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Preface

This book deals with the art and science of power system engineering for those engineers who work

in electricity-related industries such as power utilities, manufacturing enterprises, engineering

companies, or for students of electrical engineering in universities and colleges. Each engineer’s

relationship with power system engineering is extremely varied, depending on the types of

companies they work for and their positions. We expect readers to study the characteristics of

power systems theoretically as a multi-dimensional concept by means of this book, regardless

of readers’ business roles or specialties.

We have endeavoured to deal with the following three points as major features of the book:

First, as listed in the Contents, the book covers the theories of several subsystems, such as

generating plants, transmission lines and substations, total network control, equipment-based local

control, protection, and so on, as well as phenomena ranging from power (fundamental) frequency

to lightning and switching surges, as the integrally unified art and science of power systems. Any

equipment in a power system network plays its role by closely linking with all other equipment, and

any theory, technology or phenomenon of one network is only a viewpoint of the profound dynamic

behaviour of the network. This is the reason why we have covered different categories of theories

combined in a single hierarchy in this book.

Secondly, readers can learn about the essential dynamics of power systems mostly through

mathematical approaches. We explain our approach by starting from physically understandable

equations and then move on to the final solutions that illustrate actual phenomena, and never skip

explanations or adopt half-measures in the derivations.

Another point here is the difference in meaning between ‘pure mathematically solvable’ and

‘engineering analytically solvable’. For example, a person (even if expert in transient analysis) cannot

derive transient voltage and current solutions of a simple circuit with only a few LCR constants

connected in series or parallel because the equational process is too complicated, except in special

cases. Therefore only solutions of special cases are demonstrated in books on transient analysis.

However, engineers often have to find solutions of such circuits by manual calculation. As they usually

know the actual values of LCR constants in such cases, they can derive ‘exact solutions’ by

theoretically justified approximation. Also, an appropriate approximation is an important technique

to find the correct solution. Readers will also find such approximation techniques in this book.

Thirdly, the book deals with scientific theories of power system networks that will essentially

never change. We intentionally excluded descriptions of advanced technologies, expecting such

technologies to continue to advance year by year.

In recent years, analytical computation or simulation of the behaviour of large power system or

complicated circuits has been executed by the application of powerful computers with outstanding

software. However, it is quite easy to mishandle the analysis or the results because of the number of

so many influential parameters. In this book, most of the theoretical explanation is based on typical

simple circuits with one or two generators and one or two transmission lines. Precise understanding

of the phenomena in such simple systems must always be the basis of understanding actual large

systems and the incidents that may occur on them. This is the reason why power system behaviour

is studied using small models.
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Introduction

‘Utilization of fire’, ‘agricultural cultivation’ and ‘written communication’: these three items are

sometimes quoted as the greatest accomplishments of humankind. As a fourth item, ‘social
structures based on an electrical infrastructure’, which was created by humans mostly within

the twentieth century, may be added.

Within the last hundred years, we have passed through the era of ‘electricity as a convenient tool’

to the point where electricity has become an inevitable part of our infrastructure as a means of

energy acquisition, transport and utilization as well as in communication media. Today, without

electricity we cannot carry out any of our living activities such as ‘making fire’, ‘getting food and

water’ ‘manufacturing tools’, ‘moving’, ‘communicating with others’, and so on. Humans in most

part of the world have thus become very dependent on electricity. Of course, such an important

electrical infrastructure means our modern power system network.

A power system network can be likened to the human body. A trial comparison between the two

may be useful for a better understanding of the essential characteristics of the power system.

First, the human body is composed of a great many subsystems (individual organs, bones,

muscles, etc.), and all are composed in turn of an enormous number of minute cells. A power

system network of a large arbitrary region is composed of a single unified system. Within this

region, electricity is made available in any town, public utility, house and room by means of metal

wires as a totally integrated huge network.

Generating plants, substations and transmission lines; generators, transformers, switchgear and

other high-voltage equipment; several types of control equipment, protection equipment and

auxiliary equipment; control and communication facilities in a dispatching or control centre; and

the various kinds of load facilities – all these are also composed of a very large number of small

parts or members. Individual parts play their important roles by linking with the rest of the network

system. Human operators at any part of the network can be added as important members of the

power system. We might say that a power system network is the largest and greatest artificial
system ever produced by people in the modern era.

Secondly, the human body maintains life by getting energy from the external environment, and

by processing and utilizing this energy. New cellular tissue is consequently created and old tissue is

discarded. In such a procedure, the human body continues to grow and change.

A power system can be compared in the same way. A prerequisite condition of a power system

network is that it is operated continuously as a single unified system, always adding new parts and

discarding old ones. Since long-distance power transmission was first established about a hundred

years ago, power systems have been operating and continuing to grow and change in this way, and,

apart from the failure of localized parts, have never stopped. Further, no new power system isolated

from the existing system in the same region has ever been constructed. A power system is the

ultimate inheritance succeeded by every generation of humankind.

Thirdly, humans experience hunger in just a few hours after their last meal; their energy storage

capacity is negligible in comparison with their lifetimes. In a power system such as a pumped-

storage hydro-station, for example, the capacity of any kind of battery storage system is a very small



part of the total capacity. The power generation balance has to be maintained every second to

correspond to fluctuations or sudden changes in total load consumption. In other words, ‘Simulta-
neity and Equality of energy generation and energy consumption’ is a vital characteristic of

power system as well as of human body.

Fourthly, humans can continue to live even if parts of the body or organs are removed. At the

other extreme, a minute disorder in cellular tissue may be life-threatening. Such opposites can be

seen in power systems.

A power system will have been planned and constructed, and be operated, to maintain reasonable

redundancy as an essential characteristic. Thus the system may continue to operate successfully in

most cases even if a large part of it is suddenly cut off. On the contrary, the rare failure of one tiny

part, for example a protective relay (or just one of its components), may trigger a kind of domino

effect leading to a black-out.
Disruption of large part of power system network by ‘domino-effect’ means big power failure

leaded by abrupt segmentation of power system network, which may be probably caused by cascade

trips of generators caused by total imbalance of power generation and consumption which leads to

‘abnormal power frequency exceeding over or under frequency capability limits (OF/UF) of

individual generators’, ‘cascade trips of generators caused by power stability limits, Q-V stability

limits or by any other operational capability limits’, ‘cascade trips of trunk-lines/stations equipment

caused by abnormal current flow exceeding individual current capacity limits (OC), or by over or

under voltage limits (OV/UV)’, ‘ succeeding cascade trips after fault tripping failure due to a

breaker set back or caused by mal-operation of a protective relay’ and so on, and may be perhaps

caused as of ‘these composite phenomena’. These nature of power systems is the outcome that all
the equipment and parts of the power system, regardless of their size, are closely linked and
coordinated. The opposites of toughnees with well redundancy and delicacy are the essential

nature of power systems.

Fifthly, as with the human body, a power system cannot tolerate maltreatment, serious system

disability or damage, which may cause chronic power cuts, and moreover would probably causes

extremely fatal social damages. Recovery of a damaged power system is not easy. It takes a very

long time and is expensive, or may actually be impossible. Power systems can be kept sound only

by the endeavours of dedicated engineers and other professional people.

Sixthly, and finally, almost as elaborate as the human body, all the parts of power system

networks today (including all kinds of loads) are masterpieces of the latest technology, based on a

century of accumulated knowledge, something which all electrical engineers can share proudly

together with mechanical engineers. Also all these things have to be succeeded to our next
generations as the indispensable social structures.
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1
Overhead Transmission Lines and
Their Circuit Constants

In order to understand fully the nature of power systems, we need to study the nature of transmission

lines as the first step. In this chapter we examine the characteristics and basic equations of three-

phase overhead transmission lines. However, the actual quantities of the constants are described in

Chapter 2.

1.1 Overhead Transmission Lines with LR Constants

1.1.1 Three-phase single circuit line without overhead
grounding wire

1.1.1.1 Voltage and current equations, and equivalent circuits

A three-phase single circuit line between a point m and a point n with only L and R and without an

overhead grounding wire (OGW) can be written as shown in Figure 1.1a. In the figure, rg and Lg are the

equivalent resistance and inductance of the earth, respectively. The outer circuits I and II connected at

points m and n can theoretically be three-phase circuits of any kind.

All the voltages Va, Vb, Vc and currents Ia, Ib, Ic are vector quantities and the symbolic arrows show

the measuring directions of the three-phase voltages and currents which have to be written in the same

direction for the three phases as a basic rule to describe the electrical quantities of three-phase circuits.

In Figure 1.1, the currents Ia, Ib, Ic in each phase conductor flow from left to right (from point m to

point n). Accordingly, the composite current Ia þ Ib þ Ic has to return from right to left (from point n to

m) through the earth–ground pass. In other words, the three-phase circuit has to be treated as the set of

‘three phase conductors + one earth circuit’ pass.

In Figure 1.1a, the equations of the transmission line between m and n can be easily described as

follows. Here, voltages V and currents I are complex-number vector values:

mVa � nVa ¼ ðra þ joLaagÞIa þ joLabgIb þ joLacgIc � mnVg r

mVb � nVb ¼ joLbagIa þ ðrb þ joLbbgÞIb þ joLbcgIc � mnVg s

mVc � nVc ¼ joLcagIa þ joLcbgIb þ ðrc þ joLccgÞIc � mnVg t

where mnVg ¼ ðrg þ joLgÞIg ¼ �ðrg þ joLgÞðIa þ Ib þ IcÞ u

9
>>>>=

>>>>;

(1.1)
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Substituting u into r, and then eliminating mnVg, Ig,

mVa � nVa ¼ ðra þ rg þ joLaag þ LgÞIa þ ðrg þ joLabg þ LgÞIbþðrg þ jwLacg þ LgÞIc v

Substituting u into s and t in the same way;

mVb � nVb ¼ ðrg þ joLbag þ LgÞIa þ ðrbþ rg þ joLbbg þ LgÞIbþ ðrgþjoLbcgþLgÞIc w

mVc � nVc¼ ðrg þ joLcag þ LgÞIa þ ðrg þ joLcbg þ LgÞIb þ ðrc þ rg þ joLccg þ LgÞIc x

9
>>>>>=

>>>>>;

(1.2)

Now, the original Equation 1.1 and the derived Equation 1.2 are the equivalent of each other, so

Figure 1.1b, showing Equation 1.2, is also the equivalent of Figure 1.1a.

Equation 1.2 can be expressed in the form of a matrix equation and the following equations are

derived accordingly (refer to Appendix B for the matrix equation notation):

mVa

mVb

mVc

�
nVa

nVb

nVc

¼
ra þ rg þ joLaag þ Lg rg þ joLabg þ Lg rg þ joLacg þ Lg

rg þ joLbag þ Lg rb þ rg þ joLbbg þ Lg rg þ joLbcg þ Lg

rg þ joLcag þ Lg rg þ joLcbg þ Lg rc þ rg þ joLccg þ Lg

�
Ia

Ib

Ic

(1.3)

�
raa þ joLaa rab þ joLab rac þ joLac

rba þ joLba rbb þ joLbb rbc þ joLbc

rca þ joLca rcb þ joLcb rcc þ joLcc

�
Ia

Ib

Ic

�
Zaa Zab Zac

Zba Zbb Zbc

Zca Zcb Zcc

�
Ia

Ib

Ic

point m point m point n point n

Ib 

Ic Ic 

Ib 

Ig = – (Ia + Ib + Ic) Ig = – (Ia + Ib + Ic) 

mVa mVa nVa nVa 

mVb mVb 

mnVg 

nVb nVb 

mVc mVc 
nVc nVc 

raa

raa

rcc

rbb

Ia Ia Labg 

Laag 

Laa 

Zac 

Zbc 

Zbb 

Zcc 

Zab 

Zaa 

Lbcg 

Lacg 

earth
surface

outer-circuit I 

outer-circuit II 

outer-circuit I 

outer-circuit II 

ideal ground (equal potential) 
zero impedance 

(b) (a) 

Lg rg

Figure 1.1 Single circuit line with LR constants
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where Zaa ¼ raa þ joLaa ¼ ðra þ rgÞ þ joðLaag þ LgÞ

Zbb; Zcc are written in similar equation forms (1.4)

and Zac, Zbc are also written in similar forms

Now, we can apply symbolic expressions for the above matrix equation as follows:

mV abc � nV abc ¼ Zabc � Iabc (1.5)

where

mV abc ¼
mVa

mVb

mVc

; nV abc ¼
nVa

nVb

nVc

; Zabc ¼
Zaa Zab Zac

Zba Zbb Zbc

Zca Zcb Zcc

; Iabc ¼
Ia

Ib

Ic

(1.6)

Summarizing the above equations, Figure 1.1a can be described as Equations 1.3 and 1.6 or

Equations 1.5 and 1.6, in which the resistance rg and inductance Lg of the earth return pass are already

reflected in all these four equations, although Ig and mnVg are eliminated in Equations 1.5 and 1.6. We

can consider Figure 1.1b as the equivalent circuit of Equations 1.3 and 1.4 or Equations 1.5 and 1.6. In

Figure 1.1b, earth resistance rg and earth inductance Lg are already included in the line constants Zaa,

Zab, etc., so the earth in the equivalent circuit of Figure 1.1b is ‘the ideal earth’ with zero impedance.

Therefore the earth can be expressed in the figure as the equal-potential (zero-potential) earth plane at

any point. It is clear that the mutual relation between the constants of Figure 1.1a and Figure 1.1b is

defined by Equation 1.4. It should be noted that the self-impedance Zaa and mutual impedance Zab of

phase a, for example, involve the earth resistance rg and earth inductance Lg.

Generally, in actual engineering tasks, Figure 1.1b and Equations 1.3 and 1.4 or Equations 1.5 and

1.6 are applied instead of Figure 1.1a and Equations 1.1 and 1.2; in other words, the line impedances

are given as Zaa, Zab, etc., instead of Zaag, Zabg. The line impedances Zaa, Zbb, Zcc are named ‘the self-
impedances of the line including the earth–ground effect’, and Zab, Zac, Zbc, etc., are named ‘the
mutual impedances of the line including the earth–ground effect’.

1.1.1.2 Measurement of line impedances Zaa, Zab, Zac

Let us consider how to measure the line impedances taking the earth effect into account.

As we know from Figure 1.1b and Equations 1.3 and 1.4, the impedances Zaa, Zab, Zac, etc., can be

measured by the circuit connection shown in Figure 1.2a.

The conductors of the three phases are grounded to earth at point n, and the phase b and c conductors

are opened at point m. Accordingly, the boundary conditions nVa ¼ nVb ¼ nVc ¼ 0, Ib ¼ Ic ¼ 0 can be

adopted for Equation 1.3:

mVa

mVb

mVc

�
0

0

0

¼
Zaa Zab Zac

Zba Zbb Zbc

Zca Zcb Zcc

�
Ia

0

0

r

; mVa=Ia ¼ Zaa; mVb=Ia ¼ Zba; mVc=Ia ¼ Zca s

9
>>>=

>>>;

(1.7)

A mVa mVb mVc 

Ia 

Ib = 0 

Ig = –Ia 

Ib = –Ia 

Ia 

Ic = 0 Ic = 0 

Ig = 0 

A

V

(a) (b) 

Figure 1.2 Measuring circuit of line impedance
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Therefore the impedances Zaa, Zab, Zac can be calculated from the measurement results of mVa,

mVb, mVc and Ia.

All the impedance elements in the impedance matrix Zabc of Equation 1.7 can be measured in the

same way.

1.1.1.3 Working inductance (Laa � Lab)

Figure 1.2b shows the case where the current I flows along the phase a conductor from point m to n and

comes back from n to m only through the phase b conductor as the return pass. The equation is

with boundary conditions Ia ¼ �Ib ¼ I; Ic ¼ 0; nVa ¼ nVb :

mVa

mVb

mVc

�
nVa

nVa

nVc

¼
Zaa Zab Zac

Zba Zbb Zbc

Zca Zcb Zcc

�
I

�I

0

Therefore

mVa � nVa ¼ ðZaa � ZabÞI : voltage drop of the phase a conductor between points m and n

mVb � nVb ¼ �ðZbb � ZbaÞI : voltage drop of the phase b conductor between points m and n
r

V ¼ mVa � mVb ¼ fðZaa � ZabÞ þ ðZbb � ZbaÞgI
V=I ¼ ðmVa � mVbÞ=I ¼ ðZaa � ZabÞ þ ðZbb � ZbaÞ ¼ ftwice values of working impedanceg s

9
>=

>;

(1.8b)

Equation 1.8r indicates the voltage drop of the parallel circuit wires a, b under the condition of the

‘go-and-return-current’ connection. The current I flows out at point m on the phase a conductor and

returns to m only through the phase b conductor, so any other current flowing does not exist on the

phase c conductor or earth–ground pass. In other words, Equation 1.8br is satisfied regardless of the

existence of the third wire or earth–ground pass. Therefore the impedance ðZaa � ZabÞ as well as

ðZbb � ZbaÞ should be specific values which are determined only by the relative condition of the phase

a and b conductors, and they are not affected by the existence or absence of the third wire or earth–

ground pass. ðZaa � ZabÞ is called the working impedance and the corresponding ðLaa � LabÞ is

called the working inductance of the phase a conductor with the phase b conductor.

Furthermore, as the conductors a and b are generally of the same specification (the same dimension,

same resistivity, etc.), the ipedance drop between m and n of the phase a and b conductors should be the

same. Accordingly, the working inductances of both conductors are clearly the same, namely

ðLaa � LabÞ ¼ ðLbb � LbaÞ.
The value of the working inductance can be calculated from the well-known equation below, which

is derived by an electromagnetic analytical approach as a function only of the conductor radius r and

the parallel distance sab between the two conductors:

Laa � Lab ¼ Lbb � Lba ¼ 0:4605 log10

sab

r
þ 0:05 ½mH=km� (1.9)

This is the equation for the working inductance of the parallel conductors a and b, which can be

quoted from analytical books on electromagnetism. The equation shows that the working inductance

Laa � Lab for the two parallel conductors is determined only by the relative distance between the two

conductors sab and the radius r, so it is not affected by any other conditions such as other conductors or

the distance from the earth surface.

The working inductance can also be measured as the value (1/2)V/I by using Equation 1.8bs.

1.1.1.4 Self- and mutual impedances including the earth–ground
effect Laa, Lab

Now we evaluate the actual numerical values for the line inductances contained in the impedance

matrix of Equation 1.3.

The currents Ia, Ib, Ic flow through each conductor from point m to n and Ia þ Ib þ Ic returns from n

to m through the ideal earth return pass. All the impedances of this circuit can be measured by the

9
>>=

>>;

(1:8a)

�

�
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method of Figure 1.2a. However, these measured impedances are experimentally a little larger than

those obtained by pure analytical calculation based on the electromagnetic equations with the

assumption of an ideal, conductive, earth plane surface.

In order to compensate for these differences between the analytical result and the measured values,

we can use an imaginary ideal conductive earth plane at some deep level from the ground surface as

shown in Figure 1.3.

In this figure, the imaginary perfect conductive earth plane is shown at the depth Hg, and the three

imaginary conductors a, b, g are located at symmetrical positions to conductors a, b, c, respectively,

based on this datum plane.

The inductances can be calculated by adopting the equations of the electromagnetic analytical

approach to Figure 1.3.

1.1.1.4.1 Self-inductances Laa, Lbb, Lcc In Figure 1.3, the conductor a (radius r) and

the imaginary returning conductor a are symmetrically located on the datum plane, and the distance

between a and a is ha þ Ha. Thus the inductance of conductor a can be calculated by the following

equation which is a special case of Equation 1.9 under the condition sab ! ha þ Ha:

Laag ¼ 0:4605 log10

ha þ Ha

r
þ 0:05 ½mH=km� (1.10a)

Conversely, the inductance of the imaginary conductor a (the radius is Ha, because the actual

grounding current reaches up to the ground surface), namely the inductance of earth, is

Lg ¼ 0:4605 log10

ha þ Ha

Ha
þ 0:05 ½mH=km� ; 0:05 ½mH=km� (1.10b)

Therefore,

Laa ¼ Laag þ Lg ¼ 0:4605 log10

ha þ Ha

r
þ 0:1 ½mH=km� (1.11)

Lbb, Lcc can be derived in the same way.

Incidentally, the depth of the imaginary datum plane can be checked experimentally and is mostly

within the range of Hg ¼ 300� 1000 m. On the whole Hg is rather shallow, say 300� 600 m in the

radius r  [m] 

b 

a c 

+Ia 

–Ia –Ic 

–Ib 

+Ib 

Hg= 300–900 m 

+Ic 

earth surface 

imaginary datum plane

a 

b 
g 

Sab 

ha 

Sab He 

Ha 
Hb[m] 

Sba He 

hb[m] 

Figure 1.3 Earth–ground as conductor pass
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geological younger strata after the Quaternary period, but is generally deep, say 800� 1000 m, in the

older strata of the Tertiary period or earlier.

1.1.1.4.2 Mutual inductances Lab, Lbc, Lca The mutual inductance Lab can be derived

by subtracting Laa from Equation 1.11 and the working inductance ðLaa � LabÞ from Equation 1.9:

Lab ¼ Laa � ðLaa � LabÞ ¼ 0:4605 log10

ha þ Ha

sab
þ 0:05 ½mH=km�

; 0:4605 log10

sab

sab
þ 0:05 ½mH=km�

(1.12a)

Similarly

Lba ¼ 0:4605 log10

hb þ Hb

sab
þ 0:05 ½mH=km�

; 0:4605 log10

sba

sab
þ 0:05 ½mH=km�

(1.12b)

where ha þ Ha ¼ 2He ; 2Hg, and so on.

Incidentally, the depth of the imaginary datum plane Hg ; He ¼ ðha þ HaÞ=2 would be between

300 and 1000 m, while the height of the transmission tower ha is within the range of 10–100 m (UHV

towers of 800–1000 kV would be approximately 100 m). Furthermore, the phase-to-phase distance Sab

is of order 10 m, while the radius of conductor r is a few centimetres (the equivalent radius reff of EHV/

UHV multi-bundled conductor lines may be of the order of 10–50 cm).

Accordingly,

Ha ; Hb ; Hc ; 2He� ha ; hb ; hc� sab ; sbc ; sca� r; reff

sab ; sba ; ha þ Ha ¼ 2He ; hb þ Hb

�

(1.13a)

Then, from Equations 1.9, 1.11 and 1.12,

Laa ; Lbb ; Lcc; Lab ; Lbc ; Lca (1.13b)

1.1.1.4.3 Numerical check Let us assume conditions sab ¼ 10 m, r ¼ 0:05 m,

He ¼ ðha þ HaÞ=2 ; Hg ¼ 900 m.

Then calculating the result by Equation 1.11 and 1.12,

Laa ¼ 2:20 mH=km; Lab ¼ 1:09 mH=km

If He ¼ ðha þ HaÞ=2 ¼ 300 m, then Laa ¼ 1:98 mH=km, Lab ¼ 0:87 mH=km. As ha þ Ha is

contained in the logarithmic term of the equations, constant values Laa, Lab and so on are not

largely affected by ha þ Ha, neither is radius r nor reff as well as the phase-to-phase distance sab.

Besides, 0.1 and 0.05 in the second term on the right of Equations 1.9–1.12 do not make a lot of

sense.

Further, if transmission lines are reasonably transpositioned, Zaa ; Zbb ; Zcc, Zab ; Zbc ; Zca can

be justified so that Equation 1.3 is simplified into Equation 2.13 of Chapter 2.

1.1.1.5 Reactance of multi-bundled conductors

For most of the recent large-capacity transmission lines, multi-bundled conductor lines (n ¼ 2� 8

per phase) are utilized as shown in Figure 1.4. In the case of n conductors (the radius of

6 1 OVERHEAD TRANSMISSION LINES AND THEIR CIRCUIT CONSTANTS



each conductor is r), Laag of Equation 1.10a can be calculated from the following modified

equation:

Laag ¼ 0:4605 log10

ha þ Ha

r1=n � wðn�1Þ=n
þ 0:05

n
½mH=km�

� 0:4605 log10

ha þ Ha

reff
þ 0:05

n
½mH=km�

where reff ¼ r1=n � wðn�1Þ=n is the equivalent radius and

w ½m� is the geometrical averaged distance of bundled conductors (1.14a)

Since the self-inductance Lg of the virtual conductor a given by Equation 1.10b is not affected by

the adoption of multi-bundled phase a conductors, accordingly

Laa ¼ Laag þ Lg ¼ 0:4605 log10

ha þ Ha

reff
þ 0:05 1þ 1

n

� �

½mH=km�
�

(1.14b)

1.1.1.5.1 Numerical check Using TACSR = 810 mm2 (see Chapter 2), 2r ¼ 40 mm and

four bundled conductors ðn ¼ 4Þ, with the square allocation w ¼ 50 cm averaged distance

w ¼ ðw12 � w13 � w14 � w23 � w24 � w34Þ1=6

¼ ð50 � 50
ffiffiffi
2
p
� 50 � 50 � 50

ffiffiffi
2
p
� 50Þ1=6 ¼ 57:24 cm

reff ¼ r1=n � wðn�1Þ=n ¼ 201=4 � 57:253=4 ¼ 44:0 mm

9
>>=

>>;

(1.14c)

The equivalent radius reff ¼ 44 mm is 2.2 times r ¼ 20 mm, so that the line self-inductance Laa can

also be reduced by the application of bundled conductors. The mutual inductance Lab of

Equation 1.12a is not affected by the adoption of multi-bundled conductor lines.

R T

S S

T R

OGW or OPGW

zinc-coated 
steel core

spacer

fin (low audible noise,
low wind noise type)

press-formed thermal-
withstand aluminium alloy

suspension insulator
(pin insulators)

power conductor TACSR

multi-bundled 
conductor

formed aluminium-clad steel wire
aluminium pipe

optical fiber cable

Figure 1.4 Overhead double circuit transmission line
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1.1.1.6 Line resistance

Earth resistance rg in Figure 1.1a and Equation 1.2 can be regarded as negligibly small. Accordingly,

the so-called mutual resistances rab, rbc, rca in Equation 1.4 become zero. Therefore, the specific

resistances of the conductors ra, rb, rc are actually equal to the resistances raa, rbb, rcc in the impedance

matrix of Equation 1.3.

In addition to the power loss caused by the linear resistance of conductors, non-linear

losses called the skin-effect loss and corona loss occur on the conductors. These losses would

become progressionally larger in higher frequency zones, so they must be major influential

factors for the attenuation of travelling waves in surge phenomena. However, they can usually

be neglected for power frequency phenomena because they are smaller than the linear resistive

loss and, further, very much smaller than the reactance value of the line, at least for power

frequency.

In regard to the bundled conductors, due to the result of the enlarged equivalent radius, the

dielectric strength around the bundled conductors is somewhat relaxed, so that corona losses can

also be relatively reduced. Skin-effect losses of bundled conductors are obviously far smaller than that

of a single conductor whose aluminium cross-section is the same as the total sections of the bundled

conductors.

1.1.2 Three-phase single circuit line with OGW, OPGW

Most high-voltage transmission lines are equipped with OGW (overhead grounding wires) and/or

OPGW (OGW with optical fibres for communication use).

In the case of a single circuit line with single OGW, the circuit includes four conductors and the

fourth conductor (x in Figure 1.5) is earth grounded at all the transmission towers. Therefore, using the

figure for the circuit, Equation 1.3 has to be replaced by the following equation:

mVa

mVb

mVc

mVx ¼ 0

�
nVa

nVb

nVc

nVx ¼ 0

¼

Zaa Zab Zac Zax

Zba Zbb Zbc Zbx

Zca Zcb Zcc Zcx

Zxa Zxb Zxc Zxx

�

Ia

Ib

Ic

Ix

(1.15a)

Extracting the fourth row,

Ix ¼ �
1

Zxx
ðZxaIa þ ZxbIb þ ZxcIcÞ (1.15b)

aIa

– (Ia + Ib + Ic + Ix)

Ib
Ic
Ix

mVx
nVx

nVc

mVb nVb

mVa nVa

b
c

point m

overhead grounding wire earth grounded at every tower

point n x

a c

b

mVc

Figure 1.5 Single circuit line with OGW
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Substituting Ix into the first, second and third rows of Equation 1.15a,

mVa

mVb

mVc

�
nVa

nVb

nVc

¼
Zaa Zab Zac

Zba Zbb Zbc

Zca Zcb Zcc

�
Ia

Ib

Ic

þ
ZaxIx

ZbcIx

ZcxIx

¼

Zaa �
ZaxZxa

Zxx
Zab �

ZaxZxb

Zxx
Zac �

ZaxZxc

Zxx

Zba �
ZbxZxa

Zxx
Zbb �

ZbxZxb

Zxx
Zbc �

ZbxZxc

Zxx

Zca �
ZcxZxa

Zxx
Zcb �

ZcxZxb

Zxx
Zcc �

ZcxZxc

Zxx

�
Ia

Ib

Ic

�
Z0aa Z0ab Z0ac

Z0ba Z0bb Z0bc

Z0ca Z0cb Z0cc

�
Ia

Ib

Ic

where Zax ¼ Zxa; Zbx ¼ Zxb; Zcx ¼ Zxc

Z0aa ¼ Zaa � daa; Z0ab ¼ Zab � dab

daa ¼ �
ZaxZxa

Zxx
; dab ¼ �

ZaxZxb

Zxx

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(1.16)

This is the fundamental equation of the three-phase single circuit line with OGW in which Ix has

already been eliminated and the impedance elements of the grounding wire are slotted into the three-

phase impedance matrix. Equation 1.16 is obviously of the same form as Equation 1.3, while all the

elements of the rows and columns in the impedance matrix have been revised to smaller values with

corrective terms dax ¼ �ZaxZxa=Zxx etc.

The above equations indicate that the three-phase single circuit line with OGW can be

expressed as a 3� 3 impedance matrix equation in the form of Equation 1.16 regardless of the

existence of OGW, as was the case with Equation 1.3. Also, we can comprehend that OGW has roles

not only to shield lines against lightning but also to reduce the self- and mutual reactances of

transmission lines.

1.1.3 Three-phase double circuit line with LR constants

The three-phase double circuit line can be written as in Figure 1.6 and Equation 1.17 regardless of the

existence or absence of OGW:

mVa

mVb

mVc

mVA

mVB

mVC

�

nVa

nVb

nVc

nVA

nVB

nVC

¼

Zaa Zab Zac ZaA ZaB ZaC

Zba Zbb Zbc ZbA ZbB ZbC

Zca Zcb Zcc ZcA ZcB ZcC

ZAa ZAb ZAc ZAA ZAB ZAC

ZBa ZBb ZBc ZBA ZBB ZBC

ZCa ZCb ZCc ZCA ZCB ZCC

�

Ia

Ib

Ic

IA

IB

IC

(1.17)

In addition, if the line is appropriately phase balanced, the equation can be expressed by

Equation 2.17 of Chapter 2.
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1.2 Stray Capacitance of Overhead Transmission Lines

1.2.1 Stray capacitance of three-phase single circuit line

1.2.1.1 Equation for electric charges and voltages on conductors

Figure 1.7a shows a single circuit line, where electric charges qa, qb, qc [C/m] are applied to phase a, b,

c conductors and cause voltages va, vb, vc [V], respectively. The equation of this circuit is given by

va

vb

vc
|fflfflfflffl{zfflfflfflffl}

vabc

¼
paa pab pac

pba pbb pbc

pca pcb pcc
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

pabc

�
qa

qb

qc
|fflfflfflffl{zfflfflfflffl}

qabc

; vabc ¼ pabc � qabc

where q ½C=m�; v ½V� are instantaneous real numbers

9
>>>>>=

>>>>>;

(1.18)

mVA mVB mVC

mVa
mVbmVc nVc nVb

nVa

nVAnVBnVC

m n
IA
IB
IC

Ic

Ib

Ia

Figure 1.6 Three-phase double circuit line with LR constants

c

b

a
jω C ab (V

a –
 V b)

jω C
ac (Va – V

c)

jω Caa Va

Cbc

Va Vc

Vb
Cca

Cab

Caa Cbb Ccc

(c)

radius r

charge
a

qa

qb
qb

qa
qcqc

c c

b

a

va

va

vb

vc
vb

vca

Cab

Caa

Cca

Cbb Ccc

Cbcvbc
vab

b

(a) (b)

vc

Figure 1.7 Stray capacitance of single circuit line

10 1 OVERHEAD TRANSMISSION LINES AND THEIR CIRCUIT CONSTANTS



The inverse matrix equation can be derived from the above equation as

qa

qb

qc
|fflfflfflffl{zfflfflfflffl}

qabc

¼
kaa kab kac

kba kbb kbc

kca kcb kcc
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

kabc

�
va

vb

vc
|fflfflfflffl{zfflfflfflffl}

vabc

; qabc ¼ kabc � vabc (1.19)

Here, pabc and kabc are inverse 3� 3 matrices of each other, so that pabc � kabc ¼ 1 (1 is the 3� 3

unit matrix; refer to Appendix B).

Accordingly,

kaa ¼ ð pbb pcc � p2
bcÞ=D ½F=m�

kbb ¼ ð pcc paa � p2
caÞ=D ½F=m�

kcc ¼ ð paa pbb � p2
abÞ=D ½F=m�

kab ¼ kba ¼ �ð pab pcc � pac pbcÞ=D ½F=m�
kbc ¼ kcb ¼ �ð pbc paa � pba pcaÞ=D ½F=m�
kca ¼ kac ¼ �ð pca pbb � pcb pabÞ=D ½F=m�

D ¼ paa pbb pcc þ 2 pab pbc pac � ð paa p2
bc þ pbb p2

ca þ pcc p2
abÞ ½m=F�3

9
>>>>>>>>>=

>>>>>>>>>;

(1.20)

where p ½m=F� are the coefficients of the potential and k ½F=m� are the electrostatic coefficients of
static capacity.

Modifying Equation 1.19 a little,

qa ¼ kaava þ kabvb þ kacvc

¼ ðkaa þ kab þ kacÞva þ ð�kabÞðva � vbÞ þ ð�kacÞðva � vcÞ ½C=m�
qb ¼ ðkba þ kbb þ kbcÞvb þ ð�kbcÞðvb � vcÞ þ ð�kbaÞðvb � vaÞ ½C=m�
qc ¼ ðkca þ kcb þ kccÞvc þ ð�kcaÞðvc � vaÞ þ ð�kcaÞ þ ðvc � vbÞ ½C=m�

9
>>=

>>;

(1.21)

then

qa ¼ Caava þ Cabðva � vbÞ þ Cacðva � vcÞ ½C=m�
qb ¼ Cbbvb þ Cbcðvb � vcÞ þ Cbaðvb � vaÞ ½C=m�
qc ¼ Cccvc þ Ccaðvc � vaÞ þ Ccbðvc � vbÞ ½C=m�

9
=

;
(1.22)

with qa, qb, qc [C/m], vb, vb, vc [V] and

Caa ¼ kaa þ kab þ kac ½F=m� Cab ¼ �kab ½F=m�
Cbb ¼ kba þ kbb þ kbc ½F=m� Cbc ¼ �kbc ½F=m�
Ccc ¼ kca þ kcb þ kcc ½F=m� Cca ¼ �kca ½F=m�
Cac ¼ �kac ½F=m�
Cba ¼ �kba ½F=m�
Ccb ¼ �kcb ½F=m�;

9
>>>>>>=

>>>>>>;

(1.23)

Equations 1.22 and 1.23 are the fundamental equations of stray capacitances of a three-phase single

circuit overhead line. Noting the form of Equation 1.22, Figure 1.7b can be used for another

expression of Figure 1.7a: Caa, Cbb, Ccc are the phase-to-ground capacitances and Cab ¼ Cba,

Cbc ¼ Ccb, Cca ¼ Cac are the phase-to-phase capacitances between two conductors.

1.2.1.2 Fundamental voltage and current equations

It is usually convenient in actual engineering to adopt current ið¼ dq=dtÞ [A] instead of charging value

q ½C�, and furthermore to adopt effective (rms: root mean square) voltage and current of complex-

number V, I instead of instantaneous value vðtÞ, iðtÞ.
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As electric charge q is the integration over time of current i, the following relations can be derived:

q ¼
ð

idt; i ¼ dq

dt
r

iðtÞ ¼ Reð
ffiffiffi
2
p

IÞ ¼ Reð
ffiffiffi
2
p
j I j � e jðotþy1ÞÞ ¼

ffiffiffi
2
p
j I j cosðot þ y1Þ s

ReðÞ shows the real part of the complex numberðReðaþ jbÞ ¼ aÞ:
vðtÞ ¼ Reð

ffiffiffi
2
p

VÞ ¼ Reð
ffiffiffi
2
p
jV j � e jðotþy2ÞÞ

¼
ffiffiffi
2
p
jV j cosðot þ y2Þ t

;
qðtÞ ¼

ð

idt ¼
ð

Reð
ffiffiffi
2
p
j I j � e jðotþy1ÞÞdt

¼ Reð
ffiffiffi
2
p
j I j �

ð

e jðotþy1ÞdtÞ

¼ Re
ffiffiffi
2
p
j I j � e

jðotþy1Þ

jo

 !

¼ Re

ffiffiffi
2
p

I

jo

� �

u

9
>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>;

(1.24)

Equation 1.22 can be modified to the following form by adopting Equation 1.24u and by

replacement of va!
ffiffiffi
2
p

Va etc.:

Re

ffiffiffi
2
p

Ia

jo

� �

¼ RefCaa �
ffiffiffi
2
p

Va þ Cab �
ffiffiffi
2
p
ðVa � VbÞ þ Cac �

ffiffiffi
2
p
ðVa � VcÞg

Re

ffiffiffi
2
p

Ib

jo

� �

¼ RefCbb �
ffiffiffi
2
p

Vb þ Cbc �
ffiffiffi
2
p
ðVb � VcÞ þ Cba �

ffiffiffi
2
p
ðVb � VaÞg

Re

ffiffiffi
2
p

Ic

jo

� �

¼ RefCcc �
ffiffiffi
2
p

Vc þ Cca �
ffiffiffi
2
p
ðVc � VaÞ þ Ccb �

ffiffiffi
2
p
ðVc � VbÞg

9
>>>>>>>=

>>>>>>>;

(1.25)

Therefore
Ia ¼ joCaaVa þ joCabðVa � VbÞ þ joCacðVa � VcÞ
Ib ¼ joCbbVb þ joCbcðVb � VcÞ þ joCbaðVb � VaÞ
Ic ¼ joCccVc þ joCcaðVc � VaÞ þ joCcbðVc � VbÞ

9
=

;
(1.26a)

or, with a small modification,

Ia

Ib

Ic

¼ jo
Caa þ Cab þ Cac �Cab �Cac

�Cba Cba þ Cbb þ Cbc �Cbc

�Cca �Ccb Cca þ Ccb þ Ccc

�
Va

Vb

Vc

(1.26b)

This is the fundamental equation for stray capacitances of a three-phase single circuit transmission

line. Also Figure 1.7c is derived from one-to-one correspondence with Equation 1.26.

1.2.1.3 Coefficients of potential ( paa, pab), coefficients of static capacity
(kaa, kab) and capacitances (Caa, Cab)

The earth surface can be taken as a perfect equal-potential plane, so that we can use Figure 1.8, in which

the three imaginary conductors a, b, g are located at symmetrical positions of conductors a, b, c,

respectively, based on the earth surface plane. By assuming electric chargesþqa,þqb,þqc and�qa,

�qb,�qc per unit length on conductors a, b, c, and a, b, g respectively, the following voltage equation

can be derived:

va ¼ voltage of conductor a due to� qa of conductor a; a : 2qa loge

2ha

r
�9� 109 ½V�

� �

þ voltage of conductor a due to� qb of conductor b; b : 2qb loge

sab

sab
�9� 109 ½V�

� �

þ voltage of conductor a due to� qc of conductor c; g : 2qc loge

sag

sac
�9� 109 ½V�

� �

r

(note that, in this book,

the exponential function

will be denoted by ‘e’).
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Equations for vb, vc can be derived in the same way. Then

va

vb

vc

¼
paa pab pac

pba pbb pbc

pca pcb pcc

�
qa

qb

qc

¼ 2� 9� 109 �

loge

2ha

r
log

sab

sab
loge

sag

sac

loge

sba

sba
loge

2hb

r
loge

sbg

sbc

loge

sca

sca
loge

scb

scb
loge

2hc

r

�
qa

qb

qc

s (1.27)

where sab ¼ sba ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fs2
ab � ðha � hbÞ2g þ ðha þ hbÞ2

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2
ab þ 4hahb

q

.

Refer to the supplement at the end of this chapter for the derivation of Equation 1.27r.

The equation indicates that the coefficients of potential ( paa, pab, etc.) are calculated as a

function of the conductor’s radius r, height (ha, hb, hc) from the earth surface, and phase-to-phase

distances (sab, sac, etc.) of the conductors. paa, pab, etc., are determined only by physical allocations

of each phase conductor (in other words, by the structure of towers), and relations like pab ¼ pba are

obvious.

In conclusion, the coefficients of potential ( paa, pab, etc.), the coefficients of static capacity (kaa,

kab, etc.) and the capacitance (Caa, Cab, etc.) are calculated from Equations 1.27, 1.20 and 1.23,

respectively. Again, all these values are determined only by the physical allocation of conductors and

are not affected by the applied voltage.

radius

earth surface

b

a

c

+qb

+qa
+qc

–qa

–qc

–qb

Sab
Sbc

Sab Sag

Sac

ha

hb

hb

hc

a

b

g

hcha

Sba

r [m]

Figure 1.8 Three parallel overhead conductors
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1.2.1.4 Stray capacitances of phase-balanced transmission lines

Referring to Figure 1.8, a well-phase-balanced transmission line, probably by transposition, can be

assumed. Then

h� ha ; hb ; hc; sll� sab ¼ sba ; sbc ¼ scb ; sca ¼ sac

sab ; sba ; sag ; sca ; sbg ; scb

�

(1.28)

ps� paa ; pbb ; pcc

pm� pab ¼ pba ; pac ¼ pca ; pbc ¼ pcb

�

(1.29)

Accordingly, Equation 1.20 can be simplified as follows:

D ¼ p3
s þ 2 p3

m � 3 ps p2
m

¼ ð ps � pmÞ2ð ps þ 2 pmÞ
ks � kaa ; kbb ; kcc ; ð p2

s � p2
mÞ=D ¼ ps þ pm

ð ps � pmÞð ps þ 2 pmÞ
km � kab ¼ kba ; kac ¼ kca ; kbc ¼ kcb ¼ �ð pm ps � p2

mÞ=D

¼ � pm

ð ps � pmÞð ps þ 2 pmÞ

ksþ2km ¼
1

ps þ 2 pm

9
>>>>>>>>>>>>>=

>>>>>>>>>>>>>;

(1.30)

and from Equation 1.23

Cs �Caa ; Cbb ; Ccc ¼ ks þ 2km ¼
1

ps þ 2 pm

Cm�Cab ¼ Cba ; Cac ¼ Cca ; Cbc ¼ Ccb ¼ �km

¼ pm

ð ps � pmÞð ps þ 2 pmÞ
¼ pm

ps � pm
�Cs

9
>>>>>=

>>>>>;

(1.31)

and from Equation 1.27

ps � paa ; pbb ; pcc ¼ 2� 9� 109 loge

2h

r
½m=K� r

pm � pab ; pbc ; pca ¼ 2� 9� 109 loge

sba

sll
½m=F�

; 2� 9� 109 loge

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2
ll þ ð2hÞ2

q

sll

¼ 2� 9� 109 loge 1þ 2h

sll

� �2
( )1=2

½m=F� s

(1.32)

where generally

h> sll;
2h

sll

� �2

� 1

and

; pm ; 2� 9� 109 loge

2h

sll
½m=F� s0

|ffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflffl{
zffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflffl}
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Substituting ps, pm from Equation 1.32 into Equation 1.31,

Cs ¼
1

ps þ 2 pm
;

1

2� 9� 109 loge

2h

r
þ 2 loge

2h

sll

� � ¼ 1

2� 9� 109 loge

8h3

rs2
ll

¼ 0:02413

log10

8h3

rs2
ll

�10�9½F=m� ¼ 0:02413

log10

8h3

rs2
ll

½mF=km� r

ðzero-sequence capacitanceÞ
while

pm

ps � pm
;

loge

2h

sll

loge

2h

r
�loge

2h

sll

¼
log10

2h

sll

log10

sll

r

;Cm ¼ Cs �
pm

ps � pm
; Cs �

log10

2h

sll

log10

sll

r

¼ 0:02413

log10

8h3

rs2
ll

�
log10

2h

sll

log10

sll

r

½mF=km� s

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(1.33)

In conclusion, a well-phase-balanced transmission line can be expressed by Figure 1.9a1 and

Equation 1.26b is simplified into Equation 1.34, where the stray capacitances Cs, Cm can be calculated

from Equation 1.33:

Ia

Ib

Ic
|fflfflfflffl{zfflfflfflffl}

Iabc

¼ jo
Cs þ 2Cm �Cm �Cm

�Cm Cs þ 2Cm �Cm

�Cm �Cm Cs þ 2Cm
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Cabc

�
Va

Vb

Vc
|fflfflfflfflffl{zfflfflfflfflffl}

V abc

; Iabc ¼ joCabc � V abc

(1.34)

Incidentally, Figure 1.9a1 can be modified to Figure 1.9a2, where the total capacitance of one phase

C�Cs þ 3Cm is called the working capacitance of single circuit transmission lines, and can be

calculated by the following equation:

C �Cs þ 3Cm ¼ ðks þ 2kmÞ þ 3ð�kmÞ ¼ ks � km ¼
1

ps � pm

¼ 1

2� 9� 109 loge

2h

r
� loge

2h

sll

� � ¼ 1

2� 9� 109 loge

sll

r

½F=m�

¼ 0:02413

log10

sll

r

½mF=km� ðpositive sequence capacitanceÞ r

In case of multi-bundled (n) conductor lines, the radius r is replaced by the

equivalent radius reff ,

reff ¼ r1=n � wðn�1Þ=n ½m� s

where w is the geometrical averaged distance between bundled conductors.

1.2.1.4.1 Numerical check Taking the conditions conductor radius r ¼ 0:05 m, averaged

phase-to-phase distance sll ¼ 10 m and average height h ¼ 60 m, then by Equations 1.33 and 1.35, we

have

Cs ¼ 0:00436 mF=km; Cm ¼ 0:00204 mF=km and C ¼ Cs þ 3Cm ¼ 0:01048 mF=km

|ffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflffl{
zffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflffl}

(1:35)
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1.2.2 Three-phase single circuit line with OGW

Four conductors of phase names a, b, c, x exist in this case, so the following equation can be derived as

an extended form of Equation 1.26a:

Ia ¼ joCaaVa þ joCabðVa � VbÞ þ joCacðVa � VcÞ þ joCaxðVa � VxÞ (1.36a)

where Vx ¼ 0, because OGW is earth grounded at every tower. Accordingly,

Ia

Ib

Ic

¼ jo
Caa þ Cab þ Cac þ Cax �Cab �Cac

�Cba Cba þ Cbb þ Cbc þ Cbx �Cbc

�Cca �Ccb Cca þ Ccb þ Ccc þ Ccx

�
Va

Vb

Vc

ð1:36bÞ

This matrix equation is again in the same form as Equation 1.26b. However, the phase-to-ground

capacitance values (diagonal elements of the matrix C ) are increased (the value of Cax is increased for

the phase a conductor, from Caa þ Cab þ Cac to Caa þ Cab þ Cac þ Cax).

1.2.3 Three-phase double circuit line

Six conductors of phase names a, b, c, A, B, C exist in this case, so the following equation can be

derived as an extended form of Equation 1.26a:

Ia ¼ jo½CaaVa þ CabðVa � VbÞ þ CacðVa � VcÞ þ CaAðVa � VAÞ þ CaBðVa � VBÞ

þ CaCðVa � VCÞ� (1.37a)

a

b

c

a

b

c
Cs Cs Cs Cs Cs Cs Cs Cs Cs Cs Cs Cs

Cm

3Cm

Cm

Cm

C´m

Cm

C´m

Cm c C

B
b

a A

(a1) single circuit line (a2) single circuit line (b) double circuit line

3Cm

C ḿ

3Cm

Figure 1.9 Stray capacitances of overhead line (well balanced)
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Then

Ia

Ib

Ic

IA

IB

IC

¼ jo

Caa þ Cabþ
Cac þ CaAþ
CaB þ CaC

�Cab �Cac �CaA �CaB �CaC

�Cba

Cba þ Cbbþ
Cbc þ CbAþ
CbB þ CbC

�Cbc �CbA �CbB �CbC

�Cca �Ccb

Cca þ Ccbþ
Ccc þ CcAþ
CcB þ CcC

�CcA �CcB �CcC

�CAa �CAb �CAc

CAA þ CABþ
CAC þ CAaþ
CAb þ CAc

�CAB �CAC

�CBa �CBb �CBc �CBA

CBA þ CBBþ
CBC þ CBaþ
CBb þ CBc

�CBC

�CCa �CCb �CCc �CCA �CCB

CCA þ CCBþ
CCC þ CCaþ
CCb þ CCc

�

Va

Vb

Vc

VA

VB

VC

It is obvious that the double circuit line with OGW can be expressed in the same form.

The case of a well-transposed double circuit line is as shown in Figure 1.9b:

Ia

Ib

Ic

IA

IB

IC

¼ jo

Cs þ 2Cm

þ3C0m
�Cm �Cm �C0m �C0m �C0m

�Cm
Cs þ 2Cm

þ3C0m
�Cm �C0m �C0m �C0m

�Cm �Cm
Cs þ 2Cm

þ3C0m
�C0m �C0m �C0m

�C0m �C0m �C0m
Cs þ 2Cm

þ3C0m
�Cm �Cm

�C0m �C0m �C0m �Cm
Cs þ 2Cm

þ3C0m
�Cm

�C0m �C0m �C0m �Cm �Cm
Cs þ 2Cm

þ3C0m

�

Va

Vb

Vc

VA

VB

VC

Cs�Caa ; Cbb ; Ccc ; CAA ; CBB ; CCC : one phase-to-ground capacitance

Cm �Cab ; Cbc ; � � � ; CAB ; CBC ; � � � : capacitance between two conductors of the same circuit

C0m �CaA ; CbC ; � � � ; CAa ; CBb ; � � � : capacitance between two conductors of a different circuit

(1.38)

Above, we have studied the fundamental equations and circuit models of transmission lines and the

actual calculation method for the L, C, R constants. Concrete values of the constants are investigated in

Chapter 2.

1.3 Supplement: Additional Explanation for Equation 1.27

Equation 1.27r can be explained by the following steps.

Step-1: The induced voltage n at arbitrary point y in Figure a

Figure a shows two parallel conductors x, x0 (radius r) whose mutual distance is s [m] and the

conductor length is l [m], where l� s.

When chargesþq,�q are applied to per unit length of the conductors x, x0 respectively, the voltage

potential v at the arbitrary single point y is given by the following equation (expressed in MKS units):

v ¼ 2q

4pe0
� loge

s2

s1
¼ 2q � 9� 109 loge

s2

s1
(1)

(1.37b)
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where

4pe0 ¼
1

9� 109
(refer the Equation (4) in the next page.)

The voltage of the centre line g is obviously zero.

Step-2: The induced voltage n at arbitrary point y when þqa is
applied to the overhead conductor a in Figure b

This is a special case shown in Figure b in which the names of the conductors have been changed

(x! a, x0 ! a). The upper half zones of Figures a and b (the open space above the earth surface)

are completely the same. Accordingly, under the state of a single overhead conductor a with an

existing charge þq, the voltage v at the arbitrary point y in the open space can be calculated from

Equation 1.

Step-3: The induced voltage na on the conductor a whenþqa is
applied to conductor a

This case corresponds to choosing the arbitrary point y on the conductor surface in Figure b. Therefore

the voltage va can be derived by replacing s1! r, s2! 2h in Equation 1:

; va ¼ 2qa � 9� 109 loge

2h

r
(2)

Step-4: The induced voltage na on the conductor a whenþqb is
applied to conductor b

This case corresponds to replacement of x! b, x0 ! b, y! a in Figure a. Accordingly,

s1! sab; s2 !ab in Equation 1,

; va ¼ 2qb � 9� 109 loge

sab

sab
ð3Þ

Equations 2 and 3 are the first and second terms on the right-hand side of Equation 1.27r. The

equation is the expanded case for three conductors by applying the theorem of superposition. Clearly,

the equation can be expanded to the cases of parallel multi-conductors of arbitrary number n. (Note that

4pe0 ¼ 1=ð9� 109Þ:Þ

vx

vx′

v

v =

s
1 

y 

conductor x

(a) 

conductor x ′

2r 

g 
0v 

s s2 

+q 

–q 

2q 
4pe0 

·loge 
s2 

s1 
lines of electric force 

conductor 

(b) 

a 

equipotential surface 

0v 

h 

–q 

+q 

(image 
    conductor) 

a 

v

va

v

ground surface 
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In the rationalized MKS system of units, 4pe0 is given by the equation

4pe0 ¼
1

c2
0

� 107 ¼ 1

ð3� 108Þ2
� 107 ¼ 1

9� 109
(4)

where

c0 is the velocity of electromagnetic waves (light), c0 ¼ 3� 108 [m/s]

107 is the coefficient of translation from CGS to MKS units, namely

energy ¼ ðforceÞ � ðdistanceÞ ¼ ððkg �m=s2Þ �mÞ ¼ ððg � cm=s2Þ � cmÞ � 107

Coffee break 1: Electricity, its substance
and methodology

The new steam engine of James Watt (1736–1819) ushered in the great dawn of the Industrial

Revolution in the 1770s. Applications of the steam engine began to appear quickly in factories,

mines, railways, and so on, and the curtain of modern mechanical engineering was raised. The

first steam locomotive, designed by George Stephenson (1781–1848), appeared in 1830.

Conversely, electrical engineering had to wait until Volta began to provide ‘stable

electricity’ from his voltaic pile to other electrical scientists in the 1800s. Since then, scientific

investigations of the unseen electricity on one hand and practical applications for telegraphic
communication on the other hand have been conducted by scientists or electricians simulta-

neously, often the same people. In the first half of the nineteenth century, the worth of electricity

was recognized for telegraphic applications, but its commercial application was actually

realized in the 1840s. Commercial telegraphic communication through wires between New

York and Boston took place in 1846, followed at Dover through a submarine cable in 1851.

However, it took another 40 years for the realization of commercial applications of electricity as

the replacement energy for steam power or in lighting.
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2
Symmetrical Coordinate Method
(Symmetrical Components)

The three-phase circuit generally has four electric conducting passes (phase a, b, c passes and an earth

pass) and these four electric passes are closely coupled by mutual inductances L and mutual

capacitances C. Therefore phenomena on any pass of a three-phase circuit cannot be independent

of phenomena on the other passes. For this reason, the three-phase circuit is always very complicated,

even for smaller system models. Furthermore, rotating machines including generators cannot be

treated as adequate circuit elements to be combined with transmission line or transformers. Accordingly,

the analysis of three-phase circuits by straightforward methods is not easy, even for only small models.

Symmetrical components is the vital method to describe transmission lines, solid-state machines,

rotating machines and combined total power systems as ‘precise and simple circuits’ instead of

‘connection diagrams’ by which circuit analysis can be conducted. Surge phenomena as well as power

frequency phenomena of total networks or partial three-phase circuits cannot actually be solved without

symmetrical components regardless of the purposes of analysis or the sizes of the networks.

In this chapter, the essential concept of the symmetrical coordinate method is examined first,

followed by a circuit description of three-phase transmission lines and other equipment by symme-

trical components.

2.1 Fundamental Concept of Symmetrical Components

It should be noted that the direct three-phase analytical circuits of power systems cannot be obtained

even for a small, local part of a network, although their connection diagrams can be obtained. First,

mutual inductances/mutual capacitances existing between different phases (typically of generators)

cannot be adequately drawn as analytical circuits of phases a, b, c. Furthermore, the analytical solution

of such circuits, including some mutual inductances or capacitances, is quite hard and even impossible

for smaller circuits. In other words, straightforward analysis of three-phase circuit quantities is

actually impossible regardless of steady-state phenomena or transient phenomena of small circuits.

The symmetrical coordinate method can give us a good way to draw the analytical circuit of a

three-phase system and to solve the transient phenomena (including surge phenomena) as well as

steady-state phenomena.

The symmetrical coordinate method (symmetrical components) is a kind of variable transforma-

tion technique from a mathematical viewpoint. That is, three electrical quantities on a, b, c phases are

always handled as one set in the a–b–c domain, and these three variables are then transformed into

another set of three variables named positive (1), negative (2) and zero (0) sequence quantities in the

newly defined 0–1–2 domain. An arbitrary set of three variables in the a–b–c domain and the
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transformed set of three variables in the 0–1–2 domain are mathematically in one-to-one correspon-

dence with for each other. Therefore, the phenomena of a–b–c phase quantities in any frequency zone

can be transformed into the 0–1–2 domain and can be observed, examined and solved from the

standpoint in the defined 0–1–2 domain. Then the obtained behaviour or the solution in the 0–1–2

domain can be retransformed into the original a–b–c domain.

It can be safely said that the symmetrical coordinate method is an essential analytical tool for any

kind of three-phase circuit phenomenon, and inevitably utilized in every kind of engineering work of

power systems. Only symmetrical components can provide ways to obtain the large and precise

analytical circuits of integrated power systems including generators, transmission lines, station

equipment as well as loads.

Figure 2.1 shows the concept of such a transformation between the two domains in one-to-one

correspondence. One set of a, b, c phase currents Ia; Ib; Ic (or phase voltages Va; Vb; Vc) at an

arbitrary point in the three-phase network based on the a–b–c domain is transformed to another set of

three variables named I0; I1; I2 (or V0; V1; V2) in the 0–1–2 domain, by the particularly defined

transformation rule. The equations of the original a–b–c domain will be changed into new equations of

the 0–1–2 domain, by which three-phase power systems can be described as precise and quite simple

circuits. Therefore, rather complex subjects in the a–b–c domain can be treated and resolved easily in

the 0–1–2 domain, and the solution in this domain is easily inverse transformed as the correct solution

in the original a–b–c domain.

There are two other important transformation methods:

a) a� b� 0 transformation method, (Ia; Ib; Ic) , (Ia; Ib; I0): This is also useful as a

complementary analytical tool of symmetrical components. In some special circuits, a� b�
0 components provide easier solutions for the problems for which symmetrical components

may not give good solutions.

b) d�q�0 transformation method, (Ia; Ib; Ic) , (Id ; Iq; I0): This is a very powerful transfor-

mation specialized for the treatment of generators and other rotating machinery. Rotating

machines can be described as precise and simple circuits only by the d–q–0 method. Due to the

precise description of generator characteristics by the d–q–0 method, dynamic system

behaviour can be analysed.

We will learn more about these methods in later chapters.

0-1-2 method a-b-0 method
d-q-0 

method

circuit
equation
f(I0 I1 I2)

circuit
equation
f (Ia Ib I0)

circuit
equation
f (id iq i0)

Analytical-
subject
Ia Ib Ic

solution solution

I0 I1 I2

solution

Ia Ib I0

solution
id iq i0Ia Ib Ic

[transform]

[transform]

[transform]

[inverse-transform] [inverse-transform]
[inverse-transform]

circuit
equation
f(Ia Ib Ic)

calculation calculation calculation calculation

Figure 2.1 Concept of transformation
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2.2 Definition of Symmetrical Components

2.2.1 Definition

Let us imagine a.c. voltages and currents at an arbitrary point of a three-phase circuit and name these

quantities by complex-number variables Va; Vb; Vc and Ia; Ib; Ic. In association with this set of

voltages and currents, we introduce a new set of complex-number voltages and currents V0; V1; V2

and I0; I1; I2, defining them in the following equations:

V0 ¼
1

3
ðVa þ Vb þ VcÞ

V1 ¼
1

3
ðVa þ aVb þ a2VcÞ

V2 ¼
1

3
ðVa þ a2Vb þ aVcÞ

(2.1)

or

V0

V1

V2
|ffl{zffl}
V 012¼

¼ 1

3

1 1 1

1 a a2

1 a2 a
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

a

:

Va

Vb

Vc
|ffl{zffl}
�V abc

;V 012 ¼ a � V abc

I0 ¼
1

3
ðIa þ Ib þ IcÞ

I1 ¼
1

3
ðIa þ aIb þ a2IcÞ

I2 ¼
1

3
ðIa þ a2Ib þ aIcÞ

(2.2)

or

I0

I1

I2
|{z}
I012¼

¼ 1

3

1 1 1

1 a a2

1 a2 a
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

a

:

Ia

Ib

Ic
|{z}
� Iabc

; I012 ¼ a � Iabc

a and a2 are called vector operators and are defined as follows:

a ¼ � 1

2
þ j

ffiffiffi
3
p

2
¼ e j120� ¼ 120� ¼cos 120� þ j sin 120�

a2 ¼ � 1

2
� j

ffiffiffi
3
p

2
¼ e� j120� ¼ �120� ¼ cos 120� � j sin 120�

¼ 120� ¼ � 1

2
þ j

ffiffiffi
3
p

2

� �2

9
>>>>>>>=

>>>>>>>;

(2.3a)

where 120� ¼ 2p=3 [rad].
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zffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
ffl}

|ffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
ffl{
zffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
ffl}
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The vector operators a; a2 can be modified into the following equations and written as vectors as

shown in Figure 2.2:

a ¼ e j120� ¼ 120� a2 ¼ e� j120� ¼ �120� ¼ þ120�

a2 þ aþ 1 ¼ 0 a3 � 1 ¼ ða� 1Þða2 þ aþ 1Þ ¼ 0

a3 ¼ 1 a2 þ a ¼ �1

a2 þ 1 ¼ �a aþ 1 ¼ �a2

a4 ¼ a3 � a ¼ a a5 ¼ a3 � a2 ¼ a2

a�1 ¼ a�1 � a3 ¼ a2 a�2 ¼ a�2 � a3 ¼ a

jaj ¼ ja2j ¼ 1 a� a2 ¼ j
ffiffiffi
3
p

1� a ¼ a3ð1� aÞ ¼ a2ða� a2Þ ¼ a2 � j
ffiffiffi
3
p

a2 � 1 ¼ ðaþ 1Þða� 1Þ ¼ �a2ða� 1Þ ¼ �a2ð�a2 � j
ffiffiffi
3
p
Þ ¼ a � j

ffiffiffi
3
p

(2.3b)

where j ¼ e j90� ¼ 90�;� j ¼ e� j90� ¼ 90�.
The defined set of voltages V0; V1; V2 are named the zero (0), positive (1) , negative (2) sequence

voltages, respectively, and the set of currents I0; I1; I2 are also named zero (0), positive (1), negative

(2) sequence currents in the newly defined 0–1–2 domain.

As Va; Vb; Vc; Ia; Ib; Ic are expressed as complex-number quantities (effective valued or peak

valued) in the a–b–c domain, then V0; V1; V2; I0; I1; I2 are consequently complex-number quantities

(effective valued or peak valued) in the 0–1–2 domain.

The inverse matrix equations of Equations 2.1 and 2.2 can be easily introduced as follows:

Va ¼ V0 þ V1 þ V2

Vb ¼ V0 þ a2V1 þ aV2

Vc ¼ V0 þ aV1 þ a2V2

9
=

;
or

Va

Vb

Vc
|ffl{zffl}
V abc¼

¼
1 1 1

1 a2 a

1 a a2

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
a�1

:

V0

V1

V2
|ffl{zffl}
� V 012

(2.4)

Ia ¼ I0 þ I1 þ I2

Ib ¼ I0 þ a2I1 þ aI2

Ic ¼ I0 þ aI1 þ a2I2

9
=

;
or

Ia

Ib

Ic
|ffl{zffl}
Iabc¼

¼
1 1 1

1 a2 a

1 a a2

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
a�1

:

I0

I1

I2
|ffl{zffl}
� I012

(2.5)

1 – a2

a2 – a = – j   3

a – a2 = j  3

a2 – 1

a  – 1

1 – a

– a2a

a2 – a

= –aj   3

= a2j  3

= – a2j  3

= aj   3

–1 1

(c)(b)(a)

120°120°

120°

aV

a2V

1·V = V

a = – 1
2

+ j 3
2

a2 = – 1
2

– j 3
2

1

Figure 2.2 Vector operators a; a2

|ffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
{z
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
ffl}
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The equations for transformation to the 0–1–2 domain, Equations 2.1 and 2.2, and the equations for

inverse transformation to the a–b–c domain, Equations 2.3 and 2.4, are the basic definitions of the

symmetrical components transformation. Incidentally, the vector operator matrices a and a�1 are

inverse matrices of each other, namely

a � a�1 ¼ 1

3

1 1 1

1 a a2

1 a2 a
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

a

:

1 1 1

1 a2 a

1 a a2

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
a�1

¼ 1

3

1þ 1þ 1 1þ a2 þ a 1þ aþ a2

1þ aþ a2 1þ a3 þ a3 1þ a2 þ a4

1þ a2 þ a 1þ a4 þ a2 1þ a3 þ a3

¼
1 0 0

0 1 0

0 0 1

¼ 1

a�1�a ¼ a � a�1 ¼ 1

9
>>>>>>>>>>>>>=

>>>>>>>>>>>>>;

(2.3c)

All the quantities in the above defined equations are assigned as complex-number quantities;

however, any assignment does not exist in the definition with regard to frequency or waveforms. In

other words, the quantities may contain d.c. and/or higher harmonics. It should be noted that the

symmetrical components transformation can be applied not only for power frequency steady-state

phenomena but also for transient phenomena of any kind or even for travelling surges.

The voltage and current quantities are assigned as complex numbers in the above definitions, so that

the corresponding real-number equations (or imaginary-number equations) can be extracted from

them, which indicates the real behaviour of the actual voltage and current quantities in the a–b–c

domain as well as the 0–1–2 domain.

Lastly, needless to say, all the electrical quantities in the a–b-c domain such as electric charge q,

electric lines E, fluxf, etc., can be transformed into the 0–1–2 domain using the same definitions with

the above vector operators.

2.2.2 Implication of symmetrical components

We need to examine more aspects of the symmetrical components defined by the above equations. The

explanation below is followed by the current I, and obviously the same analogy can be applied to all

other quantities.

2.2.2.1 Transformation from a–b–c quantities to 0–1–2 quantities

Equation 2.2 can be transformed into Equation 2.20 by multiplying by 3 both sides of the

equations:

3I0

3I1

3I2

¼
¼
¼

Ia

Ia

Ia

þ
þ
þ

Ib

aIb

a2Ib

þ
þ
þ

Ic

a2Ic

aIb

9
>=

>;
ð2:20Þ

� For the first term: the same current components

� For the second term: counterclockwise balanced current components

� For the third term: clockwise balanced current components.

Whenever the current quantities are composed of only power frequency components (sinusoidal

waveform), they can be visualized by drawing them as vectors in complex-number domain coordi-

nates. Figure 2.3a shows the composition process of I0; I1; I2 from Ia; Ib; Ic.
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2.2.2.2 Inverse transformation from 0–1–2 quantities to a–b–c quantities

Equation 2.5 can be examined as follows:

Ia

Ib

Ic

¼
¼
¼

I0

I0

I0

þ
þ
þ

I1

a2I1

aI1

þ
þ
þ

I2

aI2

a2I2

9
>=

>;
(2.6)

� Clockwise balanced complex-number currents I1; a2I1; aI1 are the components of the phase a,

phase b, phase c currents, respectively (positive-sequence components).

� Counterclockwise balanced complex-number currents I2; aI2; a2I2 are the components of the phase

a, phase b, phase c currents, respectively. (negative-sequence components).

� The three same-value quantities I0; I0; I0 are the components of the phase a, phase b, phase c

currents, respectively (zero-sequence components).

Figure 2.3b shows the composition process of Ia; Ib; Ic from I0; I1; I2. (Figure 2.3a and b are drawn

as a mutually paired case; however, the vectors in Figure 2.3a are drawn in half-dimensional length.)

Again, the quantities of the a–b–c and 0–1–2 domains are bilaterally transformable by the above

definition.

2.2.2.3 Three-phase-balanced condition

Figure 2.4 shows the special case where three phase currents are balanced with a sinusoidal waveform.

As Ia; Ib; Ic are clockwise phase balanced, then

Ia ¼ Ia; Ib ¼ a2Ia; Ic ¼ aIa (2.7a)

and

I0 ¼ 1

3
ðIa þ Ib þ IcÞ ¼

1

3
Iað1þ a2 þ aÞ ¼ 0

I1 ¼ 1

3
ðIa þ aIb þ a2IcÞ ¼

1

3
Iað1þ a � a2 þ a2 � aÞ ¼ Ia

I2 ¼ 1

3
ðIa þ a2Ib þ aIcÞ ¼

1

3
Iað1þ a2 � a2 þ a � aÞ

¼ 1

3
Iað1þ aþ a2Þ ¼ 0

9
>>>>>>>>>=

>>>>>>>>>;

(2.7b)

Under the three-phase-balanced condition, the zero-phase current I0 and negative-phase currents I2

are zero (or ‘do not exist’) and only positive current I1 exists with the same vector value as Ia.

The three phase quantities Ia; Ib; Ic or the transformed I0; I1; I2 under steady-state conditions (i.e.

including only power frequency terms) can be visualized as vectors in Gauss coordinates whether

balanced or unbalanced. Although transient quantities or multi-frequency quantities may not be

simply visualized, the equational relations between the a–b–c and 0–1–2 domains are always justified.

Note that the currents Ia; Ib; Ic at an arbitrary point in a three-phase circuit and the corresponding

currents I1; I2; I0 in positive, negative and zero circuits should be marked by arrows ð! Þ in the same

direction as the symbolic rule. The arrows of voltage polarities have to be selected analogously.

2.3 Conversion of Three-phase Circuit into Symmetrical
Coordinated Circuit

As the first step in studying the symmetrical components transformation, we need to study how the

equations and the related drawn circuits in the a–b–c domain are transformed into those in the

symmetrical 0–1–2 domain.
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Let us try to transform Equations 1.3, 1.5 and 1.6 of the transmission line and Figure 1.1b in

Chapter 1 into symmetrical components. The equations of the transmission line (between points m and

n), Equations 1.5 and 1.6, are written again here:

mV abc � nV abc ¼ Zabc � Iabc (2.8)

zero-sequence
positive-sequence

negative-sequence

Symmetrical sequence currents phase-a current

phase-b current
phase-c current

3I0 = Ia + Ib + Ic

3I0 = Ia + Ib + Ic

3Ia3 (I0 + I1 + I2)

3I1 = Ia + aIb + a2Ic

3I
1  = I

a  + aI
b  + a 2

I
c

3I2 = Ia + a2Ib + aIc

3I2 = Ia + a2Ib + aIc

Ia

Ia

Ia

Ia

Ib

Ic

Ic

Ib

Ia

IaIa
I1

I0

I2

Ib

Ia

Ia

aIb

a2Ib

Ic

aIc

aIc

a2Ic

0 0

 a2Ib

 a2Ib

 a2Ic

 a2Ic

 aIb

 aIb

 aIc

= + +

(a)

phase-a, -b, -c currents zero-sequence
current

positive-sequence
current

negative-sequence
current

a phase

b phase
c phase

Ia = I0 + I1 + I2

Ia  = I0  + I1  + I2

Ib = I0 + a2I1 + aI2

Ib = I0 + a2I1 + aI2

Ic = I0 + aI1 + a2I2

I c 
= 

I 0 
+ 

aI
1 

+ 
a

2 I 2

I0

I0

I0

I0

3I0 0 0

I0
I0
I0

I1

I1

I2

I2

I1

a2I1

a2I1

a2I1

a2I2

a2I2

aI1

aI1
aI1

aI2

aI2

I2

a2I2

aI2I0

I0

Ia + Ib + Ic

+ +=

(b)

Figure 2.3 (a) Composition of I0; I1; I2 from Ia; Ib; Ic. (b) Composition of Ia; Ib; Ic from I0; I1; I2
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Also we have transformation equations with regard to voltages and currents at points m and n. For

point m

mV 012 ¼ a � mV abc mV abc ¼ a�1 � mV 012

I012 ¼ a � Iabc Iabc ¼ a�1 � I012

)

(2.9)

and for point n

nV 012 ¼ a � nV abc nV abc ¼ a�1 � nV 012

I012 ¼ a � Iabc Iabc ¼ a�1 � I012

)

(2.10)

As the currents at point m and n are assumed to be equal (because leakage current through the stray

capacitance of the line is neglected), suffix m or n is omitted for symbol Iabc.

Multiplying by a at the top (i.e. left-multiplying) of both sides in Equation 2.8, it can easily be

changed into a symmetric equation, namely

a � mV abc

"
mV 012

�a � nV abc

"
nV 012

¼ aZabc� Iabc

"
a�1 � I012

; mV 012 � nV 012 ¼ a � Zabc � a�1 � I012�Z012 � I012

i:e: mV 012 � nV 012 ¼ Z012 � I012

Z012 ¼ a � Zabc � a�1

)

9
>>>>>>>>>>>=

>>>>>>>>>>>;

(2.11)

Equation 2.8 was transformed into Equation 2.11 by symmetrical coordinates. The a–b–c

impedance matrix Zabc was transformed into the 0–1–2 sequence impedance matrix Z012 which

is defined by Equation 2.11.

2.4 Transmission Lines by Symmetrical Components

2.4.1 Single circuit line with LR constants

Assuming that the transmission line of Figure 1.1b is well phase transposed,

Zaa ; Zbb ; Zcc� Zs

Zab ; Zba ; Zbc ; Zcb ; Zca ; Zac� Zm

�

(2.12)

Ic = aIa

I1 = Ia

I0 = I2 = 0

Ib = a2Ia

Ia240°
120°

(a) three phase balanced current (b) current by symmetrical components

Figure 2.4 Symmetrical components of three-phase-balanced currents

�

�
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then Equations 1.5 and 1.6 can be simplified as follows:

mVa

mVb

mVc

�
nVa

nVb

nVc

¼
Zs Zm Zm

Zm Zs Zm

Zm Zm Zs

�
Ia

Ib

Ic

mV abc � nV abc ¼ Zabc � Iabc

(2.13)

Accordingly Z012 of Equation 2.11 is

Z012 ¼ a � Zabc � a�1 ¼ a

Zs Zm Zm

Zm Zs Zm

Zm Zm Zs

zfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflffl{
Zabc

�
1 1 1

1 a2 a

1 a a2

zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{
a-1

¼ a

Zs þ 2Zm Zs þ ða2 þ aÞZm Zs þ ðaþ a2ÞZm

Zs þ 2Zm a2Zs þ ð1þ aÞZm aZs þ ð1þ a2ÞZm

Zs þ 2Zm aZs þ ð1þ a2ÞZm a2Zs þ ð1þ aÞZm

¼ 1

3

1 1 1

1 a a2

1 a2 a
|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

a

�
Zs þ 2Zm Zs � Zm Zs � Zm

Zs þ 2Zm a2ðZs � ZmÞ aðZs � ZmÞ
Zs þ 2Zm aðZs � ZmÞ a2ðZs � ZmÞ
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Zabc�a�1

¼
Zs þ 2Zm 0 0

0 Zs � Zm 0

0 0 Zs � Zm

(2.14)

Namely,

mV0

mV1

mV2
|fflffl{zfflffl}
mV 012

�
nV0

nV1

nV2
|fflffl{zfflffl}
nV 012

¼
Zs þ 2Zm 0 0

0 Zs � Zm 0

0 0 Zs � Zm
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Z012

�
I0

I1

I2
|ffl{zffl}

I012

�
Z0 0 0

0 Z1 0

0 0 Z1
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

Z012

�
I0

I1

I2
|ffl{zffl}

I012

or

mV0 � nV0 ¼ ðZs þ 2ZmÞI0 ¼ Z0I0

mV1 � nV1 ¼ ðZs � ZmÞI1 ¼ Z1I1

mV2 � nV2 ¼ ðZs � ZmÞI2 ¼ Z1I2

where Z0 ¼ Zs þ 2Zm; Z1 ¼ Zs � Zm

9
>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>;

(2.15)

This is the equation of a single circuit transmission line in the symmetrical components domain.

Z012 is a simple diagonal matrix in which all the off-diagonal elements vanish (become zero). This

means that the positive-, negative- and zero-sequence equations are mutually independent of each

other because mutual impedances do not exist among them. Now we can conclude that, if the original

three-phase circuit is phase balanced (this assumption is acceptable for most cases only with small

errors), positive (1) sequence, negative (2) sequence and zero (0) sequence circuits can be indepen-

dently handled. Figure 2.5 shows the equivalent circuit of a three-phase (single circuit) transmission

line by symmetrical components, which is drawn from Equation 2.15.
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Symmetrical impedances Z0; Z1; Z2 are defined by Equation 2.15 in relation to the original

impedances Zs; Zm, while from the relation

Z0 > Z1 ¼ Z2 (2.16)

That is, for the transmission line, the positive-sequence impedance Z1 and the negative-sequence

impedance Z2 are equal and smaller than the zero-sequence impedance Z0.

Note that, as the transmission line is not perfectly phase balanced, very small off-diagonal elements

may exist in the impedance matrix Z012; so that positive-, negative- and zero- sequence circuits are

mutually linked by small mutual inductances. If necessary, we can examine the strict impedance

matrix by calculating equation Z012 ¼ a � Zabc � a�1 without any assumption of Equation 2.12.

2.4.2 Double circuit line with LR constants

Let us examine a double circuit transmission line as shown in Figure 1.5, assuming that the first

and second circuits are well phase transposed. The symbols 1V ; 1I and 2V ; 2I below refer to the

voltages and currents of the first and second circuits:

1
mVa

1
mVb

1
mVc

2
mVa

2
mVb

2
mVc

�

1
nVa

1
nVb

1
nVc

2
nVa

2
nVb

2
nVc

¼

Zs Zm Zm Z0m Z0m Z0m
Zm Zs Zm Z0m Z0m Z0m
Zm Zm Zs Z0m Z0m Z0m

Z0m Z0m Z0m Zs Zm Zm

Z0m Z0m Z0m Zm Zs Zm

Z0m Z0m Z0m Zm Zm Zs

�

1Ia

1Ib

1Ic

2Ia

2Ib

2Ic

or

1
mV abc

2
mV abc

�
1
nV abc

2
nV abc

¼
Zsm Z 0m

Z 0m Zsm

�
1Iabc

2Iabc

¼
Zsm � 1Iabc þ Z 0m � 2Iabc

Z 0m � 1Iabc þ Zsm � 2Iabc

(2.17)

outer circuit point n
point m

outer circuit

zero-sequence circuit

positive-sequence circuit

negative-sequence circuit

Z0 = Zs + 2Zm

Z1 = Zs – Zm

Z2 = Z1 = Zs – Zm

mV0

I0

I1

I2

mV1

mV2 nV2

nV1

nV0

n

Figure 2.5 The equivalent circuit of three-phase single circuit transmission line (impedances)

9
>>>>>>>>>>>>>=

>>>>>>>>>>>>>;
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where we assume

Zs�Zaa ; Zbb ; Zcc ; ZAA ; : self-impedance

Zm� Zab ; Zbc ; Zca ; ZAB ; ZBC ; : mutual impedance between the conductors of the same circuit

Z 0m� ZaA ; ZaB ; ZaC ; ZbA : mutual impedance between the conductors of another circuit

Symmetrical quantities of double circuit line 1
mV 012;

1
nV 012;

2
mV 012;

2
nV 012;

1I012;
2I012 are

introduced in conjunction with a–b–c domain quantities 1
mV abc;

1
nV abc;

2
mV abc;

2
nV abc;

1Iabc;
2Iabc:

1
mV 012 ¼ a � 1

mV abc;
1
nV 012 ¼ a � 1

nV abc;
1I012 ¼ a � 1Iabc

2
mV 012 ¼ a � 2

mV abc;
2
nV 012 ¼ a � 2

nV abc;
2I012 ¼ a � 2Iabc

)

r

1
mV abc ¼ a�1 � 1

mV 012;
1
nV abc ¼ a�1 � 1

nV 012;
1Iabc ¼ a�1 � 1I012

2
mV abc ¼ a�1 � 2

mV 012;
2
nV abc ¼ a�1 � 2

nV 012;
2Iabc ¼ a�1 � 2I012

)

s

9
>>>>>=

>>>>>;

(2.18)

The equation of circuit 1 in Equation 2.17 can be transformed to the 0–1–2 domain by utilizing

Equation 2.18:

1
mV abc � 1

nV abc ¼ Zsm � 1Iabc þ Z 0m � 2Iabc

; a�1 � 1
mV 012 � a�1 � 1

nV 012 ¼ Zsm � a�1 � 1I012 þ Z 0m � a�1 � 2I012

Left-multiplying by a and recalling that a � a�1 ¼ 1,

for circuit 1 1
mV 012 � 1

nV 012 ¼ ða � Zsm � a�1Þ � 1I012 þ ða � Z 0m � a�1Þ � 2I012

and for circuit 2 analogously
2
mV 012 � 1

nV 012 ¼ ða � Z 0m � a�1Þ � 1I012 þ ða � Zsm � a�1Þ � 2I012

9
>=

>;
(2.19)

a � Zsm � a�1 in the above equation is equal to Z012 of the single circuit line in Equation 2.14,

so

a � Zsm � a�1 ¼
Zs þ 2Zm 0 0

0 Zs � Zm 0

0 0 Zs � Zm

and

a � Z 0m � a�1 ¼ a �
Z0m Z0m Z 0m
Z0m Z0m Z 0m
Z0m Z0m Z 0m

�
1 1 1

1 a2 a

1 a a2

¼ 1

3

1 1 1

1 a a2

1 a2 a
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

a

�
3Z0m 0 0

3Z0m 0 0

3Z0m 0 0
|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

Z 0m� a�1

¼
3Z0m 0 0

0 0 0

0 0 0
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Accordingly,

1
mV 012

2
mV 012

�
1
nV 012

2
nV 012

¼
a � Zsm � a�1 a � Z 0sm � a�1

a � Z0sm � a�1 a � Zsm � a�1
�

1I012

2I012

¼
Z012 Z0M

Z0M Z012

�
1I012

2I012

or

1
mV 0

1
mV 1

1
mV 2

2
mV 0

2
mV 1

2
mV 2

�

1
nV 0

1
nV 1

1
nV 2

2
nV 0

2
nV 1

2
nV 2

¼

Zs þ 2Zm 0 0 3Z0m 0 0

0 Zs � Zm 0 0 0 0

0 0 Zs � Zm 0 0 0

3Z 0m 0 0 Zs þ 2Zm 0 0

0 0 0 0 Zs � Zm 0

0 0 0 0 0 Zs � Zm

�

1I0

1I1

1I2

2I0

2I1

2I2

�

Z0 0 0 Z0M 0 0

0 Z1 0 0 0 0

0 0 Z1 0 0 0

Z0M 0 0 Z0 0 0

0 0 0 0 Z1 0

0 0 0 0 0 Z1

�

1I0

1I1

1I2

2I0

2I1

2I2

(2.20a)
where

Z1 ¼ Zs � Zm; Z0 ¼ Zs þ 2Zm; Z0M ¼ 3Z0m

Equation 2.20a can be recast into the following equation:

1
mV0

2
mV0

�
1
nV0

2
nV0

¼
Z0 Z0M

Z0M Z0

�
1I0

2I0

1
mV1

2
mV1

�
1
nV1

2
nV1

¼
Z1 0

0 Z1

�
1I1

2I1

1
mV2

2
mV2

�
1
nV2

2
nV2

¼
Z1 0

0 Z1

�
1I2

2I2

where Z0 ¼ Zs þ 2Zm; Z0M ¼ 3Z0m; Z1 ¼ Zs � Zm

9
>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>;

(2.20b)

Figure 2.6 shows the equivalent circuit of the three-phase double circuit transmission line by

symmetrical components, which is drawn from Equation 2.20a or 2.20b.

The positive-, negative- and zero-sequence circuits are independent (mutual inductances do not

exist) of each other. In the positive- and negative-sequence circuits, the mutual inductances do not

exist between lines 1 and 2. However in the zero-sequence circuit, lines 1 and 2 are mutually coupled

together by Z0M ¼ 3Z0m.

Zs and Zm are actually the averaged values of Zaa; Zbb; Zcc and Zab; Zbc; Zca respectively, so

that Zs and Zm can be calculated by using Equations 1.10 and 1.12. The positive-sequence impedance

Z1 ¼ Zs � Zm is derived from the working inductance Laa � Lab given by Equation 1.9.

Also we learned in Chapter 1 that the values of Laa; Lab are not so largely affected by rated voltage

classes because of the logarithmic term of these equations. Consequently Z1 ¼ Z2; Z0 are not also

largely affected by rated voltage classes. Typical examples are shown in Table 2.1.

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>;
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2.4.3 Single circuit line with stray capacitance C

The stray capacitances of a well-phase-transposed single circuit line are shown by Figures 1.9a and b

and Equation 1.34. Equation 1.34 is repeated here:

Ia

Ib

Ic

¼ jo �
Cs þ 2Cm �Cm �Cm

� Cm Cs þ 2Cm �Cm

� Cm �Cm Cs þ 2Cm

�
Va

Vb

Vc

Iabc ¼ jo� Cabc � V abc

9
>>>=

>>>;

(2.21)

The transformation of this equation into symmetrical components is as follows:

I012 ¼ a � Iabc ¼ a � jo � Cabc � Vabc ¼ joða � Cabc � a�1ÞV012� joC012V012

where C012 ¼ a � Cabc � a�1

C012 ¼
1

3

1 1 1

1 a a2

1 a2 a

zfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflffl{
a

�
Cs þ 2Cm �Cm �Cm

� Cm Cs þ 2Cm �Cm

� Cm �Cm Cs þ 2Cm

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{
Cabc

�
1 1 1

1 a2 a

1 a a2

zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{
a�1

¼
Cs 0 0

0 Cs þ 3Cm 0

0 0 Cs þ 3Cm

9
>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>;

(2.22a)

then

I0

I1

I2

¼ jo
Cs 0 0

0 Cs þ 3Cm 0

0 0 Cs þ 3Cm
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

�
V0

V1

V2

¼ jo
C0 0 0

0 C1 0

0 0 C1
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

�
V0

V1

V2
|ffl{zffl}

I012 ¼ jo� C012 � V 012 C012 V 012

where C0 ¼ Cs; C1 ¼ C2 ¼ Cs þ 3Cm C1 : working capacitance of single circuit line

9
>>>>>>>=

>>>>>>>;

(2.22b)

point m point n

circuit #1

#2

#1

#2

#1

#2

zero-sequence circuit

positive-sequence circuit

negative-sequence circuit

Z0M = 3Z´

Z0=Zs + 2Zm 

Z1=Zs – Zm 

Z2=Z1=Zs – Zm 

Z2=Z1=Zs – Zm 

Z1=Zs – Zm 

Z0=Zs + 2Zm 

1I0

V0

2I0

1I1

2I1

2I2

1I2

m

1
m

V0
2
m

V1
2
m

V2
2
m

V2
1
m

V1
1
m

V0
2
n

V1
2
n

V2
2
n

V1
1
n

V2
1
n

V0
1
n

Figure 2.6 The equivalent circuit of three-phase double circuit transmission line (impedance)
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This is the equation of stray capacitances of a single circuit transmission line in the symmetrical

components domain. C012 is a simple diagonal matrix in which all the off-diagonal elements vanish

(become zero).

Figure 2.7a shows the equivalent circuit of a three-phase (single circuit) transmission line by

symmetrical components, which is drawn from Equation (2.22b). The positive (1), negative (2) and

zero (0) sequence circuits of the phase-balanced three-phase transmission line are obviously

independent of each other.

Symmetrical capacitances C0; C1; C2 are defined by Equation (2.22b) in relation to the original

impedances Cs; Cm shown by Equation 1.33.

The physical meaning of the relations C0 ¼ Cs; C1 ¼ Cs þ 3Cm can be understood by

Figure 2.7b, where zero-sequence current cannot flow in the circuit branch of 3Cm because point

n is not earth grounded.

2.4.4 Double circuit line with C constants

The stray capacitances of a well-phase-transposed double circuit line are shown by Figure 1.9. The

symbols 1V ; 1I and 2V ; 2I are adopted as quantities of circuits 1 and 2, respectively, below.

Concerning the phase a current of circuit 1,

1Ia ¼ joCs
1Va þ f joCmð1Va � 1VbÞ þ joCmð1Va � 1VcÞg þ f joC0mð1Va � 2VaÞ

þ joC0mð1Va � 2VaÞ þ joC0mð1Va � 2VcÞg r

;
1Ia ¼ joðCs þ 3Cm þ 3C0mÞ1Va � Cmð1Va þ 1Vb þ 1VcÞ � C0mð2Va þ 2Vb þ 2VcÞ
¼ joðCs þ 3Cm þ 3C0mÞ1Va � 3Cm

1V0 � 3C0m
2V0 s

(2.23a)

V0

I0

C0 = Cs

C1 = Cs + 3Cm

C2 = C1 = Cs + 3Cm

I1

I2

V1

V2

zero-sequence 
circuit

positive-sequence 
circuit C1: working capacitance

negative-sequence 
circuit

V0

V2
aV2

aV1

a2V1

a2V2

V0
V0

Cs

I0

I1

I2

aI1

aI2

a2I1

a2I2

I0 I0

3I0

Cs Cs

Cs

Cs Cs Cs

Cs Cs 3Cm

3Cm 3Cm 3Cm

3Cm 3Cm

3Cm 3Cm 3Cm

n

0
0

0 n

0 n

0

(a) (b)

V1

Figure 2.7 The equivalent circuit of three-phase single circuit transmission line (capacitance)
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Similar equations are derived for the phase b and c currents. Accordingly,

1Ia
1Ib
1Ic

¼ joðCs þ 3Cm þ 3C0mÞ
1Va
1Vb
1Vc

� 3Cm

1V0
1V0
1V0

� 3C0m

2V0
2V0
2V0

(2.23b)

This equation is easily transformed into symmetrical components:

1I0 ¼ joðCs þ 3Cm þ 3C0mÞ1V0 � j3oCm
1V0 � j3oC0m

2V0

¼ joðCs þ 3C0mÞ1V0 � j3oC0m
2V0 ¼ joCs

1V0 þ j3oC0mð1V0 � 2V0Þ
1I1 ¼ joðCs þ 3Cm þ 3C0mÞ1V1
1I2 ¼ joðCs þ 3Cm þ 3C0mÞ1V2

9
>>=

>>;

(2.24a)

Accordingly,

1I0
1I1
1I2
2I0
2I1
2I2

¼ jo

Cs þ 3C0m 0 0 �3C0m 0 0

0 Cs þ 3Cm þ 3C0m 0 0 0 0

0 0 Cs þ 3Cm þ 3C0m 0 0 0

� 3C0m 0 0 Cs þ 3C0m 0 0

0 0 0 0 Cs þ 3Cm þ 3C0m 0

0 0 0 0 0 Cs þ 3Cm þ 3C0m

1V0
1V1
1V2
2V0
2V1
2V2

(2.24b)

Namely,

1I0

2I0

¼ jo
Cs þ 3C0m �3C0m

� 3C0m Cs þ 3C0m
�

1V0

2V0

¼ jo
Cs � 1V0 þ 3C0mð1V0 � 2V0Þ

Cs � 2V0 þ 3C0mð2V0 � 1V0Þ

� jo
C0 � 1V0 þ C00ð1V0 � 2V0Þ

C0 � 2V0 þ C00ð2V0 � 1V0Þ
¼ jo

C0 þ C00 �C00

� C00 C0 þ C00

1V0

2V0

r

1I1

2I1

¼ jo
Cs þ 3Cm þ 3C0m 0

0 Cs þ 3Cm þ 3C0m
�

1V1

2V1

� jo
C1 0

0 C1

�
1V1

2V1

s

1I2

2I2

¼ jo
Cs þ 3Cm þ 3C0m 0

0 Cs þ 3Cm þ 3C0m
�

1V2

2V2

� jo
C1 0

0 C1

�
1V2

2V2

t

where

positive-sequence capacitance: C1 ¼ C2 ¼ Cs þ 3Cm þ 3C0m
zero-sequence capacitance: C0 ¼ Cs; C00 ¼ 3C0m

9
=

;
u

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(2.24c)
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This is the equation of the stray capacitances of double circuit lines, from which the equivalent

circuit of Figure 2.8 is derived.

2.5 Typical Transmission Line Constants

2.5.1 Typical line constants

L, C constant values of individual overhead transmission lines are different because the allocations of

conductors (in other words, the physical length r, h, Sll, etc., of the tower design) and the geological

characteristics of the earth–ground are individually different. However, the line constants are not so

different for lines of similar voltage classes, because the physical dimensions of the conductors are not

so different, at least for the same voltage class of transmission lines. In addition, the constants would

not be so different even for lines of different voltages, because the variables of the physical length r, h,

Sll, etc., of the tower design would be included in the logarithmic terms of the equations for L, C.

Table 2.1 shows typical L, C values of single circuit lines and double circuit lines. In Table 2.1, in

addition to the quoted four cases of real measured examples, we have indicated typically ‘easy-to-

remember L, C values’ which would be applicable as approximate values for most high-voltage

transmission lines. At least, readers can consider that the orders of the L, C constants of individual lines

could be appropriate as common values, regardless of the differences of area, utility companies or

countries. (The zero-sequence constants for circuit lane 1 and 2 shown in Table 2.1 will be explained in

Chapter 4.)

Typical constants of power cables are shown in Table 2.2 for convenience of comparison with

overhead lines; the details of power cables will be examined in Chapter 23.

Further, besides R, L, C constants, the leakage resistance G exists as the fourth line constant.

This is typically the creepage resistance of insulators of transmission lines or station equipment that

are parallel resistances with stray admittance joC, and usually has extraordinarily large ohmic

values. G is an important constant which would be largely affected by the insulation characteristics

of individual high-voltage insulators, attenuation ratio of surge phenomena, and so on. However, G

can be neglected for most ordinary circuit analysis (except for surge analysis), because it has a quite

large resistance of, say, megaohm order.

2V0 

2V1 

2V2 
1V2 

1V1 

C′0 

C0 

C1 
C1 

C1 = Cs + 3Cm + 3C′m

C1 = C2 = Cs + 3Cm + 3C′m

(C1: working capacitance) 

C1 
C1 

C0 

C0 = Cs 
C′0 = 3C′m 

1V0 

#2 

#2 #1 

#2 #1 

circuit #1 

zero-sequence 

positive-sequence 

negative-sequence 

Figure 2.8 The equivalent circuit of three-phase double circuit transmission line (capacitance)
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Table 2.2 Typical line constants of power cables (see also Chapter 23)

CV cables
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ðkVÞ ðmm2Þ
2r
ðmmÞ ðmmÞ

D
ðmmÞ

S
ðmmÞ

R
ðV=kmÞ

Ls � Lm

ðmH=kmÞ
C
ðm F=kmÞ

jX
ðV=kmÞ

Ic
ðA=km=fÞ

ffiffiffiffiffiffiffiffiffiffi
L=C

p

ðVÞ

500 2500 61.2 27 142 163 0.00746 0.383 0.25 0.112 22.7 39.1

2000 53.8 27 134 155 0.00933 0.400 0.23 0.116 20.9 41.7

275 2500 61.2 23 133 160 0.00746 0.381 0.28 0.108 14.0 36.9

2000 53.8 23 125 149 0.00933 0.392 0.25 0.112 12.5 39.6

1200 41.7 23 112 134 0.01560 0.422 0.21 0.122 10.5 44.8

154 2000 53.8 17 108 122 0.00933 0.352 0.26 0.103 7.3 36.8

1200 41.7 17 96 110 0.01560 0.382 0.22 0.112 8.7 41.7

800 34.0 17 88 100 0.02310 0.404 0.19 0.119 5.3 46.1

66 2000 53.8 10 95 95 0.00933 0.302 0.53 0.086 6.3 23.9

1200 41.7 10 82 82 0.0156 0.324 0.43 0.092 5.1 29.6

800 340 10 73 73 0.0231 0.340 0.37 0.097 4.4 30.3

33 1200 41.7 8 73 73 0.0156 0.301 0.46 0.086 2.8 25.6

600 29.5 8 58 58 0.0308 0.324 0.38 0.092 2.3 29.2

200 17.0 8 45 45 0.0915 0.383 0.26 0.108 1.6 38.4

6.6 600 29.5 5 47 47 0.0308 0.282 0.71 0.089 0.8 19.9

200 17.0 4 32 32 0.0915 0.315 0.51 0.102 0.6 24.9

OF cables

(kV) (mm2) (mm) (mm) (mm) (mm) (V/km) (mH/km) ðm F=kmÞ (V/km) (A/km/f) (V)

500 2500 68.0 25.0 132 153 0.00732 0.305 0.37 0.101 33.5 28.7

2000 59.1 33.0 139 160 0.00915 0.388 0.27 0.113 24.5 37.9

275 2000 57.5 19.5 107 137 0.00915 0.363 0.41 0.098 20.4 29.8

1200 45.7 19.5 94 124 0.001510 0.389 0.34 0.105 17.0 33.8

154 2000 57.5 13.5 94 119 0.00915 0.333 0.57 0.09 15.9 24.2

1200 45.7 13.5 81 106 0.01510 0.367 0.45 0.095 12.6 28.6

800 40.6 12.5 74 96 0.02260 0.361 0.44 0.097 12.3 28.6

66 2000 57.0 8.0 82 106 0.00910 0.312 0.96 0.082 11.5 18.0

1200 45.2 8.0 69 92 0.01510 0.331 0.80 0.086 9.6 20.3

800 39.6 7.0 61 82 0.02230 0.334 0.79 0.087 9.5 20.6

Notes: The working inductance is calculated under the three-phase allocation of touched triangles. Accordingly,
ðLs � LmÞ ¼ 0:4605 logðD=rÞ þ 0:05 mH=km

where ðSab � Sbc � ScaÞ1=3 ¼ ðD � D � DÞ1=3 ¼ D.
If the averaged phase-to-phase distance S is larger, the inductance would become slightly larger.
The reactance is calculated from jX ¼ j2p � 50ðLs � LmÞ based on 50 Hz. Then the values should be
multiplied 1.2 times for the 60 Hz system.

The leakage current is calculated from Ic ¼ 2p � 50 � Cð1=
ffiffiffi
3
p
ÞV .

The surge impedance is calculated from
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðLs � LmÞ=C

p
.
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The transmission lines are described as distributed-constant circuits in a strict expression.

However, provided that the evaluation of accuracy or percentage error is adequately investigated,

approximation by concentrated-constant circuits can be justified for most analytical work. Approx-

imation techniques including accuracy (or error percentage) estimation are essential in actual

engineering activities. This theme is investigated in Chapter 18 in more detail.

2.5.2 L, C constant values derived from typical travelling-wave
velocity and surge impedance

The velocity of travelling-wave propagation on transmission lines and the surge impedance are defined

by the following equations whose reasons are investigated in detail in Chapter 18:

velocity of travelling-wave propagation : u ¼ 1=
ffiffiffiffiffiffi
LC
p

½m=s�

surge impedance : Zsurge ¼
ffiffiffiffi
L

C

r

½V�

9
>=

>;
(2.25a)

The inverse forms are

L ¼ Zsurge

u

C ¼ 1

Zsurge � u

9
>>=

>>;

(2.25b)

There are typical values for velocity u and surge impedance Zsurge of overhead transmission lines

and power cables that are very easy to remember. Therefore we can find typical L and C values

from these typical u and Zsurge values by an inverse process.

For overhead transmission lines,

u ¼ 300000 ½km=s� ¼ 3� 108 ½m=s� ðvelocity of light in air; 300 m=msÞ
�Zsurge ¼ 300 ½V� ðtypically 200� 500 VÞ

Accordingly,

L ¼ 300

3� 108
½H=m� ¼ 10�6 ½H=m� ¼ 1 ½mH=km�

C ¼ 1

300� 3� 108
¼ 0:011� 10�9 ½F=m� ¼ 0:011½mF=km�

This is almost the same as the typical L and C values in Table 2.1.

For power cables,

u ¼ 150000 ½km=s� ¼ 1:5� 108 ½m=s� ð1=2 the velocity of light in air typically;
135000� 150000 km=s; 135� 150 m=msÞ

Zsurge ¼ 30 ½V�ðtypically 20� 30 VÞ
Accordingly,

L ¼ 30

1:5� 108
½H=m� ¼ 0:2� 10�6½H=m�

¼ 0:2½mH=km�ðabout 1=5 of overhead transmission lineÞ

9
>>>>>>>=

>>>>>>>;

9
>>>>>>>>>=

>>>>>>>>>;
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C ¼ 1

30� 1:5� 108
¼ 0:22� 10�9½F=m�

¼ 0:22½mF=km� ðabout 20 times overhead transmission lineÞ

This is also very close to the typical L and C values in Table 2.2.

In total, the inductance L of the cable is smaller by about 1/2 or 1/5 while capacitance C is larger by

about 20 times in comparison with that of the overhead line.

Table 2.3 and Figure 2.9 show typical advanced ACSR (Aluminium Conductor Steel Rein-
forced) conductors for overhead transmission lines. Due to recent advanced metal–alloy production

and wire-drawing technology, large-current-capacity conductors with high-temperature-withstanding

characteristics even at 230�C and of light weight have been realized as is shown in the table. Furthermore,

ACFR conductors (where the tension member in steel twisted wires is replaced in carbon fibre string

twisted wires) have been experimentally adopted in order to realize lightweight conductors.

2.6 Generator by Symmetrical Components
(Easy Description)

2.6.1 Simplified symmetrical equations

A synchronous generator (or synchronous motor) may be considered as a machine containing three-

phase-balanced ideal power sources and three-phase-balanced leakage impedances, so that the

zin
c-c

oated st
eel co

re

press-formed thermal-w
ithstand aluminium alloy

Courtesy of Exsym corporation

Figure 2.9 High-temperature-withstandable aluminium-clad steel wire (TACSR)

Table 2.3 Large-current-capacity types of conductors for overhead transmission lines (typical example)

Continuous Temporary

Maximum
temperature [8C]

Maximum
current [A]

Maximum
temperature [8C]

Maximum
current [A]

ACSRa 90 829 120 1125

TACSR 150 1323 180 1508

ZTACSR 210 1675 240 1831

XTACIR 230 1715 290 2004

aAluminium alloy metal conductors.
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generator may be simply expressed by Figure 2.10 as an approximate circuit. (Detailed approaches are

discussed in Chapter 10.)

Now, we have from Figure 2.10

Ea

Eb ¼ a2Ea

Ec ¼ aEa

Eabc

�
Va

Vb

Vc

�V abc ¼

¼
Zs Zm Zm

Zm Zs Zm

Zm Zm Zs

Zabc

�
Ia

Ib

Ic

�Iabc �

�
Vn

Vn

Vn

V n

r

Vn ¼ �ZnðIa þ Ib þ IcÞ ¼ �Znð3I0Þ ¼ �3Zn � I0 s

Ea;Eb;Ec : the generated source voltages of three-phase-balanced design

9
>>>>>>>>>>=

>>>>>>>>>>;

(2.26)

Equation (2.26) can be transformed into symmetrical components by left-hand multiplication of

the symmetric operator a:

a � Eabc � a � V abc ¼ aZabc � Iabc � a � V n

; E012 � V 012 ¼ aZabc � a�1 � I012 � a � V n

(2.27a)

where

E012 ¼
E0

E1

E2

¼ a � Eabc ¼
1

3

1 1 1

1 a a2

1 a2 a

�
Ea

a2Ea

aEa

¼
0

Ea

0

The first term on the right (a � Zabc � a�1) is the same form as in Equation 2.14. The second term on

the right (a � V n) is

a � V n ¼
1

3

1 1 1

1 a a2

1 a2 a

�
Vn

Vn

Vn

¼
Vn

0

0

¼
� 3Zn � I0

0

0

Zn

Vn

Ec=aEa

Eb=a2Ea Zs

Ia + Ib + Ic = 3I0

Zs

Zs

Ea

Zm Zm

Ib

Ia

Ic

Vc

Vb

Va

Zm

generator terminalvirtual generating source terminal

Figure 2.10 Generator (easy concept)
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Accordingly,

0

Ea

0

�
V0

V1

V2

¼
Z0 0 0

0 Z1 0

0 0 Z2

�
I0

I1

I2

þ
3Zn � I0

0

0

or

�V0 ¼ ðZ0 þ 3ZnÞI0

Ea � V1 ¼ Z1I1

�V2 ¼ Z2I2

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

(2.27b)

This is the transformed symmetrical equation of the generator and Table 2.1 shows the symmetrical

equivalent circuits of Equation (2.27b). The figure shows that a power source exists only in the

positive-sequence circuit, and the negative- and zero-sequence circuits are only made of passive

impedances. A generator may be theoretically named a ‘positive-sequence power generator’.

2.6.2 Reactance of generator

Equation 2.27b derived from Figure 2.10 shows that the generator has time-independent constant

symmetrical reactances and the positive- and negative-sequence reactances are the same quantities.

However, this is not correct.

The generator reactances will change from time to time under transient conditions, and, moreover,

the positive- and negative-sequence reactances as well as the zero-sequence reactances are different.

The generator can strictly be treated only by the d–q–0 transformation method in which the new

concept of direct-axis reactances (x00d ; x0d ; xd) and quadrature-axis reactances (x00q ; x0q; xq) are

introduced.

Now, by applying the reactances (x00d ; x
0
d; xd) as positive-sequence reactances, Figure 2.11 can be

treated as the mostly correct equivalent circuit of the generator while the positive-sequence reactance

will change from time to time as shown in Table 2.1 under transient conditions.

For most analyses of mainly power frequency phenomena (fault analysis, for example),

Equation 2.27b and Figure 2.11 can be applied as the satisfactory equivalent circuit of the synchronous

I1

Z1 = jx1

Z2 = jx2

Z0 = jx0

I2

3Zn

Ea

V1
x1 =

xd′′  (0~3 cycles time)
xd′  (3~60 cycles time)
xd  (1 sec~)

V2

I0

V0

positive-sequence circuit

negative-sequence circuit

zero-sequence circuit

{

Figure 2.11 Generator (easy concept)
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generator while the following reactances are used in equivalent circuits (details are examined in

Chapter 10).

For the positive-sequence reactance,

x1 ¼
x00d : direct-axis subtransient reactance ð0� 3 cycle time; 0 � 45 or 60 msÞ
x0d : direct-axis transient reactance ð3� 50 or 60 cycle time; � 1 secÞ
xd : direct-axis steady-state reactance ð1 sec �Þ

8
<

:

The time in parentheses means duration just after a sudden change of circuit condition.

For the negative-sequence reactance, x2 can be treated as constant for most cases, although it may

change slightly just after a sudden change of circuit condition.

And for the zero–sequence reactance, x0 can always be treated as constant.

The values of x00d ; x0d ; xd; x2; x0 for a synchronous generator are given on the name-plate in terms

of ratings. Figure 10.1 in Chapter 10 shows typical values of generator reactances.

2.7 Description of Three-phase Load Circuit
by Symmetrical Components

In power-receiving substations, feeder lines are connected to one of the HV, MVor LV buses, some of

them are connected to other generating stations and substations through the lines, and others to load

stations.

The equation for the totalized load is approximately written as follows.

Va

Vb

Vc

V abc¼

¼
Zs Zm Zm

Zm Zs Zm

Zm Zm Zs

Zabc

�
Ia

Ib

Ic

�Iabc

(2.28)

or by symmetrical components

V0

V1

V2

¼
Z0 0 0

0 Z1 0

0 0 Z2

�
I0

I1

I2

9
>=

>;
(2.29)

where Z1 ¼ Z2 ¼ Zs � Zm; Z0 ¼ Zs þ 2Zm > Z1 ¼ Z2.

It is obvious that the 1-, 2-, 0-sequence networks are mutually independent and the load can be

approximately expressed simply by Z1; Z2; Z0, respectively.
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3
Fault Analysis by Symmetrical
Components

We learned in the previous chapters that three-phase power systems can be described as simple

equations and simple equivalent circuits by symmetrical components transformation. In this chapter

we will study fault analysis using symmetrical components.

The analytical method explained in this chapter is called traditionally fault analysis. However,

this is a very important analytical method invariably applied for the analysis of ‘all’ (instead

of ‘most’) kinds of phenomena such as normal states/irregular states (including faults, switch-

ing, etc.), steady states/transient states, d.c./power frequency/higher harmonic frequency/

surge (switching and lightning surges). In addition, this method is also applied for analysis

by manual calculation by simple model as well as by computer-based detail analysis for large

systems.

3.1 Fundamental Concept of Symmetrical
Coordinate Method

Electric quantities in three phases are phase balanced in normal states because every part of the

power system is more or less three-phase balanced. The balanced states are broken whenever line-

to-line faults or line-to-ground faults occur. Straightforward calculation of such an imbalanced

condition and, further, the transient condition in the a–b–c domain is impossible not only by

manual calculation but also by using computers. One serious reason is the existence of many

mutual inductances on lines and equipment; however, theoretically the reason is the fact that

generators cannot be actually described as accurate circuits in the a–b–c domain. Synchronous

generators can be described as accurate circuits only by application of the transformation

technique of symmetrical components together with the d–q–0 method (refer to Chapter 10).

As a matter of fact, a power system can be written as one circuit including various lines and

machines only in the symmetrical domain. In other words, the symmetrical coordinate method is

an essential analytical technique not only for drastic simplification to handle circuits but also for

precise analysis.

Figure 3.1 shows the process flow of fault analysis using symmetrical components. The first

step is to transform the power system connection and fault condition into the 0–1–2 domain circuit.

The second step is to find the circuit solution in the 0–1–2 domain. The last step is to inverse-

transform the solution into the a–b–c domain.

Handbook of Power System Engineering Yoshihide Hase

# 2007 John Wiley & Sons, Ltd



3.2 Line-to-ground Fault (Phase a to Ground Fault: 1fG)

It should be recalled that a three-phase power system can be drawn only as a connection diagram in the

a–b–c domain and not as a circuit in the a–b–c domain.

Let us examine a phase a to ground short-circuit fault (say, phase a 1fG) at an arbitrary point f on a

transmission line. Figure 3.2a shows the partial situation of the connection diagram of the power

system including point f, where virtual a–b–c terminals branch out at fault point f.

The power system before the fault at point f can be drawn as a symmetrical circuit in the 1–2–0

domain as shown within the dashed lines of Figure 3.2b, where the corresponding virtual terminals

branch out at point f.

The related equations are

f V1 ¼ E
0

1 � f Z
0

1I
0

1 ¼ E
00

1 � f Z
00

1I
00

1

f V2 ¼ � f Z
0

2I
0

2 ¼ � f Z
00

2I
00

2

f V0 ¼ � f Z
0

0I
0

0 ¼ � f Z
00

0I
00

0

9
>>=

>>;

r

f I1 ¼ I
0

1 þ I
00

1

f I2 ¼ I
0

2 þ I
00

2

f I0 ¼ I
0

0 þ I
00

0

9
>>=

>>;

s

f Z1 ¼ ð f Z
0

1== f Z
00

1Þ ¼
f Z
0

1 f Z
00

1

f Z
0
1 þ f Z

00
1

f Z2 ¼ ð f Z
0

2== f Z
00

2Þ ¼
f Z
0

2 f Z
00

2

f Z
0
2 þ f Z

00
2

f Z0 ¼ ð f Z
0

0== f Z
00

0Þ ¼
f Z
0

0 f Z
00

0

f Z
0
0 þ f Z

00
0

9
>>>>>>>>>>>=

>>>>>>>>>>>;

t

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(3.1)

where

Z1 : positive-sequence impedance looking into the circuit at point f

f Z
0
1 : positive-sequence impedance looking into the left-hand side at point f

f Z
00

: positive-sequence impedance looking into the right-hand side at point f

ðthe == symbol means parallel impedance valuesÞ

a1) system equation b1) fault condition at point f
Sabc (Vabc, Iabc, Zabc)

a2) 
S012 (V012, I012, Z012)

f fabc  (fVabc,  fIabc)

b2) fault condition 
f f012  (fV012,  fI012)

transform  ;  × a transform  ;  × a

inverse-transform  ;  × a–1–1

system equation

c) solution on 0-1-2 domain

d) solution on a-b-c domain

a-b-c domain

a-b-c domain

0-1-2 domain

Figure 3.1 Procedure of fault analysis
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3.2.1 Condition before the fault

The outgoing currents f Ia, f Ib, f Ic on the virtual a–b–c terminals at point f are zero before the fault, so

the corresponding symmetrical sequence currents f I1, f I2, f I0 are also zero, namely

f Ia ¼ f Ib ¼ f Ic ¼ 0

f I0 ¼ f I1 ¼ f I2 ¼ 0

f V0 ¼ f V2 ¼ 0

9
>=

>;
(3.2)

In the negative- and zero-sequence circuits, because any power source does not exist and the virtual

terminals are open, all the quantities including f I2, f V2, f I0, f V0 at point f are therefore zero

before the fault.

In the positive-sequence circuit, we have I f ¼ I
0
1 þ I

00
1 ¼ 0. Accordingly, for the three-phase-

balanced load current flowing through point f before the fault,

E
0

1 � E
00

1

f Z
0
1 þ f Z

00
1

¼ I
0

1 ¼ �I
00

1 (3.3)

point fault point

power network

m f

virtual terminal

(a)

S

R

1

2

I1′ I1′′

I2′′

I0′′

E1′′E1′
mV1′ fZ1′ fZ1′′

fZ2′′

f I2

f I0

fZ0′′

fZ2′

fZ0′

mZ2

mZ1

mZ0

mV2′

mV0′

I2′

I0′

fZ1

f Ia

fVa

fVb
fVc

fIb

fIc

fZ2

fZ0 fV0

fV2

f I1

fV1

S

3R (b)

R : arc-resistance 
(or may be tree-resistance)

Figure 3.2 Phase a line-to-ground fault
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Therefore

f V1 ¼ E
0

1 � f Z
0

1I
0

1 ¼
f Z
00

1

f Z
0
1 þ f Z

00
1

E
0

1 þ
f Z
0

1

f Z
0
1 þ f Z

00
1

E
00

1 (3.4)

3.2.2 Condition of phase a to ground fault

Now, the phase a conductor to ground short-circuit fault at point f means that the phase a virtual

terminal is earth grounded (switch S closed through arc resistance R) at point f, while the phase b and c

virtual terminals remain in the open condition in Figure 3.2. Therefore,

f Va ¼ R � f Ia

f Ib ¼ f Ic ¼ 0

)

(3.5)

Transforming the above equation from the a–b–c domain into the 0–1–2 domain,

f V0 þ f V1 þ f V2 ¼ Rð f I0 þ f I1 þ f I2Þ
f I0 þ a2 � f I1 þ a � f I2 ¼ f I0 þ a � f I1 þ a2 � f I2 ¼ 0

)

(3.6)

Utilizing the relation a2 þ a ¼ �1,

f I0 ¼ f I1 ¼ f I2

f V0 þ f V1 þ f V2 ¼ 3R � f I0

)

(3.7)

This is the equation in the 0–1–2 domain transformed from Equation 3.5. The condition of Equation

3.7 can be expressed as the drawing circuit shown on the right-hand side outside the dashed line in

Figure 3.2b. Figure 3.2b is the equivalent circuit for the phase a to ground fault (phase a 1fG) by

symmetrical components.

3.2.3 Voltages and currents at virtual terminal point f in the
0–1–2 domain

Now, phase a to ground faults are realized by switching on the virtual switch S in Figure 3.2b; in other

words, connecting the outside impedance f Z2 þ f Z0 þ 3R to the virtual terminals rs of the

positive-sequence circuit. The current flowing through terminals r s and the voltage can be easily

found by applying Thévenin’s theorem.

The current through terminals r s at point f is given by

f I1 ¼
f V1

f Z1 þ ð f Z2 þ f Z0 þ 3RÞ

f I1 ¼ f I2 ¼ f I0 ¼
1

f Ztotal
f V1

f Ztotal ¼ f Z1 þ f Z2 þ f Z0 þ 3R

9
>>>>>=

>>>>>;

(3.8)

and the voltage at point f by

f V0 ¼ � f Z0 � f I0 ¼ � f Z0 � f I1

f V2 ¼ � f Z2 � f I2 ¼ � f Z2 � f I1

f V1 ¼ �ð f V0 þ f V2Þ þ 3R � f I1 ¼ ð f Z0 þ f Z2 þ 3RÞ f I1

9
>=

>;
(3.9)

The voltage f V1 in Equation 3.4 and 3.9 is the voltage between terminals r s and is given by

Equation 3.4 as an already known initial quantity before the switch S closes, where E
0
1 and E

00
1 are

known quantities.
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Finally, the above solution of symmetrical voltages and currents on virtual terminals at point f are

inverse transformed into a–b–c phase quantities at point f:

f Ia

f Ib

f Ic

¼
1 1 1

1 a2 a

1 a a2

�
f I0ð¼ f I1Þ

f I1

f I2ð¼ f I1Þ
¼

3 f I1

0

0

¼

3

f Ztotal
f V1

0

0

r

f Va

f Vb

f Vc

¼
1 1 1

1 a2 a

1 a a2

�
� f Z0 � f I1

ð f Z0 þ f Z2 þ 3RÞ f I1

� f Z2 � f I1

¼
3R

ða2 � 1Þ f Z0 þ ða2 � aÞ f Z2 þ a2 � 3R

ða� 1Þ f Z0 þ ða� a2Þ f Z2 þ a � 3R

� f I1

¼

3R

f Ztotal
f V1

ða2 � 1Þ f Z0 þ ða2 � aÞ f Z2 þ a2 � 3R

f Ztotal
f V1

ða� 1Þ f Z0 þ ða� a2Þ f Z2 þ a � 3R

f Ztotal
f V1

s

where f Ztotal ¼ f Z1 þ f Z2 þ f Z0 þ 3R t

f V1 ¼
f Z
00

1

f Z
0
1 þ f Z

00
1

E
0

1 þ
f Z
0

1

f Z
0
1 þ f Z

00
1

E
00

1 u

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(3.10)

All the solutions f Ia, f Ib, f Ic, f Va, f Vb, f Vc in the a–b–c domain were found.

Incidentally, f V1 is the positive-sequence voltage (i.e. the phase a voltage) at point f before the

fault. If the load flow current on the line at point f before the fault is zero, the voltage at point f is of the

same value as that of the generator source voltage, namely E
0 ¼ E

00 ¼ f V1.

3.2.4 Voltages and currents at an arbitrary point under fault
conditions

Let us examine the voltages and currents at point m under the phase a 1fG fault condition at point f

shown in Figure 3.2.

Figure 3.2b is the mathematical representation at any point of the system connection

diagram Figure 3.2a. Therefore, voltages and currents at points mðmV1; mV2; mV0; mI1; mI2; mI0Þ
and ð mVa; mVb; mVc; mIa; mIb; mIcÞ are in correspondence to each other by the symmetrical

transformation:

f V1 ¼ E
0

1 � f Z
0

1I
0

1 ¼ E
00

1 � f Z
00

1I
00

1

f I1 ¼ I
0

1 þ I
00

1

)

(3.11a)

;
I
0
1 ¼

fZ
00
1

fZ
0
1 þ fZ

00
1
fI1

|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

the fault current supplied from the
left-hand side through point m to point f

þ E
0
1 � E

00
1

fZ
00
1 þ fZ

00
1

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
the load current before fault

�C1 � f I1 þ Iload r

|ffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflffl{
zffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflffl}
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The load current is not included in the negative- and zero-sequence circuits; so

I
0

2 ¼
f Z
00

2

f Z
0
2 þ f Z

00
2

f I2�C2 � f I2 s

I
0

0 ¼
f Z
00

0

f Z
0
0 þ f Z

00
0

f I0�C0 � f I0 t

where C1 ¼ f Z
00

1

f Z
0
1 þ f Z

00
1

ðC2;C0 are defined by the same equation formsÞ

(3.11b)

C1 is the coefficient of the branched current mI1= f I1 from the left hand-side through point m from

the total current f I1, and is the vector value of 0�1:0ffd. C2, C0 are also defined in the same way.

As we know already the value of f I0 ¼f I1 ¼f I2, the currents I
0
1, I

0
2, I

0
0 at point m are calculated by

Equation 3.11. Finally the currents in the a–b–c domain at point m are

I
0
a

I
0

b

I
0
c

¼
1 1 1

1 a2 a

1 a a2

�
C0

C1

C2

f I1

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

þ
1 1 1

1 a2 a

1 a a2

�
0

Iload

0
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

(3.12)

The second term on the right-hand side is the load current components that existed before the fault,

and the first term is the fault current components caused by the fault at point f.

This equation explains the fact that the fault current component at any point of the system is not

affected by the load current component just before the fault. In other words, we can calculate any

fault under the condition of zero load current, and then use vectors to superpose the load current if

necessary.

The voltages at point m can be calculated from the voltages and current quantities already found at

point f by utilizing the following equations:

mV
0

0

mV
0

1

mV
0

2

¼
f V0

f V1

f V2

þ
mZ0 0 0

0 mZ1 0

0 0 mZ2

�
I
0

0

I
0

1

I
0

2

(3.13)

Finally, the voltages can be inverse transformed into the a–b–c domain.

3.2.5 Fault under no-load conditions

A fault under no-load conditions is a special case of E
0
1 ¼ E

00
1 ¼ f V1 in Figure 3.2b and Equ-

ation 3.10 u. The power system looking from point f under this condition can be regarded as a black

box with an internal power source, whose voltage across the terminals rs is f V1ð¼ E
0
1 ¼ E

00
1Þ and

internal impedance is f Z1 ¼ ð f Z
0
1== f Z

00
1Þ. On the other hand, as shown in Figure 3.3, the equivalent

circuit of the phase a to ground fault at point f connects the outer impedance f Z2 þ f Z0 þ 3R to the

terminals rs of the black box. Accordingly, the flow current at the terminals rs is easily found by

Thévenin’s theorem. That is, the current is f I1 ¼ f V1=f f Z1 þ ð f Z1 þ f Z2 þ 3RÞg. This is of course

in accordance with Equation 3.8.

In conclusion of the above explanation, we can apply Figure 3.3 as the equivalent circuit, instead of

Figure 3.2b, whenever we need fault current components only (without load currents). Then we can

superpose load currents if necessary.

|ffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
ffl{
zffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
ffl}

fa\ult current term load current term
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3.3 Fault Analysis at Various Fault Modes

Voltage and current equations for cases of different mode faults are summarized in Tables 3.1a and b

in which equations in the 1–2–0-sequence domain and a–b–c phase domain, as well as the equivalent

circuits, are indicated. Case 7 is that of the phase a to ground fault which we have already examined in

detail. The voltage and current equations and equivalent circuits for different fault modes can be

derived by the same procedure.

Note, incidentally, that the generator impedances are jxg1 6¼ jxg2 in a strict sense, while transmis-

sion line impedances are exactly Z1 ¼ Z2. Therefore, in case of a line fault at a great distance from the

generator, the condition jxg1, jxg2� Z1; Z2 and the approximation jxg1 þ Z1 ; jxg2 þ Z2 would be

justified, so the accuracy of calculation would be improved by the dominant line impedances.

Currents at point m for the case of a different mode fault at point f can be found by the following

procedure:

mI1 ¼ C1 � f I1; mI2 ¼ C2 � f I2; mI0 ¼ C0 � f I0 (3.14)

where C1 ¼ f Z
00
=ð f Z

0
1 þ f Z

00
1 Þ etc. The inverse transformed currents are

mIa

mIb

mIc

¼
C0 � f I0 þ C1 � f I1 þ C2 � f I2

C0 � f I0 þ a2C1 � f I1 þ aC2 � f I2

C0 � f I0 þ aC1 � f I1 þ a2C2 � f I2

(3.15)

Voltage equations are derived analogously.

3.4 Conductor Opening

The cases of one- and two-phase conductor openings are examined in this section.

Conductor openings (or cut-offs) of one or two phases seldom happen as accidents in actual power

systems. However, the state of a single phase breaker tripping as a procedure of single phase reclosing is a

kind of one-phase conductor opening. Moreover, in the case of three-phase tripping by a circuit-breaker,

current tripping by breaker–pole opening of each phase occurs sequentially in time and the timing of

each phase tripping is different. In other words, a three-phase circuit is opened by the breaker through the

transient states of trip-start!1f opening!2f opening and 3f opening. Furthermore, breaker tripping

failure may occur and give rise to severe situations. Phase-imbalanced opening occurs often and at

various places in practical engineering. (Breaker tripping phenomena will be explained in Chapter 19.)

3.4.1 Single phase (phase a) conductor opening

Referring to Table 3.2(1A), the phase a conductor is opened between the points p and q; va, vb, vc, are

the voltages across the points p and q of each phase, and ia, ib, ic are the phase currents at points p and q.

voltage at point f before fault f V1 = E1′ = E2′

S
3R

f Z1′′
f Z1 f Z1f Z1′ f Z2

f Z0
 f V1

1

2

– +

Figure 3.3 No-load fault calculation
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Table 3.1a Equations and equivalent circuit for various fault modes

Fault conditions (a–b–c domain)

M
etallic

fau
lt

#1 3fS

three-phase

line-to-line fault

f Ib

f Ia

f Ic

f Vc
f Vb

f Va

point f

f Ia þ f Ib þ f Ic ¼ 0

f Va ¼ f Vb ¼ f Vc

)

ð1AÞ

#2 3fG

three-phase

line-to-ground fault f Vb

f Va

f Ib

f Ia

f Ic

f Vc

f Va ¼ f Vb ¼ f Vc ¼ 0 ð2AÞ

#3 1fG

phase a

line-to-ground fault

f Ib

f Ia

f Ic

f Vc
f Vb

f Va

f Ib ¼ f Ic ¼ 0

f Va ¼ 0

)

ð3AÞ

#4 2fS

phase b to c

line-to-line fault

f Ib

f Ia

f Ic

f Vc f Vb f Va

f Ia ¼ 0

f Ib þ f Ic ¼ 0

f Vb ¼ f Vc

9
>=

>;
ð4AÞ

#5 2fG

phase b, c double

line-to-ground fault

f Ib

f Ia

f Ic

f Vc
f Vb

f Va
f Ia ¼ 0

f Vb ¼ f Vc ¼ 0

)

ð5AÞ
A

rc
fau

lt
(arc

resistan
ce

R
)

#6 3fG

three-phase

line-to-ground fault

fIa

fIb

fIc

fVc fVa
fVb R

r

r

r

f Va � r � f Ia¼ f Vb � r � f Ib

¼ f Vc � r � f Ic

¼ Rð f Ia þ f Ib þ f IcÞ

9
>=

>;
ð6AÞ

#7 1fG

phase a

line-to-ground fault fVc
fVb

fVa

fIa

fIb

fIc R
f Ib ¼ f Ic ¼ 0

f Va ¼ R � f Ia

)

ð7AÞ

#8 2fG

phase b, c

line-to-ground fault
fVc

fVb

fVa

fIa

fIb

fIc

r

r

R

f Ia ¼ 0

f Vb � r � f Ib

¼ f Vc � r � f Ic

¼ Rð f Ib þ f IcÞ

9
>>>>=

>>>>;

ð8AÞ
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Table 3.1b Equations and equivalent circuit for various fault modes

Fault condition at point f and the equivalent circuits: Metallic fault

#1 3fS

phase a, b, c

f I1 f V1

f I2 f V2

f V0 f I0

p

n

0

f I0 ¼ 0

f V1 ¼ f V2 ¼ 0

f I0 ¼ 0; f I2 ¼ 0; f V0 ¼ 0

9
>>=

>>;

ð1BÞ )
f I0 ¼ f I2 ¼ 0; f I1 ¼

f Ea

f Z1

f V0 ¼ f V1 ¼ f V2 ¼ 0

9
>>>=

>>>;

ð1CÞ

#2 3fG

phase a, b, c

f I1 f V1

f I2 f V2

p

n

f I0 f V00

f V0 ¼ f V1 ¼ f V2 ¼ 0

f I2 ¼ f I0 ¼ 0

)

ð2BÞ )
f I0 ¼ f I2 ¼ 0; f I1 ¼

f Ea

f Z1

f V0 ¼ f V1 ¼ f V2 ¼ 0

9
>>=

>>;

ð2CÞ

#3 1fG

phase a

f I1 f V1

f I2 f V2

p

n

f I0 f V00

f I0 ¼ f I1 ¼ f I2

f V0 þ f V1 þ f V2 ¼ 0

9
=

;
ð3BÞ )

f I0 ¼ f I1 ¼ f I2 ¼
f Ea

D

f V0 ¼ � f Z0 � f I0 ¼
� f Z0

D
� f Ea

f V1 ¼ �ð f V0 þ f V2Þ ¼
f Z0 þ f Z2

D
� f Ea

f V2 ¼ � f Z2 � f I2 ¼
� f Z2

D
� f Ea

where D ¼ f Z0 þ f Z1 þ f Z2

9
>>>>>>>>>>>>>=

>>>>>>>>>>>>>;

ð3CÞ

#4 2fS

phase b, c

f I1 f V1

f I2 f V2

p

n

0 f I0 f V0

f I0 ¼ 0

f I1 ¼ � f I2

f V1 ¼ f V2

f V0 ¼ 0

9
>>>>>=

>>>>>;

ð4BÞ )
f I0 ¼ 0; I1 ¼ � f I2 ¼

f Ea

f Z1 þ f Z2

f V0 ¼ 0

f V1 ¼ f V2 ¼ � f Z2 � f I2 ¼
f Z2

f Z1 þ f Z2

� f Ea

9
>>>>>=

>>>>>;

ð4CÞ

#5 2fG

phase b, c

f I1 f V1

f I2 f V2

p

n

0 f I0 f V0

f I0 þ f I1 þ f I2 ¼ 0

f V0 ¼ f V1 ¼ f V2

)

ð5BÞ )

f I1 ¼
f Ea

f Z1 þ ð f Z2== f Z0Þ

where ð f Z2== f Z0Þ ¼
f Z2 � f Z0

f Z2 þ f Z0

f I2 ¼
� f Z0

f Z2 þ f Z0

� f I1 ; f I0 ¼
� f Z2

f Z2 þ f Z0

� f I1

f V0 ¼ f V1 ¼ f V2 ¼ � f Z2 � f I2

¼ f Z2 � f Z0

f Z2 þ f Z0

� f I1 ¼ ð f Z2== f Z0Þ � f I1

9
>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>;

ð5CÞ

Continued
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#6 3fG

phase a, b, c

f I1 f V1

f I2 f V2

p

n

0 f I0 f V0

r

r

r
3R

f V0 � r � f I0 ¼ 3R � f I0

f V1 ¼ r � f I1

f V2 ¼ r � f I2

f I2 ¼ f I0 ¼ 0

f V2 ¼ f V0 ¼ 0

9
>>>>>>>>=

>>>>>>>>;

ð6BÞ )
f I0 ¼ f I2 ¼ 0; f I1 ¼

f Ea

f Z1 þ r

f V0 ¼ f V2 ¼ 0

f V1 ¼ r � f I1 ¼
r

f Z1 þ r
� f Ea

9
>>>>=

>>>>;

ð6CÞ

#7 1fG

phase a

f I1 f V1

f I2 f V2

p

n

0 f I0 f V0

3R
f I0 ¼ f I1 ¼ f I2

f V0 þ f V1 þ f V2 ¼ 3R � f I0

)

ð7BÞ )

f I0 ¼ f I1 ¼ f I2 ¼
f Ea

D

f V0 ¼ � f Z0 � f I0 ¼
� f Z0

D
� f Ea

f V1 ¼ �ð f V0 þ f V2Þ þ 3R � f I1

¼ f Z0 þ f Z2 þ 3R

D
� f Ea

f V2 ¼ � f Z2 � f I2 ¼
� f Z2

D
� f Ea

D ¼ f Z0 þ f Z1 þ f Z2 þ 3R

9
>>>>>>>>>>>>>=

>>>>>>>>>>>>>;

ð7CÞ

#8 2fG

phase b, c

f I1 f V1

f I2 f V2

p

n

f I0 f V00

r

r

r 3R

f I0 ¼ f I1 ¼ f I1 ¼ 0

f V0 � ðr þ 3RÞ f I0

¼ f V1 � r � f I1

¼ f V2 � r � f I2

9
>>=

>>;

ð8BÞ )

f I1 ¼
f Ea

D1 þ
D2 � D0

D2 þ D0

; f I0 ¼
�D2

D2 þ D0
� f I1

f I2 ¼
�D0

D2 þ D0
� f I1

f V0 ¼ � f Z0 � f I0 ¼
f Z0D2

D2 þ D0
� f I1

f V1 ¼ ðr þ
D2 � D0

D2 þ D0
Þ � f I1

f V2 ¼ � f Z2 � f I2 ¼ �
f Z0D2

D2 þ D0
� f I1

where

D1 ¼ f Z1 þ r

D2 ¼ f Z2 þ r

D0 ¼ f Z0 þ r þ 3R

9
>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>;

ð8CÞ

Notes: All the quantities of the negative- and zero-sequence circuits becomes zero in cases 1(3fS), 2(3fG) and
6(3fG), because power sources do not exist in these circuits.

f Ea is the voltage at point f before the fault.

Table 3.1b Continued

Fault condition at point f and the equivalent circuits: Arc fault (arc resistance R)
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This condition can be described by the following equations:

vb ¼ vc ¼ 0

ia ¼ 0

�

(3.16)

Table 3.1c Equations and equivalent circuit for various fault modes

Phase voltages and currents

M
etallic

fau
lt

#1 3fS

phase a, b, c
f Ia ¼ f I1; f Ib ¼ a2

f I1; f Ic ¼ a f I1

f I1 ¼ f Ea= f Z1

f Va ¼ f Vb ¼ f Vc ¼ 0

9
>>=

>>;

ð1DÞ

#2 3fG

phase a, b, c

Same as above (2D)

#3 1fG

phase a
f Ia ¼ 3 f I0 ¼ 3 f Ea=D where D ¼ f Z0 þ f Z1 þ f Z2

f Ib ¼ f Ic ¼ 0; f Ia ¼ 0

f Vb ¼
ða2 � 1Þ f Z0 þ ða2 � aÞ f Z2

D
� f Ea; f Vc ¼

ða� 1Þ f Z0 þ ða� a2Þ f Z2

D
� f Ea

9
>>>>=

>>>>;

ð3DÞ

#4 2fS

phase b, c f Ia ¼ 0; Ib ¼ � f Ic ¼ ða2 � aÞ f I1 ¼ ða2 � aÞ � f Ea

f Z1 þ f Z2

f Va ¼ 2 f V1; f Vb ¼ f Vc ¼ � f V1; where f V1 ¼
f Z2

f Z1 þ f Z2

� f Ea

9
>>>=

>>>;

ð4DÞ

#5 2fG

phase b, c f Ia ¼ 0; f Ib ¼
ða2 � aÞ f Z0 þ ða2 � 1Þ f Z2

f Z0 þ f Z2

� f I1

f Ic ¼
ða� a2Þ f Z0 þ ða� 1Þ f Z2

f Z0 þ f Z2

� f I1

f Va ¼
3 f Z2 � f Z0

f Z2 þ f Z0

� f I1; f Vb ¼ f Vc ¼ 0; where f I1 ¼
f Ea

f Z1 þ ð f Z2== f Z0Þ

9
>>>>>>>>>>=

>>>>>>>>>>;

ð5DÞ

#6 3fG

phase a, b, c f Ia ¼ f I1; f Ib ¼ a2
f I1; f Ic ¼ a f I2; where f I1 ¼

f Ea

f Z1 þ r

f Va ¼ f V1; f Vb ¼ a2
f V1; f Vc ¼ a f V2; where f V1 ¼

r

f Z1 þ r
� f Ea

9
>>=

>>;

ð6DÞ

#7 1fG

phase a
f Ia ¼ 3 f I1 ¼ 3 f Ea=D; f Ib ¼ f Ic ¼ 0

f Va ¼ 3R � f I1 ¼
3R

D f Ea; f Vb ¼
ða2 � 1Þ f Z0 þ ða2 � aÞ f Z2 þ a2 � 3R

D
� f Ea

f Vc ¼
ða� 1Þ f Z0 þ ða� a2Þ f Z2 þ a � 3R

D
� f Ea; where D ¼ f Z0 þ f Z1 þ f Z2 þ 3R

9
>>>>>>=

>>>>>>;

ð7DÞ

#8 2fG

phase b, c f Ia ¼ 0; f Ib ¼
ða2 � aÞD0 þ ða2 � 1ÞD2

D0 þ D2
� f I1 f Ic ¼

ða� a2ÞD0 þ ða� 1ÞD2

D0 þ D2
� f I1

f Va ¼
�

f Z0D2 þ D0D2 þ f Z2D0

D0 þ D2
þr

�

f I1 where f I1 ¼ f Ea=

�

D1 þ
D2 � D0

D2 þ D0

�

f Vb ¼
�

f Z0 � D2 þ a2D0D2 þ a f Z2 � D0

D0 þ D2
þa2r

�

f I1

D1 ¼ f Z1 þ r

D2 ¼ f Z2 þ r

f Vc ¼
�

f Z0 � D2 þ aD0D2 þ a2
f Z2 � D0

D0 þ D2
þ ar

�

f I1 D0 ¼ f Z0 þ r þ 3R

9
>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>;

ð8DÞ

where a� a2 ¼ j
ffiffiffi
3
p

; a2 � 1 ¼ j
ffiffiffi
3
p

a; 1� a ¼ j
ffiffiffi
3
p

a2.

A
rc

fau
lt

(arc
resistan

ce
R

)
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Table 3.2 Phase opening modes (equations and equivalent circuits)

Phase a opening Phase b, c opening

[1A]

ia = 0

ia = 0
vb = vc = 0

ia = 0
ib vb

va

vcic

ib

ic

point p point q

(1A)

[2A]

ib = 0 ib = 0

ic = 0ic = 0

ia

ib = ic = 0
va = 0

ia

vb

va

vc

} (2A)

[1B]

v0 = v1 = v2

i0 + i1 = i2 = 0

point p point q
i1

i2

pZ1
GEa

gEa

pZ2

qZ1

qZ2

pZ0 pv0 qv0

pv2 qv2

pv1 qv1

qZ0

v2

v0

v1

i2

i0 i0

i1

(1B)

p

n

o

[2B]

i0 = i1 = i2

v0 + v1 + v2 = 0

i1

i2

pZ1GEa gEa

pZ2

qZ1

qZ2

pZ0 pv0

pv2 qv2

qv0

pv1 qv1

qZ0

v2

v1

v0

i2

i0 i0

i1

} (2B)

p

n

o

i1 ¼ GEa � gEa

Z1 þ
Z2 � Z0

Z2 þ Z0

i2 ¼
�Z0

Z2 þ Z0
�i1

i0 ¼
�Z2

Z2 þ Z0
�i1

v0 ¼ v1 ¼ v2 ¼
Z2 � Z0

Z2 þ Z0
�i1

Z1 ¼ pZ1 þ qZ1

Z2 ¼ pZ2 þ qZ2

Z0 ¼ pZ0 þ qZ0

9
>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>;

ð1CÞ

i0 ¼ i1 ¼ i2 ¼ GEa � gEa

Z1 þ Z2 þ Z0

v1 ¼ ðZ2 þ Z0Þi1
v2 ¼ �Z2 � i1
v0 ¼ �Z0 � i1
where

Z1 ¼ pZ1 þ qZ1

Z2 ¼ pZ2 þ qZ2

Z0 ¼ pZ0 þ qZ0

9
>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>;

ð2CÞ

ia ¼ 0

ib ¼
ða2 � aÞZ0 þ ða2 � 1ÞZ2

Z2 þ Z0
�i1

ic ¼
ða� a2ÞZ0 þ ða� 1ÞZ2

Z2 þ Z0
�i1

va ¼
3Z2 � Z0

Z2 þ Z0
�i1

i1 ¼ GEa � gEa

Z1 þ
Z2 � Z0

Z2 þ Z0

9
>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>;

ð1DÞ

ia ¼ 3i1 ¼
3ðGEa � gEaÞ
Z1 þ Z2 þ Z0

ib ¼ ic ¼ 0; va ¼ 0

vb ¼ fða2 � 1ÞZ0 þ ða2 � aÞZ2gi1
vc ¼ fða� 1ÞZ0 þ ða� a2ÞZ2gi1
i1 ¼ GEa � gEa

Z1 þ Z2 þ Z0

9
>>>>>>>>>=

>>>>>>>>>;

ð2DÞ
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The transformed equation in the 0–1–2 domain is

v0 ¼ v1 ¼ v2

i0 þ i1 þ i2 ¼ 0

�

(3.17)

This equation can be exactly described as the figure of equivalent circuits in Table 3.2 (1B). In the

figure, the negative- and zero-sequence circuits are connected in parallel to the positive-sequence

circuit. pZ1, pZ2, pZ0 are the impedances of the left-hand side circuit at point p, and qZ1, qZ2, qZ0

are the impedances of the right-hand side circuit at point q. Then, from the equivalent circuit,

i1 ¼ GEa � gEa

Z1 þ
Z2 � Z0

Z2 þ Z0

; i2 ¼
�Z0

Z2 þ Z0
i1; i0 ¼

�Z2

Z2 þ Z0
� i1

v0 ¼ v1 ¼ v2 ¼
Z2 � Z0

Z2 þ Z0
� i1

Z1 ¼ pZ1 þ qZ1; Z2 ¼ pZ2 þ qZ2; Z0 ¼ pZ0 þ qZ0

9
>>>>>>>=

>>>>>>>;

(3.18)

This equation is written again in Table 3.2 (1C), and the inverse transformed equation for a–b–c

phases is shown in Table 3.2 (1D).

3.4.2 Two-phases (phase b, c) conductor opening

Voltages and currents in this case are found in a similar way and the resulting equations as well as the

equivalent circuits are shown in Table 3.2 (2A, 2B, 2C, 2D).
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Coffee break 2: Dawn of the world of electricity,
from Coulomb to Ampère and Ohm

It may be said that the modern history of electricity actually began with the great character

Coulomb. Any review of the legacy left by the great scientists Coulomb, Ampère and Ohm

cannot be omitted from the historical stories of electricity.

Charles Augustin Coulomb (1736–1806)

wrote seven important treatises on electricity and

magnetism between 1785 and 1791. He obtained

some remarkable results by using the torsion balance

method on ‘electric point charges’, ‘magnetic

poles’, the distribution of electricity on the surface

of charged bodies and others, and in particular

the ‘law of attraction and repulsion’, which was

the theory of attraction and repulsion between

bodies of the same and opposite electrical charge.

He demonstrated an inverse square law for
attractive and repulsive forces ðF ¼ q1 � q2=r2Þ
using accurate measures of his own design. He

also suggested that there was no perfect dielectric,

proposing that every substance has a limit above

which it will conduct electricity.

In 1800, Alessandro Volta (1745–1827) built

the voltaic pile, which was the first battery to

produce a reliable, steady current of electricity.

He discovered, so to speak, the first practical method
of generating electricity. Needless to say, Volta was

a great benefactor to many electrical scientists as the

person who provided stable electricity for their

laboratory experiments at that time.

Hans Christian Oersted (1777–1851) discov-

ered in 1820 that a compass needle deflects

from magnetic north when an electric current is

switched on or off in a nearby wire. This showed

that electricity and magnetism were related phenom-

ena. This eventually led him to the conclusion that

‘an electric current creates a magnetic field’ and thus

‘electromagnetism’ was born.

André Marie Ampère (1775–1836), a mathe-

matician, immediately on hearing about Oersted’s

experimental results, formulated a circuit force law
and treated magnetism by postulating small closed

circuits inside a magnetized substance. He also

discovered ‘electro-dynamical forces’ between lin-

ear wires through his experiment in 1820, the same year as Oersted’s discovery. Ampère proved

that electric current also creates flux and furthermore mechanical force. ‘Ampère’s
corkscrew rule’ and ‘Ampère’s circuit law’ clearly indicate that current and flux are

equivalent to each other because one can create the other.

Charles Augustin Coulomb (1736–1806)

Alessandro Volta (1745–1827)
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Georg Simon Ohm (1787–1854) in 1825 was

convinced of the truth of what we today call

‘Ohm’s law’ and gave its mathematical description

in his 1826 paper. His law showed that the current

through most materials is directly proportional to

the potential difference applied across the material.

He also published a fully mathematical approach to

his complete theory of electricity in a book pub-

lished in 1827, although the physics at that time

rested mostly on a non-mathematical approach. His

mathematical approach also had an impact in

showing the true scientific method.

Now, the facts that ‘electricity and magnetism

are likely to be mutually related’ and ‘current

produced mechanical force’ were almost recog-

nized in the works of Coulomb, Oersted, Ampèere

and Ohm. However, no one knew then that ‘mag-

netism can produce electricity’, much less that

‘mechanical power can make electrical power by

moving magnetism’.

Oersted proved that electric current set
up a magnetic field

Georg Simon Ohm (1787–1854)

Hans Christian Oersted (1777–1851)

André Marie Ampère (1775–1836)
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4
Fault Analysis of Parallel Circuit
Lines (Including Simultaneous
Double Circuit Fault)

Simultaneous line faults are often caused in power systems and can become serious, so a detailed

examination and appropriate countermeasures are required to prevent serious power outages. Fault

analysis for double circuit lines is rather complicated because mutual inductances as well as mutual

capacitances exist between the double circuits. Moreover, fault analysis of simultaneous double faults

is very hard work. Study of the principles of analogue methods for such complicated system behaviour

is important regardless of whether we approach networks using computational or manual calculations.

So-called two-phase circuit theory is introduced as an effective approach in this chapter, and then

the principles of faults analysis on double circuit lines, including double faults, is examined.

4.1 Two-phase Circuit and its Symmetrical
Coordinate Method

4.1.1 Definition and meaning

Figures 4.1a and b show the two-phase circuit in comparison with the three-phase circuit. Although the

two-phase circuit has not been utilized as a practical power system, positive-, negative- and zero-

sequence circuits of double circuit transmission lines as are shown in Figures 2.6 and 2.8 for example

are types of two-phase circuit lines, because they are the same as in Figure 4.1(b) if the double circuits

are connected to the same single bus at the substation terminal.

It is assumed below that parallel circuits 1 and 2 of the same double circuit line are well balanced and,

furthermore, each circuit is also well phase balanced by transposition. As is shown in Figures 2.6 and 2.8

of Chapter 2, mutual inductance and mutual capacitance between the first circuit 1 and the second circuit

2 exist on the zero-sequence circuit, but do not exist on the positive and negative-sequence circuits.

We have already learned that mutual inductances and capacitances of three-phase single circuit

transmission lines are extinguished by symmetrical coordinate transformation. Analogously, mutual

inductances and capacitances of the two-phase circuit must be extinguished by adopting a two-phase

symmetrical coordinate transformation. This is the reason why we are going to apply two-phase

symmetrical components as analytical tools for double circuit transmission lines. The so-called

double phase circuit theory is indeed the theory of symmetrical coordinates for double phase
circuits and is mathematically a kind of two-variable transformation.
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The relevant equations are defined by the following equation.

For the transformation

Vk0

Vk1
|ffl{zffl}

Vk01

¼ 1

2

1 1

1 a
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

a2f

1Vk
2Vk
|ffl{zffl}

12Vk

¼ 1

2

1 1

1 �1
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

a2f

�
1Vk
2Vk
|ffl{zffl}

12Vk

;Vk01 ¼ a2f � 12Vk

where a ¼ e j360�=2 ¼ cos180� þ jsin180� ¼ �1

(4.1a)

For the inverse transformation

1Vk
2Vk
|ffl{zffl}

12V
k

¼ 1 1

1 �1
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

a�1
2f

Vk0

Vk1
|ffl{zffl}

Vk01

; 12Vk ¼ a-1
2f � Vk01 (4.1b)

This definition by Equations 4.1a , 4.1b is in the same form as in Chapter 2, with the size of matrix

equations being changed and the size of the operational matrix a, a�1 changed from 3 � 3 to 2 � 2;

the vector operator is changed from a ¼ e j120� to a2f ¼ e j180� ¼ �1.

The transformation equation above is applied to the quantities of the double circuits 1 and 2 on the

positive-, negative- and zero-sequence double circuit lines. The suffix k = 1, 2 or 0 corresponds to 1-,

2- or 0-sequence quantities.

For the transformation

Zero-sequence components

V00

V01

¼ 1

2

1 1

1 �1
�

1V0
2V0

or
V00¼

1

2
ð1V0 þ 2V0Þ

V01¼
1

2
ð1V0 � 2V0Þ

9
>=

>;
r

Positive-sequence components

V10

V11

¼ 1

2

1 1

1 �1
�

1V1
2V1

or
V10¼

1

2
ð1V1 þ 2V1Þ

V11¼
1

2
ð1V1 � 2V1Þ

9
>=

>;
s

Negative-sequence components

V20

V21

¼ 1

2

1 1

1 �1
�

1V2
2V2

or
V20¼

1

2
ð1V2 þ 2V2Þ

V21¼
1

2
ð1V2 � 2V2Þ

9
>=

>;
t

9
>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>;

(4.2a)

Ia

1Ik

1Ik + 2Ik

Ig = – (1Ik + 2Ik)

2Ik

2Vk
1Vk

Za ZaZab

Zab

Zca Zbc
Zn Zn

Zb

ZbZc

Ig = – (Ia + Ib + Ic)

Ib

Ic

VcVbVa

a

b

c

a

b

(a) three phase circuit (b) two phase circuit

Ia + Ib + Ic

Figure 4.1 Three-phase and two-phase circuits

|ffl
fflfflfflffl
{z
fflfflffl
fflffl}

|ffl
fflfflffl
fflfflffl
{z
fflfflffl
fflfflffl
ffl}
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For the inverse transformation

:

Zero-sequence components

1V0
2V0

¼ 1 1

1 �1
� V00

V01

1V0 ¼ V00 þ V01
2V0 ¼ V00 � V01

)

r

Positive-sequence components

1V1
2V1

¼ 1 1

1 �1
� V10

V11

1V1 ¼ V10 þ V11
2V1 ¼ V10 � V11

)

s

Negative-sequence components

1V2
2V2

¼ 1 1

1 �1
� V20

V21

1V2 ¼ V20 þ V21
2V2 ¼ V20 � V21

)

t

where

V00;V01 : first- and second-lane voltages on the zero-sequence circuit

V10;V11 : first- and second-lane voltages on the positive-sequence circuit

V20;V21 : first- and second-lane voltages on the negative-sequence circuit
1V0;

2V0 : first- and second-circuit voltages in the zero-sequence domain
1V1;

2V1 : first- and second-circuit voltages in the positive-sequence domain
1V2;

2V2 : first- and second-circuit voltages in the negative-sequence domain

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ð4:2bÞ

The equations for the current or any other quantities are defined similarly.

Let us refer to the transformed new circuits as the ‘1st-lane circuit’ and ‘2nd-lane circuit’.

4.1.2 Transformation process of double circuit line

The symmetrical equations of the double circuit line are quoted from Equations 2.20b and 2.24c. The

positive-sequence circuit (the negative-sequence circuit is of the same form) is

1
mV1
2
mV1
12
m V 1

�
1
nV1
2
nV1
12
n V 1

¼ Z1 0

0 Z1

Z1

�
1I1
2I1
12I1

or 12
m V 1 � 12

n V 1 ¼ Z1 � 12I1 r

where Z1 ¼ Zs � Zm

1I1
2I1
12I1

¼ jv
C1 0

0 C1

C1

�
1V1
2V1
12V 1

or 12I ¼ jvC1 � 12V 1 s

where C1 ¼ Cs þ 3Cm þ 3C0m

9
>>>>>>>>>>>>>=

>>>>>>>>>>>>>;

(4.3a)

and the zero-sequence circuit is

1
mV0
2
mV0
12
m V 0

�
1
nV0
2
nV0
12
n V 0

¼ Z0 Z0M

Z0M Z0

Z0

�
1I0
2I0
12I0

or 12
m V 0 � 12

n V 0 ¼ Z0 � 12I0

where Z0 ¼ Zs þ 2Zm; Z0M ¼ 3Z0m
1I0
2I0
12I0

¼ jv
C0 þ C00 �C00
�C00 C0 þ C00

C0

�
1V0
2V0
12V 0

or 12I0 ¼ jvC0 � 12V 0

where C0 ¼ Cs; C00 ¼ 3C0m

9
>>>>>>>>>>>>>=

>>>>>>>>>>>>>;

(4.3b)
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The transformation of the above symmetrical equations into 1st- and 2nd-lane circuit equations can

be done using the following process and modifications:

mV k01 � nV k01 ¼ ða2f � Zk � a�1
2f Þ � Ik01

12Ik01 ¼ jvða2f � Ck � a�1
2f Þ � V k01

where k ¼ 1; 2; 0

9
=

;
(4.4)

a2f � Zk � a�1
2f and a2f � Ck � a�1

2f can easily be calculated and the following transformed equations

are derived:

For the positive-sequence circuit

mV10

mV11

� nV10

nV11

¼ Z1 0

0 Z1

� I10

I11

¼ Zs � Zm 0

0 Zs � Zm

� I10

I11

I10

I11

¼ jv
C1 0

0 C1

V10

V11

¼ jv
Cs þ 3Cm þ 3C0m 0

0 Cs þ 3Cm þ 3C0m
� V10

V11

(4.5a)

For the negative-sequence circuit

mV20

mV21

� nV20

nV21

¼ Z1 0

0 Z1

� I20

I21

¼ Zs � Zm 0

0 Zs � Zm

� I20

I21

I20

I21

¼ jv
C1 0

0 C1

� V20

V21

¼ jv
Cs þ 3Cm þ 3C0m 0

0 Cs þ 3Cm þ 3C0m
� V20

V21

(4.5b)

For the zero-sequence circuit

mV00

mV01

� nV00

nV01

¼ Z0 þ Z0M 0

0 Z0 � Z0M

� I00

I01

¼ Zs þ 2Zm þ 3Z0m 0

0 Zs þ 2Zm � 3Z0m
� I00

I01

I00

I01

¼ jv
C0 0

0 C0 þ 2C00

V00

V01

¼ jv
Cs 0

0 Cs þ 6C0M
� V00

V01

9
>>>>>>=

>>>>>>;

(4.5c)

These derived equations are in coincidence with the figures in Table 2.1. The transformed

zero-sequence equation shows that the mutual inductance as well as the mutual capacitance vanished,

so that the 1st- and 2nd-lane circuits can be treated as circuits with self-impedance and self-

capacitance only.

Figure 4.2 shows the vector relations between (1I0;
2I0) and (I00, I01).

|ffl
fflfflffl
fflfflffl
ffl{
zffl
fflfflffl
fflfflffl
ffl}

|ffl
fflfflffl
fflfflffl
ffl{
zffl
fflfflffl
fflfflffl
ffl}

1I
0 

+ 2I0

I00 =   (1I
0 

+ 2I0)

1I
0
 = I

00 
+ I01

2I
0
 = I

00 
–  I01

1I
0 

– 2I0

1
2

I01 =   (1I
0 

– 2I0)1
2

1
I
0

2 I 0

I 01

I 01

I 00

(a) (b)

Figure 4.2 Vector diagram of two-phase symmetrical coordinates transformation
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4.2 Double Circuit Line by Two-phase Symmetrical
Transformation

4.2.1 Transformation of typical two-phase circuits

Figure 4.3(a) is a typical two-phase circuit. The circuit can be regarded as a zero-sequence circuit of the

double circuit line (putting suffix k = 0), or as the positive-/negative-sequence circuits by further

omitting the mutual inductance and mutual capacitance between the first and second circuits (putting

k = 1,2). The circuit equations are

1
l Vk
2
l Vk

¼ aZ aZM

aZM aZ
�

1
l Ik
2
l Ik

þ
1
mVk
2
mVk

r

1
mVk
2
mVk

¼ Zc 0

0 Zc

�
1
mIk
2
mIk

¼ bZ bZM

bZM bZ
�

1
nIk
2
nIk

þ nV

nV
s

nV

nV
¼ nZ nZ

nZ nZ
�

1
nIk
2
nIk

þ E

E
t

1
l Ik
2
l Ik

¼
1
nIk
2
nIk

þ
1
mIk
2
mIk

þ
1
mI0k
2
mI0k

u

1
mI0k þ 2

mI0k ¼ 0 v

1
mVk � 2

mVk ¼ Z0c � 1
mI0k w

9
>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>;

(4.6)

point

1st phase

2nd phase

1st-lane circuit

2nd-lane circuit

point point

section a section bl m n

aZ

aZ
aZM

nZ

E

EnVZC

bZ

bZ

bZm

bZ + bZM

bZ – bZM

aZ +aZM

aZ – aZM

ZC

ZC

ZC = 

ZC′

ZC′

2
lIk

lIk0

lIk0

lVk0

lVk1 mVk1

mVk0

mIk0

mIk1

nIk1

nIk0

mIk1′

nV

2nZ

1
lIk

1
lVk

2
lVk

1
mVk

1
mIk

1
mIk′

1
nIk 1

nIk
2

nIk

2
nIk

2
mIk′

2
mVk

+

1
jwC

1
j2wC′2

=

(a)

(b)

2
mIk

where ZC =
1

jωC

Figure 4.3 Circuit transformation by two-phase symmetrical components
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The equations can be transformed into that of 1st- and 2nd-lane variables by the same transforma-

tion process as Equation 4.3:

from Equation ð4:6Þr

lVk0

lVk1

¼ 1

2

1 1

1 �1
� aZ aZM

aZM aZ
� 1 1

1 �1
� lIk0

lIk1

þ mVk0

mVk1

¼ aZ þ aZM 0

0 aZ � aZM

� lIk0

lIk1

þ mVk0

mVk1

r

from Equation ð4:6Þs

mVk0

mVk1

¼ 1

2

1 1

1 �1
� Zc 0

0 Zc

� 1 1

1 �1
� mIk0

mIk1

¼ 1

2

1 1

1 �1
� bZ bZM

bZM bZ
� 1 1

1 �1
� nIk0

nIk1

þ 1

2

1 1

1 �1
� nV

nV

; mVk0

mVk1

¼ Zc 0

0 Zc

� mIk0

mIk1

¼ bZ þ bZM 0

0 bZ � bZM

� nIk0

nIk1

þ nV

0
s

from Equation ð4:6Þt

1

2

1 1

1 �1
� nV

nV

¼ 1

2

1 1

1 �1
� nZ nZ

nZ nZ
� 1 1

1 �1
� nIk0

nIk1

þ 1

2

1 1

1 �1
� E

E

; nV

0
¼ 2nZ 0

0 0
� nIk0

nIk1

þ E

0
t

from Equation ð4:6Þu

lIk0

lIk1

¼ nIk0

nIk1

þ mIk0

mIk1

þ mI0k0

mI0k1

u

from Equation ð4:6Þv

mI0k0 ¼
1

2
ð1mI0k þ 2

mI0kÞ ¼ 0 ; mI0k0 ¼ 0 v

from Equation ð4:6Þw
ðmVk0 þ mVk1Þ � ðmVk0 � mVk1Þ ¼ Z0c � ðmI0k0 þ mI0k1Þ

; mVk1 ¼
Z0c
2
� mI0k1 w

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(4.7)

The equivalent circuit in Figure 4.3(b) can be written from the above transformed equations.

It consists of two independent circuits which are named the 1st-lane circuit and the 2nd-lane circuit
of the positive-, negative- or zero-sequence domain for k = 1,2,0 respectively. In Figure 4.3(b), mutual
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inductances as well as mutual capacitances between the 1st lane and 2nd lane have already vanished. It

should be noted that in the 1st-lane circuit 2nZ is inserted, while in the 2nd-lane circuit, the first and

second circuits are short-circuited at the bus terminal n and so C0 þ 2C00 is inserted.

4.2.2 Transformation of double circuit line

Figure 4.4a is the symmetrical equivalent circuit of the double circuit transmission line, in that the

mutual inductance and capacitance between the first and second circuits exist only for the zero

sequence. The figure can be easily transformed into the 1st- and 2nd-lane circuits of Figure 4.4b in the

same way as described by Figure 4.3.

The original three-phase double circuit line (of a–b–c and A–B–C phases, Figure 1.5 in Chapter 1)

has been transformed into Figure 4.4b, in which there are six mutually independent circuits. Mutual

constants between the 1st and 2nd lanes for the zero sequence have already vanished. Each 2nd-lane

circuit of the 1–2–0 sequence domain is a closed-circuit composed only of parallel line part constants.
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Figure 4.4 Equivalent circuit of double circuit line in 1st- and 2nd-lane circuit domain
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The circuit constants in Figure 4.4(b) are given by the following equations:

Z1 ¼ Zs � Zm Z10 ¼ Z1 ¼ Zs � Zm Z11 ¼ Z1 ¼ Zs � Zm

jY1 ¼ jvC1 jY10 ¼ jvC1 jY11 ¼ jvC1

¼ jvðCs þ 3Cm ¼ jvðCs þ 3Cm ¼ jvðCs þ 3Cm

þ 3C0mÞ þ 3C0mÞ þ 3C0mÞ

Z0 ¼ Zs þ 2Zm Z00 ¼ Z0 þ Z0M Z01 ¼ Z0 � Z0M

Z0M ¼ 3Z 0m ¼ Zs þ 2Zm þ 3Z0m ¼ Z0 þ 2Zm � 3Z0m

jY0 ¼ jvC0 jY00 ¼ jvC0 jY01 ¼ jvðC0 þ 2C00Þ
¼ jvCs ¼ jvCs ¼ jvðCs þ 6C0mÞ

jY 00 ¼ jvC00

¼ jv � 3C0m

(4.8)

where

Z00, Z01: 1st- and 2nd-lane impedances in the zero-sequence domain

Y00, Y01: 1st- and 2nd-lane admittances in the zero-sequence domain

Typical values of these lane impedances and admittances (capacitances) are shown in Table 2.1 in

Chapter 2.

It must be remembered that the impedances of 2 lZ0, 2 lZ1, 2 nZ1, 2 nZ0 (instead of lZ1, lZ0, nZ1, nZ0)

are inserted in the 1st-lane circuits in Figure 4.4(b).

The 2nd-lane circuit of each positive-, negative- and zero-sequence circuit is of closed circuit

without power source. Accordingly all the quantities in the 2nd-lane circuit are zero before the fault.

However, if the double circuit line is not necessarily well balanced, a so-called circulating current

would flow through the 2nd-lane circuits.

Let us now examine I00, I01 in the 1st- and 2nd-lane circuit of the zero-sequence domain:

I00 ¼
1

2
ð1I0 þ 2I0Þ ¼

1

6
fð1Ia þ 1Ib þ 1IcÞ þ ð2Ia þ 2Ib þ 2IcÞg

I01 ¼
1

2
ð1I0 � 2I0Þ ¼

1

6
fð1Ia þ 1Ib þ 1IcÞ � ð2Ia þ 2Ib þ 2IcÞg

9
>>=

>>;

(4.9)

Accordingly, if zero-sequence current exists under normal load conditions, then I01 of the 2nd lane

also exists and flows through the 2nd-lane closed loop circuit. I01 is the so-called circulating current
of the double or multiple circuit line and is the zero-sequence current component which actually

circulates through the first and second circuits.

Further, I00, I01 are quantities which can be measured as the addition or subtraction of the current
transformer (CT) residual currents 1I0 ¼ ð1=3Þð1Ia þ 1Ib þ 1IcÞ, 2I0 ¼ ð1=3Þð 2Ia þ 2Ib þ 2IcÞ at

the CT secondary terminals of the first and second circuits.

In the practical engineering field of protective relaying, the zero-sequence circulating current I01

sometimes causes severe problems for certain types of protective relays, in particular for double circuit

lines of a highly resistive neutral grounding system, for which special countermeasures may be

required to prevent malfunction of the relays.

|ffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflffl{
zffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflffl}

(4:8)
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4.3 Fault Analysis of Double Circuit Line
(General Process)

Figure 4.5 is the process flow diagram of fault analysis for the double circuit line. The steps with the

marks *1, *2 in the diagram correspond to the Figure 4.4(a), (b) respectively.

Tables 4.1a and b summarize the related equations and the corresponding equivalent circuits for the

cases of a single circuit fault and a double circuit fault at the same point f on a double circuit

transmission line. The double circuit transmission line before the fault is shown as Figure 1 in

Table 4.1, where a set of virtual terminals is prepared at point f for the connection of fault conditions

(Figure 1 corresponds to the process step *1).

In relation to Figure 1 in Table 4.1, Figure 2 shows the circuits in the symmetrical coordinate

domain (corresponding to *2) and Figure 3 the 1st- and 2nd-lane circuits in the symmetrical coordinate

domain (corresponding to *3). Capacitances can be of course added to these circuits if necessary.

The 1st- and 2nd-lane circuits in the symmetrical coordinate domain of Figure 3 can be described

by the following equation:

f V10 ¼ f Ea � f Z10 � f I10

f V11 ¼ � f Z11 � f I11

)

r

f V20 ¼ � f Z20 � f I20

f V21 ¼ � f Z21 � f I21

)

s

f V00 ¼ � f Z00 � f I00

f V01 ¼ � f Z01 � f I01

)

t

(4.10)

where f Z10, f Z11, f Z20, f Z21, f Z00, f Z01 are the 1st- and 2nd-lane impedances looking into

the circuit from point f in Figure 3, all of which can be found from Figure 3 as known quantities.
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network condition
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For example,

f Z10 ¼ fthe parallel impedance of ð pZ1 þ 2mZ1Þ; ðqZ1 þ 2nZ1Þg

¼ ð pZ1 þ 2mZ1Þ==ðqZ1 þ 2nZ1Þ

f Z11 ¼ fthe parallel impedance of pZ1; qZ1g ¼ pZ1==qZ1

and f Ea is the known voltage at point f before the fault in Figure 4.3.

Now we complete our arrangement of circuit conditions before the fault.

4.4 Single Circuit Fault on the Double Circuit Line

Let us examine the phase b to phase c line-to-line fault at point f on the first circuit of the double circuit

transmission line.

4.4.1 Line-to-ground fault (1fG) on one side circuit

The fault condition of this case is connection of the virtual terminals t1, t7 through the arc resistance R

(see Figure 1A):

1
f Ib ¼ 1

f Ic ¼ 0

1
f Va ¼ R � 1

f Ia

)

2
f Ia ¼ 2

f Ib ¼ 2
f Ic ¼ 0

: circuit 1

: circuit 2

(4.11a)

and in the 1–2–0 domain

1
f I0 ¼ 1

f I1 ¼ 1
f I2

1
f V0 þ 1

f V1 þ 1
f V2 ¼ 3R � 1

f I0

)

2
f I0 ¼ 2

f I1 ¼ 2
f I2 ¼ 0

: circuit 1

: circuit 2

(4.11b)

The equation is in one-to-one correspondence to Figure 2A, which is the equivalent circuit of this

case. The calculation of this circuit is not easy, because mutual impedance exists in the zero-sequence

circuit. Therefore we try to transform the condition into the 1st- and 2nd-lane circuits.

Substituting Equation 4.2b into Equation 4.11b,

ð f I00 þ f I01Þ ¼ ð f I10 þ f I11Þ ¼ ð f I20 þ f I21Þ
ð f V00 þ f V01Þ þ ð f V10 þ f V11Þ þ ð f V20 þ f V21Þ ¼ 3R � ð f I00 þ f I01Þ
ð f I00 � f I01Þ ¼ ð f I10 � f I11Þ ¼ ð f I20 � f I21Þ ¼ 0

; f I00 ¼ f I01 ¼ f I10 ¼ f I11 ¼ f I20 ¼ f I21

ð f V00 þ f V01Þ þ ð f V10 þ f V11Þ þ ð f V20 þ f V21Þ ¼ 6R � f I00

9
>>>>>>>=

>>>>>>>;

(4.12)

Figure 3A is the equivalent circuit of this fault case because it is strictly in one-to-one correspon-

dence to the above equation. All the mutual impedance has already disappeared in Figure 3A, so the

voltage and current quantities at point f under the terminal condition of Figure 3A can easily be found

by calculation.

The resolved quantities are transformed into the symmetrical quantities by applying Equation 4.2b

for the inverse transformation, and are finally transformed into the three-phase quantities.
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4.4.2 Various one-side circuit faults

We can solve one-side circuit faults of various other modes by the same method. The related equations

and the equivalent circuits for these are also described in Table 4.1.

In the case of a phase b to c line-to-ground fault (Figure 1B), for example, the equivalent circuit in

the symmetrical domain and the further transformed circuit are given by Figures 2B and 3B,

respectively. The calculation of Figure 3B is easy because the circuit is a single loop circuit without

mutual inductances. On the other hand, the manual calculation of Figure 2B is quite hard.

In the case of a phase b to c line-to-line fault (Figure 1C), as another example, the calculation by

Figure 3C is easier than by Figure 2C in spite of the fact that the zero-sequence circuit with mutual

inductances is not even included.

4.5 Double Circuit Fault at Single Point f

4.5.1 Circuit 1 phase a line-to-ground fault and circuit 2
phases b and c line-to-line faults at point f

The fault condition in this case is shown in Figure 1E, where arc resistance is neglected.

The fault condition in the three-phase domain (see Figure 1E) is

1
f Ib ¼ 1

f Ic ¼ 0; 1
f Va ¼ 0 : circuit 1

2
f Ia ¼ 0; 2

f Ib þ 2
f Ic ¼ 0; 2

f Vb ¼ 2
f Vc : circuit 2

9
=

;
(4.13a)

The fault condition in the 1–2–0 domain (see Figure 2E) is

1
f I0 ¼ 1

f I1 ¼ 1
f I2;

1
f V0 þ 1

f V1 þ 1
f V2 ¼ 0 : circuit 1

2
f I0 ¼ 0; 2

f I1 þ 2
f I2 ¼ 0; 2

f V1 ¼ 2
f V2 : circuit 2

9
=

;
(4.13b)

and the fault condition in the 1st- and 2nd-lane domain (see Figure 3E) is, on substituting

Equation 4.2b into Equation 4.13b,

ð f I00 þ f I01Þ ¼ ð f I10 þ f I11Þ ¼ ð f I20 þ f I21Þ

ð f V00 þ f V01Þ þ ð f V10 þ f V11Þ þ ð f V20 þ f V21Þ ¼ 0; ð f I00 � f I01Þ ¼ 0

ð f I10 � f I11Þ þ ð f I20 � f I21Þ ¼ 0; ð f V10 � f V11Þ ¼ ð f V20 � f V21Þ
Then

f I00 ¼ f I01 f I10 ¼ f I21

f I11 ¼ f I20 2 f I00 ¼ ð f I10 þ f I11Þ

f V10 þ f V21 ¼ f V11 þ f V20

ð f V00 þ f V01Þ ¼ �2ð f V10 þ f V21Þ

(4.14a)

The equivalent circuit for Equation 4.14a is shown in Figure 3E. In this figure, one ideal transformer

(of turn ratio 1:2) is inserted in the equivalent circuit in order to satisfy Equation 4.14a completely.

Figure 3E can be redrawn as a quite simple circuit so that the calculation is easy, but on the other hand,

manual calculation of Figure 2E is almost impossible.

�

r

�

s

9
>>>>=

>>>>;
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For any other simultaneous double circuit fault modes, we can introduce solutions like

Equation 4.14a in the same manner. However, the corresponding equivalent circuits would not be

able to be drawn for most of the cases. We have to bear in mind that those cases where we can draw the

equivalent circuits are actually exceptional.

In other words, we have to find solutions only from the related equations for most of the cases

without having equivalent circuits. Therefore let us examine the above fault further as a typical

example and find the solution only from the related equations.

We have the six equations of Equation (4.10) as system side conditions and the other six equations

of Equation 4.14a as fault terminal conditions. Twelve variables (six for currents and six for voltages)

and twelve equations exist in total, so the equations can be solved as a set of simultaneous equations of

twelve dimensions and single order. Next, the simultaneous equations can be easily modified into a set

of six dimensions and single order only, with six current variables in this case.

Eliminating variables V by substituting Equation 4.10 into Equation 4.14a s,

f Z10 � f I10 � f Z11 � f I11 � f Z20 � f I20 þ f Z21 � f I21 ¼ f Ea

f Z00 � f I00 þ f Z01 � f I01 þ 2 f Z10 � f I10 þ 2 f Z21 � f I21 ¼ 2 � f Ea

)

(4.14b)

All the variables for voltages have vanished, so Equations 4.14a and 4.14b can be rearranged as

simultaneous equations of six current variables:

1 �1

2 �1 �1

1 �1

�1 �1

f Z10 � f Z11 � f Z20 f Z21

f Z00 f Z01 2 � f Z10 2 � f Z21

�

I00

f I01

f I10

f I11

f I20

f I21

¼

0

0

0

0

f Ea

2 � f Ea

(4.15)

This set of simultaneous equations is of six dimensions and single order only. These particular

equations can be solved manually, although this is not generally easy.

4.5.2 Circuit 1 phase a line-to-ground fault and circuit 2
phase b line-to-ground fault at point f (method 1)

A plain equivalent circuit would not exist in most cases of double circuit faults, so we have to execute a

complicated step-by-step calculation. As a typical case let us try to solve the circuit 1 phase a 1fG and

circuit 2 phase b 1fG fault. The fault condition in this case is shown as follows where we neglect arc

resistance.

The fault condition in the three-phase domain is

circuit 1 : Phase a to ground fault 1
f Ib ¼ 1

f Ic ¼ 0; 1
f Va ¼ 0

circuit 2 : Phase b to ground fault 2
f Ia ¼ 2

f Ic ¼ 0; 2
f Vb ¼ 0

9
=

;
(4.16)

The fault condition in the 1–2–0 domain is

circuit 1 1
f I0 ¼ 1

f I1 ¼ 1
f I2;

1
f V0 þ 1

f V1 þ 1
f V2 ¼ 0

circuit 2 2
f I0 ¼ a2 � 2

f I1 ¼ a � 2
f I2;

2
f V0 þ a2 � 2

f V1 þ a � 2
f V2 ¼ 0

9
=

;
(4.17)
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The fault condition in the 1st- and 2nd-lane domain is, substituting Equation (4.2b) into

Equation (4.17),

ð f I00 þ f I01Þ ¼ ð f I10 þ f I11Þ ¼ ð f I20 þ f I21Þ
ð f V00 þ f V01Þ þ ð f V10 þ f V11Þ þ ð f V20 þ f V21Þ ¼ 0

ð f I00 � f I01Þ ¼ a2ð f I10 � f I11Þ ¼ að f I20 � f I21Þ

ð f V00 � f V01Þ þ a2ð f V10 � f V11Þ þ að f V20 � f V21Þ ¼ 0

9
>>>>>=

>>>>>;

(4.18)

Equation (4.10) as the system condition and Equation 4.18 as the fault condition include

12 equations in total so that a set of simultaneous equations of 12 dimensions and single order

can be prepared.

The six voltage variables can be eliminated by substituting Equation (4.10) into Equation (4.18) to

obtain the following equations:

f I00 þ f I01 � f I10 � f I11 ¼ 0

f I00 þ f I01 � f I20 � f I21 ¼ 0

f I00 � f I01 � a2
f I10 þ a2

f I11 ¼ 0

f I00 � f I01 � a f I20 þ a f I21 ¼ 0

f Z00 � f I00 þ f Z01 � f I01 þ f Z10 � f I10 þ f Z11 � f I11 þ f Z20 � f I20 þ f Z21 � f I21 ¼ f Ea

f Z00 � f I00 � f Z01 � f I01 þ a2ð f Z10 � f I10 � f Z11 � f I11Þ þ að f Z20 � I20 � f Z21 � I21Þ ¼ a2 � f Ea

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

(4.19a)

namely

1 1 �1 �1

1 1 �1 �1

1 �1 �a2 þa2

1 �1 �a þa

f Z00 f Z01 f Z10 f Z11 f Z20 f Z21

f Z00 � f Z01 a2 � f Z10 �a2 � f Z11 a � f Z20 �a � f Z21

�

f I00

f I01

f I10

f I11

f I20

f I21

¼

0

0

0

0

f Ea

a2 � f Ea

(4.19b)

This set of simultaneous equations is of six dimensions and single order for the current-variables

where all the impedances are known. We can solve the equations perhaps by using a PC, because

solution by hand may be too hard.

Incidentally, whenever voltage and current quantities ( f V00, f I00, etc.) at point f are found,

quantities at different arbitrary points can be found in the 1st- and 2nd-lane domain by straightforward

additional calculation.

4.5.3 Circuit 1 phase a line-to-ground fault and circuit 2
phase b line-to-ground fault at point f (method 2)

The current values of Equation 4.19b can be easily calculated by a computational approach as the

problem to obtain a 6� 6 inverse matrix equation. However, considering the purpose of this book, a

method to find a solution manually is demonstrated here.
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The fault condition in the three-phase domain is

circuit 1 : Phase a to ground fault 1
f Ib ¼ 1

f Ic ¼ 0; 1
f Va ¼ 0

circuit 2 : Phase b to ground fault 2
f Ia ¼ 2

f Ic ¼ 0; 2
f Vb ¼ 0

9
=

;
(4.20)

The transformed symmetrical current equations are

3 � 1
f I0 ¼ 1

f Ia þ 0þ 0 ¼ 1
f Ia; 3 � 2

f I0 ¼ 0þ 2
f Ib þ 0 ¼ 2

f Ib

3 � 1
f I1 ¼ 1

f Ia þ a � 0þ a2 � 0 ¼ 1
f Ia; 3 � 2

f I1 ¼ 0þ a � 2
f Ib þ a2 � 0 ¼ a � 2

f Ib

3 � 1
f I2 ¼ 1

f Ia þ a2 � 0þ a � 0 ¼ 1
f Ia; 3 � 2

f I2 ¼ 0þ a2 � 2
f Ib þ a � 0 ¼ a2 � 2

f Ib

9
>>>=

>>>;

(4.21)

Accordingly,

f I00 ¼
1

2
ð1f I0 þ 2

f I0Þ ¼
1

6
ð1f Ia þ 2

f IbÞ

f I01 ¼
1

2
ð1f I0 � 2

f I0Þ ¼
1

6
ð1f Ia � 2

f IbÞ

f I10 ¼
1

2
ð1f I1 þ 2

f I1Þ ¼
1

6
ð1f Ia þ a � 2

f IbÞ

f I11 ¼
1

2
ð1f I1 � 2

f I1Þ ¼
1

6
ð1f Ia � a � 2

f IbÞ

f I20 ¼
1

2
ð1f I2 þ 2

f I2Þ ¼
1

6
ð1f Ia þ a2 � 2

f IbÞ

f I21 ¼
1

2
ð1f I2 � 2

f I2Þ ¼
1

6
ð1f Ia � a2 � 2

f IbÞ

9
>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>;

(4.22)

The transformed symmetrical voltage equations of Equation 4.20 are

0 ¼ 1
f Va ¼ 1

f V0 þ 1
f V1 þ 1

f V2

¼ ð f V00 þ f V01Þ þ ð f V10 þ f V11Þ þ ð f V20 þ f V21Þ

0 ¼ 2
f Vb ¼ 2

f V0 þ a2 � 2
f V1 þ a � 2

f V2

¼ ð f V00 � f V01Þ þ a2ð f V10 � f V11Þ þ að f V20 � f V21Þ

9
>>>>>>=

>>>>>>;

(4.23)

Substituting Equation 4.10 into Equation 4.23,

ð f Z00 � f I00 þ f Z01 � f I01Þ þ ð f Z10 � f I10 þ f Z11 � f I11Þ þ ð f Z20 � f I20 þ f Z21 � f I21Þ ¼ f Ea

ð f Z00 � f I00 � f Z01 � f I01Þ þ a2ð f Z10 � f I10 � f Z11 � f I11Þ þ að f Z20 � f I20 � f Z21 � f I21Þ ¼ a2 � f Ea

)

(4.24)

In Equation 4.22, all the currents in 1st- and 2nd-lane circuits in the 0–1–2 domain are shown as

functions only of 1
f Ia and 2

f Ib. Then, substituting Equation 4.22 into Equation 4.24,

fð f Z00 þ f Z01Þ þ ð f Z10 þ f Z11Þ þ ð f Z20 þ f Z21Þg � 1
f Ia

þfð f Z00 � f Z01Þ þ að f Z10 � f Z11Þ þ a2ð f Z20 � f Z21Þg � 2
f Ib ¼ 6 � f Ea

fð f Z00 � f Z01Þ þ a2ð f Z10 � f Z11Þ þ að f Z20 � f Z21Þg � 1
f Ia

þfð f Z00 þ f Z01Þ þ ð f Z10 þ f Z11Þ þ ð f Z20 þ f Z21Þg � 2
f Ib ¼ 6a2 � f Ea

9
>>>>>=

>>>>>;

(4.25)

76 4 FAULT ANALYSIS OF PARALLEL CIRCUIT LINES



This set of simultaneous equations is of two dimensions and single order in only the two variables
1
f Ia, 2

f Ib, and all other variables have vanished. Equation 4.25 can be solved easily by hand:

1
f Ia ¼

A1 � A2a2

A2
1 � A2B1

�6 f Ea;
2
f Ib ¼

�B1 þ A1 � a2

A2
1 � A2B1

where

A1 ¼ ð f Z00 þ f Z01Þ þ ð f Z10 þ f Z11Þ þ ð f Z20 þ f Z21Þ

A2 ¼ ð f Z00 � f Z01Þ þ að f Z10 � f Z11Þ þ a2ð f Z20 � f Z21Þ

B1 ¼ ð f Z00 � f Z01Þ þ a2ð f Z10 � f Z11Þ þ að f Z20 � f Z21Þ

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

(4.26)

Furthermore, f Z10 ; f Z20 and f Z11 ¼ f Z21 in Figure 3 of Table 4.1b so that the terms including

vector operators a and a�1 disappear as follows:

A1; ð f Z00 þ f Z01Þ þ 2ð f Z10 þ f Z11Þ

A2; B1 ; ð f Z00 � f Z01Þ � ð f Z10 � f Z11Þ

)

We have found directly the fault phase currents 1
f Ia and 2

f Ib on the virtual terminals at point f.

On the other hand, the sound phase currents other than 1
f Ia and 2

f Ib on the virtual terminals at point f

are zero. Therefore all the phase currents at the virtual terminals of point f have been found. Quantities

at other arbitrary points can be found consequently by additional calculation.

The characteristic of this method is to express all the lane circuit quantities of Figure 3 of Table 4.1b

as parameters of the fault phase currents only. The method is generally a very valuable calculation

technique to study various complicated fault conditions in double circuit lines. Furthermore, the

analogy may be applied to other types of calculation in practical engineering.

4.5.4 Various double circuit faults at single point f

Double circuit faults of other modes at point f can be analysed by method 1 or method 2, regardless of

the existence of visual equivalent circuits.

4.6 Simultaneous Double Circuit Faults at Different
Points f, F on the Same Line

4.6.1 Circuit condition before fault

If lightning strikes a phase a conductor at point f, for example, it may cause flashover of other

phases or other circuits at different point F. These cascade flashover phenomena at different two

points are actually simultaneous faults at different points on the basis of a millisecond-order

timescale. In other words, simultaneous faults of various modes would occur very often in power

system networks. These phenomena have to be investigated from various engineering viewpoints.

In particular, the behaviour of directional distance relays has to be carefully examined in order to

prevent malfunction.

The analogy of fault analysis in case of a simultaneous fault at two different points is the same as

that shown in Figures 1 of Table 4.1. However, we have to imagine virtual terminals at the two different

points f, F as shown in Figures 4.6a–c.
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The equations of the power system corresponding to Figure 4.6c are, for the positive-sequence, 1st

lane

f V10 ¼ mEa � sZ10ð f I10 þ qI10Þ; FV10 ¼ nEa � tZ10ðFI10 � qI10Þ

f V10 � FV10 ¼ qZ10 � qI10
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Figure 4.6 Simultaneous double circuit faults at different points
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accordingly,

f V10 ¼ mEa � sZ10ð f I10 þ qI10Þ

FV10 ¼ nEa � tZ10ðFI10 � qI10Þ

ðqZ10 þ sZ10 þ tZ10ÞqI10 ¼ mEa � nEa � sZ10 � f I10 þ tZ10 � FI10

9
>>>=

>>>;

r

for the positive-sequence, 2nd lane

f V11 ¼ � pZ11ð f I11 þ qI11Þ

FV11 ¼ �rZ11ðFI11 � qI11Þ

ðqZ11 þ qZ11 þ rZ11ÞqI11 ¼ � pZ11 � f I11 þ rZ11 � FI11

9
>>>=

>>>;

s

for the negative-sequence, 1st lane

f V20 ¼ �sZ20ð f I20 þ qI20Þ

FV20 ¼ �tZ20ðFI20 � qI20Þ

ðqZ20 þ sZ20 þ tZ20ÞqI20 ¼ �sZ20 � f I20 þ tZ20 � FI20

9
>>>=

>>>;

t (4.27)

for the negative-sequence, 2nd lane

f V21 ¼ � pZ21ð f I21 þ qI21Þ

FV21 ¼ �rZ21ðFI21 � qI21Þ

ðqZ21 þ pZ21 þ rZ21ÞqI21 ¼ � pZ21 � f I21 þ rZ21 � FI21

9
>>>=

>>>;

u

for the zero-sequence, 1st lane

f V00 ¼ �sZ00ð f I00 þ qI00Þ

FV00 ¼ �tZ00ðFI00 � qI00Þ

ðqZ00 þ sZ00 þ tZ00ÞqI00 ¼ �sZ00 � f I00 þ tZ00 � FI00

9
>>>=

>>>;

v

and for the zero-sequence, 2nd lane

f V01 ¼ � pZ01ð f I01 þ qI01Þ

FV01 ¼ �rZ01ðFI01 � qI01Þ

ðqZ01 þ pZ01 þ rZ01ÞqI01 ¼ � pZ01 � f I01 þ rZ01 � FI01

9
>>>=

>>>;

w

Equation 4.27 and Figure 4.6(c) are in one-to-one correspondence to each other.

Equation (4.27) r, qI10, can be deleted so that voltages f V10 and FV10 can be written as functions

of current variables f I10 and FI10 and the given source voltages mEa and nEa.
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By a similar treatment, Equation 4.27 can be reformed as follows by the general forms for the

equations of a power system.

for the positive-sequence, 1st lane

f V10 ¼ f f10ðmEa; nEa; f I10; FI10Þ

FV10 ¼ F f10ðmEa; nEa; f I10; FI10Þ

for the positive-sequence; 2nd lane

f V11 ¼ f f11ð f I11; FI11Þ; FV11 ¼ F f11ð f I11; FI11Þ

for the nagative-sequence; 1st lane

f V20 ¼ f f20ð f I20; FI20Þ; FV20 ¼ F f20ð f I20; FI20Þ

for the nagative-sequence; 2nd lane

f V21 ¼ f f21ð f I21; FI21Þ; FV21 ¼ F f21ð f I21; FI21Þ

for the 0-sequence; 1st lane

f V00 ¼ f f00ð f I00; FI00Þ; FV00 ¼ F f00ð f I00; FI00Þ

for the 0-sequence; 2nd lane

f V01 ¼ f f01ð f I01; FI01Þ; FV01 ¼ F f01ð f I01; FI01Þ

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ð4:28Þ

These are the equations of the power system before the fault.

4.6.2 Circuit 1 phase a line-to-ground fault and circuit 2
phase b line-to-ground fault at different points f, F

Fault analysis of this sort of double fault is very challenging. To understand the logical analogy for the

solution of such cases it is essential that readers can find solutions by either computer analysis or

manual calculation.

Now, the process of the double fault will be demonstrated using method 2, which was discussed

above.

The fault condition in the three-phase domain is,

at point f; 1
f Ib ¼ 1

f Ic ¼ 0

2
f Ia ¼ 2

f Ib ¼ 2
f Ic ¼ 0

1
f Va ¼ 0

at point F

1
FIa ¼ 1

FIb ¼ 1
FIc ¼ 0

2
FIa ¼ 2

FIc ¼ 0

2
FVb ¼ 0

9
>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>;

(4.29)

�
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The fault condition in the 1–2–0 domain is, by transforming Equation 4.29,

for point f 1
f I0 ¼ 1

f I1 ¼ 1
f I2 ¼ 1

3
1
f Ia

2
f I0 ¼ 2

f I1 ¼ 2
f I2 ¼ 0

1
f V0 þ 1

f V1 þ 1
f V2 ¼ 0

for point F

1
FI0 ¼ 1

FI1 ¼ 1
FI2 ¼ 0

2
FI0 ¼ 1

3
2
FIb;

2
FI1 ¼

1

3
a � 2

FIb;
2
FI2 ¼

1

3
a2 � 2

FIb

2
FV0 þ a2 � 2

FV1 þ a � 2
FV2 ¼ 0

9
>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>;

(4.30)

Then

f I00 ¼
1

2
ð1f I0 þ 2

f I0Þ ¼
1

6
1
f Ia; f I01 ¼

1

2
ð1f I0 � 2

f I0Þ ¼
1

6
1
f Ia (4.31)

In the same way, all the equations of Equation 4.30 can be transformed into the equations of the 1st-

and 2nd-lane circuits in the 0–1–2 domain, where the 1st- and 2nd-lane currents are expressed only by

the parameters of fault phase currents 1
f Ia and 2

FIb. That is,

f I00 ¼ f I01 ¼ f I10 ¼ f I11 ¼ f I20 ¼ f I21 ¼
1

6
1
f Ia r

FI00 ¼
1

6
2
FIb; FI01 ¼

�1

6
2
FIb

FI10 ¼
1

6
a � 2

FIb; FI11 ¼
�1

6
a � 2

FIb

FI20 ¼
1

6
a2 � 2

FIb; FI21 ¼
�1

6
a2 � 2

FIb

9
>>>>>=

>>>>>;

s

ð f V00 þ f V01Þ þ ð f V10 þ f V11Þ þ ð f V20 þ f V21Þ ¼ 0

ðFV00 � FV01Þ þ a2ðFV10 � FV11Þ þ aðFV20 � FV21Þ ¼ 0

9
>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>;

(4.32)

Now we have an equation showing the fault condition, namely Equation 4.32, and equations

showing the system, namely Equation 4.27 or its modified Equation 4.28. Therefore we can solve the

problem by combining all these equations. By substituting Equation 4.32 rs into Equation 4.27 or

its modified Equation 4.28, all the 1st- and 2nd-lane voltages can be expressed as parameters of 1
f Ia

and 2
FIb only. Next, by substituting the six 1st- and 2nd-lane voltages into Equation 4.32 tu, we

obtain simultaneous equations of two dimensions in only two variables, 1
f Ia and 2

FIb. Then we can

obtain the final solution.

4.6.3 Various double circuit faults at different points

In conclusion of the chapter, double circuits fault at different points of various modes can be solved by

utilizing the three-phase and two-phase symmetrical components together. It must be remembered that

actual power system analyses, even by large computers, are conducted mostly by utilizing these

transformations in order to eliminate mutual inductances of the lines.
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5
Per Unit Method and Introduction
of Transformer Circuit

The per unit (PU) method (or % method) is a technique for handling any kind of quantity with its

particular dimensions as quantities of dimensionless ratio value based on 1.0 pu or 100%. This practice

is a very useful approach applied widely in many engineering fields, eliminating the troublesome

handling of several different kinds of quantities.

However, in power system engineering, the PU method has various meanings such as a ‘technique

for describing electrical circuits, and far exceeding the simple meaning of the only convenient method

to remove troublesome dimensions’. Many individual structuring members of power systems can be

combined together as one circuit (instead of a connection diagram) only by using the PU method.

Furthermore, transformers can be handled by PU expressions as equipment in which Kirchhoff’s law

are applied.

In this chapter we study the fundamental concept of the PU method first, and then study the circuit

description of transformers. Finally we try to describe the circuit for a typical power system model

containing several lines and various equipment.

5.1 Fundamental Concept of the PU Method

The PU method is quite important in power system engineering, the reasons for which are summarized

as follows:

a) Kirchhoff’s law is satisfied among currents of transformer primary, secondary and tertiary

windings so that transformers can be described as very simple circuits.

b) Generators can also be described as accurate and simple circuits (see Chapter 10).

c) Transmission lines, generators, transformers, loads and other equipment of different types and

ratings can all be combined together as one circuit. practically only by applying PU method.

d) Relief from troublesome handling of practical dimensions (V, A, MVA, V, Wb, etc.).

For power system engineers, the first three items are the essential reasons and the last item is just a

supplementary reason.

Handbook of Power System Engineering Yoshihide Hase
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5.1.1 PU method of single phase circuit

Let us consider the PU method for a single phase circuit first. The basic equations of voltage, current

and apparent power are

V ½volt� ¼ Z ½ohm� � I ½ampere�
VA ½volt � ampere� ¼ Pþ jQ ½volt � ampere� ¼ V ½volt� � I�½ampere�
where V ; I; Z; VA ðor SÞ : complex-number quantities ; I� : the conjugate of I

9
=

;
(5.1)

Now, in order to unitize the V, Z, I, VA quantities, the base quantities by sign of Vbase;
Ibase; Zbase; VAbase are introduced. All the base quantities are scalars (real numbers, or a vector of

ff0�) and have to satisfy the equations below:

Vbase ½volt� ¼ Zbase ½ohm� � Ibase ½ampere�
VAbase ½volt � ampere� ¼ Vbase ½volt� � Ibase ½ampere�

)

(5.2a)

or

Ibase ½ampere� ¼ VAbase ½volt � ampere�
Vbase ½volt�

Zbase ½ohm� ¼ Vbase ½volt�
Ibase ½ampere� ¼

V2
base

VAbase
½ohm�

9
>>=

>>;

(5.2b)

We can select any arbitrary value for voltage base Vbase and capacity base VAbase; but the current

base Ibase and impedance base Zbase have to be decided as depending on Vbase and VAbase to satisfy

Equation 5.2a 5.2b.

Equation 5.1 can be unitized by the base quantities of Equation 5.2a as follows:

V

Vbase
¼ Z

Zbase
� I

Ibase

VA

VAbase
¼ Pþ jQ

VAbase
¼ P

VAbase
þ j

Q

VAbase
¼ V

Vbase
� I�

Ibase

9
>>=

>>;

(5.3)

By using an overbar as the symbol for unitized quantities,

V ¼ Z � I r

VA ¼ Pþ jQ ¼ V � I � s

where V ¼ V

Vbase
; Z ¼ Z

Zbase
; I

� ¼ I�

Ibase
; V ¼ V

Vbase
t

VA ¼ VA

VAbase
; P ¼ P

VAbase
; Q ¼ Q

VAbase
u

9
>>>>>>=

>>>>>>;

(5.4)

The unitized quantities V ; Z; I
�
; VA; Pþ jQ are non-dimensional complex numbers.

Equation 5.4 is the same as the original Equation 5.1, and the vector phase relations in Equation 5.1 are

preserved in Equation 5.4 because all the base quantities are selected as scalars (namely, a vector of ff0�).
Unitized quantities can obviously be changed into actual values with individual dimensions using

the equations below:

VðvoltÞ ¼ V � Vbase; Z ¼ Z � Zbase; I ¼ I � Ibase

VA ¼ VA � VAbase; P ¼ P � VAbase; Q ¼ Q � VAbase

)

(5.5)

Figure 5.1 summarizes the PU method.
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5.1.2 Unitization of a single phase three-winding transformer
and its equivalent circuit

5.1.2.1 The fundamental equations before unitization

A single phase three-winding transformer can be written as the circuit of Figure 5.2a, at least for power

frequency phenomena, where PN � SN � T N are the numbers of turns of the primary (P), secondary (S),

tertiary (T) windings, respectively. The transformer excitation current under a no-load condition can

usually be neglected (the excitation impedance is large enough) except under the situation of core

saturation caused by abnormally higher charging voltages. Therefore the relation of voltages and

currents in this transformer may be described by the following equation in which leakage impedances
of only three windings are taken into consideration:

PV

SV

T V

¼
ZPP ZPS ZPT

ZSP ZSS ZST

ZTP ZTS ZPN

�
PI

SI

T I

r

PI � PN þ SI � SN þ T I � T N ¼ 0 s

ZPS ¼ ZSP; ZPT ¼ ZTP; ZST ¼ ZTS t

9
>>>>>>=

>>>>>>;

(5.6)

where ZPP; ZSS; ZTT are the self-impedances of the primary (P), secondary (S) and tertiary (T)

windings and ZPS; ZPT ; ZST are the mutual impedances between the three windings.

system condition
by practical unit values

V, I, Z, VA

per-unitization

V = V
Vbase

VAbase, Vbase

Ibase, Zbase

analysis
conversion to the
practical unit values

base quantities

V = V · Vbase

Figure 5.1 The concept of the PU method

primary PV PN

PI SI

SN

TN TI

SV

PV

TV

secondary

tertiary
NV SV

TV

TZ

PZ

PZ = (P–SZ + P–TZ – S–TZ)/2

SZ = (P–SZ + S–TZ – P–TZ)/2

TZ = (P–TZ + S–TZ – P–SZ)/2

SZ SIPI

TI

(a) (b) The equivalent circuit by Pu basis

P–SZ, P–TZ, S–TZ, are given on the name-plate 

Figure 5.2 Single phase three-winding transformer
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5.1.2.2 Determination of base quantities for unitization

Each base quantity for unitization of this transformer must be determined so that the following

equations are satisfied:

VAbase ¼ PVbase � PIbase ¼ SVbase � SIbase ¼ T Vbase � T Ibase r

PVbase

PN
¼ SVbase

SN
¼ T Vbase

T N
s

PIbase � PN ¼ SIbase � SN ¼ T Ibase � T N t

9
>>>>=

>>>>;

(5.7)

In other words:

*1 Capacity bases (VAbase) of the primary (P), secondary (S) and tertiary (T) windings are selected

to have equal value (Equation r).

*2 Voltage bases of the primary (P), secondary (S) and tertiary (T) windings are proportional to the

turns ratio (transformation ratio) of three windings (Equation s).

*3 Ampere bases of the primary (P), secondary (S) and tertiary (T) windings are dependently

determined as values of ‘capacity base (*1) divided by each voltage base (*2)’. That is, the

ampere-turn bases of the primary (P), secondary (S) and tertiary (T) windings have the same

value (Equation t).

5.1.2.3 Unitization of the original equation

Let us unitize the original Equation 5.6 using the base quantities of Equation 5.7 (recall that unitized

quantities are indicated by an overbar, e.g. PV ! P V):

PV ¼ PV � PVbase; SV ¼ SV � SVbase; T V ¼ T V � T Vbase

PI ¼ PI � PIbase ¼ PI � VAbase

PVbase

; SI ¼ SI � SIbase ¼ SI � VAbase

SVbase

T I ¼ T I � T Ibase ¼ T I � VAbase

T Vbase

9
>>>>>=

>>>>>;

(5.8)

The equation for PV from Equation 5.6 r can be unitized as shown below:

PV ¼ PV � PVbase ¼ ZPP � PI � PIbase þ ZPS � SI � SIbase þ ZPT � T I � T Ibase

¼ ZPP �
VAbase

PVbase

�PI þ ZPS �
VAbase

SVbase

�SI þ ZPT �
VAbase

T Vbase

�T I

; PV ¼ ZPP �
VAbase

PV2
base

 !

� PI þ ZPS �
VAbase

PVbase � SVbase

� �

� SI þ ZPT �
VAbase

PVbase � T Vbase

� �

� T I

� ZPP � PI þ ZPS � SI þ ZPT � T I

9
>>>>>>>>>=

>>>>>>>>>;

(5.9a)

SV ; T V can be unitized analogously.

Next, Equation 5.6 s can be unitized by Equation 5.7 t as follows:

PI � PN

PIbase � PN
þ SI � SN

SIbase � SN
þ T I � T N

T Ibase � T N
¼ 0

; PI þ SI þ T I ¼ 0

9
>=

>;
(5.9b)
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Accordingly,

PV

SV

T V

¼

ZPP �
VAbase

PV2
base

ZPS �
VAbase

PVbase � SVbase

ZPT �
VAbase

PVbase � T Vbase

ZSP �
VAbase

PVbase � SVbase

ZSS �
VAbase

SV2
base

ZST �
VAbase

SVbase � T Vbase

ZTP �
VAbase

PZbase � T Zbase

ZTS �
VAbase

SVbase � T Vbase

ZTT �
VAbase

T V2
base

�
PI

SI

T I

�
ZPP ZPS ZPT

ZSP ZSS ZST

ZTP ZTS ZPP

�
PI

SI

T I

r

PI þ SI þ T I ¼ 0 s

where ZPP¼
VAbase

PV2
base

ZPS �ZPS �
VAbase

PVbase � SVbase

¼ ZSP �
VAbase

PVbase � SVbase

� ZSP etc.

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(5.10)

In conclusion, Equation 5.10 is the unitized equation of Equation 5.6 by the base quantities of

Equation 5.8. In Equation 5.10, the summation of the unitized vector currents of the primary (P),

secondary (S) and tertiary (T) windings is zero. In other words, the unitized transformer circuit

equations are as if able to satisfy Kirchhoff’s law.

5.1.2.4 Introduction of unitized equivalent circuit

We have introduced Equation 5.10 as the unitized fundamental equations of a transformer in which the

vector sum of the currents is zero. Therefore, it would be useful if the equation could be written as the

one-to-one corresponding equivalent circuit of Figure 5.2b. We can indeed do that. It is clear that

Figure 5.2b satisfies Equation 5.10 s. Then, if we define the impedances PZ ; SZ ; T Z in the figure so

that the circuits satisfies Equation 5.10 r, the figure is the perfect equivalent circuit of the transformer

which satisfies Equation 5.10. Now let us find such a condition below:

(i) Under the condition T I ¼ 0 (with the tertiary terminal opened), Figure 5.2b and Equation 5.10

have to coincide (with the tertiary terminal opened). Putting T I ¼ 0 in Equation 5.10, we have

PV � SV ¼ ðZPP � PI þ ZPS � SIÞ � ðZSP � PI þ ZSS � SIÞ
¼ ðZPP þ ZSS � 2 ZPSÞ � PI

On the other hand, putting T I ¼ 0 in Figure 5.2b, we have

PV � SV ¼ ðPZ þ SZ Þ � PI ¼ P�SZ � PI ; PZ þ SZ ¼ P�SZ

PI þ SI ¼ 0

The following equation has to be satisfied in order for the two equations above to coincide with

each other under the tertiary terminal open condition:

P�SZ ¼ PZ þ SZ ¼ ZPP þ ZSS � 2ZPS

In the same way, the following conditions have to be satisfied.
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(ii) The required condition in order that Figure 5.2b and Equation 5.10 coincide under the

secondary terminal open condition (SI ¼ 0) is

P�T Z ¼ PZ þ T Z ¼ ZPP þ ZTT � 2ZPT

(iii) The required condition in order that Figure 5.2b and Equation 5.10 coincide with each other

under the primary terminal open condition (PI ¼ 0) is

S�T Z ¼ SZ þ T Z ¼ ZSS þ ZTT � 2 ZST

Summarizing, Figure 5.2b can be the precise equivalent circuit of the transformer by satisfying the

above three equations for the impedances.

Accordingly, for the transformer equations,

tertiary terminal open: PV � SV ¼ ðPZ þ SZ Þ � PI ¼ P�SZ � PI ; PI þ SI ¼ 0

secondary terminal open : PV � T V ¼ ðPZ þ T Z Þ � PI ¼ P�T Z � PI ; PI þ T I ¼ 0

terminal open primary : SV � T V ¼ ðSZ þ T Z Þ � SI ¼ S�T Z � SI ; SI þ T I ¼ 0

(5.11)

where the definitions of impedances are

leakage impedance between P and S under the condition T I ¼ 0 :

P�SZ ¼ PZ þ SZ ¼ ZPP þ ZSS � 2 ZPS

leakage impedance between P and T under the condition SI ¼ 0 :

P�SZ ¼ PZ þ T Z ¼ ZPP þ ZTT � 2 ZPT

leakage impedance between S and T under the condition PI ¼ 0 :

S�T Z ¼ SZ þ T Z ¼ ZSS þ ZTT � 2 ZST

(5.12a)

or, using the definition of PZ ; SZ ; T Z in the equivalent circuit in Figure 5.2b,

PZ ¼ P�SZ þ P�T Z � S�T Z

2
¼ ZPP þ ZST � ZPS � ZPT

SZ ¼ P�SZ þ S�T Z � P�T Z

2
¼ ZSS þ ZPT � ZPS � ZST

T Z ¼ P�T Z þ S�T Z � S�T Z

2
¼ ZTT þ ZPS � ZPT � ZST

9
>>>>>>>=

>>>>>>>;

(5.12b)

Figure 5.2b with the impedances PZ ; SZ ; T Z becomes the unitized equivalent circuit of the transformer

by defining the impedances as in Equation 5.12b. The equivalent circuit of course satisfies Kirchhoff’s

law by unitization.

The impedances ZPP; ZPS, etc., are the self- and mutual impedances (actually reactances) so that

the physical concept can be imagined from the winding structures, and the values can be estimated

by engineers in their transformer designs.

The impedance P�SZ can be measured as the leakage reactance between the primary and secondary

terminal under the tertiary winding open condition, and P�T Z ; S�T Z can also be measured similarly.

On the other hand, PZ ; SZ ; T Z are the impedances defined only by Equations 5.12a and 5.12b in

order to obtain the equivalent circuit of Figure 5.2b, and we cannot find any other physical meaning for

that. However, transformers can be treated as kinds of black boxes by utilizing the above defined

equivalent circuits at least for power frequency phenomena of the power system networks.

Incidentally, the resistances of the transformer windings are negligibly small so that the above-

described Z can be replaced by j X or jo L. ZPP ¼ jXPP; ZPS ¼ jXPS as well as jP�SX; jP�T X; jS�T X,

etc., and have positive values (namely reactances). However, one of jPX; jSX; jT X could even have

negative values, just like a series capacitive element in the equivalent circuit.
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In regard to practical engineering, the percentage impedance drop voltages (%IZ) of individual

transformers are indicated on their name-plates, and are actually the percentage expression of leakage

reactances P�SX ; P�T X ; S�T X . Accordingly, utilizing these values, PZ ; SZ ; T Z can be derived from

Equation 5.12b. In practical engineering, the percentage value P�SX is usually given by the MVA base

of the primary winding side, while P�SX ; S�T X may be given by the MVA base of the tertiary winding

side on a name-plate, so that the base value conversion is required to derive the equivalent circuit. This

matter will be discussed in Sections 5.4 and 5.5.

The treatment for a two-winding transformer without tertiary winding can be done only by omitting

T Z in the equivalent circuit.

5.2 PU Method for Three-phase Circuits

Now the PU method for three-phase circuits needs to be introduced, followed by the unitized equations

and equivalent circuit of three-phase transformers and other power system members.

5.2.1 Base quantities by PU method for three-phase circuits

In regard to the PU method for three-phase circuits, the line-to-line (l–l) base quantities and line-to-
ground (l–g) base quantities are defined and both of them have to be strictly distinguished as the

premise of three-phase circuit analysis for any investigation purpose. These base quantities are defined

as follows:

VA3fbase ¼ 3 � VA1fbase ¼ 3 � Vl�gbase � Il�gbase

¼ 3 � Vl�lbase � Il�lbase ¼
ffiffiffi
3
p
� Vl�lbase � Il�gbase r

Vl�lbase¼
ffiffiffi
3
p
� Vl�gbase s

ffiffiffi
3
p
� Il�lbase¼ Il�gbase t

9
>>=

>>;

(5.13a)

Bases of capacity (VA or MVA) and voltage (Vor kV) are defined first, and then bases for currents

[A], impedances Z [ohm], admittances [mho], etc., are dependently defined as follows:

Il�gbase ¼
VA1fbase

Vl�gbase
¼

VA3fbase
ffiffiffi
3
p
� Vl�lbase

¼
kVA3fbase
ffiffiffi
3
p
� KVl�lbase

¼
MVA3fbase
ffiffiffi
3
p
� KVl�lbase

�103 u

Zl�gbase ¼
Vl�gbase

Il�gbase
¼ ðVl�lbaseÞ2

VA3fbase
¼ ðkVl�lbaseÞ2

kVA3fbase
�103

¼ ðkVl�lbaseÞ2

MVA3fbase
v

Yl�gbase ¼
1

Zl�gbase
¼

MVA3fbase

ðkVl�lbaseÞ2
w

Zl�lbase ¼
Vl�lbase

Il�lbase
x

Yl�lbase ¼
1

Zl�lbase
¼ Il�lbase

Vl�lbase
y

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(5.13b)

The values of all the unitized quantities based on the l–l bases are written as variables with the suffix

l� l, and those based on the l–g bases with the suffix symbol l� g as the description rule.
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5.2.2 Unitization of three-phase circuit equations

Let us try to unitize Equation 2.26 and Figure 2.10 for the generator in Chapter 2 as a typical example.

The generator’s voltage equation from Equation 2.26 is

Ea

Eb ¼ a2Ea

Ec ¼ aEa

Eabc

�
Va

Vb

Vc

�V abc

¼
Zs Zm Zm

Zm Zs Zm

Zm Zm Zs

Zabc

�
Ia

Ib

Ic

�Iabc�

�
Vn

Vn

Vn

Vn

Vn ¼ �ZnðIa þ Ib þ IcÞ ¼ �Znð3I0Þ ¼ �3Zn � I0

r

the voltage base quantity equation

Vl�gbase ¼ Zl�gbase � Il�gbase s

the unitized generator equation

Ea

Eb ¼ a2 � Ea

Ec ¼ a � Ea

¼
Zs Zm Zm

Zm Zs Zm

Zm Zm Zs

�
Ia

Ib

Ic

�
Vn

Vn

Vn

Vn ¼ �ZnðIa þ Ib þ IcÞ ¼ �Zn � ð3 I0Þ ¼ �3 Zn � I0

Ea ¼
Ea

Vl�gbase
; Eb ¼

Eb

Vl�gbase
; Ec ¼

Ec

Vl�gbase
; Vn ¼

Vn

Vl�gbase

Zs ¼
Zs

Zl�gbase
; Zm ¼

Zm

Zl�gbase
; Zn ¼

Zn

Vl�gbase

Ia ¼
Ia

Il�gbase
; Ib ¼

Ib

Il�gbase
; Ic ¼

Ic

Il�gbase

9
>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>;

t

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(5.14)

The unitized generator Equation t is derived by dividing all the terms of Equation r by the above

base quantities s. The unitized equation has the same form as that before unitization.

Equation 5.14 can obviously be transformed into the following equation as the one in the

symmetrical coordinate domain:

0

Ea

0

�
V0

V1

V2

¼
Z0 0 0

0 Z1 0

0 0 Z2

�
I0

I1

I2

þ
3 Zn � I0

0

0

�V0 ¼ Z0 � I0 þ 3 Zn � I0

Ea �V1 ¼ Z1 � I1

�V2 ¼ Z2 � I2

9
>>=

>>;

9
>>>>>>>>>>>=

>>>>>>>>>>>;

(5.15)

Equation 5.15 is also of the same form as Equation 2.27b.

As demonstrated in the above example, the base quantities of the PU method for three-phase

circuits are defined by Equations 5.13a and 5.13b and the unitized equations can be written in the same

form as that before unitization. In other words, the forms of equations and the equivalent circuits of the

usual three-phase circuits (generators, transmission line loads, etc.) are preserved unchanged by

unitization.

9
>>>=

>>>;

or
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5.3 Three-phase Three-winding Transformer,
its Symmetrical Components Equations
and the Equivalent Circuit

5.3.1 f � f � D-connected three-phase transformer

Figure 5.3b shows a typical three-phase three-winding transformer with f � f � D-connected wind-

ings, whose connection diagram with the terminal code names is printed on the name-plate as shown in

Figure 5.3a. This connection is called the ‘tertiary 30� lagging connection’, because the phase angle of the

low-tension bushing terminal a is 30� lagging in comparison with the bushing U and u terminals.

The code names of all the bushing terminals have been changed in Figure 5.3b because the special

names of the terminals are used only for analytical purposes, as is shown below:

primary (U, V, W! R, S, T), secondary (u, v, w! r, s, t), tertiary (a, b, c! b, c, a)

The tertiary terminal names a, b, c are intentionally changed by a 120� rotation, so the vector

directions of newly named a, b, c terminals (the original c, a, b terminals, respectively) are rectangular

to the phases R, S, Tand r, s, t, respectively. Moreover, the quantities inside each tertiary winding (with

suffix D) and the quantities outside each tertiary bushing (with suffix T) have to be strictly

distinguished from each other.

5.3.1.1 The fundamental equations before unitization

There are three of the single phase three-winding transformers with the same ratings, whose winding

connection is written in Figure 5.2. These three single phase transformers can be composed as one bank

of three-phases transformer as is shown in Figure 5.3b by simply connecting the bushing terminals.

Accordingly, Equation 5.16 is introduced as the fundamental equation of the three-phase transformer

in Figure 5.3b:

PVa

SVa

D
Va

PVb

SVb

D
Vb

PVc

SVc

D
Vc

�

PVn

SVn

0

PVn

SVn

0

PVn

SVn

0

¼

ZPP ZPS ZP4 0 0 0 0 0 0

ZSP ZSS ZS4 0 0 0 0 0 0

Z4P Z4S Z44 0 0 0 0 0 0

0 0 0 ZPP ZPS ZP4 0 0 0

0 0 0 ZSP ZSS ZS4 0 0 0

0 0 0 Z4P Z4S Z44 0 0 0

0 0 0 0 0 0 ZPP ZPS ZP4
0 0 0 0 0 0 ZSP ZSS ZS4
0 0 0 0 0 0 Z4P Z4S Z44

�

PIa

SIa

D
Ia

PIb

SIb

D
Ib

PIc

SIc

D
Ic

r

where ZPS ¼ VSP; ZP4 ¼ Z4P

PVn ¼ PZn � PIn ¼ PZnðPIa þ PIb þ PIcÞ ¼ PZn � 3PI0 s

SVn ¼ SZn � SIn ¼ SZnðSIa þ SIb þ SIcÞ ¼ SZn � 3SI0 t

T Ia

T Ib

T Ic

¼
DIc

DIa

DIb

�
DIb

DIc

DIa

u

D
Va

D
Vb

D
Vc

¼
T Vb

T Vc

T Va

�
T Vc

T Va

T Vb

v

PIa:PN þ SIa � SN þ DIa � DN ¼ 0

PIb:PN þ SIb � SN þ DIb � DN ¼ 0

PIc:PN þ SIc � SN þ DIc � DN ¼ 0

9
>>=

>>;

w

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;
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H-tension M-tension L-tension 

U 

W V O 

u 

w v 
c 

a 

b 

o 

(a) Phase name on name-plate 
(Phase a of the tertiary winding is 30° lagging) 

(b) The winding connection with the phase name for analytical purposes 

primary secondary tertiary 

PIa 

PI1 PZ SZ 

DZ 

PZ 

PZ 

SZ 

SZ 

DZ 

DZ 

PI2 

PI0 

PV1 

PV2 

PV0 

SIc 

SVc 

SVa 

SVb 

SVn 
SZn 

SIa 
TIa 

TIb 

TIc 

DI c 

DIa 

D I
b 

TVc 

DVc 

DV
b 

DVa 

TVb 

TVa 

SIb 

PIc 

PIb 

PZn PVn 

PN turn SN 
 turn 

DN turn 

PVa 

PVb 
PVc 

3PZn 

PVn SVn 

3SZn 

DI0 

SI0 

SI2 

SI1 

TI1 

TV1 

DI1= –  jTI1 

DV1= –   jTV1 

DI2 =   jTI2 

DV2 =  jTV2 

TV0 TV0 

TV2 

SV0 

SV2 

SV1 

TI0 = 0 TI0 

TI2 

PIn = PIa + PIb + PIc 
= 3PI0 

SIn = SIa + SIb + SIc 

PZ= (P– SZ + P– DZ  –  S– DZ) /2

SZ= (P– SZ + S– DZ  –  P– DZ) /2 

DZ= (P– DZ + S– DZ  – P– SZ) /2 

= 3SI0 

a 

b 

c 

(The tertiary phase a is 90° leading 
towards the primary phase a) 

positive- 
seq. 

negative- 
seq. 

zero- 
seq. 

Zex0 ; Zero-sequence excitation impedance 
(c) The equivalent circuit in the symmetrical domain

× (–j) 

–j 

×j 

j 

DV0 = 0 
SV0 – SVn 

PV0 – PVn 

Figure 5.3 f � f � D transformer (low-tension winding 308 lagging connection)

92 5 PER UNIT METHOD AND INTRODUCTION OF TRANSFORMER CIRCUIT



The submatrix of Equation r is equal to Equation 5.6. Equations s and t correspond to the

neutral connection of primary and secondary windings; equations u and v correspond to the delta

connection of tertiary windings. Equation w is a physical premise for any transformer.

5.3.1.2 Determination of base quantities for unitization

The base quantities for the unitization of this transformer are determined so that the following

equations are satisfied:

1

3
VA3fbase ¼ VA1fbase ¼ PVl�gbase �PIl�gbase ¼SVl�gbase:sIl�gbase

¼ DVl�lbase � DIl�lbase ¼ ð
ffiffiffi
3
p
� T Vl�gbaseÞ

1
ffiffiffi
3
p �T Il�gbase

� �

¼ T Vl�gbase:T Il�gbaseð� k1k2Þ r

DVl�lbase ¼
ffiffiffi
3
p
� T Vl�gbase s

DIl�lbase ¼
1
ffiffiffi
3
p �T Il�gbase t

PVl�gbase

PN
¼ SVl�gbase

SN
¼ DVl�lbase

D
N

¼
ffiffiffi
3
p
� T Vl�gbase

D
N

ð� k1Þ

PIl�gbase � P N¼ S Il�gbase � SN ¼
D

Il�lbase � D
N

¼ 1
ffiffiffi
3
p �T Il�gbase � DNð� k2Þ v

PZl�gbase ¼
ðPVl�gbaseÞ

2

VA1fbase
w

SZl�gbase ¼
ðSVl�gbaseÞ

2

VA1fbase
x

DZl�lbase ¼
ð

D
Vl�gbaseÞ

2

VA1fbase
¼
ð
ffiffiffi
3
p
� T Vl�gbaseÞ

2

VA1fbase
¼ 3 �

ðT Vl�gbaseÞ
2

VA1fbase

¼ 3 � T Zl�gbase y

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(5.17)

In other words:

*1 Capacity bases (VAbase) of the primary (P), secondary (S) and tertiary (T) windings have the same

value (Equation x).

*2 Voltage bases of the primary (P), secondary (S) and tertiary (T) windings are proportional to the

turns ratio (transformation ratio) of H(high)-/M(medium)-/L(low)-tension windings (Equation

u). This condition is satisfied simply by applying the rated voltages of each winding as base

voltages.

*3 Ampere bases of the primary (P), secondary (S) and tertiary (T) windings are dependently

determined as values of ‘capacity base (*1) divided by each voltage base (*2)’. In other words, the

ampere-turn bases of the primary (P), secondary (S) and tertiary (T) windings are to be of equal

value (Equations stuv).

*4 Impedance bases are dependently determined (Equations wxy).

u
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5.3.1.3 Unitization of the original equation

Equation 5.16 can be divided by the appropriate base quantities which are defined by Equation 5.17, so

that the unitized equations are derived as follows:

PVa

SVa

D
Va

PVb

SVb

D
Vb

PVc

SVc

D
Vc

�

PVn

SVn

0

PVn

SVn

0

PVn

SVn

0

¼

ZPP ZPS ZPD

ZSP ZSS ZSD

ZDP ZDS ZDD

ZPP ZPS ZPD

ZSP ZSS ZSD

ZDP ZDS ZDD

ZPP ZPS ZPD

ZSP ZSS ZSD

ZDP ZDS ZDD

�

PIa

SIa

D
Ia

PIb

SIb

DIb

PIc

SIc

D
Ic

r

where

ZPP ZPS ZPD

ZSP ZSS ZSD

ZDP ZDS ZDD

¼

ZPP �
VA1fbase

ðPVl�gbaseÞ
2

ZPS �
VA1fbase

PVl�gbase � SVl�gbase

ZPD �
VA1fbase

PVl�gbase � D
Vl�gbase

ZSP �
VA1fbase

PVl�gbase � SVl�gbase

ZSS �
VA1fbase

ðSVl�gbaseÞ
2

ZSD �
VA1fbase

SVl�gbase � DVl�gbase

ZDP �
VA1fbase

PVl�gbase � D
Vl�gbase

ZDS �
VA1fbase

SVl�gbase � D
Vl�gbase

ZDD �
VA1fbase

ð
D

Vl�gbaseÞ
2

and s

ZPS ¼ ZSP; ZPD ¼ ZDP; etc:;

PVn ¼ PZn � PIn ¼ PZn � ðPIa þ PIb þ PIcÞ ¼ PZn � 3PI0 t

SVn ¼ SZn � SIn ¼ SZn � ðSIa þ SIb þ SIcÞ ¼ SZn � 3SI0 u

ffiffiffi
3
p
� T Ia

ffiffiffi
3
p
� T Ib

ffiffiffi
3
p
� T Ic

¼

D
Ic

D
Ia

D
Ib

�

D
Ib

D
Ic

D
Ia

¼

0 �1 1

1 0 �1

�1 1 0

�

D
Ia

D
Ib

D
Ic

v

ffiffiffi
3
p
� DVa

ffiffiffi
3
p
�

D
Vb

ffiffiffi
3
p
� DVc

¼

T Vb

T Vc

T Va

�

T Vc

T Va

T Vb

¼

0 1 �1

�1 0 1

1 �1 0

T v Va

T Vb

T Vc

w

PIa þ SIa þ DIa ¼ 0

PIb þ SIb þ DIb ¼ 0

PIc þ SIc þ DIc ¼ 0

9
>>>>=

>>>>;

x

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(5.18)
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5.3.1.4 Symmetrical equations and the equivalent circuit

The fundamental equations of Equation 5.18 for this transformer can be transformed into the

symmetrical domain to derive Equation 5.19 below. (The process of transformation is shown in

the supplement at the end of this chapter.)

PV0

SV0

DV0

PV1

SV1

DV1

PV2

SV2

DV2

�

PVn

SVn

0

0

0

0

0

0

0

¼

ZPP ZPS ZPD

ZSP ZSS ZSD

ZDP ZDS ZDD

ZPP ZPS ZPD

ZSP ZSS ZSD

ZDP ZDS ZDD

ZPP ZPS ZPD

ZSP ZSS ZSD

ZDP ZDS ZDD

�

PI0

SI0

D
I0

PI1

SI1

DI1

PI2

SI2

DI2

r

PVn ¼ PZn � PIn ¼ 3PZn � PI0 s

SVn ¼ SZn � SIn ¼ 3SZn � SI0 t

T I0

T I1

T I2

¼
0

jDI1

� jDI2

or

T I0

� jT I1

jT I2

¼
0

D
I1

D
I2

u

0

T V1

T V2

¼
D

V0

j
D

V1

� j
D

V2

or

0

� jT V1

jT V2

¼
D

V0

D
V1

D
V2

v

PI0 þ SI0 þ DI0 ¼ 0

PI1 þ SI1 þ DI1 ¼ 0

PI2 þ SI2 þ DI2 ¼ 0

9
>>=

>>;

w

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

It is clear from Equation 5.19 that mutual inductances do not exist between positive-, negative- and

zero-sequence quantities. The above equations can be recast as follows, and the positive-, negative-

and zero-sequence quantities can be treated independently.

For the positive sequence

PV1

SV1

DV1

¼
ZPP ZPS ZPD

ZSP ZSS ZSD

ZDP ZDS ZDD

�
PI1

SI1

DI1

r
PI1 þ SI1 þ DI1 ¼ 0 s

DI1 ¼ � jT I1

DV1 ¼ � jT V1

�

t

9
=

;
ð5:20aÞ

for the negative sequence

PV2

SV2

DV2

¼
ZPP ZPS ZPD

ZSP ZSS ZSD

ZDP ZDS ZDD

�
PI2

SI2

DI2

r
PI2 þ SI2 þ DI2 ¼ 0 s

DI2 ¼ jT I2

DV2 ¼ jT V2

�

t

9
=

;
ð5:20bÞ

and for the zero sequence

PV0

SV0

D
V0

�
PVn

SVn

D
Vn

¼
ZPP ZPS ZPD

ZSP ZSS ZSD

ZDP ZDS ZDD

�
PI0

SI0

D
I0

r

PI0 þ SI0 þ DI0 ¼ 0

T I0 ¼ 0; DV0 ¼ 0

�

s

PVn ¼ 3PZn � PI0

SVn ¼ 3SZn � SI0

�

t

9
>>=

>>;

(5.20c)
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These are the unitized equations in the symmetrical coordinate domain.

Positive-sequence Equation 5.20a is completely the same as Equation 5.10 for a single-

phase transformer, so the equivalent circuit must be the same as in Figure 5.2b by the same analogy

described in Section 5.1.2. The negative- and zero-sequence quantities can be treated in the same

way.

The symmetrical equivalent circuits corresponding to Equations 5.20a–c can be written as in

Figure 5.3c, where impedances PZ ; SZ ; DZ are defined by the equation

PZ ¼ P�SZ þ P�DZ � S�DZ

2

SZ ¼ P�SZ þ S�DZ � P�DZ

2

DZ ¼ P�DZ þ S�DZ � P�SZ

2

P�SZ ¼ PZ þ SZ ¼ ZPP þ ZSS � 2 ZPS

P�DZ ¼ PZ þ DZ ¼ ZPP þ ZDD � 2 ZPD

S�DZ ¼ SZ þ DZ ¼ ZSS þ ZDD � 2 ZSD

9
>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>;

(5.21)

The expression on the right-hand side and the neutral grounding terminal in Figure 5.3c are strictly

in one-to-one correspondence to Equations st of Equation 5.20a–c.

Numerical check

As a typical example for a 1000 MVA, 500 kV transformer for substation use with:

	 Rated capacity H: 1000 MVA, M:1000 MVA, L: 300 MVA

	 Rated voltage 500 kV/275 kV/63 kV

percentage impedances P–SX¼ 14% (1000 MVAbase), P–4X¼ 44% (1000 MVAbase) and

S–4X¼ 26% (1000 MVAbase),

the equivalent circuit reactance of the transformer can be calculated as follows by Equation 5.21,

where SX takes capacitive values

PZ¼ jPX¼ 16%¼ j0.16 pu, SZ¼ jSX¼ 2%¼�j0.02 pu, SZ¼ jSX¼ 28%¼ j0.28 pu

Now let us consider Equation 5.20c and the corresponding zero-sequence equivalent circuit. As we

have the equations DV0 ¼ 0 and T I0 ¼ 0, the D terminal is earth grounded and the tertiary (T) terminal

is open. This means that the zero-sequence current from the tertiary (T) outside circuit cannot flow into

the (delta windings of the) transformer, though the zero-sequence current from the primary (P) or

secondary (S) outside circuit can flow into the (delta windings of the) transformer.

On the other hand, the equations for PVn and SVn in Equation 5.20c require us to insert 3PZn and

3SZn into the primary and secondary branches respectively.

Therefore, if the primary and secondary neutral terminals are solidly earth grounded, the zero-

sequence current inflow from outside to the primary terminal flows partly into the delta winding (as the

circulating current) and partly out through the secondary terminal. If the neutral terminal on the

secondary side is opened or highly resistive grounded (SZn ¼ 1), all the zero-sequence inflow current

from the primary side circulates through the delta windings.
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Equations 5.20a–5.20c and the equivalent circuit in Figure 5.3 as the expression for the three-phase

three-winding transformer in the symmetrical sequence domain are important because:

*1 The 1–2–0 sequence circuits are mutually independent.

*2 The unitized simple circuits allow the use of Kirchhoff’s law.

*3 They contain common reactances for 1–2–0 sequence circuits.

We know that an actual large power system can be expressed as a precise large single circuit,

combining both lines and equipment with various rated capacities and voltages. It is satisfying to think

that the largest key factor of such a technique owes much to the above-mentioned Equations 5.20a–c

and the equivalent circuit in Figure 5.3 for three-phase transformers, realized by the symmetrical

coordinate transformation and appropriate unitization.

Finally, the zero-sequence excitation impedance Zex0 in Figure 5.3 will be discussed later.

5.3.2 Three-phase transformers with various winding
connections

Three-phase transformers with various different winding connection and their unitized equations

and equivalent circuits are shown in Table 5.1. Figure a in the table is just the case of Figure 5.3.

The equations and the equivalent circuits for transformers of other winding connections can be described

in the same way as Figure a. Autotransformers can be expressed by the same equivalent circuits.

5.3.3 Core structure and the zero-sequence excitation impedance

Table 5.2 shows a typical core structure of a transformer bank.

Say we want to impose three-phase-balanced voltages (i.e. positive- or negative-sequence

voltages) from primary terminals. The induced fluxes by the balanced voltage charging are also

three-phase balanced, so that any flux pass on the laminate steel core will not be saturated under normal

voltage operation. This is the reason why the excatition impedance Zex can be neglected as very large

impedance values under the condition three-phase-balanced voltages and currents.

Next, let us impose zero-sequence voltages from the primary terminals shown in the figures of

Table 5.2. In the case of the transformers of Figures B and C, the caused zero-sequence fluxf0 may be

saturated because the return pass of f0 is absent or of high magnetic reluctance, so that flux saturation

would be caused, and an abnormal temperature rise on the saturated flux pass would occur, if saturation

by f0 were to continue for a long time. Of course the excitation current increases under saturation

phenomena, which means that the excitation impedance for zero-sequence voltage Zex0 as a part of the

equivalent circuit would have smaller values.

The transformers of Figure D have the auxiliary fourth magnetic pass of the laminated steel core by

which zero-sequence flux saturation can be prevented. The transformers of Figure A (one bank of three

single phase transformers) do not have such a limitation in nature.

Although excitation impedance Zex can be neglected for most cases, Zex0 may rarely have to be

taken into account in the zero-sequence circuit as shown in Figure 5.3c.

5.3.4 Various winding methods and the effect of delta windings

Figures a–e of Table 5.1 show typical transformer winding constructions and the symmetrical

equivalent circuits. Due to the existence of the delta windings, the zero-sequence circuit of the delta

winding side is isolated from the Y winding side circuits. Moreover,
D

Z is earth grounded in the zero-

sequence equivalent circuit. These are two very important reasons why the role of the delta windings is

explained below.
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Main (step-up) transformers for large power stations contain the windings of Figure b or d and

generators as well as local power station circuits are connected to the delta windings. High-voltage

substation transformers would have the windings of Figure a, b, c or d. The transformer in Figure c has

f � f connected windings and the third internal delta windings, although these windings are not fed

out by the bushing terminals.

In total, all the transformers installed at stations in power networks probably have set-in delta

windings today. The advantages gained by adopting delta windings as general practice are summarized

as follows and all of them can be explained by the above-mentioned unique characteristics of the zero-

sequence domain:

	 To isolate the zero-sequence circuit of the delta winding side from that of the f winding side. In

other words, to intercept zero-sequence current I0 flowing across the different winding side circuits.

	 To reduce largely zero-sequence reactance of the transformer, thus to reduce and stabilize neutral

point voltages, and then to reduce phase overvoltages under normal conditions or temporary

overvoltage (TOV) during faults or any other power system disturbance.

	 To intercept the through pass of d.c. or harmonic currents from the high-tension (HT) to medium-

tension (MT) side equipment, in particular to protect generators or motors against abnormal

operation or damage.

	 To protect the transformer itself from damage which may be caused by zero-sequence in-flow

current or by d.c. or 3nth (3, 6, 9, . . .) harmonic currents (overheating, vibration, overvoltages,

waveform distortion, etc.) in the cores, insulated windings, yokes, clamps or any other structural

part.

Table 5.2 Typical structures of thee-phase transformers

Figure-A

*1 *2 *3 *1

Figure-B Figure-C Figure-D

Shell typeShell type Core type(three-poles)Core type(three-poles) Core type(four poles)Core type(four poles)

f0

I0

f0

I0

f0

f0 f0 f0
f0 f0

I0 I0 I0 I0 I0 I0 I0 I0 I0 I0

f0

3 × Single phase transformers3 × Single phase transformers

Note: The zero-sequence flux f0 induced by the zero-sequence current I0 passes only through the core.

Accordingly, zero-sequence excitation impedance Zex0 is usually neglected as of quite large values.
�2: The hatched part is apt to be saturated by zero-sequence current I0. Accordingly, the zero-sequence excitation

impedance Zex0 is relatively small, say Zex0 ; 1:0� 5:0 per unit.
�3: When the zero-sequence current I0 is forced to flow into the transformer windings, the induced flux return pass

could be through clamps, the inner wall of the tank, air gaps, rather than the laminated core. The counter
electromotive force and the flux f0 induced by the zero-sequence current I0 are rather small (because the

magnetic reluctance of the return pass in particular air gaps is large). Accordingly, Zex0 in the zero-sequence

equivalent circuit is rather small, say Zex0 ; 0:3� 1:0 per unit.
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	 To reduce zero-sequence impedance and to stabilize the neutral (zero-sequence) voltages under

normal condition or during system faults.

5.3.5 Harmonic frequency voltages/currents in the
0–1–2 domain

Power system voltages and currents may include more or less higher harmonic components for various

reasons. Therefore, it is worthwhile to verify the reasons why the delta winding connection of the

transformers can intercept the through pass of d.c. or 3nth (3, 6, 9,. . .) harmonic currents. For this

purpose, let us examine the behaviour of harmonic currents in the a–b–c phase would behave in the

symmetrical domain. Note that symmetrical components are defined for currents of any waveform

distortion as we discussed in Section 2.2.

5.3.5.1 Case 1: three-phase-balanced nth harmonic currents

Three-phase-balanced nth harmonic currents are

Ia ¼ Ie jnot

Ib ¼ Ie jnðot�120�Þ ¼ ðe� j120� Þn � Ia ¼ a2n � Ia

Ic ¼ Ie jnðotþ120�Þ ¼ ðe j120� Þn � Ia ¼ an � Ia

9
=

;
(5.22)

Stationary harmonics caused by solid-state power conditioners (inverters, converters, rectifiers,

etc.) or very little waveform distortion from generators may be classified into this category.

Transforming Equation 5.22 into the 1–2–0 domain,

I0

I1

I2

¼ 1

3

1 1 1

1 a a2

1 a2 a

Ia

a2nIa

anIa

¼ 1

3

1þ a2n þ an

1þ a2nþ1 þ anþ2

1þ a2nþ2 þ anþ1

� Ia (5.23a)

Then, for the case of n ¼ 3m (0, 3, 6, 9, . . .)

I0

I1

I2

¼
Ia

0

0

(5.23b)

and of n ¼ 3mþ 1 (1, 4, 7, . . .)

I0

I1

I2

¼
0

Ia

0

(5.23c)

and of n ¼ 3mþ 2 ð2; 5; 8; . . .Þ
I0

I1

I2

¼
0

0

Ia

(5.23d)

That is, the behaviour of three-phase-balanced nth harmonic currents has characteristics of:

n¼ 1, 4, 7, . . . : behaviour as positive-sequence currents

n¼ 2, 5, 8, . . . : behaviour as negative-sequence currents

n¼ 0, 3, 6, 9, . . . : behaviour as zero-sequence currents

This is the reason why transformers with delta windings can intercept 0(d.c.), 3rd, 6th, . . . harmonic

currents.
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5.3.5.2 Case 2: nth harmonic current flow in phase a

Here

Ia ¼ Ie jnot

Ib ¼ Ic ¼ 0

�

(5.24)

A waveform-distorted single phase load may cause harmonic currents of this sort of category:

I0 ¼ I1 ¼ I2 ¼
1

3
Ie jnot (5.25)

In this case, negative- and zero-sequence currents of nth order flow through the circuit.

5.3.5.3 Case 3: nth harmonic current of synchronized delay
with power frequency

Here

Ia ¼ Ie jnot

Ib ¼ Ie jðnot�120�Þ ¼ a2 � Ia

Ic ¼ Ie jðnotþ120�Þ ¼ a � Ia

9
=

;
(5.26)

Then

I0

I1

I2

¼ 1

3

1 1 1

1 a a2

1 a2 a

Ia

a2 � Ia

a � Ia

¼
0

Ia

0

(5.27)

The harmonic current of Equation 5.26 consists of only positive-sequence components. In other

words, the current including harmonics of Equation 5.26 is the positive-sequence current (120� phase-

balanced current) with harmonic distortion.

Transient phenomena with harmonics or waveform distortion will be examined again in Chapters 7

and 22.

5.4 Base Quantity Modification of Unitized Impedance

In practical engineering, the quantities (MVA capacity, voltage, current, impedance, etc.) of individual

members of a power system network (generators, transformers, transmission lines, etc.) are probably

dictated by ohmic values or by PU values with different individual PU bases. On the other hand, in

order to obtain a total combined system circuit for these members, MVAbases have to be unified for all of

the system first, and, furthermore, voltage bases for each section have to be selected to satisfy the turn

ratio of the transformers (or typically to adopt rated voltages for each section). Accordingly,

impedance bases of individual equipment may often have to be changed to another base value.

Therefore we need to examine how to change the base quantities of impedances.

There is an impedance element of Z ½V�, which can be written as unitized impedance by two

different base quantities:

Z ½V� ¼ Zold � Zold base ¼ Znew � Znew base

where

Zolds base ½V� ¼
ðVold l�lbaseÞ2

VAold 3fbase
¼ ðkVold l�lbaseÞ2

MVAold 3fbase

Znew base ½V� ¼
ðVnew l�lbaseÞ2

VAnew 3fbase
¼ ðkVnew l�lbaseÞ2

MVAnew 3fbase

9
>>>>>>>=

>>>>>>>;

(5.28)
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Accordingly, the formula to change both the capacity base and voltage base is

Znew ¼ Zold �
Zold base

Znew base
¼ Zold �

VAnew 3fbase

VAold 3fbase

� �

� Vold l�lbase

Vnew l�lbase

� �2

¼ Zold �
MVAnew 3fbase

MVAold 3fbase

� �

� kVold l�lbase

kVnew l�lbase

� �2 (5.29)

the formula to change only the capacity base is

Znew ¼ Zold �
VAnew 3fbase

VAold 3fbase

� �

¼ Zold �
MVAnew 3fbase

MVAold 3fbase

� �

(5.30)

and the formula to change only the voltage base is

Znew ¼ Zold �
Vold l�lbase

Vnew l�lbase

� �2

¼ Zold �
kVold l�lbase

kVnew l�lbase

� �2

(5.31)

As general practice, one unified value of MVAbase has to be selected, and then kVbase values of

individual sections across each transformer have to be decided. Through these processes, Zbase as well

as Ibase are dependently determined for each section. Then, the derived impedance base is adopted as

the Znew base to obtain the unified circuit.

5.4.1 Note on % IZ of three-winding transformer

Primary and secondary MVA ratings of typical substations using three-winding transformers are

usually the same, while tertiary MVA ratings may be smaller (say 30 or 35%). The %IZ described on

the name-plate is usually given by different MVA bases as follows:

	 Between the primary and secondary P�SZ : by primary and secondary MVA base

	 Between the primary and tertiary P�T Z : by tertiary MVA base

	 Between the secondary and tertiary S�T Z : by tertiary MVA base.

In order to find the equivalent circuit of the transformer, the above PU impedance values have to

be modified into new PU values based on a single, common MVA base. In other words, P�T Z ; S�T Z are

probably modified to new PU values based on primary and secondary MVA capacity and then

the new P�T Z ; S�T Z obtained, as well as P�SZ , are put into Equation 5.21 to find PZ ; SZ ; T Z . (The

calculation is demonstrated in the next section.)

5.5 Autotransformer

Figure 5.4 shows a single-phase three-winding transformer, in which one terminal of the primary and

one terminal of the secondary winding are connected. A transformer with this type of connection is

called an autotransformer. The related equations of this transformer connection are written as follows:

Pv

Sv

T v

¼
ZPP ZPS ZPT

ZSP ZSS ZST

ZTP ZTS ZTT

�
Pi

Si

T i

r

where

Pv ¼ PV � SV

Sv ¼ SV

T v ¼ T V

)

s
Pi ¼ PI

Si ¼ PI þ SI

T i ¼ T I

)

t

9
>>>>>>>>>=

>>>>>>>>>;

(5.32)
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Equation 5.32 r corresponds to Equation 5.6 except that the symbols of variables V ; I are replaced

by v; i.

By substitution of Equation 5.32 st into r and by modification, the following equation is

derived:

PV

SV

T V

¼
ZPP þ ZSS þ ZPS þ ZSP ZPS þ ZSS ZPT þ ZST

ZSP þ ZSS ZSS ZST

ZTP þ ZTS ZTS ZTT

�
PI

SI

T I

(5.33)

Equation 5.33 is of the same form as Equation 5.6, which means that a transformer of rated value

Pv; Sv; T v and Pi; Si; T i can be applied as the transformer of new rated value PV ; SV ; T V and PI ; SI ; T I

under the condition that the voltage insulation of the primary winding can withstand the voltage of the

primary side network PV ¼ Pv þ Sv and the current capacity of the secondary winding is for the

secondary side SI ¼ Pi þ Si.

In other words, Equation 5.33 and Equation 5.6 are equivalent only when the impedance matrix of

Equation 5.6 is replaced by that of Equation 5.33. Accordingly, the explanation from Equation 5.6 to

Equation 5.31 in this chapter (including the application to the three-phase winding transformer and the

unitization) can also be adopted for the autotransformer of Equation 5.33.

The following equations in regard to MVA capacity are derived for the transformer whose MVA

capacity on the primary and secondary sides are the same:

self-winding capacity

MVAself ¼ Pv � Pi ¼ Sv � Si

where

Pv

PN
¼ Sv

SN
¼ T v

T N
¼ k

9
>>>=

>>>;

r

autotransformer capacity

MVAauto ¼ PV � PI ¼ ðPv þ SvÞ � Si ¼ Sv � ðPi þ SiÞ ¼ SV � SI

where

co-ratio a� PV � SV

PV
¼ Pv

Pv þ Sv

9
>>>=

>>>;

s

9
>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>;

(5.34)
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Comparing the ratio of the MVA capacities,

MVAauto

MVAself
¼ PV � PI

Pv � Pi
¼ ðPv þ SvÞ � Pi

Pv � Pi
¼ Pv þ Sv

Pv
¼ 1

a
� b (5.35)

The MVA capacity with autotransformer connection can be enlarged b times, but of course with

appropriate design of the insulation and current capacity of the windings. The primary winding for

Pv; Pi is called the series coil because the current from the primary side flows directly to the

secondary side through this coil. The series winding coil is not earth grounded and is required to

have an insulation level for the rated value of PV . The secondary winding (shunt coil) is required to

have a current capacity of SI ¼ Pi þ Si.

As a numerical check,

Autotransformer 500 kV=275 kV=66 kV

a ¼ 500� 275

500
¼ 0:45

b ¼ 1=0:45 ¼ 2:2

The weight of an autotransformer can generally be reduced in comparison with an ordinal

transformer of the same MVA capacity. However, it must be noted that the percentage impedance

PZ ; SZ ; T Z would become quite small without appropriate countermeasures in design work. It can

be determined by recalculating the equivalent impedance of Equation 5.12a based on the new

impedance matrix of Equation 5.33 instead of Equation 5.32, although a description is omitted

here.

5.6 Numerical Example to Find the Unitized Symmetrical
Equivalent Circuit

The basic theory of power system circuit analysis has been examined in Chapters 1–4 and the

sections above. Now, a numerical calculation is demonstrated where a symmetrical equivalent

circuit of a model system will be derived by utilizing the previously studied theories.

Table 5.3 contains the diagram of a model system including overhead lines, cable lines,

generating station, substations and some loads. Although the model system may not be very

realistic, it is suitable for reviewing the theoretical process and for obtaining a unified power

system network circuit.

The subject of exercise is to derive the symmetrical equivalent circuit of the model system

given in Table 5.3 under the condition that 1000 MVA is assigned as the MVA base quantity and

the rated voltages of each section are to be selected as the voltage bases of each section.

The derived answer for this exercise is shown in Table 5.4. The calculation process is demonstrated

item by item below.

1. Determination of PU base quantities

MVAbase ¼ 1000 MVA is given, while the rated voltages of 22, 500, 66, 154, 66 kVof Sections A, B,

C, D, E respectively are selected as the Vbase for each section. Then, all the base quantities at each

section of the model system are calculated by applying Equations 5.13a and b, and the result is

summarized in Table 5.4.
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2. Generator: G1

The given reactances are the percentage reactances based on the 625 MVA rated capacity of the

generator. Accordingly, they should be modified into PU values (i.e. [pu]) based on 1000 MVA:

jx1 ¼

jx00d ¼ j0:25� 1000

625
¼ j0:400½pu�

jx0d ¼ j0:29� 1000

625
¼ j0:464½pu�

jxd ¼ j1:56� 1000

625
¼ j2:495½pu�

8
>>>>>>><

>>>>>>>:

jx2 ¼ j0:23 � 1 000

625
¼ j0:368½pu�

x0 ¼ j0:12 � 1 000

625
¼ j0:192½pu�

3. The neutral resistance of the generator RG1

The neutral earthing by 100 A resistance means the resistance value for which a current of 100 A

would flow when the phase voltage 22=
ffiffiffi
3
p

kV is charged to the generator neutral point:

22=
ffiffiffi
3
p

kV � 103 ¼ R � 100

; R ¼ 127½V� ¼ 127

0:484
½pu� ¼ 262 ½pu� 3R ¼ 786 ½pu�

4. The transformer Tr1

The impedance of 13% is based on the rated 1000 MVA, 22/500 kV base so that base quantities need

not be changed. The transformer is solidly grounded at the high-tension neutral point. Accordingly, the

neutral resistance in Figure d of Table 5.1 would be zero. Then

jx1 ¼ jx2 ¼ j0:13 ½pu�
jx0 ¼ j0:13 ½pu�

PZn ¼ 0 Zex0 ¼ 1

The high-tension side of the zero-sequence circuit is earth grounded through jx0 while the low-tension

side is open.

5. 500 kV double circuit transmission line L1

Each phase of this line consists of four bundled conductors. As all the conductor sizes and allocations

are given, the inductances L and capacitances C can be calculated by applying the equations of

Section 1.1 in Chapter 1.

The equivalent radius of the four bundled conductors is (refer to Equations 1.14a–c)

r ¼ 0:0192 m; w ¼ 0:2 m

reff ¼ r
1
n � wn�1

n ¼ 0:0192
1
4 � 0:20

3
4 ¼ 0:1113 ½m�

The radius of the overhead grounding wire is

rx ¼ 0:0143 ½m�
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The height of the conductors from the imaginary datum plane (see Figure 1.3) is

He ¼ 300 ½m�
ha þ Ha ; hb þ Hb ; � � � ; hA þ HA ; � � � ; Hx þ hx ¼ 2 H ¼ 600 ½m�

The averaged phase-to-phase distance within the same circuit is

Sll ¼ ðSab � Sbc � ScaÞ
1
3 ¼ ð13:54 � 13:54 � 27Þ

1
3 ¼ 17:04 ½m�

The averaged distance between one phase of circuit 1 and one phase of circuit 2, SlL, is

SlL ¼ fðSaA � SaB � SaCÞ
1
3 � ðSbA � SbB � SbCÞ

1
3 � ðScA � ScB � ScCÞ

1
3g

1
3

¼ fð18� 23:3� 32:45Þ
1
3 � ð23:3� 20� 23:3Þ

1
3 � ð18� 23:3� 32:45Þ

1
3g

1
3

¼ f23:87� 22:14� 23:87Þ
1
3 ¼ 23:28 ½m�

The averaged distance between the phase conductor and OGW, S, is

Slx ¼ ðSax � Sbx � ScxÞ
1
3 ¼ ð13:45� 25:53� 38:08Þ

1
3 ¼ 23:55 ½m�

Finally, the height of the OGW is

hx ¼ 67 ½m�

5(a) Calculation of inductances, impedances

(a1) Self-inductances and impedances including earth grounding effect (but before modification
by OGW effect)

Referring to Equation 1.14b, and putting reff ¼ 0:1113 and ha þ Ha ¼ 600 m,

LS ¼ 0:4605 log10

ha þ Ha

reff
þ 0:05 1þ 1

n

� �

¼ 0:4605 log10

600

0:1113
þ 0:05 1þ 1

4

� �

¼ 1:781 ½mH=km�
; ZS ; Zaa ; Zbb ; ZAA ; ZBB ; � � �
¼ jXS ¼ j2p � 50 � 1:781� 10�3 ¼ j 0:559 ½V=km� where f ¼ 50 Hz

(a2) Mutual inductance between phases of the same circuit including earth grounding effect (but
before modification by OGW effect)
Referring to Equation 1.12a, and putting Sll ¼ 17:04 ½m�,

Lm ¼ 0:4605 log10

ha þ Ha

Sll
þ 0:05 ¼ 0:4605 log10

600

17:04
þ 0:05 ¼ 0:762 ½mH=km�

; Zm ; Zab ; Zbc ; ZAB ; � � � ¼ jXm ¼ j2p � 50� 0:762� 10�3 ¼ j0:239 ½V=km�

(a3) Mutual inductance between one phase of circuit 1 and one phase of circuit 2 including earth
grounding effect (but before modification by OGW effect)
Referring to Equation 1.12a, and putting SlL ¼ 23:28,

L0m ¼ 0:4605 log10

ha þ Ha

SlL
þ0:05 ¼ 0:4605 log10

600

23:28
þ0:05 ¼ 0:700 ½mH=km�

; Z0m ; ZaA ; ZaB ; ZaC ; ZbA ; � � � ¼ jXm0 ¼ j2p � 50� 0:700� 10�3 ¼ j0:220 ½V=km�
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(a4) Correction of impedances ZS ; Zm; Z 0m by OGW effect
Referring to Equations 1.15a,b and 1.16, the correction factor dax by the OGW effect has to be

subtracted from each impedance matrix element in the case of a single circuit line. But for double

circuits, the equation before the correction by the OGWeffect is given by Equation 1.17. Furthermore,

the following equation is obtained as the OGW effect:

Ix ¼ �
1

Zxx
ðZxaIa þ ZxbIb þ ZxcIc þ ZxAIA þ ZxBIB þ ZxCICÞ

Thus, the correction factor dax is subtracted from all the elements of the 6� 6 impedance matrix, in the

same way as that of the single circuit line.

Referring to Equation 1.11, and putting rx ¼ 0:0143 m and hx þ Hx ¼ 600 m,

Lxx ¼ 0:4605 log10

hx þ Hz

rx
þ 0:1 ; 0:4605 log10

600

0:0143
þ 0:1 ¼ 2:22 ½mH=km�

; Zxx ¼ j2p � 50� 2:18� 10�3 ¼ j0:697 ½V=km�

Referring to Equation 1.12b, and putting hx þ Hx ¼ 600 m and SlL ¼ 23:55 m,

Llx ¼ Lax ; Lbx ; Lcx ; LAx ; � � � ; Lxa ; � � �

¼ 0:4605 log10

hx þ Hx

Slx
þ 0:05 ¼ 0:4605 log10

600

23:55
þ 0:05 ¼ 0:698 ½mH=km�

; Zlx ¼ j2p � 50� 0:698� 10�3 ¼ j0:219 ½V=km�

The correction factor by OGW is

d ¼ Zlx � Zlx

Zxx
¼ ð j0:219Þ2

j0:697
¼ j0:069 ½V=km�

Accordingly, all the self- and mutual impedance elements have to be subtracted by the same correction

factor, d ¼ j 0:069 V=km:

Zs; Zm; Z0m after correction by OGW effect

Zs ¼ j0:559� j0:069 ¼ j0:490 ½V=km�

Zm ¼ j0:239� j0:069 ¼ j0:170 ½V=km�

Z0m ¼ j0:220� j0:069 ¼ j0:151 ½V=km�

This is the final calculated result for the transmission line self-/mutual impedance matrix.

(a5) Symmetrical impedance: Z1; Z2; Z0; Z0M

Referring to Equation 2.20a,

Z1 ¼ Z2 ¼ Zs � Zm ¼ j0:489� j0:169 ¼ j0:320 ½V=km�

Z0 ¼ ZS þ 2 Zm ¼ j0:492þ 2� j0:169 ¼ j0:830 ½V=km�

Z0M ¼ 3Z0m ¼ 3� j0:151 ¼ j0:450 ½V=km�
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(a6) Unitization of symmetrical impedance
Zl�gbase ¼ 250 V, line length l ¼ 90 km:

Z1 ¼ Z2 ¼
j0:320

250
�90 ¼ j0:115 ½pu�

Z0 ¼
j0:830

250
�90 ¼ j0:303 ½pu�

Z0M ¼
j0:453

250
�90 ¼ j0:162 ½pu�

5(b) Calculation of stray capacitance

(b1) Capacitances Cs; Cm; C 0m before correction by OGW effect
The averaged height of phase conductors is

h ¼ ðha � hb � hcÞ
1
3 ¼ ð30� 43:5� 57Þ

1
3 ¼ 42:05 ½m�

The averaged distance between phases of the same circuit is

Sll ¼ 17:04 ½m�

The averaged distance between one phase of circuit 1 and one phase of circuit 2 is

SlL ¼ 23:28 ½m�

The equivalent conductor radius is

reff ¼ 0:1113 ½m�
Referring to Equation 1.33,

Cs ¼
0:02413

log10

8 h3

reff � S2
ll

¼ 0:02413

log10

8� 42:053

0:1113� 17:042

¼ 0:00566 ½mF=km�

Cm ¼ Cs �
log10

2h

Sll

log10

Sll

reff

¼ 0:00566�
log10

2� 42:05

17:04

log10

17:04

0:1113

¼ 0:00180 ½mF=km�

C0m ¼
0:02413

log10

8 h3

reff � S2
lL

�
log10

2h

SlL

log10

SlL

reff

¼ 0:02413

log10

8� 42:053

0:1113� 23:282

�
log10

2� 42:05

23:28

log10

23:28

0:1113

¼ 0:00145 ½mF=km�

Then, the capacitance matrix elements of Equation 1.38 are

Cs þ 2 Cm þ 3 C0m ¼ 0:0129 ½mF=km�

�Cm ¼ �0:00180 ½mF=km�

�C0m ¼ �0:00145 ½mF=km�

110 5 PER UNIT METHOD AND INTRODUCTION OF TRANSFORMER CIRCUIT



(b2) The effect of OGW on the capacitances
Referring to Figure 1.9, one OGW (symbol x below) is to be added to the situation in the figure. Under

this condition, Equation 1.37a for Ia is to be modified by addition of the term CaxðVa � VxÞ, where

Vx ¼ 0. The modified new equation is

Ia ¼ jo½CaaVa þ CabðVa � VbÞ þ CacðVa � VcÞ þ CaAðVa � VAÞ
þCaBðVa � VBÞ þ CaCðVa � VCÞ þ CaxðVa � VxÞ�
¼ jo½ðCaa þ Cab þ Cac þ CaA þ CaB þ CaC þ CaxÞVa�CabVb�CacVc�CaAVA�CaBVB�CaCVc�
; jo½ðCs þ Cax þ 2 Cm þ 3 C0mÞVa � CmVb � CmVc � C0mVA � C0mVB � C0mVC�

Comparing both equations, the resulting modification is Caa!Caa þ Cax. That is, it can be said that

the self-capacitance Caa becomes a little larger by addition of OGW. In other words, referring to

Equations 1.37b and 1.38 and Equations 2.24b and 2.24c, Cs would probably become a few per cent

larger value by modification of Cs!Cs þ Clx in comparison with that for the line with the same

conductor allocation and without OGW. (Details of this calculation are omitted in this book.)

(b3) Symmetrical capacitance
The modification of the value of Cs by addition of OGW is ignored below (Clx ; 0) because it is only a

few per cent.

Referring to Equation 2.24c and the Figures 2.8 and 4.4,

C1 ¼ C2 ¼ Cs þ 3Cm þ 3C0m ¼ 0:00566þ 3� 0:00180þ 3� 0:00145 ¼ 0:0154 ½mF=km�
C0 ¼ Cs ¼ 0:00566 ½mF=km�
C00 ¼ 3C0m ¼ 3� 0:00145 ¼ 0:00435 ½mF=km�
; � jXc1 ¼

1

jY1
¼ � j

2p � 50� 0:0154� 10�6
¼ � j206� 103 ½V=km�

¼ � jXc2 ¼
1

jY2

� jXc0 ¼
1

jY0
¼ � j

2p � 50� 0:00566� 10�6
¼ � j562� 103 ½V=km�

� jX0c0 ¼
1

jY 00
¼ 1

2p � 50� 0:00435� 10�6
¼ � j712� 103 ½V=km�

Incidentally, assuming a modification effect of 3% of Cs by OGW in the above calculation, C0 ¼ Cs is

also modified by 1.05 times, whereas C1 ¼ C2 ¼ Cs þ Clx þ 3Cm þ 3C0m is modified 1.01 times. In

other words, positive-/negative-sequence capacitances C1; C2 are almost not affected by the existence

of the OGW, whereas the zero-sequence capacitance C0 has a little larger value.

(b4) Unitization of symmetrical capacitance
Unitizing the ohmic values by the 250 V base,

� jXc1 ¼ � j206� 103=250 ¼ � j824 ½pu=km�
� jXc0 ¼ � j562� 103=250 ¼ � j2248 ½pu=km�
� jX

0
c0 ¼ � j712� 103=250 ¼ � j2848 ½pu=km�

From the concentrated constants of 90 km length,

� jXc1 ¼ � j864� 90 ¼ � j9:2 ½pu�
� jXc0 ¼ � j2248=90 ¼ � j25:0 ½pu�
� jX

0
c0 ¼ � j2848=90 ¼ � j31:6 ½pu�

9
=

;

Accordingly, the charging current per circuit per phase under normal condition is

I ¼ 1=9:2 ¼ 0:109 ½pu� ¼ 0:109� 1155 ½A�=90 ½km� ¼ 126 ½A�=90 km
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6. The transformer Tr2

P�SZ ¼ j0:23 ½pu� ð750 MVA baseÞ
P�T Z ¼ j0:18 ½pu� ð250 MVA baseÞ
S�T Z ¼ j0:09 ½pu� ð250 MVA baseÞ

The above %IZ values are written in two different bases where 750 MVA is the rated capacity of the

primary and secondary windings, while 250 MVA is that of the tertiary winding. The PU values have to

be modified into those for the 1000 MVA base:

P�SZ ¼ j0:23� 1000

750
¼ j0:307½pu�ð1000 MVA baseÞ

P�DZ ¼ j0:18� 1000

250
¼ j0:72½pu�ð1000 MVA baseÞ

S�DZ ¼ j0:09� 1000

250
¼ j0:36½pu�ð1000 MVA baseÞ

Then

PZ ¼ P�SZ þ P�DZ � S�DZ

2
¼ jð0:307þ 0:72� 0:36Þ

2
¼ j0:334½pu�ð1000 MVA baseÞ

SZ ¼ P�SZ þ S�DZ � P�DZ

2
¼ jð0:307þ 0:36� 0:72Þ

2
¼ � j0:027½pu�ð1000 MVA baseÞ

DZ ¼ P�DZ þ S�DZ � P�SZ

2
¼ jð0:72þ 0:36� 0:307Þ

2
¼ j0:387½pu�ð1000 MVA baseÞ

The equivalent circuit in Figure a of Table 5.1 has been obtained. The derived impedance element SZ

has a minus sign, so that the element in the equivalent circuit is a series capacitive unit (condenser).

7. The neutral resistance NGR1 and the neutral reactor NL1

For NGR1 the resistance value for 154=
ffiffiffi
3
p

kV and 200 A is

r0 ¼
154

ffiffiffi
3
p

200
� 103 ¼ 445 ½V�

For NL1 the reactance value for 154=
ffiffiffi
3
p

kV and 15 000 kVA is

jx0 ¼ j
ð154=

ffiffiffi
3
p
Þ2 � 103

15 000
¼ j527 ½V�

Unitizing by the impedance base 23.7 V,

NGR1 : r0 ¼
445

23:7
¼ 18:8 ½pu�; 3r0 ¼ 56:4½pu�ð1000 MVA baseÞ

NL1 : jx0 ¼
j527

23:7
¼ j22:2 ½pu�; j3x0 ¼ j66:6½pu�ð1000 MVA baseÞ

8. 66 kV, 80 MVA reactor bank for voltage regulation LT

The single phase capacity of the reactor is 80/3 MVA. Then

jx1 ¼ jx2 ¼ j
ðVl�gÞ2

VA1f
¼ j

66
ffiffiffi
3
p � 103

� �2

80
3
� 106

¼ j54:45 ½V�
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Unitizing by the impedance base 4.36 V,

jx1 ¼ jx2 ¼
j54:45

4:36
¼ j12:49 ½pu�ð1000 MVA baseÞ

jx0 ¼ 1
The zero-sequence impedance is infinitely large because the neutral reactor is open.

9. 154 kV single circuit transmission line L2

The constants Ls; Lm; Cs; Cm are given. Referring to Equations 2.15 and 2.22b, the impedance for

30 km length is

jx1¼ jx2 ¼ j2p f ðLs � LmÞ ¼ j2p� 50ð2:4� 1:1Þ � 10�3 � 30

¼ j12:3 ½V� ¼ j
12:3

23:7
¼ j 0:52 ½pu�

jx0¼ j2p f ðLs þ 2 LmÞ ¼ j2p� 50ð2:4þ 2� 1:1Þ � 10�3 � 30

¼ j43:3 ½V� ¼ j
43:3

23:7
¼ j1:83 ½pu�

and the capacitance for 30 km is

jyc1 ¼ jyc2 ¼ j2p f ðCs þ 3 CmÞ ¼ j2p� 50ð0:0052þ 3� 0:0013Þ � 10�6 � 30 ¼ j85:8� 10�6 ½V�1�

jyc0 ¼ j2p f Cs ¼ j2p� 50ð0:0052Þ � 10�6 � 30 ¼ j49:0� 10�6 ½V�1�

; � jxc1 ¼ � jxc2 ¼
1

j85:8� 10�6
¼ � j11 655 ½V� ¼ � j11 655

23:7
¼ � j492 ½pu�

� jxc0 ¼
1

j49:0� 10�6
¼ � j20 408 ½V� ¼ � j20 408

23:7
¼ � j861 ½pu�

The leakage current per phase for 30 km is

1

492
¼ 0:002 ½pu� ¼ 0:002� 3749 ½A� ; 7:5 ½A�

10. 154 kV, 15 km power cable line (three single core cables) L3

The line consists of three single core cables, so that C0 ¼ C1 ¼ C2.

The leakage current for 15 km is 210 A per phase. Then

� jxc1 ¼ � jxc2 ¼ � jxc0 ¼

154
ffiffiffi
3
p �103

210
¼ � j423 ½V�

; � jxc1 ¼ � jxc2 ¼ � jxc0 ¼ � j
423

23:7
¼ � j17:9 ½pu�

Inductance is neglected.

11. The transformer Tr3 and NGR2

Modifying the capacity base from 250 MVA to 1000 MVA,

jP�Sx ¼ j0:12� 1 000

250
¼ j0:48½pu�ð1000 MVA baseÞ

jx0 ¼ j0:10� 1 000

250
¼ j0:4½pu�ð1000 MVA baseÞ
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There is also the relation P�Sx> x0, because jx0 includes the parallel effect of Zex0 in the zero-

sequence equivalent circuit of Figure d in Table 5.1.

For NGR2 at 100 A

r0 ¼
154=

ffiffiffi
3
p

100
�103 ¼ 889 ½V�

r0 ¼
889

23:7
¼ 37:5 ½pu� ; 3r0 ¼ 112:5 ½pu�

12. 66 kV, 200 MW load

At 200 MW with power factor cos w ¼ 0:8,

1:02

Z1
¼ P� jQ ¼ 200� j150½MVA� ¼ 200� j150

1000
½pu�

¼ 0:20� j0:15½pu�ð1000 MVA baseÞ

;Z1 ¼
1

0:20� j0:15
¼ 3:20þ j2:40½pu�

¼ 4:0ff37�½pu�ð1000 MVA baseÞ

Z1 ; Z2 is assumed for the load, although the impedance of a rotating load would generally be Z1 6¼ Z2.

Table 5.4 shows the symmetrical equivalent circuits of the power system in Table 5.3 which has been

obtained by combining all the results in 1–12 above. This is the circuit, instead of connection diagram,

of the given power system which includes visually all the effective LRC constant elements. This is of

course the first step of any system analysis.

5.7 Supplement: Transformation from Equation 5.18
to Equation 5.19

a) Transformation from Equation 5.18 r to Equation 5.19 r

PVa

PVb

PVc

�
PVn

PVn

PVn

¼ ZPP

PIa

PIb

PIc

þ ZPS

SIa

SIb

SIc

þ ZPD

DIa

D
Ib

DIc

or PV abc � PV n ¼ ZPP � PIabc þ ZPS � SIabc þ ZPD � DIabc

9
>>>>=

>>>>;

(1)

Multiplying the left-hand side by a,

a � PV abc � a � PV n ¼ ZPP � a � PIabc þ ZPS � a � SIabc þ ZPD � a � DIabc

PV
"

012 PVn

0

0

"
PI
"

012 SI
"

012 DI
"

012

;
PV0

PV1

PV2

�
PVn

0

0

¼ ZPP

PI0

PI1

PI2

¼ ZPS

SI0

SI1

SI2

¼ ZPD

D
I0

DI1

DI2

(2)

250

200 15
0

f
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This is the symmetrical equation in regard to primary voltages. The secondary and tertiary side

equations are derived analogously.

b) Transformation from Equation 5.18 tu to Equation 5.19 st

This is self-explanatory.

c) Transformation from Equation 5.18v to Equation 5.19 u

Equation 5.18v is

ffiffiffi
3
p

T Iabc ¼
0 �1 1

1 0 �1

�1 1 0

� DIabc (3)

Then

T I012 ¼ a � T Iabc ¼
1
ffiffiffi
3
p � a �

0 �1 1

1 0 �1

�1 1 0

� a�1 � DI012 ¼
1
ffiffiffi
3
p

0 � DI0

ða� a2Þ � DI1

ða2 � aÞ �
D

I2

¼
0 � DI0

j �
D

I1

� j � DI2

(4)

This is Equation 5.19 u. Equation 5.19 v can be derived from Equation 5.18 w analogously.
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Coffee break 3: Faraday and Henry, the discoverers
of the principle of electric energy application

Michael Faraday (1791–1867), probably the greatest experimentalist in electricity and

magnetism in the nineteenth century, was not only a famous contributor to chemistry as the

discoverer of various new organic com-

pounds, among them benzene, but also

the first to liquefy a ‘permanent’ gas.

In 1821, the year following Oer-

sted’s discovery, Faraday had already

presumed his idea that magnetic flux

should be able to be changed to electric

current in contrast to Volta’s current-

produced magnetic flux. Faraday

worked persistently trying to prove that

magnetism could induce electricity.

In 1831, after 10 years, Faraday

finally succeeded in producing an elec-

tric current from a magnetic field. He

prepared two coils of wire wound

around opposite sides of a ring of soft

iron. The first coil was switched on and

off by a battery, so the iron ring was

magnetized, while a wire from the sec-

ond coil extended to a compass needle a

metre away, far enough so that it was

not directly affected by any current in

the first coil. When the first coil was

turned on, Faraday observed a momen-

tary deflection of the compass needle and its immediate return to its original position. When

the primary current was switched off, a similar defection of the compass needle occurred but

in the opposite direction. Faraday showed that changes in the magnetic field around the first

coil are responsible for inducing the current in the second coil. He also showed that an electric

current can be induced by moving a magnet, by turning an electromagnet on and off.

This achievement is Faraday’s crowning discovery, because magnetic induction means that

‘electricity can be steadily produced by a moving magnet which can be driven by mechanical

power’. In effect, this became the foundation of the electric dynamo or generator or motor. It

was the dawn of a new source of cheap and plentiful energy that was to outpace the conventional

steam engine very quickly and revolutionize the world. Until Faraday came along, electricity

and magnetism were seen as interesting but useless. However, after the invention of magnetic

induction, electromagnetism became the subject of industrial energy application.

Joseph Henry (1797–1878) discovered the same principle of electromagnetic induction

quite independently in 1830, but his results were not published until after he had received news

of Faraday’s 1831 work, nor did he develop the discovery as fully as Faraday. Henry wrote in his

paper ‘self-induction’ which he showed by producing large electric arcs from a long helical

conductor when it was disconnected from a battery. It is said that Henry met Faraday in 1837,

when Henry presented a demonstration of self-induction to both Faraday and Charles

Wheatstone (1802–1875). Faraday clapped his hands in delight and exclaimed, ‘Hurrah for

the Yankee experiment!’

Michael Faraday (1791–1867)
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Faraday wrote that the electromotive

force induced by magnetic induction is

proportional to the ratio of linking flux.

He also introduced the concepts of elec-
tric field and magnetic field in which

the forces of electricity and magnetism
respectively exist, although they were

not yet derived as mathematical equa-

tions. Furthermore, he believed in and

wrote about the mutual relation between

electricity and heat, between electricity

and gravity, between magnetism and

gravitation, as analogous to the relation

between electricity and magnetism. It is

believed that he almost reached the con-

cept of the law of energy conservation.

Joseph Henry (1797–1878)





6
The a�b�0 Coordinate Method
(Clarke Components) and its
Application

The a�b�0 coordinate method (a�b�0 components or Clarke components) is a useful analytical tool

of almost comparable rank with the symmetrical coordinate method (0–1–2 components). Although

0–1–2 components is a very powerful approach for most phenomena, there are some cases where we

encounter obstacles. The a�b�0 coordinate method is another useful analytical approach which can

often supplement 0–1–2 components, and by which some limitations of the symmetrical coordinate

method are overcome. As a matter of fact, there are some circuits which can be solved

only by a�b�0 components instead of 0–1–2 components. A typical example will be introduced

in Chapter 19.

The a�b�0 components method is also mathematically a kind of variable transformation

by the 3� 3 matrix operators a;a�1, and the important characteristic of a�b�0 components is

that the transformation operators contain only real-number matrix elements, while the symme-

trical components method contains matrix operators a; a�1 based on complex numbers

a; a�1. Voltage or current waveforms observed on an oscillograph, for example, have time-

dependent scalar values as a matter of course, so they can be handled as vector (or complex-

number) values only when the real-number equations are given for the waveforms. In other words,

badly distorted waveform quantities with harmonics would usually be observed on an oscillo-

graph as phenomena of unknown equations and so cannot be transformed into symmetrical

components. Conversely, the observed real-time quantities on the oscillograph can be transformed

into a�b�0 components by time sequential composition, regardless of whether the equations are

known or unknown.

In this chapter we study the definition and conceptual meanings of the a�b�0 coordinate method

first, and then study the mutual relationship of a–b–c phase quantities, a�b�0 quantities and 0–1–2

quantities. Finally, we study system modelling and fault analysis by a�b�0 components.

6.1 Definition of a�b�0 Coordinate Method
(a�b�0 Components)

The a�b�0 voltage and current quantities in the a�b�0 coordinate method (a�b�0 components) are

defined by the following equations.
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The transformation is

Va

Vb

V0
|ffl{zffl}

V ab0 ¼

¼ 1

3

2 �1 �1

0
ffiffiffi
3
p

�
ffiffiffi
3
p

1 1 1
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

a

�
Va

Vb

Vc
|ffl{zffl}
�V abc

;Vab0 ¼ a � V abc

Ia

Ib

I0
|{z}

Iab0 ¼

¼ 1

3

2 �1 �1

0
ffiffiffi
3
p

�
ffiffiffi
3
p

1 1 1
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

a

�
Ia

Ib

Ic
|{z}
�Iabc

Iab0¼ a � Iabc

9
>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>;

(6.1)

and the inverse transformation is

Va

Vb

Vc
|ffl{zffl}

Vab0 ¼

¼

1 0 1

� 1
2

ffiffi
3
p

2 1

� 1
2 �

ffiffi
3
p

2 1
|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

a�1

�
Va

Vb

V0
|ffl{zffl}
�V ab0

V abc¼ a�1 � Vab0

Ia

Ib

Ic
|{z}

Iabc ¼

¼
1 0 1

� 1
2

ffiffi
3
p

2 1

� 1
2 �

ffiffi
3
p

2 1
|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

a�1

�
Ia

Ib

I0
|{z}
�Iab0

Iabc¼ a�1 � Iab0

9
>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>;

(6.2)

where

a� a�1 ¼ a1 � a ¼ 1 ð1 is the unit matrixÞ
a; a�1 : inverse matrices of each other

The transform operator matrices a;a�1 are real-number matrices in the a�b�0 coordinate method.

Therefore if Va;Vb;Vc are given as real-number quantities, Va;Vb;V0 are also real-number quantities,

while if Va;Vb;Vc are given as complex-number quantities, Va;Vb;V0 are also complex-number

quantities.

The relation a–b–c phase quantities, a�b�0 quantities is shown in Figure 6.1 a and b, where

both quantities are demonstrated as vector values.

6.2 Interrelation Between a�b�0 Components
and Symmetrical Components

The symmetrical components method is a kind of one-to-one transformation between the domains

a,b,c, 0,1,2. The a�b�0 components method is also of one-to-one transformation between

the domains a,b,c,a;b; 0. Therefore symmetrical components and a�b�0 components should also

be the same kind of one-to-one transformation between the domains 0,1,2,a;b; 0 for each other.

Let us examine the relation between 0, 1, 2 quantities and a; b; 0 quantities in detail. We

will examine the relation by using voltage symbols here, where lower case letter v means instantaneous

real-number voltages, and upper case letter V means instantaneous complex-number voltages.
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a phase

b phase

c phase

Ia=   Ia

Ia = Ia + I0

+I0 Ia
1
2

Ia

1
2

Ia

Ib = – 1
2

+ +I0Ia Ib
3
2

I0

I0

I0

I0
I0
I0

3I0 earth

I b

3 2
Ic = – 1

2
– +I0Ia Ib

3
2

Ib = – 1
2

+ +I0Ia Ib
3
2

I c 
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–
1

2
–

 +
 I 0

I a
I b

3 2

Ia+Ib+Ic = 3I0

–

1
2
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1
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–
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Ia–

0 0
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–
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–
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–
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3
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2
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1
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3
3
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3
3

Ic
3
3

Ib
3
3

Ib
3
3
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3
3

Ic
3
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3
3

3
3

3
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3
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1
3
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1
3
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1
3
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1
3

Ic
1
3

Ib
1
3

Ib

IbIb
Ia
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1
3Ia

2
3

Ia
2

3

IaIa
Ib 1

3 Ic

Ic

I0

3I0

Ic

1
3

–

–

Ic
3
3

–

1
3

1
3I0 = Ia

Ia + Ib + I0 = Ia +

+

+0 0

phase-a current phase-b current phase-c current

a circuit

b circuit

0 circuit

–

–

–

Ic
1
3

–

–

Ib
1
3

–

(b)

I0

I0 I0
Ia

a-quantity: The currents Ia , –1/2 Ia,  –1/2 Ia  flow out on the phase a, b, c circuits respectively in the 
same direction. In other words, the current Ia goes out from phase a and the half current 1/2 Ia comes
back from phase b and another half current 1/2 Ia from phase c. As a result, the current through the
ground pass is zero.

 

b-quantity: The currents +    3/2  Ib, –   3/2Ib,  flow in phase b, c respectively in the same direction. In 
other words, current    3 / 2  Ib goes out from phase b and comes back from phase c. As a result, the 
current through phase a and the ground pass are zero. 

0-quantity: The currents of the same value I0 flow out from phase a, phase b, phase c respectively in 
the same direction and the current 3I0 comes back from the ground pass. In other words, the definition 
of 0-quantitiy is exactly the same as the zero-sequence quantity in symmetrical components. 

Figure 6.1 Correlation of vectors Ia; Ib; Ic and Ia; Ib; I0
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6.2.1 The transformation of arbitrary waveform quantities

Suppose voltages are of an arbitrary waveform which may include d.c. components, harmonic

components as well as power frequency components. Then

VaðtÞ ¼ �
n

k¼0

jVakj � e jðkotþyakÞ

VbðtÞ ¼ �
n

k¼0

jVbkj � e jðkotþybkÞ

VcðtÞ ¼ �
n

k¼0

jVckj � e jðkotþyckÞ

9
>>>>>>>=

>>>>>>>;

complex-number expression (6.3a)

vaðtÞ ¼ �
n

k¼0

jVakjcosðkot þ yakÞ

vbðtÞ ¼ �
n

k¼0

jVbkjcosðkot þ ybkÞ

vcðtÞ ¼ �
n

k¼0

jVckjcosðkot þ yckÞ

9
>>>>>>>=

>>>>>>>;

real-number expression (6.3b)

These quantities in the a–b–c domain are transformed into two different domains as follows.

For symmetrical coordinates, referring to Equations 2.1 and 2.4 and recalling that a ¼ e j120
�
;

a2 ¼ e� j120
�
, then the complex-number expression is

V0ðtÞ
V1ðtÞ
V2ðtÞ

¼ 1

3

VaðtÞ þ VbðtÞ þ VcðtÞ
VaðtÞ þ aVbðtÞ þ a2VcðtÞ
VaðtÞ þ a2VbðtÞ þ aVcðtÞ

¼ 1

3

�
n

k¼0

jVakj � e jðkotþyakÞ þ �
n

k¼0

jVbkj � e jðkotþybkÞ þ �
n

k¼0

jVckj � e jðkotþyckÞ

�
n

k¼0

jVakj � e jðkotþyakÞ þ �
n

k¼0

jVbkj � e jðkotþybkþ120
� Þ þ �

n

k¼0

jVckj � e jðkotþyck�120
� Þ

�
n

k¼0

jVakj � e jðkotþyakÞ þ �
n

k¼0

jVbkj � e jðkotþybk�120
� Þ þ �

n

k¼0

jVckj � e jðkotþyckþ120
� Þ

(6.4a)

For the real-number expression, taking the real part of the above equation,

v0ðtÞ
v1ðtÞ
v2ðtÞ

¼
RefV0ðtÞg
RefV1ðtÞg
RefV2ðtÞg

¼ 1

3

�
n

k¼0

jVakjcosðkotþ yakÞþ�
n

k¼0

jVbkjcosðkotþ ybkÞþ�
n

k¼0

jVckjcosðkotþ yckÞ

�
n

k¼0

jVakjcosðkotþyakÞþ�
n

k¼0

jVbkjcosðkotþybkþ120
� Þþ�

n

k¼0

jVckjcosðkotþyck�120
� Þ

�
n

k¼0

jVakjcosðkotþyakÞþ�
n

k¼0

jVbkjcosðkotþybk�120
� Þþ�

n

k¼0

jVckjcosðkotþyckþ120
� Þ

(6.4b)
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The a�b�0 components are defined for complex-number and real-number expressions by the same

equations, 6.1 and 6.2. Then, for the complex-number expression,

VaðtÞ
VbðtÞ
V0ðtÞ

¼ 1

3

2VaðtÞ � VbðtÞ � VcðtÞffiffiffi
3
p
fVbðtÞ � VcðtÞg

VaðtÞ þ VbðtÞ þ VcðtÞ

¼ 1

3

2�
n

k¼0

jVakje jðkotþyakÞ � �
n

k¼0

jVbkje jðkotþybkÞ � �
n

k¼0

jVckje jðkotþyckÞ

ffiffiffi
3
p

�
n

k¼0

jVbkje jðkotþybkÞ � �
n

k¼0

jVckje jðkotþyckÞ
( )

�
n

k¼0

jVakje jðkotþyakÞ þ �
n

k¼0

jVbkje jðkotþybkÞ þ �
n

k¼0

jVckje jðkotþyckÞ

(6.5a)

and for the real-number expression

vaðtÞ
vbðtÞ
v0ðtÞ

¼ 1

3

2vaðtÞ � vbðtÞ � vcðtÞffiffiffi
3
p
fvbðtÞ � vcðtÞg

vaðtÞ þ vbðtÞ þ vcðtÞ

¼ 1

3

2�
n

k¼0

jVakjcosðkot þ yakÞ � �
n

k¼0

jVbkjcosðkot þ ybkÞ � �
n

k¼0

jVckjcosðkot þ yckÞ

ffiffiffi
3
p

�
n

k¼0

jVbkjcosðkot þ ybkÞ � �
n

k¼0

jVckjcosðkot þ yckÞ
( )

�
n

k¼0

jVakjcosðkot þ yakÞ þ �
n

k¼0

jVbkjcosðkot þ ybkÞ þ �
n

k¼0

jVckjcosðkot þ yckÞ

(6.5b)

6.2.2 Interrelation between a�b�0 and symmetrical
components

Now we need to examine the mutual relation of both domains. Applying the complex-number

expression,

The equations of symmetrical components by Equations 2:1 and 2:4:

V 012 ¼ a � V abc r V abc ¼ a�1 � V 012 s

The equations of a�b�0 components by Equations 6:1 and 6:2:

V ab0 ¼ a � V abc t V abc ¼ a�1 � Vab0 u

9
>>>=

>>>;

(6.6)

Accordingly,

Vab0 ¼ a � V abc ¼ a � ða�1 � V 012Þ ¼ ða � a�1Þ � V 012

V 012 ¼ a � V abc ¼ a � ða�1 � Vab0Þ ¼ ða � a�1Þ � Vab0

)

(6.7)
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where a � a�1 and a � a�1 are calculated below:

a � a�1¼ 1

3

2 �1 �1

0
ffiffiffi
3
p

�
ffiffiffi
3
p

1 1 1

�
1 1 1

1 a2 a

1 a a2

¼ 1

3

0 2� ða2 þ aÞ 2� ðaþ a2Þ
0

ffiffiffi
3
p
ða2 � aÞ

ffiffiffi
3
p
ða� a2Þ

3 1þ a2 þ a 1þ aþ a2

¼
0 1 1

0 � j j

1 0 0

a � a�1¼ 1

3

1 1 1

1 a a2

1 a2 a

�
1 0 1

� 1
2

ffiffi
3
p

2 1

� 1
2 �

ffiffi
3
p

2 1

¼ 1

2

0 0 2

1 j 0

1 � j 0

9
>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>;

(6.8)

Therefore

Va

Vb

V0

V ab0

¼
0 1 1

0 � j j

1 0 0
ða�a�1Þ

�
V0

V1

V2

�V 012

or

VaðtÞ ¼ V1ðtÞ þ V2ðtÞ
VbðtÞ ¼ � jfV1ðtÞ � V2ðtÞg
V0ðtÞ ¼ V0ðtÞ

9
>>>>=

>>>>;

(6.9)

V0

V1

V2

V 012

¼ 1

2

0 0 2

1 j 0

1 � j 0
ða�a�1Þ

�
Va

Vb

V0

�V ab0

or

V0ðtÞ ¼ V0ðtÞ
V1ðtÞ ¼ 1

2fVaðtÞ þ jVbðtÞg
V2ðtÞ ¼ 1

2fVaðtÞ � jVbðtÞg

9
>>>>=

>>>>;

(6.10)

Equations 6.9 and 6.10 show the relation between a�b�0 components and symmetrical

components that are written in complex-number quantities.

In words, Va is the vector sum of positive-sequence voltage V1 and negative-sequence voltage V2,

namely V1 þ V2. Vb is the product of (–j) and (V1 � V2), or the vector which is obtained by a 90
�

clockwise rotation of subtracted vector (V1 � V2).

For the relation for power frequency components, the symmetrical components are

By complex number expression By real number expression

V0ðtÞ ¼ jV0j e jðotþy0Þ v0ðtÞ ¼ jV0j cosðot þ y0Þ
V1ðtÞ ¼ jV1j e jðotþy1Þ v1ðtÞ ¼ jV1j cosðot þ y1Þ
V2ðtÞ ¼ jV2j e jðotþy2Þ v2ðtÞ ¼ jV2j cosðot þ y2Þ

9
>>>=

>>>;

(6.11)

and the a�b�0 components are, for the complex-number expression,

VaðtÞ ¼ V1ðtÞ þ V2ðtÞ ¼ jV1je jðotþy1Þ þ jV2je jðotþy2Þ

VbðtÞ ¼ � jfV1ðtÞ � V2ðtÞg ¼ e� j90
�
fjV1je jðotþy1Þ � jV2je jðotþy2Þg

V0ðtÞ ¼ jV0je jðotþy0Þ

9
>=

>;
r

and for the real-number expression

vaðtÞ¼ jV1j cosðot þ y1Þ þ jV2j cosðot þ y2Þ
vbðtÞ¼ jV1j cosðot þ y1 � 90

� Þ � jV2jcosðot þ y2 � 90
� Þ

¼ jV1j sinðot þ y1Þ � jV2j sinðot þ y2Þ
v0ðtÞ¼ jV0j cosðot þ y0Þ

9
>>>=

>>>;

s

9
>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>;

ð6:12Þ

124 6 THE a�b�0 COORDINATE METHOD AND ITS APPLICATION



Figure 6.2 is a summary of the concept showing mutual relations of the a–b–c, 0–1–2 and a�b�0

domains.

6.3 Circuit Equation and Impedance by the a�b�0
Coordinate Method

The general equation for a three-phase circuit is expressed by

Eabc � V abc ¼ Zabc � Iabc (6.13)

The equation is transformed into the 0–1–2 domain as follows:

Eabc ¼ a�1 � E012; V abc ¼ a�1 � V 012; Iabc ¼ a�1 � I012

;E012 � V 012 ¼ ða � Zabc � a�1Þ � I012�Z012 � I012

where Z012 ¼ ða � Zabc � a�1Þ
(6.14)

Equation 6.13 can be transformed into the a�b�0 domain in a similar way.

The definition of a�b�0 components is

Eab0 ¼ a � Eabc; Eabc ¼ a�1 � Eab0

Vab0 ¼ a � V abc; V abc ¼ a�1 � Vab0

Iab0 ¼ a � Iabc; Iabc ¼ a�1 � Iab0

9
>=

>;
(6.15)

0-1-2 domain a-b-c domain 
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Figure 6.2 Correlation of a–b–c, 0–1–2 and a�b�0 domains
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Substituting this equation into Equation 6.13,

a�1 � Eab0 � a�1 � V ab0
¼ Zabc � a�1 � I ab0

Left-multiplying by a and recalling that a � a�1 ¼ 1, the equation in the a�b�0 domain is

Eab0 � V ab0 ¼ ða � Zabc � a�1Þ � Iab0�Zab0 � Iab0

where Zab0 ¼ a � Zabc � a�1

�

(6.16)

Extracting the equations for the impedances from Equations 6.14 and 6.16,

Z012 ¼ a � Zabc � a�1

Zab0 ¼ a � Zabc � a�1

�

or
Zabc ¼ a�1 � Z012 � a
Zabc ¼ a�1 � Zab0 � a

�

(6.17a)

;Zab0 ¼ a � Zabc � a�1 ¼ a � ða�1 � Z012 � aÞ � a�1 ¼ ða � a�1Þ � Z012 � ða � a�1Þ (6.17b)

Accordingly, the circuit equation and impedance in the a�b�0 domain is

Eab0 � Vab0 ¼ Zab0 � Iab0

where Zab0 ¼ a � Zabc � a�1 ¼ ða � a�1Þ � Z012 � ða � a�1Þ

�

(6.18)

a � a�1 and a � a�1 in the above equation have been already derived in Equations 6.8.

Now we can draw the conclusion that the impedances in a�b�0 domain circuits are given by

Equations 6.18. Further, Equation 6.13 for the a–b–c domain, Equation 6.14 for the 0–1–2 domain and

equation 6.18 for the a�b�0 domain are in one-to-one correspondence to each other.

In the next section we will investigate Zab0 for lines and other equipment.

6.4 Three-phase Circuit in a�b�0 Components

6.4.1 Single circuit transmission line

A well-balanced three-phase single circuit transmission line between points m and n as shown in

Figure 1.1 has its impedance matrix Z012 given by Equation 2.15 and Figure 2.5, and is again

quoted here:

Z012 ¼
Z0 0 0

0 Z1 0

0 0 Z2

Z1 ¼ Z2 ¼ Zs � Zm

Z0 ¼ Zs þ 2Zm

9
>=

>;
(6.19)

Accordingly,

Zab0 ¼
Zaa Zab Za0

Zba Zbb Zb0

Z0a Z0b Z00

¼ ða � a�1Þ � Z012 � ða � a�1Þ

¼
0 1 1

0 � j j

1 0 0

�
Z0 0 0

0 Z1 0

0 0 Z2

� 1
2

0 0 2

1 j 0

1 � j 0

¼
1
2ðZ1 þ Z2Þ 1

2 jðZ1 � Z2Þ 0

� 1
2 jðZ1 � Z2Þ 1

2ðZ1 þ Z2Þ 0

0 0 Z0

(6.20)
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As Z1 ¼ Z2 is always correct for transmission lines, then

mVa

mVb

mV0

mVab0

�
nVa

nVb

nV0

nVab0

¼
Z1 0 0

0 Z1 0

0 0 Z0

Zab0

�
Ia

Ib

I0

�Iab0

Z1 ¼ Z2 ¼ Zs � Zm

Z0 ¼ Zs þ 2Zm

9
>>>>>=

>>>>>;

(6.21)

This is the fundamental equation of the transmission line in a�b�0 components and the equivalent

circuit of the equation is given in Figure 6.3. The impedance matrix Zab0 is the same as Z012,

namely Zab0 ¼ Z012. In other words, the major feature of a�b�0 components is that a well-

balanced transmission line can be expressed by the same impedance matrix and the same equivalent

circuits in the a�b�0 domain as well as in the 0–1–2 domain. The strange coefficient �
ffiffiffiffiffiffiffiffi
3=2

p
in

the definition of a�b�0 components was a device to obtain this advantage.

6.4.2 Double circuit transmission line

A well-balanced double circuit line is shown by Equations 2.20a and b in the 0–1–2 domain, and is

again quoted here:

1
mV 012
2
mV 012

�
1
nV 012
2
nV 012

¼
Z012 Z0M

Z0M Z012

�
1I012
2I012

or
1
mV 012 � 1

nV 012 ¼ Z012 � 1I012 þ Z0M � 2I012

2
mV 012 � 2

nV 012 ¼ Z0M � 1I012 þ Z012 � 2I012

where Z012 ¼
Z0 0 0

0 Z1 0

0 0 Z1

Z0M ¼
Z0M 0 0

0 0 0

0 0 0

9
>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>;

(6.22)

nVamVa

Ia Z1 = Z2 = Zs – Zm

a-circuit

b-circuit

0-circuit

nVbmVb

Ib Z1 = Z2 = Zs – Zm

nV0mV0

I0 Z0 = Zs + 2Zm

Figure 6.3 The equivalent circuit of a transmission line in a�b�0 components (single circuit line)
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Equation 6.22 can be transformed into equations in the a�b�0 domain in the same way as that of

Equation 6.14 to Equation 6.18:

1
mVab0 � 1

nV ab0 ¼ða � a�1Þ � Z012 � ða � a�1Þ �1 Iab0

þða � a�1Þ � Z0M � ða � a�1Þ �2 Iab0
2
mVab0 � 2

nV ab0 ¼ða � a�1Þ � Z0M � ða � a�1Þ �1 Iab0

þða � a�1Þ � Z012 � ða � a�1Þ �2 Iab0

or

1
mVab0

2
mVab0

�
1
nV ab0

2
nVab0

¼ ða � a
�1Þ � Z012 � ða � a�1Þ ða � a�1Þ � Z0M � ða � a�1Þ

ða � a�1Þ � Z0M � ða � a�1Þ ða � a�1Þ � Z012 � ða � a�1Þ
�

1Iab0
2Iab0

�
Zab0 Z

0

ab0

Z
0

ab0 Zab0

�
1Iab0
2Iab0

9
>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>;

(6.23)

Zab0 is in the same form as Equation 6.15

Zab0 ¼ ða � a�1Þ � Z012 � ða � a�1Þ ¼
Z1 0 0

0 Z1 0

0 0 Z0

and also Z
0
ab0 is

Z
0

ab0¼ ða � a�1Þ � Z0M � ða � a�1Þ

¼
0 1 1

0 � j j

1 0 0

�
Z0M 0 0

0 0 0

0 0 0

� 1
2

0 0 2

1 j 0

1 �j 0

¼
0 0 0

0 0 0

0 0 Z0M

Therefore the fundamental equation of the double circuit line in a�b�0 components is

1
mVa
1
mVb
1
mV0
2
mVa
2
mVb
2
mV0

�

1
nVa
1
nVb
1
nV0
2
nVa
2
nVb
2
nV0

¼

Z1 0 0 0 0 0

0 Z1 0 0 0 0

0 0 Z0 0 0 Z0M

0 0 0 Z1 0 0

0 0 0 0 Z1 0

0 0 Z0M 0 0 Z0

�

1Ia
1Ib

1I0
2Ia
2Ib
2I0

(6.24a)

or

a-circuit
1
mVa
2
mVa

�
1
nVa
2
nVa

¼ Z1 0

0 Z1
�

1Ia
2Ia

b-circuit

1
mVb
2
mVb

�
1
nVb
2
nVb

¼ Z1 0

0 Z1

�
1Ib
2Ib

0-circuit
1
mV0
2
mV0

�
1
nV0
2
nV0

¼ Z0 Z0M

Z0M Z0

�
1I0
2I0

9
>>>>>>>>>>=

>>>>>>>>>>;

(6.24b)

The equivalent circuit corresponding to the above equation is given in Figure 6.4. Now we can conclude

that the a-circuit and b-circuit of the double circuit transmission line can be expressed by the positive-

sequence equivalent circuit, and the 0-circuit of course by the zero-sequence equivalent circuit.

9
>>>>=

>>>>;
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6.4.3 Generator

The generator circuit is described by Equation 2.27b and Figure 2.11 in the 0–1–2 domain, and is again

quoted here:

0

Ea

0
|ffl{zffl}

�
V0

V1

V2
|ffl{zffl}

¼
Z0 0 0

0 Z1 0

0 0 Z1
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

�
I0

I1

I2
|{z}

þ
3Zn � I0

0

0
|fflfflfflfflffl{zfflfflfflfflffl}

E012 � V 012¼ Z012 � I012 þ 3Zn � I0

(6.25)

Left-multiplying by a � a�1,

; Eab0 � V ab0 ¼ Zab0 � Iab0 þ ða � a�1Þ � 3Zn � I0

where Zab0 is in the same form as Equation 6.20, and

Eab0 ¼ ða � a�1Þ � E012 ¼
0 1 1

0 � j j

1 0 0

�
0

Ea

0

¼
Ea

� jEa

0

ða � a�1Þ � 3ZnI0 ¼
0 1 1

0 � j j

1 0 0

�
3ZnI0

0

0

¼
0

0

3ZnI0

Therefore the generator equation in the a�b�0 domain is

Ea

� jEa

0

�
Va

Vb

V0

¼
1
2ðZ1 þ Z2Þ 1

2 jðZ1 � Z2Þ 0

� 1
2 jðZ1 � Z2Þ 1

2ðZ1 þ Z2Þ 0

0 0 Z0

�
Ia

Ib

I0

þ
0

0

3ZnI0

where Z1 ¼ jx1; Z2 ¼ jx2; Z0 ¼ jx0

9
>>>=

>>>;

(6.26)

Z1 = Z2 = Zs – Zm

Z1 = Z2 = Zs – Zm

1Ia

2Ia

1Ib

2Ib

2
mVa

1
mVa

2
nVa

1
nVa

 Z0 = Zs + 2Zm

Z0M = 3Z′m

2
mVb

1
mVb

2
nVb

1
nVb

a-circuit

b-circuit

0-circuit

Z1

Z1 = Z2

1I0

2I0

2
mV0

1
mV0

2
nV0

1
nV0

Z0 

Figure 6.4 The equivalent circuit of a transmission line in a�b�0 components (double circuit line)
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Furthermore, the equation becomes simpler, as follows, if the assumption Z1; Z2ð jx1; jx2Þ is

justified for fault analysis distant from the generator terminal, for example:

Ea

� jEa

0

�
Va

Vb

V0

¼
Z1 0 0

0 Z1 0

0 0 Z0

�
Ia

Ib

I0

þ
0

0

3ZnI0

(6.27a)

or

Ea � Va ¼ Z1 � Ia
� jEa � Vb ¼ Z1 � Ib

�V0¼ ðZ0 þ 3ZnÞ � I0

9
=

;
(6.27b)

Figure 6.5 is the equivalent circuit of Equations 6.27a and b. As they are based on the assumption of

jx1 ¼ jx2, some errors may appear if they are adopted for analysis of phenomena around the

generator terminal. However, Equation 6.26 before the assumption is the precise equation of the

generator by the a�b�0 method where the circuit is described by the known symmetrical

reactances, although the equation cannot be replaced by a simple equivalent circuit. Besides, it must

be remembered that the generator source voltages Ea;� jEa exist on the a- and b-circuits,

respectively, in the a�b�0 domain.

6.4.4 Transformer impedances and load impedances
in the a�b�0 domain

Transformers do not include mutual impedances in the 0–1–2 domain as shown in Table 5.1, so

Equations 6.19 and 6.20 can be applied. Moreover Z1 ¼ Z2 is always correct, so Equations 6.21 and

Figure 6.3 can be applied for the transformer. In other words, positive-sequence impedance Z1 ¼ jX1

is applied for the a- and b-circuits, and Z0 ¼ jX0 is applied for the 0-circuit.

Load circuit equations assumed in Equations 2.28 and 2.29 are in the same form as Equations 2.15

and 6.19 for a single circuit line. Therefore Equation 6.21 shows the load equations in the a�b�0

domain under the approximation by Z1; Z2.

Va 

Ia 

Ea a-circuit 

b-circuit 

0-circuit 

jx1

Vb 

Ib 

V0 

3Zn 

I0 

–jEa 

jx1 = jx2

jx0

Figure 6.5 Equivalent circuit of a generator under the assumption jx1; jx2
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6.5 Fault Analysis by a�b�0 Components

As the transformed equations and the equivalent circuit of three-phase circuits in the a�b�0 domain

have been completed, we can begin fault analysis by the a�b�0 method which can be executed using

the process in Figure 2.1 or the similar one in Figure 3.1.

6.5.1 The b–c phase line to ground fault

Suppose the b–c phase l–g fault at point f is as shown in Figure 6.6. The fault condition at f is

f Vb ¼ f Vc ¼ 0; f Ia ¼ 0 (6.28)

Substituting Equation 6.2 into Equation 6.28, the fault terminal equations become

�1

2 f Va þ
ffiffiffi
3
p

2 f Vb þ f V0 ¼ �
1

2 f Va �
ffiffiffi
3
p

2 f Vb þ f V0 ¼ 0

f Ia þ f I0 ¼ 0

; f Va ¼ 2 f V0 r; f Vb ¼ 0 s

f Ia þ f I0 ¼ 0 t

9
=

;

(6.29)

the network equations:
Ea � f Va ¼ f Z1 � f Ia u

� jEa � f Vb ¼ f Z1 � f Ib v

� f V0 ¼ f Z0 � f I0 w

or � ð2 f V0Þ ¼ ð2 f Z0Þ � f I0 w0

(6.30)

The equivalent circuit which satisfies both Equations 6.29 and 6.30 is shown in Table 6.1 #1A.

In order to satisfy Equations r and w together, the zero-sequence circuit is expressed by w0

(instead of w) with terminal voltage 2 f V0 and impedance 2 f Z0.

From the equivalent circuit, the following equations are obtained:

f Ia ¼ � f I0 ¼
Ea

f Z1 þ 2 f Z0

f Ib ¼
� jEa

f Z1

9
>>=

>>;

r f Va ¼ 2 f V0 ¼ Ea �
2 f Z0

f Z1 þ 2 f Z0

f Vb ¼ 0

9
=

;
s (6.31)

These are the solutions ð f Ia ; f Ib; f I0Þ, ð f Va; f Vb; f V0Þ in the a�b�0 domain. Then these solutions

can be inverse transformed into the a–b–c domain by Equation6.2, or into the 0–1–2 domain by Equation

6.10 as our final solution. The obtained final solution coincides with Equations 5C and 5D in Table 3.1.

fVa

fIa

fVb

fIb

fVc

fIc

fZ1 = fZ2

fZ0

system

fault point
f

Figure 6.6 b-c phase l-g fault
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9
>>=

>>;

9
>>>>>>=

>>>>>>;

9
>>>>>>>>>>=
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Table 6.1 The equivalent circuits for various faults in the a�b�0 coordinates domain

network

fZ1 � fZ2
fZ0

mZ1 = mZ2

fVa

fVb = fVc = 0

fIb = fIc = 0
fIa = fIb = fIc

fIa + fI0 = 0

fVa = 0

fVb = 0

fVb
fVc

fIc

fIb

fIc

Ea – fVa =  fZ1˙fIa
–jEa – fVb =  fZ1˙fIb

 – fV0 =  fZ0˙fI0

fIc

fIa

fI0
2fV0

fIa

fIb

mIa

nIa

nI0mI0

mIb

mEa

Ea=Ea

–jEa=Eb

–jmEa –jnEa
–jmEa

–jnEn

mEa nEa
fVa

fVb

fIa
fVa

fIb
fVb

nEa

fIa

fIb

fVa

fVb

fIb fIb

fIa

f
fault point

a
b
c

f

mZ0

mZ1

fZ1

I0 2fV0

fZ1

2fZ0 mZ1

2mZ0 2nZ0
2fV0 fI0

nZ1 = nZ2
nZ0

mZ1

nZ1

mZ1

Z1′

Z1′

Z1′

Z1′

Z1′′

2ZM′′2Z0′′
2Z0′ 2Z0′2ZM′

2Z0′
2mZ0 2nZ0

Z1′′
Z1′′

Z1′′nZ1

nZ1
nZ1

Ea=Ea Ea=Ea Ea=Ea

–jEa=Eb –jEa=Eb

Ia

fIb fIb

fIafVa fVa

fVb fVb

fV0 fV0

Z1

2fI0

·2fI0

fI0

fZ1

–fV0 = 

fZ1

fZ1

fZ0Z0/2

a
c b

f

–jEa=Eb
fIb

fIa

fVb

fV0

fVa
fZ1

fZ1

fZ0 I0

#1A #1B #1C

phase b-c line-to-ground fault#1

#3  phase b to c 
line-to-line fault

#2 phase a line- 
to-ground fault

#4 three-phase fault

inverse transform equation to a-b-c domainZero-sequence circuit is 

from the modified 

equation

the system equations in the a-b-0 domain

}

}
}

}

fEa: the voltage at point f before the fault

fZ1 � fZ2, fZ0: the system impedances at 
point f

Eq.(6 · 27b) 

fVa = 2fV0

fVa + fV0 = 0

fIb = 0
fVb = 0

fVb = 0fVa = 0
fVa = 0} } } }

fIa = 2fI0

a-circuit

b-circuit

0-circuit

Zero-sequence circuit is from
the modified equation
 –2fV0 = (2Z0) • fI0

fVa = 0

Va = Va

fV0 = 0 fI0 = 0
fIa = 0fIb = fIc = 0 }

fZ0

2(   )

fVb = fVc fVa = fVb = fVc= 0

Vb = –     Va +1
2

3
2 Vb + V0

Vc = –    Va –1
2

3
2 Vb + V0

} Eq. (6.2)
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Figures # 1B and # 1C in Table 6.1 show the same equivalent circuit but for a circuit with a double

source line and double circuit line.

6.5.2 Other mode short-circuit faults

The equations and equivalent circuits for the other mode faults are shown in Table 6.1, cases # 2,

# 3 and # 4. In case # 2, the phase a l–g fault, the figure for the zero-sequence circuit shows voltage f V0,

current 2 f I0 and impedance Z0=2, because the related zero-sequence circuit equation is modified as

� f V0 ¼
f Z0

2

� �

� ð2 f I0Þ.

6.5.3 Open-conductor mode faults

The equivalent circuits of open-conductor mode faults in a�b�0 components can be obtained

analogously. Table 6.2 shows the equations and the equivalent circuits.

Let us try here to compare the equivalent circuits in symmetrical components, Tables 3.1 and 3.2,

with those in a�b�0 components, Tables 6.1 and 6.2. The following conclusion may be derived.

In the cases of Tables 3.1 and 3.2 in the symmetrical method, there is one complicate equivalent

circuit in which positive-, negative- and zero-sequence impedances are connected in series and/or

parallel. On the other hand, in the cases of Tables 6.1 and 6.2 there are two or three simple and

independent circuits. To solve three simple equations would generally be easier than solving one

complicated equation, whether or not a computer was used. This is one of the reasons why the a�b�0

method is a worthy approach as a complement of the symmetrical method.

Again it must be stressed that the a�b�0 method is as precise as the symmetrical method, at least

for Equation 6.26, instead of Equation 6.27a, which is adopted for generator equations.

Table 6.2 Equivalent circuit of conductor opening in the a�b�0 domain

va

va

va = 2v0

vb

2v0 v0

ia = 0

ia = 0

Ia + I0 = 0

vb = 0

vb

vb = vc = 0

vc

ib

ia

ib

ic

i0

mZ1 nZ1 nZ1

nZ1mZ1mEa mEa nEa

–jmEa
–jmEa

–jnEa
–jnEa

2mZ0 2nZ0 nZ0/2mZ0/2

vaia
vb
vc

ib
ic = 0

va

vb

ia

ib

nZ1mZ1

mZ1

mEa

2i0

#5 phase a conductor opening#5 phase a conductor opening

Zero-sequence circuit is from modified equation
2vG = (2Z0)i0, instead of v0 = Z0i0

Zero-sequence circuit is from modified equation
v0 =                   , instead of v0 = Z0i0

#6 phase b,c conductors opening#6 phase b,c conductors opening

} } ia = 2i0

va + v0 = 0

ib = 0
ib = ic = 0

va = vc = 0 } }

Z0

2
(2i0)( (
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Finally, Figure 6.7 shows current flow under the condition of a phase a l–g fault. The phase currents

are represented by arrows indicating the relative magnitudes of currents in each circuit. This is the

original figure for a�b�0 components first developed by W. W. Lewis. In the figure, the currents

through points p1; p2; p3 are the b-, a- and 0-currents, respectively. Physical current flow based on

Kirchhoff’s law and the cancellation law of ampere-turns can be imagined from this figure as either

real-number currents or complex-number currents.

0

C

A

B

Tr1

a A

B

C
b 0

0

0

b
c

0-currenta-currentb-current

Tr2transmission linegenerator p
1

p
2

p
3

Figure 6.7 The a�b�0 component currents through transformers under l-g fault
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7
Symmetrical and a�b�0
Components as Analytical Tools
for Transient Phenomena

Most analytical engineering tasks may concern transient phenomena of three-phase circuits

(whether of large networks or small partial circuits), typically system stability analysis, dynamic

analysis of generators, fault analysis, switching and lightning surge analysis, harmonic resonance

analysis, insulation design, analysis of factory testing of equipment, and so on. Inevitably we have

to apply symmetrical and a–b–0 components as essential analytical tools for practical engineering

management of these phenomena.

From such a viewpoint, it is strange that most textbooks on symmetrical components cover

applications only for power frequency phenomena, while a�b�0 components are seldom

explained. Perhaps this is the reason why confusion is apt to arise often in applying symmetrical

or a�b�0 components, especially for transient phenomena. Typical misunderstanding may arise

in the application of symmetrical components to transient phenomena which may often involve

complex-number vector operators a, a�1.

Symmetrical and a�b�0 components have proved their merit, especially for transient

phenomena. In this chapter, we look back briefly to the origin of transient analysis for a

single-phase circuit (a review of the complex-number symbolic method) first, and then

demonstrate short-circuit transient analysis for a three-phase network using symmetrical compo-

nents and a�b�0 components.

7.1 The Symbolic Method and its Application to
Transient Phenomena

First, let us review the switching transient phenomena of a single phase circuit with series LCR

elements and an a.c. power source as shown in Table 7.1.

The table shows the solution for the transient current caused just after closing the switch at time

t ¼ 0. The three different expressions in cases 1, 2 and 3 are demonstrated for the same phenomena

for comparison.

In case 1, the power source with a sinusoidal waveform-induced voltage is written as

E cosðot þ yÞ, and the same source is written as E sinðot þ yÞ in case 2. In case 3, by contrast,

the same power source is written as the complex number Ee jðotþyÞ ¼ Efcosðot þ yÞ þ j sinðot þ yÞg.

Handbook of Power System Engineering Yoshihide Hase
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In other words, the power source is written in three different ways by the symbolic relation of

(#1) þ j(#2) ¼ (#3). Note especially that, for these three different approaches for the same circuit

analysis, the symbolic relation is perfectly preserved for the voltage and current quantities at any

arbitrary point in the circuit and for arbitrary timing under any condition, regardless of steady-state or

transient phenomena.

This review is expanded to include transient phenomena. The symbolic method using complex-

number notation for electric circuit analysis is mathematically an application of Euler’s formula

e jj ¼ cosjþ j sinj, which was first introduced in this field by A. E. Kennelly and C. P. Steinmetz

separately in 1893.

In Table 7.1, the symbolic relation of (#1) þ j(#2) ¼ (#3) is obviously preserved for steady-state

terms as well as for transient terms of the current equations obtained in cases 1, 2 and 3.

The above explanation is always effective for cases where multiple numbers of transient terms are

included, although this example contains a single transient term. Furthermore, the same symbolic

relation is preserved not only for single phase circuit phenomena, but also for three-phase circuit

phenomena.

7.2 Transient Analysis by Symmetrical and a�b�0
Components

Now let us examine the equations of a three-phase circuit for transient phenomena.

Equations 1.3 and 1.4 in Chapter 1 are the steady-state equations for the transmission line shown in

the Figure 1.1b. The original equation in regard to a phase a conductor covering transient phenomena is

a differential equation

mVa tð Þ � nVa tð Þ ¼ ra þ rg

� �
þ Laag þ Lg

� � d

dt

� �

Ia tð Þ þ rg þ Labg þ Lg

� � d

dt

� �

Ib tð Þ

þ rg þ Lacg þ Lg

� � d

dt

� �

Ic tð Þ

9
>>>=

>>>;

(7.1)

where VðtÞ, IðtÞ are complex-number expressions.

Equation 7.1 and Equations 1.3 and 1.4 are in the same form as each other except for the

displacement of jo, d=dt. In exact terms, the general form of the equation was originally a

differential equation in d=dt, which can be replaced by jo for limited applications of steady-state

analysis.

The matrix Equation 1.3 using d=dt (instead of jo) can be transformed into the symmetrical

domain by the same procedure explained in Chapter 2, resulting in the equation

mV0ðtÞ

mV1ðtÞ

mV2ðtÞ
�

nV0ðtÞ

nV1ðtÞ

nV2ðtÞ
¼

r0 þ L0
d

dt
0 0

0 r1 þ L1
d

dt
0

0 0 r1 þ L1
d

dt

�
I0ðtÞ
I1ðtÞ
I2ðtÞ

where r0 ¼ rs þ 2rm; L0 ¼ Ls þ 2Lm

r1 ¼ rs � 2rm; L1 ¼ Ls � Lm

and VðtÞ; IðtÞare complex-number quantities

9
>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>;

(7.2)
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Extracting the real part of the above equation,

mv0ðtÞ

mv1ðtÞ

mv2ðtÞ
�

nv0ðtÞ

nv1ðtÞ

nv2ðtÞ
¼

r0 þ L0
d

dt
0 0

0 r1 þ L1
d

dt
0

0 0 r1 þ L1
d

dt

�
i0ðtÞ
i1ðtÞ
i2ðtÞ

9
>>>>>>>>=

>>>>>>>>;

(7.3)

where vðtÞ, iðtÞ are real-number quantities. Equations 7.2 and 7.3 correspond to Equation 2.15.

Now we can recognize by the same analogy that all the equations and the transformation

procedures described in the previous chapters are perfectly preserved for transient phenomena with

symbolic replacement of jo, d=dt (or the symbol s ¼ d=dt of the Laplace transform). Of course,

correlations among the a–b–c, 0–1–2 and a�b�0 domains are also preserved by the same transform/

inverse transform equations.

7.3 Comparison of Transient Analysis by Symmetrical
and a�b�0 Components

The transient analysis for a phase b–c l–l short-circuit fault (2fS) is demonstrated in Table 7.2 in which

the following four approaches are compared:

Case A1: symmetrical component method (by the symbolic method with complex numbers)

Case A2: symmetrical component method (by real-number expressions)

Case a1: a�b�0 component method (by the symbolic method with complex numbers)

Case a1: a�b�0 component method (by real-number expressions).

These different approaches are equivalent to each other from a mathematical viewpoint, but ease of

use is actually quite different.

In the demonstrated fault analysis, the a�b�0 component method provides the solution with or

without the symbolic method. In contrast, the symmetrical components method only provides the

solution together with the symbolic method. In practical engineering, good senses is required to

select the most appropriate method for the individual occasion from the approaches indicated in

Table 7.2.

Reviewing Tables 7.1 and 7.2 overall, the following comments may be made.

The symmetrical coordinates method and the a�b�0 coordinates method are vital basic analytical

methods which enable three-phase circuit analysis as practically very effective approaches whether for

steady-state or transient phenomena. However, the powerful analytical capability of these methods is

especially displayed when they are used in combination with the symbolic method of complex-

number variables.
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Coffee break 4: Weber and other pioneers

In the years following Faraday’s great discovery, scientists made mathematical connections

between electricity, magnetism and optics.

For example, Heinrich Lenz (1804–1865) formulated Lenz’s law in 1833, which stated

that an induced electric current flows in a direction such that the current opposes the change that

induced it; this was later explained as a special case of the law of conservation of energy.

Besides the law named after him, Lenz also independently discovered Joules’s law in 1842.

Franz Ernst Neumann (1798–1895) derived the equation U ¼ df=dt (where U is

electromotive force (emf) and f the flux density) in 1841, which was actually a mathematical

formulation of Faraday’s law explained as ‘electrical induction induced on one circuit is

proportional to the decreasing rate of linking flux’.

Hermann Ludwig Helmholtz (1821–1894), William Thomson (Lord Kelvin) (1824–

1907) and other scientists clarified the relationship between electricity and other forms of

energy. James Prescott Joule (1818–1889) investigated the quantitative relationship between

electric currents and heat during the 1840s and formulated the theory of heating effects that

accompany the flow of electricity in conductors. Gustav Kirchhoff (1824–1887), Kelvin,

Henry and George Gabriel Stokes (1819–1903) also extended the theory of the conduction

and propagation of electricity.

Wilhelm Eduard Weber (1804–1891) also has to be specially mentioned as a great

physicist. As a young assistant to Karl Friedrich Gauss (1777–1855), Weber started working

on the experimental validation of the ampere-force. He needed to devise a new apparatus, an

‘electrodynamometer’, which could directly measure the angular displacement produced in a

multiply wound electric coil by another coil perpendicular to it. His investigation of the force in

relation to electricity and magnetism was continued over the period of 1832–1846 by a

theoretical deductive approach as well as by experiment. Finally, in 1846, he published his book

Electrodynamical measurement in which he hypothesized the existence of positive and

negative electrical charged particles within

the conductor and presented a force law
which was dependent on velocity and accel-

eration. In 1846, this was at least 50 years

before the concepts of the proton and electron

were advocated.

Prior to 1846, there existed three see-

mingly valid descriptions of the electrical

interaction:

(1) Coulomb’s law, describing the interaction

of two electrical masses; (2) Ampre’s law,

describing the interaction of elements of

moving electricity; and (3) a description of

the laws of induction, elaborated by Lenz and

Neumann. Weber achieved unification of

these various phenomena under a single con-

cept, the fundamental electrical law. All the

above laws were well explained by the

assumption that the presence of ‘an electrical

tension caused the positive and negative par-

ticles to move at equal velocities but in

opposite directions’. For example, two Wilhelm Eduard Weber (1804–1891)



142 7 SYMMETRICAL AND a�b�0 COMPONENTS AS ANALYTICAL TOOLS

parallel conducting wires attract each other when the current in the two wires flows in the same

direction, but repel each other when the opposite is the case. Coulomb’s electrostatic law is of

course a special case of Weber’s general law, when the particles are at relative rest.

Considering all the phenomena of induction, Weber was able to formulate a general

statement of the fundamental electrical law. This showed that the general law describing

the force of interaction of two electrical particles depends upon the relative velocities and the

relative accelerations of the positive and negative (plus and minus) particles.

Incidentally, in his work of 1855 he showed that there is a relative velocity, corresponding to

constant c in his formula, at which the force between a pair of electrical positive and negative

particles becomes zero. He gave the value 3:1074� 108 m=s to the constant c, but failed to

notice the fact that this was closely related to the speed of light. However, this unexpected link

between electricity and optics became quite important and crucial to Maxwell for his theory of

electromagnetic waves.

Weber put forward in 1871 the view that atoms contain positive charges that are surrounded

by rotating negative particles and that the application of an electric potential to a conductor

causes the negative particles to migrate from one atom to another. This is yet another prediction

of the proton and electron.

Weber’s discovery in regard to electricity had important revolutionary meanings in physics,

because it led to the construction of a strict scientific unit system based on the theory of
conservation of energy. First, it led to systematic approaches to combine various different

phenomena, then to modern physics based on the concept of the proton and electron, and then

further to today’s quantum physics.



8
Neutral Grounding Methods

Neutral grounding methods can be classified into the effective neutral grounding (or solidly neutral
grounding) method and the non-effective neutral grounding method. The difference between the

two practices is the difference of the zero-sequence circuit from the viewpoint of power network

theory. Therefore all power system behaviour characterized by the neutral grounding method can be

explained as phenomena caused by the characteristics of the zero-sequence circuit.

Accordingly, neutral grounding methods have a wide effect on the actual practices of various

engineering fields, for example in planning or operational engineering of short-circuit capacity,

insulation coordination, surge protection, structure of transmission lines and towers, transformer

insulation, breaker capability, protective relaying, noise interference, etc. In this section, some typical

features of different neutral grounding methods are presented and their bases set out.

8.1 Comparison of Neutral Grounding Methods

The neutral grounding method of power systems can be classified as follows:

a) Effective neutral grounded system:

� Solidly grounded system

b) Non-effective neutral grounded system:

� Resistive neutral grounded system
� Arc-suppression coil (Peterson coil) neutral grounded system
� Neutral ungrounded system (may be called neutral minute-grounded system), but only adopted

for distribution systems.

Table 8.1 explains in some detail the above classified neutral grounding methods.

The features of each method can be explained as features based on the zero-sequence circuit.

By using a plain expression for the non-effective grounded system, grounding fault currents

can be reduced considerably, but on the contrary higher temporary overvoltages would be caused

during faults. The effective neutral grounded systems (solidly grounded system) has the opposite

features.

Table 8.2 provides typical features of the two different grounding methods from various

viewpoints.

Today’s power systems are the result of continuous growth of networks since they were first

constructed many years ago. Individual power systems have their own history, which has led to the

applied practices of the neutral grounding method as well as the applied power frequency and nominal

Handbook of Power System Engineering Yoshihide Hase
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voltages of today. Therefore, the various applied neutral grounding methods may differ somewhat, in

particular for lower voltage classes with an older history. However, EHV (say, over 200 kV) and UHV

(say, 500 kVor higher) trunk line networks with a younger history have actually been unified by solidly

grounded systems all over the world, mainly to realize EHV/UHV networks with reduced insulation

levels.

In contrast, non-effective (high-impedance) neutral grounding methods have still been widely

adopted for lower voltage lines and distribution networks by several countries for reasons of traditional

Table 8.1 Various neutral grounded systems

A Solidly neutral grounded system

(effectively neutral grounded

system)

All the transformers installed at substations

belonging to the same rated voltage are solidly

neutral grounded

B Resistive neutral grounded system

(impedance neutral grounded

system)

RN R′N

All or some selected key transformers installed at

substations belonging to the same rated voltage section

are neutral grounded through a neutral grounding

resistor (NGR). The resistive value [V] of NGR is

determined mostly so that the grounding current

through the NGR in one phase to ground fault is

limited to 100 A or within 1000 A

C Arc-suppression coil neutral

grounded system (resonant

neutral grounded system)

XPC R Co

Some key transformers are neutral grounded through

tap-changeable reactors (inductance Lpc), whose taps

are selectively controlled so that the inductive reactances

( j2p f � L pc) are well tuned with the capacitive

reactances (� j=2p f � C0) of transmission lines over time.

The zero-sequence circuit is kept under parallel

quasi-resonant conditions and the zero-sequence

impedance f Z0 of the systems have quite large values;

therefore quite effective arc extinction can be expected

during one phase to ground lightning faults:

f Z
0
¼ 1

1
j3oLPC

þ joCs

¼ 1

j � 1
3oLPC

þ oC0

� �

where

oLPC ;
1

3oC0

; f Z
0
!1 f I

0
; 0

D Resistive neutral grounded system

with neutral compensation reactor

R jXN Cs

This is essentially the same system as that of B,

except the neutral compensation reactors are

equipped to compensate for stray capacitances C0

of the transmission line, in particular of long

transmission lines or cable lines

E Neutral ungrounded (isolated

neutral ungrounded) systems

R

This is a typical practice which is adopted only for

distribution networks. In this system intentional neutral

grounding connections do not exist, except through

potential-indicating or measuring devices or other very

high-impedance devices. The grounding current caused

by one phase to ground fault would be limited to values

of 10 mA to 1 A by a large neutral impedance f Z0

(the order of a few thousand ohms or more; actually

f Z0 ; 1 from an analytical viewpoint)
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history on one hand, and engineering viewpoints on the other hand. The latter may be summarized as

follows:

� The largest feature of the non-effective neutral grounding method is that the continuous/temporary

earth–ground flowing current (3I0) is considerably reduced under normal or fault conditions. Its

greatest advantages in particular for distribution systems concern human security and suppression of

noise interference. These are quite important matters, especially in residential areas covered by

distribution networks.

� Remarkable reductions in the system insulation level or cost by adopting the solidly grounded

method cannot be expected in the lower voltage or distribution networks.

� Changing the neutral grounding method of existing networks is practically almost impossible,

because major modifications or reform of existing engineering practices would be required. For

example, the basic design of substation earth grounding practices (grounding varied mats, counter-

poise, etc.) would have to be revised. Most arresters, protective relays and some other substation

equipment would have to be replaced and so on.

8.2 Overvoltages on the Unfaulted Phases Caused
by a Line-to-ground fault

If a phase a l–g fault (1fG, Va ¼ 0) occurs, the power frequency voltages on the unfaulted phases

Vb; Vc are given by Equation 3.10. Accordingly, the phase c power frequency voltage Vc would

become the value of the following equation during the phase a fault:

k ¼ Vc

f E
a

¼
a� 1ð Þf Z0 þ a� a2

� �

f
Z1

f Z
0
þ 2 f Z

1

¼
a� 1ð Þ f Z

0

f Z
1

þ a� a2
� �

f Z
0

f Z
1

þ2

¼
�a2 j

ffiffiffi
3
p
� dþ jn
sþ j

þ j
ffiffiffi
3
p

dþ jn
sþ j

þ2

where f Z
0
¼ f R

0
þ j f X

0
; f Z

1
¼ f R

1
þ j f X

1

d ¼ f R
0

f X
1

; n ¼ f X
0

f X
1

; s ¼ f R
1

f X
1

;
f Z

0

f Z
1

¼ dþ jn
sþ j

f Z
1
¼ f Z

2

9
>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>;

(8.1)

In this equation, voltage Vc is expressed as a ratio of normal line-to neutral voltage (operating

voltage) f E
a
� k ¼ Vc= f E

a
is the ratio of temporary overvoltage with power frequency caused on

unfaulted phase c lines during the phase a to ground fault. The absolute values of k for unfaulted

phase voltages Vb; Vc are the same.

Equation 8.1 for the ratio can be expressed as curves with parameters d, n and s on a coordinated

graph. Figure 8.1 is a typical example under the parametric conditions of d ¼ f R
0
=f X

1
¼ 0�

þ1; n ¼ �10 to þ10, where s ¼ f R
1
=f X

1
; 0 is assumed. Also see Figure 21.2 in Chapter 21

for local detail of the same curve.

The term n ¼ f X
0
= f X

1
should have a positive value of probably 0–4 so that the zone n< 0 is of

course unrealistic under the practical conditions of a power system. The condition d ; 0 toþ 1 corres-

ponds to a solidly grounded system and d ; 5 toþ1 to a non-effective neutral grounded system.
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Figure 8.1 as well as Figure 21.2 indicate the following.

For the non-effective neutral grounded system ðd ; 5 toþ1; n ¼ f X0= f X1 ¼ 0 toþ 4Þ, when-

ever the phase a l-g fault occurs, the unfaulted (sound) phase voltages Vb; Vc increase and the

temporary phase voltages become approximately k ¼
ffiffiffi
3
p

times nominal voltages.

For the solidly neutral grounded system ðd ; 0 toþ 1; n ¼ f X0= f X1 ¼ 0 toþ 4Þ, assuming

d ; 1:0, the temporary overvoltages caused by the same fault would increase by k ¼ 1:2�1:3 times,

and furthermore k would be around 1.0–0.8 for the range 0< d< 1.

The above-described temporary overvoltages caused on the sound phase conductors by 1fG is

actually one of the very important bases affecting the concept of insulation coordination of individual

power system networks. In other words, the required insulation level against continuous/temporary

power frequency overvoltages of individual power systems would be decided from the overvoltage

coefficient k. This will be discussed in detail in Chapters 20 and 21.

Incidentally, the overvoltages caused by a double l–g fault (2fG) would be generally lower than

those caused by 1fG. However, the overvoltage ratio by 2fG as well as 1fG should preferably be

investigated in the same way. In contrast, three-phase faults (3fS, 3fG) and line-line faults (2fS) are

of no interest.

8.3 Possibility of Voltage Resonance

We have learned that the solidly neutral grounding method is advantageous from the viewpoint of

temporary overvoltages and consequently from that of the required insulation levels. However, one

potential weak spot of the solidly neutral grounded system has to be considered, that is the potential

possibility of series resonance (or quasi-resonance) phenomena.

Figure 8.1 indicates the existence of a serious series resonant area in v< f X0=f X1 < 0. In Figure

3.2b, showing a single phase-to-ground fault, or in Figures 1b and 2b, showing conductor opening,

we can imagine that for the cases where C1, C2 and C0 exist in positive-, negative- and zero-sequence

circuits, LC series resonant local loops would arise in the circuits. If j f X0 or j f X1 become negative

(capacitive value), regardless of the time interval, serious abnormal overvoltages would be caused.

Although such resonance conditions seldom occur, engineers would still have to examine several

irregular conditions including unbalanced short-circuit modes and open-conductor modes under

different network connections.

where fR1 = 0 is assumed 

d = = 0
 fR0
 fX1

 fX0
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 fX1
n =

Figure 8.1 Overvoltage ratio of sound phase (phase c) under phase a l–g fault
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It must be stressed that there are serious reasons why the stray capacitance C of networks has been

increasing in today’s networks, in particular in big cities. First of all, trunk lines as well as low-voltage

distribution lines of large city areas, are based on cable lines whose line constants are one-fifth smaller

L and 20 times larger C per kilometre in comparison with those of overhead lines. Moreover, the

system may be a meshed network with several routes and a number of parallel circuits per route to meet

large-load capacity. As a matter of fact, networks in big city areas contain very ‘overcrowded’ L and C

constants.

Accordingly, careful examination is preferable in order to remove potential reasons for such

possible local resonance, or to reduce continuous waveform distortion caused similarly. (These

problems will be investigated further in Chapters 20 and 22).

8.4 Supplement: Arc-suppression Coil (Petersen Coil)
Neutral Grounded Method

The principle of the arc-suppression coil (Petersen coil, PC coil) neutral grounded method is shown in

Table 8.1(C). The actual transmission line has stray capacitances C1; C2; C0 so that the zero-sequence

circuit is a parallel circuit of the impedance at neutral grounding part Z pc and zero-sequence line

capacitance C0. Now we recall Equation 3.10 and the equivalent circuit in Figure 3.2 of the fault 1fG.

If the zero-sequence impedance of the neutral point Z pc is tuned with � jXco ¼ 1=joC, this means

that f Z0!1; f Ztotal!1 and f Ia ¼ 3 I0! 0 in Equation 3.10, so we can expect easy extinction

of the grounding current whenever the 1fG fault occurs.

This practice was developed in Germany around 1918 and then spread to several countries as a good

instance of the solidly grounding method. However, the practice had some weak points as follows:

� Tuning of Z pc to � jXco in the zero-sequence circuit may be easy for smaller power systems with

radial feeder connections. However, it is not so easy for large power systems which include several

substations that must be neutral grounded, and/or for loop-connected power systems.

� High-speed detection of the 1fG fault by protective relay is not necessarily easy because

f Ia ¼ 3 f I0! 0.

� The practice is useless against double phase faults.

� If a transformer with a suppression coil is tripped for any reason, the tuning condition of the system

would be at least broken, or the power system might lose its neutral grounding point as the worst case

and suffer unstable overvoltages.

Consequently, most of the power systems where the PC coil used to be adopted have been switched to a

resistive grounded system or solidly neutral grounded system. It may be said that the PC coil neutral

grounding method has actually become a historical feature which can be accommodated in smaller

power systems based on mainly radial connections.
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9
Visual Vector Diagrams of Voltages
and Currents under Fault Conditions

In this chapter, diagrammatic solution of voltages and currents under various fault conditions is

introduced. Simple and plain knowledge in regard to the behaviour of three-phase voltages and

currents under various fault conditions and the easily derived method for that are quite important in

various practical engineering activities.

9.1 Three-phase Fault: 3fS, 3fG (Solidly Neutral
Grounding System, High-resistive Neutral
Grounding System)

The equivalent circuit of a three-phase line-to-line fault ð3fS; 3fGÞ and the voltage distribution by

distance between the generator and the faulting point f are shown in Figures 9.1a and b, where x1 is the

positive sequence reactance of total line length. The voltage at arbitrary midpoint m can be derived as a

function of k1 k1 ¼ 0 � 1ð Þ by the equation

k1 ¼ qx1

x1
; x1 ¼ px1 þ qx1 ¼ 1� k1ð Þx1 þ k1x1; D ¼ jx1 r

I1 ¼
E

D
¼ � j

E

x1
; I2 ¼ I0 ¼ 0 s

f V1 ¼ 0; f V2 ¼ f V0 ¼ 0 t

mV1

E
¼ jqx1 �

I1

E
¼ qx1

x1
¼ k1;

mV2

E
¼ mV0

E
¼ 0 u

f Va ¼ f Vb ¼ f Vc ¼ 0 v

mVa

E
¼ k1;

mVb

E
¼ a2k1;

mVc

E
¼ ak1 w

9
>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>;

(9.1)

Accordingly, the voltage vectors at point m can be drawn as shown in Figure 9.1c by the parameter

of k1. Finally we can draw the three-dimensional vector diagram, Figure 9.1d, where the current

vectors are the same at any point because leakage current is neglected, and the phase angle is

approximately 90� (say 85�, considering line resistances) lagged from the voltages.
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9.2 Phase b–c Fault: 2fS (for Solidly Neutral Grounding
System, High-resistive Neutral Grounding System)

The equivalent circuit and the related voltage distribution through the series circuit of positive- and

negative-sequence reactances are shown in Figures 9.2a and b.
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Figure 9.1 Three-phase fault: 3fS; 3fG (solidly neutral grounding system, high-resistive neutral

grounding system)
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The related equations are

k1 ¼ qx1

x1
; x1 ¼ px1 þ qx1 ¼ 1� k1ð Þx1 þ k1x1 r

D ¼ j x1 þ x1ð Þ ¼ j2x1; I1 ¼ �I2 ¼
E

D
¼ � j

E

2x1
; I0 ¼ 0 s

Ia ¼ 0þ I1 þ I2 ¼ 0

Ib ¼ 0þ a2I1 þ aI2 ¼ ða2 � aÞI1 ¼ �
ffiffiffi
3
p

2
� E
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Ic ¼ 0þ aI1 þ a2I2 ¼ a2 � a
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>>>>>=
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>>>>>>>;
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>>>>>>=

>>>>>>;
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ffiffiffi
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ffiffiffi
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ffiffiffi
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9
>>>>>>>>>>=

>>>>>>>>>>;

x

(9.2)

The vector diagram in Figure 9.2c for arbitrary point m is derived from Equation 9.2x, and the

diagram in Figure 9.2d for fault point f is a special case with k¼ 0.

The fault currents in the case of 2fS become

Ibj j ¼ Icj j ¼
ffiffiffi
3
p

2

E

x1

�
�
�
�

�
�
�
�

which is 0.87 times the current in the case of

3fS
E

x1

�
�
�
�

�
�
�
�

Zero-sequence voltage and current are zero in this case, so that neutral voltage is zero potential at

any point. Accordingly, the equation E ¼ mVa ¼ f Va (where Ia ¼ 0) is found and the phase a to

ground voltage mVa at an arbitrary point m is almost not affected by the distance from point f.
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9.3 Phase a to Ground Fault: 1fG (Solidly Neutral
Grounding System)

The equivalent circuit of this case is given by Figure 9.3a, from which the related Equation 9.3 as well

as the diagrams in Figures 9.3b1 and b2 are derived in a similar way to that of Section 9.2.

Figure 9.3b1 is drawn to satisfy precisely the circuit condition of Figure 9.3a, that is the straight line

ad is divided by points b and c which are determined to satisfy the ratio

ab : bc : cd ¼ x1 : x1 : x0 ¼ 1 : 1 : v

f V1; f V2 are drawn at point b and f V0 at point c. The arrows for f V2; f V0 are in the opposite direction

to that of f V1 because f V1 ¼ �ð f V2 þ f V0Þ.

mV1 is drawn at the point b0, which divides ab by ab0 : b0b ¼ px1 : qx1� mV2; mV0 are derived

analogously.

Figure 9.3b2 is obtained by folding Figure 9.3b1. The related equations are
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(9.3)
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Accordingly, f V1; f V2; f V0 and mV1; mV2; mV0 are easily calculated by referring to Equation 9.3r–u

or Figure 9.3b2. Then, referring to Equation 9.3v, the phase voltages at fault point f,

f Va; f Vb; f Vc, can be drawn with the parameter n ¼ x0=x1 as is shown in Figure 9.3c. The

parameter v is n ¼ x0=x1 ¼ 0 to 2 or 3 at most for the solidly neutral grounding system, so that the

magnitudes of unfaulted phase voltages f Vb; f Vc are around 0.8–1.1. In other words, jumping

overvoltage phenomena of unfaulted phases do not occur for 1fG in the solidly neutral grounding

system, which is obviously a great advantage from the viewpoint of reducing the level of insulation

coordination. This is the essential reason why modern EHV and UHV systems over 200 or 300 kV

utilize the solidly neutral grounding system without exception (see Chapters 20 and 21).

Figure 9.3d shows the vector diagrams at points f and m and Figure 9.3e is the three-dimensional

overview of the vector diagram of the total system.

Incidentally, Figure 9.3c corresponds to the case which was studied in Section 8.2 and the resulting

Figure 8.1 (where d ¼ 0). If a high-reactance neutral grounded system of large V (say, n3 8 or 10) is

assumed, unfaulted phase voltages f Vb; f Vc would become
ffiffiffi
3
p

times E as shown in Figures 9.3c–e.

9.4 Double Line-to-ground (Phases b and c) Fault:
2fG (Solidly Neutral Grounding System)

Equation 9.4 and Figure 9.4 can be derived in the same manner as in the previous section. The related

equations are
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v ¼ x0

x1
¼ x0

x2
; x1 ¼ x2 ¼

x0

v

k1 ¼ qx1

x1
; x1 ¼ px1 þ qx1 ¼ 1� k1ð Þx1 þ k1x1

k0 ¼ qx0

x0
; x0 ¼ px0 þ qx0 ¼ 1� k0ð Þx0 þ k0x0

D ¼ j x1 þ
x1x0

x1 þ x0

� �

¼ j
2vþ 1

vþ 1
x1

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

r

I1 ¼
E

D
¼ � j

vþ 1

2vþ 1
� E
x1

I2 ¼
�x0

x1 þ x0
I1 ¼

�v

vþ 1
I1 ¼ j

v

2vþ 1
� E
x1

I0 ¼
�x1

x1 þ x0
I1 ¼

�1

vþ 1
I1 ¼ j

1

2vþ 1
� E
x1

9
>>>>>>>=

>>>>>>>;

s

f V0

E
¼ f V1

E
¼ f V2

E
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x1x0

x1 þ x0
� I1

E
¼ j

vx1
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mV0
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mV2
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¼ f V2

E
þ jqx1

I2

E
¼ f V2

E
� k1v

2vþ 1
¼ 1� k1ð Þ f V2

E
¼ 1� k1ð Þ v

2vþ 1

9
>>>>>>>>=

>>>>>>>>;

u

Ia ¼ 0

Ib ¼ j
1� a2 vþ 1ð Þ þ av

2vþ 1
� E
x1
¼

ffiffiffi
3
p

a� vð Þ
2vþ 1

� E

x1

Ic ¼ j
1� a vþ 1ð Þ þ a2v

2vþ 1
� E

x1
¼

ffiffiffi
3
p
�a2 þ v
� �

2vþ 1
� E

x1

9
>>>>>>>=

>>>>>>>;

v

f Va

E
¼ f V0

E
þ f V1

E
þ f V2

E
¼ 3

f V1

E
¼ 3v

2vþ 1

f Vb

E
¼ 0

f Vc

E
¼ 0

9
>>>>>>>>=

>>>>>>>>;

w

mVa

E
¼ f Va

E
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¼ f Va

E
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ffiffiffi
3
p

v
� �

k1 � k0v

2vþ 1

mVc

E
¼ f Vc

E
¼ �k0vð Þ þ ak1 vþ 1ð Þ þ a2 �k1vð Þ

2vþ 1
¼

a2 þ j
ffiffiffi
3
p

v
� �

k1 � k0v

2vþ 1

9
>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>;

(9.4)
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Figure 9.4 Double line-to-ground (phases b and c) fault: 2fG (solidly neutral grounding system)
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9.5 Phase a Line-to-ground Fault: 1fG
(High-resistive Neutral Grounding System)

Equation 9.5 and Figure 9.5 can be derived in the same way. The related equations are

Z0 ¼ 3RN þ jð px0 þ qx0Þ ; 3RN ; 3RN� px0 þ qx0 ¼ x0

v ¼ Z0

jx1
¼

3RN þ jð px0 þ qx0Þ
jx1

;
3RN

jx1

k1 ¼ qx1

x1
; x1 ¼ px1 þ qx1 ¼ 1� k1ð Þx1 þ k1x1

karc ¼
3Rarc

3RN
; D ¼ 3RN þ j x0 þ x1 þ x2ð Þ ; 3RN

9
>>>>>>>>>>=

>>>>>>>>>>;

r

I1 ¼ I2 ¼ I0 ¼
E

Dþ 3Rarc
;

E

3RN þ 3Rarc
¼ E

3RN
� 1

1þ karc
s

f Varc

E
¼ 3Rarc

I0

E
;

3Rarc

3RN þ 3Rarc
¼ 1
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¼ 1

1þ 1

karc

f V0

E
¼ � 3RN þ jx0ð Þ I0

E
;

�RN

3RN þ 3Rarc
¼ �1

1þ Rarc

RN

¼ �1

1þ karc

f V1

E
¼ E � jx1I1

E
; 1� jx1

3RN þ 3Rarc
; 1

f V2

E
¼ � jx1

I2

E
;

� jx1

3RN þ 3Rarc
; 0

9
>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>;

t

mV0

E
¼ f V0

E
þ jqx0
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E
¼ f V0

E
þ

jqx0

3RN þ 3Rarc
;

f V0

E
¼ �1

1þ karc

mV1

E
¼ f V1

E
þ jqx1

I1

E
¼ f V1

E
þ
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f V1

E
; 1

mV2

Em
¼ f V2

E
þ jqx1

I2

E
¼ f V2

E
þ

jqx1

3RN þ 3Rarc
;

f V2

E
; 0

9
>>>>>>>>=

>>>>>>>>;

u

f Va

E
¼ f V0

E
þ f V1

E
þ f V2

E
;

�1

1þ karc
þ1

f Vb

E
¼ f V0

E
þa2 f V1

E
þa

f V2

E
;

�1

1þ karc
þa2

f Vc

E
¼ f V0

E
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f V1
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E
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�1
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9
>>>>>>>>=

>>>>>>>>;

v

mVa

E
¼ mV0

E
þ mV1

E
þ mV2

E
;

f V0

E
þ1 ;

f Va

E

mVb

E
¼ mV0

E
þa2 mV1

E
þa mV2

E
;

f V0

E
þa2

;
f Vb

E

mVc

E
¼ mV0

E
þa mV1

E
þa2 mV2

E
;

f V0

E
þa ;

f Vc

E

9
>>>>>>>=

>>>>>>>;

where
f V0

E
¼ �1

1þ karc
w

(9.5)
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Figure 9.5 Phase a to ground fault: 1fG (high-resistive neutral grounding system)
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9.6 Double Line-to-ground (Phases b and c) Fault:
2fG (High-resistive Neutral Grounding System)

Equation 9.6 and Figure 9.6 are derived in a similar fashion:

Z0 ¼ 3RN þ j px0 þ qx0

� 	
; 3RN� jx1

v ¼ Z0

jx1
;

3RN

jx1

k1 ¼ qx1

x1
; x1 ¼ px1 þ qx1 ¼ 1� k1ð Þx1 þ k1x1

D ¼ jx1 þ
Z0 jx1

Z0 þ jx1
; jx1 þ jx1 ¼ j2x1

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;
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� E
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>>>>>>>=

>>>>>>>;
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>>>>>>>=

>>>>>>>;

u
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>>>>>>;

v

f Va

E
¼ 3

f V1

E
¼ 3

2

f Vb

E
¼ 0

f Vc

E
¼ 0

9
>>>>>>>=

>>>>>>>;

w

mVa

E
;

1

2
þ 1þ k1

2
þ 1� k1

2
¼ 3

2

mVb

E
;

1

2
þ a2 1þ k1

2
þ a

1� k1

2
¼ � j

ffiffiffi
3
p

2
k1

mVc

E
;

1

2
þ a

1þ k1

2
þ a2 1� k1

2
¼ j

ffiffiffi
3
p

2
k1

9
>>>>>>>=

>>>>>>>;

x

(9.6)
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Figure 9.6 Double line-to-ground (phases b and c) fault: 2fG (high-resistive neutral grounding system)
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Coffee break 5: Maxwell, the greatest scientist
of the nineteenth century

James Clerk Maxwell (1831–1879), physicist and mathematician, appeared on the stage of

scientific history in the 1850s.

Maxwell, obeying Lord Kelvin’s advice, started his career as a physicist by reading

Faraday’s results of years of experimentation on magnets and wires. Faraday, virtually

uneducated, was weak in mathematics, so his experiments and achievements were more

intuitive than based on mathematics. His pioneering works had made little sense to mathe-

maticians or scientists of that time, although in his earnest and methodical character he recorded

his experiments in neat notes and papers over 30 years. Maxwell, himself a mathematician,

systematically went back and climbed inside Faraday’s head. Maxwell wrote at the outset,

‘Before I began the study of electricity I resolved to read no mathematics on the subject until I

had read [Faraday].’

Maxwell published his first paper ‘On Faraday’s lines of forces’ in 1855 and 1856, in which

he mathematically formulated Faraday’s theories of electricity and magnetic lines of force as

equations of streamlines. This was the starting point for Maxwell to investigate the true physical

meaning of ‘electric and magnetic fields’. It should be recalled that the existence of ‘ether’ as the

‘unknown medium carrying particles of electricity as well as light’ through space was believed

by most scientists at that time.

Maxwell published his second paper ‘On physical line of forces’ in 1862 and the third,

‘Dynamic theory of the electromagnetic fields’, in 1864, in which he introduced his new

concept that a dielectric material receives tensile stress or compressive stress in the space of a

dielectric field and also introduced displacement current as his logical result.

In 1873, he published his corpus Treatise on Electricity and Magnetism in which his great

presumption of electromagnetic waves in the form of partial differential equations was

disclosed in fully developed form, known today as ‘Maxwell’s fundamental equations of the

James Clerk Maxwell (1831–1879)
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electromagnetic field’ or ‘Maxwell’s four equations’. Maxwell’s original equations were

later reformed by Heaviside into four partial differential equations without impairment, namely

div D ¼ r ¼ @D

@x
þ @D

@y
þ @D

@z

� �

ðaÞ

div B ¼ 0 ðbÞ

rot H ¼ I þ @D

@t
ðcÞ

rot E þ @B

@t
¼ 0 ðdÞ

(1)

where D: electric displacement or electric flux density (in uniform free space D ¼ eE,

where e is the dielectric constant)

r: density of charge

H: intensity of magnetic field

E: intensity of electric field (E ¼ �grad V V=m½ �, definition of voltage)

I: conduction current or current in a conductor

(div I ¼ �@r=@t, definition of current; I ¼ 0 in an insulated space)

B: magnetic flux density (in uniform free space B ¼ mH , where m is permeability)

Maxwell showed that the above equations could express the behaviour of electric and

magnetic fields and their interrelation, and that all the already discovered phenomena or

equations by other scientists in regard to electricity and magnetism, from Coulomb to

Neumann, could be explained as special cases of his equations.

Maxwell also showed in this paper that the above equations can be reformed into new

equations having the form of wave properties.

These are

@2E

@x2
¼ em

@2E

@t2
ðaÞ

@2H

@x2
¼ em

@2H

@t2
ðbÞ

9
>>>=

>>>;

(2)

E ¼ E1 x� ctð Þ þ E2 xþ ctð Þ ðaÞ

H ¼ H1 x� ctð Þ þ H2 xþ ctð Þ ðbÞ

where c ¼ 1=
ffiffiffiffiffi
em
p

m=sec½ �

9
>>>=

>>>;

(3)

Equations 2 and 3 are the wave equation and its solution respectively, and are of course the

same as Equations 18.5 and 18.6 in Chapter 18 of this book for travelling waves on overhead

transmission lines.

The constant c in Equation 3 is the speed of the electromagnetic wave travelling in uniform

space of dielectric constant e and permeability m, which was calculated by Maxwell as the

travelling velocity of the wave in a vacuum, c ¼ 1=
ffiffiffiffiffi
em
p

; 30� 108 m=sec.

Electromagnetic waves can travel in a pure vacuum without ‘ether’. Maxwell of course

presumed from this result that light would also be an electromagnetic wave having the

same properties as in electricity and magnetism, and presumed that light as well as electro-

magnetic fields would have the same velocity in free space. He wrote, ‘We can scarcely avoid

the conclusion that light consists in transverse undulations of the same medium which is the

cause of electric and magnetic phenomena.’

|ffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflffl{
zffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflffl}



However, it was said that most scientists of that time could not understand Maxwell’s

presumptions and the ‘ether’ was slow to disappear, although Hermann Helmholtz (1821–

1894) and Ludwig Boltzmann (1844–1906) soon made important discoveries justifying

Maxwell’s theory.

Maxwell also continued his work in the kinetic theory of gases. By treating gases

statistically in 1866, he and Boltzmann formulated independently the ‘Maxwell–Boltzmann

kinetic theory of gases’, which showed that temperature and heat involved only molecular

movement, instead of any particle, under statistical conditions.

Maxwell’s great discovery of electromagnetic waves in 1873 was 15 years before experi-

mental proof of his theory by Heinrich Hertz in 1888 and 22 years before the success of

wireless communication by Guglielmo Marconi (1874–1937) in 1895. Einstein’s theory of
relativity was disclosed over the period 1905–1916. It is well known that Albert Einstein
(1879–1955) examined deeply the scientific meanings of the ‘essence of light’ and ‘rest and

motion’, so Maxwell’s theory was always central to Einstein. It is interesting that Maxwell’s

equations needed no revision when Einstein disclosed his theories some 40 years later, although

Newton’s laws had to be revised. Richard Feynmann, Noble laureate and influential

twentieth-century physicist, paid his respects in this way: ‘From a long view of the history

of mankind, seen from, say, 1000 years from now, there can be little doubt that the most

significant event of the nineteenth century will be judged as Maxwell’s discovery of the laws of

electrodynamics.’

To derive Equation 2 from Equation 1 above, in uniform free space

B ¼ mH; where m is constantðthe permeabilityÞ (a)

D ¼ eE; where e is constantðthe dielectric constantÞ (b)

From Equations 1d

rot E ¼ �m @H

@t
(c)

From Equations 1c

rot H ¼ I þ e � @E

@t
(d)

Thus

rotðrot EÞ ¼ �rot m
@H

@t

� �

¼ �m @ðrot HÞ
@t

¼ �m @ðI þ @D=@tÞ
@t

¼ � m
@I

@t
þme @

2E

@t2


 � (e)

From vector analysis

rotðrot EÞ ¼ gradðdiv EÞ � r2E ¼ �r2E (f)

div E ¼ @E

@x
þ @E

@y
þ @E

@z

� �

¼ r ¼ 0 (g)

in uniform space, where the Laplacian is

r2 ¼ @2

@x2
þ @2

@y2
þ @2

@z2

� �

(h)
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From (e), (f) and (g)

r2E ¼ @2

@x2
þ @2

@y2
þ @2

@z2

� �

E ¼ m
@I

@t
þ me

@2E

@t2
(i)

We now imagine a conductor laid in a uniform medium of conductivity kð¼ 1=sÞ along the

direction of the x-axis in orthogonal coordinates.

Ohm’s law is justified for any type of medium, regardless of its conductivity. Then

I ¼ sE (j)

However, the air space (or vacuum) of a transmission line is actually an insulated medium of

k ¼ 1=s ¼ 1, so the current flowing through the insulation free space is zero. Then

I ¼ 0; so
@I

@t
¼ 0 (k)

and

Ex ¼ E; Ey ¼ Ez ¼ 0 (l)

Accordingly, substituting (k) and (l ) into (i) gives the differential Equation 2(a). By a similar

process, Equation 2(b) can be derived by calculating rot (rot H) using Equations (c) (d) (h)

(k) (l). The derivation of Equation 3 from Equation 2 is given in Chapter 18.

Maxwell’s graph of a magnetic field surrounding two cylindrical magnets is shown in the

above.

Maxwell’s graph of a magnetic field

(l)
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10
Theory of Generators

The generator model in Figure 2.10 and its equivalent circuit by symmetrical components in

Figure 2.11 are not strictly correct in the strict sense stated in Chapter 2.

The generator’s appropriate mathematical model is an essential concept with which most engineers

in the field of power system engineering are required to be familiar, because any kind of behaviour

analysis of power systems cannot be conducted without appropriate generator model circuits,

regardless of the analysis for large or small systems and for total or partial systems. It must be

remembered that the so-called ‘connection diagram’ and ‘the circuit’ of generators or any power

system networks are important but quite different, and analytical works are always based on ‘the

circuit’ instead of ‘the connection diagram’.

Our generator model has to be accurate primarily and then easily connected to other power system

networks (such as transmission lines, transformers, other generators, loads, and so on) in the

symmetrical sequence domain. Park’s generator model and equations and the resulting equations

in the d–q–0 domain gives us a satisfactory answer for the above requirement. Due to these theoretical

results, generators can be connected with other network facilities in the symmetrical coordinate

domain, and we acquire the circuit of the power system by which we can analyse the power system

accurately whether by hand or by computer or by analogue simulation.

In this chapter, starting from the basic concept of a three-phase rotating machine, we introduce

Park’s theory for generators based on d–q–0 transformation first, and then examine the generator’s

equations and equivalent circuits in relation to the 0–1–2 domain as well as the d–q–0 domain, and

furthermore demonstrate transient analysis of the generator for short-circuit faults.

10.1 Mathematical Description of a Synchronous Generator

A generator is an electromechanical machine composed of a static part (the stator) and a rotating part

(the rotor) whose relative position is changed periodically by rotating angle ot. In other words, a

generator is a three-phase electromagnetic machine composed of lðtÞ and resistance r of stator and

rotor windings (we neglect leakage capacitances of the stator), while the inductance lðtÞ should be

periodically changed depending on the relative angular position y ¼ ot between the stator and rotor

windings. The voltages vðtÞ [V], currents iðtÞ [A], flux linkage cðtÞ [weber-turn] and the magnetic

reluctances of the related magnetic passes should also be functions of ot.

10.1.1 The fundamental model

A generator’s fundamental electrical structure can be expressed as shown in Figure 10.1. Although a

two-pole machine is shown, a multi-pole machine with any number of pairs of poles can be treated as a
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two-pole machine electrically, because armature (stator) windings are identically arranged with

respect to each pair of poles.

We have to investigate Figure 10.1 in detail because it is the starting point for developing the

mathematical model.

10.1.1.1 Rotor

As the rotor has two axes of mechanical rectangular symmetry, we call them the ‘d-axis’ and ‘q-axis’.

Namely:

� d-axis or direct-axis: the axis from the axial centre point o in the pole direction

� q-axis or quadrature-axis: the axis from the axial centre point o in the direction 90� ahead (leading)

of the d-axis.

As the rotor is designed symmetrically for the d-axis and q-axis, we can assume the rotor is as follows.

10.1.1.1.1 Field windings The field winding (named ‘d-axis filed coil’) is a closed circuit

connected to a source of d.c. voltage Efd , and with an inductance to produce flux only in the direction of

the d-axis.

The flux may flow into the left-hand side (i.e. theþq-axis component) and right-hand side (i.e. the

�q-axis component) of the d-axis, but such �q-axis components would be balanced because of the

design symmetry and must actually be cancelled in total. Therefore we can assume that the field

windings produce flux only in the d-axis direction and not in the q-axis direction. This is the reason why

we can justify the ‘d-axis field coil’ as a very good approximation that the field winding circuit exists

only in the d-axis direction (d-axis field coil.).

10.1.1.1.2 Damperwindings Typical hydraulic-turbine-driven generators (vertical type

with salient poles) have amortisseur or squirrel-cage windings in the pole face (damper windings),

which consists of copper bars through the pole connected at their ends as a closed circuit.

q
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Figure 10.1 Electrical concept of a synchronous generator

170 10 THEORY OF GENERATORS



Thermal or nuclear-turbine-driven generators (horizontal type with cylindrical non-salient poles)

have field windings only and do not have such damper windings. However, eddy currents are forced to

flow into the pass of the rotor solid steel for the duration of transient or currrent-unbalanced conditions.

Therefore we have to assume that steam-driven generators also have damper windings.

The currents in these damper windings may be assumed to flow in only two closed circuits, one in

the d-axis and the other in the q-axis as an approximate electrical model again because of the rotor’s

symmetrical design for the d-axis and q-axis.

With all these bases, the rotor circuit model consists of one field coil and one damper coil in the

d-axis and one damper coil in the q-axis, as shown in Figure 10.1.

10.1.1.2 Stator (armature)

The stator has three stator windings in name for phases a, b and c connected at their ends commonly as

the neutral terminal. The three windings are arranged electrically by 120� symmetrically to each other.

We can justify the assumption that the stator windings are sinusoidally distributed along with the air

gap as far as all the mutual effects of the rotor are concerned, because the generator windings are

distributed so as to minimize harmonics in its design.

On these bases, the stator circuit model consists of three star-connected phase a, b, c coils, each of

which has its own self-inductance and resistance as well as mutual inductances between all other stator

coils and rotor coils, as shown in Figure 10.1.

10.1.1.3 Relative angular position between rotor and stator

The stator is immovable and the rotor is rotating counterclockwise at an angular speed of o ¼ dy=dt;

therefore the relative position between the rotor and the stator is measured by the rotating angle of the

rotor d-axis. That is, the rotating position of each coil in time can be written as follows on a d-axis basis:

Stator a phase coil : ya ¼ y ¼ ot ¼ 2p ft

b phase coil : yb ¼ yþ 240� ¼ y� 120� ¼ ot � 120�

c phase coil : yc ¼ yþ 120� ¼ ot þ 120�

Rotor field coil : 0�

damper d-axis coil : 0�

damper q-axis coil : þ90�

(10.1)

The position of each stator coil is a function of time t on the d-axis basis.

Now, refer to Figure 10.1 which has been prepared as the electrical model of the generator in the

phase a–b–c domain in order to introduce the equations of the generator.

10.1.2 Fundamental three-phase circuit equations

We define the quantities of each coil in Figure 10.1 as follows:

caðtÞ;cbðtÞ;ccðtÞ : total flux linkage of phase a; b; c coil; respectively ½Wb-turn�
eaðtÞ; ebðtÞ; ecðtÞ : terminal voltage of phase a; b; c coil; respectively ½V�
iaðtÞ; ibðtÞ; icðtÞ : terminal current of phase a; b; c coil; respectively ½A�
cfdðtÞ : total flux linkage of d-axis field coil ½Wb-turn�
ckdðtÞ : total flux linkage of d-axis damper coil ½Wb-turn�
ckqðtÞ : total flux linkage of q-axis damper coil ½Wb-turn�
Efd : field excitation voltage ½V�
ifdðtÞ : current in d-axis field coil ½A�
ikdðtÞ : current in d-axis damper coil ½A�
ikqðtÞ : current in q-axis damper coil ½A�
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With the above definitions, the following equations can be derived.

The equation of the stator (armature) coils voltage is

eaðtÞ
ebðtÞ
ecðtÞ

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

eabcðtÞ

¼
d
dt caðtÞ
d
dt cbðtÞ
d
dt ccðtÞ

|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
d

dt
cabcðtÞ

�r

iaðtÞ
ibðtÞ
icðtÞ

|fflfflfflfflfflffl{zfflfflfflfflfflffl}

iabcðtÞ

(10.2)

the equation of the rotor coils voltage is

Efd

0

0
|fflfflfflfflffl{zfflfflfflfflffl}

EFðtÞ

¼
d
dt cfdðtÞ
d
dt ckdðtÞ
d
dt ckqðtÞ

|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
d

dt
cFðtÞ

þ
rfd � ifdðtÞ
rkd � ikdðtÞ
rkq � ikqðtÞ

|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
voltage drop

(10.3)

the equation of the stator (armature) coils flux linkage is

caðtÞ
cbðtÞ
ccðtÞ
|fflfflffl{zfflfflffl}

cabcðtÞ

¼
� laaðtÞ labðtÞ lacðtÞ

lbaðtÞ �lbbðtÞ lbcðtÞ
lcaðtÞ lcbðtÞ �lccðtÞ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

labcðtÞ

�
iaðtÞ
ibðtÞ
icðtÞ
|fflfflffl{zfflfflffl}

iabcðtÞ

þ
lafdðtÞ lakdðtÞ lakqðtÞ
lbfdðtÞ lbkdðtÞ lbkqðtÞ
lcfdðtÞ lckdðtÞ lckqðtÞ
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

labc�FðtÞ

�
ifdðtÞ
ikdðtÞ
ikqðtÞ
|fflfflffl{zfflfflffl}

iFðtÞ

(10.4)

and the equation of the rotor coils flux linkage is

cfdðtÞ
ckdðtÞ
ckqðtÞ
|fflfflfflffl{zfflfflfflffl}

cFðtÞ

¼ �
lfadðtÞ lfbdðtÞ lfcdðtÞ
lkadðtÞ lkbdðtÞ lkcdðtÞ
lkaqðtÞ lkbqðtÞ lkcqðtÞ
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

lF�abcðtÞ

�
iaðtÞ
ibðtÞ
icðtÞ
|fflfflffl{zfflfflffl}

iabcðtÞ

þ
Lffd Lfkd 0

Lfkd Lkkd 0

0 0 Lkkq
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

LF

�
ifdðtÞ
ikdðtÞ
ikqðtÞ
|fflfflfflffl{zfflfflfflffl}

iFðtÞ

(10.5)

where

r : resistance of each stator coil [V]

rfd ; rkd; rkq : resistance of field d-axis, damper d-axis coil, damper q-axis coil

labcðtÞ
(

laaðtÞ; lbbðtÞ; lccðtÞ
labðtÞ; lbcðtÞ; etc:

: self-inductances of stator coils [H]

: mutual inductances among stator coils [H]

labc�FðtÞ : mutual inductance matrix between stator coils and rotor coils. [H]

lF�abcðtÞ : the same as the above. [H]

LF : mutual inductance matrix among three rotor coils. [H]

The matrices labc�FðtÞ and lF�abcðtÞ are obviously dependent on time t, because all the mutual

inductances between stator phase coils and rotor coils (lafdðtÞ, lakdðtÞ, lakqðtÞ) are affected by the

changing relative position over time between the stator and the rotor. Therefore lafdðtÞ, lakdðtÞ, lakqðtÞ,
etc., include the symbol (t) to emphasize their time dependency by rotation. Matrices labc�FðtÞ and

lF�abcðtÞ also include (t) for the same reason.

The relative position between the phase a stator coil and phase b stator coil does not change all the

time. However, the self-inductance laaðtÞ of the phase a coil and the mutual inductance labðtÞ between

phase a and b coils may be affected by the changing rotor position over time, because the flux passes of
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caa as well as cab may flow partly through the periodically changing air gap and rotor structure.

Therefore self- and mutual inductances laaðtÞ, labðtÞ must be time dependent. By such reasoning the

matrix labcðtÞ also has time-dependent inductances and thus symbol (t).

The self-inductances of each rotor coil Lffd , Lkkd , Lkkq in the incident matrix lF are not affected

by ot. In other words, they are time independent because the field d-axis, damper d-axis and damper

q-axis coils are fixed on the d-axis or q-axis, and all the linking flux of these coils in the rotor are not

affected by the relative position of stator phase coils from the rotor.

The mutual inductance Lfkd ¼ Lkfd between the rotor d-axis coil and the damper d-axis coil also

exists as time-independent mutual inductance. On the other hand, the mutual inductance between the

rotor d-axis coil and the rotor q-axis does not exist physically. Therefore the matrix LF is not time

dependent and includes some zero elements as seen in Equation10.5.

10.1.3 Characteristics of inductances in the equations

Now, we have to examine how labcðtÞ, labc�FðtÞ, lF�abcðtÞ can be written as time-dependent ðotÞ
inductance matrices.

The conclusive equations are shown first by the equations below, followed by our reasons for

justifying these equations.

10.1.3.1 Inductance matrix of stator coils

labcðtÞ ¼
�laaðtÞ labðtÞ lacðtÞ
lbaðtÞ �lbbðtÞ lbcðtÞ
lcaðtÞ lcbðtÞ �lccðtÞ

¼
�fLaa0 þ Laa2 cos2yag Lab0 � Laa2 cosðya þ ybÞ Lab0 � Laa2 cosðya þ ycÞ
Lab0 � Laa2 cosðya þ ybÞ �fLaa0 þ Laa2 cos2ybg Lab0 � Laa2 cosðyb þ ycÞ
Lab0 � Laa2 cosðya þ ycÞ Lab0 � Laa2 cosðyb þ ycÞ �fLaa0 þ Laa2 cos2ycg

¼

�fLaa0 þ Laa2 cos2yg Lab0

�Laa2 cosð2y� 120�Þ
Lab0

�Laa2 � cosð2yþ 120�Þ
Lab0

�Laa2 � cosð2y� 120�Þ
�fLaa0

þLaa2 � cosð2yþ 120�Þg
Lab0 � Laa2 cos2y

Lab0

�Laa2 � cosð2yþ 120�Þ
Lab0 � Laa2 cos2y

�fLaa0

þLaa2 � cosð2y� 120�Þg
ya ¼ y; yb ¼ y� 120�; yc ¼ yþ 120�

(10.6)

10.1.3.2 Mutual inductance matrix between stator coils and rotor coils

labc�FðtÞ ¼
lafdðtÞ lakdðtÞ lakqðtÞ
lbfdðtÞ lbkdðtÞ lbkqðtÞ
lcfdðtÞ lckdðtÞ lckqðtÞ

¼
Lafd cosya Lakd cosya �Lakq sinya

Lafd cosyb Lakd cosyb �Lakq sinyb

Lafd cosyc Lakd cosyc �Lakq sinyc

¼
Lafd cosy Lakd cosy �Lakq siny

Lafd cosðy� 120�Þ Lakd cosðy� 120�Þ �Lakq sinðy� 120�Þ
Lafd cosðyþ 120�Þ Lakd cosðyþ 120�Þ �Lakq sinðyþ 120�Þ

(10.7)
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lF�abcðtÞ ¼
lfadðtÞ lfbdðtÞ lfcdðtÞ
lkadðtÞ lkbdðtÞ lkcdðtÞ
lkaqðtÞ lkbqðtÞ lkcqðtÞ

¼
Lafd cosya Lafd cosyb Lafd cosyc

Lakd cosya Lakd cosyb Lakd cosyc

� Lakq sinya �Lakq sinyb �Lakq sinyc

¼
Lafd cosy Lafd cosðy� 120�Þ Lafd cosðyþ 120�Þ

Lakd cosy Lakd cosðy� 120�Þ Lakd cosðyþ 120�Þ
� Lakq siny �Lakq sinðy� 120�Þ �Lakq sinðyþ 120�Þ

¼ ½labc�FðtÞ�t

(10.8)

where the matrix ½ �t is the transposed matrix of [], that is the rows and columns are interchanged.

Now let us examine how Equations 10.6, 10.7 and 10.8 are derived.

The total flux linkage of the phase a armature coil can be described as follows:

caðtÞ ¼ �caaðtÞ þ cabðtÞ þ cacðtÞ þ cafdðtÞ þ cakdðtÞ þ cakqðtÞ
¼ � laaðtÞ � iaðtÞ þ labðtÞ � ibðtÞ þ lacðtÞ � icðtÞ
þ lafdðtÞ � ifdðtÞ þ lakdðtÞ � ikdðtÞ þ lakqðtÞ � ikqðtÞ

(10.9)

Here laaðtÞ ¼ caaðtÞ=iaðtÞ is the self-inductance of the phase a stator coil (the flux linkage of phase a

coil induced by unit current of phase a coil); labðtÞ ¼ cabðtÞ=ibðtÞ is the mutual inductance between the

phase a stator coil and phase b coil (the flux linkage of phase a coil induced by unit current of phase b

coil); lafdðtÞ ¼ cafdðtÞ=ifdðtÞ is the mutual inductance between the phase a stator coil and rotor d-axis

coil (the flux linkage of phase a coil induced by unit current of rotor d-axis coil); and so on.

10.1.3.2.1 Introduction of Equation 10.6: labc(t) The surface of any rotor is uneven

and the air-gap length between the stator and rotor varies depending on the relative position of the rotor

to the stator. In other words, any rotor is not a uniform cylinder from the viewpoint of magnetic passes.

This means that the magnetic reluctance labcðtÞ varies depending on the relative angular position from

the d-axis.

Therefore, the self-inductance of any armature winding varies periodically as a function of ot, and

it must become a maximum when the pole (d-axis) is in line with the phase axis, and a minimum when

the interpole (q-axis) is in line with the phase axis. That is, laaðtÞ must be a periodic function by

electrical angle 1808 and an even function by ya. In other words, laaðtÞ can be written as an equation in

the Fourier series expansion

laaðtÞ ¼ Laa0 þ Laa2 cos 2ya þ Laa4 cos 4ya þ Laa6 cos 6ya þ � � �
; laaðtÞ ¼ Laa0 þ Laa2 cos 2ya

ya ¼ ot

�

(1)

The actual armature coil is designed as sinusoidal distribution windings, so that the third term and

other smaller terms on the right-hand side can be neglected. Figure 10.2 shows the state.

The equation of labðtÞ ¼ lbaðtÞ is presumed below in the same way:

labðtÞ ¼ lbaðtÞ ¼ Lab0 � Lab2 cosðya þ ybÞ
here ya ¼ ot; yb ¼ ot � 120�

�

(2)
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However, the reasoning behind Equation 2 is not still clear, and moreover the physical images and

values of Laa0, Laa2, Lab0, Lab2 cannot be obtained by the above explanation. Let us examine this

further from the viewpoint of electromagnetism.

The equation of a magnetic circuit is

magnetic motive force ðmmf Þ ¼ flux ðfÞ �magnetic reluctance ðRÞ

Using symbols

ammf ; af : magnetic motive force and flux induced by phase a current iaðtÞ ¼ 1:0 ðunit valueÞ:

afdðtÞ; afqðtÞ : d-axis and q-axix component of af

Rd ; Rq : magnetic reluctance of flux pass for afdðtÞ in d-axis direction and for afqðtÞ in q-axis

direction

The flux af induced by current iaðtÞ ¼ 1:0 can be into the d-axix component afdðtÞ
and q-axix component afqðtÞ as shown in Figure 10:3;where the reluctanceRd for afdðtÞ
and Rq for afqðtÞ are of time-independent constants because afdðtÞ; afqðtÞas well as

iaðtÞ are in synchronization with the rotating d-axix and q-axix.

then

afdðtÞ ¼ ammf

Rd
cos ya

afqðtÞ ¼ � ammf

Rq
cos ðya þ 90�Þ ¼ � ammf

Rq
sin ya

9
>>=

>>;

(3)

The self inductance laaðtÞ is defined as the number of linking flux induced by iðtÞ ¼ 1:0 and links

with the phase a coil. Referring the Figure 4.3, the stator phase a coil links to afdðtÞ by angle ya and link

to afqðtÞ by angle ya þ 908

laaðtÞ ¼ afdðtÞ cosya þ afqðtÞ cosð90� þ yaÞ

¼ ammf

Rd
cos2ya þ ammf

Rq
sin2ya ¼ ammf

Rd
� 1þ cos2ya

2
þ ammf

Rq
� 1� cos2ya

2

¼ ammf

2

1

Rd
þ 1

Rq

� �

þ ammf

2

1

Rd
� 1

Rq

� �

cos2ya

¼ Aþ B cos2ya ¼ Aþ B cos2y

(4)

Here

A ¼ amm f

2

1

Rd
þ 1

Rq

� �

; B ¼ amm f

2

1

Rd
� 1

Rq

� �

(5)

0° 90° 180° 270° 360°

qa = wt

laa(t) = Laa0 + Laa2 cos2qa

Laa0 Laa2

Figure 10.2 Self-inductance of phase a coil
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The mutual inductance lbaðtÞ is defined as the number of linking flux induced by iaðtÞ ¼ 1:0 and links

with the phase b coil. While the stator phase b coil links to afd but by angle yb, and links to afqðtÞ by

angle ðyb þ 90�Þ.
then

lbaðtÞ ¼ afdðtÞ cosyb þ afqðtÞ cosðyb þ 90�Þ

¼ ammf

Rd
cosya cosyb þ ammf

Rq
sinya sinyb

¼ ammf

Rd
� cosðya � ybÞ þ cosðya þ ybÞ

2
þ ammf

Rq
� cosðya � ybÞ � cosðya þ ybÞ

2

¼ ammf

2

1

Rd
þ 1

Rq

� �

cosðya � ybÞ þ ammf

2

1

Rd
� 1

Rq

� �

cosðya þ ybÞ

¼ A cosðya � ybÞ þ B cosðya þ ybÞ ¼ A cos120� þ B cosðya þ ybÞ

¼ � 1

2
A� B cosðya þ ybÞ

� �

9
>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>;

(6)

Therefore, arranging Equations 4, 5 and 6,

laaðtÞ ¼ caaðtÞ=iaðtÞ ¼ Laa0 þ Laa2 cos2ya r

lbaðtÞ ¼ cbaðtÞ=iaðtÞ ¼ Lab0 � Laa2 cosðya þ ybÞ s

where

Laa0 ¼
A

iaðtÞ
¼ ammf

iaðtÞ
� 1
2

1

Rd
þ 1

Rq

� �

¼ 2Lab0 t

Laa2 ¼
B

iaðtÞ
¼ ammf

iaðtÞ
� 1
2

1

Rd
� 1

Rq

� �

ll u

9
>>>>>>>>>=

>>>>>>>>>;

(7)

Equation 7 proves that the intuitively written Equations 1 and 2 are correct. Also, Lab2 in Equation 2

is the same as Laa2 in Equation 7s, so it can be replaced by Laa2. Furthermore, Equation 7tu

indicates Laa0 > Laa2. Accordingly, laaðtÞ of Equation 1 can be represented as the curve drawn in

Figure 10.2.

The time-dependent inductances lbbðtÞ, lccðtÞ, lacðtÞ, lbcðtÞ, etc., can be derived analogously. Now,

arranging all these inductances, the inductance matrix of the armature coil, Equation 10.6, is obtained.

10.1.3.2.2 Introduction of Equations 10.7 and 10.8: labc�F(t), lF�abc(t)
For lafd ¼ lfadðtÞ, lafdðtÞ is the mutual inductance by the linkage of field fluxffd (induced by ifdðtÞÞ to

Figure 10.3 Linking flux of phase a winding coil
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the stator phase a coil. From Figure 10.1, lafdðtÞ reaches its peak value when the field d-axis coil and

the stator phase-a coil are in line, and have a negative peak value at the 180� reverse position.

Accordingly,

lafdðtÞ ¼ lfadðtÞ ¼ Lafd cos ya (8)

The mutual inductance is obtained as only the term of fundamental sinusoidal form cosya without

including higher harmonic components, because generators are mechanically designed so that the

stator mmf is sinusoidally distributed. For lakdðtÞ ¼ lkadðtÞ, the damper d-axis coil is in line with the

field d-axis coil, so lafdðtÞ ¼ lfadðtÞ is in the same form as Equation 8, namely

lakdðtÞ ¼ lkadðtÞ ¼ Lakd cos ya (9)

For lakqðtÞ ¼ lkaqðtÞ, the damper q-axis coil is in the position of 90� ahead of the d-axis. Therefore

lakqðtÞ ¼ lkaqðtÞ ¼ Lakq cosðya þ 90�Þ ¼ �Lakq sin ya (10)

In the same way, the mutual inductances lbfdðtÞ, lcfdðtÞ, etc., in regard to the phase b coil and phase c

coil can be obtained by replacing ya in Equations 8, 9 and 10 with yb and yc.

From all the explanation above, the mutual inductance matrices between the stator and the rotor,

Equations 10.7 and 10.8, are obtained.

In conclusion, Equations 10.1–10.8 are the equations for the generator in the a–b–c domain.

10.2 Introduction of d–q–0 Method (d–q–0 Components)

The derived equations are of no use as they are, because inductances are periodically time-dependent

variables and, secondly, the equations cannot be connected with transmission lines and other

equipment. Consequently, we now need to introduce the d–q–0 method.

10.2.1 Definition of d–q–0 method

10.2.1.1 Mathematical definition

The d–q–0 method is a transformation from threevariables in the a–b–c domain to the another threevari-

ables in the d–q–0 domain froma mathematicalviewpoint.Thed–q–0method isdefined by thefollowing

equations including ot in its transformation matrix and eabcðtÞ by real number crest value expression

edðtÞ
eqðtÞ
e0ðtÞ

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

edq0ðtÞ

¼ 2

3

cos ya cos yb cos yc

� sin ya � sin yb � sin yc

1

2

1

2

1

2
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

DðtÞ

�
eaðtÞ
ebðtÞ
ecðtÞ

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

eabcðtÞ

(10.10a)

idðtÞ
iqðtÞ
i0ðtÞ

|fflfflfflfflfflffl{zfflfflfflfflfflffl}

idq0ðtÞ

¼ 2

3

cos ya cos yb cos yc

� sin ya � sin yb � sin yc

1

2

1

2

1

2
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

DðtÞ

�
iaðtÞ
ibðtÞ
icðtÞ

|fflfflfflfflfflffl{zfflfflfflfflfflffl}

iabcðtÞ

(10.10b)
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cdðtÞ
cqðtÞ
c0ðtÞ

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

cdq0ðtÞ

¼ 2

3

cos ya cos yb cos yc

� sin ya � sin yb � sin yc

1

2

1

2

1

2
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

DðtÞ

�
caðtÞ
cbðtÞ
ccðtÞ

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

cabcðtÞ

(10.10c)

eaðtÞ
ebðtÞ
ecðtÞ

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

eabcðtÞ

¼
cosya � sin ya 1

cosyb � sin yb 1

cosyc � sin yc 1
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

D�1ðtÞ

�
edðtÞ
eqðtÞ
e0ðtÞ

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

edq0ðtÞ

(10.11a)

iaðtÞ
ibðtÞ
icðtÞ

|fflfflfflfflfflffl{zfflfflfflfflfflffl}

iabcðtÞ

¼
cosya � sin ya 1

cosyb � sin yb 1

cosyc � sin yc 1
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

D�1ðtÞ

�
idðtÞ
iqðtÞ
i0ðtÞ

|fflfflfflfflfflffl{zfflfflfflfflfflffl}

idq0ðtÞ

(10.11b)

caðtÞ
cbðtÞ
ccðtÞ

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

cabcðtÞ

¼
cos ya � sin ya 1

cos yb � sin yb 1

cos yc � sin yc 1
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

D�1ðtÞ

�
cdðtÞ
cqðtÞ
c0ðtÞ

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

cdq0ðtÞ

(10.11c)

where

ya ¼ y ¼ ot; yb ¼ y� 120� ¼ ot � 120�; yc ¼ yþ 120� ¼ ot þ 120� (10.12)

The transformation matrices DðtÞ, D�1ðtÞ are functions of time t because they include ya, yb, yc.

10.2.1.2 Physical meaning of d–q–0 transformation method

Now we examine the physical meaning of the d–q–0 transformation by using stator flux linkage

caðtÞ, cbðtÞ, ccðtÞ and their transformed flux linkages cdðtÞ, cqðtÞ, c0ðtÞ.
The positions of stator phase a, b, c coils to the d-axis are ya, yb, yc, respectively, so that the

components in the d-axis direction of caðtÞ, cbðtÞ, ccðtÞ are caðtÞ cos ya, cbðtÞ cos yb, ccðtÞ cos yc,

respectively. Then the definition of cdðtÞ by Equation 10.10c is

cdðtÞ¼ 2
3
fcaðtÞ cos ya þ cbðtÞ cos yb þ ccðtÞ cos ycg

¼ 2
3
fðd-axis component of caðtÞÞ þ ðd-axis component of cbðtÞÞ
þ ðd-axis component of ccðtÞÞg

(10.13a)

The components in the q-axis direction of caðtÞ, cbðtÞ, ccðtÞ are caðtÞ cosðya þ 90�Þ ¼
�caðtÞ sin ya, cbðtÞ cosðyb þ 90�Þ ¼ �cbðtÞ sin yb, ccðtÞ cosðyc þ 90�Þ ¼ �ccðtÞ sin yc, respec-

tively. Then, the equation for cqðtÞ from Equation 10.10c is

cqðtÞ ¼ 2
3
f�caðtÞ sin ya � cbðtÞ sin yb � ccðtÞ sin ycg

¼ 2
3
fðq-axis component of caðtÞÞ þ ðq-axis component of cbðtÞÞ
þ ðq-axis component of ccðtÞÞg

(10.13b)

In other words, the physical meaning of cdðtÞ is 2/3 times the values of the total sum of the d-axis

components of caðtÞ, cbðtÞ, ccðtÞ. The meaning of cqðtÞ is the same but for the q-axis.

c0ðtÞ from Equation 10.10c is the same as that of the zero-sequence symmetrical component:

c0ðtÞ ¼
1

3
fcaðtÞ þ cbðtÞ þ ccðtÞg (10.13c)

The voltages and currents in the d–q–0 domain are defined analogously.
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10.2.2 Mutual relation of d–q–0, a–b–c and 0–1–2 domains

The theory of the double axes armature reaction, which appears in books on synchronous machine

design, can be said to be the same as the d–q–0 transformation but eliminating zero-sequence

quantities in principle. Although the theory is worthy for generator design, it may be imperfect

and useless as a theoretical tool because it cannot explain unbalanced or transient phenomena,

neither can it provide the method to connect the generator to other network equipment. On

the other hand, the d–q–0 method is a mathematical transformation from the a–b–c domain to the

d–q–0 domain by three variables, covering precisely any phenomenon, and furthermore provides a

‘generator circuit’ to be connected to other network equipments.

Let us examine the mutual relations of the a–b–c, d–q–0 and 0–1–2 domains, put together. The

relations of quantities in the three different domains are defined by the equations below.

For the 0–1–2 , a–b–c domain:

e012ðtÞ ¼ a � eabcðtÞ
eabcðtÞ ¼ a�1 � e012ðtÞ

�

(10.14)

For the d–q–0 , a–b–c domain:
edq0ðtÞ ¼ DðtÞ � Re

�
eabcðtÞ

�

Re
�
eabcðtÞ

�
¼ D�1ðtÞ � edq0ðtÞ

)

(10.15)

For the d–q–0 , 0–1–2 domain:

edq0ðtÞ ¼ DðtÞ � Re
�
a�1e012ðtÞ

�

Re
�
e012ðtÞ

�
¼ Re

�
a � D�1ðtÞ � edq0ðtÞ

�

)

(10.16)

It is obvious that the transformation between the d–q–0 and 0–1–2 domains is defined by Equation

10.16, which is to be derived from Equations 10.14 and 10.15.

However it is to be reminded that edðtÞ and eqðtÞ by Equation 10.10 and Equation 10.11 are defined

as real number quantities, because they are d.c. values under three phase balanced condition as is soon

mathematically confirmed. Therefore, the three phase quantities eabcðtÞ; iabcðtÞ; cabcðtÞ in the

Equation 10.10 and Equation 10.11 should be of real number expression.

10.2.3 Characteristics of d–q–0 domain quantities

Now we examine how arbitrary power frequency quantities having positive; negative, zero sequence

components are transferred into d-q-0 domain quantities.

edðtÞ

eqðtÞ

e0ðtÞ
|fflffl{zfflffl}
edq0ðtÞ

¼ 2

3

cosot cosðot � 120�Þ cosðot þ 120�Þ

� sinot � sinðot � 120�Þ � sinðot þ 120�Þ

1

2

1

2

1

2

�
Ea1 cosðot þ a1Þ

Ea1 cosðot þ a1 � 120�Þ
Ea1 cosðot þ a1 þ 120�Þ

þ
Ea2 cosðot þ a2Þ

Ea2 cosðot þ a2 þ 120�Þ
Ea2 cosðot þ a2 � 120�Þ

þ
Ea0 cosðot þ a0Þ
Ea0 cosðot þ a0Þ
Ea0 cosðot þ a0Þ

8
><

>:

9
>=

>;

¼
Ea1 cos a1

Ea1 sin a1

0

þ
Ea2 cosð2ot þ a2Þ
�Ea2 sinð2ot þ a2Þ

0

þ
0

0

Ea0 cosðot þ a0Þ
ð10:17Þ
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Positive-seq negative-seq zero-seq

p-seq n-seq zero-seq

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
DðtÞ



namely

edðtÞ ¼ Ea1 cos a1 þ Ea2 cosð2ot þ a2Þ
eqðtÞ ¼ Ea1 sin a1 � Ea2 sinð2ot þ a2Þ
e0ðtÞ ¼ Ea0 cosðot þ a0Þ

9
>=

>;
(10.18)

Equation 10.17 and 10.18 explain that positive sequence component appears as d.c. component on

d.q.0 domain which is time independent, while negative sequence component appears as double

frequency component.

Equation 10.18 can be recasted as

fedðtÞ þ jeqðtÞg ¼ Ea1e ja1 þ Ea1e�jð2otþa2Þ ðaÞ

fedðtÞ þ jeqðtÞgejot ¼ Ea1ejðotþa1Þ þ Ea2e�jðotþa2Þ ðbÞ

9
=

;
(10.19)

or

fedðtÞ � jeqðtÞg ¼ Ea2e�ja1 þ Ea2e jð2otþa2Þg ðaÞ

fedðtÞ � jeqðtÞge�jot ¼ Ea1e�jðotþa1Þ þ Ea2e jðotþa2Þ ðbÞ

9
=

;
(10.20)

Therefore, positive and negative sequence quantities by complex number expression and real

number expression can be derived from Equation 10.19(b) and Equation 10.20(b) respectively. Then

symmetrical component quantities by complex number expression as well as real number expression

are written as follows in terms of d- and q-axes quantities.

Positive sequence quantities

e1ðtÞ ¼ Ea1ejðotþa1Þ ¼ fedðtÞ þ jeqðtÞgejot ð10:21Þ

e1ðtÞ ¼ Ea1 cosðot þ a1Þ ¼ Re½fedðtÞ þ jeqðtÞgðcosot þ j sinotÞ�

¼ edðtÞ cosot � eqðtÞ sinot ð10:22Þ
Negative sequence quantities

e2ðtÞ ¼ Ea2ejðotþa2Þ ¼ fedðtÞ � jeqðtÞge�jot ð10:23Þ
e2ðtÞ ¼ Ea2 cosðot þ a2Þ ¼ Re½fedðtÞ � jeqðtÞgðcosot � j sinotÞ�

¼ edðtÞ cosot � eqðtÞ sinot ð10:24Þ

Zero sequence quantities

e0ðtÞ ¼ Ea0ejðotþa0Þ ð10:25Þ

e0ðtÞ ¼ Ea0 cosðot þ a0Þ ð10:26Þ
Now, we have found that:

� Positive-sequence voltage is rotating by angular velocity o in synchronization with the rotor or

d-axis and q-axis, so that it is at a standstill from the d- and q-axes viewpoints. Therefore positive

sequence voltage appears as d-c variables Ea1eja1 in edðtÞ and eqðtÞ.
� Negative-sequence voltage is rotating on a-b-c domain by inverse rotation (angular velocity�o) to

the rotor or d- and q-axis, so that it appears as voltage components of angular velocity 2o in edðtÞ,
eqðtÞ.

� Zero-sequence voltage is the same as that of symmetrical components.
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Equation 10.19(a), 20(a) is just the symmetrical components voltages looking from the stator, and

Equation 10.19(b), 20(b) may be said to be the same but looking from the rotor.

10.3 Transformation of Generator Equations from a–b–c to
d–q–0 Domain

10.3.1 Transformation of generator equations to d–q–0domain

We examine the transformation of a generator’s equations, Equations 10.2–10.8, to equations in the

d–q–0 domain using the definitions in Equations 10.10 and 10.11.

10.3.1.1 Transformation of equation 10.2

Now

eabcðtÞ ¼
d

dt
cabcðtÞ � riabcðtÞ (10.27)

Reminding D(t), D�1(t) are the matrices of real number elements,

Left-multiplying both sides by DðtÞ,

edq0ðtÞ ¼ Re
�
DðtÞeabcðtÞ

�
¼ Re

�
DðtÞ d

dt
cabcðtÞ

� �

� DðtÞriabcðtÞ
�

¼ DðtÞ d

dt
fD�1ðtÞcdq0ðtÞg � DðtÞrD�1ðtÞidq0ðtÞ

¼ DðtÞ d

dt
D�1ðtÞ

� �

cdq0ðtÞ þ DðtÞD�1ðtÞ d

dt
cdq0ðtÞ � ridq0ðtÞ

D�1ðtÞ and cabcðtÞ are functions of time t, so the first term on the right-hand side in the

above equation should be expressed as follows by applying a differential equation formula:

(Appendix A.3)

d

dt
fD�1ðtÞ � cdq0ðtÞg ¼

d

dt
D�1ðtÞ

� �

� cdq0ðtÞ þ D�1ðtÞ � d

dt
cdq0ðtÞ

; edq0ðtÞ ¼ DðtÞ d

dt
D�1ðtÞ

� �

cdq0ðtÞ þ
d

dt
cdq0ðtÞ � ridq0ðtÞ (10.28)

where

ya ¼ ot, yb ¼ ot � 120�, yc ¼ ot þ 120�

d

dt
D�1ðtÞ ¼ d

dt

cos ya �sin ya 1

cos yb �sin yb 1

cos yc � sin yc 1

¼

�sinya
dya

dt
�cos ya

dya

dt
0

�sinyb
dyb

dt
�cos yb

dyb

dt
0

�sinyc
dyc

dt
�cosyc

dyc

dt
0

¼
�sin ya�cos ya 0

�sin yb�cos yb 0

�sin yc�cosyc 0

� dy
dt

dya

dt
¼ dyb

dt
¼ dyc

dt
¼ dy

dt
¼ o
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Then

DðtÞ d

dt
D�1ðtÞ

� �

¼ 2

3

cos ya cos yb cos yc

� sin ya �sin yb �sin yc

1

2

1

2

1

2
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

DðtÞ

�
�sin ya �cos ya 0

�sin yb �cos yb 0

�sin yc �cos yc 0

� dy
dt

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
d
dt

D�1ðtÞ

¼

0 � dy
dt

0

dy
dt

0 0

0 0 0

That is, the d–q–0 domain equation transformed from Equation 10.2 is

edðtÞ
eqðtÞ
e0ðtÞ

¼

0 � dy
dt

0

dy
dt

0 0

0 0 0

�
cdðtÞ
cqðtÞ
c0ðtÞ

þ

d

dt
cdðtÞ

d

dt
cqðtÞ

d

dt
c0ðtÞ

� r

idðtÞ
iqðtÞ
i0ðtÞ

9
>>>>>>=

>>>>>>;

Park’s equation ð10:29Þ

where
dy
dt
¼ o ¼ 2pf

10.3.1.2 Transformation of equation 10.3

The equations include only d–q–0 domain quantities, so we do not need the transformation. It is again

written below:

Efd

0

0

¼

d

dt
cfdðtÞ

d

dt
ckdðtÞ

d

dt
ckqðtÞ

þ
rfdifdðtÞ
rkdikdðtÞ
rkqikqðtÞ

ð10:30Þ

10.3.1.3 Transformation of equation 10.4

Now

cabcðtÞ ¼ labcðtÞiabcðtÞ þ labc�FðtÞiFðtÞ (10.31)

Then

cdq0ðtÞ ¼ fDðtÞlabcðtÞD�1ðtÞgidq0ðtÞ þ fDðtÞlabc�FðtÞgiF (10.32)

DðtÞlabcðtÞD�1ðtÞg and fDðtÞlabc�FðtÞg in this equation can be calculated from labcðtÞ and labc�FðtÞ
in Equations 10.6 and 10.7, and the equations below are derived. The result can be proved manually,

although the process is rather time consuming and the demonstration is omitted in this book:

DðtÞlabcðtÞD�1ðtÞ ¼ �

Laa0 þ Lab0 þ
3

2
Laa2 0 0

0 Laa0 þ Lab0 �
3

2
Laa2 0

0 0 Laa0 � 2Lab0

� �
Ld 0 0

0 Lq 0

0 0 L0
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DðtÞlabc�FðtÞ ¼
Lafd Lakd 0

0 0 Lakq

0 0 0

Accordingly, the following equations in the d–q–0 domain have been derived as the transformation

of the original Equation 10.4 from the a–b–c to the d–q–0 domain:

cdðtÞ
cqðtÞ
c0ðtÞ

¼ �
Ld 0 0

0 Lq 0

0 0 L0

�
idðtÞ
iqðtÞ
i0ðtÞ

þ
Lafd Lakd 0

0 0 Lakq

0 0 0

�
ifdðtÞ
ikdðtÞ
ikqðtÞ

where

self-inductance of stator d-axis coil Ld ¼ Laa0 þ Lab0 þ 3
2

Laa2

self-inductance of stator q-axis coil Lq ¼ Laa0 þ Lab0 � 3
2

Laa2

self-inductance of stator zero-sequence coil L0 ¼ Laa0 � 2Lab0

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

(10.33)

10.3.1.4 Transformation of equation 10.5

Here

cFðtÞ ¼ �lF�abcðtÞiabcðtÞ þ LF iFðtÞ (10.34)

Accordingly,

cFðtÞ ¼ �flF�abcðtÞD�1ðtÞgidq0ðtÞ þ LFiFðtÞ (10.35)

and

flF�abcðtÞD�1ðtÞg

¼
Lafd cosya Lafd cosyb Lafd cosyc

Lakd cosya Lakd cosyb Lakd cosyc

� Lakq sinya �Lakq sinyb �Lakq sinyc

�
cosya � sinya 1

cosyb � sinyb 1

cosyc � sinyc 1

¼ 3
2

Lafd 0 0

Lakd 0 0

0 Lakq 0

This equation is the same as the transposed matrix of DðtÞ labc�FðtÞ multiplied by 3/2. Then

flF�abcðtÞD�1ðtÞg ¼ 3

2
� fDðtÞlabc�FðtÞgt

That is, the d–q–0 domain equation transformed from Equation 10.5 is

cfdðtÞ
ckdðtÞ
ckqðtÞ

¼ � 3
2

Lafd 0 0

Lakd 0 0

0 Lakq 0

�
idðtÞ
iqðtÞ
i0ðtÞ

þ
Lffd Lfkd 0

Lfkd Lkkd 0

0 0 Lkkq

�
ifdðtÞ
ikdðtÞ
ikqðtÞ

(10.36)

In conclusion, a generator’s equations in the d–q–0 domain are shown by Equations 10.29, 10.30,

10.33 and 10.36. Note that all these equations are described using only fixed inductances

L (independent of ot), and all the ot-dependent inductances have disappeared.
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Equation 10.29 is Park’s equation, named after R. H. Park, which is simply written as

edðtÞ ¼
d

dt
cdðtÞ � ridðtÞ � cqðtÞ dydt

eqðtÞ ¼
d

dt
cqðtÞ � riqðtÞ þ cdðtÞ dydt

e0ðtÞ ¼
d

dt
c0ðtÞ � ri0ðtÞ

9
>>>>>>=

>>>>>>;

Park’s equation (10.37)

10.3.2 Unitization of generator d–q–0 domain equations

Next, Equations 10.37 or 10.29 and 10.36 have to be unitized to obtain mathematical models and to

enable generators to be connected to transmission lines and other equipment.

10.3.2.1 Examination of self-inductances of stator Ld and Lq

On the unitization procedure, first we need to examine what the inductances Ld and Lq mean

physically.

The inductances Ld and Lq are the self-inductances of the stator coils, which can be presumed as

below, from a physical viewpoint.

Ld and Lq are made up of two parts:

Ld ¼ {the stator d-axis inductance due to flux which does not link any rotor circuits (the leakage

inductance) (	1)}

þ {the inductance due to flux which does link the rotor d-axis circuit (the mutual inductance)}

Lq ¼ {the stator q-axis inductance due to flux which does not link any rotor circuits (the leakage

inductance) (	2)}

þ {the inductance due to flux which does link the rotor q-axis circuit (the mutual inductance)}

where

(the stator d-axis leakage inductance) (	1)

¼ d-axis component of {(slot leakage) þ (air-gap leakage) þ (end-coil leakage)}

(the stator q-axis leakage inductance) (	2)

¼ q-axis component of {(slot leakage) þ (air-gap leakage) þ (end-coil leakage)}

The structure of stator windings, air gaps and end-coil parts (except the rotor) is designed almost

uniformly in any round section. Accordingly, we can justify the assumption 	1 ¼ 	2 ¼ Ll.

Therefore

Ld ¼ Ll þ Lad

Lq ¼ Ll þ Laq

�

(10.38)

where Ll: the stator d-axis and q-axis leakage inductances caused by leakage flux in the stator which

does not link the rotor coils

Lad: the mutual inductances between the stator and rotor in the d-axis

Laq: the mutual inductances between the stator and rotor in the q-axis

Now we replace Ld!Ll þ Lad and Lq!Ll þ Laq in Equation 10.33. Recall that the base rotor

currents for the unitization are defined in terms of inductances Lad and Laq (instead of Ld and Lq), as

shown later in Equation 10.41, where Lad and Laq are based on so-called ‘effective interlinking flux

between stator and rotor coils’.
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10.3.2.2 Setting the base quantities for unitization

10.3.2.2.1 Notation of base quantities for unitization The base quantities for

the stator quantities (suffix s means stator) are sebase, sibase, scbase, sZbase, sLbase, etc., where

sZbase ¼ 2p fbase � sLbase r

scbase¼ sLbase � sibase s

sebase ¼ sZbase � sibase ¼ 2p fbase � sLbase � sibase

¼ 2p fbase � scbase t

9
>>>=

>>>;

(10.39a)

The base quantities for the rotor field coil quantities (suffix f means field) are f ebase; f ibase;

fcbase; f Zbase; f Lbase, where

f Zbase ¼ 2p fbase � f Lbase u

fcbase ¼ f Lbase � f ibase v

f ebase ¼ f Zbase � f ibase ¼ 2p fbase � f Lbase � f ibase

¼ 2p fbase: fcbase w

9
>>>>=

>>>>;

(10.39b)

The base quantities for the rotor damper coil quantities (suffix k means damper coil) are kebase;

kibase; kcbase; kZbase; kLbase, where

kZbase ¼ 2p fbase � kLbase x

kcbase ¼ kLbase � kibase y

kebase ¼ kZbase � kibase ¼ 2p fbase � kLbase � kibase

¼ 2p fbase � kcbase z

obase ¼ 2p fbase½ rad=s�; fbase ¼ 50 Hz or 60 Hz

9
>>>>>>>=

>>>>>>>;

(10.39c)

10.3.2.2.2 Definition of base quantities for s-coils, f-coil and k-coils

1. Capacity bases (VAbase or MVAbase) for s-coils, f-coil and k-coils are unified into the rated stator

winding capacity of the generator. Namely,

VA3fbase ¼ 3 sebaseffiffiffi
2
p

� �
sibaseffiffiffi

2
p

� �

¼ 3

2 sebase � sibase ¼ f ebase � f ibase ¼ kebase � kibase

where

sebase; sibase : voltage and current bases by crest value

sebase=
ffiffiffi
2
p

; sibase=
ffiffiffi
2
p

: voltage and current bases by rms value

VA3fbase : VA capacity as multiplication of rms voltage and current

(10.40)

Recall that the voltage and current bases of f-coils and k-coils as well as s-coils are defined so that

the VA capacity base of each coil coincides with that of the stator three-phase-rated VA capacity

base. In other words, the base capacity for the rotor should be selected with the same value as the

rated capacity of stator coils, even though the actual rated capacity of the excitor is far smaller

(about 10%) than that of the stator.

2. Current bases for s-coils, f-coil and k-coils are defined as

Lad � sibase ¼ Lafd � f ibase ¼ Lakd � kibase

Laq � sibase ¼ Lakq � kibase

�

(10.41)
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Base rotor currents are then defined in terms of inductances Lad and Laq. In other words, base rotor

current and base stator current are defined so that the base of effective flux linkagecbase ¼ ðLbase � ibaseÞ
of the s-, f- and k-coils coincide, instead of Ld; Lq as was explained in Equation 10.38.

3. Voltage bases for s-coils, f-coil and k-coils are subordinately defined from Equations 10.40 and

10.41.

4. Time t is unitized below from seconds to radians by the base quantityobase ¼ 2p fbase½ rad=sec� for

simplicity, although it does not necessarily have to be unitized:

t̄ ¼ obase � t ¼ 2p fbase � t ½ rad=sec�; dt̄ ¼ obase � t ¼ 2p fbase � dt ½rad=sec� ð10:42Þ

Unitized t is counted in electrical angle t̄ radians, instead of t seconds. Accordingly, the written

symbols are changed as eaðtÞ! eaðt̄ Þ, ifdðtÞ! ifdðt̄ Þ.

10.3.2.3 Unitization of equations 10.29, 10.30, 10.33 and 10.36

10.3.2.3.1 Unitization of equation 10.29 Recalling dt̄ ¼ 2p fbase � dt, the first row of

Equation 10.29 can be unitized as

edðt̄ Þ ¼ �2p fbase
dy
dt̄

cqðt̄ Þ þ 2p fbase
d

dt̄
cdðt̄ Þ � ridðt̄ Þ

Dividing both sides by Equation 10.39ax,

edðt̄ Þ
sebase

¼ �2p fbase
dy
dt

1

2p fbase
:
cqðt̄ Þ
scbase

� �

þ 2p fbase
d

dt̄

1

2p fbase
� cdðt̄ Þ

scbase

� �

� r

sZbase

� idðt̄ Þ
sibase

Then ēdðt̄ Þ ¼ �
dy
dt̄

c̄qðt̄ Þ þ
d

dt̄
c̄dðt̄ Þ � r̄īdðt̄ Þ

eqðtÞ and e0ðtÞ are unitized in the same way.

Unitized Park’s equation is

ēdðt̄ Þ
ēqðt̄ Þ
ē0ðt̄ Þ

¼

0 � dy
dt̄

0

dy
dt̄

0 0

0 0 0

�
c̄dðt̄ Þ
c̄qðt̄ Þ
c̄0ðt̄ Þ

þ

d
dt̄
c̄dðt̄ Þ

d
dt̄
c̄qðt̄ Þ

d
dt̄
c̄0ðt̄ Þ

� r̄

īdðt̄ Þ
īqðt̄ Þ
i0ðt̄ Þ

ð10:43Þ

d-and q-axix quantities are not independent for each other, because ed is related with cq and eq is

related with cd .

10.3.2.3.2 Unitization of equation 10.30 Recalling dt̄ ¼ 2p fbase � dt, and dividing

the first equation of Equation 10.30 by Equation 10.39bw,

Efd

f ebase
¼ 2p fbase

d

dt̄

1

2p fbase
�
cfdðt̄ Þ

fcbase

 !

þ rfd

f Zbase

� ifdðt̄ Þ
f ibase

Therefore Efd ¼
d

dt̄
c̄fdðt̄ Þ þ r̄fd � īfdðt̄ Þ

The second and third equations are divided by Equation 10.39z:

;
Efd

0

0

¼

d
dt̄

c̄fdðt̄Þ
d
dt
c̄kdðt̄ Þ

d
dt̄
c̄kqðt̄ Þ

þ
r̄fd � īfdðt̄ Þ
r̄kd � īkdðt̄ Þ
r̄kq � īkqðt̄ Þ

ð10:44Þ
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10.3.2.3.3 Unitization of equation 10.33 From Equations 10.33 and 10.39s,

recalling Ld ¼ Ll þ Lad,

cdðt̄ Þ
scbase

¼ � Ll

sLbase
þ Lad

sLbase

� �

� idðt̄ Þ
sibase

þ LafdðtÞ

sLbase �
sibase

f ibase

� ifdðt̄ Þ
f ibase

þ Lakd

sLbase �
sibase

kibase

� ikdðt̄ Þ
kibase

; c̄dðt̄ Þ ¼ �ðL̄l þ L̄adÞ � īdðt̄ Þ þ
Lafd

sLbase � sibase=f ibase

 !

� īfdðt̄ Þ þ
Lakd

sLbase � sibase=kibase

� �

� īkdðt̄ Þ

The terms in the large parentheses of the above equation are rearranged below:

L̄afd �
Lafd

sLbase � sibase=f ibase

 !

¼
Lafd � f ibase

sLbase � sibase

¼ Lad � sibase

sLbase � sibase

¼ Lad

sLbase

¼ L̄ad

L̄akd �
Lakd

sLbase � sibase=kibase

� �

¼ Lakd � kibase

sLbase � sibase

¼ Lad � sibase

sLbase � sibase

¼ Lad

sLbase

¼ L̄ad

Therefore, the unitized first equation is

c̄dðt̄ Þ ¼ �ðL̄l þ L̄adÞ � īdðt̄ Þ þ L̄ad � īfdðt̄ Þ þ L̄ad � īkdðt̄ Þ

and the second equation can be unitized in the same way, namely

c̄qðt̄ Þ ¼ �ðL̄l þ L̄aqÞ � īqðt̄ Þ þ
Lakq

sLbase � sibase=kibase

� �

� īkqðt̄ Þ

where

L̄akq�
Lakq

sLbase � sibase=kibase

� �

¼ Lakq � kibase

sLbase � sibase

¼ Laq � sibase

sLbase � sibase

¼ Laq

sLbase

¼ L̄aq

The unitized first equation is thus

c̄qðt̄Þ ¼ �ðL̄l þ L̄aqÞ � īqðt̄Þ þ L̄aq � īkqðt̄Þ

The third equation can be unitized by dividing by Equation 10.39as:

c̄0ðt̄Þ ¼ �L̄0ðt̄Þ � ī0ðt̄Þ

Accordingly, the unitized equation of Equation 10.33 is

c̄dðt̄Þ
c̄qðt̄Þ
c̄0ðt̄Þ

¼ �
L̄d 0 0

0 L̄q 0

0 0 L̄0

�
īdðt̄Þ
īqðt̄Þ
ī0ðt̄Þ

þ
L̄ad L̄ad 0

0 0 L̄aq

0 0 0

�
īfdðt̄Þ
īkdðt̄Þ
īkqðt̄Þ

where L̄d ¼ L̄l þ L̄ad; L̄q ¼ L̄l þ L̄aq

9
>>>>>>>>>>>>>=

>>>>>>>>>>>>>;

ð10:45Þ
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10.3.2.3.4 Unitization of equation 10.36 From Equations 10.36 and 10.39

c̄fdðt̄Þ ¼ �
3
2

Lafd

f Lbase �
f ibase

sibase

0

B
B
B
@

1

C
C
C
A

	1

� īdðt̄Þ þ L̄ffd � īfdðt̄Þ þ
Lfkd

f Lbase �
f ibase

kibase

0

B
B
B
@

1

C
C
C
A

	2

� īkdðt̄Þ

c̄kdðt̄Þ ¼ �
3
2

Lakd

kLbase �
kibase

sibase

0

B
B
@

1

C
C
A

	3

� īdðt̄Þ þ
Lfkd

kLbase �
kibase

f ibase

0

B
B
B
@

1

C
C
C
A

	4

� īfdðt̄Þ þ L̄kkd � īkdðt̄Þ

c̄kqðt̄Þ ¼ �
3
2

Lakq

kLbase �
kibase

sibase

0

B
B
@

1

C
C
A

	5

� īqðt̄Þ þ L̄kkq : īkqðt̄Þ

Substituting Equation 10.39twz into Equation 10.40,
3
2

2p fbase � sLbase � sibase
2 ¼ 2p fbase � f Lbase � f ibase

2 ¼ 2p fbase � kLbase � kibase
2

; 3
2 sLbase � sibase

2 ¼ f Lbase � f ibase
2 ¼ kLbase � kibase

2

Then

	1 ¼
3
2

Lafd

f Lbase �
f ibase

sibase

¼
3
2

Lafd

3
2 sLbase � sibase

f ibase

¼
Lafd � f ibase

sLbase � sibase

¼ Lad � sibase

sLbase � sibase

¼ Lad

sLbase

¼ L̄ad

	2 ¼ Lfkd

f Lbase �
f ibase

kibase

¼ Lfkd

kLbase �
kibase

f ibase

¼ 	4� L̄fkd

	3 ¼
3
2

Lakd

kLbase �
kibase

sibase

¼
3
2

Lakd

3
2 sLbase � sibase

kibase

¼ Lakd �kibase

sLbase � sibase

¼ Lad �sibase

sLbase � sibase

¼ Lad

sLbase

¼ Lad

	5 ¼
3
2

Lakq

kLbase �
kibase

sibase

¼
3
2

Lakq

3
2 sLbase � sibase

kibase

¼ Lakq � kibase

sLbase � sibase

¼ Laq �sibase

sLbase � sibase

¼ Laq

sLbase

¼ L̄aq

Accordingly, the unitized equation of Equation 10.36 is

c̄fdðt̄ Þ
c̄kdðt̄ Þ
c̄kqðt̄ Þ

¼ �
L̄ad 0 0

L̄ad 0 0

0 L̄aq 0

�
īdðt̄ Þ
īqðt̄ Þ
ī0ðt̄ Þ

þ
L̄ffd L̄fkd 0

L̄fkd L̄kkd 0

0 0 L̄kkq

�
īfdðt̄ Þ
īkdðt̄ Þ
īkqðt̄ Þ

(10.46)

In total, the unitized equations of the generator are Equations 10.43–10.46.

Lafd , Lakd in Equation 10.33 and 3
2

Lafd , 3
2

Lakd in Equation 10.36 are unified into L̄ad . Also, Lakq in

Equation 10.33 and 3
2

Lakq in Equation 10.36 are unified into L̄aq. Furthermore, the stator inductance

matrices in Equations 10.45 and 10.46 are the transposed matrices of each other, which represents the
reciprocal mutual inductances between the stator and the rotor.

10.3.3 Introduction of d–q–0 domain equivalent circuits

Now let us introduce the equivalent circuits for Equations 10.43–10.46. Below we omit ðt̄Þ, and replace

dy=dt̄ by sȳðs! d=dtÞ to avoid symbolic complications.
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Differentiating Equation 10.45 and substituting the result into the second term of Equation 10.43 so

that, eliminating the flux variables,

�ðēd þ sȳ � c̄qÞ ¼ L̄l � sīd þ r̄ � īd þ L̄ad � sðīd � īfd � īkdÞ
�ðēq � sȳ � c̄dÞ ¼ L̄l � sīq þ r̄ � īq þ L̄aq � sðīq � īkqÞ
�ē0 ¼ L̄0 � sī0 þ r̄ � ī0

9
=

;
(10.47)

Differentiating Equation 10.46 and substituting into the second term of Equation 10.44, then by

clever modification

Ēfd ¼ � L̄ad � sðīd � īfd � īkdÞ þ ðL̄fkd � L̄adÞ � sðīfd þ īkdÞ
þ ðL̄ffd � L̄fkdÞ � sīfd þ r̄fd � īfd

0 ¼ � L̄ad � sðīd � īfd � ĪkdÞ þ ðL̄fkd � L̄adÞ � sðīfd þ īkdÞ
þ ðL̄kkd � L̄fkdÞ � sīkd þ r̄kd � īkd

0 ¼ � L̄aq � sðīq � īkqÞ þ ðL̄kkq � L̄aqÞ � sīkq þ r̄kq � īkq

9
>>>>>=

>>>>>;

(10.48)

Equations 10.47 and 10.48 are the unitized equations of a generator in the d–q–0 domain, which

were derived from the physical concept of Figure 10.1 and were introduced through a very accurate

mathematical procedure. Furthermore, the quite accurate equivalent circuit of these derived equations

can be drawn as shown in Figure 10.4, which corresponds one-to-one correspondent with the

equations. The related flux linkage can be added to the figure in the form of c̄ ¼ L̄ � ī if necessary.

Incidentally, we need to examine the inductive element L̄fkd � L̄ad in Figure 10.4. The damper

windings and the stator winding are very close across the narrow air gap so that most of the flux induced

by field current īfd reaches not only to the damper coil but also to the stator coils (see Figure 16.7c). In

other words, the flux linkage induced by īfd on the damper d-axis coil ðL̄fkd � īfdÞ and the flux linkage

induced by īfd on the stator winding ðL̄afd � īfdÞ can be considered to have similar magnitudes, which

then means L̄fkd ; L̄afd . Next, L̄afd ¼ L̄ad is found by comparing Equations 10.45 and 10.33.

Then

L̄fkd ; L̄ad or L̄fkd � L̄ad ; 0 (10.49a)

Accordingly, the inductance ðL̄fkd � L̄adÞ in the d-axis circuit can actually be neglected.
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Here, we introduce new symbols for inductances L̄fd , L̄kd , L̄kq as are defined by the equations below

and shown in the equivalent circuits:

L̄fd � L̄ffd � L̄ad ; L̄ffd � L̄fkd

L̄kd � L̄kkd � L̄ad ; L̄kkd � L̄fkd

L̄kq� L̄kkq � L̄aq

9
>=

>;
(10.49b)

The relations between inductances L̄ and reactances x in unitized equations are the same because

L̄ ¼ L

Lbase
¼ 2p fbase � L

2p fbase � Lbase
¼ x

xbase
¼ x̄ (10.50)

Therefore, all the inductances of symbol L̄ can be replaced by reactances of symbol x̄.

Next, we have the relation below in regard to the resistances.

For the comparison of r̄fd and r̄kd , rfd
 rkd is obvious by nature, so the per unit magnitudes of the

common rotor impedance base are also r̄fd
 r̄kd .

For the comparison of r̄ and r̄fd , the rated capacity of the field winding is of the order of 10% in

comparison with the rated capacity of the stator windings in general. However, the per unit base capacity

of the rotor is selected to coincide with the rated capacity of the stator windings by Equation 10.40. This

means that the selected current bases of the rotor f Ibase, kIbase are approximately 10 times larger than the

actual rated current of the field winding. Accordingly, the impedance bases f Zbase, kZbase are very

small in comparison with the stator impedance base Zbase. Then we can justify r̄
 r̄fd as the per unit

value.

In total,

r̄
 r̄fd
 r̄kd; r̄
 r̄kq (10.51)

Summarizing the above sections:

1. We introduced the fundamental equations of the generator based on the physical model shown in

Figure 10.1,which included ot-dependent inductances.

2. The d–q–0 transformation was introduced and the relations of the quantities in the d–q–0, 0–1–2

and a–b–c domains were examined. Then, the generator equations were transformed into the

d–q–0 domain.

3. The unitized generator equations in the d–q–0 domain and the equivalent circuit in Figure 10.4

were introduced by clever unitization, in that all the inductances are written as ot-independent

constants L, and furthermore with the reciprocal mutual inductances between the stator and rotor.

The relation between the above-derived d–q–0 circuit and the 0–1–2 domain equivalent circuit will

be examined later.

Further to the summary above, some comments on the linearity of a generator were introduced.

Typical non-linear characteristics of a generator are hysteresis of the core, skin effects of the windings,

and so on. Such non-linearities can be neglected by good design, and any generator can usually be

treated as a linear machine for normal operating voltage range.

Special non-linear saturation phenomena which may be caused by unbalanced currents, higher

harmonic currents and/or overvoltages will be discussed in Chapters 16, 20 and 22.

10.4 Generator operating characteristics and it’s Vector
Diagrams on d-and q-axes plain

In this section we examine a generator’s dynamic operating characteristics and derive the vector

diagrams on d-and q-axes plain, which enables us visualization of the dynamic behavior.
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We start with the following equation of three-phase-balanced quantities as the initial condition of

generator dynamic behavior (note that all the quantities here are unitized):

ēaðt̄Þ ¼ Ēa1 cosðt̄þ ā1Þ ¼ ē1ðt̄Þ īaðt̄Þ ¼ Īa1 cosðt̄þ b̄1Þ ¼ ī1ðtÞ

ēbðt̄Þ ¼ Ēa1 cos t̄þ ā1 �
2p
3

� �

ībðt̄Þ ¼ Īa1 cos t̄þ b̄1 �
2p
3

� �

ēcðt̄Þ ¼ Ēa1 cos t̄þ ā1 þ
2p
3

� �

īcðt̄Þ ¼ Īa1 cos t̄þ b̄1 þ
2p
3

� �

9
>>>>=

>>>>;

(10.52)

Ēa1, Īa1 are the sinusoidal real-number crest values. The transformed equations in the d–q–0

domain are written below, referring to Equation 10.17:

ēdðt̄Þ ¼ Ēa1 cosā1 īdðt̄Þ ¼ Īa1 cosb̄1

ēqðt̄Þ ¼ Ēa1 sinā1 īqðt̄Þ ¼ Īa1 sinb̄1

ē0ðt̄Þ ¼ 0 ī0ðt̄Þ ¼ 0

9
=

;
(10.53)

The quantities under the three phase balanced initial condition on the d-axis and q-axis are d.c.

values (time independent). The situation is the same for flux quantities c̄dðt̄Þ, c̄qðt̄Þ. Equation 10.53

can be modified into the equations

ēdðt̄Þ þ jeqðt̄Þ ¼ Ea1 � e jā1

īdðt̄Þ þ jiqðt̄Þ ¼ Īa1 � e jb̄1

(10.54)

or

ē1ðt̄Þ ¼ fēdðt̄Þ þ jēqðt̄Þge jt ¼ Ea1 � e jðt̄þā1Þ : positive - sequence voltage by complex number

ī1ðt̄Þ ¼ fīdðt̄Þ þ jīqðt̄Þge jt̄ ¼ Īa1 � e jðt̄þb̄1Þ : positive - sequence current by complex number

(10.55)

The following conditions are justified under the initial condition.

sȳ ¼ dy
dt̄
¼ o

obase
¼ 1:0 r

d

dt̄
c̄dðt̄Þ ¼

d

dt̄
c̄qðtÞ ¼

d

dt̄
c̄0ðt̄Þ ¼ 0 s

īkdðt̄Þ ¼ īkqðt̄Þ ¼ 0 t

9
>>>>=

>>>>;

(10.56)

Referring to Equation 10.54, c̄dðt̄Þ, c̄qðt̄Þ, c̄0ðt̄Þ are the d.c. components under the three-phase-

balanced condition so that their derivatives are obviously zero (Equation s).

Referring to Equation 10.44, ckd are also d.c. quantities so that sc̄kd ¼ �r̄kd � īkd ¼ 0. In other

words, damper currents īkd and īkq are zero under the three-phase-balanced condition (Equation t).

Equation t may be explained in another way referring to the d-axis and q-axis circuits of

Figure 10.4. Recalling that L � di=dt ¼ 0 for d.c. current, all the inductance elements in the equivalent

circuit are actually short-circuited for d.c. currents īd; īq. Accordingly, the d.c. current distribution of

the three branched passes of the d-axis circuit is dominated by only the inverse ratio of resistances.

Therefore, d.c. current cannot flow in the damper branch at extremely large r̄kd (see Equation 10.51), so

īkd ¼ 0 under steady-state operation.

Now, substituting Equation 10.56 into Equations 10.43 and 10.45, and replacing L̄ by unitized

reactances x̄ (because L̄ ¼ x̄), then

ēd ¼ �c̄q � r̄ � īd
ēq ¼ þc̄d � r̄ � īq
ē0 ¼ �r̄ � ī0

9
=

;
(10.57)
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c̄d ¼ �x̄d � īd þ x̄ad � īfd ¼ �x̄d � īd þ Ef

c̄q ¼ �x̄q � īq
c̄0 ¼ �x̄0 � i0 where Ef � x̄ad � īfd

9
>=

>;
(10.58)

Substituting Equation 10.58 into Equation 10.57,

ēd ¼ x̄q � īq � r̄ � īd
ēq ¼ Ef � x̄d � īd � r̄ � īq
where Ef � x̄ad � īfd

9
=

;
(10.59)

Rearranging the above equations in the form of ēd þ jēq,

ēd þ jēq ¼ jðc̄d þ jc̄qÞ � r̄ðīd þ jīqÞ
¼ ðx̄q � īq � r̄ � īdÞ þ jð�x̄d � īd þ x̄ad � īfd � r̄ � īqÞ
¼ �ðr̄þ jx̄qÞðīd þ jīqÞ � jðx̄d � x̄qÞ � īd þ jx̄ad � īfd

then

jðc̄d þ jc̄qÞ ¼ ðēd þ jēqÞ þ r̄ðīd þ jīqÞ
ðēd þ jēqÞ þ ðr̄þ jx̄qÞðīd þ jīqÞ þ jðx̄d � x̄qÞ � īd ¼ jx̄ad � īfd � jĒf

; Ēa1 � e jā1 þ ðr̄þ jx̄qÞ � Īa1 � e jb̄1 þ jðx̄d � x̄qÞ � īd ¼ jx̄ad � īfd � jĒf

9
>=

>;
(10.60)

In Equation 10.60, we define jĒf , which is the voltage proportional to the amount of excitation

current īfd .

Equation 10.60 is the equation of voltage and current in the d–q–0 domain under three-

phase-balanced conditions. The equations can also be written as the vector diagram of

Figure 10.5, in which the stator voltage and current quantities are drawn as time-independent vector

(complex-number) quantities in d–q–0 coordinates.

Incidentally, as shown in Table 10.1, the magnitudes of x̄d and x̄q for the cylindrical-rotor-type

machine (two poles for thermal, four poles for nuclear) are equal:

x̄d ; x̄q (10.61)
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Figure 10.5 Vector diagram of generator in the d–q–0 domain under three-phase balanced condition
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Thus the term jðx̄d � x̄qÞ can be neglected, and Equation 10.60 is further simplified as

Ēa1 � e jā1 þ ðr̄þ jx̄qÞ � Īa1 � e jb̄1 ¼ jx̄ad � īfd � jĒf r

Multiplying by e jt̄,

Ēa1 � e jðt̄þā1Þ þ ðr̄þ jx̄qÞ � Īa1 � e jðt̄þb̄1Þ ¼ jx̄ad � īfd � e jt̄ ¼ jĒf � e jt̄ s

It may be said that Equation 10.62r explains the generator behaviour which an observer riding on

the rotor can see on the generator, while s explains the same behaviour which an observer, standing on

the floor looking into the generator, can see. Equation 10.62 can be written as follows. For the generator

terminal voltage and current equation,

˙̄ea1ðt̄Þ þ ðr̄þ jx̄qÞ � ˙̄ia1ðt̄Þ ¼ jĒf � e jt̄ ¼ ˙̄ef ðt̄Þ
where

positive-sequence voltage : ˙̄ea1ðt̄Þ ¼ Ēa1 � e jðt̄þā1Þ ¼ ðēd þ jēqÞ � e jt̄

positive-sequence current : ˙̄ia1ðt̄Þ ¼ Īa1 � e jðt̄þb̄1Þ ¼ ðīd þ jīqÞ � e jt̄

generator back-source voltage : ˙̄ef ðt̄Þ� jĒf � e jt̄ ¼ jx̄ad � īfd � e jt̄

From this equation, we can derive Figure 10.6, which is the positive-sequence equivalent circuit for

a synchronous machine under steady-state conditions, and with constant speed and constant field

excitation approximated by x̄d ; x̄q.

The positive-sequence equivalent circuit of the simple generator model shown in Figure 2.11 is in

the same form as Figure 10.6, although the figure was drawn intuitively without theoretical

explanation.

In case of a salient-pole machine (for hydro-generators of multi-poles), x̄d and x̄q differ to some

extent as shown in Table 10.1. If the term jðx̄d � x̄qÞīd cannot be neglected, there is no simple

equivalent circuit, so Equation 10.61 should be used for detailed analysis.
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Table 10.1 Generator’s typical reactances, time constants (non-saturable values)

Ratings Reactances [%] Time constants [s]

Capacity
[MVA]

Frequency
[Hz]

Pole
number

xd xq x0d x00d x00q x2 x0 T0d0 T0d T00d Ta

Turbine generator 1300 50 4 W 185 185 38 29 29 29 19 6.9 1.5 0.03 0.25

800 60 2 W 179 177 34 26 25 25 12 6.4 1.2 0.02 0.40

585 50 4 W 180 175 36 27 27 27 13 8.0 2.3 0.03 0.22

556 60 2 HD 174 172 29 25 24 24 10 5.2 0.9 0.02 0.55

270 60 2 HI 183 183 31 24 24 24 13 6.0 0.9 0.03 0.40

53 60 2 A 205 194 22 17 17 17 9 6.3 0.7 0.03 0.25

Hydro-generator 280 60 24 A 110 78 34 22 24 23 17 7.6 2.3 0.04 0.31

26 60 72 A 112 76 42 33 41 37 15 3.3 1.2 0.03 0.16

21 50 12 A 123 71 33 23 21 22 14 4.9 1.3 0.06 0.17

Generator motor for

pumped storage

390 50 14 A 135 84 27 16 17 17 14 11.0 2.3 0.06 0.35

DG 6 50 8 A 190 102 35 22 19 20 13 4.9 0.9 0.05 0.08

DG: diegel generator. W: hydro-cooling. HD: hydrogen gas direct cooling. HI: hydrogen gas indirect cooling.
A: air cooling.

|ffl
fflfflffl
fflfflffl
fflfflffl
ffl{
zffl
fflfflffl
fflfflffl
fflfflffl
ffl}

(10.62)
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10.5 Transient Phenomena and the Generator’s
Transient Reactances

Now we examine the transient behaviour of a generator caused by sudden disturbances in

the power system (phase faults, feeder switching, sudden load changes, rapid dynamic instability,

etc.).

10.5.1 Initial condition just before sudden change

A generator’s equivalent circuit in the d–q–0 domain is given by Figure 10.4, in which the d-axis

circuit is an active circuit including a d.c. source, while the q-axis and 0-axis circuits are passive

circuits composed only of reactances and resistances. However, recall that these circuits are not

electrically independent. In other words, they are mutually coupled through the flux linkage terms

c̄d , c̄q. The reason can be explained by Equations 10.43 and 10.57, where ēd is related to the term

c̄q, and ēq is related to c̄d .

Next, our generator is connected to the outer part of the power system network (let us call

it the ‘outer system’), which usually includes other generators. The outer system can also be

transformed into the ‘outer circuit in the d–q–0 domain’, and the transformed d-axis circuit

includes d.c. sources if other generators exist. The equivalent circuits of the total power

system can be obtained by connecting each d-, q- and 0-axis equivalent circuits of our

generator and the ‘outer circuit’ as shown in Figure 10.8. If we assume three-phase-

balanced steady-state operation of this total system, all the flux/voltage/current quantities

flowing through our generator circuit as well as the outer circuit are of d.c. components in the

d–q–0 domain.

Now, referring to Equations 10.57 and 10.58, the three-phase-balanced initial conditions before

system disturbance are

ēdð0Þ ¼ �c̄qð0Þ � r̄ � īdð0Þ
ēqð0Þ ¼ c̄dð0Þ � r̄ � īqð0Þ
ē0ð0Þ ¼ 0; ī0ð0Þ ¼ 0

9
>=

>;
(10.64)

c̄dð0Þ ¼ �x̄d � īdð0Þ þ Ēf

c̄qð0Þ ¼ �x̄q � īqð0Þ
c̄0ð0Þ ¼ 0;

where Ēf ¼ x̄ad � īfd

9
>>>>=

>>>>;

(10.65)

Figure 10.6 Positive-sequence equivalent circuit under approximation x̄d ; x̄q
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Referring to Equation 10.60,

fēdð0Þ þ jēqð0Þg þ ðr̄þ jx̄qÞ � fīdð0Þ þ jīqð0Þg þ jðx̄d � x̄qÞ � īdð0Þ ¼ jĒf

fēdð0Þ þ jēqð0Þg þ r̄fīdð0Þ þ jīqð0Þg ¼ jfc̄dð0Þ þ jc̄qð0Þg

ē0ð0Þ ¼ 0; ī0ð0Þ ¼ 0; c̄0ð0Þ ¼ 0

9
>>=

>>;

(10.66)

This is the initial condition at t ¼ 0, the time just before sudden system disturbance.

10.5.2 Assorted d-axis and q-axis reactances for
transient phenomena

Now we examine how our generator circuit in the d–q–0 domain behaves over time when the ‘outer

circuit’ is suddenly changed by the system disturbance. The initial conditions at t ¼ 0� are given by

Equation 10.64, 10.65, 10.66.

Just after system disturbance at t ¼ 0þ, the circuit quantities in our generator circuits would

become the situation described by

c̄dðt̄Þ ¼ c̄dð0Þ þ Dc̄d ēdðt̄Þ ¼ ēdð0Þ þ Dēd īdðt̄Þ ¼ īdð0Þ þ Dīd
c̄dðt̄Þ ¼ c̄qð0Þ þ Dc̄q ēqðt̄Þ ¼ ēqð0Þ þ Dēq īqðt̄Þ ¼ īqð0Þ þ Dīq

c̄0ðt̄Þ ¼ Dc̄0 ē0ðt̄Þ ¼ Dē0 ī0ðt̄Þ ¼ Dī0

9
=

;
(10.67)

10.5.2.1 Time interval t = 0–3 cycles (0–45 or 60 ms)

It should be remembered that the voltage across any L and r series-connected circuit is v ¼ Ldi=dt þ ri,

and ri dominates for constant d.c. current because di=dt ¼ 0, while Ldi=dt dominates for sudden large

changes of i because di=dt is large.

Now,weobservethetransientphenomenacausedat t¼ 0onthed-axisequivalentcircuitofFigure10.4.

In the first interval just after the disturbance (t = 0–3 cycles), all the branches of the d-axis circuit are

dominated by each inductance instead of resistance. Therefore it is obvious that the terminal voltages

of the d-axis are dominated by the composite total inductance looking into the d-axis circuit at the

terminal. In other words, the inductance L̄
00
d in this time interval becomes the composite value of L1 and

the three branched inductances L̄ad, L̄fd , L̄kd . Of course, the q-axis circuit can be derived similarly.

Therefore the generator reactances in this period are

d-axis sub-transient reactance

x̄00d ¼ L̄
00
d ¼ �

Dc̄d

Dīd
¼ L̄l þ

1

1

L̄ad
þ 1

L̄fd
þ 1

L̄kd

q-axis sub-transient reactance

x̄00q ¼ L̄
00
q ¼ �

Dc̄q

Dīq
¼ L̄l þ

1

1

L̄aq
þ 1

L̄kq

(10.68)

The flux linkage of the stator d-and q-axis coils in this period are

c̄dðt̄Þ ¼ c̄dð0Þ þ Dc̄d ¼ c̄dð0Þ � x̄00d � Dīd ¼ c̄dð0Þ þ x̄00d � īdð0Þ � x̄00d � īdðt̄Þ
c̄qðt̄Þ ¼ c̄qð0Þ þ Dc̄q ¼ c̄qð0Þ � x̄00q � Dīq ¼ c̄qð0Þ þ x̄00q � īqð0Þ � x̄00q � īqðt̄Þ

)

(10.69)

The transient terms Dīd , Dīq as well as Dīfd , Dīkd , Dīkq appear in this period.
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10.5.2.2 Time interval t = 3 to approximately 60 cycles
(45 or 60 ms to 1 sec)

As transient phenomena have already been attenuated to some extent, domination of the damper coil

branch by r̄kd instead of sL̄kd will begin in this period. As r̄kd is much larger than r̄fd in the d-axis circuit,

the magnitudes of the three branched pass impedances become the relative orders of magnitude of

sL̄ad , sL̄fd þ r̄fd
 r̄kd ; ðsL̄kd þ r̄kdÞ (where s ¼ d=dt̄) so that the damper current is extinguished at all

ðīkd ¼ 0Þ. In other words, the damper’s effect has already disappeared in this time. Therefore the

generator reactances in this period are obtained as

d-axis transient reactance x̄0d ¼ L̄0d ¼ �
Dc̄d

Dīd
¼ L̄l þ

1

1

L̄ad
þ 1

L̄fd

q-axis transient reactance x̄0q ¼ L̄0q ¼ �
Dc̄q

Dīq
¼ L̄l þ L̄aq ¼ x̄q

9
>>>>>=

>>>>>;

(10.70)

The inductance of the q-axis circuit can be derived analogously.

Here, the q-axis reactance x̄0q ¼ x̄q can be justified because the q-axis circuit will not be changed in

the third period described below. The flux linkages of the stator d- and q- axis coils in this period are

c̄dðt̄Þ ¼ c̄dð0Þ þ Dc̄d ¼ c̄dð0Þ � x̄0d � Dīd ¼ c̄dð0Þ þ x̄0d � īdð0Þ � x̄0d � īdðt̄Þ
c̄qðt̄Þ ¼ c̄qð0Þ þ Dc̄q ¼ c̄qð0Þ � x̄q � Dīq ¼ c̄qð0Þ þ x̄q � īqð0Þ � x̄q � īqðt̄Þ

)

(10.71)

The damper flux terms Dīkd , Dīkq disappear in this period.

10.5.2.3 Time interval t = 1 sec to steady-state condition

In this period, the field coil branch in the d-axis circuit is already dominated by r̄fd instead of sL̄fd .

As a result, the impedance magnitudes of the two branches reach the relative condition

of sL̄ad
 r̄fd ; ðsL̄fd þ r̄fdÞ, so that the d-axis circuit terminal reactances are obtained from

the following equation (the reactance x̄q in this period is obviously the same as the already derived

x̄0q):

d-axis steady-state reactance x̄d ¼ L̄d ¼ �
Dc̄d

Dīd
¼ L̄l þ L̄ad

q-axis steady-state reactance x̄q ¼ L̄q ¼ �
Dc̄q

Dīq
¼ L̄l þ L̄aq

9
>>>=

>>>;

(10.72)

The flux linkage of the stator d- and q-axis coils in this period are

c̄dðt̄Þ ¼ c̄dð0Þ þ Dc̄d ¼ c̄dð0Þ � x̄d � Dīd ¼ c̄dð0Þ þ x̄d � īdð0Þ � x̄d � īdðt̄Þ
c̄qðt̄Þ ¼ c̄qð0Þ þ Dc̄q ¼ c̄qð0Þ � x̄q � Dīq ¼ c̄qð0Þ þ x̄q � īqð0Þ � x̄q � īqðt̄Þ

)

(10.73)

The transient term Dīfd disappears in this period.

10.6 Symmetrical Equivalent Circuits of Generators

The generator’s equations and the equivalent circuits in the d–q–0 domain have been derived. Now we

need to find the equations and the equivalent circuits in the 0–1–2 domain.
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10.6.1 Positive-sequence circuit

The positive-sequence circuit of a generator under transient conditions can be checked by studying the

three-phase short-circuit fault at the generator terminal.

The following conditions are given as the generator’s initial conditions just before a sudden change

at t̄ ¼ 0þ:

sȳ ¼ 1:0 ðthe rotor is rotating at constant speedÞ r

sc̄dðt̄Þ ¼ sc̄qðt̄Þ ¼ 0 s

)

(10.74)

Equation 10.74s does not mean that c̄dðt̄Þ, c̄qðt̄Þ are unchangeable constants after the disturbance

at t̄ ¼ 0þ. It means that only the fundamental frequency components of the fault current can be

calculated after t̄ ¼ 0, and the d.c. offset does not appear in the solution.

The flux c̄dðt̄Þ at t̄ ¼ 0þ cannot be changed suddenly from the magnitude of the d.c. quantity c̄dð0Þ,
because any flux can be changed continuously over time. Accordingly, the voltage quantities sc̄dðt̄Þ,
sc̄qðt̄Þ in Equation 10.43 must be terms corresponding to the transient components. Therefore, if only

the fundamental currents are to be calculated, this can be accomplished by putting sc̄dðt̄Þ ¼ sc̄qðt̄Þ ¼ 0.

Applying this initial condition in the calculation does not mean assuming that c̄dðt̄Þ, c̄qðt̄Þ are

constants, which is why the fundamental frequency components can be calculated accurately.

Now, Equation 10.43 is simplified under the conditions of Equations 10.74 and 10.75:

ēdðt̄Þ ¼ �c̄qðt̄Þ � r̄ � īdðt̄Þ
ēqðt̄Þ ¼ c̄dðt̄Þ � r̄ � īqðt̄Þ

)

(10.75)

We start our examination of the three-phase short-circuit fault at the generator terminal at t̄ ¼ 0 thus:

for t̄ 3 0 ēaðt̄Þ ¼ ēbðt̄Þ ¼ ēcðt̄Þ ¼ 0 (10.76)

Then

for t̄ 3 0 ēdðt̄Þ ¼ ēqðt̄Þ ¼ ē0ðt̄Þ ¼ 0 (10.77)

From Equations 10.75 and 10.77, for t̄ 3 0

0 ¼ ēdðt̄Þ ¼ �c̄qðt̄Þ � r̄ � īdðt̄Þ
0 ¼ ēqðt̄Þ ¼ c̄dðt̄Þ � r̄ � īqðt̄Þ

�

or
c̄qðt̄Þ ¼ �r̄ � īdðt̄Þ
c̄dðt̄Þ ¼ r̄ � īqðt̄Þ

�

(10.78)

10.6.1.1 Sub-transient period: t = 0–3 cycles (0–45 or 60 ms)

From Equations 10.78 and 10.69, eliminating c̄dðt̄Þ, c̄qðt̄Þ,

c̄dð0Þ þ x̄00d � īdð0Þ ¼ r̄ � īqðt̄Þ þ x̄00d � īdðt̄Þ r

c̄qð0Þ þ x̄00q � īqð0Þ ¼ �r̄ � īdðt̄Þ þ x̄00q � īqðt̄Þ s

�

(10.79)

Putting the above equations in the form of jfrþ jsg and modifying,

ðr̄þ jx̄00qÞfīdðt̄Þ þ jīqðt̄Þg þ jðx̄00d � x̄00qÞ � īdðt̄Þ
¼ jfc̄dð0Þ þ jc̄qð0Þg þ jx̄00qfīdð0Þ þ jīqð0Þg þ jðx̄00d � x̄00qÞ � īdð0Þ

(10.80)

From this equation and the second equation of Equation 10.66,

ðr̄þ jx̄00qÞfīdðt̄Þ þ jīqðt̄Þg þ jðx̄00d � x̄00qÞ � īdðt̄Þ

¼ fēdð0Þ þ jēqð0Þg þ ðr̄þ jx̄00qÞfīdð0Þ þ jīqð0Þg þ jðx̄00d � x̄00qÞ � īdð0Þ� ˙̄E
00 (10.81)
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Now, let us simplify the equation by imagining a cylindrical type of machine:

x̄00d ; x̄00q (10.82)

Then

r̄þ jx̄00d
	 


fīdðt̄Þ þ jīqðt̄Þg ¼ ˙̄E
00

or

ðr̄þ jx̄00dÞfīdðt̄Þ þ jīqðt̄Þg � e jt̄ ¼ ˙̄E
00 � e jt̄

9
>=

>;
(10.83a)

Referring to Equation 10.55, the positive-sequence complex-number current of fundamental

frequency can be written as
˙̄i1ðt̄Þ ¼ fīdðt̄Þ þ j̄īqðt̄Þg � e jt̄

Then

ðr̄þ jx̄00dÞ � ˙̄i1ðt̄Þ ¼ ˙̄E
00 � e jt̄

where Ē
00 ¼ fēdð0Þ þ jēqð0Þg þ ðr̄þ jx̄00qÞfīdð0Þ þ jīqð0Þg þ jðx̄00d � x̄00qÞ � īdð0Þ

9
=

;
(10.83b)

Recall that Equation 10.81 is quite a precise equation only under the condition of Equation

10.74rs, although the equivalent circuit cannot be written. Under the additional condition of

x̄00d ¼ x̄00q , Equation 10.83b and the equivalent circuit in Figure 10.7a have also been obtained.

10.6.1.2 Transient period: t = 3 to approximately 60 cycles
(45 or 60 ms to 1 sec)

Eliminating c̄dðt̄Þ, c̄qðt̄Þ from Equations 10.79 and 10.71,

c̄dð0Þ þ x̄0d � īdð0Þ ¼ r̄ � īqðt̄Þ þ x̄0d � īdðt̄Þ r

c̄qð0Þ þ x̄q � īqð0Þ ¼ �r̄ � īdðt̄Þ þ x̄q � īqðt̄Þ s

)

(10.84)

Using the form jfrþ jsg and referring to Equation 10.66,

ðr̄þ jx̄qÞfīdðt̄Þ þ jīqðt̄Þg þ jðx̄0d � x̄qÞ � īdðt̄Þ
¼ fēdð0Þ þ jēqð0Þg þ ðr̄þ jx̄qÞfīdð0Þ þ jīqð0Þg þ jðx̄0d � x̄qÞ � īdð0Þ� Ē

0 (10.85)

We assume the equation below in order to find the equivalent circuit, although this is a bold as seen

in Table 10.1:

x̄0d ; x̄q (10.86)

Then

ðr̄þ jx̄0dÞfidðtÞ þ jiqðtÞg ¼ ˙̄
E
0

or

ðr̄þ jx̄0dÞðidðt̄Þ þ jīqðt̄Þge jt̄ ¼ ˙̄
E
0 � e jt̄

9
>=

>;
(10.87a)

In the form of ˙̄i1ðt̄Þ ¼ fīdðt̄Þ þ jīqðt̄Þg � e jt̄

ðr̄þ jx̄0dÞ � ˙̄i1ðt̄Þ ¼ Ē
0 � e jt̄

where Ē
0 ¼ fēdð0Þ þ jēqð0Þg þ ðr̄þ jx̄qÞfīdð0Þ þ jīqð0Þg þ jðx̄0d � x̄qÞ � īdð0Þ

) (10.87b)

This is the positive-sequence equation of a generator for the period of 3–60 cycles and the

corresponding equivalent circuit is shown in Figure 10.7a.
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Recall that Equation 10.85 is quite precise, while Equations 10.87a and b are under bold

approximations of x̄0d ; x̄q.

10.6.1.3 Steady-state period: t ¼ 1 sec

Eliminating c̄dðt̄Þ, c̄qðt̄Þ from Equations 10.78 and 10.73,

c̄dð0Þ þ x̄d � īdð0Þ ¼ r̄ � īqðt̄Þ þ x̄d � īdðt̄Þ r

c̄qð0Þ þ x̄q � īqð0Þ ¼ �r̄ � īdðt̄Þ þ x̄q � īqðt̄Þ s

)

(10.88)

Using the form jfrþ jsg and referring to Equation 10.66,

ðr̄þ jx̄qÞfīdðt̄Þ þ jīqðt̄Þg þ jðx̄d � x̄qÞ � īdðt̄Þ
¼ fēdð0Þ þ jēqð0Þg þ ðr̄þ jx̄qÞfīdð0Þ þ jīqð0Þg þ jðx̄d � x̄qÞ � īdð0Þ� ˙̄E

(10.89)

This is quite a precise equation, while the equivalent circuit cannot be drawn. Then, we assume

x̄d ; x̄q in order to obtain the equivalent circuit, although this is a little bold for hydro-generators as

seen in Table 10.1:

ðr̄þ jx̄dÞfidðīÞ þ jīqðt̄Þg ¼ ˙̄E

or

ðr̄þ jx̄dÞfīdðt̄Þ þ jīqðt̄Þge jt̄ ¼ ˙̄E � e jt̄

9
>=

>;
(10.90a)

In the form of ˙̄i1ðt̄Þ ¼ fīdðt̄Þ þ jīqðt̄Þg � e jt̄

ðr̄þ jx̄dÞ � ˙̄i1ðt̄Þ ¼ ˙̄E � e jt̄ ¼ ˙̄e1ðt̄Þ
˙̄E ¼ fēdð0Þ þ jēqð0Þg þ ðr̄þ jx̄qÞfīdð0Þ þ jīqð0Þg þ jðx̄d � x̄qÞ � īqð0Þ

)

(10.90b)

10.6.2 Negative-sequence circuit

We start from the equations below for the negative-sequence fundamental frequency voltage and

current.

Figure 10.7 Symmetrical equivalent circuit of generator
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The real-number expression is

ēaðtÞ ¼ Ēa2 cosðt̄þ ā2Þ īaðtÞ ¼ Īa2 cosðt̄þ b̄2Þ

ēbðtÞ ¼ Ēa2 cos t̄þ ā2 þ
2p
3

� �

ībðtÞ ¼ Īa2 cos t̄þ b̄2 þ
2p
3

� �

ēcðtÞ ¼ Ēa2 cos t̄þ ā2 �
2p
3

� �

īcðtÞ ¼ Īa2 cos t̄þ b̄2 �
2p
3

� �

9
>>>>>=

>>>>>;

(10.91)

The corresponding equation in the d–q–0 domain is, referring to Equation 10.17,

ēdðtÞ ¼ Ēa2 cosð2t̄þ ā2Þ īdðtÞ ¼ Īa2 cosð2t̄þ b̄2Þ

ēqðtÞ ¼ �Ēa2 sinð2t̄þ ā2Þ īqðtÞ ¼ �Īa2 sinð2t̄þ b̄2Þ

ē0ðtÞ ¼ 0 ī0ðtÞ ¼ 0

9
>>=

>>;

(10.92)

The complex-number expression is

Ēa2e jð2t̄þā2Þ ¼ ēdðt̄ Þ � jēqðt̄ Þ

Īa2e jð2t̄þb̄2Þ ¼ īdðt̄ Þ � jīqðt̄ Þ

)

r

or

_e2ðtÞ ¼Ēa2e jðt̄þā2Þ ¼ fēdðt̄ Þ � jēqðt̄ Þg � e�jt

ī2ðtÞ ¼ Ia2e jðt̄þb̄2Þ ¼ fīdðt̄ Þ � jīqðt̄ Þg�e�jt

)

s

9
>>>>>>>=

>>>>>>>;

(10.93)

Equation 10.93 explains that the negative-sequence current of Equation 10.91 in the a–b–c domain

flowing through a generator is equivalent to the double frequency current of Equation 10.92 or 10.93

flowing through a generator circuit in the d–q–0 domain of Figure 10.4.

Now we examine the difference in behaviour of positive- and negative-sequence quantities in the

d-axis circuit of Figure 10.4.

10.6.2.1 Case: positive-sequence current behaviour on
d-axis circuit

Positive-sequence quantities are d.c. quantities in the d–q–0 domain. Accordingly, in the d-axis

equivalent circuit, just after a sudden change in generator condition, r̄kd soon dominates sL̄kd in the

damper branch, and presently r̄fd dominates sL̄fd in the field branch. Finally the current from the outer

circuit flows only through sL̄ad . By this reason, the d-axis terminal reactance of the generator will

change from time to time. The behaviour in the q-axis circuit is similar.

10.6.2.2 Case: negative-sequence current behaviour on d-axis
circuit

In this case, all the quantities are of double frequency in the d-axis equivalent circuit. Therefore for the

time just after the sudden change of generator condition, sL̄kd continues to dominate r̄kd in the damper

branch, and sL̄fd continues to dominate r̄fd in the field branch. By this reason, the d-axis terminal

reactance of the generator for the negative-sequence quantities has the same magnitude as x̄00d (given by

Equation 10.68) and will not change over time. The q-axis terminal reactance of the generator for the

negative-sequence quantities x̄00q (given by Equation 10.68) will similarly not be changed over

time.
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Accordingly, for the negative-sequence quantities,

�c̄dðt̄Þ
īdðt̄Þ

¼ x̄00d c̄dðt̄Þ ¼ �x̄00d � īdðt̄Þ

�
c̄qðt̄Þ
īqðt̄Þ

¼ x̄00q c̄qðt̄Þ ¼ �x̄00q � īqðt̄Þ

9
>>>=

>>>;

(10.94)

Substituting this equation into Equation 10.43,

ēdðt̄Þ ¼ �c̄qðt̄Þ þ sc̄dðt̄Þ � r̄ � īdðt̄Þ ¼ x̄00q � īqðt̄Þ � x̄00d � sīdðt̄Þ � r̄ � īdðt̄Þ
ēqðt̄Þ ¼ c̄dðt̄Þ þ sc̄qðt̄Þ � r̄ � īqðt̄Þ ¼ �x̄00d � īdðtÞ � x̄00q � sīqðt̄Þ � r̄ � īqðt̄Þ

)

(10.95)

īdðtÞ and īqðtÞ are given by Equation 10.92, and the derivatives are

sīdðt̄Þ ¼
d

dt̄
īdðt̄Þ ¼ �2Īa2 sinð2t̄þ b̄2Þ

sīqðt̄Þ ¼ �2Īa2 cosð2t̄þ b̄2Þ

9
=

;
(10.96)

Substituting the current terms of Equations 10.92 and 10.96 into Equation 10.95, and neglecting the

stator resistance ðr̄ ¼ 0Þ,
ēdðt̄Þ ¼ ð2x̄00d � x̄00qÞĪa2 sinð2t̄þ b̄2Þ
ēqðt̄Þ ¼ ð2x̄00q � x̄00dÞĪa2 cosð2t̄þ b̄2Þ

)

(10.97)

Now, refering Equation 10.93 the relation between the negative-sequence voltage ē2 and the d–q–0

sequence voltages ēd , ēq is, for the real-number expression,

ē2ðt̄Þ ¼ Ēa2 cosðt̄þ ā2Þ ¼ Re½ ˙̄e2ðt̄Þ� ¼ Re½Ēa2e jðt̄þā2Þ�
¼ Re½Ea2e jð2t̄þā2Þ � e�jt̄�
¼ Re½fēdðtÞ � jēqðtÞgð cos t̄� j sin t̄Þ�
¼ ēdðt̄Þ cos t̄� ēqðt̄Þ sin t̄

(10.98)

Substituting Equation 10.97 into Equation 10.98,

e2ðt̄Þ ¼ ð2x̄00d � x̄00qÞĪa2 sinð2t̄þ b̄2Þ cos t̄� ð2x̄00q � x̄00dÞĪa2 cosð2t̄þ b̄2Þ sin t̄

¼ 1

2
ð2x̄00d � x̄00qÞIa2fð sinð3t̄þ b̄2Þ þ sinðt̄þ b̄2Þg

� 1

2
ð2x̄00q � x̄00dÞIa2f sinð3t̄þ b̄2Þ � sinðt̄þ b2Þg

; ē2ðt̄Þ ¼
x̄00d þ x̄00q

2
Īa2 sinðt̄þ b2Þ þ

3

2
ðx̄00d � x̄00qÞIa2 sinð3t̄þ b2Þ

� x̄2 Īa2 sinðt̄þ b2Þ þ ðthe third - harmonic termÞ

where x̄2�
x̄00d þ x̄00q

2

9
>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>;

(10.99)

This is the equation of negative-sequence circuit quantities. The negative-sequence reactance x̄2 is

given by ðx̄00d þ x̄00qÞ=2 and will not obviously be changed over time.

Equation 10.99 shows that the negative-sequence current consists of the fundamental frequency

component and the third-frequency term. As a matter of fact, the third-frequency current will appear,

although the magnitude is very small because the term is proportional to ðx̄00d � x̄00qÞ. The negative-

sequence equivalent circuit is shown in Figure 10.7b under the condition of neglecting the third-

frequency term.
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Incidentally, if negative-sequence current flows into a generator for some duration

(which means the second-harmonic current continues to flow in the equivalent circuit of

Figure 10.4), serious problems will arise at the generator. This scheme will be discussed in

Chapter 16.

10.6.3 Zero-sequence circuit

The generator’s zero-sequence circuit is shown as the third equation of Equation 10.47 and the

equivalent circuit is shown in Figure 10.4.

The examination of the zero-sequence fundamental frequency current flowing into the generator is

quite simple. It is given by (real-number expression)

ī0ðt̄Þ ¼
1

3
fīaðt̄Þ þ ībðt̄Þ þ īcðt̄Þg ¼ Īa0e jðt̄þā0Þ (10.100)

The generator’s zero-sequence circuit equation has already been derived as the third equation of

Equation 10.47 and the equivalent circuit in Figure 10.4, namely

˙̄e0ðt̄Þ ¼ �ðr̄þ jx̄0Þ � ˙̄i0ðt̄Þ (10.101)

The equivalent circuit is again shown in Figure 10.7c.

Now we have found the generator’s symmetrical equivalent circuit in Figure 10.7, we need to

recollect that the equivalent circuit was drawn with the assumption of x̄00d ; x̄00q for Equation 10.83,

x̄0d ; x̄q for Equation 10.87 and x̄d ; x̄q for Equation 10.90. These assumptions would be justified for

most of the analysis of power system phenomena (with one exceptional case, namely the terminal fault

of the hydro-generator) because the inductances of transmission lines and transformers connected to the

generator mitigate the possible error in the assumptions. For accurate analysis of generator terminal

faults, we have to go back to the equations before the assumptions of Equations 10.83, 10.87 and 10.90.

Typical reactance values of generators are shown in Table 10.1.

10.7 Laplace-transformed Generator Equations
and the Time Constants

10.7.1 Laplace-transformed equations

A generator’s equivalent circuits in the 0–1–2 domain (Figure 10.7) as well as the a–b-0 domain

(Figure 6.5) include some small assumptions as already discussed. For accurate fault transient analysis

at the generator terminal or a closer point, we need to go back to Equations 10.43–10.46 before the

assumptions and solve them by applying Laplace transforms.

Our generator is rotating at constant speed. The equations of the stator quantities are given by

Equation 10.43 where dy=dt̄ ¼ sȳ ¼ 1:0. Accordingly, Equation 10.43 can be simplified to

ēdðt̄Þ ¼ �c̄qðt̄Þ þ
d

dt̄
c̄dðt̄Þ � r̄ � īdðt̄Þ

ēqðt̄Þ ¼ c̄dðt̄Þ þ
d

dt̄
c̄qðt̄Þ � r̄ � īqðt̄Þ

ē0ðt̄Þ ¼
d

dt̄
c̄0ðt̄Þ � r̄ � ī0ðt̄Þ

9
>>>>>=

>>>>>;

(10.102)
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The Laplace-transformed equations are

ēdðsÞ ¼ �c̄qðsÞ þ sc̄dðsÞ � r̄ � īdðsÞ
ēqðsÞ ¼ c̄dðsÞ þ sc̄qðsÞ � r̄ � īqðsÞ
ē0ðsÞ ¼ sc̄0ðsÞ � r̄ � ī0ðsÞ

9
=

;
(10.103)

Obviously from Figure 10.4

sc̄dðsÞ ¼ �x̄dðsÞ � sīdðsÞ or c̄dðsÞ ¼ �x̄dðsÞ � īdðsÞ
sc̄qðsÞ ¼ �x̄qðsÞ � sīqðsÞ c̄qðsÞ ¼ �x̄qðsÞ � īqðsÞ
sc̄0ðsÞ ¼ �x̄0ðsÞ � sī0ðsÞ c̄0ðsÞ ¼ �x̄0ðsÞ � ī0ðsÞ

9
>=

>;
(10.104)

x̄dðsÞ, x̄qðsÞ, x̄0ðsÞ are the generator terminal impedances of Figure 10.4 in terms of the Laplace-

transformed s functions and are given by the equations below, named operational reactances:

x̄dðsÞ ¼ x̄l þ 1
1

x̄ad
þ 1

x̄fd þ
r̄fd

s

þ 1

x̄kd þ
r̄kd

s

¼ x̄l þ
1

1
x̄ad
þ 1

x̄fd
þ 1

x̄kd

8
><

>:

9
>=

>;
�

sþ 1

T̄
0
d

 !

sþ 1

T̄
00
d

 !

sþ 1

T̄
0
d0

 !

sþ 1

T̄
00
d0

 !

¼ x̄00d �

�

sþ 1

T̄
0
d

��

sþ 1

T̄
00
d

�

�

sþ 1

T̄
0
d0

��

sþ 1

T̄
00
d0

�

x̄qðsÞ ¼ x̄l þ 1
1

x̄aq
þ 1

x̄kq þ
r̄kq

s

¼ x̄l þ 1
1

x̄aq
þ 1

x̄kq

8
><

>:

9
>=

>;
�

sþ 1

T̄
00
q

 !

sþ 1

T̄
00
q0

 ! ¼ x̄00q �
sþ 1

T̄
00
q

 !

sþ 1

T̄
00
q0

 !

x̄0ðsÞ ¼ x̄0

Eliminating flux linkage c from Equations 10.103 and 10.104,

ēdðsÞ ¼ �fr̄þ s � x̄dðsÞg � īdðsÞ þ x̄qðsÞ � īqðsÞ
ēqðsÞ ¼ �x̄dðsÞ � īdðsÞ � fr̄þ s � x̄qðsÞg � īqðsÞ
ē0ðsÞ ¼ �fr̄þ s � x̄0ðsÞg � ī0ðsÞ

9
=

;
(10.106)

Thus the Laplace-transformed generator equations and the reactances have now been

derived.

10.7.1.1 Open-circuit transient time constants T
0
d0 , T

00
d0 , T

0
q0 , T

00
q0

In Figures 10.8a–c, the generator is under operation in connection with the three-phase-balanced outer

circuit, where X̄outd, X̄outq are the d-, q-axis reactances of the outer network circuit between the

generator terminal and arbitrary point F in the network.

If a generator is suddenly tripped from the network, transient phenomena in the d-, q- axis would be

explained by Figure 10.8, in that the switches Sw1, Sw2 are simultaneously opened. Accordingly, the

time constants T
0
d0, T

00
d0, T

0
q0, T

00
q0 can be derived as follows (the suffix 0 means opening mode).
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fflfflffl
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fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
ffl{
zffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
ffl}
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10.7.1.1.1 T
0
d0: Open-circuit transient d-axis time constant Sw1 is opened in

Figure 10.8a. Then the time constant is

T̄
0
d0 ¼

x̄ad þ x̄fd

r̄fd
½ rad� ¼ x̄ad þ x̄fd

r̄fd
� 1

2p f
½sec� ¼ x̄ffd

r̄fd
½ rad�

� �

(10.107a)

10.7.1.1.2 T
00
d0: Open-circuit sub-transient d-axis time constant Sw1 is

opened in Figure 10.8b. Then

T̄
00
d0 ¼

ðx̄ad==x̄fdÞ þ x̄kd

r̄kd
¼

x̄adx̄fd

x̄ad þ x̄fd
þ x̄kd

r̄kd
½ rad� ¼

x̄kkd �
x̄2

ad

x̄f fd

r̄kd
½ rad�

0

B
B
B
@

1

C
C
C
A

(10.107b)

Figure 10.8 Generator’s transient analysis (tripping/short circuit) in d–q–0 domain
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10.7.1.1.3 T
0
q0 ¼ T

00
q0: Open-circuit transient q-axis time constant Sw2 is

opened in Figure 10.8c. Then

T̄
0
q0 ¼ T̄

00
q0 ¼

x̄aq þ x̄kq

r̄kq
½ rad� ¼ x̄kkq

r̄kq
½ rad�

� �

(10.107c)

10.7.1.2 Short-circuit transient time constants T
0
d , T

00
d , T

0
q , T

00
q

If a short-circuit fault occurs at the point F (Sw3, Sw4 are simultaneously closed) in Figure 10.8, the

time constants of the transient and sub-transient periods would be as follows:

T̄
0
d ¼ T̄

0
d0

x̄0d þ X̄outd

x̄d þ X̄outd

T̄
00
d ¼ T̄

00
d0

x̄00d þ X̄outd

x̄0d þ X̄outd

T̄
0
q ¼ T̄

00
q ¼ T̄

0
q0

x̄0q þ X̄outq

x̄q þ X̄outq

9
>>>>>>>>=

>>>>>>>>;

(10.108)

The generator terminal fault is of course a special case of X̄outd ¼ X̄outq ¼ 0 that gives the generator

transient/sub-transient short-circuit time constants

T̄
0
d ¼ T̄

0
d0

x̄0d
x̄d

short-circuit transient d-axis time constant

T̄
00
d ¼ T̄

00
d0

x̄00d
x̄0d

short-circuit sub-transient d-axis time constant

T̄
0
q ¼ T̄

00
q ¼ T̄

0
d0

x̄0q
x̄q

short-circuit transientq-axis time constant

9
>>>>>>>>=

>>>>>>>>;

(10.109)

The time constants would become a little larger if the fault point were located far from the

generator.

The short-circuit transient current can be decomposed to the three current terms of {steady-state},

{transient}, {sub-transient} and written in the following form:

īdðtÞ ¼ fsteady-state termg þ ftransient termg � e�t̄=T̄
0
d þ fsub-transient termg � e�t̄=T̄

00
d

īqðtÞ ¼ fsteady-state termg þ ftransient termg � e�t̄=T̄
0
q

)

(10.110)

10.7.1.3 Short-circuit time constant of armature winding Ta

T̄a is the time constant of the stator required for the d.c. component of the armature current under the

transient condition of the generator terminals (typically the short-circuit fault there).

The armature phase coil is operating in a position in line with the d-axis under normal conditions

before the short circuit. Whenever a short circuit occur, the rotor d-axis and q-axis alternate rapidly in

position, so that the phase coil is forced rapidly to align with the q-axis.

Accordingly, the reactance of the short-circuited armature winding, which depends upon the mutual

coupling between the armature and rotor circuits, changes rapidly from x̄00d to x̄00q , and is approximately
1
2
ðx̄00d þ x̄00qÞ ¼ x̄2. Accordingly, T̄a is given by the following equation as an approximate value:

Ta ;

x̄00d þ x̄00q
2r̄

¼ x̄2

r̄
½ rad� ¼ x̄2

r̄
� 1

2p f
½sec� (10.111a)

10.7 LAPLACE-TRANSFORMED GENERATOR EQUATIONS 205



T̄a may be written as follows under the condition of x̄00d ; x̄00q :

Ta ;
2

r̄
1

x̄00d
þ 1

x̄00q

 ! ¼
2x̄00d � x̄00q

r̄ðx̄00d þ x̄00qÞ
(10.111b)

(Subtraction of both approximations in Equations 10.111a and 10.111b gives ðx̄00d � x̄00qÞ
2=

f2r̄ðx̄00d þ x̄00qÞg. This is also a supplementary explanation of Equation 10.118.)

Note that all the time constants above are unitized [radian] values by base value 2p fbase:

h1 sec, 2p fbase ¼ 2p� 50 ¼ 314 radi
Accordingly, the above radian value can be transformed into [sec] by multiplying by 1=ð314Þ ¼

0:0032 for 50 Hz, or 1=ð2p� 60Þ ¼ 0:0027 for 60 Hz.

10.8 Relations Between the d–q–0 and a–b–0 Domains

The relations between the d–q–0 and a–b–0 domains are determined here.

Referring to Equations 10.15 and 6.6, and reminding D(t) and a�1 are matrices of real number

elements,

edq0ðtÞ ¼ DðtÞRe
�
eabcðtÞ

�
¼ ðDðtÞ � a�1Þ � Re

�
eab0

�
(10.112)

where DðtÞ is given by Equation 10.10a and a�1 is given by Equation 6.2.

Then DðtÞ � a�1 can be calculated and the following equations are obtained:

edðtÞ
eqðtÞ
e0ðtÞ
edq0ðtÞ

¼
cosot sinot 0

� sinot cosot 0

0 0 1
DðtÞ�a�1

�
eaðtÞ
ebðtÞ
e0ðtÞ
eab0ðtÞ

9
>>>>=

>>>>;
(10.113a)

Namely

edðtÞ ¼ cosot eaðtÞ þ sinot ebðtÞ
eqðtÞ ¼ � sinot eaðtÞ þ cosot ebðtÞ
e0ðtÞ ¼ e0ðtÞ

with inverse solution

eaðtÞ ¼ cosot edðtÞ � sinot eqðtÞ
ebðtÞ ¼ sinot edðtÞ þ cosot eqðtÞ
e0ðtÞ ¼ e0ðtÞ

9
=

;

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

(10.113b)

10.9 Detailed Calculation of Generator Short-circuit
Transient Current under Load Operation

The transient analysis of a sudden three-phase short-circuit fault at the generator terminal end is

demonstrated in this section.

The generator is operating under the three-phase-balanced on-load condition and with constant

speed ðdy=dt̄ ¼ 1:0Þ before t ¼ 0. Referring to Equations 10.52 and 10.53 or Figure 10.5, the initial

condition at t ¼ 0 is

ēdð0�Þ ¼ Ea1 cos ā1 ¼ Ea1 sin d̄1; īdð0�Þ ¼ Īa1 cos b̄1

ēqð0�Þ ¼ Ea1 sin ā1 ¼ Ea1 cos d̄1; īqð0�Þ ¼ Īa1 sin b̄1

ē0ð0�Þ ¼ 0; ī0ð0�Þ ¼ 0

9
=

;
(10.114)
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As shown in Figure 10.5, d1 is the generator’s inner operating angle and is the complementary angle of

a1 (i.e. d1 þ a1 ¼ 90�).
Now, the three-phase short-circuit fault suddenly occurs at the generator terminal at t̄ ¼ 0 under the

above initial condition, which means, by equations, to obtain the a–b–c terminal voltages ēaðtÞ ¼
ēbðtÞ ¼ ēcðtÞ ¼ 0 at t̄ ¼ 0þ. It also means, in the d–q–0 domain, to obtain the voltages ēdðt̄Þ ¼
ēqðt̄Þ ¼ ē0ðt̄Þ ¼ 0 at t̄ ¼ 0þ, or, in other words, to shorten simultaneously the d-, q-, 0-axis terminals in

Figure 10.4 or Figure 10.8. Accordingly, the transient current īdðt̄Þ in the d-axis circuit after t̄ ¼ 0 can

be calculated with the initial voltages ēdð0�Þ but with opposite sign (based on Thévenin’s theorem).

Calculation of the q- and 0-axis circuits is done similarly. That is,

ēdðt̄Þ ¼ �ēdð0�Þ1ðtÞ
ēqðt̄Þ ¼ �ēqð0�Þ1ðtÞ
ē0ðt̄Þ ¼ 0

ē0ðt̄Þ ¼ 0

where 1ðtÞ ¼ 0ðt< 0Þ
1ðt 3 0Þ

�

9
>>=

>>;

(10.115)

1ðtÞ is the stepping function, and its Laplace transform is L½1ðtÞ� ¼ 1=s. Then

ēdðsÞ ¼ L½ēdðt̄Þ� ¼ �ēdð0�Þ � 1s
ēqðsÞ ¼ L½ēqðt̄Þ� ¼ �ēqð0�Þ � 1s
ē0ðsÞ ¼ L½ē0ðt̄Þ� ¼ 0

9
>>=

>>;

(10.116)

The transient calculation can be executed by applying Equation 10.106 for the generator circuit and

Equation 10.116 for the initial condition at the generator terminals in the d–q–0 Laplace domain.

Eliminating edðsÞ, eqðsÞ, e0ðsÞ from both equations,

�fr̄þ s � x̄dðsÞg � īdðsÞ þ x̄qðsÞ � īqðsÞ ¼ �ēdð0�Þ � 1s
�x̄dðsÞ � īdðsÞ � fr̄þ s � x̄qðsÞg � īqðsÞ ¼ �ēqð0�Þ � 1s
�fr̄þ s � x̄0ðsÞg � ī0ðsÞ ¼ 0

9
>>=

>>;

(10.117a)

This is a set of simultaneous equations in īdðsÞ, īqðsÞ which can be solved as follows:

īdðsÞ ¼
ēdð0�Þ � sþ r̄

x̄qðsÞ

� �

þ ēqð0�Þ

s � x̄dðsÞ s2 þ r̄
1

x̄dðsÞ
þ 1

x̄qðsÞ

� �

sþ 1þ r̄2

x̄dðsÞ � x̄qðsÞ

� � r

īqðsÞ ¼
�ēdð0�Þ þ ēqð0�Þ � sþ r̄

x̄dðsÞ

� �

s � x̄qðsÞ s2 þ r̄
1

x̄dðsÞ
þ 1

x̄qðsÞ

� �

sþ 1þ r̄2

x̄dðsÞ � x̄qðsÞ

� � s

i0ðsÞ ¼ 0 t

9
>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>;

(10.117b)

Here x̄dðsÞ, x̄qðsÞ are given by Equation 10.105.

Now, Equation 10.117b with Equation 10.105 is the answer to our problem in the d–q–0 and time s

domains, and accordingly what we have to do is to inverse-transform the answer into the d–q–0 and

time t domains, and finally into the a–b–c and time t domains, at least from a mathematical viewpoint.
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However, the inverse transform is very hard and we have to simplify somewhat by introducing

justifiable assumptions as follows:

a) We neglect the third term of { } including r̄2 in the denominator. This is not a problem because r̄

is very small.

b) We apply the simplification as follows:

r̄
1

x̄dðsÞ
þ 1

x̄qðsÞ

� �

s ; r̄
1

x̄00d
þ 1

x̄00q

 !

s ¼ 2

T̄a
s

where T̄a ¼
2

r̄
1

x̄00d
þ 1

x̄00q

 !

9
>>>>>>>>=

>>>>>>>>;

(10.118)

This simplification can be justified from an actual engineering viewpoint by considering assorted

reactance values.

c) We neglect the term including r̄ in the numerators of Equation 10.117brs. This is also not a

problem because r̄ is very small.

Now, referring Equation 10.105, Equation 10.117b is simplified somewhat and recast into the

equations

īdðsÞ ¼
fēdð0�Þ � sþ ēqð0�Þg

s � x̄dðsÞ � s2 þ 2

T̄a
sþ 1

� � ¼
fēdð0�Þ � sþ ēqð0�Þg � sþ 1

T̄
0
d0

 !

sþ 1

T̄
00
d0

 !

x̄00d � s sþ 1

T̄
0
d

 !

sþ 1

T̄
00
d

 !

s2 þ 2

T̄a
sþ 1

� � r

īqðsÞ ¼
f�ēdð0�Þ þ ēqð0�Þ � sg

s � x̄qðsÞ � s2 þ 2

T̄a
sþ 1

� � ¼
f�ēdð0�Þ þ ēqð0�Þ � sg � sþ 1

T̄
00
q0

 !

x̄00q � s sþ 1

T
00
q

 !

s2 þ 2

Ta
sþ 1

� � s

i0ðsÞ ¼ 0 t

where

s2 þ 2

T̄a
sþ 1

� �

¼ sþ 1

T̄a
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1

T̄
2
a

s !

sþ 1

T̄a
þ j

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1

T̄
2
a

s !

; sþ 1

T̄a
� j

� �

sþ 1

T̄a
þ j

� �

Although Equation 10.119 is still complicated, it can be solved relatively easily because the denomina-

torsarealreadyinfactorizedform.Theequationscanbemodifiedintoexpandedequationsandtheresulting

equations are as follows (the process of the expansion is shown in Supplement 1 and Supplement 2):

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(10.119)
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idðsÞ ¼
k1

s
þ k2

sþ 1

T̄
0
d

þ k3

sþ 1

T̄
00
d

þ k4ffy4

sþ 1

Ta
� j

þ k4ff � y4

sþ 1

Ta
þ j

8
>><

>>:

9
>>=

>>;

r

where k1 ¼
ēqð0�Þ

x̄d
; k2 ; ēqð0�Þ �

1

x̄0d
� 1

x̄d

� �

k3 ; eqð0�Þ �
1

x̄00d
� 1

x̄0d

� �

k4ffy4 ;
Ēa1

2x̄00d
ff � ā1 þ

p
2

� �
¼ Ēa1

2x̄00d
ffðd̄1 � pÞ

k4ff � y4 ;
Ēa1

2x̄00d
ff ā1 þ

p
2

� �
¼ Ēa1

2x̄00d
ff � ðd̄1 � pÞ

īqðsÞ ¼
k5

s
þ k6

sþ 1

T̄
00
q

þ k7ffy7

sþ 1

T̄a
� j

þ k7ff � y7

sþ 1

T̄a
þ j

8
>><

>>:

9
>>=

>>;

s

here k5 ¼ �
ēdð0�Þ

x̄q
; k6 ; � edð0�Þ �

1

x̄00q
� 1

x̄q

 !

k7ffy7 ;
Ēa1

2x̄00q
ff � ā1 ¼

Ēa1

2x̄00q
ff � p

2
�d̄1

� �

Ēa1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ēdð0�Þ2 þ ēqð0�Þ2
q

ī0ðsÞ ¼ 0 t

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(10.120)

Each term on the right-hand side of Equation r can be inverse transformed into the t domain by

applying Laplace transforms (see Supplement 3):

īdðt̄Þ ¼
"

k1 þ k2 � e
� 1

T0
d

t̄
þ k3 � e

� 1

T00
d

t̄
þ k4ffy4 � e�

1
Ta
� jð Þt̄ þ k4 � y4 � e�

1
Ta
þ jð Þt̄

#

1ðtÞ

¼ ēqð0�Þ �
1

x̄d
þ 1

x̄0d
� 1

x̄d

� �

e�t̄=T̄
0
d þ 1

T̄
00
d

� 1

x̄0d

 !

e�t̄=T̄
00
d

( )

� Ēa1

x̄00d
�e�t̄=T̄a cosðt̄þ d̄1Þ

" #

1ðt̄Þr

īqðt̄Þ ¼
"

k5 þ k6 � e
� 1

T̄
00
q

t̄
þ k7ffy7 � e�

1
Ta
� jð Þt̄ þ k7ff � y7 � e�

1
Ta
þ jð Þt̄

#

1ðtÞ s

¼ �ēdð0�Þ �
1

x̄q
þ 1

x̄00q
� 1

x̄q

 !

e�t̄=T̄
00
q

( )

þ Ēa1

x̄00q
�e�t̄=T̄a sinðt̄þ d̄1Þ

" #

1ðt̄Þ

ī0ðt̄Þ ¼ 0 t

where ēdð0�Þ ¼ Ēa1 cos ā1 ¼ Ēa1 sin d̄1

ēqð0�Þ ¼ Ēa1 sin ā1 ¼ Ēa1 cos d̄1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

edð0�Þ2 þ eqð0�Þ2
q

¼ Ēa1

sinðt̄� ā1Þ ¼ � cosðt̄þ d̄1Þ; cosðt̄� ā1Þ ¼ sinðt̄þ d̄1Þ
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9
>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>;

(10.121)



This is the solution of the transient current in the d–q–0 and time t domains but without load current.

Referring to Equation 10.64, the load currents are (putting r¼ 0 for simplicity)

ēdð0�Þ ¼ x̄q � īqð0�Þ or īdð0�Þ ¼
Ēf � ēqð0�Þ

xd

ēqð0�Þ ¼ Ēf � x̄d � īdð0�Þ īqð0�Þ ¼
ēdð0�Þ

x̄q

ē0ð0�Þ ¼ 0 ī0ð0�Þ ¼ 0

(10.122)

The total fault currents are derived by addition of Equations 10.121 and 10.122, namely

īdðt̄Þ ¼ ēqð0�Þ �
1

x̄0d
� 1

x̄d

� �

e�t̄=T̄
0
d þ 1

x̄00d
� 1

x̄0d

� �

e�t̄=T̄
00
d

� �

þ Ēf

x̄d
� Ēa1

x̄00d
e�t̄=T̄a cosðt̄þ d̄1Þ

¼ 1

x̄0d
� 1

x̄d

� �

e�t̄=T̄
0
d þ 1

x̄00d
� 1

x̄0d

� �

e�t̄=T̄
00
d

� �

� Ēa1 cosd̄1

þ Ēf

x̄d
� Ēa1

x̄00d
e�t̄=T̄a cosðt̄þ d̄1Þ

īqðt̄Þ ¼ �ēdð0�Þ �
1

x̄00q
� 1

x̄q

 !

e�t̄=T̄
00
q þ Ēa1

x̄00q
� e�t̄=T̄a sinðt̄þ d̄1Þ

¼ � 1

x̄00q
� 1

x̄q

 !

e�t̄=T̄
00
q � Ēa1 sin d1 þ

Ēa1

x̄00q
�e�t̄=T̄a sinðt̄þ d̄1Þ

ī0 ¼ 0 t̄ 3 0

9
>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>;

(10.123)

Finally, the above currents are inverse transformed from the d–q–0 domain to the a-b-c domain,

referring to Equation 10.11b:

īaðt̄Þ
ībðt̄Þ
īcðīÞ

¼

īdðt̄Þ cos t̄� īqðt̄Þ sin t̄þ ī0ðt̄Þ

īdðt̄Þ cos t̄� 2p
3

� �

� īqðt̄Þ sin t̄� 2p
3

� �

þ ī0ðt̄Þ

īdðt̄Þ cos t̄þ 2p
3

� �

� īqðt̄Þ sin t̄þ 2p
3

� �

þ ī0ðt̄Þ

¼ Ēf

x̄d
�

cost̄

cos t̄� 2p
3

� �

cos t̄þ 2p
3

� �
þ 1

x̄0d
� 1

x̄d

� �

e�t̄=T̄
0
d þ 1

x̄00d
� 1

x̄0d

� �

e�t̄=T̄
00
d

� �

� Ēa1 cos d̄1 �

cost̄

cos t̄� 2p
3

� �

cos t̄þ 2p
3

� �

þ 1

x̄00q
� 1

x̄q

 !

e�t̄=T̄
00
q � Ēa1 sin d̄1 �

sint̄

sin t̄� 2p
3

� �

sin t̄þ 2p
3

� �

�Ēa1e�t̄=T̄a � 1

2

1

x̄00d
þ 1

x̄00q

 !

�

cosd̄1

cos d̄1 þ
2p
3

� �

cos d̄1 �
2p
3

� �
þ 1

2

1

x̄00d
� 1

x̄00q

 !

�

cosð2t̄þ d̄1Þ

cos 2t̄þ d̄1 �
2p
3

� �

cos 2t̄þ d̄1 þ
2p
3

� �

8
>>>>><

>>>>>:

9
>>>>>=

>>>>>;
ð10:124Þ

|ffl
fflfflffl
fflfflffl
fflffl{
zffl
fflfflffl
fflfflffl
fflffl}

|ffl
fflfflffl
fflfflffl
{z
fflfflffl
fflfflffl
ffl}
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This is our final solution, where:

� The first term is the steady-state term.

� The second term is the oscillatory term with attenuation factors of time constants T̄
0
d and T̄

00
d .

� The third term is the oscillatory term with attenuation factors of time constant T̄
00
q .

� The fourth term is the d.c. attenuation term with attenuation factor of time constant T̄a.

� The fifth term is the second-harmonic term with attenuation factor of time constant T̄a.

Besides the fundamental frequency terms and d.c. term, the second-harmonic transient term has

unexpectedly appeared. This term is obviously negligible for the thermal generator ð{ x̄00d ; x̄00qÞ.
As a numerical check, consider a hydro-generator with x̄00d ¼ 0:33, x̄00q ¼ 0:41 as one example. In

this case

f g of the last term¼ 1

2

1

x̄00d
þ 1

x̄00q

 !

cosd̄1 þ
1

2

1

x̄00d
� 1

x̄0q

 !

cosð2t̄þ d̄1Þ
( )

¼ f2:74 cos d1 þ 0:29 cosð2t þ d1Þg

Accordingly, the second-harmonic transient term is rather small in comparison with the d.c. term

even for hydro-generators.

10.9.1 Transient fault current by sudden three-phase terminal
fault under no-load condition

This is a special case of the above derived equations, where the initial condition of Equation 10.122 is

replaced by the simple equations

0 ¼ īqð0�Þ ¼
ēdð0�Þ

x̄q

0 ¼ īdð0�Þ ¼
Ēf � eqð0�Þ

x̄d

9
>>=

>>;

That is,

edð0�Þ ¼ Ēa1 sin d̄1 ¼ 0 or d̄1 ¼ 0

eqð0�Þ ¼ Ēa1 cos d̄1 ¼ Ēf Ēa1 ¼ Ēf

�

(10.125)

and in Equations 10.123 and 10.124 replacement of edð0�Þ ¼ 0, eqð0�Þ ¼ Ēf , d̄1 ¼ 0,

Ēa1 sind̄1 ¼ Ēf is carried out.

It must be emphasized at the end of this chapter that a power system network, regardless of its size,

can be described as ‘one combined electrical equational circuit’ by virtue of the mathematically

elegant Park’s equation explained here, together with the symmetrical components.

10.10 Supplement 1: The Equations of the Rational Function
and Their Transformation into Expanded
Sub-sequential Fractional Equations

A rational function FðsÞwhose numerator NðsÞ and denominator MðsÞ are of polynomial form with n

and m order respectively (where m 3 n) can be expressed as

FðsÞ ¼ NðsÞ
MðsÞ ¼

sn þ d1sn�1 þ � � � þ dn�1sþ dn

sm þ c1sm�1 þ � � � þ cm�1sþ cm
¼ sn þ b1sn�1 þ � � � þ bn�1sþ bn

ðs� s1Þ � ðs� s2Þ� � � � � ðs� smÞ
(1)
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FðsÞ can be expanded into the sub-sequential fractional equation

FðsÞ ¼ A1

s� s1
þ A2

s� s2
þ � � � þ Am

s� sm
(2)

s1, s2, . . . , sm are the roots of MðsÞ. Here, Akðk ¼ 1; 2; 3; . . . ;mÞ is a real number if sk is a real-

number root. On the contrary, Ak is a complex-number if sk is a complex-number root.

We examine the next equation as a typical example, whose denominator is a polynomial of fifth

order with three real-number roots �a1, �a2, �a3 and two complex-number roots �a� jb:

FðsÞ ¼ NðsÞ
ðsþ a1Þðsþ a2Þðsþ a3Þðsþ a� jbÞðsþ aþ jbÞ

¼ k1

sþ a1
þ k2

sþ a2
þ k3

sþ a3
þ k4ffd4

sþ a� jb
þ k4ff � d4

sþ aþ jb

� �

9
>>>=

>>>;

(3)

k1, k2, k3, k4 are real numbers, and the fourth and the fifth terms on the right-hand side are the

conjugates of each other.

Now we try to find k1. Multiplying both sides of Equation 3 by ðsþ a1Þ,

ðsþ a1Þ � FðsÞ ¼
NðsÞ

ðsþ a2Þðsþ a3Þðsþ a� jbÞðsþ aþ jbÞ

¼ k1 þ ðsþ a1Þ
k2

sþ a2
þ k3

sþ a3
þ k4ffd4

sþ a� jb
þðconjugateÞ

� � � (4)

Putting s ¼ �a1,

k1 ¼ ðsþ a1Þ � FðsÞjs¼�a1
¼ Nð�a1Þ
ð�a1 þ a2Þð�a1 þ a3Þð�a1 þ a� jbÞð�a1 þ aþ jbÞ

(5)

Thus k1 is found. All other coefficients k2, k3, k4ffd4, k4ff � d4 can be found similarly. For example,

k4ffd4 ¼ ðsþ a� jbÞ � FðsÞjs¼�aþ jb

¼ Nð�aþ jbÞ
ð�aþ jbþ a1Þð�aþ jbþ a2Þð�aþ jbþ a3Þð2 jbÞ

k4ff � d4 ¼ ðsþ aþ jbÞ � FðsÞjs¼a� jb

¼ Nð�a� jbÞ
ð�a� jbþ a1Þð�a� jbþ a2Þð�a� jbþ a3Þð�2 jbÞ

¼ fk4ffd4g	

10.11 Supplement 2: Calculation of the Coefficients
of Equation 10.120

10.11.1 Calculation of Equation rk1; k2; k3; k4ffd; k4ff � d

īdðsÞ ¼
fēdð0�Þ � sþ ēqð0�Þg sþ 1

T̄
0
d0

 !

sþ 1

T̄
00
d0

 !

x̄00d � s sþ 1

T̄
0
d

 !

sþ 1

T̄
00
d

 !

s2 þ 2

T̄a
sþ 1

� � ¼ k1

s
þ k2

sþ 1

T̄
0
d

þ k3

sþ 1

T̄
00
d

þ k4ffy4

sþ 1

T̄a
� j

þ k4ff � y4

sþ 1

T̄a
þ j

8
>><

>>:

9
>>=

>>;
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Then

k1 ¼ s � īdðsÞjs¼0 ¼
fēdð0�Þ � 0þ ēqð0�Þg 0þ 1

T̄
0
d0

 !

0þ 1

T̄
00
d0

 !

x̄00d � 0þ 1

T̄
0
d

 !

0þ 1

T̄
00
d

 !

02 þ 2
T̄a
�0þ 1

� �

¼ ēqð0�Þ
x̄00d

� T̄
0
d

T̄
0
d0

� T̄
00
d

T̄
00
d0

¼ ēqð0�Þ
x̄00d

� x̄
0
d

x̄d
� x̄
00
d

x̄0d
¼ ēqð0�Þ

x̄d

k2 ¼ sþ 1

T̄
0
d

 !

� īdðsÞjs¼� 1

T̄
0
d

¼
� ēdð0�Þ

T̄
0
d

þ ēqð0�Þ
( )

� 1

T̄
0
d

þ 1

T̄
00
d0

 !

� 1

T̄
0
d

þ 1

T̄
0
d0

 !

x̄00d � �
1

T̄
0
d

 !

� 1

T̄
0
d

þ 1

T̄
00
d

 !

1

T̄
02
d

� 2

T̄
0
d � T̄a

þ1

 !

The conversion ratio between [s] and [radian] is 1 s, 2p� 60 ¼ 377 rad for 60 Hz (314 rad for

50 Hz base) so that all the associated time constants in Table 10.1 are quite larger than 1 in radians.

Namely, T̄
0
d� 1; T̄a� 1; T̄

0
d� T̄

00
d ; T̄

0
d� T̄

00
d0; T̄

0
d0� T̄

00
d0� 1; T̄

00
d2� 1, etc.. Then

k2 ;
ēqð0�Þ

x̄00d
1� T̄

0
d

T̄
0
d

 !

� T̄
00
d

T̄
0
d0

¼ ēqð0�Þ
x̄00d

1� x̄0d
x̄d

� �

� x̄00d
x̄0d
¼ ēqð0�Þ �

1

x̄0d
� 1

x̄d

� �

k3 ¼ sþ 1

T̄
00
d

 !

� īdðsÞjs¼� 1

T̄
00
d

¼
� ēdð0�Þ

T̄
00
d

þ ēqð0�Þ
� �

� 1
T̄
00
d

þ 1
T̄
0
d0

� �

� 1
T̄
00
d

þ 1
T̄
00
d0

� �

x̄00d � 1
T̄
00
d

� �

� 1
T̄
00
d

þ 1
T̄
0
d

� �
1

T̄
002
d

� 2
T̄
00
d �T̄a

þ 1

� �

; k3 ;
ēqð0�Þ

x̄00d
� 1� T̄

00
d

T̄
00
d0

 !

¼ ēqð0�Þ
x̄00d

� 1� x̄00d
x̄0d

� �

¼ ēqð0�Þ � 1
x̄00d
� 1

x̄0d

� �

Next, for k4ffd4, recalling that

s2 þ 2
T̄a

sþ 1

� �

; sþ 1
T̄a
� j

� �

sþ 1
T̄a
þ j

� �

then

k4ffd4 ¼ sþ 1
T̄a
� j

� �

� īdðsÞj
s¼� 1

T̄a
þ j

¼
ēdð0�Þ � � 1

T̄a
þ j

� �

þ ēqð0�Þ
� �

j� 1
T̄a
þ 1

T̄
0
d0

 !

j� 1
T̄a
þ 1

T̄
00
d0

 !

x̄0d � j� 1
T̄a

� �

j� 1
T̄a
þ 1

T̄
0
d

 !

j� 1
T̄a
þ 1

T̄
00
d

 !

ð2 jÞ

Here T̄
0
d0� T̄a > T̄

00
d0� 1; T̄

0
d� 1; T̄

00
d� 1, etc., so

k4ffd4 ;
f j � ēdð0�Þ þ ēqð0�Þg j2

x̄00d � 2 j4
¼ � j

2x̄00d
�fēdð0�Þ � jēqð0�Þg

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ēdð0�Þ2 þ ēqð0�Þ2
q

2x̄00d
�ff tan�1�ēqð0�Þ

ēdð0�Þ
�ff � p

2
¼ Ēa1

2x̄00d
ff � ā1 � ff �

p
2
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; k4ffd4 ;
Ēa1

2x̄00d
ff ā1 þ

p
2

� �
¼ Ēa1

2x̄00d
ffðd̄1 � pÞ; where ā1 þ d̄1 ¼

p
2

In the same way

k4ff � d4 ;
Ēa1

2x̄00d
ff ā1 þ

p
2

� �
¼ Ēa1

2x̄00d
ff � ðd̄1 � pÞ

Accordingly, the summation of the third and fourth terms of Equation 10.115s is

fk4ffd4 � e
� 1

T̄a
� j

� �
t̄
þ k4ff � y4 � e

� 1
T̄a
þ j

� �
t̄
g

¼ Ēa1

2x̄00d
�e�t̄=T̄a � fe jðd̄1�pþt̄Þ þ e� jðd̄1�pþt̄Þg

¼ � Ēa1

x̄00d
�e�t̄=T̄a � cosðt̄þ d̄1Þ

10.11.2 Calculation of equation 10.120sk5; k6; k7ff � d7

In the same way,

k5 ; s � īqðsÞjs¼0 ¼
�ēdð0�Þ

x̄00q
�

T̄
00
q

T̄
00
q0

¼ �ēdð0�Þ
x̄00q

�
x̄00q
x̄q
¼ � ēdð0�Þ

x̄q

k6 ;
�ēdð0�Þ

x̄00q
� 1�

T̄
00
q

T̄
00
q0

 !

¼ �ēdð0�Þ �
1

x̄00q
� 1

x̄q

 !

k7ffd7 ;
ēdð0�Þ � jēqð0�Þ

2x̄00q
¼ Ēa1

2x̄00q
ff � ā1 ¼

Ēa1

2x̄00q
ff d̄1 �

p
2

� �

Readers might like to find k7ff � d by themselves.

10.12 Supplement 3: The Formulae of the Laplace
Transform (see also Appendix A)

L�1 1

s

 �

¼ 1ðtÞ; L�1 1

s� a

 �

¼ e at � 1ðtÞ

L sþ a

ðsþ aÞ2 þ b2

" #

¼ e�at cosbt � 1ðtÞ; L�1 b

ðs� aÞ2 þ b2

" #

¼ e�at sinbt � 1ðtÞ

Also, recalling ðsþ a� jbÞðsþ aþ jbÞ ¼ ðsþ a2Þ þ b2, then

L�1 Affy
sþ a� jb

þ Aff � y
sþ aþ jb

 �

¼ 2Ae�at cosðbt þ yÞ � 1ðtÞ
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11
Apparent Power and its Expression in
the 0–1–2 and d–q–0 Domains

11.1 Apparent Power and its Symbolic Expression for
Arbitrary Waveform Voltages and Currents

11.1.1 Definition of apparent power

According to custom, effective power P, reactive power Q and apparent power S
:
¼ Pþ jQ are defined

and applied in relation to fundamental frequency (or power frequency, as the more practical name)

voltages and currents. So, let us examine first the power for fundamental frequency voltage and current

given by the equations

vðtÞ ¼ V cosðot þ aÞ ¼
ffiffiffi
2
p

Ve cosðot þ aÞ
iðtÞ ¼ I cosðot þ bÞ ¼

ffiffiffi
2
p

Ie cosðot þ bÞ

where

V, I: the crest values

Ve, Ie: the rms values (suffix e means ‘effective’)

Here

Ve ¼
V
ffiffiffi
2
p ; Ie ¼

I
ffiffiffi
2
p

The instantaneous power ~PðtÞ for the above voltage and current is

~PðtÞ¼ vðtÞ � iðtÞ ¼ VI cosðot þ aÞcosðot þ bÞ

¼ VI

2
cosða� bÞ þ VI

2
cosð2ot þ aþ bÞ

(11.2)

The first term on the right-hand side is the d.c. component without including time t, and the second

term is the double frequency component. The instantaneous power ~PðtÞ in this case is the offset-

biased double frequency alternating power as shown in Figure 11.1.

9
>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>;

ð11:1Þ
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The effective power P is defined as the time-averaged power of ~PðtÞ. Since the averaged value of the

second term is zero, then

P ¼ 1

T

ðT

0

~PðtÞdt ¼ VI

2
cosða� bÞ ¼ V

ffiffiffi
2
p � I

ffiffiffi
2
p cosða� bÞ ¼ VeIe cosða� bÞ (11.3)

where T ¼ 2p=o is the time for one periodic cycle.

As an additional comment, if the voltage and current in Equation 11.1 are expressed by the sine

instead of cosine, only the sign of the second term on the right-hand side of Equation 11.2 is replaced

fromþ to�. Therefore the definition of P by Equation 11.3 is not affected by the selection of the cosine

or sine.

The reactive power Q is defined by the following equation in response to Equation 11.3:

Q ¼ VeIe sinða� bÞ (11.4)

The effective power P and reactive power Q have been defined for the real-number voltage and current

of observable waveforms. The defined P and Q and the apparent power Ṡ can be defined as below in the

symbolic method based on complex-number expressions. (In this chapter, all the variables with the

form of a complex number will be expressed by letters with the ‘dot’ notation just to emphasize that

they are complex-number variables.)

For the voltage and current in the symbolic method v(t), i(t), and for the apparent power,

respectively,

_vðtÞ� V
ffiffiffi
2
p e jðotþaÞ ¼ Vee jðotþaÞ

iðtÞ � I
ffiffiffi
2
p e jðotþbÞ ¼ Iee jðotþbÞ

9
>>=

>>;

r

_S ¼ PþjQ� _vðtÞ � iðtÞ� ¼ VeIee jða�bÞ

¼ VeIe cosða� bÞ þ jVeIe sinða� bÞ s

(11.5)

where VeIe ¼ ðV=
ffiffiffi
2
p
Þ � ðI=

ffiffiffi
2
p
Þ ¼ VI=2.

That is, the apparent power _S ¼ Pþ jQ is defined as the product of v̇ðtÞ and i̇ðtÞ�
ði̇ðtÞ� is the conjugate of i

˙ðtÞÞ. The sign � signifies that the equation is a definition. The definition

of P, Q in Equation 11.5 is the same as that in Equations 11.3 and 11.4. Further, we need to distinguish

carefully the rms values Ve, Ie and the crest values V, I in the above equations.

Instantaneous effective power

0

P(t) = v(t) · i(t)
v(t) =Vcos (wt + a)

i(t) =Icos (wt + b)

Averaged effective power

cos (a – b): power factor

Time t

a – b
2w

a - b
w

~

Figure 11.1 Instantaneous power P̃ðtÞ and apparent power P

|ffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
{z
fflfflffl
fflfflffl
fflfflffl
fflfflffl
fflfflffl
ffl}
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11.1.2 Expansion of apparent power for arbitrary waveform
voltages and currents

Let us assume a voltage of angular velocityo1 and a current of angular velocityo2 at an arbitrary point

in a circuit. Then

_vðtÞ ¼ Vee jðo1tþaÞ

i̇ðtÞ ¼ Iee jðo2tþbÞ

_S ðtÞ ¼ _vðtÞ � i̇ðtÞ� ¼ VeIee jfðo1�o2Þtþða�bÞg

9
>>=

>>;

(11.6)

Therefore, _S ¼ Pþ jQ ¼ fthe averaged value of _vðtÞ � i̇ðtÞ�g, that is

_S ¼ VeIee jða�bÞ ¼ VeIe cosða� bÞ þ jVeIe sinða� bÞ foro1 ¼ o2

0 foro1 6¼o2

�

(11.7)

This equation means that the apparent power appears only as the product of voltage and current of the

same frequency. Bearing this result in mind, we examine the power for voltage and current with an

arbitrary waveform.

For the instantaneous voltage and current with an arbitrary waveform v̇ðtÞ, i̇ðtÞ

_vðtÞ ¼ Ve0e ja0 þ Ve1e jðotþa1Þ þ Ve2e jð2otþa2Þ þ Ve3e jð3otþa3Þ þ . . .

i̇ðtÞ ¼ Ie0e jb0 þ Ie1e jðotþb1Þ þ Ie2e jð2otþb2Þ þ Ie3e jð3otþb3Þ þ . . .

)

(11.8)

for the instantaneous apparent power
_~SðtÞ ¼ ~PðtÞ þ j~QðtÞ

_~SðtÞ ¼ ~PðtÞ þ j~QðtÞ ¼ f _vðtÞ � i̇ðtÞ�g

¼ �
k¼0

Veke jðkotþakÞ
( )

� �
k¼0

Ieke� jðkotþbkÞ
( )

(11.9)

and for the apparent power _S ¼ Pþ jQ

_S ¼ Pþ jQ ¼ fthe averaged value of _vðtÞ � i̇ ðtÞ�g

¼ Ve0Ie0e jða0�b0Þ þ Ve1Ie1e jða1�b1Þ þ Ve2Ie2e jða2�b2Þ þ Ve3Ie3e jða3�b3Þ þ � � �

¼ �
k¼0

VekIekcosðak � bkÞ
( )

þ j �
k¼0

VekIeksinðak � bkÞ
( )

(11.10)

The apparent power of a single phase circuit for the voltage and current of an arbitrary waveform

has thus been introduced.

11.2 Apparent Power of a Three-phase Circuit
in the 0–1–2 Domain

Applying the results of Equations 11.8–11.10 for a single phase circuit, the apparent power of a three-

phase circuit with the voltages and currents of an arbitrary waveform are introduced as follows.
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For the instantaneous apparent power per phase

_~SaðtÞ
_~SbðtÞ
_~ScðtÞ

¼ ~PaðtÞ
~PbðtÞ
~PcðtÞ

þ j
~QaðtÞ
~QbðtÞ
~QcðtÞ

¼ _vaðtÞ � i̇aðtÞ�

_vbðtÞ � i̇bðtÞ�

_vcðtÞ � i̇cðtÞ�
or

_~S abcðtÞ ¼ ~PabcðtÞ þ j ~QabcðtÞ ¼ _vabcðtÞ � i̇abc�

9
>>>>>>=

>>>>>>;

(11.11a)

and for the instantaneous apparent power for the total three phases

_~S3fðtÞ ¼ _~SaðtÞ þ _~SbðtÞ þ _~ScðtÞ ¼ f~PaðtÞ þ ~PbðtÞ þ ~PcðtÞg þ jf~QaðtÞ þ ~QbðtÞ þ ~QcðtÞg
¼ _vaðtÞ � i̇aðtÞ� þ _vbðtÞ � i̇bðtÞ� þ _vcðtÞ � i̇cðtÞ�

¼ __vaðtÞ __vbðtÞ __vcðtÞ
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

t _vabcðtÞ

�
ði̇aðtÞ�
i̇bðtÞ�
i̇cðtÞ�

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

i̇abcðtÞ�
or

_~S3fðtÞ ¼ t _nabcðtÞ � i̇abcðtÞ�

9
>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>;

(11.11b)

Here, the voltages and currents with arbitrary waveforms are

_vaðtÞ ¼�
k

Vake jðkotþaakÞ

_vbðtÞ ¼�
k

Vbke jðkotþabkÞ

_vcðtÞ ¼�
k

Vcke jðkotþackÞ

9
>>>>>=

>>>>>;

r

i̇aðtÞ ¼�
k

Iake jðkotþbakÞ

i̇bðtÞ ¼�
k

Ibke jðkotþbbkÞ

i̇cðtÞ ¼�
k

Icke jðkotþbckÞ

9
>>>>>=

>>>>>;

s

(11.12)

The dimensions of voltages and currents are volts [V] and amperes [A], while those for the apparent

power P, Q, Ṡ are volt amperes [VA] with P also in watts [W].

Now we transform Equation 11.11 into the equation of power in symmetrical components:

_vabcðtÞ ¼ a�1 _v
012
ðtÞ

i̇ abcðtÞ ¼ a�1 i̇
012
ðtÞ

)

(11.13)

Recalling the following matrix formulae,

ta�1 ¼ a�1; tfA � Bg ¼ tB � tA (11.14)

then
_~S3fðtÞ ¼ tnabcðtÞ � iabcðtÞ�

tnabcðtÞ ¼ tfa�1 � n
012
g ¼ tn

012
ðtÞ � ta�1 ¼ tv

012
ðtÞ � a�1

iabcðtÞ� ¼ fa�1 � i
012
ðtÞg� ¼ a�1� � i

012
ðtÞ� ¼ 3a � i

012
ðtÞ�

9
>=

>;
ð11:15Þ
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while

a�1� ¼ 1 1 1

1 ða2Þ� ðaÞ�

1 ðaÞ� ða2Þ�
¼

1 1 1

1 a a2

1 a2 a

¼ 3a

a2 ¼ e� j1200 ¼ a�

a ¼ e j1200 ¼ a2�

 !

; i̇012ðtÞ� ¼
1

3
a�1 � i̇abcðtÞ�

iabcðtÞ� ¼ 3a � i̇012ðtÞ�

9
>>>>>>>>>>=

>>>>>>>>>>;

(11.16)

Accordingly,

˙̃S3fðtÞ ¼ t v̇abcðtÞ � i̇abcðtÞ� ¼ ft v̇012ðtÞ: a�1gf3a � i̇012ðtÞ�g
¼ 3t v̇012ðtÞ � i̇012ðtÞ� ¼ 3 v̇0ðtÞ v̇1ðtÞ v̇2ðtÞ i̇0ðtÞ�

i̇1ðtÞ�

i̇2ðtÞ�

¼ 3fv̇0ðtÞ � i̇0ðtÞ� þ v̇1ðtÞ � i̇1ðtÞ� þ v̇2ðtÞ � i̇2ðtÞ�g
¼ 3f ˙̃S0ðtÞ þ ˙̃S1ðtÞ þ ˙̃S2ðtÞg

9
>>>>>>>>>>=

>>>>>>>>>>;

r

or
˙̃S3fðtÞ

3
¼ ˙̃S1fðtÞ¼

1

3
fṠaðtÞ þ ṠbðtÞ þ ṠcðtÞg

¼ 1

3
fv̇aðtÞi̇aðtÞ� þ v̇bðtÞ � i̇bðtÞ� þ v̇cðtÞ � i̇cðtÞ�g

¼ ˙̃S0ðtÞ þ ˙̃S1ðtÞ þ ˙̃S2ðtÞ
¼ v̇0ðtÞ � i̇0ðtÞ� þ v̇1ðtÞ � i̇1ðtÞ� þ v̇2ðtÞ � i̇2ðtÞ� s

where
˙̃S0ðtÞ ¼ P̃0ðtÞ þ jQ̃0ðtÞ ¼ v̇0ðtÞ � i̇0ðtÞ�

˙̃S1ðtÞ ¼ P̃1ðtÞ þ jQ̃1ðtÞ ¼ v̇1ðtÞ � i̇1ðtÞ�

˙̃S2ðtÞ ¼ P̃2ðtÞ þ jQ̃2ðtÞ ¼ v̇2ðtÞ � i̇2ðtÞ�

9
>>>=

>>>;

t

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(11.17)

We can conclude as follows from Equation 11.17. For voltages v̇abcðtÞ and currents i̇abcðtÞ with

arbitrary waveforms in a three-phase circuit:

� The apparent power of positive-, negative-, zero-sequence circuits is derived independently as ˙̃S0ðtÞ,
˙̃S1ðtÞ, ˙̃S2ðtÞ of Equation 11.17 t in the 0–1–2 domain.

� The summation ˙̃S0ðtÞ þ ˙̃S1ðtÞ þ ˙̃S2ðtÞ is equal to ˙̃S1fðtÞ, the averaged power of ˙̃SaðtÞ; ˙̃SbðtÞ; ˙̃ScðtÞ.

Equation 11.17 is unitized as follows.

Recalling VA3fbase ¼ 3VA1fbase,

˙̃S3f=3

Ṡ3fbase=3
¼

˙̃Sa þ ˙̃Sb þ ˙̃Sc

� �
=3

Ṡ1fbase

¼
˙̃S1f

Ṡ1fbase

¼
˙̃S0

Ṡ1fbase

þ
˙̃S1

Ṡ1fbase

þ
˙̃S2

Ṡ1fbase

¼ v̇0ðtÞ
V1fbase

: i̇0ðtÞ�

I1fbase
þ v̇1ðtÞ

V1fbase

: i̇1ðtÞ�

I1fbase
þ v̇2ðtÞ

V1fbase

: i̇2ðtÞ�

I1fbase

(11.18)
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namely

Ṡ3f ¼ Ṡ1f ¼ Ṡa þ Ṡb þ Ṡc

� �
=3

¼ Ṡ0 þ Ṡ1 þ Ṡ2 ¼ v̇0ðtÞ � i̇0ðtÞ� þ v̇1 � ðtÞ � i̇2 � ðtÞ� þ v̇2ðtÞ � i̇2ðtÞ�
(11.19)

S3f (total three-phase power) and S1f (averaged single phase power) have the same value by

unitization.

11.3 Apparent Power in the d–q–0 Domain

The relation between the apparent power in the 0–1–2 domain and that in the d–q–0 domain will be

investigated now.

Effective power Pa of phase-a can be calculated directly in terms of d-and q-axes quantities edðtÞ,
eqðtÞ and idðtÞ; iqðtÞ that are defined by Equation 10.11a and 10.11b as of real-number expression.

Pa¼eaðtÞ � iaðtÞ¼fcos ya � edðtÞ�sin ya � eqðtÞþRe½e0ðtÞ�g � fcos ya � idðtÞ�sin ya � iqðtÞþRe½i0ðtÞ�g
¼ ½cos2 ya� � edðtÞ � idðtÞ þ ½sin2 ya� � eqðtÞ � iqðtÞ � ½cos ya sin ya�feqðtÞ � idðtÞþ � edðtÞ � iqðtÞg
þ Re½e0ðtÞ � i�0ðtÞ�

where ya ¼ ot � 120�; yb ¼ ot � 120�; yc ¼ ot þ 120�: (11.20)

edðtÞ; eqðtÞ and idðtÞ; iqðtÞ are d.c values under three-phase balanced condition, while may not be time-

independent whenever phase-unbalanced.

Pb and Pc are derived as equations of the same form, then

reminding the formulae sin ya þ sin yb þ sin yc ¼ 0; cos2ya þ cos2yb þ cos2yc ¼ 3=2 etc.,

Pa þ Pb þ Pc ¼ ½cos2 yaþcos2 ybþ cos2 yc�� edðtÞ� idðtÞþ½sin2 yaþsin2 ybþ sin2 yc� � eqðtÞ � iqðtÞ
� ½cos ya sin yaþ cos yb sin yb þ cos yc sin yc�fðedðtÞ � iqðtÞ þ eqðtÞ � idðtÞg
þ 3Re½e0ðtÞ � i�0ðtÞ� ¼ ð3=2ÞedðtÞ � idðtÞ þ ð3=2ÞeqðtÞ � iqðtÞ þ 3Re½e0ðtÞ � i�0ðtÞ�

;

ðPa þ Pb þ PcÞ=3 ¼ ð1=2ÞfedðtÞ � idðtÞ þ eqðtÞ � iqðtÞg þ Re½e0ðtÞ � i�0ðtÞ�
¼ ð1=2ÞfPdðtÞ þ PqðtÞg þ Re½e0ðtÞ � i�0ðtÞ� (11.21)

In next, reactive power Qa of phase-a can be calculated directly as the equation of the same form

with Equation 10.20 but by replacing ya of current iaðtÞ to ya þ 90�.

Qa ¼ eaðtÞ � iaðtÞ ¼ fcos ya � edðtÞ � sin ya � eqðtÞ þ Im½e0ðtÞ�g � fcosðya þ 90Þ � idðtÞ
� sinðya þ 90Þ � iqðtÞ þ Im½i�0ðtÞ�g

¼½cos ya sin ya��fð�edðtÞ�idðtÞþeqðtÞ�iqðtÞÞgþ½sin2 ya�ðeqðtÞ�idðtÞ�½cos2 ya�edðtÞ�iqðtÞ
þ Im½e0ðtÞ � i�0ðtÞ�

;ðQa þ Qb þ QcÞ ¼ ð3=2ÞeqðtÞ � idðtÞ� ð3=2ÞedðtÞ � iqðtÞ þ 3Im½e0ðtÞ � i�0ðtÞ�

and then

; ðQa þ Qb þ QcÞ= ¼3 ð1=2ÞfeqðtÞ � idðtÞ � edðtÞ � iqðtÞg þ Im½e0ðtÞ � i�0ðtÞ�
¼ ð1=2ÞfQdðtÞ þ QqðtÞg þ Im½e0ðtÞ � i�0ðtÞ� (11.22)
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Furthermore, Equation 11.21 and 11.22 can be recasted as a complex number equation of P + jQ..

S 3f=3 ¼ S1f ¼ ðPa þ Pb þ PcÞ=3þ jðQa þ Qb þ QcÞ=3

¼ ð1=2ÞfedðtÞ � idðtÞ þ eqðtÞ � iqðtÞg þ ð1=2Þ jfeqðtÞ � idðtÞ � edðtÞ � iqðtÞg þ e0ðtÞ � i�0ðtÞ

¼ ð1=2ÞfedðtÞ þ j eqðtÞg � fidðtÞ � jiqðtÞÞg þ e0ðtÞ � i0�ðtÞ

¼ ð1=2ÞfðPd þ j QdÞ þ ðPq þ j QqÞg þ e0ðtÞ � i0�ðtÞ

¼ ð1=2ÞfSd þ Sqg þ S0 (11.23)

The equations can be unitized by the same capacity base as adopted in Equation 10.40. Accordingly,

whenever the generator’s apparent power is concerned, the rated rms capacity of the generator by

[VA] or [MVA] is usually adopted as the base quantity for the unitization of the apparent power.

Thus

VA3fbase

3
¼ sebaseffiffiffi

2
p

� �

� sibaseffiffiffi
2
p

� �

¼ 1

2
� sebase � sibase (11.24)

sebase=
ffiffiffi
2
p

: rms phase voltage base

sibase=
ffiffiffi
2
p

: rms phase current base

Dividing Equation 11.23 by Equation 11.24, the coefficient 1/2 disappears and we have

Ṡ3f ¼ Ṡ1f¼ P3f þ jQ3f ¼ P1f þ jQ1f

¼ ėdðtÞ � i̇dðtÞ� þ ėqðtÞ � i̇qðtÞ� þ 2ė0ðtÞ � i̇0ðtÞ�

¼ ṠdðtÞ þ ṠqðtÞ þ 2Ṡ0ðtÞ

r

or referring to Equation ð11:19Þ
Ṡ3f ¼ Ṡ1f ¼ Ṡ1 þ Ṡ2 þ Ṡ0 ¼ Ṡd þ Ṡq þ 2Ṡ0 s

9
>>>>>>>>>=

>>>>>>>>>;

(11.25)

In the unitized equation, fortunately the coefficient 1/2 disappears. However, the zero-sequence

power of 2Ṡ0 has unexpectedly appeared as a term of unitized total apparent power Ṡ3f ¼ Ṡ1f.

Again in the d–q–0 domain, the apparent powers of d-axis, q-axis and zero-axis circuits Ṡd ; Ṡq; Ṡ0

can be independently treated in the form of ėðtÞ � i̇ðtÞ�. The summation value (Ṡd þ Ṡq þ 2Ṡ0) is equal

to the unitized three-phase power Ṡ3f ¼ Ṡ1f.

The above derived equations of apparent power are the expanded equations which can be applied

for arbitrary unbalanced phase voltages and currents. The equations shows that apparent power S,

effective power P, reactive/capacitive power Q can be interchangeable on a-b-c domain, symmetrical

domain as well as d-q-0 domain.
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Coffee break 6: Hertz, the discoverer and inventor
of radio waves

In the 1870s and 1880s, most scientists doubted Maxwell’s theory and still continued their study

or discussion of the ‘existence of ether’, because the profound meaning of Maxwell’s equations

was not easily understood at first, and in particular any definite proof that electricity and light

were electromagnetic waves did not exist. However, Hertz’s famous experiment in 1888 and his

profound theory became very important turning points for proving Maxwell’s predictions.

Heinrich Rudolf Hertz (1857–1894) carried out his famous experiment in his laboratory in

1888, where radio waves were sent by one coil and detected by another coil (antenna coil) some

distance from each other. The first coil contained a metal rod with a small gap at its midpoint,

and when sparks crossed this gap, violent oscillations at high frequency were set up in the rod

and the noise signal was detected by the second coil circuit. Hertz proved that these waves were

transmitted through air from one coil to the other. This is the first instance of wave radiation by

humankind.

Hertz also showed that, like light waves, these waves were reflected and refracted and, in

particular, they travelled at the same speed as light but had a much longer wavelength. He also

noted that electrical conductors reflected the waves and that they can be focused by concave

reflectors. He found that non-conductors (including air and vacuum spaces) allow most of the

waves to pass through. These waves, of course just radio waves to us today, conclusively

confirmed Maxwell’s prediction of the existence of electromagnetic waves, in the form of both

light and radio waves, and further of electricity in telegraph cables. The Hertz dipole or Hertz’s
oscillator originated from the above experiment and became fundamentals of radio wave
applications of the twentieth century.

It is said that in 1891 Oliver Heaviside quoted: ‘Three years ago electromagnetic waves were

nowhere. Shortly afterwards, they were everywhere.’

Heinrich Rudolf Hertz (1857–1894) Hertz’s first transmitter (1986)
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12
Generating Power and Steady-state
Stability

We studied generator theory in Chapter 10 as the characteristics of voltage v, current i and flux linkage

c without using P, Q. However, in Chapter 11, we discussed what apparent power S
:
¼ Pþ jQ means

in the a–b–c, 0–1–2 and d–q–0 domain. Now we need to extend generator theory to network theory as

the characteristics of v, i, P, Q, f.

In this chapter, we begin by examining the generator’s fundamental characteristics in combination

with the connected network. As the first step, the equations of generator operation by v, i, P, Q under

three-phase-balanced conditions are introduced, and then steady-state stability of a power system is

discussed.

Incidentally, we will study the behaviour of various power systems at fundamental frequency as

well as higher harmonics and surge frequency using simple power system models in the latter part

of the book. We would like to emphasize that the essence of power system behaviour can be clearly

understood only by studying simple models.

12.1 Generating Power and the P–d and Q–d Curves

A generator is operating under three-phase-balanced conditions and rotating at constant speed.

This case coincides with that of Equations 10.52–10.56 and of the vector diagram in Figure 10.5.

That is,

ed þ j eq ¼ E1e j a1

id þ jiq ¼ I1e jb1

)

ð12:1aÞ

ðed þ jeqÞe jt ¼ E1e jðtþa1Þ ¼ ¯̇e1ðtÞ
ðid þ jiqÞe jt ¼ I1e jðtþb1Þ ¼ ¯̇i1ðtÞ

)

ð12:1bÞ

ed ¼ E1 cos a1 ¼ E1 sin d
eq ¼ E1 sin a1 ¼ E1 cos d

�

(12.1c)

where d ¼ ðp=2Þ � a1 (the suffix and overbar on d are omitted for simplicity).

The symbol (t) in ēd , ēq, īd , īq has been omitted because all the quantities are for time-independent

d.c. components under three-phase-balanced conditions. t̄ is the unitized value [rad] based on

Equation 10.42. Referring to Figure 10.5, d is the angular difference between the generator’s induced

voltage jEf (� jxad � ifd , proportional to the field excitation) and the terminal voltage E1e j a1 (namely,

the generator’s inner angular difference) and d ¼ ðp=2Þ � a1.
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The apparent power is, referring to Equations 12.1a and b,

Ṡ3f ¼ Ṡ1f ¼ ė1ðtÞ � _i1ðtÞ� ¼ E1e j a1
� �

� I1e jb1

� ��

¼ ed þ j eq

� �
e jt � ¯̇id � j¯̇iq

� �
e� jt

¼ edid þ eqiq
� �

þ j eqid � ediq
� �

; P3f ¼ P1f ¼ edid þ eqiq

Q3f ¼ Q1f ¼ eqid � ediq

9
>>>>>>>>=

>>>>>>>>;

(12.2)

This is the apparent power of the generator under three-phase-balanced conditions, and all the

d- and q-domain quantities are for d.c. components.

Next, Equation 10.59 is utilized under three-phase-balanced conditions. Rewriting the equation as

id ¼
Ef � eq � riq

xd

iq ¼
ed þ rid

xq

9
>>>=

>>>;

(12.3)

neglecting terms in r (because xd; xq� r) and substituting Equation 12.3 into Equation 12.2,

Pgen�P3f ¼ P1f ¼
Ef ed

xd
þ edeq

1

xq
� 1

xd

� �

r

Qgen ¼ Q3f ¼ Q1f ¼
E f eq

xd
� e2

d

xq
þ

e2
q

xd

 !

s

9
>>>>=

>>>>;

(12.4)

On substituting Equation 12.1c into 12.4, the following very important equations are derived.

For the P–d and Q–d curve characteristics

P � d curve

Pgen ¼ P3f ¼
Ef E1

xd
sin dþ E

2
1

2

1

xq
� 1

xd

� �

sin 2d1 r

Q� d curve

Qgen ¼ Q3f ¼
Ef E1

xd
cos d� E

2
1

2

1

xq
þ 1

xd

� �( )

þ E
2
1

2

1

xq
� 1

xd

� �

cos 2d1 s

9
>>>>>>>>>>=

>>>>>>>>>>;

(12.5)

where the second terms on the right-hand sides in the Equationsrs are called the ‘saliency effect’ terms.

These are very important equations which explain the generator’s essential characteristics in

terms of the P–d curve and Q–d curve. Figure 12.1a shows the vector diagram of the generator

quantities under three-phase-balanced operation. Figures 12.1b and c are the sets of the P–d curve

and Q–d curve derived from Equation 12.5 which show effective power P and reactive power Q as

parameters of d. The saliency effect appears under the condition of xd 6¼ xq.

Equation 12.5 r s can be written as the combined equation

Ṡgen ¼ Pgen þ jQgen ¼
E

2
1

2

1

j xq
þ 1

j xd

� �

� Ef E1

j xd
e� jd� E

2
1

2

1

j xq
� 1

j xd

� �

e� j2d r

for the non-salient-pole machine ðxd ¼ xqÞ

Ṡgen ¼ Pgen þ jQgen ¼ E1 �
E1 � Ef e� jd

j xd
s

9
>>>>>>>=

>>>>>>>;

(12.6)
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Figure 12.1 P–d and Q–d curves of a generator
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Equations 12.5 and 12.6 show the generator’s basic characteristics in combination with the connected

outer network. In the equations overall, only xd; xq are specified values for the generator machine; all

other variables are for electrical quantities at the generator terminal as part of the connected network.

Therefore the equations can be written as an implicit functional equation as follows:

functionðP;Q; v; i; d;o ¼ 2p f Þ ¼ 0 (12.7)

All the variables P, Q, v, i, d, o ¼ 2p f are linked to each other, and none of them can be changed

independently without affecting the others, more or less. This is true in regard to power system

networks. We may sometimes treat the phenomena of (P, d, o ¼ 2p f ), or the phenomena of (Q, V) as

closely correlated variables in practical engineering work. However, we need to remember that such

treatments are kinds of approximations for simplification from a strict point of view. For example, in

Figure 12.1b, P can be increased to a larger value of around d ¼ 90� only when E1 (the terminal

voltage) is unchanged, which means large amounts of Q should be provided as shown in Figure 12.1c.

In other words, discussion of the P–d curve without consideration of Q and E1 is meaningless.

The P–d and Q–d curves always exist as an inseparable couple, so that the characteristics or

the behaviour of a power system cannot be adequately discussed using one curve without the other.

Both are required to describe a power system. This matter will be discussed in the next section and

Section 14.5.

12.2 Power Transfer Limit between a Generator
and a Power System Network

12.2.1 Equivalency between one-machine to infinite-bus
system and two-machine system

Figure 12.2a shows a system model with two machines in that generator 1 is connected to generator

2 through a network reactance, and Figure 12.3a shows a system model with one machine to an

Figure 12.2 System model with two machines
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infinite bus, in which generator 1 is connected to the infinite bus. The vector diagram for each case is

also shown in the figures.

First of all, let us examine the equivalence of both figures. The electrical condition of generator

1 becomes equivalent in both figures if the condition in the following equation below is satisfied:

Bxl þ Bxd ; Bxl þ Bxq� xl (12.8)

Equation 12.8 means that the d-axis circuit and the q-axis circuit of the outer system can be

considered as the same as each other in Figure 12.2a. (The difference for the zero-sequence circuit

is neglected as we are studying three-phase-balanced normal operating conditions.)

The assumption of Equation 12.8 can be justified if generator 2 is of cylindrical type (xd ¼ xq), or

even if generator 2 is of salient type (Bxd 6¼ Bxq). Equation 12.8 may be approximately justified by

insertion of some line reactance Bxl between both generators.

In other words, at least the behaviour of generator 1 can be examined equally by a two-machine

system or by a one-machine to infinite-bus system. In an actual power system with a total number n

of generators, we can imagine that our generator 1 is connected to another equivalent generator which

actually consists of n � 1 parallel connected generators through the network.

12.2.2 Apparent power of a generator

We assume that Equation 12.8 is justified and that generator 1 is a thermal driven generator (xd ¼ xq)

in Figures 12.2 and 12.3. Then

ėbus ¼ Ebusff0� ¼ Ebus r

ėgen ¼ Ebus þ j xli̇ s

Ef ¼ Ef ffd ¼ Ebus þ jðẋq þ ẋlÞi̇; jðxd � xqÞi̇d ; 0 t

Ṡbus ¼ Pbus þ jQbus ¼ Ebus i̇
�

u

Ṡgen ¼ Pgen þ jQgen ¼ ðEbus þ j xli̇Þi̇
�

v

9
>>>>>>>>>=

>>>>>>>>>;

(12.9)

where the suffix gen refers to quantities of generator 1.

From Equation 12.9 u v

Pgen þ jQgen ¼ Pbus þ jQbus

� �
þ j xli

2
(12.10)

Ef∠d 

egen xl

xd
xq

∏ i 

∏ i 

(a) (b) 

. 

egen 
. 

ebus 
. 

ebus = Ebus∠0° 
. 

q-axis 

d-axis 

d 

#1 

Ef∠d 

j (xd – xq) ⋅id  = 0⋅ ⋅ 

jxl⋅i
.

.
jxq⋅i

Figure 12.3 System model with one machine to infinite bus
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From Equation 12.9 t

i̇¼ Ef e jd � Ebus

jðxq þ xlÞ
¼ � jEf e jd þ jEbus

xq þ xl
; i̇

�
¼ jEf e� jd � jEbus

xq þ xl

i̇
2
¼ i̇ � i̇

�
¼

E
2
f þ E

2
bus � Ef Ebusðe jd þ e� jdÞ
ðxq þ xlÞ2

¼
E

2
f þ E

2
bus � 2Ef Ebuscos d

ðxq þ xlÞ2

9
>>>>>>>>>>=

>>>>>>>>>>;

(12.11)

Accordingly,

Ṡbus ¼ Pbus þ jQbus ¼ Ebus � i̇
�
¼ Ebus �

jEf e� jd � jEbus

xq þ xl

¼ Ef Ebus

xq þ xl
sin dþ j

EbusðEf cos d� EbusÞ
xq þ xl

� �

r

Ṡgen ¼ Pgen þ jQgen ¼
Ef Ebus

xq þ xl
sin dþ j

E
2
f xl � E

2
busxq þ Ef Ebusðxq � xlÞcos d

ðxq þ xlÞ2

( )

s

Pgen ¼
Ef Ebus

xq þ xl
sin d ðP � d curveÞ t

Qgen¼
E

2
f xl � E

2
busxq þ Ef Ebusðxq � xlÞcos d

ðxq þ xlÞ2
ðQ� d curveÞ

9
>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>;

(12.12)

Pgen;Qgen have been derived as P–d and Q–d characteristics with the parameters of E f ;Ebus,

where usually Ebus ¼ 1:0ff0�.
The equation shows that Qgen is of positive (þ) magnitude (lagging operation) for large E f , while it

is of negative (�) magnitude (leading operation) for smaller E f (weak excitation). Also Pgen ¼ Pbus

is recognized because line resistance is neglected, while Qgen 6¼Qbus because reactive power

consumption on the transmission line exists. The special case of xl! 0, Ebus!E1, xd ¼ xq in

Equation 12.12 coincides with Equation 12.6 s.

12.2.3 Power transfer limit of a generator
(steady-state stability)

A generator normally operates in synchronization with the connected power system. This means that

E f ffd and Ebusff0� are running at the same speed and the angular ffd displacement is always within

some upper limit (d< 90�).
Suppose generators 1 and 2 are operating in synchronization, and generator 2 is accelerated a little

for some reason and leads to d! dþ Dd. Then generator 1 automatically tries to recover the delay of

Dd by releasing the kinetic energy stored in its rotor, so that the electrical output of generator 1 is

immediately increased by P!Pþ DP. Such inherent recovering characteristics of the generator are

called synchronizing power. The synchronizing power of the generator is effective so long as the

recovering power DP is of positive sign for some disturbance Dd.

In other words, the critical condition in which the generator can be operated with the power system

in synchronization is

Synchronizing power
qPgen

qd
¼ DP

Dd
3 0 (12.13)
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Applying Equation 12.12 t to Equation 12.13,

qPgen

qd
¼ Ef Ebus

xg þ xl
cos d3 0 ; d2 90� (12.14)

The generator reaches the power transfer upper limit at large d of approximately 90�. Such an

upper limit condition is called the steady-state stability limit. Using the suffix max for such

conditions,

Ṡgmax ¼ Pgmax þ jQgmax r

Pgmax ¼
E f Ebus

xq þ xl
s

Qgmax¼
E

2
f xl � Ebus

2
xq

ðxq þ xlÞ2
t

where d ¼ 90�ðwith the condition xd ¼ xqÞ

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

(12.15)

In Figure 12.1b, the steady-state stability limit is at d ¼ 90� for a generator of non-salient poles

(xd ¼ xq, curve 1) and is at an angle of less than 90� (say, 70�) for a generator of salient poles (xd 6¼ xq,

curve 2).

It should be noted that in order to transfer such maximum power Pgmax through the line,

the corresponding large value of Qgen in Figure 12.1c must be supplied to the system so that

the terminal voltage E1 is kept as the normal voltage. Otherwise, E1 decreases and the P�d curve

shrinks. The necessary value for Qgen becomes quite large for the operation with d exceeding

50� as shown in Figure 12.1c. This is why we always need to treat P and Q together as coupled

quantities.

12.2.4 Visual description of generator’s apparent power
transfer limit

Pgmax;Qgmax are functions of Ef ;Ebus and so cannot be independent of each other. Therefore we want

to find an equation for Pgmax and Qgmax by elimination of Ef and Ebus. For this purpose we need

one more equation besides Equation 12.15 s t, which can be obtained from Figure 12.2c. Under

the condition of d ¼ 90�, AO : CO ¼ AB : GB ¼ ðxl þ xqÞ :xl, so that Pythagoras’s theorem can

be applied:

ė
2
gen ¼

xl

xq þ xl

� �2

E
2
f þ

xq

xq þ xl

� �2

E
2
bus (12.16)

Eliminating Ef ;Ebus from Equations 12.15 s t and 12.16, we obtain the following equation (refer

to the supplement at the end of the chapter for the process):

P
2
gmax þ Qgmax �

1

2

1

xl
� 1

xq

� �

e2
gen

� �2

¼ 1

2

1

xl
þ 1

xq

� �

e2
gen

� �2

(12.17)

12.2 POWER TRANSFER LIMIT 229



Unitizing Pmax;Qmax by e2
gen and writing them as p; q,

p2 þ q� 1

2

1

xl
� 1

xq

� �� �2

¼ 1

2

1

xl
þ 1

xq

� �� �2

where p ¼ Pgmax

e2
gen

; q ¼
Qgmax

e2
gen

the circular locus in p� q coordinates :

centre: 0;
1

2

1

xl
� 1

xq

� �� �

radius:
1

2

1

xl
þ 1

xq

� �

diameter: the straight line connecting the points 0;
1

xl

� �

and 0;� 1

xq

� �

9
>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>;

(12.18)

Figure 12.4 can be drawn from Equation 12.18. The circle in p–q coordinates gives the steady-state

stability limit and the generator cannot be operated outside of the circle.

Equation 12.18 can be modified to the equation below:

ð p xqÞ2 þ ðq xqÞ �
1

2

xq

xl
� 1

� �� �2

¼ 1

2

xq

xl
þ 1

� �� �2

(12.19)

For the circular locus in ð p xqÞ�ðq xqÞ coordinates:

centre: 0;
1

2

xq

xl
�1

� �� �

radius:
1

2

xq

xl
þ1

� �

diameter: the straight line connecting points 0;
xq

xl

� �

and ð0;�1Þ
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leading 

leading 

1 
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Figure 12.4 Steady-state stability limit of a generator

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

(12.19)
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Figure 12.4b can be drawn from the equation, that is circles based on the parameter xq=xl.

If the power system capacity is relatively smaller (xl! large), the generator’s stable operating zone

shrinks. In other words, if the generator’s output power exceeds the limit, the generator has to be

stepped out in deceleration mode.

12.3 Supplement: Derivation of Equation 12.17
from Equations 12.15*2 *3 and 12.16

Putting

A ¼ Ef

xq þ xl
B ¼ Ebus

xq þ xl
(1)

we obtain

Pgmax ¼ ABðxq þ xlÞ (2)

Qgmax ¼ A2xl � B2xq (3)

e2
gen ¼ A2x2

l þ B2x2
q (4)

From (3) (4)

A2 ¼
e2

gen þ Qgmaxxq

xlðxq þ xlÞ
B2 ¼

e2
gen � Qgmaxxl

xqðxq þ xlÞ
(5)

Substituting (5) into (3),

P
2
gmax¼

e2
gen þ Qgmaxxq

� �
� e2

gen � Qgmaxxl

� �

xq � xl

¼� Qgmax �
1

2

1

xl
� 1

xq

� �

e2
gen

� �2

þ 1

2

1

xl
þ 1

xq

� �

e2
gen

� �2
(12.17)

This is Equation 12.17.
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13
The Generator as Rotating Machinery

We have studied the generator’s characteristics from the viewpoint of electrical theory in the previous

chapters. In this chapter we examine the generator as a rotating mechanical machine. This base

knowledge is essential in order to understand the dynamic characteristics of a generator and of the

power system as a congregation of generators.

Note that we omit the overbar symbol for the per unit value below and for all subsequent chapters,

even though most of all the quantities are in per unit values.

13.1 Mechanical (Kinetic) Power and Generating
(Electrical) Power

We examine first the relation between the generator’s mechanical input (driving force by steam turbine

or by water wheel) and electrical output (generating power).

13.1.1 Mutual relation between mechanical input power
and electrical output power

A generator connected to a power system network is operating under three-phase-balanced conditions.

The generator’s electrical quantities are given by Equation 10.43 in the d–q–0 domain, and the

apparent power is given by Equation 11.25, all in per unit values.

Substituting Equation 10.43 into Equation 11.25 to eliminate voltage variables, the following

equation is derived:

Ṡ3f ¼ Ṡ1f ¼ P1f þ jQ1f ¼ ṠdðtÞ þ ṠqðtÞ þ 2Ṡ0ðtÞ

¼ �omðtÞċqðtÞ þ
d

dt
ċdðtÞ � ri̇dðtÞ

� �

i�d þ omðtÞċdðtÞ þ
d

dt
ċqðtÞ � ri̇qðtÞ

� �

i�q

þ 2
d

dt
ċ0ðtÞ � ri̇0ðtÞ

� �

i0ðtÞ�
ð13:1aÞ

; _S3f ¼ Ṡ1f ¼ ċdðtÞi̇qðtÞ� � ċqðtÞi̇dðtÞ�
n o

omðtÞ

þ d

dt
ċdðtÞ � i̇dðtÞ� þ

d

dt
ċqðtÞ � i̇qðtÞ� þ 2

d

dt
ċ0ðtÞ � i̇0ðtÞ�

� �

� r i2dðtÞ þ i2qðtÞ þ 2i20ðtÞ
n o

r

whereomðtÞ ¼
d

dt
ymðtÞ is the mechanical angular velocity of the rotor s

ðsuffix m means mechanical quantitiesÞ

(13.1b)

|ffl
fflfflffl
fflfflffl
fflffl{
zffl
fflfflffl
fflfflffl
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The angular velocity om in the equation is the instantaneous value of the rotor shaft, which fluctuates

and does not necessarily coincide with the electrical angular velocity of the power network o ¼ 2p f :
Equation 13.1b is a very important equation which combines the concepts of mechanical power

and electrical power. Now, we investigate each term on the right-hand side of this equation.

13.1.1.1 The first term

From the dynamic theory of rotating devices in physics,

ðmechanical power PmÞ ¼ ðtorque TmÞ � ðrevolving velocityomÞ (13.2)

Comparing the first term on the right-hand side of Equation 13.1b with Equation 13.2, the part in

f g corresponds to the mechanical torque Tm, and the first term itself corresponds to mechanical

power Pm which is given from the prime-mover. This mechanical power Pm intervenes from flux

linkages and finally is transferred from the rotor to the stator armature windings in the form of

electrical power across the air gap. In other words, the first term on the right-hand side is the

mechanical power Pm which is given from the prime-mover to the rotor and transferred to the stator

coil windings as electrical power by the form of flux linkage through the air gap. Or, we should adopt

the above explanation for the real-number part of the equation, because mechanical power is not

directly comparable with reactive power in electrical theory.

Accordingly, the part in f g in the equation can be treated as the term for electrical torque with the

symbol ṪeðtÞ. Then

electrical torque ṪeðtÞ ¼ ċdðtÞi̇qðtÞ� � ċqðtÞi̇dðtÞ�

mechanical torque Tm ¼ RefTeðtÞg

)

(13.3)

13.1.1.2 The second term

This is the term for the rate of decrease of armature magnetic energy. It is zero under three-phase-

balanced conditions because cd ;cq;c0 are d.c. quantities under steady-state conditions and accord-

ingly their derivatives are zero. In other words, the second term corresponds to the transient term which

appears when the armature fluxes in the d–q–0 domain are being changed.

13.1.1.3 The third term

This is the term for Joule losses, caused by the resistance of armature windings. The zero-sequence

component includes the coefficient 2 as in Equation 11.25.

In total, Equation 13.1 can be understood as follows:

˙̄S3fðtÞ ¼ TeðtÞomðtÞ þ
rate of change of armature magnetic

energy in d-q-0 domain

� �

� Joule losses of armature
windings

� �

transient term

(13.4)

The real-number part of Equation 13.4 is, for the effective electrical output power,

P3fðtÞ ¼ TmðtÞomðtÞ
�1

þ
rate of change of armature magnetic

energy in d-q-0 domain

� �

�2

� Joule losses of the
armature winding

� �

�3
mechanical power transient electric power caused by Joule losses of

the rotor receives from discharge ðor chargeÞ of the rotor’s kinetic the armature winding

the prime-mover energy in the transient condition of

deceleration ðor accelerationÞ of the rotor

(13.5)
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13.1.1.4 Steady-state condition

In this case, Tm; om; P3f, etc., are invariable, so the second term �2 of Equation 13.5 or 13.1br is

zero. The energy of revolution is also invariable because omðtÞ is invariable in this condition.

13.1.1.5 Transient condition by sudden disturbance

Suppose that the load demand of the generator is suddenly increased from P3f to P3f þ DP3f for some

reason on the outer network. This means a sudden increase on the left-hand side of Equation 13.5,

while term �1 does not vary because the term will be changed only by the prime-mover. The change in

term �3 is negligible. Accordingly, term �2 has to be increased instantaneously. Therefore, the rotor

begins to release its stored kinetic energy (k ¼ ð1=2ÞIo2
m, see the next section) to compensate for the

transient power imbalance, while slowing down of the rotor (or electrical angular slip) continues until

the prime-mover begins to increase the mechanical input power Pm to the rotor (term �1); conse-

quently, the rotor begins to recover the energy imbalance caused. If the increased electrical angular

displacement of the rotor exceeds the stability limit of approximately 908, the generator will be forced

to lose synchronization with the outer power system. In other words, capricious load fluctuations have

to be followed after mechanical input power (Pm) increase/decrease control by all the generators

within the power system from time to time as a function of the individual speed governor operation,

and, furthermore, as a function of the total automatic frequency control (AFC) of the power system.

Incidentally, the ‘simultaneity and equality of the demanding power and the supplying power’
are often referred to as the fatal characteristics of a power system. These result from the above

described generator characteristics.

Returning to Equation 13.2, the operating frequency of most power utility systems is kept typically

at 50/60 � 0.05 Hz by AFC system operation from the central dispatching centre. Then the angular

velocity of the power system and of all the operating generators isoðtÞ ¼ omðtÞ ¼ 1:0� 0:01 ; 1:0 on a

per unit basis. Accordingly, putting omðtÞ ¼ 1:0 into Equation 13.2, we find that the power and torque

actually have the same per unit values as each other (namely, Pm ¼ Tm; S3f ¼ Te by PU expression),

although they are quantities with different dimensional units electrically as well as mechanically. It is also

clear that the electrical and mechanical quantities are equivalent under synchronized operation.

13.2 Kinetic Equation of the Generator

13.2.1 Dynamic characteristics of the generator
(kinetic motion equation)

A generator’s rotor can be assumed to be a homogeneous rigid cylindrical body as shown in Figure 13.1.

We introduce here the kinetic motion equation of the rotor.

G

D: diameter

R: radius
G: axial length

D = 2R

wm

Figure 13.1 Cylindrical revolving body
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The mechanical acceleration equation (the kinetic motion equations) is

DPm ¼
M0

om
� dom

dt
¼ omDTm½kg �m=s� r

d2ym

dt2
¼ dom

dt
¼ om

M0
DPm ¼

o2
m

M0
DTm ¼

DTm

I
s

M0 ¼ Io2
m ¼ 2� 1

2
Io2

m

� �

¼ 2K t

K ¼ 1

2
Io2

m u

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

(13.6)

where I : moment of inertia ½kg �m=s� I ¼�
i

mir
2
i

mi is the weight of the material point and is ri is its distance from the rotating axis

M0 : inertia constant; M0 ¼ Io2
m

ym;om : mechanical phase angle ½radian�; angular velocity ½rad=s�
Pm : mechanical power transferred from the prime-mover to the generator rotor:
Tm : mechanical torque of the rotor

K : kinetic energy of the rotor K ¼ 1

2
Io2

Pe : effective power transferred from the rotor to the armature windings across the air

gap ½W�
Te : electrical torque of the rotor ½W � s=rad�

I and om can be replaced by the practical scale units below:

I ¼ GR2

g
¼ GD2

4g

om ¼ 2p � Nrate

60½sec�½rad�
(13.7)

where g : gravity accelerator

G : effective axial length ½m�
R; D : radius and diameter of rotor ½m�
GD2 : flywheel effect ½kg �m2�
Nrate : rated rotating speed per minute ½rpm�

Nrate=60 : rated rotating speed per second ½s�1�

Accordingly,

motion energy K ¼ M0

2
¼ 1

2
Io2

m ¼
1

2

GD2

4g

� �

� 2p
Nrate

60

� �2

½kg �m�

¼ 1:37� GD2 Nrate

1000

� �2

½kW � sec�

where 1 kg �m ¼ 9 � 8 ½W � sec�

9
>>>>>>>=

>>>>>>>;

(13.8)

G, D are the axial length and diameter of the rotor, so that GD2 is the volume of the cylinder. All the

values in the equation are specific mechanical values for the generator rotor.
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Now we introduce M (unit inertia constant), which is defined by M ¼ M0=Prate:

M � M0½kW � sec�
Prate½kW� ¼

2:74� GD2 Nrate

1000

� �2

Prate
½sec�

M0 ¼ M � Prate

where Prate : the rated output capacity ½kW�

9
>>>>>>=

>>>>>>;

(13.9)

GD2 as well as Prate (the rated capacity) and Nrate (rated rotating speed) are given on the name-plate

of each generator, as essential specifications, so the unit inertia constant M is also a specified value

for each generator. Generators with larger M obviously have larger synchronizing power, because M

is proportional to GD2 and N2
rate. Typical values of M are shown in Table 13.1.

GD2 for thermal generators is generally smaller than that for hydro-generators of the same reted

capacity, while the rotating speed Nrate of thermal generators (3000/3600 rpm) is 3–10 (¼ n, where 2n

is the number of poles of hydro-generators) times faster than that of hydro-generators. Accordingly, M

for thermal generators is typically a little larger than that for hydro-generators despite the fact that GD2

is relatively smaller.

13.2.2 Dynamic equation of generator as an electrical
expression

In Equation 13.6, the symbols of variable quantities can be replaced as follows:

DPmðtÞ ! PmðtÞ � PeðtÞ
ymðtÞ ! yeðtÞ=n

omðtÞ ! oeðtÞ=n

9
=

;
(13.10)

where

PmðtÞ : mechanical input power given by the prime-mover

ðfriction loss; windage loss are already subtractedÞ
PeðtÞ : electrical output power ðincluding armature resistance lossÞ

2n : pole numbers: thermal generator ð2n ¼ 2Þ; hydro-generator ð2n ¼ 6 to 20Þ;
nuclear generator ð2n ¼ 4Þ

om; oe : mechanical angular velocity; electrical angular velocity ½rad�
o0 : rated angular velocity

oe ; o0 ¼ 2p f0ð f0 ¼ 50 or 60 HzÞ

The mechanical acceleration Equation 13.6, can be modified as follows.

For the dynamic equation of a generator

d2yeðtÞ
dt2

¼ doeðtÞ
dt

¼ o0

M0
ðPmðtÞ � PeðtÞÞ (13.11)

Table 13.1 Unit inertia constants of generators (M ¼ M=Prate)

M value

Hydro-generator 6–8

Thermal generators (forced cooling type) 7–10

Thermal generators (natural cooling type) 10–15

Synchronous motors 3–5
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Pe; ye; oe in this equation are the same as the variables Pe; ye; oe in Chapter 10 for generator

electrical theory. The symbol (t) is added in order to emphasize that this is a dynamic equation

applicable to dynamic transient phenomena.

The equation can be unitized by o0=M0 so that the coefficient on the right-hand side

disappears:

d2yeðtÞ
dt2

¼ d oeðtÞ
dt

¼ PmðtÞ � PeðtÞ (13.12)

Equation 13.11 or 13.12 shows that the rotating speed is constant (do=dt ¼ 0) under balanced

conditions of mechanical input and electrical output (Pm ¼ Pe). The generator rotor is decelerated

if Pm <Pe, and is accelerated if Pm >Pe. Therefore, whenever mechanical input power Pm

from the prime-mover or electrical output power Pe to the outer power system fluctuates, the

generator rotor is forced to swing towards or slip from the power system angular velocity

o0 ¼ 2p f0.

13.2.3 Speed governors, the rotating speed control equipment
for generators

The mechanical input of the hydro/thermal prime-mover must always be automatically controlled

so that the rotor speed om always meets the angular velocity of the power system o ¼ 2p f .

Every generator is equipped with a speed governor, by which the prime-mover is controlled so

as immediately to increase (decrease) the mechanical input whenever the rotating speed is

decelerated (accelerated) towards power system angular velocity o ¼ 2p f . In other words,

the governor has the function of speed restoration which tends to keep the present rotating

speed Do ¼ ðom � 2p f Þf g! 0 within the power capacity range of 3–5% of the rated MW values

of the TG unit.

Figure 13.2 shows the operating mechanism of the speed governor (mechanical type) for hydro/

thermal turbines. Although the principle is the same, the governors for thermal turbines have quick

response characteristics in comparison with that for water-wheel turbines.

Figure 13.3 shows photographs and artwork of a typical water turbine generating unit for a pumped

storage station. The photographs show the stator–rotor unit, wheel casing with guide vane and Francis-

type runner unit for a high-head station.

In the case of a hydro-generating station, the amount of water in the long penstock system has large

kinetic energy, so rapid changes of water flow cause severe water hammer or sudden vacuum

phenomena on the penstock or on the guide-vane system, in spite of the installation of a surge tank.

Therefore, rapid water flow control cannot be expected in order to avoid damage to the penstock or

turbine systems. Accordingly, the speed governor for the hydro-unit is equipped with a dash-pot

mechanism to prevent quite rapid mechanical vane (water flow) control.

In the case of the thermal turbine unit, the control valve can be operated quickly by the speed governor

(say, order of 0.1 s), because pressure variation phenomena like hammering need not be taken into

account for the high pressure dry steam gas. Accordingly, the speed governor for this unit is not equipped

with mechanisms like dash-pots. This unit is, incidentally, equipped with an emergency governor, which

takes emergency action and closes the main stop valve whenever the rotor speed reaches the physical upper

limit.

In conclusion, the function of the speed governor is to control the rotor speed to follow the

fluctuating power system frequency. Thus the governor has an important role in maintaining

synchronization of the generator with the network. In addition to the above, it carries out a major

role in limiting fringing-fluctuated system frequency f as a supporting function of AFC (from the

central dispatching centre).
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rotor 
& stator

generator motor for pumping-up station

d.c. current
excitor (solid type)

stator

runner casing

rotor (with salient poles)

guide vane

Francis-type hydro-runner
(for high-head, high-speed usage)

(a) Water TG unit for high-head pumped, storage power
station (360 MW, 50 Hz, 12 poles, 500 rpm)

Courtesy of Toshiba

(b) Francis-type hydro-runner
(for low-head, low-speed usage)

Figure 13.3 Hydro-turbine and generator
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Coffee break 7: Heaviside, the great benefactor
of electrical engineering

Hertz’s experiment became the great turning point when the ‘ether’ vanished and the door of

modern science and technology of electricity was opened. The history of electricity in the

nineteenth century seemed to have branched into two streams by the twentieth century. The first

concerned the science of physics in the fields of, for example, atomic and quantum physics,

radio waves, astronomy, and Einstein’s relativity. The second stream concerned, of course,

engineering for social and industrial applications of electricity, perhaps divided into three

categories, namely (a) radio wave and electron devices, (b) electric power generation and

transmission, (c) various uses of energy applied typically in lighting and motors.

Let us look at some of the ‘electricians’ who made great contributions to the analytical

methods of electricity from the engineering viewpoint, in particular in categories (b) and (c),

and closely related to power system engineering.

The first person is Oliver Heaviside (1850–1925). His contribution in the various

engineering fields as the developer of analytical methods for electricity is so direct and great

that he is the equal of Maxwell and Hertz in the nineteenth century. Heaviside was the first

physicist to recognize the worth of Maxwell’s equations and popularized them. His greatest

achievements are described below.

He was able to simplify greatly Maxwell’s quite complicated 20-odd equations and

introduce a simpler treatment of the ‘four equations’ without impairing accuracy. Maxwell’s

four equations quoted in a previous chapter may even be called the Maxwell–Heaviside
equations on this view.

In 1874, he designed the symbolic method or operational form calculus for analysing

differential equations. The Heaviside operator p was experimentally developed by him to

reduce complicated differential equations to simple algebraic ones. The stepping function 1(t) is

Oliver Heaviside (1850–1925)
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also due to Heaviside’s originality. His methods were said to be ‘imperfect’ and of ‘no

consequence’ by most mathematicians, despite the fact that they gave correct answers for most

of the cases. Later, T. J. Bromwich (1916), J. R. Carson (1918) and K. W. Wagner (1925)

vindicated Heaviside and his operational calculus was justified by the proof that it was

mathematically a functional transformation to the domain p. ‘Heaviside’s operator p’ is of

course equivalent (one-to-one correspondence, although the definition is different) to

Laplace’s operator s of the Laplace transform, which is an essential technique for every

electrical engineer today for solving transient phenomena (that is, for solving partial differential

equations) or as s-functions in the theory of automatic control or automation.

Equations 1 and 2 given in the first supplement of Chapter 10 Section 10.10 (page 211) are

called Heaviside’s expansion theorem, even though the Laplace operator s is adopted, and the

solution demonstrated in all three supplements to that chapter is Heaviside’s method of solution.

Although it is likely that the operator p-domain has been dominated by s-domain today in

practical engineering, s may be said a kind of the revival of p.

Heaviside made great contributions to establish modern scientific ‘units’ based on length L,

weight M and time T systematically, a great work that could only be done by someone who fully

understood modern physics based on theories of energy preservation in a wide sense.

Interestingly, the values of electric flux initiated from the surface of a ball of radius r (surface

area 4pr2) may be counted as multiples of units of r2, or of 4pr2, and of course the latter is a

rational unit. It was Heaviside who originated the rational unit system by eliminating formally

the coefficients 4p or 2
ffiffiffi
p
p

that were originally included in Maxwell’s equations. His unit is

called the Heaviside–Lorentz unit because it was Hendrik Anton Lorentz (1853–1928) who

adopted it first. The unit is actually the CGS unit or the equivalent MKS rational unit, which

are practical scale units today.

Telephony by wire was invented by Alexander Graham Bell (1847–1922) in 1877, in

addition to the already utilized telegram, and the application was expanded year by year.

Soon the problems of signal attenuation or distortion for long-distance communication

became more serious. In 1881, Heaviside originated the telegram equation with four
constants L, C, R, G, which enabled the analysis of attenuation and waveform distortion

phenomena. He also showed that the condition R/L = G/C could satisfy distortion-less

transmission of a signal wave (see Equation 18.20 in Chapter 18). This work by him was

called the principle of loading cable. His analytical conclusion was soon utilized

practically under the more familiar name of the pupin-coil, which adds inductance L

intentionally to cable wire in order to obtain a matching balance of R/L = G/C and to improve

balance with the cable capacitance C. Incidentally, the conventional telegram equation at

that time was the famous Thomson equation by KR law. The equation was, so to speak, two

constant equations with R, K (K is the symbol of capacitance, today C), which was

advocated by Kelvin in 1855 in his famous paper ‘On the theory of the electrical telegraph’

and had become quite important for the engineering basis of wired telegram theory at that

time. William Thomson’s famous KR law is

@2v

@x2
¼ KR

@v

@t

However, the equation cannot obviously explain attenuation or distortion of waveforms (see

Chapter 18). Heaviside overcame this problem, (refer section 18. 1.1), which led to quite

important advances in wire communication engineering at the time. He emphasized the role of

metallic circuits as ‘guides’ rather than ‘conductors of a.c. currents’.

The idea of matching R/L and G/C is a basic concept of every type of communication

or signal transfer technology today. Heaviside is obviously the originator of the travelling

wave theory of transmission lines as well as telecommunications, although it was five years
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before the first practical a.c. transmission line of 2000 V, 27 km was installed in 1886, and fifteen

years before the first radio communication by Marconi, who sent radio signals across the

Atlantic. However, no one could explain why the signals were not stopped by the curvature of

the Earth.

In 1902 Heaviside’s famous prediction of an ionized layer in the atmosphere which would

deflect radio waves was published in an article titled ‘telegraphy’. The idea arose when he was

considering the analogy between the movement of electric waves along a pair of conducting

wires and a conducting earth. He thought that waves travelling around the Earth might

accommodate themselves to the surface of the sea in the same way as waves follow wires:

‘There may be a sufficiently conducting layer in the upper air. If so, the waves will, so to speak,

catch on to it more or less. Then guidance will be by the sea on one side and the upper layer on

the other.’ This is of course the Kennelly–Heaviside layer.

His great works can be seen in his famous book Electromagnetic Theory published in 1893,

1889 and 1912. He was a nephew of Wheatstone.

Although Heaviside was a bachelor who spent much of his time studying and writing

scientific papers in complete solitude, his contribution to modern advanced electrical engineer-

ing is without doubt one of the greatest.

Note: d=dt; d2=dt2; d3=dt3; . . . are replaced by p; p2; p3; . . . respectively in the Heavi-

side transform, and by s; s2; s3; . . . respectively in the Laplace transform. However, the

definition in the replaced domain is different by one order. Below are some typical examples

in both transformations:

t domain

lim
t! 0

1

t
½1ðtÞ � 1ðt � tÞ�

p domain

p

s domain

1

1ðtÞ 1
1

s

e� at p

p� a
1

s� a

cosot
p2

p2 þ o2

s

s2 þ o2
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14
Transient/Dynamic Stability, P–Q–V
Characteristics and Voltage Stability
of a Power System

The dynamic characteristics of a power system deeply depend on the characteristics of generators,

which we studied in Chapters 10–13. In this chapter, transient and dynamic stability are examined first,

then the P–Q–V characteristics of a power system and voltage stability phenomena are examined.

14.1 Steady-state Stability, Transient Stability,
Dynamic Stability

Power system stability is typically defined as the property of the power system that it will remain in

operating equilibrium through normal and abnormal conditions. In terms of interconnected synchro-

nous machines, in order to be stable, the machines must maintain synchronism through normal and

abnormal conditions. Instability is expediently classified into three categories which will be

introduced here first.

14.1.1 Steady-state stability

Steady-state stability is defined as the operating state of a power system which is characterized by slow

and gradual changes. The steady-state stability limit is actually explained by Equations 12.5, 12.12 and

12.17 and Figures 12.1 and 12.4.

14.1.2 Transient-state stability

The transient state is defined here as the operating state of a power system which is characterized by a

sudden change in load or circuit conditions. Transient-state stability is defined as stability under such

transient states. Short-circuit fault and fault tripping/reclosing, switching of circuits, abrupt significant

load changes, sudden tripping of generators, etc., are typical disturbances. A sudden change in

excitation of generators which may be caused by some irregular conditions in automatic voltage

regulator (AVR) equipment (a sudden change in the AVR set value, for example), or in the mechanical

power of prime-movers, or a change of power flow in the network caused by changes of power
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distribution among generators or by changes in network connection, have to be included as kinds of

disturbances. Also, hunting phenomena among plural generators may be another kind of disturbance.

14.1.3 Dynamic stability

The power system stability limit can be improved far beyond the steady-state stability limit by the use

of appropriately designed AVR equipment. Also, automatic speed-governor control (automatically

controlling the mechanical power of the prime-movers) of each generator by detecting a sudden

significant frequency change under fault or no-fault conditions may also improve the stability limit.

Dynamic stability can be defined as the concept of improved stability by applying appropriately

quick excitation control ( jEf control by AVR) as well as appropriately quick speed-governor control

(Pm control by frequency detection) at each generating station.

Dynamic stability might have been so named originally in contrast to ordinary steady-state

stability. However, it is obvious that appropriate AVR control and speed-governor control at each

generating plant improve not only steady-state stability but also transient-state stability caused by

various cascades of sudden changes in power system conditions.

The time constants of the ‘AVR þ field excitation circuit’ are very small (say, 0.1–0.5 s), while

those of the ‘speed governorþ prime-mover’ must be larger (say, a few seconds). Accordingly, AVR

must be more effective for an initial rapid response to serious disturbances.

14.2 Mechanical Acceleration Equation for the
Two-generator System, and Disturbance Response

The generator’s mechanical acceleration equation was derived in Equation 13.11 or 13.12. Now we

examine the power system shown in Figure 14.1, which contains generators G and B connected by a

double circuit line:

generator G generator B

d2yGðtÞ
dt2

¼ oGðtÞ
MG
ðPGm � PGeÞ

d2yBðtÞ
dt2

¼ oBðtÞ
MB
ðPBm � PBeÞ

(14.1)

There are mutual relations between generators G and B, as follows:

PGe ¼ �PBe ðline resistance neglectedÞ
dðtÞ ¼ yGðtÞ � yBðtÞ ¼

ð

foGðtÞ � oBðtÞgdt< 90�
angular difference of induced voltages
of both generators

� �

oG ðtÞ; oBðtÞ ; 2p f0�o0; f0:power frequency

(14.2)

generator G generator B

Ef EB

PGe

MG

qG, wG

PBe

MB

qB, wB

i

f

Figure 14.1 Two-generator system
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dðtÞ is the angular difference between the two generators which must be within �90
�

under

synchronization. From Equation 14.2,

d2d
dt2
¼ o0

PGm � PGe

MG
� PBm � PBe

MB

� �

(14.3)

Now we assume a non-salient-pole machine for simplicity and take the effective power from

Equation 12.12:

PGe ¼ �PBe ¼
Ef EB

xq þ xl
sin d (14.4)

where E f ;EB: internal induced voltages of generators G and B, respectively.

The mechanical input PGm;PBm cannot be changed for 0–3 s from the magnitudes just before

system disturbance (because of the inertia of the prime-mover system). Then

PGm ¼ PGe ¼ �PBe ¼ �PBm (14.5)

From Equations 14.3 and 14.5, for the mechanical acceleration equation of a generator G,

d2d
dt2
¼ o0

1

MG
þ 1

MB

� �

� ðPGm � PGeÞ

¼ o0

M0
PGm �

E f EB

xq þ xl
sin d

� �

where M0 ¼
MGMB

MG þMB
(14.6a)

where dðtÞ: phase angular difference between the induced voltages of

both generators (�90�< dðtÞ< 90� under normal conditions).

If generator B is of quite a large capacity in comparison with generator G, this means that MB!1
and M0!MG, which correspond to the one machine to infinite bus.

In Equation 14.6, o0 ¼ 2p f0 (where f0 ¼ 50=60 Hz) is of fixed value. Mg;MB, are the specific

machine constants. Reactance xl is the network reactance connected to the generator terminal, which

would suddenly take on a large value if a fault were to occur in the network.

Therefore Equation 14.6 can be written as dðtÞ ¼ functionðPGm;E f Þ, from the viewpoint of

controllable quantities. In other words, this indicates that we can control at the generating station only

the excitation of the generator and the mechanical input power from the prime-mover.

Incidentally, the equivalent inertia constant M0 for two machines is written as the weighted average

value of each generator’s inertia constants. Analogously, the equivalent inertia constant M0 for

multiple-machine systems can be written as the weighted average value of each generator’s inertia

constants. That is,

1

M0
¼�

n

k

1

Mk
(14.6b)

14.3 Transient Stability and Dynamic Stability (Case Study)

Let us assume a power system with a parallel circuit transmission line as shown in Figure 14.1, and

where a short-circuit fault occurs at point f of the first circuit. A proper protective relay would detect the

fault immediately and the associated breakers of the circuit would trip to remove the fault successfully

within 3 or 6 cycles so that the remaining system could continue ordinary operation without causing

instability.
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We will study the concepts of transient-state stability and dynamic stability for the typical cascade

disturbances described above. The system behaviour in the face of such disturbances will be explained

step by step in Figure 14.2, which is a P�d curve explaining stability by the equal-quadrant method.

Figure 14.2 is the P�d curve for generator G. The condition before the fault is shown by curve 0

whose peak value is specified by Equation 12.5r or Equation 12.12t. When the fault occurs at point

f, reactance xl suddenly becomes large (see the next section) so that the generator condition has to be

stepped down from curve 0 to curve 1. Next, immediately after fault tripping, the generator condition

will jump from curve 1 to curve 2, because reactance xl returns to a smaller value very close to the

original value (curve 2 is a little lower than curve 0 because of the difference due to removal of the

faulted line in this timing).

14.3.1 Transient stability

14.3.1.1 Case 1: The transient stability is successfully maintained

In this case transient stability is successfully maintained and the system continues stable operation

after removing the fault.

The generator G is operating with power output P0ðd0Þ at point r on curve 0 before the fault (P0 is

the power from the prime-mover). When the fault occurs at point f, the operating point moves suddenly

from point r P0ðd0Þ to s P1ðd0Þ on curve 1. As the result, the generator causes an excess power of

P0ðd0Þ � P1ðd0Þ (say, accelerating mode) so that d begins to increase on curve 1 from s P1ðd0Þ to t

P1ðd1Þ. Then the fault is removed by the associated breakers tripping at the timing of point t P1ðd1Þ,
and the generator condition jumps from t to v P2ðd1Þ. In this condition, the generator suddenly

causes a power shortage of P2ðd1Þ � P0ðd1Þ (say, decelerating mode). However, d still continues to

increase up to w P2ðd4Þ because of the rotor inertia, and then in turn decreases towards the new stable

point y P0ðd00Þ, though d may repeatedly over-swing a little across the new stable angular difference

d00.

In the above process, the maximum angle d4 at point w satisfies the following relation:

ðd1

d0

fP0ðd0Þ � P1ðdÞgdd

accelerating energy

¼
ðd4

d1

fP2ðdÞ � P0ðdÞgdd

decelerating energy

3

8 4

10

7

6
5

1

12
11

9

2

13

curve 0 (before fault)

curve 2 (after fault tripping)

curve 1 (during fault)

angular difference

effective power

P

90° 180°

P0

d0 d1 d2 d3 d4 d5
dd0´

Figure 14.2 Transient stability (equal-area method)
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or
fthe area rstug ¼ fthe area uvwxg (14.7a)

It should be noted that d exceeds 90
�

at point w for a short period.

14.3.1.2 Case 2: The system condition exceeds the transient
stability limit

This is the case when the system condition unfortunately exceeds the transient stability limit and the

system fails to continue stable operation after the fault.

After reaching point v P2ðd1Þ by the same process as in case 1, if d still continues to increase

beyond w, in spite of the decelerating mode, and exceeds point z P2ðd5Þ at last, the generator will

again enter accelerating mode and the synchronizing force is lost entirely. As a result, the generator

will lose synchronization.

The point z P2ðd5Þ is the critical point of the synchronization, where critical angle d5 has a value

exceeding 90
�
.

The critical condition of the transient stability limit is

farea rstug2 farea uvwzg (14.7b)

It is obvious that d1 should be small enough (this means fast fault tripping) to satisfy the above

condition.

14.3.1.3 Case 3: Reclosing is successfully executed and transient
stability is maintained

After reaching point v P2ðd1Þ by the same process as in case 1, d continues to increase along curve 2

by inertia. Next, reclosing of the fault line is executed at the timing point P2ðd2Þ. If a faulted arc were

extinguished and the insulation at the faulted point had been recovered, the generator condition

would jump from P2ðd2Þ to P0ðd2Þ by the successful reclosing and d would increase up to

point P0ðd3Þ and then turn to decrease. The point P0ðd3Þ satisfies the following equation:

farea rstug ¼ farea v (14.7c)

Returning to our main theme, let us now examine how transient stability can be improved.

First of all, the height of curve 1 is actually determined by 1=xl in the fault mode, so it is an out-of-

control matter (we discuss xl in the next section). Accordingly, the most effective countermeasure to

improve transient stability is to shorten the fault-tripping time, by decreasing the acceleration energy

farea rstug. Clearly, the time delay of fault tripping by any reason means that point t in the

figure would be shifted to the right so that acceleration energy increases remarkably.

It must be stressed that stable power system operation can be secured by high-speed fault tripping.
Today, due to the advanced technology of protective relays and circuit-breakers, fast fault tripping for

high-voltage trunk lines has been realized, where typical operating times are

ffault-detecting time by the relays 1� 3 cyclesg þ ftripping time by the breakers 1� 3 cyclesg
¼ ftotal tripping time 2� 6 cyclesg

14.3.2 Dynamic stability

Besides high-speed fault tripping, there are two other effective countermeasures to improve stability

which can be realized by decreasing the acceleration energy farea rstug or by increasing the

deceleration energy farea uvwxg.
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14.3.2.1 Quick excitation control by AVR

This is the countermeasure to increase the decelerating energy farea uvwxg by enlarging curve 2

immediately after the fault. The peak value of curve 2 is E f EB=ðXq þ XlÞ, so it can be enlarged by

increasing excitation E f of the generator.

AVR increases excitation jE f very quickly immediately after detecting voltage drop �DV

caused by a fault, so curve 2 would be enlarged and the decelerating energy would be

increased.

Today, due to the advanced technology of AVR and excitation equipment, rapid excitation control

(time constant of, say, 0.1 s) can be exercised. (This is again discussed in Chapter 15.)

14.3.2.2 Quick driving-power adjustment by speed-governor control
of the prime-mover

This is the countermeasure to decrease the accelerating energy farea rstug by depressing the

mechanical input from the prime-mover immediately after the fault. The speed-governor, upon

detecting a sudden acceleration of the rotor speed, reduces the mechanical input from the prime-mover

by decreasing the water/steam flow (i.e. P0!ðP0 � DP0Þ in Figure 14.2).

However, the amount of input power the speed-governor can decrease in a short time is limited

(say, DP0=P0 ¼ 3� 10%). In addition, especially in the case of a hydro-unit, water flow cannot

be quickly changed because of the time delay characteristics of the water system (time constant,

say, 1–3 s). Accordingly, the contribution of the speed-governor as the countermeasure to improve

dynamic stability may be limited, especially for the initial short duration (of 0–1 s) just after

disturbance.

The function of power control by speed-governor is quite important in reducing frequency

fluctuations of the power system on the one hand, while on the other hand it may be a supplementary

countermeasure to improve dynamic stability.

As described above, dynamic stability is the concept of greatly improved stability beyond the

steady-state stability limit, which can be realized by quick excitation (AVR) control and supple-

mentary speed-governor control of the generators.

14.4 Four-terminal Circuit and the P�d Curve
under Fault Conditions

In Figure 14.2, the peak value of the P�d curve is given by E f EB=ðXq þ XlÞ. We conducted our study

with the understanding that curve 0 before the fault has a large peak value, while curve 1 during the

fault has a very small peak value, because the reactance xl (the equivalent reactance) included in the

denominator becomes quite large under fault conditions in comparison with that under normal

conditions before the fault (say, 10 or 20 times).

Why would xl become so large under the fault condition in comparison with the value before the

fault? What is the reactance xl which is included in the denominator of Equation 14.6a, or Equation

12.12, in particular under fault conditions? We need to clear up these simple questions.

A    B   C   D 
x

b

is ir 

vs=Vs – d vr=Vr – 0°

Figure 14.3 Four-terminal circuit
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Let us examine Figure 14.3, which is a single phase four-terminal circuit between the sending point

s and the receiving point r. The equation for the circuit is

v̇s

i̇s
¼ Ȧ Ḃ

Ċ Ḋ
� v̇r

i̇r

where v̇s ¼ Vsffd ¼ Vs � e jd

v̇r ¼ Vrff0 ¼ V

9
>>>>=

>>>>;

ð14:8aÞ

eliminating i̇r

i̇s ¼
Ḋ

Ḃ
v̇s þ

ḂĊ� ȦḊ

Ḃ
v̇r (14.8b)

The apparent power at the sending point s is

Ṡs ¼ Ps þ jQs ¼ v̇si̇
�
s

¼ Ḋ
�

Ḃ
� v̇sv̇

�
s þ

Ḃ
�
Ċ
� � Ȧ

�
Ḋ
�

Ḃ
� v̇sv̇

�
r

¼ Ḋ
�

Ḃ
� V2

s þ
Ḃ
�
Ċ
� � Ȧ

�
Ḋ
�

Ḃ
� VsVre jd

(14.9)

Using this equation, we compare circuits 1 and 2 in Figure 14.4.

14.4.1 Circuit 1

This case corresponds to the case of Equation 12.12 st under the relation Xl , xþ x0. The

equation is

v̇s

i̇s
¼ 1 jðxþ x0Þ

0 1
� v̇r

i̇r
¼ Ȧ Ḃ

Ċ Ḋ
� v̇r

i̇r

Ȧ ¼ Ḋ ¼ 1; Ḃ ¼ jðxþ x0Þ; Ċ ¼ 0

9
>=

>;
(14.10)

Substituting the conjugates Ȧ
�
; Ḃ
�
; Ċ
�
; Ḋ
�

into Equation 14.9,

Ss ¼ Ps þ jQs ¼
VsVr

xþ x0
sin dþ j

V2
s � VsVr cos d

xþ x0

� �

(14.11)

The first and second term on the right-hand side gives the P�d curve and the Q�d curve at point s,

and the denominator is xþ x0 (the reactance between points s and r).

circuit-1 

circuit-2 

us ur 

us ur 

xb jx jx¢

xb jx

jxf

jx¢

is ir 

is ir 

s a b r 

Figure 14.4 Comparison of sending power
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14.4.2 Circuit 2

This is the case where reactance x f is added in parallel at the midpoint of the line. The four terminal

circuit equations can be calculated by multiplying the impedance matrices of each section s–a, a–b, b–r

in the following order:

v̇s

i̇s
¼ 1 jx

0 1

marix
s�a

�
1 0

1

jx f
1

a�b

� 1 jx0

0 1

b�r

� v̇r

i̇r

¼
1þ x

x f
j xþ x0 þ x � x0

x f

� �

� j
1

x f
1þ x0

x f

� v̇r

i̇r
� Ȧ Ḃ

Ċ Ḋ
� v̇r

i̇r
(14.12)

Ȧ; Ḃ; Ċ; Ḋ are found and their conjugates Ȧ
�
; Ḃ
�
; Ċ
�
; Ḋ
�

substituted into Equation 14.9:

Ss ¼ Ps þ jQs

¼ VsVr

xþ x0 þ x � x0
x f

sin dþ j

V2
s � 1þ x � x0

x f

� �

� VsVr cos d

xþ x0 þ x � x0
x f

8
>>><

>>>:

9
>>>=

>>>;

(14.13)

In this case, the denominator reactance which corresponds to xl of Equation 12.12 st becomes

xþ x0 þ ðx � x0Þ=ðx f Þ.
Now, comparing the results of both circuits, the equivalent reactance of circuit 2 becomes larger

than that of circuit 1 as follows:

circuit 1 circuit 2

xþ x0 ! xþ x0 þ x � x0
x f

(14.14)

That is, Equation 14.11 under normal conditions is replaced by Equation 14.13 under short-circuit

fault conditions with the reactance jx f (or Z f ) inserted at the point f.

The above result can be applied to the positive-sequence circuit of Figure 3.2, for example, in which

faults occur at the midpoint f of the line. In case of 1fG (phase a to ground fault), the reactance

f x2 þ f x0 is inserted at point f, which corresponds to the inserted reactance f x2 þ f x0 of circuit 2.

In the same way, the above result can be applied to all other fault modes by referring to Tables 3.1

and 3.2 which are summarized as Table 14.1.

In cases of short-circuit mode faults, the P�d curve obviously becomes smaller (lower) for

smaller Z f ¼ jx f . Then, referring to Table 14.1, the P�d curve becomes smaller and of the order

of ‘before fault ! 1fG! 2fG! 2fS! 3fS. The extreme case is 3fS, in that x f !
0;DðxÞ!1;PsðdÞ! 0, which means the power cannot be transferred at all during the three-phase

fault.

Conversely, in cases of phase-opening modes, the P�d curves becomes smaller (lower) for larger

Z f ¼ jX f . Then, referring to Table 14.1, the P�d curve becomes smaller and of the order of ‘before

fault ! 1fOp! 2fOp! 3fOp.
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14.4.3 Trial calculation under assumption
of x1¼ x2¼ x; x01¼ x02¼ x0

14.4.3.1 Case 1: 3fS

This case corresponds to the condition of x f ! 0;DðxÞ!1, so the height of the P� d curve becomes

almost zero. In other words, power can seldom be transformed to the outer system during the fault, and

the generator would immediately begin to be accelerated quickly.

14.4.3.2 Case 2: 2fS

Referring to Table 14.1 and Table 3.1,

x f ¼ f x2 ¼ ðx==x0Þ ¼ xx0

ðxþ x0Þ

DðxÞ ¼ xþ x0 þ xx0

x f
¼ 2ðxþ x0Þ

Then, the height of the P� d curve under 2fS becomes one-half of that before the fault.

14.4.3.3 Case 3: 1fG

Referring to Tables 14.1 and 3.1,

x f ¼ f x2 þ f x0 ¼ ðx==x0Þ þ ðx0==x00Þ ¼
xx0

ðxþ x0Þ þ
x0x00

x0 þ x00

DðxÞ ¼ xþ x0 þ xx0

x f

If a solidly neutral grounded system with k ¼ x0=x ¼ x00=x0 is assumed, then

x f ¼ ð1þ kÞ � xx0=ðxþ x0Þ
DðxÞ ¼ fð2þ kÞ=ð1þ kÞg � ðxþ x0Þ

Accordingly, the height of the P�d curve under the 1fG fault becomes ð1þ kÞ=ð2þ kÞ times that

before the fault (then 4/5 times for k ¼ 3). In the case of a high-resistive neutral grounding system,

ðx0==x00Þ!1; x f !1;DðxÞ! xþ x0 so that the height of the P�d curve is not greatly changed

from that before the fault. (refer Table 8.2 [10]).

Table 14.1 The P�d curve during a fault and the positive-sequence equivalent impedance

P�d Ps ¼
VsVr

DðxÞ � sin d

Before fault DðxÞ ¼ xþ x0 Impedance Z f ¼ ðrf þ jxf Þ to be inserted in the

positive-sequence circuit

Short-circuit modes DðxÞ ¼ xþ x0 þ xx0

xf

3fS Z f ¼ 0

2fS Z f ¼ f Z2

1fG Z f ¼ f Z0 þ f Z2

2fG Z f ¼ f Z0 � f Z2=ð f Z0 þ f Z2Þ
Phase opening modes DðxÞ ¼ xþ x0 þ xf 3fOp Z f ¼ 1

2fOp Z f ¼ f Z0 þ f Z2

1fOp Z f ¼ f Z0 � f Z2=ð f Z0 þ f Z2Þ
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14.4.3.4 Case 4: 2fOp

Referring to Table 14.1 and Table 3.2[2B],

x f ¼ f x2 þ f x0 ¼ ðxþ x0Þ þ ðx0 þ x00Þ ¼ ð1þ aÞðxþ x0Þ

where ðx0 þ x00Þ ¼ aðxþ x0Þ is assumed and

DðxÞ ¼ xþ x0 þ x f ¼ ð2þ aÞðxþ x0Þ

Then, the height of the P�d curve under 2fOp becomes 1=ð2þ aÞ times that before the fault.

14.4.3.5 Case 5: 1fOp

Referring to Table 14.1 and Table 3.2[1B],

x f ¼ f x2== f x0 ¼ ðxþ x0Þ==ðx0 þ x00Þ ¼
ðxþ x0Þðx0 þ x00Þ
xþ x0 þ x0 þ x00

:

DðxÞ ¼ xþ x0 þ x f ¼ 1þ x0 þ x00
xþ x0 þ x0 þ x00

� �

� ðxþ x0Þ

Then, the height of the P�d curve under 2fOp becomes 1=f1þ ðx0 þ x00Þ=ðxþ x0 þ x0 þ x00Þg
times that before the fault.

14.5 P�Q�V Characteristics and Voltage Stability
(Voltage Instability Phenomena)

14.5.1 Apparent power at sending terminal
and receiving terminal

Referring to the four-terminal circuit of Figure 14.3, the voltages and currents at both terminals are

given by Equation 14.8 and the apparent power at the sending terminal is given by Equation 14.9. We

calculate the apparent power also at the receiving terminal.

From Equation 14.8a

i̇r ¼
1

Ḃ
v̇s �

Ȧ

Ḃ
v̇r (14.15)

The apparent power at the receiving terminal is given by

Ṡr ¼ Pr þ jQr ¼ v̇r i̇
�
r

¼ 1

Ḃ
� v̇�s v̇r �

Ȧ
�

Ḃ
� v̇r v̇�r ¼

1

Ḃ
� VsVre� jd � Ȧ

�

Ḃ
� V2

r

9
=

;
(14.16)

Next, we derive the equations of apparent power of Figure 14.5a, where the line impedance

between points s and r is z ¼ r þ jx.

For the four-terminal circuit equation

v̇s

i̇s
¼ Ȧ Ḃ

Ċ Ḋ
� v̇r

i̇r
¼ 1 Ż

0 1
� v̇r

i̇r
Z ¼ r þ jx

9
=

;
(14.17)
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Substituting the conjugates of A ¼ D ¼ 1; B ¼ Ż; C ¼ 0 into Equations 14.9 and 14.16, the

apparent power at the sending and receiving terminals, respectively, is derived as follows:

Ṡs ¼ Ps þ jQs ¼
1

r � jx
fV2

s � VsVre jdg

¼ Vs

r2 þ x2
½fxVr sin dþ rðVs � Vr cos dÞg þ jfxðVs � Vr cos dÞ � rVr sin dg� r

Ṡr ¼ Pr þ jQr ¼
1

r � jx
fVsVre� jd � V2

r g

¼ Vr

r2 þ x2
½fxVs sin dþ rðVscos d� V rÞg þ jfxðVs cos d� V rÞ � rVs sin dg�s

(14.18)

14.5.2 Voltage sensitivity by small disturbance DP;DQ

We examine voltage sensitivity caused by small disturbance of P, Q.

From Equation 14.18 s

;

ðPr þ jQrÞðr � jxÞ ¼ VrfVse
� jd � Vrg

ðrPr þ xQr þ V2
r Þ þ jðrQr � xPrÞ ¼ VsVre� jd

(14.19a)

We will get two equations by separating the real and imaginary parts of the above equation, and

then, eliminating d from both equations:

ðrPr þ xQr þ V2
r Þ

2 þ ðrQr � xPrÞ2 ¼ V2
s V2

r (14.19b)

Putting Pr!Pr þ DPr;Vr!Vr þ DVr; then DVr=DPr can be calculated. DVr=DQr can be

calculated similarly. (Refer to Supplement 1 for the derivation process.) Thus

qVr

qPr
¼ DVr

DPr
¼ ðx2 þ r2ÞPr þ rV2

r

VrfV2
s � 2V2

r � 2ðrPr þ xQrÞg
r

qVr

qQr
¼ DVr

DQr
¼ ðx2 þ r2ÞPr þ xV2

r

VrfV2
s � 2V2

r � 2ðrPr þ xQrÞg
s

9
>>>>=

>>>>;

(14.20)

ns=Vs – d 

r + jx

nr=Vr – 0°

r 
s 

Vr 

Pr, Qr 

(a) 

(b) 

gradient 

gradient 

DVr 

DPr 

DVr 

DQr 

Figure 14.5 Gradient-decreasing characteristics of voltage V by P, Q
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In this equation, Vr;Vs are real numbers of approximate value 1.0. Accordingly, both equations are of

negative value. In addition, we know that x>>r. Then

0>
qVr

qPr
>>

qVr

qQr
(14.21)

This equation tells us that V is forced to decrease whenever P or Q is increased, and the voltage

sensitivity to Q is much larger than that to P. Figure 14.5b shows the gradient-decreasing
characteristics of the voltage given by the equation as the nature of the power system.

Voltage V is more sensitive to Q than to P, and the reason can be explained by the fact that x>>r for

the power system.

14.5.3 Circle diagram of apparent power

We examine the system shown in Figure 14.6, where resistance of the line is neglected for simplicity.

Putting r = 0 in Equation 14.18,

Sr ¼ Pr þ jQr ¼
VsVr

x
sin dþ j

VrðVs cos d� VrÞ
x

r

Pr ¼
VsVr

x
sin d s

Qr ¼
VrðVs cos d� VrÞ

x
t

9
>>>>>>>=

>>>>>>>;

(14.22)

The equation can be modified as follows.

0.9 

Qr 

Pr 

Vr 

Vr
2 

Vs
2 Vs 

Vr 

I 

jxI

jXl 

jx

Rl 

Qs Qr 

Ps 

s 

Pr 

Vr ∠ 0 

Vs ∠ d 
r 

Vs 
k =  

1.0 

1.2 

1.1 

= 0.8 

x Vs Vr 
x

x

(b) 

load 
(power-factor cos j) 

j 

j 
d 

(a) 

Figure 14.6 Power circle diagram at the receiving terminal (line resistance neglected)
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For the equation of the circle diagram in coordinates ðPr;QrÞ

Pr þ j Qr þ
V2

r

x

� �

¼ j
VsVr

x
e� jd r

or

P2
r þ Qr þ

V2
r

x

� �2

¼ VsVr

x

� �

s

or

P2
r þ Qr þ

k2V2
s

x

� �2

¼ kV2
s

x

� �2

centre of the circle 0;�V2
r

x

� �

; radius
VsVr

x
t

where k ¼ Vr

Vs

9
>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>;

(14.23)

14.5.4 P–Q–V characteristics, and P–V and Q–V curves

Here we introduce the load equation at the receiving terminal r, whose power factor is cosj:

Ṡr ¼ Pr þ jQr ¼ jSrj cosjþ jjSrj sinj r

Qr ¼ Pr tanj; cosj ¼ Pr=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

P2
r þ Q2

r

q

s

9
=

;
(14.24)

Substituting Pr;Qr from Equation 14.22 into Equation 14.24 s and modifying it using formulae

for trigonometric functions,

Vr ¼ Vsfcos d� tanj sin dg ¼ Vs
cosðjþ dÞ

cosj
(14.25)

Applying this equation to Equation 14.22, either Vs or Vr can be eliminated and we have the

following equations.

For the equation of Pr;Qr by V,

Pr � Vs curve

Pr ¼
V2

s

x
� cosðjþ dÞsin d

cosj
¼ V2

s

2x
� fsinðjþ 2dÞ � sinjg

cosj

r

Qr � Vs curve

Qr ¼ Pr tanj ¼ V2
s

2x
� fsinðjþ 2dÞ � sinjg

cosj
tanj s

9
>>>>>>>>=

>>>>>>>>;

(14.26)

For the equation of Pr;Qr by Vr,

Pr � Vr curve

Pr ¼
V2

r

x
� cosj sin d
cosðjþ dÞ ¼

V2
r

2x
� fsinðjþ dÞ � sinðj� dÞg

cosðjþ dÞ
r

Qr � Vr curve

Qr ¼ Pr tanj ¼ V2
r

2x
� fsinðjþ dÞ � sinðj� dÞg

cosðjþ dÞ tanj s

9
>>>>>>>>=

>>>>>>>>;

(14.27)
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The receiving point quantities Vr;Pr;Qr of Equations 14.25 and 14.26 are expressed as functions

of variables Vs; d;j, where Vs ¼ 1:0. Accordingly, Vr;Pr;Qr can be written only by parameters d
(the angular difference between the sending and receiving terminals) and j (the angle of load

power factor). In other words, the curved surface of P–Q–V characteristics in three-dimensional

coordinates can be written by the parameters d and j. Also, P–V, Q–V and P–Q curves can be

written as projections in two-dimensional coordinates. Figure 14.7 shows the curves of the P–Q–V

characteristics.

On the P–V curve in Figure 14.7a, if P is gradually increased from zero under the load of

the leading power factor (j is negative), V tends to increase slowly. However, in turn it

begins to decrease at roughly d ¼ 40�, and P reaches the critical point of the upper limit at roughly

d ¼ 70�.
If P is gradually increased from zero under the load of the lagging power factor (j is positive),

V tends to decrease rather quickly, and P reaches the critical point of the upper limit at roughly

d ¼ 45� 70�. The Q–V curve in Figure 14.7b shows similar characteristics to that in Figure 14.7a.

Incidentally, Figure 14.7a indicates that Equation 14.27 gives two voltage solutions for one

value of P that are higher and lower solutions. In other words, the upper half of the P–V curve

includes the actual operating zone, while the lower half is meaningless. Also Figure 14.7b

indicates two voltage solutions for one value of Q, and the actual stable voltage is given by the

higher solution.

14.5.5 P–Q–V characteristics and voltage instability
phenomena

The P–Q–V characteristics of the power system having been discussed, we examine next the P–Q–V

characteristics of the load system. Our load can be expressed by the parallel circuit of resistance Rl and

reactance jXl (negative value for the capacitive load) as shown in Figure 14.6a:

Pl þ jQl ¼ VrI�l ¼ Vr
V�r
Z�l
¼ V2

r

1

Rl
þ 1

jXl

� �

r

power factor cosj ¼ Pl

jPl þ jQlj
; Ql ¼ Pl tanj s

9
>>>=

>>>;

(14.28)

where suffix l means load, and

Pl ¼
V2

r

Rl

Ql ¼
V2

r

Xl

9
>>>=

>>>;

r
Vr ¼

ffiffiffi
R
p

l :
ffiffiffi
P
p

l

Vr ¼
ffiffiffiffi
X
p

l :
ffiffiffiffi
Q

p

l

)

s

9
>>>=

>>>;

(14.29)

The voltage Vr is a function of the square root of Pl or Ql. The above equation gives the P–V

characteristics and Q–V characteristics of the load system. The set of magnitudes P, Q, V at the

intersecting point of the power system characteristics and the load characteristics gives the

operating values at the receiving point. In order to visualize the total P–Q–V characteristics, let us

examine the phenomena in two-dimensional coordinates.

14.5.5.1 Voltage collapse phenomena (P–V avalanche)

The P–V characteristics at the receiving point (Equation 14.27r) and those of the load (Equation

14.29) are shown together in Figure 14.7d.

Pr , Vr at the intersecting point are the actual operating power and voltage, respectively. If the load

gradually increases (under nearly constant Qr), the operating point will move from the load point r to
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s!t!u!v. Around point u, the voltage begins to decrease suddenly and rapidly, and before

long Pr , Vr are forced to decrease or miss the critical point v (the maximum load point). In other

words, if the system is operating at point u and the load is increased for some reason, exceeding the

critical point v, the stable operating point no longer exists and the voltage and the power of the

network are entirely lost. This phenomenon is usually called voltage collapse or voltage avalanche by
P–V mode.
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Figure 14.7 P–Q–V characteristics (P–Q–V steady-state stability)
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14.5.5.2 Voltage collapse phenomena (Q–V avalanche)

The Q–V curve of the line at the receiving point (Equation 14.27s) and that of the load (Equation

14.29) are shown together in Figure 14.7e, where the reactive power of the reactors/capacitors for

power-factor improvement purposes is included in the load curve. Qr;Vr at the intersecting point are

the actual operating reactive power and voltage, respectively.

In Figure 14.7e, if the reactive power (lagging (þ) or leading (�)) of the load gradually increases

under constant P, for example, the intersecting point on the Q–V curve will be lost in the very

low-power-factor zone. This phenomenon is usually called voltage collapse or voltage avalanche by
Q–V mode.

Itmustbestressed thatnotonlythemagnitudeoftheload(orthepowerflow, thend),butalso thepower

factor of the load cosj, closely affect the voltage stability limit. Also, the above explanation in the

two-dimensional plane is only to make understanding easier. The actual operating condition

should be understood as the intersecting point of the three-dimensional characteristics. With this in

mind, the characteristics explained in Figure 14.7 should be called ‘the P–Q–V steady-state stability

characteristics’ and accordingly ‘P–Q–V collapse’ or ‘P–Q–V avalanche’ respectively, as more exact

expressions.

Note also that the power system contains the smooth curved surface of the P–Q–V characteristics in

the three-dimensional coordinates of the V-axis, P-axis and Q-axis as shown in Figure 14.7c. On the

other hand, the load at each receiving terminal also contains the P–Q–V characteristics, but there may

not be a smooth surface in the same three-dimensional coordinates because the load is the total

composite characteristics of many individual time to time capricious loads.

14.5.5.3 Evaluation of P–Q–V steady-state stability

Again in Figure 14.7a, the gradient of the curve qVr=qPr changes from plus (+) to minus (�)

around d ¼ 40�. On the other hand, we need to recall the explanation that the steady-state stability

limit was given at d ¼ 90� in Figure 12.1 (for a non-salient-pole machine). We must clarify the

difference.

Let us look again at Equation 14.18s, which shows the apparent power at the receiving point

before neglecting line resistance r. We can separate the real and imaginary parts and then eliminate d to

derive the following equation (refer to Supplement 2 for the process).

For the power circle diagram (line resistance r is considered)

Pr þ
rV2

r

r2 þ x2

� �2

þ Qr þ
xV2

r

r2 þ x2

� �2

¼ V2
s V2

r

r2 þ x2

where Vs ; Vr ; 1:0; x>> r

9
>=

>;
r

Or neglecting r2 in the denominators,

Pr þ
rV2

r

x2

� �2

þ Qr þ
xV2

r

x2

� �2

¼ VsVr

x

� �2

s (14.30)

with centre � rV2
r

x2
;� xV2

r

x2

� �

and radius
VsVr

x

The power circle diagram of the receiving terminal (Pr;Qr) considering line resistance is derived

as shown in Figure 14.8, in which the diagram of the sending terminal is also shown.

9
>>>>>>>>>>=

>>>>>>>>>>;
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We can conclude from Equation 14.30, Figure 14.8 and Figure 14.7 as follows:

	 In order to increase Pr gradually without changing the voltage (k ¼ Vr=Vs: fixed, say 1.0), the

angular difference d and Qr become larger, and before long very much larger Qr is required around

d ¼ 30� 358 for only a small increase in DPr .

	 If Pr is gradually increased under fixed Qr , k ¼ Vr=Vs has to become smaller; in other words, Vr has

to become smaller quickly under fixed Vs, which means voltage collapse.

This is yet another explanation of the characteristics given by Figure 12.1. In actual power system

practice, operation under a condition of d exceeding 408 is unrealistic, because the capacity of Qr is

actually limited.

14.5.5.4 V–Q control (voltage and reactive power control)
of power systems

The load characteristics of each load area must be quite different as they are related to the social and

geographical environments of the area.

In the first place, load varies from time to time by nature, so the actual load behaviour may not easily

be expressed in simple equational form. In addition, as a typical example, the load characteristics of an

ordinary industrialized area may have the following features:

	 In the night hours, the magnitude of real power P consumption decreases remarkably and the ratio of

this load to the peak load of the same day may decrease to a value of 1/2 or even 1/3.

sending terminal 

receiving terminal 
Receiving terminal circle 

centre point    r : ( –            ,  –             )

radius :     rO =  

s 

r 

O 

P 

Q 

Pr + jQr 

Ps + jQs 
d 

d 

90° 

60° 

60° 

90° 

r Vr

Vs Vr 
x

x Vr

x2 x2

2 2 

Figure 14.8 The power circle diagram (line resistance considered)
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	 In addition, the power factor cosj tends to be lower in the night hours. This is because many of the

facilities having capacitive MVA (capacitors for power-factor improvement, cable stray capacities,

etc.) are apt to be operated continuously without large change despite the fact that facilities having

real power MW are decreased during this time.

In other words, load quantities P, Q, cosf (or anglej) change widely and over 24 h, as conditions of

the total network or local area networks. Furthermore, severe disturbances (faults etc.) may occur

capriciously at any location. Under all these conditions, power systems have to be operated all the time,

keeping voltages within 1.0 � 0.1 (typically) at any point and ensuring system stability. To control

voltage Vand reactive power Q appropriately over time and at all the locations of the power system is a

very tough engineering matter and is as important as total real power ð� Pi) dispatching control and

frequency ( f ) control.

14.6 Supplement 1: Derivation of Equation 14.20
from Equation 14.19

In Equation 14.19b, replacing Pr!Pr þ DPr;Vr!Vr þ DVr and P2
r !P2

r þ 2Pr � DPr;V
2
r !V2

r þ
2Vr� DVr by neglecting second-order terms ðDPrÞ2; ðDVrÞ2, we get the two equations below:

The original equations A2 þ B2 ¼ V2
s V2

r r

The derived equations ðAþr � DPr þ 2Vr � DVrÞ2þðB� x � DPrÞ2¼ V2
s V2

rþV2
s ð2Vr �DVrÞs

where A ¼ rPr þ xQr þ V2
r ; B ¼ rQr � xPr

Substituting r into s and again neglecting second-order terms ðDPrÞ2; ðDVrÞ2,

DVr

DPr
¼ rA� xB

VrðV2
s � 2AÞ ¼ Eq:ð14:20Þr

Equation 14.20 s can be derived analogously.

Note that the above calculations are mathematically a partial derivation of the implicit

function.

14.7 Supplement 2: Derivation of Equation 14.30 from
Equation 14.18 *2

From Equation 14.18 s

Pr þ
rV2

r

r2 þ x2
¼ VsVr

r2 þ x2
ðx sin dþ r cos dÞ r

Qr þ
xV2

r

r2 þ x2
¼ VsVr

r2 þ x2
ðx cos d� r sin dÞ s

Then, the following equation is derived from r2 þs2:

Pr þ
rV2

r

r2 þ x2

� �2

þ Qr þ
xV2

r

r2 þ x2

� �2

¼ V2
s V2

r

r2 þ x2
(14.30)
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15
Generator Characteristics with AVR
and Stable Operation Limit

A generator’s stable operation is closely related to AVR (Automatic Voltage Regulator) characteristics

and the load condition. In this chapter, the operational characteristics of a generator with AVR and its

visualization in p–q coordinates are introduced. Then, the critical conditions of the generator’s stable

operation will be investigated.

15.1 Theory of AVR, and Transfer Function of Generator
System with AVR

Our generator is running in combination with an AVR and supplying power to the load Z as shown in

Figure 15.1.

Whenever the generator terminal voltage e is decreased a little, e! e� De, AVR will detect the

small deviation De and will immediately increase the generator excitation E f !E f þ DE f so that the

terminal voltage is recovered quickly. This behaviour has to be examined as a problem of response

characteristics in regard to the total system including the generator, AVR, transmission line and load.

This will be investigated by applying the concept of transfer functions, which is a familiar tool in

automatic control theory based on Laplace transforms. In the Laplace transformation, s ¼ d=dt is

treated like an algebraic equation. We start with the generator’s transfer function.

15.1.1 Inherent transfer function of generator

We begin with the results of Equations 10.43–10.46 and Figure 10.4 of Park’s theory for a generator in

Chapter 10. The equations are again written below as Laplace-transformed equations, while d=dt is

replaced by symbol s:

edðsÞ ¼ �cqðsÞsyþ scdðsÞ � ridðsÞ r

eqðsÞ ¼ þcdðsÞsyþ scqðsÞ � riqðsÞ s

E fdðsÞ ¼ sc fdðsÞ þ r fdi fdðsÞ t

cdðsÞ ¼ �xdidðsÞ þ xadi fdðsÞ þ xadikdðsÞ u

cqðsÞ ¼ �xqiqðsÞ þ xaqikqðsÞ v

c fdðsÞ ¼ �xadidðsÞ þ x ffdi fdðsÞ þ x fkdikdðsÞ w

9
>>>>>>>>>>>=

>>>>>>>>>>>;

(15.1)
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These are the general equations of a generator, which can be simplified as follows for practical

reasons:

� The damper currents ikd sð Þ, ikq sð Þ vanish within 0–3 cycles after the disturbance, so they can be

neglected for the phenomena 3 cycles after the power system disturbance.

� The generator is operating in synchronism at a speed of 50=60� 0:05 Hz. Accordingly, the unitized

angular velocity is 1.0, namely

sy ¼ o ¼ 2p 50� 0:05ð Þ
2p� 50

¼ 1:0� 0:001 ; 1:0 (15.2)

� Flux linkages cd , cq are of d.c. quantities at t ¼ 0�, as was explained in detail in Section 10.6 and

Equation 10.75, so that the derivatives scd , scq (corresponding to transient d.c. current) can be

neglected for the purposes of this chapter.

Therefore Equation 15.2 is as simplified below:

ed sð Þ ¼ �cq sð Þ � rid sð Þ r

eq sð Þ ¼ þcd sð Þ � riq sð Þ s

E fd sð Þ ¼ sc fd sð Þ þ r fdi fd sð Þ t

cd sð Þ ¼ �xdid sð Þ þ xadi fd sð Þ u

cq sð Þ ¼ �xqiq sð Þ v

c fd sð Þ¼ �xadid sð Þ þ x ffdi fd sð Þ w

9
>>>>>>>=

>>>>>>>;

(15.3)

As we are studying phenomena of excitation control, E fd sð Þ has to be treated as a function of s.

Eliminating variables of flux linkage c,

from rv

ed sð Þ ¼ xqiq sð Þ � rid sð Þ r

from su

eq sð Þ ¼ �xdid sð Þ þ xdifd sð Þ � riq sð Þ s

from tw

Efd sð Þ ¼ �xadsid sð Þ þ xffdsþ rfd

� �
ifd sð Þ t

9
>>>>>>>=

>>>>>>>;

(15.4)

Substituting ifd from Equation 15.4 t into s,

eq sð Þ ¼ xad

xffdsþ rfd
Efd sð Þ � xd �

x2
ads

xffdsþ rfd

� �

id sð Þ � riq sð Þ

¼ 1

1þ T 0d0s
� xad

rfd
Efd sð Þ � 1

1þ T 0d0s
xd þ xdT 0d0 �

x2
ad

rfd

� �

s

� �

id sð Þ � riq sð Þ r

; eq sð Þ ¼ 1

1þ T 0d0s
ef sð Þ � 1

1þ T 0d0s
xd þ xd �

x2
ad

xffd

� �

T 0d0s

� �

id sð Þ � riq sð Þ s

where ef sð Þ� xad

rfd
Efd sð Þ; T 0d0�

xffd

rfd

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

ð15:5Þ

AVR

eG

load

Zload = R + jX

Figure 15.1 Model power system of one generator with AVR and the load
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The equation can be modified further. From Equation 10.70

x0d ¼ xl þ
1

1

xad
þ 1

xfd

r

from Eq: ð10:72Þ
xd ¼ xl þ xad s

from Eq: ð10:49bÞ
xfd ¼ xffd � xad t

; x0d ¼ xd � xad þ
xadxfd

xad þ xfd
¼ xd �

x2
ad

xffd
u

9
>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>;

(15.6)

Then, replacing ( ) on the right of Equation 15.5 s by x0d, we obtain the transfer function of a

generator:

ed sð Þ ¼ xqiq sð Þ � rid sð Þ r

eq sð Þ ¼ 1

1þ T 0d0s
ef sð Þ � xd þ x0dT 0d0S

1þ T 0d0s
id sð Þ � r iq sð Þ s

9
>=

>;

where

T 0d0 ¼
xffd

rfd
: the time constant of excitation circuit of d-axis equivalent circuit

ðsee Figure 10:4 and Equation10:107aÞ

x0d ¼ xd �
x2

ad

xffd
: transient reactance of d-axis circuit

ef sð Þ ¼ xad

rfd
Efd sð Þ : excitation voltage

9
>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>;

(15.7)

The first term on the right of Equation 15.7 s is the term which would be changed proportionally

by the excitation ef , and is a first-order time delay s function with time constant T 0d0.

The second term on the right of Equation 15.7 s is the term related to the armature current, and

corresponds to the voltage drop caused by armature reactance. The second term obviously becomes

x0d id when t! 0þ ðs!1Þ, and finally becomes xdid when t!1ðs! 0þÞ. The result of course

coincides with the explanation of Sections 10.6 and 10.7.

15.1.2 Transfer function of generator + load

Next, the generator is connected to the load impedance Z ¼ Rþ jX as shown in Figure 15.1, which

already includes line impedance. Also referring to Equation 10.55 or Figure 10.5,

eG sð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e2
d sð Þ þ e2

q sð Þ
q

r

ed sð Þ þ jeq sð Þ ¼ id sð Þ þ jiq sð Þ
� 	

Rþ jXð Þ s

; id sð Þ ¼ R

R2 þ X2
ed sð Þ þ X

R2 þ X2
eq sð Þ t

iq sð Þ ¼ R

R2 þ X2
eq sð Þ � X

R2 þ X2
ed sð Þ u

(15.8)
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By substituting id sð Þ; iq sð Þ into Equation 15.7 rs, we obtain simultaneous equations of first order

and two variables ed sð Þ; eq sð Þ and the following solution (see Supplement 1 for details):

ed sð Þ ¼ xqR� Xr

X þ xdð Þ X þ xq

� �
þ Rþ rð Þ2

n o
þ X þ x0d

� �
X þ xq

� �
þ Rþ rð Þ2

n o
T 0d0s

ef sð Þ r

eq sð Þ ¼ X2 þ R2 þ Xxq þ Rr

X þ xdð Þ X þ xq

� �
þ Rþ rð Þ2

n o
þ X þ x0d

� �
X þ xq

� �
þ Rþ rð Þ2

n o
T 0d0s

ef sð Þ s

9
>>>>>=

>>>>>;

(15.9)

Substituting the results into Equation 15.8 r (see Supplement 2 for the solution), then

eG sð Þ ¼ A

1þ T s
ef sð Þ r

GG sð Þ� eG sð Þ
ef sð Þ ¼

A

1þ T s
: the transfer function of the generator terminal voltage

under load condition

s

where

A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ R2
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X þ xq

� �2þ Rþ rð Þ2
q

X þ xdð Þ X þ xq

� �
þ Rþ rð Þ2

: the gain of generatorþ load t

T ¼
X þ x0d
� �

X þ xq

� �
þ Rþ rð Þ2

X þ xdð Þ X þ xq

� �
þ Rþ rð Þ2

T 0d0 : the time constant of generatorþ load u

ef sð Þ ¼ xad

rfd
Efq sð Þ : excitation v

9
>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>;

(15.10)

Equations 15.9 and 15.10 explain that the total system of a generator þ load has the following

features. The value of the time constant T is affected by the load condition R; jXð Þ and is more or less

smaller than the generator’s specific time constant T 0d0, namely T< T 0d0, because xd>x0d in Equation

15.10 u. Incidentally, the armature resistance r can actually be neglected in the above equations,

which we will now examine further.

15.1.2.1 Cases of special load conditions

15.1.2.1.1 Case 1: no-load condition Putting R ¼ 1, X ¼ 1, then A ¼ 1, T ¼ T 0d0

; GG sð Þ ¼ 1

1þ T 0d0s
(15.11)

15.1.2.1.2 Case 2: load with power factor cosf ¼ 1:0 Putting X ¼ 0; r ¼ 0,

; GG sð Þ ¼

R
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

q þ R2
q

xdxq þ R2

1þ x0dxq þ R2

xdxq þ R2
T 0d0

(15.12)

For a light load R�xd , xq, then

GG sð Þ ¼ 1

1þ T 0d0s
(15.13)
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15.1.2.1.3 Case 3: inductive load with power factor cosf ¼ 0 Putting

R ¼ 0, r ¼ 0,

; GG sð Þ ¼

X

X þ xd

1þ X þ x0d
X þ xd

T 0d0s

(15.14)

For an inductive light load, X�xd , x0d , so GG sð Þ is the same as in Equation 15.13.

15.1.2.1.4 Case 4: capacitive load with power factor cosf ¼ 0 In this case,

GG sð Þ is equal to Equation 15.14, but X is of negative magnitude X ¼ �Xc. The typical case of this

mode is where a transmission line is charged by a generator with no load condition. If the

absolute value of Xc becomes close to the value of xd , an abnormal solution of X þ xdð Þ ¼
�Xc þ xdð Þ! 0; A!1; T!1 would occur. Such an extraordinary large gain A means a quite

unstable system condition from the viewpoint of automatic control theory. Of course, this condition

physically means very unstable series resonance. This phenomenon is again discussed in Section 15.4.

Figure 15.2 shows the transfer function of a generator, and also the behaviour when a step-function

signal ef tð Þ ¼ 1 tð Þ (namely, ef sð Þ ¼ 1=s) is input.

15.2 Duties of AVR and Transfer Function
of Generator + AVR

We have found the transfer function of the generator þ load impedance. Now we will find the total

transfer function of the AVR þ exciter þ generator þ load impedance, by which we can inves-

tigate the dynamic behaviour of the generator system with AVR.

The duties of AVR are outlined as follows:

� To maintain generator terminal voltage within a permissible certain band around the rated voltage

and to prevent generator operation in the unstable zone or in the prohibited operating zone.

� To generate appropriate Var(Q) in relation to effective power (P) generation (V–Q control and P–Q

control).

� To control voltage and reactive power automatically to maintain stability during large disturbances.

one-order s-function

ef(s)

ef(t) = 1(t)

eG(t) = A(1 – e–(t/T))

eG(s)

eG(s) = 

G(s) = 
A

1 + Ts

T

A

A

0
t

t

A
s1 + Ts
1.

The inclination of the auxiliary 
line (tangential line at t = 0) is

Accordingly, one side of the derived 
triangle becomes T

d
dt

A

T
eG(t)

t = 0 t = 0
=

A

T
=e–(t/T)

Figure 15.2 The transfer function of first-order time delay
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� To enlarge the generator’s stability limit, especially at small GD2 or of short-circuit ratio.

� To improve transient and dynamic stability.

� To protect hunting or necessary swinging of voltage and reactive power among generators.

� To make the most of the generator’s capability including all the above.

The substantial requirements for AVR are outlined as follows:

� High sensitivity, small offset (small dead-band)

� High response (small time constant)

� Fine controllability

� Wide control area, etc.

AVRs installed at every generator terminal of a power system play leading roles in power system

operation, in order to protect individual generators from prohibited operation ,or to maintain stable

power system operation over time by avoiding unstable conditions among other generators, such as

loss of synchronization or unnecessary hunting phenomena of voltages, cross-currents and reactive

power . If AVR were categorized as only accessory equipment for a generator, having the function to

keep its terminal voltage at a certain value, this would be a serious underestimation.

Now we will study the response characteristics of AVR and of the exciter first, and then examine the

dynamic characteristics of a generator with AVR. Incidentally, AVR is treated in this book only from a

functional viewpoint, not a hardware one.

For the transfer function of the exciter, Gf sð Þ, the excitation system of a generator may be typically

classified as follows:

� D.C. generator type (self-excitation method, separate excitation method)

� A.C. generator type with a rectifier circuit

� Solid-state type (by semiconductors for power use)

Regardless of the type of excitation circuit, the transfer function of the exciter can be assumed as a

typical form of first-order delay for our purposes of power system behaviour, although the hardware of

individual excitation circuits may be different. The time constant Tf is of order, say, 0.1 s, and is

usually smaller than the time constant T 0d0 of the paired generator.

For the transfer function of AVR, Gavr sð Þ, AVR is a closed-loop control system with negative

feedback pass in which generator terminal voltage eG is stabilized to a certain value. Figure 15.3 shows

the block diagram of a total system including a generator, an exciter and AVR equipment written as a

for hunting prevention
(the derivative characteristics)

AVR signal output excitation voltage
generator-
terminal voltage

AVRvoltage 
setting 
value

Vset

+ +

– –
Gavr(s) = ma mf

1 + Tavrs

Gk(s) = ks
1 + Tks

Gf (s) = GG(s) = 
1 + Tfs 1 + Ts

eavr (s) ef (s) eG(s)
A

Figure 15.3 Transfer function of a generator with AVR connected to the outer load
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combination of transfer functions. In the figure, Vset is a value set by AVR for the generator terminal

voltage. The generator voltage eG sð Þ detected by the potential transformer (PT) is directly fed back to

the AVR. The transfer function of the forward element Gavr sð Þ of AVR can also be written in the form of

first-order time delay with gain ma and time constant Tavr. AVR has also a duty to prevent hunting, so

the supplementary negative feedback function Gk sð Þ of a typical derivative characteristic is supplied.

Further, another supplementary function to minimize cross-currents from neighbouring generators

will be examined in Chapter 16.

Advanced AVR equipment in recent years is mostly of solid-state type and equipped with

outstanding characteristics of high sensitivities as well as quick response times, where the time

constant Tavr of AVR itself is very small. Accordingly, the actual values of each time constant can be

estimated as T;Tf� Tavr.

From Figure 15.3
eG sð Þ ¼ GG sð Þef sð Þ r

ef sð Þ ¼ Gavr sð ÞGf sð Þ Vset � eG sð Þ � Gk sð Þef sð Þ
� 	

s

From rs

ef sð Þ ¼ Gavr sð ÞGf sð Þ
1þ Gavr sð ÞGf Gk sð Þ þ GG sð Þf gVset t

9
>>>>>=

>>>>>;

(15.15)

Then the total transfer function is

eG sð Þ ¼ GG sð Þef sð Þ ¼ Gavr sð ÞGf sð ÞGG sð Þ
1þ Gavr sð ÞGf sð Þ Gk sð Þ þ GG sð Þf gVset r

where

GG sð Þ ¼ A

1þ T s
: transfer function of generator in relation to load s

Gf sð Þ ¼
mf

1þ Tf s
; mf : transfer function of ‘exciter’ t

Gavr sð Þ ¼ ma

1þ Tavrs
; ma : transfer function of AVR forward element u

Gk sð Þ ¼ ks

1þ T 0As
; ks : transfer function of feedback circuit to prevent hunting v

9
>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>;

(15.16)

Simplification of Gavr sð Þ;Gf sð Þ;Gk sð Þ in Equation 15.16 is justified by the difference in time

constants, namely by T;Tf� Tavr.

In addition, we can put k ¼ 0 because the gain of Gk sð Þ is set by a very small value. Accordingly,

for the total transfer function,

eG sð Þ;

mamf GG sð Þ
1þ mamf ksþ GG sð Þf gVset;

mamf GG sð Þ
1þ mamf GG sð ÞVset

¼ A

Aþ ð1=mamf Þ

 !

|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
Atotal

� 1

1þ T

1þ mamf A

 !

|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

s

Ttotal

Vset�Atotal
1

1þ Ttotal s
Vset

9
>>>>>>>>>=

>>>>>>>>>;

(15.17)

In conclusion, dynamic characteristics of a generator with AVR can be written as the transfer
function of a generator with AVR given by Equation 15.17, which is in the form of a first-order delay

mode with gain Atotal and time constant Ttotal.

If we put s! 0 in the equation (i.e. t!1 in the time domain), then we find eG!Vset, which means

that generator terminal voltage eG tð Þ is controlled to maintain the AVR’s set value ma. It should be

recalled that, in Equation 15.17, only the value of ma is controllable and all other symbols have the

uncontrollable specific values of the actual machines.
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We can introduce the following conclusion from the observation of Atotal and Ttotal in

Equation 15.17: if ma is set to a large value, the total system time constant Ttotal can be set to a

much smaller value (almost to zero) in comparison with the generator’s specific time constant T, while

the total system gain Atotal would not differ greatly from the generator’s specific gain A. In other words,

due to AVR, the time constant T can be minimized so that quick recovery of generator terminal

voltages eG tð Þ against ordinary fluctuations as well as against large system disturbances can be

realized, maintaining eG tð Þ at its set value Vset of AVR over time.

Note that generator operation without AVR (in other words, manual operation of excitation) is

actually impossible. Without AVR, the generator would be forced to rush into the specifically

prohibited operating zone of voltages, or pþ jqð Þ coordinate zone, or serious voltages and reactive

power hunting phenomena would be caused among other generators, regardless of their physical

distance from our generator, which might lead to mechanical breakdown or damage to the generators.

Furthermore, various modes of power system instability might also arise. These problems will be

discussed in detail in Chapter 16.

In Figure 15.3, the special case where the gain of AVR is set to zero ma ¼ 0ð Þ corresponds to the

case when AVR is out of service and the total transfer function consists only of Gf sð Þ and GG sð Þ,
although such operation is unreal. Incidentally, if we do not neglect the gain k of Gk sð Þ to prevent

hunting, the equation would be written as a second-order function, instead of Equation 15.17. This also

will be discussed in Chapter 16.

15.3 Response Characteristics of Total System
and Generator Operational Limit

15.3.1 Introduction of s functions for AVR + exciter +
generator + load

Our next task is to find conditions in which a generator with AVR can be stably operated.

Note, however, that the load condition has to be taken into account for this purpose, because we

know that the operating characteristics of a generator are closely affected by the load condition.

Therefore, we examine the behaviour of a generator with AVR in the power system shown in

Figure 15.4a, where the load is expressed as a parallel circuit of Rl, jXl (Xl may be negative value

for capacitive loads).

The relation between the generator terminal eG; iG and the load impedance Z Rl== jXlð Þ is

iG ¼ Z�1eG r

Z�1 ¼ 1

Rl
þ 1

jXl
¼ R�1

l � jX�1
l s

9
=

;
(15.18)

where the impedance of the transmission line is already contained within the load impedance.

As the system is operated under three-phase-balanced conditions, the following equation can be

derived from Equations 10.55 and 15.17:

id þ jiq
� �

ejt ¼ Z�1 ed þ jeq

� �
ejt

; id þ jiq ¼ Z�1 ed þ jeq

� �

)

(15.19)

During a system disturbance, the quantities would suffer some deviations, such as

DiG ¼ R�1
l � jX�1

l

� �
DeG DeG ¼

Rl þ jXl

R2
l þ X2

l

�DiG r

; Did þ jDiq ¼ R�1
l � jX�1

l

� �
� Ded þ jDeq

� �
s

Did ¼ R�1
l Ded þ X�1

l Deq t

Diq ¼ �X�1
l Ded þ R�1

l Deq u

9
>>>>>>>=

>>>>>>>;

(15.20)

270 15 GENERATOR CHARACTERISTICS WITH AVR AND STABLE OPERATION LIMIT



On the other hand, we can derive the following equations from Equation 15.7 rs and Equation

15.8 r (putting armature resistance r ¼ 0):

Ded ¼ xqDiq r

Deq ¼
1

1þ T 0d0s
Def �

xd þ x0dT 0d0s

1þ T 0d0s
Did s

DeG ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Dedð Þ2þ Deq

� �2
q

t

9
>>>>>=

>>>>>;

(15.21)

Next, referring to Figure 15.3, the following equation is derived as the s function of the system

including AVR (where subsidiary feedback function Gk sð Þ is neglected for simplicity, which is to

prevent hunting ðk ¼ 0Þ:

ef sð Þ ¼ Vset � eG sð Þf gGavr sð ÞGf sð Þ r

; Def sð Þ ¼ � Gavr sð ÞGf sð Þ
� 	

DeG sð Þ� � mDeG sð Þ s

m� mamf ¼ Gavr sð Þ � Gf sð Þ : total gain of AVR and exciter t

9
>=

>;
(15.22)

Eliminating Diq from Equations 15.20 u and 15.21 r,

x�1
q þ X�1

l

� �
Ded ¼ R�1

l Deq ;Ded ¼ x�1
q þ X�1

l

� ��1
�R�1

l Deq (15.23)

Substituting this equation into Equations 15.20 tu and 15.21 t,

Did ¼ R�2
l x�1

q þ X�1
l

� ��1
þX�1

l

� �

Deq r

Diq ¼ �X�1
l R�1

l x�1
q þ X�1

l

� ��1
þR�1

l

� �

Deq s

DeG ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x�1
q þ X�1

l

� ��1
�R�1

l

� �2

þ1

s

� Deq

¼ x�1
q þ X�1

l

� ��1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R�1
l

� �2þ x�1
q þ X�1

l

� �2
r

� Deq t

9
>>>>>>>>>>>>>=

>>>>>>>>>>>>>;

(15.24)

Eliminating Def by substituting Equation 15.22 s into 15.21 s,

1þ T 0d0s
� �

Deq þ Gavr sð ÞGf sð ÞDeG þ xd þ x0dT 0d0s
� �

Did ¼ 0 (15.25)

Substituting Did , DeG from Equation 15.24 rt into Equation 15.25, then all terms including Deq

vanish and the following equation is obtained:

1þ T 0d0sþ Gavr sð ÞGf sð Þ x�1
q þ X�1

l

� ��1
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R�1
l

� �2þ x�1
q þ X�1

l

� �2
r

þ xd þ x0dT 0d0s
� �

R�2
l x�1

q þ X�1
l

� ��1
þX�1

l

� �

¼ 0

; Gavr sð ÞGf sð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R�1
l

� �2þ x�1
q þ X�1

l

� �2
r

þ X�1
q þ X�1

l

� �
þ xd X�1

l x�1
q þ X�1

l

� �
þ R�2

l

n o

þT 0d0s x�1
q þ X�1

l

� �
þ x0d X�1

l x�1
q þ X�1

l

� �
þ R�2

l

n oh i
¼ 0

9
>>>>>>>>>>>=

>>>>>>>>>>>;

(15.26)

namely

Gavr sð ÞGf sð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

Rl

� �2

þ 1

xq
þ 1

Xl

� �2
s

þ 1

xq
þ 1

Xl

� �

þ xd

Xl

1

xq
þ 1

Xl

� �

þ xd

R2
l

2

4

3

5

þ T 0d0s
1

xq
þ 1

Xl

� �

þ x0d
Xl

1

xq
þ 1

Xl

� �

þ x0d
R2

l

" #

¼ 0

(15.27)
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On the other hand, the relation between apparent power of the generator and the load impedance Z

(parallel impedance Rl== jXl) is

Pþ jQ ¼ eGi�G ¼ eG
eG

Rl
þ eG

jXl

� ��
¼ e2

G

Rl
þ j

e2
G

Xl
(15.28)

Unitizing P, Q by the base value e2
G,

pþ jq ¼ P

e2
G

þ j
Q

e2
G

¼ 1

Rl
þ j

1

Xl

Now, Equation 15.27 can be expressed as below by replacing the symbols 1=Rl! p, 1=Xl! q.

For the s function of the total system, generator þ exciter þ AVR þ load, under the load

condition (p þ jq)



Gavr sð ÞGf sð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ qþ 1

xq

� �2
s

þ xd p2 þ qþ 1

xd

� �

qþ 1

xq

� �� ��

þT 0d0s � x0d p2 þ qþ 1

x0d

� �

qþ 1

xq

� �� � �

¼ 0

(15.29)

This is the Laplace-transformed equation of the operating condition for the total system, in p–q

coordinates which consists of a generator, an exciter and AVR plus load, as shown in Figure 15.4a.

The necessary condition for the above equation to be stable is found with the help of the method for

determining system stability within the essential theory of automatic control.

Here we neglect the time lag of AVR and the exciter, putting Tavr ¼ 0, Tf ¼ 0 (which is of no

consequence for stability analysis),

Gavr sð ÞGf ; mamf� m the total gain of AVR and the exciter (15.30)

Accordingly, Equation 15.29 can be modified in the form of an s function of only first order, namely

Aþ BT 0d0s ¼ 0 with one root only and s ¼ �A= BT 0d0

� �
r

here A ¼ m �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ qþ 1

xq

� �2
s

þ xd p2 þ qþ 1

xd

� �

qþ 1

xq

� �� �

s

B ¼ T 0d0x0d p2 þ qþ 1

x0d

� �

qþ 1

xq

� �� �

t

9
>>>>>>>=

>>>>>>>;

(15.31)

15.3.2 Generator operational limit and its
p�q coordinate expression

Our purpose is to find the condition from the above equation where the generator can be stably

operated.

The method for determining system stability as in the theory of automation indicates that the s

function of first order in the form of Equation 15.31 r can be stable only when the root of s is a negative

real number (Nyquist Stability Criterion). Accordingly,

the condition of system stability

A � B 3 0
the boundary condition of the stable condition

A ¼ 0; B ¼ 0

9
>=

>;
(15.32)

Consequently, the critical borderline for stable operation can be given by putting A ¼ 0; B ¼ 0 in

Equation 15.31 st.
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15.3.2.1 Case 1: generator operation without AVR

If AVR is out of service, so that ma ¼ 0; m ¼ ma � mf ¼ 0 in Equation 15.22, then the equation of the

critical stability limit is

A ¼ p2 þ qþ 1

xd

� �

qþ 1

xq

� �

¼ 0 r

B ¼ p2 þ qþ 1

x0d

� �

qþ 1

xq

� �

¼ 0 s

the stable condition

A � B 3 0
t

(15.33)

Equation 15.33 rs can be written as in the p�q coordinates diagram shown in Figure 15.4b.

Equation 15.33 r is the circle whose diameter is given by the straight line connecting points

0;�1=xdð Þand 0;�1=xq

� �
, andtheouterareaof thecircle isA 3 0.Ontheotherhand,Equation15.33s

is the circle whose diameter is given by the straight line connecting 0;�1=x0d
� �

; 0� 1=xq

� �
. The outer

Figure 15.4 Operating limit of the generator under weak excitation (leading power-factor operation)
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area of the two circles satisfy the stable condition AB 3 0, while the area of�1=x0d 3 q is unrealistic.

Accordingly, for the realistic stable area,

q> � 1=xd (15.34a)

That is, the upper area from small circle in Figure 15.4b.

15.3.2.2 Case 2: Generator operation with AVR

Equation 15.31 s with the condition A ¼ 0 and Equation 15.31 t with the condition B ¼ 0 give the

critical stability limit. These conditions can also be written in p–q coordinates as shown in Figure

15.4c. The larger circle at the bottom is given by B ¼ 0, which is the same circle as that in Figure 15.4b.

The smaller distorted circle at the top is given by the equation A ¼ 0 and can be written in p–q

coordinates with the parameter m > 0ð Þ. The case with m ¼ 0 coincides with case 1, that is generator

operation without AVR. If the parameter m (the total gain) is selected to be larger, the distorted circle

shrinks more, and finally converges to the special point 0;�1=xq

� �
. The value of m at this special

converged point can be calculated by the conditions p ¼ 0, A ¼ 0, B ¼ 0, and is given by the equation

m ¼ xd

xq
� 1 (15.34b)

Now, comparing Figures 15.4b and c, if the AVR gain ma is adjusted to larger values (m ¼ mamf also

becomes larger), the upper distorted circle is shrinks towards the converged point, and as a result the

stable operating zone in the capacitive area (q is negative) is enlarged to the point 0;�1=xq

� �
. In

other words, AVR can enlarge the leading power-factor zone of the generator from the critical point

0;�1=xdð Þ to 0; � 1=xq

� �
.

From an actual engineering viewpoint, the operating zone of hydro-generators can be greatly

improved (perhaps by 40–50%) by virtue of xd > xq, but that of thermal generators only moderately so

because xd ; xq (refer to Table 10.4).

The problem of the generator’s leading power-factor operation is examined again in Chapter 16.

15.4 Transmission Line Charging by Generator with AVR

We examine the special case of p ¼ 0, which means a generator is operating with pure inductive (L) or

capacitive (C) load, namely by power-factor zero. A typical example of this situation is the so-called

‘no-load transmission line charging by a generator’, that is one terminal of the line is opened and the

other terminal is charged by the generator, so that the stray capacitance of the line becomes the pure

capacitive load of the generator.

Equation 15.29 becomes very simple by putting p ¼ 0:

mþ xd qþ 1

xd

� �� �

þ T 0d0x0d qþ 1

x0d

� �

s ¼ 0 (15.35)

For the system to be stable, the root of s should be a negative real number, namely, for the stability

condition of line charging,

s ¼ �
mþ xd qþ 1

xd

� �

T 0d0x0d qþ 1

x0d

� � 2 0 r

; mþ xd qþ 1

xd

� �� �

� qþ 1

x0d

� �

3 0 s

9
>>>>>>>=

>>>>>>>;

(15.36)
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15.4.1 Line charging by generator without AVR

As this is the case of m ¼ 0, the stable condition is

q 3 � 1

xd
ðrealistic stable zoneÞ r

q 2 � 1

x0d
ðunrealistic zoneÞ s

(15.37)

Equation r is the actual stable condition, while s has physically no meaning. Therefore,

The case of capacitive load ðq< 0Þ : critical point of stable operation is q ¼ �1=xd½pu	
The case of inductive load ðq> 0Þ : stable for all the inductive zone:

15.4.2 Line charging by generator with AVR

This is the case of m6¼ 0. Equation 15.36 s is a second-order inequality of q, so it can be solved. The

enlarged stable zone of line charging is

q 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2

1

xd
� 1

x0d

� �� �2

�m 1

xd

s

� 1

2

1

xd
þ 1

x0d

� �

(15.38)

The absolute value of the left-hand side of Equation 15.38 is larger than 1=xd of Equation 15.37,

and the special case of m ¼ 0 in the former equation gives the latter. Thus, due to the effect of the

term m=xd by AVR, the stable limit of leading power-factor operation in p–q coordinates has been

enlarged in the down direction in the Figure 15.4b.

15.4.2.1 Trial calculation

For the case of generator reactance xd ¼ 1:8 pu, x0d ¼ 0:4 pu, then, without AVR, from Equation 15.37

r q 3 � 0:556; and with AVR, from Equation 15.37 r q 3 � 0:904 (gain m ¼ 1:0).

Obviously the stable zone of the generator’s capacitive load operation is remarkably improved

by AVR.

The theme of transmission line charging is again discussed in Chapter 20 as a problem of

overvoltage phenomena.

15.5 Supplement 1: Derivation of Equation 15.9 from
Equations 15.7 and 15.8

The calculation takes some time but can be solved.

For the first step, substituting id sð Þ; iq sð Þ in Equation 15.8 into 15.7 rs, we can derive

simultaneous equations for ed sð Þ; eq sð Þ:

R2 þ X2 þ Xxq þ Rr
� �

ed sð Þ þ Xr � Rxq

� �
eqðsÞ ¼ 0

f Rxd � Xrð Þ þ Rx0d � Xr
� �

T 0dsged sð Þ þ f R2 þ X2 þ Rr þ Xxd

� �

þ R2 þ X2 þ Xx0d þ Rr
� �

T 0d0sgeq sð Þ ¼ ef sð Þ � R2 þ X2
� �

9
>=

>;
(1)

The equations can be written as follows:

m1ed sð Þ þ m2eq sð Þ ¼ 0

m3 þ m4T 0d0 sð Þs
� 	

ed sð Þ þ m5 þ m6T 0d0ðsÞ s
� 	

eq sð Þ ¼ m7ef sð Þ
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The solution is

ed sð Þ ¼ m2m7

m2m3 � m1m5ð Þ þ m2m4 � m1m6ð ÞT 0d0 sð Þs �ef sð Þ

eq sð Þ ¼ �m1

m2
�edðsÞ

where

m1 ¼ R2 þ X2 þ Xxq þ Rr ¼ X X þ xq

� �
þ R Rþ rð Þ

m2 ¼ Xr � Rxq ¼ x Rþ rð Þ � R X þ xq

� �

m3 ¼ Rxd � Xr ¼ �X Rþ rð Þ þ R X þ xdð Þ
m4 ¼ Rx0d � Xr ¼ �X Rþ rð Þ þ R X þ x0d

� �

m5 ¼ R2 þ X2 þ Rr þ Xxd ¼ R Rþ rð Þ þ X X þ xdð Þ
m6 ¼ R2 þ X2 þ Rr þ Xx0d ¼ R Rþ rð Þ þ X X þ x0d

� �

m7 ¼ R2 þ X2

m1 to m6 have been modified into the form shown on their right-hand sides, leading to the following

results:

m2m3 � m1m5ð Þ ¼ � X2 þ R2
� �

X þ xdð Þ X þ xq

� �
þ Rþ rð Þ2

n o

m2m4 � m1m6ð Þ ¼ � X2 þ R2
� �

X þ x0d
� �

X þ xq

� �
þ Rþ rð Þ2

n o

m2m7 ¼ � X2 þ R2
� �

xqR� Xr
� �

Finally we obtain Equation 15.9.

15.6 Supplement 2: Derivation of Equation 15.10
from Equations 15.8 and 15.9

Equation 15.10 is derived by substituting ed sð Þ; eq sð Þ from Equation 15.9 into Equation 15.8 r.

However, the following modification can be adopted in the process:

xqR� Xr ¼ �X Rþ rð Þ þ R X þ xq

� �

Accordingly,

fnumerator of Equation 15:9 rg2 þ fnumerator of Equation 15:9 sg2

¼ ðX2 þ R2
�

X þ xq

� �2þ Rþ rð Þ2
n o

which leads easily to Equation 15.10.
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Coffee break 8: The symbolic method by complex
numbers and Arthur Kennelly, the prominent
pioneer

Heaviside’s symbolic method or transform and the Laplace transform for analysing

differential equations made prominent contributions to the advancement of electrical engineer-

ing in the twentieth century. However, referring to the

simple circuit in Table 7.1, for example, can we solve

the transient phenomena of the circuit using only the

Laplace transform without using the concept of com-

plex numbers? Or can we solve the steady-state

phenomena without using jo? The answer is actually

no. Electrical engineers today are very familiar with

the concept of voltages and currents in complex

numbers or impedance in the complex number

Rþ joL, so they may understand as if ‘the physical

substance of electricity is the quantities of complex

number!’

In a similar sense, phenomena of the simple three-

phase circuit in Table 7.2 cannot actually be solved

without using the methods of electricity description
by complex numbers and symmetrical compo-
nents. As a matter of fact, we believe that every page

of this book, in regard to power systems engineering,

cannot be properly described without such outstand-

ing symbolic methods.

We electricians today know that the substance of electricity is an electromagnetic field or

wave which propagates through a vacuum or in air along wires with the same speed of light.

Electricity is of course a form of energy which obeys the law of energy conservation. However,

electricians working in the fields of electronic devices, communications/broadcasting, power

systems, for example, usually treat electricity as ‘current flowing through a circuit’ just like

‘water flowing through a pipe’. It is fortunate that electromagnetic waves with such profound

characteristics of propagation in space can be handled so simply in most of our practical

engineering works. We owe this partly to the substantial theories of electricity that have been

well established, but also partly to the excellent methodology of handling electricity that has

been established.

Considering all these things, we engineers are required to be familiar with such a

methodology as much as possible, while not forgetting the actual substance of electricity.

We emphasize the important roles of the mathematical method of description or
symbolic methods of electricity. The second half of this coffee break below contains short

biographies of those prominent pioneers who developed such important methods of math-

ematical treatment.

The first is Arthur Edwin Kennelly (1861–1939), who developed or, better, ‘invented’ the
symbolic method of electricity by complex numbers. Another independent inventor,

Steinmetz, is described later. Kennelly was born in India, the son of an Irish naval officer.

After his mother died he was sent to England when he was 3 years old to be educated. After

working for a few years as a telegraph operator for the Eastern Telegraph Company, he left for

the United States in 1887. In December of the same year 1887, Thomas Alva Edison (1847–

1931) opened his West Orange Laboratory and Kennelly joined it as chief assistant to Edison.

Arthur Edwin Kennelly (1861–1939)



Edison had half-a-dozen assistants, chosen because of their expertise in fields in which Edison

felt weaker. Kennelly became Edison’s closest expert, especially in mathematics and electro-

magnetic studies.

The following year, Edison was anxious to characterize the a.c. generating system as too

dangerous, since it was being vigorously promoted by George Westinghouse (1846–1914) and

his competing group. Edison had sufficient reason to do so, because he was the great innovator,

as much as the inventor, for his enterprise in d.c. electricity containing the functions of power

utility and manufacture of dynamos, electric lamps, telephones, etc. Kennelly worked for

Edison for six years. He had to manage his work to justify d.c. as a member of Edison’s staff, but

still presented a prominent paper for treating a.c. electricity in 1893.

In 1893, he submitted a paper on ‘Impedance’ to the AIEE (American Institute of Electrical

Engineers) in which he discussed the first use of complex numbers as applied to Ohm’s law in
a.c. theory. In this paper, he wrote that inductance and capacitance can be written as the

‘resistances of pl
ffiffiffiffiffiffiffi
�1
p

,�1=k p
ffiffiffiffiffiffiffi
�1
p

respectively, where p ¼ o ¼ 2p f and k ¼ C. Further, in

the next year he proposed new signal ffy and its converse.

His AIEE paper was praised quite highly in the periodical Electrical World: ‘admirable

faculty of taking an involved and little understood subject, and by a remarkably lucid treatment

placing it within the grasp of the merest tyro in electricity’. The publication of Kennelly’s paper

immediately allowed complex-number techniques to be applied to a.c. theory. We think that the

above comment by the editor of Electrical World is not sufficient: we cannot imagine the

substantial physical concept of reactive power Q without using complex numbers, for example.

Kennelly should also be remembered as the person who initiated the application of complex
hyperbolic functions in the solution of transmission of radio waves, which is essentially the

mathematical theory of telephone wires and later of waveguides. ‘The table and chart atlas of

complex hyperbolic and circular functions (Smithsonian tables)’ is one of his monuments.

Kennelly left Edison in 1894, joining the consulting firm Houston and Kennelly in Philadel-

phia. In 1901, he came back again as a consulting engineer with the Edison General Electric

Company in New York, and then became a professor at Harvard University from 1902 to 1930 and

at the Massachusetts Institute of Technology (MIT) from 1913 to 1924.

On 12 December 1901, Marconi received the radio signal ‘S’ sent by Morse code from

England to Newfoundland. Kennelly thought that the signal received was far better than

predicted by existing radio wave theory. The following year he deduced that the reason why

Marconi’s radio waves were able to cross the Atlantic Ocean was because they were being

reflected back to Earth from an ionized layer in the upper atmosphere. He predicted the

existence of a conducting stratum at a height of 50 miles (80 km) and with a conductivity several

times as large as that of sea water. This is of course the ‘Kennelly–Heaviside layer’, which is

now called the ‘E region of the ionosphere’.

Kennelly was the sole author of 10 books and co-author of 18 more, and wrote about 350

papers. He died in Boston in 1939 after becoming a leader of various societies of electricians

and a leading promoter of the metric system of weights and measures.
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16
Operating Characteristics and the
Capability Limits of Generators

Besides the item of ratings, each generator has its own specified operational limits and prohibited

operating conditions. A generator’s capability curves specifying the operational limits and some

common weak points in generators are discussed in this chapter. The subject is quite important for

power station design and operational engineering as well as for network design.

16.1 General Equations of Generators
in Terms of p–q Coordinates

We examine the operating condition of a generator which is connected to an infinite bus through a

transmission line as shown in Figure 16.1a. Figure 16.1b shows the vector diagram of this system’s

voltages and currents. First of all we start from the definition of p–q coordinates here, although it

has already appeared in Chapter 15:

Pþ jQ ¼ eGi�G ¼ eG
eG

Zl

� ��
¼ e2

G

Z�l
r

pþ jq ¼ P

e2
G

þ j
Q

e2
G

; p ¼ P

e2
G

; q ¼ Q

e2
G

s

9
>>=

>>;

(16.1)

where Zl is the characteristic impedance looking into the network from the generator terminal.

P� Q coordinates and p� q coordinates are in one-to-one correspondence to each other under

the parametric coefficient of 1=e2
G, while eG ¼ 1:0� 0:05 and 1=e2

G ; 1:0� 0:10 under nominal

generator operation.

The generator terminal voltage and current equations are

Pþ jQ ¼ eGiGe jj r

pþ jq ¼ P

e2
G

þ j
Q

e2
G

¼ iG

eG
e jj s

; p ¼ iG

eG
cosj; q ¼ iG

eG
sinj t

p2 þ q2 ¼ i2G
e2

G

u

9
>>>>>>>>>>=

>>>>>>>>>>;

(16.2)

with j: the power-factor angle
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Referring to vector diagram, where the salient-pole effect ðxd � xqÞid is neglected,

Efd ¼ Oaþ ab ¼ eq þ xdiG cosð90� � a� jÞ
¼ eq þ xdiG sinðaþ jÞ ¼ eq þ xdid r

eq ¼ eG cosa s

id ¼ iG sinðaþ jÞ t

9
>>>=

>>>;

(16.3)

Substituting Equations 16.2 t and 16.3 s t into Equation 16.3 r,

E fd ¼ eq þ xdiGðsina cosjþ cosa sinjÞ

¼ eGxd p sinaþ qþ 1

xd

� �

cosa
� �

(16.4)

Then if a is expressed by p and q, E fd can be written by p,q. Here, the following equations are

derived from the vector diagram:

tan a ¼ bd

Ocþ cd
¼ xdiG cosj

eG þ xdiG sinj
¼ xdðeGiG cosjÞ

e2
G þ xdðeGiG sinjÞ

¼ xdP

e2
G þ xdQ

¼ xde2
G p

e2
G þ xde2

Gq
¼ xd p

1þ xdq

; cos a ¼ 1þ xdq
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðxd pÞ2 þ ð1þ xdqÞ2
q ¼

qþ 1

xdffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ qþ 1

xd

� �2
s

sin a ¼ xd p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðxd pÞ2 þ ð1þ xdqÞ2
q ¼ p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ qþ 1

xd

� �2
s

9
>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>;

(16.5)

Figure 16.1 One-generator to infinite-bus system
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Accordingly, Equation 16.4 is

Efd ¼ eGxd p � p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ qþ 1

xd

� �2
s þ qþ 1

xd

� �

�
qþ 1

xdffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ qþ 1

xd

� �2
s

8
>>>><

>>>>:

9
>>>>=

>>>>;

¼ eGxd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ qþ 1

xd

� �2
s

(16.6)

Efd has simply been written only in p, q and eG.

For the network equations, from the vector diagram

eG sinjþ eB sinb ¼ xliG r

eG cosj¼ eB cosb s

; e2
B ¼ ðeG cosjÞ2 þ ðxliG � eG sinjÞ2
¼ e2

G þ x2
l i2G � 2eGxliG sinj t

9
>>=

>>;

(16.7)

Eliminating iG; j by substituting Equation 16.2 t u,

e2
B ¼ e2

G þ e2
Gx2

l ð p2 þ q2Þ � 2eGxlqeG ¼ e2
Gx2

l p2 þ q� 1

x1

� �2
( )

where eB ¼ eGxl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ q� 1

xl

� �2
s

9
>>>>=

>>>>;

(16.8)

Accordingly, the general equation of generators in terms of p–q coordinates is

eG ¼
eB

xl
� 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ q� 1

xl

� �2
s r

iG ¼ eG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ q2

p
¼ eB

xl
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ q2

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ q� 1

xl

� �2
s s

Pþ jQ ¼ e2
Gð pþ jqÞ ¼ eB

xl

� �2

� pþ jq

p2 þ q� 1

xl

� �2
t

E fd ¼ eGxd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ qþ 1

xd

� �2
s

¼ eB
xd

xl
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ qþ 1

xd

� �2
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ q� 1

xl

� �2
s u

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(16.9)

The generator voltage eG has been derived as a function of p, q and eB. The equations correspond

to the vector diagram of Figure 16.1b. In the above equations, xd is the specific constant of the

generator, while xl is the reactance of the network which may be changed by the network conditions.

The voltage of the infinite bus can usually be taken as eB ¼ 1:0. Accordingly, the characteristics

of a generator can be written as an implicit function FðeG; iG; Efd; p; qÞ ¼ 0. All these variables

are related to each other as a set of variables.

Equation 16.9 is very important because it is widely utilized as the basis for actual engineering of

power generation and power system operation.
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16.2 Rating Items and the Capability Curve of the Generator

16.2.1 Rating items and capability curve

Each generator has its own specific capability limits, most of which are given on its name-plate as

ratings, or may be specified by the appropriate standards.

In addition, each generator has its own ‘specified capability curve’, which indicates allowable

operating zone or critical operating limits of the generator, usually in the p–q coordinate plane.

Generators always have to be operated within these limits.

For the principal terms of the ratings, the specification on the name-plate includes physical weight

and dimensions, cooling practices, winding connections, insulation level, maximum temperature rise,

excitation method, and so on. Further, electrical terms of ratings are described, which indicate the

guaranteed capabilities or allowable operating zone of the generator. These are:

� Rated capacity [MVA]: Every part of the generator causes a temperature rise as the result of

the balance between heat generation and radiation. The rated capacity is determined by the

allowable maximum temperature rise of each part, including the metal structure and insulation

of the stator and the rotor.

� Rated effective power [MW]: The maximum effective power guaranteed by the rated power

factor.

� Rated power factor: Specified power factor by which the rated capacity [MVA] has to be

guaranteed. Generators of lower power factor tend to have increased weight. Typically cosj ¼
0:8 or 0.85 or 0.9.

� Rated voltage [kV]: The rated voltage is selected from specified series numbers in the appropriate

standards. Typical figures are 3.3, 6.6, 13.2,. 20.0, 24.0, 33.0, 36.0 kV, etc.

� Rated frequency f [Hz]: 50 Hz or 60 Hz in most areas of the world.

� Rated rotation [rpm]: For the 2n-pole machine (pole number 2n): N ¼ 60 f=n. For the two-pole

machine (2n¼2): N¼3000 rpm (50 Hz) or 3600 rpm (60 Hz).

� Short-circuit ratio: That is, {necessary excitation current to induce rated voltage under rated

rotating speed}/{necessary excitation current to induce rated current under short-circuit condition}.

� Various reactances, time constants: Items as listed in Table 10.1.

For the allowable operating range in regard to voltage and frequency (or rpm), this is generally

specified by the electrical standards for generators. Figure 16.2 shows a typical example of the

standards.

For the capability curve of a generator (allowable operating range in terms of P–Q or p–q

coordinate plane), Figure 16.3 shows such a curve which indicates the generator’s allowable

operating zone as the closed zone in the p–q coordinate plane.

Any generator should be operated strictly within the specified capability curve to prevent serious

damage to the machine and/or to maintain stable power system operation. In order to ensure such

operation of generators, various countermeasures, mainly by AVR and other supervising control

equipment as well as by associated protective relays, are invariably adopted at any power plant.

The essential points of the capability curve are the four items below, referring to Figure 16.3:

a) The upper limit curve of apparent power PþjQ or pþjq (curve s–t).

b) The upper limit curve of excitation voltage Ef (equivalent to if) (curve r–s).
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c) The limit curve to maintain stability (curve v–x).

d) The limit curve to prevent extraordinary local heating mainly caused around the structure of

the stator coil end (curve t–u).

We examine these curves one by one.

Figure 16.2 Synchronous generators: allowable operating ranges of the terminal voltage and frequency

(over 10 MVA)

Figure 16.3 Capability curve of generator
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16.2.1.1 Upper limit curve of apparent power P+jQ or p+jq (curve*2 –*3 )

A generator has its rated capacity [MVA] based on the limit of temperature rise caused by current

and flux.

From Equation 16.9 t

S ¼ Pþ jQ ¼ e2
Gð pþ jqÞ2 Smax r

; pþ jq ¼ 1

e2
G

ðPþ jQÞ2 1:0

e2
G

s

where Smax ¼ 1:0

9
>>>=

>>>;

(16.10)

This equation is written as a circle of radius 1.0 with centre (0, 0) in the P–Q coordinate plane,

or a circle of radius 1:0=e2
G and centre (0, 0) in the p–q coordinate plane. However, the curve may

be written simply as a circle of diameter 1.0 in the p–q coordinate plane under the assumption

eG ¼ 1:0. In such cases, the limit should be read as approximately 10% retouched curve because the

voltage is actually eG ¼ 1:0� 0:05 and e2
G ¼ 1:0� 0:1. The circular arc s–t in Figure 16.3 shows

this limitation.

16.2.1.2 Upper limit curve of excitation voltage Efd (equivalent to if)
(curve *1 –*2 )

Rewriting the left-hand side and middle of Equation 16.9 u,

Efd ¼ eGxd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ qþ 1

xd

� �2
s

; p2 þ qþ 1

xd

� �2

¼ E fd

eGxd

� �2

9
>>>>=

>>>>;

(16.11)

Arbitrary point (p, q) which satisfies the above equation is on a circle whose centre is ð0; �1=xdÞ
and radius Efd=ðeG xdÞ. Accordingly, the upper limit can be drawn as a circle for the largest

excitation Efdmax. The circular arc r–s shows this limitation in the excitation circuit:

the circle equation p2 þ qþ 1

xd

� �2

2
Efdmax

eGxd

� �2

centre 0; � 1

xd

� �

; radius
Efdmax

eGxd

(16.12)

The design value of excitation circuit capacity Efdmax has to guarantee the generator’s operation by

the rated capacity MVA under the rated voltage and power factor, which corresponds to point s in

Figure 16.3.

The distance from point ð0; �1=xdÞ to arbitrary point (p, q) is obviously proportional to the

magnitude of excitation E fd .

Accordingly, operation in the lagging zone ðq> 0Þ requires strong excitation, while operation in

the leading zone ðq< 0Þ requires weak excitation. The special condition of E fd ¼ 0 corresponds to the

special point v ð0; �1=xdÞ.
For the generator whose xd is smaller (short-circuit ratio 1/xd is larger), point v goes down to the

lower point in the p–q coordinate plane, so that larger excitation capacity is obviously required.

16.2.1.3 The stability limit curve (curve *5 –*7 )

The steady-state stability limit under the condition of d ¼ 90� is given by Equation 12.18 and by the

circle in Figure 12.4a. The circle can be transferred to Figure 16.3 as the curve of the steady-state
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stability limit v–x. This curve also shares the same special point v. It is interesting that this point

is not only the centre of the excitation limit circle, but also one end of the diameter of the circle of

steady-state stability.

16.2.1.4 The limit curve to prevent extraordinary local heating mainly
caused around the structure of the stator coil end (curve*3 –*4 )

A generator has the special problem of extraordinary local heating under operation in the leading

power-factor ðq< 0Þ zone (in other words, under weak field operation), which tends to be caused

mainly around the structure of the stator coil end. Curve t–u in the figure indicates the critical curve

for this problem, for the reason discussed in Section 16.3. This curve should be indicated by the

generator manufacturer.

16.2.2 Generator’s locus in the p–q coordinate plane under
various operating conditions

The generator’s specific capability was discussed with the parameter of generator terminal voltage eG

in the previous section. Now let us examine the generator’s loci with the parameter eB (usually

eB ¼ 1:0) instead of eG, under various operating conditions.

16.2.2.1 The locus under the condition of fixed excitation Efd

Rewriting the left- and right-hand sides of Equation 16.9 u,

E fd ¼ eB
xd

xl
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ qþ 1

xd

� �2
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ q� 1

xl

� �2
s (16.13)

This is a second-order equation in p and q, and can be modified into the equation of a circle as

shown below. (See the supplement for the calculation process.)

For the circle

the circle equation p2 þ qþ b

1� a2

� �2

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b

1� a2

� �2

þc

s8
<

:

9
=

;

2

where a ¼ E fd

eBxd

� �

xl

b ¼ 1

xd
þ a2

xl
¼ E fd

eBxd

� �2

xl þ
1

xd

c ¼

a2

x2
l

� 1

x2
d

1� a2
¼

E fd

eBxd

� �2

� 1

x2
d

1� a2

centre 0; � b

1� a2

� �

; radius

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b

1� a2

� �2

þc

s

9
>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>;

(16.14)

The operational locus (p, q) of the generator is drawn as a circle under the conditions of eB ¼ 1:0,

fixed E fd and constant xd , xl. This circle is shown as loci a1, a2 in Figure 16.4. Assuming generator
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operation under fixed Efd (i.e. AVR is out of service) and if p is increased by the prime-mover, the

generator locus (p, q) moves down immediately to the direction of leading power-factor operation.

That is, to the prohibited operating zone.

16.2.2.2 The locus under the condition of fixed terminal voltage eG

The terminal voltage eG is given by Equation 16.9 r, which can be modified as

the circle equation p2 þ q� 1

xl

� �2

¼ 1

eG
� eB

xl

� �2

centre 0;
1

xl

� �

; radius
1

eG
� eB

xl

9
>>>>>=

>>>>>;

(16.15)

This is also drawn as a circle, which is shown as loci b1, b2, b3 in Figure 16.4.

16.2.2.3 The locus under the condition of fixed effective power P

From the real part of Equation 16.9 t

P ¼ e2
G p ¼ eB

xl

� �2

� p

p2 þ q� 1

xl

� �2
(16.16)

Figure 16.4 Operational locus in the p–q coordinate plane
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Then

the circle equation p� e2
B

2Px2
l

 !2

þ q� 1

xl

� �2

¼ e2
B

2Px2
l

 !2

with centre
e2

B

2Px2
l

;
1

xl

 !

; radius
e2

B

2Px2
l

9
>>>>>>=

>>>>>>;

(16.17)

The circle is shown as loci c1, c2 in Figure 16.4.

16.2.2.4 The locus under the condition of fixed terminal current iG

The equation of fixed terminal current iG is derived from Equation 16.9 s, which can be modified as

the circle equation p2 þ q� 1

xlð1� A2Þ

� �2

¼ A

xlð1� A2Þ

� �2

where A ¼ eB

xliG

centre 0;
1

xlð1� A2Þ

� �

; radius
A

xl 1� A2ð Þ

9
>>>>>>>>=

>>>>>>>>;

(16.18)

The circle is shown as loci d1, d2, d3 in Figure 16.4.

The curve in which iG is replaced by iGmax is obviously the current limit curve.

Lastly, the vector diagram for the four typical operating points in the p–q coordinate plane are

shown in Figure 16.5. The magnitudes of eB and i are drawn with a similar size for each diagram.

16.3 Leading Power-factor (Under-excitation Domain)
Operation, and UEL Function by AVR

16.3.1 Generator as reactive power generator

The load of power system � Pload þ j Ql � Qcð Þf g (where P, Q consumed on the transmission lines

are included) is incidental by nature and always changing with time. On the other hand, simultaneity
and equality of the demanding power and the supplying power are other essentials of a power system.

Therefore, in regard to effective power, the total amount of generation � Pgen is controlled to meet

capricious load � Pload and to maintain the frequency within 50=60� aHz (a may typically be

0.05 Hz, although it may be different for utilities) over time by means of the processes of generating
power dispatching control and AFC based at the control centre.

Reactive and capacitive power also have to be supplied over time to meet the load requirement

j Ql � Qcð Þ; however so-called Var power control must be conducted not only on a total system basis

but also on an individual partial network basis in order to maintain the voltages of each local area

within allowable levels (say, 1.0 � 0.05).

The generating sources of reactive power to meet reactive/capacitive load demand are as follows:

� Reactors (for jQl), capacitors (for jQc) installed at receiving substations.

� Generators (for jQl and jQc).

� Synchronous phase modifiers (rotary condensers, for jQl and jQc) installed at receiving

substations. (Synchronous phase modifiers may be uncommon today because they are expensive

in comparison with reactors and/or capacitors.)
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Generators also share important roles as reactive/capacitive power generators, and have very large

supplying capacity of reactive power (Var, MVar), but rather poor supplying capacity of capacitive power.

Typically, in the daytime, each generator supplies reactive power as well as effective power to the

load. At night, however, capacitive load may be required, which can be partly compensated in parallel

by reactor banks installed at the receiving stations, while some generators may be required partly to

share the role to supply capacitive power by leading power-factor operation.

As well as such scheduled leading power-factor operation, generators may be suddenly forced

into leading power-factor operation according to the special incidental conditions listed below:

� Sudden tripping of another generator under leading power-factor operation.

� Sudden increase of excitation (increasing lagging reactive power) by another generator operating in

parallel.

� Sudden tripping of reactors at receiving substations, or sudden increase in capacitive loads.

� Sudden increase of effective power caused by the prime-mover.

� Sudden change of AVR setting voltage (Vset) to a lower value (by mistake).

Now we need to study the reason why leading power-factor operation may cause severe conditions

for generators.

Figure 16.5 Vector diagrams for various p–q operation modes
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16.3.2 Overheating of stator core end by leading power-factor
operation (low excitation)

Generators have a problem with abnormal overheating of the stator core end, caused during leading

power-factor operation. Here we study the limit curve t–u in the leading power-factor zone of

Figure 16.3.

Figure 16.6 and Figure 16.7 show the structural concepts of a generator. The rotor is a rotating

electromagnet having N- and S-poles. All the flux f generated by excitation current if flows out

Figure 16.6 Thermal generator (1120 MVA, 1000 MW, 2-pole, 60 Hz, 360 rpm)
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from the N-pole and returns to the S-pole as shown in Figure 16.7b, c. Most of the flux from the N-pole

reaches the stator winding zone and returns to the S-pole after effectively interlinking with the

armature coil. However, there is some flux which does not reach the stator winding zone and returns to

the S-pole without interlinking with the armature coil. That is, the total flux produced by the rotor

magnet can be categorized as follows:

ftotal ¼ feff ðlinking fluxÞ þ fleak ðleakage fluxÞ ; feff þ fend

where ctotal ðflux linkageÞ ¼ feff � N ðN : coil turnsÞ
fleak ¼ fair þ fslot þ fend ; fend

fend�fair; fslot

Figure 16.7 Flux passes of thermal generator
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� fair (air-gap leakage flux): Flux flowing down through the air gap to the S-pole without interlinking

with the armature coil.

� fslot (slot leakage flux): Flux flowing down around the stator surface to the S-pole without

interlinking with the armature coil.

� fend (end-coil leakage flux): Flux starting from the N-pole around the coil end of the rotor cylinder

and flowing down to the S-pole without interlinking with the armature coil.

Considering round slices of a generator and inner slices along the axial length, most of the flux

interlinks effectively with the armature coil as ctotal ¼ feff � N (where N is the turn number of the

armature coil) so that fair and fslot will seldom exist.

However, at the coil end, for a round slice of the cylinder end, most of the flux flowing out from

the N-pole turns down to the S-pole as fend without interlinking with the stator coil, through various

routes of the stator end metal structure (such as parts of the core, yoke, coil support, shield plate,

cooling pipe, etc.). Accordingly, eddy currents appear in the high-resistive metal structure and tend

to raise the temperature. This temperature rise is not too serious under operation at a power factor of

1.0, but it is extremely serious under operation at leading power factor. The reason is explained below.

Figure 16.8 shows vector diagrams for operation under three different power factors, namely

case (a) for lagging power factor, case (b) for power factor 1.0, case (c) for leading power factor.

The vector magnitudes of terminal voltage eG and current i are drawn equally for the three cases.

If we change the operating power-factor angle d slowly from 90� (lagging) ! 0�(cos d¼
1.0) !�90� (leading) under the condition of fixed values of eG and i, the excitation voltage jE fd

Figure 16.8 Flux vector diagrams around coil end structure
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becomes smaller, as studied already. Next, effective linkage flux feff is 90� leading from eG and

obviously proportional to Efd. Accordingly, feff is the largest in case (a).

The counter electromotive force eleak ¼ ð jxleak � iÞ is the same value for each case because stator

current i has the same magnitude. The leakage flux fend is produced by eleak and is 908 leading from

eleak. However, fend does not have the same magnitude for each case even though the magnitudes of

eleak are the same.

In case (a) (lagging power-factor operation), feff is large and, in addition, the composed flux

ðfeff þ fendÞ becomes larger. However, the flux density of feff is so high that superposed flux fend

cannot have a large magnitude because of magnetic saturation of the flux pass. The situation in

case (b) (power factor 1.0) is similar to case (a).

On the other hand, in case (c) (leading power-factor operation), feff is very small (because Efd is

small) and, in addition, the composed flux ðfeff þ fendÞ becomes smaller. That is, the flux density

of feff is very low and becomes weaker on addition of fend. Accordingly, superposed fend would

have a very large magnitude, because magnetic saturation would not occur.

Now we focus on the leakage flux fend of the coil end round slice. Even though the magnitude of

eleak is the same for all three cases, the flux produced at the coil end round slice fend becomes

extremely large only for case (c). Therefore, a relatively large current is forced to flow through the

metal structure of the cylinder end so that large eddy-current loss and magnetic loss occur around

the coil end structure and cause serious local heating of the coil end metal structure.

If a generator’s operational mode is suddenly changed from the lagging power-factor zone to the

leading power-factor zone, leakage flux around the coil end would be suddenly increased, and the

temperature would rise rapidly in a very short time, and cause decay of mechanical strength by

annealing, melting and/or damage to insulation. It should be stressed that wedges (for example) must

have the strength to withstand the huge centrifugal force of approximately Mach 1 peripheral speed

occurring on the rotor coils. This is the reason for the generator’s leading power-factor operational

limit (low-excitation problem).

The capability curve for low-excitation limit t–u in Figure 16.3 is to protect generators from

such an effect.

Again, consider a general view of Figure 16.3. In regard to operation in the lagging power-

factor zone, a generator can withstand such operation for some time even if the excitation limit

curve r–s: (1) is suddenly exceeded, (2) the exciter can generate current exceeding its rating, and

(3) there is no stability problem. Therefore, exceeding the curve r–s is not necessarily a major

problem for the excitation limit or the generator’s lagging mode operation.

On the other hand, in regard to operation in the leading power-factor zone, time becomes

very important if operation exceeds the coil end overheat limit curve t–u and the stability

limit curve v–x, and such operation should be prevented or avoided within a few or tens of

seconds.

16.3.3 UEL (under-excitation limit) protection by AVR

There are several reasons why a generator is often forced to rush into the low-excitation zone and

probably tends to exceed the limit curves t–u and v–x without countermeasures being taken

within a few seconds, because the time constants Tavr þ Tf þ T are less than a few seconds. The

countermeasure to prevent such operation is the UEL function of AVR.

This function is supplied by AVR as one of its essential functions. As shown in Figure 16.3,

the UEL-setting zone is usually within some reserved margin of a straight line from 0; �q0ð Þ to

the upper right. (The setting characteristics can be written as the equation q ¼ ap � q0, where

a, q0 are positive PU values.) AVR changes excitation freely within the setting area of Figure 16.3

in order to maintain the terminal voltage at the set value Vset. However, if the operating point in

the p–q domain reaches the UEL line, AVR will no longer weaken the excitation and the voltage
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may consequently differ from the value of Vset. The UEL function of AVR is essential protection

for a generator.

Loss of excitation protection will be discussed in Chapter 17.

16.3.4 Operation in the over-excitation domain

Engineering practices to stop the generator exceeding the over-excitation limit curve r–s may

be rather simple, and may involve only over-current relays for the armature winding current iG
and/or field current ifd , because a generator can tolerate operation exceeding the excitation limit

curve r–s for some time with a relatively large margin.

16.4 V–Q (Voltage and Reactive Power) Control by AVR

16.4.1 Reactive power distribution for multiple generators
and cross-current control

Two generators are operating in parallel as shown in Figure 16.9, and with the same operating

output of P1 þ jQ1ð Þ ¼ P2 þ jQ2ð Þ. Balance of the effective power distribution P1 ¼ P2 is to be

maintained by controlling the mechanical input volume from the prime-mover. Balance of the

reactive power distribution Q1 ¼ Q2 is to be maintained by controlling the generator excitation,

and each AVR plays a role.

Assuming that the reactive power of generator 1 is suddenly increased from Q1!Q1 þ DQ for

some reason, generator 2 would then decrease from Q2!Q2 � DQ. This represents unnecessary

hunting phenomena. Assuming a very small error difference in the AVR set values Vset1 and Vset2, one

generator may run up to the lagging power-factor zone, while the other may be forced to run down

to the leading power-factor zone. The countermeasure to solve these problems is also provided by

AVR, namely the function of cross-current compensation.

In Figure 16.9a, the two generators are operating under the condition that the total power is

constant, namely ðP1 þ jQ1Þ þ ðP2 þ jQ2Þ ¼ constant.

The currents of generators 1 and 2 are i1(t), i2(t), and the averaged current is iav(t). Thus

eG ¼ Efd1 � i1 � jxd ¼ Efd2 � i2 � jxd

iav ¼
i1 þ i2

2
iav : the averaged current of i1; i2

(16.19a)

i1 � iav ¼
i1 � i2

2
�Di

i2 � iav ¼
i2 � i1

2
�� Di

Di: the difference between i1; iav or between i2; iav

(16.19b)

Accordingly,

i1 ¼ iav þ Di

i2 ¼ iav � Di

Di ¼ i1 � i2

2
¼ 1

2
�Efd1 � Efd2

jxd
¼ 1

2
�DE

jxd

(16.19c)

Di is called the cross-current between the generators 1 and 2. The cross-current Di can be
explained as the current induced by the difference in the excitation voltages of 1 and 2,
DE ¼ Efd1 � Efd2.
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The currents i1, i2 are of measurable value, so the averaged current iav is also measurable. Then,

the excitation of each generator can be continuously controlled, i1 ! iav, i2 ! iav (i.e. to minimize

the cross-current Di! 0), with high sensitivity and rapid response time, and as a result equal

reactive power generation Q1 tð Þ ¼ Q2 tð Þ is realized and hunting can also be prevented. This is the

principle of cross-current compensation control by AVR. The hunting prevention circuit in the

block diagram of Figure 15.3 is the supplementary feedback circuit of AVR to realize a rapid

response.

Figure 16.9 shows the principle of cross-current control by AVR, including a typical signal

detection method. Each AVR produces positive-sequence quantities v1 tð Þ � jki1 tð Þ at its signal-

detecting circuit (as shown in (b)), and controls the excitation Efd by the dropping characteristics of

AVR as shown in (c). Accordingly, cross-current can always be minimized to zero.

This principle can be commonly applied to a system with two parallel operating generators of

different BTG (boiler–turbine–generator) units in the same plant, or for two generators belonging

to a common boiler unit.

Figure 16.9 AVR and the principle of voltage detection
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Also the principle can be applied after a small modification for other operational modes, as

follows.

In one case, namely operation of two generators with different reactive power shared ratios,

operation by Q1:Q2 ! 1:a is realized by the excitation control of each generator, as below:

Generator 1 i1 !
1

aþ 1
� iav

Generator 2 i2 !
a

aþ 1
� iav

where iav ¼
i1 þ i2

2

(16.20a)

In another case, namely operation of n generators by equal reactive power generation, operation

by Q1 : Q2 : . . . : Qn ¼ 1 : 1 : . . . : 1 is, for generator k,

ik! iav ¼ i1 þ i2 þ � � � þ inð Þ=n (16.20b)

There are cases where one thermal boiler unit is combined with two or more turbines and

multiple generators that are electrically operated in parallel. Of course, appropriate excitation control

by the same principle can be realized for a variety of BTG units, although the actual functional circuit

of AVR becomes rather complex.

The application of various BTG structures has been realized due to recent trends for large capacity

and higher total efficiency as well as for various types of fuel. As a matter of fact, 7 to 10 generators

comprise one thermal unit in the case of a modern ACC (Advanced Combined Cycle) thermal

generation unit, which is a combined system of gas turbines and steam turbines applied for the system

and fuelled by liquefied natural gas.

16.4.2 P–f control and V–Q control

Each generator has its own dynamic equation, Equation 13.11. By adding the equations of all the

generators operating in synchronism, the following equation is derived for the system:

�
i

Pmi ��
i

Pei ¼�
i

Mi

oi
� doi

dt
;

�
i

M1

2p f
� d2p f

dt
¼

�
i

Mi

f
� d f

dt

where o1¼o2 ¼ � � � ; oaverage¼ 2p f

9
>>>=

>>>;

(16.21)

This equation indicates that system frequency can be maintained by controlling the total

mechanical input of prime-movers �
i
Pmi to meet the electrical load �

i
Pei over time in the total power

system.

This is the duty of power dispatching and AFC (Automatic Frequency Control) in that system

frequency can be maintained within permissible limits. How to distribute total generating power to

each generator (dispatching) does not matter in this case, although generation power dispatching
(effective generating power distribution among numbers of generators) is quite important from the

viewpoint of generation economy (ELD, Economic Load Dispatching) and the best fuel combina-
tion policy (fuel selection policy: hydro, coal, oil, natural gas, nuclear, various renewables). The

central dispatching centre has a duty for all of them and commands the generation capacity to all the

generation units through ALD (Automatic Load Dispatching).

On the other hand, V and Q have to be controlled to maintain balance not only in the total power

system, but also in individual local subsystems, because voltages have to be maintained within
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allowable bands at each part of the network. In other words, V–Q control of the network has to be of

individual locally dispersed type. Accordingly, the AQR (Automatic Reactive/Capacitive power

control system) has to be installed for major generating plants as well as for major substations as the

local area control system.

In the generating plant, the AQR system controls the reactive power (or the terminal voltage)

of each generating unit by controlling Vset (the set value) of AVR. In the major receiving sub-

stations, the AQR system controls the operating capacity of reactor/capacitor banks as well as

LTC-Trs (On-Load Tap-Changing Transformers) to maintain the regional voltages and reactive

power balance.

16.5 Thermal Generators’Weak Points (Negative-sequence
Current, Higher Harmonic Current, Shaft-torsional
Distortion)

Besides the capability curves, we need to examine some weak points of thermal generators that are more

or less common in synchronous motors/condensers as well as in large induction motors.

As the starting premise we need to recognize some basic features of modern advanced

generators.

16.5.1 Features of large generators today

The unit capacity MVA of a generator is determined by the total magnitude of effective flux linkage

whose practical relation with the generator volume can be explained by the equation

Rated MVA1fca þ cb þ cc : total flux linkageg1fC � Nturng � fBg � fRPMg
Nturn ¼ fstator coil volumeg1fpðDout=2Þ2 � pðDin=2Þ2g � L1D2L

(16.22)

where B: flux density at rotor surface or air gap

C: current density of armature

Nturn: turn numbers of armature coil

Dout, Din: outer and inner diameters of stator

L: effective axial length of stator and rotor

D2L: generator volume structure

RPM: rotating speed per minute

;Rated MVA ¼ {B: flux density}�{C: current density}�{D2L: generator volume}�{RPM}

The unit capacity of the largest thermal generators today is are 1000–1300 MVA, while that of

generators in 1950 was only 50–100 MVA. The capacity of the largest generators has increased

twenty times in half a century; however, they have a relatively smaller physical size. In other words,

a dramatic capacity enlargement has been realized not only by enlargement of the

generator’s physical size (D and L), but also by enlargement of flux density (B) and current

density (C). Such enlargements have been based on advanced technology over the last half-century,

which makes the following quantitative explanation possible.

For C (stator current density):

� direct stator coil cooling by water or hydrogen gas coolant flowing through the hollow

piped coil

� high-temperature-withstanding stator coil insulation.
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For B (linking flux density):

� direct rotor coil cooling by hydrogen gas coolant flowing through the hollow pipe coil

� advanced silicon–steel plate with high flux density and heat-withstanding capability

� high-temperature-withstanding rotor winding insulation.

A rotor of thermal generator is a horizontal cylinder which rotates at 50/60 turns per second (the

peripheral rotating velocity is close to the velocity of sound, Mach 1). Furthermore. the rotor requires a

very large dynamic metal strength and balancing accuracy in order to withstand various mechanical

effects such as bending caused its weight, centrifugal forces, vibrations, eccentricity, mechanical

resonance, heat expansion, torque, electromagnetic motive force, etc. Naturally there are manufactur-

ing upper limits on the sizes of D and L, especially in forging technology for large-scale metal bodies

with sufficient homogeneity and strength.

16.5.2 The thermal generator: smaller I2-withstanding
capability

Whenever unbalanced faults occur in the network, the negative-sequence current I2 is forced to

flow into a generator from outside the network. I2 immediately induces large eddy currents in the

rotor surface metal and consequently causes a rapid and serious temperature rise around the rotor

surface metal.

These phenomena can be explained by the d- and q-axis equivalent circuits of Figure 10.4.

The currents id , iq of the d- and q- axis circuit are d.c. components for positive-sequence current I1

(under normal operating conditions), yet become second-harmonic ð2otÞ currents for negative-

sequence current I2, because the rotating direction of the negative-sequence current is opposite to the

direction of rotation of the rotor (see Equation 10.26). Now, in the d- and q-axis circuits of Figure 10.4,

the second-harmonic currents are suddenly forced to flow into the circuits. In the d-axis circuit, it

should be recalled that Ldi/dt þ ri is dominated by ri for d.c. and by Ldi/dt for second-order harmonics.

The second-harmonic current id seldom flows into the Lad branch or field branch and mostly is forced to

flow into the damper branch. Accordingly, the damper branch quickly becomes overheated by the

Joule heat losses at high resistances, rkd .

Incidentally, the damper branch of the cylindrical rotor effectively means rotor surface metal.

In other words, negative-sequence fault current I2 flowing into the stator winding causes extreme eddy

currents on the rotor surface so that the rotor surface metal (core, wedges, etc.) experiences a large rise

in temperature. An advanced winding cooling system is only effective for conductor cooling and is

useless against such temperature rise on rotor surface. The weakening of the mechanical strength of

wedges by annealing is the most serious effect, because they have the important role of withstanding

the centrifugal force on the rotor windings in the slots. This is the reason why the negative-sequence

current I2 withstanding capability of thermal generators is generally quite poor.

Table 16.1 shows the generator’s withstanding capacity against negative-sequence current indicated

by typical standards. These values are decided mainly by the critical metal strength of rotor wedges

whose mechanical strength would be rapidly weakened around 200�C because of metal annealing.

The negative-sequence current I2 forced to flow into the generator may be classified as follows:

a) Continuous negative-sequence current caused by three-phase imbalance of network and/or

loads.

b) Intermittent negative-sequence current caused by special loads (rail traffic loads, electric

furnace, etc.).
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c) Large negative-sequence fault current caused by unbalanced fault (þ single phase/multi-phase

reclosing).

d) Breakers fail to trip (open-mode failure) etc.

In categories (a) and (b), current I2 caused by category (a) may not be serious for generators

because the magnitudes are rather small for most cases. Current I2 caused by (b) may be

serious on occasion in that a large unbalance load source exists very close to the generator.

In such cases countermeasures should be taken by the special load sides (see Section 24.3 in

Chapter 24).

In category (c), for the unbalanced fault current, I2 caused by a short-circuit fault has to be

carefully investigated because I2 could become quite large in comparison with Irate, so I2 could

only be allowed for a short time.

As a check, for a 1000 MVA class cylindrical generator

I2=Irateð Þ2�t 2 5 (from Table 16.1)

then

for I2=Irate ¼ 5: the allowable time is t ¼ 0.2 sec (10–12 cycles)

for I2=Irate ¼ 7: the allowable time is t ¼ 0.10 sec (5–6 cycles)

The allowable duration for a large fault current is obviously quite small. Although the above

critical condition may have some redundancy, repetition of such a fault may cause serious metal

fatigue and may badly damage the generator in the worst case.

Now we can recognize that high-speed fault tripping by protective relaysþ breakers is vitally

important not only for stability or protection of transmission lines or substation equipment,

Table 16.1 Withstanding limit of I2 (negative-sequence current) (JEC 2130 (2000))

Salient-pole
machine

Maximum
limit of
I2/Irate for
continuous
I2 current

Maximum
limit of
(I2/Irate)

2�t
for I2 fault
current

Cylindrical
machine

Maximum
limit of
I2/Irate for
continuous
I2 current

Maximum
limit of
(I2/Irate)

2�t
for fault
current

1 Direct cooling 1 Indirect cooling rotor

Motor 0.1 20 Air cooling type 0.1 15

Generator 0.08 20 Hydrogen-gas

cooling type

0.1 10

Synchronous

phase modifier

0.1 20

2 Indirect cooling 2 Direct cooling rotor

Motor 0.08 15 	350 MVA 0.08 8

Generator 0.05 15 	900 MVA (�1) (�2)

Synchronous

phase modifier

0.08 15 	1250 MVA (�1) 5

	1600 MVA 0.05 5

Time t: sec.

Note:
(*1)

I2

Irate
¼ 0:08� SN � 350

3
 104

(*2) ðI2=IrateÞ2 � t ¼ 8� 0:00545 ðSrate � 350Þ
SN: rated apparent power ½MVA�
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but also to prevent generator fatigue caused by repeated fault current. Meanwhile, the propriety of

single phase reclosing at the thermal station against single phase short faults on neighbouring

transmission lines close to thermal/nuclear generating plants has to be carefully determined.

In the case of zero-sequence current I0 flowing into a generator commented upon here, I0

caused by a high-voltage line would not flow into the generator because I0 could not flow through

the delta winding of the generator-connected main transformer. In the case of a grounding fault

between the generator and the step-up transformer, I0 would flow into the generator. However, the

magnitude of I0 is restricted to a small value (say, 200 A) because generators are mostly neutral

resistive grounded, so that serious situations would not occur.

Hydro-generators have relatively large withstanding capability to negative-sequence current

because of the large size of the rotor, natural cooling and smaller centrifugal force.

16.5.3 Rotor overheating caused by d.c. and higher
harmonic currents

We now study the phenomena that arise whenever d.c. and higher harmonic currents flow into a

generator.

16.5.3.1 Current of order n flowing into the phase a coil of
a generator

This case can be described by the equation below where the real-number symbolic method is applied

(n ¼ 0 means d.c.):

ia ¼ I cos not

ib ¼ ic ¼ 0

�

(16.23a)

or in the 0–1–2 domain

i0 ¼ i1 ¼ i2 ¼
1

3
� Ia ¼

1

3
I cos not (16.23b)

In the d–q–0 domain (see Equation 10.10b), substituting Equation 16.23a into Equation 10.10b.

id ¼
2

3
cosot � Icos not ¼ þ 1

3
I cos nþ 1 � ot þ cos n� 1 � ot
� �

iq ¼ �
2

3
sinot � I cos not ¼ � 1

3
I sin nþ 1 � ot � sin n� 1 � ot
� �

i0 ¼
1

3
I cos not

; id þ jiq ¼
1

3
I e� jðnþ1Þot þ e jðn�1Þot
n o

¼ 1

3
I e� jnot þ e jnot
� �

� e� jot ¼ 2

3
I cos not � e� jot

9
>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>;

(16.23c)

Equation 16.23b indicates that i2 and i0 appear regardless of the value of n of the phase current.

Accordingly, eddy currents would be induced in the cores and wedges of the rotor surface and cause

local overheating for the same reason explained in the previous Section.

Furthermore, Equation 16.23c indicates that id iq cannot be d.c. regardless of the value of n. In

other words, harmonic current is forced to flow into the damper branch of the d- and q-axis equivalent

circuits in Figure 10.4, and cause overheating of the rotor. Note that the special case of the above

equation for n¼1 corresponds to Equations 10.92 and 10.93.
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16.5.3.2 D.C. current flow

This is the case of n¼0 in the above equations, and i2 appears. The transient d.c. components

included in the short-circuit fault would usually have a duration within 1–3 cycles or 15–60 ms

(see Equation 10.124) so that it does not matter for the generator, although it may be of concern

for breakers (Section 19.3, zero-miss phenomena) and high-speed protective relays (Section 22.1).

On the other hand, the magnetizing inrush current of a transformer is a unique transient

phenomenon which appears immediately after the transformer is charged by breaker closing and

which is a phase-unbalanced wave distorted by d.c. offset currents caused as magnetic flux transient

phenomena with the hysteresis saturation characteristics of the transformer magnetic core. The

magnitude of this inrush current could exceed by five times the value of the rated current, although

this depends on the residual flux and the voltage value at the time of breaker closing. The duration

depends on the resistance and reactance of the transformer, and would be around 1 second or less for

smaller transformers, and longer for large transformers. It may even exceed 10 seconds, as shown in

Figure 16.10, so that special attention should be paid to the generator as well as to the tripping

capabilities of breakers and the fault-detecting capabilities of protective relays.

16.5.3.3 Three-phase-balanced nth-order current flow

This case can be written as the equation below where the complex-number symbolic expression is

applied:

ia ¼ I cos nðotÞ
ib ¼ I cos nðot� 120�Þ
ic ¼ I cos nðotþ 120�Þ

9
=

;
ð16:24aÞ

ia ¼ Iejnot

ib ¼ Iejnðot�120� Þ ¼ a2n � Iejnot

ic ¼ Iejnðotþ120�Þ ¼ an � Iejnot

a2 ¼ e�j120� a ¼ ej120�

9
>>>=

>>>;

(16.24b)

Then, symmetrical components are

3i0 ¼ ð1þ a2n þ anÞIejnot

3i1 ¼ ð1þ a2nþ1 þ anþ2ÞIejnot

3i2 ¼ ð1þ a2nþ2 þ anþ1ÞIejnot

9
>>=

>>;

(16.25)

Figure 16.10 Magnetizing inrush current caused by transformer charging.
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id and iq are derived by substituting Equation 16.24a into Equation (10.10b).

id ¼ ð2=3ÞI½cosðotÞ � cos nðotÞ þ cosðot � 120�Þ � cos nðot � 120�Þ þ cosðot þ 120�Þ � cos nðot þ 120�Þ�

¼ ð1=3Þfcosðnþ 1ÞðotÞ þ cosðnþ 1Þðot � 120�Þ þ cosðnþ 1Þðot þ 120�Þg

þfcosðn� 1ÞðotÞ þ cosðn� 1Þðot � 120�Þ þ cosðn� 1Þðot þ 120�Þg�

iq ¼ �ð2=3ÞI½sinðotÞ � cos nðotÞ þ sinðot � 120�Þ � cos nðot � 120�Þ þ sinðot þ 120�Þ � cos nðot þ 120�Þ�

¼ �ð1=3ÞI½fsinðnþ 1ÞðotÞ þ sinðnþ 1Þðot � 120�Þ þ sinðnþ 1Þðot þ 120�Þg

þ sinðn� 1ÞðotÞ þ sinðn� 1Þðot � 120�Þ þ sinðn� 1Þðot þ 120�Þg�

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

(16.26)

Then,

Fot the case n ¼ 3m: d.c., 3rd, 6th, 9th order harmonic quantities

i1 ¼ 0

i2 ¼ 0

i0 ¼ I cos not

9
>=

>;

id ¼ 0

iq ¼ 0

)

id þ jq ¼ 0

9
>=

>;
(16.27a)

For the case n ¼ 3mþ 1: 1st, 4th, 7th order balanced harmonic quantities,

i1 ¼ I cos not

i2 ¼ 0

id ¼ 0

9
>=

>;

id ¼ I cosðnþ 1Þot

iq ¼ �I sinðnþ 1Þot

)

id þ jiq ¼ Iejðn�1Þotg

9
>=

>;
(16.27b)

For the case n ¼ 3mþ 2: 2nd, 5th, 8th order balanced harmonic quantities,

i1 ¼ 0

i2 ¼ I cos not

i0 ¼ 0

9
>=

>;

id ¼ I cosðnþ 1Þot

iq ¼ �I sinðnþ 1Þot

)

id þ jiq ¼ Iejðnþ1Þotg

9
>=

>;
(16.27c)

In the case of n ¼ 0(d.c.),3rd, 6th, 9th order harmonic quantities, only zero sequence quantities of n-th

order exist, so that il, i2 as well as id, iq are zero. In the case of n=1st, 4th, 7th order balanced harmonic

quantities, only positive sequence quantities of n-th order exist, while id and iq of (n�1)th order

harmonics appears on the d-q-axes circuit.

In the case of n=2nd, 5th, 8th, order balanced harmonic quantities, only negative sequence

quantities of n-th order exist, while id and iq of (n+1)th order harmonics appears on the d-q-axes circuit.

The cases n ¼ 2nd, 5th, 8th, 11th are of nth-order negative-sequence currents and id þ j iq is of

ðnþ 1Þth-order a.c.

Recall that id, iq are d.c. components under normal conditions in the d- and q-axis equi-

valent circuit of Figure 10.4, so the rotor surface is protected from abnormal overheating. On

the contrary, the rotor surface cannot avoid serious overheating if id, iq are a.c. components.

Accordingly, higher harmonic currents cause abnormal conditions on the generator regardless

of whether the current has positive-sequence components (n¼3mþ 1) or negative-sequence

components (n¼ 3mþ 2).

Higher harmonic components (or waveform distortion including higher harmonics) of the voltage

and current are weak points for generators and for all other rotating machines, so the magnitude and

duration of harmonics should always be treated carefully.

Waveform distortion will be discussed in Chapter 22.
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16.5.4 Transient torsional twisting torque of TG coupled shaft

16.5.4.1 Transient torsional torque arising from electrical transient
by sudden network disturbance

A generator and a turbine are mechanically coupled directly as a rigidly connected TG unit and

are stationary operated under the balanced condition of mechanical input Tm and electrical output

Te. If a sudden disturbance occurs on either the connected network side or the prime-mover side,

the generator or the turbine is immediately accelerated or decelerated by the torque DT ¼ Tm � Te,

so that transient torsional torque stress is caused on the rigidly coupled TG shaft train. Typical

examples are the cases of sudden short-circuit faults and/or tripping of the on-load operating

generator. Immediately after the electrical output is lost (Te ¼ 0), all the mechanical input power

from the prime-mover becomes excess power DT ¼ Tmð Þ and the turbine is suddenly accelerated

by the torque DT on both the shafts and the coupling device. This is the TG torsional shaft-

twisting phenomenon. Repetition of such phenomena may cause mechanical fatigue. It may also

cause mechanical vibration or pulsation.

Typical sudden disturbances causing shaft twisting are:

� Sudden tripping of the generator

� Sudden tripping of another generator operating in parallel

� Short-circuit fault at a relatively close point in the network

� Large-capacity load tripping

� Reclosing after fault tripping

� Emergency shutdown of BT (Boiler–Turbine) system.

Figure 16.11 is a diagram of a typical thermal TG unit which consists of three turbine shafts and one

generator shaft (four mechanical points system) mutually and rigidly coupled as one rotating unit.

Thermal TG units are generally very long and slender cylindrical structures with high-speed rotation (a

1300 MVA class tandem compound unit would be approximately 100 m in length and diameter of the

‘shaft’ only 1–1.5 m), so a mechanical system cannot tolerate shaft-twisting phenomena, while a hydro

TG system is generally tougher.

The transient torsional torque modes can be classified into a few different modes as follows:

� D.C. offset mode torsional torque (the positive-sequence mode) DT1: Three-phase-balanced

disturbances (three-phase short-circuit fault, three-phase reclosing, load tripping, sudden shutdown

Figure 16.11 Concept of TG unit
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of prime-mover, etc.) cause sudden stepping mode changes DPe or DPm; then the shaft torque caused

must also be of stepping mode DT1ð Þ.

� Double harmonic mode torsional torque (the negative-sequence mode) DT2: Phase-unbalanced

disturbances (phase-unbalanced short- circuit fault, single phase reclosing, etc.) cause negative-

sequence current. Accordingly, the shaft twisting caused must be of double harmonic frequency

pulsation mode DT2ð Þ.

� Fundamental frequency mode torsional torque (the transient d.c. mode) DT3: Whenever faults occur,

unbalanced d.c. offset currents would appear in each phase as superposed transient components of

short-circuit currents (the duration may be a few cycles, say 0.1 s), and the torsional torque caused

must be of fundamental frequency pulsation mode DT3ð Þ.

All of these torques cause severe stresses in the TG shafts and especially in the coupling

mechanism.

16.5.4.2 Amplification of torsional torque

We examine transient torsional torque phenomena in the case of a three-phase fault and the reclosing

and final tripping as shown in Figure 16.12. We assume that the TG unit is a simplified two material

points system (one point for turbine and one point for generator) as s6hown in Figure 16.11b and the

mechanical input is not changed for the duration of the process.

16.5.4.2.1 Time interval t0–t1 Referring to Figure 16.12, a three-phase short-circuit fault

occurs at time t0 at a point very close to the generator terminal. The generator output power Pe is lost

and the corresponding electrical torque Te becomes almost zero Te ; 1! 0ð Þ for the duration t0–t1,

because the terminal three-phase voltages are almost zero, so that the continued transmission of

power through the second circuit line is very small. Accordingly, accelerating torque of the stepping

mode DT ¼ 0! 1:0ð Þ occurs on the generator at time t0, in that torsional torque oscillation is caused

by the mechanical natural oscillating frequency o0 of the TG system, and continues oscillation with

very slow damping by an amplitude of �1.0 (between þ2,�0).

16.5.4.2.2 Time interval t1–t2 The three-phase fault on the circuit#1 is cleared at t1
(perhaps 50–100 ms after occurrenceof the fault) and the power transmission Pe is recovered through the

Figure 16.12 Transient torsional torque of TG coupled shaft under reclosing process
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second circuit line for the interval t1–t2. Te begins to recover (Te¼ 0! 1) at time t1. The instantaneous

value of oscillating DT at time t1 is the value betweenþ2 and 0 and may be DT ¼ þ 2 by chance. Then

DT begins to oscillate with an amplitude of�2.0 (between DT ¼ þ2 and�2) for the new interval t1–t2.

16.5.4.2.3 Time interval t2–t3 Three-phase reclosing of the first circuit#1 is conducted at

time t2 (perhaps of order 0.5 s after t1). Accordingly, the sending power is lost again Pe ; 1! 0ð Þ
because the metal fault is still on the circuit#1. If DT ¼ �2 at t2 by chance, DT begins to oscillate

between DT ¼ þ4 and �2 with an amplitude of �3 for the interval t2–t3.

16.5.4.2.4 Time interval t3–t4 The circuit#1 line is finally tripped at time t3. If DT ¼ þ4

at t3 by chance, DT begins to oscillate between DT ¼ þ4 and �4 with an amplitude of �4 for the

interval of after t3.

In the above example, four big disturbances (fault, fault tripping, reclosing, final tripping) occurred

in succession. As a result, the amplitude of the shaft mechanical torsional torque oscillation could

become extremely large by chance.

Furthermore, in the intervals t0–t1 and t2–t3, the shaft-torsional torque of the fundamental frequency

pulsation mode ðDT3Þ should be superposed because unbalanced d.c. offset currents would appear in

each phase.

In the case of phase-unbalanced faults, the shaft-torsional torque of the double frequency pulsation

mode ðDT2Þ would be caused by negative-sequence current.

The damping of these mechanical oscillations is very slow (the time constants of the mechanical

oscillation are quite long) in comparison with electrical phenomena so that rapid oscillation reduction

cannot be expected. Figure 16.13 shows the simulation chart of a transient torsional oscillation in a

four-mass model for fault tripping and reclosing.

In actual engineering work, each TG unit should be clearly assigned a specific guideline for

the application of reclosing which may be specified by severity and the repeat time of fault

tripping and reclosing. Also, the pros and cons regarding the application of the reclosing function

of the lines’ protective equipment in the neighbourhood of transmission lines from a thermal

generating station have to be carefully decided from the viewpoints of generating plant and power

system operation.

Figure 16.13 Transient torsional torque caused on shaft coupling (simulation)
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Harmonic resonance of the rotating TG unit is another matter to be considered. Any hardware has

its own specific natural resonant frequency. Figure 16.14 shows the ‘danger curves’ of generators.

Steam turbines also have similar curves whose first-order resonant zone is generally below the

rated rotating speed and second-order resonant zone over the rated speed. Whenever the turbine is

started up from zero speed to the rated 3000/3600 rpm, a quick pass through the first-order resonant area

is required. Needless to say, overspeed rotation close to the second-order resonant area should be

strictly avoided.

Special attention has to be paid to loads in a typical electrical furnace because it has an

intermittent repeated rushing load, and also a large unbalanced load with negative-sequence

components as well as rippled harmonic components. Generators and motors installed close to

such loads require special attention.

A thermal generating unit connected to the d.c. transmission line may be another concern, because

the power conditioners (converters) of such a line produce stationary ripple harmonics, which may

contribute to mechanical fatigue of the generator. Application of a power filter would be an effective

countermeasure.

16.6 General Description of Modern Thermal/Nuclear
TG Unit

Most electrical engineers may be required to know something about modern TG units in thermal or

nuclear generating stations in the general sense described below, although a detailed description is

beyond this book.

16.6.1 Steam turbine (ST) unit for thermal generation

The elements of hydrogen (H) as well as carbon (C) can be burnt to produce heat energy and the process

is expressed by the following chemical equations:

Hydrogen: H2 þ
1

2
O2 ¼ H2Oþ 14:2
 107 J=kgðor 142 000 kW � sec=kgÞ

Carbon: Cþ O2 ¼ CO2 þ 3:4
 107 J=kgðor 34 000 kW � sec=kgÞ
Sulfur: Sþ O2 ¼ SO2 þ 0:92
 107 J=kgðor 9200 kW � sec=kgÞ

Figure 16.14 Speed–danger curve by rotational resonance
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This is the reason why oil and coal, mostly composed of C and H, can be utilized as thermal

energy sources (fuels). Typical examples in regard to the composition may be written as follows:

Oil: Cð86%Þ; Hð12%Þ; Sð2%Þ
Coal: Cð62%Þ; Hð5%Þ; Sð2%Þ;Nð1%Þ

Incidentally, the minor elements S or N would also be burnt together in steam boilers, so that SOx,

NOx as well as CO2 would be inevitably produced as undesirable by-products. However, with the

recent advanced technology of low NOx combustion and NOx neutralization by ammonia into N2 and

H2O, NOx emissions have been reduced to quite low levels. Practical SOx reduction is also being

widely achieved.

Figures 16.15a and b show the general layout of a TG arrangement for a 1000 MW class

steam turbine and generator. As shown in the figure, the TG unit based on oil or coal combustion

typically consists of three sections of turbines (HP-T/IP-T/LP-T, with different steam pressure

and temperature ratings) and a generator with two poles of 3000/3600 rpm ratings, whose rotary

shafts are rigidly coupled as ‘one train shaft’ (tandem type). Superheated steam typically at

550�600�C is fed from the oil- or coal-fuelled steam boiler to the TG area and flows through the

HP-T! reheater of boiler! IP-T!LP-T!main condenser. Exhaust steam at the outlet of the

LP-T is fed into the main condenser and then cooled by water (from a river water reservoir with a

cooling tower or from sea water, at 0�32�C). In the condenser, most of the exhaust steam is condensed

or liquidized, resulting in quite a low pressure (almost vacuum gauge pressure). The steam flow is then

naturally extracted through the LP-T outlet to the main condenser. Typical examples of the dry-steam

pressures and temperatures at each stage are shown in Figure 16.15b.

The thermal efficiency of the total BTG system with an ST unit is derived by using the

Rankine-cycle model in thermodynamics and is limited by the temperature difference Dt ¼ t1 � t2
between the superheated steam temperature t1 and the cooling water temperature t2 in the main

condenser (0�32�C). Because t2 is technically almost uncontrollable, the temperature t1 is actually

the main factor in determining the thermal efficiency Z. The total efficiency Z of a typical modern

generating unit with t1 ¼ 550�600�C is within the range Z¼38�43%, which is the theoretical

upper limit for a steam temperature of 600�C or less.

16.6.2 Combined cycle system with gas/steam turbines

LNG (Liquefied Natural Gas) has recently become a very important fuel for power generation in

parallel with coal and oil, supported by the remarkably advanced technology of excavation and

liquefaction for easy transportation/storage, as well as of combustion technology.

The essential quality of natural gas (NG) is due to hydrocarbon cyclic compounds whose chemical

formation is generally given by CnH2n+2 (methane (CH4) sharing about 90% of ethane (C2H6), propane

(C3H8), butane (C4H10), etc.). NG can be burnt efficiently in the presence of oxygen (O2); in other

words, under well-mixed conditions with plenty of compressed air supplied by the air compressor to

the combustor. The chemical equation of burning hydrocarbon gas is written as follows:

CnH2nþ2 þ
3nþ 1

2
O2 ¼ nCO2 þ nþ 1ð ÞH2Oþ Q J=kg

For methane (n¼1)

CH4 þ 2O2 ¼ CO2 þ 2H2O J=kg or 55 700 kW � sec=kg

NG has the characteristic that it is liquefied into LNG at a very low temperature of �162�C
(or 111 K). Liquefaction of gas obviously enables effective transportation by ship and storage.
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Figure 16.15 Large-capacity TG unit (1000 MW)
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Due to the advances in NG excavation and LNG ship transportation/storage technology
achieved since about 1970, NG resources and large-scale, large-capacity LNG thermal power

generation have become quite familiar generating practices in the succeeding years, particularly

since the 1990s.

Figure 16.16a shows the configuration of (advanced) combined cycle power generation
(ACC or CC) by LNG fuel combustion, based on state-of-the-art technology. As shown in the

Figure 16.16 Combined cycle system
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figure, the first section of the power system is the gas turbine unit which consists of an air
compressor, combustor and gas turbine. LNG is vaporized in the vaporizer (LNG can be easily

vaporized to gas through a warming process with water) and is led to the combustor (CB). LNG is

then mixed with highly compressed air and burnt in the combustor (CB). The produced combustible
gas at very high temperature (say, 1500�C) is led to the gas turbine chamber (GT) and drives the GT’s

rotary shaft. The principle and basic structure of the GT unit are similar to that of a jet engine for an

aircraft. The exhaust gas at the outlet of the GT with a temperature of 600�700�C and is led to the

heat recovery steam generator (HRSG). This is a kind of large-scale, high-temperature heat

exchanger, in which the thermal energy of the inlet exhaust gas is used to convert circulatory steam–

water into superheated steam of 580�600�C. The steam is then led to the high-pressure steam-turbine

(HPST) and drives the shaft. The principles of the processes after the HP ST are the same as in

conventional ST generating stations.

In brief, the CC consists of a GTand ST unit. Figure 16.16b shows a configuration of a typical ACC

system of 150–500 MW capacity in that GT, ST as well as generator G are mechanically directly

coupled as a single shaft power train. Another system configuration of ACC is where the GT/G train

and ST/G train are arranged separately without mechanical shaft coupling.

In contrast to the CC system, the simple cycle system (SC, with only GT and without ST) is also

available, mainly for spinning reserve generation purposes to meet peak power demands of individual

power systems, the virtue of which is a quick-start capability.

The rated firing temperature at the combustor/GT using recent technology is 1400�1500�C,

although it used to be typically 1100�1300�C in the 1980s. The firing temperature at the combustor/

GT is far higher than the inlet steam temperature for a conventional ST, so that the heat efficiency Z of

an ACC or CC generating system becomes quite high in comparison with that of the conventional ST

system. The efficiency of ACC at 1500�C, for example, would be 50–54%, while that of conventional

steam generation would be 40–43%.

An extremely high temperature for the combustible gas could be quite close to the annealing/

melting critical temperature of the alloys and metals adopted as the construction materials of

the combustor and GT (a few top stages) nozzles/buckets, so prudent thermal design is required

in order to cool the hot-gas parts without relying on film cooling and to avoid causing abnormal

hotspots.

In the case of an advanced single shaft power-train model with a class 1400�1600�C GT, for

example, the first-stage rotational and stationary aerofoils of the GT are made of single crystal alloy

and thermal barrier coated. Furthermore, a three-dimensional geometry with closed-loop steam

cooling (using high-temperature steam of 400�C extracted from the HRSG as the cooling fluid) would

be employed. Using today’s advanced technology, GT classes over 1600�C may be achieved in the

near future.

Note also that NG contains such impurities as dust, sulfur and water, but almost all of these can be

removed during the process of liquefaction. Therefore, emission levels of substances responsible for

air pollution (NOx, SOx, CO2) would be reduced to quite low levels, which is why thermal power

generation by LNG has been recognized as so-called ‘clean thermal energy’ in comparison with that of

coal or oil.

16.6.3 ST unit for nuclear generation

Figure 16.17 shows the TG unit for nuclear generating stations, including typical steam pressures and

temperatures of turbines. The principles of the steam/water circulation system including turbines/

condensers are the same as that for conventional thermal units. However, the superheated steam fed

from the nuclear reactor is typically at 280�300�C, which is much lower than that by thermal steam

boiler. Therefore the TG unit of nuclear plant consists of two sections of turbines, HP-T/LP-T (without

IP-T), and a generator with four poles of 1500/1800 rpm ratings. In other words, the TG coupled rotor
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for the nuclear unit is half the speed and the generator rotor has a relatively larger mechanical volume

in comparison with those in a thermal unit.

16.7 Supplement: Derivation of Equation 16.14
from Equation 16.9*4

Modifying Equation 16.9 u and making it equivalent to a,

E fd

xd
� xl

eB
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ qþ x�1
d

� 	2
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ q� x�1
l

� 	2
q � a (1)

Figure 16.17 TG unit for nuclear power generating station
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modifying the middle and right side of the above equation,

p2 þ q2 þ 2q � x
�1
d þ a2x�1

l

1� a2
¼ �x�2

d þ a2x�2
l

1� a2
(2)

Putting the numerator of the third term on the left equivalent to b and the right to c, then

p2 þ q2 þ 2q � b

1� a2
¼ c

; p2 þ qþ b

1� a2

� �2

¼ b

1� a2

� �2

þ c

b ¼ 1

xd
þ a2

xi

c ¼
a2

x2
l

� 1
x2

d

1� a2

9
>>>>>>>>>>>>>=

>>>>>>>>>>>>>;

(3)

Thus Equation 16.14 is obtained.
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17
R–X Coordinates and the Theory
of Directional Distance Relays

Rapid fault tripping by high-speed protective relays is essential for the stable operation of modern

power systems. Among various types of relays, the two principal types are directional distance relays

and differential relays (including carrier differential relay equipment for transmission line protection).

The study in this chapter mostly concerns directional distance relays, because they are primarily the

most widely used as essential relays of various protection equipment, and their theoretical background

is complicated, at least from the application viewpoint for crowded networks, so knowledge of them is

important.

17.1 Protective Relays, Their Mission and Classification

Wherever a fault occurs in a network, a minimum section including the faulted point has to be removed

immediately so that the power system maintains sound operation. Operating times of protective relays

are typically 1.0–3 cycles and the tripping times of breakers are 1.5–3 cycles, giving a total fault

tripping time of 2.5–6 cycles (50–120 ms at 50 Hz, 42–100 ms at 60 Hz). Malfunction or a slight delay

of fault tripping by the associated relays may rarely become a trigger for serious black-outs by a

domino effect, that is disruption of a power system caused typically by the following system

behaviour:

� Cascade trips caused by over/undervoltages, over-currents, or by back-up tripping at the adjacent

substations.

� Power stability collapse (step-out) or voltage stability collapse (instability caused by the imbalance

of real power and/or voltage losing).

� Cascade trips of generators caused by abnormal frequency exceeding each machine’s over-/under-

frequency limits.

� Tearing (cutting) of a network caused by simultaneous lightning faults.

� Tearing (cutting) by extended cascade trippings (multiple faults, extensive damage to equipment,

mal-operation or back-up trips of protective relays, etc.,) and so on.

Protective relays shoulder the vitally important duty of protecting the power system from such

threats or at least of minimizing the failed tripping zone.
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17.1.1 Duties of protective relays

The duties of protective relays can be classified as follows:

� To detect the faulted section immediately and to order tripping commands to the associated breakers

of the section which includes the fault:

–Primary protection, to detect the minimum section including the faulted point.

–Back-up protection, to detect the faults of adjacent sections and to order tripping commands to

adjacent breakers whenever primary protection fails to trip the faulted section.

� Continuous monitoring of various electrical quantities (voltages V(t), currents I(t), real power (P),

apparent power (Pþ jQ), frequency (f), phase angle ðdÞ; synchronization VðtÞ; VðtÞ0, etc.) and the

necessary commands to change the network connection immediately.

� Reclosing function (in the case of overhead transmission lines).

� Instability preventive control equipment (a combination of several protective relays over a wide

region).

Protective relays have the responsibility to conduct ‘instantaneous fault tripping or network connec-

tion changes’.

The last item above is a relatively new application of protective relay engineering. For example, a few

sections may be tripped almost simultaneously by plural faults, or by back-up relays tripping (which

may be caused whenever fault clearing by the associated primary relays or breakers fails). In such cases,

a real power imbalance condition (over- or under-frequency phenomena) or critical stability condition

(P–Q–V critical condition) are apt to cause cascade behaviours. Instability preventive control equipment

continuously monitors the operation of various relays installed at plural stations and dispatches special

commands (such as generator tripping, load shading, inter-tie tripping, etc.) whenever these conditions

occur in order to prevent power system collapse by the domino effect.

17.1.2 Classification of major relays

Protective relays may be classified by the method described below.

17.1.2.1 Directional distance relays (DZ-relays)

The appearance of high-speed directional distance relays (mechanical type) around 1950 should be

remembered not only as part of the history of modern protective relay equipment, but also as the

realization of modern power system operating practices. In the first half of the twentieth century, relays

commonly had simple functions and slow operating speeds, typically like the induction disc-type OC

(over-current) or UV (undervoltage) relays. Technical improvements led to the appearance of greatly

advanced relays which had the capability of judging the direction and modes of faults as well as measuring

the distance from the relay to the fault points. Furthermore, faults were detected within 2–3 cycles.

These high-speed directional distance relays became leading practice in complicated, modern,

high-voltage transmission line networks as essential relays for primary protection (carrier-relaying
equipment) as well as for back-up protection, and for detecting loss of excitation, step-outs, etc.

Today, directional distance relays still have the same important roles, though the hardware has been

changed from the mechanical type to the electrostatic (solid-state analogue or digital) type.

17.1.2.2 Differential relays

These relays too have a long history and have mainly been applied for generator and transformer

protection. The inflow current iinðtÞ and outflow current ioutðtÞ of the associated equipment (generator
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or transformer) are sent to the relay through current transformers, and the relay operates whenever the

differential current DiðtÞ ¼ iinðtÞ � ioutðtÞ exceeds a specified threshold.

Today, advanced digital communication facilities through microwave networks or OPGW (OGW

with optical fibre) enable fault current waveforms to be sent from one terminal station to another. Due

to the wide adoption of such facilities in recent years, differential relay practice has begun to be widely

applied not only for equipment protection at generating plants/substations, but also for the primary
differential protection of transmission lines.

17.1.2.3 Other relays

There are various other relays and typical examples are:

� Relays for voltages, currents, power, frequency, phase angle.

� Relays for rate of change quantities for power, frequency, and so on.

The operating principles and the application methods of the relays above are rather simple from the

application point of view, although the design and manufacture are based on advanced hardware and

software technology. However, the application theory of directional distance relays is more compli-

cated, especially for applications to crowded networks, so knowledge of the appropriate utilization

(relay settings, for example) is important.

This chapter concentrates on the application theory of directional distance relays for the above

reasons. It can be said that directional distance relays are the essential basis of today’s modern high-

speed protection (as carrier-relaying equipment for primary protection, time-coordinated back-up

relaying schemes, machine protective relaying, and so on).

17.2 Principle of Directional Distance Relays and R–X
Coordinates Plane

17.2.1 Fundamental function of directional distance relays

High-speed directional distance relays (simply DZ-Rys hereafter) have the fundamental function of

detecting the direction and distance of faults occurring on a transmission line.

The relays are installed on each feeder at a substation, to which the secondary voltages and

currents of the PT (voltage transformers) and CT (current transformers) of the associated feeder

line are applied as shown in Figure 17.1a. The fundamental theory from an application

viewpoint will be briefly described below, although the actual hardware/software practices are

very sophisticated.

Six DZ-Rys are utilized as a set for feeder protection at one station terminal, namely:

� phase-to-phase fault detection relays (DZ-S) for phase a–b, phase b–c, phase c–a

� phase-to-ground fault detection relays (DZ-G) for phase a–g, phase b–g, phase c–g.

Each relay produces new quantities as described below:

DZ-S : for phase a-b : RY Żab ¼
V̇a � V̇b

İa � İb

DZ-G : for phase a-g : RY Ża ¼
V̇a

İa

9
>>=

>>;

(17.1)

(Relays for the other phases are described analogously.)

The composed quantities ðV̇a � V̇bÞ; ðİa � İbÞ are called ‘delta-voltages, delta-currents’. The

composed quantities of Equation 17.1 have the dimensions of impedances ŻðtÞ ¼ V̇ðtÞ=İðtÞ; so that the
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characteristics of the relays are usually drawn as phenomena in R–X coordinates. Therefore we need

first to investigate the definition of the R–X coordinates plane.

17.2.2 R–X coordinates and their relation to P–Q coordinates
and p–q coordinates

An arbitrary impedance V̇=İ ¼ Ż ¼ Rþ jX can be plotted as a point (R, X) on an R–X coordinates

plane, where Ż, R, X are mutually related to apparent power by the equations

Ṡ ¼ Pþ jQ ¼ V̇ � İ�

Ż ¼ Rþ jX ¼ V̇

İ

9
=

;
(17.2)

Pþ jQ ¼ V̇ � V̇
�

ðRþ jXÞ� ¼
V̇

2

R� jX

Z� ¼ R� jX ¼ V2

Pþ jQ
¼ 1

pþ jq

9
>>>=

>>>;

(17.3)

where p ¼ P=V2; q ¼ Q=V2 (the same definitions as in Equation 12.18).
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Figure 17.1 Mho-relay
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R� jX is the inverse complex number of Pþ jQ or pþ jq. In other words, the R–X coordinates

plane is defined as the inverse plane of the p–q coordinates plane, and a point (R, X) on the R–X

coordinates plane is in one-to-one correspondence with a point (p, q) in the p–q coordinates plane.

However, it must be noted that phase-unbalanced phenomena have to be treated for most cases in relay

engineering, while p–q coordinates were treated as three-phase-balanced phenomena in Chapters 12–16.

17.2.3 Characteristics of DZ-Rys

DZ-Rys include various relays with different characteristics as shown in Figure 17.2, which have

different names in practical engineering. We study DZ-Rys through the ‘Mho-Ry’ which is a relay

possessing the base characteristics of the relay family.

17.2.3.1 Mho-Ry

Figure 17.1a is the fundamental structural design diagram of a Mho-Ry of electrostatic type. The signal

voltage V(t) and current I(t) from the secondary terminals of the associated PT and CT are applied to

the relay, and the new quantities vðtÞ; v0 ðtÞ compose the detected part of the relay circuit as shown in

the figure. Then, the phase angular difference between vðtÞ and v0 ðtÞ is continuously compared in the

phase comparator part of the relay circuit. As seen in Figure 17.1b, if the condition b2 90� is satisfied,

the vector relation between V(t) and I(t) must be within the circle. In other words, the relay which is

designed not to operate atb3 90� but atb2 90� gives V–I characteristics of the circle as shown in figure.

The relay would be operated whenever the vectors V, I satisfy the condition b2 90� in this figure.

Incidentally, all the equations of the V–I coordinates plane in Figure 17.1b can be divided by the

current İðtÞ; and the derived equations contain variables V̇=İ, or Ż ¼ Rþ jX. In other words, the V–I

characteristics of the figure can be replaced with the R–X characteristics given in the R–X coordinates

plane, and the resulting operating characteristics are also a circle with the dimensions of V, as shown in

Figure 17.1c.

The relay installed at point O in the R–X coordinates plane will operate if the vector V̇=İ enters the

inner zone of the circle. This means that the relay operates only when V̇=İ is in one direction and within

a fixed length value (distance). The above explanation is the essence of DZ-Ry.

The design details of these relays, manufactured using advanced technology as mentioned above,

are omitted in this book. Nevertheless, the relays have to detect faults exactly and within 15–40 ms

delay, and incorrect operation cannot be allowed under serious transient voltage and current conditions

probably with badly d.c. or harmonic superposed waveform distortion. The relays have to detect the

O

X

R

forward offset mho characteristics

mho characteristics

backward offset mho characteristics

reactance characteristics

ohm characteristics

impedance characteristics

Figure 17.2 Directional distance relays, variation by operational characteristics

17.2 PRINCIPLE OF DIRECTIONAL DISTANCE RELAYS 317



direction and distance of the fault even if the voltage Vof V/I is almost zero during the fault at a close

point, or even if some errors in the PT or CT exist, for example.

17.3 Impedance Locus in R–X Coordinates in Case of a Fault
(under No-load Condition)

17.3.1 Operation of DZ(S)-Ry for phase b–c line-to-line fault (2fS)

Referring to Figure 17.3a, the behaviour of the relay installed for line 1 at the terminal m is examined,

where a phase b–c line-to-line fault occurs at point f on line 1.

The equivalent circuit of this case is shown in Figure 17.3b. The current at point f is supplied from

both sides of the terminal at m and n. The following equations are derived from the equivalent circuit,

m n

m n

line #2

line #1

(a)system

(b) equivalent circuit

phase b-c relay

(c) the relay impedances when three relays RyZbc, RyZca, RyZab observe phase b-to-c fault

(Vb – Vc)/(Ib – Ic)
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Figure 17.3 DZ(S)-Ry, operational characteristics
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where we assume that the positive impedance and the negative impedance are the same (this

assumption can be justified for most cases, because the difference between the positive- and

negative-sequence reactances of the generator is diluted by the line reactances Xline1 ¼ Xline2):

f V1 � f V2 ¼ R f � I f

f V2 ¼ f Z1 � I f

f V1 ¼ mV1 � z1 � mI1

f V2 ¼ mV2 � z1 � mI2

mI1 ¼ C1I f ; mI2 ¼ �C2I f

(17.4)

The load current is zero. Then

mI1 ¼ �mI2 ¼ C1 � I f ; C1 ¼ C2

where

z1: positive-sequence impedance from relay point m to fault point f

f Z1: positive-ðand negative-Þsequence impedance looking into the circuit from point f

R f : arc resistance

C1: the ratio of mI1 to I f in the positive-sequence circuit

C2: the ratio of mI2 to I f in the negative-sequence circuit

ðC1; C2 are the vector coefficients of ð0� 1Þffa; where a is almost 0�Þ

Since the positive- and negative-sequence reactances are equal, and the no-load condition is

assumed, then C1 ¼ C2 and mI1 ¼ �mI2 in this case.

Now, the delta quantities DV ¼ Va � Vb; DI ¼ Ia � Ib are applied to the relay at point m, and the

relays look for the fault by measuring DV=DI ¼ ðVa � VbÞ=ðIa � IbÞ.
The measured impedances of each delta-phase relay RyZab; RyZbc; RyZca are calculated as follows:

The impedance of the DZ-Ry for phase b-c line-to-line detection: Ry Zbc

RyZbc ¼ mVb �mVc

mIb �m Ic
¼ mV1 �mV2

mI1 �m I2
¼
ð f V1 þ z1 �m I1Þ � ð f V2 þ z1 �m I2Þ

mI1 �m I2

¼ z1 þ f V1 � f V2

2 �m I1
¼ z1 þ

R f I f

2C1I f
¼ z1 þ

R f

2C1

(17.5)

The impedance of the DZ-Ry for phase a-b line-to-line detection: RyZab

RyZab ¼ mVa � mVb

mIa � mIb

¼ mV1 � a � mV2

mI1 � a � mI2

¼
ð f V1 þ z1 � mV1Þ � að f V2 þ z1 � mI2Þ

mI1 � a � mI2

¼ z1 þ f V1 � a � f V2

mI1 � a � mI2

¼ z1 þ
ð1� aÞ f V2 þ R f I f

ð1þ aÞmI1

¼ z1 þ
ð1� aÞ f Z1I f þ R f I f

�a2C1I f
¼ z1 þ

ða2 � aÞ f Z1 � a � R f

C1

¼ z1 þ
� j

ffiffiffi
3
p

f Z1

C1
� aR f

C1

(17.6)
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The impedance of the DZ-Ry for phase c-a line-to-line detection: RyZca

RyZca ¼ mVc �m Va

mIc �m Ia
¼ z1 þ

ða� a2Þ f Z1 � a2 � R f

C1

¼ z1 þ
j
ffiffiffi
3
p

f Z1

C1
� a2 � R f

C1

(17.7)

Figure 17.3 shows the vector diagrams of RyZab;Ry Zbc;Ry Zca that are derived in the R–X coordinates

plane by the above equations and explained below.

Relay RyZbc: Equation17.5. The relay RyZbc at point O sees the impedance below as given by

Equation 17.5 and Figure 17.3c.

0sðz1Þ þstðR f =2C1Þ ¼ 0t

The length of st is not long because R f has a rather small value by nature, although C1 varies as

the value C1 ¼ 0� 1.

RelayRyZab: Equation17.6. Referring to the equivalent circuit in Figure 17.3b, straight line 0s (z1:

line impedance between f and m) and st (the back impedance at m) can be written first in the R–X

coordinates plane as shown in Figure 17.3. The straight line rs is of course z1 þ zb1.

Now, we examine the special case of C1 ¼ 1:0, which means that all the current I f at fault point f is

supplied from point m through line 1 and is not supplied from point n. This means f Z 001 ¼ 1 in the

positive-sequence equivalent circuit. Accordingly, the positive-sequence impedance looking into the

circuit at point f (f Z1) is equal to z1 þ zb1. In other words, f Z1 ¼ z1 þ zb1 under the condition of

C1 ¼ 1:0.

Next, the straight line rs can be multiplied by � j
ffiffiffi
3
p

, and � j
ffiffiffi
3
p

f Z1 is obtained as the new

straight line su. This new line su corresponds to the second term on the right in Equation 17.6

where C1 ¼ 1. The straight line st corresponds to R f =2C1 under C1 ¼ 1:0, which can be multiplied

by�2a (turning 1208 clockwise and doubling the length) to obtain the new line uv. The straight line

uv is �aR f =C1 and it corresponds to the third term on the right of Equation 17.6.

As a result, the derived straight line 0v satisfies the relation below under the condition of C1 ¼ 1,

whose right side is the same as that of Equation 17.6 under C1 ¼ 1:

0v ðRyZabÞ ¼rs ðz1Þ þsu ð� j
ffiffiffi
3
p

f Z1=C1Þ þ uv ð�aR f =C1Þ

In other words, the straight line 0v in Figure 17.3c gives RyZab of Equation 17.6 under the condition of

C1 ¼ 1.

The ratio C1 can be varied between 0 and 1 depending on the fault location and the power source

condition of both terminals m and n. The magnitudes of f Z1=C1 and R f =C1 therefore have to be

modified, so that the length of straight lines su (then r 0) and uv may be expanded.

RelayRyZca: Equation17.7. In the same way, the relay impedance RyZca corresponding to Equation

17.7 can be drawn as shown in Figure 17.3c.

Now, if the phase b–c line-to-line fault occurs at point f on line 1 (where the line impedance between

m and f is z1), the DZ-Ry of each phase at the installed point m measures its own impedance zone

within each parallelogram in Figure 17.3. Note that the relay RyZbc measures the length of z1 0s (the

distance between m and f) exactly regardless of the magnitudes of R f and C1 (where the length of st

is small in comparison), and, accordingly, the relay will operate if the measured length z1 is shorter

than the diameter of the circle (the preset value). The relay does not detect faults beyond the previous

set distance in the forward direction, nor faults in the backward direction.

Figure 17.3 also explains why the relay RyZca as well as RyZab do not detect the phase b–c line-to-

line fault.
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Incidentally, the magnitude of Pþ jQ before the fault is within the capacity limit, while the

relation between (P, Q) and (R, X) is defined by Equation 17.3. Then, the operating point (R, X) before

the fault must exist on the furthest area from point 0 (0, 0). In other words, before the fault, the three

relays are observing the load (R, X) in the furthest right area for the load flow in the point m to n

direction (or farthest left area for the load flow in the opposite direction).

Whenever a phase b–c line-to-line fault occurs, the locus point (R, X) for each relay moves from the

above-mentioned load area to the fault area of the parallelogram in Figure 17.3c, and at least the relay

RyZbc would detect the fault as a result, although RyZca and RyZab might not.

This theoretical visualization based on the R–X coordinates plane was first presented by A. R. van
C. Warrington in his famous AIEE Transactions paper ‘Performance of Distance Relays’ in 1949.

Following this seminal work, analytical methods of faulting phenomena and relay operation against

various complicated phase-unbalanced faults were established and the technology of high-speed

protection for large networks progressed remarkably. The faulting phenomena as well as the behaviour

of the protective equipment based on directional distance relays cannot be appropriately described by

any other method today, except for Warrington’s analytical method.

17.3.2 Response of DZ(G)-Ry to phase a line-to-ground fault (1fG)

The equivalent circuit for a phase a line-to-ground fault (1fG) is given in Figure 17.4. In this case of

DZ(G)-Ry detecting a phase-to-ground fault, the relay cannot accurately measure the line-to-ground

fault by the simple introduction of Va=Ia. Special countermeasures are required, because the zero-

sequence circuit has very different impedance constants to that of the positive-sequence circuit, and,

furthermore, a mutual reactance exists between parallel circuits of double circuit transmission lines.

From the equivalent circuit of Figure 17.4

mV1 � f V1 ¼ z1 � mI1

mV2 � f V2 ¼ z1 � mI2

mV0 � f V0 ¼ z0 � mI0 þ Z0M � mI00

f V1 þ f V2 þ f V0 ¼ 3R f I f

mI1 ¼ mI2 ¼ C1I f ðassuming load flow is zeroÞ
mI0 ¼ C0I f

f V2 ¼ � f Z1I f ; f V0 ¼ � f Z0 � I f

9
>>>>>>>>>>>=

>>>>>>>>>>>;

(17.8)

z1

z1

z0

mI1mV1

mI0

mI0́

mV0

mI2mV2

fV1

fV2

3Rf

If

fV0

fZ1

fZ1

fZ0

Figure 17.4 Equivalent circuit of phase a line-to-ground fault
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where z0M : zero-sequence mutual reactance between circuit 1 and 2 (the same as Z0M in Figure 2.6

and Equation 2.20a)

f Z1; f Z0; : impedance at the fault point f looking into the circuit

RelayRyZa: Applying the above equations,

mVa ¼ mV1 þ mV2 þ mV0 ¼ z1 � mI1 þ z1 � mI2 þ z0 � mI0 þ z0M � mI00 þ 3R f I f

¼ z1ðmI1 þ mI2 þ mI0Þ þ ðz0 � z1ÞmI0 þ z0M � mI00 þ 3R f I f

¼ z1 � mIa þ ðz0 � z1ÞmI0 þ z0M � mI00 þ 3R f I f

9
>=

>;
(17.9a)

This equation can be modified as follows:

mVa � ðz0 � z1ÞmI0 � z0M � mI00
mIa

¼ z1 þ 3R f �
I f

mIa

where mIa ¼ ð2C1 þ C0ÞI f

9
>=

>;
(17.9b)

Equation 17.9b shows that the relay can measure the line-to-ground fault exactly by applying the

composed voltages of the numerator on the left of Equation 17.9b to the relay instead of Va. This is

possible because the zero-sequence currents mI0; mI00 of lines 1 and 2 are available in the same

substation through the composition of the three-phase currents Ia; Ib; Ic and I0a; I0b; I0c.

For DZ(G)-Ry, the measuring equation of the phase-to-ground relay is

RyZw ¼ mVw � ðz0 � z1ÞmI0 � z0M � mI00

mIw

voltage quantity: fmVw � ðz0 � z1ÞmI0 � z0M � mI00g
current quantity: fmIwg
where w ¼ a; b; c

mI0 ¼ ð1=3ÞðmIa þ mIb þ mIcÞ; mI00 ¼ ð1=3ÞðmI0a þ mI0b þ mI0cÞ
�ðz0 � z1ÞmI0: zero-sequence compensation term of line 1

�z0M � mI00: zero-sequence compensation term of the parallel circuit line 2

mI0; mI00 can actually be derived from the residual circuit of three CT secondary circuits

of composed values 1=3ðIa þ Ib þ IcÞ and 1=3 ðI0a þ I0b þ I0cÞ

9
>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>;

(17.10)

Relay RyZa: Utilizing the above equations,

RyZa ¼ z1 þ 3R f �
I f

mIa

¼ z1 þ
3R f

2C1 þ C0
(17.11)

The relay RyZa can measure (detect) phase a to grounding faults accurately by the countermeasure

of zero-sequence current compensation.

Relay RyZb: The voltage and current quantities for this relay are calculated below under the

conditions of Equation 17.8:

voltage quantity: fmVb � ðz0 � z1ÞmI0 � z0M � mI00g ¼ ð f V0 þ z0 � mI0 þ z0M � mI00Þ
þa2ð f V1 þ z1 � mI1Þ þ að f V2 þ z1 � mI2Þ � ðz0 � z1ÞmI0 � z0M � mI00
¼ z1 � mIb þ f Vb

current quantity: mIb

9
>>=

>>;

(17.12a)
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Then, the impedance for the phase b relay observing the phase a line-to-ground fault is

RyZb ¼ z1 þ f Vb

mIb

(17.12b)

Although this equation looks to be in good order, we need to examine the second term f Vb=mIb on

the right:

f Vb ¼ f V0 þ a2 � f V1 þ a � f V2 ¼ f V0 þ a2ð3R f I f � f V2 � f V0Þ þ a � f V2

¼ ða� a2Þ f V2 þ ð1� a2Þ f V0 þ 3a2 � R f I f

¼ fða2 � aÞ f Z1 þ ða2 � 1Þ f Z0 þ 3a2 � R f gI f

mIb ¼ mI0 þ a2 � mI1 þ a � mI2 ¼ mI0 � mI1 ¼ �ðC1 � C0ÞI f

9
>>>>>>=

>>>>>>;

(17.13a)

; RyZb ¼ z1 þ
ða� a2Þ f Z1 þ ð1� a2Þ f Z0 � 3a2 � R f

C1 � C0

¼ z1 þ
j
ffiffiffi
3
p

f Z1 � j
ffiffiffi
3
p

a � f Z0 � 3 a2 � R f

C1 � C0

9
>>>=

>>>;

(17.13b)

Relay RyZc

The equation below is derived in the same way:

RyZc ¼ z1 þ
ða2 � aÞ f Z1 þ ð1� aÞ f Z0 � 3a � R f

C1 � C0

¼ z1 þ
� j

ffiffiffi
3
p

f Z1 þ j
ffiffiffi
3
p

a2 � f Z0 � 3a � R f

C1 � C0

9
>>>>=

>>>>;

(17.14)

The Equations 17.11, 17.13 and 17.14 specify the behaviour of relays RyZa; RyZb; RyZc for the

phase-a line-to-ground fault. Equation 17.11 tells us that the phase a relay RyZa measures z1 (namely,

the direction and distance of the fault) appropriately. The operating zone of RyZa can be drawn in the

R–X coordinates plane by using C1; C0 and R f as parameters. On the other hand, RyZb; RyZc include

f Z0 as well as C1; C2, R f , so that they can be drawn as a point in the R–X coordinates plane for the case

when f Z0 is given as the individual fault condition.

For the special case of C1 ; C0 the relays will encounter the following impedances:

RyZa ¼ z1 þ
R f

C1

RyZb ¼ z1 þ1

RyZc ¼ z1 þ1

9
>>>=

>>>;

(17.15)

The phase-a line-to-ground fault can be accurately detected by RyZa, while RyZb, RyZc do not

operate in this case.

Table 17.1 shows the impedances that the six relays see for line-to-line faults and line-to-ground

faults under various fault modes. The table is based on that given by A. R. van C. Warrington in the

previously quoted AIEE paper. Each equation in the table can be derived, although this takes time.

17.3.2.1 DZ-Ry for high-impedance neutral grounded system

Finally in this section, an important fact should be pointed out: that is, the DZ-Ry for line-to-ground

fault detection cannot be applied to a power system with non-effective (through resistive or reactive)
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neutral grounding. This is due to the following reasons. The ratio of C0 ¼ mI0=I f in Equation 17.8

would become very small and furthermore the angle might differ by almost 90� from that of C1.

Accordingly, in Equation 17.11, the second term on the right rather than the first term z1 becomes

dominant. Although this is a disadvantage of this relay in such fault detection, a ‘grounding directional

relay without the function of fault distance measurement’ can be adopted (the explanation is omitted in

this book).

17.4 Impedance Locus under Normal States and Step-out
Condition

17.4.1 R–X locus under stable and unstable conditions

Figure 17.5a shows the power system we examine here, which operates under three-phase-balanced

conditions. The induced voltages at points s and r are given by ės and ėr , and the electrical angular

displacement is d (ės lags ėr by d�).
We define the ratio of voltage and current v̇=i̇ at each point s, m, n, r of the system expressed in

symbols as sŻ; mŻ; nŻ; rŻ, namely

sŻ ¼
ės

i̇
; mŻ ¼ v̇m

i̇
; nŻ ¼ v̇n

i̇
; rŻ ¼ ėr

i̇

�

(17.16)

Between point m and point n,

v̇m � v̇n ¼ żl � i̇
; mŻ� nŻ ¼ żl

�
żs; żl; etc: : circuit impedances

mŻ; nŻ; etc: : the impedances each relay observes
(17.17)

For the total system from point s to point r,

ės ¼ ėr þ i̇ðżr þ żl þ żsÞ

; sŻ ¼ rŻþ ðżr þ żl þ żsÞ

)

r

mŻ ¼ sŻ� żs ¼ rŻ þ ðżr þ żlÞ s

9
>>=

>>;

(17.18)

Equations 17.17 and 17.18 are shown in Figure 17.5b as a vector diagram of impedances in the R–X

coordinates plane. The equations and the diagram shows mutual relations of the impedances which the

relay at each point sees. The original point (0, 0) of the coordinates can be selected arbitrarily and the

point m is eventually selected in the figure. The relay mŻ at point m sees ż1 þ żr in the forward direction

and żs in the backward direction. The relay nŻ at point n sees żr in the forward direction and żs þ żl in

the backward direction.

The induced voltages at point s and r are

ės ¼ Ese
jot

ėr ¼ Ere jðotþdÞ

�

(17.19)

The current through the line is

i̇ ¼ Ese
jot � Ere jðwtþdÞ

żr þ żl þ żs
¼ Es

żr þ żl þ żs
ð1� ke jdÞe jot; k ¼ Er

Es
(17.20)

The impedances of generators s and r are contained in żs and żr respectively.
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Accordingly, the impedances seen by the relays at each point under normal load conditions

(without fault) are

point s: sŻ ¼
ės

i̇
¼ ðżr þ żl þ żsÞ �

1

1� ke jd r

point m: mŻ ¼ sŻ� żs ¼ ðżr þ żl þ żsÞ �
1

1� ke jd�żs s

where k ¼ Er

Es
ðk: real number around 1� 0:1Þ

9
>>>>>>=

>>>>>>;

(17.21)

sŻ of Equation r is the impedance that the relay at s observes in the system under normal load

conditions. A change in angle d in the equation means a change in load flow or a power swing in the

s
m n

zs
·

zs + zl + zr 
· · ·

i
·

zl
·

zr
·

zs
·

zl
·

·

zr
·

r
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·

er = Ere j(wt+ d)

jX

jX

rZ

·
nZ

·
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I
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d =180°
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(b)

(c)

Figure 17.5 Impedance locus under load/step-out conditions (three-phase-balanced condition)
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system. Equation s means that the relay mŻ at point m observes the same phenomena at the different

point m which is żs distant from point s.

Now we try to draw Equation 17.21 as the impedance locus in the R–X coordinates plane by

changing d and k as parameters.

Equation 17.21r can be modified as follows:

sŻ ¼
Ȧ

1� ke jd

; sŻ� sŻ � ke jd ¼ Ȧ

where Ȧ ¼ żr þ żl þ żs ðȦ is given as constant:Þ

9
>>>=

>>>;

(17.22)

From the equation the following conclusions are derived:

� sŻ is given as a circle locus by changing k under fixed d (the k-circles).

� sŻ is also given as a circle locus by changing d from 0� to 360�under fixed k (the d-circles).

In order to prove that the sŻ become circles and to find the circle locus, we need to adopt a

descriptive geometry approach, which is explained in detail in Supplement 1.

The impedance locus of sŻ by changing parameter k (the k-circles) and by changing parameter d
(the d-circles) is shown in Figure 17.5c.

An arbitrary operating condition specified by k and d can be written as the intersecting point of the

circles r and s. As an example, point c (k ¼ 1:1, d ¼ 20�) in the figure is the intersecting point of

circle r (k ¼ 1:1) and circle s (d ¼ 20�). The operating point c exists far from the original point

(0, 0) in this case, because circle r as well as circle s are large at these values of k and d.

It is clear that k in Equation 17.22 is a real number of around 0.9–1.1 and d is about 0� to � 40�

under normal operating conditions.

17.4.1.1 The circle locus by changing k under fixed d (the k-circles)

Three circles of this category for variable k under fixed d ¼ 20�; 30�; 40� are drawn in Figure 17.5c.

To draw a circle, the circle is given as a circular arc with vertical angle d�; on a chord of straight line r–s

(żrs is the total impedance of the system).

Accordingly, this circular arc locus can be drawn rather easily in the R–X plane. The locus with�d
(i.e. inverse power flow) is given as the symmetry locus ofþd and exists on the left side of the plane.

The locus exists far from the chord r–s under the condition of d ¼ 0� to � 30�, but it rapidly

approaches the chord r–s if d is larger (i.e. heavy load operation or step-out).

17.4.1.2 The circle locus by changing k from 0� to 360� under fixed d
(the d-circles)

The denominator of Equation 17.22 (1� e jd) gives a circular locus by changing d from 0� to 360�

under fixed k. The inverse term 1=ð1� e jdÞ also gives a circular locus by changing d from 0� to 360�

under fixed k. However, the proof and the drawing method are a little complicated and explained in

detail in Supplement 1.

Summarizing the conclusion of Supplement 1 here, the circle is drawn as follows:

point O: the mid point of straight line r–s

line L: straight line meeting point O at a right angle

the centre point of the circle: the point which is f1=ðk2 � 1Þgżrs distant from point r on the extended

straight line r–s

17.4 IMPEDANCE LOCUS UNDER NORMAL STATES 327



the far diameter point: the point which is f1=ðk � 1Þgżrs distant from point r on the extended straight

line r–s (the point e for d ¼ 0� in the figure)

the close diameter point: the point which is f1=ðk þ 1Þgżrs distant from point r on the extended straight

line r–s (the point d for d ¼ 180� in the figure).

The point O is written at point (0, 0) in the figure. The circle is quite large under the condition

k ¼ 1:0� 0:1.

17.4.1.3 The existing area of the impedance locus under normal
load conditions

The shading in Figure 17.5 shows the existing area of the impedance locus under the normal load

condition of k ¼ 0:9� 1:1; d ¼ 0� to � 30�. This zone is of course far beyond the set range of the

relays at points s, m, n and r.

17.4.1.4 The impedance locus under power-swing or
step-out conditions

The system is now operating under normal conditions with fixed k (excitation Es; Er are constant)

and d around +208. If the load flow were suddenly and largely increased, d would be increased

and the system would be caused to step out. As the generator r slips out, d is increased as

d ¼ 20� ! 60� ! 90� ! 180� ! 270� ! 360� ! 450� ! � � � : This phenomenon means that

the impedance locus turns in a circle of category s. Assuming constant k and a slipping speed of

3608=10 sec, the locus is a circle around 10 sec.

With an increase of d ¼ 20� ! 60� ! 90�, the locus quickly comes nearer to the point O and

before long crosses the straight line r–s at d ¼ 180� around point O. Therefore, most (perhaps all) of

the relays installed at points s, m, n and r would detect the locus within each operating zone and would

be caused to operate. In other words, without reasonable countermeasures, the DZ-Rys installed at

most of the stations in the network would operate and issue unnecessary tripping commands to a lot of

breakers. Besides, it should be recalled that relays with extremely large setting circles may detect a

heavy-load locus.

Most high-voltage substations today are equipped with a number of DZ-Rys per feeder and per

phase for primary protection and/or back-up protection. Furthermore, most power systems have been

continuing to grow into larger, complicated, meshed networks. Accordingly, coordination of the

operating zone setting among lots of DZ-Rs in a total network is an important engineering matter for

maintaining stable power system operation and requires practically minute work in each power system

operation.

17.4.2 Step-out detection and trip-lock of DZ-Rys

DZ-Rys automatically detect large power-swing or step-out phenomena. Therefore we need to prepare

particular countermeasures in protection equipment by which the DZ-Rys distinguish step-out (or

large power-swing) phenomena from short-circuit faults and to avoid unnecessary breakers tripping by

power swing or step-out. A typical example of the countermeasures is shown in Figure 17.6. Besides

the mho-relay (M), the offset mho-relay (OM) is prepared as shown in Figures 17.6a and b. If the locus

were to enter the operating zone by power swing, the relay (M) would be operated just before OM, and

accordingly a tripping signal to the associated breaker would be locked in the sequence diagram

(b). Whenever a fault occurs, M and OM will be forced to operate simultaneously so that the breaker

tripping signal is dispatched immediately. Typical setting times are, for timer T1, about 10 ms, and for

T2 about 1–2 sec.
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17.5 Impedance Locus under Faults with Load Flow
Conditions

We have studied in the previous sections the impedance locus Żload under normal load flow conditions

as well as Żfault under fault conditions with no-load flow. In this section, the impedance locus under

fault conditions with load flow conditions is examined.

Large network systems today consist of many nodes and branches, so there is a great variety of

power flow modes as well as fault current modes. It is not unusual, even at adjacent stations to the

faulting point, that the detected fault current components are smaller than the load currents, and

accordingly load flow cannot be neglected for the study of relay operation. This is the reason why we

need to study the method to find the impedance locus under fault conditions with load flow.

The impedances we will look into at an arbitrary point are as follows:

Żload: impedance locus of load under normal conditions before the fault

Żfault: impedance locus of fault condition with no-load flow

Żtotal: superposed impedance locus under fault condition with load flow

The behaviour of a phase b distance relay is examined here, although the explanation can be applied

to relays for any other phases.

For the phase b relay ðVb=IbÞ:

the impedance observed by the relay under ordinal load flow condition:

Żload ¼
v̇b

i̇b load

r

the impedance observed by the relay for a fault under no-load flow condition:

Żfault ¼
v̇b

i̇b fault

s

ðwhere Żfault corresponds to żr þ żl þ żs of the previous sectionÞ
the impedance observed by the relay for a fault under load flow condition:

Żtotal ¼
v̇b

i̇b total

¼ v̇b

i̇b fault þ i̇b load

t

9
>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>;

(17.23)

X

T1 T2

M OM

OM

O

M

a

X

R

Tripping signal

M: mho-relay

T1: timer (say, 10 ms)

T2: timer (1 – 2 sec)

OM: offset mho-relay

+

(a) (b)

Figure 17.6 Step-out detection and trip-lock sequence diagram
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Substituting r; s into t,

Żtotal ¼
1

1

Żfault
þ 1

Żload

(17.24)

We have already studied how Żload and Żfault are drawn in the R–X coordinates plane. Now we

need to find a drawing method for Żtotal from the already known Żload and Żfault. The method

to find complex-number vector Ż ¼ 1=f1=ȦÞ þ ð1=ḂÞg from given vectors A, B is detailed in

Supplement 2.

Figure 17.7 shows the drawing method and the resulting impedance locus. The vectors Żfault and

Żload (three cases from light load to heavy load are indicated) can be drawn in R–X coordinates at the

beginning. Then, referring to Supplement 2, the vector Żtotal can be composed as shown in Figure 17.7.

The relay at point s (for example) sees the impedance of straight line s–r (Żfault) in the case of a fault

with no load. However, if the load flow (Żload) is increased, the vector Żtotal begins to fall down to the

right in the figure and the magnitude diminishes rapidly, and accordingly the relays may fail to detect

the fault under heavy load condition. All these things have to be taken into account in the application

(selection and setting, for example) of DZ-Rys.

17.6 Loss of Excitation Detection by DZ-Rys

The severe behaviour and operational limit of generators in the weak (low-)excitation area were

discussed in detail in Chapters 15 and 16. The utmost case, loss of excitation, would cause not only

damage to the generator but also instability in the power system. Therefore if excitation of a generator

is lost for some reason, the generator has to be tripped immediately. DZ-RYs fulfil the vital duty of

protecting generators and preventing instability by detecting loss of excitation and commanding a

generator tripping signal immediately.

17.6.1 Loss of excitation detection

The operating zone of the loss of excitation relay is set in the R–X plane as shown in Figure 17.8a as in

common practice. That is, the operating zone in the R–X plane (the relay setting) is as follows:

composed vector
no-load

load

middle load
heavy load

light load

heavy

impedance under fault with no-load

R
s

r

jX

d = 80°

Z fault
·

Z load
·

Z total  =
·

Z fault Z load 
· ·

1
1 1+

Figure 17.7 Impedance locus under fault with load flow
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diameter: straight line connecting ð0;�xdÞ and 0;� x0d
2

� �

centre of circle 0;�
xd þ

x0d
2

2

0

B
B
@

1

C
C
A; radius

xd �
x0d
2

2

the circle equation: R2 þ X þ
xd þ

x0d
2

2

8
><

>:

9
>=

>;

2

¼
xd �

x0d
2

2

8
><

>:

9
>=

>;

2

9
>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>;

(17.25)

The above characteristics in the R–X plane can be inverse transformed to those in the p–q plane

using Equation 17.3, and the resulting equation is also given as the circle below:

diameter: straight line connecting 0;� 1

xd

� �

and 0;� 2

x0d

� �

centre of circle 0;�
1
xd
þ 2

x0
d

2

 !

; radius

2
x0

d
� 1

xd

2

the circle equation: p2 þ qþ
1
xd
þ 2

x0
d

2

( )2

¼
2
x0

d

� 1
xd

2

( )2

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

(17.26)

The loss of excitation point (E fd ¼ 0) is given by the point (0; �1=xd) as shown in Figure 16.3 in

Chapter 16. Of course, the relay operating zone given in p–q coordinates by Equation 17.26 covers the

loss of excitation zone described in Figure 16.3; therefore the relay setting zone from Equation 17.25

and Figure 17.8a in R–X coordinates is justified.

(a) relay-setting in R–X coordinates plane (b) operating zone in p–q coordinates plane 

the case jX 

– 1.0 1.0 

1.0 

1.0 

–1.0 

–1.2 

1.0 

2.0 

2.0 –1.0 

(0, –1.6) 

operating zone

operating zone 

(0,– 0.175) 

0, – 
2 

 (0, – xd)

xd´= 0.35
xd = 1.30

x′d

R 
p 

the rated value 

0, – xd

1 

(0, –0.625) 

– 6.0 

– 5.0 

jq 

– 2.0 

– 1.0 

0, – 
x′d

2 

(0, – 5.7) 

relay

relay

Figure 17.8 Loss of excitation relay
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17.7 Supplement 1: The Drawing Method for the Locus
Ż=Ȧ/(12ke jd) of Equation 17.22

The drawing method for the vector Ż in the variable parameters of k or d is examined here.

17.7.1 The locus for the case d: constant, k : 0 to‘

In this case

Ȧ ¼ Ż� Ż � ke jd

ffacb ¼ d

�

(1)

Then a closed triangle with sides Ȧ; Ż; Że jd can be drawn as shown in Figure 17.9. As d is constant,

then ffacb ¼ d is constant, so that the locus of Ż is on a circular arc whose chord is the straight line a–b

and the vertical angle is d, by geometry. The point c is coincident with point b by k ¼ 0, which is

coincident with point a by k ¼ 1.

As a conclusion, the locus of vector Ż is the circular arc on the chord A. The arc is a semi-circle for

d ¼ 90�, a short arc for d ¼ 180� and an extremely high arc for d ¼ 0�

17.7.2 The locus for the case k: constant, d: 0 to 360�

In this case, the locus of Ż is also a circle, as shown in Figure 17.9. In this figure, the circle can be

obtained as follows, although the proof by descriptive geometry is a little hard.

For the drawing method, the locus of Ż is given by a circle whose diameter is the straight line ed,

where points d and e are:

point d: the inner point of ab ¼ A divided in the ratio 1:k, namely ad:db ¼ 1:k

point e: the outer point of ab ¼ A divided in the ratio 1:k, namely ea:eb ¼ 1:k

Z = A
1 — ke jd 

· ·

·
locus of Z

k :  constant
d :  0 – 360°

180°

0°

d

d

d

k=1

Z = A + X ke jd·

·

· ·

locus of Z
d :  constant
k :  0 – •

radius
k

k2  –  1
| A|

·

oe

1
a

k

k

c

Z ke jd 
·

A
·

Z
·

d b
1

k
k +  1  A

·
1

k +  1
 A
·

1
k –  1

 A
·

1
k2 –  1

 A
·

2k
k2 –  1

 A
·

360°

180°

d

d = 0°

(This figure is drawn with k � 1)

Figure 17.9 The drawing method of impedance locus Ż ¼ Ȧ=ð1� ke jdÞ
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Now, in proof of the above, the following relations exist among the points e, o, a, d, b on the same

straight line:

ad
�!
¼ 1

k þ 1
_A; db
�!
¼ k

k þ 1
_A

ea
�!

: ðea
�!þ _AÞ ¼ 1 : k ; ea

�! ¼ 1

k � 1
_A

diameter: ed
�!
¼ ea
�!þ ad

�!
¼ 2k

k2 � 1
_A

radius: od
�!
¼ k

k2 � 1
_A

oa
�! ¼ od

�!
� ad
�!
¼ 1

k2 � 1
_A

9
>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>;

(2)

Looking at the triangle oac;

oc
�! ¼ oa

�! þ Ż ¼ 1

k2 � 1
Ȧþ Ȧ

1� ke jd ¼
k

k2 � 1
� k � e jd

1� ke jd Ȧ
(3)

As oc includes d in the equation, the length of oc looks as if it might be affected by d. However, the

length of oc is in fact not affected by d because

k � e jd

1� ke jd

�
�
�
�

�
�
�
� ¼

ðk � cosdÞ � j sind
ð1� k cosdÞ � jk sind

�
�
�
�

�
�
�
� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk � cosdÞ2 þ sin2d

ð1� k cosdÞ2 þ ðk sindÞ2

s

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þ 1� 2k cosd
k2 þ 1� 2k cosd

s

¼ 1

(4)

Accordingly, for arbitrary d,
jocj ¼ k

k2 � 1
Ȧ (5)

The equation shows that the length of oc is not affected by d under the condition of constant k, so the

locus Ż becomes a circle whose radius is oc.

For the drawing method of the circle as the locus of Ż

the center of the circle; point o:

the point on the extended straight line of ab where the distance from a is

1

k2 � 1
Ȧ

far end e of the diameter:

the point on the extended straight line of ab where the distance from a is

1

k � 1
Ȧ

close end d of the diameter:

the point on the extended straight line of ab where the distance from a is

1

k þ 1
Ȧ

(6)

Figure 17.9 is eventually drawn for k> 1.0. In the case when k! 1:0, the point o becomes more and

more distant from a, and when k ¼ 1:0 it at last converges to the straight line crossing the midpoint of a

and b at right angles. In the case of k< 1:0, k can be replaced by 1/k in the above equation, and the locus

moves to a symmetrical position on the straight line crossing the midpoint of a and b at right angles.
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17.8 Supplement 2: The Drawing Method for Ż51/(1/Ȧ+1/
Ḃ) of Equation 17.24

The drawing method for the vector Ż from the given vectors Ȧ and Ḃ is examined here in reference to

Figure 17.10:

Ż ¼ 1
1

Ȧ
þ 1

Ḃ

(1)

Accordingly,

Ż ¼ Ȧ

1þ Ȧ

Ḃ

¼ Ȧ

1þ ke� jd

Żþ Ż � ke� jd ¼ Ȧ

Ȧ ¼ Ḃ � ke� jd

9
>>>>>=

>>>>>;

(2)

Ż ¼ Ḃ

1þ Ḃ

Ȧ

¼ Ḃ

1þ 1
k e jd

Żþ Ż � 1
k

e jd ¼ Ḃ

Ḃ ¼ Ȧ � 1
k

e jd

9
>>>>>>>>=

>>>>>>>>;

(3)

From Equation 2, vectors Ȧ; Ż; Ż � ke� jd make a closed triangle4abc, where the vector Ż � ke� jd is

obtained by making k times long of Ż and by turning d� clockwise. Accordingly, if d is constant, the

vertical angle ffaco ¼ p� d is constant, so point c is on the circular arc whose chord is Ȧ and the

vertical angle is (p� d).

In the same way, vectors Ḃ; Ż; Ż � ð1=kÞe jd make a closed triangle 4obc, where the vector

Ż � ð1=kÞe� jd is obtained by making Ż � ð1=kÞ times longer of Ż and by turning d� counterclockwise.

Accordingly, if d is constant, the vertical angle ffbco ¼ p� d is also constant, so point c is on the

circular arc whose chord is Ḃ and the vertical angle is (p� d).

b

B
·

Z
·

ke jd Z
1
k

· ·

d

d

d

p – d

p – d

  

c

o
a

c´

A
·

A = Z + Z  ke –jd· · ·
·

B = Z + Z  
· · · · e jd1

k

Z  ke –jd· ·

Figure 17.10 Drawing method of Ż ¼ 1=ð1=Ȧþ 1=ḂÞ
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As a result, it is proved that the vector Ż (straight line oc) is given by the crossing point c of two arcs

whose chords are Ȧ and Ḃ and the vertical angles are (p� d) for both arcs.

Incidentally, here

ac : co ¼ oc : cb ¼ k : 1 and 4oac14boc (4)

In conclusion, Żtotal in Equation 17.24 can be drawn from Żload and Żfault by putting

Ȧ! Żload; Ḃ! Żfault; Ż! Żtotal in the above method.
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Coffee break 9:Steinmetz, prominent benefactor of circuit
theory and high-voltage technology

Another inventor of the symbolic method by complex numbers is Charles Proteus
Steinmetz (1865–1923), but he should be remembered also as a great engineer who created

the original form of today’s high-voltage power system technology.

The first ‘man-made lightning’ created by Charles Proteus Steinmetz (1865–1923) in his lab in 1922



Steinmetz was born in Breslau, Germany, in 1865. When he was a student at the University

of Breslau, he joined the Socialist Party and began to edit the People’s Voice (this was the time of

Bismarck). Steinmetz had to flee Germany for Switzerland and later came to the United States

in 1889. Arriving in New York harbour, Steinmetz, a mathematical genius but crippled and

penniless, was going to be sent back to Germany, but finally was allowed to go ashore due to the

strenuous efforts of a friend. He obtained a job at the Osterheld and Eickenmeyer Company in

Yonkers. Soon he was given the task to find a solution for the overheating of motors in trolley

cars, before the idea of power loss was known. He solved the problem and his solution, ‘the

mechanism and the practical method for handling power-loss’, were explained in the magazine

The Electrical Engineer in 1892. The law of hysteresis or Steinmetz’s law was the topic of a

speech given by Steinmetz to the AIEE. Thomas Edison wanted to hire Steinmetz but then he

began to work at the Edison General Electric plant in Lynn, Massachusetts. However, Edison

General Electric and Thomson-Houston Co. were merged shortly afterwards and the newly

formed General Electric Company was born in 1892; this was actually the time that Edison

resigned from the business management side of the company.

In August 1893, Steinmetz presented the paper ‘Complex quantities and their use in

electrical engineering’ at the International Congress in Chicago, independently of Kennelly.

His paper included a generalized treatment of a.c. quantities by complex numbers and became

better known than Kennelly’s paper, although it appeared issued four months after Kennelly’s

‘Impedance’.

In 1894, Steinmetz was transferred to GE’s main plant in Schenectady, NY. There, he

expanded the opportunity for research and implementation of his ideas. He was appointed head

of a new calculating department, his first job being to work on the company’s proposal for

building the new Niagara Falls hydro power station and power transmission of 26 miles (42 km)

at 10 kV, 25 Hz. He immediately indoctrinated the engineers there into his mathematical design

method.

Edison and Steinmetz observing a lightning demonstration and examining a broken insulator and

wooden pieces, 1922 (Courtesy of Schenectady Museum)
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During the next 20 years he prepared masterful papers, most of which were filled with

equations. His prominent pioneer works by papers mostly of mathematical approach covers so

widely circuit analysis of oscillating currents, ac-transient phenomena, wave and impulse

current, magnetic losses, corona, arc discharge, theory of induction motor/generator, transmis-

sion and distribution, inductance of line conductors, ad-dc conversion by mercury rectifier, arc

lamps and electric illuminants, vacuum discharge, surge phenomena, insulation and circuit

protection and so on. He published several textbooks in order to educate the electrical

engineering profession; in particular, Theory and calculation of alternating current phenomena

(co-authored with Ernst J. Berg in 1897) and Engineering mathematics’ (1911) became the

standard texts at that time. It may be said that the original form of modern electrical engineering,

in particular the approach method of circuit analysis, was settled by Steinmetz.

Steinmetz once said: ‘I want to say that absolutely all the success I have had has been due to

my through study of mathematics.’ He was also a prolific inventor and originated nearly 200

patents for various electrical equipment.

Lightning phenomena, insulation of equipment, lightning protection – these were all areas of

his particular interest.

One example of his achievements is the so-called Steinmetz arrester invented in 1909. He

explained it as ‘the arrester whose substantial circuit is composed with metal-oxide nonlinear-

resistance and with series gap, which can absorb lightning-surge energy without interruption of

power system operation.’ Note that, today, we are still using Steinmetz’s arrester of 100 years

ago without any major change. In 1922, the year before his death, the world’s first man-made
lightning was created in his lab by a 120 kV impulse generator of his own design and

construction which became the sensational turning point in advanced high-voltage and

insulation technology by a quantitative approach. Again it is fair to say that the original form

of today’s high-voltage research practices was settled by Steinmetz.

Incidentally, Steinmetz made some predictions of the future, when housewives were using

wood stoves, which included air-conditioning, thermostatically controlled heating and cooling,

radio, television ‘with the motion picture and the talking machine perfectly synchronized’,

electric cooking ranges and ‘transmission

line networks connecting many large central

power stations’. All these predictions were

later realized as the company’s most impor-

tant products. His greatest role in the com-

pany was as consultant to whom the

company had great faith and he was referred

to ‘Supreme Court’, to whom an engineer

could go for professional advice.

He died in 1923, leaving behind a legacy

and framework around which our electrical

age has been built. Moreover, he turned out

so many competent electricians as his stu-

dents including Ernst Alexanderson (radio,

ac-motor high frequency generator), Wil-

liam D. Coolidge (Tungsten ductile to better

lamps and to X-rays tubes), Irving Langmuir

(lamps, electron tubes), Edward M Hewlett

(Suspension insulators). L.V. Bewley (surge

phenomena) and R. H. Park. In the course of

things, Schenectady became the Mecca of

electricians after his death. A sketch for mercury are rectifier circuit

(1903)
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18
Travelling-wave (Surge) Phenomena

We have focused in the previous chapters mainly on the behaviour of power frequency or transient

phenomena in the lower frequency zone, but this is only a partial view of the entire image of power

system behaviour. Our power system networks have profound dynamic characteristics containing

behaviour in the very wide frequency zone from d.c. to surge phenomena, so it is vital to understand the

fundamentals of power system networks from multi-dimensional viewpoints as much as possible. As a

matter of fact, in most actual engineering work we have to wrestle with problems which cannot be

reasonably solved from a one-sided viewpoint.

In this chapter the theory of electromagnetic waves (surge) on transmission lines is introduced as

the first chapter to focus on higher frequency or surge phenomena.

18.1 Theory of Travelling-wave Phenomena along
Transmission Lines (Distributed-constants Circuit)

Table 18.1 shows a frequency-diagram map of the phenomena of a power system classified by three

categories of frequency for the sake of convenience:

r the lower order harmonic zone of zero to a few kilohertz

s the higher order harmonic zone of a few kilohertz to a hundred kilohertz

t the surge order zone of megahertz and gigahertz.

The voltage and current characteristics of a single phase transmission line for an electromagnetic

wave are expressed by the distributed-constants circuit shown in Figure 18.1, and the approximated

circuit is the concentrated-constants circuit (L-circuit, T-circuit, p-circuit, etc.). Analytical treat-

ment is far easier by concentrated-constants circuit although the error would become larger for higher

frequency phenomena. Therefore evaluation of errors by such an approximation is always important,

whenever we study higher harmonic phenomena by concentrated-constants circuits.

18.1.1 Waveform equation of a transmission line (overhead
line and cable) and the image of a travelling wave

18.1.1.1 Introduction of travelling-wave equation (waveform equation)

Electromagnetic waves (or surges) travel along overhead transmission lines at a velocity of 300 000 km/s

(equal to the velocity of light). The surge phenomena have to be examined by the distributed-constants

circuit shown in Figure 18.1.
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In the figure, vðx; tÞ, iðx; tÞ are the voltage and current at point x and time t, which is located at a

distance of x from starting point s. The following equation can be derived for the minute section

between point x and xþ Dx:

vðx; tÞ �
�

vðx; tð Þ þ qvðx; tÞ
qx

dxÞ
�

¼ ðLdxÞ qiðx; tÞ
qt
þðRdxÞiðx; tÞ r

�iðx; tÞ þ iðx; tÞ � qiðx; tÞ
qx

dx

� �

¼ ðCdxÞ qvðx; tÞ
qt

þðGdxÞvðx; tÞ s

9
>>>=

>>>;

(18.1)

; � qvðx; tÞ
qx

¼ L
qiðx; tÞ
qt

þRiðx; tÞ r

� qiðx; tÞ
qx

¼ C
qvðx; tÞ

qt
þGvðx; tÞ s

9
>>=

>>;

(18.2)

Partial differentiation of both sides of Equation 18.2 r by @=@x yields a new equation. Then,

substituting Equation 18.2 s into the new equation, the variable i can be eliminated and an equation in

only variable v is derived. In the same way, another equation can be derived in only variable i. The

resulting equations are

q2vðx; tÞ
qx2

¼ LC
q2vðx; tÞ

qt2
þðLGþ CRÞ qvðx; tÞ

qt
þRG � vðx; tÞ r

q2iðx; tÞ
qx2

¼ LC
q2iðx; tÞ
qt2

þðLGþ CRÞ qiðx; tÞ
qt

þRG � iðx; tÞ s

9
>>>=

>>>;

(18.3)

Each of these differential equations is called a travelling-wave equation and is essential as a

theoretical starting point for surge phenomena of transmission lines. The equation also has other

x – dx

x + dx

x

i i
n

nn– ∂n
∂x

Rdx Ldx Rdx Ldx Rdx Ldx

GdxGdx CdxGdx CdxCdx

Rdx

–i
–n

equipotential
surface

electromagnetic
field

electric lines
of force

images of voltage and current surge

dx

i – ∂i
∂x dx

n + ∂n
∂x dx

i + ∂i
∂x dx

Figure 18.1 Distribution circuit of transmission line
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names such as the telegraph equation, wave equation, hyperbolic differential equation,

because it also becomes the theoretical starting point for other electrical, physical and mechanical

phenomena based on ‘wave phenomena’, such as theories of signal metal cables, coaxial cables,

waveguides, optical fibre cables, mechanical dynamics of rods/pipes/towers (e.g. the dynamics of

penstock), and so on.

Holding our solution of Equation 18.3 until later, we investigate some special cases in order to find

the physical image of this equation.

Incidentally, the original equation before Equation 18.3 was derived by William Thomson (Lord

Kelvin), but by the form of equation in which constants L and G were missing. Heaviside derived

Equation 18.3 as the telegram equation of a communication line and was first applied to a transmission

line by Blakesley.

18.1.1.2 The ideal (no-loss) line

The first case is the ideal (no-loss) line. If the losses are negligible, namely R ¼ 0, G ¼ 0, Equation

18.2 and 18.3 become the equations below:

� qvðx; tÞ
qx

¼ L
qiðx; tÞ
qt

� qiðx; tÞ
qx

¼ C
qvðx; tÞ

qt

9
>>>=

>>>;

(18.4)

q2vðx; tÞ
qx2

¼ LC
q2vðx; tÞ

qt2

q2iðx; tÞ
qx2

¼ LC
q2iðx; tÞ
qt2

9
>>=

>>;

(18.5)

The general solution of Equation 18.5 is

vðx; tÞ ¼ v1ðx� utÞ þ v2ðxþ utÞ

iðx; tÞ ¼ 1

Z0
½v1ðx� utÞ � v2ðxþ utÞ�

where Z0 ¼
ffiffiffiffi
L

C

r

ðsurge impedanceÞ; u ¼ 1
ffiffiffiffiffiffi
LC
p ðvelocityÞ

9
>>>>>>=

>>>>>>;

(18.6)

That Equation 18.6 is the solution of Equation 18.5 can be easily proved by substituting Equation

18.6 into Equation 18.5 and by applying some theorems of differentiation, but to derive Equation 18.6

(the solution by D0 Alembelt) from Equation 18.5 is the work of mathematicians.

Now, although Equation 18.6 was found as the solution of the travelling-wave equation, we cannot

say anything at this moment about v1; v2 for its characteristics or its relation with v. However,

the dimension of ðx� utÞ is distance and of t is time so that u should be velocity. Therefore, if we

observe v1ðx� utÞ by moving along the transmission line with a velocity of u, we should observe

the same v1ðx� utÞ unchanged.

In other words, v1ðx� utÞ runs along the line for a distance x at velocity u v2ðxþ utÞ also runs

along the line for a distance ð�xÞ at velocity u, that is in the opposite direction. Thus, v1ðx� utÞ is

named the forward wave and v2ðxþ utÞ the backward wave (or reverse wave). Equation 18.6 can be
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understood as the voltage at point x and time t, vðx; tÞ, expressed as the summation (or composite) of the

forward wave and the backward wave. Equation 18.6 also tells us by analogy that the current iðx; tÞ is

expressed as the summation (or composite) of the forward wave i1ðx� utÞ ¼ ð1=Z0Þ � v1ðx� utÞ and

the backward wave�i2ðxþ utÞ ¼ ð�1=Z0Þ � v2ðxþ utÞ, while the polarity of the backward wave has

a minus sign.

Figure 18.2 shows the physical image of the actual voltage v, forward voltage v1 and backward

voltage v2, and the actual current i, forward current i1 and backward current i2 at point x and time t.

The phenomena at position x0 and time t0 are the same.

We need to recall some points about the physical meaning of the equations:

� We stated that voltage and current exist at point x and time t and named them as expressions of

vðx; tÞ and iðx; tÞ (see Figure 18.1); however, we did not explain the reason why vðx; tÞ and iðx; tÞ
exist. The equation was derived without any explanation of location and kind of power source

(such as the switching-in of a generator or lightning surges). The equation is the specific

characteristics of the transmission line itself which is not affected by outer circuit conditions or

adding a power source.

� The actual existing voltage and current which we can measure on the transmission line are

vðx; tÞ, iðx; tÞ, and the equation only says that the actual quantities vðx; tÞ as well as iðx; tÞ can be

understood as the addition of the forward wave and the backward wave. In other words, it means

that vðx; tÞ can be decomposed into v1ðx; tÞ and v2ðx; tÞ. The forward wave and the backward

wave cannot be measured and as such they are the conceptual voltage and current. Accordingly,

it is nonsense to discuss why and from where the forward wave or the backward wave would

originate.

� In the case of the ideal (no-loss) line, the forward wave, the backward wave, as well as the original

vðx; tÞ and iðx; tÞ will not be changed by waveform or velocity.

The forward wave v1ðx� utÞ; i1ðx� utÞ and the backward wave v2ðxþ utÞ; i2ðxþ utÞ can be

specified by the condition of the power source (generator or lightning surge or switching surge)

connected at the line’s starting point s, the condition of the transmission line from point s to x, and the

condition of the line after passing point x, as is explained later.

Incidentally, if a power source (a generator or lightning strike) is suddenly connected (or if any

voltage or current is injected) at point x, the actual voltage and current surge begin to travel to both

sides (the forward direction and the backward direction) of the line. All these quantities are measurable

existing quantities and should not be confused with the above-mentioned conceptual v1, i1, v2, i2. This

is discussed later in section 18.5.2.

18.1.1.3 The distortion-less line

The distortion-less line satisfies the following relation regarding the constants:

a ¼ R

L
¼ G

C
(18.7)

In this case, Equations 18.2 and 18.3 are simplified as

� qvðx; tÞ
qx

¼ L
qiðx; tÞ
qt

þ aiðx; tÞ
� �

r

� qiðx; tÞ
qx

¼ C
qvðx; tÞ

qt
þ avðx; tÞ

� �

s

9
>>>=

>>>;

(18.8)
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Figure 18.2 Travelling waves on a transmission line

344 18 TRAVELLING-WAVE (SURGE) PHENOMENA



q2vðx; tÞ
qx2

¼ LC
q2vðx; tÞ

qt2
þ 2a

qvðx; tÞ
qt

þ a2vðx; tÞ
� �

r

q2iðx; tÞ
qx2

¼ LC
q2iðx; tÞ
qt2

þ 2a
qiðx; tÞ
qt

þ a2iðx; tÞ
� �

s

9
>>>>=

>>>>;

(18.9)

The general solution of the equation is given below (see Supplement 1 for the derivation):

vðx; tÞ ¼ e�atfv1ðx� utÞ þ v2ðxþ utÞg r

iðx; tÞ ¼ e�at

Z0
fv1ðx� utÞ � v2ðxþ utÞg s

9
>=

>;
(18.10)

This solution includes the attenuation term e�at in comparison with Equation 18.6. In this case, the

forward wave as well as the backward wave of the voltage and current attenuate as a similar waveform

along the line.

18.1.2 The general solution for voltage and current by Laplace
transforms

We go back to Equation 18.2 and apply Laplace transforms. The equation written in the s domain

ðd=dt! sÞ is

� dVðx; sÞ
dx

¼ ðLsþ RÞ � Iðx; sÞ � L � iðx; 0Þ

� dIðx; sÞ
dx

¼ ðCsþ GÞ � Vðx; sÞ � C � vðx; 0Þ

9
>>=

>>;

(18.11)

where v
_ ðx; 0Þ, i

_
ðx; 0Þ are the initial value of the voltage and current at point x and time t ¼ 0,

respectively.

Vðx; sÞ or Iðx; sÞ can be eliminated from the above two equations:

d2Vðx; sÞ
dx2

¼ g2ðsÞ � Vðx; sÞ þ jvðxÞ

d2Iðx; sÞ
dx2

¼ g2ðsÞ � Iðx; sÞ þ jiðxÞ

9
>>=

>>;

r (18.12)

where

gðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðLsþ RÞðCsþ GÞ

p
ðthe propagation constantÞ is s

jvðxÞ ¼ L
diðx; 0Þ

dx
�CðLsþ RÞ � vðx; 0Þ

jiðxÞ ¼ C
dvðx; 0Þ

dx
� LðCsþ GÞ � iðx; 0Þ

9
>>=

>>;

t
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gðsÞ can be modified as follows:

gðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðLsþ RÞðCsþ GÞ

p
¼

ffiffiffiffiffiffi
LC
p

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 

sþ R

L

! 

sþ G

C

!v
u
u
t

¼
ffiffiffiffiffiffi
LC
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsþ aþ bÞðsþ a� bÞ

p
¼

ffiffiffiffiffiffi
LC
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðsþ aÞ2 � b2
q

where

R

L
¼ aþ b

G

C
¼ a� b

9
>=

>;

attenuation constant : a ¼ 1

2

�
R

L
þG

C

�

wave length constant : b ¼ 1

2

�
R

L
�G

C

�

velocity of propagation : u ¼ 1
ffiffiffiffiffiffi
LC
p

9
>>>>>>>=

>>>>>>>;

jvðxÞ, jiðxÞ are the initial values at x at time t ¼ 0 respectively, so that if the line is not charged

before t ¼ 0

jvðxÞ ¼ 0; jiðxÞ ¼ 0 (18.13)

Then Equation 18.12 is

d2Vðx; sÞ
dx2

¼ g2ðsÞ � Vðx; sÞ r

d2Iðx; sÞ
dx2

¼ g2ðsÞ � Iðx; sÞ s

9
>>=

>>;

(18.14)

The general solution of the equation is

Vðx; sÞ ¼ AðsÞe�gðsÞx þ BðsÞegðsÞx r

Iðx; sÞ ¼ 1

ZðsÞfAðsÞe
�gðsÞx � BðsÞegðsÞxg s

Z0ðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Lsþ R

Csþ G

r

¼ 1

Y0ðsÞ
t

9
>>>>>=

>>>>>;

(18.15)

where

Z0(s): the characteristic impedance (the surge impedance operator)

Y0(s): the characteristic admittance (the surge admittance operator)

That Equation 18.15 r is the solution of Equation 18.14 r can be easily confirmed. That is,

differentiating Equation 18.15rVðx; sÞ twice byx gives theequationwhichsatisfies Equation 18.14r.

Equation 18.15 is the general solution of voltage and current at arbitrary point x, and we need to add

some initial conditions to find a concrete answer. The initial voltage vð0; tÞ is injected at point x ¼ 0 as

a given value. Then

Vð0; sÞ ¼ L½vð0; tÞ� ðL is the Laplace transformÞ (18.16)

18.1.3 Four-terminal network equation between two arbitrary
points

We now examine the voltage and current relations between two arbitrarily selected points s (distance

x ¼ 0) and r (distance x).

9
>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>;

u
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Putting x ¼ 0 in Equation 18.15,

Vð0; sÞ ¼ AðsÞ þ BðsÞ

Ið0; sÞ ¼ 1

Z0ðsÞ
fAðsÞ � BðsÞg

9
=

;
r

;AðsÞ ¼ 1

2
fVð0; sÞ þ Z0ðsÞIð0; sÞg

BðsÞ ¼ 1

2
fVð0; sÞ � Z0ðsÞIð0; sÞg

9
>=

>;
s

9
>>>>>>>>>=

>>>>>>>>>;

(18.17)

Substituting Equation 18.17 s again into Equation 18.15,

Vðx; sÞ ¼ egðsÞx þ e�gðsÞx

2
�Vð0; sÞ � egðsÞx � e�gðsÞx

2
�Z0ðsÞIð0; sÞ r

Iðx; sÞ ¼ 1

Z0ðsÞ
� egðsÞx � e�gðsÞx

2
�Vð0; sÞ þ egðsÞx þ e�gðsÞx

2
�Z0ðsÞIð0; sÞ

( )

s

9
>>>=

>>>;

(18.18a)

or as a matrix equation

Vðx; sÞ
Iðx; sÞ

¼ cosh gðsÞx �Z0ðsÞsinh gðsÞx
�1

Z0ðsÞ sinh gðsÞx cosh gðsÞx
� Vð0; sÞ

Ið0; sÞ
(18.18b)

Also the inverse of Equation 18.18b is (see Supplement 2 for the procedure)

Vð0; sÞ
Ið0; sÞ

¼ cosh gðsÞx Z0ðsÞsinh gðsÞx
1

Z0ðsÞ sinh gðsÞx cosh gðsÞx
� Vðx; sÞ

Iðx; sÞ
(18.19a)

Equations 18.18b and 18.19a are the equations of a four-terminal network for the distributed-

constants circuit.

Equation 18.19a can be rewritten as follows by changing the symbols of the quantities with suffix s

or r (meaning the sending point, the receiving point) and the distance between points s and r is l:

VsðsÞ
IsðsÞ

¼ cosh gðsÞl Z0ðsÞsinh gðsÞl
1

Z0ðsÞ sinh gðsÞl cosh gðsÞl
� VrðsÞ

IrðsÞ
(18.19b)

where Vðx; sÞ ¼ L½vðx; tÞ�; Iðx; sÞ ¼ L½iðx; tÞ�. gðsÞ is given by Equation 18.12 u, and Z0ðsÞ is

given by Equation 18.15 t.

This is the four-terminal equation between points s and r in its popular form.

These equations show the exact relation of voltage and current quantities between the two arbitrary

points, and so are important equations, because we can start most of the analysis from them instead of

starting from the differential equations already introduced.

For the distortion-less line, this is a special case of Equations 18.12 and 18.19, namely

a ¼ R

L
¼ G

C
b ¼ 0; then

Z0 ¼
1

Y0
¼

ffiffiffiffi
L

C

r

gðsÞ ¼
ffiffiffiffiffiffi
LC
p

ðsþ aÞ ¼ sþ a
u

u ¼ 1
ffiffiffiffiffiffi
LC
p

9
>>>>>>>>>>=

>>>>>>>>>>;

(18.20)

where

Z0: surge impedance, Y0: surge susceptance

gðsÞ: propagation constant, u: velocity of propagation
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For the ideal (no-loss) line,

a ¼ b ¼ 0; then

Z0 ¼
1

Y0
¼

ffiffiffiffi
L

C

r

gðsÞ ¼
ffiffiffiffiffiffi
LC
p

� s ¼ s

u

u ¼ 1
ffiffiffiffiffiffi
LC
p

9
>>>>>>>>=

>>>>>>>>;

(18.21)

We have now obtained the exact transmission line equations in the Laplace transformation domain,

which can be applied to any transient analysis of every frequency zone (ignoring non-linear losses like

corona loss, eddy-current loss).

By application of Laplace transforms, the symbol s ¼ d/dt is adopted, Ld/dt, Cd/dt are replaced

by Ls, Cs, and furthermore algebraic manipulation can be applied.

If steady-state phenomena of angular velocity o ¼ 2p f (f does not necessarily mean commercial

frequency) are to be treated, we can replace s! jo by that for the four-terminal network for steady-

state phenomena.

Thus, for the distortion-less line

g ¼
ffiffiffiffiffiffi
LC
p

ð joþ aÞ ¼ joþ a
u

r (18.22)

and for the ideal (no-loss) line

g ¼
ffiffiffiffiffiffi
LC
p

� jo ¼ jo
u

s

18.1.4 Examination of line constants

We examine below typical values of constants such as gðsÞ, Z, u in regard to overhead transmission

lines and power cables.

18.1.4.1 Overhead transmission lines

The working inductance L and the working capacitance C of a transmission line is given by Equations

1.9 and 1.35 and typical magnitudes are shown in Tables 2.1 and 2.2. These constants are determined

only by the physical allocation of the line conductors (in other words, by the structure of the towers)

and do not depend on induced voltages or frequency

Again ignoring corona loss and eddy-current loss and rewriting Equations 1.9 and 1.35 here, for the

positive-sequence inductance

L ¼ 0:4605 log10

sll

r
þ 0:05 ½mH=km� ; 0:4605 log10

sll

r
� 10�3½H=km� r

and for the positive-sequence capacitance

C ¼ 0:02413

log10

sll

r

½mF=km� ¼ 0:02413

log10

sll

r

�10�6½F=km� s (18.23)

Applying this equation, gðsÞ, Z, u of the ideal (no-loss) overhead transmission line ðR ¼ G ¼ 0Þ are

calculated below.

For the velocity of propagation

u ¼ 1
ffiffiffiffiffiffi
LC
p ¼ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:4605� 10�3 � 0:02413� 10�6
p ½km=s�

¼ 300000½km=s� ¼ 300½m=ms� ðvelocity of light c in a vacuumÞ

9
>=

>;
(18.24)
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for the surge impedance

Z ¼
ffiffiffiffi
L

C

r

¼ 1
ffiffiffiffiffiffi
LC
p � L ¼ uL ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:4605� 10�3

0:02413� 10�6

r

� log10

Sll

r
¼ 138log10

sll

r
½V�

�
if L ¼ 1mH=km; C ¼ 0:01 mF=km

then Z ¼ uL ¼ 300 000� ð1� 10�3Þ ¼ 300 V

�

9
>>>>=

>>>>;

(18.25)

and for the constant of propagation

gðsÞ ¼
ffiffiffiffiffiffi
LC
p

� s ¼ s

u
(18.26)

The logarithmic terms of L and C are cancelled by calculation of LC, so the velocity of propagation

u becomes the velocity of light c unconditionally ðu ¼ cÞ.
We learned in Section 2.5 and Tables 2.1 and 2.2 that the typical constants of overhead lines are

L ¼ 1 mH=km and C ¼ 0:01 mF=km regardless of the rated voltage classes. As a result, typical surge

impedance Z is around 300 V (the surge impedance of an overhead transmission line is practically

250–500 V).

18.1.4.2 Power cables

Referring to Table 2.3, we will calculate the constants for typical CV and OF cable lines.

For CV cable at 275 kV � 2000 square class (single core)

L ¼ 0:392� 10�3 H=km; C ¼ 0:25� 10�6 F=km

Accordingly,

u ¼ 101 000 km=s ¼ 101 m=ms; Z ¼ 39:6 V (18.27)

For CV cable at 154 kV � 800 square class (single core)

L ¼ 0:44� 10�3 H=km; C ¼ 0:19� 10�6 F=km

Accordingly,

u ¼ 109 000 km=s ¼ 109 m=ms; Z ¼ 46:1 V (18.28)

The surge impedance of the power cable is generally 15� 50 V, which means an order of

magnitude less than that of the overhead transmission line, and the velocity of propagation u

is approximately 100–140 m/ms, which is about half or less of that in an overhead transmission line

(see Section 2.5).

18.2 Approximation of Distributed-constants Circuit and
Accuracy of Concentrated-constants Circuit

We return to Equations 18.18 and 18.19 and continue our examination of the no-loss line for simplicity.

Putting R ¼ 0, G ¼ 0 in Equations 18.12 and 18.19, the four-terminal network equation becomes

Vð0; sÞ
Ið0; sÞ

¼ cosh gl Z0sinh gl
1
Z0

sinh gl cosh gl

� Vðl; sÞ
Iðl; sÞ

where g ¼
ffiffiffiffiffiffi
LC
p

� s ¼ s

u
; Z0 ¼

ffiffiffiffi
L

C

r

; R ¼ 0; G ¼ 0

9
>>>>>=

>>>>>;

(18.29)
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The hyperbolic cosine and sine functions can be expanded below using Maclaurin’s expansion

theorem:

cosh gl ¼ 1þ ðglÞ
2

2!
þðglÞ

4

4!
þðglÞ6

6!
þ . . .

sinh gl ¼ glþ ðglÞ
3

3!
þðglÞ

5

5!
þðglÞ

7

7!
þ . . .

9
>>=

>>;

(18.30)

If we neglect the second term and other smaller terms on the right-hand side under the condition of

smaller gl,
for ðglÞ2=2� 1 or gl�

ffiffiffi
2
p

)

Vð0; sÞ
Ið0; sÞ

¼ 1 Z0gl

gl
Z0

1

� Vðl; sÞ
Iðl; sÞ

; 1 Lls

Cls 1

� Vðl; sÞ
Iðl; sÞ

cosh gl ; 1; sinh gl ; gl ¼ l
u � s

9
>>>>=

>>>>;

(18.31)

This is the equation of the type-L concentrated-constants circuit in Table 18.1.

Incidentally, when we study the single frequency characteristics of a line, we can let s! jo or

j2p f . Then if we examine a transmission line with length l and single frequency f,

gl ¼ jol

u
¼ j2p fl

u
(18.32)

Accordingly, the accuracy-evaluation curves by line distance l and frequency f with a given smaller

parameter of gl can be obtained.

Figure 18.3 is the graphic diagram of Equation 18.32 under the condition of u ¼ 300 m=ms (overhead

line) and u ¼ 150 m=ms (power cable), and under the three conditions of ðglÞ2=2 ¼ 0:05; 0:1; 0:15.

For example, an overhead line can be expressed as a type-L concentrated circuit within about 10%

error (ðglÞ2=2 2 0:1) for the phenomena within 200 Hz for 110 km or 400 Hz for 55 km, and for a

power cable of 200 Hz for 55 km or 400 Hz for 27 km.

} } 
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error level   5% :  (g l)2 / 2 = 0.05

10%: 

15% 

= 0.10

= 0.15

(g  l = 0.32)

(      = 0.45)

(      = 0.55)

Figure 18.3 Accuracy evaluation of concentrated circuit by line length and frequency
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18.3 Behaviour of Travelling Wave at a Transition Point

18.3.1 Incident, transmitted and reflected waves at a
transition point

A point on a line at which there is an abrupt change of circuit constants (accordingly, an abrupt

change of surge impedance) is called a transition point. Points such as an open- or short-circuited

terminal, a junction with another line, a connecting terminal of a machine winding or capacitor

as well as a short-circuit fault point are typical transition points. When a travelling wave on a

line reaches a transition point, part of the wave is reflected back along the line, and part passes

on to other sections of the circuit. The impinging wave is called the incident wave and the two

waves arising at the transition point are called the reflected wave and transmitted wave,

respectively.

We will now examine the behaviour of travelling-wave (surge) phenomena at the transition point as

shown in Figure 18.4. The surge impedance Z1 on the left-side line is abruptly changed to Z2 at the

transition point a. The behaviour when the incident wave from the left reaches the transition point a is

explained by the following equations:

Incident wave e; i :
e

i
¼ Z1

Transmitted wave et; it :
et

it
¼ Z2

Reflected wave er; ir :
er

ir
¼ Z1

Continuity of voltages at both sides of point a : eþ er ¼ et

Continuity of currents at both sides of point a : i� ir ¼ it

9
>>>>>>>>>>>=

>>>>>>>>>>>;

(18.33)

The following equation is derived from Equation 18.33:

where

er ¼
Z2 � Z1

Z2 þ Z1
� e ir ¼

Z2 � Z1

Z2 þ Z1
� i r ¼ Z2 � Z1

Z2 þ Z1
: the reflection operator

et ¼
2Z2

Z1 þ Z2
� e it ¼

2Z1

Z1 þ Z2
� i m ¼ 2Z2

Z1 þ Z2
: the refraction operator

9
>>=

>>;

(18.34)

The surge impedance is defined by Equation 18.15, where o L�R,oC�G for no-loss line, then

Z1 ¼
ffiffiffiffiffiffi
L1

C1

r

; Z2 ¼
ffiffiffiffiffiffi
L2

C2

r

for the ideal ðno-lossÞ line: (18.35)

Simplification by ignoring losses of R, G is justified for most of the analysis of surge phenomena.

e

Z2Z1

a

et

et, it : transmitted wave

e, i : incident wave

er, –ir : reflected wave

it

–ir

er

i

transition point

Figure 18.4 Behaviour of voltage and current travelling waves at a transition point
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For the continuity of power at a transition point:

the power at the impinging side (left-hand side) is

PA ¼ ðeþ erÞði� irÞ ¼
2Z2

Z1 þ Z2
� e

� �
2Z1

Z1 þ Z2
� i

� �

(18.36)

and the power at the transmitted side (right-hand side) is

PB ¼ etit ¼
2Z2

Z1 þ Z2
� e

� �
2Z1

Z1 þ Z2
� i

� �

; PA ¼ PB

Thus the continuity of power at the transition point is secured.

Note that there is an explanation where the current reflecting wave ir is defined with opposite

polarity sign, so that the equation is given by er=ir ¼ �Z1; iþ ir ¼ it . The results are the same

under either explanation.

18.3.2 Behaviour of voltage and current travelling waves at
typical transition points

Figure 18.5 demonstrates the behaviour over time of impinging voltage and current travelling waves at

four typical types of transition points:

� Case 1 (the transition point is opened), Z2 ¼ 1: When the current travelling wave i reaches the

transition point, the reflecting wave irð¼ iÞ arrives at the transition point from the opposite direction

(right-hand side) simultaneously so that the current at the point becomes i� ir ¼ 0. The reflecting

voltage is er ¼ e (because er has the same polarity as ir), so the resulting voltage becomes

eþ er ¼ 2e.

� Case 2 (the transition point is earth grounded), Z2 ¼ 0: When the voltage travelling wave e

reaches the transition point, the reflecting wave erð¼ �eÞ arrives at the transition point from the

opposite direction (right-hand side) simultaneously so that the voltage at the point becomes

eþ er ¼ 0. The reflecting current is ir ¼ �i (because ir has the same polarity as er), so the

resulting current becomes i� ir ¼ 2i.

� Case 3 (the transition point is grounded through a capacitor), Z2 ¼ 1=sC: The grounding

through capacitance acts as if the terminal is directly grounded for the voltage incident wavefront

(because C � de=dt is large), which acts as if the terminal is open for the voltage incident wave-tail

(because C � de=dt! 0). Accordingly, the behaviour of this case can be drawn analogously to cases

1 and 2.

� Case 4 (the transition point is grounded through a reactor), Z2 ¼ sL: The grounding through

inductance acts as if the terminal is open for the current incident wavefront (because L � di=dt is

large), which acts as if the terminal is grounded for the current incident wave-tail (because

L � di=dt! 0). Accordingly, the behaviour of this case can be drawn analogously to cases 1

and 2.

Figure 18.6 demonstrates the behaviour of travelling waves at a transition point, that is the junction

of three lines with the same surge impedance ð300 VÞ.
The behaviour of travelling waves with a waveform of approximately a step function, and at typical

transition points, can be drawn as was demonstrated in Figures 18.5 and 18.6. The above description is

very helpful in the investigation of every kind of surge phenomena.
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Figure 18.5 Behaviour of travelling waves at typical terminal conditions
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18.4 Behaviour of Travelling Waves at a Lightning-strike
Point

Now, we investigate the aspects of a lightning-strike point as shown in Figure 18.7a. Point a in the figure

is the transition point of surge impedance Z1, Z2, and we examine a transmitted surge voltage EðtÞ or

surge current IðtÞ eventually injected at the transition point. This is to be considered as a travelling wave

from a cloud (where Z0 is the surge impedence of lightning pass) reaches the transition point a whose

surge impedance is Ztotal ¼ 1=ðZ�1
1 þ Z�1

2 Þ.

0 tu 2tu

2tu

3tu

tu

tu

2tu 3tu

t

t

l

er

0 e + er = er =     e2
3

i – ir = it =     i4
3

1
3

er =                e = –    e150 – 300
150 + 300

1
3

ir =                i = –    i150 – 300
150 + 300

2
3

et =                e =    e2 × 150
300 + 150

4
3

it =                i =    i2 × 300
300 + 150

section A

Z2 = 150W (composite value of 300W double circuit line)

section B

section A
section B

Z1 = 300W a

v l

i

ir

0

t

2t

3t

t

2 t

3 t

e

e+er

i–ir
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i

et

Figure 18.6 Behaviour of voltage and current travelling waves at a typical transition point
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Figure 18.7 Behaviour of travelling waves at a lightning-strike point
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We need to distinguish the following three expressions which are apt to be confused with each

other:

� Case 1: A lightning voltage E(t) is transmitted at the transition point a: This case corresponds to

that in Figure 18.7b, in that source voltage E(t) is suddenly injected at point a by closing a switch.

Injected voltage at point a Injected current at point a

EðtÞ IðtÞ ¼ EðtÞ
ZtotalðtÞ

¼ 1

Z1
þ 1

Z2

� �

� EðtÞ

Travelling waves to the right Travelling waves to the left

v1ðtÞ ¼ EðtÞ

i1ðtÞ ¼
1

Z1
�EðtÞ

9
=

;

v2ðtÞ ¼ EðtÞ

i2ðtÞ ¼
1

Z2
�EðtÞ

9
=

;

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

(18.37)

� Case 2: A lightning current I(t) is transmitted at the transition point a: This case is the same as

case 1, in that source voltage E tð Þ ¼ Ztotal � I tð Þ is injected at point a by closing a switch.

Injected voltage at point a Injected current at point a

EðtÞ ¼ Ztotal � IðtÞ ¼
Z1Z2

Z1 þ Z2
� IðtÞ IðtÞ

Travelling waves to the right Travelling waves to the left

v1ðtÞ ¼ EðtÞ ¼ Ztotal � IðtÞ

i1ðtÞ ¼
Z2

Z1 þ Z2
� IðtÞ

9
=

;

v2ðtÞ ¼ EðtÞ ¼ Ztotal � IðtÞ

i2ðtÞ ¼
Z1

Z1 þ Z2
� IðtÞ

9
=

;

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

(18.38)

� Case 3: Travelling waves E(t) and I(t) caused at point a to the right direction: This

case corresponds to that in Figure 18.7c, in that source voltage EðtÞ ¼ Z1 � IðtÞ is injected at

point a.

Injected voltage at point a Injected current at point a

EðtÞ ¼ v1ðtÞ ¼ v2ðtÞ ¼ Z1 � IðtÞ i1ðtÞ þ i2ðtÞ ¼
Z1 þ Z2

Z2
� IðtÞ

Travelling waves to the right Travelling waves to the left

v1ðtÞ ¼ EðtÞ ¼ Z1 � IðtÞ

i1ðtÞ ¼ IðtÞ

) v2ðtÞ ¼ EðtÞ ¼ Z1 � IðtÞ

i2ðtÞ ¼
1

Z2
�v2ðtÞ ¼

Z1

Z2
� IðtÞ

9
=

;

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

(18.39)

If lightning surge current IðtÞ is injected at point a of the non-transition point of the transmission

line, the above equations can be simplified by Z ¼ Z1 ¼ Z2. Accordingly the same surge currents of
1
2 IðtÞ start travelling in both the right and left directions, and the induced voltage at point a,
vðtÞ ¼ fð1=2ÞIðtÞg � Z ¼ IðtÞ � fð1=2ÞZg, also starts travelling in both directions.

Incidentally, the surge impedance
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðL=CÞ

p
has a particular value belonging to each arbitrary

minute section of the line, which is not the value proportional to line length. The line constants R, L, C

also have particular values belonging to each arbitrary minute section of the line as a primary concept,

which should be strictly distinguished from the concept of concentrated line constants R, L, C whose

values are treated expediently as proportional to the line length l, although engineers who are familiar

with handling circuits usually by the latter concept may confuse both concepts. Surge phenomena have

always to be treated by the former concept, where R, L, C,
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðL=CÞ

p
; 1=

ffiffiffiffiffiffiffiffiffiffi
ðLCÞ

p
are treated as

distributed constants for each minute section. In other words, the above explanation in Figure 18.7 and
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by Equations 18.37–18.39 means that the surge voltage and current behaviour at the injection point a

and the instantaneous timing t ¼ 0 in Figure 18.7a can be explained by Figure 18.7b or c. It does not

mean the subsequent behaviour after t ¼ 0 (namely, t> 0) is explained by Figures 18.7b and c or by

Equations 18.37–18.39, because the behaviour after t ¼ 0 depends on the condition of all the line

length.

Lastly, we studied Figure 18.7 by imagining a lightning strike as the power source. However, it

should be stated that the explanation in this section is truly applied to switching phenomena, which are

the main theme of Chapter 19.

18.5 Travelling-wave Phenomena of Three-phase
Transmission Line

18.5.1 Surge impedance of three-phase line

We consider an arbitrary point p of a three-phase transmission line, where self- and mutual inductances

(Laa, Lab, Lac, etc.) as well as self- and mutual capacitances (Caa, Cab, Cac etc.) exist for a minute

section.

Now, if a current travelling wave ia(t) is running through the phase a conductor in a left to right

direction, voltage travelling waves vaðtÞ ¼ Zaa � iaðtÞ, vbðtÞ ¼ Zab � iaðtÞ, vc tð Þ ¼ Zac � ia tð Þ ought to

be running through the phase a, b, c conductors respectively in the same direction, where Zaa, Zab, Zac

are the surge impedances and are given by

Zaa ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Laa=Caa

p
; Zab ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Lab=Cab

p
; Zac ¼

ffiffiffiffiffiffiffi
Lac

Cac

r

:

This means that the matrix equation in regard to the accompanying voltage and current travelling

waves and the surge impedance matrix can be derived.

Assuming a three-phase-balanced transmission line, the equation is

vaðtÞ
vbðtÞ
vcðtÞ

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
vabc tð Þ

¼ Zs Zm Zm

Zm Zs Zm

Zm Zm Zs
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Zabc

� iaðtÞ
ibðtÞ
icðtÞ

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
iabc tð Þ

or vabcðtÞ ¼ Zabc � iabcðtÞ r

where Zs ¼
ffiffiffiffiffi
Ls

Cs

r

; Zm ¼
ffiffiffiffiffiffiffi
Lm

Cm

r

: self-surge imperdance; mutual surge impedance s

vabcðtÞ : travelling-wave voltages

iabcðtÞ : travelling-wave currents

ZabcðtÞ : surge impedance matrix

(18.40)

The matrix equation can be of course transformed into symmetrical components:

v0ðtÞ
v1ðtÞ
v2ðtÞ

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

v012ðtÞ

¼ Zs þ 2Zm 0 0

0 Zs � Zm 0

0 0 Zs � Zm

� i0ðtÞ
i1ðtÞ
i2ðtÞ

¼ Z0

Z1

Z2
|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

Z012

i0ðtÞ
i1ðtÞ
i2ðtÞ
|fflffl{zfflffl}

i012ðtÞ

(18.41)

or v012ðtÞ ¼ Z012 � i012ðtÞ

9
>>>>>>>>>>=

>>>>>>>>>>;

9
>>>>>=

>>>>>;
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where

Z1 ¼ Z2 ¼ Zs � Zm ¼
ffiffiffiffiffi
Ls

Cs

r

�
ffiffiffiffiffiffiffi
Lm

Cm

r

: positive- ðnegative-Þsequence surge impedance

Z0 ¼ Zs þ 2Zm ¼
ffiffiffiffiffi
Ls

Cs

r

þ 2

ffiffiffiffiffiffiffi
Lm

Cm

r

: zero-sequence surge impedance

v012ðtÞ : positive-; negative-; zero-sequence travelling-wave voltages

i012ðtÞ : positive-; negative-; zero-sequence travelling-wavecurrents

Now it is clear that the travelling-wave (surge) theory can also be treated by symmetrical

components. Analogously, the a� b� 0 method can be a useful analytical tool for surge

phenomena.

18.5.2 Surge analysis by symmetrical coordinates (lightning
strike on phase a conductor)

We examine the case where lightning from a thunder cloud directly strikes the phase a conductor

of a transmission line at point p, and the strike current I(t) of an approximate step function is

transmitted into the phase a conductor, as shown in Figure 18.8a. Here ideal insulation of the line

is assumed so that all the line structure withstands the induced surge voltages of each phase. The

surge current of I(t)/2 begins to travel to the right as well as to the left. Considering the right-hand

direction, travelling-wave voltages of ZsI(t)/2, Zm�I(t)/2, ZmI(t)/2 are induced on the phase a, b, c

conductors, respectively, by the phase a current I(t)/2, and accordingly a voltage of (Zs � Zm)I(t)/2

is induced between the phase a and b conductors. In other words, these surge voltages begin to

travel on each phase conductor. This aspect can be calculated by symmetrical coordinates as

below.

phase a

phase b

phase c

(a) three-phase domain (b) symmetrical coordinate domain

zero 
sequence

negative 
sequence

positive
sequence

I (t)

I1 (t) =

I2 (t) =

n1 (t) =

I (t)

I (t)

na (t)

nb (t)Zm

Zm nc (t)

na (t) = ZsI (t)

ZmI (t)

ZmI (t)

nb (t) =

nc (t) =

1
2

1
2
1
2

1
3

I1 (t)1
2

Z1 · I1(t)1
2

n2 (t) = Z1 · I2(t)1
2

n0 (t) = Z0 · I0(t)1
2

1
3

I0 (t) = I (t)1
3

point p

Figure 18.8 Lightning striking a phase a conductor
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Surge current I(t) is transmitted into the phase a conductor at point p. Then the surge currents are

Ia ¼ I; Ib ¼ 0; Ic ¼ 0

; I0 ¼ I1 ¼ I2 ¼
1

3
IðtÞ

9
=

;
(18.42)

This means that the lightning current (1/3)I is equally injected into the point p of positive-, negative-

and zero-sequence circuits as shown in Figure 18.8b.

Concerning the right direction, the travelling-wave current is one-half of I(t)/3 (i.e. I(t)/6) at each

sequence circuit.

The travelling-wave voltages are

v1 tð Þ ¼ Z1
1

2
I1ðtÞ

� �

¼ 1

6
�Z1IðtÞ

v2 tð Þ ¼ Z1
1

2
I2ðtÞ

� �

¼ 1

6
Z1IðtÞ

v0 tð Þ ¼ Z0
1

2
I0ðtÞ

� �

¼ 1

6
Z0IðtÞ

9
>>>>>>>>=

>>>>>>>>;

(18.43)

Then the inverse transformed voltages are

vaðtÞ ¼ v0ðtÞ þ v1ðtÞ þ v2ðtÞ ¼
1

6
ð2Z1 þ Z0ÞIðtÞ

vbðtÞ ¼ v0ðtÞ þ a2v1ðtÞ þ av2ðtÞ ¼
1

6
ðZ0 � Z1ÞIðtÞ

vcðtÞ ¼ v0ðtÞ þ av1ðtÞ þ a2v2ðtÞ ¼
1

6
ðZ0 � Z1ÞIðtÞ

9
>>>>>>=

>>>>>>;

(18.44)

or

vaðtÞ ¼
1

2
ZsIðtÞ

vbðtÞ ¼ vcðtÞ ¼
1

2
ZmIðtÞ

9
>>=

>>;

where

Zs ¼
1

3
ð2Z1 þ Z0Þ

Zm ¼
1

3
ðZ0 � Z1Þ

9
>>=

>>;

(18.45)

Equations 18.44 and 18.45 gives the magnitudes of induced travelling-wave voltages at point p on

each phase caused by the injection of transmitted current I(t) to the phase a conductor (lightning hits

the phase a conductor).

In actual practice, the insulation of the line could not probably withstand the induced surge voltages

and faults would occur at some structural parts of the transmission line. However, this is a matter of

insulation strength, which we examine in Chapters 20 and 21.

18.6 Line-to-ground and Line-to-line Travelling Waves

So called line-to-ground travelling waves and line-to-line travelling waves sometimes appear as

useful concepts in practical engineering regarding surge phenomena. This is a kind of transformation

of variables from a mathematical viewpoint. (Let us give them the interim names of ‘l–g and l–l
transforms’.)

Figure 18.9 illustrates the concept of such waves. That is, travelling waves va, vb, vc are

transformed into newly defined travelling waves v0 (line-to-ground travelling waves), v12 (phase a

to phase b travelling waves) and v13 (phase a to phase c travelling waves). The current waves are of

course defined in a similar way.
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The transformed equation is

vaðtÞ
vbðtÞ
vcðtÞ

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

vabcðtÞ

¼ 1 1 1

1 �1 0

1 0 �1
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

D

� v0ðtÞ
v12ðtÞ
vl3ðtÞ

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

vl�gðtÞ

or vabcðtÞ ¼ D � vl�gðtÞ
ðthe same form for currentsÞ

9
>>>>>>>=

>>>>>>>;

(18.46)

The inverse matrix equation is

v0ðtÞ
v12ðtÞ
v13ðtÞ

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

vl�gðtÞ

¼ 1

3

1 1 1

1 �2 1

1 1 �2
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

D�1

� vaðtÞ
vbðtÞ
vcðtÞ
|fflfflffl{zfflfflffl}

vabcðtÞ

or vl�gðtÞ ¼ D�1 � iabcðtÞ
ðthe same form for currentsÞ

9
>>>>>>>>>>=

>>>>>>>>>>;

(18.47)

Substituting Equation 18.40 r and the current equation of Equation 18.46 into Equation 18.47, we have

vl�gðtÞ ¼ D�1 � Zabc � iabcðtÞ ¼ ðD�1 � Zabc � DÞ � iabcðtÞ r

where D�1 � Zabc � D ¼ Z012
s

v0ðtÞ
v12ðtÞ
v13ðtÞ
vl�gðtÞ

¼ Zs þ 2Zm 0 0

0 Zs � Zm 0

0 0 Zs � Zm
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

D�1 � Zabc � D ¼ Z012

� i0ðtÞ
i12ðtÞ
i13ðtÞ
|fflfflffl{zfflfflffl}

il�gðtÞ

or

vl�gðtÞ ¼ Z012 � il�gðtÞ t

9
>>>>>>>>>>>>>=

>>>>>>>>>>>>>;

(18.48)

Equation s is proved by a physical calculation of D�1 � Zabc � D. The resulting equation t means

that the impedance Z012 in symmetrical components can be commonly adopted for that of ‘l–g and

l–l transformation’.
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Figure 18.9 Line-to-ground and line-to-line travelling waves
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In the three-phase-balanced transmission line, the travelling waves va, vb, vc and ia, ib, ic can be

transformed into travelling waves v0, v12, v13 and i0, i12, i13, where v0, i0 are called phase-to-ground
travelling waves, and v12, i12 as well as v13, i13 are called phase-to-phase (or line-to-line) travelling
waves. This is our so-called ‘l–g and l–l transformation’ where the impedances of symmetrical

components Z012 are commonly adopted.

For the phase-to-phase (or line-to-line) travelling waves v12, i12 and v13, i13.

surge impedance : Zl�l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
L1=C1

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðLs � LmÞ=ðCs þ 3CmÞ

p

velocity of propagation : ul�l ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffi
L1C1

p
¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðLs � LmÞ � ðCs þ 3CmÞ

p

and for the line-to-ground travelling waves v0, i0

surge impedance : Zl�g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
L0=C0

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðLs þ 2LmÞ=Cs

p

velocity of propagation : ul�g ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffi
L0C0

p
¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðLs þ 2LmÞ � Cs

p

Incidentally,

Zl�l < Zl�g; ul�l > ul�g (18.50)

These inequalities can be predicted from our knowledge of the characteristics of positive- and

zero-sequence circuits. It is indeed true that the line-to-ground travelling waves v0, i0 are a little slower

p0

Z0 Z1 Z2 Z3surge-impedance

p1 p2 p3line #0
#1 #2 #3

m1′ m2′ m3′

m1 m2 m3
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r1′ r2′ r3′
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2

a b m
2 m3

a b r 3 m 2
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2  r3 m2 m′2

a b 2 r′2 r3 m2

a 3 b r′1 r2 m2
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Figure 18.10 The reflection lattice
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in velocity and attenuate a little faster in comparison with those in phase-to-phase (or line-to-line)

travelling waves v12, i12.

Lastly, the ‘1–g and 1–1 transform’ is obviously similar to the a� b� 0 transformation, in that the

line constants (L, C, R, G) as well as the surge impedances of symmetrical components are commonly

applied. Analytical examination of travelling waves by the ‘1–g and 1–1 transformation’ is very useful

and the descriptions in Sections 23.5 and 23.6 are such examples.

18.7 The Reflection Lattice and Transient Behaviour Modes

18.7.1 The reflection lattice

We examine the surge phenomena shown in Figure 18.10, in which the lines 0, 1, 2, 3 (the surge

impedances Z0, Z1, Z2, Z3, respectively) are connected in series.

Now the incident surge voltage is travelling along line 0 from left to right and arrives at the

transition point p1 at time t ¼ 0. Then the transmitted wave e ¼ 1 (step waveform of value 1) begins to

travel along line 1 from left to right. The surge arrives at point p2 with value a (a is the attenuation ratio

by travelling one way along line 1, a ¼ 0� 1) at time t ¼ l1=u1 (	T, the unit time of line 1), then the

reflected wave (value ar2) and the transmitted wave (value am2) appear and begin travelling.

Therefore, the voltage at point p1 is zero for t< T, while it becomes (aþ ar2) or (am2) for time

T 2 t. The travelling wave repeats such reflection/refraction at each transition point p1, p2, p3 until it

disappears by attenuation so that the reflection lattice can be written as shown in Figure 18.9.

Assuming lines 0 and 2 are far longer than line 1, the surge voltages at the transition points p1, p2

can be derived as follows:

the point p1

ð0� 2ÞT ð2� 4ÞT ð4� 6ÞT ð6 � 8ÞT ð8� 10ÞT
v1ðtÞ ¼ fð1Þ þ ða2r2 þ a2r01r2Þ þ ða4r01r

2
1 þ a4r021 r

2
2Þ þ ða6r021 r

3
2 þ a6r031 r

3
1Þ þ ða8r031 r

4
2

þa8r041 r
4
2Þ þ � � � g

¼ ½ð1Þ þ a2ð1þ r01Þr2f1þ ða2r01r2Þ þ ða2r01r2Þ2 þ ða2r01r2Þ3 þ ða2r01r2Þ4 þ � � � g�

) converging to
1þ a2r2

1� a2r01r2

r

the point p2

0� 1ð ÞT 1� 3ð ÞT 3� 5ð ÞT 5� 7ð ÞT 7� 9ð ÞT
v2 tð Þ ¼ 0ð Þ þ aþ ar2ð Þ þ a3r01r2 þ a3r01r

2
2

� �
þ a5r021 r

2
2 þ a5r021 r

3
2

� �
þ a7r031 r

3
2 þ a7r031 r

4
1

� �
þ � � �

	 


¼ 0ð Þ þ a 1þ r2ð Þ 1þ a2r01r2

� �
þ a2r01r2

� �2þ a2r01r2

� �3þ a2r01r2

� �4þ � � �
n oh i

) converging to
a 1þ r2ð Þ

1� a2r01r2

¼ am2

1� a2r01r2

s

the point p2

The above v2 obviously coincides with the equation below:

ð0� 1ÞT ð1� 3ÞT ð3� 5ÞT ð5� 7ÞT ð7� 9ÞT
v2ðtÞ ¼ fð0Þ þ ðam2Þ þ ðam2Þða2r01r2Þ þ ðam2Þða2r01r2Þ2 þ ðam2Þða2r01r2Þ3 þ � � � g

) converging to
am2

1� a2r01r2

t

where

Z0; Z1; Z2; Z3 : surge impedances of lines 0; 1; 2; 3 respectively:

Reflection operators r; r0 and refraction operators m; m0 are

r1 ¼ ðZ1 � Z0Þ=ðZ1 þ Z0Þ; m1 ¼ 2Z1=ðZ1 þ Z0Þ
r01 ¼ ðZ0 � Z1Þ=ðZ0 þ Z1Þ; m01 ¼ 2Z0=ðZ0 þ Z1Þ
r2 ¼ ðZ2 � Z1Þ=ðZ2 þ Z1Þ; m2 ¼ 2Z2=ðZ2 þ Z1Þ etc:

T ¼ l1=u1 : the unit time of line 1 ðlength : l1; velocity : u1 ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L1 � C1

p
Þ

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(18.51)

Note that 1þ xþ x2 þ x3 þ x4 þ . . . ¼ 1=ð1� xÞ.
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The voltages v1ðtÞ, v2ðtÞ for all times t ¼ ð0� nÞT can be calculated by the above equations. The

converged values of v1ðtÞ, v2ðtÞmean the final values of transient voltages as t ¼!1 (namely steady-

state voltage); v2ðtÞ can be derived either by equation r or s.

Note that the terms of the reflected waves from point p0 or p3 are not yet included in the equation.

Accordingly, whenever the reflected wave from point p3 (or p0) arrive at point p2 (or p1), the related

transmitted wave terms should be added to the above lattice equations according to the rules of lattice

analysis.

Needless to say, if the length of the analytical line section Z1 is relatively short in comparison with

the length of the next sections Z0, Z2, the transient behaviour early on can be examined by Equation

18.51 without any additional reflected voltage terms.

18.7.2 Oscillatory and non-oscillatory convergence

Examining Equations 18.51 rs, the equations for v1ðtÞ, v2ðtÞ are simple increasing arithmetic series

under the condition r01r2 > 0, and the oscillatory series under the condition r01r2 < 0 over time. This

can be summarized as follows.

For case 1a Z0; Z2 > Z1; namely r01; r2 > 0; or for case 1b Z0; Z2 < Z1; namely r01; r2 < 0. That

is, v1ðtÞ, v2ðtÞ are simple increasing non-oscillatory series, or in other words

dv1ðtÞ=dt> 0; dv2ðtÞ=dt> 0. The voltage vðtÞ at any arbitrary point within the section Z1 is also

non-oscillatory.

For case 2a Z0 > Z1 > Z2 ðr01 > 0; r2 < 0Þ, or for case 2b Z0 < Z1 < Z2 ðr01 < 0; r2 > 0Þ.
That is, v1ðtÞ, v2ðtÞ are oscillatory series over time; in other words, the derivative dvðtÞ=dt repeats plus

and minus.

In Equation 18.51, if a ¼ 1:0 and r01 ¼ 1:0; r2 ¼ 1:0 are assumed, the voltage finally diverges to

an infinite value. Of course this is unrealistic, because the original transmitted traveling wave voltage is

of limited tail length in stead of step wave from with infinitive tail length first, and furthermore the

attenuation factor is actually the value of 0< a< 1:0 so that vðtÞ converges finally to a finite steady-

state value. However, the converged value obviously becomes very large under the conditions of

a ; 1:0 and Z0, Z2� Z1.

This case may be compared with a landscape, where a narrow lowland Z1 is surrounded by highland

Z0, Z2 and water floods in from the highland Z0 to the lowland Z1. Aviolent water wave would thus be

caused at Z1. Of course, this violent behaviour would be reduced considerably if Z2 were also lowland

at a similar level or even lower.

18.8 Supplement 1: General Solution Equation 18.10 for
Differential Equation 18.9

We introduce new variables v0ðx; tÞ for convenience as below:

vðx; tÞ ¼ e�at � v0ðx; tÞ (1)

Differentiating Equation 1 twice with respect to x,

@2vðx; tÞ
@x2

¼ e�at � @
2v0ðx; tÞ
@x2

(2)

Partial differentiation of Equation 1 twice with respect to t gives

qvðx; tÞ
qt

¼ �ae�at � v0ðx; tÞ þ e�at � qv0ðx; tÞ
qt

¼ e�at �av0ðx; tÞ þ qv0ðx; tÞ
qt

� � (3)

362 18 TRAVELLING-WAVE (SURGE) PHENOMENA



@2vðx; tÞ
@t2

¼ �ae�at �av0 x; tð Þ þ @v0ðx; tÞ
@t

� �

þ e�at �a � @v0ðx; tÞ
@t

þ @
2v0ðx; tÞ
@t2

� �

¼ e�at a2v0ðx; tÞ � 2a � @v0ðx; tÞ
@t

þ @
2v0ðx; tÞ
@t2

� � (4)

Substituting Equations 1, 3, 4 into the right-hand side of Equation 18.9 r,

the right-hand side of Equation 18:9r ¼ LCe�at � @
2v0 x; tð Þ
@t2

(5)

On the other hand, Equation 2 is just the same as the left-hand side of Equation 18.9 r.

Accordingly, Equation 18.9 r for vðx; tÞ is replaced by the equation below for v0ðx; tÞ:

@2v0ðx; tÞ
@x2

¼ LC
@2v0ðx; tÞ
@t2

(6)

This equation is in the same form as Equation 18.5 so that the general solution is in the form of

Equation 18.6, namely

v0ðx; tÞ ¼ v1ðx� utÞ þ v2ðxþ utÞ (7)

Therefore the general solution of Equation 18.9 r is

vðx; tÞ ¼ e�atfv1ðx� utÞ þ v2ðxþ utÞg (8)

The equation for the current can be derived analogously.

18.9 Supplement 2: Derivation of Equation 18.19 from
Equation 18.18

Utilizing Equation 18.18 rs, we derive r
s � Z0ðsÞ. Then

Vðx; sÞ þ Z0ðsÞ � Iðx; sÞ ¼ e�gðsÞxfVð0; sÞ þ Z0ðsÞ � Ið0; sÞg (1)

Vðx; sÞ � Z0ðsÞ � Iðx; sÞ ¼ egðsÞxfVð0; sÞ � Z0ðsÞ � Ið0; sÞg (2)

Transferring the exponential terms of both equations from the right to the left, and adding both

equations, gives Equation 18.19.
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19
Switching Surge Phenomena by
Circuit-breakers and Line Switches

Power systems engineering cannot be discussed without mentioning the ‘switching operation’,

which is closely related to overvoltages and high-frequency transient phenomena. Switching

overvoltages caused by tripping/closing operations of circuit-breakers or line switches are inevi-

table phenomena which should be overcome by a combination of various specialized practical

engineering countermeasures.

In this chapter, we study switching surges through a mathematical treatment first, because we

believe this approach provides an essential base and is a shorter way to gain a better understanding of

actual practical engineering.

19.1 Transient Calculation of a Single Phase Circuit
by Breaker Opening

Calculation of transient phenomena is not easy, and a simple circuit even with just a few elements of

L, C, R cannot generally be solved without proper approximations. However, engineers need to

find transient solutions in practical engineering probably for more complicated circuits. Accordingly,

‘to derive an accurate solution through a reasonable approximation’ is an important part of practical

engineering. Furthermore, engineers can generally discover the essentials of engineering practice

through properly simplified model themes than through a more complicated large-scale theme. The

calculation of transient behaviour by a breaker switching operation introduced in this chapter would

be useful not only for a better understanding of switching phenomena but also as a good exercise

in transient calculation techniques.

19.1.1 Calculation of fault current tripping (single phase circuit)

In the beginning, we carry out a transient calculation of the single phase circuit shown in

Figure 19.1a in that a short-circuit fault occurred at point f and the breaker is going to be opened.

Our objective is to find the transient voltage (switching surge voltage) across the two contacts, vBr tð Þ
and that of the phase-to ground voltage vb tð Þ, that are deeply related to the required breaker’s tripping

duties and the required insulation levels of the network.
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The circuit of the calculation is given by Figure 19.1b where an L-type concentrated circuit is

adopted. The transient calculation of this circuit can be solved as the superposition of the calculations

in Figures 19.1c and d, by Thévenin’s theorem.

19.1.1.1 Step 1: Calculation of steady-state term

Whenever a short-circuit fault occurs, a protective relay detects the fault within 1–3 cycles and

dispatches a tripping signal to the associated circuit-breaker. The breaker begins to open the

contacts immediately after receiving the signal and completes fault current tripping at ‘the time
of current zero’ and within 2–3 cycles.

We assume that the transient term of the fault current is already attenuated at the timing of

tripping completion, although actually the d.c. current component may not yet have disappeared

(because the d.c. time constant could be of order 0.05–0.1 s).

line #1 line #2

= +

t = 0

rL rL rL
i(t)

Z(s)

i(t) 1(t)

C
C C

Br

Br

a

power source

e(t) = Ee 

jwt

or e(t) = E cos wt

f

load

b

a b

nBr(t)

nBr(t)

nBr(t) ( = na (t))

nBr(t)

na (t)

natural frequency

recovery voltage

10 ms (50 Hz system)

fault current i(t)

i(t)

–E

E

2E

8.3 ms (60 Hz system)
5 ms
4.15 ms

t

t
0

1
2p   LC

f =

(a)

(b) (c) (d)

(e)

Figure 19.1 Transient calculation for single phase breaker tripping (the case of single source circuit)
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The source voltage is

e tð Þ ¼ RefEe jotg ¼ E cosot (19.1)

The fault current i tð Þ flowing through the breaker is almost not affected by C in the figure. Then

i tð Þ ¼ Re
E

joLþ r
e jot

� �

¼ E

oL 1þ r2

o2L2

� � sinot þ r

oL
cosot

n o
(19.2a)

Here we can utilize the condition oL� r (the reason is explained later). Accordingly,

i tð Þ ¼ E

oL
sinot (19.2b)

This is the initial current before breaker tripping.

19.1.1.2 Step 2: Calculation of transient term

The transient term can be calculated by applying Tevenin’s law to the Figure 19.1d, that is, to insert the

current source i(t) across the breaker contactors so that the flowing current just before switch opening

are cancelled at t=0. Current breaking finishes at the time of ‘current zero’ according to the nature of

circuit-breakers (the reason is explained later) so that the initial current is given in the form of

i tð Þ1 tð Þ ¼ E
oL

� �
sinot 1 tð Þ, which becomes zero at time t ¼ 0. Also, the Laplace transform of sinot is

o= s2 þ o2
� �

. Then

i sð Þ ¼ E

oL
�L sinot½ � ¼ E

oL
� o
s2 þ o2

r

Z sð Þ ¼ 1

1

Lsþ r
þCs

¼ 1

C
�

sþ r

L

s2 þ r

L
sþ 1

LC

s

; vBr sð Þ ¼ i sð Þ � Z sð Þ ¼ E

LC
�

sþ r

L

s2 þ o2ð Þ s2 þ r

L
sþ 1

LC

� � � E

LC
�F sð Þ t

9
>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>;

(19.3)

Equation s for Z sð Þ is the impedance looking into the circuit across the contacts from the current

source in the s domain as in Figure 19.1b. Accordingly, equation t is the voltage solution vBr sð Þ
but in the s domain.

F sð Þ defined in Equation t is

F sð Þ ¼
sþ r

L

s2 þ o2ð Þ s2 þ r

L
sþ 1

LC

� � ¼ sþ 2a
s2 þ o2ð Þ s2 þ 2asþ u2ð Þ

¼ sþ 2a

s2 þ o2ð Þ sþ að Þ2þðu2 � a2Þ
n o

where u ¼ 1
ffiffiffiffiffiffi
LC
p ; a ¼ r

2L

9
>>>>>>>>>>>>>=

>>>>>>>>>>>>>;

(19.4)

F sð Þ has the denominator of fourth order in s, so the inverse transformation to the t domain is not

necessarily easy.
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Here we investigate the magnitudes of constants in preparation for our actually justifiable

approximation.

Assuming L ¼ 1 mH=km; C ¼ 0:01mF=km; r ¼ 0:01 V=km; f ¼ 50 Hz, then

o ¼ 2p f ¼ 314; o2
; 105

oL ¼ 314� 10�3V=km ; 0:3 V=km

1

oC
¼ 1

314� 10�8
V=km ; 3� 105 V=km

oL � oC ; 0:3� 1

3� 105
; 10�6

u ¼ 1
ffiffiffiffiffiffi
LC
p ¼ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10�3 � 10�8
p ; 300 000 km=s

2a ¼ r

L
¼ 0:01

10�3
¼ 10; a ¼ 5

9
>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>;

r (19.5)

Accordingly, to reasonable accuracy,

1

oC
� oL� r; u� a s

Then we can adopt the approximation u2 � a2
� �

! u2 and the equation for F sð Þ is

F sð Þ¼ sþ 2a

sþ oð Þ2 ðsþ af Þ2þðu2�a
2

-
Þg
¼ sþ 2a

sþ joð Þ s� joð Þ sþ aþ juð Þ sþ a� juð Þ

¼ k1

sþ jo
þ k2

s� jo
þ k3

sþ aþ ju
þ k4

sþ a� ju

(19.6)

The arrow - in the above equation indicates the part which is neglected as a reasonable

basis for simplicity. (These arrows will be used as indicators of omission for reasonable

simplifications.)

From the formula of the inverse Laplace transform

L�1 1

s� a

� �

¼ e� at (19.7)

accordingly

F tð Þ ¼ k1e� jot þ k2e jot þ k3e� aþ juð Þt þ k4e� a� juð Þt

¼ k1 þ k2ð Þcosot � j k1 � k2ð Þsinotf g
þ e�at k2 þ k4ð Þcos ut � j k3 � k4ð Þsin utf g

(19.8)

Now we still have work to do to find the coefficients k1, k2, k3, k4. The calculation procedure and

the results are given in Supplement 1. Through the calculation, a total of 15 ‘arrows of omission’

appear unexpectedly for only such the simple circuit. The general method to find these coefficients

has already been explained in Supplement 1 of Chapter 10.

Consequently, the result obtained is

k1 ¼ k2 ¼ �k3 ¼ �k4 ¼
1

2u2
¼ LC

2
(19.9)
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Then

F tð Þ ¼ LC cosot � e�atcos utð Þ r

; vBr tð Þ ¼ va tð Þ ¼ E

LC
�F tð Þ¼ E cosot � e�atcos utð Þ

¼ E cosot

|fflffl{zfflffl}
steady-state term

� e�
r

2L tcos
1
ffiffiffiffiffiffi
LC
p �t

|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
transient term

s

where natural oscillation frequency f0 ¼
1

2p
ffiffiffiffiffiffi
LC
p

attenuation time constant T ¼ 2L=r

9
>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>;

(19.10)

This is the solution of this circuit and the transient waveform of the equation is indicated in

Figure 19.1e. The solution indicates the following conclusion:

	 Current trip finishes at t = 0, at the time i tð Þ ¼ 0 (current-zero tripping), and the source voltage

at t ¼ 0 is the peak value E (because the power factor of the fault current is almost 908 during

the fault).

	 The steady-state term of the voltage between contacts vBr tð Þ (the recovery voltage across the

breaker contacts after breaker opening) is Ecos ot.

	 The transient oscillation term appears just after tripping, which is of natural frequency f0 and

with attenuation time constant T ¼ 2L=r, and it oscillates by�E within the band 0–2E. As a result,

the voltage before attenuation vBr tð Þ (the transient recovery voltage of the breaker just after

breaker opening) reaches a magnitude of 2E in maximum.

	 In this particular case, vBr tð Þ ¼ va tð Þ, because the voltage at point b is vb tð Þ ¼ 0. In other words,

Equation 19.10 s is also the phase overvoltage appearing on the left-hand side of the breaker

terminal.

The resulting oscillation is the total of the repeated reflection and transmission of the travelling

waves at the transition points.

19.1.2 Calculation of current tripping (double power
source circuit)

The next circuit is shown in Figure 19.2a, in which double power sources exist at both terminal

sides of the breaker. The calculation of this case is more complicated in comparison with the

previous case, because the denominator of F sð Þ here becomes an s function of sixth order. As a

matter of fact, readers can count 48 ‘arrows of omission’ throughout the calculation process of

this problem. This is a typical example showing that proper approximation is a very important

technique in practical engineering.

19.1.2.1 Step 1: Calculation of steady-state term

The generators are operating in synchronism with angular difference d:

ė1 tð Þ ¼ E1 e jot

ė01 tð Þ ¼ E01 e j ot�dð Þ

)

(19.11)
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Then

Dė tð Þ ¼ ė1 tð Þ � ė01 tð Þ ¼ 1� E01
E1

e� jd
� �

ė1 tð Þ ¼ k̇ dð ÞE1e jot

k̇ dð Þ ¼ 1� E0

E1
e� jd

9
>>=

>>;

(19.12)

The current i tð Þ flowing through the breaker before tripping is not affected by the existence of C1,

and C01, so the current equation is

i̇ tð Þ¼ DėðtÞ
�

joL1 þ r1
-

�
þ
�

joL01 þ r01
-

� ;
� jDė tð Þ

o L1 þ L01
� � ¼ k̇ dð Þ � � jE1

o L1 þ L01
� � �e jot

¼ k̇ dð Þ � E1

o L1 þ L01
� � �e j ot�90
ð Þ

9
>>>>=

>>>>;

(19.13)

+

= +

L1

e1
C1 C1́ e1́ e1́e1

r1 L1́ r1́

nBr(t)

nBr(t)

nBr(t)

nBr(t)     [(19.22a)]

i = I sinwt

I sinwt 1(t)

(a)

k (d) 2E1

k (d) E1

k (d) E1

k (d) E

(b) (c)

Note: Oscillation frequency of the transient terms is
exaggerated extremely slowly.

voltage across the breaker contacts

transient recovery voltage recovery voltage
t

oscillatory components
t

tL1
L1 L1+

– ·e 

·e 
L1

 L1

 +
–

cos

cos

t

t

r1
2L1

L1C1

Ĺ1C´1

tr1́
2L1́

(d)

(e)

´

´

 L1́

Figure 19.2 Transient calculation for single phase breaker tripping (the case of double source circuit)
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Taking the real parts of all the above equations, for the power sources

e1 tð Þ ¼ E1cosot

e01 tð Þ ¼ E01cos ot � dð Þ

�

(19.14)

and for the fault current before tripping (steady-state current)

iðtÞ ¼ k̇ðdÞ
	
	

	
	 � E1

oðL1 þ L01Þ
cosðot � 90
Þ ¼ k̇ðdÞ

	
	

	
	 � E1

oðL1 þ L01Þ
sinot

� I sinot

where I ¼ k̇ðdÞ
	
	

	
	 � E1

oðL1 þ L01Þ
; k̇ðdÞ ¼ 1� E01

E1
e� jd

iðtÞ is ‘current zero’ at t ¼ 0

(19.15)

19.1.2.2 Step 2: Calculation of transient term

As shown in the Figure 19.2c the current i tð Þ1 tð Þ ¼ I sinot � 1 tð Þ is inserted at the position of the

breaker terminals.

In the Laplace transform domain,

initial current

i sð Þ ¼ I � o
s2 þ o2

r

circuit impedances

�Z sð Þ ¼ Z1 sð Þ þ Z01 sð Þ s

Z1 sð Þ ¼ 1

1

L1sþ r1
þC1s

¼ 1

C1
�

sþ r1

L1

s2 þ r1

L1
sþ 1

L1C1

¼ 1

C1
� sþ 2a1

sþ a1ð Þ2þu2
1

t

Z01 sð Þ ¼ 1

1

L01sþ r01
þC01s

¼ 1

C01
�

sþ r01
L01

s2 þ r01
L01

sþ 1

L01C01

¼ 1

C01
� sþ 2a2

sþ a2ð Þ2þ u2
2

u

transient recovery voltage across the contacts

vBr sð Þ ¼ i sð Þ � �Z1 sð Þ ¼ Io
1

s2 þ o2
Z1 sð Þ þ Z01 sð Þ
� �

� �

� Io � F sð Þ v

(19.16)

Z1 sð Þ, Z01 sð Þ are of the same form as Z sð Þ in Equation 19.3, so that F sð Þ defined in Equation 19.16

v can be modified as

F sð Þ¼ 1

s2 þ o2
� 1

C1
� sþ 2a1

.

sþ a1ð Þ2þ u2
1

þ 1

C01
� sþ 2a2

.

sþ a2ð Þ2þ u2
2

8
<

:

9
=

;

¼ s

s2 þ o2
�
C1

n
ðsþ a1

.Þ2 þ u2
1

o
þ C01

n
ðsþ a2

.Þ þ u2
2

o

C1C01 sþ a1ð Þ2þu2
1

n o
� sþ a2ð Þ2þu2

2

n o

¼
s C1 s2 þ u2

1

� �
þ C01 s2 þ u2

2

� �
 �

C1C01 sþ joð Þ s� joð Þ sþ a1 þ ju1ð Þ sþ a1 � ju1ð Þ sþ a2 þ ju2ð Þ sþ a2 � ju2ð Þ

¼ k1

sþ jo
þ k2

s� jo
þ k3

sþ a1 þ ju1
þ k4

sþ a1 � ju1
þ k5

sþ a2 þ ju2
þ k6

sþ d2 � ju2

(19.17)
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9
>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>;

9
>>>>=

>>>>;



F sð Þ is the addition of the two terms whose denominators contain the fourth-order s function.

Accordingly, F sð Þ has a denominator of sixth order.

As shown in Supplement 2, coefficients k1 � k6 are derived after applying in total 40 ‘arrows of

omission’ and the results are

k1 ¼ k2 ¼
1

2
L1 þ L01
� �

k3 ¼ k4 ¼ �
L1

2

k5 ¼ k6 ¼ �
L01
2

9
>>>>>>=

>>>>>>;

(19.18)

Then

F sð Þ ¼ 1

2
L1 þ L01
� � 1

sþ jo
þ 1

s� jo

� �

� L1

2

1

sþ a1 þ ju1
þ 1

sþ a1 � ju1

� �

� L01
2

1

sþ a2 þ ju2
þ 1

sþ a2 � ju2

� �

¼ L1 þ L01
� � 1

s2 þ o2
� L1

sþ a1
.

sþ a1ð Þ2þu2
1

� L01
sþ a2

.

sþ a1ð Þ2þ u2
2

¼ L1 þ L01
� � 1

s2 þ o2
� L1

s

sþ a2ð Þ2þu2
1

� L01
s

sþ a2ð Þ2þ u2
2

9
>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>;

(19.19)

From the formula of the Laplace inverse transform

L�1 s

s2 þ o2

� �

¼ cosot

L�1 s

sþ a1ð Þ2þu2
1

 !

¼ e�a1t
�

cos u1t � a1
.

u1
sin u1t


¼ e�a1tcos u1t

L�1 s

sþ a2ð Þ2þu2
2

 !

¼ e�a2t
�

cos u2t � a2
.

u2
sin u2t


¼ e�a2tcos u2t

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

(19.20)

; L�1½FðsÞ� ¼ L1 þ L01
� �

cosot � L1e�a1t cos u1t � L01e�a2t cos u2t (19.21)

Accordingly, the transient recovery voltage of the breaker is

vBr tð Þ ¼ Io � L�1 F sð Þð Þ ¼ k̇ dð Þ
	
	

	
	 � E

L1 þ L01
�L�1 F sð Þ½ �

vBr tð Þ ¼ k dð Þj j � E1

�

cosot

|fflffl{zfflffl}
steady-state term

where k dð Þ¼1�
E01
E1

e� jd

� L1

L1 þ L01
e
�

r1

2L1
t
cos

1
ffiffiffiffiffiffiffiffiffiffiffi
L1C1

p t

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

transient term of

the left circuit

� L01
L1 þ L01

e
�

r01
2L0

1
t
cos

1
ffiffiffiffiffiffiffiffiffiffiffi
L01C01

p t

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

transient term of

the right circuit

�

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

(19.22a)
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The equation can also be written as

vBr tð Þ¼ k dð Þj j � E1
L1

L1 þ L01
cosot � e

�
r1

2L1
t
cos

1
ffiffiffiffiffiffiffiffiffiffiffi
L1C1

p t

� ��

þ L01
L1 þ L01

�

cosot � e
�

r01
2L0

1

t
cos

1
ffiffiffiffiffiffiffiffiffiffiffi
L01C01

p t

��
(19.22b)

This derived equation should be considered to be very accurate because all the omissions in the

processes were done after careful checks.

Figure 19.2d shows the transient voltages of Equations 19.22a and b, where the oscillation

frequency of the transient terms exaggerated extremely slowly.

19.1.2.2.1 Evaluation of Equations 19.22a and 19.22b For the magnitude,

the transient oscillation terms for the right- and left-side circuits appear just after tripping.

The magnitude inside the braces ( ) in the equations reaches a maximum of 2 when the

oscillation angles of the three terms coincide. Accordingly, vBr tð Þ would have a maximum of

k dð Þj j � 2E1.

Incidentally, assuming E1 ¼ E01 ¼ 1, k dð Þj j ¼
ffiffiffi
2
p

for d ¼ 90
 (tripping around the steady-state

stability limit condition), the theoretical maximum value of the transient recovery voltage is 2
ffiffiffi
2
p

E.

On the contrary, k dð Þj j ¼ 0 for the case of d ¼ 0
 (no load tripping).

19.1.2.2.2 Rate of rise of voltage (RRRV – the Rate of Rise of Recovery
Voltage) We have

left-side circuit right-side circuit

maximum peak value of

transient voltagesðline-to-ground voltagesÞ 2k dð ÞE1 �
L1

L1 þ L01
2k dð ÞE1 �

L01
L1 þ L01

natural oscillation frequency f1 ¼
1

2p
ffiffiffiffiffiffiffiffiffiffiffi
L1C1

p f 01 ¼
1

2p
ffiffiffiffiffiffiffiffiffiffiffi
L01C01

p

9
>>>>=

>>>>;

(19.23)

The total peak value of the transient terms of vBr tð Þ is a maximum of 2jk dð Þj � E1.

Assuming L1 ¼ L01 ¼ 1 mH=km; C1 ¼ C01 ¼ 0:01 mF=km as typical values,

f1 ¼ f 01 ¼
1

2p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10�3 � 10�8
p ; 50 kHz ; one-wavelength time ¼ 20ms (19.24a)

Therefore the transient terms would rise from zero to the peak value 2k dð Þ � E1 in about 5ms

(quarter-wavelength time).

The approximate value of the RRRV is

2 k dð Þj j � E1 �
1

5
½kV=ms� (19.24b)
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The exact value of RRRV can be calculated by differentiation of Equation 19.22a with respect to

time t ¼ 0þ. Namely,

d

dt
vBr tð Þ¼ k dð Þj j � E1

�

�o sinot

� L1

L1 þ L01
� r1

2L1
e
�

r1

2L1
t
cos

1
ffiffiffiffiffiffiffiffiffiffiffi
L1C1

p t � e
�

r1

2L1
t 1
ffiffiffiffiffiffiffiffiffiffiffi
L1C1

p sin
1
ffiffiffiffiffiffiffiffiffiffiffi
L1C1

p t

� �

� L01
L1 þ L01

� r01
2L01

e
�

r01
2L01

t
cos

1
ffiffiffiffiffiffiffiffiffiffiffi
L01C01

p t � e
�

r01
2L01

t 1
ffiffiffiffiffiffiffiffiffiffiffi
L01C01

p sin
1
ffiffiffiffiffiffiffiffiffiffiffi
L01C01

p t

 !)

(19.25a)

In this equation, the first transient term in parentheses ( ) may be neglected, because r1 and r01 are

small.

Also, at time t = 0 þ (initial time just after tripping), the replacements below are possible:

sinot! 0; e
� r1

2L1
t! 1:0; e

� r01
2L0

1
t! 1:0 at t ¼ 0þ (19.25b)

Accordingly, at þ t ¼ 0

d

dt
vBr tð Þ ¼ k dð Þj j � E1

1

L1 þ L01

ffiffiffiffiffiffi
L1

C1

r

sin
1
ffiffiffiffiffiffiffiffiffiffiffi
L1C1

p t þ 1

L1 þ L01

ffiffiffiffiffiffi
L01
C01

s

sin
1
ffiffiffiffiffiffiffiffiffiffiffi
L01C01

p t

( )

(19.26)

The maximum value of RRRV is

Max
d

dt
vBr tð Þ ¼ k dð Þj j � E1

L1 þ L01

( ffiffiffiffiffiffi
L1

C1

r

þ
ffiffiffiffiffiffi
L01
C01

s

|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

)

sum of surge impedances of both sides

(19.27)

RRRV (usually expressed in kV=ms) is a very important concept largely affecting the tripping duty

of breakers. Equation 19.27 indicates that RRRV is directly proportional to the addition of surge

impedances of both sides of lines.

19.2 Calculation of Transient Recovery Voltages Across
a Breaker’s Three Poles by 3fS Fault Tripping

The study of switching phenomena in three-phase circuits is vitally important not only for engineers

who are involved with breakers, but also for engineers who are engaged with system overvoltages or

large currents as well as insulation, regardless of each engineer’s different interests or viewpoints.

Considering the importance of such study, it may seem strange that a detailed description of the

calculation of switching phenomena in three-phase circuits can seldom be found. In this section, we

introduce the equations of transient voltages appearing at the first, second and third pole (phase)

tripping. Readers could be acquainted with switching surge phenomena through the study of the

mathematical treatments.
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19.2.1 Recovery voltage appearing at the first phase
(pole) tripping

Transient voltages and steady-state voltages appearing across the contacts (poles) just after breaker

tripping are called the transient recovering voltages and recovering voltages, respectively. Before

studying these voltages in detail, the recovering voltage by the first phase tripping can be observed

intuitionally. The methods and the results are shown in Figure 19.3.

The figure indicates the aspects for fixing different fault cases for effective and non-effective

neutral grounding systems, in that the steady-state voltage (the recovering voltage) appearing across

the first tripping pole (the first tripping phase) is derived intuitionally.

19.2.1.1 Case 1: three-phase fault tripping

The voltages at the time just after the first phase a tripping are, for the solidly neutral grounding system,

v0a ¼ 0; vb ¼ v0b ¼ 0; vc ¼ v0c ¼ 0; vn ¼ 0 ; va ¼ E; v0aa ¼ E

and for the neutral-opening system

v0a ¼ 0; vb ¼ v0b ¼ 0; vc ¼ v0c ¼ 0; vn ¼ indefinite

Then the voltage at the midpoint of b and c is zero:

vab ¼ va ¼ 1:5E; ; vaa ¼ 1:5E

19.2.1.2 Case 3: phase a’ and phase b grounding fault tripping

This is the case for grounding at both sides of the breaker.

For the solidly neutral grounding system

v0a ¼ 0; vb ¼ v0b ¼ 0; vn ¼ 0 ; va ¼ 1E; v0aa ¼ 1E

and for the neutral opening system

v0a ¼ 0; vb ¼ v0b ¼ 0; vn ¼ indefinite ; vab ¼
ffiffiffi
3
p

E; v0aa ¼
ffiffiffi
3
p

E

19.2.1.3 Case 4: step-out tripping

The voltages va and v0a may be in opposite directions just at the time of the first phase a tripping in

the worst case.

For the solidly neutral grounding system

va ¼ 1E; v0a ¼ �1E; vn ¼ 0 ; va ¼ 1E; v0a ¼ �1E; v0aa ¼ 2E

and for the neutral opening system

vb ¼ v0b; vc ¼ v0c; vn ¼ indefinite; v0n ¼ indefinite; vbc ¼ vb0c0 ; v0aa ¼ 3E

The derived phase voltages and recovery voltages by this method would give a useful rough idea of

the voltage behaviours. The magnitudes of these voltages would directly affect the tripping capabilities

of the breakers as well as coordination of the insulation engineering in a total power system network.

Taking a general view, the phase overvoltages appearing as well as the breaker’s recovery voltages

are obviously smaller in solidly neutral grounding systems in comparison with non-effective neutral

grounding systems. Also, breaker tripping under step-out conditions would be very heavy duty for

the breakers.
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Figure 19.3 Recovery voltages appearing by the first pole (phase a) tripping, v0aa
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19.2.2 Transient recovery voltage across a breaker’s three
poles by 3fS fault tripping

We introduce the equations for the transient voltages appearing across the first, second and third poles

when the breaker trips three-phase short-circuit fault currents as shown in Figure 19.4a. In the figure, a

three-phase fault occurs at point f on line l0 and the first phase tripping by the breaker phase a pole is

going to be executed (of course, at the time of the phase a current zero). The transient calculation of

Figure 19.4b can be solved as the superposition of the steady-state term in (c) and the transient term in (d).

19.2.2.1 The first pole tripping

19.2.2.1.1 Step 1: calculation of the steady-state current before phase a
tripping We calculate the steady-states currents of the three-phase short-circuit fault before

tripping. The current can be calculated only by the positive-sequence circuit. Accordingly, this case
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line l line ĺBr
point f (3fS)
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Figure 19.4 Calculation of transient recovery voltage (the first pole tripping)
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is equivalent to the case of Section 19.1.2 and Figure 19.2 under the additional condition e01 ¼ 0.

Therefore we can appropriate Equations 19.11–19.15 for use here. That is, for the phase a (positive-

sequence) source voltage,

ėa tð Þ ¼ ė1 tð Þ ¼ Ee jot (19.28)

The current flowing through the breaker is given by Equation 19.13, where, putting

Dė tð Þ ¼ ė tð Þ; k dð Þ ¼ 1,

i̇ tð Þ ¼ Ee jot

ð joL1 þ r1Þ
-
þð joL01 þ r01Þ

-

;
E

o L1 þ L01
� � e j ot�90
ð Þ (19.29)

Taking the real part of the equation,

e1 tð Þ ¼ E1cosot

i tð Þ ¼ E

o L1 þ L01
� � cos ot � 90
ð Þ ¼ I sinot

where !I ¼ E

o L1 þ L01
� �

9
>>>>>>=

>>>>>>;

(19.30)

The equations are of initial conditions corresponding to Figure 19.4c, where the current i(t) is of

‘current zero’ at t ¼ 0 and also the voltage is of peak value at t ¼ 0 because the fault current is

almost 908 lagging to the voltage.

19.2.2.1.2 Step 2: calculation of the transient recovery voltage just after
the first pole tripping Now we begin the calculation of transient terms for Figure 19.4d, in

that the current I sinot � 1 tð Þ is suddenly inserted at t ¼ 0. The equivalent circuit is given by Figure

19.4e, which corresponds to the equivalent circuit of symmetrical components in the case of phase a

opening given in Table 3.2 [1B].

The related equations in the Laplace domain are derived as follows. The circuit equations are

�Z1 sð Þ ¼ Z1 sð Þ þ Z01 sð Þ r

�Z0 sð Þ ¼ Z0 sð Þ þ Z00 sð Þ s

where

Z1 sð Þ ¼ 1

1

L1sþ r1
þC1s

¼ 1

C1
�

sþ r1

L1

s2 þ r1

L1
sþ 1

L1C1

¼ 1

C1
� sþ 2a1

sþ a1ð Þ2þu2
1

t

Z01 sð Þ ¼ 1

1

L01sþ r01
þC01s

¼ 1

C01
�

sþ r01
L01

s2 þ r01
L01

sþ 1

L01C01

¼ 1

C01
� sþ 2a2

sþ a2ð Þ2þu2
2

u

9
>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>;

(19.31)

where Z0 sð Þ; Z00 sð Þ are of the same form.
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The voltage and current equations are

i sð Þ ¼ L½I sinot� ¼ I � o
s2 þ o2

r

veq sð Þ� v1 sð Þ ¼ v2 sð Þ ¼ v0 sð Þ ¼ i sð Þ � �Ztotal s

where �Ztotal ¼
1

1

�Z1 sð Þþ
1

�Z2 sð Þþ
1

�Z0 sð Þ

t

(19:32)

; v0aa sð Þ ¼ v1 sð Þ þ v2 sð Þ þ v0 sð Þ ¼ 3 i sð Þ � �Ztotal ¼ 3 I
o

s2 þ o2
� �Ztotal (19.33a)

where �Ztotal is

for solidly neutral grounding system

�Z1 sð Þ ; �Z2 sð Þ ; �Z0 sð Þ r

; �Ztotal ¼
1

3
��Z1 sð Þ

for non-effective neutral grounding system

�Z1 sð Þ ; �Z2 sð Þ��Z0 sð Þ

; �ZtotalðsÞ ¼
1

2
��Z1 sð Þ

s

9
>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>;

(19.33b)

Accordingly,

v0aa sð Þ ¼ k i sð Þ � �Z1 sð Þ

¼ k I
o

s2 þ o2

1

C1
� sþ 2a1

sþ a1ð Þ2þu2
1

þ 1

C01
� sþ 2a2

sþ a2ð Þ2þu2
2

( )

� k Io � F sð Þ

(19.34)

where k ; 1 for solidly neutral grounding system

k ; 1:5 for non-effective neutral grounding system

This is the answer for the transient recovery voltage of the first tripped pole in the Laplace

domain.

F sð Þ defined in the equation is fortunately in the same form as the F sð Þ in Equation 19.17, so we

already know that the inverse transformed equation is given by Equation 19.21. Accordingly, for

the transient recovery voltage of the first tripping pole,

v0aa tð Þ ¼ L�1½v0aaðsÞ� ¼ k Io � L�1 F sð Þ½ � ¼ k
E

L1 þ L01
�L�1½FðsÞ�

¼ k E cosot � L1

L1 þ L01
e
�r1
2L1

t
cos

1
ffiffiffiffiffiffiffiffiffiffiffi
L1C1

p t � L01
L1 þ L01

e
�

r01
2L0

1
t
cos

1
ffiffiffiffiffiffiffiffiffiffiffi
L01C01

p t

8
<

:

9
=

;

(19.35a)

The term in the braces { } in the above equation has a maximum of 2, so the maximum value

of the transient recovery voltage v0aa tð Þ (or the overvoltage va tð Þ of terminal a, because v0a ¼ 0
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in this case) is

Max: v0aa tð Þ ¼ 2k ; 2E for solidly neutral grounding system r

¼ 3E for non-effective neutral grounding system s

�

(19.35b)

The equation of the steady-state voltage after the transient terms attenuate is v0aa tð Þ ¼ k E cosot,

which coincides with case 1 in Figure 19.3.

19.2.2.1.3 RRRV (the maximum value) of v0aa (t) This is derived by differentiating

Equation 19.35a with respect to t, and then following the same treatment as for Equations 19.25a–

19.27. The result is

Max
d

dt
vBr tð Þ ¼ k � E1

L1 þ L01

� ffiffiffiffiffiffi
L1

C1

r

þ
ffiffiffiffiffiffi
L01
C01

s

|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

�

sum of surge impedances of both sides

(19.36)

Note that this equation is in the same form as Equation 19.27 except for the coefficient k and k dð Þ,
although Equation 19.36 is the case for fault current tripping while Equation 19.27 is the case for load

flow tripping. The equation again indicates that the RRRV (the maximum value), which is an important

indication of a breaker’s fault current tripping duty, is closely related to the surge impedances of the

transmission lines.

19.2.2.2 The second and third poles tripping

Our problem here is to solve the transient voltages across the second and third poles of the circuit

shown in Figure 19.5a.

The voltages appearing on the second and third poles are more severe in a non-effective neutral

grounding system rather than a solidly neutral grounding system. Thus we try to calculate the second/

third pole fault tripping phenomena in the non-effective neutral grounding system.

19.2.2.2.1 Step 1: calculation of the steady-state current before phase b
and c tripping (phase a is open) We calculate the steady-state currents of the circuit in

Figure 19.5b, referring to the equivalent circuit (for phase a conductor opening) for the symmetrical

components given in Table 3.2 [1B], [1C], [1D], and under the condition �Z1 ¼ �Z2��Z0.

+

+=
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c
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a
b
c
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ib (t)

ib (t)

Figure 19.5 Calculation of transient recovery voltage (the second and third poles tripping)
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The equations are

ė tð Þ ¼ Ee jot r

i̇1 tð Þ ¼ ė tð Þ

�Z1 þ
1

1

�Z2
þ 1

�Z0

¼ ė tð Þ

�Z1 þ
�Z1

�Z1

�Z0
þ1

;
1

2
� ė tð Þ
�Z1

s

i̇2 tð Þ ¼ ��Z0

�Z2 þ �Z0
�i1 tð Þ ; � i̇1 tð Þ t

i̇0 tð Þ ¼ ��Z2

�Z2 þ �Z0
�i̇1 tð Þ ; 0 u

where

�Z1 ¼ �Z2��Z0 v

9
>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>;

(19.37)

The steady-state solution is

i̇a tð Þ ¼ 0

i̇b tð Þ ¼ �i̇c tð Þ ¼ a2 � a
� �

� i̇1 tð Þ ¼ �
ffiffiffi
3
p

j� 1

2
� E
�

joL1 þ r1
-

�
þ
�

joL01 þ r01
-

� e jot

¼ �
ffiffiffi
3
p

2
� E

o L1 þ L01
� � e jot

9
>>>>>>=

>>>>>>;

(19.38)

Taking the real part,

ea tð Þ¼ E cosot

ia tð Þ ¼ 0

ib tð Þ ¼ � ic tð Þ ¼ �
ffiffiffi
3
p

2
� E

o L1 þ L01
� � cosot

9
>>>>=

>>>>;

(19.39)

The current ib ¼ �icð Þ is in inverse phase with the source voltage ea, and accordingly leads the

voltage vbc by 908. These are the initial currents of the second and third pole before tripping.

19.2.2.2.2 Step 2: calculation of the transient recovery voltage by the
second and third poles (phase b and c) tripping. The next calculation is to insert

the above derived current ib in the opposite direction (i.e. �ib in the forward direction) in Figure

19.5c. Then we change the polarity of the current ib and ic. Furthermore, we shift the timescale of

Equation 19.39 by 908 (by replacing ot!ot � 90
) in order to get the condition of ‘current zero at

new t ¼ 0’.

Accordingly,

ea tð Þ ¼ E cos ot � 90
ð Þ ¼ E sinot

ia tð Þ ¼ 0

�ib tð Þ ¼ þic tð Þ ¼
ffiffiffi
3
p

2
� E

o L1 þ L01
� � cos ot � 90
ð Þ

¼
ffiffiffi
3
p

2
� E

o L1 þ L01
� � sinot

9
>>>>>>>>>=

>>>>>>>>>;

(19.40)
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This is the initial value of the calculation after phase a is tripped. The currents ib ¼ �ic are of

‘current zero’ at t = 0 by the new timescale (which lags the former timescale by 908).
Now the transient phenomena of the circuit in Figure 19.5c can be solved by the a�b–0 method,

while solution by symmetrical components is actually impossible.

Referring to Table 6.2 #5, the equivalent circuit to be solved is obtained as shown in Figure 19.6, in

which the a�0-circuit and the b-circuit can be calculated separately. The initial value can be derived

by transforming Equation 19.40 into the a�b-0 domain:

ia tð Þ ¼ �1

3
ib tð Þ þ tc tð Þð Þ ¼ 0

ib tð Þ ¼
ffiffiffi
3
p

3
ib tð Þ � ic tð Þð Þ ¼ E

o L1 þ L01
� � sinot

i0 tð Þ ¼ 1

3
ib tð Þ þ ic tð Þð Þ ¼ 0

9
>>>>>>>>=

>>>>>>>>;

(19.41)

For the transient calculation of the a-0-circuit, the initial values of ia and i0 to be injected are zero

because of the assumption �Z1 ¼ �Z2��Z0 so that ia tð Þ ¼ i0 tð Þ ¼ 0. In other words, all the

quantities are zero, that is va ¼ v0 ¼ 0 in the a–0-circuit.

For the transient calculation of the b-circuit, the current ib tð Þ is to be injected at time t ¼ 0 and the

equation in the Laplace domain is

ib sð Þ ¼ E

o L1 þ L01
� � �L sinot½ � ¼ E

o L1 þ L01
� � � o

s2 þ o2

vb sð Þ ¼ ib sð Þ � �Z1 sð Þ ¼ E

L1 þ L01
�F sð Þ

9
>>>=

>>>;

(19.42)
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Figure 19.6 Calculation of the second and third poles tripping by the a�b–0 method
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�Z1 sð Þ; F sð Þ are again the same as in Equations 19.16 and 19.17 or 19.31. Then Equation 19.21 can
be utilized for the inverse Laplace transform:

vb tð Þ ¼ E

L1 þ L01
�L�1½FðsÞ�

¼ E

L1 þ L01
� L1 þ L01
� �

cosot � L1e
� r1

2L1
t
cos

1
ffiffiffiffiffiffiffiffiffiffiffi
L1C1

p t � L01e
� r01

2L0
1
t
cos

1
ffiffiffiffiffiffiffiffiffiffiffi
L01C01

p t

( )

¼ E cosot � L1

L1 þ L01
e
� r1

2L
1
t
cos

1
ffiffiffiffiffiffiffiffiffiffiffi
L1C1

p t � L01
L1 þ L01

e
� r01

2L0
1
t
cos

1
ffiffiffiffiffiffiffiffiffiffiffi
L01C01

p t

( )

(19.43)

For the inverse transform from the a�b–0 domain to the a–b–c domain, recalling that

va tð Þ ¼ v0 tð Þ ¼ 0,

v0bb tð Þ ¼ �v0cc tð Þ ¼
ffiffiffi
3
p

2
vb tð Þ

¼
ffiffiffi
3
p

2
E cosot � L1

L1 þ L01
e
� r1

2L0
1
t
cos

1
ffiffiffiffiffiffiffiffiffiffiffi
L1C1

p t � L01
L1 þ L01

e
� r01

2L0
1
t
cos

1
ffiffiffiffiffiffiffiffiffiffiffi
L01C01

p t

( ) (19.44)

In conclusion, the transient recovery voltage by the first pole tripping is given by Equation 19.35,

and that by the second and third poles tripping is given by Equation 19.44. Figure 19.7 shows the

waveform aspects, which are truly explained by the equations

the non-effective neutral grounding system

the transient recovery voltage the recovery voltage

the first pole tripping 3E 1:5E

the second and the third pole tripping
ffiffiffi
3
p

E

ffiffiffi
3
p

2
E

The transient recovery voltage is larger from the first pole tripping rather than the second and

third poles tripping and is a maximum of 3E in the case of the non-effective neutral grounding system.

For the solidly neutral grounding system, the transient recovery voltage and the recovery voltage by

the first pole tripping is 2E and 1E, respectively, and that of the second and the third poles is of smaller

value although the calculation is omitted. (It can be calculated by the same method if �Z1; �Z0 are

given.)
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Figure 19.7 Transient recovery voltage caused by three-phase fault tripping
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It should also be noted that the RRRV (the maximum value) in three phase circuits by the 3fS fault

current tripping is given by Equation 19.36, which indicates that the surge impedances of the

transmission line directly affect the breaker’s duty.

19.3 Fundamental Concepts of High-voltage
Circuit-breakers

The switching-off phenomena described in the previous sections are by so-called ideal circuit-

breakers, which can trip fault current instantly at the time of ‘current zero’ without any accompanying

arcs. The aspect of actual breaker tripping is a little different from the ideal case, because a current arc

appears transiently across the leaving contacts.

19.3.1 Fundamental concept of breakers

A high-voltage circuit-breaker has a pair of contacts that are typically one fixed and one movable,

although some breakers of the recently developed largest class may contain of double movable

contacts. Just after receiving the trip signal (from the relay or manually), the movable contact begins to

slide off and leave the fixed contact. In the case of typical SF6-type breakers, the total stroke distance

(wipe distanceþ departing distance) is 150–250 mm and the necessary moving time would be around

10 ms (less than one cycle).

At the instant when the movable contact leaves the fixed contact, a current arc (plasma of

approximately 5000–10 0008C by thermal ionization) appears across the leaving contacts. The

breaker is contrived to blow off the thermal ionized gas within a short time and complete tripping

by around 20-60 ms (1–3 cycles).

The technology of breakers is designed to disperse and remove high-density ionized plasma gas

within the small chamber space in a very short time – in contrast to the technology of nuclear fusion

which is to contain such a high-density plasma gas within a small space. Furthermore, circuit-breakers

have to be capable of tripping a fault current of 50 or 63 kA (rms) repeatedly without damaging

(melting) the contacts. Although the technology of high-voltage circuit-breakers today is advanced,

the long history of repeated failure and success is worthy of note among the other equipment in a power

system network.

19.3.1.1 Principle of arc extinction

There are two typical interpretations in regard to the principle of arc extinction:

a) The theory of insulation balance across the contacts. That is, the keen struggle of the transient

recovery voltage and RRRVappearing versus insulation recovery by sudden enlargement of the

breaker’s stroke distance and by forcing blow-off of the ionized arc.

b) The theory of energy balance. That is, the keen struggle of the supplied energy (the product of

transient recovery voltage and leak current) versus the forced dispersing energy.

Regardless of the academic interpretations, successful current breaking means the capability of

rapid insulation enlargement across the contacts to overcome the supplied arc energy from the power

system in just a short time. Accordingly, it is understandable that the magnitude of transient recovery

voltage and its initial rising speed (namely, RRRV) have become the two essential parameters for the

breaker’s tripping capability.

Breakers today can be classified as types of SF6 gas, air, oil and vacuum by the different extinction

media and each type has its own specific characteristics.
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In regard to high-voltage, especially EHV and UHV, classes, SF6-type breakers have become

predominant.

19.3.1.2 SF6 gas-type circuit breakers

Figure 19.8 shows some fundamentals of the SF6 gas-type circuit-breaker for the UHV class as an

example.

SF6 gas is a thermodynamically stable gas with outstanding insulation and arc extinction

characteristics. SF6 gas at typically 4–10 atmospheres fills the extinction chamber whose structure

is of a plunger-type puffer chamber (Figure 19.8b). The movable contact and the plunger rod form one

body so that the gas is puffed out just after the contact begins to slide in order to extinguish ionized

current arcs and to recover insulation across the opening contacts.

Figure 19.8c shows the typical gas-blowing characteristics of a puffer chamber. Breakers have to

cut off the current at a single stroke within an effective puffer time. In other words, if a breaker cannot

cut off the current within a specified time (say, 3 cycles), the breaker will be damaged by the thermal

energy, which causes a tripping failure and furthermore the occurrence of a new phase fault at the

broken breaker (of short-circuit or open-conductor modes).

The application limit of breakers described above is common for all types of breakers. In the case of

oil-filled breakers, for example, oil gasification due to the arc temperature occurs in the chamber, so the

effective tripping time is limited.

It should be noted that a breaker fault by tripping failure will have severe aspects on the power

system for most cases, because several breakers are directly connected to the same bus and the

associated breakers at adjacent substations have to be immediately tripped (by various back-up relays)

to remove the original fault and the faulted breaker, possibly leading to other cascade faults or serious

system disturbances such as line over-current, generator tripping by the I2 limit or frequency limit,

system instability, and so on.

19.3.2 Terminology of switching phenomena and breaker
tripping capability

The duty of circuit-breakers is not limited to the role of tripping fault/load currents as switches of a

network. Another important duty is to reduce the switching overvoltages (surge) within a certain limit,

which is an essential part of insulation coordination. Bearing this in mind, we continue our study of the

phenomena arising from breakers tripping.

The major terminology is as follows:

r Transient recovery voltage: The initial transient voltage appearing across the paired contacts

just after the tripping action.

s Ideal transient recovery voltage: The theoretical transient recovery voltage by an ideal breaker

without accompanying arcs.

t Recovery voltage: The steady-state voltage of power frequency appearing across the paired

contacts just after tripping.

u Peak value of transient recovery voltage: The largest peak value among a few peak values of the

oscillating transient recovery voltage.

v Initial peak value of transient recovery voltage (the first peak value): The first peak value of

the transient recovery voltage.

w Frequency of transient recovery voltage: The oscillatory frequency (plural frequencies may be

possible).
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Figure 19.8 SF6 gas-type circuit-breaker (500–1000 kV class)
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x Amplitude ratio of transient recovery voltage: The ratio of the transient recovery voltage to the

peak value of the recovery voltage.

y RRRV: Thevelocityofthevoltagearisingat the initialpartof the transientrecoveryvoltage(kV/ms).

z Reignition of arcs: The reignition of arc currents within a quarter cycle (5 ms for 50 Hz, 4.1 ms

for 60 Hz) of the initial current breaking.

*10 Restriking of arc: The reigniting of arc currents after a quarter cycle (5 ms for 50 Hz, 4.1 ms

for 60 Hz) of the initial current breaking. (The meaning of quarter cycle will be explained

later.)

*11 Low-frequency extinction: Arc current extinction at the time of low-frequency current zero.

*12 High-frequency extinction: Arc current extinction at the time of high oscillatory frequency

current zero.

All the above terms are important for a proper understanding of switching overvoltage phenomena.

Readers should be able to grasp the meanings of r–y through a study of the calculation method of

transient recovery voltages in the previous sections.

19.4 Actual Current Tripping Phenomena
by Circuit-breakers

There are various voltage and current conditions for which the circuit-breakers are easy to break or

poor at breaking, or the breakers may or may not cause severe switching overvoltages. We examine

current tripping phenomena under typical different voltage and current conditions for an actual circuit-

breaker.

19.4.1 Short-circuit current (lagging power-factor current)
tripping

We studied the switching phenomena of the circuit shown in Figure 19.1 for the ideal breaker.

However, actual fault current tripping by a breaker is a little different because a current arc appears

chamber gas-pressure(pu)

1.0
0.8
0.6
0.4
0.2

–10       0       10      20      30      40   ms

moving stroke completed

moving start

(c) gas pressure characteristics (effective blowing time)

effective blowing

Figure 19.8 (Continued)
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transiently across the contacts. Figure 19.9a is the same circuit as in Figure 19.1, and where the actual

voltage and current waveforms are also indicated. In this case, the breaker completes current tripping

eventually at the time of the second ‘current zero’. Detailed comments for the waveform are also

written in Figure 19.9. The magnitude of the arc voltage drop would be, say, 5% or less of the peak

value of the phase voltage.

Figure 19.10a shows a typical waveform of transient recovery voltage. Figure 19.10b is the

explanation of transient recovery voltage versus the conceptual insulation withstanding voltage

across the contacts, although the latter conceptual characteristics cannot be measured.

Incidentally, it is not easy to indicate the breaker’s tripping capabilities by simple illustrated

figures. Figure 19.10c is an attempt to illustrate the relation of the breaker’s capability versus the

expected duty required from the power system condition in regard to fault current tripping. The

figure shows the coordinates of rated short-circuit capacity (MVA) of the breaker and the expected

RRRV (kVms) arising in the system. Two breakers of different capabilities are shown in the

diagram. If the required system duty is given by the curve P2, breaker 1 of the larger capability

L r

C
a

(a)

(b)

b

transient recovery voltage

recovery voltage

voltage across contacts nab (t)
arc voltage

successful trip

extinction

open
close

fault current
(90° lagging from voltage)

contact sliding stroke

arcing time

i
t3 t5

t

t3t2t1 t5t4 t6

E

i At t < t1 (before time t1), fault current of 90° lagging power factor is flowing through the breaker,
 while the phase voltage is almost zero under the condition of the fault.
ii The movable contact begins to slide and leave the fixed contact at t1, and simultaneously a current arc
 with smaller voltage drop nab(t) appears across the contacts. The current arc will continue to flow until
 the timing of first or second ‘current zero’ (t3 or t5).
iii The current arc is not extinguished at t3 (the first current zero) by chance, but is extinguished at t5 (the
 second current zero). The polarity of the arc drop voltage is changed at the timing of every current zero.
iv The current arc is extinguished at t5 (the second current zero), and simultaneously the transient recovery
 voltage nab(t) as well as the surge overvoltage na(t) at the terminal a appear.
v The breaker completes tripping at t5 if reignition of arc does not occur.

Figure 19.9 Fault current tripping
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should be adopted. Recall that the breakers always have to be selected to leave some margin to

meet all the possible conditions, including a future expanded power system.

19.4.2 Leading power-factor small-current tripping

This is a very important case to understand unique switching phenomena and the delicate tripping

characteristics of the breakers. Above all, the phenomena of the ‘reignition of arcs’ and ‘restriking of

arc’ during the tripping procedure produce quite different results.

In Figure 19.11a, line section 2 is charged from the generator side while the opposite terminal

end is open. Accordingly, a very small line charging current of leading power factor flows through

the breaker. The breaker Br is going to be tripped to break ‘the small leading power-factor current’

(a)

recovery voltage

time

time

transient recovery voltage

transient recovery voltage

recovery voltage

arc voltage

arc-current

movable contact
fixed contact

voltage (kV)

insulation voltage

insulation voltage

transient recovery voltage transient recovery voltage

trip failure (broken)
arc voltage

voltage (kV)

arc

timetime

(b)

(b1) successful trip (b2) tripping failure

Figure 19.10 (a) Transient recovery voltage (waveform). (b) Transient recovery voltage vs. insulation

voltage. (c) Tripping duty (concept)
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under this condition. We have to investigate two typical, quite different, switching phenomena

by the breaker. Incidentally, referring to Table 2.2, the typical line charging current is 0.6 A/km

for the 275 kV line, so a small current may mean 100 A or less per phase for a line of 100 km

or less.

19.4.2.1 Case 1: successful tripping without reignition or restriking of arc

This case is explained by Figure 19.11b.

A small line charging current i tð Þ flows before time t1 (i.e. t< t1) with 908 leading angular phase to

the voltage E. Immediately after a breaker receives a tripping signal, the movable contact of the breaker

begins to slide off and leave the fixed contact at t1, while the small current still continues to appear as

arc current. Next, the breaker breaks the current at the time of the first current zero t2 (this is called the

low-frequency extinction), because the breaker can quite easily break such a small current. After time

t2 t2 < tð Þ, the system voltage va tð Þ at the terminal point a sinusoidally changes (va tð Þ ¼ E cosot) from

E to�E. On the other hand, the charging d.c. voltage E remains on line section 2 as a residual potential
voltage, because the current is 90
 leading, so that the voltage value at the time of current zero t2 is just

the crest value E. In other words, the voltage of the breaker terminal point b remains unchanged

as vbðtÞ ¼ E. Accordingly, the voltage across the contacts vab tð Þ after t2 would be increased from zero

(at t2) to 2E and soon decrease to zero.

tripping failure

RRRV(kV/ms)

breaker 1

success

breaker 2

Tripping capacity (MVA)
power system 2

power system 1
P1 P2

(c)

Figure 19.10 (Continued)

line #1 line #2
openBr

a b

(a)

Figure 19.11 Leading power-factor small-current (charging current) tripping
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Figure 19.11 (Continued )
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The above behaviour after t2 can be written symbolically as follows:

vaðtÞ ¼ E cosot ¼ jE;�Ej or vaðtÞ2E

vbðtÞ ¼ ½E;�E� ðwhere½E;�E�means between E and� EÞ
; jvabðtÞj22E

The breaker tripping would be successfully completed because the breaker has enough capability to

withstand the voltages within 2E.

19.4.2.2 Case 2: successful tripping including reignition of arc

In the above process, let us assume the occurrence of reignition at t3 which is a quarter cycle or less

after t2 as shown in Figure 19.11b.

When the reignition is caused at t ¼ t3, the potential voltage vbðtÞ at point b just before reignition is

between E and 0, so that vabðtÞ across the contacts is also between E and 0 for t < t3. That is before

reignition

for t < t3 vaðtÞ ¼ E cosot ¼ ½E; 0�
vbðtÞ ¼ ½E; 0� ðd � c potential charging voltageÞ

; jvabðtÞj ¼ E in maximum

Then, the reignition voltage (high frequency free-oscillatory transient voltage) caused just after

t3 � t is of magnitude between ½E;�E� by amplitude �E.

for t3 < t < t4 vaðtÞ ¼ vbðtÞ ¼ ½E;�E�

As the movable contact is still enlarging the stroke, the breaker easily breaks the small oscillatory

current at t4, that is the time of ‘oscillatory current zero’ (this is called high-frequency (current-
zero) extinction).

After arc extinction at t ¼ t4ðt42tÞ; the potential voltage vbðtÞ as well as source voltage vaðtÞ
are kept within ordinal magnitudes E.

In conclusion, even if one time of reignition occurs within a quarter cycle after the initial arc

extinction, the breaker’s recovery voltage vabðtÞ is 2E maximum. In other words, reignition does not

cause severe transient voltages across the breaker contacts, so the breaker tripping will be successfully

completed in this case.

‘Reignition within one time through the type test’ is usually permitted in the representative

international standards for breakers.

19.4.2.3 Case 3: tripping phenomenon including restriking of arc
(tripping failure)

This case is explained by Figure 19.11c.

If reignition (which we need to call ‘restriking of arc’) is caused at t3, which is at least a quarter

cycle after t2. before restriking

for t < t3 vaðtÞ ¼ E cosot ¼ ½0;�E�

vbðtÞ ¼ ½E; 0� ðd � c charging voltagesÞ

; jvabðtÞj ¼ 2E in maximum
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Then, the restriking voltage (high frequency free-oscillatory voltage) after t3 � t is of magnitude

between ½E;�3E� by amplitude �2E.

for t3 < t < t4 vaðtÞ ¼ vbðtÞ ¼ ½E;�3E� ðhigh frequency oscillatory voltage

by amplitude� 2E:Þ

Next, as the movable contact is still enlarging the stroke, the breaker breaks the oscillatory current

at the time of ‘oscillatory current zero’ (at t4; this is again high-frequency extinction.).

After arc extinction at t ¼ t4ðt42t),

for t4 < t vaðtÞ ¼ E cosot ¼ ½0;�E�

vbðtÞ ¼ ½E;�3E� ðd � c potential charging voltageÞ

; E2jvabðtÞj24E

In other words, one time of restriking may causes quite large restriking voltage of up to 4E across
the contacts, and further 3E of phase voltages. Then, the second restriking would inevitably be
caused at t6.

for t6 < t < t7 vaðtÞ ¼ vbðtÞ ¼ ½5E;�3E�
ðtransient restriking voltage of amplitude� 4E in maximumÞ

Further, if the arc is again extinguished at t7, the phase voltage vbðtÞ at the terminal b may

possibly become 5E in maximum, and the voltage vabðtÞ across the contacts may become 6E in

maximum.

If we assume the third restriking, vbðtÞ and vabðtÞ could theoretically become so large magnitude of

even �7E and 8E in maximum, respectively by the similar analogy.

Of course, the breaker can not withstand such severe restriking voltages and the breaking

chamber would be broken probably around the timing of the first or the second restriking. Besides,

earth grounding faults would be newly induced on the breaker or on the other closely installed

equipment.

Case 3 explains why the one-time occurrence of restriking may lead to quite a large

transient recovery voltage vab tð Þ as well as transient phase voltage (switching surge) vb tð Þ
with high probability, by which tripping failure and/or a grounding fault may be caused

and the breaker could be immediately broken, or by which successive restrikings are

caused and further extreme voltages vab tð Þ; vb tð Þ are induced from time to time, so that

tripping failure and breakdown of the breaker would occur sooner or later. Furthermore, a new

grounding failure by phase overvoltage on line section or on substation equipment would also be

caused.

The results of restriking (case 3) and reignition (case 2) are significantly different. Obviously

the occurrence of restriking may cause quite severe effects, so this actually means lack

in the breaker’s tripping capability, while reignition does not necessarily mean lack in

capability.

It should be noted that restriking would be caused not only by tripping of small leading current, but

also by tripping of ordinal fault current if the tripping capability is critical to the circuit condition,
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although the above explanations were made expediently for the processes of small leading current

tripping.

In practical engineering, the necessary tripping duties of each type of breaker are confirmed by

checking all the items in a type test against the specified authorized standards. The occurrence of

restriking for any reason in such a type test is recognized as unsuccessful tripping (rejection by lack of

the tripping capability), although one-time reignition may be permitted.

19.4.3 Short-distance line fault tripping (SLF)

We assume three fault points f1, f2, f3 as shown in Figure 19.12.

In early 1950’s, it was found that f2 fault tripping ( f2 is a few kilometres distant from the breaker)

could be more difficult than f1 fault tripping, in spite of the smaller fault current through the breaker.

This is because a higher RRRV would appear by the fault at f2 as the result of repeated reflection of the

travelling-wave voltages caused by the fault between point b and f2. It was recognized that such

aspects would often appear in cases of faults up to 10 km from the breaker point. Such a fault

was named a short line fault (SLF). With this recognition came the opportunity to make much of

RRRV in addition to transient recovery voltage and recovery voltage in the history of circuit-breaker

development.

19.4.4 Current chopping phenomena by tripping small current
with lagging power factor

Breakers are specifically designed to extinguish large current arcs (of even 50 kA or 63 kA rms

maximum), but then some smaller currents may be cut off before the time of current zero. This

line #1 line #2 
Br 

load 

a b 

L1, C1 L2, C2 L3, C3 

f3 f2 f1 

Case 1: The fault at point f1 (very close to the breaker terminal b)
 The voltage at the terminal b is actually zero just after the fault, namely vb(t) = 0, accordingly va(t) = vab(t)
and the RRRV will not become relatively large in comparison with case 2 in spite of the fault current being
larger than that of case 2.
Case 2: The fault at point f2 (up to 10 km distant from the breaker terminal b)
 The free oscillatory overvoltage vb(t) would appear at point b as the result of repeated travelling-wave
voltage reflection between f2 and b. In addition, the caused frequency would be higher and accordingly the 
RRRV appearing for the breaker’s vab(t) could also be larger, because the distance between f2 and b is only a
few to 10 km. (Assuming distance bf2 = 3 km  and the velocity is 300 m/µs, one-way travelling time is 10 µs so 
that the caused natural frequency would be around 50 kHz.) Therefore, in total, this case could be more
severe for the breaker tripping in comparison with case 1 in spite of the smaller fault current.
Case 3: The fault at point f3 (rather distant from the breaker terminal b)
 In comparison with case 2, the fault current is smaller. In addition, the similar oscillatory overvoltage
would also appear in this case; however, the frequency would be lower because of the distance between f3 and b.
Therefore this case is easier for breaker tripping.

Figure 19.12 SLF (Short Line Fault) tripping
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phenomenon is called current chopping. This current chopping causes large transient recovery

voltages physically because

v tð Þ ¼ L � di tð Þ
dt
!1

even if iðtÞ is small.

A typical case is the tripping of transformer excitation current (90
 lagging) as shown in

Figure 19.13a, in which a small lagging current of the transformer excitation current is going

to be tripped. Figure 19.13b shows the typical waveforms of current chopping, in that the

small arc current is forcibly cut off just before its current zero (the voltage is almost the peak

value in this timing) so that free oscillatory overvoltages appear. The resulting oscillatory

frequency f ¼ 1=ð2p
ffiffiffiffiffiffiffi
LC
p

Þ is also quite high because the leakage capacitance C (from the

insulation structures of bus and feeders etc.) has a rather small value (say, 100–1000 pF).

substation bus

open

open

stray capacitance

transformer
or

reactor

(a) Transformer excitation-current tripping

load
or

generatori
iC

C

TrBr
a b

Note: at t = 0, when
current chopping is initialized,

e(0 –) � E � nb(0–), 
nab(0 –) = arc drop voltage � 0

power source
e = Ecos w t

(c) Simple equivalent circuit

repeated current chopping

C L
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(b) Current chopping

repeated reignition voltage
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Figure 19.13 Current chopping phenomena (small lagging current tripping)
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Figure 19.13c shows the simple equivalent circuit, in which the following equations are found

from the law of energy conservation:

1

2
C � e2 0�ð Þ þ 1

2
L � i2L 0�ð Þ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
total stored energy at t¼0�

¼ 1

2
C � v2

b 0þð Þ
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

max stored energy byC at t¼0þ
where e 0�ð Þ ¼ E cosotjt¼ 0� ¼ E

9
>>>>>=

>>>>>;

r

then

vb 0þð Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L

C
� i2L 0�ð Þ þ E2

r

>

ffiffiffiffi
L

C

r

� iL 0�ð Þ;E
� �

vab 0þð Þ ¼ E �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L

C
� i2L 0�ð Þ þ E2

r

; f ¼ 1

2p
ffiffiffiffiffiffi
LC
p

9
>>>=

>>>;

s

where vb 0�ð Þ; vab 0�ð Þ; i 0�ð Þ : the voltages and current at the time of current chopping

vb 0þð Þ : the peak value of resulting oscillatory voltage at point b

vab 0þð Þ : the peak value of resulting transient recovery voltage of the breaker

f : oscillatory voltage frequency

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(19.45)

The voltage at the time of chopping is almost the peak value of the source voltage e tð Þ, namely

vb 0�ð Þ ; E. Accordingly, vb 0þð Þ would be at least as larger as the crest value of the source

voltage E.

Furthermore, the current chopping phenomena of small inductive current tripping may cause

repeated reignition and high-frequency extinction due to large RRRV and the powerful breaker

capability for forced arc extinction, so that extremely large switching surge overvoltage vb tð Þ and

transient recovery voltage vab tð Þ could be caused.

An effective countermeasure to prevent such overvoltage and tripping failure by current chopping

is the adoption of breakers with resistive tripping, which is general practice in today’s higher voltage

class breakers, in particular the EHV/UHV class. Breakers with resistive tripping/losing are discussed

in Section 19.6.

19.4.5 Step-out tripping

As we have already seen in Figure 19.3, cases 4, 5 and 6, breaker tripping under the step-out procedure

may cause large recovery voltages (3E maximum) so it is one of the most severe tripping duties for the

breaker. High-voltage breakers are usually assigned by the type test to have the capability to trip under

step-out conditions, although most breakers are blocked from step-out tripping practically by

protective relay equipment, as explained in Section 17.4.

19.4.6 Current-zero missing

Lastly, in this section, current-zero missing phenomena of breaker tripping should be recognized as

an essential basis of breakers.

Our breaker is a so-called ‘a.c. tripping breaker’ capable of breaking the current flowing at the time

of current zero within a few cycles. Therefore, breakers cannot trip d.c. offset current or, in other words,

breakers can trip a.c. fault current only at the time of current zero within the duration of the
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effective tripping procedure (see Figure 10.8c). With this in mind, the following two cases should

be considered.

19.4.6.1 Fault tripping with d.c. transient current with long time constant

We know experimentally that tripping failure of breakers by current-zero missing seldom occurs. This

is partly because the time constant of the d.c. component idc in the fault current is rather small,

fortunately for most of the network (say, T ¼ 2L=R ¼ 0:01� 0:05 s), so that idc attenuates quickly at

the beginning of the fault current.

However, the time constants of the power system network are apt to be larger for higher voltage

systems. In particular, the time constant Tof UHV systems may be around or even exceed 0.1 s, which

may be near to the dangerous zone. Fortunately, most EHV/UHV breakers are of the resistive tripping

type (see Section 19.6) which can be very effective in reducing time constants. This is another reason

why tripping failure by current zero seldom occurs.

19.4.6.2 Magnetizing inrush current tripping of transformers

Magnetizing inrush currents including extremely distorted d.c. components might arise 1 or 10 s after

initial excitation of transformers (see Figure 16.10). Therefore an attempt to trip inrush current forcibly

may cause tripping failure of the breaker by current-zero missing, or severe overvoltages by current

chopping (¼ L � di=dt). Accordingly, a breaker should not be tripped for any reason until the inrush

current actually disappears. Usually a trip-lock function is included in transformer protective

equipment as typical practice, by which tripping is blocked for the initial few seconds just after

the transformer is charged.

19.5 Overvoltages Caused by Breaker Closing
(Close-switching Surge)

19.5.1 Principles of overvoltage caused by breaker closing

We now examine the overvoltages caused by breaker closing. In Figure 19.14 the breaker Br is going to

be closed in order to charge the line. Just after the breaker receives the closing dispatch signal, the

movable contact begins sliding to approach the fixed contact and completes mechanical closing within

around 0.1 s. As the stroke approaches and just before the two contacts mechanically touch,

preignition is started and the current arc begins to flow. The current arc will never be extinguished

until the two contacts complete mechanical closing, because the stroke gap across the contacts is

rapidly decreasing. Accordingly, breaker closing is electrically achieved at the time of ignition start.

The timing of arc ignition may be accidental, unlike the timing of current zero for tripping. Also,

line #4

line #3 line #2 line #1p q r s

SBr

bus

Z4
Z3

Z2
Z1= =L´

C´

L
C

nqr(t = 0–) · 1(t)

Figure 19.14 Transient overvoltages caused by breaker closing (breaker-closing surge)
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so-called ‘re-extinction’ is never caused during the closing process, though ‘reignition or restriking’

may be caused during the tripping process.

In Figure 19.14, vqr 0�ð Þ is the preignition voltage across the contacts q and r on initial stage of

closing procedure. Now the transient phenomena caused by the breaker closing can be calculated by

inserting the voltage with the opposite polarity�vqr 0�ð Þ across the points q and r as the sudden forced

voltage source. At the instant of insertion (of arc ignition), the surge travelling waves vq tð Þ, iq tð Þ and

vr tð Þ, ir tð Þ begin to travel in the right and left directions, respectively. The surge equations can be written

as follows:

vq tð Þ � vr tð Þ ¼ vqr 0�ð Þ; iq tð Þ ¼ �ir tð Þ
vq tð Þ
iq tð Þ ¼ Z2;

vr tð Þ
ir tð Þ ¼ Z1

9
=

;
(19.46a)

; surge in left direction surge in right direction

vq tð Þ ¼ Z2

Z1 þ Z2
� vqr 0�ð Þ

iq tð Þ ¼ 1

Z1 þ Z2
� vqr 0�ð Þ

9
>>=

>>;

r

vr tð Þ ¼ Z1

Z1 þ Z2
� vqr 0�ð Þ

ir tð Þ ¼ � 1

Z1 þ Z2
� vqr 0�ð Þ

9
>>=

>>;

s

9
>>=

>>;

(19.46b)

These equations give the initial travelling surge voltages and currents in both directions.

For the initial voltage across the breaker contacts just before preignition by closing, vqr 0�ð Þ:

Case 1 : points q and r are loop connected through another route or a parallel circuit :

At t< 0

vqr tð Þ ¼ E1e jot � E2e j otþdð Þ ¼ E1 1� E2

E1
e jd

� �

e jot
; E1 1� e jd

� 
e jot 2

ffiffiffi
2
p

E1

; vqr 0�ð Þ ¼ 1:4 E maximum: r

Case 2 : the switch S at point s is opened :

The residual voltage of 0 to � E may exist at line 1 unless the line is forcibly grounded:

On the other hand; the phase angle of the generator source voltage is within 0
 to 360
:

Accordingly;

vqrð0�Þ ¼ 2E maximum s

Case 3 : closing of inverse angular polarity ðby operational mistakeÞ
vqrð0�Þ ¼ 2E maximum t

Needless to say; breaker closing without synchronization has to be strictly avoided not only

to prevent instability or generator shaft distortion; but also to prevent switching overvoltages

and breaker failure:

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(19.47)

19.5.1.1 Numerical check of surge voltage caused by breaker closing

In Figure 19.14, the following line conditions are assumed and attenuation is neglected:

	 Overhead line 1: length 15 km, surge impedance Z1 ¼ 300 V, velocity u1 ¼ 300 m=ms; switch S at

the opposite terminal s is opened.

	 Cable line 2: length 5 km, surge impedance Z2 ¼ 30 V, u2 ¼ 150 m=ms.
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	 Overhead lines 3, 4: length infinite, surge impedance Z3 ¼ Z4 ¼ 300 V, u3 ¼ u4 ¼ 300 m=ms.

For the initial surge in the left direction (from point q to p):

vqðtÞ ¼
Z2

ðZ1 þ Z2Þ
� vqrð0�Þ ¼

30

ð300þ 30Þ � vqrð0�Þ ¼ 0:09 � vqrð0�Þ

iqðtÞ ¼
1

ðZ1 þ Z2Þ
� vqrð0�Þ ¼

1

ð300þ 30Þ � vqrð0�Þ ¼ 0:003 � vqrð0�Þ

	 The coefficient of reflection at point p ¼ ð150� 30Þ=ð150þ 30Þ ¼ 0:67.

	 Total time going to and returning from points q; p ¼ 2� 5000=150ms ¼ 66:7 ms; f ¼ 15:0 kHz

	 The voltage at point q at the time of arrival of the first reflected wave

ð1þ 0:67Þ � vqrð0�Þ ¼ 1:67 � vqrð0�Þ

For the initial surge in the right direction (between points r and s):

vrðtÞ ¼
Z1

Z1 þ Z2
� vqrð0�Þ ¼ 300=ð300þ 30Þ � vqrð0�Þ ¼ 0:91 � vqrð0�Þ

irðtÞ ¼
1

Z1 þ Z2
� vqrð0�Þ ¼ 1=ð300þ 30Þ � vqrð0�Þ ¼ 0:003 � vqrðtÞ

	 The coefficient of reflection at open point s ¼ ð1� 300Þ=ð1 þ 300Þ ¼ 1:0

	 Total time for going to and returning from points r; s ¼ 2� 15; 000=300ms ¼ 100 ms ; f ¼
10 kHz

	 The voltage at point r at the time when the first reflected wave arrives ð1þ 1Þ � vqrð0�Þ ¼
2:0 � vqrð0�Þ

Higher frequency caused by short-distance reciprocating surge travel means higher steepness

generally, while the attenuation caused by eddy-current losses and corona losses is rather quick.

Recently developed gas-insulated switchgear (GIS) is generally of compact size in length, so that

switching surges with extraordinarily higher frequency phenomena (say 1 GHz) could appear within a

limited distance. We discuss this problem in Chapters 20 and 21.

19.6 Resistive Tripping and Resistive Closing
by Circuit-breakers

19.6.1 Resistive tripping and closing

The structural practice of resistive tripping and resistive closing has been adopted for most EHV and

UHV breakers. Diagrams of two typical practices are given in Figure 19.15. As shown in the figure, a

breaker has one main contact frame s1 and one auxiliary contact frame s2 (resistive contacts) and the

resistor element R (usually 300–500 V, short-duration time).

For the tripping sequence, in the original breaker closing condition, the main contact s1 as well as

the auxiliary contact s2 are in the closed position so that all the current i flows through the main contact

s1. Just after the tripping signal is received, the main contact s1 is opened first at t1, then the current pass

through the main contact is switched to the auxiliary pass through the resistive element and the
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auxiliary contact s2, and the resistive restrained current iaux flows through the auxiliary pass until s2 is

opened at t2 (the time difference is, say, DT1 ¼ t1 � t2 ¼ 10 ms or less), thus completing the breaker

tripping.

Although the duration DT1 of the current iaux flowing through the resistive element is only 10 ms,

the resistive element has to withstand the temperature rise caused by the extremely large resistive lossÐ
i2aux � R dt.

For the closing sequence, in the original breaker opening condition, the main contact s1 as well as

the auxiliary contact s2 are in the open position. Just after the closing signal is received, the auxiliary

contact s2 is closed first at t1, then the resistive restrained current iaux begins to flow through the

auxiliary pass until s1 is closed at t2 (the time difference is, say, DT2 ¼ t1 � t2 ¼ 10�20 ms),

completing the breaker closing.

Although the duration DT2 of the current iaux flowing through the resistive element is only 10 ms or

less, the resistive element has to withstand the temperature rise caused by the extremely large resistive

loss
Ð

i2auxRdt.

19.6.1.1 Reasons for adopting resistive tripping and closing

First, as a part of insulation coordination, the switching surge voltage by the breaker tripping/closing

has to be restrained within a regulated upper limit level assigned to the duties of breakers by the

associated standards or recommendations for coordinating system insulation.

Tables 21.2B, 2C are the IEC and IEEE standards for power systems over 200 kV, which

indicate the permissible switching surge level. The permissible switching surge level based on

these standards can be written usually as the multiple PU value (a) based on the crest value of the

rated phase voltage.

For example, in the IEC standard (Table 21.2B) for a rated voltage 420 kV system, for the highest

system voltage Vl-l ¼ 420 kV (line-to-line, rms value), the crest value of the line-to-ground phase

voltage is ð
ffiffiffi
2
p

=
ffiffiffi
3
p
Þ � 420 kV ¼ 343 kV. The specified standard switching impulse-withstand voltage

by the IEC for this operating voltage system is 850 kV or 950 kV or 1050 kV, corresponding to

a¼ 2.48, 2.77 or 3.06 times 343 kV, respectively.

Secondly, breakers of higher voltage and large current capacity (such as 50 kA, 63 kA), in

particular of EHV/UHV, with a reasonable structure can be realized only by adopting the principles of

resistive tripping/closing by which transient recovery voltages can be reduced.

Incidentally, as a matter of interest, we can say that resistive tripping/closing has always been an

essential feature of the technology in the 100-year dramatic history of breaker development.

s1

R

R

s2

s1s2

(example 1)

(example 2)

s1: main contact frame

s2: auxiliary (resistive) contact frame

tripping sequence

tripping signal → s1 opening → s2 opening

closing signal → s2 closing → s1 closing

closing sequence

Figure 19.15 Resistive tripping method and resistive closing method
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A resistive element of typically 300–500 V is adopted in order to satisfy the requirements of both

the above reasons. Assuming R ¼ 500 V for a 500 kV breaker, the current flow iaux of the auxiliary

contact frame is 500=
ffiffiffi
3
p
 500 ; 0:6 kA rms. Then the resistive element has to withstand thermal

energy of
Ð

i2aux � Rdt ; ð600Þ2 � 500 Watt � 10�2sec ¼ 1800 kJ, although the duration DT1 is only

about 10 ms. Ceramic resistors have been used recently because of their outstanding heat-resisting

stable characteristics.

19.6.2 Overvoltage phenomena caused by tripping of breaker
with resistive tripping mechanism

We examine the tripping phenomenon for the circuit in Figure 19.16a in which a grounding fault has

occurred and the fault current (908 lagging) iðtÞ ¼ I sinot is flowing through the breaker. The main

contact frame s1 starts moving and breaks the through current at the time of current zero ðt ¼ 0Þ. A little

time DT later, the auxiliary contact frame s2 breaks the current iauxðtÞ at the time of current zero.

+
a b

(d) s2 opening

Rc

iaux(s)Z1(s) Z2(s)

+
a b

(b) s1 opening

R
iaux(s)

i(s)i(s)

Z1(s) Z2(s)i1(s)

s1

s2 c

a b

(a) before s1 opening

R

i1

i(t)

jwL1
e = E cos w t

jwL2

s2

a b

(c) before s2 opening

Rc
iaux

jwL1 jwL2

Figure 19.16 Calculation of breaker resistive tripping surge voltages
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The initial voltage and current (steady-state value) in Figure 19.16a are

eðtÞ ¼ E cosot

iðtÞ ¼ i1ðtÞ ¼ I sinot ¼ E

oðL1 þ L2Þ
sinot ðcurrent zero at t ¼ 0Þ

9
=

;
(19.48)

The transient phenomenon when the main contact frame starts moving can be calculated as in

Figure 19.16b, where the total impedance looking into the circuit from points a and b is composed as

the parallel circuit of the surge impedance ðZ1 þ Z2Þ and R. The equation for the Laplace transform is

i1ðsÞ ¼
E

oðL1 þ L2Þ
� L sinot½ � ¼ E

oðL1 þ L2Þ
� o
s2 þ o2

iðsÞ ¼ R

Rþ Z1ðsÞ þ Z2ðsÞ
�i1ðsÞ� aðsÞ � i1ðsÞ

where aðsÞ ¼ R

Rþ Z1ðsÞ þ Z2ðsÞ
vaðsÞ ¼ Z1ðsÞ � iðsÞ ¼ aðsÞ � Z1ðsÞ � i1ðsÞ
vbðsÞ ¼ �Z2ðsÞ � iðsÞ ¼ �aðsÞ � Z2ðsÞ � i1ðsÞ

vabðsÞ ¼ fZ1ðsÞ þ Z2ðsÞg � iðsÞ ¼ aðsÞfZ1ðsÞ þ Z2ðsÞg � i1ðsÞ

9
>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>;

(19.49)

The special case of a non-resistive-tripping breaker is obtained by letting R!1. Then a (s)! 1:

i sð Þ ¼ i1 sð Þ
va sð Þ ¼ Z1 sð Þ � i1 sð Þ
vb sð Þ ¼ �Z2 sð Þ � i1 sð Þ
vc sð Þ ¼ Z1 sð Þ þ Z2 sð Þf g � i1 sð Þ

9
>>>=

>>>;

(19.50)

In comparison with Equations 19.49 and 19.50, all the transient quantities i sð Þ; va sð Þ; vb sð Þ; vab sð Þ
can be reduced by adopting resistive tripping with resistance R, and the rate of switching surge

reduction is given by a sð Þ:

a sð Þ ¼ R

Rþ Z1 sð Þ þ Z2 sð Þ (19.51a)

For the initial time interval before the reflected waves return from the transition point at the opposite

terminal, simplification of Z1 sð Þ!
ffiffiffiffiffiffiffiffiffiffiffiffiffi
L1=C1

p
; Z2 sð Þ!

ffiffiffiffiffiffiffiffiffiffiffiffiffi
L2=C2

p
is possible and

a ¼ R

Rþ
ffiffiffiffi
L1

C1

q
þ

ffiffiffiffi
L2

C2

q (19.51b)

Accordingly, the initial levels of the switching surges va; vb; vab; i can be reduced by the rate of a in

Equation 19.51b.

If the resistance R is selected to be smaller than Z1 þ Z2ð Þ, namely R< Z1 þ Z2ð Þ, the transient

voltages can be reduced within a half. If smaller R is selected, the tripping duty of the main contact

frame as well as the induced switching surge voltages can be reduced, though a relatively larger

tripping duty would be required for the auxiliary contact frame.

Next, the auxiliary contact frame s2 is opened with a time delay of about 10 ms from the opening of

s1, and the transient phenomenon is calculated as in Figures 19.16c and d. The transient term of iaux at
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the opening of s1 disappears quickly (because of the insertion of large R), and the initial iaux at the time

of s2 opening is given by

iaux tð Þ ¼ E

Rþ jo L1 þ L2ð Þj j sinot ;
E

R
sinot current zero at t ¼ 0ð Þ (19.52)

where R ¼ 300� 500 V �o L1 þ L2ð Þ.

The equation of the Laplace transforms is

iaux sð Þ ¼ E

Rþ s L1 þ L2ð Þj j �
o

s2 þ o2
;

E

R
� o
s2 þ o2

va sð Þ ¼ Z1 sð Þ � iaux sð Þ
vb sð Þ ¼ �Z2 sð Þ � iaux sð Þ
vc sð Þ ¼ � Rþ Z2 sð Þf g � iaux sð Þ

vac sð Þ ¼ Rþ Z1 sð Þ þ Z2 sð Þf g � iaux sð Þ

9
>>>>>>>>=

>>>>>>>>;

(19.53)

The above equations indicate the approximation

the induced surge voltages

va ¼
Z1

R
E; vb ¼

�Z2

R
E; vab ¼

Z1 þ Z2

R
E; vc ¼ � 1þ Z2

R

� �

E
r

the current through the auxiliary contact frame

iaux tð Þ ;
E

R
sinot

s

9
>>>>>>=

>>>>>>;

(19.54)

Accordingly, tripping of the current iaux by the auxiliary contact frame is relatively easy, because the

magnitude of iaux is small, and iaux is almost in phase with the voltage so that the transient recovery

voltage at the time of current zero of iaux is also small. Then iaux can be tripped by the relatively simple

and small auxiliary contact frame.

Meanwhile, the heat energy which causes a temperature rise in the resistive element can be

calculated by the equation
ð

iaux tð Þ2 �Rdt ; i2auxR � DT (19.55)

where DT ; 0:01 sec.

The resistive element has to withstand the above heat energy and to maintain a relatively stable ohm

value through the duration of DT .

19.6.3 Overvoltage phenomena caused by closing of breaker
with resistive closing mechanism

In Figure 19.17, the main contact frame s1 as well as the auxiliary contact frame s2 are open when the

breaker is initially opened. Breaker closing is started by s2 first and is completed by s1 closing with time

delay DT.

The initial voltage vab 0�ð Þ across the breaker terminals a–b is affected by the condition of

the terminal d on the opposite side:

	 When d is in the open condition,

vd ¼ �e to 0 to þ e; then vab 0�ð Þ ¼ 2e maximum:

19.6 RESISTIVE TRIPPING AND RESISTIVE CLOSING BY CIRCUIT-BREAKERS 403

|ffl
fflfflfflffl
{z
fflfflffl
fflffl}



	 When d is under a grounding fault or manually grounded,

vd ¼ 0; then vab 0�ð Þ ¼ e maximum:

	 For the breaker closing under synchronization,

va; vb are in phase; then vab 0�ð Þ ; 0:

Accordingly, the initial voltage can be written as vab ¼ k � e (where k ¼ 0� 2) in our calculation,

which is to be inserted between the points a and b in Figure 19.17b.

After the sliding action of s2 starts, pre-ignition across s2 would probably be caused before

mechanical contact is complete, which is actually the time of ‘electrical closing’ because ignition

continues without extinction until the mechanical contact of s2 is finished. The ‘timing of electrical

closing t ¼ 0’ is a matter of chance.

Accordingly, the initial voltage across the breaker terminals at t ¼ 0 is

vac tð Þ ¼ k � E cos ot þ dð Þ (19.56)

where k ¼ 0� 2 (decided by the condition of line 2).

R

ca b

(b) s2 closing

nac(s) ii

iaux(s)Z1(s) Z2(s)

R

a b

d

(c)

i1(s)

nab

i(s)

Z1(s) Z2(s)

line #1 line #2
Rs2

s1ca

a db

(a) before s2 closing

e = E cos (wt + d) jwL1 jwL2

Figure 19.17 Calculation of breaker resistive closing surge voltages
|ffl
ffl{
zffl
ffl}
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The equation just after the ‘electrical closing’ of s2 at t ¼ 0 is

vac sð Þ ¼ k � E � L cos ðot þ dÞ½ � ¼ kE � s cos d� o sin d
s2 þ o2

r

iaux sð Þ ¼ 1

Rþ Z1 sð Þ þ Z2 sð Þ � vac sð Þ s

va sð Þ ¼ Z1 sð Þ � iaux sð Þ ¼ Z1 sð Þ
Rþ Z1 sð Þ þ Z2 sð Þ � vac sð Þ t

vb sð Þ ¼ �Z2 sð Þ � iaux sð Þ ¼ �Z2 sð Þ
Rþ Z1 sð Þ þ Z2 sð Þ � vac sð Þ u

vc sð Þ ¼ � Rþ Z2 sð Þf g � iaux sð Þ ¼ � Rþ Z2 sð Þf g
Rþ Z1 sð Þ þ Z2 sð Þ � vac sð Þ v

9
>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>;

(19.57)

The special case of a non-resistive-closing breaker is obtained by letting R! 0 in the above equations;

then the denominator is changed as Rþ Z1 sð Þ þ Z2 sð Þf g! Z1 sð Þ þ Z2 sð Þf g. Therefore, the resulting

transient switching surge quantities i sð Þ; va sð Þ; vb sð Þ; vc sð Þ; vac sð Þ can be reduced by adopting the

resistive closing method, and the rate of switching surge reduction is given by b sð Þ as

bðsÞ ¼ Z1 sð Þ þ Z2 sð Þ
Rþ Z1 sð Þ þ Z2 sð Þf g (19.58a)

For the initial time interval before the reflected waves return from the transition points on the

opposite sides, simplification of Z1 sð Þ!
ffiffiffiffiffiffiffiffiffiffiffiffiffi
L1=C1

p
; Z2 sð Þ!

ffiffiffiffiffiffiffiffiffiffiffiffiffi
L2=C2

p
is possible. Then, the initial

(b) opening operation of LS11

(a)

line #1

Br1

C

a b

LS11
LS22

LS21
Br2

LS12

bus-tie breaker

bus-A bus-B

power sourcet1 t2

t2

contact b contact a

nb (t)
na (t)

Figure 19.18 Switching surge caused by line switch (disconnecting switch) operation
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surge reduction rate by adoption of a resistive closing breaker is

b ¼

ffiffiffiffi
L1

C1

q
þ

ffiffiffiffi
L2

C2

q

Rþ
ffiffiffiffi
L1

C1

q
þ

ffiffiffiffi
L2

C2

q (19.58b)

If R is selected as R ; Z1 þ Z2, then the surge level is reduced to approximately one-half. The resulting

transient voltages and currents can be calculated by solving Equation 19.57.

Generally in the case of breaker closing, the behaviour of the transient voltages va; vb; vab is not so

severe, but the transient current iaux (the inrush current) is an important matter because the contacts

have to withstand a large inrush current without melting, and furthermore the breakers under the

resistive closing method have to withstand the thermal energy caused on the resistive element.

If the breaker is closed for the faulted line, the short-circuit current i tð Þ begins to flow immediately,

and the initial current i 0þð Þmay be twice the value of the a.c. component because the d.c. component

may be superposed. Then the maximum inrush current is as follows:

theoretical largest value : 2
ffiffiffi
2
p
� Irate ¼ 2:83 � Irate

practical largest value : 2:5 � Irate ðvarious system losses are taken into accountÞ
where Irate is the rated fault tripping current

(19.59)

Returning to the breaker with resistive closing, Equation 19.57 shows that the initial current iaux is

reduced by b, so the duty of the auxiliary contact frame to the inrush current is also reduced by b, while

the accumulated thermal energy of the resistive element i2auxR � DT has to be treated as a breaker design

factor.

Next, the voltage vab tð Þ ¼ R � iaux tð Þ just before closing the main contact frame is almost at steady

state, because iaux is already dominated by R. Accordingly, severe transient behaviour would not

generally be caused, whose phenomena can be calculated as in Figure 19.17c, if necessary.

19.7 Switching Surge Caused by Line Switches
(Disconnecting Switches)

A line switch (LS, also called a ‘disconnecting switch’) is a switching device which does not have the

duty to break or to close load current or fault current. Its duty is to change the network connection by

switching on/off under no-load circuit conditions. As shown in Figure 19.18 as an example, LSs are

important members of the bus system and carry out their duties in combination with breakers. LSs can

be operated only under the condition that all the series-connected breakers are open, and no current

flows through the LS before and after switching is assured. (Therefore the sequential interlocking
facilities in combination with breakers at the same substation are vitally important.) The LS is not

required to operate quickly, so opening and closing are rather slow. The operating stroke time of a

conventional open-air LS may be, say, 2–3 s, while that of an LS set in GIS would be, say, 0.5–1 s.

However, the LS has to trip ‘leakage current’ which flows through a small leakage capacitance C

in a neighbouring section, by which unique ‘switching surge phenomena by LS’ are caused.

Now weexamine the mechanismof so-called LSswitchingsurge as inFigure19.18a.The substation

here consists of a double bus structure (buses A and B), and feeder line 1 is connected to bus A (i.e. LS11

closed, LS12 open). Now the connection of feeder line 1 is going to be changed from bus A to bus B.

The operating process is follows:

	 Time t1: The breaker BR1 is tripped (load current tripped).

	 Time t2: LS11 is opened. At this time, the line switch LS11 has to break the leakage current which is

flowing across the leakage capacitance C of the small energized section connecting Br1=LS11=LS12.
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	 Time t3: LS12 is closed, so the bus connection changing processes of feeder line 1 from bus A to bus B

are completed.

Concerning the behaviour of LS11 at time t2 when LS11 is going to break the leakage current

ic ¼ joC � E, the waveform of the voltage switching surge caused by LS11 opening is as shown in

Figure 19.18b. The voltage at point b (one terminal of LS11) is obviously a.c. system voltage vb ¼
E cosot with a sinusoidal waveform, while the waveform for the voltage va at point a (another terminal

of LS11) is of repeated stepping form with quite high oscillatory transient terms.

19.7.1 LS switching surge: the mechanism appearing

Just after contact a leaves contact b, free oscillatory overvoltage va appears in the small section

including point a, whose natural frequency is extraordinarily high because the travelling distance l is

quite short (say, l ¼ 10 m or less for a conventional substation, and a few meters or less for GIS). If the

travelling length l ¼ 6 m is assumed, the velocity u ; 300 m=ms and the natural frequency caused at the

small section would be approximately 25 MHz. The oscillatory transient term of va may soon be

attenuated, and va would remain on the small section as the d.c. charging voltage of the stray capacitance

C. However, the voltage vb ¼ E cosot still changes continuously, so the voltage vab across points a and

b increases. On the other hand, the stroke speed of the LS is so slow that a second reignition is inevitably

caused. The amplitude of the second oscillation may be larger than that of the first oscillation by chance.

These reignitions would be repeated after some cycles, and the amplitude of the transient terms could

become larger by repetition. However, the LS can finally break the charging current because the stroke

distance of the LS is long enough to recover the insulation across the contacts.

The problem we need to consider is severe ‘LS switching surge’ attacks frequently on all the

energized parts of the substation (buses A and B and all other connected equipment). The ‘LS

switching surge’ could be even more severe than a lightning surge in practical engineering, especially

for EHV and UHV substations, for the following reasons:

	 Physical surge level: The magnitude of lightning surges arriving at a substation is repressed within a

certain level by the arrester installed at each feeder terminal. In comparison with these repressed

lightning surges, LS surges could be even larger in magnitude, higher in frequency and of a much

longer duration, often in daily operation. This tendency is conspicuous for the EHV/UHV system,

because it is generally designed with relatively a lower insulation level in total.

	 Protection hardness: LS switching surges are caused inside the substation, so surge protection by

arrestors or any other devices may not be easy. The LS switching surges appearing may affect nearby

equipment directly without attenuation. Meanwhile, closely installed arresters (installed typically at

the line feeder terminal point for lightning surge protection) have to withstand the thermal energy

caused by long LS surges.

	 Chance: LS switching surges appear quite often whenever any one of several LSs is operated.

We will discuss this matter again in Chapters 20 and 21.

Again, as in Figure 19.18a, capable LSs which cause fewer switching surges are of course

important. Further, if a leakage resistance exists in parallel with the stray capacitance C, it could be an

effective countermeasure to reduce the surge level. Adopting ‘a gap-less arrester’ at the small section

may also be useful. The gap-less arrester could work as a kind of non-linear high-resistive device

connected in parallel with the stray capacitance C, while the duty of the arrester might be severe.

Incidentally, the LS is usually equipped with the earth grounding function at its terminals, which

should be grounded during maintenance work periods on the associated transmission line or any other

associated part of the substation. The LS is usually equipped with a manual earth grounding function
as typical practice.
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19.8 Supplement 1: Calculation of the Coefficients k1�k4
of Equation 19.6

Coefficient k1 can be calculated by putting s ¼ � jo in the equation F sð Þ � sþ joð Þ as explained in

Section 10.5 of Chapter 10:

k1 ¼ F sð Þ � sþ joð Þjs¼� jo ¼
� joþ 2a

� j2o � ð� joþ aþ juÞ � joþ a� juð Þ

¼ j

2o
� � joþ 2a

.

ðu2 � o2

-
þ a2

-
Þ � j2oa

;
� j

2o
� � jo

u2
¼ 1

2u2

In the same way

k2 ¼ F sð Þ � s� joð Þjs¼ jo
� j

2o
� joþ 2a

.

ðu2 � o2

-
þ a2

-
Þ þ j2oa

;
j

2o
� � jo

u2
¼ 1

2u2

k3 ¼ F sð Þ � sþ aþ juð Þjs¼�a� ju ¼
j

2u
� � juþ a

.

ð�u2 þ o2

-
þ a2

-
Þ þ j2u

-
a

;
j

2u
� � ju

�u2
; � 1

2u2

k4 ¼ F sð Þ � sþ a� juð Þjs¼�aþ ju ¼
� j

2u
� juþ a

.

ð�uþ o2

-
þ a2

-
Þ � j2u

-
a

;
� j

2u
� ju

�u2
¼ � 1

2u2

9
>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>;

(1)

The arrows - are the ‘arrows of omission’ indicating neglected parts for reasons of simplicity.

19.9 Supplement 2: Calculation of the Coefficients k1�k6
of Equation 19.17

Here

k1 ¼ F sð Þ � sþ joð Þjs¼� jo ¼ ð� joÞfC1ð�o2
.
þ u2

1Þ þ C01ð�o
2
.
þ u2

2Þg
C1C01ð� j2oÞfð� j o

-
þ a1
-
Þ2 þ u2

1gfð� j o
-
þ a2
-
Þ2 þ u2

2g

¼ C1u2
1 þ C01u2

2

2C1C01u2
1u2

2

¼ 1

2C1u2
1

þ 1

2C01u2
2

¼ 1

2
L1 þ L01
� �

(1)

In the same way

k2 ¼
1

2
L1 þ L01
� �

¼ k1 (2)

k3 ¼ F sð Þ � sþ a1 þ ju1ð Þjs¼�ða1þ ju1Þ

¼ �ða1
. þ ju1Þ½C1fða1

. þ ju1Þ2 þ u2
1g þ C01fða1

. þ ju1Þ2 þ u2
2g�

C1C01fða1
-
þ ju1Þ2 þ o2

-
gð� j2u1Þfð� a1

-
þ ju1 þ a2

-
Þ2 þ u2

2g

¼ � 1

2C1u2
1

¼ � L1

2

(3)

k4 ¼ F sð Þ � sþ a2 þ ju2ð Þjs¼� a1� ju1ð Þ ¼ �
1

2C1u2
1

¼ � L1

2
(4)

k5 ¼ k6 ¼ �
L01
2

(5)

These are the results given in Equation 19.18.
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19.9 SUPPLEMENT 2 409

Coffee break 10: Fortescue’s symmetrical components

Although the symbolic complex-number methods of Kennelly and Steinmetz made circuit

analysis easier, the analysis of a three-phase circuit was still a problem because of the existence

of mutual inductances and capacitances between the phases. Referring to the calculation in

Table 7.2, for example, we cannot even write the circuit before solution without adopting

symmetrical components. It is therefore worth learning a little about the history of symmetrical

components.

The original (coordinate) method was developed by

Charles LeGeyt Fortescue (1876–1936), a prominent

engineer at Westinghouse. It was first disclosed in his

paper ‘Method of Symmetrical Coordinates Applied to the

Solution of Polyphase Network’, published in the AIEE

Transactions in 1918, in which he treated the calculation of

a small circuit including a rotating machine. In this paper

he explained the method, using the symbols E, aE, a2E as a

decomposition of complex steady-state phasors of sinu-

soidal time functions, as the basis for the transformation of

arbitrary three phase variables.

The application of symmetrical components first

appeared by the following three papers. ‘Synchronous

Operation of Two Alternators through Unsymmetrical

Impedances.’ by S. Bekku (Electrical Institute of Japan,

1924)

‘Calculation of short-circuit ground currents on three

phase power networks, using the symmetrical coordinates’

byS.Bekku,Gen.Electr.Rev.,1925)(alsoinElektr.Z.,1925)

‘Finding single-phase short-circuit currents on calculating boards’ by R. D. Evans, Electr.

World, 1925.

The second and the third papers were quoted by Edith Clarke in her famous book published

in 1943 (Circuit Analysis of Power Systems, Volume I) as the first two papers in English on

application of symmetrical components.
The following two books were probably the first published textbooks on symmetrical

components:

Application of Symmetrical Components by Sadatoshi Bekku (1928, in Japanese)

Symmetrical Components as Applied to the Analysis of Unbalanced Electrical Circuit by C. F.

Wagner and R. D. Evans (1933)

It is a little strange that papers or books on application of symmetrical coordinate method

seldom appeared in years of 1918–1933 except the above quoted ones and a few other papers,

despite its so real worth. It took 20 more years after 1918 for the true worth of symmetrical

components to be noticed and the began to prevail among many electricians.

Fortescue seldom wrote about the applications of symmetrical component, probably

because he had to concentrate on his research into lightning phenomena and high-voltage

insulation, the most serious problems in 1920’s. His style can be seen in his papers, for example:

‘Lightning Discharges and Line Protective Measures’ (AIEE Trans., 1931)

‘Counterpoises for Transmission lines’ (Electr. Eng., 1933)

‘Counterpoise Test at Traffort’ (Electr. Eng., 1934)

Charles LeGeyt Fortescue
(1876–1936) (Courtesy of

Westinghouse and IEEE History

Center)



L. L. Lewis, a student of Steinmetz and a great benefactor of lightning theory and insulation

coordination, mentioned in the introduction to his famous book The Protection of Transmission

Systems against Lightning (1949) the names of a few creditable contributors in the field of

lightning technology before 1940, namely: F. C. Peek for theories of lightning, direct strike,

ground wire; C. L. Fortescue for theories of direct strikes, ground wires and counterpoise wires;

L. V. Bewley for theories on counterpoise wires and travelling waves.

Fortescue was born in York Factory, Manitoba. After his granduation he spent most of his

professional career working for Westinghouse as a leading researcher competing with GE. The

Charles LeGeyt Fortescue Scholarship was established in 1939 as a memorial in recognition of

his valuable contributions to the field of electrical engineering.
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20
Overvoltage Phenomena

We have examined the mechanisms of switching surges and other overvoltage phenomena in the

previous chapters. In this chapter, we try to survey generally the various kinds of overvoltage

behaviour including power frequency phenomena as well as switching surges and lightning surges.

These determine the essential prerequisite conditions for coordinating the insulation of power system

networks.

20.1 Classification of Overvoltage Phenomena

Table 20.1 lists our classification of overvoltages. We examine several different overvoltages along

with this classification. The phenomena listed in item 2a, for example, may not usually be discussed

because they seldom occur. However, engineers need to study the mechanism and to assure the absence

of this sort of problem.

20.2 Fundamental (Power) Frequency Overvoltages
(Non-resonant Phenomena)

Phenomena for four different power frequency overvoltages are listed below.

20.2.1 Ferranti effect

In the power system of Figure 20.1a, the vector diagrams for the cases of lagging and leading power

factors are shown in Figures 20.1b and c. In the leading power-factor operation, the receiving terminal

voltage vr becomes larger than the sending terminal voltage vs (i.e. vs < vr). The phenomenon in which

vr becomes larger than vs is called the Ferranti effect. In fact, we have already discussed much of this

in regard to leading power-factor load operation in Section 16.3.

20.2.1.1 Overvoltage by transmission line charging

The utmost case of pure capacitive load is transmission line charging from one terminal, whose vector

diagram is shown in Figure 20.1d.

Handbook of Power System Engineering Yoshihide Hase

# 2007 John Wiley & Sons, Ltd



We calculate the overvoltage when the line is charged from sending terminal point s (the receiving

terminal r is open). The four-terminal circuit equation between points s and r is given by Equation

18.19b. Now, putting Ir ¼ 0 in the equation, we have

Vr xð Þ
Vs xð Þ ¼

1

cosh g sð Þ � x ðratio of overvoltages at the receiving terminalÞ

where g sð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Lsþ Rð Þ Csþ Gð Þ

p

9
>=

>;
(20.1)

Table 20.1 Overvoltage phenomena

1. Fundamental (power) frequency overvoltages (temporary overvoltages)

1a. Ferranti effect

1b. Self-excitation of generator

1c. Overvoltages of unfaulted phases by one line-to-ground fault

1d. Sudden load tripping or load failure

2. Lower frequency harmonic resonant overvoltages

2a. Broad area resonant overvoltages (lower order frequency resonance)

2b. Local area resonant overvoltages

3. Switching surge

3a. Breaker closing overvoltages

3b. Breaker tripping overvoltages

3c. Switching surges by line switches

4. Overvoltage phenomena by lightning strikes

4a. Direct stroke to phase conductors (direct flashover)

4b. Direct stroke to overhead grounding wire or to tower structure (inverse flashover)

4c. Induced strokes (electrostatic induced strokes, electromagnetic induced strokes)

5. Overvoltages caused by abnormal conditions

5a. Interrupted ground fault of cable (in high-impedance neutral grounding system)

5b. Overvoltages induced on cable sheath (see Chapter 23)

5c. Touching of different kilovolt lines etc.
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jxd·i

jx·i
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jxd·i jx·i
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(a) power system 

(b) load with lagging power factor 

(d) pure capacitive load (cosf = 0) 

(0 < cosf < 1.0) (–1.0 < cosf < 0) 
(c) load with leading power factor

Figure 20.1 Vector diagrams under different power-factor loads
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Neglecting R and G, and letting s! jo (because fundamental phenomena are investigated here),

cosh g sð Þ � x ¼ cosh
�

jo
ffiffiffiffiffiffi
LC
p

� x
�
¼ 1

2
e jo

ffiffiffiffiffi
LC
p

x þ e� jo
ffiffiffiffiffi
LC
p

x
n o

¼ cos ox �
ffiffiffiffiffiffi
LC
p� �

;
Vr

Vs
¼ 1

cos ox �
ffiffiffiffiffiffi
LC
p� � 3 1:0

9
>>>>>>=

>>>>>>;

(20.2)

The equation is the rate of overvoltage caused at point r in comparison with the voltage at point s.

Figure 20.2 shows the calculated result of the equation under the condition of typical line constants

L ¼ 1 mH=km;C ¼ 0:01 mF=km; 50 Hz. The rate of overvoltage at point r is 1.05 for line length

l ¼ 312 km, and 1.10 for l ¼ 432 km. In the case of n parallel circuits, the constants are replaced as

L! 1=n � L; C! n � C so that
ffiffiffiffiffiffi
LC
p

and the rate Vr=Vs are not affected.

As we discussed in Chapter 18, the overvoltages by the Ferranti effect under relatively light load

conditions might be rather severe, especially at a receiving substation in a big-city area where numbers

of cable feeders are connected. An effective countermeasure to prevent excess overvoltage is to install

reactor banks. V–Q control equipment based on the control of reactor banks and on-load tap-
changing transformers is often adopted at key substations as another effective countermeasure to

prevent excess overvoltages or to maintain stable voltages for 24 h.

20.2.2 Self-excitation of a generator

If a capacitive load is connected to a generator as shown in Figure 20.3a, overvoltage will be caused on

the generator terminal even if E fd is kept at zero. This phenomenon is called the self-excitation
phenomenon of a generator.

We refer to Figure 16.8 in Chapter 16 in order to understand this phenomenon. Under leading

power-factor operation, large terminal voltage eG is apt to arise in spite of the small excitation jE fd , as

seen in Figure 16.8c.

Now we refer to Figure 20.3b, and examine the behaviour of a generator under the leading power-

factor condition.

The generator is driven by the prime-mover under the open-terminal condition and is running at

constant speed with excitation current zero ( jxad � i fd ¼ E f ¼ 0, in Equation 10.60 and Figure 10.5).

However, small residual magnetism remains as a magnetic field of the rotor since termination of the

last operation, even if the excitation current is zero. A small terminal voltage eG also remains. If a very

small capacitance C is connected to the generator under this condition, the same terminal voltage eG

will be maintained. Furthermore, if connected capacitance C is enlarged, eG as well as leading current i

in the armature coil will become larger; their characteristics can be written as curve a in Figure 20.3b.

1.1

1.05

1.0
0         100       200       300      400       500   km

Vs/Vr
Vr

Vs

1

cos(2p f    LC ) 
=

where L = 1 mH/km, C = 0.01 mF/km, f = 50 Hz

Figure 20.2 Ferranti effect, ratio of voltage at receiving end
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This is a specific v-i characteristic of a generator under capacitive load with excitation current zero. As

seen in the vector diagram of Figure 20.3c, current i leads the voltage by 908. The characteristics begin

to saturate naturally at around the rated voltage area. On the other hand, specific v–i characteristics of

the capacitance C are given by v ¼ i= oCð Þ as shown in Figure 20.3b. The intersecting point of both

characteristics is the actual operating point of the C load.

In conclusion, the self-excitation phenomenon of a generator is caused by connection of a pure

capacitive load, in that extreme and sustained overvoltage (perhaps the ceiling voltages of the saturated

zone) is caused. This condition also means critical overheating of the generator caused by the rapid

increase of iron loss as a result of core saturation. Obviously, we need to avoid the self-excitation of

generators.

20.2.3 Sudden load tripping or load failure

If some amount of load tripping or load failure occurs at a receiving substation, the voltage would be

boosted by the following three reasons:

a) The generator terminal voltage at the sending station may be transiently boosted, so that the

voltage at the receiving point also has to be boosted. Referring to Figure 10.5, or Equation 10.63,

if the generator current ia1 suddenly decreases, the terminal voltage vector ea1 ¼ ðEa1e ja1Þ has

to change unavoidably to a large vector closer to jE f in magnitude and angle. In other words, the

generator terminal voltage would be transiently boosted by the sudden decrease of load current,

until the AVR decreased the excitation jE f .

b) The impedance drop voltage of the transmission line would be decreased.

c) The total power factor of the load may be shifted a little in the leading power-factor direction so that

the Ferranti effect only partially occurs.
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Figure 20.3 Self-excitation of a generator
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20.2.4 Overvoltages of unfaulted phases by
one line-to-ground fault

We have already studied the principles of this matter in Chapter 8, Section 8.2 and Table 8.2.

Referring to Figure 8.1 as well as Figure 21.1, overvoltage of unfaulted phases would become

0:8 E-1:3 E for the solidly neutral grounding system (d ¼ 0-1) and 1:5 E-1:9 E for the non-effective

neutral grounding system (d ; 5 to1). Figure 8.1 indicates the overvoltage ratio of the power

frequency term, and the transient overvoltage ratio would become a little higher. (Transient over-

voltage ratio can be derived in a similar curve format to that in Figure 8.1.)

Although the overvoltage ratio of unfaulted phases is quite large, every part of the network

(including installed surge arresters) has to have enough insulation to withstand this overvoltage.

Accordingly, this temporary overvoltage phenomenon is one of the important factors for the

fundamental design of insulation coordination, which we discuss in detail in Chapter 21.

20.3 Lower Frequency Harmonic Resonant Overvoltages

If one inductance L and one capacitance C exist as elements of a circuit, series resonant frequency and

parallel resonant frequency inevitably exist. Our concern is with series resonance phenomena of n-th

order harmonic voltages and currents of the power system from the viewpoint of overvoltages and

waveform distortion, whose condition is given by Z ¼ j2pn fLþ 1= j2p fCð Þ! 0 (f: resonant

frequency). We need to consider if such a series resonant condition could exist actually in our power

network even at a low probability. Lower order harmonic phenomena especially (under, say, 1 kHz)

may cause problems over a broad area and continue for a long period without attenuation. We need to

assure the absence of these sorts of problems. Meanwhile, higher frequency voltages (over, say, 1 kHz)

caused by resonant phenomena would not actually exist because such a component would be largely

attenuated by corona loss and eddy-current loss of the transmission line even if it did exist.

20.3.1 Broad-area resonant phenomena (lower order
frequency resonance)

Figure 20.4a is a simplified model connecting a generating plant and urban area with some cable lines.

If we represent the overhead line by L and the cable lines by C, the circuit can be simply written as an

LC series-connected circuit as shown in Figure 20.4b, although the load circuit is usually connected.

We have already studied the Ferranti effect of these circuits as phenomena of power frequency.

Nevertheless, we need to check the possibility of series resonance in other frequency zones under

different conditions such as nominal load condition, or irregular conditions (phase fault, grounding

fault, phase opening, reclosing time, etc.). At least we need to prove that such resonant phenomena

would not occur during actual system operation.

20.3.1.1 Positive-sequence series resonance

We try to find a series resonance condition which may exist by chance in our power system. Let us

assume the line constants below for the positive-sequence circuit of Figure 20.4b:

Overhead line : 0:01 mH=km; l1 kmð Þ L ¼ 10�5 � l1 ½H�
Cable lines : 0:33 mF=km; l2 kmð Þ; numbers of circuits : m; C ¼ 0:33� 10�6 � l2 � m ½F�

�

(20.3)
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Assuming a no-load condition, the condition of LC series resonance for the nth-order higher

harmonic components is

j2pnf0L� j
1

2pn f0C
¼ 0

Then

2pn f0ð Þ2LC ¼ 314nð Þ2LC ¼ 1:0

; 105n2 � LC ; 1:0

where f0 ¼ 50 Hz

9
>>>>>>>>>>=

>>>>>>>>>>;

(20.4a)

Substituting 20.3 into 20.4 the resonant condition of the positive-sequence circuit is

n2 � l1 l2mð Þ ; 3� 106 (20.4b)

Figure 20.4c is the series resonant condition derived from 20.4b. This figure gives us a rough idea of

the existing zone of series resonance for the model system. Assuming that the length of the overhead

line l1 ¼ 200 km and a total length of cable l2 ¼ 400 km or less, for example, resonant conditions do

not exist fortunately for the lower frequency of n ¼ 2�6.

Althoughthecurveswerederivedunderasomewhatunrealisticno-loadcondition,asimilarcondition

may be caused by a sudden bus fault (all the connected breakers have to be tripped) in the key substation.
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Figure 20.4 Series resonance of a power system with cable lines (positive-sequence resonance)
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Recall that only the existing zone of resonant frequency in the system was checked in the above

study, from which it may be concluded that natural resonance would seldom be caused in the system.

However, we need to recognize that actual power system networks include not only generators of

almost ideal sinusoidal source voltages, but also various loads and power conditioners which generate

large rippled currents. If the frequency of the harmonic components of such a ‘dirty forced current’

matches the network natural frequency, abnormal overvoltages or waveform distortion could be

significantly amplified in some local areas of the network. As a matter of fact, we have to recognize that

harmonic currents of various frequency are apt to flow forcibly into the power system, so resonance

phenomena have to be checked from the viewpoint of waveform distortion as well as overvoltage

phenomena. (Waveform distortion is examined again in Chapter 22.)

20.3.1.2 Series resonance under temporary conditions (faults, phase
opening, reclosing time, etc.)

We investigate the possibility of resonance under some irregular conditions including line-to-line fault

modes, line-to-ground fault modes and phase opening modes (including dead-voltage time for faulting

phase reclosing).

Referring to Tables 3.1 and 3.2 in Chapter 3 and Tables 6.1 and 6.2 in Chapter 6, we need to check if

these conditions exist, that is the denominators of the equations in the tables would tend to values close

to zero by chance.

For the modes of series resonance

normal condition : Z1! 0

2fG : Z1 þ Z0! 0; Z1 þ 2Z0! 0

1fG : 2Z1 þ Z0! 0

1f opening : Z1 þ Z0! 0

2f opening : Z1 þ 2Z0! 0

9
>>>>=

>>>>;

(20.5)

Perhaps we need not worry about the possibility of resonance caused by line-to-line and line-to-

ground faults, because the resonance condition may be unlikely to occur by analogy to Figure 20.4c.

Furthermore, these faults would be cleared within a few cycles, generally by the associated protective

relays. However, phase-opening mode trouble may cause a little bother, because the protective relays

may not be able to detect the phase open-mode faults exactly and would be able to continue without

noticing.

In conclusion, it is worthwhile assuring the absence of these sorts of resonant conditions at several

different points in the network.

20.3.2 Local area resonant phenomena

20.3.2.1 Transformer winding resonant oscillation triggered
by switching oscillatory surge

In Figure 20.5, the transformer is going to be energized through the cable line. This circuit can be

simplified to the parallel circuit of C by the cable and L by the excitation reactance of the transformer,

Br1 Br2
cable line

open

Figure 20.5 Resonance caused by transformer excitation
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so that overvoltage would not be caused when the breaker Br1 is closed. However, the resulting

oscillatory inrush voltage and current could trigger a unique voltage oscillation in the transformer

windings by chance.

Let us assume a cable line of 275 kV, 2000 sq (given in Table 2.3: 0.392 mH/km, C ¼ 0:25mF=km,

velocity 100 m/ms) and length 10 km.

The travelling time of the surge from the breaker Br to the transformer is 100 ms, so the oscillatory

frequency of the switching surge is 5 kHz. The transient oscillation of this frequency zone (10th or

lower order) will not be attenuated so quickly. Therefore a reasonable countermeasure is required at the

transformer engineering side to avoid winding coil resonance by the frequency of the order above. This

scheme is discussed again in Section 21.6.

Note that the in-rush current of the transformer is, regardless of the condition of the feeding line,

an extremely waveform-distorted offset current which would continue for more than 10 seconds as

shown in Figure 16.10. As an inrush current contains d.c. and lower order harmonics of slow

attenuation, special consideration would generally be required in the practical engineering of

transformers, breakers, generators, protective relays, etc.

20.3.2.2 Ferro-resonance caused by core saturation

Figure 20.6 explains the ferro-resonance phenomenon. As seen in diagram (c), if the operating

voltage exceeds 1.1 pu of the rated voltage, it begins to saturate rapidly and the excitation current i

greatly increases. In other words, the excitation impedance Zl ¼ jXlð Þ of the transformer has non-linear

characteristics which rapidly decrease in value in the saturated zone. Figures 20.6a and b show the

well-known ‘series ferro-resonance circuit’ and ‘parallel ferro-resonance circuit’ respectively. Both

circuits have unique behaviour (although the explanation is omitted in this book) and we need to

prevent its occurrence. The parallel ferro-resonance (b) may arise especially for a circuit with a large

cable capacitance, while the series ferro-resonance (a) may arise especially for the irregular cases of

unbalanced phase opening or lines with a series capacitor.

Ferro-resonance causes unstable, jumping overvoltage phenomena and, furthermore, ex-

treme flux saturation leading to a severe temperature rise of the flux pass, all of which need to

be avoided.
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(a) series ferro-resonance circuit

(b) parallel ferro-resonance circuit (c)

If the transformer excitation voltage vl is increased a little beyond
point a, the excitation current il is greatly increased because of
the generator’s non-linear n–i characteristics, which means that the
excitation reactance ZL would become quite a smaller unstable value

Figure 20.6 Ferro-resonance phenomena
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20.3.3 Interrupted ground fault of cable line in a neutral
ungrounded distribution system

This is a unique feature which would be limited to the distribution cable lines of a neutral ungrounded

system (see Table 8.1). This system is a widely adopted one for distribution networks of 3–20 kV, whose

advantage is that the grounding fault current for one phase to ground fault (1fG) can be greatly reduced

to a value of only, say, 10 mA to 100 mA, that is ‘zero amps’. With this system, noise interference on

the communication lines can also be reduced because the zero-sequence circuit is actually open.

However, there is one disadvantage of this practice, namely the interrupted ground fault of the
cable lines.

The solid insulation of a distribution cable may slowly deteriorate over a long period of operation.

We assume that a minute pinhole crack appears in the cable insulation after this period of operation. A

very small 1fG current flows through the pinhole across the insulation layer (called ‘minute

grounding’ of perhaps 10 mA). However, this grounding current would be halted immediately and

the insulation of the pinhole would soon be recovered, because the pinhole pass is not adversely

affected by such a small current through the pinhole. The pinhole grounding would probably occur at a

timing around the peak value of sinusoidal a.c. voltage, and would always be halted at the time of

‘voltage zero’. Incidentally, the minute grounding fault current is almost of 90� lagging power factor,

so halting the pinhole grounding current at the time of voltage zero gives rise to ‘current chopping’

phenomena, which cause large needle-shaped high-frequency transient overvoltages by the same

mechanism explained in Section 19.4.

If such processes are caused once at an arbitrary point of the cable system, the same processes

would be intermittently repeated at the same point over time so that deterioration of the pinhole would

be slowly accelerated and finally lead to a permanent breakdown fault. Moreover, the above

interrupted ground fault at one pinhole point intermittently generates needle-like high-frequency

overvoltages, which would deteriorate the insulation of another part of the cable. Finally, all the parts

of the cable line within a limited area would be frequently stressed by the high-frequency overvoltages

caused at many pinhole points, and then cable deterioration would accelerate quickly and broadly.

Due to the excellent insulation technology of recent CV cables for distribution lines, interrupted

ground faults may seldom occur today. However, such phenomena could occur on a neutral

ungrounded system at any time and at any part, and furthermore may be initialized without any

indication or notice.

Continuous observation or pre-detection of such overvoltages on a commercially operated system

is perhaps almost impossible, so such phenomena, if they were to happen, would probably be noticed

only after the cable lines have been damaged or seriously deteriorated.

20.4 Switching Surges

The operation of circuit-breaker and line switch opening (tripping) or closing inevitably causes severe

switching surges. It is fair to say that such phenomena may be even more difficult to manage than

lightning surges from some practical viewpoints. In order to understand the precise characteristics, we

commence our discussion with a comparison of the characteristics with those of lightning surges.

Lightning surges are severe phenomena in nature. However, the following characteristics may

mitigate the severity to some extent in comparison with switching surges:

Lightning strike

a) Rare occurrence.

b) Occurrence mostly on overhead transmission lines whose structures are made of metal (con-

ductors, tower structures, arcing horns, etc.) and porcelain insulators, so that fault self-recovery

characteristics are inherent (except a direct strike on a substation).
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c) Very short surge duration of typical waveform 1:2� 50ms.

d) Single action phenomena (mostly).

e) Attenuation through line travelling to substations expected in most cases.

f) Upper limit of incidental voltage level (can be controlled by arcing horns).

g) Relatively easy protection by advanced arresters installed at substations.

The characteristics of switching surges (SS for short) may be explained conversely. SS appear

whenever any one of several breakers or line switches at the same substation are operated. SS occur

in the vicinity of apparatus with no self-recovery insulation (generators, transformers, breakers,

cables, etc.) in the same substation. SS are oscillatory transient surge of extremely high frequency

with sharp waveforms and continuing for a long duration before attenuation or extinction. SS are

often caused whenever switching operation is conducted. They may seldom attenuate before

reaching weak insulation points at the substation because of the short travelling distance. Arresters

may not be able to protect the weak insulation points at the substation because of the relative
distance of installed arresters from the surge-generating breakers or line switches and the other

equipment to be protected. Furthermore, SS would cause thermal heating of arrester–non-linear

resistive elements and may even break the installed arresters by large switching energy.

20.4.1 Overvoltages caused by breaker closing
(breaker closing surge)

We have already studied the mechanisms caused by breaker closing surges in Sections 19.5 and 19.6.

In Figure 20.7, the transient phenomenon caused by the breaker closing means sudden insertion of the

initial voltage e1 0Þ�e2 0ð Þð g1 0ð Þf with opposite polarity across the breaker contacts. Accordingly the

initially resulting voltage and current travelling waves are proportional to the initial voltage

e1 0Þ�e2 0ð Þð gf as shown by the equations in the Figure 20.7b. Successive phenomena will be affected

by the circuit conditions, especially the included transition points.

e1(0)

e1(0)–e2(0)

e1(0)–e2(0)

e1(0)–e2(0)

n1(t)

n1(t) = Z1 · i1(t) =

n2(t) = Z2 · i2(t) =

i1(t) =

i2(t) =
Z1 Z2

i1(t)
n2(t)
i2(t)

e2(0)
Z1

–Z2

Z1 + Z2

Z1 + Z2

Z1 + Z2

Z1 + Z2

·

·

·

·

1

–1

e1(0) – e2(0)

e1(0) – e2(0)

(a)

(b)

Figure 20.7 Breaker closing surge
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20.4.2 Overvoltages caused by breaker tripping
(breaker tripping surge)

We have already studied the mechanisms of breaker tripping in Chapter 19 in detail and so only

recall them here briefly. A typical case of fault current tripping is shown in Figure 20.8, where the

initial surge voltage caused by breaker tripping can be calculated by the equations in diagram (b).

The breaker’s reignition surges also have to be taken into account. We already know that the

breaker’s restriking should be avoided not only to prevent breaker failure, but also to avoid the

extremely serious overvoltages which may cause other insulation failures in the network.

20.4.3 Switching surge by line switches

LS switching surge voltages are unique phenomena, as was mentioned in Section 19.7 and shown in

Figure 19.18, and insulation coordination in a substation is consequently very important. We discuss

this matter in detail in Section 21.3.

20.5 Overvoltage Phenomena by Lightning Strikes

The mechanism of a lightning stroke is typically explained as follows.

When the electric field gradient at some point in a charged concentration of a cloud exceeds the

breakdown value for moisture-laden and ionized air, an electric streamer darts out towards the ground

but may soon halt after progressing perhaps a hundred metres. After a shot interval, the streamer again

darts out and repeats the performance. This initial streamer progresses by a series of jumps called a

stepped leader. Just after the point of the stepped leader reaches the ground, a heavy current (the main
stroke of 1000–20 000 A) flows up the path blazed by the stepped leader with a velocity about

one-tenth that of light.

Our concern in this book is with lightning which directly strikes electricity networks or causes

surge voltages and current phenomena on them.

Lightning surge phenomena can be classified into three different stroke modes, which we discuss

in turn.

i(0)

(b)

Z1 Z2 = 0

(a)

n1(t) = Z1·i(t)

e1(t) e2(t) � 0

i(0)

Figure 20.8 Breaker tripping surge
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20.5.1 Direct strike on phase conductors (direct flashover)

This is the casewhere a lightning stroke directly strikes one or more phaseconductors. Figure 20.9 shows

the case, in that the main stroke directly hits the phase a conductor and the current I tð Þ is injected into it.

The successive surge phenomena have already been discussed in detail in Sections 18.4 and 18.5.

The surge voltages va ¼ Zag � I=2ð Þ, vg ¼ Zgg � I=2ð Þ, etc., in the figure are induced because of the

associated surge impedances. The induced surge voltage vag ¼ va�vg

� �
would certainly exceed the

insulation strength across the phase a conductor and point g (which may be the OGW, the top or arm of

a tower, or arcing horn), flashover is caused and a phase a line-to-ground fault occurs. Furthermore, if

the induced vab ¼ Zab � I=2ð Þð Þ exceeds the insulation strength across the phase a and b conductors,

flashover occurs also between the two conductors causing a line-to-line fault. Of course, whenever a

direct stroke occurs, line faults would be caused without exception.

20.5.2 Direct strike on OGW or tower structure
(inverse flashover)

This is the case where a lightning stroke directly strikes the OGW or tower structure as shown in

Figure 20.10a.

The induced surge voltage vga ¼ vg�va

� �
would certainly exceed the insulation strength across

point g and the phase a conductor. Flashover would be caused between point g (OGW, the top or arm of

a tower, or arcing horn) and the phase a conductor.

phase   a

overhead grounding wire : g 

b

c

p 

Zaa◊I/ 2 

Zag◊I/ 2 

Zab◊I/ 2 

Zac◊I/ 2 

I(t) 

Zag◊I/ 2 

Zaa◊I/ 2 

Zab◊I/ 2 

Zac◊I/ 2 

Figure 20.9 Direct lightning stroke to phase a conductor

Z0

R

v

e

(b)(a)

Reff

effective total surge impedance
at the transition point p

Zn overhead 
grounding wires (n)

I(t)

point p

Zgg·I/2

Zgg·I/2
Zag·I/2

g

a
b

c

tower

Figure 20.10 Direct stroke to overhead grounding wire or to tower structure
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Assuming a lightning eðtÞ ¼ I ðtÞ � Z0 strikes at the transmission tower top directly as is shown

Figure 20.10b, the stroke current IðtÞ is divided into three passes (the tower and the both sides of the

OGW), so that the induced voltage vðtÞ is calculated as follows

vðtÞ ¼ Zg

Z0 þ Zg
� eðtÞ¼¼ 1

1
Zo
þ 1

Zg

� eðtÞ
Z0
� Reff � IðtÞ

where Reff ¼
1

1
Z0
þ 1

Zg

¼¼ 1
1
Z0
þ
�

2
Zn
þ 1

R

� ; Zg ¼
2

Zn
þ 1

R

	 
�1 (20.6)

Reff : effective surge impedance

Z0 : surge impedance of lightning pass through air from clouds

R : surge impedance of tower structure

Zg : surge impedance of total overhead grounding wiresðnÞ=tower circuit

Zn ¼ Zgw=n; where Zgw; Zn are the surge impedances of OGW of one

and n stripes respectively:

Trial calculation of the induced voltage at the top of the tower or on the OGW

Assuming R ¼ 300 V; Z0 ¼ 400 V; Zn ¼ Zgw ¼ 300 V ðwhere n ¼ 1Þ;
Then the effective surge impedance Reff ¼ 1=f1=400þ 2=300þ 1=300g ¼ 80 V.

If we assume I tð Þ ¼ 20 kA, the induced initial voltage vg at the top is vg ¼ 20 kA� 80 V ¼
1600 kV.

The power frequency voltage is of course superimposed on the above injected surge voltage. In the

case when the rated line voltage is 400 kV, the power frequency voltages va; vb; vc have values of

� 400�
ffiffiffi
2
p

=
ffiffiffi
3
p
¼ � 327 kV (peak value). Accordingly, the superposed voltage vga ¼ 1173

�1927 kV 3:6�5:89Eð Þ, so flashover is inevitably caused.

If the number of OGWs is increased from one to n, the surge impedance Zn is decreased 1=n times

so that the total surge impedance Reff can also be effectively decreased. Assuming n ¼ 3 in the above

calculation, then Zn ¼ Zg=3 ¼ 100 V, and accordingly Reff ¼ 38 V. That is, we can reduce the

equivalent surge impedance by about half.

20.5.3 Induced strokes (electrostatic induced strokes,
electromagnetic induced strokes)

These are called induced lightning surges, whose mechanism is shown in Figure 20.11.

Lightning may strike some point on the Earth at a short distance from a transmission line. This

phenomenon can be considered as one virtual wire connecting a cloud and an earth point and a

surge current I(t) suddenly flowing along the virtual wire. The virtual wire has mutual capacitances

and mutual inductances across the line conductors and the OGWs of the neighboured transmission

line as a matter of course, so that capacitive induced voltage as well as inductive induced voltage

appear on the phase conductors as well as on the OGWs.

20.5.3.1 Capacitive induced lightning surges

In Figure 20.11, a virtual conductor (named a) and one conductor (named b) exist. If the potential

voltage of the cloud is e(t), the capacitive induced voltage on conductor b is v tð Þ ¼ C= C þ C0ð Þf g�
e tð Þ. The insulation may be broken down by the induced voltage and the resulting flashover is named

the capacitive induced lightning stroke.

9
>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>;
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Now, we need to examine the function and the effect of the OGWs through a thought experiment.

In Figure 20.11, the virtual wire a (from the cloud to the Earth) and the line conductor b already

exist. If one grounding wire g were additionally installed in parallel close to the conductor a, the

equation of the capacitive induced voltage would be modified as follows:

capacitive induced voltage on conductor b

without grounding wire : v ¼ C

C þ C0
�e tð Þ r

with grounding wire g : v ;
C

ðC þ C0Þ þ C0g
�e tð Þ; whereC ; Cg	C0<C

0

g s

inductive induced voltage : v ¼ L
d

dt
i tð Þ t

(20.7)

That is, the replaced new equation s includes an additional C
0
g in the denominator for the

additional installation of the grounding wire. The conductor b and the grounding wire g are closely

linked, so the relation of each capacitance size Cg ; C<C0<C
0
g is obviously justified. Accordingly,

the capacitive induced voltage v tð Þ can be reduced by the addition of the grounding wire g (the

shielding effect). We discuss this matter again in Chapter 21.

20.5.3.2 Inductive induced lightning surges

As shown in Figure 20.11, mutual inductance Lab exists between the virtual conductor a and the real

conductor b, so that inductive surge voltage v tð Þ ¼ Lab � di tð Þ=dt is caused on conductor b by the

lightning inrush current i tð Þ. The resulting flashover by the voltage is called the inductive induced
lightning surge.

If we additionally install grounding wire g, Lab can be reduced in the same way as we studied in

Chapter 1. Therefore the grounding wire also can reduce the electromagnetic induced voltage.

Through the above study, we can imagine in regard to the grounding wire that the installation of

OGWs can actually reduce L and increase C of the conductors so that the surge impedance
ffiffiffiffiffiffiffiffiffi
L=C

p
is

also effectively reduced. This is discussed further in the next chapter.

cloud

C

Cg�C
Cg(�C)

Cg′
C′ Cg′

n

e(t)

i(t)
lightning pass:
virtual line a

conductor b

grounding
wire g

b

Lab

C

C′

b g

e(t)

n

Figure 20.11 Induced lightning stroke
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21
Insulation Coordination

We have studied various kinds of overvoltage phenomena in the previous chapters from the viewpoint

of their appearance. Now we need to study the total concept of insulation design of transmission lines,

stations and all the installed equipment including the protection schemes for various overvoltages,

namely the ‘insulation coordination of a power system’ and the ‘protection scheme for over-
voltages’ as essential practical engineering of power systems.

We can imagine the problems our predecessors had when struggling with repeated failures caused

by casual, irregular, over- or under-insulation design in the early twentieth century under the

conditions of poor theoretical background, poor materials and application technology, poor experi-

mental data, and with no commonly shared concept or guidelines to coordinate insulation strength as in

today’s standards or recommendations. Insulation coordination is a combined concept of ‘physical

phenomena’, ‘practical engineering and technology’, as well as ‘economy’ based on much of the

experience accumulated over a hundred years by our predecessors.

21.1 Overvoltages as Insulation Stresses

21.1.1 Conduction and insulation

Typical conduction materials are copper, aluminium and some other metals or alloys, and typical

insulation materials are air, oil, SF6 gas, porcelain, fibreglass, paper, plastic, cross-linked poly-

ethylene, etc. Every small part of a power system is composed of a combination of conduction

materials and insulation materials whose characteristics are very different. To obtain and control

‘electricity’ means to prepare an extremely large container called a power system, every part of which

is made of a skilful combination of different materials.

In all materials, conduction is caused by the migration of charged particles. Conductors have large

numbers of relatively free electrons, which will drift in an applied electric field. On the other hand,

insulation materials (insulators) have very few free electrons. When electric stress in an insulation

material is increased to a sufficiently high level, the resistivity along a path through the material will

change from a high value to a value comparable with that of conductors. This change is the so-called

breakdown.

In order to achieve our purpose, we need to have the following concepts from a practical

engineering viewpoint:

� Magnitudes and characteristics of resulting overvoltages and over-currents.

� Required insulation strength of all the members comprising the power system.
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� Countermeasures to reduce various overvoltages and to protect the insulation of lines and station

equipment.

Insulation coordination is the total concept as well as the practical guideline for system insulation

design, combining the above three concepts that are based on accumulated and firm theoretical,

experimental, technical as well as economic data.

Each part of a power system has to have estimated possible impinging overvoltage levels and the

required insulation withstanding voltage levels as set values in order to realize continuous long-life

operation of individual equipment. Accordingly, we need to have the concept of insulation strength as

the another feature of overvoltages, which is always a key theme of practical high-voltage engineering

activities, although a detailed description of individual insulation strength is far beyond the purposes of

this book.

The essential philosophy as well as concrete recommended practices based on practical data for

insulation design have been issued as international and/or national standards (IEC, IEEE, ANSI, JEC,

etc.), which include the characteristics of impinging overvoltages and methods to protect insulation as

important guidelines of practical insulation design engineering. Today, insulation coordination is an

established concept throughout the world, so the contents of standards issued by different organiza-

tions can be said to be substantially identical to each other.

21.1.2 Classification of overvoltages

We have studied overvoltages in the previous chapters mainly from the viewpoint of the mechanisms

arising. Lightning is an overvoltage generated by external events, while the overvoltages generated by

switching operations, fault occurrences, as well as ferro-resonance, load rejection, loss of ground, etc.,

are generated by internal events. Now we need to classify them again from the viewpoint of impinging

overvoltages on the individual insulation structures.

Insulation strength of individual parts of the system or equipment is closely affected by the

following factors of the impinging overvoltages:

� Characteristics of overvoltages (magnitude, shape, duration, polarity of the applied voltages)

� Insulation design of the electric field distribution in the insulation

� Type of insulation (gaseous, liquid, solid or a combination)

� Physical state of the insulation (temperature, pressure, mechanical stress, etc.)

� Operation and maintenance history of individual insulation materials.

The impinging overvoltages may exceed permissible insulation levels of individual parts of the

system, so that these overvoltages should be reduced within permissible levels, or the insulated

equipment should be safely protected against such overvoltages. This is essential to avoid insulation

damage of equipment or to prevent possible undesirable system performance.

The magnitudes, the wave shapes (steepness of the voltages) and the time duration of over-

voltages are important factors in regard to the stress on the insulation. Taking such important factors

into account, the characteristics of overvoltages are generally classified into the following categories

by authorities like the IEC and/or national standards bodies:

a) Maximum continuous (power frequency) overvoltage: Us (MCOV). This can originate from

the system under normal operating conditions.

b) Temporaryovervoltage (TOV).Thiscanoriginate fromfaults, switchingoperationssuchas load

rejection, resonance conditions, non-linearity (ferro-resonance), or by a combination of these.
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c) Slow-front overvoltages. These can originate from switching operations and direct lightning

strikes to the conductors of overhead lines.

d) Fast-front overvoltages. These can originate from switching operations, lightning strikes or

faults.

e) Very fast-front overvoltages. These can originate from faults or switching operations in gas-

insulated switchgear (GIS).

The overvoltages of items (c)–(e) are the transient overvoltages. Now we examine these items

below.

21.1.2.1 Maximum continuous (power frequency) overvoltages: Us

Under normal operation, the power frequency voltages differ from one point of the system to another

and vary in magnitude over time. For purposes of insulation design and coordination, continuous

overvoltages should be considered the possible highest operating voltages under normal operation,

which is usually defined as ‘highest system voltage (the symbol Us (kV)’.

In usual practice, Us is presumed to have a value of 1.04–1.1 times system normal voltage. For

example,

normal voltage highest system voltage Us representative TOV ðUrp ¼ k � 1=
ffiffiffi
3
p� �

UsÞ
phase-to-phase

230 kV (phase-to-phase) 245 kV (phase-to-phase) 212 kV (phase to earth, k = 1.5)

500 kV 550/525 kV 476/455 kV (k = 1.5)

735 kV 765 kV 662 kV (k = 1.5)

21.1.2.2 TOVs and representative TOVs: Urp

Typical situations that may give rise to TOVs include:

� Single line-to-ground faults

� Ferro-resonance

� Load rejection

� Loss of ground

� Long unloaded transmission lines (Ferranti rise)

� Coupled line resonance

� Transformer line inrush.

TOVs caused by all these situations are the result of some internal events caused by circuit

connection changes, so the voltages tend to show unstable, slow transient behaviours to some extent

and often include somewhat lower order harmonics or d.c. components, usually lasting a period of

hundreds of milliseconds or longer, say a few minutes.

The highest TOVs for each of the above situations have to be presumed as the representative TOV

Urp, considering system configuration and operating practices at present and in the future. However, as

a minimum, the overvoltages due to line-to-ground faults should be addressed, because they are

typically the most significant and probably the highest TOVs for most cases. Single line-to-ground

faults probably cause the largest power frequency overvoltages among various fault modes.
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21.1.2.2.1 Single line-to-ground faults Figure 21.2 is the enlarged curve of

Figure 8.1 which is derived by fault analysis with power frequency. As in Chapter 8, the magnitudes

of TOVs appearing on unfaulted phases during a line-to-ground fault are related closely to system

grounding conditions (namely, d ¼ f R0=f X1, n ¼ f X0=f X1) and can be estimated by ‘earth–fault

factor k’ (or ‘coefficient of grounding’, COG).

Double circuit lines, nominal voltage: 1000 kV, 
             maximum voltage: 1100 kV 
Conductor wire ACSR 810 mm2 (diameter 38.4 mm) 

1258 A (continuous, in summer) 
eight-bundled conductors (w = 400 mm) 
maximum temperature 90°C 

double size 2 × 40 series connection
horn gap: 6.3 m

average height: 111 m, height of lowest arm: 65 m 
phase-to-phase within same circuit: 20 m 
phase-to-phase between different circuits 33 m 
conductor height >32 m 
span average 632 m, maximum 1056 m 

1 LG: 1.1 pu, LR (load rejection): 1.5 pu 

GIS 2250 kV, Tr 1950 kV 

GIS 1550 kV, Tr 1425 kV 

OPGW: double circuit 500 mm2 × 2 
Suspension insulator (320 mm type) 

Towers (average weight: 310 tons) 

TOV (Temporary Overvoltage)

LIWV (Lightning Impulse Withstand Voltage) 

SIWV (Switching Impulse Withstand Voltage) 

Courtesy of TEPCO

Figure 21.1 1000 kv design Double-Circuit Transmission Line (TEPCO, Kita-tochigi line, 427km)
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Figure 21.2 Overvoltage ratio of unfaulted phases during line-to-ground fault: k

Direct strike to the upper conductor (1998)
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The factor k may be typically 1.5 for a solidly neutral grounding system, or
ffiffiffi
3
p

or higher for a

resistance/reactance neutral grounding system.

21.1.2.2.2 Load rejection If a large load were suddenly separated (by the bus protective

relay tripping in a large substation, for example), overvoltage by load rejection would be caused and

continue, say, 10–200 s until voltage regulation by the AVR systems of power stations/substations is

completed. Although the amplitudes of overvoltages depend on rejected load size and the network

configuration, the amplitudes would be 1.2 pu or less in moderately extended systems due to the quick

response characteristics of AVRs. However, overvoltages are apt to become larger in power systems of

rather extended configurations. When full load rejection is caused at the receiving substation of a long

transmission line end, the voltage may rise by a magnitude close to 1.5, because the Ferranti effect at

the open receiving end would be added.

21.1.2.2.3 Loss of ground In high-resistive/reactive neutral grounded systems, special

consideration is required. If one phase-to-ground fault occurs in the system and the neutral grounded

transformer is tripped for some reason (by a back-up relay tripping, for example), this means loss of
ground (assuming another neutral grounding transformer does not exist in the same system). As the

potential of the system neutral point becomes free of the earth potential, unfaulted phase voltages

become at least
ffiffiffi
3
p

pu during one phase to earth fault (1fG). Furthermore, even after one-phase-fault

condition is removed, three-phase voltages as well as neutral point voltages fluctuate waywardly. In

these conditions, numbers of installed arresters would probably be broken, which means extended

new faults at arrester points, and/or earth faults would be caused at various locations.

Above all, loss of ground should be absolutely avoided. In high-resistive/reactive neutral

grounding systems, neutral groundings by as many transformers as possible (at least by two

transformers installed at different stations in one service area) are preferable.

The TOV caused by one phase to ground faults may be mostly presumed to be the representative

largest power frequency overvoltage Urp (which is usually expressed by rms kV value, phase-to-earth).

Then

representative TOV ¼ Urp ¼ k � 1=
ffiffiffi
3
p� �

Us

As a typical example,

nominal voltage 230 kV k ¼ 1:5 TOV ¼ 1:5 � 1=
ffiffiffi
3
p� �
� 245 ¼ 212 kV

735 kV k ¼ 1:5 TOV ¼ 1:5 � 1=
ffiffiffi
3
p� �
� 735 ¼ 662 kV

21.1.2.3 Slow-front overvoltages

Slow-front overvoltages have durations of some tens to thousands of microseconds and tail durations of

the same order of magnitude, and are oscillatory by nature. They arise generally in the occasions below:

� Line energization/re-energization (breaker closing/opening)

� Fault occurring/fault clearing

� Switching of capacitive/inductive current

� Load rejection

� Distant lightning strike (lightning strike wavefront flattened by travelling).

The voltage-arising mechanisms of all these have been studied in the previous chapters.
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The representative voltage stress is characterized by the representative voltage amplitude and

wave shape. Therefore, the representative switching impulse voltage of 250/2500 ms (time to

peak 250 ms, and time to half-value on the tail 2500ms, see Table 21.3 below) has been standardized

as the common general concept throughout the world to represent standardized slow-front

overvoltages.

Although the voltage-arising mechanisms of all the above have been studied in previous chapters,

here are some additional comments.

For the switching of capacitive/inductive current, we have studied overvoltages caused by current

chopping in Section 19.4, caused when the current power factor is almost zero. In particular, the

following switching operations require special attention:

� Switching of unloaded cables or capacitor banks.

� Inductive current tripping (transformer magnetizing current tripping, for example).

� Arc-furnace load switching.

� Interruption of currents by high-voltage fuses.

The most useful and commonly used method of limiting the slow-front overvoltages is to adopt the

resistive tripping/closing breakers we have studied already. Surge arrester protection against slow-

front overvoltages will be discussed later.

21.1.2.4 Fast-front overvoltages

Typical fast-front overvoltages are of course lightning strikes, although they can originate also from

switching operations. We have already learned that lightning overvoltages can be classified into direct

strikes, back-flashovers and induced lightning strikes.

The induced lightning surges occur generally below 400 kVand so are of importance only for lower

voltage systems of 100 kV. Back-flashover voltages are less probable on UHV systems of 500 kV or

more, due to the high insulation withstanding values.

The representative wave shape of fast-front overvoltages is the well-known 1.2/50ms wave (see

Table 21.3 below).

21.1.2.5 Very fast-front overvoltages

Very fast-front overvoltages can originate from switching operations or from faults within GIS due to

the fast breakdown of the gas gap and nearly undamped surge propagation within GIS, where the

average distance between two adjacent transition points in the same GIS is very short. (If 7.5 m

distance and u ¼ 300 m=ms is assumed, the resulting travelling surges repeat 20 times every 1 ms, so

the natural frequency is 20 MHz, and the first-front wavelength (quarter cycle) is 0.0125ms.) However,

the amplitudes of the surges would be rapidly dampened and flattened on leaving the GIS, so they are

relieved to some extent at the external circuit of the GIS bushings.

The overvoltage shape is characterized by a very fast increase of the voltage to nearly its peak value,

resulting in a front time below 0.1 ms. For switching operations this front is typically followed by an

oscillation with frequencies of 1–20 MHz. The duration of very fast-front overvoltages would be less

than 2–3 ms; however, 20 MHz and 3 ms means 60 000 times of beating stresses. Furthermore, they

may occur several times. The magnitudes of overvoltage amplitude depend on the structure of the

disconnector and on the adjacent structure of station equipment.

Very fast-front overvoltages can and have to be dampened/flattened to some extent, and the typical

countermeasure is application of gap-less arresters, which means insertion of a non-linear high

resistance in parallel across the phases and earth. The maximum amplitudes to 2.5 pu can be assumed

to be achievable.

430 21 INSULATION COORDINATION



Due to faults within GIS, the connected equipment, in particular a transformer, is stressed by the

overvoltages, which would contain frequencies up to 20 MHz, and the amplitude may exceed the

breakdown voltages of the transformer without effective countermeasures.

21.2 Fundamental Concept of Insulation Coordination

21.2.1 Concept of insulation coordination

What is usually meant is the coordination or correlation of the transmission line insulation with that of

the station apparatus, and perhaps the correlation of insulation of various pieces of apparatus and parts

of the substation. The coordination of substation and equipment insulation is the protection of service

and apparatus from overvoltages in excess of specified insulation withstanding values at optimum

economy and reliabilities.

It is obvious that various kinds of reliable knowledge and accurate data based on a lot of experience

and advanced technology had to be required in order for a reasonable concept of insulation

coordination to be established, as follows:

� Investigation of mechanisms of various different overvoltages.

� Estimation of possible overvoltages on the line or in the substation.

� Countermeasures to reduce various overvoltages, including development of protective

devices.

� Specification of insulation withstanding values for a transmission line.

� Specification of insulation withstanding values of the station apparatus, and so on.

Today, it is fair to say that the descriptions of all the standards relating to insulation

coordination have converged on the same criteria. This great result has been achieved through

a long process of evolution in the past hundred years. We study such this worldwide common

concept in this chapter.

21.2.2 Specificprinciplesof insulationstrengthandbreakdown

The basic concept of the coordination or correlation of transmission line insulation and that of the

station apparatus can be summarized as follows.

21.2.2.1 Insulation design criteria of the overhead transmission line

The basic criteria are:

� Flashovers caused by lightning strikes are allowed as fatal phenomena, while damage (damage to

conductors, cracks in insulators, etc.) to the transmission line should be avoided.

� Technically as well as economically balanced insulation distance (clearance) is to be assured in the

fundamental design, allowing some extent of failure rate caused by lightning strikes. Also,

countermeasures should be adopted as much as possible to reduce the influence and frequency

of effects on a substation.

� Flashover should not be caused by switching surges or by any sustained lower frequency over-

voltages.
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The above concept is based on the characteristics in atmospheric air of so-called insulation

and cooling materials of infinite natural circulation type, so that, once broken, insulation would

be restored (recovered) whenever the surge source disappears (self-restoring insulation
characteristics).

The principal countermeasures are:

� To reduce the probability of lightning strike, and to limit the faulted circuits (in the case of multiple

circuit transmission lines) and faulted phases as much as possible. (Adoption of overhead grounding

wires and any other effective countermeasure.)

� To reduce the probability of back-flashover caused by lightning strikes on the overhead

grounding wires or on the towers (surge impedance reduction of towers and overhead grounding

wires).

� Countermeasures to relieve the travelling waves to some extent before reaching the substation

terminal point.

� Insulation-level withstanding against switching surges from the substation.

� The idea to reduce the probability of simultaneous faults on plural circuits of the same route.

� Adoption of reclosing.

21.2.2.2 Insulation design criteria of the substation
and substation apparatus

The basic criteria are that insulation of the station and the station apparatus should be protected to

withstand lightning surges and switching surges, so that insulation failure of the apparatus and loss of

station services over a long time should be avoided.

The principal countermeasures are:

� Countermeasures to reduce direct lightning strikes to the station as much as possible.

� To protect the substation and the station apparatus against transmitted lightning surge voltages from

the overhead transmission lines without damage (arresters).

� To reduce switching surge levels and to protect the station apparatus against switching surges

without damage. That is, flashover or insulation failure of equipment should not be caused by

switching surges or by any sustained lower frequency overvoltages in the substation.

21.2.2.3 Insulation design criteria of the power cable line

The basic criteria are to protect the power cable against lightning surges, switching surges as well as

fundamental frequency overvoltages. The power cable does not have the characteristics of self-

restoring insulation, so it should be protected entirely from overvoltages in the same way as

transformers or other substation apparatus.

All above criteria are just substantial images of the fundamentals of our power systems, and thus are

the objectives of insulation coordination.

21.3 Countermeasures on Transmission Lines to Reduce
Overvoltages and Flashover

We list in this section the major countermeasures usually adopted as concrete design for high-voltage

transmission lines and substations in order to meet the design criteria described above. We have
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already studied in previous chapters the reasons why the adoption of each listed countermeasure is

technically effective and can be justified.

Readers are requested to refer to the literature for those details exceeding the purposes of this book.

21.3.1 Countermeasures

21.3.1.1 Adoption of a possible large number of overhead
grounding wires (OGWs, OPGWs)

The following effects are expected from the adoption of OGWs:

� By locating the OGW at the top of a tower, the probability that lightning directly strikes the phase

conductors can be reduced (shielding effect, Section 20.5). A lightning strike directly on the OGW

may occur, but most of the energy can be bypassed as strike current though the OGW and towers to

earth.

� The surge impedance
ffiffiffiffiffiffiffiffiffi
L=C

p
of the line conductors can be reduced. (L is decreased largely and C is

increased largely by installation of OGWand with increasing numbers of OGWs, Chapters 1, 3, 20).

The absolute magnitude of induced surgevoltages appearing on the phase conductors can be reduced

so that the probability of phase faults by back-flashover or induced strikes is improved (Section

20.5). Also, alleviation of steep wave-front (surge-front flattening) of the lightning surge can be

expected (Chapter 18).

� The time constants T ¼ 2L=r of the line can also be reduced so that the attenuation of traveling–

wave or transient oscillation terms can be accelerated (Chapters 18, 19).

� Positive-, negative- and zero-sequence inductance L1 ¼ L2, L0 can be reduced, an important feature.

� Power frequency voltage drop by line reactance can be reduced (Chapters 1, 3).

� The stability limit as well as the power circle diagram can be improved (Chapters 12, 14).

Today, OPGW (grounding wire with optical fibre) has prevailed as OGW with the function of

communication channel media.

21.3.1.2 Adoption of reasonable allocation and air clearances for
conductors/grounding wires to assure insulation withstanding
level and reduction of surge impedances

The phase conductors as well as the OGWs have to have sufficient clearance from each other so that the

necessary insulation withstanding strength is maintained within some margin against the predicted

largest short-duration overvoltages and switching surges coming from neighbouring substations. Of

course, this is a trade-off between the probability of flashover failure and the construction cost of larger

towers. The allocation of conductors and grounding wires is decided to result in a reasonably phase-

balanced smaller L and smaller
ffiffiffiffiffiffiffiffiffi
L=C

p
within the necessary margin against physical movement

(caused by wind, heat expansion, galloping, sleet jumping, etc.).

Details of standard lightning impulse-withstanding voltages are examined in Section 21.5.

21.3.1.3 Reduction of surge impedance of the towers

The surge impedance of the towers has to be reduced as much as possible, in that induced surge voltages

on the transmission lines can be reduced, or the probability of striking can be reduced. In particular,
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back-flashover caused by direct strikes on the top of the towers or the grounding wires may be effectively

reduced (Section 20.5). The magnitude of the tower surge impedance is related to the height of the tower

and the resistivity of the ground, and may typically be 20–100 V for EHV class lines.

21.3.1.4 Adoption of arcing horns (arcing rings)

Arcing horns are a kind of air gap having self-restoring insulation characteristics. They are arranged

in parallel with each insulator as a single body on every tower. Figure 21.3 is an example for a single

conductor line. The duty and the purpose of arcing horns can be summarized as follows:

� Flashing overvoltages can be controlled by selection of the shape and air-gap length of the

arcing horns so that the magnitudes of travelling surge voltages caused by the lightning can

be limited by the flashover voltage of the arcing horn. The arcing horn may be said to be

the intentionally arranged weak point of a conductor’s insulation (controllable limitation of
surge voltage magnitude).

� An arcing horn assembled together with an insulator can improve the potential gradients of the

insulator in that the voltage distribution by series-connected individual porcelain pieces can be

unified (improving withstand voltage).

� Flashover by arcing horn can avoid flashover along the surface of insulators, so that the insulators

can be protected from damage against thermal shock (protection of porcelain insulators).

On the other hand, arcing horns have the limitation below:

� Arcing horns as well as any other part of the overhead transmission lines should not experience

flashover by switching surges coming from adjacent substations.

The air-gap lengths of each arcing horn on the series-connected towers are generally arranged with

equal lengths, while that on the first to third towers of outgoing feeder lines from the station may

exceptionally be arranged with a little smaller gap length. Lightning overvoltage caused by striking the

transmission line point within one or two spans from the station appears as impinging travelling surges

to the station without attenuation or shape flattening. Accordingly, in order to alleviate such severe

surges caused by a close-point direct strike, the arcing horns at the first few spans may be arranged with

somewhat smaller gap lengths.

conductor

Figure 21.3 Arcing horn
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21.3.1.5 Adoption of unequal circuit insulation (double circuit line)

Line failure caused by lightning striking the transmission lines cannot be avoided; however, we need to

reduce the situation first. Primarily, simultaneous double circuit faults should preferably be reduced.

Furthermore, numbers of faulted phases of the same circuit should also be reduced as much as possible.

For this purpose, so-called unequal circuit insulation or unequal phase insulation has been

partly applied, in that horn-gap lengths of a specified single circuit or phase are intentionally arranged

within a short distance.

21.3.1.6 Adoption of high-speed reclosing

Automatic high-speed reclosing is an important practice to reduce the influence of lightning failure. Its

essence is studied here, although it may not be directly related to insulation coordination.

In single phase reclosing for a phase a to ground fault (afG) (for example), immediately after the

phase a conductor to earth fault occurs, the phase a pole contactors of both line terminal breakers are

tripped within say 2–6 cycles (operating time of the relayþ the breaker), that is single phase tripping.

Then, although the phase a conductor is already separated from the station buses, the voltage va on the

phase a conductor still remains, so the arc would also continue for some small duration (arcing time,

say, 0.2–0.5 s), because in addition to the initial trapped potential charge (d.c.) the electrostatic

(C-coupled) voltage is induced from unfaulted parallel phase voltages vb, vc. However, due to the

outstanding self-restoring characteristics of natural air, the arc will soon be extinguished. Accordingly,

if the phase a poles of the breakers of both terminals are reclosed after arc extinction, the faulted line

again continues three-phase operation successfully.

The time from the one-pole tripping to reclosing is customarily called ‘dead-voltage time’, which

is a set value in the primary protective relay equipment for the line. The arcing time is apt to become

longer for higher voltage systems, in particular UHV systems of 500 kVor more, so that dead-voltage

time as a relay setting value has to be set longer. There is some presumption that in 1000 kV class power

systems, self-arc extinction cannot be expected within a short time, so automatic reclosing may not be

available without applying forced grounding switches.

For the classification of high-speed reclosing, let us assume double circuit line 1 (a,b,c) and line 2

(A,B,C):

� Single phase reclosing: This occurs on one line-to-ground fault (phase a reclosing against phase a

fault).

� Three-phase reclosing: When a fault occurs on line 1, the three phase a–b–c poles are tripped and

reclosed regardless of the fault modes on the line. This is obviously a practice which can be applied

only for double circuit lines, or at least ‘assured loop-connected lines’.

� Multi-phasereclosing: Inthecaseofafaultof‘line1phaseaandline2phaseB’, forexample, reclosing

isconductedforthesetwopoles,becauseallphasesA,b,Carestillsoundlyconnectedeventhoughthisis

s double circuit fault. This is quite an effective method in comparison with three-phase reclosing,

because it can minimize line out of service,or relieve system instability. Alsovery accurate fault phase-

detection by protective relays (preferably by phase differential protection) is required for thispractices.

Incidentally, reclosing is allowed only when both terminal buses across the faulted line are

operating in synchronization. Furthermore, possible sending power during the dead-voltage time has

to be noted. Single phase reclosing on a single circuit line for example means one phase opening mode

condition, as shown in Table 3.2 and Table 8.2 [8] [10]. Then reclosing should be allowed only when

the presumed power flow during the dead-voltage time is within the stability limit under the condition

of only the sound phases (refer to Section 14.4).

Also,weneed topayattentionto theundesirableelectricalandmechanicaleffectson the thermalgene-

rators caused by the appearance of negative- and zero-sequence currents during the reclosing dead-time.
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21.4 Overvoltage Protection at Substations

Now we need to examine aspects of overvoltages at the substations and the various countermeasures to

protect them against overvoltages or to reduce the stresses.

21.4.1 Surge protection by metal–oxide surge arresters

21.4.1.1 The principle of surge protection by arresters

Arresters are key devices to protect substations and station devices against lightning surges and whose

surge protective capability actually decides the required insulation levels of the power system network.

Gap-less arresters may also have the capability to reduce switching surges.

Typical high-voltage arresters are metal–oxide surge arresters having metal–oxide resistive disc

elements with excellent non-linear v–i characteristics and thermal energy withstanding capability. The

metal–oxide resistive elements are composed of a number of lapped disc elements, each of which is

made from zinc oxide (ZnO) powdered material with some specially mixed inclusions, and, similar to

pottery or porcelain is produced through a high-temperature baking procedure.

We examine first the fundamental principles of the arrester in Figure 21.4. In Figure 21.4a, the

arrester is installed at point a, which is a transition point because the arrester impedance is at least

line substation 
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Figure 21.4 Principle of surge protection by arrester

436 21 INSULATION COORDINATION



connected. Now, incident overvoltage wave E comes from the left and passes through point a from the

left-side line Z1 to the right-side circuit Z2 towards the station bus. The behaviour of the travelling

waves at point a can be written by the following equations:

Eþvr¼var¼vt where E : incidental surge voltage from the left-side line

i� ir ¼ it þ iar var; iar : the terminal voltage and the current of the arrester at
arrester point a

E ¼ Z1i Zar : non-linear resistance of the arrester

vr ¼ Z1ir vt; it : the transmitted voltage and current at point a to the substation

vt ¼ Z2it Z1 : the surge impedance of the transmission line

var ¼ Zar � iar Z2 : the surge impedance of the substation gateway at point a

9
>>>>>>>=

>>>>>>>;

(21.1a)

The relation between the arrester voltage var and current iar is shown as the non-linear curve r in

Figure 21.3b, which represents the v–i characteristics of the arrester.

Eliminating vr, ir in the above equation, and by modification,

var ¼ vt ¼
Z2

Z1 þ Z2
2E � Z1iarð Þ (21.1b)

This equation is written as the straight line s in Figure 21.4b. The actual voltage var at point a

and the arrester current iar are given as those at the intersection of curve r and the straight line s. If

the arrester does not exist, the voltage var at point a would become f2Z1=ðZ1 þ Z2Þg � 2E (then, E

under the condition Z1 ¼ Z2Þ, or 2E maximum under the condition Z2 ¼ 1 (i.e. the case when the

feeding terminal is opened). However, if the arrester with appropriate non-linear v–i characteristics

is installed at point a, surge voltage var can be reduced to a smaller value than the original impinging

surge value E and of course smaller than 2E. On the other hand, in order to realize the above

condition, the arrester is required to withstand the resulting extremely large thermal energyÐ
var � iardt

� �
without losing the original v–i characteristics of the resistive elements and without

breaking. It is furthermore required to restore immediately the original electrical operating

condition before the impinging surge.

Now, as a natural consequence of the above, the arrester has to have the following characteristics as

its inherent duty requirement:

� Under power frequency operation with voltage Us (MCOV) as well as of Urp (representative TOV),

the arrester has to have quite a high resistivity so that the arrester resistive elements can withstand the

thermal stress caused by the small leakage current (continuous current of arrester, usually not

more than a few milliamps, and probably 1 mA or less). For example, for a power system of nominal

voltage 230 kV, Us ¼ 245 kV; Ur p ¼ k � 1=
ffiffiffi
3
p� �

Us ¼ 1:5� 1=
ffiffiffi
3
p� �
� 245 ¼ 212 kV. Then, the

arrester continuous current, assuming iat 2 1 mA at Ur p ¼ 212 kV, is var ¼ 212 kV; iar 2

1 mA; Zar 3 212 MV and the arrester thermal loss (stress) is var � iar ¼ 212 kV � 1 mA ¼ 212 W

� When the surge voltage and current arrive at the arrester point a, the arrester has to discharge

surge current immediately without delay, and next, the voltage var arising should be limited

within a specified upper limit (residual voltage, or discharge voltage, Ures) during the passage

of discharge. Then, as a result, the station equipment can be protected against the overvoltage.

� The arrester should withstand the thermal energy caused by the surge current through the arrester

elements (arrester discharge current, say 10–100 kA), with thermally stable v–i characteristics.

� Immediately after the discharge current through the arrester disappears (probably within

50–100 ms), the following current iar by continuing power frequency voltage var should become

the original small leakage current within a few milliamps. Or, in other words, immediately after the

surge voltage and current disappear, all the electrical characteristics have to be restored.

21.4 OVERVOLTAGE PROTECTION AT SUBSTATIONS 437



� The arrester has to have switching surge discharging capability within the specified levels. (The

switching surge duty on metal–oxide arresters increases for higher system voltages.)

At the substation where the arrester is installed at the junction point with the transmission line, the

appearing surge voltage (caused by the impinging lightning surge from the same line) can be limited to

the arrester discharge voltage so that the station equipment having an insulation level exceeding the

arrester discharge voltage (or residual voltage) can be protected by the arrester. This is the principle of

station equipment protection by surge arrester.

21.4.1.2 Metal–oxide arresters

The fundamental configuration of these arresters can be classified as follows:

� Gap-less arresters

� Series-gapped arresters

� Shunt-gapped arresters.

Figure 21.5 shows a typical example of a porcelain-type metal-oxide gap-less arrester for high-

voltage station use.

Before the appearance of gap-less arresters, probably around 1980, the configuration of

highvoltage arresters was of the series-gap type without exception and arranged in series with

non-linear resistive elements. It was mainly because the thermal duty of the resistive elements at the

time was rather small that the elements could not withstand the thermal energy of continuous flowing

leakage current caused outside the series gap by power frequency terminal voltages. Accordingly, the

series-gap types used to be indispensable continuous devices to avoid thermal damage to resistive

elements caused by continuous leakage current flowing through the elements.

However, itmaybefair tosaythatnowadays mostarresters for high-voltagesystems areof thegapless

type, in which the non-linear resistive element block is always directly charged by power frequency

phase voltages so that the minute leakage currents flow through the arrester’s resistive elements

continuously. Of course, the resistive elements need towithstand the thermal stress caused by continuous

thermalenergy
Ð

var � iardt
� �

fromtheleakagecurrentandtomaintainthermallystablev–icharacteristics.

Incidentally, in the case of series-gapped arresters, the arcing ignition across the series gap is

initiated by the surge voltage. Therefore arcing extinction across the gap immediately after the surge

line–terminal

porcelain housing

metal–oxide (ZnO) 
resistive elements

earth–terminal

mounting base

insulator
(moulded on ground terminal)

pressure-
relief aperture

rupture diaphragm

Courtesy of  Toshiba

Figure 21.5 Arrester for station use (porcelain type)
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current disappears under charging conditions by the continuing power frequency voltage is another

important requirement for this arrester (following current tripping duty).

The technology to produce resistive discs with outstanding v–i characteristics and thermal energy

withstanding duty has advanced remarkably in the last twenty years, and enabled the realization of

gapless arresters with outstanding capabilities. It is worth remembering that, because this realization is

based on advanced disc production skills, a drastic decrease in the insulation levels of transmission

lines as well as of station equipment has been achieved.

Figure 21.6a shows the v-i characteristic curve of arresters. Under normal conditions, the v-i

operating point goes back and forth between points a and b every power frequency cycle, where

the largest current i0 at a or b (the leakage current) has a very small value of 1–3 mA or even, say,

100–500mA. If impinging surge voltage E arrives at the arrester terminal point at time t1, the operating

point (tracing along the curve) immediately goes past knee point c (c is the so-called ‘initial
discharging point’) at time t2, then reaches the point of maximum voltage Vmax at t3 (the maximum

voltage is called the ‘residual voltage’), and, next, arrives at the point of maximum current at t4. As the

surge current decreases, the voltage will decrease back towards the pre-surge level. In other words, as

soon as the surge current disappears (possibly within 100 ms) the operating point moves to the points 0

and b. The return path is a little different to the outward path, because the characteristics of the resistive

element are affected by the thermal effect.

Through all the above tracing process, a large discharging voltage of one polarity arises during time

t2–t3–t4–t5 (the largest value of the discharge voltage at t3 is the residual voltage).

Figure 21.6b is the arrester’s ‘residual voltage characteristics curve’ showing the protective level

of the arrester. The vertical axis voltage is the residual voltage peak value which corresponds to the

value of Vmax at t3 in Figure 21.6a. This curve actually indicates the protection capability of the arrester.

When lightning surge voltage and current arrive at the arrester terminal point, the surge voltage

level is reduced by the arrester; however, discharge voltage (residual voltage) given by Figure 21.6b

still arises. The value of the discharge voltage depends on the magnitude of discharge current (impulse

current) flowing through the arrester iar.

The surge current through iar would mostly have values of 5–20–50 kA, while the presumed

largest discharge current values could be 150 kA for the 400–500 kV, 100 kA for the 275–300 kV,

80 kA for the 160–230 kV, 60 kA for the 110–160 kVand 30 kA for the 60–90 kV class. Figure 21.6b is

an example of quite advanced characteristics, by which the residual voltage would be distributed

within a voltage range of 1.5 times the power frequency operating voltage for most cases, whereas

larger discharge voltage of over two times, say 2–3.5 times, the operating voltage could also appear if

quite a large impulse discharge current flows through the arrester.

residual voltage curve (upper half)

 Arrester residual voltage: Vmax at the time t3:
peak value appears between the terminals of  
an arrester during the passage of discharge
current

(a) Characteristics of resistive elements

Vmax

Imax

t3

t4

t2

t1

i0

t5
a

0

b

c

1pu

–1pu

10 A      100 A      1 kA     10 kA   100 kA
1A 

Figure 21.6 Arrester characteristics
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(b) Arrester n–i characteristic curve 
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Taking all the above into consideration, it may be concluded that, for insulation coordination of a

substation and its equipment:

� Against impinging lightning surge to the station it is necessary:

– to limit the arising station surge voltage within the presumed largest residual voltages of the
adopted arresters

– to realize the withstanding insulation level of the station equipment against the largest

discharge voltage (residual voltage) for the presumed largest surge current.

� For power frequency voltages, the arrester should withstand the thermal stress of continuous leakage

current caused by MCOV as well as TOV and of switching surge energy.

Figure 21.6c shows the typical TOV capability of arresters.

21.4.1.3 Classification and selection of arresters by ratings

We present here the general concept in regard to a guaranteed method for the characteristics of an

arrester and the method of selection, although the detailed description of arrester standards may differ

among national standards bodies.

Referring to Figure 21.6b, the arrester’s essential v–i characteristics are guaranteed by the two

points a and b.

Point a is the reference voltage and current (va (kVrms), ia (mArms)) which are indicated by the

supplier. It should be guaranteed that the v–i characteristics of an individual arrester at the reference

current ia (typically 1 mA) exceed the guaranteed reference voltage va, and the arrester has to

withstand the thermal energy of the guaranteed power frequency continuous current ia.

Point b is the standard nominal discharge voltage and current (vb (kVcrest), ib(kAcrest)). The

standard nominal current ib is specified as standard values like 1.5 kA, 2.5 kA, 5 kA, 10 kA, 20 kA,

40 kA for the purpose of arrester classification and for guaranteeing the discharge voltage character-

istics. The discharge voltage of an individual arrester should be smaller than the guaranteed standard

nominal discharge voltage vb at the standard nominal discharging current ib (tested typically with the

8/20 ms standard impulse wave current).

In practical engineering, individual arresters should be selected so that the guaranteed reference

voltage (or the duty cycle voltage) exceeds the MCOV or the maximum TOV (Urp).

High-voltage arresters of EHV/UHV classes are also assigned switching surge durability by

the standards for the arresters, in that generally the thermal energy absorbing capability (kJ) at

the specified discharge current is type tested. The guaranteed value can be additionally written as

point c in Figure 21.6b.

In regard toswitchingsurges,pointccanbewrittenas theguaranteedstandardnominalbdischarge

voltage and current (vc (kVcrest), ic (kA crest)) for the switching surges. The standard nominal

currents for the switching surges are specified as standard values like 0.5 kA, 1 kA, 2 kAcrest. (A

detailed description of the arrester’s switching surge durability is omitted.)

21.4.2 Separation effects of station arresters

In regard to surge phenomena, the induced time-changing overvoltage of an arbitrary point is different

from that of any other point in the same substation. Accordingly, the voltage at the transformer terminal

(or at any other equipment) is different from that of the station arrester terminal. Generally we need to

consider that the voltage at the protected insulation may possibly be higher than that at the arrester
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terminals due to the travelling distance on connecting leads and the conductor circuit. This rise in

voltage is called the separation effect of an arrester. This effect obviously lessens the surge

protection performance of arresters. Referring to Figure 21.7a, the separation effects can be explained

as the behaviour of travelling waves which is deeply linked with (1) the increasing rate of rise of

incoming surge m kV=msð Þ, (2) the distance l between the arrester and protective equipment (a

surge impedance
Ztr

ntr nar

ar
tr

G

arrester

(a)

no

rtr � 0.9 – 1.0

ZlZ

rar

l

1000

800

600

400

200

0
0        1        2         3        4         5         6         7         8

[ms]

[kV]

no : original surge voltage

ntr
nar

nar :  arrester terminal voltage
ntr :  transformer terminal voltage

(b) surge voltages at a arrester point and a transformer terminals. (simulation)

(c) Typical values of surge impedances

overhead lines          : 300–500 Ω

cable lines                 : 20–60 Ω

transformers            : 1000–10 000 Ω

rotating machinery : 500–1500 Ω

Figure 21.7 Separation effects of arresters
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transformer), and (3) the reflection factor rtr of the equipment. The phenomena can be roughly

calculated by the equation below, referring to Figures 21.7a, b and c.

We image that the transmitted lightning surge voltage at the arrester point with the time front

Tfront ; 1:2m s and the initial steepness of a (kV/m s typically 200–500 kV/m s) appears on t¼ 0, so

the voltage during the initial small time interval of 0< t<Tfront ( ; 1.2m s) can be written

Var (t)¼ a � t(kv). The surge voltage begins to travel to the transformer terminal (distance l ) on

t¼ 0 and arrive on t¼ l/u �T, so that the surge voltage at the transformer terminal (reflection

factor rtr) appears on t¼ l/u (that is t0 ¼ t�l/u¼0) as is the voltage form of Vtr (t0 )¼ (1þ rtr) � a � t0
(kV), where attenuation is neglected.

Assuming l ¼ 60 m; u ¼ 300 m=m s; namely T ¼ 60=300 ¼ 0:2 m s for one way traveling.

Z1 ¼ 300 V (for station conductors), Z2 ¼ 5000 V (for a transformer)

rtr¼ (5000–300)/5000þ300)¼ 0.9 (reflection factor)

Var (t)¼ a � t (kV) for 0< t< 2T¼ 0.4 m s

Var (t0)¼ (1þrtr) � a � t0 (kV)¼ 1.9 a� t0 (kV) for 0< t0 < 2T¼ 0.4m s

The equation shows that the transformer terminal voltage Vtrðt0Þ build up by 1þrtr ¼1.9 times

of steepness from that of the arrester terminal voltage VarðtrÞ during the initial time of up to

2T¼ 0.4m s.

Furthermore, Var continues to increase the magnitude until the interval of t¼Tfront ¼ 1:2 m s and

reaches the maximum residual voltage, so that Vtr ðt0Þ also continues to increase the magnitude

for the interval of wave front 1.2 m s, while the waveform would become oscillatory mode after

t > 2T ¼ 0.4m s because the negative reflection waves soon come back from the arrester point. As

the result, the transformer terminal voltage VtrðtÞ could become totally larger magnitude than the

arrester terminal voltage Var and be oscillatory mode by almost doubled steepness.

The above results indicate that the overvoltage stress to the transformer may be more severe than

the arrester’s protective level because of the separation effect by large destance l or by the large

traveling time T ¼ 1=u. On the contrary, if the distance l is small, such a severe stress would not

appear at the transformer terminal, because the negative reflected waves would soon come back

from the arrester point and the Vtr and Var become almost the same.

In practical engineering, the arresters installed very close to the junction tower of a transmission

line are quite meaningful as gateway barriers to protect entire substations against lightning surges from

the transmission lines. However, these arresters may not be able to protect properly the transformers or

any other facilities because of the separation effects.

This is the reason why important transformers or other equipment (including cables) at large

stations are preferably protected by exclusively and closely installed bespoke arresters. Such

arresters for individual transformers would also be very effective at reducing the overvoltage stresses

caused by repeated switching surges or rare cases of direct lightning strikes on the station.

Figure 21.8 shows a typical example of GIS for a 500 kV out-door substation with double bus

system, the breakers of which are of one-point-breaking type. The arresters are installed at each main

transformer terminals as well as at transmission line feeding points.

21.4.3 Station protection by OGWs, and grounding
resistance reduction

21.4.3.1 Direct lightning strike on the substation

Surge arresters are generally installed at the gateway point of the substation very close to the first

tower of each feeding transmission line and well protect the substation against impinging lightning

surges from the transmission lines. However, direct lightning strikes on the substation may be
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Figure 21.8 GIS substation (500 kV, 8000 A, 63 kA, double bus system)
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possible. We cannot prevent such occasions, but can and need to minimize the probability of a

strike on the station, or at least protect internal insulation failure (inner insulation failure) as much

as possible.

Direct lightning strike on a substation would cause more severe aspects in comparison

with a lightning strike on a transmission line, although the probability of occurrence may be

smaller.

In case of lightning striking a transmission line, first, arcing horns would limit the magnitude of

the surge voltage. Secondly, attenuation of the travelling waves before arrival at the substation would

be expected for most cases. The arresters installed at the tower junction point and other points in the

substation would appropriately protect the substation and the station apparatus.

On the contrary, the situation of a direct strike on the substation is quite different:

� It is impossible to protect perfectly external (air) insulation failure. Furthermore, the striking point

and its aspects cannot be anticipated or limited because the physical configuration as well as electric

circuit condition (distribution of surge impedance, for example) are quite complicated.

� Attenuation through long-line travelling cannot be expected.

� Various transition points and surge impedances exist within a narrow area, so unexpected voltage

enlargement like the separation effect of arresters may occur.

� The surge energy may exceed the arrester’s duty, which probably means cascade failure of the

arrester or insulation parts of other equipment.

21.4.3.2 OGWs in station area

The major purpose of OGWs in the area of the substation is to reduce the probability of direct

lightning strike on the substation as much as possible, although they cannot be a perfect counter-

measure to protect a direct strike on the conductors. The OGWs can reduce the probability of a direct

strike on the conductors by the shielding effect, first. Through and ample OGWs can reduce the

probability of inverse flashover, second, because the surge impedance is also reduced or the stricken

current would be bypassed.

21.4.3.3 Reduction of station grounding resistance and surge
impedance

The reduction of the surge impedance at the substation is a vitally important countermeasure to protect

or to reduce every kind of surge stress, in particular against direct lightning strike on the substation as

well as switching surges and travelling surges from the lines. The reduction of station surge
impedance is the most important step to reduce the surge impedance Z2 in Figure 21.4 against

incidental travelling surges, for example.

As a numerical check, assuming Z1 ¼ 300V as the line surge impedance, then the arrester terminal

voltages are

2Z2

Z1 þ Z2
E ¼ 0:5 E for Z2 ¼ 100Vð Þ

¼ 0:28 E for Z2 ¼ 50Vð Þ
¼ 0:18 E for Z2 ¼ 30Vð Þ

(21.3a)

The above check clearly indicates the large effect of reducing surge impedance at the station.
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In the case of a direct strike on the OGW in the substation, we can apply correspondingly the

Equation 20.6 in Figure 20.10 and

Reff ¼
1

1

Z0
þ 1

ZOGW
þ 1

Z2

(21.3b)

where Z0 : surge impedance of the lightning surge itself Z0 ; 400Vð Þ
ZOGW: total equivalent surge impedance of all the OGW wires

Z2: surge impedance of the substation

Therefore, Reff can obviously be reduced by a reduction in the station surge impedance Z2, and

accordingly back-flashover would also be reduced.

The resistive ohm value of the substation ground system should also be kept within a specified

value for human safety. If ground resistance R¼ 1 V and Ig ¼ 1000 A are assumed, the induced

voltage on the earth conductor could be Vg ¼ 1 kV, which is too large for the human body to

withstand.

Typical practices for the ground system in substations involve ground pilings or pipes/rods,
ground conductors, ground meshes, ground mats or a combination of these, and the resistive ohm

values are designed to stay within specified values, say 0.5–1V by which the surge impedance of the

station is also reduced.

Incidentally, some apparatus may be adopted in practical engineering where the external insulation

(mostly the bushings) is designed to be a little weaker than the internal insulation in order to avoid

internal faults.

21.5 Insulation Coordination Details

We have reached the stage where we can study the details of insulation coordination, taking all the

above into account, and including material in previous chapters.

21.5.1 Definition and some principal matters of standards

21.5.1.1 The definition

First of all, the definitions of ‘insulation coordination’ by the IEEE and IEC are as follows:

� The selection of insulation strength consistent with expected overvoltages to obtain an acceptable

risk of failure (IEEE 1313.1-1996, Standard for insulation coordination).

� The selection of the dielectric strength of equipment in relation to the voltages which can

appear on the system for which the equipment is intended and taking into account the service

environment and the characteristics of the available protective devices (IEC 71-1, 1993, Insulation

coordination).

The meanings of both definitions are the same, although the expressions are different. Needless

to say, any other existing national standards (ANSI, JEC, etc.) would have definitions with the

same meanings.
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Table 21.1 summarizes the criteria in regard to the principal goals of insulation coordination which

are probably recognized as common worldwide, and of course is a more concrete expression of the

above definitions by the IEEE and IEC as well as by any other standards body with the same

engineering expertise.

‘Standards’ may generally be a kind of engineering consensus or practical policy guidelines for

industrial applications by their nature, but they are substantially based on expert detailed theories and

technical facts obtained from a great deal of engineering experience in the field of practical

application. This is the reason why all the standards in regard to power system insulation are almost

the same for principal matters, although the terminology may differ. Readers should appreciate our

intention to introduce ‘the worldwide consensus and its technical background’ instead of the quoted

items from the IEEE or IEC standards, although the terminology and the figures are quoted mainly

from these two representative standards.

21.5.2 Insulation configuration

Some important definitions for insulation configuration from the IEEE and IEC standards are as follows:

Insulation configuration:

� The complete geometric configuration of the insulation, including all elements (insulating and

conducting) that influence its dielectric behaviour. Examples of insulation configurations are phase-
to-ground insulation, phase-to-phase insulation and longitudinal insulation (IEEE 1313,

similarly IEC 71-1).

Longitudinal insulation:

� An insulation configuration between terminals belonging to the same phase, but which are

temporarily separated into two independently energized parts (open-switch device) (IEEE).

� An overvoltage that appears between the open contact of a switch (IEC).

External insulation:

� The air insulation and the exposed surfaces of solid insulation of equipment, which are both subject

to dielectric stresses of atmospheric and other external conditions such as contamination, humidity,

vermin, etc. (IEEE).

� The distances in atmospheric air, and the surfaces in contact with atmospheric air of solid insulation

of the equipment which are subject to dielectric stresses and to the effects of atmospheric and other

external conditions, such as pollution, humidity, vermin, etc. (IEC).

Internal insulation:

� Internal insulation comprises the internal solid, liquid, or gaseous elements of the insulation of

equipment, which are protected from the effects of atmospheric and other external conditions such

as contamination, humidity, and vermin (IEEE, IEC similarly).

Self-restoring insulation:

� Insulation that completely recovers its insulating properties after a disruptive discharge caused by

the application of a test voltage; insulation of this kind is generally, but necessarily, external
insulation (IEEE).
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� Insulation which completely recovers its insulating properties after a disruptive discharge

(IEC).

Non-self-restoring insulation:

� An insulation that loses its insulating properties or does not recover them completely after disruptive

discharge caused by the application of a test voltage; insulation of this kind is generally, but not

necessarily, internal insulation (IEEE).

� Insulation which loses its insulating properties, or does not recover them completely, after a

disruptive discharge (IEC).

21.5.3 Insulation withstanding level and BIL, BSL

We have studied in the previous sections various kinds of overvoltages and the countermeasures to

mitigate them or to protect insulation, in particular to protect internal insulation. Taking all this into

consideration, concepts of insulation strength and insulation-withstanding level, and, furthermore,

clear guidelines for the latter, that is standard withstand voltages or standard insulation levels, are

introduced.

The guideline criteria have to be able to offer the important role of the measures for insula-
tion strength and withstanding level at least for the following four important engineering

procedures:

a) Measures to determine or to select entire levels of insulation strength of transmission lines

and substations belonging to the same operating voltages of the individual power system.

b) Measures to mitigate the actual possible overvoltage stresses within the selected insulation

levels.

c) Measures to specify the required insulation strength of individual equipment or facilities.

d) Measures to prove the specified insulation-withstanding strength by which required

insulation levels of equipment or facilities can be tested and guaranteed.

The insulation strength or insulation withstanding voltage levels are expressed in terms of three

representative categories of overvoltages, namely BIL, BSL and the highest power frequency
voltages, as principal concepts of insulation coordination.

The IEEE definitions of BIL and BSL are as follows:

� BIL (Basic Lightning Impulse Insulation Level): The electrical strength of insulation expressed in

terms of the crest value of a standard lightning impulse under standard atmospheric conditions. BIL

may be expressed as either statistical or conventional.

� BSL (Basic Switching Impulse Insulation Level): The electrical strength of insulation expressed in

terms of the crest value of a standard switching impulse. BSL may be expressed as either statistical
or conventional.

� Conventional BIL: The crest value of a standard lightning impulse for which the insulation

shall not exhibit disruptive discharge when subjected to a specific number of applications

of this impulse under specified conditions, applicable specifically to non-self-restoring

insulations.
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� Conventional BSL: The crest value of a standard switching impulse for which the insulation does

not exhibit disruptive discharge when subjected to a specific number of impulses under specified

conditions, applicable to non-self-restoring insulations.

21.5.4 Standard insulation levels and their principles

Tables 21.2 A, B, C show the standard withstand voltages for power systems specified by IEEE 1313

and IEC 71-1.

The IEEE as well as IEC standards are divided into the following two parts:

a) IEEE, for the specified standard highest voltages:

� Class I: Medium (1–72.5 kV) and high (72.5–242 kV) voltages

� Class II: EHV and UHV: 242 kV

b) IEC, for specified highest voltages for equipment:

� Range I: Above 1 kV to 245 kV

� Range II: Above 245 kV

The contents as well as the background reasons of both standards can be said to be the same,

although the terminologies are slightly different. Therefore, we show the above Class I by the IEEE and

Range I by the IEC together in the same Table 21.2A. Tables 21.2B and C are their standards for

voltages above 245 kV.

The standard withstanding BIL and BSL of equipment have to be proved also by overvoltage tests

with the same specified wave shapes. The IEC and IEEE definitions for the standard wave shapes for
BIL and BSL tests are the same, and are given in Table 21.2C:

� Standard lightning impulse: 1.2/50 ms.

The wave shape having a time to peak of 1.2 ms and a time to half-value of 50ms.

� Standard switching impulse: 250/2500 ms.

The wave shape having a time to peak of 250 ms and a time to half-value of 2500 ms.

It is fair to say that the above outlines of insulation coordination by the IEC and IEEE standards

including Tables 21.2A–D are almost the same as each other and it is because the above described

outlines are based on theory and facts that they have been recognized as the worldwide consensus. Any

other national standards or recommendations would actually also be equivalent.

21.5.5 Comparison of insulation levels for systems under
and over 245kV

In Table 21.2A for the systems under 245 kV, standard short-duration power frequency withstand

voltages as well as standard lightning impulse withstand voltages are assigned. On the other hand, in

Tables 21.2B and C for systems over 245 kV, standard switching impulse withstand voltages are

assigned instead of short-duration power frequency withstand voltages. The reason for this may be

explained as follows.
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21.5.5.1 Systems under 245kV (Table 21.2A)

1a) There is a tendency for TOVs to be quite high. In particular, many lower voltage systems

are non-effective neutral grounding systems, so the ground–fault factor (the ratio of the

highest power frequency voltage on an unfaulted phase during a line-to-ground fault to

the phase-to-ground power frequency voltage without the fault) is generally large.

Table 21.2A IEC 71-1 and IEEE 1313: Standard withstand voltages for power systems of up to

245 kV

IEC 71-1, 1993-12 Insulation coordination Part 1: Definitions, principles and rules.
Range 1: 1 kV<Um� 245 kV

Highest voltage
for equipment

Um

Standard short-
duration power frequency
withstand voltage

Standard lightning
impulse withstand
voltage

IEEE 1313.1-1996 Insulation Coordination – Definitions, principles and rules,
Class 1: 15 kV<Vm� 242 kV

Maximum
system voltage

(phase-to-phase) Vm

Low-frequency,
short-duration

withstand voltage
(phase-to-ground)

Basic lightning impulse
insulation level

(phase-to-phase)
BIL

kV, rms value kV, rms value kV, crest value

IEC IEEE IEC IEEE IEC IEEE

3.6 10 20, 40

7.2 20 40, 60

12 28 60, 75, 95

17.5 15 38 34 75, 95 95, 110

24 26.2 50 50 95, 125, 145 150

36 36.2 70 70 145, 170 200

52 48.3 95 95 250 250

72.5
140 95 325 250

72.5
140 350

140 350

121 (185) 185 450 450
123

230 230 550 550

(185) (450)

145
230 230 550 450

145 275 275 650 550

325 650

(230) 230 (550) 550

170 169
275 275 650 650

325 325 750 750

(275) 275 (650) 650

(325) 325 (750) 750

245 242
360 360 850 825

395 395 950 900

460 480 1050 950, 1050
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Furthermore, especially in systems under 36 kV, various temporary and irregular electrical

conditions (e.g. neutral terminal opening, conductor crossing from higher voltage systems)

as well as mechanical damage to network facilities are apt to occur so that some reasonable

margin for a.c. voltages may be required for social and security purposes. These are the

reasons why the standard short-duration power frequency withstand levels are assigned

relatively larger values.

1b) Switching impulse withstand levels (BSL) have no meaning in this class because they can be

covered by BIL. Next, the ratio of BIL=
ffiffiffi
2
p

=
ffiffiffi
3
p� �

Um

� �
for this voltage class is larger than that

for the higher voltage class of Tables 21.2B and C.

As a numerical check of BIL=fð
ffiffiffi
2
p

=
ffiffiffi
3
p
ÞUmg:

Table 21:2A : 200=fð
ffiffiffi
2
p

=
ffiffiffi
3
p
Þ36g ¼ 6:80; 325=fð

ffiffiffi
2
p

=
ffiffiffi
3
p
Þ72:5g ¼ 5:49;

850=fð
ffiffiffi
2
p

=
ffiffiffi
3
p
Þ245g ¼ 4:25

Tables 21:2B;C : 850=fð
ffiffiffi
2
p

=
ffiffiffi
3
p
Þ300g ¼ 3:47; 1300=fð

ffiffiffi
2
p

=
ffiffiffi
3
p
Þ525g ¼ 3:03;

1800=fð
ffiffiffi
2
p

=
ffiffiffi
3
p
Þ800g ¼ 2:76

In other words, BILs of class 1 systems are relatively high, so BSLs must be relatively high. On the

other hand, switching overvoltages are obviously proportional to the system operating voltages so that

switching surges would be lower for the systems of this class. These are the reasons why BSL is

omitted for the lower voltage systems of class 1.

Table 21.2B IEC 71-1: Standard withstand voltages for power system of over 245 kV,

Range 2: Um> 245 kV

Standard switching impulse withstand voltage

Highest Voltage
for equipment

Um kV (rms value)

Longitudinal
insulation

kV (peak value)

Phase-to-earth

kV (peak value)

Phase-to-phase
ratio to the
phase-to-earth
peak value

Standard Lightning
impulse withstand
voltage kV
(peak value)

300 750
750

1.5
850, 950

850 950, 1050

362 850
850

1.5
950, 1050

950 1050, 1175

420

850 850 1.6 1050, 1175

950
950 1.5 1175, 1300

1050 1.5 1300, 1425

525 950

950 1.7 1175, 1300

1050 1.6 1300, 1425

1175 1.5 1425, 1550

765 1175

1300 1.7 1675, 1800

1425 1.7 1800, 1950

1550 1.6 1950, 2100
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21.5.5.2 Systems over 245kV (Tables 21.2B and C)

2a) Low-frequency short-duration withstand voltage is omitted, because, nowadays, all EHVand

UHV class systems are treated under the solidly neutral grounding method (probably without

exception) so that the ground fault factor is rather small.

2b) On the other hand, BSL is strictly assigned to this class. The reason can be explained by the

inverse of item (1b) above. That is, first, BIL has been considerably reduced (due to the advance

of arrester properties in particular) in EHV and UHV. Secondly, switching surges are propor-

tional to the operating voltages and so are relatively large in comparison with the insulation

levels. These are the reasons why BSL has to be assigned quite important items. In IEC 71-1,

phase-to-phase and longitudinal BSL as well as phase-to-earth BSL are also assigned.

Table 21.2C IEEE 1313: Standard withstand voltages for power systems of over 242 kV,

Class 2: Vm> 242 kV.

Maximum system
voltage (phase-to-phase)

Vm kV, rms

Basic switching impulse insulation
level (phase-to-ground) BSL

kV, peak

Basic lightning impulse
insulation level (phase-to-ground)

BIL kV, peak

362

650 900

750 975

825 1050

900 1175

975 1300

1050

550

1300 1175

1425 1300

1550 1425

1675 1550

1800

800

1300 1800

1425 1925

1550 2050

1675

1800

Tf : the time-to-crest value (virtual time)
Tt : the time-to-half value (virtual time)

voltage [%] 

100 

50 

0 

100 

50 

0 
Tf Tf 

Tf  = 1.2 [ms] 
Tt = 50 [ms] 

Tt = 2500 [ms] 
Tf  = 250 [ms] 

time [ms] time [ms] Tt Tt 

voltage[%] 

Standard lightning impulse test 
voltage 1.2/50 impulse 

Standard switching impulse test  
voltage 250/2500 impulse 

P 
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As a numerical check of BSL phase-to-earthð Þ=
ffiffiffi
2
p

=
ffiffiffi
3
p� �

Um

� �
:

ið ÞBIL=fð
ffiffiffi
2
p

=
ffiffiffi
3
p
ÞUmg ðiiÞBSL phase-to-earthð Þ=fð

ffiffiffi
2
p

=
ffiffiffi
3
p
ÞUmg

300 kV : 850� 1050ð Þ=fð
ffiffiffi
2
p

=
ffiffiffi
3
p
Þ300g ¼ 3:47� 4:29; 750� 850ð Þ=fð

ffiffiffi
2
p

=
ffiffiffi
3
p
Þ300g ¼ 3:06� 3:48

525 kV : 1175� 1550ð Þ=fð
ffiffiffi
2
p

=
ffiffiffi
3
p
Þ525g ¼ 2:74� 4:15; ð950� 1175Þ=fð

ffiffiffi
2
p

=
ffiffiffi
3
p
Þ525g ¼ 2:22� 2:74

800 kV : ð1800� 2050Þ=fð
ffiffiffi
2
p

=
ffiffiffi
3
p
Þ800g ¼ 2:76� 3:14; ð1300�1800Þ=fð

ffiffiffi
2
p

=
ffiffiffi
3
p
Þ800g¼1:99� 2:76

This leads to the following:

� The BIL ratio to the operating voltage is remarkably low for EHVand UHV systems, which means

the reduction of the insulation level has been realized; this owes much to advanced arrester

technology to lower the protective levels.

� The BSL ratio is very close to the BIL ratio. Accordingly, the following points have to be carefully

confirmed as essentially important for EHV and UHV systems:

– EHV and UHV arresters are required to limit the lightning impulse level to lower values,

while withstanding the large switching surge (the capability to absorb large switching surge

energy).

– EHV and UHV breakers are required to limit the switching surges to within the specified levels.

For example, UHV breakers of 500 kV class are required to limit the BSL to within typically 2.5

by adopting resistive closing/tripping.

– Of course, all the other EHV and UHV station equipment has to guarantee the insulation levels

specified in Tables 21.2B and C, including BSL.

21.5.5.3 Evaluation of degree of insulation coordination

The degree of coordination can be measured or evaluated by the protective ratio (PR) (IEEE

PC62.22). That is,

PR ¼ ðinsulation withstanding levelÞ=ðvoltage at protected equipmentÞ
or the ratio of the insulation strength of the protected equipment to the overvoltages appearing

across the insulation. The voltage at protected equipment is equal to arrester protective level, if

the separation effect is insignificant:

PRl ¼ BIL=LPL ðratio for BIL : acceptable level 1:15Þ

where LPL is the lightning impulse protective level

PRs ¼ BSL=SPL ðratio for BIL : acceptable level 1:2Þ

where SPL is the switching impulse protective level

The denominators of the above ratios are expected largest voltages possible. The insulation

coordination of a power system can be evaluated by deriving the PR of individual lines and equipment

by detailed overvoltage analysis.

Note that, besides BIL and BSL, a chopped-wave overvoltage test may be additionally introduced

as an optional requirement for special conditions.

The standard chopped-wave impulse voltage shape is a standard lightning impulse that is

intentionally interrupted at the tail by sparkover of a gap or other chopping equipment. Usually

the time to chop is 2–3ms. (Further details are omitted as the matter is beyond this book.)
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21.5.5.4 Breakdown voltage characteristics

All the transmission lines as well as station facilities and equipment have to be designed to satisfy the

applied standard insulation levels. For this purpose, breakdown voltage characteristics under various

conditions are required as essential data of insulation characteristics. The breakdown character-
istics of any insulation materials (air, gas, oil, paper, porcelain, etc.) are affected by the shapes of
electrodes and the atmosphere (pressure, humidity, temperature, etc.) so a huge amount of valuable

experimental data has been accumulated from the past. Figure 21.9 is an example showing the

breakdown characteristics of air and SF6 gas.

21.5.5.5 Cable insulation

The power cables contain non-self-restoring insulation, so any breakdown of cable insulation would

require extensive outage time for repairs at a high cost. Therefore insulation failure of power cables for

network lines as well as for power station use should be avoided.

Cable circuits have a low surge impedance of typically 40–50 V so that surges coming from

overhead lines will be reduced significantly at the line–cable junction. However, switching surges

originating in the vicinity of cable lines at a substation may be largely reflected at the junction point to

the transmission lines (see Section 18.7). Switching surge phenomena in the substation area are

generally quite complicated. Metal–oxide gap-less arresters can provide excellent cable protection,

while the arrester is required to absorb the relatively large thermal energy 1
2 CV2
� �

caused by the high-

frequency oscillatory overvoltages.

Regardless, insulation coordination of the power system network including cable lines of large

capacitance have to be carefully examined. The overvoltage behaviour of cable lines will be discussed

again in Section 23.6.

Today, all the facilities of the primary circuit of a power system (transmission lines, power cable

lines, power station/substation equipment and related configurations) are planned, specified, designed,

manufactured, tested, installed and operated based on the insulation coordination standards and the
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 (P. Jacottet and W. Weicker, ETZ 1940) (T. Takuma, IEEE 1972) 

rod-to-rod electrodes 
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~(1.6×42) µs

SF6 

Figure 21.9 Flashover characteristics (typical example) ((b) courtesy of Mr T. Takuma)
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related individual standards. In other words, all the engineering activities in regard to power systems

are deeply correlated with the above concept of insulation coordination.

21.6 Transfer Surge Voltages Through the Transformer,
and Generator Protection

If lightning surges or switching surges were to flow into the high-tension bushing terminal of a

transformer, it could put serious stress on the transformer windings. Furthermore, an induced
transfer overvoltage would appear at the low-tension bushing terminal and threaten the insulation of

lower voltage side equipment. This is a serious problem in low-tension-side insulation coordination. In

particular, in the case of generating plant, the rated voltage of the low-tension side of the generator

terminals are relatively low (say, 10–30 kV) (in other words, a large transformation ratio) so that the

insulation level is quite low in comparison with that of the high-tension side. Appropriate counter-

measures to protect generators and other low-voltage equipment are therefore required. We study this

problem in this section.

21.6.1 Electrostatic transfer surge voltage

The transformer we studied in Chapter 5 just had the characteristics of the power frequency based on

inductance L of the coil windings, neglecting stray capacitances C. We need to consider that the

behaviour of the transformer in the surge frequency zone is dominated by stray capacitance C instead

of inductance L of the coil windings. Accordingly, we need to establish some equivalent circuit of the

transformer based on capacitance C.

21.6.1.1 Equivalent circuit (single phase transformer)

Figure 21.10a shows a typical equivalent circuit for high-frequency phenomena. This is a distributed

circuit with elemental capacitances from the high-tension (HT) coil to the low-tension (LT) coil as well

as that from the LT coil to grounding earth, where the capacitances from the HT coil to grounding earth

are not written because they can be treated as part of the connected HT outer circuit. As we are not

applying powerful computers in this book, we need to simplify Figure 21.10a to 21.10b where the

distributed capacitances are concentrated by C12 (total capacitance from the HT to LT coil) and C2 (total

capacitance from the LT coil to grounding earth). Then we examine two different cases in Figure 21.10b:

� Circuit 1 (switch S1 closed, S2 open): This is the case where terminals m and n are connected

together, while the earth terminal is open. In the figure, the scale x shows the distributed coil position

HT-coil 
m 

n 

m 

n 

k 

E 

C12 

C2 

E
m

ax
 

aE
 

aE
 

E
 

S1 

S2 

x

n 
k 

m
 

co
il 

le
ng

th
 x

LT-coil point n : non-grounded point n : earth-grounded

(a) (b) 

a 
b 

(c) 

Figure 21.10 Equivalent circuit of transformer for high-frequency phenomena
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being measured from point n to point m. When the surge voltage travelling from the HT line arrives

at the connected points m and n as the magnitude of E, the surges then rush into the primary coil

simultaneously from m and n and frontally meet point k so that the voltage at k obtains the largest

value Emaxð¼ 2E if attenuation is neglectedÞ. The initial voltage distribution in the HT coil is

shown as curve a in Figure 21.9c. The averaged value of the distributed voltage can be written as

E ¼ aE, where a ¼ 1:4� 1:6> 1:0.

� Circuit 2 (switch S1 open, S2 closed): This is the case where terminal n is connected only to the earth

and the surge E is injected at point m. The surge voltage E travels through the HT coil from point m to

n so that the initial voltage distribution is as curve b in Figure 21.9c. The averaged value of the

distributed voltage can be written as E ¼ aE, where a ¼ 0:5� 0:7< 1:0.

As a result, we can presume that the averaged voltage aE is injected at point k of circuits 1 and 2 as

follows:

for circuit 1:a ¼ 1:4� 1:6

for circuit 2:a ¼ 0:5� 0:7

)

(21.4)

21.6.1.2 Calculation of electrostatic transfer surge voltage
(single phase transformer)

Our problem is shown in Figure 21.11a, where surge voltages Em(t) and En(t) arrive at terminals m and

n simultaneously, and the equation for deriving the electrostatically induced voltage at the LT coil

terminal is as follows:

1vm ¼ Em

1vn ¼ En

)

(21.5a)

Now we can transform the set voltages Em and En into the line-to-ground travelling wave E0 tð Þ
and line-to-line travelling wave E00 tð Þ, and Figure 21.11a can be divided into the Figures 21.11b

and c:

Em ¼ E0 þ E00

En ¼ E0 � E00

9
>>=

>>;

r

line-to-ground travelling wave E0 ¼ 1

2
Em þ Enð Þ

line-to-line travelling wave E00 ¼ 1

2
Em � Enð Þ

9
>>=

>>;

s (21.5b)

Em E´ E´´

–E´´

E´

aE´

C12 C12 C12

C2 C2 C2

En
1nm

2n 2n´ 2n´´

1nn

k k k
0V

(a) (b)

phase-to-ground
travelling wave

phase-to-phase
travelling wave

(c)

Figure 21.11 Transfer voltage from HT coil to LT coil
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For Figure 21.11b, we can quote the result of circuit 1: that is, voltage aE0 is charged at

point k:

2v
0 ¼ C12

C12 þ C2
� aE0 ¼ a

2
� C12

C12 þ C2
Em þ Enð Þ (21.6a)

For Figure 21.11c, voltages E00 and �E00 are injected at points m and n respectively, so the

frontal voltage at k becomes zero. In other words, this is a special case of a ¼ 0 on circuit 2.

Namely,

2v00 ¼ C12

C12 þ C2
� 0 ¼ 0 (21.6b)

Thus the solution of Figure 21.11a is derived as the addition of the results by Figures 21.11b and c.

Namely,

2v ¼ 2v
0 þ 2v00 ¼ C12

C12 þ C2
� aE0 ¼ a

2
� C12

C12 þ C2
Em þ Enð Þ (21.6c)

21.6.1.3 Calculation of electrostatic transfer surge voltage
(three-phase transformer)

Figure 21.12 is a typical connection diagram of a main transformer for thermal or hydro-

generating plants.

The surge voltages Ea tð Þ; Eb tð Þ; Ec tð Þ arrive simultaneously at the HT terminal bushings. Our

problem is to calculate the transfer surge voltages induced by the generator-side LT terminal

bushings.

We can quote the result of Equation 21.6 for the initial transfer surge voltage induced at the LT

side:

phase a 2va ¼
a
2
� C12

C12 þ C2
Ea þ 1vn

� �

phase b 2vb ¼
a
2
� C12

C12 þ C2
Eb þ 1vn

� �

phase c 2vc ¼
a
2
� C12

C12 þ C2
Ec þ 1vn

� �

9
>>>>>>>=

>>>>>>>;

(21.7)

1va

1vc

1vb 1vn

1vb

2vb

2vc

2va

C12

n
á

b́

ć

C2

(stray capacitances of phase a
 only are indicated)

Figure 21.12 Stray capacitance between HT and LT windings
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where 1vn : surge voltage at the neutral point n

or by symmetrical components

2v0 ¼
1

3 2va þ 2vb þ 2vc

� �

¼ a
2
� C12

C12 þ C2
E0 þ 1vn

� �

2v1 ¼
a
2
� C12

C12 þ C2
�E1

2v2 ¼
a
2
� C12

C12 þ C2
�E2

where

E0

E1

E2

¼ 1

3

1 1 1

1 a a2

1 a2 a

�
Ea

Eb

Ec

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

(21.8)

Equations 21.7 and 21.8 are the resulting general equations giving the transfer surge voltages

appearing at the bushings of the LT side, while the LT bushing terminals are in the open condition.

By applying the above derived equations, the equations for calculating the transfer voltages under

different terminal conditions can be derived, which are summarized in Table 21.3.

Regarding the derivation processes shown in Table 21.3, the neutral point n should be carefully

treated as a surge transition point. The transmittal wave coefficient at point n is obviously different for

each case. For example, the coefficient of the voltage, vn at the neutral point n is 2 for case 5, 2/3 for

case 6, 4/3 for case 7, and so on, as explained in the table.

We can find the equation for calculating the transfer surge voltages appearing on the LT side

under various different conditions on the HT voltage side using the above general equation and

Table 21.3. The resulting equations for the seven cases can be summarized as the general equation

below.

The transfer surge voltage from the HT to the LT side (the LT side is in open mode) is

2v ¼ ka � C12

C12 þ C2
E (21.9)

where a : given by Equation ð21:4Þ
k : transfer coefficient given in Table 21:3

For example, for case 6 phase a, k ¼ 5=6, and for phase b, k ¼ 2=6, with

ka � C12

C12 þ C2
: transfer voltage ratio

Incidentally, the transfer voltages for each case with C12 ¼ 6000 pF; C2 ¼ 3000 pF; a ¼ 0:5 (for

the solidly neutral grounding system) and a ¼ 1:5 (for the neutral ungrounded system) are

shown in the table as supplemental references. In the case of the high-resistive neutral grounding

system, a is initially between 1.5 and 0.5, and soon (after the wavefront passes) becomes very close

to 0.5.

Let us consider a trial calculation for a 275 kV class power station, with main transformer 275 kV/

24 kV, y–D windings, solidly neutral grounding system. Then

C12 ¼ 6000 pF; C2 ¼ 3000 pF; a ¼ 0:7; k ¼ 1

2

From Equation 21.9

2va ¼
a
2
� 6000

6000þ 3000
E ¼ 1

3
aE ¼ 0:23E (21.10)
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The crest value of the normal phase voltage of the 275 kV side is
ffiffiffi
2
p

=
ffiffiffi
3
p� �
� 275 ¼ 224:5 kV and

that of the normal phase voltage of the 24 kV side is
ffiffiffi
2
p

=
ffiffiffi
3
p� �
� 24 ¼ 19:6 kV.

Now, assuming a surge of twice the value of 224.5 kV, then 2va ¼ 2:0� 224:5� 0:23 ¼ 103 kV.

The derived magnitude is indeed 5.3 times 19.6 kV and certainly threatens the insulation of the

generator side without effective countermeasures, although the equation is derived under the LT

bushings open condition.

We also need to recognize that each case in the table is often caused by real surge modes. In the case

of lightning striking the connected transmission line, the incidental surges Ea, Eb, Ec come together at

the station regardless of the fault phases modes, so they include the equal components E which

correspond to case 3 or 4 or 5, for example. Another example is switching surges caused by the first

pole closing of a breaker, which corresponds to case 1. All the cases shown in Table 21.3 are realistic

phenomena.

21.6.1.4 Transfer voltage arriving at the generator terminal

Next, we need to calculate the transfer voltages arriving at the generator terminals when a generator

(the surge impedance Zg) is connected to the transformer. The circuit is shown in Figure 21.13a, where

the incidental voltage is ka � eðtÞ from Equation 21.9.

The circuit equations in the Laplace domain are

ka � e sð Þ � 2v sð Þ
� �

� sC12 ¼ i sð Þ ¼ i2 sð Þ þ ig sð Þ

2v sð Þ ¼ i2 sð Þ
sC2

¼ ig sð Þ � Zg Zg : surge impedance on the generator
� � (21.11)

kae (t) C12

C2

E

t

–E

Zg

ig(t)

2n(t)

i2(t)
i (t)

(a)

(b)

(b) Equation of lightning wave

generator

surge impedance

The standard waveform of 
1.2  ×  50 µs can be written 
as the equation

Ee–at

–Ee–bt

e(t) = E(e–at–e–bt)
e(t) � E{ e–0.015 × 106t –e–5.0 × 106t }

e(t) � 0.983E  at  t = 1.2 × 10–6

a � 0.015 × 106, b  � 5.0 × 106

if putting

then

Figure 21.13 Equivalent circuit of LT coil with the generator side for high-frequency phenomena
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; 2v sð Þ ¼ sC12 � ka � e sð Þ

s C12 þ C2ð Þ þ 1

Zg

¼ C12

C12 þ C2
� s

sþ d
�ka � e sð Þ

where d ¼ 1

C12 þ C2ð ÞZg

9
>>>>>=

>>>>>;

(21.12)

Next, the incidental surge voltage coming from the HT side e(t) may have a waveform similar to the

virtual standard waveform, which is expressed by e tð Þ ¼ E e�at � e�bt
� �

as shown in Figure 21.13b.

The incident surge is

e tð Þ ¼ E e�at � e�bt
� �

e sð Þ ¼ E
1

sþ a
� 1

sþ b

� 	

9
>=

>;
(21.13)

We calculate the LT side voltage 2v sð Þ; 2v tð Þ:

2v sð Þ¼ kaE
C12

C12 þ C2
� 1

sþ a
� s

sþ d
� 1

sþ b
� s

sþ d


 �

¼ kaE
C12

C12 þ C2
� 1

d� a

d
sþ d

� a

sþ a

� 	

� 1

d� b

d
sþ d

� b

sþ b

� 	
 �

¼ kaE
C12

C12 þ C2

a� bð Þd
d� að Þ d� bð Þ �

1

sþ d
� a

d� a
� 1

sþ a
þ b

d� b
� 1

sþ b


 �

(21.14)

The transfer surge voltage at the generator bushing terminals is

2v tð Þ¼ kaE
C12

C12 þ C2

a� bð Þd
d� að Þ d� bð Þ e

�dt � a

d� a
e�at þ b

d� b
e�bt


 �

¼ kaE
C12

C12 þ C2

�d
a� d

e�dt þ a

a� d
e�at � e�bt


 �

; where a; d� b

(21.15)

where a ; 0:015� 106; b ; 5:0� 106 for the virtual standard waveform of 1:2� 50 ms as the

incidental voltage (see Figure 21.11b).

In addition, as is shown in the trial calculation below, d is smaller than a. Accordingly, d< a� b.

Therefore, at the time around the crest value, t¼ 1–1.2 ms, we can put e�at! 1; e�dt! 0;
e�bt! 0 and d= a� dð Þ! 0.

The transfer surge voltages from the HT side at the generator terminals are

2v tð Þ ; kaE
C12

C12 þ C2

a

a� d
�e�at � d

a� d
e�dt


 �

where a	 d ¼ 1

ðC12 þ C2ÞZg

9
>>=

>>;

(21.16a)
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Therefore

2
v tð Þ¼ kaE

C12

C12 þ C2
�e�at r

; kaE
C12

C12 þ C2
for t ¼ 0þ s

where

a ¼ 0:5 for solidly neutral grounded system

¼ 1:5 for neutral ungrounded system

¼ between 0:5 and 1:5 for high-resistive neutral grounded system

k ¼ 1=3; 1=2; 2=3; 5=6; 1; 7=6 depending on the transformer neutral

connection see Table 21:3Þ
E ðkVcrestÞ : surge transmitted voltage from HV bushing terminal

9
>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>;

(21.16b)

As a trial calculation for a surge impedance of generators typically Zg ¼ 30� 300 V (Zg is smaller

for generators of larger MVA capacity), putting C12¼6000 pF;C2¼3000 pFðC12 þ C2 ¼ 9000�
10�9 FÞ and Zg¼ 30–300 V, then d ; 3000� 300 < a� bð Þ.

Accordingly,

2v tð Þ ¼ 0:67k aE
6000

6000þ 3000
¼ 0:447k aE

The resulting Equation 21.16b means that the transfer voltages from the HT side cannot be reduced

by connection of the generator surge impedance. Appropriate countermeasures to protect the LT-side

insulation against the transfer voltage are essential.

21.6.2 Generator protection against transfer surge voltages
through transformer

An appropriate countermeasure is required to protect generators against the transfer surge voltage

coming from the HT side, because the rated voltages of the generators are perhaps 10–35 kV, so the

insulation level of the LT side against surge is relatively lower.

The typical countermeasure is to install a so-called ‘surge absorber’ at the LT bushing terminal
of the transformer for each phase, which is a parallel circuit of a capacitor and arrester, as shown in

Figure 21.14.

By adding capacitance C as the surge absorber, Equation 21.16 is modified as C2!C2 þ C so that

C12

C12 þ C2
! C12

C12 þ C2 þ Cð Þ (21.17)

LT-coil of transformer 

arrester 

capacitor 

to the generator 

surge absorber

Figure 21.14 Surge absorber installed at LT bushing terminal
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Accordingly, the transfer voltages can be considerably reduced by adding C of value larger than

that of C12, C2 (namely, C	C12; C2). Typically, C ¼ 0:1� 0:5mF may be a reasonable range. The

arrester in parallel is to relieve the steep wavefront.

21.6.3 Electromagnetic transfer voltage

A transfer voltage to the LT side by electromagnetic coupling also arises. Voltages caused by magnetic

coupling can be written simply as Mdi/dt, so the transfer voltage would be roughly proportional to the

transformation ratio, T-ratio ¼ nHT=nLT , the turns ratio of the HT and LT coils of the transformers.

Considering a virtual standard waveform of 1:2� 50 ms as the incident voltage E at the HT side and

a current surge with a similar waveform, the transfer voltage to the LT side in an initial time duration of

t ¼ 0–1.2 ms would be roughly (T-ratio)�E.

In the case of a 275 kV/24 kV transformer (T-ratio 11.5) as an example, the incidental surge voltage

E on the HT-side line would be transferred to the LT side by 1=11:5ð ÞE ¼ 0:087E. A less serious threat

arises from the absolute value as well as the relatively gradual wave shape in comparison with the

electrostatic transfer voltages. Electrostatic, rather than electromagnetic, coupling plays the lead role

in transfer voltage phenomena.

21.7 Internal High-frequency Voltage Oscillation
of Transformers Caused by Incident Surge

A transformer is a very compact piece of apparatus in that HT, medium-tension (MT) and LT coils are

concentrically and tightly arranged surrounding the laminated silicon steel core and each coil is

composed of a number of winding sections. Therefore, when we examine transient voltage and current

phenomena on the internal coils, we need to establish the equivalent circuit as a distributed circuit with

a number of L and C elements. Internal transient oscillations would obviously be caused by the impact

of an external surgevoltage wave, so effective suppression of such transient oscillatory voltages as well

as effective insulation design for each sectional part of the coils are vital. This is a unique problem that

transformer engineers have to overcome in the total design engineering of coil allocation and coil

insulation strength.

21.7.1 Equivalent circuit of transformer in EHF domain

Figure 21.15 shows sketches of a typical large-capacity transformer. As seen in Figures 21.15a and b,

the LT, MT and HT coils are concentrically arranged in this order as cylinder coils. Each coil is

assembled from a numbers of series-connected sectional windings. These figures also show typical

coil winding structures named ‘multi-layer cylindrical windings’ and ‘disc windings’.

Now we examine the voltage behaviour of a transformer’s internal coil when an incident surge

voltage E arrive at the HT bushing terminal. Figure 21.16a is the equivalent circuit of the HT coil

against surge or high oscillatory frequency phenomena, although resistance as well as susceptance are

ignored and the mutual couplings with MT and LT coils are not written. In the case of a disc-winding

coil, each section of the ladder circuit means each disc winding is connected in series.

21.7.2 Transient oscillatory voltages caused by incident surge

The initial conditions of the circuit just after the surge arrives can be very accurately expressed

by the Figure 21.16b, which is equivalent to Figure 21.16a in regard to the C distribution, although
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all the inductances are ignored. On the other hand, the final conditions after the transient

terms disappear would be expressed as the circuit (a) but ignoring all the C elements, namely

by Figure 21.16d.

Figure 21.16b is a very accurate equivalent circuit of the HT coil for EHF (extra high frequency)

phenomena. Now we will calculate the surge voltage distribution of this circuit where

centre of core centre of core LT-coil 
LT-coil 

HT-coil

barrier (paper 
press-board)

barrier (paper 
press-board)

HT-coil 

(a) multi-layer cylindrical winding method (b) disc-winding method 

bus duct (LT-side) 

cable head (HT-side) 

HT-coil 

LT-coil 

core support plate 

side core 

main core (laminated 
silicon steel plate) 

binding tape 

cooler units 

neutral bushing 

transformer tank 
(inside wall 
magnetically shielded) 

conservator 

steel-core clamp plate 

upper yoke 

(c) structure 

Figure 21.15 Large-capacity transformer for power station use (y–D connection)
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C : the total capacitance from the HT coil to earth-ground

Cdx: the capacitance of one discðbetween x and xþ dxÞ to earth-ground

K : the total series capacitance of HT coil from the HT terminal bushing to neutral terminal

K=dx: the series capacitance across discðbetween x and xþ dxÞ
ic : the current flowing through Cdx

ik : the current flowing through K=dx

The equation at the winding section x to xþ dx is

ik ¼
K

dx
� @
@t

v � vþ @v

@x

� 	
 �

; ik ¼ �K
@2v

@t@y
|{z}

voltage at x

|fflfflfflffl{zfflfflfflffl}
voltage at xþ dx

� @ik

@x
�dx

|fflfflfflfflffl{zfflfflfflfflffl}
reduced current of ik through dx

¼ Cdx � dv

dt|fflfflfflffl{zfflfflfflffl}
leakage current through Cdx

; � @ik

@x
¼ C

@v

@t

9
>>>>>>>>>=

>>>>>>>>>;

(21.18)

Eliminating ik from both equations,

K
@

@t
� @

2v

@x2
¼ C

@v

@t
(21.19)

then

K
@2v

@x2
¼ Cv

@2v

@x2
¼ a2v where a ¼

ffiffiffiffi
C

K

r

9
>>=

>>;

(21.20)

E 

E 

Ldx

· dxn – n + 
n ik 

dx
x

l 

· dx

K/dx

K/dx

Cdx

Cdx
iC 

1        2       3 N th 

(a) equivalent circuit of  
      transformer winding (HT-coil) 

(b) equivalent circuit at initial  
time of inrush surge 

(d) final voltage distribution 

(e) non-oscillatory windings by the parallel 
 compensation method 

shield plate 
DKk DC´1 

DC´k 
Vk 

DCk 

DC´N 

∂n ∂n 
∂x ∂x

E 

M1 M2 MN 

E

Figure 21.16 Internal surge behaviour of transformer
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voltage potential (pu) 

C: the total capacitance from the  
HT-coil to earth-ground 
(Cdx for the length dx)

K: the total series capacitance of 
HT-coil from the HT terminal bushing 
to neutral terminal 
(K/dx for the length dx)

(c1) initial surge voltage distribution 

(c2) surge voltage oscillation 
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Figure 21.16 (Continued )
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The general solution of the above partial differential equation is

v ¼ A cosh axþ B sinh ax (21.21)

where A and B are determined by the terminal conditions (refer to the supplement for the proof).

The terminal conditions are

v ¼ 0 at x ¼ l ; 0¼ A cosh alþ B sinh al

¼ Aþ B

2
eal þ A� B

2
e�al

v ¼ E at x ¼ 0 ; E ¼ A cosh 0þ B sinh 0 ¼ A

9
>>=

>>;

(21.22)

;A¼ E

B ¼ �E
eal þ e�al

eal � e�al
¼ �E

cosh al

cosh al

(21.23)

Substituting Equation 21.23 into 21.21 and modifying,

v x; 0ð Þ ¼ E
ea l�xð Þ � e�a l�xð Þ

eal � e�al
¼ E

sinh a l� xð Þ
sinh al

a ¼
ffiffiffiffi
C

K

r

9
>>>=

>>>;

(21.24)

This equation gives the initial voltage distribution of the HT coil at t ¼ 0, where vðx; tÞmeans the

transient voltage on coil position x and at time t. Figure 21.16c1 shows the curve of the initial voltage

distribution vðx; 0Þ at t ¼ 0 along with the coil position x and with the parameter a, which was derived

from Equation 21.24.

The figure indicates that at initial time t ¼ 0, surge voltage E cannot be uniformly charged to each

coil section except only in the exceptional case under the condition a ¼ 0 (unrealistic case of C¼ 0). If

a is larger (larger C and smaller K), most of the surge voltage is charged unequally on the coil sections

close to the HT bushing. If a ¼ 10, for example, quite a large voltage stress of approximately 0.8E is

placed on the first 20% of coil sections close to the line terminal bushing.

The potential gradient is

@v

@x
¼ �E

a cosh a l� xð Þ
sinh al

(21.25)

and

@v

@x
x¼0 ¼ �E

a cosh al

sinh al




 (21.26)

The equation shows the potential gradient of the initial distribution is largest at the high-voltage

terminal.

Let us investigate the behaviour a little more. Just after the incident surge of probably triangular

waveform with a short wavefront and long wave-tail (say, 1:0� 50 to 200 ms, for example) is charged

on the HT coil, the voltage at each position vðx; tÞ begins to oscillate from the initial distribution vðx; 0Þ.
Figure 21.16c2 shows the oscillatory behaviour of the voltage distribution just after the initial

condition. The surge voltage at each coil section would repeat some over-swing oscillation across the

straight line (ii). Soon, the transient voltage oscillation would be decreased over time and disappear, so

the voltages converge to the final distribution of the straight line (ii), which is called the quasi-steady-
state voltage distribution.

The incident voltage E can be treated as the d.c. component in the time duration of the long wave-tail

so that dv=dt! 0 at this time, although v is still large. Accordingly, at the end of the long voltage wave-

tail, Cdv=dt! 0 and K=ðdv=dtÞ!1, or in other words the capacitive elements act as like open-circuit

21.7 INTERNAL HIGH-FREQUENCY VOLTAGE OSCILLATION 469



elements. Therefore all the C and K branched circuits in Figure 21.16a can be ignored during this time

and the final voltage distribution can be derived from Figure 21.16d. The voltage distribution during

this time converges to a uniform distribution, that is the distribution of (ii) in Figure 21.16c2.

The final distribution by in Figure 21.16d is expressed by the equation below, for disc coil number

1–N,

E ¼ �
N

k¼1

Dvk r

Dvk ¼ �
N

j¼1

Lk j

 !
di

dt
�Mk

di

dt
s

(21.27)

where

k¼ 1–N: the number of disc windings

i: the current flowing through each winding (the same current)

Dvk: shared voltage by kth disc winding

Lk j: mutual inductance between kth and jth disc windings

Mk ¼ �
N

j¼1

Lkj: total summation of self- and mutual inductances of kth disc winding (the specific value of

each disc winding)

At the time of the final distribution condition (quasi-steady-state voltage distribution), the voltage

oscillation is terminated so that the shared voltage of each disc Dvk has a constant value, and

accordingly di/dt is constant from Equation s. In other words, at the time of the quasi-steady-state

voltage distribution, the surge voltage oscillation is terminated, whereas the surge current i is still
increasing at constant speed. Although this surge current continues to increase a little, sooner or later it

will stop and soon disappear because it is resistively attenuated.

It can be concluded from Figure 21.16c2 that the surge voltage distribution vðx; tÞ of the coil

sections initiates internal oscillation from the initial distribution of Figure 21.16c1 and would repeat

oscillatory over-swing across the quasi-steady-state voltage distribution line (ii) and soon terminate

voltage oscillation, while the surge current still continues to increase and then disappears. The

envelope curve of the voltage oscillatory distribution is also shown in Figure 21.16c2. In all events,

transformer design with excess non-uniform initial voltage distribution should be avoided in order to

avoid excess concentrated stress on a few coil sections around the HT bushing side and to reduce

oscillatory surge voltage.

21.7.3 Reduction of internal oscillatory voltages

We need to make the initial distribution curve as much as possible coincident with the final distribution

curve (the straight line of a ¼ 0) by reducing a; in other words, by decreasing C or by increasing K.

However, to decrease C is actually impossible because enlarging the distance from the winding to

the core/tank/other windings cannot be done realistically. K also cannot be increased because the

winding discs are already very closely arranged.

The widely applied effective countermeasure to reduce oscillation is known as the parallel
compensation method of stray capacitances.

21.7.3.1 Non-oscillatory windings by the parallel compensation method

In Figure 21.16e, the shield ring plate with the voltage potential of the HT bushing terminal (often

called the rib shield) is additionally arranged. The distance between each winding disc and the rib
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shield is closer near the HT terminal and far apart around the neutral terminal (i.e. DC1
0> � � �>

DCk
0> � � � >DCN

0 ) (parallel capacitance compensation method).

At the initial time when surge E is charged, the current through DCk is supplied directly through DC
0
k,

so the current through direct capacitance DKk for each disc becomes uniform, which means the initial

shared voltage by each disc winding is kept almost equal. We can write this symbolically as follows.

At the initial timing, for the parallel charging currents for each winding disc,

DC
0

k

@ðE � vkÞ
@t

¼ DCk
@vk

@t
ðwhere k ¼ 1:2; � � �NÞ

;
@vk

@t
¼ 1

DCk

DCk0
þ 1

� @E

@t
� dk�

@E

@t
ð21:28Þ

Then, if the dk at each winding disc are designed almost equal for each other ðd1 ; d2; � � � ;

dk ; � � �Þ, the initial voltage rising velocity at each winding disc ðdvk=dtÞ can be kept in almost

equal, so that the initial surge voltage is uniformly distributed.

The oscillatory voltage behaviour on the transformer winding is closely affected by the required

insulation of the transformer. However, the phenomenon is not usually included in the concept of the

term ‘insulation coordination’ because it is not necessarily related to the insulation coordination of the

power system.

In other words, this is considered as an insulation matter which the transformer engineers or the

suppliers have to solve for individual transformer products.

21.8 Oil-filled Transformers Versus Gas-filled
Transformers

Power transformers of large capacity (say, over 60 MVA) are usually oil-filled transformers because

they have been utilized as the standard type in many years, although small-capacity transformers (say,

typically 0.5–40 MVA) have been utilized as of dry type (air or SF6 gas insulation/coolant) as well as

oil-filled type. This is because oil is available as the one material having the characteristics of ‘superior

electrical insulation’ and ‘superior thermal loss discharging (coolant)’. Accordingly, it was believed

for a long time that oil could not be technically replaced by SF6 gas for large-transformer applications,

because SF6 gas has quite poor characteristics for thermal capacity (or thermal conductivity), in spite

of its outstanding insulation characteristics. This fact is in stark contrast to the engineering history of

circuit-breakers, because SF6-gas-type breakers have been widely used in place of oil-filled type/

air-blast-type breakers over the last half century.

However, SF6-gas-filled transformers with a large capacity of 300 MVA � 275 kV were first utilized

in the mid-1990s in the underground EHV substations of high buildings in Tokyo, whose fundamental

structures were of the familiar disc windings but filled with gas instead of oil. These achievements led

to a breakthrough by changing the conservative concept of large-capacity/EHV transformers only as of

oil-filled type.

Needless to say, oil-filled transformers have one major weak point: that is, the severe damage which

would inevitably be caused to the transformer if a breakdown fault of the internal coil were to occur,

and furthermore possibly influence the installed surroundings.

Whenever a short circuit occurs in the coil insulation of oil-insulation-type transformers, liquid oil

around the fault is immediately gasified by the arcing temperature, so the internal gauge pressure of the

tank would be rapidly increased. The oil–gas pressure increase would continue until fault tripping by

the related breakers is completed, so the accumulated pressure may reach a very high level, even

exceeding the mechanical withstanding strength of the tank within just a few cycles (50–100 ms), in

particular the critical strength of the tank-cover cramping. As a result, a hot-oil-blasting overflow or

21.8 OIL-FILLED TRANSFORMERS VERSUS GAS-FILLED TRANSFORMERS 471



even fire from the oil burning may be caused in the worst cases. Of course, the shape of the coils would

be deeply distorted.

On the contrary, in the case of a short-circuit fault in an SF6-gas-insulated transformer, the physical

damage caused by the internal short-circuit fault would probably be limited to a narrow spot on the coil

where a breakdown arcing pass would be produced, so the concentrically arranged HT/MT/LT coils

might not be badly deformed, although carbonization of insulation tapes/press-board barriers and the

copper conductor melting in a limited area would be caused. In other words, SF6 gas transformers do

not produce serious blasting or fire even in the case of an internal short-circuit fault. This is obviously a

big advantage from the safety point of view, in particular for receiving substations located in city areas,

whether the substations are outdoors or in-house, or under high-rise buildings.

The reasons why the above breakthrough was realized can be summarized by the following three

points:

a) Extensive study of thermal discharge (conductivity) characteristics as well as insulation/

breakdown characteristics of SF6 gas under various shapes of coils, gas-flowing passes and

gas-flow speed based on a detailed mathematical simulation approach and experimental model

tests, and finally well-investigated smart coil structure and gas-flow pass design.

b) Adoption of 0.4 MPa (4 atm) SF6 gas pressure.

c) Application of class F insulation materials (maximum temperature 130
C) instead of class A

(105
C) for coil taping based on polyethylene teraphthalate (PET) films.

Oil flow depends on its liquid viscosity characteristics, so oil may not flow easily through very

narrow passes, while SF6 gas can flow easily through even narrow passes because its gas-flow

distribution does not depend on viscosity. This characteristic can be said to be an advantage of SF6 gas

in comparison with oil. However, SF6 gas may flow through various passes in an unbalanced way, in

contrast to a joule-loss distribution which should be cooled at a continuous withstanding temperature

(130
C). This is obviously a disadvantage of SF6 gas in comparison with oil as a coil coolant material.

Furthermore, the thermal capacity of SF6 gas under l atm pressure is only 1/200¼ 0.5%, while that

under 4 atm pressure is still only 2.4/200¼ 1.2% in comparison with that of oil. (see Table 21.4).

These are the reasons why accurate analysis and careful gas-flow pass design are required. Adoption

of 4 atm pressure gas is also quite a valuable improving factor in order to realize effective cooling by

SF6 gas, although its thermal capacity is still much smaller than that of oil.

Figure 21.17 shows 400 MVA/330 kV/132 kV SF6 gas transformers installed in Australia. Large-

capacity SF6 gas insulation transformers can be realized only by fully involving the above three

countrermeasures. As can be seen in Figure 21.17, cylindrical tanks, instead of the traditional box type,

are generally advantageous for gas transformers because the tank needs to withstand the high

pressures. Gas insulation transformers also have a smaller volume and can save on installation space

in comparison with oil insulation transformers of the same capacity, in particular their height, because

the oil conservator, oil-absorbable saucer, fireproof barrier, etc., can be removed.

Large-capacity SF6 gas transformers should rapidly prevail in the near future, in particular as large

transformers installed in urban areas, regardless of the location of the transformers. SF6-gas-filled

Table 21.4 Comparison of thermal capacity

Ratio of thermal capacity

Oil 200

SF6 gas: 0.125 MPa-g 1

SF6 gas: 0.40 MPa-g) 24

Note: 0.1 MPa-g (megapascal to gravity) = 1 atm = 1000 mb approximately.
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shunt reactors of 150 MVA have also been utilized, and should prevail for the same reasons for gas

transformers.

21.9 Supplement: Proof that Equation 21.21 is the
solution of Equation 21.20

Differentiating v of Equation 21.21 twice,

v ¼ A cosh axþ B sinh ax ¼ A

2
eax þ e�axð Þ þ B

2
eax � e�axð Þ

;
@v

@x
¼ Aþ B

2
aeax � A� B

2
ae�ax

;
@2v

@x2
¼ Aþ B

2
a2eax þ A� B

2
a2e�ax ¼ a2v

Therefore Equation 21.21 satisfies Equation 21.20.

Haymarket substation (Australia) 

Courtesy of Transgrid (Australia)/Toshiba 

primary: 330 kV ± 10% (21 taps) 400 MVA 
secondary: 138.6 kV 400 MVA 
tertiary: 11 kV 20 MVA 
rated gas pressure: 0.43 MPa-g (20°)
heat exchanges: gas-to-water cooling

Figure 21.17 A 400 MVA SF6-gas-insulated transformer (with On-load-tap-changer)
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Coffee break 11: Edith Clarke,
the prominent woman electrician

The a� b� 0 method originally appeared in the following papers written by Edith Clarke
(1883–1959):

‘Determination of Voltages and Currents during Unbalanced Faults’, GE Rev., 1937

‘Overvoltages Caused by Unbalanced Short Circuits’, AIEE Trans., 1938 (co-authored by C. N.
Weygandt and C. Concordia)

She was born in Howard County, Maryland, and aged 18 she attended Vassal College and

concentrated on mathematics and astronomy, during a time when it was almost unheard of for a

woman to acquire a college degree. After graduation she enrolled at the University of

Wisconsin, and worked during the summer vacations for AT&T as a ‘computer’ (as the

position was called). She then entered MIT, where she earned her masters degree in electrical

engineering, becoming the first woman to do so there.

She then worked at GE Schenectady as the first professionally employed female engineer

from 1919 to 1945. Her paper ‘Three phase multiple conductor circuits’ (1932) was judged the

best paper of the year in the AIEE Northern District. In 1937 and 1938 she presented the above

two papers in which she disclosed her a� b� 0 method. Another paper, ‘Stability Limitations

of Long–Distance Alternating Current Power Systems’, was awarded ‘the best paper of the year

in the AIEE’. She wrote 19 papers in all and published the well-known books Circuit Analysis of

Power Systems (Volume 1 in 1943, Volume 2 in

1950) in which she wrote ‘Components of cur-

rent answering to the description of a; b and 0,

although not so named, were used in a method

developed by W.W. Lewis and published in 1917,

to determine system currents and voltages during

line–to ground faults’. That is the method shown

in Figure 6.7. However it is true that she origi-

nated a-b-0 method by her mathematically clear

definition as is seen in the chapter 6 Equation 6.1

and 6.2.

Her another contribution was introduction of

various kinds of ‘quick estimation tables and

charts’ in her books as the result of profound

mathematical treatments, which were highly

valued for the practical engineering of power

system network in the era of before computer.

After retiring from GE, she became professor

of engineering at the University of Texas for

1945–1956. In 1959 she died in Olney, Mary-

land, at the age of 76. She was also the first

woman to be elected a Fellow of the AIEE. Edith Clarke (1883–1959)
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22
Waveform Distortion and Lower
Order Harmonic Resonance

Continuous as well as temporary waveform distortion may have been slowly but steadily increasing for

most power systems. It may be a problem in the same category as air pollution or water contamination

because an effective simple solution does not exist. Electrical engineers should understand the true

nature of waveform distortion if only for this reason.

22.1 Causes and Influences of Waveform Distortion

22.1.1 Classification of waveform distortion

Table 22.1 classifies waveform distortion by various causes, namely active causes and passive causes.

In addition to conventional loads like electric furnaces and rectifiers, most of the broadly prevailing

recent loads depending on power semiconductor applications have theoretically the characteristics of

‘harmonic generators’. The power network facilities as applications of power electronics have similar

characteristics.

We need to remind ourselves that power electronic (semiconductor) applications still prevail, and

will probably tend to be further accelerated in future. Typical examples of power electronic
application loads may be the advanced technology of ‘speed-controlling equipment’ and ‘posi-

tion-controlling equipment’. High-speed elevators in tall buildings and most of the precision

instruments adopted by industrial manufacturers would be loads in this category, in that the rotating

speed and timing of large or small high-speed motors are quite accurately and smoothly switching

controlled by power electronic devices, where the voltage and/or current is forced to be repeatedly

switched on and off, so the harmonic components would be more or less generated.

UPS (Uninterrupted Power Supply equipment) is the name for power sourcing systems of

electronic type, essentially required for every infrastructure system (broadcasting equipment, tele-

communication equipment, computer networking systems, survers for internet communication, etc.),

that are capable of supplying stable power of so-called ‘constant voltages and constant frequency

continuously’ even if unexpected voltage drops of short duration (within 100 ms) are caused by short-

circuit faults on the power system.

Besides the conventional hydro/thermal/nuclear generating systems, distributed-type smaller
generating systems have prevailed in recent years. Miniature hydro-generation, solar generation,

wind generation, fuel cell generation, small gas-turbine generation, secondary battery generation, etc.,

are often called ‘smaller, new-energy-type generating systems’. All of these small generating systems

can be connected to the large power system only through electronic power conditioners, which are

kinds of power electronic frequency changers.

Handbook of Power System Engineering Yoshihide Hase

# 2007 John Wiley & Sons, Ltd



The d.c. transmission system is another example, in that countermeasures to reduce harmonic

components such as multi-phase (12- or 24-phase) power converting methods, power filters, etc., are

generally adopted.

Table 22.2 is a summary of various effects which may be caused by waveform distortion.

Figure 22.1 is a typical example of the continuous or temporary waveform distortion of load voltage

and current.

It is fair to say that all this power electronic application equipment shares the characteristics of

‘harmonic generators’ on one hand, but ironically shares the characteristics of ‘apt to go wrong’ more

or less by waveform distortion, on the other hand. Generally, excessive waveform distortion adversely

affects most control equipment as well as measuring equipment. Capacitor banks for improving the

power factor may be thermally overheated, because I ¼ j2p fC � v would be increased by harmonic

components of larger f. Electrical appliances driven by single phase motors with supplementary

capacitors may be forced into pulsatory operation or thermally overheat the capacitors. Power network

facilities are also badly affected by harmonic components or waveform distortion.

If the ratio of harmonic content in the voltage or current exceeds 5 or 10%, various serious effects

could result. Waveform distortion has perhaps been slowly but steadily increasing for most of the area

on one hand, and broadly effective means of reducing it do not exist from practical viewpoints, on the

other hand.

Table 22.1 The background of waveform distortion (occurrence of low-order harmonics)

(a) Active causes (active generation of harmonic voltages and currents)

(a1) Causes by loads (continuous or periodic)

� Intermittent rushing-type loads (trains, rolling machines)

� High-frequency-type loads (induction furnaces)

� Discharging-type loads (welder machines, electric furnaces)

� Rectification loads (rectifiers, various power conditioners)

� Powered semiconductor-type application loads (speed-control-type loads; elevators)

� UPS (Uninterrupted Power Supply equipment; power sources for infrastructures of computers/data

processing servers/telecommunications/broadcasting, etc.)

� Battery chargers

(a2) Causes by power network (continuous)

� Converters for d.c. transmission lines, frequency changers

� Power conditioners for distributed-type small generating systems

(for solar, wind, fuel cell, small gas turbine, secondary battery, etc.)

(b) Passive causes (resonant phenomena under special conditions)

(b1) Negative-/zero-sequence or d.c. currents flowing through rotating machines

Causes by loads (continuous)

� Single phase distribution loads

� Unbalanced three-phase loads (electric furnaces, trains)

Causes by power network

� Negative-/zero-sequence voltages and currents caused by network imbalance (continuous)

� Inrush current of transformers (temporary)

� Dead-voltage time of single phase reclosing (temporary)

� Breaker tripping failure (temporary)

(b2) Saturation

� Saturable non-linear-type loads (continuous)

� Ferro-resonance phenomena (temporary)

(b3) LC resonance under special conditions of power network

� Local resonance under normal operation (continuous)

� Local resonance under fault conditions (temporary)
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22.1.2 Causes of waveform distortion

We present below various complements of the effects of waveform distortion on power network

facilities, listed in Table 22.2b.

22.1.2.1 Generators and large industrial motors

As discussed in Chapters 10 and 16, our generators are so-called ‘fundamental frequency positive-

sequence voltage and current generators’, so they have weak points to negative- or zero-sequence

voltages/currents or to d.c. or harmonic components:

� If a negative-sequence current flows into a generator, the 3rd, 5th, 7th, etc., odd-number harmonics

are caused.

� If a d.c. (offset) component current flows into a generator, the 2nd, 4th, 6th, etc., even-number

harmonics are caused.

Table 22.2 Various influences of waveform distortion

(a) Influences on loads

� Shunt capacitors: rise of thermal losses or damage by thermal overheating

� Industrial motors: disorders of pulsating torque

� Single phase a.c. motors using capacitors for rotating field production: disorder of rotating field

mechanism using capacitors

� Control equipment: increase of error

� Illumination: flickering

(b) Influences on power networks

� Generators: thermal overheating of rotor surface etc., pulsating torque

� Capacitors for power-factor control: thermal overheating

� Transformers: local heat, mechanical vibration of cores and windings

� PT, CT: degradation of accuracy

� Protective relays: malfunction, inaccurate operation

� Control equipments (AVR etc.): irregular operation caused by voltage signal detection error

� Energy (watt-hour) meters: measuring error

(c) Interference to communication network

(d) Interference to power line carrier system (of lower frequency carrier type)

� Load management system

(a)

(b)

Figure 22.1 Waveform distortion of voltage and current (oscillogram recorded experimentally on a local

system)
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Special attention has to be paid to reduce continuous negative-/zero-sequence currents. The items

below concern the most essential matters:

� To keep the phase imbalance rate of three-phase overhead transmission lines within a certain

reasonable limit.

� To keep a total three-phase balance of many single phase loads mainly in the distribution

network.

� Special countermeasures for the large imbalanced industrial loads or d.c. transmission lines etc.

(three-phase load balancing over time as much as possible, local power filter, multi (12-, 24-)-
phase conversion, etc.).

22.1.2.2 Special phenomena caused by saturation and resonance

Waveform distortion cannot be discussed separately from the phenomena of saturation as well as

resonance, which we have already examined in Chapter 20. Saturation and resonance may cause

not only overvoltages but also unexpected abnormal phenomena, so we have to remove the causes

in advance. However, effective countermeasures would not exist were it not for responsible

engineers.

22.2 Fault Current Waveform Distortion Caused on Cable
Lines

Unique phenomena of fault current waveform distortion have been recognized on urban network

systems where some cable lines exist. This is a kind of fault current distortion caused by free-energy

oscillation between large capacitances C of cable lines and inductances L of overhead transmission

lines, by which serious technical problems with high-speed protective relays (in particular, current

differential relays and directional distance relays) may occur. These unique phenomena should be

especially recognized because cable lines have been increasing remarkably in our modern power

system networks.

The phenomena are investigated below.

22.2.1 Introduction of transient current equation

Figure 22.2a shows a power system in which overhead transmission line 1 and cable line 2 are

connected at the power receiving substation q, and a three-phase fault occurs at point f which is length x

distant from the point q. Now the waveform of the transient fault current at points p, q, r during the fault

is investigated here.

22.2.1.1 Step 1

As this is study of transient phenomena, we need to treat the problem by Laplace transforms. Referring

to Figure 18.4, an overhead transmission line of within 100 km and a cable line of within 50 km can be

treated as a concentrated circuit within an error of 10% or less for the phenomenon of 500 Hz or lower

frequency. Therefore we adopt the concentrated circuit shown in Figure 22.2b as the equivalent circuit.

Incidentally, we assume for simplicity that terminal r is open, while similar phenomena can be

observed even if point r is connected to the load.
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22.2.1.2 Step 2

Now, the line-to-ground fault occurred at time t ¼ 0 at point f between p and q. The transient

phenomenon of the fault can be calculated by Figure 22.2c, where initial source voltage v f ðtÞ is

switched in at point f by Thévenin’s theorem. The transient current at the point q can be calculated by

Figure 22.2d, which is the right half of Figure 22.2c. That is,

L ¼ L1xþ L2l2

C ¼ C2l2

r ¼ r1xþ r2l2

9
=

;
(22.1)

section #1 
(overhead line) 

section #2 
(cable line) 

p 

p 

p f q r 

q r open 

f 
l1 – x l2 x

sLb (r1 + sL1) l1 

sLb + (r1 + sL1) · (l1  – x) (r1 + sL1)x + (r2 + sL2)l2
r + sL = 

(r2 + sL2) l2 

sC2l2 

sC2l2 

q r 

 

ip iq 

iq 

ir 

nf (t) = ne jwt 

s– jw nf (s) = n · 
1 

f 

i(s) 

r

r = r1x + r2l2
L = L1x + L2l2
C = C2l2

sL

sC

p f 
q 

m CT2 CT1 

section #1 section #2 section #3 

(a) 

(b) 

(c) 

(d) 

(e) 

Figure 22.2 Transient fault calculation
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We assume the fault occurs at the time of voltage peak value, so the initial voltage is

_vf tð Þ ¼ Vf e jot; vf sð Þ ¼ Vf
1

s� jo
r

and the circuit impedance and current equations are

ZðsÞ ¼ r þ sLþ 1

sC
s

;
1

ZðsÞ ¼
1

L
� s

s2 þ r

L
sþ 1

LC

¼ 1

L
� s

s2 þ 2asþ u2

¼ 1

L
� s

ðsþ aÞ2 þ ðu2 � a2

-
Þ

;
1

L
� s

ðsþ aþ juÞðsþ a� juÞ t

where a ¼ r

2L
; u ¼ 1

ffiffiffiffiffiffi
LC
p u

iðsÞ ¼ vf ðsÞ
ZðsÞ ¼

Vf

L
� s

ðs� joÞðsþ aþ juÞðsþ a� juÞ �
V f

L
� FðsÞ v

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(22.2)

Assuming the surge impedance Z2 ¼ 20 V, surge velocity u ¼ ð1=2Þc ¼ 150 000 km/s for the power

cable, then

u2 ¼
1
ffiffiffiffiffiffiffiffiffiffiffi
L2C2

p ¼ 150 000 km=s ¼ 150� 106m=s

Z2 ¼
ffiffiffiffiffiffi
L2

C2

r

¼ 20 V

r2 ¼ 0:03 V=km ¼ 0:3� 10�4V=m

9
>>>>>>=

>>>>>>;

(22.3)

Accordingly,

L2 ¼
Z2

u2
¼ 20

150� 106
¼ 0:133� 10�6 H=m ¼ 0:133 mH=km

C2 ¼
1

Z2u2
¼ 1

20� 150� 106
¼ 0:33� 10�9 F=m ¼ 0:33 mF=km

a2 ¼
r2

2L2
¼ 0:3� 10�4

2� 0:133� 10�6
¼ 1:13� 102

9
>>>>>>>>=

>>>>>>>>;

(22.4)

Also o ¼ 2p� 50 ¼ 314.

Then

u2� a2;o

u� a;o

)

(22.5)

This is the reason why we can ignore a2 in the denominator of Equation 22.2bt.

For the calculation of FðsÞ defined in Equation 22.2bv

FðsÞ ¼ s

ðs� joÞðsþ aþ juÞðsþ a� juÞ ¼
k1

s� jo
þ k2

sþ aþ ju
þ k3

sþ a� ju

� �

(22.6)
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The coefficients k1; k2; k3 can be calculated by the same method with Equations 19.6 and 19.18 and

the associated supplement. The result is

k1 ¼ FðsÞ � ðs� joÞjs¼ jo ¼
jo

ð jo
-
þ a
-
Þ2 þ u2

¼ jo
u2
¼ joLC

k2 ¼ FðsÞ � ðsþ aþ juÞjs¼�ðaþ juÞ ¼
�ða.þ juÞ

2 jufa
-
þ jðuþo

-
Þg ¼

j

2u
¼ j

ffiffiffiffiffiffi
LC
p

2

k3 ¼ FðsÞ � ðsþ a� juÞjs¼�ða� juÞ ¼
a� ju
.

2 jufa
-
� jðu�o

-
Þg ¼

� j

2u
¼ � j

ffiffiffiffiffiffi
LC
p

2

9
>>>>>>>>>>>=

>>>>>>>>>>>;

(22.7)

The arrowbn - shows the negligible part based on Equation 22.5. Thus

j

2u

1

sþ aþ ju
� 1

sþ a� ju

� �

¼ 1

ðsþ aÞ2 þ u2
(22.8a)
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u2
� 1
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þ 1

u
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(22.8b)
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¼ e�atsin ut
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9
>>>>>>>=

>>>>>>>;

(22.9)

Therefore, Equation 22.2bv is

_i tð Þ ¼ V f

L

jo
u2

e jot þ 1

u
e�at sin ut

� �

¼ Vf � oCe j̇ðotþ90�Þ þ 1
ffiffiffiffiffiffiffiffiffi
L=C

p e�at sin ut

; iðtÞ ¼ Re½ _i ðtÞ� ¼ V f oC sinot þ 1
ffiffiffiffiffiffiffiffiffi
L=C

p e�
r

2L t sin
t
ffiffiffiffiffiffi
LC
p

( )

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
steady-state term

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
transient term

(22.10)

The second term on the right-hand side is the transient term, which is of amplitude V f =
ffiffiffiffiffiffiffiffiffi
L=C

p
,

oscillatory frequency f ¼ 1=ð2p
ffiffiffiffiffiffi
LC
p

Þ and attenuation time constant T ¼ 2L=r.

22.2.2 Evaluation of the transient fault current

The derived equation iðtÞ is the current iq in Figure 22.2c whose line constants are given by Equation

22.1. Now let us examine the above result from the viewpoint of practical engineering.

22.2.2.1 Case 1: The single cable circuit line (fundamental case)

Referring to Figure 22.2e, this is the fundamental case where the cable section is of a single circuit line.

The waveform-distorted transient current (the transient term) is

magnitude : iq ¼
V f
ffiffiffiffiffiffiffiffiffi
L=C

p ¼ V f

Zsurge

oscillatory frequency : f ¼ 1

2p
ffiffiffiffiffiffi
LC
p

attenuation time constant : T ¼ 2L=r

9
>>>>>=

>>>>>;

(22.11)
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where

L ¼ L1xþ L2l2
C ¼ C2l2
r ¼ r1xþ r2l2

9
=

;

The magnitudeof the currentdistortioncanbegraspedasa function of l1 (the lengthof the overhead line),

l2 (the lengthof thecablesection),andx (thedistancefrompointq to thefaultpoint fon theoverhead line).

22.2.2.2 Case 2: The plural (n) parallel cable circuits line

In this case, modifications of the cable sections are L2!ð1=nÞL2;C2! nC2, accordingly. The surge

impedance Zsurge increases 1/n times while the natural frequency of the specific cable section is not

changed.

Now, in regard to the total system, the constants should be replaced as follows in Equation 22.11:

L ¼ L1xþ L2l2! L ¼ L1xþ L2l2

n
C ¼ C2l2!C ¼ n C2l2

(22.12)

In the case of the fault at point f very close to the point q ðx ¼ 0Þ, the cable section

one circuit n circuits
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r

Zsurge ¼
1
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ffiffiffiffiffiffi
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r
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V f
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ffiffiffiffiffiffiffiffiffiffiffi
L2C2

p

T ¼ 2L2

r2
T ¼ 2L2

r2

9
>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>;

(22.13)

That is, under the condition of a fault at x ¼ 0, the transient fault current iq would become n times

larger proportional to the number of parallel cable circuits, while the oscillatory frequency as well as

the time constant would not change.

22.2.2.3 Case 3: Additional cables with a third section

This is the case where cables of the third section are additionally connected as in Figure 22.2e.

In this case the total capacitance of the third section C3 would be added to C2 so that the transient

current iq becomes larger and of lower frequency. The situation would not change much even if

transformers existed between the second and third sections.

22.2.2.4 Numerical check

Replacing Equation 22.12 in 22.11, the magnitude and the frequency of the distorted transient fault

current iq can be calculated as functions of n and x. Figure 22.3 shows the calculated result under

typical lengths and constants of the lines.

The result indicates that a distorted transient fault current of quite large magnitude and lower

frequency order is caused in the urban networks where many cable routes and lines exist. The voltage at

point q would also be badly distorted, although the calculation is omitted.

Figure 22.4 is an oscillograph of a line-to-line (phase a to b) fault which was conducted as an

artificial fault test on a real power network under conditions similar to that of the above calculation.
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Figure 22.3 Fault calculation of power system with cables and overhead lines
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Figure 22.4 Waveform distortion of fault current (simulation)
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22.2.3 Waveform distortion and protective relays

The above numerical demonstration indicates the appearance of the fault current with excessive

waveform distortion. In Figure 22.2, we need to remember that the fault current from the generator side

measured at p is not distorted, although the current from the cable side is badly distorted.

As we hinted in Chapter 17, the technology of various protective relays is more or less based on the

principle of detection of the voltages and currents at power frequency. Therefore, the above

phenomena could badly affect the various high-speed protective relays (in particular, current

differential relays and directional distance relays) for sections 1 and 2 of the network. Assuming

a fault at point f in Figure 22.2e, for example, the relays for section 2 ‘can see only badly distorted

current’. This is an important matter in the practical engineering of protective relays which engineers

would have to carefully investigate.
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23
Power Cables

Power cables for 10–60 kV began to prevail around the year of 1910 in Europe and North America.

Today, power cable networks are widely used as essential social infrastructures of high-voltage

meshed networks and distribution networks in urban areas all over the world.

It is fair to say that today’s power systems cannot be discussed without a substantial knowledge

of power cables. In this chapter, the fundamentals of power cables are studied, which are con-

sidered to be essential knowledge for most practical engineers regardless of their specialties or

responsibilities.

23.1 Power Cables and Their General Features

23.1.1 Classification

High-voltage power cables of 30 kV or more can be classified into two types by the difference of

insulation materials, and are called simply CV cables and OF cables.

The CV cable (Cross-linked polyethylene insulated with Vinyl sheathed cable) has another name,

XLPE (Cross-Linked Poly-Ethylene). The main insulation is composed of the solid organic material

XLPE.

In the continuous production processes, colloidal high-viscosity polyethylene in a temperature

range of 120�130�C is extruded to cover the moving core conductor and then chemical molecular

cross-linking is reacted in a hardening process by cooling with water.

For the OF (Oil-Filled) cable, the main insulation is oil-impregnated insulation papers. The

conductor is wrapped in several layers of the paper in a continuous process and is dried in a vacuum

chamber to remove humidity, and then is impregnated with insulating oils. Under the operating

conditions, the cable is filled with pressurized oil which is supplied from a pressure tank installed at the

end or jointing terminals.

Typical structures and roles of each laminated layer of CV and OF cables are shown in

Figures 23.1a–c. Also, representative standards of the required testing voltages for the main insulation

and outer covering are given in Tables 23.1a and b.

The practical application of OF cables for high voltages of 30 kVor more began to spread in the era

around 1910. Conversely, the first applications of CV cables were realized around 1970.

CV cable is a modern development of the outstanding organic material XLPE realized by advanced

chemical materials production technology, which has various outstanding properties such as excellent

electrical insulation characteristics, mechanical strength, bending flexibility, chemical stability,

heat-withstanding capability, etc., and outstanding production technology including continuous

extrusion and cross-linking reaction processes.
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Figure 23.1a CV cable
r Conductor: This consists of stranded, compacted copper or aluminiumwires. For large sizes of

conductor (typically 1000–2500 mm2), Millikan construction or a compact segmental stranded
conductor is used to reduce skin and proximity effects and a.c. conductor resistance.

s Conductor screen: This is employed to reduce excessive electrostatic stress or to smooth electric
fields on voids between conductor and insulation. Polyethylene or other polymers with carbon black
are extruded directly under the insulation.

t Cross-linked polyethylene insulation: XLPE is the insulation material of CV cable, whose
molecular structure is cross-linking polyethylene. XLPE is a chemically stable material and has
outstanding properties of electrical insulation strength, mechanical strength (tension, compression,
twisting, bending–flexibility, etc.) as well as stable thermal characteristics. Polyethylene has char-
acteristics modified at 105�110�C and becomes fluid with high viscosity at over 120�C. Therefore, in
the manufacturing process, the conductor can be continuously covered by XLPE by extrusion at a
temperature around 120�125�C. The three layers of conductor screen (s), insulation (t) and
insulation screen (u) are generally extruded simultaneously in one process so that irregularities (gap,
crevices, voids, particles, etc.) can be avoided between the layers. Chemical cross-linking is treated in
the cooling process after extrusion. Conversely, the allowable continuous operating temperature of
CV cable is 90�C maximum.

u Insulation screen: This is employed to reduce excessive stresses on voids between the insulation
and metallic screen. Polyethylene or other polymers with carbon black are extruded directly on the
insulation.

v Cushion layer: For cables with a metallic sheath, cushion layers are applied between the
insulation screen and metallic sheath for absorbing the expansion and contraction of the core by heat
cycles. Semiconducting tape and/or fabric tape woven with copper wire are commonly used.

w Metallic screen: This is used to confine the electric field within the cable. Copper tape is used for
low- ormedium-voltage cables (33kVandunder) and copperwires ormetallic sheath are used for high-
or ultrahigh-voltage cables (66 kV and over).

x Outer covering: This is employed to protect the cable from mechanical damage or chemical
deteriorating factors. PVC or PE is used for its good weather-resistant, abrasion-resistant and
chemical-resistant properties. When a fire-retardant property is required, PVC is employed. In the
case of a cable without a metallic sheath, plastic tape laminated with metal foil is often employed
underneath the outer covering to prevent ingress of water.
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Today, CV cables have been mostly adopted for lower voltage classes of 60=70 kVand distribution

networks, while CV as well as OF are adopted together for higher voltages of 100–400 or 500 kV

according to individual users’ requirements.

OF cable is based on the traditional insulation method of ‘paper and oil’, so it is generally

considered a very reliable product, while on the other hand it has some disadvantages from a

practical application viewpoint that mainly concern maintenance work around the oil pressure tank

and fear of fire. CV cable is quite an advanced ‘large-size product’ of even 2000–2500 m in length,

which is made entirely by ‘solid insulation’. Because it is based on solid insulation without oil,

maintenance work is quite simple, but advanced and careful production technology/management is

required in order to achieve chemically/mechanically quite stable and homogeneous insulation, or

Courtesy of 
Exsym corporation
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Figure 23.1b OF cable
r Oil duct: Insulation oil fills the oil duct which is fed from the oil pressure tank installed at the

cable end terminal (or jointing point for long lines). The oil pressure is always kept at a constant value
regardless of the expansion or contraction of the insulating oil caused by cable temperature fluctua-
tions. A steel strip open spiral is typically applied as the oil duct.

s Conductor: This consists of stranded, compacted copper or aluminium wires. For large sizes of
conductor (typically 1000–2500 mm2), Millikan construction or a compact segmental stranded
conductor is used to reduce skin and proximity effects and a.c. conductor resistance.

t Conductor screen: This is employed to reduce excessive electrostatic stress or to smooth electric
fields on voids between the conductor and insulation. Carbon paper or metallized carbon paper is
typically adopted.

u Oil-impregnating insulation paper: Insulation of oil-filled cable is by a complex insulator
composed of paper and oil. Several layers of insulation paper arewrapped around the conductor, dried
in a vacuum chamber to remove humidity and impregnated with mineral or synthetic insulating oil.
For ultrahigh-voltage cable, a synthetic blend of alkyl benzenes may be used for its superior electrical
properties.

v Metallic screen: Non-magnetic metal tape or metallized carbon paper is generally adopted as
the metallic screen which is employed mainly for the purpose of electrical shielding.

w Binding tape: This is applied to protect the metallic screen from external damage in the
manufacturing process, and furthermore has the function to electrically conduct charging current to
the metallic sheath.

x Metallic sheath: This is made of corrugated aluminium or of lead, and has the function to
maintain oil pressure, to protect the cable structure from external damage and, furthermore, to act as a
conductor for the electrical earth–fault return pass.

y Outer covering: This is employed to protect the cable from mechanical damage or chemical
deteriorating factors. PVC or PE is used for its excellent weather-resistant, abrasion-resistant and
chemical-resistant properties. When a fire-retardant property is required, PVC is employed.
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to avoid small particles, voids, irregular shapes, and so on. Advanced technology is also required for

cable jointing.

In the past, before 1980–1985, CV cable was considered less reliable in comparison with

OF cable, especially for higher voltage classes. However, today, the idea has taken root that CV

cables are already as reliable as OF cables even for EHV classes. Today, due to advances in

CV production technology and accumulated successful applications, CV cables have become the

principal cables even for 200–400 kV classes. UHV lines of a.c. 500 kV CV cable lines as well as

�500 kV d.c. OF submarine cable lines have been put into practice in Japan as the highest voltage

applications.

23.1.2 Unique features and requirements of power cables

Power cable has unique features among members comprising today’s power systems in comparison

with other station equipment or overhead line conductors. These features may be explained by the

following three viewpoints.

Figure 23.1c Various CV and OF cables
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23.1.2.1 Variety of installation environment

The largest feature of the power cable can be explained by the keywords ‘extremely long and non-self-

insulation-restoring products’, and ‘variety of installation environment.’ Rolling and rerolling by large

drums have to be repeated in the production, transportation and installation procedures because they

Table 23.1b Withstanding voltages of outer-covering layers

Rated voltages [kV] Impulse withstanding voltages [kV]

�33 –

66–74 50

110–187 65

220–275 75

Note: The table is quoted from JEC 3402 (1990) in order to show the sensitive
values of the withstanding voltages of the outer covering. The standard IEC 229
(1982) ‘Test on oversheath’ indicates the routine tests of ‘Ad hoc voltage of 8 kV/
mm of specified nominal thickness of the extruded oversheath for 1 min’.

Table 23.1a Test voltages of CV cable

Rated

voltage

Highest

voltage for

equipment

Value of

U0 for

determination

of test

voltages

Voltage test

(routine test)

Impulse

voltage

test

Switching

impulse

voltage

test

(type test)

U kV Um kV U0 kV 2.5U0 kV Duration

[min]

kV kV

IEC 60840 45 to 47 52 26 65 30 250 —

60 to 89 72.5 36 90 30 325 —

110 to 115 123 64 160 30 550 —

132 to 138 145 76 190 30 650 —

150 to 162 170 87 218 30 750 —

IEC 62067 220 to 230 245 127 318 30 1050 —

275 to 287 300 160 400 30 1050 850

330 to 345 362 190 420 60 1175 950

380 to 400 420 220 440 60 1425 1050

500 550 290 580 60 1550 1175

U0: the rated power frequency voltage between conductor and core screen for which the cable and its accessories
are designed (rms).
Um: the highest line-to-line voltage (rms) of the system that can be sustained under normal operating conditions
(rms).
Besides, partial discharge test at 1.5 U0 to confirm non-detectable discharge shall be carried out.

Notes:
1. U0 is the same as U=

ffiffiffi
3
p

, or the close value exceeding U=
ffiffiffi
3
p

.
2. Impulse and switching voltage tests are performed as items of type test using a sample cable at least 10 m in

length.
3. The applied waveform. Lightning impulse test: time to peak Tf : 1�5 ms, time to half value Tt : 40�60 ms.

Switching impulse test: time to peak Tf ¼ 250 ms� 20%, time to half-value Tt ¼ 2500 ms� 60%.

4. The test voltages for OF cables can be considered as the same as in the table, although they are slightly
different due to historical reasons.
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are quite long. In particular, the installation environment is very varied, as illustrated by the following

keywords picked randomly from this field:

� ground surface/soil-buried /duct/trench/tunnel /overhead/sea-bottom/river-bottom/sea-bottom-

varied/hanging, etc.

� flat/slope/vertical

� hard/soft/muddy basis

� hot/cold/chemical-dirty, contamination

� tensile-tension/press/bending/mechanical beat, expansion/contraction

� soil vibration/water current/sea tide/wind power, etc.

� unequal-sink/earthquake/flood/fire, and so on.

Cable installation is practically based on large civil construction projects covering various

and large environmental areas. Furthermore, fault pre-detection and repairing or retrying

installations are not generally easy because of the specific nature of cables and of the installed

environment.

23.1.2.2 Non-existence of ‘rated capacity’ or ‘rated current’

The operating temperature of power cable is determined as the result of heat balance between

heat generation (caused by the resistive current losses of conductors, the metallic sheath and

dielectric losses of insulators) and heat discharge from the outer-covering surface to the installed

environment. Heat generation is determined only by cable structure and electric condition (load

current, sheath connection), whereas heat discharge is widely affected by the environmental

conditions of cable installation. Accordingly, the calculation of heat balance and the temperature

rise has to be conducted section by section as part of important installation design in order to

maintain cable operating temperature within an allowable upper limit (typically 90�C for

continuous current, 105�C for temporally over-current and 250�C for fault current within a

few seconds).

This is the reason why the specific rated capacity or rated current does not exist for power cable.

The allowable current limit has to be determined by cable conductor size and the individual

conditions of cable installation.

23.1.2.3 Complexity of metallic sheath circuit
and outer-covering insulation

Metallic sheath has an important role as the mechanical container to protect the delicate

insulation and the electrical earth–fault current return pass by which induced current/voltage/

noise interference with the outer environment can be reduced. The outer covering also has an

important role to protect the cable from various mechanical, chemical, thermal, electrical

stresses from the environment over a long time, even 30 years, and has allowable electrical

and thermal upper limits. Figure 23.2b shows the typical insulation withstanding level of the outer

covering.

Accordingly, we have to investigate not only the voltage/current behaviour on the conductors

and main insulation, but also the induced voltage/current on the metallic sheath and the outer

covering.
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We learned in Chapter 21 that cable lines have to be perfectly protected against various

overvoltages from the viewpoint of insulation coordination. This is taken to be understood with the

knowledge of the unique features for power cables described above.

23.2 Circuit Constants of Power Cables

Now, let us examine the constants of power cables referring to Table 2.3 in Chapter 2.

23.2.1 Inductances of cables

Power cable electrically consists of concentric cylinders with three layers of metal conductor,

insulation material and metallic sheath as Figure 23.3a. When current flows through the conductor,

sheath current is induced by the mutual inductance between the conductor and the sheath circuit.

The induced flux by this conductor current appears partly within the cable sheath as fin and

partly beyond the cable sheath as fout. Furthermore, fout would partly interlink the cable

conductors/metallic sheaths of two other parallel-installed phases so that mutual inductances exist

between the conductors/metallic sheaths of different phase cables. In other words, the cable line

consists of three cables of single phase type as well as cable of three-phase type and can be

expressed as a six-parallel-wire inductive circuit consisting of conductors a, b, c and metallic

sheaths a0, b0, c0 and installed in parallel under ground–earth along with the earth surface as shown

in Figure 23.3b.

Incidentally, cables of three-phase type or triplex type (the three twisted cables are bound) are

well-balanced three-phase circuits by nature. In the case of a three single-phase-type cable circuit,

the installed layout would obviously affect it somewhat as a phase-unbalancing factor. However, a

three single-phase-type cable circuit with an equilateral triangular installed layout can be

considered to be a well-balanced three-phase circuit. Also, long line cables with cross-bond
connection (see Section 23.4) can be considered almost three-phase balanced. We assume here a

three-phase-balanced circuit for simplification.

Referring to the equations of inductances, Equation 1.3–1.6 of Chapter 1, the related equations

in regard to the three-phase-balanced cable inductances can be written as follows, where the earth

effect is already taken into account:

relative value

temperature  [°C]

0        20                   60                 100      120

tensile strength

tand

thermal deformation ratio 

Figure 23.2 Physical characteristics of cross-linked polyethylene (XLPE)
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Figure 23.3 Inductance of cable
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conductor voltages

mva

mvb

mvc

�
nva

nvb

nvc

¼
Zs Zm Zm

Zm Zs Zm

Zm Zm Zs

Ia

Ib

Ic

þ
Z00s Z00m Z00m
Z00m Z00s Z00m
Z00m Z00m Z00s

I0a
I0b
I0c

r

mV abc nV abc Zabc Iabc Z 00abc I 0abc

metallic sheath voltages

mv0a

mv0b
mv0c

�
nv0a

nv0b
nv0c

¼
Z00s Z00m Z00m
Z00m Z00s Z00m
Z00m Z00m Z00s

Ia

Ib

Ic

þ
Z0s Z0m Z0m
Z0m Z0s Z0m
Z0m Z0m Z0s

I0a
I0b
I0c

s

mV 0abc nV 0abc Z 00abc Z 0abc I 0abc

mV abc; nV abc; Iabc: voltages and currents of metal conductors

mV 0abc; nV 0abc; I
0
abc: voltages and currents of metal sheathsðearth connected at nÞ

where

Zabc ¼ joLabc impedance matrix of three-phase conductors

Z 0abc ¼ joL0abc impedance matrix of three-phase sheaths

Z 00abc ¼ joL00abc mutual impedance matrix between conductors and sheaths

(23.1)
The equations can be transformed into the symmetrical components equations

conductor voltages

mV0

mV1

mV2

�
nV0

nV1

nV2

¼ jo
Lsþ2 Lm

Ls � Lm

Ls � Lm

�
I0

I1

I2

þ jo
L00s þ 2 L00m

L00s � L00m
L00s � L00m

�
I00
I01
I02

r

mV 012 nV 012 L012 I012 L00012 I 0012

metallic sheath voltages

mV 00

mV 01

mV 02

�
nV
0
0

nV
0
1

nV
0
2

¼ jo

L00s þ 2L00m
L00s � L00m

L00s � L00m

�
I0

I1

I2

þ jo

L0s þ 2 L0m
L0s � L0m

L0s � L0m

�
I00
I01
I02

s

mV 0012 nV 0012 L00012 I012 L0012 I 0012

mV 012; nV 012; I012 : voltages and currents of metal conductors

mV 0012; nV 0012; I
0
012 : voltages and currents of metal sheaths

Ls; Lm : self- and mutual inductances among three conductors

L0s; L
0
m : self- and mutual inductances among three sheaths

L00s : mutual inductance between the conductor and the sheath of the same phase

L00m : mutual inductance between one conductor and one sheath of different phases

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ð23:2Þ

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;
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Equation 23.2 r shows that the positive-sequence inductance is given by ðLs � LmÞ under the

condition I01 ¼ 0 (sheath current zero), whereas some correction is necessary under the condition

I01 6¼ 0. The situation is the same for the zero-sequence inductance ðLs þ 2 LmÞ.
Also in Equation 23.1 r, we can imagine a special case in which the current I goes out

through the phase a conductor and comes back through the phase b conductor so that no other

currents exist on the phase c conductor, or on sheaths of three-phase cables, as well as on the earth

circuit.

The equations are

Ia ¼ �Ib ¼ I; Ic ¼ 0; I0a ¼ I0b ¼ I0c ¼ 0

; mVa � nVa ¼ joðLs � LmÞI

This is the same case as in Figure 1.2 of Chapter 1 and the inductance ðLs � LmÞ is of course

the working inductance which is given by Equation 1.9. Accordingly, the working inductance

of cable phase conductors is

Ls � Lm ¼ 0:4605 log10

S

r
þ 0:05 ½mH=km� (23.3)

where S is the average phase-to-phase distance of three parallel conductors (centre to centre)

S ¼ ðSab � Sbc � ScaÞ1=3 ðrefer to Figure 23:3cÞ
r : radius of each conductor ð¼d=2;where d is the diameterÞ

In addition, ðLs þ 2LmÞ is the inductance which is the same as that measured by the method of

Figure 1.2b.

The sheath terminals are generally earth grounded at both end terminals as well as at the middle

jointing terminals for long-distance cable lines, whereas exceptionally only one end terminal may be

earth grounded for a short-distance line (typically for factory or in-house cable lines). Thus we need to

check both cases.

Case-1: for the metallic sheath earth grounded at one terminal point n (for short-distance lines),
this is the case where nV 0abc ¼ 0; I 0abc ¼ 0 so that nV 0012 ¼ 0 and I 0012 ¼ 0 in Equations 23.1 and 23.2.

Accordingly,

equation of main circuit

mV1 � nV1 ¼ joL1I1

mV2 � nV2 ¼ joL1I2

mV0 � nV0 ¼ joL0I0

9
>>=

>>;

r

positive-=negative-sequence inductance : L1 ¼ L2 ¼ Ls � Lm

zero-sequence inductance : L0 ¼ Ls þ 2Lm

)

s

induced sheath voltages at open sheath end point m

mV 01 ¼ joðL00s � L00mÞI1

mV 02 ¼ joðL00s � L00mÞI2

mV 00 ¼ joðL00s þ 2L00mÞI0

9
>>=

>>;

t

9
>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>;

(23.4)
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Case-2: For the metallic sheath earth grounded at both terminal points m and n (general case),
This is the case where mV 0abc ¼ 0, nV 0abc ¼ 0; then mV 0012 ¼ 0, nV 0012 ¼ 0 in Equations 23.1 and 23.2.

Accordingly, currents I01, I02, I00 can be eliminated from both equations, then

equation of main circuit

mV1 � nV1 ¼ joL1I1

mV2 � nV2 ¼ joL2I2

mV0 � nV0 ¼ joL0I0

9
>=

>;
r

positive-=negative-sequence inductance :

L1 ¼ L2 ¼ ðLs � LmÞ � d1 where d1 ¼ �
ðL00s � L00mÞ

2

L0s � L0m
zero-sequence inductance :

L0 ¼ ðLs þ 2LmÞ � d0 where d0 ¼ �
ðL00s þ 2 L00mÞ

2

L0s þ 2 L0m
ðd1; d0 are correction factorsÞ

9
>>>>>>>>=

>>>>>>>>;

s

induced sheath currents through the metallic sheath between points m and n

I01 ¼ �
L00s � L00m
L0s � L0m

�I1

I02 ¼ �
L00s � L00m
L0s � L0m

�I2

I00 ¼ �
L00s þ 2L00m
L0s þ 2L0m

�I0

9
>>>>>>>=

>>>>>>>;

t

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(23.5)

To summarize cable inductance:

� The inductance of a cable line is affected by the dimensions of cables, the mutual allocation of three-

phase conductors and the terminal condition of the metallic sheath.

� Working inductance ðLs � LmÞ is derived from Equation 23.3, whose variable parameters are the

average distance S between the conductors and the radius r of the conductors.

� If the metallic sheath is open at one terminal, positive-sequence impedance is given by working

inductance, namely L1 ¼ Ls � Lm. However, L1 is a little smaller than the working inductance under

the metallic sheath current-flowingcondition becauseofcorrection factorsd1; d0 byEquation23.5s.

As a numerical check for working inductance Ls � Lm by Equation 23.3:

� Case 1: r ¼ 25 mm, S ¼ 75 mm, Ls � Lm ¼ 0:4605 log10ð75=25Þ þ 0:05 ¼ 0:269 mH=km

� Case 2: r ¼ 25 mm, S ¼ 100 mm, Ls � Lm ¼ 0:327 mH=km

� Case 3: r ¼ 25 mm, S ¼ 150 mm, Ls � Lm ¼ 0:408 mH=km

The working inductances of cables are typically 0.15–0.4 mH/km. Positive-sequence inductance L1

would become much smaller than working inductance because most cable lines are metallic sheath

earth grounded at plural terminal points. Accordingly, the typical value is L1 ¼ 0:1� 0:3 mH=km,

which is 1/5–1/10 times smaller than that of overhead lines. (Refer to Section 6.2 and Table 2.2.)

23.2.2 Capacitance and surge impedance of cables

The capacitance of a three-phase cable line can be expressed as in Figure 23.4a, so it can be written as in

the three-phase p-circuits of Figure 23.4b. Assuming the circuit constants are phase balanced for
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Figure 23.4 Capacitance of cable
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simplicity, the symmetrical equivalent circuit of Figure 23.4c can be derived from Figure 23.4b in the

same way as that for Figure 2.7.

The cable conductor is contained by the metallic sheath of an electrically concentric cylinder and

the gap is filled with insulation material of dielectric constant e. If electric charge þq is given to the

conductor and�q is given to the metallic sheath, all the electric lines of force start from the conductor

and reach the metallic sheath through radial pass, so that are not affected by the electrical conditions on

the outer side of the sheath. Therefore, the capacitance C across the conductor and the metallic sheath

is the typical case of a concentric cylinder which is quoted in most textbooks on electromagnetism and

given by the equation

C ¼ 2pe0

loge
D
r

¼ e0

2� 9� 109 loge
D
r

½F=m� ¼ 0:02413e0

log10
D
r

½mF=km� (23.6)

where

r: radius of the conductor

D: radius of the sheath (inner radius)

e0: dielectric constant of insulation material

The equation corresponds with Equation 1.27 whose matrix size is 1� 1, namely va ¼ paa � qa.

The circuit equation of Figure 23.4a–c can be written as follows. For the a–b–c domain

leakage current

Ia ¼ joCðVa � V 0aÞ
Ib ¼ joCðVb � V 0bÞ r

Ic ¼ joCðVc � V 0cÞ
from conductor to sheath

I0a ¼ joC0a � V 0a I0ab ¼ joC0ab � ðV 0a � V 0bÞ
I0b ¼ joC0b � V 0b I0bc ¼ joC0bc � ðV 0b � V 0cÞ
I0c ¼ joC0c � V 0c I0ca ¼ joC0ca � ðV 0c � V 0aÞ

s

from sheath to earth from sheath to sheath

9
>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>;

(23.7)

and for the 0–1–2 domain

leakage current

I1 ¼ joCðV1 � V 01Þ ¼ joC01V 01
I2 ¼ joCðV2 � V 02Þ ¼ joC01V 02
I0 ¼ joCðV0 � V 00Þ|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

¼ joC00V 00|fflfflfflffl{zfflfflfflffl}

r

from conductor to sheath from sheath to earth

induced sheath voltage

V 01 ¼
C

C þ C01
�V1

V 02 ¼
C

C þ C01
�V2

V 00 ¼
C

C þ C00
�V0

where C01 ¼ C0s þ 3C0m; C00 ¼ C0s

9
>>>>>>>>>>=

>>>>>>>>>>;

s

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(23.8)
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Note that the metallic sheath end terminals are earth grounded generally at both ends or at least at

one end (for short-distance lines), so V 0a ¼ V 0b ¼ V 0c ¼ 0 and V 00 ¼ V 01 ¼ V 02 ¼ 0. Consequently,

Figure 23.7r and Figure 23.8r are simplified as follows.

Then, in the a–b–c domain,

Ia

Ib

Ic

¼ joC

Va

Vb

Vc

(23.9)

and in the 0–1–2 domain

I0

I1

I2

¼ joC

V0

V1

V2

(23.10)

That is, the capacitance of a cable line is C1 ¼ C2 ¼ C0 ¼ C where C is given by Equation 23.6 in

the symmetrical components domain.

The stray capacitance C is determined only by the specific physical size of D and r of the cable and

the dielectric constant e of the insulation material layer, so it is not affected by the cable installation

layout; inductance L is, however, affected by the layout, so the value of C is given in the specification

supplied by the cable manufacturer.

As a result, the surge impedance and the travelling-wave velocity of the cable are

surge impedance surge velocity

positive-sequence circuit

Z1surge ¼
ffiffiffiffiffi
L1

C

r
u1 ¼

1
ffiffiffiffiffiffiffiffiffi
L1C
p

zero-sequence circuit

Z0surge ¼
ffiffiffiffiffi
L0

C

r
u0 ¼

1
ffiffiffiffiffiffiffiffiffi
L0C
p

(23.11)

Numerical examples are shown in Table 2.2 and Section 2.5.

23.3 Metallic Sheath and Outer Covering

23.3.1 Role of metallic sheath and outer covering

High-voltage power cable is produced and transported as coiled cable on a drum and the length of cable

per drum is typically 500–2000 m. These cable production units are connected in series through cable

joints for the route whose span is longer than the production unit length. Sheath terminals are prepared

at each end of this production unit.

There are various types of power cables due to the variety of electrical requirements as well as

mechanical and installed surroundings requirements (including submarine cable). Accordingly, the

metallic sheath as well as the outer covering also have various structures. The metallic sheath of high-

voltage CV cables or of OF cables over 60 kV consists generally of a corrugated aluminium sheath or a

lead sheath (and with steel or copper wires as reinforced members if necessary) so that the cable can be

electrically considered as a metal cylinder containing concentric allocated conductor and insulation

materials.
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The major roles of the metallic sheath are:

� Containing and protection of insulation materials (cross-linked polyethylene or oil-immersed paper

layers)

� Isolation from the outer environment (air, water, contaminants)

� Sharing mechanical strength

� Return pass of fault currents, continuous unbalanced sheath currents

� Electrical shield (electrostatic shield, electromagnetic shield).

The major roles of the outer covering are as follows:

� To protect the cable from mechanical damage or chemical deterioration and to isolate the metallic

sheath in order to secure against electric shock by touching.

� The outer covering is a kind of insulation material made typically of polyvinyl chloride (PVC) or

polyethylene (PE), so it should be protected electrically against induced sheath voltages. Further-

more, the outer covering has to be protected against temperature rise caused as a result of the heat

imbalance of joule-loss generation by the main conductor current plus metallic sheath current and

heat radiation to earth.

� Possesses outstanding physical characteristics with weather-resistant, abrasion-resistant and

chemical-resistant properties and a fire-retardant property.

23.3.2 Metallic sheath earthing methods

A power cable is equipped with earth-connecting metallic sheath terminals at each end of the

production unit. Engineering practices and their principles in regard to metallic sheath terminal

earthing is investigated here.

23.3.2.1 Double sheath end terminals earthing method
(solid-sheath-bonding method)

The features are as follows:

� Stationary sheath voltage is kept by the earth potential (0 V) practically at any point along the cable

length. Accordingly, the outer covering is released from sheath voltage stresses. (The situation is

different for surge phenomena.)

� Sheath currents induced by unbalanced continuous load or by temporary induced current flow cause

thermal losses on the metallic sheath. Accordingly, the outer covering as well as the insulation layer

are thermal heated by the main conductor current plus the sheath current. The thermal heat of the

metallic sheath by the sheath current could be a disturbing factor of thermal heat diffusion from the

main conductor to the earth.

The solid-sheath-bonding method is an typical appellation of practices in which plural sheath

terminals are earth connected. (refer the Section 23.4)

23.3.2.1.1 Sheath current caused by electromagnetic induction
The sheath currents I01; I02; I00 are calculated from Equation 23.5 t. As a closed circuit is composed

through the metallic sheath and the earth ground, sheath current I01 is always induced by I1. I02 ; I00
would also be induced if I2 or I0 existed.
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The temperature rise in the metallic sheaths caused by sheath current as well as by conductor

current have to be considered from the viewpoint of heat balance of the cable, in that main insulation

materials as well as outer-covering materials have to be kept within allowable temperatures.

23.3.2.1.2 Electrostatic induction The sheath potential is kept at earth voltages at both

end terminals so that serious electrostatic voltage would not be caused in this case.

23.3.2.2 Single sheath end terminal earthing method
(single-sheath-bonding method)

The features are as follows:

� Sheath voltage on the open-sheath terminal or in the closer zone appears by electrostatic induction,

which would be calculated by Equation 23.4 t. The outer covering has to be protected against the

induced voltage in regard to electrical insulation as well as corrosion. Therefore this practice can be

adopted only for short-length cable line, typically in-house cable lines.

� Sheath currents do not flow through the sheath, so thermal heat generation on the metallic sheath is

not caused.

Referring to Equation 23.4 t, the induced power frequency voltage on the sheath can be calculated

by the equation below for the sheath voltage under normal conditions (power frequency)

E ¼ joðl0s � l0mÞ � I ½V=km� (23.12)

where

l0s � l0m : mutual inductance per km between the conductor and the sheath [V/km]

I: conductor current [A]

As a numerical check, the nominal induced sheath voltage by the single-sheath-bonding method is,

for the conditions f ¼ 50 Hz, ðl0s � l0mÞ ¼ 2 mH=km,

E ¼ j2p � 50 � 2� 10�3 � I ¼ 0:628 � I ½V=km�
; E ¼ 62:8½V=km� for I ¼ 100½A�; or E ¼ 314½V=km� for 500½A�

This is quite a largevoltage from theviewpoint of human security as well as the capability of the outer

covering insulation, so the single-sheath-bonding method can be adopted only for short-distance lines of

within a few hundred meter.

23.4 Cross-bonding Metallic-shielding Method

23.4.1 Cross-bonding method

In regard to long-distance high-voltage cable lines with single-conductor-type power cables and with a

number of cable jointing points, the constants of both the main conductors Labc; Cabc and the sheath

circuits L0abc ; C0abc would be forced to become quite unbalanced. In particular, the imbalance in

L0abc ; C0abc causes unbalanced continuous sheath currents, leading to undesirable temperature rises

in the cables even if the main conductor’s three-phase currents are balanced. Moreover, the surge

voltages transmitted to the main conductors for any reason would induce quite serious unbalanced

surge voltages on the sheath metals of each section, by which the insulation of the outer-covering
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layer could be damaged or broken. The widely adopted practical countermeasure to overcome this

problem is the cross-bonding metal-shielding method. The simply called cross-bonding connec-
tion is a kind of transposition of three-phase sheath circuits as shown in Figure 23.5a, by which cable

sheath ends are earth connected at every three sections and transposition of the sheath connection is

conducted within the three sections.

Figure23.5bshowsdetails aroundthe jointingboxesof thecoupled threesections,wherefour jointing

points I, II, III, IVare shown.Thesheath terminal ends areearth groundedat jointingboxes I andIV, while

at jointing boxes II and III the sheath terminal ends are cross-connected without earth grounding. In other

words, the cable sheath terminals are earth grounded at the jointing boxes every three spans, and twice

cross-connectedat thecross-bondingjointingboxesinthe threespans.Underthispractice, theinductance

L0abc and the capacitance C0abc of the sheath circuits can be approximately three-phase balanced over

the total length of the three spans, although they may not necessarily be balanced at each longitudinal

section. The major expected effects are obviously (1) reducing induced sheath voltages; (2) restraining

the temperatureriseofinsulators;and(3) restrictinginterferencewiththeenvironment.Onedisadvantage

ofthispractice is that thesheathterminalsareearthgroundedlongitudinallyateverythreespans insteadof

at every span. Therefore, surge voltage and current protection of the sheath circuit is vitally important,

because the interval of earth connection is three times longer.

Now we examine surge phenomena arising on the cable conductors and sheath circuits.

23.4.2 Surge voltage analysis on the cable sheath circuit
and jointing boxes

Surge phenomena arising on the sheath circuit should be carefully investigated, because electro-

magnetic and electrostatic coupling densities between the cable conductor and the metal sheath are

quite high for all the frequency zone.

outer-cover protection (arrester) sheath-insulated jointing-box 

Sheath-metal 

ordinal jointing-box ordinal jointing-box 

phase-a 

phase-b 

phase-c 

metallic-sheath-current limiter (inductance) 

(b) Cross-bonding metallic-shielding method 

single-core cable 

(IV) (III) (II) (I) 
e(t)

a´ 

b´ 

c´ 

P Q 

a1 

b1 

c1 

a2 

b2 

c2 

a3 

b3 

c3 

(a) 

Figure 23.5 Cross-bonding metallic shielding method
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We undertake below a surge voltage analysis of the sheath ends at the intermediate jointing box II

with a cross-bond connection which would be caused by the incident surge voltage eðtÞ from the main

conductors.

In Figure 23.5b, incident surge voltage e travelling through the phase a conductor arrives at the

insulated jointing box II. The surge impedance circuit of the jointing box can be written as in Figure

23.5c where surge source voltage 2e is inserted at point a.

Incidentally, the reason why the source voltage 2e, instead of e, is to be inserted in this case are

understandable by the explanation of Figure 23.6 and Equation 23.16 in the next section.

Figure 23.5c is vertically symmetrical, so it can be modified to Figure 23.5d. Next, the latter figure

is also symmetrical, so points g1 and g2 should have the same potential. Accordingly this figure is

simplified as in Figure 23.5e.

(c) the equivalent circuit-1 of insulation box II

(e) the equivalent circuit-3

(d) the equivalent circuit-2
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Figure 23.5 (Continued )
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The impedance looking down into circuit from points a0 and b0 is

Zb0a0 	 fð4ZcÞ==ðZs � ZmÞg ¼
4ZcðZs � ZmÞ

4Zc þ ðZs � ZmÞ
(23.13)

The voltage between points a0 and b0 is

e0b � e0a ¼
Zb0a0

2Zc þ Zb0a0
� 2e ¼ ðZs � ZmÞ

4Zc þ 3ðZs � ZmÞ
� 4e	m � 4e

where m ¼ Zs � Zm

4Zc þ 3ðZs � ZmÞ

9
>>>=

>>>;

(23.14)

This equation means that the initial surge voltage of magnitude 4me appears between the points a0

and b0. This voltage is shared by the four Zc in Figure 23.5b. Accordingly, the surge potentials at each

point are 2me for point b0, me for point c, zero for point c0 and�me for points b. Totally, we have the

solution as in the equations below.

The initial induced surge arising on the conductors and the sheath of each phase at the jointing box

II is, for transmitted wave voltages,

the conductor voltage the sheath voltage

ea ¼ e

eb ¼ �me

ec ¼ me

9
>=

>;
r

e0a ¼ �2me

e0b ¼ 2me

e0c ¼ 0

9
>=

>;
s

(23.15a)

Furthermore, we need to consider the longitudinal induced voltages across the right and left

terminals of the insulated jointing box II in Figure 23.5b, as follows:

sheath box phase a e0a ¼ �2me e0b ¼ 2me e0a � a0b ¼ �4me

sheath box phase b e0b ¼ 2me e0c ¼ 0 e0b � e0c ¼ þ2me

sheath box phase c e0c ¼ 0 e0a ¼ �2me e0c � e0a ¼ þ2me

left-side terminals right-side terminals across voltage

m ¼ Zs � Zm

4Zs þ 3ðZs � ZmÞ

(23.15b)

In the figure, the voltage 4me would appear across the left and right terminals of the phase a

insulating box. Arresters as well as current restraining devices (inductances) have to be adopted as

shown in this figure.

As a numerical check, although the surge impedances of cables are affected by the design structure

of the cable and the installed conditions, the individual differences are rather small. Let us assume

Zc ¼ 15 V; Zs ¼ 25 V; Zm ¼ 13 V. In this case, m can be derived from Equation 23.14 as m¼ 0.125

and, accordingly:

� the surge voltage of the conductors (transmitted wave) is ea ¼ e; eb ¼ �0:125e; ec ¼ þ0:125e

� the surge voltages of the sheaths are e0a ¼ �0:25e; e0b ¼ þ0:25e; e0c ¼ 0

� the surge voltage across the insulated joint box is e0a� e0b ¼�0:5 e; e0b� e0c¼þ0:25 e;
e0c�e0a ¼ þ0:25 e.

The above values of sheath voltage of 0.25e as well as the voltage across the jointing box of 0.5e are

relatively large values, so without appropriate protection by the arresters, the insulation of the cable
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outer-covering layer or that across the cable joint sheath would be damaged by conductor surge e.

Figure 23.5b also shows the practice of surge protection by arresters.

23.5 Surge Voltages Arising on Phase Conductors
and Sheath Circuits

In Figure 23.6a, lines Z0 and Z1 are connected at the transition point m, and surge voltage e is travelling

on line Z0 (surge impedance Z0 may be an overhead line) from left to right and arrives at m.

Immediately the transmitted wave voltage me begins to travel on line Z1 (may be a cable line), where

m ¼ 2Z1=ðZ0 þ Z1Þ is the transmitted wave operator from Z0 to Z1. Thus

m � e ¼ 2Z1

Z0 þ Z1
� e ¼ Z1

Z0 þ Z1
� ð2eÞ (23.16)

This equation shows that the transmitted wave voltage me in Figure 23.6a is given by the same

equation for the voltage at point m in Figure 23.6b in which source voltage 2e is going to be switched to

the circuit. In other words, the transmitted wave me in Figure 23.6a can be calculated as the voltage of

the source voltage 2e divided by Z0 and Z1.

Bearing the above explanation in mind, we examine the surge phenomena arising in the cable

conductors and the metallic sheaths as shown in Figure 23.7a.

23.5.1 Surge voltages at the cable connecting point m

Figure 23.7a is the diagram we are going to examine, where incident surge e is coming from the

overhead transmission line Z0 to the cable line. For this condition, we need to calculate surge voltages e1

(conductor voltage across the cable insulation layer) and e2 (sheath voltage across the outer layer) at

the jointed cable terminal point m. The voltages can be calculated analogously to Equation 23.16 as

follows.

The situation of surge impedances around point m and the equivalent circuit are as in diagrams b1

and b2.

The voltage appearing across the cable insulation layer (coaxial mode wave) is

e1 ¼
2Z12

Z0 þ Z12 þ
Z2Zs1

Z2 þ Zs1

� e where
Z2Zs1

Z2 þ Zs1
¼ ðZ2==Zs1Þ

overhead line cable 

m 
m 

e 
2e 

2e ·2e

Z0 Z1 Z0 
Z1 

Z1 

me 

me . e 

Z0 Z1 
+ 

Z0 Z1 
+ Z0 Z1 

+ 
= = 

2Z1 Z1 · (2e) 

(a) (b) 

Figure 23.6 The transition point of overhead line and cable
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The voltage across the outer covering (sheath to ground mode wave) is

e2 ¼
2 � Z2Zs1

Z2 þ Zs1

Z0 þ Z12 þ
Z2Zs1

Z2 þ Zs1

� e (23.17b)

or

e2 ¼
Z2==Zs1

Z12
� e1 (23.17c)

The above surge voltages e1 and e2 begin to travel along the cable conductor and the sheath metal from

left to right.

23.5.2 Surge voltages at the cable terminal end point n

The induced surge voltages e1 and e2 at point m travel on the cable towards the other terminal end point

n (diagram c1). The travelling velocity of e1 may be 130–150 m/ms and that of e2 a little slower (due to

the line-to-ground mode). The surge e1 arrives at the conductor (point a) at point n first, and the

equivalent circuit of this timing is given in diagram c2. Next, e2 arrives at the sheath metal (point b),

and the equivalent circuit of this timing is given in diagram c3. Then, the following equations are

derived where we ignore attenuation.

The voltage across the cable insulation layer at point n is

e01 ¼
2Z12

Z12 þ ðZ2==Zs2Þ þ Z
� e1 ¼

2Z12

Z12 þ
Z2Zs2

Z2 þ Zs2
þ Z

� e1 (23.18a)

The voltage across the cable outer-covering layer (between the sheath and the earth) at point

n is

e02 ¼
2Zr

Z2 þ Zr
� e2

where Zr ¼ fZs2==ðZ12 þ ZÞg ¼ Zs2ðZ12 þ ZÞ
Zs2 þ ðZ12 þ ZÞ

9
>>>=

>>>;

(23.18b)

The cable insulation layer has to withstand the surges e1; e01 and their following reflected waves. Of

course, the above equations give only the initial transferred wave voltages before reflection, so the

actual voltage at arbitrary time t after arrival should be calculated by the lattice method.

If our concern is the stress on the insulation layer, we can assume that the sheath is ‘ideal earth

grounded’; in other words, the surge impedance of the sheath is zero ðZs1! 0; Zs2! 0Þ,
neglecting the earth mode travelling surge e2, e2

0 on the outer-covering layer. In this case, only

the travelling surges of the coaxial mode e1, e01 exist, and e1, e01 can be calculated as pessimistic

(large) values:

e1 ¼
2Z12

Z0 þ Z12
�e

e01 ¼
2Z12

Z12 þ Z
�e

where Zs1! 0; Zs2! 0

Z : surge impedance of outer circuit

9
>>>>>>>>>=

>>>>>>>>>;

(23.19)
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23.6 Surge Voltages on Overhead Line and Cable
Combined Networks

23.6.1 Overvoltage behaviour on cable line caused
by lightning surge from overhead line

Now we examine the overvoltage behaviour of the cable system when a lightning surge (incidental

surge) is injected from the connected overhead line, as shown in Figure 23.8.

Referring to Figure 18.10 and Equation 18.51, the overvoltages appearing at the junction points m

and n can be calculated as follows:

et ¼ m � e ¼ 2Z1

ðZ0 þ Z1Þ
� e ðthe transmitted wave voltage at point mÞ r

the point m

V ð0� 2ÞT ð2� 4ÞT ð4� 6ÞT ð6� 8ÞT ð8� 10ÞT

vm ¼ et½ð1Þ þ a2ð1þ r01Þr2f1þ ða2r01r2Þ þ ða2r01r2Þ2 þ ða2r01r2Þ3 � � � g� )
1þ a2r2

1� a2r01r2

�et s

the point n

ð0� 1ÞT ð1� 3ÞT ð3� 5ÞT ð5� 7ÞT ð7� 9ÞT

vn ¼ et½ð0Þ þ að1þ r2Þf1þ ða2r01r2Þ þ ða2r01r2Þ2 þ ða2r01r2Þ3 � � � g� )
að1þ r2Þ

1� a2r01r2

�et t

9
>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>;

(23.20)

It is obvious from the above equations that vm, vn would become larger if r01; r2 were positive large

values (namely, Z0, Z2 > Z1) and would become the largest under the conditions Z0
Z1, Z2
Z1.

We need then to investigate Figure 23.8 as a typical severe case with cable Z1 ¼ 30 V, overhead

line Z0 ¼ 300 V (sufficiently long), Z2 ¼ 1 (open end).

Accordingly,

the point m : r01 ¼ ðZ0 � Z1Þ=ðZ0 þ Z1Þ ¼ 1ð300� 30Þ=ð300þ 30Þ ¼ þ0:82

the point n : Z2 ¼ 1ðopen endÞ : r2 ¼ ðZ2 � Z1Þ=ðZ2 þ Z1Þ ¼ 1

et ¼ 2� 30=ð300þ 30Þ � e ¼ 0:182e r

ð0� 2ÞT ð2� 4ÞT ð4� 6ÞT ð6� 8ÞT ð8� 10ÞT

vm ¼ et½ð1Þþ1:82a2f1þð0:82a2Þþð0:82a2Þ2þð0:82a2Þ3 � � � g� ) ð1þ a2Þ=ð1� 0:82a2Þ � et s

the point n

ð0� 1ÞT ð1� 3ÞT ð3� 5ÞT ð5� 7ÞT ð7� 9ÞT

vn ¼ et½ð0Þ þ 2af1þ ð0:82a2Þ þ ð0:82a2Þ2 þ ð0:82a2Þ3 � � � g� ) 2a=ð1� 0:82a2Þ � et t

9
>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>;

(23.21)

The equation means that vm and vn repeat reflection at both terminals and the values are simply

increased over time towards the final converged value. Assuming a ¼ 1:0 (attenuation zero), the

converged value of vm and vn is 11.1et, which is a large and severe value.

Fortunately, however, the above severe values are unrealistic for the following reasons:

a) This is a calculation in which the incidental surge voltage e of step-wave form continues infinitely.

The lightning surges are not with infinitive tail length, so that they would disappear within
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100–200 ms. Therefore the step voltage in the above calculation should be replaced by the realistic

impinging waveform of a typically standard impulse wave of 1:2� 50 ms (see Figure 21.10b).

b) Z0> Z1. Accordingly the transmitted operator m at point m from the overhead line (Z0) to the cable

(Z1) is less than 1.0 (m¼ 0.182 in the above calculation). In other words, the original surge voltage

e diminishes to the first transmitted wave voltage m � e.

c) The diminishing effect by attenuation operator a ð0< a< 1Þ may be significant. The

converged values calculated by Equation 23.20 are 3.45, 1.70 and 1.33 for a ¼ 0:8, 0.6

and 0.4, respectively. The resistive constants R and G of the cable act as attenuating factors

of the cable.

d) In normal operation of the network, smaller Z2, Z0 are expected, which would significantly reduce

the voltages. If the cable terminal point n is connected, for example, to five parallel circuits of

overhead lines, Z2 would be around 300/n ¼ 60 V; accordingly r2 ¼ 0:33, so vm, vn are

significantly reduced. If the double circuit cable line is connected to point n, then Z2 ; 30=2 ¼
15 V andr2 has a further negative value between 0 and�1. Ifr01 or r02 is negative (i.e. if Z0<Z1 or

Z2 < Z1) the vm, vn would diminish very quickly under oscillatory modes.

Regardless, the above investigation indicates that transient surgevoltage phenomena on a cable line

caused by an incidental lightning surge become more severe by value and duration when the surge

impedances of the connected adjacent lines (Z0, Z2) are larger than that of the cable line Z1 (namely,

Z0; Z2
 Z1). As cable insulation does not have self-restoring characteristics, detailed surge analysis

and the necessary protection (typically by arresters) against incidental surges are essential in practical

engineering.

23.6.2 Switching surges arising on cable line

Now we examine switching surge phenomena arising on a cable line as shown in Figure 23.9a,

where cable 1 may be installed within the power station yard or may be a part of the outside

network.

When the breaker is closed, a transient switching surge appears on the adjacent cable line and

the transmitted voltage appearing at point m is f2Z1=ðZ0 þ Z1Þg � e0 (e0 is the voltage (crest value)

across the breaker contacts at t¼ 0�). As the station bus probably has a number of parallel circuits, Z0

(the resulting total surge impedance of the station side) would be small; accordingly, the above voltage

vm at point m would become almost 2e0. Furthermore, large and long duration of the transient surge is

anticipated for larger Z2 (surge impedance of another connected line).

direct-stroke
or

m n

Z0 Z1 Z2

#0 overhead line #1 cable line #2 overhead line

e
lightning

back-flashover

me
m2

r´1 r2 

Figure 23.8 Lightning surge on the cable line
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Figure 23.9b shows the calculated result for vn at point n under the conditions Z0 ¼ 0; Z1 ¼ 30 V;
Z2 ¼ 400 V. The calculation indicates that an oscillatory switching surge of maximum 1.86 times the

nominal voltage (crest value) is induced on the cable line. The voltage level would become more severe

if the terminal n were opened. The transmitted wave voltage at the terminal point m is vm¼ 2e under the

condition of Z0 ¼ 0.

Actual switching surges appearing on the cable may be more complicated and probably include

multi-frequency components because the surge impedance circuits of the station/outer lines are

generally also complicated, though the mechanism illustrated by the above investigation is unchanged.

Of course, we need to confirm in practical engineering that the insulation of the cables (insulation layer

and outer covering) is certainly protected against switching surges. The cable should have an

insulation level to withstand the maximum switching surge level specified by authorized standards

or recommendations as shown in Table 23.1a as one example.

In particular, in the case of a long cable line with a cross-bonding jointing connection, the insulation

of the outer covering should be carefully investigated, because the metallic sheath terminals are earth

grounded only every three jointed spans.

23.7 Surge Voltages at Cable End Terminal Connected toGIS

A GIS (Gas-Insulated Substation) contains all the functional equipment (bus conductors/breakers/line

switches/arrester/PT/CT/bushings, etc.) in a hermetically sealed metal container filled with SF6 gas

r´1 = (0 – 30) / (0 + 30) = –1 

r2 = (400 – 30) / (400 + 30) = +0.860 

m2 = 2 × 400/(400 + 30) = +1.86 

r2  m2 m¢1

r´1 

e 

e 

· e 

o 

m n l Z0 = 0 Ω 

Z1 = 30 Ω 
Z2 = 400 Ω 

Z1 
Z0 + Z1 

vm vn 

surge impedance 
looking from the switch 

cable line #1 overhead line #2 

(a) 

Typical waveform of switching surge (10 kHz to 1 MHz) calculation by Eq. 18 · 51: 

vn =(1+ r2) · { 1+(r1´ r2) + (r1´ r2)2 + (r1´ r2)3+ (r1´ r2)4 + · · · } · e 

time 

T: unit time of cable line #1 

T = l1/u1 

voltage 

2e 

e 

1T 5T 10T 

1.35e 

0.59e 

1.47e 

0.45e 

1.64e 

0.26e 

1.86e 

nn

(b) 

m n 

0 

T 

2T 

3T 

4T 

5T 

6T 

7T 

8T 

9T 

1 
1 

0.86 0.86 

–0.86
2 

–0.86
2 

0.86
3 

0.86
3 

–0.86
4 

–0.86
4 

–0.86
5 

0.864 0.864 

–0.863 –0.863 

0.862 0.862 

–0.86 

1.86 

–0.86 –0.86 · 1.86 

0.86 · 1.86 

–0.86 · 1.86 

0.86 · 1.86 

time 

r2 = 0.86 

r¢1 = –1 
m¢1 = 0 m2 = 1.86 

Figure 23.9 Switching surge on the cable and overhead line
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probably at a few atmospheres pressure (typically 4 atm) as an insulating material (see Figure 21.8).

GISs are of extremely compact design in comparison with conventional open-air substations and,

furthermore, a number of (phase-unbalanced) feeders are connected through the bus conductors. In

other words, the GIS is quite a complicated surge impedance circuit containing various transition points

in a narrow three-dimensional space. Therefore, the behaviour of switching surges or transferred

lightning surges in the GIS containers includes high-frequency components (even at 10 MHz) caused by

short travel distances between the transition points. This is the reason why ‘very fast-front voltages’
have been designated in the standards for insulation coordination (see Section 21.1).

Switching surge voltages with very fast fronts caused by a breaker in the GIS (time of wavefront,

Tf ¼ 0:1� 1 ms) may cause particular problems to the GIS-connected cable lines.

A typical phenomenon is indicated in the system of Figure 23.10a. Referring to Figure 23.10b, the

incidental switching surge voltage e from the GIS is divided by the various surge impedances at the

cable jointing point, where abnormal surge overvoltages eg1 and eg2 appear. The voltage eg1 may

damage the outer covering, or the voltage ðeg1 � eg2Þ may damage the longitudinal insulation

cylinders in the jointing box. These voltages (the first wave before reflection) can be calculated

as follows.

The surge voltages are: across the cable conductor to the sheath

ec ¼
Zc

Zc þ Za þ ZGIS þ Zb
� 2e

cable line 
GIS 

ZGIS 

ZGIS 

Z ǴIS

Zg2 
Zg1 

Zg1 Zg2 

eg2 

Zc 

e 

Zc 

Z ć 

Za Zb 

g1 

g1 g2 

g2 

(a) junction point of cable and GIS 

(b) equivalent circuit 

2e 

eg1 

ec 

The surge impedances 

Zc  : of the cable across the 
cable conductor and the metallic-sheath

Z ć  : of the cable across the 
metallic-sheath and the grounded earth

ZGIS : of the GIS across the conductor and  
the earth terminal of the tank. 

Z ǴIS : of the GIS across the tank and the earth

Zg1, Zg2  : of the earth-wire across  
the earth-terminals to earth 

Za = (Z ć //Zg1)

Zb = (Z ǴIS //Zg2)

Figure 23.10 Surge voltages arising on the cable sheath by the switching operation of GIS
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across the cable sheath

eg1 ¼
Za

Zc þ Za þ ZGIS þ Zb
� 2e

across the GIS conductor to the grounding terminal

eGIS ¼
ZGIS

Zc þ Za þ ZGIS þ Zb
� 2e

across the GIS grounding terminal to earth

eg2 ¼
�Zb

Zc þ Za þ ZGIS þ Zb
� 2e (23.22)

and across the insulated cylinder of the cable terminal box

eg1�g2 ¼
Za þ Zb

Zc þ Za þ ZGIS þ Zb
� 2e

where

Za ¼
Z0cZg1

Z0c þ Zg1
ðsurge impedance across the sheath terminal to earthÞ

Zb ¼
ZGISZg2

ZGIS þ Zg2
ðsurge impedance across the GIS grounding terminal to earthÞ

Detailed computer analysis of such phenomena is possible by the lattice method if necessary.

However, manual calculation of ‘the duration of the first wave’ by the above equations gives us a general

concept of the behaviour, because the attenuation of reflected waves is quite fast for such high-frequency

phenomena, so the first wave would contain dominant components at least for the absolute values.

As the last sentence of Chapters 18–23, we would like to emphasize that high-voltage transient

phenomena on actual large and complicated power systems can be recognized only as understandable

phenomena for small and simple power systems, and, furthermore, any available detail computer

analysis, for example of large power systems, has been realized by the accumulation of simple theories

as discussed in these chapters. The capability of so-called hand calculation may be a proof of

engineering basis.
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Coffee break 12: Park’s equations, the birth
of the d–q–0 method

In the d–q–0 transformation method, synchronous generators and motors can be written as

accurate equations, and furthermore generators can be connected to other ‘solid-state or non-

rotating facilities’ as the circuit equational forms of large power network systems.

In the short history of the theory of rotating machine, the first man to be recognized may be

A. Blondel, who presented a paper ‘Synchronous motors and converters’ (AIEE Trans. 1913) in

which he originally treated salient-pole machines by resolving the fundamental space compo-

nent of the armature mmf into two fundamental space components. Next came R. E. Doherty
and C. A. Nickle who together presented their paper ‘Synchronous machines I and II’ (AIEE

Trans. 1926) in which they began their analysis by resolving the armature current into direct-axis

and quadrature-axis components of current. Then, R. H. Park published his first paper in 1928.

Park was a leading staff member of the GE Schenectady Lab. He wrote five important

papers:

a) ‘The Reactances of Synchronous Machine’, AIEE Trans., 1928

b) ‘Definitions of an Ideal Synchronous Machine and Formula for the Armature Flux

Linkages’, 1928

c) ‘Two-reaction Theory of Synchronous Machines: Generalized Method of Analysis. Part I’,

AIEE Trans., 1929

d) ‘System Stability as a Design Problem’, AIEE, 1929

e) ‘Two-reaction Theory of Synchronous Machines. Part II’, AIEE Trans., 1933.

Park wrote in his paper a) that the concept of ‘transient’ should be divided into ‘ transient’

and ‘sub-transient’, and he proposed the name and symbol for sub-transient reactance x00.
Park’s equation appeared in paper c) in 1929. His famous equation was written in this

paper as follows:
ed ¼ pjd � rid � jq py

eq ¼ pjq � riq � jd py

e0 ¼ �ðr0 þ x0 pÞi0
These equations are the same as Equation 10.29 although Park wrote them with Heaviside’s

operationals.

Incidentally, in Chapter 10 of this book, after the Park’s equation, Equation 10.37, was

derived, the additional complicated per unitization procedure of Equations 10.38–10.46 was

required to obtain elegant per unitized equations and the smart equivalent circuit in Figure 10.4.

This is the process where the equivalent mutual reactance between armature and rotor circuits

for the d-axis as well as q-axis becomes a reciprocal. This procedure by smart base selection

was first presented by M. W. Schulz in his 1948 paper ‘A Simplified Method of Determining

Instantaneous Fault Currents and Recovery Voltages in Synchronous Machines’.

Papers with titles concerning stability began to appear around 1925. The mid-1920s might be

considered the dawn of the ‘modern power system with long transmission and interconnection’.

Today, Park’s equations are widely applied in combination with symmetrical compo-

nents as important initial equations of power system analysis. However, we would like to be

reassured that all engineers who are familiar with using the equations already understand

their physical meaning.
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24
Approaches for Special Circuits

First, some network conditions with unique transformers are investigated in this chapter. Then,

calculations of mis-connected abnormal circuits are demonstrated as the final section of this book,

because they may be good exercises for readers who may often have to find their own solutions in their

engineering activities. The key factor always required by engineers in their practical engineering

activities is to go forward logically, step by step.

24.1 On-load Tap-changing Transformer (LTC Transformer)

The LTC transformer has an on-load tap-changer which is connected in series to the neutral side terminal

of primary (HT) windings as shown in Figure 24.1a, in which the number of turns of the primary

windings (accordingly, tap ratio) can be changed (typically 0 to� 10%) under on-load operation.

LTC transformers are typically installed at larger power receiving substations in urban zones and

are operated as key transformers to regulate voltages as well as reactive power around the station area,

which would probably be automatically controlled by AVR or AQR equipment in combination with

shunt reactor banks and/or capacitor banks.

As the turn ratio of the transformer is changed under tap-changing operation, the per unit method

explained in Chapter 5 should be modified. We study in this section how we can treat the network,

including the LTC transformer, by the PU method. All the symbols in this chapter are the same as in

Chapter 5.

The three-winding transformer of turn numbers pN : sN : tN shown in Figure 5.2a is described by

Equation 5.12a using the base quantities of Equation 5.7. Now, we imagine a new condition where the

primary turn is modified as pN! pN0. This condition can be expressed by the equation below.

For turn numbers pN0 : sN : tN and base quantities

pVbase

pN
¼ sVbase

sN
¼ tVbase

tN
¼ pV 0base

pN0

pIbase � pN ¼ sIbase � sN ¼ tIbase � tN ¼ pI0base � pN0

k� pN0

pN
¼ pV 0base

pVbase

¼ pIbase

pI0base

¼ 0:9 to 1:1

9
>>>>>>>=

>>>>>>>;

r

the primary voltage and current pV ; pI are, for the PU value by the base quantities

pV 0base; pI0base ( pN 0 turns base),

pV
0 ¼ pV

pV 0base
pI
0 ¼ pI

pI0base

�

s

9
>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>;

Handbook of Power System Engineering Yoshihide Hase

# 2007 John Wiley & Sons, Ltd



and for the PU value by the base quantities pVbase; pIbase ( pN turns base)

pV ¼ pV

pVbase
pĪ ¼ pI

pIbase

�

t (24.1)

The equivalent circuit of this condition is written on the right-hand side of Figure 24.1b. The

equivalent impedances pZ0; sZ
0; tZ

0 may be slightly changed from the original pZ; sZ; tZ.

The relation between both base quantities is

pVbase

pN
¼ pV 0base

pN0
; pIbase � pN ¼ pI0base � pN 0

Then

k ¼ pN0

pN
¼ pV 0base

pVbase

¼ pI

pI0base

¼ 0:9� 1:1

9
>>>>>>=

>>>>>>;

(24.2)

ideal-Tr 

HT coil 

tap selector pole selector 

(a) on-load tap changer 

(b) equivalent circuit 

pI

pI pI′

pI′ sI 

pV

pV = k · pV ′

pN
pN ′

sV 
tV 

tI 

pV′

pZ′ sZ′

tZ′

1 
k 

 = · 

turn numbers 

base quantities 

pN′: sN : tN

pVbase / pN  ′= sVbase /sN = tVbase /tN
pIbase·pN′= sIbase.sN = tIbase·tN

′
′

Figure 24.1 On-load tap-changing transformer

9
>>>>=

>>>>;
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Accordingly,

pV ¼ pV

pVbase
¼ pV 0base

pVbase
� pV

pV 0base

¼ k � pV
0

pI ¼ pI

pIbase
¼ pI0base

pIbase
� pI

pI0base

¼ 1

k
� pI
0

9
>>>>=

>>>>;

(24.3)

Equation 24.3 is just the equation of the ideal transformer with turn numbers pN : pN0, which can

be additionally written as on the left-hand side of Figure 24.1b. In other words, this figure is just the

equivalent circuit of the LTC transformer under the condition of the primary turn pN0 because the

figure satisfies all the equations in Equations 24.1–24.3. The tap ratio is generally specified to within

10%, so k ¼ 0:9�1:1. The reactances p�sX ; p�tX ; s�tX for each tap number are indicated generally

on the name-plate of the individual transformer.

In conclusion, Figure 24.1 or Equations 24.1–24.3 with the ideal transformer have to be adopted for

circuit analysis of power frequency phenomena such as power flow analysis or P–Q–V stability

analysis.

Figure 24.2a is a typical example of a system including a loop circuit, in which transformer Tr2 with

the tap-changer may be operated by a different winding ratio to that of Tr1. The power frequency

phenomena of this system can be calculated by the circuit in Figure 24.2b. All the necessary equations

can be derived from this equivalent circuit.

24.2 Phase-shifting Transformer

In the case of networks with loop circuits, the current flow for each line is distributed proportionally to

the inverse ratio of the line impedances, which may not necessarily be an appropriate distribution in

regard to the rated capacity limit of each line, P–Q–V regulation/stability, load flow economy, and so

on. The phase-shifting transformer (or simply phase-shifter) can change the current flow distribution

actively for the above loop system. Needless to say, the phase-shifter can control the power flow of the

meshed circuit network system as well as of the parallel loop circuit system if the installed location and

the MVA bank capacity are planned appropriately.

Figure 24.3a is a typical connection diagram of the phase-shifter which is installed at the location

where the primary- and secondary-side rated voltages are the same. As is shown in the figure,

the phase-shifting transformer bank consists of one three-phase regulating transformer and one

275 : 66kV 

275kkV : 66kV 

k = 0.9–1.1 

Tr1 

Tr2 

ideal Tr 

pV

pI

pV 

pZ sZ

pZ′ sZ′

tZ

tZ′

pI 

pI
pV 

k · 
· 1 

k 

1 : k 

(b) equivalent circuit (a) loop circuit 

Figure 24.2 Loop circuit
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three-phase series-connected transformer, whose windings are connected in series directly through

the outer bushings or oil ducts.

24.2.1 Introduction of fundamental equations

The following equations can be derived from Figure 24.3a:

1Vabc

N
¼ vabc

n
N 1Iabc � 2Iabc

� �
þ niabc þ ngig ¼ 0

V 0abc

N0
¼ v0abc

n0
where ig ¼

ig
ig

ig

V 0abc ¼ 1V abc � 2V abc

N0 � 2Iabc þ n0 � i0abc ¼ 0

1 �1

�1 1

1 �1
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

f

�
va

vb

vc

vabc

¼
v0a
v0b
v0c

v0abc

;

ia

ib

ic

iabc

¼
1 �1

�1 1

1 �1

�
i0a
i0b
i0c
i0abcf

9
>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>;

(24.4)

Accordingly,

1� kff g � 1Vabc ¼ 2Vabc k ¼ n

N
�N
0

n0

1Iabc þ kg � ig ¼ 1þ kff g � 2Iabc kg ¼
ng

N

9
>=

>;
(24.5a)

or

2Va ¼ 1Va � k 1Vb � 1Vc

� �
1Ia þ kg � ig ¼ 2Ia þ k 2Ib � 2Ic

� �

2Vb ¼ 1Vb � k 1Vc � 1Va

� �
1Ib þ kg � ig ¼ 2Ib þ k 2Ic � 2Ia

� �

2Vc ¼ 1Vc � k 1Va � 1Vb

� �
1Ic þ kg � ig ¼ 2Ic þ k 2Ia � 2Ib

� �
(24.5b)

The regulating transformer generally has taps and polarity switches (typically of on-load changing)

so that k can be specified as a plus or minus value and typically may be k ¼ þ0:1 to 0 to � 0:1.

The vector diagrams of the phase-shifter under the three-phase-balanced condition is shown in

Figure 24.3b.

Now we transform Equation 24.5 into symmetrical components:

1� k � a�f�a�1
� �� �

� 1V 012 ¼ 2V 012

1I012 þ kg ig

0

0

¼ 1þ k � a�f�a�1
� �� �

� 2I012

a�f�a�1
� �

¼ a2 � a

a� a2

¼ �j
ffiffiffi
3
p

j
ffiffiffi
3
p

9
>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>;

(24.6)
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Then

1V0 ¼ 2V0

1þ j
ffiffiffi
3
p

k
� 	

� 1V1 ¼ 2V1

ð1� j
ffiffiffi
3
p

kÞ � 1V2 ¼ 2V2

9
>>>>=

>>>>;

r

1I0 þ kgig ¼ 2I0

1I1 ¼ 1� j
ffiffiffi
3
p

k
� 	

� 2I1

1I2 ¼ 1þ j
ffiffiffi
3
p

k
� 	

� 2I2

9
>>>>=

>>>>;

s

9
>>>>=

>>>>;

(24.7)

From this equation the symmetrical equivalent circuit in Figure 24.3c is derived, which is to be

adopted in the analysis of power frequency phenomena.

Figure 24.3 Phase-shifting transformer (for solidly grounded system)
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Figure 24.4 is another example of a phase-shifting transformer which is installed at the location

where the HT windings are solidly grounded and the LT windings are resistive grounded. In other

words, this is just ‘the transformer which has the power flow control function’.

24.2.2 Application for loop circuit lines

Figure 24.5 is a positive-sequence equivalent circuit of a loop network in which the above described

phase-shifter is applied at the receiving terminal r.

The positive-sequence equations are

Route 1 Route 2

V̇s1 � V̇rr1 ¼ İ1 � Ż1

V̇rr1 � V̇r1 ¼ � j
ffiffiffi
3
p

k � V̇rr1

; V̇s1 �
1

1þ j
ffiffiffi
3
p

k
� V̇r1 ¼ İ1 � Ż1

9
>>>=

>>>;

r

V̇s1 � V̇r1 ¼ İ
0
1 � Z01 s

Ż1; jx1

Ż
0
1 ¼ jx01

)

t

9
>>=

>>;

(24.8)

For the case where a phase-shifter exists in route 1

İ1 ¼
1

Ż1
V̇s1 �

1

1þ j
ffiffiffi
3
p

k
�V̇r1


 �

Ṡs1 ¼ Ps1 þ jQs1 ¼ V̇s1 � İ�1 ¼
1

Ż
�
1

V̇
2
s1 �

1

1� j
ffiffiffi
3
p

k
�V̇s1 � V̇�r1


 �

9
>>>=

>>>;

(24.9)

For the case where a phase-shifter does not exist in route 1 (equivalent to the case of k ¼ 0)

Ṡs1;k¼0 ¼ Ps1 þ jQs1 ¼
1

Ż
�
1

V̇
2
s1 � V̇s1 � V̇�r1

n o
(24.10)

a 

b 

c 

a 

b 

c 

Figure 24.4 Phase-shifting transformer (for impedance neutral grounded system)

s r route-2 

route-1 

load Vs1 
Z1 = jx1

Z′1 = jx′1

Vrr1 
Vr1 

· 

Vrr1 
· 

j  3k · 

Figure 24.5 Application for loop circuit (positive-sequence circuit)
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The difference in the apparent power by the above two cases is

DṠs1 ¼ Ṡs1 � Ṡs1;k¼0 ¼
� j

ffiffiffi
3
p

k

1� j
ffiffiffiffiffi
3k
p � V̇s1 � V̇�r1

Z
� �

1

¼ 3k2 � j
ffiffiffi
3
p

k

3k2
- þ 1

� V̇s1�V�r1

Z�1

; ð3k2 � j
ffiffiffi
3
p

kÞ � V̇s1 �V̇�r1

� jx1

¼
ffiffiffi
3
p

k þ j3k2
.

x1
�V̇s1 � V̇�r1 ;

ffiffiffi
3
p

k

x1
�V̇s1 � V̇�r1 r

Putting

V̇s ¼ jVsjffd�; V̇r ¼ jVrjff0�

then DṖs1 þ D jQ̇s1 ;

ffiffiffi
3
p

k

x1
�jV̇s1 � V̇�r1j � ðcosdþ j sin dÞ s

9
>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>;

(24.11)

The approximation in the process is based on k ¼ þ0:1 to � 0:1. The power flow of Equation 24.11

on route 1 can be controlled by the existence of the phase-shifter.

The network can be assumed in that line 1 is longer than line 2 so that the reactance of line 1 is larger

than that of line 2 ( jx1 > jx2) whereas the line capacity of line 1 is far larger than that of line 2. The

power flow of this circuit may not be appropriate because the power flow distribution of line 2 becomes

larger despite the far smaller current capacity.

The phase-shifter can solve the inadequate current distribution by changing the current flow

distribution with time. Furthermore, adequate current distribution control can reduce the angular

difference across points s and r so that the phase-shifter can improve system stability to some

extent.

24.3 Woodbridge Transformer and Scott Transformer

Electric train loads are typically fed by a single phase circuit, so these are fatally unbalanced loads

from the viewpoint of a three-phase network. The Woodbridge-type as well as the Scott-type

transformer have special windings in order to mitigate the load imbalance.

24.3.1 Woodbridge winding transformer

The connection diagram of the Woodbridge transformer is shown in Figure 24.6a. This is a three-phase

three-windings transformer whose S (secondary) and T (tertiary) windings are of delta connection

and of the same design except that their winding terminal connection is specially arranged. The

voltage-transformed power is fed out from the A terminal as well as from the B terminal. The voltage

boost-up transformer Tr2 (turn ratio 1 :
ffiffiffi
3
p

) is also connected to the B terminal. The A and B terminals

would be typically fed out to feeding sections 1 and 2 (the up- and down-train lines, for example), both

of which have approximately a similar load by capacity as well as load pattern over time.

The equations are

pn � pIa þ sn sIa þ tIa

� �
¼ 0

pn � pIb þ sn sIb þ tIb

� �
¼ 0

pn � pIc þ sn sIc þ tIc

� �
¼ 0

9
>>=

>>;

; k � pIa þ sIa þ tIa ¼ 0

k � pIb þ sIb þ tIb ¼ 0

k � pIc þ sIc þ tIc ¼ 0

9
>>=

>>;
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where

pn: turns of the primary winding

sn : turns of the secondary and tertiary windings; k ¼ pn

sn

(24.12)

A-terminal current

IA ¼ sIc � sIb ¼ tIc � tIb r

B-terminal currentffiffiffi
3
p

IB ¼ sIc � sIa

� �
þ tIb � tIa

� �
s

9
>>=

>>;

(24.13)

Eliminating tIb; tIc from Equations 24.12 and 24.13,

sIb � sIc ¼
�k

2 pIb � pIc

� 	
(24.14)

Using the above equations, the current IA; IB can be written as a function of the primary current as

follows:

IA ¼
k

2 pIb � pIc

� 	

ffiffiffi
3
p

IB ¼ sIc � sIa

� �
þ tIb � tIa

� �

¼ k

2
2 pIa � pIb � pIc

� 	

namely

IAffiffiffi
3
p

IB

¼ k

2
0 1 �1

2 �1 �1
�

pIa

pIb

pIc

IAffiffiffi
3
p

IB

¼ k

2

0 1 �1

2 �1 �1
�

1 1 1

1 a2 a

1 a a2

�
pI0

pI1

pI2

¼ k

2

0 � j
ffiffiffi
3
p

j
ffiffiffi
3
p

0 3 3

� pI0

pI1

pI2

9
>>>>>>>>=

>>>>>>>>;

(24.15)

Accordingly,

IA

IB

¼
ffiffiffi
3
p

2
k

0 � j j

0 1 1
�

pI0

pI1

pI2

(24.16)

Then

IA ¼ � j

ffiffiffi
3
p

2
k pI1 � pI2

� 	

IB ¼
ffiffiffi
3
p

2
k pI1 þ pI2

� 	

9
>>=

>>;

r

inverse equations

pI1 ¼
1
ffiffiffi
3
p

k
IB þ jIAð Þ

pI2 ¼
1
ffiffiffi
3
p

k
IB � jIAð Þ

pI0 ¼ 0

9
>>>>>=

>>>>>;

s

pIa ¼
1
ffiffiffi
3
p

k
2IBð Þ

pIb ¼
1
ffiffiffi
3
p

k

ffiffiffi
3
p

IA � IB

� 	

pIc ¼
1
ffiffiffi
3
p

k
�

ffiffiffi
3
p

IA � IB

� 	

9
>>>>>>>=

>>>>>>>;

t

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

(24.17)
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The equations indicate the following:

	 pI0 ¼ 0: zero-sequence current is always zero regardless of the load conditions.

	 pI2 ¼ 0: under the condition of jIA ¼ IB. That is, the negative-sequence currents can be reduced to

zero if the magnitudes of the A-terminal load and B-terminal load are equal, or it can be reduced if

the both load values are similar over time, whereas pI2 would become a large value of pI1 ¼ pI2

under the condition IA ¼ 0 or IB ¼ 0.

24.3.2 Scott winding transformer

The connection diagram for the Scott transformer is shown in Figure 24.7, where the turn ratios of the

primary windings are n1: n2: n3 ¼ 1: 2 :
ffiffiffi
3
p

.

Anticipating the conclusion, this transformer gives exactly the same equation as Equation 24.17,

although the derivation is omitted in this book.

Obviously the Woodbridge transformer is better than the Scott transformer from a design and

manufacturing viewpoint, because the former is just a three-phase-balanced y� D� D winding

design, except for the terminal connection treatment, while the latter is of non-symmetric design,

although both transformers are completely equivalent from the application viewpoint. In these

situations, Scott transformers might actually be succeeded by Woodbridge transformers yet seemed

to be historical monuments.

24.4 Neutral Grounding Transformer

Larger industrial factories in various application fields such as chemicals, metal furnaces, steel,

electrical appliances, etc., often adopt power-receiving transformers with delta windings for lower

voltage sides, in order to isolate the factories’ zero-sequence circuits from that of the power system

networks. However, the factories’ in-house networks have to be neutral grounded to obtain in-house

insulation coordination. Neutral grounding transformers are adopted for such cases as special

transformers to earth–ground the zero-sequence circuit of the in-house networks.

HT 

LT-A

LT-B 

A-terminal

B-terminal 

pIa 

pVa 

pVb 

pIb 

pIc 

pVc 

VA 

VB 

IB 

IA 

n3 n3 

n2 

n1 

Figure 24.7 Scott transformer
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Figure 24.8a shows the winding connection diagram. Figure 24.8c is the equivalent circuit marking

the first core pole, where all equations are unitized.

The related equations are

v0a � v00a ¼ ZsIA

v0b � v00b ¼ ZsIB

v0c � v00c ¼ ZsIC

9
>>=

>>;

r

v00a ¼ Zex IA � ICð Þ
v00b ¼ Zex IB � IAð Þ
v00c ¼ Zex IC � IBð Þ

9
>>=

>>;

s

VA ¼ v0a � v00b

VB ¼ v0b � v00c

VC ¼ v0c � v00a

9
>>=

>>;

t

9
>>>>>>>>>>>=

>>>>>>>>>>>;

(24.18)

Eliminating v0a, v00a , etc.,

VA ¼ ZSIA þ Zex 2IA � IB � ICð Þ
¼ ZSIA þ 3Zex IA � I0ð Þ
¼ Zs þ 3Zexð ÞIA � 3ZexI0

9
>=

>;
(24.19a)

; VA ¼ Zs þ 3Zexð ÞIA � 3ZexI0

VB ¼ Zs þ 3Zexð ÞIB � 3ZexI0

VC ¼ Zs þ 3Zexð ÞIc � 3ZexI0

9
>=

>;
(24.19b)

Figure 24.8 Neutral grounding transformer
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Transforming into symmetrical components,

V0 ¼ ZsI0

V1 ¼ Zs þ 3Zexð ÞI1

V2 ¼ Zs þ 3Zexð ÞI2

9
>=

>;
(24.20)

and

Z0 ¼
V0

I0
¼ Zs ¼ jxs

Z1 ¼ Z2 ¼
V1

I1
¼ Zs þ 3Zex ; 1

Zex ; 1

9
>>>>=

>>>>;

(24.21)

The above equation shows that jx0 ¼ jxs, but on the other hand jx1 ¼ jx2 + 1 because

the extation reactances are quite large. This is the principle of the neutral grounding transformer.

Figure 24.8b is the vector diagram explaining the function of the neutral grounding transformer. If such

a transformer is installed and is earth grounded through resistance R, the zero-sequence impedance

becomes Z0 ¼ 3Rþ jXs.

Recall that third-harmonic quantities behave like zero-sequence quantities, so this transformer also

has the function to bypass the third-harmonic current to earth.

Incidentally, if a generator exists in the in-house network, the generator is generally neutral earth

grounded through resistance (the resistive value of 3 R ¼ 50�200 V is typically selected so that the

phase-to-grounding fault current becomes 100�200 A). Accordingly, a neutral grounding transformer

may be omitted.

24.5 Mis-connection of Three-phase Orders

As the final section of this book, calculation of the circuit with phase mis-connection is tried.

24.5.1 Cases

24.5.1.1 Case 1: phase a–b–c to a–c–b mis-connection (figure 24.9)

Our problem is shown in Figure 24.9a. If the two balanced circuits are connected normally, the voltages

and currents at the connecting point are given by the equations

i1 ¼
E1 � E01
Z1 þ Z01

i2 ¼ i0 ¼ 0

9
>=

>;
r

ia ¼
E1 � E01
Z1 þ Z01

ib ¼ a2ia; ic ¼ aia

9
>=

>;
s (24.22)

Now we examine the case of a wrong connection. The related equations are

v0a
v0b
v0c
vabc

¼
v0a
v0c

v0b
v0acb

;

ia

ib

ic
iabc

¼
i0a
i0c

i0b
i0acb

(24.23)
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Then

v0a
v0c
v0b

v0acb

¼ 1 0 0

0 0 1

0 1 0

k1

� v0a
v0b
v0c

v0abc

;

i0a
i0c
i0b

i0acb

¼ 1 0 0

0 0 1

0 1 0

k1

� i0a
i0b
i0c

i0abc

; v0acb ¼ k1 � v0abc i0acb ¼ k1 � i0abc

9
>>>>>=

>>>>>;

(24.24)

E1

Z1+ Z1′
a

E1

Z + Z1′
a

E1′

i1′

E1′
Z1′

Z 2′

Z 0′

n1′

n2′

n0′

i2′

i0′

Z1 + Z1′

E1′
Z1 + Z1′

E1

Z1 + Z1′

E1

Z1 + Z1′

a2

a2

a2

E1′

E1′E1

i1

i2

i0

n1

n2

n0

E1

Z1

Z2

Z0

Z1, Z2, Z0 Z1′,Z2′,Z′0

Z1+ Z1′
E1′

Z1+ Z1′

E1′
Z1+ Z1′

E1

Z1+ Z1′

a a

ia

ib

ib

ib

ic

ic

ia na na′

nb′

nc′

ia′

ib′

ic′

nb

nc

ib

ic

ia

E1

Z1+ Z1′
E1

Z1+ Z1′

a2

(a)

1-circuit

2-circuit

0-circuit

(b)

(c1) normal connection (c2) mis-connection

Figure 24.9 Phase a–b–c to a–c–b mis-connection
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Transforming into symmetrical components,

v012 ¼ a � vabc ¼ ða � k1 � a�1Þ � v012; i012 ¼ ða � k1 � a�1Þ � i012

a � k1 � a�1 ¼ 1

3

1 1 1

1 a a2

1 a2 a

�
1 0 0

0 0 1

0 1 0

�
1 1 1

1 a2 a

1 a a2

¼
1 0 0

0 0 1

0 1 0

9
>>>>>=

>>>>>;

(24.25)

namely

v0

v1

v2

¼
v00
v02
v01

;

i0

i1

i2

¼
i00
i02
i01

(24.26)

The equivalent circuit of Figure 24.9b is derived from this equation. The voltages and currents at the

connecting point are derived from the equivalent circuit, and

i1 ¼
E1

Z1 þ Z02
i2 ¼

�E01
Z01 þ Z2

i0 ¼ 0

v1 ¼ i1Z02 v2 ¼ �i2Z2 v0 ¼ 0

9
>=

>;
(24.27)

ia

ib

ic

¼
1 1 1

1 a2 a

1 a a2

�

0

E1

Z1 þ Z02
�E01

Z01 þ Z2

;

va

vb

vc

¼
1 1 1

1 a2 a

1 a a2

�

0

E1Z02
Z1 þ Z02

E01Z2

Z01 þ Z2

(24.28)

These are the voltages and currents at the connecting point.

Accordingly,

normal connection

ia ¼
E1 � E01
Z1 þ Z01

ib ¼
a2ðE1 � E01Þ

Z1 þ Z01

ic ¼
aðE1 � E01Þ

Z1 þ Z01

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

r

mis-connection

ia ¼
E1 � E01
Z1 þ Z01

ib ¼
a2E1 � aE01

Z1 þ Z01

ic ¼
aE1 � a2E01

Z1 þ Z01

9
>>>>>>>>>>>>>=

>>>>>>>>>>>>>;

s (24.29)

where Z1 ¼ Z2; Z
0
1 ¼ Z02.

As can be seen in the vector diagram of Figure 24.9c2, large negative-sequence current appears,

and accordingly extremely large unbalanced phase currents ib; ic arise. Of course, such situations

would seriously affect generators, most of the other station equipment and every kind of

load.
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24.5.1.2 Case 2: phase a–b–c to b–c–a mis-connection (figure 24.10)

The next problem is shown in Figure 24.10a. The related equations are

va

vb

vc
vabc

¼
1

1

1

k2

�
v0a
v0b
v0c

v0abc

;

ia

ib
ic

iabc

¼
1

1

1

k2

�
i0a
i0b
i0c

i0abc

9
>>>=

>>>;

(24.30)

Transforming into symmetrical components,

v012 ¼ a � k2 � a�1
� �

� v012; i012 ¼ a � k2 � a�1
� �

� i012

where a � k2 � a�1 ¼
1 0 0

0 a2 0

0 0 a

9
>>>>=

>>>>;

(24.31a)

namely

v0 ¼ v00 i0 ¼ i00
v1 ¼ a2v01 i1 ¼ a2i01
v2 ¼ av02 i2 ¼ ai02

9
>=

>;
(24.31b)

The equations of the right- and left-side circuits are

v0 ¼ �Z0i0 v00 ¼ Z00i00
v1 ¼ E1 � Z1i1 v01 ¼ E01 þ Z01i01
v2 ¼ �Z2i2 v02 ¼ Z02i02

9
>=

>;
(24.32)

ia       ib        ic   : current by mis-connection
(ia)   (ib)     (ic)    : current by normal connection

1-circuit

2-circuit

0-circuit

E1

E1

E′1

E′1

ia

ib

ic

i1

a

i2

i0

n0

n2

n1

ai1

ic

ia =

na na′ ia′

ib′

ic′
nb′

nc′

n1′

n2′

n0′

i1′

i2′

i0′

an1′

a2

a2i2

a2n2

nb

nc

(ic)

(a)

(ia)

(ib)

E1 – a2E′1
Z1 + Z′1

a2E′1
Z1 + Z′1

E1

Z1 + Z′1

E1

Z1 + Z′1

ib

(c)(b)

Figure 24.10 Phase a–b–c to b–c–a mis-connection
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From Equations 24.31b and 24.32, the currents on the mis-connected point are derived below:

i1 ¼
E1 � a2E01

Z1 þ Z01
i2 ¼ i0 ¼ 0

9
=

;
(24.33)

ia ¼
E1 � a2E01

Z1 þ Z01
ib ¼ a2ia

ic ¼ aia

9
>>>=

>>>;

(24.34)

The equivalent circuit is shown in Figure 24.10b, where the vector operators a and a2 are inserted.

In this particular case, extremely large phase-balanced currents flow to all parts of the network,

although negative- and zero-sequence currents do not exist.

Needless to say, mis-connection should be avoided.
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Coffee break 13: Power system engineering
and insulation coordination

The First World War was fought in 1914–1918 mainly on the European mainland, its end

marking the time when the United States came to the fore. It may be considered likely that this

period also became a turning point in the history of electricity. The most prominent achieve-

ments in regard to electricity before this time had been made in European countries, in

particular Britain and Germany, while in the 1920s the stronghold of technology for electricity

and power seemed to move overseas to the United States, in particular to Schenectady, New York.

The 1920s–1930s were the time of recovery for European countries, but the time of amazing

growth in the United States for power system networks and their technology. Many of

Steinmetz’s students, like R. H. Park and E. Clarke, and some Westinghouse employees like

C. L. Fortescue, always stayed in the same place.

A typical example can be seen in the research area of lightning and insulation coordina-
tion. W. W. Lewis, one of the most famous students of Steinmetz, wrote in his well-known

book The protection of transmission systems against lightning (1949), recollecting the situation

of the 1920s in the United States, as follows:

In 1924 I had occasion to investigate the failure of a transformer on a power system in
Pennsylvania, and found that there were no lightning arresters, that the transmission line
had no overhead-ground-wires, and furthermore that it had very high insulation compared
with that of the transformer. Up to this time there had been no thought of coordinating
the line and apparatus insulation, and practically nothing was known about the impulse
strength of either.

He also wrote, ‘In 1926 the Wallenpaupack–Siegfried 220 kV line in Pennsylvania was put

into operation without OGW and without arresters.’

However, at length, in 1928, two AIEE papers on insulation coordination were published. In

1928 a cathode-ray oscilloscope was adapted to

lines above 220 kVand the first oscillograph of the

voltage due to direct lightning strike was obtained

in 1930.

The theories of overvoltages (lightning,

switching surges, voltage oscillation in the trans-

formers, etc.) and the countermeasures to protect

against surge (OGW, tower earthing, counter-

poise, arrester, horn gaps, reclosing, etc.) or to

strengthen the insulation of apparatus, and a

detailed discussion to create appropriate guide-

lines for insulation coordination, were quite exten-

sively undertaken in the 1930s mainly in the

United States. F. W. Peek, W. W. Lewis, C. L.

Fortescue, L. V. Bewley and J. H. Hagenguth were

the leading characters. The mathematical theory

of surge phenomena written by L. V. Bewley in his

book Travelling waves on transmission systems

(1940, final revised edition 1950) is completely

fresh, even today.

We power system engineers would do well to

recollect the great history of our predecessors and

their contribution to our own successes today.

W.W. Lewis (Courtesy of Schenectady museum)
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Appendix A
Mathematical Formulae

1. Formulae of trigonometric functions and hyperbolic functions

sin2aþ cos2a ¼ 1

sinða� bÞ ¼ sin a cosb� cos a sinb

cosða� bÞ ¼ cos a cos b� sin a sinb

cosðaþ bÞ þ cosða� bÞ ¼ 2 cos a cosb

cosðaþ bÞ � cosða� bÞ ¼ �2 sin a sinb

sin 2a ¼ 2 sin a cos a

cos 2a ¼ cos2a� sin2a ¼ 1� 2sin2a ¼ 2cos2a� 1

cos2yþ cos2 y� 2p
3

� �

þ cos2 yþ 2p
3

� �

¼ 3

2

sin2yþ sin2 y� 2p
3

� �

þ sin2 yþ 2p
3

� �

¼ 3

2

Euler’s formula:

e jy ¼ cos yþ j sin y e� jy ¼ cos y� j sin y

ez ¼ exþ jy ¼ exðcos yþ j sin yÞ

sin x ¼ e jx � e� jx

2 j
cos x ¼ e jx þ e� jx

2
tan x ¼ e jx � e� jx

e jx þ e� jx

sinh x ¼ ex � e�x

2
cosh x ¼ ex þ e�x

2
tanh x ¼ ex � e�x

ex þ e�x

2. Formulae of series expansion

ex ¼ 1þ x

1!
þ x2

2!
þ x3

3!
þ. . .

ð1þ xÞr ¼ 1þ rx

1!
þ rðr � 1Þx2

2!
þ rðr � 1Þðr � 2Þx2

3!
þ. . .

sin x ¼ x� x3

3!
þ x5

5!
� x7

7!
þ. . .

cos x ¼ 1� x2

2!
þ x4

4!
� x6

6!
�. . .

sinh x ¼ xþ x3

3!
þ x5

5!
þ x7

7!
þ. . .

cosh x ¼ 1þ x2

2!
þ x4

4!
þ x6

6!
þ. . .
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3. Formula of differential equations

a. If y ¼ f ðaxÞ then

dy

dx
¼ df ðaxÞ

dðaxÞ �
dðaxÞ

dx
¼ a � df ðaxÞ

dðaxÞ

b. If f and g are functions of x, then

d

dx
f f ðxÞ � gðxÞg ¼

�
d

dx
f ðxÞ

�

� gðxÞ þ f ðxÞ �
�

d

dx
gðxÞ

�

d

dx

�
f ðxÞ
gðxÞ

�

¼
��

d

dx
f ðxÞ

�

� gðxÞ � f ðxÞ �
�

d

dx
gðxÞ

��

=g2ðxÞ

c. If z ¼ f ðuÞ; u ¼ gðxÞ, then

dz

dx
¼ dz

du
� du

dx

d. If z ¼ f ðu; vÞ; u ¼ gðxÞ; v ¼ kðxÞ, then

dz

dx
¼ @z

@u
� du

dx
þ @z

@v
� dv

dx

e. If z ¼ f ðu; vÞ; u ¼ gðx; yÞ; v ¼ hðx; yÞ

then
@z

@x
¼ @z

@u
� @u

@x
þ @z

@v
� @v

@x

4. Formulae of Laplace transformation

Equation of definitive transformation:

FðsÞ ¼ L ½ f ðtÞ� ¼
ð1

0

f ðtÞe�stdt

f ðtÞ ¼ L�1½FðsÞ� ¼
1

2pj

ðcþj1

c�j1
estFðsÞds

L�1

�
1

s

�

¼ 1ðtÞ;L�1

�
1

s� a

�

¼ e� at � 1ðtÞ

L�1

�
sþ a

ðsþ aÞ2 þ o2

�

¼ e�atcosot � 1ðtÞ

L�1

�
o

ðs� aÞ2 þ o2

�

¼ e�atsinot � 1ðtÞ

ðsþ a� joÞðsþ aþ joÞ ¼ ðsþ aÞ2 þ o2

;L�1

�
Affy

sþ a� jo
þ Aff � y

sþ aþ jo

�

¼ 2Ae�atcosðot þ yÞ � 1ðtÞ

f ðtÞ FðsÞ ¼ L½ f ðtÞ�

1ðt> 0Þ 1
s

tn�1

ðn� 1Þ!
1
sn

e�at 1
s� a

sinot o
s2 þ o2

cosot s
s2 þ o2

e�atsinot o
ðsþ aÞ2 þ o2

sinhot
o

s2 � o2

coshot
s

s2 � o2

e�atcosðot � yÞ ðsþ aÞcos y� o sin y

ðsþ aÞ2 þ o2

e�atsinðot � yÞ �ðsþ aÞsin yþ o cos y

ðsþ aÞ2 þ o2

2Ae�atcosðot þ yÞ Affy
sþ a� jo

þ Aff�y
sþ aþ jo

y ¼ f ðxÞ dy
dx

xn nxn�1

ax ax loge a

log x 1=x

sin x cos x

cos x �sin x

ex ex

eax a � eax
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Appendix B
Matrix Equation Formulae

Matrix equation analysis is an essential approach for many kinds of analysis including multiple

variables of three or more, not only as computational tools but also as logical steps. Explained below

are some essential points in regard to matrix analysis from a practical viewpoint; for further

mathematical details readers should refer to specialized works of mathematics.

(a) Matrix l� m with row l and column m

A ¼

#

row l

A11 A12 � � � A1m

A21 A22 � � � A2m

..

. ..
.

� � � ..
.

Al1 Al2 � � � Alm

column
!m

(1)

(b) Multiplication of two matrices A (of row l and column m) and B (of row m and column n). For

example, multiplication of A (3� 2) and B (3� 3):

A11 A12

A21 A22

A31 A32
|fflfflfflfflfflffl{zfflfflfflfflfflffl}

A

� B11 B12 B13

B21 B22 B23
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

B

¼
A11B11 þ A12B21 A11B12 þ A12B22 A11B13 þ A12B23

A21B11 þ A22B21 A21B12 þ A22B22 A21B13 þ A22B23

A31B11 þ A32B21 A31B12 þ A32B22 A31B13 þ A32B23
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

A � B

(2)

(c) If and only if the number of columns of matrix A and the number of rows of matrix B are

equal, the multiplied new matrix A � B of row number l and column number n(l � n) can exist

as follows:

column

row l

m
!
# A �m

n
!
# B ¼ l

n
!

#ðA � BÞ
(3)

(d) A matrix whose numbers of rows and columns are the same is called a square matrix.
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(e) A square matrix whose diagonal elements are one and all other elements are zero is called a unit
matrix. The unit matrix is usually written by the symbol 1.

For example, the unit matrix of 3� 3:

1 ¼
1 0 0

0 1 0

0 0 1

(4)

Multiplication of a square matrix and a unit matrix is possible and the resulting matrix is unchanged.

For example,
C ¼ C � 1 ¼ 1 � C (5)

(f) If a multiplied matrix C � D of two square matrices C and D become a unit matrix 1, the square

matrices C and D are called inverse matrices of each other:

C � D ¼ 1 (6a)

D may be written as C�1, and C may be written as D�1:

C � C�1 ¼ 1; D � D�1 ¼ 1 (6b)

Typical examples of inverse matrices are the operational matrices a; a�1 of symmetrical components

a;a�1 of the a� b� 0 method, and DðtÞ;D�1ðtÞ of the d–q–0 method.

Another example:

1 0 3

2 4 1

1 3 0
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

C

�

�1 3 �4

1
3 �1 5

3

2
3 �1 4

3

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

C�1

¼
1 0 0

0 1 0

0 0 1
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

1

(g) Two square matrices C and E are of the same size as each other in number of rows and columns.

Generally, the commutative law cannot be satisfied between C and E:

C � E 6¼E � C (7)

If either C or E is a unit matrix, or if C and E are inverse matrices of each other, the commutative law

is exceptionally satisfied:

C � 1 ¼ 1 � C ¼ C (8)

C � C�1 ¼ C�1 � C ¼ 1 (9)

(h) The following equation is always satisfied when the matrices A,B,C satisfy the condition of (c):

A � B � C ¼ ðA � BÞ � C ¼ A � ðB � CÞ (10)
(i)

A � Bþ A � C ¼ A � ðBþ CÞ (11)

A � Bþ D � B ¼ ðAþ DÞ � B (12)
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(j)

Z1 ¼ A11y1 þ A12y2

Z2 ¼ A21y1 þ A22y2

Z3 ¼ A31y1 þ A23y2

9
>=

>;
(13)

The above equation can be written symbolically as follows:

Z1

Z2

Z3
|fflfflfflffl{zfflfflfflffl}

Z

¼
A11y1 þ A12y2

A21y1 þ A22y2

A31y1 þ A32y2
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

A � y

¼
A11 A12

A21 A22

A31 A32
|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

A

� y1

y2
|fflfflfflffl{zfflfflfflffl}

y

or symbolically

Z ¼ A � y

9
>>>>>>=

>>>>>>;

(14)

where

3

1

!
#Z
¼

2

!
3 #A �

1

!
2 # y

(k) Besides Equation 14, there is another equation

y1

y2
|{z}

y

¼ B11x1 þ B12x2 þ B13x3

B21x1 þ B22x2 þ B23x3
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

B � x

¼ B11 B12 B13

B21 B22 B23
|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

B

�
x1

x2

x3
|ffl{zffl}

x

or

y ¼ B � x

9
>>>=

>>>;

(15)

The variables y1; y2 can be deleted from Equations 14 and 15 by the matrix procedure

Z ¼ A � y ¼ A � ðB � xÞ ¼ ðA � BÞ � x�C � x
where C ¼ A � B

)

(16a)

or

Z1

Z2

Z3

¼
C11 C12 C13

C21 C22 C23

C31 C32 C33

�
x1

x2

x3

Z ¼ C � x

9
>=

>;
(16b)

where C is

3

3
!
#C
¼

2
!

3 #A�

3
!

2 #B

and

C�
C11 C12 C13

C21 C22 C23

C31 C32 C33

¼ A � B ¼
A11 A12

A21 A22

A31 A32

� B11 B12 B13

B21 B22 B23

¼
A11B11 þ A12B21 A11B12 þ A12B22 A11B13 þ A12B23

A21B11 þ A22B21 A21B12 þ A22B22 A21B13 þ A22B23

A31B11 þ A32B21 A31B13 þ A32B22 A31B13 þ A32B23

(17)

where C11 ¼ A11B11 þ A12B12; C12 ¼ A11B12 þ A12B22, etc.
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(l) Given matrix equation

C ¼ A � B (18)

to derive the matrix B from the above equation we left-multiply by A�1

A�1 � C ¼ A�1 � A � B ¼ ðA�1 � AÞ � B ¼ B

; B ¼ A�1 � C
(19a)

To derive matrix A from the above equation we right-multiply by B�1

C � B�1 ¼ A � B � B�1 ¼ A � ðB � B�1Þ ¼ A

; A ¼ C � B�1
(19b)

Generally

A 6¼B�1 � C; B 6¼C � A�1

(m) Given the matrix equation

P ¼ L �M � N (20)

where P, L, M, N are square matrices, then the following equations can be derived by applying the

process of (l) twice:

L ¼ P � N�1 �M�1

M ¼ L�1 � P � N�1

N ¼ M�1 � L�1 � P

9
>=

>;
(21)

(n)

F þ G ¼ G þ F (22)

(o) If

ðF þ GÞ � Q ¼ K (23)

then

F þ G ¼ K � Q�1 ;F ¼ K � Q�1 � G; G ¼ K � Q�1 � F (24)

(p)

m1 #
l!
W 1
¼ m1 #

n1
!
R11 � n1#

l
!
V 1 þ m1 #

n2
!
R12 � n2 #

l
!
V 2

m2 #
l
!
W 2 ¼ m2 #

n1
!
R21 � n1#

l
!
V 1 þ m2 #

n2
!
R22 � n2 #

l
!
V 2

9
>>>>=

>>>>;

(25)

The above two matrix equations can be combined into one matrix equation:

m1

l!
#W 1

m2

l!
#W 2

¼ m1

n1!
#R11 m1

n2!
#R12

m2

n1!
#R21 m2

n2!
#R22

� n1

l!
#V 1

n2

l!
#V 2

(26)
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Needless to say, Equation 26 can be divided into the two equations of Equation 25.

(q) The new matrix in which the row and column elements of the original matrix A are interchanged

is called the transposed matrix of A. It is written by the symbol tA.

If

C ¼ A � B (27)

then

tC ¼ tB � tA (28)

In regard to matrix C in Equation 17, the transposed matrix is

tC �
C11 C21 C31

C12 C22 C32

C13 C23 C33

¼
B11 B21

B12 B22

B13 B23

tB

� A11 A21 A31

A12 A22 A32

tA

¼ tB � tA (29)
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Analytical Methods Index

a-b-0 method (Clarke components), 119–134,

135–140, 358–361, 380

concentrated-constants circuit analysis, 1–19 and

most of the pages

distribution constants circuits analysis, 339–350,

362–363, 465–470

d-q-0 method, d-q-0 domain, 177–202, 206–211,

220–221

Euler’s equations, 135–137

fault analysis, 45–57, 61–81, 104–115, 119–134,

135–140, 151–163, 206–211, 525–528

four-terminal network analysis, 1–17, 250–254,

346–350

Laplace transform analysis, 202–214, 263–276,

345–350, 365–373, 377–384, 532

Matrix-analysis, 1–19 and most of the pages, 353–

357

P-Q coordinates analysis, 272–274, 279–287,

330–331

PU(Per Unit) method, 83–104, 103–115, 513–519

reflection lattice method, 360–362

R-X coordinates analysis, 313–325, 329–335

surge analysis, surge-impedance circuit analysis,

339–350, 351–363, 377–384, 403–406,

442–443, 445–446, 501–511

switching circuit analysis, 135–140, 203–206,

206–214, 335–408, 456–469, 501–511

Symbolic method by complex-number, 215–217,

220–221 and most of the pages

Symmetrical components(coordinates)method,

21–44, 45–57, 61–81, 104–115, 151–163,

196–202, 206–211, 217–220, 370–380,

522–528

transient analysis, 135–140, 365–373, 377–384

transformation of variables, 21–38, 119–130,

133–134, 177–190, 316–317, 330–335

traveling wave analysis, 339–362, 421–424,

442–443, 501–511

transfer-function analysis, 202–214, 263–275

two-phase transformation method, 61–81

wave-form distortion analysis, 415–418,

478–483

vector-diagrams, 152–163, 192, 280, 288, 291,

316, 318–330, 332–334, 411–412,

519–528
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Components Index

Air compressor, 306, 309

AQR, 296, 448, 513

Arcing horn, 434, 445, 448

Arcing ring, 434

Arc-suppression coil, 143, 144, 150

Arresters, 145, 148, 407, 420, 430, 436, 438, 441,

443, 445, 454, 503

purpose and principle of surge protection by

arresters, 436

separation effect of station arresters, 441

types and characteristics, 438, 441

Automatic frequency control (AFC), 235, 238,

287, 295

Automatic load dispatching (ALD), 295

Automatic voltage regulator (AVR), 245, 246, 250,

263, 267–269, 272–275, 287, 292–295

principle of voltage detection, 294

Breaker, circuit-breaker, 51, 249, 365–367, 384,

385, 387, 394, 399

breaker fault, 385

configuration of SF6-gas-type breakers, 471

current chopping, 394–397, 419, 430

current-zero missing, tripping under current-

zero missing, 396, 397

fault tripping, 247, 249, 298, 304, 312, 374–377,

383, 394

first/second/third-pole tripping, 375, 377, 378,

383, 435

fundamental concept, 384

inrush current tripping, 397

leading-power-factor tripping, 389

low- and high-frequency extinction, 387, 390,

391, 393, 396

overvoltages by breaker closing, 397, 420

principle of current breaking, arc-extinction,

384

rate of rise of recovery voltage (RRRV), 373,

374, 380, 384, 387, 394

recovery voltage, transient recovery voltages,

369, 371–373, 375, 377, 378, 381, 385, 387

reignition and restriking, 387, 389, 390, 392,

393, 398, 407, 421

resistive tripping, resistive closing, 396, 399

SF6 gas/oil/air/vacuum as extinction media,

384

short-circuit current tripping, 387

short-distance line fault (SLF) tripping, 394

small-current tripping, 389

step-out tripping, 375, 396

tripping duty, 374, 380, 402, 439

Cable, power cable, cable lines, CV cable, 39, 113,

150, 349, 419, 432, 478, 485, 487–491, 494,

499

allowable temperature and current, 490, 500

countermeasures to reduce overvoltages, 432

cross-bonding metallic shielding method, 500

equations and line constants, 38, 348, 355, 415,

481

interrupted ground fault of cable lines, 419

OF cable, 349, 487

structures, features, requirements, 485, 488

voltages induced on cable metallic sheath/

jointing box, 490, 501

Combined cycle (CC) system, 306, 308, 309

Combustor, 309

Condenser, 112, 306, 309

Cross-linked polyethylene (XLPE), 425, 485, 486,

491

Current transformer (CT), 68, 315

residual current, 68, 72

Differential relay(s), 313–315

Directional distance relays, 313–315, 478

Emergency governor, 238

Excitor, 185, 240

Handbook of Power System Engineering Yoshihide Hase

# 2007 John Wiley & Sons, Ltd



Gas-insulated switchgear, gas-insulated substation

(GIS), 399, 444, 509

Gas turbine, combustor, air compressor, 306, 309

Generators, 169, 202, 233, 238, 293, 296, 464, 477

basics as mechanical machines, 169, 233

capability curves and allowable operational

limits, 282

capacitive load demands, 270, 274, 287, 411

characteristic equations on

d� q� 0=0� 1� 2=a� b� 0 domains, 179,

180, 206, 221

cross-current, cross-current control, 293, 294

dynamic characteristics, 235, 269

earth grounding function, 407

electrical modelling theory, 235, 236, 240

equations, equivalent circuits and generator

constants, 169, 171, 188

Laplace-transformed generator equations, 202

mechanical/electrical principles and structures,

169

operating characteristics and operating

capability limits, 190, 270, 279, 317, 440

operating locus in P–Q coordinates, 285, 288,

316

operational characteristics under phase-balanced

conditions, 223, 224, 233, 270, 325

overheating by d.c./harmonic current, 300

reactive power operation, 234, 260, 268, 270,

278, 287, 293, 295

technical weak operation points, 279, 296

terms of ratings, 44, 282

T–G shaft twisting, torsional oscillation transfer

function, 302–304

transient behaviour and stability, 194, 245, 247–

249, 361, 362, 365, 406, 427

transient short-circuit fault analysis, 138, 197, 206

unit capacity, 296

Governors, speed governors, emergency

governors, 238

Heat recovery steam generator (HRSG), 309

Hydro-generator, hydro-generating station, 193,

202, 211, 237, 238

general concept, 193

generators and water wheels for hydro-

generating plants, 233, 238

Line switch (LS), disconnecting switch, 406, 407,

419

Liquefied natural gas (LNG) thermal generation,

295, 305, 306, 309

gas turbine unit, combined cycle system, 306,

308–310

Load circuit, 44, 130, 415

Multi-bundled conductors, 6

Nuclear generating units, 299, 309, 305

On-load tap-changer (LTC), LTC transformer, 513

sequential interlocking facilities, 406

switching supply by LS opening/closing, 419
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