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EDITOR’S PREFACE

THis is a companion volume to the author’s textbook Electrical
Machines and Their Applications, a well-loved book now in its third
edition. The success of that book is due to the unusual combination
in the author of great teaching skill and long first-hand experience
of the design, manufacture and application of electrical machines.

Although much has changed in electrical technology in the last
few years, the role of rotating machines and transformers is as
important as it ever was. It is by their means that electrical energy
is generated and then reconverted to mechanical energy in homes
and factories. Of course, these machines are continually being
improved and modified, but their fundamental principles remain the
same. Hence no electrical engineering course is complete without a
study of the principles of electrical machines and drives.

But this is not an easy subject. The interaction of electrical and
mechanical energy can be understood by students only when they
have had practice at solving numerical problems. In his new book
the author provides such problems, mostly with their solutions,
graded in difficulty and interspersed with advice, all against a
background of sound engineering practice. The reader who has
worked through these examples will be able to face with confidence
many problems about the behaviour of machines and the choice of
drives. Not every electrical engineer needs to be a machine speci-
alist, but he needs to be able to co-operate with such specialists
and this book will enable him to do so.

I am very happy to commend the book both to students and to
teachers, who will find it a great help in strengthening their lectures
and practical classes.

P. HAMMOND
University of Southampton
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AUTHOR’S PREFACE

DiscussioN of the summary and objective of this book is deferred
to the first section of Chapter 1 lest this preface, like many others,
goes unread. However, there are some matters which need to be
covered here, especially those which concern the author’s debt to
others. Every author likes to believe that he has created something
original or shed new light on an old topic. But, inevitably, much of
the work must have been derived from his experiences as a
student, from his own teachers, from books read, from his own
students and from his colleagues. This last is particularly true in
the present case. A major influence has been the author’s long
association with Dr. N. N. Hancock, whose deep perception of the
subject and ever-sympathetic ear when difficulties of understanding
arose have been a source of constant sustenance. To Dr. A. C.
Williamson, with his remarkable facility for cutting clean through
the theoretical fog to grasp the essential nature of tricky machines
problems, especially those associated with power-electronic cir-
cuits, I am deeply indebted. Much time was spent by him in kindly
checking and correcting formative ideas for the material on con-
stant-current and variable-frequency drives. Sections 4.3, 5.5, 7.3
and 7.4 are heavily reliant on his contributions. Dr. B. J. Chalmers’
experience, with saturated a.c. machines particularly, was very
important to the clarification of this section of the work. I am
grateful, too, to Dr. M. Lockwood for his suggestions on simplify-
ing simulation problems.

With regard to the examples themselves, an attempt has been
made to cover thoroughly the basic machine types, but the subject
is very wide. Very small and special machines have been omitted,
quite apart from study of the economic and environmental factors
which influence the decision in choosing an electrical drive, though
some brief comments are made as appropriate. This selective
treatment seemed to be the best way of meeting the many requests
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AUTHOR’S PREFACE

in response to which this book was written. Many of the examples
are taken, or modified, from examination papers set at the Uni-
versity of Manchester Institute of Science and Technology
(UMIST), and permission to publish these is gratefully ac-
knowledged. Other examples, especially those in the Appendix, are
drawn from a variety of sources. The author cannot deny that
some of them may have originated in form from other books read
over the years since first meeting the topic as a student, and from
discussions and contact with present and past colleagues.

Finally, the author would like to record his thanks to the Con-
sulting Editor, Professor Percy Hammond, for his encouragement,
for reading the text and making his usual perceptive comments and
suggestions to get the balance right. To the Managing Editor, Mr.
Jim Gilgunn-Jones, and his colleagues at Pergamon Press, who
have been so patient in spite of delays and last-minute changes, I
tender my grateful appreciation.

JH.
August 1981
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LIST OF SYMBOLS

THE following list comprises those symbols which are used fairly
frequently throughout the text. Other symbols which are confined
to certain sections of the book and those which are in general use
are not included, e.g. the circuit symbols like R for resistance and
the use of A, B and C for 3-phase quantities. Some symbols are
used for more than one quantity as indicated in the list. With few
exceptions, the symbols conform to those recommended by the
British Standards Institution BS 1991.

Instantaneous values are given small letters, e.g. e, i, for e.m.f.
and current respectively.

R.M.S. and steady d.c. values are given capital letters, e.g. E, L

Maximum values are written thus: E, I.

Bold face type is used for phasor and vector quantities and for
matrices, e.g. E, I. In general, the symbol E (e) is used for
induced e.m.f.s due to mutual flux and the symbol V (v) is used
for terminal voltages.

Ampere turns.

Flux density, in teslas (T) (webers/metre?).

Symbol for direct-axis quantities.

Armature diameter, in metres.

Base of natural logarithms.

Induced e.m.f. due to field m.m.f. F;.

Frequency, in hertz (Hz) (cycles per second).

Magnetomotive force (m.m.f.) in ampere turns. Peak
m.m.f. per pole per phase.

Effective d.c. armature-winding magnetising m.m.f. per
pole.

Peak armature-winding m.m.f. per pole.

Peak field-winding m.m.f. per pole.

(Note that the suffices a and f are also used with the
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LIST OF SYMBOLS

p.u.
P

Pconlrol
Pelec
Pgap

symbols for currents, fluxes and resistances of arma-
ture and field respectively.)

Peak resultant m.m.f. per pole.

Full-load current.

Current in magnetising branch.

Reactive or magnetising component of I,.

Power component of I,.

Polar moment of inertia (rotational inertia), in kg m?.

Coefficient. A constant.

Generated volts per field ampere or per unit of m.m.f.

Saturated value of k;.

Flux factor; generated volts per radian/sec or torque per
ampere.

Conductor length. Magnetic path length.

(or 1y, I, etc. Leakage inductance.

General inductance symbol; e.g. L, = self-inductance of
coil 1; Ly;, L3, etc., for mutual inductances.

Number of phases.

Alternative mutual-inductance symbol for two coils.

Rev/sec.

Rev/sec synchronous = f/p.

Number of turns. Rev/min.

Rev/min synchronous = 60f/p.

Operator d/dt.

Number of pole pairs.

Suffix for per-unit quantities.

Power.

Power at control terminals.

Power (total) at electrical terminals (P. = per phase).

Air-gap power (total) (P, = per phase).

Mechanical power converted (per phase) (m.P,=
W Te).

Power at mechanical terminals (wm. Teoupting = Proupting)-

Symbol for quadrature-axis quantities.

Magnetising resistance, representing iron losses.
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LIST OF SYMBOLS

Fractional slip = (n,— n)/n,.

Per-unit relative motion n/n, (=1-17s).

Torque at mechanical shaft coupling.

Sum of all machine internal loss torques.

Torque developed electromagnetically, in newton metres.

Torque arising mechanically = T, in steady state.

Velocity, in metres per second.

Voltage measured at the terminals of a circuit or
machine.

(or x;, X2, Xa, €tc.) Leakage reactance.

General reactance symbol.

Magnetising reactance.

Saturated value of X,. X, Unsaturated value of X,,.

Synchronous reactance = X, + xa.

Number of series-connected conductors per phase or per
parallel path of a winding.

Synchronous impedance.

General angle. Slot angle. Impedance angle tan™' R/X.

Load angle.

(or 87) Torque angle.

Efficiency.

Magnetic permeance, webers/ampere-turn.

Magnetic constant = 41/10’.

Relative permeability.

Absolute permeability = B/H = popu..

Power-factor angle. N.B. This must be distinguished
from the symbol for flux ¢ below.

Instantaneous value of flux. Flux per pole, in webers.

Mutual flux, in webers, due to resultant m.m.f.

Flux time-vector.

Shaft angular position. Temperature rise. General vari-
able.

Time constant.

Angular velocity of rotating time-vectors =2uf
radians/sec.
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o, Mechanical angular rotational velocity = 27n radians/sec.
o, Synchronous angular velocity = 27n, = 27f/p radians/sec.

Note: SI units (Systéme International d’Unités) are used in the
text unless specifically stated otherwise.
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CHAPTER 1

INTRODUCTION AND REVIEW OF
BASIC THEORY

1.1 AIM OF THE BOOK

On entering the world of electrical machines, the student meets
many conceptual difficulties not experienced for example in the
early studies of digital systems, with their simple and precise
2-state operation. More assistance is required to permit the new-
comer to gain confidence in dealing with non-linear, 3-dimensional,
rotating electromagnetic devices. The purpose of this book is to
provide this aid to understanding by showing how, with a limited
number of equations derived from basic considerations of power
flow and elementary circuit and electromagnetic theory, the elec-
tromechanical performance can be explained and predicted with
reasonable accuracy.

Such an aim, which will permit the calculation of power-
input/output characteristics almost close enough in engineering terms
to those of the device itself, can be achieved by representing the
machine as a simple electrical circuit—the equivalent-circuit
model. This concept is explained in many books, for example in the
author’s companion volume Electrical Machines and Their Ap-
plications. Though more detailed theoretical treatment is given
there, the present text may be regarded as a suitable revision
handbook. It might also be considered as a textbook on electrical
drives, taught through worked examples, for a reader already
familiar with basic machine theory.

Perhaps it is appropriate to point out that complete and exact
analysis of machine performance is so complex as to be virtually

WEEMD - 8
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WORKED EXAMPLES IN ELECTRICAL MACHINES AND DRIVES

impossible. The additional accuracy achieved by attempts to ap-
proach such methods is primarily of interest to the specialist
designer who must ensure that his product will meet the user’s
needs without breakdown and he must judge when the analytical
complication is justified. For the user, and for the engineering
student who is not yet a specialist, the simpler methods are
adequate for general understanding and provide a lead-in if neces-
sary for later specialisation.

There are many features of all machine types which are com-
mon, the obvious example being the mechanical shaft equations.
But apart from these and the fundamental electromagnetic laws,
the input/output relationships and modes of operation have many
similarities. These are brought together where possible and also in
this first chapter, some elementary mechanical, magnetic and cir-
cuit theory is discussed briefly, as a reminder of the basic know-
ledge required. Students should beware of underestimating the vital
importance of this material, since experience shows that it is these
very points, improperly understood, which hold back progress in
coming to feel at ease with machines problems.

However familiar one may become with theory, as a student, the
true test of an engineer is his ability to make things work. First
steps to this goal of confidence are reached when a student is
prepared to commit himself to selecting equations and inserting
values in the algebraic expressions, producing answers to a specific
problem. Hence the importance of practice with numerical exam-
ples. Understanding grows in proportion to one’s ability to realise
that the equations developed really can be used in a systematic
fashion to solve such problems, since they describe the physical
behaviour in mathematical terms. Appreciation of this last state-
ment is the key to successful problem-solving.

The chapters are planned to sequence the examples at increasing
levels of difficulty. Much theoretical support is given, in that the
equations are discussed either at the beginning of each chapter, or
as the need arises. Solution programmes indicate the kind of
problems which can be formulated for the three basic types of

2



INTRODUCTION AND REVIEW OF BASIC THEORY

rotating machine: d.c., induction, and synchronous. Readers are
encouraged to adopt an ordered approach to the solution; for
example it is a good idea to incorporate the question data on a
diagram. One of the difficulties of machines problems often lies in
the amount of data given. By putting the values on a simple diagram
assimilation is easier and it helps to avoid mistakes of interpretation,
especially when working with 3-phase circuits. In following this
recommended pattern, it is hoped that the text will help to remove
the mystery with which some students feel the machines area is
shrouded.

The emphasis is on machine terminal-characteristics, rather than
on the internal electromagnetic design. In other words, the elec-
trical-drives aspect is uppermost since this is the area in which
most engineering students need to have some good knowledge. It is
worth noting that about 60-70% of all electrical power is consumed
by motors driving mechanical shafts and virtually all this power is
produced by generators driven through mechanical shafts, so that
the subject is of considerable importance to engineers. The prob-
lems and solutions are discussed where appropriate, to draw out
the engineering implications. Electromechanical transients are not
neglected and opportunity is also taken to consider the effects
introduced by the impact of power-electronic control. In general,
the usual methods of analysis are still effective in predicting
machine performance. Full account of the influence of this im-
portant environment, in which harmonics proliferate, is somewhat
beyond the scope of this book but some indication is given of the
means used to deal with the machines problems which arise.
Detailed study of machine/semi-conductor systems requires a
knowledge of mathematical and computer simulation procedures.
A few simple examples are considered at the end of the book to
introduce this topic. Finally, in the Appendix, some tutorial exam-
ples are given along with the answers. Some of the worked
examples in the text have been taken from Appendix E of Elec-
trical Machines and Their Applications, but many of these remain
as further exercises for the determined student.

3



WORKED EXAMPLES IN ELECTRICAL MACHINES AND DRIVES
1.2 FOUNDATION THEORY

Excitation Calculations

Virtually all machines have iron in the magnetic circuit to
enhance the flux value and/or to reduce the excitation require-
ments. The price to pay for these advantages is reflected in iron
loss and non linearity. Figure 1.1a shows a typical iron magnetisation-
characteristic. The economic operating point is beyond the
linear region and well clear of full saturation, at about B =1 tesla,
though certain short parts of the magnetic circuit, like armature
teeth, may exceed this by 50% or more. Under transient conditions
too, this limit can be exceeded. The equation governing the excita-
tion requirements follows from:

B = popuH = pH = uINJL
Multiplying by area A:

BxA=,LITNxA=INx%A.

Mutual  flux @m

-

’ Leakage fluxes - N
< O

H
(a) Typical iron magnetisation curve (b) Combination of two coil m.m.fs
FiG. 1.1. Magnetic excitation.
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INTRODUCTION AND REVIEW OF BASIC THEORY

In words:

Flux = Magnetomotive force X Permeance (or 1/Reluctance)
¢=F(=IN) X A(=unAll

The m.m.f. is shown in ampere turns (At) but is effectively the
current enclosing the magnetic circuit.

The calculation of excitation m.m.f. (F) is often required for a
given flux and magnetic geometry to determine the design of the
coils. Frequently there are two (or more) such coils so that the
resultant excitation F; is the combination of F; and F, which
produces ¢, see Fig. 1.1b. The two m.m.f.s may be produced on
opposite sides of a machine air gap; F, say, due to several stator
coils, while F, similarly may be due to several rotor coils. Often,
sinusoidal distribution of m.m.f. is assumed and the coils can be
designed to approach this closely. “Vector” techniques can then be
used to combine these two ‘‘sinusoidal quantities” giving F, +F, =
F; and ¢, the mutual flux = function (F,). It is often convenient to
take the positive magnetising senses of F; and F; to be in the same
direction, though in practice, the one is usually magnetising in the
opposite sense to the other and would then be negative with
respect to this.

Electromagnetic Theory
The most important equations for present purposes are:
e =N do¢/dt; e=Blv; and Force = Bli;
most practical machines having the directions of B, v and i at right
angles to one another.

For a fixed magnetic geometry:

do di —L—

e=NGiat™ “ar

5



WORKED EXAMPLES IN ELECTRICAL MACHINES AND DRIVES

where:

L=N3&_NINA_ N2y

di i

and will fall with the onset of saturation, so the inductance L is
flux/current dependent. For a sinusoidally varying current

i = sin2#ft = I sin ot,
then: e = L x of sin(wt +90°)
and in r.m.s. and complex-number expressions:

E=joLlI=jXI =V,

and I lags V by 90°, see Fig. 1.2. The use of the back e.m.f. expression
(+ L di/dt) instead of the forward e.m.f. expression (— L di/dt)is seen
to be preferable, since the current I comes out directly as lagging V
by 90° for the inductive circuit, instead of having to deal with the
concept of two identical but phase-opposed voltages.

For the general case with varying geometry, e = d(Li)/dt
= L di/dt (transformer voltage) + i dL/dt (motional voltage).

Circuit Theory Conventions
Figure 1.3a shows a representation of a machine with its in-

stantaneous e.m.f. and resistive and inductive voltage-drops. The
voltage arrowheads are the assumed + ve ends. The directions of

jX1=v

F1G. 1.2. Induced voltage (back
e.m.f.).
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INTRODUCTION AND REVIEW OF BASIC THEORY

Control Power

T ©— Machine System | “m Teouping
couplin B
upling P, o— (May include ; Preen
resistance \
©~ external to
Toss o-— the machine) " o
Electrical Power (sﬁgrr:l:ae)Power
{shown +ve) v
(a) Circuit (b) System

FiG. 1.3. Motor conventions.

the arrows for the instantaneous terminal voltage v and for e may
be assigned arbitrarily but Ri and L di/dt must oppose i, since the
voltage arrowheads must be positive for +ve i and +ve di/dt
respectively. The direction of i may also be assigned arbitrarily but
the decision has consequences when related to the v and/or e
arrows. As shown, and with all quantities assumed to be + ve, then
the machine is a power sink; i.e., in a MOTORING mode; the vi and
ei products are both positive. For GENERATING, when the machine
becomes a power source, ei will then be negative, e or i reversed.

The above is called the MOTORING convention and it is often
convenient in electrical-drives studies to use this throughout and let
a negative ei product indicate a generating condition. Alternatively,
a GENERATING convention could be used, as sometimes preferred
in power-systems studies. By reversing the i arrow say, ei would
then be positive for generating and the circuit equation would have
a sign reversed. It would be a good check to complete the following
short exercise to see if the above statements are properly under-
stood.

Write down the MOTOR with MOTOR V=E RI
equation; conventions:
Write down the GENERATOR with MOTOR V=E RI
equation; conventions:



WORKED EXAMPLES IN ELECTRICAL MACHINES AND DRIVES

Write down the GENERATOR with GENERATOR V=E RI

equation; conventions:
Write down the MOTOR with GENERATOR V=E RI
equation; conventions:

The mechanical equation can be expressed as a simple extension
of the above. The motor (as a mechanical power source) produces
(generates) an electromagnetic torque T., and in equilibrium at
steady speed, this is balanced by the total mechanical torque T, part
of which is due to the internal mechanical resistance T\ and the
remainder is the load torque at the coupling ‘“‘terminals”, Toupiing-

So: Te= Ty = Teouping + Tioss (cf. electrical source, E = V + RI).

This is also a MOTORING convention. For a generator, with
rotation unchanged, both T, and Toupiin; Would be negative using this
convention.

To illustrate how these conventions affect the machine con-
sidered as a system, with electrical-power terminals and mechani-
cal-power ‘‘terminals”’—excluding for the moment the control-
power terminals, consider Fig. 1.3b. In general, either or both
terminal powers can be negative and here, a motoring convention is
being considered. The three practicable conditions are:

Electrical power mechanical power MOTORING (A)
positive; positive;
Electrical power mechanical power GENERATING (B)
negative; negative;
Electrical power mechanical power BRAKING ©)
positive; negative;

In the last mode, it will be noticed that both mechanical and
electrical “terminals” are accepting power into the machine sys-
tem. All the power is in fact being dissipated within this system,
which may include resistance external to the machine itself. The
mechanical power is usually coming from energy stored in the
moving parts, and since this cannot be released without a fall of

8



INTRODUCTION AND REVIEW OF BASIC THEORY

speed, the action is one of braking. The machine is generating; not
feeding power into the electrical supply, but assisting this to
provide the power dissipated.

To understand how the mechanical “terminals” respond to these
three modes, assume that T, is 1 unit and T, is 10 units. Let the
speed be positive and remembering that power is (torque X speed),
use the mechanical balance equation to find:

Tcoupling = Te - Tloss
Mode A; Motoring  Teoupling=10—1 = +9. @y Teoupiing T VE-
Mode B; Generating Teoupiing= — 10— 1 = — 11. @nTcoupiing — VE-

[T, will be —~ve for +ve wgy)
Mode C; Braking (i) Tcoupiing= — 10—1
[wmtve. . Tioss = +1

T, will be —ve]

Mode C; Braking (ii) Tcoupiing= +10—(—1)

lom—ve..". Tipss= -1 = + w T i —
T, will be +ve] 1. on coupling — VE.

—11. oy Teoupiing — VE-

Note that if rotation reverses, Ty, will reverse because it always
opposes rotation. In mode C, the sign of T. is opposite to that of
w, because the machine itself is generating so for either rotation,
the mechanical “‘terminal’’ power is negative.

Sinusoidal A.C. Theory

Most a.c. sources are of nominally constant r.m.s. voltage so the
voltage phasor is taken as the reference phasor. It need not be
horizontal and can be drawn in any angular position. A lagging power
factor cos ¢ means current lagging the voltage as shown on Fig. 1.4a.
The instantaneous power vi, which pulsates at double frequency, is
also shown and has a mean value of VI cos ¢. If ¢ were to be greater
than 90°, the power flow would have reversed since I cos ¢ would be
negative as seen on the phasor diagram for a current I’. Note that the
phasor diagrams have been drawn at a time wt = #/2 for a voltage
expressed as v = V sin ot.

For the reverse power-flow condition, if the opposite convention
had been chosen (with v or i reversed), then VI’cos ¢ would

9



WORKED EXAMPLES IN ELECTRICAL MACHINES AND DRIVES

vi

’ ‘\/ |ns1amaneous/
K \  power %
SN , 7
/ v VI, cos o, i“reversed
v > <\ Lhverage v Y
1 / \ %Power 2 - rJ‘{f" -
. / \ %’ ! (revd) ] <
L’ </ w2 N \( NN -7
by -
e S
(a) ¢ < /2 {Motoring) (b} g > w/2 {Generating)

F1G. 1.4. Power flow in single-phase a.c. circuit.

have been positive. This is shown on Fig. 1.4b where it will be
noted that the current is at a leading power factor. Taking Fig. 1.4a
as a motoring condition, it shows power being absorbed at lagging
power factor whereas Fig. 1.4b shows power being delivered at a
leading power factor.

Phasor Diagram including Machine E.M.F.; Motoring Condition

The equation, allowing for inductive impedance, is:
V=E+RI+jXI,

and is shown as a phasor diagram on Fig. 1.5 for two different
values of E. Note that on a.c., the e.m.f. may be greater than the
terminal voltage V and yet the machine may still operate as a
motor. The power factor is affected but the power flow is deter-
mined by the phase of E with respect to V. Frequently, the current
is the unknown and this is found by rearranging the equation as:
__V-E (V-E)XR-jX) |V-E|[R jX]_ i

R+jX_ RZ_xZ - VA [Z VA _I(COS(P JSln(P)
N.B. ¢ will be taken as —ve for lagging power factor.

The appropriate exercise to check that these phasor diagrams are
understood is to draw the corresponding diagrams for a generator
using (a) motor conventions and (b) generator conventions.

I
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j@ (VAr) (VI sing)
P (VI cos )

MaNIT?: v E v
wt
Vs RI
E 1
I
(a) E<vV (b E>V (¢) Vx I Components
Motoring Motoring

Fi1G. 1.5. Phasor diagrams.

Meaning of V X I Components
Multiplying the I, I cos¢ and Isin¢ current phasors by V
gives:
|71 (S voltamperes, VA)
VI cos ¢ (P watts) and
VI sin ¢ (Q voltamperes reactive, V Ar)

and a “power phasor diagram” can be drawn as shown on Fig. 1.5¢.

Power devices are frequently very large and the units kVA, kW
and kVAr, (x10%, and MVA, MW and MVAr, (x10%, are in
common use. The largest single-unit steam-turbine generators for
power stations are now over 1000 MW =1 GW, (10° W).

3-phase Circuit Theory
For many reasons, including efficiency of generation and trans-
mission, quite apart from the ease of producing a rotating field as in

any polyphase system, the 3-phase system has become virtually

11



WORKED EXAMPLES IN ELECTRICAL MACHINES AND DRIVES

universal though there are occasions when other m-phase systems
are used. For low powers of course, as in the domestic situation for
example, single-phase supplies are satisfactory. It is only necessary
for present purposes to consider balanced 3-phase circuits, i.e.
where the phase voltages and also the phase currents are mutually
displaced by 120 electrical degrees (2w/3 radians). Electrical angles
are given by ot = 27ft radians.

On the assumption of balanced conditions, the power in a
3-phase system can be considered as available in three equal power
“packages”, each handling 1/3 of the total power, i.e.

Total power
—3p__ = Vphasprhasc COS ¢

where ¢ is the same for each phase.
There are two symmetrical ways of connecting the three phases
as shown on Fig. 1.6:

in STAR (Or wye);

for which it is obvious that the current through the line terminals is
the same as the current in the phase itself, or:

Tiine (Ta=1¢)

Vphuu
I[ = Iphasc

Vline VA

o [Star point I

No———= . lor Neutral
(4

(a) Star (Y) (b) Delta (A) or (c) Phasors for (b)
connection Mesh connection

F1G. 1.6. 3-phase circuits.
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in DELTA (or mesh);
for which it is obvious that the voltage across the line terminals is
the same as the voltage across the phase itself.

For the delta case: ;.= I.—Icand Ig—Irand I.—1I;.
For the star case: Vipe= Va— Vgand Vg— Vcand Ve— Vi,

assumed positive senses of phase currents and voltages being
indicated.

The 120° displacement means that the magnitude of the line
quantities in these two cases is equal to V'3 times the magnitude of
the phase quantities and there is a + 30° displacement between line
and phase phasors; * depending on which phasors are differenced.

Hence, for star and delta circuits:

IineIIine

Total power = 3 X Y—v—3— X COS ¢

= \/3 X VlineIline X cos [
(or Power = Voltamperes X cos ¢)

which can be solved for any one unknown. Frequently this is the
current, from the known power and voltage ratings. Sometimes, for
parameter measurements, ¢ is required for dividing currents, vol-
tages or impedances into resistive and reactive components. The
total voltamperes for a 3-phase system are thus given by V3 VI
where V and I are here, line values, or alternatively, three times
the phase VI 'product. A.C. devices are rated on a VA (kVA or
MVA) basis, since they must be big enough magnetically to deal
with full voltage, whatever the current, and big enough in terms of
the electrically-sensitive parameters to deal with the current-carry-
ing capacity specified in the rating, whatever the voltage. This
means for example, that at zero power-factor, at full voltage and
current, the temperature rise will be as high as or even higher than at
unity power factor (u.p.f.), where real power is being converted.

3-phase circuits will be analysed by reducing everything to phase
values: Power/3, Vine OF Viinel V'3, Line or Iine/ V'3, depending on the

WEEMD - C
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circuit connection. The problem can then be dealt with as a
single-phase circuit but the total power is three times the phase
power. The examples in Chapter 2 are especially valuable for
revising this topic.

Torque Components

T., the electromagnetic torque, will have different expressions
for different machine types. It is basically due to the sum of all the
tangential electromagnetic forces between the currents in rotor and
stator conductors. If the windings are so distributed that the m.m.f.
space waves are sinusoidal in shape and of magnitudes F.;,, and
Frowr, the axes being displaced by the torque angle 81, then T. is
proportional to the products of these m.m.f.s and the sine of the
torque angle. Because of the sinusoidal distribution, the two m.m.f.
space waves can be combined vectorially to give a resultant m.m.f.
wave of magnitude F;, which produces the resultant mutual (air-
gap) flux ¢,. An alternative expression, invoking the sine rule,
gives T, as proportional to the product of F, with either Fj.,, or
Fotor and the different angle between them. This alternative is used
for a.c. machines (cf. Fig. 5.2) and since the angle is a function of
load, it is called the load angle 8. For d.c. machines, the torque
angle is fixed by the brush position (usually at maximum angle 90°)
and so T. can be expressed as K X ¢ XI,, where K X ¢ can be
combined as one coefficient k; which will be shown in Chapter 3
to be directly proportional to flux. The expression shows that k, is
equal to the torque per ampere. It is also equal to the generated
e.m.f. per radian/second.

Tioss is due to internal machine friction, windage and iron-loss
torques.

Teoupiing 1S the terminal torque, supplying the load in the case of a
motor. The load torque may have an active component due to
gravity or stored energy in the load system. This may oppose or
assist the rotation. The passive components of the load torque, like
friction, can only oppose rotation and will therefore reverse with

14
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rotation. The loss torques should be small and since they are
mostly similar in nature to the passive load torques, it is convenient
to combine them. At the balance point, where the speed is steady
therefore, we have:

Te = Tloss + Tcoupling = Tm-

T., is not a simple function of speed but is sometimes expressed in
the form:

Th = f(0n) = ki + koon + k3w
where k; is the idealised “Coulomb” friction.

k,w, is the viscous friction, proportional to speed and cor-
responding to ‘‘streamline” flow. It occurs when the

torque is due to eddy currents.

k;w? is the torque due to “turbulent” flow; as an ap-

proximation. It occurs with fan- and propellor-type
loads, e.g. windage losses.

Regulation; Speed/Torque Curves; 4-quadrant Diagram

The important characteristic of a power device is the way it
reacts to the application of load. For a generator, the natural
tendency is for the terminal voltage to fall as load current is taken.
This fall is called the regulation and can be controlled by various
means. The corresponding characteristic for a motor is the way in
which speed changes as load torque is applied. With the d.c.
motor as an example, the speed is nearly proportional to terminal
voltage and the torque is proportional to current I,, so the
speed/torque axes follow the voltage/current axes for the genera-
tor. Figure 1.7 shows the natural characteristics for the various
machine types. The d.c. machine can easily be given a variety of
curve shapes and two distinct forms are shown, for shunt and
series motors. The synchronous machine runs at constant speed
and as load increases the speed does not fall; the load angle

15
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d
+ve Spee D.C. Series Motor (7,)
/
4 Synchronous Motor (7;)
id D.C. Shu{ﬂ Motor (7;)
/
/
e
/
/
//
/ Induction Motor (7,)
—ve Torque / +ve Torque
T -
j /
/
/
—-ve Speed

F1G. 1.7. Speed/torque characteristics.

increases to a maximum whereupon the speed will collapse to zero.
The induction machine, like the d.c. machine, reacts to torque by a
decrease of speed until it too reaches a maximum and stalls. The
d.c. machine has a higher maximum though it rarely reaches it
without damage.

Also shown on Fig. 1.7 is a typical load characteristic T, = f(wn).
Where this intersects the motor w,, = f(T.) characteristic, we have
the balancing (steady-state) speed. There is not a universal practice
in the assignment of axes and sometimes the torque axis is drawn
vertically following the mechanical characteristic where T, is the
dependent variable. The usual practice for d.c. machines will be
retained for all machine types in this text.

It will be noted that the axes have been continued into the
negative regions, giving a 4-quadrant diagram with all combinations
of positive and negative speeds and torques. Electromagnetic
machines operate in all four regions as will be illustrated in later
chapters.

16
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1.3 EQUIVALENT CIRCUITS

These circuits represent a physical system by an electrical cir-
cuit. The simplest example is that for a battery, since over a limited
range, the terminal voltage falls in proportion to the current taken.
The battery behaves as if it consisted of a constant e.m.f. E, behind
a resistance k equal to the slope of the “‘regulation” curve of V
against I, see Fig. 1.8a.

The d.c. machine can be represented by the same equivalent
circuit with the modification that the e.m.f. is controllable, being a
function of speed and flux (E = kywy); Fig. 1.8b. An a.c. machine
can also be represented this way, with the further modification that
inductance must be included. Normally, the inductive reactance is
appreciably larger than the resistance. The reactance may be
considered in components corresponding to the leakage fluxes
(which are relatively small and proportional to current due to the
large air path reluctance), and the mutual flux (non-linear with
excitation and confined largely to a path having its reluctance
sensitive to iron saturation), see Fig. 1.1b.

The equivalent-circuit parameters are often measured by con-
ducting open-circuit and short-circuit tests. On open circuit for
example, the current I is zero and the measured terminal voltage V
is then equal to E. On short circuit, if this is possible without

k 1 R,
v o (wy, P) |V
(a) Battery characteristic and (b) DC. Machine
Equivalent circuit Equivalent
circuit

Fi1G. 1.8. Equivalent circuits.
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damage, i.e. if E is controllable, then the e.m.f. in the circuit is
equal to the impedance drop since V =0, so the impedance is
obtained on dividing E by the current.

A full consideration of the induced voltages in the machine
windings leads to circuit equations which can apply either to the
machine or to another circuit which has the same equations.
Starting with the 2-coil transformer, Fig. 1.9a, we arrive at the
circuit shown in which R, and x, are the primary resistance and
leakage reactance respectively. X, is the magnetising reactance
and represents the effect of the mutual flux common to both
primary and secondary windings. R5+ jx} is the “referred” secon-
dary leakage impedance, which is the actual value multiplied by the
(turns ratio, N;/N>)*. This is equivalent to replacing the secondary
having N, turns with another secondary having the same number
of turns as the primary, N,. This would increase the voltage by
N,/N; and reduce the current by N,/N,. Hence the impedance
(voltage/current) would be increased by (N,/N,)%. Since it is not
possible to tell from measurements on the primary side, how many
turns there are on the secondary, this replacement by a 1/1 ratio is
convenient, expressing secondary voltages and currents in primary
terms. The ideal transformer at the end of the circuit converts
these referred values back to actual values. Note that the positive
directions of I, and I, have been taken in the same sense mag-
netically because this is convenient when developing the equations.
Generally, however, the positive sense of I is taken in the opposite
direction to I, and the magnetising branch in the middle carries
I, — I} =1, as usually designated.

For rotating machines, the above treatment can be adapted and
extended by considering the stator m.m.f. as being produced by
one specially distributed coil. Similarly the rotor m.m.f. is treated
as due to one coil. The difference from the transformer is that the
rotor coils move with respect to the stator coils, though their
m.m.f.s are always in synchronism for the steady-state condition.
The fluxes follow the same general pattern in that there is a
common mutual flux, crossing the air gap and linking both stator

18



o— od:An - 1,
Electrcal § R Ll 1,+T2 Xy R3
power ! ?
IN or QUT ! ‘ ,
' v, V.
= E, N Ey:E, 2 2
Electricol Iyz i Xem WMN_Z |
power
outorin | f -
> &)
(a) Transformer @
I, I,
o -~ < rM—
Erectrcor 8 R, x, Xy Ra2/s
power X,
IN or OUT ALY - S -p

Wyrw,(1-5)

Electrica: ,5 Mechanical
power power .
CUT or IN i OuT or IN {b) Induction machine

Iﬂ
O— T ;
o0— \
Electrical Vv Rq Xai !
power ’ ‘I Xlll
IN or QUT H Lxml.
o “mTOTTR Y 5/" Fa
Electrical Mechanical i
power IN dc power :
OuT or IN !
- i L
1
17, Ry IV'
{c) Synchronous machine Frft—wn—o0
Iy
O———
Efectrical ﬂ'
power IN Vae 2
oo
o w Any speed wpy
Electrical
power dc Mechanical power
QuUT or IN OuT or IN
(d) D.C. mochlneCEZ‘:
1
o — 50
RO
N2/ s \N
W Rem Xom Zuat (ﬂ)z
s \Nz
- J
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FIG. 1.9. Machine equivalent circuits.

19



WORKED EXAMPLES IN ELECTRICAL MACHINES AND DRIVES

and rotor windings, and leakage fluxes associated with each wind-
ing individually.

The way in which the equivalent circuit is modified from the
transformer depends on the machine type. For a.c. machines, the
m.m.f. of the stator (usually) produces a rotating field at synchro-
nous speed ws=2mn, rad/s, where n,= f/p rev/s. The induction
machine runs at a speed o, = o(1 —s) where the slip s expresses
the relative movement of the rotor with respect to the synchro-
nous-speed m.m.f. wave. The rotor e.m.f. is reduced to SE,
where E; is the e.m.f. at standstill with stator and rotor windings
stationary as in a transformer. The rotor current I,=
SEJ(R; + jsxa) = E/(Ry/s + jx,), so that the only difference from the
transformer equivalent circuit is the replacement of R5 by Rj/s
(Fig. 1.9b) and all parameters are per-phase values.

For the synchronous machine, s = 0 since w, = w; and the right-
hand side of the equivalent circuit carries no induced current on
steady state since R5/s = . A d.c. current has to be provided in the
“secondary” winding which now becomes the field; Fig. 1.9¢c. The
effect on the “primary” winding is now expressed as E; = f(w;, I;)
instead of through I;X, as in the transformer and induction
machines. The resultant m.m.f. F, produces the mutual (air-gap)
flux ¢, and e.m.f. E.

For the d.c. machine, both terminal currents are d.c. so the
reactive elements may be omitted. The effect of the armature
m.m.f. F, on the field m.m.f. is more complex than for the other
machines and is represented by its net magnetising action F},
which is usually negative. Figure 1.9d shows the equivalent circuit.

This rather rapid review of equivalent-circuit development is
obviously deficient in many details but is dealt with fully in
reference 1. Figure 1.9¢ shows a general equivalent circuit which
is applicable to all machine types discussed, with appropriate
modifications. For the transformer, E; is omitted and the value of s
is unity. For the induction machine, s takes on any value. For the
synchronous machine, s =0 and the right-hand side of the
equivalent circuit is omitted and E; is inserted. For the d.c.
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machine, the reactances are omitted for steady-state operation. It
will also be noted that there is an additional element, R,. The
power dissipated here (E*/R,) represents the iron loss (per phase).
When the circuit represents an a.c.-excited device like a trans-
former or an induction motor, this power is provided by the
electrical supply. The value of R, is relatively high and does not
normally affect the calculations of currents very significantly.

1.4 POWER-FLOW DIAGRAM

Figure 1.10 is an extension of Fig. 1.3b showing more details of
the power distribution within the machine. The expressions for the
various power components sometimes differ as between the
different machine types but the general pattern is the same. The
power flow for motoring operation is from left to right, the elec-
trical terminal power P and the mechanical terminal power P
being both positive. For generating operation, these are both nega-
tive, power flowing from right to left. For braking, P ... is negative

Falac Elect Paap @ wwnTe | Mech! Prmech=@m X Eoupling

mechaonicol
ELECTRICAL los Pir-gap \conversion toss MECHANICAL
TERMINALS pow 7. | ‘“TERMINALS'
m ' loss
Control
loss
Pcon"ol

CONTROL TERMINALS

FiG. 1.10. Power-flow distribution between machine terminals (motoring con-
vention).
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and for reverse-current braking power flow is inwards from both
ends. Electromechanical power conversion takes place through the
air gap and the power Py, is less than P for motoring by the amount
“Electrical loss”. The power converted to mechanical power is
always (speed X electromagnetic torque) = wn,T., where wn, = w; for
the synchronous machine. For the induction machine the speed is
omn= w1—s5) so that there is a power sP,, converted not to
mechanical power but to electrical power in the secondary circuits.
Continuing along the motoring power-flow path, the remaining
elements are the same for all machine types. w,T. is reduced by the
mechanical 1088 @nTioss 10 @ Teoupiing Which is the output motoring
power at the mechanical terminals. There is a further set of terminals
for the control power, Peoniro. For the d.c. and synchronous machines,
this is absorbed entirely by the field Cu loss I;”Rg. For the induction

TABLE 1.1
3-ph induction 3-ph synchronous
D.C. motor motor motor
Peree VL V3V cos ¢ V3Vl cos ¢
=3Vilicos ¢ =3VI,cos ¢
“Electrical loss” I.2R. + brush 3I’R, + Fe loss 3I2R, + Fe loss
Air-gap power Py, El. 3E\I;cos ¢2 3E¢l.cos(e — §)
= wnTe. =3LRys = w,Te = wTe=3VI,cos g
Control loss I¢RF 3I°R2 = sPgapif s.c. IR¢
Peontrol Vil Re 3Vsl5cos ¢z Vil = I Rr
=0if s.c.
Pmcch meC"“P“"S Wm Tcuupling (l)sTcuupling

Note. The Fe loss for d.c. and synchronous machines mostly manifests itself as a
torque loss, part of Ti.s. Figure 1.10 is useful for explaining the concepts of efficiency,
control and a method of measuring the losses, by setting the power to zero at two sets of
terminals and measuring the input at the other set.
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machine, the control loss is the secondary Cu loss, 3I,’R; and if the
secondary terminals are short circuited, this is provided by the
“transformer-converted” power, sPy,, and P oo iS zero. Sometimes
however, for slip-power recovery schemes, control power is exerted
from an external voltage source V3 and this power may be inwards
(for super-synchronous speeds) or outwards from the machine (for
sub-synchronous speeds).

In Table 1.1 the power components for the various machine
types are listed, using the symbols adopted in the text.
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CHAPTER 2

TRANSFORMERS

ALTHOUGH the transformer is not an electromechanical converter
like the other devices to be covered in this text, it forms the basis
from which all the other equivalent circuits are derived. The theory
is relatively simple, built up from Faraday’s Law of Electromag-
netic Induction. Only steady-state operation will be dealt with here
but it is very important to the understanding of the remaining
chapters; for example, in coming to grips with the referrring
process by means of which two coupled windings of different
voltage and current ratings can be replaced by a simple
series/parallel circuit. There is also much vital practice to be
obtained in the analysis and manipulation of 3-phase circuits.
Multiple windings and the combination of winding m.m.f.s,
together with basic work in a.c. circuit theory and use of complex
numbers, are all illustrated by the various examples.

2.1 SOLUTION OF EQUATIONS

In this chapter, since some of the groundwork has already been
covered in Chapter 1, equations will mostly be discussed as the
need arises. The first example requires the important e.m.f. equa-
tion, which applies, with some slight modifications, to all a.c.
machines. It relates the r.m.s.-induced e.m.f. E to the maximum
flux ¢ in webers, frequency f and number of turns N:

From the law of induction, the instantaneous e.m.f. = N d¢/dt
and for a sinusoidal variation of flux, expressed as ¢ =
¢ sin 2mft, it is readily shown by differentiation and substitution
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t: “
tha E=4.44x x f X N volts @.1)

Note especially that E is r.m.s. e.m.f. and flux is the maximum
value.

EXAMPLE 2.1

A transformer core has a square cross-section of 20 mm side. The primary
winding is to be designed for 230 V, the secondary winding for 110 V and a further
centre-tapped, 6/0/6-V winding is to be provided. If the flux density B is not to
exceed 1 tesla, find a suitable number of turns for each winding, for a frequency of
50 Hz. Neglect all transformer imperfections.

The low-voltage winding is always designed first because voltage ratios can rarely
be obtained exactly and since there are the fewest turns on the low-voltage winding
and the actual number of turns must always be integral, the adjustment is also the
coarsest.

The maximum flux must not exceed d; =BxA=1x (20 x 10732

From the e.m.f. equation 6 = 4.44 x 400 x 107 x 50 x N3 from which N3 =67.57 and
the nearest integral number is 68 to avoid the specified maximum flux density being
exceeded. It will now be slightly lower than B = 1.

For the secondary winding: z I;O o N2= ”0: 68 _ = 1246.7 say 1247 turns.
. N, _230 230 x 68
For the primary winding: Ni =50 N, == = 2606.7 say 2607 turns.

The tertiary winding requires 2 X 68 turns.

Note 1 On core-type transformers, the windings are divided into
two sections, one on each limb. In this case the nearest
even number of turns would be chosen, to make the
sections equal.

Note 2 When transformer cores are supplied for the user to wind
his own coils, it is usual, for convenience, to specify the
magnetic limits at a particular frequency, in terms of the
volts per turn. For this core it is 6/67.57 = 88.8 mV/turn or
11.26 turns per volt; at S0 Hz.

EXAMPLE 2.2

A 20-kVA, 3810/320-V, 50-Hz single-phase transformer operates at a maximum
flux density of 1.25 teslas, for which the iron requires a value of H =0.356 At/mm.
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The core cross-section is 0.016 m” and the mean length of the magnetic path through
the core is 1.4 m. The primary and secondary turns are 860 and 52 respectively. It is
decided to use the transformer as an inductor and to keep the reactance sub-
stantially constant with current, the core is sawn through transversely and packed
with brass to give an “‘air”’ gap. If the secondary winding is used, find the length of
the air gap so that when carrying rated current, the maximum flux density is not
exceeded. What is then the inductance and the reactance at 50 Hz?

20 000
230 86.96 Ar.m.s.

The peak m.m.f. exerted by this current is : V2 X 86.96 X 52 = 6394.7 At

At peak flux density, the m.m.f. absorbed by the iron is H X1 =0.356 x 1.4 x 10° =
498.4 At.

.". m.m.f. available for the air gap = 6394.7 — 498.4 = 5896.3 At.

Rated current =

Neglecting air-gap fringing so that the flux density is assumed to be the same as in
the iron:

. B 1.25 _
Air-gap m.m.f.= H x| = E)X 1= Z;II_OZX 1=15896.3

from which | =5.93 mm.
The effective permeance of the core + gap =

A= flux _ 1.25 x0.016
m.m.f. 6394.7

=3.128 X 107 Wb/At

so inductance = N?A = 522 x 3,128 X 10 = 8.458 mH

and reactance = 27 X 50 x 8.458 X 107* = 2.657 Q)

Alternatively, the e.m.f. = 4.44 X (1.25 X 0.016) X 50 x 52 = 2309V
and the impedance = 230.9/86.96 = 2.656 ()

Note 1 Resistance has been neglected in the above calculation; it
would be relatively small.

Note 2 The inductance is not quite constant with current, but at
the maximum value, the iron absorbs less than 8% of the
total m.m.f. At lower currents, the linearity will improve
since the iron will absorb proportionately less At.

EXAMPLE 2.3

A 230/6-V, single-phase transformer is tested with its secondary winding short
circuited. A low voltage (20 V) is applied to the primary terminals and it then takes
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an input current of 1 A; the power supplied being 10 watts. Calculate the values of
leakage reactance and resistance, referred to the primary side and then to the
secondary side. If the magnetising impedance is neglected, calculate the secondary
terminal voltage when a load impedance of value 0.12 + j0.09 Q is connected.

. .. P _ 5 ..
On s.c. test, the input power factor is: VI-20x1" 0.5 =cos ¢s
and the impedance is: ¥= ? =200 =2Zs

.. impedance referred to the primary side = Z(cos @s + jsin ¢s)
=20(0.5+;0.866) = 10+j17.32Q

L N:\? 76\
Impedance referred to the secondary side = ZSC(NI) = (230)

=0.0068 +j0.0118 Q).

It is convenient, to solve for the load test with the impedance referred to the
secondary side. The diagram shows the equivalent circuit connected to the load, and
the phasor diagram—not to scale.

6 _ 6(0.1268 — j0.1018)
0.1268 + j0.1018 ~ (0.1268)° + (0.1018)’

=28.77-j23.1=36.9/-3828 A
Voltage at secondary terminals, i.e. across the load = 36.9V0.12°+ 0.09°
=35.535V

The load current would be:

An alternative approach is to calculate the drop of voltage due to the transformer
internal impedance; the so-called regulation. From the phasor diagram as drawn,
this is approximately equal to RI cos ¢ — XI sin ¢ = |E — V| (sin ¢ is —ve.)

0.12 . R
The load power-factor is ——=———==08=cos ¢. . .singp = —0.6
P V012500 ¢ ¢
0.0068 0.0118 I

" ~ °

R X
0.12

E=6V 4

0.09
F1G. E.2.3.
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Regulation = 36.9(0.0068 x 0.8 + 0.0118 x 0.6) = 0.462 V
So load voltage =6 —0.462 =5.38 V

Note 1 In this case there is enough information to calculate V
from E — ZI where, with E as the reference phasor, the
phase angle of I with respect to E could be found from
the total series impedance. If only the load power-factor
¢ is known however, this information is not available and
the regulation expression must be used. A more accurate
regulation expression can be derived.”

Note 2 If the load power-factor had been leading, —sin ¢ would
have been negative and the load voltage could have been
higher than the open-circuit voltage (E).

EXAMPLE 2.4

A 3-phase, 50-Hz transformer is to have primary, secondary and tertiary windings
for each phase. The specification is as follows: Primary to be 6600 V and delta
connected. Secondary to be 1000 V and delta connected. Tertiary to be 440 V and
star connected. Determine suitable numbers of turns to ensure that the peak flux
does not exceed 0.03 Wb.

If the secondary is to supply a balanced load of 100 kV A at 0.8 p.f. lagging and the
tertiary is to supply a balanced load of S0kW at u.p.f., determine the primary
line-current and power factor for this condition. Neglect all transformer imper-
fections.

This is the first 3-phase problem in the book and it is an excellent
opportunity to become absolutely familiar with the basic circuit
relationships. It is always helpful to draw a circuit diagram as on the
figure, where these relationships become obvious. Note that it is
standard practice to specify line voltages, line currents and total
power for 3-phase devices so that, as in this case, conversion to phase
values may be necessary. For example, the turns ratio is the
phase-voltage ratio and is usually specified for the no-load condition.

Using the e.m.f. equation and as before, designing the low-voltage winding first:
440/V3 = 4.44 x 0.03 X 50 X N;

from which N3;=38.14 say 39 turns per phase—to keep the flux below the
specified level.
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6600V 1000 V 440V
Primary 100 kVA 50 kW
(@ 0.8 p.t. log @upt
Fi1G. E.24.

For the secondary: % = % from which N> = 153.5 say 154 turns per phase

For the primary: %; = % from which N; = 1013.2 say 1013 turns per phase

Load condition

power per phase _ 50 000/3 _ 65.6 A

voltage per phase  440/V3 :

Referred to primary; I = 65.6 X i%?—ii =2525A

But since referred currents are required in order to calculate the total primary

current, it is simpler to go directly to this by dividing the tertiary kVA by primary

voltage.

ie Ii= 50 000/3
* 77 76600

.. , _ 10000/3 . . . . , .
Similarly I = —————(6600 0.8 - j0.6) since p.f. is 0.8 lagging. I} = 4.04 — j3.03
So I =L: + 15+ In(= 0)= 6.565 — j3.03
6.5652+3.03°

Tertiary current per phase =

and since power factor is unity, I} =2.525 +j0.

and the primary is delta connected so line current = V3 xV
=V3x7.23=1252
Power factor = cos ¢ = 6.565/7.23 = 0.908 lagging.

EXAMPLE 2.5

On open circuit, a 3-phase, star/star/delta, 6600/660/220-V transformer takes
50kVA at 0.15p.f. What is the primary input kVA and power factor when, for
balanced loads, the secondary delivers 870 A at 0.8 p.f. lagging and the tertiary
delivers 260 line A at unity power factor? Neglect the leakage impedances.

WEEMD - D
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The connections are different here from the previous example and a sketch of the
circuit diagram appropriately modified would be instructive.
The data given permit I, to be calculated from kVA/(V3 x kV):

50 o . _ .
Io= {73306 g(COs @ ~ isin ¢) = 4.374(0.15~ j0.9887) = 0.656 — j4.324

,_ . 660/V3 ok
I = 870(0.8 - j0.6) X o0 =69.6—i52.2

. 260 . 220 _ .
l;—v§(1+]0)x66ﬁ—00/ 3 =8.667+j0
L=L+L+1 =178.92 - j56.52

I =V78.927+ 56.52> = 97.07 A at cos ¢ = 78.92/97.07 = 0.813 lag
Input KVA = V3x6.6x97.07 = 1109.6 KVA.

EXAMPLE 2.6

A 3-phase, 3-winding, delta/delta/star, 33 000/1100/400-V, 200-kVA transformer
carries a secondary load of 150 kV A at 0.8 p.f. lagging and a tertiary load of S0kVA
at 0.9 p.f. lagging. The magnetising current is 4% of rated current; the iron loss being
1 kW total. Calculate the value of the primary current and power factor and input
kV A when the other two windings are operating on the above loads.

Again the leakage impedances will be neglected. See reference 2 for an exact
equivalent circuit for the 3-winding transformer.

_1kW/3 _
Power component of I, = PRV 001 A
.. _ 4 200/3 _
Magnetising component of I = 100)( 3 - 0.081 A
’ =0.01-30.081
15003, o . -l I
Ii= T(O.S -j0.6) =1.212-j0.909
50/3 . .
Ii= -33—(0.9 —j0.436) =0.455-30.22
I =1.677-j1.21
Line current= V3 x V1.677+ 1.2 = V3x 2.07=3.58 A
at power factor 1.677/2.07 = 0.81 lagging
and input kKVA=V3x33x358=204.6kVA

EXAMPLE 2.7

The following are the light-load test readings on a 3-phase, 100-kV A, 400/6600-V,
star/delta transformer:

Open circuit; supply to low-voltage side 400V, 1250 W

Short circuit; supply to high-voltage side 314 V, 1600 W, full-load current.
Calculate the efficiencies at full load, 0.8 power factor and at half full load, u.p.f.
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Calculate also the maximum efficiency. What is the percentage leakage impedance
based on 100% = rated V/rated I?

The losses on a transformer are: Fe loss which varies very little at constant
voltage and frequency and Cu loss which is proportional to (current)’, or (load
kVA)® at constant voltage.

At any load, A times rated value (load here referring to load current or load kV A):

. _ Output _ AXKkVAXcos ¢ .
Efficiency = Input ~ A XKVA X cos ¢ + Losses where kV A is the rated value
n= AkVA cos ©

A kVA cos ¢ + Feloss + AZ(Cu loss at full load)

The maximum value of this expression is easily shown by differentiation, to occur
when A = V/(Fe loss)/(Cu loss at full load) at any particular power factor. The o.c.
test gives the normal Fe loss since rated voltage is applied and the s.c. test gives the
copper loss at full load since rated current is flowing.

For full load, 0.8 p.f.

_ 1x100% 0.8 __80
T OX100x08)+1.25+1°x 1.6 82.85

For half full load, u.p.f.

=0.9656 = 96.56%.

_ 0.5x100% 1 50 _
M= 05x100x )+ 125+ 057 x 1.6 51.65 0208 = 96.8%.

Maximum efficiency when

A =V1.25/1.6 = 0.884 and power factor is unity.

M 0.884 % 100 X 1 _88.4
aX- M = 884+ 1.236+ (0.884)° x 1.6  90.9

=0.9725 = 97.25%.

Leakage impedance

Rated secondary current per phase = % =5.05A.

Short-circuit power factor = ﬁl‘%%/%_s =0.336.

Z.. (referred to secondary) - lo‘;(o 336 +j0.9417) = 20.89 + j58.55 Q0.
Base impedance =100% = %.59 =1306.9 Q.

Hence percentage impedance 1306 9(20 .89 + j58.55) x 100

=(0.016 + j0.0448) X 100= 1.6 + j4.48%.
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The value before multiplying by 100 is called the per-unit impedance; see Sections
3.3, 5.3 and Example (4.2d).

EXAMPLE 2.8

The following light-load, line-input readings were taken on a 3-phase, 150-kV A,
6600/440-V, delta/star-connected transformer:

Open-circuit test 1900 W, 440V, 165A
Short-circuit tests 2700 W, 315V, 12.5A.

(a) Calculate the equivalent-circuit parameters per phase, referred to the h.v. side.

(b) Determine the secondary terminal voltages when operating at rated and half-
rated current if the load power-factor is 0.8 lagging. Calculate also the efficien-
cies for these loads.

(c) Determine the secondary terminal voltage when operating at rated current with
a load power-factor of 0.8 leading and calculate the efficiency for this condition.

Although this problem is for a 3-phase transformer, once the equivalent-circuit
parameters per phase have been determined correctly, it may proceed as for
single-phase, making due allowance for the fact that the calculations will give phase
currents and powers. A balanced load is assumed. The figure shows the circuit and
the approximate equivalent circuit which should help to avoid confusion when
analysing the tests.

Open-circuit test

Since iron loss is a function of voltage, this test must be taken at rated voltage if
the usual parameters are required. The voltage is 440 V so it must have been taken
on the low-voltage side. Referring I, to the primary will permit the magnetising
parameters, referred to the h.v. side, to be calculated directly.

440/ V'3
6600

Ib=16.5x% =0.635A

1900 .
COS @oc = 3><440><16.5_0'151’ sin @oc = 0.9985.

I, I; 1738 408

° A

6600V 440V 4 I, u X
/ ~ vi
Rm ™
16-54 <688 k0 =104k
on oc.test °
Approximate equivalent circuit, per phase
FiG. E.2.8.

32



TRANSFORMERS

Hence:

\4 6600 6600

R = T cos oo ~ 0.635 % 0.151 ~ 088 KD X = 535 0.0985 10.4k0.

Short-circuit test

This does not have to be taken at exactly rated current, since with unsaturated
leakage reactance, a linear relationship between voltage and current can be assumed.
Only a low voltage is required, so the readings show that the test was taken on the
h.v. side.

_ 2700 _ L _
COS @sc = 3x315x12.5—0'396’ sin @sc = 0.918.

_ 315 . B .
Ze= ;35730396 +10.918) = 173+ 40 0.

Load conditions

Rated VA per phase _ 150/3
Rated voltage per phase 6.6
same regulation expression can be used as in Example 2.3 and cos ¢ =0.8.
sin ¢ = — 0.6 for (b) and + 0.6 for (c)

Rated current, by definition = =7.575A. The

(a) (b) )

H.V. Load current per phase =7.575 3.787 7.575 A
Icoseo =6.06 3.03 6.06 A
I sin ¢ =—4.545 -2.272 +4.545 A
Regulation = 17.31 cos ¢ —40I sin ¢ =286.7 143.3 =77 \"/
Terminal voltage = 6600 — regulation =6313.3 6456.7 6677 \'/
Referred to secondary [x440/(V3 x 6600)] =243 248.5 257 \'/
Secondary terminal voltage (line) =420.9 430.4 445.1 \'/
Load current referred to secondary =196.8 98.4 196.8 A
Secondary (output) power = V3VI cos ¢ =114.8 58.7 121.3 kW
Cu loss = 2.7 X (In/12.5V3) =297 0.74 297 kW
Total loss (+Fe loss = 1.9) =4.87 2.64 4.87 kW
Efficiency =95.93 95.7 96.14 %

Note that when calculating the efficiency, the changing secondary voltage has been
allowed for, and this is higher than the o.c. voltage when the power factor is leading.

EXAMPLE 2.9

A 3-phase transformer has a star-connected primary and a delta-connected
secondary. The primary/secondary turns ratio is 2/1. It supplies a balanced, star-
connected load, each phase consisting of a resistance of 4() in series with an
inductive reactance of 3 (2.

(a) If the transformer was perfect, what would be the value of the load impedance
per phase viewed from the primary terminals?
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From a practical test, the following primary input-readings were taken:

Total power Line voltage Line current
Secondary short circuited 12W 775V 2A
Secondary load connected 745 W 220V 2.35A

(b) Deduce, from the readings, the equivalent circuit of the load viewed from the
primary winding and explain why it differs from (a).

(a) The circuit diagram is shown on the figure and the first step is to transform the
star-connected load to an equivalent delta; i.e. one that carries the same current
as the secondary winding and has the same voltage across it, as indicated on the
figure. Since the current per load-phase will thus be reduced by V3 and its
voltage increased by V3, the effect will be to transform the impedance by a
factor of 3 times, from that of the star-connection.

Hence Z =12 +)9 Q per phase.
It is now possible to treat each balanced phase separately, as a single-phase
problem. The effect of the 2/1 turns ratio and a perfect transformer will be to
decrease the current by 1/2 and increase the voltage by 2/1, giving an impedance
transformation of 2%; i.e. (N\/N2)%. Viewed from the primary therefore, the load
impedance will appear as:

Z1oaa = 48 + j36 ) per phase.

(b) From the s.c. tests:

12 o
COS Psc = 3x7,75x2—'0'4469’ sin ¢y = 0.8845.

Hence
Z = 1752&(0.4469 +j0.8845) = 1+j2 Q per phase.
1242
220V
ID'IOSG
Transformed Equivalent circuit/ph
load
FiG. E.2.9.
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From the load test:
745 .
COS Qload = 1735 550X 2.35 =0.8319; sin @ioaa = 0.555.

220/V3

Ziopw = 735 —=——(0.8319+ j0.555) = 45 + j30 ) per phase.

Hence,
referred load impedance = Zinput — Zsc = 44 + j28 per phase.

The equivalent circuit per phase from these results is shown on Fig. E.2.10, which
includes the unknown magnetising impedance Zn, across the input terminals. A small
part of the input current will flow through here so that the figure of 2.35 A used in
calculating Zinpu Will be higher than the true value of I'. Hence, the above value of the
referred load impedance will be lower than it should be, from part (a).

EXAMPLE 2.10

A 3-phase, 11000/660-V, star/delta transformer is connected to the far end of a
distribution line for which the near-end voltage is maintained at 11 kV. The effective
leakage reactance and resistance per-phase of the transformer are respectively
0.25 Q2 and 0.05 ) referred to the low-voltage side. The reactance and resistance of
each line are respectively 2 ) and 1.

It is required to maintain the terminal voltage at 660 V when a line current of
260 A at 0.8 lagging power factor is drawn from the secondary winding. What
percentage tapping must be provided on the h.v. side of the transformer to permit
the necessary adjustment? The transformer magnetising current may be neglected
and an approximate expression for the regulation may be used. Neglect also the
changes to the impedance due to the alteration of the turns ratio.

The equivalent circuit per phase is shown on the ﬁgure The line 1mpedance can
also be referred to the secondary side and included in the regulation expression.

Referred line impedance = (l i (::3 ) % (1+32) =0.0108 + j0.0216 {2 per phase.

The total impedance referred to the secondary = 0.0608 + j0.2716 () per phase.

I+ j2

f 0. os+;o 25 260//3 [-36.9°
||ooo{/§v E Psso v

Nominal turns -ratio = |;.%00/660

FiG. E.2.10.
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Voltage regulation per phase = I(R cos ¢ — X sin ¢) = 260(0.0608 x 0.8+ 0.2716 X 0.6)
V3

=73+24.46=31.76 V.
So o.c. voltage of transformer must be 660 + 31.76

. . 11000/V3 . 11.000/V3
and turns ratio must be: 560 +31.76 instead of 660
ie. 9.18 instead of 9.623

518 _ 95.4%.

h.v. tapping must be at: =s

EXAMPLE 2.11

Two single-phase transformers operate in parallel to supply a load of 24 +j10 Q.
Transformer A has a secondary e.m.f. of 440 V on open circuit and an internal
impedance in secondary terms of 1+j3(. The corresponding figures for Trans-

former B are 450V and 1+ j4 Q. Calculate the terminal voltage, the current and
terminal power-factor of each transformer.

The equivalent circuit is shown in the figure and yields the following equations:
EA~ZAIa=V=(s+ Is)Z
Es—Zpls =V = (I +1s)Z
Solving simultaneously gives:

La= EaZg+ (Eo—Ep)Z
AT Z(Za+Zs) + ZaZs
The expression for Ig is obtained by interchanging A and B in the above equation.
A reference phasor must be chosen and if the two transformers have a common

primary voltage, the equivalent-circuit e.m.f.s (Eoc) will be in phase, so will be a
convenient choice.

I’IA'PIB

IA IB

| 24
Za leIA Ze lz.r,
> i3 > j4 V=21

FiG. E.2.11.
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Hence Ea =440+ j0 and Ep = 450 + jO.
Substituting:

440(1 +j4) + (-10)(24+j10) _ 200+j1660 _ 1672/83°13
QR4+j10)Q+iN+(1+j3)(1+j4) —-33+j195 197.8/99%

=8.45/-16%5
Io = 450(1 +j3) + 1024 +j10) _ 690 +j1450 _ 1605.8/6426
197.8/9926 197.8/99°%6  197.8/99%6
=8.12/-35°
Ir+1Is =8.1—j2.4+6.65—j4.66 = 14.75 — j7.06 = 16.35/—2526.
Load impedance Z =24+j10 = 26/2226.
Terminal voltage V =Z(Ia+1Is) = 425.1/-3°.
Relative to V, I =8.45/-16°5+3°=8.45 A at cos 13%6 = 0.972 p.f. lag.
Relative to V,Is =8.12/-35°+3° =8.12 A at cos 32° =0.848 p.f. lag.

Note 1 Although the two currents are similar, the power and
reactive components of these currents are quite different.
The transformers must be identical (in per-unit terms), if
they are to share the load in proportion to their ratings.
Calculations like the above determine whether any dis-
crepancies are tolerable.

Note 2 To calculate the input primary currents, the secondary
currents must be referred through the turns ratio and the
corresponding components I, added.

Note 3 Two 3-phase transformers in parallel would be solved the
same way, but using their per-phase equivalent circuits.

37



CHAPTER 3

D.C. MACHINES

For a first approach to the subject of electrical drives, the d.c.
machine provides a simple introduction to the problems encoun-
tered since, for steady-state operation, it can be represented with
reasonable accuracy, as a variable e.m.f. Ea(speed X flux), behind the
armature-circuit resistance R,. The field m.m.f. may be provided in
various ways and with more than one field winding. Non-linearities,
especially saturation effects, maybe involved in the calculations. The
first three of the following examples bear somewhat lightly on
machine-design aspects but the remainder are concerned with
motoring, regenerating and braking. Chapter 6 deals with transient
operation and Chapter 7 with d.c. machines in power-electronic
circuits.

3.1 REVISION OF EQUATIONS

The average (d.c.) e.m.f. generated in a winding with z; conduc-
tors connected in series, of active length [, rotating at velocity
v = wdn where d is the armature diameter and n the speed of
rotation in rev/sec, is obtained from:

Flux per pole __9
Cylindrical area/No. of poles wd1/2p

E = B, vz, and B,, =
_2pd
E= wdl

A d.c. machine armature-winding always has parallel paths and z,
is the total number of armature conductors Z, divided by the

XX @dn Xz, =2pénz, 3.1
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number of parallel paths. A simple wave winding has the smallest
number, 2, and z, = Z/2. For a simple lap winding, z, = Z/2p.
Reference back to Section 1.4 will be helpful in understanding
the following development of the power-balance equation. For
simplicity at this stage, the brush loss—typically 2 X I, watts—will
be assumed to be included in the R, effect.
From the basic circuit equation for a motor:

V=E + RI, 3.2)
Multiplying by I, gives the power-balance equation:
VI, = EI, +RI2 (3.3)
Terminal power = Converted + Electrical
(air-gap)
(Perec) power Pgap loss

The power converted, EI,, can be expressed in mechanical terms
as w,T. (rad/s x Nm) and hence by equating the expressions:

T._E _2pénz,

= =PZy

I, on 2mn T ¢ ¢ G4
Note that k, the electromechanical conversion coefficient, is
directly proportional to the flux per pole and has alternative units
of e.m.f. per rad/s, or electromagnetic torque per ampere. It is
sometimes called the speed constant or the torque constant and

when SI units are used, these have the same numerical value, k.

Hence: E = kywn (3.5)
T.= kdaIa (36)
and: ky = f(F:, F.)

where F,, the armature m.m.f. per pole, has some demagnetising
effect usually, and this is often greater than 10% of F:. It will be
neglected in the following examples except where special mag-
netisation curves are taken for series motors in Section 3.4. For a
single field winding then:

39



WORKED EXAMPLES IN ELECTRICAL MACHINES AND DRIVES
ks, =f(Ip) 3.7

Several other equations may be derived from the above for the
purpose of expressing a particular variable as the unknown. The
most important is the speed/torque equation from:

w.=E_V-RL_V RT
" ke ks ky kg

I, could be obtained from (V — E)/R and k, from E/wy, but E (and
I,) are dependent variables, determined from power considerations
and may have to be obtained from:

_V-VV'—4RwnTy

(3.8

L >R 3.9
and
e
K, = V+VV’—4Rwn Ty (3.10)

20

which are derived from eqns (3.3, 3.4 and 3.8). The choice of sign
before the radical gives the lower current and higher flux, which is
correct for the normal, low-resistance case. The opposite choice is
applicable to high-resistance circuits; see Reference 1 and Example
3.12. Note that on steady state, T, = Th.

3.2 SOLUTION OF EQUATIONS

The following flow diagram has been prepared to act as a guide
to thought while ascertaining a solution procedure. Not every
possibility has been covered but the systematic approach indicated
should be helpful in all cases. Non-linearities are taken into ac-
count either at the beginning or at the end of the solution. For
example, if I; is given, k, follows and hence leads to a solution of
the linear equations for torque and speed, say. Alternatively, if k,
is calculated from the linear equations, I; follows from the mag-
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netisation curve. On the mechanical side, if the non-linear rela-
tionship Tr, = f(w,,) is available, then any particular speed will yield
the corresponding torque T, which is the same as T. on steady
state. Alternatively, if w,=1f(T.) is calculated from the elec-
tromagnetic equations, then the intercept with the T, = f(w,) curve
determines the steady-state speed. Relationships for transient
speed-calculations are also available from these two curves; see
Chapter 6.

D.C. Machines Solution Programme
Input data from:

]jV, I, Power, Efficiency ), wm, k¢, Resistances, Tioss, Trm = f(wm) ]
L2

Magnetisation curve given, or from test values of (V, I, R, om, Iest

ke = (V = R’“) as £(Iy).
w; test

we can obtain

Alternatively, rated ksr may be established from rated values of the
above. The subsequent calculation(s) of ks could be expressed as
per-unit values; viz. ke/ksr.

{ { { ¥
Given: Given: Given: Given:
V,R V,R, 1, om, V, R, Tn=f(wm) V, Parameters
Ir—> ke Output power and circuit
Tm— Teo ksl configuration
Find:
Find: wm = f(Te)
_V-RIL Find: Find: throughout
“m = ke L ke Ity Te, Tioss | | Ty keo It all modes
[ £ 2 L7 [
Speeds Currents Field-circuit Speed/Torque
resistance curves

EXAMPLE 3.1

A 4-pole d.c. armature wave winding has 294 conductors;
(a) What flux per pole is necessary to generate 230 V when rotating at 1500 rev/min?

(b) What is the electromagnetic torque at this flux when rated armature current of
120 A is flowing?
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(c) How many interpole ampere turns are required with this current if the interpole
gap density is to be 0.15 tesla and the effective radial air gap is I; =8 mm?
Neglect the m.m.f. absorbed by the iron.

(d) Through what mechanical angle must the brushes be moved away from the
quadrature axis if it is required to produce a direct-axis magnetisation of
200 At/pole?

(a) From eqgn (3.1) 2XpXdXnXxz
substituting: 230=2%x2x% ¢ X 12*80 X lgﬁ
from which: ¢-=0.0156 Wb.

(b) From eqns (3.4) and (3.6) T. =k, . L, =p;r .o 1,

= 2—>(;lﬂx 0.0156 x 120 = 175.7 Nm.

Zs

(¢) On the interpolar (quadrature) axis, maximum armature At per pole F. occurs,
and the interpole m.m.f. must cancel this and also provide sufficient excess to
produce the required commutating flux opposing that of the armature.

F. = Total ampere turns _ amps/conductor X conductors/2

No. of poles 2p
= ﬂz—%w = 2205 At/pole
Required
_At_B _B.lg_0.15x8x107 _
H= I, = uo.Hel’lCe At= _——I»LO = Tm)7-—— =955 At/pole

Hence total interpole m.m.f. required = 2205 + 955 = 3160 At/pole

(d) From the diagram, a brush axis shift of a produces a demagnetising (or
magnetising) m.m.f. of F, X 2a/180 At/pole. Hence:

Direct oxis
H Main pole
G,o
Interpole

Quadrature
oxis

Fig. E3.1.
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200 = 2205 x 2a/180

S0: a = 8.16 electrical degrees
= 8.16/p =4.08 mechanical degrees

EXAMPLE 3.2

A d.c. shunt-wound generator rated at 220 V and 40 A armature current has an
armature resistance of 0.25 Q. The shunt field resistance is 110 Q and there are 2500
turns per pole. Calculate:

(a) the range of external field-circuit resistance necessary to vary the voltage from
220 V on full load to 170 V on no load when the speed is 500 rev/min;

(b) the series-winding m.m.f. required to give a level-compound characteristic at
220 V when running at 500 rev/min;

(c) the maximum voltage on o.c. if the speed is reduced to 250 rev/min and all
external field resistance is cut out.

Armature reaction and brush drops may be neglected.
The following open-circuit characteristic was obtained when running at
500 rev/min with the shunt field excited:

E.M.F. 71 133 170 195 220 232V
Field current 0.25 0.5 0.75 1.0 1.5 20A

om at 500 rev/min = 500 X 27/60 = 52.36 rad/s; at 250 rev/min wm = 26.18 rad/s.
Hence k¢ = e.m.f. (above)/52.36 = 1.36 2.54 3.25 3.72 4.2 443
The ke/It curve is plotted on the diagram, F: being the field current x 2500.

4.2 /mon)//‘L'

S
N

[o] 0.5 1.0 1.5 2.0
1,=A1/2500

FiG. E3.2.

43



WORKED EXAMPLES IN ELECTRICAL MACHINES AND DRIVES

(a) The e.m.f. must be calculated at the two limits to determine the range of field
current and hence of field-circuit resistance variation.

No load Full load
E=V+R.IL= 170V 220+40%x0.25=230V
ks = E/52.36 = 3.25 4.39
It from curve = 0.75 1.86
R =220/It = 293.3Q) 11830
External field-circuit resistance = Rg— 110 = 183.3 ) 8.30
(b) The terminal voltage must be 220 V on no load and on full load.
v = 220 220
E=V+R-1, = 220 230
Required k; at om = 52.36 = 42 4.39
Field m.m.f. required, from curve = 1.5 %2500 1.86 x 2500

Difference = series m.m.f. required = (1.86 — 1.5) X 2500 = 840 At/pole

(c) The open-circuit curve could be redrawn in terms of e.m.f. against field current
with the e.m.f. reduced in the ratio 250/500. Alternatively, the ks, curve can be
used, since itis the e.m.f. at 250 rev/min scaled down by the divisor 26.18 rad/s. The
slope of the resistance line (V/Ir) for 110 Q must also be reduced, to 110/26.18
(=4.2) as shown. The field line intersects the characteristic at a ks (= e.m.f./26.18)
of 3.38. Hence the voltage on open circuit— which is the terminal voltage
neglecting the very small R, Iy drop—is 3.38 X 26.18 =88.5V.

EXAMPLE 3.3

The machine of the last question is to be run as a motor from 220 V. A speed
range of 2/1 by field control is required. Again neglecting the effect of armature
reaction and brush drop and assuming I, = 0 on no load, calculate:

(a) the range of external field-circuit resistance required, as a shunt motor, to permit
speed variation from 500 rev/min on load to 1000 rev/min with the armature
carrying its rated current of 40 A;

(b) the value of the series-field ampere turns required to cause the speed to fall by
10% from 500 rev/min on no load, when full-load current is taken;

(c) the speed regulation (no load to 40 A load) with this series winding in circuit and
the shunt field set to give 1000 rev/min on no load.

(d) By how much would this series winding increase the torque at 40 A compared
with condition (a) at the minimum field setting?

Parts (a) and (b) require calculation of the ks range to find the excitation needs.
(a) I.=0A,noload L=40A
Speed 500 1000 rev/min
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Wm 52.36 104.7 rad/s

E =220—-0.25%1I, 220 210V

ks = E/om 4.2 2.0Nm/A

Iy from mag. curve 1.5 0.38A

Re = 220/I; 146.7 579 Q
External resistance = Re— 110 = 36.7 469 Q)

(b) Speed 500 450 rev/min
wm 52.36 47.12 rad/s
E=220-025X1I. 220 210V
ks = Elom 4.2 4.46 Nm/A

Field ampere turns from mag. curve = 1.5 X 2500 2.05 % 2500

Difference is required series m.m.f. = (2.05 — 1.5) X 2500 = 1375 At/pole

(c) The speed will be obtained from wm = Efks.
On no load, ks =220 V/104.7 rad/s = 2.1.
From mag. curve this requires 0.4 A x 2500 = 1000 At/pole shunt excitation.
On load, the total excitation is therefore 1000+ 1375 = 2375 At/pole.
ke will therefore correspond to 2375/2500 = 0.95 A giving: 3.65 N,/A.

Hence, wm on load will be E = 210 = 57.5rad/s = 549 rev/min
ks  3.65
Speed regulation from 1000 rev/min is therefore I_O%QX 100 = 45.1%.
Note the great increase from the 500 rev/min condition because of the weak shunt

field.

(d) Te=kg, I, At minimum field, 1000 rev/min T.=2X40=80Nm
With additional series excitation T.=3.65%x40= 146 Nm
So although the speed has fallen considerably, due to the series winding, the
electromagnetlc torque has increased by 66/80 = 82% for the same reason and the
air-gap power is the same.

EXAMPLE 3.4

In the shunt motor of the last question, the no-load armature current was
neglected. In fact, the total no-load input current is S A when both field and
armature are directly connected across the 220 V supply, the output (coupling)
torque being zero, so that the only torque is that due to the friction, windage and
iron losses. Calculate the speed, output power and efficiency when the load has
increased to demand rated armature current, 40 A.

The no-load condition is shown on the first diagram where it is seen that the
armature current is 3 A, the field taking 220/110 =2 A.

The value of ks from the o.c. curve at 2 A is 4.43 Nm/A.
The no-load e.m.f. is 220-0.25xX3=219.25V.
Hence speed wm = Efky = 219.25/4.43 = 49.49 rad/s = 473 rev/min.

WEEMD - E
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The air-gap power Py = wm* Te= E - [,=219.25x3 =658 watts is consumed in
friction, windage and iron losses and corresponds to Tioss = 658/49.49 = 13.3 Nm.

Power flow on load

02580
220V INPUT 210x40 8400 7770
1082
220x40 QUTPUT
No (oad 2
40°x 0.25

CONTROL 220«x2
Fi1G. E.3.4.

For the load condition, with 40 A in the armature, the second diagram is a useful
representation of the power flow. The explanation of the numerical values involves
a few minor calculations which can be understood by reference back to Fig. 1.10.

Speed = Efkys = 210/4.43 = 47.4 rad/s = 453 rev/min.

If we neglect any small change in loss torque with this speed fall then
Mechanical 10ss = wm - Tioss = 47.4 X 13.3 = 630 watts.

Output power = Py, — mechanical loss =210 X 40 — 630 = 7.77 kW = 10.4 hp.
Input power = 220(40 + 2) = 9.24 kW so efficiency = 7.77/9.24 = 84.1%.

EXAMPLE 3.5

In the back-to-back test circuit shown, Machine 1 is a motor driving Machine 2
which is a generator. The generated power is fed back into the common 250-V line

Input current

+ O
50A 40A7 2.4
2A
Brush
250 v @ drop @
=2V
0.30 038
- O
Machine | Machine 2
FI1G. E.3.5.
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so that only the machine losses have to be supplied. Currents in various parts of the
circuit, together with the resistances, are shown. Allow for brush drop of 2 V total
per machine and calculate the efficiency of each machine. It may be assumed that
the mechanical losses are the same for both machines.

Input current = 50 — 40 = 10 A.

Input power to armature circuits = 250 x 10 = 2500 watts.

Total machine losses, excluding friction, windage and iron losses =
50°% 0.342x 50+ 40°x 0.3 +2 % 40 = 1410 watts.

.". Total mechanical loss = 2500 - 1410 = 1090 watts = 545 watts per machine

Input—losses _ |~ (50°x0.3) + (2 X50) + 545 + (250 X 2)
Input - 250(50+2)

Motor efficiency =

Output

Generator efficiency = ——————
y Output + losses

B 250 x 40
T (250 X 40) + (407 X 0.3) + (2 x 40) + 545 + (250 x 2.4)

10000
= 11705 = 85:43%

The most convenient expressions to suit the data have been chosen. It is a
coincidence that efficiencies are the same. The motor has the higher copper loss and
the generator the higher flux and hence field loss and, in practice, a slightly higher
iron loss also. But note also that efficiency is a function of output and for the generator
this is 10 kW whereas for the motor it is 11.105 kW.

The next few examples illustrate the consequences of changing
the machine parameters, sometimes with the object of achieving a
certain speed against a specified mechanical load characteristic.
This brings in the overall drive viewpoint and the interaction of
mechanical and machine speed/torque characteristics. It leads on
to the treatment of machine equations in per-unit terms which is
often helpful in assessing drive characteristics.

EXAMPLE 3.6

A 500-V, 60-hp, 600-rev/min d.c. shunt motor has a full-load efficiency of 90%.
The resistance of the field itself is 200 Q and rated field current is 2 A. R.=0.2 Q.
Calculate the full-load (rated) current Lr and in subsequent calculations, maintain
this value. Determine the loss torque.

The speed is to be increased up to 1000 rev/min by field weakening. Calculate the
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extra resistance, over and above the field winding itself to cover the range
600-1000 rev/min. Determine the output torque and power at the top speed, assum-
ing that the loss torque varies in proportion to speed. For the magnetisation curve
use the empirical expression below, which is an approximation to the curve shape.
. . 1—a)x flux ratio .
Field-current ratio = ()—l- with a = 0.4
1 —a X flux ratio
where the flux ratio is that between a particular operating flux (E/wy) and rated flux
(ksr). The field-current ratio is that of the corresponding field currents.

The data are assembled on the figure as a convenient aide-memoire, together with a
skeleton power-flow diagram from which:
Full-load efficiency

_ Poen  __ 60X746 90
® Pelec + Pcomml 500 X IaR + 500 X2 ]00
from which: Lr=9715A
E 500-0.2x97.5
Hence: ko = =& = 200202973 5 65 Nmja
WmR 207
and: Ter=k¢r - L =7.65%x97.5 =7459 Nm
60 x 746 ~
Tecaupling = 07 =712.4Nm
Tloss = TeR - Tcoupling =33.5Nm
At 1000 rev/min, Tl = 33.5 x 1000/600 =56 Nm
. 500—0.2x97.5
At 1000 rev/mm, k¢ ——lm* =4.59 Nm/A

.". flux ratio = 4.59/7.65 = 0.6.
Imooo) _ 0.6x0.6

Hence, field-current ratio = A —1-04%06

from WhiChZ Im()o(n =0.947 A
and: R = 500/0.947 = 528 () so external resistance = 328 Q
I rconplinq
R a {rated) Proach = 60X 746 W
I( =2A
20080 P P
500V - s LA [ ech
250 {1 028l ‘Pcon"ol

FiG. E.3.6.
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Coupling torque = Te ~ Tioss = 4.59 X 97.5 - 56 = 392 Nm
Mechanical output power = wm * Tcoupling = 104.7 X 392 = 41 kW = 55 hp

EXAMPLE 3.7

A 500-V, 500-rev/min d.c. shunt motor has a full-load (rated) armature current of
42A. R,.=06Q and R;=500Q. It is required to run the machine under the
following conditions by inserting a single resistor for each case.

(a) 300 rev/min while operating at rated electromagnetic torque;

(b) 600 rev/min at the same torque;

(c) 800 rev/min while operating at the same gross power (wn * Te) as in condition (b).
For each condition, find the appropriate value of the resistor.

The following magnetisation curve was taken on open circuit at 500 rev/min:

Field current 0.4 0.6 0.8 1.0 1.2A
Generated e.m.f. 285 375 445 500 540V

The test speed wmesy = 500 x 27/60 = 52.36 rad/s.
ks = E/wmtesy = E[52.36 =544 7.16 8.5 9.56 10.3 Nm/A
_Vr—R-Lr_500-0.6x42 _
Rated k¢ (ksr) = p— = 536 =9.07 Nm/A

Rated Te(Ter) = kor - I.g = 9.07 X 42 =381 Nm.
Rated field current from curve at ks =9.07,is 0.9 A .. Rr=500/0.9=555Q

>

-
L |/
y

0.25 0.5 0.75 1.0 .25
1y
Fi1G. E.3.7.
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Now consider the speed/torque equation (3.8): wm =k_‘:_%

It can be seen that at a fixed terminal voltage V, any increase of speed beyond the
rated value can only be obtained by reduction of flux; i.e. by inserting extra
resistance in the field circuit. A reduction of speed, without exceeding the flux limit
imposed by saturation, can only be obtained by operating on the second term—in
practice this means increasing R since reduction of ks would give rise to excessive
armature currents unless R is relatively high—see Reference 1 and speed/flux
curves of Example 3.12.

Hence, for (a)’ rearranging the equation: - (V - k¢ . wm) (= V _ E)
Telks I
_ 500 —9.07 X 107
Since wm = 300 X 27r/60 = 10, R=""%por

=5.120, an extra 5.12 -0.6 =4.52Q

For (b) we require ks, not knowing the armature current and hence eqn (3.10) will
have to be used. At 600 rev/imin wm =207 so:

=V+\/VT—4XRmeXTe=500+\/5002—4X0.6X2071X381

2w 2X20m
=747 Nm/A

ke

From the magnetisation curve, this requires It = 0.64 A and Rr = 500/0.64 = 781 Q.
Hence extra field-circuit resistance is 781 — 555 = 226 ()

For (c), since the same wmT. product is specified, the only difference in the k,
equation above is to the denominator which becomes 2 x 800 X 27/60 = 167.6.
ks is therefore 5.602 requiring an It of 0.41 A and Rr = 500/0.41 = 1219 Q.
.". extra resistance is 1219 — 555 =664 )

EXAMPLE 3.8
A 220-V, 1000-rev/min, 10-hp, d.c. shunt motor has an efficiency of 85% at this
rated, full-load condition. The total field-circuit resistance is then 100} and R.=
0.4Q. Calculate the rated values of current, flux and electromagnetic torque;
(I, ksr and Ter). Express your answers to the following questions in per unit
where appropriate by dividing them by these reference or base values, which are
taken as 1 per unit. Take 220 V (Vy) as 1 per unit voltage.
(a) Find the applied voltage to give half rated speed if Tn is proportional to w2; ks
and R, unchanged.
(b) Find the extra armature-circuit resistance to give half rated speed if Tm is
proportional to speed; ks and V being 1 per unit.
(c) Find the per-unit flux to give 2000 rev/min and the armature current if V =1 per
unit and R, is the normal value.

(d) What electromagnetic torque is developed if the voltage, flux and speed are at
half the rated values and there is an extra 2 € in the armature circuit?

50



D.C. MACHINES

The data could usefully be assembled on a diagram as for Example 3.6. Referring
also to the associated power-flow diagram:

P mech
Pelec + Pcomml

10 X 746
0.85 = 530% La + 22077100

Motor efficiency mr =

from which: Lz = 37.7 A.

220—-0.4x37.7
: == = 1. x37.7=73.8N
Hence: ksr 1000 X 27/60 1.957 and therefore Ter = 1.957 X 37.7 m
The remaining questions can all be answered from the speed/torque equation:
Om = VR T where T. = Tn on steady state.
ke ke
(a) At half speed, wm = 52.36 rad/s and Twm = (3)* X 73.8
. R-Tn_ 0.4 738
From the equation: V = k¢ - om + o - 1.957 X 52.36 + 1957 X y

=106.2 V = 0.48 per unit

(b) A different mechanical characteristic applies so Tm=3X73.8 = 36.9 Nm
V—ks om (= \ = E) _220-1.957x52.36
Telks I. 36.9/1.957
=6.23(). i.e. an extra 6.23-0.4=5.83 Q
_V+VV=4-R-wn- Tu_220+V2200—4x0.4X 104.7x 73.8
(©) ks = Zom = 2% 2000 X 27/60
=0.9784 Nm/A = 0.9784/1.957 = 0.5 per unit

Note that rated power and speed have been used under the radical because for
this mechanical load, the power is stated to be constant. Check I. = L.

. (V—ke wm)_ 1957 (110 ~0.978 X 52.36) _
(d) Te=k, =53 704 =24Nm
=24/73.8 = 0.325 per unit

and I.=24/0.978 =245 A

From the equation: R =

3.3 PER-UNIT NOTATION

The last question introduced the idea of expressing quantities in
per-unit, i.e. as fractions of some base or reference quantity. It is
possible to solve the question throughout in per-unit notation and
after the following explanation, it would be a good exercise to try
this. The method is sometimes convenient, especially when in-
tegrating the mechanical system parameters into the drive and in
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simplifying scaling factors for computer solutions. For a d.c.
machine, with the appropriate choice of base values, the equations,
apart from being dimensionless, are the same as those used for
actual values as explained in Reference 1. The most convenient
base values are:

Rated voltage Vg =1 per-unit voltage
Rated current I,z =1 per-unit current
Rated flux ksr = 1 per-unit flux

From these:

Rated torque = kyg - Lg is also 1 per-unit torque
Rated power = Vg - Lz is also 1 per-unit power

and 1 per-unit resistance = Vyi/Ly, since only three of the seven
practicable quantities, derived from the products and quotients of
the first three, can be defined independently. It follows also that 1
per-unit speed is predetermined as Vy/ksr, since these two
parameters have been chosen. Therefore rated speed is not 1 per
unit but:

Ex _Vi—R-Iz_1-Rx1

=1- R per unit.
Ksr Kor 1 p
Per-unit resistance is:
ohmicvalue R R-Iy

base value Vg/Ix Vi ’

which is the fraction of base voltage, which is absorbed across the
armature-circuit resistance at base current.

In the following example, the field current is also expressed in
per unit using the same empirical expression as in Example 3.6.
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EXAMPLE 3.9

A d.c. shunt motor runs at 1000 rev/min when supplied from rated voltage, at
rated flux and drives a total mechanical load, including the loss torque, which has
coulomb friction, viscous friction and square-law components given by the follow-

ing expression:
_ rev/min rev/min\’
Ta=30+ 30(——1000 )+ 3 (—]000 ) Nm

The armature resistance is 0.06 per-unit and the magnetisation curve can be
approximated by the empirical expression:

0.6 X ¢ per unit

It per unit = 1-0.4x ¢ perunit

Calculate:

(a) The values of 1 per-unit torque in Nm and 1 per-unit speed in rev/min;

(b) the required Ir and the value of I. in per unit, if the speed is to be 600 rev/min
with the terminal voltage set at 0.5 per unit;

(c) the required Ir and the value of I, in per unit when the terminal voltage is set at
the rated value and the speed is adjusted to (i) 1200 rev/min; (ii) 0.8 per unit;

(d) the required terminal voltage in per unit if the resistance is increased to 0.2 per
unit, the field current is reduced to 0.6 per unit and the speed is to be set at the
rated value.

In this comprehensive question, since the non-linear T, = f(w,,)
relationship is given and T.= T, in the steady state, then T,
follows if the speed is specified and conversely, any particular
torque will correspond to a particular speed. Thereafter, the solu-
tion is just applying the various equations developed at the begin-
ning of this chapter. The quadratic expression for I, must be used
because the power is given, not the value of e.m.f. or flux.

(a) 1 per unit torque, from the question, must occur at a speed of 1000 rev/min

. 1000 = 1000°
VvIZ. 30 (l+m+m)=ﬂ!Nm

Rated speed = 1 — R per unit is 1000 rev/min.

.". 1 per unit speed = % = 1064 rev/min
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Preliminary calculation of Tc(=T.) at stated speeds:

p.u. speed p.u. torque
. _rev/min _Tm
Part Rev/min = 064 Torque, Nm =50
1064 1
(d) 1000 0.94 90 1
(b) 600 0.564 30(1 + 0.6 + 0.67) = 58.8 0.653
(c)(®) 1200 1.128 3001+ 1.2+ 1.2%) = 109.2 1.213
(c)(ii) 851 0.8 30(1 +0.851+0.851)=177.3  0.858
Calculations for parts: (b) (c)i) (c)(ii)
®m 0.564 1.128 0.8
T. 0.653 1.213 0.858
Power = wnT. 0.368 1.368 0.686

X=V2-4R - wnT.

0.52~0.24 X 0.368

12-0.24 x 1.368

12— 0.24 X 0.686

=0.1616 =0.6716 =0.835
_V-VX

ST 0.8166 1.504 0.717
ks = Te/l, 0.8 0.807 1.196
__0.6ks

=104k 0.706 0.715 1.376

(d) The field current is set at 0.6 per unit =

0.6ks
1

— 0.4k,

The speed is to be the rated value (0.94 per unit)
The torque will therefore be 1 per unit.
Hence I, = Te/ky = 1/0.714 = 1.4 per unit

Required V =k, - wm+ R - [,=0.714x0.94 +0.2 X 1.4 = 0.951 per unit

hence ks = 0.714

Note that the answers to part (c) show that field control of speed is
not satisfactory with this mechanical load because the armature
current becomes excessive at high speeds and the field current is
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excessive at speeds lower than rated. Part (d) shows a similar
situation.

EXAMPLE 3.10

A d.c. shunt motor is being considered as a drive for different mechanical loads
having the following characteristics: (a) Constant power (wnmTw); (b) constant torque
and (c) torque proportional to speed. It is desired to know the effects on armature
current and speed of making various changes on the electrical side. Taking as a
basis that rated voltage, rated armature current and field current give rated speed
and torque, express armature current and speed in per unit when the following
changes are made:

(i) field current reduced to give half flux;
(ii) armature supply-voltage halved;
(iii) armature voltage and field flux both halved.

Consider loads (a), (b) and (c) in turn and neglect all machine losses.

The required equations for current and speed are: I, = Te/ks and wm = V/k, and all
calculations are in per unit.

Mechanical load (a) womTm const. Tm const. Tm a speed
characteristic ie. Tm al/wm (b) (c)
() ke =05, V=1

©n = V/ke 2 2 2
Te=Tn 0.5 1 2
L. = Telks 1 2 4
(i) V=05 ks=1.
®n 0.5 0.5 0.5
Tm 2 1 0.5
I 2 1 0.5
(ili) V=05; ks =05
®m 1 1 1
Tn 1 1 1
I 2 2

Again, this example shows, in a simple manner, what is, and
what is not a feasible strategy in the control of d.c. machines and
how the nature of the mechanical load determines this; one arma-
ture-current overload is as high as four times the rated value.
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EXAMPLE 3.11

A d.c. motor has a per-unit resistance of 0.05. Determine the two values of
current and of flux at which rated torque can be developed at rated speed when
supplied from rated voltage.

L YIVVI-4R wn T 13 VI=4x005x(1-005)x1

2R 2 x0.05
17V0.81 , .
=01 - 1 per unit or 19 per unit
. _ 1+V081 _ . 1 .
The numerator is the same for kq —m—l per unit or T per unit

Clearly, the only practical solution is the first one with k, = I, = 1
per unit, even though the same torque of 1 per unit is given by the
second solution. This is a relatively low-resistance machine. The next
example shows the effect of an increased armature-circuit resistance,
when, as on some small servo motors and with “constant’ current
supplies, speed increase is obtained by increasing the field current,
working on the rising part of the speed/flux characteristic; see
Reference 1.

EXAMPLE 3.12

For a separately excited d.c. motor which at rated voltage, flux and armature
current delivers rated torque at rated speed (1— R.) per unit, show that the
maximum speed which can be obtained by field weakening is:

(a) V4R per-unit for a constant-torque load equal to rated torque and:

(b) VX V(1 ~Ra)/4R per-unit if rated torque is the same, but is proportional to
speed and the circuit resistance is R which is not necessarily equal to R..

(c) Calculate for resistances of R.=0.05 and for R = 0.5, the values of ®max in per
unit and the values of armature current and flux at this speed, for the constant-
torque load. Repeat the calculation, but this time for the case of load torque
proportional to speed.

(d) For the same motor determine the required circuit resistance to permit con-
tinuous speed increase by field increase up to rated flux with rated voltage
applied. Consider both mechanical load-characteristics as before.

(a) For the constant-torque load, T = 1 and the equation is wm = kX - k%
s Ko
dom \%4 R
——— — +
dke ~ kTS

and for maximum speed, this must be zero; i.e. V =2R/k, or ks = 2R/V.
Substituting in the speed equation:
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VZ V2 V2
“mx= 7R 2R " 2K’

(b) For the case of torque proportional to speed, by considering the identical ratios
of torque and speed to their rated values:

and substituting in the speed equation:
_ \"4 Rx[wml(l—Ra)]
L T 3 2

Wm= k¢ k¢
and by rearrangement:
e ke V
" R
2
ke +7_R,
differentiating:
2+ —R )_ V.
dog (k¢+l_Rn ke - V- (2ke)
dks ~ (denominator)’

and this zero when ko2 = R/(1 — R,) and this is the condition for maximum speed.
Substituting in the re-formed speed expression for this load;

R
(w)
R R

*1-R,

Wmax =

1-R.

So

i-R.
“’”“‘V'\/4R

Before dealing with the numerical part of this question, it is worth
noting that the point of maximum speed is the changeover between
the rising and falling parts of the speed/flux characteristic. If this
changeover is required to occur at rated flux, so that speed increase
by increasing flux can be obtained, the expression for k, to give wnyay
will also yield the required resistance to meet this condition; by
substituting k, = 1. For the constant-torque load, required R = V/2
and for T, @ wn, R = 1— R,. This information is relevant to the final
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part (d) of the question but generally, it will be found that at
Wmaxs E = kgwmax = V/2; 1.e., for maximum speed the apparent ‘“‘load”’
resistance, E[I,, is equal to the source (series), resistance (V/2)/1,, cf.
maximum power-transfer theorem.

(¢} Numerical solution

Tw constant Tna wm
R =0.05 R=0.5 R=0.05 R=05
Speed at rated
torque = (1 — R) 0.95 0.5 0.95 0.5
v \/ 1—Ra_
@max iR™ 5 0.5 Vv iR - 2.18 0.689
Wmax_ _

Tm at @max 1 1 1_—Ra = 2.29 0.725
Power = wmaxTm 5 0.5 5 0.5
V1-4R x Power 0 0 0 0

1=V

L= 7R 10 1 10 1

ke =12V 0.1 1 0229 0725

zwmax
Te=ks  Ii=Tnm 1 1 2.29 0.725

The above results are shown in outline on the accompanying
speed/torque and speed/flux curves. It can be seen that the high-
resistance circuit keeps the current and speed within rated limits
though the power and the speed and/or torque cannot reach rated
values. The zero for the square-root term confirms that the maximum
conditions have been reached, with only one solution for I, and k.

In the solution of the final part of the question, maximum speed
wmax Will be reached at maximum flux by suitable adjustment of the
resistance. The solution is also shown on the accompanying diagram.
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Speed Speed
t Ghnen ™ t\ R=0.05 N“’mm:s
H : \k\ﬁ‘ =0.l HEIAY R=0.05, T,, constant
!R= _5." =0.7, W, a<
: 0.5, k4=0.725 .=2_"'|'§’,’ SO
- R=0.05,
10 R=0.05, ky=1 / ks=0.229 1.0
W =0
R=0.5, mR
"¢=|
“ml=o'689
05 X 05
Wnax=0.5 Wins® 0.5
R=0.95, T, constant
kg =1
m @ Wm L L
(o] 0.5 1.0 0
Torque
FiGg. E.3.12.

(d) For constant-torque load, required resistance for continuous increase of speed
with flux = V/2=0.5 per unit for rated voltage. The solution has already been
covered above.

For the case of Tm a wm, the required resistance is 1 — R, = 1—0.05 = 0.95 per
unit, see below.

Wmax = v\/ ! ;RR‘ =V{1-0.05)/(@ x 0.95) =05

Te at this speed = wmar/(1 — Ra) = 0.5/(0.95) = 0.526

Power = 0max* Tn=0.526X0.5  =0.263
V1—4R xPower =1-4x0.95x0.526 =0

. L=12R =119 =0.526
ke = 1/20max =1/(2x0.5) =1
Te=ks - Lh=Tm =1x0.526 =0.526
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3.4 SERIES MOTORS

The special characteristics of the series motor make it suitable
for many applications requiring high overload-torque per ampere as
in traction, together with its falling speed/torque curve limiting the
power demand, this being suitable also for crane and fan drives
with simple resistance control of the characteristic. Two examples
neglecting saturation will be followed by calculations of
speed/torque curves allowing for the non-linearities due to arma-
ture reaction, saturation and the mechanical load.

EXAMPLE 3.13

A 220-V d.c. series motor runs at 700 rev/min when operating at its full-load current
of 20 A. The motor resistance is 0.5  and it may be assumed unsaturated. What will
be the speed if:

(a) the load torque is increased by 44%?
(b) the motor current is 10 A?

Speed is given by Efks =(V —RL)/ks and for the series machine, neglecting
saturation ks a I, since L. = Ir. Hence, Te=ky - L a I,”

If the torque is increased to 1.44, this will be achieved by an increase of current
by a factor of V/1.44 =1.2. The same increase of flux will occur.

wm_ By ko_ 220-05%x20 12
Thus " E ke~ 220-05x(20x12) 1

.". new speed = 700/1.212 = 578 rev/min

wm _220-0.5%x20 10 _
For a current of 10 A: o 220-05%X 10 X 20 0.488

.". new speed = 700/0.488 = 1433 rev/min

=1.212

EXAMPLE 3.14

A d.c. series motor has a per-unit resistance of 0.05 based on ra_lted. voltage, rated
current and rated flux as reference quantities. Assuming the machine is unsaturated,
i.e. ky in per unit = I, in per unit, calculate:

(a) The per-unit speed and current when the torque is 0.5 p.u.
(b) The per-unit speed and torque when the current is 0.5 p.u.
(c) The per-unit current and torque when the speed is 0.5 p.u.
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(a) Since torque = ky - I, and the machine is unsaturated, torque in per unit = I,
Hence I.7=0.5 so I, =0.707
E _1-0.05x0.707

om=1o="og707 136
(b) L=0.5s0 T.=05"=025
_E_1-0.05x0.5_
om= =T os =1.95
V-E V—ks: wnm .
© I = R - If{w and since ks = L.:
_1-1,%0.5 . _
I’_——O.OS from which I, = 1.82

Te=L=1827=33

Series Machine Speed/torque Curves

To allow for non-linearities in the magnetic circuit, these curves
must be worked out point by point. The general method is to get
expressions for E, I, and k, as f(Iy). Hence, for any particular value
of If, Wy = E/k¢ and Te = k¢ . Ia'

The magnetisation curve necessary to determine the ky/I; rela-
tionship can readily be obtained—with allowance for armature
reaction included—by loading the machine as a motor, with pro-
vision for varying the terminal voltage whilst the speed is held
constant, preferably by adjusting the mechanical load. Alter-
natively, if the series field can be separately excited and the
machine is loaded as a generator, the same information can be
obtained if the armature current is maintained at the same value as
the field current, as this is increased. Hence E.. = VR - I, and k,
at each value of I; is E.u/wws, Where wes = (27/60) X test rev/min.
A test on open-circuit would not of course include armature
reaction effects but would be a good approximation to the true
curve. In the following examples, for convenience, the mag-
netisation curve data are given at the end of the question and the
ky/I; curve is derived at the beginning of the solution.

WEEMD - F
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EXAMPLE 3.15

A 250-V d.c. series motor has an armature-circuit resistance R,= 1.2 Q. Plot its
speed/torque and speed/power curves from the following data and determine the
torque and mechanical power developed at 600 rev/min. Also calculate the value of
additional series resistance to limit the starting torque at full voltage to 120 Nm. The
following magnetisation curve was taken when running as a motor from a variable
terminal voltage and rotating at a constant speed of 500 rev/min.

Terminal voltage 114 164 205 237 259 278 Vv

Field current 8 12 16 20 24 28 A

Test speed wiest = 500 X 27/60 = 52.36 rad/s

Eea =V —-12I; 104.4 149.6 185.8 213 2302 2444 V

ky = Ereslwiest 2 2.86 3.55 4.07 44 4.67 Nm/A

Having determined the ks = f(I5) characteristic, speed and torque will be calculated
for the specified terminal voitage. The e.m.f. will be 250 - 1.2I; and L. = I'.

E 240.4 235.6 230.8 226 2212 2164 V

om = Elks 120.2 82.4 65 55.5 50.3 46.3 rad/s
N = wm X 60/27 1148 787 621 530 480 442 rev/min
Te=ky - It 16 343 56.8 81.4 1056 1308 Nm
Power = wm - Te 1.93 2.83 3.7 4.52 531 606 kW

Speed/torque and speed/power curves are plotted from the above results. At
600 rev/min:

Torque = 63 Nm and Power = 3.8 kW

For the second part of the question, it will be necessary to plot the T./I. curve
noting that any particular value of T. occurs at a unique value of I,. These data are
available in the above table and from the curve at 120 Nm, I, = 26.3 A. Hence, the
required series resistance to limit and starting current to this value at full voltage,
with e.m.f. zero = 250/26.3 =9.51 Q, an extra 9.51 — 1.2 =8.31 ().
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Power, kW
15002 2.5 5.0 7.5,
Il»zs.sA
Speed/7, /
( ‘\ Iﬁr/ 120Nm
1000 20
< \ <
E )
P -
= Speed /Power @
g 38 3
9 500 7 10
63
0 50 100 150

Torque, Nm

Fi1G. E.3.15.

EXAMPLE 3.16

A d.c. series motor has an armature resistance of 0.08 £} and the field resistance is
the same value.

(a) Find the speed at which a torque of 475 Nm will be developed when supplied at
250 V.

(b) The motor is driving a hoist and the load can “overhaul” the motor so that its
speed can be reversed to operate in the positive-torque, negative-speed
quadrant. How much external armature-circuit resistance will be necessary to
hold the speed at —400 rev/min when the torque is 475 Nm? Note that this will
demand a current of the same value as in (a), but the e.m.f. is now reversed,
supporting current flow; the machine is generating and the total resistance is
absorbing V + E volts. Calculate and draw the speed/torque curve to check that
the chosen resistance is correct.

The magnetisation curve was taken by running the machine as a separately-excited
generator, field and armature currents being adjusted together to the same value.
The following readings were obtained at a constant test speed of 400 rev/min:
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Terminal voltage 114 179 218 244 254 \%

Field current 30 50 70 90 110 A

wiest = 400 X 27r/60 = 41.89 rad/s. Ewesc = V +0.08 I (I, = I; but field is not in series)

Eiest 116.4 183 223.6 2512 2628

ks = Ewx/41.89 279 437 5.34 6 6.27 Nm/A
Te=ky - Li=k¢ - It 83.7 2185 373.8 540 689.7 Nm

k¢6 )
Al = ——————— 120
/]
2
I, /
900 0 __a0__80__120 - 90
Speed/7, —= 82.5A

E peed/ e [a/r.
3> o
3 475Nm B
- 600 -—60 o
- ®
3 £
[ 3
a e — e ©

s00b_ 390 rev/min 10
475Nm
Torque Torque
-ve Yso 500 750 Nm
\Qed/ 7, lextra R)
-300 4
~400 rev/min

FiG. E.3.16.
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(@)

E = 250-0.161; 245.2 242 2388 2356 2324 V

om = Elks 87.9 55.4 44.7 39.3 371 Rad/s

N = wn X60/27 839 529 427 375 354 rev/min

Speed/torque and T./I. curves are plotted from the above table. At a torque of
475 Nm, the speed is 390 rev/min and a current of I, = 82.5 A is taken.

(b) When overhauling, the circuit conditions are as shown on the graph with E
reversed, but using the motoring convention, E is still calculated from: E =
V — RI, and will be negative.

From the k4/Ir curve at 82.5 A, k, = 5.78.
E =ks * om=5.78 X (—400) x 27r/60 = —242 V

) —242 =250 - 82.5R, from which R = 5.96; an extra 5.8 Q0.

For the above field currents in the table, the torque will be the same but the e.m.f.
is now 250 — 5.961; and this permits the new speed points to be found:

E 712 —48 —167.2 —-286.4 —405.6 \%
om=Elks 255 -—11 ~31.3 —477 -64.7 rad/s
N 244 -105 —-299 —456 -—618 rev/min

From the plotted curve, the speed at 475 Nm is in fact — 400 rev/min. Note that the
machine is really operating in a braking mode, the machine is generating but the
circuit as a whole is dissipative. The mode will be met again in Examples 3.19, 4.7,
and 6.7.

EXAMPLE 3.17

For the same machine as in Example 3.15, calculate the speed/torque curves for
the following circuit conditions, the supply voltage being 250 V throughout:

(a) with a 5Q series resistor and a 10 Q diverter resistor across the machine ter-
minals;

(b) with a 5Q series resistor and with the 10Q diverter across the armature
terminals only;

(c) with a single resistor of 1.8 Q, diverting current from the field winding;

65



WORKED EXAMPLES IN ELECTRICAL MACHINES AND DRIVES

(d) without diverters but with the series winding tapped at 75% of the full series
turns. Allow for the reduced circuit resistance.

These circuits are all used in practice, to change the characteristic for various
control purposes, but the problem is also a good exercise in simple circuit theory.
The various configurations are shown on the figure below together with the derivations
of the required equations relating E and I, to the field current Ir, which is not always the
same as I,. The magnetisation data are transferred from Example 3.15.

(a) Mochine diverter (b) Armature diverter (c) Field diverter {d) Field topping
I, 143 I
50 2s0v 14 250V
250V
250-51 1.8
250-52 06
0 o6 0.459
108
068 0.68
-—
.8
L4 I, = ;- (25-0.561) Legeg o I+ Iy but:
I+ 7-(25-0.57) =1.567,-25 . kg COrresponds
=1.51-25 Le3- 4 to % - Iy since
I 0671, +16.67 S
£:250-5(0.67TL +16.67) £ :250-561 £:250-0.6 1, 5 of series
-L2r -0.6(1.56 7, -25) -510670 s used.
E:1667-4533], £ +265-6547, £ :250-1.41 £:=250-1.051,

*y

Wy rad/s

120

No'“'o/ PP,

S\

“—Mocmne diverter|(a)

Arméluve

diverter {b) \

T -ve 7o Nm
3] 50 100 150

FiG. E.3.17.
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Field current 8 12 16 20 24 28 A
ks 2 2.86 3.55 4.07 44 4.67 Nm/A
(a) E=166.7—-4.533I; 1304 1123 94.1 76 57.9 39.7 'V
wm = Efks 65.2 393 26.5 18.7 13.2 8.5 rad/fs
Te=ke - It 16 343 56.8 81.4 1056 130.8 Nm
(b) L=157I-25 -125 —63 -0.04 6.2 12.4 187 A
E=265-6.541; 212.7 186.5 160.4 1342 108 819 V
Om 106 65.2 451 33 24.6 17.5 radfs
Te=ke - I, -25 -18 -0.1 25.2 54.6 873 Nm
(c) I,=1.333I 10.7 16 21.3 26.7 32 373 A
E =250-1.4I 238.8 2332 2276 222 216.4 2108 V
®m 1194 81.5 64.1 54.5 49.1 45.1 rad/s
T. 214 45.8 75.6 108.7 140.8 1742 Nm
(d) ke at Irx3/4 22 2.86 34 3.85 4.15 Nm/A
E =250-1.05I¢ 237.4 2332 229 224.8 2206 V
@m 108 81.5 67.4 584 53.2 rad/s
T. 26.4 45.8 68 92.4 116.2 Nm

The four characteristics are plotted on the graph, together with the natural charac-
teristic from Example 3.15. Curve (d) lies on top of curve (c) since in each case, the
series m.m.f. is reduced to 3/4 of the normal value and the resistance drop across
the field terminals is the same. For a given armature current, the speed is higher and
the torque is lower than with the natural characteristic. Curves (a) and (b) give a
lower speed for a given torque and for the armature diverter, there is a finite no-load
speed as it crosses into the regenerative region. Rapid braking from the natural
characteristic to curve (b) is therefore possible.

EXAMPLE 3.18

A 500-V d.c. series motor has an armature circuit resistance of 0.8 (). The motor
drives a fan, the total mechanical torque being given by the expression:
(rev/min)’
2250

Plot the speed/torque curves and hence find the steady-state speed and torque under
the following conditions:

Tn=10+ 1bf ft.

(a) when an external starting resistance, used to limit the starting current to 60A at
full voltage, is left in circuit;

(b) when all the external resistance is cut out;

(c) when only 2/3 of the series winding turns are used, a field tapping being
provided at this point in the winding. The armature-circuit resistance may be
considered unchanged at 0.8 Q).
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The magnetisation curve at 550 rev/min is as follows:

Field current 20 30 45 55 60 A

Generated e.m.f. 309 406 489 521 534 554 V

Test speed wiest = 550 X 27/60 = 57.6 rad/s.
Required starting resistance for 60 A = 500/60 = 8.33 (); i.e. 8.33— 0.8 = 7.53 () extra.

ks = gen. e.m.f./57.6 5.36 7.05 8.49 905 927 946 Nm/A

For case (a) I.=1Ir and E = 500-8.33I;

For case (b) and (¢} I.= Iy and E = 500—0.8];

But for (c), the value of ks must be reduced to that corresponding to 2/3I.
Hence, for the various operating conditions:

(a) E =500-8.33I 333.4  250.00 125.1 4185 02 -623 V
om = Elk, 62.2 35.47 13.82 462 0.02 —6.58rad/s
N = om X 6027 594 339 141 44 0.2 —63 rev/min
T. for (a) and (b) 107 212 382 498 556 639 Nm
(b) E=3500-08I 484 476 464 456 452 446 V
wm 90.3 67.5 547 504 488  47.1 rad/s
N 862 645 522 481 466 450  rev/min
(c) ks at 2/3I; 5.36 7.05 8.49Nm/A
Te=ke - I 161 317 573 Nm
wm = E(b)/k, 88.8 65.8 52.5 rad/s
N 848 628 502  rev/min

The mechanical load characteristic is given in Ibf ft and the conversion factor to
Nm is 746/550. It is a straightforward matter now to plot Tm in Nm for the
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1000 {
//
eS|,
c NS - — Field turns
H 615=— 3
; \ // \<\
2 500 \—< 280 P
475 240 Natural I
3 /’ \ characteristic
o}

Torque, Nm
FiG. E3.18.

converted expression: Ty = 13.6+ (rev/min)*/1659 Nm and this has been done along
with the speed/T. curves from the above table. The intersections of the T, and T.
curves give the steady-state points as:

(a) 475 rev/min, 148 Nm; (b) 615 rev/min, 240 Nm; (c) 665 rev/min, 280 Nm.

3.5 BRAKING CIRCUITS

If when motoring, the circuit conditions are so changed that
current I, (or flux k,) reverses polarity, the torque T, will reverse.
Being then in the same sense as T,,, which opposes rotation, the
speed will fall, T, being assisted by this electrical braking action.
Depending on the circuit and the nature of T,, the rotation may
reverse after falling to zero, to run up again as a motor in this
changed direction. Reversal of flux is sometimes employed with
certain power-electronic drives but the time constant for ¢ is
relatively long by comparison with the armature-current time-
constant. Further, since I, would increase excessively as k; was
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reduced for ultimate reversal, armature current must first be zeroed
for the reversal period, usually less than a second, and during this
““‘dead time”, motor control is lost. Consider the expression for I,
I = V-E_V-kiwn
2 R R
Reversal of I, and T, can be achieved by four different methods:

(1) Increase of kdw,, the motor becoming a generator pumping
power back into the source. This regeneration would only be
momentary if k;, was increased, being limited by saturation and
the fall of speed. If T, is an active load, e.g. a vehicle drive, then
gravity could cause speed to increase, and be controlled by
controlling the regenerated power.

(2) Reversal of V. This would have to include a limiting resistor to
control the maximum current. Such reverse-current braking
(plugging) is very effective but consumes approximately three
times the stored kinetic energy of the system in reducing the
speed to zero, and would run up as a motor in reverse rotation
unless prevented. See Tutorial Example T.6.5.

(3) Short circuiting the machine, making V =0, would also require
a limiting resistor. Again the machine is generating in what is
called a dynamic (or rheostatic) braking mode and this time, the
resistor and the machine losses just dissipate the stored kinetic
energy. Braking is slower, especially if Ty, is small.

(4) Far superior to any of the above methods is to provide the
relatively expensive facility of controlling V, using a separate
generator or power-electronic circuit in what is called the
Ward-Leonard system, after its inventor. Rapid control of
current, torque and speed in any of the four quadrants is made
available. The next example illustrates all the methods above,
showing them on the 4-quadrant diagram.

EXAMPLE 3.19

A 250V, 500 rev/min d.c. separately-excited motor has an armature resistance of
0.13 Q and takes an armature current of 60 A when delivering rated torque at rated
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flux. If flux is maintained constant throughout, calculate the speed at which a
braking torque equal to the full-load torque is developed when:
(a) regeneratively braking at normal terminal voltage;
(b) plugging, with extra resistance to limit the peak torque on changeover to 3 per

unit;
(c) dynamically braking, with resistance to limit the current to 2 per unit;
(d) regeneratively braking at half rated terminal voltage.
(e) What terminal voltage would be required to run the motor in reverse rotation at

rated torque and half rated speed?

It is first necessary to calculate rated flux and thereafter the speed is given by:
o = V—RI;,OTX_RTe
m ks ke ks

with the appropriate values of R, V and I or Te..

" _250—0.13%60 _242.2
#ated) = 75 1 X 500/60  52.36

Substituting this value of ks will give all the answers from the general expression
for the speed/torque curve.

=4.626 Nm/A or V/rad/s

@ L= —60A. on=220"01360)_ 5573 24/s = 532 rev/min
4.626 —_—
(b) I. must be limited to 3(—60) A, and V = —250 V. Assuming that speed does not
change in the short time of current reversal: I, = V-E soR= ~20-2422
& "BTTR 3(- 60)

2.734 O, the e.m.f. kewm being unchanged momentarily.
This is the total circuit resistance which means an external resistor of 2.6 ( is

required.
Speed for full-load torque = lmm——%@—) = —18.6rad/s = — 177 rev/min
(¢) I limited to 2(—60) A and V=0s0: R = 92—;_24%)2 =2.018 = extra 1.89 ().
Speed for full-load torque = %@ = 26.18rad/s = 250 rev/min.
@ L= —60 A; V=125 V. wn= 2210 57 12)5 = 974 rev/min,
-52.36
() L=—-60A; wn= 5 V = kywm + RI, = 4.626 X (—26.18) + 0.13( — 60) =

—1289V.

Note that the motoring equation has been used throughout, even though most
modes are generating. This simplifies the concepts but requires the insertion of a
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Regenerative braking (a)
600

+ve Speed
rev/min

A
No-load  Forward

Reqenerming speed motoring

(d)
-ve Torque +ve| Torque
|
T t K . |
-3per unit -2 per unit \ -l per unit N I per unit
1

AN

braking
(c)

Reverse motoring (e)

Rated forque N
(negative) -ve Speed

Fic. E.3.19.

negative sign for current, torque or power if these are specified. Alternatively, if the
correct signs of speed, voltage and flux are inserted the signs of I, T. and P will come
out naturally in the calculations.

The speed/torque curves for each setting are shown on the
attached 4-quadrant diagram (Fig. E.3.19) and the above answers at
one particular torque (—1 per unit) are indicated. The dynamic
changeover between quadrants and curves will be illustrated by
examples in Chapter 6.

EXAMPLE 3.20

A d.c. series motor drives a hoist. When lowering a load, the machine acts as a
series generator, a resistor being connected directly across the terminals—dynamic
braking mode. Determine:

(a) the range of resistance required so that when lowering maximum load (450 Ibf ft)
the speed can be restrained to 400 rev/min, and for light load (150 1bf ft), the
speed can be allowed to rise to 600 rev/min.

(b) What resistance would be required if the light-load speed was maintained
instead at 400 rev/min and what would then be the saving in external resistance

loss at this load? What total mechanical power is gravity providing under this
condition? Neglect the mechanical losses. Armature-circuit resistance 0.1 (1.
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Before giving the magnetisation data, it should be pointed out that the machine is
going to be operating as a self-excited series generator and a step-by-step calculation
will be required. A braking condition with a series motor driving a hoist has already
been encountered in Example 3.16. The mode here was “plugging”; also with forward
torque and reverse speed, but a different circuit connection.

The following magnetisation curve was taken at a speed of 400 rev/min; i.e.
Wm(test) — 41.89.

Field current 30 50 70 90 110 A
Generated e.m.f. 114 179 218 244 254 \'

ks = E/41.89 2.72 4.27 5.2 5.83 6.06 Nm/A
Torque T. = kgl; 81.6 2135 364 5247 666.6 Nm

Flux and torque are plotted against current on Fig. E.3.20. The question specifies
torque so the curves will be used to read kg and I, ( = I) at the T. values.

746

For 450 1bf ft = 450 x 550 610.4 Nm; I, =102 A and ks = 6 Nm/A
For 150 Ibf ft =2034Nm; I, = 49 A and k4 =4.2 Nm/A
For dynamic braking: I, = 9- ;‘w * so required resistance is R = -_Tk‘w"‘
~6x %‘% X 400
(a) For 400 rev/min and 450 Ibf ft; R = —Twe - 2.464 Q2; extra 2.364 )
For 600 rev/min and 1501bf ft; R = 25207 - 5 386 0; extra 5.286.0
Z . +ve Torque, Nm
600 Jr /7 - 0___200 400 600
A/
500 - 5
w1,/ e -200[
400 Y 4 E \ me\\ Te -
/ » 3 .\
/ x ® -400 <~ '~ T ‘
300 vﬁ’#—A 3 . . \QG“Q
4 5 9 00 AN
z -6
200 Gl v & \ 3.590
2 -800| *x
100 ! ' \ 5386 0
-1000
o 0 30 S50 70 90 IO
Field current
F1G. E.3.20.
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—4.2x 4073
—49

Difference in power loss = (5.286 — 3.49) x 49” = 4,31 kW
Total mechanical power is that dissipated; i.e. 3.49x49°=8.62kW=E - I,

(b) For 400 rev/min and 150 Ibf ft; R = =3.590Q; extra3.49Q

The various features of interest are shown on the speed/torque curves which, as an
exercise, could be plotted from the above data following a few additional cal-
culations of speed wm= — RT./ks’.
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CHAPTER 4

INDUCTION MACHINES

For drives, the important characteristic is that relating speed and
torque. Using the same axes as for the d.c. machine, with w,=
f(T,) as the dependent variable, the basic speed/torque curve on a
4-quadrant diagram is shown on Fig. 4.1a. It can be compared with
that shown for the d.c. machine in Example 3.19. Basic operation
as a motor is at speeds near to synchronous, n, = f/p rev/sec, with
small values of slip s =(n;—n)/n,. There are other significant
operational modes however, e.g. starting, generating and braking.
Adopting a motoring convention, i.e. Py and P, both positive,
the various modes are shown, covering slip variations from small
negative values (generating) to larger values s »2, where braking
occurs. Changing the ABC supply sequence to the primary—
usually the stator winding—will reverse the rotation of the mag-
netic field and give a mirror-image characteristic as indicated. Note
also the typical mechanical characteristic; T, = f(w,), its inter-
section with the w,=f(T.) characteristic which determines the
steady-state speed, and its reversal, as a passive load, if rotation
reverses. Although the natural induction-machine characteristic as
shown is quite typical, it is possible to change it by various means,
for example to cause change of speed or improve the starting
torque. The later questions in this chapter are much concerned
with such changes.

4.1 REVISION OF EQUATIONS

Figure 4.1b shows a power-flow diagram for the induction
machine and Fig. 4.1c the “exact” (Tee) equivalent circuit, per

75



WORKED EXAMPLES IN ELECTRICAL MACHINES AND DRIVES
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{c) Equivalent circuit per phase

FiG. 4.1. 3-phase induction machine.
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phase, the approximate circuit being indicated by the transfer of
the magnetising branch to the terminals. These are not the only
ways of presenting the equivalent circuit but they have the ad-
vantage of preserving the identity of important physical features
like the magnetising current I, and the winding impedances.
z;= R, +jx; and Z;X R/s +jx5 The magnetising branch admit-
tance Y, is 1/Ry+ 1/jXn. The approximate circuit makes cal-
culations very easy and is justified if a general idea of performance
is required, having an accuracy within about 10%. The worked
examples in this chapter apart from Example 4.18, refer to 3-phase
machines under balanced conditions, but the values per-phase
would apply to any polyphase machine.

The power-balance equation yields the important relationships:

Electrical terminal power per phase

= P.= VI, cos ¢, = E I} cos ¢, + Stator loss
Air-gap power per phase

=P, = El5cos ;= I5R}/s (4.1)
Hence: rotor-circuit power per phase

= 'R, = sP, 4.2)
and: mechanical power per phase

= Po=(1-5)p, ={1=3pR, “.3)

from which: electromagnetic torque

— 2
3Py _3P(1-s)_3, _3 LR, 4

on oll—5) o * o, s

=Te=

From the expressions for P, P, and P, it can be seen that P, and
P, are both positive (motoring) when 0 < s < 1. When s is negative
P. and P, are negative (generating), and when s > 1, P, is positive

WEEMD - G
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but P, is negative, i.e. power flow inwards at both sets of “ter-
minals”, which is a braking condition. The mechanical “‘coupling”
power is:

Pcoupling = 3IZZRZ(I;_S) — ®Wm Tloss

Note that the rotor-circuit power-loss can be expressed either as
3I,°R, or 3I$R}, and the rotor is assumed to carry the secondary
winding, the usual arrangement. If the approximate circuit is used:

T o3 4% xReinm @)
¢ 2axflp T (Ri+ Ry +(x,+x3)* " s :
o V,+j0 _ .
where: L= RIRI)TinTxD) (Real) — j(Imag.) (4.6)
L= 2t = Iy~ iln @7

" Rn "Xn

and I, = I3+ I, = [(Real) + I,] — jl[(Imag.) + I] = I, cos ¢, + jI, sin ¢;.
Note that ¢, and sin ¢, are taken as —ve for lagging p.f. For a
generator with s negative, the expression for I} is of the form:

vV, x—A—jB
-A+jB —-A-jB

which becomes of the form: V\(—a —jb),

the real part of the current being negative. The machine is not a
“positive”” motor as the motoring-convention equations have
assumed, but a ‘‘negative” motor indicating reverse power flow.
If we reverse the convention, changing the signs, the real part
becomes positive, and also the imaginary part, showing that as
a generator, the induction machine operates at leading power
factor.

For calculations using the ‘‘exact” circuit, the following arrange-
ment preserves the connection with the equivalent circuit as a
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useful reference:

L= 17, + Z,,
_ A 1
__R|+JX1 +l+_l__+ 1 (48)
Rn jXm Rils+jx;
=R/ +jx, + Rap + X
= Rinput + innput
Hence: Vi (Rin X .
Il - Zinplut(zin. - JZin.) = Il cos ¢ * JIl SI @1
Z, E. jE
Ei= VX7 and b= - ’X—m‘ (4.9), (4.10)
E 2
IIZ — 1
e @1

From these equations, the majority of the Chapter 4 examples are
solved, but other special equations are developed later as required.
For example, an important quantity is the maximum torque. This
can be obtained from the approximate expression above, either by
differentiating or considering the condition for maximum power
transfer, taking the load as the power consumed (I3’Rj/s) in the
apparent rotor resistance. From these considerations, R5/§ must be
equal to:

R3/§ =V R+ (x, + x3)?, 4.12)
giving a maximum torque on substitution of § as:
2
Max T, = > x Vi (4.13)

ws 2[=VRI+(x +x5)H+Ry]
which is seen to be independent of the value of Rj.
4.2 SOLUTION OF EQUATIONS

As for the d.c. machine, the following flow diagram has been
prepared to act as a guide to the kind of problems which might be
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posed, and to indicate in a general way the approach to solutions.
The reader must also be prepared to refer back to the equations
just developed when trying to understand the solutions in the
following examples.

EXAMPLE 4.1

The equivalent circuit of a 440-V, 3-phase, 8-pole, 50-Hz star-connected induction
motor is given on the figure. The short-circuit test is conducted with a locked rotor
and a line current of 80 A. The ‘“‘open-circuit” test is conducted by supplying the
primary winding at rated voltage and at the same time driving the rotor in the same
direction as the rotating field, at synchronous speed; s = 0. Determine:

(a) the line voltage and power factor on the short-circuit test;
(b) the line current and power factor on the “open-circuit” test;

(c) the equivalent circuit per-phase if these tests were analysed on an approximate
basis; i.e. neglecting the magnetising branch when analysing the s.c. test and
neglecting the series leakage impedances for analysis of the o.c. test.

0.1 jO.5 j0.5 0.1/s
o A ' T
Vo= 440 | —= 2, 100 j20
s
O
F1G. E4.1.
(a) Input impedance Zi, =z, + Zab (1/Yab)
1
=0.1+j0.5 T T T

100t200.1+505
1

o 0.0-105

1
0.395-31.973
=0.1+j0.5 +0.097 + j0.487
=0.197 + j0.987 = 1.006/78°7 €} per phase
Input voltage on s.c. = V'3 x 1.006 x 80 = 140 Line V at 0.1957 power factor
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. B . 1
(b) Input impedance (Rz/s =») =0.1+)0.5 +0—~—'01 —30.05 (1/Ym)

=0.1+j0.5+3.85+j19.23
=3.95+j19.73 = 20.1/7827 Q) per phase

Input current Ip = %\1/3 =12.64 A at 0.1963 p.f.
) Zi. = 14%/0\/3 /cos™" 0.1957 = 1.006 (0.196 + j0.98) = 0.197 + j0.987 O
Dividing this equally between stator and rotor: z; = z3 = 0.0985 + j0.494 )
From “o.c. test”: Rm= A C(:/S P 12‘2:(1/?{]3%3 =1024Q
.=V “4OV3 oo

™™ To sin @oc 12.64 x 0.98

The largest errors with this approximation are in the magnetising-
circuit parameters, about 2.5%, and are less than this for the
series-impedance elements, which are more decisive on overall
performance. The errors depend on the relative magnitudes of the
parameters and are not always so small. Note that test information
would usually be given in terms of line voltage and current and
total power. The power factor would have to be calculated from:

cos @ = Total power
¢ \/3 X Vline X Iline

In the questions above, the o.c. and s.c. power factors are about
the same, but this is not usually so. Note also that it is not usually
convenient to drive the machine for the “o.c. test”. Running on no
load, where the slip is very small, is a close approximation and
allowance can be made for the error in assuming z; = as des-
cribed in Reference 1.

EXAMPLE 4.2

For the machine and equivalent circuit given in Example 4.1, calculate, at a slip of
3%, the input stator-current and power factor; the rotor current referred to the
stator; the electromagnetic torque; the mechanical output power and the efficiency.
Also calculate the starting torque. Take the mechanical loss as 1 kW. Consider:

(a) the equivalent circuit neglecting stator impedance altogether;
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(b) the approximate circuit;
(c) the‘‘exact’ circuit.

(d) Repeat (c) working in per-unit taking the calculated output, rated voltage and
synchronous speed as base quantities.

Synchronous speed s=2w Xf/p =27 % 50/4="78.54rad/s. om= wl1-0.03)=
76.18 rad/s.
(a) Stator impedance neglected (b) Approximate equivalent circuit
L 254 . 254 e
L= 003 +305 ST | Gy o003y - 827199
254 _j254 _ 54 —254—i
L= 100 20 - 2.54—j12.7 =2.54-j12.7
L= I+ Io=77.04 — j23.85 70.74 - j32.6
= 80.6 A at cos ¢ = 0.955 77.9 A at cos ¢1 = 0.908
B= V4S5 + 1115 =7532A V682 +199°=71A
_ (O _ 3 qpix Ol _

Te= 7854><7532 003—722.2Nm 78.54)(71 0.03 6418N
Prnech =  76.18x722.2-1000 = 55.7kW 76.18 x 641.8 — 1000 = 49.41 kW
Poec = V'3 x 440 x 77.04 = 58.7 kW V3 x 440 x 70.74 = 53.9 kW

Effy. n = 55.7/58.7 = 94.9% 49.41/53.9=91.7%
3 254 01 3 254 _0.1_
Ts(art 78 54 W X — 1 947 8 Nm ﬁ W X ——l-— 236.9 Nm

It can be seen that neglecting stator impedance gives appreciable
differences in the answers and at starting they are utterly
erroneous. From the next, exact-circuit calculation, it will be found
that the approximate circuit gives answers well within 10% of these

correct results.

1
=Zup = _
T 1 1
100 20 T 0.1

003+ j0.5

(c) Impedance across points“ab”

1
"~ 0.01-j0.05+0.293 -

70,044~ 3.01+j0.934 = 3.15/17°2

83



WORKED EXAMPLES IN ELECTRICAL MACHINES AND DRIVES

Adding stator impedance z;:  Zi,=3.11+j1.434 =3.42/24%7
254

T 3422471

234
E =2l v, 230 00y, =24 _694n
Tiza 342 V3305

Io=Ei/Rn— ]E./Xm =234-j117A

=74.3 A at 0.908 power-factor lagging

Torque T.= X 69.4”x3.33 = 613.6 Nm

78 54
Pech =76.18 X 613.6 — 1000 = 45.66 kW

Peic =V3x440x743x0.908  =514kW

Efficiency n =45.66/51.4 = 88.8%

For starting torque, s = 1, some data are already available from Example 4.1:
Zap = V0.0977+0.487" = 0.496 Q and Zi, = 1.006 Q

3 (0.4% o0l
Hence T = 7553 X (1006><254) X ger X Sl = 2304 N

(d) For the per-unit notation, we must first establish the base
quantities:

Rated output = 45.66 kW = Py, (total) or 15.22 kW (phase value)
Rated voltage =440V = Vi, (line) or 254 V (phase value)
Synchronous speed = 27 X f/p = 78.54 rad/s = Speed (wm)base = @s.

These are the usual base quantities chosen for induction motors
and the rest follow as below:

P yredl3
Ibase (pef Phase) = Vra(ed/(l:l/'lase (= 59.9 A)
Ir — Pra(ed/3 (= 74.3 A)

ed
a Viated X COS Prated X Trated

. I 1 .
I, in per unit ==-"24=— —— (= 1.24 per unit)
rated b TIhase  COS Prated X Mrated ( b

wm(ra(ed) = ws(l - sraled); SO wm(ra(ed) in Pe" unit = 1 — Srated

Py Prated] Omrated i :
Torquepse = —2¢ and Torquepe = gt —meted ———— jp
q ase Wm(base) rate Pra(ed/wm(base) 1 = Srated
per unit.
\% er phase \% Vi
Zbase base(p P ) base _ base Oth

Ibase(per phase) Pbase(per phase)/ Vbase B Pbase
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_ (440/V3y’

= aseo0p 240

Applying these relationships to the question: Zpase

Hence R =Ri= 0.1/4.24 = 0.02358 per unit
xi=xj= 0.5/424 = 0.11792 per unit

Rn= 100/4.24 =23.58  per unit

Xm 20/4.24 = 4717 per unit
Mechanical loss = 1000/45 660 = 0.0219 per unit

Calculations now proceed as in part (c) but V = 1; o, = 1 and all other quantities are
in per unit.
1
1 + 1 + 1
23.58 * j4.717 " 0.02358/0.03 + j0.11792
1
T0.0424 - j0.212 + 1.2443 - j0.18677
=0.7091 +j0.2197 =0.74235 (modulus)

add z: 0.02358 + j0.11792
Zi»=0.7327+j0.3376 = 0.80674 (modulus)

Zy=

__ 1 . _ _ .
Hence I, = 080674~ 1.24 per unit at cos ¢, = 0.7327/0.80674 = 0.908 lagging

_ 074235 .

E/ = 0.80674 < 1=0.92

, 0.92
12 = e =1.157 (ChCCk from actual values 694/599 = 1158)
V0.786" +0.1179

_092 j0.92 _ .

Io= 358 4717 0.039 - j0.195.

Coupling torque =1 x 1157 x 0'820335 8 00219 (mech. loss) = 1.03 [x 1/(1 —0.03)]

Peiec (V X I xcos @) =1x1.24 x0.908 = 1.126 per unit so n =1/1.126 = 0.888

All the per-unit values check with part (c). The final calculations
are somewhat neater and the method has advantages when many
repetitive calculations are required, comparisons are being made or
large systems are being studied. For computer simulations, especi-
ally for transient analyses, the scaling problem is eased consider-
ably.
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EXAMPLE 4.3

A 3-phase, 440-V, delta-connected, 4-pole 50-Hz induction motor runs at a speed
of 1447 rev/min when operating at its rated load. The equivalent circuit has the
following per-phase parameters:

Ri=020, Ri=04Q; xi=xi=2Q; Ra=2000; Xu.=40(
(a) Using the approximate circuit, determine, for rated load, the values of line
current and power factor, torque, output power and efficiency. The mechanical
loss is 1000 watts.

(b) Determine the same quantities, if the machine is run as a generator with the
same numerical value of slip.

7
7

//
V| / II {motor)
\ II {gen)
\ reversed
\
\\
\,
\\
\Il {gen}
Fig. E4.3.
. _ 60X flp—1447 1500— 1447 _
(a) Full-load slip = 60X502 1500 =0.0353
. 440 . .
L=z v040035) Tja vy 2403 -ills
440 440 -
v 3 =22 —jll
=200 *j40 = T
1= I =3625- 228
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Line current = V3 x (36.252 + 22.82) =74.2 A at 36.25/42.8 = 0.847 p.f.

T3 04 __3
2 %5012 0.0353~ 157.1

Prech = (1—-0.0353) X 157.1 x 291 — 1000 (mech. loss) = 41.59 kW = 55.75 h.p.
Peiec = 3 x 440 X 36.25 = 47.85 kW. Efficiency = 41.59/47.85 = 86.9%
(b) As a generator, slip = —0.0353; hence:

440 440

X (34.05% + 1.8} X o = ———x 36.04”x 11.33 = 281 Nm

L= G2-04/00350)+5d L3 5> ~i126
L= = 22-jn
L= I = -328—23.6

Line current = V3 x (32.8"+ 23.67) = 70 A at —32.8/40.4 = 0.81 p.f. (- 144°)

Note, that since a motoring equation has been used, the real part
of I, is negative. If the convention is reversed it will be positive
and can be seen that I, is at leading power factor. Phasor diagrams
are helpful here and are shown alongside. The current locus is
circular and circle diagrams can be used for rapid solutions. They
are less important nowadays but the technique, with numerical
illustration, is dealt with in Reference 1.

T.= 15371x(35’+1262)x( 11.33) = ~299.4 Nm

Pumech = (1 +0.0353) x 157.1 X (—299.4) — 1000 = —49.7 kW
Peiec = 3 X440 x (—=32.8) = —43.3 kW. Efficiency = 43.3/49.7 = 87.1%

Note again that the motoring convention results in negative signs in the answers.

EXAMPLE 4.4

In a certain 3-phase induction motor, the leakage reactance is five times the
resistance for both primary and secondary windings. The primary impedance is
identical with the referred secondary impedance. The slip at full load is 3%. It is
desired to limit the starting current to three times the full-load current. By how
much must:

(a) R, be increased?
(b) R: be increased?
(c) xi be increased?

How would the maximum torque be affected if the extra impedance was left in
circuit?

87



WORKED EXAMPLES IN ELECTRICAL MACHINES AND DRIVES

This question gives minimum information but can be solved most conveniently by
taking ratios and thus cancelling the common constants. Let the new impedances be
expressed as kaR;, koR3 and k.x: respectively, and Ry = R} =R; x; = x5 =5R.

Full-load current =

\4

VIR

V(R + R/0.03)"+ (5R + 5RY)’ - V12788

\%

VIR

Starting current = =
g V(k.R + keR) +5%(kc:R + R?  V(ka+ ko)’ + 25(k. + 1)?

L \/
Current ratio n- Vi

1278.8

F ko) + 25(ke + )P

(a) and (b) If k. =1 and either k, or ky, = 1:

Expression for full-load torque =

[eqn (4.5)]

Expression for starting torque

so k (=ka or kp) = 5.49
(©) If ka=ko=1: 1278.8 =9 x [22 + 25(k. + 1)’] from which k.= 1.35 (1.35x))

[eqn (4.5), s =1]

Expression for maximum torque =

[eqn (4.13)]

Starting torque _

—required to be 3.

1278.8 = 9 x [(k + 1)* + 100]
(5.49R, or 5.49R;)

3V

_3vi

= o.R 3836

3V?2xR

w. X [(R + RI0.03)"+ (10R)] < 0.03

3V

1

TR (ko t ko) + 25(k. + 1)

3V

= 0s X [(kaR + koR)T¥ 25(keR + R)]]

_ 3V|2X

1

ws X 2[V(kaRY + 25(k.R + RY" + kaR]

osR  2[VkI+25(k:+ 1) + ka)

38.36

Ratio Full-load torque Ta (ka+ ko)™ +25(kc +1)°

Maximum torque _ Tmax

38.36

Ratio = ——
Full-load torque 21V kE+ 25(ke + 1)” + ka]
Results | k.= 1.35; kv = 5.49; k. = 5.49; ka = ko = ke
ka=kp=1 ka=k.= kp=ke=1 =1
x; increased R: increased R increased No change
TslTa 0.27 0.27 0.27 0.369
Traxl T 1.5 1.735 1.135 1.735
T/ In 3 3 3 3.507
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The table shows that there is no loss of maximum torque if the
starting current is limited by rotor resistance. Based on
considerations of maximum-torque loss alone, x, is a preferable
alternative to R; as a limiting impedance, but it must be
remembered that this question is meant to illustrate the use of the
equations rather than draw profound conclusions from a much
restricted investigation into starting methods.

EXAMPLE 4.5
A 3-phase, 200-hp, 3300-V, star-connected induction motor has the following
equivalent-circuit parameters per-phase:
Ri=R;=08Q x1=x3=35Q

Calculate the slip at full load if the friction and windage loss is 3 kW. How much
extra resistance would be necessary to increase the slip to three times this value
with the full-load torque maintained? How much extra stator resistance would be
necessary to achieve the same object and what loss of peak torque would result?

Mechanical power = 3Py(1 — s) — mechanical loss

200 X 746 = 3x Vi x R&1 _ 5)= 3000 (mech. loss)
(Ri+RisY +(xi+x3)* " s :
2 —_—
146200 _ 3x(3300/V3)® _0.8(1—3s)

“08+08s)Y+ 7T

0.01747(0.64 +128, 08, 49) =1
167.26- 8743, 1, =0
N N
. .1 87.445+V87.445 - 4x167.26
solving the quadratic: P 5

from which the lower value of s comes from %= 85.5; s =0.0117

From the torque equation it can be seen that torque will be a fixed value, with all
other parameters constant, if the quantity R3/s is unchanged; i.e. if R} changes in
proportion to any slip change, the torque will be unaltered. In this case, the slip is to
be 3 X, so the extra rotor resistance, referred to the primary, will be 2x0.8=1.6 ().
Maximum torque is unaffected by change of Rj.

, . 3 R} . Vi R
For increase of stator resistance, — X I> X Y to be unchanged; i.c. 77 X ry must
Ws

be the same so, since V, and R} are unchanged then: 1/(Z% X s) must be the same for
the same torque. Equating:
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1 B 1
{[R: + 0.8/(3x0.01117)F + 49} x 3 x 0.0117) {(0.8 + 0.8/0.0117)"+ 49} x 0.0117

1 B 3
519.5+45.584R, + R7+49  4675.2+49

from which: R,*+ 45.584R, + 1043 = 0 and the lowest value of R; = 16.6 Q.
Extra stator resistance required is therefore 15.8 Q

. 3V
Now maximum torque = —
[eqn (4.13)] 2w (VR +(x1+ x3)*+ Ri]

1
VRI+ (xi + x5)*+ R,

VO +T +0.8 _7.845
V16.6+7+16.6 34.6

proportional to:

so torque ratio = =0.226 = 77.4% reduction

EXAMPLE 4.6

A 3-phase, 4-pole, 3300-V, 50-Hz, star-connected induction motor has identical
primary and referred secondary impedances of value 3+j9(} per phase. The
turns-ratio per-phase is 3/1 (stator/rotor), and the rotor winding is connected in delta
and brought out to slip rings. Calculate:

(a) the full-load torque at rated slip of 5%;
(b) the maximum torque at normal voltage and frequency;
(c) the supply voltage reduction which can be withstood without the motor stalling;

(d) the maximum torque if the supply voltage and frequency both fall to half normal
value;

(e) the increase in rotor-circuit resistance which, at normal voltage and frequency
will permit maximum torque to be developed at starting. Express this: (i) as a
fraction of normal R, and (ii) as (3) ohmic values to be placed in series with
each of the slip-ring terminals and star connected.

The approximate circuit may be used and the magnetising branch neglected.

_ 3x(3300/V3) 1 3
(@) Full-load torque = == "= 55— X G 3/0.057 + 182 < 0.05 ~ 202 Nm
1
b) Maximum torque = 69328 X — 80— =1631 Nm
®) q 2x (V¥ Fi8+3) —_

(c) With voltage reduced, the torque must not fall below 969 Nm, and since T « V?
[eqn (4.5)]

969 - (Reduced \’4
1631 Normal V

) I
) so: Reduced V = \/% =0.77 per unit = 23% reduction
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(d) This situation could arise if the supply-generator speed was to fall without
change of its excitation; both voltage and frequency would fall together.
Correcting all affected parameters in the appropriate equations:

3
VI (18X

Substituting in the first equation:

3% (3 X 3300/V3) y 1 3
2 x(x50)2 ~ (3+3/0.316)"+(18/2)° " 0.316

The answer could have been obtained directly by substituting the redaced
parameters into the second equation used, (4.13), in part (b).

3
AT

The required value of R: could be obtained by substituting § = 1 in eqn (4.12), or
alternatively, since R:/s is a constant for any given torque:

NewRé= 3 H NewRé= 1
1 0.1644 " GidR;  0.1644

Hence, additional R; required = 5.082 times original R.. Since the turns ratio is
3/1, the actual additional resistance per rotor phase must be 5.082x30/3 =
1.694 ). However, this would carry the phase current and either by considering
the delta/star transformation or the fact that the line current of a star-connected
load across the slip rings would carry V3 times the phase current, three external
line resistors of value 1.694/3 =0.565 ) would dissipate the same power and
avoid the necessity of bringing out expensive additional connections and slip
rings, if inserting resistance in each phase.

§=

=0.316; eqn (4.12), allowing for the reduced frequency.

Max. T. =

=1388 Nm

(e) Normally, maximum torque occurs at a slip of § =

=6.082

EXAMPLE 4.7

Using the approximate circuit for the motor of Example 4.1, calculate the
mechanical coupling power at speeds of 0, 720, 780 and —720 rev/min; positive
speed being taken as in the direction of the rotating field. For the last case show, on
a power-flow diagram, all the individual power components, to prove that the total
input power is absorbed in internal machine losses. Take the mechanical loss as
constant at all speeds other than zero, where it too is zero.

Synchronous speed = N, =60 X f/[p = 60 X 50/4 = 750 rev/min
Series-circuit impedance = V(0.1+0.1/s)’+ I'=Z.
I¥R}

Mechanical coupling power = 3P, — mech. loss = 3-S—(l —§)— 1000 = Pcoupling
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Speed, rev/min. 0 720 780 -720

. _ 750 — Speed _
Slip = ———— 1 0.04 0.04 1.96
Rifs =0.1/s 0.1 2.5 -25 0.051
A 1.02 2.786 2.6 1.011
Ii= 4409/3 A 249 91.2 97.7 251.2
3Pn kW 0 59.86 —74.45 -9.268
Peoupling = Prmech 0 58.86 ~75.45 —-10.268

3 IR}

= 3 __ iz . —-911.5 .

Te=5—550: * 3 Nm 236.8 790.8 9 122.9

These four sets of readings correspond to four significant points on
the speed/torque curve; starting, motoring at full load, generating at
the same, but negative slip, and reverse-current braking (plugging).
In this last case, the values are those which would occur momen-
tarily if the motor, running at full speed in the reverse sense,
suddenly had its phase sequence and rotating field reversed. The
values of currents, powers and torques should be studied to gain
better understanding of induction machine operation.

For —720 rev/min cos ¢ = (Ri+ R3/s)/Z = 0.1493 and sin ¢ = —(.9888.

L 1=1251.2/-84%3 =37.5-j248.4
and I = 44%(\)/ 3 ’44%\/3 =2.54—j12.7
. =40.04—j261.1
Petec = V'3 X 440 x 40.04 =30.51 kW
Stator Cu loss = Rotor Cu loss = 3 x 251.22x 0.1 =18.93

Stator Fe loss = 3 X (254)*/100 =1.94

Total stator loss = ﬁ
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Patec Stator 9.64/—\9.27 Mech. Proach

30.51 loss loss 10.27
| Bol |
20.87 1.0
Rot
loss [—= 18.93

Figures in kW. Actual directions shown

FiG. E4.7.
Mechanical loss = 1 kW + rotor Cu loss (18.93 kW) =19.93
Total machine loss =40.8 kW

Total machine input = Peec + Pmech = 30.51 + 10.27 = 40.78 kW

The slight differences, e.g. between the input and the loss, are due to rounding-off
errors. The figure shows the power distribution for this braking condition.

EXAMPLE 4.8

A 3-phase, 6-pole, 50-Hz induction motor has a peak torque of 6 Nm and a
starting torque of 3 Nm when operating at full voltage. Maximum torque occurs at a
slip of 25%. When started at 1/3 of normal voltage the current is 2 A.

(a) What is the mechanical power, at peak torque when operating at normal
voltage?

(b) What maximum torque would the machine produce at 1/3 of normal voltage?

(c) What starting current would the machine take when supplied with normal
voltage?

(d) What extra rotor-circuit resistance, as a percentage, would be required to give
maximum torque at starting and what would then be the current, in terms of that
at peak torque without external resistance?

This is basically a simple problem, to bring out certain elementary relationships. The
curves sketched on Fig. E.4.8 indicate the main points for the solution. No
additional equations from the ones used previously are involved.

(a) Power at maximum torque = wnTe = 27 X % X (1—-0.25)X6=0.471 kW

(b) Torque = V? hence, reduced maximum torque = (1/3)X 6 = 2/3 NM

(c) Current = V, hence I =3X2=6A

WEEMD - H
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/m v, /3

(d) Ri/s is constant for same torque. Since s changes from 0.25 to 1, then the total
rotor circuit resistance must change in the same ratio; i.e. by 4 times. Hence
extra rotor resistance = 300%R,.

Since Rj/s is constant and since this is the only equivalent-circuit impedance
varying with speed, the total impedance presented to the terminals is unchanged
and so the current is the same as at s = 0.25.

EXAMPLE 4.9

An induction motor has the following speed/torque characteristic:

Speed 1470 1440 1410 1300 1100 900 750 350 Orev/min
Torque 3 6 9 13 15 13 11 7 5Nm

It drives a load requiring a torque, including loss, of 4 Nm at starting and which
increases linearly with speed to be 8 Nm at 1500 rev/min.

(a) Determine the range of speed control obtainable, without stalling, by providing
supply-voltage reduction.

(b) If the rotor was replaced by one having the same leakage reactance but with a
doubled resistance, what would then be the possible range of speed variation
with voltage control?

For each case, give the range of voltage variation required.

This is a “drives” problem and must be solved graphically from the data given. The
solution depends on the simple relationships that T. « V7, and for any given torque
Rils is constant, if all other parameters are constant; eqn (4.5).

(a) Plotting the speed = f(T.) and T = f(wm) characteristics from the data gives the
normal steady-state speed at their intersection. The T. characteristic is reduced
proportionally until maximum T, intersects the T characteristic. This occurs at

94



INDUCTION MACHINES

1500

\
- \\m Ry, Full v

2R, N1 N\, 1380
\ \/
1100 =—#- 2R,
1000 \ Full ¥V

6.9

rev/min

° 700 -
£ / ( / /
500 P
7 71¥5.9
Il
ll
Ar
T ,’
/!
|
0 ) 10 [
Torque, Nm
FiG. E4.9.

a torque of 6.9Nm and speed of 1100rev/min. Hence voltage reduction is
V15/6.9 = 1.47/1 or 100% to 68% volts, giving a speed reduction from 1420 to
1100 rev/min.

(b) At various values of T., the slip, which is proportional to the speed difference
from the synchronous value, is noted and a new speed plotted for this same T.
but with this speed difference doubled, since R: is doubled. Again, from the
intersections of the Tw characteristic with the two new curves, the speed range
is seen to be 1350 to 700 rev/min. The torque value on the reduced curve for 2R:
is 5.9, so the ratio of peak torques gives the appropriate voltage reduction as
V15/5.9 = 1.59/1 or 100% to 63% volts. This greater speed range, for a similar
voltage reduction, is obtained at the penalty of additional rotor-circuit losses,
but nevertheless such schemes are sometimes economically suitable because of
their simplicity, for certain types of load where torque falls off appreciably with
speed.

The curves also show the speed range obtainable with resistance control; in this
case, doubling the rotor resistance reduces the speed from 1420 to 1350 rev/min.

EXAMPLE 4.10

A 440-V, 3-phase, 6-pole, 50-Hz, delta-connected induction motor has the follow-
ing equivalent-circuit parameters at normal frequency:

Ri=0.2Q; Ri=0.18Q; x,=x5=0.58Q—all per phase values.
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(a) The machine is subjected in service to an occasional fall of 40% in both voltage
and frequency. What total mechanical load torque is it safe to drive so that the
machine just does not stall under these conditions?

(b) When operating at normal voltage and frequency, calculate the speed when
delivering this torque and the power developed. Calculate also the speed at
which maximum torque occurs.

(c) If V and f were both halved, what would be the increase in starting torque from
the normal direct-on-line start at rated voltage and frequency?

(d) If now the machine is run up to speed from a variable-voltage, variable-
frequency supply, calculate the required terminal voltage and frequency to give
the *‘safe’” torque calculated above: (i) at starting and (ii) at 500 rev/min.

(e) Repeat (d) for the machine to develop a torque equal to the maximum value

occurring at rated voltage and frequency. In both (d) and (e), the criteria is that
the air-gap flux per pole is maintained constant for any particular torque.

(a) The question asks effectively for the maximum torque with voltage and
frequency reduced to 0.6 of rated values. Substituting in the maximum-torque
eqn. (4.13) with appropriate correction of parameters:

3 (0.6 x 440)°
27 x0.6x50/3 2{V0.27+ (0.6 X 1.16)* +0.2]

Max. T. = = 1800 Nm

(b) From the general torque expression eqn. (4.5), with normal supply, the required
slip to produce this torque is obtained by equating:

__ 3 40° 0.18
1800 = T x50/3  (02+0.18/s)+1.16° . s
giving: 1.803 (0.04 + @ + %3,2 + 1.3456) - %
from which: ;1,—21:—'9+ .77 -0

and the smaller value of s on solution is 0.0907 corresponding to a speed of:

1000(1 - s) = 909 rev/min.

Power developed = 26—3 X 909 x 1800 = 171.3 kW =230 hp

0.18
Speed for maximum torque from eqn. (4.12) § = ————==0.1529 so
P d d V0.2 +1.16
speed = 847 rev/min.
(c) The expression for starting torque is: 3 X Ve X—&
P B IOTAUE IS 2 xTlp T (Ri+ Ry + (i +x3) 1

Using ratios to cancel the constants in the expression:
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Starting torque at 3V and f __1 « (VR)IVY
Normal starting torque  (f/2)/f ~ (0.387 + (1.16/2)")/(0.38 + 1.16%)
=2X __025 1.55 times normal.

0.1478/1.497

(d) and (e) As will be shown in the next example, if the flux per pole (Ei/f) is
maintained constant by adjustment of voltage and frequency, any particular
torque occurs at a unique value of slip frequency f» and rotor current I35.

Further, since: ns=n + sns

f2

supply

pns=pn+pX X ns

fsupply = pn + f2 since pn; is the supply frequency.

The questions ask for the supply frequency and voltage to produce the maximum
torque, and a torque of 1800 Nm, at two different speeds, 500 rev/min and zero. The
required values of f» and I» can be deduced from those occurring at normal voltage
and frequency for these particular torques. The supply voltage required will be I}Z
where the reactive elements in the impedance will be corrected for faupply as
calculated. Parts (d) and (e) are worked out in the following table.

Starting n =0 Speed n = 500/60 rev/s

1800 Nm Max. torque 1800 Nm Max. torque

Slip at 50 Hz 0.0907 0.1529 0.0907 0.1529
Slip frequency f> = s x 50 4.535 7.645 4.535 7.645
Supply frequency = pn + f» 4.535 7.645 2.535 32.645
I:= Vot 0.41‘;(;s AN 177.9 244.4 177.9 244.4
Actual slip = f2/fsupply 1 1 0.1536 0.234
Ri/s 0.18 0.18 1.172 0.7692
X = 1.16 X fouppiy/50 0.1052 0.177 0.6812 0.757
Z=VO02Z+RisyY+X* 0.3943 0.4192 1.532 1.23
Visuppty = 1:Z 70.1 102.5 272.5 300.6

97



WORKED EXAMPLES IN ELECTRICAL MACHINES AND DRIVES

y f2:4.535 Hz
1000 /’ !
f,=7.645 Hz
Typical 440V, 50 Hz
m I/
<
3 —\/ 300y 32 6H
H —————y
272 v,
. 500)—-—-—Z2 02
b=
Q
Q
-3
o /
I
I
/
!
1
) Torque, Nm
0 :
70 V, 4.5Hz 1800| |\Mox
FiG. E.4.10.

The various speed/torque curves are sketched on the figure, for the criteria of
constant flux per pole. It can be seen that they are very suitable for speed-controlled
applications, with maximum torque being available over the whole range.

4.3 CONSTANT-(PRIMARY) CURRENT OPERATION:
IMPROVED STARTING PERFORMANCE

This is a very interesting mode, though in practice, operation is
confined to starting, with variable-frequency supplies, and rheo-
static braking where the constant current is usually of zero
frequency. The value of primary impedance is only required for the
calculation of supply voltage and does not influence the elec-
tromechanical performance. Consequently, for such calculations,
the equivalent circuit can omit the primary impedance. The mag-
netising resistance will also be omitted, without significant loss of
accuracy. It must be emphasised that the induction machine
equivalent circuit can be used at any frequency over a wide range
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(including approximate allowance for the time harmonics by
superposition), providing all frequency-sensitive parameters are
given their appropriate values. However, it is sometimes useful to
define, and, after modification, work with the parameters specified
at a particular frequency fi..., which will usually be the rated value.

EXAMPLE 4.11

The values of E; and x; for a particular induction motor are
known at a frequency fia..

(a) Develop the expressions which show that the rotor current and
torque are independent of the supply frequency but depend on
the slip frequency, f,; providing that the flux (E,/f) is constant.

(b) Show also, independently of the above, that for any given
primary current I,, the rotor current I; is governed by f, and
explain how this is related to the constant-flux condition.

(c) Finally, derive the expression for the slip § = f,/f at which
maximum torque occurs for a constant-current drive and hence
show that the maximum torque capability is independent of both
supply and slip frequencies.

(a) At any frequency f, and slip f,/f, then sx; becomes: (fo/f)(x3 %
flfvase) = X3 X falfrase- With constant flux per pole, the referred
secondary e.m.f. E, at standstill is proportional to the supply
frequency fv so SEI becomCS: (fZ/f)(El xf/fbasc) = El X lefbasc-

Hence rotor current:

I, = El xfz/fbasc = El
2 Ré+j(xéxf2/fbasc) RZ
f2/fbase

At any frequency, with the appropriate values of e.m.f.s and
reactances, the general torque expression, eqn. (4.4), is

(4.14)
+jx3

3 n2 (fbasc)
2 Xf/p % I fo/f x(fbasc)
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Fic. E.4.11.

By incorporating fp..e in a unity multiplier, cancelling f and

rearranging:

-3 _R;
277 X fbasc/p f2/fbase

showing that since I; is independent of f, eqn. (4.14), then so is

T..

(b) From the rules for parallel circuits and correcting for frequency
on the circuit of Fig. E.4.11:

X I3 % (4.15)

(3

=1, X ij(f/fbase)
! Ré/(fZ/f) + ](Xé + Xm)(f/fbase)

Dividing throughout by f/fy.s. and squaring:
X2

) v

’ 2
A similar expression, with X, replaced by [(f /I;.Z ) +x52],
2/ J base

L

17 =17x (4.16)

will give I,

The expression for I; indicates that its value depends on fa
not on supply frequency, whether or not the flux is constant.
However, at a particular slip frequency f,, eqn (4.16) modified
for 12 shows that I, has a unique value related to I, and hence
corresponds to a particular flux. Hence, for a given I, and f,,

100



©

INDUCTION MACHINES

there is a unique value of I; and of I, flux ¢ and torque T,
from eqns. (4.15) and (4.16). Alternatively if voltage and
frequency are controlled to give constant flux (E,/f), any
particular f, will define the currents and the torque. This gives
an easy method of deriving the variable-frequency wn/T.
characteristic from that at a particular frequency (see Ref. 1).
Inserting the expression for I3 into the torque expression, T,
will be found to have a form similar to eqn. (4.5) for the
approximate circuit, with I,X,, as the constant replacing V,. By
comparing expressions or by differentiating, the maximum
value of T, occurs when Rz/(f2ffoase) = X5+ X so for maximum

torque: .
f2 R

fbase x£+ Xm

hence, the slip for maximum torque

2 f2 % fbase Ré fbase
= == —_— = X — .
s f fbase x£+Xm f (4 17)

Substituting the value of f/fpse in the torque equation (4.15)

gives: 312 X2
. = 1 m N
MU e ol 5T Ko+ G+ X 2T )
317 Xo' 4.18)

- 277 X fbase/p X 2(x£ + Xm)

which is independentAof both f and f,, though f, must have the
value given above, f,, to achieve this capability and it does
depend on the value of I,%

Note that in the relevant expressions derived, the variable f2/fuase
replaces s = f,/f used in the previous constant-frequency expres-
sions. This quantity will be given the symbol S and is particularly
useful when the constant primary-current is d.c. The machine is
then generating at a rotor frequency f,= pn, showing that when

ns =

ns(base):

S = pn/fbase = pn/pns(base) =n/n,= ny(1- S)/ns =1-s.
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In this dynamic braking mode, the current I, is the equivalent
r.m.s. primary current giving the same m.m.f. as I. In the usual
2-lead connection for primary d.c. supply, the equivalent I, =
V(2/3)I4. = 0.816I,. The speed/torque curves for dynamic braking
are only in the 1st and 3rd quadrants with negative speed X torque
product, and a shape similarity with the motoring curves, see Ref. 1. A
torque maximum occurs at a value of S = R}/(x}+ X,,) usually at a
very low speed because S =1—3s.

EXAMPLE 4.12

A 3-phase, 8-pole, 50-Hz, star-connected, 500-V induction motor has the
equivalent-circuit per phase shown. Calculate the torques produced at slips of 0.005,
0.025, 0.05, 1 and the maximum torque, for the following two conditions:

(a) Constant(r.m.s.)-voltage drive at 500 line V;

(b) Constant(r.m.s.)-current drive at the same primary current occurring for slip =
0.05 in (a).

The role of X, in the calculations becomes important at very low
slips where Rj/s is large and becomes a dominant parameter. For
the constant-voltage mode the approximate circuit will be used,
because maximum torque occurs at much higher slips than for the
constant-current mode. Low-slip values need not be calculated in
the first case, for this general comparison of the two modes.

R R} X
For const. V. §= 3 : == 0213 5 =0.1077
\/R| + (x1+ x3) V0.13 +1.2
800 lCt)ns!un} curren!.l__“
T 1
'E 600 75 0.13 j0.6 j0.6 0.3/s —]
H Constant
400 volloge __ —
-5' ji20
& 200 |
[ —
0 1000 2000 3000 4000
Torque, Nm
FiG. E4.12.
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_._ R _ 013 _
For const. I, =§ = it X =0.6+20 =0.00631
__3 o Ri_If RS
Te=gaxs0ia < 15 %5 =262%

The two speed/torque curves are sketched from the above
results. They have the same torque approximately at s = 0.05, since
the primary currents are the same. The difference is due to the
approximations in the constant voltage case. The higher maximum
torque for the constant-current case and the smaller speed-regula-
tion look attractive, but the voltage required greatly exceeds the
rated value as will be shown in the next question.

EXAMPLE 4.13

For the motor of the last question, and for the constant current of 103.4 A
calculate, using the available results where appropriate:

(a) the values of I, and I3 for maximum torque;

(b) the required supply voltage to sustain this primary current at s = 0.05;

(c) the required supply voltage to sustain this primary current at s = 0.00631.
The approximate circuit may be used to estimate the supply voltage.

iXm (20.6 — j20.6)

(a) L=1 x(xi+Xm)+j(xi+Xm) = 103.4><j20m= 50.2 +j50.2
=71A
In=1L—K=103.4+j0—50.2—j50.2 = 53.2— j50.2 =73.1A
() V=V3xZxIi=V3x2.98x V9920 =514V
)V =V3IxV20.6"+ 1.2 x V5039 =2553V

Clearly, the maximum-torque, low-slip condition is not a practicable possibility.
Furthermore, with a magnetising current of 73.1 A, instead of the normal 14.4 A,
saturation would be considerable and Xn would fall. Example 4.15 makes some
allowance for this. The next example (4.14) shows that this maximum torque can be
obtained at lower frequencies since then, the slip f»/f is higher and the component
of voltage drop IiRj/§ required is lower.

EXAMPLE 4.14

(a) Derive an expression for the required frequency to give maximum torque with a
constant-current supply.

(b) Using the same motor data as for Example 4.12, calculate the required supply
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frequency and voltage to give this maximum torque with constant-current drive
(i) at starting; (ii) at 20% of normal synchronous speed.

(c) For the same motor data, but with constant flux maintained instead; at the value
corresponding to normal operation, determine the required voltage and
frequency to give maximum torque.

(a) From Example 4.10 § =

Ri xfbase
2+ X f

[eqn. (4.17)]

. n,—n - n —pn .
and, since s = — _f Ip _f-p , cancelling f after equat-
n, flp f
. . . s RyX
ing these two expressions gives f = %—f"“s5+ pn
X9+ Xm
®)
b)) (b)i)
: 0.13x50 0.13 x 50 50
f= 0.6+20 03155 Hz 206 T4*axs
= 10.3155
R . f . 03155 0.13 . 10.3155
Z="ttjxi— = 0.13+30.6 X =35~ 537557103155 T 16 50
Zinpw =21 + T =[0.1913+ j0.0687= 0.20330 2.132+j2.247 = 3.097 Q
Ym+ e
Z;
Veuply 36.4V at 0.3155 Hz 555 V at 10.3155 Hz

=V3% 103.4 X Zinpu

All the detailed calculations are not shown and note that Ym = 1/jX» must also
be corrected for the frequency change from 50 Hz values. The exact circuit
must be used because of the high value of In = 73.1 A, from Example 4.13. Note
that normal supply voltage of 500 V limits constant-current operation at 103.4 A
to rather less than 20% of normal synchronous speed.

(c) From Example 4.11, any particular torque, at constant flux, is obtained at a
unique slip frequency. In this case we require maximum torque, which from
Example 4.12 occurs at § =0.1077 and therefore f = 0.1077 x 50 = 5.385 Hz.

Because this is a constant, rated-flux condition, In is relatively small and the
approximate circuit may be used to calculate the supply voltage from V3 x Z x
I3 using the results of Example 4.12. From Example 4.12 part (a), the rotor
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current will be the same (I} = 160.6 A) and the maximum torque too will be
unchanged at 1188 Nm.

Hence, Ziypu = 0.13 + j(0.6 + 0.6) X 5—53-(—?2 +0.13=0.26 +j0.1292 =0.29 Q
Vaupply = V3 X 0.29 X 160.6 =80.8 V at 5.385 Hz

I 80.8/V3 =21.6A (difference from 14.4 A is due to

20 x 5.385/50 approximations)

It will be noticed that the maximum torque is very much less than
obtained with the constant-current drive. Even with the lower
(constant) primary current of 103.4 A the torque is 3961 Nm, as
against 1188 Nm. This is because the frequency is very much lower
at 0.3155 Hz and more of the current I, is therefore passed through
the reduced X,,. This improvement is offset partly, since the value
of X, collapses due to saturation at the high magnetising current.
The next example illustrates this point.

EXAMPLE 4.15

Once again, using the motor data of the previous examples, calculate, for a
constant-current drive of 103.4 A, the maximum starting torque (i) neglecting
saturation and (ii) assuming the value of Xn is reduced to 1/3 of its normal value
due to saturation. Make an approximate comparison of the flux levels for (i) and (ii)
compared with normal operation at slip = 0.05.

In Example 4.10 it was shown that the maximum torque under constant-current
drive conditions is: , ,
T.= 3" ,X'“
21bease/p 2(x5+ Xm)

This expression is independent of all frequencies except that x} and Xm correspond
to fease. It is sufficient for the purpose of answering this question. By correcting the
second term for the specified saturated change of Xm, the effect of saturation of
maximum torque is found simply. It is a useful exercise to check this, however, by
working out the value of § for the saturated condition and hence the values of f2,
Z%, Zinpu, I3 and In. They are as follows—using the exact circuit for solutions:

§ f2 Zé Zinpul Ié Im Te(max) Xm

Unsaturated | 1 [0.3155 | 0.061+j0.065 | 0.203 [ 71 73.1 | 3961 |20

Saturated 1 |0.8944 | 0.055+j0.065 | 0.199 | 67.1 | 73.4 | 1250 | 6.667
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The unsaturated values have been worked out in previous examples. For the
saturated value:

Xm reduced to: 20X 1/3=6.667 Q
. R} f 0.13 X 50
b= x == 06+ 6667

. 3x103.4° 6.667°
Maximum T.= o ><50/4><2(0 6+ 6.667) = 1250 Nm

Using a lower frequency than for the constant, rated-flux con-
dition, it can be seen that in spite of saturating the magnetic
circuit, the maximum torque is still higher at I, = 103.4 A than the
118 Nm for I,=170.3 A, when constant voltage is the supply
condition. To check that the saturation allowance is reasonable, the
flux will be worked out from E,/f = I, X./f.

=0.8944 Hz

For normal rating, flux proportional to: 12.6 x 20/50 = 5.04
For starting (unsat.),, 73.1 % 20x0. 3155/0 3155 =294
For starting (sat. ) 73.4% 6.67 0. 8944/0 8944 = 9.79

The flux ratio allowing for saturation is 9.79/5.04 = 1,94
The I,, ratio is: 73.4/12.6 = 5.8

By the empirical formula used in Example 3.6, this flux ratio should
give an I, ratio of:

0.6 X 1.94
1-0.4x1.94 =3.2

which is close to 5.8 above and suggests that the saturation
allowance is reasonable. For an exact calculation, the magnetisation
characteristic ¢/I,, would have to be available and an iterative
program devised to approach the exact solution, since the value of
I, in the maximum torque expression is not known until the value
of X,, is known. A similar method to that used for the d.c. series
motor can be adopted. Here, the nonlinearity of the magnetisation
curve was dealt with at the beginning by taking vartous values of I;
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and k,. In the present case, a series of I, values would define a
series of corresponding X, values. Referring to the various
expressions developed in Example 4.11, each X, will define §, f>,
E, (= I.Xuw), I5 (from E,/Z}) and I, from the parallel-circuit rela-
tionships. The maximum torque follows for the various values of I,
calculated.

The last five examples have shown, through the circuit equa-
tions, the special characteristics of the induction motor when under
controlled frequency and voltage. A simple way of summarising
the behaviour is through study of the m.m.f. diagram represented
by the I, I} and I, triangle. As will be shown later in Section 5.5,
which compares induction and synchronous machines, the torque
is proportional to the product of any two currents and the sine of
the angle between them. Now consider the two phasor diagrams of
Fig. 4.2. The first one is for the maximum-torque condition
deduced from the constant-supply-voltage equations in Examples
4.11 and 4.12. I, and I; are relatively high but I, remains at the
level corresponding to rated flux. The voltage diagram is drawn for
the approximate-circuit calculation. If this maximum-torque is
required over a range of frequencies down to zero speed, the
m.m.f. diagram would be unchanged, with the constant-rated flux
represented by I,. This occurs, from Examples 4.11-4.13, at a
constant slip-frequency of 5.385 Hz. I3, I, and I, are all constant.
Refer also to Example 4.10.

Figure 4.2b shows the condition for maximum torque deduced
from the constant-supply current equations, for the rated current
of I, = 103.4 A. Again this condition can be sustained over a range
of frequencies, by suitable adjustment of V, and f,. It will be
noticed that I, is very much higher, Example 4.13a, and the
diagram has been constructed allowing for saturation as in Exam-
ple 4.15. The voltage diagram has to be drawn this time from the
exact circuit because I, is so large. It is shown for the starting
condition. V|, was not calculated allowing for saturation but it was
36.4 line volts with saturation changes neglected in Example 4.14.
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V=287
i+ I

I=67.l

¢m
1,=144 1.=734
(a} Voltage source (b) Constant (rated) current source
Rated voltages shown Voltages for starting conditions

FI1G. 4.2. Maximum torque with different supply conditions.

The starting frequency f, (=f,) was there calculated as 0.3155 Hz
but in fact, allowing for saturation, f, should be 0.8944 Hz—
Example 4.15. Even so this value is still much less than for Fig.
4.2a and therefore I, is much higher. So is the maximum torque
itself, though the supply current is only 103.4 A instead of 170.3 A
in Fig. 4.2a. This is due to the currents being at a better displace-
ment angle; I; and I, are nearly perpendicular. Again, if it is
desired to sustain the maximum torque of Fig. 4.2b up to the speed
where the voltage reaches its maximum—about f, = 10 Hz, Exam-
ple 4.14—f,, and therefore all the currents, must be maintained
constant. Thus for either constant-voltage or constant-current
supplies, the condition for maximum torque is a particular constant
flux, which is different for the two cases. Further discussion of this
mode will be deferred till Sections 5.5 and 7.5.

EXAMPLE 4.16

Using the data and the “‘exact” circuit calculations for the motor of Example 4.2,
investigate the following features of the performance when the machine is changed
over from motoring at a slip of 3% to dynamic braking. D.C. excitation is applied to

WEEMD - |
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the stator, using the 2-lead connection; i.e. equivalent r.m.s. a.c. current I, equal to
V2/3I4. For all cases the speed may be assumed unchanged until the switch
changeover is completed. Further, the circuit is so adjusted as to retain initially the
same value of rotor current as when motoring at 3% slip.

(a) Rotor-circuit resistance unchanged. Calculate the d.c. excitation voltage and
current and find the initial braking torque on changeover and also the maximum
torque produced during the run-down to zero speed. The d.c. excitation is
maintained.

(b) Repeat the calculation for the condition where instead, the excitation is so
adjusted that the air-gap flux (E./f) is maintained at the 3% slip value. Extra
rotor-circuit resistance will now be required to keep the rotor current at the 3%
value.

(c) Compare the initial braking torques and currents if instead of (b) or (c), two
stator leads are reversed to cause reverse-current braking (plugging).

For (a) and (b), the magnetising resistance does not apply because the stator
excitation is d.c. For part (c), the approximate circuit may be used.

(a) The equivalent circuit is shown on the figure but unlike Examples 4.11 to 4.15
the constant current is now d.c. and the relative motion is changed from ns—n
to n = Sn, where S = fa/fvase. The rotor frequency is now proportional to speed
since the machine is operating as a variable-speed generator and S = n/n, =
1-5s.

Before, and immediately after changeover,

I, 69.4 Speed, rev/min
Plugging N,
- AN » $=0.03
Full load
R, x31 - 600
400
Dynamic braking Motoring
200
AR, unchanged Torque
| 1 | |
-1500 -1000 -500 / [ 500 1000
Nm
~-200
Fi1G. E.4.16.
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N =(1-5)N:=(1-0.03) x 60 X 50/4 = 727.5 rev/min
S =727.5750 =0.97
I 1202 vi
(0.1/0.97)* + 20+ 0.5)
and since I, from Example (4.2)=69.4 A, I=T71.1 A.
The d.c. current to give this equivalent Iy is 71.1 X V(3/2) =87.1 A
and since two stator phases are in series, the required d.c. voltage is 2 X 0.1 X

87.1=17.4V
The initial torque on changeover, using the general torque expression eqn. (4.15)
developed in Example 4.10, is equal to:

3

From the parallel circuit relationships 13 =

0.1

—_— 2 —_—
Tr x50 < 4 X pg7 = PNm
From the expression for maximum torque eqn. (4.18):
_ 3 2 200
Te=2axs0i < -1 * 30+ 05 — 1884 Nm

and this occurs at a value of § =0.1/(20 +0.5) = 0.0049, i.e. at speed 3.9 rev/min.
The torque values should be compared with that for 3% slip motoring, i.e.
613.6 Nm. Calculate also that I, is now 50.3 A—increased from 11.7 A.

For the alternative strategy of maintaining the flux constant instead of I, it is

more convenient to use the alternative equation for I; since E; is now known—
234 V, from Example 4.2.

- _SEi _ _
Rotor current I} —Ri T Sxl 69.4 A when S = 0.97
(0.97 x 234)*

. 2
hence: 69.4"= o0 17+ (0.97 X 0.5)?

from which the extra resistance R = V'10.46 — 0.1 = 3.134 O (ref. to stator).
Reverting to the parallel-circuit relationship for the calculation of the initial
stator current:
- Iix 20
~ 127(3.234/0.97)" + (20.5)°
giving IT1=72.1A; I.c=72.1%x1225=88.3A and d.c. voltage=288.3x0.2=
17.7V.
The initial torque on changeover

3 . 3.234
= Tm x50/~ 94 X097

69.4%

=613.4 Nm

which is virtually the same as the motoring torque before changeover. The flux and
the current are the same, but the rotor power-factor, which is related to the
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induction machine load angle,” is slightly different. The power factor is nearly
unity as distinct from part (a) where the power factor and torque are very low,
though flux and rotor current are nearly the same.

For maximum torque, since

-3 . E' R
T 2w x50/47 (RIS + X" S
and E, is fixed, then S occurs when R'/S = X. Hence S = 3.234/0.5 = 6.47.

This means that the speed for maximum torque is impractically high above
synchronous speed and therefore 613.4 Nm is the highest torque encountered in
running down to zero speed.

The value of the maximum torque is:

3 2347 3.234
27X 5004 057105 647 _ 221Nm

T.

(c) The changeover now corresponds to a reversal of n, and slip becomes:

Cme—n_=750-721.5 _
S=Th T 30 1Y

Using the torque equation for constant voltage, since the only change from
motoring is the phase sequence and slip:

__ 3 @ovy 0l

27 X50/4 7 (0.1+0.1/1.97 + 17 1.97

1

T 26.18
Note that although the current is nearly four times that for
dynamic braking, the torque is very much less, because of the poor
rotor-circuit power factor, the frequency being nearly 100 Hz in-
itially. The wvarious speed/torque curves are sketched on Fig.
E.4.16.

T.

X 251.2* X 0.05076 = 122.3 Nm

EXAMPLE 4.17

A 3-phase, double-cage-rotor, 6-pole, 50-Hz, star-connected induction motor has
the following equivalent-circuit parameters per phase:

z21=0.1+j0.4Q; z:=03+j04Q; z3=0.1+j1.2 Q—all at standstill.
Find, in terms of the line voltage V|, the torque at 980 rev/min:
(a) including the outer-cage impedance;
(b) neglecting the outer-cage impedance.
What is the starting torque?
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0.l 104

FiG. E.4.17.

The equivalent circuit is shown on the figure, the magnetising
branch being neglected. The circuit assumes that both rotor wind-
ings embrace the same flux and that they only have leakage with
respect to the primary winding. The calculation of torque is then
virtually the same as for the single-cage rotor except that the two
cages combine to an equivalent impedance R.;+ jX.q. This im-
pedance includes the effect of slip and is a function of slip. The
high-resistance cage is nearer to the surface and therefore has the
lower leakage reactance. It is responsible for most of the starting
torque because of its lower impedance z) at standstill. z} represents
the inner cage in which most of the working torque at low slip is
produced, because of its lower resistance, reactances being very
low at normal slip frequencies.

For a 6-pole, 50-Hz machine, N, = 1000 rev/min so s = (1000 — 980)/1000 = 0.02.

_ 1
(a) Zrotor - 1 1

0.1/0.02+1.2 1 0.3/0.02+;04

1
0.1891 —j0.04539 + 0.06661 — j0.00178

Reg+jXer =3.78 +j0.698
Adding z: 0.1 +j04
gives  Zin=3.88+j1.098 =4.032Q
Hence:
__ 3 (vVVv3y
27 xX50/3° 4.0327

T.

x3.78 = 0.00222 V*
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(b) Neglecting Z5 and adding z1+Zs' = 5.1+j1.6 =5.3451 0
then:

__ 3 (VVVI 01
T 2nx 5037 534517 T 0.02

which shows that the outer cage does contribute about 25% of the rated torque.

T. =0.00167 V,*

For starting torque, s =1

_ 1
Z rotor = 1 1

01+ji203+704

Rex+jXen = 0.169 + j0.324
Adding z:: 0.1 +j04
gives Zin =0.269+ {0.724= 07720
Hence: )
T. 3 IV 0169 = 0.00271 V2

=2axS0p3 . 0717
The starting torque is a little higher than the full-load torque,
indicating the desired effect of the double-cage construction in
improving the normally-low, single-cage starting torque; see figure.

44 SINGLE-PHASE OPERATION

The vast majority of motors operate from single-phase supplies
and are less than 1 kW in rating. Many special designs of very
small machines have been developed. Theory and calculating pro-
cedures tend to be less accurate and more complex than for
balanced polyphase and d.c. supplies so that the topic becomes
almost a separate and specialised study. For example, the very
popular universal a.c./d.c. commutator machine is basically a d.c.
series motor, but the a.c. supply brings deterioration in per-
formance in terms of efficiency and commutation behaviour, in-
evitably complicating the theory. In practice of course these effects
are alleviated by laminating the field iron and adding compensating
windings. The normal single-phase induction motor will produce
only a pulsating field so there is no starting torque. Steps have to

114



INDUCTION MACHINES

be taken to add a winding in quadrature with the main winding and
to apply phase-splitting circuits, thus producing an approximation
to a 2-phase machine. However, once the motor is started, a net
torque is developed even with the single winding alone.

The pulsations of the single-phase m.m.f. can be resolved into
synchronous-speed forward-rotating and reverse-rotating m.m.f.s,
each of half magnitude and considered to act separately on the
rotor with slips of s and 2 —s respectively, see Tutorial Example
T.4.19. The second, reverse component gives a braking torque like
the tail-end of the balanced polyphase-machine speed/torque
characteristic and is much smaller than the forward torque. The
performance can be calculated assuming each component has an
equivalent circuit equal to half the short-circuit impedance between
the terminals. These are connected in series, with the appropriate
values of slip modifying the effective rotor resistance. If we
consider the case of a 3-phase machine with one line opened—a
fault condition called single-phasing which does sometimes occur—
then the values of these two configurations are those of one phase
of the normal 3-phase equivalent circuit. The magnetising reac-
tance is much smaller however due to interference with the flux by
the backwards rotating-field component. The equivalent circuit is
shown on Fig. 4.3. Since the two circuits discussed above are in
series, the two halves of the s.c. impedance between the line
terminals can be combined to give R,+ jx, for the stator and the
total, referred rotor-impedance is left in two halves, (R5+jx3)/2,
with the appropriate slip dividing R3/2 to cover the general case of
rotation when they are no longer equal. The total magnetising
impedance must also be halved as shown. The voltages across the
two sections will be quite different at working speeds and I,
somewhat greater than I;. Neglecting the magnetising impedance
when calculating the torque is a more drastic approximation than
for the balanced polyphase machine since I, will then be equal to
I;. However, R3/(2 — 5) is so small at normal speeds that the error is
tolerable for the purpose of comparing single-phase and 3-phase
performance as in the next example.
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Ry xn 0.2 il
Al ' v‘v '
4y
"2 ¢ &L
L 12/ s
) < Xm
3 -
2 3 2
': Rz’/ZS |d
i "
o 12’/2 lq
ﬁm XM
2 2
L \ 0.t
$ R2/(2-5) Ay
4y
{a) Exact equivalent circuit Approximation,Example 4,18

F1G. 4.3. Single-phase induction motor.

EXAMPLE 4.18

The 3-phase machine having the equivalent circuit used in Examples 4.1 and 4.2
is operating on no load when a fuse in one line blows to give a single-phasing
condition. Determine the torque when the machine is now loaded and the speed falls
to give the rated slip of 3%. The approximate equivalent circuit can be used. In
order to make a general comparison of single-phase and 3-phase performance, even
though this machine is of much higher rating than the normal maximum for
single-phase (1-5 kW), calculate also the maximum torque as a 3-phase machine
and the torque at slips of 7% and 10%, which will cover the maximum torque as a
single-phase machine.

If the approximate circuit is used, Zm need not be included in calculations of
torque. For the 3-phase machine, the impedance required to calculate performance
s 0.1+§0.5+j0.5+0.1/s = (0.1+0.1/s)+ j1 Q per phase.

For the single-phase machine the impedance required is:

S0, 00 (00, 01, .
0.2+1+j1+% +5:;—(0.2+ : +——2_S)+,2n

For the 3-phase machine
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440//3

= Vetrote
For the 1-phase machine
Ib = 440
VI[02+0.1/s +0.1/2—s)F +2°

For the maximum torque on the 3-phase machine,

It=

R R} 0.2
s= = =0.0995
VRI+ (i +x) V0.01+1
Hence
_ 3 (440/V3)? 0.1
Tmax = 38 53X (0.1 0.1/0.0995)7+ 12 < 0.0995 ~ LHINm
Te at s =0.03 from Example 4.2 =642 Nm
For the single-phase machine:
Slip = 0.03 0.07 0.1
0.1/s = 3.3333 1.4285 1
0.1/2~s) = 0.0508 0.0518 0.0526
R =0.2+rotor resis. = 3.584 1.68 1.253
Z=VR*+2 = 4.104 2.612 2.36
L=1 = 107.2 168.5 186.4
If2<(% - 20__15) = 37722 39088 32883
T. — divide by ws = 480 498 419

The maximum torque will be just over 500 Nm which is less than
rated torque as a 3-phase machine for which the full-load current is
less than 80 A, from Example 4.2. The deterioration for 1-phase
operation is thus considerable, the maximum torque being rather
less than 50% and the currents being much higher, when compared
with the 3-phase motor. See also Tutorial Example T.4.19.

4.5 SPEED CONTROL BY SLIP-POWER RECOVERY

This method of speed control involves the application to the
secondary terminals, of a voltage V; from an active source, which
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may provide or accept power. It must automatically adjust itself to
slip frequency and this can be done with commutator machines or
by power-electronic switching circuits. An external resistor, carry-
ing the slip-frequency current, is the simplest device for automatic
adjustment of its voltage to slip frequency since V3= I,Rs. The slip
power, P;= V;I,cos ¢;, can be fed back to the supply so that
power changes with speed giving approximate constant-torque
characteristics. If the slip-power is fed to a suitable machine on the
main shaft, a “‘constant’-power drive is formed. Independently of
the method, the speed variation can be calculated by applying Vj/s
to the rotor terminals on the equivalent circuit, V; having been
transformed for turns ratio and for frequency, as for all the other
rotor-circuit parameters.
The rotor current becomes:
I = Vi~ Vils| (4.19)
V(R + Rj/s) + (x1 + x3)

and the rotor-circuit power per phase:

sP, = sE I} cos ¢, = I,’R, + P;.
The torque

r.=3P_3 (I#R}+ VsIj cos ¢3)
¢ Ws W s .

Vs can be used to change the slip and/or the power factor.

EXAMPLE 4.19
A 3-phase, 440-V, star-connected shunt commutator-motor has the following
equivalent-circuit parameters per phase:
Ri=02Q; x=08Q; R:=0060; x:=0250Q.

The magnetising branch may be neglected and the stator/rotor turns ratio is 2:1.
With the commutator brushes short circuited, the motor develops full load torque at
3% slip.

(a) Determine the voltage, in phase with supply, which applied to the commutator
brushes will cause the motor to develop full-load torque at 25% slip. .
(b) What voltage in lagging quadrature with the supply is required to give unity
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02 jo.s jl.O 0.24/s
I; ,

2 v3

V,=440/./3

“l
“

P2=P3

o—
Part (a)

FIG. E.4.19.

(secondary) power-factor at the full-load slip? What effect will this have on the
torque?

The shunt-commutator machine is an induction motor with a built-in frequency
changer formed by commutator and brushes, to which variable supply-frequency-
voltages are applied and automatically transformed to slip frequency for the rotor
(commutator) winding.” The approximate equivalent circuit is shown on the figure.
The rotor impedance has been referred to the stator winding; i.e. R5=2?x0.06 =
0.24Q; x5=4%025=1Q.

(a) With brushes short circuited:

- (440/V3)?

7 (0.2+0.24/0.03)7 + (0.8 + 1)}
With applied voltage V3 at 25% slip:

2 (440/V3— v3/0.25)

2 7(0.2+0.24/0.25) + 1.8°
=(118.63 — 1.868 V)’

The rotor-circuit impedance is V1.16"+ 1.8 = 2.1414 )

17 =915.6 A’

I

ﬂ‘ = COsS 3.

2.414

This last expression for I} and for cos @3 is now substituted in the torque
equation above and equated to the full-load torque for short-circuited brushes.
With Vj applied: I#R: = (14073 - 443.2V} + 3.489 V43 x 0.24

and V3I5 cos ¢3 = Vj(118.63 - 1.868V3) x 1.16/2.1414

Total '°‘°'(;°2';°“" POWET _ _ 0698 Vi - 168.5V4 + 13 510 after some simplification.

This is equated to:

Normal l'OIOl';CIl'CUIt power _ 915.3 (>)<30.24 = 7324.8 watts/phase

and since V3 is in phase with V;, power factor cos @2 =
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Again, after some simplification, this yields the expression Vi +241.4V}—
8861.3 =0 and the quadratic solution gives, as the only positive value, Vi=
324V.

Allowing for the 2/1 turns ratio: V3=16.2V, in phase with V| will reduce
speed to 0.75N; while delivering full-load torque.

(b) With V; lagging V; by 90° and at full-load slip of 3%:

440/V3 - (=jV4/0.03) _254+j33.3V}
(0.2+0.24/0.03)+j1.8  82+i1.8

For unity power factor, this expression must be “real””. This in turn means that
the “real” and “imaginary” parts of numerator and denominator must be in the
same ratio.

Hence:

L=

254 82 e _
B3IVi-18 from which V{=1.673 V and V.=0.836 V
Although this voltage is very low, it must be remembered that the rotor e.m.f. at
this small slip is also low.
Substituting the value of Vi:

;= 254+ 133.3% 1.673 ‘;1;13]_1*8“673 =33.1/+11935

and since Vi is lagging Vi, the total angle of lead ¢3 = 11235+ 90 = 101235

The power P; is therefore ViI3 cosg@i=1.673%X331 cos101°35=
—21.8 watts/phase

3P, _ 3(33.1°x0.24-218) _ 3
@5 ws 0.03 s

This compares with the full-load torque of (3w;) X 7324.8 Nm so there would be
a tendency for speed to rise with the additional torque and V3 would have to be
modified slightly to give a speed-reducing component. This tendency can also be
understood from the sign of P; which is negative, indicating a power input to the
rotor, increasing the speed. The phase angle of I} with respect to Vs is greater
than 90°. The exact calculations of Vs for a given speed and power factor are
more complex than the above.”

Hence: T. = X 8038 Nm

EXAMPLE 4.20

The induced voltage across one pole pitch of a 50-Hz, 6-pole Schrige motor
commutator is 36 V r.m.s. The stator (secondary) winding can be arranged either in
parallel or series to give an induced voltage (E>) at standstill of 30 V or 60 V. Find in
each case the speed range on no load. For the paralleled stator winding find also the
angular separation of the brushgear to give speeds of 1800, 400, and — 100 rev/min.

The Schrige motor is also a self-contained, variable speed induction motor,
generating its own voltage V3 by commutator action.” The primary winding is on
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the rotor this time, with the commutator, but unlike the shunt commutator-motor, a
power-electronic replacement for the frequency-changing action would not be worth
considering. Two sets of contra-rotating brushes pick up the voltage V; at variable
angular separation of @ electrical degrees to give V3= Visin 6/2 as the injected
voltage per phase. V3 is the maximum voltage available with angular separation of
180° (elec.). For the no-load condition, the secondary impedance drop is zero and so
V3 must be in balance with the induced secondary e.m.f. sE.. Hence:

v _ 2 _30x60/. Vi3\ _ _365sin 62
s—Ezandspeed—Ns(l s)———3 (l E2>—1000<1 —Ez——>

with maximum brush separation 180°:

speed range = 1000<l ti—ﬁ) = 2200/-220 rev/min
36 .
or 1000(1 :6—0) = 1600/400 rev/min
For the various speeds specified: since Rev/min = 1000<l —;—8 sin 0/2)
. . _86_2 . .0 ~ (rev/min)/1000)
then 6, in mechanical degrees = » 61 sin — 3630

By substitution: for 1800 rev/min 6 = —27°8 mechanical
for 400 rev/min 6m = +20° mechanical
for 1100 rev/min 6, = +44°3 mechanical

Note that for 1800 rev/min, the speed is supersynchronous and V;
must be negative; the positive sign in the equations developed
assumed that P; was a power sink. For supersynchronous speeds,
the power level in the secondary must have a tendency to rise, due
to the action of P; as a power source.

EXAMPLE 4.21

A 6-pole, 50-Hz, wound-rotor induction motor drives a load requiring a torque of
2000 Nm at synchronous speed. It is required to have speed variation down to 50%
of synchronous speed by slip-power control. Determine the maximum kW rating of
the injected power source, (a) assuming Tm wn’, and (b) assuming Tn * wpm.
Neglect all the machine losses.

In this case, a standard induction motor is provided with an external slip-power
source, which could be a commutator machine, or more usually nowadays, a
power-electronic circuit to give frequency conversion from supply frequency to slip
frequency.”

Since rotor copper loss is being neglected, the question is asking for the maximum
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rotor-circuit power 3sP; = 3P, as speed is reduced by slip-power control down to
half synchronous-speed. The mechanical output 3(1— s)P,, see Fig. 4.1b, also varies
with speed and the nature of this variation governs the magnitude of Pi.

At synchronous speed, the mechanical power 3P, = 2000 X 27 X 50/3 = 209.4 kW
At any other speed wn = ws(1 = 5): Pu/Pn=(1-s)
Since mechanical power is wnTm, the index ‘x’ is either 3 for (a) or 2 for (b).
Equating expressions for power 3(1 — s)Pg = 3Pn(1 — 5)*
from which: Py=Pn(1—5)*"
and Py=sP; = sPn(1 - 5)*"

differentiating: S = Pall1- )"+ (-1)x s X (x = (1 = 5)°]
This is zero when: A=-5)"V=sx-1)1-5)*2
i.e. when s=1/x

Substituting this value of s gives P; = %x Pn X [——

2
Hence for Tn  wn?, X =3 and 3P = 209.4 X %; =31k

1
and for Tm ¢ wm, X =2 and 3P; =209.4 X %z =524kW
The variations of P; with speed, for different values of x, see Fig.

E.4.21, show that the above figures are maximum values occurring
over the speed range. It can be seen too, that the higher the value

Um
US
s=0
Rating of slip-power source
| 3P3=3P, s(l-s)ix-D
s=3
5:% x=2 x=|
x=37] / s
Fn 52.4
3Ty KW
)
A 2094
s 3 Pn="3 kW
27 Pm 2T KW
FiG. E.4.21.
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of x, the more attractive is this method of speed control because
the P; rating is reduced. Hence this slip-power system finds use in
fan and pump drives, where T, falls considerably as speed
reduces.

This chapter has surveyed the more usual methods of controlling
induction motors. But there are other ways of doing this, e.g. using
unbalanced networks, for which Reference 3 should be consulted.
Discussion of power-electronic control will be deferred till Chapter
7.
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CHAPTER 5

SYNCHRONOUS MACHINES

ELECTRICAL power is generated almost entirely by synchronous
machines, of individual ratings up to and beyond a million kW
(1GW). Consequently, problems of power-system generation,
transmission, distribution, fault calculations and protection figure
very largely in synchronous-machine studies and these receive
more attention for example in Reference 4. The purpose of this
present text is to place more emphasis on electrical drives, though
some generator problems are given, e.g. determination of
equivalent circuit from generating tests, calculation of excitation,
simple multi-machine circuits and operating charts. Synchronous
motors are the fewest in actual numbers but they are used up to the
highest ratings. The facility for power-factor control is an im-
portant decisive element, if constant speed is suitable and in
addition, synchronous machines have the highest efficiencies. With
the advent of static variable-frequency supplies, variable-speed
synchronous motors are gaining wider application, having a set
speed as accurate as the frequency control. For steady-state
operation, the equivalent circuit is simpler than for the induction
machine and there is the additional, straightforward control facil-
ity—the excitation. Since the dominating magnetising reactance
carries the total armature current, its variation with different air-
gap flux and saturation levels should be allowed for. Although most
synchronous motors are of salient-pole construction for which the
equations are less simple than for the round-rotor equivalent circuit
of Fig. 1.12c, this latter circuit still gives a fairly accurate answer to
the general operating principles for steady state. A few examples
with salient-pole equations are worked out at the end of this
chapter.

124



SYNCHRONOUS MACHINES
5.1 SUMMARY OF EQUATIONS

Figure 1.12¢ shows all the parameters on the equivalent circuit.
R, is usually much less than the synchronous reactance X;=
xa+ Xn and is often neglected in circuit calculations. It becomes
important in efficiency calculations of course and also when
operating at fairly low frequencies when reactances have fallen
appreciably. The earlier problems in this chapter will include the
resistance, the equations being quoted directly from Reference 1
when they are not developed in the text. The equivalent circuit is
normally derived from tests at very low power-factor and this is
not difficult to achieve, except for very small machines where R,
becomes relatively high. For such tests, the reactance voltage
drops are virtually in phase with all the other voltages and can be
combined therewith algebraically, to derive and separate the leak-
age and magnetising components of the synchronous reactance.
Examples 5.1-5.3 will help in understanding the following terms
and equations which relate to both the time-vectors for voltages
and the interconnection with the space-vectors of m.m.f. The
conversion is made through the magnetising-curve sensitivity in
volts, per unit of m.m.f. Note that the m.m.f.s are all expressed in
terms of field turns through which they are measured. The average
sensitivity varies from the unsaturated value on the air gap line (k;
volts/At) to kg, that of the mean slope through the operating point
determined by the air-gap e.m.f. E. The equations use motor
conventions but can be used as they stand for a generator if this is
considered as a ‘“‘negative” motor, the I, phasor being at an angle
greater than 90° from the reference terminal voltage V.

Circuit equations: E=V-RJL—-jx4l. (5.1)
E:=E—jX.L 5.2)

M.M.F. equation: F.=F;+F, (5.3)
multiplied by ki volts/At: kesF: = ke F;+ keFa (5.9
gives voltage components: E=Ei+ jXnl (5.5)

WEEMD - J
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WORKED EXAMPLES IN ELECTRICAL MACHINES AND DRIVES

corresponding to flux component equation: ¢n = s+ @, (5.6)
Mag. curve gives general relationship: E=1(F) 6.7

At zero power factor, eqns (5.1)-(5.6) become algebraic. For zero
leading as a motor, or zero lagging as a generator; V, I,, Fy,, F;; and

k: having been measured:

Short-circuit test Zero p.f. test

(V=0) (V=0’ IazIasc)
Circuit equations are: Ey=xulc. (5.12)|E; =V + x,1,(5.1b)
M.M.F. equations are: Fy =F,+ F, (5.3a)|Fp; = F,+ F,,(5.3b)
Magnetisation curve gives:] E\=kiFy  (5.7a)|E;=f(F,;) (5.7b)

From these two tests and the six equations, a solution for one
unknown will yield all the other five. It is only really necessary to
solve for x, though sometimes the armature m.m.f. F, is required if
the complete phasor diagram is to be drawn. Eliminating all un-
knowns apart from E; and F,; leaves eqn (5.7b) and:

E; =V — kf(Fp,— Fp1) + kiFp2 (5.8

The intersection of the straight line (5.8) with the curve (5.7b)
yields E, and F,;; hence x, from (5.1b) and F, from (5.3b); see
Example 5.1.

The short-circuit test and the o.c. curve (5.7) also yield the
unsaturated synchronous reactance;

sinceono.c.; I,=0 ..V =E=E;;
andons.c.; V =0 .. E =xyul, and E; = (xy+ Xn) . = X;I..

The unsaturated value of the synchronous reactance X, and of
magnetising reactance X, are thus derived from the air-gap line,
x. having been found previously.

In using this equivalent-circuit information to determine the
excitation for any specified terminal voltage, current and power
factor, the air-gap e.m.f. E is first found from eqn (5.1). This gives
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SYNCHRONOUS MACHINES

the operating point and the appropriate value of ki. Hence the
correct saturated value of magnetising reactance is Xn.kss/k: and
completing the eqn (5.2) gives the value of E;, the e.m.f. behind
synchronous reactance. The required excitation is Eg/ks; see
Examples 5.1-5.3.

Electromechanical Equations

Considerable insight is gained into the essential aspects of
synchronous machine control and behaviour if the machine losses
are neglected. The approximate circuit and the phasor diagram for
this condition are shown on Fig. 5.1. We have the equation:

V/0=E/8+iX.L/g (5.9) and L/@ = %’)—(LQ - %{Lﬁ (5.92)
s s
Equation (5.9) shows the terminal voltage with its two components.

Equation (5.9a) which is a rearrangement of eqn (5.9) shows the
terminal current as the sum of two components, each lagging 90°

RS
S E
v
Constant power (I c0s )
e | o7 E/jx,
“Et/}
» 8 1 [
(s
/ V/iX,
/’/‘
I, for generating "

Constant excitation (£,)

Fi1G. 5.1. Approximate equivalent circuit per phase and phasor diagram (motor
conventions).
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behind its corresponding voltage. Both equations are shown on the
phasor diagram and power (which is the same for input and output
since losses are being neglected) can be obtained from either
equation, I, being resolved along V directly, or in its two com-
ponents. Note that V/jX; resolves to zero.

Hence, for a 3-phase machine:

Power =3VI,cos ¢ (5.10)
or= —3V%sin8 (5.10a)

The negative sign is explained by the choice of motor conventions.
The load angle & is negative (rotor falling back) when motoring,
and power will then be positive. For a generator, as indicated, the
sign of & reverses and the I, phasor falls in the lower part of the
diagram, the real part of I, being negative. Should generator
conventions be desired, then it is only necessary to reverse the I,
phasor which will then clearly indicate whether the power-factor
angle is leading or lagging on V. Note that at constant frequency,
synchronous speed is constant, and torque is obtained on dividing
either power expression by w;

T.=Power/ws (5.10b)

The phasor diagram shows two particular conditions of interest.
If power is maintained constant, then I, cos ¢ is constant and the I,
phasor must follow a horizontal locus. This shows the variation of
power factor and load angle as excitation is varied. A high value of
E; means that a motor receives power with current at a leading
power-factor and a generator delivers power with current at a
lagging power-factor; § is small and there is a large overload
capacity before sin 8 reaches unity. A low excitation leads to the
opposite behaviour. If instead the power is allowed to vary but the
excitation is constant, then I, must follow a circular locus deter-
mined by the end of the E;/jX; phasor. Now, power, power-factor
load angle and function can change. There is another important
condition where the current phasor follows a horizontal locus along
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the zero power axis; i.e. on no load as a “motor”, I, is completely
leading V (at high values of E;) or completely lagging V (at low
values of excitation). This is operation as a synchronous compen-
sator: similar to a capacitor when overexcited and to a lagging reactor
when underexcited.

Generated-e.m.f. Equation

This is little different from the average voltage for the d.c.
machine eqn (3.1), except that it is the r.m.s. value which is
required so must be multiplied by 1.11. Further, the number of
conductors in series z, must refer to one phase of the winding. The
distribution of the coils round the machine periphery is carried out
in many different ways and there is inevitably a loss of total phase
e.m.f. because the individual conductor voltages are slightly out of
phase with one another. So the whole equation must be multiplied
by a winding factor, typically about 0.9 for the fundamental vol-
tage. It is different for the harmonic voltages and the winding is
deliberately designed to suppress these. The overall effect is that
the expression for the fundamental r.m.s. voltage per phase is
almost the same as for the average voltage given by eqn (3.1).
Alternatively, the transformer e.m.f. equation can be used for a.c.
machines; i.e. induced r.m.s. e.m.f. = 4.44 X ¢ X f X N, X k,,, where
é is the maximum fundamental flux per pole, N, the turns in series
per phase and k. the winding factor. No worked examples will be
provided to illustrate this since a more detailed study of windings is
really required, see Reference 1. It is sufficient to note that in the
machine equations, the e.m.f. is proportional to the speed (or the
frequency), and the flux component being considered.

5.2 SOLUTION OF EQUATIONS

A general plan for guidance on synchronous machine problems is
now given.
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SYNCHRONOUS MACHINES

EXAMPLE 5.1

The test results on a SMVA, 6.6kV, 3-phase, star-connected synchronous
generator are as follows:

Open-circuit test
Generated (line)e.emf. 3 5 6 7 75 7.9 8.4 8.6 8.8 kV
Field current 25 42 57 78 94 117 145 162 181 A

Short-circuit test, at rated armature current required 62 field amperes.
Zero power-factor lagging test, at 6.6kV and rated current required 210 field
amperes.

If the field resistance is 1.2 cold, 1.47 Q hot, calculate for normal machine
voltage, the range of exciter voltage and current required to provide the excitation
from no load up to full load at 0.8 p.f. lagging. The armature resistance is 0.25 {} per
phase.

500
V3x6.6

The o.c. magnetisation curve is plotted on Fig. E.5.1 and the z.p.f. data (Fr =62 A
and Fp =210 A) permit the line E;= V — kd F — F1) + keFr2, eqn (5.8) to be plot-

ted. k¢, the unsaturated slope of the magnetisation curve, is 6000/50 = 120 line V/A.
Hence:

Rated armature current Lz = =4374 A

E:=6.6—-0.12(210-62) +0.12F; = — 11.16 + 0.12F: kV (line)

Note, although the equivalent circuit parameters are per-phase values, it is merely
a matter of convenience to use the given kV line voltages, but the scaling factor
involved must be allowed for as below. Phase volts could of course be used to avoid
the faintest possibility of error.

The intersection of the above line with the E = f(F) curve gives simultaneous
solution of the two equations at E; = 8.6 kV. F, is not usually required. Hence

V3xal, = By~ V (line) = 8.6 — 6.6 = 2kV .". xu1 = 323(":;7 L2640,

For total (unsaturated) synchronous reactance consider point on o.c. and s.c. at
F=62A

7400/V'3

Xu="372

=9.78 Q giving

Xmnu=9.78—2.64 = 7.14 §) = unsaturated magnetising reactance

The equivalent circuit per phase is also shown on the figure.

The construction carried out is virtually the same as the Potier construction also
described in Reference 1, but put into a more direct mathematical form. The
armature m.m.f. F, at rated current from the Potier triangle is equivalent to
210 — 164 = 46 A times field turns.
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£2+8.6kV
8.13 L./é—

I ﬁ‘llzu
| 6.6kv
]

2 /1 I 210A:F,
I

Iy
437.44 400

200
Field A

o 100 200
LEZ=—II.IG+O.I2 F,2

FiGg. ES.1.

Line kv

0.25 je.64

Excitation Calculations

On no load, when the machine is cold, and the terminal voltage is the same as the
air-gap e.m.f., the required field current from the o.c. curve is 69 A, requiring
69x1.2=283V from the exciter.

On load, with I. = 437.4 (0.8 - j0.6) = 350 — j262 A

the air-gap e.m.f. from the generator equation E=V +zl is:

E(phase) = %.39+ (0.25 + j2.64)(350 — j262)
=3810.5+ 779+ j989.5
=4589.5+ j989.5 = 8.132 kV (line)
From the o.c. curve this gives a saturated volts/field A of:

kis = STIZ%Z = 64.5 compared with k; = 120 line V/field A

Hence saturated magnetising reactance = 7.14 X 64.5/120 = 3.84 ) and
E; = E+ j Xl = 4589.5 + j989.5 + j3.84(340 — j262)
=5595+j2333 = 10.5kV (line)

g Ei_105_
'F'_k;5_64.5_l63A

This will be for the ‘“‘hot” condition so required exciter voltage is:
163x1.47=239V
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EXAMPLE 5.2

A 3 phase, 500kVA, 3.3kV, star-connected synchronous generator has a resis-
tance per phase of 0.3  and a leakage reactance per phase of 2.5 (. When running
at full load, 0.8 p.f. lagging, the field excitation is 72 A. The o.c. curve at normal
speed is:

Line voltage 2080 3100 3730 4090 4310 V
Field current 25 40 55 70 %0 A

Estimate the value of the full-load armature ampere-turns per pole in terms of the
field turns and hence calculate the range of field current required if the machine has
to operate as a synchronous motor at full kVA from 0.2 leading to 0.8 lagging p.f.

In this example, as an alternative to the previous circuit approach, the phasor
diagrams will be drawn for both time-vectors and m.m.f. space-vectors. On full load,
Ft is given and by constructing V + R.L, + jxal. to get the gap e.m.f. E, the value of
F: can be read from the o.c. curve. It is shown as a space-vector lagging E by 90°.
The vector F, is known in direction, being in antiphase with I, for a generator”,
and must intersect with an arc drawn for Fy=72 A as shown. Hence its length is
determined and the angle between Ff and F:, which is also the angle between E and
E;, is available if it is desired to draw in the E¢ phasor and the closing jXmsl. phasor.
An analytical solution based on the voltage equations is left as an exercise; it leads
to a quadratic in X, for which the value on load is 12.3 Q. The unsaturated value on
allowance for k¢ and ki, is 14.3 ().

Rated armature current = —_m— =87.47T A
V3x33
3300
E phasor constructed from V, Raul,, xal, = —\ﬁ-, 0.3x87.47, 2.5x87.47
= 1905, 26, 219
2120
E lxlll‘ II
! PRATI 1780
R, I,:26
Vv =1905
4000,
369 To o
. 3000 544 54 265
® 12
£ 2000 40115"“ Fs 803
. =26.5 35
1000 £ =515
Generating Motoring (0.8 lag
0 20 40 60 80 and 0.2 lead)

Field A
FiG. E.5.2.
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The problem will now be solved entirely by the use of phasor diagrams. Accuracy
will not of course be as good as by analysis. The first phasor diagram is for the
loaded, generating condition giving first the value of E as 2060 volts/phase from
which a resultant m.m.f. F;=51.5 A is read off from the o.c. curve. The m.m.f.
diagram follows as explained above and F, by measurement is 26.5 A. The E; phasor
is sketched in lightly at right angles to F; and the closing vector is jXmsl.

The procedure for finding the motoring excitation for the two specified power
factors is not very different. The armature current and m.m.f. are the same
throughout, but unless treated as a “negative” generator, the motor equation must
be used. This gives E lagging instead of leading V as in the generator case. Fa is now
drawn in phase with I, for the motor and F; is therefore found in each case from
Fe=F:—F.. The values for the two different power factors are, by measurement:

E = 1780 V/phase (0.8 p.f.) E =2120 V/phase (0.2 p.f.)
F, from o.c. curve =40 A (0.8 p.f.) F=54 A (0.2 p.f)
Fr=35A(0.8pf.) Fe= 80.5A(0.2p.f)

The final answers could also be obtained by the same analytical method as in
Example 5.1.

EXAMPLE 5.3

A 3-phase, 5kVA, 1000 V, star-connected synchronous machine has R. =4 () and
xa = 12 Q) per phase. The o.c. curve is as follows:

Field current 4 6 8 10 12 14 16 A
Armature line voltage 490 735 900 990 1070 1115 1160 V at rated speed.

On a short-circuit test, 7 A was required in the field to circulate rated armature
current.

Determine the field current and voltage required for operation at constant
terminal voltage of 1000 V and (a) no load current; (b) rated current as a generator
at 0.8 p.f. lagging; (c) rated current as a motor at unity power factor.

(d) The machine is going to be considered for operation as a synchronous
capacitor. Plot a curve of reactive VAr in this mode against the required field
current, up to about rated current, and hence determine the permissible rating of the
machine, if the field current can be increased up to the generating value of part (c)
above. Resistance may be neglected for this part (d).

Rated armature current I.r = % =2.89A.

From o.c. curve at Ir =7 A:

X = e.m.f. on air-gap line _ 870/V3
- L. (2.89 A) 2.89

=174 Q) per phase
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Hence
X = 174— 12 = 162 Q) per phase
ki =870/7 =124.3line V/ild A
Mode {a) No load (b) Generating (c) Motoring
L 0 2.89(0.8 — j0.6) 2.89(1+j0)
2.31-j1.73 2.89+j0
E=Vzal, 1000/V3  |577.4+ (4+j12)(2.31 - j1.73) | 577.4 — (4 +j12)(2.89)
577.4 607.3+j20.8 565.7—j34.7
E r.m.s. line V 1000 1052.5 981.7
kes line V/id A 99 1052.5/11.5=91.5 981.7/9.7 = 101.2
Xoms = 162x%‘ 119.25 131.9
j Xmsla 206.3 +j275.5 j381.1
E=E+jXnla 577.4 813.6 +j296.27 565.7—j415.8
Ei line V 1000 1500 1216
Fi = E/kss 10.1 16.4 12

Line V

Leading kVAr

lo
¥
15 20 [+ 5
Field A
FiG. E.5.3.
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(d) Calculations for excitation are similar, but for various currents, all of them
leading voltage by 90°, up to j3 A and with R. neglected. jxyl,= — 12L.

L 0 il 2 i3
E=V-—zl, 5774 | 577.4+12 5774+ 24 577.4+36
E r.m.s. line V 1000 1021 1042 1062
kes 99 96.2 92.6 89.6
Xms 125.4 120.7 116.8
i Xmsla -125.4 —241.4 -350.4
Ei=E—jXul, 577.4 | 589.4+125.4 | 601.4+241.4 | 614.4 +350.4
E: line V 1000 1239 1460 1669
Fi= Elkss 10.1 12.88 15.8 18.6
kVA, =V3x1xI, 0 1.73 3.46 5.2

The curve of kVAr against field current is plotted and although saturation has
been allowed for, it is virtually a straight line. At the generating field current of
16.4 A, the kV A, is 3.8, which is therefore the permissible rating as a synchronous
capacitor.

5.3 PER-UNIT NOTATION

For synchronous machines this notation is very commonly used
and is perhaps the most straightforward in application, especially
for the normal, constant-voltage and constant-frequency arrange-
ment. Rated voltage, current and therefore rated kVA are taken as
base quantities, plus the constant, synchronous speed. Rated elec-
trical terminal power will therefore be cos ¢g in per unit. 1 per-unit
impedance will be rated-voltage-per-phase/rated-current-per-phase
and the synchronous reactance is typically of this order, approach-
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ing 2 per unit for large turbo generators and rather less than 1 per
unit for motors with large overload capacity. The next example
uses per-unit notation for convenience and is meant to illustrate in
a simple manner, the essential aspects of synchronous machine
behaviour; conventions, load angle, motoring, generating and
synchronous-compensator operation. This will be achieved by cal-
culating the current from specified voltage, e.m.f., load angle and
reactance. A motor convention will be used and the synchronous
reactance X, assumed to be 1 per unit.
From eqn (5.9):

V =E;+jX., neglecting resistance;

at rated voltage: 1= E{/8+jl, Zﬂ
from which: L/¢ = —1;?—@ = —j(1— E¢/8) per unit.

The solution for I, will yield the mode; real-part positive means
motoring, real-part negative means generating and real-part zero
means operation as a synchronous compensator. The real part also
represents the per-unit power and the per-unit torque, since losses
are being neglected. The solution also gives the power factor,
though for a generator this is best detected for lagging or leading
by reversing the current phasor, as shown on the phasor diagrams
in the next example.

EXAMPLE 5.4

A synchronous machine has X; =1 per unit and operates at rated voltage V = |
per unit. Determine the per-unit values of current, power, torque, and the power
factor and state the machine function when the e.m.f. due to field current (E; in per
unit) and the load angle & have the following values: (a) 0.5/0°%; (b) 1/0°; (c) 1.5/0°; (d)
0.5/—=30°% (e) 1/=30°% (f) 1.5/—30°; (g) 0.5/+30°% (h) 1/+30°% (i) 1.5/+30°.

The expression for calculating I, has just been developed as: — j(1 — E;/8) and it
is only a matter of substituting the values above as in the table on pp. 138 and 139.
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5.4 ELECTROMECHANICAL PROBLEMS

In the circuit of Fig. 1.12c¢, it will be assumed that the synchro-
nous impedance R,+ jX, is given, though R, may be neglected as
for Fig. 5.1. The excitation will be left in terms of E;, knowing that
the calculation of field current will require the techniques used in
Examples 5.1-5.3. Apart from frequency and the related syn-
chronous speed, there are six quantities of special interest; V, I,, ¢,
E;, 6, and total power P (or torque). The circuit equation, using
motor conventions is:

V +j0 = Eicos 8 +jsin §)+ (R, + jX,) X I, X (cos ¢ + j sin ¢)
or:
V =E;+ (R.+ jX,) X1,; omitting the specification of V as reference.

Since there are real and imaginary parts, the equation will solve for
two unknowns. The power equations, either P,.=3VI,cos ¢ or
Mech. power = w;T., will solve for only one unknown. Both of
these powers can be expressed in terms of the load angle §, which
is advanced (positive for a generator) or retarded (negative for a
motor). They are”:

_ 2
P. (per phase = VI,cos ¢ = ;/Ef sin (8+a)+ —VZ—R*' ;.11
and: P, (per phase) = P, for synchronous machine
_ _VE; . _ . _EfR,
=~z sin (8 — a) Z2 (5.12)

where a =sin™' R,/Z..
If the electrical loss is neglected, both of these equations reduce
to:

- VE;
X

as also deduced from the phasor diagram of Fig. 5.1 as eqn (5.10a).
With resistance neglected, the approximate-circuit equations

sin &

P.=P,=P,=

140



SYNCHRONOUS MACHINES

become as (5.9) and (5.9a):

V=E;+jXJI, and I,

=Y _E
Xs XS

There is enough information in the equations above to solve for
any three of the six quantities, given the other three. Although V is
commonly constant, the equations are not restricted to this con-
dition. There are other possibilities which are briefly touched on in
some of the later examples. Typical problem types are outlined

below.

(A) Given V, P, E;

(B) Given V, ¢,
P (or I,)

(C) Given V, Iz,
Pull-out torque

(D) Given V, I,
¢ (or P)

(E) Given I, P, ¢
(F) GivenI,, P, §

(G) Given V, P, ¢

Vary P, with constant E; to find I,, ¢, §
variation up to pull-out at 8. Or vary E;
with constant P, to find the same quan-
tities.

Power-factor control. Excitation required
for specified power factor and for a given
power (or current). Compensator.

Pull-out torque (or power) is really speci-
fying the rated load angle &g, to permit this
overload at maximum angle. Solution
yields required excitation, power at full
load and power factor.

Find required excitation and power
developed (or power factor), load angle
and hence overload capacity.

Find V required [P/(I, cos ¢)] and excita-
tion. Constant current drive.

Find V required and excitation. Constant
current with 8 control.

Fixed power factor (by excitation control)
changes Power/8 characteristic. Data for
required excitation control yielded.

Items (E), (F) and (G) would require special power-electronic

WEEMD - K
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control, possibly with microprocessor supervision. They are in-
cluded here to show that the fundamental performance is still
governed by the normal machine equations. Examples will be given
later and there will be a brief discussion on power-electronic control
in Chapter 7.

In the examples illustrating this section, to help understanding,
the label from the nearest problem-type is quoted from the list just
described; see below.

EXAMPLE 5.5

A 3-phase, 8-pole, 50 Hz, 6600V, star-connected synchronous motor has a
synchronous impedance of 0.66+j6.6 per phase. When excited to give a
generated e.m.f. of 4500 V per phase, it takes an input of 2500 kW.

(a) Calculate the electromagnetic torque, the input current, power factor and load
angle.

(b) If the motor were to be operating at an input current of 180 A at unity
power-factor, what would then be the value of E;? Under these conditions,
calculate also the mechanical output and efficiency if mechanical, excitation and
iron losses total 50 kW.

Z,=V0.66+6.6°=6.63 Q2 and a = sin"' 0.66/6.63 = 57

(a) Type (A). Substituting values in eqn (5.11) for electrical input:

2500 000 _ _ (6600/V3 x 4500) . 66007 ., 0.66
3 6.63 sin (& +5.7)+—<7j( 3) X—76.63

from which sin(8 +5.7) = —0.238, s0 (6 +5.7) = — 13°76; &6 = — 19°46.
Substituting in eqn (5.12) for mechanical output per phase:

_(6600/V3x4500) . e acpnt 0.66
Pn= — 63 on (—19.46 —5.7) — 4500° X 663

= 1099.6 kW - 304 kW =795.6 kW
Total air-gap power = 3P, =3 X 795.6 kW = 2387 kW.

. o _ 2387 x 1000 _
Hence electromagnetic torque = Te = 3Ppn/w, = 2 x50/4 30390 Nm
L= V-E_ 6600/V/3 — 4500(cos — 19.46 + j sin — 19.46) _ —432.4+j1499
: Z, 0.66 + j6.6 T 0664766

=218.7+)87.3=2355/218 A cos ¢ = 0.93 leading
Check input = V3 x 6600 X 218.7 = 2500 kW
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(b) Type (B) vy 6600 ) )
Er=V = ZL =7~ (0.66 + j6.6)(180 + j0)

=3691.7—j1188 = 3878/-178

Output = 3Py — “fixed” loss = 3[—‘% sin(— 178~ 5°7)
38787 % 0.66
T 663 ] 50000
= 2666.2 ~677.4 - 50kW
= 1938.7kW
Efficiency = —_128—7— =94.2%
V3%6.6x 180

As an exercise, the above figures, apart from efficiency, can be checked using the
approximate circuit. It will be found that the load angles are with 1° accuracy,
with similar small errors for the other quantities.

EXAMPLE 5.6

A 3300V, 3-phase, 50 Hz, star-connected synchronous motor has a synchronous
impedance of 2+ j15 Q) per phase. Operating with an line e.m.f. of 2500 V, it just
falls out of step at full load. To what open-circuit e.m.f. will it have to be excited so
that it will just remain in synchronism at 50% above rated torque. With this e.m.f.,
what will then be the input power, current and power factor at full load?

Z,=V2Z+15°=15.10 a=sin"'2/15.1=7%
Type (C) problem, with pull-out torque equal to rated value; sin(§ —a) = — 1.

Hence, rated air-gap power = 3P, =

—~ 3300 x 2500 2500° 2 3
—x(—l)——.—,x——] 10° kW
&[V@xﬁxlil V32 15.1

=546.4 —-54.8

=491.6 kW

Since electromagnetic torque is proportional to this power, the new requirement is
that pull-out should occur at 1.5 times this value; i.e. at 737.4 kW. Substituting again
in egn (5.12), but this time with E; as the unknown:

_ 3300 x E; (line) 2l 2
737 400= 15.1 ~EfX{5p
from which Ef — 24915E; + 84067287 = 0
B 24915 + V/24915° — 4 X 84067287
. Lf T
2

= 20890 V or 4024 V; the lower value being feasible.
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Substituting again in the output equation, this time set to full load:

_—-3300x4024 ., 2
491 600_“15.1 sin(8 — 7.6) — 4024° x 5]
gives sin(6 —7.6) = — 0.7205 = —46°1. Hence 8§ = — 385
1= V=Er _ 3300/V3 - 4024/V/3(cos — 38.5 + j sin — 38.5)
L 2+j15
. +";§?1X5§2_ I1) _ 95 54 6.9 A = 95.7/+37

.". input power = V3 x 3300 x 95.5 x 10~° = 545.8 KW at cos ¢ = 0.998 leading

If the above figures are checked using the approximate circuit, they will again be
well within 10%, apart from the output power, since I’R losses are neglected in the
approximation.

EXAMPLE 5.7

A 3-phase, 4-pole, 400 V, 200 hp, star-connected synchronous motor has a syn-
chronous reactance of 0.5 () per phase. Calculate the load angle in mechanical degrees
and the input current and power factor when the machine is working at full load
with the e.m.f. adjusted to 1 per unit. Neglect R, but take the mechanical loss as
10 kW.

Type (A) problem. From eqn (5.10a) with e.m.f. the same as the terminal voltage:

_ i 2
Power = 200 x 746 + 10000 = 0—: X (ﬂ) sin §

V3
from which sin = —0.4975, & = —29%(elec.), and since p =2,
Smech = — 1479
_V-E:_ 1 [400—-400(cos—29.8+jsin— 29.8)]
Rated current I.r =X, 73 [ 0.5

=229.8-j61=237.8/-14°9 = 0.966 p.f. lagging

EXAMPLE 5.8

A 6-pole, 3-phase, star-connected synchronous motor has an unsaturated syn-
chronous reactance of 12.5 Q per phase, 20% of this being due to leakage flux. The
motor is supplied from 11kV at 50 Hz and drives a total mechanical torque of
50 x 10° Nm. The field current is so adjusted that the e.m.f. Ex read off the air-gap
line is equal to the rated terminal voltage. Calculate the load angle, input current and
power factor and also the maximum output power with this excitation, before
pulling out of step. Neglect resistance throughout and assume that E; is unchanged
when the power increases to the maximum. The calculations are to be conducted (a)
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assuming saturation can be neglected and (b) assuming that all components which
would be affected would be reduced by a factor of 1/3 due to saturation.

With the current calculated as above, to what value would the excitation have to
be adjusted, in terms of Er, so that the power factor would be unity? What would
then be the output?

Finally, to what value would Er have to be adjusted so that the machine could
operate as a synchronous capacitor at the same armature current?

This again is related to problem types (A) and (B) but the effect of allowing for
and of neglecting saturation is included. 10 { of the total synchronous reactance is
due to mutual flux and therefore will be reduced if saturation is allowed for.
Further, the e.m.f. will have to be reduced by the same amount.

The calculations are shown in the table on p. 145. It can be seen that the most
pronounced effects of allowing for saturation follow from the change of power-factor-
angle ¢, which is much increased because Er is no longer equal to but is less than the
terminal voltage. If the field current had been adjusted to correct for this, then the
discrepancies would have appeared in the other quantities, like load angle and
maximum power.

EXAMPLE 5.9

A 3-phase, 6-pole, 50 Hz, star-connected synchronous motor is rated at S00kVA,
6600 V at unity power-factor. It has a synchronous impedance of j80 () per phase.
Determine the mechanical torque for this rating neglecting all machine losses. If this
torque can be assumed constant, what departure from rated armature current and
excitation (in terms of Ey/8) are necessary for operation at (a) 0.9 p.f. lag and (b)
0.9 pf lead? How will the maximum torque be affected in both cases?

8910
£ 7053
z
R 5577
Y 4775—
g
4 5=-58.9°
85=-426°
5--32.4°
|
0] -90°
Lood angle —&
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Problem type (D) Power _ 500000

speed 2w X 50/3

Torque = =4775 Nm

Power component of current for this torque = v%o%@—“: =43.74 A

At 0.9 p.f., (sin ¢ = 0.436)I, = 4—3%! (0.9+j0.436) = 43.74 £ j21.2

Power factor u.p.f. 0.9 lag 0.91ead
Xl = j80 x (43.74 + j0) j80x (43.74-j21.2) j80x(43.74+j21.2)
= j3499.2 1696 + j3499.2 — 1696 + j3499.2
6600 . . . .
Ei= V3 X = 3810.5—j3499.2 2114.5—j3499.2 5506.5 — j3499.2
= 5173/—42% 4088/—58%9 6524/-32°4
sin—90°/sin & ) 1.477 1.168 1.866
Max T. = 4775 X 5'5—;‘;‘? = 7053 Nm 5577 Nm 8910 Nm

The last figures show that the higher excitations give higher
overload capacities as well as the movement towards leading power
factor. This is also indicated by the torque/load-angle and phasor
diagrams which show the reduction of § with increase of Ej.

EXAMPLE 5.10

A 1000kVA, 6.6kV, 50 Hz, 3-phase, 6-pole, star-connected synchronous machine
is connected to an infinite system. The synchronous impedance per-phase can be
taken as constant at 0+ j50 (0. The machine is operating as a motor at rated current
and in such a manner, by excitation adjustment, that a 50% overload is possible
before it pulls out of synchronism. What will be the necessary voltage E; behind
synchronous impedance to permit this overload margin? At what power and power
factor will it be operating when the current is at the rated value? Neglect all
machine losses.

If, with the same mechanical load, E; was reduced by 30%, what would be the
new status of the motor?

Type (C) _ 1000 -
ype ( Rated current Vix6E 87.48 A
In order to permit a load increase of 1.5 times, the value of sin & at full load must

be 2/3 so that a 50% increase will bring sin & to unity.
The easiest way to solve this problem is to draw the phasor diagram as shown.
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Two sides of the current triangle are known, [, and V/X;, and the load angle &g is
specified as sin~'—2/3 = —41°8. Either from the sine rule or resolving the two
current components along Er, the triangle can be solved. By the second method:

I.cos(g + 8r) = XX sin 8 — using positive & for simplicity in this particular case,

s

6600/V3 _ 2/3

s0: cos(gp + 8r) = 50 X 3748 0.5808
giving: (¢ + 8r) = 54749 and hence ¢ = 54.49-41.8 = 12°69
cos ¢ = 0.97_6

Power = V'3 x 6600 x 87.48 X 0.976 = 1000 kV A X 0.976 = 976 kW
E; follows from eqgn (5.10a):

976000 = — 3(%x %’) x (—“53) from which E; = 6403 V/phase

If Eris reduced to 70% of 6403 V = 4482V

976 000 = ~3(7 x2452) sin 5

from which sin § = 0.952 and § = 72°3. cos & = 0.306
Maximum overload is now sin 90 —1.05 i.e. 5% overload
sin 72.3

7s
I.5xF.L.
FL. 1.OSxF.L.
-72.3°
-4|.8°
=8
-8 vy
Xy
FiG. E.5.10.
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The armature current at full load is
V- E(_ 6600/ V3 —4482(0.306 — j0.952)
iX jS0
=85.33—j48.8
=98.3/29°8 cos ¢ = 0.868 lagging

The power component of the current, 85.33 A is the same as before (87.48 x 0.976),
since the load is unchanged. But the total current is greater at 98.3/87.48 = 1.12 per
unit, the power factor is now 30° lagging and the load angle is greatly increased to 72°3
which leaves the overload margin very small at 5% before pull-out; see diagrams.

EXAMPLE 5.11

A 3-phase, 6600V, 6-pole, SOHz, star connected synchronous motor has a
synchronous impedance of 0+ j30 Q per phase. At rated load the armature current is
100 A at 0.9 p.f. leading. Neglecting losses:

(a) Determine the e.m.f. E;, the load angle in mechanical degrees and the rated
torque.

(b) What increase of excitation will be required to sustain a torque overload of
25 000 Nm without falling out of step?

(c) With this new excitation, what would be the values of current, power factor and
load angle at rated torque?

(d) With this new excitation, what reduction of terminal voltage would be per-
missible so that the machine would just stay in synchronism at rated torque?

(e) With this new excitation, and rated terminal voltage, what would be the value of
current if the load was removed altogether?

This is a Type (D) problem with further variations.
(a) Es=V—jXI,= %(;9— j30 x 100(0.9 + j0.436)

5118.5—j2700 = 5787/-27°8
The load angle in mechanical degrees is 8/p = —27.8/3= —933
V3 x 6600 % 100 X 0.9

Rated torque = Yo % 5073 =9827 Nm
. _ 6600 E¢ 1 oo
(b) For maximum torque of 25 000 Nm =3 x V3 X 30 X 27 %5073 X sin — 90

Ei=6870V

(c) For new load angle: 9827Nm= —3Xx %‘? X %(7)0 X %
m
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from which sind=—-0.393; 5= —231elec.
_ 6600/V/3 - 6870(0.92 — j0.393)
j30
=90+j83.7=122.9/4229 cos ¢ =0.732lead

For new current: I

(d) For rated torque at reduced voltage:
V 6870 sin90°

82T Nm = 3% X = X T % 503

from which: V =2594 V = 0.393 per unit; 60.7% reduction
(e) For zeroload, 8 =0,sin8=0and cos 6 =1

_ V—E:{1+j0) _ 6600/V/3—6870 _

L X, 730

jl02 A zero leading p.f.

EXAMPLE 5.12

If the excitation of a synchronous motor is so controlled that the power factor is
always unity, show that the power is proportional to the tangent of the load angle.
Neglect all machine losses.

Type (G) problem. Referring to the phasor diagram and taking V as reference, then
I, will always be I, + 0.
From Ef = V— XL, it can be seen that the load angle is:

— —I_XsIa
8 =tan v

But power is proportional to VI. so I.= k_VE

Hence tan § = ;_)‘(_;7[(_}1 and with V constant; tan § proportional to P

—i%la iX%le

E¢

1, L
u.p.f {reference}
—
s

Fic. E.5.12. Fic. E.5.13.
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EXAMPLE 5.13

If for a synchronous motor the r.m.s. armature current is maintained constant by
varying the terminal voltage V, develop the relationships comparable to those for
constant voltage, which will yield solutions for three unknowns given three values
out of V, I, ¢, Ey, 8, and P(or T). Neglect machine losses.

Type (E) problem, again solved more easily by referring to the phasor diagram, this
time with L. as the reference phasor instead of V. Take & as +ve for simplicity.

P.=Py=Pn=1V cos ¢ = L,Etcos(¢ + 8) per phase

and:
vV = E¢ + X1,
V(cos ¢ —j sin ¢) = Ef[cos(¢ + 8) + j sin(e + 8)] + j X.I.
Hence for example, given I, P and ¢ V= P
L. cos ¢
and E¢= V(cos ¢ —jsin ¢)— jX;I. = E;/(8 + @, hence &
or; given I,, P and §; obtain V as before and:
Xsh __V
sind siny

Hence v, and 180°—y — & = 180° - (90° — ¢)
Coe=9%0-y—-5 and Es=V —jXJI,= E¢/(8 + ¢)

Effect of Supply Voltage| Frequency Changes
This is best illustrated by an example.

EXAMPLE 5.14

If the supply frequency and voltage applied to a synchronous motor are both
reduced to fractions kf and kV, what will be the effect on the values of maximum
torque and on maximum power? Take V, f, Ef, ws and X; as the normal parameter
values.

If f becomes kf then the synchronous speed becomes kw; and therefore the
induced e.m.f. E¢ will become k E; if the flux is maintained constant. The reactance too
is proportional to frequency so Xs becomes k X.. Substituting in the power equation
(5.10a)

Maximum power = —3 X k—Yf%E—' X sin (—=90°) = 3;?' sin 90 X k
. _ power _ 3VE;sin 90 xk _3VE
Maximum T, = speed X, X,
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The maximum torque is unchanged from the normal condition as might be
expected since the flux and load angle are unchanged. Further, the voltages and the
impedance are affected equally, by the terms of the question, so the current would
be unchanged. The maximum power will be reduced by k from the normal value since
although the torque is constant, the speed has been reduced by this k factor.

All the above reasoning neglects the effect of resistance. The equations are
different if this is allowed for. Only the induced voltage terms are affected by the
reduction in frequency (apart from the small resistance skin-effects), so the
resistance assumes a more important role and at very low frequencies will dominate
the current calculation. Expanding eqn (5.12) the electromagnetic torque is:

_ 2
3P‘=i[ VE'(sinacosa—cosa sina)—ELISi']
s ws Zs Zs

Substituting sin & = Ra/Zs and cos a = X,/Zs, from the definition of a:

T.=

T.= ‘:T%E;' (VX;sin 8 — VRacos 8 + EfRa). (5.13)

At any reduced frequency Kf; E;, ws and X, are reduced in the same proportion and
Z:2 becomes R.>+ (kX;)’. For the maximum torque it is more convenient to revert to
the original expression of eqn (5.12), where for motoring, the angle (6 — a) must be
—90° for maximum value. Hence, at any frequency kf:

—3[VkE;,_l) +(kE,)2R,]_g v ___kEiR. ]
( -
kasl Z A

Max T.= (5-14)

ws [\/R,. +(kX.)? R+ (kXS

which, with resistance neglected, reduces to the maximum-torque expression
deduced previously, if the applied voltage too is reduced by the same fraction k.

5.5 CONSTANT-CURRENT OPERATION

This mode was discussed in Section 4.3 for the induction motor.
For the synchronous motor also, it is associated with variable
frequency and special applications. Indeed, when the induction
machine is in the dynamic-braking mode with a d.c. current-source
for one winding, it is really operating as a synchronous generator, of
variable frequency if the speed is changing. The power factor is
always lagging, however, since it has a passive R.L. load.

Traditional approaches to electrical-machine theory have tended
to assume nominally constant-voltage sources in deriving the
various equations since this is the normal steady-state running
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condition. If, instead, currents are specified and controlled, with
the voltages adjusted automatically to suit this condition, a
different performance results. This is especially important when
considering maximum-torque capability. The equivalent-circuit
parameters are unchanged—apart from the greater likelihood of
parameter changes due to saturation effects—but the viewpoint is
different. For example, primary impedance does not come into the
calculation for the required supply voltage until the performance is
deduced from the specified currents. Variable frequency and
changes of speed are the normal situation.

It is helpful as an introduction to return to the induction-motor
phasor diagram which is shown on Fig. 5.2a. The emphasis will be
on the current phasors, which can also represent the m.m.f. space
vectors to which they are proportional, being expressed in terms of
the stator winding turns. I, is for the stator (primary); I; is for the
rotor (secondary) and I, the magnetising current, represents the
resultant m.m.f. The general expression for torque, eqn (4.4):

12D
T.= % X I;R; can be rearranged as:
S
__3 Ei Ei Ris
wlpole pairs < Xm XX X7;% "z

’ Ri L
where Z5= Y + x5

=3 x pole pairs XM X I, XI; xcos ¢,
=3 X pole pairs, XM X I, X I} X sin(en—¢2) | (5.15)

where the angles have been measured from E, for convenience.
Basically this equation has been obtained by dividing the air-gap
power by the synchronous speed, 3P,/w;, but it now expresses the
torque as a product of the mutual inductance, the r.m.s. currents
referred to the same side of the air gap and the sine of the angle
between the rotor and resultant m.m.f.s represented by I and I,
For a.c. machines, this angle is closest to the conventional load
angle 8, between air-gap flux and rotor m.m.f.
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From the geometry of the triangle, using the sine rule, it is
readily shown that the same torque will be given by using the
currents I, and I; or I, and I,,, with the appropriate correction for
angular difference substituted; e.g.

T. = 3 X pole pairs X MLiI; sin(¢; — ¢2) (5.16)

as proved by an alternative approach in Reference 1. The angle
here is the torque angle, between the stator and rotor m.m.f.s, as
on the d.c. machine, between field and brush axes.

Turning now to the synchronous machine, the corresponding
m.m.f. diagram (Fig. 5.2b) is obtained on dividing the E, E;, jX,I,
voltage triangle by jX,, which gives currents referred to the arma-
ture turns. E/ X, in phase with the mutual air-gap flux ¢, is really
the equivalent magnetising current I, like the induction motor and
producing the air-gap e.m.f. E. The current Ei/ X, is really the
equivalent field current I{ in armature winding terms, producing E;
and is readily converted back to I; if the coefficient relating E; to I;
is known from the magnetising characteristic, i.e. k; for un-
saturated conditions; see Section 5.1. The torque is given by:

_ Air-gap power _ 3EI, cos(¢ + )

T.=
w, Ws
x— Xm L E X I, x sin[90 — (¢ + ¥)]
w/pole pairs Xm

=3 X pole pairs,x M X I, X I,Xsin ¢y, (5.17)

which really corresponds to the third equation which could be
derived from Fig. 5.2a,using I, and I,. The angle ¢mais thatbetweenI,,
and I,, but any of the three angles, with the corresponding currents,
could be used.

For constant-voltage constant-frequency drives, the air-gap flux
is approximately constant since V/f(=E/f) is constant, there-
fore one value of M is usually adequate for calculations. For
current-fed drives, as already discovered with Examples 4.12-4.16,
the flux may vary considerably and saturation changes which affect
Xn have to be allowed for. Given the magnetising curve, which
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P

(a) Induction mode (b) Synchronous mode

Fi1G. 5.2. Torque from phasor diagrams.

relates I, (or I;) to E, at a particular frequency, this can be
included since X, = E/I,. An iterative procedure may be necessary
to match calculated values with the correct value of X, and M.

It is now appropriate and instructive to compare the induction
machine and the synchronous machine in terms of their m.m.f.
diagrams. Note that positive I3, the rotor m.m.f., is conventionally
taken to be magnetising in the opposite sense to positive I, unlike
the rotor m.m.f. I} (F;), which is taken to be magnetising in the
same sense as I, (F,) when both are positive. Reversing the phasor
I; would bring Fig. 5.2a into the same convention as Fig. 5.2b. The
important thing to realise is that the torque is a function of the
m.m.f.s and angles, for either synchronous or induction machines
and regardless of the speed (though the condition must be steady
state, with the m.m.f.s in synchronism). Synchronous and induction
machines can thus have a common basis when considering the
torque produced and its control. If the three current magnitudes
are predetermined, then the geometry of the triangle constrains the
angles to certain values in accordance with the cosine rule. Alter-
natively, if two of the current magnitudes are specified and the
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angle of one current with respect to another, then again the
geometry determines the remaining current and angles.

This last statement is important when considering the maximum-
torque conditions. Clearly, from the equations derived, for a fixed
M and for any two specified currents, maximum torque occurs
when the angle between them is 90°. For the induction motor, Fig.
5.2a, this cannot occur with an uncontrolled (cage) rotor, since I
must always lag behind E,. The torque can only be obtained with
an angle (¢, — ¢2) less than 90°; or considering the angle between I,
and — I, an angle greater than 90° which in fact has the same sine.

(c) Current —source equivalent circuit (d) Constant 8
FIG. 5.3. Maximum-torque conditions for synchronous machine.
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This is a consequence of the induction mode, with the rotor current
dependent on induction from the stator currents. For the d.c.
machine, a torque angle of 90° is the normal condition, with field and
armature m.m.f.s maintained in quadrature by the angluar-position
switching of brushes and commutator.

For the synchronous machine, the angles are functions of load,
voltage, field current and frequency. But supposing a position
detector was incorporated, so that specified stator and rotor m.m.f.s
could be held at a fixed relative angle, this could be made 90° and again
the maximum torque could be obtained (Fig. 5.3a). In practice,
however, this would mean that the flux would have to adapt as the
dependent variable, and saturation effects on the value of M would
have to be allowed for. Maximum torque then occurs at a torque ang-
le greater than 90° as will be seen. The normal, voltage-fed machine,
with flux per pole approximately constant (¢ « E/f = V/f), and witha
particular field m.m.f., will have maximum torque when the load angle
& between V and E; is virtually 90°, § being the same as the angle
between I, and I neglecting leakage impedance; see Fig. 5.3b. With
this as the constraint, I, is the dependent variable and will be higher in
terms of its m.m.f. than either I, or I} The third possibility is to
specify the flux level (I,) and the armature current I,, with an angle of
90° between them for maximum torque. I, would then be vertical on
Fig. 5.3b and I{ would have to be the highest in terms of its m.m.f. This
might be the most appropriate option since the field power is very
much less than the armature power and would therefore be cheaper to
control.

The current-source equivalent circuit for the synchronous
machine is shown on Fig. 5.3c. It follows from Fig. 5.2b, though the
current source due to the field could also be obtained from stan-
dard circuit techniques which would convert a voltage source Es
behind an impedance jX, to a current source I} (E{/jX,), at an
angle which is known only with respect to V as (8 —90°). But V
itself is not specified if I, is to be predetermined and controlled. V
awaits the solution of performance from the current diagram. The
angles of the other currents are also unknown, though it is usually
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convenient to take I, as the reference phasor, Example (5.13), and
I, is known to lag E, (XIn), by 90°.

If current-controlled sources are to be used, it has already been
found when discussing the induction motor, Section 4.3, that
saturation effects become very important. Consider Fig. 5.3d. This
shows a particular I, and flux, which may or may not result in
pronounced saturation effects, and the two currents I} and I, with
an angle 0 which is actually equal to (180 — the torque angle ¢r,). A
few simple drawings will quickly demonstrate that maximum
torque occurs when I and I, are equal®. Actually this follows
from eqn (5.17) which has the same form as the area-of-a-triangle
formula, a X b sin C, and maximum area occurs for the condition
stated. A comparison of control strategies could as a first ap-
proximation consider the criterion of torque per ampere of total
current, which based on eqn (5.17) would be:

_3Xpole pairsx MI,I{sin6 MI’sin§ MIsin 6
L+1; a1 YT a2

if I, =1I;=1. For optimum torque angle ¢q(= 180— ) =90°, then
0 =90° and the maximum torque per ampere would be directly
proportional to I. However, this assumes that M is unaffected by
the value of I, which is only a reasonable assumption for a
low-flux, unsaturated state. But if I was the rated value and
6 = 90°, I, would be V2I and M would therefore be appreciably
lower than its unsaturated value. Suppose now that 6 is reduced
from 90°; I, will be less and so M will increase. If this increase is
greater than the decrease of sin 6, the torque will actually rise.
What this means is that in the saturated state the maximum torque
occurs at a torque angle greater than 90°, though the effect is not
very marked until the magnetising current is approaching 1.5 per unit
or more, and costs of excessive currents must be taken into account.

In the next example, a simplification will be made by expressing
all the relevant equations in per-unit, with rated kV A, rated voltage
and the synchronous speed at rated frequency, as base values. The
equations are unchanged apart from the omission of constants like

TIA

(5.18)
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“3”, wspase) and pole pairs. The conversion is simple; for example,
base torque is: (rated kVA X 10%)/wypase) and on dividing the torque
expressions by this, the voltages V and E; by Vi, and remember-
ing that Zy,. = (Vpase)’/ Powery,s. (see Example 4.2d), the following
equations result:

For the voltage equation at any frequency K X fug:
V =KE¢+ R.I, + jk X, (5.19)
For eqn (5.12):

— 2
g E; sin(é —a) — %—12& which is unchanged in form.

For eqn (5.14): v CER
T,= E[ ______KER, ] (5.20)
TVRIF&X) R2+KX)

T.=

For eqn (5.17)
T.= XnIil,sin 0 (5.21)

now expressed in terms of If and L.

EXAMPLE 5.15

A polyphase, cylindrical-rotor synchronous machine has a per-unit synchronous
impedance Z, = 1. The resistance when allowed for can be taken as 0.05. The leakage
impedance can be taken as zero (X; = Xn). Determine:

(a) the per-unit E; for operation as a motor at unity power-factor and rated
armature current and voltage;

(b) the per-unit torque at this rated condition calculated from (i) VI,cos ¢ — I.’R,,
(ii) egn (5.12) and (iii) eqn (5.21);

(c) the maximum torque with rated voltage and the same value of Ej;
(d) the armature current at condition (c);

(e) the air-gap e.m.f. E at condition (c);

(f) Im and It at condition (c);

(g) the phasor diagram for condition (c), checking all the angles of the m.m.f.
triangle by the cosine rule on the current magnitudes;

(h) the voltage and frequency required to sustain condition (c) at a speed of 0.1 per
unit;

(i) the answers to (a)-(h) if resistance is neglected;

(j) the values of torque and torque per ampere in per unit, for the following
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conditions when supplied from current sources giving L, =I1t=2. (i) In=1; (ii)
In = 2; (iii) In = 3. Neglect the armature resistance and use the approximation to
the magnetisation curve employed in Example (4.15) for determining the reduction
in per-unit mutual inductance — Xm = 1 at In = 1. (M per unit = wvase MIbase/ Vbase =
Xmlzbase-)

If R.= 0.05, then X;= V17— 0.05"=0.9987 and a = tan ' Ry/X; = 2°87
(a) Er=V—IL(R.+jX)=1—(1+j0)0.05 +j0.9987) = 1.3784/— 46243

() ) Te=1x1x1-1>x0.05= 0.95
— 2
(i) Te= —@8—4 sin( — 46.43 — 2.87)— w =095
E: _ 1.3784/—46.43
i) I = - = SO 38/ 136,43
G 1= rx. 0.9987/90 ———
50 Te = XnliL sin ¢rn = 0.9987 X 1.38 X 1 X sin 136°43  =0.95
(€) Tetman, from eqn (5.12) with (6 —a) = — 90°
_ 2
_ 1><11.3784x(_1)_1.37841><0.05=1.23
(@ 1, = Yo E=(00-a) _ 1-1.3784(0.05 - j0.9987)  1662/=3122
Z/90—a 0.05 — j0.9987 ——
(¢) E=V-LR,=1-1.662/—31.2 X0.05 =0.93/2°65
(f) 1= E=201287 = 138/-177°13
0.9987/90 —
[mz_l;“_:o_'%l_ﬁ :0-931{—87?35

iXm  0.9987/90°

The angle between It and In is thus — 177.13 — (- 87.35) = 89°78 which is very
nearly at the optimum value of 90°, even though it is the result of a maximum-torque
condition deduced from the voltage-source equations. These equations allow for
impedance drop and maximise the air-gap power rather than considering the
optimum angle as for the current-source approach. In fact, if the leakage reactance
had been allowed for, this angle would have progressively reduced from 90° as a
larger share of X was ascribed to leakage reactance. The maximum torque would
have been unchanged since the value depends on the total synchronous impedance.
This will be verified if the calculations are repeated with x, typically 0.1 per unit,
leaving Xm as 0.8987 per unit.

(g) The phasor diagram has been constructed from the above information and is
shown on the first figure. The check on the angles from the calculated current
magnitudes is left as an exercise to familiarise the calculation procedure when the
currents are specified, as indeed they are in the next question and part (j).
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1,
v
®/=i8°*
1,=0.93| E,
I:l
I,-1662 I, 1.732
I I
=1.38 = 414
Max. torque. Speed = | O Max. torque. Speed = 0.1 Max . torque. Speed = 1.0 R,= O
FiGg. E.5.15.

(h) The condition here is a speed and frequency of 0.1 per unit which means that k
in the variable-frequency expressions of eqns (5.19) and (5.20) is 0.1. The m.m.f.
diagram is to be the same, to give the same torque — which is not quite the maximum
for this particular flux (In) and field current, since the angle between them is slightly
less than 90°. It is convenient to take I. as a reference phasor; it will be 1.662 + jO.
Hence, from eqn (5.19): and the phasor diagram from which the angles can be
deduced:

V =KE; + R.Ia + jkXda = kIt X + Rala + jk X:la
=0.1%1.38/—145.93 X0.9987/90 + 0.05x1.662 + j0.1x0.9987 x 1.662
=0.1378/-55.93 + 0.0831 + jO.166
=0.16+j0.052=0.168/+18°

Note that in the above calculations, cartesian and polar forms have been used as

convenient but care must be taken in combining them finally. The second figure

shows the phasor diagram, the current I, being at a slightly lagging power-factor of
0.95.

The calculations neglecting resistance are much simpler and will now be outlined
in the same sequence as previously.

(@) Es=1-1Xjl=1-jl=1414/-45
®) @ T=1x1x1 =1
Gi) T.= —1x1.414 X sin( — 45°)

i) T.=1x 1"1‘4

X 1 X sin 45 =1


http://Ix0.9987xl.662
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(C) Te(max) =Lx11“4—1£(_ 1) =1.414

@ 13=L4j]14_;&= 1.414— 1 = 1.732/=35.3

(e) E=V=1
0 =220 4, 1m=jl1= it
(8) The phasor diagram is shown on the 3rd figure and should be compared with the

one including resistance. The differences are about 5% but note that the angle is
now exactly 90°.

(h) With L as the reference phasor, I is 1.414/— 180 —35.3 = 1.414/—144.7
So V=KIiXn+ jk X1,

=0.1x1.414/-144.7x1/90+j0.1 x 1x 1,732

=0.1414(0.578 — j0.816) +j0.1732

=0.082 +j0.058 = 0.1/+35.3
This result, which shows that V ;s proportional to k when resistance is neglected,
has already been illustrated in Example 5.14, but is now confirmed. A much higher

voltage is required to provide for the increasingly dominating effect of resistance at
low frequencies as shown in the first part of this question.

(j) Allowance for saturation of mutual inductance is now to be made and current
sources I, = I;=2 are to be supplied at different phase angles to permit I, to
vary from rated value of 1, to 3 per unit. The empirical expression relating flux
and magnetising current is, from Example 4.15:

 0.66n I,
In=1"0.4¢,, from which ¢ = G007

The average slope of the flux/I, curve is proportional to the mutual inductance.
When In=1, ¢m = 1 and the slope is proportional to 1. For In=2, ¢m=2/1.4 and
for In=3, ¢m =3/1.8. The average slopes for the last two are 1/1.4 and 1/1.8
respectively. These are the coefficients by which M must be reduced. The angle 8
between I, and I{ used on Fig. 5.3d is obtained from the cosine rule as:

G A
201,

and the torque expression of eqn. (5.21) will complete the calculation. The results
are tabulated below:

cos™' 0

() (ii) (iii)

M 1 1/1.4 1/1.8
8 29° 60° 97°
Te=4M sin 6 1.93 2.47 2.2
Torque/amp T./4  0.48 0.62 0.55
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A few more calculations will show that the maximum torque occurs at an angle 8 rather
less than 90° which means that the torque angle between stator and rotor m.m.f.s is
rather greater than the unsaturated value of 90°. The load angle between I, and ¥ is still
less than 90°. The maximum torque per ampere is somewhat less than the unsaturated
value given by eqn. (5.18) which is I/2, equal to 1 in this case.

5.6 OPERATING CHARTS

Under certain circumstances the phasor diagrams for a.c. circuits
under variable conditions give rise to phasor loci which are cir-
cular. Such circle diagrams are useful visual aids and assist in rapid
calculations. They are less important nowadays with improved
calculating facilities which can operate directly on the equations,
which are really the basis on which the diagrams are constructed.
No examples of induction machine circle diagrams have been given
in this book though they are dealt with in Reference 1. However,
for synchronous machines they are still of general interest because
they delineate the various regions of operation in a manner espe-
cially useful for power-systems studies. One example will therefore
be given here, as a simple extension of the phasor loci shown on
Fig. 5.1.

EXAMPLE 5.16

A 3-phase synchronous machine has a synchronous reactance X; = 1.25 per unit
and on full load as a generator it operates at 0.9 power-factor lagging. The machine
losses may be neglected.

(a) Determine the rated excitation in per unit to sustain this condition.

(b) What excitation would be required to operate at full-load current but 0.707 p.f.
lagging?

(c) With this maximum excitation, what would be the maximum motoring torque in
per unit—expressed in terms of full-load torque?

(d) What per-unit current would be drawn for condition (c)?

(e) What power can be developed as a motor when running at 0.8 power-factor
leading, without exceeding rated excitation?

(f) With the maximum excitation of condition (c) what will be the kVAr rating as a
synchronous capacitor?
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(g) What will be the maximum kVAr rating as a synchronous reactor with the
excitation reduced to a minimum of 1/3 of the rated value?

The problem can be solved using the approximate circuit as in the previous
examples. With the circle diagrams, the solution is much quicker though less
accurate.

(a) The two current phasors; V/jX; = 1/j1.25, lagging 90° behind V, and I,=1 per
unit at cos ¢ =09 lagging as a generator, are first drawn. With a motor
convention, the I. phasor is reversed at angle 25°8 lagging — V. The closing
phasor of the triangle is the rated excitation divided by j X, which by measure-
ment is 1.52 per unit. Hence rated Er=1.52x 1.25=1.9 per unit.

(b

~

More excitation will be required to operate at rated current and a lower power-
factor. Drawing an arc from the origin at I, =1 per unit to angle 45° for 0.707
power factor identifies the end of the E«/jX, phasor which by measurement is
1.64 per unit. Hence E; = 1.64 X 1.25 = 2.05 per unit.

(c) Anarc drawn at this new E¢/j X, radius into the motoring region until E¢/j X, makes
an angle 8 = 90° with the V/j X, phasor defines the point of maximum torque. The
rated torque corresponds to rated I,cos ¢ = 0.9 per unit and so the maximum
torque is 1.64/0.9 = 1.82 per unit.

(d) A current phasor drawn from the origin to the point of maximum torque has a
value of 1.85 per unit, at angle ¢ = 25°8 lagging; cos ¢ = 0.9.

(e) A motoring-current phasor drawn at ¢ = cos™' 0.8 leading = 36°9 intersects the
rated excitation circle at I, =0.9 per unit, and I, cos ¢ =0.72 per unit is the
power and torque for this condition.

(f) For a “motor’ at zero p.f. leading, the maximum excitation circle intersects the
zero-power axis at I, = j0.83 per unit, so kVAr as a synchronous capacitor is 0.83
per unit.

(g) For zero power-factor lagging, the excitation circle drawn at 1/3 of the rated
Ed/jXs = 1/3x1.52 = 0.507 intersects the zero-power axis at —j0.3, so kVArasa
synchronous reactor would be 0.3 per unit. This rating is always less than as a
capacitor because of stability considerations at low excitation.

Boundaries are shown on Fig. E.5.16 indicating the operating
limits for the various modes. Per-unit notation is especially useful
for the portrayal of so many operating modes and conditions.
Resistance can be incorporated quite simply by drawing the exci-
tation circles from a V/Z, phasor, which will be at an angle less
than 90° behind V, and the radii will then be |E/Z,|.
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Max. I, cos @ =164

aximum
ower

FiG. E.5.16.
5.7 MULTI-MACHINE PROBLEMS

This area of study for synchronous machines is very important
for power systems. Only a few simple examples will be given here
to illustrate parallel operation of generators and the use of syn-
chronous motors to improve an industrial-system power factor.
Examples up to now have assumed that the supply-system has zero
impedance, giving constant terminal voltage V; and infinite inertia,
giving constant frequency. These are the characteristics of the
so-called ‘“‘infinite” busbar system. For two paralleled generators,
the interaction of the individual machine impedances and e.m.f.s
on the sharing of kW and kV Ar is instructive as an introduction to
the power-flow problem.

165



WORKED EXAMPLES IN ELECTRICAL MACHINES AND DRIVES

EXAMPLE 5.17

Two 3-phase, 3.3kV, star-connected alternators are connected in parallel to
supply a load of 800 kW at 0.8 power factor lagging. The prime movers are so set
that one machine delivers twice as much power as the other. The more heavily
loaded machine has a synchronous reactance of 10 ) per phase and its excitation is
so adjusted that it operates at 0.75 p.f. lagging. The synchronous reactance of the
other machine is 16 €} per phase.

Calculate the current, e.m.f., power factor and load angle of each machine. The
internal resistances may be neglected.

Total KVA = % = 1000kVA.
1000 . .
Total current = ———— X (0.8 — j0.6) =1=140-j105 A.
V3x33 !

For the heavier loaded machine (Machine A say)
Iacos rp,\=§>< 140=93.3 A

and Ia sin @a = Iacos @a X tan @a = 93.3 X 0.882
=823 A.
S Ia=93.3-i82.3.
Sdp=1-1a=46.7—j22.7.
L Ia=124.4 A at cos ¢a = 0.75.
Is =51.9A atcos ¢s=0.9.

Er=V+jXala= %'39 +§10(93.3 — j82.3) = 2728 + j933 = 2888/18°0.
. 3300 , . . . .
Ey = V+Xols = 72+ j16(46.7 ~ 22.7) = 2268 + 747 = 2388/18:2.

EXAMPLE 5.18

Two star-connected, non salient-pole, synchronous generators of identical rating
operate in parallel to deliver 25 000 kW, 0.9 power-factor lagging-current at 11 kV.
The line induced e.m.f. of Machine A is 15 kV and the machine delivers 10 MW, the
remaining power being supplied by Machine B. Determine for each machine:

(a) the load angle in electrical degrees
(b) the current and power factor
(c) the kVA

Find also the induced e.m.f. of Machine B. Take the synchronous reactance for each
machine as 4.8 () per phase and neglect all machine losses.
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Total kVA = 250L;)0 =2777TkVA.
Total current = Vzgg% (0.9 -j0.436) =1312—j635.7.

_3IX1TkVXISKV .
Load angle 84 from 10 MW = 18xV3xV3 sin 84
from which: sin 84 = 0.291; 84 = 1629; cos 64 = 0.957.
E;—V _ 1000 15(0.957 +j0.291) — 11

Hence I, = iX. -73—>< 4.8 =525 -j403.5.
Hence Is =1 -1 = 787 —j232.2.
Es = V+jX.Is = 11000+ V3 X j4.8(787 - j232.2) =12.93 +j6.54 Line kV
=14.49/26°8.
From above:
(a) 84 = 1629, 8p = 26°8.

(b) I, =662 A at cos ¢a =0.793. Is=820.5 A at cos ¢p = 0.959.
(c) kVAA=V3x11x662=12600. kVAp=V3x11x820.5=15630.
Induced e.m.f. for Machine B = 14.49 Line kV.

EXAMPLE 5.19

A 6.6 kV industrial plant has the following two induction motor drives and a main
transformer for the other plant

Ind. Mtr A Int. Mtr B Transformer
Rated output (kW) 100 200 300
Full-load efficiency 94% 95% 99%
Full-load power factor 0.91 0.93 0.98 lagging

A star-connected synchronous machine rated at 250 kV A is to be installed and so
controlled that when all the equipment is working at full rating, the overall
power-factor will be unity. At the same time, the synchronous machine is to draw
rated current and deliver as much mechanical power as possible within its current
rating. If its efficiency can be taken as 96% and its synchronous impedance 0+ j100 2,
calculate the required e.m.f. behind synchronous impedance to sustain this condition.

As an aiternative strategy, consider what rating of synchronous machine, operat-
ing the same motoring load, would be required to bring the overall works power-
factor to 0.95 leading.

First, the total works load can be calculated by summing

I= E Power

—nxV3xVXp,f,(cos‘P+jSin‘P)
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100

Ind. Mtr A. I,= 094X V3x6.6 %00 (0.91-j0.4146) =9.306—j4.24
200 : .
= 93— §0.3676) — 18.42 7.
Ind. Mtr B. Is = 095X V3 x6.6%0.93 (0.93 - j ) 18.42~j7.28
Transformer. It = 300 (0.98—-30.199) =26.51-35.38
T 0.99xV3x6.6x098 0 = 2651538
Total current = Iy — jIo =54.24—-j16.9

250

Rated synchronous machine current = V3x66" 2187 A

Reactive component of current must be j16.9 to bring p.f. to unity.

.". active component of current = V2187 —16.9° = 13.88 A.
So synchronous motor output power=V3X6.6x 13.88X0.96=152.3 kW =

204 hp.

Ei=V—jXI.= %‘?— §100(13.88 + j16.9) = 5500.5 — j1388 = 5673 V = 1.49 p.u.

For a power factor of 0.95 leading, and with the same power component of
synchronous-motor current, the phasor diagram shows that the following relation-

ship holds:

Finol
Current

¢=cos™ 0.95

bos

I,

Ios—1Iq _

Ios—16.9

tan ¢ =

1,

Igs

Improvement to 0.95

Ips+1Ip 13.88+54.24

2{.87
TN

16.9

Improvement

Fi1G. E.5.19.
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and since tan ¢ = tan(cos™' 0.95) = 0.3286 = (Ios — 16.9)/68.12,
Ios=39.29 A.

Hence required synchronous machine rating = V3 x6.6V(39.29° + 13.889) =
476 kV A, requiring a machine of nearly twice the previous size.

5.8 SALIENT-POLE AND RELUCTANCE-TYPE
MACHINES. SYNCHRONISING POWER

All the examples so far posed have been solved using round-
rotor or cylindrical-rotor theory; viz. assuming that synchronous
machines are built like induction machines with uniform air gap
such that a sinusoidal m.m.f. distribution will produce a sinusoidal
flux distribution. The majority of synchronous machines do not have
such a symmetrical magnetic geometry though the high-power
turbo-generators are close to this. Most synchronous-motor drives
have salient-pole rotors giving two axes of symmetry per pole pair;
the direct axis, along the main field winding, and the axis in quadrature,
between the poles. Consequently, the magnetic permeance and the
synchronous reactances as measured on the two axes, Xy and X,
are very different. In spite of this, the steady-state behaviour is not
vastly different from that calculated by assuming X; = X; in round-
rotor theory. This is not true for transient behaviour however,
when considering the likelihood of instability, oscillatory behaviour
or loss of synchronism, since the power/load-angle characteristic is
much more helpful in these circumstances. In addition, the salient-
pole synchronous motor will operate without excitation, due to the
reluctance effect of the non-uniform air gap.

Transient stability studies are largely outside the scope of this
book but the oscillatory frequency can be approximated by ignor-
ing damping. From the general expression in dynamics:

Natural frequency = V(stiffness/inertia) rad/s.

For a synchronous machine, the stiffness is the rate of change of
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torque per mechanical radian, obtained by differentiating the
torquefload-angle curve at the operating point. Sometimes the term
“synchronising power” is used to define the power AP, brought
into play on a change of angle A§, and this in turn is obtained by
differentiating the power/load-angle curve to get dP/dé.

EXAMPLE 5.20

A 3-phase, S000kVA, 11kV, 50 Hz, 1000 rev/min, star-connected synchronous
motor operates at full load, 0.8 p.f. leading. The synchronous reactance is 0.6 per
unit and the resistance may be neglected. Calculate for these conditions, the
synchronising power per mechanical degree of angular displacement. The air gap
may be assumed to be uniform around the periphery.

Working in per unit; E; = 1— jX,I. =1 - ;0.6 X 1(0.8 + j0.6)
=1.36—70.48 = 1.44/19°44.

Power/angle equation P = L),(E siné = 1 ><01644 sin § = 2.4 sin 8.
Hence, synchronising power from dP/dé =2.4cos b =2.4cos 19.44=
2.263 p.u./radian

S 000 000
27 X 1000/60
X 3 = 5657 Nm/mechanical degree

1 per-unit torque = = 47746 Nm.
T

180

since there must be 6 poles, if the synchronous speed is 1000 rev/min at 50 Hz.

.. 2.263 per unit = 2.263 X 47746 X

EXAMPLE 5.21

A salient-pole synchronous motor has Xys=0.9 and X,=0.6 per unit and is
supplied from rated voltage and frequency. Calculate the current, power factor and
power for a load angle of —30° (motoring) and for excitation e.m.f.s (Ey) of 1.5, 1.0,
0.5 and 0 per unit, the latter case being the reluctance motor (zero excitation). What
would be the new values if, as a reluctance motor, the rotor was redesigned to give
X4=0.75 and Xy=0.257 What would then be the maximum torque? Armature
resistance may be neglected throughout.

The phasor diagram of .Fig. S.4a is shown for the overexcited
condition as a motor. The equation is similar to that for the
round-rotor machine but the resolution of the armature m.m.f. F,

into direct-axis (F,) and quadrature axis (F,) components is
reflected in the two component currents Iy and I, of the armature
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. Xqlq
iXqlg [
E .
iXq14 ! iXqlq
v 1,
I, Iq v |1, v
® E %14 e K. 4
id L W 14 /P’vneversed 1,
I, iXqIq v
(a) Overexcited (b) Reluctance L 1,

Motor

Motor

I4

(¢ ) Overexcited Generator
(Motor conventions)

FIG. 5.4. Salient-pole synchronous machines.

current I,. The equation is:
V=E;+jX]J,+)Xq4 (see reference 1).

Remembering that § is negative for a motor, the angle between I, and
I,, which is in phase with E; is:

b=¢—3d
From the geometry of the diagram:

— . . — V sin §
X,JJ;=—Vsind "qu—_Xq_—’
Xalq=Ei— Vcos 8 ,'_1d=§C_V_°£s_5

X4
and ,=VIZ+I2cosy =L/, and siny =I/L.

Power = (torque in per unit)
= VI, cos ¢ = V(I ,cos § — I, 5in 8)

_ —Vsind _(Et—Vcosd) . ]
= V[—_Xq cos & _—Xd sin &

= Y Bisins + L(Xe 1) sin2s]
=X, [Efsm8+2<xq 1}sin2é .
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For the reluctance motor, terms in E; become zero and I; becomes
negative as shown on Fig. 5.4b. Its maximum torque, by differen-
tiation, will occur at 8 = —45°. For a generator, the same equations
apply (as a negative motor), but 8 becomes positive, and for the
overexcited condition as shown on Fig. 5.4c, ¢ and ¢ are both
negative. Reversing the current phasor brings back the generator
convention and enables the power-factor angle to be seen as less
than 90°.

The adjacent table of results gives a very comprehensive com-
parison of performance. With the excited salient-pole machine of
course the power factor can be controlled from lagging to leading.
As excitation is reduced step by step to zero, the power factor falls
drastically as does the power and torque. The output as a reluc-
tance motor is very small. However, with a higher X4/X| ratio, the
performance is much improved, at the expense of higher currents.
This is due to the fact that the magnetising current must now come
from the a.c. supply as for an induction machine. The table also
shows the value and simplicity of the per-unit system in making
these kinds of comparisons. As an exercise, the maximum torque
for the excited machine could be worked out for further com-
parisons. The next example provides the maximum torque expres-
sion.

EXAMPLE 5.22

A 6.6kV, 5SMVA, 6-pole, 50 Hz, star-connected synchronous generator has
Xa=8.7 ) per phase and X, = 4.35 () per phase. Resistance may be neglected. If the
excitation is so adjusted that Er= 11kV (line), and the load angle is 30° (elec.),
determine:

(a) the power factor, output current and power in per unit;

(b) the load angle at maximum torque;

(c) the ratio between maximum torque and that occurring with 8 = 30°;

(d) the stiffness in newton metres per mechanical radian for a load angle of 30°;

(e) the frequency of small undamped oscillations if the total coupled inertia is
8200 kg m?, the mean load angie being 30°;

(f) the inertia constant.

WEEMD - M

173



WORKED EXAMPLES IN ELECTRICAL MACHINES AND DRIVES

5000 _ .
Rated armature current I, = V3x66 437.4A =1 per unit current.
_ —Vsind _ —6600/V3xsin30°_
(a) I;j= X, - 235 = —438A.
_Et—V cos 8 _ 1100 —6600 cos 30° _
L=="x" =7 Bxs7 074

L=VIJ+12= V438 +350.7 = 561.1 A = 1.283 per unit.

Reversing the current to give a generator convention, to determine the power-
factor angle as less than 90° we have:

L 3507
SN = =561

—-387=¢—-8=¢—30, so ¢=—87, «cose=0.988 lagging.
Power = VI, cos ¢ = 1 X 1.283 x 0.988 = 1.268 per unit.

= —0625. ¢=—387

- . X, .
(b) Torque=—3><xl>< [Ersm:5+ ;/(Yd— l) sin 28],

daT _y(Xe_ = _y(Xa_ 25_
a5 =0 when E; cos § = V(Xq l) cos 28 = V(Xq l)(Zcos &—1).
Eif X, ) _
Forming the quadratic: 2 cos’ 8 +— V (Xd X. cosd—1=
_— Er
From which: cosd = Xd— ) \/ 4V ’ — )
Lo _ =11 (435 \/ 121
Substituting: cos &= < 6.6(4.35) 26_42+ 0.5
=—-0.4135 +0.8207

=0.4072 = c0s 66°; sin 6 = 0.914 sin 28 = 0.743.

(c) The ratio of torques is obtained by substituting the appropriate values of sin 8
and sin 28 for § = 30° and & = 66°in the torque expression. Some constants cancel.

6.6
Tonn 11X 0.9l4+7(2— 1) x0.743

= = 1.496.
Tt 11x05+ 6—;’(2 ~1)x 0.866
3 6600 11000 6600 .
(d) Torque at angle § = 77 %5013 X V3ix87 X [ V3 sin § + —— 35 V3 X{(2-1)sin 28]

dT. 3 _ 6600 o o
95~ 1007 <87 x (11 000 cos 30° + 6600 X 1 X cos 60°)
= 92915 Nm per electrical radian

= 92915 x 6/2 = 2.78 % 10° Nm/mechanical radian.
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_ stiffness _ [2.78%10° _
(e) Undamped natural frequency = \/ nertia 300 - 5.82 rad/s
- 2‘1? x 5.82 = 0.927 Hz.
. . . . Stored energy at rated speed _ ol
(f) The inertia constant is defined as: Rated voltamperes = MVAX10°
1 2
=2 X8R X (W3] 82;)00();0((;83”/3) =9 seconds.
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CHAPTER 6

TRANSIENT BEHAVIOUR

SO FAR, nearly all the examples have been concerned with steady-
state behaviour. It is important however to introduce the ideas
underlying the equally significant behaviour which occurs during
the approach to, or the retreat from a particular steady state. The
transient state is a very interesting field for mathematical and com-
puter experts, but it is still possible to study many practical aspects
of machine transients without going much beyond the theory of the
first-order differential equation. Thermal, electrical and mechanical
transients are all partly covered by such simple equations, though
clearly these will have to become more complex as more elements
and control circuits are included in the system of which the
machine may be only the main power unit. Usually the machine
has a much larger time-constant than the control and power-
electronic time-constants, so has a dominant effect and will be the
area of study in this chapter as a simple introduction to the topic.
Even for the machine itself, the mechanical time-constant is usu-
ally much greater than the electrical time-constants and so the
electrical and mechanical responses can often be studied
separately. The meaning of this is that the electrical-system
changes take place at virtually constant speed and the mechan-
ical changes take place after the electrical system has virtually
reached its steady state. This particular problem will be discus-
sed in illustrative examples but of course in the space avail-
able, the coverage of the transient state can only be limited and
selective.
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6.1 TRANSIENT EQUATIONS

First-order Equation

If a system has a variable 6, and an equation which can be
expressed in the form:

de
rat~+0=0f, 6.1)
where 7 is a constant and 6; the value of 6 when the steady state is
reached (d6/dt =0), the solution to a suddenly applied, or step
function (to which 6 is related) is most conveniently expressed as‘:

0 = 6o+ (6; — Bo)(1 — ™). 6.2)

This is illustrated on Fig. 6.1a for the initial value 6, positive. For 6;
either positive and negative, the same equation holds. If the
response was linear at the same rate as the initial slope of the
curve, then 6; would be reached in a time 7 (in time units).
Actually, the response is exponential and 6 reaches only 0.632 of
the change (6;— 6y). After another time 7, a further 0.632 of the
remaining change is accomplished, to 0.864(8;— 6;). For 37 the
figure is 0.95 and for 47 the figure is 0.98, which is often taken as
the effective response time. The coefficient 7 is called the time-
constant.

Non-linear Response

The solution just described refers to a linear first-order equation,
with 7 constant and also, the driving function 6; is constant. There
are many practical situations where these conditions do not hold
but a solution can still be organised fairly simply using numerical
or graphical techniques. As will be seen in the following examples
it is possible to express d8/dt as a function of 6. So for various
values of 6, and for a small change A6 about these points we can
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write:
A9 deé
AT A f(6). (6.3)
Hence the time required to change by A8 is equal to:
=46 _ A6
A= g0/t ~ Ty

The method could be applied to the linear equation but of course
there is no point in doing this since an analytical solution is
available here.

Second-order Equation

The next stage of complexity to be described is the situation
where there are two energy stores in the system. For the first-order
equation there is only one, like the magnetic energy in an inductor
or the electrostatic energy in a capacitor. If both these elements are
in circuit, or any other two such stores, then the second differential
coefficient comes into the system equation. Depending on the
system parameters, the response can have rather similar charac-
teristics (if heavily damped), or can be quite different in that the
response can be oscillatory. The second case is of more general
interest and occurs when the two roots of the quadratic equation
are imaginary. The general form of the system equation in this case
is expressed in terms of the undamped natural frequency of
oscillation wy, and the damping ratio ¢:

2
wo—29d—2' + 2{(1)0-1 ((11—? +60 =0 (6.4)

Again considering a suddenly applied driving function 6;, the
solution is:

0= 0;[1 \/:1_25 sin{woV( =) -t — :11}] (6.5)
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FIG. 6.1. Transient response.

and is shown graphically on Fig. 6.1b for different damping ratios.
When £, the damping ratio, is unity, the system is just not oscillatory.
It is critically damped, and at a time equal to the
coefficient of the first-order differential term, the variable 6 reaches
nearly 60% of the final value 6;, which is close to the first-order
equation solution. 6, could be included as for this solution, but is
left here as zero. As the damping ratio falls below unity, the
oscillatory condition exists, but the time response is speeded up. In
practice, a ratio of about ¢{ = 0.6 might be acceptable to gain this
advantage without too much overshoot. More complex systems
with third-order and higher-order terms can sometimes be ap-
proximated by this quadratic form to give a general idea of system
performance. The overshoot can be controlled by appropriate
external techniques to get fast response without instability or
excessive oscillation. The natural frequency of oscillation in the
damped state is given by: w, = weV(1 - %). Should the damping be
zero, we have w, = wy and the equation would be that of simple
harmonic-motion with a zero first-order term and an oscillation
between 0 and 26;.
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Transfer Functions

In studying complex systems, it is convenient to represent each
element in the system by a relationship which relates its output to
its input in both steady and transient states. This relationship is
called the transfer function, defined as:

T.F = Output
Input

and hence: Output = T.F. X Input.

It is a simple matter to interconnect the various elements by
combining their transfer functions to give a mathematical expres-
sion for the overall system equation. For example, if two elements
having transfer functions A and B are in cascade (series con-
nected), then the overall transfer function is A X B. If the two
elements are in parallel, with B as the transfer function of the
negative feedback loop around A, then the overall transfer function
ish-

A
1+AXB

Example 6.14 will apply these relationships but it must be
appreciated that it represents only a simplified use of basic
concepts in control theory.

As an illustration of the transfer function consider eqn (6.1).
Suppose that it refers to a series L.R. circuit having a time constant
L/R. The equation would be:

L di

._ V.
i‘a‘l‘l—R(—If).

Replacing d/dt by the operator p and rearranging:
(1+1p)i = VIR

Output i

and: = =
Input V/R

( 1 ) which is the transfer function.
1+7p
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So the differential equation for this element can be formed from
the transfer function by cross-multiplication and this applies also
when all system elements are combined in the overall transfer
function.

Frequency Response

The emphasis so far has been on the response to a suddenly
applied d.c. driving function, but the transfer function and related
equation are quite general. In control theory, for example, the
response of the system to sinusoidal stimuli, at particular frequen-
cies, is very important to the prediction of behaviour under all
conditions. The transfer function can be used for this purpose.
Suppose that the L.R. circuit is the field winding of a d.c. genera-
tor. The output will be i; and the input voltage vy, the field-circuit
resistance being R;. The equation will be:

(1 + Tfp)if = vf/Rf.

If the generated voltage at a particular speed can be expressed as
voue = Keiy Where k¢ has the units of volts per field amp, then the
transfer function of the generator will be:

Vout _ ki _ ki Ry _ Steady-state voltage gain
ve  (1+7p)icRy  (1+ 7p) (1+ 7p)

Now let v; be an a.c. voltage of angular frequency . The
equations become, with r.m.s. values of voltages and currents:

Vf = (Rf + j(.OLf)If or (1 + j(!)Tf)IfRf
and:
Vout = kfIf

assuming that the d.c. generator gives a linear response to field
current variations. Hence:

Vout _ kel _ k¢/R;
Vi (1 +j(07f)IfRf (1 +jwT)’
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which is the same expression as before but with p replaced by jow,
in the transfer function.

This frequency response has both a magnitude ratio and a phase
angle and these are easily shown by simple a.c. theory to be:

. N kf/Rf -1 wa
Magnitude ratio = —————; and hase angle = —tan™ —
8 \/1 + w ¢ P £

= —tan"! wrs.

Mechanical System

On the front cover of the book is shown a schematic diagram of
a motor driving a mechanical load through a coupling shaft. The
torque is transmitted because the shaft tends to twist and carry the
load round in the same direction. The angle of twist at the motor
end 0., on steady state will be greater than the angle of twist 6, at
the load end, because of the shaft flexibility, or resilience. Within
the elastic limit, the torque transmitted is proportional to the
difference (0m) — 6n2), the resulting angle of shaft twist. In the
transient state, there is another (viscous) damping force exerted
by the shaft due to rate of change of shaft twist-angle, p(6, — 0m2).
The inertia of the motor, J, kg m” opposes the acceleration dw,/dt =
p*0m1. The electromagnetic torque T, is therefore opposed by the loss
torque, the inertia torque and the shaft torques giving the following
equation, where C and K are the coefficients of proportionality:

Te = Tloss+ ]Ipzom + Cp(oml - 0m2) + K(Gml - sz)-

At the load end, the shaft torques tending to turn the load in the
same direction as the motor are opposed by the load inertia-torque
and the load torque itself. Hence:

Cp(oml - 0m2) + K(Gml - 0m2) = ]2p20m2 + Tload-

These two second-order simultaneous equations can be solved for
the two variables 0, and 0, and the possibility of oscillation is
present, depending on the parameter values. The undamped natural
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frequency is wo = V(K/J)) + (K/J,) rad/sec and clearly must have a
value well away from any torque-pulsation frequency arising either
in the load, e.g. if it is a compressor, or from the motor, if it is
supplied through certain types of power-electronic circuit. These
factors are of concern for the drives specialist. For present pur-
poses, it will be assumed that the shaft is stiff enough to transmit
the torque without twisting. This means that the combined
inertia of the whole drive-system can be referred through to the
motor as say J kgm? by summing the total stored energy in the
moving parts, Z3(Jw?+ Mv?), and dividing it by the corresponding
motor-speed squared (w,’). From the above two equations, sub-
stituting for the last two terms of the first one, the following
equation is formed for the mechanical system:

Te = Tloss + -_I__g%‘)_m_ + Tload = Tm + ] g:‘)m
since p0, = w,. On steady state when the speed has settled down,
T, is balanced by the total mechanical torque Ty, = Tioad + Tioss. The
electromagnetic torque T. is a function of the motor currents or
may be expressed as a function of speed through the speed/torque
curve. If the T, (wn) characteristic is of simple form, eqn (6.6) is of
first order and easily solved. In any case:

dwn _ Te— T
dt J -

(6.6)

dwn

dt

=T.—Tn so

If the torques are some known function of wn, the last expression
is the f(0) required for the solution of eqn (6.3).

Example of Electromechanical System in Transient State

Because the d.c. machine equations are relatively simple, this
machine provides an easy introduction to the application of the
mechanical equations just described. For the present, the armature
inductance will be neglected so that the armature current at any
instantaneous speed wn, and e.m.f. e, with supply voltage V, will be
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given by (V — ¢)/R and e itself will be k,0w,. Hence, during a speed
transient, the electromagnetic torque will be:

L (V—kewm) kY ke
k¢la—k¢ R = R - R

This must be balanced against T, + Jdw,/dt from eqn (6.6) giving:

k,V kjlw do
2oY ¢ Om _ m
R R T.+J TR

To get this into the standard form of eqn (6.1), the coefficient of the
variable must be brought to unity which means dividing throughout
by k, /R and rearranging:

{(—?%mm:k—‘;—i—?(:mmo. 6.7)
The solution given by eqn (6.2) can now be applied for sudden, step
changes of V, R or T,. Step changes of flux are not practicable
because of the relatively-slow field time-constant. It is assumed that
T, is not a function of w,; i.e. is constant. Under these circum-
stances, the speed time-constant is JR/k,. Since this is a function
of mechanical, electrical and magnetic parameters it is sometimes
referred to as 7, the electromechanical time-constant. If T, was a
function of speed, say T, = kwn, then the value of 7, would be
JR/(ks2+ kR), the proof of this being left as an exercise. Note that
eqn (6.7) has only one more term than the general speed/torque
equation for a d.c. machine. When steady-state speed has been
reached, dw,/dt =0 and the equation is then identical with eqn
(3.8).

Invoking the solution given by eqn (6.2), we can write:

Wnp = Wno + (wmf - wmo)(l - e'rl-r)
and Fig. 6.2 shows three transients:

(a) Acceleration on no load, V change from 0 to V.
(b) Sudden application of load T, after reaching no-load speed.
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(c) Reversal of V, usually with extra limiting resistance. Note that
beyond zero speed, T,, if a passive load, would also become
negative as well as V and the speed response would become
slower. 7, governs all response times, with the appropriate
value of resistance inserted.

@m Load application
v constant 7,
L] RTm
yxa
Acceleration on (4
na load, 7,20 Reversal. Put V' negative,
(Current will be too high
Application of V without extra A or
control of V)

Tm becomes

General Solution W = Wmo+ (Wit = wmo) (1-& 7). B
negative

e.g. solve for t to reach o particular speed
! 2471, to reach wn¢t

F1G. 6.2. Electromechanical transient on d.c. machine.

EXAMPLE 6.1

The temperature rise of a certain motor can be assumed to follow an exponential
law of time-constant 7 = 2 hours. The machine operates on a duty cycle in which it
is clutched to its load for 20 minutes and then declutched to run on no-load for 30
minutes. This cycle is repeated continually. The steady temperature rise when
running on no-load continuously is 10°C and when operating the above duty cycle,
the maximum temperature rise at the end of an ON period is 50°C. In the event of a
timing failure, a thermostat is set at 60°C and shuts down the drive. Calculate:

(a) the minimum temperature rise above ambient when operating the above duty
cycle;

(b) the maximum temperature rise if both the timing mechanism—which sets the
ON period—and the thermostat fail to protect the system.

This example assumes that the thermal response is governed by a first-order
equation so that the solution of eqn (6.2) can be invoked for the two different
sections of the cycle. The figure shows the variation of temperature rise, which,
with a repetitive duty-cycle will eventually settle down to a regular pattern between

9, and 6.
0; has been given as 50°C. 0, has been given as 10°C above ambient.
(a) asks for 8, and (b) asks for Omax, the “runaway” temperature rise.

Considering the ON and OFF periods separately, Omax is 8; for the ON period and
Omio is Or, the final steady temperature rise for the OFF period. From eqn (6.2),

for the ON period: 62 = 8; + (Opax — 8:)(1 — e ~*N'™);
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substituting: 50 = 01+ (Bmax — 0:)(1— ™) (ton = 1/3 hour);
for the OFF period: 6= 02+ (0min— 62)(1 — ¢ lorFlTy.
substituting: 0:=50+(10-50)(1 — e ") (torr = 1/2 hour).

(a) Solving the last equation: 8, = 50— 40(1 —0.7788) = 41.15°C.
(b) Substituting in the ON equation: 50 =41.15 + (8max — 41.15)(1 — 0.8465)
=41.15-6.32+0.15350nax,

from which: Omax = 98.8°C.

It is a very common requirement for equipment to work in this
way, with varying load duties. The motor does not have to be rated
for the full load continuously, since there is an OFF period. Thus
the motor can be smaller than if it was rated for the full load.
However, the specified duration of this load must not be exceeded
or else the temperature too will be excessive as in (b). If we
assume as an approXimation that the temperature rise is propor-
tional to the load, then the continuous rating of this motor would
be about one-half of the 20-minute-ON, 30-minute-OFF, duty-cycle
rating, in order not to exceed the normal 50°C maximum.

o _’_,.—'9m01
8p:50°C_.——

-
p

b
; /
2 4 L
g - N
g Emin=10"C
@
[ -~ fon — Y on no load
(20 mins) (30 mins)
Time
FiG. E.6.1.

EXAMPLE 6.2

The d.c. generator for which data were given in Example 3.2 has a shunt-field
inductance of 23 henries (unsaturated). Derive the voltage transfer-function when
run as a generator at 1000 rev/min on open circuit, and operating up to the limit of
the linear part of the magnetising curve—represented by the first point on the curve.
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If the field were to be excited instead from a sinusoidal voltage, at what
frequency would the phase angle between output armature-voltage and input
field-voltage be —45°? What would then be the voltage gain?

Referring back to Example 3.2, the lowest point on the o.c. curve, which is being
taken as the limit of the linear range, is 71 volts generated at a field current of 0.25 A
when running at 500 rev/min.

.". at 1000 rev/min, generated volts = 142 and k; = 142/0.25 = 568 V/A.

The field-circuit resistance required to give a current of 0.25 A from a supply
voltage of 220 V is:
220/0.25 = 880 ().

Hence, T.F. as a generator is:
ki/R¢ 568/880 0.645

1+mp 1+p23/880 1+0.0261p

For —tan™' wr to be —45°, wrr= 1. Hence:

f= 1 _ 1 =
7X27  0.0261 X297

6.1Hz.

0.645 _ 0.456.

Vi+1

EXAMPLE 6.3

The same machine as in the last question and Examples 3.2 and 3.3 is to be
started from a 220 V supply which is first connected directly across the field
winding. The series winding is not in circuit. An external armature resistor is used to
limit the maximum starting current to 80 A and is left in circuit while the motor runs
against a torque Tw corresponding to this field flux and rated armature current.
Calculate the expression for electromagnetic torque T. as speed changes.

Develo? the differential equation for speed when the total coupled inertia is
13.5 kg m". What is the electromechanical time-constant and the final steady-state
speed in rev/min?

Voltage gain =

Referring back to the data of Examples 3.2 and 3.3, with 220 V across the field
alone the current would be 220/110 =2 A and from the curve this gives k; = 4.43.

Required total armature-circuit resistance to limit current to 80 A = 220/80 =
2.75 Q. At any speed during run up;

. _V-kom _220-4.430m
=R 7 275

Instantaneous torque T. = kyi, = 4.43(80 — 1.61 wy) = 354.4—7.14wm Nm.
Mechanical torque corresponds to ksl.r = 4.43 X 40 = 177.2 Nm.
From eqn (6.6) Te=Ta+J dou/dt;

=80-1.61lwm.
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substituting: 345.4-7.140m = 177.2+ 13.5 dwm/dt;

rearranging:  1.89 dom/dt + wm = 177.2/7.14 = 24.8 = wyy.
From eqn (6.2): ©m= @mo+ (@mt ~ wmo)(1 — ™"

substituting: =0+(24.8—-0)(1—e™"'®).
So the final balancing speed is 24.8 X 60/27 =236.8 rev/min and the electrome-

chanical time-constant is 1.89 seconds.
The first part of Fig. 6.2 is relevant to this question.

) is the solution for wn;

EXAMPLE 6.4

A 500V d.c. series motor drives a fan, the total mechanical load torque being
given by the expression: Tm = 10+ (wm/4.2) Nm. An external resistor 7.5 Q is added
at starting to limit the current when full voltage is applied, and the motor is allowed
to run up to the balancing speed corresponding to this circuit condition. The resistor
is then cut out and again the speed is allowed to rise to the new balance condition in
this single-step starting procedure.

(a) Calculate the starting current.

(b) Calculate the two balancing speeds, noting that the machine resistance itself is
0.8 Q.

(c) Estimate the currents at the two balancing speeds, and on changeover.

(d) Estimate the time to accelerate from 0 to 100rev/min if total inertia is
14.5 kg m>.

A magnetisation curve at 550 rev/min gave the following information:

Field current Is 20 30 40 50 60 70 A
Generated e.m.f. (Eest) 309 406 468 509 534 560 V

Calculation of wm/Te curves proceeds in a similar manner to Examples 3.15 and
3.16.

ks = Erenl(550 X 2/60) 536 7.05 812 884 927 9.72Nm/A
T, = kol, = kols 1072 2115 3248 442 5562 6804 Nm
For high resis. E = 500— 0.8+ 7.5l 334 251 168 8 2 —81 V
wom = Elke 623 356 207 96 02 —83radfs
For low resis. E = 500 0.8I; 484 476 468 460 452 444V
wm = Elks %3 675 516 52 488 4s6 radls
T (use high resis. wm) 10+ (42%) 230 818 343 152 10

(a) Starting current, (wm = 0) = 500/(0.8 + 7.5) = 60.2 A.

(b) From the above tabular calculations the two wm/T. curves and the wm/Tm curve
are plotted on the figure. The two balancing speeds at the intersections are 50

and 64.5 rad/s = 477 and 616 rev/min.
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Fi1G. E.6.4.

(c) The corresponding torques are 150 and 240 Nm. Since T. = kol; there is a unique
relationship between torque and Ir and one can interpolate between the torque/I;
points in the table, to estimate the corresponding currents at 25 and 33 A. At
changeover, the torque rises to 510 Nm and the current will be approximately 56 A,
a little less than at the first step of starting.

(d) Between 0 and 100 rev/min (10.47 rad/s), the mean accelerating torque Te— T,
by measurement from the curve, is 470 Nm and since:

Aw _14.5%x10.47 _
Te—Tn= ]E At = a0 0.323 sec.

EXAMPLE 6.5

A d.c. shunt motor has its supply voltage so controlled that it produces a
speed/torque characteristic following the law:

Rev/min = 1000V1— (0.01T.)

where T. is in Nm. The total mechanical load, including machine loss-torque, has
the following components: Coulomb friction 30 Nm Viscous friction (a speed) 30 Nm
at 1000 rev/mm and fan-load torque [a(speed)] 30 Nm at 1000 rev/min. The total
coupled inertia is 4 kg mZ Determine the balancing speed and also calculate the time to
reach 98% of this speed, starting from rest.

WEEMD - N
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F1G. E.6.5.

From the given laws of the speed/torque relationships, the curves are calculated
below and plotted on the figure.

T. 20 40 60 70 8 90 100 Nm
N = 1000V1— (0.01T.) 980 917 800 714 600 436 0 rev/min
N 200 400 500 600 700 800 900 1000 rev/min

N N \’

Ta=30 [1 + ( 1 000) + (1 000) ] 37.2 468 52.5 588 657 732 813 %0 Nm

For speed/time calculations, we require the accelerating torque T.— Tn=
J(Awn/At) over a series of intervals from zero to the top speed. Accuracy falls off when
T.— Tm becomes small because At is inversely proportional to this Extra intervals are
taken therefore near the final speed.

From the intersection of the curves, the balancing speed is 740 rev/min and 98%
of this is 725 rev/min. The following table is completed with the aid of readings from the

graph.

N 0l100 {200 |300 |400 [s00 |600 [6s0 [e90 |725
Tue=Te—Ta |70 | 66 | 60 | 53 | 445|384 | 22 | 15| 8 | 3
on 0| 105] 209 314 419 52.4| 62.8] 68.1| 723| 759
Mean Tace 68 63 565 488 393 28 183 113 5.5
Awn 105 105 105 105 105 105 53 42 36
= Hon 062 066 074 086 107 1.5 114 148 267
mean T
t = At o| o.sz' l.28| 2.02] 2.88 3.95] 5.45| 6.59] s.o7l10.74
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Speed/time coordinates can now be read from the above table and a curve plotted if
desired. The time to 98% of the balancing speed is 10.74 seconds. Note that the longest
times apply to the final build-up intervals and accuracy here is relatively poor.

EXAMPLE 6.6

The induction motor of Example 4.8 is to be braked to standstill by reversing the
phase sequence of the supply to the stator. The mechanical load remains coupled and
the total drive inertia is 0.05 kg m’. An additional speed torque coordinate will be
required to construct the reverse sequence characteristic and this may be taken as
(1500 rev/min; =3 Nm). Make an approximate estimate of the time to zero speed.

The reverse-sequence characteristic is a mirror image of the forward sequence
characteristic but only the portion in the top left-hand quadrant is required. The figure
shows the two wm/T. curves over the required range and the load characteristic has
determined the normal speed as 1420 rev/min. It is also seen to be approximately
parallel to the “tail end” of the reverse characteristic and a mean value of the
decelerating torque down to zero speed is measured as 9.5 Nm.

Awm, taking just one interval, is: 1420 X 27/60 = 149.75 rad/s.

JAwn _0.05 x 149.75
Te—Ta 95

Note: if the supply is not switched off at zero speed, the machine will run up in the
reverse direction.

Hence At =

= {.79 sec.

N, rev/min
500 ,
S3ING P
m Reversal
1000
9.5 —/
!
500} !
T 7o
(reverse) | (forward)
] o Y I
-4 4 8 12
Torque
Nm
Fic. E.6.6.
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EXAMPLE 6.7

A 500-V, 60-hp, 600-rev/min, d.c. shunt motor has a full-load efficiency of 90%.
The field circuit resistance is 200  and the armature resistance is 0.2 2. Calculate
the rated armature current and hence find the speed under each of the following
conditions at which the machine will develop rated electromagnetic torque.

(a) Regenerative braking; no limiting resistance;
(b) Plugging (reverse current) braking—external limiting resistor of 5.5 Q inserted;
(¢) Dynamic braking—external limiting resistor of 2.6 Q inserted.
Rated field-current is maintained and armature reaction and brush drop may be
neglected.

The machine is to be braked from full-load motoring using the circuit configura-
tions of (b) and (c). What time would it take in each case to bring the machine to

rest? The inertia of the machine and coupled load is 4.6 kg m® and the load, which is
coulomb friction, is maintained.

Using the same equation as in Example 3.6:

60 x 746 90 .
TR =500 x Lg + (500)5200 100’ from which g =97 A.
500-0.2x 97 _ S
Rated flux ker = 600 X 2760 7.65Mn/A, which is maintained constant.

The braking-circuit calculations are similar to those for Example 3.19 and the basic
equation is:

o = V RT.
"Tke ke
The value of rated torque is k¢rlar = 7.65 X 97 = 742 Nm.
(a) For regeneration, T., = —742. Wn = 300 _ 9—2(——71@ =67.9 = 648 rev/min.
7.65 7.65 EEE—
(b) For plugging, T.= — 742,
V=-50and R=55+02  an="30-3T0B _ 691 = g6revimin.
(¢) For dynamic braking Te= —742,
2.8(—742) .
V=0and R =2.6+0.2. Wn=0-—- T =35.5 =339 rev/min.

To solve the final part of the question, eqn (6.7) could be used directly but instead
will be built up from the data given. The electromagnetic torque T. = kyi. has to be
balanced against T+ J dom/dt =742+ 4.6 dwm/dt and:

(V—kewm) _ - (= 500—T.650m)
ki—g = 16 —55702

for (b): T. at any speed wm =
= —671-10.27wn,
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4

1
EPEP.

[

|

(— kowm) (=765 wm) _
R - 7.65 36402 20.9 wm,

where the appropriate values of V and R have been inserted. In both cases, the

initial speed starts off from the full-load value which is 600 X 27/60 = 62.8 rad/s =

®mo, in the solution given by eqn (6.2), Viz. @m = @mo + (@mt — Wmo)(1 — e ).

for (c): T. at any speed wm = k¢

For (b) the differential equation is therefore: —671 — 10.27wm = 742 + 4.6 dwn/dt,

which can be rearranged in standard form as: 0.448 dwm/dt + wn = — 137.6,
and the standard solution is: wm = 62.8 + (— 137.6 — 62.8)(1 — e /***),
The question asks for the stopping time; i.e. when wm = 0. Substituting and re-
arranging:
-62.8 — 1 _ o 10488
004 "¢ >
10,448 _ 1

T 1-62.8/200.4
from which t the time to stop is 0.448 X 0.376 = 0.168 sec.

For (c) the differential equation is: —20.9wm = 742 + 4.6 dwn/dt,

e = 1.456.

which can be rearranged in standard form as: 0.22 don/dt + wm = —35.5
and the standard solution is: wm = 62.8 + (— 35.5— 62.8)(1 — e "*®?)
For the stopping time, putting wm = 0:

—6238 —1_ tle
Tog3 1Te
2 _ 1 _
e = 1628983 >76%

from which the time t to stop is 0.22 x 1.018 = 0.224 sec.
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Dynamic braking gives a slower stopping time, even though the
peak armature current is about the same in (b) and (¢) (as could be
checked); and the load torque, which in this case is a major braking
force, is the same. A study of the figure will show why this is so.
For plugging, (b), the machine will run up in reverse rotation after
stopping unless it is switched off.

EXAMPLE 6.8

A 250V d.c. shunt motor has an armature resistance of 0.15 (). It is permanently
coupled to a constant-torque load of such magnitude that the motor takes an
armature current of 120 A when running at rated speed of 600 rev/min. For emer-
gency, provision must be made to stop the motor from this speed in a time not
greater than 0.5 second. The peak braking current must be limited to twice the rated
value and dynamic braking is to be employed with the field excited to give rated
flux. Determine the maximum permissible inertia of the motor and its coupled load,
which will allow braking to standstill in the specified time. Calcuiate also the
number of revolutions made by the motor from the initiation of braking, down to
standstill.

If after designing the drive as above, it was found that the stopping time was too
long and had to be reduced to 0.4 second, determine the reduced value of
resistance necessary to achieve this, and calculate the increased value of peak
current.

At the rated condition, e.m.f. E =250-0.15x 120 =232V. So:
o232 232
*R T 600 27/60  62.8

The limiting resistance must keep the current to 2X 120 =240 A and since on
dynamic braking the current is E/R in magnitude = 232/R on changeover; R =
232/240 = 0.967 (), an extra 0.967 —0.15 = 0.817 Q).
(—kowm) _ =3.69°
R 0.967
Forming the mechanical balance equation: T.= Tn+ J dom/dt
—14.1 wn =443+ J dwn/dt,

=3.69 Nm/A and Ter =3.69 X 120 =443 Nm.

As in the previous question, T, = kg

wn = — 14.1wm.

and rearranging:
J_don
14.1 dt
Standard solution is: wm = @me + (@nf — wm)(1 — € ¥™)
62.8+ (—31.4—-62.8)(1— e *™!W)
-31.4+94.2e77%,

+wm= —314.
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from which: e"* = =31 4/94 3 —=—=and J = 6.42kgm’.

Substituting this value of J gives the general expression for speed under these
conditions:

wn=62.8+(—31.4—62.8)(1 —e 14164
= -31.4+942e7 2%

To find the number of revolutions turned through we require to integrate
——-dl f de.

94.2 e-z.lm]o's
—-2.196 [}

0.5
Hence0=fwmdl [ 314t +————
]

=[—15.7-42.9(0.3335 — 1)] = 12.9 radians.
.. Number of revolutions to stop = 12.9/27 = 2,05.
If the stopping time is to be changed to 0.4 second and R is unknown,

~3.69°

Te= R

@Wm.

The mechanical balance equation is now:

38 o, = 443 + 6.2 dwaldt.
Rearranging: 0471 % fon= —325R.
The solution is: om=62.8+(—32.5R — 62.8)(1 — e~ ""R),
With t = 0.4 second: = ~32.5R + (32.5R +62.8) e **'%,

_ 1.93\ —oserr
1 (1+ R) :

An explicit solution for R is not possible, but by trying a few values of R somewhat
below the previous value of 0.967 () a solution close to the correct answer is quickly
found. For R =0.6( the R.H.S. of the equation is 1.02 so the additional series
resistor must be reduced to about 0.6 —0.15 = 0.45 Q.

The peak current on changeover would be 232/0.6 = 387 A = 3.22
per unit which is a considerable increase on the previous value of 2
per unit for 0.5 second stopping time. The machine designer would
have to be consulted to approve this increase.
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EXAMPLE 6.9

A small permanent-magnet, 100-V d.c. motor drives a constant-torque load at
1000 rev/min and requires an input of 250 watts. The armature resistance is 10 Q.
The motor is to be reversed by a solid-state contactor which can be assumed to
apply full reverse-voltage instantaneously. The inertia of the motor and drive is
0.05 kg m”. Calculate the time:

(a) to reach zero speed
(b) to reach within 2% of the final reverse speed.

The armature inductance can be neglected, but assuming it is 1 henry, make an
estimate of the actual peak current during reversal.

L= P|V =250/100=2.5 A,
E _200-10%25
wm 1000 X 27/60

Rated torque = kol = 0.7162 X 2.5 = 1.79 Nm.
(a) During the transient:
Te=Tn+J don/dt and V = — 100

ks = =0.7162 Nm/A.

0.7162 (L"l%“@—”) = 179+ 0.05 dwa/dt.
Rearranging: 0.9748 dwn/dt + wn = — 174.5.
Solution is: ©m = Wmo+ (wmt — wmo)(1 — ™),
Substituting wm = 0: 0= 104.7+ (— 174.5— 104.7)(1 — e77*74%)
= —174.5+279.2¢ 7%,
from which: time to stop, t = 0.458 sec.

Acceleration in the reverse direction will also be exponential of time-constant
Tm, and to 98% of final speed, time will be 47, = 3.9 seconds. Total time = 4.36

seconds.
. —100-75
(b) If L is neglected, peak current on changeover = 0 - 17.5 A,
current at zero speed = —-ll()ﬁ =—10 A,

giving a current waveform as shown on Fig. E.6.9 over the period 0.458 second.

Electrical time-constant 7. = L/R = 1/10 = 0.1 second which is approximately 1/4
of stopping time. Dividing this part of the current wave into four intervals, an
estimate of the current actually reached can be based on the exponential
response of Fig. 6.1.

After 1st interval, current will be approximately 0.632x 15.7=9.9 A,
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After 2nd interval, current will be approximately 0.864 X 13.7 = 11.8 A.
After 3rd interval, current will be approximately 0.95x11.9=11.3 A.

So the actual current peak will be about 12 A, not the 17.5 A calculated with
inductance neglected. See Example 6.14 for equations including effect of inductance.

EXAMPLE 6.10

An 8-pole, 50-Hz induction motor coupled to a flywheel drives a load which
requires a torque To =110 Nm when running light. For an intermittent period of 8
seconds, a pulse load rising instantaneously to 550 Nm is to be supplied. What must
be the combined inertia of the system to ensure that the peak motor torque does not
exceed 400 Nm? The motor characteristic may be taken as linear and giving a torque
of 350 Nm at a slip of 5%.

If the coupled inertia was to be changed to 200 kg m®, what would then be the
peak motor torque with the same duty?

Intermittent loads of this kind are not an uncommon require-
ment. To rate the motor for the full peak would be wasteful.
Instead, the stored energy in the inertia, ;Jw,’, supplemented by a
flywheel if necessary, is partly extracted during the pulse, by
designing the motor with a steep enough speed-regulation to
release the required amount. Figure E.6.10 shows the duty pulse
and the motor characteristic from the given data. The law of the
motor characteristic is linearised as

T.= k———~(ws —9n) _ ks.

[ON

Substituting the point given: 350 = k X 0.05 so k = 7000.
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It is not essential of course that the motor should be of the
induction type and the characteristic is being simplified here by
assuming it is a straight line.

From the mechanical balance equation: T, = T+ J dw,/dt
=T,+J dw(l—s)/dt,

substituting: =T, — Jw,ds/dt,
rearranging: Jwsds +s= T,
k dt k’

which again is in standard form and the standard solution of eqn
(6.2) can be invoked.

s =8,+ (E— s0>(1 - e'("’“"‘”")>,
k
multiply by k: k; = Te= To+ (Tm— To)(1—e ™ /Jws).

There are five variables and the equation can be solved for any
one of them, with all the others specified; i.e. minimum inertia (as
in this question), maximum torque pulse, maximum pulse time ¢,
steepness of speed regulation k and motor peak torque T, (as in the
second part of this question). Notice that the speed time-constant
™m=Jwdk is a different expression from those met in earlier
examples in this chapter.
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Substituting values: J x27 x50/4ds 5= 550
7000 dt 7 7000°
J ds
TRERT] +5 =0.07857.

In the solution at time t,, motor torque = T, = 400 = 110 + (550 — 110)(1 — 6‘8/"")
from which: Tm=7.434 = J/89.13 so J = 663 kg m’.
With J =200: T, =110+ (550 — 110)(1 — ¢ ®**19/2%0) — 538 N,

which is almost the same as the pulse torque because the inertia is too small.

EXAMPLE 6.11

A high-power d.c. magnet of resistance 0.1 () is pulsed occasionally with 2000 A
maintained constant for a period of 8 seconds. A 6-pole 50-Hz induction motor
drives the supply generator, the speed regulation being set to give a speed of
800 rev/min at the end of the load pulse. The induction motor torque at 800 rev/min
is 1500 Nm. For the purposes of estimating the required flywheel effect, make the
following assumptions:

(a) negligible light-load torque;

(b) d.c. generator efficiency 92%;

(c) induction motor torque proportional to slip;

(d) the pulse is of rectangular shape having a magnitude corresponding to the
generator coupling torque which occurs at the mean speed (900 rev/min).

Calculate this torque and the required flywheel effect of the motor-generator set.
Estimate how frequently the pulse could be applied without exceeding the
specified limit.

Generator input power = Magnet power/efficiency

g, 2000°%0.1
=I'Rin=""45

Coupling torque at mean speed
P 2000° % 0.1

~om  0.92 X900 X 27/60

For the motor characteristic; at 800 rev/min, slip = (1000 — 800)/1000 = 0.2

The peak value, Ty( = Te) = 1500 = ks = k X 0.2 from which k = 7500.
Setting up the mechanical equation: 7500s = 4613 +J dom/dt = 4613 — Jos ds/dt.
Rearranging and substituting ws = 27 % 50/3 = 104.7 rad/s

Jx 104.7d_s+s _ 4613
7500 dt 7500

J ds _ _
ma?+s—0.615—5f

=4613 Nm
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The solution is: Te=To+(Tm— To)(1 — &™)
Substituting at the end of the pulse: 1500 = 0 + (4613 — 0)(1 — e %™
from which: oM — 1

1 — 1500/4613
and: Tm = 20.34 = J[71.63
hence required inertia = 1457 kg m*

After the pulse has been removed, the motor speed will rise and recharge the
inertia. The only change in the basic mechanical equation is that the load pulse will
be replaced by the light-load torque which in this case is taken to be zero. The
factors affecting the time-constant are not changed. Consequently, the slip will have
returned to within 2% of its no-load value in a time equal to four time-constants.

Hence rest time must be at least 47, = 4 X 20.34 = 81 seconds.

The frequency of pulse application should not therefore exceed one every 1%
minutes. If the frequency must be greater than this, then the analysis will have to be
different since the minimum torque will no longer be T,. The method used in
Example 6.1 is applicable.

EXAMPLE 6.12

A d.c. rolling-mill motor operates on a speed-reversing duty cycle. For a parti-
cular duty, the field current is maintained constant and the speed is reversed linearly
from +100 to —100rev/min in a time of 3 seconds. During the constant-speed
period, the firsi pass requires a steady rolling torque of 30000 Ibf ft for 6 seconds

+100 rev/min
/ Time, sec
~100 rev/min
-—1—-87000
40690 Nm

I I8 il iz 20 |Time. sec
0| 7 | I 21 24

-339i0 Nm

-87000
Nm

Duty cycle ——————— &4

FiG. E.6.12.
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and the second, reverse pass requires 25 000 Ibf ft for 8 seconds. At the beginning
and end of each pass there is a 1 second period of no-load running at full speed. If
the total inertia J referred to the motor shaft 1s 12 500 kg m?, find the r.m.s. torque,
r.m.s. power and peak motor power.

This example, as an introduction to the effect of duty cycles on motor ratings, is
somewhat simplified, but sufficiently realistic to illustrate the general method used
when the duty cycle is not an intermittent pulse as in the previous two examples.

The figures are drawn from the data and should help to interpret these data. The
torques are converted to Nm on multiplication by 746/550. During reversal, the
inertia torque is far greater than any no-load torque, which has been neglected,
giving:

Reversing torque = J %—wt"—' =12500 [100 - (= 1(3)0)] X 2m/60

=87 000 Nm.

Since the motor is on fixed field current, the torque is proportional to armature
current. Therefore if the r.m.s. value of the torque duty-cycle is obtained, it will be
proportional to the r.m.s. ¢turrent of the motor, which determines the motor rating.
Since the torque/time curves are all simple rectangles, the r.m.s. value is:

Y4 74 3
T = l0,.\/4.069 x6+ (8.7 ;43) X2 43391 X8_ g 1ech Nm.
Hence the motor power-rating =
0 Trms = ?"T:(O@ X 51860 = 543 kW.

The motor must also be designed to withstand the peak torque and current
corresponding to 87 000 Nm. The peak power is

2 x 100

@ x 87000 =911 kW.

EXAMPLE 6.13

The motor coach on a 4-car suburban train weighs 50 tonnes (1 tonne = 1000 kg)
and the remaining coaches with passengers weigh a further 100 tonnes. All four
axles are driven by d.c. series motors supplied through a.c./d.c. rectifiers. If the
maximum coefficient of friction before wheel-slip is 0.2, calculate the maximum
possible acceleration on level track and also up a gradient of 1 in 120. Allow an
extra 10% on the weight for the stored energy of the machinery in rotary motion.

For a particular duty, the train is on level track and travels under the following
conditions:

Mean starting current per motor 400 A, maintained by tap changing on the
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rectifier transformer to increase the voltage uniformly to 750 V on each motor.
Acceleration up to 50 km/hour, whereupon the power is shut off and coasting
commences.
Braking is imposed at the rate of 3 km/hour/sec.
Resistance to motion is 4.5 kgf/tonne normally but is 6.5 kgf/tonne when coast-
ing.

Calculate:

(a) distance travelled in 2 minutes;

(b) average speed;

(c) energy consumption in watt hours;

(d) specific energy consumption in watt hours/tonne/km.

The characteristics of each series motor are as follows, in terms of motor current,
torque converted to kilogram force at the motor-coach couplings, and linear speed
in km/hour.

Current 400 320 240 160 120 80 A
Force per motor 2500 1860 1270 650 390 180 kef
Speed 29 315 369 446 53 72.4 km/h

In the case of linear motion, the force equation is F = M dv/dt newtons, where M is
the mass in kg and velocity v is in metres/sec. If acceleration a is in the usual units of
km/h per second and the effective mass for both translational and rotational
stored-energy is M. tonnes:

F = (M. % 1000) X (a x %’ﬂ) newtons
in kef: _ 1 10f
F =581 3600
In the example: M. = (50+ 100) X 1.1 = 165 tonnes.

Maximum force before slipping at the driving axles = (50x0.2) X 1000 =
10 000 kgf.

Train resistance = (50 + 100) x 4.5 = 675 kgf.

X M.a = 28.3 M.a kef. 6.8)

(50+100)

Downwards force due to gravity on a gradient of 1 in 120 = 130 X 1000 =
1250 kgf. The motor-torque-pulsations due to the rectifier supply will be neglected.
. . _10000—-675 _ .
From equation (6.8), on level tractk: a = 83x165 2 km/h/s_eci (1.25 mph/sec);
. 10 000 — 675 — 1250
on gradient: a = T8ax165 1.73 km/h/sec.

Calculation of the speed/time curve will also use eqn (6.8) in the form:
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Accelerating force = 28.3 M. dv from which At =

At

TRANSIENT BEHAVIQUR

283 M. X Av
Accel. force

The method is similar to Example 6.5 for rotary motion.

The motor characteristics are repeated here in terms of the total force.

Current 400 320 240 160 120 80 A
Total force 10000 | 7440 5080 2600 1560 720 kgf
Speed v 29 31.5 36.9 44.6 53 72.4 km/h
Accel. force (—675) 9325 | 6765 4405 1925 885 45 kgf
Mean acc. force 9325 8045 (5385 3165 1405 465 kgf
v 29 2.5 5.4 7.7 8.4 19.4 km/h
g = 283 McAv 145 | 145 45| 1136] 279 | 1948 sec
mean force
Time t from start 14.5 15.95 20.45 31.8 69.7 | 264.5 sec

(a) From these results, the speed/time and current/time curves can be plotted as on the
figure. At 50 km/h, power is shut off and coasting commences at a decelerating rate

of:

Resistance force _ 6.5 X 150
28.3 M. ~ 28.3x 165

=(.209 km/h/sec.

From a time of 2 minutes, the braking line can be drawn in at the specified rate of
3 km/h/sec to complete the speed/time curve. The distance travelled is now the

area under this curve from v = dx/dt so x = fv dt. By countin%
other method, this areais 4700 km/h x seconds and dividing by 60

1.306 km (0.81 mile).

squares, or any
gives distance as

Speed, km/hour
Moximum voltage 750V
Power OFF
50km/h =—=-= ¢
] ) - 0asting at
400A SV Mean speed=39.2 0.209 km7he
Mot t ursec

300AF otor curren

200AF Mean current=183 A Braking at

100l -—— - a —. 3 km/hour/sec

| ! 1 1 1 1 1 1 L s
[¢} 10 20 30 40 50 60 70 80 90 100 110 120
Time, sec
FiG. E.6.13.
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_ L1306
(b) Mean speed = —120/3600 =39.2 km/h (24.3 mph).

(c) Energy in first accelerating period is (mean voltage)x400 A X At =

%Qx400x 14.5

and in the second period is: 750 V X (mean current) X At = 750 x 183 x (50 — 14.5).

For the four motors, in watt hours:
energy consumed = 3%%675 X 400 x 14.5 + 750 x 183 x 35.5) = 7830 watt hours

the mean current during the second period being obtained from the area under
the current/time curve.

7830

(d) This performance figure is 150 % 1.306

=40 watt hours/tonne km (63.4 wh/ton

mile).

EXAMPLE 6.14

Consider a d.c. separately excited motor and include the effect of armature-circuit
inductance.

(a) Show how the response of current is affected by the electrical and elec-
tromechanical time constants and how, for a constant mechanical load Tn, the
system itself exhibits a capacitance effect of J/k,’ farads.

(b) Derive the transfer function wm/v for the motor, by considering it as a feedback
system (the e.m.f. being fed in negatively with respect to v), and interlinking the
various equations in terms of their individual “transfer functions”. Consider first
a pure inertia load, but by the same technique, examine the effect of load torque
Tw, by superposition. Show that the speed response will be oscillatory if the
electrical time constant 7> Tmf4 and derive the frequency in terms of these
time constants.

(c) If the motor is supplied from an electronic amplifier of linear gain K with a
closed-loop speed control, shov in general terms, the effect of this on the speed
response and speed regulation. Use the same techniques as in (b).

(a) The motor circuit equation is: v = Ri + Lpi + kyom,
and since Te = kyi:

dom _Te—Tu_kei~Tn
d 7 J

Integrating this expression gives
L 2
Kgtom = k¢jw=k7"j(i—lss)dt.
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v o+ vhgwn [ Iy

R+pL [d Jp

ezhkgwn

FI1G. E.6.14(a).

Substituting in the voltage equation and dividing throughout by R:

v, L di 1 ,

R l[l +R at +Wj(l Iss)dt].
This is in the same form as the circuit equation for an LCR circuit, with C
having a value of J/k,>. The electrical time constant is 7= L/R and tm="‘C’
R = JR/k4! is the electromechanical time constant. I is the steady-state current
Twlke.

(b) The block diagram on the first figure shows how the net voltage v — ¢ = v — kpwm
is applied to the armature-circuit impedance, R + Lp to produce the armature
current i, which in turn produces T. when acted upon by the torque “‘transfer
function” k. At the next mixing point, the mechanical torque is fed in nega-
tively, opposing T., though this will first be neglected and superimposed after-
wards. From the equation J dwm/dt = Te— T, the “transfer function” relating
torque to speed is formed as:

Wm 1

TocTm Jp’

The output now is wm and on multiplying this by the speed/e.m.f. “transfer
function” ks, the e.m.f. can be fed back negatively at the o: e mixing point. We
can now combine all these individual “‘transfer functions” to form the overall
wmfv transfer function using the techniques explained under this heading in
Section 6.1. First of all the forward elements are combined by simple multi-
plication to form

- ke
A= (R+Lp)Jp

and feedback transfer function B = k;. A and B are now combined as explained
in Section 6.1 with B in “parallel” with A.
On__A__ 1 _ L - ko
v 1+AB 1 JLp*+ JRp JLp*+JRp + kg
ATB T the

A+B
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Multiplying the first term of the denominator by R/R and by some rearrange-
ment:
Om _ kg _ 1/ks

v JRL , IR T Tt +Tmp + 17
k¢. Rp +k_¢2 p+1

If we now consider the effect of load Tr, alone, its forward transfer function to wm is
1/Jp and its parallel “feedback’ loop is the product of the remaining elements,
ks /(R + Lp). Again applying the parallel combination formula:

Wm _ 1 1/k¢(R+Lp)
—=
T Jp+5—2— ke ]RLp2+B, +1

R+Lp kiRP "k,
The denominator is the same as for the wa/v transfer function so the two equations
for wm can be superimposed to give T F.ix v ~T.F;x T

i.e. _ 1 [D _RTm_£ T ]
@m = ko(ToTp" + Tmp + 1) [ ks Plm].

The final bracketed term consists of the voltage applied, the steady-state RI
drop since Tw/ks = Iss, and a zero term since d Tr/dt = 0. Hence for application of
V:

V —RIs
ks

and conmdenng the quadratic |n this differential equation, the solution will be
imaginary (and oscillatory) if Tm’ <47mTe OF Tm/4 < 7e.

The oscillatory solution can be obtained by comparing coefficients with the
standard form of eqn (6.4); i.e.

= (-rm-rcp2 + Top + Don

Q(s.s. speed) = (0o °p* + 2{wo 'p + Dowm.
The standard solution from egn (6.5) for a step change to ), from whatever cause
is:
-,

Wm = Wmo T (nm - wmo)[l \/e__._.z sm{wo V (1 - t - lll}]

Comparing coefficients:

Undamped oscillation frequency = wo\/ L

TmTe
Damping ratio { = w°27'" —% E’E
Damping factor {wo = i—i— = %
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@p
@Wret Ghot ~@Wm v | Wm
M ky lry 7, pi4 7y p+I)
@
Fi1G. E.6.14(b).
Actual oscillation frequency =wV1I-{'= \/ _r—l_r—(l - :—:)

L1
a TmTe EI

R N ~1,/52_
¢ =tan'(V1- /(- ¢)=tan - 1.

In practice, the response of a single motor to the sudden ap-
plication of supply voltage does not give rise to oscillation. The
small permanent-magnet d.c. motor of Example 6.9 has 7, = 0.9748
and 7.=0.1 which is well clear of the oscillatory condition that
7> Tm/4. However, on high-performance drives, for example
multi-stand, metal-strip rolling mills, this phenomenon could occur
and would cause non-uniform metal thicknesses and breakages
unless properly damped.

(c) Taking the motor transfer function as just developed, it is now inserted in the
forward loop of the block diagram in the second figure. It is preceded by the
linear amplifier of gain K and the feedback loop is closed at the mixing point of
the reference speed wrr and the actual speed wn. These are both converted to
some convenient control voltage and the difference, proportional to wser — wm is
the error and the control signal for the amplifier. A speed disturbance wp, due to
the natural load regulation is inserted at the output to examine the effect of the
speed-control loop on this quantity. By combining the transfer functions as
before:

O _ 1
Wret k¢(-rm-r,pzlz- Tmp + 1) +1

noting that B is unity.

Om 1 . . .
o 1 K noting that A is now unity.

1 k(mrd + ap + 1)

207



WORKED EXAMPLES IN ELECTRICAL MACHINES AND DRIVES

From these two equations, the two contributions to w,—from
the control signal and from the load—can be obtained. It can be
seen that the response to w.s will be speeded up due to the
feedback action since the gain K, which will be greater than unity,
reduces the magnitude of the time-constants governing the res-
ponse. The normal steady-state regulation, wp, will also be
reduced, by a factor of 1+ K/k,, and p terms becoming zero when
the speed has settled down. Overall, then, the effect of feedback is
beneficial in two clear ways. There is a price to pay in terms of the
additional gain required and the likelihood of instability. But this is
no problem with modern control methods which can readily intro-
duce amplifying the stabilising circuits.

Note that this example is merely a simple introduction to the
general effects of closed-loop feedback control on performance.
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CHAPTER 7

POWER-ELECTRONIC/ELECTRICAL
MACHINE DRIVES

ELECcTRICAL machines have been controlled through power-elect-
ronic circuits since the early days of mercury-arc-type rectifiers. The
development of compact power semi-conductors has increased
such applications enormously. Only a limited amount of power can
be dissipated by such a small device and so it must be operated as
a switch, either open—rated at maximum circuit voltage and zero
current; or closed—rated at maximum circuit current and the rela-
tively small forward-voltage-drop. Power-electronic circuits there-
fore involve ON/OFF switching and waveforms which are neither
pure d.c. nor pure sinusoidal a.c., but the average d.c. voltage or
the average a.c. voltage and fundamental frequency can be con-
trolled as desired. It is no longer possible to calculate the complete
performance so simply as for the ideal waveforms, because of the
harmonics introduced, but even if these are neglected the errors in
the general electromechanical performance-calculations are not
usually serious. Methods of dealing with more detailed calculations
are introduced at the end of this chapter after some discussion and
illustration of approximate solutions.

7.1 CHOPPER-CONTROLLED D.C. MACHINE

This is one of the simplest power-electronic/machine circuits and
with a battery supply, it is the most common electric road-vehicle
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drive. The power is switched ON and OFF through a controlled
rectifier (thyristor or power transistor), as indicated on Fig. 7.1a,
for the motoring condition. Across the motor is a free-wheel diode
through which the machine inductance discharges in the OFF
period, avoiding the switch-off transient and keeping the motor
current flowing. The firing-control circuitry is not shown. For a
fixed field-current, the speed is nearly proportional to the duty-
cycle ratio 8 of ON-time to (ON + OFF)-time, since the average
voltage is determined by this. At low ratios, the current would fall
to zero in the OFF period so that the current pulses would be
discontinuous. The terminal voltage would then rise to the value of
the e.m.f. during this short part of the cycle.

The electrical-circuit transients are much faster than those of the
mechanical system so there is no detectable change of speed due to
the current and torque pulsations which are typically at 100+ Hz.
For constant flux, the e.m.f. may be assumed constant during the
cycle. If the motor is series excited, then the e.m.f. does vary and
can be expressed as kgi, where ki is the mean slope of the
magnetisation curve in volts per amp at the appropriate speed, and
over the small current pulsation range from i; to i,.

The volt drops of the semi-conductors can be included as con-
stant voltages of say 1V and the battery resistance Ry is in circuit
during the ON period. The equations are:

ON OFF
Es=E+ (R, + Rg)ia+t+ Lpi.+1 0=E+ Raia+ Lpia+1
Rearranging: %pia +i,= % = Imax R%pia +i,= —E a_ L I'min
Solutions: .. . . ,,(7']a) . . . ,E,z,},lb)
[Eqn (6.2)] 2= i1+ (Imax — i)(1 —e7'oN') i =iz + (Imin — i2)(1 — e 7'ON")

Note in the above that Ej is the battery e.m.f., R = (R, + Rg) and
the two time constants are different because in the OFF condition
the resistance is just R,.
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F1G. 7.1. Chopper-fed d.c. machine.
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For the series motor, the e.m.f. = ki, so the equations become:

Eg = ki. + Ri,+ Lpi.+ 1 0 = keyia + Rala+ Lpia+ 1
. L ... _Es—1(7.2a) . -1 7.2b
Rearranging: mplﬁ fa= RBTkh ¢ mplﬁ' = R.+kn ( )

The equations are still of first order but the values are different
and the response faster as shown by the reduced time-constant.
Increase of current causes increase of flux.

From the viewpoint of energy conservation, it is important to
consider regenerative braking where possible and the chopper
circuit lends itself simply to this. The arrangement is shown in Fig.
7.1b for the regenerative condition. The thyristor is effectively
short-circuiting the machine and the current builds up rapidly to
charge the inductance during the thyristor ON period. When swit-
ched OFF, the fall of current causes the inductive e.m.f. to
supplement the machine e.m.f. and force current into the battery,
thus recovering the energy (minus losses) given up by the
mechanical system as the speed falls. The equations are:

Thyristor ON Thyristor OFF
0=E — R,i,— Lpi.— 1 Eg=E —(R,+ Rg)i.— Lpi.—1
. ... E-1 . ,. E—-Eg—-1
Rearranging: R%,pl“ +i,= R, = Inax (7.3a) %pla +ia= —?B— = Imin (7.3b)
Solutions: |5 = is+ (Imx — i1 —€~"") is = iy + (Iin — 3)(1 — g '0F¥/7)

All the equations are first order and the current waveforms will
therefore be exponential in form. For the series machine when
regenerating, the exponential of the transient term is positive since
the self-excited generator is basically unstable and only restrained by
the onset of saturation.

Acceleration and Deceleration between Current Limits

With a suitable current detector and control scheme, acceleration
and deceleration can be conducted at some constant ‘“mean”
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current varying between two specified limits I, and Iy say. The ON
period stops when I, is reached and starts again when the current
falls to Ip. The chopping frequency is not fixed but is determined by
the system response to this control and is typically in the range
50-500 Hz, for a vehicle drive. So long as there is scope for further
adjustment of the duty-cycle ratio, the current will continue to
pulsate between these limits so that the mean torque is then
“constant” and the rate of change of speed will be constant.
Thereafter the current will fall until steady-state speed is reached.
Figure 7.1c shows the initial part of such a current/time, speed/time
schedule.

EXAMPLE 7.1

An electrically-driven automobile is powered by a d.c. series motor rated at 72V,
200 A. The motor resistance and inductance are respectively 0.04 Q and 6 milli-
henrys. Power is supplied via an ON/OFF controller having a fixed frequency of
100 Hz. When the machine is running at 2500 rev/min the generated-e.m.f. per
field-ampere, ki, is 0.32 V which may be taken as a mean ““constant” value over the
operating range of current. Determine the maximum and minimum currents, the mean
torque and the mean power produced by the motor, when operating at this particular
speed and with a duty-cycle ratio 8 of 3:5. Mechanical, battery and semi-conductor
losses may be neglected when considering the relevant diagrams of Fig. 7.1a.

Chopping period = 1/100 = 10 msec and for 8 = 3/5; ON + OFF = 6 + 4 msec.

The equations are:
for ON period: V = ki + Ri + Lpi—from egn (7.2a).
Substituting: 72 = 0.32i + 0.04i + 0.006 di/dt.
For OFF period: 0= 0.32i +0.04i + 0.006 di/dt—from eqn (7.2b).
Rearranging:
ON  0.0167 difdt + i = 200 = Inax.
OFF 0.0167 difdt +i =0 = I ;.
Current oscillates between a “‘low” of i; and a *“‘high” of iz, with r = 0.0167 second
ON b2 =i1+ (200 — i;)(1 — e %00,
iz =200 — (200 — i|) e *** = 60.46 + 0.698i;.
OFF ii=i+(©0—i)(~ e—o.owo.om)

=i e " =0.787i

Hence, by substituting: i> = 60.46 + 0.698 x 0.787 i,
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from which i; = 134.1 A and i; = 105.6 A.

o kesio . ks,
Torque = kyi = =2 x j = <22,
®Wm Wm

2 2
Mean torque = =232 (134.1 +105.6

7500 x 27760 2 ) =178 Nm.

Mean power = onTe = %‘% X 2500 x 17.8 = 4.66 kW = 6.25 hp.

EXAMPLE 7.2

The chopper-controlled motor of the last question is to be separately excited at a
flux corresponding to its full rating. During acceleration, the current pulsation is to
be maintained as long as possible between 170 and 220 A. During deceleration the
figures are to be 150 and 200 A. The total mechanical load referred to the motor
shaft corresponds to an armature current of 100 A and rated flux. The total inertia
referred to the motor shaft is 1.2 kg m’. The battery resistance is 0.06 Q and the
semiconductor losses may be neglected. Determine the ON and OFF periods for
both motoring and regenerating conditions and hence the chopping frequency when
the speed is 1000 rev/min.

Calculate the accelerating and decelerating rates in rev/min per second and assuming
these rates are maintained, determine the time to accelerate from zero to
1000 rev/min and to decelerate to zero from 1000rev/min. Reference to all the
diagrams of Fig. 7.1 will be helpful.

Rated flux at rated speed of 2500 rev/min corresponds to an e.m.f.:
E=V-RL=72-004Xx200=64V

At a speed of 1000 rev/min, therefore, full flux corresponds to 64 x 1000/2500 =
256V

Acceleration Total resistance = Ra+ Rs = 0.04 +0.06 =0.1 Q
For ON period  Eg= E +Ri. + Lpi,,
72 =25.6+0.1ia+ 0.006pi,.

Rearranging: 0.06 dia/dt + i. = 464 = Inax.
Solution is: i2=01 + (Tmax— (1 — 7N
and since i\ and i; are known: 220 = 170 + (464 — 170)(1 — e ~'on/°%),

220170 _ ] — e -tonlos

464—-170
from which: ton =0.01118.
For OFF period 0=25.6+0.04i,+ 0.006pi, (note resis. = R,).
Rearranging: 0.15 di/dt + i, = —640 = Iin.
Solution is: i1 = iz + (Inin— i2)(1 — & '0F7/7),
Substituting i; and i2: 170 = 220 + (=640 — 220)(1 — e ~"0FF %),
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170-220 _ .\ iouros
—640—220 ’
from which: torr = 0.008985 ton + torr = 0.02017 second.

Duty cycle & =0.01118/0.02017 =0.554. Chopping frequency = 1/0.02017 =
49.58 Hz.

Deceleration
Thyristor ON 0=E —Rii. —Lpia
Substituting: =25.6—0.04i, — 0.006pi,.
Rearranging: 0.15 dia/dt + ia = 640.
Solution is: Bi=is + (Imax — i)(1 — e 0N),
Substituting: 200 = 150 + (640 — 150)(1 — e 'on/*1%),
200150 =1- e—toNIO.IS
640— 150 ’
from which: ton = 0.01614.
Thyristor OFF Es=E —Ri, —Lpi,
72 = 25.6— 0.1ia— 0.006 Lpia.
Rearranging: 0.06 di./dt + i, = —464.
Solution is: fa= i3+ (Imin — $3)(1 — &7 '0F¥/7),
Substituting: 150 = 200 + (—464 — 200)(1 — e "%y
150-200 _ 1 — ¢ torFl006
—464 — 200
from which torr = 0.004697  ton + torr = 0.02084 second.

Duty cycle & =0.01614/0.02084 =0.774. Chopping frequency = 1/0.02084 =
47.98 Hz.

Accelerating time

64
= m X 100 = 24.45 Nm.

_ 64 , 220+ 170

~ 2500 x 277/60 2

T.—Tn _47.67—24.45
J 1.2

Load torque = k,I, = —E—Ia
Wm

During acceleration = Kglmean =0.2445 X 195 = 47.67 Nm.

Constant dom/dt = = 19.35 rad/s per second

=19.35 X % = 184.8 rev/min per sec.

Accelerating time to 1000 rev/min = _18%0.% = 5.41 seconds.
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Decelerating time
During deceleration = kgImean = 0.2445(—200 — 150)/2 = —42.8 Nm.

Note that this electromagnetic torque is now in the same sense as Tm, Opposing
rotation.

The mechanical equation is: Te= Tm+J don/dt,
—42.8 =24.45 + 1.2 don/dt.
from which:
d—da%"l = % = ~56.04 rad/s per second = —535.1 rev/min per second.

Time to stop from 1000rev/min with this torque maintained = 1000/535.1
= 1.87 seconds.

7.2 THYRISTOR CONVERTER/D.C. MACHINE DRIVE

This is the most common variable-speed drive for general use.
The circuit diagram for the 3-phase bridge configuration and the
terminal-voltage waveforms are shown on Fig. 7.2. The average
“Thevenin” e.m.f. behind the bridge circuit can be expressed as
Eq4,cos a. E4 is the mean value of the bridge output voltage on
zero current. Firing of the thyristors can be delayed by angle «
from the point in the a.c. cycle where the circuit conditions are first
suitable for the thyristor to conduct. From « between 0° and 180°,
switching over of the thyristors is simply accomplished by natural
commutation, since circuit voltages arise naturally, in the correct
direction to switch off the conducting thyristor at the right time.
With this range of firing-angle control, the voltage on no-load
would vary between +E4, and —Ey,, though in practice the reverse
voltage is not as high as this from considerations of commutation
failure at large values of a. It is possible to linearise the transfer
characteristic by suitable control in the firing circuits. The effect of
supply and transformer-leakage inductance on the delay of current
transfer’ (commutation)’ from thyristor to thyristor is to cause a
voltage drop which is proportional to current, so that the d.c.
terminal voltage can be expressed finally as V = E4, cos a — kL
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The same terminal voltage appears across the machine, for
which it can be expressed as V = E,, + RI. Both of these expres-
sions neglect the harmonics, assume that the d.c. circuit inductance
is high and that the current is continuous. They enable the steady-
state behaviour to be calculated and can be represented graphically
by straight lines on the two right-hand quadrants of a V/I,
4-quadrant diagram®.

The current in the circuit is unilateral, but the polarity of either
element can be reversed and hence cause reverse power flow. For
the power-electronic circuit this means making a greater than 90°,
when the rectifying action is changed to inverting action, from d.c.
to a.c. For the machine, the polarity can be reversed by changeover
of armature connections; by reversal of field current, which is
rather slower, or by reversing rotation which is of course much
slower and not usually a practicable proposition. The operational
modes can be determined from the power expressions:

Machine motoring: E.l. +ve; (Eg4cos a)l, +ve;
P.E. circuit rectifying.

Machine generating: E.I, —ve; (Egcosa)l,—ve;
P.E. circuit inverting.

Machine plugging:. EnI, —ve; (Eacos a)l, +ve;
P.E. circuit rectifying.

To cover the usual four quadrants of machine operation
without a switching changeover, duplication of power-electronic
equipment is used, with one bridge for one direction of motor
current and the other bridge in inverse parallel for the opposite
direction of current. The bridge controls are interlocked so that
they cannot operate as short circuits on one another. Full “Ward-
Leonard” control now becomes available. The circuit is shown on
Fig. 7.3 together with an indication of how a speed reversal takes
place. Converter 1 is changed to Converter 2, an operation for
which in practice about 20-50 msec is allowed. Typically, reversal

218



POWER-ELECTRONIC/ELECTRICAL MACHINE DRIVES

I I
- b |
RI, |
. i For Converter | operoting:
#1, l ; ' “Irlz o
' i ! Lot Vi= Eqo COS@,~k1y=Ep + RI
v A
. ! !
Y ! i } For Converter 2 operoting:
! Vol ol Var~{Egp cOS@p-klip) =En-RI,
Ego COSQ, £40 €05 @)
+Vo gtV
£40 COS g, -
LS Em+ AL
—(E4p COS@p~kI5) En-RI2 /<
- _~__~_‘~ Ego €O ap v for )
- o Forword Motoring
V, for Forword Generoting | (az>90%
I, (+ve) Reversol ot constont I, (4 ve)
Current
V, for Reverse Motoring
3—04::—// Em{-ve)
~{£g4o cOs Tp-k1y) 1 -V

(@, < 90°%)

1 T T !

Converter 2 operating Converter | operating

F1G. 7.3. Dual converter.

is carried out with the control maintaining constant ‘“mean’ cur-
rent, to give uniform deceleration and acceleration.

On the circuit, positive voltages are shown by the arrowheads,
though in the equations, these voltages may have negative values.
The equations are:

Converter 1 operating: V,=Escosa;—kI; =E,+RI;, (74
Converter 2 operating: V,=—(Egcos a;—klL)=E,—RL, (7.5)

These equations are shown as straight lines on the figure, the
intersection of the machine and converter characteristics giving the
operating points.

EXAMPLE 7.3

Determine, for the following conditions, the appropriate firing angles and d.c.
machine e.m.f.s for a d.c. machine/thyristor-bridge system for which Eg =300V,
the bridge circuits absorb 15V at rated motor current and the machine has a
per-unit resistance of 0.05 based on its rated voltage of 250 V.
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(a) Machine motoring at rated load current and with its terminal voltage at 250 V.
(b) Machine generating at rated load current and with its terminal voltage at 250 V.
(c) Machine plugging at rated load current and with its terminal voltage at 250 V.

(d) For condition (a), what would be the torque and speed if:
(i) flux is at rated value?
(ii) speed is 1.5 per unit?

(e) If the motor load for condition (a) is such that the torque is proportional to
(speed)z, what firing angle would be necessary to have the motor running at half
speed with rated flux?

I
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(c) Plugging

F1G. E.7.3.
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Conditions (a), (b) and (c) are shown on the figure. The question will be worked out
in per unit for convenience, but can be worked out in actual values and checked
against the answers. (Take rated current as 100 A say, and let this be 1 per-unit
current.) The overall equations are:

Edocos a — kI, =V = En+ Rl, = kywm + RTe/ks. (7.6)
Eao = 300/250 = 1.2 per unit  k = 15/250 = 0.06 per unit.
1 per-unit speed = Vr/kor = 1/1 say 1000 rev/min.
.". rated speed = Egr/ksr = 0.95/1 = 950 rev/min.
(@ V= 1=12cosa—0.06x1. Lcosa =1.06/1.2; o =27296.
b) V=—1=12cosa —0.06x 1. .ocos a = —0.94/1.2; a = 141%.
) V=—1=12cosa—0.06X1+1X1;cosa=0.06/1.2; a=287°.

Condition (c) requires a resistor to absorb 1 per-unit V, specified at the machine
terminals. Plugging is not a normal steady-state mode for this circuit.

(d V=1=En,+Rl,=ks - om+0.05X%1, s0 kewm = 0.95.
(i) For rated flux (1 per unit), wm = 0.95 which is rated speed and T. is also 1 p.u.
(i1) For 1.5 per unit speed, ky, = Efwm = 0.95/1.5 = 0.633 which is also T..

(e) With rated flux, current will be ()? since T. is proportional to om’ .. 1,=0.25.
Substitute in equation: 1.2cos a — (0.06 + 0.05)0.25 +0.95x 0.5 from which
cos a =0.5025/1.2 =0.4188 a = 65°2.

7.3 POWER-ELECTRONIC CONTROL OF A.C.
MACHINES

The power-electronic circuit arrangements for a.c. machines are
in general, more complex than for d.c. machines where only a
2-line supply to the armature is necessary. A.C. schemes in which
semi-conductor devices switch the power ON and OFF cyclically,
either at double line-frequency or at lower rates, cause a variation of
mean a.c. voltage, though with a proliferation of harmonics. Such a
simple voltage-control can be used on single-phase supplies and is
especially suitable for the universal a.c./d.c. commutator motor.
Good speed control is available because of the machine charac-
teristics. The performance can be calculated with reasonable ac-
curacy by neglecting the harmonics and assuming that the change
of mean (r.m.s.) voltage is the only consideration. This method was
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used when discussing the similarly controlled, but rectified thyris-
tor-bridge/d.c. machine circuit. Neglecting harmonics means
neglecting the extra machine losses, commutation problems and the
development of torque pulsations, rather than resulting in
significant errors in speed/mean-torque calculations.

Consequently, many of the examples already dealt with earlier in
the text may be considered as if the control was exerted through
power-electronic circuits. As an illustration, voltage control of a
3-phase induction machine was covered in Examples 4.6, 4.8 and
4.9. The effects on the characteristics were explored without
reference to the source of the variable voltage, which could have
been a variable-ratio transformer or variable-voltage generator. But
bilateral semi-conductor power switches in the supply lines could
achieve a more economic arrangement, though with the penalty of
extra machine losses and harmonic generation.

Similarly the effects of variable frequency and/or voltage were
considered in Examples 4.6, 4.10, 4.11 and 4.14 without specifying
the power supply which would most likely be from a static
frequency converter. The later constant-current schemes, Exam-
ples 4.11-4.16, and slip-power recovery drives, Examples 4.19 and
4.21, could all use power-electronic circuits for their implementation
and microelectronics for their control and supervision.

For synchronous machines, field excitation supplied through
power semi-conductors is well-established practice. Speed-control
schemes, however, which require variable frequency, are still
undergoing developments. Earlier problems have, in an introductory
manner, covered both possibilities in the electrical-drives area. The
controlled excitation required in Example 5.12 showed the changes
brought about in load-angle variation. Example 5.13 and Section 5.5
introduced the novelty of supplying constant current instead of
constant voltage and Examples 5.14 and 5.15 showed the effect of
variable frequency and voltage.

Although calculation of performance neglecting harmonics as
just described is suitable for many purposes, it is not a satis-
factory situation for the drives specialist who may need to analyse
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it in greater detail. Here, there is only limited space to indicate how
the general problem may be approached.

Figure 7.4 shows the most common arrangement for mains-
supplied frequency conversion. From the supply, a d.c. output is
first produced to give the “‘d.c. link”—which could of course come
from a battery in appropriate applications. The other end of the
d.c. link has a similar 3-phase bridge which is so switched that
current is routed through the machine in a sequence like that from
a 3-phase supply, and at a variable switching speed to change the
frequency. Transfer of current between the semi-conductor swit-
ches may require additional “‘forced commutation” circuits, or they
may be commutated naturally as for the thyristor-bridge/d.c.
machine circuit. The output waveform for one of the simplest
schemes is as shown. The zero occurs when, as indicated, two
thyristors conduct in parallel and bring the associated machine
line-terminals to zero potential difference. Fourier analysis of this
particular waveform gives the instantaneous voltage as:

cos 57/6 sin Swt

v =4l[cos w/6 sin wt + 4 cosTmlbsinTwt ]
T 5 7
_2V3v [ . sin Swt sin 7wt ]
= sin wt + - cee .
T 5 7

On the assumption that superposition is valid, each harmonic can
be considered as producing its own rotating field at n times the

I EE
T ¥y

AC./DC. Ll

3-phase Filter Inverter A.C. Machine  Waveform (line voltage)

FI1G. 7.4. Inverter drive (quasi-square wave).

223



WORKED EXAMPLES IN ELECTRICAL MACHINES AND DRIVES

fundamental synchronous speed. If the voltages for the other two
phases are considered, with the angle wt changed to (wt —27/3)
and (wt —4m/3) respectively, it will be found that the phase
sequence for the 5th harmonic is reversed from both the fun-
damental and the 7th harmonic. The induction torques of the 5th and
7th-harmonic currents therefore tend to cancel, with only a small
resultant braking torque from the S5th-harmonic component. The
torque due to the fundamental voltage can be calculated from its
r.m.s. value which, from the above, =(2V3V)/(#V2)=0.78V, and
the methods of Chapters 4 and 5 can be applied.

The smoothing filter in the d.c. link is sometimes capacitative,
giving a constant-voltage system with a flat-topped voltage wave,
or inductive, giving a constant d.c.-link current and a flat-topped
current wave. In the latter case, the waveform of Fig. 7.4 would be
that of current. As far as the machine is concerned, the harmonic-
current components are little different from the voltage-fed
machine, because although the reactance is higher at the higher
harmonic frequencies, the slip for the harmonic rotating field
speeds is very large and so the impedance is about the “low”
short-circuit value. These effects tend to cancel so that the
nth harmonic current is about 1/n times the fundamental value as
for the current-fed machine.

In spite of the above remarks which suggest that there is a
tendency for harmonic effects to cancel, there is an important
feature which cannot be neglected. The harmonics do produce a
torque pulsation and it is important to be able to calculate this. The
most straightforward way of analysing the overall problem is to
transform all the variables to d~q axes?; the m.m.f. of the three
phases being produced by a current ip on the direct axis (usually
the A-phase axis or the field-winding axis in the case of a synchro-
nous machine) and a current ig on an axis in “‘electrical” quadra-
ture. Similarly for the rotor currents, we would have iy and i; on
the same two axes. The voltages too must be transformed to d—q
axes, including the harmonic components of interest, and the
impedance matrices must be expressed in d—q terms—one for each
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harmonic if all frequency effects are included. After solving for
d-q currents, or transforming to these for a current-fed machine,
the instantaneous-torque expression is fairly simple and will of
course give all the torque components. For the synchronous
machine, without dampers and neglecting resistance it is:
Te = ~[igig(Xa— X,) + i4it X1}/ ws; or in terms of inductances:

= —[igi(Ly— Lg) + iqitLs] X pole pairs. (7.7
For the induction machine it is:

Te = Xm(iaiq — iqip)/ws; or in terms of inductances:
= M (iqiq — i4ip) X pole pairs. (7.8)

As an alternative, after working through the transformations‘”, the
last equation can be written as eqn (5.16) but for present purposes,

oo
<

¥, phase voltage

pauN !
NS /\/
5th  harmonic

V. phase voltage I

LI

V. P
/ \/ ¥, — K line voltage
S5th
harmonic
ATA r
R Y4

D.c. link voltage= V

FI1G. 7.5. Quasi-square wave inverter
waveforms.
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another derivative, eqn (5.15), is more convenient, viz.:
T, = 3MI_ I} sin(p, — ¢2) X pole pairs. (7.9)

We can now make an engineering estimate of the torque pul-
sation for such inverter-fed induction motors. If the machine
windings are connected in star as shown, the phase-voltage wave-
forms are quite different from the line voltage, as indicated on Fig. 7.5
for phases A and C. These are subtracted to give v,c, which is the
quasi-square line-voltage waveform of Fig. 7.4. For all waveforms,
3rd and triplen harmonics are not present, but the other harmonics
combine to give the usual 30° shift between phase and line waves.
When this is allowed for, on the harmonic scale, the expression for
the phase voltage waveform can be deduced as:

1 _2V3 . sin Swt _ sin 7wt
WXTX V(smwt+ 3 + 7 )
=V2 Vl(sin ot + sin55wt +sin77wt s -),

where V,=V2 V/x is the r.m.s. value of the fundamental com-
ponent of the phase voltage. The 5th harmonic waveform is sket-
ched in on Fig. 7.5 to show why the harmonic signs have changed
from the line-voltage expression.

Considering each voltage harmonic separately, applied to its own
equivalent circuit with appropriate correction for frequency-in-
creased reactances, and voltages reduced to V,/n, we could cal-
culate the harmonic currents and sum them to get the primary,
secondary and magnetising-current waveforms. Each rotor
(secondary) harmonic current will react with its own harmonic
magnetising-current to produce a steady-component of torque. It
will react with all the other harmonic magnetising currents to
produce a component of the pulsating torque. In fact, only the
interaction of the 5th and 7th harmonic rotor currents, Is and I
say, with the fundamental magnetising current I, will be of great
significance. As stated earlier, the steady-torque components
produced by 5th and 7th harmonics tend to cancel. These ap-
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(a) Harmonic slip

50, + (1-5)n SN

=(6-5)% 75 _(|-s)n,

= (6+5)7

wt
,L‘l v, v
5wtv5 ‘Pj
Twt (b)

Harmonic phosors
at ¢t =0

FIG. 7.6. Pulsating-torque calculations.

proximations will be justified later. At this stage we will make one
further approximation, viz.: that the fundamental harmonic mag-
netising current I, is given by (V/Xn)/—90°, from the ap-
proximate circuit, though the exact calculation of I, is not very
much more difficult.

For the rotor currents, we require the slip, and if this is s for the
fundamental, it will be 6 —s for the 5th harmonic producing a
backwards rotating field at 5w, and 6+ s for the 7th harmonic
producing a forwards rotating field at speed 7w, (see Fig. 7.6a).
Hence, taking V, as reference: and using the approximate circuits:

,_"—/‘l 1 F— ! ot —
=3 RTRIG )50, + xp 2nd 5= V2 Iisin Got - ¢9),
Vi 1

L= R RIG* )+ 70, +xp 24 1= V2 Iisin (Tt - ¢)).

Consider the instant of time, wt =0, when the fundamental and
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harmonic voltages are momentarily zero and initially are all in-
creasing positively as t increases. Note this means that the Sth
harmonic, of reverse phase-sequence, must be shown in antiphase
with V| and V; as on Fig. 7.6b, which is the phasor diagram for this
instant. Now when the fundamental rotor-current I reacts with its
own magnetising current L, its phasor leads the I, phasor if
producing forwards motoring-torque. Hence, 15 reacting with I, at
the instant shown is producing a positive torque and the angle
between these phasors, taking ot = 0 as reference is:

(—e7+7wt) — (—90 + wt) = 6wt + (90 — ¢-).

The angle of I5 (lagging Vs of reverse phase-sequence) leads Im
by:

(180 + @5 — Swt) — (=90 + wt) = 270 + @5 — 6wt = —[6wt + (90 — ¢s)].

Thus, the total torque due to Sth and 7th harmonic rotor-currents
reacting with the fundamental magnetising current is, from eqn
(7.9):

3 M%{—I $sin (6wt + 90 — @s) + I sin (6wt + 90 — ¢7)] X pole pairs.
ml
(7.10)

The expression shows that Sth and 7th harmonics combine to give
apulsating torque at 6 times fundamental frequency. In Section 7.5, as
an illustration of a.c. machine simulation, the computed results from
an “exact” solution, including all the harmonics, show that this 6th
harmonic pulsation is almost completely dominant (Fig. 7.10, see also
T7.4). If the motor had been current fed, the division of 5th and 7th
harmonic currents into magnetising and rotor currents would have
had to invoke the standard parallel-circuit relationships, as in Section
4.3, Examples 4.11-4.15.

Variable-frequency supplies can also be used to power syn-
chronous machines and the various equations used in Chapter 5 have
shown how the performance can be calculated. As for the induction
machine, voltage and frequency must be adjusted together if the flux
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per pole (approximately proportional to V/f) is to be
maintained constant. Some control of the characteristic can be
exercised from the supply system but eqn (5.13) shows that if the
load angle & can be controlled, the performance can be optimised.
Load angle is related to the position of the shaft and if a suitable
position detector is fitted, it can be used to trigger the power
semiconductors in the inverter at a preferred instant in the cycle.
With forced-commutated inverters, good control can be exerted
since the switchover of current (commutation) can be presumed to
occur almost instantaneously. If natural commutation is used, to
simplify the power-electronic circuits and make a more economic-
ally viable proposition, then there are restrictions on the firing-
angle range. In addition the motor must always be overexcited to
ensure the leading power-factor necessary to this naturally-com-
mutated mode. Analysis becomes more complicated since the
commutation time is now much longer and cannot be neglected. A
computer simulation of the system becomes almost essential for
reasonable calculations of performance.

Synchronous motors with position control are in fact similar in
principle to the d.c. motor for which the armature coils are also
switched—by the “forcing” action of the mechanical commutator
and brushes. This ensures that under any particular polarity of the
field, the armature conductors always carry current in the same
direction to give maximum torque production. This occurs if the
brush axis is set perpendicular (electrically) to the field axis so that
the torque angle is 90 electrical degrees. Commutators usually have
many segments reflecting the large number of coil subdivisions, so
that the torque pulsations due to switching are negligibly small. The
quasi-square wave inverter only has six commutations per cycle
which is a relatively coarse switching rate. This can be improved
by employing pulse-width modulation schemes. However, the
maximum ratings and speeds of a.c. machines are higher than for
d.c. machines, quite apart from their lower maintenance require-
ments and these are important factors in choosing a drive. Brush-
less d.c. machines are also made and the armature coils can now be
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on the stator since the static switching-circuits have replaced the
mechanical commutator®. They ensure that the armature-conduc-
tor currents reverse in step with the rotation of the poles. Fun-
damentally there is no real difference between such motors and
synchronous motors with position control activating the switching
arrangements. In either case, the armature-coil frequency changes
automatically to match the rotational speed, so operation is stable
over the speed range. Control of d.c. link voltage and current has a
similar effect to the control of d.c. machine armature voltage or
current.

A rather different form of variable-frequency supply is some-
times used which employs the cycloconverter principle. It is similar
in concept to Fig. 7.3 in that the positive half cycle is supplied by
one bridge and the negative half cycle by the other bridge. It has
some advantages at the lower end of the frequency range, being
able to regenerate with natural commutation. The waveform is
made up of selected parts of the supply-voltage waveforms and is
rich in harmonics.

7.4 COMPARISON OF D.C., INDUCTION AND
SYNCHRONOUS MACHINE-DRIVES WITH POWER-
ELECTRONIC CONTROL

The choice of machine type for a particular electrical drive
involves many factors which cannot be discussed here in detail.
Most drives are adequate with a nominally constant speed for
which induction machines are usually suitable. But there is a
large and increasing number of systems requiring, or would benefit
from variable-speed facilities. Rapid speed response is often neces-
sary, so it is appropriate to consider this one aspect, since modern
control methods permit schemes for comparison which would not
otherwise have been possible.
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D.C. Machines

From a control viewpoint and for ready understanding, this is the
simplest variable-speed machine. Because the torque angle is fixed
the torque is proportional to the product of flux and armature
current. The effect of saturation is to increase the (relatively small)
field power but not to interfere significantly with maximum-torque
capability over the working speed-range. This is the factor which
determines the speed response of a drive and the most useful
method of comparison is to draw the maximum-torque envelope
over this speed range. Figure 7.7a shows this, and there are two
well-defined, lower regions which are explained adequately on the
figure. A typical maximum current of 2 per unit at a flux of 1 per
unit defines the bottom constant-torque region, though values of
I,=2.5 are not uncommon for large d.c. machines. When full
voltage is reached, further speed increase demands field weakening
and loss of maximum torque, the power being approximately
constant in the middle region. The third, upper region is less well
defined, speed increase being limited by commutation and stabil-
ity—quite apart from mechanical limitations. For constant reac-
tance voltage, the (speed X I,) product should be constant, so
reduction of current and its unstabilising effects with weak field
would with this product be a suitable though somewhat ap-
proximate criterion. Actually, field-weakening ranges of more than
4/1, at constant power are often demanded for certain d.c. metal-
and paper-mill drives.

Induction Machines

Figure 7.7b is the corresponding diagram for the induction
machine. Its shape is based on the work done in Examples 4.11-
4.15 in Section 4.3. To make a reasonable comparison, a maximum
torque of 2 per unit is shown. This would require a current nearer
to 170 A than the rated 103 A in the above examples. The bottom

231



WORKED EXAMPLES IN ELECTRICAL MACHINES AND DRIVES

Wien

Wm

W

fyand I Increasing effect

reducing. —of leakage reactonce
V constant voltoge drop
20— 20 20— ———
— f, increasing.
7 and & reducin A7t ond V constont. £ increasing

v and I, constont.

Constant power.

| Opm e — — K

V increasing.
I, and I, constont

Constant torque

I, I,ond I
decreasing.

fond £, increasmg\ )
V, and 7, constant. ~
¢ reducing.

Constont power.

V and [, cons

I, and ¢ reducing
Constant power.
V and 7 increosing
I, ond I, constont

Constant torque

- V, and f_increasing
6.7 and ¢ constant. T T T

Constant torque -
o} 10

|
[¢] (e}

i
7. o) 10 T,
{c) Synchronous machine

o~

(a) D.C. machine (b) Induction machine

F1G. 7.7. Comparison of maximum speed/torque characteristics.

region, for constant torque, is very small and depends on the value
of this current. Even with the smaller, rated current the speed limit
for this region was less than 0.2 per unit. The slip frequency is
maintained constant at the relatively low value of Rj}X
foasel (x5 + X)) [see development of eqn (4.17)] in order to maintain
the constant value of I3, I, and flux for this particular I, setting.
The second, constant-power region extends to rated frequency
(fuase) at which the equivalent-circuit parameters x;, x5 and X, have
been specified. Since V is at its maximum in this range, only the
frequency f, can be controlled, in such a manner relative to speed
that I, remains constant. To get some idea of the control, we can
use the approximate circuit neglecting stator resistance and look at
the expression for input impedance which has to be constant; i.e.

+j(x; +x£)L

base

Z=10f
-5 [ R

2 .
———+j(x, + x3 ] must be constant.
fbase fz/fbase ]( ! 2)

So as f, increases, f, must increase, to the value at fy,, which gives
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the maximum torque from the constant-voltage circuit; eqn (4.12),
ie.

fi
fZ/f (xl+x2)_

base

or: Wsm =x,+ x5 giving: f,= o Ij_x X frase-  (7.11)
The flux falls in this region as the m.m.f. diagram changes shape
from that of Fig. 4.2b to Fig. 4.2a with corresponding torque
reduction (see Section 4.3). This constant-power region finishes
where that of the d.c. machine starts.

Further frequency increase, with f, monitored at the eqn (7.11)
setting and no longer compensating for the reactance increase, will
cause I, to fall in the third upper region. The maximum torque for a
particular I, will still be obtained but since I} and I, depend directly
on I, all sides of the m.m.f. diagram of Fig. 4.2a will be falling so that
there is a square-law decrease of maximum torque. Note that in the
constant-voltage region, any particular slip will give a reducing torque
as f, increases, see eqn (4.5) and this is reflected in a steeper
speed-regulation curve as indicated by the broken lines.

Synchronous Machine

Open-loop control of a synchronous machine with variable
frequency requires a restraint on the rate of frequency increase, to
avoid the load angle falling too far back, beyond 90°, as the rotor
attempts to accelerate and keep up with the rotating field. A margin
would have to be provided to prevent stalling and therefore maxi-
mum torque over the speed range would not be available since this
demands certain angles between the m.m.f. space vectors. Some
closed-loop system would be necessary to ensure stable operation,
and position-detector control has already been mentioned in Sec-
tion 7.4. This would permit the current-controlled mode discussed
in Section 5.5 in which particular currents at particular phase
angles can be provided. In this case, the machine is nearer to the
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d.c. machine. Various control strategies have been explained.
Referring to Fig. 5.2a, suppose that ¢n, is held at 90°, which would
mean that I, would be at unity power factor, neglecting leakage
impedance. If I, is at the rated value, 1 per unit, and I, is
controlled at 2 per unit, the torque will then be 2 per unit in the
lower region of Fig. 7.7c up to rated voltage, as for the d.c.
machine. The field m.m.f. would have to be V'S per unit, to close
the m.m.f. triangle. Beyond this speed, increase of frequency will
bring about a reduction of I, and flux (¢ x Eff = V/f). If I, is
maintained, there will be a second, consta'mt-power region com-
parable with that of Fig. 7.7a. In fact this region could continue
beyond 2 per-unit speed but the frequency increase of leakage-
reactance voltage drop could no longer be ignored. The consequent
reduction of air-gap e.m.f. E would result in a more severe fall of
flux than that due to frequency increase alone, so the speed/torque
envelope would be rather less than shown. In these upper regions
too, there would have to be reductions of field current if the angle
¢ma 1S to be maintained at 90°.

A different control strategy, taking the flux into saturation as
described in Section 5.5, could give improved performance over a
limited speed range where the excess flux would not lead to
unacceptable iron losses. Supposing I, was 1.5, giving a flux of
about 1.25, allowing for saturation as in Example 5.15(j). Equal
currents I, = I} of about 1.75 would give 2 per-unit torque with a
better torque per ampere than just described; i.e. 2/3.5 as against
2/(2+V'5) =2/4.2, though not quite as good as the d.c. machine at
2/2+1)=2/3.

In summary, it can be seen that the d.c. machine gives the best
acceleration performance and simplest characteristic control and
the induction machine the poorest. This reflects the physical com-
plexity of the one with respect to the other. The cage-rotor motor
is much cheaper and relatively maintenance free. Offsetting this to
some extent is the greater complexity and expense of the power-
electronic circuitry for the a.c. machines though the synchronous
machine can match, and in some respects give slight improvements
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on the d.c. machine characteristic, with sufficient sophistication in
the control system. Most systems require additional equipment to
obtain full 4-quadrant operation; e.g. a dual converter or a cyclo-
converter. This kind of drive for d.c. machines is well established
and at the time of writing it still holds the field in certain important
applications, for best control and reliability, per unit cost; e.g. lift
and certain mill drives. Indeed, it is not unknown for a line of inverter
drives to need replacement by d.c. machines because of premature
drive-system changes. But development continues, and power tran-
sistors are replacing thyristors with some success so that certain
advantages on costs may eventually be achieved and justify changes
in machine type. At the same time it must be remembered that such
improvements may be passed over to d.c. machine systems too. For
example, a high-frequency power-transistor chopper controlling a
simple rectified supply to a d.c. machine would remove one of the
disadvantages of naturally-commutated thyristor systems, in that
voltage (and speed) control is obtained here by phase delay and
corresponding power-factor deterioration.

7.5 MATHEMATICAL AND COMPUTER
SIMULATION OF MACHINE SYSTEMS

If the machine equations are expressed in such a manner as to
allow for switching operations and other non-linearities like
saturation, the possibility of a general analytical solution is usually
lost. However, a step-by-step numerical solution can be used and
as this proceeds, any change in the system condition or configura-
tion can be included. Again, only a limited treatment is given here,
to illustrate the method with some simple examples covering forced-
and natural-commutation schemes.

Figure 7.8 shows a flow diagram for a section of a computer
program calculating the electromechanical performance following
some system change, e.g. acceleration from zero speed; or a
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Examine circuil fo determine by logic check
fhe conduciing siate in the previous lime
increment, and the condilion of the magnetic
geomelry and saturation in order to seleci
ihe appropriaie impedance mairix

&elermine the machine terminal voltages

[ Transform voltages ta d-q axes if required |

i
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numerical inlegration

I/

Calculate electromagnetic torque allowing for
saturation as F(/) if necessary

2

Determine 7, if f(speed) and perform numerical
integration to calculaie speed &, and shaft

angle &
Lﬂ and &

Print out results and store poinis for graphical
display if required

NO YES

1% Tnox 2

IMPEDANCE
ROUTINE

VOLTAGE
RQUTINE

INTEGRATION

INTEGRATION

Next sysiem change
and program routine.

F1G. 7.8. General flow diagram for digital-computer numerical solutions of

electromechanical performance.

transient following a load change or a voltage/frequency change.
Following the specification of the data, the time limits of the
calculation and the system change being investigated, the machine
and circuits are scanned to determine the appropriate equations. If
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power semi-conductors are involved, then this will require a logic
check, at each time increment, to find the conducting state of every
circuit branch including such switching devices. For a fairly simple
representation:

A diode will conduct if the forward voltage drop across it is
equal to or greater than 1 V (say).

For a power transistor, a firing pulse must be present for conduc-
tion, AND the forward voltage drop must be greater than 1V.

For a thyristor in a naturally-commutated system, conduction
will continue if it was conducting in the previous time incre-
ment, with a current greater than the holding value—say
100 mA; OR it will conduct if the forward voltage drop is
greater than 1 V, AND a firing pulse is present.

For a thyristor in a forced-commutated system, the thyristor
switch-off time can be specified.

If a no-conduction condition is detected, it may be necessary to
calculate the voltage across such an element arising from the rest
of the circuit and apply this to the element in the simulation, so
that its current will calculate zero. It may be possible, with certain
types of simulation, to set this semi-conductor impedance to
several thousand ohms say, and solve the circuit without mathe-
matical instabilities.

With the conducting paths known, the equations can now be set
up, making allowance for the semi-conductor voltage drops if these
are of relative significance. The machine terminal voltages and the
impedance matrices may be affected by the nature of the conduct-
ing paths so these must now be determined. If a d-q simulation is
being used, transformation of these voltages to d—q axes must be
performed. For a current-fed system, the determination of any
unknown currents is usually fairly simple. In any case an expres-
sion for di/dt is required in terms of the circuit parameters. From
the circuit equation:

v = Ri;+ Ly, di;/dt + L, dix/dt - - - + f(speed, currents)
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the general form:
di, v — Ri; — f(speed, currents) —2‘:: L, di./dt
dt Ly

is obtained. Numerical integration methods predict the change of i
during the time increment, from the initial value and the rate of
change. This is done for all the conducting paths, using matrix
techniques if there are several of these. The electromagnetic torque
can then be calculated.

The next step is to calculate the speed 6 and the shaft angle 6 if
this is required, e.g. to allow for change of inductances with shaft
orientation. 6 will normally be in electrical degrees. Referring to
the earlier equations for the mechanical system:

don _ Te— Ty
dt J
and hence:
‘;_‘: = % X pole pairs (in electrical rad/s)
and:
de .
- 0

are the two relevant first-order equations required for numerical
solution.

If the mechanical load is a function of speed, it can be con-
tinually updated throughout the solution at each incremental step.
In a similar manner, inductances can be changed if there is a
variation with position or with current value.

The time increment is now added, the new circuit conduction
condition checked and the new driving function (voltage or cur-
rent) at this new time is inserted to repeat the calculation pro-
cedure, until ty.x is reached.
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EXAMPLE 7.4

Show in outline how the battery-supplied, chopper-controlled, d.c. series motor
could be simulated for a computer solution. What differences would be necessary to
deal with the separately-excited d.c. motor with regenerative operation included?

The equations for the chopper-controlled d.c. machine were derived in Section 7.1
and the expressions for di/dt required for numerical solution follow as below.

Thyristor ON Thyristor OFF

. Ep—1—Ri,— kswm —1— Raia— kewm
Series motor I L
Separately excited. Motoring En—1- ﬁ'a — kown i Rak = kswom

Separately excited. Regenerating

—1 — Raia + kewm

—Eg— 1~ Ri.+ kewm

L

L

This is a forced-commutated circuit and 8, the duty cycle, which is the ratio
ton/(ton + torr), is controllable as required, either from speed demand, current limit
or manually. No logic check on thyristor conduction is required, the circuit becomes
conducting almost instantaneously in the controlled ON period and non-conducting
in the controlled OFF period. The duty cycle shown on the figure starts from t' =0,
t' being set to zero at the beginning of each cycle. The ON period lasts until t’ is
greater than ton.

The flow diagram will be generally similar to Fig. 7.8, the appropriate value of
di/dt being used from the above expressions. For the series motor, the ks = f(is)
curve would have to be available and for the separately-excited motor ks, would
have to be specified. The mechanical equation is standard and after the speed is
found, it only remains to check the time and whether t' must be set to zero before
repeating the calculation with the time incremented.

fe——— 1o ——t— 1o —

S

-—8x N fr—
Ve
Fic. E.7.4.
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The above example is instructive as an introduction but it is
unlikely that such a program would be used. The reason is that the
analytical solutions described in Section 7.1 are usually adequate.
The time-constant of the electrical circuit is very short by com-
parison with the mechanical system and the electrical transients
can therefore be solved as if the speed was constant. Example 7.2
is an indication of how the mechanical transient could be dealt
with, though once the duty cycle reaches unity, no further current
limit control is available and the chopper is usually shorted out to
save energy. Subsequent speed changes can be brought about by
field weakening and this can readily be incorporated in a different
computer program if studies of the complete accelerating period
are required. If studies of the chopper circuit itself are to be
undertaken then a program recording all the events within a duty
cycle would be necessary. The time-constants of the forced-com-
mutated circuits and the protective circuits for the thyristors are
now very much shorter than those of the main power circuit. A
nodal-type simulation would then be appropriate to deal with all
the parallel branches in the power-electronic detail circuitry.

EXAMPLE 7.5

Set up the equations for the single-phase thyristor bridge/d.c. motor circuit and
explain how the conducting conditions can be determined and a computer simula-
tion implemented. Allow for all circuit resistances and inductances.

The first figure shows the circuit; currents and voltages being indicated. The
transformer is represented by its secondary e.m.f. e,. behind the leakage and supply
impedances referred to the secondary, r+Ip, where p represents d/dt. This is a
naturally-commutated circuit since the a.c. voltage developed across the thyristors
vr reverses every half cycle and reduces the thyristor current to zero naturally.
There is a period of “overlap”, however, when the incoming thyristors share the
total load current until the outgoing thyristors have their currents eventually
reduced to zero. For the single-phase bridge, this means that the d.c. terminals are
short circuited through the thyristors so that the terminal voltage is zero during
overlap. If the equations are set up for this case when all thyristors are conducting,
it is merely a question of setting the appropriate terms to zero, if a current falls to
zero.

Consider a path through thyristors 1 and 3, when all thyristors are conducting:

eac=r(ii—i2)+Ip(ii—i)+1 V+ Lipiat Ruiaten+1V.
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from which:

. _eax—Rii—Riz—en—2VL i
pu= L L P&

where R=R.+r;R'=R.—r;L=Li+l; L'=Li—landia=i1+1i.
For a path through thyristors 2 and 4 for the same condition:

—ee=1V+Lipiat Riiaten+ I V=Ip(ih—i)+r(ii—i))
from which:

. _—eac—R’iz—R'il—em——ZVE i
pi2= L LPI,

pi is thus available for each current, to perform the numerical integration as
required.

To determine the conducting condition, the voltages developed by the circuit
across each thyristor must be monitored whilst it is switched off, since when the
gate firing pulse is applied, conduction will not start unless v¢ is greater than the
normal forward volt drop, taken to be | V. It is assumed that v¢ is the same for
thyristors | and 3 and vs2 is the same for thyristors 2 and 4.

For a path through thyristors 1 and 3 when they are not conducting:

v = —em— Ryi; — Lipi2— v + Ipiz2 + riz + eac
from which:
201 = —em+ eac— R'ia— L'pia.

Similarly:
20 = —em — eac + Rii + Lpi,.

The phase delay angle a (or 7 + a for thyristors 2 and 4) and the value of flux kg
must be specified in the data. i; and iz, wm and em, will be known from the previous
time increment and solution and e.. will be known from its time-function expres-
sion. The pattern of logical checks is shown, by means of which, working through
the various questions, each thyristor is checked for previous conduction (i > I, the
latching or holding value) and the possibility of starting conduction.

The normal condition is for i, or i> to be conducting so these questions are asked
first since if the answer is YES the remaining questions are unnecessary. If the
answer is NO, for either or both currents, then the phase delay of the firing pulses is
checked against the progression of angle 6 = wt, measured from the beginning of the
cycle, to see if a firing pulse is present. If not, then that thyristor will be non-
conducting in the next increment. If the answer is YES, the forward voltage across
that thyristor must be checked to see if it is greater than 1 V (say). There are four
possible answers to the overall question pattern. Either circuit can be conducting,
both can be conducting (overlap), or both currents can be zero (a discontinuous-
current condition). With these conditions known, the appropriate equations can be
formed and i; and/or i; can be determined by numerical integration. The solution
thereafter follows the pattern of the general flow diagram of Fig. 7.8.
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Again the time-constants of the electrical system are usually very much shorter
than for the mechanical system and it may be sufficient to study the circuit for a
particular speed, flux and constant e.m.f. Natural commutation may take more than
1 millisecond and full-scale simulations may be necessary, however, to check that
this aspect of circuit operation is working correctly; it is liable to break down under
certain conditions.

Simulations for 3-phase A.C. Machines

These simulations are usually more complex than for d.c.
machines. For steady-state (constant-speed) calculations,
equivalent-circuit methods can be used, of course, as already
demonstrated. The equivalent-circuit model is based on a view-
point which notes that for a uniform air-gap machine, or along a
salient-pole axis, the magnetic permeance does not change with
flux-wave position, so inductances are not time dependent. The
induced voltages on the circuit take account of the flux-wave
movement but are usually expressed in terms of the winding
carrying line-frequency currents. But inductance variation is the
source of the motional e.m.f. (i - dL/dt). It is the particular choice
of viewpoint which has removed this time dependence. A formal
transformation to d—-q axes, which may be stationary with respect
to the flux wave as for the salient-pole machine, but are not
necessarily so as for the uniform air-gap machine, permits much
greater flexibility in analytical solution of both steady and transient
states. Time dependence of inductances must be and can be
removed proyiding certain conditions are fulfilled?; e.g. sinusoidal
distribution of d-axis and g-axis flux and any winding imbalance
confined to one side of the air gap. Analytical solutions at a
particular speed for one variable, current say, are then possible.
For an electromechanical transient, including speed as a variable, a
numerical solution would be necessary. Even then the d—q simula-
tion permits the greatest economy in computation time because the
equations are so concise and the inductances are constant.
However, if the necessary conditions are not fulfilled, the trans-
formation will not lead to time-independent inductances; numerical
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solutions become necessary and it may then be convenient to use a
real-(phase-)axis simulation, (A-B-C, a-b-c). In the present in-
stance, no extensive additional knowledge is required to follow the
procedure of setting out these equations and it will be a suitable
conclusion to the text. They are necessarily in matrix form since
this is the way they are manipulated in the computer program. For
the purposes of illustration, a uniform air-gap machine will be
considered, having three stator phases, A, B and C, and three rotor
phases, a, b and ¢, with axes as shown on Fig. 7.9. Taking the
A-phase axis as the reference position, the rotor a-phase will be at
some electrical angle 6 to the stator A-phase and # varies with
rotation and time.

When parameter tests are conducted, they yield an equivalent-
circuit stator inductance L, = (x, + X,)/w which is 50% higher than
the stator-phase self-inductance, Laa say”. This is because the
other two phases are excited and contribute this extra flux. So
Laa= Lgg = Lcc=L,x2/3. The mutual inductance between stator
phases is half of this because they are displaced by 120° and
cos 120° = —3. A similar situation exists for the rotor phases, which
in referred terms often have the same inductance, i.e. L,, = Lya.
For the coupling between stator and rotor phases, if M is the
magnetising inductance of the equivalent circuit (= X,/w), then
when A-phase and a-phase are in alignment physically and additive
magnetically, the maximum value of mutual inductance occurs, of
value +M X 2/3. For any angle 0, La,=(2/3)M cos 8. The other
stator/rotor mutual inductances vary similarly but with a phase
displacement, in accordance with the matrix below. This should be
checked from Fig. 7.9 by considering when a particular pair of
stator and rotor phases are in alignment and give maximum mutual
inductance.

Consider the voltage equation for the A-phase:

va = Raia+ p(Laaia) + p(Lagis) + p(Lacic) + p(L aaia) + p(L abiv)
+p(Lacic).  (7.12)

This can be put in a general form as a matrix equation for all
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\
+ B-phase
\

A -phase axis

F1G. 7.9. Real-axis simulation of 3-
phase machine.
phases as:
v = Ri+ p(Li)

where each term is a matrix.
For the whole system:

ve | Vsuor | _ [ Rt pLs| PLs | | isaor
Viotor pLs | Ri+pLq irotor
where:
A B C
A L ~L2 —L2
Lo=2xB|-Lj2 | L. | -L/2 |=L.(ay).
C |—-L2 ~L2 L
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a b c

A|Mcosb M cos (6 —2m/3)| M cos (6 —4m/3)

L, = L,(transposed) = % xB | M cos(8—2m/3)| M cos (0 — 4'11-/3) M cos 6

C | Mcos(0—4m3)| M cos 6 M cos (0 —27/3)

The form of the L, and L., matrices, which are identical, follow
from the choice of axes recommended in reference 2, where it is
explained that several advantages arise in the manipulation of the
equations and the application to different machine types.

In solving the equations for currents, given the voltages, the
impedance matrix has to be inverted; i =Z'v, and since in real
axes, this matrix has 6 X 6 elements, much computer time would be
absorbed in the process. However, this would ignore the fact that
for a 3-line, 3-phase circuit, the sum of the three currents is zero
and hence one current can be expressed in terms of the other two.
By substituting this condition in the above equations, or alter-
natively by a formal mathematical transformation expressing this
relationship, the matrix can be reformulated with 4 X 4 elements.
The transformed voltages applied are then reduced to two line-
values instead of the three phase-values: [va= V sin wf, vp=
V sin (wf — 120°) and ve = V sin (wt +120°)], for the stator. For the
rotor, if short circuited, the phase and line voltages at the rotor
terminals are zero.

The matrix voltage equation is expressed in terms of the
motional and transformer components:

v=Ri+idL/dt + L di/d¢

dL de
Ri +ld9 dt+Ld/dI.‘

- o)
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This is the expression required for numerical integration for this
real-axis simulation. It will be noticed that the speed 6, in electrical
radians per second, comes into the motional-voltage term and also
the variation of inductance with angle must be known in order to
obtain dL/d@. Since in this particular case L and L, are constants
because of the uniform air gap, the matrix to be differentiated is
just:

L

Ly

a fairly simple operation because of the sinusoidal assumptions for
the round-rotor machine.

The electromagnetic torque is-obtained from the matrix expres-
@.
n'”:

sio
1, dL .
= ~j, —1i X
T. AP pole pairs
1 istator irotor d Lsr istator .
== — X X
3 X ae [L. oo pole pairs.

The above equations, though referring specifically to the 3-phase,
uniform air-gap machine, can be applied to any polyphase machine
with appropriate modifications. The only significant difficulty is in
defining the inductance/angle function from which dL/d@ is
deduced. This is a matter for either design calculations or actual
measurements. But the method is universal, not restricted by
winding unbalance or asymmetry, nor by the magnetic geometry
such as the presence of saliency on both sides of the air gap, nor
even allowance for the often-neglected fact of rotor and stator
teeth and slots. It is not an analytical method but must use
numerical solutions implemented through a computer as indicated
on the general flow-diagram of Fig. 7.8. For a simple uniform
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air-gap machine one can compare the computer time required to
achieve comparable accuracy. Based on the time for a d-q simula-
tion, the real-axis simulation would require two to ten times this,
depending on the waveform. Such a difference, though becoming less
important as computers continue to improve, would not be justified.
But if the situation is such that the d-q transformation does not yield
constant inductances, then a lengthy computation time is endemic in
the problem and a real-axis simulation may be the most convenient.
For single-phase machines, unlike the model for analytical solu-
tions, the real-axis equations are simpler than for 3-phase machines
because there are fewer of them.

The final figures use the simulation just described to illustrate
some instructive electromechanical transients. Figure 7.10 is for an
inverter-fed induction motor, accelerated from zero speed up to the

Per—unit Stator - phase current /, x 4

N n '\/ N IS A \ /1\/'A x2

I\ Stotor phase~ / \ /
| A-voltage vy xI / ~.A

_3b 5 v v Yoy \ |
_qb Air-gap flux;/ x2
Accelerotion Steady srate ————e
Lo Torque 7 x| Speed wyx5
oo orque 7, X peed wyX
LA AT ‘ -~
! H o fr . [ Tx3 |

'
'

oo
' |

g [T
TR IR e

FIG. 7.10. Acceleration and steady-state waveforms of inverter-fed induction
motor.
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steady-state speed where the slip is about 6 per cent, full-load
mechanical torque being coupled throughout. The bottom figures
show the quasi-square-wave line-voltage which is applied at full
value and frequency. In practice, such a source would be applied at
reduced voltage and frequency, but is computed as shown to
illustrate the nature of current and torque transients for direct-on-
line start. A sine-wave supply would have given similar peak values
but without the 6-pulse ripple. The torque peaks reach nearly 7 per
unit and the first seven cycles are shown. The computer graph plot
is then stopped until the steady-state is reached and then the
expanded waveforms for one cycle are plotted. The speed is then
constant but the torque pulsations are considerable at about +0.33
per unit. The dominant frequency is 6th harmonic as deduced from
Fig. 7.6b and eqn (7.10). But the waveform shows a slight even-
harmonic asymmetry, and this will be due to the small effect of
11th and 13th rotor harmonic currents giving a 12th-harmonic
component of torque. The top diagrams show the phase-voltage
waveform, deduced from the calculated currents and the sum of
the impedance drops in accordance with eqn (7.12). It is the same
shape as already found in Fig. 7.5. The stator-phase current
reaches starting peaks of over 7 per unit and on steady state is rich
in Sth and 7th harmonic components. The peak currents reached on
steady state are somewhat higher than those occurring with a
sinusoidal-voltage supply which would give a current sine-wave
running through the distorted wave shown here. The remaining
waveform is for the flux, neglecting saturation and deduced by
combining the stator A-phase current with the referred and trans-
formed a-phase rotor current; viz. the waveform of I,. Because of
the parameters of this particular machine, 1 per unit I, corresponds
to about normal peak flux and the diagram shows that the peak flux
on steady state is a few per cent higher than the normal value for a
sine-wave supply. More interesting is that in spite of the violent i,
fluctuations, the induced rotor-current acts to damp these out as
shown by the nearly sinusoidal flux-waveform. The rotor current in
fact has a pronounced 6th harmonic component superimposed on
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its slip-frequency sine-wave variation. This ripple, which is only to
be expected since there are six switching changes per cycle, is
similar to the torque pulsation. This is also to be expected since it
is the reaction between the nearly sinusoidal flux wave and the
rotor current which produces the torque. On observing the flux
transient, it is seen that this dies out from a high peak in a few
cycles, the value then being about half the normal rated value for a
short time, due to the high voltage drop across the primary impedance
during starting. It is also seen that the flux wave is approximately 90°
lagging on the phase-voltage wave.

Figure 7.11 is for the same machine, this time running at rated
torque as an induction motor from a 50-Hz sinusoidal-voltage
supply. The top diagram shows that the phase current lags the
voltage by about 45° and the rotor current can be seen oscillating at
the very much lower slip frequency of about 3 Hz. At time 0.14 sec
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Fi1G. 7.11. 3-phase wound-rotor a.c. machine. First loaded as an induction motor,
then synchronised, then overloaded to pull-out.
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from the beginning of the plot, the rotor is supplied with a d.c.
voltage, sufficient to cause it to pull into step as a synchronous
motor. This takes about 0.5 sec, during which time the stator and
rotor currents exceed their rated values quite considerably. When
synchronisation is successfully achieved, at time 0.6 sec from the
beginning of the plot, the mechanical torque T, is increased
linearly up to 2 per unit. It is appropriate now to look at the bottom
diagram and see the electromagnetic torque T, initially in balance
with T, the speed being about 0.94 times the synchronous value.
The electromagnetic-torque-transient is quite violent during
synchronising and the speed dips, then overshoots and at 0.6
second, it is virtually synchronous, with T, again almost in balance
with T,,. The increase of T, is then slowly followed by T. as the
load angle increases and speed falls. However, the load angle must
have increased well beyond 90° and the torque commences another
violent oscillation which is sufficient to pull the machine out of
synchronism. The armature current and rotor current again rise to
excessive values, but the combination of induction torque
produced by the induced rotor-currents reacting with the stator
currents, and the pulsating torque produced by the reaction of the
d.c. component of rotor current reacting with the stator currents, is
still sufficient to hold the load torque though with an appreciable
speed oscillation. Actually, the pull-out torque in the induction mode
is 3.2 per-unit, see Tutorial Example T7.4, and in the mode shown, T,
would have to approach nearly 3 per unit to completely stall the
machine. To restore synchronism (apart from reducing the load to
about 1.5 per unit), it would be necessary to increase the excitation by
about 50%.
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APPENDIX

TUTORIAL EXAMPLES WITH ANSWERS

THE following examples are provided so that there is opportunity to check under-
standing of the various problems encountered in the main text. Most of them are at
least slightly different from these, but the necessary background has been covered for
all. Chapter 1 on basic theory should be thoroughly understood and the recom-
mendation to incorporate the question data on a simple diagram should be followed.
This is especially important when dealing with 3-phase circuits so that mistakes of
interpretation are avoided when extracting phase voltages, currents and impedances
from the data given. Note that the *“‘rating” refers to the total power or VA, the line
voltage and the line current. Chapter 2 on Transformers revises all these points and
the practice of declaring the no-load voltage ratio is followed, so that this is also the
turns ratio when reduced to phase values. Answers, and some part answers, are
given to all numerical problems, together with an indication in some cases of
theoretical points which are raised. Accuracy is generally to three figures, though
sometimes more, where appropriate. Although much care has been taken, there may
be a few errors and the author would be very grateful to be informed about any
which are discovered.

CHAPTER 1. INTRODUCTION

No examples are set for this revisory chapter but two convention problems were
raised therein. On p. 7 the motor convention equation always has a positive sign
and on p. 8 the generator convention equation always has a negative sign.

Referring to the question concerning Fig. 1.5 for the generator phasor diagrams
on p. 11. With a motor convention, the current phasor in Figs. 1.5a and 1.5b would be
in the lower half of the diagrams. E would still be V—jX1 - RI, but because of the
lower position of the current phasor, E would now lead V in both cases. For a
generator convention, the I phasor would be reversed, together with the sign in the
above equation but the phasor diagrams would be otherwise unchanged in shape,
the new current phasor being in the upper half of the diagram, with the power-factor
angle less than 90°.

CHAPTER 2. TRANSFORMERS

In the following examples, the approximate equivalent-circuit can be used and in
some cases, the magnetising impedance may be omitted altogether. For deter-
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mination of turns ratio and for 3-winding transformers, all impedances of the
transformer are neglected.

T2.1. A 3-phase, 50-Hz, 6600/400-V star/zigzag transformer has a core cross-
sectional area of 0.04 m’. Calculate the number of turns required for each coil of
primary- and secondary-winding sections, if the maximum flux density is not to
exceed 1.1T. Note, each secondary phase is made up of two equal sections, taken
from neighbouring phases and connected in opposition so that the phase voltage is
the phasor difference of the two sections; i.e. phase voltage = V3 X secondary-
section voltage.

T2.2. A 3-phase, 3-winding, 1000-kV A, 50-Hz transformer is required to meet the
following specification:

Primary 66 kV (line) star connected.
Secondary 6.6 kV (line) delta connected.
Tertiary 440 V (line) star connected.

The maximum flux is not to exceed 0.1 Wb,

(a) Determine the required number of turns per phase on each winding.

(b) Taking the magnetising current as 5% of the rated current and the iron loss as
10 kW total, determine the input current, power factor, kVA and kW when the
secondary is loaded at 600 kVA, 0.9 pf lagging and the tertiary is loaded at
400kVA, 0.8 pf lagging.

T2.3. In a certain transformer, the winding leakage reactances are six times the
winding resistances. Estimate the power factor at which the voltage regulation is
zero. If the leakage reactance is 10%, what is the maximum regulation in per unit
for a current of 1 per-unit?

T2.4. A single-phase, 50-Hz, 500-kV A, 33 000/3300-V transformer has the follow-
ing parameters: Ry =8.6Q, R, =0.08Q, x; =520, x,=0.46 ).

On no load, the h.v. current at 33kV is 0.3 A and the power input is 3.5 kW.
Calculate:

(a) The reguiation at rated current and power factors of: 0.866 lag, 0.866 lead and
u.p.f.

(b) The efficiencies at the same load current and power factors (neglect regula-
tion).

(c) The maximum efficiency.
(d) The in-phase and quadrature components of the no-load current.

(e) The primary current and power factor and the secondary current when the
secondary power-factor is 0.8 lagging and the efficiency is at its maximum for
this power factor.

T2.5. A 3-phase, 50-Hz, 300-kVA, 11000/660-V, star/delta transformer gave the
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following line-input readings during light-load tests:

Open circuit 660V, 8A, 24kW
Short circuit 500V, 15A, 4.1kW

Calculate and show on a per-phase equivalent circuit, the parameters deduced
from these tests, referred to the h.v. side. Also show all currents, input power factor
and secondary terminal voltage when the secondary is supplying rated current at
0.8 p.f. lagging. Allow for the voltage regulation.

T2.6. An 800-kV A transformer at normal voltage and frequency requires an input
of 8 KW on open circuit. The input on short circuit at rated current is 15kW. The
transformer has to operate on the following duty cycle:

6 h at 450 kW, 0.8 p.f.

4h at 650 kW, 0.9 p.f.

5h at 250 kW, 0.95 p.f.

Remainder of 24-h day on no load.

Calculate the all-day efficiency defined as: output in kWh/(output in kWh + losses in
kWh). What is the efficiency at a constant load of 800kVA at 0.8 p.f.?

T2.7. Two single-phase transformers A and B operate in parallel. E5 =200V and
Es =203V, Za=Zs = 0.01 +)0.1Q, all data referred to the secondary side. Calculate
I in terms of Iy (magnitude and phase), when the load impedance has the following
values:

@ Z=10+j14Q.
(b) Z=0.1+j14.

What is the function of transformer A in case (a)? Phasor diagrams would be
informative.

T2.8. The following data refer to two 3-phase, delta/star connected transformers:

Transformer kVA rating Line voltage Short-circuit test at
rated current

A 600 2300/398 160V, 4.2 kW

B 900 2300/390 100V, 5.1 kW

Calculate the total current supplied by the two transformers connected in parallel to
a star-connected load of 0.132 ) per phase and of power factor (.8 lagging.

If the load is disconnected, what will be the secondary circulating current and the
change in secondary terminal-voltage from the loaded condition?

T2.9. A single-phase transformer supplies a full-load secondary current of 300 A
at 0.8 p.f. lagging when the load voltage is 600 V. The transformer is rated at
6600/600 V on no load and is provided with tappings on the h.v. side to reduce this
ratio. It is supplied from a feeder for which the sending-end voltage is maintained at
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6.6 kV. The impedances are as follows:

Feeder (total) =1+j4Q
Transformer primary = 1.4+j5.2Q
Transformer secondary = 0.012 + j0.047 (0

To what value must the turns ratio be adjusted if the secondary terminal voltage is
to be 600 V under the full-load condition? Neglect the magnetising current and the
effect of the changed turns-ratio on the referred impedance.

CHAPTER 3. D.C. MACHINES

In the following questions, the brush voltage-drop, the magnetising effects of
armature reaction and the mechanical losses may be neglected unless specifically
stated otherwise.

T3.1. A 25hp, 500-rev/min d.c. shunt-wound motor operates from a constant
supply voltage of S00 V. The full-load armature current is 42 A, The field resistance
is 500 Q) and the armature resistance is 0.6 (). The magnetisation characteristic was
taken at 400 rev/min as follows:

Field current 0.4 0.6 0.8 1.0 1.2 A
Generated e.m.f. 236 300 356 400 432A

Calculate the mechanical loss torque using the full-load data (1 hp =746 W), and
assume it is constant in the following calculations:

(a) Calculate the field current and the external field resistance for operation at
rated load and speed.

(b) What is the speed when the load is removed, leaving just the loss torque?

(c) With the excitation of part (a), at what speed must the machine be driven to
regenerate at rated current?

(d) What extra field-circuit resistance is necessary to cause the machine to run on
no load at 600 rev/min?

(e) What extra armature-circuit resistance is needed to cause the machine to
develop half its rated electromagnetic torque at a speed of 300 rev/min with
field current as in (a)? What would be the output power at the coupling?

T3.2. A 500-V, d.c. separately excited generator at its normal rating gives an
output of 50 kW at 1000 rev/min. The armature-circuit resistance is 0.4 Q.

The machine is to be run as a motor, but with the voltage reduced to 200 V. At
what speed will it run if set at rated flux and taking rated armature current?

What reduction of flux will be necessary to run at 1000 rev/min with the same
armature current and how will the electromagnetic torque differ from that
developed as a generator at normal rating?

T3.3. A 500-V d.c. shunt motor has a rated output at the coupling of 40 kW when
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running at 500 rev/min, the efficiency then being 90%. The armature- and field-
circuit resistances are 0.23 Q and 400 Q respectively. The following magnetisation
curve was taken when running as an open-circuited generator at 600 rev/min:

Field current 025 0.5 0.75 1.0 1.25 1.5 A
Generated e.m.f. 170 330 460 531 572 595V

Determine, at the rated condition:
(a) the armature current;
(b) the electromagnetic torque;
(c) the loss torque.

Find also the additional field-circuit resistance necessary to give a speed of
1200 rev/min, the armature current and loss torque being assumed constant and
rated voltage being applied. What will be the output power at this condition?

T3.4. Derive the speed/torque expression for a d.c. machine. Hence explain the
various methods of controlling the speed of such a motor, commenting on their
advantageous and disadvantageous features.

A d.c. generator at its normal rating gives an output of 100 kW at 500 V when
driven at 500 rev/min. It is to be run as a motor from a 500-V supply at a speed of
750 rev/min, the additional cooling at this speed permitting an armature-current
increase of 10% above the rated value. Calculate the electromagnetic torque the
motor will develop under this condition. What value of flux is necessary and what
total mechanical power will the motor produce? Express this flux, torque and power
as fractions of rated flux, torque and power. The armature resistance is 0.15 Q.

T3.5. A d.c. motor has a full-load armature rating of 7.5kW, 220V, 45 A at
800 rev/min. The armature resistance is 1. Determine the mechanical loss torque
and assume this is constant, independent of speed. The mechanical load torque has
a characteristic such that beyond 800 rev/min, it falls off inversely as speed; i.e., a
constant-power law. Determine the percentage of rated flux required to increase the
speed to 2400 rev/min, and the corresponding value of armature current.

T3.6. Derive expressions for armature current and flux for operation of a d.c.
motor at any specified voltage, speed, electromagnetic torque and armature-circuit
resistance.

A 500-V, d.c. motor at rated load runs at 1500 rev/min and takes an armature
current of 50 A. The armature resistance is 0.5 Q and the shunt-field resistance is
200 Q. The mechanical loss torque is 5 Nm. Determine:

(a) The electromagnetic torque, the mechanical output and the efficiency.

(b) The electromagnetic torque when the flux is weakened to give a speed of
2000 rev/min with armature current allowed to increase by 25%.

(c) The armature current and per-unit flux (ky/Kks(aeq)) required to sustain opera-
tion at 1000 rev/min with terminal voltage halved and armature-circuit resis-
tance doubled. Assume the total mechanical torque is proportional to (speed)’.
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T3.7. A d.c. generator has R, =10 and R;=480 (). Its o.c. characteristic is as
follows:

Field current 0.1 0.2 0.4 0.6 A
Generated e.m.f. 85 160 233 264 V

The machine is to be run as a motor from 230 V with an armature current of 30 A.
Find:
(a) The additional resistance in the field circuit to give a speed of 750 rev/min.

(b) The additional resistance in the armature circuit to give a speed of 300 rev/min
when the field winding is connected directly across the 230-V supply.

(c) The resistance in parallel with the armature terminals, but otherwise as in
condition (b), to give a speed of 200 rev/min. What will then be the supply
current?

T3.8. A d.c. series motor was run at constant speed of 1500 rev/min, with varying
voltage and load to give the following points:

Terminal voltage 61 71 81 93 102.5 110V
Current 1.39 168 198 242 287 322A
If the motor is supplied at 110 V, calculate the speed/torque curve:
(a) with the natural armature-circuit resistance of 7.4 );
(b) with an additional series resistor of value 30 ).

What is the torque at 1500 rev/min in each case and what is the operating mode
when the speed goes negative in case (b)?

T3.9. A d.c. series motor was run at 500rev/min when the following mag-
netisation characteristic was taken:

Field current 5 10 15 20 25 30A
Generated e.m.f. 192 276 322 356 384 406 V

The armature and field resistances are each 1. The motor is connected in series
with a resistor of 20 Q across a 420-V d.c. supply. Across the armature terminals is
a further, diverter resistor of 21 ). Calculate the speed/torque curve with this con-
nection and show the currents and voltages at the various points in the circuit when
the field current is 20 A. For what purpose would this characteristic be useful?

T3.10. A d.c. series motor of resistance 0.12) has a magnetisation curve at
750 rev/min as follows:

Field current 50 100 150 200 250 300 A
Generated e.m.f. 110 220 300 360 400 420V

The motor is controlling a hoist in the dynamic-braking connection. Determine the
resistance to be connected across the machine terminals so that when the overhaul-
ing torque is 1017 Nm, the speed is limited to 500 rev/min. How much extra
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resistance will be required to maintain this speed when the total torque falls to
271 Nm?

If the drive is now changed to hoisting with this last resistor in circuit and a
supply voltage of 400 V, what will be the operating speed for a motoring torque of
271 Nm?

T3.11. The d.c. series motor of T3.8 is to be braked from the full-load motoring
condition (110 V, 1500 rev/min). If the initial braking current is to be limited to twice
the full-load value of 3.22 A, what resistor would have to be inserted in series with
the armature:

(a) for rheostatic (dynamic) braking;
(b) for plugging (reverse-current) braking?

At what speed, in each case, would the braking torque be equal to the full-load
value?

T3.12. Illustrate on a 4-quadrant diagram, the various methods of electrical
braking using the following data for a separately-excited d.c. machine:
Rating: 500 V, 50 A, 500 rev/min
Armature resistance 0.5 ()
Rated flux maintained throughout.
Calculate the speed/torque equations for:

(a) regenerative braking into rated voltage supply;

(b) reverse-current braking with the same supply and an additional 10 Q limiting
resistor;

(c) rheostatic braking with a 5-0) external limiting resistor.

At what speed in each case will full-load torque be developed? Comment on the
special features of each mode, pointing out the advantages and limitations. See also
the second part of Tutorial Example Té6.5.

T3.13. A 500-V, separately-excited d.c. motor takes an armature current of 100 A
when driving its mechanical load at rated speed of 600 rev/min. The total mechani-
cal torque as a function of speed is given by the following expression:

T = k[1+ (0n/207) + (0m/207)*] Nm,

where wm is the speed in rad/s. The armature-circuit resistance is 0.4 Q. Calculate
the torque at rated speed and the value of k.

If the speed is increased to 700 rev/min by field weakening, what percentage
change of flux and of armature current would be required? Comment on the
suitability of this method of speed control for this particular load.

T3.14. A d.c. separately excited motor has a per-unit resistance of 0.05 based on
rated armature voltage and current. For the 3rd base quantity in the per-unit
system, take rated flux, which gives rated torque at rated armature current. In the
following, per-unit quantities are being referred to throughout.
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At rated flux and rated torque, what is the rated speed, i.e. when rated voltage is
applied?

The motor drives a load which requires a torque of 0.3 at starting and thereafter
increases linearly with speed reaching 1.0 at rated speed. What is the expression for
this mechanical torque as a function of speed?

Assuming the magnetisation characteristic can be expressed by the following
relationship:

[ = 066
" 1-04¢

where ¢ is the flux, calculate flux, field current and armature current for the
following conditions:

(a) Voltage = 0.5, speed =0.5.
(b) Voltage = 1.0, speed = 1.2.
(c) Voltage = 0.5, speed = 0.4 and total armature-circuit resistance = 0.15.

T3.15. A separately excited d.c. motor is permanently coupled to a mechanical
load with a total characteristic given by T = 0.24+ 0.8wm per unit. T is unity at
rated speed where rated flux and armature current are required to produce the
corresponding T. at rated voltage. Per-unit R, based on the rated terminal voltage
and armature current is 0.05. Per-unit speeds are based on the speed at rated
voltage and flux with zero torque. The required portion of the magnetisation curve
of per-unit flux against per-unit field current may be taken as a straight line passing
through ¢ = 0.6, Iy =0 and ¢ = 1.0, It = 1.0. Calculate the per-unit field and arma-
ture currents to sustain operation at:

(a) half rated voltage and speed;

(b) rated voltage and speed of:
(i) 0.74 per-unit;
(ii) 1.25 per-unit.
(If per-unit ideas are insecure, take rated V as 100V, rated I, as 100 A (i.e.
R.=0.05Q), rated speed as 100rad/s (955rev/min) and hence Keaea =
(100 — 100 x 0.05)/100 = 0.95 Nm/A.)

CHAPTER 4. INDUCTION MACHINES

For this chapter, the approximate equivalent circuit will normally be used unless
specifically stated otherwise. If no data given for the magnetising branch they may be
discounted. Also, mechanical loss will be neglected unless the data include this.

T4.1. The primary leakage-impedance per phase of a 3-phase, 440-V, 50-Hz,
4-pole, star-connected induction machine is identical with the referred secondary
impedance and is equivalent to a 1-{) resistor in series with a 10 mH inductor. The
magnetising impedance may be considered as connected across the primary ter-
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minals and consists of a 300- resistor in parallel with a 200 mH inductor. Calculate,
for a slip of 0.05:

(a) the input current and power factor;

(b) the electromagnetic torque;

(c) the mechanical output-power if the mechanical loss-torque is 1 Nm;
(d) the efficiency.

If the mechanical load-torque were to be increased from this figure, at what speed
would the motor begin to stall?

T4.2. A 3-phase, 440-V, 50-Hz, 4-pole, star-connected induction machine gave the
following line-input readings during parameter tests:

Locked rotor (short circuit) 120V 25 A 2.0 kW
No-load (running uncoupled) 440 V 8V 1.5 kW

Separate tests determined the friction and windage loss as 600 W.

Using the approximation that the magnetising branch is connected across the
terminals, deduce the value of the equivalent-circuit parameters, dividing the
leakage impedance equally to give identical stator and (referred) rotor values. Note
that the mechanical loss must be deducted from the no-load input before calculating
Rm and X

(a) At the full-load slip of 4% determine the input current and power factor, the

rotor (referred) current, electromagnetic torque, output power and efficiency.

(b) What is the starting torque at full voltage and the ratio of starting to full-load

current?

T4.3. Using the data for the machine of the last question, calculate at a speed of
1560 rev/min:

(a) the stator current and power factor;

(b) the rotor current;

(c) the electromagnetic torque;

(d) the mechanical coupling-power;

(e) the efficiency.

Repeat the calculations using the same parameters in the “‘exact” circuit and draw
a power-flow diagram similar to that of Example 4.7 to illustrate this operating
mode.

From the “exact’ circuit calculate the self-inductance of the stator and rotor and
the mutual inductance, all referred to the stator winding, for the condition with all
three phases excited with balanced currents.

T4.4. A 50-Hz, 6-pole, wound-rotor induction motor has a star-connected stator
and a delta-connected rotor. The effective stator/rotor turns ratio per phase is 2/1.
The rotor leakage impedance at standstill is 0.36 + j1.5 €1, the corresponding figure
for the stator being 1.4+ j7 () per phase.
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If the impressed stator voltage is 220 V/phase, calculate:
(a) the actual rotor current at starting;
(b) the actual rotor current when running at 960 rev/min;

(c) the initial rotor current when, from condition (b), the stator supply sequence,
(and hence the rotating field) is suddenly reversed;

(d) the electrical input power for condition (c) and the mode of operation;

(e) the required resistance in series with the slip rings, to give maximum torque at
starting.

Note: for convenience, refer all quantities to the rotor winding.

T4.5. Determine the value of the starting torque and the maximum torque (in
terms of the full-load torque) for an induction motor with a full-load slip of 4%. The
primary and secondary leakage reactances are identical when referred to the same
winding and the leakage reactance is five times the resistance. Note: use L’Ryfs
ratios so that any constants will cancel.

T4.6. In a certain 3-phase induction motor, the stator and referred-rotor im-
pedances are identical, the leakage reactance being four times the resistance.
Determine the effect on the starting torque, the speed at which maximum torque
occurs and the maximum torque itself of doubling:

(a) the rotor resistance;
(b) the stator resistance.

Hence sketch the shape of the three speed/torque curves corresponding to
normal operation, condition (a) and condition (b). Note: let Ri=R;=R and
x1 = x5 =4R, then use ratios of the appropriate expressions.

T4.7. On locked-rotor test, an induction motor takes three times full-load current
(3 per-unit), at half rated-voltage. The motor has a full-load slip of 4% and is to be
started against a load requiring 1/3 of full-load torque. An auto-transformer is used
to reduce the motor terminal voltage at starting so that it is just sufficient to meet
this requirement. What percentage tapping will be necessary and what will then be
the supply current expressed in per unit?

Note: if the ratio of starting torque at full voltage to rated torque is expressed in
terms of the appropriate I:’Ra/s ratios, the value of the per-unit starting torque will
be given in terms of per-unit current and full-load slip. Hence the required starting
current in per-unit for the reduced starting torque and the transformer tapping will
follow.

T4.8. The speed/electromagnetic-torque curve for a 50-Hz, 4-pole induction
motor at rated voltage is given by the following points:

Speed 1470 1440 1410 1300 1100 900 750 350 Orev/min
Torque 6 12 18 26 30 26 22 14 10Nm
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The mechanical load it drives requires a torque of 14 Nm and the mechanical loss
torque can be taken as 1 Nm. What is the speed at normal voltage?

It is required to reduce the speed to 1200 rev/min. Assuming that the load and loss
torques do not change with speed:

(a) What voltage reduction would be required?

(b) What percentage increase in rotor resistance would be required if the voltage
was left unchanged?

Comment on these two methods of achieving this speed reduction.

T4.9. A 3-phase, 440-V, 50-Hz, 6-pole, delta-connected induction motor drives a
fan at 920 rev/min when supplied at rated voltage. The motor has a high-resistance
speed/torque characteristic and the following equivalent-circuit parameters:

Ri=8Q, Ri=16Q, x;=x3=124.

Assuming the total mechanical torque varies in proportion to the square of the
speed, what supply voltage would be required to run the fan at 460 rev/min and
what will then be the rotor current and copper loss?

As an alternative, calculate the required extra rotor-resistance to get half speed
with full voltage. Calculate the rotor current and copper loss to compare with the
previous method. Refer also to T4.20.

T4.10. A certain 3-phase induction motor on locked-rotor test takes full-load
current at a power factor of 0.4 lagging from a normal-frequency supply. If the
motor is operated with a 30% reduction in both voltage and frequency, estimate the
new starting torque and maximum torque in terms of normal values. Sketch the two
speed/torque curves for comparison. Assume the impedance is divided equally
between stator and (referred) rotor.

Note: take R;+R5=0.4 and x;+x} as sin(cos™' 0.4) and use ratios from ap-
propriate expressions.

T4.11. A 3-phase, 440-V, 50-Hz, 6-pole, star-connected induction motor has the
following equivalent-circuit parameters at normal supply frequency:

Ri=0.280, Ri=0.18Q, xi=x3=0.58 per phase.

The machine is run up and controlled from a variable-frequency supply, the voltage
of which is directly proportional to the frequency up to 440 V at 50 Hz. Find the
supply frequency which gives maximum torque and compare the value of this
torque with the starting torque at rated voltage and frequency.

Note: set voltage, synchronous speed and reactances at kV, kos and kx respec-
tively in the approximate-circuit expressions, then differentiate with respect to k.

T4.12. For a certain 3-phase induction motor, R, + jxi = R4+ jx} and x:/Ry =3 at
normal frequency. Calculate speed/torque coordinates at zero torque, maximum
motoring torque and at zero speed for the following conditions:

(a) rated voltage V and rated frequency f;
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(b) rated voltage V/3 and rated frequency f/3;
(c) V/3 and f;
(D V  and 1.5f.

Express speeds as fractions of rated synchronous speed and torques as fractions of
the maximum torque at rated voltage and frequency.

Note: use equations (4.5), (4.12) and (4.13) with Ri=R4=R and x; = x5=3R at
normal frequency. Using torque ratios will permit common terms to cancel. § values
will be with respect to the actual supply frequency.

T4.13. Sketch the speed/torque characteristics for an induction motor drive
supplied from a variable-frequency source, explaining why it is desirable to main-
tain a particular relationship between supply voltage and frequency.

A 3-phase, 400-V, 50-Hz, 6-pole, star-connected induction motor has leakage
impedances z;=12z}=0.15+j0.75Q per phase at rated frequency. Calculate the
torque at rated voltage and frequency for the rated slip of 3%.

If the same torque is required at starting and also at 750 rev/min, to what values
must the supply frequency and voltage be adjusted if the machine flux-per-pole is to
be the same as at the rated condition?

T.14. A 3-phase, 50-Hz, 4-pole induction motor at rated voltage and frequency
has the speed/torque characteristic given in Example 4.9. The motor is controlled to
maintain the flux-per-pole-constant at any particular torque. Estimate the frequency
required to produce:

(a) maximum torque at starting;
(b) a speed of 750 rev/min with a torque of 9 Nm.

T4.15. Show that if rotor leakage reactance is neglected, maximum torque for a
constant-current induction motor drive occurs when the rotor current and mag-
netising current are equal in value at Ii/V/2. Show also that for maximum torque
during a constant-current acceleration, the rotor frequency must be constant.

Using the data from T4.1, but neglecting the magnetising resistance, calculate the
maximum torque:

(a) with rated voltage and frequency applied—use the approximate circuit;

(b) with a constant-current drive at a (referred) rotor current corresponding to

that of condition (a), including x} and:
(i) neglecting saturation of Xn;
(ii) assuming saturation reduces X to (62.8)/3 Q per phase.

T4.16. A 3-phase, 660-V, 50-Hz, 4-pole, delta-connected induction motor has
21 =23 =0.15+j0.75 Q per phase at standstill. The full-load slip is 3%. Compare the
torque developed at full load with that developed immediately after making the
following alternative changes from the full-load condition:

(a) reversal of two primary-supply leads;
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(b) disconnection of a.c. supply from primary and replacement by a d.c. voltage
across two lines, previously adjusted so that the same air-gap flux will exist as
before the changeover.

What is the initial per-unit current in each case, based on full-load current?

T4.17. A 3-phase, 1100-V, 50-Hz, 6-pole, star-connected induction machine when
operating at full load as a motor running at 980 rev/min takes a total current of
113.5—j76.3 A per phase. The current through the magnetising branch —3.8—
j59.3 A per phase, with the terminal voltage as the reference phasor. The primary
and (referred) secondary impedances are of equal value at standstill at 0.1+ ;0.4 )
per phase.

Derive the equivalent circuit for the d.c. dynamic braking condition and add an
extra rotor (referred) resistance of 3.5 Q) per phase. What is then the electromag-
netic torque when changed over from motoring, assuming the air-gap flux is
unchanged?

To maintain this air-gap flux what is the required stator current: (a) in a.c. terms
and (b) in d.c. terms; two of the phases being connected in series for d.c. excitation
purposes? What excitation voltage would be required?

Calculate also the speed at which maximum torque occurs when dynamic braking
and the ratio of this torque to that which occurs immediately after changing over the
connections from rated motoring load.

T4.18. A 3-phase, 400-V, 50-Hz, 4-pole, star-connected, double-cage induction
motor has the following equivalent circuit parameters per phase at standstill:

Primary 0.0625+j0.25 per-unit,0.5+j2Q;
Outer cage 0.25+0.075 per-unit,2 +j0.6;
Inner cage  0.0375+j0.3125 per-unit, 0.3 +j2.5 Q.

The per-unit impedances are based on rated voltage and any convenient output, say
20kW, for which the ohmic impedances are shown (base impedance = 8 §2). Cal-
culate the per-unit starting torque and also the mechanical power when the speed is
1410 rev/min. Use per-unit values in the calculation but check the answers using
real values.

T4.19. Solve the single-phase induction-motor problem of Example 4.18 for a slip
of 0.03, using the exact equivalent circuit though neglecting the very small effect of
Ru;ie. Xn/2=209Q, R3/2=0.1Q, x3/2=05Q.

Note: combine the primary, forward-circuit and backwards-circuit impedances in
series to determine the total current. Hence follow the e.m.f.s Er and E, and the
currents If, I, Imr and Imp,. Compare answers with those from the approximate circuit
in Example 4.18. The calculation of the torque pulsation will be deferred to Tutorial
Example T7.6, which could be referred to with advantage.

T4.20. Consideration is to be given to controlling the fan-motor drive of Tutorial
Example T4.9 by means of a slip-power recovery scheme to compare the per-
formance. The rotor power-factor at 460 rev/min is to be unchanged but the
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impedance drop of the equivalent circuit, which previously was supplied entirely by
the stator voltage (121.8 V), will now be provided by rated voltage V, (440 + j0) —
Vi/s; eqn (4.19). Vi will have to be in phase with V, if there is to be no change of
power factor. The value of the current will be less however because the torque
expression is different, eqn (4.20). Determine V3 and this new current, the VA, the
corresponding rotor copper-loss and the slip power recovered, 3(V3I}cos ¢3). Also
determine the maximum VA rating of the injected-power source to give speed
control over the whole range to zero speed. Compare, on a phasor diagram, the
three methods of speed reduction.

T4.21. Show that the linear speed of a rotating field at frequency f, number of
pole pairs p, pole pitch 7 = wd/2p m is v = 27f m/s. Hence determine the pole pitch
of a linear induction motor required to have a speed of 200 miles per hour with a
slip of 0.5, from a 50-Hz supply.

CHAPTER 5. SYNCHRONOUS MACHINES

Unless specifically stated otherwise, the following problems will assume that the
air gap is uniform, and that resistance and mechanical losses are neglected.

T5.1. A 3-phase, 3.3-kV, 50-Hz, 6-pole, star-connected synchronous motor gave
the following test points when run at synchronous speed as a generator, on open
circuit and then on short circuit:

Open-circuit test Line voltage 2080 3100 3730 4060 4310V
Field current 25 40 55 70 90 A
Short-circuit test  Armature current 100 A with field current = 40 A.

The armature leakage impedance and all power losses may be neglected.

Calculate the excitation current required at rated voltage and frequency when
operating with a mechanical output of 500 kW and an input power factor of 0.8
leading. Allow for the saturation of the magnetising reactance Xmu( = Xsu since xai = 0).

What overload torque, gradually applied, would pull the machine out of synchronism
with this calculated field-current maintained? What then is the permissible overload in
per unit based on full-load torque? (Overload = Max./Rated.)

T5.2. Recalculate the answers for Examples 5.5 and 5.6 where appropriate but
neglecting the resistance to check the errors in the approximation.

TS.3. A 3-phase, 500-kVA, 6600-V, 50-Hz, 6-pole, star-connected synchronous
motor has a synchronous impedance per-phase which can be taken as j70 (. At its
normal rating, the motor is excited to give unity power-factor at the input terminals.
Find:

(a) the rated current;
(b) the e.m.f. behind synchronous impedance (Ej);
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(c) the rated electromagnetic torque;
(d) the pull-out torque with excitation as in (b);

(e) the required increase in excitation (Ef) which will just permit an overload
margin of 100% before pulling out of synchronism;

(f) the load angle, armature current and power factor if this excitation is
maintained at rated load.

T5.4. A 3-phase, 6600-V, star-connected synchronous motor has a synchronous
impedance of (0 + j30) 1 per phase. When driving its normal load, the input current
is 100 A at a power factor of 0.9 lagging.

The excitation is now increased by 50% above the value required to sustain the
above condition, the mechanical load being unaltered. What changes in machine
behaviour will take place?

With the new excitation, to what value and power factor will the armature current
settle down if the mechanical load is removed altogether?

T5.5. A 3-phase, 11-kV, 50-Hz, 6-pole, star-connected synchronous motor is rated
at 1 MVA and power factor 0.9 leading. It has a synchronous impedance which may
be taken as entirely inductive of value j120 ( per phase. Calculate the rated current,
the e.m.f. behind synchronous impedance, the electromagnetic torque and the
output hp.

Calculate the new values of armature current and excitation required to give
operation at rated power but at 0.8 p.f. lagging. Express these values as fractions of
rated values.

With the same excitation and armature current, at what power and power factor
would the machine operate if running as a generator?

Note: use the cosine rule on the voltage triangle.

T5.6. Make a concise comparison of synchronous- and induction-machine per-
formance features.

A 3-phase, 1000-kV A, 6.6-kV synchronous motor operates at unity power-factor
when at its rated load condition. Its synchronous impedance can be taken as j40 )
per phase. Determine the e.m.f. behind synchronous impedance.

For a 50% change of this excitation voltage (both increased and decreased
values), what changes would take place in the motor performance?

T5.7. A 3-phase, 440-V, 50-Hz, 6-pole, star-connected synchronous motor has a
synchronous impedance of (0+ j10) ( per phase. At its normal rating, the armature
current is 20 A and the power factor is 0.9 leading. The load torque is slowly
increased from this condition to 300 Nm. By what percentage must the excitation be
increased to avoid pulling out of step with this load torque?

T5.8. A round rotor machine has 3-phase windings on stator and rotor, the stator
being connected to the 3-phase mains. Explain briefly why the machine will work in
the induction mode at all speeds other than one particular value, with the rotor short
circuited, whereas, in the synchronous mode, this speed is the only value at which it
will operate when the rotor is d.c. supplied.
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A 3-phase, 6.6-kV, star-connected synchronous motor has a synchronous
impedance of (0+ j48) 2 per phase, and is running at its rated output of 650 kW.
What will be the input current and power factor when the excitation is so adjusted
that the e.m.f. behind synchronous impedance is 1.5 times the applied voltage?

If the supply voltage was to suffer a fall of 50%, would you expect the machine to
continue supplying the load at synchronous speed? Would the reaction to this
voltage fall have been generally similar if the machine had instead been motoring in
the induction mode? Give reasons for your answers.

T5.9. Solve the numerical examples of T5.2 to T5.8 using the phasor loci and
operating charts as in the solution of Example 5.16. Note that the Examples 5.5 to 5.7,
for which the resistance was included, can also be solved by this method but with
V/(Ra+jX;) defining the circle centre, the excitation term drawn from this being
Et/(Ra +jXo).

T5.10. A 3-phase, 3.3-kV industrial plant has the following induction-motor drives:
IM 1 IM 2 IM3

Rated output 50 100 150 kW
Full-load efficiency 93% 94% 94.5%
Full-load power factor 0.89 0.91 0.93

A star-connected synchronous motor rated at 150 kVA is to be installed and is to be
overexcited to improve the overall plant power factor to unity when all machines
are operating at their full ratings.

What is the required excitation in terms of the e.m.f. (E¢) if Z;=0+j50) per
phase? What power output will the synchronous motor be delivering if its efficiency
is 95%"?

T5.11. A 3.3-kV, 3-phase industrial installation has an overall power factor of 0.88
lagging. A 200-kVA synchronous motor is added to the system and is run at zero
power factor and slightly reduced rating to provide power-factor correction only.
The total load is then 350 kVA at unity power factor.

If it was decided to run the synchronous machine at its rated kVA and use it as a
source of mechanical power, what gross mechanical power would it produce with
the overall power factor of the installation at:

(a) unity;
(b) reduced to 0.96 lagging?

Note: Ips and Ios are both unknowns but are the quadrature components of the
rated synchronous machine current Is.

T5.12. Convert eqn (5.12) to an expression giving the total torque in per-unit for
any frequency, k times the base frequency at which Er and X; are specified. It will
be the same form as eqn (5.20) except for a factor —sin(d — ) multiplying the first
term and with the factor k as a divisor.

Refer to the above equation and the preamble before Example 5.15, using the
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same values of R, and X; as in this example, to determine the required excitation
(E¢) in per unit when operating at rated frequency, rated voltage and current and a
power factor of 0.8 leading. If the load is increased slowly, what maximum value of
electromagnetic torque with the corresponding current will be reached before
pulling out of synchronism?

What value of terminal voltage would be required, with the excitation maintained,
to sustain this maximum torque when (a) k= 0.3, and (b) k=0.1?

T5.13. Solve Tutorial Examples T5.3 to T5.8 using the current-source equivalent
circuit of Fig. 5.3¢c and the sine or cosine rules, where appropriate.

T5.14. A salient-pole synchronous motor has V = 1 per unit, X4 = 0.9 per unit and
Xq=0.6 per unit. Neglect R.. The current is 1 per unit at power factor 0.8 leading.
Calculate the required excitation, power and torque in per unit and also the
components Iy and I,. What is the maximum torque?

Note: refer to the equations in Example 5.21, the phasor diagram of Fig. 5.4a and
the relationships I, = I,cos(¢ —8) and Is=I.sin(¢ ~8§), & being negative for
motoring.

T5.15. The same synchronous motor as in the previous question has its e.m.f. Es
reduced to 1 per unit, the power remaining the same. What will now be the load
angle, power factor, I, Is and I,? What will be the maximum torque and its
reduction from the previous maximum value with the higher excitation?

Note: with the data given, for a specified power of 0.8, an explicit solution is not
possible but using eqn (5.19) a simple iteration will quickly produce the value of 8.
Eqgns (5.16) and (5.17) then solve for the currents.

T5.16. Use eqn (5.15), (5.16) or (5.17) as appropriate to check any, or all, of the
various torque calculations for uniform air-gap induction and synchronous machines.

CHAPTER 6. TRANSIENT BEHAVIOUR

Té6.1. Consider an idealised thermal system and a small change of temperature
rise Af taking place in time At. It has a heat source of P watts, a heat storage
capacity of M.S joules per °C, where M = mass in kg and S = specific heat in joules
per kg per °C change, and radiates heat at the rate of K.6 watts per second, where K
has the units of watts/°C and 0 is the temperature rise above the surroundings.
Balance the heat generated in time At against the heat stored and radiated and
hence show that the temperature rises exponentially in accordance with eqn (6.2).

Assuming that an electrical machine can be so represented, calculate the maxi-
mum and minimum temperature rises occurring eventually when it has been
subjected repeatedly to the following duty cycle for an appropriate period:

{a) full-load ON for a time equal to the thermal time constant, 7;
(b) load reduced to zero for a time equal to one half of the thermal time constant.

Express the temperature rises in terms of the final temperature rise 6m which
would occur if the full load were to be left on indefinitely.
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Starting from cold, what would be the temperature rises at times 7, 1.57 and 2.57?
What is the r.m.s. value of the duty cycle in terms of the full-load power P?

T6.2. A 230-V, 50-hp, 935-rev/min, separately-excited d.c. motor has a rated
armature current of 176 A. The armature-circuit resistance is 0.065 €). If a starting
resistance of 0.75 ) is connected in series, what will be the initial starting current
and torque exerted with rated field current maintained?

With a Coulomb-friction load of 271.3Nm and a total coupled inertia of
3.58 kg m%, what will be the final balancing speed and the time taken to reach 98% of
this speed?

If the motor were to be supplied from a constant-current source instead, set at a
value corresponding to the initial starting current above, what would then be the
time to full speed from rest? Explain fully the difference between the two time
periods calculated.

Té6.3. Using the data of Example 6.3, consider the next step of the starting period
when it can be assumed that on current falling to 60 A, the circuit resistance is
reduced so that the current again increases to 80 A. What will be the value of the
total circuit resistance required for this?

Set up the new transient speed equation and find:

(a) the new electromechanical time constant;
(b) the next balancing speed if the resistance is left in circuit.
Neglect the circuit inductance.

T6.4. A 250-V, 500-rev/min d.c. separately-excited motor has an armature resis-
tance of 0.13€} and takes an armature current of 60 A when delivering full-load
power at rated flux, which is maintained constant throughout. Calculate the speed at
which a braking torque equal to the full-load torque will be developed when:

(a) regeneratively braking at normal terminal voltage;

(b) plugging braking but with an extra resistor to limit the initial torque on
changeover to 3 per-unit;

(c) dynamically braking with an extra resistor to limit the peak current to 2

per-unit.

For cases (b) and (c), write down the torque balance-equation and hence find the
maximum total inertia in each case which could be reduced to zero speed in
2 sec, the full-load, friction torque being coupled throughout.

For case (b), what is the total time to reverse to 95% of the final balancing speed
with the extra resistance in circuit? Note the reversal of friction torque with rotation
reversal.

T6.5. For a 3-phase induction motor, express the rotor copper loss as a function
of electromagnetic torque and slip. Noting that Te=J dwn/dt = —Jw,ds/dt (see
Example 6.10), integrate the expression for copper loss over a range of slip and show
that the cnergy dissipated in rotor heat = 3JwX(s\— s;?). Hence show that for

WEEMD - S
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acceleration from zero to synchronous speed with zero load and for deceleration
from synchronous speed to zero under dynamic braking conditions, the energy loss
in rotor heating is equal to the stored mechanical energy in the rotating mass at
synchronous speed. Show also that when plugging from synchronous speed to zero
speed, the rotor heat energy is equal to three times this Kinetic energy at syn-
chronous speed.

Now consider the d.c. separately excited machine under similar conditions. w; is
replaced by the no-load speed wo= V/k¢, and wm = wo(1 —s) where s = LR/(kswo).
Noting also that I, = armature copper loss/LR where LR = V — kywm, use the d.c.
machine equations where appropriate to show that the rotor energy loss is the same
in terms of the kinetic energy, as for the induction machine for the same transient
conditions.

T6.6. A 300-V, d.c. series motor driven at 500 rev/min as a separately excited
generator, with the armature loaded to give the same current as in the field winding,
gave the following characteristic:

Terminal voltage 142 224 273 305 318V
Field current 15 25 35 45 SSA

The field and armature resistances are each 0.15 Q.

The motor is to be braked from normal motoring speed where it is developing an
electromagnetic torque of 300 Nm when supplied from 300 V. An external resistor is
to be inserted to limit the initial current to 5SS A. It can be assumed that on
changeover, the response of flux following the increase of current is completed
before the speed changes significantly so that the e.m.f. rises also.

(a) Determine the speed when motoring at 300 Nm, from 300V, and the cor-
responding values of current and flux (ks).

(b) Calculate the required resistor values for plugging and for dynamic braking.

(c) Estimate the times in (b) for the speed to fall to such a level that the braking
torque is equal in magnitude to the full-load torque, the load torque being
uncoupled, leaving the inertia as 10 kg m’.

Note: the motor curves must be calculated in order to solve part (a) but on
braking, only two specific points are required and the average braking torque can be
used. Nevertheless, it may be a good idea to sketch the braking curves to clarify the
method.

T6.7. Using the data of Example 4.9 and the associated figure, calculate the time
to accelerate from zero speed to 1400 rev/min at full voltage and with the natural
rotor resistance. Take the total drive inertia as 0.05 kg m® as in Example 6.6 and take
points on the curves at speed intervals of 200 rev/min.

T6.8. A 10-pole, 50-Hz induction motor drives a d.c. pulse generator through a
flywheel coupled between the two machines. The pulse requires a motor output
torque of 2713 Nm for 4 sec and the combined inertia of machines and flywheel is
1686 kg m”. The no-load speed of the motor is 597 rev/min and the speed at rated
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torque of 977 Nm is 576 rev/min. Assuming the fall of speed with torque is linear,
what is the peak motor-torque at the end of the load pulse?

T6.9. A mine winder requires the following duty cycle for its d.c. motor:

Time period Condition Torque required

0-20 sec Constant acceleration up to 45 rev/min 2.712x 10° Nm
20-50 sec Constant speed of 45 rev/min 1.356 X 10° Nm
50-70 sec Regenerating with constant torque —0.678 X 10° Nm
70-90 sec Rest period

Plot the torque and power duty-cycles, find the average power throughout the
cycle and draw a line at the appropriate height representing this average power. The
area above (and below) this line represents the magnitude of the energy pulsation in
watt-seconds. If this is provided by the stored energy of the flywheel and inertia of
the motor-generator set supplying the winder motor, then the m.g. set motor will be
shielded from the peak. The m.g. set speed will have to fall, under control, from
to w2 to release this energy of magnitude 3Jwi® —1Jw,® watt-seconds. By equating,
the value of J follows. Determine this inertia if the m.g. set motor speed falls from
740 to 650 rev/min.

What is the peak power when motoring and when regenerating? Neglect machine
losses.

CHAPTER 7. POWER-ELECTRONIC/ELECTRICAL MACHINE DRIVES

T7.1. A d.c. separately excited motor is supplied from a 50-V source through a
fixed-frequency chopper circuit. At normal motor rating the armature current is
30 A and the speed is 1000 rev/min. The armature resistance is 0.2 Q. If the current
pulsations can be taken as relatively small so that the mean current can be used in
calculations, what is the required duty-cycle ratio of the chopper if the motor is to
operate at a mean torque corresponding to the full rating and at a speed of
400 rev/min?

T7.2. A battery-driven vehicle is powered by a d.c. series motor. The time-
constant of armature and field together is 0.2 sec, the resistance being 0.1 Q. At a
speed of 1000 rev/min, the mean generated volts/field A over the operating range of
current is 0.9. A fixed frequency, 200-Hz chopper is used to control the speed and
when this is 1000 rev/min, the mark : space ratio is 3:2. The battery voltage is 200 V.
Find the maximum and minimum values of the current pulsation and hence
determine the mean torque and power output if the mechanical losses are 1000 W.

T7.3. On a thyristor converter/d.c. machine system, the converter mean voltage
falls from 500 V on no load to 460 V when delivering 100 A, there being no gate
firing delay. The d.c. motor has an armature resistance of 0.3 Q. Determine the
required firing-delay angle « under the following conditions:
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(a) As a motor taking 50 A and excited to produce an e.m.f. En =400 V.
(b) As a motor at normal rating, 460 V, 100 A, 1000 rev/min. Calculate k.
(c) Regenerating at rated terminal-voltage and current.

(d) Motoring at half-speed, the total torque being proportional to (speed)’ and the
flux being set at rated value.

If speed increase is required by field weakening, what permissible torque can the
motor deliver at 1250 rev/min without exceeding rated current and what would then
be the flux in per unit? The firing-delay angle is 0°.

T7.4. Referring to Figs. 7.10 and 7.11, the induction machine equivalent circuit
parameters at S50 Hz are as follows:

Ri=67Q, Ri=77Q, Lu=L{%=0436H, M'=041H,
xi=x:=w(lu—-M)=8.168 Q.

Values are per phase, with all phases excited. The motor is 4-pole, 50-Hz and
star-connected, the rated line voltage being 220 V.

For reference purposes and to relate the normal values to Figs. 7.10 and 7.11, first
use the exact equivalent circuit to work out the rated input current, power factor,
rotor current and electromagnetic torque at a slip of 0.06. Also estimate the
maximum torque from the approximate circuit and express this in per-unit based on
the rated torque. This will help to explain the behaviour on Fig. 7.11 when the motor
pulls out of synchronism.

The motor is now to be supplied from a quasi-square-wave, voltage-source
inverter as shown on Fig. 7.4, with a d.c. link voltage so adjusted that the r.m.s.
value of the fundamental of phase-voltage waveform is the same as its rated
sinusoidal voltage. Determine the d.c. link voltage required.

Using the method described in Section 7.3 culminating in eqn (7.10), estimate the
value of the 6th-harmonic torque pulsation as a function of time. Compare this with
the value measured from Fig. 7.10 which is based on 1 per-unit torque = 1.9 Nm and
1 per-unit current = 1.3 A. (The computed peak value of pulsation is +0.327 Nm.)

T7.5. The cylindrical-rotor synchronous machine of Example 5.15 (and Tutorial
Example T5.12) is provided with load-angle (8) control through a position detector.
By differentiating the torque expression of eqn (5.13) determine the angle at which &
must be set to produce maximum torque:

(a) at rated voltage and frequency;

(b) at 0.3 x rated frequency;
(c) at 0.1 x rated frequency.

Use eqn (5.13) modified to per-unit terms and expressed for any frequency,
k X the base frequency at which E;and X; are specified.

Check the value of a =tan™' R./kX; at each frequency and show that § — & is
—90° at maximum torque for parts (a), (b) and (c).

Check also, using the answers to T5.12 for V and E, that the maximum torque
for ‘(b) and (c) is the same as for (a) if the excitation is maintained at the part (a)
setting.
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T7.6. For this problem, reference back will be necessary to Example 4.18,
Tutorial Example T4.19, eqn (7.9) in Section 7.3 and the general approach of Tutorial
Example T7.4. Use the answers obtained in Tutorial Example T4.19 shown on Fig. T7.6
below, to calculate the average torque and the plusating torque for the single-phase
induction-motor operation. The average torque is due to the reaction of It with Iy,
minus the reaction of I» and Lm,. The pulsating torque is due to the reaction of It with Ly,
plus the reaction of I, with I.«. Compare the average-torque answer with that obtained
in T4.19 and express the pulsating torque as a fraction of the average torque.

I,

02 |l 1. 1,

v, 20 0.170.03

I,-103.2 A
0.1/197

wt

wt

V,=440

1,2,

Ine=17.2 I,=101.9 A E,- 5.8 /477

€,- 343.3 [-18%9

\1,= 105.8 [-36%6

Fi1G. T7.6.

T7.7. A single-phase a.c. load is connected through a bilateral thyristor-type
semi-conductor switch. It conducts if the voltage across it is 1 V or more, in either
direction, and the time angle (8 = wt) of the sine-wave supply voltage e = E sin wt,
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is greater than the firing-delay angle a measured from voltage zero for the positive
halfwave, and greater than (m + a) for the negative half wave. Draw up a logic-
check diagram, similar to that of Example 7.5, which will check the conduction
condition.

Consider how this could be applied to a star-connected 3-phase source supplying
a 3-phase star-connected induction motor which is voltage controlled for speed
variation.
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T2.1. Primary 400 turns; Secondary 14 turns per section.

T2.2. (a) Ny= 1800, N,=312, N3=12. (b) =9 A, cos¢ =0.845, 1030kVA,
870 kW.

T2.3. cos ¢ = 0.986 lead; 0.101 per-unit at 80°5 lag.

T24. (a)96V,25.1V,-52.5V. (b)98.2% and 98.559% at u.p.f. (c) 98.56%. (d)
Iy=0.106—-j0.28 A. (e) 14.78 A at 0.79 p.f., L= 1452 A.

T2.5. Answers are on attached figure.

16.14 /-38° 15.75 A
- -\ 4>
048 A 610 B3

6351vV| 0.3 0.46
6101V 634V
50.4 1372kl
kQ

FiG. T2.5.

T2.6. 95.71%; 96.53%.

T2.7. (a) In=1sx0.827/112%7, transformer A is working with reverse power flow.
(b) In = Is X 0.7/0°.

T2.8. Lo = 1670/—-3825; circulating current = 179.4/-83%7, terminal voltage in-
creased from 381.8 line V to 392.3 line V.

T2.9. 95.3%.

T3.1. ker =9.068 Nm/A, Tioss = 24.7 Nm. (a) I;=0.9,55.6 Q. (b) 525 rev/min.
(c) 553 rev/min. (d) = 160 Q. (e) 9.64 0}, 5.2kW (7 hp).

T3.2. 296 rev/min; flux and torque reduced to 29.6% of rated value.

T3.3. (a)87.64A. (b)802.4Nm. (c)385Nm. =990Q. 37.1kW.

T3.4. 1308 Nm, 5.946 Nm/A, 102.7 kW; or 0.588, 0.646, and 0.973 per-unit.
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T3.5. 4.5Nm; 32%; 51.1 A.

T3.6. (a) 151.2Nm, 23kW, 87.5%. (b) 2.238 Nm/A. (c) 32.35 A, 0.687 per-unit.

T3.7. (@)=670Q. (b)2.5290. (c)6.85%,46.5A.

T3.8. (a) 1.77Nm. (b) 0.53 Nm, mode is plugging.

T3.9. wm (rad/s)/ Te (Nm) points —88.5/—36.6, —32.3/309. Remaining answers on
attached figure. Mode gives limited speed on zero load and has some
regenerative capability; see Fig. E.3.17(c).

OA 21 8
ANV

20A 20A

o— A~ Il Lo
208} 12 1
- -— -
420V +20V  -20V
F1G. T3.9.

T3.10. 1.04Q; extra 0.35Q; 865 rev/min. Note: 1017 Nm requires 214 A; 271 Nm
needs 97 A.

T3.11. (a) 6 Q, 750 rev/min. (b) 23 Q, 207 rev/min.

T3.12. (a) wm=>55.12—T./164.6, 553rev/min. (b) wm = —55.12 — T./7.838,
26rev/min. () wm = —Te/14.96, 290 rev/min.

T3.13. 732 Nm, k =244. Flux reduced by 17.5%, armature current increased by
42.5%. Excessive armature current required beyond base speed and exces-
sive flux required if lower speeds are attempted by strengthening the flux
(see also T3.15).

T3.14. 0.95 per unit; Tm=0.3+0.737wn. (a) 0.928, 0.885, 0.72. (b) 0.769, 0.666,
1.54. (c) 1.034, 1.058, 0.575.

T3.15. (a) 0.965, 0.628. (b) (i) 1.725, 0.65. (b) (i) 0.33, 1.694.

T4.1. (@) 14A at 085p.f lag. (b) S1L.SNm. (¢) 7.54kW. (d) 82.6%.
1265 rev/min.

T4.2. Ri=R3i=0.53Q; xi=x4=1280; Ra=215Q; Xn,=32.1Q.

(a) 22 A at 0.86 p.f. lag, 18.1 A, 84.5Nm, 12.1 kW, 84%.
(b) 85.1 Nm, 4.5/1.

T4.3. (a) 21.5 A at 0.837 p.f. lead (“exact” = 19.9 A at 0.821 p.f. lead). (b) 19.6 A
(18.7A). (¢) 96.9Nm (88.9Nm). (d) 16.4kW (15.1kW). (e) 83.5%
(82.4%). L= L% =106 mH, M'=102mH. See flow diagram on Fig. T4.3.
Actual directions shown, values in kW.
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T4.5.
T4.6.
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15.1

Pmech

5i7
0.63+0.87 0.51 0.6

0.517

FI1G. T4.3.

(@)33A. (b) 11.1A. (c) 33.4A. (d) 1.79kW; plugging mode. (e) 0.97 Q.
Tsun =(.298 Tﬂ; Tm“ = 1.405 Tﬂ.

Answers on Fig. T4.6. Torques are expressed in terms of normal peak
torque.

b Speed
per - unit
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T4.7. T,=I?X sax Tq (all in per unit). Tapping at 0.481. Motor current = 2.89 p.u.
and transformer input current = 1.39 p.u.

T4.8. (a) 71.7% voltage reduction (can be estimated by drawing curves). (b) Extra
2.75R:. (See also T4.9 and T4.20.)

T4.9. 6.32Nm at 460 rev/min requires 121.8V and 2.73 A giving 357 W rotor
copper loss; or, extra 465 () (referred) and 0.51 A giving same rotor loss.

T4.10. Answers on Fig. T4.10. Torques are expressed in terms of normal peak
torque.

4 Speed
per —unit

0.455 0.557 09t
FI1G. T4.10.

T4.11. k =0.328 giving V = 144 V and f = 16.4 Hz. Torque = 377 Nm compared with
223 Nm.

T4.12. Answers on Fig. T4.12.

T4.13. 266 Nm; 1.5Hz, 22.6 line V; 39 Hz, 314 line V.

T4.14. (a) 13.3 Hz. (b) 28 Hz (f, = 3 Hz).

T4.15. (a) [1=26.24 A, Tmax =83.7Nm. (b)(i) 393 Nm; (b)(ii) 118 Nm.

T4.16. Rated torque = 1446 Nm; rated current=123 A. (a) T.=0.19p.u. ;=
354pu. (b) T.=134p.u. I}=6.6p.u.

T4.17. Xn=10Q, Te=2722Nm,I5=161 A. (a) = 177A. (b) I&=217A, V4=
43.5 V. Max. torque = 4340 Nm (1.59 x ) at 346 rev/min.

T4.18. T, =0.802 p.u. or 102 Nm. Power = 0.842 p.u. or 16.9kW for T. = 0.896 p.u.

T4.19. Z¢ =3.091 +j0.9903, Z,=0.048+j0.488, Zinpu =3.339+j2.478 = 4.16/36°6.
Remaining answers shown on Fig. T7.6 for Tutorial Example T7.6.
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154
v, 1.5f
$peed 1.335
per - unit
0.469
1.04 vr
0 836
0.836
ol
v
3
v
0.334 33
84
073 Te
ole 4
0.04\ 0354 059 1.0
0.l
FIG. T4.12.

T4.20. Vi=171.8V, I:;=0.758 A, 390VA, Rotor loss=27.6W. Slip-power
recovered = 329.4 W, VA rating from rated I (2.1 A) and max. V5=440V is
2770 VA. Phasor diagrams for comparison on Fig. T4.20.

Reduced Y Ve
—_— 3/s

\0.5 A (Resistance controt)
0.758 A

(Slip — power recovery,

‘—(

2.73 A (Voitage reduction)

FI1G. T4.20.
T4.21. 7= 1.789 m.
T5.1. Xaw=19.10. ks =76.6line V/A, Iy=77.4 A, Max. T.=10620 Nm = 2.22 p.u.
T5.2. —18°7, 31830 Nm, 229 A at 0.95 lead, 6910 line V, 2010 kW. (6) 3750 line V,

95.7 A at 0.998 lead.
T5.3. (a) Lr=43.74A. (b) E;=4888/-38°9 (phase V). (c) 4775Nm. (d)
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T5.4.

Ts.5.

T5.6.

T5.7.
T5.8.

7620 Nm. (e) For 9550 Nm, E¢ = 10.61 kV (line). (f) § = —30°, I, = 48.65 A at
0.898 lead.

— 3 reduced to 29°3 from 47°7. I,reduced to 96 A and power factor to 0.937 lead.
On no load the current becomes 57 A at zero leading-power-factor (sync.
capacitor).

52.49 A, 10.72 kV/phase, 8594 Nm, 900kW. I, becomes 59.1 A and E;
6.05kV. (1.125 p.u. and 0.56 X Efaea).) 900 kW at 0.8 p.f. lead.
E;=5173/-42%, I.x=87.48 A. 1.5E; gives 8 =-26’8 and I.=117.1 A at
0.747 p.f. lead. 0.5 Er requires —sin & > 1 to sustain load, so pulls out of sfep.
Normal pull-out torque = 280.8 Nm so Ef must be increased by 6.8%.

61.5 A at 0.91 p.f. lead —sin 8§ = 0.4775 so would still be <1if V (or Ef) was
halved. For induction motor T = V? so much more sensitive to V reduction.

T5.10. Ios = 24.3 A, Irs = 9.88 A, Power = 53.65 kW, Er=1.66 p.u. (3160 V/phase).

T5.11.

T5.12.

T5.14.

T5.15.

Té.1.

Té6.2.

Té6.3.
Té6.4.

Té6.6.

Té6.7.
T6.8.
T6.9.

T7.1.
T7.2.
T7.3.
T7.4.

T7.5.

At zero load, kVAr= 188.6. (a) 66.7kW. (b) Ios=S5.05A, Ips=34.63 A.
Power = 198 kW.

E;=1.766/—28°; and at Tma = 1.61, § = —87°13, and I, = 1.985/-24%47 A.
(a) 0.363. (b) 0.18.

E;=1.692, Power = Torque in per unit =0.8. Is=0.555, I;=0.832. Tru=
1.955 p.u. = 2.44 X Ty at § = —7572.

§ =-30°1797, I,=0.851 A at 0.94p.f. lag, Ia1=0.1506, Is=0.8379. Tmax =
1.223 p.u., reduction of 37.5%; at & = —68°S.

PAt = MSAO + K6At, v=MS/K, 6n=P/K. 0.813 0m, 0.4938,, 0.6326m,
0.773 6. V2/3.P.

561 rev/min, 2.35 sec. 0.98 sec to full speed—constant torque maintained till
maximum speed reached, so acceleration constant at maximum.

2.063 Q). (a) 1.418sec. (b) 296 rev/min.

(a) S31.7rev/min. (b) 2.6 Q extra, —177.3rev/min, J =34 kgm’, 15 sec
total. (c) 1.89 Q extra, 249.7 rev/min, J = 19.3 kg m>.

(a) 445rev/min, I, =49.5 A, ks = 6.1 Nm/A. (b) 10.45Q and 5Q extra. (c)
0.27 sec and 0.11 sec, to speeds of 363 rev/min and 411 rev/min.

2.58 sec.

1680 Nm.

Average power = 319.6kW. Energy area= 16 770kW sec, J = 24450 kg m’.
1278 kW, —318.5 kW.

8 =0.472.

1259 A to 113.9 A. Mean torque = 123.9 Nm and power output = 11.97 kW.
(a) 29°5. (b) 0°, ker =4.106. (c) 147°. (d) 62?3. 328 Nm at k, = 0.8 p.u.

I =1.286 A, at 47°2 lag; I3=0.882 A; T.=1.907Nm. Max. Te =6.09 Nm =
3.2p.u. D.C. link voltage =282.2V. I{=03095 A, I5=0.158 A, ¢.= 8474,
¢7 = 86°. Torque pulsation = —0.368 sin (6wt + 7°3). Note: approximate circuit
overestimates Imi, mostly explaining discrepancy from computed pulsation of
0.327 Nm.

(a) 8 = —87°13. (b) 6 =—80%53. (c) & =—63%41.
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T7.6. Average torque = 440.96—6.88 =434.1. Pulsation = 439.9 sin 2wt + 26°).
Ratio = 1.013, so pulsation slightly bigger than average value.

T7.7. Answer on Fig. T7.7. For 3-phase motor, each phase would have to be
checked in this way, making appropriate corrections for time-phase shift of
waveforms. At least two thyristor-units must be free to conduct for current
to flow at all. Voltage equations must then be set up in accordance with the

overall conducting pattern.

} -ye conduction

+ve No conduction No conduction

conduction

F1G. T7.7.
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