
        1  1        
       1  2  1       
      1  3  3  1      
     1  4  6  4  1     
    1  5  10  10  5  1    
   1  6  15  20  15  6  1   
  1  7  21  35  35  21  7  1  
 -  -  -  -  -  -  -  -  - 

iii. Therefore, 

  baba 
1  

  222 2 bababa   

  32233 33 babbaaba   

  4322344 464 babbabaaba   

  543223455 510105 babbababaaba   
and so on. 

4. Properties of Binomial coefficients 
i. 10  n

nn CC  

ii. rn
n

r
n CC   

iii. 1
1

1 



  r
n

r
n

r
n CCC  

iv. Greatest Binomial coefficient is 
2

n
nC  if n is even; 

2

1n
nC  & 

2

1n
nC  if n is odd. 



MATHEMATICS FOR IIT-JEE/VOLUME-II 

SANJIVA DAYAL CLASSES FOR IIT-JEE MATHEMATICS. Head office: A-602, Twin Towers, Lakhanpur, Kanpur-208024, INDIA. 
Phone: +91-512-2581426. Mobile: +91-9415134052. Email: sanjivadayal@yahoo.com. Website: sanjivadayal-iitjee.blogspot.com. 

26.4 

5. Characteristics of Binomial theorem 
i. Total number of terms in the binomial expansion is 1n . 
ii. Sum of the indices of a and b in each term is n. 
iii. Since rn

n
r

n CC  , the coefficient of terms equidistant from the beginning and the end are equal. 

iv. The coefficient of  thr 1  term in the expansion is r
nC . 

6. General term in the expansion of  nba   

The  thr 1  term, denoted by 1rT , is nrbaCT rrn
r

n
r ,,2,1,0,1  

 . 

7. Binomial expansion of  nx1  

i.   n
n

nn
n

nr
r

nnnnnn xCxCxCxCxCaCx  



1
1

2
2101   

            



n

r

r
r

n xC
0

 

ii. General term nrxCT r
r

n
r ,,2,1,0,1  . 

8. Middle term 

Since the binomial expansion of  nba   has  1n  terms, so 
th

n








1

2
 term is the middle term if n is even; 

th
n








 

2

1
 and 

th
n








 

2

3
terms is the middle term if n is odd. 

 
SECTION-26.2. GREATEST TERM 

1. Greatest term in the expansion of  nx1  

i. 
 

x

xn
rTT rr




  1

1
1 . 

ii. Case 1: If 
 

x

xn





1

1
 is an integer and let 

 
m

x

xn






1

1
, then  21121   mmmm TTTTTT . 

Therefore, mT  and 1mT  are both equal and are greatest terms. 

iii. Case 2: If 
 

x

xn





1

1
 is not an integer and let 

 
m

x

xn














1

1
, then 

 21121   mmmm TTTTTT . Therefore, 1mT  is the greatest term. 

 
SECTION-26.3. SOME IMPORTANT EXPANSIONS AND STANDARD RESULT 

1. Some important expansions 
i.        22

202 baCaCbaba nnnnnn  

ii.        33
3

1
12 baCbaCbaba nnnnnn  

iii.       2
20211 xCCxx nnnn  

iv.       3
31211 xCxCxx nnnn  

2. Standard result 
If p is an integer and q is a non-negative integer, then 
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       qpCpCqpqp nnnnnn 2
202  

                                    = even integer. 
 
SECTION-26.4. RELATIONSHIP BETWEEN BINOMIAL COEFFICIENTS 

1. Methods to prove relationship between binomial coefficients 
i. Put a suitable real value of x in the expansion  nx1 . 

ii. Differentiate (once or more than one times) the expansion  nx1  and then put a suitable real value of 
x. 

iii. Multiply/ divide the expansion  nx1  by ,, 2xx , then differentiate (once or more than one times) 
and then put a suitable real value of x. 

iv. Integrate (once or more than one times) the expansion  nx1  and then put a suitable real value of x. 

v. Multiply/ divide the expansion  nx1  by ,, 2xx , then integrate (once or more than one times) and 
then put a suitable real value of x. 

vi. Multiply two expansions  nx1  and 
n

x










1
1  and compare coefficient of same powers of x. 

vii. Expansions  nx1 ,  nx21 ,   nx 21  etc. can be used in above methods. 
viii. Put a suitable complex value of x in the above expansions and equate real and imaginary parts. 

 
SECTION-26.5. MULTINOMIAL THEOREM 

1. Multinomial theorem for positive integral index 
If kxxx ,,, 21   are real/ complex numbers/ expressions, then for all Nn  

  kr
k

rr

k

n
k xxx

rrrr

n
xxxx 


 21

21
321

321 !!!!

!
 , where krrr ,,, 21   are non-negative 

integers and nrrr k  21 . 
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26.6 

EXERCISE-26 
 

CATEGORY-26.1. GENERAL TERM 

1. Determine the value of x in the expression  x x x log 5
 if the third term in the expansion is 10,00,000. 

{Ans. x  10 10
5
2, } 

2. If the third term in the expansion of 
5

log10
1











xx
x

 is 1000, then find the value of x . {Ans. 100} 

3. If the 4th term in the expansion of 
n

x
ax 










1
 is 

2

5
, then find the values of a  and n . 

4. Find the 14th term from the end in the expansion of  17
yx  . {Ans. 22

13

4
17 yxC } 

5. Find the positive value of a  so that the coefficients of 5x  and 15x  are equal in the expansion of 
10

3
2











x

a
x . {Ans. 

32

1
} 

6. For what value of r the coefficients of (r  1)th and (2r + 3)rd terms in the expansion of (1 +x)15 are equal? 
{Ans. r  5 } 

7. If the coefficients of (2r + 1)th term and (r + 2)th term in the expansion of (1 + x)43 are equal, find r. {Ans. 
r 14} 

8. If the coefficients of (2r + 4)th and (r  2)th terms in the expansion of (1 +x)18 are equal, find r. {Ans. 
r  6} 

9. Prove that the coefficient of (r + 1)th term in the expansion of 1)1(  nx  is equal to the sum of the 

coefficients of rth and  (r + 1)th terms in the expansion of nx)1(  . 

10. Which term in the expansion of the binomial 

21

3
3 










a

b

b

a
 contains a and b to one and same power? 

{Ans. 10th term} 

11. If a a a a1 2 3 4, , ,  are the coefficients of any four consecutive terms in the expansion of  1 x n , prove that 

a

a a

a

a a

a

a a
1

1 2

3

3 4

2

2 3

2








. 

12. If the 3rd, 4th, 5th and 6th terms in the expansion of  x n
  be respectively a, b, c and d, prove that 

b ac

c bd

a

c

2

2

5

3




 .  

13. The 3rd, 4th and 5th terms in the expansion of  x a n
  are respectively 84, 280 and 560, find the values of 

x, a and n. {Ans. x a n  1 2 7, , } 

14. If the 2nd, 3rd and 4th terms in the expansion of  x a n
  are 240, 720 and 1080 respectively, find x, a and n. 

{Ans. x a n  2 3 5, , } 

15. If the coefficients of three consecutive terms in the expansion of  1 x n  be 165, 330 and 462, find n. 

16. If the coefficients of second, third and fourth terms in the expansion of  1 2
 x n  are in A.P., show that 
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2 9 7 02n n   .  
17. The coefficients of second, third and fourth terms in the expansion of  1 x n  are in A.P., find n. {Ans. 

n  7} 

18. Determine at what x the 6th term in the expansion of the binomial    2 210 3 2 35log log 







x
x

m

 is equal to 21 

if it is known that the binomial coefficients of the 2nd, 3rd and 4th terms in the expansion represent 
respectively the first, third and fifth terms of an A.P. {Ans. x  0 2, } 

19. Find n in the binomial 
n











3

3

3

1
2  if the ratio of 7th term from the beginning to 7th term from the end is 

1/6. {Ans. n  9} 

20. The coefficients of 5th, 6th and 7th terms in the expansion of  1 x n  are in A.P., find n. {Ans. n  7 14, } 

21. In the expansion of  1 x n  the binomial coefficients of three consecutive terms are respectively 220, 495 
and 792, find the value of n. {Ans. n 12} 

22. If the coefficients of rth, (r + 1)th and (r + 2)th terms in the expansion of  1 14
 x  are in A.P., find r. {Ans. 

r  5 9, } 

23. Given positive integers 1r , 2n  and the coefficients of  r3 th and  2r th terms in the binomial 

expansion of   nx 21  are equal, then show that rn 2 . 

24. Find the two consecutive terms in the expansion of  3 2 74
 x  whose coefficients are equal. {Ans. 30th & 

31st} 
 
CATEGORY-26.2. TERM CONTAINING GIVEN POWER OF x 

25. Find the term independent of x in the expansion of  

i. 3
2

2

15

x
x










  {Ans.  T6

10 53003 3 2  } 

ii. 
9

23

1










x
x . {Ans. 

9

28
4 T } 

iii. 
3

2

1

3
2

9

x
x










  {Ans. T7

7
18 } 

iv. x
x

2
91

3










 . {Ans. 243

28
7 T } 

v. 
x

x3

3

2 2

10










  {Ans. T3

5
4 } 

vi. 
1

2
1 3 1 5

8

x x










  {Ans. T6 7 } 

vii. x
x

3
2

153










  {Ans.  T C10

15
9

93  } 
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viii. x
x

n












1 2

 {Ans. 
  n

n

n
2

!

125.3.1 
} 

ix.  1 2
3

2

1

3
3 2

9

  








x x x

x
 {Ans. 17

54 } 

26. Given that p is a constant, x is a variable and the fourth term in the expansion of px
x

n












1
is 

5

2
. Evaluate 

n and p {Ans. n p 6 1
2, } 

27. Find the coefficient of x10 and x9 in the expansion of 2
12

20

x
x










 . {Ans. 20

10 10
102 0!

! ! , } 

28. Find the coefficient of 4x  in the expansion of 
10

2

3

2










x

x
. {Ans. 

256

405
} 

29. Find the coefficient of x9  in the expansion of x
x

2
91

3










 . {Ans. 

9

28
 } 

30. Find the coefficient of x 5  and x 15  in the expansion of 3
3

2
3

10

x
b

x










 . {Ans.  9720 3 40

27
7b b, } 

31. Prove that the ratio of the coefficient of x10  in  1 2 10
 x  and the term independent of x in x

x












2 10

 is 

1:32. 

32. Find the coefficient of x in the expansion of     1 2 3 1 13 5
8

  x x x . {Ans. 154} 

33. Show that the coefficient of x5 in the expansion of    1 12 5 4
 x x  is 60. 

34. Find the coefficient of x7 in ax
bx

2
111










  and of x7 in ax

bx












1
2

11

 and find the relation between a and 

b so that these coefficients are equal. {Ans. 11
5

11
6

6

5

5

6 1C C aba
b

a
b

, ,  } 

35. Find the coefficient of rx  in the expansion of x
x

n












1
 if it occurs. {Ans. nCn r

2
} 

36. If x4r occurs in the expansion of x
x

n












1
2

4

 prove that its coefficient is 
 

     
4

24
3

4
3

n

n r n r

!

! !
.

 
 

37. If px  occurs in the expansion of x
x

n
2

21










  prove that its coefficient is 

 

     
2

4 21
3

1
3

n

n p n p

!

! !
.

 
 

38. Prove that the coefficient of nx  in the expansion of nx 2)1(   is double the coefficient of nx  in the 

expansion of 12)1(  nx . 

39. Show that the coefficients of px  and qx  (where p and q are positive integers) in the expansion of 
qpx  )1(  are equal. 

40. Find the coefficient of x4 in the expansion of 

i.  1 2 3 11
  x x x  {Ans. 990} 
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ii.  2 3 2 6
 x x  {Ans. 3660} 

iii.  1 2 2 6
 x x  

 
CATEGORY-26.3. MIDDLE TERM 

41. Find the number of terms and the middle term or terms in the expansion of  

i. 
10

1










x
x . {Ans. 11, 5

10C } 

ii. 
a

x
bx











12

 {Ans. 13 9247
6 6, T a b } 

iii. 
x

a

a

x












10

 {Ans. 11 2526, T   } 

iv. 3
6

3 9

x
x










 .  {Ans. 10, 17

8
189

5 xT  , 19
16
21

6 xT  } 

42. Prove that the middle term in the expansion of  1 2
 x n  is 

 
.2

!

125.3.1 nn x
n

n 
 

 
CATEGORY-26.4. GREATEST TERM 

43. If x  1
3 , find the greatest term in the expansion of  1 4 8

 x .  {Ans.  T6
4
3

5
56 } 

44. Find the greatest term in the expansion of  2 3 9
 x  when 

2

3
x  {Ans. T7

3 7
2

13

  } 

45. Find the value of the greatest term in the expansion of .
3

1
13

20









  {Ans. T8

25840
9 } 

46. Find numerically the greatest term in the expansion of  2 3 12
 x  when .

6

5
x  {Ans.  T C8

12
7

7 5
2

5
2 } 

47. Find numerically the greatest term in the expansion of  3 5 15
 x  when .

5

1
x  {Ans. T T4 5

12455 3   } 

48. Given that the 4th term in the expansion of 2
3

8

10










x  has the maximum numerical value, find the range 

of value of x for which this will be true. {Ans.  x   64
21 2, } 

 
CATEGORY-26.5. SUM OF THE COEFFICIENTS/ TERMS 

49. Find the sum of the coefficients of the polynomial  1 3 2 2143
 x x . {Ans. -1} 

50. Find out the sum of the coefficients in the expansion of the binomial  5 4p q
n

 ,  where n is a +ive integer. 

{Ans. 1} 

51. If the complete expansion of the expression  1 2 2 6
 x x  is 1 1 2

2
12

12   a x a x a x , prove that 

a a a a2 4 6 12 31     .  
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52. If   n
n

n
xaxaxaaxx 2

2
2

210
21   , then find the value of naaaa 2420   . {Ans. 

2

13 n

} 

53. In the expansion of  x a n
 if the sum of odd terms be P and sum of even terms be Q, prove that  

i.  P Q x a
n2 2 2 2   ,  

ii.    4 2 2PQ x a x an n
    .  

 
CATEGORY-26.6. CALCULATIONS USING BINOMIAL THEOREM 

54. Evaluate      x x x x    2
6

2
6

1 1 .  

55. Find the value of 
643236169158272048115224363

257183718
6

33




. {Ans. 1} 

56. Use the binomial theorem to find 9993. {Ans. 997002999} 
57. Evaluate (0.99)15 and (1.0025)10 correct to four decimal places. {Ans. 0.8605, 1.025} 
58. Determine larger of 99 10050 50  and 10150 . {Ans. 10150 } 
 
CATEGORY-26.7. DIVISIBILITY PROBLEMS USING BINOMIAL THEOREM 

59. Show that  1 1  x nxn  is divisible by x2. 

60. Show that 2 7 13n n   is divisible by 49. Hence show that 3 7 83 3n n    is divisible by 49, n  N. 
61. Show that 3 8 92 2n n    is divisible by 64, n  N. 
62. Show that 2 15 14n n  is divisible by 225. 
63. What is remainder when 599 is divided by 13? {Ans. 8} 
 

CATEGORY-26.8. STANDARD RESULT  nn qpqp )()(  EVEN INTEGER 

64. Show that    2 1 2 1 198
6 6

    .  Hence show that the integral part of  2 1
6

  is 197. 

65. If  2 3  
n

I f  where I and n are +ive integers and 0 < f < 1, show that I is an odd integer and 

  1 1  f I f . 

66. If  5 2 6  
n

I f  where I and n are +ive integers and f is a +ive fraction less than one, show that I is 

an odd integer and   I f f  1 1. 

67. If n be any positive integer, show that the integral part of  7 4 3
n
 is an odd number. Also if 

 7 4 3  
n

I f  where I is a +ive integer and f is a proper fraction, show that   1 1  f I f . 

68. Show that the integer next above  3 1
2


m

 contains 2 1m  as a factor. 

69. If  6 6 14
2 1

 
n

P,  prove that the integral part of P is an even integer and 1220  nPF  where F is the 

fractional part of P. 

70. Let  R
n

 


5 5 11
2 1

 and  f R R   where [ ] denotes the greatest integer function, prove that 
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Rf n 42 1 . 
 
CATEGORY-26.9. RELATIONSHIPS BETWEEN BINOMIAL COEFFICIENTS 

71. C C C nC nn
n

1 2 3
12 3 2       .  

72. C C C C1 2 3 42 3 4 0     .  

73.  C C x C x nC x n xn
n n

1 2 3
2

2
2 1 2 12 3 2 2 1      

 , where 
 

 
C

n

r n r
r nr  


2

2
0 1 2 3 2

!

! !
, , , , , ... .  

74.  C C x C x nC x n xn
n n

1 2 3
2 1 12 3 1      
 .  

75.  1 2 3 1 22
1

2
2

2
3

2 2. . . . . .C C C n C n nn
n        

76.    C C C n C nn
n0

2
1

2
2

22 3 1 1 0 2        , . 

77.        a C a C a a nn n n
        1 21 2 1 0 . 

78.    C C C n C n nn
n n n

0 1 2
1 12 3 1 2 2 2 2          . 

79.    C C C n C nn
n

0 1 23 5 2 1 1 2       .  

80. 
 C

C

C

C

C

C
n

C

C

n nn

n

1

0

2

1

3

2 1

2 3
1

2
    





 .  

81. If  1 15
0 1 2

2
15

15     x C C x C x C x ,  find the value of 
i. C C C C2 3 4 152 3 14    . {Ans. 219923} 

ii. 
14

15

2

3

1

2

0

1 1532
C

C

C

C

C

C

C

C
   {Ans. 120} 

82. 
C C C C

n

n
0 2 4 6

1 3 5 7

2

1
    


 .  

83. C
C C C

n n
n

n

0
1 2

1

2 3 1

2 1

1
   










 .  

84. C
C C C

n0
1 2 3

2 3 4

1

1
    


 . 

85. 2 2
2

2
3

2
4

2
1

3 1

10
2 1 3 2 4 3 1

1

C
C C C C

n n
n n

n

    











 . .  

86. 
     

1

1 1

1

3 3

1

5 5

2 1

! ! ! ! ! ! !n n n n

n








 



 . 

87. 2
2

2

2

3

2

11

3 1

110

2

1

3

2

11

10

11

C C C C    


 .  

88.  

 
C

C
x

C
x

C

n
x

x

n x
n n

n

0
1 2 2

1

2 3 1

1 1

1
   




 





 .  

89. 
  

C C C C

n

n

n n
n

n
0 1 2

1

2 3 4 2

1 2

1 2
   




 

 



 .  

90. 
 

C C C C
n

n nn0
2

1
2

2
2 2 2

    
!

! !
.  

91. If  1 0 1 2
2     x C C x C x C xn

n
n ,  then show that the sum of the products of the sCi '  taken two at 
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a time represented by C Ci j  is equal to 
 

 
2

2

2
2 1

2
n n

n
 

!

. !
.  0   i j n.  

92. 
 

   
C C C C C C

n

n nn n0 1 1 2 1

2

1 1
   

 


!

! !
.  

93.  

   
C C C C C C C C

n

n nn n0 2 1 3 2 4 2

2

2 2
    

 


!

! !
. 

94. 
 

   !!

!2
22110 rnrn

n
CCCCCCCC nrnrrr


   . 

95. 
 

C C C C C C
n

n nn n n0 1 1 0

2
    

!

! !
. 

96. Prove that according as n is odd or even the value of    C C C Cn
n0

2
1

2
2

2 2
1 0       or 

 
   

1
2 2

2n n

n n

!

! !
. 

97.          2
0

2 2
1

2 2
2

2 2
2

2 21n n n n
n

n n
nC C C C C      . .  

98. If 0C , 1C , 2C ,....., nC  denote the binomial coefficient in the expansion of  nx1 , then find the value of 

      nCnbaCbaCbaaC  210 2 . {Ans.   122  nnba } 

99. Evaluate  C C C Cn
n0

2
1
2

2
2 21      for n = 10 and n = 11. {Ans. -252, 0} 

100. Prove that m n
r

m
r

m
r

n m
r

n n
rC C C C C C C

     1 1 2 2. . .  Where r < m, r < n and m, n, r are +ive integers. 

101. Prove that  C C C nC nCn

n

n1
2

2
2

3
2

2
2 12 3 2 1     

. . .  

102. In the usual notations prove that     
 

C C C C C C
n

n
C C C Cn n

n

n0 1 1 2 1 1 2 3

1
   


 

!
. 

103. If  1
0

 


x C x
n

r
r

r

n

, prove that 
     

2

12

2

23

2

1 2

3 2 5

1 2

2
0

3
1

2 2.

.

.

.

.
.

C C C

n n

n

n n

n
n

n

  
 


 

 

 

  

104. 
 

.
1

3

1

2

1
1

1

4321

1
4321

n
C

n

CCCC
n

n








  

105. Prove that  
   

C

x

C

x

C

x

C

x n

n

x x x n
n n0 1 2

1 2
1

1






  




 




!  where n is a +ive integer and x is not a 

negative integer. Hence prove that  
 

C C C C

n

n

n
n n

n
0 1 2

1 4 7
1

3 1

3

14 7 3 1
    









. !

. .
.  

106. Find the sum of   terms.1 upto181383 3210 n+CCCC nnnn    {Ans. 0} 

107. If naaaa 2210 ,,,,   be the coefficients in the expansion of  1 2 x x
n

in ascending powers of x prove 

that a a a a a a an n n0
2

1
2

2
2

3
2

2 1
2

2
2

       . 

108. If n is a positive integer and C Ck
n

k ,  find the value of  k C Ck k
k

n
3

1

2

1




 .  {Ans.    n n n 2 1
12

2

} 

109. If   n
n

n xCxCxCCx  2
2101 , prove that 

i. 









4
cos2 2

420

n
CCC

n
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ii. 









4
sin2 2

531

n
CCC

n

  

iii. 









3
cos2

3

1
630

n
CCC n  

iv. 2
1

2
840 2

4
cos2 



 n
n n

CCC


  

110. If T T T Tn0 1 2, , , , represent the terms in the expansion of (x + a)n, then 

     T T T T T T x a
n

0 2 4

2

1 3 5

2 2 2          .  

111. Prove that   






 3 01 3
2 1

1

r n
r

r

k

C ,  where k
n


3

2
 and n is an even positive integer. 

 
CATEGORY-26.10. MULTINOMIAL THEOREM 

112. Write the general term in the expansion of  1032 zyx  . Also find the coefficient of 352 zyx  in this 

expansion. {Ans. 10,32
!!!

!10
321

321

32131  rrrzyx
rrr

rrrrr ; !718 } 

113. Find the coefficient of 7x  in the expansion of  103231 xx  . {Ans. 62640} 
 
CATEGORY-26.11. ADDITIONAL QUESTIONS 

114. Find the number of terms in the expansion of  20221 xx  , when expanded in descending powers of x . 
{Ans. 41} 

115. Show that no three consecutive binomial coefficients can be in (i) G.P. (ii) H.P. 
116. Find the coefficient of x50 in the expression      1 2 1 3 1 10011000 999 2 998 1000      x x x x x x  {Ans. 1002

50C } 

117. If    



n

r

r
r

n

r

r
r xbxa

2

0

2

0

32  and ak 1 for all k n ,  than show that b Cn
n

n 



2 1
1  

118. Given s q q qn
n    1 2  , S

q q q
qn

n

 











  









 1

1

2

1

2

1

2
1

2

 , . Prove that 

.21
1

23
1

12
1

1
1

n
n

nn
nnnn SsCsCsCC  

   

119. Find the sum of the series:      












 1
1

2

3

2

7

2

15

20
2 3 4

r

r

n
n

r r

r

r

r

r

r

rC mup to  terms . {Ans.  
2 1

2 2 1

mn

mn n



} 
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CHAPTER-27 

PERMUTATIONS AND COMBINATIONS 
 

LIST OF THEORY SECTIONS 
 
27.1. Multiplication And Addition Theorems 
27.2. Permutation 
27.3. Combination 
27.4. Selection 
27.5. Grouping 
27.6. Derangement 
 

LIST OF QUESTION CATEGORIES 
 

27.1. Multiplication And Addition Theorems 
27.2. Permutations Of Distinct Objects 
27.3. Permutations Of Objects Not All Distinct 
27.4. Permutations When Objects Can Repeat 
27.5. Circular Permutations 
27.6. Combinations From Distinct Objects 
27.7. Combinations From Objects Not All Distinct 
27.8. Permutations And Combinations 
27.9. Total Selections From Distinct Objects 
27.10. Total Selections From Objects Not All Distinct 
27.11. Grouping Of Distinct Objects 
27.12. Grouping Of Identical Objects 
27.13. Derangements 
27.14. Application Of Methods 
27.15. Properties Of r

n P  And r
n C  

27.16. Additional Questions 
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CHAPTER-27 

PERMUTATIONS AND COMBINATIONS 
 

SECTION-27.1. MULTIPLICATION AND ADDITION THEOREMS 

1. Multiplication theorem for Associated events 
If an event can occur in m ways, and with each way of its occurrence, another event can occur in n ways 
(associated events), then the two events can together occur in nm  ways. 

2. Addition theorem for Mutually exclusive events 
If an event can occur in m ways and another event can occur in n ways and both cannot occur simultaneously 
(mutually exclusive), then either of the events can occur in nm  ways. 

3. Tree diagrams 
Tree diagrams are used to divide an event into associated and mutually exclusive events. 

 
SECTION-27.2. PERMUTATION 

1. Permutations of distinct objects 

i. Number of ways of permuting (arranging) n distinct objects in r positions 
 

 nr
rn

n
Pr

n 


 1
!

!
. 

ii. Number of ways of permuting n distinct objects in n positions  1!0!
!0

!
 n

n
Pn

n . 

2. Permutations of objects not all distinct 
i. Number of ways of permuting n objects in n positions when 1n  objects are alike of one kind 

 nn
n

n
 1

1!

!
. 

ii. Number of ways of permuting n objects in n positions when 1n  objects are alike of one kind, 2n  are alike 

of another kind, ………., kn  are alike of another kind  nnnn
nnn

n
k

k

 ....
!!........!

!
21

21

. 

3. Permutations when objects can repeat 
Number of ways of permuting n different objects in r positions with repetitions rn . 

4. Circular permutations 
Number of ways of permuting n distinct objects around a circle 
 !1 n  (Clockwise and anti-clockwise orders are distinct). 
 

2

!1


n
 (Clockwise and anti-clockwise orders are not distinct). 

 
SECTION-27.3. COMBINATION 

1. Combinations from distinct objects 

Number of ways of selecting r objects from n distinct objects 
 

 nr
rrn

n
Cr

n 


 1
!!

!
. 

2. Combinations from objects not all distinct 
i. Number of ways of selecting r objects from m identical objects of one kind, p identical objects of another 

kind, q identical objects of another kind, ……. 
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  Coefficient of rx  in    qpm xxxxxxxxxxxx  .................. 210210210 ….. 
      (An object of a kind may not be included in selection) 
  Coefficient of rx  in    qpm xxxxxxxxx  .................. 212121  ……. 
      (At least one object of each kind is included in selection) 

ii.      r
r

rnnnn xCxCxCx 12
2

1
111  

 
SECTION-27.4. SELECTION 

1. Total selections from distinct objects 
Number of ways of selecting zero, one or more objects from n distinct objects 

1221  n
n

nnn CCC   (Empty selection not permitted). 
n

n
nnn CCC 210    (Empty selection permitted). 

2. Total selections from objects not all distinct 
Number of ways of selecting zero, one or more objects from p identical objects of one kind, q identical 
objects of another kind, r identical objects of another kind, ………….. 
    1.......111  rqp  (Empty selection not permitted). 

   .......111  rqp   (Empty selection permitted). 
 
SECTION-27.5. GROUPING 

1. Grouping of distinct objects 
i. Number of ways of dividing n distinct objects into m unequal sized groups containing p, q, r, ……. 

objects  ....rqp   is 

!....!!

!

rqp

n
   (Groups not ordered). 

!
!....!!

!
m

rqp

n
  (Groups ordered). 

ii. Number of ways of dividing n distinct objects into m equal sized groups containing p objects each 
 nmp   is 

  !

1

!

!

mp

n
m
    (Groups not ordered). 

   mm p

n
m

mp

n

!

!
!

!

1

!

!
  (Groups ordered). 

iii. Number of ways of dividing n distinct objects into i groups containing p objects each, j groups 
containing q objects each, …….. 

    !....!

1

....!!

!

jiqp

n
ji

    (Groups not ordered). 

   
 !.....

!....!

1

....!!

!
 ji

jiqp

n
ji

 (Groups ordered). 

2. Grouping of identical objects 
Number of ways of dividing n identical objects into m ordered groups 

= Coefficient of nx  in  mnxxx  10  = Coefficient of nx  in   1
11 


 m

mnm Cx  
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          (Empty group permitted) 

= Coefficient of nx  in  mnxx  1  = Coefficient of nx  in   1
11 


 m

nmm Cxx  

          (Empty group not permitted) 
 
SECTION-27.6. DERANGEMENT 

1. Derangements 
If n distinct objects have n assigned positions, then the number of ways in which they can be deranged so 
that none of them occupies its assigned position, is 

  









!

1
1.....

!3

1

!2

1

!1

1
1!

n
n n . 
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27.6 

EXERCISE-27 
 

CATEGORY-27.1. MULTIPLICATION AND ADDITION THEOREMS 

1. In a class there are 10 boys and 8 girls. The teacher wants to select a boy and a girl to represent the class in 
a function. In how many ways can the teacher make this selection? {Ans. 80} 

2. In a class there are 10 boys and 8 girls. The teacher wants to select either a boy or a girl to represent the 
class in a function. In how many ways the teacher can make this selection? {Ans. 18} 

3. Two men enter a railway compartment having 6 seats unoccupied. In how many ways can they be seated? 
{Ans. 30} 

4. There are 3 candidates for a Classical, 5 for a Mathematical, and 4 for a Natural Science scholarship. 
i. In how many ways one scholarship can be awarded in each subject? {Ans. 60} 
ii. In how many ways only one scholarship can be awarded? {Ans. 12} 

5. A room has 6 doors. In how many ways can a man enter the room through one door and come out through 
a different door? {Ans. 30} 

6. The flag of a newly formed forum is in the form of three blocks, each to be coloured differently. If there 
are six different colours on the whole to choose from, how many such designs are possible? {Ans. 120} 

7. A lock consists of three rings each marked with 12 different letters; find in how many ways it is possible to 
make an unsuccessful attempt to open the lock. {Ans. 1727} 

8. Five persons entered the lift cabin on the ground of an 8-floor house. Suppose each of them can leave the 
cabin independently at any floor beginning with the first. Find the total number of ways in which each of 
the five persons can leave the cabin 
i. at any one of the 7 floors. {Ans. 57 } 
ii. at different floors. {Ans. 2520} 

9. In a monthly test, the teacher decides that there will be three questions, one from each of Exercises 7, 8 
and 9 of the textbook. If there are 12 questions in Exercise 7, 18 in Exercise 8 and 9 in Exercise 9, in how 
many ways can three questions be selected? {Ans. 1944} 

10. A mint prepares metallic calendars specifying months, dates and days in the form of monthly sheets (one 
plate for each month). How many types of February calendars should it prepare to serve for all the 
possibilities in the future years? {Ans. 14} 

11. How many words (with or without meaning) of three distinct letters of the English alphabets are there? 
{Ans. 15600} 

12. There are 6 multiple choice questions in an examination. How many sequence of answers are possible, if 
the first three questions have 4 choices each and the next three have 5 each? {Ans. 8000} 

13. Find the total number of ways of answering 5 objective type questions, each question having 4 choices. 
{Ans. 54 } 

14. For a set of five true/false questions, no student has written all correct answers, and no two students have 
given the same sequence of answers. What is the maximum number of students in the class, for this to be 
possible? {Ans. 31} 

15. How many three-digit numbers can be formed without using the digits 0, 2, 3, 4, 5 and 6? {Ans. 64} 
16. How many numbers are there between 100 and 1000 

i. in which all the digits are distinct? {Ans. 648} 
ii. such that every digit is either 2 or 9? {Ans. 8} 
iii. such 7 is in the unit‟s place? {Ans. 90} 
iv. such that at least one of their digits is 7? {Ans. 252} 
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v. which have exactly one of their digits as 7? {Ans. 225} 
17. A gentleman has 6 friends to invite. In how many ways can he send invitation cards to them, if he has three 

servants to carry the cards? {Ans. 729} 
18. Seven different objects must be divided among three people. In how many ways can it be done if one or 

two of them can get no objects. {Ans. 2187} 
19. How many three-digit numbers more than 600 can be formed by using the digits 2, 3, 4, 6, 7. {Ans. 50} 
20. A telegraph has five arms and each arm is capable of 4 distinct positions, including the position of rest. 

What is the total number of signals that can be made? {Ans. 1023} 
21. How many numbers between 3000 and 4000 can be formed from the digits 3, 4, 5, 6, 7 and 8, no digit 

being repeated in any number? {Ans. 60} 
22. How many numbers divisible by 5 and lying between 4000 and 5000 can be formed from the digits 4, 5, 6, 

7 and 8. {Ans. 25} 
23. How many four-digit numbers can be formed using the digits 0, 1, 2, 3, 4, 5 if 

i. repetition of digits is not allowed? {Ans. 300} 
ii. repetition of digits is allowed? {Ans. 1080} 

24. How many three letter words can be formed using a, b, c, d, e if 
i. repetition is not allowed? {Ans. 60} 
ii. repetition is allowed? {Ans. 125} 

25. In how many ways can the following prizes be given away to a class of 30 students, first and second in 
Mathematics, first and second in Physics, first in Chemistry and first in English? {Ans. 681210000} 

26. How many numbers greater than 1000, but not greater than 4000 can be formed with the digits 0, 1, 2, 3, 4 
if 
i. repetition of digits is allowed? {Ans. 375} 
ii. repetition of digits is not allowed? {Ans. 72} 

27. How many three digit odd numbers can be formed by using the digits 1, 2, 3, 4, 5, 6 if 
i. the repetition of digits is not allowed? {Ans. 60} 
ii. the repetition of digits is allowed? {Ans. 108} 

 
CATEGORY-27.2. PERMUTATIONS OF DISTINCT OBJECTS 

28. Write down all the permutations of the set of three letters A, B, C. {Ans. 6 permutations} 
29. Write down all the permutations of the vowels A, E, I, O, U in English alphabets taking three at a time, and 

starting with A. {Ans. 12 permutations} 
30. Write down all the permutations of letters A, B, C, D taking three at a time. {Ans. 24 permutations} 
31. In how many ways three different rings can be worn in four fingers with at most one in each finger? {Ans. 

24} 
32. Seven athletes are participating in a race. In how many ways can the first three prizes be won? {Ans. 210} 
33. How many different signals can be made by 5 flags from 8 flags of different colours? {Ans. 6720} 
34. In how many ways can 6 persons stand in a queue? {Ans. 720} 
35. It is required to seat 5 men and 4 women in a row so that the women occupy the even places. How many 

such arrangements are possible? {Ans. 2880} 
36. Three men have 4 coats, 5 waist coats and 6 caps. In haw many ways can they wear them? {Ans. 172800} 
37. How many different signals can be given using any number of flags from 5 flags of different colours? 

{Ans. 325} 
38. In an examination hall there are four rows of chairs. Each row has 8 chairs one behind the other. There are 

two classes sitting for the examination with 16 students in each class. It is desired that in each row, all 
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students belong to the same class and that no two adjacent rows are allotted to the same class. In how 
many ways can these 32 students be seated? {Ans. 2  16!  16!} 

39. How many numbers lying between 100 and 1000 can be formed with the digits 1, 2, 3, 4, 5 if the repetition 
of digits is not allowed? {Ans. 60} 

40. How many four digit numbers are there with distinct digits? {Ans. 4536} 
41. Find the sum of all the numbers that can be formed with the digits 2, 3, 4, 5 taken all at a time. {Ans. 

93324} 
42. In how many ways 7 pictures can be hung from 5 picture nails on a wall? {Ans. 2520} 
43. How many words, with or without meaning, can be formed using all the letters of the word EQUATION, 

using each letter exactly once. {Ans. 8!} 
44. How many 4-letter words, with or without meaning, can be formed out of the letters of the word 

LOGARITHMS, if repetition of letters is not allowed? {Ans. 5040} 
45. In how many ways can the letters of the word PENCIL be arranged so that 

i. N is always next to E? {Ans. 120} 
ii. N and E are always together? {Ans. 240} 

46. How many different words can be formed with the letters of the word EQUATION so that 
i. the words begin with E? {Ans. 7!} 
ii. the words begin with E and end with N? {Ans. 6!} 
iii. the words begin and end with a consonant? {Ans. 4320} 

47. How many words can be formed from the letters of the word TRIANGLE? How many of these will begin 
with T and end with E? {Ans. 40320, 720} 

48. In how many ways can the letters of the word DELHI be arranged so that the vowels occupy only even 
places? {Ans. 12} 

49. How many words can be formed from the letters of the word DAUGHTER so that 
i. the vowels always come together? {Ans. 4320} 
ii. the vowels never come together? {Ans. 36000} 
iii. no two vowels are together? {Ans. 14400} 

50. In how many ways can 9 examination papers be arranged so that the best and the worst papers are never 
together? {Ans. 282240} 

51. In how many ways can 5 children be arranged in a row such that 
i. two of them, Ram and Shyam, are always together? {Ans. 48} 
ii. two of them, Ram and Shyam, are never together? {Ans. 72} 

52. When a group photograph is taken, all the seven teachers should be in the first row and all the twenty 
students should be in the second row. If the two corners of the second row are reserved for the two tallest 
students, interchangeable only between them, and if the middle seat of the front row is reserved for the 
Principal, how many arrangements are possible? {Ans. 1440  18!} 

53. A code word is to consist of two distinct English alphabets followed by two distinct numbers from 1 to 9. 
For example, CA23 is a code word. How many such code words are there? How many of them end with an 
even integer? {Ans. 46800, 20800} 

54. The Principal wants to arrange 5 students on the platform such that the boy Salim occupies the second 
position and such that the girl Sita is always adjacent to the girl Rita. How many such arrangements are 
possible? {Ans. 8} 

55. How many numbers between 400 and 1000 can be formed with the digits 0, 2, 3, 4, 5, 6 if no digit is 
repeated in the same number? {Ans. 60} 

56. How many four digit numbers divisible by 4 can be made with the digits 1, 2, 3, 4, 5 if the repetition of 
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digits is not allowed? {Ans. 24} 
57. Find the number of ways in which 5 boys and 5 girls be seated in a row so that 

i. no two girls may sit together. {Ans. 5!  6!} 
ii. all the girls sit together and all the boys sit together. {Ans. 2  5!  5!} 
iii. all the girls are never together. {Ans. 10!  5!  6!} 

58. Five boys and five girls form a line with the boys and girls alternating. Find the number of ways of making 
the line. {Ans. 2  5!  5!} 

59. In how many ways 5 boys and 3 girls can be seated in a row so that 
i. not all the girls sit side by side. {Ans. 36000} 
ii. no two girls are together? {Ans. 14400} 

60. In how many ways three girls and nine boys can be seated in two vans, each having numbered seats, 3 in 
the front and 4 at the back? How many seating arrangements are possible if 3 girls sit together in a back 
row on adjacent seats? {Ans. 24, 9

11
12

14 PP } 

61. A tea party is arranged for 16 persons along two sides of a long table with 8 chairs on each side. Four 
persons wish to sit on one particular side and two on the other side. In how many ways can they be seated? 
{Ans. !102

8
4

8  PP } 
62. The letters of the word RANDOM are written in all possible orders and these words are written out as in a 

dictionary. Find the rank of the word RANDOM. {Ans. 614} 
63. How many six digits numbers can be formed from the digits 1, 2, 3, 4, 5, 6 and 7 so that the digits should 

not repeat and the terminal digits should be even. {Ans. 720} 
64. How many natural numbers smaller than 104 are there, in the decimal notation of which all the digits are 

different. {Ans. 5274} 
65. How many five digit numbers, which do not contain identical digits, can be written by means of the digits 

1, 2, 3, 4, 5, 6, 7, 8 and 9. {Ans. 15120} 
66. How many different four digit numbers can be written using each of the digits 1, 2, 3, 4, 5, 6, 7 and 8 only 

once so that each number should contain a unity. {Ans. 840} 
67. Show that the number of permutations of n different things taken all at a time in which p particular things 

are never together is !)!1(! ppnn  . 
68. How many words can be formed out of the letters of the word ARTICLE so that vowels occupy the even 

places? {Ans. 144} 
69. In how many other ways can the letters of the word SIMPLETON be arranged? {Ans. 9!  1} 
70. How many natural numbers are there which are divisible by 4, whose decimal notation consists only of the 

digits 0, 1, 2, 3 and 5 which do not repeat in any of these numbers. {Ans. 49} 
 
CATEGORY-27.3. PERMUTATIONS OF OBJECTS NOT ALL DISTINCT 

71. There are 3 copies each of 4 different books. In how many ways can they be arranged in a shelf? {Ans. 

4)!3(

!12
} 

72. How many different words can be formed with the letters of the word MISSISSIPPI? {Ans. 34650} 
73. How many permutations of the letters of the word APPLE are there? {Ans. 60} 
74. How many words can be formed using the letter A thrice, the letter B twice and the letter C thrice? {Ans. 

560} 
75. Find the number of different permutations of the letters of the word BANANA. {Ans. 60} 
76. How many different words can be formed with the letters of the word HARYANA. How many of these 
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begin with H and end with N? In how many of these H and N are together? {Ans. 840, 20, 240} 
77. How many different words can be formed by using all the letters of the word ALLAHABAD? In how many 

of them, vowels occupy the even positions? In how many of them, both L do not come together? {Ans. 
7560, 60, 5880} 

78. How many arrangements can be made with the letters of the word MATHEMATICS? In how many of them 
vowels are together? How many of them begin with C? How many of them begin with T? {Ans. 4989600, 
120960, 453600, 907200} 

79. If all the letters of the word AGAIN be arranged as in a dictionary, what is the fiftieth word? {Ans. 
NAAIG} 

80. How many numbers greater than a million can be formed with the digits 2, 3, 0, 3, 4, 2, 3? {Ans. 360} 
81. If the different permutations of the word, EXAMINATION are listed as in a dictionary, how many items are 

there in the list before the first word starting with E? {Ans. 907200} 
82. Find the number of ways of arranging m2  white and n2  red counters in a straight line so that each 

arrangement is symmetrical to a central mark. {Ans. 
 

!!

!

nm

nm 
} 

 
CATEGORY-27.4. PERMUTATIONS WHEN OBJECTS CAN REPEAT 

83. How many numbers of 3 digits can be formed with the digits 1, 2, 3, 4, 5 when digits may be repeated? 
{Ans. 125} 

84. In how many ways 5 rings of different types can be worn in 4 fingers? {Ans. 54 } 
85. Find the number of numbers of 5 digits that can be formed with the digits 0, 1, 2, 3, 4 if the digits can be 

repeated in the same number? {Ans. 2500} 
86. In how many ways can 3 prizes be distributed among 4 boys, when 

i. no boy gets more than one prize? {Ans. 24} 
ii. a boy may get any number of prizes? {Ans. 64} 
iii. no boy gets all the prizes? {Ans. 60} 

87. How many 4-digit numbers are there, when a digit may be repeated any number of times? {Ans. 9000} 
88. In how many ways can 7 letters be posted in 5 letter boxes? {Ans. 75 } 
89. Ten different letters of an alphabet are given. Words with five letters are formed from these given letters. 

Determine the number of words which have at least one letter repeated? {Ans. 69760} 
90. How many even numbers are there with three digits such that if 5 is one of the digits, then 7 is the next 

digit? {Ans. 365} 
91. How many four digit numbers, which are divisible by 4, can be formed from the digits 1, 2, 3, 4 and 5. 

{Ans. 125} 
92. How many different four digit numbers can be written using the digit 1, 2, 3, 4, 5, 6, 7 and 8 so that each 

of them contains only one unity, if any other digit can occur several times in the notation of these numbers. 
{Ans. 1372} 

93. How many different numbers, which are smaller than 2108, can be written by means of the digits 1 and 2. 
{Ans. 766} 

 
CATEGORY-27.5. CIRCULAR PERMUTATIONS 

94. In how many ways can 8 students be seated in a (i) line (ii) circle? {Ans. 40320, 5040} 
95. In how many ways can 5 persons be seated around a circular table? In how many of these arrangements 

will two particular persons be next to each other? {Ans. 24, 12} 
96. If 20 persons were invited for a party, in how many ways can they and the host be seated at a circular 
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table? In how many of these ways will two particular persons be seated on either side of the host? {Ans. 
!182,!20  } 

97. There are 20 persons among whom are two brothers. Find the number of ways in which we can arrange 
them around a circle so that there is exactly one person between the two brothers? {Ans. !182 } 

98. In how many ways can a party of 4 men and 4 women be seated at a circular table so that no two women 
are adjacent? {Ans. 144} 

99. In how many ways can 7 boys be seated at a round table so that two particular boys are 
i. next to each other {Ans. 240} 
ii. separated? {Ans. 480} 

100. A round table conference is to be held between 20 delegates of 2 countries. In how many ways can they be 
seated if two particular delegates are (i) always together? (ii) never together? {Ans. !1817,!182  } 

101. There are 5 gentlemen and 4 ladies to dine at a round table. In how many ways can they seat themselves so 
that no two ladies are together? {Ans. 2880} 

102. In how many ways can seven persons sit around a table so that all shall not have the same neighbours in 
any two arrangements? {Ans. 360} 

103. Three boys and three girls are to be seated around a table in a circle. Among them, the boy X does not want 
any girl neighbour and the girl Y does not want any boy neighbour. How many such arrangements are 
possible? {Ans. 4} 

104. Find the number of ways in which 8 different flowers can be strung to form a garland so that 4 particular 
flowers are never separated? {Ans. 288} 

105. Find the number of ways in which 10 different beads can be arranged to form a necklace. {Ans. 
2

!9
} 

106. What is the number of ways of painting the faces of a cube with six different colours. {Ans. 30} 
 

CATEGORY-27.6. COMBINATIONS FROM DISTINCT OBJECTS 

107. List the different combinations formed of three letters A, B, C taken two at a time. {Ans. 3 combinations} 
108. Write all combinations of four letters A, B, C, D taken two at a time. {Ans. 6 combinations} 
109. From a class of 32 students, 4 are to be chosen for a competition. In how many ways can this be done? 

{Ans. 4
32C } 

110. Three gentlemen and three ladies are candidates for two vacancies. A voter has to vote for two candidates. 
In how many ways can one cast his vote? {Ans. 15} 

111. Find the number of ways in which 5 identical balls can be distributed among 10 boxes, if not more than 
one ball can go into a box. {Ans. 252} 

112. If there are 12 persons in a party, and if each two of them shake hands with each other, how many 
handshakes happen in the party? {Ans. 66} 

113. A question paper has two parts, Part A and Part B, each containing 10 questions. If the student has to 
choose 8 from Part A and 5 from Part B, in how many ways can he choose the questions? {Ans. 11340} 

114. In how many ways a committee of 5 members can be selected from 6 men and 5 women, consisting of 3 
men and 2 women? {Ans. 200} 

115. In how many ways can a cricket eleven be chosen out of a batch of 15 players if 
i. there is no restriction on the selection? {Ans. 1365} 
ii. a particular player is always chosen? {Ans. 1001} 
iii. a particular player is never chosen? {Ans. 364} 

116. A committee of 12 is to be formed from 9 women and 8 men. In how many ways this can be done if 
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i. at least five women have to be included in a committee? 
ii. the women are in a majority? 
iii. the men are in majority? {Ans. 6062, 2702, 1134} 

117. A person wishes to make up as many different parties as he can out of 20 friends, each party consisting of 
the same number. How many should he invite at a time? In how many of these would the same man be 
found? {Ans. 10, 9

19C } 

118. Out of 5 men and 2 women, a committee of 3 is to be formed. In how many ways can it be formed if at 
least one woman is to be included? {Ans. 25} 

119. In how many ways can a cricket team be selected from a group of 25 players containing 10 batsmen, 8 
bowlers, 5 all-rounders and 2 wicket keepers? Assume that the team of 11 players requires 5 batsmen, 3 
all-rounders, 2 bowlers and 1 wicket keeper. {Ans. 141120} 

120. A committee of 5 is to be formed out of 6 gents and 4 ladies. In how many ways this can be done, when 
i. at least two ladies are included? {Ans. 186} 
ii. at most two ladies are included? {Ans. 186} 

121. A box contains 5 different red and 6 different white balls. In how many ways can 6 balls be selected so that 
there are at least two balls of each colour? {Ans. 425} 

122. For the post of 5 teachers, there are 23 applicants, 2 posts are reserved for SC candidates and there are 7 
SC candidates among the applicants. In how many ways can the selection be made? {Ans. 11760} 

123. How many triangles can be formed by joining the vertices of a hexagon? {Ans. 20} 

124. How many diagonals are there in a polygon with n sides? {Ans. 
 

2

3nn
} 

125. A polygon has 44 diagonals. Find the number of its sides. {Ans. 11} 
126. If m parallel lines in plane are intersected by a family of n parallel lines. Find the number of parallelograms 

formed. {Ans. 
  

4

11  nmmn
} 

127. There are 10 points in a plane, no three of which are in the same straight line, excepting 4 points, which 
are collinear. Find the 
i. number of straight lines obtained from the pairs of these points. {Ans. 40} 
ii. number of triangles that can be formed with the vertices as these points. {Ans. 116} 

128. The sides AB, BC, CA of a triangle ABC have 3, 4, and 5 interior points respectively on them. Find the 
number of triangles that can be constructed using these points as vertices. {Ans. 205} 

129. In a decagon, find the number of 
i. diagonals. {Ans. 35} 
ii. triangles formed. {Ans. 120} 

130. Out of 18 points in a plane, no three are in the same straight line except five points which are collinear. 
How many straight lines and triangles can be formed by joining them? {Ans. 144, 806} 

131. There are n points in a plane, no three of which are in the same straight line with the exception of p, which 
are all in the same straight line; find the number (i) of straight lines, (ii) of triangles which result from 
joining them. {Ans. 3322 ,1 CCCC pnpn  } 

132. There are n points in space, no four of which are in the same plane with the exception of p which are all in 
the same plane. Find how many planes there are each containing three of the points. {Ans. 133  CC pn } 

133. There are 12 points in a plane of which 5 are collinear. Find (i) the number of straight lines obtained by 
joining these points in pairs (ii) the number of triangles that can be formed with vertices at these points. 
{Ans. 57, 210} 
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134. In a plane there are 37 straight lines, of which 13 pass through the point A and 11 pass through the point B. 
Besides, no three lines pass through one point, no line passes through both points A and B, and no two are 
parallel. Find the number of points of intersection of the straight lines. {Ans. 535} 

135. From a class of 25 students, 10 are to be chosen for an excursion party. There are 3 students who decide 
that either all of them will join or none of them will join. In how many ways can they be chosen? {Ans. 
817190} 

136. A boy has 3 library tickets and 8 books of his interest in the library. Of these 8, he does not want to borrow 
Chemistry Part II, unless Chemistry Part I is also borrowed. In how many ways can he choose the three 
books to be borrowed? {Ans. 41} 

137. A student is allowed to select at most n books from a collection of  12 n  books. If total number of ways 
in which he can select a book is 63, find the value of n. {Ans. 3} 

138. In how many ways can 7 plus (+) signs and 5 minus () signs be arranged in a row so that no two minus 
signs are together? {Ans. 56} 

139. In how many ways can 21 identical books on English and 19 identical books on Hindi be placed in a row 
on a shelf so that two books on Hindi may not be together? {Ans. 1540} 

140. If in a chess tournament each contestant plays twice against each of the others and in all 90 games are 
played, then find the number of participants. {Ans. 10} 

141. There were two women participating in a chess tournament.  Every participant played two games with the 
other participants. The number of games that the men played between themselves proved to exceed by 66 
the number of games that the men played with the women. How many participants were there in the 
tournament and how many games were played. {Ans. 13, 156} 

 
CATEGORY-27.7. COMBINATIONS FROM OBJECTS NOT ALL DISTINCT 

142. In how many ways 5 balls can be chosen from 5 red balls, 7 black balls and 3 white balls. {Ans. 18} 
143. In how many ways 10 balls can be chosen from 10 red balls, 10 black balls, 10 white balls and 10 green 

balls. {Ans. 286} 
144. In an examination, the maximum marks for each of the three papers are 50 each. Maximum marks for the 

fourth paper are 100. Find the number of ways in which the candidate can score 60% marks in the 
aggregate. {Ans. 110551} 

145. A person goes in for an examination in which there are four papers with a maximum of m marks for each 

paper; find the number of ways of getting 2m marks on the whole. {Ans. )342)(1(
3

1 2  mmm } 

 
CATEGORY-27.8. PERMUTATIONS AND COMBINATIONS 

146. Out of 7 consonants and 4 vowels, how many words of 3 consonants and 2 vowels can be formed? {Ans. 
25200} 

147. How many four-letter words can be formed using the letters of the word FAILURE, so that 
i. F is included in each word? {Ans. 480} 
ii. F is not included in any word? {Ans. 360} 

148. How many five-letter words containing 3 vowels and 2 consonants can be formed using the letters of the 
word EQUATION so that the two consonants occur together? {Ans. 1440} 

149. How many words can be formed by taking 4 letters at a time out of the letters of the word 
MATHEMATICS. {Ans. 2454} 

150. There are six periods in each working day of a school. In how many ways can one arrange 5 subjects such 
that each subject is allowed at least one period? {Ans. 1800} 
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151. Eighteen guests have to be seated, half on each side of a long table. Four particular guests desire to sit on 
one particular side and three other on the other side. Determine the number of ways in which the seating 

arrangement can be made? {Ans. 
 

!5!6

!9!11 2

} 

152. How many four-letter words can be formed using the letter of the word INEFFECTIVE? {Ans. 1422} 
153. How many different seven digit numbers can be written using only three digits, 1, 2 and 3 under the 

condition that the digit 2 occurs twice in each number. {Ans. 672} 
154. How many four digit numbers are there whose decimal notation contains not more than two distinct digits. 

{Ans. 576} 
155. How many different seven digit numbers are there the sum of whose digits is even. {Ans. 45  105} 
156. How many six digit numbers contain exactly four different digits. {Ans. 294840} 
157. How many different numbers, which are smaller than 2108 and are divisible by 3, can be written by 

means of the digits 0, 1 and 2. {Ans. 4373} 
158. How many different six digit numbers are there whose three digits are even and three digits are odd. {Ans. 

160000} 
159. How many different six digit numbers are there whose exactly three digits are odd. {Ans. 281250} 
 
CATEGORY-27.9. TOTAL SELECTIONS FROM DISTINCT OBJECTS 

160. A man has 6 friends, in how many ways may he invite one or more of them to dinner? {Ans. 63} 
161. We must form a bouquet from 18 different flowers so that it should contain not less than three flowers. 

How many different ways are there of forming such bouquet. {Ans. 261972} 
162. There are 3 books on Maths, 4 on Physics and 5 on English. How many different collections can be made 

such that each collection consists of 
i. one book of each subject {Ans. 60} 
ii. at least one book of each subject {Ans. 3255} 
iii. at least one book of English. {Ans. 3968} 

163. Given 5 different green dyes, four different blue dyes and three different red dyes, how many combinations 
of dyes can be chosen taking at least one green and one blue dye? {Ans. 3720} 

 
CATEGORY-27.10. TOTAL SELECTIONS FROM OBJECTS NOT ALL DISTINCT 

164. Find the number of ways of selecting one or more letters from the letters AAAA BBB CDE. {Ans. 159} 
165. A fruit basket contains 4 oranges, 5 apples and 6 mangoes. In how many ways can a person make a 

selection of fruits from among the fruits in the basket? {Ans. 209} 
166. Prove that there will be only 24 selections containing at least one red ball out of a bag containing 4 red and 

5 black balls. Balls of the same colour are identical. {Ans. 24} 
167. There are p copies each of n different books, find the number of different ways in which a non-empty 

selection can be made from them. {Ans. 1)1(  np } 
168. Find the total number of factors (excluding 1) of 2160. {Ans. 39} 
169. Find the total number of proper factors of 7875. {Ans. 23} 
170. How many divisors are there of the number 38808 exclusive of the divisor 1 and the number itself? (Ans. 

70) 
171. Find the number of divisors of 9600 including 1 and 9600. (Ans. 48) 
172. Find the number of factors (excluding 1 and the expression itself) of the product of defcba 347 , where a, b, 

c, d, e, f are all prime numbers. {Ans. 1278} 
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CATEGORY-27.11. GROUPING OF DISTINCT OBJECTS 

173. Find the number of ways of dividing 15 things into groups of 8, 4 and 3 respectively. {Ans. 
!3!4!8

!15
} 

174. In how many ways can 10 balls be divided between three boys, one receiving 2, one receiving 3 and one 
receiving 5 balls? {Ans. 15120} 

175. In how many ways can a pack of 52 cards be divided 

i. equally into four groups? {Ans. 
  !4!13

!52
4

} 

ii. equally among four players in order? {Ans. 
 4!13

!52
} 

iii. into 4 sets, three of them having 17 cards each and the fourth just one card? {Ans. 
  !3!17

!52
3

} 

iv. among four players, three of them having 17 cards each and the fourth just one card? {Ans. 

 
!4

!3!17

!52
3  } 

176. In how many ways can n2  people be divided into n couples? {Ans. 
 

!2

!2

n

n
n 

} 

177. At an election, three wards of a town are canvassed by 4, 5 and 8 men respectively. If 20 men volunteer in, 
how many ways can they be allotted to the different wards? {Ans. 349188400} 

 
CATEGORY-27.12. GROUPING OF IDENTICAL OBJECTS 

178. Find the total number of ways in which 30 mangoes can be distributed among 5 persons. {Ans. 4
34C } 

179. In how many ways can 10 identical presents be distributed among 6 children so that each child gets at least 
one present. {Ans. 126} 

180. Find the number of ways of distributing 5 identical balls into three boxes so that no box is empty and each 
box being large enough to accommodate all balls. {Ans. 6} 

181. Find the number of ways in which 16 sovereigns can be distributed among three applicants such that each 
applicant does not receive less than 3 sovereigns. {Ans. 36} 

182. Determine the total number of non-negative integral solutions of 1004321  xxxx . {Ans. 3
103C } 

183. How many integral solutions are there to 29 tzyx , when 1x , 2y , 3z  and 0t ? {Ans. 
2600} 

184. Find the number of non-negative integral solutions of 204 4321  xxxx . {Ans. 536} 

185. How many integral solutions are there to the system of equations 2054321  xxxxx  and 

5321  xxx  when 0kx ? {Ans. 336} 

186. Six white and six black balls of the same size are distributed among ten boxes so that there is at least one 
ball in each box. What is the number of different distributions of the balls. {Ans. 26250} 

 
CATEGORY-27.13. DERANGEMENTS 

187. There are 6 letters in 6 addressed envelopes. Find the number of ways in which all letters are put in the 
wrong envelopes. {Ans. 265} 

188. There are four balls of different colours and four boxes of colours, same as those of the balls. Find the 
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number of ways in which the balls, one each in a box, could be placed such that a ball does not go to a box 
of its own colour. {Ans. 9} 

189. There are seven marked cages for seven animals. In how many ways can two animals enter their own cages 
but five animals enter wrong cages? {Ans. 924} 

 
CATEGORY-27.14. APPLICATION OF METHODS 

190. What is the number of arrangements which can be made using all the letters of the word LAUGH, if the 
vowels are adjacent? {Ans. 48} 

191. How many different words can be formed with the letters of the word ORDINATE so that 
i. the vowels occupy odd places {Ans. 576} 
ii. beginning with O {Ans. 7!} 
iii. beginning with O and ending with E. {Ans. 6!} 

192. How many different words can be formed from the letters of the word INTERMEDIATE? In how many of 
them, two vowels never come together? {Ans. 19958400, 151200} 

193. Find the number of ways of arranging the letters AAAAA, BBB, CCC, D, EE, F in a row if the letters C 
are separated from one another. {Ans. 95135040} 

194. In how many ways can the letters of the word ARRANGE be arranged so that 
i. the two R‟s are never together {Ans. 900} 
ii. the two A‟s are together but not two R‟s {Ans. 240} 
iii. neither two A‟s nor the two R‟s are together. {Ans. 660} 

195. A five letter word is to be formed such that the letters appearing in the odd positions are taken from the 
unrepeated letters of the word MATHEMATICS whereas the letters which occupy even places are taken 
from amongst the repeated letters. {Ans. 540} 

196. Find the number of ways in which (a) selection (b) an arrangement of 4 letters can be made from the letters 
of the word PROPORTION. {Ans. 53, 758} 

197. How many different permutations can be formed from the letters of the word EXAMINATION taken four 
at a time? {Ans. 2454} 

198. How many different words can be formed out of the letters of the word MORADABAD taken four at a 
time? {Ans. 626} 

199. Prove that the number of words which can be formed out of the letters a, b, c, d, e, f taken 3 together, each 
word containing one vowel at least is 96. 

200. Eleven animals of a circus have to be placed in eleven cages one in each cage. If 4 of the cages are too 
small for 6 of the animals, find the number of ways of caging the animals. {Ans. 604800} 

201. How many committees of 5 members each can be formed from 8 official and 4 non-official members in 
the following cases 
i. each consisting of 3 official and 2 non-official members. {Ans. 336} 
ii. each contains at least two non-official members. {Ans. 456} 
iii. a particular official member is never included. {Ans. 462} 
iv. a particular non-official member is always included. {Ans. 330} 

202. There are 10 professors and 20 students out of whom a committee of 2 professors and 3 students is to be 
formed. Find the number of ways in which this can be done. {Ans. 51300} 
Further find in how many of these committees 
i. a particular professor is included {Ans. 10260} 
ii. a particular student is included {Ans. 7695} 
iii. a particular students is excluded. {Ans. 43605} 
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203. From 6 gentleman and 4 ladies a committee of 5 is to be formed. In how many ways can this be done if 
i. the committee is to include at least one lady {Ans. 246} 
ii. There is no restriction about its formation {Ans. 252} 

204. From 4 officers and 8 jawans in how many ways can 6 be chosen (i) to include exactly one officer (ii) to 
include at least one officer? {Ans. 224, 896} 

205. A candidate is required to answer 6 out of 10 questions, which are divided into two groups each containing 
5 questions and he is not permitted to attempt more than 4 from each group. In how many ways can he 
make up his choice? {Ans. 200} 

206. A candidate is required to answer 7 out of 15 questions which are divided into three groups A, B, C each 
containing 4, 5, 6 questions respectively. He is required to select at least 2 questions from each group. In 
how many ways can he make up his choice? {Ans. 2700} 

207. A candidate is required to answer 7 questions out of 12 questions, which are divided into two groups, each 
containing 6 questions. He is not permitted to attempt more than 5 questions from the either group. In how 
many different ways can he chose the 7 questions? {Ans. 780} 

208. A question paper consists of two sections having respectively 3 and 4 questions. The following note is 
given on the paper “It is not necessary to attempt all the questions. One question from each section is 
compulsory” In how many ways can a candidate select the questions? {Ans. 105} 

209. In how many ways can clear and overcast days occur in one weak? {Ans. 128} 
210. A committee of 6 is chosen from 10 men and 7 women so as to contain at least 3 men and 2 women. In 

how many different ways can this be done if two particular women refuse to serve on the same committee? 
{Ans. 8610, 7800} 

211. A guard of 12 men is formed from a group of n soldiers in all possible ways. Find 
i. the number of times two particular soldiers A and B are together on guard. {Ans. 10

2Cn } 

ii. the number of times three particular soldiers C, D, E are together on guard. {Ans. 9
3Cn } 

iii. n if it is found that A and B are three times as often together on guard as C, D, E are. {Ans. 32} 
212. There are 16 vacancies for clerks in a certain office. 20 applications are received. In how many ways can 

the clerks be appointed? How many times may a particular candidate be selected? {Ans. 4845, 3876} 
213. To fill 12 vacancies there are 25 candidates of which 5 are from scheduled castes. If 3 of the vacancies are 

reserved for scheduled caste candidates while the rest are open to all, find the number of ways in which the 
selection can be made. {Ans. 4974200} 

214. Find the number of ways of selecting 10 clerks from 27 male and 17 female applicants if the selection is to 
consist of either all males or all females. {Ans. 10

17
10

27 CC  } 

215. All possible two-factor products are formed from the numbers 1, 2, ...., 100. What is the number of factors 
out of the total obtained which are multiple of 3? {Ans. 2739} 

216. A box contains two white balls, three black balls and 4 red balls. In how many ways can three balls be 
drawn from the box if at least one black ball is to be included in the draw? {Ans. 64} 

217. Out of 8 sailors on a boat, 3 can work only on one side and 2 only on the other side. In how many ways can 
the sailors be arranged on the boat? {Ans. 1728} 

218. In how many ways can a lawn tennis mixed double be made up from seven married couples if no husband 
and wife play in the same set? {Ans. 420} 

219. In how many ways can n men be seated around a round table when in no two ways can a man has the same 

neighbours? {Ans. 
2

)!1( n
} 

220. m men and n women are to be seated in row so that no two women sit together. If m > n, then show that 
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the number of ways in which they can be seated is 
)!1(

)!1(!





nm

mm
. 

221. Five boys and five girls form a line with the boys and girls alternating. Find the number of ways of making 
the line. In how many different ways could they from a circle such that the boys and girls alternate? {Ans. 

2880,)!5(2 2 } 
222. A businessman hosts a dinner to 21 guests. He is having 2 round tables, which can accommodate 15 and 6 

persons each. In how many ways can he arrange the guests? {Ans. !5!1415
21 C } 

223. Find the number of ways in which ten candidates 10321 ,, AAAA   can be ranked (i) if A1 and A2 are next 

to each other, and (ii) A1 is just above A2 (iii) if A1 is always above A2. {Ans. 725760, 9!, 1814400} 
224. In a class of 10 students there are 3 girls, A, B, C. In how many different ways can they be arranged in a 

row such that no two of the three girls are consecutive? {Ans. !7336 } 
225. In how many ways can 21 identical white balls and 19 identical black balls be arranged in a row so that no 

two black balls be together? What will be the result if all the balls are considered to be different? {Ans. 
!22!21,1540 6

1  } 

226. There are six students A, B, C, D, E, F. 
i. In how many ways can they be seated in a line so that C and D do not sit together? {Ans. 480} 
ii. In how many ways can a committee of four be formed so as always to include C? {Ans. 10} 
iii. In how many ways can a committee of four be formed so as to always include C but exclude D? {Ans. 

4} 
227. A family consists of a grand father, 6 sons and daughters and 4 grand children. They are to be seated in a 

row for dinner. The grand children wish to occupy the two seats at each end and the grand father refuses to 
have a grand child on either side of him. In how many ways can the seating arrangements be made for the 
dinner? {Ans. 86400} 

228. There are 6 professors of whom two are from Science, 2 from Arts and the remaining two from 
Commerce. They have to stand in a line so that the two Science teachers, two arts teachers and also the 
two Commerce teachers are together. Find the number of ways in which they can do so. {Ans. 48} 

229. Six X‟s have to be placed in the squares of the Fig. 1 such that each row contains at least one X. In how 
many different ways can this be done? {Ans. 26} 

230. Eleven books consisting of 5 mathematics, 4 physics and 2 on Chemistry are placed on a 
shelf at random. Find the number of possible ways of arranging them on the assumption 
that the books on the same subject are all together. {Ans. 34560} 

231. A man has 7 relatives, 4 of them are ladies and 3 gentlemen; his wife has 7 relatives, and 
3 of them are ladies and 4 gentlemen. In how many ways can they invite a dinner party of 
3 ladies and 3 gentlemen so that there are 3 of man‟s relatives and 3 of wife‟s relatives? {Ans. 485} 

232. In how many ways the letters of the word „PERSON‟ can be placed in the squares of the adjoining Fig. 2 
so that no row remains empty? {Ans. 18720} 

233. Out of 16 players of a cricket team. 4 are bowlers and 2 are wicket keepers. A team of 
11 players is to be chosen so as to contain at least 3 bowlers and at least 1 wicket-
keeper. In how ways can the team be selected? {Ans. 2472} 

234. In how many ways can three letters be posted in four letters boxes in a village? If all the 
three letters are not posted in the same letter box, find the corresponding number of ways of posting. {Ans. 
64, 60} 

235. If there are n students and r prizes (r < n), prove that they can be given away (i) in nr ways when a students 
can receive any number of prizes (ii) in nr  n ways when a student cannot receive all the prizes. 

Fig. 1 

R1 

R2 

R3 

Fig. 2 
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236. There are 12 balls of which 4 are red, 3 black and 5 white. In how many ways can you arrange the balls so 
that no two white balls may occupy consecutive positions if 
i. balls of the same colour are identical, {Ans. 1960} 

ii. all balls are considered to be different. {Ans. 
!3

!8!7
} 

237. Show that the total number of permutations of n different things taken not more than r at a time, when 

each thing may be repeated any number of times is 
1

)1(





n

nn r

. 

238. Five balls of different colours are to be placed in three boxes of different sizes. Each box can hold all five 
balls.  In how many different ways can we place the balls so that no box remains empty? {Ans. 150} 

239. Sixteen men compete with one another in a running, swimming and riding. How many prize lists could be 
made if there were altogether 6 prizes of different values, one for running, 2 for swimming and 3 for 
riding? {Ans. 12902400} 

240. In how many ways can the letters of the word MULTIPLE be arranged in the following cases:- 
i. without changing the order of the vowels {Ans. 3360} 
ii. keeping the position of the vowels fixed {Ans. 60} 
iii. without changing the relative order of vowels and consonants? {Ans. 360} 

241. In how many ways can you select six coins out of 20 rupee pieces, 10 fifty paise pieces and 7 twenty five 
paise pieces? {Ans. 28} 

242. There are n straight lines in a plane, no two of which are parallel, and no three pass through the same 
point. Their points of intersection are joined. Show that the number of fresh lines thus introduced is 

8

)3)(2)(1(  nnnn
. 

243. What is the rank of the word MOTHER when its letters are arranged as in a dictionary? {Ans. 309} 
244. What is the total number of squares in a chessboard? {Ans. 204} 
245. There are 5 eligible Punjabi grooms of which 3 know Bengali and 5 eligible Bengali grooms of which 2 

know Punjabi. There are 5 eligible Punjabi brides and 5 eligible Bengali brides. If an eligible groom is 
agreeable to marry a girl of his community or knowing her language and brides have no choice, in how 
many ways 10 couples can be formed? {Ans. 144000} 

246. Find the total number of functions from set  dcbaA ,,,  to set  3,2,1B . {Ans. 81} 

247. Find the number of surjections from   2,,,2,1  nnA   to  baB , . {Ans. 22 n } 
 
CATEGORY-27.15. PROPERTIES OF r

n P  AND r
n C  

248. Prove with or without the use of the formula 1
11



  r
n

r
n

r
n PrPP . 

249. Prove with or without the use of the formula 1
1



 r
n

r
n PnP . 

250. If 10
2020

 rr CC , then find the value of rC18 . {Ans. 816} 

251. If 4
2020

 rr CC , then find the value of 3Cr . {Ans. 56} 

252. If 1
20

1
20

  rr CC , then find the value of r . {Ans. 10} 

253. If 21 CC nm  , then show that  12  nnm . 

254. If 1510 CC nn  , find nC27 . {Ans. 351} 

255. If 47 CC nn  , find n . {Ans. 11} 
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256. If 3
15

3
15

 rr CC , find r . {Ans. 3} 

257. If 812 CC nn  , find 17Cn  and nC22 . {Ans. 1140, 231} 

258. If 2
7

3
78 CCCr  , find r . {Ans. 3 or 5} 

259. If 5:11: 1
1515 rr CC , find r . {Ans. 5} 

260. If rPPP 10
4

9
5

9 5  , find r . {Ans. 5} 

261. If 5
11

6
1112 6 PPPr   then find the value of r . {Ans. 6} 

262. If r
n

r
n CP 720 , then find the value of r . {Ans. 6} 

263. If 4:33: 3
3

6  CC nn , find n . {Ans. 11} 

264. If 1:30800: 3
54

6
56  rr PP , find r . {Ans. 41} 

265. If 16:57: 4
2

8
2  PC nn , find n. {Ans. 19} 

266. If 60480010 rP  and 12010 rC , find r . {Ans. 7} 

267. If 5:3: 12
1

12 





n
n

n
n PP , find n . {Ans. 4} 

268. If 1 r
n

r
n PP  and 1 r

n
r

n CC , find n  and r . {Ans. 3, 2} 

269. Prove 22
2

4 )]12(531[:)]14(531[:  nnCC n
n

n
n  . 

270. Evaluate 7
15

6
15

9
15

8
15 CCCC  . {Ans. 0} 

271. Prove that r
n

r
n

r
n

r
n CCCC 2

212 

  . 

272. Prove that 34
1

3
1 CCC nnn    if 7n . 

273. If 67
1

6
1 CCC nnn   , then show that 13n . 

274. If 126  84,36 11 and   r
n

r
n

r
n CCC , find the values of n and r. {Ans. 9, 3} 

275. If 11:225: 42
24

2
28 rr CC , then find r. {Ans. 7} 

276. Find the value of 



5

1
3

)52(
4

47

r

r CC . {Ans. 4
52C } 
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CHAPTER-28 

PROBABILITY 
 

LIST OF THEORY SECTIONS 
 

28.1. Classical Definition Of Probability 
28.2. Addition Theorems 
28.3. Conditional Probability 
28.4. Total Probability 
28.5. Binomial Distribution 
28.6. Expectation 
28.7. Geometrical Definition Of Probability 
 

LIST OF QUESTION CATEGORIES 
 

28.1. Experiment, Sample Space 
28.2. Events 
28.3. Classical Definition Of Probability, Complimentary Events 
28.4. Addition Theorems, Mutually Exclusive Events, Exhaustive System Of Events 
28.5. Conditional Probability 
28.6. Multiplication Theorems 
28.7. Independent Events 
28.8. Applications Of Addition And Multiplication Theorems 
28.9. Theorem Of Total Probability 
28.10. Baye‟s Theorem 
28.11. Binomial Distribution 
28.12. Expectation 
28.13. Geometrical Definition Of Probability 
28.14. Application Of Methods 
28.15. Additional Questions 
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CHAPTER-28 

PROBABILITY 
 

SECTION-28.1. CLASSICAL DEFINITION OF PROBABILITY 

1. Experiment 
An operation which can produce some definite outcomes, is called an Experiment. 

2. Sample space 
The set of all possible outcomes of an experiment is called the Sample space associated with it and is 
generally denoted by S. 

3. Trial 
When an experiment is conducted, it is called a Trial. Each trial produces one definite outcome. 

4. Events 
i. A subset of the sample space is called an Event, generally denoted by A, B, C, .......... 
ii. An event can be defined either by stating a subset of S or by stating a condition on the outcomes. 
iii. Each outcome of an experiment is called an Elementary event. 
iv. The union of two or more elementary events are called Compound events. 
v. If A is an event, then SA . 

5. Favourable outcomes of an event 
If A is an event, then those outcomes which belong to A are known as favourable outcomes of event A; and 
those outcomes which does not belong to A are not favourable to the event A. 

6. Occurrence of an event 
If the outcome of a trial belongs to event A, then it is said that event A has occurred in that trial otherwise it 
is said that event A has not occurred in that trial. 

7. Equally likely outcomes 
Outcomes of an experiment are equally likely if there is no reason for an outcome to occur in preference to 
any other outcome. 

8. Classical definition of Probability 
i. If the outcomes of an experiment are equally likely then the probability of event A is defined as 

 
 Sn

An

SinoutcomesofNumber

AinoutcomesofNumber
AP

)(
  

ii. Because   )(0 SnAn  , therefore   10  AP . 

iii. If    BPAP  , then event A has more chance of occurring than event B. 
9. Empirical definition of probability 

If there are N trials of an experiment and an event A occurs in n of these trials then  
N

n
AP

N 
 lim . 

10. Certain event, impossible event, random event 
i. If SA  , then event A is said to be a certain event and   1AP . 

ii. If A , then event A is said to be an impossible event and   0AP . 

iii. If A  & SA , then event A is said to be a random event and   10  AP . 
11. Complimentary events 

i. Complementary set of set A, i.e. A  is event A  and is said to be the complementary event of event A. 
Event A  denotes that event A does not occur. 
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ii. Because      AnSnAn  , therefore 

   APAP 1  or     1 APAP  (Theorem of complimentary events). 
12. Odds in favour of an event and odds against an event 

If a is the number of outcomes favourable to the event A and b is the number of outcomes not favourable to 
the event A, then it is said that 
i. Odds in favour of event A are ba : , i.e.    APAP :  or    APAP 1: . 

ii. Odds against event A are ab : , i.e.    APAP :  or    APAP :1 . 
13. Properties of Sets 

i.    CBACBA  . (Associative Property) 

ii.    CBACBA  . (Associative Property) 

iii.      CABACBA  . (Distributive Property) 

iv.      CABACBA  . (Distributive Property) 

v. BABA  . (De Morgan‟s law) 

vi. BABA  . (De Morgan‟s law) 
vii. BABA  . 
viii.  BAABA . 

ix.   BABBA  . 

x.    BBA . 

xi. ABBA  . 
xii.        BABAABBA  . 

 
SECTION-28.2. ADDITION THEOREMS 

1. Addition theorems 
i. If A and B are any two events, then 

       BAPBPAPBAP   

                 BAP 1 . (De Morgan‟s law) 
ii. If A, B, C are any three events, then 

               CBAPCBPCAPBAPCPBPAPCBAP   

                        CBAP 1 . (De Morgan‟s law) 
iii. If A, B, C, D, ……… are any events, then 

 .......... DCBAP

         ......1......... 1




 DCBAPCBAPBAPAP n  

 .......1  DCBAP . (De Morgan‟s law) 
2. Mutually exclusive events 

i. Events A and B are said to be mutually exclusive events if events A and B cannot occur together i.e. 
BA . 

ii. Therefore, if A and B are mutually exclusive events, then   0BAP . 
3. Addition theorems for mutually exclusive events 

i. If A and B are mutually exclusive events, then 
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     BPAPBAP  . 
ii. If A, B, C, D,…. are mutually exclusive events, then 

          ...........  DPCPBPAPDCBAP  
4. Exhaustive system of events 

i. If 1A , 2A , …, nA  are events such that SAAA n  .......21 , then events 1A , 2A , …., nA  is said to 

be exhaustive system of events. In a trial, at least one of these events must occur. 
ii. If 1A , 2A , …, nA  are exhaustive system of events, then 

  1.......21  nAAAP . 

5. Mutually exclusive and exhaustive system of events 
If A, B, C, D,…. are mutually exclusive and exhaustive system of events, then 
  1...  DCBAP  

        1........  DPCPBPAP . 
 

SECTION-28.3. CONDITIONAL PROBABILITY 

1. Conditional probability 
i. The probability of occurrence of event A under the assumption that event B has occurred, is called the 

conditional probability of event A when B occurs and is denoted by  B
AP . 

ii.    
 

 
 BP

BAP

Bn

BAn
B

AP





 . 

iii.    
 

 
 AP

BAP

An

BAn
A

BP





 . 

iii. If A and B are mutually exclusive events, then 

   A
BPB

AP  0 . 

2. Multiplication theorems 
i. If A and B are any two events, then 

         B
APBPA

BPAPBAP  . 

ii. If 1A , 2A ,…, nA  are any n events, then 

    



























12121

3

1

2
121 ...............

n

n
n AAA

APAA
APA

APAPAAAP . 

3. Independent events 
i. Events are said to be independent if the occurrence or non-occurrence of one does not affect the 

probability of occurrence or non-occurrence of the other. Therefore, if A and B are independent events, 
then 

   APB
AP   and    BPA

BP  . 

ii. If A and B are independent events then A  & B, A & B , A  & B  are also independent events. 
4. Multiplication theorems for independent events 

i. If A and B are independent events, then 
     BPAPBAP  . 

ii. If A, B, C, D, ……. are independent events, then 
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          ...................... DPCPBPAPDCBAP  . 
5. Addition theorems for independent events 

i. If A and B are independent events, then 
         BPAPBPAPBAP   

                   BPAP 1 . (De Morgan‟s law) 
ii. If A, B, C are independent events, then 

                         CPBPAPCPBPCPAPBPAPCPBPAPCBAP   

                            CPBPAP 1 . (De Morgan‟s law) 
iii. If A, B, C, D, …… are independent events, then 

 ......... DCBAP

                      ............1......... 1 DPCPBPAPCPBPAPBPAPAP n




  

        ...........1 DPCPBPAP  .. (De Morgan‟s law) 
 
SECTION-28.4. TOTAL PROBABILITY 

1. Theorem of total probability 
Let 1H , 2H ,…., nH  be n mutually exclusive and exhaustive events and if A is any event which occurs with 

either 1H  or 2H  or …… or nH , then 

        





















n

n H
APHPH

APHPH
APHPAP ......

2
2

1
1  

           







 i

i

n

i
H

APHP
1

. 

2. Baye’s theorem 
Let 1H , 2H ,…., nH  be n mutually exclusive and exhaustive events and if A is any event which occurs with 

either 1H  or 2H  or …… or nH , then 

 

 

 

 
nj

H
APHP

H
APHP

AP

H
APHP

A
H

P
n

i i
i

j
j

j
j

j ,......,2,1,

1














































. 

 
SECTION-28.5. BINOMIAL DISTRIBUTION 

1. Binomial distribution 
i. Let   pAP  , then   pAP 1 . If there are n successive independent trials of an experiment, then the 

probability that event A occurs exactly r times is   nrppC rnr
r

n ,....,1,0,1 
 . 

ii.   rnr
r

n ppC 
1  is the  thr 1  term in the Binomial expansion of   npp  1 . 

 
SECTION-28.6. EXPECTATION 

1. Expectation 
Let X be discrete random real variable which assumes the real values nxxx ,....,, 21  with corresponding 

probabilities nppp ,....,, 21  respectively, then the mean value of X or the expectation of X, denoted by 
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 XE , is defined as   



n

i
ii pxXE

1

, where 1
1




n

i
ip . 

 
SECTION-28.7. GEOMETRICAL DEFINITION OF PROBABILITY 

1. Geometrical definition of probability 
If  Sn  and  An  are both infinite, then S and A may be represented geometrically by points in one 
dimension or two dimension or three dimension and the probability of A is defined as 

 
volumeTotal

volumeFavourable
or

areaTotal

areaFavourable
or

lengthTotal

lengthFavourable
AP  . 
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EXERCISE-28 
 

CATEGORY-28.1. EXPERIMENT, SAMPLE SPACE 

1. What is the sample space associated with the random experiment of tossing a coin? {Ans.  THS , } 
2. Two coins are tossed together. What is the sample space of this experiment? {Ans. 

 TTTHHTHHS ,,, } 
3. What is the sample space associated with the random experiment of throwing a die? {Ans. 

 6,5,4,3,2,1S } 
4. Consider an experiment in which two dice are tossed. What is the sample space for this experiment? {Ans. 

              6,6,...,1,6,...,6,2,...,1,2,6,1,...,2,1,1,1S } 
5. From a bag containing 3 black and 2 white balls we draw two balls. If we denote the black balls as 

321 ,, BBB  and white balls as 21,WW , then what is the sample space associated with this experiment? {Ans. 

 21323121231322122111 ,,,,,,,,, WWBBBBBBWBWBWBWBWBWBS  } 

6. Consider the experiment in which a coin is tossed twice and if the second draw results in a tail, then a die 
is thrown. What is the sample space associated with this experiment? {Ans. 

 6,5,4,3,2,1,6,5,4,3,2,1,, TTTTTTTTTTTTHTHTHTHTHTHTTHHHS  } 
7. A coin is tossed. If it shows head, we draw a ball from a bag consisting of 3 red 4 black balls; if it shows a 

tail, we throw a die. What is the sample space of this experiment? {Ans. 
 6,5,4,3,2,1,,,,,,, 4321321 TTTTTTHBHBHBHBHRHRHRS  } 

 
CATEGORY-28.2. EVENTS 

8. Consider the experiment of throwing a die. What are the elementary events of this experiment? {Ans. 
          6,5,4,3,2,1 654321  EEEEEE } 

9. Consider the experiment in which two dice are tossed. Let 321 ,, AAA  are events described as 

1A  getting a doublet; 

2A  getting 8 as the sum; 

3A  getting an even number on first dice. 

Write the sets 1A , 2A  and 3A . {Ans.             6,6,5,5,4,4,3,3,2,2,1,11 A ; 

          4,4,3,5,5,3,2,6,6,22 A  and                   6,6,...,2,6,1,6,6,4,...,2,4,1,4,6,2,....,2,2,1,23 A } 

10. From a group of 2 men and 3 women, two persons are selected. Describe the sample space of the 
experiment. If E is the event in which one man and woman are selected, then which outcomes are 
favourable to E? {Ans.  32312132221231211121 ,,,,,,,,, WWWWWWWMWMWMWMWMWMMMS  ; 

 322212312111 ,,,,, WMWMWMWMWMWME  } 

11. Consider the experiment of tossing three coins at a time. Let 321 ,, AAA  are events described as 

1A  getting two heads; 

2A  number of heads exceeds the number of tails; 

3A  getting at least one head. 

Write the sets S, elementary events, 1A , 2A  and 3A . {Ans. 

 TTTTHTHTTTTHTHHHTHHHTHHHS ,,,,,,, ;    HHTEHHHE  21 ,  etc. are elementary 
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events;  THHHTHHHTA ,,1  ;  THHHTHHHTHHHA ,,,2  ; 

 THTHTTTTHTHHHTHHHTHHHA ,,,,,,3  } 

12. In a single throw of a die, the event A  getting a multiple of 3. How many outcomes are favourable 
outcomes of event A? {Ans. 2} 

13. In a single throw of a pair of dice, the event A  getting the sum as 9. How many outcomes are favourable 
outcomes of event A? {Ans. 4} 

14. Consider the random experiment of throwing an unbiased die. Let A be an event of getting an even 
number. 
i. Suppose in a trial the outcome is 4. Can we say that A has occurred in this trial? {Ans. Yes} 
ii. In another trial, the outcome is 3. Can we say that A has occurred in this trial? {Ans. No} 

15. Suppose a die is thrown and the outcome of the trial is 4. Which of the following events have occurred and 
which have not occurred:- 
i. Getting a number greater than or equal to 2, represented by the set  6,5,4,3,2 . {Ans. Occurred} 

ii. Getting a number less than or equal to 5, represented by the set  5,4,3,2,1 . {Ans. Occurred} 

iii. Getting an odd number, represented by the set  5,3,1 . {Ans. Not occurred} 

iv. Getting a multiple of 3, represented by the set  6,3 . {Ans. Not occurred} 
 
CATEGORY-28.3. CLASSICAL DEFINITION OF PROBABILITY, COMPLIMENTARY EVENTS 

16. A die is rolled. What is the probability that a number 1 or 6 may appear? {Ans. 
3

1
} 

17. Two dice are thrown simultaneously. What is the probability of obtaining total score of 5?. {Ans. 
9

1
} 

18. Two dice are thrown simultaneously. What is the probability of obtaining total score of seven? {Ans. 
6

1
} 

19. What is the probability of getting a total of 10 in a single throw of two dice? {Ans. 
12

1
} 

20. Three identical dice are rolled. What is the probability that the same number will appear on each of them?. 

{Ans. 
36

1
} 

21. One card is drawn from a pack of 52 cards. What is the probability that it is the card of a king or spade? 

{Ans. 
13

4
} 

22. Consider the following events related to the experiment of throwing a die. 
1A  getting a number less than 1; 

2A  getting a number less than 8. 

Which of these events is impossible event and which is certain event? {Ans. 1A  is an impossible event and 

2A  is a certain event} 
23. Six dice are thrown simultaneously. Find the probability that 

i. all of them show the same number. {Ans. 
56

1
} 

ii. all of them show different number. {Ans. 
324

5
} 
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iii. exactly three of them show the same number and remaining three show different number. {Ans. 
162

25
} 

iv. at least four of them show the same number. {Ans. 
7776

406
} 

24. A card is drawn at random from a pack of 100 cards numbered 1 to 100. What is the probability of 

drawing a number which is a square? {Ans. 
10

1
} 

25. The digits 1, 2, 3, 4, 5, 6, 7, 8 and 9 are written in random order to form a nine digit number. Find the 

probability that this number is divisible by 4. {Ans. 
9

2
} 

26. A four digit number is formed with the digits 1, 3, 4, 5 with no repetition. Find the chance that (i) the 

number is divisible by 5 and (ii) the number is odd. {Ans. 
4

3
,

4

1
} 

27. What is the probability that four S‟s come consecutively in the words formed by the letters of the word 

„MISSISSIPPI‟? {Ans. 
165

4
} 

28. Twelve balls are distributed among three boxes. What is the probability that the first box will contain 3 

balls? {Ans. 
12

11

3

255
} 

29. In shuffling a pack of 52 playing cards, four are accidentally dropped; find the chance that the missing 

cards should be one from each suit. {Ans. 
20825

2197
} 

30. Five persons entered the lift cabin on the ground floor of an 8-floor house. Suppose that each of them 
independently and with equal probability can leave the cabin at any floor beginning with the first. Find out 

the probability of all five persons leaving at different floors. {Ans. 
47

360
} 

31. Two persons each make a single throw with a pair of dice. Find the probability that the sum of numbers on 

two dice are equal for both persons. {Ans. 
648

73
} 

32. An urn contains 3 white and 5 black balls. One ball is drawn. What is the probability that it is black? {Ans. 
5
8 } 

33. From a pack of 52 cards, four cards are drawn. Find the chance that they will be the four honours of the 
same suite. {Ans. 4

270725 } 
34. Three letters are written to different persons and addresses to three envelopes are also written. Letters were 

put in the envelopes without looking at the addresses. Find the probability that the letters go into right 

envelopes. {Ans. 
6

1
} 

35. In a hand at whist what is the chance that the 4 kings are held by a specified player? {Ans. 11
4165 } 

36. Six boys and six girls sit in a row randomly. Find the probability that 
i. The six girls sit together. {Ans. 1

132 } 

ii. The boys and girls sit alternately. {Ans. 1
462 } 

37. A has three tickets in a lottery containing 3 prizes and 9 blanks. B has two tickets in a lottery containing 2 
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prizes and 6 blanks. Compare their chances of success. {Ans. 952 : 715} 
38. In a multiple choice question there are four alternative answers, of which one or more are correct. A 

candidate will get marks in the question only if he ticks all the correct answers. The candidate decides to 
tick answers at random. If he is allowed upto three chances to answer the question, find the probability that 
he will get marks in the question. {Ans. 1

5 } 
39. One card is drawn from each of two ordinary sets of 52 cards. Find the probability that one of them will be 

ace of hearts. {Ans. 103
2704 } 

40. If two dice are thrown, what is the probability that at least one of the dice shows the number greater than 
3? {Ans. 3

4 } 
41. Two cards are drawn simultaneously from the same set. Find the probability that one of them will be the 

ace of hearts. {Ans. 1
26 } 

42. In bridge game of playing cards, 4 players are distributed one card each by turn so that each player gets 13 
cards. Find out the probability of a specified player getting a black ace and a king. {Ans. 164502

978775 } 
43. If three squares are chosen at random on a chessboard, show that the chance that they should be in a 

diagonal line is 7
744 . 

44. A five digit number is formed by the digits 1, 2, 3, 4, 5, without repetition. Find the probability that the 
number formed is divisible by 4. {Ans. 1

5 } 
45. A ten digit number is formed using the digits from zero to nine, every digit being used exactly once. Find 

the probability that the number is divisible by four. {Ans. 20
81 } 

46. What is the chance that a leap year selected at random will contain 53 Sundays? {Ans. 2
7 } 

47. The chance of an event happening is the square of the chance of a second event but the odds against the 
first are the cube of the odds against the second. Find the chance of each. {Ans. 1

9
1
3, } 

48. A lot of 100 bulbs from manufacturing process is known to contain 10 defective and 90 non-defective 
bulbs. If a sample of 8 bulbs is selected at random, what is the probability that 
i. the sample has 3 defective and 5 non-defective bulbs {Ans. 413343

12500000 } 

ii. the sample has at least one defective bulb? {Ans. 56953279
100000000 } 

49. Three groups of children contain 3 girls and one boy, 2 girls and 2 boys, one girl and 3 boys. One child is 
selected at random from each group. Show that the chance that the three selected consists of 1 girl and 2 
boys is 13

32 . 
50. Out of 21 tickets marked with numbers from 1 to 21, three are drawn at random. Find the probability that 

the three numbers on them are in A.P. {Ans. 10
133 } 

51. A coin whose faces are marked 3 and 5 is tossed 4 times. What is the probability that the sum of the 
numbers thrown being less than 15? {Ans. 5

16 } 

52. Each coefficient in the equation 02  cbxax  is determined by throwing an ordinary six faced die. Find 

the probability that the equation will have real roots. {Ans. 
216

43
} 

53. Out of  12 n  tickets consecutively numbered three are drawn at random. Find the probability that the 

numbers on them are in A.P. {Ans. 
14

3
2 n

n
} 

54. An even number of cards is drawn from a pack of 52 cards. Find the probability that half of these cards 
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will be red and the other half black. {Ans. 
12

1
51

26
52



C
} 

55. There are n stations between two cities A and B. A train is to stop at three of these n stations. What is the 

probability that no two of these three stations are consecutive? {Ans. 
  

 1
43





nn

nn
} 

56. If n biscuits are distributed among N beggars, find the chance that a particular beggar will get  nr   

biscuits. {Ans. 
 

n

rn
r

n

N

NC 
 1

} 

57. M telegrams are distributed at random over N communication channels (N > M). Find the probability that 

not more than one telegram will be sent over each channel. {Ans. 
M
M

N

N

P
} 

58. K balls are distributed at random and independently of one another among N cells which lie in a straight 

line (N > K). Find the probability that they will occupy K adjacent cells. {Ans.  N K K

N K

 1 ! } 

59. What is the probability that in a group of N people, at least two of them will have the same birthday? {Ans. 

 !365365
!3651

NN 
 } 

60. A box contains 2 fifty paise coins, 5 twenty five paise coins and a certain fixed number (N  2) of 10 and 
five paise coins. Five coins are taken out of the box at random. Find the probability that the total value of 

these 5 coins is less than one rupee and fifty paise. {Ans. 
 

5
7

210
1

C

N
N


 } 

61. A is a set containing n elements. A subset P of A is chosen at random. A subset Q of A is also again chosen 
at random. Find the probability that 

i. QP . {Ans. 
n










4

3
} 

ii. QP  . {Ans. 
n2

1
} 

iii. AQP   {Ans. 
n










4

3
} 

iv. QP  contains just one element. {Ans. 
n

n









4

3

3
} 

v. QP  contains just one element. {Ans. 
n

n

4

3
} 

vi. Q is a subset of P. {Ans. 
n










4

3
} 

vii. P and Q have equal number of elements {Ans. 
n

n
nC

4

2

} 

viii. Q contains just one element more than P {Ans. 
n
n

nC

4
1

2
 } 

62. If n different letters are randomly placed in n correctly addressed envelopes, find the probability that 
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i. none of the letters is placed in correct envelope. {Ans. 
 




n

i

i

i2 !

1
} 

ii. exactly r letters are placed in correct envelopes. {Ans. 
 







n

i

i

ir 2 !

1

!

1
} 

 
CATEGORY-28.4. ADDITION THEOREMS, MUTUALLY EXCLUSIVE EVENTS, EXHAUSTIVE 

SYSTEM OF EVENTS 

63. Let A, B and C are three arbitrary events. Find the expression for the events noted below, in the context of 
A, B and C. 
i. Only A occurs {Ans. CBA  } 
ii. Both A and B, but not C occur {Ans. CBA  } 
iii. All the three events occur {Ans. CBA  } 
iv. At least one occurs {Ans. CBA  } 
v. At least two occur {Ans.      CACBBA  } 

vi. One and no more occurs {Ans.      CBACBACBA  } 

vii. Two and no more occurs {Ans.      CBACBACBA  } 

viii. None occurs {Ans. CBAorCBA  } 

ix. Not more than two occur. {Ans.        CBACACBBA  } 

64. If  
4

1
AP ,  

2

1
BP ,  

6

5
 BAP , then find  BAP  . {Ans. 

8

1
} 

65. The probability that at least one of the events A  and B  occurs is 0.6. If A  and B  occur simultaneously 
with probability 0.2, then find    BPAP  . {Ans. 1.2} 

66. A coin is tossed twice. Events E and F are defined as follows : E = heads on first toss, F = heads on second 

toss. Find the probability of FE   and FE  . {Ans. 
4
3 , 

4
1 } 

67. Consider the random experiment of throwing a die. Let 21, AA  and 3A  be three events given by 

1A  getting en even number, represented by  6,4,2 ; 

2A getting an odd number, represented by  5,3,1  and 

3A getting a multiple of 3, represented by  6,3 . 

Which of these events are mutually exclusive? {Ans. 1A  and 2A } 

68. Consider the experiment of drawing a card from a well shuffled pack of 52 cards. Let 1A , 2A , 3A , 4A  be 

four events defined as follows:- 
1A  Card drawn is spades; 

2A  Card drawn is clubs; 

3A  Card drawn is hearts and 

4A  Card is diamonds. 

Whether 1A , 2A , 3A , 4A  form a mutually exclusive and exhaustive system of events? {Ans. Yes} 

69. An integer is chosen at random from the numbers ranging from 1 to 50. What is the probability that the 

integer chosen is a multiple of 2 or 3 or 10? {Ans. 
50

33
} 
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70. Two cards are drawn from a pack of 52 cards. What is the probability that either both are red or both are 

kings? {Ans. 
221

55
} 

71. A basket contains 20 apples and 10 oranges out of which 5 apples and 3 oranges are defective. If a person 

takes out 2 at random what is the probability that either both are apples or both are good? {Ans. 
435

316
} 

72. There are three events A, B, C one of which must, and only one can happen; the odds are 8 to 3 against A, 
5 to 2 against B. Find the odds against C. {Ans. 43 : 34} 

73. A die is loaded so that the probability of face i is proportional to i, i = 1, 2,…., 6. What is the probability of 
an even number occurring when the die is rolled? {Ans. 4

7 } 
 
CATEGORY-28.5. CONDITIONAL PROBABILITY 

74. Two coins are tossed. 
i. What is the conditional probability that two heads result, given that there is at least one head? {Ans. 

1
3 } 

ii. What is the conditional probability that there is at least one head, given that two heads result? {Ans. 1} 
75. A die is thrown twice and the sum of the numbers appearing is observed to be 6. What is the conditional 

probability that the number 4 has appeared at least once? {Ans. 
5

2
} 

76. Consider an experiment of throwing a pair of dice. Let A and B be the events given by A  the sum of 

points is 8; B  there is an even number on first die. Find  B
AP  and  A

BP . {Ans. 
5

3
,

18

3
} 

77. A die is thrown three times. 

i. If the first throw is a four, find the chance that the sum of three numbers thrown is 15. {Ans. 
18
1 } 

ii. If the sum of three numbers thrown is 15, find the chance that the first throw was a four. {Ans. 
5
1 } 

78. Suppose a bag contains 5 white and 4 red balls. Two balls are drawn from the bag one after the other 
without replacement. Consider the following events:- 
A  First ball is white; 
B  Second ball is red. 

Find  B
AP  and  A

BP . {Ans. 
2

1
,

8

5
} 

79. If A and B are two events such that     6.0,5.0  BPAP  and   8.0BAP , find  B
AP  and  A

BP . 

{Ans. 
5

3
,

2

1
} 

80. If A and B are two events such that     6.0,3.0  BPAP  and   5.0A
BP , find  B

AP  and  BAP  . 

{Ans. 
4

3
,

4

1
} 

81. A die is rolled twice and the sum of the numbers appearing on them is observed to be 7. What is the 

conditional probability that the number 2 has appeared at least once? {Ans. 
3

1
} 
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82. Two integers are selected at random from integers 1 through 11. If the sum is even, find the probability 

that both the numbers are odd. {Ans. 
5

3
} 

83. If   7.0AP ,   7.0BP  and   5.0A
BP , then find  B

AP  and  BAP  . {Ans. 
20

17
,

14

3
} 

84. A couple has 2 children. Find the probability that both are boys, if it is known that (i) one of the children is 

a boy; (ii) the older child is a boy. {Ans. 
2

1
,

3

1
} 

85. Consider a random experiment in which a coin is tossed and if the coin shows head it is tossed again but if 
it shows a tail then a die is tossed. If 8 possible outcomes are equally likely, find the probability that the 

die shows a number greater than 4 if it is known that the first throw of the coin results in a tail. {Ans. 
3

1
} 

86. A coin is tossed twice and the four possible outcomes are assumed to be equally likely. If A is the event, 
„both head and tail have appeared‟, and B be the event, „at most one tail is observed‟, find 

     B
APBPAP ,,  and  A

BP . {Ans. 1,
3

2
,

4

3
,

2

1
} 

87. A bag contains 3 red and 4 black balls and another bag has 4 red and 2 black balls. One bag is selected at 
random and from the selected bag a ball is drawn. Let A be the event that the first bag is selected, B be the 
event that the second bag is selected and C be the event that the ball drawn is red. Find 

     A
CPBPAP ,,  and  B

CP . {Ans. 
3

2
,

7

3
,

2

1
,

2

1
} 

 
CATEGORY-28.6. MULTIPLICATION THEOREMS 

88. From a well shuffled pack of playing cards, two cards are drawn one by one without replacement. What is 

the probability that both are ace? {Ans. 
221

1
} 

89. A bag contains 10 white and 15 black balls. Two balls are drawn in succession without replacement. What 

is the probability that first is white and second is black? {Ans. 
4

1
} 

90. Find the probability of drawing a diamond card in each of the two consecutive draws from a well shuffled 

pack of cards, if the card drawn is not replaced after the first draw. {Ans. 
17

1
} 

91. A bag contains 5 white, 7 red and 8 black balls. If four balls are drawn one by one without replacement, 

find the probability of getting all white balls. {Ans. 
969

1
} 

92. A bag contains 19 tickets, numbered from 1 to 19. A ticket is drawn and then another ticket is drawn 

without replacement. Find the probability that both tickets will show even numbers. {Ans. 
19

4
} 

93. An urn contains 5 white and 8 black alls. Two successive drawings of three balls at a time are made such 
that the balls are not replaced before the second draw. Find the probability that the first draw gives 3 white 

balls and second draw gives 3 black balls. {Ans. 
429

7
} 

94. A box contains 2 black, 4 white and 3 red balls. One ball is drawn at random from the box, and kept aside. 
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From the remaining balls in the box, another ball is drawn at random and kept besides the first. This 
process is repeated till all the balls are drawn from the box. Find the probability that the balls drawn are in 
the sequence of 2 black, 4 white and 3 red. {Ans. 1

1260 } 
95. Two balls are drawn from an urn containing 2 white, 3 red and 4 black balls one by one without 

replacement. What is the probability that at least one ball is red? {Ans. 
12

7
} 

96. A consignment of 15 record players contains 4 defectives. The record players are selected at random, one 
by one, and examined. The ones examined are not put back. What is the probability that 9th one examined 

is the last defective? {Ans. 
195

8
} 

97. A bag contains n white and n red balls. Pairs of balls are drawn without replacement until the bag is empty. 

Show that the probability that each pair consists of one white and one red ball is 
n

n

n

C2

2
. 

98. A bag contains n white and 3 black balls. Balls are drawn one by one without replacement till all the black 
balls are drawn. What is the probability that this procedure for drawing balls will come to an end at the rth 

draw? {Ans. 
  

   321

213





nnn

rr
} 

99. Cards are dealt one by one from a well-shuffled pack of 52 cards until an ace appears. Show that the 

probability that exactly n cards are dealt before the first ace appear is 
   

49505152

4950514



 nnn
. 

 
CATEGORY-28.7. INDEPENDENT EVENTS 

100. If A and B are independent events associated with a random experiment, then show that 
(i) BA,  (ii) BA,  and (iii) BA,  are also independent events. 

101. A coin is tossed thrice and all eight outcomes are equally likely. 
E: “The first throw results in head”; F: “The last throw results in tail”. 
Prove that Events E and F are independent. 

102. A lot contains 50 defective and 50 non-defective bulbs. Two bulbs are drawn at random, one at a time, 
with replacement. The events A, B, C are defined as 
A: “the first bulb is defective”; B: “the second bulb is non-defective”; C: “the two bulbs are both defective 
or both non-defective”. 
Determine whether (i) A, B, C are pairwise independent, (ii) A, B, C are mutually independent. {Ans. Yes, 
No} 

103. Two dice are tossed. If (m, n) denotes a typical sample point, find whether the following two events A and 

B are independent      A m n m n B m n n    , : , , : .11 5  {Ans. Dependent} 

104. Assume that two coins are tossed, one a rupee and the other an eight anna piece. Let A be the event that 
rupee shows heads and B the event that the coins show different faces. Are A and B independent? {Ans. 
Yes} 

105. An urn contains five balls alike in every respect save colour. If three of these balls are white and two are 
black and we draw two balls at random from this urn without replacing them. If A is the event that the first 
ball drawn is white and B the event that the second ball drawn is black, are A and B independent? {Ans. 
No} 

106. An urn contains four tickets with numbers 112, 121, 211, 222 and one ticket is drawn. Let Ai (i = 1, 2. 3) 
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be the event that the ith digit of the number of tickets drawn is 1. Discuss the independence of the events 
A1, A2, A3. {Ans. Pairwise independent} 

107. A bag contains 10 white and 15 black balls. Two balls are drawn in succession with replacement. What is 

the probability that first is white and second is black? {Ans. 
25

6
} 

108. Find the probability of drawing a diamond card in each of the two consecutive draws from a well shuffled 

pack of cards, if the card drawn is replaced after the first draw. {Ans. 
16

1
} 

109. A bag contains 5 white, 7 red and 8 black balls. If four balls are drawn one by one with replacement, find 

the probability of getting all white balls. {Ans. 
256

1
} 

110. An article manufactured by a company consists of two parts X and Y. In the process of manufacture of part 
X, 9 out of 104 parts may be defective. Similarly, 5 out of 100 are likely to be defective in the manufacture 

of the part Y. Calculate the probability that the assembled product will be defective. {Ans. 
416
55 } 

111. Given the probability that A can solve a problem is 
3

2
 and the probability that B can solve a problem is 

5

3
, 

find the probability that (a) both will be able to solve the problem; (b) at least one of A and B will be able 

to solve the problem. {Ans. 
5
2 , 

15
13 } 

112. A man and a woman appear in an interview for, two vacancies in the same post. The probability of man‟s 

selection is 1/4 and that of the woman‟s selection is 1/3 what is the probability that 
i. both of them will be selected {Ans. 1

12 } 

ii. none of them will be selected {Ans. 1
2 } 

iii. only one of them will be selected. {Ans. 5
12 } 

113. A problem in mathematics is given to the three students whose chances of solving it are respectively 1
2

1
3,  

and 1
4 . What is the probability that the problem will be solved? {Ans. 3

4 } 
114. Three faces of a fair die are yellow, two faces red and one blue. The die is tossed three times. Find the 

probability that the colours, yellow, red and blue appear in the, first, second and the third tosses 
respectively. {Ans. 1

36 } 
115. If four whole numbers taken at random are multiplied together, show that the chance that the last digit in 

the product is 1, 3, 7 or 9 is 16
625 . 

116. The probability of an event happening in one trial of an experiment is 0.6. Three independent trials are 
made. What is the probability that the event happens at least once? {Ans. 0.936} 

117. The probability that a person will hit a target in shooting practice is 0.3. If he shoots 10 times, find the 

probability that he hits the target. {Ans.  107.01 } 
118. An anti-aircraft gun can take a maximum of four shots at an enemy plane moving away from it. The 

probabilities of hitting the plane at the first, second, third and fourth shot are 0.4, 0.3, 0.2 and 0.1 
respectively. What is the probability that the gun hits the plane? {Ans. 0.6976} 

119. A worker attends three machines each of which operates independently of the other two. The probabilities 
of the event that the machines will not require operator‟s intervention during a shift are equal to P1 = 0.4, 
P2 = 0.3, P3= 0.2. Find the probability of the event that at least one machine will require worker‟s 
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intervention during a shift. {Ans. 0.976} 
120. The probability of at least one double-six being thrown in n throws with two ordinary dice is greater than 

99 percent. Calculate the least numerical value of n. {Ans. 164} 
121. Let A and B two independent events such that the probability is 1

8  that they will occur simultaneously and 
3
8  that neither of them will occur. Find P(A) and P(B). {Ans. 1

2
1
4

1
4

1
2, , or } 

122. A and B are two independent events. The probability that both A and B occurs is 1
6  and the probability that 

neither of them occurs is 1
3 . Find the probability of the occurrence of A. {Ans. 1

3
1
2 or } 

 
CATEGORY-28.8. APPLICATIONS OF ADDITION AND MULTIPLICATION THEOREMS 

123. A bag contains 3 black and 2 red balls. One by one three balls are drawn without replacing them. Find the 

probability that the third ball is red. {Ans. 
5

2
} 

124. A bag contains 3 white, 3 black and 2 red balls. One by one, three balls are drawn with replacement. Find 

the probability that the third ball is red. {Ans. 
4

1
} 

125. There are three urns A, B and C. Urn A contains 4 white balls and 5 blue balls. Urn B contains 4 white 
balls and 3 blue balls. Urn C contains 2 white balls and 4 blue balls. One ball is drawn from each of these 
urns. What is the probability that out of these three balls drawn, two are white balls and one is a blue ball? 

{Ans. 
189

64
} 

126. The odds that a book will be reviewed favourably by three independent critics are 5 to 2, 4 to 3, and 3 to 4 
respectively. What is the probability that of three reviews a majority will be favourable? {Ans. 209

343 } 
127. A speaks truth in 75 percent cases, and B in 80 percent of the cases. In what percentage of cases are they 

likely to contradict each other in stating the same fact? {Ans. 35%} 
128. Two persons A and B throw a die alternately till one of them gets a „three‟ and wins the game. Find their 

respectively probabilities of winning, if A begins. {Ans. 
11

5
,

11

6
} 

129. A and B throw alternately a pair of dice. A wins if he throws 6 before B throws 7 and B wins if he throws 7 

before A throws 6. Find their respective chance of winning, if A begins. {Ans. 
61

31
,

61

30
} 

130. Three persons A, B, C throw a die in succession till one gets a „six‟ and wins the game. Find their 

respective probabilities of winning, if A begins. {Ans. 
91

25
,

91

30
,

91

36
} 

131. Suppose the probability for A to win a game against B is 0.4. If A has an option of playing either a “best of 
three games” or a “best of 5 games” match against B, which option should A choose so that the probability 
of his winning the match is higher? (No game ends in a draw). {Ans. best of 3 games} 

132. Two players play a game. In each of a set of games it is 2 to 1 in favour of the winner of the previous 
game. What is the chance that the player who wins the first game shall win three at least of the next four? 
{Ans. 4

9 } 
133. A, B, C in order cut a pack of cards, replacing them after each cut, on the conditions that the first who cuts 

a spade shall win a prize. Find their respective chances. {Ans. 16
37

12
37

9
37, , } 

134. Three white balls and five black balls are placed in a bag and three men draw a ball in succession (the ball 
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drawn not being replaced) until a white ball is drawn. Show that their respective chances are as 27 : 18 : 
11. 

135. If p is the probability that a man aged x years will die in a year, find the probability that out of n men A1, 

A2, ..…., An each aged x years, A1 will die in a year and will be the first to die. {Ans.  1 1  p
n

n

} 

136. A coin is tossed  nm   times,  nm  . Show that 

i. that the probability of getting exactly m consecutive heads is 
22

3



m

n
; 

ii. the probability of at least m consecutive heads is 
12

2



m

n
. 

137. Two non-negative integers x and y are chosen at random with replacement. Find the probability that 
22 yx   is divisible by 10. {Ans. 

50

9
} 

 
CATEGORY-28.9. THEOREM OF TOTAL PROBABILITY 

138. A bag contains 4 red and 3 black balls. A second bag contains 2 red and 4 black balls. One bag is selected 
at random. From the selected bag, one ball is drawn. Find the probability that the ball drawn is red. {Ans. 

42

19
} 

139. There are two bags, one of which contains three black and four white balls while the other contains four 
black and three white balls. A die is cast. If the face 1 or 3 turns up, a ball is taken from the first bag and if 
any other face turns up, a ball is chosen from the second bag. Find the probability of choosing a black ball. 
{Ans. 11

21 } 
140. There are two bags. The first bag contains 5 white and 3 black balls and the second bag contains 3 white 

and 5 black balls. Two balls are drawn at random from the first bag and are put into the second bag 
without noticing their colours. Then two balls are drawn from the second bag. Find the probability that the 

balls are white and black. {Ans. 
1260

673
} 

141. An urn contains 2 white and 2 black balls. A ball is drawn at random. If it is white, it is not replaced into 
the urn, otherwise it is replaced along with another ball of the same colour. The process is repeated. Find 
the probability that the third ball drawn is black. {Ans. 23

30 } 
142. In a bolt factory, machines A, B and C manufacture respectively 25%, 35% and 40% of the total bolts. Of 

their output, 5%, 4% and 2% are respectively defective bolts. A bolt is drawn at random from the product. 
What is the probability that the bolt drawn is defective? {Ans. 0.0345} 

143. There are two groups of subjects one of which consists of 5 science subjects and 3 engineering subjects 
and the other consists of 3 science and 5 engineering subjects. An unbiased die is cast. If number 3 or 
number 5 turns up, a subject is selected at random from the first group, otherwise the subject is selected at 
random from the second group. Find the probability that an engineering subject is selected ultimately. 
{Ans. 13

24 } 
144. Three groups A, B and C are competing for positions on the Board of Directors of a company. The 

probabilities of their winning are 0.5, 0.3, 0.2 respectively. If the groups A wins, the probability of 
introducing a new product is 0.7 and the corresponding probability for groups B and C are 0.6 and 0.5 
respectively. Find the probability that the new product will be introduced. {Ans. 0.63} 

145. A is one of 6 horses entered for a race, and is to be ridden by one of two jockeys B and C. It is 2 to 1 that B 
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rides A, in which case all the horses are equally likely to win. If C rides A, his chance is trebled. What are 
the odds against his winning? {Ans. 13 : 5} 

146. A lot contains 20 articles. The probability that the lot contains exactly 2 defective articles is 0.4 and the 
probability that the lot contains exactly 3 defective articles is 0.6. Articles are drawn at random one by one 
without replacement and tested till all the defective articles are found. What is the probability that the 

testing procedure ends at the twelfth testing? {Ans. 
1900

99
} 

147. An unbiased coin is tossed. If the result is a head, a pair of unbiased dice is rolled and the number obtained 
by adding the numbers on the two faces is noted. If the result is a tail, a card from a well shuffled pack of 
eleven cards numbered 2, 3, 4,….12 is picked and the number of the card is noted. What is the probability 
that the noted number is either 7 or 8? {Ans. 193

792 } 
148. An urn contains, a white and b black balls and a second urn, c white and d black balls. One ball is 

transferred from the first urn into the second and one ball is then drawn from the second urn. What is the 
probability that it is a white ball? {Ans.    

ac bc a
a b c d

 
  1 } 

 
CATEGORY-28.10. BAYE’S THEOREM 

149. In a bolt factory, machines A, B and C manufacture respectively 25%, 35% and 40% of the total bolts. Of 
their output, 5%, 4% and 2% are respectively defective bolts. A bolt is drawn at random from the product. 
If the bolt drawn is found to be defective, what is the probability that it is manufactured by the (i). machine 

A; (ii). machine B; (iii). machine C? {Ans. 
69

16
,

69

28
,

69

25
} 

150. A bag A contains 2 white and 3 red balls and a bag B contains 4 white and 5 red balls. One ball is drawn at 
random from one of the bags and is found to be red. Find the probability that it was drawn from bag B. 
{Ans. 25

52 } 
151. We have two boxes, B1 and B2. Box B1 contains one red and one white marble. Box B2 contains three red 

marbles and one green marble. A box is selected by the toss of fair coin and one marble is drawn at 
random from the box selected. Given that a red marble is obtained, what is the probability that the marble 
was drawn from B1. {Ans. 2

5 } 
152. Suppose there are three urns containing 2 white and 3 black balls, 3 white and 2 black balls and 4 white 

and one black ball respectively. There is equal probability of each urn being chosen. One ball is drawn 
from an urn chosen at random. What is the probability that a white ball is drawn? If we are told that a 
white ball has been drawn, find the probability that it was drawn from the first urn. {Ans. 5

3 , 2
9 } 

153. Three urns contain 6 red, 4 black; 4 red, 6 black; and 5 red, 5 black balls respectively. One of the urns is 
selected at random and a ball is drawn from it. If the ball drawn is red, find the probability that is drawn 

from the first urn. {Ans. 
5

2
} 

154. There are 3 bags, each containing 5 white balls and 3 black balls. Also there are 2 bags, each containing 2 
white balls and 4 black balls. A white ball is drawn at random. Find the probability that this white ball is 

from a bag of the first group. {Ans. 
61

45
} 

155. A card from a pack of 52 cards is lost. From the remaining cards of the pack, two cards are drawn and are 

found to be hearts. Find the probability of the missing card to be a heart. {Ans. 
50

11
} 
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156. A pack of playing cards was found to contain only 51 cards. If the first 13 cards, which are examined, are 
all red, what is probability that the missing card is black? {Ans. 2

3 } 
157. An insurance company insured 2000 scooter drivers, 4000 car drivers and 6000 truck drivers. The 

probability of an accident involving a scooter driver, car driver and a truck driver is 0.01, 0.03 and 0.15 
respectively. One of the insured persons meets with an accident. What is the probability that he is a scooter 

driver? {Ans. 
52

1
} 

158. In a test, an examinee either guesses or copies or knows the answer to a multiple choice question with four 

choices. The probability that he makes a guess is 
3

1
 and the probability that he copies the answer is 

6

1
. 

The probability that his answer is correct, given that he copied it, is 
8

1
. Find the probability that he knew 

the answer to the question, given that he correctly answered it. {Ans. 
29

24
} 

159. A letter is known to have come either from TATANAGAR or CALCUTTA. On the envelope just two 
consecutive letters TA are visible. What is the probability that the letter has come from (i) Calcutta (ii) 

Tatanagar? {Ans. 
11

7
,

11

4
} 

160. A man is known to speak truth 3 out of 4 times. He throws a die and reports that it is a six. Find the 

probability that it is actually a six. {Ans. 
8

3
} 

161. An urn contains five balls. Two balls are drawn and are found to be white. What is the probability that all 
the balls are white? {Ans. 1

2 } 
162. A and B are two independent witnesses (i.e. there is no collusion between them) in a case. The probability 

that A will speak the truth is x and the probability that B will speak the truth is y. A and B agree in a certain 

statement. Show that the probability that the statement is true is 
xy

x y xy1 2  
.  

 
CATEGORY-28.11. BINOMIAL DISTRIBUTION 

163. What is the probability of getting exactly 2 tails in 6 tosses of a fair coin? {Ans. 
64

15
} 

164. Six coins are tossed simultaneously. Find the probability of getting at least 4 heads. {Ans. 
32

11
} 

165. In five throws with a single die what is the chance of throwing (i) three aces exactly, (ii) three aces at least. 
{Ans. 125

3888
23

648, } 
166. If on an average 1 ship in every 10 is wrecked, find the chance that out of 5 ships expected 4 at least will 

arrive safely. {Ans. 45927
50000 } 

167. A student is given a true-false exam with 10 questions. If he gets 8 or more correct answers he passes the 
exam. Given that he guesses at the answer to each question, compute the probability that he passes the 
exam. {Ans. 7

128 } 
168. A man takes a step forward with the probability 0.4 and backwards with the probability 0.6. Find the 

probability that at the end of eleven steps he is just one step away from the starting point. {Ans. 
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 524.0462 } 
169. A coin is tossed n times. What is the chance that the head will present itself an odd number of times? 

{Ans. 1
2 } 

170. Numbers are selected at random, one at a time, from the two digit numbers 00, 01, 02,….,99 with 
replacement. An event E occurs if and only if the product of the two digits of a selected number is 18. If 

four numbers are selected, find the probability that the event E occurs at least 3 times. {Ans. 
425

97
} 

171. An urn contains 25 balls of which 10 balls bear a mark „A‟ and the remaining 15 balls bear a mark „B‟. A 

ball is drawn at random from the urn, its mark is noted down and it is replaced. If 6 balls are drawn this 
way, find the probability that 

i. all will bear „A‟ mark {Ans. 

6

5

2







 } 

ii. not more than 2 will bear „B‟ mark {Ans. 

4

5

2
7 







 } 

iii. the number of balls with „A‟ mark and „B‟ mark will be equal {Ans. 
3125

864
} 

iv. at least one ball will bear „B‟ mark {Ans. 

6

5

2
1 








 } 

 
CATEGORY-28.12. EXPECTATION 

172. A die is tossed. X is the number appearing on the die. What is the expectation of X? {Ans. 3.5} 
173. A man plays a game of dice. If he throws six, he wins Rs. 90. If he throws three, four or five, he wins Rs. 

20. If he throws one or two, he looses Rs. 30. What is the expectation of amount won by him? {Ans. 15} 
 
CATEGORY-28.13. GEOMETRICAL DEFINITION OF PROBABILITY 

174. From each of two equal lines of length l a portion is cut off at random and removed. What is the chance 
that the sum of the remainders is less than l? {Ans. 1

2 } 
175. Three tangents are drawn at random to a given circle. Show that the odds are 3 to 1 against the circle being 

inscribed in the triangle formed by them. 
 
CATEGORY-28.14. APPLICATION OF METHODS 

176. Out of 3n consecutive integers, three are selected at random. Find the chance that their sum is divisible by 

3 {Ans.    
3 3 2

3 1 3 2

2n n
n n

 
  } 

177. Two numbers are selected at random from 1, 2, 3,….., 100 and multiplied. Find the probability correct to 
two places of decimals that the product thus obtained, is divisible by 3. {Ans. 83

150 } 

178. If 6n tickets numbered 0, 1, 2,……(6n  1) are placed in a bag, and three are drawn out, show that the 

chance that the sum of the numbers on them is equal to 6n is 
  

3

6 1 6 2

n

n n 
. 

179. In a purse there are 10 coins, all 5 paise coins except one, which is a rupee. In another there are 10 coins all 
5 paise coins. Nine coins are taken from the former and put into the latter and then nine coins are taken 
from the latter and put in to the former, find the chance that the rupee is still in the first purse. {Ans. 10

19 } 
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180. If m things are distributed among a men and b women, show that the chance that the number of things 

received by men is odd is 
   

 

1

2
. .

b a b a

b a

m m

m

  


 

181. A and B throw with 3 dice. If A throws 8, what is B‟s chance of throwing a higher number? {Ans. 20
27 } 

182. A person throws two dice, one the common cube and the other a regular tetrahedron, the number on the 
lowest face being taken in the case of the tetrahedron. What is the chance that the sum of the numbers 
thrown is not less than 5? {Ans. 3

4 } 
183. Find the minimum number of tosses of a pair of dice so that the probability of getting the sum of the digits 

on the dice equal to 7 on at least one toss is greater than 0.95. {Ans. 17} 
184. A seed merchant finds that 90% of his cucumber seeds germinate under standard conditions. He 

accordingly claims 90% germination when he sells them in packets of 10. Show that about one quarter of 
his customers will be entitled to complain that seeds in their packets do not reach the standard of 
germination. {Ans. 0.2646N} 

185. A bag contains a certain number of balls, some of which are white. A ball is drawn and replaced, another is 
then drawn and replaced and so on. If p be the chance of drawing a white ball in a single trial, find the 
number of white balls that is most likely to have been drawn in n trials. For 3

1p  and n = 12, calculate the 

number of white balls. {Ans.  pnp  , 4} 
186. If a fair coin is tossed 15 times, what is the probability of getting head as many times in the first ten throws 

as in the last five? {Ans. 3003
32768 } 

187. Two dice are thrown together first and secondly three dice are thrown together. Find the probability that 
the total in the first throw is 4 or more and at the same time the total in the second throw is 6 or more. 
{Ans. 1133

1296 } 
188. In a bag there are three tickets numbered 1, 2, 3. A ticket is drawn at random and put back and this done 

four times. Show that it is 41 to 40 that the sum of the numbers is drawn is even. 
189. Two players A and B want respectively m and n points of winning a set of games. Their chances of 

winning a single game are p and q respectively where p + q = 1. The stake is to belong to the player who 
first makes up his set. Find the probabilities in favour of each player. 

190. For two events A, B prove the following relations:- 

i.    P A B P A B 1   

ii.      P A B P A P B A  1 .  

191. A and B are two candidates seeking admission in I.I.T. The probability that A is selected is 0.5 and the 
probability that both A and B is at most 0.3. Is it possible that the probability of B getting selected is 0.9? 
{Ans. No} 

192. Cards are drawn one-by-one at random from a well-shuffled full pack of 52 playing cards until 2 aces are 
obtained for the first time. If N is the number of cards required to be drawn, then show that 

 
   

P N n
n n n

r  
  

  

1 52 51

50 49 17 13
 where 2 50 n .  

193. A person draws cards one-by-one from a pack. Show that the probability that exactly n cards are drawn 

until all the aces appear is 
   4 1 2 3

52 51 50 49

n n n  

. . .
.  

194. A, B, C are events such that  
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      80,40,30  CPBPAP  

    280,080  ACPABP  

  .090 ABCP  

If   750 CBAP  , then show that  BCP  lies in the interval 0 23 0 48   x . 
195. There are ten pairs of gloves in a bag. First A draws one glove from the bag, then B draws one glove, then 

A draws one glove and finally B draws one glove, drawn gloves being not replaced. Show that the chance 
of A drawing a pair is the same as that of B drawing a pair. Also find the probability that neither draws a 
pair. {Ans. 290

323 } 
196. In a certain city two newspapers A and B are published. It is known that 25% of the city population reads A 

and 20% reads B while 8% reads both A and B. It is also known that 30% of those who read A but not B 
look into advertisements and 40% of those who read B but not A look advertisements while 50% of those 
who read both A and B look into advertisements. What is the percentage of the population who reads an 
advertisement? {Ans. 13.9%} 

197. For any two events A and B, prove that      BAPBPBAP  . 
198. If AB  , then prove that 

i.      BPAPBAP  . 

ii.    APBP  . 

199. For any two events A and B, prove that          BPAPBAPAPBAP  . 
200. For any two events A and B, prove that the probability that exactly one of A, B occurs is given by 

         BAPBAPBAPBPAP  2 . 
201. If A, B, C are three events, then prove that 

i. P  (at least two of A, B, C occur)        CBAPACPCBPBAP  2  

ii. P  (Exactly two of A, B, C occur)        CBAPCAPCBPBAP  3  
iii. P  (Exactly one of A, B, C occurs) 

             CBAPCAPCBPBAPCPBPAP  3222 . 
 
CATEGORY-28.15. ADDITIONAL QUESTIONS 
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