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Abstract

This book is an encapsulation of a myriad of topics of interest to engineers working in the structural

analysis, design, and rehabilitation fields. It is a comprehensive reference work and resource book written

for advanced students and practicing engineers who wish to review standard practices as well as to keep

abreast of new techniques and practices in the field of structural engineering. The Handbook stresses

professional applications and includes materials that are presented in an easy-to-read and ready-to-use

form. It contains many formulas, tables, and charts that give immediate answers to questions arising

from practical work. The book covers not only traditional but also novel and innovative approaches to

analysis, design, and rehabilitation problems.
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Preface

The primary objective of this new edition of the CRC Handbook of Structural Engineering is to provide

advanced students and practicing engineers with a useful reference to gain knowledge from and seek

solutions to a broad spectrum of structural engineering problems. The myriad of topics covered in this

handbook will serve as a good resource for readers to review standard practice and to keep abreast of new

developments in the field.

Since the publication of the first edition, a number of new and exciting developments have

emerged in the field of structural engineering. Advanced analysis for structural design, performance-

based design of earthquake resistant structures, life cycle evaluation, and condition assessment of

existing structures, the use of high-performance materials for construction, and design for fire safety

are some examples. Likewise, a number of design specifications and codes have been revised by the

respective codification committees to reflect our increased understanding of structural behavior. All

these developments and changes have been implemented in this new edition. In addition to

updating, expanding, and rearranging some of the existing chapters to make the book more

informative and cohesive, the following topics have been added to the new edition: fundamental

theories of structural dynamics; advanced analysis; wind and earthquake resistant design; design of

prestressed concrete, masonry, timber, and glass structures; properties, behavior, and use of high-

performance steel, concrete, and fiber-reinforced polymers; semirigid frame structures; life cycle

evaluation and condition assessment of existing structures; structural bracing; and structural design

for fire safety. The inclusion of these new chapters should enhance the comprehensiveness of the

handbook.

For ease of reading, the chapters are divided into six sections. Section I presents fundamental prin-

ciples of structural analysis for static and dynamic loads. Section II addresses deterministic and prob-

abilistic design theories and describes their applications for the design of structures using different

construction materials. Section III discusses high-performance materials and their applications for

structural design and rehabilitation. Section IV introduces the principles and practice of seismic and

performance-based design of buildings and bridges. Section V is a collection of chapters that address the

behavior, analysis, and design of various special structures such as multistory rigid and semirigid frames,

short- and long-span bridges, cooling towers, as well as tunnel and glass structures. Section VI is

a miscellany of topics of interest to structural engineers. In this section are included materials related to

connections, effective length factors, bracing, floor system, fatigue, fracture, passive and active control,

life cycle evaluation, condition assessment, and fire safety.

Like its previous edition, this handbook stresses practical applications and emphasizes easy

implementations of the materials presented. To avoid lengthy and tedious derivations, many

equations, tables, and charts are given in passing without much substantiation. Nevertheless, a

succinct discussion of the essential elements is often given to allow readers to gain a better

understanding of the underlying theory, and many chapters have extensive reference and reading

lists and websites appended at the end for engineers and designers who seek additional or more

in-depth information. While all chapters in this handbook are meant to be sufficiently independent

of one another, and can be perused without first having proficiency in the materials presented

in other chapters, some prerequisite knowledge of the fundamentals of structures is presupposed.

This handbook is the product of a cumulative effort from an international group of academicians and

practitioners, who are authorities in their fields, graciously sharing their extensive knowledge and

invaluable expertise with the structural engineering profession. The authors of the various chapters in
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this handbook hail from North America, Europe, and Asia. Their scientific thinking and engineering

practice are reflective of the global nature of engineering in general, and structural engineering in

particular. Their participation in this project is greatly appreciated. Thanks are also due to Cindy Carelli

(acquisitions editor), Jessica Vakili (project coordinator), and the entire production staff of CRC Press

for making the process of producing this handbook more enjoyable.

Wai-Fah Chen

Honolulu, HI

Eric M. Lui

Syracuse, NY
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AASHTO American Association of State
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Officials

ACI American Concrete Institute
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spectrum
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Institute
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Maintenance-of-way Association

ARS Acceleration response spectra
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ASCE American Society of Civil Engineers

ASD Allowable stress design

ASME American Society of Mechanical

Engineers

ASTM American Society of Testing and

Materials

ATC Applied Technology Council

AWS American Welding Society

BBC Basic Building Code

BIA Brick Industry Association

BOCA Building Officials and Code

Administrators

BOEF Beam on elastic foundation

approach

BSI British Standards Institution

BSO Basic safety objective

BSSC Building Seismic Safety Council

CABO Council of American Building

CAFL Constant-amplitude fatigue limit

CALREL CAL-RELiability

CBF Concentrically braced frames

CDF Cumulative distribution function

CEB Comité Eurointernationale du Béton

CFA Composite Fabricators Association

CFM Continuous filament materials

CFRP Carbon fiber-reinforced plastic

CGSB Canadian General Standards Board

CHS Circular hollow section

CIB Conseil International du Batiment

CIDECT Comité International pour le

Developement et l’Etude de la

Construction Tubulaire

CIDH Cast-in-drilled-hole

CLT Classical lamination theory

COV Coefficient of variation

CQC Complete-quadratic-combination

CRC Column Research Council

CS Condition state

CSA Canadian Standards Association

CSM Capacity spectrum method

CTOD The crack tip opening displacement

test

CUREE Consortium of Universities for

Research in Earthquake Engineering

CVN Charpy V-Notch

DBE Design basis earthquake

DE Design earthquake

DEn Department of Energy

DMM Deep Mixing Method

DOF Degree-of-freedom

DOT Department of Transportation

DSP Densified small particle

EBF Eccentrically braced frame

EC3 Eurocode 3

ECCS European Coal and Steel

Community

ECS European Committee for

Standardization

ECSSI Expanded Clay, Shale and Slate

Institute

EDA Elastic dynamic analysis

EDCH Eurocomp Design Code and

Handbook

EDP Engineering demand parameter

EDR Energy dissipating restraint

EDWG Energy Dissipation Working Group

EERI Earthquake Engineering Research

Institute
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ELF Equivalent lateral force

EMC Equilibrium moisture content

EMS European Macroseismic Scale

EOF End one-flange

EPA Effective peak acceleration

EPB Earth pressure balance

EPTA European Pultrusion Technology

Association

EPV Effective peak velocity

ERS Earthquake resisting system

ERSA Elastic response spectrum analysis

ESA Equivalent static analysis

ESDU Engineering Sciences Data Unit

ETF End two-flange

FCAW Flux-cored arc welding

FCAW-S Self-shielded flux-cored

arc welding

FEE Functional evaluation earthquake

FEM Finite element model

FEMA Federal Emergency Management

Agency

FHWA Federal Highway Administration

FIP Federation Internationale de la

précontrainte

FORM First-order reliability method

FOSM First-order second-moment

FPF First-ply-failure

FRC Fiber-reinforced concrete

FRP Fiber-reinforced polymer

FVD Fluid viscous damper

GMAW Gas metal arc welding

HAZ Heat-affected zone

HDPE High-density polyethylene

HOG House over garage

HPC High-performance concrete

HPS High-performance steel

HSLA High-strength low-alloy

HSS Hollow structural section

HVAC Heating, ventilating, and air

conditioning

IBC International Building Code

ICBO International Conference of Building

Officials

ICC International Code Council

IDA Incremental dynamic analysis

IDARC Inelastic damage analysis of

reinforced concrete structure

IDR Interstory drift ratios

IIW International Institute of Welding

ILSS Interlamina shear strength

IMF Intermediate moment frame

IMI International Masonry Institute

IO Immediate occupancy

IOF Interior one-flange

IRC Institute for Research in

Construction

ISA Inelastic static analysis

ISO International Standard Organization

ITF Interior two-flange

JMA Japan Meteorological Agency

JRA Japan Road Association

JSME Japan Society of Mechanical

Engineers

LA Linear analysis

LAST Lowest anticipated service

temperature

LCADS Life-Cycle Analysis of Deteriorating

Structures

LCR Locked-coil rope

LDP Linear dynamic procedure

LFRS Lateral force resisting system

LRFD Load and resistance factor design

LSD Limit states design

LSP Linear static procedure

LVDT Linear Variable Differential

Transformer

LVL Laminated veneer lumber

MAE Mid-America Earthquake Center

MCAA Mason Contractors’ Association of

America

MCE Maximum considered earthquake

MDA Market Development Association

MDOF Multi-degree-of-freedom

ME Maximum earthquake

MIG Metal arc inert gas welding

MLIT Ministry of Land, Infrastructure and

Transport

MMI Modified Mercalli Intensity

MR Magnetorheological

MRF Moment-resisting frame

MSE Mechanically stabilized earth

MSJC Masonry Standards Joint Committee

MVFOSM Mean value first-order

second-moment

NA Nonlinear analysis

NAMC North American Masonry

Conference

NCMA National Concrete Masonry

Association

NDA Nonlinear dynamic analysis
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NDE Nondestructive evaluation

NDP Non-linear dynamic procedure

NDS National design specification

NEHRP National Earthquake Hazard

Reduction Program

NESSUS Numerical Evaluation of Stochastic

Structures Under Stress

NFPA National Fire Prevention Association

NLA National Lime Association

NSM Near-surface-mounted

NSP Non-linear static procedure

OCBF Ordinary concentrically braced

frames

OMF Ordinary moment frame

OSB Oriental strand board

PAAP Practical advanced analysis program

PBD Performance-based design

PBSE Performance-based seismic

engineering

PCA Portland Cement Association

PCI Prestressed Concrete Institute

PD Plastic design

PDF Probability density function

PE Probability of exceedance

PEER Pacific Earthquake Engineering

Research Center

PEM Pseudo-excitation method

PGA Peak ground acceleration

PGD Peak ground displacement

PGV Peak ground velocity

PI Point of inflection

POF Probability of failure

PPWS Prefabricated parallel-wire strand

PROBAN PROBability ANalysis

PSV Pseudospectral velocity

PTI Post-Tensioning Institute

PVC Polyvinyl chloride

PWS Parallel wire strand

Q&T Quenching and tempering

QST Quenching and self-tempering

process

RBS Reduced beam section

RBSO Reliability Based Structural

Optimization

RC Reinforced concrete

RHS Rectangular hollow section

RMS Root-mean-square

SAW Submerged arc welding

SBC Slotted bolted connection

SBC Standard Building Code

SBCC Southern Building Code

Congress

SBCCI Southern Building Code Congress

International

SCBF Special concentrically braced

frames

SCC Self-consolidation concrete

SCF Stress concentration factor

SCL Structural composite lumber

SDAP Seismic design and analysis

procedure

SDC Seismic design category

SDOF Single degree-of-freedom

SDR Seismic design requirement

SE Serviceable earthquake

SEAOC Structural Engineers Association of

California

SEAONC Structural Engineers Association of

Northern California

SEE Safety evaluation earthquake

SFOBB San Francisco-Oakland

Bay Bridge

SHRP Strategic Highway Research

Program

SLS Serviceable limit state

SMAW Shielded metal arc welding

SMF Special moment frame

SOE Support of excavation

SORM Second-order reliability method

SPDM Structural Plastics Design Manual

SPL Seismic performance level

SRC Steel and reinforced concrete

SRF Stiffness reduction factor

SRSS Square-root-of-the-sum-of-the-

squares

SSI Soil-structure interaction

SSRC Structured Stability Research

Council

STMF Special truss moment frame

SUG Seismic use group

TBM Tunnel boring machine

TCCMAR Technical Coordinating Committee

for Masonry Research

TERECO TEaching REliability COncepts

TIG Tungsten arc inert gas welding

TLD Tuned liquid damper

TMCP Thermal-mechanical controlled

processing

TMD Tuned mass damper

TMS The Masonry Society
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TT Through the thickness

UBC Uniform Building Code

UDL Uniformed distributed load

ULS Ultimate limit state

URM Unreinforced masonry

USDA US Department of Agriculture

USGS US Geological Survey

VE Viscoelastic

VF Viscous fluid

VRT Variance reduction technique

WF Wide flange

WRF Wave reflection factor

WSMF Welded special moment-frame

WUF-W Welded-unreinforced flange, welded

web

ZPA Zero period acceleration
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1
Structural

Fundamentals

1.1 Stresses

1.1.1 Stress Components and Tractions

Consider an infinitesimal parallelepiped element shown in Figure 1.1. The state of stress of this element

is defined by nine stress components or tensors (s11, s12, s13, s21, s22, s23, s31, s32, and s33), of which six

(s11, s22, s33, s12¼ s21, s23¼s32, and s13¼ s31) are independent. The stress components that act

normal to the planes of the parallelepiped (s11, s22, s33) are called normal stresses, and the stress

components that act tangential to the planes of the parallelepiped (s12¼s21, s23¼s32, s13¼ s31) are

called shear stresses. The first subscript of each stress component refers to the face on which the stress

acts, and the second subscript refers to the direction in which the stress acts. Thus, sij represents a stress

acting on the i face in the j direction. A face is considered positive if a unit vector drawn perpendicular to

the face directing outward from the inside of the element is pointing in the positive direction as defined
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by the Cartesian coordinate system (x1, x2, x3). A stress is considered positive if it acts on a positive

face in the positive direction or if it acts on a negative face in the negative direction. It is considered

negative if it acts on a positive face in the negative direction or if it acts on a negative face in the positive

direction.

�22

�23

�21

x1

x2

x3

�12

�13�31

�33

�32 �11

FIGURE 1.1 Stress components acting on the positive faces of a parallelepiped element.

x1

x3

x2

T2

e2

e1

e3

T1

T3

FIGURE 1.2 Tractions acting on the positive faces of a parallelepiped element.
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The vectorial sum of the three stress components acting on each face of the parallelepiped produces a

traction T. Thus, the tractions acting on the three positive faces of the element shown in Figure 1.2 are

given by

T1 ¼ s11e1 þ s12e2 þ s13e3

T2 ¼ s21e1 þ s22e2 þ s23e3

T3 ¼ s31e1 þ s32e2 þ s33e3

ð1:1Þ

where e1, e2, and e3 are unit vectors corresponding to the x1, x2, and x3 axes, respectively.

Equations 1.1 can be written in tensor or indicial notation as

Ti ¼ sijej ð1:2Þ

Note that both indices (i and j) range from 1 to 3. The dummy index (j in the above equation) denotes

summation.

Using Cauchy’s definition (Bathe 1982), traction is regarded as the intensity of a force resultant acting

on an infinitesimal area. Mathematically, it is expressed as

Ti ¼
dFi

dAi

ð1:3Þ

1.1.2 Stress on an Arbitrary Surface

If the tractions acting on three orthogonal faces of a volume element are known, or calculated using

Equations 1.1, the traction Tn acting on any arbitrary surface as defined by a unit normal vector n

(¼ n1e1þ n2e2þ n3e3) as shown in Figure 1.3 can be written as

Tn ¼ T1e1 þ T2e2 þ T3e3 ð1:4Þ

where T1, T2, and T3 are the components of Tn acting in the 1, 2, and 3 directions, respectively, of the

Cartesian coordinate system shown. They can be calculated using Cauchy’s formulas:

T1 ¼ s11n1 þ s21n2 þ s31n3

T2 ¼ s12n1 þ s22n2 þ s32n3

T3 ¼ s13n1 þ s23n2 þ s33n3

ð1:5Þ

x1

�nn

�ns

x3

x2

e1

e2

e3

Tnn

FIGURE 1.3 Traction and stresses acting on an arbitrary plane.
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or using indicial notation:

Ti ¼ sjinj ð1:6Þ

Once Tn is known, the normal stress snn and shear stress sns acting on the arbitrary plane as defined by

the unit vector n can be calculated using the equations

snn ¼ Tn � n ¼ Tini ¼ T1n1 þ T2n2 þ T3n3 ð1:7Þ

sns ¼ ðTiTi � s2
nnÞ

1=2 ¼ ðT 2
1 þ T 2

2 þ T 2
3 � s2

nnÞ
1=2 ð1:8Þ

EXAMPLE 1.1

If the state of stress at a point in Cartesian coordinates is given by

200 �80 20

�80 150 40

20 40 �100

2
4

3
5MPa

Determine:

1. The traction that acts on a plane with unit normal vector n ¼ 1
2

e1 þ 1
2

e2 þ 1ffiffi
2
p e3

2. The normal stress and shear stress that act on this plane

Solution

1. The components of traction that act on the specified plane can be calculated using Equation 1.6:

T1 ¼ s11n1 þ s21n2 þ s31n3

¼ ð200Þ 1
2

� �
þ �80ð Þ 1

2

� �
þ 20ð Þ 1ffiffi

2
p
� 	

¼ 74:1 MPa

T2 ¼ s12n1 þ s22n2 þ s32n3

¼ �80ð Þ 1
2

� �
þ 150ð Þ 1

2

� �
þ 40ð Þ 1ffiffi

2
p
� 	

¼ 63:3 MPa

T3 ¼ s13n1 þ s23n2 þ s33n3

¼ 20ð Þ 1
2

� �
þ 40ð Þ 1

2

� �
þ �100ð Þ 1ffiffi

2
p
� 	

¼ �40:7 MPa

From Equation 1.4, the traction acting on the specified plane is

Tn ¼ 74:1e1 þ 63:3e2 � 40:7e3

2. The normal and shear stresses acting on the plane can be calculated from Equations 1.7 and 1.8,

respectively,

snn ¼ T1n1 þ T2n2 þ T3n3

¼ 74:1ð Þ 1
2

� �
þ 63:3ð Þ

�
1
2

�
þ �40:7ð Þ 1ffiffi

2
p
� 	

¼ 40 MPa

sns ¼ ðT 2
1 þ T 2

2 þ T 2
3 � s2

nnÞ
1=2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð74:1Þ2 þ ð63:3Þ2 þ ð�40:7Þ2 � ð40Þ2

q
¼ 97:7 MPa
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1.1.3 Stress Transformation

If the state of stress acting on an infinitesimal volume element corresponding to a Cartesian

coordinate system (x1� x2� x3) as shown in Figure 1.1 is known, the state of stress on the element with

respect to another Cartesian coordinate system (x01 � x02 � x03) can be calculated using the tensor

equation

s0ij ¼ lik ljlskl ð1:9Þ

where l is the direction cosine of two axes (one corresponding to the new and the other corresponding

to the original). For instance,

lik ¼ cosði0, kÞ, ljl ¼ cosð j0, lÞ ð1:10Þ

represent the cosine of the angle formed by the new (i 0 or j 0) and the original (k or l) axes.

1.1.4 Principal Stresses and Principal Planes

Principal stresses are normal stresses that act on planes where the shear stresses are zero. Principal planes

are planes on which principal stresses act. Principal stresses are calculated from the equation

det

s11 � s s12 s13

s12 s22 � s s23

s13 s23 s33 � s

������
������ ð1:11Þ

which, upon expansion, gives a cubic equation in s:

s3 � I1s2 � I2s� I3 ¼ 0 ð1:12Þ

where I1, I2, and I3 are the first, second, and third stress invariants (their magnitudes remain unchanged

regardless of the choice of the Cartesian coordinate axes) given by

I1 ¼ s11 þ s22 þ s33

I2 ¼ � det
s11 s12

s12 s22

����
����� det

s11 s13

s13 s33

����
����� det

s22 s23

s23 s33

����
����

I3 ¼ det

s11 s12 s13

s12 s22 s23

s13 s23 s33

�������
�������

ð1:13Þ

The three roots of Equation 1.12, herein denoted as sP1, sP2, and sP3, are the principal stresses acting on

the three orthogonal planes. The components of a unit vector that defines the principal plane (i.e., n1Pi,

n2Pi, n3Pi) corresponding to a specific principal stress sPi (with i¼ 1, 2, 3) can be evaluated using any two

of the following equations:

n1Piðs11 � sPiÞ þ n2Pis12 þ n3Pis13 ¼ 0

n1Pis12 þ n2Piðs22 � sPiÞ þ n3Pis23 ¼ 0

n1Pis13 þ n2Pis23 þ n3Piðs33 � sPiÞ ¼ 0

ð1:14Þ

and

n2
1Pi þ n2

2Pi þ n2
3Pi ¼ 1 ð1:15Þ

The unit vector calculated for each value of sPi represents the direction of a principal axis. Thus, three

principal axes that correspond to the three principal planes can be identified.
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Note that the three stress invariants in Equations 1.13 can also be written in terms of the principal

stresses:

I1 ¼ sP1 þ sP2 þ sP3

I2 ¼ �sP1sP2 � sP2sP3 � sP1sP3

I3 ¼ sP1sP2sP3

ð1:16Þ

EXAMPLE 1.2

Suppose a plane stress condition exists, derive the equations for (1) stress transformation, (2) principal

stresses, and (3) principal planes for this condition.

Solution

1. Stress transformation. With reference to Figure 1.4, a direct application of Equation 1.9, with the

condition s33¼s23¼ s13¼ 0 applying to a plane stress condition, gives the following stress

transformation equations:

s011¼s11 cos2yþs22 cos2ð90
�yÞþs12 cosycosð90
�yÞþs21 cosð90
�yÞcosy

s022¼s11 cos2ð90
þyÞþs22 cos2yþs12 cosð90
þyÞcosyþs21 cosycosð90
þyÞ
s012¼s11 cosycosð90
þyÞþs22 cosð90
�yÞcosyþs12 cos2yþs21 cosð90
�yÞcosð90
þyÞ

Using the trigonometric identities

cosð90
 � yÞ ¼ sin y, cosð90
 þ yÞ ¼ �sin y,

sin2y ¼ 1� cos 2y
2

, cos2y ¼ 1þ cos 2y
2

, sin y cos y ¼ sin 2y
2

the stress transformation equations can be expressed as

s011 ¼
s11 þ s22

2

� 	
þ s11 � s22

2

� 	
cos 2yþ s12 sin 2y

s022 ¼
s11 þ s22

2

� 	
� s11 � s22

2

� 	
cos 2y� s12 sin 2y

s012 ¼ �
s11 � s22

2

� 	
sin 2yþ s12 cos 2y

which are the familiar two-dimensional (2-D) stress transformation equations found in a number

of introductory mechanics of materials books (see, e.g., Beer et al. 2001; Gere 2004).

�22

�12
�11

�11�

�12�
�12�

�22

�

�

x2(a) (b)
x�2

x�1

x1

FIGURE 1.4 Two-dimensional (2-D) stress transformation: (a) original state of stress acting on a 2-D

infinitesimal element and (b) transformed state of stress acting on a 2-D infinitesimal element.
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2. Principal stresses. For plane stress condition, Equation 1.11 becomes

det
s11 � s s12

s12 s22 � s

����
����

which, upon expansion, gives the quadratic equation

s2 � ðs11 þ s22Þsþ ðs11s22 � s2
12Þ ¼ 0

The two solutions to the above equation give the two principal stresses as

sP1 ¼
s11 þ s22

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s11 � s22

2

� 	2

þs2
12

r

sP2 ¼
s11 þ s22

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s11 � s22

2

� 	2

þs2
12

r

Note that these stresses represent the rightmost and leftmost points on a Mohr circle (Beer et al.

2001), shown in Figure 1.5, with OC¼ (s11þ s22)/2 and R ¼ p½ððs11 � s22Þ=2Þ2 þ s2
12�.

(Although not asked for in this example, it can readily be seen that the maximum shear

stress is the uppermost point on the Mohr circle given by tmax ¼ ðs12Þmax ¼ R ¼p½ððs11 � s22Þ=2Þ2 þ s2
12�.)

3. Principal planes. Substituting the equation for sP1 into

n1P1ðs11 � sÞ þ n2P1s12 ¼ 0

and recognizing that

n2
1P1 þ n2

2P1 ¼ 1

it can be shown that the principal plane on which sP1 acts forms an angle yP1¼ tan�1(n2P1/n1P1)

with the x1 (or x�) axis and is given by

yP1 ¼
1

2
tan�1 s12

ðs11 � s22Þ=2

 �

�P2

�max

� (�12)

�P1 �O

R

C

FIGURE 1.5 Mohr’s circle.
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Following the same procedure for sP2 or, more conveniently, by realizing that the two principal

planes are orthogonal to each other, we have

yP2 ¼ yP1 þ
p
2

(Note that the planes on which the maximum shear stress acts make an angle of 45
 with the

principal planes, that is, ys1 ¼ yP1 � ðp=4Þ, ys2 ¼ yP2 � ðp=4Þ ¼ yP1 þ ðp=4Þ.)

1.1.5 Octahedral, Mean, and Deviatoric Stresses

Octahedral normal and shear stresses are stresses that act on planes with direction indices satisfying the

condition n2
1 ¼ n2

2 ¼ n2
3 ¼ 1

3
with respect to the three principal axes of an infinitesimal volume element.

Since there are eight such planes, which together form an octahedron, the stresses acting on these planes

are referred to as octahedral stresses. The equations for the octahedral normal and shear stresses are

given by

soct ¼ 1
3

I1

toct ¼ 1
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2I 2

1 þ 6I2

p ð1:17Þ

where I1 and I2 are the first and second stress invariants defined in Equations 1.13 or in Equations 1.16.

Octahedral stresses are used to define certain failure criteria (e.g., von Mises) for ductile materials.

Mean stress is obtained as the arithmetic average of three normal stresses (or the three principal

stresses):

sm ¼ 1
3
ðs11 þ s22 þ s33Þ ¼ 1

3
ðsP1 þ sP2 þ sP3Þ ¼ 1

3
I1 ð1:18Þ

Deviatoric stress is defined by the stress tensor

2s11 � s22 � s33

3
s12 s13

s12

2s22 � s11 � s33

3
s23

s13 s23

2s33 � s11 � s22

3

2
666664

3
777775 ð1:19Þ

The deviatoric stress tensor represents a state of pure shear. It is obtained by subtracting the mean stress

from the three normal stresses (s11, s22, and s33) in a stress tensor. It is important from the viewpoint of

inelastic analysis because experiments have shown that inelastic behavior of most ductile materials is

independent of the mean normal stress, but is related primarily to the deviatoric stress.

If the indicial notation sij is used to represent the nine deviatoric stress components given in

Equation 1.19, the maximum deviatoric stress acting on each of the three orthogonal planes (which are

the same as the principal planes) can be computed from the cubic equation

s3 � J1s2 � J2s � J3 ¼ 0 ð1:20Þ

where J1, J2, and J3 are the first, second, and third deviatoric stress invariants given by

J1 ¼ sii ¼ s11 þ s22 þ s33 ¼ 0

J2 ¼ 1
2
sij sji ¼ 1

2
ðs2

11 þ s2
22 þ s2

33 þ 2s2
12 þ 2s2

23 þ 2s2
13Þ

J3 ¼ 1
3
sij sjkski ¼ det

s11 s12 s13

s12 s22 s23

s13 s23 s33

��������

��������
ð1:21Þ

1-8 Handbook of Structural Engineering

Copyright 2005 by CRC Press



Alternatively, if the principal stresses are known, the three maximum deviatoric stresses can be calculated

using the equations

sP1 ¼
ðsP1 � sP3Þ þ ðsP1 � sP2Þ

3

sP2 ¼
ðsP2 � sP3Þ þ ðsP2 � sP1Þ

3

sP3 ¼
ðsP3 � sP1Þ þ ðsP3 � sP2Þ

3

ð1:22Þ

Note that J1, J2, and J3 can also be expressed in terms of I1, I2, and I3, or the three maximum deviatoric

stresses, as follows:

J1 ¼ sP1 þ sP2 þ sP3 ¼ 0

J2 ¼ I2 þ 1
3
I2

1 ¼ 1
2
ðs2

P1 þ s2
P2 þ s2

P3Þ
J3 ¼ I3 þ 1

3
I1I2 þ 2

27
I3

1 ¼ 1
3
ðs2

P1 þ s2
P2 þ s2

P3Þ ¼ sP1sP2sP3

ð1:23Þ

1.1.6 Maximum Shear Stresses

If the principal stresses are known, the maximum shear stresses that act on each of the three ortho-

gonal planes, which bisect the angle between the principal planes with direction indices (n1¼1/
ffiffiffi
2
p

,

n2¼1/
ffiffiffi
2
p

, n3¼ 0), (n1¼ 0, n2¼1/
ffiffiffi
2
p

, n3¼1/
ffiffiffi
2
p

), (n1¼1/
ffiffiffi
2
p

, n2¼ 0, n3¼1/
ffiffiffi
2
p

) with

respect to the principal axes, are given by

tmax 1 ¼ 1
2
jsP1 � sP2j

tmax 2 ¼ 1
2
jsP2 � sP3j

tmax 3 ¼ 1
2
jsP1 � sP3j

ð1:24Þ

Note that the planes (called principal shear planes) on which these stresses act are not pure shear planes.

The corresponding normal stresses that act on these principal shear planes are (sP1þsP2)/2,

(sP2þ sP3)/2, and (sP1þsP3)/2, respectively.

1.2 Strains

1.2.1 Strain Components

Corresponding to the six stress components described in the preceding section are six strain compo-

nents. With reference to a Cartesian coordinate system with axes labeled 1, 2, and 3 as in Figure 1.1, these

strains are denoted as e11, e22, e33, g12¼ 2e12, g23¼ 2e23, and g31¼ 2e31. e11, e22, and e33 are called normal

strains and g12, g23, and g31 are called shear strains. Using the definitions for engineering strains (Bathe

1982), normal strain is defined as the ratio of the change in length to the original length of a straight line

element, and shear strain is defined as the change in angle (when the element is in a strained state) from

an originally right angle (when the element is in an unstrained state).

1.2.2 Strain–Displacement Relationships

If we denote u, v, and w as the translational displacements in the 1, 2, and 3 (or x, y, and z) directions,

respectively, then according to the small-displacement theory the six engineering strain components can

be written in terms of these displacements as

e11 ¼
qu

qx
, e22 ¼

qv

qy
, e33 ¼

qw

qz
,

g12 ¼ 2e12 ¼
qu

qy
þ qv

qx
, g23 ¼ 2e23 ¼

qv

qz
þ qw

qy
, g31 ¼ 2e31 ¼

qw

qx
þ qu

qz

ð1:25Þ
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1.2.3 Strain Analysis

Like stresses, strains can be transformed from one Cartesian coordinate system to another. This can be

done by replacing s by e in Equation 1.9. In addition, one can calculate the three principal strains (eP1,

eP2, and eP3) and the maximum shear strains (emax 1, emax 2, and emax 3) acting on the three orthogonal

planes by following the same procedure outlined in the preceding section for stresses simply by replacing

all occurrences of s by e in Equations 1.12 and 1.24. However, it should be noted that except for isotropic

elastic materials, principal planes for stresses and principal planes for strains do not necessarily coincide,

nor do the planes of maximum shear stresses and maximum shear strains.

1.3 Equilibrium and Compatibility

By using an infinitesimal parallelepiped element subject to a system of positive three-dimensional

stresses, equilibrium of the element requires that the following three equations relating the stresses be

satisfied (Wang 1953; Timoshenko and Goodier 1970):

qs11

qx
þ qs12

qy
þ qs13

qz
þ Bx ¼ 0

qs12

qx
þ qs22

qy
þ qs23

qz
þ By ¼ 0

qs13

qx
þ qs23

qy
þ qs33

qz
þ Bz ¼ 0

ð1:26Þ

where Bx , By , and Bz are the body forces per unit volume acting in the 1, 2, and 3 (or x, y, and z)

directions, respectively.

According to Equations 1.25, the six strain components can be expressed in terms of just three

displacement variables (u, v, and w). To obtain a unique solution for the displacements for a given

loading condition, these strains must be related. By manipulating Equations 1.25, it can be shown (Wang

1953; Timoshenko and Goodier 1970) that the strains are related by the following compatibility

equations:

q2e11

qy2
þ q2e22

qx2
¼ 2

q2e12

qxqy

q2e22

qz2
þ q2e33

qy2
¼ 2

q2e23

qyqz

q2e11

qz2
þ q2e33

qx2
¼ 2

q2e13

qxqz

q2e11

qyqz
¼ � q2e23

qx2
þ q2e13

qxqy
þ q2e12

qxqz

q2e22

qxqz
¼ q2e23

qxqy
� q2e13

qy2
þ q2e12

qyqz

q2e33

qxqy
¼ q2e23

qxqz
þ q2e13

qyqz
� q2e12

qz2

ð1:27Þ

Since Equations 1.27 were derived from Equations 1.25, they should not be regarded as an independent

set of equations. The six stress components (s11, s22, s33, s12, s23, and s13), the six strain components

(e11, e22, e33, e12, e23, and e13), and the three displacement components (u, v, and w) constitute a total of

15 unknowns, which cannot be solved using the three equilibrium equations (Equations 1.26) and the

six compatibility equations (Equations 1.27). To do so, six additional equations are needed. These

equations, which relate stresses with strains, are described in the next section.
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1.4 Stress–Strain Relationship

Stress–strain (or constitutive) relationship defines how a material behaves when subjected to applied

loads. Depending on the type of material and the magnitude of the applied loads, a material may behave

elastically or inelastically. A material is said to behave elastically when loading and unloading follow the

same path and no permanent deformation occurs upon full unloading (see Figure 1.6, Paths 1 and 2).

A material is said to behave inelastically when loading and unloading do not follow the same path and

permanent deformation results upon full unloading (see Figure 1.6, Paths 1 and 3). A material that

behaves elastically may be further classified as linear or nonlinear, depending on whether Paths 1 and 2 in

Figure 1.6 are linear or nonlinear. If the properties of a material are independent of location in the

material, the material is said to be homogenous. Moreover, depending on the directional effect of the

mechanical properties exhibited by a material, terms such as isotropic, orthotropic, monoclinic, or

anisotropic can also be used to describe a material.

1.4.1 Linear Elastic Behavior

If the material is anisotropic (i.e., no plane of symmetry exists for the material properties), the six stress

components are related to the six strain components by 21 independent material constants (Dij in the

following matrix equation):

s11

s22

s33

s12

s23

s13

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
¼

D11 D12 D13 D14 D15 D16

D22 D23 D24 D25 D26

D33 D34 D35 D36

D44 D45 D46

sym: D55 D56

D66

2
6666664

3
7777775

e11

e22

e33

e12

e23

e13

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ð1:28Þ

If the material is monoclinic (i.e., material properties are symmetric about one plane), the number of

independent material constants reduces to 13. For instance, if the plane defined by the x2–x3 (or y–z)

Strain, �

Stress, �

Path 3

Path 1

Path 2

0.002

�p �e

�0.2

FIGURE 1.6 Uniaxial stress–strain curve.
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axes is the plane of symmetry, the stress–strain relationship takes the form

s11

s22

s33

s12

s23

s13

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
¼

D11 D12 D13 0 D15 0

D22 D23 0 D25 0

D33 0 D35 0

D44 0 D46

sym: D55 0

D66

2
6666664

3
7777775

e11

e22

e33

e12

e23

e13

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ð1:29Þ

If the material is orthotropic (i.e., material properties are symmetric about two planes), the number

of independent material constants further reduces to 9, and the stress–strain relationship takes

the form

s11

s22

s33

s12

s23

s13

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
¼

D11 D12 D13 0 0 0

D22 D23 0 0 0

D33 0 0 0

D44 0 0

sym: D55 0

D66

2
6666664

3
7777775

e11

e22

e33

e12

e23

e13

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ð1:30Þ

If the material is isotropic (i.e., material properties are independent of the direction), the number of

independent material constants becomes 2:

s11

s22

s33

s12

s23

s13

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
¼

2mþ l l l 0 0 0

2mþ l l 0 0 0

2mþ l 0 0 0

2m 0 0

sym: 2m 0

2m

2
6666664

3
7777775

e11

e22

e33

e12

e23

e13

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ð1:31Þ

where m and l are called Lamé constants. They are related to the elastic modulus E and Poisson’s ratio n
of the material by the following equations:

m ¼ E

2ð1þ nÞ ð1:32Þ

l ¼ nE

ð1þ nÞð1� 2nÞ ð1:33Þ

Note that m¼G, the shear modulus of the material.

Regardless of the material type, experimental means are often needed to determine the material

constants that relate the stresses and strains in Equations 1.28 to 1.31. Because of the difficulty in

determining a large number of constants, analyses are often performed by assuming the material is either

isotropic or orthotropic.

If we denote any of the above equations relating stresses and strains symbolically as

s ¼ D« ð1:34Þ

where s is the 6� 1 vector of stresses, « is the 6� 1 vector of strains, and D is the 6� 6 material stiffness

matrix, it can be shown that

« ¼ D�1s ¼ Cs ð1:35Þ
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where C is the material compliance matrix. For an orthotropic material, the expanded form of

Equation 1.35 is

e11

e22

e33

e12

e23

e13

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
¼

1

E11

�n21

E22

�n31

E33

0 0 0

1

E22

�n32

E33

0 0 0

1

E33

0 0 0

1

2G12

0 0

sym:
1

2G23

0

1

2G13

2
666666666666666664

3
777777777777777775

s11

s22

s33

s12

s23

s13

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ð1:36Þ

where E11, E22, and E33 denote the orthotropic moduli of elasticity measured in three orthogonal

directions, G12, G23, and G13 denote the orthotropic shear moduli, and nij denotes the Poisson’s ratio

obtained by dividing the negative value of the strain induced in the j direction by the strain produced in

the i direction by a stress applied in the i direction.

For an isotropic material, the expanded form of Equation 1.35 is

e11

e22

e33

e12

e23

e13

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
¼

1

E

�n
E

�n
E

0 0 0

1

E

�n
E

0 0 0

1

E
0 0 0

ð1þ nÞ
E

0 0

sym:
ð1þ nÞ

E
0

ð1þ nÞ
E

2
666666666666666664

3
777777777777777775

s11

s22

s33

s12

s23

s13

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ð1:37Þ

where the first three of the above matrix equation are often referred to as generalized Hooke’s Law for

linear elastic, homogeneous, and isotropic materials, respectively.

EXAMPLE 1.3

Determine the stress–strain relationship for a homogeneous isotropic material assuming (1) plane stress

condition and (2) plane strain condition.

Solution

1. Plane stress condition. If the stresses are acting on the x1–x2 (or x–y) plane, plane stress condition

implies that s33¼s23¼ s13¼ 0. Substituting this condition into Equation 1.37, we have

e11

e22

e12

8<
:

9=
; ¼

1

E

�n
E

0

1

E
0

sym:
1þ n

E

2
666664

3
777775

s11

s22

s12

8<
:

9=
; and e33 ¼ �

n
E
ðs11 þ s22Þ
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or

s11

s22

s12

8<
:

9=
; ¼

E

1� n2

nE

1� n2
0

E

1� n2
0

sym:
E

1þ n

2
666664

3
777775

e11

e22

e12

8<
:

9=
; and e33 ¼

�n
1� n

ðe11 þ e22Þ

Note that e33 6¼ 0 even though s33¼ 0 (i.e., a biaxial state of stress gives rise to a triaxial state of

strain) because of the Poisson’s effect.

2. Plane strain condition. If the strain is negligible in the x3 (or z) direction, plane strain condition

implies that e33¼ e23¼ e13¼ 0. Substituting this condition into Equation 1.31, we have

s11

s22

s12

8<
:

9=
; ¼

ð1� nÞE
1� n� 2n2

nE

1� n� 2n2
0

ð1� nÞE
1� n� 2n2

0

sym:
E

1þ n

2
666664

3
777775

e11

e22

e12

8<
:

9=
; and s33 ¼

nE

1� n� 2n2
ðe11 þ e22Þ

or

e11

e22

e12

8<
:

9=
; ¼

1� n2

E

�nð1þ nÞ
E

0

1� n2

E
0

sym:
1þ n

E

2
666664

3
777775

s11

s22

s12

8<
:

9=
; and s33 ¼ nðs11 þ s22Þ

Note that s33 6¼ 0 even though e33¼ 0.

1.4.2 Nonlinear Elastic Behavior

If an elastic material exhibits nonlinear behavior, the stress–strain relationship is often cast in

incremental form relating some increments of strains to stress, or vice versa

ds ¼ DI d« ð1:38Þ

or

d« ¼ CI ds ð1:39Þ

where ds is the incremental vector of stresses, d« is the incremental vector of strains, DI is the incre-

mental material stiffness matrix, and CI is the incremental material compliance matrix. If the experi-

mental stress–strain curves of a material are known, the terms in these matrices can be taken as the values

of the tangential or secant slopes of these curves. The analysis of structures made of materials that exhibit

nonlinear elastic behavior has to be performed numerically in incremental steps as well.

Alternatively, if the nonlinear relationship between any given components of stress (or strain)

can be expressed as a mathematical function of strains (or stresses) and material constants k1, k2,

k3, etc., as follows:

sij ¼ fijðe11, e22, e33, e12, e23, e13, k1, k2, k3, . . .Þ ð1:40Þ

eij ¼ gijðs11, s22, s33, s12,s23, s13, k1, k2, k3, . . .Þ ð1:41Þ

such relationships can be incorporated directly into the analysis to obtain closed-form solutions.

However, this type of analysis can be performed only if both the structure and the loading conditions are

very simple.
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EXAMPLE 1.4

Derive the load–deflection equation for the axially loaded member shown in Figure 1.7. The member

is made from a material with a uniaxial stress–strain relationship described by the equation

e¼B(s/BnE0)n, where B and n are material constants and E0 is the initial slope of the stress–strain curve

(i.e., the slope at s¼ 0).

The deflection (which for this problem is equal to the elongation) of the axially loaded member can be

obtained by integrating the strain over the length of the member; that is,

d ¼
Z L

0

e dx ¼
Z L

0

B
s

BnE0

� �n

dx ¼
Z L

0

B
P

BnE0A0 1� x

2L

� 	
2
64

3
75

n

dx

¼ P

nE0A0

� �n
2n � 2

n� 1

� �
B1�nL

1.4.3 Inelastic Behavior

For structures subject to uniaxial loading, inelastic behavior occurs once the stress in the structure

exceeds the yield stress, sy, of the material. The yield stress is defined as the stress beyond which inelastic

or permanent strain is induced, as shown in Figure 1.6. While some materials (e.g., structural steel)

exhibit a definitive yield point on the uniaxial stress–strain curve, others do not. For such cases, the yield

stress is often determined graphically using the 0.2% offset method. In this method, a line parallel to the

initial slope of the uniaxial stress–strain curve is drawn from the 0.2% strain point. The 0.2% yield stress

is obtained as the stress at which this line intersects the stress–strain curve.

For structures subject to biaxial or triaxial loading, inelastic behavior is assumed to occur when some

combined stress state reaches a yield envelope (for a 2-D problem) or a yield surface (for a 3-D problem).

Mathematically, the yield condition can be expressed as

f ðsij , k1, k2, k3, . . .Þ ¼ 0 ð1:42Þ

where k1, k2, k3, . . . are (experimentally determined) material constants.

P

�

L

x

A0

A0/2

FIGURE 1.7 Tapered axially loaded member.
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Over the years, various yield functions f have been proposed to describe the yield condition of a variety

of materials (see, e.g., Chen 1982; Chen and Baladi 1985; Chakrabarty 1987; Chen and Han 1988). For

ductile materials (e.g., most metals), the Tresca and von Mises yield criteria are often used. A brief

discussion of these two criteria is given below:

1. Tresca criterion. According to the Tresca yield criterion, yielding occurs when the maximum shear

stress at a point calculated using Equations 1.24 reaches a critical value equal to sy/2, where sy is

the yield stress of the material obtained from a simple tension test. Mathematically, the Tresca

yield criterion is expressed as

max

1
2
sP1 � sP2j j

1
2
sP2 � sP3j j

1
2
sP1 � sP3j j

8><
>:

9>=
>; ¼

sy

2
ð1:43Þ

2. von Mises criterion. Despite its simplicity, one drawback of the Tresca yield criterion is that it

does not take into consideration the effect of the intermediate principal stress. One method

to include the effect of this principal stress in the yield function is to use the octahedral shearing

stress (or the strain energy of distortion) as the key parameter to describe yielding in

the materials. The von Mises yield criterion is one example. The von Mises yield criterion has

the form

ðsP1 � sP2Þ2 þ ðsP2 � sP3Þ2 þ ðsP1 � sP3Þ2

6

" #1=2

¼ syffiffiffi
3
p ð1:44Þ

where sy is the yield stress obtained from a simple tension test.

It should be noted that both the Tresca and the von Mises yield criteria are independent of hydrostatic

pressure effect. As a result, they should be used only for materials that are pressure insensitive. For

pressure dependent materials (e.g., soils), other yield (or failure) criteria should be used. A few of these

criteria are given below:

1. Rankine criterion. This criterion is often used to describe the tensile (fracture) failure of a brittle

material. It has the form

sP1 ¼ su, sP2 ¼ su, sP3 ¼ su ð1:45Þ

where su is the ultimate (or tensile) strength of the material. For materials that exhibit brittle

behavior in tension, but ductile behavior in confined compression (e.g., concrete, rocks, and

soils), the Rankine criterion is sometimes combined with the Tresca or von Mises criterion to

describe the failure behavior of the materials. If used in this context, the criterion is referred to as

the Tresca or von Mises criterion with a tension cut-off.

2. Mohr–Coulomb criterion. This criterion is often used to describe the shear failure of soil. Failure is

said to occur when a limiting shear stress reaches a value as defined by an envelope, which is

expressed as a function of normal stress, soil cohesion, and friction angle. If the principal stresses

are such that sP1>sP2>sP3, the Mohr–Coulomb criterion can be written as

1

2
ðsP1 � sP3Þ cosf ¼ c � 1

2
ðsP1 þ sP3Þ þ

sP1 � sP3

2
sinf

 �
tanf ð1:46Þ

where c is the cohesion and f is the angle of internal friction.

3. Drucker–Prager criterion. This criterion is an extension of the von Mises criterion, where

the influence of hydrostatic stress on failure is incorporated by the addition of the term aI1, where
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I1 is the first stress invariant as defined in Equations 1.13 (note that s11þs22þs33¼ sP1þ
sP2þsP3)

aðsP1 þ sP2 þ sP3Þ þ
ðsP1 � sP2Þ2 þ ðsP2 � sP3Þ2 þ ðsP1 � sP3Þ2

6

" #1=2

¼ k ð1:47Þ

where a and k are material constants to be determined by curve-fitting of the above equation to

experimental data.

If yielding does not signify failure of a material (which is often the case for ductile materials), the

postyield behavior of the material is described by the use of a flow rule. A flow rule establishes the relative

magnitudes of the components of plastic strain increment deP
ij and the direction of the plastic strain

increment in the strain space. It is written as

deP
ij ¼ dl

qg

qsij

ð1:48Þ

where dl is a positive scalar factor of proportionality, g is a plastic potential in stress space, and qg/qsij

is the gradient, which represents the direction of a normal vector to the surface defined by the plastic

potential at point sij. Equation 1.48 implies that deP
ij is directed along the normal to the surface of the

plastic potential. If the plastic potential g is equal to the yield function f, Equation 1.48 is called the

associated flow rule. Otherwise, it is called the nonassociated flow rule.

Using the elastic stress–strain relationship expressed in Equation 1.39, the flow rule expressed in

Equation 1.48 with g¼ f (i.e., associated flow rule), the consistency condition for an elastic–perfectly

plastic material given by

df ¼ qf

qsij

dsij ¼ 0 ð1:49Þ

and the following relationship among total, elastic, and inelastic (plastic) strains,

deij ¼ dee
ij þ deP

ij ð1:50Þ

it has been shown (Chen and Han 1988) that an incremental stress–strain relationship for an elastic–

perfectly plastic material that follows the associated flow rule can be written as

dsij ¼ D
ep
ijkl dekl ð1:51Þ

where D
ep
ijkl is the incremental elastic–perfectly plastic material stiffness matrix given by

D
ep
ijkl ¼ Dijkl �

Dijmnðqf =qsmnÞðqf =qspqÞDpqkl

ðqf =qsrsÞDrstuðqf =qstuÞ
ð1:52Þ

where Dijkl (or Dijmn, Dpqkl, etc.) is the indicial form of DI given in Equation 1.38.

1.4.4 Hardening Rules

If a material exhibits work-hardening behavior in which a state of stress beyond yield can exist, then in

addition to the initial yield surface f a new yield surface, called subsequent yield or loading surface F,

needs to be defined. Like the initial yield surface, the loading surface demarcates elastic behavior from

inelastic behavior. If the stress point moves on or within the loading surface, no additional plastic strain

will be induced. If the stress point is on the loading surface and the loading condition is such that it

pushes the stress point out of the loading surface, additional plastic deformations will occur. When this

happens, the configuration of the loading surface will change. The condition of loading and unloading

for a multiaxial stress state is mathematically defined as follows.

If the stress point is on the loading surface (i.e., if F¼ 0), loading occurs if

nF
ij dsij > 0 ð1:53Þ
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and unloading occurs if

nF
ij dsij < 0 ð1:54Þ

where nF
ij represents a component of a unit vector that is normal to the loading surface F, that is,

nF
ij ¼

qF=qsijffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qF=qsklð Þ qF=qsklð Þ

p ð1:55Þ

For the special case when nF
ij dsij ¼ 0, that is, the loading vector dsij is perpendicular to the corresponding

component of the unit normal vector nF
ij , a state of neutral loading is said to have occurred. Note that

additional plastic strain is induced only during loading, but not during neutral loading or unloading.

According to the incremental or flow theory of plasticity, the configuration of the loading surface

when loading occurs can be described by the use of a hardening rule. A hardening rule establishes a

relationship between the subsequent yield stress of a material and the inelastic deformation accumulated

during prior excursion into the inelastic regime. A number of hardening rules have been proposed over

the years. They can often be classified into or associated with one of the following:

1. Isotropic hardening. This hardening rule assumes that during plastic deformations, the loading

surface is merely an expansion, without distortion, of the initial yield surface. Mathematically, this

surface is represented by the equation

FðsijÞ ¼ k2ðepÞ ð1:56Þ

where k is a constant, which is a function of the total (i.e., cumulated) plastic strain ep. Although

this is one of the simplest hardening rules, it has a serious drawback in that it cannot be used

to account for the Bauschinger effect, which states that the occurrence of an initial plastic defor-

mation in one direction (e.g., in tension) will cause a reduction in material resistance to

a subsequent plastic deformation in the opposite direction (e.g., in compression). Since

the Bauschinger effect is present in most structural materials, the use of isotropic hardening should

be limited to problems that involve only monotonic loading in which no stress reversals will occur.

2. Kinematic hardening. This hardening rule (Prager 1955, 1956) assumes that during plastic

deformation, the loading surface is formed by a simple rigid body translation (with no change in

size, shape, and orientation) of the initial yield surface in stress space. Thus, the equation of the

loading surface takes the form

Fðsij � ZijÞ ¼ k2 ð1:57Þ

where k is a constant to be determined experimentally and Zij are the coordinates of the centroid

of the loading surface, which changes continuously throughout plastic deformation. It should

be noted that contrary to isotropic hardening, kinematic hardening takes full account of the

Bauschinger effect, so much so that the amount of ‘‘loss’’ of material resistance in one direction

during subsequent plastic deformation is exactly equal to the amount of initial plastic defor-

mation the material experiences in the opposite direction, which may or may not be truly

reflective of real material behavior.

3. Mixed hardening. As the name implies, this hardening rule (Hodge 1957) contains features of

both the isotropic and the kinematic hardening rules described above. It has the form

Fðsij � ZijÞ ¼ k2ðepÞ ð1:58Þ

where Zij and k are as defined in Equations 1.56 and 1.57. In mixed hardening, the loading surface

is defined by a translation (as described by the term Zij) and expansion (as measured by the term

k(ep)), but no change in shape, of the initial yield surface. The advantage of using the mixed

hardening rule is that one can conveniently simulate different degrees of the Bauschinger effect by

adjusting the two hardening parameters (Zij and k) of the model.
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1.4.5 Effective Stress and Effective Plastic Strain

Effective stress and effective plastic strain are variables that allow the hardening parameters contained in

the above hardening models to be correlated with an experimentally obtained uniaxial stress–strain

curve of the material. The effective stress has unit of stress, and it should reduce to the stress s11 in a

uniaxial stress condition. Table 1.1 summarizes the equations for the effective stress and hardening

parameter for two materials modeled using the isotropic hardening rule. The equations shown in

Table 1.1 can also be used for materials modeled using the kinematic or mixed hardening rule provided

that the effective stress se is replaced by a reduced effective stress sr
e, computed using a reduced stress

tensor given by

sr
ij ¼ sij � Zij ð1:59Þ

Effective plastic strain increment dep
e can be defined in the context of plastic work per unit volume in

the form

dWp ¼ se dep
e ð1:60Þ

By using Equation 1.48 in conjunction with a material model, it can be shown (Chen and Han 1988) that

for a von Mises material

dep
e ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3

dep
ij dep

ij

q
ð1:61Þ

and for a Drucker–Prager material

dep
e ¼

aþ 1=
ffiffiffi
3
p� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a2 þ 1=2ð Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dep

ij dep
ij

q
ð1:62Þ

The effective stress and effective plastic strain are related by the incremental stress–strain equation

dse ¼ Hp dep
e ð1:63Þ

where Hp is the plastic modulus, which is obtained as the slope of the uniaxial stress–plastic strain curve

at the current value of se.

Using the concept of effective plastic strain, flow rule, consistency condition, relationship between

total, elastic, and plastic strains, elastic stress–strain relationship, and a hardening rule, it can be shown

(Chen and Han 1988) that an incremental stress–strain relationship for an elastic–work-hardening

material can be written in the form of Equation 1.51 with

D
ep
ijkl ¼ Dijkl �

Dijmn qg=qsmnð Þ qF=qspq

� �
Dpqkl

kþ qF=qsrsð ÞDrstu qg=qstuð Þ ð1:64Þ

TABLE 1.1 Effective Stress

Material model Effective stress, se Hardening parameter, k

von Mises
ffiffiffiffiffiffi
3J2

p
se=

ffiffiffi
3
p

Drucker–Prager
ffiffiffi
3
p

aI1 þ
ffiffiffiffiffiffi
3J2

p
Þ= 1þ

ffiffiffi
3
p

a
� ��

aþ 1=
ffiffiffi
3
p� ��

se

�

Note: J2 is the second deviatoric stress invariant defined in Equations 1.21, I1 is the first stress invariant

defined in Equations 1.13, and a is a material constant defined in Equation 1.47.
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where

k ¼ � qF

qeP
ij

qg

qsij

� qF

qk

dk

dep
e

C

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qg

qsij

qg

qsij

s
ð1:65Þ

where C is a material constant, which is equal to ffiffiffi
2

3

r
ð1:66aÞ

for a von Mises material and

aþ 1=
ffiffiffi
3
p� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a2 þ 1=2ð Þ

p ð1:66bÞ

for a Drucker–Prager material. From Equation 1.64 it can be seen that D
ep
ijkl is not necessarily symmetric

unless the associated flow rule (i.e., g¼ F) is used in the formulation.

1.5 Stress Resultants

Structural analysis can be performed and results represented in terms of stresses and strains, or forces

and displacements. For skeletal structures (i.e., structures that are made up of line elements such as

trusses, beams, frames, arches, grillages, etc.), the internal forces and moments, or stress resultants,

acting on a given cross-section as shown in Figure 1.8 are related to the stresses acting over the cross-

section by the following equations:

Fx ¼
Z

A

s11 dA, Fy ¼
Z

A

s12 dA, Fz ¼
Z

A

s13 dA

Mx ¼
Z

A

ð�s12z þ s13yÞ dA, My ¼
Z

A

s11z dA, Mz ¼ �
Z

A

s11y dA

ð1:67Þ

where Fx is the axial force, Fy and Fz are the shear forces, Mx is the torque, and My and Mz are the bending

moments about the y (or x2) and z (or x3) axes, respectively. Note that the value of some of these terms

x3

x1

x2

Fy

Fz

Mz

Mx

Fx

My

dA �12

�13
�11

FIGURE 1.8 Stress resultants.
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is 0 depending on the structure and the assumptions used in the modeling. For instance, in a truss

analysis, it is often assumed that Fy¼ Fz¼Mx¼My¼Mz¼ 0. In a 2-D beam–frame analysis in which the

structure is modeled on the x–y (or x1–x2) plane, it is often assumed that Fz¼Mx¼My¼ 0. In a 2-D

grillage analysis in which the structure is modeled on the x–z (or x1–x3) plane, it is often assumed that

Fx¼ Fz¼My¼ 0.

1.6 Types of Analyses

Depending on the magnitude of the applied loads, the type of structure under consideration, the purpose

of performing the analysis, and the degree of accuracy desired, different types of analyses can be

performed to determine the force–displacement or stress–strain response of a structural system. Given

below is a succinct discussion of some salient features associated with several types of analyses that one

can perform depending on the objectives of the analysis and the expectations of the analyst. A more

detailed discussion of some of these methods of analysis can be found in later chapters of this handbook.

1.6.1 First-Order versus Second-Order Analysis

A first-order analysis is one in which all equilibrium and kinematic equations are written with respect

to the initial or undeformed configuration of the structure. A second-order analysis is one in which

equilibrium and kinematic equations are written with respect to the current or deformed geometry of

the structure. Because all structures deform under loads, a method of analysis that takes into con-

sideration structural deformation in its formulation will provide a more realistic representation of the

structure. However, because of its simplicity, a first-order analysis is often performed in lieu of a

second-order analysis. Although the results obtained lack the precision of a second-order analysis, they

are sufficiently accurate for design purpose if deflections or deformations of the structure are small.

1.6.2 Elastic versus Inelastic Analysis

An elastic analysis is one in which the effect of yielding is ignored in the analysis. Thus, the stress–

strain relationships discussed in Section 1.4.1 (for linear elastic material behavior) or Section 1.4.2

(for nonlinear elastic material behavior) will be used in the analysis. Because all strains (and

deformations) are recoverable in an elastic analysis, no consideration is given to the loading history

or loading path dependent effect (which is very important in an inelastic analysis) during the analysis.

Elastic analysis is therefore much easier to perform than inelastic analysis. However, if yielding does

occur, a behavioral model that is capable of capturing the inelastic response of the structure should

be used.

1.6.3 Plastic Hinge versus Plastic Zone Analysis

For framed structures, if the applied loads are proportional and monotonic, the loading history effect is

inconsequential, and a plastic hinge (also called concentrated plasticity) or plastic zone (also called

distributed plasticity) analysis can be performed to capture the inelastic behavior of the system. In the

plastic hinge method (ASCE-WRC 1971) of analysis, inelasticity is assumed to concentrate in regions

of plastic hinges. A plastic hinge is a zero-length element where the moment is equal to the cross-section

plastic moment capacity Mp. If the effects of shear and axial force are ignored, Mp is given by

Mp ¼ Zsy ð1:68Þ

where Z is the plastic section modulus (AISC 2001) and sy is the material yield stress.

In a simple plastic hinge analysis, once the moment in a cross-section reaches Mp, a hinge is

inserted at that location and no additional moment is assumed to be carried by that cross-section.

Cross-sections that have moments below Mp are assumed to behave elastically. Because the formation
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of a plastic hinge is a gradual process in which yielding spreads slowly from the neutral axis toward

the extreme fiber of the cross-section (i.e., cross-section plastification effect) as well as along the

length of the member (i.e., member plastification effect) as the applied load increases, more realistic

models such as the modified plastic hinge approach (White and Chen 1993) and the plastic zone

approach (Vogel 1984, 1985; Lui and Zhang 1990; Clarke et al. 1992) have been proposed to capture

this spread of plasticity effect. While the modified plastic hinge approach only accounts for cross-

section plastification, the plastic zone approach accounts for both cross-section and member plas-

tification as well as for the effect of residual stresses, and is therefore considered the most accurate

method of frame analysis. Unfortunately, to achieve this high degree of accuracy, very careful and

detailed modeling is required. For practical reasons, plastic zone analysis is rarely performed on a

routine basis. It is mostly used as a research tool to calibrate or verify the accuracy of advanced

in-house structural analysis programs.

1.6.4 Stability Analysis

Stability analysis is a special type of second-order analysis in which the system under consideration is

subjected to compressive force or stress (Allen and Bulson 1980; Chen and Lui 1987, 1991; Bazant and

Cedolin 1991). If the force or stress is high enough, a phenomenon known as instability or buckling may

occur. At the buckling or critical load, the structural system loses it stiffness, changes its deformation

pattern, and loses its ability to carry the applied loads. The mathematics used for the computation of this

critical load is called an eigenvalue problem. The system critical load and buckled mode shape are

obtained as the lowest eigenvalue and the corresponding eigenvector of the equation

KU ¼ lKGU ð1:69Þ

where K is the first-order system stiffness matrix, KG is the system geometrical stiffness matrix, l is the

eigenvalue of the system, and U is the system displacement vector.

Stability analysis can be elastic or inelastic, depending on whether the stiffness matrices in

Equation 1.69 are formulated assuming elastic or inelastic material behavior (McGuire et al. 2000). In

addition, it should be noted that not all systems experience instability in the form of sudden buckling.

Structural systems that are geometrically imperfect (which is often the case for real structures) undergo

deformations that may resemble the buckled mode shapes at the outset of loading. The critical load for

these geometrically imperfect systems is called the limit load. It is obtained as the peak point of the

load–deflection curve generated using a second-order analysis.

1.6.5 Static versus Dynamics Analysis

A static analysis is one in which the effects of damping and inertia are not important and are therefore

ignored. It is used when the loads acting on the structure are stationary or applied very slowly over time.

A dynamic analysis is performed if the applied loads are time dependent, or if the effects of damping and

u

m

k

c





(Dynamic)

(Static)

p(t)

p

FIGURE 1.9 A simple spring–mass–damper system.
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inertia are important. As shown in Figure 1.9, if a static analysis is used, the equilibrium equation has

the form

ku ¼ p ð1:70Þ

where k is the spring stiffness, u is the horizontal displacement of the mass, and p is the applied force.

However, if a dynamic analysis is used, the equilibrium equation has the form

m€u þ c _uu þ ku ¼ pðtÞ ð1:71Þ

where m is the mass, c is the damping coefficient, k is the spring stiffness, u is the displacement, _u is the

velocity, €u is the acceleration of the mass, and p(t) is the time-varying applied load. m€u is called the

inertia force, c _u is the damping force from a viscous damper, and ku is the spring force. Note that inertia

force and damping force are not present in the static equation, but they are present in the dynamic

equation. It is also noteworthy to observe that the static equation is an algebraic equation, but the

dynamic equation is a differential equation. A dynamic analysis is therefore more difficult and time

consuming to perform than a static analysis, and depending on the form and complexity of the exci-

tation function p(t), recourse to numerical methods is often needed (Cheng 2001; Chopra 2001).

The system shown in Figure 1.9 is referred to as a single degree-of-freedom (dof ) system because one

displacement variable u is all that is needed to define the displaced configuration of the system. For

a multiple dof system, Equations 1.70 and 1.71 need to be written in matrix form as

KU ¼ P ð1:72Þ

M€UUþ C _UUþ KU ¼ PðtÞ ð1:73Þ

where K, M, and C are the system stiffness, system mass, and system damping matrices, respectively, U,
_UU, and €UU are the system displacement, velocity, and acceleration vectors, respectively, and P(t) is the

time dependent system excitation force vector.

1.7 Structural Analysis and Design

Structural analysis refers to the computation of internal forces, displacements, stresses, and strains of

a structure with known geometry, arrangement of components as well as component and material

properties under a set of applied loads. Structural design refers to the determination of the proper

material, geometry, arrangement of components and component properties to carry a predefined set of

applied loads. In general, analysis and design are intertwined, and have to be performed iteratively in

sequence. Using a preliminary set of structural and component geometry determined based on

experience or the use of simplified behavioral models, an analysis is performed from which internal

forces, displacements, stresses, and strains are calculated. These computed quantities are then used

(often in conjunction with a design specification) to modify the preliminary design. The basic condition

to satisfy in a strength based design is that

capacity � demand ð1:74Þ

Another analysis (called reanalysis) is then performed to obtain a more refined set of design quantities.

The process is repeated until Equation 1.74 is satisfied in every part of the structure. Very often, different

load combinations and different patterns of load applications have to be investigated to identify the

worst possible scenario for design. As a result, the use of computers becomes indispensable for the design

of complex structures.

Glossary

Mohr’s circle — When plotted in a Cartesian coordinate system with the normal stress s as the abscissa

and the shear stress t as the ordinate, a Mohr circle is a graphical representation of the state of
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stress at a point. Each pair of coordinates on a Mohr circle represents the magnitude of a pair of

normal and shear stresses that exist on a plane with a certain orientation.

Monotonic loading — A loading that does not change direction during the course of the load history.

Poisson’s effect — An effect in which an increase (or decrease) of strain in one direction causes a

decrease (or increase) of strains in other directions. It is quantified by what is referred to as

Poisson’s ratio n, which is defined as the ratio of the minus value of the lateral strain to the

longitudinal strain. Most materials have Poisson’s ratios that fall in the range 0< n � 0:5.

Principal axes — The three orthogonal axes that are collinear with the unit vectors used to define the

three principal planes of a parallelepiped volume element. Principal axes can also be defined as

axes about which the product of inertia Iij (when i 6¼ j) vanishes.
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2.1 Fundamental Principles

The main purpose of structural analysis is to determine forces and deformations of the structure due to

applied loads. Structural design involves form finding, determination of loadings, and proportioning of

structural members and components in such a way that the assembled structure is capable of supporting

the loads within the design limit states. The analytical model is an idealization of the actual structure.

The structural model should relate the actual behavior to material properties, structural details, and

loading and boundary conditions as accurately as is practicable.

Structures often appear in three-dimensional form. It is possible to idealize structures that have a

regular layout, are rectangular in shape, and are subjected to symmetric loads into two-dimensional

frames arranged in orthogonal directions. A structure is said to be two-dimensional or planar if all the

members lie in the same plane. Joints in a structure are those points where two or more members are

connected. Beams are members subjected to loading acting transverse to their longitudinal axis and

creating flexural bending only. Ties are members that are subjected to axial tension only, while struts

(columns or posts) are members subjected to axial compression only. A truss is a structural system

consisting of members that are designed to resist only axial forces. A structural system in which joints are

capable of transferring end moments is called a frame. Members in this system are assumed to be capable

of resisting bending moments, axial force, and shear force.

2.1.1 Boundary Conditions

A hinge or pinned joint does not allow translational movements (Figure 2.1a). It is assumed to be

frictionless and to allow rotation of a member with respect to the others. A roller permits the attached

structural part to rotate freely with respect to the rigid surface and to translate freely in the direction

parallel to the surface (Figure 2.1b). Translational movement in any other direction is not allowed.

A fixed support (Figure 2.1c) does not allow rotation or translation in any direction. A rotational spring

provides some rotational restraint but does not provide any translational restraint (Figure 2.1d).

A translational spring can provide partial restraints along the direction of deformation (Figure 2.1e).
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2.1.2 Loads and Reactions

Loads that are of constant magnitude and remain in the original position are called permanent loads.

They are also referred to as dead loads, which may include the self weight of the structure and other

loads such as walls, floors, roof, plumbing, and fixtures that are permanently attached to the structure.

Loads that may change in position and magnitude are called variable loads. They are commonly referred

to as live or imposed loads, which may include those caused by construction operations, wind, rain,

earthquakes, snow, blasts, and temperature changes in addition to those objects that are movable, such as

furniture and warehouse materials.

Ponding loads are due to water or snow on a flat roof that accumulates faster than it runs off. Wind

loads act as pressures on windward surfaces and pressures or suctions on leeward surfaces. Impact loads

are caused by suddenly applied loads or by the vibration of moving or movable loads. They are usually

taken as a fraction of the live loads. Earthquake loads are those forces caused by the acceleration of the

ground surface during an earthquake.

A structure that is initially at rest and remains at rest when acted upon by applied loads is said to be in

a state of equilibrium. The resultant of the external loads on the body and the supporting forces or

reactions is zero. If a structure is to be in equilibrium under the action of a system of loads, it must satisfy

the six static equilibrium equations:X
Fx ¼ 0,

X
Fy ¼ 0,

X
Fz ¼ 0X

Mx ¼ 0,
X

My ¼ 0,
X

Mz ¼ 0
ð2:1Þ

The summation in these equations is for all the components of the forces (F) and of the moments (M )

about each of the three axes x, y, and z. If a structure is subjected to forces that lie in one plane, say x–y,

the above equations are reduced toX
Fx ¼ 0,

X
Fy ¼ 0,

X
Mz ¼ 0 ð2:2Þ

Consider a beam under the action of the applied loads as shown in Figure 2.2a. The reaction at support

B must act perpendicular to the surface on which the rollers are constrained to roll. The support

reactions and the applied loads, which are resolved in vertical and horizontal directions, are shown in

Figure 2.2b.

With geometry, it can be calculated that By ¼
ffiffiffi
3
p

Bx . Equation 2.2 can be used to determine the

magnitude of the support reactions. Taking the moment about B gives

10Ay � 346:4� 5 ¼ 0

(e)

(a)

(c) (d)

(b)

FIGURE 2.1 Various boundary conditions: (a) hinge support, (b) roller support, (c) fixed support, (d) rotational

support, and (e) translational spring.
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from which we get

Ay ¼ 173:2 kN

Equating the sum of vertical forces,
P

Fy , to 0 gives

173:2þ By � 346:4 ¼ 0

and hence we get

By ¼ 173:2 kN

Therefore,

Bx ¼ By=
ffiffiffi
3
p
¼ 100 kN

Equilibrium in the horizontal direction,
P

Fx¼ 0, gives

Ax � 200� 100 ¼ 0

and hence,

Ax ¼ 300 kN

There are three unknown reaction components at a fixed end, two at a hinge, and one at a roller. If, for

a particular structure, the total number of unknown reaction components equals the number of

equations available, the unknowns may be calculated from the equilibrium equations, and the structure

is then said to be statically determinate externally. Should the number of unknowns be greater than the

number of equations available, the structure is statically indeterminate externally ; if less, it is unstable

externally. The ability of a structure to support adequately the loads applied to it is dependent not only

on the number of reaction components but also on the arrangement of those components. It is possible

for a structure to have as many or more reaction components than there are equations available and yet

be unstable. This condition is referred to as geometric instability.

2.1.3 Principle of Superposition

The principle states that if the structural behavior is linearly elastic, the forces acting on a structure may

be separated or divided in any convenient fashion and the structure analyzed for the separate cases. The

final results can be obtained by adding up the individual results. This is applicable to the computation of

structural responses such as moment, shear, and deflection.

However, there are two situations where the principle of superposition cannot be applied. The first

case is associated with instances where the geometry of the structure is appreciably altered under load.

The second case is in situations where the structure is composed of a material in which the stress is not

linearly related to the strain.

400 kN

60° 30°A

Ax
Bx

Ay By

C

5 m

400 sin 60° = 346.4 kN

(a)

(b)

400 cos 60° = 200 kN

5 m

B

FIGURE 2.2 Beam in equilibrium: (a) applied load and (b) support reactions.
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2.2 Beams

One of the most common structural elements is a beam; it bends when subjected to loads acting

transverse to its centroidal axis or sometimes to loads acting both transverse and parallel to this axis. The

discussions in the following subsections are limited to straight beams in which the centroidal axis is a

straight line with shear center coinciding with the centroid of the cross-section. It is also assumed that all

the loads and reactions lie in a simple plane that also contains the centroidal axis of the flexural member

and the principal axis of every cross-section. If these conditions are satisfied, the beam will simply bend

in the plane of loading without twisting.

2.2.1 Relation among Load, Shear Force, and Bending Moment

Shear force at any transverse cross-section of a straight beam is the algebraic sum of the components

acting transverse to the axis of the beam of all the loads and reactions applied to the portion of the beam

on either side of the cross-section. Bending moment at any transverse cross-section of a straight beam is

the algebraic sum of the moments, taken about an axis passing through the centroid of the cross-section.

The axis about which the moments are taken is normal to the plane of loading.

When a beam is subjected to transverse loads, there exist certain relationships among load, shear force,

and bending moment. Let us consider the beam shown in Figure 2.3 subjected to some arbitrary loading,

p. Let S and M be the shear and bending moment, respectively, for any point m at a distance x, which is

measured from A, being positive when measured to the right. Corresponding values of shear and

bending moment at point n at a differential distance dx to the right of m are Sþ dS and Mþ dM,

respectively. It can be shown, neglecting the second-order quantities, that

p ¼ dS

dx
ð2:3Þ

and

S ¼ dM

dx
ð2:4Þ

Equation 2.3 shows that the rate of change of shear at any point is equal to the intensity of load applied

to the beam at that point. Therefore, the difference in shear at two cross-sections C and D is

SD � SC ¼
Z xD

xC

p dx ð2:5Þ

We can write this in the same way for moment as

MD �MC ¼
Z xD

xC

S dx ð2:6Þ

xc
x0

dxx

L

A
C

x x
m n D

B

p/unit length

FIGURE 2.3 A beam under arbitrary loading.
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2.2.2 Shear Force and Bending Moment Diagrams

To plot the shear force and bending moment diagrams it is necessary to adopt a sign convention for

these responses. A shear force is considered to be positive if it produces a clockwise moment about a

point in the free body on which it acts. A negative shear force produces a counterclockwise moment

about the point. The bending moment is taken as positive if it causes compression in the upper fibers of

the beam and tension in the lower fiber. In other words, a sagging moment is positive and a hogging

moment negative. The construction of these diagrams is explained with an example given in Figure 2.4.

The section at E of the beam is in equilibrium under the action of applied loads and internal forces

acting at E as shown in Figure 2.5. There must be an internal vertical force and internal bending moment

to maintain equilibrium at section E. The vertical force or the moment can be obtained as the algebraic

sum of all forces or the algebraic sum of the moment of all forces that lie on either side of the section E.

The shear on a cross-section — an infinitesimal distance to the right of point A is þ55 and therefore

the shear diagram rises abruptly from 0 to þ55 at this point. In the portion AC, since there is no

additional load, the shear remains atþ55 on any cross-section throughout this interval, and the diagram

is a horizontal as shown in Figure 2.4. At an infinitesimal distance to the left of C the shear is þ55, but at

an infinitesimal distance to the right of this point the concentrated load of magnitude 30 has caused the

shear to be reduced to þ25. Therefore, at point C, there is an abrupt change in the shear force from þ55

toþ25. In the same manner, the shear force diagram for the portion CD of the beam remains a rectangle.

In the portion DE, the shear on any cross-section a distance x from point D is

S ¼ 55� 30� 4x ¼ 25� 4x

which indicates that the shear diagram in this portion is a straight line decreasing from an ordinate of

þ25 at D to þ1 at E. The remainder of the shear force diagram can easily be verified in the same way.

It should be noted that, in effect, a concentrated load is assumed to be applied at a point, and hence at

such a point the ordinate to the shear diagram changes abruptly by an amount equal to the load.

x

A B

55 k

30 k 40 k

39 k

39

1

–

1
+ 25

165
265

343 351

30°

4 k/ft

55

3� 4�
C D E F

6� 8� 9�

FIGURE 2.4 Bending moment and shear force diagrams.

V

C

T
A

C D
E

4 k/ft

55 k 3� 4� 6�

FIGURE 2.5 Internal forces.
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In the portion AC, the bending moment at a cross-section a distance x from point A is M¼ 55x.

Therefore, the bending moment diagram starts at 0 at A and increases along a straight line to an ordinate

of þ165 at point C. In the portion CD, the bending moment at any point a distance x from C is

M¼ 55(xþ3)� 30x. Hence, the bending moment diagram in this portion is a straight line increasing

from þ165 at C to þ265 at D. In the portion DE, the bending moment at any point a distance x from D

is M¼ 55(xþ7)� 30(xþ 4)� 4x2/22. Hence, the bending moment diagram in this portion is a curve

with an ordinate of þ265 at D and þ343 at E. In an analogous manner, the remainder of the bending

moment diagram can easily be constructed.

Bending moment and shear force diagrams for beams with simple boundary conditions and subjected

to some selected load cases are given in Figure 2.6.

2.2.3 Fixed-Ended Beams

When the ends of a beam are held so firmly that they are not free to rotate under the action of applied

loads, the beam is known as a built-in or fixed-ended beam and it is statically indeterminate. The

bending moment diagram for such a beam can be considered to consist of two parts, namely, the

free bending moment diagram obtained by treating the beam as if the ends are simply supported and

the fixing moment diagram resulting from the restraints imposed at the ends of the beam. The solution

of a fixed beam is greatly simplified by considering Mohr’s principles, which state that

1. The area of the fixing bending moment diagram is equal to that of the free bending moment

diagram.

2. The centers of gravity of the two diagrams lie in the same vertical line; that is, they are equidistant

from a given end of the beam.

The construction of the bending moment diagram for a fixed beam is explained with an example

shown in Figure 2.7. PQUT is the free bending moment diagram, Ms and PQRS is the fixing moment

diagram, Mi. The net bending moment diagram, M, is shown shaded. If As is the area of the free bending

moment diagram and Ai the area of the fixing moment diagram then, from the first Mohr principle we

have As¼Ai and

1

2
�Wab

L
� L ¼ 1

2
ðMA þMBÞ � L

MA þMB ¼
Wab

L

ð2:7Þ

From the second principle, equating the moment about A of As and Ai, we have

MA þ 2MB ¼
Wab

L3
ð2a2 þ 3ab þ b2Þ ð2:8Þ

Solving Equations 2.7 and 2.8 for MA and MB, we get

MA ¼
Wab2

L2

MB ¼
Wa2b

L2

Shear force can be determined once the bending moment is known. The shear force at the ends of the

beam, that is, at A and B, will be

SA ¼
MA �MB

L
þWb

L

SB ¼
MB �MA

L
þWa

L

Bending moment and shear force diagrams for fixed-ended beams subjected to some typical loading

cases are shown in Figure 2.8.
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FIGURE 2.6 Shear force and bending moment diagrams for beams with simple boundary conditions subjected to

selected loading cases.
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FIGURE 2.6 Continued.
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2.2.4 Continuous Beams

Continuous beams like fixed-ended beams are statically indeterminate. Bending moments in these

beams are functions of the geometry, moments of inertia, and modulus of elasticity of individual

members besides the load and span. They may be determined by Clapeyron’s theorem of three moments,

the moment distribution method, or the slope deflection method.

An example of a two-span continuous beam is solved by Clapeyron’s theorem of three moments.

The theorem is applied to two adjacent spans at a time and the resulting equations in terms of unknown

support moments are solved. The theorem states that

MAL1 þ 2MBðL1 þ L2Þ þMCL2 ¼ 6
A1x1

L1

þ A2x2

L2

� �
ð2:9Þ

where MA, MB, and MC are the hogging moments at the supports A, B, and C, respectively, of two

adjacent spans of lengths L1 and L2 (Figure 2.9); A1 and A2 are the areas of the bending moment diagrams

produced by the vertical loads on the simple spans AB and BC, respectively; x1 is the centroid of A1 from

A, and x2 is the distance of the centroid of A2 from C. If the beam section is constant within a span but

remains different for each of the spans Equation 2.9 can be written as

MA

L1

I1

þ 2MB

L1

I1

þ L2

I2

� �
þMC

L2

I2

¼ 6
A1x1

L1I1

þ A2x2

L2I2

� �
ð2:10Þ

where I1 and I2 are the moments of inertia of the beam section in spans L1 and L2, respectively.

Loading Shear force Bending moment

L/3

L/6 L/3 L/3 L/6

L/3 L/3

A B

RA RB

L

P

a b

A C D B

RA RB

L

P P

a b c

a > c

A B

RA RB

L

P P

A C D E B

RA RB

L

PP P

RA

RBRA =
P(b + 2c)

L

RB =
P(b + 2a)

L

RA

RB

RA = RB = P

RA

RB
RA = RB = 3P/2

Mmax = Pab
L

MC =
Pa(b + 2c)

L

MD =
Pc(b + 2a)

L

Mmax = PL
3

MC = ME = PL
4

MD = 5PL
12

RA
RB

RA = Pb/L RB = Pa/L

Loading Shear force Bending moment

FIGURE 2.6 Continued.
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EXAMPLE 2.1

The example in Figure 2.10 shows the application of this theorem.

For spans AC and BC

MA � 10þ 2MCð10þ 10Þ þMB � 10 ¼ 6
ð1=2Þ � 500� 10� 5

10
þ ð2=3Þ � 250� 10� 5

10

� �

Since the support at A is simply supported, MA¼ 0. Therefore,

4MC þMB ¼ 1250 ð2:11Þ

Considering an imaginary span BD on the right side of B and applying the theorem for spans CB

and BD,

MC � 10þ 2MBð10Þ þMD � 10 ¼ 6� ð2=3Þ � 10� 5

10
� 2

MC þ 2MB ¼ 500 ðbecause MC ¼ MDÞ
ð2:12Þ

Solving Equations 2.11 and 2.12, we get

MB ¼ 107:2 kN m

MC ¼ 285:7 kN m

Shear force at A is

SA ¼
MA �MC

L
þ 100 ¼ �28:6þ 100 ¼ 71:4 kN

Shear force at C is

SC ¼
MC �MA

L
þ 100

� �
þ MC �MB

L
þ 100

� �

¼ ð28:6þ 100Þ þ ð17:9þ 100Þ ¼ 246:5 kN

Shear force at B is

SB ¼
MB �MC

L
þ 100

� �
¼ �17:9þ 100 ¼ 82:1 kN

The bending moment and shear force diagrams are shown in Figure 2.10.

L
a b

A
W

B

T
U

R

MBMA

Q

S

P

Wab
L

FIGURE 2.7 Fixed-ended beam.
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FIGURE 2.8 Shear force and bending moment diagrams for built-up beams subjected to typical loading cases.
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2.2.5 Beam Deflection

There are several methods for determining beam deflections: (i) moment area method, (ii) conjugate-

beam method, (iii) virtual work, and (iv) Castigliano’s second theorem, among others.

The elastic curve of a member is the shape the neutral axis takes when the member deflects under a

load. The inverse of the radius of curvature at any point of this curve is obtained as

1

R
¼ M

EI
ð2:13Þ
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A C D E B

PP P
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RA

RA = RB = 3P/2
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FIGURE 2.8 Continued.
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FIGURE 2.9 Continuous beams.
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where M is the bending moment at the point and EI is the flexural rigidity of the beam section. Since the

deflection is small, 1/R is approximately taken as d2y/dx2, and Equation 2.13 may be rewritten as

M ¼ EI
d2y

dx2
ð2:14Þ

In Equation 2.14, y is the deflection of the beam at distance x measured from the origin of the

coordinate. The change in slope in a distance dx can be expressed as M dx/EI and hence the slope in a

beam is obtained as

yB � yA ¼
Z B

A

M

EI
dx ð2:15Þ

Equation 2.15 may be stated as follows: the change in slope between the tangents to the elastic curve at

two points is equal to the area of the M/EI diagram between the two points.

Once the change in slope between the tangents to the elastic curve is determined, the deflection can be

obtained by integrating further the slope equation. In a distance dx the neutral axis changes in direction

by an amount dy. The deflection of one point on the beam with respect to the tangent at another point

due to this angle change is dd¼ x dy, where x is the distance from the point at which deflection is desired

to the particular differential distance.

To determine the total deflection from the tangent at one point A to the tangent at another point B on

the beam, it is necessary to obtain a summation of the products of each dy angle (from A to B) times the

distance to the point where deflection is desired or

dB � dA ¼
Z B

A

Mx dx

EI
ð2:16Þ

The deflection of a tangent to the elastic curve of a beam with respect to a tangent at another point is

equal to the moment of M/EI diagram between the two points, taken about the point at which deflection

is desired.

2.2.5.1 Moment Area Method

The moment area method is most conveniently used for determining slopes and deflections for beams in

which the direction of the tangent to the elastic curve at one or more points is known, such as cantilever

beams, where the tangent at the fixed end does not change in slope. The method is applied easily to

beams loaded with concentrated loads, because the moment diagrams consist of straight lines. These

5 m
10 m 10 m

500

250285.7

117.9

128.6

71.4

107.2

82.1

I I

20 kN m200 kN

B DA

Spans AC and BC

C

FIGURE 2.10 Example — continuous beam.
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diagrams can be broken down into single triangles and rectangles. Beams supporting uniform loads or

uniformly varying loads may be handled by integration. Properties of some of the shapes of M/EI

diagrams that designers usually come across are given in Figure 2.11.

It should be understood that the slopes and deflections that are obtained using the moment area

theorems are with respect to tangents to the elastic curve at the points being considered. The theorems

do not directly give the slope or deflection at a point in the beam as compared to the horizontal axis

(except in one or two special cases); they give the change in slope of the elastic curve from one point

to another or the deflection of the tangent at one point with respect to the tangent at another point.

There are some special cases in which beams are subjected to several concentrated loads or the combined

action of concentrated and uniformly distributed loads. In such cases it is advisable to separate the

concentrated loads and uniformly distributed loads and the moment area method can be applied

separately to each of these loads. The final responses are obtained by the principle of superposition.

For example, consider a simply supported beam subjected to a uniformly distributed load q as

shown in Figure 2.12. The tangents to the elastic curve at each end of the beam are inclined. The

deflection d1 of the tangent at the left end from the tangent at the right end is found to be ql 4/24EI.

The distance from the original chord between the supports and the tangent at the right end, d2, can be

computed as ql 4/48EI. The deflection of a tangent at the center from a tangent at the right end, d3, is

determined in this step as ql 4/128EI. The difference between d2 and d3 gives the centerline deflection

as (5/384)(ql 4/EI).

2.2.6 Curved Beams

The beam formulas derived in the previous section are based on the assumption that the member to

which a bending moment is applied is initially straight. Many members, however, are curved before

a bending moment is applied to them. Such members are called curved beams. In the following

discussion all the conditions applicable to the straight-beam formula are assumed valid except that the

beam is initially curved.
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Center of gravity

5
8

l
2

l

3
8

l
2

2
l
2

Center of gravity
for half parabola

(b)

a
2

a l + a
l
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FIGURE 2.11 Typical M/EI diagram.
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Let the curved beam DOE shown in Figure 2.13 be subjected to the loads Q. The surface in which the

fibers do not change in length is called the neutral surface. The total deformations of the fibers between

two normal sections such as AB and A1B1 are assumed to vary proportionally with the distances of the

fibers from the neutral surface. The top fibers are compressed while those at the bottom are stretched;

that is, the plane section before bending remains a plane after bending.

In Figure 2.13 the two lines AB and A1B1 are two normal sections of the beam before the loads are

applied. The change in the length of any fiber between these two normal sections after bending is

represented by the distance along the fiber between the lines A1B1 and A0B0; the neutral surface is

represented by NN1, and the stretch of fiber PP1 is P1P01, etc. For convenience, it will be assumed that

the line AB is a line of symmetry and does not change direction.

The total deformations of the fibers in the curved beam are proportional to the distances of the fibers

from the neutral surface. However, the strains of the fibers are not proportional to these distances

because the fibers are not of equal length. Within the elastic limit the stress on any fiber in the beam is

proportional to the strain in the fiber, and hence the elastic stresses on the fibers of a curved beam are not

proportional to the distances of the fibers from the neutral surface. The resisting moment in a curved

beam, therefore, is not given by the expression sI/c. Hence, the neutral axis in a curved beam does not

EI
L /2 L/2

A

q/unit length

B

L
ql2

8EI

ql4

128EI
�3 =

ql4
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�2 =ql4
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�c

M
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FIGURE 2.12 Deflection — simply supported beam under uniformly distributed load.
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FIGURE 2.13 Bending of curved beams.
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pass through the centroid of the section. The distribution of stress over the section and the relative

position of the neutral axis are shown in Figure 2.13b; if the beam were straight, the stress would be zero

at the centroidal axis and would vary proportionally with the distance from the centroidal axis as

indicated by the dot–dash line in the figure. The stress on a normal section such as AB is called the

circumferential stress.

2.2.6.1 Sign Conventions

The bending moment M is positive when it decreases the radius of curvature and negative when it

increases the radius of curvature; y is positive when measured toward the convex side of the beam and

negative when measured toward the concave side, that is, toward the center of curvature. With these

sign conventions, s is positive when it is a tensile stress.

2.2.6.2 Circumferential Stresses

Figure 2.14 shows a free-body diagram of the portion of the body on one side of the section; the

equations of equilibrium are applied to the forces acting on this portion. The equations obtained areX
Fz ¼ 0 or

Z
s da ¼ 0 ð2:17ÞX

Mz ¼ 0 or M ¼
Z

ys da ð2:18Þ

Figure 2.15 represents the part ABB1A1 of Figure 2.13a enlarged; the angle between the two sections

AB and A1B1 is dy. The bending moment causes the plane A1B1 to rotate through an angle Ddy, thereby

changing the angle this plane makes with the plane BAC from dy to (dyþDdy); the center of curvature

is changed from C to C0, and the distance of the centroidal axis from the center of curvature is changed

from R to r. It should be noted that y, R, and r at any section are measured from the centroidal axis and

not from the neutral axis.

It can be shown that the bending stress s is given by the relation

s ¼ M

aR
1þ 1

Z

y

R þ y

� �
ð2:19Þ

where

Z ¼ � 1

a

Z
y

R þ y
da

s is the tensile or compressive (circumferential) stress at a point at a distance y from the centroidal axis of

a transverse section at which the bending moment is M; R is the distance from the centroidal axis of the

section to the center of curvature of the central axis of the unstressed beam; a is the area of the cross-

section; Z is a property of the cross-section, the values of which can be obtained from the expressions for

various areas given in Table 2.1. (Detailed information can be obtained from Seely and Smith 1952.)

+M

� da

� da
da

Z O X
y y

YY

FIGURE 2.14 Free-body diagram of a curved beam segment.
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EXAMPLE 2.2

The bent bar shown in Figure 2.16 is subjected to a load P¼ 1780 N. Calculate the circumferential stress

at A and B assuming that the elastic strength of the material is not exceeded.

We know from Equation 2.19,

s ¼ P

a
þ M

aR
1þ 1

Z

y

R þ y

� �
where

a ¼ area of rectangular section¼ 40� 12¼ 480 mm2

R ¼ 40 mm

yA¼�20

yB¼þ20

P ¼ 1780 N

M¼ �1780� 120¼ �213,600 N mm

From Table 2.1, for rectangular section

Z ¼ �1þ R

h
loge

R þ c

R � c

� �
, h ¼ 40 mm, c ¼ 20 mm

Hence,

Z ¼ �1þ 40

40
loge

40þ 20

40� 20

� �
¼ 0:0986

Therefore,

sA ¼
1780

480
þ�213,600

480� 40
1þ 1

0:0986

�20

40� 20

� �
¼ 105:4 N=mm

2 ðtensileÞ

sB ¼
1780

480
þ�213,600

480� 40
1þ 1

0:0986

20

40þ 20

� �
¼ �45 N=mm

2 ðcompressiveÞ

yda
∆ d�

P1 P

A1 A A

B1 B

P�1

O�1

C�

R

OO1 = ds

O1
O

B�

��

R

H

Neutral
surface

d�
+

∆
d�

d�

C

y

FIGURE 2.15 Curvature in a curved beam.
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TABLE 2.1 Analytical Expressions for Z

c

h

R

Z ¼ 1

4

c

R

	 
2

þ 1

8

c

R

	 
4

þ 5

64

c

R

	 
6

þ 7

128

c

R

	 
8

þ 
 
 


Z ¼ �1þ 2
R

c

� �2

�2
R

c

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

c

� �2

�1

s

c
R

h
Z ¼ 1

3

c

R

	 
2

þ 1

5

c

R

	 
4

þ 1

7

c

R

	 
6

þ 
 
 


Z ¼ �1þ R

h
loge

R þ c

R � c

� �� �

R

h

c1 c2

bb1

Z ¼ �1þ R

ah
½b1h þ ðR þ c1Þðb � b1Þ�loge

R þ c1

R � c2

� �
� ðb � b1Þh

� 

Z ¼ �1þ 2R

ðb þ b1Þh
b1 þ

b � b1

h
ðR þ c1Þ

� �
loge

R þ c1

R � c2

� �
� ðb � b1Þ

� 

h

c1
R

c2

Z ¼ �1þ 2
R

h2
ðR þ c1Þloge

R þ c1

R � c2

� �
� h

� �

h

R
c

Z ¼ 1

4

c

R

	 
2

þ 1

8

c

R

	 
4

þ 5

64

c

R

	 
6

þ 7

128

c

R

	 
8

þ 
 
 


Z ¼ �1þ 2
R

c

� �2

�2
R

c

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

c

� �2

�1

s

c2

h

R

c1
Z ¼ �1þ 2R

c2
2 � c2

1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � c2

1

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � c2

2

q� �

c2

h

R

c1b b1

Z ¼ �1þ 1

bc2 � b1c1

bc2 2
R

c2

� �2

� 2
R

c2

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

c2

� �2

� 1

s2
4

3
5

8<
:

� b1c1 2
R

c1

� �2

� 2
R

c1

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

c1

� �2

� 1

s2
4

3
5
9=
;

R

b1 bt

c1 c2
c4 c3

Z ¼ �1þ R

a
½b1 logeðR þ c1Þ þ ðt � b1Þ logeðR þ c4Þ

þ ðb � tÞ logeðR � c3Þ � b logeðR � c2Þ�

R

b

c2 c2

c1 c1
The value of Z for each of these three sections may be

found from the expression above by making
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Section A–B

FIGURE 2.16 Bent bar.

TABLE 2.1 Continued

R

b

c2 c2

c1 c1

t/2

t/2

R

b

c2 c2

c1 c1

t/2

t/2

b1 ¼ b, c2 ¼ c1, and c3 ¼ c4

Z ¼ �1þ R

a
b loge

R þ c2

R � c2

� �
þ ðt � bÞ loge

R þ c1

R � c1

� �� �

Area¼ a¼ 2[(t� b)c1þbc2]

b

c1 c3

R
c2

t

b

c1

R
c2

c3

t/2

t/2

In the expression for the unequal I given above make

c4¼ c1 and b1¼ t, then

Z ¼ �1þ R

a
½t logeðR þ c1Þ þ ðb � tÞ logeðR � c3Þ � b logeðR � c2Þ�

Area¼ a¼ tc1� (b� t)c3þ bc2

b2b1

c1 c2

R
c3

b b

h1 h2

Z ¼ �1þ R

a
b1 þ

b � b1

h1

ðR þ c1Þ
� �

log
R þ c1

R � c2

�

þ b2 �
b0 � b2

h2

ðR � c3Þ
� �

log
R � c2

R � c3

þ ðb0 � b2Þ � ðb � b1Þ


Source: From Seely, F.B. and Smith, J.O., Advanced Mechanics of Materials, John Wiley & Sons, New York, 1952. With

permission.
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2.3 Trusses

A structure that is composed of a number of members pin-connected at their ends to form a stable

framework is called a truss. If all the members lie in a plane, it is a planar truss. It is generally assumed

that loads and reactions are applied to the truss only at the joints. The centroidal axis of each member is

straight, coincides with the line connecting the joint centers at each end of the member, and lies in

a plane that also contains the lines of action of all the loads and reactions. Many truss structures are

three-dimensional in nature. However, in many cases, such as bridge structures and simple roof systems,

the three-dimensional framework can be subdivided into planar components for analysis as planar

trusses without seriously compromising the accuracy of the results. Figure 2.17 shows some typical

idealized planar truss structures.

There exists a relation among the number of members, m, number of joints, j, and reaction com-

ponents, r. The expression is

m ¼ 2j � r ð2:20Þ

which must be satisfied if it is to be statically determinate internally. r is the least number of reaction

components required for external stability. If m exceeds (2j� r), then the excess members are called

redundant members and the truss is said to be statically indeterminate.

For a statically determinate truss, member forces can be found by using the method of equilibrium.

The process requires repeated use of free-body diagrams from which individual member forces are

determined. The method of joints is a technique of truss analysis in which the member forces are

determined by the sequential isolation of joints — the unknown member forces at one joint are solved

and become known for the subsequent joints. The other method is known as the method of sections in

which equilibrium of a part of the truss is considered.

2.3.1 Method of Joints

An imaginary section may be completely passed around a joint in a truss. The joint has become a free

body in equilibrium under the forces applied to it. The equations
P

H¼ 0 and
P

V¼ 0 may be applied

to the joint to determine the unknown forces in members meeting there. It is evident that no more than

two unknowns can be determined at a joint with these two equations.

Warren truss Pratt truss

Howe truss Fink truss

Warren truss Pratt truss

Bowstring truss

FIGURE 2.17 Typical planar trusses.
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EXAMPLE 2.3

A truss shown in Figure 2.18 is symmetrically loaded, and it is sufficient to solve half the truss by

considering the joints 1 to 5. At joint 1, there are two unknown forces. Summation of the vertical

components of all forces at joint 1 gives

135� F12 sin 45 ¼ 0

which in turn gives the force in the member 1–2, F12¼ 190 kN (compressive). Similarly, summation of

the horizontal components gives

F13 � F12 cos 45 ¼ 0

Substituting for F12 gives the force in the member 1–3 as

F13 ¼ 135 kN (tensile)

Now, joint 2 is cut completely and it is found that there are two unknown forces, F25 and F23. Sum-

mation of the vertical components gives

F12 cos 45 � F23 ¼ 0

Therefore,

F23 ¼ 135 kN (tensile)

Summation of the horizontal components gives

F12 sin 45 � F25 ¼ 0

and hence,

F25 ¼ 135 kN (compressive)

6 m 6 m 6 m

6 m

6 m

135 kN 135 kN90 kN 90 kN 90 kN

1

3 4 7

5 62

A

A

135 kN

1

F12

F13

45°

2

F12

F23

F25

45°

90 kN

3

F35

F34F13

F23

45°

90 kN

4F34 F67

F45

FIGURE 2.18 Example — method of joints, planar truss.
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After solving for joints 1 and 2 one proceeds to take a section around joint 3 at which there are now two

unknown forces, namely, F34 and F35. Summation of the vertical components at joint 3 gives

F23 � F35 sin 45 � 90 ¼ 0

Substituting for F23, one obtains F35¼ 63.6 kN (compressive). Summing the horizontal components and

substituting for F13 one gets

�135� 45þ F34 ¼ 0

Therefore,

F34 ¼ 180 kN (tensile)

The next joint involving two unknowns is joint 4. When we consider a section around it, the summation

of the vertical components at joint 4 gives

F45 ¼ 90 kN (tensile)

Now, the forces in all the members on the left half of the truss are known and by symmetry the forces in

the remaining members can be determined. The forces in all the members of a truss can also be

determined by making use of the method of sections.

2.3.2 Method of Sections

In this method, an imaginary cutting line called a section is drawn through a stable and determinate truss.

Thus, a section subdivides the truss into two separate parts. Since the entire truss is in equilibrium, any part

of it must also be in equilibrium. Either of the two parts of the truss can be considered and the three

equations of equilibrium,
P

Fx¼ 0,
P

Fy¼ 0, and
P

M¼ 0, can be applied to solve for member forces.

The example considered in Section 2.3.1 is once again considered (Figure 2.19). To calculate the force

in the member 3–5, F35, a section AA should be run to cut the member 3–5 as shown in the figure. It is

only required to consider the equilibrium of one of the two parts of the truss. In this case, the portion of

the truss on the left of the section is considered. The left portion of the truss as shown in Figure 2.19 is in

equilibrium under the action of the forces namely, the external and internal forces. Considering the

equilibrium of forces in the vertical direction one can obtain

135� 90þ F35 sin 45 ¼ 0

Therefore, F35 is obtained as

F35 ¼ �45
ffiffiffi
2
p

kN

The negative sign indicates that the member force is compressive. The other member forces cut by the

section can be obtained by considering the other equilibrium equations, namely,
P

M¼ 0. More sec-

tions can be taken in the same way to solve for other member forces in the truss. The most important

advantage of this method is that one can obtain the required member force without solving for the other

member forces.

135 kN

90 kN

F35

45°

A

A

FIGURE 2.19 Example — method of sections, planar truss.
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2.3.3 Compound Trusses

A compound truss is formed by interconnecting two or more simple trusses. Examples of compound

trusses are shown in Figure 2.20. A typical compound roof truss is shown in Figure 2.20a in which two

simple trusses are interconnected by means of a single member and a common joint. The compound

truss shown in Figure 2.20b is commonly used in bridge construction and, in this case, three members

are used to interconnect two simple trusses at a common joint. There are three simple trusses inter-

connected at their common joints as shown in Figure 2.20c.

The method of sections may be used to determine the member forces in the interconnecting members

of compound trusses similar to those shown in Figure 2.20a and Figure 2.20b. However, in the case of a

cantilevered truss the middle simple truss is isolated as a free-body diagram to find its reactions. These

reactions are reversed and applied to the interconnecting joints of the other two simple trusses. After the

interconnecting forces between the simple trusses are found, the simple trusses are analyzed by the

method of joints or the method of sections.

2.4 Frames

Frames are statically indeterminate in general; special methods are required for their analysis.

The slope deflection and moment distribution methods are two such methods commonly employed.

Slope deflection is a method that takes into account the flexural displacements such as rotations and

deflections and involves solutions of simultaneous equations. Moment distribution on the other

hand involves successive cycles of computation, each cycle drawing closer to the ‘‘exact’’ answers. The

method is more labor intensive but yields accuracy equivalent to that obtained from the exact methods.

2.4.1 Slope Deflection Method

This method is a special case of the stiffness method of analysis. It is a convenient method for performing

hand analysis of small structures.

Let us consider that a prismatic frame member AB with undeformed position along the x axis is

deformed into the configuration P as shown in Figure 2.21. Moments at the ends of frame members are

expressed in terms of the rotations and deflections of the joints. It is assumed that the joints in a

structure may rotate or deflect, but the angles between the members meeting at a joint remain

unchanged. The positive axes, along with the positive member end force components and displacement

components, are shown in the figure.

(a)

(b)

(c)

FIGURE 2.20 Compound trusses: (a) compound roof truss, (b) compound bridge truss, and (c) cantilevered

construction.
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The equations for end moments may be written as

MAB ¼
2EI

l
ð2yA þ yB � 3cABÞ þMFAB

MBA ¼
2EI

l
ð2yB þ yA � 3cABÞ þMFBA

ð2:21Þ

where MFAB and MFBA are fixed-end moments at supports A and B, respectively, due to the applied load.

cAB is the rotation as a result of the relative displacement between the member ends A and B given as

cAB ¼
DAB

l
¼ yA þ yB

l
ð2:22Þ

where DAB is the relative deflection of the beam ends and yA and yB are the vertical displacements at ends

A and B. Fixed-end moments for some loading cases may be obtained from Figure 2.8. The slope

deflection equations (Equations 2.21) show that the moment at the end of a member is dependent on

member properties EI, length l, and displacement quantities. The fixed-end moments reflect the

transverse loading on the member.

2.4.2 Frame Analysis Using Slope Deflection Method

The slope deflection equations may be applied to statically indeterminate frames with or without

side sway. A frame may be subjected to side sway if the loads, member properties, and dimensions of the

frame are not symmetrical about the centerline. Application of the slope deflection method can be

illustrated with the following example.

EXAMPLE 2.4

Consider the frame shown in Figure 2.22 subjected to side sway D to the right of the frame. Equations 2.21

can be applied to each of the members of the frame as follows:

Member AB:

MAB ¼
2EI

6
2yA þ yB �

3D
20

� �
þMFAB

MBA ¼
2EI

6
2yB þ yA �

3D
20

� �
þMFBA

yA ¼ 0, MFAB ¼ MFBA ¼ 0

MAB

YA

yB

VAB

VBA
MBA

A

y

P

l

�AB

�AB�A

�B

a b

B

∆AB

x

FIGURE 2.21 Deformed configuration of a beam.
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Hence,

MAB ¼
2EI

6
ðyB � 3cÞ ð2:23Þ

MBA ¼
2EI

6
ð2yB � 3cÞ ð2:24Þ

where c¼D/6.

Member BC:

MBC ¼
2EI

9
ð2yB þ yC � 3� 0Þ þMFBC

MCB ¼
2EI

9
ð2yC þ yB � 3� 0Þ þMFCB

MFBC ¼ �
180� 3� 62

92
¼ �240 kN m

MFCB ¼
180� 32 � 6

92
¼ 120 kN m

Hence,

MBC ¼
2EI

9
ð2yB þ yCÞ � 240 ð2:25Þ

MCB ¼
2EI

9
ð2yC þ yBÞ þ 120 ð2:26Þ

Member CD:

MCD ¼
2EI

9
2yC þ yD �

3D
9

� �
þMFCD

MDC ¼
2EI

9
2yD þ yC �

3D
9

� �
þMFDC

yD ¼ 0, MFCD ¼ MFDC ¼ 0

10 ft 20 ft

20 ft

30 ft

40 kip

EI — same for
all members

B

A

C

D

FIGURE 2.22 Example — slope deflection method.
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Hence,

MCD ¼
2EI

9
2yC �

1

3
� 6c

� �
¼ 2EI

9
ð2yC � 2cÞ ð2:27Þ

MDC ¼
2EI

9
yC �

1

3
� 6c

� �
¼ 2EI

9
ðyC � 2cÞ ð2:28Þ

Considering the moment equilibrium at joint B,X
MB ¼ MBA þMBC ¼ 0

Substituting for MBA and MBC one obtains

EI

9
ð10yB þ 2yC � 9cÞ ¼ 240 or 110yB þ 2yC � 9c ¼ 2160

EI
ð2:29Þ

Considering the moment equilibrium at joint C,X
MC ¼ MCB þMCD ¼ 0

Substituting for MCB and MCD we get

2EI

9
ð4yC þ yB � 2cÞ ¼ �120 or yB þ 4yC � 2c ¼ � 540

EI
ð2:30Þ

If summation of the base shear equals zero, we haveX
H ¼ HA þHD ¼ 0

or

MAB þMBA

6
þMCD þMDC

9
¼ 0

Substituting for MAB, MBA, MCD, and MDC and simplifying

27yB þ 12yC � 70c ¼ 0 ð2:31Þ

solution of Equations 2.29 to 2.31 results in

yB ¼
342:7

EI

yC ¼
�169:1

EI

c ¼ 103:2

EI

ð2:32Þ

Substituting for yB, yC, and c from Equations 2.32 into Equations 2.23 to 2.28, we get

MAB¼ 11.03 kN m

MBA¼ 125.3 kN m

MBC¼ �125.3 kN m

MCB¼ 121 kN m

MCD¼ �121 kN m

MDC¼ �83 kN m

2.4.3 Moment Distribution Method

The moment distribution method involves successive cycles of computation, each cycle drawing closer to

the exact answers. The calculations may be stopped after two or three cycles, giving a very good
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approximate analysis, or they may be carried on to whatever degree of accuracy is desired. Moment

distribution remains the most important hand-calculation method for the analysis of continuous beams

and frames and it may be solely used for the analysis of small structures. Unlike the slope deflection

method, this method does require the solution to simultaneous equations.

The terms constantly used in moment distribution are fixed-end moment, unbalanced moment,

distributed moment, and carry-over moment. When all of the joints of a structure are clamped to prevent

any joint rotation, the external loads produce certain moments at the ends of the members to which they

are applied. These moments are referred to as fixed-end moments. Initially, the joints in a structure are

considered to be clamped. When the joint is released, it rotates if the sum of the fixed-end moments at

the joint is not equal to zero. The difference between zero and the actual sum of the end moments is the

unbalanced moment. The unbalanced moment causes the joint to rotate. The rotation twists the ends of

the members at the joint and changes their moments. In other words, rotation of the joint is resisted by

the members and resisting moments are built up in the members as they are twisted. Rotation continues

until equilibrium is reached — when the resisting moments equal the unbalanced moment — at which

time the sum of the moments at the joint is equal to zero. The moments developed in the members

resisting rotation are the distributed moments. The distributed moments in the ends of the member cause

moments in the other ends, which are assumed to be fixed, and these are the carry-over moments.

2.4.3.1 Sign Convention

The moments at the end of a member are assumed to be positive when they tend to rotate the member

clockwise about the joint. This implies that the resisting moment of the joint would be counterclockwise.

Accordingly, under gravity loading conditions the fixed-end moment at the left end is assumed to be

counterclockwise (negative) and at the right end, clockwise (positive).

2.4.3.2 Fixed-End Moments

Fixed-end moments for several cases of loading may be found in Figure 2.8. Application of moment

distribution may be explained with reference to a continuous beam example as shown in Figure 2.23.

Fixed-end moments are computed for each of the three spans. At joint B the unbalanced moment is

obtained and the clamp is removed. The joint rotates, thus distributing the unbalanced moment to the

2 kip/ft20 kip

EI EI EIB C D

30 ft10 ft10 ft 25 ft

–50 50
0.6

150
0.45

60

+ 6.2

+ 2.7

+ 0.3

119.2

30

3.1

1.4

– 15.5

–150 –104
0.55

104

–25.3
–12.7

–5.5

– 0.6

–11.0

–1.2

– 0.5

–142

–10.4
–20.7

–9.0

– 0.9

– 0.4

+142

0.9

20

2.1
+ 4.2

+ 1.8

+ 0.2

– 4.5

– 0.5

–119.2

40

0.4

85.2

A

FIGURE 2.23 Example — continuous beam by moment distribution.
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B-ends of spans BA and BC in proportion to their distribution factors. The values of these distributed

moments are carried over at one-half rate to the other ends of the members. When equilibrium is

reached, joint B is clamped in its new rotated position and joint C is released afterward. Joint C rotates

under its unbalanced moment until it reaches equilibrium, the rotation causing distributed moments

in the C-ends of members CB and CD and the resulting carry-over moments. Joint C is now clamped

and joint B is released. This procedure is repeated again and again for joints B and C, the amount

of unbalanced moments quickly diminishing, until the release of a joint causes negligible rotation. This

process is called moment distribution.

The stiffness factors and distribution factors are computed as follows:

DFBA ¼
KBAP

K
¼ I=20

I=20þ I=30
¼ 0:6

DFBC ¼
KBCP

K
¼ I=30

I=20þ I=30
¼ 0:4

DFCB ¼
KCBP

K
¼ I=30

I=30þ I=25
¼ 0:45

DFCD ¼
KCDP

K
¼ I=25

I=30þ I=25
¼ 0:55

The fixed-end moments are as follows:

MFAB ¼ �50, MFBC ¼ �150, MFCD ¼ �104

MFBA ¼ 50, MFCB ¼ 150, MFDC ¼ 104

When a clockwise couple is applied at the near end of a beam, a clockwise couple of half the magnitude

is set up at the far end of the beam. The ratio of the moments at the far and near ends is defined as the

carry-over factor and it is 0.5 in the case of a straight prismatic member. The carry-over factor was

developed for carrying over to fixed ends, but it is applicable to simply supported ends, which must have

final moments of zero. It can be shown that the beam simply supported at the far end is only three

fourths as stiff as the one that is fixed. If the stiffness factors for end spans that are simply supported are

modified by three fourths, the simple end is initially balanced to zero, no carry-overs are made to the end

afterward. This simplifies the moment distribution process significantly.

2.4.3.3 Moment Distribution for Frames

Moment distribution for frames without side sway is similar to that for continuous beams. The

example shown in Figure 2.24 illustrates the applications of moment distribution for a frame without

side sway:

DFBA ¼
EI=20

ðEI=20Þ þ ðEI=20Þ þ ð2EI=20Þ ¼ 0:25

Similarly,

DFBE ¼ 0:5, DFBC ¼ 0:25

MFBC ¼ �100, MFCB ¼ 100

MFBE ¼ 50, MFEB ¼ �50

Structural frames are usually subjected to side sway in one direction or the other due to asymmetry of

the structure and eccentricity of loading. The sway deflections affect the moments, resulting in an

unbalanced moment. These moments could be obtained for the deflections computed and added to the

originally distributed fixed-end moments. The sway moments are distributed to columns. Should a

frame have columns all of the same length and the same stiffness, the side sway moments will be the same

for each column. However, should the columns have differing lengths and stiffness, this will not be the

case. The side sway moments should vary from column to column in proportion to their I/l2 values.

Structural Analysis 2-29

Copyright 2005 by CRC Press



The frame in Figure 2.25 shows a frame subjected to sway. The process of obtaining the final moments

is illustrated for this frame.

The frame sways to the right and the side sway moment can be assumed in the ratio

400

202
:
300

202
or 1:0:75

Final moments are obtained by adding distributed fixed-end moments and 13.06/2.99 times the

distributed assumed side sway moments.

2.4.4 Method of Consistent Deformations

This method makes use of the principle of deformation compatibility to analyze indeterminate struc-

tures. It employs equations that relate the forces acting on the structure to the deformations of the

structure. These relations are formed so that the deformations are expressed in terms of the forces and

the forces become the unknowns in the analysis.

Let us consider the beam shown in Figure 2.26a. The first step in this method is to determine the

degree of indeterminacy or the number of redundants that the structure possesses. As shown in the

figure, the beam has three unknown reactions, RA, RC, and MA. Since there are only two equations of

equilibrium available for calculating the reactio ns, the beam is said to be indeterminate to the first

degree. Restraints that can be removed without impairing the load-supporting capacity of the structure

are referred to as redundants.

Once the number of redundants is known, the next step is to decide which reaction is to be removed in

order to form a determinate structure. Any one of the reactions may be chosen to be the redundant

provided that a stable structure remains after the removal of that reaction. For example, let us take the
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FIGURE 2.24 Example — nonsway frame by moment distribution.
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reaction RC as the redundant. The determinate structure obtained by removing this restraint is the

cantilever beam shown in Figure 2.26b. We denote the deflection at end C of this beam, due to P, by DCP.

The first subscript indicates that the deflection is measured at C and the second subscript that the

deflection is due to the applied load P. Using the moment–area method, it can be shown that

DCP¼ 5PL3/48EI. The redundant RC is then applied to the determinate cantilever beam, as shown in

Figure 2.26c. This gives rise to a deflection DCR at point C the magnitude of which can be shown to be

RCL3/3EI.

In the actual indeterminate structure, which is subjected to the combined effects of the load P and the

redundant RC the deflection at C is zero. Hence, the algebraic sum of the deflection DCP in Figure 2.26b

and the deflection DCR in Figure 2.26c must vanish. Assuming downward deflections to be positive,

we write

DCP � DCR ¼ 0 ð2:33Þ

or

5PL3

48EI
� RCL3

3EI
¼ 0

1.5 kip/ft

13.06 kip

2.44 kip

20 kip

B

A

C

D

10 ft

10 ft

20 ft

30 ft

400

600

300

+
10

9.
7

0.
43

0.57 0.64

+
   

 0
.3

+
   

2.
9

+
31

.5
+

25

+
50

–
48

.8

– 
  0

.7

– 
  7

.6

–
40

.5

48.8

–1.2

+1.9
– 13.4
+ 21
+ 72

+112.5

10.00

4.50 kip
5.50

0.
36–112.5

–    6.7

–    0.6

–109.7

+   3.8

+    0.3

–  36
+  42

–
50

+
50

0

FIGURE 2.25 Example — sway frame by moment distribution.
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FIGURE 2.25 Continued.
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FIGURE 2.26 Beam with one redundant reaction: (a) actual structure; (b) determinate structure subject to actual

loads; (c) determinate structure subject to redundant; and (d) beam with all the forces acting on it.
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from which

RC ¼
5

16
P

Equation 2.33, which is used to solve for the redundant, is referred to as an equation of consistent

deformations.

Once the redundant RC has been evaluated, the remaining reactions can be determined by applying the

equations of equilibrium to the structure in Figure 2.26a. Thus,
P

Fy¼ 0 leads to

RA ¼ P � 5

16
P ¼ 11

16
P

and
P

MA¼ 0 gives

MA ¼
PL

2
� 5

16
PL ¼ 3

16
PL

A free body of the beam, showing all the forces acting on it, is shown in Figure 2.26d.

The steps involved in the method of consistent deformations are

1. The number of redundants in the structure is determined.

2. The redundants required to form a determinate structure are removed.

3. The displacements that the applied loads cause in the determinate structure at the points where

the redundants have been removed are then calculated.

4. The displacements at these points in the determinate structure due to the redundants are obtained.

5. At each point where a redundant has been removed, the sum of the displacements calculated

in steps (3) and (4) must be equal to the displacement that exists at that point in the actual

indeterminate structure. The redundants are evaluated using these relationships.

6. Once the redundants are known the remaining reactions are determined using the equations of

equilibrium.

2.4.4.1 Structures with Several Redundants

The method of consistent deformations can be applied to structures with two or more redundants.

For example, the beam in Figure 2.27a is indeterminate to the second degree and has two redundant

reactions. If the reactions at B and C are selected to be the redundants, then the determinate structure

obtained by removing these supports is the cantilever beam shown in Figure 2.27b. To this determinate

structure we apply separately the given load (Figure 2.27c) and the redundants RB and RC one at a time

(Figure 2.27d and e).

Since the deflections at B and C in the original beam are zero, the algebraic sum of the deflections in

Figure 2.27c, d, and e at the same points must also vanish. Thus,

DBP � DBB � DBC ¼ 0

DCP � DCB � DCC ¼ 0
ð2:34Þ

It is useful in the case of complex structures to write the equations of consistent deformations in

the form

DBP � dBBRB � dBCRC ¼ 0

DCP � dCBRB � dCCRC ¼ 0
ð2:35Þ

where dBC, for example, denotes the deflection at B due to a unit load at C in the direction of RC.

Solution of Equations 2.35 gives the redundant reactions RB and RC.
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EXAMPLE 2.5

Determine the reactions for the beam shown in Figure 2.28 and draw its shear force and bending

moment diagrams.

It can be seen from the figure that there are three reactions, namely, MA, RA, and RC, one more than

that required for a stable structure. The reaction RC can be removed to make the structure determinate.

We know that the deflection at support C of the beam is zero. One can determine the deflection dCP at

C due to the applied load on the cantilever in Figure 2.28b. In the same way the deflection dCR at C due

to the redundant reaction on the cantilever (Figure 2.28c) can be determined. The compatibility

equation gives

dCP � dCR ¼ 0

By moment area method,

dCP ¼
20

EI
� 2� 1þ 1

2
� 20

EI
� 2� 2

3
� 2þ 40

EI
� 2� 3þ 1

2
� 60

EI
� 2� 2

3
� 2þ 2

� �
¼ 1520

3EI

dCR ¼
1

2
� 4RC

EI
� 4� 2

3
� 4 ¼ 64RC

3EI

Substituting for dCP and dCR in the compatibility equation, one obtains

1520

3EI
� 64RC

3EI
¼ 0

from which

RC ¼ 23:75 kN"

A B C

∆CP∆BP

W1 W2

RB

∆CB

∆BB
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∆BC

∆CC

RCRBRA

MA
A B

C

W1 W2

L/2 L/2

(a)

(b)

(c)

(d)

(e)

FIGURE 2.27 Beam with two redundant reactions.
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By using statical equilibrium equations we get

RA ¼ 6:25 kN"

and

MA ¼ 5 kN m

The shear force and bending moment diagrams are shown in Figure 2.28d.

1. Solutions to fix-based portal frames subjected to various types of loading. Figure 2.29 shows the

bending moment diagram and reaction forces of fix-based portal frames subjected to loading

typically encountered in practice. Closed form solutions are provided for moments and end forces

to facilitate a quick solution to the simple frame problem.

2. Solutions to pin-based portal frames subjected to various types of loading. Figure 2.30 shows the

bending moment diagram and reaction forces of pin-based portal frames subjected to loading

typically encountered in practice. Closed form solutions are provided for moments and end forces

to facilitate a quick solution to the simple frame problem.
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FIGURE 2.28 Example 2.5.
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FIGURE 2.29 Rigid frames with fixed supports.
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FIGURE 2.30 Rigid frames with pinned supports.
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2.5 Plates

2.5.1 Bending of Thin Plates

A plate whose thickness is small compared to the other dimensions is called a thin plate. The plane

parallel to the faces of the plate and bisecting the thickness of the plate, in the undeformed state, is called

the middle plane of the plate. When the deflection of the middle plane is small compared with the

thickness h, it can be assumed that

1. There is no deformation in the middle plane.

2. The normals of the middle plane before bending are deformed into the normals of the middle

plane after bending.

3. The normal stresses in the direction transverse to the plate can be neglected.

Based on these assumptions, all stress components can be expressed by deflection w of the plate. w is a

function of the two coordinates (x, y) in the plane of the plate. This function has to satisfy a linear partial

differential equation, which, together with the boundary conditions, completely defines w.

Figure 2.31a shows a plate element cut from a plate whose middle plane coincides with the xy plane.

The middle plane of the plate subjected to a lateral load of intensity q is shown in Figure 2.31b. It can be

shown, by considering the equilibrium of the plate element, that the stress resultants are

Mx ¼ �D
q2w

qx2
þ n

q2w

qy2

� �

(a)

(b)

Mxy +
�Mxy

�x
dxMyx +

�Myx

�y
dy

Qy +
�Qy

�y
dy Qx +

�Qx
�x

dx

Mx +
�Mx
�x

dxMy +
�My

�y
dy

dy
dx

Mxy+
�Mxy

�x
dx

Myx+
�Myx

�y
dy

Mx+
�Mx
�x

dx

My +
�My

�y
dy

Mxy

MyxMx

My

Qx

Qy

Qy +
�Qy

�y
dy

Qx +
�Qx

�x
dx

y
z

x

FIGURE 2.31 (a) Plate element and (b) stress resultants.
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My ¼ �D
q2w

qy2
þ n

q2w

qx2

� �
ð2:36Þ

Mxy ¼ �Myx ¼ Dð1� nÞ q
2w

qx qy

Vy ¼
q3w

qy3
þ ð2� nÞ q3w

qy qx2
ð2:37Þ

Vx ¼
q3w

qx3
þ ð2� nÞ q3w

qx qy2
ð2:38Þ

Qy ¼ �D
q
qy

q2w

qx2
þ q2w

qy2

� �
ð2:39Þ

R ¼ 2Dð1� nÞ q
2w

qx qy
ð2:40Þ

where

Mx, My ¼ bending moments per unit length in the x and y directions, respectively

Mxy, Myx¼ twisting moments per unit length

Qx, Qy ¼ shearing forces per unit length in the x and y directions, respectively

Vx, Vy ¼ supplementary shear forces in the x and y directions, respectively

R ¼ corner force

D ¼ Eh3/(12(1� n2)), flexural rigidity of the plate per unit length

n ¼ Poisson’s ratio

The governing equation for the plate is obtained as

q4w

qx4
þ 2

q4w

qx2 qy2
þ q4w

qy4
¼ q

D
ð2:41Þ

Any plate problem should satisfy the governing Equation 2.41 and boundary conditions of the plate.

2.5.2 Boundary Conditions

There are three basic boundary conditions for plates. These are the clamped edge, simply supported

edge, and free edge.

2.5.2.1 Clamped Edge

For this boundary condition, the edge is restrained such that the deflection and slope are zero along the

edge. If we consider the edge x¼ a to be clamped, we have

ðwÞx¼a ¼ 0,
qw

qx

� �
x¼a

¼ 0 ð2:42Þ

2.5.2.2 Simply Supported Edge

If the edge x¼ a of the plate is simply supported, the deflection w along this edge must be zero. At the

same time this edge can rotate freely with respect to the edge line. This means that

ðwÞx¼a ¼ 0,
q2w

qx2

� �
x¼a

¼ 0 ð2:43Þ
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2.5.2.3 Free Edge

If the edge x¼ a of the plate is entirely free, there are no bending and twisting moments and also vertical

shearing forces. This can be written in terms of w, the deflection, as

q2w

qx2
þ n

q2w

qy2

� �
x¼a

¼ 0

q3w

qx3
þ ð2� nÞ q3w

qx qy2

� �
x¼a

¼ 0

ð2:44Þ

2.5.3 Bending of Rectangular Plates

A plate bending problem may be solved by referring to the differential Equation 2.41. The solution,

however, depends on the loading and boundary conditions. Consider a simply supported plate subjected

to a sinusoidal loading as shown in Figure 2.32. The differential Equation 2.41 in this case becomes

q4w

qx4
þ 2

q4w

qx2 qy2
þ q4w

qy4
¼ q0

D
sin

px

a
sin

py

b
ð2:45Þ

The boundary conditions for the simply supported edges are

w ¼ 0,
q2w

qx2
¼ 0, for x ¼ 0 and x ¼ a

w ¼ 0,
q2w

qy2
¼ 0, for y ¼ 0 and y ¼ b

ð2:46Þ

The deflection function becomes

w ¼ w0 sin
px

a
sin

py

b
ð2:47Þ

which satisfies the boundary conditions in Equations 2.46. w0 must be chosen to satisfy Equation 2.45.

Substitution of Equation 2.47 into Equation 2.45 gives

p4 1

a2
þ 1

b2

� �2

w0 ¼
q0

D

The deflection surface for the plate can, therefore, be found to be

w ¼ q0

p4Dðð1=a2Þ þ ð1=b2ÞÞ sin
px

a
sin

py

b
ð2:48Þ

y
z

b

a

q0

q0 sin �x
a

�y
b

sin

x

FIGURE 2.32 Rectangular plate under sinusoidal loading.
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Using Equations 2.48 and 2.36 we find expression for moments as

Mx ¼
q0

p2ðð1=a2Þ þ ð1=b2ÞÞ2
1

a2
þ n

b2

� �
sin

px

a
sin

py

b

My ¼
q0

p2ðð1=a2Þ þ ð1=b2ÞÞ2
n
a2
þ 1

b2

� �
sin

px

a
sin

py

b

Mxy ¼
q0ð1� nÞ

p2ðð1=a2Þ þ ð1=b2ÞÞ2ab
cos

px

a
cos

py

b

ð2:49Þ

Maximum deflection and maximum bending moments that occur at the center of the plate can be

written by substituting x¼ a/2 and y¼ b/2 in Equations 2.49 as

wmax ¼
q0

p4Dðð1=a2Þ þ ð1=b2ÞÞ2

ðMxÞmax ¼
q0

p2ðð1=a2Þ þ ð1=b2ÞÞ2
1

a2
þ n

b2

� �

ðMyÞmax ¼
q0

p2ðð1=a2Þ þ ð1=b2ÞÞ2
n
a2
þ 1

b2

� �
ð2:50Þ

If the plate is square, then a¼ b and Equations 2.50 become

wmax ¼
q0a4

4p4D

ðMxÞmax ¼ ðMyÞmax ¼
ð1þ nÞ

4p2
q0a2

ð2:51Þ

If the simply supported rectangular plate is subjected to any kind of loading given by

q ¼ qðx, yÞ ð2:52Þ

the function q(x, y) should be represented in the form of a double trigonometric series as

qðx, yÞ ¼
X1
m¼1

X1
n¼1

qmn sin
mpx

a
sin

npy

b
ð2:53Þ

where qmn is given by

qmn ¼
4

ab

Z a

0

Z b

0

qðx, yÞ sin
mpx

a
sin

npy

b
dx dy ð2:54Þ

From Equations 2.45 and 2.52 to 2.54 we can obtain the expression for deflection as

w ¼ 1

p4D

X1
m¼1

X1
n¼1

qmn

ððm2=a2Þ þ ðn2=b2ÞÞ2
sin

mpx

a
sin

npy

b
ð2:55Þ

If the applied load is uniformly distributed with intensity q0, we have

qðx, yÞ ¼ q0

and from Equation 2.54 we obtain

qmn ¼
4q0

ab

Z a

0

Z b

0

sin
mpx

a
sin

npy

b
dx dy ¼ 16q0

p2mn
ð2:56Þ
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where m and n are odd integers. qmn¼ 0 if m or n or both are even numbers. Finally, the deflection of

a simply supported plate subjected to uniformly distributed load can be expressed as

w ¼ 16q0

p6D

X1
m¼1

X1
n¼1

sinðmpx=aÞ sinðnpy=bÞ
mnððm2=a2Þ þ ðn2=b2ÞÞ2

ð2:57Þ

where m¼ 1, 3, 5, . . . and n¼ 1, 3, 5, . . . .

The maximum deflection occurs at the center. Its magnitude can be evaluated by substituting x¼ a/2

and y¼ b/2 in Equation 2.57 as

wmax ¼
16q0

p6D

X1
m¼1

X1
n¼1

ð�1ÞðmþnÞ=2�1

mnððm2=a2Þ þ ðn2=b2ÞÞ2
ð2:58Þ

Equation 2.58 is a rapid converging series. A satisfactory approximation can be obtained by taking only

the first term of the series; for example, in the case of a square plate,

wmax ¼
4q0a4

p6D
¼ 0:00416

q0a4

D

Assuming n¼ 0.3, the maximum deflection can be calculated as

wmax ¼ 0:0454
q0a4

Eh3

The expressions for bending and twisting moments can be obtained by substituting Equation 2.57 into

Equations 2.36. Figure 2.33 shows some loading cases and the corresponding loading functions.

If the opposite edges at x¼ 0 and x¼ a of a rectangular plate are simply supported, the solution taking

the deflection function as

w ¼
X1
m¼1

Ym sin
mpx

a
ð2:59Þ

can be adopted. Equation 2.59 satisfies the boundary conditions w¼ 0 and q2w/qx2¼ 0 on the two

simply supported edges. Ym should be determined such that it satisfies the boundary conditions along

the edges y¼�(b/2) of the plate shown in Figure 2.34 and also the equation of the deflection surface

q4w

qx4
þ 2

q4w

qx2qy2
þ q4w

qy4
¼ q0

D
ð2:60Þ

q0 being the intensity of uniformly distributed load.

The solution for Equation 2.60 can be taken in the form

w ¼ w1 þ w2 ð2:61Þ

for a uniformly loaded simply supported plate. w1 can be taken in the form

w1 ¼
q0

24D
ðx4 � 2ax3 þ a3xÞ ð2:62Þ

representing the deflection of a uniformly loaded strip parallel to the x axis. It satisfies Equation 2.60 and

also the boundary conditions along x¼ 0 and x¼ a.

The expression w2 has to satisfy the equation

q4w2

qx4
þ 2

q4w2

qx2qy2
þ q4w2

qy4
¼ 0 ð2:63Þ
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Z,w

Z,w

Z,w

Z,w
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Y

Y

X

X

X

b

b
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q0

q0

q0

a

a

a

a

X

b

Y

d/2

d/2

c/2
c/2

�

�

P
	

	

qmn =
16q0

�2mn
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qmn =
– 8q0 cos m�

�2mn

(m, n = 1, 3, 5, ...)

(m, n = 1, 2, 3, ...)

qmn =
4q0

ab
m��

a
sin n�	

b
sin

(m, n = 1, 3, 5, ...)

Pmn =
16q0

�2mn
m��

a
sin n�	

b
sin

m�c
2a

× sin n�d
2b

sin

No.
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q(x, y) = ∑∑qmn sin m�x
a

n�y
b

sin
m n

Expansion coefficients
qmn

1

2

3

4

Z,w

X

b
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5

a/2
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Y
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8q0

�2mn
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qmn =
16q0
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Z,w

X

q06
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(m, n = 1, 2, 3, ...)
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4q0
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FIGURE 2.33 Typical loading on plates and loading functions.
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and must be chosen such that Equation 2.61 satisfies all boundary conditions of the plate.

Taking w2 in the form of series given in Equation 2.59 it can be shown that the deflection surface takes

the form

w ¼ q0

24D
ðx4 � 2ax3 þ a3xÞ

þ q0a4

24D

X1
m¼1

Am cos h
mpy

a
þ Bm

mpy

a
sin h

mpy

a
þ Cm sin h

mpy

a

	

þDm

mpy

a
cos h

mpy

a



sin

mpx

a
ð2:64Þ

Observing that the deflection surface of the plate is symmetrical with respect to the x axis we

keep in Equation 2.65 only the even function of y ; therefore, Cm¼Dm¼ 0. The deflection surface takes

the form

w ¼ q0

24D
ðx4 � 2ax3 þ a3xÞ

þ q0a4

24D

X1
m¼1

Am cos h
mpy

a
þ Bm

mpy

a
sin h

mpy

a

	 

sin

mpx

a
ð2:65Þ

Developing the expression in Equation 2.62 into a trigonometric series, the deflection surface in

Equation 2.65 is written as

w ¼ q0a4

D

X1
m¼1

4

p5m5
þ Am cos h

mpy

a
þ Bm

mpy

a
sin

mpy

a

� �
sin

mpx

a
ð2:66Þ

b/2

b/2

a

x

y

FIGURE 2.34 Rectangular plate.
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Substituting Equation 2.66 in the boundary conditions

w ¼ 0,
q2w

qy2
¼ 0 ð2:67Þ

one obtains the constants of integration Am and Bm and the expression for deflection may be written as

w ¼ 4q0a4

p5D

X1
m¼1, 3, 5, ...

1

m5
1� am tan h am þ 2

2 cos h am

cos h
2amy

b

�

þ am

2 cos h am

2y

b
sin h

2amy

b

�
sin

mpx

a
ð2:68Þ

where am¼ (mpb)/2a. Maximum deflection occurs at the middle of the plate, x¼ a/2, y¼ 0, and is

given by

wmax ¼
4q0a4

p5D

X1
m¼1,3,5, ...

ð�1Þððm�1Þ=2Þ

m5
1� am tan h am þ 2

2 cos h am

� �
ð2:69Þ

Solution of plates with arbitrary boundary conditions is complicated. It is possible to make some

simplifying assumptions for plates with the same boundary conditions along two parallel edges to obtain

the desired solution. Alternatively, energy method can be applied more efficiently to solve plates with

complex boundary conditions. However, it should be noted that the accuracy of results depends on the

deflection function chosen. These functions must be so chosen that they satisfy at least the kinematics

boundary conditions.

Figure 2.35 gives the formulas for deflection and bending moments of rectangular plates with typical

boundary and loading conditions.

2.5.4 Bending of Circular Plates

In the case of a symmetrically loaded circular plate, the loading is distributed symmetrically about the

axis perpendicular to the plate through its center. In such cases, the deflection surface to which the

middle plane of the plate is bent will also be symmetrical. The solution of circular plates can be

conveniently carried out by using polar coordinates.

Stress resultants in a circular plate element are shown in Figure 2.36. The governing differential

equation is expressed in polar coordinates as

1

r

d

dr
r

d

dr

1

r

d

dr
r

dw

dr

� �� �� 
¼ q

D
ð2:70Þ

where q is the intensity of loading.

In the case of a uniformly loaded circular plate Equation 2.70 can be integrated successively and the

deflection at any point at a distance r from the center can be expressed as

w ¼ q0r4

64D
þ C1r2

4
þ C2 log

r

a
þ C3 ð2:71Þ

where q0 is the intensity of loading and a is the radius of the plate. C1, C2, and C3 are constants of

integration to be determined using the boundary conditions.

For a plate with clamped edges under uniformly distributed load q0 the deflection surface reduces to

w ¼ q0

64D
ða2 � r2Þ2 ð2:72Þ

The maximum deflection occurs at the center where r¼ 0 and is given by

w ¼ q0a4

64D
ð2:73Þ
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Bending moments in the radial and tangential directions are given by

Mr ¼
q0

16
½a2ð1þ nÞ � r2ð3þ nÞ�

Mt ¼
q0

16
½a2ð1þ nÞ � r2ð1þ 3nÞ�

ð2:74Þ

respectively.

Case
no.

Structural system and static
loading

Deflection and intensity

q0

X

Z,w
0 X

b

Y

a

q0

q0

b/2

aY

b/2
X

X

A

A

A–A

Z

Small

�
0

q0

Z,w

Y

X

X

A–A

c/2 c/2
c	

�

a

d

A 0

b

Z,w

X

	

�

Y
a

0
X

b

P

P

w =
16q0

�6D
∑∑
m n

sin m�x
a sin n�y

b

mn m2

a2
n2

b2+

16q0a2

�4 ∑∑
m n

mx =

sin m�x
a

sin n�y
b

m2 + v n2


2

n2


2

m2 + n2


2
mn

16q0

D�6 ∑∑
m n

w =
sin m�c

b
sin

m��
a

sin n�	
b

sin n�d
2b

+ n2

b2
m2

a2
mn

16q0a2

�4 ∑∑
m n

my =

sin m�x
a

sin n�y
b

    +vm2

m2 + n2 2

2

2


2
mn


 = b
a

    m = 1, 3, 5, ..., ∞    n = 1, 3, 5, ..., ∞

a4

D�4

Pm

m4m–1
w = 1 –∑

2 + �m tan h �m cos �my
2 cos h �m

�my sin h �my
2 cos h �m

+ sin �mx

where

Pm = 2q0
a sin

m��
a

m = 1, 2, 3, ...

�m = m�
a

�m = m�b
2a

× sin m�x
a sin n�y

b
m = 1, 2, 3,...    n = 1, 2, 3,...

m = 1, 2, 3,...    n = 1, 2, 3,...

n

4P
D�4ab m

w = ∑∑
sin m�x

a
sin

m��
a

sinn�	
b

sin n�y
b

+ n2

b2a2
m2 2

1

2

3

4

∞

FIGURE 2.35 Typical loading and boundary conditions for rectangular plates.
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The method of superposition can be applied in calculating the deflections for circular plates with

simply supported edges. The expressions for deflection and bending moment are given as follows:

w ¼ q0ða2 � r2Þ
64D

5þ n
1þ n

a2 � r2

� �

wmax ¼
5þ n

64ð1þ nÞ
q0a4

D

ð2:75Þ

Mr ¼
q0

16
ð3þ nÞða2 � r2Þ

Mt ¼
q0

16
½a2ð3þ nÞ � r2ð1þ 3nÞ�

ð2:76Þ

This solution can be used to deal with plates with a circular hole at the center and subjected to concentric

moment and shearing forces. Plates subjected to concentric loading and concentrated loading also can be

solved by this method. More rigorous solutions are available to deal with irregular loading on circular

plates. Once again, the energy method can be employed advantageously to solve circular plate problems.

Figure 2.37 gives deflection and bending moment expressions for typical cases of loading and boundary

conditions on circular plates.

X
X

r0

0

r

 y

Y

Middle surface(b)

(a)

mr

m

q

h/2

h/2

mr +
�mr

�r
dr

mr +
�mr

�r
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m+
�m

�
d

mr+
�mr

�
d

q+
�q

�
d

qr +
�qr

�r
dr

mr

Z,w(r,)

mr



d
r�, = 00

r
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qr

pz dr r d

FIGURE 2.36 (a) Circular plate and (b) stress resultants.
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q0

q0

q0

r

2r0

2r0

r

2r0

q = q0(1–�)

P

r0 r0

2r0

1

2

3

4

Case
no.

Structural system and static loading Deflection and internal forces

w =
q0r0

4

64D(1+�)
[2(3 + �)C1 – (1 +�)C0]

mr =
q0r0

2

16
(3 +�)C1

[2(1 –�) – (1 +3�)C1]me =
q0r0

2

16

qr =
q0r0

2
�

� = r
r0

C0 = 1 – �4

C1 = 1 – �2

[

[ ]

]

w =
q0r0

4

14,400D [ ]3(183 + 43�) 10(71 + 29�)
–

1 + � 1 +�
�2 + 225�4 – 64�5

w =
P0r0

2

16�D

3+�
1 + � C1 + 2C2

[ ]w =
q0r0

4

450D
3(6+�) 5(4+�)

–
1 + � 1 +�

�2 + 2�5

(mr)� = 0 = (m)� = 0 =
q0r0

4

720
(71 + 29�)

(mr)� = 0 = (m)� = 0 =
q0r0

2

45
(4+�)

� = r
r0

(qr)� =1= –
q0r0

6

� = r
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(qr)� =1= – q0r0
3

mr = P
4�

(1 + �)C3

qr = P
2�r0�

� = r
r0

m= P
4�

(1–�) – (1+�)C3

C1 = 1 – �2

C3 = ln�

C2 = �2ln�

w  =
Mr0

2

2D(1 + �)C1

mr = m= M

qr = 0

C1 = 1 – �2,   � = r
r0

w  =
q0r0

4

64D
(1 – �2)2

mr =
q0r0

2

16
[1 + � – (3 + �)�2]
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q0r0

2

16
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2
�
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FIGURE 2.37 Typical loading and boundary conditions for circular plates.
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2.5.5 Strain Energy of Simple Plates

The strain energy expression for a simple rectangular plate is given by

U ¼ D

2

Z Z
area

(
q2w

qx2
þ q2w

qy2

� �2

� 2ð1� nÞ q2w

qx2

q2w

qy2
� q2w

qx qy

� �2
" #)

dx dy

ð2:77Þ

A suitable deflection function w(x, y) satisfying the boundary conditions of the given plate may be

chosen. The strain energy U and the work done by the given load, q(x, y),

W ¼ �
Z Z

area

qðx, yÞwðx, yÞ dx dy

can be calculated. The total potential energy is, therefore, given as V¼UþW. Minimizing the total

potential energy the plate problem can be solved:

q2w

qx2

q2w

qy2
� q2w

qx qy

� �2
" #

The term 18 is known as the Gaussian curvature.

Case
no.

Structural system and static loading Deflection and internal forces

q0

2r0

q = q0(1–�)

q = �q0

r0
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4

14,400D
(129 – 290�2 + 225�4– 64�5)

w =
q0r0

4

450D
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(1–�2 + 2�2 ln�)w =
Pr0

2

16�D
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29q0r0

2
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(mr)� =1 = (m)� =1 = –
7q0r0

2
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6

m=
q0r0

2

45
[1 + � – (1 + 4�)�3]
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q0r0

2

45
[1 + � – (4 + �)�3] � = r

r0

qr = –
q0r0

3
�2

qr = – P
2�r0�

� = r
r0

mr =–
P
4�

[1 +(1+ �) ln�]

[� + (1 + �) ln�]m= –
P
4�
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9

FIGURE 2.37 Continued.
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If the function w(x, y)¼ f(x)f(y) (product of a function of x only and a function of y only) and w¼ 0 at

the boundary are assumed, then the integral of the Gaussian curvature over the entire plate equals zero.

Under these conditions

U ¼ D

2

Z Z
area

q2w

qx2
þ q2w

qy2

� �2

dx dy ð2:78Þ

If polar coordinates instead of rectangular coordinates are used and axial symmetry of loading and

deformation is assumed, the equation for strain energy, U, takes the form

U ¼ D

2

Z Z
area

q2w

qr2
þ 1

r

qw

qr

� �2

� 2ð1� nÞ
r

qw

qr

q2w

qr2

( )
r dr dy ð2:79Þ

and the work done, W, is written as

W ¼ �
Z Z

area

qwr dr dy ð2:80Þ

Detailed treatment of Plate Theory can be found in Timoshenko and Woinowsky-Krieger (1959).

2.5.6 Plates of Various Shapes and Boundary Conditions

2.5.6.1 Simply Supported Isosceles Triangular Plate Subjected to a Concentrated Load

Plates of shapes other than circular and rectangular are used in some situations. A rigorous solution of

the deflection for a plate with a more complicated shape is likely to be very difficult. Consider, for

example, the bending of an isosceles triangular plate with simply supported edges under concentrated

load P acting at an arbitrary point (Figure 2.38). A solution can be obtained for this plate by considering

a mirror image of the plate as shown in the figure. The deflection of OBC of the square plate is

identical with that of a simply supported triangular plate OBC. The deflection owing to the force P

can be written as

w1 ¼
4Pa2

p4D

X1
m¼1

X1
n¼1

sinðmpx1=aÞ sinðnpy1=aÞ
ðm2 þ n2Þ2

sin
mpx

a
sin

npy

a
ð2:81Þ

Upon substitution of �P for P, (a� y1) for x1 and (a� x1) for y1 in Equation 2.81 we obtain the

deflection due to the force �P at Ai:

w2 ¼ �
4Pa2

p4D

X1
m¼1

X1
n¼1

ð�1Þmþn sinðmpx1=aÞ sinðnpy1=aÞ
ðm2 þ n2Þ2

sin
mpx

a
sin

npy

a
ð2:82Þ

The deflection surface of the triangular plate is then

w ¼ w1 þ w2 ð2:83Þ

2.5.6.2 Equilateral Triangular Plates

The deflection surface of a simply supported plate loaded by uniform moment Mo along its boundary

and the surface of a uniformly loaded membrane, uniformly stretched over the same triangular

boundary, are identical. The deflection surface for such a case can be obtained as

w ¼ Mo

4aD
x3 � 3xy2 � aðx2 þ y2Þ þ 4

27
a3

� �
ð2:84Þ
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If the simply supported plate is subjected to uniform load po the deflection surface takes the form

w ¼ po

64aD
x3 � 3xy2 � aðx2 þ y2Þ þ 4

27
a3

� �
4

9
a2 � x2 � y2

� �
ð2:85Þ

For the equilateral triangular plate (Figure 2.39) subjected to uniform load and supported at the corners,

approximate solutions based on the assumption that the total bending moment along each side of the

triangle vanishes were obtained by Vijakkhna et al. (1973), who derived the equation for deflection

surface as

w ¼ qa4

144ð1� n2ÞD
8

27
ð7þ nÞð2� nÞ � ð7þ nÞð1� nÞ x2

a
þ y2

a2

� ��

�ð5� nÞð1þ nÞ x3

a3
� 3

xy2

a3

� �
þ 9

4
ð1� n2Þ x4

a4
þ 2

x2y2

a4
þ y4

a4

� ��
ð2:86Þ
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FIGURE 2.39 Equilateral triangular plate with coordinate axes.
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FIGURE 2.38 Isosceles triangular plate.
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The errors introduced by the approximate boundary condition, that is, the total bending moment along

each side of the triangle vanishes, are not significant since its influence on the maximum deflection

and stress resultants is small for practical design purposes. The value of the twisting moment on the

edge at the corner given by this solution is found to be exact.

The details of the mathematical treatment may be found in Vijakkhna (1973).

2.5.6.3 Rectangular Plate Supported at the Corners

Approximate solutions for rectangular plates supported at the corners and subjected to uniformly

distributed load were obtained by Lee and Ballesteros (1960). The approximate deflection surface is

given as

w ¼ qa4

48ð1� n2ÞD ð10þ n� n2Þ 1þ b4

a4

� �
� 2ð7n� 1Þ b2

a2
þ 2 ð1þ 5nÞ b2

a2
� ð6þ n� n2Þ

� ��
x

a

þ 2 ð1þ 5nÞ � ð6þ n� n2Þ b2

a2

� �
y2

a2
þ ð2þ n� n2Þ x4 þ y4

a4
� 6ð1þ nÞ x2y2

a4

�
ð2:87Þ

The details of the mathematical treatment may be found in Lee and Ballesteros (1960).

2.5.7 Orthotropic Plates

Plates of anisotropic materials have important applications owing to their exceptionally high bending

stiffness. A nonisotropic or anisotropic material displays direction-dependent properties. Simplest

among them are those in which the material properties differ in two mutually perpendicular directions.

A material so described is orthotropic, for example, wood. A number of manufactured materials are

approximated as orthotropic. Examples include corrugated and rolled metal sheets, fillers in sandwich

plate construction, plywood, fiber reinforced composites, reinforced concrete, and gridwork. The last

example consists of two systems of equally spaced parallel ribs (beams), mutually perpendicular, and

attached rigidly at the points of intersection.

The governing equation for orthotropic plate similar to that of isotropic plate (Equation 2.87) takes

the form

Dx
d4w

dx4
þ 2H

d4w

dx2dy2
þ Dy

d4w

dy4
¼ q ð2:88Þ

where

Dx ¼
h3Ex

12
, Dy ¼

h3Ey

12
, H ¼ Dxy þ 2Gxy , Dxy ¼

h3Exy

12
, Gxy ¼

h3G

12

The expressions for Dx, Dy, Dxy, and Gxy represent the flexural rigidities and the torsional rigidity of an

orthotropic plate, respectively. Ex, Ey, and G are the orthotropic plate moduli. Practical considerations

often lead to assumptions, with regard to material properties, resulting in approximate expressions for

elastic constants. The accuracy of these approximations is generally the most significant factor in the

orthotropic plate problem. Approximate rigidities for some cases that are commonly encountered in

practice are given in Figure 2.40.

General solution procedures applicable to the case of isotropic plates are equally applicable to

orthotropic plates. Deflections and stress resultants can thus be obtained for orthotropic plates of

different shapes with different support and loading conditions. These problems have been researched

extensively and solutions concerning plates of various shapes under different boundary and loading

conditions may be found in Timoshenko and Woinowsky-Krieger (1959), Tsai and Cheron (1968), Lee

et al. (1971), and Shanmugam et al. (1988, 1989).
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2.6 Shells

2.6.1 Stress Resultants in the Shell Element

A thin shell is defined as a shell with a thickness relatively small compared with its other dimensions. The

primary difference between a shell and a plate is that the former has a curvature in the unstressed state,

whereas the latter is assumed to be initially flat. The presence of initial curvature is of little consequence

as far as flexural behavior is concerned. The membrane behavior, however, is affected significantly by

the curvature. Membrane action in a surface is caused by in-plane forces. These forces may be primary
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t
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FIGURE 2.40 Various orthotropic plates.
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forces caused by applied edge loads or edge deformations, or they may be secondary forces resulting

from flexural deformations.

In the case of the flat plates, secondary in-plane forces do not give rise to appreciable membrane action

unless the bending deformations are large. Membrane action due to secondary forces is, therefore, neglected

in small deflection theory. In the case of a shell that has an initial curvature, membrane action caused by

secondary in-plane forces will be significant regardless of the magnitude of the bending deformations.

A plate is likened to a two-dimensional beam and resists transverse loads by two-dimensional bending

and shear. A membrane is likened to a two-dimensional equivalent of the cable and resists loads through

tensile stresses. Imagine a membrane with large deflections (Figure 2.41a), reverse the load and the

membrane, and we have the structural shell (Figure 2.41b), provided that the shell is stable for the type of

load shown. The membrane resists the load through tensile stresses but the ideal thin shell must be

capable of developing both tension and compression.

Consider an infinitely small shell element formed by two pairs of adjacent planes that are normal to the

middle surface of the shell and contain its principal curvatures as shown in Figure 2.42a. The thickness of the

shell is denoted as h. Coordinate axes x and y are taken as tangent at 0 to the lines of principal curvature and

the axis z normal to the middle surface. rx and ry are the principal radii of curvature lying in the xz and yz

planes, respectively. The resultant forces per unit length of the normal sections are given as

Nx ¼
Z h=2

�h=2

sx 1� z

ry

� �
dz, Ny ¼

Z h=2

�h=2

sy 1� z

rx

� �
dz

Nxy ¼
Z h=2

�h=2

txy 1� z

ry

� �
dz, Nyx ¼

Z h=2

�h=2

tyx 1� z

rx

� �
dz ð2:89Þ

Qx ¼
Z h=2

�h=2

txz 1� z

ry

� �
dz, Qy ¼

Z h=2

�h=2

tyz 1� z

rx

� �
dz

The bending and twisting moments per unit length of the normal sections are given by

Mx ¼
Z h=2

�h=2

sxz 1� z

ry

� �
dz, My ¼

Z h=2

�h=2

syz 1� z

rx

� �
dz

Mxy ¼ �
Z h=2

�h=2

txy z 1� z

ry

� �
dz, Myx ¼

Z h=2

�h=2

tyxz 1� z

rx

� �
dz

ð2:90Þ

It is assumed, in bending of the shell, that linear elements as AD and BC (Figure 2.42), which are

normal to the middle surface of the shell, remain straight and become normal to the deformed middle

surface of the shell. If the conditions of a shell are such that bending can be neglected, the problem of

stress analysis is greatly simplified since the resultant moments (Equations 2.90) vanish along with

shearing forces Qx and Qy in Equations 2.89. Thus, the only unknowns are Nx, Ny, and Nxy¼Nyx and

these are called membrane forces.

Reactions

LoadReactions

Load

(a) (b)

FIGURE 2.41 Membranes with large deflection.
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2.6.2 Shells of Revolution

Shells having the form of surfaces of revolution find extensive application in various kinds of containers,

tanks, and domes. Consider an element of a shell cut by two adjacent meridians and two parallel circles

as shown in Figure 2.43. There will be no shearing forces on the sides of the element because of the

symmetry of loading. By considering the equilibrium in the direction of the tangent to the meridian and

z, two equations of equilibrium are written, respectively, as

d

dj
ðNjr0Þ �Nyr1 cosfþ Yr1r0 ¼ 0

Njr0 þ Nyr1 sinjþ Zr1r0 ¼ 0

ð2:91Þ

The forces Ny and Nj can be calculated from Equations 2.91 if the radii r0 and r1 and the components

Y and Z of the intensity of the external load are given.

2.6.3 Spherical Dome

The spherical shell shown in Figure 2.44 is assumed to be subjected to its own weight; the intensity of

the self weight is assumed as a constant value q0 per unit area. Considering an element of the shell at an

angle j, the self weight of the portion of the shell above this element is obtained as

R ¼ 2p
Z f

0

a2q0 sinj dj

¼ 2pa2q0ð1� cosjÞ

Considering the equilibrium of the portion of the shell above the parallel circle defined by the angle j,

we can write

2pr0 Nj sinjþ R ¼ 0 ð2:92Þ

C

x

B
0

0

z
ry

rx

hy

A

(a)

(b) (c)

Nxy
Nyx Ny

Qx
Qy

Nx

0

ds

l1

l2


1   ds

rx

rx

FIGURE 2.42 A shell element.
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Therefore,

Nj ¼ �
aq0ð1� cosjÞ

sin2j
¼ � aq0

1þ cosj

We can write from Equations 2.91

Nj

r1

þ Ny

r2

¼ �Z ð2:93Þ

Substituting for Nj and z¼R into Equation 2.93

Ny ¼ �aq0

1

1þ cosj
� cosj

� �

It is seen that the forces Nj are always negative. There is thus a compression along the meridians that

increases as the angle j increases. The forces Ny are also negative for a small angle j. The stresses as

calculated above will represent the actual stresses in the shell with great accuracy if the supports are of

such a type that the reactions are tangent to meridians as shown in the figure.

N

N�

r1

d�

d



�

y
Y

Z
X

z x

r0

N+
�N
�

d

N�

0

–

(a)

(b)

d

N�r1 cos  d d�

r2
r1

r0

dr0





r2

FIGURE 2.43 An element from shells of revolution — symmetrical loading.

a

r0

�

FIGURE 2.44 Spherical dome.
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2.6.4 Conical Shells

If a force P is applied in the direction of the axis of the cone as shown in Figure 2.45 the stress

distribution is symmetrical and we obtain

Nf ¼ �
P

2p r0 cos a

From Equation 2.93, one obtains Ny¼ 0.

In the case of a conical surface in which the lateral forces are symmetrically distributed, the membrane

stresses can be obtained by using Equations 2.92 and 2.93. The curvature of the meridian in the case of

a cone is zero and hence r1¼1; Equations 2.92 and 2.93 can therefore be written as

Nf ¼ �
R

2p r0 sinf

and

Ny ¼ �r2Z ¼ � Zr0

sinf

If the load distribution is given, Nf and Ny can be calculated independently.

For example, a conical tank filled with a liquid of specific weight g is considered as shown in Figure 2.46

The pressure at any parallel circle mn is

p ¼ �Z ¼ gðd � yÞ

�

�

N� N�

r0

P

FIGURE 2.45 Conical shell.

� �

N� N�
r0

r2
m n

y

d

t s

0

�

FIGURE 2.46 Inverted conical tank.
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For the tank, f¼ aþ (p/2) 19 and r0¼ y tan a. Therefore,

Ny ¼
gðd � yÞy tan a

cos a

Ny is maximum when y¼ d/2 and hence,

ðNyÞmax ¼
g d2 tan a

4 cos a

The term R in the expression for Nf is equal to the weight of the liquid in the conical part mn0 and

the cylindrical part must be as shown in Figure 2.45. Therefore,

R ¼ � 1
3
py3 tan2aþ py2 tan2aðd � yÞ

� �
g

¼ �pgy2ðd � 2
3

yÞ tan2a

Hence,

Nf ¼
gyðd � 2

3
yÞ tan a

2 cos a

Nf is maximum when y¼ 3
4

d and

ðNfÞmax ¼
3

16

d2g tan a
cos a

The horizontal component of Nf is taken by the reinforcing ring provided along the upper edge of the

tank. The vertical components constitute the reactions supporting the tank.

2.6.5 Shells of Revolution Subjected to Unsymmetrical Loading

Consider an element cut from a shell by two adjacent meridians and two parallel circles as shown in

Figure 2.47. In the general cases shear forces Njy¼Nyj and normal forces Nj and Ny will act on the sides of

the element. Projecting the forces on the element in the y direction, we obtain the governing equation as

q
qj
ðNjr0Þ þ

qNyj

qy
r1 � Nyr1 cosjþ Yr1r0 ¼ 0 ð2:94Þ

Similarly, the forces in the x direction can be summed up to give

q
qj
ðr0NjyÞ þ

qNy

qy
r1 þNyjr1 cosjþ Xr0r1 ¼ 0 ð2:95Þ

Since the projection of shearing forces on the z axis vanishes, the third equation is the same as

Equation 2.93. The problem of determining membrane stresses under unsymmetrical loading reduces to

the solution of Equations 2.93 to 2.95 for given values of the components X, Y, and Z of the intensity of

the external load.

2.6.6 Cylindrical Shells

It is assumed that the generator of the shell is horizontal and parallel to the x axis. An element is cut from

the shell by two adjacent generators and two cross-sections perpendicular to the x axis, and its position is

defined by the coordinate x and the angle j. The forces acting on the sides of the element are shown in

Figure 2.48b.

The components of the distributed load over the surface of the element are denoted as X, Y, and Z.

Considering the equilibrium of the element and summing up the forces in the x direction, we obtain

qNx

qx
r dj dx þ qNjx

qj
dj dx þ Xr dj dx ¼ 0
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The corresponding equations of equilibrium in the y and z directions are given, respectively, as

qNxj

qx
r dj dx þ qNj

qj
dj dx þ Yr dj dx ¼ 0

Nj dj dx þ Zr dj dx ¼ 0

The three equations of equilibrium can be simplified and represented in the following form

qNx

qx
þ 1

r

qNxj

qj
¼ �X

qNxj

qx
þ 1

r

qNj

qj
¼ �Y ð2:96Þ

Nj ¼ �Zr
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FIGURE 2.47 An element from shells of revolution — unsymmetrical loading.
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FIGURE 2.48 Membrane forces on a cylindrical shell element.
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In each case we readily find the value of Nj. Substituting this value in the second of the equations, we

then obtain Nxj by integration. Using the value of Nxj thus obtained we find Nx by integrating the first

equation.

2.6.7 Symmetrically Loaded Circular Cylindrical Shells

To establish the equations required for the solution of a symmetrically loaded circular cylinder shell,

we consider an element, as shown in Figure 2.48a and Figure 2.49. From symmetry, the membrane

shearing forces Nxj¼Njx vanish in this case; forces Nj are constant along the circumference.

From symmetry, only the forces Qz do not vanish. Considering the moments acting on the element in

Figure 2.49, from symmetry it can be concluded that the twisting moments Mxj¼Mjx vanish and that

the bending moments Mj are constant along the circumference. Under such conditions of symmetry

three of the six equations of equilibrium of the element are identically satisfied. We have to consider

only the equations obtained by projecting the forces on the x and z axes and by taking the moment of the

forces about the y axis. For example, consider a case in which external forces consist only of a pressure

normal to the surface. The three equations of equilibrium are

dN

dx
a dx dj ¼ 0

dQx

dx
a dx djþ Nj dx djþ Za dx dj ¼ 0

dMx

dx
a dx dj�Qxa dx dj ¼ 0

ð2:97Þ

The first equation indicates that the forces Nx are constant, and they are taken as equal to zero in the

further discussion. If they are different from zero, the deformation and stress corresponding to such

constant forces can be easily calculated and superposed on stresses and deformations produced by lateral

load. The remaining two equations are written in the simplified form

dQx

dx
þ 1

a
Nj ¼ �Z

dMx

dx
� Qx ¼ 0

ð2:98Þ

These two equations contain three unknown quantities: Nj, Qx, and Mx. We need, therefore, to consider

the displacements of points in the middle surface of the shell.

Nx z
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Qx

y

M

Nx +
dNx
dx

dx

Qx +
dQx
dx

dx

Mx +
dMx
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N

N

d

M

a
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FIGURE 2.49 Stress resultants in a cylindrical shell element.
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The component v of the displacement in the circumferential direction vanishes because of symmetry.

Only the components u and w in the x and z directions, respectively, are to be considered. The

expressions for the strain components then become

ex ¼
du

dx
, ej ¼ �

w

a
ð2:99Þ

By Hooke’s law, we obtain

Nx ¼
Eh

1� n2
ðex þ nejÞ ¼

Eh

1� n2

du

dx
� n

w

a

� �
¼ 0

Nj ¼
Eh

1� n2
ðej þ nexÞ ¼

Eh

1� n2
�w

a
þ n

du

dx

� �
¼ 0

ð2:100Þ

From the first of these equation it follows that

du

dx
¼ n

w

a

and the second equation gives

Nj ¼ �
Ehw

a
ð2:101Þ

Considering the bending moments, we conclude from symmetry that there is no change in curvature in

the circumferential direction. The curvature in the x direction is equal to �d2w/dx2. Using the same

equations as for plates, we obtain

Mj ¼ nMx

Mx ¼ �D
d2w

dx2

ð2:102Þ

where

D ¼ Eh3

12ð1� n2Þ

is the flexural rigidity per unit length of the shell.

Eliminating Qx from Equations 2.98 we obtain

d2Mx

dx2
þ 1

a
Nj ¼ �Z

from which, by using Equations 2.101 and 2.102, we obtain

d2

dx2
D

d2w

dx2

� �
þ Eh

a2
w ¼ Z ð2:103Þ

All problems of symmetrical deformation of circular cylindrical shells thus reduce to the integration of

Equation 2.103.

The simplest application of this equation is obtained when the thickness of the shell is constant. Under

such conditions Equation 2.103 becomes

D
d4w

dx4
þ Eh

a2
w ¼ Z
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Using the notation

b4 ¼ Eh

4a2D
¼ 3ð1� n2Þ

a2h2
ð2:104Þ

Equation 2.104 can be represented in the simplified form

d4w

dx4
þ 4b4w ¼ Z

D
ð2:105Þ

The general solution of this equation is

w ¼ ebxðC1 cos bx þ C2 sin bxÞ þ e�bxðC3 cosbx þ C4 sin bxÞ þ f ðxÞ ð2:106Þ

Detailed treatment of shell theory can be obtained from Timoshenko and Woinowsky-Krieger

(1959).

2.7 Influence Lines

Bridges, industrial buildings with traveling cranes, and frames supporting conveyer belts are often

subjected to moving loads. Each member of these structures must be designed for the most severe

conditions that can possibly be developed in that member. Live loads should be placed at the positions

where they will produce these severe conditions. The critical positions for placing live loads will not be

the same for every member. On some occasions it is possible by inspection to determine where to place

the loads to give the most critical forces, but on many other occasions it is necessary to resort to certain

criteria to find the locations. The most useful of these methods is the influence line.

An influence line for a particular response, such as reaction, shear force, bending moment, and axial force,

is defined as a diagram, the ordinate to which at any point equals the value of that response attributable to

a unit load acting at that point on the structure. Influence lines provide a systematic procedure for

determining how the force in a given part of a structure varies as the applied load moves about on the

structure. Influence lines of responses of statically determinate structures consist only of straight lines

whereas they are curves for statically indeterminate structures. They are primarily used to determine where

to place live loads to cause maximum force and to compute the magnitude of those forces. Knowledge of

influence lines helps one to study the structural response under different moving load conditions.

2.7.1 Influence Lines for Shear in Simple Beams

Figure 2.50 shows influence lines for shear at two sections of a simply supported beam. It is assumed that

positive shear occurs when the sum of the transverse forces to the left of a section is in the upward

direction or when the sum of the forces to the right of the section is in the downward direction. A unit

force is placed at various locations and the shear force at sections 1–1 and 2–2 are obtained for each

position of the unit load. These values give the ordinate of influence line with which the influence

line diagrams for shear force at sections 1–1 and 2–2 can be constructed. Note that the slope of the

influence line for shear on the left of the section is equal to the slope of the influence line on the right

of the section. This information is useful in drawing the shear force influence line in other cases.

2.7.2 Influence Lines for Bending Moment in Simple Beams

Influence lines for bending moment at the same sections 1–1 and 2–2 of the simple beam considered in

Figure 2.50 are plotted as shown in Figure 2.51. For a section, when the sum of the moments of all the

forces to the left is clockwise or when the sum to the right is counterclockwise, the moment is taken as

positive. The values of bending moment at sections 1–1 and 2–2 are obtained for various positions of

unit load and plotted as shown in the figure.
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It should be understood that a shear or bending moment diagram shows the variation of shear or

moment across an entire structure for loads fixed in one position. On the other hand, an influence line

for shear or moment shows the variation of that response at one particular section in the structure

caused by the movement of a unit load from one end of the structure to the other.

Influence lines can be used to obtain the value of a particular response for which it is drawn when the

beam is subjected to any particular type of loading. If, for example, a uniform load of intensity q0 per unit

length is acting over the entire length of the simple beam shown in Figure 2.50, the shear force at section 1–1

is given by the product of the load intensity, q0, and the net area under the influence line diagram. The net

area is equal to 0.3 and the shear force at section 1–1 is therefore equal to 0.3q0. In the same way, the

bending moment at the section can be found as the area of the corresponding influence line diagram times

the intensity of loading, q0. The bending moment at the section is equal to 0.08q0l 2.

2.7.3 Influence Lines for Trusses

Influence lines for support reactions and member forces may be constructed in the same manner as those

for various beam functions. They are useful to determine the maximum load that can be applied to the

truss. The unit load moves across the truss, and the ordinates for the responses under consideration may

be computed for the load at each panel point. Member force, in most cases, need not be calculated for

l/5
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l
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+
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FIGURE 2.50 Influence line for shear force.
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FIGURE 2.51 Influence line for bending moment.

Structural Analysis 2-63

Copyright 2005 by CRC Press



every panel point, because certain portions of influence lines can readily be seen to consist of straight

lines for several panels. One method used for calculating the forces in a chord member of a truss is by the

method of sections discussed earlier.

The truss shown in Figure 2.52 is considered for illustrating the construction of influence lines for

trusses.

The member forces in U1U2, L1L2, and U1L2 are determined by passing a section 1–1 and considering

the equilibrium of the free-body diagram of one of the truss segments. Unit load is placed at L1 first and

the force in U1U2 is obtained by taking the moment about L2 of all the forces acting on the right-hand

segment of the truss and dividing the resulting moment by the lever arm (the perpendicular distance of the

force in U1U2 from L2). The value thus obtained gives the ordinate of the influence diagram at L1 in

the truss. The ordinate at L2 obtained similarly represents the force in U1U2 for unit load placed at L2. The

influence line can be completed with two other points, one at each of the supports. The force in the member

L1L2 due to unit load placed at L1 and L2 can be obtained in the same manner and the corresponding

influence line diagram can be completed. By considering the horizontal component of force in the diagonal

of the panel the influence line for force in U1L2 can be constructed. Figure 2.52 shows the respective

influence diagram for member forces in U1U2, L1L2, and U1L2. Influence line ordinates for the force in a

chord member of a ‘‘curved-chord’’ truss may be determined by passing a vertical section through the

panel and taking moments at the intersection of the diagonal and the other chord.

2.7.4 Qualitative Influence Lines

One of the most effective methods of obtaining influence lines is the use of Müller-Breslau’s principle,

which states that the ordinates of the influence line for any response in a structure are equal to those of

the deflection curve obtaining by releasing the restraint corresponding to this response and introducing

a corresponding unit displacement in the remaining structure. In this way, the shape of the influence

lines for both statically determinate and indeterminate structures can be easily obtained, especially for

beams.

U1
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FIGURE 2.52 Influence line for truss.
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To draw the influence lines of

1. Support reaction. Remove the support and introduce a unit displacement in the direction of the

corresponding reaction to the remaining structure as shown in Figure 2.53 for a symmetrical

overhang beam.

2. Shear. Make a cut at the section and introduce a unit relative translation (in the direction of

positive shear) without relative rotation of the two ends at the section as shown in Figure 2.54.

3. Bending moment. Introduce a hinge at the section (releasing the bending moment) and apply

bending (in the direction corresponding to positive moment) to produce a unit relative rotation

of the two beam ends at the hinged section as shown in Figure 2.55.

2.7.5 Influence Lines for Continuous Beams

Using Müller-Breslau’s principle, the shape of the influence line of any response of a continuous

beam can be sketched easily. One of the methods for beam deflection can then be used for determining

the ordinates of the influence line at critical points. Figure 2.56 to Figure 2.58 show the influence lines

of the bending moment at various points of two-, three-, and four-span continuous beams.

2.8 Energy Methods

Energy methods are a powerful tool in obtaining numerical solutions of statically indeterminate problems.

The basic quantity required is the strain energy, or work stored due to deformations, of the structure.

2.8.1 Strain Energy Due to Uniaxial Stress

In an axially loaded bar with constant cross-section, the applied load causes normal stress sy as shown

in Figure 2.59. The tensile stress sy increases from 0 to a value sy as the load is gradually applied.

The original, unstrained position of any section such as C–C will be displaced by an amount dv.

0.5 0.5

FIGURE 2.55 Influence line for midspan bending moment.

0.5

0.5

FIGURE 2.54 Influence line for midspan shear force.

1.0

FIGURE 2.53 Influence line for support reaction.
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A section D–D located a differential length below C–C will be displaced by an amount v þ ðqv=qyÞ dy.

As sy varies with the applied load, from 0 to sy, the work done by the forces external to the element can

be shown to be

dV ¼ 1

2E
s2

yA dy ¼ 1

2
syeyA dy ð2:107Þ

where A is the area of cross-section of the bar and ey is the strain in the direction of sy.

0 1 2 3 4 5
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FIGURE 2.56 Influence line for bending moments — two-span beam.
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FIGURE 2.57 Influence line for bending moment — three-span beam.
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FIGURE 2.58 Influence line for bending moment — four-span beam.
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2.8.2 Strain Energy in Bending

It can be shown that the strain energy of a differential volume dx dy dz stressed in tension or compression

in the x direction only by a normal stress sx will be

dV ¼ 1

2E
s2

x dx dy dz ¼ 1

2
sxex dx dy dz ð2:108Þ

When sx is the bending stress given by sx ¼ ðMyÞ=I (see Figure 2.60), then dV ¼
ð1=2EÞðM2y2Þ=I2 dx dy dz, where I is the moment of inertia of the cross-sectional area about the neutral

axis.

The total strain energy of bending of a beam is obtained as

V ¼
Z Z Z

volume

1

2E

M2

I2
y2 dz dy dx

where

I ¼
Z Z

area

y2dz dy

Therefore,

V ¼
Z

length

M2

2EI
dx ð2:109Þ

2.8.3 Strain Energy in Shear

Figure 2.61 shows an element of volume dx dy dz subjected to shear stress txy and tyx . For static

equilibrium, it can readily be shown that

txy ¼ tyx

The shear strain, g, is defined as AB/AC. For small deformations, it follows that

gxy ¼
AB

AC

Hence, the angle of deformation gxy is a measure of the shear strain. The strain energy for this differential

volume is obtained as

dV ¼ 1
2
ðtxy dz dxÞgxy dy ¼ 1

2
txygxy dx dy dz ð2:110Þ

Hooke’s Law for shear stress and strain is

gxy ¼
txy

G
ð2:111Þ

L
C
D

C

C C
C� C�

D� D�
DD D

dy

dyy

y

A

P

P
v

v+ !v
!y

dy

�y = 0

�y = 0

�y ≠ 0

�y ≠ 0

(a) (b) (c)

FIGURE 2.59 Axially loaded bar.
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where G is the shear modulus of elasticity of the material. The expression for strain energy in shear

reduces to

dV ¼ 1

2G
t2

xy dx dy dz ð2:112Þ

2.8.4 Energy Relations in Structural Analysis

The energy relations or laws such as (i) Law of Conservation of Energy, (ii) Theorem of Virtual Work,

(iii) Theorem of Minimum Potential Energy, and (iv) Theorem of Complementary Energy are of fun-

damental importance in structural engineering and are used in various ways in structural analysis.

2.8.4.1 The Law of Conservation of Energy

The Law of Conservation of Energy states that ‘‘if a structure and the external loads acting on it are isolated

so that these neither receive nor give out energy, then the total energy of this system remains constant.’’

A typical application of the Law of Conservation of Energy can be made by referring to Figure 2.62,

which shows a cantilever beam of constant cross-sections subjected to a concentrated load at its end. If

only bending strain energy is considered,

external work ¼ internal work

Pd
2
¼
Z L

0

M2

2EI
dx

Substituting M¼ �Px and integrating along the length gives

d ¼ PL3

3EI
ð2:113Þ

x dx
L

p(x)

y

x y

dydz

y

z

CG
z

(a) (b)

FIGURE 2.60 Beam under arbitrary bending load.

Yxy

Yxy dy

� yx
=
� xy

� yx
=
� xy

�xy

�xy

dy

X

Y

A B

C
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FIGURE 2.61 Shear loading.
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2.8.4.2 The Theorem of Virtual Work

The Theorem of Virtual Work can be derived by considering the beam shown in Figure 2.63. The full

curved line represents the equilibrium position of the beam under the given loads. Assume the beam to

be given an additional small deformation consistent with the boundary conditions. This is called a

virtual deformation and corresponds to increments of deflection Dy1, Dy2, . . . , Dyn at loads P1, P2, . . . ,

Pn as shown by the dashed line.

The change in potential energy of the loads is given by

DðPEÞ ¼
Xn

i¼1

PiDyi ð2:114Þ

By the Law of Conservation of Energy this must be equal to the internal strain energy stored in the beam.

Hence, we may state the Theorem of Virtual Work as: ‘‘if a body in equilibrium under the action of a

system of external loads is given any small (virtual) deformation, then the work done by the external

loads during this deformation is equal to the increase in internal strain energy stored in the body.’’

2.8.4.3 The Theorem of Minimum Potential Energy

Let us consider the beam shown in Figure 2.64. The beam is in equilibrium under the action of loads, P1,

P2, P3, . . . , Pi, . . . , Pn. The curve ACB defines the equilibrium positions of the loads and reactions. Now

apply by some means an additional small displacement to the curve so that it is defined by AC0B. Let yi be

the original equilibrium displacement of the curve beneath a particular load Pi. The additional small

displacement is called dyi. The potential energy of the system while it is in the equilibrium configuration

is found by comparing the potential energy of the beam and loads in equilibrium and in the undeflected

position. If the change in potential energy of the loads is W and the strain energy of the beam is V, the

total energy of the system is

U ¼ W þ V ð2:115Þ

If we neglect the second-order terms, then

dU ¼ dðW þ V Þ ¼ 0 ð2:116Þ

The above is expressed as the Principle or Theorem of Minimum Potential Energy, which can be

stated as, ‘‘if all displacements satisfy the given boundary conditions, those that satisfy the equilibrium

conditions make the potential energy a minimum.’’

P
x

EI = constant

L

�

FIGURE 2.62 Cantilever beam.

y1 y2 yn

∆y1

∆y2
∆yn

R1 R2

P1 P2 . . . Pn

Equilibrium position
of the beam

FIGURE 2.63 Equilibrium of a simple supported beam under loading.
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2.8.4.4 Castigliano’s Theorem

This theorem applies only to structures stressed within the elastic limit and all deformations must be

linear homogeneous functions of the loads.

For a beam in equilibrium as in Figure 2.63, the total potential energy is

U ¼ �½P1y1 þ P2y2 þ 
 
 
 þ Pjyj þ 
 
 
 þ Pnyn� þ V ð2:117Þ

For an elastic system, the strain energy, V, turns out to be one half the change in the potential energy of

the loads:

V ¼ 1

2

Xi¼n

i¼1

Piyi ð2:118Þ

Castigliano’s Theorem results from studying the variation in the strain energy, V, produced by

a differential change in one of the loads, say Pj.

If the load Pj is changed by a differential amount dPj and if the deflections y are linear functions of

the loads, then

qV

qPj

¼ 1

2

Xi¼n

i¼1

Pi

qyi

qPj

þ 1

2
yj ¼ yj ð2:119Þ

Castigliano’s Theorem states that ‘‘the partial derivatives of the total strain energy of any structure with

respect to any one of the applied forces is equal to the displacement of the point of application of the

force in the direction of the force.’’

To find the deflection of a point in a beam that is not the point of application of a concentrated load,

one should apply a load P¼ 0 at that point and carry the term P into the strain energy equation. Finally,

introduce the true value of P¼ 0 into the expression for the answer.

EXAMPLE 2.6

It is required to determine the bending deflection at the free end of a cantilever loaded as shown in

Figure 2.65.

Solution

V ¼
Z L

0

M2

2EI
dx

D ¼ qV

qW1

¼
Z L

0

M

EI

qM

qW1

dx

M ¼ W1x 0< x< L=2

¼ W1x þW2ðx � l=2Þ L=2< x < L

yi

RL RR

P1   . . . Pi    . . . Pn

C�

C

�yi

A B

FIGURE 2.64 Simply supported beam under point loading.
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D ¼ 1

EI

Z l=2

0

W1x � x dx þ 1

EI

Z l

l=2

W1x þW2 x � P

2

� �� �
x dx

¼ W1l3

24EI
þ 7W1l3

24EI
þ 5W2l3

48EI

¼ W1l3

3EI
þ 5W2l3

48EI

Castigliano’s Theorem can be applied to determine deflection of trusses as follows.

We know that the increment of strain energy for an axially loaded bar is given as

dV ¼ 1

2E
s2

yA dy

Substituting sy¼ S/A, where S is the axial load in the bar, and integrating over the length of the bar, the

total strain energy of the bar is given as

V ¼ S2L

2AE
ð2:120Þ

The deflection component Di of the point of application of a load Pi in the direction of Pi is given as

Di ¼
qV

qPi

¼ q
qPi

X S2L

2AE
¼
X SðqS=qPiÞL

AE

EXAMPLE 2.7

Determine the vertical deflection at g of the truss subjected to three-point load as shown in Figure 2.66.

Let us first replace a 20-unit load at g by P and carry out the calculations in terms of P. At the end, P will

be replaced by the actual load of 20 units.

Member A L S dS/dP n nS(dS/dP)(L/A)

ab 2 25 �(33.3þ 0.83P) �0.83 2 (691þ 17.2P)

af 2 20 (26.7þ 0.67P) 0.67 2 (358þ 9P)

fg 2 20 (26.7þ 0.67P) 0.67 2 (358þ 9P)

bf 1 15 20 0 2 0

bg 1 25 0.83P 0.83 2 34.4P

bc 2 20 �26.7� 1.33P �1.33 2 (710þ 35.4P)

cg 1 15 0 0 1 0

‘‘n’’ indicates the number of similar members
P SðdS=dPÞL

A
2117þ 105P

EI constant

W2 W1

W1x

x

W1l
2

W1l + W2
l
2

l/2 l/2

FIGURE 2.65 Example 2.6.
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With

P ¼ 20

Dg ¼
X SðdS=dPÞL

AE
¼ ð2117þ 105� 20Þ � 12

30� 103
¼ 1:69

2.8.5 Unit Load Method

The unit load method is a versatile tool in the solution of deflections of both trusses and beams. Consider

an elastic body in equilibrium under loads P1, P2, P3, P4, . . . , Pn and a load p applied at point O, as shown

in Figure 2.67. By Castigliano’s Theorem, the component of the deflection of point O in the direction of

the applied force p is

dOp
¼ qV

qp
ð2:121Þ

where V is the strain energy of the body. It has been shown in Equation 2.109, that the strain energy of a

beam, neglecting shear effects, is given by

V ¼
Z L

0

M2

2EI
dx

Also, it was shown that if the elastic body is a truss, from Equation 2.120

V ¼
X S2L

2AE

For a beam, therefore, from Equation 2.121

dOp
¼
Z

L

MðqM=qpÞdx

EI
ð2:122Þ

and for a truss

dOp
¼
X SðqS=qpÞL

AE
ð2:123Þ

The bending moments M and the axial forces S are functions of the load p as well as of the loads P1,

P2, . . . , Pn. Let a unit load be applied at O on the elastic body and the corresponding moment be m

if the body is a beam, and the forces in the members of the body be u if the body is a truss. For the

15�

30 kip 30 kip
20 kip 20 kip 20 kip

2 in.2

1 in.2
1 in.2

1 in.2 1 in.2

2 in.2 2 in.2

2 in.2

2 in.2 2 in.2

A = 2 in.2

2 in.2
a f g h

e

dcb

4 @ 20� = 80�

E = 30 × 103 ksi

FIGURE 2.66 Example 2.7.
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body in Figure 2.67 the moments M and the forces S due to the system of forces P1, P2, . . . , Pn and p at O

applied separately can be obtained by superposition as

M ¼ MP þ pm ð2:124Þ

S ¼ SP þ pu ð2:125Þ

where MP and SP are, respectively, moments and forces produced by P1, P2, . . . , Pn.

Then

qM

qp
¼ m ¼ moments produced by a unit load at O ð2:126Þ

qS

qp
¼ u ¼ stresses produced by a unit load at O ð2:127Þ

Using Equations 2.126 and 2.127 in Equations 2.122 and 2.123, respectively,

dOp
¼
Z

L

Mm dx

EI
ð2:128Þ

dOp
¼
X SuL

AE
ð2:129Þ

EXAMPLE 2.8

Determine, using the unit load method, the deflection at C of a simple beam of constant cross-section

loaded as shown in Figure 2.68a.

Solution

The bending moment diagram for the beam due to the applied loading is shown in Figure 2.68b. A unit

load is applied at C where it is required to determine the deflection as shown in Figure 2.68c and

the corresponding bending moment diagram is shown in Figure 2.68d. Now, using Equation 2.128,

we have

dC ¼
Z L

0

Mm dx

EI

¼ 1

EI

Z L=4

0

ðWxÞ 3

4
x

� �
dx þ 1

EI

Z 3L=4

L=4

WL

4

� �
1

4
ðL � xÞ dx

þ 1

EI

Z L

3L=4

W ðL � xÞ 1

4
ðL � xÞ dx

¼ WL3

48EI

Further details on energy methods in structural analysis may be found in Borg and Gennaro (1959).

(a) P1 P2
Pn

0

P

0

1

(b)

FIGURE 2.67 Elastic body in equilibrium under load.
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2.9 Matrix Methods

In this method, a set of simultaneous equations that describe the load–deformation characteristics of the

structure under consideration are formed. These equations are solved using the matrix algebra to obtain

the load–deformation characteristics of discrete or finite elements into which the structure has been

subdivided. The matrix method is ideally suited for performing structural analysis using a computer. In

general, there are two approaches for structural analysis using the matrix analysis. The first is called the

flexibility method in which forces are used as independent variables and the second is called the stiffness

method, which employs deformations as the independent variables. The two methods are also called the

force method and the displacement method, respectively.

2.9.1 Flexibility Method

In the flexibility method, the forces and displacements are related to one another by using stiffness

influence coefficients. Let us consider, for example, a simple beam in which three concentrated loads W1,

W2, and W3 are applied at sections 1, 2, and 3, respectively, as shown in Figure 2.69. The deflection at

section 1, D1, can be expressed as

D1 ¼ F11W1 þ F12W2 þ F13W3

where F11, F12, and F13 are the flexibility coefficients, defined as the deflection at section 1 due to

unit loads applied at sections 1, 2, and 3, respectively. Deflections at sections 2 and 3 are similarly

given as

D2 ¼ F21W1 þ F22W2 þ F23W3 ð2:130Þ

and

D3 ¼ F31W1 þ F32W2 þ F33W3

W W

C D BA
L/4 L/4L/2

x

M = WL/4

M = W(L – x)
M

=Wx
WL/4

3/4 1/4

1

m = 1/4 (L – x)
m=3/4x

(a)

(b)

(c)

(d)

FIGURE 2.68 Example 2.8.
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These expressions are written in the matrix form as

D1

D2

D3

8<
:

9=
; ¼

F11 F12 F13

F21 F22 F23

F31 F32 F33

2
4

3
5 W1

W2

W3

8<
:

9=
;

or

fDg ¼ ½F�fWg ð2:131Þ

The matrix [F] is called the flexibility matrix. It can be shown, by applying Maxwell’s reciprocal theorem

(Borg and Gennaro 1959), that the matrix [F] is a symmetric matrix.

Let us consider a cantilever beam loaded as shown in Figure 2.70a. The first column in the flexibility

matrix can be generated by applying a unit vertical load at the free end of the cantilever as shown in

Figure 2.70b and making use of the moment–area method. We get

F11 ¼
8L3

3EI
, F21 ¼

2L2

EI
, F31 ¼

5L3

6EI
, F41 ¼

3L2

2EI

Columns 2, 3, and 4 are similarly generated by applying unit moment at the free end and unit force

and unit moment at the midspan as shown in Figure 2.70c, Figure 2.70d, and Figure 2.70e, respectively.

1 2 3

W1 W2 W3

∆1 ∆2 ∆3

FIGURE 2.69 Simple beam under concentrated loads.

W3, ∆3 W1, ∆1

W2, ∆2W4, ∆4

2L
EI

1
EI

L
EI

1
EI

1

1

1

1
LL

(a)

(b)

(c)

(d)

(e)

FIGURE 2.70 Cantilever beam.

Structural Analysis 2-75

Copyright 2005 by CRC Press



Combining the results, the flexibility matrix can be formed as

D1

D2

D3

D4

8>><
>>:

9>>=
>>; ¼

1

EI

8L3

3
2L2 5L3

6

3L2

2

2L2 2L
L2

2
L

5L3

6

L2

2

L3

3

L2

2

3L2

2
L

L2

2
L

2
66666666664

3
77777777775

W1

W2

W3

W4

8>><
>>:

9>>=
>>; ð2:132Þ

For a given structure, it is necessary to subdivide the structure into several elements and to form the

flexibility matrix for each of the elements. The flexibility matrix for the entire structure is then obtained

by combining the flexibility matrices of the individual elements.

Force transformation matrix relates what occurs in these elements to the behavior of the entire

structure. Using the conditions of equilibrium, it relates the element forces to the structure forces. The

principle of conservation of energy may be used to generate transformation matrices.

2.9.2 Stiffness Method

In this method, forces and deformations in a structure are related to one another by means of stiffness

influence coefficients. Let us consider a simply supported beam subjected to end moments W1 and W2

applied at supports 1 and 2 and let the respective rotations be denoted as D1 and D2 as shown in

Figure 2.71. We can now write the expressions for end moments W1 and W2 as

W1 ¼ K11D1 þ K12D2

W2 ¼ K21D1 þ K22D2

ð2:133Þ

where K11 and K12 are the stiffness influence coefficients, defined as moments at 1 due to unit rotation at

1 and 2, respectively. The above equations can be written in matrix form as

W1

W2

� 
¼ K11 K12

K21 K22

� �
D2

D2

� 

or

fWg ¼ ½K �fDg ð2:134Þ

The matrix [K] is referred to as stiffness matrix. It can be shown that the flexibility matrix of a

structure is the inverse of the stiffness matrix and vice versa. The stiffness matrix of the whole structure

is formed by the stiffness matrices of the individual elements that make up the structure.

W1

W1

W2

∆1

∆1

∆2

1

1

2

(a)

(b)

2

FIGURE 2.71 Simply supported beam.
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2.9.3 Element Stiffness Matrix

2.9.3.1 Axially Loaded Member

Figure 2.72 shows an axially loaded member of constant cross-sectional area with element forces q1 and

q2 and displacements d1 and d2. They are shown in their respective positive directions. With unit

displacement d1¼ 1 at node 1, as shown in Figure 2.72, axial forces at nodes 1 and 2 are obtained as

K11 ¼
EA

L
, K21 ¼ �

EA

L

In the same way, by setting d2¼ 1 as shown in Figure 2.72 the corresponding forces are obtained as

K12 ¼ �
EA

L
, K22 ¼

EA

L

The stiffness matrix is written as

q1

q2

� 
¼ K11 K12

K21 K22

� �
d1

d2

� 
or

q1

q2

� 
¼ EA

L

1 �1

�1 1

� �
d1

d2

� 
ð2:135Þ

2.9.3.2 Flexural Member

The stiffness matrix for the flexural element can be constructed by referring to Figure 2.73. The forces

and the corresponding displacements, namely, the moments, the shears, and the corresponding rotations

and translations at the ends of the member, are defined in the figure. The matrix equation that relates

these forces and displacements can be written in the form

q1

q2

q3

q4

2
664

3
775 ¼

K11 K12 K13 K14

K21 K22 K23 K24

K31 K32 K33 K34

K41 K42 K43 K44

2
664

3
775

d1

d2

d3

d4

2
664

3
775

The terms in the first column consist of the element forces q1 through q4 that result from displacement

d1¼ 1 when d2¼ d3¼ d4¼ 0. This means that a unit vertical displacement is imposed at the left end

of the member while translation at the right end and rotation at both ends are prevented as shown in

Figure 2.73. The four member forces corresponding to this deformation can be obtained using the

moment area method.

1 2

Axially loaded element

q1, �1 q2, �2

L

�1 = 1
�2 = 0

K11 K211 2
⊂ =

�1 = 0
�2 = 1

K12 K221 2
= ⊃

(a)

(b)

(c)

FIGURE 2.72 Axially loaded member.
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The change in slope between the two ends of the member is zero and the area of the M/EI diagram

between these points must therefore vanish. Hence,

K41L

2EI
� K21L

2EI
¼ 0

and

K21 ¼ K41 ð2:136Þ

The moment of the M/EI diagram about the left end of the member is equal to unity. Hence,

K41L

2EI

2L

3

� �
� K21L

2EI

L

3

� �
¼ 1

and in view of Equation 2.136,

K41 ¼ K21 ¼
6EI

L2

Finally, moment equilibrium of the member about the right end leads to

K11 ¼
K21 þ K41

L
¼ 12EI

L3

and from equilibrium in the vertical direction we obtain

K31 ¼ K11 ¼
12EI

L3

L

q2
q1

q3

q4

�1

�3

�4

�2
Flexural element(a)

L
�3 = 1

K33 K43
K13

K23

K23

EI K43

EI

L

�4 = 1

K34

K44

K14

K24

K24

EI K44

EI

L

�1 = 1

K11
K21 K31

K41

K21

EI

K41

EI

(b)

(e)(d)

L

�2 = 1

K12

K22 K42

K32

K22

EI K42

EI

(c)

FIGURE 2.73 Beam element — stiffness matrix.
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The forces act in the directions indicated in Figure 2.73b. To obtain the correct signs, one must

compare the forces with the positive directions defined in Figure 2.73a. Thus,

K11 ¼
12EI

L3
, K21 ¼ �

6EI

L2
, K31 ¼ �

12EI

L3
, K41 ¼

6EI

L2

The second column of the stiffness matrix is obtained by letting d2¼ 1 and setting the remaining three

displacements equal to zero as indicated in Figure 2.73c. The area of the M/EI diagram between the

ends of the member for this case is equal to unity, and hence,

K22L

2EI
� K42L

2EI
¼ 1

The moment of the M/EI diagram about the left end is zero, so that

K22L

2EI

L

3

� �
� K42L

2EI

2L

3

� �
¼ 0

Therefore, one obtains

K22 ¼
4EI

L
, K42 ¼

2EI

L

From vertical equilibrium of the member,

K12 ¼ K32

and moment equilibrium about the right end of the member leads to

K12 ¼
K22 þ K42

L
¼ 6EI

L2

Comparison of the forces in Figure 2.73c with the positive directions defined in Figure 2.73a indicates

that all the influence coefficients except K12 are positive. Thus,

K12 ¼ �
6EI

L2
, K22 ¼

4EI

L
, K32 ¼

6EI

L2
, K42 ¼

2EI

L

Using Figure 2.73d and Figure 2.73e, the influence coefficients for the third and fourth

columns can be obtained. The results of these calculations lead to the following element stiffness

matrix:

q1

q2

q3

q4

2
66664

3
77775 ¼

12EI

L3
� 6EI

L2
� 12EI

L3
� 6EI

L2

� 6EI

L2

4EI

L

6EI

L2

2EI

L

� 12EI

L3

6EI

L2

12EI

L3

6EI

L2

� 6EI

L2

2EI

L

6EI

L2

4EI

L

2
66666666666664

3
77777777777775

d1

d2

d3

d4

2
66664

3
77775 ð2:137Þ

Note that Equation 2.136 defines the element stiffness matrix for a flexural member with constant

flexural rigidity EI.
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If axial load in a frame member is also considered the general form of an element stiffness matrix for an

element shown in Figure 2.74 becomes

q1

q2

q3

q4

q5

q6

2
666666664

3
777777775
¼

EA

L
0 0 � EA

L
0 0

0
12EI

L3
� 6EI

L2
0 � 12EI

L3
� 6EI

L2

0 � 6EI

L2

4EI

L
0

6EI

L2

2EI

L

� EI

L
0 0

EI

L
0 0

0 � 12EI

L3

6EI

L2
0

12EI

L3

6EI

L2

0 � 6EI

L2

2EI

L
0

6EI

L2

4EI

L

2
66666666666666666666664

3
77777777777777777777775

d1

d2

d3

d4

d5

d6

2
666666666664

3
777777777775

or

½q� ¼ ½kc�½d� ð2:138Þ

The member stiffness matrix can be written as

K ¼ 0

GJ

L
0 0 �GJ

L
0 0

0
12EIz

L3

6EIz

L2
0 � 12EIz

L3

6EIz

L2

0
6EIz

L2

4EIz

L
0 � 6EIz

L2

2EIz

L

�GJ

L
0 0

GJ

L
0 0

0 � 12EIz

L2
� 6EIz

L2
0

12EIz

L3
� 6EIz

L2

0
6EIz

L2

2EIz

L
0 � 6EIz

L2

4EIz

L

2
6666666666666666666664

3
7777777777777777777775

ð2:139Þ

2.9.4 Structure Stiffness Matrix

Equation 2.138 has been expressed in terms of the coordinate system of the individual members. In a

structure consisting of many members there would be as many systems of coordinates as the number of

L

q1

q3

q2 q5

q6

q4

E,A,I

FIGURE 2.74 Beam element with axial force.
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members. Before the internal actions in the members of the structure can be related, all forces and

deflections must be stated in terms of one single system of axes common to all — the global axes. The

transformation from element to global coordinates is carried out separately for each element and the

resulting matrices are then combined to form the structure stiffness matrix. A separate transformation

matrix [T ] is written for each element and a relation of the form

½d�n ¼ ½T �n½D�n ð2:140Þ

is written in which [T ]n defines the matrix relating the element deformations of element n to the

structure deformations at the ends of that particular element. The element and structure forces are

related in the same way as the corresponding deformations as

½q�n ¼ ½T �n½W �n ð2:141Þ

where [q]n contains the element forces for element n and [W ]n contains the structure forces at the

extremities of the element. The transformation matrix [T ]n can be used to transform element n from

its local coordinates to structure coordinates. We know, for an element n, the force–deformation

relation is given as

½q�n ¼ ½k�n½d�n

Substituting for [q]n and [d]n from Equations 2.140 and 2.141 one obtains

½T �n½W �n ¼ ½k�n½T �n½D�n

or

½W �n ¼ ½T �
�1
n ½k�n½T �n½D�n

¼ ½T �Tn ½k�n½T �n½D�n

¼ ½K �n½D�n

½K �n ¼ ½T �
T
n ½k�n½T �n ð2:142Þ

[K]n is the stiffness matrix that transforms any element n from its local coordinate to structure

coordinates. In this way, each element is transformed individually from element coordinate to

structure coordinate and the resulting matrices are combined to form the stiffness matrix for the

entire structure.

The member stiffness matrix [K]n in global coordinates for a truss member shown in Figure 2.75, for

example, is given as

½K �n ¼
AE

L

l2m lm �l2 �lm

lm m2 �lm �m2

�l2 �lm l2 lm

�lm �m2 lm m2

2
666664

3
777775

i

j

k

l

ð2:143Þ

where l¼ cos f and m¼ sin f.

To construct [K]n for a given member it is necessary to have the values of l and m for the member.

In addition, the structure coordinates i, j, k, and l at the extremities of the member must be known.
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The member stiffness matrix [K]n in structural coordinates for a flexural member shown in Figure 2.76

can be written as

½K �n ¼ 0

l2 AE

L
þ m2 12EI

L3

ml
AE

L
� 12EI

L3

� �
m2 AE

L
þ l2 12EI

L3

symmetric

�m 6EI

L2

� �
l

6EIz

L2

4EI

L
0

�l2 AE

L
� m2 12EI

L3
ml

AE

L
� 12EI

L3

� �
m

6EI

L2

� �
l2 AE

L
þ m2 12EI

L3
0 0

�ml AE

L
� 12EI

L3

� �
� m2 AE

L
þ l2 12EI

L3

� �
�l 6EI

L2

� �
ml

AE

L
� 12EI

L3

� �
m

AE

L
þ l2 12EI

L3

� �

m
6EIz

L2
l

6EIz

L2

2EI

L
m

6EI

L2

� �
�l 6EI

L2

4EI

L

2
6666666666666666666666666664

3
7777777777777777777777777775

ð2:144Þ

where l¼ cos f and m¼ sin f

EXAMPLE 2.9

Determine the displacement at the loaded point of the truss shown in Figure 2.77a. Both members have

the same area of cross-section A¼ 3 and E¼ 30� 103.

∆j

∆i

∆k

∆py

0
x

�

FIGURE 2.75 A grid member.

Y

j
k

q3

q1
q2

�
X

i

m

n
q6

q4

q5

l

FIGURE 2.76 A flexural member in global coordinate.
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The details required to form the element stiffness matrix with reference to structure coordinate axes

are listed below (see Figure 2.77b):

Member Length f l m i j k l

1 10 90 0 1 1 2 3 4

2 18.9 32 0.85 0.53 1 2 5 6

We now use these data in Equation 2.143 to form [K]n for the two elements.

For member 1

AE

L
¼ 3� 30� 103

120
¼ 750

½K �1 ¼

1 2 3 4

0 0 0 0

0 750 0 �750

0 0 0 0

0 �750 0 750

66666664

77777775
1

2

3

4

For member 2

AE

L
¼ 3� 30� 103

18:9� 12
¼ 397

½K �2 ¼

1 2 5 6

286 179 �286 �179

179 111 �179 �111

�286 �179 286 179

�179 �111 179 111

6666666664

7777777775
1

2

5

6

Combining the element stiffness matrices, [K]1 and [K]2, one obtains the structure stiffness matrix as

follows:

W1

W2

W3

W4

W5

W6

2
666666664

3
777777775
¼

286 179 0 0 �286 �179

179 861 0 �750 �179 �111

0 0 0 0 0 0

0 �750 0 750 0 0

�286 �179 0 0 286 179

�179 �111 0 0 179 111

2
666666664

3
777777775

D1

D2

D3

D4

D5

D6

2
666666664

3
777777775

9 k

7 k 16 ft

10 ft

(a) (b)

2

2

1

1 3

1

5

64

2

1 3

2

FIGURE 2.77 Example 2.9.
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The stiffness matrix can now be subdivided to determine the unknowns. Let us consider D1 and D2, the

deflections at joint 2, which can be determined in view of D3¼D4¼D5¼D6¼ 0 as follows:

D1

D2

� �
¼

286 179

179 861

� ��1 �9

7

� �

or

D1 ¼ 0:042

D2 ¼ 0:0169

EXAMPLE 2.10

A simple triangular frame is loaded at the tip by 20 units of force as shown in Figure 2.78. Assemble the

structure stiffness matrix and determine the displacements at the loaded node.

Member Length A I f l m

1 72 2.4 1037 0 1 0

2 101.8 3.4 2933 45 0.707 0.707

For members 1 and 2 the stiffness matrices in structure coordinates can be written by making use of

Equation 2.144:

½K �1 ¼ 103 �

1 2 3 4 5 6

1 0 0 �1 0 0

0 1 36 0 �1 36

0 36 1728 0 �36 864

�1 0 0 1 0 0

0 �1 �36 0 1 �36

0 36 864 0 �36 1728

666666666666664

777777777777775

1

2

3

4

5

6

and

½K �2 ¼ 103 �

1 2 3 7 8 9

1 0 �36 �1 0 �36

0 1 36 0 1 36

�36 36 3457 36 �36 1728

�1 0 36 1 0 36

0 1 �36 0 1 �36

�36 36 1728 36 �36 3457

666666666666664

777777777777775

1

2

3

7

8

9

6 ft

45°
1 2

2

3

1

20 kip
1

3 2

8
9

7

5
4

6

FIGURE 2.78 Example 2.10.
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Combining the element stiffness matrices [K]1 and [K]2 one obtains the structure stiffness matrix as

follows:

½K � ¼ 103 �

2 0 �36 �1 0 0 �1 0 �36

0 2 72 0 �1 36 0 1 36

�36 72 5185 0 �36 864 36 �36 1728

�1 0 0 1 0 0 0 0 0

0 �1 �36 0 1 �36 0 0 0

0 36 864 0 �36 1728 0 0 0

�1 0 36 0 0 0 1000 0 36

0 1 �36 0 0 0 0 1 �36

�36 36 1728 0 0 0 36 36 3457

2
66666666666666664

3
77777777777777775

1

2

3

4

5

6

7

8

9

The deformations at joints 2 and 3 corresponding to D5 to D9 are zero since joints 2 and 4 are restrained

in all directions. Cancelling the rows and columns corresponding to zero deformations in the structure

stiffness matrix, one obtains the force–deformation relation for the structure:

F1

F2

F3

2
64

3
75 ¼

2 0 �36

0 2 72

�36 72 5185

2
64

3
75� 103

D1

D2

D3

2
64

3
75

Substituting for the applied load F2¼ �20 the deformations are given as

D1

D2

D3

2
64

3
75 ¼

2 0 �36

0 2 72

�36 72 5185

2
64

3
75
�1

�103

0

�20

0

2
64

3
75

or

D1

D2

D3

2
64

3
75 ¼

6:66

�23:334

0:370

2
64

3
75� 103

2.9.5 Loading between Nodes

The problems discussed so far have involved concentrated forces and moments applied to nodes only.

But real structures are subjected to distributed or concentrated loading between nodes, as shown in

Figure 2.79. Loading may range from a few concentrated loads to an infinite variety of uniform or

nonuniformly distributed loads. The solution method of matrix analysis must be modified to account

for such load cases.

One way to treat such loads in the matrix analysis is to insert artificial nodes, such as p and q as shown

in Figure 2.79. The degrees of freedom corresponding to the additional nodes are added to the total

structure and the necessary additional equations are written by considering the requirements of equi-

librium at these nodes. The internal member forces on each side of nodes p and q must equilibrate the

lqp lm mn

FIGURE 2.79 Loading between nodes.
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external loads applied at these points. In the case of distributed loads, suitable nodes, such as l, m, n

shown in Figure 2.79, are selected arbitrarily and the distributed loads are lumped as concentrated loads

at these nodes. The degrees of freedom corresponding to the arbitrary and real nodes are treated as

unknowns of the problem. There are different ways of obtaining equivalence between the lumped and

the distributed loading. In all cases the lumped loads must be statically equivalent to the distributed

loads they replace.

The method of introducing arbitrary nodes is not a very elegant procedure because the number of

unknown degrees of freedom makes the solution procedure laborious. The approach that is of most

general use with the displacement method is one employing the related concepts of artificial joint

restraint, fixed-end forces, and equivalent nodal loads.

2.9.6 Semirigid End Connection

A rigid connection holds unchanged the original angles between interesting members; a simple

connection allows the member end to rotate freely; a semirigid connection possesses a moment

resistance intermediate between the simple and the rigid. A simplified linear relationship between

the moment M acting on the connection and the resulting connection rotation c in the direction of M

is assumed giving

M ¼ R
EI

L
c ð2:145Þ

where EI and L are the flexural rigidity and length of the member, respectively. The nondimensional

quantity R, which is a measure of the degree of rigidity of the connection, is called the rigidity index. For

a simple connection, R is zero and for a rigid connection, R is infinity. Considering the semirigidity of

joints, the member flexibility matrix for flexure is derived as

f1

f2

� �
¼ L

EI

1

3
þ 1

R1

� 1

6

� 1

6

1

3
þ 1

R2

2
664

3
775 M1

M2

� �
ð2:146Þ

or

½f� ¼ ½F�½M � ð2:147Þ

where f1 and f2 are as shown in Figure 2.80.

For convenience, two parameters are introduced as follows:

p1 ¼
1

1þ ð3=R1Þ

and

p2 ¼
1

1þ ð3=R2Þ

where p1 and p2 are the fixity factors. For hinged connections, both the fixity factors, p, and the rigidity

index, R, are zero; but for rigid connections, the fixity factor is 1 and the rigidity index is infinity. Since

the fixity factor can only vary from 0 to 1.0, it is more convenient to use in the analyses of structures with

semirigid connections.

Equation 2.146 can be rewritten to give

½F� ¼ L

EI

1

3p1

� 1

6

1

6

1

3p2

2
664

3
775 ð2:148Þ
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From Equation 2.148, the modified member stiffness matrix [K] for a member with semirigid end

connections expresses the member end moments, M1 and M2, in terms of the member end rotations, f1

and f2, as

½K � ¼ EI
K11 K12

K21 K22

� �
ð2:149aÞ

Expressions for K11 and K12¼K21 and K22 may be obtained by inverting the [F] matrix, thus

K11 ¼
12=p1

4=ðp1p2Þ � 1
ð2:149bÞ

K12 ¼ K21
6

4ðp1p2Þ � 1
ð2:149cÞ

K22 ¼
12=p1

4=ðp1p2Þ � 1
ð2:149dÞ

The modified member stiffness matrix [K], as expressed by Equations 2.149a to d, will be needed in the

stiffness method of analysis of frames in which there are semirigid member end connections.

2.10 The Finite Element Method

For problems involving complex material properties and boundary conditions, numerical methods are

employed to provide approximate but acceptable solutions. Of the many numerical methods developed

before and after the advent of computers, the finite element method has proven to be a powerful tool.

This method can be regarded as a natural extension of the matrix methods of structural analysis. It can

accommodate complex and difficult problems such as nonhomogeneity, nonlinear stress–strain beha-

vior, and complicated boundary conditions. The finite element method is applicable to a wide range of

boundary value problems in engineering and it dates back to the mid-1950s with the pioneering work of

Argyris (1960), Clough (1993), and others. The method was first applied to the solution of plane stress

problems and extended subsequently to the solution of plates, shells, and axisymmetric solids.

2.10.1 Basic Principle

The finite element method is based on the representation of a body or a structure by an assemblage of

subdivisions called finite elements, as shown in Figure 2.81. These elements are considered to be con-

nected at nodes. Displacement functions are chosen to approximate the variation of displacements over

each finite element. Polynomials functions are commonly employed to approximate these displace-

ments. Equilibrium equations for each element are obtained by means of the principle of minimum

potential energy. These equations are formulated for the entire body by combining the equations for the

individual elements so that the continuity of displacements is preserved at the nodes. The resulting

equations are solved by satisfying the boundary conditions to obtain the unknown displacements.

�1

�2

�1

�1

�2

�2M1

M2

FIGURE 2.80 A flexural member with semirigid end connections.
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The entire procedure of the finite element method involves the following steps:

1. The given body is subdivided into an equivalent system of finite elements.

2. A suitable displacement function is chosen.

3. The element stiffness matrix is derived using a variational principle of mechanics such as the

principle of minimum potential energy.

4. The global stiffness matrix for the entire body is formulated.

5. The algebraic equations thus obtained are solved to determine unknown displacements.

6. Element strains and stresses are computed from the nodal displacements.

2.10.2 Elastic Formulation

Figure 2.82 shows the state of stress in an elemental volume of a body under a load. It is defined in terms of

three normal stress components sx, sy, and sz and three shear stress components txy, tyz, and tzx. The

corresponding strain components are three normal strains ex, ey, and ez and three shear strains gxy, gyz, and

gzx. These strain components are related to the displacement components u, v, and w at a point as follows:

ex ¼
qu

qx
, gxy ¼

qv

qx
þ qu

qy

ey ¼
qv

qy
, gyz ¼

qw

qy
þ qv

qz

ez ¼
qw

qz
, gzx ¼

qu

qz
þ qw

qx

ð2:150Þ

The relations given in Equation 2.150 are valid in the case of the body experiencing small deformations.

If the body undergoes large or finite deformations, higher-order terms must be retained.

The stress–strain equations for isotropic materials may be written in terms of Young’s modulus and

Poisson’s ratio as

sx ¼
E

1� n2
½ex þ nðey þ ezÞ�

sy ¼
E

1� n2
½ey þ nðez þ exÞ�

sz ¼
E

1� n2
½ez þ nðex þ eyÞ�

txy ¼ Ggxy , tyz ¼ Ggyz , tzx ¼ Ggzx

ð2:151Þ

2.10.3 Plane Stress

When the elastic body is very thin and there are no loads applied in the direction parallel to the thickness,

the state of stress in the body is said to be plane stress. A thin plate subjected to in-plane loading as

Typical element

Typical node
Boundary of
a region

FIGURE 2.81 Assemblage of subdivisions.
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shown in Figure 2.83 is an example of a plane stress problem. In this case, sz¼ tyz¼ tzx¼ 0 and the

constitutive relation for an isotropic continuum is expressed as

sx

sy

sxy

2
64

3
75 ¼ E

1� n2

1 n 0

n 1 0

0 0 ð1� nÞ=2

2
64

3
75

ex

ey

gxy

2
64

3
75 ð2:152Þ

2.10.4 Plane Strain

The state of plane strain occurs in members that are not free to expand in the direction perpendicular

to the plane of the applied loads. Examples of some plane strain problems are retaining walls, dams,

long cylinder, and tunnels, as shown in Figure 2.84. In these problems ez , gyz , and gzx will vanish

and hence,

sz ¼ nðsx þ syÞ

The constitutive relation for an isotropic material is written as

sx

sy

txy

2
64

3
75 ¼ E

ð1þ nÞð1� 2nÞ

ð1� nÞ n 0

n ð1� nÞ 0

0 0 ð1� 2nÞ=2

2
64

3
75

ex

ey

gxy

2
64

3
75 ð2:153Þ

�z

�y
�y

�x

y0

x

z

�zy

�zx

�yx

�yx

�xz

�xy
�yz

�yz

P

FIGURE 2.82 State of stress in an elemental volume.

x

y

y

z

FIGURE 2.83 Plane stress problem.
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2.10.5 Choice of Element Shapes and Sizes

A finite element generally has a simple one-, two-, or three-dimensional configuration. The boundaries

of elements are often straight lines and the elements can be one-dimensional, two-dimensional, or

three-dimensional, as shown in Figure 2.85. While subdividing the continuum, one has to decide the

number, shape, size, and configuration of the elements in such a way that the original body is simulated

as closely as possible. Nodes must be located in locations where abrupt changes in geometry, loading,

and material properties occur. A node must be placed at the point of application of a concentrated load

because all loads are converted into equivalent nodal-point loads.

It is easy to subdivide a continuum into a completely regular one having the same shape and size.

But problems encountered in practice do not involve regular shape; they may have regions of steep

gradients of stresses. A finer subdivision may be necessary in regions where stress concentrations are

expected to obtain a useful approximate solution. Typical examples of mesh selection are shown in

Figure 2.86.

2.10.6 Choice of Displacement Function

Selection of displacement function is an important step in finite element analysis, since it determines the

performance of the element in the analysis. Attention must be paid to select a displacement function that

1. Has the number of unknown constants as the total number of degrees of freedom of the element

2. Does not have any preferred directions

3. Allows the element to undergo rigid-body movement without any internal strain

4. Is able to represent states of constant stress or strain

5. Satisfies the compatibility of displacements along the boundaries with adjacent elements

Elements that meet both requirements 3 and 4 are known as complete elements

A polynomial is the most common form of displacement function. Mathematics of polynomials

are easy to handle in formulating the desired equations for various elements and are convenient in

digital computation. The degree of approximation is governed by the stage at which the function is

truncated. Solutions closer to exact solutions can be obtained by including a greater number of terms.

The polynomials are of the general form

wðxÞ ¼ a1 þ a2x þ a3x2 þ 
 
 
 þ anþ1xn ð2:154Þ

The coefficient a is known as a generalized displacement amplitude. The general polynomial form for a

two-dimensional problem can be given as

uðx, yÞ ¼ a1 þ a2x þ a3y þ a4x2 þ a5xy þ a6y2 þ 
 
 
 þ amyn

vðx, yÞ ¼ amþ1 þ amþ2x þ amþ3y þ amþ4x2 þ amþ5xy þ amþ6y2 þ 
 
 
 þ a2myn

y

x

z

FIGURE 2.84 Practical examples of plane strain problems.
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where

m ¼
Xnþ1

i¼1

i ð2:155Þ

These polynomials can be truncated at any desired degree to give constant, linear, quadratic, or

higher-order functions. For example, a linear model in the case of a two-dimensional problem

can be given as

u ¼ a1 þ a2x þ a3y

v ¼ a4 þ a5x þ a6y
ð2:156Þ

A quadratic function is given by

u ¼ a1 þ a2x þ a3y þ a4x2 þ a5xy þ a6y2

v ¼ a7 þ a8x þ a9y þ a10x2 þ a11xy þ a12y2
ð2:157Þ

Node 1 Node 2

Node 3(a)

3

5

2
7

4
1

6

4

1 2

3

4

1 2

3

4

1
2

3

5

4

1 2

3

4

1 2

3

8 7

5 6

8

1

4 3
5

2

6

7

(b)

(c)

FIGURE 2.85 (a) One-dimensional element, (b) two-dimensional element, and (c) three-dimensional element.
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The Pascal triangle shown below can be used for the purpose of achieving isotropy, that is, to avoid

displacement shapes that change with a change in the local coordinate system.

1

x y

x2 xy y2

x3 x2y xy2 y3

x4 x3y x2y2 xy3 y4

x5 x4y x3y2 x2y3 xy4 y5

Constant

Linear

Quadratic

Cubic

Quantic

Quintic

2.10.7 Nodal Degrees of Freedom

The deformation of the finite element is specified completely by the nodal displacement, rotations, or

strains, which are referred to as degrees of freedom. Convergence, geometric isotropy, and potential energy

function are the factors that determine the minimum number of degrees of freedom necessary for a given

element. Additional degrees of freedom beyond the minimum number may be included for any element by

adding secondary external nodes and such elements with additional degrees of freedom are called higher-

order elements. The elements with more additional degrees of freedom become more flexible.

2.10.8 Isoparametric Elements

The scope of finite element analysis is also measured by the variety of element geometries that can be

constructed. Formulation of element-stiffness equations requires the selection of displacement expres-

sions with as many parameters as there are node-point displacements. In practice, for planar conditions,

CL

CL CL

CL

FIGURE 2.86 Typical examples of finite element mesh.
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only the four-sided (quadrilateral) element finds as wide an application as the triangular element. The

simplest form of quadrilateral, the rectangle, has four node points and involves two displacement

components at each point for a total of eight degrees of freedom. In this case one would choose four-

term expressions for both u and v displacement fields. If the description of the element is expanded to

include nodes at the midpoints of the sides, an eight-term expression would be chosen for each dis-

placement component.

The triangle and rectangle can approximate the curved boundaries only as a series of straight line

segments. A closer approximation can be achieved by means of isoparametric coordinates. These are

nondimensionalized curvilinear coordinates whose description is given by the same coefficients as are

employed in the displacement expressions. The displacement expressions are chosen to ensure con-

tinuity across element interfaces and along supported boundaries, so that geometric continuity is

ensured when the same forms of expressions are used as the basis of description of the element

boundaries. The elements in which the geometry and displacements are described in terms of the same

parameters and are of the same order are called isoparametric elements. The isoparametric concept

enables one to formulate elements of any order that satisfy the completeness and compatibility

requirements and that have isotropic displacement functions.

2.10.9 Isoparametric Families of Elements

2.10.9.1 Definitions and Justifications

For example, let ui represent nodal displacements and xi represent nodal x coordinates. The interpolation

formulas are

u ¼
Xm

i¼1

Niui , x ¼
Xn

i¼1

N 0i xi

where Ni and N 0i are shape functions written in terms of the intrinsic coordinates. The value of u and

the value of x at a point within the element are obtained in terms of nodal values of ui and xi, from the

above equations when the (intrinsic) coordinates of the internal point are given. Displacement com-

ponents v and w in the y and z directions are treated in a similar manner.

The element is isoparametric if m ¼ n, Ni ¼ N 0i , and the same nodal points are used to define both

element geometry and element displacement (Figure 2.87a); the element is subparametric if m> n, the

order of Ni higher than that of N 0i (Figure 2.87b); the element is superparametric if m< n, the order of Ni

lower than that of N 0i (Figure 2.87c). The isoparametric elements can correctly display rigid-body and

constant-strain modes.

2.10.10 Element Shape Functions

The finite element method is not restricted to the use of linear elements. Most finite element codes,

commercially available, allow the user to select between elements with linear or quadratic interpolation

functions. In the case of quadratic elements fewer elements are needed to obtain the same degree of

accuracy in the nodal values. Also, the two-dimensional quadratic elements can be shaped to model a

curved boundary. Shape functions can be developed based on the following properties: (i) each shape

function has a value of 1 at its own node and is 0 at each of the other nodes, (ii) the shape functions for

two-dimensional elements are zero along each side that the node does not touch, and (iii) each shape

(a) (b) (c)

FIGURE 2.87 (a) Isoparametric element, (b) subparametric element, and (c) superparametric element.
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function is a polynomial of the same degree as the interpolation equation. Shape functions for typical

elements are given in Figure 2.88a and b.

2.10.11 Formulation of Stiffness Matrix

It is possible to obtain all the strains and stresses within the element and to formulate the stiffness

matrix and a consistent load matrix once the displacement function has been determined. This

consistent load matrix represents the equivalent nodal forces that replace the action of external

distributed loads.

As an example, let us consider a linearly elastic element of any of the types shown in Figure 2.89. The

displacement function may be written in the form

ff g ¼ ½P�fAg ð2:158Þ

Element
name

Two-node
linear
element

Three-
node
parabolic
element

Four-
node
cubic
element

Five-node
quartic
element

Configuration DOF Shape functions

	

1 2
(– 1,0) (1,0)

�

	

1 32
(– 1,0) (1,0)

�

	

1 432
(– 1,0) (1,0)

�

	

1 5432
(– 1,0) (1,0)

�

Ni =
1
2

(1 +�0);    i =1, 2

Ni =
1
2

(1 +�0);    i = 1, 3�0

Ni =
1
16

(1 +�0) (9�2 – 1);    i = 1, 4

Ni =
9
16

(1 + 9�0) (1 – �2);   i = 2, 3

Ni =
1
16

(1 +�0) (4�0(1 – �2) +3�0);    i = 1, 5

Ni = 4�0(1– �2)(1 + 4�0);                 i = 2, 4

N3 =(1 – 4�2)(1 – �2)

Ni = (1 – �2);          i = 2

+

+

+

+

(a)

FIGURE 2.88a Shape functions for typical elements.
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Element
name

Configuration DOF Shape functions

Eight-node
plane
quadrilateral

Twelve-node
plane
quadrilateral

	

(–1,1)

(–1,0)

(–1, –1) (1, –1)

(1,1)

�

7

8

1 32

56

4

(0,1)

(0, – 1)

(1,0)

	

(– 1,1)

(–1, –1) (1, – 1)

(1,1)

�

10

12

11

1 432

7
6

89

5(–1,– 1
3

) (1,– 1
3

)

(–1,1
3

)

(– 1
3

,1)

(1,1
3

)

(1
3

,1)

(– 1
3

, –1) (1
3

, –1)

Ni =
1
4

(1 +�0)(1 + 	0) (�0+ 	0 – 1);

Ni =
1
2

(1 – 	2)(1 + �0);   i = 4, 8

Ni =
1
32

(1 +�0)(1 + 	0) (–10 + 9(�2 + 	2))

Ni =
9
32

(1 + �0)(1 + 	2) (1+ 9	0)

Ni =
9
32

(1 + 	0)(1 – �2) (1+ 9�0)

Ni =
1
2

(1 – �2)(1 + 	0);   i = 2, 6

i = 1, 3, 5, 7

i = 1, 4, 7, 10

i = 5, 6, 11, 12

i = 2, 3, 8, 9

u, v

u, v

Four-node
plane
quadrilateral

	

(–1,1)

(–1,1) (1, –1)

(1,1)

�

4

1 2

3

Ni = 1
4

(1 +�0) (1 + 	0);    i = 1, 2, 3, 4
u, v

(b)

Six-node
linear
quadrilateral

	

(–1,1)

(–1, –1)
(0, –1)

(1, –1)

(1,1)
(0,1)

�

6 5

1 32

4

Ni =
�0
4

(1 + �0)(1 + 	0)

i = 1, 3, 4, 6

i = 2, 5

Ni =
1
2

(1 – �2)(1 + 	0)

u, v

Eight-node
plane
quadrilateral

	

(–1, –1)

(–1,1)

(1, –1)

�

1

8 7 6 5

3 42

(1
3

,1)(– 1
3

,1)

(– 1
3

, –1) (1
3

, –1)

(1, –1)

Ni =
1
32

(1 + �0)(– 1 + 9�2)(1 + 	0)

Ni =
9
32

(1 – �2)(1 + 9�0)(1 + 	0)

i = 1, 4, 5, 8

i = 2, 3, 6, 7

u, v

FIGURE 2.88b Continued.
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where {f } may have two components {u, v} or simply be equal to w, [P] is a function of x and y only, and

{A} is the vector of undetermined constants. If Equation 2.158 is applied repeatedly to the nodes of the

element one after the other, we obtain a set of equations of the form

fD�g ¼ ½C�fAg ð2:159Þ

where {D�} refers to the nodal parameters and [C] to the relevant nodal coordinates. The undetermined

constants {A} can be expressed in terms of the nodal parameters {D�} as

fAg ¼ ½C��1fD�g ð2:160Þ

Substituting Equation 2.160 into Equation 2.158

ff g ¼ ½P�½C��1fD�g ð2:161Þ

Constructing the displacement function directly in terms of the nodal parameters, one obtains

ff g ¼ ½L�fD�g ð2:162Þ

where [L] is a function of both (x, y) and (x, y)i,j,m given by

½L� ¼ ½P�½C��1 ð2:163Þ

Element
name Configuration DOF Shape functions

Seven-node
plane
quadrilateral

	

(–1, – 1) (1, –1)
(0, –1)

(–1,1)

(–1,0)

(1,1)
(0,1)

6

1 2 3

7

5 4

�

N1 = 1
4

(1–�)(1 – 	)   (1 + � + 	)

N2 = 1
2

(1 – 	)(1 – �2)

N5 = 1
2

(1 + 	)(1 – �2)

N7 = 1
2

(1 + �)(1 – 	2)

N6 = – 1
4

(1 – �)(1 + 	)   (1 + � – 	)

N3 = �
4

(1 + �)(1–	)

N4 = �
4

(1 + �)(1 + 	)

u, v

FIGURE 2.88b Continued.
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The various components of strain can be obtained by appropriate differentiation of the displacement

function. Thus,

feg ¼ ½B�fD�g ð2:164Þ

[B] is derived by differentiating appropriately the elements of [L] with respect to x and y. The stresses {s}

in a linearly elastic element are given by the product of the strain and a symmetrical elasticity matrix [E].

Thus,

fsg ¼ ½E�feg

or

fsg ¼ ½E�½B�fD�g ð2:165Þ

The stiffness and the consistent load matrices of an element can be obtained using the principle of

minimum total potential energy. The potential energy of the external load in the deformed configuration

of the element is written as

W ¼ �fD�gTfQ�g �
Z

a

ff gTfqg da ð2:166Þ

In Equation 2.166 {Q�} represents concentrated loads at nodes and {q} the distributed loads per unit

area. Substituting for {f }T from Equation 2.162 one obtains

W ¼ �fD�gTfQ�g � fD�gT

Z
a

½L�Tfqg da ð2:167Þ

Note that the integral is taken over the area a of the element. The strain energy of the element

integrated over the entire volume v, is given as

U ¼ 1

2

Z
v

fegTfsg dv

i

j

m

(a)

(b)

6 degrees of freedom

z

y

z
y

x

�y
W

i

m

j

FIGURE 2.89 Degrees of freedom: (a) triangular plane-stress element and (b) triangular bending element.

Structural Analysis 2-97

Copyright 2005 by CRC Press



Substituting for {e} and {s} from Equations 2.164 and 2.165, respectively,

U ¼ 1

2
fD�gT

Z
v

½B�T½E�½B� dv

� �
fD�g ð2:168Þ

The total potential energy of the element is

V ¼ U þW

or

V ¼ 1

2
D�f gT

Z
v

½B�T½E�½B� dv

� �
D�f g � D�f gT Q�f g � D�f gT

Z
a

½L�T qf gda ð2:169Þ

Using the principle of minimum total potential energy, we obtainZ
v

½B�T½E�½B�dv

� �
D�f g ¼ Q�f g þ

Z
a

½L�T qf g da

or

½K � D�f g ¼ F�f g ð2:170Þ

where

½K � ¼
Z

v

½B�T½E�½B� dv ð2:171Þ

and

F�f g ¼ Q�f g þ
Z

a

½L�T qf g da ð2:172Þ

2.10.12 Plates Subjected to In-Plane Forces

The simplest element available in two-dimensional stress analysis is the triangular element. The stiffness

and consistent load matrices of such an element will now be obtained by applying the equation derived

in the previous section.

Consider the triangular element shown in Figure 2.89a. There are two degrees of freedom per node and

a total of six degrees of freedom for the entire element. We can write

u ¼ A1 þ A2x þ A3y

and

v ¼ A4 þ A5x þ A6y

expressed as

ff g ¼ u

v

� 
¼ 1 x y 0 0 0

0 0 0 1 x y

� �
A1

A2

A3

A4

A5

A6

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

ð2:173Þ
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or

ff g ¼ ½P� Af g ð2:174Þ

Once the displacement function is available, the strains for a plane problem are obtained from

ex ¼
qu

qx
, ey ¼

qv

qy

and

gxy ¼
qu

qy

qv

qx

The matrix [B] relating the strains to the nodal displacement {D�} is thus given as

½B� ¼ 1

2D

bi 0 bj 0 bm 0

0 ci 0 cj 0 cm

ci bj cj bj cm bm

2
64

3
75 ð2:175Þ

bi, ci, etc., are constants related to the nodal coordinates only. The strains inside the element must all be

constant and hence the name of the element.

For derivation of the strain matrix, only isotropic material is considered. The plane stress and plane

strain cases can be combined to give the following elasticity matrix, which relates the stresses to the

strains:

½E� ¼
C1 C1C2 0

C1C2 C1 0

0 0 C12

2
64

3
75 ð2:176Þ

where

C1 ¼ �EE=ð1� n2Þ and C2 ¼ n

for plane stress and

C1 ¼
�EEð1� nÞ

ð1þ nÞð1� 2nÞ and C2 ¼
n

ð1� nÞ

for plane strain and for both cases

C12 ¼ C1ð1� C2Þ=2

and �EE is the modulus of elasticity.

The stiffness matrix can now be formulated according to Equation 2.171a

½E�½B� ¼ 1

2D

C1 C1C2 0

C1C2 C1 0

0 0 C12

2
64

3
75

bi 0 bj 0 bm 0

0 ci 0 cj 0 cm

ci bi cj bj cm bm

2
64

3
75

where D is the area of the element.

The stiffness matrix is given by Equation 2.177a as

½K � ¼
Z

v

½B�T½E�½B� dv ð2:177aÞ
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The stiffness matrix has been worked out algebraically to be

½K � ¼ h

4D

C1b2
i

þC12c2
i

C1C2bici C1c2
i

þC12bici þC12b2
i symmetrical

C1bibj C1C2bjci C1b2
j

þC12cicj þC12bicj þC12c2
j

C1C2bicj C1cicj C1C2bjcj C1c2
j

þC12bjci þC1bibj þC12bjcj þC12b2
j

C1bibm C1C2bmci C1bjbm C1C2bmcj C1b2
m

þC12cicm þC12bicm þC12cjcm þC12bjcm þC12c2
m

C1C2bicm C1cicm C1C2bjcm C1cjcm C1C2bmcm C1c2
m

þC12bmci þC12bibm þC12bmcj þC12bjbm þC12bmcm þC12b2
m

2
66666666666666666666666664

3
77777777777777777777777775

ð2:177bÞ

2.10.13 Beam Element

The stiffness matrix for a beam element with two degrees of freedom (one deflection and one rotation)

can be derived in the same manner as for other finite elements using Equation 2.171.

The beam element has two nodes, one at each end, and two degrees of freedom at each node, giving it a

total of four degrees of freedom. The displacement function can be assumed as

f ¼ w ¼ A1 þ A2x þ A3x2 þ A4x3

that is,

f ¼ ½1 x x2 x3�

A1

A2

A3

A4

8>>><
>>>:

9>>>=
>>>;

or

f ¼ ½P�fAg

With the origin of the x and y axis at the left-hand end of the beam, we can express the nodal-

displacement parameters as

D�1 ¼ ðwÞx¼0 ¼ A1 þ A2ð0Þ þ A3ð0Þ2 þ A4ð0Þ3

D�2 ¼
dw

dx

� �
x¼0

¼ A2 þ 2A3ð0Þ þ 3A4ð0Þ2

D�3 ¼ ðwÞx¼1 ¼ A1 þ A2ðlÞ þ A3ðlÞ2 þ A4ðlÞ3

D�4 ¼
dw

dx

� �
x¼1

¼ A2 þ 2A3ðlÞ þ 3A4ðlÞ2

or

fD�g ¼ ½C�fAg

where

fAg ¼ ½C��1fD�g
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and

½C��1 ¼

1 0 0 0

0 1 0 0

� 3

I 2
� 2

I

3

I2
� 1

I

2

I3

1

I2
� 2

I3

1

I2

2
66666664

3
77777775

Using Equation 2.163, we obtain

½L� ¼ ½P�½C��1

or

½L��1 ¼ 1� 3x2

I2
þ 2x3

I3

� �
x � 2x2

I
þ x3

I2

� �""""
"""" 3x2

I2
� 2x3

I3

� �
� x2

I
þ x3

I 2

� �""""
� �

ð2:178Þ

Neglecting shear deformation

feg ¼ � d2y

dx2
ð2:179Þ

Substituting Equation 2.178 into Equation 2.163 and the result into Equation 2.179

feg ¼ 6

I 2
� 12x

I3

""""
"""" 4

I
� 6x

I2
� 6

I2
þ 12x

I3

2

I
� 6x

I2

""""
""""

� �
fD�g

or

e ¼ ½B�fD�g

Moment–curvature relationship is given by

M ¼ �EEI � d2y

dx2

� �

where �EE is the modulus of elasticity.

We know that {s}¼ [E]{e}, so we have for the beam element

½E� ¼ �EEI

The stiffness matrix can now be obtained from Equation 2.171a written in the form

½K � ¼
Z 1

0

½B�T½d�½B� dx

with the integration over the length of the beam. Substituting for [B] and [E], we obtain

½k� ¼ �EEI

Z 1

0

36

l4
� 144x

l5
þ 144x2

l6
symmetrical

24

l3
� 84x

l4
þ 72x2

l5

16

l2
� 48x

l3
þ 36x2

l4

�36

l4
þ 144x

l5
� 144x2

l6

�24

l3
þ 84x

l4
� 72x2

l5

36

l4
� 144x

l5
þ 144x2

l6

12

l3
� 60x

l4
þ 72x2

l5

8

l2
� 36x

l3
þ 36x2

l4

�12

l3
þ 60x

l4
� 72x2

l5

4

l2
� 24x

l3
þ 36x2

l4

2
6666666666664

3
7777777777775

dx
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or

½K � ¼ �EEI

12

l3
symmetrical

6

l2

4

l

� 12

l3
� 6

l2

12

l3

6

l2

2

l
� 6

l2

4

l

2
6666666664

3
7777777775

ð2:180Þ

2.10.14 Plate Element

For the rectangular bending element shown in Figure 2.90 with three degrees of freedom (one deflection

and two rotations) at each node the displacement function can be chosen as a polynomial with 12

undetermined constants as

ff g ¼ w ¼A1 þ A2x þ A3y þ A4x2 þ A5xy þ A6y2 þ A7x3

þ A8x2y þ A9xy2 þ A10y3 þ A11x3y þ A12xy3 ð2:181Þ
or

ff g ¼ fPgfAg
The displacement parameter vector is defined as

fD�g ¼ fwi , yxi, yyijwj , yxj , yyj jwk , yxk , yyk jwl , yxl , yylg
where

yx ¼
qw

qy
and yy ¼ �

qw

qx

As in the case of beam it is possible to derive from Equation 2.181 a system of 12 equations relating

{D�} to constants {A}. The last equation is

w ¼ ½L�ij½L�j j½L�k j½L�l
h i

fD�g ð2:182Þ

The curvatures of the plate element at any point (x, y) are given by

feg ¼

�q2w

qx2

�q2w

qy2

2q2w

qx qy

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

y

z

j

b

i

c

k

x

l

�y, Fy
�x, Fx

w, Fz

FIGURE 2.90 Rectangular bending element.
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By differentiating of Equation 2.182, we obtain

feg ¼ ½B�ij½B�j j½B�k j½B�l
h i

fD�g ð2:183Þ

or

feg ¼
X

r¼i,j,k,l

½B�rfD�gr ð2:184Þ

where

½B�r ¼

� q2

qx2
½L�r

. . .

�q 2

qy2
½L�r

. . .

2
q2

qx qy
½L�r

2
666666666664

3
777777777775

ð2:185Þ

and

fD�gr ¼ fwr , yxr , yyrg ð2:186Þ
For an isotropic slab, the moment–curvature relationship is given by

fsg ¼ fMx My Mxyg ð2:187Þ

½E� ¼ N

1 n 0

n 1 0

0 0
1� n

2

2
664

3
775 ð2:188Þ

and

N ¼
�EEh3

12ð1� n2Þ ð2:189Þ

For orthotropic plates with the principal directions of orthotropy coinciding with the x and y axes, no

additional difficulty is experienced. In this case, we have

½E� ¼
Dx Dl 0

Dl Dy 0

0 0 Dxy

2
64

3
75 ð2:190Þ

where Dx, Dl, Dy, and Dxy are the orthotropic constants used by Timoshenko and Woinowsky-Krieger

(1959), and

Dx ¼
Exh3

12ð1� nxnyÞ

Dy ¼
Eyh3

12ð1� nxnyÞ

Dl ¼
nxEyh3

12ð1� nxnyÞ
¼ nyExh3

12ð1� nxnyÞ

Dxy ¼
Gh3

12

ð2:191Þ

where Ex , Ey, nx, ny, and G are the orthotropic material constants and h is the plate thickness.
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Unlike the strain matrix for the plane stress triangle (see Equation 2.175), the stress and strain in the

present element vary with x and y. In general, we calculate the stresses (moments) at the four corners.

These can be expressed in terms of the nodal displacements by Equation 2.165 which, for an isotropic

element, takes the form

sf gi

sf gj

sf gk

sf gr

8>>><
>>>:

9>>>=
>>>;

¼N

cb

6p�1þ6up 4nc �4b �6np 2nc 0 �6p�1 0 �2b 0 0 0

6pþ6up�1 4c �4nb �6p 2c 0 �6np�1 0 �2np 0 0 0

�ð1�nÞ �ð1�nÞb ð1�nÞc ð1�nÞ 0 �ð1�nÞc ð1�nÞ ð1�nÞb 0 �ð1�nÞ 0 0

�6np �2nc 0 6p�1þ6up �4nc �4b 0 0 0 �6p�1 0 �2b

�6p �2c 0 6pþ6up�1 �4c �4nb 0 0 0 �6np�1 0 �2nb

�ð1�nÞ 0 ð1�nÞc ð1�nÞ �ð1�nÞb ð1�nÞ 0 0 �ð1�nÞ ð1�nÞb 0 0

�6p�1 0 2b 0 0 0 6p�1þ6up 4nc 4b �6np 2nc 0

�6np�1 0 2b 0 0 0 6pþ6up�1 4c 4nb �6p 2c 0

�ð1�nÞ �ð1�nÞb 0 ð1�nÞ 0 0 ð1�nÞ ð1�nÞb ð1�nÞc �ð1�nÞ 0 �ð1�nÞc
0 0 0 �6p�1 0 2b �6np �2nc 0 6p�1þ6up �4nc 4b

0 0 0 �6np�1 0 2nb �6p �2c 0 6pþ6up�1 �4c 4nb

�ð1�nÞ 0 0 ð1�nÞ �ð1�nÞb 0 ð1�nÞ 0 ð1�nÞc �ð1�nÞ ð1�nÞb�ð1�nÞc

2
666666666666666666666666664

3
777777777777777777777777775

�

D�f gi

D�f gj

D�f gk

D�f gr

8>>><
>>>:

9>>>=
>>>;

ð2:192Þ

The stiffness matrix corresponding to the 12 nodal coordinates can be calculated by

½K � ¼
Z b=2

�b=2

Z c=2

�c=2

½B�T½E�½B� dx dy ð2:193Þ

For an isotropic element, this gives

½K �� ¼ N

15cb
½T �½�kk�½T � ð2:194Þ

where

½T � ¼

½Ts�
½Ts�

½Ts�
½Ts�

2
6664

3
7775 (submatrices not shown are zero) ð2:195Þ

½Ts� ¼
1 0 0

0 b 0

0 0 c

2
4

3
5 ð2:196Þ

and
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If the element is subjected to a uniform load in the z direction of intensity q, the consistent load

vector becomes

fQ�qg ¼ q

Z b=2

�b=2

Z c=2

�c=2

½L�T dx dy ð2:198Þ

where fQ�qg are 12 forces corresponding to the nodal-displacement parameters.

Evaluating the integrals in this equation gives

fQ�qg ¼ qcb

1=4

b=24

�c=24
. . .

1=4

�b=24

�c=24

. . .

1=4

b=24

c=24

. . .

1=4

�b=24

c=24

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ð2:199Þ

More details on the finite element method can be found in Desai and Abel (1972) and Ghali and

Neville (1978).

2.11 Inelastic Analysis

2.11.1 An Overall View

Inelastic analyses can be generalized into two main approaches. The first approach is known as plastic

hinge analysis. The analysis assumes that structural elements remain elastic except at critical regions

where plastic hinges are allowed to form. The second approach is known as spread of plasticity analysis.

This analysis follows explicitly the gradual spread of yielding throughout the structure. Material yielding

in the member is modeled by discretization of members into several line elements and subdivision of the

cross-sections into many ‘‘fibers.’’ Although the spread of plasticity analysis can predict accurately the

inelastic response of the structure, the plastic hinge analysis is considered to be computationally more

efficient and less expensive to execute.

If geometric nonlinear effect is not considered, the plastic hinge analysis predicts the maximum load of

the structure corresponding to the formation of a plastic collapse mechanism (Chen and Sohal 1994).

First-order plastic analysis has considerable application in continuous beams and low-rise building frames

where members are loaded primarily in flexure. For tall building frames and for frames with slender

columns subjected to side sway, the interaction between yielding and instability may lead to collapse prior

to the formation of a plastic mechanism (SSRC 1988). If an incremental analysis is carried out based on the

updated deformed geometry of the structure, the analysis is termed second order. The need for a second-

order analysis of steel frame is increasing in view of the modern codes and standards that give explicit

permission for the engineer to compute load effects from a direct second-order analysis.

This section presents the virtual work principle to explain the fundamental theorems of plastic hinge

analysis. Simple and approximate techniques of practical plastic analysis methods are then introduced.
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The concept of hinge-by-hinge analysis is presented. The more advanced topics such as second-order

elastic-plastic hinge, refined plastic hinge analysis, and spread of plasticity analysis are covered in

Section 2.12.

2.11.2 Ductility

Plastic analysis is strictly applicable for materials that can undergo large deformation without

fracture. Steel is one such material with an idealized stress–strain curve as shown in Figure 2.91. When

steel is subjected to tensile force, it will elongate elastically until the yield stress is reached. This is followed

by an increase in strain without much increase in stress. Fracture will occur at very large deformation.

This material idealization is generally known as elastic–perfectly plastic behavior. For a compact section,

the attainment of initial yielding does not result in failure of the section. The compact section will have

reserved plastic strength that depends on the shape of the cross-section. The capability of the material to

deform under constant load without decrease in strength is the ductility characteristic of the material.

2.11.3 Redistribution of Forces

The benefit of using a ductile material can be demonstrated from an example of a three-bar system

shown in Figure 2.92. From the equilibrium condition of the system

2T1 þ T2 ¼ P ð2:200Þ

Assuming elastic stress–strain law, the displacement and force relationship of the bars may be written as

d ¼ T1L1

AE
¼ T2L2

AE
ð2:201Þ

Since L2¼ L1/2¼ L/2, Equation 2.201 can be written as

T1 ¼
T2

2
ð2:202Þ

where T1 and T2 are the tensile forces in the rods, L1 and L2 are lengths of the rods, A is the cross-section

area, and E is the elastic modulus. Solving Equations 2.201 and 2.202 for T2

T2 ¼
P

2
ð2:203Þ

The load at which the structure reaches the first yield (in Figure 2.92b) is determined by letting T2¼ syA.

From Equations 2.203

Py ¼ 2T2 ¼ 2syA ð2:204Þ

1

E

Strain

St
re

ss
, k

si

Perfectly plastic


y

�y

Elastic

FIGURE 2.91 Idealized stress–strain curve.
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The corresponding displacement at first yield is

dy ¼ eyL ¼ syL

2E
ð2:205Þ

After bar 2 is yielded, the system continues to take additional load until all the three bars reach

their maximum strength of syA, as shown in Figure 2.92c. The plastic limit load of the system is thus

written as

PL ¼ 3syA ð2:206Þ

The process of successive yielding of bars in this system is known as inelastic redistribution of forces. The

displacement at the incipient of collapse is

dL ¼ eyL ¼ syL

E
ð2:207Þ

Figure 2.92d shows the load–displacement behavior of the system when subjected to increasing

force. As load increases, bar 2 will reach its maximum strength first. As it is yielded, the force in the

member remains constant, and additional loads on the system are taken by the less critical bars. The

system will eventually fail when all three bars are fully yielded. This is based on an assumption that

material strain hardening does not take place.

2.11.4 Concept of Plastic Hinge

A plastic hinge is said to form in a structural member when the cross-section is fully yielded. If material

strain hardening is not considered in the analysis, a fully yielded cross-section can undergo indefinite

rotation at a constant restraining plastic moment Mp.

Most of the plastic analyses assume that plastic hinges are concentrated at zero-length plasticity. In

reality, the yield zone is developed over a certain length, normally called the plastic hinge length, depending

on the loading, boundary conditions, and geometry of the section. The hinge lengths of beams (DL) with

1

(a)

(d)

(b) (c)

T1 T1 T1 T1

T2 = �y A �yA �yA �yAT2

Py PL

A
A

P

Rigid

A L/2

L

2 3

PL

Py

Load

Elastic

Unrestricted
plastic flow

“Contained”
plastic flow

Deflection�L�y

FIGURE 2.92 Force redistribution in a three-bar system: (a) elastic, (b) partially yielded, (c) fully plastic, and

(d) load–deflection curve.
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different support and loading conditions are shown in Figure 2.93. Plastic hinges are developed first at the

sections subjected to the greatest moment. The possible locations for plastic hinges to develop are at

the points of concentrated loads, at the intersections of members involving a change in geometry, and

at the point of zero shear for a member under uniform distributed load.

2.11.5 Plastic Moment Capacity

A knowledge of full plastic moment capacity of a section is important in plastic analysis. It forms the

basis for limit load analysis of the system. Plastic moment is the moment resistance of a fully yielded

cross-section. The cross-section must be fully compact to develop its plastic strength. The component

plates of a section must not buckle prior to the attainment of full moment capacity.

The plastic moment capacity, Mp, of a cross-section depends on the material yield stress and the section

geometry. The procedure for the calculation of Mp may be summarized in the following two steps:

1. The plastic neutral axis of a cross-section is located by considering the equilibrium of forces

normal to the cross-section. Figure 2.94a shows a cross-section of arbitrary shape subjected to

increasing moment. The plastic neutral axis is determined by equating the force in compression

(C) to that in tension (T ). If the entire cross-section is made of same material, the plastic neutral

axis can be determined by dividing the cross-sectional area into two equal parts. If the cross-

section is made of more than one type of material, the plastic neutral axis must be determined by

summing the normal force and letting the force equal zero.

2. The plastic moment capacity is determined by obtaining the moment generated by the tensile and

compressive forces.

Consider an arbitrary section with area 2A and one axis of symmetry, which is strengthened by a cover

plate of area a as shown in Figure 2.94b. Further, assume that the yield strengths of the original section

P(a)

(b)

(c)

f = shape factor
= Mp/My

L

L

L

W

P

1–

∆L = L

∆L/2 ∆L/2

1–

1
f

1
f

∆L = L )(

1– 1
f

L
2∆L = )(

FIGURE 2.93 Hinge lengths of beams with different support and loading conditions.
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and the cover plate are syo and syc, respectively. At the full plastic state, the total axial force acting on the

cover plate is asyc. To maintain equilibrium of force in the axial direction, the plastic neutral axis must

shift down from its original position by a 0, that is,

a0 ¼ asyc

2syo

ð2:208Þ

The resulting plastic capacity of the ‘‘built-up’’ section may be obtained by summing the full plastic

moment of the original section and the moment contribution by the cover plate. The additional capacity

is equal to the moment caused by the cover plate force asyc and a force due to the fictitious stress 2syo

acting on the area a 0 resulting from the shifting of plastic neutral axis from tension zone to compression

zone as shown in Figure 2.94c.

Figure 2.95 shows the computation of plastic moment capacity of several shapes of cross-section.

Based on the principle developed in this section, the plastic moment capacities of typical cross-sections

may be generated. Additional information on sections subjected to combined bending, torsion, shear,

and axial load can be found in Mrazik et al. (1987).

2.11.6 Theory of Plastic Analysis

There are two main assumptions for first-order plastic analysis:

1. The structure is made of ductile material that can undergo large deformations beyond the elastic

limit without fracture or buckling.

2. The deflections of the structure under loading are small so that second-order effects can be

ignored.

An ‘‘exact’’ plastic analysis solution must satisfy three basic conditions. They are equilibrium,

mechanism, and plastic moment conditions. The plastic analysis disregards the continuity condition as

required by the elastic analysis of indeterminate structures. The formation of plastic hinge in members

leads to discontinuity of slope. If sufficient plastic hinges are formed to allow the structure to deform

into a mechanism, it could constitute a mechanism condition. Since plastic analysis utilizes the limit of

resistance of a member’s plastic strength, the plastic moment condition is required to ensure that the

resistance of the cross-sections is not violated anywhere in the structure. Lastly, the equilibrium

condition, which is the same condition to be satisfied in elastic analysis, requires that the sum of all

applied forces and reactions be equal to zero and all internal forces be self-balanced.

When all the three conditions are satisfied, the resulting plastic analysis for limiting load is the

‘‘correct’’ limit load. The collapse loads for simple structures such as beams and portal frames can be

solved easily using a direct approach or through visualization of the formation of a ‘‘correct’’ collapse

mechanism. However, for more complex structures, the exact solution satisfying all the three conditions

may be difficult to predict. Thus, simple techniques using approximate methods of analysis are often

used to assess these solutions. These techniques, named equilibrium and mechanism methods, will be

discussed in the subsequent sections.
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FIGURE 2.94 Cross-section of arbitrary shape subjected to bending.
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2.11.6.1 Principle of Virtual Work

The virtual work principle may be applied to relate a system of forces in equilibrium to a system of

compatible displacements. For example, if a structure in equilibrium is given a set of small compatible

displacements, then the work done by the external loads on these external displacements is equal to the

work done by the internal forces on the internal deformation. In plastic analysis, internal deformations

are assumed to be concentrated at plastic hinges. The virtual work equation for hinged structures can be

written in explicit form as X
Pidj ¼

X
Miyj ð2:209Þ

Cross-section Stress distribution Plastic moment, Mp
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FIGURE 2.95 Plastic moment capacities of sections.
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where Pi is an external load and Mi is the internal moment at a hinge location. Both Pi and Mi constitute

an equilibrium set and they must be in equilibrium. dj are the displacements under the point loads Pi

and in the direction of the loads. yj are the plastic hinge rotations under the moment Mi. Both dj and yj

constitute a displacement set and they must be compatible with each other.

2.11.6.2 Lower Bound Theorem

For a given structure, if there exists any distribution of bending moments in the structure that satisfies

both the equilibrium and the plastic moment conditions, then the load factor, lL, computed from this

moment diagram must be equal to or less than the collapse load factor, lc, of the structure. The lower

bound theorem provides a safe estimate of the collapse limit load, that is, lL� lc.

2.11.6.3 Upper Bound Theorem

For a given structure subjected to a set of applied loads, a load factor, lu, computed based on an assumed

collapse mechanism must be greater than or equal to the true collapse load factor, lc. The upper bound

theorem, which uses only the mechanism condition, estimates correctly or overestimates the collapse

limit load, that is, lu� lc.

2.11.6.4 Uniqueness Theorem

A structure at collapse has to satisfy three conditions. First, a sufficient number of plastic hinges must be

formed to turn the structure, or part of it, into a mechanism; this is called the mechanism condition.

Second, the structure must be in equilibrium, that is, the bending moment distribution must satisfy

equilibrium with the applied loads. Finally, the bending moment at any cross-section must not exceed

the full plastic value of that cross-section; this is called the plastic moment condition. The theorem

simply implies that the collapse load factor, lc, obtained from the three basic conditions (mechanism,

equilibrium, and plastic moment) has a unique value.

The proof of the three theorems can be found in Chen and Sohal (1994). A useful corollary of the lower

bound theorem is that if at a load factor, l, it is possible to find a bending moment diagram that satisfies

both the equilibrium and the moment conditions but not necessarily the mechanism condition, then the

structure will not collapse at that load factor, unless the load happens to be the collapse load. A corollary of

the upper bound theorem is that the true load factor at collapse is the smallest possible one that can be

determined from a consideration of all possible mechanisms of collapse. This concept is very useful in

finding the collapse load of the system from various combinations of mechanisms. From these theorems, it

can be seen that the lower bound theorem is based on equilibrium approach while the upper bound

technique is based on mechanism approach. These two alternative approaches to an exact solution, called

the equilibrium method and mechanism method, will be discussed in the sections that follow.

2.11.7 Equilibrium Method

The equilibrium method, which employs the lower bound theorem, is suitable for the analysis of

continuous beams and frames in which the structural redundancies do not exceed two. The procedures

for obtaining the equilibrium equations of a statically indeterminate structure and evaluating its plastic

limit load are as follows:

To obtain the equilibrium equations of a statically indeterminate structure

1. Select the redundant(s).

2. Free the redundants and draw a moment diagram for the determinate structure under the applied

loads.

3. Draw a moment diagram for the structure due to the redundant forces.

4. Superimpose the moment diagrams in steps 2 and 3.

5. Obtain maximum moment at critical sections of the structure utilizing the moment diagram in

step 4.
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To evaluate the plastic limit load of the structure

6. Select the value(s) of redundant(s) such that the plastic moment condition is not violated at any

section in the structure.

7. Determine the load corresponding to the selected redundant(s).

8. Check for the formation of a mechanism. If a collapse mechanism condition is met, then the

computed load is the exact plastic limit load. Otherwise, it is a lower bound solution.

9. Adjust the redundant(s) and repeat steps 6 to 9 until the exact plastic limit load is obtained.

EXAMPLE 2.11

Continuous Beam

Figure 2.96a shows a two-span continuous beam analyzed using the equilibrium method. The plastic

limit load of the beam is calculated based on the step-by-step procedure described in the previous

section as follows:

1. Select the redundant force as M1 which is the bending moment at the intermediate support, as

shown in Figure 2.96b.

2. Free the redundants and draw a moment diagram for the determinate structure under the applied

loads, as shown in Figure 2.96c.

3. Draw a moment diagram for the structure due to the redundant moment M1, as shown in Figure 2.96d.

4. Superimpose the moment diagrams in Figure 2.96c and d and the results are shown in

Figure 2.96e.

5. The moment diagram in Figure 2.96e is redrawn on a single straight base line. The critical moment

in the beam is

Mcr ¼
PaðL � aÞ

L
�M1a

L
ð2:210Þ

The maximum moment at critical sections of the structure is obtained by using the moment diagram

in Figure 2.96e. By letting Mcr¼Mp, the resulting moment distribution is shown in Figure 2.96f.

6. A lower bound solution may be obtained by selecting a value of redundant moment M1.

For example, if M1¼ 0 is selected, the moment diagram is reduced to that shown in Figure 2.96c.

By equating the maximum moment in the diagram to the plastic moment, Mp, we have

Mcr ¼
PaðL � aÞ

L
¼ Mp ð2:211Þ

L
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FIGURE 2.96 Analysis of a two-span continuous beam using equilibrium method.
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which gives P¼ P1 as

P1 ¼
MpL

aðL � aÞ ð2:212Þ

The moment diagram in Figure 2.96c shows a plastic hinge formed at each span. Since two plastic

hinges in each span are required to form a plastic mechanism, the load P1 is a lower bound solution.

However, if the redundant moment M1 is set equal to the plastic moment Mp, and by letting the

maximum moment in Figure 2.96f equal the plastic moment, we have

Mcr ¼
PaðL � aÞ

L
�Mpa

L
¼ Mp ð2:213Þ

which gives P¼ P2 as

P2 ¼
MpðL þ aÞ
aðL � aÞ ð2:214Þ

7. Since a sufficient number of plastic hinges have formed in the beams (Figure 2.96g) to arrive at

a collapse mechanism, the computed load, P2, is the exact plastic limit load.

EXAMPLE 2.12

Portal Frame

A pin-based rectangular frame is subjected to a vertical load V and a horizontal load H as shown in

Figure 2.97a. All the members of the frame are made of the same section with moment capacity Mp. The

objective is to determine the limit value of H if the frame’s width-to-height ratio L/h is 1.0.
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FIGURE 2.97 Analysis of portal frame using equilibrium method.
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Procedure

The frame has one degree of redundancy. The redundancy for this structure can be chosen as the

horizontal reaction at E. Figure 2.97b and c show the resulting determinate frame loaded by the

applied loads and redundant force. The moment diagrams corresponding to these two loading condi-

tions are shown in Figure 2.97d and e.

The horizontal reaction S should be chosen in such a manner that all three conditions, equilibrium,

plastic moment, and mechanism, are satisfied. Formation of two plastic hinges is necessary to form

a mechanism. The plastic hinges may be formed at B, C, and D. Assuming that a plastic hinge is formed

at D as shown in Figure 2.97e, we have

S ¼ Mp

h
ð2:215Þ

Corresponding to this value of S, the moments at B and C can be expressed as

MB ¼ Hh �Mp ð2:216Þ

MC ¼
Hh

2
þ VL

4
�Mp ð2:217Þ

The condition for the second plastic hinge to form at B is jMBj> jMCj. From Equations 2.216 and 2.217

we have

Hh �Mp >
Hh

2
þ VL

4
�Mp ð2:218Þ

and

V

H
<

h

L
ð2:219Þ

The condition for the second plastic hinge to form at C is jMCj> jMBj. From Equations 2.216 and 2.217

we have

Hh �Mp <
Hh

2
þ VL

4
�Mp ð2:220Þ

and

V

H
>

h

L
ð2:221Þ

For a particular combination of V, H, L, and h, the collapse load for H can be calculated.

1. When L/h¼ 1 and V/H¼ 1
3
, we have

MB ¼ Hh �Mp ð2:222Þ

MC ¼
Hh

2
þHh

12
�Mp ¼

7

12
Hh �Mp ð2:223Þ

Since jMBj> jMCj, the second plastic hinge will form at B and the corresponding value for H is

H ¼ 2Mp

h
ð2:224Þ

2. When l/h¼ 1 and V/H¼ 3, we have

MB ¼ Hh �Mp ð2:225Þ

MC ¼
Hh

2
þ 3

4
Hh �Mp ¼

5

4
Hh �Mp ð2:226Þ

Since jMCj> jMBj, the second plastic hinge will form at C and the corresponding value for H is

H ¼ 1:6Mp

h
ð2:227Þ
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2.11.8 Mechanism Method

This method, which is based on the upper bound theorem, states that the load computed on the basis of an

assumed failure mechanism is never less than the exact plastic limit load of a structure. Thus, it always

predicts the upper bound solution of the collapse limit load. It can also be shown that the minimum

upper bound is the limit load itself. The procedure of using the mechanism method has the following two

steps:

1. Assume a failure mechanism and form the corresponding work equation from which an upper

bound value of the plastic limit load can be estimated.

2. Write the equilibrium equations for the assumed mechanism and check the moments to see

whether the plastic moment condition is met everywhere in the structure.

To obtain the true limit load using the mechanism method, it is necessary to determine every possible

collapse mechanism of which some are the combinations of a certain number of independent

mechanisms. Once the independent mechanisms have been identified, a work equation may be estab-

lished for each combination and the corresponding collapse load is determined. The lowest load among

those obtained by considering all the possible combinations of independent mechanisms is the correct

plastic limit load.

2.11.8.1 Independent Mechanisms

The number of possible independent mechanisms, n, for a structure can be determined from the

following equation:

n ¼ N � R ð2:228Þ

where N is the number of critical sections at which plastic hinges might form and R indicates the degrees

of redundancy of the structure.

Critical sections generally occur at the points of concentrated loads, at joints where two or more

members meet at different angles, and at sections where there is an abrupt change in section geometries

or properties. To determine the number of redundancies (R) of a structure, it is necessary to free

sufficient supports or restraining forces in structural members so that the structure becomes an assembly

of several determinate substructures.

Figure 2.98 shows two examples. The cuts that are made in each structure reduce the structural members

to either cantilevers or simply supported beams. The fixed-end beam requires a shear force and a moment

to restore continuity at the cut section, and thus R¼ 2. For the two-store frame, an axial force, shear, and

moment are required at each cut section for full continuity and thus R¼ 12.

2.11.8.2 Types of Mechanism

Figure 2.99a shows a frame structure subjected to a set of loading. The frame may fail by different

types of collapse mechanisms dependent on the magnitude of loading and the frame’s configurations.

The collapse mechanisms are

1. Beam mechanism. Possible mechanisms of this type are shown in Figure 2.99b.

2. Panel mechanism. The collapse mode is associated with side sway, as shown in Figure 2.99c.

3. Gable mechanism. The collapse mode is associated with the spreading of column tops with respect

to the column bases, as shown in Figure 2.99d.

4. Joint mechanism. The collapse mode is associated with the rotation of joints of which the

adjoining members developed plastic hinges and deformed under an applied moment, as shown in

Figure 2.99e.

5. Combined mechanism. It can be a partial collapse mechanism as shown in Figure 2.99f or it may

be a complete collapse mechanism as shown in Figure 2.99g.
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The principal rule for combining independent mechanisms is to obtain a lower value of collapse load.

The combinations are selected in such a way that the external work becomes a maximum and the

internal work becomes a minimum. Thus, the work equation would require that the mechanism involve

as many applied loads as possible and at the same time eliminate as many plastic hinges as possible. This

procedure will be illustrated in the following example.

3

3

3

(a)

(b)

Cut section

R = 2

R = 2

2

3

FIGURE 2.98 Number of redundants in a (a) beam and (b) frame.

Beam mechanisms

Panel mechanism

Gable mechanism

Joint mechanism

Partial collapse

Combined
mechanisms

Independent
mechanisms

Complete collapse

(a)

(b)

(c)

(d)

(e)

(f)

(g)

FIGURE 2.99 Typical plastic mechanisms.
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EXAMPLE 2.13

Rectangular frame

A fixed-end rectangular frame has a uniform section with Mp¼ 20 and carries the load shown in

Figure 2.100. Determine the value of load ratio l at collapse.

Solution

Number of possible plastic hinges N¼ 5

Number of redundancies R¼ 3

Number of independent mechanisms N�R¼ 2

The two independent mechanisms are shown in Figure 2.100b and c and the corresponding work

equations are

Panel mechanism 20l¼ 4(20)¼ 80 ) l¼ 4

Beam mechanism 30l¼ 4(20)¼ 80 ) l¼ 2.67

The combined mechanisms are now examined to see whether they will produce a lower l value.

It is observed that only one combined mechanism is possible. The mechanism is shown in Figure 2.100c

involving cancellation of plastic hinge at B. The calculation of the limit load is described below:

Panel mechanism 20l¼ 4(20)

Beam mechanism 30l= 4(20)

Addition 50l¼ 8(20)

Cancellation of plastic hinge � 2(20)

Combined mechanism 50l¼ 6(20)

)l¼ 2.4

A D
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2�B

C

(d)

10�
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�

�

�

� �

�
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(b) (c)

A
A

B
��

D

C

D

B
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20

(a) 3�

2�

DC

A E

Mp = 20

FIGURE 2.100 Collapse mechanisms of a fixed-base portal frame.
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The combined mechanism results in a smaller value for l and no other possible mechanism can produce

a lower load. Thus, l¼ 2.4 is the collapse load.

EXAMPLE 2.14

Frame subjected to distributed load

When a frame is subjected to distributed loads, the maximum moment and hence the plastic hinge

location are not known in advance. The exact location of the plastic hinge may be determined by writing

the work equation in terms of the unknown distance and then maximizing the plastic moment by formal

differentiation.

Consider the frame shown in Figure 2.101a. The side sway collapse mode in Figure 2.101b leads to the

following work equation:

4Mp ¼ 24ð10yÞ

which gives

Mp ¼ 60

The beam mechanism of Figure 2.101c gives

4Mpy ¼
1

2
ð10yÞ32

which gives

Mp ¼ 40

In fact the correct mechanism is shown in Figure 2.101d, in which the distance Z from the plastic hinge

location is unknown. The work equation is

24ð10yÞ þ 1

2
ð1:6Þð20ÞðzyÞ ¼ Mp 2þ 2

20

20� z

� �� �
y

which gives

Mp ¼
ð240þ 16zÞð20� zÞ

80� 2z

To maximize Mp, the derivative of Mp is set to zero, that is,

ð80� 2zÞð80� 32zÞ þ ð4800þ 80z � 16z2Þð2Þ ¼ 0

which gives

z ¼ 40�
ffiffiffiffiffiffiffiffiffiffi
1100
p

¼ 6:83

and

Mp ¼ 69:34

In practice, uniform load is often approximated by applying several equivalent point loads to the

member under consideration. Plastic hinges thus can be assumed to form only at the concentrated load

points, and the calculations become simpler when the structural system becomes more complex.
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2.11.9 Gable Frames

The mechanism method is used to determine the plastic limit load of the gable frame shown in

Figure 2.102. The frame is composed of members with plastic moment capacity of 270 kip ft.

The column bases are fixed. The frame is loaded by a horizontal load H and a vertical concentrated load

V. A graph from which V and H cause the collapse of the frame is to be produced.

Solution

Consider the three modes of collapse as follows.

2.11.9.1 Plastic Hinges Form at A, C, D, and E

The mechanism is shown in Figure 2.102b. The instantaneous center O for member CD is located at

the intersection of AC and ED extended. From similar triangles ACC1 and OCC2, we have

OC2

CC2

¼ C1A

C1C

10 ft

1.6 kip/ft

24 kip

B C D

(a)

Mp

Mp

Mp

A
20 ft

E

A

B D

E

�

�

�

�

�

� �

�

B
C

D2�

(b)

(c)

(d)

10�

Z 20 – Z

20�/(20 – Z )

20�/(20 – Z )

Z�

FIGURE 2.101 A portal frame subjected to combined uniform distributed load and horizontal load.
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0
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E

�
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FIGURE 2.102 Collapse mechanisms of a fixed-base gable frame.

Structural Analysis 2-121

Copyright 2005 by CRC Press



which gives

OC2 ¼
C1A

C1C
CC2 ¼

22:5ð9Þ
18

¼ 11:25 ft

From triangles ACC0 and CC0O, we have

ACðfÞ ¼ OCðyÞ

which gives

f ¼ OC

AC
y ¼ CC2

C1C
y ¼ 9

8
y ¼ 1

2
y

Similarly, from triangles ODD0 and EDD0, the rotation at E is given as

DEðCÞ ¼ ODðyÞ

which gives

C ¼ OD

DE
y ¼ 1:5y

From the hinge rotations and displacements, the work equation for this mechanism can be written as

V ð9yÞ þHð13:5CÞ ¼ Mp½fþ ðfþ yÞ þ ðyþCÞ þC�

Substituting values for C and f and simplifying, we have

V þ 2:25H ¼ 180

2.11.9.2 Mechanism with Hinges at B, C, D, and E

Figure 2.102c shows the mechanism in which the plastic hinge rotations and displacements at the load

points can be expressed in terms of the rotation of member CD about the instantaneous center O.

From similar triangles BCC1 and OCC2, we have

OC2

CC2

¼ BC1

C1C

which gives

OC2 ¼
BC1

C1C
CC2 ¼

9

18
ð9Þ ¼ 4:5

From triangles BCC0 and CC0O, we have

BCðfÞ ¼ OCðyÞ

which gives

f ¼ OC

BC
y ¼ OC2

BC1

y ¼ 4:5

9
y ¼ 1

2
y

Similarly, from triangles ODD0 and EDD0, the rotation at E is given as

DEðCÞ ¼ ODðyÞ

which gives

C ¼ OD

DE
y ¼ y

The work equation for this mechanism can be written as

V ð9yÞ þHð13:5CÞ ¼ Mp½fþ ðfþ yÞ þ ðyþCÞ þC�
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Substituting values of C and f and simplifying, we have

V þ 1:5H ¼ 150

2.11.9.3 Mechanism with Hinges at A, B, D, and E

The hinge rotations and displacements corresponding to this mechanism are shown in Figure 2.102d.

The rotation of all hinges is y. The horizontal load moves by 13.5y but the horizontal load has no vertical

displacement. The work equation becomes

Hð13:5yÞ ¼ Mpðyþ yþ yþ yÞ

or

H ¼ 80

The interaction equations corresponding to the three mechanisms are plotted in Figure 2.103. By

carrying out moment checks, it can be shown that mechanism 1 is valid for the portion AB of the curve,

mechanism 2 for portion BC, and mechanism 3 is valid only when V¼ 0.

2.11.10 Analysis Aids for Gable Frames

2.11.10.1 Pin-Based Gable Frames

Figure 2.104a shows a pinned-end gable frame subjected to a uniform gravity load lwL and a horizontal

load l1H at the column top. The collapse mechanism is shown in Figure 2.104b. The work equation is

used to determine the plastic limit load. First, the instantaneous center of rotation, O, is determined by

considering similar triangles:

OE

CF
¼ L

xL
and

OE

CF
¼ OE

h1 þ 2xh2

ð2:229Þ

and

OD ¼ OE� h1 ¼
ð1� xÞh1 þ 2xh2

x
ð2:230Þ

From the horizontal displacement of D

yh1 ¼ fOD ð2:231Þ

200
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40

20 40 60 80 100

C

B

A

(2)

V + 1.5H = 150

(1)

V + 2.25H = 180

(3)

H = 80 kip

H, kip

 V
, k

ip

FIGURE 2.103 Vertical load and horizontal force interaction curve for collapse analysis of gable frame.
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where

f ¼ x

ð1� xÞ þ 2xk
y ð2:232Þ

where k¼ h2/h1. From the vertical displacement at C,

b ¼ 1� x

ð1� xÞ þ 2xk
y ð2:233Þ

The work equation for the assumed mechanism is

l1Hh1bþ
lwL2

2
ð1� xÞf ¼ Mpðbþ 2fþ yÞ ð2:234Þ

which gives

Mp ¼
ð1� xÞl1Hh1 þ ð1� xÞxlwL2=2

2ð1þ kxÞ ð2:235Þ

(b)

(c)

(a)
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D

E

�1H
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�
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�
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�
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FIGURE 2.104 Pinned-base gable frame subjected to combined uniform distributed load and horizontal load.
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Differentiating Mp in Equation 2.235 with respect to x and solving for x,

x ¼ A� 1

k
ð2:236Þ

where

A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ kÞð1� UkÞ

p
and U ¼ 2l1Hh1

lwL2
ð2:237Þ

Substituting for x in the expression for Mp gives

Mp ¼
lwL2

8

Uð2þ UÞ
A2 þ 2A� Uk2 þ 1

� �
ð2:238Þ

In the absence of horizontal loading, the gable mechanism, as shown in Figure 2.104c, is the failure

mode. In this case, letting H¼ 0 and U¼ 0 gives (Horne 1964)

Mp ¼
lwL2

8

1

1þ k þ
ffiffiffiffiffiffiffiffiffiffiffi
1þ k
p

� �
ð2:239Þ

Equation 2.238 can be used to produce a chart as shown in Figure 2.105 by which the value of Mp

can be determined quickly by knowing the values of

k ¼ h2

h1

and U ¼ 2l1Hh1

lwL2
ð2:240Þ

2.11.10.2 Fixed-Base Gable Frames

A similar chart can be generated for a fixed-base gable frame as shown in Figure 2.106. Thus, if the values

of loading, lw and l1H and frame geometry, h1, h2, and L, are known, the parameters k and U can be
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��L
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��L2

��L2
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Sway mechanism
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FIGURE 2.105 Analysis chart for pinned-base gable frame.
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evaluated and the corresponding value of Mp/(lwL2) can be read directly from the appropriate chart.

The required value of Mp is obtained by multiplying the value of Mp/(lwL2) by lwL2.

2.11.11 Grillages

A grillage is a type of structure consisting of straight beams lying on the same plane, subjected to loads

acting perpendicular to the plane. An example of such a structure is shown in Figure 2.107. The

grillage consists of two equal simply supported beams of span length 2L and full plastic moment Mp.

The two beams are connected rigidly at their centers where a concentrated load W is carried.

The collapse mechanism consists of four plastic hinges formed at the beams adjacent to the point load

as shown in Figure 2.107. The work equation is

WLy ¼ 4Mpy
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FIGURE 2.106 Analysis chart for fixed-base gable frame.
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FIGURE 2.107 Two-beam grillage system.
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where the collapse load is

W ¼ 4Mp

L

2.11.11.1 Six-Beam Grillage

A grillage consisting of six beams of span length 4L each and full plastic moment Mp is shown in

Figure 2.108. A total load of 9W acts on the grillage, splitting into concentrated loads W at the nine

nodes. Three collapse mechanisms are possible. Ignoring member twisting due to torsional forces, the

work equations associated with the three collapse mechanisms are computed as follows:

Mechanism 1 (Figure 2.109a)

Work equation:

9wLy ¼ 12Mpy

where

w ¼ 12

9

Mp

L
¼ 4Mp

3L

Mechanism 2 (Figure 2.109b)

Work equation:

wLy ¼ 8Mpy

where

w ¼ 8Mp

L

Mechanism 3 (Figure 2.109c)

Work equation:

w2L2yþ 4� w2Ly ¼ Mpð4yþ 8yÞ

where

w ¼ Mp

L

L
L

L
L

L

L
L

L

W
W

W
W

W
W

W
W

W

FIGURE 2.108 Six-beam grillage system.
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The lowest upper bound load corresponds to mechanism 3. This can be confirmed by conducting

a moment check to ensure that bending moments anywhere are not violating the plastic moment

condition. Additional discussion of plastic analysis of grillages can be found in Baker and Heyman

(1969) and Heyman (1971).

2.11.12 Vierendeel Girders

Figure 2.110 shows a simply supported girder in which all members are rigidly joined and have the same

plastic moment Mp. It is assumed that axial loads in the members do not cause member instability.

Two possible collapse mechanisms are considered as shown in Figure 2.110b and c. The work equation

for mechanism 1 is

W 3yL ¼ 20Mpy

so that

W ¼ 20Mp

3L

A B C
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��
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�

�

�

�

��
� �

Grid line 2

Grid line B

B

2

�

�

� �
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FIGURE 2.109 Six-beam grillage system: (a) mechanism 1, (b) mechanism 2, and (c) mechanism 3.
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The work equation for mechanism 2 is

W 3yL ¼ 16Mpy

or

W ¼ 16Mp

3L

It can be easily proved that the collapse load associated with mechanism 2 is the correct limit load. This

is done by constructing an equilibrium set of bending moments and checking that they are not violat-

ing the plastic moment condition.

2.11.13 Hinge-by-Hinge Analysis

Instead of finding the collapse load of the frame, it may be useful to obtain information about the

distribution and redistribution of forces prior to reaching the collapse load. Elastic–plastic hinge

analysis (also known as hinge-by-hinge analysis) determines the order of plastic hinge formation, the

load factor associated with each plastic hinge formation, and member forces in the frame between

each hinge formation. Thus, the state of the frame can be defined at any load factor rather than

only at the state of collapse. This allows a more accurate determination of member forces at the design

load level.

Educational and commercial software are now available for elastic–plastic hinge analysis (Chen and

Sohal 1994). The computations of deflections for simple beams and multistorey frames can be done

using the virtual work method (Knudsen et al. 1933; Beedle 1958; ASCE 1971; Chen and Sohal 1994).

The basic assumption of first-order elastic–plastic hinge analysis is that the deformations of the

structure are insufficient to alter radically the equilibrium equations. This assumption ceases

to be true for slender members and structures, and the method gives unsafe predictions of limit

loads.
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FIGURE 2.110 Collapse mechanism of a Vierendeel girder.
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2.12 Structural Stability

2.12.1 Stability Analysis Methods

Several stability analysis methods have been utilized in research and practice. Figure 2.111 shows

schematic representations of the load–displacement results of a sway frame obtained from each type of

analysis to be considered.

2.12.1.1 Elastic Buckling Analysis

The elastic buckling load is calculated by linear buckling or bifurcation (or eigenvalue) analysis. The

buckling loads are obtained from the solutions of idealized elastic frames subjected to loads that do not

produce direct bending in the structure. The only displacements that occur before buckling occurs are

those in the directions of the applied loads. When buckling (bifurcation) occurs, the displacements

increase without bound, assuming linearized theory of elasticity and small displacement as shown by the

horizontal straight line in Figure 2.111. The load at which these displacements occur is known as the

buckling load, or is commonly referred to as bifurcation load. For structural models that actually exhibit

a bifurcation from the primary load path, the elastic buckling load is the largest load that the model can

sustain, at least within the vicinity of the bifurcation point, provided that the postbuckling path is in

unstable equilibrium. If the secondary path is in stable equilibrium, the load can still increase beyond the

critical load value.

Buckling analysis is a common tool for calculations of column effective lengths. The effective length

factor of a column member can be calculated using the procedure described in Section 2.12.2.5. The

buckling analysis provides useful indices of the stability behavior of structures; however, it does not

predict actual behavior of all but idealized structures with gravity loads applied only at the joints.

2.12.1.2 Second-Order Elastic Analysis

The analysis is formulated based on the deformed configuration of the structure. When derived

rigorously, a second-order analysis can include both the member curvature (P–d) and the side sway

Linear elastic analysis

Load
factor Elastic buckling load

Rigid plastic load
Second-order elastic analysis

First-order elastic–plastic analysis
Second-order inelastic analysis

1
H1

H2

H3

�1

�2

�3

Deflection, ∆

∆

FIGURE 2.111 Categorization of stability analysis methods.
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(P–D) stability effects. The P–d effect is associated with the influence of the axial force acting through

the member displacement with respect to the rotated chord, whereas the P–D effect is the influence

of axial force acting through the relative side sway displacements of the member ends. A structural

system will become stiffer when its members are subjected to tension. Conversely, the structure will

become softer when its members are in compression. Such a behavior can be illustrated by a simple

model shown in Figure 2.112. There is a clear advantage for a designer in making use of the

stiffer behavior of tension structures. However, the detrimental effects associated with second-order

deformations due to compression forces must be considered in designing structures subjected to

predominant gravity loads.

Unlike first-order analysis in which solutions can be obtained in a rather simple and direct manner,

a second-order analysis often requires an iterative procedure to obtain solutions. The load–displacement

curve generated from a second-order elastic analysis will gradually approach the horizontal straight line

that represents the buckling load obtained from the elastic buckling analysis, as shown in Figure 2.111.

Differences in the two limit loads may arise from the fact that the elastic stability limit is calculated

for equilibrium based on the deformed configuration whereas the elastic critical load is calculated as

a bifurcation from equilibrium on the undeformed geometry of the frame.

The load–displacement response of many practical structures usually does not involve any bifurcation

of equilibrium path. In some cases, the second-order elastic incremental response may not have yielded

any limit. The reader is referred to Chen and Lui (1987) for a basic discussion of these behavioral issues.

Recent work on second-order elastic analysis have been reported by Chen and Lui (1991), Liew et al.

(1991), White and Hajjar (1991), and Chen and Toma (1994), among others. Second-order analysis

programs that can take into consideration connection flexibility are also available (Chen et al. 1996;

Chen and Kim 1997; Faella et al. 2000).

2.12.1.3 Second-Order Inelastic Analysis

Second-order inelastic analysis refers to methods of analysis that can capture geometrical and material

nonlinearities of the structures. The most rigorous inelastic analysis method is called spread-of-plasticity

analysis. It involves discretization of a member into many line segments and the cross-section of each

segment into a number of finite elements. Inelasticity is captured within the cross-sections and along the

member length. The calculation of forces and deformations in the structure after yielding requires

iterative trial-and-error processes because of the nonlinearity of the load–deformation response, and the

change in the effective stiffness of the cross-section at inelastic regions associated with the increase in the

∆

P
P, ∆

Compression

Tension
P

∆

FIGURE 2.112 Behavior of frame in compression and tension.
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applied loads and the change in structural geometry. Although most of the spread-of-plasticity analysis

methods have been developed for planar analysis (White 1985; Vogel 1985), three-dimensional spread-

of-plasticity techniques are also available involving various degrees of refinements (Chen and Atsuta

1977; Clark 1994; Wang 1988; White 1988; Jiang et al. 2002).

The simplest second-order inelastic analysis is the elastic–plastic hinge approach. The analysis assumes

that the element remains elastic except at its ends where zero-length plastic hinges are allowed to form.

Plastic hinge analysis of planar frames can be found in Orbison 1982; Ziemian et al. 1992a,b; Liew et al.

1993; White et al. 1993; Chen and Toma 1994; Chen and Sohal 1994; Chen et al. 1996, among

others. Advanced analyses of three-dimensional frames are reported in Chen et al. (2000) and Liew et al.

(2000). Second-order plastic hinge analysis allows efficient analysis of large-scale building frames. This is

particularly true for structures in which the axial forces in the component members are small and the

behavior is predominated by bending actions. Although elastic–plastic hinge approaches can provide

essentially the same load–displacement predictions as second-order plastic-zone methods for many

frame problems, they cannot be classified as advanced analysis for use in frame design. Some mod-

ifications to the elastic–plastic hinge are required to qualify the methods as advanced analysis, and they

are discussed in Section 2.12.7.

Figure 2.111 shows the load–displacement curve (a smooth curve with a descending branch) obtained

from the second-order inelastic analysis. The computed limit load should be close to that obtained from

the plastic-zone analysis.

2.12.2 Column Stability

2.12.2.1 Stability Equations

The stability equation of a column can be obtained by considering an infinitesimal deformed segment of

the column as shown in Figure 2.113. Considering the moment equilibrium about point b, we obtain

Q dx þ P dy þM � M þ dM

dx
dx

� �
¼ 0

or upon simplification

Q ¼ dM

dx
� P

dy

dx
ð2:241Þ
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FIGURE 2.113 Stability equations of a column segment.
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Summing force horizontally, we can write

�Q þ Q þ dQ

dx
dx

� �
¼ 0

or upon simplification,

dQ

dx
¼ 0 ð2:242Þ

Differentiating Equation 2.241 with respect to x, we obtain

dQ

dx
¼ d2M

dx2
� P

d2y

dx2
ð2:243Þ

which, when compared with Equation 2.242, gives

d2M

dx2
� P

d2y

dx2
¼ 0 ð2:244Þ

Since moment M ¼ �EIðd2y=dx2Þ ¼ 0, Equation 2.244 can be written as

EI
d4y

dx4
þ P

d2y

dx2
¼ 0 ð2:245Þ

or

yIV þ k2y 00 ¼ 0 ð2:246Þ

Equation 2.246 is the general fourth-order differential equation that is valid for all support conditions.

The general solution to this equation is

y ¼ A sin kx þ B cos kx þ Cx þ D ð2:247Þ

To determine the critical load, it is necessary to have four boundary conditions, two at each end of the

column. In some cases, both geometric and force boundary conditions are required to eliminate the

unknown coefficients (A, B, C, D) in Equation 2.247.

2.12.2.2 Column with Pinned Ends

For a column pinned at both ends, as shown in Figure 2.114a, the four boundary conditions are

yðx ¼ 0Þ ¼ 0, Mðx ¼ 0Þ ¼ 0 ð2:248Þ

yðx ¼ LÞ ¼ 0, Mðx ¼ LÞ ¼ 0 ð2:249Þ

Since M¼ �EIy 00, the moment conditions can be written as

y 00ð0Þ ¼ 0 and y 00ðx ¼ LÞ ¼ 0 ð2:250Þ

Using the these conditions, we have

B ¼ D ¼ 0 ð2:251Þ

The deflection function (Equation 2.247) reduces to

y ¼ A sin Kx þ Cx ð2:252Þ

Using the conditions y(L)¼ y 00(L)¼ 0, Equation 2.252 gives

A sin KL þ CL ¼ 0 ð2:253Þ
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and

�AK 2 sin kL ¼ 0 ð2:254Þ

sin kL L

�k2 sin kL 0

� �
A

C

� �
¼ 0

0

� �
ð2:255Þ

If A¼C¼ 0, the solution is trivial. Therefore, to obtain a nontrivial solution, the determinant of the

coefficient matrix of Equation 2.255 must be zero, that is,

det
sin kL L

�k2 sin kL 0

""""
"""" ¼ 0 ð2:256Þ

or

k2L sin kL ¼ 0 ð2:257Þ

Since k2L cannot be zero, we must have

sin kL ¼ 0 ð2:258Þ

or

kL ¼ np, n ¼ 1, 2, 3, . . . ð2:259Þ

The lowest buckling load corresponds to the first mode obtained by setting n¼ 1

Pcr ¼
p2EI

L2
ð2:260Þ

2.12.2.3 Column with Fixed Ends

The four boundary conditions for a fixed end column are (Figure 2.114b)

yðx ¼ 0Þ ¼ y 0ðx ¼ 0Þ ¼ 0 ð2:261Þ

yðx ¼ LÞ ¼ y 000ðx ¼ LÞ ¼ 0 ð2:262Þ

y

M = 0

M = 0

P

L

V = 0

V = 0

M ≠ 0

M ≠ 0

L L

P

x(a) (b) (c)

P

x

x

Original shape Original shape

Deflected shape

Deflected shape

y y

P P

P

M = 0

P∆

Vext = P
dy
dx

Vint = – EI
d3y
dx3

FIGURE 2.114 Column with (a) pinned ends, (b) fixed ends, and (c) fixed–free ends.

2-134 Handbook of Structural Engineering

Copyright 2005 by CRC Press



Using the first two boundary conditions, we obtain

D ¼ �B, C ¼ �Ak ð2:263Þ

The deflection function (Equation 2.247) becomes

y ¼ Aðsin kx � kxÞ þ Bðcos kx � 1Þ ð2:264Þ

Using the last two boundary conditions, we have

sin kL � kL cos kL � 1

cos kL � 1 �sin kL

� �
A

B

� �
¼ 0

0

� �
ð2:265Þ

For a nontrivial solution, we must have

det
sin kL � kL cos kL � 1

cos kL � 1 � sin kL

� �
¼ 0 ð2:266Þ

or after expanding

kL sin kL þ 2 cos kL � 2 ¼ 0 ð2:267Þ

Using trigonometrical identities, sin kL ¼ 2 sinðkL=2Þ cosðkL=2Þ and cos kL ¼ 1� 2 sin2ðkL=2Þ,
Equation 2.267 can be written as

sin
kL

2

kL

2
cos

kL

2
� sin

kL

2

� �
¼ 0 ð2:268Þ

The critical load for the symmetric buckling mode is Pcr¼ 4p2EI/L2 by letting sin(kL/2)¼ 0. The

buckling load for the antisymmetric buckling mode is Pcr¼ 80.8EI/L2 by letting the bracket term in

Equation 2.268 equal zero.

2.12.2.4 Column with One End Fixed and One End Free

The boundary conditions for a fixed–free column are (Figure 2.114c): at the fixed end

yðx ¼ 0Þ ¼ y 0ðx ¼ 0Þ ¼ 0 ð2:269Þ

and at the free end the moment M¼ EIy 00 is equal to zero

y 00ðx ¼ LÞ ¼ 0 ð2:270Þ

and the shear force V¼ �dM/dx¼ �EIy 000 is equal to Py 0, which is the transverse component of P

acting at the free end of the column.

V ¼ �EIy 000 ¼ Py 0 ð2:271Þ

It follows that the shear force condition at the free end has the form

y 000 þ k2y 0 ¼ 0 ð2:272Þ

Using the boundary conditions at the fixed end, we have

B þ D ¼ 0 and Ak þ C ¼ 0 ð2:273Þ

The boundary conditions at the free end give

A sin kL þ B cos kL ¼ 0 and C ¼ 0 ð2:274Þ

In matrix form, Equations 2.273 and 2.274 can be written as

0 1 1

k 0 0

sin kL cos kL 0

2
4

3
5 A

B

C

2
4

3
5 ¼ 0

0

0

2
4
3
5 ð2:275Þ
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For a nontrivial solution, we must have

det

0 1 1

k 0 0

sin kL cos kL 0

""""""
"""""" ¼ 0 ð2:276Þ

The characteristic equation becomes

k cos kL ¼ 0 ð2:277Þ

Since k cannot be zero, we must have cos kL¼ 0 or

kL ¼ np
2

, n ¼ 1, 3, 5, . . . ð2:278Þ

The smallest root (n¼ 1) gives the lowest critical load of the column

Pcr ¼
p2EI

4L2
ð2:279Þ

The boundary conditions for columns with various end conditions are summarized in Table 2.2.

2.12.2.5 Column Effective Length Factor

The effective length factor, K, of columns with different end boundary conditions can be obtained by

equating the Pcr load obtained from the buckling analysis with the Euler load of a pinned-end column of

effective length KL

Pcr ¼
p2EI

ðKLÞ2

The effective length factor can be obtained as

K ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2EI=L2

Pcr

s
ð2:280Þ

The K factor can be multiplied to the actual length of the end-restrained column to give the length of an

equivalent pinned-ended column whose buckling load is the same as that of the end-restrained column.

Table 2.3 (AISC 1993) summarizes the theoretical K factors for columns with different boundary

conditions. Also shown in the table are the recommended K factors for design applications. The

recommended values for design are equal or higher than the theoretical values to account for semirigid

effects of the connections used in practice.

2.12.3 Stability of Beam–Columns

Figure 2.115a shows a beam–column subjected to an axial compressive force P at the ends, a lateral load

w along the entire length, and end moments MA and MB. The stability equation can be derived by

considering the equilibrium of an infinitesimal element of length ds as shown in Figure 2.115b. The

cross-section forces S and H act in the vertical and horizontal directions.

TABLE 2.2 Boundary Conditions for Various End Conditions

End conditions Boundary conditions

Pinned y¼ 0, y 00 ¼ 0

Fixed y¼ 0, y 0 ¼ 0

Guided y 0 ¼ 0, y 000 ¼ 0

Free y 00 ¼ 0, y 000þk2y 0 ¼ 0
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Considering equilibrium of forces:

1. Horizontal equilibrium

H þ dH

ds
ds �H ¼ 0 ð2:281Þ

TABLE 2.3 Comparison of Theoretical and Design K Factors

Buckled shape of

column is shown

by dashed line

(a) (b) (c) (d) (e) (f)

Theoretical k value 0.5 0.7 1.0 1.0 2.0 2.0

Recommended design

value when ideal conditions

are approximated

0.65 0.80 1.2 1.0 2.10 2.0

End condition code Rotation fixed and translation fixed

Rotation free and translation fixed

Rotation fixed and translation free

Rotation free and translation free

x
PP

MA MB

BA
dx

w

ds

y

S

�

M

H M + dM
ds

ds

H + dH
ds

ds

ds

S + dS
ds

ds

FIGURE 2.115 Basic differential equation of a beam–column.
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2. Vertical equilibrium

S þ dS

ds
ds � S þ w ds ¼ 0 ð2:282Þ

3. Moment equilibrium

M þ dM

ds
ds �M � S þ dS

ds
þ S

� �
cos y

ds

2

� �
þ H þ dH

ds
ds þH

� �
sin y

ds

2

� �
¼ 0 ð2:283Þ

Since (dS/ds)ds and (dH/ds)ds are negligibly small compared to S and H, the above equilibrium

equations can be reduced to

dH

ds
¼ 0 ð2:284aÞ

dS

ds
þ w ¼ 0 ð2:284bÞ

dM

ds
� S cos yþH sin y ¼ 0 ð2:284cÞ

For small deflections and neglecting shear deformations

ds ffi dx, cos y ffi 1, sin y ffi y ffi dy

dx
ð2:285Þ

where y is the lateral displacement of the member. Using the above approximations, Equation 2.280 can

be written as

dM

dx
� S þH

dy

dx
¼ 0 ð2:286Þ

Differentiating Equation 2.286 and substituting Equations 2.284a and 2.284b into the resulting

equation, we have

d2M

dx2
þ w þH

d2y

dx2
¼ 0 ð2:287Þ

From elementary mechanics of materials, it can easily be shown that

M ¼ �EI
d2y

dx2
ð2:288Þ

Upon substitution of Equation 2.288 into Equation 2.287 and realizing that H¼ �P, we obtain

EI
d4y

dx4
þ P

d2y

dx2
¼ w ð2:289Þ

The general solution to this differential equation has the form

y ¼ A sin kx þ B cos kx þ Cx þ D þ f ðxÞ ð2:290Þ

where

k ¼
ffiffiffiffiffiffiffiffiffiffi
P=EI

p
and f (x) is a particular solution satisfying the differential equation. The constants A, B, C, and D can be

determined from the boundary conditions of the beam–column under investigation.
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2.12.3.1 Beam–Column Subjected to Transverse Loading

Figure 2.116 shows a fixed-ended beam–column with uniformly distributed load w.

The general solution to Equation 2.289 is

y ¼ A sin kx þ B cos kx þ Cx þ D þ w

2EIk2
x2 ð2:291Þ

Using the boundary conditions

yx¼0 ¼ 0, y 0x¼0 ¼ 0, yx¼L ¼ 0, y 0x¼L ¼ 0 ð2:292Þ

where the prime denotes differentiation with respect to x, it can be shown that

A ¼ wL

2EIk3
ð2:293aÞ

B ¼ wL

2EIk3 tanðkL=2Þ ð2:293bÞ

C ¼ � wL

2EIk2
ð2:293cÞ

D ¼ � wL

2EIk3 tanðkL=2Þ ð2:293dÞ

Upon substitution of these constants into Equation 2.291, the deflection function can be written as

y ¼ wL

2EIk3
sin kx þ cos kx

tanðkL=2Þ � kx � 1

tanðkL=2Þ þ
kx2

L

� �
ð2:294Þ

The maximum moment for this beam–column occurs at the fixed ends and is equal to

Mmax ¼ �EIy 00 x¼0 ¼ �EIy 00j jx¼L¼ �
wL2

12

3ðtan u � uÞ
u2 tan u

� �
ð2:295Þ

where u¼ kL/2.

Since wL2/12 is the maximum first-order moment at the fixed ends, the term in the brackets represents

the theoretical moment amplification factor due to the P–d effect.

For beam–columns with other transverse loading and boundary conditions, a similar approach

can be followed to determine the moment amplification factor. Table 2.4 summarizes the expres-

sions for the theoretical and design moment amplification factors for some loading conditions

(AISC 1989).

x
P

w

EI = constant

y

L

P

FIGURE 2.116 Beam–column subjected to uniform loading.
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2.12.3.2 Beam–Column Subjected to End Moments

Consider the beam–column shown in Figure 2.117. The member is subjected to an axial force of P and

end moments MA and MB. The differential equation for this beam–column can be obtained from

Equation 2.289 by setting w¼ 0:

EI
d4y

dx4
þ P

d2y

dx2
¼ 0 ð2:296Þ

The general solution is

y ¼ A sin kx þ B cos kx þ Cx þ D ð2:297Þ

The constants A, B, C, and D are determined by enforcing the four boundary conditions

yx¼0 ¼ 0, y 00x¼0 ¼
MA

EI
, yx¼L ¼ 0, y 00x¼L ¼

�MB

EI
ð2:298Þ

to give

A ¼ MA cos kL þMB

EIk2 sin kL
ð2:299aÞ

B ¼ � MA

EIk2
ð2:299bÞ

C ¼ � MA þMB

EIk2L

� �
ð2:299cÞ

D ¼ MA

EIk2
ð2:299dÞ

Substituting Equations 2.299a to d into the deflection function Equation 2.297 and rearranging gives

y ¼ 1

EIk

cos kL

sin kL
sin kx � cos kx � x

L
þ 1

� �
MA þ

1

EIk2

1

sin kL
sin kx � x

L

� �
MB ð2:300Þ

TABLE 2.4 Theoretical and Design Moment Amplification Factor
&
u ¼ kL=2 ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PL2=EI

p '
Boundary conditions Pcr Location of Mmax Moment amplification factor

Hinged–hinged (p2EI)/L2 Midspan (2(sec u� 1))/u2

Hinged–fixed (p2EI)/(0.7L)2 End (2(tan u� u))/(u2(1/2u� 1/tan 2u))

Fixed–fixed (p2EI)/(0.5L)2 End (3(tan u� u))/(u2tan u)

Hinged–hinged (p2EI)/L2 Midspan (tan u)/u

Hinged–fixed (p2EI)/(0.7L)2 End (4u(1� cos u))/(3u2 cos u (1/2u� 1/tan 2u))

Fixed–fixed (p2EI)/(0.5L)2 Midspan and end (2(1� cos u))/(u sin u)

EI = constant

P x

MBMA

y

L

FIGURE 2.117 Beam–column subjected to end moments.
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The maximum moment can be obtained by first locating its position by setting dM/dx¼ 0 and sub-

stituting the result into M¼ �EIy 00 to give

Mmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2

A þ 2MAMB cos kL þM2
BÞ

p
sin kL

ð2:301Þ

Assuming that MB is the larger of the two end moments, Equation 2.301 can be expressed as

Mmax ¼ MB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðMA=MBÞ2 þ 2ðMA=MBÞ cos kL þ 1g

q
sin kL

2
4

3
5 ð2:302Þ

Since MB is the maximum first-order moment, the expression in brackets is therefore the theoretical

moment amplification factor. In Equation 2.302, the ratio (MA/MB) is positive if the member is bent in

double (or reverse) curvature and negative if the member is bent in single curvature. A special case arises

when the end moments are equal and opposite (i.e., MB¼�MA). By setting MB¼�MA¼M0 in

Equation 2.302, we get

Mmax ¼ M0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2ð1� cos kLÞg

p
sin kL

" #
ð2:303Þ

For this special case, the maximum moment always occurs at midspan.

2.12.4 Slope Deflection Equations

The slope deflection equations of a beam–column can be derived by considering the beam–

column shown in Figure 2.117. The deflection function for this beam–column can be obtained from

Equation 2.300 in terms of MA and MB as

y ¼ 1

EIk2

cos kL

sin kL
sin kx � cos kx � x

L
þ 1

� �
MA þ

1

EIk2

1

sin kL
sin kx � x

L

� �
MB ð2:304Þ

from which

y 0 ¼ 1

EIk

cos kL

sin kL
cos kx þ sin kx � 1

kL

� �
MA þ

1

EIk

cos kx

sin kL
� 1

kL

� �
MB ð2:305Þ

The end rotations yA and yB can be obtained from Equation 2.305 as

yA ¼ y 0ðx ¼ 0Þ ¼ 1

EIk

cos kL

sin kL
� 1

kL

� �
MA þ

1

EIk

1

sin kL
� 1

kL

� �
MB

¼ L

EI

kL cos kL � sin kL

ðkLÞ2 sin kL

" #
MA þ

L

EI

kL � sin kL

ðkLÞ2 sin kL

" #
MB ð2:306Þ

and

yB ¼ y 0ðx ¼ LÞ ¼ 1

EIk

1

sin kL
� 1

kL

� �
MA þ

1

EIk

cos kL

sin kL
� 1

kL

� �
MB

¼ L

EI

kL � sin kL

ðkLÞ2 sin kL

" #
MA þ

L

EI

KL cos kL � sin kL

ðkLÞ2 sin kL

" #
MB ð2:307Þ
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The moment–rotation relationship can be obtained from Equations 2.306 and 2.307 by arranging

MA and MB in terms of yA and yB as

MA ¼
EI

L
ðsii yA þ sij yBÞ ð2:308Þ

MB ¼
EI

L
ðsji yA þ sjj yBÞ ð2:309Þ

where

sii ¼ sjj ¼
kL sin kL � ðkLÞ2 cos kL

2� 2 cos kL � kL sin kL
ð2:310Þ

and

sij ¼ sji ¼
ðkLÞ2 � kL sin kL

2� 2 cos kL � kL sin kL
ð2:311Þ

are referred to as the stability functions.

Equations 2.308 and 2.309 are the slope deflection equations for a beam–column that is not subjected

to transverse loading and relative joint translation. When P approaches zero, kL ¼ ð
ffiffiffiffiffiffiffiffiffiffi
P=EI

p
ÞL

approaches zero, and by using L’Hôopital’s rule, it can be shown that sij¼ 4 and sij¼ 2. Values for sii and sij

for various values of kL are plotted as shown in Figure 2.118.

Equations 2.309 and 2.310 are valid if the following conditions are satisfied.

1. The beam is prismatic.

2. There is no relative joint displacement between the two ends of the member.

3. The member is continuous, that is, there is no internal hinge or discontinuity in the member.

4. There is no in-span transverse loading on the member.

5. The axial force in the member is compressive.

If these conditions are not satisfied, some modifications to the slope deflection equations are

necessary.
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FIGURE 2.118 Plot of stability functions.
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2.12.4.1 Member Subjected to Side Sway

If there is a relative joint translation, D, between the member ends, as shown in Figure 2.119, the

slope–deflection equations are modified as

MA ¼
EI

L
sii yA �

D
L

� �
þ sij yB �

D
L

� �� �
¼ EI

L
siiyA þ sijyB � ðsii þ sijÞ

D
L

� �
ð2:312Þ

MB ¼
EI

L
sij yA �

D
L

� �
þ sii yB �

D
L

� �� �
¼ EI

L
sijyA þ siiyB � ðsii þ sijÞ

D
L

� �
ð2:313Þ

2.12.4.2 Member with a Hinge at One End

If a hinge is present at the B-end of the member, the end moment there is zero, that is,

MB ¼
EI

L
ðsijyA þ siiyBÞ ¼ 0 ð2:314Þ

from which

yB ¼ �
sij

sii

yA ð2:315Þ

Upon substituting Equation 2.315 into Equation 2.312, we have

MA ¼
EI

L
sii �

s2
ij

sii

 !
yA ð2:316Þ

If the member is hinged at A rather than at B, Equation 2.316 is still valid provided that the subscript

A is changed to B.

2.12.4.3 Member with End Restraints

If the member ends are connected by two linear elastic springs, as in Figure 2.120, with spring constants,

RkA and RkB at the A and B ends, respectively, the end rotations of the linear springs are MA/RkA

and MB/RkB. If we denote the total end rotations at joints A and B by yA and yB, respectively, then

the corresponding member end rotations, with respect to its chord, will be (yA�MA/RkA) and (yB�
MB/RkB). As a result, the slope deflection equations are modified to

MA ¼
EI

L
sii yA �

MA

RkA

� �
þ sij yB �

MB

RkB

� �� �
ð2:317Þ

MB ¼
EI

L
sij yA �

MA

RkA

� �
þ sjj yB �

MB

RkB

� �� �
ð2:318Þ

P

MA

�A

�B

MB

S

L

S

P

∆

FIGURE 2.119 Beam–column subjected to end moments and side sway.
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Solving Equations 2.317 and 2.318 simultaneously for MA and MB gives

MA ¼
EI

LR�
sii þ

EIs2
ii

LRkB

�
EIs2

ij

LRkB

 !
yA þ sij yB

" #
ð2:319Þ

MB ¼
EI

LR�
sij yA þ sii þ

EIs2
ii

LRkA

�
EIs2

ij

LRkA

 !
yB

" #
ð2:320Þ

where

R� ¼ 1þ EIsii

LRkA

� �
1þ EIsii

LRkB

� �
� EI

L

� �2 s2
ij

RkARkB

ð2:321Þ

In writing Equations 2.319 and 2.320, the equality sjj¼ sii has been used. Note that as RkA and RkB

approach infinity, Equations 2.319 and 2.320 reduce to Equations 2.308 and 2.309, respectively.

2.12.4.4 Member with Transverse Loading

For members subjected to transverse loading, the slope deflection Equations 2.308 and 2.309 can be

modified by adding an extra term for the fixed-ended moment of the member:

MA ¼
EI

L
ðsiiyA þ sijyBÞ þMFA ð2:322Þ

MB ¼
EI

L
ðsijyA þ sjjyBÞ þMFB ð2:323Þ

Table 2.5 gives the expressions for the fixed-end moments of five commonly encountered cases of

transverse loading. Readers are referred to Chen and Lui (1987, 1991) for more details.

2.12.4.5 Member with Tensile Axial Force

For members subjected to tensile force, Equations 2.308 and 2.309 can be used provided that the stability

functions are redefined as

sii ¼ sjj ¼
ðkLÞ2 cosh kL � kL sinh kL

2� 2 cosh kL þ kL sinh kL
ð2:324Þ

sij ¼ sji ¼
kL sinh kL � ðkLÞ2

2� 2 cosh kL þ kL sinh kL
ð2:325Þ

MA

MB

P
A �A

�rA

�rB �B

B

EI = constant

P

L

FIGURE 2.120 Beam–column with end springs.
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TABLE 2.5 Beam–Column Fixed-End Moments (Chen and Lui 1991) ðu ¼ kL=2 ¼ ðL=2Þ
ffiffiffiffiffiffiffiffiffiffi
P=EI

p
Þ

Case Fixed-end moments

L/2 L/2

Q

L

P P
MFA ¼

QL

8

2ð1� cos uÞ
u sin u

� �
MFB ¼ �MFA

L

W
P P

MFA MFB

MFA ¼
WL2

12

3ðtan u � uÞ
u2 tan u

� �
MFB ¼ �MFA

Q

L

P P

MFBMFA a b

MFA ¼
QL

d

2ub

L
cos 2u � 2u cos

2ub

L
� sin 2u

�

þ sin
2ua

L
þ sin

2ub

L
þ 2ua

L

�

MFB ¼ �
QL

d

2ua

L
cos 2u � 2u cos

2ua

L
� sin 2u

�

þ sin
2ub

L
þ sin

2ua

L
þ 2ub

L

�
where

d ¼ 2uð2� 2 cos 2u � 2u sin 2uÞ

W
P P

MFA MFB

L

a b

MFA ¼
wL2

8u2e
ð2u cosec 2u � 1Þ 2ub

L
� sin

2ub

L

� ��

þðtan uÞ 1� cos
2ub

L
� 2u2b2

L2

� ��

MFB ¼
�wL2

8u2e
ð2u cot 2u � 1Þ 2ub

L
� sin

2ub

L

� ��

þðtan uÞ 1� cos
2ub

L
þ 2u2b2

L2

� �

� 2u 1� cos
2ub

L

� ��
where

e ¼ tan u � u

P P

MFA MFB

L

a b

M0 MFA ¼
M0

2e
ð2u cosec 2u � 1Þ sin

2ub

L

�

�ðtan uÞ 1� cos
2ub

L

� �

MFB ¼
M

2e
ð1� 2u cot 2uÞ sin

2ub

L

�

�ðtan uÞ 1þ cos
2ub

L

� �

þ 2u cos
2ub

L

�
where

e ¼ tan u � u
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2.12.4.6 Member Bent in Single Curvature with �B¼ ��A

For the member bent in single curvature in which yB¼ �yA, the slope deflection equations

reduce to

MA ¼
EI

L
ðsii � sijÞyA ð2:326Þ

MB ¼ �MA ð2:327Þ

2.12.4.7 Member Bent in Double Curvature with �B¼ �A

For the member bent in double curvature such that yB¼ yA, the slope deflection equations become

MA ¼
EI

L
ðsii � sijÞyA ð2:328Þ

MB ¼ MA ð2:329Þ

2.12.5 Second-Order Elastic Analysis

There are two methods for incorporating second-order effects, the stability function approach and the

geometric stiffness (or finite element) approach. The stability function approach is based on the gov-

erning differential equations of the problem as described in Section 2.12.4, whereas the stiffness

approach is based on an assumed cubic polynomial variation of the transverse displacement along the

element length. Therefore, the stability function approach is more exact in terms of representing the

member stability behavior. However, the geometric stiffness approach is easier to implement for matrix

analysis.

For either of these approaches, the linearized element stiffness equations may be expressed in either

incremental or total force and displacement forms as

½K �fdg þ frfg ¼ frg ð2:330Þ

where [K] is the element stiffness matrix, {d}¼ {d1, d2, . . . , d6}T is the element nodal-displacement

vector, {rf}¼ {rf1, rf2, . . . , rf6}T is the element fixed-end force vector due to the presence of in-span

loading, and {r}¼ {r1, r2, . . . , r6}T is the nodal force vector as shown in Figure 1.121. If the stability

d2

d1

d3

d6

d5

d4

r1

r3

r2

r5
r6

r4

Original position

Deflected position

FIGURE 2.121 Nodal displacements and forces of a beam–column element.
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function approach is employed, the stiffness matrix of a two-dimensional beam–column element

may be written as

½K � ¼ EI

L

A

I
0 0 �A

I
0 0

2ðSii þ SijÞ � ðkLÞ2

L2

Sii þ Sij

L
0

�2ðSii þ SijÞ þ ðkLÞ2

L2

Sii þ Sij

L

Sii 0
�ðSii þ SijÞ

L
Sij

A

I
0 0

symmetry
2ðSii þ SijÞ � ðkLÞ2

L2

�ðSii þ SijÞ
L
Sii

2
666666666666666664

3
777777777777777775

ð2:331Þ

where Sii and Sij are the member stiffness coefficients obtained from the elastic beam–column stability

functions (Chen and Lui 1987). These coefficients may be expressed as

Sii ¼

kL sinðkLÞ � ðkLÞ2 cosðkLÞ
2� 2 cosðkLÞ � kL sinðkLÞ for P < 0

ðkLÞ2 coshðkLÞ � kL sinhðkLÞ
2� 2 coshðkLÞ þ kL sinhðkLÞ for P > 0

8>>><
>>>:

ð2:332Þ

Sij ¼

ðkLÞ2 � kL sinðkLÞ
2� 2 cosðkLÞ � r sinðkLÞ for P< 0

kL sinhðkLÞ � ðkLÞ2

2� 2 coshðkLÞ þ r sinhðkLÞ for P> 0

8>>><
>>>:

ð2:333Þ

where kL ¼ L
ffiffiffiffiffiffiffiffiffiffi
P=EI

p
and P is positive in compression and negative in tension.

The fixed-end force vector rf is a 6� 1 matrix that can be computed from the in-span loading in the

beam–column. If curvature shortening is ignored, rf1¼ rf4¼ 0, rf3¼MFA, and rf6¼MFB. MFA and MFB

can be obtained from Table 2.5 for different in-span loading conditions. rf2 and rf5 can be obtained from

the equilibrium of forces.

If the axial force in the member is small, Equation 2.331 can be simplified by ignoring the higher-order

terms of the power series expansion of the trigonometric functions. The resulting element stiffness

matrix becomes

½K � ¼ EI

L

A

I
0 0

�A

I
0 0

12

L2

6

L
0
�12

L

2 6

L

4 0
�6

L
2

A

I
0 0

symmetry
12

L2

�6

L

4

2
6666666666666664

3
7777777777777775

þ P

0 0 0 0 0 0

6

5L

1

10
0

�6

5L

1

10

2L

15
0

�1

10

�L

30

0 0 0

symmetry
6

5L

�1

10

2L

15

2
6666666666666664

3
7777777777777775

ð2:334Þ

The first term on the right is the first-order elastic stiffness matrix and the second term is the geometric

stiffness matrix, which accounts for the effect of axial force on the bending stiffness of the member.
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Detailed discussions on the limitation of the geometric stiffness approach versus the stability function

approach are given in Liew et al. (2000).

2.12.6 Modifications to Account for Plastic Hinge Effects

There are two commonly used approaches for representing plastic hinge behavior in a second-order

elastic–plastic hinge formulation (Chen et al. 1996). The most basic approach is to model the plastic

hinge behavior as ‘‘real hinge’’ for the purpose of calculating the element stiffness. The change in moment

capacity due to the change in axial force can be accommodated directly in the numerical formulation.

The change in moment is determined in the force recovery at each solution step such that, for continued

plastic loading, the new force point is positioned at the strength surface at the current value of axial force.

A detailed description of these procedures is given by Lee and Basu (1989), Chen and Lui (1991), and

Chen et al. (1996), among others.

Alternatively, the elastic–plastic hinge model may be formulated based on the ‘‘extending and con-

tracting’’ plastic hinge model. The plastic hinge can rotate and extend and contract for plastic loading

and axial force. The formulation can follow the force–space plasticity concept using the normality flow

rule relative to the cross-section surface strength (Chen and Han 1988). Formal derivations of the beam–

column element based on this approach have been presented by Porter and Powell (1971), Orbison

(1982), and Liew et al. (2000), among others.

2.12.7 Modification for End Connections

The moment–rotation relationship of the beam–column with end connections at both ends can be

expressed as Equations 2.319 and 2.320

MA ¼
EI

L
s�iiyA þ s�ijyB

h i
ð2:335Þ

MB ¼
EI

L
s�ijyA þ s�jjyB

h i
ð2:336Þ

where

S�ii ¼
Sii þ

EIS2
ii

LRkB

�
EIS2

ij

LRkB

1þ EISii

LRkA

� �
1þ EISjj

LRkB

� �
� EI

L

� �2 S2
ij

RkARkB

ð2:337Þ

S�jj ¼
Sii þ

EIS2
ii

LRkA

�
EIS2

ij

LRkA

1þ EISii

LRkA

� �
1þ EISjj

LRkB

� �
� EI

L

� �2 S2
ij

RkARkB

ð2:338Þ

and

S�ij ¼
Sij

1þ EISii

LRkA

� �
1þ EISjj

LRkB

� �
� EI

L

� �2 S2
ij

RkARkB

ð2:339Þ
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The member stiffness relationship can be written in terms of the six degrees of freedom of the beam–

column element shown in Figure 2.122 as

r1

r2

r3

r4

r5

r6

0
BBBBB@

1
CCCCCA¼

EI

L

A

I
0 0

�A

I
0 0

S�iiþ2S�ijþS�jj�ðkLÞ2

L2

S�iiþS�ij
L

0
� S�iiþ2S�ijþS�jj

	 

þðkLÞ2

L2

S�ijþS�jj
L

S�ii 0
� S�iiþS�ij

	 

L

S�ij

A

I
0 0

symmetry
S�iiþ2S�ijþS�jj�ðkLÞ2

L2

� S�ijþS�jj

	 

L

S�jj

2
66666666666666666666664

3
77777777777777777777775

d1

d2

d3

d4

d5

d6

0
BBBBB@

1
CCCCCA

ð2:340Þ

2.12.8 Second-Order Refined Plastic Hinge Analysis

The main limitation of the conventional elastic–plastic hinge approach is that it overpredicts the

strength of columns that fail by inelastic flexural buckling. The key reason for this limitation is the

modeling of the member by a perfect elastic element between the plastic hinge locations. Furthermore,

the elastic–plastic hinge model assumes that material behavior changes abruptly from the elastic state to

the fully yielded state. The element under consideration exhibits a sudden stiffness reduction upon

formation of a plastic hinge. This approach, therefore, overestimates the stiffness of a member loaded

into the inelastic range (White et al. 1991, 1993; Liew et al. 1993). This leads to further research and

development of an alternative method called the refined plastic hinge approach. This approach is based on

the following improvements to the elastic–plastic hinge model:

1. A column tangent modulus model Et is used in place of the elastic modulus E to represent the

distributed plasticity due to axial force effects along the length of a member. The member inelastic

stiffness, represented by the member axial and bending rigidities EtA and EtI, is assumed to be the

function of axial load only. In other words, EtA and EtI can be thought of as the properties of an

effective core of the section, considering column action only. The tangent modulus captures the

effect of early yielding in the cross-section due to residual stresses, which was believed to be the

cause for the low strength of inelastic column buckling. The tangent modulus approach also has

been utilized in previous work by Orbison (1982), Liew (1992), and White et al. (1993) to improve

the accuracy of the elastic–plastic hinge approach for structures in which members are subjected

to large axial forces.

∆r1, d1

r2, d2

r5, d5

r6, d6

r4, d4

r3, d3

EI = constant

L

FIGURE 2.122 Nodal displacements and forces of a beam–column with end connections.
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2. Distributed plasticity effects associated with flexure are captured by gradually degrading the

member stiffness at the plastic hinge locations as yielding progresses under increasing load as the

cross-section strength is approached. Several models of this type have been proposed in recent

literature based on extensions to the elastic–plastic hinge approach (Powell and Chen 1986) as well

as the tangent modulus inelastic hinge approach (Liew et al. 1993; White et al. 1994). The rationale

of modeling stiffness degradation associated with both axial and flexural actions is that the tangent

modulus model represents the column strength behavior in the limit of pure axial compression,

and the plastic hinge stiffness degradation model represents the beam behavior in pure bending,

thus the combined effects of these two approaches should also satisfy the cases in which the

member is subjected to combined axial compression and bending.

It has been shown that with the above two improvements, the refined plastic hinge model can be used

with sufficient accuracy to provide a quantitative assessment of a member’s performance up to failure.

Detailed descriptions of the method and discussion of results generated by the method are given in

White et al. (1993) and Chen et al. (1996). Significant works have been done to implement the refined

plastic hinge methods for the design of three-dimensional real-size structures (Al-Bermani 1995; Liew

et al. 2000).

2.12.9 Second-Order Spread of Plasticity Analysis

Spread of plasticity analyses can be classified into two main types, namely three-dimensional

shell element and two-dimensional beam–column approaches. In the three-dimensional spread of

plasticity analysis, the structure is modeled using a large number of finite three-dimensional shell

elements, and the elastic constitutive matrix, in the usual incremental stress–strain relations, is replaced

by an elastic–plastic constitutive matrix once yielding is detected. This analysis approach typically

requires numerical integration for the evaluation of the stiffness matrix. Based on a deformation theory

of plasticity, the combined effects of normal and shear stresses may be accounted for. The three-

dimensional spread-of-plasticity analysis is computational intensive and best suited for analyzing

small-scale structures.

The second approach for plastic-zone analysis is based on the use of beam–column theory, in which

the member is discretized into many beam–column segments, and the cross-section of each segment is

further subdivided into a number of fibers. Inelasticity is typically modeled by the consideration of

normal stress only. When the computed stresses at the centroid of any fibers reach the uniaxial normal

strength of the material, the fiber is considered as yielded. Compatibility is treated by assuming that full

continuity is retained throughout the volume of the structure in the same manner as for elastic range

calculations. Most of the plastic-zone analysis methods developed are meant for planar (2-D) analysis

(Vogel 1985; White 1985; Chen and Toma 1994) Three-dimensional plastic-zone techniques are also

available involving various degrees of refinements (Wang 1988; White 1988).

A plastic-zone analysis, which includes the spread of plasticity, residual stresses, initial geometric

imperfections, and any other significant second-order behavioral effects, is often considered to be an

exact analysis method. Therefore, when this type of analysis is employed, the checking of member

interaction equations is not required. However, in reality, some significant behavioral effects such as the

performances of joints and connections tend to defy precise numerical and analytical modeling. In such

cases, a simpler method of analysis that adequately captures the inelastic behavior would be sufficient for

engineering application. Second-order plastic hinge based analysis is still the preferred method for

advanced analysis of large-scale steel frames.

2.12.10 Three-Dimensional Frame Element

The two-dimensional beam–column formulation can be extended to a three-dimensional space frame

element by including additional terms due to shear force, bending moment, and torsion. The following
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stiffness equation for a space frame element has been derived by Yang and Kuo (1994) by referring to

Figure 2.123:

½ke�fdg þ ½kg�fdg ¼ f2f g � f1f g ð2:341Þ

where

fdgT ¼ fd1, d2, . . . , d12g ð2:342Þ

is the displacement vector, which consists of three translations and three rotations at each node and

fif gT ¼ fif1, if2, . . . , if12g i ¼ 1, 2 ð2:343Þ

are the force vectors, which consist of the corresponding nodal forces at configurations i¼ 1 and i¼ 2,

respectively.

The physical interpretation of Equation 2.341 is as follows. By increasing the nodal forces acting on

the element from {1f } to {2f }, further deformations {d } may occur with the element, resulting in the

motion of the element from the configuration associated with the forces {1f } to the new configuration

associated with {2f }. During this process of deformation, the increments in the nodal forces, that is,

{2f }� {1f }, will be resisted not only by the elastic actions generated by the elastic stiffness matrix [ke]

but also by the forces induced by the change in geometry as represented by the geometric stiffness

matrix [kg].

The only assumption with the incremental stiffness equation is that the strains occurring with each

incremental step should be small so that the approximations implied by the incremental constitutive law

are not violated.
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FIGURE 2.123 Three-dimensional frame element: (a) nodal degrees of freedom and (b) nodal forces.
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The elastic stiffness matrix [Ke] for the space frame element, which has a 12� 12 dimension, can be

derived as follows:

½k� ¼ ½k1� ½k2�
½k2�T ½k3�

� �
ð2:344Þ

where the submatrices are

½k1� ¼

EA

L
0 0 0 0 0

0
12EIz

L3
0 0 0

6EIz

L2

0 0
12EIy

L3
0 � 6EIy

L2
0

0 0 0
GJ

L
0 0

0 0 0 0
4EIy

L
0

0 0 0 0 0
4EIz

L

2
666666666666666666664

3
777777777777777777775

ð2:345Þ

½k2� ¼

� EA

L
0 0 0 0 0

0 � 12EIz

L3
0 0 0

6EIz

L2

0 0 � 12EIy

L3
0 � 6EIy

L2
0

0 0 0 �GJ

L
0 0

0 0
6EIy

L2
0

2EIy

L
0

0 � 6EIz

L2
0 0 0

2EIz

L

2
666666666666666666664

3
777777777777777777775

ð2:346Þ

½k3� ¼

EA

L
0 0 0 0 0

0
12EIz

L3
0 0 0 � 6EIz

L2

0 0
12EIy

L3
0

6EIy

L2
0

0 0 0
GJ

L
0 0

0 0 0 0
4EIy

L
0

0 0 0 0 0
4EIz

L

2
666666666666666666664

3
777777777777777777775

ð2:347Þ

where Ix , Iy , and Iz are the moments of inertia about the x, y, and z axes, respectively, L is the member

length, E is the modulus of elasticity, A is the cross-sectional area, G is the shear modulus, and J is the

torsional stiffness.
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The geometric stiffness matrix for a three-dimensional space frame element can be given as follows:

½kg� ¼

a 0 0 0 �d �e �a 0 0 0 �n �o

b 0 d g k 0 �b 0 n �g k

c e h g 0 0 �c o �h �g

f i l 0 �d �e �f �i �l

j 0 d �g h �i p �q

m e �k �g �l q r

a 0 0 0 n o

b 0 �n g �k

c �o h g

f i l

sym� j o

m

2
6666666666666666666666664

3
7777777777777777777777775

ð2:348Þ

where

a ¼ � f6 þ f12

L2
, b ¼ 6f7

5L
, c ¼ � f5 þ f11

L2
, d ¼ f5

L
, e ¼ f6

L
, f ¼ f7J

AL

g ¼ f10

L
, h ¼ � f7

10
, i ¼ f6 þ f12

6
, j ¼ 2f7L

15
, k ¼ � f5 þ f11

6
, l ¼ f11

L

m ¼ f12

L
, n ¼ � f7L

30
, o ¼ � f10

2

Further details can be obtained from Yang and Kuo (1994).

2.12.11 Buckling of Thin Plates

2.12.11.1 Rectangular Plates

The main difference between columns and plates is that quantities such as deflections and bending

moments that are functions of a single independent variable in columns become functions of two inde-

pendent variables in plates. Consequently, the behavior of plates is described by partial differential

equations, whereas ordinary differential equations suffice for describing the behavior of columns. The

main difference between column and plate buckling is that column buckling terminates the ability of

the member to resist axial load; the same is, however, not true for plates. Upon reaching the critical load,

the plate continues to resist increasing axial force, and it does not fail until a load considerably in excess

of the elastic buckling load is reached. The critical load of a plate is, therefore, not its failure load. Instead,

one must determine the load-carrying capacity of a plate by considering its postbuckling strength.

To determine the critical in-plane loading of a plate, a governing equation in terms of biaxial com-

pressive forces Nx and Ny and constant shear force Nxy as shown in Figure 2.124 can be derived as

D
d4w

dx4
þ 2

d4w

dx2dy2
þ d4w

dy4

� �
þ Nx

d2w

dx2
þ Ny

d2w

dy2
þ 2Nxy

d2w

dxdy
¼ 0 ð2:349Þ

The critical load for uniaxial compression can be determined from the differential equation

D
d4w

dx4
þ 2

d4w

dx2dy2
þ d4w

dy4

� �
þ Nx

d2w

dx2
¼ 0 ð2:350Þ

�The word ‘‘sym’’ in the matrix [kg] implies symmetrical matrix in future occurrences.
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which is obtained by setting Ny¼Nxy¼ 0 in Equation 2.349. For example, in the case of a simply

supported plate Equation 2.350 can be solved to give

Nx ¼
p2a2D

m2

m2

a2
þ n2

b2

� �2

ð2:351Þ

The critical value of Nx (i.e., the smallest value) can be obtained by taking n equal to 1. The physical

meaning of this is that a plate buckles in such a way that there can be several half-waves in the direction

of compression but only one half-wave in the perpendicular direction. Thus, the expression for the

critical value of the compressive force becomes

ðNxÞcr ¼
p2D

a2
mþ 1

m

a2

b2

� �2

ð2:352Þ

The first factor in this expression represents the Euler load for a strip of unit width and of length a.

The second factor indicates in what proportion the stability of the continuous plate is greater than the

stability of an isolated strip. The magnitude of this factor depends on the magnitude of the ratio a/b

and also on m, which is the number of half-waves into which the plate buckles. If a is smaller than b,

the second term in the parantheses in Equation 2.347 is always smaller than the first and the minimum

value of the expression is obtained by taking m¼ 1, that is, by assuming that the plate buckles in one

half-wave. The critical value of Nx can be expressed as

Ncr ¼
kp2D

b2
ð2:353Þ

The factor k depends on the aspect ratio a/b of the plate and m. The variation of k with a/b for different

values of m can be plotted as shown in Figure 2.125. The critical value of Nx is the smallest value that is

obtained for m¼ 1 and the corresponding value of k is equal to 4.0. This formula is analogous to Euler’s

formula for buckling of a column.

In the case where the normal forces Nx and Ny and the shearing forces Nxy are acting on the boundary

of the plate, the same general method can be used. The critical stress for the case of a uniaxially

compressed simply supported plate can be written as

scr ¼ 4
p2E

12ð1� v2Þ
h

b

� �2

ð2:354Þ

The critical stress values for different loading and support conditions can be expressed in the form

fcr ¼ k
p2E

12ð1� v2Þ
h

b

� �2

ð2:355Þ

Nx Nx

Nxy

Nxy

Nyx

Nyx

Ny
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FIGURE 2.124 Plate subjected to in-plane forces.
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Values of k for plates with several different boundary and loading conditions are given in

Figure 2.126.

2.12.11.2 Circular Plates

The critical value of the compressive forces Nr uniformly distributed around the edge of a circular plate

of radius r0 clamped along the edge (Figure 2.127) can be determined by

r2 d2f
dr2
þ r

df
dr
� f ¼ �Qr2

D
ð2:356Þ

where f is the angle between the axis of revolution of the plate surface and any normal to the plate, r is

the distance of any point from the center of the plate, and Q is the shearing force per unit of length.

When there are no lateral forces acting on the plate, the solution of Equation 2.356 involves Bessel function

of the first order of the first and second kinds and the resulting critical value of Nr is obtained as

ðNrÞcr ¼
14:68D

r2
0

ð2:357Þ

The critical value of Nr for the plate when the edge is simply supported can be obtained in the same

way as

ðNrÞcr ¼
4:20D

r2
0

ð2:358Þ

2.12.12 Buckling of Shells

If a circular cylindrical shell is uniformly compressed in the axial direction, buckling symmetrical with

respect to the axis of the cylinder (Figure 2.128) may occur at a certain value of the compressive load.

The critical value of the compressive force Ncr per unit length of the edge of the shell can be obtained by

solving the differential equation

D
d4w

dx4
þ N

d2w

dx2
þ Eh

w

a2
¼ 0 ð2:359Þ

where a is the radius of the cylinder and h is the wall thickness.

Alternatively, the critical force per unit length may also be obtained by using the energy method. For

a cylinder of length L, simply supported at both ends, one obtains

Ncr ¼ D
m2p2

L2
þ EhL2

Da2m2p2

� �
ð2:360Þ

m = 1

m = 2 m = 3 m = 4

8

6

4

2

0 1 2 6 32 4

k

a/b

FIGURE 2.125 Buckling stress coefficients for uniaxially compressed plate.
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FIGURE 2.127 Circular plate under compressive loading.
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FIGURE 2.126 Values of K for plate with different boundary and loading conditions.

2-156 Handbook of Structural Engineering

Copyright 2005 by CRC Press



For each value of m there is a unique buckling mode shape and a unique buckling load. The lowest value

is of greatest interest and is thus found by setting the derivative of Ncr with respect to L equal to zero for

m¼ 1. With Poisson’s ratio¼ 0.3, the buckling load is obtained as

Ncr ¼ 0:605
Eh2

a
ð2:361Þ

It is possible for a cylindrical shell to be subjected to uniform external pressure or to the combined

action of axial and uniform lateral pressure. More detailed treatment of such a case may be found in

Timoshenko and Gere (1963).

2.13 Structural Dynamic

2.13.1 Equation of Motion

The essential physical properties of a linearly elastic structural system subjected to external dynamic

loading are its mass, stiffness properties, and energy absorption capability or damping. The principle

of dynamic analysis may be illustrated by considering a simple single-storey structure as shown in

Figure 2.129. The structure is subjected to a time-varying force f (t). k is the spring constant that relates the

lateral storey deflection x to the storey shear force, and the dash pot relates the damping force to

the velocity by a damping coefficient c. If the mass, m, is assumed to concentrate at the beam, the structure

becomes a single-degree-of-freedom (SDOF) system. The equation of motion of the system may be

written as

m€xx þ c _xx þ kx ¼ f ðtÞ ð2:362Þ

Various solutions to Equation 2.362 can give an insight into the behavior of the structure under dynamic

situation.

L

2aNcr

Lw

Vcr

x

y

z

FIGURE 2.128 Buckling of a cylindrical shell.

m

c

k

x

f(t)
f(t)

mx
..

cx
.

kx

(a) (b)

FIGURE 2.129 (a) One DOF structure and (b) forces applied to structures.
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2.13.2 Free Vibration

In this case the system is set to motion and allowed to vibrate in the absence of applied force f (t). Letting

f (t)¼ 0, Equation 2.362 becomes

m€xx þ c _xx þ kx ¼ 0 ð2:363Þ

Dividing Equation 2.363 by the mass m, we have

€xx þ 2xo _xx þ o2x ¼ 0 ð2:364Þ

where

2xo ¼ c

m
and o2 ¼ k

m
ð2:365Þ

The solution to Equation 2.364 depends on whether the vibration is damped or undamped.

2.13.2.1 Case 1: Undamped Free Vibration

In this case, c¼ 0, and the solution to the equation of motion may be written as

x ¼ A sinot þ B cosot ð2:366Þ

where o ¼
ffiffiffiffiffiffiffiffiffi
k=m

p
is the circular frequency. A and B are constants that can be determined by the initial

boundary conditions. In the absence of external forces and damping the system will vibrate indefinitely

in a repeated cycle of vibration with an amplitude of

X ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ B2
p

ð2:367Þ

and a natural frequency of

f ¼ o
2p

ð2:368Þ

The corresponding natural period is

T ¼ 2p
o
¼ 1

f
ð2:369Þ

The undamped free vibration motion as described by Equation 2.366 is shown in Figure 2.130.

2.13.2.2 Case 2: Damped Free Vibration

If the system is not subjected to applied force and damping is presented, the corresponding solution

becomes

x ¼ A expðl1tÞ þ B expðl2tÞ ð2:370Þ

T = 2�
�

x(O)
.

X(t)

x (O)
X

t

FIGURE 2.130 Response of undamped free vibration.
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where

l1 ¼ o
h
�xþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 1

q i
ð2:371Þ

and

l2 ¼ o
h
�x�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 1

q i
ð2:372Þ

The solution of Equation 2.370 changes its form with the value of x defined as

x ¼ c

2
ffiffiffiffiffiffiffi
mk
p ð2:373Þ

If x2< 1, the equation of motion becomes

x ¼ expð�xotÞðA cosodt þ B sinodtÞ ð2:374Þ

where od is the damped angular frequency defined as

od ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� x2Þo

q
ð2:375Þ

For most building structures x is very small (about 0.01) and therefore od�o. The system oscillates

about the neutral position at the amplitude decays with time t. Figure 2.131 illustrates an example of

such motion. The rate of decay is governed by the amount of damping present.

If the damping is great, then oscillation will be prevented. This happens when x2> 1 and the behavior

is referred to as overdamped. The motion of such behavior is shown in Figure 2.132.

Damping with x2¼ 1 is called critical damping. This is the case where minimum damping is required

to prevent oscillation and the critical damping coefficient is given as

ccr ¼ 2
ffiffiffiffiffiffi
km
p

ð2:376Þ

where k and m are the stiffness and the mass of the system respectively.

The degree of damping in the structure is often expressed as a proportion of the critical damping value.

Referring to Equations 2.373 and 2.376, we have

x ¼ c

ccr

ð2:377Þ

where x is called the critical damping ratio.

X(t)

x(O)
�
�d

2�
�d

3�
�d

4�
�d

t

FIGURE 2.131 Response of damped free vibration.
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2.13.3 Forced Vibration

If a structure is subjected to a sinusoidal motion such as a ground acceleration of €xx ¼ F sinof t , it will

oscillate and after some time the motion of the structure will reach a steady state. For example, the

equation of motion due to the ground acceleration (from Equation 2.364) is

€xx þ 2xo _xx þ o2x ¼ �F sinof t ð2:378Þ

The solution to the above equation consists of two parts: the complementary solution given by

Equation 2.366 and the particular solution. If the system is damped, oscillation corresponding to the

complementary solution will decay with time. After some time the motion will reach a steady state, and

the system will vibrate at a constant amplitude and frequency. This motion, which is called force

vibration, is described by the particular solution expressed as

x ¼ C1 sinof t þ C2 cosof t ð2:379Þ

It can be observed that the steady force vibration occurs at the frequency of the excited force, of , not the

natural frequency of the structure, o.

Substituting Equation 2.379 into Equation 2.378, the displacement amplitude can be shown to be

X ¼ � F

o2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� of=oð Þ2
0 12þ 2xof=oð Þ2
h ir ð2:380Þ

The term �F/o2 is the static displacement caused by the force due to the inertia force. The ratio of the

response amplitude relative to the static displacement �F/o2 is called the dynamic displacement

amplification factor, D, given as

D ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� of=oð Þ2
0 12þ 2xof=oð Þ2
h ir ð2:381Þ

The variation of the magnification factor with the frequency ratio of/o and damping ratio x is shown in

Figure 2.133.

When the dynamic force is applied at a frequency much lower than the natural frequency of the system

(of/o� 1), the response is quasi-static. The response is proportional to the stiffness of the structure,

and the displacement amplitude is close to the static deflection.

When the force is applied at a frequency much higher than the natural frequency (of/o� 1), the

response is proportional to the mass of the structure. The displacement amplitude is less than the static

deflection (D< 1).

When the force is applied at a frequency close to the natural frequency, the displacement amplitude

increases significantly. The condition at which of /o¼ 1 is known as resonance.

X(t)

x(O)

t

x(O)
.

FIGURE 2.132 Response of free vibration with critical damping.
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Similarly, the ratio of the acceleration response relative to the ground acceleration may be

expressed as

Da ¼
€xx þ €xxg

€xxg

""""
"""" ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2xof=oð Þ2

1� of=oð Þ2
0 12þ 2xof=oð Þ2
h i

vuut ð2:382Þ

Da is called the dynamic acceleration magnification factor.

2.13.4 Response to Suddenly Applied Load

Consider the spring-mass damper system where a load Po is applied suddenly. The differential equation

is given by

M€xx þ c x
: þkx ¼ Po ð2:383Þ

If the system is started at rest, the equation of motion is

x ¼ Po

k
1� expð�xotÞ cosodt þ xo

od

sinodt

� � �
ð2:384Þ

If the system is undamped, then x¼ 0 and od¼o, we have

x ¼ Po

k
½1� cosodt � ð2:385Þ

The maximum displacement is 2(Po/k) corresponding to cosodt¼ �1. Since Po/k is the maximum

static displacement, the dynamic amplification factor is equal to 2. The presence of damping would

naturally reduce the dynamic amplification factor and the force in the system.

2.13.5 Response to Time-Varying Loads

Some forces and ground motions that are encountered in practice are rather complex. In general,

numerical analysis is required to predict the response of such effects, and the finite element method is

one of the most common techniques to be employed in solving such problems.

The evaluation of responses due to time-varying loads can be carried out using the piecewise exact

method. In using this method, the loading history is divided into small time intervals. Between these

0 1 2 3

4

3

2

1

0

D

� = 0

� = 0.2

� = 0.5

� = 0.7

� =1.0

�f /�

FIGURE 2.133 Vibration of dynamic amplification factor with frequency ratio.
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points, it is assumed that the slope of the load curve remains constant. The entire load history is

represented by piecewise linear curve, and the error of this approach can be minimized by reducing the

length of the time steps. Description of this procedure is given in Clough and Penzien (1993).

Other techniques employed include Fourier analysis of the forcing function followed by solution for

Fourier components in the frequency domain. For random forces, random vibration theory and spec-

trum analysis may be used (Warburton 1976; Dowrick 1988).

2.13.6 Multiple Degree Systems

In multiple degree systems, an independent differential equation of motion can be written for each

degree of freedom. The nodal equations of a multiple degree system consisting of n degrees of freedom

may be written as

½m�f€xxg þ ½c�fx:g þ ½k�fxg ¼ fFðtÞg ð2:386Þ

where [m] is a symmetrical n� n matrix of mass, [c] is a symmetrical n� n matrix of damping coef-

ficient, and {F(t)} is the force vector, which is zero in the case of free vibration.

Consider a system under free vibration without damping. The general solution of Equation 2.386 is

assumed in the form

x1

x2

..

.

xn

8>>>><
>>>>:

9>>>>=
>>>>;
¼

cosðot � fÞ 0 0 0

0 cosðot � fÞ 0 0

..

. ..
. ..

. ..
.

0 0 0 cosðot � fÞ

2
66664

3
77775

C1

C2

..

.

Cn

8>>>><
>>>>:

9>>>>=
>>>>;

ð2:387Þ

where angular frequency o and phase angle f are common to all values of x. In this assumed solution, f
and C1, C2, . . . , Cn are the constants to be determined from the initial boundary conditions of the

motion and o is a characteristic value (eigenvalue) of the system.

Substituting Equation 2.387 into Equation 2.386 yields

k11 �m11o2 k12 �m12o2 . . . k1n �m1no2

k21 �m21o2 k22 �m22o2 . . . k2n �m2no2

..

. ..
. ..

. ..
.

kn1 �mn1o2 kn2 �mn2o2 . . . knn �mnno2

2
66664

3
77775

C1

C2

..

.

Cn

8>>>><
>>>>:

9>>>>=
>>>>;

cosðot � fÞ ¼

0

0

..

.

0

8>>>><
>>>>:

9>>>>=
>>>>;

ð2:388Þ

or

½½k� � o2½m��fCg ¼ f0g ð2:389Þ

where [k] and [m] are the n� n matrices, o2 and cos(ot�f) are scalars, and {C} is the amplitude

vector. For nontrivial solution, cos(ot�f) 6¼ 0, thus solution to Equation 2.389 requires the deter-

minant of [[k]�o2[m]]¼ 0. The expansion of the determinant yields a polynomial of nth degree as a

function of o2, the n roots of which are the eigenvalues o1, o2, . . . , on.

If the eigenvalue o for a normal mode is substituted in Equation 2.389, the amplitude vector {C} for

that mode can be obtained. {C1}, {C2}, {C3}, . . . , {Cn} are therefore called the eigenvectors, the absolute

values of which must be determined through initial boundary conditions. The resulting motion is a sum

of n harmonic motions, each governed by the respective natural frequency o, written as

fxg ¼
Xn

i¼1

fCig cosðoi t � fiÞ ð2:390Þ
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2.13.7 Distributed Mass Systems

Although many structures may be approximated by lumped mass systems, in practice, all structures are

distributed mass systems consisting of an infinite number of particles. Consequently, if the motion is

repetitive, the structure has an infinite number of natural frequency and mode shapes. The analysis of a

distributed-parameter system is entirely equivalent to that of a discrete system once the mode shapes and

frequencies have been determined, because in both cases the amplitudes of the modal response com-

ponents are used as generalized coordinates in defining the response of the structure.

In principle, an infinite number of these coordinates are available for a distributed-parameter system,

but in practice, only a few modes, usually those of lower frequencies, will make a significant contribution

to the overall response. Thus, the problem of a distributed-parameter system can be converted to a discrete

system form in which only a limited number of modal coordinates are used to describe the response.

2.13.7.1 Flexural Vibration of Beams

The motion of the distributed mass system is best illustrated by a classical example of a uniform

beam with of span length L and flexural rigidity EI and a self-weight of m per unit length, as shown in

Figure 2.134a. The beam is free to vibrate under its self-weight. From Figure 2.134b, dynamic equili-

brium of a small beam segment of length dx requires that

qV

qx
dx ¼ m dx

q2y

qt2
ð2:391Þ

where

q2y

qx2
¼ M

EI
ð2:392Þ

and

V ¼ � qM

qx
,

qV

qx
¼ � q2M

qx2
ð2:393Þ

Substituting these equations into Equation 2.391 gives the equation of motion of the flexural beam:

q4y

qx4
þ m

EI

q2y

qt2
¼ 0 ð2:394Þ

Equation 2.394 can be solved for beams with given sets of boundary conditions. The solution consists of

a family of vibration mode with corresponding natural frequencies. Standard results are available in

dx

x

y

Small element

Beam

dxV

M

M + ∂M
∂x

dx

V + ∂V
∂x

dx

x

(a)

(b)

FIGURE 2.134 (a) Beam in flexural vibration and (b) equilibrium of beam segment in vibration.
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Table 2.6 to compute the natural frequencies of uniform flexural beams with different supporting

conditions. Methods are also available for dynamic analysis of continuous beams (Clough and Penzien

1993).

2.13.7.2 Shear Vibration of Beams

Beams can deform by flexure or shear. Flexural deformation normally dominates the deformation of

slender beams. Shear deformation is important for short beams or in higher modes of slender beams.

Table 2.7 gives the natural frequencies of uniform beams in shear, neglecting flexural deformation.

The natural frequencies of these beams are inversely proportional to the beam length L rather than L2,

and the frequencies increase linearly with the mode number.

TABLE 2.6 Frequencies and Mode Shapes of Beams in Flexural Vibration

fn ¼
kn

2p

ffiffiffiffiffiffiffiffiffi
EI

mL4

r
Hz

L¼ length (m)

EI¼flexural rigidity (N m2)

n¼ 1, 2, 3, . . . M¼mass per unit length (kg/m)

Boundary condition Kn, n¼ 1, 2, 3 Mode shape, yn
x

L

	 

An, n¼ 1, 2, 3, . . .

x

L

y

Pinned–pinned (np)2 sin
npx

L —

22.37 0.98250

61.67

cosh

ffiffiffiffiffiffi
Kn

p
x

L
� cos

ffiffiffiffiffiffi
Kn

p
x

L

� An sin h

ffiffiffiffiffiffi
Kn

p
x

L
� sin

ffiffiffiffiffiffi
Kn

p
x

L

� � 1.00078

120.90 0.99997

199.86 1.00000

298.55 0.99999

x

L

y

Fixed–fixed

ð2nþ 1Þ p
2

4
, 1.0, n> 5

n> 5

15.42 1.00078

49.96

cosh

ffiffiffiffiffiffi
Kn

p
x

L
� cos

ffiffiffiffiffiffi
Kn

p
x

L

� An sin h

ffiffiffiffiffiffi
Kn

p
x

L
� sin

ffiffiffiffiffiffi
Kn

p
x

L

� � 1.00000

104.25 1.0, n> 3

178.27

272.03

x
L

y

Fixed–pinned

ð4nþ 1Þ2 p
2

4
,

n> 5

3.52 0.73410

22.03

cosh

ffiffiffiffiffiffi
Kn

p
x

L
� cos

ffiffiffiffiffiffi
Kn

p
x

L

� An sin h

ffiffiffiffiffiffi
Kn

p
x

L
� sin

ffiffiffiffiffiffi
Kn

p
x

L

� � 1.01847

61.69 0.99922

120.90 1.00003

199.86 1.0, n> 4

x
L

y

Cantilever

ð2n� 1Þ2 p
2

4
,

n> 5
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2.13.7.3 Combined Shear and Flexure

The transverse deformation of real beams is the sum of flexure and shear deformations. In general,

numerical solutions are required to incorporate both the shear and flexural deformations in the pre-

diction of natural frequency of beams. For beams with comparable shear and flexural deformations, the

following simplified formula may be used to estimate the beam’s frequency:

1

f 2
¼ 1

f 2
f

þ 1

f 2
s

ð2:395Þ

where f is the fundamental frequency of the beam, and ff and fs are the fundamental frequencies

predicted by the flexure and shear beam theories, respectively (Rutenberg 1975).

2.13.7.4 Natural Frequency of Multistory Building Frames

Tall building frames often deform more in the shear mode than in flexure. The fundamental frequencies

of many multistory building frameworks can be approximated by (Rinne 1952; Housner 1963)

f ¼ a

ffiffiffi
B
p

H
ð2:396Þ

TABLE 2.7 Frequencies and Mode Shapes of Beams in Shear Vibration

L¼ length

fn ¼
Kn

2p

ffiffiffiffiffiffiffiffi
KG

rL2

s
Hz

K¼ shear coefficient (Cowper 1966)

G¼ shear modulus¼E/[2(1þn)]

r¼mass density

Boundary condition Kn, n¼ 1, 2, 3, . . . Mode shape, yn

x

L

	 


L
x

y

Fixed–free

np, n¼ 1, 2, 3, . . . cos
npx

L
, n ¼ 1, 2, 3, . . .

Lx

y

Fixed–fixed

np, n¼ 1, 2, 3, . . . sin
npx

L
, n ¼ 1, 2, 3, . . .
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where a is approximately equal to 11
ffiffiffiffi
m
p

=s, B is the building width in the direction of vibration, and H

is the building height. This empirical formula suggests that a shear beam model with f inversely pro-

portional to H is more appropriate than flexural beam for predicting natural frequencies of buildings.

2.13.8 Portal Frames

A portal frame consists of a cap beam rigidly connected to two vertical columns. The natural frequencies

of portal frames vibrating in the fundamental symmetric and asymmetric modes are shown in Table 2.8

TABLE 2.8 Fundamental Frequencies of Portal Frames in Asymmetrical Mode of Vibration

E1I1, m1

E2I2, m2

L1

L2

First asymmetric in–plane mode

f ¼ l2

2pL2
1

E1I1

m1

� �1=2

Hz

E¼modulus of elasticity

I¼ area moment of inertia

m¼mass per unit length

l value

Pinned bases Clamped bases

L1/L2 L1/L2m1

m2 E1I1/E2I2 0.25 0.75 1.5 3.0 6.0 0.25 0.75 1.5 3.0 6.0

0.25 0.25 0.6964 0.9520 1.1124 1.2583 1.3759 0.9953 1.3617 1.6003 1.8270 2.0193

0.75 0.6108 0.8961 1.0764 1.2375 1.3649 0.9030 1.2948 1.5544 1.7999 2.0051

1.5 0.5414 0.8355 1.0315 1.2093 1.3491 0.8448 1.2323 1.5023 1.7649 1.9853

3.0 0.4695 0.7562 0.9635 1.1610 1.3201 0.7968 1.1648 1.4329 1.7096 1.9504

6.0 0.4014 0.6663 0.8737 1.0870 1.2702 0.7547 1.1056 1.3573 1.6350 1.8946

0.75 0.25 0.8947 1.1740 1.3168 1.4210 1.4882 1.2873 1.7014 1.9262 2.0994 2.2156

0.75 0.7867 1.1088 1.2776 1.3998 1.4773 1.1715 1.6242 1.8779 2.0733 2.2026

1.5 0.6983 1.0368 1.2281 1.3707 1.4617 1.0979 1.5507 1.8218 2.0390 2.1843

3.0 0.6061 0.9413 1.1516 1.3203 1.4327 1.0373 1.4698 1.7454 1.9838 2.1516

6.0 0.5186 0.8314 1.0485 1.2414 1.3822 0.9851 1.3981 1.6601 1.9072 2.0983

1.5 0.25 1.0300 1.2964 1.4103 1.4826 1.5243 1.4941 1.9006 2.0860 2.2090 2.2819

0.75 0.9085 1.2280 1.3707 1.4616 1.5136 1.3652 1.8214 2.0390 2.1842 2.2695

1.5 0.8079 1.1514 1.3203 1.4326 1.4982 1.2823 1.7444 1.9837 2.1515 2.2521

3.0 0.7021 1.0482 1.2414 1.3821 1.4694 1.2141 1.6583 1.9070 2.0983 2.2206

6.0 0.6011 0.9279 1.1335 1.3024 1.4191 1.1570 1.5808 1.8198 2.0234 2.1693

3.0 0.25 1.1597 1.3898 1.4719 1.5189 1.5442 1.7022 2.0612 2.1963 2.2756 2.3190

0.75 1.0275 1.3202 1.4326 1.4981 1.5336 1.5649 1.9834 2.1515 2.2520 2.3070

1.5 0.9161 1.2412 1.3821 1.4694 1.5182 1.4752 1.9063 2.0982 2.2206 2.2899

3.0 0.7977 1.1333 1.3024 1.4191 1.4896 1.4015 1.8185 2.0233 2.1693 2.2595

6.0 0.6838 1.0058 1.1921 1.3391 1.4395 1.3425 1.7382 1.9366 2.0964 2.2094

6.0 0.25 1.2691 1.4516 1.5083 1.5388 1.5545 1.8889 2.1727 2.2635 2.3228 2.3385

0.75 1.1304 1.3821 1.4694 1.5181 1.5440 1.7501 2.0980 2.2206 2.2899 2.3268

1.5 1.0112 1.3023 1.4191 1.4896 1.5287 1.6576 2.0228 2.1693 2.2595 2.3101

3.0 0.8827 1.1919 1.3391 1.4395 1.5002 1.5817 1.9358 2.0963 2.2095 2.2802

6.0 0.7578 1.0601 1.2277 1.3595 1.4502 1.5244 1.8550 2.0110 2.1380 2.2309
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and Table 2.9, respectively. The beams in these frames are assumed to be uniform and sufficiently

slender so that shear, axial, and torsional deformations can be neglected. The method of analysis of

these frames is given in Yang and Sun (1973). The vibration is assumed to be in the plane of the frame,

and the results are presented for portal frames with pinned and fixed bases.

If the beam is rigid and the columns are slender and uniform, but not necessarily identical, the

natural fundamental frequency of the frame can be approximated using the following formula of Robert

(1979):

f ¼ 1

2p
12
P

EiIi

L3ðM þ 0:37
P

MiÞ

� �1=2

Hz ð2:397Þ

where M is the mass of the beam, Mi is the mass of the ith column, and EiIi is the flexural rigidity of the

ith column. The summation refers to the sum of all columns, and i must be greater than or equal to 2.

Additional results for frames with inclined members are discussed in Chang (1978).

TABLE 2.9 Fundamental Frequencies of Portal Frames in Symmetrical Mode of Vibration

E1I1, m

E2I2, m2

L1

L2

First symmetric in-plane mode

f ¼ l2

2pL2
1

E1I1

m1

� �1=2

Hz

E¼modulus of elasticity

I¼ area moment of inertia

m¼mass per unit length

l value

m2

m1

� �1=4
E2I2

E1I1

� �3=4

E1I1

E2I2

m2

m1

� �1=4
L2

L1

8.0 4.0 2.0 1.0 0.8 0.4 0.2

Pinned bases

8.0 0.4637 0.8735 1.6676 3.1416 3.5954 3.8355 3.8802

4.0 0.4958 0.9270 1.7394 3.1416 3.4997 3.7637 3.8390

2.0 0.5273 0.9911 1.8411 3.1416 3.4003 3.6578 3.7690

1.0 0.5525 1.0540 1.9633 3.1416 3.3110 3.5275 3.6642

0.8 0.5589 1.0720 2.0037 3.1416 3.2864 3.4845 3.6240

0.4 0.5735 1.1173 2.1214 3.1416 3.2259 3.3622 3.4903

0.2 0.5819 1.1466 2.2150 3.1416 3.1877 3.2706 3.3663

Clamped bases

8.0 0.4767 0.8941 1.6973 3.2408 3.9269 4.6167 4.6745

4.0 0.5093 0.9532 1.7847 3.3166 3.9268 4.5321 4.6260

2.0 0.5388 1.0185 1.9008 3.4258 3.9268 4.4138 4.5454

1.0 0.5606 1.0773 2.0295 3.5564 3.9267 4.2779 4.4293

0.8 0.5659 1.0932 2.0696 3.5988 3.9267 4.2351 4.3861

0.4 0.5776 1.1316 2.1790 3.7176 3.9267 4.1186 4.2481

0.2 0.5842 1.1551 2.2575 3.8052 3.9266 4.0361 4.1276
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2.13.9 Damping

Damping is found to increase with the increasing amplitude of vibration. It arises from the dissipation

of energy during vibration. The mechanisms that contribute to energy dissipation are material

damping, friction at interfaces between components, and energy dissipation due to the foundation

interacting with soil, among others. Material damping arises from the friction at bolted connections

and the frictional interaction between structural and nonstructural elements such as partitions and

cladding.

The amount of damping in a building can never be predicted precisely, and design values are generally

derived based on dynamic measurements of structures of a corresponding type. Damping can be

measured based on the rate of decay of free vibration following an impact, by spectral methods based on

analysis of response to wind loading, or by force excitation by mechanical vibrator at varying frequency

to establish the shape of the steady state resonance curve. However, these methods may not be easily

carried out if several modes of vibration close in frequency are presented.

Table 2.10 gives the values of modal damping that are appropriate for use when amplitudes are low.

Higher values are appropriate at larger amplitudes where local yielding may develop, for example, in

seismic analysis.

2.13.10 Numerical Analysis

Many less complex dynamic problems can be solved without much difficulty by hand methods. More

complex problems, such as determination of natural frequencies of complex structures, calculation of

response due to time-varying loads, and response spectrum analysis to determine seismic forces, may

require numerical analysis. Finite element method has been shown to be a versatile technique for this

purpose.

The global equations of an undamped force-vibration motion, in matrix form, may be written as

½M �f€xxg þ ½K �fx:g ¼ fFðtÞg ð2:398Þ

where

½K � ¼
Xn

i¼1

½ki�, ½M � ¼
Xn

i¼1

½mi�, ½F� ¼
Xn

i¼1

½ fi� ð2:399Þ

are the global stiffness, mass, and force matrices, respectively. [ki], [mi], and {fi} are the stiffness, mass,

and force of the ith element, respectively. The elements are assembled using the direct stiffness method to

obtain the global equations such that intermediate continuity of displacements is satisfied at common

nodes and, in addition, interelement continuity of acceleration is also satisfied.

Equation 2.398 is the matrix equations discretized in space. To obtain the solution of the equation,

discretization in time is also necessary. The general method used is called direct integration. There are

two methods for direct integration: implicit or explicit. The first, and simplest, is an explicit method

known as the central difference method (Biggs 1964). The second, more sophisticated but more versatile,

is an implicit method known as the Newmark method (Newmark 1959). Other integration methods are

also available in Bathe (1982).

TABLE 2.10 Typical Structural Damping Values

Structural type Damping value, x (%)

Unclad welded steel structures 0.3

Unclad bolted steel structures 0.5

Floor, composite and noncomposite 1.5–3.0

Clad buildings subjected to side sway 1
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The natural frequencies are determined by solving Equation 2.398 in the absence of force F(t) as

½M �f€xxg þ ½K �fxg ¼ 0 ð2:400Þ

The standard solution for x(t) is given by the harmonic equation in time

fxðtÞg ¼ fXgeiot ð2:401Þ

where {X} refers to the part of the nodal displacement matrix called natural modes that are assumed to

be independent of time, i is the imaginary number, and o is the natural frequency.

Differentiating Equation 2.401 twice with respect to time, we have

€xxðtÞ ¼ fXgð�o2Þeiot ð2:402Þ

Substituting Equations 2.401 and 2.402 into Equation 2.400 yields

eiot ð½K � � o2½M �ÞfXg ¼ 0 ð2:403Þ

Since eiot is not zero, we obtain

ð½K � � o2½M �ÞfXg ¼ 0 ð2:404Þ

Equation 2.404 is a set of linear homogenous equations in terms of displacement mode {X}. It has a

nontrivial solution if the determinant of the coefficient matrix {X} is nonzero, that is,

½Kg � o2½M � ¼ 0 ð2:405Þ

In general, Equation 2.405 is a set of n algebraic equations, where n is the number of degrees of

freedom associated with the problem.
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3.1 Dynamic Forces and Structural Models

3.1.1 Characteristics of Dynamic Forces

The subject presented herein deals with the response of structures subjected to dynamic forces or loads,

whose magnitude varies with time. Generally, most of the forces applied to a structure involve, in some

manner, time variation; static force may be viewed as a special dynamic case when the force applied is

slow enough without causing structural vibration. As structural materials, construction methods, and

computer technology rapidly advance, constructed facilities of building structures and nonbuilding

structures become taller and slender. Therefore, dynamic behavior of such structures must be included

in their design.

The dynamic forces acting on a structure can be categorized in different ways according to (1) the

original sources causing vibration, (2) the characteristics of vibration, whether periodic, nonperiodic,

or random, or (3) the definite function of time as deterministic or nondeterministic. Rotating

machinery, blast, wind, and earthquake are in the first category. Dynamic force due to unbalanced

machinery varied repeatedly in magnitude with time is called periodic force. Earthquake, wind, and

blast, however, do not have any periodicity and are hence called nonperiodic or random forces.

A deterministic force is one where its time function can be specified in regular or irregular variation;

for instance, the time variation of rotating machinery can be represented by a mathematical function,

blast and impulse may be specified by mathematical curves or lines, and an earthquake may be specified

by accelerograms in magnitude with time intervals. These forces may be classified as deterministic. On

the contrary, nondeterministic forces cannot be specified as definite functions of time because of the

inherent uncertainty in their magnitude and in their variation with time. These types of load should

be described through a statistical approach. Wind is in this category and earthquake is also non-

deterministic because the magnitude and frequency distribution of any future earthquake cannot be

predicted with certainty but can be estimated only in a probabilistic sense. The classification of loading

is shown in Figure 3.1. This chapter deals with both deterministic and nondeterministic loadings or

forces for which the response analysis methods are presented. Stochastic analysis is illustrated with

seismic response.

3.1.2 Mathematical Models of Structural Systems

Analytical accuracy and computational efficiency of dynamics problems depends on several key features:

structural modeling, material property idealization, loading assumptions, and numerical techniques.

This chapter covers three well-known models:

� Lumped-mass system
� Continuous-mass system
� Finite element system

In fact, the lumped-mass system and the finite element system are similar in modeling and therefore

are sometimes classified into one group known as the discrete system.

Loading

Static

Dynamic

Deterministic
(prescribed)

Nondeterministic
(random)

Periodic

Nonperiodic

FIGURE 3.1 Loading classification.
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3.2 Response Analysis of Single d.o.f. Systems

3.2.1 Definition of d.o.f.

The degree of freedom (d.o.f.) of a structure may be first explained from the nature of loading as

statically applied load or dynamic excitation to a structure. In general, d.o.f. represents the independent

movement of structural nodes for a static case, but the independent movements of lumped masses for

a dynamic case. The number of structural nodes can be more than the number of lumped masses.

Furthermore, each lumped mass may have more than one independent motion. For instance, the plane

frame shown in Figure 3.2 should have three d.o.f. (x1, x2, x3) for a static case. However, the lumped-

mass model may have one (x3), two (x3 and x4), or three (x3, x4, and x5) d.o.f. corresponding to the

response analysis of lateral motion (x3) only, lateral and vertical motions (x3, x4) only, or lateral, vertical,

and rocking (x3, x4, x5) motions. Therefore, the number of masses and the dynamic d.o.f. are determined

by the structural analyst based on the structural configuration and the interest of the analytical results.

Note that x1 and x2 in Figure 3.2b are not dynamic d.o.f., but they must be given in order to allow the

structural joints to rotate during vibration.

3.2.2 Undamped and Damped Free Vibration

3.2.2.1 Undamped with Initial Conditions

Consider the spring-mass model shown in Figure 3.3. This model, which consists of a mass of weight, W,

suspended by means of a spring with stiffness, K, is idealized from the accompanying unsymmetrical

rigid frame where L and I signify the member’s length and its cross-sectional moment of inertia,

respectively. The spring stiffness, K, is defined as the force necessary to stretch or compress the spring

x5 x2
x1

x3

x4

(a) (b)

I1, L1

x3

I3, L3

x2
x1

I2, L2

FIGURE 3.2 Plane unsymmetric rigid frame: (a) static d.o.f. and (b) dynamic d.o.f.

Equilibrium
position

Rigid frame

W

I = ∞

xxst

I1, L1 I2, L2

W xst

Equilibrium
position

K

x

FIGURE 3.3 Structures and spring-mass model.
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one unit of length, which, in fact, is the force caused by a unit side sway of the frame. The mass is in

equilibrium under the action of two equal and opposite forces: the weight, W, acts downward and the

spring force, Kxst, upward. The term xst denotes static deflection, which is the amount of movement from

the undeformed position to the equilibrium position where the displacement of the mass is measured

during the vibration.

The motion equation of the structure is

M€xx þ Kx ¼ 0 ð3:1aÞ

or

€xx þ p2x ¼ 0 ð3:1bÞ

in which p ¼
ffiffiffiffiffiffiffiffiffiffiffi
K=M

p
, where p is the angular frequency with the unit of rad/s; M¼W=g ; and g is the

gravity of acceleration. Note that the units of K and M must be consistent. The relationships between

frequency and period may be expressed as

p ¼ 2p
T
¼ 2pf ðangular frequency, rad=sÞ

f ¼ 1

T
¼ p

2p
ðnatural frequency, cycle=sÞ

T ¼ 1

f
¼ 2p

p
ðnatural period, sÞ

The solution of Equation 3.1 is

x ¼ A sin pt þ B cos pt ð3:2Þ

where the integration constants A and B should be determined by using the information of motion as

the known displacement, x, and velocity, ẋ, at any time, t. The displacement and velocity may be given at

the same time, say xt0 and ẋt0, or at a different time, xt0 at t0 and ẋt1 at t1. Let us assume that x and ẋ are

given as xt0 and ẋt0 at t0, then Equation 3.2 becomes

x ¼ xt0 cos pðt � t0Þ þ
_xxt0

p
sin pðt � t0Þ ð3:3Þ

When the original time is measured from the instant that the mass is in one of the extreme positions,

the initial displacement x0 is X (X denotes amplitude) and the initial velocity is zero (as the physical

condition should be). When time is measured from the instant that the mass is in the neutral position, the

initial conditions are x¼ 0 and ẋ¼ ẋ0. If the origin is located at t0 units of time after the mass passes the

neutral position with the initial conditions of x¼ xt0. The general expression becomes

x ¼ xt0 cosðpt � gÞ þ _xxt0

p
sinðpt � gÞ ð3:4aÞ

or

x ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

t0 þ
_xxt0

p

� �2
s

cosðpt � g� aÞ ð3:4bÞ

in which

a ¼ tan�1 _xxt0=p

xt0

and g ¼ pt0

Note that the amplitude of a motion depends on the given initial conditions and that all the motions

are in the same manner except they are displaced relative to each other along time t. The relative

magnitude in radians between x, ẋ, and ẍ is called the phase angle.
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3.2.2.2 Damped Vibration with Initial Conditions

In the previous discussion, we assumed an ideal vibrating system free from internal and external

damping. Damping may be defined as a force that resists motion at all times. Therefore, a free undamped

vibration continues in motion indefinitely without its amplitude diminishing or its frequency changing.

Real systems, however, do not possess perfectly elastic springs nor are they surrounded by a frictionless

medium. Various damping agents — such as the frictional forces of structural joints and bearing

supports, the resistance of surrounding air, and the internal friction between molecules of the structural

materials — always exist.

It is difficult, if not impossible, to derive a mathematical formula for damping resistance that

represents the actual behavior of a physical system. A simple yet realistic damping model for

mathematical analysis is that the damping force is proportional to velocity. This model can

represent structural damping of which the force is produced by the viscous friction and is therefore

called viscous damping. Figure 3.4 shows a vibration model consisting of an ideal spring and dashpot

in parallel. The dashpot exerts a damping force, cẋ, proportional to the relative velocity, in which

c is a proportionality and is called the coefficient of viscous damping. The governing differential

equation is

M€xx þ c _xx þ Kx ¼ 0 ð3:5Þ

of which the standard solution is

x ¼ C1ea1t þ C2ea2t ð3:6Þ

where C1 and C2 are integration constants, and a1 and a2 may be expressed as

a1 ¼ �
c

2M
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2

4M2
� K

M

r
ð3:7Þ

a2 ¼ �
c

2M
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2

4M2
� K

M

r
ð3:8Þ

After substituting Equations 3.7 and 3.8 for the corresponding terms in Equation 3.6, possible solutions

can be obtained for three cases of c2/4M2¼K/M, c2/4M2>K/M, and c2/4M2<K/M, corresponding to

critical damping, overdamping, and underdamping, respectively.

When c2/4M2¼K/M, the value of c is called critical damping and takes the form

ccr ¼ 2
ffiffiffiffiffiffiffiffi
KM
p

¼ 2Mp ¼ 2K

p
ð3:9Þ

The ratio of c/ccr is called viscous damping factor or simply damping factor, r, and may be expressed as

r ¼ c

ccr

¼ c

2Mp
¼ c

2
ffiffiffiffiffiffiffiffiffiffiffiffi
ðKMÞ

p ¼ cp

2K
ð3:10Þ

In most structural and mechanical systems, the assumption of underdamping is justified, that is, r< 1.

For this case, the motion equation is

€xx þ 2rp _xx þ p2x ¼ 0 ð3:11Þ

The displacement response may be obtained from

x ¼ e�rpt ðA cos
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p
pt þ B sin

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p
ptÞ ð3:12aÞ

or

x ¼ Ce�rpt cosð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p
pt � aÞ ð3:12bÞ
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Note that the oscillatory motion has the frequency, damped frequency, and the associated period, damped

period, which may be expressed as

p� ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p
ð3:13Þ

T� ¼ 2p

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p ¼ Tffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p ð3:14Þ

Actually, the difference between p�, T � and p, T is slight. The terms p and T may be used instead of

p� and T � in damped vibrations without introducing a serious error.

If the given initial conditions of x0¼ 0 and ẋ¼ p at t¼ 0 are inserted into Equation 3.12b, we obtain

x ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p e�rpt cos
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p
pt � p

2

� �
ð3:15Þ

which is plotted in Figure 3.5 for various damping factors of 0.05, 0.10, 0.25, and 0.35. It can be seen that

the amplitudes of successive cycles are different and the periods of successive cycles are the same; strictly

speaking, the motion is not regarded as being periodic but as time-periodic. In most engineering

structures, r may vary from 0.02 to 0.08. Of course, the damping factor for some buildings may be as

high as 0.15, depending on the nature of the material used in their construction and the degree of

looseness in their connections.

3.2.3 Undamped and Damped Forced Vibration

3.2.3.1 Undamped Forced Vibration with Harmonic Force (Steady-State Response)

Consider the spring-mass model shown in Figure 3.3 where the mass is subjected to a harmonic force

F sin ot with forced frequency o. Let F sin ot be considered positive to the right of the equilibrium

position from which displacement, x, is measured. The differential equation of motion is

M€xx þ Kx ¼ F sinot ð3:16aÞ

x

7�� 2� 3� 4� 5� 6�
p*t

� =
0.05
0.10
0.25

0.35

FIGURE 3.5 Motion with underdamping. (Reprinted from Ref. [1, p. 11] by courtesy of Marcel Dekker, Inc.)
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FIGURE 3.4 Spring-mass and viscous damping model.
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or

€xx þ p2x ¼ p2xst sinot ð3:16bÞ

in which xst¼ F/K as static displacement. The homogeneous solution is xh¼A sin ptþB cos pt ; the term,

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðK=MÞ

p
, is independent of the forced frequency, o. The particular solution may be obtained by

trying the following:

xp ¼ C1 sinot þ C2 cosot ð3:17Þ

Substituting xp and ẍ p in Equation 3.17 for C1 and C2, we then obtain the following complete

solution:

x ¼ xh þ xp ¼ A sin pt þ B cos pt þ F

K �Mo2
sinot ð3:18aÞ

in which A and B should be determined by using the initial conditions of free vibration. When the force

F sinot is applied from a position of rest, ignore xh (free vibration due to x0 and ẋ0). The response of

forced vibration corresponding to the third term of Equation 3.18a is

x ¼ F=K

1� ðo2=p2Þ sin ot ð3:18bÞ

which indicates that the motion is periodic with the same frequency as that of the force and may endure

as long as the force remains on the mass; this is called steady-state vibration. Note that F/K is static

displacement xst; when sin ot¼ 1, the displacement x is the amplitude X. In general, the application of

a disturbing force can produce an additional motion superimposed on steady-state motion. This

additional motion is from the homogeneous solution of the free vibration. Consider the initial condi-

tions of x0¼ 0 and ẋ0¼ 0 at t¼ 0 in Equation 3.18a. The result is

x ¼ F=K

ðK �Mo2Þ sinot � o
p

sin pt

� �
ð3:19Þ

Comparing Equation 3.18b with Equation 3.19 reveals that there is another term associated with sin pt.

This is due to the fact that the application of a disturbing force produces some free vibrations of the

system. Thus, the actual motion is a superposition of two harmonic motions with different frequencies,

amplitudes, and phase angles. In practical engineering, there is always some damping. So, free vibration

is eventually damped out and only forced vibration remains. The early part of a motion consisting of

a forced vibration and a few cycles of free vibration is called transient vibration, which can be important

in aircraft design for landing and for gust loading.

3.2.3.2 Undamped Forced Vibration with Impulses (Shock Spectra)

When the structure is subjected to impulses of duration z, the maximum response can be defined

in terms of amplification factor, Am, expressed in terms of amplitude (X) and static displacement (xst) as

Am ¼
X

xst

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 1� cos

2pz
T

� �s
ð3:20Þ

The variation of amplitude in terms of force duration and structural natural period (z/T ) is expressed in

the shock spectrum shown in Figure 3.6a. The shock spectra for three other types of impulses are similarly

sketched in Figure 3.6b. Note that maximum amplification factor is twice the static displacement and

that the amplification factor can be higher after the impulse than that during the impulse (see the case of

triangular impulse in sine function shape).

Structural Dynamics 3-7

Copyright 2005 by CRC Press



3.2.3.3 Damped Forced Vibration with Harmonic Force (Steady-State Response)

Assuming that the structure is subjected to a harmonic force F sin ot, the motion equation is

M€xx þ c _xx þ Kx ¼ F sinot ð3:21aÞ

Following Equations 3.11 and 3.16b, the motion equation can be rewritten as

€xx þ 2rp _xx þ p2x ¼ F

M
sinot ¼ p2xst sinot ð3:21bÞ

Similar to Equation 3.18b, the amplification factor for forced damped vibration may be expressed as

Am ¼
X

xst

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½1� ðo=pÞ2
2 þ ð2ro=pÞ2

q ð3:22Þ

Equation 3.22 is plotted in Figure 3.7, Am versus o/p, for various values of r. It is seen that the peak

amplitude, defined as the amplitude at d(Am)/d(o/p)¼ 0, is greater than the resonant amplitude, defined

as the amplitude at o/p¼ 1. Because they occur practically at the same frequency and it is easy to find the

resonant frequency, engineers usually overlook peak amplitude.

3.2.3.4 Damped Forced Vibration with Harmonic Force or Foundation
Movement (Transmissibility)

When a harmonic force F cos ot is acting on the mass, the ratio between the amplitude of the force (Af)

transmitted to the foundation and the amplitude of the driving force F is called transmissibility and is

expressed as follows:

Tr ¼
Af

F
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð2or=pÞ2

½1� ðo=pÞ2
2 þ ð2or=pÞ2

s
ð3:23Þ

When the foundation is subjected to X1 cos ot, the structural mass is induced to vibrate. The ratio of the

amplitude of the mass motion, X2, to the amplitude of the support motion, X1, is also the transmissibility

shown in Equation 3.23.

The transmissibility versus o/p for various rs is shown in Figure 3.8. A few interesting features of

vibration isolation can be observed from the figure: Tr is always less than one when o/p is greater thanffiffiffi
2
p

, regardless of the damping ratio; when o/p is less than
ffiffiffi
2
p

, Tr, depending on the damping ratio, is

always equal to or greater than one; and Tr is equal to one when o/p equals
ffiffiffi
2
p

regardless of the amount

of damping.

After pulse

During pulse

F
�
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�

F

�

�/T
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FIGURE 3.6 Shock spectra of impulses. (Reprinted from Ref. [1, pp. 21 and 22] by courtesy of Marcel Dekker, Inc.)
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3.2.3.5 Damped Forced Vibration with General Forcing Function or Earthquakes
(Duhamel’s Integral)

For general forcing function, F(t), the displacement may be obtained from Equation 3.21 by using

Duhamel’s integral (also convolution integral) as

x ¼ p

K
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� r2Þ

p Z t

0

e�r
�p�ðt�DÞFðDÞ sin p�ðt � DÞ dD ð3:24aÞ
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0.20
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0.25

0.30
0.40
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1
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3
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FIGURE 3.7 Am versuso/p for various values of �. (Reprinted from Ref. [1, p. 31] by courtesy of Marcel Dekker, Inc.)
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FIGURE 3.8 Tr versus o/p for various damping factors. (Reprinted from Ref. [1, p. 38] by courtesy of Marcel

Dekker, Inc.)
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which can be derived with unit impulse. For practical structural engineering problems, the

damping factors are usually small (r< 15%). p� and r� may be replaced by p and r, respectively. Thus,

Equation 3.24a becomes

x ¼ p

K

Z t

0

e�rpðt�DÞFðDÞ sin pðt � DÞ dD ð3:24bÞ

When the structure is subjected to ground acceleration ẍg, the motion equation is

M€xx þ c _xx þ Kx ¼ �M€xxg ð3:25Þ

The displacement response is similar to Equation 3.24b in which F(D) is replaced by Mẍg. To find the

maximum displacement over the entire or partial record of the earthquake, the integration must be

carried for that record in order to determine the largest displacement corresponding to a given frequency

and damping factor. The integration is shown in Equation 3.26 with consideration of the nature of

ground motion, the negative sign has no real significance and can be ignored:

Sd ¼
1

p

Z t

0

€xxge�rpðt�DÞ sin pðt � DÞ dD

����
����

max

ð3:26Þ

from which the displacement response spectrum can be established. Spectra for velocities, Sv and

accelerations, Sa, are then obtained from

Sv ¼ pSd ð3:27Þ

Sa ¼ pSv ¼ p2Sd ð3:28Þ
Response spectra computed for the N–S component of El Centro Earthquake, May 18, 1940, are given in

a tripartite logarithmic plot as shown in Figure 3.9. Note that when the frequency is large, the relative

displacement is small and the acceleration is large, but when the frequency is small, the displacement is

large and the acceleration is relatively small; the velocity is always large around the region of inter-

mediate frequencies. Since the response does not reflect the real time-history response but a maximum

value, the response is called pseudo-response such as pseudo-displacement, pseudo-velocity, and pseudo-

acceleration. Note that curves are jagged at different frequencies due to randomness of seismic input.
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S
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FIGURE 3.9 Response spectra for the N–S component of El Centro Earthquake, May 18, 1940. (Reprinted from

Ref. [1, p. 37] by courtesy of Marcel Dekker, Inc.)
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Smooth design spectra for elastic and inelastic responses are available with consideration of various damping

ratios, soil profiles, and earthquake records [1, pp. 366–379]. Sample elastic and inelastic design spectra are

shown in Figure 3.10 for r¼ 0.05. The inelastic spectra given are only for ductility m¼ 4 and 8. Ductility

factor is designed as the ratio of the maximum displacement to yielding displacement.

3.3 Response Analysis of Multiple d.o.f. Systems —
Lumped-Mass Formulation

3.3.1 Nature of Spring-Mass Model

A structure that is assumed to be a discrete parameter (lumped mass) system must be conceived of as a

model consisting of a finite number of masses connected by massless springs. The spring-mass model,

depending on the characteristics of the structure, can be established in different ways. An example is

shown in Figure 3.11, where M1 and M2 are masses lumped from girders and columns, and k1 and k2

represent column stiffnesses. When the girder is infinitely rigid, the structure has no joint rotations; this

spring-mass model is shown in Figure 3.11b. When the girders are flexible and structural joint rotations

exist, the spring-mass model differs as shown in Figure 3.11c. Note the reason for the difference: if x2 is

displaced and the girders are rigid, no force is transmitted to the support. However, with flexible girders,

the joints at the first floor rotate, the column below is distorted, and force is transmitted to the support.

3.3.2 Normal Modes, Modal Matrix, and Characteristics of Orthogonality

The motion equations associated with free undamped vibration of a spring-mass system can be

expressed in matrix form as

½M 
f€xxg þ ½K 
fxg ¼ 0 ð3:29Þ

where [M] and [K] are called the mass matrix and structural stiffness matrix, respectively. Let the

displacement vector be {x}¼ (cos pt){X}; then, Equation 3.29 may be expressed as (since cos pt 6¼ 0)

�p2½M 
f€XXg þ ½K 
fXg ¼ 0 ð3:30Þ
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FIGURE 3.10 Elastic and inelastic design spectra. (Reprinted from Ref. [1, p. 376] by courtesy of Marcel Dekker, Inc.)
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which has the following orthogonality characteristics:

fXgT
u ½K 
fXgv ¼ 0, fXgT

u ½M 
fXgv ¼ 0, for u 6¼ v ð3:31aÞ

fXgT
u ½K 
fXgv 6¼ 0, fXgT

u ½M 
fXgv 6¼ 0, for u ¼ v ð3:31bÞ

In Equation 3.30, p is the eigenvalue (also angular frequency) and X is the eigenvector (also normal

modes). u and v in Equation 3.31 represent uth and vth modes associated with frequencies pu and pv,

respectively. Note that normal modes (or mode shapes) have significant meaning in displacement

response, which in fact, results from a combination of the modes of a system.

Let {F}u and {F}v be modal displacements corresponding to uth and vth modes, respectively, such that

fFgT
u ½M 
fFgu ¼ 1 ð3:32Þ

When the modal vectors are collected in a single square matrix of order n, corresponding to n modes,

the resulting matrix is called modal matrix, [F]. Using [F] in Equation 3.31 yields Equation 3.33

½F
T½K 
½F
 ¼ ½np2
n
, ½F
T½M 
½F
 ¼ ½I 
 ð3:33Þ

Note that Equations 3.31 and 3.33 are derived on the basis that [M]¼ [M]T, [K]¼ [K]T, and pu 6¼ pv.

The orthogonality condition for the unsymmetrical case as well as for zero and repeating eigenvalues

is available [1, pp. 98–106].

3.3.3 Response Analysis and Relevant Parameters

3.3.3.1 Response Analysis and Participation Factor

This section covers both undamped and damped vibration analyses. Mathematical formulations are first

established in general form with viscous damping and then simplified to the undamped case. Consider

the shear building shown in Figure 3.12 subjected to applied force F(t) and viscous damping force

expressed as cẋ0. Using the free-body diagrams, the motion equations may be written as

M1€xx1 þ k1x1 þ c1 _xx1 � k2x2 þ k2x1 � c2 _xx2 þ c2 _xx1 ¼ F1ðtÞ ð3:34aÞ

M2€xx2 þ k2x2 � k2x1 þ c2 _xx2 � c2 _xx1 ¼ F2ðtÞ ð3:34bÞ

and in matrix notation as

½M 
f€xxg þ ½C
f _xxg þ ½K 
fxg ¼ fFðtÞg ð3:34cÞ

M1

k2

M2

k1

x2

x1

k1
k2

M1

x1 x2

M2
k1 k2

M1

x1 x2

M2

k3

(a) (b) (c)

FIGURE 3.11 Spring-mass models for rigid frame: (a) rigid frame; (b) spring-mass model for rigid girders; and

(c) spring-mass model for flexible girders.
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where the damping matrix is

½C
 ¼ c1 þ c2 �c2

�c2 c2

� 
ð3:35Þ

The force matrix is {F(t)}¼ {F}f (t). For earthquake excitation, {F(t)}¼ � [M]{In}ẍg, {In}¼ ½ 1 1 
T is

the influence factor to specify the force induced by ẍg at each floor. By using the modal matrix [F]

or normal mode matrix [X] with the orthogonality conditions, Equation 3.34c may be decoupled as

Equation 3.36 or 3.37.

f€xx0g þ ½F
T½C
½F
f _xx0g þ ½np2
n
fx0g ¼ ½F


TfFðtÞg ð3:36Þ

½n �MMn
f€xx0g þ ½X
T½C
½X 
f _xx0g þ ½np2
n
½
n �MMn
fx0g ¼ ½X
TfFðtÞg ð3:37Þ

in which, ½n �MMn
 ¼ ½X
T½M 
½X 
, let

fFgT
i ½C
fFgj ¼ 2ripidij ð3:38Þ

fXgT
i ½C
fXgj ¼ 2ripi

�MMidij ð3:39Þ

where dij is the Kronnecker delta. Note that for given damping coefficients based on physical condition,

[F]T[C][F] need not necessarily be a diagonal matrix. However, one must use the diagonal elements in

Equation 3.36 or 3.37 to carry out simple calculations using Duhamel’s integral. Consequently, any row

of Equation 3.36 or 3.37 is identical to the displacement response equation of the single d.o.f. system as

shown in Equation 3.21. For instance, the ith row of Equation 3.36 is

€xx0i þ 2ripi _xx0i þ p2
i x0i ¼ fFg

T
i fFðtÞg ð3:40Þ

Thus following Equations 3.12a and 3.24b with p¼ p�, the complete solution of Equation 3.40 is

x0i ¼ e�ripi t ðA cos pit þ B sin pitÞ þ
fFgT

i fFg
pi

Z t

0

e�ripiðt�DÞff ðDÞg sin piðt � DÞ dD ð3:41aÞ

Similarly, the complete ith row of Equation 3.37 is

x0i ¼ e�ripi t ðA cos pit þ B sin pitÞ þ
fXgT

i fFg
�MMipi

Z t

0

e�ripiðt�DÞff ðDÞg sin piðt � DÞ dD ð3:41bÞ

Considering the forced vibration due to an earthquake, we may express Equations 3.41a and 3.41b as

Equations 3.42a and 3.42b, respectively

x0i ¼
fFgT

i ½M 
fIng
p2

i

Z t

0

pie
�ripiðt�DÞ€xx g sin piðt � DÞ dD ð3:42aÞ

M2

M1
c2

c1

x1

k1 x1 k2 (x2 – x1)

k1
2

k1
2

k2

2
k2

2
M1

M2

x2

c1 x1

M1 x1
M2 x2

.

.. ..

c2 (x2 – x1)

F2 (t)

F1 (t)

F2 (t)..

FIGURE 3.12 Structural model with viscous damping.
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x0i ¼
fXgT

i ½M 
fIng
�MMip

2
i

Z t

0

pie
�ripiðt�DÞ€xxg sin piðt � DÞ dD ð3:42bÞ

Equations 3.42a, and 3.42b can be rewritten as

x0i ¼ x0stipiSvi ð3:42cÞ

in which x0sti is equivalent to static displacement and Svi is the velocity response spectrum corres-

ponding to the ith mode. For undamped vibration, we simply let e�ripit and e�ripi(t�D) be a unity in

Equations 3.40 to 3.42. The actual displacement response is obtained from

fxg ¼ ½F
fx0g ð3:43aÞ

or

fxg ¼ ½X
fx0g ð3:43bÞ

As mentioned before, [F] and [X] have significant physical meaning because they show how much

contribution is made from each mode to the total displacement.

For example, the structure shown in Figure 3.13 has p1¼ 2.218 rad/s, p2¼ 10.781 rad/s, and the

applied forces F1(t)¼ F1f (t), F2(t)¼ F2f (t), where F1¼ 20 k, F2¼ 30 k, and f (t)¼ 1� (t/z) are given in

the accompanying figure. Find the displacement contributed from each individual mode and the total

response. Assume initial conditions are zero. [F11 F21]¼ [0.340 0.293], [F12 F22]¼ [�0.293 0.340].

Based on Equations 3.41 and 3.43a, the displacement response is

fxg ¼ ½F

Z t

0

½n sin pðt � DÞn
½npn

�1½F
TfFðDÞg dD

¼ ½F

Xn

r¼1

FriFr

pi

Z t

0

f ðtÞ sin piðt � DÞ dD

¼
F11x01 þ F12x02

F21x01 þ F22x02

" #

¼
x1ðdue to the first modeÞ þ x1ðdue to the second modeÞ

x2ðdue to the first modeÞ þ x2ðdue to the second modeÞ

" #
ð3:44Þ

The results obtained from Equation 3.44 are illustrated in Figure 3.14 and Figure 3.15. This example

reveals how the individual modes contribute to the total response. In this case, the first mode is indeed

contributing the most. For tall buildings, in general, the first several fundamental modes are essential in

affecting response behavior and are practically needed in design. This example also reveals that FriFr

is measuring how much of the applied force contributing to the rth mode. Thus FriFr, XriFr, FriMr , and

XriMr in Equations 3.41a, 3.41b and 3.42a, 3.41b are all measuring how much the rth mode participates

x1

x2

I I

II

I = �

I = �
F1(t)

F2(t)

f (t)

� = 0.4 s t

FIGURE 3.13 Undamped forced vibration of a shear building.
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in synthesizing the structure’s total load and are called participation factor(s). Note that the time function

f (t) in Equations 3.41a, 3.41b and 3.42a, 3.42b is supposed to be the same for all the exciting forces.

When f (t) differs among individual forces, the modal matrix equation can be solved by using numerical

integration.

3.3.3.2 Modal Combination Methods

For using response spectra, solutions obtained from Equation 3.42c are always the maximum for

each mode during the vibration. The displacements are apparently overestimated and conservative. One

technique to level off the overestimated response is called the root-mean-square method or square-

root-of-the-sum-of-the-squares (SRSS) and can be expressed as follows:

xk ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN

n¼1

ðxkÞ2n

vuut ; N ¼ number of modes considered ð3:45Þ

in which superscript k represents the kth d.o.f. of the structural system. This method of combination is known

to give a good approximation of the response for frequencies distinctly separated in neighboring modes.

x 1
,  i

n.

3

2

1

0 0.1 0.2 0.3 0.4
s

Second mode

First mode

x 2
, i

n.

3

2

1

0
0.1 0.2 0.3 0.4

Second mode

First mode

s

FIGURE 3.14 x1 and x2 influenced by individual modes. (Reprinted from Ref. [1, p. 62] by courtesy of Marcel

Dekker, Inc.)

x,
 in

.

3

2

1

0
0.1 0.2 0.3 0.4 s

x2

x1

FIGURE 3.15 Displacements x1 and x2. (Reprinted from Ref. [1, p. 63] by courtesy of Marcel Dekker, Inc.)
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In general, the complete-quadratic-combination (CQC) method may offer a significant improvement in

estimating maximum structural response [2]. The CQC combination is expressed as

xk ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN

i¼1

XN

j¼1

xk
i aijx

k
j

vuut ¼
XN

i¼1

ðxk
i Þ

2 þ
XN

j¼1

XN

i¼1

xk
i aijx

k
j

" #1=2

; i, j ¼ 1�N ð3:46Þ

where aij is called cross-correlation coefficient indicating the cross-correlation between modes i and j.

aij is a function of model frequency and damping factor of a structure, and can be expressed as

aij ¼
8r2ð1þ qÞq3=2

ð1� q2Þ2 þ 4r2qð1þ qÞ2
ð3:47aÞ

and

q ¼ pj=pi ð3:47bÞ

The correlation coefficient diminishes when q is small, that is, pj and pi are distinctly separate, particularly

when damping is small, such as r¼ 0.05 or less. The CQC method is significant only for a narrow range

of q. Note that when aij is small, the second term of Equation 3.46 can be neglected; consequently, CQC

is reduced to SRSS given in Equation 3.45. A computer program for CQC is available [1, pp. 871–874].

3.3.3.3 Multicomponent Seismic Component Input

The modal analysis presented so far is for one horizontal ground motion. Actually, earthquakes can

induce three translational and three rotational motions. Since most strong motion seismographs are

designed to record three translational motions only, no actual record of rotational earthquakes is

available. In general, rotational components have not been part of dynamic structural analysis. But if

their effect is significant, then the rotational response of critical structures such as nuclear power plants

should be considered for safety. For the reader’s convenience, a sample case is shown of how to generate

seismic rotational records from translational ones, how to compute torsional response spectra from

rotational records, and how to find the total response due to translations and rotations [1, pp. 383–414].

3.3.4 Proportional and Nonproportional Damping

There are several kinds of damping, namely, structural damping, coulumb damping, and viscous damping.

Structural damping results from internal friction within the material or at connections of a structure.

Coulumb damping is due to a body moving on a dry surface. Viscous damping results from a system

vibrating in air or liquid, of which examples are shock absorbers, hydraulic dashpots, and a body sliding

on a lubricated surface. Viscous damping is commonly used in structural dynamics and is therefore

presented in this chapter. The damping matrix can be symmetric or nonsymmetric, proportional or

nonproportional. For general structural dynamics, a damping matrix can be treated as symmetric

and proportional. To identify whether a damping formulation is proportional or not, one may use

Equation 3.10, r ¼ c=ð2MpÞ ¼ c=½2
ffiffiffiffiffiffiffiffiffiffiffiffi
ðKMÞ

p

 ¼ cp=ð2K Þ, which indicates that the damping factor, r,

can be expressed in terms of mass, stiffness, or a combination of both. For a general expression, let

½C
 ¼ a½M 
 þ b½K 
 ð3:48Þ

which is substituted in Equation 3.38 with consideration of orthogonality condition; then

aþ bp2
i ¼ 2ripi ð3:49Þ

Thus, the damping factor can be determined for a given set of a and b as

ri ¼
a

2pi

þ bpi

2
ð3:50aÞ
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Examining a and b reveals the physical sense of r. If a¼ 0, then

ri ¼
bpi

2
ð3:50bÞ

which means that ri is proportional to pi. For higher modes of larger pi, ri will be larger; then, the higher

modes of a system will be damped faster than the lower modes. Since [C]¼ b[K], the damping is

proportional to stiffness and is called relative damping because it is associated with relative velocities of

displacement coordinates.

Let b¼ 0; then

ri ¼
a

2pi

ð3:50cÞ

which means that ri is inversely proportional to pi. Therefore, lower modes will be damped out more

quickly than higher modes. Since [C]¼ a[M], which is associated with absolute velocity of displacement

coordinates, the damping is called absolute damping. Damping expressed in Equation 3.48 is called

proportional damping, from which [F]T[C][F] is always diagonal. Nonproportional damping can be due

to different damping factors assigned to different d.o.f. of a system. For instance, engineers may use

different construction materials at various floors of a building, employ a concentrated damper (such as a

control system) at a certain structural level, or assign larger damping coefficients for the foundation than

for the superstructure when foundation–structure interaction is encountered. For response analysis with

nonproportional damping, detailed analysis procedures are available including calculation of complex

eigenvalues [1, pp. 128–159].

3.3.5 Various Eigensolution Techniques

The methods used in finding natural frequencies and normal modes are referred here as eigensolution

techniques. Calculation of eigensolution is time consuming and expensive in computation. Most of the

computer programs have a few eigensolution subroutines for the user to choose; therefore, a under-

standing of the numerical procedures of the techniques is essential to use the computer program properly

and to interpret the results with confidence. Thus, a few well-known eigensolution techniques along with

numerical examples may be found in Ref. [1], including (1) the determinant method, (2) the iteration

method, (3) Choleski’s decomposition method, (4) the generalized Jacobi method, and (5) the Sturm

sequence method. Since formulations and numerical procedures are given in detail in Ref. [1, pp. 72–98],

brief comments on the methods’ characteristics are presented to facilitate the user’s choice:

1. Determinant method. The method is convenient for longhand solution of a matrix with small

dimension. However, if a singular matrix is modified to a triangular matrix then the method

can be used for a larger matrix dimension and can be applied to various eigen formulations

[1, pp. 186–187, 225–229].

2. Iteration method. The method is convenient for longhand or computer solution. If the stiffness

matrix [K] is used in iteration, then the first eigenvalue corresponds to the highest mode, and the

subsequent solution is the second highest. However, if the inversion of the stiffness matrix, [K]�1,

is used in the iteration, then the first solution is the fundamental mode. Since only the first several

lower modes are essential in a tall building design, inversion of [K] is necessary. The method is

proved to be a converging procedure and can be applied to unsymmetrix matrix as well as

complex eigensolution formulation [1, pp. 72–80, 98–105, 137–149].

3. Choleski’s decomposition method. The method is based on the aforementioned iteration approach.

Since the iteration method requires time-consuming stiffness matrix inversion in order to find the

fundamental modes, Choleski’s decomposition method avoids the matrix inversion and therefore

is significant for a structural formulation with large dimension [1, pp. 81–86].

4. Generalized Jocobi method. The Jacobi method has several versions. The method presented herein

is applicable to a symmetric matrix and is capable of solving negative, zero, or positive eigenvalues.
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However, it must solve simultaneously for all the eigenvalues and corresponding eigenvectors.

For a large structural system, if only some eigenpairs are needed, this method can be inefficient

[1, pp. 87–95].

5. Sturm sequence method. The method is suitable for calculating a limited number of eigenpairs.

For large structural systems, only several fundamental modes are of practical use; the method is

therefore very useful. The method is also useful for determining eigenpairs at a given range of

frequencies. Thus, starting from the fundamental mode is not required. The method can

be applied to a structure having rigid body motion; that is, [K] can be singular but must be

symmetric [1, pp. 95–98].

3.4 Response Analysis of Continuous Systems —
Dynamic-Stiffness Formulation

3.4.1 Characteristics and Formulation of the Model

The dynamic-stiffness formulation presented in this section is for the structures composed of prismatic

members with and without superimposed masses. It is focused on flexural vibration based on Bernoulli–

Euler theory and Timoshenko theory as well as coupling vibration of axial and flexural. The model,

however, has been extensively developed for torsional and flexural vibrations with elastic media and P–D
effect. Coupling vibration was also presented for a structure vibrating in torsional and flexural modes,

and longitudinal, torsional, and flexural modes. The method may be considered to be exact because the

dynamic stiffness is formulated on the basis of a partial differential equation and consequently yields a

lower bound, in comparison with those obtained by using other methods. Note that the model has been

used in transport matrix formulation for some special structures [3].

3.4.2 Derivation of Dynamic Stiffness Based on Bernoulli–Euler Equation

3.4.2.1 Bernoulli–Euler Equation

Let the typical prismatic beam shown in Figure 3.16 be subjected to a time-dependent load, w(x, t), that

is, the magnitude of the load varies continuously from section to section, and the direction varies with

time. This load will cause motions of deflection, y(x, t) (assume positive downward), velocity, qy(x, t)/qt,

and acceleration, q2y(x, t)/qt2, as well as internal forces of moment, M(x, t) and shear, V(x, t). The

equilibrium condition of the free-body diagram yields

q2Mðx, tÞ
qx2

¼ m
q2yðx, tÞ

qt2
� wðx, tÞ ð3:51Þ

where m is the mass per unit length. Considering uniform moment of inertia, I and small deflection, one

then obtains

EI
q4yðx, tÞ

qx4
þm

q2yðx, tÞ
qt2

¼ wðx, tÞ ð3:52Þ

where E is the modulus of elasticity. Equation 3.52 is a partial differential equation for which the

x

y

w(x, t)

x dx

L

M(x, t)

V(x, t) dx

w(x, t)

M(x, t) +
!M(x, t)

!x dx

V (x, t) +
!V (x, t)

dx
!x

FIGURE 3.16 Prismatic beam.
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separation of variable technique should be employed for solution. Thus

yðx, tÞ ¼ Y ðxÞ � gðtÞ ð3:53Þ

where Y(x) is called the shape function, which is expressed in terms of x along a member and g(t) is the

time function, which is related to the variable time of motion. The shape function is

Y ¼ A sin lx þ B cos lx þ C sinh lx þ D cosh lx ð3:54Þ

where

l4 ¼ p2m

EI
ð3:55Þ

p is a constant independent of time and has unit of rad/s; A, B, C, and D are arbitrary constants and can

be determined by using the boundary conditions of a member. The derivation is based on Bernoulli–

Euler theory with consideration of bending deformation.

3.4.2.2 Dynamic-Stiffness Coefficients

For the arbitrary member, ‘‘ij,’’ of a framework shown in Figure 3.17, let the end moments, Mi , Mj , the

end shears, Vi , Vj , and their associated end deflections, Yi , Yj , as well as the end slopes, yi , yj , be

considered positive. According to the shape function derived in Table 3.1, the following boundary

conditions can be established. Let {Qe}=[Mi Mj Vi Vj]
T and {qe}¼ [yi yj Yi Yj]

T, then the flexural

dynamic-stiffness coefficients can be expressed as

fQeg ¼ ½Ke
fqeg ð3:56Þ

½Ke
¼

sinh fcosf�coshfsinf
G

sin f�sinh f
G

sinh f sinh f
G

f
L

� �
coshf�cos f

G
f
L

� �
sinh fcosf�coshfsinf

G
coshf�cosf

G
f
L

� �
sinh f sinh f

G
f
L

� �
ð�cosf sinh f�coshfsinfÞ

G
f
L

� �2 �sinh f�sin f
G

f
L

� �2

sym: ð�cosf sinhf�cosh fsinfÞ
G

f
L

� �2

2
6666666666664

3
7777777777775

ð3:57Þ

Yi

Yj
x

y

i

i�

�i

�j
L

j�
j�

j

(a)

Vi

Vj
i

i�

j

(b)

Mi

Mj

FIGURE 3.17 Typical deformed member: (a) end deformation and (b) end force. (Reprinted from Ref. [1, p. 166]

by courtesy of Marcel Dekker, Inc.)
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where f¼ lL, G¼ [(coshf cosf� 1)L]/fEI. When f approaches zero, which implies that p must be

zero in Equation 3.55, Equation 3.57 becomes

½Ke
 ¼

4 2 �6
L
�6
L

4 �6
L
�6
L

12
L2

12
L2

sym: 12
L2

2
66666664

3
77777775

EI

L
ð3:58Þ

which represents static stiffness coefficients.

3.4.3 Dynamic System Matrix and Eigensolutions

Let a rigid frame have joint rotations {Xy}, sideways {Xs}, and concentrated masses [M] (associated with

sideways such as floor masses), then the dynamic system matrix without externally applied force may be

expressed as [1, pp. 175–186]

K11 K12

K21 K22

� 
� p2 0 0

0 M

� � �
Xy

Xs

� �
¼ 0 ð3:59Þ

If the structure has rotations only, the terms corresponding to {Xs} should not be included. Eigenvalues

can be calculated from the nontrivial solution of Equation 3.59 by making the determinant of the

coefficients equal to zero as

K11 K12

K21 K22

� 
� p2 0 0

0 M

� ����
���� ¼ 0 ð3:60Þ

The eigen vector of any mode can be determined from the singular matrix in Equation 3.59 after zero

determinant [1, pp. 187–194].

3.4.4 Response Analysis

3.4.4.1 Formulation

The dynamic deflection of a member at any point x and time t can be represented as the summation of

modal components as

yðx, tÞ ¼
Xn

YiðxÞqiðtÞ ð3:61Þ

where Yi(x) is the shape function of the member, qi(t) are generalized coordinates (similar to xi
0 in the

lumped-mass model), and i¼ 1, 2, . . . , n, the number of normal modes.

TABLE 3.1 Boundary Conditions

End forces End deformations

x¼ 0 d2Y
dx2 ¼ �

Mi

EI
dY
dx
¼ yi

x¼ L d2Y
dx2 ¼ �

Mj

EI
dY
dx
¼ yj

x¼ 0 d3Y
dx3 ¼ �

Vi

EI
Y¼�Yi

x¼ L d3Y
dx3 ¼ �

Vj

EI
Y¼�Yj
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The uncoupled motion equation for the kth mode is

€qqk þ 2rpk _qqk þ p2
kqk ¼

f ðtÞ
R L

0
FðxÞYk dxR L

0
mY 2

k dx
ð3:62Þ

Let

�MMk ¼
Z L

0

mY 2
k dx ð3:63Þ

Fk ¼
Z L

0

FðxÞYk dx ð3:64Þ

Then, Equation 3.62 becomes

qk ¼
Fk

�MMkp2
k

AkðtÞ or qk ¼
PNM

l¼1 Fkl

p2
k

PNM
l¼1

�MMkl

AkðtÞ ð3:65Þ

where NM is the total number of members of a structure and

AkðtÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� r2
p Z t

0

er
�p�ðt�DÞ sin p�ðt � DÞFðDÞ dD ð3:66Þ

Note that Fk is a general expression, which can represent dynamic force or ground excitation. Ak(t) can

be simplified not to include the effect of damping on frequency, then

AkðtÞ ¼
Z t

0

e�rpðt�DÞ sin pðt � DÞFðDÞ dD ð3:67Þ

Let

Ystk ¼
Fk

�MMkp2
k

or Ystk ¼
PNM

l¼1 Fkl

p2
k

PNM
l¼1

�MMkl

ð3:68Þ

Then, the total response is obtained by superimposing the modes shown in Equation 3.68

yðx, tÞ ¼
Xn

YstkAkðtÞYkðxÞ ð3:69Þ

The moment and shear at time t are

Mðx, tÞ ¼ EIy 00ðx, tÞ ¼ EI
Xn

YstkAkðtÞY 00k ðxÞ ð3:70Þ

V ðx, tÞ ¼ EIy 000ðx, tÞ ¼ EI
Xn

YstkAkðtÞY 000k ðxÞ ð3:71Þ

Note that Ak is the amplification factor or dynamic load factor for the kth mode, Ystk is the pseudo-static

displacement at the kth mode, and Fk is the participation factor.

3.4.4.2 Numerical Example

A two-span continuous beam shown in Figure 3.18 is subjected to a uniform impulse within the left span

as F(x, t)¼ 3000[1� (t/0.1)] lb/in. (5.25� 102[1� (t/0.1)] kN/m). Structural properties are L¼ 150 in.

(3.81 m), EI¼ 6� 109 lb/in.2 (4.1� 1010 kN/m2), and m¼ 0.2 lbs2/in.2 (1378.9 Ns2/m2). Find the

moments at support B and check the equilibrium condition.
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Since the beam has rotational d.o.f., Equation 3.60 becomes det(K11)¼ 0, which yields fi (also li). The

eigen vector {X}i is then calculated. The results are

f1 ¼ 3:14160; l1 ¼
f1

L
¼ 0:020940; p1 ¼ 75:97625 rad=s; fXg1 ¼ ½1 �1 1
T

f2 ¼ 3:92660; l2 ¼
f2

L
¼ 0:026177; p2 ¼ 118:68938 rad=s; fXg2 ¼ ½�1 0 1
T

f3 ¼ 6:28318; l3 ¼
f3

L
¼ 0:0418879; p3 ¼ 303:905 rad=s; fXg3 ¼ ½1 1 1
T

f4 ¼ 7:06858; l4 ¼
f4

L
¼ 0:0471239; p4 ¼ 384:6268 rad=s; fXg4 ¼ ½�1 0 1
T

The normal modes are shown in Figure 3.19. Substituting {X}i in Equation 3.54, one can calculate

the constants A, B, C, and D for each mode. Consequently, the shape function of these members

are obtained as

Y11¼ 47.74648 sin l1x

Y12¼ �47.74648 sin l1x

A

F (t, x)

B C
L L

X1

M1,�1 M2,�2

X2

M3,�3 M4,�4

X3

(a)

(b)

FIGURE 3.18 Two-span continuous beam: (a) given beam and (b) d.o.f., internal moments.

First mode

Third mode

Second mode

Fourth mode

FIGURE 3.19 Normal modes. (Reprinted from Ref. [1, p. 209] by courtesy of Marcel Dekker, Inc.)
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Y21¼ �37.16499 sin l2x� 1.035983 sinh l2x

Y22¼ �26.28982 sin l2xþ 26.26940 cos l2xþ 26.28982 sinh l2x� 26.26940 cosh l2x

Y31¼ 23.87324 sin l3x

Y32¼ 23.87324 sin l3x

Y41¼ �21.24624 sin l4xþ 0.025582 sinh l4x

Y42¼ 15.02337 sin l4x� 15.02335 cos l4x� 15.02337 sinh l4xþ 15.02335 cosh l4x

Then, from Equation 3.65

qk ¼
P2

l¼1 Fkl

p2
k

P2
l¼1

�MMkl

AkðtÞ, k ¼ 1, 2, 3, 4 ð3:72Þ

in which the amplification factor of impulse load, for t� z, z¼ 0.1 s, is

AkðtÞ ¼ 1� cos pkt þ sin pkt

pkz
� t

z
ð3:73Þ

The maximum displacement of the first mode occurs during the pulse at 0.0379 s, which is used for the

response of other modes. The calculations are summarized in Table 3.2. Substituting the results from

Table 3.2 into Equation 3.70 yields the moments at B for t¼ 0.0379 s associated with the first, second,

and fourth modes as

M2 ¼ �EIy 00ðLÞ ¼ �EI ½Yst1A1Y 0011ðLÞ þ Yst2A2Y 0021ðLÞ þ Yst4A4Y 0041ðLÞ

¼ �EI ½0:034648ð1:62093Þð0Þ þ ð�0:017429ð0:75101Þð�0:036ÞÞ
þ 0:000279ð1:070783Þð0:06672Þ
 ¼ �4:912053ð10�4ÞEI ð3:74Þ

M3 ¼ EIy 00ð0Þ ¼ EI ½Yst1A1Y 0012ð0Þ þ Yst2A2Y 0022ð0Þ þ Yst4A4Y 0042ð0Þ

¼ EI ½0:034648ð1:62093Þð0Þ þ ð�0:017429ð0:75101Þð�0:036ÞÞ
þ 0:000279ð1:070728Þð0:06672Þ
 ¼ 4:912053ð10�4ÞEI ð3:75Þ

Note that the third mode does not contribute to the structural response because Yst3¼ 0. Note also that

the equilibrium check on moments is satisfied at the joint because
P

M¼ 0.

3.4.5 Effects of Rotatory Inertia as well as Bending and
Shear Deformation on Frequencies

Bernoulli–Euler theory is derived based on bending deformation only. In fact, a flexural vibration can

include bending and shear deformation as well as rotatory inertia as derived in Timoshenko theory.

Consider an element shown in Figure 3.20. Let z be the distance measured at any point from the neutral

axis; then the displacement of a fiber located at z is

ya ¼ �z
qy

qx
ð3:76Þ

TABLE 3.2 Calculated Results

Fkl
�MMkl

k l¼ 1 l¼ 2 l¼ 1 l¼ 2 Ystk Ak(t)

1 13,678,350 0 34,195.8 34,195.8 0.034648 1.62095

2 �10,166,310 0 20,702.6 20,702.6 �0.017429 0.75110

3 0 0 8,549.0 8,549.0 0 0.09350

4 558,594 0 6,771.0 7,771.0 0.000279 1.07073

Source: Reprinted from Ref. [1, p. 210], by courtesy of Marcel Dekker, Inc.
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Since y varies with time and distance, ya-must also vary with time and distance along the axis. Thus, for

every dx length of a beam, the cross-section dA has an inertia force

g
g
ðdAÞðdxÞ€yya ð3:77Þ

Also shown in the figure, the total slope qy/qx is a combination of the bending slope, c and the shear

slope, b

qy

qx
¼ cþ b ð3:78Þ

Using the bending and shear slopes, one can write

M ¼ �EI
qc
qx

and V ¼ mAGb ¼ mAG
qy

qx
� c

� �
ð3:79Þ

where G is the shear modulus, m is a constant called the shear coefficient, defined as the ratio of average

shear stress on a section to the product of shear modulus and shear strain at the neutral axis of the

member.

Using the Timoshenko theory, one can derive dynamic-stiffness coefficients and system matrix for

eigensolution and response analysis [1, pp. 240–253]. The presentation focused here is to show the

significant effect of Timoshenko theory on natural frequencies. The three-span, continuous, uniform

beam shown in Figure 3.21 is analyzed for illustration. The given conditions are g¼ 9.8 m/s2,

E¼ 2.1� 107 kN/m2, g (beam unit weight)¼ 77 kN/m3, and G¼ 8.27� 108 kN/m2. Let the slenderness

ratio, L/R, of span AB vary from 20, 30, 40, 50, to 60; then find the first five natural frequencies by

considering: (A) bending deformation only and (B) bending and shear deformation as well as rotatory

inertia. In Case B, the values of m are assumed to be 0.833 and 2
3

for showing the effect of the shear factor

on natural frequencies.

Let p be frequencies of Bernoulli–Euler theory and p� be frequencies of Timoshenko theory; then, the

ratio of frequencies, p�/p, of the first five modes for various slenderness ratios of Cases A and B are shown

in Figure 3.22. Observation reveals that (1) Timoshenko theory yields lower frequencies than Bernoulli–

Euler theory; (2) reduction is more pronounced for higher modes and lower slenderness ratios; and

(3) shear factor has a greater effect on higher modes while smaller m reduces frequency more than larger m.

A B C D

L 0.8L 0.8L

FIGURE 3.21 Three-span beam.
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dx

w(x, t)

M + dx
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!M
!x

V + dx
!V
!x

!y
!x

FIGURE 3.20 Element of Timoshenko beam.
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3.4.6 Coupling of Longitudinal and Flexural Vibration

3.4.6.1 Longitudinal Vibration and Stiffness Coefficients

Consider element dx of a longitudinal bar shown in Figure 3.23a; the equilibrium equation of the

element is

ðm dxÞ€uu ¼ N þ dN �N ð3:80Þ

where u is the longitudinal displacement and N is the axial force in tension. Since the axial force can be

expressed in terms of area, as N¼AEe¼AE qu/ qx, Equation 3.80 becomes

q2u

qt2
¼ a2 q

2u

qx2
ð3:81Þ

where a2¼AE/m. Using the separation of variables and substituting u¼X(x)g(t) into Equation 3.81

d2X

dx2
þ p2

a2
X ¼ 0;

q2g

qt2
þ p2g ¼ 0 ð3:82Þ

of which the solutions are

X ¼ C1 sin kx þ C2 cos kx; g ¼ d1 sin pt þ d2 cos pt ð3:83Þ

1.0

0.9

0.8

0.7

0.6
60 50 40 30 20

First mode

Second mode

Third mode

Fourth mode

Fifth mode

p*

p

� = 2
3

L
R

� = 0.833

FIGURE 3.22 Comparison of natural frequencies. (Reprinted from Ref. [1, p. 253] by courtesy of Marcel Dekker, Inc.)
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FIGURE 3.23 Longitudinal vibration: (a) element and (b) force–deformation relationship.
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where

k ¼
ffiffiffiffiffiffiffiffiffi
p2m

AE

r
ð3:84Þ

X and g are the shape function and time function, respectively. Based on the following boundary

conditions shown in Figure 3.23b, the dynamic-stiffness coefficient can be derived as [1, pp. 213–214]

Ke½ 
 ¼ EAk
cos kL �csc kL

sym: cot kL

� 
ð3:85aÞ

Note that when k approaches zero (i.e., p¼ 0) as the static case, the stiffness coefficients become

Ke½ 
 ¼
AE

L

�AE

L

sym:
AE

L

2
64

3
75 ð3:85bÞ

3.4.6.2 Coupling Vibration

When a plane structure is subjected to dynamic excitations, its constituent members may have long-

itudinal and flexural vibrations. The vibration modes and frequencies may be coupled. Coupling

vibration means that when a structural system is in vibration, all the constituent members vibrate in the

same frequency for both the longitudinal and flexural motions. On the other hand, uncoupling vibration

implies that longitudinal and flexural motions are independent of each other so the vibration mode of

a system depends on whether the mode is associated with longitudinal or flexural frequency but not

affected by both. Whether a structure is in coupling or uncoupling motion depends on the structural

configuration, distribution of the structure’s mass and stiffness, and modeling.

The structure is analyzed as rigid frame with one d.o.f. in rotation shown in Figure 3.24b and

then analyzed as an elastic frame with three d.o.f. shown in Figure 3.24c. The two-bar frame shown

in Figure 3.24a is used for illustration. Member properties are A¼ 232.26 cm2, E¼ 206.84 GN/m2,

g¼ 76.973 kN/m3, I¼ 10114.423 cm4, and h¼ 8.6196 m.

(A) Find the natural frequencies of flexure only, p, and of coupling effect, p0, for the first five modes by

considering a wide range of slenderness ratios for the two identical members: L/R¼ 20, 40, 60, and 80;

where the radius of gyration, R, is constant based on the given cross-section and L is changed. (B) Study

the influence of longitudinal frequency parameter on the coupling frequencies by letting the longitudinal

dynamic stiffness be replaced by static stiffness as AE/L; find the pseudo-coupling frequencies p00, and

compare them with p0 obtained in A. p0/p, p00/p0, and p00/p versus L/R are plotted in Figure 3.25 to 3.27,

respectively. These three figures reveal that (1) p and p0 are, respectively, upper and lower bounds of the

frequencies; (2) the coupling effect on frequencies becomes more significant for higher modes and

smaller slenderness ratios; and (3) the pseudo-coupling approach may be used for lower modes.

3.4.7 Effects of Elastic Media, Torsion, and Axial Force on Vibration

The dynamic-stiffness formulation is also developed for investigating the effect of elastic media on

longitudinal and flexural vibrations, axial force on flexural vibration for both Bernoulli–Euler and

h

h hA C

B

A C

B
(a) (b) (c)

45°

A C

B

FIGURE 3.24 Coupling vibration: (a) given frame; (b) rigid frame; and (c) elastic frame.
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FIGURE 3.27 p00/p versus L/R. (Reprinted from Ref. [1, p. 229] by courtesy of Marcel Dekker, Inc.)
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FIGURE 3.25 p0/p versus L/R. (Reprinted from Ref. [1, p. 228] by courtesy of Marcel Dekker, Inc.)
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FIGURE 3.26 p00/p0 versus L/R. (Reprinted from Ref. [1, p. 228] by courtesy of Marcel Dekker, Inc.)
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Timoshenko theories with and without elastic media, and coupling torsional and flexural vibrations of

gird systems [1, pp. 214–221, 229–258].

3.5 Response Analysis of Finite Element
Systems — Consistent-Mass Formulation

3.5.1 Introduction

Mathematical models for structural dynamic analysis may be generally classified into three approaches:

lumped mass, dynamic stiffness (frequency-dependent stiffness), and consistent mass (finite element). For

computer application, all these are formulated by using the displacement (stiffness) matrix method.

Lumped-mass and dynamic-stiffness approaches were presented in previous sections. The characteristics

of these two approaches differ in that the motion equation for lumped-mass model consists of inde-

pendent mass and stiffness matrices while the dynamic stiffness model has mass implicitly combined

with stiffness. The lumped-mass and consistent-mass approaches are similar in terms of motion

equation: both of them have independent mass and stiffness matrices; their mass matrices, however, are

not the same.

Consistent mass may be considered as an alliance of finite elements normally used in continuum

mechanics. This method is often used for frameworks as well as plate and shell structures.

The fundamental concept of finite elements is able to model a structure or continuum by dividing

it into a number of regions. Each region behaves as a structural member with nodes compatible

to the nodes of neighboring regions. These regions are called finite elements. A plate shown in

Figure 3.28 represents a continuum where two regions are sketched with nodes 1, 2, . . . , 9. the

boundaries of neighboring elements at node 5 are compatible at the node but not necessarily

compatible along the edges such as 4–5 or 5–8 and so on. Framed structures, however, are

automatically discretized by the nature of their members and connections. One may say that finite

element analysis dominates structural matrix methods, and frameworks are special cases of finite

elements.

3.5.2 Formulation of Stiffness and Mass Matrices

Let y(x, t) be the transverse displacement of each point in the direction perpendicular to the axis of

a structural element where x denotes the points of the coordinates. If Ni(x) is chosen as coordinate

7
8

9

4
5

6

1
2

3

y

x

z y
z

x

(a) (b)

FIGURE 3.28 Discretized elements: (a) flat plate and (b) framework.

3-28 Handbook of Structural Engineering

Copyright 2005 by CRC Press



functions of the element and qe(t) represents the element’s coordinates, then the dynamic deflection of

the element can be expressed as

yðx, tÞ ¼
Xn

i¼1

NiðxÞqeðtÞ ð3:86Þ

where n is the number of generalized coordinates. For a typical element shown in Figure 3.17,

Equation 3.86 may be expressed without time variable as

Y ðxÞ ¼ ½N1 N2 N3 N4 
fqeg ð3:87Þ

in which the shape functions are

N1 ¼ x � 2x2

L
þ x3

L2
; N2 ¼ �

x2

L
þ x3

L2

N3 ¼ �1þ 3x2

L2
� 2x3

L3 ; N4 ¼
3x2

L2
� 2x3

L3

9>>=
>>; ð3:88Þ

and the stiffness and mass coefficients of the element can be obtained from

kij ¼
Z

EIðxÞ d2Ni

dx2

d2Nj

dx2
dx ð6:89Þ

mij ¼
Z

rðxÞNiNj dv ð3:90Þ

where moment inertia I(x) and mass density r(x), expressed as the function of x, signify that the

formulation is applicable to a member with nonuniform cross-section. Equation 3.90 is integration with

respect volume dv.

For a prismatic bar, Equations 3.89 and 3.90, respectively, yield Equations 3.91 and 3.92

Ke½ 
 ¼
EI

L3

4L2 2L2

4L2

�6L �6L

�6L �6L

sym:
12 12

12

2
664

3
775 ð3:91Þ

Me½ 
 ¼ rAL

L2

105
� L2

140
L2

105

� 11L
210

13L
420

13L
420

� 11L
210

sym:

13
35

� 9
70
13
35

2
66666664

3
77777775

ð3:92Þ

Note that Equation 3.91 is identical to Equation 3.58 when f (or p) approaches zero. The motion

equation of a system may be expressed as

½M 
f€xxg þ ½C
f _xxg þ ½K 
fxg ¼ fFðtÞg ð3:93Þ

where [M] is the mass matrix, [C] is the damping matrix, [K] is the stiffness matrix, and {F(t)} represents

the matrix involving externally applied forces or ground motion.

Note that Equation 3.93 is identical to Equation 3.34c of lumped-mass formulation. The major

difference is that the mass matrix of the lumped-mass model is mostly a diagonal matrix associated with

d.o.f. of side sway (the inertia force due to structural joint rotation is relatively small and thus negligible).

However, the mass matrix of the consistent-mass model is a full matrix associated with joint rotations

and side sways as shown in Equations 3.92 of a typical constituent member of a system. Thus, the

computation effort for the lumped-mass model is much less than that for consistent mass because the

dimension of the mass and stiffness matrices of a lumped-mass system can be significantly reduced

through matrix condensation by eliminating rotational d.o.f.
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3.5.3 Frequency Comparison for Lumped-Mass, Dynamic-Stiffness,
and Consistent-Mass Models

In general, the computation efforts associated with response analysis for the lumped-mass, consistent-

mass, and dynamic-stiffness models are reduced in the order of the individual models for a given

problem, and the solution accuracy, however, may also be reduced, respectively. The accuracy sensitivity

is illustrated by frequency comparison of a rigid frame shown in Figure 3.29a using these mathematical

models: (A) the lumped-mass method, (B) the consistent-mass method, and (C) the dynamic-stiffness

method (based on Bernoulli–Euler theory). For ‘‘A’’ and ‘‘B’’ the structural members are divided into

three, six, and nine elements, respectively, and the masses of ‘‘A’’ are lumped at the center of the divided

segments. Dynamic-stiffness, lumped-mass, and consistent-mass models are shown in Figure 3.29b,c,

and d, respectively. Assume that all members are identical with m¼ 0.04837 kgs2/m2, I¼ 0.00286 cm4,

E¼ 20684.27 kN/cm2, and L¼ 0.2413 m.

Eigenvalues of the first three modes are shown in Table 3.3 for comparison with the accurate solution

by the dynamic stiffness method. Observation of the solutions reveals that the lumped-mass method

needs six elements for the first two modes and nine for the third mode, while the consistent-mass

method needs three elements for the first mode and six for the second and third modes. The lumped-

mass model can give eigenvalues higher or lower than the dynamic stiffness’s solution depending on

how much mass is lumped at each node of the structure. The consistent-mass model always gives

frequencies higher than the dynamic stiffness.

The consistent-mass model does not yield accurate solutions for higher modes because the shape

functions, which are based on four generalized coordinates (see Equation 3.87) in deriving the mass and

stiffness coefficients of a typical member, cannot be flexible enough to represent the deformed shape of

A

L

L
D

CB

Six elementsThree elements Nine elements

Six elementsThree elements Nine elements

(c)

(a)

(d)

(b)

FIGURE 3.29 Modeling for three analysis methods: (a) given structure; (b) dynamic stiffness model; (c) lumped-

mass model; and (d) consistent-mass model. (Reprinted from Ref. [1, p. 284] by courtesy of Marcel Dekker, Inc.)
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higher modes. For the same reason, the lumped-mass method also yields larger rigidity in structural

modeling. It is worthwhile to mention that for large structural systems, such as tall buildings, only the

first several fundamental modes are essential for design. Thus, the eigenvalue inaccuracy resulting from

the lumped-mass model can be ignored.

3.5.4 Axial, Torsional Vibration, and Flexural Vibration with
Timoshenko Theory

Equations 3.86, 3.89, and 3.90 are basics for vibration of finite element systems and frameworks with

Timoshenko theory in flexural vibration, axial as well as torsional vibrations. Equation 3.93 can be used

for system response analysis. Detailed results are available [1, pp. 265–270, 285–317].

3.5.5 Dynamic Motion Equation with P–D Effect

When a member is subjected to a compressive force, P, the force times the member’s deflection, D, yields

an additional moment that is called second-order moment due to the P–D effect. For the dynamic-

stiffness method, the P–D is implicitly expressed in the stiffness coefficient [1, pp. 238–240, 253–258].

For consistent-mass and lumped-mass methods, the P–D effect is formulated separately from stiffness in

a geometric matrix. A geometric matrix is important in response analysis for tall buildings because heavy

floor load transmitted to supporting columns can affect the vibrating frequencies significantly. The

dynamic motion equation is similar to Equations 3.93 with additional term [Kg]{q} as follows:

½M 
f€xxg þ ½C
f _xxg þ ½K 
fxg � ½Kg
fxg ¼ fFðtÞg ð3:94Þ

where [Kg] is called geometric matrix in a consistent-mass model but string matrix in a lumped-mass model

[1, pp. 303–306, 317–318]. The former involves both rotational and side sway d.o.f. and the latter involves

side sway d.o.f. only. The negative sign corresponds to the axial force in compression. If the force in a member

is in tension, then the [ki
g] should have a positive sign. Then, the system matrix is ½Kg
 ¼

P
½ki

g
.
It worthwhile to point out that compression reduces the stiffness that consequently reduces natural fre-

quencies. It is also worthwhile to note that when the compressive force is a harmonic excitation, such as

machinery vibration, then the structural response can be a dynamic instability problem. The instability beha-

vior depends on the ratio of the structure’s natural frequency to the forcing frequency of the axial force [4].

3.6 Elastic and Inelastic Response Analysis Methods Based on
Nature of Exciting Forces

3.6.1 Nature of Exciting Forces

The nature of exciting forces and their categories were discussed in Section 3.1.1. Various response

analysis methods are summarized herein for deterministic forces as well as nondeterministic forces.

Earthquakes are treated for both deterministic and nondeterministic cases.

TABLE 3.3 Comparison of Eigenvalues by Lumped-Mass, Consistent-Mass, and Dynamic Stiffness

Methods Number of elements First mode (rad/s) Second mode (rad/s) Third mode (rad/s)

Lumped-mass 3 210.5 531.2 0840.0

6 195.8 762.5 1323.6

9 194.5 765.7 1265.0

Consistent-mass 3 194.5 891.7 1988.6

6 194.3 771.7 1264.9

9 194.3 767.8 1254.2

Dynamic stiffness 3 194.3 766.8 1250.7

Source: Reprinted from Ref. [1, p. 284], by courtesy of Marcel Dekker, Inc.
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3.6.2 Modal Analysis

The method was presented in Sections 3.3.2 and 3.3.3 from which the response analysis can be obtained

by using Duhamel’s integral or response spectra. Note that this approach is only for an elastic system

because it requires natural frequencies and mode shapes.

3.6.3 Direct Integration Methods

Direct integrations are of paramount importance in dynamic response analysis for many reasons

including (1) they can be used for structural response at various deformation stages from elastic to

inelastic and (2) they can be applied to motion equations for various irregular forcing functions such

as earthquake accelerations in digital data. There are a number of numerical integration methods such as

Newmark method, Wilson-y method, Runge–Kutta fourth-order method, constant acceleration

method, linear acceleration method, and average acceleration method. These methods have general basic

characteristics: (1) determination of response involves computation of displacement, velocity, and

acceleration; (2) at the beginning of integration, response parameter values must be given or have been

calculated at one or more points proceeding with the specific time intervals of the integration;

(3) truncation errors due to finite number of terms in Taylor series expansion for replacing the dif-

ferential equation by a finite difference equivalent; and (4) propagation error resulting from tendency of

error growth from the integration step to the next, wherein the solution can become unbounded and

unstable. Two well-known methods are selected to outline integration procedures and their associated

truncation as well as propagation errors.

3.6.3.1 Newmark Method (Linear Acceleration Version)

Newmark originally derived a general integration in which two parameters can be modified to change

the integration to three cases:

1. Average acceleration method. The acceleration of the system remains constant over the time

interval Dt and its value is equal to the average values of acceleration at the beginning and end of

the interval.

2. Constant acceleration method. The acceleration of the system is constant and is equal to its value at

the beginning of the time interval.

3. Linear acceleration method. The acceleration of the system varies linearly over the time interval.

Without detailed derivation, the end results of the linear acceleration method are expressed as

6

Dt2
½M 
 þ 3

Dt
½C
 þ ½K 


� �
fxðt þ DtÞg ¼ fFðt þ DtÞg � ½M 
fAg � ½C
fBg ð3:95Þ

where

fAg ¼ � 6

Dt2
fxðtÞg � 6

Dt
f _xxðtÞg � 2f€xxðtÞg ð3:96aÞ

and

fBg ¼ �2f _xxðtÞg � Dt

2
f€xxðtÞg � 3

Dt
fxðtÞg ð3:96bÞ

Note that ẍ(t), ẋ(t), and x(t) are supposed to be given or calculated at time t, thus the response

parameters are unknown for the next step calculation at t þDt. Thus, Equation 3.95 can be simplified to

the following expression:

½�KK 
fxðt þ DtÞg ¼ f�FFðt þ DtÞg ð3:97Þ
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After {x(tþDt)} is calculated, acceleration and velocity are then obtained as

f€xxðt þ DtÞg ¼ 6

Dt2
fxðt þ DtÞg þ fAg ð3:98Þ

f _xxðt þ DtÞg ¼ 3

Dt
fxðt þ DtÞg þ fBg ð3:99Þ

It is important to note that Equation 3.97 has the matrix form for static load; therefore, some

computation algorithms such as Gauss elimination for finite element systems of static case can be

applied, and the static and dynamic analysis can share the same computer subroutines [1, pp. 329–332,

855–862].

3.6.3.2 Wilson-� Method

Wilson-y method is similar to the linear acceleration method with the assumption that acceleration

varies linearly over the time interval yDt where y is always greater than 1 and is selected by the analyst

to give the desired accuracy and stability. The final form of Wilson’s integration has the following form

[1, pp. 332–334, 863–870]:

½�KK 
fDxyg ¼ fD�FFg ð3:100Þ

where Dty¼ yDt, Dxy is an incremental displacement

½�KK 
 ¼ ½K 
 þ 6

ðDtyÞ2
½M 
 þ 3

Dty
½C
 ð3:101aÞ

½D�FF
 ¼ fDFyg þ ½M 
fQg þ ½C
fRg ð3:101bÞ

in which

fDFyg ¼ y½fFðt þ DtÞg � fFðtÞg
 ð3:102aÞ

fQg ¼ 6

Dty
f _xxðtÞg þ 3f€xxðtÞg ð3:102bÞ

fRg ¼ 3f _xxðtÞg þ Dty

2
f€xxðtÞg ð3:102cÞ

After solving {Dxy} from Equation 3.100 as

fDxyg ¼ ½�KK 
�1fDFg ð3:103Þ

{Dẍ} is determined by the following formula:

fD€xxg ¼ 1

y
fD€xxyg

The incremental velocity vector, {Dẋ}, and displacement vector, {Dx}, are obtained from

fD _xxg ¼ f€xxðtÞgDt þ Dt

2
fD€xxg

fDxg ¼ Dtf _xxðtÞg þ Dt2

2
f€xxðtÞg þ Dt2

6
fD€xxg

Total displacement, velocity, and acceleration vectors are then determined from

fxðt þ DtÞg ¼ fxðtÞg þ fDxg ð3:104Þ

f _xxðt þ DtÞg ¼ f _xxðtÞg þ fD _xxg ð3:105Þ

f€xxðt þ DtÞg ¼ f€xxðtÞg þ fD€xxg ð3:106Þ
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3.6.4 Stability Condition and Selection of Time Interval

3.6.4.1 Stability

Stability of a numerical integration method requires that any error in displacement, velocity, and

acceleration at time t does not grow for different incremental time intervals used in the integration.

Therefore, the response of an undamped system subjected to an initial condition should be a harmonic

motion with constant amplitude that must not be amplified when different Dts are employed in the

analysis. Stability of an integration method can thus be determined by examining the behavior of the

numerical solution for arbitrary initial conditions based on the following recursive relationship of a

single d.o.f. motion:

fXðt þ DtÞg ¼ ½A
fXðtÞg ð3:107aÞ

or

½€xxðt þ DtÞ, _xxðt þ DtÞ, xðt þ DtÞ
T ¼ ½A
½€xxðtÞ, _xxðtÞ, xðtÞ
T ð3:107bÞ

where [A] is an integration approximation matrix. If we start at time t, and take n time steps,

Equation 3.107 may be expressed as

fXðt þ nDtÞg ¼ ½A
nfXðtÞg ð3:108Þ

To investigate the stability of an integration method, we use the decomposed form of matrix [A] in

Equation 3.108 as

½A
n ¼ ½F
½ln
½F
�1 ð3:109Þ

where [ln] is a diagonal matrix with eigenvalues ln
1, ln

2, ln
3 in the diagonal position; and is a modal

matrix with eigenvectors F1, F2, and F3. Now, define the spectral radius of matrix [A] as

rðAÞ ¼ max lij j; i ¼ 1, 2, 3 ð3:110Þ

from which we must have

rðAÞ � 1 ð3:111Þ

in order to keep [A]n in Equation 3.108 from growing without bound. The condition of Equation 3.111

is known as the stability criterion for a given method.

Numerical results for the Newmark method (linear acceleration and constant acceleration) and the

Wilson-y method from Dt/T¼ 0.001 to Dt/T¼ 100 are plotted in Figure 3.30. It can be seen that the

spectral radius for linear acceleration is stable (r(A)� 1) at approximately Dt/T< 0.55 and becomes

unstable (r(A)> 1) at Dt/T � 0.55. The stability of this method depends on the magnitude of Dt, and is

called the conditional stability method. However, the spectral radii for the constant acceleration method

in the range of Dt/T¼ 0.001 to 100 are all less than or equal to 1 (r(A)� 1); this case is called the

unconditional stability because it does not depend on the magnitude of Dt. The Wilson-y method with

y¼ 1.4 is unconditionally stable and it becomes conditionally stable with y¼ 1.36. For unconditional

stability, the solution is not divergent even if time increment Dt is large.

3.6.4.2 Selection of Dt

Numerical error, sometimes referred to as computational error, is due to the incremental time-step

expressed in terms of Dt/T. Such errors result not from the stability behavior from two other sources:

(1) externally applied force or excitation and (2) number of d.o.f. assigned to a vibrating system.

A forcing function, particularly an irregular one such as earthquake ground motion, is composed of

a number of forcing periods (or frequencies). A larger Dt may exclude a significant part of a forcing

function. That part is associated with smaller periods, a forcing function’s higher modes. This error

may occur for both single- and multiple-d.o.f. vibrating systems. Therefore, Dt must be selected small

enough to ensure solution accuracy by including the first several significant vibrating modes in the

analysis.
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For reasonable accuracy, Dt/T¼ 0.1 is recommended, where T is the natural period of highest mode

considered in the analysis. Properly selecting the number of modes depends on an individual problem.

For the direct integration approach, frequency analysis is not needed. Therefore, the periods of desired

methods are not available. A suggested approach is to follow the building code that stipulates the

number of modes, and the lower bound of period should be considered. Generally, we can use one Dt

and another slightly smaller Dt to find solutions continuously, until two successive solutions are rea-

sonably close. We can also inspect the exciting function to select approximate Dt (for instance, Dt should

not be greater than the intervals of the earthquake records).

3.6.5 Nondeterministic Analysis

3.6.5.1 Introduction to Stochastic Seismic Response Analysis

As discussed in Section 3.6.1, when a force cannot be specified as a definite function by time, the

response analysis should be determined through a stochastic approach. Earthquake force is a typical

example that has inherent uncertainty in magnitude and in time variation. For brief presentation,

the seismic response is chosen for discussion in this section. For a structure subjected to an earthquake,

the motion equation is similar to Equation 3.94 and is expressed as

½M 
f€xxg þ ½C
f _xxg þ ½K 
fxg ¼ ½M 
fIng€xxg ð3:112Þ

where ẍg is the ground motion acceleration and {In} is the influence coefficient factor. By the

modal analysis method, the motion equation is decomposed to N (d.o.f. of the system) independent

second-order differential equations

€xx0i þ 2ripi _xx0i þ p2
i x0i ¼ ri€xxg i ¼ 1, 2, . . . , N ð3:113Þ

where x0i is the modal displacement for the ith modes and has the relation with the floor displacement

as fxg ¼ ½F0
fx0g and ½F0
 is the normalized modal matrix. ri and pi are damping coefficient and
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FIGURE 3.30 Spectral radii for Newmark method and Wilson-� method. (Reprinted from Ref. [1, p. 357] by

courtesy of Marcel Dekker, Inc.)
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angle frequency for the ith mode. ri ¼ fF0gT
i fIng is called a participation factor, which implies how

much the ith mode participates in synthesizing the structural total load. In random analysis, the weakly

stationary input to a linear system leads to a weakly stationary output. For the weakly stationary sto-

chastic process X, the autocorrelation function RX(t) and the spectral density function SX(o) are a Fourier

transform pair and with the following relationship:

SXðoÞ ¼
1

2p

Z þ1
�1

RXðtÞe�iot dt ð3:114aÞ

RXðtÞ ¼
Z þ1
�1

SXðoÞeiot do ð3:114bÞ

By setting time difference t¼ 0, Equation 3.114b becomes

RXð0Þ ¼ E½X2ðtÞ
 ¼ s2
X ¼

Z þ1
�1

SXðoÞ do ð3:115Þ

where s2
X is called variance of X or mean square. The square root of the mean square is sX, known as

the root-mean-square (RMS). For a zero mean stochastic process E(X(t))¼ 0, RMS represents the

magnitude of the response. Let the design value be

xl ¼ msxl
ð3:116Þ

where l represents lth d.o.f. and m is the coefficient related to the probability of the safety. By the sum of

the modal contribution, the mean square value of the lth d.o.f. can be obtained as

s2
xl
¼
XN

i¼1

F02li r2
i

Z þ1
�1

HiðoÞj j2S€xxg
ðoÞ do ð3:117Þ

where F0li is the lth element in the ith modal vector, ri is the participation factor of the ith mode, Sẍg
(o) is

the spectral density function for the ground acceleration input, and Hi(o) is the frequency response

function for the ith mode

HiðoÞ ¼
1

p2
i � o2 þ 2jripio

; j ¼
ffiffiffiffiffiffiffi
�1
p

ð3:118Þ

in which ri , pi are structural frequencies and damping coefficient of the ith mode, respectively. The

spectral density function for a stationary ground acceleration is

S€xxg
ðoÞ ¼

p4
g þ 4r2

gp2
go

2

ðp2
g � o2Þ2 þ 4r2

gp2
go2

S0 ð3:119Þ

which was proposed by Kanai and Tajimi [5,6] based on the study of the frequency content from ground

motion records. In Equation 3.119, pg and rg are prevailing frequency and damping ratio describing soil

layer characteristics, S0 is the intensity of the excitation and can be determined by the strength of the

ground motion. By setting the ground acceleration RMS as sẍg
on the left-hand side of Equation 3.115

and substituting Sẍg
(o) of Equation 3.119 into the right-hand side of that equation, S0 can be obtained

after integration as

S0 ¼
2rgs

2
€xxg

pð4r2
g þ 1Þpg

ð3:120Þ

The integral in Equation 3.117 can be found after the substitution of Equation 3.119 by the theorem of

residue [7], and the results are Z þ1
�1

HiðoÞj j2S€xxg
ðoÞ do ¼ pS0

2

pg

p4
i

Nqi

Dqi

ð3:121aÞ
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Nqi
¼ ð1þ 4r2

gÞri þ 4rgðr2
i þ r2

gÞs þ 4r2
gris

2 þ rgs3; s ¼ pg=pi ð3:121bÞ

Dqi
¼ rgri þ 4r2

gr
2
i s þ 2rgrið2r2

g þ 2r2
i � 1Þs2 þ 4r2

gr
2
i s3 þ rgris

4 ð3:121cÞ

Substituting Equation 3.121a into Equation 3.117 yields

s2
xl
¼ pS0

2

XN

i¼1

F02li r2
i

pg

p4
i

Nqi

Dqi

ð3:122Þ

Similar to Equation 3.117, the mean square of the velocity ẋl can be expressed as

s2
_xxl
¼
XN

i¼1

F02li r2
i

Z þ1
�1

o2 HiðoÞj j2S€xxg
ðoÞ do ð3:123Þ

in which the integral is Z þ1
�1

o2 HiðoÞj j2S€xxg
ðoÞ do ¼ pS0

2

p3
g

p4
i

N _qqi

D _qqi

ð3:124aÞ

N _qqi
¼ 4r3

g þ rið1þ 4r2
gÞs þ r2

gs2 ð3:124bÞ

D _qqi
¼ s½rgri þ 4r2

gr
2
i s þ 2rgrið2r2

g þ 2r2
i � 1Þs2 þ 4r2

gr
2
i s3 þ rgris

4
 ð3:124cÞ

Thus, Equation 3.123 becomes

s2
_xxl
¼ pS0

2

XN

i¼1

F02li r2
i

p3
g

p4
i

N _qqi

D _qqi

ð3:125Þ

After the RMS values of the response are obtained, one can calculate the probability of safety in

duration t by

PsðtÞ ¼ PfXð0Þ [Dg expð�vDtÞ ð3:126Þ

where D is the safety range assigned for the response X and P{X(0) [ D} is the probability of the initial X

value in the range D. vD is called the D-outcrossing rate, expressing the rate of response X going out of

range D

vD ¼ vþa þ v�b ð3:127Þ

which is the sum of up-crossing rate vþa as upper limit, a and down-crossing rate v�b as bottom limit, b,

for the safety range D¼ [a b]. For the stationary Gaussian process with mean m and variance s2
X , the

up-crossing and down-crossing rate for �a are

vþa ¼ v��a ¼
s _XX

2psX

exp
h
� ða �mÞ2

2s2
X

i
ð3:128Þ

If the probability of the initial value X in range D is 1, Equation 3.126 becomes

PsðtÞ ¼ expð�vDtÞ ð3:129aÞ

The probability of safety for the range D¼ [a �a] can be obtained by substituting Equations 3.127 and

3.128 into Equation 3.129a as

PsðtÞ ¼ exp
h
� s _XXt
psX

exp
h
� ða �mÞ2

2s2
X

ii
ð3:129bÞ

In summary, one can determine the RMS value of the response xl from Equations 3.122 and 3.125 with

a given RMS value of the ground acceleration in Equation 3.120, in which the soil layer property is
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considered with ri and pi. Finally, the probability of safety can be calculated from Equation 3.129b after

the response variance is determined.

3.6.5.2 Numerical Example

Consider the three-story shear building shown in Figure 3.31 with mass M1¼M2¼M3¼ 12,304 N s2/m;

l¼ 4.2672 m; I1¼ 1.98168� 10�4 m4, I2¼ 1.4601� 10�4 m4, and I3¼ 9.9229� 10�5 m4;

E¼ 206842.8� 106 N/m2. Let the structure be located on the medium firm soil and the ground

acceleration be a zero mean stationary process with RMS sẍg
¼ 0.1g. Assume the damping factor

ri¼ 0.02 for each mode, find the RMS of the floor response and the probability of safety of the third-

floor displacement within three times of its RMS.

After performing eigensolution calculation, the structural frequencies are

½ p1 p2 p3 
 ¼ ½ 12:82 32:11 48:79 
 rad=s

and the normalized modal matrix is

½F0
 ¼
0:2545 �0:5777 0:7756

0:5449 �0:5769 �0:6085

0:7989 0:5775 0:1680

2
4

3
5

For horizontal ground motion input, the participation factors are

frgT ¼ ½F0
TfIng ¼ ½�1:5984 0:5771 �0:3350 


where {In}¼�[1 1 1]T. Since the structure is located on medium firm soil, the prevailing frequency is

pg¼ 15.6 rad/s and the damping factor is rg¼ 0.60. From Equations 3.121b, 3.121c and 3.124b and

3.124c

½Nq1
Nq2

Nq3 
 ¼ ½ 0:2318 0:5449 0:3478 


½Dq1
Dq2

Dq3 
 ¼ ½ 0:0303 0:0114 0:0116


½N _qq1
N _qq2

N _qq3 
 ¼ ½ 1:8146 1:0295 0:9409 


½D _qq1
D _qq2

D _qq3 
 ¼ ½ 0:0369 0:0056 0:0037


For the ground acceleration RMS value assumed as sẍg
¼ 0.1g, Equation 3.120 yields S0¼ 9.6� 10�3 m2/s3.

Then, from Equations 3.122 and 3.125, the RMS values for each floor’s displacement and velocity are

calculated as

½ sx1
sx2

sx3

 ¼ ½ 0:0104 0:0222 0:0325
 m

½ sx1
sx2

sx3

 ¼ ½ 0:1366 0:2842 0:4150
 m=s

For the third-floor displacement, the range of safety is D¼ [3sx3
�3sx3

]¼ [0.097� 0.097] m, then the

probability of safety can be determined from Equation 3.129b with m¼ 0, sx3
¼ 0.0325 m, and

sẋ3
¼ 0.4150 m/s as

PsðtÞ ¼
95:6% for duration t ¼ 1 s

79:8% for duration t ¼ 5 s

63:6% for duration t ¼ 10 s

8<
:

which implies that the probability of safety for the third-floor displacement within �0.097 m is 95.6%

in 1 s, 79.8% in 5 s, and 63.6% in 10 s.
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3.6.5.3 Comments on Nonlinear Systems

The stochastic response of nonlinear structures cannot be obtained by the aforementioned method

because of the requirement of superposition. One of the approaches is to generate an ensemble of

ground motion accelerograms by the techniques based on filtered white noise and then determine

deterministically the time-history response of the nonlinear structure to each input accelerogram, and

finally examine the output response process using Monte Carlo methods. Usually, one is interested

primarily in the mean and standard deviation values of the extreme response [8].

3.6.6 Comments on Wave Propagation Analysis

Theoretically, mode superposition is an effective method of obtaining the free or forced vibration

response of a continuous system of finite extent. In practice, several difficulties may arise in application

of the method. For instance, it may not be possible to determine the mode shapes and frequencies of the

continuous system being analyzed. A system of infinite extent has a continuous band of frequencies,

and the term ‘‘mode shape’’ loses its meaning. Obviously, modal analysis is not possible in such a case.

However, an alternative method known as wave propagation analysis may prove to be quite effective in

obtaining the response of the system [9].

3.7 Hysteresis Models and Nonlinear Response Analysis

3.7.1 Introduction

The previous sections focused on elastic structures with emphasis on mathematical models, analytical

methodologies, and response characteristics. When a structure is subjected to dynamic force or ground

motion, its constituent members may deform beyond their elastic limit, such as yielding stress of steel or

crack stress of concrete. If we assume that the members continue to behave elastically, then their

response behavior is based on linear or elastic analysis as presented previously. When the stress–strain

relationship beyond the elastic stage is considered, the response then results from nonlinear or inelastic

analysis. Naturally, nonlinear analysis always encompasses linear analysis because of elastic material

behavior at the early loading stage. When inelastic material behavior is considered in formulating the

force–deformation relationship of a structural member, the relationship is called hysteresis model.

A typical stress–strain relationship of structural steel is shown in Figure 3.32. The linear relationship

between O and A is defined as elastic behavior. After initial yielding, sy, the slope of the stress–strain

curve is not constant and material behavior becomes inelastic. Unloading path B–C and reloading path

D–E are elastic and form straight lines parallel to the initial elastic path O–A. Absolute values of the

I3
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M3
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FIGURE 3.31 Three-story shear building.
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initial yield points in tension A and in compression A0 are the same, but the values change for subsequent

points B and C or D and E. A stress magnitude of 2sy is observed for AA0, BC, and, DE which is known as

Bauschinger effect. For practical purposes, some well-known simplified models are often used. Most

typical are these shown in Figure 3.33 as elasto-plastic, bilinear, curvilinear, and Ramberg–Osgood. For

dynamic nonlinear analysis, the main task is the derivation of incremental stiffness coefficients of
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FIGURE 3.32 Material nonlinearity.
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FIGURE 3.33 Simplified stress–strain models: (a) elasto-plastic; (b) bilinear; (c) curvilinear; and (d) Ramberg–

Osgood.
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a typical member. The motion equation is still expressed as Equation 3.34 or 3.93 but in incremental

form. The direct integration methods presented in Section 3.6.3 are then employed for response analysis.

The incremental stiffness coefficients of elasto-plastic and bilinear models are given in Sections 3.7.2 and

3.7.3, respectively. The derivations of incremental stiffness coefficients of curvilinear and Ramberg–

Osgood models are lengthy and are not included here [1, pp. 555–578].

3.7.2 Elasto-Plastic Stiffness Formulation

The elasto-plastic model in Figure 3.34 shows that when the moment reaches the ultimate moment

capacity of a member, the plastic moment cannot increase but the rotation of the plastic hinge at the

cross-section can increase. A plastic hinge develops at the member’s end where the magnitude of the

moment is greater than at other locations as in the case of dynamic response. The member end behaves

like a real center hinge with a constant ultimate moment, Mp. When the member end rotates in reverse,

the moment decreases elastically and the plastic hinge disappears. Elastic behavior remains unchanged

until the moment reaches ultimate moment capacity. Consequently, a plastic hinge forms again. Plastic

hinge formation in a member has three possibilities: a hinge at the i-end, the j-end, or both ends (see

i and j in Figure 3.35). Force–deformation relationships associated with elastic state and the three states

of yield condition are given as follows [1, pp. 529–534].

Moment (M)

Mp

My

EI
I

II

EI

Curvature (�)

–Mp

2My

2Mp

FIGURE 3.34 Elasto-plastic moment–curvature relationship.
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FIGURE 3.35 Elasto-plastic member.
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1. Both ends linear

DMi

DMj

DVi

DVj

8>><
>>:

9>>=
>>; ¼ 4EI
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2
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3
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Dyj

DYi

DYj
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775 ð3:130Þ

2. i-end nonlinear and j-end linear

DMi

DMj

DVi

DVj
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0 0 0 0
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sym: 3=L3

2
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3
775

Dyi

Dyj

DYi

DYj

2
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3
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3. i-end linear and j-end nonlinear

DMi
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DVi

DVj
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>>:
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>>; ¼ 3EI
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sym: 1=L3

2
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3
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Dyi
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775 ð3:132Þ

4. Both ends nonlinear
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DVi

DVj

8>><
>>:

9>>=
>>; ¼ ½0


Dyi

Dyj

DYi

DYj

2
664

3
775 ð3:133Þ

3.7.3 Bilinear Stiffness Formulation

The moment–rotation relationship of a member can be idealized as a bilinear model, as shown in

Figure 3.36. Initial elastic slope and subsequent inelastic slope of the bilinear moment–curvature curve

are EI and EI1, respectively; I1 can be in terms of I. The Bauschinger effect on the moment magnitude of

2Mp also exists between two subsequent plastic hinges as signified by points B and C. The moment–

rotation relationship of a member is composed of two imaginary components as linear component and

elasto-plastic component sketched in Figure 3.36b,c respectively. Initial stiffness of the hysteresis loop

and of the elastic, elasto-plastic components is a, a1, a2, respectively, where a¼ a1þ a2, a1¼ pa, a2¼ qa,

M

Mp
a1

1
2Mp

�

M

�

1
a1 = pa

a2 = qa

M
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A

B

C

= +

(a) (b) (c)

a = 4EI
L

FIGURE 3.36 Bilinear moment–rotation: (a) bilinear hysteresis loop; (b) linear component; and (c) elasto-plastic

component.
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and pþ q¼ 1. p is the fraction of stiffness apportioned to the linear component and q is the fraction of

stiffness apportioned to the elasto-plastic component. The second slope a1 of the hysteresis loop is the

same as the initial slope of the linear component. The incremental stiffness coefficients are given as

follows [1, pp. 534–538].

1. Both ends linear

DMi

DMj

DVi

DVj

8>><
>>:

9>>=
>>; ¼

a b �c �c

a �c �c

d d

sym: d

2
664

3
775

Dyi

Dyj

DYi

DYj

2
664

3
775 ð3:134Þ

in which a¼ 4EI/L, b¼ 2EI/L, c¼ 6EI/L2, and d¼ 12EI/L3.

2. i-end nonlinear and j-end linear

DMi

DMj

DVi

DVj

8>><
>>:

9>>=
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sym: pd þ qg

2
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3
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Dyj

DYi

DYj

2
664

3
775 ð3:135Þ

in which e¼ 3EI/L, f¼ 3EI/L2, and g¼ 3EI/L3.

3. i-end linear and j-end nonlinear
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DVi

DVj

8>><
>>:
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4. Both ends nonlinear
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d d
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2
664

3
775

Dyi
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DYi

DYj

2
664
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which are actually the incremental forces of the linear component. Note that when p¼ 0, q¼ 1,

the bilinear model presented above becomes the elasto-plastic model.

3.7.4 Elasto-Plastic and Bilinear Response Comparisons

The effects of various ps on response behavior are shown for the rigid frame shown in Figure 3.38.

Assume EI¼ 1000 kip in.2 (2.8697 kN m2), M¼ 2� 10�4 k s2/in. (35.0236 N s2/m), h¼ 10 ft (3.048 m),

l¼ 20 ft (6.096 m), F(t)¼ 0.02 sin(pt)k (88.96 sin(pt)N), p¼ 0.05, and ultimate moment capacity

Mp¼ 0.2 k in. (22.59584 N m). The initial conditions are x0 ¼ _xx0 ¼ €xx0 ¼ 0. The effect of ps on xs
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FIGURE 3.37 Bilinear member: (a) nonlinear beam; (b) linear component; and (c) elasto-plastic component.
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versus time are shown in Figure 3.39. Note that p¼ 1 is corresponding to elastic response and p¼ 0.001

is close to elasto-plastic case, more decreases in ps and more increases in deflections.

3.7.5 Effects of P–D, Material Nonlinearity, and
Large Deformation on Response

The material nonlinear behavior was presented in Sections 3.7.2 to 3.7.4, and the P–D effect was

introduced in Section 3.5.5. Linear and nonlinear analyses can be conducted with consideration of small

or large deflection. Large deflection implies that structural configuration deforms markedly, which results

in change of originally assumed directions of forces and displacements. The direction of members’
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FIGURE 3.38 Response behavior illustration: (a) given structure and (b) rigid frame with joint rotation and side sway.
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internal forces in a structure after large deformation is not the same as that used in formulation for this

structure with small deformation. Consequently, equilibrium equations between internal forces (shears,

axial forces, etc.) and external loads (applied force, inertia force, etc.) and the compatibility condition

between internal deformations and external displacements at each structural node should be modified at

various loading stages. Large deflection formulation is generally considered in inelastic analysis but

sometimes used in elastic cases for a material with a small modulus of elasticity. Note that the geometric

stiffness matrix or string stiffness matrix due to the P–D effect presented previously can be included in

either small or large deflection formulation. Naturally, the P–D effect becomes more pronounced for

large deflections.

The rigid frame given in Figure 3.38 is used to show various P–D effects and the influences of material

as well as geometric nonlinearities on the displacement response. This study involves the following. First

assume each column is subjected to a compression, P, and then formulate [Kg] using the string stiffness

model. The buckling load is then determined by finding the singular solution of ([K]� [Kg]){X}¼ 0.

The response analyses are finally conducted for the following cases:

1. Linear analysis (LA) without P–D effect or geometric and material nonlinearities.

2. Nonlinear analysis (NA) having material nonlinearity of bilinear model with p¼ 0.05 but not P–D
effect or large deflection.

3. Nonlinear analysis with p¼ 0.05 combined with 4% of buckling load (NA; 0.04Pcr) but not

including large deflection.

4. Same as (3) except 20% of buckling load (NA; 0.2Pcr).

5. Nonlinear analysis with p¼ 0.05, 4% of critical load, and large deflection (NA; 0.04Pcr; LgD).

The displacements versus time are shown in Figure 3.40. Note that material and geometric non-

linearity causes large deflection, and the P–D effect can induce the structure to be unstable.
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FIGURE 3.40 Lateral displacement versus time. (Reprinted from Ref. [1, p. 588] by courtesy of Marcel Dekker, Inc.)
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3.7.6 Hysteresis Models and Stiffnesses for Steel Bracings and for
RC Beams, Columns, and Walls of Building Systems

3.7.6.1 Building Systems

Civil engineering building structures usually have beams, beam-columns, bracing elements, shear walls,

floor slabs, and rigid zones at structural joints. The three-dimensional building configuration and rigid

zone of structural connection are shown in Figure 3.41 and Figure 3.42, respectively.

3.7.6.2 Hysteresis Models

Four hysteresis models are sketched in Figure 3.43 to Figure 3.46. Since the stiffness formulations of

these models are too long to list, computer programs are provided from which readers can find detailed

calculation procedures [1, pp. 875–977]. Figure 3.43 is for steel bracing (pinned-end truss member)

based on the work of Goel and co-workers [10]. Figure 3.44, based on the Takeda model, is for slender

RC members in bending such as beams and columns [11]. Figure 3.45 is the Cheng–Mertz model for RC

shear walls with consideration of axial deformation, coupling bending, and shear deformation for both
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FIGURE 3.41 Three-dimensional building configuration.
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low- and high-rise shear walls [12]. Figure 3.46 is the Cheng–Lou model for axial deformation of

columns and walls. These models can be used on system analysis. For example, a braced steel frame needs

hysteresis models of beams, columns, and bracings. If the steel structure is also composed of trusses, the

hysteresis model of trusses must be employed. The latest version of INRESB-3D-II includes the afore-

mentioned models for both PC and supercomputer [13,14]. The program has been used for case studies

to verify different instances of building damage and collapse induced by strong ground motion [15].

3.8 Concluding Remarks

This chapter has composed most of the essential analytical techniques in structural dynamics. However,

some special topics are currently in vogue but not included herein. The reader may find them from the
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references in the areas of structural optimization subjected to dynamic forces or earthquake excitation

and the soil–structure interaction on seismic resistant structures with and without control. In the current

engineering design community, major efforts are based on the development of sophisticated computer

programs for the analysis of complex structures. When these programs are applied to design, the relative

stiffnesses of a structure’s constituent members must be assumed. If the preliminary stiffnesses are

misjudged, then repeated analyses, regardless of a program’s sophistication, will usually not yield an

improved design. Programs presently in use are actually based on conventional designs, and their

application in reality is an art rather than a science. The optimum design concept has been recognized as

being more rational and reliable than those that require the conventional trial and error process. This is

because, for a given set of constraints, such as allowable stresses, displacements, drifts, frequencies, upper

and lower bounds of member sizes, and given loading conditions, the stiffnesses of members are

automatically selected through the mathematical logic (structural synthesis) written in the computer

program. Consequently, the strength of constituent members is uniformly distributed, and the rigidity of

every component can uniquely satisfy the demands of external loads and code requirements. The

objective function may be composed of initial cost of a structure and damage cost over the life of a

structure including repair cost of the structure, loss of contents, economic impact of structural damage,

and cost of injuries caused by the structural damage [16–22].

Dynamic structures analyzed with fixed support are based on the assumption that the structures are

built on rock or are not subjected to ground motion such as wind forces or mechanical vibration. It is

well known that ground motion induces soil–structure interaction (SSI) which can significantly influ-

ence response of a superstructure built on soft soil. Thus consideration of the SSI effect on a structure

with and without control is very essential. Structural control implies that performance and serviceability

of a structure are controlled to maintain prescribed limits during the application of environmental loads.

Structural control is achieved in several ways: with passive or active control devices or with semiactive or

hybrid systems. The number of actuators and sensors is usually limited by cost and system complexity.

Effectiveness of control devices depends on their optimal placement in a building. Some sample studies

of SSI and optimal placement of controllers are available [23–25].

The materials presented in this chapter are mainly selected from various parts of the author’s book

listed as Ref. [1]. For the reader’s convenience, the citations of these parts are given with page number(s).

Because of page limit, the author has not cited many original publications, which, however, were listed in

the bibliographies of the book’s individual chapters. The author acknowledges the original contribution

with gratitude.

Glossary

Continuous system — Structures having constituent members with distributed mass for dynamic

stiffness or finite element formulation.

Deterministic — A force’s time function can be specified in regular or irregular variation.

Damping factor — Ratio of damping coefficient to the critical damping coefficient.

Ductility factor — Ratio of maximum displacement (or rotation) to the yielding displacement (or

rotation).

Eigensolution — Eigenvalues and eigenvectors of a singular matrix that are usually referred to angular

frequencies and normal modes in structural dynamics.

Finite element — A continuum is divided into a number of regions; each region behaves as a structural

member with nodes compatible to the nodes of neighboring regions.

Hysteresis model — An inelastic force–deformation relationship of a structural member subjected to

cyclic loading.

Influence factor — An vector matrix to specify the force induced by ground accelerations at each floor

of a building.

Multicomponent seismic components — Earthquake accelerations expressed in more than one

direction such as three translations and three rotations.
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Participation factor — A factor for measuring how much a given vibrating mode participates in

synthesizing the structural total load.

Periodic motion — A motion repeats itself in a certain period. Harmonic motion is periodic but

periodic motion is not harmonic. A combination of two harmonic motions is always a periodic

motion.

Pseudo-response — The response (displacement, velocity, or acceleration) dose not reflect real time-

history response but a maximum value.

Stability criterion — The numerical integration results can be conditionally stable and unconditionally

stable. For unconditionally stability, the solution is not divergent even if time increment used

in the integration method is large. Conditional stability, however, depends on the time

increment.

Transmissibility — A ratio between the amplitude of the force transmitted to the foundation to the

amplitude of the driving harmonic force.
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4.1 Materials

4.1.1 Stress–Strain Behavior of Structural Steel

Structural steel is a construction material that possesses attributes such as strength, stiffness, toughness,

and ductility that are desirable in modern constructions. Strength is the ability of a material to resist

stress. It is measured in terms of the material’s yield strength Fy and ultimate or tensile strength Fu. Steel

used in ordinary constructions normally have values of Fy and Fu that range from 36 to 50 ksi (248 to

345 MPa) and from 58 to 70 ksi (400 to 483 MPa), respectively, although higher-strength steels are

becoming more common. Stiffness is the ability of a material to resist deformation. It is measured in

terms of the modulus of elasticity E and modulus of rigidity G. With reference to Figure 4.1, in which

several uniaxial engineering stress–strain curves obtained from coupon tests for various grades of steels

are shown, it is seen that the modulus of elasticity E does not vary appreciably for the different steel

grades. Therefore, a value of 29,000 ksi (200 GPa) is often used for design. Toughness is the ability of a

material to absorb energy before failure. It is measured as the area under the material’s stress–strain

curve. As shown in Figure 4.1, most (especially the lower grade) steels possess high toughness that made

them suitable for both static and seismic applications. Ductility is the ability of a material to undergo

large inelastic (or plastic) deformation before failure. It is measured in terms of percent elongation or

percent reduction in area of the specimen tested in uniaxial tension. For steel, percent elongation ranges

from around 10 to 40 for a 2-in. (5-cm) gage length specimen. Ductility generally decreases with

increasing steel strength. Ductility is a very important attribute of steel. The ability of structural steel to

deform considerably before failure by fracture allows an indeterminate structure to undergo stress

redistribution. Ductility also enhances the energy absorption characteristic of the structure, which is

extremely important in seismic design.

4.1.2 Types of Steel

Structural steels used for construction are designated by the American Society of Testing and Materials

(ASTM) as follows:

ASTM designation� Steel type

A36=A36M Carbon structural steel

A131=A131M Structural steel for ships

A242=A242M High-strength low-alloy structural steel

A283=A283M Low and intermediate tensile strength carbon steel plates

A328=A328M Steel sheet piling

A514=A514M High-yield strength, quenched and tempered alloy steel plate

suitable for welding

A529=A529M High-strength carbon–manganese steel of structural quality

A572=A572M High-strength low-alloy columbium–vanadium steel

A573=A573M Structural carbon steel plates of improved toughness

A588=A588M High-strength low-alloy structural steel with 50 ksi (345 MPa)

minimum yield point to 4 in. [100 mm] thick

A633=A633M Normalized high-strength low-alloy structural steel plates

A656=A656M Hot-rolled structural steel, high-strength low-alloy

plate with improved formability

A678=A678M Quenched and tempered carbon and high-strength

low-alloy structural steel plates

A690=A690M High-strength low-alloy steel H-Piles and sheet piling for

use in marine environments

A709=A709M Carbon and high-strength low-alloy structural steel shapes,

plates, and bars and quenched and tempered alloy structural

steel plates for bridges
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Quenched and tempered alloy steel
(e.g., A514, A709, A852)

High-strength low-alloy steel
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FIGURE 4.1 Uniaxial stress–strain behavior of steel.

ASTM designation� Steel type

A710=A710M Age-hardening low-carbon nickel–copper–chromium–

molybdenum–columbium alloy structural steel plates

A769=A769M Carbon and high-strength electric resistance welded

steel structural shapes

A786=A786M Rolled steel floor plates

A808=A808M High-strength low-alloy carbon, manganese, columbium,

vanadium steel of structural quality with

improved notch toughness

A827=A827M Plates, carbon steel, for forging and similar applications

A829=A829M Plates, alloy steel, structural quality

A830=A830M Plates, carbon steel, structural quality, furnished to

chemical composition requirements

A852=A852M Quenched and tempered low-alloy structural steel plate with

70 ksi [485 MPa] minimum yield

strength to 4 in. [100 mm] thick

A857=A857M Steel sheet piling, cold formed, light gage

A871=A871M High-strength low-alloy structural steel plate with

atmospheric corrosion resistance

A913=A913M High-strength low-alloy steel shapes of structural quality,

produced by quenching and self-tempering process (QST)

A945=A945M High-strength low-alloy structural steel plate with low

carbon and restricted sulfur for improved weldability,

formability, and toughness

A992=A992M Steel for structural shapes (W-sections) for use in

building framing

� The letter M in the designation stands for Metric.
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A summary of the specified minimum yield stresses Fy, the specified minimum tensile strengths Fu,

and general usages for some commonly used steels are given in Table 4.1.

4.1.3 High-Performance Steel

High-performance steel (HPS) is a name given to a group of high-strength low-alloy (HSLA) steels that

exhibit high strength, higher yield to tensile strength ratio, enhanced toughness, and improved weld-

ability. Although research is still underway to develop and quantify the properties of a number of HPS,

one HPS that is currently in use especially for bridge construction is HPS70W. HPS70W is a derivative of

ASTM A709 Grade 70W steel (see Table 4.1). Compared to ASTM A709 Grade 70W, HPS70W has

improved mechanical properties and is more resistant to postweld cracking even without preheating

before welding.

TABLE 4.1 Steel Types and General Usages

ASTM designation Fy (ksi)a Fu (ksi)a

Plate

thickness (in.)b General usages

A36=A36M 36 58–80 To 8 Riveted, bolted, and welded buildings and

bridges

A529=A529M 50

55

65–100

70–100

To 2.5

To 1.5

Similar to A36. The higher yield stress for

A529 steel allows for savings in weight.

A529 supersedes A441

A572=A572M Grades 60 and 65 not suitable for welded

bridgesGrade 42 42 60 To 6

Grade 50 50 65 To 4

Grade 55 55 70 To 2

Grade 60 60 75 To 1.25

Grade 65 65 80 To 1.25

A242=A242M 42 63 1.5–5 Riveted, bolted, and welded buildings and

bridges. Used when weight savings

and enhanced atmospheric corrosion

resistance are desired. Specific

instructions must be provided

for welding

46 67 0.75–1.5

50 70 0.5–0.75

A588=A588M 42 63 5–8 Similar to A242. Atmospheric corrosion

resistance is about four times that of

A36 steel

46 67 4–5

50 70 To 4

A709=A709M Primarily for use in bridges

Grade 36 36 58–80 To 4

Grade 50 50 65 To 4

Grade 50W 50 70 To 4

Grade 70W 70 90–110 To 4

Grade 100 and 100W 90 100–130 2.5–4

Grade 100 and 100W 100 110–130 To 2.5

A852=A852M 70 90–110 To 4 Plates for welded and bolted construction

where atmospheric corrosion resistance is

desired

A514=A514M 90–100 100–130

110–130

2.5–6 Primarily for welded bridges. Avoid usage if

ductility is important

A913=A913M 50–65 65 To 4 Used for seismic applications

(Max. Fy=Fu¼ 0.85)

A992=A992M 50–65 65

(Max. Fy=Fu¼ 0.85)

To 4 Hot-rolled wide flange shapes for use in

building frames

a 1 ksi¼ 6.895 MPa.
b 1 in.¼ 25.4 mm.
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4.1.4 Fireproofing of Steel

Although steel is an incombustible material, its strength (Fy, Fu) and stiffness (E) reduce quite

noticeably at temperatures normally reached in fires when other materials in a building burn.

Exposed steel members that may be subjected to high temperature in a fire should be fireproofed to

conform to the fire ratings set forth in city codes. Fire ratings are expressed in units of time (usually

hours) beyond which the structural members under a standard ASTM Specification (E119) fire test

will fail under a specific set of criteria. Various approaches are available for fireproofing steel

members. Steel members can be fireproofed by encasement in concrete if a minimum cover of 2 in.

(5.1 mm) of concrete is provided. If the use of concrete is undesirable (because it adds weight to the

structure), a lath and plaster (gypsum) ceiling placed underneath the structural members supporting

the floor deck of an upper story can be used. In lieu of such a ceiling, spray-on materials, such as

mineral fibers, perlite, vermiculite, gypsum, etc., can also be used for fireproofing. Other means of

fireproofing include placing steel members away from the source of heat, circulating liquid coolant

inside box or tubular members, and the use of insulative paints. These special paints foam and

expand when heated, thus forming a shield for the members (Rains 1976). For a more detailed

discussion of structural steel design for fire protection, refer to the latest edition of AISI publication

No. FS3, Fire-Safe Structural Steel — A Design Guide. Additional information on fire-resistant

standards and fire protection can be found in the AISI booklets on Fire Resistant Steel Frame

Construction, Designing Fire Protection for Steel Columns, and Designing Fire Protection for Steel Trusses

as well as in the Uniform Building Code.

4.1.5 Corrosion Protection of Steel

Atmospheric corrosion occurs when steel is exposed to a continuous supply of water and oxygen.

The rate of corrosion can be reduced if a barrier is used to keep water and oxygen from contact

with the surface of bare steel. Painting is a practical and cost-effective way to protect steel from

corrosion. The Steel Structures Painting Council issues specifications for the surface preparation and

the painting of steel structures for corrosion protection of steel. In lieu of painting, the use of other

coating materials such as epoxies or other mineral and polymeric compounds can be considered.

The use of corrosion resistance steels such as ASTM A242, A588 steel, or galvanized or stainless

steel is another alternative. Corrosion resistant steels such as A588 retard corrosion by the

formation of a layer of deep reddish-brown to black patina (an oxidized metallic film) on the steel

surface after a few wetting–drying cycles, which usually take place within 1 to 3 years. Galvanized

steel has a zinc coating. In addition to acting as a protective cover, zinc is anodic to steel. The steel,

being cathodic, is therefore protected from corrosion. Stainless steel is more resistant to rusting

and staining than ordinary steel primarily because of the presence of chromium as an alloying

element.

4.1.6 Structural Steel Shapes

Steel sections used for construction are available in a variety of shapes and sizes. In general, there

are three procedures by which steel shapes can be formed: hot rolled, cold formed, and welded. All

steel shapes must be manufactured to meet ASTM standards. Commonly used steel shapes include

the wide flange (W) sections, the American Standard beam (S) sections, bearing pile (HP) sections,

American Standard channel (C) sections, angle (L) sections, tee (WT) sections, as well as bars,

plates, pipes, and hollow structural sections (HSS). Sections that, by dimensions, cannot be classified

as W or S shapes are designated as miscellaneous (M) sections and C sections that, by dimensions,

cannot be classified as American Standard channels are designated as miscellaneous channel (MC)

sections.

Hot-rolled shapes are classified in accordance with their tensile property into five size groups by the

American Society of Steel Construction (AISC). The groupings are given in the AISC Manuals (1989,
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2001). Groups 4 and 5 shapes and group 3 shapes with flange thickness exceeding 11
2

in. are generally

used for application as compression members. When weldings are used, care must be exercised to

minimize the possibility of cracking in regions at the vicinity of the welds by carefully reviewing the

material specification and fabrication procedures of the pieces to be joined.

4.1.7 Structural Fasteners

Steel sections can be fastened together by rivets, bolts, and welds. While rivets were used quite extensively

in the past, their use in modern steel construction has become almost obsolete. Bolts have essentially

replaced rivets as the primary means to connect nonwelded structural components.

4.1.7.1 Bolts

Four basic types of bolts are commonly in use. They are designated by ASTM as A307, A325, A490, and

A449 (ASTM 2001a–d). A307 bolts are called common, unfinished, machine, or rough. They are made

from low-carbon steel. Two grades (A and B) are available. They are available in diameters from 1
4

to 4 in.

(6.4 to 102 mm) in 1
8

in. (3.2 mm) increments. They are used primarily for low-stress connections and

for secondary members. A325 and A490 bolts are called high-strength bolts. A325 bolts are made from

a heat-treated medium-carbon steels. They are available in two types: Type 1 — bolts made of medium-

carbon steel. Type 3 — bolts having atmospheric corrosion resistance and weathering characteristics

comparable to A242 and A588 steels. A490 bolts are made from quenched and tempered alloy steel and

thus have higher strength than A325 bolts. Like A325 bolts, two types (Types 1 and 3) are available. Both

A325 and A490 bolts are available in diameters from 1
2

to 11
2

in. (13 to 38 mm) in 1
8

in. (3.2 mm)

increments. They are used for general construction purposes. A449 bolts are made from quenched

and tempered steels. They are available in diameters from 1
4

to 3 in. (6.4 to 76 mm). Because A449 bolts

are not produced to the same quality requirements nor have the same heavy-hex head and nut

dimensions as A325 or A490 bolts, they are not to be used for slip critical connections. A449 bolts are

used primarily when diameters over 11
2

in. (38 mm) are needed. They are also used for anchor bolts and

threaded rod.

High-strength bolts can be tightened to two conditions of tightness: snug tight and fully tight. The

snug-tight condition can be attained by a few impacts of an impact wrench or the full effort of a

worker using an ordinary spud wrench. The snug-tight condition must be clearly identified in the

design drawing and is permitted in bearing-type connections where slip is permitted, or in tension or

combined shear and tension applications where loosening or fatigue due to vibration or load fluc-

tuations are not design considerations. Bolts used in slip-critical conditions (i.e., conditions for which

the integrity of the connected parts is dependent on the frictional force developed between the

interfaces of the joint) and in conditions where the bolts are subjected to direct tension are required

to be tightened to develop a pretension force equal to about 70% of the minimum tensile stress Fu of

the material from which the bolts are made. This can be accomplished by using the turn-of-the-nut

method, the calibrated wrench method, or by the use of alternate design fasteners or direct tension

indicator (RCSC 2000).

4.1.7.2 Welds

Welding is a very effective means to connect two or more pieces of materials together. The four most

commonly used welding processes are shielded metal arc welding (SMAW), submerged arc welding

(SAW), gas metal arc welding (GMAW), and flux core arc welding (FCAW) (AWS 2000). Welding can

be done with or without filler materials although most weldings used for construction utilize

filler materials. The filler materials used in modern-day welding processes are electrodes. Table 4.2

summarizes the electrode designations used for the aforementioned four most commonly used welding

processes. In general, the strength of the electrode used should equal or exceed the strength of the steel

being welded (AWS 2000).
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Finished welds should be inspected to ensure their quality. Inspection should be performed by

qualified welding inspectors. A number of inspection methods are available for weld inspections,

including visual inspection, the use of liquid penetrants, magnetic particles, ultrasonic equipment, and

radiographic methods. Discussion of these and other welding inspection techniques can be found in the

Welding Handbook (AWS 1987).

4.1.8 Weldability of Steel

Weldability is the capacity of a material to be welded under a specific set of fabrication and design

conditions and to perform as expected during its service life. Generally, weldability is considered

very good for low-carbon steel (carbon level< 0.15% by weight), good for mild steel (carbon levels

0.15 to 0.30%), fair for medium-carbon steel (carbon levels 0.30 to 0.50%), and questionable for

high-carbon steel (carbon levels 0.50 to 1.00%). Because weldability normally decreases with

increasing carbon content, special precautions such as preheating, controlling heat input, and post-

weld heat treating are normally required for steel with carbon content reaching 0.30%. In addition to

carbon content, the presence of other alloying elements will have an effect on weldability. Instead of

more accurate data, the table below can be used as a guide to determine the weldability of steel

(Blodgett, undated).

Element Range for satisfactory weldability Level requiring special care (%)

Carbon 0.06–0.25% 0.35

Manganese 0.35–0.80% 1.40

Silicon 0.10% max. 0.30

Sulfur 0.035% max. 0.050

Phosphorus 0.030% max. 0.040

TABLE 4.2 Electrode Designations

Welding processes

Electrode

designations Remarks

Shielded metal arc welding (SMAW) E60XX

E70XX

E80XX

E100XX

E110XX

The ‘‘E’’ denotes electrode. The first two digits indicate

tensile strength in ksi.a The two ‘‘X’’s represent numbers

indicating the electrode usage

Submerged arc welding (SAW) F6X-EXXX

F7X-EXXX

F8X-EXXX

F10X-EXXX

F11X-EXXX

The ‘‘F’’ designates a granular flux material. The

digit(s) following the ‘‘F’’ indicate the tensile strength

in ksi (6 means 60 ksi, 10 means 100 ksi, etc.). The

digit before the hyphen gives the Charpy V-notched

impact strength. The ‘‘E’’ and the ‘‘X’’s that follow

represent numbers relating to the electrode usage

Gas metal arc welding (GMAW) ER70S-X

ER80S

ER100S

ER110S

The digits following the letters ‘‘ER’’ represent the tensile

strength of the electrode in ksi

Flux cored arc welding (FCAW) E6XT-X

E7XT-X

E8XT

E10XT

E11XT

The digit(s) following the letter ‘‘E’’ represent the tensile

strength of the electrode in ksi (6 means 60 ksi, 10 means

100 ksi, etc.)

a 1 ksi¼ 6.895 MPa.
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A quantitative approach for determining weldability of steel is to calculate its carbon equivalent value.

One definition of the carbon equivalent value Ceq is

Ceq ¼ Carbonþ (manganese + silicon)

6
þ (copper + nickel)

15

þ (chromium + molybdenum + vanadium + columbium)

5
ð4:1Þ

A steel is considered weldable if Ceq � 0.50% for steel in which the carbon content does not exceed

0.12% and if Ceq � 0.45% for steel in which the carbon content exceeds 0.12%.

Equation 4.1 indicates that the presence of alloying elements decreases the weldability of steel. An

example of high-alloy steels is stainless steel. There are three types of stainless steel: austenitic, mar-

tensitic, or ferritic. Austenitic stainless steel is the most weldable, but care must be exercised to prevent

thermal distortion because heat dissipation is only about one third as fast as in plain carbon steel.

Martensitic steel is also weldable but prone to cracking because of its high hardenability. Preheating and

maintaining interpass temperature are often needed, especially when the carbon content is above 0.10%.

Ferritic steel is weldable but decreased ductility and toughness in the weld area can present a problem.

Preheating and postweld annealing may be required to minimize these undesirable effects.

4.2 Design Philosophy and Design Formats

4.2.1 Design Philosophy

Structural design should be performed to satisfy the criteria for strength, serviceability, and economy.

Strength pertains to the general integrity and safety of the structure under extreme load conditions. The

structure is expected to withstand occasional overloads without severe distress and damage during its

lifetime. Serviceability refers to the proper functioning of the structure as related to its appearance,

maintainability, and durability under normal, or service load, conditions. Deflection, vibration, per-

manent deformation, cracking, and corrosion are some design considerations associated with service-

ability. Economy concerns with the overall material, construction, and labor costs required for the design,

fabrication, erection, and maintenance processes of the structure.

4.2.2 Design Formats

At present, steel design in the United States is being performed in accordance with one of the following

three formats.

4.2.2.1 Allowable Stress Design (ASD)

ASD has been in use for decades for steel design of buildings and bridges. It continues to enjoy

popularity among structural engineers engaged in steel building design. In allowable stress (or working

stress) design, member stresses computed under service (or working) loads are compared to some

predesignated stresses called allowable stresses. The allowable stresses are often expressed as a function of

the yield stress (Fy) or tensile stress (Fu) of the material divided by a factor of safety. The factor of safety is

introduced to account for the effects of overload, understrength, and approximations used in structural

analysis. The general format for an allowable stress design has the form

Rn

FS
�
Xm

i¼1

Qni ð4:2Þ

where Rn is the nominal resistance of the structural component expressed in unit of stress (i.e., the

allowable stress), Qni is the service or working stresses computed from the applied working load of type i,

FS is the factor of safety; i is the load type (dead, live, wind, etc.), and m is the number of load types

considered in the design.
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4.2.2.2 Plastic Design (PD)

PD makes use of the fact that steel sections have reserved strength beyond the first yield condition. When

a section is under flexure, yielding of the cross-section occurs in a progressive manner, commencing with

the fibers farthest away from the neutral axis and ending with the fibers nearest the neutral axis. This

phenomenon of progressive yielding, referred to as plastification, means that the cross-section does not

fail at first yield. The additional moment that a cross-section can carry in excess of the moment that

corresponds to first yield varies depending on the shape of the cross-section. To quantify such reserved

capacity, a quantity called shape factor, defined as the ratio of the plastic moment (moment that causes

the entire cross-section to yield, resulting in the formation of a plastic hinge) to the yield moment

(moment that causes yielding of the extreme fibers only) is used. The shape factor for hot-rolled

I-shaped sections bent about the strong axes has a value of about 1.15. The value is about 1.50 when these

sections are bent about their weak axes.

For an indeterminate structure, failure of the structure will not occur after the formation of a plastic

hinge. After complete yielding of a cross-section, force (or, more precisely, moment) redistribution will

occur in which the unyielded portion of the structure continues to carry some additional loadings.

Failure will occur only when enough cross-sections have yielded rendering the structure unstable,

resulting in the formation of a plastic collapse mechanism.

In PD, the factor of safety is applied to the applied loads to obtain factored loads. A design is said to have

satisfied the strength criterion if the load effects (i.e., forces, shears, and moments) computed using these

factored loads do not exceed the nominal plastic strength of the structural component. PD has the form

Rn � g
Xm

i¼1

Qni ð4:3Þ

where Rn is the nominal plastic strength of the member, Qni is the nominal load effect from loads of

type i, g is the load factor, i is the load type, and m is the number of load types.

In steel building design, the load factor is given by the AISC Specification as 1.7 if Qn consists of dead

and live gravity loads only, and as 1.3 if Qn consists of dead and live gravity loads acting in conjunction

with wind or earthquake loads.

4.2.2.3 Load and Resistance Factor Design (LRFD)

LRFD is a probability-based limit state design procedure. A limit state is defined as a condition in

which a structure or structural component becomes unsafe (i.e., a violation of the strength limit state)

or unsuitable for its intended function (i.e., a violation of the serviceability limit state). In a limit state

design, the structure or structural component is designed in accordance to its limits of usefulness,

which may be strength related or serviceability related. In developing the LRFD method, both load

effects and resistance are treated as random variables. Their variabilities and uncertainties are repre-

sented by frequency distribution curves. A design is considered satisfactory according to the strength

criterion if the resistance exceeds the load effects by a comfortable margin. The concept of safety is

represented schematically in Figure 4.2. Theoretically, the structure will not fail unless the load effect Q

exceeds the resistance R as shown by the shaded portion in the figure. The smaller this shaded area, the

less likely that the structure will fail. In actual design, a resistance factor f is applied to the nominal

resistance of the structural component to account for any uncertainties associated with the determi-

nation of its strength and a load factor g is applied to each load type to account for the uncertainties

and difficulties associated with determining its actual load magnitude. Different load factors are used

for different load types to reflect the varying degree of uncertainties associated with the determination

of load magnitudes. In general, a lower load factor is used for a load that is more predicable and

a higher load factor is used for a load that is less predicable. Mathematically, the LRFD format takes

the form

fRn �
Xm

i¼1

giQni ð4:4Þ
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where fRn represents the design (or usable) strength and
P

giQni represents the required strength or

load effect for a given load combination. Table 4.3 shows examples of load combinations (ASCE 2002) to

be used on the right-hand side of Equation 4.4. For a safe design, all load combinations should be

investigated and the design is based on the worst-case scenario.

4.3 Tension Members

Tension members are designed to resist tensile forces. Examples of tension members are hangers, truss

members, and bracing members that are in tension. Cross-sections that are used most often for tension

members are solid and hollow circular rods, bundled bars and cables, rectangular plates, single and

double angles, channels, WT- and W-sections, and a variety of built-up shapes.

4.3.1 Tension Member Design

Tension members are to be designed to preclude the following possible failure modes under normal load

conditions: yielding in gross section, fracture in effective net section, block shear, shear rupture along

Frequency

Load effect
Q Resistance

R

RmQm Load effect,
resistance

R < Q (unsafe)

FIGURE 4.2 Frequency distribution of load effect and resistance.

TABLE 4.3 Load Factors and Load Combinations

1.4(Dþ F )

1.2(Dþ FþT )þ 1.6(LþH )þ 0.5(Lr or S or R )

1.2Dþ 1.6(Lr or S or R)þ (L or 0.8W )

1.2Dþ 1.6Wþ Lþ 0.5(Lr or S or R)

1.2Dþ 1.0Eþ Lþ 0.2S

0.9Dþ 1.6Wþ 1.6H

0.9Dþ 1.0E þ 1.6H

Notes: D is the dead load, E is the earthquake load, F is the load due to fluids with

well-defined pressures and maximum heights, H is the load due to the weight and lateral

pressure of soil and water in soil, L is the live load, Lr is the roof live load, R is the rain

load, S is the snow load, T is the self-straining force, and W is the wind load.

The load factor on L in the third, fourth, and fifth load combinations shown above

can be set to 0.5 for all occupancies (except for garages or areas occupied as places of

public assembly) in which the design live load per square foot of area is less than or

equal to 100 psf (4.79 kN=m2). The load factor on H in the sixth and seventh load

combinations shall be set to zero if the structural action due to H counteracts that due

to W or E.
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plane through the fasteners, bearing on fastener holes, prying (for lap- or hanger-type joints). In addition,

the fasteners’ strength must be adequate to prevent failure in the fasteners. Also, except for rods in

tension, the slenderness of the tension member obtained by dividing the length of the member by its least

radius of gyration should preferably not exceed 300.

4.3.1.1 Allowable Stress Design

The computed tensile stress ft in a tension member shall not exceed the allowable stress for tension, Ft,

given by 0.60Fy for yielding on the gross area and by 0.50Fu for fracture on the effective net area. While

the gross area is just the nominal cross-sectional area of the member, the effective net area is the smallest

cross-sectional area accounting for the presence of fastener holes and the effect of shear lag. It is

calculated using the equation

Ae ¼ UAn ¼ U Ag 	
Xm

i¼1

dni ti þ
Xk

j¼1

s2

4g

� �
j

tj

" #
ð4:5Þ

where U is a reduction coefficient given by (Munse and Chesson 1963)

U ¼ 1	 �xx

l
� 0:90 ð4:6Þ

in which l is the length of the connection and �xx is the larger of the distance measured from the centroid

of the cross-section to the contact plane of the connected pieces or to the fastener lines. In the event that

the cross-section has two symmetrically located planes of connection, �xx is measured from the centroid of

the nearest one-half the area (Figure 4.3). This reduction coefficient is introduced to account for the shear

lag effect that arises when some component elements of the cross-section in a joint are not connected,

rendering the connection less effective in transmitting the applied load. The terms in brackets in

Equation 4.5 constitute the so-called net section An. The various terms are defined as follows: Ag is the gross

cross-sectional area, dn is the nominal diameter of the hole (bolt cutout) taken as the nominal bolt diameter

plus 1
8

in. (3.2 mm), t is the thickness of the component element, s is the longitudinal center-to-center

spacing (pitch) of any two consecutive fasteners in a chain of staggered holes, and g is the transverse

center-to-center spacing (gage) between two adjacent fasteners gage lines in a chain of staggered holes.

The second term inside the brackets of Equation 4.5 accounts for loss of material due to bolt cutouts;

the summation is carried for all bolt cutouts lying on the failure line. The last term inside the brackets of

Equation 4.5 indirectly accounts for the effect of the existence of a combined stress state (tensile and

shear) along an inclined failure path associated with staggered holes; the summation is carried for all

staggered paths along the failure line. This term vanishes if the holes are not staggered. Normally, it is

necessary to investigate different failure paths that may occur in a connection; the critical failure path is

the one giving the smallest value for Ae.

To prevent block shear failure and shear rupture, the allowable strengths for block shear and shear

rupture are specified as follows:

Block shear:

RBS ¼ 0:30AvFu þ 0:50AtFu ð4:7Þ

Shear rupture:

Fv ¼ 0:30Fu ð4:8Þ

where Av is the net area in shear, At is the net area in tension, and Fu is the specified minimum tensile

strength.

The tension member should also be designed to possess adequate thickness and the fasteners should be

placed within a specific range of spacings and edge distances to prevent failure due to bearing and failure

by prying action (see Section 4.11).
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4.3.1.2 Load and Resistance Factor Design

According to the LRFD Specification (AISC 1999), tension members designed to resist a factored axial

force of Pu calculated using the load combinations shown in Table 4.3 must satisfy the condition of

ftPn � Pu ð4:9Þ

The design strength ftPn is evaluated as follows:

Yielding in gross section:

ftPn ¼ 0:90½FyAg� ð4:10Þ

where 0.90 is the resistance factor for tension, Fy is the specified minimum yield stress of the material,

and Ag is the gross cross-sectional area of the member.

Fracture in effective net section:

ftPn ¼ 0:75½FuAe� ð4:11Þ

x–

x– x– x– x– x–

x–

x–

x–

x–

x–

x–

x– x–

x– x–

x–

x–

x–

x–

x– x–

Fastener axis Centroid Contact plane

FIGURE 4.3 Definition of �xx for selected cross-sections.
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where 0.75 is the resistance factor for fracture in tension, Fu is the specified minimum tensile strength,

and Ae is the effective net area given in Equation 4.5.

Block shear: If FuAnt� 0.6FuAnv (i.e., shear yield–tension fracture)

ftPn ¼ 0:75½0:60FyAgv þ FuAnt� � 0:75½0:6FuAnv þ FuAnt� ð4:12aÞ

and if FuAnt< 0.6FuAnv (i.e., shear fracture–tension yield)

ftPn ¼ 0:75½0:60FuAnv þ FyAgt� � 0:75½0:60FuAnv þ FuAnt� ð4:12bÞ

where 0.75 is the resistance factor for block shear, Fy, Fu are the specified minimum yield stress and

tensile strength, respectively, Agv is the gross shear area, Ant is the net tension area, Anv is the net shear

area, and Agt is the gross tension area.

EXAMPLE 4.1

Using LRFD, select a double-channel tension member shown in Figure 4.4a to carry a dead load D of

40 kip and a live load L of 100 kip. The member is 15 ft long. Six 1-in. diameter A325 bolts in standard

size holes are used to connect the member to a 3
8
-in. gusset plate. Use A36 steel (Fy¼ 36 ksi, Fu¼ 58 ksi)

for all the connected parts.

Load combinations: From Table 4.3, the applicable load combinations are

1:4D ¼ 1:4ð40Þ ¼ 56 kip

1:2D þ 1:6L ¼ 1:2ð40Þ þ 1:6ð100Þ ¼ 208 kip

The design of the tension member is to be based on the larger of the two, that is, 208 kip and so each

channel is expected to carry 104 kip.

   -in. thick
gusset plate

1-in. diameter
A325 bolts

(a)

(b) (c)

Pu

3 in.

3 in.

3 in.3 in.

Most probable
fracture path

3 in.

3 in.

3 in.3 in.

in.

Pu

3 in.

3 in.

3 in.3 in.

Pu

3 
8

3 
8

FIGURE 4.4 Design of (a) double-channel tension member (1 in.¼ 25.4 mm); (b) fracture failure; and (c) block

shear failure.
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Yielding in gross section: Using Equations 4.9 and 4.10, the gross area required to prevent cross-section

yielding is

0:90½FyAg� � Pu

0:90½ð36ÞðAgÞ� � 104 kip

ðAgÞreq’d
� 3:21 in:2

From the section properties table contained in the AISC-LRFD Manual, one can select the following trial

sections: C8� 11.5 (Ag¼ 3.38 in.2), C9� 13.4 (Ag¼ 3.94 in.2), and C8� 13.75 (Ag¼ 4.04 in.2).

Check for the limit state of fracture on effective net area: The above sections are checked for the limiting

state of fracture in the following table:

Section Ag (in.2) tw (in.) �xx (in.) U a Ab
e (in.2) ftPn (kip)

C8� 11.5 3.38 0.220 0.571 0.90 2.6 113.1

C9� 13.4 3.94 0.233 0.601 0.90 3.07 133.5

C8� 13.75 4.04 0.303 0.553 0.90 3.02 131.4

a Equation 4.6.
b Equation 4.5, Figure 4.4b.

From the last column of the above table, it can be seen that fracture is not a problem for any of the

trial sections.

Check for the limit state of block shear: Figure 4.4c shows a possible block shear failure mode. To avoid

block shear failure the required strength of Pu¼ 104 kip should not exceed the design strength, ftPn,

calculated using Equations 4.12a or 4.12b, whichever is applicable.

For the C8� 11.5 section:

Agv ¼ 2ð9Þð0:220Þ ¼ 3:96 in.2

Anv ¼ Agv 	 5 1þ 1

8

� �
ð0:220Þ ¼ 2:72 in.2

Agt ¼ ð3Þð0:220Þ ¼ 0:66 in.2

Ant ¼ Agt 	 1 1þ 1

8

� �
ð0:220Þ ¼ 0:41 in.2

Substituting the above into Equation 4.12b, since (FuAnt¼ 23.8 kip) is smaller than (0.6FuAnv¼
94.7 kip), we obtain ftPn¼ 88.8 kip, which is less than Pu¼ 104 kip. The C8� 11.5 section is therefore

not adequate. A significant increase in block shear strength is not expected from the C9� 13.4 section

because its web thickness tw is just slightly over that of the C8� 11.5 section. As a result, we shall check

the adequacy of the C8� 13.75 section instead.

For the C8� 13.75 section:

Agv ¼ 2ð9Þð0:303Þ ¼ 5:45 in.2

Anv ¼ Agv 	 5 1þ 1

8

� �
ð0:303Þ ¼ 3:75 in.2

Agt ¼ ð3Þð0:303Þ ¼ 0:91 in.2

Ant ¼ Agt 	 1 1þ 1

8

� �
ð0:303Þ ¼ 0:57 in.2

Substituting the above into Equation 4.12b, since (FuAnt¼ 33.1 kip) is smaller than (0.6FuAnv¼
130.5 kip), we obtain ftPn¼ 122 kip, which exceeds the required strength Pu of 104 kip. Therefore, block

shear will not be a problem for the C8� 13.75 section.
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Check for the limiting slenderness ratio: Using parallel axis theorem, the least radius of gyration of

the double-channel cross-section is calculated to be 0.96 in. Therefore, L=r¼ (15 ft)(12 in.=ft)=

0.96 in.¼ 187.5, which is less than the recommended maximum value of 300.

Check for the adequacy of the connection: The calculations are shown in an example in Section 4.11.

Longitudinal spacing of connectors: According to Section J3.5 of the LRFD Specification, the

maximum spacing of connectors in built-up tension members shall not exceed:

� Twenty-four times the thickness of the thinner plate or 12 in. (305 mm) for painted members or

unpainted members not subject to corrosion.
� Fourteen times the thickness of the thinner plate or 7 in. (180 mm) for unpainted members of

weathering steel subject to atmospheric corrosion.

Assuming the first condition applies, a spacing of 6 in. is to be used. Use 2C8� 13.75 connected

intermittently at 6-in. interval.

4.3.2 Pin-Connected Members

Pin-connected members shall be designed to preclude the following failure modes:

� Tension yielding in the gross section
� Tension fracture on the effective net area
� Longitudinal shear on the effective area
� Bearing on the projected pin area (Figure 4.5)

4.3.2.1 Allowable Stress Design

The allowable stresses for tension yield, tension fracture, and shear rupture are 0.60Fy, 0.45Fy, and

0.30Fu, respectively. The allowable stresses for bearing are given in Section 4.11.

4.3.2.2 Load and Resistance Factor Design

The design tensile strength ftPn for a pin-connected member are given as follows:

Tension on gross area: see Equation 4.10.

Tension on effective net area:

ftPn ¼ 0:75½2tbeff Fu� ð4:13Þ

Shear on effective area:

fsf Pn ¼ 0:75½0:6Asf Fu� ð4:14Þ

Bearing on projected pin area: see Section 4.11.

The terms in Figure 4.5 and the above equations are defined as follows: a is the shortest

distance from the edge of the pin hole to the edge of the member measured in the direction of

the force, Apb is the projected bearing area¼ dt, Asf¼ 2t (aþ d=2), beff¼ 2tþ 0.63, in. (or, 2t þ 16, mm)

but not more than the actual distance from the edge of the hole to the edge of the part measured in

the direction normal to the applied force, d is the pin diameter, and t is the plate thickness.
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4.3.3 Threaded Rods

4.3.3.1 Allowable Stress Design

Threaded rods under tension are treated as bolts subject to tension in allowable stress design. These

allowable stresses are given in Section 4.11.

4.3.3.2 Load and Resistance Factor Design

Threaded rods designed as tension members shall have an gross area Ab given by

Ab �
Pu

f 0:75Fu

ð4:15Þ

where Ab is the gross area of the rod computed using a diameter measured to the outer extremity of the

thread, Pu is the factored tensile load, f is the resistance factor given as 0.75, and Fu is the specified

minimum tensile strength.

4.4 Compression Members

Members under compression can fail by yielding, inelastic buckling, or elastic buckling depending on

the slenderness ratio of the members. Members with low slenderness ratios tend to fail by yielding

while members with high slenderness ratio tend to fail by elastic buckling. Most compression

members used in construction have intermediate slenderness ratios and so the predominant mode of

failure is inelastic buckling. Overall member buckling can occur in one of three different modes:

flexural, torsional, and flexural–torsional. Flexural buckling occurs in members with doubly sym-

metric or doubly antisymmetric cross-sections (e.g., I or Z sections) and in members with singly

symmetric sections (e.g., channel, tee, equal-legged angle, double-angle sections) when such sections

are buckled about an axis that is perpendicular to the axis of symmetry. Torsional buckling occurs in

d

b

a

Tension fracture

Longitudinal shear

a + d/2

Bearing

A

A

t
Projected bearing
area, Apb = dt

d

Section A–A

FIGURE 4.5 Failure modes of pin-connected members.
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members with doubly symmetric sections such as cruciform or built-up shapes with very thin walls.

Flexural–torsional buckling occurs in members with singly symmetric cross-sections (e.g., channel,

tee, equal-legged angle, double-angle sections) when such sections are buckled about the axis of

symmetry and in members with unsymmetric cross-sections (e.g., unequal-legged L). Normally,

torsional buckling of symmetric shapes is not particularly important in the design of hot-rolled

compression members. It either does not govern or its buckling strength does not differ significantly

from the corresponding weak axis flexural buckling strengths. However, torsional buckling may

become important for open sections with relatively thin component plates. It should be noted that

for a given cross-sectional area, a closed section is much stiffer torsionally than an open section.

Therefore, if torsional deformation is of concern, a closed section should be used. Regardless of the

mode of buckling, the governing effective slenderness ratio (Kl=r) of the compression member

preferably should not exceed 200.

In addition to the slenderness ratio and cross-sectional shape, the behavior of compression members is

affected by the relative thickness of the component elements that constitute the cross-section. The

relative thickness of a component element is quantified by the width–thickness ratio (b=t) of the element.

The width–thickness ratios of some selected steel shapes are shown in Figure 4.6. If the width–thickness

ratio falls within a limiting value [denoted by the LRFD specification (AISC 1999) as lr] as shown in

Table 4.4, the section will not experience local buckling prior to overall buckling of the member.

However, if the width–thickness ratio exceeds this limiting width–thickness value, consideration of local

buckling in the design of the compression member is required.

h

bf

tf

tw

bf

h h

bf

tw

tf tf

tw

Flange: bf /2tf
Web:    h/tw

Flange: bf /2tf
Web:    h/tw

Flange: bf /2tf
Stem:    d/tw

Flange: (bf – 3t)/t
Web:    (d – 3t)/t

Flange: bf /tf
Web:    h/tw

Flange: bf /tf
Web:    h/tw

b

Both legs: b/t

b

t

tf

d

bf

d h

t

bf bf

tf

tw

tw

FIGURE 4.6 Definition of width–thickness ratio of selected cross-sections.
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To facilitate the design of compression members, column tables for W, tee, double angle,

square=rectangular tubular, and circular pipe sections are available in the AISC Manuals for both

allowable stress design (AISC 1989) and load and resistance factor design (AISC 2001).

4.4.1 Compression Member Design

4.4.1.1 Allowable Stress Design

The computed compressive stress fa in a compression member shall not exceed its allowable value

given by

Fa ¼

1	 ðKl=rÞ2=2C2
c

� �	 

Fy

ð5=3Þ þ ð3ðKl=rÞ=8CcÞ 	 ððKl=rÞ3=8C3
c Þ

, if Kl=r � Cc

12p2E

23ðKl=rÞ2
, if Kl=r >Cc

8>>><
>>>:

ð4:16Þ

where Kl=r is the slenderness ratio, K is the effective length factor of the compression member in

the plane of buckling, l is the unbraced member length in the plane of buckling, r is the radius of

gyration of the cross-section about the axis of buckling, E is the modulus of elasticity, and

Gc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2p2E=FyÞ

p
is the slenderness ratio that demarcates between inelastic member buckling from

elastic member buckling. Kl=r should be evaluated for both buckling axes, and the larger value used in

Equation 4.16 to compute Fa.

The first part of Equation 4.16 is the allowable stress for inelastic buckling and the second part is the

allowable stress for elastic buckling. In ASD, no distinction is made between flexural, torsional, and

flexural–torsional buckling.

TABLE 4.4 Limiting Width–Thickness Ratios for Compression Elements Under Pure Compression

Component element Width–thickness ratio Limiting value, lr

Flanges of I-shaped sections; plates projecting

from compression elements; outstanding legs

of pairs of angles in continuous contact;

flanges of channels

b=t 0:56
ffiffiffiffiffiffiffiffiffiffi
E=Fy

p

Flanges of square and rectangular box and HSS

of uniform thickness; flange cover plates and

diaphragm plates between lines of fasteners or

welds

b=t 1:40
ffiffiffiffiffiffiffiffiffiffi
E=Fy

p

Unsupported width of cover plates perforated

with a succession of access holes

b=t 1:86
ffiffiffiffiffiffiffiffiffiffi
E=Fy

p
Legs of single-angle struts; legs of double-angle

struts with separators; unstiffened elements

(i.e., elements supported along one edge)

b=t 0:45
ffiffiffiffiffiffiffiffiffiffi
E=Fy

p

Flanges projecting from built-up members b=t 0:64
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E=ðFy=kcÞ

p
Stems of tees d=t 0:75

ffiffiffiffiffiffiffiffiffiffi
E=Fy

p
All other uniformly compressed stiffened

elements (i.e., elements supported along

two edges)

b=t

h=tw

1:49
ffiffiffiffiffiffiffiffiffiffi
E=Fy

p

Circular hollow sections D=t 0.11E=Fy

D is the outside diameter

and t is the wall thickness

Note: E is the modulus of elasticity, Fy is the specified minimum yield stress, kc¼ 4=
p

(h=tw), and 0.35� kc� 0.763 for

I-shaped sections, kc is equal to 0.763 for other sections, where h is the web depth and tw is the web thickness.
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4.4.1.2 Load and Resistance Design

Compression members are to be designed so that the design compressive strength fcPn will exceed the

required compressive strength Pu. fcPn is to be calculated as follows for the different types of overall

buckling modes.

Flexural buckling (with width–thickness ratio�lr):

fcPn ¼

0:85½Agð0:658l
2
c ÞFy�, if lc � 1:5

0:85 Ag

�
0:877

l2
c

�
Fy

" #
, if lc > 1:5

8>><
>>: ð4:17Þ

where lc¼ (KL=r p)
p

(Fy=E) is the slenderness parameter, Ag is the gross cross-sectional area, Fy is the

specified minimum yield stress, E is the modulus of elasticity, K is the effective length factor, l is the

unbraced member length in the plane of buckling, and r is the radius of gyration of the cross-section

about the axis of buckling.

The first part of Equation 4.17 is the design strength for inelastic buckling and the second part is the

design strength for elastic buckling. The slenderness parameter lc¼ 1.5 is the slenderness parameter that

demarcates between inelastic behavior from elastic behavior.

Torsional buckling (with width–thickness ratio� lr): fcPn is to be calculated from Equation 4.17, but

with lc replaced by le and given by

le ¼
ffiffiffiffiffi
Fy

Fe

r
ð4:18Þ

where

Fe ¼
p2ECw

ðKzLÞ2
þ GJ

" #
1

Ix þ Iy

ð4:19Þ

in which Cw is the warping constant, G is the shear modulus¼ 11,200 ksi (77,200 MPa), Ix, Iy are the

moments of inertia about the major and minor principal axes, respectively, J is the torsional constant,

and Kz is the effective length factor for torsional buckling.

The warping constant Cw and the torsional constant J are tabulated for various steel shapes in the

AISC-LRFD Manual (AISC 2001). Equations for calculating approximate values for these constants for

some commonly used steel shapes are shown in Table 4.5.

Flexural–torsional buckling (with width–thickness ratio�lr): Same as for torsional buckling except Fe

is now given by

For singly symmetric sections:

Fe ¼
Fes þ Fez

2H
1	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1	 4FesFez H

ðFes þ FezÞ2

s" #
ð4:20Þ

where

Fes¼ Fex if the x-axis is the axis of symmetry of the cross-section, or

Fes¼ Fey if the y-axis is the axis of symmetry of the cross-section

Fex¼p2E=(Kl=r)x
2

Fey¼p2E=(Kl=r)x
2

H ¼ 1	 (x2
o þ y2

o)/r2
o

in which Kx , Ky are the effective length factors for buckling about the x and y axes, respectively, l is the

unbraced member length in the plane of buckling, rx, ry are the radii of gyration about the x and y axes,

respectively, xo, yo are shear center coordinates with respect to the centroid (Figure 4.7), and

r2
o ¼ x2

o þ y2
o þ r2

x þ r2
y .
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Numerical values for ro and H are given for hot-rolled W, channel, tee, single-angle, and double-angle

sections in the AISC-LRFD Manual (AISC 2001).

For unsymmetric sections: Fe is to be solved from the cubic equation

ðFe 	 FexÞðFe 	 FeyÞðFe 	 FezÞ 	 F2
e ðFe 	 FeyÞ

� xo

ro

�2

	 F2
e ðFe 	 FexÞ

� yo

ro

�2

¼ 0 ð4:21Þ

The definitions of the terms in the above equation are as in Equation 4.20.

Local Buckling (with width–thickness ratio�lr): local buckling in the component element of the

cross-section is accounted for in design by introducing a reduction factor Q in Equation 4.17 as follows:

fcPn ¼
0:85½AgQð0:658Ql2ÞFy�, if l

ffiffiffiffi
Q
p
� 1:5

0:85½Ag

� 0:877

l2

�
Fy�, if l

ffiffiffiffi
Q
p

> 1:5

8<
: ð4:22Þ

where l¼lc for flexural buckling and l¼le for flexural–torsional buckling.

The Q factor is given by

Q ¼ QsQa ð4:23Þ

where Qs is the reduction factor for unstiffened compression elements of the cross-section (see Table 4.6)

and Qa is the reduction factor for stiffened compression elements of the cross-section (see Table 4.7).

4.4.2 Built-Up Compression Members

Built-up members are members made by bolting and/or welding together two or more standard

structural shapes. For a built-up member to be fully effective (i.e., if all component structural

TABLE 4.5 Approximate Equations for Cw and J

Structural shape Warping constant, Cw Torsional constant, J

I h
02IcIt=(Icþ It)

P
Ciðbit

3
i =3Þ

C (b
0 	 3E0)h

02b
02tf=6þ E0

2Ix where

where bi¼width of component element i

E0¼ b
02tf =(2b

0
tfþ h

0
tw=3) ti¼ thickness of component element i

Ci¼ correction factor for component element i

(see values below)

T ðb3
f t3

f =4þ h003t3
wÞ=36 (� 0 for small t) bi=ti Ci

L (l3
1t3

1 þ l3
2t3

2)=36 (� 0 for small t) 1.00 0.423

1.20 0.500

1.50 0.588

1.75 0.642

2.00 0.687

2.50 0.747

3.00 0.789

4.00 0.843

5.00 0.873

6.00 0.894

8.00 0.921

10.00 0.936

1 1.000

Note: b 0 is the distance measured from toe of flange to centerline of web, h0 is the distance between centerline lines of

flanges, h00 is the distance from centerline of flange to tip of stem, l1, l2 are the length of the legs of the angle, t1, t2 are the

thickness of the legs of the angle, bf is the flange width, tf is the average thickness of flange, tw is the thickness of web, Ic is

the moment of inertia of compression flange taken about the axis of the web, It is the moment of inertia of tension flange

taken about the axis of the web, and Ix is the moment of inertia of the cross-section taken about the major principal axis.

4-20 Handbook of Structural Engineering

Copyright 2005 by CRC Press



y

xx

y

xo = yo = 0

y y y

yo

yo
xo

Shear center

Centroid

wz

y

x

y

x
yo

xo = 0
xo = 0xx

yo = 0

xo

y

xx

y

xo = yo = 0

w

wz

xo

yo = 0

FIGURE 4.7 Location of shear center for selected cross-sections.

TABLE 4.6 Formulas for Qs

Structural element Range of b=t or d/t Qs

Single-angles 0.45
p

(E=Fy)< b=t< 0.91
p

(E=Fy) 1.340	 0.76(b=t)
p

(Fy=E)

b=t� 0.91
p

(E=Fy) 0.53E=[Fy(b=t)2]

Flanges, angles, and plates projecting

from columns or other compression

members

0.56
p

(E=Fy)< b=t< 1.03
p

(E=Fy)

b=t� 1.03
p

(E=Fy)

1.415	 0.74(b=t)
p

(Fy=E)

0.69E=[Fy(b=t)2]

Flanges, angles, and plates projecting

from built-up columns or other

compression members

0.64
p

[E=(Fy=kc)]< b=t< 1.17
p

[E=(Fy=kc)]

b=t� 1.17
p

[E=(Fy=kc)]

1.415	 0.65(b=t)
p

(Fy=kcE)

0.90Ekc=[Fy(b=t)2]

Stems of tees 0.75
p

(E=Fy)< d=t< 1.03
p

(E=Fy)

d=t� 1.03
p

(E=Fy)

1.908	 1.22(b=t)
p

(Fy=E)

0.69E=[Fy(b=t)2]

Notes: kc is defined in the footnote of Table 4.4, E is the modulus of elasticity, Fy is the specified minimum yield stress,

b is the width of the component element, and t is the thickness of the component element.
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shapes are to act as one unit rather than as individual units), the following conditions must be

satisfied:

1. Slippage of component elements near the ends of the built-up member must be prevented.

2. Adequate fasteners must be provided along the length of the member.

3. The fasteners must be able to provide sufficient gripping force on all component elements.

Condition 1 is satisfied if all component elements in contact near the ends of the built-up member are

connected by a weld having a length not less than the maximum width of the member or by bolts spaced

longitudinally not more than four diameters apart for a distance equal to one and a half times the

maximum width of the member. Condition 2 is satisfied if continuous welds are used throughout the

length of the built-up compression member. Condition 3 is satisfied if either welds or fully tightened

bolts are used as the fasteners. While condition 1 is mandatory, conditions 2 and 3 can be violated in

design. If condition 2 or 3 is violated, the built-up member is not fully effective and slight slippage

among component elements may occur. To account for the decrease in capacity due to slippage, a

modified slenderness ratio is used to compute the design compressive strength when buckling of the

built-up member is about an axis coinciding or parallel to at least one plane of contact for the component

shapes. The modified slenderness ratio (KL=r)m is given as follows:

If condition 2 is violated

KL

r

� �
m

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KL

r

� �2

o

þ 0:82 a2

ð1þ a2Þ
a

rib

� �2
s

ð4:24Þ

If condition 3 is violated

KL

r

� �
m

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KL

r

� �2

o

þ a

ri

� �2
s

ð4:25Þ

In the above equations, (KL=r)o¼ (KL/r)x if the buckling axis is the x-axis and at least one plane of

contact between component elements is parallel to that axis; (KL=r)o¼ (KL=r)y if the buckling axis is the

TABLE 4.7 Formula for Qa

Qs ¼
effective area

actual area

The effective area is equal to the summation of the effective areas of the stiffened elements of the cross-section. The effective

area of a stiffened element is equal to the product of its thickness t and its effective width be given by

For flanges of square and rectangular sections of uniform thickness, when b=t� 1.40
p

(E=f )a

be ¼ 1:91t

ffiffiffi
E

f

s
1	 0:38

ðb=tÞ

ffiffiffi
E

f

s" #
� b

For other noncircular uniformly compressed elements, when b=t� 1.49
p

(E=f )a

be ¼ 1:91t

ffiffiffi
E

f

s
1	 0:34

ðb=tÞ

ffiffiffi
E

f

s" #
� b

For axially loaded circular sections with 0.11E=Fy<D=t< 0.45E=Fy

Qa ¼
0:038E

FyðD=tÞ þ
2

3

where b is the actual width of the stiffened element, t is the wall thickness, E is the modulus of elasticity, f is the computed

elastic compressive stress in the stiffened elements, and D is the outside diameter of circular sections.

a be¼ b otherwise.
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y-axis and at least one plane of contact is parallel to that axis. a is the longitudinal spacing of the

fasteners, ri is the minimum radius of gyration of any component element of the built-up cross-section,

rib is the radius of gyration of individual component relative to its centroidal axis parallel to the axis of

buckling of the member, and h is the distance between centroids of components elements measured

perpendicularly to the buckling axis of the built-up member.

No modification to (KL=r) is necessary if the buckling axis is perpendicular to the planes of contact of

the component shapes. Modifications to both (KL=r)x and (KL=r)y are required if the built-up member

is so constructed that planes of contact exist in both the x and y directions of the cross-section.

Once the modified slenderness ratio is computed, it is to be used in the appropriate equation to

calculate Fa in allowable stress design, or fcPn in load and resistance factor design.

An additional requirement for the design of built-up members is that the effective slenderness ratio,

Ka/ri, of each component element, where K is the effective length factor of the component element

between adjacent fasteners, does not exceed 3
4

of the governing slenderness ratio of the built-up member.

This provision is provided to prevent component element buckling between adjacent fasteners from

occurring prior to overall buckling of the built-up member.

EXAMPLE 4.2

Using LRFD, determine the size of a pair of cover plates to be bolted, using fully tightened bolts, to the

flanges of a W24� 229 section as shown in Figure 4.8 so that its design strength, fcPn, will be increased

by 20%. Also determine the spacing of the bolts along the longitudinal axis of the built-up column. The

effective lengths of the section about the major (KL)x and minor (KL)y axes are both equal to 20 ft. A992

steel is to be used.

Determine the design strength for the W24� 229 section: Since (KL)x¼ (KL)y and rx> ry , (KL=r)y will

exceed (KL=r)x and the design strength will be controlled by flexural buckling about the minor axis.

Using section properties, ry¼ 3.11 in. and A¼ 67.2 in.2, obtained from the AISC-LRFD Manual (AISC

2001), the slenderness parameter lc about the minor axis can be calculated as follows:

ðlcÞy ¼
1

p
KL

r

� �
y

ffiffiffiffiffi
Fy

E

r
¼ 1

3:142

20�12

3:11

� � ffiffiffiffiffiffiffiffiffiffiffiffiffi
50

29,000

r
¼ 1:02

Substituting lc¼ 1.02 into Equation 4.17, the design strength of the section is

fcPn ¼ 0:85b67:2ð0:6581:022Þ50c ¼ 1848 kip

Cover plates

Snug-tight bolts

W24 × 229

xx

y

y

FIGURE 4.8 Design of cover plates for a compression member.
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Determine the design strength for the built-up section: The built-up section is expected to possess a

design strength that is 20% in excess of the design strength of the W24� 229 section, so

ðfcPnÞreq’d
¼ ð1:20Þð1848Þ ¼ 2218 kip

Determine the size of the cover plates: After the cover plates are added, the resulting section is still

doubly symmetric. Therefore, the overall failure mode is still flexural buckling. For flexural buckling

about the minor axis (y–y), no modification to (KL=r) is required since the buckling axis is per-

pendicular to the plane of contact of the component shapes and so no relative movement between

the adjoining parts is expected. However, for flexural buckling about the major (x–x) axis, modification

to (KL=r) is required since the buckling axis is parallel to the plane of contact of the adjoining structural

shapes and slippage between the component pieces will occur. We shall design the cover plates

assuming flexural buckling about the minor axis will control and check for flexural buckling about the

major axis later.

A W24� 229 section has a flange width of 13.11 in.; so, as a trial, use cover plates with widths of 14 in.

as shown in Figure 4.8. Denoting t as the thickness of the plates, we have

ðryÞbuilt-up ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðIyÞW-shape þ ðIyÞplates

AW-shape þ Aplates

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
651þ 457:3t

67:2þ 28t

r

and

ðlcÞy,built-up ¼
1

p
KL

r

� �
y,built-up

ffiffiffiffiffi
Fy

E

r
¼ 3:17

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
67:2þ 28t

651þ 457:3t

r

Assuming (l)y,built-up is less than 1.5, one can substitute the above expression for lc in Equation 4.17.

When fcPn equals 2218, we can solve for t. The result is t� 3
8

in. Back-substituting t¼ 3
8

into

the above expression, we obtain (l)c,built-up¼ 0.975, which is indeed< 1.5. So, try 14 in.� 3
8

in. cover

plates.

Check for local buckling: For the I-section:

Flange:
bf

2tf

¼ 3:8

� �
< 0:56

ffiffiffiffiffi
E

Fy

s
¼ 0:56

ffiffiffiffiffiffiffiffiffiffiffiffiffi
29,000

50

r
¼ 13:5

" #

Web:
hc

tw

¼ 22:5

� �
< 1:49

ffiffiffiffiffi
E

Fy

s
¼ 1:49

ffiffiffiffiffiffiffiffiffiffiffiffiffi
29,000

50

r
¼ 35:9

" #

For the cover plates, if 3
4

in. diameter bolts are used and assuming an edge distance of 2 in., the width

of the plate between fasteners will be 13.11	 4¼ 9.11 in. Therefore, we have

b

t
¼ 9:11

3=8
¼ 24:3

� �
< 1:40

ffiffiffiffiffi
E

Fy

s
¼ 1:40

ffiffiffiffiffiffiffiffiffiffiffiffiffi
29,000

50

r
¼ 33:7

" #

Since the width–thickness ratios of all component shapes do not exceed the limiting width–thickness

ratio for local buckling, local buckling is not a concern.

Check for flexural buckling about the major (x–x) axis: Since the built-up section is doubly symmetric,

the governing buckling mode will be flexural buckling regardless of the axes. Flexural buckling will occur

about the major axis if the modified slenderness ratio (KL=r)m about the major axis exceeds (KL=r)y .

Therefore, as long as (KL=r)m is less than (KL=r)y, buckling will occur about the minor axis and flexural

buckling about the major axis will not be controlled. In order to arrive at an optimal design, we shall
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determine the longitudinal fastener spacing, a, such that the modified slenderness ratio (KL=r)m about

the major axis will be equal to (KL=r)y . That is, we shall solve for a from the equation

KL

r

� �
m

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KL

r

� �2

x

þ a

ri

� �2
s2

4
3
5 ¼ KL

r

� �
y

¼ 73:8

" #

In the above equation, (KL=r)x is the slenderness ratio about the major axis of the built-up section, ri is

the least radius of gyration of the component shapes, which in this case is the cover plate.

Substituting (KL=r)x¼ 21.7, ri¼ rcover plate¼
pðI=AÞcover plate¼

p½ð3
8
Þ2=12� ¼ 0.108 into the above equa-

tion, we obtain a¼ 7.62 in. Since (KL)¼ 20 ft, we shall use a¼ 6 in. for the longitudinal spacing of the

fasteners.

Check for component element buckling between adjacent fasteners:

Ka

ri

¼ 1� 6

0:108
¼ 55:6

� �
� 3

4

KL

r

� �
y

¼ 3

4
ð73:8Þ ¼ 55:4

" #

so, the component element buckling criterion is not a concern.

Use 14 in.� 3
8

in. cover plates bolted to the flanges of the W24� 229 section by 3
4

in. diameter fully

tightened bolts spaced 6 in. longitudinally.

4.4.3 Column Bracing

The design strength of a column can be increased if lateral braces are provided at intermediate points

along its length in the buckled direction of the column. The AISC-LRFD Specification (1999) iden-

tifies two types of bracing systems for columns. A relative bracing system is one in which the

movement of a braced point with respect to other adjacent braced points is controlled, for example,

the diagonal braces used in buildings. A nodal (or discrete) brace system is one in which the

movement of a braced point with respect to some fixed points is controlled, for example, the guy

wires of guyed towers. A bracing system is effective only if the braces are designed to satisfy both

stiffness and strength requirements. The following equations give the required stiffness and strength

for the two bracing systems.

Required braced stiffness:

bcr ¼

2:67Pu

Lbr

for relative bracing

10:7Pu

Lbr

for nodal bracing

8>><
>>: ð4:26Þ

where Pu is the required compression strength of the column and Lbr is the distance between braces (for

ASD, replace Pu in Equation 4.26 by 1.5Pa, where Pa is the required compressive strength based on ASD

load combinations).

If Lbr is less than Lq (the maximum unbraced length for Pu), Lbr can be replaced by Lq in the above

equations.

Required braced strength:

Pbr ¼
0:004Pu for relative bracing

0:01Pu for nodal bracing

�
ð4:27Þ

where Pu is defined as in Equation 4.26.
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4.5 Flexural Members

Depending on the width–thickness ratios of the component elements, steel sections used as flexural

members are classified as compact, noncompact, and slender element sections. Compact sections are

sections that can develop the cross-section plastic moment (Mp) under flexure and sustain that moment

through a large hinge rotation without fracture. Noncompact sections are sections that either cannot

develop the cross-section full plastic strength or cannot sustain a large hinge rotation at Mp, probably due

to local buckling of the flanges or web. Slender elements are sections that fail by local buckling of

component elements long before Mp is reached. A section is considered compact if all its component

elements have width–thickness ratios less than a limiting value (denoted as lp in LRFD). A section is

considered noncompact if one or more of its component elements have width–thickness ratios that fall in

between lp and lr. A section is considered a slender element if one or more of its component elements

have width–thickness ratios that exceed lr. Expressions for lp and lr are given in the Table 4.8.

In addition to the compactness of the steel section, another important consideration for beam design is

the lateral unsupported (unbraced) length of the member. For beams bent about their strong axes, the

failure modes, or limit states, vary depending on the number and spacing of lateral supports provided to

brace the compression flange of the beam. The compression flange of a beam behaves somewhat like a

compression member. It buckles if adequate lateral supports are not provided in a phenomenon called

lateral torsional buckling. Lateral torsional buckling may or may not be accompanied by yielding,

depending on the lateral unsupported length of the beam. Thus, lateral torsional buckling can be inelastic

or elastic. If the lateral unsupported length is large, the limit state is elastic lateral torsional buckling.

If the lateral unsupported length is smaller, the limit state is inelastic lateral torsional buckling. For

compact section beams with adequate lateral supports, the limit state is full yielding of the cross-section

(i.e., plastic hinge formation). For noncompact section beams with adequate lateral supports, the limit

state is flange or web local buckling. For beams bent about their weak axes, lateral torsional buckling will

not occur and so the lateral unsupported length has no bearing on the design. The limit states for such

beams will be the formation of the plastic hinge if the section is compact and the limit state will be a

flange or web local buckling if the section is noncompact.

Beams subjected to high shear must be checked for possible web shear failure. Depending on the

width–thickness ratio of the web, failure by shear yielding or web shear buckling may occur. Short, deep

beams with thin webs are particularly susceptible to web shear failure. If web shear is of concern, the use

of thicker webs or web reinforcements such as stiffeners is required.

Beams subjected to concentrated loads applied in the plane of the web must be checked for a

variety of possible flange and web failures. Failure modes associated with concentrated loads include

local flange bending (for tensile concentrated load), local web yielding (for compressive con-

centrated load), web crippling (for compressive load), side-sway web buckling (for compressive

load), and compression buckling of the web (for a compressive load pair). If one or more of these

conditions is critical, transverse stiffeners extending at least one-half the beam depth (use full depth

for compressive buckling of the web) must be provided adjacent to the concentrated loads.

Long beams can have deflections that may be too excessive, leading to problems in serviceability.

If deflection is excessive, the use of intermediate supports or beams with higher flexural rigidity is

required.

The design of flexural members should satisfy, at the minimum, the following criteria:

� Flexural strength criterion
� Shear strength criterion
� Criteria for concentrated loads
� Deflection criterion

To facilitate beam design, a number of beam tables and charts are given in the AISC Manuals (1989,

2001) for both allowable stress and load and resistance factor design.
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TABLE 4.8 lp and lr for Members Under Flexural Compression

Component element

Width–thickness

ratioa lp lr

Flanges of I-shaped rolled b=t 0.38
p

(E=Fy) 0.83
p

(E=FL)b

beams and channels FL¼ smaller of (Fyf	 Fr)

or Fyw

Fyf¼flange yield strength

Fyw¼web yield strength

Fr¼flange compressive

residual stress (10 ksi

for rolled shapes,

16.5 ksi for

welded shapes)

Flanges of I-shaped hybrid

or welded beams

b=t 0.38
p

(E=Fyf) for

nonseismic application

0.95
p

[E=(FL=kc)
c

FL¼ as defined above

0.31
p

(E=Fyf) for seismic

application

kc¼ as defined in the

footnote of Table 4.4

Fyf¼flange yield strength

Flanges of square and

rectangular box and HSS of

uniform thickness; flange

cover plates and diaphragm

plates between lines of

fasteners or welds

b=t 0.939
p

(E=Fy) for

plastic analysis

1.40=
p

(E=Fy)

Unsupported width of cover

plates perforated with a

succession of access holes

b=t NA 1.86
p

(E=Fy)

Legs of single-angle struts;

legs of double-angle struts

with separators; unstiffened

elements

b=t NA 0.45=
p

(E=Fy)

Stems of tees d=t NA 0.75
p

(E=Fy)

Webs in flexural compression hc=tw 3.76
p

(E=Fy) for

nonseismic application

5.70
p

(E=Fy)d

3.05
p

(E=Fy) for

seismic application

Webs in combined flexural

and axial compression

hc=tw For Pu=fbPy� 0.125:

3.76(1	 2.75Pu=fbPy)
p

(E=Fy)

for nonseismic application

3.05(1	 1.54Pu=fbPy)
p

(E=Fy)

for seismic application

5.70(1	 0.74Pu=fbPy)
p

(E=Fy)

For Pu=fbPy> 0.125:

1.12(2.33	Pu=fbPy)
p

(E=Fy) �
1.49
p

(E=Fy)

fb¼ 0.90

Pu¼ factored axial force

Py¼AgFy

0.07E=Fy

Circular hollow sections D=t 0.31E=Fy

D¼ outside diameter

t¼wall thickness

a See Figure 4.5 for definition of b, hc, and t.
b For ASD, this limit is 0.56

p
(E=Fy).

c For ASD, this limit is 0.56
p

[E=(Fyf=kc)], where kc¼ 4.05=(h=t)0.46 if h=t> 70, otherwise kc¼ 1.0.
d For ASD, this limit is 4.46

p
(E=Fb), where Fb¼ allowable bending stress.

Note: In all the equations, E is the modulus of elasticity and is Fy is the minimum specified yield strength.
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4.5.1 Flexural Member Design

4.5.1.1 Allowable Stress Design

4.5.1.1.1 Flexural Strength Criterion

The computed flexural stress, fb, shall not exceed the allowable flexural stress, Fb, as given below (in all

equations, the minimum specified yield stress, Fy, can not exceed 65 ksi).

4.5.1.1.1.1 Compact Section Members Bent about Their Major Axes — For Lb� Lc

Fb ¼ 0:66Fy ð4:28Þ

where

Lc ¼ smaller of 76bf=
p

Fy, 20,000=ðd=Af ÞFy

� �
, for I and Channel shapes

¼ ½1,950þ 1,200ðM1=M2Þ�ðb=FyÞ � 1,200ðb=FyÞ, for box sections, rectangular and circular tubes

in which bf is the flange width (in.), d is the overall depth of the section (ksi), Af is the area of the

compression flange (in.2), b is the width of the cross-section (in.), and M1/M2 is the ratio of the smaller

to larger moment at the ends of the unbraced length of the beam; M1/M2 is positive for reverse curvature

bending and negative for single curvature bending.

For the above sections to be considered as compact, in addition to having the width–thickness ratios of

their component elements falling within the limiting value of lp shown in Table 4.8, the flanges of the

sections must be continuously connected to the webs. For box-shaped sections, the following require-

ments must also be satisfied: the depth-to-width ratio should not exceed six, and the flange-to-web

thickness ratio should not exceed two.

For Lb> Lc, the allowable flexural stress in tension is given by

Fb ¼ 0:60Fy ð4:29Þ

and the allowable flexural stress in compression is given by the larger value calculated from Equations

4.30 and 4.31. While Equation 4.30 normally controls for deep, thin-flanged sections where warping

restraint torsional resistance dominates, Equation 4.31 normally controls for shallow, thick-flanged

sections where St Venant torsional resistance dominates:

Fb ¼

2

3
	 Fyðl=rTÞ2

1,530� 103Cb

" #
Fy � 0:60Fy, if

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
102,000Cb

Fy

s
� l

rT

<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
510,000Cb

Fy

s

170,000Cb

ðl=rTÞ2
� 0:60Fy, if

l

rT

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
510,000Cb

Fy

s
8>>>>><
>>>>>:

ð4:30Þ

Fb ¼
12,000Cb

ld=Af

� 0:60Fy ð4:31Þ

where l is the distance between cross-sections braced against twist or lateral displacement of the

compression flange (in.), rT is the radius of gyration of a section comprising the compression flange plus
1
3

of the compression web area taken about an axis in the plane of the web (in.), Af is the compression

flange area (in.2), d is the depth of cross-section (in.), Cb¼ 12.5Mmax/(2.5Mmaxþ 3MAþ 4MBþ 3MC),

where Mmax, MA, MB, MC are absolute values of the maximum moment, quarter-point moment,

midpoint moment, and three-quarter point moment along the unbraced length of the member,

respectively. (For simplicity in design, Cb can conservatively be taken as unity.)

It should be cautioned that Equations 4.30 and 4.31 are applicable only to I and Channel shapes

with an axis of symmetry in, and loaded in the plane of the web. In addition, Equation 4.31 is applicable

only if the compression flange is solid and approximately rectangular in shape and its area is not less than

the tension flange.
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4.5.1.1.1.2 Compact Section Members Bent about Their Minor Axes — Since lateral torsional buckling

will not occur for bending about the minor axes, regardless of the value of Lb, the allowable flexural stress is

Fb ¼ 0:75Fy ð4:32Þ

4.5.1.1.1.3 Noncompact Section Members Bent about Their Major Axes — For Lb� Lc

Fb ¼ 0:60Fy ð4:33Þ

where Lc is defined as in Equation 4.28.

For Lb> Lc, Fb is given in Equations 4.29 to 4.31.

4.5.1.1.1.4 Noncompact Section Members Bent about Their Minor Axes — Regardless of the value of Lb,

Fb ¼ 0:60Fy ð4:34Þ

4.5.1.1.1.5 Slender Element Sections — Refer to Section 4.10.

4.5.1.1.2 Shear Strength Criterion

For practically all structural shapes commonly used in constructions, the shear resistance from the

flanges is small compared to the webs. As a result, the shear resistance for flexural members is normally

determined on the basis of the webs only. The amount of web shear resistance is dependent on the

width–thickness ratio h/tw of the webs. If h/tw is small, the failure mode is web yielding. If h/tw is large,

the failure mode is web buckling. To avoid web shear failure, the computed shear stress, fv, shall not

exceed the allowable shear stress, Fv, given by

Fv ¼
0:40Fy, if

h

tw

� 380ffiffiffiffiffi
Fy

p
Cv

2:89
Fy � 0:40Fy, if

h

tw

>
380ffiffiffiffiffi

Fy

p

8>>><
>>>:

ð4:35Þ

where

Cv ¼ 45,000kv=½Fyðh=twÞ2�, if Cv � 0:8

¼ ½190=ðh=twÞ�
pðkv=FyÞ, if Cv > 0:8

kv ¼ 4:00þ 5:34=ða=hÞ2, if a=h � 1:0

¼ 5:34þ 4:00=ða=hÞ2, if a=h> 1:0

tw ¼web thickness (in.)

a ¼ clear distance between transverse stiffeners (in.)

h ¼ clear distance between flanges at section under investigation (in.)

4.5.1.1.3 Criteria for Concentrated Loads

4.5.1.1.3.1 Local Flange Bending — If the concentrated force that acts on the beam flange is tensile, the

beam flange may experience excessively bending, leading to failure by fracture. To preclude this type of

failure, transverse stiffeners are to be provided opposite the tension flange unless the length of the load

when measured across the beam flange is less than 0.15 times the flange width, or if the flange thickness,

tf, exceeds

0:4

ffiffiffiffiffiffi
Pbf

Fy

s
ð4:36Þ

where Pbf is the computed tensile force multiplied by 5
3

if the force is due to live and dead loads only

or by 4
3

if the force is due to live and dead loads in conjunction with wind or earthquake loads (kip)

and Fy is the specified minimum yield stress (ksi).
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4.5.1.1.3.2 Local Web Yielding — To prevent local web yielding, the concentrated compressive

force, R, should not exceed 0.66Rn, where Rn is the web yielding resistance given in Equation 4.54 or 4.55,

whichever applies.

4.5.1.1.3.3 Web Crippling — To prevent web crippling, the concentrated compressive force, R, should

not exceed 0.50Rn, where Rn is the web crippling resistance given in Equations 4.56, 4.57, or 4.58,

whichever applies.

4.5.1.1.3.4 Sideways Web Buckling — To prevent sideways web buckling, the concentrated compressive

force, R, should not exceed Rn, where Rn is the sideways web buckling resistance given in Equation 4.59

or 4.60, whichever applies, except the term Crt
3
wtf/h

2 is replaced by 6800t3
w=h.

4.5.1.1.3.5 Compression Buckling of the Web — When the web is subjected to a pair of concentrated

force acting on both flanges, buckling of the web may occur if the web depth clear of fillet, dc, is

greater than

4100t3
w

ffiffiffiffiffi
Fy

p
Pbf

ð4:37Þ

where tw is the web thickness, Fy is the minimum specified yield stress, and Pbf is as defined in

Equation 4.36.

4.5.1.1.4 Deflection Criterion

Deflection is a serviceability consideration. Since most beams are fabricated with a camber that

somewhat offsets the dead load deflection, consideration is often given to deflection due to live load

only. For beams supporting plastered ceilings, the service live load deflection preferably should not

exceed L=360 where L is the beam span. A larger deflection limit can be used if due considerations are

given to ensure the proper functioning of the structure.

EXAMPLE 4.3

Using ASD, determine the amount of increase in flexural capacity of a W24� 55 section bent about its

major axis if two 7 in.� 1
2

in. (178 mm� 13 mm) cover plates are bolted to its flanges as shown in Figure

4.9. The beam is laterally supported at every 5-ft (1.52-m) interval. Use A36 steel. Specify the type,

diameter, and longitudinal spacing of the bolts used if the maximum shear to be resisted by the

cross-section is 100 kip (445 kN).

4 in.

y

W24 × 557 ×   in.
plates

x

1 
2

FIGURE 4.9 Beam section with cover plates.
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Section properties: A W24� 55 section has the following section properties:

bf ¼ 7:005 in:, tf ¼ 0:505 in:, d ¼ 23:57 in:, tw ¼ 0:395 in:, Ix ¼ 1350 in:4, Sx ¼ 114 in:3

Check compactness: Refer to Table 4.8, and assuming that the transverse distance between the two bolt

lines is 4 in., we have

Beam flanges
bf

2tf

¼ 6:94

� �
< 0:38

ffiffiffiffiffi
E

Fy

s
¼ 10:8

" #

Beam web
d

tw

¼ 59:7

� �
< 3:76

ffiffiffiffiffi
E

Fy

s
¼ 107

" #

Cover plates
4

1=2
¼ 8

� �
< 0:939

ffiffiffiffiffi
E

Fy

s
¼ 26:7

" #

Therefore, the section is compact.

Determine the allowable flexural stress, Fb: Since the section is compact and the lateral unbraced

length, Lb¼ 60 in., is less than Lc¼ 83.4 in., the allowable bending stress from Equation 4.28 is

0.66Fy¼ 24 ksi.

Determine the section modulus of the beam with cover plates:

Sx,combination section ¼
Ix,combination section

c

¼
1350þ 2

�
1

12

�
ð7Þ
�

1
2

�3 þ ð7Þ
�

1
2

�
ð12:035Þ2

h i
h�

23:57
2

�
þ
�

1
2

�i
¼ 192 in:3

Determine flexural capacity of the beam with cover plates:

Mx,combination section ¼ Sx,combination sectionFb ¼ ð192Þð24Þ ¼ 4608 k in:

Since the flexural capacity of the beam without cover plates is

Mx ¼ SxFb ¼ ð114Þð24Þ ¼ 2736 k in:

the increase in flexural capacity is 68.4%.

Determine diameter and longitudinal spacing of bolts: From Mechanics of Materials, the relationship

between the shear flow, q, the number of bolts per shear plane, n, the allowable bolt shear stress, Fv, the

cross-sectional bolt area, Ab, and the longitudinal bolt spacing, s, at the interface of two component

elements of a combination section is given by

nFvAb

s
¼ q

Substituting n¼ 2, q¼VQ=I¼ (100)[(7)(1
2
)(12.035)]=2364¼ 1.78 k=in. into the above equation, we have

FvAb

s
¼ 0:9 k=in:

If 1
2

in. diameter A325-N bolts are used, we have Ab¼ p(1
2
)2=4¼ 0.196 in.2 and Fv¼ 21 ksi (from

Table 4.12), from which s can be solved from the above equation to be 4.57 in. However, for ease of

installation, use s¼ 4.5 in.
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In calculating the section properties of the combination section, no deduction is made for the

bolt holes in the beam flanges nor the cover plates, which is allowed provided that the following

condition is satisfied:

0:5FuAfn � 0:6FyAfg

where Fy and Fu are the minimum specified yield strength and tensile strength, respectively. Afn is the net

flange area and Afg is the gross flange area. For this problem

Beam flanges ½0:5FuAfn ¼ 0:5ð58Þð7:005	 2� 1=2Þð0:505Þ ¼ 87:9 kip�
>½0:6FyAfg ¼ 0:6ð36Þð7:005Þð0:505Þ ¼ 76:4 kip�

Cover plates ½0:5FuAfn ¼ 0:5ð58Þð7	 2	 1=2Þð1=2Þ ¼ 87 kip�
>½0:6FyAfg ¼ 0:6ð36Þð7Þð1=2Þ ¼ 75:6 kip�

so the use of gross cross-sectional area to compute section properties is justified. In the event that the

condition is violated, cross-sectional properties should be evaluated using an effective tension flange area

Afe given by

Afe ¼
5

6

Fu

Fy

Afn

So, use 1
2
-in. diameter A325-N bolts spaced 4.5 in. apart longitudinally in two lines 4 in. apart to connect

the cover plates to the beam flanges.

4.5.1.2 Load and Resistance Factor Design

4.5.1.2.1 Flexural Strength Criterion

Flexural members must be designed to satisfy the flexural strength criterion of

fbMn � Mu ð4:38Þ

where fbMn is the design flexural strength and Mu is the required strength. The design flexural strength

is determined as given below.

4.5.1.2.1.1 Compact Section Members Bent about Their Major Axes — For Lb� Lp (plastic hinge

formation)

fbMn ¼ 0:90Mp ð4:39Þ

For Lp< Lb� Lr (inelastic lateral torsional buckling)

fbMn ¼ 0:90Cb Mp 	 ðMp 	MrÞ
Lb 	 Lp

Lr 	 Lp

� �� �
� 0:90Mp ð4:40Þ

For Lb> Lr (elastic lateral torsional buckling)

For I-shaped members and channels:

fbMn ¼ 0:90Cb

p
Lb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EIyGJ þ pE

Lb

� �2

IyCw

s2
4

3
5 � 0:90Mp ð4:41Þ

For solid rectangular bars and symmetric box sections:

fbMn ¼ 0:90Cb
57,000

ffiffiffiffiffi
JA
p

Lb=ry

� 0:90Mp ð4:42Þ
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The variables used in the above equations are defined in the following:

Lb¼ lateral unsupported length of the member

Lp, Lr¼ limiting lateral unsupported lengths given in the following table:

Structural shape Lp Lr

I-shaped sections, 1.76ry=
p

(E=Fyf) [ryX1=FL]{
p

[1þp(1þX2FL
2)]}

channels where where

ry¼ radius of gyration

about minor axis

ry ¼ radius of gyration about minor

axis, in.

E¼modulus of elasticity X1 ¼ (p=Sx)
p

(EGJA=2)

Fyf¼ flange yield strength X2 ¼ (4Cw=Iy)(Sx=GJ)2

FL ¼ smaller of (Fyf	 Fr) or Fyw

Fyf ¼flange yield stress, ksi

Fyw¼web yield stress, ksi

Fr ¼ 10 ksi for rolled shapes, 16.5 ksi for

welded shapes

Sx¼ elastic section modulus about the

major axis, in.3 (use Sxc, the elastic

section modulus about the major axis

with respect to the compression

flange if the compression flange is

larger than the tension flange)

Iy ¼moment of inertia about the

minor axis, in.4

J ¼ torsional constant, in.4

Cw ¼warping constant, in.6

E ¼modulus of elasticity, ksi

G ¼ shear modulus, ksi

Solid rectangular [0.13ryE
p

(JA)]=Mp [2ryE
p

(JA)]=Mr

bars, symmetric box where where
sections ry ¼ radius of gyration

about minor axis

ry ¼ radius of gyration about

minor axis

E ¼modulus of elasticity J ¼ torsional constant

J ¼ torsional constant A ¼ cross-sectional area

A ¼ cross-sectional area Mr¼ FyfSx

Mp¼ plastic moment

capacity¼ FyZx

Fy ¼ yield stress

Fyf¼flange yield strength

Sx ¼ elastic section modulus about the

Fy ¼ yield stress major axis

Zx ¼ plastic section modulus

about the major axis

Note: Lp given in this table are valid only if the bending coefficient Cb is equal to unity. If Cb> 1, the value of Lp can be

increased. However, using the Lp expressions given above for Cb> 1 will give conservative value for the flexural design

strength.

and

Mp ¼ FyZx

Mr ¼ FLSx for I-shaped sections and channels, FyfSx for solid rectangular bars and box sections

FL ¼ smaller of (Fyf	 Fr) or Fyw

Fyf ¼ flange yield stress, ksi

Fyw¼web yield stress, ksi

Fr ¼ 10 ksi for rolled sections, 16.5 ksi for welded sections

Fy ¼ specified minimum yield stress
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Sx ¼ elastic section modulus about the major axis

Zx ¼ plastic section modulus about the major axis

Iy ¼moment of inertia about the minor axis

J ¼ torsional constant

Cw ¼warping constant

E ¼modulus of elasticity

G ¼ shear modulus

Cb ¼ 12.5Mmax=(2.5Mmaxþ 3MAþ 4MBþ 3MC)

Mmax, MA, MB, MC¼ absolute value of maximum moment, quarter-point moment, midpoint moment,

and three-quarter point moment along the unbraced length of the member, respectively.

Cb is a factor that accounts for the effect of moment gradient on the lateral torsional buckling strength

of the beam. Lateral torsional buckling strength increases for a steep moment gradient. The worst

loading case as far as lateral torsional buckling is concerned is when the beam is subjected to a uniform

moment resulting in single curvature bending. For this case Cb¼ 1. Therefore, the use of Cb¼ 1 is

conservative for the design of beams.

4.5.1.2.1.2 Compact Section Members Bent about Their Minor Axes — Regardless of Lb, the limit state

will be plastic hinge formation

fbMn ¼ 0:90Mpy ¼ 0:90FyZy ð4:43Þ

4.5.1.2.1.3 Noncompact Section Members Bent about Their Major Axes — For Lb� Lp
0 (flange or web

local buckling)

fbMn ¼ fbM 0
n ¼ 0:90 Mp 	 ðMp 	MrÞ

l	 lp

lr 	 lp

� �� �
ð4:44Þ

where

L0p ¼ Lp þ ðLr 	 LpÞ
Mp 	M 0

n

Mp 	Mr

� �
ð4:45Þ

Lp, Lr, Mp, Mr are defined as before for compact section members, and

For flange local buckling:

l¼ bf=2tf for I-shaped members, bf=tf for channels

lp, lr are defined in Table 4.8

For web local buckling:

l¼ hc=tw

lp, lr are defined in Table 4.8

in which bf is the flange width, tf is the flange thickness, hc is twice the distance from the neutral

axis to the inside face of the compression flange less the fillet or corner radius, and tw is the web

thickness.

For L0p < Lb� Lr (inelastic lateral torsional buckling), fbMn is given by Equation 4.40 except that the

limit 0.90Mp is to be replaced by the limit 0.90M 0
n.
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For Lb> Lr (elastic lateral torsional buckling), fbMn is the same as for compact section members as

given in Equation 4.41 or 4.42.

4.5.1.2.1.4 Noncompact Section Members Bent about Their Minor Axes — Regardless of the value of

Lb, the limit state will be either flange or web local buckling, and fbMn is given by Equation 4.42.

4.5.1.2.1.5 Slender Element Sections — Refer to Section 4.10.

4.5.1.2.1.6 Tees and Double Angle Bent about Their Major Axes — The design flexural strength for tees

and double-angle beams with flange and web slenderness ratios less than the corresponding limiting

slenderness ratios lr shown in Table 4.8 is given by

fbMn ¼ 0:90
p
ffiffiffiffiffiffiffiffiffiffiffiffi
EIyGJ

p
Lb

ðB þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ B2
p

Þ
" #

� 0:90ðbMyÞ ð4:46Þ

where

B ¼ � 2:3
d

Lb

� � ffiffiffiffi
Iy

J

r
ð4:47Þ

Use the plus sign for B if the entire length of the stem along the unbraced length of the member is in

tension. Otherwise, use the minus sign. b equals 1.5 for stems in tension and equals 1.0 for stems in

compression. The other variables in Equation 4.46 are defined as before in Equation 4.41.

4.5.1.2.2 Shear Strength Criterion

For a satisfactory design, the design shear strength of the webs must exceed the factored shear acting on

the cross-section, that is

fvVn � Vu ð4:48Þ

Depending on the slenderness ratios of the webs, three limit states can be identified: shear yielding,

inelastic shear buckling, and elastic shear buckling. The design shear strength that corresponds to each of

these limit states are given as follows:

For h=tw� 2.45
p

(E=Fyw) (shear yielding of web)

fvVn ¼ 0:90½0:60FywAw� ð4:49Þ

For 2.45
p

(E=Fyw)< h=tw� 3.07
p

(E=Fyw) (inelastic shear buckling of web)

fvVn ¼ 0:90 0:60FywAw

2:45
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE=FywÞ

p
h=tw

" #
ð4:50Þ

For 3.07
p

(E=Fyw)< h/tw� 260 (elastic shear buckling of web)

fvVn ¼ 0:90Aw

4:52E

ðh=twÞ2

" #
ð4:51Þ

The variables used in the above equations are defined in the following, where h is the clear distance

between flanges less the fillet or corner radius, tw is the web thickness, Fyw is the yield stress of web,

Aw¼ dtw, and d is the overall depth of the section.

4.5.1.2.3 Criteria for Concentrated Loads

When concentrated loads are applied normal to the flanges in planes parallel to the webs of flexural

members, the flanges and webs must be checked to ensure that they have sufficient strengths fRn to

withstand the concentrated forces Ru, that is

fRn � Ru ð4:52Þ
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The design strengths for a variety of limit states are given below.

4.5.1.2.3.1 Local Flange Bending — The design strength for local flange bending is given by

fRn � 0:90½6:25t2
f Fyf � ð4:53Þ

where tf is the flange thickness of the loaded flange and Fyf is the flange yield stress.

The design strength in Equation 4.53 is applicable only if the length of load across the member flange

exceeds 0.15b, where b is the member flange width. If the length of load is less than 0.15b, the limit state

of local flange bending need not be checked. Also, Equation 4.53 shall be reduced by a factor of half if

the concentrated force is applied less than 10tf from the beam end.

4.5.1.2.3.2 Local Web Yielding — The design strength for yielding of the beam web at the toe of the fillet

under tensile or compressive loads acting on one or both flanges are

If the load acts at a distance from the beam end which exceeds the depth of the member

fRn ¼ 1:00½ð5k þ NÞFywtw� ð4:54Þ

If the load acts at a distance from the beam end which does not exceed the depth of the member

fRn ¼ 1:00½ð2:5k þ NÞFywtw� ð4:55Þ

where k is the distance from the outer face of the flange to the web toe of the fillet, N is the length of

bearing on the beam flange, Fyw is the web yield stress, and tw is the web thickness.

4.5.1.2.3.3 Web Crippling — The design strength for crippling of beam web under compressive loads

acting on one or both flanges are

If the load acts at a distance from the beam end which exceeds half the depth of the beam

fRn ¼ 0:75 0:80t2
w 1þ 3

N

d

� �
tw

tf

� �1:5
" # ffiffiffiffiffiffiffiffiffiffiffiffiffi

EFywtf

tw

r( )
ð4:56Þ

If the load acts at a distance from the beam end which does not exceed half the depth of the beam and

if N=d� 0.2

fRn ¼ 0:75 0:40t2
w 1þ 3

N

d

� �
tw

tf

� �1:5
" # ffiffiffiffiffiffiffiffiffiffiffiffiffi

EFywtf

tw

r( )
ð4:57Þ

If the load acts at a distance from the beam end which does not exceed half the depth of the beam and

if N=d> 0.2

fRn ¼ 0:75 0:40t2
w 1þ 4N

d
	 0:2

� �
tw

tf

� �1:5
" # ffiffiffiffiffiffiffiffiffiffiffiffiffi

EFywtf

tw

r( )
ð4:58Þ

where d is the overall depth of the section, tf is the flange thickness, and the other variables are the same

as those defined in Equations 4.54 and 4.55.

4.5.1.2.3.4 Sideways Web Buckling — Sideways web buckling may occur in the web of a member if a

compressive concentrated load is applied to a flange not restrained against relative movement by stif-

feners or lateral bracings. The sideways web buckling design strength for the member is

If the loaded flange is restrained against rotation about the longitudinal member axis and (h=tw)(l=bf) is less

than 2.3

fRn ¼ 0:85
Crt

2
wtf

h2
1þ 0:4

h=tw

l=bf

� �3
" #( )

ð4:59Þ
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If the loaded flange is not restrained against rotation about the longitudinal member axis and (dc=tw)(l=bf)

is less than 1.7

fRn ¼ 0:85
Crt

2
wtf

h2
0:4

h=tw

l=bf

� �3
" #( )

ð4:60Þ

where tf is the flange thickness (in.), tw is the web thickness (in.), h is the clear distance between flanges less

the fillet or corner radius for rolled shapes; distance between adjacent lines of fasteners or clear distance

between flanges when welds are used for built-up shapes (in.), bf is the flange width (in.), l is the largest

laterally unbraced length along either flange at the point of load (in.), Cr¼ 960,000 ksi if Mu=My< 1 at the

point of load and Cr¼ 480,000 ksi if Mu=My� 1 at the point of load, and My is the yield moment.

4.5.1.2.3.5 Compression Buckling of the Web — This limit state may occur in members with unstiffened

webs when both flanges are subjected to compressive forces. The design strength for this limit state is

fRn ¼ 0:90
24t3

w

ffiffiffiffiffiffiffiffiffiffi
EFyw

p
h

" #
ð4:61Þ

This design strength shall be reduced by a factor of half if the concentrated forces are acting at a distance

less than half the beam depth from the beam end. The variables in Equation 4.61 are the same as those

defined in Equation 4.58 to 4.60.

Stiffeners shall be provided in pairs if any one of the above strength criteria is violated. If the local flange

bending or the local web yielding criterion is violated, the stiffener pair to be provided to carry the excess Ru

need not extend more than one-half the web depth. The stiffeners shall be welded to the loaded flange if the

applied force is tensile. They shall either bear on or be welded to the loaded flange if the applied force is

compressive. If the web crippling or the compression web buckling criterion is violated, the stiffener pair to

be provided shall extend the full height of the web. They shall be designed as axially loaded compression

members (see Section 4.4) with an effective length factor K¼ 0.75, a cross-section Ag composed of the

cross-sectional areas of the stiffeners plus 25t2
w for interior stiffeners and 12t2

w for stiffeners at member ends.

4.5.1.2.4 Deflection Criterion

The deflection criterion is the same as that for ASD. Since deflection is a serviceability limit state, service

(rather than factored) loads are used in deflection computations.

4.5.2 Continuous Beams

Continuous beams shall be designed in accordance with the criteria for flexural members given in the

preceding section. However, a 10% reduction in negative moments due to gravity loads is permitted at

the supports provided that

� The maximum positive moment between supports is increased by 1
10

the average of the negative

moments at the supports.
� The section is compact.
� The lateral unbraced length does not exceed Lc (for ASD) or Lpd (for LRFD) where Lc is as defined

in Equation 4.26 and Lpd is given by

Lpd ¼
0:12þ 0:076

M1

M2

� �� �
E

Fy

� �
ry , for I-shaped members

0:17þ 0:10
M1

M2

� �� �
E

Fy

� �
ry � 0:10

E

Fy

� �
ry , for solid rectangular and box sections

8>>><
>>>:

ð4:62Þ

in which, Fy is the specified minimum yield stress of the compression flange, M1=M2 is the ratio of

smaller to larger moment within the unbraced length, taken as positive if the moments cause reverse
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curvature and negative if the moments cause single curvature, and ry is the radius of gyration about

the minor axis.
� The beam is not a hybrid member.
� The beam is not made of high-strength steel.
� The beam is continuous over the supports (i.e., not cantilevered).

EXAMPLE 4.4

Using LRFD, select the lightest W-section for the three-span continuous beam shown in Figure 4.10a to

support a uniformly distributed dead load of 1.5 k=ft (22 kN=m) and a uniformly distributed live load of

3 k=ft (44 kN=m). The beam is laterally braced at the supports A, B, C, and D. Use A36 steel.

Load combinations: The beam is to be designed based on the worst load combination of Table 4.3. By

inspection, the load combination 1.2Dþ 1.6L will control the design. Thus, the beam will be designed to

support a factored uniformly distributed dead load of 1.2� 1.5¼ 1.8 k=ft and a factored uniformly

distributed live load of 1.6� 3¼ 4.8 k=ft.

Placement of loads: The uniform dead load is to be applied over the entire length of the beam as shown

in Figure 4.10b. The uniform live load is to be applied to spans AB and CD as shown in Figure 4.10c

to obtain the maximum positive moment and it is to be applied to spans AB and BC as shown in

Figure 4.10d to obtain the maximum negative moment.

Reduction of negative moment at supports: Assuming the beam is compact and Lb< Lpd (we shall check

these assumptions later), a 10% reduction in support moment due to gravity load is allowed provided

that the maximum moment is increased by 1
10

the average of the negative support moments. This

reduction is shown in the moment diagrams as solid lines in Figure 4.10b and d. (The dotted lines in

these figures represent the unadjusted moment diagrams.) This provision for support moment reduction

takes into consideration the beneficial effect of moment redistribution in continuous beams, and it

allows for the selection of a lighter section if the design is governed by negative moments. Note that no

reduction in negative moments is made to the case when only spans AB and CD are loaded. This is

because for this load case, the negative support moments are less than the positive in-span moments.

Determination of the required flexural strength, Mu: Combining load case 1 and load case 2, the

maximum positive moment is found to be 256 kip ft. Combining load case 1 and load case 3,

the maximum negative moment is found to be 266 kip ft. Thus, the design will be controlled by the

negative moment and so Mu¼ 266 kip ft.

Beam selection: A beam section is to be selected based on Equation 4.38. The critical segment of the

beam is span AB. For this span, the lateral unsupported length, Lb¼ 20 ft. For simplicity, the bending

coefficient, Cb, is conservatively taken as 1. The selection of a beam section is facilitated by the use of a

series of beam charts contained in the AISC-LRFD Manual (AISC 2001). Beam charts are plots of

flexural design strength fbMn of beams as a function of the lateral unsupported length Lb based on

Equation 4.39 to 4.41. A beam is considered satisfactory for the limit state of flexure if the beam strength

curve envelopes the required flexural strength for a given Lb.

For the present example, Lb¼ 20 ft and Mu¼ 266 kip ft, the lightest section (the first solid curve that

envelopes Mu¼ 266 kip ft for Lb¼ 20 ft) obtained from the chart is a W16� 67 section. Upon adding the

factored dead weight of this W16� 67 section to the specified loads, the required flexural strength

increases from 266 to 269 kip ft. Nevertheless, the beam strength curve still envelopes this required

strength for Lb¼ 20 ft; therefore, the section is adequate.

Check for compactness: For the W16� 67 section

Flange:
bf

2tf

¼ 7:7

� �
< 0:38

ffiffiffiffiffi
E

Fy

s
¼ 10:8

" #

Web:
hc

tw

¼ 35:9

� �
< 3:76

ffiffiffiffiffi
E

Fy

s
¼ 106:7

" #
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Therefore, the section is compact.

Check whether Lb< Lpd: Using Equation 4.62, with M1=M2¼ 0, ry¼ 2.46 in., and Fy¼ 36 ksi, we

have Lpd¼ 246 in. (or 20.5 ft). Since Lb¼ 20 ft is less than Lpd¼ 20.5 ft, the assumption made earlier is

validated.

Check for the limit state of shear: The selected section must satisfy the shear strength criterion

of Equation 4.48. From structural analysis, it can be shown that maximum shear occurs just to the left

of support B under load case 1 (for dead load) and load case 3 (for live load). It has a magnitude

+

+

–

+ +
– –

+

+ +
–

72
64.8

1.8 k/ft

(a)

20 ft 20 ft 20 ft

DCB

Service dead load = 1.5 k/ft 
Service live load = 3 k/ft

A

72
64.8

61.2
25.2

61.2

4.8 k/ft

(b) Load case 1

4.8 k/ft

4.8 k/ft

194.5 (c) Load case 2

96 96

194.5

M
(k ft)

M
(k ft)

M
(k ft)

224
201.6

152.3 (d) Load case 3

–

FIGURE 4.10 Design of a three-span continuous beam (1 k¼ 4.45 kN, 1 ft¼ 0.305 m).

Steel Structures 4-39

Copyright 2005 by CRC Press



of 81.8 kip. For the W16� 67 section, h=tw¼ 35.9, which is less than 2.45
p

(E=Fyw)¼ 69.5, so the

design shear strength is given by Equation 4.47. We have, for Fyw¼ 36 ksi and Aw¼ dtw¼ (16.33)(0.395)

½fvVn ¼ 0:90ð0:60FywAwÞ ¼ 125 kip�> ½Vu ¼ 81:8 kip�

Therefore, shear is not a concern. Normally, the limit state of shear will not control unless for short

beams subjected to heavy loads.

Check for limit state of deflection: Deflection is a serviceability limit state. As a result, a designer should

use service (not factored) load for deflection calculations. In addition, most beams are cambered to offset

deflection caused by dead loads, so only live loads are considered in deflection calculations. From

structural analysis, it can be shown that maximum deflection occurs in spans AB and CD when (service)

live loads are placed on those two spans. The magnitude of the deflection is 0.297 in. Assuming the

maximum allowable deflection is L=360 where L is the span length between supports, we have an

allowable deflection of 20� 12=360¼ 0.667 in. Since the calculated deflection is less than the allowable

deflection, deflection is not a problem.

Check for the limit state of web yielding and web crippling at points of concentrated loads: From

structural analysis, it can be shown that maximum support reaction occurs at support B when the beam

is subjected to loads shown as load case 1 (for dead load) and load case 3 (for live load). The magnitude

of the reaction Ru is 157 kip. Assuming point bearing, that is, N¼ 0, we have for d¼ 16.33 in.,

k¼ 1.375 in., tf¼ 0.665 in., and tw¼ 0.395 in.

Web yielding: ½fRn ¼ Equation 4:54 ¼ 97:8 kip�< ½Ru ¼ 157 kip�
Web crippling: ½fRn ¼ Equation 4:56 ¼ 123 kip�< ½Ru ¼ 157 kip�

Thus, both the web yielding and web crippling criteria are violated. As a result, we need to provide web

stiffeners or bearing plate at support B. Suppose we choose the latter, the size of the bearing plate can be

determined by solving Equations 4.54 and 4.56 for N using Ru¼ 157 kip. The result is N¼ 4.2 in. and

3.3 in., respectively. So, use N¼ 4.25 in. The width of the plate, B, should conform with the

flange width, bf, of the W-section. The W16� 67 section has a flange width of 10.235 in., so use B¼10.5 in.

The thickness of the bearing plate is to be calculated from the following equation (AISC 2001):

t ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2:22Ru½ðB 	 2kÞ=2�2

AFy

s

where Ru is the factored concentrated load at the support (kip), B is the width of the bearing plate (in.),

k is the distance from the web toe of the fillet to the outer surface of the flange (in.), A is the area of

the bearing plate (in.2), and Fy is the yield strength of the bearing plate.

Substituting Ru¼ 157 kip, B¼ 10.5 in., k¼ 1.375 in., A¼ 42 in.2, and Fy¼ 36 ksi into the above

equation, we obtain t¼ 1.86 in. Therefore, use a 17
8

in. plate.

For uniformity, use the same size plate at all the supports. The bearing plates are to be welded to

the supporting flange of the W-section.

Use a W16� 67 section. Provide bearing plates of size 17
8

in:� 4 in:� 101
2

in. at the supports.

4.5.3 Beam Bracing

The design strength of beams that are bent about their major axes depends on their lateral unsupported

length Lb. The manner a beam is braced against out-of-plane deformation affects its design. Bracing can

be provided by various means such as cross-frames, cross-beams or diaphragms, or encasement of the

beam flange in the floor slab (Yura 2001). Two types of bracing systems are identified in the AISC-LRFD

Specification — relative and nodal. A relative brace controls the movement of a braced point with
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respect to adjacent braced points along the span of the beam. A nodal (or discrete) brace controls the

movement of a braced point without regard to the movement of adjacent braced points. Regardless of

the type of bracing system used, braces must be designed with sufficient strength and stiffness to prevent

out-of-plane movement of the beam at the braced points. Out-of-plane movement consists of lateral

deformation of the beam and twisting of cross-sections. Lateral stability of beams can be achieved by

lateral bracing, torsional bracing, or a combination of the two. For lateral bracing, bracing shall be

attached near the compression flange for members bend in single curvature (except cantilevers). For

cantilevers, bracing shall be attached to the tension flange at the free end. For members bend in double

curvature, bracing shall be attached to both flanges near the inflection point. For torsional bracing,

bracing can be attached at any cross-sectional location.

4.5.3.1 Stiffness Requirement for Lateral Bracing

The required brace stiffness of the bracing assembly in a direction perpendicular to the longitudinal axis

of the braced member, in the plane of buckling, is given by

bbr ¼

5:33MuCd

Lbrho

for relative bracing

13:3MuCd

Lbrho

for nodal bracing

8>><
>>: ð4:63Þ

where Mu is the required flexural strength, Cd¼ 1.0 for single curvature bending; 2.0 for double

curvature bending near the inflection point, Lbr is the distance between braces, and ho is the distance

between flange centroids.

Lbr can be replaced by Lq (the maximum unbraced length for Mu) if Lbr< Lq. (For ASD, replace Mu in

Equation 4.63 by 1.5Ma, where Ma is the required flexural strength based on ASD load combinations.)

4.5.3.2 Strength Requirement for Lateral Bracing

In addition to the stiffness requirement as stipulated above, braces must be designed for a required brace

strength given by

Pbr ¼
0:008

MuCd

ho

for relative bracing

0:02
MuCd

ho

for nodal bracing

8>><
>>: ð4:64Þ

The terms in Equation 4.64 are defined as in Equation 4.63.

4.5.3.3 Stiffness Requirement for Torsional Bracing

The required bracing stiffness is

bTbr ¼
bT

1	 bT

bsec

� � � 0 ð4:65Þ

where

bT ¼

3:2LM2
u

nEIyC2
b

for nodal bracing

3:2M2
u

EIyC2
b

for continuous bracing

8>>><
>>>:

ð4:66Þ

and

bsec ¼

3:3E

ho

1:5hot3
w

12
þ tsb

3
s

12

� �
for nodal bracing

3:3Et2
w

12ho

for continuous bracing

8>>><
>>>:

ð4:67Þ
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in which L is the span length, Mu is the required moment, n is the number of brace points within the

span, E is the modulus of elasticity, Iy is the moment of inertia of the minor axis, Cb is the bending

coefficient as defined earlier, ho is the distance between the flange centroids, tw is the thickness of the

beam web, ts is the thickness of the web stiffener, and bs is the width of the stiffener (or, for pairs of

stiffeners, bs¼ total width of stiffeners). (For ASD, replace Mu in Equation 4.66 by 1.5Ma, where Ma is

the required flexural strength based on ASD load combinations.)

4.5.3.4 Strength Requirement for Torsional Bracing

The connection between a torsional brace and the beam being braced must be able to withstand a

moment given by

MTbr ¼
0:024MuL

nCbLbr

ð4:68Þ

where Lbr is the distance between braces (if Lbr< Lq, where Lq is the maximum unbraced length for Mu,

then use Lq). The other terms in Equation 4.68 are defined in Equation 4.66.

EXAMPLE 4.5

Design an I-shaped cross-beam 12 ft (3.7 m) in length to be used as lateral braces to brace a 30-ft (9.1 m)

long simply supported W30� 90 girder at every third point. The girder was designed to carry a moment

of 8000 kip in. (904 kN m). A992 steel is used.

Because a brace is provided at every third point, Lbr¼ 10 ft¼ 120 in., Mu¼ 8000 kip in. as stated.

Cd¼ 1 for single curvature bending. ho¼ d	 tf ¼ 29.53	 0.610¼ 28.92 in. for the W30� 90 section.

Substituting these values into Equations 4.63 and 4.64 for nodal bracing, we obtain bbr¼ 30.7 kip=in.,

and Pbr¼ 5.53 kip.

As the cross-beam will be subject to compression, its slenderness ratio, l=r, should not exceed 200. Let

us try the smallest size W-section, a W4� 13 section, with A¼ 3.83 in.2, ry¼ 1.00 in., fcPn¼ 25 kip.

Stiffness:
EA

l
¼ ð29,000Þð3:83Þ

12� 12
¼ 771 kip=in: > 30:7 kip=in:

Strength: fcPn ¼ 25 kip> 5:53 kip

Slenderness:
l

ry

¼ 12� 12

1:00
¼ 144< 200

Since all criteria are satisfied, the W4� 13 section is adequate. Use W4� 13 as cross-beams to brace the

girder.

4.6 Combined Flexure and Axial Force

When a member is subject to the combined action of bending and axial force, it must be designed to

resist stresses and forces arising from both bending and axial actions. While a tensile axial force may

induce a stiffening effect on the member, a compressive axial force tends to destabilize the member, and

the instability effects due to member instability (P–d effect) and frame instability (P–D effect) must be

properly accounted for. The P–d effect arises when the axial force acts through the lateral deflection of

the member relative to its chord. The P–D effect arises when the axial force acts through the relative

displacements of the two ends of the member. Both effects tend to increase member deflection and

moment, and so they must be considered in the design. A number of approaches are available in the

literature to handle these so-called P–D effects (see, e.g., Chen and Lui 1991; Galambos 1998). The design

of members subject to combined bending and axial force is facilitated by the use interaction equations.

In these equations, the effects of bending and axial actions are combined in a certain manner to reflect

the capacity demand on the member.

4-42 Handbook of Structural Engineering

Copyright 2005 by CRC Press



4.6.1 Design for Combined Flexure and Axial Force

4.6.1.1 Allowable Stress Design

The interaction equations are

If the axial force is tensile:

fa

Ft

þ fbx

Fbx

þ fby

Fby

� 1:0 ð4:69Þ

where fa is the computed axial tensile stress, fbx, fby are computed bending tensile stresses about the major

and minor axes, respectively, Ft is the allowable tensile stress (see Section 4.3), and Fbx, Fby are allowable

bending stresses about the major and minor axes, respectively (see Section 4.5).

If the axial force is compressive:

Stability requirement

fa

Fa

þ Cmx

1	 ð fa=F 0exÞ

� �
fbx

Fbx

þ Cmy

1	 ð fa=F 0eyÞ

" #
fby

Fby

� 1:0 ð4:70Þ

Yield requirement

fa

0:66Fy

þ fbx

Fbx

þ fby

Fby

� 1:0 ð4:71Þ

However, if the axial force is small (when fa/Fa� 0.15), the following interaction equation can be used

in lieu of the above equations.

fa

Fa

þ fbx

Fbx

þ fby

Fby

� 1:0 ð4:72Þ

The terms in Equations 4.70 to 4.72 are defined as follows:

fa, fbx , fby¼Computed axial compressive stress, computed bending stresses about the major and

minor axes, respectively. These stresses are to be computed based on a first-order

analysis.

Fy ¼Minimum specified yield stress.

Fex
0 , Fey

0 ¼ Euler stresses about the major and minor axes (p2E=(Kl=r)x , p2E=(Kl=r)y) divided by

a factor of safety of 23
12

.

Cm ¼ a coefficient to account for the effect of moment gradient on member and frame

instabilities (Cm is defined in Section 4.6.1.2).

The other terms are defined as in (Equation 4.69).

The terms in brackets in (Equation 4.70) are moment magnification factors. The computed bending

stresses fbx , fby are magnified by these magnification factors to account for the P–d effects in the member.

4.6.1.2 Load and Resistance Factor Design

Doubly or singly symmetric members subject to combined flexure and axial forces shall be designed in

accordance with the following interaction equations:

For Pu=fPn� 0.2

Pu

fPn

þ 8

9

Mux

fbMnx

þ Muy

fbMny

� �
� 1:0 ð4:73Þ
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For Pu=fPn< 0.2

Pu

2fPn

þ Mux

fbMnx

þ Muy

fbMny

� �
� 1:0 ð4:74Þ

where, if P is tensile,

Pu ¼ factored tensile axial force

Pn ¼ design tensile strength (see Section 4.3)

Mu¼ factored moment (preferably obtained from a second-order analysis)

Mn¼ design flexural strength (see Section 4.5)

f ¼ft¼ resistance factor for tension¼ 0.90

fb ¼ resistance factor for flexure¼ 0.90

and, if P is compressive,

Pu ¼ factored compressive axial force

Pn ¼ design compressive strength (see Section 4.4)

Mu¼ required flexural strength (see discussion below)

Mn¼ design flexural strength (see Section 4.5)

f ¼fc¼ resistance factor for compression¼ 0.85

fb ¼ resistance factor for flexure¼ 0.90

The required flexural strength Mu shall be determined from a second-order elastic analysis. In lieu of

such an analysis, the following equation may be used:

Mu ¼ B1Mbt þ B2Mlt ð4:75Þ

where

Mnt ¼ factored moment in member assuming the frame does not undergo lateral translation (see

Figure 4.11)

Mlt ¼ factored moment in member as a result of lateral translation (see Figure 4.11)

B1 ¼Cm/(1	 Pu/Pe)� 1.0 is the P–d moment magnification factor

Pe ¼p2EI=(KL)2, with K� 1.0 in the plane of bending

Cm ¼ a coefficient to account for moment gradient (see discussion below)

B2 ¼ 1=[1	 (
P

PuDoh/
P

HL)] or B2¼ 1=[1	 (
P

Pu/
P

Pe)P
Pu¼ sum of all factored loads acting on and above the story under consideration

Doh ¼ first-order interstory translationP
H ¼ sum of all lateral loads acting on and above the story under consideration

L ¼ story height

Pe ¼p2EI=(KL)2

For end-restrained members that do not undergo relative joint translation and not subject to transverse

loading between their supports in the plane of bending, Cm is given by

Cm ¼ 0:6	 0:4
M1

M2

� �

where M1=M2 is the ratio of the smaller to larger member end moments. The ratio is positive if the

member bends in reverse curvature and negative if the member bends in single curvature.

For members that do not undergo relative joint translation and subject to transverse loading between

their supports in the plane of bending, Cm can conservatively be taken as 1.

For purpose of design, Equations 4.73 and 4.74 can be rewritten in the form (Aminmansour 2000):

For Pu=fcPn> 0.2

bPu þmMux þ nMuy � 1:0 ð4:76Þ
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For Pu/fcPn� 0.2

b

2
Pu þ

9

8
mMux þ

9

8
nMuy � 1:0 ð4:77Þ

where

b ¼ 1=(fcPn)
m¼ 8=(9fbMnx)

n ¼ 8=(9fbMny)

Numerical values for b, m, and n are provided in the AISC Manual (AISC 2001).

4.7 Biaxial Bending

Members subjected to bending about both principal axes (e.g., purlins on an inclined roof ) should be

designed for biaxial bending. Since both moment about the major axis Mux and moment about the

minor axis Muy create flexural stresses over the cross-section of the member, the design must take into

consideration these stress combinations.

4.7.1 Design for Biaxial Bending

4.7.1.1 Allowable Stress Design

The following interaction equation is often used for the design of beams subject to biaxial bending

fbx þ fby � 0:60Fy or
Mx

Sx

þMy

Sy

� 0:60Fy ð4:78Þ

where Mx , My are service load moments about the major and minor beam axes, respectively, Sx, Sy are

elastic section moduli about the major and minor axes, respectively, and Fy is the specified minimum

yield stress.

EXAMPLE 4.6

Using ASD, select a W-section to carry dead load moments Mx¼ 20 k ft (27 kN m) and My¼ 5 k ft

(6.8 kN m) and live load moments Mx¼ 50 k ft (68 kN m) and My¼ 15 k ft (20 kN m). Use A992 steel.

H3

w3

w2

w1

(a) (b) (c)

H2

H1

H3

w3

w2

w1

H2

H1

=

H3

H2

H1

+

–

–

–

H3

H2

H1

–

–

–

FIGURE 4.11 Calculation of Mnt and Mlt: (a) original frame; (b) nonsway frame analysis for Mnt; and (c) sway

frame analysis Mlt.

Steel Structures 4-45

Copyright 2005 by CRC Press



Calculate service load moments:

Mx ¼ Mx,dead þMx,live ¼ 20þ 50 ¼ 70 k ft

My ¼ My,dead þMy,live ¼ 5þ 15 ¼ 20 k ft

Select section: Substituting the above service load moments into Equation 4.78, we have

70� 12

Sx

þ 20� 12

Sy

� 0:60ð50Þ or 840þ 240
Sx

Sy

� 30Sx

For W-sections with depth below 14 in. the value of Sx=Sy normally falls in the range 3 to 8, and for

W-sections with depth above 14 in. the value of Sx=Sy normally falls in the range 5 to 12. Assuming

Sx/Sy¼ 10, we have from the above equation, Sx� 108 in.3 Using the ASD Selection Table in the AISC-

ASD Manual, let us try a W24� 55 section (Sx¼ 114 in.3, Sy¼ 8.30 in.3). For the W24� 55 section

840þ 240
114

8:30
¼ 4136

� �
> ½30Sx ¼ 30ð114Þ ¼ 3420� ðTherefore, NGÞ

The next lightest section is W21� 62 (Sx¼ 127 in.3, Sy¼ 13.9 in.3). For this section

840þ 240
127

13:9
¼ 3033

� �
< ½30Sx ¼ 30ð127Þ ¼ 3810� ðTherefore, OkayÞ

Therefore, use a W21� 62 section.

4.7.1.2 Load and Resistance Factor Design

To avoid distress at the most severely stressed point, the following equation for the limit state of yielding

must be satisfied:

fun � fbFy ð4:79Þ

where fun¼ (Mux/SxþMuy/Sy) is the flexural stress under factored loads, Sx , Sy are elastic section moduli

about the major and minor axes, respectively, fb¼ 0.90, and Fy is the specified minimum yield stress.

In addition, the limit state for lateral torsional buckling about the major axis should also be checked,

that is,

fbMnx � Mux ð4:80Þ

fbMnx is the design flexural strength about the major axis (see Section 4.5).

To facilitate design for biaxial bending, Equation 4.79 can be rearranged to give

Sx �
Mux

fbFy

þ Muy

fbFy

Sx

Sy

� �
� Mux

fbFy

þ Muy

fbFy

3:5
d

bf

� �
ð4:81Þ

In the above equation, d is the overall depth and bf the flange width of the section. The approximation

(Sx/Sy)� (3.5d=bf) was suggested by Gaylord et al. (1992) for doubly symmetric I-shaped sections.

4.8 Combined Bending, Torsion, and Axial Force

Members subjected to the combined effect of bending, torsion, and axial force should be designed to

satisfy the following limit states:

Yielding under normal stress:

fFy � fun ð4:82Þ

where f¼ 0.90, Fy is the specified minimum yield stress, and fun is the maximum normal stress

determined from an elastic analysis under factored loads.
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Yielding under shear stress:

fð0:6FyÞ � fuv ð4:83Þ
where f¼ 0.90, Fy is the specified minimum yield stress, and fuv is the maximum shear stress determined

from an elastic analysis under factored loads.

Buckling:

fcFcr � fun or fcFcr � fuv, whichever is applicable ð4:84Þ
where fcFcr¼fcPn=Ag, in which fcPn is the design compressive strength of the member (see

Section 4.4), Ag is the gross cross-section area, and fun, fuv are normal and shear stresses as defined in

Equations 4.82 and 4.83.

4.9 Frames

Frames are designed as a collection of structural components such as beams, beam–columns (columns),

and connections. According to the restraint characteristics of the connections used in the construction,

frames can be designed as Type I (rigid framing), Type II (simple framing), Type III (semirigid framing)

in ASD, or fully restrained (rigid) and partially restrained (semirigid) in LRFD.

� The design of rigid frames necessitates the use of connections capable of transmitting the full or a

significant portion of the moment developed between the connecting members. The rigidity of the

connections must be such that the angles between intersecting members should remain virtually

unchanged under factored loads.
� The design of simple frames is based on the assumption that the connections provide no moment

restraint to the beam insofar as gravity loads are concerned, but these connections should have

adequate capacity to resist wind moments.
� The design of semirigid frames is permitted upon evidence of the connections to deliver a predicable

amount of moment restraint. Over the past two decades, a large body of work has been published in

the literature on semirigid connection and frame behavior (see, e.g., Chen 1987, 2000; CTBUH

1993; Chen et al. 1996; Faella et al. 2000). However, because of the vast number of semirigid

connections that can exhibit an appreciable difference in joint behavior, no particular approach has

been recommended by any building specifications as of this writing. The design of semirigid or

partially restrained frames is dependent on the sound engineering judgment by the designer.

Semirigid and simple framings often incur inelastic deformation in the connections. The connections

used in these constructions must be proportioned to possess sufficient ductility to avoid overstress of the

fasteners or welds.

Regardless of the types of constructions used, due consideration must be given to account for member

and frame instability (P–d and P–D) effects either by the use of a second-order analysis or by other

means such as moment magnification factors or notional loads (ASCE 1997). The end-restrained effect

on the member should also be accounted for by the use of the effective length factor K.

4.9.1 Frame Design

Frames can be designed as side-sway inhibited (braced) or side-sway uninhibited (unbraced). In side-sway

inhibited frames, frame drift is controlled by the presence of a bracing system (e.g., shear walls, diagonal,

cross, K-braces, etc.). In side-sway uninhibited frames, frame drift is limited by the flexural rigidity of the

connected members and the diaphragm action of the floors. Most side-sway uninhibited frames are

designed as Type I or Type FR frames using moment connections. Under normal circumstances, the

amount of interstory drift under service loads should not exceed h/500 to h/300 where h is the story height.

A higher value of interstory drift is allowed only if it does not create serviceability concerns.

Beams in side-sway inhibited frames are often subject to high axial forces. As a result, they should be

designed as beam–columns using beam–column interaction equations. Furthermore, vertical bracing
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systems should be provided for braced multistory frames to prevent vertical buckling of the frames under

gravity loads.

When designing members of a frame, a designer should consider a variety of loading combinations and

load patterns, and the members are designed for the most severe load cases. Preliminary sizing of members

can be achieved by the use of simple behavioral models such as the simple beam model, cantilever column

model, and portal and cantilever method of frame analysis (see, e.g., Rossow 1996).

4.9.2 Frame Bracing

The subject of frame bracing is discussed in a number of references; see, for example, SSRC (1993) and

Galambos (1998). According to the LRFD Specification (AISC 1999), the required story or panel bracing

shear stiffness in side-sway inhibited frames is

bcr ¼
2:67

P
Pu

L
ð4:85Þ

where
P

Pu is the sum of all factored gravity loads acting on and above the story or panel supported by

the bracing and L is the story height or panel spacing (for ASD, replace Pu in Equation 4.85 by 1.5Pa,

where Pa is the required compressive strength based on ASD load combinations).

The required story or panel bracing force is

Pbr ¼ 0:004
X

Pu ð4:86Þ

4.10 Plate Girders

Plate girders are built-up beams. They are used as flexural members to carry extremely large lateral loads.

A flexural member is considered a plate girder if the width–thickness ratio of the web, hc=tw, exceeds

760=
ffiffiffiffiffi
Fb

p
(Fb is the allowable flexural stress) according to ASD, or lr (see Table 4.8) according to LRFD.

Because of the large web slenderness, plate girders are often designed with transverse stiffeners to

reinforce the web and to allow for postbuckling (shear) strength (i.e., tension field action) to develop.

Table 4.9 summarizes the requirements of transverse stiffeners for plate girders based on the web

slenderness ratio h=tw. Two types of transverse stiffeners are used for plate girders: bearing stiffeners and

intermediate stiffeners. Bearing stiffeners are used at unframed girder ends, and at concentrated load

points where the web yielding or web crippling criterion is violated. Bearing stiffeners extend the full

depth of the web from the bottom of the top flange to the top of the bottom flange. Intermediate

stiffeners are used when the width–thickness ratio of the web, h=tw, exceeds 260, when the shear criterion

is violated, or when tension field action is considered in the design. Intermediate stiffeners need not

extend to the full depth of the web but must be in contact with the compression flange of the girder.

Normally, the depths of plate girder sections are so large that simple beam theory, which postulates

that plane sections before bending remain in plane after bending, does not apply. As a result, a different

set of design formulae are required for plate girders.

TABLE 4.9 Web Stiffeners Requirements

Range of web slenderness Stiffeners requirements

h

tw

� 260 Plate girder can be designed without web stiffeners

260<
h

tw

� 0:48Effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fyf ðFyf þ 16:5Þ

p Plate girder must be designed with web stiffeners. The spacing of stiffeners, a, can

exceed 1.5h. The actual spacing is determined by the shear criterion

0:48Effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fyf ðFyf þ 16:5Þ

p <
h

tw

�11:7

ffiffiffiffiffiffi
E

Fyf

s
Plate girder must be designed with web stiffeners. The spacing of stiffeners, a,

cannot exceed 1.5h

Note: a is the clear distance between stiffeners, h is the clear distance between flanges when welds are used or the distance

between adjacent lines of fasteners when bolts are used, tw is the web thickness, and Fyf is the compression flange yield stress (ksi).
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4.10.1 Plate Girder Design

4.10.1.1 Allowable Stress Design

4.10.1.1.1 Allowable Bending Stress

The maximum bending stress in the compression flange of the girder computed using the flexure

formula shall not exceed the allowable value, Fb
0 , given by

F 0b ¼ FbRPGRe ð4:87Þ
where

Fb ¼ applicable allowable bending stress as discussed in Section 4.5 (ksi)

RPG¼ plate girder stress reduction factor¼ 1	 0.0005(Aw=Af)(h=tw	 760=
p

Fb)� 1.0

Re ¼ hybrid girder factor¼ [12þ (Aw=Af)(3a	 a3)]=[12þ 2(Aw=Af)]� 1.0, Re¼ 1 for a nonhybrid

girder

Aw ¼ area of the web

Af ¼ area of the compression flange

a ¼ 0.60Fyw=Fb� 1.0

Fyw ¼ yield stress of the web

4.10.1.1.2 Allowable Shear Stress

Without tension field action: The allowable shear stress is the same as that for beams given in

Equation 4.35.

With tension field action: The allowable shear stress is given by

Fv ¼
Fy

2:89
Cv þ

1	 Cv

1:15

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ða=hÞ2

q
2
64

3
75 � 0:40Fy ð4:88Þ

Note that the tension field action can be considered in the design only for nonhybrid girders. If the

tension field action is considered, transverse stiffeners must be provided and spaced at a distance so that

the computed average web shear stress, fv, obtained by dividing the total shear by the web area does not

exceed the allowable shear stress, Fv, given by Equation 4.88. In addition, the computed bending tensile

stress in the panel where tension field action is considered cannot exceed 0.60Fy, nor (0.825	
0.375fv=Fv)Fy where fv is the computed average web shear stress and Fv is the allowable web shear stress

given in Equation 4.88. The shear transfer criterion given by Equation 4.91 must also be satisfied.

4.10.1.1.3 Transverse Stiffeners

Transverse stiffeners must be designed to satisfy the following criteria.

Moment of inertia criterion: With reference to an axis in the plane of the web, the moment of inertia

of the stiffeners, in in.4, shall satisfy the condition

Ist �
h

50

� �4

ð4:89Þ

where h is the clear distance between flanges, in inches.

Area criterion: The total area of the stiffeners, in in.2, shall satisfy the condition

Ast �
1	 Cv

2

a

h
	 ða=hÞ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ða=hÞ2
q

2
64

3
75YDhtw ð4:90Þ

where Cv is the shear buckling coefficient as defined in Equation 4.35, a is the stiffeners’ spacing, h is the

clear distance between flanges, tw is the web thickness, Y is the ratio of web yield stress to stiffener yield

stress, D is equal to 1.0 for stiffeners furnished in pairs, 1.8 for single angle stiffeners, and 2.4 for single

plate stiffeners.
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Shear transfer criterion: If tension field action is considered, the total shear transfer, in kip=in., of the

stiffeners shall not be less than

fvs ¼ h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fyw

340

� �3
s

ð4:91Þ

where Fyw is the web yield stress (ksi) and h is the clear distance between flanges (in.).

The value of fvs can be reduced proportionally if the computed average web shear stress, fv, is less than

Fv given in Equation 4.88.

4.10.1.2 Load and Resistance Factor Design

4.10.1.2.1 Flexural Strength Criterion

Doubly or singly symmetric, single web plate girders loaded in the plane of the web should satisfy the

flexural strength criterion of Equation 4.38. The plate girder design flexural strength is given by

For the limit state of tension flange yielding :

fbMn ¼ 0:90½SxtReFyt� ð4:92Þ
For the limit state of compression flange buckling :

fbMn ¼ 0:90½SxcRPGReFcr� ð4:93Þ

where

Sxt ¼ section modulus referred to the tension flange¼ Ix=ct

Sxc ¼ section modulus referred to the compression flange¼ Ix=cc

Ix ¼moment of inertia about the major axis

ct ¼ distance from neutral axis to extreme fiber of the tension flange

cc ¼ distance from neutral axis to extreme fiber of the compression flange

RPG¼ plate girder bending strength reduction factor

¼ 1	 ar[hc/tw	 5.70
p

E=Fcr)]=[1200þ 300ar]� 1.0

Re ¼ hybrid girder factor

¼ [12þ ar(3m	m3)]=[12þ 2ar]� 1.0 (Re¼ 1 for nonhybrid girder)

ar ¼ ratio of web area to compression flange area

m ¼ ratio of web yield stress to flange yield stress or ratio of web yield stress to Fcr

Fyt ¼ tension flange yield stress

Fcr ¼ critical compression flange stress calculated as follows:

Limit state Range of slenderness Fcr (ksi)

Flange local buckling
bf

2tf

� 0:38

ffiffiffiffiffiffi
E

Fyf

s
Fyf

0:38

ffiffiffiffiffiffi
E

Fyf

s
<

bf

2tf

� 1:35

ffiffiffiffiffiffiffiffiffiffiffiffi
E

Fyf=kc

s
Fyf 1	 1

2

ðbf=2tf Þ 	 0:38
ffiffiffiffiffiffiffiffiffiffiffi
E=Fyf

q
1:35

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E=ðFyf=kcÞ

p
	 0:38

ffiffiffiffiffiffiffiffiffiffiffi
E=Fyf

p
0
@

1
A

2
4

3
5 � Fyf

bf

2tf

> 1:35

ffiffiffiffiffiffiffiffiffiffiffiffi
E

Fyf=kc

s
26,200kc

bf=2tfð Þ2

Lateral torsional buckling
Lb

rT

� 1:76

ffiffiffiffiffiffi
E

Fyf

s
Fyf

1:76

ffiffiffiffiffiffi
E

Fyf

s
<

Lb

rT

� 4:44

ffiffiffiffiffiffi
E

Fyf

s
CbFyf 1	 1

2

ðLb=rTÞ 	 1:76
ffiffiffiffiffiffiffiffiffiffiffi
E=Fyf

p
4:44

ffiffiffiffiffiffiffiffiffiffiffi
E=Fyf

p
	 1:76

ffiffiffiffiffiffiffiffiffiffiffi
E=Fyf

p
 !" #

� Fyf

Lb

rT

> 4:44

ffiffiffiffiffiffi
E

Fyf

s
286,000Cb

Lb=rTð Þ2
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kc ¼ 4=
pðh=twÞ, 0.35� kc� 0.763

bf ¼ compression flange width

tf ¼ compression flange thickness

Lb ¼ lateral unbraced length of the girder

rT ¼
p

[(tfbf
3=12þ hctw

3=72)=(bftfþ hctw=6)]

hc ¼ twice the distance from the neutral axis to the inside face of the compression flange less

the fillet

tw ¼web thickness

Fyf¼ yield stress of compression flange (ksi)

Cb¼Bending coefficient (see Section 4.5)

Fcr must be calculated for both flange local buckling and lateral torsional buckling. The smaller value

of Fcr is used in Equation 4.93.

The plate girder bending strength reduction factor RPG is a factor to account for the nonlinear flexural

stress distribution along the depth of the girder. The hybrid girder factor is a reduction factor to account

for the lower yield strength of the web when the nominal moment capacity is computed assuming

a homogeneous section made entirely of the higher yield stress of the flange.

4.10.1.2.2 Shear Strength Criterion

Plate girders can be designed with or without the consideration of tension field action. If tension

field action is considered, intermediate web stiffeners must be provided and spaced at a distance, a,

such that a=h is smaller than 3 or [260=(h=tw)]2, whichever is smaller. Also, one must check the flexure–

shear interaction of Equation 4.96, if appropriate. Consideration of tension field action is not

allowed if

� The panel is an end panel
� The plate girder is a hybrid girder
� The plate girder is a web tapered girder
� a=h exceeds 3 or [260=(h=tw)]2, whichever is smaller

The design shear strength, fvVn, of a plate girder is determined as follows:

If tension field action is not considered: fvVn are the same as those for beams as given in Equations 4.49

to 4.51.

If tension field action is considered and h=tw� 1.10
p

(kvE=Fyw):

fvVn ¼ 0:90½0:60AwFyw� ð4:94Þ

and if h/tw> 1.10
p

(kvE/Fyw):

fvVn ¼ 0:90 0:60AwFyw Cv þ
1	 Cv

1:15

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ða=hÞ2

q
0
B@

1
CA

2
64

3
75 ð4:95Þ

where

kv ¼ 5þ 5=(a/h)2 (kv shall be taken as 5.0 if a=h exceeds 3.0 or [260=(h=tw)]2, whichever is smaller)

Aw ¼ dtw (where d is the section depth and tw is the web thickness)

Fyw¼ web yield stress

Cv ¼ shear coefficient, calculated as follows:

Range of h=tw Cv

1:10

ffiffiffiffiffiffiffi
kvE

Fyw

s
� h

tw

� 1:37

ffiffiffiffiffiffiffi
kvE

Fyw

s
1:10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kvE=Fyw

p
h=tw

h

tw

>1:37

ffiffiffiffiffiffiffi
kvE

Fyw

s
1:51kvE

ðh=twÞ2Fyw
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4.10.1.2.3 Flexure–Shear Interaction

Plate girders designed for tension field action must satisfy the flexure–shear interaction criterion in

regions where 0.60fVn�Vu�fVn and 0.75fMn�Mu�fMn

Mu

fMn

þ 0:625
Vu

fVn

� 1:375 ð4:96Þ

where f¼ 0.90.

4.10.1.2.4 Bearing Stiffeners

Bearing stiffeners must be provided for a plate girder at unframed girder ends and at points of

concentrated loads where the web yielding or the web crippling criterion is violated (see Section

4.5.1.1.3). Bearing stiffeners shall be provided in pairs and extend from the upper flange to the lower

flange of the girder. Denoting bst as the width of one stiffener and tst as its thickness, bearing stiffeners

shall be portioned to satisfy the following limit states:

For the limit state of local buckling :

bst

tst

� 0:56

ffiffiffiffiffi
E

Fy

s
ð4:97Þ

For the limit state of compression: The design compressive strength, fcPn, must exceed the required

compressive force acting on the stiffeners. fcPn is to be determined based on an effective length factor K

of 0.75 and an effective area, Aeff, equal to the area of the bearing stiffeners plus portion of the web. For

end bearing, this effective area is equal to 2(bsttst)þ 12tw
2; and for interior bearing, this effective area is

equal to 2(bsttst)þ 25tw
2, where tw is the web thickness. The slenderness parameter, lc, is to be calculated

using a radius of gyration, r¼p(Ist/Aeff), where Ist¼ tst(2bstþ t w)3/12.

For the limit state of bearing: The bearing strength, fRn, must exceed the required compression force

acting on the stiffeners. fRn is given by

fRn � 0:75½1:8FyApb� ð4:98Þ

where Fy is the yield stress and Apb is the bearing area.

4.10.1.2.5 Intermediate Stiffeners

Intermediate stiffeners shall be provided if

� The shear strength capacity is calculated based on tension field action.
� The shear criterion is violated (i.e., when the Vu exceeds fvVn).
� The web slenderness h=tw exceeds 2.45(

p
E=Fyw).

Intermediate stiffeners can be provided in pairs or on one side of the web only in the form of plates or

angles. They should be welded to the compression flange and the web but they may be stopped short of

the tension flange. The following requirements apply to the design of intermediate stiffeners:

Local buckling: The width–thickness ratio of the stiffener must be proportioned so that Equation 4.97

is satisfied to prevent failure by local buckling.

Stiffener area: The cross-section area of the stiffener must satisfy the following criterion:

Ast �
Fyw

Fy

0:15 Dhtwð1	 CvÞ
Vu

fvVn

	 18t2
w

� �
� 0 ð4:99Þ

where Fy is the yield stress of stiffeners, D¼ 1.0 for stiffeners in pairs, D¼ 1.8 for single angle stiffeners,

and D¼ 2.4 for single plate stiffeners.

The other terms in Equation 4.99 are defined as before in Equations 4.94 and 4.95.
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Stiffener moment of inertia: The moment of inertia for stiffener pairs taken about an axis in the web

center or for single stiffeners taken about the face of contact with the web plate must satisfy the following

criterion:

Ist � at3
w

2:5

ða=hÞ2
	 2

" #
� 0:5at3

w ð4:100Þ

Stiffener length: The length of the stiffeners lst, should fall within the range

h 	 6 tw < lst < h 	 6tw ð4:101Þ

where h is the clear distance between the flanges less the widths of the flange-to-web welds and tw is the

web thickness.

If intermittent welds are used to connect the stiffeners to the girder web, the clear distance between

welds shall not exceed 16tw by not more than 10 in. (25.4 cm). If bolts are used, their spacing shall not

exceed 12 in. (30.5 cm).

Stiffener spacing: The spacing of the stiffeners, a, shall be determined from the shear criterion

fvVn �Vu. This spacing shall not exceed the smaller of 3h and [260=(h=tw) ]2h.

EXAMPLE 4.7

Using LRFD, design the cross-section of an I-shaped plate girder shown in Figure 4.12a to support

a factored moment Mu of 4600 kip ft (6240 kN m); dead weight of the girder is included. The girder

is a 60-ft (18.3-m) long simply supported girder. It is laterally supported at every 20 ft (6.1 m) interval.

Use A36 steel.

Proportion of the girder web: Ordinarily, the overall depth to span ratio d=L of a building girder is in

the range 1
12

to 1
10

. So, let us try h¼ 70 in.

Also, because h=tw of a plate girder is normally in the range 5.70
p

(E=Fyf) to 11.7
p

(E=Fyf), using

E¼ 29,000 ksi and Fyf¼ 36 ksi, let us try tw¼ 5
16

in.

Proportion of the girder flanges: For a preliminary design, the required area of the flange can be

determined using the flange area method

Af �
Mu

Fyh
¼ 4600 kip ft� 12 in:=ft

ð36 ksiÞð70 in:Þ ¼ 21:7 in:2

So, let bf¼ 20 in. and tf¼ 11
8

in. giving Af¼ 22.5 in.2

Determine the design flexural strength fbMn of the girder:

Calculate Ix:

Ix ¼
X
½Ii þ Ai y2

i �
¼ ½8,932þ ð21:88Þð0Þ2� þ 2½2:37þ ð22:5Þð35:56Þ2�
¼ 65,840 in:4

Calculate Sxt, Sxc:

Sxt ¼ Sxc ¼
Ix

ct

¼ Ix

cc

¼ 65,840

35þ 1:125
¼ 1,823 in:3

Calculate rT: Refer to Figure 4.12b,

rT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

IT

Af þ ð1=6ÞAw

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1:125Þð20Þ3=12þ ð11:667Þð5=16Þ3=12

22:5þ ð1=6Þð21:88Þ

s
¼ 5:36 in:
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Calculate Fcr:

For flange local buckling

bf

2tf

¼ 20

2ð1:125Þ ¼ 8:89

� �
< 0:38

ffiffiffiffiffiffi
E

Fyf

s
¼ 10:8

" #
, so Fcr¼Fyf ¼36 ksi

For lateral torsional buckling

Lb

rT

¼ 20� 12

5:36
¼ 44:8

� �
< 1:76

ffiffiffiffiffiffi
E

Fyf

s
¼ 50

" #
, so Fcr¼Fyf ¼36 ksi

Calculate RPG:

RPG ¼ 1	 arðhc=tw 	 5:70
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE=Fcr

p
Þ

ð1,200þ 300arÞ
¼ 1	 0:972½70=ð5=16Þ 	 5:70

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð29,000=36Þ

p
�

½1,200þ 300ð0:972Þ� ¼ 0:96

Calculate fbMn:

fbMn ¼ smaller of
0:90SxtReFyt ¼ ð0:90Þð1,823Þð1Þð36Þ ¼ 59,065 kip in:
0:90SxRPGReFcr ¼ ð0:90Þð1,823Þð0:96Þð1Þð36Þ ¼ 56,700 kip in:

�
¼ 56,700 kip in:
¼ 4,725 kip ft:

Since [fbMn¼ 4,725 kip ft]> [Mu¼ 4,600 kip ft], the cross-section is acceptable. Use web plate
5

16
in.� 70 in. and two flange plates 11

8
in.� 20 in. for the girder cross-section.

EXAMPLE 4.8

Design bearing stiffeners for the plate girder of the preceding example for a factored end reaction of 260 kip.

Since the girder end is unframed, bearing stiffeners are required at the supports. The size of the

stiffeners must be selected to ensure that the limit states of local buckling, compression, and bearing are

not violated.

Limit state of local buckling: Refer to Figure 4.13, try bst¼ 8 in. To avoid problems with local buckling

bst=2tst must not exceed 0.56
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE=FyÞ

p
¼ 15.8. Therefore, try tst¼ 1

2
in. So, bst=2tst¼ 8, which is less

than 15.8.

y

(a) (b)

bf

tw

tw

tf

Aw

Af

x h dx

Af

y

Aw/6
tf

T

Af

h/6

bf

T

FIGURE 4.12 Design of a plate girder cross-section: (a) plate girder nomenclature and (b) calculation of rT.
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Limit state of compression:

Aeff ¼ 2(bsttst)þ 12t2
w ¼ 2(8)(0.5)þ 12(5=16)2¼ 9.17 in.2

Ist ¼ tst(2bstþ tw)3=12¼ 0.5[2(8)þ 5=16]3=12¼ 181 in.4

rst ¼p(Ist=Aeff)¼
pð181=9:17Þ¼ 4.44 in.

Kh=rst¼ 0.75(70)=4.44¼ 11.8

lc ¼ (Kh=prst)
pðFy=EÞ¼ (11.8=3.142)

p
(36=29,000)¼ 0.132

and from Equation 4.17

fcPn ¼ 0:85ð0:658l
2ÞFyAst ¼ 0:85ð0:658Þ0:1322

ð36Þð9:17Þ ¼ 279 kip

Since fcPn> 260 kip, the design is satisfactory for compression.

Limit state of bearing: Assuming there is a 1
4
-in. weld cutout at the corners of the bearing stiffeners

at the junction of the stiffeners and the girder flanges, the bearing area for the stiffener pairs

is: Apb¼ (8	 0.25)(0.5)(2)¼ 7.75 in.2. Substituting this into Equation 4.98, we have fRn¼
0.75(1.8)(36)(7.75)¼ 377 kip, which exceeds the factored reaction of 260 kip. So bearing is not a

problem.

Use two 1
2

in.� 8 in. plates for bearing stiffeners.

4.11 Connections

Connections are structural elements used for joining different members of a framework. Connections

can be classified according to

� The type of connecting medium used. Bolted connections, welded connections, bolted–welded

connections, riveted connections.
� The type of internal forces the connections are expected to transmit. Shear (semirigid, simple)

connections, moment (rigid) connections.
� The type of structural elements that made up the connections. Single plate angle connections, double

web angle connections, top and seated angle connections, seated beam connections, etc.
� The type of members the connections are joining. Beam-to-beam connections (beam

splices), column-to-column connections (column splices), beam-to-column connections, hanger

connections, etc.

tst

Bearing
stiffeners

Plate girder flange

Plate girder web

bst

tw

12tw

bst

FIGURE 4.13 Design of bearing stiffeners.
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To properly design a connection, a designer must have a thorough understanding of the behavior of

the joint under loads. Different modes of failure can occur depending on the geometry of the connection

and the relative strengths and stiffness of the various components of the connection. To ensure that the

connection can carry the applied loads, a designer must check for all perceivable modes of failure

pertinent to each component of the connection and the connection as a whole.

4.11.1 Bolted Connections

Bolted connections are connections whose components are fastened together primarily by bolts. The

four basic types of bolts are discussed in Section 4.1.7. Depending on the direction and line of action of

the loads relative to the orientation and location of the bolts, the bolts may be loaded in tension, shear, or

a combination of tension and shear. For bolts subjected to shear forces, the design shear strength of the

bolts also depends on whether or not the threads of the bolts are excluded from the shear planes. A letter

X or N is placed at the end of the ASTM designation of the bolts to indicate whether the threads are

excluded or not excluded from the shear planes, respectively. Thus, A325-X denotes A325 bolts whose

threads are excluded from the shear planes and A490-N denotes A490 bolts whose threads are not

excluded from the shear planes. Because of the reduced shear areas for bolts whose threads are not

excluded from the shear planes, these bolts have lower design shear strengths than their counterparts

whose threads are excluded from the shear planes.

Bolts can be used in both bearing-type connections and slip-critical connections. Bearing-type con-

nections rely on bearing between the bolt shanks and the connecting parts to transmit forces. Some

slippage between the connected parts is expected to occur for this type of connections. Slip-critical

connections rely on the frictional force that develops between the connecting parts to transmit forces. No

slippage between connecting elements is expected for this type of connection. Slip-critical connections

are used for structures designed for vibratory or dynamic loads such as bridges, industrial buildings, and

buildings in regions of high seismicity. Bolts used in slip-critical connections are denoted by the letter F

after their ASTM designation, for example A325-F, A490-F.

Bolt holes. Holes made in the connected parts for bolts may be standard sized, oversized, short slotted,

or long slotted. Table 4.10 gives the maximum hole dimension for ordinary construction usage.

Standard holes can be used for both bearing-type and slip-critical connections. Oversized holes shall be

used only for slip-critical connections and hardened washers shall be installed over these holes in an

outer ply. Short-slotted and long-slotted holes can be used for both bearing-type and slip-critical

connections provided that when such holes are used for bearing, the direction of slot is transverse to the

direction of loading. While oversized and short-slotted holes are allowed in any or all plies of the

connection, long-slotted holes are allowed in only one of the connected parts. In addition, if long-slotted

TABLE 4.10 Nominal Hole Dimensions (in.)

Hole dimensions

Bolt diameter, d (in.) Standard (dia.) Oversize (dia.) Short slot (width� length) Long slot (width� length)

1

2

9

16

5

8

9

16
� 11

16

9

16
� 1

1

4
5

8

11

16

13

16

11

16
� 7

8

11

16
� 1

9

16
3

4

13

16

15

16

13

16
� 1

13

16
� 1

7

8
7

8

15

16
1

1

16

15

16
� 1

1

8

15

16
� 2

3

16

1 1
1

16
1

1

4
1

1

16
� 1

5

16
1

1

16
� 2

1

2

�1
1

8
dþ 1

16
dþ 5

16
d þ 1

16

� �
� d þ 3

8

� �
d þ 1

16

� �
� 2:5dÞð

Note: 1 in.¼ 25.4 mm.
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holes are used in an outer ply, plate washers, or a continuous bar with standard holes having a size

sufficient to cover the slot shall be provided.

4.11.1.1 Bolts loaded in tension

If a tensile force is applied to the connection such that the direction of load is parallel to the longitudinal

axes of the bolts, the bolts will be subjected to tension. The following conditions must be satisfied for

bolts under tensile stresses.

Allowable stress design:

ft � Ft ð4:102Þ
where ft is the computed tensile stress in the bolt and Ft is the allowable tensile stress in bolt (see Table 4.11).

Load and resistance factor design:

ftFt � ft ð4:103Þ
where ft¼ 0.75, ft is the tensile stress produced by factored loads (ksi), and Ft is the nominal tensile

strength given in Table 4.11.

4.11.1.2 Bolts Loaded in Shear

When the direction of load is perpendicular to the longitudinal axes of the bolts, the bolts will be

subjected to shear. The conditions that need to be satisfied for bolts under shear stresses are as follows:

Allowable stress design: For bearing-type and slip-critical connections, the condition is

fv � Fv ð4:104Þ
where fv is the computed shear stress in the bolt (ksi) and Fv is the allowable shear stress in bolt (see

Table 4.12).

Load and resistance factor design: For bearing-type connections designed at factored loads, and for slip-

critical connections designed at service loads, the condition is

fvFv � fv ð4:105Þ
where fv¼ 0.75 (for bearing-type connections design for factored loads), fv¼ 1.00 (for slip-

critical connections designed at service loads), fv is the shear stress produced by factored loads (for

bearing-type connections) or produced by service loads (for slip-critical connections), (ksi), and Fv is the

TABLE 4.11 Ft of Bolts (ksi)

ASD LRFD

Bolt type

Ft, ksi

(static loading) Ft, ksi (fatigue loading)

Ft, ksi

(static loading) Ft, ksi (fatigue loading)

A307 20 Not allowed 45 Not allowed

A325

A490

44

54

If N� 20,000: Ft¼ same as for

static loading

If 20,000<N� 500,000:

90

113

Ft is not defined, but the

condition Ft< FSR needs

to be satisfied

Ft¼ 40 (A325)¼ 49 (A490)

If N> 500,000:

Ft¼ 31 (A325)¼ 38 (A490)

where N¼ number of stress

range fluctuations in design

life Fu¼minimum specified

where ft¼ tensile stress caused

by service loads calculated

using a net tensile area

given by

At ¼
p
4

db 	
0:9743

n

� �2

tensile strength, ksi FSR is the design stress range

given by

FSR ¼
3:9� 108

N

� �1=3

� 7 ksi

in which db¼ nominal bolt

diameter, n¼ threads per inch,

N¼ number of stress range

fluctuations in the design life

Note: 1 ksi¼ 6.895 MPa.
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nominal shear strength given in Table 4.12.

For slip-critical connections designed at factored loads, the condition is

frstr � ru ð4:106Þ
where

f ¼ 1.0 (for standard holes)

¼ 0.85 (for oversized and short-slotted holes)

¼ 0.70 (for long-slotted holes transverse to the direction of load)

¼ 0.60 (for long-slotted holes parallel to the direction of load)

rstr¼ design slip resistance per bolt¼ 1.13mTbNs

m¼ 0.33 (for Class A surfaces, i.e., unpainted clean mill surfaces or blast-cleaned surfaces with

Class A coatings)

¼ 0.50 (for Class B surfaces, i.e., unpainted blast-cleaned surfaces or blast-cleaned surfaces

with Class B coatings)

¼ 0.35 (for Class C surfaces, i.e., hot-dip galvanized and roughened surfaces)

Tb¼minimum fastener tension given in Table 4.13

Ns¼ number of slip planes

ru ¼ required force per bolt due to factored loads

4.11.1.3 Bolts Loaded in Combined Tension and Shear

If a tensile force is applied to a connection such that its line of action is at an angle with the longitudinal

axes of the bolts, the bolts will be subjected to combined tension and shear. The conditions that need to

be satisfied are given below:

Allowable stress design: The conditions are

fv � Fv and ft � Ft ð4:107Þ

TABLE 4.12 Fv or Fn of Bolts (ksi)

Bolt type Fv (for ASD) Fv (for LRFD)

A307 10.0a (regardless of whether or not threads

are excluded from shear planes)

24.0a (regardless of whether or not threads

are excluded from shear planes)

A325-N 21.0a 48.0a

A325-X 30.0a 60.0a

A325-Fb 17.0 (for standard size holes) 17.0 (for standard size holes)

15.0 (for oversized and short-slotted holes) 15.0 (for oversized and short-slotted holes)

12.0 (for long-slotted holes when direction

of load is transverse to the slots)

12.0 (for long-slotted holes when direction

of load is transverse to the slots)

10.0 (for long-slotted holes when direction

of load is parallel to the slots)

10.0 (for long-slotted holes when direction

of load is parallel to the slots)

A490-N 28.0a 60.0a

A490-X 40.0a 75.0a

A490-Fb 21.0 (for standard size holes) 21.0 (for standard size holes)

18.0 (for oversized and short-slotted holes) 18.0 (for oversized and short-slotted holes)

15.0 (for long-slotted holes when direction

of load is transverse to the slots)

15.0 (for long-slotted holes when direction

of load is transverse to the slots)

13.0 (for long-slotted holes when direction

of load is parallel to the slots)

13.0 (for long-slotted holes when direction

of load is parallel to the slots)

a Tabulated values shall be reduced by 20% if the bolts are used to splice tension members having a fastener pattern whose

length, measured parallel to the line of action of the force, exceeds 50 in.
b Tabulated values are applicable only to Class A surface, that is, unpainted clean mill surface and blast cleaned surface

with Class A coatings (with slip coefficient¼ 0.33). For design strengths with other coatings, see ‘‘Load and Resistance

Factor Design Specification to Structural Joints Using ASTM A325 or A490 Bolts’’ (RCSC 2000).

Note: 1 ksi¼ 6.895 MPa.
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where fv, Fv are defined in Equation 4.104, ft is the computed tensile stress in the bolt (ksi), and Ft is the

allowable tensile stress given in Table 4.14.

Load and resistance factor design: For bearing-type connections designed at factored loads and slip-

critical connections designed at service loads, the conditions are

fvFv � fv and ftFt � ft ð4:108Þ

TABLE 4.13 Minimum Fastener Tension (kip)

Bolt diameter (in.) A325 bolts A490 bolts

1

2
012 015

5

8
019 024

3

4
028 035

7

8
039 049

1 051 064

1
1

8
056 080

1
1

4
071 102

1
3

8
085 121

1
1

2
103 148

Note: 1 kip¼ 4.45 kN.

TABLE 4.14 Ft for Bolts under Combined Tension and Shear (ksi)

Bearing-type connections

ASD LRFD

Bolt type

Threads not excluded

from the shear plane

Threads excluded

from the shear plane

Threads not excluded

from the shear plane

Threads excluded

from the shear plane

A307 26	 1.8fv� 20 26	 1.8fv� 20 59	 2.5fv� 45 59	 2.5fv� 45

A325
pð442 	 4:39f 2

v Þ
pð442 	 2:15f 2

v Þ 117	 2.5fv� 90 117	 2.0fv� 90

A490
pð542 	 3:75f 2

v Þ
pð542 	 1:82f 2

v Þ 147	 2.5fv� 113 147	 2.0fv� 113

Slip-critical connections

For ASD:

Only fv� Fv needs to be checked

where

fv ¼ computed shear stress in the bolt, ksi

Fv ¼ [1	 (ftAb=Tb)]� (values of Fv given in Table 4.12)

ft ¼ computed tensile stress in the bolt, ksi

Ab¼nominal cross-sectional area of bolt, in.2

Tb¼minimum pretension load given in Table 4.13.

For LRFD:

Only fvFv� fv needs to be checked

where

fv ¼ 1.0

fv ¼ shear stress produced by service load

Fv ¼ [1	 (T=0.8TbNb)]� (values of Fv given in Table 4.12)

T ¼ service tensile force in the bolt, kip

Tb ¼minimum pretension load given in Table 4.13

Nb¼number of bolts carrying the service-load tension T

Note: 1 ksi¼ 6.895 MPa.
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where fv, Fv, fv are defined in Equation 4.105, ft is equal to 0.75, ft is the tensile stress due to

factored loads (for bearing-type connection) or due to service loads (for slip-critical connections)

(ksi), and Ft is the nominal tension stress limit for combined tension and shear given in Table 4.14.

For slip-critical connections designed at factored loads, the condition is given in Equation 4.106,

except that the design slip resistance per bolt frstr shall be multiplied by a reduction factor given by

1	 (Tu=(1.13TbNb)), where Tu is the factored tensile load on the connection, Tb is given in Table 4.13,

and Nb is the number of bolts carrying the factored-load tension Tu.

4.11.1.4 Bearing Strength at Fastener Holes

Connections designed on the basis of bearing rely on the bearing force developed between the fasteners

and the holes to transmit forces and moments. The limit state for bearing must therefore be checked to

ensure that bearing failure will not occur. Bearing strength is independent of the type of fastener. This is

because the bearing stress is more critical on the parts being connected than on the fastener itself. The

AISC specification provisions for bearing strength are based on preventing excessive hole deformation.

As a result, bearing capacity is expressed as a function of the type of holes (standard, oversized, slotted),

bearing area (bolt diameter times the thickness of the connected parts), bolt spacing, edge distance (Le),

strength of the connected parts (Fu), and the number of fasteners in the direction of the bearing

force. Table 4.15 summarizes the expressions and conditions used in ASD and LRFD for calculating

the bearing strength of both bearing-type and slip-critical connections.

4.11.1.5 Minimum Fastener Spacing

To ensure safety, efficiency, and to maintain clearances between bolt nuts as well as to provide room for

wrench sockets, the fastener spacing, s, should not be less than 3d where d is the nominal fastener diameter.

4.11.1.6 Minimum Edge Distance

To prevent excessive deformation and shear rupture at the edge of the connected part, a minimum edge

distance Le must be provided in accordance with the values given in Table 4.16 for standard holes. For

oversized and slotted hole, the values shown must be incremented by C2 given in Table 4.17.

4.11.1.7 Maximum Fastener Spacing

A limit is placed on the maximum value for the spacing between adjacent fasteners to prevent the

possibility of gaps forming or buckling from occurring in between fasteners when the load to be

transmitted by the connection is compressive. The maximum fastener spacing measured in the direction

of the force is given as follows:

For painted members or unpainted members not subject to corrosion: smaller of 24t where t is the

thickness of the thinner plate and 12 in. (305 mm).

TABLE 4.15 Bearing Capacity

ASD LRFD

Conditions

Allowable bearing

stress, Fp, ksi

Design bearing strength,

fRn, kip

1. For standard, oversized, or short-slotted

holes loaded in any direction

LeFu=2d� 1.2Fu 0.75[1.2LctFu]� 0.75[2.4dtFu]a

2. For long-slotted holes with direction of

slot perpendicular to the direction of bearing

LeFu=2d� 1.0Fu 0.75[1.0LctFu]� 0.75[2.0dtFu]

3. If hole deformation at service load is not

a design consideration

LeFu=2d� 1.5Fu 0.75[1.5LctFu]� 0.75[3.0dtFu]

a This equation is also applicable to long-slotted holes when the direction of slot is parallel to the direction of bearing force.

Note: Le is the distance from free edge to center of the bolt; Lc is the clear distance, in the direction of force, between the

edge of the hole and the edge of the adjacent hole or edge of the material; d is the nominal bolt diameter; t is the thickness of

the connected part; and Fu is the specified minimum tensile strength of the connected part.
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For unpainted members of weathering steel subject to atmospheric corrosion: smaller of 14t where t is the

thickness of the thinner plate and 7 in. (178 mm).

4.11.1.8 Maximum Edge Distance

A limit is placed on the maximum value for edge distance to prevent prying action from occurring. The

maximum edge distance shall not exceed the smaller of 12t where t is the thickness of the connected part

and 6 in. (15 cm).

EXAMPLE 4.9

Check the adequacy of the connection shown in Figure 4.4a. The bolts are 1-in. diameter A325-N bolts in

standard holes. The connection is a bearing-type connection.

Check bolt capacity: All bolts are subjected to double shear. Therefore, the design shear strength of the

bolts will be twice that shown in Table 4.12. Assuming each bolt carries an equal share of the factored

applied load, we have from Equation 4.105

½fvFv ¼ 0:75ð2� 48Þ ¼ 72 ksi�> fv ¼
208

ð6Þðpd2=4Þ
¼ 44:1 ksi

� �
The shear capacity of the bolt is therefore adequate.

TABLE 4.17 Values of Edge Distance Increment, C2 (in.)

Slotted holes

Slot transverse to edge

Nominal diameter of

fastener (in.)

Oversized

holes

Short

slot

Long

slota

Slot parallel

to edge

�7

8

1

16

1

8
3d=4 0

1
1

8
0

1

8

�1
1

8

1

8
0

3

16

a If the length of the slot is less than the maximum shown in Table 4.10, the value shown may be

reduced by one-half the difference between the maximum and the actual slot lengths.

Note: 1 in.¼ 25.4 mm.

TABLE 4.16 Minimum Edge Distance for Standard Holes (in.)

Nominal fastener

diameter (in.)

At sheared

edges

At rolled edges of plates, shapes,

and bars or gas cut edges

1

2

7

8

3

4
5

8
1

1

8

7

8
3

4
1

1

4
1

7

8
1

1

2
1

1

8

1 1
3

4
1

1

4

1
1

8
2 1

1

2

1
1

4
2

1

4
1

5

8

Over 1
1

4
1

3

4
� Fastener diameter 1

1

4
� Fastener diameter

Note: 1 in.¼ 25.4 mm.
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Check bearing capacity of the connected parts: With reference to Table 4.15, it can be seen that

condition 1 applies for the present problem. Therefore, we have

½fRn ¼ 0:75ð1:2LctFuÞ ¼ 0:75ð1:2Þ 3	 11
8

� �
3
8

� �
ð58Þ ¼ 36:7 kip

< 0:75ð2:4dtFuÞ ¼ 0:75ð2:4Þð1Þ 3
8

� �
ð58Þ ¼ 39:2 kip

> ½Ru ¼
208

6
¼ 34:7 kip�

and so bearing is not a problem. Note that bearing on the gusset plate is more critical than bearing on the

webs of the channels because the thickness of the gusset plate is less than the combined thickness of the

double channels.

Check bolt spacing: The minimum bolt spacing is 3d¼ 3(1)¼ 3 in. The maximum bolt spacing is the

smaller of 14t¼ 14(0.303)¼ 4.24 in. or 7 in. The actual spacing is 3 in., which falls within the range of

3 to 4.24 in., so bolt spacing is adequate.

Check edge distance: From Table 4.16, it can be determined that the minimum edge distance is 1.25 in.

The maximum edge distance allowed is the smaller of 12t¼ 12(0.303)¼ 3.64 in. or 6 in. The actual edge

distance is 3 in., which falls within the range of 1.25 to 3.64 in., so edge distance is adequate.

The connection is therefore adequate.

4.11.1.9 Bolted Hanger-Type Connections

A typical hanger connection is shown in Figure 4.14. In the design of such connections, the designer must

take into account the effect of prying action. Prying action results when flexural deformation occurs in the

tee flange or angle leg of the connection (Figure 4.15). Prying action tends to increase the tensile force, called

prying force, in the bolts. To minimize the effect of prying, the fasteners should be placed as close to the tee

stem or outstanding angle leg as the wrench clearance will permit [see Tables on Entering and Tightening

Clearances in Volume II — Connections of the AISC-LRFD Manual (AISC 2001)]. In addition, the flange

and angle thickness should be proportioned so that the full tensile capacities of the bolts can be developed.

Two failure modes can be identified for hanger-type connections: formation of plastic hinges in the tee

flange or angle leg at cross-sections 1 and 2, and tensile failure of the bolts when the tensile force

including prying action Bc (¼TþQ) exceeds the tensile capacity of the bolt B. Since the determination

of the actual prying force is rather complex, the design equation for the required thickness for the tee

flange or angle leg is semiempirical in nature. It is given by

If ASD is used:

treq’d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8Tb 0

pFyð1þ da0Þ

s
ð4:109Þ

where T is the tensile force per bolt due to service load exclusive of initial tightening and prying force

(kip). The other variables are as defined in Equation 4.110, except that B in the equation for a0 is defined

as the allowable tensile force per bolt. A design is considered satisfactory if the thickness of the tee flange

or angle leg tf exceeds treq’d and B >T.

Tee Double angle

FIGURE 4.14 Hanger connections.
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If LRFD is used:

treq’d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4Tub 0

fbpFyð1þ da0Þ

s
ð4:110Þ

where

fb¼ 0.90

Tu¼ factored tensile force per bolt exclusive of initial tightening and prying force, kip

p ¼ length of flange tributary to each bolt measured along the longitudinal axis of the tee or double-

angle section, in.

d¼ ratio of net area at bolt line to gross area at angle leg or stem face¼ (p	 d 0)=p

d 0 ¼ diameter of bolt hole¼ bolt diameterþ 1
8

in.

a0 ¼ ðB=Tu 	 1Þða0=b0Þ
d 1	 ðB=Tu 	 1Þða0=b0Þ½ � � 1 (if a0 is less than zero, use a0 ¼ 1)

B ¼ design tensile strength of one bolt¼fFtAb (kip) (fFt is given in Table 4.11 and Ab is the

nominal area of the bolt)

a 0 ¼ aþ d=2

b 0 ¼ b	 d=2

a ¼ distance from bolt centerline to edge of tee flange or angle leg but not more than 1.25b in.

b ¼ distance from bolt centerline to face of tee stem or outstanding leg, in.

d¼ nominal bolt diameter, in.

A design is considered satisfactory if the thickness of the tee flange or angle leg tf exceeds treq’d and B >Tu.

Note that if tf is much larger than treq’d, the design will be too conservative. In this case a0 should be

recomputed using the equation

a0 ¼ 1

d
4Tub 0

fbpt2
f Fy

	 1

� �
ð4:111Þ

Prying action
in bolts

d Q

BC

M2

M1

b� a�
ab

2

21

1

FIGURE 4.15 Prying action in hanger connections.
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As before, the value of a0 should be limited to the range 0� a0 � 1. This new value of a0 is to be used in

Equation 4.110 to recalculate treq’d.

4.11.1.10 Bolted Bracket-Type Connections

Figure 4.16 shows three commonly used bracket-type connections. The bracing connection shown

in Figure 4.16a should preferably be designed so that the line of action of the force will pass through

the centroid of the bolt group. It is apparent that the bolts connecting the bracket to the column flange

are subjected to combined tension and shear. As a result, the combined tensile-shear capacities of the

bolts should be checked in accordance with Equation 4.107 in ASD or Equation 4.108 in LRFD. For

simplicity, fv and ft are to be computed assuming that both the tensile and shear components of the force

are distributed evenly to all bolts. In addition to checking for the bolt capacities, the bearing capacities of

the column flange and the bracket should also be checked. If the axial component of the force is

significant, the effect of prying should also be considered.

In the design of the eccentrically loaded connections shown in Figure 4.16b, it is assumed that the

neutral axis of the connection lies at the center of gravity of the bolt group. As a result, the bolts

above the neutral axis will be subjected to combined tension and shear and so Equation 4.107 or

4.108 needs to be checked. The bolts below the neutral axis are subjected to shear only and so

Equation 4.104 or 4.105 applies. In calculating fv, one can assume that all bolts in the bolt group carry

an equal share of the shear force. In calculating ft, one can assume that the tensile force varies linearly

from a value of zero at the neutral axis to a maximum value at the bolt farthest away from the neutral

axis. Using this assumption, ft can be calculated from the equation Pey=I where y is the distance from

the neutral axis to the location of the bolt above the neutral axis and I¼
P

Aby2 is the moment of

inertia of the bolt areas where Ab is the cross-sectional area of each bolt. The capacity of the connection

is determined by the capacities of the bolts and the bearing capacity of the connected parts.

For the eccentrically loaded bracket connection shown in Figure 4.16c, the bolts are subjected to

shear. The shear force in each bolt can be obtained by adding vectorally the shear caused by the applied

Centroid of
bolt group

Centroid of
bolt group

(a) (b)P

P

y

e

(c)

Centroid of
bolt group

χ0

P

FIGURE 4.16 Bolted bracket-type connections.
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load P and the moment Pw0. The design of this type of connections is facilitated by the use of tables

contained in the AISC Manuals for Allowable Stress Design and Load and Resistance Factor Design

(AISC 1986, 2001).

In addition to checking for bolt shear capacity, one needs to check the bearing and shear rupture

capacities of the bracket plate to ensure that failure will not occur in the plate.

4.11.1.11 Bolted Shear Connections

Shear connections are connections designed to resist shear force only. They are used in Type 2 or Type 3

construction in ASD, and Type PR construction in LRFD. These connections are not expected to provide

appreciable moment restraint to the connection members. Examples of these connections are shown in

Figure 4.17. The framed beam connection shown in Figure 4.17a consists of two web angles that are often

Use shims as required

Use shims as required

(b)

(c)

(a)

Stiffeners
fitted to
bear

FIGURE 4.17 Bolted shear connections: (a) bolted frame beam connection; (b) bolted seated beam connection;

and (c) bolted stiffened seated beam connection.
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shop-bolted to the beam web and then field-bolted to the column flange. The seated beam connection

shown in Figure 4.17b consists of two flange angles often shop-bolted to the beam flange and field-bolted

to the column flange. To enhance the strength and stiffness of the seated beam connection, a stiffened

seated beam connection shown in Figure 4.17c is sometimes used to resist large shear force. Shear

connections must be designed to sustain appreciable deformation and yielding of the connections is

expected. The need for ductility often limits the thickness of the angles that can be used. Most of these

connections are designed with angle thickness not exceeding 5
8

in. (16 mm).

The design of the connections shown in Figure 4.17 is facilitated by the use of design tables contained

in the AISC-ASD and AISC-LRFD Manuals. These tables give design loads for the connections with

specific dimensions based on the limit states of bolt shear, bearing strength of the connection, bolt

bearing with different edge distances, and block shear (for coped beams).

4.11.1.12 Bolted Moment-Resisting Connections

Moment-resisting connections are connections designed to resist both moment and shear. They are used

in Type 1 construction in ASD, and Type FR construction in LRFD. These connections are often referred

to as rigid or fully restrained connections as they provide full continuity between the connected members

and are designed to carry the full factored moments. Figure 4.18 shows some examples of moment-

resisting connections. Additional examples can be found in the AISC-ASD and AISC-LRFD Manuals and

Chapter 4 of the AISC Manual on Connections (AISC 1992).

4.11.1.13 Design of Moment-Resisting Connections

An assumption used quite often in the design of moment connections is that the moment is carried

solely by the flanges of the beam. The moment is converted to a couple Ff given by Ff¼M=(d	 tf) acting

on the beam flanges as shown in Figure 4.19.

The design of the connection for moment is considered satisfactory if the capacities of the bolts and

connecting plates or structural elements are adequate to carry the flange force Ff. Depending on the

geometry of the bolted connection, this may involve checking: (a) the shear and tensile capacities of the

bolts; (b) the yield and fracture strength of the moment plate; (c) the bearing strength of the connected

parts; and (d) bolt spacing and edge distance as discussed in the foregoing sections.

Use shims as required

+ + + + + +

+ + + + + +

+
+
+
+ + + + + + +

++++++

+
+
+
+
+

+
+
+
+

(a) (b)

FIGURE 4.18 Bolted moment connections.
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As for shear, it is common practice to assume that all the shear resistance is provided by the shear

plates or angles. The design of the shear plates or angles is governed by the limit states of bolt shear,

bearing of the connected parts, and shear rupture.

If the moment to be resisted is large, the flange force may cause bending of the column flange, or local

yielding, crippling, or buckling of the column web. To prevent failure due to bending of the column

flange or local yielding of the column web (for a tensile Ff) as well as local yielding, crippling, or buckling

of the column web (for a compressive Ff), column stiffeners should be provided if any one of the

conditions discussed in Section 4.5.1.1.3 is violated.

Following is a set of guidelines for the design of column web stiffeners (AISC 1989, 2001):

1. If local web yielding controls, the area of the stiffeners (provided in pairs) shall be determined

based on any excess force beyond that which can be resisted by the web alone. The stiffeners need

not extend more than one-half the depth of the column web if the concentrated beam flange force

Ff is applied at only one column flange.

2. If web crippling or compression buckling of the web is controlled, the stiffeners shall be designed

as axially loaded compression members (see Section 4.4). The stiffeners shall extend the entire

depth of the column web.

3. The welds that connect the stiffeners to the column shall be designed to develop the full strength of

the stiffeners.

In addition, the following recommendations are given:

1. The width of the stiffener plus one-half of the column web thickness should not be less than one-

half the width of the beam flange nor the moment connection plate that applies the force.

2. The stiffener thickness should not be less than one-half the thickness of the beam flange.

3. If only one flange of the column is connected by a moment connection, the length of the stiffener

plate does not have to exceed one-half the column depth.

4. If both flanges of the column are connected by moment connections, the stiffener plate should

extend through the depth of the column web and welds should be used to connect the stiffener

tf

tf

M

Ff =

Ff

M
d – tf

d

FIGURE 4.19 Flange forces in moment connections.
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plate to the column web with sufficient strength to carry the unbalanced moment on opposite

sides of the column.

5. If column stiffeners are required on both the tension and compression sides of the beam, the size

of the stiffeners on the tension side of the beam should be equal to that on the compression size for

ease of construction.

In lieu of stiffener plates, a stronger column section should be used to preclude failure in the column

flange and web.

For a more thorough discussion of bolted connections, the readers are referred to the book by

Kulak et al. (1987). Examples on the design of a variety of bolted connections can be found in the AISC-

LRFD Manual (AISC 2001) and the AISC Manual on Connections (AISC 1992).

4.11.2 Welded Connections

Welded connections are connections whose components are joined together primarily by welds. The

four most commonly used welding processes are discussed in Section 4.1.7. Welds can be classified

according to

� The types of welds: groove welds, fillet welds, plug welds, and slot welds.
� The positions of the welds: horizontal welds, vertical welds, overhead welds, and flat welds.
� The types of joints: butt, lap, corner, edge, and tee.

Although fillet welds are generally weaker than groove welds, they are used more often because they

allow for larger tolerances during erection than groove welds. Plug and slot welds are expensive to make

and they do not provide much reliability in transmitting tensile forces perpendicular to the faying

surfaces. Furthermore, quality control of such welds is difficult because inspection of the welds is rather

arduous. As a result, plug and slot welds are normally used just for stitching different parts of the

members together.

4.11.2.1 Welding Symbols

A shorthand notation giving important information on the location, size, length, etc. for the various

types of welds was developed by the American Welding Society (AWS 1987) to facilitate the detailing of

welds. This system of notation is reproduced in Figure 4.20.

4.11.2.2 Strength of Welds

In ASD, the strength of welds is expressed in terms of allowable stress. In LRFD, the design strength of

welds is taken as the smaller of the design strength of the base material fFBM (expressed as a function of

the yield stress of the material) and the design strength of the weld electrode fFW (expressed as a function

of the strength of the electrode FEXX). These allowable stresses and design strengths are summarized in

Table 4.18 (ASD 1989; AISC 1999). During design using ASD, the computed stress in the weld shall not

exceed its allowable value. During design using LRFD, the design strength of welds should exceed the

required strength obtained by dividing the load to be transmitted by the effective area of the welds.

4.11.2.3 Effective Area of Welds

The effective area of groove welds is equal to the product of the width of the part joined and the effective

throat thickness. The effective throat thickness of a full-penetration groove weld is taken as the thickness

of the thinner part joined. The effective throat thickness of a partial-penetration groove weld is taken as

the depth of the chamfer for J, U, bevel, or V (with bevel� 60�) joints and it is taken as the depth of the

chamfer minus 1
8

in. (3 mm) for bevel or V joints if the bevel is between 45� and 60�. For flare bevel

groove welds the effective throat thickness is taken as 5R=16 and for flare V-groove the effective throat

thickness is taken as R=2 (or 3R=8 for GMAW process when R� 1 in. or 25.4 mm). R is the radius of the

bar or bend.

4-68 Handbook of Structural Engineering

Copyright 2005 by CRC Press



BASIC WELD SYMBOLS

Groove or Butt

BACK FILLET
SQUARE

SUPPLEMENTARY WELD SYMBOLS

STANDARD LOCATION OF ELEMENTS OF A WELDING SYMBOL

Finish symbol

Contour symbol

Effective throat

Reference line

Basic weld symbol
or detail reference

Specification, process
or other reference

Tail (omitted when
reference is not used)

Depth of preparation
or size in inches

Root opening, depth
of filling for plug
and slot welds

Groove angle or included
angle of countersink
for plug welds

Length of weld in inches

Pitch (c. to c. spacing)
of welds in inches

Field weld symbol

Weld-all-around symbol

CONTOUR

For other basic and
supplementary weld
symbols, see

FLUSH CONVEX

FIELD
WELD

BACKING SPACER WELD ALL
AROUND

V BEVEL
FLARE

V
FLARE
BEVEL

AWS A2.4-79

U J

PLUG
OR

SLOT

 Size, weld symbol, length of weld and spacing must read in that order from left to right along the
reference line. Neither orientation of reference line nor location of the arrow alters this rule.

 The perpendicular leg of       ,       ,      ,        weld symbols must be at left. 

 Arrow and Other Side welds are of the same size unless otherwise shown. Dimensions of fillet
welds must be shown on both the Arrow Side and the Other Side Symbol.

 The point of the field weld symbol must point toward the tail.

 Symbols apply between abrupt changes in direction of welding unless governed by the “all around”
symbol or otherwise dimensioned.

Arrow connects reference line to arrow side
of joint. Use break as at A or B to signify
that arrow is pointing to the grooved
member in bevel or J-grooved joints.

A B
T

F

A

R

(B
ot

h 
 s

id
es

)

(O
th

er
si

de
)

(A
rr

ow
si

de
)

S(E)
L@P

Note:

    These symbols do not explicitly provide for the case that frequently occurs in structural work, 
where duplicate material (such as stiffeners) occurs on the far side of a web or gusset plate. 
The fabricating industry has adopted this convention: that when the billing of the detail material 
discloses the existence of a member on the far side as well as on the near side, the welding 
shown for the near side shall be duplicated on the far side.

FIGURE 4.20 Basic weld symbols.
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The effective area of fillet welds is equal to the product of length of the fillets including returns and the

effective throat thickness. The effective throat thickness of a fillet weld is the shortest distance from the

root of the joint to the face of the diagrammatic weld as shown in Figure 4.21. Thus, for an equal leg fillet

weld, the effective throat is given by 0.707 times the leg dimension. For fillet weld made by the SAW

process, the effective throat thickness is taken as the leg size (for 3
8

in. or 9.5 mm and smaller fillet welds)

or as the theoretical throat plus 0.11 in. or 3 mm (for fillet weld over 3
8

in. or 9.5 mm). A larger value for

the effective throat thickness is permitted for welds made by the SAW process to account for the

inherently superior quality of such welds.

TABLE 4.18 Strength of Welds

Types of weld

and stressa Material

ASD allowable

stress

LRFD fFBM

or fFW

Required weld strength

levelb,c

Full penetration groove weld

Tension normal to

effective area

Base Same as base metal 0.90Fy ‘‘Matching’’ weld must be

used

Compression normal to

effective area

Base Same as base metal 0.90Fy Weld metal with a strength

level equal to or less than

Tension or compression

parallel to axis of weld

Base Same as base metal 0.90Fy
‘‘matching’’ must be used

Shear on effective area Base

Weld

electrode

0.30�nominal tensile

strength of weld metal

0.90[0.60Fy]

0.80[0.60FEXX]

Partial penetration groove welds

Compression normal to

effective area

Base Same as base metal 0.90Fy Weld metal with a strength

level equal to or less than

Tension or compression

parallel to axis of weldd

‘‘matching’’ weld metal may

be used

Shear parallel to axis Base 0.30�nominal tensile 0.75[0.60FEXX]

of weld Weld

electrode

strength of weld metal

Tension normal to

effective area

Base

Weld

0.30�nominal tensile

strength of weld metal 0.90Fy

electrode �0.60� yield stress of

base metal

0.80[0.60FEXX]

Fillet welds

Stress on effective area Base

Weld

electrode

0.30�nominal tensile

strength of weld metal

0.75[0.60FEXX] Weld metal with a strength

level equal to or less than

‘‘matching’’ weld metal may

be used

Tension or compression

parallel to axis of weldd

Base Same as base metal 0.90Fy

Plug or slot welds

Shear parallel to faying

surfaces (on effective area)

Base

Weld

electrode

0.30�nominal tensile

strength of weld metal

0.75[0.60FEXX] Weld metal with a strength

level equal to or less than

‘‘matching’’ weld metal may

be used

a See below for effective area.
b See AWS D1.1 for ‘‘matching’’ weld material.
c Weld metal one strength level stronger than ‘‘matching’’ weld metal will be permitted.
d Fillet welds and partial-penetration groove welds joining component elements of built-up members such as flange-to-web

connections may be designed without regard to the tensile or compressive stress in these elements parallel to the axis of

the welds.
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The effective area of plug and slot welds is taken as the nominal cross-sectional area of the hole or slot

in the plane of the faying surface.

4.11.2.4 Size and Length Limitations of Welds

To ensure effectiveness, certain size and length limitations are imposed for welds. For partial-penetration

groove welds, minimum values for the effective throat thickness are given in the Table 4.19.

For plug welds, the hole diameter shall not be less than the thickness of the part that contains the weld

plus 5
16

in. (8 mm), rounded to the next larger odd 1
16

in. (or even mm), nor greater than the minimum

diameter plus 1
8

in. (3 mm) or 21
4

times the thickness of the weld. The center-to-center spacing of plug

welds shall not be less than four times the hole diameter. The thickness of a plug weld in material less than
5
8

in. (16 mm) thick shall be equal to the thickness of the material. In material over 5
8

in. (16 mm) thick, the

thickness of the weld shall be at least one-half the thickness of the material but not less than 5
8

in. (16 mm).

For slot welds, the slot length shall not exceed 10 times the thickness of the weld. The slot width shall not

be less than the thickness of the part that contains the weld plus 5
16

in. (8 mm) rounded to the nearest

TABLE 4.19 Minimum Effective Throat Thickness of

Partial-Penetration Groove Welds

Thickness of the thicker

part joined, t (in.)

Minimum effective

throat thickness (in.)

t � 1

4

1

8
1

4
< t� 1

2

3

16
1

2
< t� 3

4

1

4
3

4
< t� 1

1

2

5

16

1
1

2
< t� 2

1

4

3

8

2
1

4
< t� 6

1

2

>6
5

8

Note: 1 in.¼ 25.4 mm.

Weld face

Theoretical throat

0.707a

a

a

Weld face

Theoretical throat

b

a

ab

a2 + b2

FIGURE 4.21 Effective throat of fillet welds.
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larger odd 1
16

in. (or even mm), nor larger than 21
4

times the thickness of the weld. The spacing of lines of

slot welds in a direction transverse to their length shall not be less than four times the width of the slot. The

center-to-center spacing of two slot welds on any line in the longitudinal direction shall not be less than two

times the length of the slot. The thickness of a slot weld in material less than 5
8

in. (16 mm) thick shall be

equal to the thickness of the material. In material over 5
8

in. (16 mm) thick, the thickness of the weld shall be

at least one-half the thickness of the material but not less than 5
8

in. (16 mm).

For fillet welds, the following size and length limitations apply:

� Minimum leg size. The minimum leg size is given in Table 4.20.
� Maximum leg size. Along the edge of a connected part less than 1

4
in. (6 mm) thickness, the

maximum leg size is equal to the thickness of the connected part. For thicker parts, the maximum

leg size is t minus 1
16

in. (2 mm), where t is the thickness of the part.
� Length limitations. The minimum effective length of a fillet weld is four times its nominal size. If

a shorter length is used, the leg size of the weld shall be taken as 1
4

in. (6 mm) its effective length for

the purpose of stress computation. The effective length of end-loaded fillet welds with a length up to

100 times the leg dimension can be set equal to the actual length. If the length exceeds 100 times the

weld size, the effective length shall be taken as the actual length multiplied by a reduction factor given

by [1.2	 0.002(L=w)]� 1.0, where L is the actual length of the end-loaded fillet weld, and w is the

leg size. The length of longitudinal fillet welds used alone for flat bar tension members shall not be

less than the perpendicular distance between the welds. The effective length of any segment of

an intermittent fillet weld shall not be less than four times the weld size or 11
2

in. (38 mm).

TABLE 4.20 Minimum Leg Size of Fillet Welds

Thickness of thicker

part joined, t (in.)

Minimum leg

size (in.)

t� 1

4

1

8
1

4
< t� 1

2

3

16
1

2
< t� 3

4

1

4

t>
3

4

5

16

Note: 1 in.¼ 25.4 mm.

L1

P

L2

d1

d2

FIGURE 4.22 An eccentrically loaded welded tension connection.
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4.11.2.5 Welded Connections for Tension Members

Figure 4.22 shows a tension angle member connected to a gusset plate by fillet welds. The applied tensile

force P is assumed to act along the center of gravity of the angle. To avoid eccentricity, the lengths of the

two fillet welds must be proportioned so that their resultant will act along the center of gravity of the

angle. For example, if LRFD is used, the following equilibrium equations can be written:

Summing force along the axis of the angle:

ðfFMÞteff L1 þ ðfFMÞteff L2¼Pu ð4:112Þ

Summing moment about the center of gravity of the angle:

ðfFMÞteff L1d1 ¼ ðfFMÞteff L2d2 ð4:113Þ

where Pu is the factored axial force, fFM is the design strength of the welds as given in Table 4.18, teff is

the effective throat thickness, L1, L2 are the lengths of the welds, and d1, d2 are the transverse distances

from the center of gravity of the angle to the welds. The two equations can be used to solve for L1 and L2.

4.11.2.6 Welded Bracket-Type Connections

A typical welded bracket connection is shown in Figure 4.23. Because the load is eccentric with respect to

the center of gravity of the weld group, the connection is subjected to both moment and shear. The welds

must be designed to resist the combined effect of direct shear for the applied load and any additional

shear from the induced moment. The design of a welded bracket connection is facilitated by the use of

design tables in the AISC-ASD and AISC-LRFD Manuals. In both ASD and LRFD, the load capacity for

the connection is given by

P ¼ CC1Dl ð4:114Þ

where P is the allowable load (in ASD), or factored load, Pu (in LRFD), kip; l is the length of the vertical

weld, in.; D is the number of sixteenths of an inch in fillet weld size; C are the coefficients tabulated in the

AISC-ASD and AISC-LRFD Manuals. In the tables, values of C for a variety of weld geometries and

dimensions are given; C1 are the coefficients for the electrode used (see following table).

Electrode E60 E70 E80 E90 E100 E110

ASD Fv (ksi) 18 21 24 27 30 33

C1 0.857 1.0 1.14 1.29 1.43 1.57

LRFD FEXX (ksi) 60 70 80 90 100 110

C1 0.857 1.0 1.03 1.16 1.21 1.34

4.11.2.7 Welded Connections With Welds Subjected to Combined Shear and Flexure

Figure 4.24 shows a welded framed connection and a welded seated connection. The welds for these

connections are subjected to combined shear and flexure. For purpose of design, it is common practice

to assume that the shear force per unit length, RS, acting on the welds is a constant and is given by

RS ¼
P

2l
ð4:115Þ

where P is the allowable load (in ASD), or factored load, Pu (in LRFD), and l is the length of the vertical weld.

In addition to shear, the welds are subjected to flexure as a result of load eccentricity. There is no general

agreement on how the flexure stress should be distributed on the welds. One approach is to assume that the

stress distribution is linear with half the weld subjected to tensile flexure stress and the other half is
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subjected to compressive flexure stress. Based on this stress distribution and ignoring the returns, the

flexure tension force per unit length of weld, RF, acting at the top of the weld can be written as

RF ¼
Mc

I
¼ Peðl=2Þ

2l3=12
¼ 3Pe

l2
ð4:116Þ

where e is the load eccentricity.

The resultant force per unit length acting on the weld, R, is then

R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2

S þ R2
F

q
ð4:117Þ

For a satisfactory design, the value R=teff, where teff is the effective throat thickness of the weld should not

exceed the allowable values or design strengths given in Table 4.18.

4.11.2.8 Welded Shear Connections

Figure 4.25 shows three commonly used welded shear connections: a framed beam connection, a seated

beam connection, and a stiffened seated beam connection. These connections can be designed by using

the information presented in the earlier sections on welds subjected to eccentric shear and welds sub-

jected to combined tension and flexure. For example, the welds that connect the angles to the beam web

in the framed beam connection can be considered as eccentrically loaded welds and so Equation 4.114

can be used for their design. The welds that connect the angles to the column flange can be considered as

welds subjected to combined tension and flexure and so Equation 4.117 can be used for their design. Like

bolted shear connections, welded shear connections are expected to exhibit appreciable ductility and so

the use of angles with thickness in excess of 5
8

in. should be avoided. To prevent shear rupture failure, the

shear rupture strength of the critically loaded connected parts should be checked.

To facilitate the design of these connections, the AISC-ASD and AISC-LRFD Manuals provide design

tables by which the weld capacities and shear rupture strengths for different connection dimensions can

be checked readily.

l

Centroid of
weld geometry

al

P

FIGURE 4.23 An eccentrically loaded welded bracket connection.
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4.11.2.9 Welded Moment-Resisting Connections

Welded moment-resisting connections (Figure 4.26), like bolted moment-resisting connections, must be

designed to carry both moment and shear. To simplify the design procedure, it is customary to assume

that the moment, to be represented by a couple Ff as shown in Figure 4.19, is to be carried by the beam

flanges and that the shear is to be carried by the beam web. The connected parts (the moment plates,

welds, etc.) are then designed to resist the forces Ff and shear. Depending on the geometry of the welded

connection, this may include checking: (a) the yield and fracture strength of the moment plate; (b) the

shear and tensile capacity of the welds; and (c) the shear rupture strength of the shear plate.

If the column to which the connection is attached is weak, the designer should consider the use

of column stiffeners to prevent failure of the column flange and web due to bending, yielding crippling,

or buckling (see section on Design of moment-resisting connections).

Examples on the design of a variety of welded shear and moment-resisting connections can be found in

the AISC Manual on Connections (AISC 1992) and the AISC-LRFD Manual (AISC 2001).

e

Beam force, P

Nominal setback

in.

Welded framed connection

1 
2

in.1 
2

Welds subjected
to combined
shear and
flexure

N
2

N

Nominal setback

Welds subjected
to combined
shear and
flexure

Beam force, P

t

e

Welded seated connection

FIGURE 4.24 Welds subjected to combined shear and flexure.
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4.11.3 Shop Welded–Field Bolted Connections

A large percentage of connections used for construction are shop welded and field bolted types.

These connections are usually more cost effective than fully welded connections and their strength and

ductility characteristics often rival those of fully welded connections. Figure 4.27 shows some of these

connections. The design of shop welded–field bolted connections is also covered in the AISC Manual on

Connections and the AISC-LRFD Manual. In general, the following should be checked: (a) shear=tensile

capacities of the bolts and=or welds; (b) bearing strength of the connected parts; (c) yield and=or fracture

strength of the moment plate; and (d) shear rupture strength of the shear plate. Also, as for any other type

of moment connections, column stiffeners shall be provided if any one of the following criteria — column

flange bending, local web yielding, crippling and compression buckling of the column web — is violated.

4.11.4 Beam and Column Splices

Beam and column splices (Figure 4.28) are used to connect beam or column sections of different sizes.

They are also used to connect beam or column of the same size if the design calls for extraordinary long

span. Splices should be designed for both moment and shear unless it is the intention of the designer to

utilize the splices as internal hinges. If splices are used for internal hinges, provisions must be made to

ensure that the connections possess adequate ductility to allow for large hinge rotation.

(a)

(c)

(b)

Stiffeners
finished to
bear

FIGURE 4.25 Welded shear connections: (a) framed beam connection; (b) seated beam connection; and

(c) stiffened seated beam connection.
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Splice plates are designed according to their intended functions. Moment splices should be designed to

resist the flange force Ff¼M=(d	 tf) (Figure 4.19) at the splice location. In particular, the following

limit states need to be checked: yielding of gross area of the plate, fracture of net area of the plate (for

bolted splices), bearing strengths of connected parts (for bolted splices), shear capacity of bolts (for

bolted splices), and weld capacity (for welded splices). Shear splices should be designed to resist the shear

forces acting at the locations of the splices. The limit states that are needed to be checked include: shear

rupture of the splice plates, shear capacity of bolts under an eccentric load (for bolted splices), bearing

capacity of the connected parts (for bolted splices), shear capacity of bolts (for bolted splices), weld

capacity under an eccentric load (for welded splices). Design examples of beam and column splices can

be found in the AISC Manual of Connections (AISC 1992) and the AISC-LRFD Manuals (AISC 2001).

4.12 Column Base Plates and Beam Bearing Plates
(LRFD Approach)

4.12.1 Column Base Plates

Column base plates are steel plates placed at the bottom of columns whose function is to transmit

column loads to the concrete pedestal. The design of column base plate involves two major steps:

� Determining the size N�B of the plate.
� Determining the thickness tp of the plate.

Generally, the size of the plate is determined based on the limit state of bearing on concrete and the

thickness of the plate is determined based on the limit state of plastic bending of critical sections in the

plate. Depending on the types of forces (axial force, bending moment, shear force) the plate will be

subjected to, the design procedures differ slightly. In all cases, a layer of grout should be placed between

the base plate and its support for the purpose of leveling and anchor bolts should be provided to stabilize

the column during erection or to prevent uplift for cases involving a large bending moment.

Column stiffeners
(if required)

+

+

Bracket or
seat angle

Back-up bar

Erection bolts

FIGURE 4.26 Welded moment connections.
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4.12.1.1 Axially Loaded Base Plates

Base plates supporting concentrically loaded columns in frames in which the column bases are assumed

pinned are designed with the assumption that the column factored load Pu is distributed uniformly to

the area of concrete under the base plate. The size of the base plate is determined from the limit state of

bearing on concrete. The design bearing strength of concrete is given by the equation

fc Pp ¼ 0:60 0:85 f 0c A1

ffiffiffiffiffi
A2

A1

r� �
ð4:118Þ

where fc
0 is the compressive strength of concrete, A1 is the area of the base plate, and A2 is the area of the

concrete pedestal that is geometrically similar to and concentric with the loaded area, A1�A2� 4A1.

From Equation 4.118, it can be seen that the bearing capacity increases when the concrete area is

greater than the plate area. This accounts for the beneficial effect of confinement. The upper limit of the

bearing strength is obtained when A2¼ 4A1. Presumably, the concrete area in excess of 4A1 is not

effective in resisting the load transferred through the base plate.

Setting the column factored load, Pu, equal to the bearing capacity of the concrete pedestal, fcPp, and

solving for A1 from Equation 4.118, we have

A1 ¼
1

A2

Pu

0:6ð0:85 f 0c Þ

� �2

ð4:119Þ

(a) (b)

(c)

(a) (b) (c)
Shop welded–field bolted moment connections

Shop welded–field bolted shear connections

(d)

(d)

+
+
+

FIGURE 4.27 Shop welded–field bolted connections.
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The length, N, and width, B, of the plate should be established so that N�B>A1. For an efficient

design, the length can be determined from the equation

N �
ffiffiffiffi
A
p

1 þ 0:50ð0:95d 	 0:80bf Þ ð4:120Þ

where 0.95d and 0.80bf define the so-called effective load bearing area shown cross-hatched in

Figure 4.29a. Once N is obtained, B can be solved from the equation

B ¼ A1

N
ð4:121Þ

Both N and B should be rounded up to the nearest full inches.

The required plate thickness, treq’d, is to be determined from the limit state of yield line formation

along the most severely stressed sections. A yield line develops when the cross-section moment capacity

is equal to its plastic moment capacity. Depending on the size of the column relative to the plate and the

magnitude of the factored axial load, yield lines can form in various patterns on the plate. Figure 4.29

shows three models of plate failure in axially loaded plates. If the plate is large compared to the column,

yield lines are assumed to form around the perimeter of the effective load bearing area (the cross-hatched

area) as shown in Figure 4.29a. If the plate is small and the column factored load is light, yield lines are

assumed to form around the inner perimeter of the I-shaped area as shown in Figure 4.29b. If the plate is

small and the column factored load is heavy, yield lines are assumed to form around the inner edge of the

–

Bolted

Welded

Beam splices

Column splices

Use shims as
required

Use shims as
required

Erection
pin hole
(optional)

Erection
pin hole
(optional)

Bolted Welded

FIGURE 4.28 Bolted and welded beam and column splices.
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column flanges and both sides of the column web as shown in Figure 4.29c. The following equation can

be used to calculate the required plate thickness:

treq’d ¼ l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Pu

0:90FyBN

s
ð4:122aÞ

where l is the larger of m, n, and ln0 given by

m ¼ ðN 	 0:95dÞ
2

ð4:122bÞ

n ¼ ðB 	 0:80bf Þ
2

ð4:122cÞ

n0 ¼
ffiffiffiffiffiffiffi
dbf

4

r
ð4:122dÞ

and

l ¼ 2
ffiffiffiffi
X
p

1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1	 X
p � 1 ð4:122eÞ

in which

X ¼ 4dbf

ðd þ bf Þ2

 !
Pu

fcPp

ð4:122fÞ

4.12.1.2 Base Plates for Tubular and Pipe Columns

The design concept for base plates discussed above for I-shaped sections can be applied to the design of

base plates for rectangular tubes and circular pipes. The critical section used to determine the plate

thickness should be based on 0.95 times the outside column dimension for rectangular tubes and 0.80

times the outside dimension for circular pipes (Dewolf and Ricker 1990).

4.12.1.3 Base Plates with Moments

For columns in frames designed to carry moments at the base, base plates must be designed to support

both axial forces and bending moments. If the moment is small compared to the axial force, the base

plate can be designed without consideration of the tensile force that may develop in the anchor bolts.

However, if the moment is large, this effect should be considered. To quantify the relative magnitude of

bf

d

m

m

nn

B

(a) (b) (c)

0.80bf

0.95d N

FIGURE 4.29 Failure models for centrally loaded column base plates: (a) plate with large m, n; (b) lightly loaded

plate with small m, n; and (c) heavily loaded plate with small m, n.
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this moment, an eccentricity e¼Mu=Pu is used. The general procedures for the design of base plates for

different values of e will be given in the following (Dewolf and Ricker 1990).

4.12.1.3.1 Small Eccentricity, e�N=6

If e is small, the bearing stress is assumed to distribute linearly over the entire area of the base plate

(Figure 4.30). The maximum bearing stress is given by

fmax ¼
Pu

B N
þMuc

I
ð4:123Þ

where c is equal to N=2 and I is equal to BN3=12.

The size of the plate is to be determined by a trial and error process. The size of the base plate should be

such that the bearing stress calculated using Equation 4.123 does not exceed fcPp=A1, that is

0:60 0:85 f 0c

ffiffiffiffiffi
A2

A1

r� �
� 0:60½1:7f 0c � ð4:124Þ

The thickness of the plate is to be determined from

tp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4Mplu

0:90Fy

s
ð4:125Þ

where Mplu is the moment per unit width of critical section in the plate. Mplu is to be determined by

assuming that the portion of the plate projecting beyond the critical section acts as an inverted cantilever

loaded by the bearing pressure. The moment calculated at the critical section divided by the length of the

critical section (i.e., B) gives Mplu.

4.12.1.3.2 Moderate Eccentricity, N=6< e�N=2

For plates subjected to moderate moments, only portion of the plate will be subjected to bearing stress

(Figure 4.31). Ignoring the tensile force in the anchor bolt in the region of the plate where no bearing

occurs and denoting A as the length of the plate in bearing, the maximum bearing stress can be

calculated from force equilibrium consideration as

fmax ¼
2Pu

AB
ð4:126Þ

where A is equal to 3(N=2	 e) is determined from moment equilibrium. The plate should be

proportioned such that fmax does not exceed the value calculated using Equation 4.124. tp is to be

determined from Equation 4.125.

N

Mu

Pu

Pu

Mu

fmax

fmin

e =
N

6
≤

FIGURE 4.30 Eccentrically loaded column base plate (small load eccentricity).
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4.12.1.3.3 Large Eccentricity, e>N=2

For plates subjected to large bending moments so that e > N=2, one needs to take into consideration the

tensile force develops in the anchor bolts (Figure 4.32). Denoting T as the resultant force in the anchor

bolts, A as the depth of the compressive stress block, N 0 as the distance from the line of action of the

tensile force to the extreme compression edge of the plate, force equilibrium requires that

T þ Pu ¼
fmaxAB

2
ð4:127Þ

and moment equilibrium requires that

Pu N 0 	 N

2

� �
þM ¼ fmaxAB

2
N 0 	 A

3

� �
ð4:128Þ

N

A

Pu

Mu

fmax

< e ≤N
6

N
2

FIGURE 4.31 Eccentrically loaded column base plate (moderate load eccentricity).
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e =
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>

FIGURE 4.32 Eccentrically loaded column base plate (large load eccentricity).
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The above equations can be used to solve for A and T. The size of the plate is to be determined using

a trial and error process. The size should be chosen such that fmax does not exceed the value calculated

using Equation 4.124, A should be smaller than N0, and T should not exceed the tensile capacity of the

bolts.

Once the size of the plate is determined, the plate thickness tp is to be calculated using Equation 4.125.

Note that there are two critical sections on the plate, one on the compression side of the plate and the

other on the tension side of the plate. Two values of Mplu are to be calculated, and the larger value should

be used to calculate tp.

4.12.1.4 Base Plates with Shear

Under normal circumstances, the factored column base shear is adequately resisted by the frictional force

developed between the plate and its support. Additional shear capacity is also provided by the anchor

bolts. For cases in which exceptionally high shear force is expected such as in a bracing connection or in

which uplift occurs which reduces the frictional resistance, the use of shear lugs may be necessary. Shear

lugs can be designed based on the limit states of bearing on concrete and bending of the lugs. The size of

the lug should be proportioned such that the bearing stress on concrete does not exceed 0.60(0.85fc
0).

The thickness of the lug can be determined from Equation 4.125. Mplu is the moment per unit width

at the critical section of the lug. The critical section is taken to be at the junction of the lug and the plate

(Figure 4.33).

4.12.2 Anchor Bolts

Anchor bolts are provided to stabilize the column during erection and to prevent uplift for cases

involving large moments. Anchor bolts can be cast-in-place bolts or drilled-in bolts. The latter are placed

after the concrete is set and are not used often. Their design is governed by the manufacturer’s speci-

fications. Cast-in-place bolts are hooked bars, bolts, or threaded rods with nuts (Figure 4.34) placed

before the concrete is set. Anchor rods and threaded rods shall conform to one of the following ASTM

specifications: A36=A36M, A193=A193M, A354, A572=A572M, A588=A588M, or F1554.

Of the three types of cast-in-place anchors shown in the figure, the hooked bars are recommended for

use only in axially loaded base plates. They are not normally relied upon to carry significant tensile force.

Bolts and threaded rods with nuts can be used for both axially loaded base plates or base plates with

moments. Threaded rods with nuts are used when the length and size required for the specific design

exceed those of standard size bolts.

Vu

+

G

H

Shear lug
Dimension = H × W × t

Bearing stress
= Vu/W (H – G)

Critical section
Mplu = VuH/2W

H = Height
W= Width
  t  = Thickness

Grout

FIGURE 4.33 Column base plate subjected to shear.
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Failure of bolts or threaded rods with nuts occurs when the tensile capacities of the bolts are reached.

Failure is also considered to occur when a cone of concrete is pulled out from the pedestal. This cone

pull-out type of failure is depicted schematically in Figure 4.35. The failure cone is assumed to radiate

out from the bolt head or nut at an angle of 45� with tensile failure occurring along the surface of the

cone at an average stress of 4
ffiffiffiffi
f 0c

p
where fc

0 is the compressive strength of concrete in psi. The load that

will cause this cone pull-out failure is given by the product of this average stress and the projected area of

the cone Ap (Marsh and Burdette 1985a,b). The design of anchor bolts is thus governed by the limit

states of tensile fracture of the anchors and cone pull-out.

4.12.2.1 Limit State of Tensile Fracture

The area of the anchor should be such that

Ag �
Tu

ft0:75Fu

ð4:129Þ

Hooked bar Bolt Threaded rod
with nut

FIGURE 4.34 Base plate anchors.

L

45°

Failure cone

Tu

FIGURE 4.35 Cone pull-out failure.
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where Ag is the required gross area of the anchor, Fu is the minimum specified tensile strength, and

ft¼ 0.75 is the resistance factor for tensile fracture.

4.12.2.2 Limit State of Cone Pull-out

From Figure 4.35, it is clear that the size of the cone is a function of the length of the anchor. Provided

that there are sufficient edge distance and spacing between adjacent anchors, the amount of tensile force

required to cause cone pull-out failure increases with the embedded length of the anchor. This concept

can be used to determine the required embedded length of the anchor. Assuming that the failure cone

does not intersect with another failure cone or the edge of the pedestal, the required embedded length

can be calculated from the equation

L �
ffiffiffiffiffiffi
Ap

p

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðTu=ft4

ffiffiffiffi
f 0c

p
Þ

p

s
ð4:130Þ

where Ap is the projected area of the failure cone, Tu is the required bolt force in pounds, fc
0 is the

compressive strength of concrete in psi, and ft is the resistance factor assumed to be equal to 0.75. If

failure cones from adjacent anchors overlap one another or intersect with the pedestal edge, the pro-

jected area Ap must be adjusted according (see, e.g., Marsh and Burdette 1985a,b).

The length calculated using the above equation should not be less than the recommended values given

by Shipp and Haninger (1983). These values are reproduced in the following table. Also shown in the

table are the recommended minimum edge distances for the anchors.

Bolt type

(material)

Minimum

embedded length

Minimum

edge distance

A307 (A36) 12d 5d> 4 in.

A325 (A449) 17d 7d> 4 in.

Note: d is the nominal diameter of the anchor.

4.12.3 Beam Bearing Plates

Beam bearing plates are provided between main girders and concrete pedestals to distribute the girder

reactions to the concrete supports (Figure 4.36). Beam bearing plates may also be provided between

cross-beams and girders if the cross-beams are designed to sit on the girders.

Beam bearing plates are designed based on the limit states of web yielding, web crippling, bearing on

concrete, and plastic bending of the plate. The dimension of the plate along the beam axis, that is, N, is

determined from the web yielding or web crippling criterion (see Section 4.5.1.1.3), whichever is more

critical. The dimension B of the plate is determined from Equation 4.121 with A1 calculated using

Equation 4.119. Pu in Equation 4.119 is to be replaced by Ru, the factored reaction at the girder support.

Once the size B�N is determined, the plate thickness tp can be calculated using the equation

tp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Run2

0:90FyBN

s
ð4:131Þ

where Ru is the factored girder reaction, Fy is the yield stress of the plate, and n¼ (B	 2k)=2 in which k is

the distance from the web toe of the fillet to the outer surface of the flange. The above equation was

developed based on the assumption that the critical sections for plastic bending in the plate occur at a

distance k from the centerline of the web.
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4.13 Composite Members (LRFD Approach)

Composite members are structural members made from two or more materials. The majority of

composite sections used for building constructions are made from steel and concrete, although in

recent years the use of fiber-reinforced polymer has been rising especially in the area of structural

rehabilitation. Composite sections made from steel and concrete utilize the strength provided by steel

and the rigidity provided by concrete. The combination of the two materials often results in efficient

load-carrying members. Composite members may be concrete encased or concrete filled. For con-

crete encased members (Figure 4.37a), concrete is cast around steel shapes. In addition to enhancing

strength and providing rigidity to the steel shapes, the concrete acts as a fire-proofing material to the

steel shapes. It also serves as a corrosion barrier shielding the steel from corroding under adverse

environmental conditions. For concrete filled members (Figure 4.37b), structural steel tubes are filled

with concrete. In both concrete encased and concrete filled sections, the rigidity of the concrete often

eliminates the problem of local buckling experienced by some slender elements of the steel sections.

Some disadvantages associated with composite sections are that concrete creeps and shrinks.

Furthermore, uncertainties with regard to the mechanical bond developed between the steel shape and

the concrete often complicate the design of beam–column joints.

4.13.1 Composite Columns

According to the LRFD Specification (AISC 1999), a compression member is regarded as a composite

column if

� The cross-sectional area of the steel section is at least 4% of the total composite area. If this

condition is not satisfied, the member should be designed as a reinforced concrete column.
� Longitudinal reinforcements and lateral ties are provided for concrete encased members. The

cross-sectional area of the reinforcing bars shall be 0.007 in.2=in. (180 mm2=m) of bar spacing. To

avoid spalling, lateral ties shall be placed at a spacing not greater than 2
3

the least dimension of

k

tp

nn

B

2k

BN

FIGURE 4.36 Beam bearing plate.
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the composite cross-section. For fire and corrosion resistance, a minimum clear cover of 1.5 in.

(38 mm) shall be provided.
� The compressive strength of concrete fc

0 used for the composite section falls within the range 3 ksi

(21 MPa) to 8 ksi (55 MPa) for normal weight concrete and not less than 4 ksi (28 MPa) for light

weight concrete. These limits are set because they represent the range of test data available for the

development of the design equations.
� The specified minimum yield stress for the steel sections and reinforcing bars used in

calculating the strength of the composite columns does not exceed 60 ksi (415 MPa). This limit

is set because this stress corresponds to a strain below which the concrete remains unspalled and

stable.
� The minimum wall thickness of the steel sections for concrete filled members is equal to

b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðFy=3EÞ

p
for rectangular sections of width b and D

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðFy=8EÞ

p
for circular sections of outside

diameter D.

14.13.1.1 Design Compressive Strength

The design compressive strength, fcPn, shall exceed the factored compressive force, Pu. The design

compressive strength is given as follows:

For lc� 1.5:

fcPn ¼
0:85 ð0:658l

2
c ÞAsFmy

h i
, if lc � 1:5

0:85

�
0:877

l2
c

�
AsFmy

" #
, if lc > 1:5

8>>><
>>>:

ð4:132Þ

where

lc ¼
KL

rmp

ffiffiffiffiffiffiffiffi
Fmy

Em

r
ð4:133Þ

Fmy ¼ Fy þ c1Fyr

�
Ar

As

�
þ c2f 0c

�
Ac

As

�
ð4:134Þ

Em ¼ E þ c3Ec

�
Ac

As

�
ð4:135Þ

where rm is the radius of gyration of steel section and shall not be less than 0.3 times the overall thickness

of the composite cross-section in the plane of buckling, Ac is the area of concrete, Ar is the area of

longitudinal reinforcing bars, As is the area of steel shape, E is the modulus of elasticity of steel, Ec is the

modulus of elasticity of concrete, Fy is the specified minimum yield stress of steel shape, Fyr is the

(a) (b)

FIGURE 4.37 Composite columns: (a) concrete encased composite section and (b) concrete filled composite sections.
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specified minimum yield stress of longitudinal reinforcing bars, fc
0 is the specified compressive strength

of concrete, and c1, c2, c3 are the coefficients given in the table below.

Type of composite section c1 c2 c3

Concrete encased shapes 0.7 0.6 0.2

Concrete-filled pipes and tubings 1.0 0.85 0.4

In addition to satisfying the condition fcPn� Pu, shear connectors spaced no more than 16 in.

(405 mm) apart on at least two faces of the steel section in a symmetric pattern about the axes of the steel

section shall be provided for concrete encased composite columns to transfer the interface shear force Vu
0

between steel and concrete. Vu
0 is given by

V 0u ¼
Vu

�
1	 AsFy

Pn

�
when the force is applied to the steel section

Vu

�
AsFy

Pn

�
when the force is applied to the concrete encasement

8>><
>>: ð4:136Þ

where Vu is the axial force in the column, As is the area of the steel section, Fy is the yield strength of the

steel section, and Pn is the nominal compressive strength of the composite column without con-

sideration of slenderness effect.

If the supporting concrete area in direct bearing is larger than the loaded area, the bearing condition

for concrete must also be satisfied. Denoting fcPnc (¼fcPn,composite section	fcPn,steel shape alone) as the

portion of compressive strength resisted by the concrete and AB as the loaded area, the condition that

needs to be satisfied is

fcPnc � 0:65½1:7f 0c AB� ð4:137Þ

4.13.2 Composite Beams

Composite beams used in construction can often be found in two forms: steel beams connected to a

concrete slab by shear connectors and concrete encased steel beams.

4.13.2.1 Steel Beams with Shear Connectors

The design flexure strength for steel beams with shear connectors is fbMn. The resistance factor fb and

nominal moment Mn are determined as follows:

Condition fb Mn

Positive moment region and

h=tw� 3.76
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE=Fyf Þ

p 0.85 Determined from plastic stress distribution on the

composite section

Positive moment region and

h=tw> 3.76
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE=Fyf Þ

p 0.90 Determined from elastic stress superposition

considering the effects of shoring

Negative moment region 0.90 Determined for the steel section alone using

equations presented in Section 4.5

4.13.2.2 Concrete Encased Steel Beams

For steel beams fully encased in concrete, no additional anchorage for shear transfer is required if (a) at

least 11
2

in. (38 mm) concrete cover is provided on top of the beam and at least 2 in. (51 mm) cover is

provided over the sides and at the bottom of the beam and (b) spalling of concrete is prevented by
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adequate mesh or other reinforcing steel. The design flexural strength fbMn can be computed using

either an elastic analysis or a plastic analysis.

If an elastic analysis is used, fb shall be taken as 0.90. A linear strain distribution is assumed for the

cross-section with zero strain at the neutral axis and maximum strains at the extreme fibers. The stresses

are then computed by multiplying the strains by E (for steel) or Ec (for concrete). Maximum stress in

steel shall be limited to Fy and maximum stress in concrete shall be limited to 0.85fc
0.The tensile strength

of concrete shall be neglected. Mn is to be calculated by integrating the resulting stress block about the

neutral axis.

If a plastic analysis is used, fb shall be taken as 0.90 and Mn shall be assumed to be equal to Mp, the

plastic moment capacity of the steel section alone.

4.13.3 Composite Beam–Columns

Composite beam–columns shall be designed to satisfy the interaction equation of Equation 4.73 or 4.74

whichever is applicable, with fcPn calculated based on Equations 4.132 to 4.135, Pe calculated using the

equation Pe¼AsFmy=lc
2 and fbMn calculated using the following equation (Galambos and Chapuis

1980):

fbMn ¼ 0:90 ZFy þ
1

3
ðh2 	 2crÞArFyr þ

h2

2
	 AwFy

1:7f 0c h1

� �
AwFy

� �
ð4:138Þ

where Z is the plastic section modulus of the steel section, cr is the average of the distance measured from

the compression face to the longitudinal reinforcement in that face and the distance measured from the

tension face to the longitudinal reinforcement in that face, h1 is the width of the composite section

perpendicular to the plane of bending, h2 is the width of the composite section parallel to the plane of

bending, Ar is the cross-sectional area of longitudinal reinforcing bars, Aw is the web area of the encased

steel shape (¼ 0 for concrete-filled tubes), Fy is the yield stress of the steel section, and Fyr is the yield

stress of reinforcing bars.

If 0< (Pu=fcPn)� 0.3, a linear interpolation of fbMn calculated using the above equation assuming

Pu=fcPn¼ 0.3 and that calculated for beams with Pu=fcPn¼ 0 (see Section 4.13.2) should be used.

4.13.4 Composite Floor Slabs

Composite floor slabs (Figure 4.38) can be designed as shored or unshored. In shored construction,

temporary shores are used during construction to support the dead and accidental live loads until the

concrete cures. The supporting beams are designed on the basis of their ability to develop composite

action to support all factored loads after the concrete cures. In unshored construction, temporary shores

are not used. As a result, the steel beams alone must be designed to support the dead and accidental live

loads before the concrete has attained 75% of its specified strength. After the concrete is cured, the

composite section should have adequate strength to support all factored loads.

Composite action for the composite floor slabs shown in Figure 4.38 is developed as a result of the

presence of shear connectors. If sufficient shear connectors are provided so that the maximum flexural

strength of the composite section can be developed, the section is referred to as fully composite.

Otherwise, the section is referred to as partially composite. The flexural strength of a partially composite

section is governed by the shear strength of the shear connectors. The horizontal shear force Vh that

should be designed for at the interface of the steel beam and the concrete slab is given by

In regions of positive moment:

Vh ¼ min 0:85f 0c Ac, AsFy,
X

Qn

� �
ð4:139Þ

In regions of negative moment:

Vh ¼ min ArFyr,
X

Qn

� �
ð4:140Þ
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where

fc
0 ¼ compressive strength of concrete

Ac ¼ effective area of the concrete slab¼ tcbeff

tc ¼ thickness of the concrete slab

beff ¼ effective width of the concrete slab

¼min (L=4, s) for an interior beam

¼min (L=8þ distance from beam centerline to edge of slab, s=2þ distance from beam centerline to

edge of slab) for an exterior beam

L ¼ beam span measured from center-to-center of supports

s ¼ spacing between centerline of adjacent beams

As ¼ cross-sectional area of the steel beam

Fy ¼ yield stress of the steel beam

Ar ¼ area of reinforcing steel within the effective area of the concrete slab

A

A
Composite floor slab with stud shear connectors

Composite floor slab with spiral shear connectors

Composite floor slab with channel shear connectors

Section A–A

beff

tc

FIGURE 4.38 Composite floor slabs.

4-90 Handbook of Structural Engineering

Copyright 2005 by CRC Press



Fyr ¼ yield stress of the reinforcing steelP
Qn¼ sum of nominal shear strengths of the shear connectors

The nominal shear strength of a shear connector (used without a formed steel deck) is given by

For a stud shear connector:

Qn ¼ 0:5Asc

ffiffiffiffiffiffiffiffi
f 0c Ec

p
� AscFu ð4:141Þ

For a channel shear connector:

Qn ¼ 0:3ðtf þ 0:5twÞLc

ffiffiffiffiffiffiffiffi
f 0c Ec

p
ð4:142Þ

where Asc is the cross-sectional area of the shear stud (in.2), fc
0 is the compressive strength of concrete

(ksi), Ec is the modulus of elasticity of concrete (ksi), Fu is the minimum specified tensile strength of the

stud shear connector (ksi), tf is the flange thickness of the channel shear connector (in.), tw is the web

thickness of the channel shear connector (in.), and Lc is the length of the channel shear connector (in.).

If a formed steel deck is used, Qn must be reduced by a reduction factor. The reduction factor depends

on whether the deck ribs are perpendicular or parallel to the steel beam.

For deck ribs perpendicular to steel beam:

0:85ffiffiffiffiffi
Nr

p
�

wr

hr

���
Hs

hr

�
	 1:0

�
� 1:0 ð4:143Þ

When only a single stud is present in a rib perpendicular to the steel beam, the reduction factor expressed

in Equation 4.143 shall not exceed 0.75.

For deck ribs parallel to steel beam:

0:6

�
wr

hr

���
Hs

hr

�
	 1:0

�
� 1:0 ð4:144Þ

The reduction factor expressed in Equation 4.144 is applicable only if (wr=hr)< 1.5. In the above

equations, Nr is the number of stud connectors in one rib at a beam intersection, not to exceed three in

computations regardless of the actual number of studs installed, wr is the average width of the concrete

rib or haunch, hr is the nominal rib height, and Hs is the length of stud connector after welding, not to

exceed the value hrþ 3 in. (75 mm) in computations regardless of the actual length.

For full composite action, the number of connectors required between the maximum moment point

and the zero moment point of the beam is given by

N ¼ Vh

Qn

ð4:145Þ

For partial composite action, the number of connectors required is governed by the condition

fbMn�Mu, where fbMn is governed by the shear strength of the connectors.

The placement and spacing of the shear connectors should comply with the following guidelines:

� The shear connectors shall be uniformly spaced between the points of maximum moment

and zero moment. However, the number of shear connectors placed between a concent-

rated load point and the nearest zero moment point must be sufficient to resist the factored

moment Mu.
� Except for connectors installed in the ribs of formed steel decks, shear connectors shall have at

least 1 in. (25.4 mm) of lateral concrete cover. The slab thickness above the formed steel deck shall

not be less than 2 in. (50 mm).
� Unless located over the web, the diameter of shear studs must not exceed 2.5 times the thickness of

the beam flange. For the formed steel deck, the diameter of stud shear connectors shall not exceed
3
4

in. (19 mm), and shall extend not less than 11
2

in. (38 mm) above the top of the steel deck.
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� The longitudinal spacing of the studs should fall in the range six times the stud diameter to eight

times the slab thickness if a solid slab is used or four times the stud diameter to eight times the slab

thickness or 36 in. (915 mm), whichever is smaller, if a formed steel deck is used. Also, to resist

uplift, the steel deck shall be anchored to all supporting members at a spacing not to exceed 18 in.

(460 mm).

The design flexural strength fbMn of the composite beam with shear connectors is determined as

follows:

In regions of positive moments: For hc=tw� 3.76=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE=Fyf Þ

p
, fb¼ 0.85, Mn is the moment capacity

determined using a plastic stress distribution assuming concrete crushes at a stress of 0.85fc
0 and steel

yields at a stress of Fy. If a portion of the concrete slab is in tension, the strength contribution of that

portion of concrete is ignored. The determination of Mn using this method is very similar to the

technique used for computing moment capacity of a reinforced concrete beam according to the ultimate

strength method.

For hc=tw> 3.76=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE=Fyf Þ

p
, fb¼ 0.90, Mn is the moment capacity determined using superposition of

elastic stress, considering the effect of shoring. The determination of Mn using this method is quite

similar to the technique used for computing the moment capacity of a reinforced concrete beam

according to the working stress method.

In regions of negative moment: fbMn is to be determined for the steel section alone in accordance with

the requirements discussed in Section 4.5.

To facilitate design, numerical values of fbMn for composite beams with shear studs in solid slabs are

given in tabulated form in the AISC-LRFD Manual. Values of fbMn for composite beams with formed

steel decks are given in a publication by the Steel Deck Institute (2001).

4.14 Plastic Design

Plastic analysis and design is permitted only for steels with yield stress not exceeding 65 ksi. The reason

for this is that steels with high yield stress lack the ductility required for inelastic deformation at hinge

locations. Without adequate inelastic deformation, moment redistribution, which is an important

characteristic for PD, cannot take place.

In PD, the predominant limit state is the formation of plastic hinges. Failure occurs when sufficient

plastic hinges have formed for a collapse mechanism to develop. To ensure that plastic hinges can form

and can undergo large inelastic rotation, the following conditions must be satisfied:

� Sections must be compact. That is, the width–thickness ratios of flanges in compression and webs

must not exceed lp in Table 4.8.
� For columns, the slenderness parameter lc (see Section 4.4) shall not exceed 1.5K where K is the

effective length factor and Pu from gravity and horizontal loads shall not exceed 0.75AgFy.
� For beams, the lateral unbraced length Lb shall not exceed Lpd where

For doubly and singly symmetric I-shaped members loaded in the plane of the web

Lpd ¼
3600þ 2200ðMl=MpÞ

Fy

ry ð4:146Þ

and for solid rectangular bars and symmetric box beams

Lpd ¼
5000þ 3000ðMl=MpÞ

Fy

ry �
3000ry

Fy

ð4:147Þ

In the above equations, Ml is the smaller end moment within the unbraced length of the beam, Mp

is the plastic moment (¼ZxFy) of the cross-section, ry is the radius of gyration about the minor

axis, in inches, and Fy is the specified minimum yield stress, in ksi.
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Lpd is not defined for beams bent about their minor axes, nor for beams with circular and square

cross-sections because these beams do not experience lateral torsional bucking when loaded.

4.14.1 Plastic Design of Columns and Beams

Provided that the above limitations are satisfied, the design of columns shall meet the condition

1.7FaA�Pu where Fa is the allowable compressive stress given in Equation 4.16, A is the gross cross-

sectional area and Pu is the factored axial load.

The design of beams shall satisfy the conditions Mp�Mu, and 0.55Fytwd�Vu where Mu and Vu are the

factored moment and shear, respectively. Mp is the plastic moment capacity, Fy is the minimum specified

yield stress, tw is the beam web thickness, and d is the beam depth. For beams subjected to concen-

trated loads, all failure modes associated with concentrated loads (see Sections 4.5.1.1.3 and 4.5.1.2.3)

should also be prevented.

Except at the location where the last hinge forms, a beam bending about its major axis must be braced

to resist lateral and torsional displacements at plastic hinge locations. The distance between adjacent

braced points should not exceed lcr given by

lcr ¼

�
1375

Fy

þ 25

�
ry , if 	0:5<

M

Mp

< 1:0�
1375

Fy

�
ry , if 	1:0<

M

Mp

� 	0:5

8>>><
>>>:

ð4:148Þ

where ry is the radius of gyration about the weak axis, M is the smaller of the two end moments of the

unbraced segment, and Mp is the plastic moment capacity.

M=Mp is taken as positive if the unbraced segment bends in reverse curvature and is taken as negative

if the unbraced segment bends in single curvature.

4.14.2 Plastic Design of Beam–Columns

Beam–columns designed on the basis of plastic analysis shall satisfy the following interaction equations

for stability (Equation 4.149) and for strength (Equation 4.150):

Pu

Pcr

þ CmMu�
1	 Pu

Pe

�
Mm

� 1:0 ð4:149Þ

Pu

Py

þ Mu

1:18Mp

� 1:0 ð4:150Þ

where

Pu ¼ factored axial load

Pcr ¼ 1.7FaA, Fa is defined in Equation 4.16 and A is the cross-sectional area

Py ¼ yield load¼AFy

Pe ¼Euler buckling load¼ p2EI=(Kl)2

Cm ¼ coefficient defined in Section 4.4

Mu ¼ factored moment

Mp ¼ plastic moment¼ZFy

Mm ¼maximum moment that can be resisted by the member in the absence of axial load

¼Mpx if the member is braced in the weak direction

¼ {1.07–[(l=ry)
ffiffiffiffiffi
Fy

p
]=3160}Mpx�Mpx if the member is unbraced in the weak direction

l ¼ unbraced length of the member

ry ¼ radius of gyration about the minor axis

Mpx¼ plastic moment about the major axis¼ZxFy

Fy ¼minimum specified yield stress, ksi
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4.15 Reduced Beam Section

Reduced beam section (RBS) or dogbone connection is a type of connection in welded steel moment

frames in which portions of the bottom beam flange or both top and bottom flanges are cut near the

beam-to-column connection thereby reducing the flexural strength of the beam at the RBS region and

thus force a plastic hinge to form in a region away from the connection (Engelhardt et al. 1996; Iwankiw

and Carter 1996; Plumier 1997). The presence of this reduced section in the beam also tends to decrease

the force demand on the beam flange welds and so mitigate the distress that may cause fracture in the

connection. RBS can be bottom flange cut only, or both top and bottom flange cuts. Bottom flange RBS

is used if it is difficult or impossible to cut the top flange of an existing beam (e.g., if the beam is attached

to a concrete floor slab). Figure 4.39 shows some typical cut geometries for RBS. The constant cut offers

the advantage of ease of fabrication. The tapered cut has the advantage of matching the beam’s flexural

strength to the flexural demand on the beam under a gravity load. The radius cut is relatively easy to

fabricate and because the change in geometry of the cross-section is rather gradual, it also has the

advantage of minimizing stress concentration. Based on experimental investigations (Engelhardt et al.

1998; Moore et al. 1999), the radius cut RBS has been shown to be a reliable connection for welded steel

moment frames.

The key dimensions of a radius cut RBS is shown in Figure 4.40. The distance from the face of the

column to the start of the cut is designated as a, the length and depth of the cut are denoted as b and c,

respectively. Values of a, b, c are given as follows (Engelhardt et al. 1998; Gross et al. 1999):

a � ð0:5 to 0:75Þbf ð4:151Þ
b � ð0:65 to 0:85Þd ð4:152Þ
c � 0:25bf for a bottom flange RBS ð4:153Þ

where bf is the beam flange width and d is the beam depth. Using geometry, the cut radius R can be

calculated as

R ¼ 4c2 þ b2

8c
ð4:154Þ

and the distance from the face of the column to the critical plastic section sc is given by

sc ¼ a þ b

2
ð4:155Þ

(a)

(b)

(c)

FIGURE 4.39 Reduced beam section cut geometries: (a) constant cut; (b) tapered cut; and (c) radius cut.
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An optimal RBS is one in which the moment at the face of the column will be minimized. To achieve this

condition, the following procedure is recommended (Gross et al. 1999):

� Set c¼ 0.25bf

� Compute the RBS plastic section modulus using the equation

ZRBS ¼ Zb 	
ðctf Þ2

tw

	 ctf ðd 	 tf Þ ð4:156Þ

where Zb is the plastic section modulus of the full beam cross-section, c is the depth of cut as

shown in Figure 4.40, and d, tf, tw are the beam depth, beam flange thickness, and web thickness,

respectively.
� Compute Z, the ratio of moment at the face of the column to plastic moment of the connecting

beam, from the equation

Z ¼ 1:1

�
1þ 2sc

L0

�
ZRBS

Zb

þ wL0sc

2ZbFyf

ð4:157Þ

where sc is given in Equation 4.155 and shown in Figure 4.40, L0 is the beam span between critical

plastic sections (see Figure 4.40), ZRBS and Zb are defined in Equation 4.156, w is the magnitude of

the uniformly distributed load on the beam, and Fyf is the beam flange yield strength.
� If Z< 1.05, then the RBS dimensions are satisfactory. Otherwise, use RBS cutouts in both the top

and bottom flanges, or consider using other types of moment connections (Gross et al. 1999).

Experimental studies (Uang and Fan 1999; Engelhardt et al. 2000; Gilton et al. 2000; Yu et al. 2000) of

a number of radius cut RBS with or without the presence of a concrete slab have shown that the

connections perform satisfactorily and exhibit sufficient ductility under cyclic loading. However, the use

of RBS beams in a moment resistant frame tends to cause an overall reduction in frame stiffness of

around 4 to 7% (Grubbs 1997). If the increase in frame drift due to this reduction in frame stiffness is

appreciable, proper allowances must be made in the analysis and design of the frame.

4.16 Seismic Design

Special provisions (AISC 2002) apply for the design of steel structures to withstand earthquake loading. To

ensure sufficient ductility, more stringent limiting width–thickness ratios than those shown in Table 4.8 for

compression elements are required. These seismic limiting width thickness ratios are shown in Table 4.21.

R

c

c

ba

L

L�
sc sc

FIGURE 4.40 Key dimensions of a radius cut reduced beam section.
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Moreover, the structure needs to be designed for loads and load combinations that include the effect of

earthquakes, and if the applicable building code (e.g., UBC 1997; IBC 2000) requires that amplified

seismic loads be used, the horizontal component of the earthquake load shall be multiplied by an

overstrength factor O0, as prescribed by the applicable building code. In lieu of a specific definition of

O0, the ones shown in Table 4.22 can be used.

The seismic provisions of AISC (2002) identify seven types of frames for seismic resistant design:

special moment frames (SMF), intermediate moment frames (IMF), ordinary moment frames (OMF),

special truss moment frames (STMF), special concentrically braced frames (SCBF), ordinary con-

centrically braced frames (OCBF), and eccentrically braced frames (EBF). Examples of these framing

systems are shown in Figure 4.41. Specific requirements for the design of these frames are given by AISC

(2002). Note that the word ‘‘special’’ is used if the frame is expected to withstand significant

inelastic deformation, the word ‘‘intermediate’’ is used if the frame is expected to withstand moderate

inelastic deformations, and the word ‘‘ordinary’’ is used if the frame is expected to withstand only

limited inelastic deformations. For instance, all connections in an SMF must be designed to sustain an

interstory drift angle of at least 0.04 radians at a moment (determined at the column face) equal to at

least 80% of the nominal plastic moment of the connecting beam, while in an IMF the ductility value is

reduced to 0.02 radians, and in an OMF a value of 0.01 radians is expected at a column face moment no

less than 50% of the nominal connecting beam plastic moment. Also, connections used in SMF and IMF

must be FR moment connections that are prequalified or tested for conformance with the aforemen-

tioned ductility requirement, whereas both FR and PR moment connections are permitted for OMF. To

avoid lateral torsional instability, beams in SMF must have both flanges laterally supported at a distance

not to exceed 0.086ry E=Fy. This limit is more stringent than those (Lp) discussed in Section 4.5. In

addition, lateral supports are needed at locations near concentrated forces, changes in cross-section, and

regions of plastic hinges.

TABLE 4.21 Seismic Limiting Width–Thickness Ratios for Compression Elements

Component element Width–thickness ratioa Limiting valuea, lp

Flanges of I-shaped rolled, hybrid, or

welded beams, columns (in SMF

system) and braces, flanges of

channels and angles in flexure, legs

of single angle, legs of double-angle

members with separators, flanges

of tees

b=t 0.30
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE=FyÞ

p

Webs of tees d=t 0.30
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE=FyÞ

p
Flanges of I-shaped rolled, hybrid, or

welded columns (in other framing

systems)

b=t 0.38
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE=FyÞ

p

Flanges of H-piles b=t 0.45
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE=FyÞ

p
Flat bars b=t 2.5

Webs in flexural compression for

beams in SMF

hc=tw 2.45
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE=FyÞ

p
Other webs in flexural compression hc=tw 3.14

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE=FyÞ

p
Webs in combined flexural and axial hc=tw For Pu=fbPy� 0.125: 3.14(1	 1.54Pu=fbPy)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE=FyÞ

p
compression For Pu=fbPy> 0.125: 1.12(2.33	Pu=fbPy)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE=FyÞ

p
Round HSS in axial compression or

flexure

D=t 0.044E=Fy

Rectangular HSS in axial

compression or flexure

b=t or hc=t 0.64
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE=FyÞ

p
Webs of H-pile sections h=tw 0.94

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE=FyÞ

p
a See Table 4.8 for definitions of the terms used, and replace Fy by Fyf for hybrid sections.
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If bolts are used, they should all be pretensioned high-strength bolts designed for standard or short-

slotted (with direction of slot perpendicular to applied force) holes with hole deformation considered in

the design (i.e., nominal bearing strength� 2.4dtFu). Although design shear strength for the bolts is

permitted to be calculated as that of bearing-type joints, all faying surfaces must be prepared as required

for Class A or better slip-critical joints. Bolted connections for members that form part of the seismic

load resisting system shall be designed to ensure that a ductile limit state (either in the connection or in

the member) controls the design. If welds are used, they shall conform to procedures and standards

outlined in AWS D1.1 (AWS 2000). If both bolts and welds are used, bolts shall not be designed to share

load with welds on the same faying surface.

To avoid brittle fracture of welds, a minimum Charpy V-Notch (CVN) toughness of 20 ft lb (27 J) at

	20�F (	29�C) is required for all welds in members and connections that are part of the seismic lateral

load resisting system. For structures with enclosed SMF or IMF maintained at a temperature of 50�F

(10�C) or higher, complete joint penetration welds of beam flanges to columns, column splices, and

TABLE 4.22 Value of O0

Seismic load resisting system O0

Moment frame systems 3

Eccentrically braced frames 2.5

All other systems meeting Part I (AISC 2002) requirements 2

(a)

(c)

(b)

(d)

FIGURE 4.41 Types of frames: (a) moment frame; (b) truss moment frame; (c) concentrically braced frame; and

(d) eccentrically braced frame.
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groove welds of shear tabs and beam webs to columns, shall be made with a filler material with minimum

CVN toughness of 20 ft lb (27 J) at 	20�F (	29�C) and 40 ft lb (54 J) at 70�F (21�C). If the service

temperature is lower than 50�F (10�C), these minimum CVN toughness values shall be reduced

accordingly.

Regardless of the type of framing system used, the required strength of the connections or related

components must be designed for an expected yield strength Fye of the connection members given by

Fye ¼ RyFy ð4:158Þ

where Ry is an adjustment factor to account for the increase in demand on the connections when yielding

occurs in the connecting members at the true yield stress (which is often higher than the minimum

specified yield stress used in the design) during a severe earthquake. Values for Ry are given in Table 4.23.

The current design philosophy for moment frames is based on the strong column–weak beam

concept. This condition is enforced in the design of SMF at all beam–column joints by the following

equation P
M�

pcP
M�

pb

> 1:0 ð4:159Þ

where
P

M�
pc is the sum of column moments acting at the joint in question and

P
M�

pb is the sum of

beam moments acting at the joint in question. They can be calculated as follows:X
M�

pc ¼
X

Zc Fyc 	
Puc

Ag

� �
ð4:160Þ

X
M�

pb ¼
X
ð1:1RyMp þMvÞ ð4:161Þ

where Zc is the column plastic section modulus, Fyc is the specified minimum yield stress of the column,

Puc is the required axial strength of the column, Ag is the gross sectional area, and Ry are the values shown

in Table 4.23, Mp is the plastic moment capacity of beam (for a reduced beam section, Mp can be

calculated based on the minimum plastic section modulus of the reduced section), and Mv is the

additional moment due to shear amplification from the location of plastic hinge to the column

centerline.

While the use of the strong column–weak beam design tends to force plastic hinges to develop in the

beams, there is a region in the column commonly referred to as the panel zone where high stresses are

often developed. The panel zone is the region of the column to which the beams are attached. For the

moment frame to be able to withstand the seismic loading, the panel zone must be strong enough to

allow the frame to sustain inelastic deformation and dissipate energy before failure. For SMF, the design

criterion for a panel zone (when the beam web is parallel to the column web) is

fvRv � Ru ð4:162Þ

TABLE 4.23 Value of Ry

Application Ry

Hot rolled structural steel shapes

ASTM A36=A36M 1.5

ASTM A572=A572M Grade 42 (290) 1.3

ASTM A992=A992M 1.1

All others 1.1

HSS shapes

ASTM A500, A501, A618, A847 1.3

Steel pipes

ASTM A53, A53M 1.4

Plates 1.1

All other products 1.1
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where fv¼ 0.75 and Rv is the design shear strength of the panel zone and is given by

Rv ¼
0:60Fydctp 1þ 3bcf t

2
cf

dbdctp

� �
, if

Pu

Py

� 0:75

0:60Fydctp 1þ 3bcf t
2
cf

dbdctp

� �
1:9	 1:2Pu

Py

� �
, if

Pu

Py

> 0:75

8>><
>>: ð4:163Þ

where bcf is the column flange width, db is the overall beam depth, dc is the overall column depth, tcf is

the column flange thickness, tp is the thickness of the panel zone including the thickness of any doubler

plates (if used), Fy is the specified minimum yield strength of the panel zone, Pu is the required strength

of the column containing the panel zone, Py is the yield strength of the column containing the panel

zone, and Ru is the required shear strength of the panel zone.

In addition, the individual thickness t of the column web and doubler plates (if used) should satisfy the

condition

t � ðdz þ wzÞ=90 ð4:164Þ

where dz is the panel zone depth between continuity plates and wz is the panel zone width between

column flanges.

If doubler plates are used, and are placed against the column web, they should be welded across the top

and bottom edges to develop the proportion of the total force that is transmitted to the plates. When

doubler plates are placed away from the column web, they should be placed symmetrically in pairs and

welded to the continuity plates to develop the proportion of total force that is transmitted to the plates.

In either case, the doubler plates should be welded to the column flanges using either complete joint

penetration groove welds or fillet welds that can develop the design shear strength of the full plate

thickness.

Glossary

ASD — Acronym for allowable stress design.

Beam–columns — Structural members whose primary function are to carry loads both along and

transverse to their longitudinal axes.

Biaxial bending — Simultaneous bending of a member about two orthogonal axes of the cross-section.

Built-up members — Structural members made of structural elements jointed together by bolts, welds,

or rivets.

Composite members — Structural members made of both steel and concrete.

Compression members — Structural members whose primary function is to carry loads along their

longitudinal axes.

Design strength — Resistance provided by the structural member obtained by multiplying the nominal

strength of the member by a resistance factor.

Drift — Lateral deflection of a building.

Factored load — The product of the nominal load and a load factor.

Flexural members — Structural members whose primary function are to carry loads transverse to their

longitudinal axes.

Limit state — A condition in which a structural or structural component becomes unsafe (strength limit

state) or unfit for its intended function (serviceability limit state).

Load factor — A factor to account for the unavoidable deviations of the actual load from its nominal

value and uncertainties in structural analysis in transforming the applied load into a load effect

(axial force, shear, moment, etc.).

LRFD — Acronym for load and resistance factor design.

PD — Acronym for plastic design.
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Plastic hinge — A yielded zone of a structural member in which the internal moment is equal to the

plastic moment of the cross-section.

Reduced beam section — A beam section with portions of flanges cut out to reduce the section moment

capacity.

Resistance factor — A factor to account for the unavoidable deviations of the actual resistance of

a member from its nominal value.

Service load — Nominal load expected to be supported by the structure or structural component under

normal usage.

Sideways inhibited frames — Frames in which lateral deflections are prevented by a system of bracing.

Sideways uninhibited frames — Frames in which lateral deflections are not prevented by a system of

bracing.

Shear lag — The phenomenon in which the stiffer (or more rigid) regions of a structure or structural

component attract more stresses than the more flexible regions of the structure or structural

component. Shear lag causes stresses to be unevenly distributed over the cross-section of the

structure or structural component.

Tension field action — Postbuckling shear strength developed in the web of a plate girder. Tension field

action can develop only if sufficient transverse stiffeners are provided to allow the girder to

carry the applied load using truss-type action after the web has buckled.
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5
Steel Frame Design

Using Advanced
Analysis

5.1 Introduction

The steel design methods used in the United States are allowable stress design (ASD), plastic

design (PD), and load and resistance factor design (LRFD). In ASD, the stress computation is based on

a first-order elastic analysis, and the geometric nonlinear effects are implicitly accounted for in the

member design equations. In PD, a first-order plastic-hinge analysis is used in the structural analysis.

PD allows inelastic force redistribution throughout the structural system. Since geometric nonlinearity

and gradual yielding effects are not accounted for in the analysis of PD, they are approximated in

member design equations. In LRFD, a first-order elastic analysis with amplification factors or a direct

second-order elastic analysis is used to account for geometric nonlinearity, and the ultimate strength of

beam–column members is implicitly reflected in the design interaction equations. All three design
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methods require separate member capacity checks including the calculation of the K-factor. In the

following, the characteristics of the LRFD method are briefly described.

The strength and stability of a structural system and its members are related, but the interaction is

treated separately in the current American Institute of Steel Construction (AISC)-LRFD Specification

[1]. In current practice, the interaction between the structural system and its members is represented by

the effective length factor. This aspect is described in the following excerpt from SSRC Technical

Memorandum No. 5 [2]:

Although the maximum strength of frames and the maximum strength of component members

are interdependent (but not necessarily coexistent), it is recognized that in many structures it

is not practical to take this interdependence into account rigorously. At the same time, it is

known that difficulties are encountered in complex frameworks when attempting to compensate

automatically in column design for the instability of the entire frame (for example, by adjustment of

column effective length). Therefore, SSRC recommends that, in design practice, the two aspects,

stability of separate members and elements of the structure and stability of the structure as a whole,

be considered separately.

This design approach is marked in Figure 5.1 as the indirect analysis and design method.

In the current AISC-LRFD Specification [1], first- or second-order elastic analysis is used to analyze

a structural system. In using first-order elastic analysis, the first-order moment is amplified by B1 and

B2 factors to account for second-order effects. In the Specification, the members are isolated from

a structural system, and they are then designed by the member strength curves and interaction equations

as given in the Specifications, which implicitly account for the second-order effects, inelasticity, resi-

dual stresses, and geometric imperfections [3]. The column curve and the beam curve were developed

by a curve-fit to both theoretical solutions and experimental data, while the beam–column interaction

equations were determined by a curve-fit to the so-called ‘‘exact’’ plastic-zone solutions generated by

Kanchanalai [4].

In order to account for the influence of a structural system on the strength of individual members,

the effective length factor is used as illustrated in Figure 5.2. The effective length method generally

provides a good design of framed structures. However, several difficulties are associated with the use of

the effective length method, which are as follows:

1. The effective length approach cannot accurately account for the interaction between the structural

system and its members. This is because the interaction in a large structural system is too complex

to be represented by the simple effective length factor K. As a result, this method cannot accurately

predict the actual strengths required of its framed members.

Indirect

Direct

Support

Goal

Advancement
in computer

hardware/software

ASD, PD, LRFD

System analysis

K-factor

Member design

Advanced
analysis/design

We are here

Design of
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FIGURE 5.1 Analysis and design methods.
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2. The effective length method cannot capture the inelastic redistributions of internal forces

in a structural system, since the first-order elastic analysis with B1 and B2 factors accounts only for

second-order effects and not the inelastic redistribution of internal forces. The effective length

method provides a conservative estimation of the ultimate load-carrying capacity of a large

structural system.

3. The effective length method cannot predict the failure modes of a structural system subject

to a given load. This is because the LRFD interaction equation does not provide any information

about failure modes of a structural system at the factored loads.

4. The effective length method is not user friendly for a computer-based design.

5. The effective length method requires a time-consuming process of separate member capacity

checks involving the calculation of K-factors.

With the development of computer technology, two aspects, the stability of separate members and

the stability of the structure as a whole, can be treated rigorously for the determination of the maximum

strength of the structures. This design approach is shown in Figure 5.1 as the direct analysis and design

method. The development of the direct approach to design is called ‘‘advanced analysis’’ or, more

specifically, ‘‘second-order inelastic analysis for frame design.’’ In this direct approach, there is no

need to compute the effective length factor, since separate member capacity checks encompassed

by the specification equations are not required. With the current available computing technology,

it is feasible to employ advanced analysis techniques for direct frame design. This method was considered

impractical for design office use in the past. The purpose of this chapter is to present a practical, direct

method of steel frame design, using advanced analysis, that will produce almost identical member sizes

as those of the LRFD method.

The advantages of advanced analysis in design use are outlined as follows:

1. Advanced analysis is another tool used by structural engineers in steel design, and its adoption

is not mandatory but will provide a flexibility of options to the designer.

2. Advanced analysis captures the limit state strength and stability of a structural system and

its individual members directly, so separate member capacity checks encompassed by specification

equations are not required.

3. Compared to the LRFD and ASD, advanced analysis provides more information of structural

behavior by direct inelastic second-order analysis.

4. Advanced analysis overcomes the difficulties due to incompatibility between the elastic global

analysis and the limit state member design in the conventional LRFD method.

Framed
member

Effective
length
factor

Structural
system

FIGURE 5.2 Interaction between a structural system and its component members.
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5. Advanced analysis is user friendly for a computer-based design, but the LRFD and ASD methods

are not, since they require the calculation of the K-factor along with the analysis to separate

member capacity checks.

6. Advanced analysis captures the inelastic redistribution of internal forces throughout a structural

system, and allows an economic use of material for highly indeterminate steel frames.

7. It is now feasible to employ advanced analysis techniques that were considered impractical for

design office use in the past, since the power of personal computers and engineering workstations

is rapidly increasing.

8. Member sizes determined by advanced analysis are close to those determined by the LRFD method,

since the advanced analysis method is calibrated against the LRFD column curve and beam–

column interaction equations. As a result, advanced analysis provides an alternative to the LRFD.

9. Since advanced analysis is a structure-based analysis and design approach, it is more appropriate

for performance-based fire and seismic design than conventional member-based design

approaches [5].

Among various advanced analyses, including plastic zone, quasi-plastic hinge, elastic–plastic hinge,

notional-load plastic hinge, and refined plastic-hinge methods, the refined plastic-hinge method

is recommended since it retains the efficiency and simplicity of computation and accuracy for practical

use. The method is developed by imposing simple modifications on the conventional elastic–plastic

hinge method. These include a simple modification to account for the gradual sectional stiffness

degradation at the plastic-hinge locations and to include the gradual member stiffness degradation

between two plastic hinges.

The key considerations of the conventional LRFD method and the practical advanced analysis method

are compared in Table 5.1. While the LRFD method does account for key behavioral effects implicitly

in its column strength and beam–column interaction equations, the advanced analysis method accounts

for these effects explicitly through stability functions, stiffness degradation functions, and geometric

imperfections, which are discussed in detail in Section 5.2.

Advanced analysis holds many answers about the real behavior of steel structures and, as such, the

authors recommend the proposed design method to engineers seeking to perform frame design

with efficiency and rationality, yet consistent with the present LRFD Specification. In the following

sections, we will present a practical advanced analysis method for the design of steel frame structures

with LRFD. The validity of the approach will be demonstrated by comparing case studies of actual

members and frames with the results of analysis/design based on exact plastic-zone solutions and

TABLE 5.1 Key Considerations of Load and Resistance Factor Design (LRFD) and Proposed Methods

Key considerations LRFD Proposed methods

Second-order effects Column curve B1, B2 factors Stability function

Geometric imperfection Column curve Explicit imperfection modeling method

c¼ 1/500 for unbraced frame

dc¼ Lc/1000 for braced frame

Equivalent notional load method

a¼ 0.002 for unbraced frame

a¼ 0.004 for braced frame

Further reduced tangent modulus method

E 0t ¼ 0:85Et

Stiffness degradation

associated with

residual stresses

Column curve CRC tangent modulus

Stiffness degradation

associated with flexure

Column curve

Interaction equations

Parabolic degradation function

Connection nonlinearity No procedure Power model/rotational spring
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LRFD designs. The wide range of case studies and comparisons should confirm the validity of this

advanced method.

5.2 Practical Advanced Analysis

This section presents a practical advanced analysis method for the direct design of steel frames by

eliminating separate member capacity checks by the specification. The refined plastic-hinge method was

developed and refined by simply modifying the conventional elastic–plastic hinge method to achieve

both simplicity and a realistic representation of the actual behavior [6,7]. Verification of the method

will be given in the next section to provide the final confirmation of the validity of the method.

Connection flexibility can be accounted for in advanced analysis. Conventional analysis and design

of steel structures are usually carried out under the assumption that beam-to-column connections

are either fully rigid or ideally pinned. However, most connections in practice are ‘‘semirigid’’ and

their behavior lies between these two extreme cases. In the AISC-LRFD Specification [1], two types of

construction are designated: Type FR (fully restrained) construction and Type PR (partially restrained)

construction. The LRFD Specification permits the evaluation of the flexibility of connections by

‘‘rational means.’’

Connection behavior is represented by its moment–rotation relationship. Extensive experimental

work on connections has been performed, and a large body of moment–rotation data collected. With

this database, researchers have developed several connection models including: linear, polynomial,

B-spline, power, and exponential. Herein, the three-parameter power model proposed by Kishi and

Chen [8] is adopted.

Geometric imperfections should be modeled in frame members when using advanced analysis.

Geometric imperfections result from unavoidable error during fabrication or erection. For struc-

tural members in building frames, the types of geometric imperfections are out-of-straightness and

out-of-plumbness. Explicit modeling and equivalent notional loads were used in the past to account for

geometric imperfections. In this section, a new method based on further reduction of the tangent stiffness

of members is developed [6,9]. This method provides a simple means to account for the effect of

imperfection without inputting notional loads or explicit geometric imperfections.

The practical advanced analysis method described in this section is limited to two-dimensional

braced, unbraced, and semirigid frames subjected to static loads. The spatial behavior of frames is not

considered, and lateral torsional buckling is assumed to be prevented by adequate lateral bracing.

A compact W-section is assumed so that sections can develop full plastic moment capacity without local

buckling. Both strong-axis and weak-axis bending of wide flange sections have been studied using the

practical advanced analysis method [6]. In recent developments, several studies have used advanced

analysis of structures by including effects such as spatial behavior [10–12], member local buckling

[13,14], and lateral torsional buckling [15,16]. The present method may be considered an

interim analysis/design procedure between the conventional LRFD method widely used now and a more

rigorous advanced analysis/design method such as the plastic-zone method to be developed in the

future for practical use.

5.2.1 Second-Order Refined Plastic-Hinge Analysis

In this section, a method called the refined plastic-hinge approach is presented. This method is

comparable to the elastic–plastic hinge analysis in efficiency and simplicity, but without its limitations.

In this analysis, stability functions are used to predict second-order effects. The benefit of stability

functions is that they make the analysis method practical by using only one element per beam column.

The refined plastic-hinge analysis uses a two-surface yield model and an effective tangent modulus

to account for stiffness degradation due to distributed plasticity in framed members. The member

stiffness is assumed to degrade gradually as the second-order forces at critical locations approach
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the cross-section plastic strength. Column tangent modulus is used to represent the effective stiffness

of the member when it is loaded with a high axial load. Thus, the refined plastic-hinge model

approximates the effect of distributed plasticity along the element length caused by initial imperfections

and large bending and axial force actions. In fact, researches by Liew et al. [7,17], Kim and Chen [9], and

Kim [6] have shown that refined plastic-hinge analysis captures the interaction of strength and stability

of structural systems and that of their component elements. This type of analysis method may, therefore,

be classified as an advanced analysis and separate specification member capacity checks are not required.

5.2.1.1 Stability Function

To capture second-order effects, stability functions are recommended since they lead to large savings

in modeling and solution efforts by using one or two elements per member. The simplified stability

functions reported by Chen and Lui [18] or an alternative may be used. Considering the prismatic beam–

column element, the incremental force–displacement relationship of this element may be written as

_MMA

_MMB

_PP

2
4

3
5 ¼ EI

L

S1 S2 0

S2 S1 0

0 0 A=I

2
4

3
5 _yyA

_yyB

_ee

2
4

3
5 ð5:1Þ

where S1, S2 are stability functions, _MMA, _MMB are incremental end moments, _PP is the incremental

axial force, _yyA, _yyB are incremental joint rotations, _ee is the incremental axial displacement, A, I, L are area,

moment of inertia, and length of beam–column element, respectively, and E is the modulus of elasticity.

In this formulation, all members are assumed to be adequately braced to prevent out-of-plane

buckling and their cross-sections are compact to avoid local buckling.

5.2.1.2 Cross-Section Plastic Strength

Based on the AISC-LRFD bilinear interaction equations [1], the cross-section plastic strength may be

expressed as Equation 5.2. These AISC-LRFD cross-section plastic strength curves may be adopted for

both strong-axis and weak-axis bendings (Figure 5.3):

P

Py

þ 8

9

M

Mp

¼ 1:0 for
P

Py

� 0:2 ð5:2aÞ

1

2

P

Py

þ M

Mp

¼ 1:0 for
P

Py

� 0:2 ð5:2bÞ

where P, M are second-order axial force and bending moment, Py is the squash load, and Mp is the

plastic moment capacity.

5.2.1.3 CRC Tangent Modulus

The CRC tangent modulus concept is employed to account for the gradual yielding effect due to residual

stresses along the length of members under axial loads between two plastic hinges. In this concept, the

elastic modulus E, instead of moment of inertia I, is reduced to account for the reduction of the elastic

portion of the cross-section since the reduction of elastic modulus is easier to implement than that of

moment of inertia for different sections. The reduction rate in stiffness between weak and strong axes is

different, but this is not considered here because rapid degradation in stiffness in the weak-axis strength

is compensated well by the stronger weak-axis plastic strength. As a result, this simplicity will make the

present methods practical. From Chen and Lui [18], the CRC Et is written as (Figure 5.4):

Et ¼ 1:0E for P � 0:5Py ð5:3aÞ

Et ¼ 4
P

Py

E 1	 P

Py

� �
for P> 0:5Py ð5:3bÞ
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5.2.1.4 Parabolic Function

The tangent modulus model in Equation 5.3 is suitable for P/Py> 0.5, but is not sufficient to represent

the stiffness degradation for cases with small axial forces and large bending moments. A gradual stiffness

degradation of the plastic hinge is required to represent the distributed plasticity effects associated with

bending actions. We shall introduce the hardening plastic-hinge model to represent the gradual tran-

sition from elastic stiffness to zero stiffness associated with a fully developed plastic hinge. When the

hardening plastic hinges are present at both ends of an element, the incremental force–displacement

relationship may be expressed as [19]:

_MMA

_MMB

_PP

2
4

3
5 ¼ EtI

L

ZA S1 	
S2

2

S1

ð1	 ZBÞ
� �

ZAZBS2 0

ZAZBS2 ZB S1 	
S2

2

S1

ð1	 ZAÞ
� �

0

0 0 A=I

2
66664

3
77775

_yyA
_yyB

_ee

2
4

3
5 ð5:4Þ

where _MMA, _MMB, _PP are incremental end moments and axial force, respectively, S1, S2 are stability functions,

Et is the tangent modulus, and ZA, ZB are the element stiffness parameters.
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The parameter Z represents a gradual stiffness reduction associated with flexure at sections. The partial

plastification at cross-sections in the end of elements is denoted by 05 Z5 1. Z may be assumed to vary

according to the parabolic expression (Figure 5.5):

Z ¼ 4að1	 aÞ for a> 0:5 ð5:5Þ

where a is the force-state parameter obtained from the limit state surface corresponding to the element

end (Figure 5.6):
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factor design sectional strength equation.
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where P, M are second-order axial force and bending moment at the cross-section, respectively and Mp

is the plastic moment capacity.

5.2.2 Analysis of Semirigid Frames

5.2.2.1 Practical Connection Modeling

The three-parameter power model contains three parameters: initial connection stiffness Rki,

ultimate connection moment capacity Mu, and shape parameter n. The power model may be written as

(Figure 5.7):

m ¼ y

ð1þ ynÞ1=n
for y> 0, m> 0 ð5:7Þ

where m¼M/Mu, y¼ yr/y0, y0 is the reference plastic rotation, Mu/Rki, Mu is the ultimate moment

capacity of the connection, Rki is the initial connection stiffness, and n is the shape parameter. When the

connection is loaded, the connection tangent stiffness, Rkt, at an arbitrary rotation, yr, can be derived by

simply differentiating Equation 5.7 as

Rkt ¼
dM

djyrj
¼ Mu

y0ð1þ ynÞ1þ1=n
ð5:8Þ

When the connection is unloaded, the tangent stiffness is equal to the initial stiffness:

Rkt ¼
dM

djyrj
¼ Mu

y0

¼ Rki ð5:9Þ

It is observed that a small value of the power index, n, makes a smooth transition curve from the initial

stiffness, Rkt, to the ultimate moment, Mu. On the contrary, a large value of the index, n, makes the

transition more abruptly. In the extreme case, when n is infinity, the curve becomes a bilinear line

consisting of the initial stiffness, Rki and the ultimate moment capacity, Mu.

5.2.2.2 Practical Estimation of Three Parameters Using a Computer Program

An important task for the practical use of the power model is to determine the three parameters for

a given connection configuration. One difficulty in determining the three parameters is the need

for numerical iteration, especially to estimate the ultimate moment, Mu. A set of nomographs was

n = ∞

n = 2

n = 1
n = 4

M = Rki�r

M

Mu

M =
Rki�r

{1 + (�r /�0)n}1/n

0 �0 = Mu/Rki �r

FIGURE 5.7 Moment–rotation behavior of the three-parameter model.
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proposed by Kishi et al. [20] to overcome the difficulty. Even though the purpose of these nomographs

is to allow the engineer to rapidly determine the three parameters for a given connection configuration,

the nomographs require other efforts for engineers to know how to use those, and the values of the

nomographs are approximate.

Herein, one simple way to avoid difficulties described above is presented. A direct and easy estimation

of the three parameters may be achieved by use of a simple computer program 3PARA.f. The

operating procedure of the program is shown in Figure 5.8. The input data CONN.DAT may be easily

generated corresponding to the input format listed in Table 5.2.

As for the shape parameter n, the equations developed by Kishi et al. [20] are implemented here.

Using a statistical technique for n values, empirical equations of n are determined as a linear function of

log10y0 shown in Table 5.3. This n value may be calculated using 3PARA.f.

CONN.DAT

3PARA.f

CONN.OUT

FIGURE 5.8 Operating procedure of computer program estimating the three parameters.

TABLE 5.2 Input Format

Line Input data Remark

1 ITYPE Fy E

lt tt kt gt W d

la ta ka ga

Connection type and material properties

2

3

Top/seat-angle data

Web-angle data

ITYPE¼Connection type (1¼ top- and seat-angle connection, 2¼with web-angle connection).

Fy ¼ yield strength of angle

E ¼Young’s modulus (¼ 29,000 ksi)

lt ¼ length of top angle

tt ¼ thickness of top angle

kt ¼ k value of top angle

gt ¼ gauge of top angle (¼ 2.5 in., typical)

W ¼width of nut (W¼ 1.25 in. for 3/4D bolt, W¼ 1.4375 in. for 7/8D bolt)

d ¼ depth of beam

la ¼ length of web angle

ta ¼ thickness of web angle

ka ¼ k value of web angle

ga ¼ gauge of web angle

Notes:

1. Top- and seat-angle connections need lines 1 and 2 for input data, and top and seat angles with web-angle connections

need line 1, 2, and 3.

2. All input data are in free format.

3. Top- and seat-angle sizes are assumed to be the same.

4. Bolt sizes of top angle, seat angle, and web angle are assumed to be the same.
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5.2.2.3 Load–Displacement Relationship Accounting for Semirigid Connection

The connection may be modeled as a rotational spring in the moment–rotation relationship represented

by Equation 5.10. Figure 5.9 shows a beam–column element with semirigid connections at both ends.

If the effect of connection flexibility is incorporated into the member stiffness, the incremental element

force–displacement relationship of Equation 5.1 is modified as [18,19]

_MMA

_MMB

_PP

2
64

3
75 ¼ EtI

L

S�ii S�ij 0

S�ij S�jj 0

0 0 A=I

2
64

3
75

_yyA

_yyB

_ee

2
64

3
75 ð5:10Þ

where

S�ii ¼ Sii þ
EtISiiSjj

LRktB

	
EtIS

2
ij

LRktB

 !,
R� ð5:11aÞ

S�jj ¼ Sjj þ
EtISiiSjj

LRktA

	
EtIS

2
ij

LRktA

 !,
R� ð5:11bÞ

S�ij ¼ Sij=R� ð5:11cÞ

R� ¼ 1þ EtISii

LRktA

� �
1þ EtISjj

LRktB

� �
	 EtI

L

� �2 S2
ij

RktARktB

ð5:11dÞ

where RktA, RktB are tangent stiffnesses of connections A and B, respectively, Sii, Sij are generalized

stability functions, and Sii
�, Sjj

� are modified stability functions that account for the presence of end

connections. The tangent stiffness (RktA, RktB) accounts for the different types of semirigid connections

(see Equation 5.8).

TABLE 5.3 Empirical Equations for Shape Parameter n

Connection type n

Single web-angle connection 0.520 log10 y0þ 2.291 for log10 y0>	3.073

0.695 for log10 y05	3.073

Double web-angle connection 1.322 log10 y0þ 3.952 for log10 y0>	2.582

0.573 for log10 y05	2.582

Top- and seat-angle connection 2.003 log10 y0þ 6.070 for log10 y0>	2.880

0.302 for log10 y05	2.880

Top- and seat-angle connection with double web angle 1.398 log10 y0þ 4.631 for log10 y0>	2.721

0.827 for log10 y05	2.721

Source: From Kishi, N., Goto, Y., Chen, W.F., and Matsuoka, K.G. 1993. Eng. J., AISC, pp. 90–107. With

permission.

Uniform EI

L

�B

�A

�rB

�rA

PP

MA
MB

FIGURE 5.9 Beam–column element with semirigid connections.
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5.2.3 Geometric Imperfection Methods

Geometric imperfection modeling combined with the Column Research Council (CRC) tangent

modulus model is discussed in what follows. There are three methods: the explicit imperfection model-

ing method, the equivalent notional load method, and the further reduced tangent modulus method.

5.2.3.1 Explicit Imperfection Modeling Method

5.2.3.1.1 Braced Frames

The refined plastic-hinge analysis implicitly accounts for the effects of both residual stresses and spread

of yielded zones. To this end, refined plastic-hinge analysis may be regarded as equivalent to the plastic-

zone analysis. As a result, geometric imperfections are necessary only to consider fabrication error. For

braced frames, member out-of-straightness, rather than frame out-of-plumbness, needs to be used for

geometric imperfections. This is because the P–D effect due to the frame out-of-plumbness is diminished

by braces. The ECCS [21,22], AS [23], and Canadian Standard Association (CSA) [24,25] specifications

recommend an initial crookedness of column equal to 1/1000 times the column length. The AISC Code

recommends the same maximum fabrication tolerance of Lc/1000 for member out-of-straightness.

In this study, a geometric imperfection of Lc/1000 is adopted.

The ECCS [21,22], AS [23], and CSA [24,25] specifications recommend the out-of-straightness

varying parabolically with a maximum in-plane deflection at the mid-height. They do not, however,

describe how the parabolic imperfection should be modeled in analysis. Ideally, many elements

are needed to model the parabolic out-of-straightness of a beam–column member, but it is not

practical. In this study, two elements with a maximum initial deflection at the mid-height of a

member are found adequate for capturing the imperfection. Figure 5.10 shows the out-of-straightness

modeling for a braced beam–column member. It may be observed that the out-of-plumbness is equal

to 1/500 when the half-segment of the member is considered. This value is identical to that of sway

frames as discussed in recent papers by Kim and Chen [9,26,27]. Thus, it may be stated that the

imperfection values are essentially identical for both sway and braced frames. It is noted that this

explicit modeling method in braced frames requires the inconvenient imperfection modeling at the

center of columns although the inconvenience is much lesser than that of the conventional LRFD

method for frame design.

5.2.3.1.2 Unbraced Frames

The CSA [23,24] and the AISC Code of Standard Practice [1] set the limit of erection out-of-plumbness

at Lc/500. The maximum erection tolerances in the AISC are limited to 1 in. toward the exterior

1

� = L/1000

500

L

P

P

FIGURE 5.10 Explicit imperfection modeling of a braced member.
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of buildings and 2 in. toward the interior of buildings less than 20 stories. Considering the maxi-

mum permitted average lean of 1.5 in. in the same direction of a story, the geometric imperfection of Lc/

500 can be used for buildings up to six stories with each story approximately 10 ft high. For taller

buildings, this imperfection value of Lc/500 is conservative since the accumulated geometric imper-

fection calculated by 1/500 times building height is greater than the maximum permitted erection

tolerance.

In this study, we shall use Lc/500 for the out-of-plumbness without any modification because the

system strength is often governed by a weak story that has an out-of-plumbness equal to Lc/500 [28] and

a constant imperfection has the benefit of simplicity in practical design. The explicit geometric

imperfection modeling for an unbraced frame is illustrated in Figure 5.11.

5.2.3.2 Equivalent Notional Load Method

5.2.3.2.1 Braced Frames

The ECCS [21,22] and the CSA [23,24] introduced the equivalent load concept, which accounted for the

geometric imperfections in an unbraced frame, but not in braced frames. The notional load approach for

braced frames is also necessary to use the proposed methods for braced frames.

For braced frames, an equivalent notional load may be applied at mid-height of a column since

the ends of the column are braced. An equivalent notional load factor equal to 0.004 is proposed here,

and it is equivalent to the out-of-straightness of Lc/1000. When the free body of the column shown in

Figure 5.12 is considered, the notional load factor, a, results in 0.002 with respect to one-half of the

member length. Here, as in explicit imperfection modeling, the equivalent notional load factor is the

same in concept for both sway and braced frames.

One drawback of this method for braced frames is that it requires tedious input of notional loads at the

center of each column. Another is the axial force in the columns must be known in advance to determine

the notional loads before analysis, but these are often difficult to calculate for large structures subject to

lateral wind loads. To avoid this difficulty, it is recommended that either the explicit imperfection

modeling method or the further reduced tangent modulus method be used.

5.2.3.2.2 Unbraced Frames

The geometric imperfections of a frame may be replaced by the equivalent notional lateral loads

expressed as a fraction of the gravity loads acting on the story. Herein, the equivalent notional load factor

of 0.002 is used. The notional load should be applied laterally at the top of each story. For sway frames

subject to combined gravity and lateral loads, the notional loads should be added to the lateral loads.

Figure 5.13 shows an illustration of the equivalent notional load for a portal frame.

P

H

Lc

Lb

Ic

Ib

Ic

P

� = 0.002 �

FIGURE 5.11 Explicit imperfection modeling of an unbraced frame.
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5.2.3.3 Further Reduced Tangent Modulus Method

5.2.3.3.1 Braced Frames

The idea of using the reduced tangent modulus concept is to further reduce the tangent modulus, Et, to

account for further stiffness degradation due to geometrical imperfections. The degradation of member

stiffness due to geometric imperfections may be simulated by an equivalent reduction of member

stiffness. This may be achieved by a further reduction of tangent modulus [6,9]:

E0t ¼ 4
P

Py

1	 P

Py

� �
Exi for P> 0:5Py ð5:12aÞ

E0t ¼ Exi for P � 0:5Py ð5:12bÞ

where E0t is the reduced Et and xi is the reduction factor for geometric imperfection.

Herein, a reduction factor of 0.85 is used; the further reduced tangent modulus curves for the CRC

Et with geometric imperfections are shown in Figure 5.14. The further reduced tangent modulus concept

satisfies one of the requirements for advanced analysis recommended by the SSRC task force report [29],

that is, ‘‘The geometric imperfections should be accommodated implicitly within the element model.

P

H + 0.002(2P)

Lc

Lb

Ic

Ib

Ic

P

FIGURE 5.13 Equivalent notional load modeling for geometric imperfection of an unbraced frame.

0.002P

0.004P

0.002P

P

L

P

FIGURE 5.12 Equivalent notional load modeling for geometric imperfection of a braced member.
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This would parallel the philosophy behind the development of most modern column strength expres-

sions. That is, the column strength expressions in specifications such as the AISC-LRFD implicitly

include the effects of residual stresses and out-of-straightness.’’

The advantage of this method over the other two methods is its convenience for design use, because

it eliminates the inconvenience of explicit imperfection modeling or equivalent notional loads. Another

benefit of this method is that it does not require the determination of the direction of geometric

imperfections, often difficult to determine in a large system. On the other hand, in the other

two methods, the direction of geometric imperfections must be taken correctly in coincidence with

the deflection direction caused by bending moments, otherwise the wrong direction of geometric

imperfection in braced frames may help the bending stiffness of columns rather than reduce it.

5.2.3.3.2 Unbraced Frames

The idea of the further reduced tangent modulus concept may also be used in the analysis of unbraced

frames. Herein, as in the braced frame case, an appropriate reduction factor of 0.85 to Et can be used

[27,30,31]. The advantage of this approach over the other two methods is its convenience and simplicity

because it completely eliminates the inconvenience of explicit imperfection modeling or the notional

load input.

5.2.4 Numerical Implementation

The nonlinear global solution methods may be subdivided into two subgroups: (1) iterative methods

and (2) simple incremental method. Iterative methods such as Newton–Raphson method, modified

Newton–Raphson method, and quasi-Newton method satisfy equilibrium equations at specific

external loads. In these methods, the equilibrium out-of-balance present following linear load step is

eliminated (within tolerance) by taking corrective steps. The iterative methods possess the advantage

of providing the exact load–displacement frame; however, they are inefficient, especially for practical

purposes, in the trace of the hinge-by-hinge formation due to the requirement of the numerical

iteration process.

The simple incremental method is a direct nonlinear solution technique. This numerical procedure

is straightforward in concept and implementation. The advantage of this method is its computational

efficiency. This is especially true when the structure is loaded into the inelastic region since tracing

the hinge-by-hinge formation is required in the element stiffness formulation. For a finite increment

1
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imperfection
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FIGURE 5.14 Further reduced CRC tangent modulus for members with geometric imperfections.
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size, this approach approximates only the nonlinear structural response, and equilibrium between the

external applied loads and the internal element forces is not satisfied. To avoid this, an improved

incremental method is used in this program. The applied load increment is automatically reduced to

minimize the error when the change in the element stiffness parameter (DZ) exceeds a defined tolerance.

To prevent plastic hinges from forming within a constant-stiffness load increment, load step sizes less

than or equal to the specified increment magnitude are internally computed so that plastic hinges form

only after the load increment. Subsequent element stiffness formations account for the stiffness

reduction due to the presence of the plastic hinges. For elements partially yielded at their ends, a limit

is placed on the magnitude of the increment in the element end forces.

The applied load increment in the above solution procedure may be reduced for any of the following

reasons:

1. Formation of new plastic hinge(s) prior to the full application of incremental loads.

2. The increment in the element nodal forces at plastic hinges is excessive.

3. Nonpositive definiteness of the structural stiffness matrix.

As the stability limit point is approached in the analysis, large step increments may overstep a limit

point. Therefore, a smaller step size is used near the limit point to obtain accurate collapse displacements

and second-order forces.

5.3 Verifications

In the previous section, a practical advanced analysis method was presented for a direct two-dimensional

frame design. The practical approach of geometric imperfections and semirigid connections was also

discussed together with the advanced analysis method. The practical advanced analysis method was

developed using simple modifications to the conventional elastic–plastic hinge analysis.

In this section, the practical advanced analysis method will be verified by the use of several benchmark

problems available in the literature. Verification studies are carried out by comparing with the plastic-

zone solutions as well as the conventional LRFD solutions. The strength predictions and the load–

displacement relationships are checked for a wide range of steel frames including axially loaded columns,

portal frame, six-story frame, and semirigid frames [6]. The three imperfection modelings, including

explicit imperfection modeling, equivalent notional load modeling, and further reduced tangent

modulus modeling, are also verified for a wide range of steel frames [6].

5.3.1 Axially Loaded Columns

The AISC-LRFD column strength curve is used for the calibration since it properly accounts for second-

order effects, residual stresses, and geometric imperfections in a practical manner. In this study, the

column strength of the proposed methods is evaluated for columns with slenderness parameters,

lc ¼ ðKL=rÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fy=ðp2EÞ

p� �
, varying from 0 to 2, which is equivalent to slenderness ratios (L/r) from 0 to

180 when the yield stress is equal to 36 ksi.

In explicit imperfection modeling, the two-element column is assumed to have an initial geometric

imperfection equal to Lc/1000 at column mid-height. The predicted column strengths are compared

with the LRFD curve in Figure 5.15. The errors are found to be less than 5% for slenderness ratios up

to 140 (or lc up to 1.57). This range includes most columns used in engineering practice.

In the equivalent notional load method, notional loads equal to 0.004 times the gravity loads are

applied mid-height to the column. The strength predictions are the same as those of the explicit

imperfection model (Figure 5.16).

In the further reduced tangent modulus method, the reduced tangent modulus factor equal to 0.85

results in an excellent fit to the LRFD column strengths. The errors are less than 5% for columns of all

slenderness ratios. These comparisons are shown in Figure 5.17.
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FIGURE 5.15 Comparison of strength curves for an axially loaded pin-ended column (explicit imperfection

modeling method).
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FIGURE 5.16 Comparison of strength curves for an axially loaded pin-ended column (equivalent notional load

method).
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FIGURE 5.17 Comparison of strength curves for an axially loaded pin-ended column (further reduced tangent
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5.3.2 Portal Frame

Kanchanalai [4] performed extensive analyses of portal and leaning column frames, and developed exact

interaction curves based on plastic-zone analyses of simple sway frames. Note that the simple frames

are more sensitive in their behavior than the highly redundant frames. His studies formed the basis of

the interaction equations in AISC-LRFD design specifications [1,32,33]. In his studies, the stress–strain

relationship was assumed elastic–perfectly plastic with a 36-ksi yield stress and a 29,000-ksi elastic

modulus. The members were assumed to have a maximum compressive residual stress of 0.3Fy. Initial

geometric imperfections were not considered, and thus an adjustment of his interaction curves is made

to account for this. Kanchanalai further performed experimental work to verify his analyses, which

covered a wide range of portal and leaning column frames with the slenderness ratios of 20, 30, 40, 50,

60, 70, and 80, and relative stiffness ratios (G) of 0, 3, and 4. The ultimate strength of each frame

was presented in the form of interaction curves consisting of the nondimensional first-order moment

(HLc/2Mp in portal frames or HLc/Mp in leaning column frames in the x-axis) and the nondimensional

axial load (P/Py in the y-axis).

In this study, the AISC-LRFD interaction curves are used for strength comparisons. The strength

calculations are based on the LeMessurier K factor method [34] since it accounts for story buckling

and results in more accurate predictions. The inelastic stiffness reduction factor, t [1], is used to

calculate K in the LeMessurier’s procedure. The resistance factors fb and fc in the LRFD equations

are taken as 1.0 to obtain the nominal strength. The interaction curves are obtained by the accu-

mulation of a set of moments and axial forces that result in unity on the value of the interaction

equation.

When a geometric imperfection of Lc/500 is used for unbraced frames, including leaning column

frames, most of the strength curves fall within an area bounded by the plastic-zone curves and the LRFD

curves. In portal frames, the conservative errors are less than 5%, an improvement on the LRFD error of

11%, and the maximum unconservative error is not more than 1%, shown in Figure 5.18. In leaning

column frames, the conservative errors are less than 12%, as opposed to the 17% error of the LRFD, and

the maximum unconservative error is not more than 5%, as shown in Figure 5.19.

When a notional load factor of 0.002 is used, the strengths predicted by this method are close to those

given by explicit imperfection modeling method (Figure 5.20 and Figure 5.21).
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FIGURE 5.18 Comparison of strength curves for a portal frame subject to strong-axis bending with Lc/rx¼ 40,

GA¼ 0 (explicit imperfection modeling method).
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When the reduced tangent modulus factor of 0.85 is used for portal and leaning column frames,

the interaction curves generally fall between the plastic zone and LRFD curves. In portal frames, the

conservative error is less than 8% (better than 11% error of the LRFD) and the maximum unconser-

vative error is not more than 5% (Figure 5.22). In leaning column frames, the conservative error is less

than 7% (better than 17% error of the LRFD), and the maximum unconservative error is not more than

5% (Figure 5.23).

5.3.3 Six-Story Frame

Vogel [35] presented the load–displacement relationships of a six-story frame using plastic-zone

analysis. The frame is shown in Figure 5.24. Based on ECCS recommendations, the maximum
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FIGURE 5.19 Comparison of strength curves for a leaning column frame subject to strong-axis bending with

Lc/rx¼ 20, GA¼ 4 (explicit imperfection modeling method).
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FIGURE 5.20 Comparison of strength curves for a portal frame subject to strong-axis bending with Lc/rx¼ 60,

GA¼ 0 (equivalent notional load method).
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compressive residual stress is 0.3Fy when the ratio of depth to width (d/b) is greater than 1.2, and is 0.5Fy

when the d/b ratio is less than 1.2 (Figure 5.25). The stress–strain relationship is elastic–plastic with

strain hardening as shown in Figure 5.26. The geometric imperfections are Lc/450.

For comparison, the out-of-plumbness of Lc/450 is used in the explicit modeling method.

The notional load factor of 1/450 and the reduced tangent modulus factor of 0.85 are used. The further

reduced tangent modulus is equivalent to the geometric imperfection of Lc/500. Thus, the geometric

imperfection of Lc/4500 is additionally modeled in the further reduced tangent modulus method, where

Lc/4500 is the difference between the Vogel’s geometric imperfection of Lc/450 and the proposed

geometric imperfection of Lc/500.

The load–displacement curves in the proposed methods together with Vogel’s plastic-zone

analysis are compared in Figure 5.27. The errors in strength prediction by the proposed methods
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FIGURE 5.21 Comparison of strength curves for a leaning column frame subject to strong-axis bending with

Lc/rx¼ 40, GA¼ 0 (equivalent notional load method).
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FIGURE 5.22 Comparison of strength curves for a portal frame subject to strong-axis bending with Lc/rx¼ 60,

GA¼ 0 (further reduced tangent modulus method).
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are less than 1%. Explicit imperfection modeling and the equivalent notional load method under-

predict lateral displacements by 3%, and the further reduced tangent modulus method shows a good

agreement in displacement with the Vogel’s exact solution. Vogel’s frame is a good example of how

the reduced tangent modulus method predicts lateral displacement well under reasonable load

combinations.
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FIGURE 5.23 Comparison of strength curves for a leaning column frame subject to strong-axis bending with

Lc/rx¼ 40, GA¼ 0 (further reduced tangent modulus method).
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5.3.4 Semirigid Frame

In the open literature, no benchmark problems solving semirigid frames with geometric imperfections

are available for a verification study. An alternative is to separate the effects of semirigid connections

and geometric imperfections. In the previous sections, the geometric imperfections were studied and

comparisons between proposed methods, plastic-zone analyses, and conventional LRFD methods

were made. Herein, the effect of semirigid connections will be verified by comparing analytical and

experimental results.

Stelmack [36] studied the experimental response of two flexibly connected steel frames. A two-story,

one-bay frame in his study is selected as a benchmark for the present study. The frame was fabricated

from A36 W5� 16 sections, with pinned base supports (Figure 5.28). The connections were bolted top

and seat angles ðL4� 4� 1
2
Þ made of A36 steel and A325 3

4
in.-diameter bolts (Figure 5.29). The

experimental moment–rotation relationship is shown in Figure 5.30. A gravity load of 2.4 kip was

applied at third points along the beam at the first level, followed by a lateral load application. The lateral

load–displacement relationship was provided in Stelmack.
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Herein, the three parameters of the power model are determined by curve fitting and the

program 3PARA.f presented in Section 2.2. The three parameters obtained by the curve-fit are

Rki¼ 40,000 k-in./rad, Mu¼ 220 k-in., and n¼ 0.91. We obtain three parameters of Rki¼ 29,855 kip/rad,

Mu¼ 185 k-in, and n¼ 1.646 with 3PARA.f.

The moment–rotation curves given by experiment and curve fitting show good agreement

(Figure 5.30). The parameters given by the Kishi–Chen equations and by experiment show some

deviation (Figure 5.30). In spite of this difference, the Kishi–Chen equations, using the computer

program 3PARA.f, are a more practical alternative in design since experimental moment–rotation

curves are not usually available [30]. In the analysis, the gravity load is first applied and then the lateral

load. The lateral displacements given by the proposed methods and by the experimental method

compare well (Figure 5.31). The proposed method adequately predicts the behavior and strength of

semirigid connections.

1.2

1

0.8

0.6

L
oa

d 
ra

tio

0.4

0.2

0
0 5 10 15

Displacement, cm

20 25 30

Explicit imperfection modeling
Equivalent notional loads

Vogel, exact

Further reduced 
tangent modulus

∆h

FIGURE 5.27 Comparison of displacements for Vogel’s six-story frame.

P

2P

2.4 kip 2.4 kip

2 
× 

5.
5 

ft
=

11
ft

All members: W5 × 16 A36 steel

3 × 3 ft = 9 ft

FIGURE 5.28 Configuration and load condition of Stelmack’s two-story semirigid frame.

Steel Frame Design Using Advanced Analysis 5-23

Copyright 2005 by CRC Press



5.4 Analysis and Design Principles

In the preceding section, the proposed advanced analysis method was verified using several benchmark

problems available in the literature. Verification studies were carried out by comparing it to the

plastic-zone and conventional LRFD solutions. It was shown that practical advanced analysis predicted

the behavior and failure mode of a structural system with reliable accuracy.

In this section, analysis and design principles are summarized for the practical application of

the advanced analysis method. Step-by-step analysis and design procedures for the method are presented.
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FIGURE 5.29 Top- and seat-angle connection details.
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5.4.1 Design Format

Advanced analysis follows the format of LRFD. In LRFD, the factored load effect does not exceed the

factored nominal resistance of the structure. Two safety factors are used: one is applied to loads and the

other to resistances. This approach is an improvement on other models (e.g., ASD and PD) because both

the loads and the resistances have unique factors for unique uncertainties. LRFD has the format

fRn �
Xm

i¼1

giQni ð5:13Þ

where Rn is the nominal resistance of the structural member, Qn is the nominal load effect (e.g., axial

force, shear force, bending moment), f is the resistance factor (�1.0) (e.g., 0.9 for beams, 0.85 for

columns), gi is the load factor (usually> 1.0) corresponding to Qni (e.g., 1.4D and 1.2Dþ 1.6Lþ 0.5S),

i is the type of load (e.g., D¼ dead load, L¼ live load, S¼ snow load), and m is the number of

load type.

Note that the LRFD [32] uses separate factors for each load and therefore reflects the uncertainty of

different loads and combinations of loads. As a result, a relatively uniform reliability is achieved.

The main difference between the conventional LRFD method and advanced analysis methods is that

the left-hand side of Equation 5.13 (fRn) in the LRFD method is the resistance or strength of the

component of a structural system, but in the advanced analysis method it represents the resistance or

the load-carrying capacity of the whole structural system.

5.4.2 Loads

Structures are subjected to various loads including dead, live, impact, snow, rain, wind, and

earthquake loads. Structures must be designed to prevent failure and limit excessive deformation;

thus, an engineer must anticipate the loads a structure may experience over its service life with

reliability.

Loads may be classified as static or dynamic. Dead loads are typical of static loads, and wind

or earthquake loads are dynamic. Dynamic loads are usually converted to equivalent static loads in

conventional design procedures, and it may be adopted in advanced analysis as well [37].
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5.4.3 Load Combinations

The load combinations in advanced analysis methods are based on the LRFD combinations [1]. Six

factored combinations are provided by the LRFD Specification. One must be used to determine member

sizes. Probability methods were used to determine the load combinations listed in the LRFD Specifi-

cation (LRFD-A4). Each factored load combination is based on the load corresponding to the 50-year

recurrence as follows:

ð1Þ 1:4D ð5:14aÞ

ð2Þ 1:2D þ 1:6L þ 0:5ðLr or S or RÞ ð5:14bÞ

ð3Þ 1:2D þ 1:6ðLr or S or RÞ þ ð0:5L or 0:8W Þ ð5:14cÞ

ð4Þ 1:2D þ 1:6W þ 0:5L þ 0:5ðLr or S or RÞ ð5:14dÞ

ð5Þ 1:2D  1:0E þ 0:5L þ 0:2S ð5:14eÞ

ð6Þ 0:9D  ð1:6W or 1:0EÞ ð5:14fÞ

where D is the dead load (the weight of the structural elements and the permanent features on the

structure), L is the live load (occupancy and moveable equipment), Lr is the roof live load, W is the wind

load, S is the snow load, E is the earthquake load, and R is the rainwater or ice load.

The LRFD Specification specifies an exception that the load factor on live load, L, in combination

(3)–(5) must be 1.0 for garages, areas designated for public assembly, and all areas where the live load is

greater than 100 psf.

5.4.4 Resistance Factors

The AISC-LRFD cross-section strength equations may be written as

P

fcPy

þ 8

9

M

fbMp

¼ 1:0 for
P

fcPy

� 0:2 ð5:15aÞ

1

2

P

fcPy

þ M

fbMp

¼ 1:0 for
P

fcPy

< 0:2 ð5:15bÞ

where P, M are second-order axial force and bending moment, respectively, Py is the squash load, Mp is

the plastic moment capacity, and fc, fb are the resistance factors for axial strength and flexural strength,

respectively.

Figure 5.32 shows the cross-section strength including the resistance factors fc and fb. The reduction

factors fc and fb are built into the analysis program and are thus automatically included in the

calculation of the load-carrying capacity. The reduction factors are 0.85 for axial strength and 0.9 for

flexural strength, corresponding to the AISC-LRFD Specification [1]. For connections, the ultimate

moment, Mu, is reduced by the reduction factor 0.9.

5.4.5 Section Application

The AISC-LRFD Specification uses only one column curve for rolled and welded sections of

W, WT, and HP shapes, pipe, and structural tubing. The specification also uses some interaction

equations for doubly and singly symmetric members including W, WT, and HP shapes, pipe, and

structural tubing, even though the interaction equations were developed on the basis of W shapes

by Kanchanalai [4].

The present advanced analysis method was developed by calibration with the LRFD column curve and

interaction equations described in Section 5.3. To this end, it is concluded that the proposed method can
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be used for various rolled and welded sections, including W, WT, and HP shapes, pipe, and structural

tubing without further modifications.

5.4.6 Modeling of Structural Members

Different types of advanced analysis are (1) plastic-zone method, (2) quasi-plastic hinge method,

(3) elastic–plastic hinge method, and (4) refined plastic-hinge method. An important consideration in

making these advanced analyses practical is the required number of elements for a member in order to

predict realistically the behavior of frames.

A sensitivity study of advanced analysis is performed on the required number of elements for a beam

member subject to distributed transverse loads. A two-element model adequately predicts the strength of

a member. To model a parabolic out-of-straightness in a beam column, a two-element model with a

maximum initial deflection at the mid-height of a member adequately captures imperfection effects. The

required number of elements in modeling each member to provide accurate predictions of the strengths

is summarized in Table 5.4. It is concluded that practical advanced analysis is computationally efficient.

5.4.7 Modeling of Geometric Imperfection

Geometric imperfection modeling is required to account for fabrication and erection tolerances. The

imperfection modeling methods used here are the explicit imperfection, the equivalent notional load,

and the further reduced tangent modulus models. Users may choose one of these three models in an

advanced analysis. The magnitude of geometric imperfections is listed in Table 5.5.

Geometric imperfection modeling is required for a frame but not a truss element, since the program

computes the axial strength of a truss member using the LRFD column strength equations, which

account for geometric imperfections.
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FIGURE 5.32 Stiffness degradation model including reduction factors.

TABLE 5.4 Necessary Number of Elements

Member Number of elements

Beam member subject to uniform loads 2

Column member of braced frame 2

Column member of unbraced frame 1
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5.4.8 Load Application

It is necessary, in an advanced analysis, to input proportional increment load (not the total loads) to trace

nonlinear load–displacement behavior. The incremental loading process can be achieved by scaling

down the combined factored loads by a number between 10 and 50. For a highly redundant structure

(such as one greater than six stories), dividing by about 10 is recommended, and for a nearly statically

determinate structure (such as a portal frame), the incremental load may be factored down by 50. One

may choose a number between 10 and 50 to reflect the redundancy of a particular structure. Since

a highly redundant structure has the potential to form many plastic hinges and the applied load

increment is automatically reduced as new plastic hinges form, the larger incremental load (i.e., the

smaller scaling number) may be used.

5.4.9 Analysis

Analysis is important in the proposed design procedures, since the advanced analysis method

captures key behaviors including second-order and inelasticity in its analysis program. Advanced

analysis does not require separate member capacity checks by the specification equations. On the

other hand, the conventional LRFD method accounts for inelastic second-order effects in its design

equations (not in analysis). The LRFD method requires tedious separate member capacity checks.

Input data used for advanced analysis is easily accessible to users, and the input format is similar to

the conventional linear elastic analysis. The format will be described in detail in Section 5.5.

Analyses can be simply carried out by executing the program described in Section 5.5. This pro-

gram continues to analyze with increased loads and stops when a structural system reaches

its ultimate state.

5.4.10 Load-Carrying Capacity

Because consideration at moment redistribution may not always be desirable, two approaches (including

and excluding inelastic moment redistribution) are presented. First, the load-carrying capacity,

including the effect of inelastic moment redistribution, is obtained from the final loading step

(limit state) given by the computer program. Second, the load-carrying capacity without the inelastic

moment redistribution is obtained by extracting the force sustained when the first plastic hinge

is formed. Generally, advanced analysis predicts the same member size as the LRFD method when

moment redistribution is not considered. Further illustrations on these two choices will be presented

in Section 5.6.

5.4.11 Serviceability Limits

The serviceability conditions specified by the LRFD consist of five limit states: (1) deflection,

vibration, and drift; (2) thermal expansion and contraction; (3) connection slip; (4) camber; and

(5) corrosion. The most common parameter affecting the design serviceability of steel frames is the

deflections.

TABLE 5.5 Magnitude of Geometric Imperfection

Geometric imperfection method Magnitude

1. Explicit imperfection modeling method c ¼ 2/1000 for unbraced frames

c ¼ 1/1000 for braced frames

2. Equivalent notional load method a ¼ 2/1000 for unbraced frames

a ¼ 4/1000 for braced frames

3. Further reduced tangent modulus method E0t ¼ 0:85Et
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Based on the studies by the Ad Hoc Committee [38] and Ellingwood [39], the deflection

limits recommended (Table 5.6) were proposed for general use. At service load levels, no plastic hinges

are permitted anywhere in the structure to avoid permanent deformation under service loads.

5.4.12 Ductility Requirements

Adequate inelastic rotation capacity is required for members in order to develop their full plastic

moment capacity. The required rotation capacity may be achieved when members are adequately braced

and their cross-sections are compact. The limitations of compact sections and lateral unbraced length in

what follows lead to an inelastic rotation capacity of at least three and seven times the elastic rotation

corresponding to the onset of the plastic moment for nonseismic and seismic regions, respectively.

Compact sections are capable of developing the full plastic moment capacity, Mp, and sustaining large

hinge rotation before the onset of local buckling. The compact section in the LRFD Specification

is defined as:

1. Flange
� For nonseismic region

bf

2tf

� 0:38

ffiffiffiffiffi
Es

Fy

s
ð5:16Þ

� For seismic region

bf

2tf

� 0:31

ffiffiffiffiffi
Es

Fy

s
ð5:17Þ

where Es is the modulus of elasticity, bf is the width of flange, tf is the thickness of flange, and Fy is

the yield stress.

2. Web
� For nonseismic region

h

tw

� 3:76

ffiffiffiffiffi
Es

Fy

s
1	 2:75Pu

fbPy

� �
for

Pu

fbPy

� 0:125 ð5:18aÞ

h

tw

� 1:12

ffiffiffiffiffi
Es

Fy

s
2:33	 Pu

fbPy

� �
� 1:49

ffiffiffiffiffi
Es

Fy

s
for

Pu

fbPy

> 0:125 ð5:18bÞ

� For seismic region

h

tw

� 3:05

ffiffiffiffiffi
Es

Fy

s
1	 1:54Pu

fbPy

� �
for

Pu

fbPy

� 0:125 ð5:19aÞ

h

tw

� 1:12

ffiffiffiffiffi
Es

Fy

s
2:33	 Pu

fbPy

� �
for

Pu

fbPy

> 0:125 ð5:19bÞ

where h is the clear distance between flanges, tw is the thickness of the web, and Fy is the yield

strength.

TABLE 5.6 Deflection Limitations of Frame

Item Deflection ratio

Floor girder deflection for service live load L/360

Roof girder deflection L/240

Lateral drift for service wind load H/400

Interstory drift for service wind load H/300
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In addition to the compactness of the section, the lateral unbraced length of beam members is also

a limiting factor for the development of the full plastic moment capacity of members. The LRFD

provisions provide the limit on spacing of braces for beam as:

� For nonseismic region

Lpd � 0:12þ 0:076
M1

M2

� �� �
Es

Fy

� �
ry ð5:20aÞ

� For seismic region

Lpd � 0:086
Es

Fy

� �
ry ð5:20bÞ

where Lpd is the unbraced length, ry is the radius of gyration about y-axis, Fy is the yield strength, M1,

M2 are smaller and larger end moments, and M1/M2 is the positive in double curvature bending.

The AISC-LRFD Specification explicitly specifies the limitations for beam members as described

above, but not for beam–column members. More studies are necessary to determine the reasonable

limits leading to adequate rotation capacity of beam–column members. Based on White’s study [40], the

limitations for beam members seem to be used for beam–column members until the specification

provides the specific values for beam–column members.

5.4.13 Adjustment of Member Sizes

If one of the following three conditions — strength, serviceability, or ductility — is not satisfied,

appropriate adjustments of the member sizes should be made. This can be done by referring to the

sequence of plastic hinge formation shown in the P.OUT. For example, if the load-carrying capacity

of a structural system is less than the factored load effect, the member with the first plastic hinge should

be replaced with a stronger member. On the other hand, if the load-carrying capacity exceeds the

factored load effect significantly, members without plastic hinges may be replaced with lighter members.

If lateral drift exceeds drift requirements, columns or beams should be sized up, or a braced structural

system should be considered instead to meet this serviceability limit.

In semirigid frames, behavior is influenced by the combined effects of members and connections.

As an illustration, if an excessive lateral drift occurs in a structural system, the drift may be reduced

by increasing member sizes or using more rigid connections. If the strength of a beam exceeds

the required strength, it may be adjusted by reducing the beam size or using more flexible connec-

tions. Once the member and connection sizes are adjusted, the iteration leads to an optimum

design. Figure 5.33 shows a flow chart of analysis and design procedure in the use of advanced

analysis.

5.5 Computer Program

This section describes the practical advanced analysis program (PAAP) for two-dimensional steel frame

design [6,19]. The program integrates the methods and techniques developed in Sections 5.2 and 5.3.

The names of variables and arrays correspond as closely as possible to those used in theoretical

derivations. The main objective of this section is to present an educational version of software to enable

engineers and graduate students to perform planar frame analysis for a more realistic prediction

of the strength and behavior of structural systems.

The instructions necessary for user input into PAAP are presented in Section 5.5.4. Except

for the requirement to input geometric imperfections and incremental loads, the input data format
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of the program is basically the same as that of the usual linear elastic analysis program. The user

is advised to read all the instructions, paying particular attention to the appended notes, to achieve

an overall view of the data required for a specific PAAP analysis. The reader should recognize that no

system of units is assumed in the program, and take the responsibility to make all units consistent.

Mistaken unit conversion and input are a common source of erroneous results.

5.5.1 Program Overview

This FORTRAN program is divided into three parts: DATAGEN, INPUT, and PAAP. The first program,

DATAGEN, reads an input data file, P.DAT, and generates a modified data file, INFILE. The second

program, INPUT, rearranges INFILE into three working data files, DATA0, DATA1, and DATA2.

The third program, PAAP, reads the working data files and provides two output files named P.OUT1

and P.OUT2. P.OUT1 contains an echo of the information from the input data file, P.DAT. This file

may be used to check for numerical and incompatibility errors in input data. P.OUT2 contains the load

and displacement information for various joints in the structure as well as the element joint forces for

all types of elements at every load step. The load–displacement results are presented at the end of every

load increment. The sign conventions for loads and displacements should follow the frame degrees of

freedom, as shown in Figure 5.34 and Figure 5.35.
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Load combination

Determination of structural system

Preliminary member sizing

Modeling of structure

Modeling of geometric imperfection

Determination of incremental loads

Preparation of input data

Program execution
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Serviceability check
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FIGURE 5.33 Analysis and design procedure.
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The element joint forces are obtained by summing the product of the element incremental dis-

placements at every load step. The element joint forces act in the global coordinate system and must be

in equilibrium with applied forces. After the output files are generated, the user can view these files on

the screen or print them with the MS-DOS PRINT command. The schematic diagram in Figure 5.36 sets

out the operation procedure used by PAAP and its supporting programs [6].

5.5.2 Hardware Requirements

This program has been tested in two computer processors. It was first tested on an IBM 486 or

equivalent personal computer system using Microsoft’s FORTRAN 77 compiler v1.00 and Lahey’s

FORTRAN 77 compiler v5.01. Then, its performance in the workstation environment was tested on a

Sun 5 using a Sun FORTRAN 77 compiler. The program sizes of DATAGEN, INPUT, and PAAP are

8, 9, and 94 kB, respectively. The total size of the three programs is small, 111 kB (¼ 0.111 MB), and

so a 3.5-in. high-density diskette (1.44 MB) can accommodate the three programs and several example

problems.

The memory required to run the program depends on the size of the problem. A computer with

minimum 640 K of memory and a 30 MB hard disk is generally required. For the PC applications, the

array sizes are restricted as follows:

1. Maximum total degrees of freedom, MAXDOF¼ 300

2. Maximum translational degrees of freedom, MAXTOF¼ 300

3. Maximum rotational degrees of freedom, MAXROF¼ 100

4. Maximum number of truss elements, MAXTRS¼ 150

5. Maximum number of connections, MAXCNT¼ 150
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FIGURE 5.34 Degrees of freedom numbering for the frame element.
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FIGURE 5.35 Degrees of freedom numbering for the truss element.
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It is possible to run bigger jobs in UNIX workstations by modifying the above values in the

PARAMETER and COMMON statements in the source code.

5.5.3 Execution of Program

A computer diskette is provided in LRFD Steel Design Using Advanced Analysis, by Chen and Kim [37],

containing four directories with following files:

1. Directory PSOURCE
� DATAGEN.FOR

� INPUT.FOR

� PAAP.FOR

2. Directory PTEST
� DATAGEN.EXE

� INPUT.EXE

� PAAP.EXE

� RUN.BAT (batch file)
� P.DAT (input data for a test run)
� P.OUT1 (output for a test run)
� P.OUT2 (output for a test run)

3. Directory PEXAMPLE
� All input data for the example problems presented in Section 6

4. Directory CONNECT
� 3PARA.FOR (program for semirigid connection parameters)
� 3PARA.EXE

� CONN.DAT (input data)
� CONN.OUT (output for three parameters)

To execute the programs, one must first copy them onto the hard disk (i.e., copy DATAGEN.EXE,

INPUT.EXE,PAAP.EXE, RUN.BAT, and P.DAT from the directory PTEST on the diskette to the hard

disk). Before launching the program, the user should test the system by running the sample example

provided in the directory. The programs are executed by issuing the command RUN. The batch file,

RUN.BAT executes DATAGEN, INPUT, and PAAP in sequence. The output files produced are P.OUT1

and P.OUT2. When the authors’ and the user’s compilers are different, the program (PAAP.EXE) may

not be executed. This problem may be easily solved by recompiling the source programs in the directory

PSOURCE.

P.DAT

DATAGEN.EXE

INFILE

INPUT.EXE

DATA1DATA0 DATA2

PAAP.EXE

P.OUT1 P.OUT2

FIGURE 5.36 Operating procedures of the proposed program.
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The input data for all the problems in Section 5.6 are provided in the directory PEXAMPLE. The user

may use the input data for his or her reference and confirmation of the results presented in Section 5.6.

It should be noted that RUN is a batch command to facilitate the execution of PAAP. Entering the

command RUN will write the new files including DATA0, DATA1, DATA2, P.OUT1, and P.OUT2 over

the old ones. Therefore, output files should be renamed before running a new problem.

The program can generate the output files P.OUT1 and P.OUT2 in a reasonable time period,

as described in the following. The run time on an IBM 486 PC with memory of 640 K to get the output

files for the eight-story frame shown in Figure 5.37 is taken as 4 min 10 s and 2 min 30 s in real time

rather than CPU time by using Microsoft FORTRAN and Lahey FORTRAN, respectively. In the

Sun 5, the run time varies approximately 2 to 3 min depending on the degree of occupancy by users.

The directory CONNECT contains the program that computes the three parameters needed

for semirigid connections. The operation procedure of the program, the input data format, and two

examples were presented in Section 5.2.2.

5.5.4 User Manual

5.5.4.1 Analysis Options

PAAP was developed on the basis of the theory presented in Section 5.2. While the purpose

of the program is basically for advanced analysis using second-order inelastic concept, the program can

also be used for first- and second-order elastic analyses. For a first-order elastic analysis, the total

factored load should be applied in one load increment to suppress numerical iteration in the nonlinear

analysis algorithm. For a second-order elastic analysis, a yield strength of an arbitrarily large value should

be assumed for all members to prevent yielding.

5.5.4.2 Coordinate System

A two-dimensional (x, y) global coordinate system is used for the generation of all the input and output

data associated with the joints. The following input and output data are prepared with respect to the

global coordinate system:

1. Input data
� joint coordinates
� joint restraints
� joint load

25 ft

2
×

25
=

50
 f

t

15
 f

t
7

×
10

 f
t 6

 in
.=

73
ft

 6
 in

.

3

2

1

A B

25 ft

(a) Plan (b) Section 2

FIGURE 5.37 Configuration of the unbraced eight-story frame.
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2. Output data
� joint displacement
� member forces

5.5.4.3 Type of Elements

The analysis library consists of three elements: a plane frame, a plane truss, and a connection. The

connection is represented by a zero-length rotational spring element with a user-specified nonlinear

moment–rotation curve. Loading is allowed only at nodal points. Geometric and material nonlinearities

can be accounted for by using an iterative load-increment scheme. Zero-length plastic hinges are lumped

at the element ends.

5.5.4.4 Locations of Nodal Points

The geometric dimensions of the structures are established by placing joints (or nodal points) on the

structures. Each joint is given an identification number and is located in a plane associated with a global

two-dimensional coordinate system. The structural geometry is completed by connecting the predefined

joints with structural elements, which may be a frame, a truss, or a connection. Each element also has an

identification number.

The following are some of the factors that need to be considered in placing joints in a structure:

1. The number of joints should be sufficient to describe the initial geometry and the response

behavior of the structures.

2. Joints need to be located at points and lines of discontinuity (e.g., at changes in material properties

or section properties).

3. Joints should be located at points on the structure where forces and displacements need to be

evaluated.

4. Joints should be located at points where concentrated loads will be applied. The applied loads

should be concentrated and act on the joints.

5. Joints should be located at all support points. Support conditions are represented in the structural

model by restricting the movement of the specific joints in specific directions.

6. Second-order inelastic behavior can be captured by the use of one or two elements per member

corresponding to the following guidelines:
� Beam member subjected to uniform loads: two elements
� Column member of braced frames: two elements
� Column member of unbraced frames: one element.

5.5.4.5 Degrees of Freedom

A two-joint frame element has six displacement components as shown in Figure 5.34. Each joint

can translate in the global x- and y-directions, and rotate about the global z-axis. The directions

associated with these displacement components are known as degrees of freedom of the joint. A two-

joint truss element has four degrees of freedom as shown in Figure 5.35. Each joint has two translational

degrees of freedom and no rotational component.

If the displacement of a joint corresponding to any one of its degrees of freedom is known to be zero

(such as at a support), then it is labeled an inactive degree of freedom. Degrees of freedom where the

displacements are not known are termed active degree of freedoms. In general, the displacement

of an inactive degree of freedom is usually known, and the purpose of the analysis is to find the reaction

in that direction. For an active degree of freedom, the applied load is known (it could be zero), and the

purpose of the analysis is to find the corresponding displacement.

5.5.4.6 Units

There are no ‘‘built-in’’ units in PAAP. The user must prepare the input in a consistent set of units. The

output produced by the program will conform to the same set of units. Therefore, if the user chooses to use

kips and inches as the input units, all the dimensions of the structure must be entered in inches and all the
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loads in kip. The material properties should also conform to these units. The output units will then be in

kips and inches, so that the frame member axial force will be in kips, bending moments will be in kip-inches,

and displacements will be in inches. Joint rotations, however, are in radians, irrespective of units.

5.5.4.7 Input Instructions

In this section, the input sequence and data structure used to create an input file called P.DAT

are described. The analysis program, PAAP, can analyze any structures with up to 300 degrees of

freedom, but it is possible to recompile the source code to accommodate more degrees of freedom by

changing the size of the arrays in the PARAMETER and COMMON statements. The limitation of degree of

freedom can be solved by using dynamic storage allocation. This procedure is common in finite element

programs [41,42], and will be used in the next release of the program.

The input data file is prepared in a specific format. The input data consists of 13 data sets, including

five control data, three section property data, three element data, one boundary condition, and one load

data set:

1. Title

2. Analysis and design control

3. Job control

4. Total number of element types

5. Total number of elements

6. Connection properties

7. Frame element properties

8. Truss element properties

9. Connection element data

10. Frame element data

11. Truss element data

12. Boundary conditions

13. Incremental loads

Input of all data sets are mandatory, but some of the data associates with elements (data sets 6–11) may

be skipped depending on whether the use of the element. The order of data sets in the input file must be

strictly maintained. Instructions for inputting data are summarized in Table 5.7.

5.6 Design Examples

In previous sections, the concept, verifications, and computer program of the practical advanced

analysis method for steel frame design have been presented. The present advanced analysis method has

been developed and refined to achieve both simplicity in use and, as far as possible, a realistic

representation of behavior and strength. The advanced analysis method captures the limit state

strength and stability of a structural system and its individual members. As a result, the method can be

used for practical frame design without the tedious separate member capacity checks, including the

calculation of K factor.

The aim of this section is to provide further confirmation of the validity of the LRFD-based advanced

analysis methods for practical frame design. The comparative design examples in this section show the

detailed design procedure for advanced and LRFD design procedures [6]. The design procedures con-

form to those described in Section 5.4 and may be grouped into four basic steps: (1) load condition,

(2) structural modeling, (3) analysis, and (4) limit state check. The design examples cover simple

structures, truss structures, braced frames, unbraced frames, and semirigid frames. The three practical

models — explicit imperfection, equivalent notional load, and further reduced tangent modulus — are

used for the design examples. Member sizes determined by advanced procedures are compared with

those determined by the LRFD, and good agreement is generally observed.
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TABLE 5.7 Input Data Format for the Program PAAP

Data set Column Variable Description

Title A70 — Job title and general comments

Analysis and design control IGEOIM Geometric imperfection method

1–5 0: No geometric imperfection (default)

1: Explicit imperfection modeling

2: Equivalent notional load

3: Further reduced tangent modulus

ILRFD Strength reduction factor fc¼ 0.85, fb¼ 0.9

6–10 0: No reduction factors considered (default)

1: Reduction factors considered

Job control 1–5 NNODE Total number of nodal points of the structure

6–10 NBOUND Total number of supports

11–15 NINCRE Allowable number of load increments (default¼
100); at least two or three times larger than

the scaling number

Total number of element types 1–5 NCTYPE Number of connection types (1–30)

6–10 NFTYPE Number of frame types (1–30)

11–15 NTTYPE Number of truss types (1–30)

Total number of elements 1–5 NUMCNT Number of connection elements (1–150)

6–10 NUMFRM Number of frame elements (1–100)

11–15 NUMTRS Number of truss elements (1–150)

Connection property 1–5 ICTYPE Connection type number

6–15a Mu Ultimate moment capacity of connection

16–25a Rki Initial stiffness of connection

26–35a N Shape parameter of connection

Frame element property 1–5 IFTYPE Frame type number

6–15a A Cross-section area

16–25a I Moment of inertia

26–35a Z Plastic section modulus

36–45a E Modulus of elasticity

46–55a FY Yield stress

55–60 IFCOL Identification of column member, IFCOL¼ 1

for column (default¼ 0)

Truss element property 1–5 ITYPE Truss type number

6–15a A Cross-section area

15–25a I Moment of inertia

25–35a E Modulus of elasticity

36–45a FY Yield stress

46–50 ITCOL Identification of column member, ITCOL¼ 1

for column (default¼ 0)

Connection element data 1–5 LCNT Connection element number

6–10 IFMCNT Frame element number containing the connection

11–15 IEND Identification of element ends containing

the connection

16–20 JDCNT 1: Connection attached at element end i

21–25 NOSMCN 2: Connection attached at element end j

26–30 NELINC Connection type number

Number of same elements for automatic

generation (default¼ 1)

Element number (IFMCNT) increment of

automatically generated elements (default¼ 1)

Frame element data 1–5 LFRM Frame element number

6–15a FXO Horizontal projected length; positive for i–j

direction in global x direction

16–25a FYO Vertical projected length; positive for i–j

direction in global y direction
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The design examples are limited to two-dimensional steel frames, so that the spatial behavior is not

considered. Lateral torsional buckling is assumed to be prevented by adequate lateral braces. Compact W

sections are assumed so that sections can develop their full plastic moment capacity without buckling

locally. All loads are statically applied.

5.6.1 Roof Truss

Figure 5.38 shows a hinged-jointed roof truss subject to gravity loads of 201 kip at the joints. A36 steel

pipe is used. All member sizes are assumed identical.

TABLE 5.7 Continued

Data set Column Variable Description

26–30 JDFRM Frame type number

31–35 IFNODE Number of node i

36–40 JFNODE Number of node j

41–45 NOSMFE Number of same elements for automatic

generation (default¼ 1)

46–50 NODINC Node number increment of automatically

generated elements (default¼ 1)

Truss element data 1–5 LTRS Truss element number

6–15a TXO Horizontal projected length; positive

for i–j direction in global x direction

16–25a TYO Vertical projected length; positive for

i–j direction in global y direction

26–30 JDTRS Truss type number

31–35 ITNODE Number of node i

36–40 JTNODE Number of node j

51–55 NOSMTE Number of same elements for automatic

generation (default¼ 1)

56–60 NODINC Node number increment of automatically

generated elements (default¼ 1)

Boundary condition 1–5 NODE Node number of support

6–10 XFIX XFIX¼ 1 for restrained in global

x-direction (default¼ 0)

11–15 YFIX YFIX¼ 1 for restrained in global

y-direction (default¼ 0)

16–20 RFIX RFIX¼ 1 for restrained in rotation

(default¼ 0)

21–25 NOSMBD Number of same boundary conditions for

automatic generation (default¼ 1)

26–30 NODINC Node number increment of automatically

generated supports (default¼ 1)

Incremental loads 1–5 NODE Node number where a load applied

6–15a XLOAD Incremental load in global x direction

(default¼ 0)

16–25a YLOAD Incremental load in global y direction

(default¼ 0)

26–35a RLOAD Incremental moment in global

y-direction (default¼ 0)

36–40 NOSMLD Number of same loads for automatic

generation (default¼ 1)

41–45 NODINC Node number increment of automatically

generated loads (default¼ 1)

a Indicates that real value (F or E format) should be entered; otherwise input the integer value (I format).
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5.6.1.1 Design by Advanced Analysis

Step 1: Load condition and preliminary member sizing. The critical factored load condition is shown in

Figure 5.38. The member forces of the truss may be obtained (Figure 5.39) using equilibrium conditions.

The maximum compressive force is 67.1 kip. The effective length is the same as the actual length (22.4 ft)

since K is 1.0. The preliminary member size of steel pipe is 6 in. diameter with 0.28 in. thickness

(fPn¼ 81 kip), obtained using the column design table in the LRFD Specification.

Step 2: Structural modeling. Each member is modeled with one truss element without geometric

imperfection since the program computes the axial strength of the truss member with the LRFD column

strength equations, which indirectly account for geometric imperfections. An incremental load of 0.51 kip

is determined by dividing the factored load of 201 kip by a scaling factor of 40 as shown in Figure 5.40.

Step 3: Analysis. Referring to the input instructions described in Section 5.5.4, the input data may

be easily generated, as listed in Table 5.8. Note that the total number of supports (NBOUND) in the

hinged-jointed truss must be equal to the total number of nodal points, since the nodes of a truss

element are restrained against rotation. Programs DATAGEN, INPUT, and PAAP are executed in

sequence by entering the batch file command RUN on the screen.

Step 4: Check of load-carrying capacity. Truss elements 10 and 13 fail at load step 48, with loads at nodes

6, 7, and 8 being 241 kip. Since this truss is statically determinant, failure of one member leads to failure of

the whole system. Load step 49 shows a sharp increase in displacement and indicates a system failure. The

member force of element 10 is 80.41 kip (Fx¼ 72.0 kip, Fy¼ 35.7 kip). Since the load-carrying capacity of

241 kip at nodes 6, 7, and 8 is greater than the applied load of 20 kip, the member size is adequate.

Step 5: Check of serviceability. Referring to P.OUT2, the deflection at node 3 corresponding to load

step 1 is equal to 0.02 in. This deflection may be considered elastic since the behavior of the beam

20 ft

20 20

Pu = 20 kip

4 × 20 ft = 80 ft

FIGURE 5.38 Configuration and load condition of the hinged-jointed roof truss.
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FIGURE 5.39 Member forces of the hinged-jointed roof truss.
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is linear and elastic under small loads. The total deflection of 0.8 in. is obtained by multiplying the

deflection of 0.02 in. by the scaling factor of 40. The deflection ratio over the span length is 1/1200, which

meets the limitation 1/360. The deflection at the service load will be smaller than that above since the

factored load is used for the calculation of deflection above.

5.6.1.2 Comparison of Results

The advanced analysis and LRFD methods predict the same member size of steel pipe with 6 in. diameter

and 0.28 in. thickness. The load-carrying capacities of element 10 predicted by these two methods are the

same, 80.5 kip. This is because the truss system is statically determinant, rendering inelastic moment

redistribution of little or no benefit.

5.6.2 Unbraced Eight-Story Frame

Figure 5.37 shows an unbraced eight-story, one-bay frame with hinged supports. All beams are rigidly

connected to the columns. The column and beam sizes are the same. All beams are continuously braced

about their weak axis. Bending is primarily about the strong axis at the column. A36 steel is used for all

members.

 1  : Node number
(1): Element number

240 in.

0.5

6
(10)

(1) (2) 321 (3) 4 (4) 5

(6) (13)
(5)

(11) (12)

(7)

7

(8)

(9)

8

0.5

∆Pu = 0.5 kip

4 × 240 in. = 960 in.

FIGURE 5.40 Modeling of the hinged-jointed roof truss.

TABLE 5.8 Input Data, P.DAT, of the

Hinged-Jointed Roof Truss
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5.6.2.1 Design by Advanced Analysis

Step 1: Load condition and preliminary member sizing. The uniform gravity loads are converted to

equivalent concentrated loads, as shown in Figure 5.41. The preliminary column and beam sizes are

selected as W33� 130 and W21� 50.

Step 2: Structural modeling. Each column is modeled with one element since the frame is

unbraced and the maximum moment in the member occurs at the ends. Each beam is modeled with

two elements.

The explicit imperfection and the further reduced tangent modulus models are used in this exam-

ple, since they are easier in preparing the input data compared to equivalent notional load mod-

els. Figure 5.42 shows the model for the eight-story frame. The explicit imperfection model uses an

out-of-plumbness of 0.2%, and in the further reduced tangent modulus model, 0.85Et is used.

Herein, a scaling factor of 10 is used due to the high indeterminacy. The load increment is auto-

matically reduced if the element stiffness parameter, Z, exceeds the predefined value 0.1. The 54 load

steps required to converge on the solution are given in P.OUT2.

Step 3: Analysis. The input data may be easily generated, as listed in Table 5.9. Programs are executed

in sequence by typing the batch file command RUN.

Step 4: Check of load-carrying capacity. From the output file P.OUT, the ultimate load-carrying

capacity of the structure is obtained as 5.24 and 5.18 kip with respect to the lateral load at roof in load

combination 2 by the imperfection method and the reduced tangent modulus method, respectively. This

load-carrying capacity is 3 and 2% greater, respectively, than the applied factored load of 5.12 kip. As a

result, the preliminary member sizes are satisfactory.
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FIGURE 5.41 Concentrated load condition converted from the distributed load for the two-story frame.
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Step 5: Check of serviceability. The lateral drift at the roof level by the wind load (1.0W) is 5.37 in. and the

drift ratio is 1/198, which does not satisfy the drift limit of 1/400. When W40� 174 and W24� 76 are used for

column and beam members, respectively, the lateral drift is reduced to 2.64 in. and the drift ratio is 1/402,

which satisfies the limit 1/400. The design of this frame is thus governed by serviceability rather than strength.

5.6.2.2 Comparison of Results

The sizes predicted by the proposed methods are W33� 130 columns and W21� 50 beams. They do

not, however, meet serviceability conditions, and must therefore be increased to W40� 174 and

W24� 76 members. The LRFD method results in the same (W40� 174) column but a larger

(W27� 84) beam (Figure 5.43).

5.6.3 Two-Story, Four-Bay Semirigid Frame

Figure 5.44 shows a two-story, four-bay semirigid frame. The height of each story is 12 ft and it is 25 ft

wide. The spacing of the frames is 25 ft. The frame is subjected to a distributed gravity and concentrated

lateral loads. The roof beams connections are the top and seat L6� 4.0� 3/8� 7 angle with double

web angles of L4� 3.5� 1/4� 5.5 made of A36 steel. The floor beam connections are the top and

seat angles of L6� 4� 9/16� 7 with double web angles of L4� 3.5� 5/16� 8.5. All fasteners are A325
3
4
in.-diameter bolts. All members are assumed to be continuously braced laterally.

5.6.3.1 Design by Advanced Analysis

Step 1: Load condition and preliminary member size. The load conditions are shown in Figure 5.44. The

initial member sizes are selected as W8� 21, W12� 22, and W16� 40 for the columns, the roof beams,

and the floor beams, respectively.
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FIGURE 5.42 Structural modeling of the eight-story frame.
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Step 2: Structural modeling. Each column is modeled with one element and beam with two elements.

The distributed gravity loads are converted to equivalent concentrated loads on the beam, as shown in

Figure 5.45. In explicit imperfection modeling, the geometric imperfection is obtained by multiplying

the column height by 0.002. In the equivalent notional load method, the notional load is 0.002 times the

total gravity load plus the lateral load. In the further reduced tangent modulus method, the program

automatically accounts for geometric imperfection effects. Although users can choose any of these three

models, the further reduced tangent modulus model is the only one presented herein. The incremental

loads are computed by dividing the concentrated load by the scaling factor of 20.

Step 3: Analysis. The three parameters of the connections can be computed by the use of the computer

program 3PARA. Corresponding to the input format in Table 5.2, the input data, CONN.DAT, may be

generated, as shown in Table 5.10.

Referring to the input instructions (Section 5.5.4), the input data are written in the form shown in

Table 5.11. Programs DATAGEN, INPUT, and PAAP are executed sequentially by typing ‘‘RUN.’’ The

program will continue to analyze with increasing load steps up to the ultimate state.

Step 4: Check of load-carrying capacity. As shown in output file, P.OUT2, the ultimate load-carrying

capacities of the load combinations 1 and 2 are 46.2 and 42.9 kip, respectively, at nodes 7–13

(Figure 5.45). Compared to the applied loads, 45.5 and 31.75 kip, the initial member sizes are adequate.

TABLE 5.9 Input Data, P.DAT, of the Explicit Imperfection Modeling

for the Unbraced Eight-Story Frame: (a) Explicit Imperfection Modeling and

(b) Further Reduced Tangent Modulus

(a)

(b)

Steel Frame Design Using Advanced Analysis 5-43

Copyright 2005 by CRC Press



25 ft
15

 f
t

7
×

10
 f

t 6
 in

.=
73

ft
 6

 in
.

* Proposed
LRFD

* W24 × 76

* 
W

40
×

17
4

W27 × 84

W
40

×
17

4

FIGURE 5.43 Comparison of member sizes of the eight-story frame.
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FIGURE 5.44 Configuration and load condition of two-story, four-bay semirigid frame.
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FIGURE 5.45 Concentrated load condition converted form the distributed load for the two-story, one-bay

semirigid frame.
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Step 5: Check of serviceability. The lateral displacement at roof level corresponding to 1.0W is

computed as 0.51 in. from the computer output P.OUT2. The drift ratio is 1/565, which satisfies the

limitation 1/400. The preliminary member sizes are satisfactory.

5.6.3.2 Comparison of Results

The member sizes by the advanced analysis and the LRFD method are compared in Figure 5.46. The

beam members are one size larger in the advanced analysis method, and the interior columns are one

size smaller.

TABLE 5.10 Input Data, CONN.DAT, of Connection for (a) Roof Beam and (b) Floor Beam

(a) Roof beam

2 36.0 29,000 2.5 1.25 12

7 0.375 0.875 2.5

5.5 0.25 0.6875

(b) Floor beam

2 36.0 29.000 2.5 1.25 16

7 0.5625 1.0625 2.5

8.5 0.3125 0.75

TABLE 5.11 Input Data, P.DAT, of the Four-Bay, Two-Story

Semirigid Frame: (a) Load Case 1 and (b) Load Case 2

(a)
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Glossary

Advanced analysis — Analysis predicting directly the stability of a structural system and its component

members and not needing separate member capacity checks.

ASD — Acronym for allowable stress design.

Beam columns — Structural members whose primary function is to carry axial force and bending

moment.

Braced frame — Frame in which lateral deflection is prevented by braces or shear walls.

Column — Structural member whose primary function is to carry axial force.

CRC — Acronym for Column Research Council.
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FIGURE 5.46 Comparison of member sizes of the two-story, four-bay semirigid frame.

TABLE 5.11 Continued
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Drift — Lateral deflection of a building.

Ductility — Ability of a material to undergo a large deformation without a significant loss in strength.

Factored load — The product of the nominal load and a load factor.

Flexural member — Structural member whose primary function is to carry bending moment.

Geometric imperfection — Unavoidable geometric error during fabrication and erection.

Limit state — A condition in which a structural or structural component becomes unsafe (strength limit

state) or unfit for its intended function (serviceability limit state).

Load factor — A factor to account for the unavoidable deviations of the actual load from its nominal

value and uncertainties in structural analysis.

LRFD — Acronym for load resistance factor design.

Notional load — Load equivalent to geometric imperfection.

PD — Acronym for plastic design.

Plastic hinge — A yield section of a structural member in which the internal moment is equal to the

plastic moment of the cross-section.

Plastic zone — A yield zone of a structural member in which the stress of a fiber is equal to the yield

stress.

Refined plastic hinge analysis — Modified plastic hinge analysis accounting for gradual yielding of

a structural member.

Resistance factors — A factor to account for the unavoidable deviations of the actual resistance of

a member or a structural system from its nominal value.

Second-order analysis — Analysis to use equilibrium equations based on the deformed geometry of

a structure under load.

Semirigid connection — Beam-to-column connection whose behavior lies between fully rigid and

ideally pinned connection.

Service load — Nominal load under normal usage.

Stability function — Function to account for the bending stiffness reduction due to axial force.

Stiffness — Force required to produce unit displacement.

Unbraced frame — Frame in which lateral deflections are not prevented by braces or shear walls.
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6
Cold-Formed Steel

Structures

6.1 Introduction

Cold-formed steel members as shown in Figure 6.1 are widely used in building construction, bridge

construction, storage racks, highway products, drainage facilities, grain bins, transmission towers, car

bodies, railway coaches, and various types of equipment. These sections are cold-formed from carbon,
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low-alloy steel, or stainless steel sheet, strip, plate, or flat bar in cold-rolling machines or by press brake

or bending brake operations. The thicknesses of such members usually range from 0.0149 in. (0.378 mm)

to about 0.25 in. (6.35 mm) even though steel plates and bars as thick as 1 in. (25.4 mm) can be cold-

formed into structural shapes.

The use of cold-formed steel members in building construction began around the 1850s in both the

United States and Great Britain. However, such steel members were not widely used in buildings in the

United States until the 1940s. At present, cold-formed steel members are widely used as construction

materials worldwide.

Compared with other materials such as timber and concrete, cold-formed steel members can offer the

following advantages: (1) lightness, (2) high strength and stiffness, (3) ease of prefabrication and mass

production, (4) fast and easy erection and installation, and (5) economy in transportation and handling,

to name a few.

From the structural design point of view, cold-formed steel members can be classified into two

major types: (1) individual structural framing members (Figure 6.2) and (2) panels and decks (Figure 6.3).

In view of the fact that the major function of the individual framing members is to carry load,

structural strength and stiffness are the main considerations in design. The sections shown in Figure 6.2

can be used as primary framing members in buildings up to four or five stories in height. In tall

multistory buildings, the main framing is typically of heavy hot-rolled shapes and the secondary ele-

ments such as wall studs, joists, decks, or panels may be of cold-formed steel members. In this case, the

heavy hot-rolled steel shapes and the cold-formed steel sections supplement each other.

The cold-formed steel sections shown in Figure 6.3 are generally used for roof decks, floor decks, wall

panels, and siding material in buildings. Steel decks not only provide structural strength to carry loads,

but they also provide a surface on which flooring, roofing, or concrete fill can be applied as shown in

Figure 6.4. They can also provide space for electrical conduits. The cells of cellular panels can also be used

FIGURE 6.1 Various shapes of cold-formed steel sections (courtesy of Yu, W.W. 1991).
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FIGURE 6.2 Cold-formed steel sections used for structural framing (courtesy of Yu, W.W. 1991).

(a) (b) (c)

(d)

(g)

(k) (l) (m)

(h) (i) ( j)

(e) (f)

Roof decks

Long-span roof decks

Floor and roof panels

Curtain wall panels Ribbed panels Corrugated sheets

FIGURE 6.3 Decks, panels, and corrugated sheets (courtesy of Yu, W.W. 1991).

FIGURE 6.4 Cellular floor decks (courtesy of Yu, W.W. 1991).

Cold-Formed Steel Structures 6-3

Copyright 2005 by CRC Press



as ducts for heating and air conditioning. For composite slabs, steel decks are used not only as formwork

during construction, but also as reinforcement of the composite system after the concrete hardens. In

addition, load-carrying panels and decks not only withstand loads normal to their surface, but they can

also act as shear diaphragms to resist forces in their own planes if they are adequately interconnected to

each other and to supporting members.

During recent years, cold-formed steel sections have been widely used in residential construction and

pre-engineered metal buildings for industrial, commercial, and agricultural applications. Metal building

systems are also used for community facilities such as recreation buildings, schools, and churches. For

additional information on cold-formed steel structures, see Yu [1], Rhodes [2], Hancock et al. [3], and

Ghersi et al. [4].

6.2 Design Standards

Design standards and recommendations are now available in Australia [5], Austria [6], Canada

[7], Czech Republic [8], Finland [9], France [10], Germany [11], India [12], Italy [13], Japan [14],

Mexico [7], The Netherlands [15], New Zealand [16], The People’s Republic of China [17],

The Republic of South Africa [18], Sweden [19], Romania [20], the United Kingdom [21], the United

States [7], Russia [22], and elsewhere. Since 1975, the European Convention for Constructional

Steelwork has prepared several documents for the design and testing of cold-formed sheet steel

used in buildings. In 1996, Eurocode 3 [23] provided design information for cold-formed steel

members.

This chapter presents discussions on the design of cold-formed steel structural members for use in

buildings. It is mainly based on the current American Iron and Steel Institute (AISI) North

American Specification [7] for allowable strength design (ASD), load and resistance factor design

(LRFD), and limit states design (LSD). It should be noted that in addition to the AISI specification,

many trade associations and professional organizations have issued special design and construction

requirements for using cold-formed steel members as floor and roof decks [24], roof trusses [25],

open web steel joists [26], transmission poles and towers [27], storage racks [28], shear diaphragms

[7,29], composite slabs [30], metal buildings [31], light framing systems [32–34], guardrails,

structural supports for highway signs, luminaries, and traffic signals [36], automotive structural

components [37], and others. For the design of cold-formed stainless steel structural members, see

SEI/ASCE Standard 8-02 [35].

6.3 Design Bases

For cold-formed steel design, three design approaches are being used in the North American Specifi-

cation [7]. They are (1) ASD, (2) LRFD, and (3) LSD. The ASD and LRFD methods are used in the

United States and Mexico, while the LSD method is used in Canada. The unit systems used in the North

American Specification are (1) U.S. customary units (force in kip and length in inches), (2) SI units

(force in newtons and length in millimeters), and (3) MKS units (force in kilograms and length in

centimeters).

6.3.1 Allowable Strength Design (United States and Mexico)

In the ASD approach, the required allowable strengths (moments, axial forces, and shear forces) in

structural members are computed by accepted methods of structural analysis for all applicable load

combinations of nominal loads as stipulated by the applicable building code. In the absence of an

applicable building code, the nominal loads and load combinations should be those stipulated in the

American Society of Civil Engineers (ASCE) Standard ASCE 7 [38].
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The required allowable strengths should not exceed the allowable design strengths permitted by the

applicable design standard. The allowable design strength is determined by dividing the nominal strength

by a factor of safety as follows:

Ra ¼ Rn=O ð6:1Þ

where Ra is the allowable design strength, Rn is the nominal strength, and O is the factor of safety.

For the design of cold-formed steel structural members using the AISI ASD method, the factors of safety

are given in Table 6.1. For details, see the AISI Specification [7].

6.3.2 Load and Resistance Factor Design (United States and Mexico)

Two types of limit states are considered in the LRFD method. They are (1) the limit state of strength

required to resist the extreme loads during its life and (2) the limit state of serviceability for a structure to

perform its intended function.

For the limit state of strength, the general format of the LRFD method is expressed by the following

equation:

Ru � fRn ð6:2Þ

where Ru¼
P

giQi is the required strength, fRn is the design strength, gi is the load factor, Qi is the load

effect, f is the resistance factor, and Rn is the nominal strength.

The structure and its components should be designed so that the design strengths, fRn, are equal to or

greater than the required strengths,
P

giQi, which are computed on the basis of the factored nominal

loads and load combinations as stipulated by the applicable building code or, in the absence of an

applicable code, as stipulated in ASCE 7 [38].

In addition, the following LRFD criteria can be used for roof and floor composite construction using

cold-formed steel:

1:2Ds þ 1:6Cw þ 1:4C ð6:3Þ

where Ds is the weight of the steel deck, Cw is the weight of wet concrete during construction, and C is the

construction load, including equipment, workmen, and formwork, but excluding the weight of the wet

concrete. Table 6.1 lists the f factors, which are used for the LRFD and LSD methods for the design of

cold-formed steel members and connections. For details, see the AISI Specification [7].

6.3.3 Limit States Design (Canada)

The methodology for the LSD method is the same as for the LRFD method, except that the load factors,

load combinations, target reliability indices, and assumed live-to-dead ratio used in the development of

the design criteria are different. In addition, a few different terms are used in the LSD method.

Like the LRFD method, the LSD method specifies that the structural members and connections

should be designed to have factored resistance equal to or greater than the effect of factored loads as

follows:

fRn � Rf ð6:4Þ

where Rf is the effect of factored loads, Rn is the nominal resistance, f is the resistance factor, and fRn

is the factored resistance.

For the LSD method, the load factors and load combinations used for the design of cold-formed

steel structures are based on the National Building Code of Canada. For details, see appendix B of the

North American Specification [7]. The resistance factors are also listed in Table 6.1.
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TABLE 6.1 Factors of Safety, O, and Resistance Factors, f, used in the North American Specification [7]

Type of strength

ASD

factor of

safety, O

LRFD

resistance

factor, f

LSD

resistance

factor, f

Tension members

For yielding 1.67 0.90 0.90

For fracture away from the connection 2.00 0.75 0.75

For fracture at the connection (see connections)

Flexural members

Bending strength

For sections with stiffened or partially stiffened compression flanges 1.67 0.95 0.90

For sections with unstiffened compression flanges 1.67 0.90 0.90

Laterally unbraced beams 1.67 0.90 0.90

Beams having one-flange through fastened-to-deck or sheathing

(C- or Z-sections)

1.67 0.90 0.90

Beams having one-flange fastened to a standing seam roof system 1.67 0.90 a

Web design

Shear strength 1.60 0.99 0.80

Web crippling

Built-up sections 1.65–2.00 0.75–0.90 0.60–0.80

Single-web channel and C-sections 1.65–2.00 0.75–0.90 0.65–0.80

Single-web Z-sections 1.65–2.00 0.75–0.90 0.65–0.80

Single-hat sections 1.70–2.00 0.75–0.90 0.65–0.75

Multiweb deck sections 1.65–2.25 0.65–0.90 0.55–0.80

Stiffeners

Transverse stiffeners 2.00 0.85 0.80

Concentrically loaded compression members 1.80 0.85 0.80

Combined axial load and bending

For tension 1.67 0.95 0.90

For compression 1.80 0.85 0.80

For bending 1.67 0.90–0.95 0.90

Closed cylindrical tubular members

Bending strength 1.67 0.95 0.90

Axial compression 1.80 0.85 0.80

Wall studs and wall assemblies

Wall studs in compression 1.80 0.85 0.80

Wall studs in bending 1.67 0.90–0.95 0.90

Diaphragm construction 2.00–3.00 0.50–0.65 0.50

Welded connections

Groove welds

Tension or compression 1.70 0.90 0.80

Shear (welds) 1.90 0.80 0.70

Shear (base metal) 1.70 0.90 0.80

Arc spot welds

Welds 2.55 0.60 0.50

Connected part 2.20–3.05 0.50–0.70 0.40–0.60

Minimum edge distance 2.20–2.55 0.60–0.70 0.50–0.60

Tension 2.50–3.00 0.50–0.60 0.40–0.50

Arc seam welds

Welds 2.55 0.60 0.50

Connected part 2.55 0.60 0.50

Fillet welds

Longitudinal loading (connected part) 2.55–3.05 0.50–0.60 0.40–0.50

Transverse loading (connected part) 2.35 0.65 0.60

Welds 2.55 0.60 0.50

Flare groove welds

Transverse loading (connected part) 2.55 0.60 0.50

Longitudinal loading (connected part) 2.80 0.55 0.45

Welds 2.55 0.60 0.50
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6.4 Materials and Mechanical Properties

In the AISI Specification [7], 15 different steels are presently listed for the design of cold-formed steel

members. Table 6.2 lists steel designations, American Society for Testing Materials (ASTM) designa-

tions, and yield points, tensile strengths, and elongations for these steels. From a structural standpoint,

the most important properties of steel are as follows:

1. Yield point or yield strength, Fy

2. Tensile strength, Fu

3. Stress–strain relationship

4. Modulus of elasticity, tangent modulus, and shear modulus

5. Ductility

6. Weldability

7. Fatigue strength

In addition, formability, durability, and toughness are also important properties of cold-formed steel.

6.4.1 Yield Point, Tensile Strength, and Stress–Strain Relationship

As listed in Table 6.2, the yield points or yield strengths of all 15 different steels range from 24 to 80 ksi

(166 to 552 MPa or 1687 to 5624 kg/cm2). The tensile strengths of the same steels range from 42 to 100

ksi (290 to 690 MPa or 2953 to 7030 kg/cm2). The ratios of the tensile strength to yield point vary from

1.08 to 1.88. As far as the stress–strain relationship is concerned, the stress–strain curve can be either the

sharp-yielding type (Figure 6.5a) or the gradual-yielding type (Figure 6.5b).

6.4.2 Strength Increase from Cold Work of Forming

The mechanical properties (yield point, tensile strength, and ductility) of cold-formed steel sections,

particularly at the corners, are sometimes substantially different from those of the flat steel sheet, strip,

plate, or bar before forming. This is because the cold-forming operation increases the yield point and

tensile strength and at the same time decreases the ductility. The effects of cold work on the mechanical

properties of corners usually depend on several parameters. The ratios of tensile strength to yield point,

Fu/Fy, and inside bend radius to thickness, R/t, are considered to be the most important factors to affect

the change in mechanical properties of cold-formed steel sections. Design equations are given in the AISI

TABLE 6.1 Continued

Type of strength

ASD

factor of

safety, O

LRFD

resistance

factor, f

LSD

resistance

factor, f

Resistance welds 2.35 0.65 0.55

Shear lag effect 2.50 0.60 0.50

Bolted connections

Shear, spacing, and edge distance 2.00–2.22 0.60–0.70 a

Fracture in net section (shear lag) 2.00–2.22 0.55–0.65 0.55

Bearing strength 2.22–2.50 0.60–0.65 0.50–0.55

Shear strength of bolts 2.40 0.65 0.55

Tensile strength of bolts 2.00–2.25 0.75 0.65

Screw connections 3.00 0.50 0.40

Rupture

Shear rupture 2.00 0.75 a

Block shear rupture

For bolted connection 2.22 0.65 a

For welded connections 2.50 0.60 a

a See appendix B of the North American Specification for the provisions applicable to Canada [7].
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TABLE 6.2 Mechanical Properties of Steels Referred to in the AISI North American Specificationa,b

Elongation (%)

Steel

designation

ASTM

designationc

Yield point,

Fy (ksi)

Tensile strength,

Fu (ksi)

In 2-in.

gage length

In 8-in.

gage length

Structural steel A36 36 58–80 23 —

High-strength

low-alloy structural steel

A242
3
4

in. and below 50 70 — 18
3
4

in. to 11
2

in. 46 67 21 18

Low and intermediate

tensile strength carbon

plates, shapes, and bars

A283 Grade A 24 45–60 30 27

B 27 50–65 28 25

C 30 55–75 25 22

D 33 60–80 23 20

Cold-formed welded and

seamless carbon steel

structural tubing in

rounds and shapes

A500

Round tubing

A 33 45 25 —

B 42 58 23 —

C 46 62 21 —

D 36 58 23 —

Shaped tubing —

A 39 45 25 —

B 46 58 23 —

C 50 62 21 —

D 36 58 23 —

Structural steel with 50-ksi

minimum yield point

A529 Grade 50 50 70–100 21 —

55 55 70–100 20 —

High-strength low-alloy

columbium–vanadium

steels of structural quality

A572 Grade 42 42 60 24 20

50 50 65 21 18

60 60 75 18 16

65 65 80 17 15

High-strength low-alloy

structural steel with 50-ksi

minimum yield point

A588 50 70 21 18

Hot-rolled and cold-

rolled high-strength

low-alloy steel sheet and

strip with improved

corrosion resistance

A606

Hot-rolled as rolled

coils; annealed, or

normalized; cold

rolled

45 65 22 —

Hot-rolled as rolled cut

lengths

50 70 22 —

Zinc-coated steel sheets of

structural quality

A653

SS Grade 33 33 45 20 —

37 37 52 18 —

40 40 55 16 —

50 Class 1 50 65 12 —

50 Class 3 50 70 12 —

HSLAS Grade 40 40 50 22 —

50 50 60 20 —

60 60 70 16 —

70 70 80 12 —

80 80 90 10 —
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TABLE 6.2 Continued

Elongation (%)

Steel

designation

ASTM

designationc

Yield

point, Fy (ksi)

Tensile

strength, Fu (ksi)

In 2-in.

gage length

In 8-in.

gage length

Aluminum–zinc alloy

coated by the hot-dip

process (general

requirements)

A792 Grade 33 33 45 20 —

37 37 52 18 —

40 40 55 16 —

50 50 65 12 —

Cold-formed welded and

seamless high-strength,

low-alloy structural

tubing with improved

atmospheric corrosion

resistance

A847 50 70 19 —

Zinc–5% aluminum

alloy-coated steel sheet

by the hot-dip process

A875

SS Grade 33 33 45 20 —

37 37 52 18 —

40 40 55 16 —

40 40 55 16 —

50 Class 3 50 70 12 —

HSLAS Type A Grade 50 50 60 20 —

60 60 70 16 —

70 70 80 12 —

80 80 90 10 —

HSLAS Type B Grade 50 50 60 22 —

60 60 70 18 —

70 70 80 14 —

80 80 90 12 —

Metal- and nonmetal-

coated carbon steel sheet

A1003

ST Grade 33H 33 d 10

37 H 37 d 10 —

40 H 40 d 10 —

50 H 50 d 10 —

Cold-rolled steel sheet,

carbon structural, high-

strength low-alloy

with improved

formability

A1008

SS Grade 25 25 42 26 —

30 30 45 24 —

33 Types 1

and 2

33 48 22 —

40 Types 1

and 2

40 52 20 —

HSLAS Grade 45 Class 1 45 60 22 —

45 Class 2 45 55 22 —

50 Class 1 50 65 20 —

50 Class 2 50 60 20 —

55 Class 1 55 70 18 —

55 Class 2 55 65 18 —

60 Class 1 60 75 16 —

60 Class 2 60 70 16 —

65 Class 1 65 80 15 —

65 Class 2 65 75 15 —

70 Class 1 70 85 14 —

70 Class 2 70 80 14 —
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Specification [7] for computing the tensile yield point of corners and the average full-section tensile

yield point for design purposes.

6.4.3 Modulus of Elasticity, Tangent Modulus, and Shear Modulus

The strength of cold-formed steel members that are governed by buckling depends not only on the yield

point but also on the modulus of elasticity, E, and the tangent modulus, Et. A value of E¼ 29,500 ksi (203 GPa

or 2.07� 106 kg/cm2) is used in the AISI Specification for the design of cold-formed steel structural

members. This E value is slightly larger than the value of 29,000 ksi (200 GPa or 2.04� 106 kg/cm2), which

is used in the American Institute of Steel Construction (AISC) Specification for the design of hot-

rolled shapes. The tangent modulus is defined by the slope of the stress–strain curve at any given stress

level as shown in Figure 6.5b. For sharp-yielding steels, Et¼ E up to the yield, but with gradual-yielding

steels, Et¼ E only up to the proportional limit, fpr (Figure 6.5b). Once the stress exceeds the proportional

TABLE 6.2 Continued

Elongation (%)

Steel

designation

ASTM

designationc

Yield

point, Fy (ksi)

Tensile

strength, Fu (ksi)

In 2-in.

gage length

In 8-in.

gage length

HSLAS-F Grade 50 50 60 22 —

60 60 70 18 —

70 70 80 16 —

80 80 90 14 —

Hot-rolled steel sheet and

strip, carbon, structural,

high-strength low-alloy

with improved

formability

A1011

SS Grade 30 30 49 21–25 19e

33 33 52 18–23 18e

36 Type 1 36 53 17–22 17e

36 Type 2 36 58–80 16–21 16e

40 40 55 15–21 16e

45 45 60 13–19 14e

50 50 65 11–17 12e

55 55 70 9–15 10e

HSLAS Grade 45 Class 1 45 60 23–25 —

45 Class 2 45 55 23–25 —

50 Class 1 50 65 20–22 —

50 Class 2 50 60 20–22 —

55 Class 1 55 70 18–20 —

55 Class 2 55 65 18–20 —

60 Class 1 60 75 16–18 —

60 Class 2 60 70 16–18 —

65 Class 1 65 80 14–16 —

65 Class 2 65 75 14–16 —

70 Class 1 70 85 12–14 —

70 Class 2 70 80 12–14 —

HSLAS-F Grade 50 50 60 22–24

60 60 70 20–22 —

70 70 80 18–20 —

80 80 90 16–18 —

a The tabulated values are based on ASTM standards.
b 1 in.¼ 25.4 mm; 1 ksi¼ 6.9 MPa¼ 70.3 kg/cm2.
c Structural Grade 80 of A653, A875, and A1008 steel and Grade 80 of A792 are allowed in AISI Specification under special

conditions. For these grades, Fy¼ 80 ksi, Fu¼ 82 ksi, and elongations are unspecified. See AISI Specification for reduction

of yield point and tensile strength.
d For type H of A1003 steel, the minimum tensile strength is not specified. The ratio of tensile strength to yield strength

should not be less than 1.08.
e For A1011 steel, the specified minimum elongation in 2-in. gage length varies with the thickness of the steel sheet and

strip. The elongation in 8-in. gage length is for thickness below 0.23 in.
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limit, the tangent modulus Et becomes progressively smaller than the initial modulus of elasticity. For

cold-formed steel design, the shear modulus is taken as G¼ 11,300 ksi (77.9 GPa or 0.794� 106 kg/cm2)

according to the AISI Specification.

6.4.4 Ductility

According to the AISI Specification, the ratio Fu/Fy for the steels used for structural framing members

should not be less than 1.08, and the total elongation should not be less than 10% for a 2-in. (50.8 mm)

gage length. If these requirements cannot be met, the following limitations should be satisfied when such

a material is used for purlins and girts: (1) local elongation in a 1
2
-in. (12.7 mm) gage length across the

fracture should not be less than 20% and (2) uniform elongation outside the fracture should not be less

than 3%. It should be noted that the required ductility for cold-formed steel structural members depends

mainly on the type of application and the suitability of the material. The same amount of ductility that is

considered necessary for individual framing members may not be needed for roof panels, siding, and

similar applications. For this reason, even though Structural Grade 80 of ASTM A653, A875, and 1008

steel, and Grade 80 of A792 steel do not meet the AISI requirements for the Fu/Fy ratio and the

elongation, these steels can be used for roofing, siding, and similar applications provided that (1) the

yield strength, Fy, used for design is taken as 75% of the specified minimum yield point or 60 ksi

(414 MPa or 4218 kg/cm2), whichever is less, and (2) the tensile strength, Fu, used for design is taken as

75% of the specified minimum tensile stress or 62 ksi (427 MPa or 4359 kg/cm2). For multiple web

configurations a reduced yield point is permitted by the AISI Specification [7] for determining the

nominal flexural strength of the section on the basis of the initiation of yielding.

6.5 Element Strength

For cold-formed steel members, the width to thickness ratios of individual elements are usually large.

These thin elements may buckle locally at a stress level lower than the yield point of steel when they are

Inelastic
range

Elastic
range

Strain hardening

St
re

ss
, �

Fu

Fy

Strain, �

(a)

(b)

St
re

ss
, �

tan–1 E

tan–1 Et

E = �
�

tan–1 E

E = �
�

Et =
d�
d�

Strain, �

Fu

ft

fpr fpr = proportional limit

FIGURE 6.5 Stress–strain curves of steel sheet or strip: (a) sharp-yielding and (b) gradual-yielding (courtesy of

Yu, W.W. 1991).
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subjected to compression in flexural bending and axial compression as shown in Figure 6.6. Therefore,

for the design of such thin-walled sections, local buckling and postbuckling strength of thin elements

have often been the major design considerations. In addition, shear buckling and web crippling should

also be considered in the design of beams.

6.5.1 Maximum Flat Width to Thickness Ratios

In cold-formed steel design, the maximum flat width to thickness ratio, w/t, for flanges is limited to the

following values in the AISI Specification [7]:

1. Stiffened compression element having one longitudinal edge connected to a web or flange element,

the other stiffened by
� Simple lip — 60
� Any other kind of adequate stiffener — 90

2. Stiffened compression element with both longitudinal edges connected to other stiffened

element — 500

3. Unstiffened compression element — 60

For the design of beams, the maximum depth to thickness ratio, h/t, for webs is:

1. Unreinforced webs, (h/t)max¼ 200

2. Webs that are provided with transverse stiffeners:
� Using bearing stiffeners only, (h/t)max¼ 260
� Using bearing stiffeners and intermediate stiffeners, (h/t)max¼ 300

6.5.2 Stiffened Elements under Uniform Compression

The strength of a stiffened compression element such as the compression flange of a hat section is

governed by yielding if its w/t ratio is relatively small. It may be governed by local buckling as shown in

Figure 6.7 at a stress level less than the yield point if its w/t ratio is relatively large.

Compression
flange

Compression
flange

A A

Section A–A

(a)

(b)

FIGURE 6.6 Local buckling of compression elements: (a) beams and (b) columns (courtesy of Yu, W.W. 1991).
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The elastic local buckling stress, Fcr, of simply supported square plates and long plates can be

determined as follows:

Fcr ¼
kp2E

12ð1	 m2Þðw=tÞ2
ð6:5Þ

where k is the local buckling coefficient, E is the modulus of elasticity of steel¼ 29.5� 103 ksi (203 GPa

or 2.07� 106 kg/cm2), w is the width of the plate, t is the thickness of the plate, and m is the Poisson’s

ratio¼ 0.3.

It is well known that stiffened compression elements will not collapse when the local buckling stress is

reached. An additional load can be carried by the element after buckling by means of a redistribution of

stress. This phenomenon is known as postbuckling strength and is most pronounced for elements with

large w/t ratios.

The mechanism of the postbuckling action can easily be visualized from a square plate model as shown

in Figure 6.8 [39]. It represents the portion abcd of the compression flange of the hat section illustrated

in Figure 6.7. As soon as the plate starts to buckle, the horizontal bars in the grid of the model will act as

tie rods to counteract the increasing deflection of the longitudinal struts.

In the plate, the stress distribution is uniform prior to its buckling. After buckling, a portion of the

prebuckling load of the center strip transfers to the edge portion of the plate. As a result, a nonuniform

stress distribution is developed, as shown in Figure 6.9. The redistribution of stress continues until the

stress at the edge reaches the yield point of steel and then the plate begins to fail.

c

a

d

b

FIGURE 6.7 Local buckling of stiffened compression flange of hat-shaped beam.

w

a

d

c

b

w

FIGURE 6.8 Postbuckling strength model (courtesy of Yu, W.W. 1991).
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For cold-formed steel members, a concept of ‘‘effective width’’ has long been used for practical design.

In this approach, instead of considering the nonuniform distribution of stress over the entire width of

the plate w, it is assumed that the total load is carried by a fictitious effective width b, subjected to a

uniformly distributed stress equal to the edge stress fmax, as shown in Figure 6.9. The width b is selected

so that the area under the curve of the actual nonuniform stress distribution is equal to the sum of the

two parts of the equivalent rectangular shaded area with a total width b and an intensity of stress equal to

the edge stress fmax. Based on the research findings of von Karman, Sechler, Donnell, and Winter [40],

the following equations have been developed in the AISI Specification for computing the effective design

width, b, for stiffened elements under uniform compression [7].

6.5.2.1 Strength Determination

When l � 0:673, b ¼ w ð6:6Þ

When l> 0:673, b ¼ rw ð6:7Þ

where b is the effective design width of uniformly compressed element for strength determination

(Figure 6.10), w is the flat width of compression element, and r is the reduction factor determined from

Equation 6.8:

r ¼ ð1	 0:22=lÞ=l � 1 ð6:8Þ

where l is the plate slenderness factor determined from Equation 6.9:

l ¼
ffiffiffiffiffiffiffiffiffiffiffi
f =Fcr

p
¼ ð1:052=

ffiffiffi
k
p
Þðw=tÞð

ffiffiffiffiffiffiffiffi
f =E

p
Þ ð6:9Þ

where k is equal to 4.0 is the plate buckling coefficient for stiffened elements supported by a web on each

longitudinal edge as shown in Figure 6.10, t is the thickness of compression element, E is the modulus

of elasticity, and f is the maximum compressive edge stress in the element without considering the factor

of safety.

w w
f

b/2 b/2

(a) (b)

FIGURE 6.10 Effective design width of stiffened compression elements: (a) actual element and (b) effective

element, b and stress, f, on effective elements.

fmax

b/2 b/2

w

FIGURE 6.9 Stress distribution in stiffened compression elements.

6-14 Handbook of Structural Engineering

Copyright 2005 by CRC Press



6.5.2.2 Serviceability Determination

For serviceability determination, Equations 6.6 through 6.9 can also be used for computing the effective

design width of compression elements, except that the compressive stress should be computed on the

basis of the effective section at the load for which serviceability is determined.

The relationship between r and l according to Equation 6.8 is shown in Figure 6.11.

EXAMPLE 6.1

Calculate the effective width of the compression flange of the box section (Figure 6.12) to be used as a

beam bending about the x-axis. Use Fy¼ 33 ksi. Assume that the beam webs are fully effective and that

the bending moment is based on initiation of yielding.

Solution

Because the compression flange of the given section is a uniformly compressed stiffened element, which

is supported by a web on each longitudinal edge, the effective width of the flange for strength deter-

mination can be computed by using Equations 6.6 through 6.9 with k¼ 4.0.

w = 6.192 in.

b/2 b/2

6.50 in.(a) (b)

y
R = 3/32 in.

t = 0.06 in.

x

5.00 in.

x

<Fy

Fy

FIGURE 6.12 Example 6.1: (a) tubular section and (b) stress distribution for yield moment (courtesy of Yu, W.W.

1991).
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Equation 6.8 
� = (1 – 0.22/�)/� ≤ 1

�

FIGURE 6.11 Reduction factor, r, versus slenderness factor, l (courtesy of Yu, W.W. 1991).
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Assume that the bending strength of the section is based on initiation of yielding, �yy� 2.50 in.

Therefore, the slenderness factor l for f¼ Fy can be computed from Equation 6.9, that is,

k ¼ 4.0

w ¼ 6.50	 2 (Rþ t)¼ 6.192 in.

w/t ¼ 103.2

f ¼ 33 ksi

l ¼
ffiffiffiffiffiffiffiffiffiffiffi
f =Fcr

p
¼ ð1:052=

ffiffiffi
k
p
Þðw=tÞ

ffiffiffiffiffiffiffiffi
f =E

p
¼ ð1:052=

ffiffiffiffiffiffi
4:0
p

Þð103:2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
33=29,500

p
¼ 1:816

Since l> 0.673, use Equations 6.7 and 6.8 to compute the effective width, b, as follows:

b ¼ rw ¼ ½ð1	 0:22=lÞ=l�w
¼ ½ð1	 0:22=1:816Þ=1:816�ð6:192Þ ¼ 3:00 in:

6.5.3 Stiffened Elements with Stress Gradient

When a flexural member is subjected to bending moment, the beam web is under the stress gradient

condition (Figure 6.13), in which the compression portion of the web may buckle due to the com-

pressive stress caused by bending. The effective width of the beam web can be determined from the

following AISI provisions.

6.5.3.1 Strength Determination

The effective widths, b1 and b2, as shown in Figure 6.13, should be determined from the following

procedure:

1. Calculate the effective width be on the basis of Equations 6.6 through 6.9 with f1 substituted for f

and with k determined as follows:

k ¼ 4þ 2ð1þ cÞ3 þ 2ð1þ cÞ ð6:10Þ

where

c ¼ jf2=f1j (absolute value) ð6:11Þ

2. For ho/bo� 4

b1 ¼ be=ð3þ cÞ ð6:12Þ

b2 ¼ be=2 when c> 0:236 ð6:13aÞ

b2 ¼ be 	 b1 when c � 0:236 ð6:13bÞ

where ho is the out-to-out depth of web and bo is the out-to-out width of the compression flange.

3. For ho/bo> 4

b1 ¼ be=ð3þ cÞ ð6:12Þ

b2 ¼ be=ð1þ cÞ 	 b1 ð6:14Þ

The value of (b1þ b2) should not exceed the compression portion of the web calculated on the basis of

effective section.

For the effective width of b1 and b2 for C-section webs with holes under stress gradient, see the AISI

Specification [7].
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6.5.3.2 Serviceability Determination

The effective widths used in determining serviceability should be determined as above, except that fd1

and fd2 are substituted for f1 and f2, where fd1 and fd2 are the computed stresses f1 and f2 as shown in

Figure 6.13 based on the effective section at the load for which serviceability is determined.

6.5.4 Unstiffened Elements under Uniform Compression

The effective width of unstiffened elements under uniform compression as shown in Figure 6.14 can also

be computed by using Equations 6.6 through 6.9, except that the value of k should be taken as 0.43 and

the flat width w is measured as shown in Figure 6.14.

6.5.5 Uniformly Compressed Elements with an Edge Stiffener

The following equations can be used to determine the effective width of the uniformly compressed

elements with an edge stiffener as shown in Figure 6.15.

6.5.5.1 Strength Determination

For w/t � 0.328S:

Ia ¼ 0 ðno edge stiffener neededÞ ð6:15Þ
b ¼ w ð6:16Þ

b1 ¼ b2 ¼ w=2 ð6:17Þ
ds ¼ d0s for simple lip stiffener ð6:18Þ
As ¼ A0s for other stiffener shapes ð6:19Þ

w

b

Stress f(a) (b)

FIGURE 6.14 Effective design width of unstiffened compression elements: (a) actual element and (b) effective

element and stress on effective elements.

w

f2 (tension)

(a) (b) f1 (compression)

b1

b2

FIGURE 6.13 Stiffened elements with stress gradient: (a) actual element and (b) effective element and stress on

effective elements.
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For w/t > 0.328S:

b1 ¼ b=2 ðR1Þ ð6:20Þ
b2 ¼ b 	 b1 ð6:21Þ
ds ¼ d0sRI for simple lip stiffeners ð6:22Þ
As ¼ A0sRI for other stiffener shapes ð6:23Þ

where

ðR1Þ ¼ Is=Ia � 1 ð6:24Þ

Ia ¼ 399t4 w=t

S
	 0:328

� �3

� t4 115
w=t

S
þ 5

� �
ð6:25Þ

S ¼ 1:28
ffiffiffiffiffiffiffiffi
E=f

p
ð6:26Þ

The effective width, b, is calculated in accordance with Equations 6.6 through 6.9 with k determined

as follows.

For simple lip edge stiffener (140� � y� 40�)

D/w� 0.25:

k ¼ 3:57ðRI Þn þ 0:43 � 4 ð6:27Þ
0.25<D/w� 0.8:

k ¼ ð4:82	 5D=wÞðRI Þn þ 0:43 � 4 ð6:28Þ
For other edge stiffener shapes

k ¼ 3:57ðRI Þn þ 0:43 � 4 ð6:29Þ
where

n ¼ 0:582	 w=t

4S

� �
� 1

3
ð6:30Þ

In the above equations, k is the plate buckling coefficient, d, w, and D are the dimensions shown in

Figure 6.15, ds is the reduced effective width of the stiffener, d0s is the effective width of the stiffener

calculated as unstiffened element under uniform compression, and b1 and b2 are the effective widths

shown in Figure 6.15, As is the reduced area of the stiffener, Ia is the adequate moment of inertia of the

w

�

D

d
ds

d�s

b2 b1

Stress f for flange

(a)

(b)

Stress f3 for lip

FIGURE 6.15 Compression elements with an edge stiffener.
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stiffener, so that each component element will behave as a stiffened element, and Is and A0s are the

moments of inertia of the full-section of the stiffener, about its own centroidal axis parallel to the

element to be stiffened, and the effective area of the stiffener, respectively.

For the stiffener shown in Figure 6.15

Is ¼ ðd3t sin2yÞ=12 ð6:31Þ
A0s ¼ d0st ð6:32Þ

6.5.5.2 Serviceability Determination

The effective width, bd, used in determining serviceability is calculated as in Section 6.5.5.1, except that

fd is substituted for f.

6.5.6 Uniformly Compressed Elements with Intermediate Stiffeners

The effective width of uniformly compressed elements with intermediate stiffeners can also be

determined from the AISI Specification, which includes separate design rules for compression ele-

ments with only one intermediate stiffener and compression elements with more than one inter-

mediate stiffener.

6.5.6.1 Uniformly Compressed Elements with One Intermediate Stiffener

The following equations can be used to determine the effective width of the uniformly compressed

elements with one intermediate stiffener as shown in Figure 6.16.

6.5.6.1.1 Strength Determination

For bo/t � S

Ia ¼ 0 (no intermediate stiffener required) ð6:33Þ

b ¼ w ð6:34Þ

As ¼ A0s ð6:35Þ
For bo/t> S

As ¼ A0sðRIÞ ð6:36Þ

where

RI ¼ Is=Ia � 1 ð6:37Þ

where for S< bo/t < 3S

Ia ¼ t4 50
bo=t

S
	 50

� �
ð6:38Þ

and for bo/t� 3S

Ia ¼ t4 128
bo=t

S
	 285

� �
ð6:39Þ

The effective width, b, is calculated in accordance with Equations 6.6 through 6.9 with k determined as

follows:

k ¼ 3ðRIÞn þ 1 ð6:40Þ

where

n ¼ 0:583	 bo=t

12S

� �
� 1

3
ð6:41Þ

All symbols in the above equations have been defined previously and are shown in Figure 6.16.
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6.5.6.1.2 Serviceability Determination

The effective width, bd, used in determining serviceability is calculated as in Section 6.5.6.1.1, except that

fd is substituted for f.

6.5.6.2 Uniformly Compressed Elements with More Than One Intermediate Stiffener

In the AISI North American Specification [7], new design equations are provided for deter-

mining the effective width of uniformly compressed stiffened elements with multiple intermediate

stiffeners.

6.6 Member Design

This chapter deals with the design of the following cold-formed steel structural members: (1) tension

members, (2) flexural members, (3) concentrically loaded compression members, (4) combined axial

load and bending, and (5) closed cylindrical tubular members. The nominal strength equations with

factors of safety (O) and resistance factors (f) are provided in the Specification [7] for the given

limit states.

6.6.1 Sectional Properties

The sectional properties of a member such as area, moment of inertia, section modulus, and radius of

gyration are calculated by using the conventional methods of structural design. These properties are

based on full cross-section dimensions, effective widths, or net section, as applicable.

For the design of tension members, the nominal tensile strength is presently based on the gross and

net sections. However, for flexural members and axially loaded compression members, the full

dimensions are used when calculating the critical moment or load, while the effective dimensions,

evaluated at the stress corresponding to the critical moment or load, are used to calculate the nominal

strength.

6.6.2 Linear Method for Computing Sectional Properties

Because the thickness of cold-formed steel members is usually uniform, the computation of sectional

properties can be simplified by using a ‘‘linear’’ or ‘‘midline’’ method. In this method, the material of

each element is considered to be concentrated along the centerline or midline of the steel sheet and the

area elements are replaced by straight or curved ‘‘line elements.’’ The thickness dimension t is introduced

after the linear computations have been completed. Thus, the total area A¼ Lt, and the moment of

inertia of the section I¼ I0t, where L is the total length of all line elements and I 0 is the moment of inertia

w

bo

b/2 b/2 b/2 b/2

Stress f(a) (b)

(c)

FIGURE 6.16 Compression elements with one intermediate stiffener: (a) actual elements, (b) effective elements

and stress on effective elements, and (c) stiffener section.
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of the centerline of the steel sheet. The moments of inertia of straight line elements and circular line

elements are shown in Figure 6.17.

6.6.3 Tension Members

In the United States and Mexico, the nominal tensile strength of axially loaded cold-formed steel tension

members is determined by the following equations:

1. For yielding:

Tn ¼ AgFy ð6:42Þ

2. For fracture away from connection:

Tn ¼ AnFu ð6:43Þ

where Tn is the nominal strength of the member when loaded in tension, Ag is the gross area of

cross-section, An is the net area of cross-section, Fy is the design yield point of steel, and Fu is the

tensile strength of steel.

3. For fracture at connection: The nominal tensile strength is also limited by sections E2.7, E3, and E4

of the North American Specification [7] for tension members using welded connections, bolted

connections, and screw connections. For details, see chapter E of the Specification under the title

‘‘Connections and Joints.’’

In Canada, the design of tension members is based on appendix B of the AISI North American

Specification [7].

6.6.4 Flexural Members

For the design of flexural members, consideration should be given to several design features: (1) bending

strength and deflection, (2) shear strength of webs and combined bending and shear, (3) web crippling

strength and combined bending and web crippling, and (4) bracing requirements. For some cases,

special considerations should also be given to shear lag and flange curling due to the use of thin

materials.
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I12 = –0.137R3

FIGURE 6.17 Properties of line elements.
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6.6.4.1 Bending Strength

Bending strengths of flexural members are differentiated according to whether or not the member is

laterally braced. If such members are fully supported laterally, they are designed according to the nominal

section strength. Otherwise, if they are laterally unbraced, then the bending strength may be governed by

the lateral–torsional buckling strength. Section 6.9 discusses the flange distortional buckling. For C- or

Z-sections with tension flange attached to deck or sheathing and with compression flange laterally

unbraced, the nominal bending strength may be reduced according to the AISI Specification.

6.6.4.1.1 Nominal Section Strength

Two design procedures are now used in the AISI Specification for determining the nominal section

strength. They are (1) initiation of yielding and (2) inelastic reserve capacity.

According to procedure I on the basis of initiation of yielding, the nominal moment, Mn, of the cross-

section is the effective yield moment, My, determined for the effective areas of flanges and the beam web.

The effective width of the compression flange and the effective depth of the web can be computed from

the design equations given in Section 6.5 on Element Strength. The yield moment of a cold-formed steel

flexural member is defined by the moment at which an outer fiber (tension, compression, or both) first

attains the yield point of the steel. Figure 6.18 shows three types of stress distribution for yield moment

based on different locations of the neutral axis. Accordingly, the nominal section strength for initiation

of yielding can be computed as follows:

Mn ¼ My ¼ SeFy ð6:44Þ

where Se is the elastic section modulus of the effective section calculated with the extreme compression

or tension fiber at Fy and Fy is the design yield stress.

For cold-formed steel design, Se is usually computed by using one of the following two cases:

1. If the neutral axis is closer to the tension than to the compression flange (case c of Figure 6.18), the

maximum stress occurs in the compression flange, and therefore the plate slenderness factor l
(Equation 6.9) and the effective width of the compression flange are determined by the w/t ratio

and f¼ Fy. This procedure is also applicable to those beams for which the neutral axis is located at

the mid-depth of the section (case a).

2. If the neutral axis is closer to the compression than to the tension flange (case b), the maximum

stress of Fy occurs in the tension flange. The stress in the compression flange depends on the

location of the neutral axis, which is determined by the effective area of the section. The latter

cannot be determined unless the compressive stress is known. The closed-form solution of this

type of design is possible but would be a very tedious and complex procedure. It is, therefore,

customary to determine the sectional properties of the section by successive approximation.

See Examples 6.2 and 6.3 for the calculation of nominal bending strengths.

EXAMPLE 6.2

Use the ASD and LRFD methods to check the adequacy of the I-section with unstiffened flanges as

shown in Figure 6.19. The nominal moment is based on the initiation of yielding using Fy¼ 50 ksi.

Fy
<Fy Fy

<FyFy Fy

Neutral
axis

Neutral
axis

Neutral
axis

(a) (b) (c)

FIGURE 6.18 Stress distribution for yield moment (based on initiation of yielding).
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Assume that lateral bracing is adequately provided. The dead load moment MD¼ 30 in. kip and the live

load moment ML¼ 150 in. kip.

Solution

ASD method

1. Location of neutral axis. For R¼ 3
16

in. and t¼ 0.135 in., the sectional properties of the corner

element are as follows:

Ix ¼ Iy ¼ 0:0003889 in:4

A ¼ 0:05407 in:2

x ¼ y ¼ 0:1564 in:

For the unstiffened compression flange

w ¼ 1:6775 in:, w=t ¼ 12:426

Using k¼ 0.43 and f¼ Fy¼ 50 ksi,

l ¼
ffiffiffiffiffiffiffiffiffiffiffi
f =Fcr

p
¼ ð1:052=

ffiffiffi
k
p
Þ w=tð Þ

ffiffiffiffiffiffiffiffi
f =E

p
¼ 0:821> 0:673

b ¼ ½ð1	 0:22=0:821Þ=0:821�ð1:6775Þ ¼ 1:496 in:

Assuming that the web is fully effective, the neutral axis is located at ycg¼ 4.063 in. Since ycg> d/2,

initial yield occurs in the compression flange. Therefore, f¼ Fy.

2. Check the web for full effectiveness as follows (Figure 6.20):

f1 ¼ 46:03 ksi ðcompressionÞ
f2 ¼ 44:48 ksi ðtensionÞ
c ¼ jf2=f1j ¼ 0:966

Using Equation 6.10,

k ¼ 4þ 2ð1þ cÞ3 þ 2ð1þ cÞ ¼ 23:13

h ¼ 7:355 in:

h=t ¼ 54:48

l ¼
ffiffiffiffiffiffiffiffiffiffiffi
f =Fcr

p
¼ ð1:052=

ffiffiffi
k
p
Þ ð54:48Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
46:03=29,500

p
¼ 0:471< 0:673

be ¼ h ¼ 7:355 in:

4.000 in.

w = 1.6775 in.

7.355 in.xx

R + t

R = 3/16 in.

8.00 in.

t = 0.135 in.

x

x

x xx
R R

Y

Y

Y

Y

t

y

FIGURE 6.19 Example 6.2 (courtesy of Yu, W.W. 1991).
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Since ho¼ 8.00 in., bo¼ 2.00 in., ho/bo¼ 4. Using Equations 6.12 and 6.13a to compute b1 and b2

as follows:

b1 ¼ be=ð3þ cÞ ¼ 1:855 in:

b2 ¼ be=2 ¼ 3:6775 in:

Since b1þ b2¼ 5.5325 in.> 3.7405 in., the web is fully effective.

3. The moment of inertia Ix is

Ix ¼
X
ðAy2Þ þ 2Iweb 	

�X
A
�
ðycgÞ2

¼ 25:382 in:4

The section modulus for the top fiber is

Se ¼ Ix=ycg ¼ 6:247 in:3

4. Based on initiation of yielding, the nominal moment for section strength is

Mn ¼ SeFy ¼ 312:35 in: kip

5. The allowable design moment is

Ma ¼ Mn=O ¼ 312:35=1:67 ¼ 187:04 in: kip

Based on the given data, the required allowable moment is

M ¼ MD þML ¼ 30þ 150 ¼ 180 in: kip

Since M<Ma, the I-section is adequate for the ASD method.

LRFD method

1. Based on the nominal moment Mn computed above, the design moment is

fbMn ¼ 0:90ð312:35Þ ¼ 281:12 in: kip

2. According to the ASCE Standard 7 [38] the required moment for combined dead and live

moments is

Mu ¼ 1:2MD þ 1:6ML

¼ ð1:2� 30Þ þ ð1:6� 150Þ
¼ 276:00 in: kip

Since fbMn>Mu, the I-section is adequate for bending strength according to the LRFD

approach.

w

b b

w 50 ksi
Comp.

0.3225 in.

++

++

yeg

xx

f1

3.7405 in. 4.063 in.

3.6145 in. 3.937 in.

8.00 in.

f2

t = 0.135 in.

Tension 0.3225 in.

FIGURE 6.20 Stress distribution in webs (courtesy of Yu, W.W. 1991).
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EXAMPLE 6.3

Determine the nominal moment about the x-axis for the hat section with stiffened compression flange as

shown in Figure 6.21. Assume that the yield point of steel is 50 ksi. Use the linear method. The nominal

moment is determined by initiation of yielding.

Solution

Calculation of sectional properties. For the linear method, midline dimensions are as shown in

Figure 6.22:

1. Corner element (Figure 6.17 and Figure 6.22)

R0 ¼ R þ t=2 ¼ 0:240 in:

Arc length

L ¼ 1:57R0 ¼ 0:3768 in:

c ¼ 0:637R0 ¼ 0:1529 in:

5

3

4

2 1

w = 14.415 in.

b/2 b/2

Top fiber
C

R�

+
+

h
=

9.
41

5 
in

.

1.0475 in. 0.24 in.

FIGURE 6.22 Line elements (courtesy of Yu, W.W. 1991).

0.2925 in.

0.2925 in.

R = 3/16 in.

x

h
=

9.
41

5 
in

.

10
 in

.

15 in.

w = 14.415 in.

1.0475 in.
0.2925 in.

0.2925 in.

0.2925 in.

Z (top filter)

ycg

x

t = 0.105 in.

1.34 in.

FIGURE 6.21 Example 6.3 (courtesy of Yu, W.W. 1991).
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2. Location of neutral axis
� First approximation. For the compression flange,

w ¼ 15	 2ðR þ tÞ ¼ 14:415 in:

w=t ¼ 137:29

Using Equations 6.6 through 6.9 and assuming f¼ Fy¼ 50 ksi,

l ¼

ffiffiffiffiffiffi
f

Fcr

s
¼ 1:052ffiffiffi

4
p ð137:29Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
50

29,500

r
¼ 2:973> 0:673

r ¼
�

1	 0:22

2:973

�
2:973 ¼ 0:311

b ¼ rw ¼ 0:311ð14:415Þ ¼ 4:483 in:

By using the effective width of the compression flange and assuming that the web is fully

effective, the neutral axis can be located as follows:

Because the distance ycg is less than the half-depth of 5.0 in., the neutral axis is closer to the

compression flange and, therefore, the maximum stress occurs in the tension flange. The

maximum compressive stress can be computed as follows:

f ¼ 50
4:561

10	 4:561

� �
¼ 41:93 ksi

Since the above computed stress is less than the assumed value, another trial is required.
� Second approximation. Following several trials, assume that

f ¼ 40:70 ksi

l ¼ 2:682> 0:673

b ¼ 4:934 in:

Element

Effective length,

L (in.)

Distance from top

fiber, y (in.) Ly (in.2)

1 2� 1.0475¼ 2.0950 9.9475 20.8400

2 2� 0.3768¼ 0.7536 9.8604 7.4308

3 2� 9.4150 ¼ 18.8300 5.0000 94.1500

4 2� 0.3768¼ 0.7536 0.1396 0.1052

5 2� 0.3768¼ 4.4830 0.0525 0.2354

Total 2� 0.3768¼ 26.9152 122.7614

ycg ¼
P
ðLyÞP

L
¼ 122:7614

26:9152
¼ 4:561 in:

Element

Effective length,

L (in.)

Distance from

top fiber, y (in.) Ly (in.2) Ly
2 (in.3)

1 22.0950 9.9475 20.8400 207.3059

2 20.7536 9.8604 7.4308 73.2707

3 18.8300 5.0000 94.1500 470.7500

4 20.7536 0.1396 0.1052 0.0147

5 24.9340 0.0525 0.2590 0.0136

Total 27.3662 122.7850 751.3549

ycg ¼
122:7850

27:3662
¼ 4:487 in:
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f ¼ 4:487

10	 4:487

� �
¼ 40:69 ksi

Since the above computed stress is close to the assumed value, it is alright.

3. Check the effectiveness of the web. Use the AISI Specification to check the effectiveness of the web

element. From Figure 6.23,

f1 ¼ 50ð4:1945=5:513Þ ¼ 38:04 ksi (compression)

f2 ¼ 50ð5:2205=5:513Þ ¼ 47:35 ksi (tension)

c ¼ jf2=f1j ¼ 1:245:

Using Equation 6.10,

k ¼ 4þ 2ð1þ cÞ3 þ 2ð1þ cÞ
¼ 4þ 2ð2:245Þ3 þ 2ð2:245Þ ¼ 31:12

h=t ¼ 9:415=0:105 ¼ 89:67< 200 OK.

l ¼

ffiffiffiffiffiffi
f

Fcr

s
¼ 1:052ffiffiffiffiffiffiffiffiffiffiffi

31:12
p ð89:67Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
38:04

29, 500

r
¼ 0:607< 0:673

be ¼ h ¼ 9:415 in:

Since ho¼ 10.0 in., bo¼ 15.0 in., ho/bo¼ 0.67< 4, use Equation 6.12 to compute b1:

b1 ¼ be=ð3þ cÞ ¼ 2:218 in:

Since c> 0.236,

b2 ¼ be=2 ¼ 4:7075 in:

b1 þ b2 ¼ 6:9255 in:

Because the computed value of (b1þ b2) is greater than the compression portion of the web

(4.1945 in.), the web element is fully effective.

5

3

4

2 1

w = 14.415 in.

b/2 b/2

Top fiber

h
=

9.
41

5 
in

.

1.0475 in. 0.24 in.

Comp

f

x x

Tension
50 ksi

ycg = 4.487 in.

0.2925 in.

f1

f2

4.1945 in. 4.487 in.

5.2205 in.

0.2925 in.

5.513 in.

FIGURE 6.23 Effective lengths and stress distribution using fully effective webs (courtesy of Yu, W.W. 1991).
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4. Moment of inertia and section modulus. The moment of inertia based on line elements is

X
ðLy2Þ ¼ 751:3549

2I 03 ¼ 2 1
12

� �
ð9:415Þ3 ¼ 139:0944

I 0z ¼ 2I 03 þ
X
ðLy2Þ ¼ 890:4493 in:3�X

L
�
ðycgÞ2 ¼ 27:3662ð4:487Þ2 ¼ 550:9683 in:3

I 0x ¼ I 0z 	
�X

L
�
ðycgÞ2 ¼ 339:4810 in:3

The actual moment of inertia is

Ix ¼ I 0xt ¼ ð339:4810Þð0:105Þ ¼ 35:646 in:4

The section modulus relative to the extreme tension fiber is

Sx ¼ 35:646=5:513 ¼ 6:466 in:3

Nominal moment. The nominal moment for section strength is

Mn ¼ SeFy ¼ SxFy ¼ ð6:466Þð50Þ ¼ 323:30 in:-kip

Once the nominal moment is computed, the design moments for the ASD and LRFD methods can be

determined as illustrated in Example 6.2.

According to procedure II of the AISI Specification, the nominal moment, Mn, is the maximum

bending capacity of the beam by considering the inelastic reserve strength through partial plastification

of the cross-section as shown in Figure 6.24. The inelastic stress distribution in the cross-section depends

on the maximum strain in the compression flange, which is limited by the Specification for the given

width to thickness ratio of the compression flange. On the basis of the maximum compression strain

allowed in the Specification, the neutral axis can be located by Equation 6.45 and the nominal moment,

Mn, can be determined by using Equation 6.46:Z
s dA ¼ 0 ð6:45ÞZ
sy dA ¼ M ð6:46Þ

where s is the stress in the cross-section. For additional information, see Yu [1].

Neutral
axis

bt
2

bt
2

d

bc

�cu = Cy�y

�y

�y

yc

yt

Fy

Fy

ycp
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yp

ytp

FIGURE 6.24 Stress distribution for maximum moment (inelastic reserve strength) (courtesy of Yu, W.W. 1991).
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6.6.4.1.2 Lateral–Torsional Buckling Strength

The nominal lateral–torsional buckling strength of unbraced segments of singly, doubly, and point-

symmetric sections subjected to lateral–torsional buckling, Mn, can be determined as follows:

Mn ¼ ScFc ð6:47Þ

where Sc is the elastic section modulus of the effective section calculated at a stress Fc in the extreme

compression fiber and Fc is the critical lateral–torsional buckling stress determined as follows:

1. For Fe � 2.78Fy

Fc ¼ Fy ð6:48Þ
2. For 2.78Fy> Fe> 0.56Fy

Fc ¼
10

9
Fy 1	 10Fy

36Fe

� �
ð6:49Þ

3. For Fe� 0.56Fy

Fc ¼ Fe ð6:50Þ

where Fe is the elastic critical lateral–torsional buckling stress.

1. For singly, doubly, and point-symmetric sections

Fe ¼Cbr0A
ffiffiffiffiffiffiffiffiffiffiffiseyst
p

=Sf for bending about the symmetry axis. For singly symmetric sections, x-axis

is the axis of symmetry oriented such that the shear center has a negative x-coordinate. For

point-symmetric sections, use 0.5Fe. Alternatively, Fe can be calculated using the equation for

doubly symmetric I-sections, singly symmetric C-sections, or point-symmetric sections

given in (2)

Fe ¼CsAsex½ j þ Cs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 þ r2

0 ðst=sexÞ
p

�=ðCTFSf Þ for bending about the centroidal axis perpendi-

cular to the symmetry axis for singly symmetric sections

Cs ¼þ1 for moment causing compression on shear center side of centroid

Cs ¼ 	1 for moment causing tension on shear center side of centroid

sex ¼ p2E=ðKxLx=rxÞ2
sey ¼ p2E=ðKyLy=ryÞ2
st ¼ ½GJ þ p2ECw=ðKtLtÞ2�=ðAr2

0 Þ
A ¼ full unreduced cross-sectional area

Sf ¼ elastic section modulus of full unreduced section relative to extreme compression fiber

Cb ¼ 12:5Mmax=ð2:5Mmax þ 3MA þ 4MB þ 3MCÞ ð6:51Þ

In Equation 6.51

Mmax¼ absolute value of maximum moment in unbraced segment

MA ¼ absolute value of moment at quarter point of unbraced segment

MB ¼ absolute value of moment at centerline of unbraced segment

MC ¼ absolute value of moment at three-quarter point at unbraced segment

Cb is permitted to be conservatively taken as unity for all cases. For cantilevers or overhangs

where the free end is unbraced, Cb is taken as unity.

E¼modulus of elasticity

CTF¼ 0.6	 0.4 (M1/M2)

where M1 is the smaller and M2 the larger bending moment at the ends of the unbraced length in

the plane of bending, and where M1/M2, the ratio of end moments, is positive when M1 and M2

have the same sign (reverse curvature bending) and negative when they are of opposite sign

(single-curvature bending). When the bending moment at any point within an unbraced length is

larger than that at both ends of this length, CTF is taken as unity.
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r0 ¼Polar radius of gyration of cross-section about the shear center

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

x þ r2
y þ x2

0

q
ð6:52Þ

rx , ry ¼ radii of gyration of cross-section about centroidal principal axes

G ¼ shear modulus

Kx , Ky , Kt¼ effective length factors for bending about the x- and y-axes and for

twisting

Lx , Ly , Lt ¼ unbraced length of compression member for bending about x- and y-axes, and

for twisting

x0 ¼ distance from shear center to centroid along the principal x-axis, taken as

negative

J ¼ St. Venant torsion constant of cross-section

Cw ¼ torsional warping constant of cross-section

j ¼
Z

A

x3 dAþ
Z

A

xy2 dA

� �
ð2IyÞ 	 x0 ð6:53Þ

2. For I-sections, singly symmetric C-sections, or Z-sections bent about the centroidal axis per-

pendicular to the web (x-axis), the following equations are permitted to be used in lieu of (1) to

calculate Fe:

Fe ¼ Cbp2EdIyc=½Sf ðKyLyÞ2� ð6:54Þ

for doubly symmetric I-sections and singly symmetric C-sections and

Fe ¼ Cbp2EdIyc=½2Sf ðKyLyÞ2� ð6:55Þ

for point-symmetric Z-sections. In Equations 6.54 and 6.55 d is the depth of the section and Iyc is

the moment of inertia of compression portion of section about centroidal axis of the entire

section parallel to web, using full unreduced section.

EXAMPLE 6.4

Determine the nominal moment for lateral–torsional buckling strength for the I-beam used in

Example 6.2. Assume that the beam is braced laterally at both ends and midspan. Use Fy¼ 50 ksi.

Solution

Calculation of sectional properties

Based on the dimensions given in Example 6.2 (Figure 6.19 and Figure 6.20), the moment of inertia,

Ix, and the section modulus, Sf, of the full-section can be computed as shown in the following table:

Element Area, A (in.2)

Distance from

mid-depth, y (in.) Ay 2 (in.4)

Flanges 4(1.6775)(0.135)¼ 0.9059 3.9325 14.0093

Corners 4(0.05407)¼ 0.2163 3.8436 3.1955

Webs 2(7.355)(0.135)¼ 1.9859 0 0

Total 3.1081 17.2048

8.9522

Ix¼ 26.1570 in.4

Sf¼ Ix /(8/2)¼ 6.54 in.3

2Iweb¼ 2(1/12)(0.135)(7.355)3¼
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The value of Iyc can be computed as shown below:

Element Area, A (in.2)

Distance from

y-axis, x-axis (in.) Ax2 (in.4)

Flanges 4(1.6775)(0.135)¼ 0.9059 1.1613 1.2217

Corners 4(0.05407)¼ 0.2163 0.1564 0.0053

Webs 2(7.355)(0.135)¼ 1.9859 0.0675 0.0090

Total 3.1081 1.2360

0.2124

Iy¼ 1.4484 in.4

Iyc¼ Iy /2¼ 0.724 in.4

Considering the lateral supports at both ends and midspan, and the moment diagram shown in

Figure 6.25, the value of Cb for the segment AB or BC is 1.30 according to Equation 6.51.

Using Equation 6.54,

Fe ¼ Cbp2E
dIyc

Sf ðKyLyÞ2

¼ ð1:30Þp2ð29,500Þ ð8Þð0:724Þ
ð6:54Þð1� 5� 12Þ2

¼ 93:11 ksi

0:56Fy ¼ 28 ksi
2:78Fy ¼ 139 ksi

Since 2.78Fy> Fe> 0.56Fy, from Equation 6.49

Fc ¼
10

9
Fy 1	 10Fy

36Fe

� �

¼ 10

9
ð50Þ 1	 10ð50Þ

36ð93:11Þ

� �

¼ 47:27 ksi

w, kip/ft

A C
B

5 ft

10 ft

w 2

8

FIGURE 6.25 Example 6.4 (courtesy of Yu, W.W. 1991).

Iflanges¼ 4(1/12)0.135(1.6775)3¼
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Based on Equation 6.47, the nominal moment for lateral–torsional buckling strength is

Mn ¼ ScFc

where Sc is the elastic section modulus of the effective section calculated at a compressive stress of

f¼ 47.27 ksi. By using the same procedure illustrated in Example 6.2, Sc¼ 6.295 in.3. Therefore, the

nominal moment for lateral–torsional buckling strength is

Mn ¼ ð6:295Þð47:27Þ ¼ 297:6 in:-kip:

For C- or Z-sections having the tension flange through-fastened to deck or sheathing with the

compression flange laterally unbraced and loaded in a plane parallel to the web, the nominal flexural

strength is determined by Mn ¼ RSeFy, where R is a reduction factor [7]. A similar approach is used for

beams having one-flange fastened to a standing seam roof system.

For closed box members, the nominal lateral–torsional buckling strength can be determined on the

basis of the following elastic critical lateral buckling stress:

Fe ¼
Cbp

KyLySf

ffiffiffiffiffiffiffiffiffiffiffi
EGJIy

p
ð6:56Þ

where Iy is the moment of inertia of full unreduced section about centroidal axis parallel to web and J

is the torsional constant of box section.

6.6.4.1.3 Unusually Wide Beam Flanges and Short Span Beams

When beam flanges are unusually wide, special consideration should be given to the possible effects of

shear lag and flange curling. Shear lag depends on the type of loading and the span to width ratio and is

independent of the thickness. Flange curling is independent of span length but depends on the thickness

and width of the flange, the depth of the section, and the bending stresses in both tension and

compression flanges.

To consider the shear lag effects, the effective widths of both tension and compression flanges should

be used according to the AISI Specification.

When a beam with unusually wide and thin flanges is subjected to bending, the portion of the flange

most remote from the web tends to deflect toward the neutral axis due to the effect of longitudinal

curvature of the beam and the applied bending stresses in both flanges. For the purpose of controlling

the excessive flange curling, AISI Specification provides an equation to limit the flange width.

6.6.4.2 Shear Strength

The shear strength of beam webs is governed by either yielding or buckling of the web element,

depending on the depth to thickness ratio, h/t, and the mechanical properties of steel. For beam webs

having small h/t ratios, the nominal shear strength is governed by shear yielding. When the h/t ratio is

large, the nominal shear strength is controlled by elastic shear buckling. For beam webs having moderate

h/t ratios, the shear strength is based on inelastic shear buckling.

For the design of beam webs without holes, the AISI Specification provides the following equations for

determining the nominal shear strength:

1: For h=t �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ekv=Fy

p
Vn ¼ 0:60Fyht ð6:57Þ

2: For
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ekv=Fy

p
< h=t � 1:51

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ekv=Fy

p
Vn ¼ 0:60t2

ffiffiffiffiffiffiffiffiffiffiffiffi
kvFyE

p
ð6:58Þ

3: For h=t > 1:51
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ekv=Fy

p
Vn ¼ p2Ekvt3=½12ð1	 m2Þh� ¼ 0:904Ekvt3=h ð6:59Þ
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where Vn is the nominal shear strength of the beam, h is the depth of the flat portion of the web

measured along the plane of the web, t is the web thickness, and kv is the shear buckling coefficient

determined as follows:

1. For unreinforced webs, kv¼ 5.34.

2. For beam webs with transverse stiffeners satisfying the AISI requirements

when a/h� 1.0

kv ¼ 4:00þ 5:34

ða=hÞ2

when a/h> 1.0

kv ¼ 5:34þ 4:00

ða=hÞ2

where a is the shear panel length for unreinforced web element, h is the clear distance between

transverse stiffeners for reinforced web elements.

For a web consisting of two or more sheets, each sheet should be considered as a separate element

carrying its share of the shear force.

For the design of C-section webs with holes, the above nominal shear strength should be multiplied by

a factor qs specified in section C3.2.2 of the AISI Specification [7].

6.6.4.3 Combined Bending and Shear

For continuous beams and cantilever beams, high bending stresses often combine with high shear

stresses at the supports. Such beam webs must be safeguarded against buckling due to the combination

of bending and shear stresses. Based on the AISI Specification, the moment and shear should satisfy the

interaction equations listed in Table 6.3.

6.6.4.4 Web Crippling

For cold-formed steel beams, transverse stiffeners are not frequently used for beam webs. The webs may

cripple due to the high local intensity of the load or reaction as shown in Figure 6.26. Because the

theoretical analysis of web crippling is rather complex due to the involvement of many factors, the

present AISI design equations are based on the extensive experimental investigations conducted at

Cornell University, University of Missouri-Rolla, University of Waterloo, and University of Sydney

under four loading conditions: (1) end one-flange (EOF) loading, (2) interior one-flange (IOF) loading,

(3) end two-flange (ETF) loading, and (4) interior two-flange (ITF) loading [7]. The loading conditions

used for the tests are illustrated in Figure 6.27.

TABLE 6.3 Interaction Equations Used for Combined Bending and Shear

ASD LRFD and LSD

Beams with unreinforced

webs

M � Mn=Ob and V � Vn=Ov
�MM � fbMn and �VV � fvVn

ObM

Mnxo

� �2

þ OvV

Vn

� �2

� 1:0 ð6:60Þ
�MM

fbMnxo

� �2

þ
�VV

fvVn

� �2

� 1:0 ð6:61Þ

Beams with transverse

web stiffeners

0:6
ObM

Mnxo

� �
þ OvV

Vn

� �
� 1:3 ð6:62Þ 0:6

�MM

fbMnxo

� �
þ

�VV

fvVn

� �
� 1:3 ð6:63Þ

Note: M is the bending moment, V is the unfactored shear force, Ob and Ov are the factors of safety for bending and

shearing, respectively, fb is the resistance factor for bending, fv is the resistance factor for shear, Mn is the nominal flexural

strength when bending alone exists, Mnxo is the nominal flexural strength about the centroidal x-axis determined in

accordance with the specification excluding the consideration of lateral–torsional buckling, �MM is the required flexural

strength (Mu for LRFD and Mf for LSD), Vn is the nominal shear strength when shear alone exists, and �VV is the required

shear strength (Vu for LRFD and Vf for LSD).
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The nominal web crippling strength of webs without holes for a given loading condition can be

determined from the following AISI equation [7] on the basis of the thickness of web element, design

yield point, the bend radius to thickness ratio, the depth to thickness ratio, the bearing length to

thickness ratio, and the angle between the plane of the web and the plane of the bearing surface:

Pn ¼ Ct2Fy sin y 1	 CR

ffiffiffiffi
R

t

r" #
1þ CN

ffiffiffiffi
N

t

r" #
1	 Ch

ffiffiffi
h

t

r" #
ð6:64Þ

where Pn is the nominal web crippling strength, C is the coefficient, Ch is the web slenderness coef-

ficient, CN is the bearing length coefficient, CR is the inside bend radius coefficient, Fy is the design

yield point, h is the flat portion of web measured in the plane of the web, N is the bearing length (3
4

in.

[19 mm] minimum), R is the inside bend radius, t is the web thickness, and y is the angle between the

plane of the web and the plane of the bearing surface, 45� � y� 90�. Values of C, CR, CN, Ch, factor of

safety, and resistance factor are listed in separate tables of the AISI Specification [7] for built-up

sections, single web channel and C-sections, single web Z-sections, single hat sections, and multiweb

deck sections.

For C-section webs with holes, the web crippling strength determined in accordance with the above

equation should be reduced by using a reduction factor as given in the Specification [7].

(a) (b)

FIGURE 6.26 Web crippling of cold-formed steel beams.

�1.5h �1.5h

Region
of failure

Region
of failure

(a) (b)

(c) (d)

h

Region
of failure

�1.5h�1.5h

FIGURE 6.27 Loading conditions for web crippling tests: (a) EOF loading, (b) IOF loading, (c) ETF loading, and

(d) ITF loading (courtesy of Yu, W.W. 1991).
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6.6.4.5 Combined Bending and Web Crippling

For combined bending and web crippling, the design of beam webs should be based on the

interaction equations provided in the AISI Specification [7]. These equations are presented in

Table 6.4.

6.6.4.6 Bracing Requirements

In cold-formed steel design, braces should be designed to restrain lateral bending or twisting of a

loaded beam and to avoid local crippling at the points of attachment. When C-sections and Z-sections

are used as beams and loaded in the plane of the web, the AISI Specification [7] provides design

requirements to restrain twisting of the beam under the following two conditions: (1) the top flange is

connected to deck or sheathing material in such a manner as to effectively restrain lateral deflection of

the connected flange and (2) neither flange is connected to sheathing. In general, braces should be

designed to satisfy the strength and stiffness requirements. For beams using symmetrical cross-sections

such as I-beams, the AISI Specification does not provide specific requirements for braces. However, the

braces may be designed for a capacity of 2% of the force resisted by the compression portion of the

beam. This is a frequently used rule of thumb but is a conservative approach, as proven by a rigorous

analysis.

6.6.5 Concentrically Loaded Compression Members

Axially loaded cold-formed steel compression members should be designed for the following limit

states: (1) yielding, (2) overall column buckling (flexural buckling, torsional buckling, or torsional–

flexural buckling), and (3) local buckling of individual elements. The governing failure mode depends on

the configuration of the cross-section, thickness of material, unbraced length, and end restraint. For

distorsional buckling of compression members, see Section 6.9 on Direct Strength Method.

TABLE 6.4 Interaction Equations for Combined Bending and Web Crippling

ASD LRFD and LSD

Shapes having single

unreinforced webs

1:2
OwP

Pn

� �
þ ObM

Mnxo

� �
� 1:5 ð6:65Þ 1:07

�PP

fwPn

� �
þ

�MM

fbMnxo

� �
� 1:42 ð6:66Þ

Shapes having multiple

unreinforced webs

such as I-sections

1:1
OwP

Pn

� �
þ ObM

Mnxo

� �
� 1:5 ð6:67Þ 0:82

�PP

fwPn

� �
þ

�MM

fbMnxo

� �
� 1:32 ð6:68Þ

Support point of

two nested Z-shapes

M

Mno

þ 0:85
P

Pn

� 1:65

O
ð6:69Þ

�MM

Mno

þ 0:85
�PP

Pn

� 1:65f ð6:70Þ

M � Mno=Ob and P � Pn=Ow
�MM � fb Mno and �PP � fwPn

Note: The AISI Specification includes some exception clauses, under which the effect of combined bending and

web crippling need not be checked. P is the concentrated load or reaction in presence of bending moment, Pn is the

nominal web crippling strength for concentrated load or reaction in the absence of bending moment (for Equations 6.65,

6.66, 6.67, and 6.68), Pn is the nominal web crippling strength assuming single web interior one-flange loading for

the nested Z-sections, that is, the sum of the two webs evaluated individually (for Equations 6.69 and 6.70), �PP is the

required strength for concentrated load or reaction in the presence of bending moment (Pu for LRFD and Pf for LSD), M

is the applied bending moment at, or immediately adjacent to, the point of application of the concentrated load or

reaction, Mno is the nominal yield moment for nested Z-sections, that is, the sum of two sections evaluated individually,

Mnxo is the nominal flexural strength about the centroidal x-axis determined in accordance with the specification excluding

the consideration of lateral–torsional buckling, �MM is the required flexural strength at, or immediately adjacent to, the

point of application of the concentrated load or reaction �PP (Mu for LRFD and Mf for LSD), O is the factor of safety ¼ 1.75,

Ob and Ow are the factors of safety for bending and web crippling, respectively, f is the resistance factor (0.9 for

LRFD and 0.80 for LSD), fb is the resistance factor for bending, and fw is the resistance factor for web

crippling.
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6.6.5.1 Yielding

A very short, compact column under axial load may fail by yielding. For this case, the nominal axial

strength is the yield load, that is,

Pn ¼ Py ¼ AgFy ð6:71Þ

where Ag is the gross area of the column and Fy is the yield point of steel.

6.6.5.2 Overall Column Buckling

Overall column buckling may be one of the following three types:

1. Flexural buckling — bending about a principal axis. The elastic flexural buckling stress is

Fe ¼
p2E

ðKL=rÞ2
ð6:72Þ

where E is the modulus of elasticity, K is the effective length factor for flexural buckling

(Figure 6.28), L is the unbraced length of member for flexural buckling, and r is the radius of

gyration of the full-section.

2. Torsional buckling — twisting about shear center. The elastic torsional buckling stress is

Fe ¼
1

Ar2
0

GJ þ p2ECw

ðKtLtÞ2

" #
ð6:73Þ

where A is the full cross-sectional area, Cw is the torsional warping constant of cross-section, G is

the shear modulus, J is the St. Venant torsion constant of cross-section, Kt is the effective length

factor for twisting, Lt is the unbraced length of member for twisting, and r0 is the polar radius of

gyration of cross-section about shear center.

3. Torsional–flexural buckling — bending and twisting simultaneously. The elastic torsional–flexural

buckling stress is

Fe ¼ ðsex þ stÞ 	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsex þ stÞ2 	 4bsexst

q� �
ð2bÞ ð6:74Þ

(a) (b) (c) (d) (e) (f)

Buckled shape of column
is shown by dashed line

Theoretical K value 0.5

0.65

0.7

0.80

1.0

1.2

1.0

1.0

2.0

2.10

2.0

2.0

End condition code

Rotation fixed

Rotation fixed

Rotation free

Rotation free

Translation fixed

Translation free

Translation fixed

Translation free

Recommended K value
when ideal conditions
are approximated

FIGURE 6.28 Effective length factor K for concentrically loaded compression members.
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where b¼ 1	 (x0/r0)2, sex¼p2E/(KxLx/rx)2, st¼Equation 6.73, and x0 is the distance from shear

center to centroid along the principal x-axis.

For doubly symmetric and point-symmetric shapes (Figure 6.29), the overall column buckling can be

either flexural type or torsional type. However, for singly symmetric shapes (Figure 6.30), the overall

column buckling can be either flexural buckling or torsional–flexural buckling.

For overall column buckling, the nominal axial strength is determined by Equation 6.75:

Pn ¼ AeFn ð6:75Þ

where Ae is the effective area determined for the stress Fn and Fn is the nominal buckling stress deter-

mined as follows:

For lc � 1:5

Fn ¼ ð0:658l
2
c ÞFy ð6:76Þ

For lc > 1:5

Fn ¼
0:877

l2
c

" #
Fy ð6:77Þ

The use of the effective area Ae in Equation 6.75 is to reflect the effect of local buckling on the

reduction of column strength. In Equations 6.76 and 6.77,

lc ¼
ffiffiffiffiffiffiffiffiffiffiffi
Fy=Fe

q
ð6:78Þ

where Fe is the least of elastic flexural buckling stress (Equation 6.72), torsional buckling stress

(Equation 6.73), and torsional–flexural buckling stress (Equation 6.74), whichever is applicable.

Concentrically loaded angle sections should be designed for an additional bending moment in

accordance with section C5.2 of the Specification [7].

y

y

x x

y

y

xx
Centroid Shear

center

Centroid
Shear
center

FIGURE 6.29 Doubly symmetric shapes.

x x

y

y

x0

s.c. c.g.
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x x
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y

x0

s.c. c.g.
x x

y

y

x0

s.c. c.g.
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y

x0
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FIGURE 6.30 Singly symmetric shapes (courtesy of Yu, W.W. 1991).
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For nonsymmetric shapes whose cross-sections do not have any symmetry, either about an axis or

about a point, the elastic torsional–flexural buckling stress should be determined by rational analysis or

by tests. See AISI Design Manual [41].

In addition to the above design provisions for the design of axially loaded columns, the AISI Speci-

fication also provides design criteria for compression members having one-flange through-fastened to

deck or sheathing.

EXAMPLE 6.5

Determine the allowable axial load for the square tubular column shown in Figure 6.31. Assume

that Fy¼ 40 ksi, Kx Lx¼Ky Ly¼ 10 ft, and the dead to live load ratio is 1
5
. Use the ASD and LRFD

methods.

Solution

ASD method

Since the square tube is a doubly symmetric closed section, it will not be subject to torsional–flexural

buckling. It can be designed by flexural buckling.

1. Sectional properties of full-section.

w¼ 8:00	2ðRþ tÞ¼ 7:415 in:

A¼ 4ð7:415�0:105þ0:0396Þ¼ 3:273 in:2

Ix ¼ Iy ¼ 2ð0:105Þ½ð1=12Þð7:415Þ3þ7:415ð4	0:105=2Þ2�þ4ð0:0396Þð4:0	0:1373Þ2¼ 33:763 in:4

rx ¼ ry ¼
ffiffiffiffiffiffiffiffiffiffi
Ix=A

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
33:763=3:273

p
¼ 3:212 in:

2. Nominal buckling stress, Fn. According to Equation 6.72, the elastic flexural buckling stress, Fe, is

computed as follows:

KL

r
¼ 10� 12

3:212
¼ 37:36< 200, OK:

Fe ¼
p2E

ðKL=rÞ2
¼ p2ð29,500Þ
ð37:36Þ2

¼ 208:597 ksi

lc ¼
ffiffiffiffiffi
Fy

Fe

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
40

208:597

r
¼ 0:438< 1:5

Fn ¼ ð0:658l
2
c ÞFy ¼ ð0:6580:4382Þ40 ¼ 36:914 ksi

P

P

10  ft x

w = 7.415 in.
y

0.2925 in.

8.00 in.

0.2925 in.
8.00 in.

w = 7.415 in.

x

y

t = 0.105 in.

0.2925 in.

0.2925 in.

x

x x

–

y–

y

y

R = 3/16 in.

t = 0.105 in.R = 3/16 in.

FIGURE 6.31 Example 7.5 (courtesy of Yu, W.W. 1991).
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3. Effective area, Ae. Because the given square tube is composed of four stiffened elements, the

effective width of stiffened elements subjected to uniform compression can be computed from

Equations 6.6 through 6.9 by using k¼ 4.0:

w=t ¼ 7:415=0:105 ¼ 70:619

l ¼

ffiffiffiffiffiffi
f

Fcr

s
¼ 1:052ffiffiffi

k
p w

t

� � ffiffiffiffiffi
Fn

E

r

¼ 1:052=
ffiffiffi
4
p
ð70:619Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
36:914=29,500

p
¼ 1:314

Since l> 0.673, from Equation 6.7

b ¼ rw

where

r ¼ ð1	 0:22=lÞ=l ¼ ð1	 0:22=1:314Þ=1:314 ¼ 0:634

Therefore,

b ¼ ð0:634Þð7:415Þ ¼ 4:701 in:

The effective area is

Ae ¼ 3:273	 4ð7:415	 4:701Þð0:105Þ ¼ 2:133 in:2

4. Nominal and allowable loads. Using Equation 6.75, the nominal load is

Pn ¼ AeFn ¼ ð2:133Þð36:914Þ ¼ 78:738 kip

The allowable load is

Pa ¼ Pn=Oc ¼ 78:738=1:80 ¼ 43:74 kip

LRFD method

In the ASD method, the nominal axial load, Pn, was computed to be 78.738 kip. The design axial load

for the LRFD method is

fcPn ¼ 0:85ð78:738Þ ¼ 66:93 kip

Based on the load combination of dead and live loads, the required axial load is

Pu ¼ 1:2PD þ 1:6PL ¼ 1:2PD þ 1:6ð5PDÞ ¼ 9:2PD

where PD is the axial load due to dead load and PL is the axial load due to live load.

By using Pu¼fcPn, the values of PD and PL are computed as follows:

PD ¼ 66:93=9:2 ¼ 7:28 kip

PL ¼ 5PD ¼ 36:40 kip

Therefore, the allowable axial load is

Pa ¼ PD þ PL ¼ 43:68 kip

It can be seen that the allowable axial loads determined by the ASD and LRFD methods are practically

the same.

6.6.6 Combined Axial Load and Bending

The AISI Specification provides interaction equations for combined axial load and bending.

6.6.6.1 Combined Tensile Axial Load and Bending

For combined tensile axial load and bending, the required strengths should satisfy the interaction

equations presented in Table 6.5. These equations are to prevent yielding of the tension flange and to

prevent failure of the compression flange of the member.
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6.6.6.2 Combined Compressive Axial Load and Bending

Cold-formed steel members under combined compressive axial load and bending are usually referred to

as beam–columns. Such members are often found in framed structures, trusses, and exterior wall studs.

For the design of these members, the required strengths should satisfy the AISI interaction equations

presented in Table 6.6.

TABLE 6.6 Interaction Equations for Combined Compressive Axial Load and Bending

ASD LRFD and LSD

When

OcP=Pn � 0:15,
OcP

Pn

þ ObMx

Mnx

þ ObMy

Mny

� 1:0 ð6:83Þ
When
�PP=fcPn � 0:15,

�PP

fcPn

þ
�MMx

fbMnx

þ
�MMy

fbMny

� 1:0 ð6:84Þ

When

OcP=Pn > 0:15,
OcP

Pn

þ ObCmx Mx

Mnxax

þ ObCmy My

Mnyay

� 1:0

When
�PP=fcPn > 0:15,

�PP

fcPn

þ Cmx
�MMx

fbMnxax

þ Cmy
�MMy

fbMnyay

� 1:0 ð6:86Þ

(6.85)

OcP

Pno

þ ObMx

Mnx

þ ObMy

Mny

� 1:0 ð6:87Þ
�PP

fcPno

þ
�MMx

fbMnx

þ
�MMy

fbMny

� 1:0 ð6:88Þ

Note: Mx and My are the required moments with respect to the centroidal axes of the effective section determined for the

required axial strength alone, Mnx and Mny are the nominal flexural strengths about the centroidal axes, �MMx and �MMy are the

required flexural strengths with respect to the centroidal axes of the effective section determined for the required axial

strength alone (Mux and Muy for LRFD, Mfx and Mfy for LSD), P is the required axial load, Pn is the nominal axial strength

determined in accordance with Equation 6.75, Pno is the nominal axial strength determined in accordance with

Equation 6.75, for Fn¼ Fy, �PP is the required compressive axial strength (Pu for LRFD and Pf for LSD), ax¼ 1	OcP/PEX (for

Equation 6.85), ay¼ 1	OcP/PEY (for Equation 6.85), ax¼ 1	 �PP/PEX (for Equation 6.86), ay¼ 1	 �PP/PEY (for Equation 6.86),

PEX¼ p2EIx /(KxLx)2, PEY¼p2EIy/(KyLy)
2, Ob is the factor of safety for bending, Oc is the factor of safety for concentrically

loaded compression, and Cmx and Cmy are the coefficients whose value is taken as follows:

1. For compression members in frames subject to joint translation (side sway), Cm¼ 0.85.

2. For restrained compression members in frames braced against joint translation and not subjected to transverse loading

between their supports in the plane of bending, Cm¼ 0.6	 0.4(M1/M2), where M1/M2 is the ratio of the smaller to the

larger moment at the ends of that portion of the member under consideration which is unbraced in the plane of bending.

M1/M2 is positive when the member is bent in reverse curvature and negative when it is bent in single curvature.

3. For compression members in frames braced against joint translation in the plane of loading and subjected to transverse

loading between their supports, the value of Cm may be determined by rational analysis. However, in lieu of such

analysis, the following values may be used: (1) for members whose ends are restrained, Cm¼ 0.85 and (2) for members

whose ends are unrestrained, Cm¼ 1.0.

Ix , Iy, Lx , Ly, Kx, and Ky have been defined previously.

TABLE 6.5 Interaction Equations for Combined Tensile Axial Load and Bending

ASD LRFD and LSD

Check tension flange
ObMx

Mnxt

þ ObMy

Mnyt

þ OtT

Tn

� 1:0 ð6:79Þ
�MMx

fbMnxt

þ
�MMy

fbMnyt

þ
�TT

ftTn

� 1:0 ð6:80Þ

Check compression flange
ObMx

Mnx

þ ObMy

Mny

	 OtT

Tn

� 1:0 ð6:81Þ
�MMx

fbMnx

þ
�MMy

fbMny

	
�TT

ftTn

� 1:0 ð6:82Þ

Note: Mnx and Mny are the nominal flexural strengths about the centroidal x- and y-axes, respectively, Mnxt, Mnyt¼ SftFy,
�MMx and �MMy are the required flexural strengths with respect to the centroidal axes (Mux and Muy for LRFD, Mfx and Mfy for

LSD), Mx and My are the required moments with respect to the centroidal axes of the section, Sft is the section modulus of

the full-section for the extreme tension fiber about the appropriate axis, T is the required tensile axial load, Tn is the

nominal tensile axial strength, �TT is the required tensile axial strength (Tu for LRFD and Tf for LSD), fb is the resistance

factor for bending, ft is the resistance factor for tension (0.95 for LRFD and 0.90 for LSD), Ob is the safety factor for

bending, and Ot is the safety factor for tension.
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6.6.7 Closed Cylindrical Tubular Members

Thin-walled closed cylindrical tubular members are economical sections for compression and torsional

members because of their large ratio of radius of gyration to area, the same radius of gyration in all

directions, and the large torsional rigidity. The AISI design provisions are limited to the ratio of outside

diameter to wall thickness, D/t, not being greater than 0.441E/Fy.

6.6.7.1 Bending Strength

For cylindrical tubular members subjected to bending, the nominal flexural strengths are as follows

according to the D/t ratio:

Mn ¼ FcSf

1. For D/t � 0.0714 E/Fy

Fc ¼ 1:25Fy ð6:89Þ
2. For 0.0714E/Fy<D/t � 0.318E/Fy

Fc ¼ ½0:970þ 0:020ðE=FyÞ=ðD=tÞ�Fy ð6:90Þ

3. For 0.318E/Fy<D/t � 0.441E/Fy

Fc ¼ 0:328E=ðD=tÞ ð6:91Þ

where D is the outside diameter of the cylindrical tube, t is the wall thickness, Fc is the critical buckling

stress, and Sf is the elastic section modulus of full, unreduced cross-section. Other symbols have been

defined previously.

6.6.7.2 Compressive Strength

When cylindrical tubes are used as concentrically loaded compression members, the nominal axial

strength is determined by Equation 6.75, except that (1) the elastic buckling stress, Fe, is determined for

flexural buckling by using Equation 6.72 and (2) the effective area, Ae, is calculated by Equation 6.92

given below:

Ae ¼ A0 þ RðA	 A0Þ ð6:92Þ

where

R ¼ Fy=ð2FeÞ � 1:0

A0 ¼ f0:037=½ðDFyÞ=ðtEÞ� þ 0:667gA � A for D=t � 0:441E=Fy ð6:93Þ
A ¼ area of unreduced cross-section

In the above equations, the value A0 is the reduced area due to the effect of local buckling [1,7].

6.7 Connections and Joints

Welds, bolts, screws, rivets, and other special devices such as metal stitching and adhesives are generally

used for cold-formed steel connections. The AISI Specification contains only the design provisions for

welded connections, bolted connections, and screw connections. These design equations are based

primarily on the experimental data obtained from extensive test programs.

6.7.1 Welded Connections

Welds used for cold-formed steel constructions may be classified as arc welds (or fusion welds) and

resistance welds. Arc welding is usually used for connecting cold-formed steel members to each other as

well as connecting such thin members to heavy, hot-rolled steel framing members. It is used for groove
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welds, arc spot welds, arc seam welds, fillet welds, and flare groove welds (Figures 6.32 to 6.36). The AISI

design provisions for welded connections are applicable only for cold-formed steel structural members,

in which the thickness of the thinnest connected part is 0.18 in. (4.57 mm) or less. Otherwise, when the

thickness of connected parts is thicker than 0.18 in. (4.57 mm), the welded connection should be

designed according to the AISC Specifications [42,43]. Additional design information on structural

welding of sheet steels can also be found in the AWS Code [44].

d

de
da

da = d – t
de = 0.7d – 1.5t ≤ 0.55d

t

FIGURE 6.33 Arc spot weld — single thickness of sheet.

(a) (b)

d

L

Width

t

FIGURE 6.34 Arc seam weld.

t1

w2

w1

t2

t1

w1

w2

t2

(a) (b)

FIGURE 6.35 Fillet welds.

(a) (b)

FIGURE 6.32 Groove welds.
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6.7.1.1 Arc Welds

According to the AISI Specification, the nominal strengths of arc welds can be determined from the

equations given in Table 6.7. The design strengths can then be computed by using the factor of safety or

resistance factor provided in Table 6.1.

6.7.1.2 Resistance Welds

The nominal shear strengths of resistance spot welds are provided in the AISI Specification [7]

according to the thickness of the thinnest outside sheet and the unit used for the nominal shear strength.

They are applicable for all structural grades of low-carbon steel, uncoated or galvanized with 0.9 oz/ft2 of

sheet or less, and medium carbon and low-alloy steels.

6.7.2 Bolted Connections

Due to the thinness of the connected parts, the design of bolted connections in cold-formed

steel construction is somewhat different from that in hot-rolled heavy construction. The AISI design

provisions are applicable only to cold-formed members or elements less than 3
16

in. (4.76 mm) in

thickness. For materials not less than 3
16

in. (4.76 mm), the bolted connection should be designed in

accordance with the AISC Specifications (42,43).

In the AISI Specification, five types of bolts (A307, A325, A354, A449, and A490) are used for

connections in cold-formed steel construction, in which A449 and A354 bolts should be used as

L t

P

P

L

P

P

t

P

L

P

t

(a)

(b)

(c)

FIGURE 6.36 Flare groove welds: (a, b) flare bevel groove weld and (c) flare V-groove weld.
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equivalents of A325 and A490 bolts, respectively, whenever a diameter smaller than 1
2

in. (12.7 mm) is

required.

On the basis of the failure modes occurring in the tests of bolted connections, the AISI criteria deal

with three major design considerations for the connected parts: (1) longitudinal shear failure, (2) tensile

failure, and (3) bearing failure. The nominal strength equations are given in Table 6.8.

In addition, design strength equations are provided for shear and tension in bolts. Accordingly, the

AISI nominal strength for shear and tension in bolts can be determined as follows:

Pn ¼ AbFn ð6:94Þ

where Ab is the gross cross-sectional area of bolt and Fn is the nominal shear or tensile stress given

in Table 6.9 for ASD and LRFD. For the LSD method, see appendix B of the North American

Specification [7].

TABLE 6.7 Nominal Strength Equations for Arc Welds

Type of weld Type of strength Nominal strength, Pn

Groove welds (Figure 6.32) Tension or compression LteFy

Shear strength of weld Lte(0.6Fxx)

Shear strength of connected part LteðFy=
ffiffiffi
3
p
Þ

Arc spot welds (Figure 6.33) Shear strength

Strength of weld 0.589d2
e Fxx

Strength of connected part

1: da=t � 0:815
ffiffiffiffiffiffiffiffiffiffi
E=Fu

p
2.20tdaFu

2: 0:815
ffiffiffiffiffiffiffiffiffiffi
E=Fu

p
< ðda=tÞ< 1:397

ffiffiffiffiffiffiffiffiffiffi
E=Fu

p
0:28½1þ ð5:59

ffiffiffiffiffiffiffiffiffiffi
E=Fu

p
Þ=ðda=tÞ�ðtdaFuÞ

3: da=t � 1:397
ffiffiffiffiffiffiffiffiffiffi
E=Fu

p
1.40tdaFu

Shear strength of connected part based

on end distance

eFut

Tensile strength

Strength of weld 0.785d2
e Fxx

Strength of connected part 0.8 (Fu/Fy)2tdaFu

Arc seam welds (Figure 6.34) Shear strength [pd2
e/4þ Lde]0.75Fxx

Strength of connected part 2.5tFu(0.25Lþ 0.96da)

Fillet welds (Figure 6.35) Shear strength of weld (for t> 0.10 in.) 0.75twLFxx

Strength of connected part

1. Longitudinal loading

L/t < 25 [1 – (0.01L/t)]tLFu

L/t � 25 0.75tLFu

2. Transverse loading tLFu

Flare groove welds Shear strength of weld (for t> 0.10 in.) 0.75twLFxx

(Figure 6.36) Strength of connected part

1. Transverse loading 0.833tLFu

2. Longitudinal loading

For t � tw< 2t or if lip height< L 0.75tLFu

For tw � 2t and lip height� L 1.50tLFu

Note: d is the visible diameter of outer surface of arc spot weld, da is the average diameter of the arc spot weld at

midthickness of t, da¼ (d	 t) for single sheet or multiple sheets not more than four sheets, de is the effective diameter of

fused area at the plane of maximum shear transfer, de¼ 0.7d	 1.5t� 0.55d, e is the distance measured in the line of force

from the centerline of a weld to the nearest edge of an adjacent weld or to the end of the connected part toward which the

force is directed, Fu is the tensile strength of the connected part, Fy is the yield point of steel, Fxx is the filler metal strength

designation in AWS electrode classification, L is the length of the weld, Pn is the nominal strength of the weld, t is the

thickness of the connected sheet, te is the effective throat dimension for groove weld, tw is the effective throat for fillet welds

or flare groove weld not filled flush to surface, tw¼ 0.707w1 or 0.707w2, whichever is smaller, and w1 and w2 are the leg of

the weld, respectively.
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TABLE 6.8 Nominal Strength Equations for Bolted Connections (ASD and LRFD)a

Type of strength Nominal strength, Pn

Shear strength based on spacing and edge distance teFu

Tensile strength in net section (shear lag)

1. Flat sheet connections not having

staggered holes

With washers under bolt head and nut

Single bolt in the line of force (0.1þ 3d/s)FuAn � FuAn

Multiple bolts in the line of force FuAn

Without washers under bolt head or nut

Single bolt in the line of force (2.5d/s)FuAn � FuAn

Multiple bolt in the line of force FuAn

2. Flat sheet connections having

staggered hole (see AISI Specification

for the modified An)

Same as item (1), except for An

3. Other than flat sheet (see AISI Specification

for the effective net area Ae)

FuAe

Bearing strength

1. Without consideration of bolt hole

deformation (see AISI Specification for

bearing factor, C, and modification

factor, mf)

mfCdtFu

2. With consideration of bolt hole

deformation (see AISI Specification

for coefficient a)

(4.64atþ 1.53)dtFu

a For the LSD method, see appendix B of the AISI North American Specification [7] for shear

strength based on spacing and edge distance and for tensile strength in net section.

Note: An is the net area of the connected part, d is the nominal diameter of bolt, Fu is the tensile

strength of the connected part, s is the sheet width divided by the number of bolt holes in cross-

section being analyzed, and t is the thickness of the thinnest connected part.

TABLE 6.9 Nominal Tensile and Shear Stresses for Bolts (ASD and LRFD)a

Description of bolts

Nominal tensile stress,

Fnt (ksi)

Nominal shear stress,

Fnv (ksi)

A307 bolts, Grade A, 1
4

in.� d< 1
2

in. 40.5 24.0

A307 bolts, Grade A, d� 1
2

in. 45.0 27.0

A325 bolts, when threads are not excluded

from shear planes

90.0 54.0

A325 bolts, when threads are excluded

from shear planes

90.0 72.0

A354 Grade BD bolts, 1
4

in.� d< 1
2

in., when threads are

not excluded from shear planes

101.0 59.0

A354 Grade BD bolts, 1
4

in.� d< 1
2

in., when threads

are excluded from shear planes

101.0 90.0

A449 bolts, 1
4

in.� d< 1
2

in., when threads

are not excluded from shear planes

81.0 47.0

A449 bolts, 1
4

in.� d< 1
2

in., when threads

are excluded from shear planes

81.0 72.0

A490 bolts, when threads are not excluded

from shear planes

112.5 67.5

A490 bolts, when threads are excluded

from shear planes

112.5 90.0

a For the LSD method, see appendix B of the AISI North American Specification [7].

Note: 1 in.¼ 25.4 mm, 1 ksi¼ 6.9 MPa¼ 70.3 kg/cm2.
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For bolts subjected to the combination of shear and tension, the reduced nominal tension stress for the

ASD and LRFD is given in Table 6.10. For the LSD method, refer to appendix B of the North American

Specification.

6.7.3 Screw Connections

Screws can provide a rapid and effective means to fasten sheet metal siding and roofing to framing

members and to connect individual siding and roofing panels. Design equations are presently given

in the AISI Specification for determining the nominal shear strength and the nominal tensile

strength of connected parts and screws. These design requirements should be used for self-tapping

screws with diameters greater than or equal to 0.08 in. (2.03 mm) but not exceeding 1
4

in. (6.35 mm).

The screw can be thread-forming or thread-cutting, with or without drilling point. The spacing

between the centers of screws should not be less than 3d and the distance from the center of a

screw to the edge of any part should not be less than 1.5d, where d is the diameter of screw. In

the direction of applied force, the end distance is also limited by the shear strength of the

connected part.

According to the AISI North American Specification, the nominal strength per screw is determined

from Table 6.11. See Figure 6.37 and Figure 6.38 for t1, t2, Fu1, and Fu2.

For the convenience of designers, the following table gives the correlation between the common

number designation and the nominal diameter for screws.

In addition to the design requirements discussed above, the AISI North American Specification also

includes some provisions for built-up compression members composed of two sections in contact or for

compression elements joined to other parts of built-up members by intermittent connections.

6.7.4 Rupture

In connection design, due consideration should be given to shear rupture, tension rupture, and block

shear rupture. For details, see the AISI Specification [7].

6.8 Structural Systems and Assemblies

In the past, cold-formed steel components have been used in different structural systems and assemblies

such as metal buildings, shear diaphragms, shell roof structures, wall stud assemblies, residential

construction, and composite construction.

Number designation Nominal diameter, d (in.)a

0 0.060

1 0.073

2 0.086

3 0.099

4 0.112

5 0.125

6 0.138

7 0.151

8 0.164

10 0.190

12 0.216

1/4 0.250

a
1 in.¼ 25.4 mm.
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6.8.1 Metal Buildings

Standardized metal buildings have been widely used in industrial, commercial, and agricultural

applications. This type of metal building has also been used for community facilities because of

TABLE 6.10 Nominal Tension Stresses, F 0nt, for Bolts Subjected to the Combination of Shear and

Tension (ASD and LRFD)a

Description of bolts Threads not excluded from shear planes Threads excluded from shear planes

(A) ASD method

A325 bolts 110	 3.6fv� 90 110	 2.8fv� 90

A354 Grade BD bolts 122	 3.6fv� 101 122	 2.8fv� 101

A449 bolts 100	 3.6fv� 81 100	 2.8fv� 81

A490 bolts 136	 3.6fv� 112.5 136	 2.8fv� 112.5

A307 bolts, Grade A

When 1
4

in.� d< 1
2

in. 52	 4fv� 40.5 52	 4fv� 40.5

When d� 1
2

in. 58.5	 4fv� 45 58.5	 4fv� 45

(B) LRFD method

A325 bolts 113	 2.4fv� 90 113	 1.9fv� 90

A354 Grade BD bolts 127	 2.4fv� 101 127	 1.9fv� 101

A449 bolts 101	 2.4fv� 81 101	 1.9fv� 81

A490 bolts 141	 2.4fv� 112.5 141	 1.9fv� 112.5

A307 bolts, Grade A

When 1
4

in.� d< 1
2

in. 47	 2.4fv� 40.5 47	 2.4fv� 40.5

When d� 1
2

in. 52	 2.4fv� 45 52	 2.4fv� 45

a For the LSD method, see appendix B of the AISI North American Specification [7].

Note: d is the nominal diameter of bolt and fv is the shear stress based on gross cross-sectional area of bolt; 1 in.¼
25.4 mm, 1 ksi¼ 6.9 MPa¼ 70.3 kg/cm2.

TABLE 6.11 Nominal Strength Equations for Screws

Type of strength Nominal strength

Shear strength

1. Connection shear limited by tilting and bearing

For t2/t1� 1.0, use smallest of three considerations 1. Pns¼ 4.2(t2
3d)1/2Fu2

2. Pns¼ 2.7t1dFu1

3. Pns¼ 2.7t2dFu2

For t2/t1� 2.5, use smallest of two considerations 1. Pns¼ 2.7t1dFu1

2. Pns¼ 2.7t2dFu2

For 1.0< t2/t1< 2.5, use linear interpolation

2. Connection shear limited by end distance Pns¼ teFu
a

3. Shear in screws Pns¼ 0.8Pss

Tensile strength

1. Connection tension

Pull-out strength Pnot¼ 0.85tcdFu2

Pull-over strength Pnov¼ 1.5t1dwFu1

2. Tension in screws Pnt¼ 0.8Pts

a For the LSD method see appendix B of the AISI North American Specification [7].

Note: d is the nominal diameter of screw, dw is the larger of screw head diameter and washer

diameter, Fu1 is the tensile strength of member in contact with the screw head (Figure 6.38), Fu2 is the

tensile strength of member not in contact with the screw head (Figure 6.37), Pns is the nominal shear

strength per screw, Pss is the nominal shear strength per screw as reported by the manufacturer or

determined by tests, Pnt is the nominal tension strength per screw, Pnot is the nominal pull-out

strength per screw, Pnov is the nominal pull-over strength per screw, Pts is the nominal tension

strength per screw as reported by the manufacturer or determined by tests, t1 is the thickness of

member in contact with the screw head (Figure 6.38), t2 is the thickness of member not in contact

with the screw head (Figure 6.37), and tc is the lesser of depth penetration and thickness t2.
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its attractive appearance, fast construction, low maintenance, easy extension, and lower long-

term cost.

In general, metal buildings are made of welded rigid frames with cold-formed steel sections used for

purlins, girts, roofs, and walls. In the United States, the design of standardized metal buildings is often

based on the Metal Building Systems Manual published by the Metal Building Manufacturers’ Asso-

ciation [31]. This manual contains load applications, crane loads, serviceability, common industry

practices, guide specifications, AISC-MB certification, wind load commentary, fire protection, wind,

snow, and rain data by US county, glossary, appendix and bibliography. In other countries, many design

concepts and building systems have also been developed.

6.8.2 Shear Diaphragms

In building construction, it has been a common practice to provide a separate bracing system to resist

horizontal loads due to wind load or earthquake. However, steel floor and roof panels, with or without

concrete fill, are capable of resisting horizontal in-plane loads in addition to the beam strength for

gravity loads if they are adequately interconnected to each other and to the supporting frame. For the

same reason, wall panels not only provide enclosure surface and support normal loads, but they can also

provide diaphragm action in their own planes.

The structural performance of a diaphragm construction can be evaluated by either calculations or

tests. Several analytical procedures exist, and are summarized in the literature [29,45–47]. Tested per-

formance can be measured by the procedures of the Standard Method for Static Load Testing of Framed

Floor, Roof and Wall Diaphragm Construction for Buildings, ASTM E455 [41,48]. A general discussion of

structural diaphragm behavior is given by Yu [1].

Shear diaphragms should be designed for both strength and stiffness. After the nominal shear strength

is established by calculations or tests, the design strength can be determined on the basis of the factor of

safety or resistance factor given in the Specification [7]. Six cases are currently classified in the AISI

Specification for the design of shear diaphragms according to the type of failure mode, type of con-

nections, and type of loading. Because the quality of mechanical connectors is easier to control than that

of welded connections, a relatively smaller factor of safety or larger resistance factor is used for

mechanical connections. As far as the loading is concerned, the factors of safety for earthquake are

slightly larger than those for wind due to the ductility requirements of seismic loading.

6.8.3 Shell Roof Structures

Shell roof structures such as folded-plate and hyperbolic paraboloid roofs have been used in building

construction for churches, auditoriums, gymnasiums, schools, restaurants, office buildings, and airplane

hangars. This is because the effective use of steel panels in roof construction is not only to provide an

economical structure but also to make the building architecturally attractive and flexible for future

t1

t2

Tilting
Bearing
Bearing

Pns = 4.2 (t2
3d)1/2Fu2  or

Pns = 2.7 t1dFu1 or
Pns = 2.7 t2dFu2

FIGURE 6.37 Screw connection for t2/t1� 1.0.

t1

t2

Tilting
Bearing
Bearing

N/A
Pns = 2.7 t1dFu1  or
Pns = 2.7 t2dFu2

FIGURE 6.38 Screw connection for t2/t1� 2.5.
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extension. The design methods used in engineering practice are mainly based on the successful

investigation of shear diaphragms and the structural research on shell roof structures.

A folded-plate roof structure consists of three major components. They are (1) steel roof panels,

(2) fold line members at ridges and valleys, and (3) end frame or end walls as shown in Figure 6.39. Steel

roof panels can be designed as simply supported slabs in the transverse direction between fold lines. The

reaction of the panels is then applied to fold lines as a line loading, which can be resolved into two

components parallel to the two adjacent plates. These load components are carried by an inclined deep

girder spanned between end frames or end walls. These deep girders consist of fold line members as

flanges and steel panels as a web element. The longitudinal flange force in fold line members can be

obtained by dividing the bending moment of the deep girder by its depth. The shear force is resisted by

the diaphragm action of the steel roof panels. In addition to the strength, the deflection characteristics of

the folded-plate roof should also be investigated, particularly for long-span structures. In the past, it has

been found that a method similar to the Williot diaphragm for determining truss deflections can also be

used for the prediction of the deflection of a steel folded-plate roof. The in-plane deflection of each

plate should be computed as a sum of the deflections due to flexure, shear, and seam slip, considering the

plate temporarily separated from the adjacent plates. The true displacement of the fold line can then be

determined analytically or graphically by a Williot diagram. The above discussion deals with a simplified

method. The finite-element method can provide a more detailed analysis for various types of loading,

support, and material.

The hyperbolic paraboloid roof has also gained popularity due to the economical use of materials

and its appearance. This type of roof can be built easily with either single-layer or double-layer standard

steel roof deck panels because the hyperbolic paraboloid has straight line generators. Figure 6.40

shows four common types of hyperbolic paraboloid roofs, which may be modified or varied in other

ways to achieve a striking appearance. The method of analysis depends on the curvature of the shell

used for the roof. If the uniformly loaded shell is deep, the membrane theory may be used. For the case

of a shallow shell or a deep shell subjected to unsymmetrical loading, the finite-element method

will provide accurate results. Using the membrane theory, the panel shear for a uniformly loaded

hyperbolic paraboloid roof can be determined by wab/2h, where w is the applied load per unit surface

area, a and b are horizontal projections, and h is the amount of corner depression of the surface. This

panel shear force should be carried by tension and compression framing members. For additional design

information, see Yu [1].

Ridge fold
line member

Clear span
folded plate

Steel ro
of panel sp
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F

End wall

Valley fold
line member

FIGURE 6.39 Folded-plate structure (courtesy of Yu, W.W. 1991).

Cold-Formed Steel Structures 6-49

Copyright 2005 by CRC Press



6.8.4 Wall Stud Assemblies

Cold-formed steel I-, C-, Z-, or box-type studs are widely used in walls with their webs placed per-

pendicular to the wall surface. The walls may be made of different materials, such as fiber board,

lignocellulosic board, plywood, or gypsum board. If the wall material is strong enough and there is

adequate attachment provided between wall material and studs for lateral support of the studs, then the

wall material can contribute to the structural economy by increasing the usable strength of the studs

substantially.

The AISI North American Specification provides the requirements for two types of stud design. The

first type is ‘‘All Steel Design,’’ in which the wall stud is designed as an individual compression member

neglecting the structural contribution of the attached sheathing. The second type is ‘‘Sheathing Braced

Design,’’ in which consideration is given to the bracing action of the sheathing material due to the shear

rigidity and the rotational restraint provided by the sheathing. Both solid and perforated webs are

permitted. The subsequent discussion deals with the sheathing braced design of wall studs.

6.8.4.1 Wall Studs in Compression

The AISI design provisions are used to prevent three possible modes of failure. The first requirement

is for column buckling between fasteners in the plane of the wall (Figure 6.41). For this case, the limit

state may be (1) flexural buckling, (2) torsional buckling, or (3) torsional–flexural buckling depending

on the geometric configuration of the cross-section and the spacing of the fasteners. The nominal

compressive strength is based on the stud itself without considering any interaction with the sheathing

material.

The second requirement is for overall column buckling of wall studs braced by shear diaphragms on

both flanges (Figure 6.42). For this case, the AISI Specification provides equations for calculating

the critical stresses to determine the nominal axial strength by considering the shear rigidity of the

sheathing material. These lengthy equations can be found in Section D4 of the AISI North American

Specification [7].

The third requirement is to prevent shear failure of the sheathing by limiting the shear strain within

the permissible value for a given sheathing material.

6.8.4.2 Wall Studs in Bending

The nominal flexural strength of wall studs is determined by the nominal section strength by using the

‘‘All Steel Design’’ approach and neglecting the structural contribution of the attached sheathing

material.

FIGURE 6.40 Types of hyperbolic paraboloid roofs (courtesy of Yu, W.W. 1991).
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6.8.4.3 Wall Studs with Combined Axial Load and Bending

The AISI interaction equations discussed in Table 6.6 are also applicable to wall studs subjected to

combined axial load and bending with the exception that the nominal flexural strength is evaluated by

excluding lateral–torsional buckling considerations.

6.8.5 Residential Construction

In recent years, cold-formed steel members have been increasingly used in residential construction as

roof trusses, wall framing, and floor systems (Figure 6.43). Because of the lack of standard sections and
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x x
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FIGURE 6.41 Buckling of studs between fasteners (courtesy of Yu, W.W. 1991).
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FIGURE 6.42 Overall column buckling of studs (courtesy of Yu, W.W. 1991).
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design tables, prescriptive standards have been developed by the National Association of Home Builders

Research Center and the Housing and Urban Development. The sectional properties and load-span

design tables for a selected group of C-sections have been calculated in accordance with the AISI

Specification. For the design of cold-formed steel trusses and shear wall using steel studs, design guides

have been published by the American Iron and Steel Institute.

To eliminate regulatory barriers and increase the reliability and cost competitiveness of cold-formed

steel framing through improved design and installation standards, since 1998, the AISI Committee on

Framing Standards has developed and published four new ANSI-accredited consensus standards. These

publications include (1) General Provisions, (2) Truss Design, (3) Header Design, and (4) Prescriptive

Method for One and Two Family Dwellings [25]. Two new standards for Wall Stud Design and Lateral

Resistance Design are being developed by the AISI Committee on Framing Standards at present (2003).

6.8.6 Composite Construction

Cold-formed steel decks have been used successfully in composite roof and floor construction. For this

type of application, the steel deck performs the dual role of serving as a form for the wet concrete during

construction and as positive reinforcements for the slab during service.

As far as the design method for the composite slab is concerned, many designs have been based on the

SDI Specification for composite steel floor deck [24]. This document contains requirements and

recommendations on materials, design, connections, and construction practice. A design handbook is

also available from Steel Deck Institute [49]. Since 1984, the American Society of Civil Engineers has

published a standard specification for the design and construction of composite slabs [30].

When the composite construction is composed of steel beams or girders with cold-formed steel deck,

the design should be based on the AISC Specifications [42,43].

6.9 Computer-Aided Design and Direct Strength Method

The design method discussed in Sections 6.5 and 6.6 deals with the limit states of yielding, local buckling,

and overall buckling of structural members. According to the current edition of the AISI North

American Specification [7] and previous editions of the AISI Specification, the effective width design

approach has been and is being used to determine the structural strength of the member. Because hand

FIGURE 6.43 Steel house using cold-formed members for walls, joists, and trusses.
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calculations are excessively lengthy and difficult for solving complicated problems, a large number of

computer programs have been prepared by many universities and companies for the analysis and design

of cold-formed steel structures. Some of the computer programs can be found on the AISI website at

www.steel.org and the website of Wei-Wen Yu Center for Cold-Formed Steel Structures at www.

umr.edu/�ccfss.

In recent years, the direct strength method has been developed for determining the member strength

[3,50,51]. Instead of using the effective width design approach of individual elements, this method uses

the entire cross-section for elastic buckling determination and incorporates local, distortional, and

overall buckling in the design process. The cross-section elastic buckling solution insures interelement

compatibility and equilibrium at element junctures. Thus, the actual restraining effects of adjoining

elements are taken into account. This new method can be used as a rational engineering analysis as

permitted by section A1.1(b) of the 2001 edition of the AISI North American Specification for the Design

of Cold-Formed Steel Structural Members. For details, see the forthcoming new appendix in the North

American Specification [7,51]. The computer program for the Direct Strength Method can be obtained

from the website at www.ce.jhu.edu/bschafer.

Glossary

ASD (allowable strength design) — A method of proportioning structural components such that the

allowable stress, allowable force, or allowable moment is not exceeded by the required

allowable strength of the component determined by the load effects of all appropriate

combinations of nominal loads. This method is used in the United States and Mexico.

Beam–column — A structural member subjected to combined compressive axial load and bending.

Buckling load — The load at which a compressed element, member, or frame assumes a deflected

position.

Cold-formed steel members — Shapes that are manufactured by press-braking blanks sheared from

sheets, cut lengths of coils or plates, or by roll forming cold- or hot-rolled coils or sheets.

Composite slab — A slab in which the load-carrying capacity is provided by the composite action of

concrete and steel deck (as reinforcement).

Compression members — Structural members whose primary function is to carry concentric loads

along their longitudinal axes.

Design strength — Rn/O, for ASD or fRn for LRFD and LSD (force, moment, as appropriate), provided

by the structural component.

Distorsional buckling — A mode of buckling involving change in cross-sectional shape, excluding local

buckling.

Effective design width — Reduced flat width of an element for design purposes. The reduced design

width is termed the effective width or effective design width.

Effective length — The equivalent length KL used in design equations.

Factor of safety — A ratio of the stress (or strength) at incipient failure to the computed stress (or

strength) at design load (or service load).

Flat width to thickness ratio — The flat width of an element measured along its plane, divided by its

thickness.

Flexural members (beams) — Structural members whose primary function is to carry transverse loads

or moments.

Limit state — A condition in which a structure or component becomes unsafe (strength limit state) or

no longer useful for its intended function (serviceability limit state).

Load factor — A factor that accounts for unavoidable deviations of the actual load from the

nominal load.

Local buckling — Buckling of elements only within a section, where the line junctions between elements

remain straight and angles between elements do not change.
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LRFD (load and resistance factor design) — A method of proportioning structural components such

that no applicable limit state is exceeded when the structure is subjected to all appropriate load

combinations of factored loads. This method is used in the United States and Mexico.

LSD (limit states design) — A method of proportioning structural components such that no applicable

limit state is exceeded when the structure is subjected to all appropriate load combinations of

factored loads. This method is used in Canada.

Multiple-stiffened elements — An element that is stiffened between webs, or between a web and a

stiffened edge, by means of intermediate stiffeners that are parallel to the direction of stress.

A subelement is the portion between adjacent stiffeners or between web and intermediate

stiffener or between edge and intermediate stiffener.

Nominal loads — The loads specified by the applicable code not including load factors.

Nominal strength — The capacity of a structure or component to resist the effects of loads, as deter-

mined by computations using specified material strengths and dimensions with equations

derived from accepted principles of structural mechanics or by tests of scaled models, allowing

for modeling effects and differences between laboratory and field conditions.

Point-symmetric section — A point-symmetric section is a section symmetrical about a point

(centroid) such as a Z-section having equal flanges.

Required strength — Load effect (force, moment, as appropriate) acting on the structural component

determined by structural analysis from the factored loads for LRFD and LSD or nominal loads

for ASD (using the most appropriate critical load combinations).

Resistance factor — A factor that accounts for unavoidable deviations of the actual strength from the

nominal value.

Stiffened or partially stiffened compression elements — A stiffened or partially stiffened compression

element is a flat compression element of which both edges parallel to the direction of stress are

stiffened by a web, flange, stiffening lip, intermediate stiffener, or the like.

Stress — Stress as used in this chapter means force per unit area and is expressed in ksi (kips per square

inch) for U.S. customary units, MPa for SI units, and kg/cm2 for the MKS system.

Tensile strength — Maximum stress reached in a tension test.

Thickness — The thickness of any element or section should be the base steel thickness, exclusive of

coatings.

Torsional–flexural buckling — A mode of buckling in which compression members can bend and twist

simultaneously without change in cross-sectional shape.

Unstiffened compression elements — A flat compression element that is stiffened at only one edge

parallel to the direction of stress.

Yield point — Yield point as used in this chapter means either yield point or yield strength of steel.
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7.1 Introduction

Reinforced concrete is a composite material. A lattice or cage of steel bars is embedded in a matrix

of Portland cement concrete (see Figure 7.1). The specified compressive strength of the concrete typi-

cally ranges from 3,000 to 10,000 psi. The specified yield strength of the reinforcing steel is normally

60,000 psi. Reinforcement bar sizes range from 3
8

to 21
4

in. in diameter (see Table 7.1). The steel rein-

forcement bars are manufactured with lugs or protrusion to ensure a strong bond between the steel and

concrete for composite action. The placement location of the steel reinforcement within the concrete is

specified by the concrete cover, which is the clear distance between the surface of the concrete and the

reinforcement. Steel bars may be bent or hooked.

The construction of a reinforced concrete structural element requires molds or forms usually made of

wood or steel supported on temporary shores or falsework (see Photo 7.1). The reinforcement bars are

typically cut, bent, and wired together into a mat or cage before they are positioned into the forms. To

maintain the specified clear cover, devices such as bar chairs or small blocks are used to support the

rebars. Concrete placed into the forms must be vibrated well to remove air pockets. After placement,

exposed concrete surfaces are toweled and finished, and sufficient time must be allowed for the concrete

to set and cure to reach the desired strength.

The key structural design concept of reinforced concrete is the placement of steel in regions in the

concrete where tension is expected. Although concrete is relatively strong in compression, it is weak in

tension. Its tensile cracking strength is approximately 10% of its compressive strength. To overcome this

weakness, steel reinforcement is used to resist tension; otherwise, the structure will crack excessively and

may fail. This strategic combination of steel and concrete results in a composite material that has high

strength and retains the versatility and economic advantages of concrete.

To construct concrete structures of even greater structural strength, very high-strength steel, such as

Grade 270 strands, may be used instead of Grade 60 reinforcement bars. However, the high strength

levels of Grade 270 steel is attained at high strain levels. Therefore, for this type of steel to work effectively

with concrete, the high-strength strands must be prestrained or prestressed. This type of structure is

PHOTO 7.1 A 30-story reinforced concrete building under construction. The Pacific Park Plaza is one of the

largest reinforced concrete structures in the San Francisco Bay area. It survived the October 17, 1989, Loma Prieta

earthquake without damage. Instrumentation in the building recorded peak horizontal accelerations of 0.22g at the

base and 0.39g at the top of the building (courtesy of Mr. James Tai, T.Y. International, San Francisco).
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referred to as prestressed concrete. Prestressed concrete is considered an extension of reinforced concrete,

but it has many distinct features. It is not the subject of this chapter.

7.2 Design Codes

The primary design code for reinforced concrete structures in U.S. design practice is given by

the American Concrete Institute (ACI) 318. The latest edition of this code is dated 2002 and is the main

reference of this chapter. Most local and state jurisdictions, as well as many national organizations, have

FIGURE 7.1 Reinforced concrete structure.

TABLE 7.1 Reinforcing Bar Properties

Nominal properties

Bar size Diameter (in.) Area (in.2) Weight (lb/ft)

3 0.375 0.11 0.376

4 0.500 0.20 0.668

5 0.625 0.31 1.043

6 0.750 0.44 1.502

7 0.875 0.60 2.044

8 1.000 0.79 2.670

9 1.128 1.00 3.400

10 1.270 1.27 4.303

11 1.410 1.56 5.313

14 1.693 2.25 7.650

18 2.257 4.00 13.600

Note: Yield stress of ASTM 615 Grade 60 bar¼ 60,000 psi; modulus of elasticity of

reinforcing steel¼ 29,000,000 psi.
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adopted ACI 318 for the coverage of reinforced concrete in their design codes. There may be minor

changes or additions. The ACI code is incorporated into International Building Code (IBC), as well as

the bridge design codes of the American Association of State Highway and Transportation Officials

(AASHTO). The ACI Code is recognized internationally; design concepts and provision adopted by

other countries are similar to those found in ACI 318.

7.3 Material Properties

With respect to structural design, the most important property of concrete that must be specified by the

structural designer is the compressive strength. The typical compressive strength specified, f 0c, is one

between 3000 and 8000 psi. For steel reinforcement, Grade 60 (American Society for Testing and

Materials [ASTM] A615), with specified yield strength fy¼ 60,000 psi, has become the industry standard

in the United States and is widely available (see Photo 7.2). Material properties of concrete relevant for

structural design practice are given in Table 7.2.

TABLE 7.2 Concrete Properties

Concrete

strength f 0c (psi)

Modulus of elasticity,

57,000
p

f 0c (psi)

Modulus of rupture,

7.5
p

f 0c (psi)

One-way, shear baseline,

2
p

f 0c (psi)

Two-way, shear baseline,

4
p

f 0c (psi)

3000 3,122,019 411 110 219

4000 3,604,997 474 126 253

5000 4,030,509 530 141 283

6000 4,415,201 581 155 310

7000 4,768,962 627 167 335

8000 5,098,235 671 179 358

Note: Typical range of normal-weight concrete¼ 145 to 155 pcf; typical range of lightweight concrete¼ 90 to 120 pcf.

PHOTO 7.2 Installation of reinforcing bars in the Pacific Park Plaza building (courtesy of Mr. James Tai,

T.Y. International, San Francisco).
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7.4 Design Objectives

For reinforced concrete structures, the design objectives of the structural engineer typically consist of the

following:

1. To configure a workable and economical structural system. This involves the selection of the

appropriate structural types and laying out the locations and arrangement of structural elements

such as columns and beams.

2. To select structural dimensions, depth and width, of individual members, and the concrete cover.

3. To determine the required reinforcement, both longitudinal and transverse.

4. Detailing of reinforcement such as development lengths, hooks, and bends.

5. To satisfy serviceability requirements such as deflections and crack widths.

7.5 Design Criteria

In achieving the design objectives, there are four general design criteria of SAFE that must be satisfied:

1. Safety, strength, and stability. Structural systems and member must be designed with sufficient

margin of safety against failure.

2. Aesthetics. Aesthetics include such considerations as shape, geometrical proportions, symmetry,

surface texture, and articulation. These are especially important for structures of high visibility

such as signature buildings and bridges. The structural engineer must work in close coordination

with planners, architects, other design professionals, and the affected community in guiding them

on the structural and construction consequences of decisions derived from aesthetical

considerations.

3. Functional requirements. A structure must always be designed to serve its intended function as

specified by the project requirements. Constructability is a major part of the functional

requirement. A structural design must be practical and economical to build.

4. Economy. Structures must be designed and built within the target budget of the project.

For reinforced concrete structures, economical design is usually not achieved by minimizing

the amount of concrete and reinforcement quantities. A large part of the construction cost

are the costs of labor, formwork, and falsework. Therefore, designs that replicate member

sizes and simplify reinforcement placement to result in easier and faster construction will

usually result in being more economical than a design that achieves minimum material

quantities.

7.6 Design Process

Reinforced concrete design is often an iterative trial-and-error process and involves the judgment of the

designer. Every project is unique. The design process for reinforced concrete structures typically consists

of the following steps:

1. Configure the structural system.

2. Determine design data: design loads, design criteria, and specifications. Specify material

properties.

3. Make a first estimate of member sizes, for example, based on rule-of-thumb ratios for deflection

control in addition to functional or aesthetic requirements.

4. Calculate member cross-sectional properties; perform structural analysis to obtain internal force

demands: moment, axial force, shear force, and torsion. Review magnitudes of deflections.

5. Calculate the required longitudinal reinforcement based on moment and axial force demands.

Calculate the required transverse reinforcement from the shear and torsional moment demands.
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6. If members do not satisfy the SAFE criteria (see previous section), modify the design and make

changes to steps 1 and 3.

7. Complete the detailed evaluation of member design to include additional load cases and

combinations, and strength and serviceability requirements required by code and specifications.

8. Detail reinforcement. Develop design drawings, notes, and construction specifications.

7.7 Modeling of Reinforced Concrete for Structural Analysis

After a basic structural system is configured, member sizes selected, and loads determined, the

structure is analyzed to obtain internal force demands. For simple structures, analysis by hand

calculations or approximate methods would suffice (see Section 7.8); otherwise, structural analysis

software may be used. For most reinforced concrete structures, a linear elastic analysis, assuming

the gross moment of inertia of cross-sections and neglecting the steel reinforcement area, will

provide results of sufficient accuracy for design purposes. The final design will generally be con-

servative even though the analysis does not reflect the actual nonlinear structural behavior because

member design is based on ultimate strength design and the ductility of reinforced concrete enables

force redistributions (see Sections 7.9 and 7.11). Refined modeling using nonlinear analysis is

generally not necessary unless it is a special type of structure under severe loading situations like

high seismic forces.

For structural modeling, the concrete modulus Ec given in Table 7.2 can be used for input. When the

ends of beam and column members are cast together, the rigid end zone modeling option should be

selected since its influence is often significant. Reinforced concrete floor systems should be modeled as

rigid diaphragms by master slaving the nodes on a common floor. Tall walls or cores can be modeled as

column elements. Squat walls should be modeled as plate or shear wall elements. If foundation con-

ditions and soil conditions are exceptional, then the foundation system will need more refined modeling.

Otherwise, the structural model can be assumed to be fixed to the ground. For large reinforced concrete

systems or when geometrical control is important, the effects of creep and shrinkage and construction

staging should be incorporated in the analysis.

If slender columns are present in the structure, a second-order analysis should be carried out that

takes into account cracking by using reduced or effective cross-sectional properties (see Table 7.3 and

Section 7.14). If a refined model and nonlinear analysis is called for, then the moment curvature analysis

results will be needed for input into the computer analysis (see Section 7.10).

7.8 Approximate Analysis of Continuous Beams and
One-Way Slabs

Under typical conditions, for continuous beams and one-way slabs with more than two spans the

approximate moment and shear values given in Figure 7.2 may be used in lieu of more accurate analysis

methods. These values are from ACI 8.3.3.

TABLE 7.3 Suggested Effective Member Properties for Analysis

Member Effective moment of inertia for analysis

Beam 0.35Ig

Column 0.70Ig

Wall — uncracked 0.70Ig

Wall — cracked 0.35Ig

Flat plates and flat slabs 0.25Ig

Note: Ig is the gross uncracked moment of inertia. Use gross areas for

input of cross-sectional areas.

7-6 Handbook of Structural Engineering

Copyright 2005 by CRC Press



7.9 Moment Redistribution

The moment values of a continuous beam obtained from structural analysis may be adjusted or redis-

tributed according to guidelines set by ACI 8.4. Negative moment can be adjusted down or up, but

not more than 1000et or 20% (see Notation section for et). After the negative moments are adjusted in a

span, the positive moment must also be adjusted to maintain the statical equilibrium of the span (see

Section 7.13.12). Redistribution of moment is permitted to account for the ductile behavior of rein-

forcement concrete members.

7.10 Second-Order Analysis Guidelines

When a refined second-order analysis becomes necessary, as in the case where columns are slender,

ACI 10.10.1 places a number of requirements on the analysis.

1. The analysis software should have been validated with test results of indeterminate structures and

the predicted ultimate load within 15% of the test results.

2
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FIGURE 7.2 Approximate moment and shear of continuous beams or one-way slabs (ACI 8.3.3).
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2. The cross-section dimensions used in the analysis model must be within 10% of the dimensions

shown in the design drawings.

3. The analysis should be based on factored loads.

4. The analysis must consider the material and geometrical nonlinearity of the structure, as well as

the influence of cracking.

5. The effects of long-term effects, such as creep shrinkage and temperature effects, need to be

assessed.

6. The effect of foundation settlement and soil–structure interaction needs to be evaluated.

A number of commercial software are available that meet the first requirement. If the second

requirement is not met, the analysis must be carried out a second time. For the fourth requirement,

the moment–curvature or moment–rotation curves need to be developed for the members to provide

the accurate results. Alternatively, the code permits approximating the nonlinear effects by using the

effective moment of inertias given in Table 7.3. Under the long-term influences of creep and shrinkage,

and for stability checks, the effective moment of inertia needs to be further reduced by dividing it by

(1þbd).

7.11 Moment–Curvature Relationship of Reinforced
Concrete Members

Member curvature f can be defined as rotation per unit length. It is related to the applied

moment M and the section stiffness by the relationship EI¼M/f. A typical moment–curvature

diagram of a reinforced concrete beam is shown in Figure 7.3. The reduction in slope of the curve

(EI) is the result of concrete cracking and steel yielding. The moment–curvature relationship is a

basic parameter of deformation. This information is needed for input if a nonlinear analysis is carried

out. For an unconfined reinforced concrete beam section, the point of first cracking is usually

First crack

First yield of steel

Mu

My

Mcr

�cr �y �uCurvature �

FIGURE 7.3 Typical moment–curvature diagram of a reinforced concrete beam.
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neglected for input; the curvature points of first yield fy and ultimate fu are calculated from the

following formulas:

fy ¼
fy=Es

dð1� kÞ ð7:1Þ

where

k ¼ ðrþ r0Þ2n2 þ 2 rþ r0d0

d

� �
n

� �1=2

�ðrþ r0Þn ð7:2Þ

At ultimate

fu ¼
0:85b1Esf

0
c

f 2
y ðr� r0Þ ec 1þ ðrþ r0Þn� ðrþ r0Þ2n2 þ 2 rþ r0d0

d

� �
n

� �1=2
( )

ð7:3Þ

The concrete strain at ultimate ec is usually assumed to be a value between 0.003 and 0.004 for

unconfined concrete. Software is available to obtain more refined moment–curvature relationships and

to include other variables. If the concrete is considered confined, then an enhanced concrete stress–strain

relationship may be adopted. For column members, the strain compatibility analysis must consider the

axial load.

7.12 Member Design for Strength

7.12.1 Ultimate Strength Design

The main requirement of structural design is for the structural capacity, SC, to be equal to or greater than

the structural demand, SD:

SC 	 SD

Modification factors are included in each side of the equation. The structural capacity SC is equal to the

nominal strength Fn multiplied by a capacity reduction safety factor f:

SC ¼ fFn

The nominal strength Fn is the internal ultimate strength at that section of the member. It is usually

calculated by the designer according to formulas derived from the theory of mechanics and strength of

materials. These strength formulas have been verified and calibrated with experimental testing. They are

generally expressed as a function of the cross-section geometry and specified material strengths. There

are four types of internal strengths: nominal moment Mn, shear Vn, axial Pn, and torsional moment Tn.

The capacity reduction safety factor f accounts for uncertainties in the theoretical formulas, empirical

data, and construction tolerances. The f factor values specified by ACI are listed in Table 7.4.

The structural demand, SD, is the internal force (moment, shear, axial, or torsion) at the section of the

member resulting from the loads on the structure. The structural demand is usually obtained by carrying

out a structural analysis of the structure using hand, approximate methods, or computer software. Loads

to be input are specified by the design codes and the project specifications and normally include dead,

live, wind, and earthquake loads. Design codes such and ACI, IBC, and AASHTO also specify the values

of safety factors that should be multiplied with the specified loads and how different types of loads should

be combined (i.e., SD¼ 1.2Deadþ 1.6Live). ACI load factors and combinations are listed in Table 7.5.

Combining the two equations above, a direct relationship between the nominal strength Fn and the

structural demand SD can be obtained

Fn 	 SD=f ð7:4Þ

This relationship is convenient because the main design variables, such as reinforcement area, which

are usually expressed in terms Fn, can be related directly to the results of the structural analysis.
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7.12.2 Beam Design

The main design steps for beam design and the formulas for determining beam capacity are outlined

in the following.

7.12.2.1 Estimate Beam Size and Cover

Table 7.6 may be referenced for selecting a beam thickness. For practical construction, the minimum

width of a beam is about 12 in. Economical designs are generally provided when the beam width to

thickness ratio falls in the range of 1
2

to 1. Minimum concrete covers are listed in Table 7.7 and typically

should not be less than 1.5 in.

7.12.2.2 Moment Capacity

Taking a beam segment, flexural bending induces a force couple (see Figure 7.4). Internal tension NT is

carried by the reinforcement (the tensile strength of concrete is low and its tension carrying capacity is

neglected). Reinforcement at the ultimate state is required to yield, hence

NT ¼ Asfy ð7:5Þ
At the opposite side of the beam, internal compression force NC is carried by the concrete. Assuming

a simplified rectangular stress block for concrete (uniform stress of 0.85f 0c),

NC ¼ 0:85f 0c ab ð7:6Þ
To satisfy equilibrium, internal tension must be equal to internal compression, NC¼NT. Hence, the

depth of the rectangular concrete stress block a can be expressed as

a ¼ Asfy

0:85f 0c b
ð7:7Þ

TABLE 7.4 ACI Strength Reduction Factors f

Nominal strength condition Strength reduction factor f

Flexure (tension-controlled) 0.90

Compression-controlled (columns)

Spiral transverse reinforcement 0.70a

Other transverse reinforcement 0.65a

Shear and torsion 0.75

Bearing on concrete 0.65

Structural plain concrete 0.55

a f is permitted to be linearly increased to 0.90 as the tensile strain in the extreme steel

increases from the compression-controlled strain of 0.005.

Note: Under seismic conditions strength reduction factors may require modifications.

TABLE 7.5 ACI Load Factors

Load case Structurals demand SD or (required strength U)

1 1.4(Dþ F)

2 1.2(Dþ FþT)þ 1.6(LþH)þ 0.5(Lr or S or R)

3 1.2Dþ 1.6(Lr or S or R)þ (1.0L or 0.8W)

4 1.2Dþ 1.6Wþ 1.0Lþ 0.5(Lr or S or R)

5 1.2Dþ 1.0Eþ 1.0Lþ 0.2S

6 0.9Dþ 1.6Wþ 1.6H

7 0.9Dþ 1.0Eþ 1.6H

Note: D is the dead load, or related internal moments and forces, E is the seismic

load, F is the weight and pressure of well-defined fluids, H is the weight and pressure of

soils, water in soil, or other materials, L is the live load, Lr is the roof live load, R is the

rain load, S is the snow load, T is the time-dependent load (temperature, creep,

shrinkage, differential settlement, etc.), and W is the wind load.
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The moment capacity of the beam section fMn may be expressed as the tension force multiplied by

the moment arm of the force couple.

fMn ¼ fAsfy d � a

2

� �
ð7:8Þ

The strength reduction factor for flexure f is 0.9.

7.12.2.3 Determination of Required Flexural Reinforcement Area

The maximum moment demand is determined from the structural analysis of the structure under the

specified loads and load combinations, Mu. The nominal moment capacity Mn that the cross-section

must supply is therefore

Mn ¼ Mu=f ð7:9Þ

The beam cross-section dimensions, width b and thickness h, would be determined first or a first trial

selected; the depth of the beam to the centroid of the tension reinforcement can be estimated by

d¼ h� concrete cover� stirrup diameter� tension reinforcement bar radius (7.10)

A reasonable size of the stirrup and reinforcement bar can be assumed, if not known (a No. 4 or No. 5

bar size for stirrups is reasonable).

TABLE 7.6 Minimum Depth of Beams

Minimum thickness, h

Support condition (L¼ span length)

Member Simply supported One end continuous Both ends continuous Cantilever

Beams or one-way

joists

L/16 L/18.5 L/21 L/8

One-way slabs L/20 L/24 L/28 L/10

Notes:

1. Applicable to normal-weight concrete members reinforced with Grade 60 steel and members not supported

or attached to partitions or other construction likely to be damaged by large deflection.

2. For reinforcement fy other than 60,000 psi, the h values above should be multiplied by (0.4þ fy/100,000).

3. For lightweight concrete of weight Wc (pcf), the h values above should be multiplied by (1.65 – 0.005Wc),

but should not be less than 1.09.

TABLE 7.7 Minimum Concrete Cover

Exposure condition and member type Minimum cover (in.)

Concrete not exposed to weather or in contact with ground

Beams, columns 11
2

Slabs, joist, walls

No. 11 bar and smaller 3
4

No. 14 and No. 18 bars 11
2

Concrete exposed to weather or earth

No. 5 bar and smaller 11
2

No. 6 through No. 18 bars 2

Concrete cast against and permanently exposed to earth 3
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Rearranging the moment capacity equations presented in the previous section, the required flexural

reinforcement is obtained by solving for As

As ¼
Mn

fy d � 1
2

Asfy=0:85f 0c b
	 
	 
 ð7:11Þ

The required tension reinforcement area As is obtained from the quadratic expression

As ¼
fyd 


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fyd
	 
2� 4MnKm

q
2Km

ð7:12Þ

where Km is a material constant:

Km ¼
f 2
y

1:7f 0c b
ð7:13Þ

Then, the sizes and quantity of bars are selected. Minimum requirements for reinforcement area and

spacing must be satisfied (see the next two sections).

7.12.2.4 Limits on Flexural Reinforcement Area

1. Minimum reinforcement area for beams:

As,min ¼
3
ffiffiffiffi
f 0c

p
fy

bwd 	 200bwd=fy ð7:14Þ

2. Maximum reinforcement for beams: The maximum reinforcement As must satisfy the require-

ment that the net tensile strain et (extreme fiber strain less effects of creep, shrinkage, and

temperature) is not less than 0.004. The net tensile strain is solved from the compatibility of strain

(see Figure 7.4).

et ¼ 0:003
d � c

c
ð7:15Þ

The neutral axis location c is related to the depth of the compression stress block a by the

relationship (ACI 10.2.7.3)

c ¼ a=b1 ð7:16Þ

The factor b1 is dependent on the concrete strength as shown in Figure 7.5.

7.12.2.5 Detailing of Longitudinal Reinforcement

Clear spacing between parallel bars should be large enough to permit the coarse aggregate to pass through

to avoid honeycombing. The minimum clear spacing should be db, but it should not be less than 1 in.

For crack control, center-to-center spacing of bars should not exceed

540

fs

� 2:5cc �
432

fs

ð7:17Þ

where fs (in ksi) is the stress in the reinforcement at service load, which may be assumed to be 60% of the

specified yields strength. Typically, the maximum spacing between bars is about 10 in. The maximum

bar spacing rule ensures that crack widths fall below approximately 0.016 in. For very aggressive exposure

environments, additional measures should be considered to guard against corrosion, such as reduced

concrete permeability, increased cover, or application of sealants.

If the depth of the beam is large, greater than 36 in., additional reinforcement should be placed at the

side faces of the tension zone to control cracking. The amount of skin reinforcement to add need not

exceed one half of the flexural tensile reinforcement and it should be spread out for a distance d/2. The

spacing of the skin reinforcement need not exceed d/6, 12 in., and 1000Ab/(d� 30).
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To ease reinforcement cage fabrication, a minimum of two top and two bottom bars should run

continuously through the span of the beam. These bars hold up the transverse reinforcement (stir-

rups). At least one fourth of all bottom (positive) reinforcement should run continuously. If moment

reversal is expected at the beam–column connection, that is, stress reversal from compression to

tension, bottom bars must be adequately anchored into the column support to develop the yield

strength.

The remaining top and bottom bars may be cut short. However, it is generally undesirable to cut bars

within the tension zone (it causes loss of shear strength and ductility). It is good practice to run bars well

into the compression zone, at least a distance d, 12db or ln/16 beyond the point of inflection (PI) (see

Figure 7.6). Cut bars must also be at least one development length ld in length measured from each side

of their critical sections, which are typically the point of peak moment where the yield strength must be

developed. See Section 7.17 for development lengths.

To achieve structural integrity of the structural system, beams located at the perimeter of the structure

should have minimum continuous reinforcement that ties the structure together to enhance stability,

redundancy, and ductile behavior. Around the perimeter at least one sixth of the top (negative) long-

itudinal reinforcement at the support and one quarter of the bottom (positive) reinforcement should be

made continuous and tied with closed stirrups (or open stirrups with minimum 135� hooks). Class A

splices may be used to achieve continuity. Top bars should be spliced at the midspan, bottom bars at or

near the support.

7.12.2.6 Beams with Compression Reinforcement

Reinforcement on the compression side of the cross-section (see Figure 7.4) usually does not increase in

flexural capacity significantly, typically less than 5%, and for most design purposes its contribution to
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FIGURE 7.5 Relation between b1 and concrete strength.

7-14 Handbook of Structural Engineering

Copyright 2005 by CRC Press



strength can be neglected. The moment capacity equation considering the compression reinforcement

area A0s located at a distance d 0 from the compression fiber is

fMn ¼ A0sfyðd � d0Þ þ ðAs � A0sÞfy d � a

2

� �
ð7:18Þ

where

a ¼ ½As � A0sð1� 0:85f 0c =fyÞ�fy

0:85f 0c b
ð7:19Þ

The above expressions assume the compression steel yield, which is typically the case (compression steel

quantity is not high). For the nonyielding case, the stress in the steel needs to be determined by a stress–

strain compatibility analysis.

Despite its small influence on strength, compression reinforcement serves a number of useful

serviceability functions. It is needed for supporting the transverse shear reinforcement in the fabri-

cation of the steel cage. It helps to reduce deflections and long-term creep, and it enhances ductile

performance.
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FIGURE 7.6 Typical reinforcement cutoffs for continuous beam.
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7.12.2.7 Shear Capacity of Beams

Shear design generally follows after flexural design. The shear capacity fVn of a beam consists of

two parts: (1) the shear provided by the concrete itself Vc and (2) that provided by the transverse

reinforcement Vs.

fVn ¼ fðVc þ VsÞ ð7:20Þ
The strength reduction factor f for shear is 0.85. The nominal shear capacity of the concrete may be

taken as the simple expression

Vc ¼ 2
ffiffiffiffi
f 0c

p
bwd ð7:21aÞ

which is in pound and inch units. An alternative empirical formula that allows a higher concrete shear

capacity is

Vc ¼ 1:9
ffiffiffiffi
f 0c

p
þ 2500rw

Vud

Mu

� �
bwd � 3:5

ffiffiffiffi
f 0c

p
bwd ð7:21bÞ

where Mu is the factored moment occurring simultaneously with Vu at the beam section being checked.

The quantity Vud/Mu should not be taken greater than 1.0.

Transverse shear reinforcements are generally of the following types (see Figure 7.7): stirrups, closed

hoops, spirals, or circular ties. In addition, welded wire fabric, inclined stirrups, or longitudinal bars

bent at an angle may be used. For shear reinforcement aligned perpendicular to the longitudinal

reinforcement, the shear capacity provided by transverse reinforcement is

Vs ¼
Avfyd

s
� 8

ffiffiffiffi
f 0c

p
bwd ð7:22aÞ

When spirals or circular ties or hoops are used with this formula, d should be taken as 0.8 times the

diameter of the concrete cross-section, and Av should be taken as two times the bar area.

When transverse reinforcement is inclined at an angle a with respect to the longitudinal axis of the

beam, the transverse reinforcement shear capacity becomes

Vs ¼
Avfyðsin ai þ cos aiÞd

s
� 8

ffiffiffiffi
f 0c

p
bwd ð7:22bÞ

Stirrups

LAP
Hoops

Spiral

FIGURE 7.7 Typical types of transverse reinforcement.
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The shear formulas presented above were derived empirically, and their validity has also been tested

by many years of design practice. A more rational design approach for shear is the strut-and-tie

model, which is given as an alternative design method in ACI Appendix A. Shear designs following the

strut-and-tie approach, however, often result in designs requiring more transverse reinforcement steel

since the shear transfer ability of concrete is neglected.

7.12.2.8 Determination of Required Shear Reinforcement Quantities

The shear capacity must be greater than the shear demand Vu, which is based on the structural analysis

results under the specified loads and governing load combination

fVn 	 Vu ð7:23Þ

Since the beam cross-section dimensions bw and d would usually have been selected by flexural design

beforehand or governed by functional or architectural requirements, the shear capacity provided by the

concrete Vc can be calculated by Equations 7.21a or 7.21b. From the above equations, the required shear

capacity to be provided by shear reinforcement must satisfy the following:

Vs 	
Vu

f
� Vc ð7:24Þ

Inserting Vs from this equation into Equation 7.22a, the required spacing and bar area of the shear

reinforcement (aligned perpendicular to the longitudinal reinforcement) must satisfy the following:

s

Av

� fyd

Vs

ð7:25Þ

For ease of fabrication and bending, a bar size in the range of No. 4 to No. 6 is selected, then

the required spacing s along the length of the beam is determined, usually rounded down to the

nearest 1
2

in.

In theory, the above shear design procedure can be carried out at every section along the beam. In

practice, a conservative approach is taken and shear design is carried out at only one or two locations

of maximum shear, typically at the ends of the beam, and the same reinforcement spacing s is

adopted for the rest of the beam. Where the beam ends are cast integrally or supported by a column,

beam, wall, or support element that introduces a region of concentrated compression, the maximum

value of the shear demand need not be taken at the face of the support, but at a distance d away (see

Figure 7.8).

Transverse reinforcement in the form of closed stirrups is preferred for better ductile performance and

structural integrity. For beams located at the perimeter of the structure, ACI requires closed stirrups (or

open stirrups within minimum 135� hooks). In interior beams, if closed stirrups are not provided, at

least one quarter of the bottom (positive) longitudinal reinforcement at midspan should be made

continuous over the support, or at the end support, detailed with a standard hook.

7.12.2.8.1 Minimum Shear Reinforcement and Spacing Limits

After the shear reinforcement and spacing are selected they should be checked against minimum

requirements. The minimum shear reinforcement required is

Avmin ¼ 0:75
ffiffiffiffi
f 0c

p bws

f
	 50bws

fy

ð7:26Þ

This minimum shear area applies in the beam where Vu	 fV2/2. It does not apply to slabs, footings, and

concrete joists. The transverse reinforcement spacing s should not exceed d/2 nor 24 in. These spacing

limits become d/4 and 12 in. when Vs exceeds 4
ffiffiffiffi
f 0c

p
bwd.

When significant torsion exists, additional shear reinforcement may be needed to resist torsion. This is

covered in Section 7.16.
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7.12.2.8.2 Modifications for High-Strength and Lightweight Concretes

For concretes with compressive strengths greater than 10,000 psi, the values of
ffiffiffiffi
f 0c

p
in all the shear

capacity and design equations above should not exceed 100 psi. For lightweight concretes,
ffiffiffiffi
f 0c

p
should be

multiplied by 0.75 for all-lightweight concrete, or 0.85 for sand-lightweight concrete. If the tensile

strength fct of the concrete is specified,
ffiffiffiffi
f 0c

p
may be substituted by fct/6.7, but should not be greater

than
ffiffiffiffi
f 0c

p
.

7.12.2.9 Detailing of Transverse Reinforcement

Transverse reinforcement should extend close to the compression face of a member, as far as cover

allows, because at ultimate state deep cracks may cause loss of anchorage. Stirrup should be hooked

around a longitudinal bar by a standard stirrup hoop (see Figure 7.9). It is preferable to use transverse

reinforcement size No. 5 or smaller. It is more difficult to bend a No. 6 or larger bar tightly around a

longitudinal bar. For transverse reinforcement sizes No. 6, No. 7, and No. 8, a standard stirrup hook

must be accompanied by a minimum embedment length of 0:014dbfy=
ffiffiffiffi
f 0c

p
measured between the

midheight of the member and the outside end of the hook.

7.12.3 One-Way Slab Design

When the load normal to the surface of a slab is transferred to the supports primarily in one major

direction, the slab is referred to as a one-way slab. For a slab panel supported on all four edges, one-way

action occurs when the aspect ratio, the ratio of its long-to-short span length, is greater than 2. Under

one-way action, the moment diagram remains essentially constant across the width of the slab. Hence,

the design procedure of a one-way slab can be approached by visualizing the slab as an assembly of the

same beam strip of unit width. This beam strip can be designed using the same design steps and formulas

presented in the previous section for regular rectangular beams.

The required cover for one-way slab is less than for beams, typically 3
4

in. The internal forces in one-

way slabs are usually lower, so smaller bar sizes are used. The design may be controlled by the minimum

temperature and shrinkage reinforcement. Shear is rarely a controlling factor for one-way slab design.

Transverse reinforcement is difficult to install in one-way slabs. It is more economical to thicken or

haunch the slab.

Compression support

d

Theoretical
shear diagram

Vu

d d

Vu

Vu

Column

Maximum
design shear

FIGURE 7.8 Typical support conditions for locating factored shear force Vu.
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7.12.3.1 Shrinkage and Temperature Reinforcement (ACI 7.12)

For Grade 60 reinforcement, the area of shrinkage and temperature reinforcement should be 0.0018

times the gross concrete area of the slab. Bars should not be spaced farther than five times the slab

thickness or 18 in. The shrinkage and temperature requirements apply in both directions of the slab, and

the reinforcement must be detailed with adequate development length where yielding is expected.

7.12.4 T-Beam Design

Where a slab is cast integrally with a beam, the combined cross-section acts compositely (see Figure 7.10).

The design of T-beam differs from that of a rectangular beam only in the positive moment region, where

part of the internal compression force occurs in the slab portion. The design procedures and formulas

for T-beam design are the same as for rectangular beams, except for the substitution of b in the equations

with an effective width beff at positive moment sections. The determination of beff is given in Figure 7.10.

The effective width beff takes into account the participation of the slab in resisting compression. In the

rare case where the depth of the compression stress block a exceeds the slab thickness, a general stress–

strain compatibility analysis would be required. For shear design the cross-section width should be taken

as the width of the web bw.

7.12.4.1 Requirements for T-Beam Flanges

If the T-beam is an isolated beam and the flanges are used to provide additional compression area, the

flange thickness should be not less than one half the width of the web and the effective flange width not

more than four times the width of the web. For a slab that forms part of the T-beam flange and if the slab

primary flexural reinforcement runs parallel to the T-beam, adequate transverse reinforcement needs

Develop fy stress here

db Bar diameter

db Bar diameter

Critical
section 12

d b

Ta
il

4db or
2.5 in. min

ldh

4db

5db

6db

Bending radius

Tail No. 3 through No. 8 bar

No. 9 through No. 11 bar

No. 14 through No. 18 bar

180° Hook

90° Hook

FIGURE 7.9 Standard hooked bar details.
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to be provided in the slab by treating the flange as a cantilever. The full cantilevering length is taken

for an isolated T-beam; otherwise, the effective flange length is taken.

7.12.5 One-Way Joist Design

A one-way joist floor system consists of a series of closely spaced T-beams (see Figure 7.11). The ribs of

joists should not be less than 4 in. in width and should have a depth not more than 3.5 times the

minimum width of the rib. Flexural reinforcement is determined by T-section design. The concrete ribs

normally have sufficient shear capacity so that shear reinforcement is not necessary. A 10% increase is

allowed in the concrete shear capacity calculation, Vc, if the clear spacing of the ribs does not exceed

30 in. Alternatively, higher shear capacity can be obtained by thickening the rib at the ends of the joist

where the high shear demand occurs. If shear reinforcements are added, they are normally in the form

of single-leg stirrups. The concrete forms or fillers that form the joists may be left in place; their vertical

stems can be considered part of the permanent joist design if their compressive strength is at least equal

to the joist. The slab thickness over the permanent forms should not be less than 1
12

of the clear distance

between ribs or less than 1.5 in. Minimum shrinkage and temperature reinforcement need to be

provided in the slab over the joist stems. For structural integrity, at least one bottom bar in the joist

should be continuous or spliced with a Class A tension splice (see Section 7.17) over continuous

supports. At discontinuous end supports, bars should be terminated with a standard hook.

7.13 Two-Way Floor Systems

Design assuming one-way action is not applicable in many cases, such as when a floor panel is bounded

by beams with a long to short aspect ratio of less than 2. Loads on the floor are distributed in both

directions, and such a system is referred to as a two-way system (see Figure 7.12). The design approach of

two-way floor systems remains in many ways similar to that of the one-way slab, except that the floor

slab should now be visualized as being divided into a series of slab strips spanning both directions of the

floor panel (see Figure 7.12). In the case of one-way slabs, each slab strip carries the same design moment

diagram. In two-way systems, the design moment diaphragm varies from one strip to another. Slab strips

D

beff beff

bw

h

Lesser of D/2, 6h,     of beam span length Lesser of D/2 or 8h1
12

FIGURE 7.10 T-beam section.

Joist depth

12 Form
depth

Form width

Joist rib

Top slab

Temperature
reinforcement

FIGURE 7.11 One-way joist.
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closer to the column support lines would generally carry a higher moment than strips at midspan.

Hence, a key design issue for two-way floor design becomes one of analysis, on how to obtain an accurate

estimate of internal force distribution among the slab strips. After this issue is resolved, and the moment

diagrams of each strip are obtained, the flexural reinforcement design of each slab strip follows the same

procedures and formulas as previously presented for one-way slabs and beams. Of course, the analysis of

two-way floor systems can also be solved by computer software, using the finite element method, and

a number of structural analysis software have customized floor slab analysis modules. The ACI Code

contains an approximate manual analysis method, the Direct Design Method, for two-way floors, which

is practical for design purposes. A more refined approximate method, the Equivalent Frame Method, is

also available in the ACI.

Exterior equivalent frame

Exterior equivalent frame

Interior equivalent frame

Interior equivalent frame

Two-way load transfer

l1

l2

(a)

(b)

Column strip
Middle strip

Column strip

Middle strip

FIGURE 7.12 (a) Two-way floor system and (b) equivalent frames.
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If a floor system is regular in layout and stiffness (ACI 13.6.1), the Direct Design Method may be used

to obtain the moment diagrams for the slab strips of two-way floor systems. The Direct Design Method

is based on satisfying the global statical equilibrium of each floor panel. The relative stiffnesses of the

panel components (e.g., slab, beam, drop panels) are then considered in distributing the statical

moment. The subsequent sections present the application of the ACI Direct Design Method for different

types of two-way systems.

General detailing of two-way slabs. The required slab reinforcement areas are taken at the critical sec-

tions, generally at the face of supports around the perimeter of the panel and at the midspans of the

column and middle strips. The maximum spacing of reinforcement should not exceed two times the slab

thickness or that required for temperature reinforcement (see Section 7.12.3.1). All bottom bars in slab

panels that run perpendicular to the edge of the floor should be extended to the edge and anchored into

the edge beam, column, or wall that exists there.

Opening in slabs of any size is permitted in the area common to intersecting middle strips (see Figure 7.12).

But the original total reinforcement in the slab panel should be maintained by transferring bars to the sides

of the opening. In intersecting column strips, not more than one eighth the width of the column strip should

be interrupted by an opening. In the area common to one column strip and one middle strip, not more

than one quarter of the reinforcement should be interrupted by an opening. If a larger opening is required,

then edge beams or bands of reinforcement around the opening should be added.

7.13.1 Two-Way Slab with Beams

This system is shown in Figure 7.13. It consists of a slab panel bounded with beams supported on

columns. Since the long to short aspect ratio of the panels is less than 2, a significant portion of the floor

loading is transferred in the long direction. And the stiffness of the integral beams draws in load.

FIGURE 7.13 Two-way slab with beams.
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The minimum thickness of two-way slabs is dependent on the relative stiffness of the beams am. If

0.2� am� 2.0, the slab thickness should not be less than 5 in. or

ln 0:8þ ð fy=200,000
	 

35þ 5bðam � 0:2Þ ð7:27Þ

If am> 2.0, the denominator in the above equation should be replaced with (36þ 9b), but the thickness

should not be less than 3.5 in. When am< 0.2, the minimum thickness is given by Table 7.8.

7.13.1.1 Column Strips, Middle Strips, and Equivalent Frames

For the Direct Design Method, to take into account the change of the moment across the panel, the floor

system is divided into column and middle strips in each direction. The column strip has a width on each

side of a column centerline equal to 0.25l2 or 0.25l1, whichever is less (see Figure 7.12). A middle strip is

bounded by two column strips. The moment diagram across each strip is assumed to be constant and the

reinforcement is designed for each strip accordingly.

In the next step of the Direct Design Method, equivalent frames are set up. Each equivalent frame

consists of the columns and beams that share a common column or grid line. Beams are attached to the

slabs that extend to the half-panel division on each side of the grid line, so the width of each equivalent

frame consists of one column strip and two half middle strips (see Figure 7.12). Equivalent frames are set

up for all the grid lines in both directions of the floor system.

7.13.1.2 Total Factored Static Moment

The first analysis step of the Direct Design Method is determining the total static moment in each span of

the equivalent frame

M0 ¼
wul2l2

n

8
ð7:28Þ

Note that wu is the full, not half, factored floor load per unit area. The clear span ln is measured from face

of column to face of column. The static moment is the absolute sum of the positive midspan moment

plus the average negative moment in each span (see Figure 7.14).

The next steps of the Direct Design Method involve procedures for distributing the static moment M0

into the positive (midspan) and negative moment (end span) regions, and then on to the column and

middle strips. The distribution procedures are approximate and reflect the relative stiffnesses of the

frame components (Table 7.9).

7.13.1.3 Distribution of Static Moment to Positive and Negative Moment Regions

The assignment of the total factored static moment M0 to the negative and positive moment regions is

given in Figure 7.14. For interior spans, 0.65M0 is assigned to each negative moment region and 0.35M0

TABLE 7.8 Minimum Thickness of Flat Plates (Two-Way Slabs without Interior Beams)

Without drop panels With drop panels

Exterior panels Exterior panels

Yield strength,

fy (psi)

Without edge

beams

With edge

beams

Interior

panels

Without edge

beams

With edge

beams

Interior

panels

40,000 ln/33 ln/36 ln/36 ln/36 ln/40 ln/40

60,000 ln/30 ln/33 ln/33 ln/33 ln/36 ln/36

75,000 ln/28 ln/31 ln/31 ln/31 ln/34 ln/34

Notes:

1. ln is length of clear in long direction, face-to-face of support.

2. Minimum thickness if slabs without drop panels should not be less than 5 in.

3. Minimum thickness of slabs with drop panel should not be less than 4 in.
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to the positive moment region. For the exterior span, the percentage of distribution is a function of

the degree of restraint, as given in Table 7.9.

After the static moment is proportioned to the negative and positive regions, it is further apportioned

on to the column and middle strips. For positive moment regions, the proportion of moment assigned to

the column strips is given in Table 7.10. The parameter a1 is a relative stiffness of the beam to slab, based

on the full width of the equivalent frame:

a1 ¼
EcbIb

EcsIs

ð7:29Þ

For interior negative moment regions the proportion of moment assigned to the column strip is given by

Table 7.11.

For negative moment regions of an exterior span, the moment assigned to the column follows

Table 7.12, which takes into account the torsional stiffness of the edge beam. The parameter bt is the

ratio of torsional stiffness of edge beam section to flexural stiffness of a width of the slab equal to the

center-to-center span length of the beam

bt ¼
EcbC

2EcsIs

ð7:30Þ

The remaining moment, that was not proportioned to the column strips, is assigned to the middle

strips.

Column strip moments need to be further divided into their slab and beam. The beam should

be proportioned to take 85% of the column strip moment if aIl1/l2	 1.0. Linear interpolation

is applied if this parameter is less than 1.0. If the beams are also part of a lateral force resisting

system, then moments due to lateral forces should be added to the beams. After the assignment of

moments, flexural reinforcement in the beams and slab strips can be determined following the

same design procedures presented in Sections 7.12.2 and 7.12.3 for regular beams and one-way slabs.

0.65M0 0.65M0

0.35M0

M0
Unbalanced moment

Munb

FIGURE 7.14 Static moment in floor panel.

TABLE 7.9 Distribution of Statical Moment for End Span Slab Panels

Slab with beams
Slab without beams between interior supports

Exterior
Exterior edge

unrestrained

between all

supports

Without edge

beam

With edge

beam

edge fully

restrained

Interior negative

factored moment

0.75 0.70 0.70 0.70 0.65

Positive factored

moment

0.63 0.57 0.52 0.50 0.35

Exterior negative

factored moment

0 0.16 0.26 0.30 0.65
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7.13.1.4 Shear Design

The shear in the beam may be obtained by assuming that floor loads act according to the 45� tributary

areas of each respective beam. Additional shear from lateral loads and the direct loads on the beam

should be added on. The shear design of the beam then follows the procedure presented in Section 7.12.

Shear stresses in the floor slab are generally low, but they should be checked. The strip method, which

approximates the slab shear by assuming a unit width of slab strip over the panel, may be used to

estimate the shear force in the slab.

7.13.2 Flat Plates

Floor systems without beams are commonly referred to as flat plates, (see Figure 7.15). Flat plates are

economical and functional because beams are eliminated and floor height clearances are reduced.

Minimum thicknesses of flat plates are given in Table 7.8 and should not be less than 5 in. The structural

design procedure is the same as for flat slab with beams, presented in the previous sections, except that

for flat plates a1¼ 0. Refer to Section 7.13.1.2 for the static moment calculation. For the exterior span the

distribution of the static moment is given in Figure 7.14. Table 7.10 and Table 7.11 provide the

application for moment assignments to column strips.

7.13.2.1 Transfer of Forces in slab–column connections

An important design requirement of the flat plate system is the transfer of forces between the slab and its

supporting columns (see Figure 7.14 and Figure 7.16). This transfer mechanism is a complex one. The

accepted design approach is to assume that a certain fraction of the unbalanced moment Munb in the slab

connection is transferred by direct bending into the column support. This gf fraction is estimated to be

gf ¼
1

1þ ð2=3Þ
ffiffiffiffiffiffiffiffiffiffiffi
b1=b2

p ð7:31Þ

The moment gf Munb is transferred over an effective slab width that extends 1.5 times the slab thickness

outside each side face of the column or column capital support. The existing reinforcement in the

column strip may be concentrated over this effective width or additional bars may be added.

The fraction of unbalanced moment not transferred by flexure gv (gv¼ 1� gf) is transferred

through eccentricity of shear that acts over an imaginary critical section perimeter located at a

TABLE 7.12 Distribution of Negative Moment to Column of

an Exterior Span

l2/l1 0.5 1.0 2.0

(a1l2/l1)¼ 0 bt¼ 0 100 100 100

bt	 2.5 75 75 75

(a1l2/l1)	 1.0 bt¼ 0 100 100 100

bt	 2.5 90 75 45

TABLE 7.10 Distribution of Positive Moment in Column Strip

l2/l1 0.5 1.0 2.0

(a1l2/l1)¼ 0 60 60 60

(a1l2/l1)	 1.0 90 75 45

TABLE 7.11 Distribution of Interior Negative Moment in Column Strip

l2/l1 0.5 1.0 2.0

(a1l2/l1)¼ 0 75 75 75

(a1l2/l1)	 1.0 90 75 45
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distance d/2 from the periphery of the column support (see Figure 7.16). Shear stress at the critical

section is determined by combining the shear stress due to the direct shear demand Vu (which may

be obtained from tributary loading) and that from the eccentricity of shear due to the unbalanced

moment:

vu ¼
Vu

Ac


 gvMunbc

Jc

ð7:32Þ

where the concrete area of the critical section Ac¼ b0d¼ 2d(c1þ c2þ 2d), and Jc is the equivalent polar

FIGURE 7.15 Flat plate.

c1

c2

b1

b2

d/2

Critical perimeter b0
c

Vu

�vMunb

d = depth of slab

FIGURE 7.16 Transfer of shear in slab–column connections.
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moment of inertia of the critical section

Jc ¼
dðc1 þ dÞ3

6
þ ðc1 þ dÞd3

6
þ dðc2 þ dÞðc1 þ dÞ2

2
ð7:33Þ

The maximum shear stress vu on the critical section must not exceed the shear stress capacity

defined by

fvn ¼ fVc=b0d ð7:34Þ

The concrete shear capacity Vc for two-way action is taken to be the lowest of the following three

quantities:

Vc ¼ 4
ffiffiffiffi
f 0c

p
b0d ð7:35Þ

Vc ¼ 2þ 4

bc

� �
4
ffiffiffiffi
f 0c

p
b0d ð7:36Þ

Vc ¼
asd

b0

þ 2

� �
4
ffiffiffiffi
f 0c

p
b0d ð7:37Þ

where bc is the ratio of long side to short side of the column. The factor as is 40 for interior columns,

30 for edge columns, or 20 for corner columns.

If the maximum shear stress demand exceeds the capacity, the designer should consider using a thicker

slab or a larger column, or increasing the column support area with a column capital. Other options

include insertion of shear reinforcement or shearhead steel brackets.

7.13.2.2 Detailing of Flat Plates

Refer to Figure 7.17 for minimum extensions for reinforcements. All bottom bars in the column strip

should be continuous or spliced with a Class A splice. To prevent progressive collapse, at least two of

the column strip bottom bars in each direction should pass within the column core or be anchored

at the end supports. This provides catenary action to hold up the slab in the event of punching

failure.

7.13.3 Flat Slabs with Drop Panels and/or Column Capitals

The capacity of flat plates may be increased with drop panels. Drop panels increase the slab thickness

over the negative moment regions and enhance the force transfer in the slab–column connection. The

minimum required configuration of drop panels is given in Figure 7.18. The minimum slab thickness

is given in Table 7.8 and should not be less than 4 in.

Alternatively, or in combination with drop panels, column capitals may be provided to increase

capacity (see Figure 7.19). The column capital geometry should follow a 45� projection. Column capitals

increase the critical section of the slab–column force transfer and reduce the clear span lengths. The

design procedure outlined for flat plates in the previous sections are applicable for flat slabs detailed with

drop panels or column capitals.

7.13.4 Waffle Slabs

For very heavy floor loads or very long spans, waffle slab floor systems become viable (see Figure 7.20).

A waffle slab can be visualized as being a very thick flat plate but with coffers to reduce weight and gain

efficiency. The design procedure is therefore the same as for flat plates as presented in Section 7.13.2.

Reinforced Concrete Structures 7-27

Copyright 2005 by CRC Press



The flexural reinforcement design is based on T-section strips instead of rectangular slab strips. Around

column supports, the coffers may be filled in to act as column capitals.

7.14 Columns

Typical reinforcement concrete columns are shown in Figure 7.21. Longitudinal reinforcements in

columns are generally distributed uniformly around the perimeter of the column section and run

continuously through the height of the column. Transverse reinforcement may be in the form of

rectangular hoops, ties, or spirals (Figure 7.21). Tall walls and core elements in buildings

(Figure 7.22) are column-like in behavior and the design procedures presented in the following are

applicable.

Without drop panels
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FIGURE 7.17 Detailing of flat plates.
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FIGURE 7.18 Drop panel dimensions.
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FIGURE 7.19 Flat slab with drop panels and column capital.

FIGURE 7.20 Waffle slab.
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7.14.1 Capacity of Columns under Pure Compression

Under pure compression (i.e., no moment) the axial capacity of columns reinforced with hoops and ties

as transverse reinforcement is the sum of the axial capacity of the concrete and the steel:

fPn,max ¼ ffecc½0:85f 0c ðAg � AstÞ þ Astfy� ð7:38Þ

The strength reduction factor f for tied columns is 0.65. The additional reduction factor fecc shown in

the equation accounts for accidental eccentricity from loading or due to construction tolerances that will

induce moment. For tied column fecc¼ 0.80. For spiral columns, f¼ 0.75 and fecc¼ 0.85. Columns

reinforced with spiral reinforcement are more ductile and reliable in sustaining axial load after spalling

of concrete cover. Hence, lower reduction factors are assigned by ACI.

With rectangular hoops With spirals or circular hoops

FIGURE 7.21 Typical reinforced concrete columns.

FIGURE 7.22 Reinforced concrete building elements.
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7.14.2 Preliminary Sizing of Columns

For columns that are expected to carry no or low moment, the previous equation can be rearranged to

estimate the required gross cross-sectional area to resist the axial force demand Pu:

Ag >
ðPu=ffeccÞ � Astfy

0:85f 0c
ð7:39Þ

The ACI Code limits the column reinforcement area Ast to 1 to 8% of Ag. Reinforcement percentages less

than 4% are usually more practical in terms of avoiding congestion and to ease fabrication. If a column is

expected to carry significant moment, the Ag estimated by the above expression would not be adequate.

To obtain an initial trial size in that case, the above Ag estimate may be increased by an appropriate

factor (e.g., doubling or more).

7.14.3 Capacity of Columns under Combined Axial Force and Moment

Under the combined actions of axial force and moment, the capacity envelope of a column is generally

described by an interaction diagram (see Figure 7.23). Load demand points (Mu, Pu) from all load

combinations must fall inside the fPn�fMn capacity envelope; otherwise, the column is considered

inadequate and should be redesigned. Computer software are typically used in design practice to

generate column interaction diagrams.

Pure compression

Minimum eccentricity

Start of tension

Balanced condition �s = just yield

Pure flexure (beam)

Pure tension

Moment M

A
xi

al
 f

or
ce

 P

FIGURE 7.23 Column interaction diagram.
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The upper point of an interaction curve is the case of pure axial compression. The lowest point is the

case of pure axial tension, fPn,tension¼fAst fy (it is assumed that the concrete section cracks and supplies

no tensile strength). Where the interaction curve intersects with the moment axis, the column is under

pure bending, in which case the column behaves like a beam. The point of maximum moment on the

interaction diagram coincides with the balanced condition. The extreme concrete fiber strain reaches

ultimate strain (0.003) simultaneously with yielding of the extreme layer of steel on the opposite side

(fy/Es¼ 0.002).

Each point of the column interaction curve represents a unique strain distribution across the column

section. The axial force and moment capacity at each point is determined by a strain compatibility

analysis, similar to that presented for beams (see Section 7.12) but with an additional axial force

component. The strain at each steel level i is obtained from similar triangles esi¼ 0.003(c� di)/c. Then,

the steel stress at each level is fst¼ esiEs, but not greater in magnitude than the yield stress fy. The steel

force at each level is computed by Fsi¼Asi fsi. The depth of the equivalent concrete compressive stress

block a is approximated by the relationship a¼b1c. b1 is the concrete stress block factor given in

Figure 7.5. Hence, the resultant concrete compression force may be expressed as Cc ¼ 0:85f 0c ab. To

satisfy equilibrium, summing forces of the concrete compression and the n levels of the steel, the axial

capacity is obtained as

fPn ¼ f Cc þ
Xn

i¼1

Fsi

 !
ð7:40Þ

The flexural capacity is obtained from summation of moments about the plastic centroid of the column

fMn ¼ f Cc
h

2
� a

2

� �
þ
Xn

i¼1

Fsi
h

2
� di

� �" #
ð7:41Þ

The strength reduction f factor is not a constant value over the column interaction curve. For points

above the balanced point f is 0.65 for tied columns and 0.70 for spiral columns. In this region the

column section is compression controlled (extreme level steel strain is at or below yield) and has less

ductility. Below the balanced point the column section becomes tension controlled (extreme steel strain

greater than yield) and the behavior is more ductile, hence f is allowed to increase linearly to 0.90. This

transition occurs between the balanced point and where the extreme steel strain is at 0.005.

7.14.4 Detailing of Column Longitudinal Reinforcement

Longitudinal bars in a column are generally detailed to run continuous by through the story height

without cutoffs. In nonseismic regions, column bars are generally spliced above the floor slab to ease

construction. In seismic design, column splice should be located at midstory height, away from the

section of maximum stress. See Section 7.17 on column splice lengths.

Where the column cross-section dimensions change, longitudinal bars need to be offset. The slope of

the offset bar should not exceed 1 in 6. Horizontal ties are needed within the offset to resist 1.5 times the

horizontal component of the offset bars. Offsets bents are not allowed if the column face is offset by 3 in.

or more.

7.14.5 Shear Design of Columns

The general shear design procedure for selecting transverse reinforcement for columns is similar to that

for beams (see Section 7.12). In columns, the axial compression load Nu enhances the concrete shear

strength, hence, in lieu of the simplified Vc ¼ 2
ffiffiffiffi
f 0c

p
bwd, alternative formulas may be used:

Vc ¼ 2 1þ Nu

2000Ag

� � ffiffiffiffi
f 0c

p
bwd ð7:42aÞ
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The quantity Nu/Ag must be in units of pounds per square inch. A second alternative formula for

concrete shear strength Vc is

Vc ¼ 1:9
ffiffiffiffi
f 0c

p
þ 2500rw

Vud

Mm

� �
bwd � 3:5

ffiffiffiffiffi
fc
0

p
bwd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Nu

500Ag

s
ð7:42bÞ

where

Mm ¼ Mu � Nu

ð4h � dÞ
8

ð7:43Þ

If Mm is negative, the upper bound expression for Vc is used.

Under seismic conditions, additional transverse reinforcement is required to confine the concrete to

enhance ductile behavior. See Section IV of this book on earthquake design.

7.14.6 Detailing of Column Hoops and Ties

The main transverse reinforcement should consist of one or a series of perimeter hoops (see Figure 7.24),

which not only serve as shear reinforcement, but also prevent the longitudinal bars from buckling out

through the concrete cover. Every corner and alternate longitudinal bar should have a hook support (see

Figure 7.24). The angle of the hook must be less than 135�. All bars should be hook supported if the clear

spacing between longitudinal bars is more than 6 in. The transverse reinforcement must be at least a

No. 3 size if the longitudinal bars are No. 10 or smaller, and at least a No. 4 size if the longitudinal bars

are greater than No. 10.

To prevent buckling of longitudinal bars, the vertical spacing of transverse reinforcement in columns

should not exceed 16 longitudinal bar diameters, 48 transverse bar diameters, or the least dimension of

the column size.

7.14.7 Design of Spiral Columns

Columns reinforced with spirals provide superior confinement for the concrete core. Tests have shown

that spiral columns are able to carry their axial load even after spalling of the concrete cover. Adequate

confinement is achieved when the center-to-center spacing s of the spiral of diameter db and yield

strength fy satisfies the following:

s � pfyd2
b

0:45hcf 0c Ag=Ac

	 

� 1

� � ð7:44Þ

where hc is the diameter of the concrete core measured out-to-out of the spiral.

Equal to or less than 6 in.

135° max.

FIGURE 7.24 Column transverse reinforcement detailing.
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7.14.8 Detailing of Columns Spirals

Spiral columns require a minimum of six longitudinal bars. Spacers should be used to maintain

the design spiral spacing and to prevent distortions. The diameter of the spiral db should not be less than
3
8

in. The clear spacing between spirals should not exceed 3 in. or be less than 1 in. Spirals should be

anchored at each column end by providing an extra one and one-half turns of spiral bar. Spirals may be

spliced by full mechanical or welded splices or by lap splices with lap lengths not less than 12 in. or 45db

(72db if plain bar). While spirals are not required to run through the column-to-floor connection zones,

ties should be inserted in those zones to maintain proper confinement, especially if horizontal beams do

not frame into these zones.

7.14.9 Detailing of Column to Beam Joints

Joints will perform well if they are well confined. By containing the joint concrete, its structural integrity

is ensured under cyclic loading, which allows the internal force capacities, as well as the splices and

anchorages detailed within the joint, to develop. Often, confinement around a joint will be provided by

the beams or other structural elements that intersect at the joint, if they are of sufficient size. Otherwise,

some closed ties, spirals, or stirrups should be provided within the joint to confine the concrete. For

nonseismic design, the ACI has no specific requirements on joint confinement.

7.14.10 Columns Subject to Biaxial Bending

If a column is subject to significant moments biaxially, for example, a corner column at the perimeter of

a building, the column capacity may be defined by an interaction surface. This surface is essentially an

extension of the 2-D interaction diagram described in Figure 7.23 to three coordinate axes

fPn�fMnx�fMny. For rectangular sections under biaxial bending the resultant moment axis may not

coincide with the neutral axis. (This is never the case for a circular cross-section because of point

symmetry.) An iterative procedure is necessary to determine this angle of deviation. Hence, an accurate

generation of the biaxial interaction surface generally requires computer software. Other approximate

methods have been proposed. The ACI Code Commentary (R10.3.7) presents the Reciprocal Load

Method in which the biaxial capacity of a column fPni is related in a reciprocal manner to its uniaxial

capacities, fPnx and fPny , and pure axial capacity P0:

1

fPni

¼ 1

fPnx

þ 1

fPny

� 1

fP0

ð7:45Þ

7.14.11 Slender Columns

When columns are slender the internal forces determined by a first-order analysis may not be sufficiently

accurate. The change in column geometry from its deflection causes secondary moments to be induced

by the column axial force, also referred to as the P–D effect. In stocky columns these secondary moments

are minor. For columns that are part of a nonsway frame, for which analysis shows limited side-sway

deflection, the effects of column slenderness can be neglected if the column slenderness ratio

klu

r
� 34� 12ðM1=M2Þ ð7:46Þ

The effective length factor k can be obtained from Figure 7.25 or be conservatively assumed to be 1.0 for

nonsway frames. The radius of gyration r may be taken to be 0.30 times the overall dimension of

a rectangular column (in the direction of stability) or 0.25 times the diameter for circular columns. The

ratio of the column end moments (M1/M2) is taken as positive if the column is bent in single curvature,

and negative in double curvature.
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For a building story, a frame is considered to be nonsway if its stability index

Q ¼
P

PuD0

Vulc
� 0:05 ð7:47Þ

where D0 is the first-order relative deflection between the top and bottom of the story and
P

Pu and Vu

are the total vertical load and story shear, respectively.

For sway frames, slenderness may be neglected if the slenderness ratio klu/r� 22. The k factor must

be taken as greater than or equal to 1.0 (see Figure 7.25).

For structural design, it is preferable to design reinforced concrete structures as nonsway systems and

with stocky columns. Structural systems should be configured with stiff lateral resistant elements such as

shear walls to control sway. Column cross-sectional dimensions should be selected with the slenderness

criteria in mind.

If slender columns do exist in a design, adopting a computerized second-order analysis should be

considered so that the effects of slenderness will be resolved internally by the structural analysis (see

Section 7.7). Then, the internal force demands from the computer output can be directly checked against

the interaction diagram in like manner as a nonslender column design. Alternatively, the ACI code

provides a manual method called the Moment Magnifier Method to adjust the structural analysis results

of a first-order analysis.

7.14.12 Moment Magnifier Method

The Moment Magnifier Method estimates the column moment Mc in a slender column by magnifying

the moment obtained from a first-order analysis M2. For the nonsway case, the factor dns magnifies the

column moment:

Mc ¼ dnsM2 ð7:48Þ
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FIGURE 7.25 Effective length factor k: (a) nonsway frames and (b) sway frames.
Note: c is the ratio of the summation of column stiffness [

P
(EI/L)] to beam stiffness at the beam–column joint.
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where

dns ¼
Cm

1� ðPu=0:75PcÞ
	 1:0 ð7:49Þ

and

Pc ¼
p2EI

kluð Þ2
ð7:50Þ

The column stiffness may be estimated as

EI ¼ ð0:20EcIg þ EsIseÞ
1þ bd

ð7:51Þ

or a more simplified expression may be used:

EI ¼ 0:4EcIg

1þ bd

ð7:52Þ

In the sway case, the nonsway moments Mns (e.g., gravity loads) are separated from the sway moments

Ms (e.g., due to wind, unbalanced live loads). Only the sway moment is magnified:

Mc ¼ Mns þ dsMs ð7:53Þ

dsMs ¼
Ms

1� Q
	 Ms ð7:54Þ

where Q is the stability index given by Equation 7.47.

7.15 Walls

If tall walls (or shear walls) and combined walls (or core walls) subjected to axial load and bending

behave like a column, the design procedures and formulas presented in the previous sections are

generally applicable. The reinforcement detailing of wall differs from that of columns. Boundary ele-

ments, as shown in Figure 7.26, may be attached to the wall ends or corners to enhance moment

capacity. The ratio rn of vertical shear reinforcement to gross area of concrete of horizontal section

should not be less than

rn ¼ 0:0025þ 0:5 2:5� hw

lw

� �
ðrh � 0:0025Þ 	 0:0025 ð7:55Þ

The spacing of vertical wall reinforcement should not exceed lw/3, 3h, or 18 in. To prevent buckling, the

vertical bars opposite each other should be tied together with lateral ties if the vertical reinforcement is

greater than 0.01 the gross concrete area.

7.15.1 Shear Design of Walls

The general shear design procedure given in Section 7.12 for determining shear reinforcement in col-

umns applies to walls. For walls in compression, the shear strength provided by concrete Vc may be taken

as 2
ffiffiffiffi
f 0c

p
hd. Alternatively, Vc may be taken from the lesser of

3:3
ffiffiffiffi
f 0c

p
hd þNud

4lw
ð7:56Þ

and

0:6
ffiffiffiffi
f 0c

p
þ

lwð1:25
ffiffiffiffi
f 0c

p
þ 0:2ðNu=lwhÞÞ

ðMu=VuÞ � ðlw=2Þ

" #
hd ð7:57Þ
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In lieu of a strain compatibility analysis, the depth of walls d may be assumed to be 0.8lw. Shear strength

provided by the horizontal reinforcement in walls is also calculated by the equation Vs¼Avfyd/s. The

shear capacity of walls fVn¼f(VcþVs) should not be greater than f10
ffiffiffiffi
f 0c

p
hd.

The spacing of horizontal wall reinforcement should not exceed lw/5, 3h, or 18 in. The minimum

ratio of horizontal wall reinforcement should be more than 0.0025 (or 0.0020 for bars not larger than

No. 5). The vertical and horizontal wall bars should be placed as close to the two faces of the wall as

cover allows.

7.16 Torsion Design

Torsion will generally not be a serious design issue for reinforced concrete structures if the structural

scheme is regular and symmetrical in layout and uses reasonable member sizes. In building floors,

torsion may need to be considered for edge beams and members that sustain large unbalanced loading.

Concrete members are relatively tolerant of torsion. The ACI permits torsion design to be neglected if

the factored torsional moment demand Tu is less than

f
ffiffiffiffi
f 0c

p A2
cp

Pcp

 !
ð7:58Þ

which corresponds to about one quarter of the torsional cracking capacity. For hollow sections the gross

area of section Ag should be used in place of Acp. If an axial compressive or tensile force Nu exists, the

FIGURE 7.26 Reinforced concrete wall with boundary columns.
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torsion design limit becomes

f
ffiffiffiffi
f 0c

p A2
cp

pcp

 ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Nu

4Ag

ffiffiffiffi
f 0c

p
s

ð7:59Þ

If the torsional moment demands are higher than the above limits, the redistribution of torque after

cracking may be taken into account, which occurs if the member is part of an indeterminate structural

system. Hence, in torsion design calculations, the torsional moment demand Tu need not be taken

greater than

f4
ffiffiffiffi
f 0c

p A2
cp

pcp

 !
ð7:60Þ

If axial force is present, the upper bound on the design torque Tu is

f4
ffiffiffiffi
f 0c

p A2
cp

pcp

 ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Nu

4Ag

ffiffiffiffi
f 0c

p
s

ð7:61Þ

7.16.1 Design of Torsional Reinforcement

The torsional moment capacity may be based on the space truss analogy (see Figure 7.27). The space truss

formed by the transverse and longitudinal reinforcement forms a mechanism that resists torsion. To be

effective under torsion, the transverse reinforcement must be constructed of closed hoops (or closed ties)

perpendicular to the axis of the member. Spiral reinforcement or welded wire fabric may be used.

To prevent failure of the space truss from concrete crushing and to control diagonal crack widths, the

cross-section dimensions must be selected to satisfy the following criteria. For solid sectionsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Vu

bwd

� �2

þ Tuph

1:7A2
oh

� �2
s

� f
Vc

bwd
þ 8

ffiffiffiffi
f 0c

p� �
ð7:62Þ

and for hollow sections

Vu

bwd

� �
þ Tuph

1:7A2
oh

� �
� f

Vc

bwd
þ 8

ffiffiffiffi
f 0c

p� �
ð7:63Þ

After satisfying these criteria, the torsional moment capacity is determined by

fTn ¼ f
2AoAtfyv

s
cot y ð7:64Þ

The shear flow area Ao may be taken as 0.85Aoh, where Aoh is the area enclosed by the closed hoop (see

Figure 7.28). The angle y may be assumed to be 45�. More accurate values of Ao and y may be used from

analysis of the space truss analogy.

To determine the additional transverse torsional reinforcement required to satisfy ultimate strength,

that is, fTn	Tu, the transverse reinforcement area At and its spacing s must satisfy the following:

At

s
>

Tu

f2Aofyvcot y
ð7:65Þ

The area At is for one leg of reinforcement. This torsional reinforcement area should then be combined

with the transverse reinforcement required for shear demand Av (see Section 7.11). The total transverse

reinforcement required for the member is thus

Av

s
þ 2

At

s
ð7:66Þ

The above expression assumes that the shear reinforcement consists of two legs. If more than two legs are

present, only the legs adjacent to the sides of the cross-section are considered effective for torsional

resistance.
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The total transverse reinforcement must exceed the following minimum amounts:

0:75
ffiffiffiffi
f 0c

p bw

fyv

	 50bw

fyv

ð7:67Þ

A minimum amount of longitudinal reinforcement is also required:

Al ¼
At

s
ph

fyv

fyt

� �
cot2y ð7:68Þ

The reinforcement area Al is additional to that required for resisting flexure and axial forces and should

not be less than

5
ffiffiffiffi
f 0c

p
Acp

fyl

� At

s

� �
ph

fyv

fyl

ð7:69Þ

where At/s should not be less than 25bw/fyv. The torsional–longitudinal reinforcement should be dis-

tributed around the section in a uniform manner.

7.16.2 Detailing of Torsional Reinforcement

The spacing of closed transverse reinforcement under torsion must not exceed ph/8 or 12 in. Torsion

reinforcement should be provided for a distance of at least (btþ d) beyond the point theoretically

Aoh shear flow area

FIGURE 7.28 Torsional reinforcement and shear flow area.

Longitudinal reinforcement

Hoop reinforcement tension strut

Torsional crack

Concrete compression strut
�

X0

Y0

Torque

FIGURE 7.27 Truss analogy for torsion.
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required. Torsional stresses cause unrestrained corners of the concrete to spall off. Transverse

torsion reinforcement needs to be anchored by 135� hooks. In hollow cross-sections, the closed hoops

should be placed near the outer surface of the wall. The distance from the centerline of the hoop

reinforcement to the inside wall face should not be less than 0.5Aoh/ph.

The longitudinal torsion reinforcement should be distributed so that its centroid is near the centroid

of the cross-section. It should be distributed around the perimeter and be positioned inside the closed

hoop with a maximum spacing of 12 in. There should be at least one longitudinal bar at each corner

of the hoop. The longitudinal reinforcement must have a diameter of at least 0.042 times the hoop

spacing. The ends of the longitudinal reinforcement must be fully developed for yielding. It is permitted

to reduce the area of the longitudinal reinforcement by an amount equal to Mu/(0.9dfyl) since flexural

compression offsets the longitudinal tension due to torsion.

7.17 Reinforcement Development Lengths, Hooks, and Splices

The various ultimate capacity formulas presented in the previous sections are premised on the

assumption that the reinforcement will reach its yield strength fy. This is not assured unless the rein-

forcement has (1) sufficient straight embedment length on each side of the point of yielding, (2) a hook

of sufficient anchorage capacity, or (3) a qualified mechanical anchor device.

7.17.1 Tension Development Lengths

The ACI development length equation for bars in tension ld is expressed in terms of a multiple of the bar

diameter db (inch unit):

ld ¼
3

40

fyffiffiffiffi
f 0c

p abgl
c þ KtrÞ=dbð

 !
db 	 12 in: ð7:70Þ

where the transverse reinforcement index Ktr¼Atrfyt/1500sn, which may be assumed to be zero for

simplicity. Table 7.13 gives the development length for the case of normal weight concrete (l¼ 1.0) and

uncoated reinforcement (b¼ 1.0). Development lengths need to be increased under these conditions:

beam reinforcement positioned near the top surface, epoxy coating, lightweight concrete, and bundling

of bars (see ACI Section 12.2.4).

TABLE 7.13 Development Lengths

in Tension

Tension development length (in.)

Concrete strength (psi)

Bar size 4000 8000

3 12 12

4 12 12

5 15 12

6 21 15

7 36 26

8 47 34

9 60 43

10 77 54

11 94 67

14 136 96

18 242 171

Note: Normal-weight concrete, Grade 60

reinforcement. a¼ 1.0, b¼ 1.0, c¼ 1.5 in.,

and Ktr¼ 0.
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7.17.2 Compression Development Lengths

For bars under compression, such as in columns, yielding is assured if the development length meets the

largest value of ð0:02fy=
ffiffiffiffi
f 0c

p
Þdb, (0.0003fy)db, and 8 in. Compression development lengths ldc are given in

Table 7.14. Compression development length may be reduced by the factor (As required)/(As provided)

if reinforcement is provided in excess of that required by the load demand. Reinforcement within closely

spaced spirals or tie reinforcement may be reduced by the factor 0.75 (spiral not less than 1
4

in. in

diameter and not more than 4 in. in pitch; column ties not less than No. 4 in size and spaced not more

than 4 in.).

7.17.3 Standard Hooks

The standard (nonseismic) hook geometry as defined by ACI is shown in Figure 7.9. The required hook

length ldh is given in Table 7.15 and is based on the empirical formula ð0:02fy=
ffiffiffiffi
f 0c

p
Þdb. Hook lengths

may be reduced by 30% when the side and end covers over the hook exceed 2.5 and 2 in., respectively.

A 20% reduction is permitted if the hook is within a confined concrete zone where the transverse

TABLE 7.14 Development Lengths in

Compression

Compression development length (in.)

Concrete strength (psi)

Bar size 4000 8000

3 8 8

4 9 9

5 12 11

6 14 14

7 17 16

8 19 18

9 21 20

10 24 23

11 27 25

14 32 30

18 43 41

Note: Grade 60 reinforcement.

TABLE 7.15 Development Lengths of Hooks

in Tension

Development length of standard hook (in.)

Concrete strength (psi)

Bar size 4000 8000

3 7 6

4 9 7

5 12 8

6 14 10

7 17 12

8 19 13

9 21 15

10 24 17

11 27 19

14 32 23

18 43 30

Note: Grade 60 steel. b¼ 1.0, l¼ 1.0, ldh not less

than 8db nor 6 in.

Reinforced Concrete Structures 7-41

Copyright 2005 by CRC Press



reinforcement spacing is less than three times the diameter of the hooked bar. Note that whether the

standard hook is detailed to engage over a longitudinal bar has no influence on the required hook length.

When insufficient hook length is available or in regions of heavy bar congestion, mechanical anchors

may be used. There are a number of proprietary devices that have been tested and prequalified. These

generally consist of an anchor plate attached to the bar end.

7.17.4 Splices

There are three choices for joining bars together: (1) mechanical device, (2) welding, and (3) lap splices.

The mechanical and welded splices must be tested to show the development in tension or compression of

at least 125% of the specified yield strength fy of the bar. Welded splices must conform to ANSI/AWS

D1.4, ‘‘Structural Welding Code — Reinforcing Steel.’’ Since splices introduce weak leaks into the

structure, they should be located as much as possible away from points of maximum force and critical

locations.

7.17.4.1 Tension Lap Splices

Generally, bars in tension need to be lapped over a distance of 1.3ld (Class B splice, see Section 7.17.1 for

ld), unless laps are staggered or more than twice the required steel is provided (Class A splice¼ 1.0ld).

7.17.4.2 Compression Lap Splices and Column Splices

Compression lap splice lengths shall be 0.0005fydb, but not less than 12 in. If any of the load demand

combinations is expected to introduce tension in the column reinforcement, column bars should be

lapped as tension splices. Class A splices (1.0ld) are allowed if half or fewer of the bars are spliced at any

section and alternate lap splices are staggered by ld. Column lap lengths may be multiplied by 0.83 if the

ties provided through the lap splice length have an effective area not less than 0.0015hs. Lap lengths

within spiral reinforcement may be multiplied by 0.75.

7.18 Deflections

The estimation of deflections for reinforced concrete structures is complicated by the cracking of the

concrete and the effects of creep and shrinkage. In lieu of carrying out a refined nonlinear analysis

involving the moment curvature analysis of member sections, an elastic analysis may be used to

incorporate a reduced or effective moment of inertia for the members. For beam elements an effective

moment of inertia may be taken as

Ie ¼
Mcr

Ma

� �3

Ig þ 1� Mcr

Ma

� �3
" #

Icr � Ig ð7:71Þ

where the cracking moment of the section

Mcr ¼
frIg

yt

ð7:72Þ

The cracking stress or modulus of rupture of normal weight concrete is

fr ¼ 7:5
ffiffiffiffi
f 0c

p
ð7:73Þ

For all-lightweight concrete fr should be multiplied by 0.75, for sand-lightweight concrete, by 0.85.

For estimating the deflection of prismatic beams, it is generally satisfactory to take Ie at the section at

midspan to represent the average stiffness for the whole member. For cantilevers, the Ie at the support

should be taken. For nonprismatic beams, an average Ie of the positive and negative moment sections

should be used.
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Long-term deflections may be estimated by multiplying the immediate deflections of sustained loads

(e.g., self-weight, permanent loads) by

l ¼ x
1þ 50r0

ð7:74Þ

The time-dependent factor x is plotted in Figure 7.29. More refined creep and shrinkage deflection

models are provided by ACI Committee 209 and the CEP-FIP Model Code (1990).

Deflections of beams and one-way slab systems must not exceed the limits in Table 7.16. Deflection

control of two-way floor systems is generally satisfactory by following the minimum slab thickness
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0

�

Duration of load, months

FIGURE 7.29 Time-dependent factor x.

TABLE 7.16 Deflection Limits of Beams and One-Way Slab Systems

Type of member Deflection to be considered Deflection limitation

Flat roots not supporting or attached to

nonstructural elements likely to be

damaged by large deflections

Immediate deflection due to live load L l/180a

Floors not supporting or attached to

nonstructural elements likely to be

damaged by large deflections

Immediate deflection due to live load L l/360

Roof or floor construction supporting

or attached to nonstructural elements

likely to be damaged by large deflections

That part of the total deflection occurring

after attachment of nonstructural elements

(sum of the long-term deflection due to

all sustained loads and the immediate

deflection due to any additional live load)b

l/480c

Roof or floor construction supporting or

attached to nonstructural elements not

likely to be damaged by large deflections

l/240d

a Limit not intended to safeguard against ponding. Ponding should be checked by suitable calculations of deflection,

including added deflections due to ponded water, and consideration of long-term effects of all sustained loads, camber,

construction tolerances, and reliability of provisions for drainage.
b Long-term deflection should be determined in accordance with Equation 7.74, but may be reduced by the amount of

deflection calculated to occur before attachment of nonstructural elements. This amount should be determined on the basis

of accepted engineering date relating to time deflection characteristics of members similar to those being considered.
c Limit may be exceeded if adequate measures are taken to prevent to supported or attached elements.
d Limit should be greater than the tolerance provided for nonstructural elements. Limit may be exceeded if camber is

provided so that total deflection minus camber does not exceed limit.
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requirements (see Table 7.8). Lateral deflections of columns may be a function of occupancy comfort

under high wind or seismic drift criteria (e.g., H/200).

7.19 Drawings, Specifications, and Construction

Although this chapter has focused mainly on the structural mechanics of design, design procedures and

formulas, and rules that apply to reinforced concrete construction, the importance of drawings and spe-

cifications as part of the end products for communicating the structural design must not be overlooked.

Essential information that should be included in the drawings and specifications are: specified com-

pressive strength of concrete at stated ages (e.g., 28 days) or stage of construction; specified strength or

grade of reinforced (e.g., Grade 60); governing design codes (e.g., IBC, AASHTO); live load and other

essential loads; size and location of structural elements and locations; development lengths, hook

lengths, and their locations; type and location of mechanical and welded splices; provisions for the effects

of temperature, creep, and shrinkage; and details of joints and bearings.

The quality of the final structure is highly dependent on material and construction quality measures

that improve durability, construction formwork, quality procedures, and inspection of construction.

Although many of these aspects may not fall under the direct purview of the structural designer,

attention and knowledge are necessary to help ensure a successful execution of the structural design.

Information and guidance on these topics can be found in the ACI Manual of Concrete Practice, which

is a comprehensive five-volume compendium of current ACI standards and committee reports:

(1) Materials and General Properties of Concrete, (2) Construction Practices and Inspection, Pavements,

(3) Use of Concrete in Buildings — Design, Specifications, and Related Topics, (4) Bridges,

Substructures, Sanitary, and Other Special Structures, Structural Properties, and (5) Masonry, Precast

Concrete, Special Processes.

Notation

a ¼ depth of concrete stress block

A0s ¼ area of compression reinforcement

Ab ¼ area of an individual reinforcement

Ac ¼ area of core of spirally reinforced

column measured to outside diameter

of spiral

Ac ¼ area of critical section

Acp ¼ area enclosed by outside perimeter of

concrete cross-section

Ag ¼ gross area of section

Al ¼ area of longitudinal reinforcement to

resist torsion

Ao ¼ gross area enclosed by shear flow path

Aoh ¼ area enclosed by centerline of the

outermost closed transverse torsional

reinforcement

As ¼ area of tension reinforcement

As,min¼ minimum area of tension

reinforcement

Ast ¼ total area of longitudinal reinforcement

At ¼ area of one leg of a closed stirrup

resisting torsion within a distance s

Atr ¼ total cross-sectional area of all

transverse reinforcement that is within

the spacing s and that crosses the

potential place of splitting through

the reinforcement being developed

Av ¼ area of shear reinforcement

Av,min¼ minimum area of shear reinforcement

b ¼ width of compression face

b1 ¼ width of critical section in l1 direction

b2 ¼ width of critical section in l2 direction

b0 ¼ perimeter length of critical section

bt ¼ width of that part of the cross-section

containing the closed stirrups resisting

torsion

bw ¼ web width

C ¼ cross-sectional constant to define tor-

sional properties¼
P

(1� 0.63(x/y))/

(x3y/3) (total section is divided into

separate rectangular parts, where x and

y are the shorter and longer dimensions

of each part, respectively).

c ¼ distance from centroid of critical

sectiontoitsperimeter(Section7.13.2.1)

c ¼ spacing or cover dimension

c1 ¼ dimension of column or capital

support in l1 direction
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c2 ¼ dimension of column or capital support

in l2 direction

cc ¼ clear cover from the nearest surface in

tension to the surface of the flexural

reinforcement

Cc ¼ resultant concrete compression force

Cm¼ factor relating actual moment diagram

to an equivalent uniform moment

d ¼ distance from extreme compression

fiber to centroid of tension reinforcement

d 0 ¼ distance from extreme compression fiber

to centroid of compression reinforcement

db ¼ nominal diameter of bar

di ¼ distance from extreme compression fiber

to centroid of reinforcement layer i

Ec ¼ modulus of elasticity of concrete

Ecb¼ modulus of elasticity of beam concrete

Ecs ¼ modulus of elasticity of slab concrete

EI ¼ flexural stiffness of column

Es ¼ modulus of elasticity of steel

reinforcement

f 0c ¼ specified compressive strength of concrete

Fn ¼ nominal structural strength

fr ¼ modulus of rupture of concrete

fs ¼ reinforcement stress

Fsi ¼ resultant steel force at bar layer i

fy ¼ specified yield stress of reinforcement

fyl ¼ specified yield strength of longitudinal

torsional reinforcement

fyt ¼ specified yield strength of transverse

reinforcement

fyv ¼ specified yield strength of closed

transverse torsional reinforcement

h ¼ overall thickness of column or wall

hc ¼ diameter of concrete core measured

out-to-out of spiral

hw ¼ total height of wall

Ib ¼ moment of inertia of gross section

of beam

Icr ¼ moment of inertia of cracked section

transformed to concrete

Ie ¼ effective moment of inertia

Is ¼ moment of inertia of gross section of slab

Ise ¼ moment of inertia of reinforcement about

centroidal axis of cross-section

Jc ¼ equivalent polar moment of inertia of

critical section

k ¼ effective length factor for columns

Km¼ material constant

Ktr ¼ transverse reinforcement index

L ¼member length

l1 ¼ center-to-center span length in the

direction moments are being

determined

l2 ¼ center-to-center span length transverse

to l1
lc ¼ center-to-center length of columns

ld ¼ development length of reinforcement

in tension

ldc ¼ development length of reinforcement

in compression

ldh ¼ development length of standard hook

in tension, measured from critical

section to outside end of hook

ln ¼ clear span length, measured from

face-to-face of supports

lu ¼ unsupported length of columns

lw ¼ horizontal length of wall

M1 ¼ smaller factored end moment in a

column, negative if bent in double

curvature

M2 ¼ larger factored end moment in a

column, negative if bent in double

curvature

Ma ¼ maximum moment applied for

deflection computation

Mc ¼ factored magnified moment in columns

Mcr ¼ cracking moment

Mm ¼ modified moment

Mn ¼ nominal or theoretical moment

strength

Mns ¼ factored end moment of column due

to loads that do not cause appreciable

side sway

M0 ¼ total factored static moment

Ms ¼ factored end moment of column due to

loads that cause appreciable side-ways

Mu ¼ moment demand

Munb¼ unbalanced moment at slab–column

connections

n ¼ modular ratio¼ Es/Ec

NC ¼ resultant compressive force of concrete

NT ¼ resultant tensile force of reinforcement

Nu ¼ factored axial load occurring

simultaneously with Vu or Tu, positive

sign for compression

Pc ¼ critical load

pcp ¼ outside perimeter of concrete

cross-section

ph ¼ perimeter of centerline of outermost

concrete cross-section

Pn ¼ nominal axial load strength of column
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Pn,max¼ maximum nominal axial load strength

of column

Pni ¼ nominal biaxial load strength of

column

Pnx ¼ nominal axial load strength of column

about x-axis

Pny ¼ nominal axial load strength of column

about y-axis

P0 ¼ nominal axial load strength of column

at zero eccentricity

Pu ¼ axial load demand

Q ¼ stability index

r ¼ radius of gyration of cross-section

s ¼ spacing of shear or torsional

reinforcement along longitudinal axis

of member

SC ¼ structural capacity

SD ¼ structural demand

Tn ¼ nominal torsional moment strength

Tu ¼ torsional moment demand

Vc ¼ nominal shear strength provided by

concrete

Vn ¼ nominal shear strength

vn ¼ nominal shear stress strength of critical

section

Vs ¼ nominal shear strength provided by

shear reinforcement

Vu ¼ shear demand

vu ¼ shear stress at critical section

wu ¼ factored load on slab per unit area

yt ¼ distance from centroidal axis of gross

section to extreme tension fiber

a ¼ ratio of flexural stiffness of beam

section to flexural stiffness of width of

a slab bounded laterally by centerlines

of adjacent panels on each side of

beam¼ EcbIb/EcsIs

a ¼ reinforcement location factor

(Table 7.13)

ai ¼ angle between inclined shear

reinforcement and longitudinal axis

of member

am ¼ average value of a for all beams on

edges of a panel

as ¼ shear strength factor

a1 ¼ a in direction of l1
b ¼ ratio of clear spans in long to short

direction of two-way slabs

b ¼ reinforcement coating factor

(Section 7.17.1)

bc ¼ ratio of long side to short side dimension

of column

bd ¼ ratio of maximum factored sustained

axial load to maximum factored axial load

bt ¼ ratio of torsional stiffness of edge beam

section to flexural stiffness of a width

of slab equal to span length of beam,

center-to-center of supports

b1 ¼ equivalent concrete stress block factor

defined in Figure 7.5

dns ¼ nonsway column moment magnification

factor

ds ¼ sway column moment magnification

factor

D0 ¼ first-order relative deflection between

the top and bottom of a story

ec ¼ concrete strain

et ¼ steel strain

g ¼ reinforcement size factor¼ 0.8 for No. 6

and smaller bars;

¼ 1.0 for No. 7 and larger

gf ¼ fraction of unbalanced moment

transferred by flexure at slab–column

connections

gv ¼ fraction of unbalanced moment

transferred by eccentricity of shear at

slab–column connections

l ¼ lightweight aggregate concrete factor

(Section 7.17);

¼ 1.3 for light weight concrete

l ¼ multiplier for additional long-term

deflection

fecc¼ strength reduction factor for accidental

eccentricity in columns

¼ 1.3 for lightweight concrete

fu ¼ curvature at ultimate

fy ¼ curvature at yield

r ¼ ratio of tension reinforcement¼ As/bd

r0 ¼ ratio of compression reinforcement¼
A0s/bd

rh ¼ ratio of horizontal wall reinforcement

area to gross section area of horizontal

section

rn ¼ ratio of vertical wall reinforcement area

to gross section area of horizontal section

rw ¼ ratio of reinforcement¼ As/bwd

x ¼ time-dependent factor for sustained load

f ¼ strength reduction factor, see Table 7.4

y ¼ angle of compression diagonals in truss

analogy for torsion
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Useful Web Sites

American Concrete Institute: www.aci-int.org

Concrete Reinforcing Steel Institute: www.crsi.org

Portland Cement Association: www.portcement.org

International Federation of Concrete Structures: http://fib.epfl.ch

Eurocode 2: www.eurocode2.info

Reinforced Concrete Council: www.rcc-info.org.uk

Japan Concrete Institute: www.jci-net.or.jp

Emerging Construction Technologies: www.new-technologies.org
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8.1 Introduction

Concrete is strong in compression, but weak in tension: its tensile strength varies from 8 to 14% of its

compressive strength. Due to such a low tensile capacity, flexural cracks develop at early stages of loading.

In order to reduce or prevent such cracks from developing, a concentric or eccentric force is imposed in

the longitudinal direction of the structural element. This force prevents the cracks from developing by

eliminating or considerably reducing the tensile stresses at the critical midspan and support sections at

service load, thereby raising the bending, shear, and torsional capacities of the sections. The sections are

then able to behave elastically, and almost the full capacity of the concrete in compression can be

efficiently utilized across the entire depth of the concrete sections when all loads act on the structure.

Such an imposed longitudinal force is termed a prestressing force, that is, a compressive force that

prestresses the sections along the span of the structural element prior to the application of the transverse

gravity dead and live loads or transient horizontal live loads. The type of prestressing force involved,

together with its magnitude, are determined mainly on the basis of the type of system to be constructed

and the span length. As a result, permanent stresses in the prestressed structural member are created

before the full dead and live loads are applied, in order to eliminate or considerably reduce the net tensile

stresses caused by these loads.

With reinforced concrete, it is assumed that the tensile strength of the concrete is negligible and

disregarded. This is because the tensile forces resulting from the bending moments are resisted by the

bond created in the reinforcement process. Cracking and deflection are therefore essentially irrecover-

able in reinforced concrete once the member has reached its limit state at service load. In prestressed

concrete elements, cracking can be controlled or totally eliminated at the service load level. The rein-

forcement required to produce the prestressing force in the prestressed member actively preloads the

member, permitting a relatively high controlled recovery of cracking and deflection.

8.2 Concrete for Prestressed Elements

Concrete, particularly high-strength concrete, is a major constituent of all prestressed concrete elements.

Hence, its strength and long-term endurance have to be achieved through proper quality control and

quality assurance at the production stage. The mechanical properties of hardened concrete can

be classified into two categories: short-term or instantaneous properties, and long-term properties. The

short-term properties are strength in compression, tension, and shear; and stiffness, as measured by

the modulus of elasticity. The long-term properties can be classified in terms of creep and shrinkage. The

following subsections present some details on these properties.

8.2.1 Compressive Strength

Depending on the type of mix, the properties of aggregate, and the time and quality of the curing,

compressive strengths of concrete can be obtained up to 20,000 psi or more. Commercial production

of concrete with ordinary aggregate is usually in the range 4,000 to 12,000 psi, with the most common

concrete strengths being in the 6,000 psi level.

The compressive strength f 0c is based on standard 6 in. by 12 in. cylinders cured under standard

laboratory conditions and tested at a specified rate of loading at 28 days of age. The standard specifi-

cations used in the United States are usually taken from American Society for Testing and Materials

(ASTM) C-39. The strength of concrete in the actual structure may not be the same as that of the

cylinder because of the difference in compaction and curing conditions.

8.2.2 Tensile Strength

The tensile strength of concrete is relatively low. A good approximation for the tensile strength fct is

0:10f 0c < fct < 0:20f 0c . It is more difficult to measure tensile strength than compressive strength because
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of the gripping problems with testing machines. A number of methods are available for tension testing,

the most commonly used method being the cylinder splitting, or Brazilian, test.

For members subjected to bending, the value of the modulus of rupture fr rather than the tensile

splitting strength f 0t is used in design. The modulus of rupture is measured by testing to failure plain

concrete beams 6 in.2 in cross-section, having a span of 18 in., and loaded at their third points (ASTM

C-78). The modulus of rupture has a higher value than the tensile splitting strength. The American

Concrete Institute (ACI) specifies a value of 7.5 for the modulus of rupture of normal-weight concrete.

In most cases, lightweight concrete has a lower tensile strength than does normal-weight concrete. The

following are the code stipulations for lightweight concrete:

1. If the splitting tensile strength fct is specified

fr ¼ 1:09fct � 7:5
ffiffiffiffi
f 0c

p
ð8:1Þ

2. If fct is not specified, use a factor of 0.75 for all-lightweight concrete and 0.85 for sand-lightweight

concrete. Linear interpolation may be used for mixtures of natural sand and lightweight fine

aggregate. For high-strength concrete, the modulus of rupture can be as high as 11–12
ffiffiffiffi
f 0c

p
.

8.2.3 Shear Strength

Shear strength is more difficult to determine experimentally than the tests discussed previously because

of the difficulty in isolating shear from other stresses. This is one of the reasons for the large variation in

shear-strength test values reported in the literature, varying from 20% of the compressive strength in

normal loading to a considerably higher percentage of up to 85% of the compressive strength in cases

where direct shear exists in combination with compression. Control of a structural design by shear

strength is significant only in rare cases, since shear stresses must ordinarily be limited to continually

lower values in order to protect the concrete from the abrupt and brittle failure in diagonal tension

Ec ¼ 57,000
ffiffiffiffi
f 0c

p
psi ð4,700

ffiffiffiffi
f 0c

p
MPaÞ ð8:2aÞ

or

Ec ¼ 0:043w1:5
ffiffiffiffi
f 0c

p
MPa ð8:2bÞ

8.2.4 High-Strength Concrete

High-strength concrete is termed as such by the ACI 318 Code when the cylinder compressive strength

exceeds 6,000 psi (41.4 MPa). For concrete having compressive strengths 6,000 to 12,000 psi (42 to

84 MPa), the expressions for the modulus of concrete are [1–3]

Ec (psi) ¼ 40,000
ffiffiffiffi
f 0c

p
þ 106

h i wc

145

� �1:5

ð8:3aÞ

where f 0c ¼psi and wc¼ lb/ft3

Ec (MPa) ¼ 3:32
ffiffiffiffi
f 0c

p
þ 6895

h i wc

2320

� �1:5

ð8:3bÞ

where f 0c ¼ MPa and wc¼ kg/m3.

Today, concrete strength up to 20,000 psi (138 MPa) is easily achieved using a maximum stone

aggregate size of 3
8

in. (9.5 mm) and pozzolamic cementitious partial replacements for the cement such

as silica fume. Such strengths can be obtained in the field under strict quality control and quality

assurance conditions. For strengths in the range of 20,000 to 30,000 (138 to 206 MPa), other constituents

such as steel or carbon fibers have to be added to the mixture. In all these cases, mixture design has to

be made by several field trial batches (five or more), modifying the mixture components for the

workability needed in concrete placement. Steel cylinder molds size 4 in. (diameter)	 8 in. length have

to be used, applying the appropriate dimensional correction.
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8.2.5 Initial Compressive Strength and Modulus

Since prestressing is performed in most cases prior to concrete’s achieving its 28-day strength, it is

important to determine the concrete compressive strength f 0ct at the prestressing stage as well as the

concrete modulus Ec at various stages in the loading history of the element. The general expression for

the compressive strength as a function of time [4] is

f 0ci ¼
t

aþ bt
f 0c ð8:4aÞ

PHOTO 8.1 A rendering of the new Maumee River Bridge, Toledo, Ohio. This cable-stayed bridge spans the

Maumee River in downtown Toledo as a monument icon for the city. The design includes single pylon, single plane

of stays, and a main span with a horizontal clearance of 612 ft in both directions. The main pylon is clad on four of

its eight sides with a glass curtain wall system, symbolizing the glass industry and heritage of Toledo. This glass

prismatic system and stainless steel clad cables create a sleek and industrial look during the day. At night, the glass

becomes very dynamic with the use of LED arrays back-lighting the window wall. Owner: Ohio Department of

Transportation (courtesy of the Designer, Figg Engineering Group, Linda Figg, President, Tallahassee, Florida).
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where

f 0c ¼ 28-day compressive strength

t ¼ time in days

a ¼ factor depending on type of cement and curing conditions

¼ 4.00 for moist-cured type-I cement and 2.30 for moist-cured type-III cement

¼ 1.00 for steam-cured type-I cement and 0.70 for steam-cured type-III cement

b ¼ factor depending on the same parameters for a giving corresponding values of 0.85, 0.92, 0.95, and

0.98, respectively

Hence, for a typical moist-cured type-I cement concrete

f 0ci ¼
t

4:00þ 0:85t
f 0c ð8:4bÞ

8.2.6 Creep

Creep, or lateral material flow, is the increase in strain with time due to a sustained load. The initial

deformation due to load is the elastic strain, while the additional strain due to the same sustained load is

the creep strain. This practical assumption is quite acceptable, since the initial recorded deformation

includes few time-dependent effects.

The ultimate creep coefficient, Cu, is given by

Cu ¼ ruEc ð8:5Þ

or average Cuffi 2.35.

Branson’s model, verified by extensive tests, relates the creep coefficient Ct at any time to the ultimate

creep coefficient (for standard conditions) as

Ct ¼
t0:6

10þ t0:6
Cu ð8:6Þ

or, alternatively,

rt ¼
t0:6

10þ t0:6
ð8:7Þ

where t is the time in days and rt is the time multiplier. Standard conditions as defined by Branson

pertain to concretes of slump 4 in. (10 cm) or less and a relative humidity of 40%.

When conditions are not standard, creep correction factors have to be applied to Equation 8.6 or 8.7 as

follows:

1. For moist-cured concrete loaded at an age of 7 days or more

ka ¼ 1:25t�0:118 ð8:8aÞ

2. For steam-cured concrete loaded at an age of 1 to 3 days or more

ka ¼ 1:13t�0:095 ð8:8bÞ

For greater than 40% relative humidity, a further multiplier correction factor of

kc1
¼ 1:27� 0:0067H ð8:9Þ

8.2.7 Shrinkage

Basically, there are two types of shrinkage: plastic shrinkage and drying shrinkage. Plastic shrinkage occurs

during the first few hours after placing fresh concrete in the forms. Exposed surfaces such as floor slabs are

more easily affected by exposure to dry air because of their large contact surface. In such cases, moisture

evaporates faster from the concrete surface than it is replaced by the bleed water from the lower layers of
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the concrete elements. Drying shrinkage, on the other hand, occurs after the concrete has already attained

its final set and a good portion of the chemical hydration process in the cement gel has been accomplished.

Drying shrinkage is the decrease in the volume of a concrete element when it loses moisture by

evaporation. The opposite phenomenon, that is, volume increase through water absorption, is termed

swelling. In other words, shrinkage and swelling represent water movement out of or into the gel

structure of a concrete specimen due to the difference in humidity or saturation levels between the

specimen and the surroundings irrespective of the external load.

Shrinkage is not a completely reversible process. If a concrete unit is saturated with water after having

fully shrunk, it will not expand to its original volume. The rate of the increase in shrinkage strain

decreases with time since older concretes are more resistant to stress and consequently undergo less

shrinkage, such that the shrinkage strain becomes almost asymptotic with time.

Branson recommends the following relationships for the shrinkage strain as a function of time for

standard conditions of humidity (H ffi 40%):

1. For moist-cured concrete any time t after 7 days

eSH,t ¼
t

35þ t
ðeSH,uÞ ð8:10aÞ

where eSH,u¼ 800	 10�6 in./in. if local data are not available.

2. For steam-cured concrete after the age of 1 to 3 days

eSH,t ¼
t

55þ t
ðeSH,uÞ ð8:10bÞ

For other than standard humidity, a correction factor has to be applied to Equations 8.10a and 8.10b as

follows:

1. For 40<H� 80%
kSH ¼ 1:40� 0:010H ð8:11aÞ

2. For 80<H� 100%
kSH ¼ 3:00� 0:30H ð8:11bÞ

8.3 Steel Reinforcement Properties

8.3.1 Non-Prestressing Reinforcement

Steel reinforcement for concrete consists of bars, wires, and welded wire fabric, all of which are man-

ufactured in accordance with ASTM standards (see Table 8.1).

TABLE 8.1 Weight, Area, and Perimeter of Individual Bars

Standard nominal dimensions

Bar designation

number Weight per foot (lb)

Diameter, db

[in. (mm)]

Cross-sectional area,

Ab (in.2)

Perimeter

(in.)

3 0.376 0.375 (10) 0.11 1.178

4 0.668 0.500 (13) 0.2 1.571

5 1.043 0.625 (16) 0.31 1.963

6 1.502 0.750 (19) 0.44 2.356

7 2.044 0.875 (22) 0.6 2.749

8 2.670 1.000 (25) 0.79 3.142

9 3.400 1.128 (29) 1 3.544

10 4.303 1.270 (32) 1.27 3.99

11 5.313 1.410 (36) 1.56 4.43

14 7.65 1.693 (43) 2.25 5.32

18 13.6 2.257 (57) 4 7.09
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8.3.2 Prestressing Reinforcement

Because of the high creep and shrinkage losses in concrete, effective prestressing can be achieved by using

very high strength steels in the range of 270,000 psi or more (1,862 MPa or higher). Such highly stressed

steels are able to counterbalance these losses in the surrounding concrete and have adequate leftover

stress levels to sustain in the long term the required prestressing force (see Table 8.2).

A typical reinforcement stress–strain plot is shown in Figure 8.1.

TABLE 8.2 Seven-Wire Standard Strand for Prestressed Concrete

Nominal diameter

of strand (in.)

Breaking strength

of strand (min. lb)

Nominal steel

area of strand (sq in.)

Nominal weight

of strands (lb per 1000 ft)a

Minimum load

at 1% extension (lb)

Grade 250

0.25 9,000 0.036 122 7,650

0.313 14,500 0.058 197 12,300

0.375 20,000 0.08 272 17,000

0.438 27,000 0.108 367 23,000

0.500 36,000 0.144 490 30,600

0.600 54,000 0.216 737 45,900

Grade 270

0.375 23,000 0.085 290 19,550

0.438 31,000 0.115 390 26,350

0.500 41,300 0.153 520 35,100

0.600 58,600 0.217 740 49,800

a 100,000 psi¼ 689.5 MPa.

0.1 in.¼ 2.54 mm; 1 in.2¼ 645 mm2.

Weight: multiply by 1.49 to obtain weight in kg per 1,000 m.

1,000 lb¼ 4,448 Newton.

Source: Post-tensioning Institute.

Strain

Prestressing steel

Mild steel

40

100

120

140

160

0

200

240
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tr
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—
 p

si
 ×

10
3

fy

0.02 0.04 0.06 0.08 (in./in.)

∆�s

FIGURE 8.1 Stress–strain diagram for steel prestressing strands in comparison with mild steel bar reinforcement [5].
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8.4 Maximum Permissible Stresses

The following are definitions of some important mathematical terms used in this section:

fpy is the specified yield strength of prestressing tendons, in psi.

fy is the specified yield strength of nonprestressed reinforcement, in psi.

fpu is the specified tensile strength of prestressing tendons, in psi.

f 0c is the specified compressive strength of concrete, in psi.

f 0ct is the compressive strength of concrete at time of initial prestress.

8.4.1 Concrete Stresses in Flexure

Stresses in concrete immediately after prestress transfer (before time-dependent prestress losses) shall

not exceed the following:

1. Extreme fiber stress in compression, 0.60f 0ci.

2. Extreme fiber stress in tension except as permitted in (3), 3
ffiffiffiffi
f 0ci

p
:

3. Extreme fiber stress in tension at ends of simply supported members 6
ffiffiffiffi
f 0ci

p
:

Where computed tensile stresses exceed these values, bonded auxiliary reinforcement (nonprestressed or

prestressed) has to be provided in the tensile zone to resist the total tensile force in concrete computed

under the assumption of an uncracked section.

Stresses in concrete at service loads (after allowance for all prestress losses) should not exceed the following:

1. Extreme fiber stress in compression due to prestress plus sustained load, where sustained dead

load and live load are a large part of the total service load, 0:45f 0c .

2. Extreme fiber stress in compression due to prestress plus total load, if the live load is transient,

0:60f 0c .

3. Extreme fiber stress in tension in precompressed tensile zone, 6
ffiffiffiffi
f 0c

p
.

4. Extreme fiber stress in tension in precompressed tensile zone of members (except two-way slab

systems), where analysis based on transformed cracked sections and on bilinear moment–

deflection relationships shows that immediate and long-time deflections comply with the ACI

definition requirements and minimum concrete cover requirements, 12
ffiffiffiffi
f 0c

p
.

8.4.2 Prestressing Steel Stresses

Tensile stress in prestressing tendons shall not exceed the following:

1. Due to tendon jacking force, 0.94fpy; but not greater than the lesser of 0.80fpu and the maximum

value recommended by the manufacturer of prestressing tendons or anchorages.

2. Immediately after prestress transfer, 0.82fpy; but not greater than 0.74fpu.

3. Posttensioning tendons, at anchorages and couplers, immediately after tendon anchorage, 0.70fpu.

8.5 Partial Loss of Prestress

Essentially, the reduction in the prestressing force can be grouped into two categories:

� Immediate elastic loss during the fabrication or construction process, including elastic shortening

of the concrete, anchorage losses, and frictional losses.
� Time-dependent losses such as creep and shrinkage and those due to temperature effects and steel

relaxation, all of which are determinable at the service-load limit state of stress in the prestressed

concrete element.

An exact determination of the magnitude of these losses, particularly the time-dependent ones, is not

feasible, since they depend on a multiplicity of interrelated factors. Empirical methods of estimating
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losses differ with the different codes of practice or recommendations, such as those of the Prestressed

Concrete Institute, the ACI–ASCE joint committee approach, the AASHTO lump-sum approach, the

Comité Eurointernationale du Béton (CEB), and the FIP (Federation Internationale de la Précontrainte).

The degree of rigor of these methods depends on the approach chosen and the accepted practice of

record (see Table 8.3 to Table 8.5).

In Table 8.5, DfpR¼DfpR(t0, ttr)þDfpR(ttr, ts), where t0 is the time at jacking, ttr is the time at transfer,

and ts is the time at stabilized loss. Hence, computations for steel relaxation loss have to be performed for

the time interval t1 through t2 of the respective loading stages.

As an example, the transfer stage, say, at 18 h, would result in ttr¼ t2¼ 18 h and t0¼ t1¼ 0. If the next

loading stage is between transfer and 5 years (17,520 h), when losses are considered stabilized, then

t2¼ ts¼ 17,520 h and t1¼ 18 h. Then, if fpi is the initial prestressing stress that the concrete element is

subjected to and fpj is the jacking stress in the tendon.

8.5.1 Steel Stress Relaxation (R)

The magnitude of the decrease in the prestress depends not only on the duration of the sustained

prestressing force, but also on the ratio fpi/fpy of the initial prestress to the yield strength of the

TABLE 8.3 AASHTO Lump-Sum Losses

Total loss

Type of prestressing steel f 0c ¼ 4,000 psi (27.6 N/mm2) f 0c ¼ 5,000 psi (34.5 N/mm2)

Pretensioning strand 45,000 psi (310 N/mm2)

Posttensioninga wire or strand 32,000 psi (221 N/mm2) 33,000 psi (228 N/mm2)

Bars 22,000 psi (152 N/mm2) 23,000 psi (159 N/mm2)

a Losses due to friction are excluded. Such losses should be computed according to Section 6.5 of the AASHTO

specifications.

TABLE 8.4 Approximate Prestress Loss Values for Posttensioning

Prestress loss, psi

Posttensioning tendon material Slabs Beams and joists

Stress-relieved 270-K strand and stress-relieved 240-K wire 30,000 (207 N/mm2) 35,000 (241 N/mm2)

Bar 20,000 (138 N/mm2) 25,000 (172 N/mm2)

Low-relaxation 270-K strand 15,000 (103 N/mm2) 20,000 (138 N/mm2)

TABLE 8.5 Types of Prestress Losses

Stage of occurrence Tendon stress loss

Type of prestress loss

Pretensioned

members

Posttensioned

members

During time

interval (ti , tj)

Total or

during life

Elastic shortening of concrete (ES) At transfer At sequential jacking . . . DfpES

Relaxation of tendons (R) Before and after transfer After transfer DfpR (ti , tj) DfpR

Creep of concrete (CR) After transfer After transfer DfpCR (ti , tj) DfpCR

Shrinkage of concrete (SH) After transfer After transfer DfpSH (ti , tj) DfpSH

Friction (F) . . . At jacking . . . DfpF

Anchorage seating loss (A) . . . At transfer . . . DfpA

Total Life Life DfpT (ti , tj) DfpT
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reinforcement. Such a loss in stress is termed stress relaxation. The ACI 318-02 Code limits the tensile

stress in the prestressing tendons to the following:

1. For stresses due to the tendon jacking force, fpj = 0.94fpy, but not greater than the lesser of 0.80fpu

and the maximum value recommended by the manufacturer of the tendons and anchorages.

2. Immediately after prestress transfer, fpi¼ 0.82fpy, but not greater than 0.74fpu.

3. In posttensioned tendons, at the anchorages and couplers immediately after force transfer¼
0.70fpu.

The range of values of fpy is given by the following:

Prestressing bars: fpy¼ 0.80fpu

Stress-relieved tendons: fpy¼ 0.85fpu

Low-relaxation tendons: fpy¼ 0.90fpu

If fpR is the remaining prestressing stress in the steel after relaxation, the following expression defines

fpR for stress relieved steel:

fpR

fpi

¼ 1� log t2 � log t1

10

� �
fpi

fpy

� 0:55

� �
ð8:12Þ

In this expression, log t in hours is to the base 10, fpi/fpy exceeds 0.55, and t¼ t2� t1. Also, for low-

relaxation steel, the denominator of the log term in the equation is divided by 45 instead of 10.

An approximation of the term (log t2� log t1) can be made in Equation 8.13 so that log t¼ log(t2� t1)

without significant loss in accuracy. In that case, the stress-relaxation loss becomes

DfpR ¼ f 0pi

log t

10

f 0pi

fpy

� 0:55

� �
ð8:13Þ

where f 0pi is the initial stress in steel to which the concrete element is subjected.

If a step-by-step loss analysis is necessary, the loss increment at any particular stage can be defined as

DfpR ¼ f 0pi

log t2 � log t1

10

� �
fpi

fpy

� 0:55

� �
ð8:14Þ

where t1 is the time at the beginning of the interval and t2 is the time at the end of the interval from

jacking to the time when the loss is being considered.

For low relaxation steel, change the divider to 45 instead of 10 in Equation 8.14.

8.5.2 Creep Loss (CR)

The creep coefficient at any time t in days can be defined as

Ct ¼
t0:60

10þ t0:60
Cu ð8:15Þ

As discussed earlier, the value of Cu ranges between 2 and 4, with an average of 2.35 for ultimate creep.

The loss in prestressed members due to creep can be defined for bonded members as

DfCR ¼ Ct

Eps

Ec

fcs ð8:16Þ

where fcs is the stress in the concrete at the level of the centroid of the prestressing tendon. In general, this

loss is a function of the stress in the concrete at the section being analyzed. In posttensioned, nonbonded

members, the loss can be considered essentially uniform along the whole span. Hence, an average value

of the concrete stress fcs between the anchorage points can be used for calculating the creep in

posttensioned members.
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8.5.3 Shrinkage Loss (SH)

As with concrete creep, the magnitude of the shrinkage of concrete is affected by several factors. They

include mixture proportions, type of aggregate, type of cement, curing time, time between the end of

external curing and the application of prestressing, size of the member, and the environmental condi-

tions. Size and shape of the member also affect shrinkage. Approximately 80% of shrinkage takes place in

the first year of life of the structure. The average value of ultimate shrinkage strain in both moist-cured

and steam-cured concrete is given as 780	 10�6 in./in. in the ACI 209 R-92 Report. This average value is

affected by the length of initial moist curing, ambient relative humidity, volume–surface ratio, tem-

perature, and concrete composition. To take such effects into account, the average value of shrinkage

strain should be multiplied by a correction factor gSH as follows:

eSH ¼ 780	 10�6gSH ð8:17Þ
Components of gSH are factors for various environmental conditions and tabulated in Ref. [11, Section 2].

The Prestressed Concrete Institute (PCI) stipulates for standard conditions an average value for

nominal ultimate shrinkage strain (eSH)u¼ 820	 10�6 in./in. (mm/mm) [7]. If eSH is the shrinkage strain

after adjusting for relative humidity at volume-to-surface ratio V/S, the loss in prestressing in preten-

sioned member is

DfpSH ¼ eSH 	 Eps ð8:18Þ
For posttensioned members, the loss in prestressing due to shrinkage is somewhat less since some

shrinkage has already taken place before posttensioning. If the relative humidity is taken as a percent

value and the V/S ratio effect is considered, the PCI general expression for loss in prestressing due to

shrinkage becomes

DfpSH ¼ 8:2	 10�6KSHEps 1� 0:06
V

S

� �
100� RHð Þ ð8:19Þ

where RH is the relative humidity (see Table 8.6).

PHOTO 8.2 Prestressed concrete pretensioned T-beam tested to failure at the Rutgers University Concrete

Research Laboratory (courtesy E.G. Nawy).
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8.5.4 Losses Due to Friction (F)

Loss of prestressing occurs in posttensioning members due to friction between the tendons and the

surrounding concrete ducts. The magnitude of this loss is a function of the tendon form or alignment,

called the curvature effect, and the local deviations in the alignment, called the wobble effect. The values of

the loss coefficients are often refined while preparations are made for shop drawings by varying the types

of tendons and the duct alignment. Whereas the curvature effect is predetermined, the wobble effect is

the result of accidental or unavoidable misalignment, since ducts or sheaths cannot be perfectly placed.

8.5.4.1 Curvature Effect

As the tendon is pulled with a force F1 at the jacking end, it will encounter friction with the surrounding

duct or sheath such that the stress in the tendon will vary from the jacking plane to a distance L along

the span.

The frictional loss of stress DfpF is then given by

DfpF ¼ f1 � f2 ¼ f1 1� e�ma�KL
	 


ð8:20Þ

Assuming that the prestress force between the start of the curved portion and its end is small (ffi15%), it

is sufficiently accurate to linearize Equation 8.20 into the following form:

DfpF ¼ �f1 maþ KLð Þ ð8:21Þ

where L is in feet.

Since the ratio of the depth of beam to its span is small, it is sufficiently accurate to use the projected

length of the tendon for calculating a, giving

a ¼ 8y=x radian ð8:22Þ

Table 8.7 gives the design values of the curvature friction coefficient m and the wobble or length

friction coefficient K adopted from the ACI 318 Code.

TABLE 8.7 Wobble and Curvature Friction Coefficients

Type of tendon Wobble coefficient, K per foot Curvature coefficient, m

Tendons in flexible metal sheathing

Wire tendons 0.0010–0.0015 0.15–0.25

Seven-wire strand 0.0005–0.0020 0.15–0.25

High-strength bars 0.0001–0.0006 0.08–0.30

Tendons in rigid metal duct

Seven-wire strand 0.0002 0.15–0.25

Mastic-coated tendons

Wire tendons and seven-wire strand 0.0010–0.0020 0.05–0.15

Pregreased tendons

Wire tendons and seven-wire strand 0.0003–0.0020 0.05–0.15

Source: Prestressed Concrete Institute.

TABLE 8.6 Values of KSH for Posttensioned Members

Time from end of

moist curing to

application of

prestress, days 1 3 5 7 10 20 30 60

KSH 0.92 0.85 0.8 0.77 0.73 0.64 0.58 0.45

Source: Prestressed Concrete Institute.
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8.5.5 Example 1: Prestress Losses in Beams

A simply supported posttensioned 70-ft-span lightweight steam-cured double T-beam as shown in

Figure 8.2 is prestressed by twelve 1
2
-in. diameter (twelve 12.7 mm diameter) 270-K grade stress-relieved

strands. The tendons are harped, and the eccentricity at midspan is 18.73 in. (476 mm) and at the end

12.98 in. (330 mm). Compute the prestress loss at the critical section in the beam of 0.40 span due to

dead load and superimposed dead load at

1. stage I at transfer

2. stage II after concrete topping is placed

3. two years after concrete topping is placed

Suppose the topping is 2 in. (51 mm) normal-weight concrete cast at 30 days. Suppose also that prestress

transfer occurred 18 h after tensioning the strands. Given

f 0c ¼ 5000 psi, lightweight ð34:5 MPaÞ
f 0ci ¼ 3500 psi ð24:1 MPaÞ

and the following noncomposite section properties:

Ac ¼ 615 in:2 ð3,968 cm2Þ
Ic ¼ 59,720 in:4 ð2:49	 106 cm4Þ
cb ¼ 21:98 in: ð55:8 cmÞ
c t ¼ 10:02 in: ð25:5 cmÞ
Sb ¼ 2,717 in:3 ð44,520 cm3Þ
St ¼ 5,960 in:3 ð97,670 cm3Þ

WD ðno toppingÞ ¼ 491 plf ð7:2 kN=mÞ
WSD ð2-in. toppingÞ ¼ 250 plf ð3:65 kN=mÞ

12.98 in.

cgc

(a)

(b)

70 ft
(21.3 m)

10 ft

5 ft

32 in.
(81.2 cm)

ee =
ec = 18.73 in. (476 mm)

4  in.

2 in.

2 in.32 in.

3 
4

7  in.3 
4

FIGURE 8.2 Double tee pretensioned beam in Example 1: (a) elevation and (b) pretensioned section [5].
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WL ¼ 40 psf ð1,915 PaÞ�� transient

fpu ¼ 270,000 psi ð1,862 MPaÞ

fpy ¼ 0:85fpu � 230,000 psi ð1,589 MPaÞ

fpi ¼ 0:70fpu ¼ 0:82fpy ¼ 0:82	 0:85fpu ffi 0:70fpu

¼ 189,000 psi ð1,303 MPaÞ

Eps ¼ 28	 106 psi ð193:1	 106 MPaÞ

18-day modular ratio ¼ 9:72

Solution

1. Anchorage seating loss

DA ¼ 1
4

in: ¼ 0:25 in:, L ¼ 70 ft

The anchorage slip stress loss is

DfPA ¼
DA

L
Eps ¼

0:25

70	 12
	 28	 106 ffi 8333 psi ð40:2 MPaÞ

2. Elastic shortening. Since all jacks are simultaneously posttensioned, the elastic shortening will

precipitate during jacking. As a result, no elastic shortening stress loss takes place in the tendons.

Hence, DfpES¼ 0.

3. Frictional loss. Assume that the parabolic tendon approximates the shape of an arc of a circle.

Then, from Equation 8.22

a ¼ 8y

x
¼ 8ð18:73� 12:98Þ

70	 12
¼ 0:0548 radian

From Table 8.7, use K¼ 0.001 and m¼ 0.25.

From Equation 8.21, the stress loss in prestress due to friction is

DfpF ¼ fpi maþ KLð Þ
¼ 189,000ð0:25	 0:0548þ 0:001	 70Þ
¼ 15,819 psi ð109 MPaÞ

The stress remaining in the prestressing steel after all initial instantaneous losses is

fpi ¼ 189,000� 8,333� 0� 15,819 ¼ 164,848 psi ð1,136 MPaÞ

Hence, the net prestressing force is

Pi ¼ 164,848	 12	 0:153 ¼ 296,726 lb

Stage I: Stress at Transfer

1. Anchorage seating loss

Loss ¼ 8,333 psi

Net stress ¼ 164,848 psi

2. Relaxation loss

DfpR ¼ 164,848
log 18

10

� �
164,848

230,000
� 0:55

� �
ffi 3,450 psi ð23:8 MPaÞ
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3. Creep loss

DfpCR ¼ 0

4. Shrinkage loss

DfpSH ¼ 0

So the tendon stress fpi at the end of stage I is

164,848� 3,450 ¼ 161,398 psi ð1,113 MPaÞ

Stage II: Transfer to Placement of Topping after 30 Days

1. Creep loss

Pi ¼ 161,398	 12	 0:153 ¼ 296,327 lb

�fcsfcs ¼ �
Pi

Ac

1þ e2

r2

� �
þMDe

Ic

¼ � 296,327

615
1þ ð17:58Þ2

97:11

 !
þ 3,464,496	 17:58

59,720

¼ �2016:2þ 1020:0 ¼ 996:2 psi ð6:94 MPaÞ

Hence, the creep loss for lightweight concrete, KCR is reduced by 20%, hence¼ 1.6	 0.80¼ 1.28

DfpCR ¼ nKCR
�fcsfcs � �ffcsd

	 

¼ 9:72	 1:28ð996:2� 519:3Þ ffi 5933 psi ð41 MPaÞ

2. Shrinkage loss. KSH¼ 0.58 at 30 days, Table 8.6

DfpSH ¼ 6190	 0:58 ¼ 3590 psi ð24:8 MPaÞ

3. Steel relaxation loss at 30 days

fps ¼ 161,398 psi

The relaxation loss in stress becomes

DfpR ¼ 161,398
log 720� log 18

10

� �
161,398

230,000
� 0:55

� �
ffi 3,923 psi ð27:0 MPaÞ

Stage II: Total Losses

DfpT ¼ DfpCR þ DfpSH þ DfpR

¼ 5,933þ 3,590þ 3,923 ¼ 13,446 psi ð93 MPaÞ

The increase fSD in stress in the strands due to the addition of topping is

fSD¼ n�ffcsd¼ n(MSD	 e/Ic)¼ n	 519.3¼ 9.72	 519.3¼ 5048 psi (34.8 MPa) in tension

fSD¼ 5048 psi (34.8 MPa); hence, the strand stress at the end of stage II is

fpe ¼ fps � DfpT þ DfSD ¼ 161,398� 13,446þ 5,048 ¼ 153,000 psi ð1,055 MPaÞ

Stage III: At the End of 2 Years

fpe ¼ 151,516 psi

t1 ¼ 720 h

t2 ¼ 17,520 h
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The steel relaxation stress loss is

DfpR ¼ 153,000
log 17,520� log 720

10

� �
153,000

230,000
� 0:55

� �
ffi2,444 psi ð16:9 MPaÞ

Hence, the strand stress fpe at the end of stage III is approximately

153,000� 2,444 ¼ 150,536 psi ð1,038 MPaÞ

8.5.6 Example 2: Prestressing Losses Evaluation Using SI Units

Solve Example 1 using SI units for losses in prestress, considering self-weight and superimposed dead

load only.

Data
f 0c ¼ 34:5 MPa

f 0ci ¼ 24:1 MPa

Ac ¼ 3,968 cm2, St ¼ 97,670 cm3

Ic ¼ 2:49	 106 cm4, Sb ¼ 44,520 cm3

r2 ¼ Ic=Ac ¼ 626 cm2

cb ¼ 55:8 cm, ct ¼ 25:5 cm

ec ¼ 47:6 cm, ee ¼ 33:0 cm

fpu ¼ 1,860 MPa

fpy ¼ 0:85fpu ¼ 1,580 MPa

fpi ¼ 0:82fpy ¼ ð0:82	 0:85Þfpu

¼ 0:7 fpu ¼ 1,300 MPa

Eps ¼ 193,000 MPa

PHOTO 8.3 Crushing of the concrete at the top fibers and yield of reinforcement at the bottom fibers of the

prestressed concrete T-beam in Photo 8.2 at Ultimate State of Failure. Tested at the Rutgers University Concrete

Research Laboratory (courtesy E.G. Nawy).
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Span l¼ 21.3 m

Aps ¼ 12 strands, 12:7-mm diameter ð99 mm2Þ

¼ 12	 99 ¼ 1,188 mm2

MD ¼ 391 kN m, MSD ¼ 199 kN m

DA ¼ 0:64 cm

V=S ¼ 1:69, RH ¼ 70%

Ec ¼ w1:50:043
ffiffiffiffi
f 0c

p
, w ðlightweightÞ � 1830 kg=m3

Eci ¼ w1:50:043
ffiffiffiffi
fci
0p

MPa ¼ 106 N=m
2 ¼ N=mm

2

ðpsiÞ 0:006895 ¼ MPa

ðlb=ftÞ 14:593 ¼ N=m

ðin: lbÞ 0:113 ¼ N m

Solution

1. Anchorage seating loss

DA ¼ 0:64 cm, l ¼ 21:3 m

DfPA ¼
DA

L
Eps ¼

0:64

21:3	 100
	 193,000 ¼ 58:0 MPa

2. Elastic shortening

Since all jacks are simultaneously tensioned, the elastic shortening will simultaneously precipitate

during jacking. As a result, no elastic shortening loss takes place in the tendons.

Ec ¼ w1:50:043
ffiffiffiffiffiffiffiffiffi
34:5
p

¼ 1,8301:5 	 0:043
ffiffiffiffiffiffiffiffiffi
34:5
p

¼ 19,770 MPa

n ¼ Eps

Ec

¼ 193,000

19,770
¼ 9:76

�ffcsd¼ stress in concrete at cgs due to all superimposed dead loads after prestressing is

accomplished

�ffcsd ¼
MSDe

Ic

¼ 1:99	 107 N cm	 44:7

2:49	 106
	 1

100
N=mm

2

¼ 3:57 MPa

KCR ¼ 1:6 for posttensioned beam

DfpCR ¼ nKCR
�ffcs � �ffcsd

	 

¼ 9:76	 1:6ð6:90� 3:57Þ ¼ 52:0 MPa

3. Shrinkage loss at 30 days

From Equation 8.19

DfpSH ¼ 8:2	 10�6KSHEps 1� 0:06
V

S

� �
100� RHð Þ
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KSH at 30 days¼ 0.58 (Table 8.6):

DfpSH ¼ 8:2	 10�6 	 0:58	 193,000ð1� 0:06	 1:69Þð100� 70Þ
¼ 24:7 MPa

4. Relaxation loss at 30 days (720 h)

fps ¼ 1108 MPa

DfpR ¼ 1108
log 720� log 18

10

� �
1108

1580
� 0:55

� �
¼ 110:8ð2:85� 1:25Þ0:151 ¼ 26:8 MPa

Stage II: Total Losses

DfpT ¼ DfpCR þ DfpSH þ DfpR

¼ 52:0þ 24:7þ 26:8 ¼ 104 MPa

Increase of tensile stress at bottom cgs fibers due to addition of topping is from before

DfSD ¼ nfCSD ¼ 9:76	 3:57 ¼ 34:8 MPa

fpe ¼ fps � DfpT þ DfSD

¼ 1108� 103:5þ 34:5 ¼ 1039 MPa

Stage III: At End of 2 Years

fpe ¼ 1039 MPa

t1 ¼ 720 h, t2 ¼ 17,520 h

DfpR ¼ 1,039
log 17,520� log 720

10

� �
1,039

1,580
� 0:55

� �

¼ 103:9ð4:244� 2:857Þ0:108 ¼ 15:6 MPa

On the assumption that DfpCR and DfpSH were stable in this case, the stress in the tendons at end of

stage III can approximately be fps¼ 1039� 15.6ffi 1020 MPa (see Figure 8.3).

8.6 Flexural Design of Prestressed Concrete Elements

Unlike the case of reinforced concrete members, the external dead load and partial live load are applied

to the prestressed concrete member at varying concrete strengths at various loading stages. These loading

stages can be summarized as follows:

� Initial prestress force Pi is applied; then, at transfer, the force is transmitted from the prestressing

strands to the concrete.
� The full self-weight WD acts on the member together with the initial prestressing force, provided

that the member is simply supported, that is, there is no intermediate support.
� The full superimposed dead load WSD, including topping for composite action, is applied to the

member.
� Most short-term losses in the prestressing force occur, leading to a reduced prestressing force Peo.
� The member is subjected to the full service load, with long-term losses due to creep, shrinkage, and

strand relaxation taking place and leading to a net prestressing force Pe.
� Overloading of the member occurs under certain conditions up to the limit state at failure.
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Stress at transfer

f t ¼ � Pi

Ac

1� ect

r2

� �
�MD

St
� fti ð8:23aÞ

f b ¼ �
Pi

Ac

1þ ec b

r2

� �
þMD

Sb

� fci ð8:23bÞ

where Pi is the initial prestressing force. While a more accurate value to use would be the horizontal

component of Pi, it is reasonable for all practical purposes to disregard such refinement.

Effective stresses after losses

f t ¼ � Pe

Ac

1� ect

r2

� �
�MD

St
� ft ð8:24aÞ

f b ¼ �
Pe

Ac

1þ ecb

r2

� �
þMD

Sb

� fc ð8:24bÞ

Service-load final stresses

f t ¼ � Pe

Ac

1� ect

r2

� �
�MT

St
� fc ð8:25aÞ

f b ¼ �
Pe

Ac

1þ ec b

r2

� �
þMT

Sb

� fc ð8:25bÞ

where MT¼MDþMSDþML; Pi is the initial prestress; Pe is the effective prestress after losses, where

t denotes the top and b denotes the bottom fibers; e is the eccentricity of tendons from the concrete

section center of gravity, cgc; r2 is the square of radius of gyration; and St/Sb is the top/bottom section

modulus value of concrete section.

The decompression stage denotes the increase in steel strain due to the increase in load from the stage

when the effective prestress Pe acts alone to the stage when the additional load causes the compressive

stress in the concrete at the cgs level to reduce to zero. At this stage, the change in concrete stress due to

decompression is

fdecomp ¼
Pe

Ac

1þ e 2

r2

� �
ð8:25cÞ

18 in. 48
1 in.

6 in. 6 in.

6 in.

6 in.

40 in.

Ic = 70,688 in.4

r2 = 187.5 in.2

Ac = 377 in.2

ct = 21.16 in.
St = 3,340 in.3

cb = 18.84 in.
Sb = 3,750 in.3

WD = 393 plf

4 in.

18 in.

18
3 in.

FIGURE 8.3 I-Beam section in Example 2 [5].
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This relationship is based on the assumption that the strain between the concrete and the prestressing

steel bonded to the surrounding concrete is such that the gain in the steel stress is the same as the

decrease in the concrete stress.

8.6.1 Minimum Section Modulus

To design or choose the section, a determination of the required minimum section modulus, Sb and St,

has to be made first.

1. For variable tendon eccentricity:

St � ð1� gÞMD þMSD þML

gfti � fc

ð8:26aÞ

and

Sb �
ð1� gÞMD þMSD þML

ft � gfci

ð8:26bÞ

2. For constant tendon eccentricity:

St � MD þMSD þML

gfti � fc

ð8:27aÞ

and

Sb �
MD þMSD þML

ft � gfci

ð8:27bÞ

The required eccentricity value at the critical section, such as the support for an ideal beam section

having properties close to those required by Equations 8.27a and 8.27b, is

ee ¼ fti � �fcifci

	 
 St

Pi

ð8:28Þ

Table 8.8 and Table 8.9 list the properties of standard sections.

TABLE 8.8 Geometrical Outer Dimensions and Section Moduli of Standard AASHTO Bridge Sections

AASHTO sections

Designation Type 1 Type 2 Type 3 Type 4 Type 5 Type 6

Area Ac, in.2

Moment of inertia

276 369 560 789 1,013 1,085

Ig(x � x), in.4 22,750 50,979 125,390 260,741 521,180 733,320

Ig(y � y), in.4 3,352 5,333 12,217 24,347 61,235 61,619

Top-/bottom-section modulus, in.3 1,476 2,527 5,070 8,908 16,790 20,587

1,807 3,320 6,186 10,544 16,307 20,157

Top flange width, bf (in.) 12 12 16 20 42 42

Top flange average thickness, tf (in.) 6 8 9 11 7 7

Bottom flange width, b2 (in.) 16 18 22 26 28 28

Bottom flange average thickness, t2 (in.) 7 9 11 12 13 13

Total depth, h (in.) 28 36 45 54 63 72

Web width, bw (in.) 6 6 7 8 8 8

ct/cb (in.) 15.41 20.17 24.73 29.27 31.04 35.62

12.59 15.83 20.27 24.73 31.96 36.38

r2, in.2 82 132 224 330 514 676

Self-weight wD, lb/ft 287 384 583 822 1,055 1,130
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8.6.2 Example 3: Flexural Design of Prestressed Beams at Service Load Level

Design an I-section for a beam having a 65-ft (19.8 m) span to satisfy the following section modulus

values:

Required St ¼ 3,570 in:3 ð58,535 cm3Þ
Required Sb ¼ 3,780 in:3 ð61,940 cm3Þ

Given

WSD ¼ 100 plf

WL ¼ 1,100 plf

f 0c ¼ 5,000 psi ð34:5 MPaÞ
f 0ci at transfer ¼ 75% of cylinder strength

fpu ¼ 270,000 psi ð1,862 MPaÞ
ft ¼ 12

ffiffiffiffi
f 0c

p
Solution

Since the section moduli at the top and bottom fibers are almost equal, a symmetrical section is

adequate. Next, analyze the section in Figure 8.3 chosen by trial and adjustment.

Analysis of Stresses at Transfer

�fcifci ¼ fti �
ct

h
fti � fcið Þ

¼ þ184� 21:16

40
þ184þ 2,250ð Þ ffi �1,104 psi ðCÞ ð7:6 MPaÞ

Pi ¼ Ac
�fcifci ¼ 377	 1,104 ¼ 416,208 lb ð1,851 kNÞ

MD ¼
393ð65Þ2

8
	 12 ¼ 2,490,638 in: lb ð281 kN mÞ

The eccentricity required at the section of maximum moment at midspan is

ec ¼ fti � �fcifci

	 
 St

Pi

þMD

Pi

¼ 184þ 1,104ð Þ 3,572

416,208
þ 2,490,638

416,208

¼ 11:05þ 5:98 ¼ 17:04 in: ð433 mmÞ

TABLE 8.9 Geometrical Outer Dimensions and Section Moduli of Standard PCI Double T-Sections

Designation

Top-/bottom-section

modulus, in.3
Flange width

bf , in.

Flange depth

tf , in.

Total depth

h, in.

Web width

2bw, in.

8DT12 1,001/315 96 2 12 9.5

8DT14 1,307/429 96 2 14 9.5

8DT16 1,630/556 96 2 16 9.5

8DT20 2,320/860 96 2 20 9.5

8DT24 3,063/1,224 96 2 24 9.5

8DT32 5,140/2,615 96 2 32 9.5

10DT32 5,960/2,717 120 2 32 12.5

12DT34a 10,458/3,340 144 4 34 12.5

15DT34a 13,128/4,274 180 4 34 12.5

a Pretopped.
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Since cb¼ 18.84 in., and assuming a cover of 3.75 in., try ec¼ 18.84�3.75¼ 15.0 in. (381 mm):

Required area of strands Ap ¼
Pi

fpi

¼ 416,208

189,000
¼ 2:2 in:2 ð14:2 cm2Þ

Number of strands ¼ 2:2

0:153
¼ 14:38

Try thirteen 1
2
-in. strands, Ap¼ 1.99 in.2 (12.8 cm2), and an actual Pi¼ 189,000	 1.99¼ 376,110 lb

(1,673 kN), and check the concrete extreme fiber stresses. From Equation 8.23a

f t ¼ � Pi

Ac

1� ect

r2

� �
�MD

St

¼ � 376,110

377
1� 15:0	 21:16

187:5

� �
� 2,490,638

3,340

¼ þ691:2� 745:7 ¼ �55 psi ðCÞ, no tension at transfer, OK.

From Equation 8.23b

f b ¼ �
Pi

Ac

1þ ecb

r2

� �
þMD

Sb

¼ � 376,110

377
1þ 15:0	 18:84

187:5

� �
þ 2,490,638

3,750

¼ �2501:3þ 664:2 ¼ �1837 psi ðCÞ < fci ¼ 2,250 psi, OK:

Analysis of stresses at service load. From Equation 8.25a

f t ¼ � Pe

Ac

1� ect

r2

� �
�MT

St

Pe ¼ 13	 0:153	 154,980 ¼ 308,255 lb ð1,371 kNÞ
MSD þML ¼ 100þ 1,100ð Þ 65ð Þ2	12=8 ¼ 7,605,000 in: lb

Total moment MT ¼ MD þMSD þML ¼ 2,490,638þ 7,605,000

¼ 10,095,638 in: lb ð1,141 kN mÞ

f t ¼ � 308,255

377
1� 15:0	 21:16

187:5

� �
� 10,095,638

3,340

¼ þ566:5� 3022:6 ¼ �2,456 psi ðCÞ> fc ¼ �2,250 psi

Hence, either enlarge the depth of the section or use higher strength concrete. Using f 0c ¼ 6,000 psi

f b ¼ �
Pe

Ac

1þ ec b

r2

� �
þMT

Sb

¼ � 308,255

377
1þ 15:0	 18:84

187:5

� �
þ 10,095,638

3,750

¼ �2,050þ 2692:2 ¼ 642 psi ðTÞ, OK:

Check support section stresses. Allowable

f 0ci ¼ 0:75	 6000 ¼ 4500 psi

fci ¼ 0:60	 4500 ¼ 2700 psi

fti ¼ 3
ffiffiffiffi
f 0ci

p
¼ 201 psi for midspan

fti ¼ 6
ffiffiffiffi
f 0ci

p
¼ 402 psi for support

fc ¼ 0:45f 0c ¼ 2700 psi

8-22 Handbook of Structural Engineering

Copyright 2005 by CRC Press



ft1 ¼ 6
ffiffiffiffi
f 0c

p
¼ 465 psi

ft2 ¼ 12
ffiffiffiffi
f 0c

p
¼ 930 psi

1. At transfer. Support section compressive fiber stress

fb ¼ �
Pi

Ac

1þ ec b

r2

� �
þ 0

For Pi¼ 376,110 lb

�2,700 ¼ � 376,110

377
1þ e 	 18:84

187:5

� �

so that

ee ¼ 16:98 in:

Accordingly, try ee¼ 12.49 in.

f t ¼ � 376,110

377
1� 12:49	 21:16

187:5

� �
� 0

¼ 409 psi ðTÞ > fti ¼ 402 psi

fb ¼ 2,250 psi

Thus, use mild steel at the top fibers at the support section to take all tensile stresses in the

concrete, or use a higher strength concrete for the section, or reduce the eccentricity.

2. At service load

f t ¼ � 308,255

377
1� 12:49	 21:16

187:5

� �
� 0 ¼ 335 psi ðTÞ< 930 psi, OK:

fb ¼ �
308,255

377
1þ 12:49	 18:84

187:5

� �
þ 0 ¼ �1,844 psi ðCÞ<�2,700 psi, OK:

Hence, adopt the 40-in. (102-cm)-deep I-section prestressed beam of f 0c equal to 6,000 psi

(41.4 MPa) normal-weight concrete with thirteen 1
2
-in. strands tendon having midspan eccen-

tricity ec¼ 15.0 in. (381 mm) and end section eccentricity ee¼ 12.5 in. (318 m).

An alternative to this solution is to continue using f 0c ¼ 5000 psi, but change the number of strands

and eccentricities.

8.6.3 Development and Transfer Length in Pretensioned Members
and Design of their Anchorage Reinforcement

As the jacking force is released in pretensioned members, the prestressing force is dynamically trans-

ferred through the bond interface to the surrounding concrete. The interlock or adhesion between the

prestressing tendon circumference and the concrete over a finite length of the tendon gradually transfers

the concentrated prestressing force to the entire concrete section at planes away from the end block and

toward the midspan. The length of embedment determines the magnitude of prestress that can be

developed along the span: the larger the embedment length, the higher is the prestress developed.

As an example for 1
2
-in. seven-wire strand, an embedment of 40 in. (102 cm) develops a stress of

180,000 psi (1,241 MPa), whereas an embedment of 70 in. (178 cm) develops a stress of 206,000 psi

(1,420 MPa). The embedment length ld that gives the full development of stress is a combination of the

transfer length lt and the flexural bond length lf. These are given, respectively, by

lt ¼
1

1000

fpe

3

� �
db ð8:29aÞ
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or

lt ¼
fpe

3000
db ð8:29bÞ

and

lf ¼
1

1000
fps � fpe

	 

db ð8:29cÞ

where fps is the stress in prestressed reinforcement at nominal strength (psi), fpe is the effective prestress

after losses (psi), and db is the nominal diameter of prestressing tendon (in.).

Combining Equations 8.29b and 8.29c gives

Min ld ¼
1

1000
fps �

2

3
fpe

� �
db ð8:29dÞ

Equation 8.29d gives the minimum required development length for prestressing strands. If part of the

tendon is sheathed toward the beam end to reduce the concentration of bond stresses near the end, the

stress transfer in that zone is eliminated and an increased adjusted development length ld is needed.

8.6.3.1 Design of Transfer Zone Reinforcement in Pretensioned Beams

Based on laboratory tests, empirical expressions developed by Mattock et al. give the total stirrup

force F as

F ¼ 0:0106
Pih

lt
ð8:30Þ

where h is the pretensioned beam depth and lt is the transfer length. If the average stress in a stirrup

is taken as half the maximum permissible steel fs, then F¼ 1
2

Atfs. Substituting this for F in Equation 8.30

gives

At ¼ 0:021
Pih

fslt
ð8:31Þ

where At is the total area of the stirrups and fs� 20,000 psi (138 MPa) for crack-control purposes.

8.6.4 Posttensioned Anchorage Zones: Strut-and-Tie Design Method

The anchorage zone can be defined as the volume of concrete through which the concentrated pre-

stressing force at the anchorage device spreads transversely to a linear distribution across the entire cross-

section depth along the span. The length of this zone follows St Venant’s principle, namely, that the

stress becomes uniform at an approximate distance ahead of the anchorage device equal to the depth, h,

of the section. The entire prism that would have a transfer length, h, is the total anchorage zone.

This zone is thus composed of two parts:

1. General zone: The general extent of the zone is identical to the total anchorage zone. Its length

extent along the span is therefore equal to the section depth, h, in standard cases.

2. Local zone: This zone is the insert prism of concrete surrounding and immediately ahead of the

anchorage device and the confining reinforcement it contains.

After significant cracking is developed, compressive stress trajectories in the concrete tend to con-

gregate into straight lines that can be idealized as straight compressive struts in uniaxial compression.

These struts would become part of truss units where the principal tensile stresses are idealized as tension

ties in the truss unit with the nodal locations determined by the direction of the idealized compression

struts. Figure 8.4 sketches standard strut-and-tie idealized trusses for concentric and eccentric cases both

for solid and flanged sections as given in ACI 318-02 Code.

Simplified equations can be used to compute the magnitude of the bursting force, Tburst, and its

centroid distance, dburst, from the major bearing surface of the anchorage [9]. The member has to have
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a rectangular cross-section with no discontinuities along the span. The bursting force, Tburst and its

distance, dburst, can be computed from the following expressions:

Tburst ¼ 0:25
X

Psu 1� a

h

� �
ð8:32aÞ

dburst ¼ 0:5 h � 2eð Þ ð8:32bÞ

where
P

Psu is the sum of the total factored prestress loads for the stressing arrangement considered (lb),

a is the plate width of anchorage device or single group of closely spaced devices in the direction

considered (in.), e is the eccentricity (always taken positive) of the anchorage device or group closely

spaced devices with respect to the centroid of the cross-section (in.), and h is the depth of the cross-

section in the direction considered (in.).

The ACI 318 Code requires that the design of confining reinforcement in the end anchorage block of

posttensioned members be based on the factored prestressing force Psu for both the general and local

zones. A load factor of 1.2 is to be applied to an end anchorage stress level fpi¼ 0.80fpu for low-

relaxation strands at the short time interval of jacking, which can reduce to an average value of 0.70fpu

for the total group of strands at the completion of the jacking process. For stress-relieved strands, a

lower fpi¼ 0.70fpu is advised. The maximum force Psu stipulated in the ACI 318 Code for designing the

confining reinforcement at the end-block zone is as follows for the more widely used low-relaxation

strands:

Psu ¼ 1:2Apsð0:8fpuÞ ð8:32cÞ

h/2

h

P

T

P

h T

h/2

Rectangular section
Concentric P

T ~ 0.25P

Flanged section
Concentric P

T ~ 0.50P

P

h T

h/2

Flanged section
Eccentric P
T ~ 0.50P

(a)

(c)

(b)

FIGURE 8.4 Strut-and-tie idealized trusses in standard concentric and eccentric cases, ACI 318-02 [8].
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The AASHTO Standard for the case where Psu acts at an inclined angle a in the direction of the beam

span adds the term [0.5
P

(Psu sin a)]to Equation 8.32a and 5e(sin a) to Equation 8.32b. For horizontal

Psu sin a¼ 0.

8.6.4.1 Allowable Bearing Stresses

The maximum allowable bearing stress at the anchorage device seating should not exceed the smaller of

the two values obtained from Equations 8.33a and 8.33b as follows:

fb � 0:7f 0ci

ffiffiffiffiffiffiffiffiffiffiffi
A=Ag

p
ð8:33aÞ

fb � 2:25f 0ci ð8:33bÞ

where fb is the maximum factored tendon load, Pu, divided by the effective bearing area Ab; fci
0 is the

concrete compressive strength at initial stressing; A is the maximum area of the portion of the sup-

porting surface that is geometrically similar to the loaded area and concentric with it, contained wholly

within the section, with the upper base being the loaded surface area of the concrete and sloping sideway

with a slope of 1 vertical to 2 horizontal; and Ag is the gross area of the bearing plate.

Equations 8.33a and 8.33b are valid only if general zone reinforcement is provided and if the extent

of concrete along the tendon axis ahead of the anchorage device is at least twice the length of the

local zone.

8.6.5 Example 4: End Anchorage Design by the Strut-and-Tie Method

Design an end anchorage reinforcement for the posttensioned beam in Example 3, giving the size,

type, and distribution of reinforcement. Use f 0ci ¼ 5,000 psi (34.5 MPa) normal-weight concrete.

fpu¼ 270,000 psi low-relaxation steel.

Assume that the beam ends are rectangular blocks extending 40 in. (104 cm.) into the span beyond the

anchorage devices which then transitionally reduce to the 6-in. thick web.

1. Establish the configuration of the tendons to give eccentricity ee¼ 12.49 in. (317 mm). From

Example 3, cb¼ 18.84 in.; hence, distance from the beam fibers¼ cb� ee¼ 6.35 in. (161 mm). For

a centroidal distance of the 131
2
-in. size strands¼ 6.35 in. from the beam bottom fibers, try the

following row arrangement of tendons with the indicated distances from the bottom fibers:

first row: five tendons at 2.5 in.

second row: five tendons at 7.0 in.

third row: three tendons at 11.5 in.

Distance of the centroid of tendons ¼ 5	 2:5þ 5	 7:0þ 3	 11:5ð Þ
13

ffi 6:35 in:, OK:

2. Factored forces in tendon rows and bearing capacity of the concrete. From Equation 8.32c for low-

relaxation strands, fpi¼ 0.80fpu. The factored jacking force at the short jacking time interval is

Psu¼ 1.2Aps (0.80fpu) = 0.96fpu Aps¼ 0.96	 270,000¼ 259,200 psi.

If stress-relieved strands are used, it would have been advisable to use fpi¼ 0.70fpu:

first row force: Pu1 ¼ 5	 0:153	 259,200 ¼ 198,286 lb ð882 kNÞ
second row force: Pu2 ¼ 5	 0:153	 259,200 ¼ 198,286 lb ð882 kNÞ
third row force: Pu3 ¼ 3	 0:153	 259,200 ¼ 118,973 lb ð529 kNÞ

The total ultimate compressive force¼ 198,286þ 198,286þ 118,973¼ 515,545 lb (2,290 kN).

The total area of rigid bearing plates supporting the Supreme 13-chucks anchorage

devices¼ 14	 11þ 6	 4¼ 178 in.2 (113 cm2). The actual bearing stress

fb ¼
515,545

178
¼ 2,896 psi ð19:9 MPaÞ
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From Equations 8.33a and 8.33b, the maximum allowable bearing pressure on the concrete is the

lesser of

fb � 0:7f 0ci

ffiffiffiffiffiffiffiffiffiffiffi
A=Ag

p
fb � 2:25f 0ci

Assume that the initial concrete strength at stressing is f 0ci ¼ 0:75f 0c ¼ 0:75	 5000 ¼ 3750 psi.

The concentric area, A, of concrete with the bearing platesffi (14þ 4)(11þ 4)þ (6þ 4)(4þ 4)¼
350 in.2 Allowable bearing stress, fb ¼ 0:7	 0:90	 3750

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
322=178

p
¼ 3178 psi> 3020 psi, OK:

The bearing stress does not control. It should be noted that the area Ag of the rigid steel plate or

plates, and the corresponding concrete pyramid base area A within the end block assumed to

receive the bearing stress, are purely determined by engineering judgment. The areas are based on

the geometry of the web and bottom flange of the section, the rectangular dimension of the beam

end, and the arrangement and spacing of the strand anchorages in contact with the supporting

steel end bearing plates.

3. Draw the strut-and-tie model. Total length of distance a between forces Pu1� Pu3¼ 11.5�2.5¼
9.0 in. Hence depth a/2 ahead of the anchorages¼ 9.0/2¼ 4.5 in. Construct the strut-and-tie

model assuming it to be as shown in Figure 8.5. The geometrical dimensions for finding the

horizontal force components from the ties 1–2 and 3–2 have cotangent values of 26.5/15.5 and

13.0/15.5, respectively. From statics, truss analysis in Figure 8.5 gives the member forces as follows:

tension tie 1--2 ¼ 118,973	 24:5

15:5
¼ 188,054 lb ð836 kNÞ

tension tie 3--2 ¼ 198,286	 13

15:5
¼ 166,304 lb ð699 kNÞ

Rectangular anchor block

h = 40 in.

118,973

198,286

198,286

Tension ties = solid lines
Compression struts = dashed lines
Truss nodes = 1, 2, 3

Tension tie
Compression strut

18 in.

18
8,

05
4

16
6,

30
4

h/2 = 20 in. 20 in.

2 in.

2 in.

18 in.

26.5 in.

8.5 in.

7.0 in.

4.5 in.

22
2,

51
7

258,795

2

3c

b

a118,973 lb

198,286 lb

198,286 lb

1
2

4 in.

1
2

4 in.

1
2

4 in. 1
2

15 in.

1
2

2 in.

1

FIGURE 8.5 Struts-and-ties in Example 4 [5].
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Use the larger of the two values for choice of the closed tension tie stirrups. Try No. 3 closed ties,

giving a tensile strength per tie¼ffyAv¼ 0:90	 60,000	 2ð0:11Þ ¼ 11,880 lb

required number of stirrup ties ¼ 188,054

11,880
¼ 15:8

For the tension tie a–b–c in Figure 8.5, use the force Pu¼ 166,304 lb to concentrate additional

No. 4 vertical ties ahead of the anchorage devices. Start the first tie at a distance of 11
2

in. from

the end rigid steel plate transferring the load from the anchorage devices to the concrete

number of ties ¼ 166,304

0:90	 60,000	 2	 0:20
¼ 7:7

Use eight No. 4 closed ties @ 11
4

in. (12.7 mm @ 32 mm) center to center with the first tie to start

at 11
2

in. ahead of the anchorage devices.

Only 13 ties in lieu of the 15.0 calculated are needed since part of the zone is covered by the

No. 4 ties. Use 13 No. 3 closed ties @ 21
2

in. (9.5 mm @ 57 mm) center to center beyond the last

No. 4 tie so that a total distance of 40 in. (104 cm) width of the rectangular anchor block is

confined by the reinforcement closed ties.

Adopt this design of the anchorage zone.

It should also be noted that the idealized paths of the compression struts for cases where there

are several layers of prestressing strands should be such that at each layer level a stress path is

assumed in the design.

8.6.6 Ultimate-Strength Flexural Design

8.6.6.1 Cracking-Load Moment

One of the fundamental differences between prestressed and reinforced concrete is the continuous shift

in the prestressed beams of the compressive C-line away from the tensile cgs line as the load increases.

In other words, the moment arm of the internal couple continues to increase with the load without any

appreciable change in the stress fpe in the prestressing steel. As the flexural moment continues to

increase when the full superimposed dead load and live load act, a loading stage is reached where the

concrete compressive stress at the bottom-fibers reinforcement level of a simply supported beam

becomes zero.

This stage of stress is called the limit state of decompression. Any additional external load or overload

results in cracking at the bottom face, where the modulus of rupture of concrete fr is reached due to the

cracking moment Mcr caused by the first cracking load. At this stage, a sudden increase in the steel stress

takes place and the tension is dynamically transferred from the concrete to the steel. It is important to

evaluate the first cracking load, since the section stiffness is reduced and hence an increase in deflection

has to be considered. Also, the crack width has to be controlled in order to prevent reinforcement

corrosion or leakage in liquid containers.

The concrete fiber stress at the tension face is

fb ¼ �
Pe

Ac

1þ ec b

r2

� �
þMcr

Sb

¼ fr ð8:34Þ

where the modulus of rupture fr ¼ 7:5
ffiffiffiffi
f 0c

p
and the cracking moment Mcr is the moment due to all loads

at that load level (MDþMSDþML). From Equation 8.34

Mcr ¼ frSb þ Pe e þ r2

cb

� �
ð8:35Þ
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8.6.6.2 ACI Load Factors Equations

The ACI 318 Building Code for concrete structures is an international code. As such, it has to conform to

the International Building Codes, IBC 2000 and IBC 2003 [10] and be consistent with the ASCE-7

Standard on Minimum Design Loads for Buildings and Other Structures. The effect of one or more loads

not acting simultaneously has to be investigated. Structures are seldom subjected to dead and live loads

alone. The following equations present combinations of loads for situations in which wind, earthquake,

or lateral pressures due to earthfill or fluids should be considered:

U ¼ 1:4ðD þ FÞ ð8:36aÞ
U ¼ 1:2ðD þ F þ TÞ þ 1:6ðL þHÞ þ 0:5ðLr or S or RÞ ð8:36bÞ
U ¼ 1:2D þ 1:6ðLr or S or RÞ þ ð1:0L or 0:8W Þ ð8:36cÞ
U ¼ 1:2D þ 1:6W þ 0:5L þ 1:0ðLr or S or RÞ ð8:36dÞ
U ¼ 1:2D þ 1:0E þ 1:0L þ 0:2S ð8:36eÞ
U ¼ 0:9D þ 1:6W þ 1:6H ð8:36fÞ
U ¼ 0:9D þ 1:0E þ 1:6H ð8:36gÞ

where D is the dead load, E is the earthquake load, F is the lateral fluid pressure load and maximum

height; H is the load due to the weight and lateral pressure of soil and water in soil; L is the live load, Lr is

the roof load, R is the rain load, S is the snow load; T is the self-straining force such as creep, shrinkage,

and temperature effects; and W is the wind load.

It should be noted that the philosophy used for combining the various load components for earth-

quake loading is essentially similar to that used for wing loading.

8.6.6.2.1 Exceptions to the Values in These Expressions

1. The load factor on L in Equations 8.36c to 8.36e is allowed to be reduced to 0.5 except for garages,

areas occupied as places of public assembly, and all areas where the live load L is greater than

100 lb/ft2.

2. Where wind load W has not been reduced by a directionality factor, the code permits to use 1.3W

in place of 1.6W in Equations 8.36d and 8.36f.

3. Where earthquake load E is based on service-level seismic forces, 1.4E shall be used in place of 1.0E

in Equations 8.36e and 8.36g.

4. The load factor on H is to be set equal to zero in Equations 8.36f and 8.36g if the structural action

due to H counteracts that due to W or E. Where lateral earth pressure provides resistance to

structural actions from other forces, it should not be included in H but shall be included in the

design resistance.

Due regard has to be given to sign in determining U for combinations of loadings, as one type of

loading may produce effects of opposite sense to that produced by another type. The load combinations

with 0.9D are specifically included for the case where a higher dead load reduces the effects of other

loads.

8.6.6.3 Design Strength versus Nominal Strength: Strength-Reduction Factor �

The strength of a particular structural unit calculated using the current established procedures is termed

nominal strength. For example, in the case of a beam, the resisting moment capacity of the section

calculated using the equations of equilibrium and the properties of concrete and steel is called the

nominal strength moment Mn of the section. This nominal strength is reduced using a strength reduction

factor f to account for inaccuracies in construction, such as in the dimensions or position of rein-

forcement or variations in properties. The reduced strength of the member is defined as the design

strength of the member.

For a beam, the design moment strength fMn should be at least equal to, or slightly greater than the

external factored moment Mu for the worst condition of factored load U. The factor f varies for the
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different types of behavior and for the different types of structural elements. For beams in flexure,

for instance, f is 0.9.

For tied columns that carry dominant compressive loads, the factor f equals 0.65. The smaller

strength-reduction factor used for columns is due to the structural importance of the columns in

supporting the total structure compared to other members, and to guard against progressive collapse

and brittle failure with no advance warning of collapse. Beams, on the other hand, are designed

to undergo excessive deflections before failure. Hence, the inherent capability of the beam

for advanced warning of failure permits the use of a higher strength reduction factor or resistance

factor. Table 8.10 summarizes the resistance factors f for various structural elements as given in the

ACI code.

PHOTO 8.4 Paramount Apartments, San Francisco, CA: completed in 2002, it is the first hybrid precast

prestressed concrete moment-resistant 39 floor high-rise frame building in a high seismicity zone. Based on tests of

large-scale prototype of the moment-resisting connections, it was determined that the performance of the system

was superior to cast-in-place concrete, both in cracking behavior and ductility. Hence, as a system, this new

development succeeds in enhancing the performance of high-rise buildings and bridges in high seismicity

earthquake zones. Since completion of this structure, several other buildings in California have been completed

using the same principles (courtesy Charles Pankow Ltd, Design/Build contractors. Structural Engineers: Robert

Englekirk Inc.).

8-30 Handbook of Structural Engineering

Copyright 2005 by CRC Press



8.6.7 Limit States in Bonded Members from Decompression to
Ultimate Load

The effective prestress fpe at service load due to all loads results in a strain e1 such that

e1¼epe¼
fpe

Eps

ð8:37aÞ

At decompression, that is, when the compressive stress in the surrounding concrete at the level of the

prestressing tendon is neutralized by the tensile stress due to overload, a decompression strain

edecomp¼e2 results such that

e2 ¼ edecomp ¼
Pe

AcEc

1þ e2

r2

� �
ð8:37bÞ

TABLE 8.10 Resistance or Strength Reduction Factor f

Structural element Factor f

Beam or slab: bending or flexurea 0.9

Columns with ties 0.65

Columns with spirals 0.7

Columns carrying very small axial loads

(refer to Chapter 5 for more details)

0.65 – 0.9 or 0.70 – 0.9

Beam: shear and torsionb 0.75

a Flexure: for factory-produced precast prestressed concrete members, f¼ 1.0. For

posttensioned cast-in-place concrete members, f¼ 0.95 by AASHTO.
b Shear and Torsion: Reduction factor for prestressed members, f¼ 0.90 by AASHTO.

PHOTO 8.5 Walt Disney World Monorail, Orlando, Florida: a series of hollow prestressed concrete 100-ft box

girders individually posttensioned to provide a six-span continuous structure. Design by ABAM Engineers and

owned by Walt Disney World Company (courtesy E.G. Nawy).
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Figure 8.6 illustrates the stress distribution in a prestressed concrete member at and after the decom-

pression stage where the behavior of the prestressed beam starts to resemble that of a reinforced

concrete beam.

As the load approaches the limit state at ultimate, the additional strain e3 in the steel reinforcement

follows the linear triangular distribution shown in Figure 8.6b, where the maximum compressive strain

at the extreme compression fibers is ec¼ 0.003 in./in. In such a case, the steel strain increment due to

overload above the decompression load is

e3 ¼ ec

d � c

c

� �
ð8:37cÞ

where c is the depth of the neutral axis. Consequently, the total strain in the prestressing steel at this stage

becomes

es ¼ e1 þ e2 þ e3 ð8:37dÞ

The corresponding stress fps at nominal strength can be easily obtained from the stress–strain diagram of

the steel supplied by the producer. If fpe< 0.50fpu, the ACI Code allows computing fps from the following

expression:

fps ¼ fpu 1�
gp

b1

rp

fpe

f 0c
þ d

dp

ðo� o0Þ
� �� �

ð8:37eÞ

where gp can be used as 0.40 for fpy/fpu> 0.85.

8.6.7.1 The Equivalent Rectangular Block and Nominal Moment Strength

1. The strain distribution is assumed to be linear. This assumption is based on Bernoulli’s hypothesis

that plane sections remain plane before bending and perpendicular to the neutral axis after bending.

c

NA

As T = Aps fps

b

c

0.85f �c 0.85f �c

c = 0.85f �c ba

T = Aps fps

c a

b

NA

a
2

jd = d – a
2( )

(c) (d)

Neutral axis

T = Aps fps

c

0.85f �c 0.85f �c
a
2

d –( )a
2

dp h

Compression
side

Tension
side

b

Aps

(a) (b)

�1 + �2

�3
�s

�c

c a = �1c

T

c

FIGURE 8.6 Stress and strain distribution across beam depth: (a) beam cross-section; (b) strains; (c) actual stress

block; and (d) equivalent stress block [11].
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2. The strain in the steel and the surrounding concrete is the same prior to cracking of the concrete

or yielding of the steel as after such cracking or yielding.

3. Concrete is weak in tension. It cracks at an early stage of loading at about 10% of its compressive

strength limit. Consequently, concrete in the tension zone of the section is neglected in the flexural

analysis and design computations and the tension reinforcement is assumed to take the total

tensile force.

8.6.7.2 Strain Limits Method for Analysis and Design

8.6.7.2.1 General Principles

In this approach, sometimes referred to as the ‘‘unified method,’’ since it is equally applicable to flexural

analysis of prestressed concrete elements, the nominal flexural strength of a concrete member is reached

when the net compressive strain in the extreme compression fibers reaches the ACI code-assumed limit

0.003 in./in. It also stipulates that when the net tensile strain in the extreme tension steel, et, is sufficiently

large, as discussed in the previous section, at a value equal to or greater than 0.005 in./in., the behavior is

fully ductile. The concrete beam section is characterized as tension controlled, with ample warning of

failure as denoted by excessive cracking and deflection.

If the net tensile strain in the extreme tension fibers, et, is small, such as in compression members,

being equal to or less than a compression-controlled strain limit, a brittle mode of failure is expected, with

little warning of such an impending failure. Flexural members are usually tension controlled. Com-

pression members are usually compression controlled. However, some sections, such as those subjected

to small axial loads, but large bending moments, the net tensile strain, et, in the extreme tensile fibers,

will have an intermediate or transitional value between the two strain limit states, namely, between the

compression-controlled strain limit et¼ fy/Es¼ 60,000/29	 106¼ 0.002 in./in., and the tension-

controlled strain limit et¼ 0.005 in./in. Figure 8.7 delineates these three zones as well as the variation in

the strength reduction factors applicable to the total range of behavior.

For the tension-controlled state, the strain limit et¼ 0.005 corresponds to reinforcement ratio

r/rb¼ 0.63, where rb is the balanced reinforcement ratio for the balanced strain et¼ 0.002 in the

extreme tensile reinforcement. The net tensile strain et¼ 0.005 for a tension-controlled state is a single

value that applies to all types of reinforcement regardless of whether mild steel or prestressing steel. High

reinforcement ratios that produce a net tensile strain less than 0.005 result in a f-factor value lower

than 0.90, resulting in less economical sections. Therefore, it is more efficient to add compression

0.90
� = 0.57 + 67�t

�t = 0.002

= 0.600

�t = 0.005

� = 0.48 + 83�t
�

Transition
Tension
controlled

Compression

Other

Spiral
0.70

0.65

controlled

dt

c
= 0.375

dt

c

Interpolation on c/dt: Spiral � = 0.37 + 0.20/(c/dt)

Other � = 0.23 + 0.25/(c/dt)

FIGURE 8.7 Strain limit zones and variation of strength reduction factor f with the net tensile strain et [1,5,8].
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reinforcement if necessary or deepen the section in order to make the strain in the extreme tension

reinforcement, et � 0.005.

8.6.7.2.1.1 Variation of f as a Function of Strain — Variation of the f value for the range of strain

between et¼ 0.002 and et¼ 0.005 can be linearly interpolated to give the following expressions:

Tied sections:

0:65 � f ¼ 0:48þ 83et½ � � 0:90 ð8:38aÞ

Spirally reinforced sections:

0:70 � f ¼ 0:57þ 67et½ � � 0:90 ð8:38bÞ

8.6.7.2.1.2 Variation of f as a Function of Neutral Axis depth Ratio c/dt — Equations 8.38a and 8.38b

can be expressed in terms of the ratio of the neutral axis depth c to the effective depth dt of the layer of

reinforcement closest to the tensile face of the section as follows:

Tied sections:

0:65 � f ¼ 0:23þ 0:25

c=dt

� �
� 0:90 ð8:39aÞ

Spirally reinforced sections:

0:70 � f ¼ 0:37þ 0:20

c=dt

� �
� 0:90 ð8:39bÞ

For balanced strain, where the reinforcement at the tension side yields at the same time as the concrete

crushes at the compression face (fs¼ fy), the neutral axis depth ratio for a limit strain et¼ 0.002 in./in.

can be defined as

cb

dt

¼ 87,000

87,000þ fy

� �
ð8:40Þ

The Code permits decreasing the negative elastic moment at the supports for continuous members by

not more than [1000et]%, with a maximum of 20%. The reason is that for ductile members plastic hinge

regions develop at points of maximum moment and cause a shift in the elastic moment diagram. In

many cases, the result is a reduction of the negative moment and a corresponding increase in the positive

moment. The redistribution of the negative moment as permitted by the code can only be used when et is

equal or greater than about 0.0075 in./in. at the section at which the moment is reduced. Redistribution

is inapplicable in the case of slab systems proportioned by the direct design method.

A minimum strain of 0.0075 at the tensile face is comparable to the case where the reinforcement ratio

for the combined prestressed and mild steel reinforcement has a reinforcement index of o not exceeding

0.24b1 as an upper limit for ductile design. A maximum strain 0.005 for the tension-controlled state is

comparable to a reinforcement index op¼ 0.32b1 or oT¼ 0.36b1 as described in the Code commentary.

The ACI 318 Code stipulates a maximum strength reduction factor f¼ 0.90 for tension-controlled

bending, to be used in computing the design strength of flexural members. This corresponds to neutral axis

depth ratio c/dt¼ 0.375 for a strain et¼ 0.005, with a lower c/dt ratio recommended. For a useful redis-

tribution of moment in continuous members, this neutral axis depth ratio should be considerably lower,

so that the net tensile strain is within the range of et¼ 0.0075, giving a 7.5% redistribution, and 0.020,

giving 20% redistribution, as shown. The tensile strain at the extreme tensile reinforcement has the value

et ¼ 0:003
dt

c
� 1

� �
ð8:41Þ

Although the code allows a maximum redistribution of 20% or 1000et, it is more reasonable to limit

the redistribution percentage to about 10 to 15%. Summarizing, the ACI 318-02 code stipulates that

a redistribution (reduction) of the moments at supports of continuous flexural members not to exceed
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1000et%, with a maximum of 20% while increasing the positive midspan moment accordingly. But

inelastic moment redistribution should only be made when et is equal or greater than 0.0075 at the

section for which the moment is reduced. An adjustment in one span should also be applied to all the

other spans in flexure, shear, and bar cutoffs.

8.6.7.3 Nominal Moment Strength of Rectangular Sections

The compression force C can be written as 0.85 fc
0
ba — that is, the volume of the compressive block at or

near the ultimate limit state when the tension steel has yielded (es> ey). The tensile force T can be written

as Apsfps and equating C to T gives

a ¼ b1c ¼ Apsfps

0:85f 0c b
ð8:42Þ

where for fc
0 range of 4000 to 8000 psi

b1 ¼ 0:85� 0:05
f 0c � 4000

1000

� �
ð8:43Þ

The maximum value of b1 is 0.85 and its minimum value is 0.65.

The nominal moment strength is obtained by multiplying C or T by the moment arm (d p� a/2),

yielding

Mn ¼ Apsfps dp �
a

2

� �
ð8:44Þ

where dp is the distance from the compression fibers to the center of the prestressed reinforcement. The

steel percentage rp¼Aps/bdp gives the nominal strength of the prestressing steel only as follows if the

mild tension and compression steel is accounted for:

a ¼ Apsfps þ Asfy � A0sfy

0:85f 0c b
ð8:45Þ

where b is the section width of the compression face of the beam.

Taking moments about the center of gravity of the compressive block in Figure 8.6, the nominal

moment strength becomes

Mn ¼ Apsfps dp �
a

2

� �
þ Asfy d � a

2

� �
þ A0sfy

a

2
� d0

� �
ð8:46Þ

8.6.7.4 Nominal Moment Strength of Flanged Sections

When the compression flange thickness hf is less than the neutral axis depth c and equivalent rectangular

block depth a, the section can be treated as a flanged section

Tp þ Ts ¼ Tpw þ Tpf ð8:47aÞ

where

Tp ¼ total prestressing force¼Apsfps

Ts ¼ ultimate force in the nonprestressed steel¼Asfy
Tpw¼ part of the total force in the tension reinforcement required to develop the web¼Apwfps

Apw¼ total reinforcement area corresponding to the force Tpw

Tpf ¼ part of the total force in the tension reinforcement required to develop the flange

On the basis of these definitions

Apwfps ¼ Apsfps þ Asfy � 0:85f 0c ðb � bwÞhf ð8:47bÞ
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Hence

a ¼ Apwfps

0:85f 0c bw

¼ Apsfps þ Asfy � 0:85f 0c ðb � bwÞhf

0:85f 0c bw

ð8:48Þ

Mn ¼ Apwfps dp �
a

2

� �
þ Asfyðd � dpÞ þ 0:85f 0c ðb � bwÞhf dp �

hf

2

� �
ð8:49Þ

The design moment in all cases would be

Mu ¼ fMn ð8:50Þ
where f¼ 0.90 for flexure for the tension zone in Figure 8.7, and reduced in the transition and com-

pression zone.

The value of the stress fps of the prestressing steel at failure is not readily available. However, it can be

determined by strain compatibility through the various loading stages up to the limit state at failure. Such

a procedure is required if

fpe ¼
Pe

Aps

< 0:50fpu ð8:51Þ

Approximate determination is allowed by the ACI 318 building code provided that

fpe ¼
Pe

Aps

� 0:50fpu ð8:52Þ

with separate equations for fps given for bonded and nonbonded members.

In order to ensure ductility of behavior, the percentage of reinforcement such that the reinforcement

index, op, does not exceed 0.36b1, noting that 0.32b1 is comparable to 0.005 in the strain limits

approach. The ACI Code requires instead to compute the zone in Figure 8.7 applicable to the analyzed

section so as to determine the appropriate strength reduction factor f to be used for getting the design

moment Mu¼fMn as an indirect measure for limiting the reinforcement percentage. It also requires for

ensuring ductility behavior that the maximum moment Mu should be equal or greater than 1.2 times the

cracking moment Mcr.

8.6.8 Example 5: Ultimate Limit State Design of Prestressed Concrete Beams

Design the bonded beam in Example 3 by the ultimate-load theory using nonprestressed reinforcement

to partially carry part of the factored loads. Use strain compatibility to evaluate fps, given the modified

section in Figure 8.8 with a composite 3 in. top slab and

fpu¼ 270,000 psi (1,862 MPa)

fpy¼ 0.85fpu for stress-relieved strands

fy ¼ 60,000 psi (414 MPa)

fc
0 ¼ 5,000 psi for normal-weight concrete (34.5 MPa)

Use seven-wire 1
2
-in. dia. strands. The nonprestressed partial mild steel is to be placed with a 11

2
-in. clear

cover, and no compression steel is to be accounted for. No wind or earthquake is taken into

consideration.

Solution

From Example 3

Service WL¼ 1100 plf (16.1 kN/m)

Service WSD¼ 100 plf (1.46 kN/m)

Assumed WD¼ 393 plf (5.74 kN/m)

Beam span¼ 65 ft (19.8 m)
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1. Factored moment

Wu ¼ 1:2ðWD þWSDÞ þ 1:6WL

¼ 1:2ð100þ 393Þ þ 1:6ð1100Þ ¼ 2352 plf ð34:4 kN=mÞ

The factored moment is given by

Mûu ¼
wul2

8
¼ 2,352ð65Þ212

8
¼ 14,905,800 in: lb ð1,684 kN mÞ

and the required nominal moment strength is

Mu ¼
Mu

f
¼ 14,905,800

0:90
¼ 16,562,000 in: lb ð1,871 kN mÞ

2. Choice of preliminary section. Assuming a depth of 0.6 in./ft of span as a reasonable practical guide-

line, we can have a trial section depth h ¼ 0:6	 65 ffi 40 in: ð102 cmÞ. Then assume a mild

partial steel 4#6¼ 4	 0:44 ¼ 1:76 in:2 ð11:4 cm2Þ. The empirical area of the concrete segment in

compression up to the neutral axis can be empirically evaluated from

A0c ¼
Mn

0:68f 0c h
¼ 16,562,000

0:68	 5,000	 40
¼ 121:8 in:2 ð786 cm2Þ

Assume on trial basis a total area of the beam section as 3A0c ¼ 3	 121:8 � 362:0 in:2

PHOTO 8.6 Different cracking development and patterns of prestressed concrete beams at the limit state at failure

as a function of the reinforcement percentage. Tests made at the Rutgers University Concrete Research Laboratory

(courtesy E.G. Nawy).
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Assume a flange width of 18 in. Then the average flange thickness¼ 121.8/18ffi 7.0 in. (178 mm).

So suppose the web bw¼ 6 in. (152 mm), to be subsequently verified for shear requirements.

An empirical expression for the area of the prestressing steel can be expressed as

Aps ¼
Mn

0:72fpuh
¼ 16,562,000

0:72	 270,000	 40
¼ 2:13 in:2 ð13:3 cm2Þ

Number of 1
2
-in. stress-relieved wire strands¼ 2.13/0.153¼ 13.9. So try thirteen 1

2
-in. tendons

Aps ¼ 13	 0:153 ¼ 1:99 in:2 ð12:8 cm2Þ

Try the section in Figure 8.8 for analysis.

3. Calculate the stress fps in the prestressing tendon at nominal strength using the strain-compatibility

approach. The geometrical properties of the trial section are very close to the assumed dimensions

for the depth h and the top flange width b. Hence, use the following data for the purpose of the

example:

Ac ¼ 377 in.2

ct ¼ 21.16 in.

dp ¼ 15þ ct¼ 15þ 21.16¼ 36.16 in.

r 2 ¼ 187.5 in.2

e ¼ 15 in. at midspan

e2 ¼ 225 in.2

e2/r 2¼ 225/187.5¼ 1.20

#3 closed ties

18 in.

18 in.

4 in.

40 in.

4#6

6 in.

13 — seven-wire    -in. strands1
2

4    in.1
2

3    in.1
2

FIGURE 8.8 Midspan section of the beam in Example 5 [5].
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Ec¼ 57,000
ffiffiffiffiffiffiffiffiffiffiffi
5,000
p

¼ 4:03	 106 psi ð27:8	 103 MPaÞ
Eps¼ 28	 106 psi (193	 103 MPa)

The maximum allowable compressive strain ec at failure¼ 0.003 in./in. Assume that the

effective prestress at service load is fpe¼ 155,000 psi (1,069 MPa).

A.

e1 ¼ epe ¼
fpe

Eps

¼ 155,000

28	 106
¼ 0:0055 in:=in:

Pe ¼ 13	 0:153	 155,000 ¼ 308,295 lb

The increase in prestressing steel strain as the concrete is decompressed by the increased

external load (see Figure 8.6 and Equation 8.37b) is given as

e2 ¼ edecomp ¼
Pe

AcEc

1þ e2

r2

� �

¼ 308,295

377	 4:03	 106
ð1þ 1:20Þ ¼ 0:0004 in:=in:

B. Assume that the stress fps¼ 205,000 psi as a first trial. Suppose the neutral axis inside the

flange is verified on the basis of hf¼ 3þ 41
2
þ 31

2
/2¼ 9.25 in. then, from Equation 8.37c

a ¼ Apsfps þ Asfy

0:85f 0c b
¼ 1:99	 205,000þ 1:76	 60,000

0:85	 5,000	 18

¼ 6:71 in: ð17 cmÞ< hf ¼ 9:25 in:

Hence, the equivalent compressive block is inside the flange and the section has to be

treated as rectangular.

Accordingly, for 5000 psi concrete

b1 ¼ 0:85� 0:05 ¼ 0:80

c ¼ a

b1

¼ 6:71

0:80
¼ 8:39 in: ð22:7 cmÞ

d ¼ 40� ð1:5þ 1
2

in. for stirrupsþ 5
16

in. for barÞ ffi 37:6 in:

From Equation 4.37c, the increment of strain due to overload to the ultimate is

e3 ¼ ec

d � c

c

� �
¼ 0:003

37:6� 8:39

8:39

� �
¼ 0:0104 in:=in: >> 0:005 in:=in: OK:

The total strain is

eps ¼ e1 þ e2 þ e3

¼ 0:0055þ 0:0004þ 0:0104 ¼ 0:0163 in:=in:

From the stress–strain diagram in Figure 8.1, the fps corresponding to eps¼ 0.0163 is 230,000 psi.

Second trial for fps value. Assume

fps ¼ 229,000 psi

a ¼ 1:99	 229,000þ 1:76	 60,000

0:85	 5,000	 18
¼ 7:34 in., consider section as a rectangular beam

c ¼ 7:34

0:80
¼ 9:17 in:

e3 ¼ 0:003
37:6� 9:17

9:17

� �
¼ 0:0093 in:=in:
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Then the total strain is eps¼ 0.0055þ 0.0004þ 0.0093¼ 0.0152 in./in. From Figure 8.1,

fps¼ 229,000 psi (1.579 MPa), OK. Use

Aps ¼ 4#6 ¼ 1:76 in:2

4. Available moment strength. From Equation 8.46, if the neutral axis were to fall within the flange

Mn ¼ 1:99	 229,000 36:16� 7:34

2

� �
þ 1:76	 60,000 37:6� 7:34

2

� �
¼ 14,806,017þ 3,583,008 ¼ 18,389,025 in. lb ð2,078 kN mÞ
> required Mn ¼ 16,562,000 in. lb, OK.

5. Check of the reinforcement allowable limits.

A. Min As¼ 0.004A, where A is the area of the segment of the concrete section between the

tension face and the centroid of the entire section

A ¼ 377:0� 18 4:125þ 1:375

2

� �
� 6ð21:16� 5:5Þ ¼ 201:0 in:2

Min As¼ 0.004	 201.0¼ 0.80 in.2< 1.76 in.2 used, hence alright.

B. Maximum reinforcement index oT ¼ d=dpðop � oÞ � 0:36 b1< 0:29 for b1 ¼ 0:80

Actual

oT ¼
1:99	 229,000

18	 36:16	 5,000
þ 37:6

36:16

1:76	 60,000

18	 37:6	 5,000

� �
¼ 0:14þ 0:03 ¼ 0:17< 0:29, hence alright:

Alternatively, the ACI Code limit strain provisions as given in Figure 8.7 do not prescribe a maximum

percentage of reinforcement. They require that a check be made of the strain et at the level of the extreme

tensile reinforcement to determine whether the beam is in the tensile, the transition, or the compression

zone for verifying the appropriate f value. In this case, for c¼ 9.17 and dt¼ 37.6 in., and from similar

triangles in the strain distribution across the beam depth

et ¼ 0:003	 ð37:6� 9:17Þ=9:17 ¼ 0:0093> 0:005

Hence, the beam is in the tensile zone of Figure 8.7, with f¼ 0.90 as used in the solution, and the design

is alright in terms of ductility and reinforcement limits.

8.6.9 Example 6: Ultimate Limit State Design of Prestressed Beams
in SI Units

Solve Example 5 using SI units. Strands are bonded.

Data

Ac ¼ 5045 cm2, b ¼ 45:7 cm, bw ¼ 15:2 cm

Ic ¼ 7:04	 106 cm4

r2 ¼ 1394 cm2

cb ¼ 89:4 cm, ct ¼ 32:5 cm

ee ¼ 84:2 cm, ee ¼ 60:4 cm

Sb ¼ 78,707 cm3, St ¼ 216,210 cm3

wD ¼ 11:9	 103 kN=m, wSD ¼ 1,459 N=m, wL ¼ 16:1 kN=m

l ¼ 19:8 m
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f 0c ¼ 34:5 MPa, fpi ¼ 1300 MPa

fpu ¼ 1860 MPa, fpy ¼ 1580 MPa

Prestress loss g ¼ 18%, fy ¼ 414 MPa

Aps ¼ 13 strands, diameter 12:7 mm ðAps ¼ 99 mm2Þ
¼ 13	 99 ¼ 1287 mm2

Required Mn ¼ 16:5	 106 kN m

Solution

Assume f¼ 0.90 to be subsequently verified. Hence, Mu ¼ fMn ¼ 0:9	 106 ¼ 14:9	 106 kN m

1. Section properties:

Flange width b¼ 18 in.¼ 45.7 cm

Average thickness hf ¼ 4:5þ 1
2
ð3:5Þ ffi 6:25 in: ¼ 15:7 cm

Try 4 No. 20 M mild steel bars for partial prestressing (diameter¼ 19.5 mm, As¼ 300 mm2)

As ¼ 4	 300 ¼ 1200 mm2

2. Stress fps in the prestressing steel at nominal strength and neutral axis position:

fpe ¼ gfpi ¼ 0:82	 1300 ffi 1066 MPa

Verify neutral axis position. If outside flange, its depth has to be greater than a ¼ Apwfps=

0:85f 0c bw; 0:5fpu ¼ 0:50	 1860 ¼ 930 MPa< 1066. Hence, one can use the ACI approximate

procedure for determining fps. From Equation 8.37e.

fps ¼ fpu 1�
gp

b1

rp

fpu

f 0c
þ d

dp

ðo� o0Þ
� �� �

dp ¼ 36:16 in: ¼ 91:8 cm, d ¼ 37:6 in: ¼ 95:5 cm

fpy

fpu

¼ 1580

1860
¼ 0:85, use gp ¼ 0:40

rp ¼
Aps

bdp

¼ 1287

457	 918
¼ 0:00306

r ¼ As

bd
¼ 1200

457	 955
¼ 0:00275

op ¼
Aps

bdp

	 fps

f 0c
¼ 0:00306	 1674

34:5
¼ 0:14

o ¼ As

bd
	 fy

f 0c
¼ 0:00275	 414

34:5
¼ 0:033

o0 ¼ 0

f 0c ¼ 34:5 MPa, b1 ¼ 0:80

fps ¼ 1860 1� 0:40

0:80
0:00306	 1860

34:5
þ 955

918
	 0:033

� �� �

¼ 1860ð1� 0:1Þ ¼ 1674 MPa
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From Equation 8.48

a ¼ Apwfps

0:85f 0c bw

where Apwfps ¼ Apsfps þ Asfy � 0:85f 0c ðb � bwÞhf

Apwfps ¼ 1287	 1674þ 1200	 414� 0:85	 34:5	 ð45:7� 15:2Þ15:7	 102

¼ 106ð2:15þ 0:5� 1:14Þ N ¼ 1240 kN

a ¼ 1240	 10

0:85	 34:7	 15:2
¼ 24:7 cm> hf ¼ 15:7 cm

Hence, the neutral axis is outside the flange and analysis has to be based on a T-section.

3. Available nominal moment strength. Checking the limits of reinforcement:

oT ¼ op þ o ¼ 0:14þ 0:033 ¼ 0:173< 0:36b1

hence, the maximum allowable reinforcement index is not exceeded. Alternatively by the ACI

Code, c/dt¼ a/b1dt¼ 15.7/(0.80	 91.8)¼ 0.22< 0.375. From Figure 8.7, the beam is in the ten-

sile zone, giving f¼ 0.90 for determining the design moment Mu as assumed; hence, the

section satisfies the maximum reinforcement limit, as an indirect Code to ensure ductility of

the member.

The nominal moment strength is as follows for this flanged section:

Mn ¼ Apwfps d � a

2

� �
þ Asfyðd � dpÞ þ 0:85f 0c ðb � bwÞhf dp �

hf

2

� �

Available Mn ¼ 1:24	 106 91:8þ 27:7

2

� �
þ 1200	 414 95:5� 91:8ð Þ

þ 0:85	 34:5ð45:7� 15:2Þ15:7 91:8� 15:2

2

� �
	 102

¼ 106ð96:6þ 1:83þ 118:2ÞN cm ¼ 2166 kN m

> Required Mn ¼ 1871 kN m

Hence, the section is alright for the design moment Mu on the basis of the f = 0.90 used for

determining the required nominal strength Mn.

8.7 Shear and Torsional Strength Design

Two types of shear control the behavior of prestressed concrete beams: flexure shear (Vci) and web shear

(Vcw). To design for shear, it is necessary to determine whether flexure shear or web shear controls the

choice of concrete shear strength Vc

Vci ¼
Mcr

M=V � dp=2
þ 0:6bwdp

ffiffiffiffi
f 0c

p
þ Vd ð8:53Þ

where Vd is the vertical shear due to self-weight. The vertical component Vp of the prestressing force is

disregarded in Equation 8.53, since it is small along the span sections where the prestressing tendon is

not too steep.
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The value of V in Equation 8.53 is the factored shear force Vi at the section under consideration due to

externally applied loads occurring simultaneously with the maximum moment Mmax occurring at that

section, that is

Vci ¼ 0:6l
ffiffiffiffi
f 0c

p
bwdp þ Vd þ

Vi

Mmax

Mcr � 1:7l
ffiffiffiffi
f 0c

p
bwdp

� 5:0l
ffiffiffiffi
f 0c

p
bwdp ð8:54Þ

where

l ¼ 1.0 for normal-weight concrete

¼ 0.85 for sand-lightweight concrete

¼ 0.75 for all-lightweight concrete

Vd ¼ shear force at section due to unfactored dead load

Vci¼ nominal shear strength provided by the concrete when diagonal tension cracking results from

combined vertical shear and moment

Vi ¼ factored shear force at section due to externally applied load occurring simultaneously with Mmax

For lightweight concrete, l ¼ fct=6:7
ffiffiffiffi
f 0c

p
if the value of the tensile splitting strength fct is known. Note

that the value
ffiffiffiffi
f 0c

p
should not exceed 100.

The equation for Mcr, the moment causing flexural cracking due to external load, is given by

Mcr ¼
Ic

yt

6
ffiffiffiffi
f 0c

p
þ fce � fd

� �
ð8:55Þ

where fce is the concrete compressive stress due to effective prestress after losses at extreme fibers of

section where tensile stress is caused by external load, psi. At the centroid, fce ¼ �fcfc; fd is the stress due to

unfactored dead load at extreme fiber of section resulting from self-weight only where tensile stress is

caused by externally applied load, psi; yt is the distance from centroidal axis to extreme fibers in tension;

and Mcr is the portion of the applied live load moment that causes cracking. For simplicity the section

modulus Sb may be substituted by Ic/yt.

The web-shear crack in the prestressed beam is caused by an indeterminate stress that can best be

evaluated by calculating the principal tensile stress at the critical plane. The shear stress vc can be defined

as the web-shear stress vcw and is maximum near the centroid cgc of the section where the actual

diagonal crack develops, as extensive tests to failure have indicated. If vcw is substituted for vc and �ff c,

which denotes the concrete stress fc due to effective prestress at the cgc level, is substituted for fc in the

equation, the expression equating the principal tensile stress in the concrete to the direct tensile strength

becomes

f 0t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ffc=2
	 


þ v2
cw

q
�

�ffc

2
ð8:56Þ

where vcw¼Vcw/(bwdp) is the shear stress in the concrete due to all loads causing a nominal strength

vertical shear force Vcw in the web. Solving for vcw in Equation 8.56 gives

vcw ¼ f 0t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �ffc=f 0t

q
ð8:57aÞ

Using f 0t ¼ 3:5
ffiffiffiffi
f 0c

p
as a reasonable value of the tensile stress on the basis of extensive tests, Equation

8.57a becomes

ncw ¼ 3:5
ffiffiffiffi
f 0c

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �ffc=3:5

ffiffiffiffi
f 0c

pq� �
ð8:57bÞ

which can be further simplified to

ncw ¼ 3:5
ffiffiffiffi
f 0c

p
þ 0:3�ffc ð8:57cÞ
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In the ACI code, �ffc is termed fpc. The notation used herein is intended to emphasize that this is the stress

in the concrete, and not the prestressing steel. The nominal shear strength Vcw provided by the concrete

when diagonal cracking results from excessive principal tensile stress in the web becomes

Vcw ¼ 3:5l
ffiffiffiffi
f 0c

p
þ 0:3�ffc

� �
bwdp þ Vp ð8:58Þ

where Vp is the vertical component of the effective prestress at the particular section contributing to

added nominal strength, l is equal to 1.0 for normal-weight concrete, and less for lightweight concrete,

and dp is the distance from the extreme compression fiber to the centroid of prestressed steel, or 0.8h,

whichever is greater.

The ACI code stipulates the value of �ffc to be the resultant concrete compressive stress at either the

centroid of the section or the junction of the web and the flange when the centroid lies within the flange.

In case of composite sections, �ffc is calculated on the basis of stresses caused by prestress and moments

resisted by the precast member acting alone.

The spacing of the web shear reinforcement is determined from

s ¼ Avfyd

ðVu=fÞ � Vc

¼ Avffyd

Vu � fVc

ð8:59Þ

with the following limitations:

1. smax � 3
4
h � 24 in:, where h is the total depth of the section.

2. If Vs > 4l
ffiffiffiffi
f 0c

p
bwdp, the maximum spacing in (1) shall be reduced by half.

3. If Vs > 8l
ffiffiffiffi
f 0c

p
bwdp, enlarge the section.

8.7.1 Composite-Action Dowel Reinforcement

Ties for horizontal shear may consist of single bars or wires, multiple leg stirrups, or vertical legs of

welded wire fabric. The spacing cannot exceed four times the least dimension of the support element or

24 in., whichever is less. If m is the coefficient of friction, then the nominal horizontal shear force Fh can

be defined as

Fh ¼ mAvf fy � Vnh ð8:60Þ

The ACI values of m are based on a limit shear-friction strength of 800 psi, a quite conservative value as

demonstrated by extensive testing. The Prestressed Concrete Institute recommends, for concrete placed

against an intentionally roughened concrete surface, a maximum me¼ 2.9 instead of m¼ 1.0l, and

a maximum design shear force

Vu � 0:25l2f 0c Ac � 1000l2Acc ð8:61aÞ

with a required area of shear-friction steel of

Avf ¼
Vuh

ffyme

ð8:61bÞ

The PCI less conservative approach stipulates

me ¼
1000l2bvIvh

Fh

� 2:9

The minimum required reinforcement area is

Avf ¼
50bvs

fy

¼ 50bvIvh

fy

ð8:62Þ

where bvIvh¼Acc, wherein Acc is the concrete contact surface area.
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8.7.2 Example 7: Design of Web Reinforcement for Shear

Design the bonded beam of Example 3 to be safe against shear failure, and proportion the required web

reinforcement.

Solution

Data and nominal shear strength determination

fpu ¼ 270,000 psi ð1,862 MPaÞ
fy ¼ 60,000 psi ð1,862 MPaÞ

fpe ¼ 155,000 psi ð1,862 MPaÞ
f 0c ¼ 5,000 psi normal-weight concrete

Aps ¼ 13 seven-wire 1
2
-in: strands tendon

¼ 1:99 in:2 ð12:8 cm2Þ
As ¼ 4#6 bars ¼ 1:76 in:2 ð11:4 cm2Þ

Span ¼ 65 ft ð19:8 mÞ
Service WL ¼ 1,100 plf ð16:1 kN=mÞ

Service WSD ¼ 100 plf ð1:46 kN=mÞ
Service WD ¼ 393 plf ð5:7 kN=mÞ

Section properties

h ¼ 40 in: ð101:6 cmÞ
dp ¼ 36:16 in: ð91:8 cmÞ
d ¼ 37:6 in: ð95:5 cmÞ

bw ¼ 6 in: ð15 cmÞ
ec ¼ 15 in: ð38 cmÞ
ee ¼ 12:5 in: ð32 cmÞ
Ic ¼ 70,700 in:4 ð18:09	 106 cm4Þ

Ac ¼ 377 in:2 ð2,432 cm2Þ
r2 ¼ 187:5 in:2 ð1,210 cm2Þ
cb ¼ 18:84 in: ð48 cmÞ
c t ¼ 21:16 in: ð54 cmÞ
pe ¼ 308,255 lb ð1,371 kNÞ

Factored load Wu ¼ 1:2D þ 1:6L

¼ 1:2 ð100þ 393Þ þ 1:6	 1,100 ¼ 2,352 plf

Factored shear force at face of support ¼ Vu ¼ WuL=2 ¼ ð2,352	 65Þ=2 ¼ 76,440 lb

Req: Vn ¼ Vu=f ¼ 76,440=0:75 ¼ 101,920 lb at support

Plane at 1
2

dp from face of support

Nominal shear strength Vc of web

1

2
dp ¼

36:16

2	 12
ffi 1:5 ft

Vc ¼ 101,920	 65=2ð Þ � 1:5½ �
65=2

¼ 97,216 lb

Prestressed Concrete 8-45

Copyright 2005 by CRC Press



Flexure-shear cracking, Vci

From Equation 8.54

Vci ¼ 0:6l
ffiffiffiffi
f 0c

p
bwdp þ Vd þ

Vi

Mmax

Mcrð Þ � 1:7l
ffiffiffiffi
f 0c

p
bwd

From Equation 8.55, the cracking moment is

Mcr ¼
Ic

yt

6
ffiffiffiffi
f 0c

p
þ fce � fd

� �
where Ic/yt¼ Sb, since yt is the distance from the centroid to the extreme tension fibers. Thus

Ic ¼ 70,700 in:4

c b ¼ 18:84 in:

Pe ¼ 308,255 lb

Sb ¼ 3,753 in:3

r2 ¼ 187:5 in:2

The concrete stress at the extreme bottom fibers due to prestress only is

fce ¼ �
Pe

Ac

1þ ecb

r2

� �
and the tendon eccentricity at dp=2 ffi 1:5 ft from the face of the support is

e ffi 12:5þ ð15� 12:5Þ 1:5

65=2
¼ 12:62 in:

Thus

fce ¼ �
308,255

377
1þ 12:62	 18:84

187:5

� �
ffi �1,855 psi ð12:8 MPaÞ

From Example 3, the unfactored dead load due to self-weight WD ¼ 393 plf ð5:7 kN=mÞ is

Md=2 ¼
WDxðl � xÞ

2
¼ 393	 1:5ð65� 1:5Þ 	 12

2
¼ 224,600 in: lb ð25:4 kN mÞ

and the stress due to the unfactored dead load at the extreme concrete fibers where tension is created by

the external load is

fd ¼
Md=2cb

Ic

¼ 224,600	 18:84

70,700
¼ 60 psi

Also

Mcr ¼ 3,753ð6	 1:0	
ffiffiffiffiffiffiffiffiffiffiffi
6,000
p

þ 1855� 60Þ

¼ 8,480,872 in: lb ð958 kN mÞ

Vd ¼ WD

l

2
� x

� �
¼ 393

65

2
� 1:5

� �
¼ 12,183 lb ð54:2 kNÞ

WSD ¼ 100 plf

WL ¼ 1,100 plf

WU ¼ 1:2	 100þ 1:6	 1,100 ¼ 1,880 plf

The factored shear force at the section due to externally applied loads occurring simultaneously with

Mmax is

Vi ¼ WU

l

2
� x

� �
¼ 1,880

65

2
� 1:5

� �
¼ 58,280 lb ð259 kNÞ
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and

Mmax ¼
WUxðl � xÞ

2
¼ 1,880	 1:5ð65� 1:5Þ

2
	 12

¼ 1,074,420 in: lb ð122 kN mÞ

Hence

Vci ¼ 0:6	 1:0
ffiffiffiffiffiffiffiffiffiffiffi
6,000
p

	 6	 36:16þ 12,183þ 58,280

1,074,420
ð8,480,872Þ

¼ 482,296 lb ð54:5 kN mÞ
1:7l

ffiffiffiffi
f 0c

p
bwdp ¼ 1:7	 1:0

ffiffiffiffiffiffiffiffiffiffiffi
6,000
p

	 6	 36:16 ¼ 28,569 lb ð127 kNÞ<Vci ¼ 482,296 lb

Hence, Vci¼ 482,296 lb (214.5 kN).

Web-shear cracking, Vcw

From Equation 8.58

Vcw ¼ ð3:5
ffiffiffiffi
f 0c

p
þ 0:3�fcfcÞbwdp þ Vp

�fcfc ¼ compressive stress in concrete at the cgc

¼ Pe

Ac

¼ 308,255

377
ffi 818 psi ð5:6 MPaÞ

Vp ¼ vertical component of effective prestress at section

¼ Pe tan y more correctly Pe sin yð Þ

where y is the angle between the inclined tendon and the horizontal. So

Vp ¼ 308,255
ð15� 12:5Þ
ð65=2Þ 	 12

¼ 1,976 lb ð8:8 kNÞ

Hence

Vcw ¼ 3:5
ffiffiffiffiffiffiffiffiffiffiffi
6,000
p

þ 0:3	 818
	 


	 6	 36:16þ 1,976 ¼ 114,038 lb ð507 kNÞ

In this case, web-shear cracking controls [i.e., Vc¼Vcw¼ 114,038 lb (507 kN)] is used for the design of

web reinforcement

Vs ¼
Vu

f ¼ 0:75
� Vc ¼ 97,216� 114,038ð Þ lb, namely Vc >Vn

So no web steel is needed unless Vu=f> 1
2
Vc. Accordingly, we evaluate the latter:

1

2
Vc ¼

114,038

2
¼ 57,019 lb ð254 kNÞ< 97,216 lb ð432 kNÞ

Since Vu=f> 1
2
Vc but<Vc, use minimum web steel in this case.

Minimum web steel

Req:
Av

s
¼ 0:0077 in:2=in:

So, trying #3 U stirrups, we get Av¼ 2	 0.11¼ 0.22 in.2, and it follows that

s ¼ Av

Req: Av=s
¼ 0:22

0:0077
¼ 28:94 in: ð73 cmÞ

We then check for the minimum Av as the lesser of the two values given by

Av ¼ 0:75
ffiffiffiffi
f 0c

p bws

fy

� �
, Av ¼ 50bws=fy, whichever is larger
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and

Av ¼
Aps

80

fpus

fydp

ffiffiffiffiffi
dp

bw

s

So the maximum allowable spacing � 0.75 h � 24 in. Use #3 U stirrups at 22 in. center to center over

a stretch length of 84 in. from the face of the support (see Figure 8.8).

8.7.3 SI Expressions for Shear in Prestressed Concrete Beams

Vci ¼
l
ffiffiffiffi
f 0c

p
20

bwd þ Vd þ Vi
Mcr

Mmax

� �" #
�

ffiffiffiffi
f
0

c

p
7

 !
bwd ð8:63Þ

Mcr ¼ Sb 0:5l
ffiffiffiffi
f 0c

p
þ fce � fd

� �
ð8:64Þ

Vcw ¼ 0:3 l
ffiffiffiffi
f 0c

p
þ 0:3�fcfc

� �
bwd þ Vp ð8:65Þ

where Mcr for shear analysis is equal to the moment causing flexural cracking at section due to externally

applied load

Vc ¼
l
ffiffiffiffi
f 0c

p
20
þ f

Vud

Mu

 !
bwd;

Vud

Mu

� 1:0

� l

ffiffiffi
f

p 0
c

5

" #
bwd

� 0:4l
ffiffiffiffi
f 0c

p
bwd

h i
ð8:66Þ

s ¼ Avfyd

ðVu=fÞ � Vc

¼ Ayfyd

Vs

ð8:67Þ

Min. Av: the smaller of

Av �
0:35bws

fy

or
Aps

80

fpus

fydp

ffiffiffiffiffi
d

bw

s

where bw, s, and d are in millimeters and fy is in MPa.

8.7.4 Design of Prestressed Concrete Beams Subjected to Combined
Torsion, Shear, and Bending in Accordance with the ACI 318-02 Code

8.7.4.1 Compatibility Torsion

In statically indeterminate systems, stiffness assumptions, compatibility of strains at the joints, and

redistribution of stresses may affect the stress resultants, leading to a reduction of the resulting torsional

shearing stresses. A reduction is permitted in the value of the factored moment used in the design of the

member if part of this moment can be redistributed to the intersecting members. The ACI Code permits

a maximum factored torsional moment at the critical section h/2 from the face of the supports for

prestressed concrete members as follows:

Acp¼ area enclosed by outside perimeter of concrete cross-section¼ x0y0

pcp ¼ outside perimeter of concrete cross-section Acp, in.¼ 2(x0þ y0)

Tu ¼ f4
ffiffiffiffi
f 0c

p A2
cp

ppc

 ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�fcfc

4
ffiffiffiffi
f 0c

p
s

ð8:68Þ
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where �ff c is the average compressive stress in the concrete at the centroidal axis due to effective prestress

only after allowing for all losses.

Neglect of the full effect of the total value of external torsional moment in this case does not, in effect,

lead to failure of the structure but may result in excessive cracking if f4
ffiffiffiffi
f 0c

p
ðA2

cp=ppcÞ is considerably

smaller in value than the actual factored torque.

If the actual factored torque is less than that given in Equation 8.68, the beam has to be

designed for the lesser torsional value. Torsional moments are neglected however if for prestressed concrete

Tu <f
ffiffiffiffi
f 0c

p A2
cp

ppc

 ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�fcfc

4
ffiffiffiffi
f 0c

p
s

ð8:69Þ

8.7.4.2 Torsional Moment Strength

The size of the cross-section is chosen on the basis of reducing unsightly cracking and preventing the

crushing of the surface concrete caused by the inclined compressive stresses due to shear and torsion

defined by the left-hand side of the expressions in Equation 8.70. The geometrical dimensions for

torsional moment strength in both reinforced and prestressed members are limited by the following

expressions:

1. Solid sections ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Vu

bwd

� �2

þ Tuph

1:7A2
oh

� �s
� f

Vc

bwd
þ 8

ffiffiffiffi
f 0c

p� �
ð8:70Þ

2. Hollow sections

Vu

bwd

� �
þ Tuph

1:7A2
oh

� �
� f

Vc

bwd
þ 8

ffiffiffiffi
f 0c

p� �
ð8:71Þ

where Aoh is the area enclosed by the centerline of the outermost closed transverse torsional reinfor-

cement (sq. in.) and ph is the perimeter of the centerline of the outermost closed transverse torsional

reinforcement (in.).

The sum of the stresses at the left-hand side of Equation 8.71 should not exceed the stresses causing

shear cracking plus 8
ffiffiffiffi
f 0c

p
. This is similar to the limiting strength for Vs � 8

ffiffiffiffi
f 0c

p
for shear without

torsion. The strength of the plain concrete in the web is taken as

Vc ¼ 0:6l
ffiffiffiffi
f 0c

p
þ 700

Vudp

Mu

� �
bwdp;

Vudp

Mu

� 1:0

� 1:7l
ffiffiffiffi
f 0c

p
bwdp

� 5:0l
ffiffiffiffi
f 0c

p
bwdp ð8:72Þ

where fpe> 0.4fpu.

8.7.4.3 Torsional Web Reinforcement

Meaningful additional torsional strength due to the addition of torsional reinforcement can be achieved

only by using both stirrups and longitudinal bars. Ideally, equal volumes of steel in both the closed

stirrups and the longitudinal bars should be used so that both participate equally in resisting the twisting

moments. This principle is the basis of the ACI expressions for proportioning the torsional web steel.

If s is the spacing of the stirrups, Al is the total cross-sectional area of the longitudinal bars, and At is

the cross-section of one stirrup leg, the transverse reinforcement for torsion has to be based on the

full external torsional moment strength value Tn, namely, Tu/f

Tn ¼
2A0Atfyv

s
cot y ð8:73Þ
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where A0 is the gross area enclosed by the shear flow path (sq. in.), At is the cross-sectional area of one

leg of the transverse closed stirrups (sq. in.), fyv is the yield strength of closed transverse torsional

reinforcement not to exceed 60,000 psi, and y is the angle of the compression diagonals (struts) in the

space truss analogy for torsion.

Transposing terms in Equation 8.73, the transverse reinforcement area becomes

At

s
¼ Tn

2A0fyv cot y
ð8:74Þ

The area A0 is determined by analysis, except that the ACI 318 Code permits taking A0¼ 0.85A0h in lieu

of the analysis.

The factored torsional resistance fTn must equal or exceed the factored external torsional moment Tu.

All the torsional moments are assumed in the ACI 318-02 Code to be resisted by the closed stirrups and

the longitudinal steel with the torsional resistance, Tc, of the concrete disregarded, namely Tc¼ 0. The

shear Vc resisted by the concrete is assumed to be unchanged by the presence of torsion. The angle y
subtended by the concrete compression diagonals (struts) should not be taken smaller than 30� nor

larger than 60�. It can be obtained by analysis as detailed by Hsu [6]. The additional longitudinal

reinforcement for torsion should not be less than

Al ¼
At

s
ph

fyv

fyl

� �
cot2y ð8:75Þ

where fyl is the yield strength of the longitudinal torsional reinforcement, not to exceed 60,000 psi.

The same angle y should be used in both Equations 8.73 and 8.74. It should be noted that as y gets

smaller, the amount of required stirrups required by Equation 8.74 decreases. At the same time the

amount of longitudinal steel required by Equation 8.75 increases.

In lieu of determining the angle y by analysis, the ACI Code allows a value of y equal to

1. 45� for nonprestressed members or members with less prestress than in 2,

2. 37.5� for prestressed members with an effective prestressing force larger than 40% of the tensile

strength of the longitudinal reinforcement.

The PCI recommends computing the value of y from the expression:

cot y ¼ Tu=f
1:7AohðAt=SÞfyv

ð8:76Þ

8.7.4.3.1 Minimum Torsional Reinforcement

It is necessary to provide a minimum area of torsional reinforcement in all regions where the factored

torsional moment Tu exceeds the value given by Equation 8.69. In such a case, the minimum area of the

required transverse closed stirrups is

Av þ 2At �
50bws

fyv

ð8:77Þ

The maximum spacing should not exceed the smaller of pn/8 or 12 in.

The minimum total area of the additional longitudinal torsional reinforcement should be

determined by

Al, min ¼
5
ffiffiffiffi
f 0c

p
Acp

fyl

� At

s

� �
ph

fyv

fyl

ð8:78Þ

where At/s should not be taken less than 25bw/fyv. The additional longitudinal reinforcement required

for torsion should be distributed around the perimeter of the closed stirrups with a maximum

spacing of 12 in. The longitudinal bars or tendons should be placed inside the closed stirrups and at

least one longitudinal bar or tendon in each corner of the stirrup. The bar diameter should be at least
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1
16

of the stirrup spacing but not less than a No. 3 bar. Also, the torsional reinforcement should

extend for a minimum distance of (btþ d) beyond the point theoretically required for torsion because

torsional diagonal cracks develop in a helical form extending beyond the cracks caused by shear and

flexure. bt is the width of that part of cross-section containing the stirrups resisting torsion.

The critical section in beams is at a distance d from the face of the support for reinforced concrete

elements and at h/2 for prestressed concrete elements, d being the effective depth and h the total

depth of the section.

8.7.4.4 SI-Metric Expressions for Torsion Equations

In order to design for combined torsion and shear using the SI (System International) method, the

following equations replace the corresponding expressions in the PI (Pound–Inch) method:

Tu �
f

ffiffiffiffi
f 0c

p
3

A2
cp

pcp

 ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3�fcfcffiffiffiffi

f 0c
p

s
ð8:79Þ

Tu �
f

ffiffiffiffi
f 0c

p
12

A2
cp

pcp

 ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3�fcfcffiffiffiffi

f 0c
p

s
ð8:80Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Vu

bwd

� �2

þ Tuph

1:7A2
oh

� �2
s

� f
Vc

bwd
þ

8
ffiffiffiffi
f 0c

p
12

 !
ð8:81Þ

Vu

bwd

� �
þ Tuph

1:7A2
oh

� �
� f

Vc

bwd
þ

8
ffiffiffiffi
f 0c

p
12

 !
ð8:82Þ

Vc ¼
l
ffiffiffiffi
f 0c

p
20
þ 5Vudp

Mu

 !
bwdp

� 0:17l
ffiffiffiffi
f 0c

p� �
bwdp

� 0:4l
ffiffiffiffi
f 0c

p� �
bwdp ð8:83Þ

Vudp

Mu

� 1:0

Tn ¼
2A0Atfyv

s
cot y ð8:84Þ

where fyv is in MPa, s is in millimeter, A0, At are in mm2, and Tn is in kN m

At

s
¼ Tn

2A0fyv cot y
ð8:85Þ

Al ¼
At

s
ph

fyv

fyl

� �
cot2y ð8:86Þ

where fyv and fyl are in MPa, ph and s are in millimeters, and Al and At are in mm2

Av ¼
0:35bws

fy

ð8:87Þ

Al, min ¼
5
ffiffiffiffi
f 0c

p
Acp

12fyl

� At

s

� �
ph

fyv

fyl

� �
ð8:88Þ
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where At/s should not be taken less than 0.175bw/fyv. Maximum allowable spacing of transverse

stirrups is the smaller of 1
8
ph or 300 mm, and bars should have a diameter of at least 1

16
of the stirrups

spacing but not less than No. 10 M bar size. Max. fyv or fyl should not exceed 400 MPa. Min. Avt the

smaller of

Avt

s
� 0:35bw

fy

or
Avt

s
¼ 1

16

ffiffiffiffi
f 0c

p bw

fy

� �
whichever is larger, where bw, dp, and s are in millimeters

� Apsfpu

80fydp

ffiffiffiffiffi
dp

bw

s

Use the lesser of the two sets.

8.8 Camber, Deflection, and Crack Control

8.8.1 Serviceability Considerations

Prestressed concrete members are continuously subjected to sustained eccentric compression due to

the prestressing force, which seriously affects their long-term creep deformation performance. Failure to

predict and control such deformations can lead to high reverse deflection, that is, camber, which can

produce convex surfaces detrimental to proper drainage of roofs of buildings, to uncomfortable ride

PHOTO 8.7 Sunshine Skyway Bridge, Tampa, Florida. Designed by Figg and Muller Engineers, Inc. The bridge

has a 1200 ft cable-stayed main span with a single pylon, 175 ft vertical clearance, a total length of 21,878 ft and twin

40-ft roadways (courtesy Portland Cement Association).
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characteristics in bridges and aqueducts, and to cracking of partitions in apartment buildings, including

misalignment of windows and doors.

The difficulty of predicting very accurately the total long-term prestress losses makes it more difficult

to give a precise estimate of the magnitude of expected camber. Accuracy is even more difficult in

partially prestressed concrete systems, where limited cracking is allowed through the use of additional

nonprestressed reinforcement. Creep strain in the concrete increases camber, as it causes a negative

increase in curvature that is usually more dominant than the decrease produced by the decrease in

prestress losses due to creep, shrinkage, and stress relaxation. A best estimate of camber increase should

be based on accumulated experience, span-to-death ratio code limitations, and a correct choice of the

modulus Ec of the concrete. Calculation of the moment–curvature relationships at the major incre-

mental stages of loading up to the limit state at failure would also assist in giving a more accurate

evaluation of the stress-related load deflection of the structural element.

The cracking aspect of serviceability behavior in prestressed concrete is also critical. Allowance for

limited cracking in ‘‘partial prestressing’’ through the additional use of nonprestressed steel is prevalent.

Because of the high stress levels in the prestressing steel, corrosion due to cracking can become detri-

mental to the service life of the structure. Therefore, limitations on the magnitudes of crack widths and

their spacing have to be placed, and proper crack width evaluation procedures used. The presented

discussion of the state of the art emphasizes the extensive work of the author on cracking in pretensioned

and posttensioned prestressed beams.

Prestressed concrete flexural members are classified into three classes in the new ACI 318 Code:

1. Class U:

ft � 7:5
ffiffiffiffi
f 0c

p
ð8:89aÞ

In this class, the gross section is used for section properties when both stress computations at

service loads and deflection computations are made. No skin reinforcement needs to be used in

the vertical faces.

2. Class T:

7:5
ffiffiffiffi
f 0c

p
� ft � 12

ffiffiffiffi
f 0c

p
ð8:89bÞ

This class is a transition between uncracked and cracked sections. For stress computations at

service T loads, the gross section is used. The cracked bilinear section is used in the deflection

computations. No skin reinforcement needs to be used in the vertical faces.

3. Class C:

ft > 12
ffiffiffiffi
f 0c

p
ð8:89cÞ

This class denotes cracked sections. Hence, a cracked section analysis has to be made for eva-

luation of the stress level at service and for deflection. Computation of Dfps or fs for crack control

is necessary, where Dfps is the stress increase beyond the decompression state and fs is the stress in

the mild reinforcement when mild steel reinforcement is also used. Prestressed two-way slab

systems are to be designed as Class U.

Ideally, the load–deflection relationship is trilinear, as shown in Figure 8.9. The three regions prior to

rupture are:

Region I — Precracking stage, where a structural member is crack free.

Region II — Postcracking stage, where the structural member develops acceptable controlled cracking

in both distribution and width.

Region III — Postserviceability cracking stage, where the stress in the tensile reinforcement reaches the

limit state of yielding.
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The precracking segment of the load–deflection curve is essentially a straight line defining full elastic

behavior, as in Figure 8.9. The maximum tensile stress in the beam in this region is less than its tensile

strength in flexure, that is, it is less than the modulus of rupture fr of concrete. The flexural stiffness EI of

the beam can be estimated using Young’s modulus Ec of concrete and the moment of inertia of the

uncracked concrete cross-section.

The precracking region ends at the initiation of the first crack and moves into region II of the load–

deflection diagram in Figure 8.9. Most beams lie in this region at service loads. A beam undergoes

varying degrees of cracking along the span corresponding to the stress and deflection levels at each

section. Hence, cracks are wider and deeper at midspan, whereas only narrow, minor cracks develop near

the supports in a simple beam.

The load–deflection diagram in Figure 8.9 is considerably flatter in region III than in the preceding

regions. This is due to substantial loss in stiffness of the section because of extensive cracking and

considerable widening of the stabilized cracks throughout the span. As the load continues to increase, the

strain es in the steel at the tension side continues to increase beyond the yield strain ey with no additional

stress. The beam is considered at this stage to have structurally failed by initial yielding of the tension

steel. It continues to deflect without additional loading, the cracks continue to open, and the neutral axis

continues to rise toward the outer compression fibers. Finally, a secondary compression failure develops,

leading to total crushing of the concrete in the maximum moment region followed by rupture.

Figure 8.10 gives the deflection expressions for the most common loading cases in terms of both load

and curvature.

8.8.1.1 Strain and Curvature Evaluation

The distribution of strain across the depth of the section at the controlling stages of loading is linear, as is

shown in Figure 8.11, with the angle of curvature dependent on the top and bottom concrete extreme

fiber strains ect and ecb. From the strain distributions, the curvature at the various stages of loading can

be expressed as follows:

1. Initial prestress:

fi ¼
ecbi � ecti

h
ð8:90aÞ

0 Deflection ∆

Ι ΙΙ ΙΙΙ

Postcracking Postserviceability

Load

Camber

FIGURE 8.9 Beam load–deflection relationship: Region I, precracking stage; Region II, postcracking stage;

Region III, postserviceability stage [5,11].
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2. Effective prestress after losses:

fe ¼
ecbe � ecte

h
ð8:90bÞ

3. Service load:

f ¼ ecb � ect

h
ð8:90cÞ

4. Failure:

fu ¼
eu

c
ð8:90dÞ

l l

w

Load deflection Prestress camber

l

w w

� = = �c
wl3

48EI
l2

12

l

w

� = = �c
5wl4

384EI
5l2

48
� = – = �c

Pecl
2

8EI
l2

8

= �c
3l2 – 4b2

24

� = (3l2 – 4b2)wb
24EI

= �c + (�e – �c)
l2

8
l2

48

ec

ee
P Pcgs

cgc

l

ec
P P

cgs

cgc

l

ec
ee

P Pcgs

cgc

5
6� = – Pl2

8EI
 ee +    (ec – ee)

= �c + (�e – �c)
l2

8
a2

6

4
3

a2

l2
� = – Pl2

8EI
ec + (ee – ec)

b

a a

b

FIGURE 8.10 Short-term deflection expressions for prestressed concrete beams. Subscript c indicates midspan

and subscript e the support [5].
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Use a plus sign for tensile strain and a minus sign for compressive strain. Figure 8.11c denotes the stress

distribution for an uncracked section. It has to be modified to show tensile stress at the bottom fibers if

the section is cracked.

The cracking moment due to that portion of the applied live load that causes cracking is

Mcr ¼ Sb 6:0l
ffiffiffiffi
f 0c

p
þ fce � fd

h i
ð8:91aÞ

where fce is the compressive stress at the center of gravity of the concrete section due to effective prestress

only after losses when the tensile stress is caused by applied external load and fd is the concrete stress at

extreme tensile fibers due to unfactored dead load when tensile stresses and cracking are caused by the

external load.

A factor of 7.5 can also be used instead of 6.0 for deflection purposes for beams

Mcr

Ma

¼ 1� ftl � fr

fL

� �
ð8:91bÞ

where Ma is the maximum service unfactored live load moment, ftl is the final calculated total service

load concrete stress in the member, and fr is the modulus of rupture.

8.8.1.2 Effective-Moment-of-Inertia for Cracked Sections

As the prestressed element is overloaded, or in the case of partial prestressing where limited controlled

cracking is allowed, the use of the gross moment of inertia Ig underestimates the camber or deflection of

the prestressed beam. Theoretically, the cracked moment of inertia Icr should be used for the section

across which the cracks develop while the gross moment of inertia Ig should be used for the beam

sections between the cracks. However, such refinement in the numerical summation of the deflection

increases along the beam span is sometimes unwarranted because of the accuracy difficulty of deflection

evaluation. Consequently, an effective moment of inertia Ie can be used as an average value along the

span of a simply supported bonded tendon beam, a method developed by Branson. According to this

method

Ie ¼ Icr þ
Mcr

Ma

� �3

Ig � Icr

	 

� Ig ð8:92aÞ

Equation 8.92a can also be written in the form

Ie ¼
Mcr

Ma

� �3

Ig þ 1� Mcr

Ma

� �3
" #

Icr � Ig ð8:92bÞ

(a) (b) (c) (d)

h

�i

�e

�u

�

�cti

�cbi

c

�cbe

�cte �ct
�u

�cb

FIGURE 8.11 Strain distribution and curvature at controlling stages: (a) initial prestress, (b) effective prestress

after losses, (c) service load, and (d) limit state at failure [5].
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The ratio (Mcr/Ma) from Equation 8.91b can be substituted into Equations 8.92a and 8.92b to get the

effective moment of inertia. Figure 8.12 gives the bilinear moment–deflection relationship for Ig, Icr, and

Ie, where

Icr ¼ npApsd
2
pð1� 1:6

ffiffiffiffiffiffiffiffiffiffi
nprp

p Þ ð8:93aÞ

where np¼ Eps/Ec. If nonprestressed reinforcement is used to carry tensile stresses, namely, in ‘‘partial

prestressing,’’ Equation 8.93a can be modified to give

Icr ¼ ðnpApsd
2
p þ nsAsd

2Þð1� 1:6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nprp þ nsrs

p
Þ ð8:93bÞ

8.8.2 Long-Term Effects on Deflection and Camber

8.8.2.1 PCI Multipliers Method

The PCI multipliers method provides a multiplier C1 that takes account of long-term effects in pre-

stressed concrete members as presented in Table 8.11. This table, based on Ref. [7], can provide

reasonable multipliers of immediate deflection and camber provided that the upward and downward

components of the initial calculated camber are separated in order to take into account the effects of loss

of prestress, which only apply to the upward component. Substantial reduction can be achieved in long-

term camber by the addition of nonprestressed steel. In that case, a reduced multiplier C2 can be used,

given by

C2 ¼
C1 þ As

�
Aps

1þ As

�
Aps

ð8:94Þ

where C1 is the multiplier from Table 8.11, As is the area of nonprestressed reinforcement, and Aps is the

area of prestressed strands.

8.8.3 Permissible Limits of Calculated Deflection

The ACI Code requires that the calculated deflection has to satisfy the serviceability requirement of

maximum permissible deflection for the various structural conditions listed in Table 8.12. Note that

long-term effects cause measurable increases in deflection and camber with time and result in excessive

overstress in the concrete and the reinforcement, requiring computation of deflection and camber.

Ma

Icr

Ig

Ie

��cr

�e   = deflection using Ig

�cr  = deflection using Icr

�tot. = �e + �cr

Ie    = average moment of inertia for

�e

Mcr
M

om
en

t

Deflection �

FIGURE 8.12 Moment–deflection relationship [1,5].
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AASHTO permissible deflection requirements, shown in Table 8.13, are more rigorous because of the

dynamic impact of moving loads on bridge spans.

8.8.3.1 Approximate Time-Steps Method

The approximate time-steps method is based on a simplified form of summation of constituent

deflections due to the various time-dependent factors. If Cu is the long-term creep coefficient, the

TABLE 8.12 ACI Minimum Permissible Ratios of Span (l ) to Deflection (d) (l¼ Longer Span)

Type of member Deflection d to be considered (l/d)min

Flat roofs not supporting and not attached to

nonstructural elements likely to be damaged by

large deflections

Immediate deflection due to live load L 180a

Floors not supporting and not attached to

nonstructural elements likely to be damaged by

large deflections

Immediate deflection due to live load L 360

Roof or floor construction supporting or attached

to nonstructural elements likely to be damaged by

large deflections

That part of total deflection occurring after attach-

ment of nonstructural elements; sum of long-term

deflection due to all sustained loads (dead load plus

any sustained portion of live load) and immediate

deflection due to any additional live loadb

240c

Roof or floor construction supporting or attached

to nonstructural elements not likely to be damaged

by large deflections

480

a Limit not intended to safeguard against ponding. Ponding should be checked by suitably calculating deflection,

including added deflections due to ponded water, and considering long-term effects of all sustained loads, camber,

construction tolerances, and reliability of provisions for drainage.
b Long-term deflection has to be determined, but may be reduced by the amount of deflection calculated to occur before

attachment of nonstructural elements. This reduction is made on the basis of accepted engineering data relating to time-

deflection characteristics of members similar to those being considered.
c Ratio limit may be lower if adequate measures are taken to prevent damage to supported or attached elements, but

should not be lower than tolerance of nonstructural elements.

TABLE 8.11 C1 Multipliers for Long-Term Camber and Deflection

Without composite topping With composite topping

At erection

Deflection (downward) component — apply to the

elastic deflection due to the member weight

at release of prestress

1.85 1.85

Camber (upward) component — apply to the elastic

camber due to prestress at the time of release

of prestress

1.80 1.80

Final

Deflection (downward) component — apply to the

elastic deflection due to the member weight

at release of prestress

2.70 2.40

Camber (upward) component — apply

to the elastic camber due to prestress

at the time of release of prestress

2.45 2.20

Deflection (downward) — apply to the elastic

deflection due to the superimposed dead load only

3.00 3.00

Deflection (downward) — apply to the

elastic deflection caused by the

composite topping

— 2.30
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curvature at effective prestress Pe can be defined as

fe ¼
Piex

EcIc

þ Pi � Peð Þ ex

EcIc

� Pi þ Pe

2

� �
ex

EcIc

Cu ð8:95Þ

The following expression can predict the time-dependent increase in deflection Dd:

Dd ¼ � Zþ 1þ Zð Þ
2

krCt

� �
diðPiÞ þ krCtdiðDÞ þ KakrCtdiðSDÞ ð8:96Þ

where

Z ¼Pe/Pi

Ct ¼ creep coefficient at time t

Ka¼ factor corresponding to age of concrete at superimposed load application

¼ 1.25t�0.118 for moist-cured concrete

¼ 1.13t�0.095 for steam-cured concrete

t ¼ age, in days, at loading

kr ¼ 1/(1þAs/Aps) when As/Aps� 1.0

ffi 1 for all practical purposes

For the final deflection increment, Cu is used in place of Ct in Equation 8.96.

For noncomposite beams, the total deflection dT,t becomes [4]

dT,t ¼ �dpi 1� DP

P0

þ l krCtð Þ
� �

þ dD 1þ krCt½ � þ dSD 1þ KakrCt½ � þ dL ð8:97Þ

where dp is the deflection due to prestressing, DP is the total loss of prestress excluding initial elastic loss,

and l¼ 1� (DP/2P0), in which P0 is the prestress force at transfer after elastic loss and Pi less than the

elastic loss.

For composite beams, the total deflection is

dT ¼�dpi 1� DP

P0

þ KakrCul
� �

þ dD 1þ KakrCu½ �

þ dpi
Ie

Icomp:
1� DP � DPc

P0

þ krCu l� al0ð Þ
� �

þ 1� að ÞkrCudD

Ic

Icomp:
þ dD 1þ akrCu

Ic

Icomp:

� �
þ ddf þ dL ð8:98Þ

where

l0 ¼ 1� (DPc/2P0)

DPc ¼ loss of prestress at time composite topping slab is cast, excluding initial elastic loss

Icomp.¼moment of inertia of composite section

ddf ¼ deflection due to differential shrinkage and creep between precast section and composite

topping slab

¼ Fycsl
2/8EccIcomp. for simply supported beams (for continuous beams, use the appropriate factor

in the denominator)

TABLE 8.13 AASHTO Maximum Permissible Deflection (l¼ Longer Span)

Maximum permissible deflection

Type of member Deflection considered Vehicular traffic only Vehicular and pedestrian traffic

Simple or continuous

spans

Instantaneous due to service

live load plus impact

l /800 l /1000

Cantilever arms l /300 l /375
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ycs ¼ distance from centroid of composite section to centroid of slab topping

F ¼ force resulting from differential shrinkage and creep

Ecc¼modulus of composite section

a ¼ creep strain at time t divided by ultimate creep strain

¼ t0.60/(10þ t0.60)

8.8.4 Long-Term Deflection of Composite Double-Tee Cracked Beam [2,5]

8.8.4.1 Example 8: Deflection Computation of a Double-Tee Beam

A 72-ft (21.9 m) span simply supported roof normal weight concrete double-T-beam (Figure 8.13) is

subjected to a superimposed topping load WSD¼ 250 plf (3.65 kN/m) and a service live load WL¼ 280 plf

(4.08 kN/m). Calculate the short-term (immediate) camber and deflection of this beam by

(a) the Ie method and (b) the bilinear method as well as the time-dependent deflections after 2-in.

topping is cast (30 days) and the final deflection (5 years), using the PCI multipliers method. Given

prestress losses 18%.

V=S ¼ 615=364 ¼ 1:69 in: ð43 mmÞ

RH ¼ 75%

ec ¼ 18:73 in: ð476 mmÞ

eêe ¼ 12:81 in: ð325 mmÞ

f 0c ¼ 5000 psi ð34:5 MPaÞ

f 0ci ¼ 3750 psi ð25:9 MPaÞ

Topping f 0c ¼ 3000 psi ð20:7 MPaÞ

ft at bottom fibers ¼ 12
ffiffiffiffi
f 0c

p
¼ 849 psi ð5:9 MPaÞ

Aps ¼ twelve 1
2
-in: diameter low-relaxation prestressing steel depressed at midspan only

fpu ¼ 270,000 psi ð1,862 MPaÞ, low relaxation

fpi ¼ 189,000 psi ð1,303 MPaÞ

fpj ¼ 200,000 psi ð1,380 MPaÞ

fpy ¼ 260,000 psi ð1,793 MPaÞ

Eps ¼ 28:5	 106 psi ð19:65	 104 MPaÞ

Noncomposite Composite

Ac, in.2 615 (3,968 cm2) 855 (5,516 cm2)

Ic, in.4 59,720 (24.9	 105 cm4) 77,118 (32.1	 105 cm4)

r 2, in.2 97 (625 cm2) 90 (580 cm2)

cb, in. 21.98 (558 mm) 24.54 (623 mm)

ct, in. 10.02 (255 mm) 9.46 (240 mm)

Sb, in.3 2,717 (4.5	 104 cm3) 3,142 (5.1	 104 cm3)

St, in.3 5,960 (9.8	 104 cm3) 8,152 (13.4	 104 cm3)

Wd, plf 641 (9.34 kN/m) 891 (13.0 kN/m)
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Solution by the Ie Method

1. Midspan section stresses

fpj ¼ 200,000 psi at jacking

fpi assumed ¼ 0:945fpj ¼ 189,000 psi at transfer

ec ¼ 18:73 in: ð475 mmÞ

Pi ¼ 12	 0:153	 189,000 ¼ 347,004 lbs ð1,540 kNÞ

Self-weight moment

MD ¼
641ð72Þ2

8
	 12 ¼ 4,984,416 in:-lb

A. At transfer

f t ¼ � Pi

Ac

1� ecct

r2

� �
�MD

St

¼ � 347,004

615
1� 18:73	 10:02

97

� �
� 4,984,416

5,960

¼ þ527:44� 836:31

¼ �308:87 psi ðCÞ, say 310 psi ðCÞð2:1 MPaÞ< 0:60f 0ci ¼ 0:60ð3,750Þ
¼ 2,250 psi, OK

fb ¼ �
Pi

Ac

1� eccb

r2

� �
�MD

Sb

¼ � 347,004

615
1þ 18:73	 21:98

97

� �
þ 4,984,416

2,717

¼ �2958:95þ 1834:53

¼ �1124:42 psi ðCÞ, say 1125 psi ðCÞ<�2,250 psi, OK

B. After slab is cast. At this load level assume 18% prestress loss

fpe ¼ 0:82fpi ¼ 0:82	 189,000 ¼ 154,980 psi

Pe ¼ 12	 0:153	 154,980 ¼ 284,543 lb

For the 2-in. slab

WSD ¼
2

12
	 10 ft	 150 ¼ 250 plf ð3:6 kN=mÞ

MSD ¼
250ð72Þ2

8
	 12 ¼ 1,944,000 in:-lb

10 ft (3.05 m)

5 ft

2 in. 32 in.

43
4  in.

Topping
2 in.

73
4  in.

PCI section
10LDT32 + 2

(128 D1)

FIGURE 8.13 Double-tee composite beam in Example 8 [5].
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MD þMSD ¼ 4,984,416þ 1,944,000 ¼ 6,928,416 in: lb ð783 kN mÞ

f t ¼ � Pe

Ac

1� ecct

r2

� �
�MD þMSD

St

¼ � 284,543

615
1þ 18:73	 10:02

97

� �
þ 6,928,416

5:960

¼ þ432:5� 1,162:5 ¼ �730 psi ð5:0 MPaÞ< 0:45f 0c ¼ �2:250 psi, OK

fb ¼ �
Pe

Ac

1þ ecc b

r2

� �
�MD þMSD

St

¼ � 284,543

615
1þ 18:73	 21:98

97

� �
þ 6,928,416

2,717

¼ �2426:33þ 2550:02 ¼ þ123:7 ð0:85 MPaÞ, say 124 psi ðTÞ, OK

This is a very low tensile stress when the unshored slab is cast and before the service load is

applied, <<12
ffiffiffiffi
f 0c

p
¼ 849 psi:

C. At service load for the precast section. Section modulus for composite section at the top of the

precast section is

St
c ¼

77,118

9:46� 2
¼ 10,337 in:3

ML ¼
280ð72Þ2

8
	 12 ¼ 2,177,288 in:-lb ð246 kN mÞ

f t ¼ � Pe

Ac

1� ecct

r2

� �
�MD þMSD

St
�MCSD þML

St
c

MCSD ¼ superimposed dead load ¼ 0 in this case

f t ¼ �730� 2,177,288

10,337

¼ �730� 210 ¼ �940 psi ð6:5 MPaÞ ðCÞ, OK

fb ¼ þ123:7þ 2,177,288

3,142
¼ þ123:7þ 693:0

¼ þ816:7, say 817 psi ðTÞ ð5:4 MPaÞ< ft ¼ 849 psi, OK

D. Composite slab stresses. Precast double-T concrete modulus is

Ec ¼ 57,000
ffiffiffiffi
f 0c

p
¼ 57,000

ffiffiffiffiffiffiffiffiffiffiffi
5,000
p

¼ 4:03	 106 psi ð3:8	 104 MPaÞ

Situ-cast slab concrete modulus is

Ec ¼ 57,000
ffiffiffiffiffiffiffiffiffiffiffi
3,000
p

¼ 3:12	 106 psi ð2:2	 104 MPaÞ

Modular ratio

np ¼
3:12	 106

4:03	 106
¼ 0:77

St
c for 2-in. slab top fibers ¼ 8,152 in.3 from data:

Scb for 2-in. slab bottom fibers ¼ 10,337 in:3 from before for top of precast section:

Stress f t
cs at top slab fibers ¼ n

ML

St
c
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¼ �0:77	 2,177,288

8,152
¼ �207 psi ð1:4 MPaÞ ðCÞ

Stress fcsb at bottom slab fibers

¼ �0:77	 2,177,288

10,377
¼ �162 psi ð1:1 MPaÞ ðCÞ

2. Support section stresses

Check is made at the support face (a slightly less conservative check can be made at 50db from end)

ec ¼ 12:81 in:

A. At transfer

f t ¼ � 347,004

615
1� 12:81	 10:02

97

� �
� 0

¼ þ182 psi ðTÞ ð1:26 MPaÞ � �2,250 psi, OK

fb ¼ �
347,004

615
1þ 12:81	 21:98

97

� �
þ 0

¼ �2,202 psi ðCÞ ð15:2 MPaÞ< 0:60f 0ci ¼ �2,250 psi, OK

B. After the slab is cast and at service load, the support section stresses both at top and bottom

extreme fibers were found to be below the allowable; hence, OK.

Summary of midspan stresses (psi)

3. Camber and deflection calculation

At transfer

Initial

Eci ¼ 57,000
ffiffiffiffiffiffiffiffiffiffiffi
3,570
p

¼ 3:49	 106 psi ð2:2	 104 MPaÞ
From before, 28 days

Ec ¼ 4:03	 106 psi ð2:8	 104 MPaÞ

Due to initial prestress only, from Figure 8.10

di ¼
Piecl2

8EciIg

þ Piðee � ecÞl2

24EciIg

¼ ð�347,004Þð18:73Þð72	 12Þ2

8ð3:49	 106Þ59,720

þ ð�347,004Þð12:81� 18:73Þð72	 12Þ2

24ð3:49	 106Þ59,720

¼ �2:90þ 0:30 ¼ �2:6 in: ð66 mmÞ "

f t f b

Transfer Pe only þ 433 � 2426

WD at transfer � 1163 þ 2550

Net at transfer � 730 þ 124

External load (WL) � 210 þ 693

Net total at service � 940 þ 817
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Self-weight intensity w¼ 641/12¼ 53.42 lb/in.

Self-weight dD ¼
5wl4

384EciIg

for uncracked section

¼ 5	 53:42ð72	 12Þ4

384ð3:49	 106Þ59,720
¼ 1:86 in: ð47 mmÞ #

Thus, the net camber at transfer is

�2:6þ 1:86 ¼ �0:74 in: ð19 mmÞ "

4. Immediate service load deflection

A. Effective Ie method

Modulus of rupture

fr ¼ 7:5
ffiffiffiffi
f 0c

p
¼ 7:5

ffiffiffiffiffiffiffiffiffiffi
5000
p

¼ 530 psi

fb at service load¼ 817 psi (5.4 MPa) in tension (from before). Hence, the section is cracked and

the effective Ie from Equation 8.92a or 8.92b should be used

dp ¼ 18:73þ 10:02þ 2ðtoppingÞ ¼ 30:75 in: ð780 mmÞ

rp ¼
Aps

bdp

¼ 12ð0:153Þ
120	 30:75

¼ 4:98	 10�4

From Equation 8.93

Icr ¼ npApsd
2
pð1� 1:6

ffiffiffiffiffiffiffiffiffiffi
nprp

p Þ

np ¼ 28:5	 106=4:03	 106 ¼ 7 to be used in Equation 8:93

Equation 8.93a gives Icr¼ 11,110 in.4 (4.63	 105 cm4), use. From Equation 8.93a and the stress fpe

and fd values already calculated for the bottom fibers at midspan with fr ¼ 7:5
ffiffiffiffi
f 0c

p
¼ 530 psi.

Moment Mcr due to that portion of live load that causes cracking is

Mcr ¼ Sb 7:5
ffiffiffiffi
f 0c

p
þ fce � fd

� �
¼ 3,142 530þ 2,426� 2,550ð Þ

¼ 1,275,652 in:-lb

Ma, unfactored maximum live load moment¼ 2,177,288 in.-lb

Mcr

Ma

¼ 1,275,652

2,177,288
¼ 0:586

where Mcr is the moment due to that portion of the live load that causes cracking and Ma is the

maximum service unfactored live load.

Using the preferable PCI expression of (Mcr/Ma) from Equation 8.91b, and the stress values

previously tabulated

Mcr

Ma

¼ 1� ftl � fr

fL

¼ 1� 817� 530

693

� �
¼ 0:586

Mcr

Ma

� �3

¼ 0:586ð Þ3¼ 0:20
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Hence, from Equation 8.92b

Ie ¼
Mcr

Ma

� �3

Ig þ 1� Mcr

Ma

� �3
" #

Icr � Ig

Ie ¼ 0:2ð77,118Þ þ ð1� 0:2Þ11,110

¼ 15,424þ 8,888 ¼ 24,312 in:4

wSD ¼ 1
12

891� 641ð Þ ¼ 20:83 lb=in:

w L ¼ 1
12
	 280 ¼ 23:33 lb=in:

dL ¼
5wl4

384EcIe

¼ 5	 23:33 72	 12ð Þ4

384 4:03	 106ð Þ24,312

¼ þ 1:73 in: ð45 mmÞ # ðas an average valueÞ

When the concrete 2-in. topping is placed on the precast section, the resulting topping deflection

with Ig¼ 59,720 in.4 becomes

dSD ¼
5	 20:83ð72	 12Þ4

384ð4:03	 106Þ59,720
¼ þ0:63 in:#

5. Long-term deflection (camber) by PCI multipliers

Using PCI multipliers at slab topping completion stage (30 days) and at the final service load

(5 years), the following are the tabulated deflection values:

Hence, final deflection� 2.1 in. (53 mm) #

Allowable deflection ¼ span=180 ¼ 72	 12

180
¼ 4:8 in: > 2:1 in:, OK

8.8.5 Cracking Behavior and Crack Control in Prestressed Beams

If Dfs is the net stress in the prestressed tendon or the magnitude of the tensile stress in the normal

steel at any crack width load level in which the decompression load (decompression here means fc¼ 0

at the level of the reinforcing steel) is taken as the reference point, then for the prestressed tendon

Dfs ¼ fnt � fd ksi ð¼1000 psiÞ ð8:99Þ

Transfer dp, in.
PCI multipliers

d30, in. PCI multiplier

(composite)
dFinal, in.

Load (1) (2) (3)

Prestress �2.60 1.80 � 4.68 2.20 �5.71 ›
wD þ1.86 1.85 þ 3.44 2.40 þ4.46 fl

�0.74 › � 1.24 › �1.25 ›
wSD þ 0.63 fl 2.30 þ1.45 fl
wL þ 1.89 fl þ1.89 fl
Final d �0.74 › þ 1.28 fl þ2.09 fl
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where fnt is the stress in the prestressing steel at any load level beyond the decompression load and fd
is the stress in the prestressing steel corresponding to the decompression load.

The unit strain es¼Dfs/Es. Because it is logical to disregard as insignificant the unit strains in the

concrete due to the effects of temperature, shrinkage, and elastic shortening, the maximum crack width

can be defined as

wmax ¼ kacseas ð8:100Þ

where k and a are constants to be established by tests, acs is the spacing of cracks, and es is the strain in

the reinforcement.

For pretensioned beams, the maximum crack width can be evaluated from the maximum crack width

at the reinforcing steel level

wmax ¼ 5:85	 10�5 AtP
o

Dfsð Þ ð8:101aÞ

and the maximum crack width (in.) at the concrete tension face

w 0max ¼ 5:85	 10�5Ri

AtP
o

Dfsð Þ ð8:101bÞ

where Ri is the ratio of distance from neutral axis to tension face to the distance from neutral axis to

centroid of reinforcement.

For posttensioned bonded beams, the expression for the maximum crack width at the reinforcement

level is

wmax ¼ 6:51	 10�5 AtP
o

Dfsð Þ ð8:102aÞ

At the tensile face, the crack width is

w 0max ¼ 6:51	 10�5Ri
AtP

o
Dfsð Þ ð8:102bÞ

For nonbonded beams, the factor 6.51 in Equations 5.102a and 5.102b becomes 6.83. The crack spacing

stabilizes itself beyond an incremental stress Dfs of 30,000 to 35,000 psi, depending on the total rein-

forcement percent rT of both prestressed and nonprestressed steels.

Recent work by Nawy et al. [13] on the cracking performance of high-strength prestressed concrete beams,

both pretensioned and posttensioned, has shown that the factor 5.85 in Equation 8.101a is considerably

reduced. For concrete strengths in the range of 9,000 to 14,000 psi (60 to 100 MPa), this factor reduces

to 2.75, so that the expression for the maximum crack width at the reinforcement level (inch) becomes

wmax ¼ 2:75	 10�5 AtP
o

Dfsð Þ ð8:103aÞ

In SI units, the expression is

wmax ¼ 4:0	 10�5 AtP
o

Dfsð Þ ð8:103bÞ

where At, cm2;
P

o, cm; Dfs, MPa.

For more refined values in cases where the concrete cylinder compressive strength ranges between

6,000 and 12,000 psi or higher, a modifying factor for particular f 0c values can be obtained from the

following expressions:

lr ¼
2

0:75þ 0:06
ffiffiffiffi
f 0c

p	 
 ffiffiffiffi
f 0c

p ð8:104aÞ
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For posttensioned beams, the reduction multiplier l0 is

l0 ¼
1

0:75þ 0:06
ffiffiffiffi
f 0c

p ð8:104bÞ

where f 0c and the reinforcement stress are in ksi.

8.8.6 ACI Expression for Cracking Mitigation

The ACI expression used for crack control in reinforced concrete structural elements through bar

spacing is extended to prestressed concrete bonded beams, on the assumption of the desirability of a

‘‘seamless transition’’ between serviceability requirements for nonprestressed members and fully pre-

stressed members. However, the mechanism of crack generation differs in the prestressed beam from

that in reinforced concrete due to initially imposed precompression. Also, effects of environmental

conditions are considerably more serious in the case of prestressed concrete elements due to the cor-

rosion risks to the tendons. These provisions stipulate that the spacing of the bonded tendons should not

exceed 2
3

of the maximum spacing permitted for nonprestressed reinforcement. The ACI expression for

prestressed members becomes

s ¼ 2

3

540

Dfs

� 2:5cs

� �
ð8:105Þ

but not to exceed 8(36/Dfs0).

In SI units, the expression becomes

s ¼ 2

3

95,000

Dfs

� 2:5cs

� �
ð8:106Þ

but not to exceed 200(252/Dfs, where Dfs is in MPa and cs is in mm)

Dfs¼ difference between the stress computed in the prestressing tendon at service load based on

cracked section analysis, and the decompression stress fdc in the prestressing tendon. The code

permits using the effective prestress fpe in lieu of fdc, ksi. A limit Dfs¼ 36 ksi, and no check needed

if Dfs is less than 20 ksi.

cc¼ clear cover from the nearest surface in tension to the flexural tension reinforcement, in.

While the code follows the author’s definition of Dfs given in Section 8.8.5, Equations 8.105 and 8.106

still lack the practicability of use as a crack control measure and the 2
3

factor used in the expressions is

arbitrary and not substantiated by test results. It should be emphasized that beams have finite web

widths. Such spacing provisions as presented in the Code are essentially unworkable, since actual spacing

of the tendons in almost all practical cases is less than the code equation limits, hence almost all beams

satisfy the code, though cracking levels may be detrimental in bridge decks, liquid containment vessels,

and other prestressed concrete structures in severe environment or subject to overload. They require

additional mild steel reinforcement to control the crack width. Therefore, the expressions presented in

Section 8.8.5 in conjunction with Table 8.14 from the ACI 224 Report [14] should be used for safe

mitigation of cracking in prestressed concrete members.

TABLE 8.14 Maximum Tolerable Flexural Crack Widths

Crack width

Exposure condition in. mm

Dry air or protective membrane 0.016 0.41

Humidity, moist air, soil 0.012 0.30

De-icing chemicals 0.007 0.18

Seawater and seawater spray; wetting and drying 0.006 0.15

Water-retaining structures (excluding nonpressure pipes) 0.004 0.10
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8.8.7 Long-Term Effects on Crack-Width Development

Limited studies on crack-width development and increase with time show that both sustained and cyclic

loadings increase the amount of microcracking in the concrete. Also, microcracks formed at service-load

levels in partially prestressed beams do not seem to have a recognizable effect on the strength or

serviceability of the concrete element. Macroscopic cracks, however, do have a detrimental effect,

particularly in terms of corrosion of the reinforcement and appearance. Hence, an increase of crack

width due to sustained loading significantly affects the durability of the prestressed member regardless of

whether prestressing is circular, such as in tanks, or linear, such as in beams. Information obtained from

sustained load tests of up to 2 years and fatigue tests of up to one million cycles indicates that a doubling

of crack width with time can be expected. Therefore, engineering judgment has to be exercised as regards

the extent of tolerable crack width under long-term loading conditions.

8.8.8 Tolerable Crack Widths

The maximum crack width that a structural element should tolerate depends on the particular function

of the element and the environmental conditions to which the structure is liable to be subjected. Table

8.14, from the ACI Committee 224 report on cracking, serves as a reasonable guide on the acceptable

crack widths in concrete structures under the various environmental conditions encountered.

8.8.9 Example 9: Crack Control Check

A pretensioned prestressed concrete beam has a T-section as shown in Figure 8.14. It is prestressed with

fifteen 7
16

-in. diameter seven-wire strand 270-K grade. The locations of the neutral axis and center of

PHOTO 8.8 West Kowloon Expressway Viaduct, Hong Kong, during construction, comprising 4.2 km dual

three-lane causeway connecting Western Harbor Crossing to new airport (courtesy Institution of Civil Engineers,

London, and [5]).
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gravity of steel are shown in the figure. f 0c ¼ 5,000 psi; Ec ¼ 57,000
ffiffiffiffi
f 0c

p
, and Es¼ 28	 106 psi. Find the

mean stabilized crack spacing and the crack widths at the steel level as well as at the tensile face of the

beam at Dfs¼ 30	 103 psi. Assume that no failure in shear or bond takes place.

Solution

Dfs ¼ 30,000 psi ¼ 30 ksi

Mean stabilized crack spacing

At¼ 7	 14 ¼ 98 sq in:X
o ¼15pD ¼ 15p

7

16

� �
¼ 20:62 in:

acs¼1:2
AtP

o

� �
¼ 1:2

98

20:62

� �
¼ 5:7 in: ð145 mmÞ

Maximum crack width at steel level

wmax ¼ 5:85	 10�5 AtP
o

Dfsð Þ ¼ 5:85	 10�5 98

20:62

� �
30

¼ 834:1	 10�5 in: ffi 0:0083 in: ð0:21 mmÞ

Maximum crack width at tensile face of beam

Ri ¼
25� 10:36

25� 10:36� 3:5
¼ 1:31

w 0max ¼ wmaxRi ¼ 0:0083	 1:31 ¼ 0:011 in: ð0:28 mmÞ

By the ACI method

Dfs¼ 30 ksi

cc¼ 1.5 in.

From Equation 8.105

s ¼ 2

3

540

30
� 2	 1:5

� �
¼ 10 in: < 12 in:, OK

34 in.

10.36 in. in.

1.75 in. in.

3.5 in. in.

14 in. in.

15- 1
7
6 in. �

cgs

25 in.

Seven-wire strand

6 in.

NA

FIGURE 8.14 Beam cross-section in Example 9 [5].
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From this solution, it is evident that every prestressed concrete beam would satisfy the ACI Code

requirements for crack control regardless of the loading conditions and/or overloading, or environ-

mental conditions. It is rare that prestressed or mild steel reinforcement would ever be spaced within

a flange that can violate the code spacing requirements. Hence, the code provisions are not effective,

and probably rarely would they be effective for crack control even in two-way prestressed concrete plates.

8.8.10 SI Deflection and Cracking Expressions

Ec ¼ w1:5
c 0:043

ffiffiffiffi
f 0c

p
MPa ð8:107Þ

where f 0c is in MPa units and wc is in kg/m3 ranging between 1500 and 2500 kg/m3. For

f 0c > 35 MPa, < 80 MPa

Ec ¼ 3:32
ffiffiffiffi
f 0c

p
þ 6895

wc

2320

� �1:5

MPa

For normal-weight concrete, Ec ¼ 3:32
ffiffiffiffi
f 0c

p
þ 6895 MPa

fr ¼ 0:62
ffiffiffiffi
f 0c

p
ð8:108Þ

Ie ¼
Mcr

Ma

� �3

Ig þ 1� Mcr

Ma

� �3
" #

Icr ð8:109Þ

Mcr

Ma

� �
¼ 1þ ftl � fr

fL

� �� �
ð8:110Þ

Icr ¼ npApsd
2
p 1� 1:6

ffiffiffiffiffiffiffiffiffiffi
nprp

p� �
ð8:111Þ

¼ npApsd
2
p þ nsAsd

2
� �

1� 1:6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nprp þ nsr

p� �
ð8:112Þ

wmax ¼ aw 	 10�5 AtP
o

Dfsð Þ, mm ð8:113Þ

where At, cm2;
P

o, cm; Dfs , MPa

aw ¼ 8:48	 10�5 for pretensioned

¼ 9:44	 10�5 for posttensioned

¼ 4:0	 10�5 for concretes with f 0c > 70 MPa

MPa ¼ N=mm
2

ðpsiÞ 0:006895 ¼ MPa

ðlb=ftÞ 14:593 ¼ N=m

ðin: lbÞ 0:113 ¼ N m
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Glossary

ACI Committee 116 Report ‘‘Cement and Concrete Terminology’’ and other definitions pertinent to

prestressed concrete are presented:

AASHTO — American Association of State Highway Officials.

ACI — American Concrete Institute.

Allowable stress — Maximum permissible stress used in design of members of a structure and based on

a factor of safety against yielding or failure of any type.

Balanced strain — Deformation caused by combination of axial force and bending moment that causes

simultaneous crushing of concrete at the compression side and yielding of tension steel at the

tension side of concrete members.

Beam — A structural member subjected primarily to flexure due to transverse load.

Beam-column — A structural member that is subjected simultaneously to bending and substantial axial

forces.

Bond — Adhesion and grip of concrete or mortar to reinforcement or to other surfaces against which it

is placed; to enhance bond strength, ribs or other deformations are added to reinforcing bars.

Camber — Reverse deflection (convex upwards) that is intentionally built into a structural element or

form to improve appearance or to offset the deflection of the element under the effects of loads,

shrinkage, and creep. It is also reverse deflection (convex upward) in prestressed concrete

beams.

Cast-in-place concrete — Concrete placed in its final or permanent location, also called in situ concrete,

in contrast to precast concrete.

Column — A member that supports primarily axial compressive loads with a height of at least three

times its least lateral dimension; the capacity of short columns is controlled by strength; the

capacity of long columns is limited by buckling.

Column strip — The portion of a flat slab over a row of columns consisting of a width equal to quarter

of the panel dimension on each side of the column centerline.

Composite construction — A type of construction using members made of different materials (e.g.,

concrete and structural steel), or combining members made of cast-in-place and precast

concrete such that the combined components act together as a single member.

Compression member — A member subjected primarily to longitudinal compression; often synony-

mous with ‘‘column.’’

Compressive strength — Strength typically measured on a standard 6	 12 in. cylinder of concrete in

an axial compression test, 28 days after casting. For high-strength concrete, 4	 8 in. cylinders

are used.

Concrete — A composite material that consists essentially of a binding medium within which are

embedded coarse and fine aggregates; in portland cement concrete, the binder is a mixture of

portland cement and water.

Confined concrete — Concrete enclosed by closely spaced transverse reinforcement to restrain concrete

expansion in directions perpendicular to the applied stresses.

Construction joint — The interaction surface between two successive placements of concrete across

which it may be desirable to achieve bond, and through which reinforcement may be con-

tinuous.

Continuous beam or slab — A beam or slab that extends as a unit over three or more supports in a given

direction and is provided with the necessary reinforcement to develop the negative moments

over the interior supports; a redundant structure that requires a statically indeterminant

analysis (opposite of simple supported beam or slab).
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Cover — In reinforced and prestressed concrete, the shortest distance between the surface of the

reinforcement and the outer surface of the concrete; minimum values are specified to

protect the reinforcement against corrosion and to assure sufficient bond strength with the

reinforcement.

Cracks — Fracture in concrete elements when tensile stresses exceed the concrete tensile strength;

a design goal is to keep their widths small (hairline cracks well-distributed along a member).

Cracked section — A section designed or analyzed on the assumption that concrete has no resistance to

tensile stress.

Cracking load — The load that causes tensile stress in a member equal to or exceeding the modulus of

rupture of concrete.

Deformed bar — Reinforcing bar with a manufactured pattern of surface deformations intended to

prevent slip when the embedded bar is subjected to tensile stress.

Design strength — Ultimate load and moment capacity of a member multiplied by a strength reduction

factor.

Development length — The length of embedded reinforcement to develop the design strength of the

reinforcement; a function of bond strength.

Diagonal crack — An inclined crack caused by diagonal tension, usually at about 45� to the neutral axis

of a concrete member.

Diagonal tension — The principal tensile stress resulting from the combination of normal and shear

stresses acting upon a structural element.

Drop panel — The portion of a flat slab in the area surrounding a column such as column capital that is

thicker than the slab in order to reduce the intensity of shear stresses.

Ductility — Capability of a material or structural member to undergo large inelastic deformations

without distress; opposite of brittleness; very important material property, especially for

earthquake-resistant design; steel is naturally ductile, concrete is brittle but it can be made

ductile if well confined.

Durability — The ability of concrete to maintain its design qualities long term while exposed to weather,

freeze–thaw cycles, chemical attack, abrasion, and other service load environmental conditions.

Effective depth — Depth of a beam or slab section measured from the compression face to the centroid

of the tensile reinforcement.

Effective flange width — Width of slab adjoining a beam stem or web assumed to function as the flange

of a T-section or L-section.

Effective prestress — The stress remaining in the prestressing reinforcement after all losses have

occurred.

Effective span — The lesser of the distance between centers of supports and the clear distance between

supports plus the effective depth of the beam or slab.

End block — End segment of a prestressed concrete beam.

Equivalent lateral force method — Static method for evaluating the horizontal base shear due to

seismic forces.

Flat slab — A concrete slab reinforced in two, generally without beams or girders to transfer the loads to

supporting members, sometimes with drop panels or column capitals or both.

High-early strength cement — Cement producing strength in mortar or concrete earlier than regular

cement.

Hoop — A one-piece closed reinforcing tie or continuously wound tie that encloses the longitudinal

reinforcement.

Interaction diagram — Load–moment curve for a member subjected to both axial force and

the bending moment, indicating the moment capacity for a given axial load and vice

versa; used to develop design charts for reinforced and prestressed concrete compression

members.

Lightweight concrete — Concrete of substantially lower unit weight than that made using normal-

weight gravel or crushed stone aggregate.
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Limit analysis — See Plastic analysis.

Limit design — A method of proportioning structural members based on satisfying certain strength and

serviceability limit states.

Load and resistance factor design (LRFD) — See Ultimate strength design.

Load factor — A factor by which a service load is multiplied to determine the factored load used in

ultimate strength design.

LRFD — Load Resistance Factor Design.

Modulus of elasticity — The ratio of normal stress to corresponding strain for tensile or compressive

stresses below the proportional limit of the material; for steel typically, Es¼ 29,000 ksi; for

concrete it is a function of the cylinder compressive strength f 0c ; for normal-weight concrete, a

common approximation is Ec ¼ 57,000
ffiffiffiffi
f 0c

p
for concrete having strength not exceeding

6,000 psi.

Modulus of rupture — The tensile strength of concrete at the first fracture load.

Mortar — A mixture of cement paste and fine aggregate; in fresh concrete, the material filling the voids

between the coarse aggregate particles.

Nominal strength — The strength of a structural member based on its assumed material properties and

sectional dimensions, before application of any strength reduction factor.

Partial loss of prestress — Loss in the reinforcement prestressing due to elastic shortening, creep,

shrinkage, relaxation, and friction.

PCI — Precast/Prestressed Concrete Institute.

Plastic analysis — A method of structural analysis to determine the intensity of a specified load

distribution at which the structure forms a collapse mechanism.

Plastic hinge — Region in a flexural member where the ultimate moment capacity can be developed and

maintained with corresponding significant inelastic rotation, as main tensile steel is stressed

beyond the yield point.

Posttensioning — A method of prestressing concrete elements where the tendons are tensioned after the

concrete has hardened (opposite of pretensioning).

Precast concrete — Concrete cast at a location different than its final placement, usually in plants or

sites close to the final site (contrary to cast-in-place concrete).

Prestressed concrete — Concrete in which longitudinal compressive stresses are induced in the member

prior to the placement of external loads through the tensioning of prestressing strands that are

placed over the entire length of the member.

Prestressing steel — High-strength steel used to apply the compressive prestressing force in

the member, commonly seven-wire strands, single wires, bars, rods, or groups of wires or

strands.

Pretensioning — A method of prestressing the concrete element whereby the tendons are tensioned

before the concrete has been placed (opposite to posttensioning).

PTI — Posttensioning Institute.

Reinforced concrete — Concrete containing adequate reinforcement and designed on the assumption

that the two materials act together in resisting the applied forces.

Reinforcement — Bars, wires, strands, and other slender elements that are embedded in concrete in

such a manner that the reinforcement and the concrete act together in resisting forces.

Relaxation — Time loss in the prestressing steel due to creep effect in the reinforcement.

Safety factor — The ratio of a load producing an undesirable state (such as collapse) to an expected

service load.

Service loads — Loads on a structure with high probability of occurrence, such as dead weight sup-

ported by a member or the live loads specified in building codes and specifications.

Shear span — The distance from a support face of a simply supported beam to the nearest concentrated

load for concentrated loads and the clear span for distributed loads.

Shear wall — See Structural wall.

Shotcrete — Mortar or concrete pneumatically projected at high velocity onto a surface.

Prestressed Concrete 8-73

Copyright 2005 by CRC Press



Silica fume — Very fine noncrystalline silica produced in electric arc furnaces as a by-product in the

production of metallic silicon and various silicon alloys (also know as condensed silica fume);

used as a mineral admixture in concrete.

Slab — A flat, horizontal cast layer of plain or reinforced concrete, usually of uniform thickness, either

on the ground or supported by beams, columns, walls, or other frame work. See also Flat slab.

Slump — A measure of consistency of freshly mixed concrete equal to the subsidence of the molded

specimen immediately after removal of the slump cone, expressed in inches.

Splice — Connection of one reinforcing bar to another by lapping, welding, mechanical couplers, or

other means.

Tensile split cylinder test — Test for tensile strength of concrete in which a standard cylinder is loaded

to failure in diametral compression applied along the entire length of the cylinder (also called

Brazilian test).

Standard cylinder — Cylindrical specimen of 12-in. height and 6-in. diameter, used to determine

standard compressive strength and splitting tensile strength of concrete. For high-strength

concrete the size is usually 4	 8 in.

Stiffness coefficient — The coefficient kij of stiffness matrix K for a multi-degree of freedom structure is

the force needed to hold the ith degree of freedom in place, if the jth degree of freedom

undergoes a unit of displacement, while all others are locked in place.

Stirrup — A type of reinforcement used to resist shear and diagonal tension stresses in a structural

concrete member; typically a steel bar bent into a U or rectangular shape and installed per-

pendicular to the longitudinal reinforcement and properly anchored; the term ‘‘stirrup’’ is

usually applied to lateral reinforcement in flexural members and the term ‘‘tie’’ to lateral

reinforcement in compression members. See Tie.

Strength design — See Ultimate strength design.

Strength reduction factor — Capacity reduction factor (typically designated as f) by which the nominal

strength of a member is to be multiplied to obtain the design strength; specified by the ACI

Code for different types of members and stresses.

Structural concrete — Concrete used to carry load or to form an integral part of a structure (opposite

of, e.g., insulating concrete).

Structural wall — Reinforced or prestressed wall carrying loads and subjected to stress, particularly

horizontally due to seismic loading.

Strut-and-tie procedure — Procedure for the design of confining reinforcement in prestressed concrete

beam end blocks.

T-beam — A beam composed of a stem and a flange in the form of a ‘‘T,’’ with the flange usually

provided by the slab part of a floor system.

Tie — Reinforcing bar bent into a loop to enclose the longitudinal steel in columns; tensile bar to hold

a form in place while resisting the lateral pressure of unhardened concrete.

Ultimate strength design (USD) — Design principle such that the actual (ultimate) strength of a

member or structure, multiplied by a strength factor, is no less than the effects of all service

load combinations, multiplied by the respective overload factors.

Unbonded tendon — A tendon that is not bonded to the concrete.

Under-reinforced beam — A beam in which the strain in the extreme tension reinforcement is less than

the balanced strain.

Water–cement ratio — Ratio by weight of water to cement in a mixture, inversely proportional to

concrete strength.

Water-reducing admixture — An admixture capable of lowering the mix viscosity, thereby allowing

a reduction of water (and increase in strength) without lowering the workability (also called

superplasticizer).

Whitney stress block — A rectangular area of uniform stress intensity 0:85f 0c , whose area and centroid

are similar to those of the actual stress distribution in a flexural member at failure.
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Workability — General property of freshly mixed concrete that defines the ease with which the concrete

can be placed into the forms without honeycombing; closely related to slump.

Yield-line theory — Method of structural analysis of concrete plate structures at the collapse load level.
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9
Masonry Structures

9.1 Introduction

Masonry is traditionally defined as hand-placed units of natural or manufactured material, laid with

mortar. In this chapter, the earthquake behavior and design of masonry structures is discussed,

extending the traditional definition somewhat to include thin stone cladding.

Masonry makes up approximately 70% of the existing building inventory in the United States

(TMS, 1989). U.S. masonry comprises Indian cliff dwellings, constructed of sandstone at Mesa Verde

(Colorado); the adobe missions constructed by Spanish settlers in Florida, California, and the south-

western United States; bearing-wall buildings such as the 16-story Monadnock Building, completed in

1891 in Chicago; modern reinforced bearing-wall buildings; and many veneer applications. Clearly, the

behavior and design of each type of masonry is distinct. In this chapter, fundamental applications and

nomenclature of U.S. masonry are discussed, major construction categories are reviewed, historical

seismic performance of masonry is presented, and principal design and retrofitting approaches are
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noted. Its purpose is to give designers, constructors, and building officials a basic foundation for further

study of the behavior and design of masonry.

9.2 Masonry in the United States

9.2.1 Fundamentals of Masonry in the United States

Masonry can be classified according to architectural or structural function. Each is discussed later in this

chapter. Regardless of how it is classified, U.S. masonry uses basically the same materials: units, mortar,

grout, and accessory materials. In this section, those materials are discussed, with reference to the

national consensus specifications of the American Society for Testing and Materials (ASTM). Additional

information is available at the web sites of associations such as the National Concrete Masonry

Association (NCMA), the Brick Industry Association (BIA), and The Masonry Society (TMS).

9.2.1.1 Masonry Units

Of the more than 20 different classifications of masonry units commercially available in the United

States, only the most widely used are discussed here.

9.2.1.1.1 Clay or Shale Masonry Units

The most common structural clay or shale masonry units are Building Brick and Facing Brick. The

former are specified using ASTM C62 Building Brick (Solid Masonry Units Made from Clay or Shale).

The latter, specifically intended for use when appearance is important, are specified using ASTM C216

Facing Brick (Solid Masonry Units Made from Clay or Shale). Units are usually cored rather than being

completely solid. The net cross-sectional area of the unit must be at least 75% of the gross area, that is,

the cores occupy less than 25% of the area of the unit.

Many different sizes and shapes of clay or shale masonry units are available, varying widely from

region to region of the United States. One common size is probably the ‘‘modular’’ unit, which measures

75
8

in. (194 mm) long by 21
4

in. (57 mm) high by 35
8

in. (92 mm) deep. Using mortar joints 3
8

in. (9 mm)

thick, this unit produces modules 8 in. (203 mm) wide by 22
3

in. (68 mm) high. That is, three courses of

such units produce modules 8 in. (203 mm) wide by 8 in. high.

Clay or shale masonry units are sampled and tested using ASTM C67 (Methods of Sampling and

Testing Brick and Structural Clay Tile). Specified properties include compressive strength and durability.

Facing brick can have more restrictive dimensional tolerances and appearance requirements.

9.2.1.1.2 Concrete Masonry Units

The most common concrete masonry units are hollow load-bearing concrete masonry units, specified in

ASTM C90 (Loadbearing Concrete Masonry Units). The units are typically made from low- or zero-

slump concrete. In the eastern United States, these units are used for unreinforced inner wythes of cavity

walls. In the western United States, these units are used for reinforced, fully grouted shear and bearing

walls. The net area of the units is usually about 55 to 60% of their gross cross-sectional area. These units

are commonly 155
8

in. (397 mm) long by 75
8

in. (194 mm) high by 75
8

in. (194 mm) thick. Using mortar

joints 3
8

in. (9 mm) thick, this unit produces modules 8 in. (203 mm) wide by 8 in. high. These modules

are compatible with those of the modular clay brick discussed above. Concrete masonry units are

sampled and tested using ASTM C140 (Methods of Sampling and Testing Concrete Masonry Units).

Specified properties include shrinkage, compressive strength, and absorption.

9.2.1.2 Mortar

Mortar holds units together, and also compensates for their dimensional tolerances. In the

United States, mortar for unit masonry is specified using ASTM C270 (Specification for Mortar
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for Unit Masonry), which addresses three cementitious systems: portland cement–lime, masonry

cement, and mortar cement. These cementitious systems are combined with sand and water to

produce mortar.

Portland cement–lime mortar consists of portland cement and other hydraulic cements, hydrated

mason’s lime, sand, and water. Masonry cement mortar consists of masonry cement, sand, and water.

The contents of masonry cement and mortar cement, specified under ASTM C91 and ASTM C1329,

respectively, vary from manufacturer to manufacturer, and are not disclosed. They typically include

portland cement and other hydraulic cements, finely ground limestone, and air-entraining and water-

retention admixtures. Mortar cement has a minimum specified tensile bond strength and a lower

maximum air content than masonry cement. Model codes prohibit the use of masonry cement in

seismic design categories C and higher. Portland cement–lime mortars and mortar cement mortars

are not restricted in this respect.

Within each cementitious system, masonry mortar is also classified according to type. Types are

designated as M, S, N, O, and K (derived from every other letter of the phrase ‘‘MaSoN wOrK’’). These

designations refer to the proportion of portland cement in the mixture. Type M has the most, S less, and

so on. Higher proportions of portland cement result in faster strength gain, higher compressive strength,

and higher tensile bond strength; they also result in lower long-term deformability. Mortar types S and N

are typically specified.

Within each cementitious system, mortar can be specified by proportion or by property, with the

former being the default. For example, Type S portland cement–lime mortar, specified by proportion,

consists of one volume of portland cement, 1
2

volume of hydrated mason’s lime, about 41
2

volumes

of masons’ sand, and sufficient water for good workability. Type S masonry cement mortar or mortar

cement mortar is made with one volume of masonry cement or mortar cement, respectively, three

volumes of mason’s sand, and sufficient water for good workability.

9.2.1.3 Grout

Masonry grout is essentially fluid concrete, used to fill spaces in masonry and to surround reinforcement

and connectors. It is specified using ASTM C476 (Grout for Masonry). Grout for masonry is composed

of portland cement and other hydraulic cements, sand, and (in the case of coarse grout) pea gravel. It is

permitted to contain a small amount of hydrated mason’s lime, but usually does not. It is permitted to be

specified by proportion or by property, with the former being the default. A coarse grout specified by

proportion would typically contain one volume of portland cement or other hydraulic cements, about

three volumes of mason’s sand, and about two volumes of pea gravel.

Masonry grout is placed with a slump of at least 8 in. (203 mm), so that it will flow freely into the cells

of the masonry. Because of its high water–cement (w/c) ratio at the time of grouting, masonry grout

undergoes considerable plastic shrinkage as the excess water is absorbed by the surrounding units. To

prevent the formation of voids due to this process, the grout is consolidated during placement and

reconsolidated after initial plastic shrinkage. Grouting admixtures, which contain plasticizers and water-

retention agents, are also useful in the grouting process.

If grout is specified by property (compressive strength), the compressive strength must be verified

using permeable molds, duplicating the loss of water and decreased w/c ratio that the grout would

experience in actual use.

9.2.1.4 Accessory Materials

Accessory materials for masonry consist of reinforcement, connectors, sealants, flashing, coatings, and

vapor barriers. In this section, each is briefly reviewed.

Reinforcement consists of deformed reinforcing bars or joint reinforcement. Deformed reinforcing bars

are placed vertically in the cells of hollow units, horizontally in courses of bond-beam units, or vertically

and horizontally between wythes of solid units. Model codes require that it be surrounded by grout. Joint

reinforcement is placed in the bed (horizontal) joints of masonry and is surrounded by mortar.
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Connectors are used to connect the wythes of a masonry wall (ties), to connect a masonry wall to

a frame (anchors), or to connect something else to a masonry wall (fasteners).

Sealants are used to prevent the passage of water at places where gaps are intentionally left in masonry

walls. Three basic kinds of gaps (joints) are used: expansion joints are used in brick masonry to

accommodate expansion, control joints are used in concrete masonry to conceal cracking due to

shrinkage, and construction joints are placed between different sections of a structure.

Flashing is a flexible waterproof barrier, intended to permit water that has penetrated the outer wythe

to re-exit the wall. It is placed at the bottom of each story level (on shelf angles or foundations), over

window and door lintels, and under window and door sills. Flashing should be lapped, and ends of

flashing should be defined by end dams (flashing turned up at ends). Directly above the level of the

flashing, weepholes should be provided at 24-in. spacing. Flashing is made of metal, polyvinyl chloride

(PVC), or rubberized plastic (EPDM). Metallic flashing lasts much longer than plastic flashing.

Nonmetallic flashings are subject to tearing. Modern EPDM self-adhering flashing is a good compromise

between durability and ease of installation.

9.2.1.5 Masonry Nomenclature by Architectural Function

The architectural functions of masonry include acting as a building envelope to resist liquid water.

Masonry walls are classified in terms of this function into barrier walls and drainage walls. Barrier walls

act by a combination of thickness, coatings, and integral water-repellent admixtures. Drainage walls act

by the above, plus drainage details. Examples of each are shown in Figure 9.1 and Figure 9.2. In drainage

walls, an outer wythe (thickness of masonry) is separated from an inner wythe of masonry or from a

backup system by a cavity with drainage details.

9.2.1.6 Masonry Nomenclature by Structural Function

From the viewpoint of structural function, U.S. masonry can be broadly classified as nonload-bearing

and load-bearing. The former resists gravity loads from self-weight alone, and possibly out-of-plane

wind loads or seismic forces from its own mass only. The latter may resist gravity and lateral loads from

overlying floors or roof. Both classifications of masonry use the same materials.

Nonload-bearing masonry includes panel walls (an outer wythe of masonry connected to an inner

wythe of masonry or a backup system), curtain walls (masonry spanning horizontally between columns),

and interior partitions.

Load-bearing masonry walls resist out-of-plane loads by spanning as horizontal or vertical strips,

in-plane gravity loads by acting as a shallow beam–column loaded perpendicular to the plane of the wall,

and in-plane shear forces by acting as a deep beam–column loaded in the plane of the wall.

Single-wythe
barrier wall

Composite wall
(filled collar joint)

FIGURE 9.1 Examples of barrier walls.
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9.2.1.7 Masonry Nomenclature by Design Intent

From the viewpoint of design intent, U.S. masonry can be broadly classified as unreinforced and

reinforced. Unreinforced masonry is designed assuming that flexural tension is resisted by masonry

alone, and neglecting stresses in reinforcement. Reinforced masonry is designed assuming that flexural

tension is resisted by reinforcement alone, and neglecting the flexural tensile resistance of masonry. Both

types of masonry are designed assuming that masonry has some diagonal tensile resistance, because both

types permit some shear to be resisted without shear reinforcement.

To decipher design intent may be impossible by examination of the masonry alone, with no knowledge

of its design process. Masonry elements, no matter how designed, are required to have minimum

prescriptive reinforcement whose location and percentage depend on the seismic design category of the

structure in which they are located.

Differences in historical tradition have led to potentially confusing differences in nomenclature. For

example, in parts of the United States where the Uniform Building Code (UBC) has been dominant

(roughly speaking, to the west of Denver), ‘‘partially reinforced’’ masonry referred to reinforced masonry

whose reinforcement did not comply with UBC requirements for prescriptive reinforcement in zones of

highest seismic risk. East of Denver, however, partially reinforced masonry referred to masonry rein-

forced with wire-type bed-joint reinforcement only, rather than deformed reinforcement placed in

grouted cells or bond beams.

9.2.2 Modern Masonry Construction in the United States

A decade ago, it might have been possible to distinguish between modern masonry in the eastern versus

the western United States, with the latter being characterized by more emphasis on seismic design. As

model codes increasingly adopt the philosophy that almost all regions of the United States have some

level of seismic risk, such regional distinctions are disappearing.

9.2.2.1 Modern Masonry Veneer

Modern masonry veneer resists vertical loads due to self-weight only, and transfers out-of-plane loads

from wind or earthquake to supporting elements such as wooden stud walls, light-gage steel framing,

Drainage wall
(brick veneer
over CMU
backup)

Expansion joint
with sealant

Ties

Ties

Drainage wall
(brick veneer
over steel studs)

Flashing,
weepholes

FIGURE 9.2 Examples of drainage walls.
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or a backup wythe of masonry. Veneer is most commonly clay masonry units, but concrete masonry

units, glass block, and glazed tile are also used. Stone cladding can be laid like manufactured masonry

units, using masonry mortar. Thin stone can also be attached without mortar to a backup frame, using

stainless steel connectors.

9.2.2.2 Modern Masonry Partition Walls

Modern masonry partition walls are interior elements designed to resist vertical loads due to self-weight

only and out-of-plane loads due to inertial forces from their own mass only. They are of clay or concrete

masonry units, glass block, or glazed tile.

9.2.2.3 Modern Masonry Panel Walls

Modern masonry panel walls are combinations of a veneer wythe and a backup system. They resist

vertical loads due to self-weight only. The veneer wythe transfers out-of-plane loads from wind or

earthquake to the backup system. The backup system is not intended to resist in-plane shear loads or

vertical loads from overlying roofs or floors. If the space between the masonry veneer and the backup

system is separated by a cavity at least 2 in. (50 mm) wide and is provided with drainage details, the result

is a drainage wall.

9.2.2.4 Modern Masonry Curtain Walls

Curtain walls are multistory masonry walls that resist gravity loads from self-weight only and out-

of-plane loads from wind or earthquake. Their most common application is for walls of industrial

buildings, warehouses, gymnasiums, or theaters. They are most commonly single-wythe walls. Because

they occupy multiple stories, curtain walls are generally designed to span horizontally between columns

or pilasters. If a single wythe of masonry is used, horizontal reinforcement is often required for

resistance to out-of-plane loads. This reinforcement is usually provided in the form of welded wire

reinforcement, placed in the horizontal joints of the masonry.

9.2.2.5 Modern Masonry Bearing and Shear Walls

Bearing walls resist gravity loads from self-weight and overlying floor and roof elements, out-of-plane

loads from wind or earthquake, and in-plane shears. If bearing walls are composed of hollow units,

vertical reinforcement consists of deformed bars placed in vertical cells, and horizontal reinforcement

consists of either deformed bars placed in grouted courses (bond beams) or bed-joint reinforcement.

Bearing walls, whether designed as unreinforced or reinforced, must have reinforcement satisfying

seismic requirements. If bearing walls are composed of solid units, vertical and horizontal reinforcement

generally consist of deformed bars placed in a grouted space between two wythes of masonry.

Although model codes sometimes distinguish between bearing walls and shear walls, in practical terms

every bearing wall is also a shear wall, because it is impossible in practical terms for a wall to resist gravity

loads from overlying floor or roof elements and yet be isolated from in-plane shears transmitted from

those same elements.

Reinforced masonry shear walls differ from reinforced concrete shear walls primarily in that their

inelastic deformation capacity is lower. They are usually not provided with confined boundary elements

because these are difficult or impossible to place. Their vertical reinforcement is generally distributed

uniformly over the plane length of the wall. Sections of masonry shear wall that separate window or door

openings are commonly referred to as ‘‘piers.’’

Using this type of construction, 30-story masonry bearing-wall buildings have been built in Las Vegas,

NV, a region of seismic risk in the United States (Suprenant 1989).

Masonry infills are structural panels placed in a bounding frame of steel or reinforced concrete. This

mode of structural action, though common in panel walls, is not addressed directly by design codes.

Provisions are under development. Historical masonry infills are addressed later in this chapter.
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9.2.2.6 Modern Masonry Beams and Columns

Other modern masonry elements are beams and columns. Masonry beams are most commonly used as

lintels over window or door openings, but can also be used as isolated elements. They are reinforced

horizontally for flexure. Although shear reinforcement is theoretically possible, it is difficult to install

and is rarely used. Instead, masonry beams are designed deep enough so that shear can be resisted by

masonry alone.

Isolated masonry columns are rare. The most common form of masonry beam–column is a masonry

bearing wall subjected to a combination of axial load from gravity and out-of-plane moment from

eccentric axial load or out-of-plane wind or seismic loads.

9.2.2.7 Role of Horizontal Diaphragms in Structural Behavior of Modern Masonry

Horizontal floor and roof diaphragms play a critical role in the structural behavior of modern masonry.

In addition to resisting gravity loads, they transfer horizontal forces from wind or earthquake to the

lateral force-resisting elements of a masonry building, which are usually shear walls. Modern hor-

izontal diaphragms are usually composed of cast-in-place concrete or of concrete topping overlying

hollow-core, prestressed concrete planks or corrugated metal deck supported on open-web joists.

Distinctions between rigid and flexible diaphragms, and appropriate analytical approaches for each,

are addressed later in this chapter. Performance of horizontal diaphragms in modern masonry is

addressed by structural requirements for in-plane flexural and shear resistance and by detailing

requirements for continuous chords and other embedded elements.

9.2.3 Historical Structural Masonry in the United States

9.2.3.1 Historical Unreinforced Masonry Bearing Walls in the United States

Unreinforced masonry bearing walls were constructed before 1933 in the western United States and as

late as the 1950s elsewhere in the United States. They commonly consisted of two wythes of masonry,

bonded by masonry headers, and sometimes also had an interior wythe of rubble masonry (pieces of

masonry units surrounded by mortar).

9.2.3.2 Historical Masonry Infills in the United States

Masonry infills are structural panels placed in a bounding frame of steel or reinforced concrete.

Before the advent of drywall construction, masonry infills of clay tile were often used to fill

interior or exterior bays of steel or reinforced concrete frames. Although sometimes considered

nonstructural, they have high elastic stiffness and are usually built tight against the bounding

frame. As a result, they can significantly alter the seismic response of the frame in which they are

placed.

9.2.3.3 Role of Horizontal Diaphragms in Structural Behavior of
Historical Masonry in the United States

Horizontal diaphragms play a crucial role in the seismic resistance of historical as well as modern

masonry construction. In contrast to their role in modern construction, however, the behavior of

horizontal diaphragms in historical masonry is usually deficient. Historical diaphragms are usually

composed of lumber, supported on wooden joists inserted in pockets in the inner wythe of unrein-

forced masonry walls. Such diaphragms are not strong enough, and not sufficiently well connected, to

transfer horizontal seismic forces to the building’s shear walls. Out-of-plane deformations of the

bearing walls can cause the joists to slip out of their pockets, often resulting in collapse of the entire

building. For this reason, horizontal diaphragms are among the elements addressed in the seismic

rehabilitation of historical masonry.
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9.3 Fundamental Basis for Design of Masonry in
the United States

Design of masonry in the United States is based on the premise that reinforced masonry structures can

perform well under combinations of gravity and lateral loads, including earthquake loads, provided that

they meet the following conditions:

1. They must have engineered lateral-force-resisting systems, generally consisting of reinforced

masonry shear walls distributed throughout their plan area and acting in both principal plan

directions.

2. Their load–displacement characteristics under cyclic reversed loading must be consistent with the

assumptions used to develop their design loadings:
� If they are intended to respond primarily elastically, they must be provided with sufficient

strength to resist elastic forces. Such masonry buildings are typically low-rise, shear-wall

structures.
� If they are intended to respond inelastically, their lateral-force-resisting elements must be

proportioned and detailed to be capable of resisting the effects of the reversed cyclic

deformations consistent with that inelastic response. They must be proportioned, and must

have sufficient shear reinforcement, so that their behavior is dominated by flexure (‘‘capacity

design’’). The most desirable structural system for such a response is composed of multiple

masonry shear walls, designed to act in flexure and loosely coupled by floor slabs.

U.S. masonry has shown good performance under such conditions (TMS Northridge 1994).

Good load–displacement behavior has also been observed under laboratory conditions. This research

has been described extensively in U.S. technical literature over the last two decades. A representative

sample is given in the proceedings of North American Masonry conferences (NAMC 1985, 1987, 1990,

1993, 1996, 1999).

Of particular relevance is the U.S. Coordinated Program for Masonry Building Research, also

known as the TCCMAR Program (Noland 1990). With the support of the National Science

Foundation and the masonry industry, the Technical Coordinating Committee for Masonry

Research (TCCMAR) was formed in February 1984 for the purpose of defining and performing

both analytical and experimental research and development necessary to improve masonry

structural technology, and specifically to lay the technical basis for modern, strength-based design

provisions for masonry. Under the coordination of TCCMAR, research was carried out in the

following areas:

1. Material properties and tests.

2. Reinforced masonry walls. In-plane shear and combined in-plane shear and vertical compression.

3. Reinforced masonry walls. Out-of-plane forces combined with vertical compression.

4. Floor diaphragms.

5. Bond and splicing of reinforcement in masonry.

6. Limit state design concepts for reinforced masonry.

7. Modeling of masonry components and building systems.

8. Large-scale testing of masonry building systems.

9. Determination of earthquake-induced forces on masonry buildings.

Work began on the initially scheduled research tasks in September 1985, and the program lasted for

more than 10 years. Numerous published results include the work of Hamid et al. (1989) and Blondet

and Mayes (1991), who studied masonry walls loaded out-of-plane, and He and Priestley (1992), Leiva

and Klingner (1994), and Seible et al. (1994a,b), who studied masonry walls loaded in-plane. In all cases,

flexural ductility was achieved without the use of confining reinforcement.
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Using pseudodynamic testing procedures, Seible et al. (1994a,b) subjected a full-scale, five-story

masonry structure to simulated earthquake input. The successful inelastic performance of this structure

under global drift ratios exceeding 1% provided additional verification for field observations and

previous TCCMAR laboratory testing. With proper proportioning and detailing, reinforced masonry

assemblies can exhibit significant ductility.

Limited shaking-table testing has been conducted on reinforced masonry structures built using typical

modern U.S. practice:

1. Gulkan et al. (1990a,b). A series of single-story, one-third-scale masonry houses were constructed

and tested on a shaking table. The principal objective of the testing was to verify prescriptive

reinforcing details for masonry in zones of moderate seismic risk.

2. Abrams and Paulson (1991). Two 3-story, quarter-scale reinforced masonry buildings were tested

to evaluate the validity of small-scale testing.

3. Cohen (2001). Two low-rise, half-scale, reinforced masonry buildings with flexible roof

diaphragms were subjected to shaking-table testing. Results were compared with the results of

static testing and analytical predictions.

Results of these tests have generally supported field observations of satisfactory behavior of modern

reinforced masonry structures in earthquakes.

9.3.1 Design Approaches for Modern U.S. Masonry

Three design approaches are used for modern U.S. masonry: allowable-stress design, strength design,

and empirical design. In this section, each approach is summarized.

9.3.1.1 Allowable-Stress Design

Allowable-stress design is the traditional approach of building codes for calculated masonry design.

Stresses from unfactored loads are compared with allowable stresses, which are failure stresses reduced

by a factor of safety that is usually between 2.5 and 4.

9.3.1.2 Strength Design

Within the past decade, strength-design provisions for masonry have been developed within the 1997

UBC, the 1997 and 2000 NEHRP documents, and the 2000 International Building Code (IBC). The 2002

edition of the Masonry Standards Joint Committee (MSJC) code includes strength-design provisions,

and those provisions will be referenced by the 2003 IBC.

Strength-design provisions for masonry are generally similar to those for concrete. Factored design

actions are compared with nominal capacities reduced by capacity reduction factors. Strength-design

provisions for masonry differ from those for reinforced concrete, however, in three principal areas,

unreinforced masonry, confining reinforcement, and maximum flexural reinforcement:

1. Some masonry can be designed as unreinforced (flexural tension resisted by masonry alone). For

this purpose, nominal flexural tensile capacity is computed as the product of the masonry’s tensile

bond strength (modulus of rupture) and the section modulus of the section under consideration.

This nominal strength is then reduced by a capacity reduction factor.

2. Because it is impractical to confine the compressive zones of masonry elements, the inelastic strain

capacity of such elements is less than that of confined reinforced concrete elements. The available

displacement ductility ratio of masonry shear walls is therefore lower than that of reinforced

concrete shear walls with confined boundary elements, and corresponding R factors (response

modification factors) are lower.

3. Maximum flexural reinforcement for masonry elements is prescribed in terms of the amount of

steel required to equilibrate the compressive stress block of the element under a critical strain
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gradient, in which the maximum strain in masonry is the value used in design (0.0025 for concrete

masonry and 0.0035 for clay masonry), and the maximum strain in the extreme tensile

reinforcement is a multiple of the yield strain. That multiple depends on the ductility expected of

the element. under reversed cyclic inelastic deformations. In practical terms, if inelastic response is

possible, an element cannot be designed to work above its balanced axial load. The intent of these

provisions is to ensure, for inelastic elements, that the flexural reinforcement can yield and begin

to strain-harden before the compression toe crushes.

9.3.1.3 Empirical Design

At the end of the 19th century, masonry bearing-wall buildings were designed using empirical rules

of thumb, such as using walls 12 in. (305 mm) thick at the top of a building and increasing the

wall thickness by 4 in. (102 mm) for every story. The Monadnock Building, built in Chicago in 1891

(Figure 9.3), is 16 stories high, is of unreinforced masonry, and has bearing walls 6 ft (1.83 m) thick at

the base. It is still in use today.

Today’s empirical design is the descendant of those rules, adapted for the characteristics of modern

structures. They involve primarily limitations on the length to thickness ratios of elements, with some

rudimentary axial stress checks and limits on the arrangement of lateral-force-resisting elements and

the plan aspect ratio of floor diaphragms.

9.4 Masonry Design Codes Used in the United States

9.4.1 Introduction to Masonry Design Codes in the United States

The United States has no national design code, primarily because the U.S. Constitution has been

interpreted as delegating building code authority to the states, which in turn delegate it to municipalities

FIGURE 9.3 Monadnock Building, Chicago (1891).
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and other local governmental agencies. Design codes used in the United States are developed by a

complex process involving technical experts, industry representatives, code users, and building officials.

As this process applies to the development of design provisions for masonry, it is shown in Figure 9.4

and described herein:

1. Consensus design provisions and specifications for materials or methods of testing are first drafted in

mandatory language by technical specialty organizations, operating under consensus rules

approved by the American National Standards Institute (ANSI). These consensus rules can vary

from organization to organization, but must include the following requirements:
� Balance of interests (producer, user, and general interest).
� Written balloting of proposed provisions, with prescribed requirements for a successful ballot.
� Resolution of negative votes. Negative votes must be discussed and found nonpersuasive before

a ballot item can pass. A single negative vote, if found persuasive, can prevent an item from

being passed.
� Public comment. After being approved within the technical specialty organization, the

mandatory-language provisions must be published for public comment. If significant public

comments are received (usually more than 50 comments on a single item), the organization

must respond to the comments.
2. These consensus design provisions and specifications are adopted, sometimes in modified form,

by model-code organizations, and take the form of model codes.

3. These model codes are adopted, sometimes in modified form, by local governmental agencies

(such as cities or counties). Upon adoption, but not before, they acquire legal standing as

building codes.

9.4.1.1 Technical Specialty Organizations

Technical specialty organizations are open to designers, contractors, product suppliers, code dev-

elopers, and end users. Their income (except for Federal Emergency Management Agency [FEMA],

Masonry design provisions in the United States

Technical specialty
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ACI ASCETMS
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Model code
organizations

ICBO
(Uniform

building code)

SBCC
(Southern

building code)

BOCA
(Basic

building code)

Building code
(Law)

(contract between society and architect/engineer)

(adopted by local governmental authority)

NCMA, BIA, PCA

ICC
(International
building code)

NEHRP
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FIGURE 9.4 Schematic of code-development process for masonry in the United States.
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a U.S. government agency) is derived from member dues and the sale of publications. Technical specialty

organizations active in the general area of masonry include the following:

1. American Society for Testing and Materials (ASTM). Through its many technical committees,

ASTM develops consensus specifications for materials and methods of test. Although some

model-code organizations use their own such specifications, most refer to ASTM specifications.

Many ASTM specifications are also listed by the ISO (International Standards Organization).

2. American Concrete Institute (ACI). Through its many technical committees, this group publishes

a variety of design recommendations dealing with different aspects of concrete design. ACI

Committee 318 develops design provisions for concrete structures. ACI is also involved with

masonry, as one of the three sponsors of the MSJC. This committee was formed in 1982 to

combine the masonry design provisions then being developed by ACI, American Society of Civil

Engineers (ASCE), TMS, and industry organizations. It currently develops and updates the MSJC

design provisions and related specification (MSJC 2002a,b).

3. American Society of Civil Engineers (ASCE). ASCE is a joint sponsor of many ACI technical

committees dealing with concrete or masonry. ASCE is the second of the three sponsoring

societies of the MSJC (see above). ASCE publishes ASCE 7-02 (2002), which prescribes design

loadings and load factors for all structures, independent of material type.

4. The Masonry Society (TMS). Through its technical committees, this group influences different

aspects of masonry design. TMS is the third of the three sponsoring societies of the MSJC (see

above). TMS publishes a Masonry Designers’ Guide to accompany the MSJC design provisions.

9.4.1.2 Industry Organizations

1. Portland Cement Association (PCA). This marketing and technical support organization is

composed of cement producers. Its technical staff participates in technical committee work.

2. National Concrete Masonry Association (NCMA). This marketing and technical support

organization is composed of producers of concrete masonry units. Its technical staff participates

in technical committee work and also produces technical bulletins that can influence consensus

design provisions.

3. Brick Industry Association (BIA). This marketing, distributing, and technical support organization

consists of clay brick and tile producers. Its technical staff participates in technical committee

work and also produces technical bulletins that can influence consensus design provisions.

4. National Lime Association (NLA). This marketing and technical support organization consists of

hydrated lime producers. Its technical staff participates in technical committee work.

5. Expanded Clay, Shale and Slate Institute (ECSSI). This marketing and technical support

organization consists of producers. Its technical staff participates in technical committee meetings.

6. International Masonry Institute (IMI). This is a labor-management collaborative supported by

dues from union masons. Its technical staff participates in technical committee meetings.

7. Mason Contractors’ Association of America (MCAA). This organization consists of nonunion

mason contractors. Its technical staff participates in technical committee meetings.

9.4.1.3 Governmental Organizations

1. Federal Emergency Management Agency (FEMA). FEMA has jurisdiction over the National

Earthquake Hazard Reduction Program (NEHRP) and develops and periodically updates the

NEHRP provisions (NEHRP 2000), a set of recommendations for earthquake-resistant design.

This document includes provisions for masonry design. The document is published by the

Building Seismic Safety Council (BSSC), which operates under a contract with FEMA. BSSC

is not an ANSI consensus organization. Its recommended design provisions are intended for

consideration and possible adoption by consensus organizations. The 2000 NEHRP Recommended

Provisions (NEHRP 2000) is the latest of a series of such documents, now issued at 3-year intervals
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and pioneered by ATC 3-06, which was issued by the ATC in 1978 under contract to the National

Bureau of Standards. The 2000 NEHRP Recommended Provisions addresses the broad issue of

seismic regulations for buildings. It contains chapters dealing with the determination of seismic

loadings on structures and with the design of masonry structures for those loadings.

9.4.1.4 Model-Code Organizations

Model-code organizations consist primarily of building officials, although designers, contractors, pro-

duct suppliers, code developers, and end users can also be members. Their income is derived from dues

and the sale of publications. The United States has three model-code organizations:

1. International Conference of Building Officials (ICBO). In the past, this group developed and

published the UBC. The latest and final edition is the 1997 UBC.

2. Southern Building Code Congress (SBCC). In the past, this group developed and published the

Standard Building Code (SBC). The latest and final edition is the 1999 SBC.

3. Building Officials/Code Administrators (BOCA). In the past, this group developed and published

the Basic Building Code (BBC). The latest and final edition is the 1999 BBC.

In the past, certain model codes were used more in certain areas of the country. The UBC has been

used throughout the western United States and in the state of Indiana. The SBC has been used in

the southern part of the United States. The BBC has been used in the eastern and northeastern

United States.

Since 1996, intensive efforts have been under way in the United States to harmonize the three

model building codes. The primary harmonized model building code is called the IBC. It has been

developed by the International Code Council (ICC), consisting primarily of building code officials

of the three model-code organizations. The first edition of the IBC (2000) was published in

May 2000. In most cases, it references consensus design provisions and specifications. It is intended

to take effect when adopted by local jurisdictions. It is intended to replace the three current model

building codes. Although not all details have been worked out, it is generally understood that the

IBC will continue to be administered by the three model-code agencies. Another harmonized

model code is being developed by the National Fire Protection Association, consisting primarily of

fire-protection officials.

9.4.2 Masonry Design Provisions of Modern Model Codes in
the United States

Over the next 3 to 5 years, as the IBC and other harmonized model codes such as that of the

National Fire Protection Association are adopted by local jurisdictions, their provisions will

become minimum legal design requirements for masonry structures throughout the United States.

The 2003 IBC will reference the masonry design provisions of the 2002 MSJC code in essentially

direct form.

9.4.2.1 Strength-Design Provisions of the 2002 MSJC Code

Strength-design provisions of the 2002 MSJC code deal with unreinforced as well as reinforced masonry.

Strength-design provisions for unreinforced masonry address failure in flexural tension, in combined

flexural and axial compression, and in shear. Nominal capacity in flexural tension is computed as the

product of the masonry’s flexural tensile strength and its section modulus. Nominal capacity in com-

bined flexural and axial compression is computed using a triangular stress block, with an assumed failure

stress of 0.80 f 0m (the specified compressive strength of the masonry). Nominal capacity in shear is

computed as the least of several values, corresponding to different possible failure modes (diagonal

tension, crushing of compression diagonal, sliding on bed joints). Each nominal capacity is multiplied

by a capacity reduction factor.
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Strength-design provisions for reinforced masonry address failure under combinations of flexure and

axial loads, and in shear. Nominal capacity under combinations of flexure and axial loads is computed

using a moment–axial force interaction diagram, determined assuming elasto-plastic behavior of tensile

reinforcement and using an equivalent rectangular stress block for the masonry. The diagram also has an

upper limit on pure compressive capacity. Shear capacity is computed as the summation of capacity

from masonry plus capacity from shear reinforcement, similar to reinforced concrete. Nominal capacity

of masonry in shear is computed as the least of several values, corresponding to different possible failure

modes (diagonal tension, crushing of compression diagonal, sliding on bed joints). Each nominal

capacity is multiplied by a capacity reduction factor.

Strength-design provisions of the 2002 MSJC impose strict upper limits on reinforcement, which are

equivalent to requiring that the element remain below the balanced axial load. Nominal flexural and

axial strengths are computed neglecting the tensile strength of masonry, using a linear strain variation

over the depth of the cross section, a maximum usable strain of 0.0035 for clay masonry and 0.0025 for

concrete masonry, and an equivalent rectangular compressive stress block in masonry with a stress of

0.80 f 0m. These provisions are regarded as too conservative by many elements of the masonry technical

community and are currently undergoing extensive review.

9.4.2.2 Allowable-Stress Design Provisions of the 2002 MSJC Code

The allowable-stress provisions of the 2002 MSJC Code are based on linear elastic theory.

Allowable-stress design provisions for unreinforced masonry address failure in flexural tension, in

combined flexural and axial compression, and in shear. Flexural tensile stresses are computed elasti-

cally, using an uncracked section, and are compared with allowable flexural tensile stresses, which are

observed strengths divided by a factor of safety of about 2.5. Allowable flexural tensile stresses for

in-plane bending are zero. Flexural and axial compressive stresses are also computed elastically and are

compared with allowable values using a so-called ‘‘unity equation.’’ Axial stresses divided by allowable

axial stresses, plus flexural compressive stresses divided by allowable flexural compressive stresses, must

not exceed unity. Allowable axial stresses are one quarter of the specified compressive strength of the

masonry, reduced for slenderness effects. Allowable flexural compressive stresses are one third of the

specified compressive strength of the masonry. Shear stresses are computed elastically, assuming a

parabolic distribution of shear stress based on beam theory. Allowable stresses in shear are computed

corresponding to different possible failure modes (diagonal tension, crushing of compression diagonal,

sliding on bed joints). The factor of safety for each failure mode is at least 3.

Allowable-stress design provisions for reinforced masonry address failure in combined flexural and

axial compression, and in shear. Stresses in masonry and reinforcement are computed using a cracked

transformed section. Allowable tensile stresses in deformed reinforcement are the specified yield

strength divided by a safety factor of 2.5. Allowable flexural compressive stresses are one third of the

specified compressive strength of the masonry. Allowable capacities of sections under combinations of

flexure and axial force can be expressed using an allowable-stress moment–axial force interaction

diagram, which also has a maximum allowable axial capacity as governed by compressive axial stress.

Shear stresses are computed elastically, assuming a uniform distribution of shear stress. Allowable shear

stresses in masonry are computed corresponding to different possible failure modes (diagonal tension,

crushing of compression diagonal, sliding on bed joints). If those allowable stresses are exceeded, all

shear must be resisted by shear reinforcement, and shear stresses in masonry must not exceed a second,

higher set of allowable values. The factor of safety for shear is at least 3.

9.4.3 Seismic Design Provisions for Masonry in the 2000 International
Building Code

In contrast to wind loads, which are applied forces, earthquake loading derives fundamentally from

imposed ground displacements. Although inertial forces are applied to a building as a result, these
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inertial forces depend on the mass, stiffness, and strength of the building as well as the characteristics of

the ground motion itself. This is also true for masonry buildings. In this section, the seismic design

provisions of the 2000 IBC are summarized as they apply to masonry elements.

Modern model codes in the United States address the design of masonry for earthquake loads by first

prescribing seismic design loads in terms of the building’s geographic location, its function, and its

underlying soil characteristics. These three characteristics together determine the building’s ‘‘seismic

design category.’’ Seismic Design Category A corresponds to a low level of ground shaking, typical use,

and typical underlying soil. Increasing levels of ground shaking, an essential facility, and unknown or

undesirable soil types correspond to higher seismic design categories, with Seismic Design Category F

being the highest. In addition to being designed for the seismic forces corresponding to their seismic

design category, masonry buildings must comply with four types of prescriptive requirements, whose

severity increases as the building’s seismic design category increases from A to F:

1. Seismic-related restrictions on materials

2. Seismic-related restrictions on design methods

3. Seismic-related requirements for connectors

4. Seismic-related requirements for locations and minimum percentages of reinforcement

The prescriptive requirements are incremental; for example, a building in Seismic Design Category C

must also comply with prescriptive requirements for buildings in Seismic Design Categories A and B.

9.4.3.1 Determination of Seismic Design Forces

For structural systems of masonry, as for other materials, seismic design forces are determined based on

the structure’s location, underlying soil type, and degree of structural redundancy, and the system’s

expected inelastic deformation capacity. The last characteristic is described indirectly in terms of shear

wall types: ordinary plain, ordinary reinforced, detailed plain, intermediate reinforced, and special

reinforced. As listed, these types are considered to have increasing inelastic deformation capacity, and

a correspondingly increasing response modification coefficient, R, is applied to the structural systems

comprising them. Higher values of R correspond, in turn, to lower seismic design forces.

9.4.3.2 Seismic-Related Restrictions on Materials

In Seismic Design Categories A through C, no additional seismic-related restrictions apply beyond those

related to design in general. In Seismic Design Categories D and E, Type N mortar and masonry cement

are prohibited, due to their relatively low tensile bond strength.

9.4.3.3 Seismic-Related Restrictions on Design Methods

In Seismic Design Category A, masonry structural systems can be designed by strength design, allowable-

stress design, or empirical design. They are permitted to be designed including the flexural tensile

strength of masonry.

In Seismic Design Category B, elements that are part of the lateral-force-resisting system can be

designed by strength design or allowable-stress design only, but not by empirical design. Elements not

part of the lateral-force-resisting system, however, can still be designed by empirical design.

No additional seismic-related restrictions on design methods apply in Seismic Design Category C. In

Seismic Design Category D, elements that are part of the lateral-force-resisting system must be designed

as reinforced, by either strength design or allowable-stress design.

No additional seismic-related restrictions on design methods apply in Seismic Design Categories E and F.

9.4.3.4 Seismic-Related Requirements for Connectors

In Seismic Design Category A, masonry walls are required to be anchored to the roof and floors that

support them laterally. This provision is not intended to require a mechanical connection.
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No additional seismic-related restrictions on connection forces apply in Seismic Design Category B.

In Seismic Design Category C, connectors for masonry partition walls must be designed to accom-

modate story drift. Horizontal elements and masonry shear walls must be connected by connectors

capable of resisting the forces between those elements, and minimum connector capacity and maximum

spacing are also specified.

No additional seismic-related requirements for connectors apply in Seismic Design Categories D

and higher.

9.4.3.5 Seismic-Related Requirements for Locations and Minimum
Percentages of Reinforcement

In Seismic Design Categories A and B, there are no seismic-related requirements for locations and

minimum percentages of reinforcement.

In Seismic Design Category C, masonry partition walls must have reinforcement meeting require-

ments for minimum percentage and maximum spacing. The reinforcement is not required to be placed

parallel to the direction in which the element spans. Masonry walls must have reinforcement with an area

of at least 0.2 in.2 (129 mm2) at corners, close to each side of openings, movement joints, and ends of

walls, and spaced no farther than 10 ft (3 m) apart.

In Seismic Design Category D, masonry walls that are part of the lateral-force-resisting system must

have uniformly distributed reinforcement in the horizontal and vertical directions, with a minimum

percentage in each direction of 0.0007 and a minimum summation (in both directions) of 0.002.

Maximum spacing in either direction is 48 in. (1.22 m). Closer maximum spacing requirements apply

for stack bond masonry. Masonry shear walls have additional requirements for minimum vertical

reinforcement and hooking of horizontal shear reinforcement.

In Seismic Design Categories E and F, stack-bonded masonry partition walls have minimum hor-

izontal reinforcement requirements. Stack-bonded masonry walls that are part of the lateral-force-

resisting system have additional requirements for spacing and percentage of horizontal reinforcement.

Masonry shear walls must be ‘‘special reinforced.’’

9.4.4 Future of Design Codes for Masonry in the United States

The next decade is likely to witness increased harmonization of U.S. model codes, and increasing direct

reference to the MSJC Code and Specification. In the MSJC design provisions, the Specification is likely

to be augmented by a Code chapter dealing with construction requirements.

9.5 Seismic Retrofitting of Historical Masonry in
the United States

The preceding sections of this chapter have dealt primarily with the seismic performance of masonry built

under the reinforced masonry provisions that were introduced in the western United States as part of the

reaction to the 1933 Long Beach Earthquake. Such masonry generally behaves well. Unreinforced masonry,

in contrast, often collapses or experiences heavy damage. This is true whether the masonry was built in the

western United States prior to 1933 or in other places either before or after 1933. As a result of this observed

poor behavior, recent decades have witnessed significant interest in the seismic retrofitting of historical

masonry in the United States. In this section, those retrofitting efforts are briefly reviewed.

9.5.1 Observed Seismic Performance of Historical U.S. Masonry

As noted earlier in this chapter, unreinforced masonry buildings have performed poorly in many

U.S. earthquakes. The 1933 Long Beach, California, earthquake severely damaged many unreinforced
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masonry buildings, particularly schools. One consequence of this damage was the passage of California’s

Field Act, which prohibited the use of masonry (as it was then used) in all public buildings in the state.

When masonry construction was revived in California during the mid-1940s, it was required to comply

with newly developed UBC provisions. Those provisions, based on the reinforced concrete design

practice of the time, required that minimum seismic lateral forces be considered in the design of

masonry buildings, that tensile stresses in masonry be resisted by reinforcement, and that all masonry

have at least a minimum percentage of horizontal and vertical reinforcement.

9.5.2 Laboratory Performance of Historical U.S. Masonry

Although laboratory testing of historical U.S. masonry is difficult, some testing has been carried out

on masonry specimens cut from existing structures. Much more extensive testing has been carried out on

reduced-scale replicas of unreinforced masonry construction. Some of the testing is typical of testing in

the United States; some is typical of that found in other countries. That testing includes the following:

1. Benedetti et al. (1998). Twenty-four, simple, 2-story, half-scale, unreinforced masonry buildings

were tested to varying degrees of damage, repaired and strengthened, and tested again.

2. Tomazevic and Weiss (1994). Two, 3-story, reduced-scale, plain and reinforced masonry buildings

were tested. The efficacy of reinforcement was confirmed.

3. Costley and Abrams (1996). Two reduced-scale brick masonry buildings were tested on a shaking

table. Observed and predicted behavior were compared and used to make recommendations for

the use of FEMA retrofitting guidelines.

9.5.3 Basic Principles of Masonry Retrofitting

Over the past 15 years, efforts have focused on the seismic response and retrofitting of existing URM

buildings. The goals of seismic retrofitting are

1. To correct deficiencies in the overall structural concept.

2. To correct deficiencies in behavior of structural elements.

3. To correct deficiencies in behavior of nonstructural elements.

The most basic elements of seismic retrofitting involve bracing parapets to roofs and connecting floor

diaphragms to walls using through anchors (mechanical, grouted, or adhesive).

9.5.4 History of URM Retrofitting in the Los Angeles Area

9.5.4.1 Division 88

In 1949 the city of Los Angeles passed the Parapet Correction Ordinance, which required that

unreinforced masonry or concrete parapets above exits, and parapets above public access, be retrofitted

to minimize hazards. As a result, such parapets were either laterally braced or removed. Consequently,

many unreinforced masonry buildings withstood the 1971 San Fernando earthquake better than pre-

vious earthquakes (Lew et al. 1971).

Following the February 1971 San Fernando Earthquake, the city of Los Angeles, the Federal

Government, and the Structural Engineers Association of Southern California joined forces in a 10-year

investigation. As a result of this investigation, Los Angeles adopted an ordinance known as Division 68

on February 13, 1981. Division 68 required seismic retrofitting of all unreinforced masonry bearing-wall

buildings that were built, that were under construction, or for which a permit had been issued prior to

October 6, 1933. The ordinance did not include one- or two-family dwellings or detached apartment

houses comprising fewer than five dwelling units and used solely for residential purposes.

The 1985 edition of the Los Angeles Building Code revised Division 68 to Division 88 and included

provisions for the testing and strengthening of mortar joints to meet minimum values for shear strength.
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Furthermore, Division 88 required that unreinforced masonry be positively anchored to floor and roof

diaphragms with anchors spaced not more than 6 ft apart. There were also parapet height limitations,

based on wall thickness. Continuous inspection was also required on the retrofitting work. These

retrofitting measures are shown schematically in Figure 9.5.

Alternatives to these specific provisions were also possible. Division 88 was renamed Chapter 88

in the 1988 City of Los Angeles Code. In addition to masonry bearing walls, veneer walls con-

structed before October 6, 1933, were included. This edition also added Section 8811 (‘‘Design

Check — Compatibility of Roof Diaphragm Stiffness to Unreinforced Masonry Wall Out-of-Plane

Stability’’).

At the time of the Northridge Earthquake, it is believed that essentially all URM buildings in the city

of Los Angeles had their parapets either removed or laterally braced. Unconfirmed reports indicate

that in the city of Los Angeles, about 80% of URM buildings had been retrofitted to comply with

Division 88; however, the percentage was reported to be considerably lower in other cities in the Los

Angeles area.

9.5.4.2 Other Retrofitting Guidelines

The NEHRP, in conjunction with the FEMA, has produced a series of documents dealing with the

seismic evaluation and retrofitting of structures, including masonry structures:

1. FEMA 172 (1992), Handbook of Techniques for the Seismic Rehabilitation of Existing Buildings,

provides a general list of retrofitting techniques.

2. FEMA 178 (1992) presents an overall method for engineers to identify buildings or building

components that present unacceptable risks in case of an earthquake.

3. FEMA 273 (1997) and 274 (1997), NEHRP Guidelines and Commentary for the seismic

rehabilitation of buildings, provide code-type procedures for the assessment, evaluation, analysis,

and rehabilitation of existing building structures.

4. FEMA 306 (1998), Evaluation of Earthquake-Damaged Concrete and Masonry Wall Buildings, Basic

Procedures Manual, provides guidance on evaluation of damage and on performance analysis and

includes newly formulated Component Damage Classification Guides and Test and Investigation

Guides. The procedures characterize the observed damage caused by an earthquake in terms of the

loss in building performance capability.

5. FEMA 307 (1998), Evaluation of Earthquake-Damaged Concrete and Masonry Wall Buildings,

Technical Resources, contains supplemental information, including results from a theoretical

FIGURE 9.5 Schematic of Division 88 URM retrofitting techniques for URM.
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analysis of the effects of prior damage on single-degree-of-freedom mathematical models,

additional background information on the Component Damage Classification Guides, and an

example of the application of the basic procedures.

6. FEMA 308 (1998), The Repair of Earthquake-Damaged Concrete and Masonry Wall Buildings,

discusses the technical and policy issues pertaining to the repair of earthquake-damaged buildings

and includes guidance on the specification of individual repair techniques and newly formulated

Repair Guides.

7. FEMA 356 (2000), Prestandard and Commentary for the Seismic Rehabilitation of Buildings, is

an attempt to encourage the use of FEMA 273 and to put the guidelines of that document into

mandatory language.

9.6 Future Challenges

This chapter has presented an overview of current issues in the design of masonry for earthquake

loads and of the historical process by which those issues have developed. It would not be comp-

lete without at least a brief mention of the challenges facing the masonry technical community in

this area.

9.6.1 Performance-Based Seismic Design of Masonry Structures

Across the entire spectrum of construction materials, increased attention has been focused on

performance-based seismic design, which can be defined as design whose objective is a structure that can

satisfy different performance objectives under increasing levels of probable seismic excitation. For

example, a structure might be designed to remain operational under a design earthquake with a relatively

short recurrence interval, to be capable of immediate occupancy under a design earthquake with a longer

recurrence interval, to ensure life safety under a design earthquake with a still longer recurrence interval,

and to not collapse under a design earthquake with a long recurrence interval.

This design approach, accepted qualitatively since the 1970s, has been adopted quantitatively in recent

documents related to seismic rehabilitation (FEMA 356 2000), and will probably be incorporated into

future seismic design provisions for new structures as well. Because masonry structures are inherently

composed of walls rather than frames, they tend to be laterally stiff, which is usually a useful char-

acteristic in meeting performance objectives for seismic response.

9.6.2 Increased Consistency of Masonry Design Provisions

The 2003 IBC will reference the 2002 MSJC Code and Commentary essentially in its entirety. Other

model codes will probably do the same. As a result, future development of seismic design provisions for

masonry structures will take place almost exclusively within the MSJC, rather than in a number of

different technical forums. This is expected to lead to increased rationality of design provisions,

increased consistency among designs produced by different design methods (e.g., strength versus

allowable-stress design), and possibly also simplification of design provisions. As an additional benefit,

the emergence of a single set of ANSI-consensus design provisions for masonry is expected to encourage

the production of computer-based tools for the analysis and design of masonry structures using those

provisions.
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10
Timber

Structures

10.1 Introduction

Stone and wood were the first materials used by man to build shelter, and in the United States wood

continues to be the primary construction material for residential and commercial buildings today.

In California, for example, wood accounts for 99% of residential buildings (Schierle 2000). Design and

construction methods for wood currently used by the residential construction industry in North America

have developed through a process of evolution and tradition. Historically, these construction methods

have been sufficient to provide acceptable performance under seismic loading mainly due to the relatively

light weight of wood and the historical high redundancy in single-family housing. However, in recent

years architectural trends and society’s demands for larger rooms, larger windows, and a more open, airy
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feel to the structure have resulted in a reduction in the structural redundancy of the typical house, as well

as a reduction in symmetry of stiffness and strength that was inherent in traditional structures.

If one were to review the type of structure that was built in the 1930s, 1940s, and even into the 1950s, one

would realize that the average house had a pedestrian door, small double-hung windows, and relatively

small rooms with lots of walls. If one compares this typical construction to buildings that are being built in

the early 2000s, newer buildings have large windows, if not four walls of primarily glass, large great rooms,

and often a single room that pierces the first-story ceiling, becoming two stories high and causing a torsional

irregularity in the second-floor structure. If one then includes multifamily construction, which includes

apartments, condominiums, and townhouses, the structures become fairly stiff and strong in one direction

while in the orthogonal direction (the side with the windows and the doors to the hallways or patio) they

become very weak and flexible, due to the lack of structural wall space. In general, modern structures

typically have more torsional irregularities, vertical irregularities such as soft stories, and uneven stiffness

and strength in orthogonal directions when compared to traditional buildings. As a result, it was observed in

the 1994 Northridge earthquake that ‘‘most demolished single-family dwellings and multifamily dwellings

(as a percentage of existing buildings) were built 1977–1993’’ (Schierle 2000). The CUREE-Caltech

woodframe project also illustrated the inherent soft-story response of light-frame construction.

An additional need for improved understanding of the material and structure used in modern timber

buildings is the continued movement toward performance-based design methods and an increased con-

cern over damage. If one considers that the house is the single largest investment that the average person

makes in his or her lifetime, it should be no surprise that concern over accumulated damage due to

moderate seismic events has begun to be discussed in the context of model building codes. To support the

seismic design of timber structures, the wood industry has sponsored the development of the Standard

for Load and Resistance Factor Design (LRFD) for Engineered Wood Construction (American Forest and

Paper Association 1996; American Society of Civil Engineers 1996). However, most designers continue to

use the National Design Specification (NDS�) for Wood Construction and its supplements (American Forest

and Paper Association 2001) for designing wood structures in North America. The NDS is an allowable

stress design methodology, while the LRFD is a strength-based design methodology that is intended to

provide a better design for seismic concerns. The NDS has been repackaged into the ASD (Allowable Stress

Design) Manual for Engineered Wood Construction (American Forest and Paper Association 2001).

This section reviews the types of wood products available for use in timber construction, the types

of structures that are typically designed and built in North America, the design standards that are available

for directing the design process, the industry resources that are available, the performance of wood buildings

in recent earthquakes, and some of the restrictions that are placed on wood structures due to issues other

than seismic concerns. While the rest of the chapter will focus primarily on strength-based design (i.e.,

LRFD), the NDS will be referred to from time to time where differences are significant. Since the average

design firm continues to use ASD for wood structures, it is important that these differences be highlighted.

10.1.1 Types of Wood-Based Products

There are a wide variety and an increasing number of wood-based products available for use in

building construction. While the largest volume of wood-based products includes dimensional

lumber, plywood, and oriented strand board (OSB), new composites include structural composite

lumber (SCL), I-joists, laminated veneer lumber (LVL), and plastic wood (Figure 10.1). In addition,

when large sizes are required, glued–laminated lumber (glulam) and SCL, such as Paralam, can be used.

The current trend is to move toward increased use of wood-based composites in building construction.

This is due to the increased difficulty in obtaining large sizes of timber because of restrictions on logging

and changes in the economic structure of manufacturing. Therefore, designers should become familiar

with SCL, LVL, and glulam when long spans or heavy loads are anticipated. Many of the new composites

can be custom manufactured to the size and strength required for a particular application. Designers

must obtain the proprietary technical information required to design structures with most of the new

composites from the suppliers of the products.
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10.1.2 Types of Structures

Timber structures can be classified into two general categories:

1. Heavy timber construction includes buildings such as sports arenas, gymnasiums, concert halls,

museums, office buildings, and parking garages. These heavier structures are usually designed to

resist higher levels of loading and are therefore designed with the intent of using large section

timbers that typically require the use of glulam timber, LVL, structural composite lumber, or

similar products. These types of structures require a fairly high level of engineering to ensure the

safe performance of the structure due to the lower redundancy of the structure.

2. Light-frame construction is by far the largest volume of timber construction in North America.

These types of buildings include one- and two-family dwellings (Figure 10.2), apartments, town-

houses, hotels, and other light-commercial buildings. These types of structures are highly

redundant and indeterminate, and there are currently no computer analysis tools that provide

a detailed analysis of these structures.

Light-frame construction consists of 2-in. nominal dimension lumber that ranges in size from

2� 4 to 2� 12. While the design specifications have geometric parameters that include 2� 14, the

availability of such large sizes is questionable. The lattice of framing comprising 2� dimensional lumber

is then typically sheathed with panel products that include plywood, OSB, fiberboard, gypsum, stucco,

or other insulation-type products (Figure 10.2). This system of light-framing sheathed with load-

distributing elements then acts to transmit the load horizontally through the roof and floors and

vertically through the walls, constituting the lateral-force-resisting system (Figure 10.3). This results in a

highly redundant and indeterminate structure that has a good history of performance in seismic loading.

With modern architectural trends, the reduction in redundancy results in an increased need to involve

structural engineering to ensure good performance.

(a)
(b)

(c)

FIGURE 10.1 Prefabricated I-joists with laminated veneer lumber flanges and structural panel webs.

One experimental product has (a) a hardboard web; the other two commercial products have (b) oriented

strandboard, and (c) plywood webs (courtesy of U.S. Department of Agriculture. 1999. Wood Handbook: Wood as

an Engineering Material, Agriculture Handbook 72, Forest Products Laboratory, U.S. Department of Agriculture

(USDA), Madison, WI).
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Light-frame construction can be broken into two principal categories: fully designed and

prescriptive. Currently, the design requirements for using mechanics-based design methods are in the

International Building Code (IBC) (International Code Council 2003a) or the National Fire Prevention

Association NFPA 5000 Building Code (National Fire Prevention Association 2002). Requirements for

prescriptive construction are contained in the International Residential Code (IRC) (International

Code Council 2003b), which is a replacement for the Council of American Building Officials’ (CABO)

One- and Two-Family Dwelling Code (Council of American Building Officials 1995). The IRC allows

for a mix between a fully designed and rationalized system and the prescriptive systems. In other

words, a building that is primarily designed and constructed according to the prescriptive rules of the

IRC can have elements that are rationally designed to eliminate such things as irregularities in the

structure due to form. The IRC and IBC have consistent seismic provisions as far as the load

determination is concerned.

Roof/floor span systems
1. Wood joist and rafter
2. Diagonal sheathing
3. Straight sheathing

Wall systems
4. Stud wall (platform or balloon frame)
5. Horizontal siding

Foundation/connections
6. Unbraced cripple wall
7. Concrete foundation
8. Brick foundation

Bracing and details
  9. Unreinforced brick chimney
10. Diagonal blocking
11. Let-in brace (only in vintage)

2

3
5

4

9

10

11

6

8

7

1

FIGURE 10.2 Schematic of wood light-frame construction (courtesy of Federal Emergency Management Agency.

1988. Rapid Visual Screening of Buildings for Potential Seismic Hazards: A Handbook, FEMA 154 Federal Emergency

Management Agency (FEMA), Washington, DC).
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10.1.3 Design Standards

Design standards can be divided into two categories: the performance requirements, which are typically

covered by the building codes, and the required design methodology to provide that performance, which

is included in the design standards. In North America, buildings are typically governed by the IBC or

NFPA 5000 for engineered systems. The IRC provides the performance requirements and the metho-

dology to provide the required resistance for one- and two-family residential structures. All of the model

building codes available in the United States, plus the ASCE-7: Minimum Design Load for Buildings and

Other Structures (American Society of Civil Engineers 2002) base their seismic design requirements on

the National Earthquake Hazard Reduction Program (NEHRP) Recommended Provisions for Seismic

Regulations for New Buildings and Other Structures (Building Seismic Safety Council 2003a).

All model building codes in effect in the United States recognize either the LRFD standard (American

Forest and Paper Association 1996; American Society of Civil Engineers 1996) for strength-based design or

the NDS (American Forest and Paper Association 2001) for allowable stress design for engineered wood

construction. To parallel the format of the LRFD design manual, the NDS has been incorporated into the

ASD Manual for Wood Construction (American Forest and Paper Association 2001). In this format, all of

the wood-based structural products available for use in the design and construction of timber structures

are available to the designer. Most of the provisions of the LRFD standard are similar to those used in the

NDS or ASD manual. The difference is that the ASD design methodology bases its requirements in terms

of working stresses or allowable stresses, while the LRFD manual bases its design values on the nominal

strength values. The two design methodologies also use different load combinations. Since the NEHRP

provisions require the use of strength-based design methodology, this chapter will focus on LRFD.

In addition to the ASD and LRFD manuals, the designer may utilize industry documents that are avail-

able for most of the trade associations associated with the timber industry. Some of these references include

the Timber Construction Manual (American Institute of Timber Construction 2004), the Plywood Design

Specification (APA 1997), the Engineered Wood Construction Guide (APA 2003), and the Wood Frame

Construction Manual (WFCM) for One- and Two-Family Dwellings (American Forest and Paper Association

2001). The Timber Construction Manual (American Institute of Timber Construction 2004) provides the

designer with guidance on the use of glulam construction and associated issues such as heavy timber con-

nectors, notching and drilling of beams, and the design of arches and other curved members. The Plywood

Seismic inertial forces

Resistance path
(flows up through structure)

Load path
(flows down through structure)

FIGURE 10.3 Lateral-force-resisting system: the load is transmitted horizontally through the roof and floors and

vertically through the walls.
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Design Specification and its supplements provide guidance on the use of plywood and other structural panel

products, especially for nontypical applications such as plywood box beams, folded plate roofs, and

spanning of the product in the weak direction across supports. The Engineered Wood Construction Guide is a

general document that provides information on how structural panel products are graded and marked, and

the design of floor and roof systems, and also provides design values for allowable stress design of shear walls

and diaphragms. Additional documents and guidance can be obtained from various industry associations

such as the American Forest and Paper Association, APA, the Engineered Wood Association, Canadian

Wood Council, Wood Truss Council of America, Truss Plate Institute, Western Wood Products Asso-

ciation, Southern Forest Products Association, and others.

While the design and construction of relatively tall structures are technically achievable, a typical

building code restricts the use of light-frame construction as well as heavy timber construction to

low-rise buildings. Both light-frame and heavy-timber construction are classified as combustible

materials. However, heavy-timber construction can be classified as fire resistant and can be built,

according to most building codes, as high as five stories. Light-frame construction is typically limited to

four stories. There is, however, a move to allow a higher number of stories for light-frame, provided fire

suppression systems, such as sprinklers, are included in the building.

10.2 Wood as a Material

Wood in general can be considered a relatively brittle material from a structural standpoint. Wood

is a natural material that is viscoelastic and anisotropic, but is generally considered and analyzed as

an orthotropic material. Wood has a cellular form that enhances the hygroscopic or affinity to water

response. From a structural engineering point of view, wood can be considered as similar to over-

reinforced concrete, and one might consider designing a wood building as building with overreinforced

concrete members that are connected with ductile connections.

One needs to differentiate between wood and timber. In this chapter, wood is considered as small clear

specimens that one might idealize as perfect material. On the other hand, timber comes in the sizes that

are typically used in construction and has growth characteristics such as knots, slope of grain, splits and

checks, and other characteristics due to the conditions under which the tree grew or the lumber was

manufactured. These growth characteristics contribute to significant differences in performance between

wood and timber. They also provide the inherent weakness in the material that the structural engineer

or designer needs to be aware of.

Since wood is a natural material and is hygroscopic and viscoelastic, certain environmental end-use

conditions affect the long-term performance of the material. Some of these variables include moisture

content, dimensional stability, bending strength, stiffness, and load duration. Each of these variables will

be dealt with individually.

Moisture content is one of the most important variables that a designer needs to consider when

designing timber structures. Any inspection of wood buildings should include testing of the moisture

content with standard moisture meters that are available on the commercial market. Moisture content is

determined as the weight of water in a given piece of timber divided by the weight of the woody material

within that member in an oven-dried state. Moisture content affects virtually all mechanical properties

of timber. One can consider wood as being similar to a sponge; as the water is absorbed from the dry

state, it enters the walls of the individual cells of the material. At some point these walls become saturated

and any additional water is then stored in the lumen of the cell. The point at which the walls become

saturated is known as the fiber saturation point. The fiber saturation point varies for different species,

and even within a single species, but ranges somewhere between 23 and 35%. The average fiber

saturation point is usually assumed to be 30% for most general applications.

Dimensional stability of timber is affected directly by the moisture content. One can assume a linear

variation of shrinkage or swelling with changes of moisture content between the oven-dry state and the

fiber saturation point. Once the fiber saturation point is reached, any additional increase in moisture

content only adds water to the air space of the member and does not affect the dimensional portions of
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the member. One can estimate the dimensional stability or dimensional changes of an individual wood

member using shrinkage coefficients that are available in resources such as the Wood Handbook (U.S.

Department of Agriculture 1999). However, one can usually assume that shrinkage in the perpendicular-

to-grain directions (either radial or tangential) may be significant, while shrinkage parallel-to-grain can

be considered as negligible. This is why connections that are restrained by steel plates through significant

depths (even as little as 12-in. members) cause the wood to split, because as the wood dries out it will

shrink while the steel and the connectors holding the wood to the steel prevent it from moving.

Moisture content changes have effects in addition to simply changing the perpendicular-to-grain

dimension. Restrained wood subjected to the cycling of moisture content, can cause distortion of the

members. General issues of warping can include checking or splitting of the lumber due to restraint of the

connections, or wood members with grain oriented perpendicular to each other can cause the member

to bow, warp, or cup. Cup is often seen in lumber deckboards that are laid with the growth rings on the

cross-section oriented such that the center of the tree is facing up. All distortional responses can have

adverse effects from a structural standpoint, and many cause serviceability concerns. Due to the effects of

dimensional change on the straightness and mechanical properties of timber, it is strongly recommended

that designers specify, and require without substitution, the use of dry material for timber structures.

Bending strength of timber is affected by moisture content as well. Bending strength may increase

as much as 4% for each 1% decrease in moisture content below the fiber saturation point. While the

cross-section of the member will also decrease due to shrinkage, the strengthening effect of drying out is

significantly larger than the effects of the reduction in cross-section. Stiffness also increases with

a decrease in moisture content, and again, the effect of stiffening of the material is greater than the effect

of the reduction in cross-section due to shrinkage. This is why it is recommended that timber structures

be constructed with dry material that will remain dry during its service life. The less moisture content

change within the material at the time it is constructed and used, the less the shrinkage that occurs, and

the maximum bending and stiffness values can be used by the designer.

The final two variables to be considered in this section have to do with viscoelastic properties. Because

wood, and therefore timber, is viscoelastic, it tends to creep over time and also has a duration of load

effect on strength. Creep is the continued increase in deflection that occurs in the viscoelastic material

that sustains a constant load. In wood that is dry when installed and remains dry during service, the creep

effect may cause a 50% increase in elastic deflection over a period of 1 year. However, if the material is

unseasoned at the time of installation and allowed to dry out in service, the deflections can increase by

100% over the elastic response. Finally, if the moisture content is cycled between various moisture

contents during its lifetime, the deflections can be increased to as much as 200% over the initial elastic

response. A clear difference between wood and timber is that wood is affected by moisture content at all

times, while timber is only affected by moisture content in the stronger grade levels. This is why Select

Structural grade lumber is affected more than Number 3 grade lumber, and the design manuals have

a check for minimum strength before the moisture effect or wet service factor is applied.

Duration load is a variable that is directly accounted for in both the LRFD and ASD manuals. Load

duration factor, CD, is based on experimental results from the 1950s at the U.S. Forest Products

Laboratory. This curve is often referred to as the Madison curve. It forms the basis of the provisions in the

LRFD and ASD manuals. There is one significant difference in how load duration is dealt with in the two

design methodologies. In LRFD, the reference time is set at a duration of between 5 and 10 min. This

duration is associated with a CD of 1.0, with longer durations having factors less than 1. The ASD manual

uses a reference duration of 10 years, with an associated value of CD of 1.0. All values of CD for load

durations shorter than 10 years are given values greater than 1.0 for ASD. The designer is responsible for

changing the reference time, depending on which design methodology is used.

Finally, ductility and energy dissipation, which are important concepts for seismic design, are

beneficial for most wood structures. Provided the structure’s connections are detailed properly, timber

structures have relatively high values of ductility and energy dissipation. Provided the connections yield,

such as would occur for nail and small-diameter bolted connections, ductilities in the range of 4 to 8 are

not uncommon. Energy dissipation, on the other hand, from a material standpoint is very low for wood.
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Typically, the material damping that occurs in timber structures is less than 1%. However, the hysteretic

energy dissipation of structural assemblies such as shear walls is very high. Equivalent viscous damping

values for timber assemblies can range from a low of 15% to a high of more than 45% critical damping.

10.3 Seismic Performance of Wood Buildings

10.3.1 General

As noted above, wood frame structures tend to be mostly low rise (one to three stories, occasionally four

stories). The following discussion of the seismic performance of wood buildings is drawn from several

sources. In the next few paragraphs, we provide an overview of wood construction and performance

drawn from FEMA 154 (1988), followed by a limited discussion of performance in specific earthquakes

drawn from various sources.

Vertical framing may be of several types: stud wall, braced post and beam, or timber pole. Stud wall

structures (‘‘stick-built’’) are by far the most common type of wood structure in the United States and

are typically constructed of 2-in. by 4-in. nominal wood members vertically set about 16 in. apart. These

walls are braced by plywood or by diagonals made of wood or steel. Most detached single and low-rise

multiple family residences in the United States are of stud wall wood frame construction. Post-and-beam

construction is not very common and is found mostly in older buildings. These buildings usually are not

residential, but are larger buildings such as warehouses, churches, and theaters. This type of construction

consists of larger rectangular (6 in. by 6 in. and larger) or sometimes round wood columns framed

together with large wood beams or trusses.

Stud wall buildings have performed well in past earthquakes due to inherent qualities of the structural

system and because they are lightweight and low rise. Cracks in the plaster and stucco (if any) may appear,

but these seldom degrade the strength of the building and are therefore classified as nonstructural

damage. In fact, this type of damage dissipates a lot of the earthquake-induced energy. The most common

type of structural damage in older buildings results from a lack of connection between the superstructure

and the foundation. Houses can slide off their foundations if they are not properly bolted to the foun-

dation, resulting in major damage to the building as well as to plumbing and electrical connections.

Overturning of the entire structure is usually not a problem because of the low-rise geometry. In many

municipalities, modern codes require wood structures to be bolted to their foundations. However, the

year that this practice was adopted will differ from community to community and should be checked.

Another problem in older buildings is the stability of cripple walls. Cripple walls are short stud walls

between the foundation and the first floor level (Figure 10.4). Often these have no bracing and thus may

collapse when subjected to lateral earthquake loading (Figure 10.5). If the cripple walls collapse, the house

will sustain considerable damage and may also collapse. This type of construction is generally found in older

homes. Plywood sheathing nailed to the cripple studs may have been used to strengthen the cripple walls.

Garages often have a very large door opening in one wall with little or no bracing. This wall has almost

no resistance to lateral forces, which is a problem if a heavy load such as a second story sits on top of the

garage. Homes built over garages have sustained significant amounts of damage in past earthquakes,

with many collapses. Therefore the house-over-garage configuration, which is found commonly in low-

rise apartment complexes and some newer suburban detached dwellings, should be examined more

carefully and perhaps strengthened.

10.3.2 1971 San Fernando Earthquake, California

The San Fernando Earthquake occurred on February 9, 1971 and measured 6.6 on the Richter scale. The

following commentary is excerpted from Yancey et al. (1998):

There were approximately 300,000 wood-frame dwellings in the San Fernando Valley of which

about 5% were located in the region of heaviest shaking (Steinbrugge et al. 1971). A survey of
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12,000 single-family wood-frame houses was conducted by the Pacific Fire Rating Bureau

(Steinbrugge et al. 1971). Most of the dwellings were constructed within the two decades prior to the

earthquake. Typical types of foundations were either slab on-grade or continuous concrete foundation

around the perimeter with concrete piers in the interior, with the former being more common. The

majority of the houses were single-story. The survey showed that within the region of most intense

shaking, 25% of the wood-frame dwellings sustained losses greater than 5% of the dwelling’s value,

with the remainder sustaining smaller losses. The number of houses with damage above the 5%

threshold is equivalent to 1% of all the wood-frame dwellings in the San Fernando Valley.

10.3.3 1989 Loma Prieta Earthquake, California

The Loma Prieta Earthquake occurred on October 17, 1989, in the San Francisco Bay region and

measured 7.1 on the Richter scale (Lew 1990). The following general observation and commentary are

Exterior
wall

First floor

Anchor/tie down bolts
Cripple

wall

Sill plate

Foundation

FIGURE 10.4 Cripple wall (courtesy of Benuska, L., Ed. 1990. Earthquake Spectra, 6 [Suppl.]).

FIGURE 10.5 Houses damaged due to cripple wall failure, 1983 Coalinga Earthquake (courtesy of EQE

International).
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excerpted from Yancey et al. (1998):

Property damage was estimated at over $6 billion and over 12,000 people were displaced from

their homes. A survey of the damage to wood-framed structures was conducted by a group

of three engineers from the American Plywood Association (APA) (Tissell 1990). Their main

findings were

1. Damage was caused by failure of cripple walls. The failures of cripple walls were the result

of inadequate nailing of plywood sheathing. When adequate nailing was provided, no failure was

observed.

2. Lack of connection between the major framing members and the foundation was the cause

of failure of two severely damaged houses.

3. Damage caused by soft stories was observed in the Marina District. The phenomenon of soft

stories, first observed in this earthquake, results from garage door or large openings on the

ground floor of apartment buildings and houses that reduce the lateral resistance of that

story. The reduced lateral resistance causes severe racking to occur or increases lateral

instability.

4. Chimney damage was common. Chimneys were typically unreinforced and not sufficiently tied

to the structure.

5. Upward ground movements caused doors to be jammed and damage to basement floors.

6. Post-supported buildings were damaged because of inadequate connections of the floor to

the post foundation and unequal stiffnesses of the posts due to unequal heights. Houses where

the poles were diagonally braced were not damaged.

A particularly noteworthy concentration of damage was in the Marina section of San Francisco, where

seven 1920s-era three- to five-story apartment buildings collapsed, and many were severely damaged

(Figure 10.6). The excessive damage was due in large part to the man-made fill in the Marina, which

liquefied and greatly increased ground motion accelerations and displacements during the shaking.

However, the primary cause of the collapse was the soft-story nature of the buildings, due to required

off-street parking. The buildings lacked adequate lateral-force-resisting systems and literally were

a ‘‘house of cards.’’

10.3.4 1994 Northridge Earthquake, California

An earthquake with a magnitude of 6.8 struck the Northridge community in the San Fernando Valley

on January 17, 1994. The effects of this earthquake were felt over the entire Los Angeles region.

Approximately 65,000 residential buildings were damaged with 50,000 of those being single-family

houses (U.S. Department of Housing and Urban Development 1995). The estimated damage based

on insurance payouts was over $10 billion (Holmes and Somers 1996) for single- and multifamily

residences.

City and county building inspectors estimated that 82% of all structures rendered uninhabitable by

the earthquake were residential. Of these, 77% were apartments and condominiums, and the remaining

23% were single-family dwellings. A week after the earthquake, approximately 14,600 dwelling units

were deemed uninhabitable (red or yellow tagged). Severe structural damage to residences was found

as far away as the Santa Clarita Valley to the north, south-central Los Angeles to the south, Azusa to the

east, and eastern Ventura County to the west.

10.3.4.1 Multifamily Dwellings

Particularly vulnerable were low-rise, multistory, wood-frame apartment structures with a soft (very

flexible) first story and an absence of plywood shear walls. The soft first-story condition was most

apparent in buildings with parking garages at the first-floor level (Figure 10.7). Such buildings, with

large, often continuous, openings for parking, did not have enough wall area and strength to withstand
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the earthquake forces. The lack of first-floor stiffness and strength led to collapse of the first floor of

many structures throughout the valley. The main reason for failure was the lack of adequate bracing,

such as plywood shear walls. Most older wood-frame structures had poor if any seismic designs and

resisted lateral forces with stucco, plaster, and gypsum board wall paneling and diagonal let-in bracing.

FIGURE 10.7 Typical soft story ‘‘tuck-under’’ parking, with apartments above (courtesy of EQE International).

(a)

(b)

FIGURE 10.6 Collapsed apartment buildings in Marina district of San Francisco, 1989 Loma Prieta Earthquake

(courtesy of EQE International).
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10.3.4.2 Single-Family Dwellings

Widespread damage to unbolted houses and to older houses with cripple-stud foundations occurred.

Newer houses on slab-on-grade foundations were severely damaged because they were inadequately

anchored. Two-story houses without any plywood sheathing typically had extensive cracking of interior

sheetrock, particularly on the second floor. Nine hillside houses built on stilts in Sherman Oaks

collapsed. All but one of the homes were constructed in the 1960s — predating the major building code

revisions made after the 1971 San Fernando Earthquake.

10.4 Design Considerations

Design considerations can be divided into essentially three categories:

1. Material choice

2. Performance requirements

3. Resistance determination

These are governed by the location of the project, the adopted building code regulations, and the

design process of choice. Once the choice of designing a wood structure is made, the designer must

also consider what types and what grades of wood products are readily available in the region of the

project. Both LRFD and ASD include a wide variety of products, product sizes, and grades of

products. Local building supply companies rarely stock all of the available products. The economics

of building with wood is often the reason for choosing the material for a project, and the choice of

products within the broad spectrum of available products that are locally available and stocked

greatly improves the economics of a project. If products are specified that must be specially ordered

or shipped long distances relative to what is already available in the market, the cost of the project

will increase.

Performance requirements for a given building are usually determined by the building code that is

enforced for the jurisdiction. However, there are also the local amendments and local conditions that

must be considered when determining the performance requirements of a given project. Resistance

determination and sizing of lumber for a given project are governed by the choice of design methodology

used. If LRFD is used, one set of load combinations from the building code or ASCE 7 is required. If ASD

is used, another set of load combinations should be used.

10.4.1 Building Code Loads and Load Combinations

Building codes that are in effect in the United States reference the ASCE load standard (American Society

of Civil Engineers 2002) to provide guidance to the engineer on which load combination is to be used.

The 2003 IBC and the NFPA 5000 Building Code both reference the ASCE 7–02 load standard.

The following load combinations are to be considered when designing wood structures using the

LRFD design methodology:

1. 1.4(Dþ F)

2. 1.2(Dþ FþT) þ 1.6(LþH)þ 0.5(Lr or S or R)

3. 1.2Dþ 1.6(Lr or S or R)þ (L or 0.8W)

4. 1.2Dþ 1.6Wþ Lþ 0.5(Lr or S or R) (10.1)

5. 1.2Dþ 1.0Eþ Lþ 0.2S

6. 0.9Dþ 1.6Wþ 1.6H

7. 0.9Dþ 1.0Eþ 1.6H

where D is the dead load, E is the earthquake load, F is the load due to fluids with well-defined pressures

and maximum heights, H is the load due to lateral earth pressure, groundwater pressure, or pressure of

bulk materials, L is the live load, Lr is the roof live load, R is the rain load, S is the snow load, T is the

self-straining force, and W is the wind load.
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If the designer is using ASD, the ASCE 7–02 standard provides different load combinations for use.

The following load combinations should be used when designing timber structures following ASD:

1. Dþ F
2. Dþ Lþ FþHþT
3. DþHþ Fþ (Lr or S or R)
4. DþHþ Fþ 0.75(LþT)þ 0.75(Lr or S or R)

(10.2)
5. DþHþ Fþ (W or 0.7E)
6. DþHþ Fþ 0.75(W or 0.7E)þ 0.75Lþ 0.75(Lr or S or R)
7. 0.6DþWþH
8. 0.6Dþ 0.7EþH

Since components within a timber structure will be stressed to their capacity during a design

seismic event, it is strongly recommended that designers use the LRFD format when considering seismic

performance. This is the reason why the NEHRP provisions require that LRFD be used.

10.5 Resistance Determination

The Load and Resistance Factor Design (LRFD) Manual for Engineered Wood Construction (American Forest

and Paper Association 1996) distinguishes between nominal design values for visually and mechanically

graded lumber connections and has supplements to provide guidance for all other wood-based products.

This document provides both the reference design mechanical property and the applicable adjustment

factors to account for end-use and environmental conditions. The reference properties that are included in

the document are Fb, bending strength, Ft, tension parallel-to-grain strength, Fs, shear strength, Fc, the

compression parallel-to-grain strength, Fc?, the compression strength perpendicular-to-grain, and E, the

modulus of elasticity. Two values for modulus of elasticity are typically provided in the supplements:

the mean and fifth percentile values. It should be stressed that the resistance values provided in the LRFD

manual should not be mixed or combined with values obtained from the ASD manuals. The two design

methodologies use different reference conditions on which to base their design, and mixing the values may

result in nonconservative designs. Similar resistance values for the mechanical properties of wood-based

materials for ASD are provided in the ASD Manual for Engineered Wood Construction (American Forest and

Paper Association 2001). The significant difference between ASD and LRFD is that ASD bases the design

values for a normal duration of load of 10 years, while LRFD resistance values are based on a 5- to 20-min load

duration. Since wood is a viscoelastic material, the duration of load has a significant effect on the strength and

deflections of timber structures. Two exceptions for adjustment of mechanical properties for load duration

are modulus elasticity and compression perpendicular-to-grain. Both values are based on mean mechanical

properties and are not adjusted for load duration since compression perpendicular-to-grain is not associated

with fracture-type failure and deflection is considered a serviceability rather than a safety criterion.

Since wood is a natural material that is affected by environmental conditions and has characteristics

inherent to the material that cause size or volume effects, several adjustments are made to the design values

to account for these variables. Reference strength is adjusted with factors that include the time effect factor

(load duration factor), wet service factor, temperature factor, instability factor, size factor, volume factor, flat

use factor, incising factor, repetitive member factor, curvature factor, form factor, calm stability factor,

shear stress factor, buckling stiffness factor, and bearing area factor. While many of these variables affect

virtually all members of design, most factors only affect special situations. Therefore, the more commonly

used factors will be covered here, and the reader is directed to either the LRFD or ASD manuals for a full

description of the less used factors. In addition to these, the LRFD specification includes adjustment factors

for preservative treatments and fire retardant treatments. The values that should be used for these last two

variables should be obtained from the supplier of the products, since each product used is proprietary

in nature and each treatment affects the performance of the timber differently.

Values of the adjustments are all equal to 1.0 unless the application does not meet the reference

conditions. Both LRFD and NDS use the following reference conditions as the basis:

1. Materials are installed having a maximum equilibrium moisture content (EMC) not exceeding

19% for solid wood and 16% for glued products.
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2. Materials are new (not recycled or reused).

3. Members are assumed to be single members (not in a structural system, such as a wall or a floor).

4. Materials are untreated (except for poles or piles).

5. The continuous ambient temperature is not higher than 100�F, with occasional temperatures as

high as 150�F. (If sustained temperatures are between 100�F and 150�F, adjustments are made.

Timber should not be used at sustained temperatures higher than 150�F.)

The effect of load duration will be discussed later in this section.

The reference design values are adjusted for conditions other than the reference conditions using adjustment

factors. The adjustment factors are applied in a cumulative fashion by multiplying the published reference

design value by the appropriate values of the adjustments. The equation for making the adjustments is

R0 ¼ R � C1 � C2 � C3 � � �Cn ð10:3Þ
where R0 is the adjusted design value for all conditions, R is the tabulated reference design resistance, and

C1, C2, C3,. . .,Cn, are the applicable adjustment factors.

Most factors for adjusting for end use are common between the LRFD and ASD methodologies, and

many are a function of the species of lumber, strength grade, or width of lumber. Most adjustment factors

are provided either by the LRFD or by the ASD manuals. However, some adjustments are associated with

proprietary products (chemical treatments) and must be obtained from the product supplier.

Since wood is a viscoelastic material and therefore affected by time, the load duration variable

is of particular interest to designers. The LRFD and ASD design methodologies handle the time effects

or load duration differently. Regardless of which design methodology is used, the shortest duration load

in the load combination will determine the value of the time effect factor. This is because the failure of

timber is governed by a creep-rupture mechanism. This implies that timber can sustain higher mag-

nitude loads for short periods of time. In the LRFD design methodology, the time effect factor l is based

on the load combinations considered and the design methodology specifically defines a time effect factor

for each combination. These combinations, along with associated time effect factors, are shown in

Table 10.1. The reference load duration for LRFD is 5 to 10 min, and this duration is given a value of 1.0.

All others follow the Madison curve for load duration, and therefore longer duration loads have time

effect factors that are less than 1.0.

The ASD design methodology assumes a load duration of 10 years accumulative, at the design level.

Therefore, the load duration factor used in the ASD has a value of 1.0 for normal duration loads, which

is 10 years. The shortest-duration load included in a given load combination determines which load

duration factor is applicable. All load combinations with individual loads that have a cumulative

duration of less than 10 years have load duration factor values greater than 1.0. The loads associated with

various load duration factors for ASD are provided in Table 10.2.

Therefore, the adjusted values for either design methodology are determined essentially following

the same process, only using the appropriate values. First, the reference design values are obtained from

the appropriate table and then adjusted for the end-use conditions, size effects, etc. by multiplying the

reference value by a string of adjustment factors. The final adjustment is for the time effect, and

TABLE 10.1 LRFD Load Combinations and Time Effect Factors

LRFD load combination Time effect factor

1.4D 0.6

1.2Dþ 1.6Lþ 0.5(Lr or S or R) 0.7 for L representing storage

0.8 for L representing occupancy

1.25 for L representing impact

1.2Dþ 1.6(Lr or S or R)þ (0.5L or 0.8W) 0.8

1.2Dþ 1.3Wþ 0.5Lþ 0.5(Lr or S or R) 1.0

1.2Dþ 1.0Eþ 0.5Lþ 0.2S 1.0

0.9D� (1.3W or 1.0E) 1.0
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the corresponding time effect factor is determined depending on which load combination is being

considered.

10.5.1 Bending Members

The most common application for sawn lumber, LVL, glulam timber structural composite lumber, and

I-joists is to resist bending forces. In fact, since it is the most common application for dimensional

timber members, the visual and machine stress-rated grading rules for lumber are developed around

the concept that the members will be placed in bending about their strong axis. In this application, the

bending members must account for size effects, duration load, and end-use conditions for the structure.

Many times, load distribution elements such as sheathing on floors and walls can provide load sharing

between bending members, which can be accounted for in design by use of the repetitive member factor

(ASD) or load-sharing factor (LRFD).

Beams must be designed to resist moment, bending shear, bearing, and deflection criteria. The

moment, shear, and bearing criteria are all designed using similar formats. The design format for LRFD is

Lu � lyR0 ð10:4Þ

where Lu is the resultant of the actions caused by the factored load combination, l is the time effect

factor associated with the load combination being considered, y is the resistance factor (flexure¼ 0.85,

stability¼ 0.85, shear¼ 0.75), and R0 is the adjusted resistance.

The moment, shear, or bearing force being considered is determined using engineering mechanics and

structural analysis. The assumption of linear elastic behavior is typically made for this analysis and

is appropriate considering that timber behaves like a brittle material. Nonlinear analysis is acceptable;

however, experimental data will probably be required to support such an analysis.

The resistance value involves consideration of the lateral support conditions and load-sharing

conditions, and whether the member is or is not part of a larger assembly. The adjusted resistance

is obtained by multiplying the published reference strength values for bending, shear, or compression

perpendicular-to-grain by the appropriate adjustment factor. The adjustment factor includes the end

use and adjustments based on product. The end-use adjustment factors include the wet service factor

(CM), temperature (Ct), preservative treatment factor (Cpt), and fire retardant treatment (Crt).

Adjustments for member configuration include composite action (CE), load-sharing factor (Cr), size

factor (CF), beam stability factor (CL), bearing area (Cb), and form factor (Cf). Additional adjustments

for structural lumber and glulam timber include shear stress (CH), stress interaction (CI), buckling

stiffness (CT), volume effect (CV), curvature (Cc), and flat use (Cfu). The form of the equation for

determining the adjusted resistance is

R0 ¼ ðGÞ � F � C1 � C2 � C3 � � �Cn ð10:5Þ

where R0 is the adjusted resistance (e.g., adjusted strong-axis moment, adjusted shear), G is a geometry

variable consistent with the resistance calculated (e.g., SX), F is the reference design strength (e.g., Fb for

TABLE 10.2 ASD Design Loads and Associated Load

Duration Factors

Design load type Load duration factor value

Dead load 0.9

Occupancy live load 1.0

Snow load 1.15

Construction load 1.25

Wind or seismic load 1.6

Impact load 2.0
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bending strength, Fv for shear strength, Fc for perpendicular-to-grain compression strength), and Ci is

the appropriate adjustment factor(s).

The reader is referred to the LRFD or ASD manuals for a full description of the adjustment factors and

the values associated with the various conditions. Adjustment factors account for conditions that do not

meet the reference conditions. For example, when lumber is being used for bending about its weak axis,

the flat-use factor will be used, or if the beam is not fully supported against lateral movement along the

compression edge, the beam stability factor CL will be required.

One of the most commonly used variables for adjusting a bending strength is the load-sharing

factor Cr, which is a variable that provides an increase in design bending resistance that accounts for

the load sharing that occurs when beams are used in parallel. The condition under which the load-

sharing factor is applicable and causes an effective increase in the bending resistance occurs when the

spacing between beams is no more than 610 mm (24 in.) at the center and the beams are connected

together using a load-distributing element, such as structural wood panel sheathing or lumber decking.

This factor essentially accounts for the system effects that an effective connection between parallel

beams provides for floor, roof, and wall systems. Because of the strong correlation between the

variability of a given product and the magnitude of the system effect, the load-sharing factor has

different values depending on the products used for the beams. Table 10.3 provides the load-sharing

factors associated with the more common products used as beams in timber construction. The load-

sharing factor Cr applies only to the moment resistance and is not applicable to any of the other design

resistances.

When shear strength is being checked, the shear stress adjustment factor CH may be used to increase

the shear resistance. However, this is not recommended for general design because at the design stage,

the designer is unable to guarantee that any given piece of dimensional lumber used as a beam will not

have checks or splits on the wide face of the lumber. In addition, the designer is not able to guarantee

that the member will not split during the lifetime of the structure. It is recommended that the shear stress

factor be used only when analyzing existing structures, when inspection has been done to determine the

length of the splits that are present.

10.5.2 Axial Force Members

Axial force members are considered to be either tension or compression members and are handled with

single equations in both cases. Compression members, that is, columns, have been historically classified

as short, intermediate, and long columns depending on whether material crushing or Euler elastic

buckling was the controlling mechanism of failure. With the widespread use of computers, the ability to

program complex equations has eliminated the need for the three classifications of columns.

10.5.2.1 Compression Members

Compression members are usually called columns, although the term may include drag struts and truss

members. There are essentially three basic types of columns. The most common one is the solid

or traditional column, which consists of a single member, usually dimensional lumber, post and timbers,

poles and piles, or glulam timber. The second type of column is the spaced column, which is made of two

or more parallel single-member columns that are separated by spacers, located at specific locations along

the column and rigidly tied together at the ends of the column. The third type of column is the built-up

TABLE 10.3 Load-Sharing Factor, Cr, Values

Bending member product type Cr

Dimensional lumber 1.15

Structural composite lumber 1.04

Prefabricated I-joists with visually graded lumber 1.07

Prefabricated I-joists with structural composite lumber flanges 1.04
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column, which consists of two or more members that are mechanically fastened together, such as

multiple nailed studs within a wall supporting a girder.

The slenderness ratio defines the primary mechanism of failure. Shorter columns obviously will

be controlled by the material strength of the wood parallel-to-grain, while longer columns will be

controlled by Euler buckling. The slenderness ratio is defined as the ratio of the effective length of the

column, le, to the radius of gyration, which is

r ¼ I

A
ð10:6Þ

where I is the moment of inertia about the weak axis and A is the cross-sectional area. The effective

length, le, is determined by multiplying the unbraced length by the buckling length coefficient:

le ¼ Ke  l ð10:7Þ
where Ke is the buckling length coefficient, l is the unbraced length of the column. Ke is dependent on the

end support conditions of the column and whether side sway of the top or bottom of the column

is restrained or not. Theoretical values for ideal columns and empirical values for the buckling length

coefficient, Ke, that are recommended by NDS and LRFD manuals are provided in Table 10.4. The

LRFD and NDS specifications require that the maximum permitted slenderness ratio be 175.

The LRFD design equation that must be satisfied for solid columns has a similar form to the other

equations:

Pu � lfcP0c ð10:8Þ
where Pu is the compressive force due to the factored load combination being considered, l is the

applicable time effect factor for the load combination being considered, fc is the resistance factor for

compression parallel-to-grain (0.9), and P 0c is the adjusted compressive resistance parallel-to-grain.

The adjusted compressive resistance P 0c is determined as the gross area times the adjusted compressive

strength parallel-to-grain, F 0c. The adjusted compressive strength is determined in the same manner as all

mechanical properties of wood, which is to multiply the reference compressive strength parallel-to-grain

by all the applicable adjustment factors, such as duration load, temperature, etc. The one additional

factor for columns is that the column stability factor Cp must be calculated. Cp accounts for the partial

lateral support provided to a column and is determined by

Cp ¼
1þ ac

2c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ac

2c

� �2

� ac

c

s
ð10:9Þ

where

ac ¼
fsPe

lfcP00
ð10:10Þ

Pe ¼
p2E005I

ðKelÞ2
¼ p2E005A

½Keðl=rÞ�2
ð10:11Þ

and c is a coefficient based on the variability of the material being used for the column (c¼ 0.8

for dimensional lumber, 0.85 for round poles and piles, and 9.0 for glulam members and structural

TABLE 10.4 Buckling Length Coefficient for Compression in Wood Column Design

End support conditions Side-sway restraint

Theoretical

coefficients

Empirical recommended

coefficients

Fixed–fixed Restrained 0.5 0.65

Pin–fixed Restrained 0.7 0.8

Fixed–fixed Free 1.0 1.2

Pin–pin Restrained 1.0 1.1

Pinned–fixed Free 2.0 2.1

Fixed–pinned Free 2.0 2.4
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composite lumber). fs is the resistance factor for stability, which has a value of 0.85, E005 is the adjusted

modulus of elasticity at the fifth percentile level, A is the cross-sectional area, Ke is the effective length

factor, and r is the radius of gyration.

If a prismatic column is notched at a critical location, then the factored compressive resistance

is determined using the net section rather than the gross cross-section. In addition, Cp should be

computed using the properties of the net area if the notches or holes are located in the middle half of the

length between inflection points of the column and the net moment inertia is less than 80% of the gross

moment of inertia or if the longitudinal dimension of the knot or hole is greater than the larger cross-

sectional dimension of the column. If the notch is located in noncritical locations, then the adjusted

compressive resistance can be computed using the gross cross-sectional area and Cp, or the net cross-

sectional area times the factored compressive strength of the material.

Spaced columns are another common form of compression members that consist of two or more

dimensional members connected together at a specific spacing using blocking to form a set of parallel

columns that are restrained in a common manner. Figure 10.8 illustrates the concept of a spaced column.

The general form of a spaced column has the ability to buckle in more than one manner. First, the overall

column could buckle. Second, the individual members making up the column could buckle between

the spacing blocks. Therefore, the design specifications restrict the geometry of spaced columns to

prevent unexpected element buckling. The following maximum length to width ratios are imposed by

the LRFD manual:

1. In a spaced column direction L1/d1 should not exceed 80.

2. In a spaced column direction l3/d1 should not exceed 40.

3. In solid column direction l2/d2 should not exceed 50.

Spaced columns that do not conform to these restrictions must be designed considering that each

element within the column is acting as an independent column, unless a rational analysis can be used to

account for the restraint conditions used.

Built-up columns are the final type of column. Built-up columns consist of two or more dimensional

members that are mechanically fastened together to act as a single unit. Built-up columns can have the

form of multiple studs nailed together to form a column to support a girder bearing on top of the wall or

l1

l2

l3

d1

d2

FIGURE 10.8 Illustration of variables associated with the design of spaced columns.
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they may have the shape of a hollow column made of members that are nailed together to form the outer

circumference of the shape. The capacity of this type of column can conservatively be estimated by

considering each of the elements that make up the column as independent columns and adding their

collective compressive strengths together. In all cases, the fasteners that connect the members together

must be designed and spaced appropriately to transfer the shear and tension forces that occur within and

between the members of the built-up column.

10.5.2.2 Tension Members

Compared to compression members, tension members are relatively easy to design and the adjustment

factors for the factored resistance are all tabulated values and do not require independent calculations.

The basic design equation for designing tension members in the LRFD manual has the form

Tu � lftT
0 ð10:12Þ

where Tu is the tension force due to the load combination being considered, l is the time effect factor

corresponding to the load combination being considered, ft is the resistance factor for tension

(ft¼ 0.8), and T 0 is the adjusted tension resistance parallel-to-grain, which is calculated based on the net

section and the adjusted tension strength. The adjusted tension strength parallel-to-grain, Ft
0, is deter-

mined by multiplying the reference tension strength parallel-to-grain by the appropriate adjustment

factors, which include temperature, size effects, and load duration, among others. None of the adjust-

ment factors require independent calculations.

If the tension forces are imparted into the member such that the eccentricity between the connection

centroid and the centroid of the member is greater than 5% of the member dimension, then the member

must be designed considering combined loading of tension and bending.

10.5.3 Combined Loading

Combined loading for member design in wood structures consists of three different categories:

1. Biaxial bending

2. Bending plus tension

3. Bending plus compression

Biaxial bending is a subset of either bending plus tension or bending plus compression. Essentially,

biaxial bending uses the same equations, only setting the axial force being considered in those equations

equal to 0. The simplified equation takes the form

Mux

lfbM 0
s

þ Muy

lfbM 0
y

� 1:0 ð10:13Þ

where Mu is the factored load moment for the load combination being considered, l is the time effect

factor for the load combination being considered, fb is the resistance factor for bending (fb¼ 0.85), M0s
is the computed bending resistance moment about the x-axis with the beam stability factor CL¼ 1.0, and

any volume factor, Cv (used when designing glulam members) is included. M y
0 is the adjusted moment

resistance about the weak axis considering the lateral bracing conditions.

Combined bending and axial tension is the second easiest combination to calculate for combined

loading. However, there are two conditions that must be considered: first, the condition along the

tension face, for which lateral stability is not a concern and second, the condition along the compression

face, for which lateral stability is of concern. Therefore, the following two equations must be satisfied for

designing members with combined bending and axial tension:

Tension face:

Tu

lftT
0 þ

Mux

lfbM 0
s

þ Muy

lfbM 0
y

� 1:0 ð10:14Þ
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Compression face:

ðMux � ðd=6ÞTuÞ
lfbM 0

x

þ Muy

lfbM 0
yð1� ðMux=fbMeÞÞ2

� 1:0 ð10:15Þ

where Tu is the tension force due to the factored load combination being considered, Me is the elastic

lateral buckling moment of the member, and d is the member depth.

If Equation 10.15 is used for nonrectangular cross-sections, the variable d/6 should be replaced by

the ratio of the strong axis section modulus to the gross cross-sectional area, Sx /A. When the member

is being designed for combined bending and compression, the following equation must be satisfied for

the design conditions being considered:

Pu

lfcP0

� �
þ Mmx

lfbM 0
x

þ Mmy

lfbM 0
y

� 1:0 ð10:16Þ

where Pu is the axial compressive force due to the factored load combination being considered; P 0 is the

adjusted resistance for axial compression parallel-to-grain acting alone for the axis of buckling providing

the lower buckling strength; Mmx and Mmy are the factored moment resistances, including any magnifi-

cation for second-order effects for strong and weak axis bending, respectively; and Mx
0 and My

0 are the

adjusted moment resistances for the strong and weak axes, respectively, from multiplying the section

properties by the nominal bending resistance and appropriate adjustment factors.

The moments Mmx and Mmy may be determined using second-order analysis for a simplified

magnification method that is outlined in the design manual. The extent of the simplified method

compels us to refer the reader to the design specification rather than including it here.

10.6 Diaphragms

When resisting lateral loads such as seismic forces, most light-frame wood buildings can be con-

ceptualized as a box system. Forces are transmitted horizontally through diaphragms (i.e., roofs and

floors) to reactions that are provided by the shear walls at the ends of the diaphragms. These forces are in

turn transmitted to the lower stories and finally to the foundations. Some designers consider shear walls

as vertical diaphragms, since the reaction to loading is similar to half of a diaphragm. However, this

chapter will consider shear walls as separate elements.

A diaphragm is a structural unit that acts as a deep beam or girder that may or may not be able to

transfer torsional loads, depending on the relative stiffness of the diaphragm and supporting shear walls.

The analogy to a girder is somewhat more appropriate because girders and diaphragms can be made as

assemblies. The sheathing acts as a web that is assumed to resist all of the shear loads applied to the

diaphragm, and the framing members at the boundaries of the diaphragm are considered to act as

flanges to resist tension and compression forces due to moment. The sheathing is stiffened by inter-

mediate framing members to provide support for gravity loading and to transfer the shear load from one

sheathing element to the adjacent sheathing element. Chords act as flanges and often consist of the top

plates of the walls, ledgers that attach the diaphragm to concrete or masonry walls, bond beams that are

part of the masonry walls, or any other continuous element at the parameter of the diaphragm. The third

element of a diaphragm is the struts. Struts provide the load transfer mechanism from the diaphragm to

the shear walls at the ends of the diaphragm and act parallel to the loading of the diaphragm. Chords act

to resist internal forces acting perpendicular to the general loading in the direction of the diaphragm.

The chord can serve several functions at the same time, providing resistance to loads and forces from

different sources and functioning as the tension or compression flange of the diaphragm. It is important

that the connection to the sheathing be designed to accomplish the shear transfer since most diaphragm

chords consist of many pieces. It is important that splices be designed to transmit the tension

or compression occurring at the location of the splice. It is also important to recognize that the direction

of application of the seismic forces will reverse. Therefore, it should be recognized that chords need
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to be designed for equal magnitude torsion and compression forces. When the seismic forces are acting

at 90� to the original direction analyzed, the chords act as the struts for the diaphragm to transfer the

reaction loads to the shear walls below. If the shear walls are not continuous along the length of the

diaphragm, then the strut may act as the drag strut between the segments of the shear wall as well.

Diaphragms often have openings to facilitate stairwells, great rooms that are more than one story high,

or access to roof systems and ventilation. The transfer of forces around openings can be treated in

a manner similar to the transfer around openings in the webs of steel girders. Members at the edges of

the openings have forces due to flexure and the high web shear induced in them, and the resulting forces

must be transferred into the body of the diaphragm beyond the opening.

In the past, wood sheathed diaphragms have been considered to be flexible by many registered design

professionals and most code enforcement agencies. Recent editions of the model building codes

recognize that diaphragms have a stiffness relative to the walls that are supporting them, and this relative

rigidity determines how the forces will be distributed to the vertical resistance elements.

10.6.1 Stiffness versus Strength

Often in large diaphragms, as an economic measure, the designer will change the nailing or blocking

requirements for the diaphragm to remove the high nail schedule or blocking requirements in the central

section of the diaphragm where the shear loading is lowest. It is therefore imperative that the designer

distinguish between the stiffness of the diaphragm and the strength of the diaphragm. However, at

locations where blocking requirements change or the nail schedule is increased, the stiffness of the

diaphragm also goes through a significant change. These locations result in potential stress con-

centrations and when a nail schedule or blocking schedule is changed, the designer should consider

ensuring that the change occurs at locations where the loads are not simply equal to the resistance, but

sufficiently below the changing resistance at that location. Timber-framed diaphragms and structures

with light-frame shear walls are capable of being relatively rigid compared to the vertical resistance

system. Added stiffness due to concrete toppings, blocking, and adhesives also makes the relative stiffness

greater. Therefore, determination of the stiffness of the diaphragm relative to the vertical resistance

system must be considered in the design to determine whether a flexible or rigid analysis is required.

The equation used to estimate the deflection of diaphragms was developed by APA and can be found

in several references (Applied Technology Council 1981; APA 1997; National Fire Prevention Associa-

tion 2002). The midspan deflection of a simple-span, blocked, structural panel sheathed diaphragm,

uniformly nailed throughout, can be calculated using

D ¼ 5vl3

8wEA
þ vl

4Gt
þ 0:188 len þ

P
ðDcXÞ
2w

ð10:17Þ

where D is the calculated deflection, v is the maximum shear due to factored design loads in the direction

under consideration, l is the diaphragm length, w is the diaphragm width, E is the elastic modulus of

chords, A is the area of chord cross-section, Gt is the panel rigidity through the thickness, en is the nail

deformation, and
P

(DcX) is the sum of individual chord splice slip values on both sides of the dia-

phragm, each multiplied by its distance to the nearest support.

If the diaphragm is not uniformly nailed, the constant 0.188 in the third term must be modified

accordingly. Guidance for using this equation can be found in ATC 7 (Applied Technology Council

1981). This formula was developed based on engineering principles and modified by testing. Therefore,

it provides an estimate of diaphragm deflection due to loads applied in the factored resistance shear

range. The effects of cyclic loading and energy dissipation may alter the values for nail deformation in the

third term, as well as the chord splice effects in the fourth term, if mechanically spliced wood chords are

used. The formula is not applicable to partially blocked or unblocked diaphragms.

Recent research, part of the wood frame project of the Consortium of Universities for Research in

Earthquake Engineering (CUREE), was conducted as part of the shake table tests by Fischer et al. (2001)

and Dolan et al. (2002). These new studies provide deflection equations that are broken into two
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components: one for bending deflection and one for shear deflection. The tests used nailed chord splices.

If other types of splices are utilized in a design, additional terms to account for the deformation of the

splice effects on the diaphragm need to be added. In addition, the CUREE equations are useful for

working stress level loads and have not been validated for deflections approaching those associated with

the capacity of the diaphragm. However, the equations are derived based on cyclic tests and the average

cyclic stiffness within the reasonable deflection range.

The provisions are based on assemblies having energy dissipation capacities that were recognized in

setting the R-factors included in the model building codes. For diaphragms utilizing timber framing, the

energy dissipation is almost entirely due to nail bending. Fasteners other than nails and staples have not

been extensively tested under cyclic load applications. When screws or adhesives have been tested in

assemblies subjected to cyclic loading, they have had brittle failures in adhesives and provided minimal

energy dissipation. For this reason, adhesives have been prohibited in light-frame shear wall assemblies

in high seismic regions. However, the deformation range typically experienced by diaphragms during

seismic events has not justified the restriction of using adhesives in the horizontal diaphragms. In fact,

the addition of adhesives in most timber diaphragms provides significantly more benefits in the form of

higher strength and stiffness to distribute loads to the horizontal members more efficiently. While in the

Dolan et al. (2002) diaphragm study, the adhesives by themselves did not have as large an effect on

stiffness as blocking, the use of adhesives provided a more uniform deflection pattern and enhanced the

behavior of the diaphragm over a nailed-only diaphragm.

10.6.2 Flexible versus Rigid Diaphragms

The purpose of determining whether a diaphragm is flexible or rigid is to determine whether a diaphragm

should have the loads proportioned according to the tributary area or the relative stiffness of the supports.

For flexible diaphragms, the loads should be distributed according to the tributary area, whereas for rigid

diaphragms, the load should be distributed according to the stiffness. The distribution of seismic forces

to the vertical elements of the lateral force resistance system is dependent, first, on the relative stiffness of

the vertical elements versus the horizontal elements and, second, on the relative stiffness of the vertical

elements when they have varying deflection characteristics. The first issue defines when a diaphragm can

be considered flexible or rigid. In other words, it sets limits on whether the diaphragms can act to transmit

torsional resistance or cantilever. When the relative deflections of the diaphragm and shear walls are

determined at the factored load resistance level, and the midspan deflection of the diaphragm is deter-

mined to be more than two times the average deflection of the vertical resistant elements, the diaphragms

may be considered as being flexible. Conversely, a diaphragm should be considered rigid when the

diaphragm deflection is equal to or less than two times the shear wall drift. Obviously, the performance

of most diaphragms falls in a broad spectrum between perfectly rigid and flexible. However, at the current

time, there are no design tools available to provide for analyzing diaphragms in the intermediate realm.

Therefore, model building codes simply differentiate between the two extreme conditions.

The flexible diaphragm seismic forces should be distributed to the vertical resisting elements according

to the tributary area and simple beam analysis. Although rotation of the diaphragm may occur because

lines of vertical elements have different degrees of stiffness, the diaphragm is not considered sufficiently

stiff to redistribute the seismic forces through rotation. The diaphragm may be visualized as a single-

span beam supported on rigid supports in this instance.

For diaphragms defined as rigid, rotational or torsional behavior is expected and the action results

in a redistribution of shear to the vertical force-resisting elements. Requirements for horizontal shear

distribution involve a significantly more detailed analysis of the system than the assumption of flex-

ibility. Torsional response of a structure due to an irregular stiffness at any level within the structure can

be the potential cause of failure in the building. As a result, dimensional and diaphragm aspect ratio

limitations are imposed for different categories of construction. Also, additional requirements are

imposed on the diaphragm when the structure is deemed to have a general torsional irregularity such

as when re-entering corners or when diaphragm discontinuities are present.
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In an effort to form a frame of reference in which to judge when stiffness of the diaphragm may

be critical to the performance of the building, one can consider two different categories of

diaphragms. The first category includes rigid diaphragms that must rely on torsional response to

distribute the loads to the building. A common example would be an open front structure with

shear walls on three sides, such as a strip mall. This structurally critical category has the following

limitations:

1. The diaphragm may not be used to resist the forces contributed by masonry or concrete in

structures over one story in height.

2. The length of the diaphragm normal to the opening may not exceed 25 ft, and the aspect ratios are

limited to being less than 1:1 for one-story structures or 1:1.5 for structures over one story in

height. Where calculations show that the diaphragm deflections can be tolerated, the length will be

permitted to increase so as to allow aspect ratios not greater than 1.5:1 when the diaphragm is

sheathed with structural use panels.

The aspect ratio for diaphragms should not exceed 1:1 when sheathed with diagonal sheathing.

The second category of rigid diaphragms that may be considered is those that are supported by two or

more shear walls in each of the two perpendicular directions, but have a center of mass that is not

coincident with the center of rigidity, thereby causing a rotation in the diaphragm. This category of

diaphragm may be divided into two different categories where category 2a would consist of diaphragms

with a minimal eccentricity that may be considered on the order of incidental eccentricities, in which

case the following restrictions would apply:

1. The diaphragm may not be used to resist forces contributed by masonry or concrete in structures

over one story.

2. The aspect ratio of the diaphragm may not exceed 1:1 for one-story structures or 1:1.5 for

structures greater than one story in height.

On the other hand, flexible diaphragms or nonrigid diaphragms have minimal capacity for dis-

tributing torsional forces to the shear walls. Therefore, limitations of aspect ratios are used to limit

diaphragm deformation such that reasonable behavior will occur. The resulting deformation demand

on the structure is also limited such that higher aspect ratios are allowed provided calculations

demonstrate that the higher diaphragm deflections can be tolerated by the supporting structure. In

this case, it becomes important to determine whether the diaphragm rigidity adversely affects the

horizontal distribution and the ability of the other structural elements to withstand the resulting

deformations.

Several proposals to prohibit wood diaphragms from acting in rotation have been advanced following

the 1994 Northridge earthquake. However, the committees that have reviewed the reports to date have

concluded that the collapses that occurred in that event were due in part to a lack of deformation

compatibility between the various vertical resisting elements, rather than solely due to the inability of the

diaphragm to act in rotation.

Often diaphragms are used to cantilever past the diaphragm’s supporting structure. Limitations

concerning diaphragms cantilevered horizontally past the outermost shear walls or other vertical

support element are related to, but slightly different from, those imposed due to diaphragm

rotation. Such diaphragms can be flexible or rigid, and the rigid diaphragms may be categorized in

one of the three categories previously discussed. However, both the limitations based on the dia-

phragm rotation, if they are applicable, and a diaphragm limitation of not exceeding the lesser of

25 ft or two thirds of the diaphragm width must be considered in the design. This is due to the

additional demand placed on a structure due to the irregularity resulting from the cantilever

configuration of the diaphragm.

Further guidance on the design and detailing of diaphragms can be obtained from Breyer et al. (1998)

and Faherty and Williamson (1999), both providing significant details on dealing with torsional

irregularities of wood diaphragms.
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10.6.3 Connections to Walls

When postevent reports are reviewed for many historical earthquakes, one finds that the principal

location of failures in diaphragms occurs at the connection between the diaphragm and the supporting

walls. Two of the most prevalent failures are due to cross-grain bending of ledger boards that are used to

attach diaphragms to concrete and masonry walls, or to the use of the diaphragm sheathing to make the

connection between the wall and the diaphragm. When one uses the ledger board to attach a wood

diaphragm to a masonry or concrete wall, the diaphragm will tend to pull away from the wall, which

causes cross-grain bending to occur in the ledger board. Cross-grain bending is not allowed in the design

specifications for wood construction and is one of the weakest directions in which wood can be loaded.

The same mechanism causes splitting of sill plates on shear walls due to the uplift forces of the sheathing.

When diaphragms are attached to walls, regardless of the construction of the wall, the connections

must be made directly between the framing or reinforcement elements of the wall and the framing of the

diaphragm. Straps should extend into the diaphragm a significant distance to provide adequate length in

which to develop the forces experienced. Sheathing rarely provides sufficient capacity to transfer dia-

phragm forces and the sheathing nailing will inevitably fail. These straps also should extend down along

the timber frame wall and be attached to the studs of the wall, or for masonry and concrete walls, be

attached to reinforcement in the wall near the location.

10.6.4 Detailing around Openings

Openings in diaphragms may be designed similar to the way openings in steel girders are designed. After

the bending and shear forces are determined, connections to transfer those loads can be designed.

Construction of such connections often requires the use of blocking between the framing members and

straps that extend past the opening, often for multiple joist spacings. It is imperative that connections to

transfer such loads be made to the framing members and not simply to the sheathing. This is also an area

which a designer should consider as requiring special inspection, to ensure that the nailing used to make

the connection is actually located in the framing and not simply through the sheathing into air.

10.6.5 Typical Failure Locations

As stated earlier, the typical locations for failure of diaphragms are the connections between the dia-

phragm and the vertical force-resisting elements. However, additional areas need to be considered. These

include openings in the diaphragm, where shear transfer is being designed, and locations where nail

schedules or blocking requirements change. Often openings are placed in diaphragms without the design

considering the force transfer required due to the absence of sheathing. This location also results in

a difference or an anomaly in the stiffness distribution along the length of the diaphragm. These two

actions combine to cause the sheathing nailing, and possibly the framing nailing, to separate, thus

causing local failures.

10.7 Shear Walls

Shear walls are typically used as the vertical elements in the lateral-force-resisting system. The forces are

distributed to the shear walls of the building by the diaphragms and the shear walls transmit the loads

down to the next lower story or foundation. A shear wall can be defined as a vertical structural element

that acts as a cantilever beam where the sheathing resists the shear forces and the end studs, posts, or

chords act as the flanges of the beam in resisting the induced moment forces associated with the shear

applied to the top of the wall. The sheathing is stiffened by the intermediate studs and is therefore braced

against buckling. An exploded view of a typical light-frame shear wall is shown in Figure 10.9.

Light-frame shear walls can be divided into two categories: designed and prescriptive. Designed walls

are sized and configured using a rational analysis of the loads and design resistance associated with the
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sheathing thickness, and fastener size and schedule. Prescriptive walls are often called shear panels rather

than shear walls to differentiate them from the walls designed using rational analysis. Prescriptive walls

are constructed according to a set of rules provided in the building code. In all cases, the current building

code requires that all shear walls using wood structural panels as the sheathing material be fully blocked.

Adhesives are not allowed for attaching sheathing to the framing in shear walls. Whereas adhesives are

advocated for attaching sheathing to roof and floor diaphragms as a method to improve their ability to

distribute the loads to the shear walls, the use of adhesives in shear walls changes the ductile system

usually associated with light-frame construction to a stiff, brittle system that would have to be designed

with a significantly lower R-factor. Adhesives are allowed to be used in regions with low seismic hazard

since they improve the performance of the building when wind loading is considered. An R-factor of

1.5 is recommended for seismic checks even in the low seismic hazard regions (Building Seismic Safety

Council 2003a) when adhesives are used.

10.7.1 Rationally Designed Walls

Rationally designed light-frame shear walls can be further divided into two categories. The first is the

traditional or segmented shear wall design, which involves the use of tables or mechanics. The second

method of design is the perforated shear wall method, which is an empirically based method that

accounts for the openings in a wall line. The principal difference between the two methods is the

assumptions associated with the free-body diagrams used in each method. Each of these design methods

will be discussed independently.

10.7.1.1 Segmented Wall Design

The segmented shear wall design method is the traditional method for designing light-frame shear walls.

This method assumes a rigid free-body diagram and a uniform distribution of shear along the top of the

wall line. Both this method and the perforated shear wall method assume that the tops of all wall

segments in a wall line will displace the same amount. In other words, the assumption is that the tops

13-gage 1.5-in. 7-in. o.c. (perimeter)
10-in. o.c. (field)

16d brite common @ 24 in.

16d brite common @ 12 in.

16d brite common

8d brite common @ 6-in. o.c.
12-in. o.c. field

Tie-down (if applied) fastened with 32
16d sinkers

FIGURE 10.9 Typical shear wall assembly (shown lying on its side, rather than vertical) (courtesy of Heine, C.P.

1997. ‘‘Effect of Overturning Restraint on the Performance of Fully Sheathed and Perforated Timber Framed Shear

Walls,’’ M.S. thesis, Virginia Polytechnic and State University, Blacksburg, VA).
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of the wall segments are tied together with the platform above, the top plate of the wall, or collectors

between wall segments, providing sufficient connectivity to ensure the wall segments will displace

together as a unit. The segmented wall design method assumes that collectors will be detailed to transmit

the shear forces distributed to the wall over the openings by the diaphragm to the adjoining wall

segments. Each segment is assumed to resist the portion of the load according to its relative length in the

wall line. In other words, the shear force per length of wall that is applied to the wall segment

is determined by

v ¼ VP
Li

ð10:18Þ

where v is the unit shear (force/length), V is the total shear load applied to the wall line, and
P

Li is the

summation of all of the fully sheathed wall segments in the wall line. It is assumed that this unit shear

is distributed uniformly to all of the fully sheathed wall segments. With this assumption, the individual

wall segments are then designed assuming a rigid-body free-body diagram, similar to that shown

in Figure 10.10.

The simple assumption of using rigid-body mechanics makes the determination of induced

overturning forces in the chords an easy task of summing moments about one of the bottom corners of

the wall segment. The required mechanical anchor to resist this overturning load can then be sized

according to the uplift force determined. However, the assumption of a rigid body also opens

an opportunity for error in the calculations. If one assumes that there is an imposed dead load due to the

structure above (say, the floor of the story above), one might assume that the vertical forces due to this

dead load may act to resist the imposed overturning action of the lateral load on the individual wall

segment. In this case, the size of the mechanical anchor would be determined for the difference in the

uplift force due to the overturning moment and the resisting force due to the dead load of the structure

above. If the assumption of rigid-body action were valid, this would be an acceptable mechanism of

resistance. However, if one investigates the construction of light-frame shear walls, the vertical load is

applied to the wall across the top plate as a distributed load. However, the top plate of the wall is usually

a double 2� 4 nominal framing member, which has questionable ability to transmit vertical loads along

the length of the wall through bending action. In addition, this top plate is supported by repetitive

framing members called studs that would transmit the vertical load to the base of the wall rather than

allow the top plate to distribute the load to the end stud or chord for the wall. Currently, there are

therefore two schools of thought on how the mechanical anchors to resist overturning forces should be

determined. One is to use the full dead load acting on the top of the wall to reduce the uplift forces at the

chord. The other is to assume that little or none of the dead load acts to resist the uplift forces. The latter

is obviously the more conservative assumption, but it also considers the top plate of the wall as a beam

on an elastic foundation, for how vertical loads are transmitted along the length of the wall.

The final step in the design of the segmented shear wall is to determine the thickness of the sheathing

and associated nail schedule to be used to attach the sheathing to the framing. This information is usually

obtained using design tables available in the building code or design specification. However, it is per-

mitted to use the properties of the individual nail connection and engineering mechanics to determine

the resistance of a given sheathing thickness and nailing configuration.

10.7.1.2 Perforated Shear Wall Design

The perforated shear wall method is included in the NEHRP Provisions (Building Seismic Safety

Council 2003a,b) and the 2003 IBC (International Code Council 2000a) for use in seismic design. It

had been adopted earlier for wind design by the Building Officials and Code Administrators

(BOCA) and Southern Building Code Congress International (SBCCI) building codes. The method is

an empirical design method that accounts for the added resistance provided by the wall segments

above and below window and door openings in the wall, if they are sheathed with equivalent sheathing

to that used in the fully sheathed segments of the wall. The method was originally developed by

Sugiyama and Matsumoto (1994) using reduced-scale light-frame wall specimens, and the method was
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validated for full-scale wall construction under cyclic loads by Dolan and Heine (1997a,b) and Dolan and

Johnson (1997a,b).

The perforated shear wall method of design assumes that the segments of wall above and below

openings are not specifically designed for force transfer around the opening. Rather, the only

assumptions are that the top of the wall line will displace uniformly (i.e., tied together with the top plate

of the wall line) and the end full-height sheathed wall segments have mechanical overturning restraint at

the extreme ends of the wall line. Other assumptions are that the bottom plate of the wall is attached to

the floor platform or foundation sufficiently to resist the distributed shear force applied to the wall and

a distributed uplift force equal to the distributed shear force is resisted along the wall length. This

Top framing plate

Nail shears part
to sheathing edge

Axial tension
in framing

Bottom framing plate

Anchorage forces

Axial compression in framing

Bottom framing plate

Bearing stresses

Anchorage force

Nail shears
parallel to
sheathing edge 

Sheathing
compression
framing stud

Shear along
sheathing
edges

Applied load 

VH
B

VH
BVH

B

VH
B

V

VH
B

FIGURE 10.10 Rigid free-body diagram assumed for segmented shear wall design (courtesy of Stewart, W.G.

1987. ‘‘The Seismic Design of Plywood Sheathed Shearwalls,’’ Ph.D. dissertation, University of Canterbury,

New Zealand).
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anchorage can be accomplished with nails, screws, lag screws, or other type of fastener capable of

resisting the shear and uplift forces.

The basic difference in the assumed free-body diagram for the perforated shear wall method is that

the shear force is not assumed to be uniform along the length of the wall line, and the individual wall

segments are not assumed to act as rigid bodies. The end wall segment that has to resist an uplift force

in the end post is assumed to reach the full design capacity as if it were a segmented wall since the

uplift force will be resisted by a mechanical, overturning anchor. The rest of the wall segments

are assumed to perform similar to a prescriptively constructed wall, with the overturning forces being

resisted by the sheathing nails at the bottom of the wall. A free-body diagram for an interior wall

segment of a perforated shear wall is illustrated in Figure 10.11. Due to the difference in overturning

restraint between the different segments of the shear wall, the shear force cannot possibly be resisted as

a uniformly distributed load, and the end wall segment must resist significantly more of the load

than the interior wall segments. As an illustration, two examples from the commentary for the 2000

NEHRP Provisions (Building Seismic Safety Council 2000b) for applying the perforated shear wall

method are included in this section. In addition, the American Iron and Steel Institute has introduced

the perforated shear wall method for cold-formed steel framing as a change proposal for the 2003 edition

of the IBC.

EXAMPLE 10.1: Perforated Shear Wall

Problem description

The perforated shear wall illustrated in Figure 10.12 is sheathed with 15
32

-in. wood structural panel with

10d common nails with 4-in. perimeter spacing. All full-height sheathed sections are 4 ft wide. The

window opening is 4 ft high by 8 ft wide. The door opening is 6.67 ft high by 4 ft wide. Sheathing is

provided above and below the window and above the door. The wall length and height are 24 and 8 ft,

respectively. Hold-downs provide overturning restraint at the ends of the perforated shear wall and

anchor bolts are used to restrain the wall against shear and uplift between perforated shear wall ends.

Determine the shear resistance adjustment factor for this wall.

v

v

uw

L

H

M

O

FIGURE 10.11 Free-body diagram for interior wall segment for perforated shear wall or prescriptive wall segment

(courtesy of Salenikovich, A.J. 2000. ‘‘The Racking Performance of Light-Frame Shear Walls,’’ Ph.D. dissertation,

Virginia Polytechnic Institute and State University, Blacksburg, VA).
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Solution

The wall defined in the problem description meets the application criteria outlined for the perforated shear

wall design method. Hold-downs provide overturning restraint at perforated shear wall ends and anchor

bolts provide shear and uplift resistance between perforated shear wall ends. Perforated shear wall height,

factored shear resistances for the wood structural panel shear wall, and aspect ratio of full-height sheathing

at perforated shear wall ends meet requirements of the perforated shear wall method.

The process of determining the shear resistance adjustment factor involves determining percent full-

height sheathing and maximum opening height ratio. Once these are known, a shear resistance

adjustment factor can be determined from Table 2305.3.7.2 of the 2003 IBC (International Code Council

2003a). From the problem description and Figure 10.12

Percent full-height sheathing ¼ sum of perforated shear wall segment widths,
X

L

Length of perforated shear wall ¼ 4 ftþ 4 ftþ 4 ft

24 ft
� 100 ¼ 50%

Maximum opening height ratio ¼ maximum opening height

Wall height, h ¼ 6:67 ft

8 ft
¼ 5

6

For a maximum opening height ratio of 5
6

(or maximum opening height of 6.67 ft when wall height

h¼ 8 ft) and percent full-height sheathing equal to 50%, a shear resistance adjustment factor C0¼ 0.57 is

obtained from Table 2305.3.7.2 of the 2003 IBC (International Code Council 2003a). Note that if wood

structural panel sheathing were not provided above and below the window or above the door, the

maximum opening height would equal the wall height h.

EXAMPLE 10.2: Perforated Shear Wall

Problem Description

Figure 10.13 illustrates one face of a two-story building with the first- and second-floor walls designed

as perforated shear walls. Window heights are 4 ft and door height is 6.67 ft. A trial design is performed

in this example based on applied loads V. For simplification, dead load contribution to overturning

and uplift restraint is ignored and the effective width for shear in each perforated shear wall segment

is assumed to be the sheathed width. Framing is Douglas fir. After basic perforated shear wall resistance

and force requirements are calculated, detailing options to provide for adequate shear, v, and uplift,

t, transfer between perforated shear wall ends are covered. Method A considers the condition

Perforated shear wall

L1 L2 L3
L

H

Overturning restraint (each end)

FIGURE 10.12 Perforated shear wall configuration (Example 10.1).
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where a continuous rim joist is present at the second floor. Method B considers the case where

a continuous rim joist is not provided, as when floor framing runs perpendicular to the perforated shear

wall with blocking between floor framing joists.

Solution, second-floor wall

Determine the wood structural panel sheathing thickness and fastener schedule needed to resist applied

load V¼ 2.250 kip, from the roof diaphragm, such that the shear resistance of the perforated shear wall is

greater than the applied force. Also, determine anchorage and load path requirements for uplift force at

ends, in plane shear, uplift between wall ends, and compression.

Maximum opening height ratio ¼ 4 ft

8 ft
¼ 1

2

Percent full-height sheathing ¼ 4 ftþ 4 ft

16 ft
� 100 ¼ 50%

Second-floor perforated shear wall
16.0 ft

P.S.W. segment
4.0 ft

First-floor perforated shear wall
12.0 ft

P.S.W. segment
4.0 ft

P.S.W. segment
4.0 ft

P.S.W. segment
4.0 ft

1

1

1

1

V = 2250 #
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      + 350
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FIGURE 10.13 Perforated shear wall (Example 10.2), two-story building.
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Shear resistance adjustment factor C0¼ 0.80.

Try 15/32 rated sheathing with 8d common nails (0.131 by 2.5 in.) at 6-in. perimeter spacing.

Unadjusted shear resistance (Table 5.4 LRFD Structural-Use Panels Supplement)¼ 0.36 klf

(American Forest and Paper Association 1996).

Adjusted shear resistance¼ (unadjusted shear resistance)(C0)¼ (0.36 klf )(0.80)¼ 0.288 klf.

Perforated shear wall resistance¼ (adjusted shear resistance)
P
ð LiÞ¼ (0.288 klf )(4 ftþ 4 ft)¼ 2.304 kip

2.304 kip> 2.250 kip.

Required resistance due to story shear forces V.

Overturning at shear wall ends

T ¼ Vh

C0

P
Li

¼ 2:25 kipð8 ftÞ
0:08ð4 ft þ 4 ftÞ ¼ 2:813 kip

In-plane shear

v ¼ V

C0

P
Li

¼ 2:25 kip

0:80ð4 ftþ 4 ftÞ ¼ 0:352 klf

Uplift t, between wall ends¼ v¼ 0.352 klf.

Compression chord force C, at each end of each perforated shear wall segment¼T¼ 2.813 kip.

Solution, first-floor wall

Determine the wood structural panel sheathing thickness and fastener schedule needed to resist applied

load V¼ 2.600 kip, at the second-floor diaphragm, such that the shear resistance of the perforated shear

wall is greater than the applied force. Also, determine anchorage and load path requirements for uplift

force at ends, in plane shear, uplift between wall ends, and compression.

Percent full-height sheathing¼ [ð4 ftþ 4 ftÞ=12 ft� � 100 ¼ 67%:

Shear resistance adjustment factor, C0¼ 0.67.

Unadjusted shear resistance (Table 5.4 LRFD Structural-Use Panels Supplement)¼ 0.49 klf (American

Forest and Paper Association 1996).

Adjusted shear resistance¼ (unadjusted shear resistance)(C0)¼ (0.49 klf)(0.67)¼ 0.328 klf.

Perforated shear wall resistance¼ (adjusted shear resistance) (
P

Li)¼ (0.328 klf)(4 ftþ 4 ft)¼
2.626 kip, 2.626 kip> 2.600 kip.

Required resistance due to story shear forces¼V.

Overturning at shear wall ends

T ¼ Vh

C0

P
Li

¼ 2:600 kipð8 ftÞ
0:67ð4 ftþ 4 ftÞ ¼ 3:880 kip

When maintaining load path from story above, T¼T from second floorþT from first floor¼
2.813 kipþ 3.880 kip¼ 6.693 kip.

In-plane shear

v ¼ V

C0

P
Li

¼ 2:600 kip

0:67ð4 ftþ 4 ftÞ ¼ 0:485 klf

Uplift t, between wall ends,¼ v¼ 0.485 klf.

Uplift t, can be cumulative with 0.352 klf from story above to maintain load path. Whether this occurs

depends on detailing for transfer of uplift forces between end walls.
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Compression chord force C at each end of each perforated shear wall segment¼T¼ 3.880 kip.

When maintaining load path from story above, C¼ 3.880 kipþ 2.813 kip¼ 6.693 kip.

Hold-downs and posts and the ends of perforated shear wall are sized using calculated force T. The

compressive force, C, is used to size compression chords as columns and ensure adequate bearing.

Method A: continuous rim joist

See Figure 10.14.

Second floor: Determine fastener schedule for shear and uplift attachment between perforated shear wall

ends. Recall that v¼ t¼ 0.352 klf.

Wall bottom plate (1.5-in. thickness) to rim joist: Use 20d box nail (0.148 by 4 in.). Lateral resistance

flZ0 ¼ 0.254 kip per nail and withdrawal resistance flW0 ¼ 0.155 kip per nail.

Nails for shear transfer¼ (shear force, v)/flZ0 ¼ 0.352 klf/0.254 kip per nail¼ 1.39 nails per foot.

Nails for uplift transfer¼ (uplift force, t)/flW0 ¼ 0.352 klf/0.155 kip per nail¼ 2.27 nails per foot.

Net spacing for shear and uplift¼ 3.3 in. on center.

Rim joist to wall top plate: Use 8d box nails (0.113 by 2.5 in.) toe-nailed to provide shear transfer.

Lateral resistance flZ0 ¼ 0.129 kip per nail.

Nails for shear transfer¼ (shear force, v)/flZ0 ¼ 0.352 klf/0.129 kip per nail¼ 2.73 nails per foot.

Net spacing for shear¼ 4.4 in. on center.

See detail in Figure 10.14 for alternate means for shear transfer (e.g., metal angle or plate connector).

Transfer of uplift, t, from the second floor in this example is accomplished through attachment of

second-floor wall to the continuous rim joist, which has been designed to provide sufficient

strength to resist the induced moments and shears. Continuity of load path is provided by hold-

downs at the ends of the perforated shear wall.

First floor: Determine the anchorage for shear and uplift attachment between perforated shear wall

ends. Recall that v¼ t¼ 0.485 klf. Wall bottom plate (1.5-in. thickness) to concrete. Use 0.5-in. anchor

bolt with lateral resistance flZ0 ¼ 1.34 kip.

Bolts for shear transfer¼ (shear force, v)/flZ0 ¼ 0.485 klf/1.34 kip per bolt¼ 0.36 bolts per foot.

Net spacing for shear¼ 33 in. on center.

Bolts for uplift transfer: Check axial capacity of bolts for t¼ v¼ 0.485 klf and size plate washers

accordingly. No interaction between axial and lateral load on anchor bolt is assumed (e.g., pre-

sence of axial tension does not affect lateral strength).

Method B: blocking between joists

See Figure 10.14.

Second floor: Determine fasteners schedule for shear and uplift attachment between perforated shear

wall ends. Recall that v¼ t¼ 0.352 klf.

Wall bottom plate (1.5-in. thickness) to rim joist: Use 20d box nail (0.148 by 4 in.). Lateral resistance

flZ0 ¼ 0.254 kip per nail.

Nails for shear transfer¼ (shear force, v)/flZ0 ¼ 0.352 klf/0.254 kip per nail¼ 1.39 nails per foot.

Net spacing for shear¼ 8.63 in. on center.

Rim joist to wall top plate: Use 8d box nails (0.113 by 2.5 in.) toe-nailed to provide shear transfer.

Lateral resistance flZ0 ¼ 0.129 kip per nail.

Nails for shear transfer¼ (shear force, v)/flZ0 ¼ 0.352 klf/0.129 kip per nail¼ 2.73 nails per foot.

Net spacing for shear¼ 4.4 in. on center.

See detail in Figure 10.14 for alternative means for shear transfer (e.g., metal angle or plate connector).
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Method A

Method B

Second floor

Wood structural
panel sheathing

Continuous rim joist

20d box at 8.6" o.c. 
for shear and
20d box at 5.3" o.c. 

for uplift
(3.3" net spacing,
stagger nails)

8d box toe-nail at 4.4" o.c.
for shear

or alternatively 

Steel plate washer

1/2" Dia. anchor bolt at 42" o.c.
for shear and uplift (378 klf)

(Check axial strength and size plate washer) 

2 × preservatively
treated sill plate

Concrete foundation

Metal plate connector
(e.g., 35 F at 42" o.c.)

Metal plate connector
(e.g., A35 F at 42" o.c.)

or metal angle

OR

Second floor

Wood structural
panel sheathing

Blocking between joists

20d box at 8.6" o.c.
for shear

8d box toe-nail at
4.4" o.c. for shear
or alternatively 

Strap at 2'-0" o.c.
for uplift (352 klf)

2

Steel plate washer

1/2" Dia. anchor bolt at 42" o.c.
for shear

2 × preservatively
treated sill plate

Concrete foundation

Strap at 2'-0" o.c.
for uplift (730 klf)
or alternatively 

Strap lapped
under sill plate

Check axial strength
and size plate washer (730 klf)

1

2

1

FIGURE 10.14 Details for perforated shear wall (Example 10.2).
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Stud to stud: Provide a metal strap for transfer of uplift, t, from second-story wall studs to first-

story wall studs. Size strap for 0.352-klf uplift and place at 2 ft on center to coincide with stud

spacing. This load path will be maintained by transfer of forces through first-floor wall framing to

the foundation.

First floor : Determine anchorage for shear and uplift attachment between perforated shear wall ends.

Recall that v¼ t¼ 0.485 klf.

Wall bottom plate (1.5-in. thickness) to concrete: Use 0.5-in. anchor bolt with lateral resistance

flZ0 ¼ 1.34 kip.

Bolts for shear transfer¼ (shear force, v)/flZ0 ¼ 0.485 klf/1.34 kip per bolt¼ 0.36 bolts per foot.

Net spacing for shear¼ 33 in. on center.

Uplift transfer: A metal strap embedded in concrete at 2 ft on center and attached to first-story studs

maintaining load path with second story is used. In this case all uplift forces, t, between perforated

shear wall ends are resisted by the metal strap. Size metal strap and provide sufficient embedment

for uplift force t¼ 0.485 klfþ 0.352 klf¼ 0.837 klf.

An alternative detail for uplift transfer uses a metal strap lapped under the bottom plate. Size metal

strap, anchor bolt, and plate washers for uplift force t¼ 0.485 klfþ 0.352 klf¼ 0.837 klf are used

to maintain load path from the second story. No interaction between axial and lateral load on

anchor bolt is assumed (e.g., presence of axial tension does not affect lateral strength).

10.7.2 Prescriptive Construction

The rules for prescriptive wall construction are provided in the appropriate building code

(IRC [International Code Council 2003b] or CABO [Council of American Building Officials 1995]).

This construction method is often referred to as ‘‘conventional construction’’ and the individual wall

segments are often called shear panels as a method of differentiating them from rationally designed shear

walls. These rules set the required size of nail and spacing, along with the minimum percentage of wall

area that must be sheathed, determined based on the location of the building and at which level of the

building the wall panel is located. These provisions are not based on any rational analysis, but rather on

the tradition of constructing wall systems under these rules. Using the analysis models and wall test

results currently available to the engineering community, it is not possible to calculate sufficient

resistance to resist the design loads expected for the seismic design categories designated in the building

code. However, the code drafting and technical update committees have decided that the overall historic

performance of buildings constructed following these rules has been sufficient to justify their use.

The basis of performance for these walls is that the overturning forces, associated with the lateral

loading, are resisted by the sheathing nails at the bottom of the wall. Nailing for these walls is set at 6 in.

around the perimeter of each sheet of sheathing and 12 in. along the intermediate supporting framing

members. The free-body diagram for this type of wall is shown in Figure 10.11. The inherent weakness of

this type of construction is the low overturning resistance supplied by the sheathing nails. Usually the

assumed design value of this type of construction ranges from 140 to 300 plf, which is substantially below

the capacities associated with the minimum nail schedule for segmented wall construction. This low

resistance to lateral loading is why the masonry veneers are limited to one story in height when applied

to prescriptive construction wall systems.

10.8 Connections

As stated earlier, timber structures rely on their connections to provide ductility and energy dissipation.

Therefore, it is imperative that connections be given significant consideration when determining how to

detail a structure for good seismic performance. In general, the concept for good performance of timber
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structures is to design connections where the steel yielding in the connection is the governing behavior,

rather than the wood crushing. While both steel yielding and wood crushing occur in all connections

that are loaded beyond their elastic range, the connection can be designed to favor the steel yielding

as the dominant mechanism.

There are many types of connections used in wood. They range from nails, screws, and bolts

(referred to as dowel connections) to metal plate connectors, shear plates, split rings, and other pro-

prietary connectors. This chapter focuses on nails and bolts, since these are the most widely used

connectors in timber structures. Connectors such as metal plate connectors and expanded tubes are

proprietary connectors and the designer must contact the suppliers of these products to obtain the

necessary information to safely design with them.

Dowel connections can be divided into two principal groups: small and large dowel connections. The

designation refers to the relative length of the fastener in the wood member to the diameter, similar to

the slenderness ratio for columns. This differentiation of dowel connections can be made because small

dowel connections tend to be governed by the yield strength of the dowel and are usually considered

to share the load equally. This is because as the individual fasteners yield, the load is redistributed

to the other fasteners in the connection and all of the fasteners will yield and bend before the wood fails.

On the other hand, large dowel connections tend to be increasingly governed by the crushing strength

of the wood. Imperfections in the connection due to construction tolerances and variability of the

wood material cause the load to be carried unequally between the individual fasteners in the connec-

tion (group action effects). The differentiation diameter for dimensional lumber connections is

approximately 1
4

in.

10.8.1 Design Methodology

In recent years, the design standards for timber construction in the United States changed the lateral

design methodology for dowel connections from one with an empirical, restrictive basis to one based

on mechanics. The new basis of lateral design is the yield strength of the fastener and the bearing strength

of the materials being joined. This results in the ability to configure the connection assembly to provide

a connection that is governed by the dowel yielding and bending, the dowel remaining straight and

the wood crushing, or a combination of the two. This change also provides flexibility to the designer

in choosing connection configurations that are more applicable to special situations, where the previous

design methods were restricted to a few typical configurations unless special testing was done.

The new design method is called the yield theory and is best illustrated in Figure 10.15. As can be

seen in the figure, there are basically four classes of yielding that are considered by the theory. Mode I

is governed by crushing of the wood material by the dowel, and the bolt is held firmly by one member

and does not even rotate as the connection displaces. Mode II is also governed by the crushing of the

wood, but the dowel rotates as the connection displaces. Mode III is governed by a combination of

the dowel yielding and the wood crushing. A single plastic hinge is formed in the dowel as the connection

displaces. Finally, mode IV is governed by the dowel yielding, and two plastic hinges are formed in the

dowel as the connection displaces.

The designer is referred to either the LRDF or ASD design standards for the complete set of applicable

design equations for the particular type of dowel fastener being used. Each type of fastener (i.e., nails,

spikes, wood screws, lag screws, bolts, and dowels) has a slightly different set of design equations that

predict the yield mode and associated design value, since each type of fastener has different geometries

for both the fastener itself and the connection as a whole.

10.8.2 Small-Diameter Dowel Connections

Small dowels, such as nails and screws, are by far the most prevalent fasteners used in wood construction.

The framing in light-frame construction is typically nailed together and the sheathing applied to most

timber structures is nailed to the framing. The driven fastener has several advantages over other options,
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in that it is easily installed (typically completed with pneumatic nailing tools and does not require

predrilling), provides reasonable resistance to lateral and withdrawal loads, reduces splitting of the

timber (unless the spacing is very close), and distributes the resistance over a larger area of the structure.

In addition, these types of fasteners easily yield and provide significant levels of damping to the structure.

10.8.2.1 Lateral Resistance of Small-Diameter Fasteners

While these connections can be configured to yield in all of the modes, nails and screws are governed by

a reduced set of equations due to the fact that certain subsets of the yield modes are not possible since the

fastener does not pass through the entire connection for nails and screws. In dimensional lumber and

larger sizes, small-diameter fasteners typically yield in Modes III and IV. These two yield modes provide

the highest ductility and energy dissipation since the metal of the dowel yields in plastic yielding and

the friction associated with the connection displacement is significant.

Single shear connections Double shear connections

(not applicable)

(not applicable)

Mode Im

Mode Is

Mode II

Mode IIIm

Mode IIIs

Mode IV

FIGURE 10.15 Yield modes considered for dowel connections in wood construction (courtesy of American Forest

and Paper Association. 2001. ASD Allowable Stress Design Manual for Engineered Wood Construction and

Supplements, Washington, DC).
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Since small dowel connections typically yield in the highly ductile yield modes, the displacement

of the connection is such that by the time the assembly load reaches near capacity, all of the fasteners will

have yielded and the load is assumed to be shared equally by all of the fasteners. In other words, there

is no group action factor and the capacity of a multiple-fastener connection is equal to the sum of all

of the connectors. In equation form, the resistance of a multiple nail or screw connection is

R0 ¼ lfz

X
Z 0 ¼ lfznZ 0 ð10:19Þ

where R0 is the total factored resistance, l is the applicable time effect factor, fz is the resistance factor for

connections (0.65), Z 0 is the factored resistance for a single fastener, and n is the number of fasteners in

the connection.

Small dowels are also not typically affected by grain direction. Nail and screw connections are

typically governed almost completely by the yielding of the fastener. This implies that even the

perpendicular-to-grain embedment strength of the wood is sufficiently high so that the yielding still is

governed by the bending of the dowel.

10.8.2.2 Withdrawal Resistance of Small-Diameter Fasteners

Withdrawal of smooth shank nails can be problematic to the performance of timber structures. In some

cases, such as when the nail is driven into the end-grain of a member (i.e., typically how the framing of

light-frame timber walls are connected), the design resistance of the fastener is zero. On the other hand,

driven into the side-grain of the member, the smooth shank nail may provide sufficient resistance

to withdrawal.

Smooth shank fasteners are also significantly affected by changes in the moisture content of the wood

during the life of the connection. If the connection is above 19% at any time during its life, and then

dries out to below 19%, or vice versa, then 75% of the design withdrawal resistance is lost. If the

connection is fabricated at one moisture condition and remains in this condition throughout its life,

there is no reduction. Under these same changing moisture content conditions, the lateral design values

for the connection are reduced by 30%. This implies that if a designer specifies, or allows, green lumber

to be used to construct shear walls and roof systems, the design values used for the shear walls and roof

systems should be reduced by a significant amount.

Hardened threaded and ring-shank nails overcome this weakness in performance by the way the

deformed nail shank interlocks with the wood fibers. The result is that the design values of the

threaded nails are not affected by changes in moisture content. This implies that if a designer allows

green lumber to be used in a project, and does not wish to impose the design value reductions

associated with moisture content changes, they should specify threaded or ring-shank nails. Helically

threaded nails provide the best performance of all of the deformed shank nails available. This is

because the deformation pattern allows the nail to withdraw a significant amount without a drop in

resistance. This is due to the nail being able to withdraw without tearing the wood fibers around the

nail itself. Other types of deformed nails such as ring-shank nails provide higher withdrawal resis-

tance than smooth shank nails, but the resistance drops quickly as the nail withdraws due to the

localized damage to the wood fibers.

10.8.3 Large-Diameter Dowel Connections

Large-diameter dowel connections can be designed to yield in any of the four modes shown in

Figure 10.15. The diameter relative to the thickness of the timber member will determine the mode of

yield that occurs. For a given thickness of timber member, the larger the diameter of the dowel, the lower

the yield mode will be, and the less ductile the connection will be. This is the reason why the design

standards have been reducing the maximum size of the bolt that is included in the design standard.

While there is no restriction against designing with larger-diameter bolts, the LRFD and ASD manuals

have 1-in. diameter bolts as the largest diameter included in any of the tables. If one uses the yield

equations for bolts, lag screws, or dowels in the design standard, larger sizes can be used.
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When determining the size of dowel to use in a given connection, a balancing act of choosing

between a few large-diameter fasteners with high capacity and a larger number of fasteners with lower

capacity must be performed by the designer. In both cases, the higher number of fasteners used in a

given row of fasteners results in a group action effect. This means that the capacity of the connection

is less than the sum of capacities of the individual fasteners. Large-diameter bolts do not share the

load equally due to placement tolerances and variation in the material properties of the timber.

The design specification provides an equation that determines the reduction factor associated with

multiple-fastener connections, and should be used for all connections that utilize more than one

fastener per row.

If one reviews Figure 10.15 again, it becomes clear that connections that yield in Modes I and II will fail

in a brittle manner, since wood as a material fails in a brittle manner. By the same deduction process,

connections that yield in Modes III and IV will behave in a more ductile manner and provide higher

damping ability. Thus, connections that yield in Modes III and IV should be the preferred connection

configurations for seismic design. This is not always possible, due to the fact that this implies that a larger

number of smaller-diameter fasteners will be used, and space limitations may not allow the large number

of fasteners to be used. If connections yielding in Modes I or II must be used in the design, and these

connections are the controlling connections in the structure, then the designer should assume that the

structure will remain essentially elastic so that the potential for a brittle failure is minimized.

Recent research by Heine (2001) and Anderson (2002) indicates that the current design specifications

provide nonconservative results for multiple-bolt, single-shear connections. There are possibly two

problems currently in the design specification. The first is that the minimum spacing requirement

of four times the bolt diameter for full design strength may be insufficient to prevent the failure from

occurring between the bolts. The second problem is that the current group action factors are derived

based on an assumption of elastic response. Together these two issues result in connections that

perform as much as 40% below the predicted strength. There is some evidence that the capacity

of large connections (100 kip plus design loads) may not be able to achieve the anticipated design

values. Figure 10.16 illustrates the experimental and theoretical results for connections made

with 1
2
-in. diameter bolts. Note that the 4D spacing has a significant weakening effect on the connection.

If one were to consider the LRFD group action factor for this same configuration, the smallest it

0.40

0.60

0.80

1.00

1.20

1.40

1.60

1 3 4 8 10

G
ro

up
 a

ct
io

n 
fa

ct
or

# Bolts per row

Test single row

Test two rows

Heine (2001) 7D bolt spacing

Heine (2001) 4D bolt spacing

2 9765

FIGURE 10.16 Experimental and theoretical (Heine) group action factor for 1
2
-in. bolts and variable spacing

requirements (courtesy of Anderson, G.T. 2002. ‘‘Experimental Investigation of Group Action Factor for Bolted

Wood Connections,’’ M.S. thesis, Virginia Polytechnic Institute and State University, Blacksburg, VA).
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would be is 0.88. Due to this problem, the 2001 edition of the ASD manual has a new appendix that

provides guidance in designing multiple-bolt connections. The new appendix recommends additional

checks on the capacity of the wood members to prevent block shear and other potential modes of failure

in multiple-bolt connections.

This discussion of the yield modes and group action factor provides some guidance to the designer.

First, the designer should try to use, when possible, connections that yield in Modes III and IV to provide

the highest possible ductility and energy dissipation for the structure. Second, where possible, the

spacing between bolts should be increased to at least seven times the diameter of the bolt (the minimum

spacing for full design load that is required by the European design standard). This will minimize the

group action effects in multiple-bolt connections. Third, the designer should follow the additional

checks outlined in the new appendix for the 2001 ASD manual for preventing unintentional failure

modes from occurring in multiple-bolt connections.

10.8.4 Heavy Timber Connectors

Shear plates and split rings are timber connectors that have very high capacities, but also tend to fail

in more brittle modes. Historically, these connections have been used in heavy timber and glulam timber

structures. Several applications have been made in large timber bow-string truss and glulam timber

connections. Design of these connections is covered by the LRDF (American Forest and Paper Asso-

ciation 1996) and ASD (American Forest and Paper Association 2001) manuals, and the reader is referred

to either of these documents for a clear description of how to design these connections. Additional

guidance on design of these types of connections as well as general heavy timber structure design

may be found in the Timber Construction Manual (American Institute of Timber Construction 2004).

These connections should be considered in a similar class of connection to large-dowel connections. The

connections are susceptible to group action and geometry effects in similar ways in which large-dowel

connections experience the same phenomena.

While these connectors are good for situations where large numbers of smaller-dowel connections

might be required, there are potential problems associated with their use. The first problem is that

most contractors are not familiar with the installation of these specialized connectors. There are special

tools for drilling and cutting the required surfaces to ensure proper bearing of the connectors in the

connection, and the contractor would be advised to manufacture a couple of trial connections before

beginning the real connections to learn how to use the cutting tools properly. Second, the connection

cannot easily be inspected to ensure proper installation after the members are joined. The main

components in these two types of connections need to bear uniformly around their perimeter. If the

holes are overdrilled, not drilled circular, or both sides of the connection do not exactly line up for all

of the connectors, the connection will not perform properly and will fail at load levels below the intended

design level. Also, once the connection is assembled, there is no way to see whether the shear plate

or split ring is even present, let alone installed properly. Therefore, these types of connections

need to be constructed by a conscientious contractor who can be trusted to perform the installation

properly, or continuous inspection of the installation by a responsible party is recommended.

Glossary

Anisotropic — Having different properties in different directions (i.e., not isotropic, which is to have

the same properties in all directions).

Bow — The distortion of lumber in which there is a deviation, in a direction perpendicular to the flat

face, from a straight line from end to end of the piece.

Box system — A type of lateral-force-resisting system (LFRS) in which forces are transmitted via

horizontal diaphragms (i.e., roof and floors) to gravity load-bearing walls that act in shear, and

thus form the main vertical elements of the LFRS.
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Checking — A lengthwise separation of the wood that usually extends across the rings of annual growth

and commonly results from stresses set up in wood during seasoning.

Creep — The continued increase in deflection that occurs in the viscoelastic material that sustains

a constant load.

Cripple walls — Short stud walls between the foundation and the first-floor level.

Cup — A distortion of a board in which there is a deviation flat-wise from a straight line across the width

of the board.

Diaphragm — A nearly horizontal structural unit that acts as a deep beam or girder when flexible

relative to supports, and as a plate when its stiffness is higher than the associated stiffness of

the walls.

Dowel — A wood connector, such as a nail, screw, or bolt.

Glulam — Glued–laminated lumber is an engineered product made by gluing together 50 mm (2 in.) or

thinner pieces of lumber.

Hygroscopic — Readily absorbing moisture, as from the atmosphere.

I-joists — Wood joists that are structural members composed of an oriented strand board (OSB) or

plywood web and two laminated vener lumber (LVL), oriented strand lumber (OSB), or solid

lumber flanges, the newest and fastest growing engineered wood product, partially due to the

declining availability of high-quality, large-dimension lumber for which it substitutes.

Laminated veneer lumber (LVL) — A structural composite lumber product made by adhesively

bonding thin sheets of wood veneer oriented with the grain parallel in the long direction.

Primary uses include headers, beams, rafters, and flanges for wood I-joists.

Lateral-force-resisting system (LFRS) — Any continuous load path potentially capable of resisting

lateral (e.g., seismic) forces.

Lumber — Timber sawed into boards, planks, or other structural members of standard or specified

dimensions.

Oriented strand board (OSB) — A structural panel made by adhesively bonding chips of small-

diameter softwoods and previously underutilized hardwoods.

Orthotropic — Having different properties at right angles.

Plywood — A structural panel made from wood sheets (typically 1
8
-in. thick) peeled from tree trunks

and adhesively laminated so as to orthogonally orient the wood grain in alternate plies.

Spaced column — Compression member made of two or more parallel single-member columns that are

separated by spacers, located at specific locations along the column, and are rigidly tied

together at the ends of the column.

Structural composite lumber (SCL) — A structural member, made by adhesively bonding thin strips of

wood, oriented with the grain parallel to the long axis of the member. Primarily used for

headers, heavily loaded beams, girders, and heavy timber construction.

Timber — Trees considered as a source of wood. Also, timbers used in the original round form, such as

poles, piling, posts, and mine timbers.

Viscoelastic — A material that exhibits both viscous (time-dependent) and elastic responses to

deformation.

Warp — Any variation from a true or plane surface. Warp includes bow, crook, cup, and twist, or any

combination thereof.
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Further Reading

The Wood Handbook (U.S. Department of Agriculture 1999) is a good introduction to the properties of

wood and wood products. The several wood design handbooks (American Institute of Timber Con-

struction 2004; American Forest and Paper Association 1996, 2001; APA 1997, 2003) are all required

references for wood structure designers, and contain much useful background information. Breyer et al.

(2003) is a good overall text for wood structure design. The Building Seismic Safety Council (2003a,b)

provides the current consensus guidelines specific to seismic design of wood buildings. The CUREE

project (www.curee.org) is a major research effort to better understand wood building performance and

develop improved design data and practices. The CUREE Website provides publications and other

information.
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12
Reliability-Based

Structural Design

12.1 Introduction

Structural design consists of proportioning elements of a system to satisfy various criteria of perfor-

mance, safety, serviceability, and durability under various demands. The presence of uncertainty cannot

be avoided in every phase of structural engineering analysis and design, but it is not simple to satisfy

design requirements in the presence of uncertainty. After three decades of extensive work in different

engineering disciplines, several reliability evaluation procedures of various degrees of complexity are now

available. First-generation structural design guidelines and codes are being developed and promoted

worldwide using some of these procedures.

In civil engineering in particular, the structures group has been providing leadership in imple-

menting the reliability-based design concept. The reliability-based structural design concept, in the

form of the load and resistance factor design (LRFD) code, was formally introduced by the American

Institute of Steel Construction (AISC) as early as 1986 [1]. The LRFD code was intended to be an

alternative to the allowable stress design (ASD) [2] concept used exclusively before 1986. The third

edition of the LRFD code was introduced in 2001 [1]. Similar design guidelines for concrete [3],

masonry [4], and wood [5,6] are now available, reflecting the reliability-based design concept.

Concrete, masonry, and wood codes do not explicitly state that they are based on the LRFD concept,

Achintya Haldar
Department of Civil Engineering and

Engineering Mechanics,

The University of Arizona,

Tucson, AZ

12.1 Introduction ... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12-1

12.2 Available Structural Design Concepts .. .. . . . . . . . . . . . . . . 12-2

12.3 Introduction of the Reliability-Based Structural
Design Concept ... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12-3

12.4 Fundamental Concept of Reliability-Based Structural
Design .... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12-4
First-Order Reliability Method

12.5 Reliability-Based Structural Design Using FORM ... 12-12

12.6 Reliability Evaluation with Nonnormal Correlated
Random Variables .. .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12-15

12.7 Reliability Evaluation Using Simulation .... . . . . . . . . . . . 12-18
Steps in Simulation � Variance Reduction Techniques � Simula-

tion in Structural Design

12.8 Future Directions in Reliability-Based Structural
Design .... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12-23
A New Hybrid Reliability Evaluation Method � Education �
Computer Programs

12.9 Concluding Remarks ... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12-25

References .. .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12-25

0-8493-1569-7/05/$0.00+$1.50
# 2005 by CRC Press 12-1

Copyright 2005 by CRC Press



but the intention is the same. Since this handbook will be used by all segments of the structural

engineering profession, it would not be appropriate to use the LRFD concept to imply the reliability-

based design concept. However, they are essentially the same and it would not be an exaggeration if

the terms LRFD and the reliability-based design concept were used synonymously. Most of the

worldwide codes applicable to structural engineering have already been modified or are in the process

of being modified to implement the concept [7]. At present almost all civil engineering schools in the

United States teach steel design using the LRFD concept. It is expected that reliability-based structural

design will be the only design option worldwide in the near future. Under the sponsorship of the

International Standard Organization (ISO), a standard (ISO 2394) [8] is now being considered for

this purpose.

Since AISC’s LRFD concept has almost two decades of history, it is used to make some observations

here. AISC published the ninth edition of the ASD code in 1989 after the introduction of the LRFD

code in 1986, indicating indecisiveness or uneasiness in using the LRFD concept in structural steel

design. Even recent graduates who are taught steel design using only the LRFD concept are asked to use

the ASD method in everyday practice after graduation. LRFD is calibrated with respect to ASD for a

ratio of live load to dead load of 3, that is, the two methods will usually give identical sections. When

the ratio is less than 3, as is expected in most design applications, the material savings could be as much

as 18%. AISC [9] documented various amounts of savings for office buildings, parking structures, floor

and framing systems, and industrial buildings, but the LRFD concept is still being ignored or over-

looked by most of the profession. The author believes that the main cause of this nonuniform use of

the LRFD code is not its difficulty, but the older generation’s lack of familiarity with the concept, new

terminologies, and the cost of changing from the old to new guidelines. Since LRFD will save on

material cost in most designs, the extra cost of implementing LRFD can be recovered within a short

period of time. In the near future, it is expected that the reliability-based design concept, similar to the

LRFD concept, may not be an option but a requirement in structural analysis for steel, concrete, wood,

and masonry structures.

It can be observed that steel design using the LRFD concept is not that different from concrete design

using the ACI’s ultimate strength design concept [10], and is not more difficult than using AISC’s old

ASD method. The ACI recently published strength design guidelines similar to the LRFD concept [3].

Design aids like figures, tables, and charts are very similar in the LRFD and ASD guidelines for steel. It is

not difficult for a person familiar with one design concept to use the other with a minor effort. The use of

ASD by recent graduates trained in LRFD attests to this statement. Unlike in Europe, a code is not a

government document in the United States. It is developed by the profession, and its acceptance is voted

by the users and developers. Since all major professional groups are advocating reliability-based design

and following the worldwide trend, it would be very appropriate to use only the reliability-based

approach in future designs.

12.2 Available Structural Design Concepts

Before introducing the reliability-based design concept in structural engineering, it may be infor-

mative to study different deterministic structural design concepts used in the recent past. The fun-

damental concept behind any structural design is that the resistance of a structural element, joint, or

the structure as a whole should be greater than the load or combinations of loads that may act during

its lifetime with some conservatism or safety factor built in. The level of conservatism is introduced

in the design in several ways depending on the basic design concept being used. In the ASD

approach, the basic concept is that the allowable stresses should be greater than the unfactored

nominal loads or load combinations expected during its lifetime. The allowable stresses are calculated

using a safety factor. In other words, the nominal resistance Rn is divided by a safety factor to

compute the allowable resistance Ra, and safe design requires that the nominal load effect Sn is less

than Ra. In the ultimate strength design method [10], the loads are multiplied by certain load
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factors to determine the ultimate load effects and the members are required to resist various design

combinations of the ultimate load. In this case, the safety factors are used in the loads and load

combinations.

It is well known that the loads that may act on a structure during its lifetime are very unpredictable

and different levels of unpredictability or uncertainty exist for each load. The uncertainty associated

with predicting dead load is expected to be lower than that of live, wind, or seismic load. Since different

assumptions are made in developing the beam and column theories, the theoretical prediction of the

resistance or strength of beams and columns is expected to have different levels of uncertainty. In the

ASD approach, the safety factor is introduced in predicting resistance, and the loads are assumed at

their nominal values ignoring the different levels of uncertainty in predicting them. In the ultimate

strength design concept, conservatism is introduced by using different load factors. Conceptually, the

use of load- and resistance-related safety factors may not assure a uniform underlying risk for different

structural elements, for example, beams, columns, and slabs, or under different loading conditions

(e.g., dead, live, wind, or seismic loads). In the LRFD or reliability-based design concept, conservatism

is introduced by using both load and resistance factors and satisfying an underlying risk, combining the

desirable features of both the ASD and ultimate design concepts. Essentially, the LRFD approach uses

safety factors to estimate both the resistance and load under the constraint of an underlying risk. Since

satisfying an underlying risk is the main objective of the reliability-based design concept, this assures

uniform risk for the structure and may produce a more economical design than other deterministic

design concepts.

12.3 Introduction of the Reliability-Based Structural
Design Concept

Like the LRFD format, the reliability-based design concept can be represented in its basic form asX
giQi � fRn ð12:1Þ

where Qi is the ith nominal load effect, gi is the load factor corresponding to Qi, Rn is the nominal

resistance, and f is the resistance factor corresponding to Rn. The load factor gi and the resistance factor

f account for the uncertainties in the parameters related to the loads and resistance. The mathematical

expressions for these factors will be derived in Section 12.4. These factors are derived based on reliability

analysis of simple ‘‘standard’’ structures such as simple beams, centrally loaded columns, tension

members, high-strength bolts, and fillet welds [11], and are calibrated to achieve levels of reliability

similar to conventional ASD procedures such as the 1989 AISC specification [2].

One of the most important objectives of the reliability-based design approach is that it provides a

reasonable platform to compare different design alternatives by considering the realistic behavior of

structures and the uncertainty in the design variables satisfying some underlying design criteria. It tries

to reduce the scatter in the underlying risk of different members designed according to the ASD concept.

Thus, the risk-consistent load factors used in LRFD help to economize the design. Since dead load has

less uncertainty than live load, it should have a smaller load factor. But in the ASD procedure, the dead

and live loads have the same load factor of 1. In evaluating the strength or resistance, theoretically

predicted values generally do not match experimental results. The strength of a beam is more predictable

than column strength. The support conditions and the buckling behavior of a column make its strength

prediction more uncertain, indicating that beams and columns should have different capacity reduction

factors to satisfy the same underlying risk. This is common-sense logic, and reliability or risk-based

design is expected to be superior to ASD.

ASD is essentially a deterministic design concept. A casual evaluation of the LRFD code indicates that

it is also deterministic in nature; only the prescribed load and resistance factors are based on reliability

analysis. This information may not be of any practical significance to a typical practicing engineer.
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The design aids in AISC’s LRFD and ASD guidelines are very similar. In both approaches, the isolated

member approach was used to develop the design guidelines [11]. There are several advantages to the

isolated-member approach: (1) in deterministic design methods that use safety factors, it is not practical

to prepare detailed requirements for each structural configuration; (2) the characteristics of the indi-

vidual members and connections are independent of the framework; and (3) most research has been

devoted to the study of such elements, and theoretical and experimental verification of their perfor-

mance is readily available. Nevertheless, the performance of a member is directly dependent on its

location in a structural configuration and on its relationship or connection with the other members in

the framework. Such dependence is not restricted to the computation of load effects through a deter-

ministic analysis of the structure, but extends to the probabilistic variation of the load effect as well,

which is influenced by the probabilistic characteristics of all the parameters of the structure [12]. Only

a probabilistic structural analysis of the entire structure can account for this influence and accordingly

determine the risk or reliability of any individual member, enabling an improved approach to reliability-

based design. However, this approach could be very complicated [13] and may not be practical for

everyday structural design.

The analytical procedures used to estimate the load effects are identical in ASD and LRFD approaches.

Thus, the analytical procedures, computer programs, and other analysis aids used for ASD are also

applicable for LRFD. Only the treatments of load effects are different in the two concepts. The nominal

resistance is also calculated deterministically using a codified approach. The capacity reduction factor is

used to address the level of uncertainty in estimating it. As pointed out earlier, for wider applications,

LRFD or reliability-based design guidelines were calibrated with respect to time-tested ASD procedure.

Thus, in many cases, the final selection of a structural member will be identical for ASD and the

reliability-based design concept; however, the design procedures will be very different as outlined below.

Using the reliability-based design concept, structural engineers will be more empowered to manage risk

in a typical design.

12.4 Fundamental Concept of Reliability-Based
Structural Design

It is assumed in the following sections that the readers are familiar with the basic concept of

uncertainty analysis. If not, they are urged to refer to a recent book authored by Haldar and

Mahadevan [14].

In general, R and S can be used to represent the resistance and load effect as random variables since

they are functions of many other random variables. R is a function of material properties and the

geometric properties of a structural element including cross-sectional properties. S is a function of the

load effect that can be expected during the lifetime of the structural element. The uncertainty in R and

S can be completely defined by their corresponding probability density functions (PDFs) denoted as

fR(r) and fS(s), respectively. Then, the probability of failure of the structural element can be defined

as the probability of the resistance being less than the load effect or simply P(R > S). Mathematically, it

can be expressed as [14]

PðfailureÞ ¼ PðR< SÞ ¼
Z 1

0

Z s

0

fRðrÞ dr

� �
fSðsÞ ds ¼

Z 1
0

FRðsÞfSðsÞ ds ð12:2Þ

where FR(s) is the cumulative distribution function (CDF) of R evaluated at s. Conceptually,

Equation 12.2 states that for a particular value of the random variable S¼ s, FR(s) is the probability

of failure. However, since S is also a random variable, the integration needs to be carried out for

all possible values of S, with their respective likelihood represented by the corresponding PDF.

Equation 12.2 can be considered as the fundamental equation of the reliability-based design concept.
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The concept is shown in Figure 12.1. In Figure 12.1, the nominal values of resistance and load effect,

denoted as Rn and Sn, respectively, and the corresponding PDFs of R and S are shown. The over-

lapped (dashed area) between the two PDFs provides a qualitative measure of the probability of

failure. Controlling the size of the overlapped area is essentially the idea behind reliability-based

design. Haldar and Mahadevan [14] pointed out that the area could be controlled by changing the

relative locations of the two PDFs by separating the mean values of R and S (mR and mS), the

uncertainty expressed in terms of their standard deviations (sR and sS), and the shape of the PDFs

[fR(r) and fS(s)].

Although conceptually simple, the evaluation of Equation 12.2 may not be easy except for some special

cases. Consider S¼ S1þ S2þ � � � þ Sn, representing n statistically independent load effects (dead, live,

wind loads, etc.), and R and S are independent normal random variables. Under these assumptions, the

resistance and the ith load factors in Equation 12.1 can be shown to be [14]

f ¼ 1	 ebdR

1	 kRdR

ð12:3Þ

and

gi ¼
1þ eennbdSi

1þ kSi
dSi

ð12:4Þ

where b is the reliability index, a measure of probability of failure, dR and dS are the coefficients of

variation (COV) of R and S (a measure of uncertainty), kR is the number of standard deviations below

the mean resistance in selecting the nominal value of R (a measure of underestimation of the resistance),

kS is the number of standard deviations above the mean load in selecting the nominal value of the ith

load (a measure of overestimation in the load), and

e ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

R þ s2
S

p
sR þ sS

ð12:5Þ

enn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

S1
þ s2

S2
þ � � � þ s2

Sn

q
sS1
þ sS2

þ � � � þ sSn

ð12:6Þ

kS�S kR�R

fS(s)

fR(r)

�S Sn Rn �R R, S

Pr
ob

ab
ili

ty
 d

en
si

ty
 f

un
ct

io
n

FIGURE 12.1 Reliability-based design concept. (Adopted from Probability, Reliability and Statistical Methods in

Engineering Design, by Haldar and Mahadevan, 2000, with permission from John Wiley & Sons, Inc.)
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where sR and sSi
are the standard deviations of the resistance and the ith load, respectively.

Equations 12.3 and 12.4 indicate that several parameters are needed to evaluate the reliability-based

resistance and load factors and the nature of mathematical sophistication required to evaluate them,

even when all the variables are assumed to be normal.

When R and S are independent lognormal random variables, expressions similar to Equations 12.3 and

12.4 can be derived [14]. In general, R and S are not independent normal or lognormal random variables,

and the probability of failure using Equation 12.2 is expected to be very challenging. They are functions

of many different random variables, and their exact probabilistic characteristics are very difficult to

evaluate. Historically, several methods with various degrees of sophistication were proposed to evaluate

the probability of failure or reliability [14]. Reliability is calculated as (1.0	 probability of failure). It is

not possible to discuss the details of all the methods here. They are simply identified here for the

completeness of discussion.

Initially, in the late 1960s, the first-order second-moment (FOSM) method, also known as the mean

value first-order second-moment (MVFOSM), was proposed to calculate the probability of failure

neglecting the distributional information on the random variables present in the problem. This defi-

ciency was overcome by the advanced first-order second-moment method where all the variables are

assumed to be normal and independent as proposed by Hasofer and Lind [15]. Rackwitz [16] proposed

a more general formulation applicable to different types of distributions. Currently, it is the most widely

used reliability evaluation technique. Using this concept, the probability of failure has been estimated

using two types of approximations to the limit state at the design point (defined in the following

section): first order (leading to the name first-order reliability method or FORM) and second order

(leading to the name second-order reliability method or SORM). Since FORM is a commonly used

reliability evaluation technique, it is discussed in more detail below. A person without a sophisticated

background in probability and statistics can use simulation to evaluate the underlying risk or reliability,

as discussed in Section 12.7.

12.4.1 First-Order Reliability Method

The basic idea behind reliability-based structural design is to design a structural member satisfying

several performance criteria and considering the uncertainties in the relevant load- and resistance-

related random variables, called the basic variables Xi. Since the R and S random variables in

Equation 12.2 are functions of many other load- and resistance-related random variables, they are

generally treated as basic random variables. The relationship between the basic random variables and the

performance criterion, known as the performance or limit state function, can be mathematically

represented as

Z ¼ gðX1, X2, . . . , XnÞ ð12:7Þ

The failure surface or the limit state of interest can then be defined as Z¼ 0. The limit state equation

plays an important role in evaluating reliability using FORM. It represents the boundary between the safe

and unsafe regions and a state beyond which a structure can no longer fulfill the function for which it

was designed. Assuming R and S are the two basic random variables, the limit state equation, and the safe

and unsafe regions are shown in Figure 12.2. A limit state equation can be an explicit or implicit function

of the basic random variables and can be linear or nonlinear. Reliability estimation using explicit limit

state functions is discussed here. Haldar and Mahadevan [13] discussed reliability evaluation techniques

for implicit limit state functions.

Two types of performance functions are generally used in structural engineering: strength and

serviceability. Strength performance functions relate to the safety of the structures and serviceability

performance functions are related to the serviceability (deflection, vibration, etc.) of the structure. The

reliabilities underlying the strength and serviceability performance functions are expected to be different.
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The limit state equation for the strength limit state in pure bending can be expressed as

gðXÞ ¼ 1:0	Mu

Mn

ð12:8Þ

where Mu is the unfactored applied moment and Mn is the nominal flexural strength of the member.

Using the AISC’s LRFD design criteria, the limit state equation for the strength limit state for a beam–

column element can be expressed as

gðXÞ ¼ 1:0	 Pu

Pn

þ 8

9

Mu

Mn

� 	
, if

Pu

fPn


 0:2 ð12:9Þ

gðXÞ ¼ 1:0	 Pu

2Pn

þMu

Mn

� 	
, if

Pu

fPn

< 0:2 ð12:10Þ

where Pu is the unfactored tensile and compressive load effects, Pn is the nominal tensile and compressive

strength, Mu is the unfactored flexural load effect, and Mn is the nominal flexural strength. Limit state

equations can similarly be defined for other strength design criteria like tension, compression, shear, etc.

All the strength-related parameters in Equations 12.8 to 12.10 are functions of the geometry, material,

and cross-sectional properties of the members under consideration. The code also suggests analytical

procedures to evaluate the load effects in some cases. The important point is that the loads effects in

Equations 12.8 to 12.10 are to be unfactored in evaluating the reliability index.

For the serviceability limit state, the midspan deflection of beams under live load and the side sway

(interstory drift and lateral deflection) of frames are commonly used. They can be represented as

gðXÞ ¼ 1:0	 d
dlimit

ð12:11Þ

gðXÞ ¼ 1:0	 u

u limit

ð12:12Þ

where d is the vertical deflection of a beam under unfactored live load, dlimit is the allowable or prescribed

vertical deflection, u is the lateral deflection under unfactored loads, and ulimit is the allowable or

Unsafe
region

X�2

g(X�) = C

D

A

X(0)
�*

g(X�) = 0Safe
region

X(1)
�*

X(5)
�*

X(4)
�*

X(3)
�*

X(2)
�*

C

B

X�1

FIGURE 12.2 Limit state concept. (Adopted from Probability, Reliability and Statistical Methods in Engineering

Design, by Haldar and Mahadevan, 2000, with permission from John Wiley & Sons, Inc.)
Note: A number in parenthesis indicates iteration number.
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prescribed lateral deflection. The deflection limits dlimit and ulimit are selected by the designer based on the

performance requirements of the structure. They have to be preselected to evaluate the reliability index.

Incorporating the concept of limit state or performance function, the basic reliability evaluation

formulation represented by Equation 12.2 can be rewritten as

PðfailureÞ ¼
Z
� � �
Z

gð Þ<0

fXðx1, x2, . . . , xnÞ dx1 dx2 � � � dxn ð12:13Þ

in which fX(x1, x2, . . . , xn) is the joint PDF of the basic random variables, and the integration is per-

formed over the failure region. If the random variables are statistically independent, then the joint PDF

can be replaced by the product of the individual PDFs in Equation 12.13. Reliability evaluation using

Equation 12.13 is known as the full distributional approach.

Initially, all the basic random variables are considered to be statistically independent; they can have

different types of distribution, and the limit state equation can be linear or nonlinear. FORM is an

iterative technique. The final products of this technique are the reliability index b, the corresponding

coordinates of the design or checking point or the most probable failure point ðx�1 , x�2 , . . . , x�nÞ, and the

sensitivity indexes indicating the influence of the individual random variables on the reliability index. In

the context of FROM, the reliability index b has a physical interpretation. It is the shortest distance from

the origin to the limit state function at the checking point in the reduced standard normal variable space

as shown in Figure 12.2 and Figure 12.3. As will be discussed further later, an optimization technique is

used to estimate it iteratively. Once the information on b is available, the probability of failure can be

obtained as

PðfailureÞ ¼ Fð	bÞ ¼ 1:0	 FðbÞ ð12:14Þ

where F is the CDF of the standard normal variable. If b is large, the probability of failure will be small.

The coordinates on the limit state surface where the iteration converges represents the worst combi-

nation of the random variables that would cause failure and is appropriately named the design point or

the most probable failure point ðx�1 , x�2 , . . . , x�nÞ. All these aspects of FORM are discussed in the following

section.

The estimation of probability of failure using Equation 12.13 is expected to be complicated.

As mentioned earlier, Rackwitz [16] suggested a solution strategy that can be used to evaluate the

�S
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Unsafe region

Design point
(r*, s*)
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R – S = 0 
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(r�*, s�*)

(

( )
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FIGURE 12.3 Reliability evaluation for linear performance function: (a) original coordinates and (b) reduced

coordinates. (Adopted from Probability, Reliability and Statistical Methods in Engineering Design, by Haldar and

Mahadevan, 2000, with permission from John Wiley & Sons, Inc.)
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probability of failure for most problems of practical interest. The method requires that the limit state

function be available in explicit form, and is discussed next. Haldar and Mahadevan [14] discussed

a FORM method where the limit state function is implicit, but it will not be discussed here. Rackwitz’s

method [16] and some improvements suggested by Ayyub and Haldar [17] are discussed next. For ease

of discussion, the method is presented in the form of eight tasks:

� Task 1. The limit state equation must be available or defined in terms of the basic random

variables and performance criterion.
� Task 2. Assume an intelligent initial value of the reliability index b. An initial b value can be 3.0.
� Task 3. Assume the coordinates of the initial design or checking point in terms of all the basic

random variables. The mean values of the random variables are generally assumed to be the

coordinates of the checking point in the first iteration.
� Task 4. Not all the random variables in a limit state function are expected to be normal random

variables. A nonnormal variable cannot be modified to a normal random variable for all possible

values without compromising its underlying uncertainty. It is known that a normal random

variable can be uniquely defined in terms of two parameters: its mean and standard deviation. For

a nonnormal random variable, the two parameters of an equivalent normal distribution can be

evaluated by using two constraints. The two constraints commonly used for this purpose are that

the CDF and the PDF of the actual nonnormal variable be equal to the equivalent normal variable

at the checking point ðx�1 , x�2 , . . . , x�nÞ. The coordinates of the checking point are either assumed or

known at the beginning of each iteration, and thus the evaluation of two equivalent parameters is

not expected to be complicated. Denoting the equivalent normal mean and standard deviation for

the ith random variable as mN
Xi

and sN
Xi

, respectively, Haldar and Mahadevan [14] have shown that

they can be estimated as

mN
Xi
¼ x�i 	 F	1½FXi

ðx�i ÞsN
Xi

ð12:15Þ

and

sN
Xi
¼

f F	1½FXi
ðx�i Þ


 �
fXi
ðx�i Þ

ð12:16Þ

where FXi
ðx�i Þ and fXi

ðx�i Þ are the CDF and the PDF of the nonnormal random variable evaluated

at the checking point, and F	1( ) and f( ) are the inverse of the CDF and the PDF of the standard

normal distribution.
� Task 5. The checking point coordinate for the ith random variable can be shown to be

x�i ¼ mN
Xi
	 aXi

bsN
Xi

ð12:17Þ

where axi
is the direction cosine and can be evaluated as

aXi
¼

qg=qXið Þ�sN
XiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn

i¼1 qg=qXisN
Xi

 ��2q ð12:18Þ

Partial derivatives in Equation 12.18 are evaluated at the checking point x�i . If the random

variables are normal, then their standard deviations can be used directly; otherwise, for non-

normal random variables, the equivalent standard deviations at the checking point need to

be used.
� Task 6. Using Equation 12.17, the coordinates of the checking point can now be updated. These

coordinates are expected to be different from the mean values assumed to start the iteration

process. If necessary, Tasks 4 to 6 need to be repeated until the direction cosines aXi
s converge with

a predetermined tolerance. A tolerance level between 0.001 and 0.005 is common. Once the
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direction cosines converge, the coordinates of the checking point can be updated keeping the

reliability index b as the unknown parameter.
� Task 7. Since the checking point must be on the limit state equation, an updated value for b can

be obtained by substituting the updated coordinates of the checking point in terms of b.
� Task 8. Recalculate the coordinates of the checking point with the updated value for b as in Task 3.

Tasks 3 to 7 need to be repeated until b converges to a predetermined tolerance level.

For hand calculation, a tolerance level of 0.01 is adequate. For computer applications, a tolerance level

of 0.001 can be used. The algorithm converges in 5 to 10 cycles in most cases. A small computer program

can be written to carry out the calculations.

The procedure for linear limit state equations is shown in Figure 12.3, and for nonlinear limit state

equations consisting of two variables in Figure 12.2. In Figure 12.3a, the limit state equation, and the safe

and unsafe regions are shown. As mentioned earlier, the limit state equation needs to be presented in the

reduced coordinates system for the physical interpretation of the reliability index. The following

transformation can be used for this purpose

X 0 ¼
Xi 	 mXi

sXi

, ði ¼ 1, 2, . . . , nÞ ð12:19Þ

The limit state equation, the safe and the unsafe regions, and the reliability index are shown in the

reduced coordinates in Figure 12.3b. For linear limit state equations, no iteration is necessary and the

reliability index can be obtained in one step. However, when the limit state is nonlinear as in Figure 12.2,

an iterative procedure is necessary. The reliability index can be evaluated iteratively using the eight tasks

discussed earlier. Since FORM is the most commonly used reliability evaluation technique at present, the

eight steps are elaborated further with the help of an example.

EXAMPLE

A simply supported beam of span L¼ 9.144 m is loaded by a uniformly distributed load w in kN/m and

a concentrated load P (in kN) applied at the midspan. The maximum deflection of the beam at the

midspan can be calculated as

dmax ¼
5

384

wL4

EI
þ 1

48

PL3

EI
ð12:20Þ

where E is the Young’s modulus and I is the moment of inertia of the cross-section of the beam.

A beam with EI¼ 182,262 kN m2 is selected to carry the load. Suppose w is a normal random variable

with a mean of 35.03 kN/m and a standard deviation of 5.25 kN/m and P is a lognormal random

variable with mean of 111.2 kN and a standard deviation of 11.12 kN. Further assume w and P are

statistically independent. The allowable deflection, da, is considered to be 38.1 mm. The task is to

calculate the probability of failure of the beam in deflection satisfying the allowable deflection

criterion.

Solution

This example is a problem of estimating the reliability index and the corresponding probability of failure

when the limit state function contains independent nonnormal variables. This type of problem is very

common in practice. The procedure is explained using the 8 tasks identified earlier.

Task 1 — Define the limit state function. Substituting deterministic values of all the parameters in

Equation 12.20, the limit state function for the problem can be defined as

gð Þ ¼ 0:0381	 ð4:99444� 10	4w þ 8:73919� 10	5PÞ ð12:21Þ

12-10 Handbook of Structural Engineering

Copyright 2005 by CRC Press



where w is a normal random variable with specified mean and standard deviation values, that is,

w�N(35.03 kN/m, 5.25 kN/m) and P is a lognormal random variable with parameters lP and zP, that is,

P� ln(lP, zP). These parameters can be calculated as [14]

dP ¼
11:12

111:2
¼ 0:1 ffi zP and lP ¼ ln 111:2	 1

2
� 0:12 ¼ 4:706

The probability of failure or the reliability index of the beam in deflection corresponding to

Equation 12.21 is evaluated using the eight tasks identified earlier. The results are summarized in

Table 12.1. For further clarification, the detail calculations for the third and the final interations are

given below.

Third iteration

Task 2. As shown in Table 12.1, an initial value of b of 3.0 is assumed to start the iteration.

Task 3. Using Equation 12.17, the coordinates of the new checking point for w and P can be shown

to be

w� ¼ 35:03þ 0:926� 3� 5:25 ¼ 49:615

p� ¼ 110:02þ 0:377� 3� 12:22 ¼ 123:841

Task 4. Since P is a lognormal random variable, the equivalent normal mean and standard deviation at

the checking point are calculated using Equations 12.15 and 12.16

fPð123:841Þ ¼ 1ffiffiffiffiffiffiffi
2P
p

� 0:1� 123:841
exp 	 1

2

ln 123:841	 4:706

0:1

� 	2
" #

¼ 0:0170

FPð123:841Þ ¼ PðP � 123:841Þ ¼ F
ln 123:841	 4:706

0:1

� 	
¼ Fð1:13Þ

F	1½FPð123:841Þ ¼ 1:13

f F	1½FPð123:841Þ

 �

¼ 1ffiffiffiffiffiffiffi
2P
p exp 	 1

2
� 1:132

� �
¼ 0:21069

sN
P ¼

0:21069

0:0170
¼ 12:38

mN
P ¼ 123:841	 1:13� 12:38 ¼ 109:85

TABLE 12.1 Reliability Evaluation Using FORM with Uncorrelated Variables

Step 1 g( )¼ 0.0381	 (4.99444� 10	4wþ 8.73919� 10	5P)

Step 2 b 3 3.88

Step 3 w� 35.03 49.803 49.615 53.852 53.77

p� 111.2 122.216 123.841 128.151 128.813

Step 4 mN
W 35.03 35.03 35.03 35.03 35.03

sN
W 5.25 5.25 5.25 5.25 5.25

mN
P 110.61 110.02 109.85 109.28 109.19

sN
P 11.12 12.22 12.38 12.81 12.88

Step 5 (qg/qW)� 	4.99444� 10	4 	4.99444� 10	4 	4.99444� 10	4 	4.99444� 10	4 	4.99444� 10	4

(qg/qP)� 	8.73919� 10	5 	8.73919� 10	5 	8.73919� 10	5 	8.73919� 10	5 	8.73919� 10	5

Step 6 aW 	0.938 	0.926 	0.924 	0.920 	0.919

aP 	0.348 	0.377 	0.381 	0.393 	0.394

Step 7 3.88 3.88

Step 8 3.88
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Tasks 5 and 6

aw ¼
	4:99444� 10	4 � 5:25ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð	4:99444� 10	4 � 5:25Þ2 þ ð	0:873919� 10	4 � 12:38Þ2
q ¼ 	26:22081

28:365193
¼ 	0:924

aP ¼
	10:819117

28:365193
¼ 	0:381

The direction cosines converged with a tolerance level of 0.005.

Task 7

w� ¼ 35:03þ 0:924� b� 5:25 ¼ 35:03þ 4:8510b

p� ¼ 109:85þ 0:381� b� 12:38 ¼ 109:85þ 4:71678b

0:0381	 4:99444� 10	4 � ð35:03þ 4:8510bÞ 	 0:873919� 10	4 � ð109:85þ 4:71678bÞ ¼ 0

or

b ¼ 3:88

Task 8. The reliability index did not converge with a tolerance level of 0.005. Go back to Task 3.

Final iteration

Task 3

w� ¼ 53:03þ 0:920� 3:88� 5:25 ¼ 53:77

p� ¼ 109:28þ 0:393� 3:88� 12:31 ¼ 128:813

Task 4. The equivalent normal mean and standard deviation for P at the checking point of 128.813

can be shown to be 109.19 and 12.88, respectively.

Tasks 5 and 6

aw ¼
	4:9444� 10	4 � 5:25ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð	4:9444� 10	4 � 5:25Þ2 þ ð	0:873919� 10	4 � 12:88Þ2
q ¼ 	26:22081

28:534718
¼ 	0:919

aP ¼
	0:873919� 12:88

28:534718
¼ 	0:394

The direction cosines converged.

Task 7

w� ¼ 35:03þ 0:919� b� 5:25 ¼ 35:03þ 4:82475b

p� ¼ 109:19þ 0:394� b� 12:88 ¼ 109:19þ 5:07472b

0:0381	 4:99444� 10	4 � ð35:03þ 4:82475bÞ 	 0:873919� 10	4 � ð109:19þ 5:07472bÞ ¼ 0

or

b ¼ 3:88

Task 8. The reliability index converges with a tolerance level of 0.005.

This simple example outlines the calculation of the underlying risk of a specific design. The design of

a structural member is discussed next if the acceptable risk is specified a priori for a specific design

criterion or limit state.

12.5 Reliability-Based Structural Design Using FORM

In the previous section, procedures were presented to evaluate the reliablity of an already

designed structural element using FORM. The next stage is to design a structural element using the
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reliability-based design procedure or FORM. The steps involved in reliability-based structural design are

illustrated with the help of an example.

EXAMPLE

Suppose a simply supported steel beam of span 9.114 m needs to be designed. The beams are spaced

3.048 m apart and are subjected to nominal uniform dead and live loads of 4788.03 and 2394.02 Pa,

respectively. Assume the beams are continuously laterally supported by the concrete slab, that is, the

unbraced length, Lb, of the beam is zero. Suppose the same beam needs to be designed using the

reliability-based design concept. The acceptable risk in terms of the reliability index b for strength, that is,

for bending moment is suggested as 3.0.

In the United States, steel members are designed using British units, that is, pound, feet, and second

units, and AISC’s LRFD design aids were developed using the same units. For this example, all calcu-

lations were initially conducted using British units and then converted to SI units to satisfy the

requirements of the book.

Solution

The beam is first designed using AISC’s LRFD design criteria. The factored load can be calculated as

W ¼ 1:2D þ 1:6L ¼ 1:2� 4788þ 1:6� 2394 ¼ 9576 Pa

The applied design bending moment for the beam can be shown to be

MA ¼
9576� 3:048� 9:1142

8� 1000
¼ 303 kN m

Using AISC’s LRFD design criteria [1] and Grade 50 steel, the most economical section of W18� 35 is

selected for the beam. The section has about 10% more plastic section modulus than required by the

LRFD guidelines.

As mentioned earlier, in standard codified design the calculations are made using nominal values.

However, for reliability-based design using FORM, the statistical descriptions of all the random variables

must be known in terms of the underlying distributions and parameters to define them uniquely. For

this example, suppose all the random variables are normal. A normal variable can be uniquely defined if

the mean and the standard deviation values are known. Denoting mD, mL, and mR as the mean values

of the dead and live loads and the resistance of the W section, and the corresponding nominal values as

Dn, Ln, and Rn, respectively, Ellingwood et al. [18] showed that it might be reasonable to assume

Dn/mD¼ 1.05, Ln/mL¼ 1.4, and Rn/mR¼ 0.9. The uncertainty in the dead load, live load and resistance in

terms of COV is generally considered to be 0.13, 0.37, and 0.13, respectively.

To start the design process, the limit state function in strength for the beam is

gð Þ ¼ R 	 D 	 L ð12:22Þ

where R, D, and L are the resistance, and dead and live loads effects, respectively. From the information

given in the problem, the mean values of the dead and live loads are 4788.0/1.05¼ 4560.0 Pa and

2394.02/1.4¼ 1710.0 Pa and the corresponding COVs are 0.13 and 0.37, respectively. The mean value of

the moment caused by the applied dead load can be calculated as

mMD
¼ 4560:0� 3:048� 9:1142

8� 1000
¼ 144:3 kN m

The standard deviation of the bending moment due to the dead load MD is

sMD
¼ 0:13� 144:3 ¼ 18:76 kN m

Similarly, the mean value of the moment caused by the applied live load is

mML
¼ 1710:0� 3:048� 9:1142

8� 1000
¼ 54:1 kN m
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The corresponding standard deviation of the live load moment ML is

sML
¼ 0:37� 54:1 ¼ 20:02 kN m

Equation 12.17 can be used to find the checking points for R, D, and L for b¼ 3 as

r� ¼ mR 	 aR � b� ð0:13� mRÞ ¼ mR 	 0:13� b� aR � mR

d� ¼ 144:3	 aD � b� 18:76

and

l� ¼ 54:1	 aL � b� 20:02

To calculate the direction cosines aR, aD, and aL using Equation 12.18, the partial derivatives of the

performance function with respect to R, D, and L evaluated at the checking point are

qgð Þ
qR
¼ 1,

qgð Þ
qD
¼ 	1,

qgð Þ
qD
¼ 	1

Using Equation 12.18, the corresponding direction cosines are

aR ¼
sRffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2
R þ s2

D þ s2
L

p
aD ¼

sDffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

R þ s2
D þ s2

L

p
and

aL ¼
sLffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2
R þ s2

D þ s2
L

p
The checking point must satisfy the performance function represented by Equation 12.22; that is

gð Þ ¼ 0 ¼ mR 	 0:13� b� aR � mRð Þ 	 144:3	 18:76� b� aDð Þ 	 54:1	 20:02� b� aLð Þ

Substituting the direction cosine values in the preceding equation and simplifying will result in

mR 	 144:3	 54:1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0:13� mRÞ2 þ 18: 762þ 20: 022

q ¼ b ¼ 3

This is a quadratic equation in terms of the mean value of R. Solving the equation gives mR¼ 361.7 kN m.

To select a section, the nominal value of the resisting bending moment, Rn, is necessary and can be

shown to be 0.9� 361.7¼ 325.5 kN m. A W18� 35 of Grade 50 steel will satisfy this requirement. The

same section was obtained using the codified LRFD approach.

On the other hand, suppose the beam needs to be designed for a reliability index of 4, implying that the

underlying risk has to be much smaller than before or that the beam needs to be designed more

conservatively. Following the same procedure discussed above, it can be shown that a larger size member

of W21� 44 of Grade 50 steel will be required. This result is expected.

This example clearly demonstrates the advantages of the reliability-based design procedure. It will

not only suggest a section but also give the underlying risk in selecting the section. Thus, using the

reliability-based design procedure, engineers are empowered to design a structure considering an

appropriate acceptable risk different than that considered in the codified approach for a particular

structure.
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12.6 Reliability Evaluation with Nonnormal Correlated
Random Variables

The previous section’s discussion of reliability evaluation using FORM implicitly assumes that all the

random variables in the performance function are uncorrelated. Considering the practical aspect of

structural engineering problems, some of the random variables are expected to be correlated. Thus, the

reliability evalution of a structure using FORM for correlated random variables is of considerable

interest. Although this is considered to be an advanced topic, it is discussed very briefly below. More

detailed information can be found elsewhere [14].

The correlation characteristics of random variables are generally presented in the form of the cov-

ariance matrix as

C½  ¼

s2
X1

cov X1, X2ð Þ . . . cov X1, Xnð Þ
cov X1, X2ð Þ s2

X2
. . . cov X2, Xnð Þ

..

. ..
. ..

.

cov Xn, X2ð Þ cov Xn, X2ð Þ . . . s2
Xn

2
66664

3
77775 ð12:23Þ

The corresponding correlation matrix can be shown to be

C0½  ¼

1 rX1,X2
� � � rX1,Xn

rX2,X1
1 � � � rX2,Xn

..

. ..
. ..

.

rXn,X1
rXn,X2

� � � 1

2
6664

3
7775 ð12:24Þ

where rXi ,Xj
is the correlation coefficient of the Xi and Xj variables.

Reliability evaluation for correlated nonnormal variables X requires the original limit state equation to

be rewritten in terms of the uncorrelated equivalent normal variables Y. Haldar and Mahadevan [14]

showed that this can be done using the following equation:

X½  ¼ sN
X

� �
T½ Y½  þ mN

X


 �
ð12:25Þ

where mN
Xi

and sN
Xi

are the equivalent normal mean and standard deviation of X, respectively, evaluated at

the checking point using Equations 12.15 and 12.16, and T is a transformation matrix. Note that the

matrix containing the equivalent normal standard deviation in Equation 12.25 is a diagonal matrix. The

matrix T can be shown to be

T½  ¼

y 1ð Þ
1 y 2ð Þ

1 � � � y nð Þ
1

y 1ð Þ
2 y 2ð Þ

2 � � � y nð Þ
2

..

. ..
. ..

.

y 1ð Þ
n y 2ð Þ

n � � � y nð Þ
n

2
66664

3
77775 ð12:26Þ

where fy ið Þg is the normalized eigenvector of the ith mode of the correlation matric C0½  and

y ið Þ
1 , y ið Þ

2 , . . . , y ið Þ
n are the components of the ith eigenvector. Eigenvalues are the variances of Y. Y will have

zero means [14]. Using Equation 12.25, the correlated X variables can be transformed into uncorrelated

Y variables. Then it is straightforward to rewrite the performance function in terms of the Y variables.

FORM can then be used to evaluate the corresponding risk and reliability. The additional steps required

to evaluate the reliability corresponding to a performance function containing correlated random

variables are elaborated further with the help of an example. The example considered in the previous

section for uncorrelated variables is modifed for this purpose.

EXAMPLE

Consider the limit state function represented by Equation 12.21 in the previous example. w is considered

to be a normal random variable and P is considered to be a lognormal variable with the same means and
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standard deviation. However, unlike the previous example, assume w and P are correlated. The

correlation coefficient between them is 0.7. The task is to evaluate the risk or reliability index of the

beam for this situation.

Solution

This is a problem on correlated nonnormal variables. The limit state equation for the problem is given

by Equation 12.21. As before, the uniformly distributed load w is normal, that is, w�N(35.03 kN/m,

5.25 kN/m), and P is lognormal with lP¼ 4.706 and zP¼ 0.1. However, they are now considered to

be correlated. Assume that the the correlation coefficient rw,P is 0.7. The reliability index calculation

is expected to be very complicated. As mentioned earlier, the limit state equation needs to be expressed

in terms of the uncorrelated Y variables. However, since the equivalent normal mean and stan-

dard deviation need to be evaluated for P at the checking point and the coordinates of the checking point

are expected to be different at each iteration, the limit state function will change for each iteration.

Hand calculation is not recommended for this type of problem; a computer program is necessary.

However, some important steps are discussed below for ease of comprehension.

The correlation matrix [C0] given by Equation 12.24 for the problem is

½C0 ¼ 1 0:7
0:7 1

� �

The two eigenvalues for the correlation matrix can be shown to be 0.3 and 1.7 [14]. The corresponding

normalized eigenvectors can be evaluated and the tranformation matrix [T] given by Equation 12.26 can

be shown to be

½T ¼ 0:707 0:707

	0:707 0:707

� �

The results using hand calculations are summarized in Table 12.2. Calculations for the first and the final

iterations are shown in the following sections.

TABLE 12.2 Reliability Evaluation Using FORM for Correlated Nonnormal Variables

Step 1 g( )¼ 0.0381	 (4.99444� 10	4wþ 8.73919� 10	5P) (original with uncorrelated variables)

g( )¼ 0.010938	 1.166536� 10	3Y1	 2.540336� 10	3Y2 (first iteration)

g( )¼ 0.011356	 9.594176� 10	4Y1	 2.74745� 10	3Y2 (final iteration)

Step 2 b 3.0 3.136

Step 3 w� 35.03 50.438 50.306 50.132 50.957

p� 111.20 138.352 142.733 146.887 144.704

Step 4 mN
W 35.03 35.03 35.03 35.03 35.03

sN
W 5.25 5.25 5.25 5.25 5.25

mN
P 110.61 107.389 106.339 105.221 105.823

sN
P 11.12 13.835 14.273 14.688 14.470

Step 5 (qg/qY1)� 	1.166536� 10	3 	9.986566� 10	4 	9.715649� 10	4 	9.459591� 10	4 	9.594176� 10	4

(qg/qY2)� 	2.540336� 10	3 	2.708217� 10	3 	2.735308� 10	3 	2.760914� 10	3 	2.74745� 10	3

Step 6 aY1
	0.1894 	0.1530 	0.1491 	0.1425 	0.1451

aY2
	0.9819 	0.9882 	0.9890 	0.9848 	0.9894

Step 7 3.136 3.137

Step 8 b 3.137
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First iteration

Task 1. To define the appropriate limit state function, the following steps are followed. Since P is a

lognormal random variable, the equivalent normal mean and standard deviation at the checking point

are calculated using Equations 12.15 and 12.16 as

mN
P ¼ 110:61, sN

P ¼ 11:12

Using Equation 12.23, it can be shown that

w

p

� �
¼ 5:25 0

0 11:12

� �
0:707 0:707

	0:707 0:707

� �
Y1

Y2

� �
þ 35:03

110:61

� �
or

w ¼ 3:711Y1 þ 3:711Y2 þ 35:03 ð12:27Þ
P ¼ 	7:86Y1 þ 7:86Y2 þ 110:61 ð12:28Þ

Thus, the modified limit state function for the first iteration can be written in terms of the uncorrelated

normal Y variables as

gð Þ ¼ 0:0381	 4:99444� 10	4½3:711ðY1 þ Y2Þ þ 35:03 	 8:73919� 10	5½7:86ðY2 	 Y1Þ þ 110:61

or

gð Þ ¼ 0:010938	 1:166536� 10	3Y1 	 2:540336� 10	3Y2 ð12:29Þ

Task 2. Assume b¼ 3.0.

Task 3. w� ¼ 35.03 and p� ¼ 111.20.

Task 4. The applicable mean and standard deviation values for w and P are given in Table 12.2.

Tasks 5 and 6

qgð Þ
qY1

¼ 	1:166536� 10	3 and
qgð Þ
qY2

¼ 	2:540336� 10	3

aY1
¼ 	1:166536� 10	3 �

ffiffiffiffiffiffi
0:3
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð	1:166536� 10	3Þ2 � 0:3þ ð	2:540336� 10	3Þ2 � 1:7
q

¼ 	6:38938� 10	4

3:373257� 10	3
¼ 	0:1894

aY2
¼ 	2:540336� 10	3 �

ffiffiffiffiffiffi
1:7
p

3:373257� 10	3
¼ 	0:9819

During the first iteration, no comment can be made about the convergence of the direction cosines. As

shown in Table 12.2, the direction cosines converged during the third iteration with a tolerance level of

0.005. Then, Task 7 can be carried out as shown below.

Task 7

y�1 ¼ 0:1491�
ffiffiffiffiffiffi
0:3
p

b ¼ 0:081665b

y�2 ¼ 0:9890�
ffiffiffiffiffiffi
1:7
p

b ¼ 1:289498b

The applicable limit state function, similar to Equation 12.29, can be shown to be

gð Þ ¼ 0:01131131	 9:715649� 10	4Y1 	 2:7353082� 10	3Y2 ð12:30Þ

Thus

0:01131131	 9:715649� 10	4 � 0:081665b	 2:7353082� 10	3 � 1:289498b ¼ 0
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or

b ¼ 3:136

Final iteration

As shown in Table 12.2, the operating value for b is 3.136 and the direction cosines values are 	0.1425

and 	0.9848.

Task 3

y�1 ¼ 0:1425�
ffiffiffiffiffiffi
0:3
p

� 3:136 ¼ 0:24476

y�2 ¼ 0:9898�
ffiffiffiffiffiffi
1:7
p

� 3:136 ¼ 4:0471

and

w� ¼ 3:711ð0:24476þ 4:0471Þ þ 35:03 ¼ 50:957

p� ¼ 10:384ð	0:24476þ 4:0471Þ þ 105:221 ¼ 144:704

Task 4. The applicable mean and standard deviation values for w and P are given in Table 12.2.

Tasks 5 and 6. The applicable limit state function, similar to Equation 12.30, can be shown to be

gð Þ ¼ 0:0113564	 9:594176� 10	4Y1 	 2:74745� 10	3Y2 ð12:31Þ

qgð Þ
qY1

¼ 	9:594176� 10	4 and
qg

qY2

¼ 	2:74745� 10	3

aY1
¼ 	9:594176� 10	4 �

ffiffiffiffiffiffi
0:3
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð	9:594176� 10	4Þ2 � 0:3þ ð	2:74745� 10	3Þ2 � 1:7
q

¼ 	5:2549466� 10	4

3:62057498� 10	3
¼ 	0:1451

aY2
¼ 	2:74745� 10	3 �

ffiffiffiffiffiffi
1:7
p

3:62057498� 10	3
¼ 	0:9894

The direction cosines converged with a tolerance level of 0.005.

Task 7

y�1 ¼ 0:1451�
ffiffiffiffiffiffi
0:3
p

b ¼ 0:07947b

y�2 ¼ 0:9894�
ffiffiffiffiffiffi
1:7
p

b ¼ 1:29b

Using Equation 12.31, it can be shown that

0:0113564	 9:594176� 10	4 � 0:07947b	 2:74745� 10	3 � 1:29b ¼ 0

or

b ¼ 3:137

The reliability index converges with a tolerance level of 0.005. The reliability index for the correlated

random variables case is considerably different than that observed for the uncorrelated case.

12.7 Reliability Evaluation Using Simulation

Reliability evaluation using sophisticated probability and statistical theories may not be practical for

many practicing structural engineers. But a simple simulation technique makes it possible to calculate

the risk or probability of failure without knowing the analytical techniques and with only a little

background in probability and statistics. The advancement in computing power makes simulation an

attractive option for risk evaluation at the present time.
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International experts agree that simulation can be an alternative for implementing the reliability-based

design concept in practical design [19]. Lewis and Orav [20] wrote, ‘‘Simulation is essentially a con-

trolled statistical sampling technique that, with a model, is used to obtain approximate answer for

questions about complex, multi-factor probabilistic problems.’’ They added, ‘‘It is this interaction of

experience, applied mathematics, statistics, and computing science that makes simulation such a

stimulating subject, but at the same time a subject that is difficult to teach and write about.’’

Theoretical simulation is usually performed numerically with the help of computers, allowing a more

elaborate representation of a complicated engineering system than can be achieved by physical

experiments, and it is often less expensive than physical models. It allows a designer to know the

uncertainty characteristics being considered in a particular design, to use judgment to quantify ran-

domness beyond what is considered in a typical codified design, to evaluate the nature of implicit or

explicit performance functions, and to have control of the deterministic algorithm used to study the

realistic structural behavior at the system level.

The method commonly used for this purpose is called the Monte Carlo simulation technique. In the

simplest form of the basic simulation, each random variable in a problem is sampled several times to

represent the underlying probabilistic characteristics. Solving the problem deterministically for each

realization is known as a simulation cycle, trial, or run. Using many simulation cycles will give the

probabilistic characteristics of the problem, particularly when the number of cycles tends to infinity.

Using computer simulation to study the presence of uncertainty in the problem is an inexpensive

experiment compared to laboratory testing. It also helps evaluate different design alternatives in the

presence of uncertainty, with the goal of identifying the optimal solution.

12.7.1 Steps in Simulation

The Monte Carlo simulation technique has six essential elements [14]: (1) defining the problem in

terms of all the random variables; (2) quantifying the probabilistic characteristics of all the random vari-

ables in terms of their PDFs and the corresponding parameters; (3) generating values of these random

variables; (4) evaluating the problem deterministically for each set of realizations of all the random variables;

(5) extracting probabilistic information from N such realizations; and (6) determining the accuracy and

efficiency of the simulation. The success of implementing the Monte Carlo simulation in design will depend

on how accurately each element is addressed. All these steps are discussed briefly in the following sections.

Step 1: Defining the problem in terms of all the random variables. The function that needs to be

simulated must be defined in terms of all the random variables present in the formulation. For example,

if the uncertainty in the applied bending moment, Ma, at the midspan of a simply supported beam of

span L loaded with a uniform load w per unit length and a concentrated load P at the midspan needs to

be evaluated, the problem can be represented as

Ma ¼ wL2=8þ PL=4 ð12:32Þ

In this equation, if the span is assumed to be a known constant but w and P are random variables with

specified statistical characteristics, then the applied moment is also a random variable. Its probabilistic

characteristics can be evaluated using simulation.

On the other hand, if the probability of failure of the same beam is of interest and MR is denoted as its

bending moment capacity, the corresponding function to be simulated is

gð Þ ¼ MR 	 ðwL2=8þ PL=4Þ ð12:33Þ

In this case, MR is expected to be a random variable in addition to w and P. The probability of failure

of the beam can be evaluated by studying cases where g( ) will be negative or where the applied moment

is greater than the resisting moment.

Step 2: Quantifying the probabilistic characteristics of all the random variables. The uncertainties

associated with most of the random variables used in structural engineering have already been quantified
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by their underlying distributions and the parameters needed to define them uniquely. The subject has

been discussed in detail by Haldar and Mahadevan [14] and will not be discussed further here.

Step 3: Generating random numbers for all the variables. The generation of random numbers according

to a specific distribution is the heart of Monte Carlo simulation. All modern computers have the

capability to generate uniformly distributed random numbers between 0 and 1. The computer will

produce the required number of uniform random numbers corresponding to an arbitrary seed value

between 0 and 1. In most cases, these are known as pseudorandom numbers and provide a platform for

all engineering simulations.

Since most random variables are not expected to be uniform between 0 and 1, it is necessary to

transform a uniform random number ui between 0 and 1 to another random number with the

appropriate statistical characteristics. The inverse transformation technique [14] is commonly used for

this purpose. In this approach, the CDF of a random variable X, FX(xi) is equated to the generated

random number ui. Thus

FXðxiÞ ¼ ui ð12:34Þ

or

xi ¼ F	1
X ðuiÞ ð12:35Þ

If xi is a uniform random variable between a and b, and ui is a uniform random number between 0

and 1, then it can be shown that

ui ¼
xi 	 a

b 	 a
ð12:36Þ

or

xi ¼ a þ ðb 	 aÞui ð12:37Þ

when a¼ 0 and b¼ 1, xi¼ ui, which is obvious.

If X is a normal random variable with a mean of mX and a standard deviation of sX, then a normal

random number xi corresponding to a uniform number ui between 0 and 1 can be shown to be

xi ¼ mX þ sXF	1ðuiÞ ð12:38Þ

where F	1 is the inverse of the CDF of a standard normal variable. Similarly, if X is a lognormal random

variable with parameters lX and BX, then xi can be generated according to the lognormal distribution as

xi ¼ exp½lX þ BXF
	1ðuiÞ ð12:39Þ

Most computers will generate random numbers for commonly used distributions. If not, the above

procedure can be used to generate random numbers for a specific distribution.

Step 4: Evaluating the problem deterministically for each set of realizations of all the random variables.

N random numbers for each of the random variables present in the problem will give N sets of random

numbers, each set representing a realization of the problem. Thus, deterministically solving the problem

defined in Step 1 N times will give N sample points. The generated information will provide the

uncertainty in the response variable. Using N sample points and standard procedures, all the necessary

statistical information can be collected, as briefly discussed next.

Step 5: Extracting probabilistic information from N such realizations. Simulation can be used to evaluate

the uncertainty in the response variable like Ma in Equation 12.32. However, if the objective is only to

estimate the probability of failure, the following procedure can be used.

If the value of g( ) in Equation 12.33 is negative, it indicates failure. Let Nf be the number of simulation

cycles when g( ) is negative and let N be the total number of simulation cycles. The probability of failure

can be expressed as

pf ¼
Nf

N
ð12:40Þ
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Step 6: Determining the accuracy and efficiency of the simulation. The probability of failure using

Equation 12.40 is a major concern. The estimated probability of failure will reach the true value when

N approaches infinity. When pf and/or N are small, a considerable amount of error is expected in

the estimated value of pf. Haldar and Mahadevan [14] discussed the related issues in great detail.

The following recommendation can be followed. In many structural engineering problems, the prob-

ability of failure could be smaller than 10	5, that is, on average only 1 out of 100,000 simulations would

show a failure. At least 100,000 simulation cycles are required to predict this behavior. For a reasonable

estimate, at least 10 times this minimum, that is, 1 million simulation cycles, is usually recommended to

estimate the probability of failure of 10	5. Thus, if n random variables are present in a formulation to be

simulated, n� 106 random numbers are required. Simulation could be cumbersome or tedious for

structural reliability evaluation. However, simulation is routinely used to verify a new theoretical method.

12.7.2 Variance Reduction Techniques

The discussion of simulation will not be complete without discussing variance reduction techniques

(VRTs). The concept behind simulation presented in the previous section is relatively simple. However,

its application to structural engineering reliability analysis depends on the efficiency of the simulation.

The attractiveness of the simulation method can be greatly improved if the probability of failure can

be estimated with a reduced number of simulation cycles. This led to the development of many VRTs.

The efficiency of simulation can be improved by using VRTs, which can be grouped in several ways [14].

One approach is to consider whether the variance reduction method alters the experiment by altering the

input scheme, by altering the model, or by special analysis of the output. The VRTs can also be grouped

according to description or purpose (i.e., sampling method, correlation methods, and special methods).

The sampling methods either constrain the sample to be representative or distort the sample to

emphasize the important aspects of the function being estimated. Some of the sampling methods are

systematic sampling, importance sampling, stratified sampling, Latin hypercube sampling, adaptive

sampling, randomization sampling, and conditional expectation. The correlation methods employ

strategies to achieve correlation between functions or different simulations to improve the efficiency.

Some of the VRTs in correlation methods are common random numbers, antithetic variates, and control

variates. Other special VRTs include partition of the region, random quadratic method, biased esti-

mator, and indirect estimator. The VRTs can also be combined to further increase the efficiency of the

simulation. The details of these VRTs cannot be presented here but can be found in Haldar and

Mahadevan [14].

The type of VRT that can be used depends on the problem under consideration. It is usually

impossible to know beforehand how much efficiency can be improved using a given technique. In most

cases, VRTs increase the efficiency in the reliability estimation by using a smaller number of simulation

cycles. Haldar and Mahadevan [14] noted that VRTs increase the computational difficulty for each

simulation, and a considerable amount of expertise may be necessary to implement them. The most

desirable feature of simulation, its basic simplicity, is thus lost.

12.7.3 Simulation in Structural Design

As mentioned earlier, simulation can be an attractive alternative to estimate the reliability of a structural

system. Simulation will enable reliability estimation considering realistic nonlinear structural behavior,

the location of a structural element in a complicated structural system, correlation characteristics of

random variables, etc. Reliability evaluation using a classical method like FORM essentially evaluates the

reliability at the element level. Thus, simulation has many attractive features. It also has some defi-

ciencies. Like other reliability methods, if the reference or allowable values are not known, it will be

unable to estimate the reliability. The outcome of the simulation could be different depending on the

number of simulation cycles and the characteristics of the computer-generated random numbers. One

fundamental drawback is the time or cost of simulation. Huh and Haldar [21] reported that simulating
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100,000 cycles in a supercomputer (SGI Origin 2000) to estimate the reliability of a one-bay two-story

steel frame subjected to only 5 s of an earthquake loading may take more than 23 h. Using an ordinary

computer, it may take several years.

It is clear that the simulation approach provides a reasonable alternative to the commonly used

codified approach. However, there are still some issues that need to be addressed before it can be adopted

in structural design. Further evaluation is needed of issues related to the efficiency and accuracy of the

deterministic algorithm to be used in simulations, appropriate quantification of randomness, defining

the statistical characteristics and performance functions, the selection of reference or allowable values,

evaluating the correlation characteristics of random variables in complex systems, simulation of random

variables versus random field, simulation of multi-variate random variables, system reliability, the effect

of load combinations, time-dependent reliability, available software to implement the simulation-based

concept, etc. The documentation of case studies will help in this endeavor.

EXAMPLE

Since each computer is expected to give different sets of random numbers, it may not be practical to give

a detailed example to demonstrate the application of the simulation method in reliability analysis.

However, a simple example is given to illustrate its many desirable features.

Suppose the probability of failure of a steel beam needs to be evaluated. The limit state function can be

defined as

gð Þ ¼ FyZ 	Ma ð12:41Þ

where Fy is the yield stress, Z is the plastic section modulus, and Ma is the applied bending moment. The

statistical characteristics of these variables are given in Table 12.3.

The probability of failure of the beam can be calculated in several ways [22] and the results are

summarized in Table 12.4. If distributional information on the three random variables is ignored, then

according to MVFOSM, the probability of failure is found to be 0.007183. However, if FORM is used, the

corresponding probability of failure is found to be 0.023270. These probabilities of failure are quite

different. Simulation can be used to establish which number is correct.

In the third column of Table 12.4, the probabilities of failure for several simulation cycles are given for

direct Monte Carlo simulation. The results indicate that if the simulation cycles are relatively small, the

TABLE 12.3 Statistical Characteristics of Random Variables

Variables Mean value COV Probability distribution

Fy 262.0 MPa 0.10 Normal

Z 8.19� 10	4 m3 0.05 Lognormal

Ma 113.0 kN m 0.30 Type II

TABLE 12.4 Probability of Failure Evaluations Using Different Methods

Monte Carlo simulation

MVFOSM FORM Direct

Conditional

expectation VRT

Conditional expectation

plus antithetic

variates VRT

b¼ 2.448 b¼ 1.990 N¼ 10 0.000000a 0.021626 0.023266

P(failure)¼ 0.007183 P(failure)¼ 0.023270 N¼ 50 0.000000a 0.022071 0.024660

N¼ 100 0.000000a 0.021425 0.024322

N¼ 500 0.018000 0.024250 0.024233

N¼ 1000 0.021000 0.025025 0.024489

a Nf¼ 0, for these cases.
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direct Monte Carlo simulation method cannot accurately predict the probability of failure. However, as

the number of simulation cycles increases, the probability of failure approaches the value obtained

using FORM. The important conclusion is that MVFOSM should not be used for structural reliability

evaluation.

Columns 4 and 5 give the probabilities of failure using the conditional expectation VRT and condi-

tional expectation plus antithetic variates VRT. The results indicate the power of the VRTs.

In both VRT schemes, only ten simulations are necessary to predict the underlying probability of failure.

This simple example indicates that a considerable amount of additional desirable information can be

collected by intelligently solving the problem ten times deterministically instead of solving it only once.

12.8 Future Directions in Reliability-Based Structural Design

The discussion of reliability-based structural design would be incomplete without commenting on future

trends. Some important directions are discussed below.

12.8.1 A New Hybrid Reliability Evaluation Method

As pointed out by Haldar and Marek [23], the available reliability evaluation techniques are not capable

of estimating the risk of realistic structures. Simulation is an attractive alternative but it can be

very inefficient. To address these concerns and combining the desirable features of theoretical and

simulation-based techniques, Huh and Haldar [21,24] proposed a hybrid approach. The algorithm

intelligently integrates the concepts of the response surface method, the finite element method, FORM,

and an iterative linear interpolation scheme. In this algorithm, a real structure is represented as rea-

listically as possible by finite elements. The behavior of the structure is traced considering all major

sources of nonlinearity and uncertainty under static and dynamic loading conditions. The coordinates of

the most probable failure point or design point are evaluated by FORM, and then a response surface is

generated around this point by multiple deterministic analyses of the structure. Conceptually, this part

of the algorithm is similar to the Monte Carlo simulation technique; however, the simulation is con-

ducted around highly selective experimental design points required for the response surface method,

removing the inefficiency in the algorithm.

Huh and Haldar have shown that instead of conducting 100,000 cycles on Monte Carlo simulation,

the probability of failure of a realistic nonlinear steel frame can be obtained with only 50 runs without

compromising the accuracy of the estimation. The unique feature of the algorithm is that actual dynamic

loading including earthquake loading can be applied in the time domain. This enables the most realistic

representation of the dynamic loading condition and provides an alternative to the classical random

vibration approach. The method is expected to play a major role in the reliability analysis of real

structures under static and dynamic loading conditions in the future.

12.8.2 Education

Lack of education could be a major reason for the profession’s avoidance of the reliability-based

structural design concept. However, there are some recent major developments in this area. In the Czech

Republic, CSN 7314 01-1998 (Appendix A) [25] is one of the pilot codes that allows the Monte Carlo

simulation as a design tool. It was pointed out [19] that in Canada, a 14 km long bridge with a span

length of 250 m was recently built. The code did not cover this design, and simulation was used.

Reliability-based design is very common for offshore structures. In Europe, highway and railway

companies are using simulation for assessment purposes. In the United States, the general feeling is that

we are safe if we design according to the design code but this is not entirely true. According to a judge,

designers should use all available means to satisfy performance requirements. The automotive industry

satisfied the code requirements in one case, but a judge ruled that they should have used simulation to

address the problem more comprehensively.
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Some of the developments in risk-based design using simulation are very encouraging. Simulation

could be used in design in some countries, but it is also necessary to look at its legal ramifications. In

some countries, code guidelines must be followed to the letter, and other countries permit alternative

methods if they are better [19]. In Europe, two tendencies currently exist: Anglo-Saxon (more or less free

to do anything) and middle-European (fixed or obligatory requirements). Current Euro-code is obli-

gatory. We need to change the mentality and laws to implement simulation or the reliability-based

design concept in addressing real problems.

In the context of education of future structural engineers, the presence of uncertainty must be

identified in design courses. Reliability assessment methods can contribute to the transition from

deterministic to a probabilistic way of thinking for students as well as designers. In the United States, the

Accreditation Board of Engineering and Technology now requires that all civil engineering under-

graduate students demonstrate knowledge of the application of probability and statistics to engineering

problems, indicating its importance in civil engineering education.

Most of the risk-based design codes are the by-product of education and research at the graduate level.

A pilot international project titled TERECO (TEaching REliability COncepts), sponsored by the

Leonardo da Vinci Agency in Europe [26], was very successful.

In summary, the profession is moving gradually toward accepting the reliability-based design concept,

and the structures group is providing leadership in this regard.

12.8.3 Computer Programs

As mentioned earlier, many theoretical procedures with various degrees of complexity have been

developed over the last few decades; however, they are not popular with practicing engineers. One issue

could be the lack of user-friendly software. Two types of issues need to be addressed. Reliability-based

computer software should be developed for direct applications or the reliability-based design feature

should be added to commercially available deterministic software. Some of the commercially available

reliability based computer software are briefly discussed next.

NESSUS (Numerical Evaluation of Stochastic Structures Under Stress) was developed by the South-

west Research Institute [27,28] under the sponsorship of the NASA Lewis Research Center. It combines

probabilistic analysis with a general-purpose finite element/boundary element code. The probabilistic

analysis features an advanced mean value technique. The program also includes techniques such as fast

convolution and curvature-based adaptive importance sampling.

PROBAN (PROBability ANalysis) was developed at Det Norske Veritas, Norway, through A.S. Veritas

Research [29]. PROBAN was designed to be a general-purpose probabilistic analysis tool. It is capable of

estimating the probability of failure using FORM and SORM for a single event, unions, intersections,

and unions of intersections. It has a library of standard probability distributions. The approximate

FORM/SORM results can be updated through an importance sampling simulation scheme. The prob-

ability of general events can be computed using Monte Carlo simulation and directional sampling.

CALREL (CAL-RELiability) is a general-purpose structural reliability analysis program designed to

compute probability integrals in the form given by Equation 12.13. CALREL was developed at the

University of California at Berkeley by Liu et al. [30]. It incorporates four general techniques for

computing the probability of failure: FORM, SORM, directional simulation with exact or approximate

surfaces, and Monte Carlo simulation. It has a library of probability distributions of independent

and dependent random variables. Additional distributions can be included through a user-defined

subroutine.

Under the sponsorship of the Pacific Earthquake Engineering Research (PEER) Center [31], a

multiuniversity team developed a general-purpose finite element reliability code within the framework

of OpenSees. A web address is given in the references for further information on the program [31].

Structural engineers without a formal education in reliability-based design may not be able to use these

computer programs. They can be retrained with very little effort. They may be very knowledgeable using

existing deterministic analysis software including commercially available finite element packages.
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This expertise needs to be integrated with the reliability-based design concept. Thus, probabilistic

features may need to be added to the deterministic finite element packages. Proppe et al. [32] discussed

the subject in great detail. For proper interface with deterministic software, they advocated a graphical

user interface, a communication interface that must be flexible enough to cope with different application

programming interfaces and data formats, and the reduction of problem sizes before undertaking

reliability analysis. COSSAN [33] software attempted to implement the concept.

The list of computer programs given here is not exhaustive. However, these programs are being

developed and are expected to play a major role in implementing reliability-based structural analysis and

design in the near future.

12.9 Concluding Remarks

The state of the art in reliability-based structural analysis and design has been presented in brief in this

chapter. Some of the theoretical methods currently available were discussed. The use of the simulation

technique is advocated as an alternative to theoretical models. A hybrid method proposed by the author

combining the desirable features of theoretical methods and simulation technique was discussed.

All major structural design codes for concrete, masonry, steel, and wood are now using the LRFD

concept, which is essentially a reliability-based design concept. In spite of significant developments in the

reliability-based structural design concept, it is not popular with practicing structural engineers. Issues

related to this were discussed. Since reliability-based structural design may be the only design option

worldwide in the near future, it is hoped that this discussion will help readers stay ahead of the curve.
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13
Structure

Configuration Based
on Wind Engineering

13.1 Introduction

When a structure is immersed in an air stream, aerodynamic forces are induced in the structures by the

air stream and the aerodynamic forces apply on the structure as wind load generating deflection and

vibration. Flexible structures like high-rise buildings and long-span bridges are susceptible to deflection

and vibration under wind action. In order to reduce the deflection or to control the vibration of

the structure, the effect of aerodynamic/aeroelastic forces should be reduced. The best method for the

reduction of the aerodynamic force effect is to adapt a structural configuration that can reduce the

aerodynamic/aeroelastic force effect. For this purpose, when designing a flexible structure susceptible to

vibration under wind action, it is necessary and useful for structural engineers to understand the

mechanism of the process generating aerodynamic forces and the relationship between structural

configuration and aerodynamic forces.
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The following steps are an outline of the design for the structure susceptible to vibration under wind

action:

1. Decide the design wind speed for the structure by using data measured previously at

meteorological observatories close to the construction site.

2. Estimate the wind load applying on the structure under the design wind speed.

3. When the wind load exceeds the design wind load, improve the proposed structural configuration

so as to possess a smaller wind load based on the data previously measured or the results of wind

tunnel tests conducted to find a better configuration.

4. Check the occurrence of aeroelastic vibrations, after confirmation that the wind load is smaller

than the design wind load. If the occurrence of aeroelastic vibrations is predicted, the structural

configuration should be further improved to be the vibration amplitude less than the allowable

value so as not to induce the aeroelastic vibrations.

This chapter deals with the mechanism of the process generating aerodynamic forces and the rela-

tionship between the structural configuration and wind load or aeroelastic vibration induced in the

structure.

13.2 Effects of Wind Load

Aerodynamic forces are drag force, lift force, and aerodynamic moment. The drag force is a force parallel

to the wind direction, the lift force is a force perpendicular to the wind direction, and the aerodynamic

moment is a rotating force around a specified point. When the terminology of wind load is used, the

wind load usually indicates the drag force.

13.2.1 Mechanism of Wind Load

A cross-sectional shape of structural member is usually a nonstreamline shape, which is called a ‘‘bluff

body.’’ The representative shapes of a bluff body used in a structure are circular and rectangular cross-

sections.

Figure 13.1 shows flow visualization around a circular cross-section structure [1]. The approaching

flow separates at an angle y of about 80�, which is measured at the center of the circular section from

the stagnation point to downstream direction along the surface. The separated flows on upper and

lower sides roll up from both separation points and vortex streets are generated in a wake of the bluff

body. The vortex vibrates with frequency linearly proportional to the wind velocity as discovered by

Strouhal [2]. Figure 13.2 shows the mean pressure distribution around the circular structure [3].

Positive pressure is induced on the upstream surface and negative pressure on the downstream surface

and on both upper and lower side surfaces. The drag force is calculated by subtracting pressure on

downstream surfaces from pressure on upstream surface of the structure. That is, the drag force is

generated by the pressure difference between upstream and downstream surfaces. The mechanism

generating drag force is simple for a single bluff body as mentioned above, but complicated for multiple

bluff bodies. In this section, the drag force coefficients for a single body and multiple bodies are

introduced for structural engineers.

Coefficients for drag and lift forces and aerodynamic moment are CD, CL, and CM, respectively, and

defined as follows:

CD ¼
FD

1
2
rU 2A

, CL ¼
FL

1
2
rU 2A

, CM ¼
FM

1
2
rU 2BA

ð13:1Þ
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where r, U, A, and B are air density, wind velocity, representative area (usually projected area per-

pendicular to wind direction), and representative width, respectively. FD, FL, and FM are the drag and the

lift forces and the aerodynamic moment, respectively.

Strouhal number St is useful to predict the onset wind velocity of vortex-excited vibration. The

definition of Strouhal number is

St ¼ fvD

U
ð13:2Þ

where fv, D, and U are frequency of vortex in the wake, representative length (usually height projected

perpendicularly to wind direction), and wind velocity, respectively.

In some following figures, Strouhal number is indicated with drag force coefficients.

13.2.2 Configuration Effect for Single Bluff Body

13.2.2.1 Side Ratio Effect of Rectangular Cross-Section Structure

The drag force of a rectangular cross-section structure (rectangular structure) changes with a variety

of side ratios as shown in Figure 13.3 [3]. When side ratio B/D¼ 0, the rectangular structure is

FIGURE 13.1 Flow visualization of the wake of a circular structure [1].

Separation  point

Stagnation  point

U = 0P∞, U∞

Us, Pb

Pb Base pressure

FIGURE 13.2 Rough sketch of the pressure distribution of a circular structure [3].
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a flat plate installed perpendicular to the wind direction; when the side ratio is large to infinity, the

rectangular structure is a flat plate installed parallel to the wind direction.

The drag force of a rectangular structure is strongly related to flow pattern around the rectangular

structure:

1. In the case of B/D< 0.6, separation flow is completely separated. The separated shear layers from

both upstream edges flow down without reattaching to the side surfaces and roll up alternately in

the wake to construct Karman vortex streets. In this region, the distance between the rolling up

position of the separated flow and the downstream surface of the structure becomes shorter with

increment of B/D and the base pressure on the downstream surface decreases remarkably. As a

result, the drag force increases with increment of B/D. At about B/D¼ 0.6, the rolling up position

becomes nearest to the downstream surface of the structure to be a peak value of the drag force

in variety of B/D.

2. In the case of 0.6<B/D< 2.8, the approaching flow is also completely separated. In this

region, the separated flow interferes with the downstream corners of the structure to increase

the distance between the rolling up position and the downstream surface of the body

and increases the pressure on the downstream surface (which is called pressure recovery). As

a result, the drag force decreases with increment of B/D. At the same time, the interval of

vortex occurrence increases with increment of B/D and Strouhal number decreases as shown in

Figure 13.3.

3. In the case of B/D> 2.8, the separation flow steadily reattaches to the side surface and separates

again at a further downstream position than the reattachment position on the side surface to

construct the Karman vortex streets in the wake of the body. The separation flow periodically

reattaches to the surfaces and constructs vortex as on the surfaces. This region is called the

complete reattachment region of separation flow.
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FIGURE 13.3 Base pressure, drag force, and Strouhal number to side ratio B/D of a rectangular cross-section

structure [3].
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13.2.2.2 Drag Reduction Method

13.2.2.2.1 Corner Shape Effect

The drag force of the rectangular cross-section structure can be reduced by making corners round or by

cutting corners. Figure 13.4 shows one example for the reduction of the drag force of a square structure

[4]. The horizontal axis indicates the ratio of radius of rounded corner to side length and the vertical axis

indicates the drag force coefficient. Type 2 is the square structure with a rounded corner at upstream

corners, Type 3 has four rounded corners, and Type 4 has a rounded corner at downstream corners. The

drag force of Type 2 decreases with increase in the radius of the rounded corner. The drag force of Type 4

takes a little larger value than the value of a square structure without rounded corners. Type 3 takes the

value between Type 2 and Type 4. Referring to the results, it is clear that it is very important to reduce the

drag force to make upstream corners round or of cutting shape. On the other hand, making downstream

corners round has no effect in the reduction of drag force.

13.2.2.2.2 Roughness Effect

Figure 13.5 shows the drag force of a circular cross-section structure to Reynolds number [5]. Reynolds

number (Re) is defined as the ratio of inertial force to viscous force of fluid:

Re ¼ UD

n
ð13:3Þ

where U, D, n are wind velocity, representative length, and kinetic viscosity, respectively.

The circular cross-section structure is susceptible to the influence of Re as shown in Figure 13.5. The

drag force coefficient of a circular cross-section structure with a smooth surface takes a constant value of

1.2 in region of Re< 1.5� 105 and the drag force coefficient decreases with increment of Re up to

Re¼ 3.5� 105 (which is the critical Reynolds number) and increases gradually with increment of Re. In

the region larger than the critical Reynolds number (which is the supercritical region), the drag force is

about less than half of the value in the subcritical region. If the same condition of fluid around the

circular cross-section structure is realized in the subcritical region as in the supercritical region by using

some method, the drag force can be reduced to half the value of the drag force of a cylindrical member in

a subcritical region. In the supercritical region, the fluid around the structure is in the state of turbulent

flow. By attaching artificial roughness on the surface of the cable, the fluid around the structure can be

made turbulent and the drag force reduced. The result in Figure 13.6 was obtained from the work to
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FIGURE 13.4 Drag force coefficient of a square cylinder with a rounded corner [4].
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reduce the drag force of a cable for a long-span cable-stayed bridge [6]. Referring to the results, the cable

with indented surface (C2 and C3) takes a smaller drag force than the cable with uniform roughness (B3).

The indented cable was adopted for the cable of Tatara Bridge in Japan, which is the world’s longest

cable-stayed bridge, and opened to traffic in 1999.

The Strouhal number and the drag force for various structural members are shown in Table 13.1 and

Table 13.2 in Section 13.4.

13.2.3 Vicinity Arrangement Effect of Multiple Bluff Bodies [48]

When structures are built or placed in the vicinity area, their wind loads vary through the arrangement of

the structures, the distance between structures, and the number of structures. The flow condition varies

based on the relative distance between structures and wind load takes various values corresponding to

the vicinity arrangement condition.
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13.2.3.1 Side by Side Arrangement

The definition of wind load is indicated in Figure 13.7 for a side by side arrangement. In the case of

side by side arrangement, since the fluid around a body flows in an asymmetric flow pattern, the lift

force is also induced along with the drag force. The wakes of both structures interfere and the lift and

drag forces take various values corresponding to the distance between the two structures because of

bistable flow running in the gap between both structures. In the following explanations, interval

parameter T/D is used. T and D are spacing distance between two structures and representative

length, respectively.

Figure 13.8 shows the lift and drag force coefficients of circular structures of side by side arrangement

[7]. It is seen that both coefficients take two values against the interval parameter T/D and this fact
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FIGURE 13.7 Side by side arrangement of two structures with: (a) circular and (b) rectangular cross-sections.
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FIGURE 13.8 Lift and drag force coefficients for the side by side arrangement to T/D [7].
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supports the idea that the flow around the structures is in a bistable state. For a very small value of the

spacing ratio T/D¼ 1.125, one structure shows negative lift, that is, the attractive force acts between the

two structures. On the other hand, for a spacing ratio larger than T/D¼ 1.125, the repulsive lift force

between the two structures acts. The lift force takes the extreme value at T/D just larger than 1.125 and

decreases with increment of T/D in the region of T/D larger than 1.125. The drag force takes the extreme

value at a very small spacing ratio of T/D and gradually decreases to the value of a single body with

increment of T/D. The bistable flow disappears in the region of T/D larger than 3.

Figure 13.9 shows the drag and lift forces of square structures arranged side by side [8]. In the region of

T/D less than 3, a bi-stable flow is generated also in the case of circular structures arranged side by side.

The drag and lift forces take two values against each T/D. Since the lift force takes a negative value over

the whole region of T/D, the attractive force acts on both structures. The life force takes a positive value

only in the region 1.8<T/D< 2.4. Different from the case of circular structures, the square structures

generally take negative values of lift force.

Figure 13.10 shows drag and lift force coefficients of rectangular structures arranged side by side for

various side ratios [8]. In the region of side ratio larger than 4, the lift force is positive. Therefore, the lift

force changes its sign at side ratio around B/D¼ 4 for the cases of T/D¼ 2 and 3. The drag force has a

similar tendency as the drag force of single rectangular structure, that is, the drag force decreases with

increment of side ratio.

13.2.3.2 Tandem Arrangement

A tandem arrangement is as practical as a side by side arrangement. In tandem arrangement, the

downstream structure is immersed in the wake of the upstream structure. Interference of flow between

structures is closely connected with the properties and behavior of the wake of an upstream structure.
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FIGURE 13.9 (a) Drag and lift force coefficient and (b) Strouhal number [8] of two square structures (B/D¼ 1) in

the side by side arrangement to T/D.
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Figure 13.11 shows the drag force coefficients to L/D (spacing ratio, L is the spacing distance between the

two structures) for tandem arrangement of circular structures [9–18]. In the figure, CD1 and CD2 indicate

drag force coefficients of upstream and downstream structures, respectively. CD1 is positive over the whole

spacing ratio and CD2 is negative in the spacing ratio less than 3.6. In the gap between two structures,

negative pressure is induced by the wake of the upstream structure. Therefore, focussing on the upstream

structure, positive pressure acts on the upstream surface and negative pressure is induced on the down-

stream surface by the structure’s own wake. As a result, the drag force of the upstream structure takes a

positive value. On the downstream structure, in case of space distance less than 3.6, negative pressure acts

on the upstream surface, induced by the wake of the upstream structure, and negative pressure on the

downstream surface. Since the absolute value of pressure for the upstream surface is larger than for the

downstream surface, the drag force becomes negative for the downstream structure. The direction of

the drag force of the downstream structure is the upstream direction. As shown in Figure 13.11, the drag

force coefficients of both structures jump at around L/D¼ 3.6. This is called ‘‘critical spacing distance.’’

In the spacing distance larger than the critical spacing distance, the effect of wake interference is weakened

and both drag force coefficients take positive values. The flow pattern for a tandem arrangement of circular

structures is shown in Figure 13.12 [19]. This figure provides useful information to understand the

relationship between spacing distance and flow patterns or wake interference.

Figure 13.13 shows drag force coefficients of a tandem arrangement of rectangular structures with

various side ratios [20–22]. The jumps of drag force coefficients are seen in rectangular structures
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FIGURE 13.10 Variation of drag and lift force coefficients to the side ratio B/D of rectangular structures for

T/D¼ 2 and 3 [8].
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with side ratio between 0.4 and 2.0 at a spacing distance of around L/D¼ 4. As seen in the tandem

arrangement of circular structures, CD2 changes its own sign from negative to positive against

increment of L/D. Therefore, the wake interference is supposed to be weakened in the region

of spacing distance over L/D¼ 4. Both drag force coefficient curves of the rectangular structures

show only small changes to a variety of spacing distances for the cases except a side ratio between

0.4 and 2.0. In the single rectangular structure, it should be pointed out that the side ratio of 0.6 is

a critical value. But in the tandem arrangement of rectangular structures the critical value is not

found.

13.2.3.3 Staggered Arrangement

When practical structures are considered, the wind direction cannot be fixed. Therefore, even if two

structures stand side by side or in tandem arrangement, the arrangement of structures becomes a

staggered arrangement depending on the wind direction. Although it is very difficult to find the uni-

versality about the behavior of aerodynamic forces for staggered arrangement of the structures, which is

induced by the complicated flow conditions, it will be useful for structural engineers to understand the

behavior of aerodynamic forces of the staggered arrangement. But the amount of experimental data is

restricted and the data presented here are only for circular structures and viaducts.

13.2.3.3.1 Circular Structures

Figure 13.14 shows the definition of location and the direction of aerodynamic forces between two

structures. Figure 13.15 and Figure 13.16 show the plot of constant lift and drag force coefficient curves

of the downstream structure, respectively [13]. Figure 13.15 shows a positive repulsive force in the

vicinity side by side arrangement and negative lift force directed toward the wake axis of the upstream

structure in the remainder of the staggered arrangement. The most remarkable feature is that there are

two different lines of maximum lift force, shown with a chain-dotted line. One is inside the upstream

structure wake for L/D up to 3. The other is nearer to the wake boundary for L/D larger than 2.7.

When the side surface of the downstream structure approaches closely to the axis of the wake of the

upstream structure, the gap flow between the two structures generates the negative lift force, and its

absolute value increases with decrement of T/D. The gap flow with high velocity induces a very low
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pressure region around both the inner and the lower sides of the downstream structure as shown in

Figure 13.17 [13]. Such a pressure distribution of the downstream structure causes a very higher lift

force.

On the other hand, Figure 13.15 and Figure 13.16 show that the slight asymmetry of the flow around

the downstream structure has an immediate effect on the lift force, but very little effect on the drag force.

A very high lift force is thus generated, but the negative drag force in a tandem arrangement is generated

by a no flow condition in the gap.

13.2.3.3.2 Viaducts in Vicinity Arrangement

Figure 13.18 shows the model arrangement to measure the drag and lift forces of staggered

arrangement of the viaducts [23]. Wind tunnel tests were conducted to obtain data for wind load to

design viaducts with a noise barrier in the staggered arrangement. Figure 13.19 and Figure 13.20 show

the drag forces of the model with a relative arrangement. On comparing drag force coefficients with
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FIGURE 13.14 Definition of location and the direction of aerodynamic forces between two structures.
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and without noise barrier, the mean value for both cases is almost equal. But the drag force in the

case of including fluctuation takes the value of 1.5 to 2 times the mean value. This means that in the

staggered arrangement of the viaducts, the fluctuating force applying on the downstream viaduct is

very large. Therefore, in the design of staggered arrangement viaducts, the wind load should be

decided by considering the addition of the fluctuating component to the mean value.

13.3 Control of Aeroelastic Responses

Flexible structures are easy to vibrate under wind action. By the degree of intensity of the vibration,

the structure is destroyed, or it becomes fatigued. Therefore, methods should be developed to reduce

the degree of intensity of the vibration and to keep it safe. One of the methods is to adopt a structural
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configuration able to reduce the aeroelastic forces. It is, however, necessary to understand the

mechanism of aeroelastic vibrations before investigating the method.

13.3.1 Mechanism of Aeroelastic Vibration of Structures

Aeroelastic vibrations of flexible structures are classified into four types of vibrations (Figure 13.21):

(1) vortex-excited vibration, (2) self-excited vibrations including galloping and flutter, (3) buffeting

in natural wind, and (4) aerodynamic interference vibration. Vertical and horizontal axes indicate

amplitude of vibration and wind velocity, respectively. In the following sections, each vibration will

be discussed.

13.3.1.1 Vortex-Excited Vibration

The vortex alternately sheds from one side to another in the wake of the bluff body as shown in

Figure 13.1. The shedding frequency is linearly proportional to the wind velocity. The pressure fluctu-

ation occurs on the surface of the bluff body corresponding to the shedding frequency. When the

shedding frequency is equal to the natural frequency of the structure, the force generated by the fluctu-

ation of the surface pressure becomes resonant with the vibration of the structure. Another definition is

that the vortex-excited vibration is the vibration whose frequency coincides with the vortex shedding

frequency. The vortex-excited vibration occurs usually at a relatively lower wind velocity as shown in

Figure 13.21. As already mentioned, each bluff body possesses an intrinsic value of Strouhal number.

Incidentally, St¼ 0.2 for a circular structure, St¼ 0.12 for a square structure.

Figure 13.22 shows a typical example of vortex-excited vibration of a circular structure elastically

supported with springs as indicated in the figure. The frequency of the wake of the circular structure in

stationary state increases with increment of wind velocity as an inclined line in the figure. But

the frequency of the wake of the circular structure supported with elastic springs takes a constant value

almost equal to the natural frequency of the vibration system during the vibration of the structure. The

region is called ‘‘locking-in region’’ or ‘‘locked-in region,’’ which is a kind of synchronization phe-

nomenon that the wake synchronizes with the natural frequency of vibration system. This is called

‘‘vortex-excited vibration.’’ In the condition of vortex-excited vibration, the frequencies of both wake

and bluff body coincide with each other. Since the amplitude and the region of wind velocity for vortex-

excited vibration are limited, this vibration has another name, ‘‘limited vibration.’’

Onset wind velocity of vortex-excited vibration can be estimated from the Strouhal number. In the

equation defining Strouhal number (Equation 13.2), all that is needed is to replace fv as the frequency of

the wake with the natural frequency f0 of the vibration system. The onset wind velocity Ucr (critical wind

velocity) can be estimated by the following equation:

Ucr ¼
f0d

St
ð13:4Þ

The expression by reduced wind velocity is as follows:

Ur,cr ¼
Ucr

f0d
¼ 1

St
ð13:5Þ

Therefore, Strouhal number directly gives the onset wind velocity by the reduced wind velocity

expression for the vortex-excited vibration. Ur,cr¼ 5 is for a circular structure and Ur,cr¼ 8.33 is for a

square structure. Other expressions for the onset wind velocity are Ucr¼ 5f0d for the circular structure

and Ucr¼ 8.33f0d for the square structure.

13.3.1.2 Self-Excited Vibration

Although almost aeroelastic vibration has characteristics of self-excited vibration, galloping and flutter

are regarded to be representative self-excited vibrations. The term ‘‘galloping’’ is usually used for
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self-excited vibration including heaving vibration mode, and the term ‘‘flutter’’ is used for self-excited

vibration including torsional vibration mode. Self-excited vibration is a vibration that increases

the vibration amplitude by adding force induced by the motion of the body in the air as shown in

Figure 13.23. Therefore, once a vibration occurs, the vibration grows to a large amplitude to collapse

the structure.

The explanation for self-excited vibration by the equation of motion is as follows: m is the mass of the

vibration system, c is the structural damping constant, k is the spring constant, y is the displacement,

F0 is the fluctuation amplitude of the aeroelastic force, o is the frequency of the aeroelastic force, and b is

the phase lag of the aeroelastic force to displacement. The equation of motion is

m€yy þ c _yy þ ky ¼ F0 sinðot þ bÞ
¼ F0 cosb sinot þ F0 sinb cosot

by putting y ¼ y0 sinot , _yy ¼ oy0 cosot

¼ F0 cos b
y

y0

þ F0 sin b
_yy

oy0

ð13:6Þ
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FIGURE 13.22 Vortex-excited vibration of a circular cross-section structure elastically supported with springs.
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rewriting the equation by moving the right-hand side to the left-hand side

m€yy þ c � F0 sin b
oy0

� �
_yy þ k � F0 cos b

y0

� �
y ¼ 0 ð13:7Þ

The required condition for vibration growth is that a term proportional to velocity of displacement is

negative. This is the condition for the occurrence of self-excited vibration

c � F0 sin b
oy0

� �
	 0 ð13:8Þ

when c¼ 0, sin b
 0. That is, when b
 0, self-excited vibration occurs. The meaning of b
 0 is that

external force F0 works before displacement increases the amplitude.

An interesting expression is used to explain vibration. Figuratively speaking, a horse beaten to run is

forced vibration. A horse is chasing a carrot to eat which is hung down from a bar fixed on her back. The

horse will increase its running speed with the intention of bringing the carrot into its mouth. This is

literally self-excited phenomenon.

The following phenomena are classified into self-excited vibration.

13.3.1.2.1 Galloping

A square section and D-type section induce galloping. Figure 13.24 shows a spring-mass vibration

system under wind action. When the mass goes downward, the mass receives the upward wind.

Considering the moment when the mass is going down, the aerodynamic forces act on the mass as shown

in Figure 13.25. The upward force Fy from drag and lift forces can be regarded as a driving force to heave

the mass up and down. Fy can be expressed as follows:

Fy ¼ L cos aþ D sin a ð13:9Þ

By using Taylor’s expansion at around a ¼ 0 and expressed in first order

Fy ¼
dL

da
þ D

� �����
a¼0

a ¼ 1

2
rU 2A

dCL

da
þ CD

� �����
a¼0

a ð13:10Þ

Assuming that a is very small and satisfies tan a� a, a�� _yy/U can be assumed. The equation of

motion is

m€yy þ c _yy þ ky ¼ � 1

2
rU 2A

dCL

da
þ CD

� �����
a¼0

_yy

U
ð13:11Þ

by putting o2¼ k/m, 2zo¼ c /m, and rearranging the equation

€yy þ 2zoþ rUA

2m

dCL

da
þ CD

� �����
a¼0

� �
_yy þ o2y ¼ 0 ð13:12Þ

The condition toward oscillatory instability is that the second term is negative. If z¼ 0

dCL

da
þ CD

� �����
a¼0

< 0 ð13:13Þ

Wind Aerodynamic force Vibration system Response

Adding force

FIGURE 13.23 Explanation of self-excited vibration.
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becomes the condition for oscillatory instability. This is the well known Den Hartog criterion. The

criterion teaches us that it is possible to estimate the occurrence of galloping from the lift forces to the

angle of attack.

Figure 13.26 shows the lift force coefficient to the angle of attack of a square structure [4]. The

meaning of the negative slope at zero angle of attack is as follows. When the square structure is going

down, the square structure receives upward wind with the positive angle of attack and the downward

force Fy is generated through the negative lift force. Therefore, Fy acts to help increase the downward

displacement, that is, the force acting on the structure has the same direction as the movement of the

structure, and the amplitude of vibration increases infinitely in linear vibration system. This is the

mechanism of galloping. The method to estimate the dynamic behavior by using static parameters is

called as the quasisteady theory. The galloping of a square structure is a representative example to which

the quasisteady theory is applicable.

13.3.1.2.2 Stall Flutter

Shallow rectangular sections and shallow H-sections induce stall flutter, which is the torsional type self-

excited vibration with single degree of freedom. Since this type of flutter is induced by the separation

flow from the leading edge of the shallow body, it is also called ‘‘separation flow flutter.’’

13.3.1.2.3 Classical Flutter

A flat plate induces classical flutter, which is the self-excited vibration with two degrees of freedom.

Heaving and torsional vibrations are coupled and this is the most intense self-excited vibration.
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FIGURE 13.24 Spring-mass system subjected to wind action.
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FIGURE 13.25 Heaving force by drag and lift forces and relative wind velocity.
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Other names are ‘‘coupled flutter’’ and ‘‘potential flutter.’’ In this flutter, the flow around the flat plate is

the potential flow without separation from the leading edge.

13.3.1.3 Buffeting and Aerodynamic Interference Vibration

13.3.1.3.1 Buffeting

When the approaching flow to a structure is turbulence, the structure is forced to vibrate randomly due

to the random external force induced by the turbulent flow. Buffeting is inherently a random vibration

due to the aerodynamic random force induced by upstream turbulence which is generated by the

existence of the upstream structure.

13.3.1.3.2 Aerodynamic Interference Vibration

When the structures or structural members are arranged in the vicinity area, an upstream structure or

member affects the approaching flow to a downstream structure and the behavior of the downstream

structure. For example, in bundle cable of cable-stayed bridges, the downstream cable intensely vibrates,

affected by the wake of the upstream cable. As the structure for city life becomes complicated, the

number of buildings and viaducts built in the vicinity area increases and the problems associated with

aerodynamic interference tend to increase. Since the phenomena are complicated and various, as

introduced later, it is very difficult to solve the problem by the deterministic method.

13.3.1.4 Mechanism of aeroelastic vibration of shallow section

Figure 13.27 shows the vortex arrangement on the surface in the motion of torsional and heaving

vibrations [24]. Left and right rows show the flow situation around the shallow rectangular structure in

torsional and heaving vibration, respectively, the middle row shows sketches of vortex arrangement on

the surface, and the arrow indicates force direction acting on the surface. According to the figure, the

number of vortices on the surface of the shallow rectangular structure is the same for the identical

reduced wind velocity regardless of kinds of motion.

Do inherent differences exist between the vortex-excited vibration and self-excited vibration?

According to the research associated with a shallow rectangular structure, there is no inherent dif-

ference between them. Figure 13.28 is a summarized expression concerning the mechanism of

aeroelastic vibration. The fundamental concept is that aeroelastic vibration is controlled by the vortex
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FIGURE 13.26 Lift force coefficient to angle of attack of a square structure [4].
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arrangement on both upper and lower surfaces. The assumption of the fundamental concept is that

the separation flow takes a certain time length to form a vortex on the surface and the formed vortex

flows down with the speed equal to wind velocity. Figure 13.28 also shows aeroelastic vibrations to

reduced wind velocity for torsional and heaving vibrations. The top panel indicates that torsional

vibration and heaving vibration appear alternately to increment of wind velocity, if both vibration

modes have the same natural frequency. The torsional vibration mode appears under the condition

that the number of vortices on the upper surface is equal to lower surface and the heaving

vibration occurs under the condition that there is difference of one vortex between the number of

vortices on upper and lower surfaces. From the point of view mentioned above, flutter is regarded as

torsional vibration III. In this sense, inherently there is no difference between vortex-excited vibration

and stall flutter.

13.3.2 Control of Aeroelastic Vibration of a Single Bluff Body

Since the vortex-excited vibration of a single bluff body is seen at a relatively lower wind velocity, the

occurrence frequency is highest among the various aeroelastic vibrations. Various methods have been

developed to suppress the vortex-excited vibration of tower-like structures and bridge girders. In the

following, methods to control aeroelastic vibrations are introduced as countermeasures for tower-type

or bridge girder-type structures.

Ur = 0.76 Ur = 0.80

Ur = 0.90 Ur = 0.88

Ur = 1.10 Ur = 1.08

Ur = 1.40 Ur = 1.40

(a) (b)

FIGURE 13.27 Vortex arrangement at various wind velocities [24]: (a) torsional vibration and (b) heaving

vibration.
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13.3.2.1 Tower-Type Structure

The tower-type structures are usually composed of typical bluff bodies that are circular and square

structures or shapes nearer to these. A method to suppress the vortex-excited vibrations of circular

structures has been developed. The concept of the method is to reduce the space correlation of surface

pressure in the axial direction of the bluff body. Another method is to remove the simultaneous fluc-

tuation of surface pressure along the longitudinal axis, or to remove the simultaneous separation of the

flow to generate vortices in axial direction of the bluff bodies.

The methods for structures with circular cross-section are helical winding of wire, helical strake, and

perforated shroud as shown in Figure 13.29 [25,26]. The wind tunnel test result is shown in Figure 13.30

for a chimney with helical strake [27]. Although the vortex-excited vibration occurs in the case of

chimney without helical strakes, it is completely suppressed by attaching the helical strakes.

Since octagonal and square shape cross-sections have the negative slope of lift force around zero

degrees of angle of attack as shown in Figure 13.26 and Figure 13.31 [28], they have the possibility of

galloping as mentioned in the previous section. It is necessary to develop a method for suppressing the

galloping of both shape cross-sections. The methods invented up to now are shown in Figure 13.32. They

are corner cut-outs, corner vanes, gap, and protuberant plates. The concept for corner vanes is to

suppress the separation from the corner by inducing the approaching flow along the surface. For

the corner cuts, corner cut-outs, and protuberant plates, having two corners in close proximity is the

concept to control the separation flow from the upstream separation point by contacting it to the

downstream separation point. And for gap the concept is to reduce the pressure difference between front

and back surfaces. Figure 13.33 and Figure 13.34 show the examples of wind tunnel results for corner

vanes and protuberant plates [29,30]. In each figure, the results are compared for both the cases with

and without the countermeasures. It is understood that both methods are very useful for suppressing

the galloping. Especially interesting is that the angle between two separation points affects the

performance of suppression of galloping and that there is an optimum angle around 30� (corresponding

to p/H¼ 0.3). The result is obtained from the wind tunnel tests for protuberant plates. These

countermeasures were used for steel towers of cable-stayed and suspension bridges. In these bridges,

before the cable is installed, the steel tower is in a free standing state with low structural damping and is

easy to induce vortex-excited vibration and galloping.

There is another aeroelastic problem on a tower of a cable-stayed bridge. When the tower is in the

A-shape, the in-plane vibration is sometimes induced by the wind with bridge axis direction. Since the
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FIGURE 13.28 Summarized expression for aeroelastic vibration and the corresponding vortex arrangement [24]:

(a) sketch of aeroelastic response of a shallow rectangular structure and (b) expected vortex arrangement.
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FIGURE 13.32 Types of countermeasure for bridge tower: (a) corner cut-outs; (b) corner vanes; (c) gap; and

(d) protuberant plates.
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in-plane stiffness of the tower is not improved even after cable installation, being different from the out-

of-plane rigidity, it is improved after the installation of the cable. Therefore, the in-plane vibration by the

wind in bridge axis direction is still a severe problem even after completion for a cable-stayed bridge with

an A-shape tower. Figure 13.35 shows the results of wind tunnel tests for the A- and the inverted V-shape
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towers in a free standing state [31,32]. The location of a horizontal beam remarkably affects the

aeroelastic vibration in the out-of-plane direction. The key point to suppress the aeroelastic vibration

is the selection of mounting position for horizontal beam of the tower.

Figure 13.36 shows the effect of corner-cut for the tower to the wind with perpendicular direction to

the bridge axis [32]. When the corner-cuts are conducted at up- and downstream corners, the galloping

is not suppressed; however, when the corner-cuts are conducted at only upstream corners, the aeroelastic

performance is remarkably improved.

13.3.2.2 Bridge Girder Structures

The relatively shallower cross-section is usually used for bridge girders. Especially since a cable-stayed

bridge and a suspension bridge as the representative of longer span bridge and girder bridge with longer

span than 80 m have generally low frequency and small structural damping, they are susceptible to

vibration under wind action. Various countermeasures have been developed to suppress aeroelastic

vibrations induced in bridge girders.

13.3.2.2.1 Vortex-Excited Vibration

Figure 13.37 shows typical examples of countermeasure for vortex-excited vibration of bridge girders.

The concept to suppress the vibration is to control the separation flow from the leading edge of the

girders. In the figure, (a) horizontal plates were mounted to project outboard from the lower chord of

each girder. It is expected for the plate to suppress the separation of flow from the under side of the plate

girder. (b) The open girder induced vortex-excited vibration with large amplitude. Figure 13.38 shows

the aeroelastic responses during process up to finding the final solution [33]. The figure indicates that

the amplitude of vortex-excited vibration is reduced in cases when a soffit plate is added and when a

soffit plate with wider fairing width is added. For an open deck, it is useful to suppress the vortex-excited

vibration by closing the open side by the soffit plate. The more effective means besides adding the soffit

plate is to mount the fairing with wider width. (c) Baffle plates are mounted in the inner part of the open

deck. The role of the baffle plates is to prevent the separation flow of the under side of the girder from

rolling into the open space of the girder. (d) Flaps are also useful for suppression of vortex-excited

vibration. The role of the flap is to suppress the separation at the tip of the upper surface of the deck and
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to prevent the flow from rolling on the upper surface of the deck. (e) Deflector has a similar role as the

corner vanes for the square-shaped tower introduced in the previous section. The deflector has the role

of making the fluid at the leading corner run along the girder shape. (f ) Blunt fairing was developed as

the fairing for a cable-stayed bridge made of prestressed concrete. At the present time, the blunt fairing is

also used in a steel bridge. The concept for the blunt fairing is as follows [34]. The required conditions

for a concrete bridge is to eliminate a sharp edge corner, because it is difficult to make the sharp edge

corner and the tip of the sharp edge corner is easy to break. After studying aeroelastic performance of

various blunt fairings, the upper and lower slopes of the blunt fairing is decided in the shape as shown in

Figure 13.39. Figure 13.40 shows the results during the process to decide angle of the lower slope. The

lower angle as shown in the figure was changed from 20� to 50� in every 5�. Referring to the figure, the

aeroelastic response is remarkably influenced by the lower angles of the blunt fairing. After comparison
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FIGURE 13.38 Effect of soffit plate and fairing for suppressing vortex-excited vibration of open girder [33].
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FIGURE 13.37 Countermeasures for vortex-excited vibration of shallow cross-section girder: (a) horizontal plate

at lower flange; (b) soffit plate; (c) baffle plate; (d) single flap; (e) double flap; (f ) flapþ spoiler; (g) blunt fairing;

and (h) deflector.
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FIGURE 13.39 Open deck girder with blunt fairing made of prestressed concrete: (a) open deck girder without

fairing; (b) fundamental cross-section for open deck girder; and (c) definition of �U and �L. (Kubo et al. 1993.

Reprinted with permission from Elsevier.)
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et al. 1993. Reprinted with permission from Elsevier.)
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of the wind tunnel test results, the optimum lower angle of 30� was observed. Figure 13.41 shows the

flow visualization around the girders with the blunt fairing with various angles of lower slope. In the case

of 20�, the separation flow from the lower side of the leading edge reattaches on the lower surface of

the downstream edge. In the case of 30�, the separation flow flows down without reattachment. And

in the cases of larger than 40�, the separation flow rolls in the inner space of the open deck. As a result, in

the cases of less than 30�, vortex-excited vibration is induced, and in the cases of larger than 40�, stall

flutter is induced.

13.3.2.2.2 Galloping

Since a box-girder bridge is usually constructed by using a beam with a rectangular section with a

small side ratio, the galloping is easily induced. For suppression of the galloping, it is very useful to

mount the horizontal plate on the surface of the lower part of the girder as shown in Figure 13.42

[3]. Figure 13.43 shows one of the examples of the effectiveness of the horizontal plate for sup-

pressing galloping [35]. The top figure is the graph of the aeroelastic response of the original section.

Galloping occurs at high wind velocity. The bottom figure is the graph of the aeroelastic response of

the improved section by attaching a horizontal plate on the surface of the lower part of the the girder.

The figure shows that the galloping which appears in original section is suppressed in the improved

section.

13.3.2.2.3 Flutter

The shallow cross-section is susceptible to flutter that is self-excited vibration with torsional vibration.

Figure 13.44 shows countermeasures to suppress flutter [3]. The girders with open grating (a) and

central opening (b) are used to reduce the pressure difference between upper and lower surfaces of

the girder, which is a main cause of occurrence of flutter. The vertical plates (a) called as ‘‘stabilizer’’

and ‘‘center barrier’’ have a role to prevent the separation flow from the upstream upper chord of the

truss-stiffened girder from smoothly flowing down and to raise the flutter onset wind velocity.

(a) (b)

(c)

�L = 20° �L = 30°

�L = 40° �L = 50°

(d)

FIGURE 13.41 Flow visualization of bridge girder with blunt fairing with various lower slope angles. (Kubo et al.

1993. Reprinted with permission from Elsevier.)

(a) (b) (c)

Skirt
Plate

Skirt
Plate

FIGURE 13.42 Countermeasures for galloping of box-girder [3]: (a) double flapþ skirt; (b) flapþ skirtþ plate;

and (c) double flapþ plate.
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Figure 13.45 shows the stabilizer for the truss-stiffened girder and the results of sectional model tests

[36]. The flutter onset wind velocity of the truss-stiffened girder is remarkably raised by using a

stabilizer. Wind-nose (c), deflector (d), and spoiler (e) help make the approaching flow run along the

girder shape without separating the flow at the tip of the girder.
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FIGURE 13.43 Effect of horizontal plates and double flap to suppress galloping and vortex-excited vibration [35]:

(a) aeroelastic response of the original steel box-girder bridge; (b) aeroelastic response improved by horizontal

plates at lower portion of the girder (galloping is suppressed); and (c) aeroelastic response improved by horizontal

plate and double flap (galloping and vortex-excited vibration are suppressed).
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FIGURE 13.44 Countermeasures to suppress flutter [3]: (a) truss-stiffened girder (gratings, center barrier,

stabilizer); (b) two-box girder with opening; (c) wind-nose; (d) deflector; and (e) spoiler.
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FIGURE 13.45 Flutter onset wind velocity of a truss-stiffened girder with/without stabilizer [36].
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The ultimate countermeasure for suppressing aeroelastic vibration should be enabled by using not

additive devices as deflector and fairing but only structural members. Figure 13.46 shows a bridge deck

with two plate girders as one of the examples for trying to improve aeroelastic performance by only

structural members [37]. In order to suppress the aeroelastic vibrations of the bridge girder with two

plate girders, investigations were done to find how the locations of the plate girders under the deck

influence the aeroelastic performance in both torsional and heaving vibration modes. Figure 13.47 shows

the results of wind tunnel tests [37]. Referring to the experimental results, the inner location of the plate

girder gives a better performance with regards to aeroelastic behavior. Before deciding on the structural

details of a bridge, if the aeroelastic behavior is investigated, more economical and reasonable bridges

can be realized without using additive devices.

13.3.2.3 Cables

Transmission lines, cables for cable-stayed bridges, and hanger for suspension bridge induce vortex-

excited vibration, rain-wind-induced vibration, and galloping by adhering ice and snow. In order to

suppress the vortex-excited vibration, helical winding of wire has been used in towers with circular cross-

sections.

For rain-wind-induced vibration, axial grooves and indent shapes have been applied on the surface of

the cable for a long-span cable-stayed bridge as shown in Figure 13.6 and Figure 13.48 [2,6]. The axial

grooves and indent shapes prevent water rivulets from moving freely on the cable surface to simply

induce the aeroelastic vibration. A diagonal hanger of a suspension bridge is susceptible to inducing

aeroelastic vibration, explained as the axial flow along the diagonal hanger inducing the vibration. Cable

fin is proposed as the countermeasure to prevent the occurrence of axial flow.

It is very difficult to suppress the galloping caused by adhering ice and snow by means of adopting an

adequate configuration, because the form by ice and snow is not determined.

13.3.3 Control of Aerodynamic Interference Caused by Multiple Structure

The aerodynamic interference is induced by multiple structure or by multiple structural members

and the degree of the interference is different by the difference among the arrangements. An intense

vibration is induced by the wake of the upstream structure, which is called as ‘‘wake galloping’’ and

‘‘wake flutter.’’

13.3.3.1 Bundle Cables

In the cable-stayed bridge of prestressed concrete, multicables are sometimes used at one anchorage

point from an economical viewpoint. When two cables in a bundle cable are placed closely in tandem

arrangement against the wind direction, wake galloping is induced in the downstream cable. In the wake

galloping, the downstream cable is vibrated by the wake generated by the upstream cable [38].

C

D

C C

D
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B

L

Handrail Handrail

C/D = 0.5–2.0

L = 760 mm
B = 300 mm
D = 30 mm

FIGURE 13.46 Bridge girder composed of two plate girders [37].
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The response behavior varies according to the spacing distance between both cables as shown in Figure

13.49. The response behavior drastically changes as the boundary with respect to the critical spacing

distance L/D¼ 3.6, which was introduced in Section 13.2.

Aeroelastic performance of three and four bundle cables were also investigated as shown in

Figure 13.50 [39]. In the figure, the circle with oblique lines indicates the measured cable. In any of the

cases, the downstream cable is vibrated with large amplitude by the wake of the upstream cables. Wake

galloping is difficult to be generated in a lateral triangle arrangement, because any cable does not exist

in the wake of other cables.

Wake flutter was observed in hanger cables of the Akashi Strait Bridge with large spacing distance

of 10D (ten times of hanger diameter D) [40]. The wake galloping occurs intensively in tandem

arrangement and the direction of vibration of downstream cable is almost perpendicular to the wind

direction; the wake flutter, however, occurs intensively in a slightly deviated position from tandem

arrangement and the locus of vibration of the downstream cable is an ellipse. Although the mechanism is

still not clear, the helical winding of wire was proposed as a countermeasure to suppress the wake flutter.

The experimental data are shown in Figure 13.51.

13.3.3.2 Parallel Bridges

A new bridge is sometimes constructed parallel to an old bridge to reduce traffic congestion in a large

city. This fact causes a new problem concerning the aerodynamic interference caused by constructing the

new bridge close to and along the old bridge.

Figure 13.52 shows the example of the aerodynamic interference caused by the parallel arrangement of

a box three-span box-girder bridge [41]. The figure shows clearly that the relative distance among the

bridges gives a remarkable effect for the aeroelastic performance of the bridge. The aeroelastic forces

applied on the downstream bridge are induced by the wake of upstream bridge and generate the intense

vibration with larger amplitude than 3% of deck height. It is very difficult to suppress the vibration

induced by aerodynamic interference by the aerodynamic countermeasure by selection of a bridge cross-

section providing better aeroelastic performance. Finding the solution is the future subject in the field for

suppression of aeroelastic vibrations. One of the solutions is to construct a new bridge in a place away

from old bridge where both bridges do not interfere with each other with respect to aerodynamic

performance. It is very difficult to find the appropriate place in almost all cases from the viewpoint of

effective land use. If possible, it should be investigated at the urban planning stage.

13.4 Wind Design Data

In this section, data for design of structures subjected to wind load and the method to read the

experimental data are introduced.

13.4.1 Estimation of Wind Load and Onset Wind Velocity

Table 13.1 and Table 13.2 show Strouhal numbers and aerodynamic coefficients for various cross-

sections [5]. The wind load is calculated by Equation 13.1. The stress intensity caused by wind load is

compared with the allowable stress intensity of the material used for the structure and confirmed to be

less than the allowable stress intensity.

The onset wind velocity of vortex-excited vibration is estimated by Equation 13.5. The following is a

summary about the estimation of the onset wind velocity of a bridge girder in The Wind-Resistant Design

Handbook in Japan [42]. The unit of onset wind velocity is m/s. Onset wind velocity should be larger

than the design wind velocity as the design criterion.
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FIGURE 13.49 Aeroelastic response of a downstream cable of a bundle cable in wake-galloping [38].
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FIGURE 13.50 Aeroelastic responses of a marked cable in multiple cables with various arrangements. (Kubo et al.

1995. Reprinted with permission from Elsevier.)
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1. For vortex-excited vibration

Uvh ¼ 2:0fhB heaving mode ð13:14Þ

Uvy ¼ 1:33fyB torsional mode ð13:15Þ

where fh and fy are natural frequencies (Hz) of heaving and torsional motion, respectively, and B is

the projected width of girder in unit of meter.

2. For galloping

Ug ¼ 8fhB ð13:16Þ
3. For flutter

Uf ¼ 2:5fyB ð13:17Þ

13.4.2 Estimation of Amplitude

The equations for the estimation of maximum amplitude in vortex-excited vibration are given in The

Wind-Resistant Design Handbook in Japan.

1. Heaving vibration

h ¼ ðEh � Eth � BÞ=ðmr � dhÞ ð13:18Þ

where

h ¼ heaving mode amplitude (m)

Eh ¼ 0:065bdsðB=DÞ�1

Eth ¼ 1� 15btðB=DÞ1=2
I2

u 
 0, mr ¼ m=ðrB2Þ
D ¼ effective height of girder

bds¼ 2 or 1 (2 for vertical web, 1 for others), correction factor for girder form
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FIGURE 13.52 Responses of girders in parallel arrangement [41].
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TABLE 13.1 Strouhal Number of Various Cross-Sections of Structural Members [5]

t = 2.0 t = 1.0

t = 1.0

t = 1.0

t = 1.0

t = 1.0

t = 0.5

t = 1.0

t =1.5

t = 1.0

t = 1.0

t = 1.5

t

t
50

25
25

25

12.5

12.5

25

50

50

50

50

50

25
50

50

Wind
Profile dimensions,

in mm

0.120

0.137

0.120

0.144

0.145

0.140

0.153

0.145

0.168

0.156

0.145

0.200

Wind
Profile dimensions,

in mm

12.5

12.5

12.5

12.5
12.5

25

50

50

50
25

25

t = 1.0

25
25

50

25

25 25

12.5

25 25

25

50

100

t = 1.0

t = 1.0

0.147

0.150

0.145

0.142

0.147

0.131

0.134

0.137

0.121

0.143

0.135

0.160

0.114

0.115

Value of Value of

Cylinder 11,800 < < 91,100
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bt ¼ 1 or 0 (0 for hexagonal cross-section, 1 for others), correction factor for influence of

turbulence

Iu ¼ intensity of turbulence

m ¼mass of girder per unit length (kg fs2/m2)

r ¼ air density

dh ¼ logarithmic damping decrement of the structure in heaving vibration mode

2. Torsional vibration

y ¼ ðEy � Ety � BÞ=ðIpr � dyÞ ð13:19Þ
where

y ¼ torsional mode amplitude (degree)

Ey ¼ 17:16bds B=Dð Þ�3

Ety ¼ 1� 20biðB=DÞ1=2I2
u 
 0

Ipr ¼ Ip=ðrB4Þ
D¼ effective height of girder

Ip¼ polar inertia moment of mass of girder per unit length (kg fs2)

dy ¼ logarithmic damping decrement of the structure in torsional vibration mode

3. Amplitude estimation from experimental data: As indicated in Equation 13.8, the occurrence of

self-excited vibration is assessed as the sum of structural damping and aerodynamic damping. In wind

tunnel tests, at specified wind velocity, aerodynamic during experiment from measured total damping.

The aerodynamic damping usually is as shown in Figure 13.53. That is called the ‘‘A–d curve.’’

When A–d curve is obtained, the amplitude of the vibration at specified wind velocity can be estimated

for the structure with any structural damping. In the case where the structural damping is ds, setting the

value of �ds on the vertical axis and obtaining the intersection point on the curve, the corresponding

amplitude on the horizontal axis is the estimated amplitude As of the steady-state vibration at the

specified wind velocity.

TABLE 13.2 Drag and Lift Force Coefficients of Structural Members with

Various Cross-Sections

Profile and wind direction CD CL

2.01 0

2.04 0

1.81 0

2.0 0.3

1.83 2.07

1.99 �0.09

1.62 �0.48

2.01 0

1.99 �1.19

2.19 0
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13.5 Examples of Real Bridges

In this section, some bridges that had aeroelastic vibration problems are introduced. It is considered that

it is very important for bridge engineers to know the damage caused to the bridge by wind action, which

would be helpful when they design new bridges.

13.5.1 Collapse of Tacoma Narrows Bridge [43]

The collapse of Tacoma Narrows Bridge in Figure 13.54 is very famous in the bridge engineering field as

the accident was caused by a wind action. The accident occurred at a wind speed of 19 m/s in 1940. The

Tacoma Narrows Bridge was constructed by utilizing the most advanced analytical method of sus-

pension bridge in those days. Although the effect of wind load as the drag force of the girder was taken

into account in the design of the bridge, the occurrence of aeroelastic vibration of the girder was not

taken into consideration. The girder configuration was similar as shallow H-shape section shown in

Figure 13.55. This type of girder section induces vortex-excited vibration in heaving and torsional modes

and the flutter as the torsional self-excited vibration as explained in Section 13.4. As is well known, the

bridge collapsed in the torsional vibration with large amplitude caused by the flutter. It was reported that

the Tacoma Narrows Bridge was vibrating from the beginning of the erection and investigation was done

to control the vibration by attaching fairings on the girder ends so as not to generate the separation flow

from the leading edge of the girder as shown in Figure 13.56. Unfortunately, the bridge collapsed before

the fairing could be attached. After the collapse, the cause was investigated from various points of view.

The girder configuration chosen from various investigations was a truss-stiffened girder reducing the

wind load and the possible occurrence of aeroelastic vibrations. The truss-stiffened girder developed in

the investigation of the collapse of the Tacoma Narrows Bridge has been used mainly in United States

and Japan as the girder of long-span suspension bridges.

13.5.2 Vortex-Excited Vibration of the Great-Belt Bridge [44]

The Great-Belt Bridge (Figure 13.57) was constructed as the second long-span suspension bridge in

1998. The aeroelastic performance was investigated in the wind tunnel by using a full span 1
100

-scaled

model. The occurrence of vortex-excited vibration in the smooth flow was predicted through the wind

tunnel tests. The vibration, however, was not predicted in the turbulent flow. Therefore, at the beginning

of erection, the girder was constructed without attaching a device to suppress the vortex-excited

vibrations. Just before being opened to traffic, however, the bridge girder vibrated in the vortex-excited

vibration. It was considered that the device to suppress the vortex-excited vibration should have been

attached on the bridge girder, when the vortex-excited vibration was observed. After the observation of

the vibration, a vane-type device was prepared and attached on the lower corners of the bridge girder as

shown in Figure 13.58. As a result, the vortex-excited vibration was suppressed.

AmplitudeAs

U = specified wind velocity 

–�s

�a

FIGURE 13.53 Aerodynamic damping to amplitude at specified wind velocity (A–� curve).
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13.5.3 Vortex-Excited Vibration of the Box Girder Bridge in
Trans-Tokyo Bay Highway [45,46]

This is an example of the vortex-excited vibration occurring in a continuous steel box girder bridge. The

outline of the bridge is shown in Figure 13.59. The longest span of 240 m vibrated in the wind with

direction perpendicular to the bridge axis under a wind velocity of 20 m/s. Up to this example, it was

considered that the vortex-excited vibration is difficult to be induced in a box girder bridge. During the

design of the bridge, the wind tunnel test was conducted to check the aeroelastic performance of the bridge.

FIGURE 13.54 Collapse of the Tacoma Narrows Bridge [43].

0.4 in.

6.24 in.

1.56 in.

1.92 in.

9.76 in.

FIGURE 13.55 Cross-section of the girder of the Tacoma Narrows Bridge [43].

FIGURE 13.56 Fairing planned to be attached on the Tacoma Narrows Bridge before the collapse [43].
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The result was that the vortex-excited vibration would be induced in both smooth and turbulent flows.

Aerodynamic countermeasure of fairing, double flap, and skirt (as shown in Figure 13.60) was examined to

suppress the vortex-excited vibration. The vortex-excited vibration could not be suppressed (as shown

in Figure 13.61). This means that it is very difficult to suppress the aeroelastic vibration of a steel box

girder bridge by aerodynamic countermeasure through changing the structure configuration. Therefore,

in this example, a tuned mass damper (TMD) was used for suppression of vortex-excited vibration.

Figure 13.62 shows the comparison of aerodynamic responses of first mode in both the wind tunnel

tests and the field measurement before being opened to the public. In the figure, solid lines show the

results of wind tunnel tests for two structural damping decrements of d¼ 0.028 and 0.044. The other

points are the field measurement results measured in the wind for bridge axis right angle within

20�and the turbulent intensity of 4 to 10%. These results prove that the accuracy of the wind tunnel

test is high. The maximum amplitude was measured around a wind velocity of 16 m/s and the result was

Guide vanes 1400 m

1624 m 535 m

254 m

535 m

FIGURE 13.57 The Great-Belt Bridge [44].

2 m
2 m 0.6 m

Guide vanes

RMS displacement/deck height

0.08

0.06

0.04

0.02

0.00
0 0.5 1 1.5 2 2.5 3

1:60, Re = 1.5 × 105

No guide vanes

Guide vanes

U/fB

FIGURE 13.58 Corner vane to suppress vortex-excited vibration of the Great-Belt Bridge and comparison

between the aeroelastic response with/without corner vane [44].
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FIGURE 13.59 Outline of the Trans-Tokyo Bay Highway [45].
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60 cm; that is, 10% of girder height at the center of the longest span. The vortex-excited vibration was

suppressed by TMD and the bridge is now open to traffic.

13.5.4 Vortex-Excited Vibration of the Tower of the Akashi-Strait
Bridge During Self-Standing State [47]

During the erection of a suspension bridge and a cable-stayed bridge, there is a period in which the tower

is self-supporting. In this period, the tower is in the aeroelastically unstable state, because the structural

damping is very small (d¼ 0.025) and is susceptible to the vibration under the wind action. The

height of the tower is 280 m. When the tower vibrates, a large bending moment occurs at the foundation

of the tower. The corner cut-outs introduced in 3–2–1 was chosen as the tower configuration to suppress

the galloping of the tower. Even this tower configuration induced the vortex-excited vibration of

bending mode in out of plane. Figure 13.63 shows the comparison of results of the field measurement

and the wind tunnel tests. The solid and chain lines indicate the results of the wind tunnel tests in three

wind directions of 0, 5, and 10� from the right-angled direction at the bridge axis. The dots by the

symbol are the measuring results corresponding to the three wind directions. These results show the
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FIGURE 13.61 Comparison of estimated amplitudes of vortex-excited vibration of the box-girder with various

aerodynamic countermeasures [45].
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FIGURE 13.62 Comparison between the wind tunnel test results and the field observation results for the

continuous steel box girder bridge in the Trans-Tokyo Bay Highway [45].
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good coincidence of the field measurement value and the wind tunnel test value. The vortex-excited

vibration of the tower is now suppressed by applying the TMD.

13.6 Summary

It has been explained that structure configuration is very important in wind engineering. The structure

configuration controls the separation flow around the structure. That is, the phenomenon occurring in

the structure under wind action is induced by the behavior of the separation flow from the leading edge

of the structure and the reattachment of the separation flow on the structure surface. Both the deflection

of the structure and the aeroelastic vibration of the structure are induced by the behavior of the

separation flow around the structure.

The deflection under wind action is cause by wind load. The wind load is proportional to the square of

wind velocity. The reduction of wind load is one of the themes in wind engineering. It was explained that

the reduction in the wind load is achieved to some extent by changing the corner configuration of

the structure. Another theme is how the aeroelastic vibration of the structure is suppressed. The

aeroelastic vibration problem is a peculiar problem in the flexible structure exposed to wind. The

suppression of vibration has been achieved by the control of the separation flow and the structural

method of adding a damping device including TMD. From the viewpoints of maintenance of the

structure with long life, aerodynamic control by structural configuration is rather preferable than the

structural method. Because the structural method has movable parts in the damper system, the movable

parts should be replaced periodically with new parts.

Until now, it was usual to carry out the examination of the wind-resistant design after the structural

design ends. When there was a problem on aeroelastic vibration, the aeroelastic performance was

improved by attaching some aerodynamic devices, for example, fairing, deflector, and guide vane so on.

The ideal form of the bridge design is the form to fuse the structural design with the wind-resistant
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FIGURE 13.63 Comparison between the aeroelastic responses of wind tunnel test results and field measurement

results of the tower of the Akashi-Kaikyo Bridge during self-standing [47].
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design. If it is so done, the ideal bridge cross-section is realized without attaching aerodynamic devices

on the bridge girder. In the bridge design, when the lowest natural frequency of the bridge is under

1 Hz, there is the possibility of occurrence of aeroelastic vibration under the design wind velocity.

The following equation is very useful to roughly estimate the lowest natural frequency of the girder

bridge:

f ¼ 100=span length (m), in Hz

Therefore, in the case the lowest frequency is under 1 Hz, the design should be proceeded with respect to

structural and wind-resistant designs. Then the ideal bridge section will be found also from the view-

point of both aesthetic and economical reasons.

For the bridge engineers who are interested in wind engineering of structures, some reference books

are introduced in the Further reading section.
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14
High-Performance

Steel

14.1 Introduction

High-performance steels (HPS) were developed through a cooperative research program between the US

Navy, the Federal Highway Administration (FHWA), and the American Iron and Steel Institute (AISI).

At the time of this writing, two grades of HPS are available and have successfully been used in bridge

construction. Their ASTM designations are HPS50W and HPS70W (the equivalent metric designations

are HPS345W and HPS485W, respectively). A primary objective of developing HPS is to take advantage

of the higher strength offered by high-strength steels without compromising on weldability. Conven-

tional high-strength steels have a relatively high carbon content (approximately 19% by weight), and so

special attention is needed to obtain high quality welds. This typically requires preheating of the welded

parts, controlling the interpass temperature, controlling the energy input during passes, using special

electrodes, careful handling of the welding consumables, and if necessary applying postweld treatment

such as controlled cooling and feathering of the welds. When all operations are performed correctly and

all prescribed procedures are followed carefully, one can often obtain good quality welds in conventional

high-strength steels. Unfortunately, while these conditions can usually be met in a controlled envir-

onment such as in a shop, difficulties may arise when such welding has to be done on the field. This is

particularly the case for bridge construction, when welding under less than optimal condition is often the

norm. HPS have a carbon content that is very comparable to low carbon steel, and they can be welded

under a variety of conditions without requiring the rather time consuming and often expensive pre- and

postweld treatments. In addition, it has been demonstrated experimentally that HPS exhibit good

toughness and satisfactory ductility values for use as an effective construction material.
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14.2 Chemical Compositions

The chemical compositions for HPS50W (HPS345W) and HPS70W (HPS485W) are given in Table 14.1.

For purpose of comparison, the chemical compositions of a conventional high-strength steel commonly

used for bridge construction, A709-70W (A709-485W), are also given.

It can be seen from Table 14.1 that the carbon level is much lower for HPS, thus enhancing weldability

and toughness. There is also a noticeable decrease in the amount of phosphorus, sulfur, and nickel, but

with the addition of molybdenum, aluminum, and nitrogen.

14.3 Mechanical Properties

HPS50W steel is produced by conventional hot-rolling or controlled rolling. Plates up to 4 in. (10.2 cm)

thick, similar to those of conventional Grade 50W steel, are available. The minimum yield and

tensile strengths of HPS50W (HPS345W) grade steel are 50 ksi (345 MPa) and 70 ksi (485 MPa),

respectively.

HPS70W steel is produced by either quenching and tempering (Q&T) or thermal–mechanical con-

trolled processing (TMCP). Plates produced using Q&T are available up to 4 in. (10.2 cm) thick and 50 ft

(15.25 m) long. Those produced using TMCP are available up to 2 in. (5.1 cm) thick and 125 ft (38 m)

long. The minimum yield and tensile strengths of HPS70W (HPS485W) grade steel are 70 ksi (485 MPa)

and 85 ksi (585 MPa), respectively.

In addition to strength, another important property of steel is fracture toughness. To avoid brittle

failure above an anticipated service temperature, steel use in bridge construction must satisfy an

AASHTO Charpy V-Notched (CVN) toughness requirements for a given temperature zone. There are

three temperature zones as shown in Table 14.2, with Zone 3 being the most severe.

It has been shown experimentally (Fisher and Wright 2000; Wright et al. 2001) that the two

HPS possess toughness not only higher than that of conventional bridge steel but exceeds the AASHTO

CVN Zone 3 requirements. Table 14.3 shows a comparison of the minimum CVN values between

HPS70W and the conventional Grade 70W steels. The enhanced fracture toughness of HPS is apparent.

TABLE 14.1 Comparison of Chemical Compositions (in Weight%) Between HPS and Conventional

High-Strength Steels

C Mn P S Si Cu Ni Cr Mo V Al N

HPS50W

HPS70W

0.11

max.

1.10–1.35 0.02

max.

0.006

max.

0.30–0.50 0.25–0.40 0.25–0.40 0.45–0.70 0.02–0.08 0.04–0.08 0.01–0.04 0.015

max.

A709-70W 0.19

max.

0.80–1.35 0.035

max.

0.04

max.

0.25–0.65 0.20–0.40 0.50

max.

0.40–0.70 — 0.02–0.10 — —

TABLE 14.2 Temperature Zones for CVN

Requirements

Temperature zone Temperature range

1 0�F and above

(�18�C and above)

2 �30�F to 0�F
(�34�C to �18�C)

3 �60�F to �30�F
(�51�C to �34�C)
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The fatigue resistance of HPS, like conventional steels, is more of a function of the weld

details and the operating stress range. Tests on HPS have demonstrated that the detail categories for

load-induced fatigue given in AASHTO LRFD Section 6.6.1 (AASHTO 1998) for ordinary steels also

apply to HPS.

14.4 Ductility

Ductility is the ability of a material to undergo large inelastic deformation before failure. It is an

important material property because ductility allows for early warnings of incipient failure and permits

force redistribution to occur in statically indeterminate structures. One of the drawbacks of high-

strength steels is the reduction in ductility when compared to lower-strength steels, such as A36, A572,

and A992 structural steels. However, it has been reported that all HPS steels can achieve uniaxial

elongations in the range of 18–30% (Bjorhovde 2004), which is more than adequate for engineering

applications. Moreover, tests on HPS wide-plate (8� 0.75 in., or 20� 2 cm) specimens with holes

(Dexter et al. 2002) under tension have shown that the tensile ductility capacity of HPS70W steels is well

within the required range for structural steel. The study also indicates that adequate ductility is achieved

for members under tension when

An

Ag

� �
Fu

Fy

� �
� 1:0 ð14:1Þ

where An is the net sectional area, Ag is the gross sectional area, Fy is the yield strength, and Fu is the

tensile strength.

Statistical analysis of the mill report tensile properties of more than 2400 heats of HPS70W has shown

that Fy/Fu� 0.84, with a coefficient of variation of 0.06. This means in accordance with Equation 14.1,

adequate ductility is expected if An/Ag� 0.84.

Because the current American Institute of Steel and Concrete (AISC) and American Association for

State Highway and Transportation Officials (AASHTO) provisions for tension members with holes

require that the member be proportioned so that

An

Ag

� �
Fu

Fy

� �
� 1:2 ð14:2Þ

the condition for adequate ductility expressed in Equation 14.1 is automatically satisfied if the member is

designed according to code provisions.

Tests on full-sized girders made of HPS have also been performed (Dexter et al. 2002; Yakel et al.

2002). One objective of these tests was to determine the rotation ductility R of these girders under

flexure. R is defined by the equation

R ¼ yp2 � yp1

yp1

ð14:3Þ

TABLE 14.3 Comparison of CVN Values Between HPS and Conventional High-Strength Steels

Zone HPS70W Grade 70W

1 Non-FCM> 2.5 in., 25 ft lb at �10�F Non-FCM> 2.5 in., 25 ft lb at þ50�F
FCM> 2.5 in., 35 ft lb at �10�F FCM> 2.5 in., 35 ft lb at þ50�F

2 Non-FCM> 2.5 in., 25 ft lb at �10�F Non-FCM> 2.5 in., 25 ft lb at þ20�F
FCM> 2.5 in., 35 ft lb at �10�F FCM> 2.5 in., 35 ft lb at þ20�F

3 Non-FCM> 2.5 in., 25 ft lb at �10�F Non-FCM> 2.5 in., 25 ft lb at �10�F
FCM> 2.5 in., 35 ft lb at �10�F FCM> 2.5 in., 35 ft lb at �10�F

Notes: FCM, fracture critical member.

1 in.¼ 2.54 cm, 1 ft lb¼ 1.356 N m, Temp�F¼ 1.8�Temp�Cþ 32.
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where, in reference to Figure 14.1, yp1¼Mp/EI, and yp2 is the maximum value of beam end rotation

when a simply supported beam is sustaining Mp. Mp is the plastic moment capacity of the cross-section

and EI is the flexure rigidity. To allow for moment redistribution, AASHTO implies an R value of 3.

While the test of a simply supported hybrid girder (Dexter et al. 2002) with tension flange and web

made of HPS70W (HPS345W) steel and compression flange made of A572 Grade 50 under a three-

point bending test has indicated that an R value exceeding 3 was achieved, an R value less than 3 was

reported for tests of compact and (web) noncompact girders (Yakel et al. 2002) made entirely of

HPS70W (HPS345W) steel. In addition, numerical studies on HPS girders under negative moment

(Barth et al. 2000) have shown that while HPS girders are able to develop their plastic moment

capacity, they are not able to provide the necessary rotation ductility for moment redistribution. As

a result, the 10% reduction in negative moments that is allowed for continuous girders to account for

moment redistribution should not be applied to HPS girders.

14.5 Weldability and Weathering Characteristics

14.5.1 Weldability

One advantage of HPS over conventional high-strength steels is its enhanced weldability due to the

lower carbon content in HPS. Because HPS can be welded under less stringent conditions when

compared to conventional high-strength steels, the recommended procedures for welding high-

strength steels outlined in Americal Welding Society (AWS) D1.5 Bridge Welding Code (AWS 2002) is

also applicable to welding HPS. In addition, an addendum is available (AASHTO 2000a) to provide

guidance to bridge engineers interested in using HPS in bridge design and construction.

One of the most common problems for bridge welds is hydrogen induced (cold) cracking in the

heat affected and fusion zones of the welds. Because hydrogen can come from many sources such as

atmosphere, water/moisture, grease, oxides, and contaminants, it is not an easy task to eliminate all

hydrogen sources during the welding process. To reduce the likelihood of hydrogen induced cracking,

one needs to select the material carefully, exercise proper handling techniques for the consumables,

and follow established guidelines for welding procedures (AWS 2002). Specifying minimum preheat

and interpass temperature for welding also helps to minimize diffusible hydrogen during produc-

tion welding of HPS. High preheat temperature allows more time for hydrogen to diffuse from the

welds and it reduces the chance for the formation of brittle microstructures where cracks can initiate.

Table 14.4 shows the minimum preheat and interpass temperature for HPS70W using the two

recommended welding processes for HPS — submerged arc welding (SAW) and shield metal arc

Moment

Mp

Rotation
�p1 �p2

FIGURE 14.1 Moment rotation curve.
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welding (SMAW) — with consumables having a diffusible hydrogen Hd measured in terms of

milliliter per 100 grams of deposited weld material not exceeding the values shown. If the diffusible

hydrogen level exceeds the indicated values, or if the consumables are not as specified in Table 14.4, or

for HPS50W, the minimum preheat and interpass temperatures should follow those in AWS D1.5

(AWS 2002), which are usually higher than those shown in Table 14.4. Note that the interpass

temperatures shown are the minimum values required based on test specimens. If satisfactory results

are not achieved, temperatures higher than those shown may be required. In any case, the maximum

interpass temperature for welding HPS70W steel should not exceed 450�F (232�C).

In welding HPS, consumables with matching weld strength are recommended for SAW complete

penetration groove welding of HPS70W plates. Consumables with undermatched weld strength are

strongly recommended for all fillet welding of HPS70W plates because of reduced likelihood of

hydrogen cracking. In any event, careful control of heat input is of particular importance in minimizing

base metal microstructure effects and thus ensuring the soundness of the welds. The AWS recommended

range of heat input is 40 kJ/in. (1.6 kJ/mm) to 90 kJ/in. (3.5 kJ/mm).

For hybrid designs, the minimum preheat and interpass temperature should be based on the higher

value required by AWS D1.5 (AWS 2002) and those shown in Table 14.4. Also, when Grade 50W and

HPS70W steels are joined, consumables satisfactory for Grade 50W base metals as listed in AWS D1.5

should be used. To minimize the potential for hydrogen induced cracking, it is recommended that

consumables be conformed to the diffusible hydrogen requirements of the AWS Filler Metal Specifi-

cation with optional supplementary moisture-resistance designator of H4 (i.e., Hd¼ 4 ml/100 g) for

SAW or H8 (i.e., Hd¼ 8 ml/100 g) for SMAW.

14.5.2 Weathering Characteristics

Used in an engineering context, a material with good weathering characteristics is one that has an

improved resistance to physical breakdown and chemical alteration over time when subjected to normal

atmospheric conditions. For steel bridges, corrosion of the load carrying members is a primary cause of

structural deterioration. The service life of a bridge can be prolonged if a more corrosion resistant

material is used and a more vigorous maintenance program is followed. When compared to conven-

tional high-strength steels, HPS have slightly better corrosion resistance. Corrosion tests conducted in

accordance with ASTM G101 have indicated that the atmospheric corrosion resistance index (CI)

calculated using the equation

CI ¼ 1:20ð%CrÞ þ 26:01ð%CuÞ þ 3:88ð%NiÞ þ 17:28ð%PÞ þ 1:49ð%SiÞ
� 33:39ð%CuÞ2 � 7:29ð%CuÞð%NiÞ � 9:01ð%NiÞð%PÞ

ð14:4Þ

is 6.5 for HPS70W steel, as compared to a CI of 6.0 for conventional Grade 70W high-strength steel.

A CI of 6.5 means HPS70W possesses the chemical compositions to be classified as a high-performance

weathering steel. A bridge designer has the discretion of using HPS70W in an unpainted condition.

TABLE 14.4 Minimum Preheat and Interpass Temperature for HPS70W (HPS485W)

Thickness t of the thickest part at point of welding

Welding process Max. Hd

t� 3
4

in.

(t� 19 mm)

3
4
5t� 11

2
in.

(195t� 38 mm)

11
2
5t� 21

2
in.

(385t� 63.5 mm)

t> 21
2

in.

(t> 63.5 mm)

SAWa/SMAWb 4 ml/100 g 50�F (10�C) 70�F (21�C) 70�F (21�C) 125�F (52�C)

SMAWb 8 ml/100 g 50�F (10�C) 125�F (52�C) 175�F (79.5�C) 225�F (107�C)

a Using LA85 electrode with Mil800HPNi flux (both by Lincoln Electric Company).
b Using E9018MR for matching and E7018MR for undermatching electrodes (moisture resistant coating is required for all

SMAW electrodes used for welding HPS70W steels).
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The elimination of painting in selected areas may help reduce the life-cycle maintenance cost

of the bridge.

Like conventional steels, HPS can also be painted. The paint can act as a protective coat and serve as

a barrier to retard atmospheric corrosion. In exposed areas or when used in unpainted conditions, the

same guidelines and detailing practice as outlined for conventional weathering grade steels (FHWA

1989) should be followed to assure the successful application and durability of HPS.

14.6 Current Usage

The first bridge that uses HPS70W steel in design and construction was the Snyder South Bridge on

State Rt. 79 in Dodge County, Nebraska (Figure 14.2). It is a 150-ft (45.7-m) long simple span bridge

that provides a 35.5 ft (10.8 m) clear roadway on a concrete deck supported by five 40600 (137 cm)

deep welded plate girders. The bridge was opened to traffic in October 1997. Since then, the number

of bridges designed and constructed using some HPS components is on the rise. As of 2003, some

35 States in the United States have over 160 HPS bridges in service, or under design, fabrication,

and construction. The bridges vary in length from under 100 ft (Rte 3 over Rte 110, MA) to over

5000 ft (I-55/I-64/I-70/US-40 Poplar Street Complex, IL), differ in the number of spans, and

represent various bridge types although Plate or I-girder bridges are the most common. HPS have

been used on these bridges as truss gusset plates, to floor systems and main girders. When used as

main girders, a design that employs HPS70W steel in the negative moment regions, or a hybrid design

that uses HPS70W steel for all bottom flanges and negative moment top flanges but uses conventional

Grade 50W or HPS50W in other areas is often employed (see Figure 14.3 for a specific design of a

uniformly loaded girder) because it represents a good compromise for strength, weight savings, and

economy. Although the unit cost of HPS is higher than conventional steels, savings can often be

achieved (Barker and Schrage 2000; Horton et al. 2000, 2003; Price and Cassity 2000; Van Ooyen

2002; Clingenpeel and Barth 2003) because the use of HPS generally results in smaller/shallower

members and fewer girders (since greater girder spacing can be used due to the higher strength

offered by the high-strength steels), and thus fewer diaphragms, stiffeners, and welds are needed. The

resulting structure is also lighter, so savings in the construction of the piers and abutments may be

realized. However, in using HPS or other high-strength steels for bridge construction, the designers

need to pay more attention to the overall deformations of the structure, global instability of the

FIGURE 14.2 Snyder South Bridge (courtesy of Nebraska DOT and FHWA).
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girders, and local buckling of the component elements. These design aspects will be briefly addressed

in the following section.

14.7 Design Considerations

14.7.1 Overall Deformation

Because of the potential for using fewer girder lines or smaller-sized girders when HPS70W or other

high-strength steels are used in the design, the overall deformation of the bridge is likely to be higher. For

instance, the strong axis moment of inertia calculated using the following equation for an I-shaped cross-

section shown in Figure 14.4 will be smaller than that of a similar strength girder made of lower-strength

steels:

Ix ¼
1

12
ðbfct3

fc þ bftt
3
ft þ twD3Þ þ ðbfctfcÞ

�
tfc

2
þ tft þ D � ct

�2

þ ðbfttftÞ
�

ct �
tft

2

�2

þ ct � tft �
D

2

� �2

ð14:5Þ

where

ct ¼
1

2

bfct2
fc þ bftt

2
ft þ twD2 þ 2bfctfcðtft þ DÞ þ 2Dtwtft

bfctfc þ bfttft þ Dtw

� �
ð14:6Þ

A smaller moment of inertia means the deflection of the girder will be larger. Consequently, if the

optional live load deflection criteria of Span/800 (for general vehicular load) or Span/1000 (for vehicular

and pedestrian loads) as per AASHTO 2.5.2.6.2 is imposed, there is a possibility that deflection may

control the design of the bridge.

14.7.2 Global Instability

The smaller sized cross-section that results in a HPS70W design also means the girder is more susceptible

to lateral torsional instability. To prevent lateral torsional instability from occurring prematurely,

sufficient compression flange bracing should be provided as per AASHTO (AASHTO 1998)

HPS70W (HPS485W)

+ +

–

Moment

FIGURE 14.3 A hybrid girder under a uniformly distributed load.
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Section 6.10.4.1.7 (for a compact section) and Section 6.10.4.1.9 (for a noncompact section). The

equations for the maximum unbraced girder length Lb are reproduced as follows:

For compact sections:

Lb � 0:124� 0:0759
Ml

Mp

� �� �
ryE

Fyc

� �
ð14:7Þ

where Ml is the the smaller of the two end moments of the unbraced length of the girder due to factored

loading, Mp is the plastic moment of the cross-section, ry is the minimum radius of gyration of the cross-

section, E is the elastic modulus, and Fyc is the specified minimum compression flange yield stress.

For noncompact sections:

Lb � 1:76rt

ffiffiffiffiffiffi
E

Fyc

s
ð14:8Þ

where E and Fyc are as defined in Equation 14.7, rt is the radius of gyration of a notional cross-section

composed of the entire compression flange and one third of the depth of the compression portion of the

web, taken about the vertical axis of the section.

14.7.3 Local Buckling

Local buckling of component elements is likely to occur if the slenderness of the flange or web exceeds

certain limits. These limits differ depending on whether the section is compact or noncompact:

For compact sections:

Flange slenderness limit :
bfc

2tfc

� 0:382

ffiffiffiffiffiffi
E

Fyc

s
ð14:9Þ

Web slenderness limit :
2Dcp

tw

� 3:76

ffiffiffiffiffiffi
E

Fyc

s
ð14:10Þ

where bfc is the compression flange width, tfc is the compression flange thickness, Dcp is the depth of the

compression portion of the web at the theoretical plastic moment, tw is the web thickness, and E and Fyc

are as defined in Equation 14.7.

Centroid×

yc

yt

bfc

bft

tft

tfc
cc

cttw

D

FIGURE 14.4 Nomenclature of an I-shaped cross-section.
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For compact sections, local buckling should not occur before the cross-section attains its plastic

moment capacity Mp and undergoes an inelastic rotation that corresponds to an inelastic rotational

ductility R, as defined in Equation 14.3, of 3. For a noncomposite I-shaped section bent about its major

axis with the plastic neutral axis in the web, Mp is given by

Mp ¼ AfcFyc Dcp þ
tfc

2

� �
þ AftFyt D � Dcp þ

tft

2

� �
þ AwFyw

D

2
� Dcp þ

D2
cp

D

 !
ð14:11Þ

where

Dcp ¼
1

2

1

tw

Aft

mt

� Afc

mc

� �
þ D

� �
ð14:12Þ

and

Afc ¼ compression flange area

Aft ¼ tension flange area

D ¼web depth, Dcp is the depth of the compression portion of the web at Mp

Fyc ¼ specified minimum compression flange yield stress

Fyt ¼ specified minimum tension flange yield stress

Fyw¼ specified minimum web yield stress

mc ¼ ratio of web to compression flange yield stress¼ Fw/Fyc

mt ¼ ratio of web to tension flange yield stress¼ Fw/Fyt

tfc ¼ compression flange thickness

tft ¼ tension flange thickness

tw ¼web thickness

If Dcp calculated from Equation 14.12 is negative, the plastic neutral axis does not lie in the web.

Rather, it lies in the compression flange. In this case, Mp is given by

Mp ¼ AfcFyctfc
1

2
� gc þ g2

c

� �
þ AftFft ð1� gcÞtfc þ

tft

2
þ D

h i
þ AwFyw ð1� gcÞtfc þ

D

2

� �
ð14:13Þ

where

gc ¼
1

2
1þ AftFyt

AfcFyc

þ AwFyw

AfcFfc

� �
ð14:14Þ

and the other terms are as defined above for Equation 14.11.

On the other hand, if Dcp calculated from Equation 14.11 is larger than D, the plastic neutral axis lies

in the tension flange. In this case, Mp is given by

Mp ¼ AftFyttft
1

2
� gt þ g2

t

� �
þ AfcFfc ð1� gtÞtft þ

tfc

2
þ D

h i
þ AwFyw ð1� gt Þtft þ

D

2

� �
ð14:15Þ

where

gt ¼
1

2
1þ AfcFyc

AftFyt

þ AwFyw

AftFft

� �
ð14:16Þ

For noncompact sections:

Flange slenderness limit:
bfc

2tfc

� 12:0 ð14:17Þ

where bfc and tfc are as defined in Equation 14.7.
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For noncompact sections, local buckling should not occur before the cross-section attains its

moment capacity at first yield My. For a noncomposite I-shaped section bent about its major axis, My

is given by

My ¼ smaller of
ScFyc

StFyt


ð14:18Þ

where Fyc is the specified minimum compression flange yield stress, Fyt is the specified minimum tension

flange yield stress, Sc is the section modulus with respect to the compression flange, that is equal to Ix/cc,

and St is the section modulus with respect to the tension flange, that is equal to Ix/ct, in which Ix and ct

are given in Equations 14.5 and 14.6, respectively, and cc is equal to tfcþtftþD� ct.

Tests on noncomposite bridge girders made of HPS70W steel (Yakel et al. 2002) have demonstrated

that while noncompact and compact plate girders could provide the first yield and plastic moment

capacities, respectively, the compact plate girders were not able to provide an inelastic rotational

ductility of 3, as implied by the AASHTO Specification for compact sections. As a result, the 10%

moment redistribution for continuous girders as per Section 6.10.4.4 of the AASHTO Specification

(AASHTO 1998) should not be applied to girders made of 70 ksi (485 MPa) steels (AASHTO 2000b).

14.7.4 Load-Induced Fatigue

According to a parametric study reported by Horton et al. (2000, 2003), the design of welded plate

girders made entirely from HPS70W or hybrid HPS70W and conventional (Grade 50W) steel is more

likely to be controlled by load-induced fatigue when compared to those made entirely of conventional

steel (Grade 50W). Using detail category C0 and C (AASHTO 2000b), and assuming full composite

action in both positive and negative bending regions as well as a lower bound (conservative) fatigue limit

equal to one-half the constant amplitude fatigue threshold value for all designs, Horton et al. concluded

that load-induced fatigue often governed the design of HPS welded girders that were less than 150 ft

(45.8 m) in length. For span length equal to or exceeding 200 ft (61 m), the effect of load-induced fatigue

becomes negligible. The reason load-induced fatigue governs the design of shorter span but not longer

span girders is because dead-load to total stress ratio increases with span length. As the dead-load to

total stress ratio increases, the corresponding live-load to total stress ratio will decrease, thus rendering

a lower stress range for live-load stress and less pronounced fatigue effects. It should be pointed out that

the study reported by Horton et al. was conducted using a rather conservative fatigue limit that ignored

the effect of average daily truck traffic on the value of the fatigue limit. The actual volume of truck traffic

used for the design of a particular bridge may result in an increase in the allowable fatigue limit and thus

reduce or even eliminate the effect of load-induced fatigue on the design of the bridge.

14.7.5 Tension Field Action

Tension field action is a design consideration that allows a designer to make use of the postbuckling web

strength of a plate girder in computing its shear capacity when certain conditions are met. These

conditions are: the girder is homogeneous (i.e., the component elements of the cross-section are made

from the same material), the panel in which tension field action is considered in the design is an interior

web panel, there is a sufficient number of transverse stiffeners along the length of the girder to act as

anchors for the tension stress band (Basler 1961a) after web buckling, and the web panel under con-

sideration must not be subjected to simultaneous high shear and moment (Basler 1961b). As of this

writing, the use of tension field action for hybrid girders is not allowed. The reason for this is that the web

of a hybrid girder is usually fabricated from a lower-strength steel when compared to the flanges. As

a result, the web is likely to experience yielding when the nominal girder flexural strength is reached. It is

believed that this yielding would compromise the web’s ability to act effectively as a tension strut in the

Pratt truss model used in the derivation of the postbuckling panel shear strength. Based on Basler’s work,

Hurst (2000), Aydemir (2000), and Barker et al. (2002) have developed theoretical models that take into
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consideration this web yielding in calculating the postbuckling panel shear strength of hybrid girders.

Modified shear strength and moment–shear interaction equations have also been proposed. The validity

of these equations will be checked against numerical and experimental studies to determine if they are

appropriate for use in design. The allowance for tension field action in the design of hybrid girders is

likely to reduce benefits such as shallower girder depth, fewer transverse stiffeners, lower fabrication cost,

lighter structure, etc.

14.7.6 Heat Curving

Tests conducted in a FHWA demonstration project have shown that localized short term application

of heat up to 1250�F (677�C) for purposes of heat curving, camber/sweep correction has no noticeable

adverse effect on the ultimate strength, yield strength, ductility, and CVN toughness of HPS70W steel.

However, as a conservative measure, the Guide (AASHTO 2000a) only allows limited application of

heat up to only 1100�F (593�C).

14.7.7 Ultrasonic Testing of HPS Welds

When tested according to current codes and recommended procedures, no problems have been reported

in regard to qualifying HPS welds using ultrasonic testing. Like any tests, the accuracy of the test is only

as good as the instrumentation used and the person who conducts the test. It is therefore recommended

that the test should only be performed by certified engineers/technicians using established procedures

(Birks et al. 1991; AWS 2002).

14.8 Summary

High-performance steels offer many advantages over conventional steels in bridge design and

construction. Some of the major benefits are

� Improved weldability and lower preheat temperature.
� Enhanced weathering characteristics and durability.
� Higher fracture toughness and crack tolerance.
� Wider girder spacing may help lower fabrication and construction cost.
� Shallower members may help solve or alleviate vertical clearance problem.
� Increased span lengths may help reduce the number of piers needed to support the superstructure.
� Lighter structure.
� Lower initial, or perhaps even life-cycle, costs.

Despite these advantages, the use of smaller/shallower and fewer girders in a HPS bridge means the

possibility of excessive deformations, global/local buckling, and increased load-induced fatigue. Care

must be exercised to ensure that both strength and serviceability limit states are satisfied. In addition, it

has been reported that difficulties were encountered in the drilling (Wasserman et al. 1998) and

reaming of HPS70W plates. The use of a larger quantity of lubricant in the holes and on the drill

bits and reamers may be needed. Moreover, there have been reports that show HPS70W steel has

a tendency to leave tiny pitting residue after blast cleaning, and mill scale removal by descaler is not

particularly effective. Finally, if HPS70W steel plates fabricated using the Q&T process are used, its

limited length (50 ft or 15 m) means more splice plates are needed to build a long girder. The increase

in the number of beam splices, the more expensive flux, and the higher material cost mean the unit cost

of a girder made of HPS70W steel is likely to be higher. However, a higher unit cost does not

necessarily translate to a higher overall cost because of the benefits outlined above for using HPS70W

steel in bridge construction.

The AASHTO load and resistance factor design (LRFD) Specifications (AASHTO 1998) have been

updated (AASHTO 2000a, 2000b) to allow for the use of HPS70W steel in bridge design. Studies have
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shown that these specifications are adequate for use with HPS70W steel provided that the issues of

girder deformations, global and local buckling, and tension field action are properly addressed in the

design.
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15
High-Performance

Concrete

15.1 Introduction

15.1.1 Historical Development

Since the 1990s, the expression high-performance concrete and the acronym HPC have become very

popular and very fashionable in civil engineering. At a first glance, it sounds like advertising a new

product but, in most respects, HPC is not fundamentally different from the concrete that we have been

using all along, as it does not contain any new ingredient and does not involve new practices on site.

No single person invented HPC, and no single country pioneered its use. The development of HPC

materials in use today was an incremental and combined effort involving many individuals, companies,

government agencies, and countries, particularly in Asia, Europe, and North America.
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The full development of HPC took quite a long time. Initially, HPC was mainly related to high-

strength concrete. Specified concrete strength for buildings steadily increased from 35 MPa in the 1950s

to 100 MPa by the end of the 1980s. During this period, the term ‘‘high-strength concrete’’ was frequently

used. However, when the high range water reducer or superplastizer was invented and began to be used

to decrease the water/cement (w/c) or water/binder (w/b) ratios rather than being exclusively used as

fluid modifiers for normal-strength concretes, it was found that in addition to improvement in strength,

concretes with very low w/c or w/b ratios also demonstrated other improved characteristics, such as

higher fluidity, higher elastic modulus, higher flexural strength, lower permeability, improved abrasion

resistance, and better durability. Today, the definition of HPC has expanded to encompass both

durability and strength.

The term ‘‘high-performance concrete’’ originally comes from French. It was coined in 1980 by Roger

Lacroix and Yves Malier [1]. In 1986, the French project ‘‘New Ways for Concrete’’ brought together 36

researchers from France, Switzerland, and Canada. The research, findings, and field applications of all the

members of this group formed the contents of the first book published that was solely devoted to HPC [2].

By the end of 1988, Pierre-Claude Aı̈tcin, assisted by Denis Mitchell and Michael Collins, wrote the

successful proposal for the Network of Centres of Excellence on High Performance Concrete, funded

under the Federal Government ‘‘Centres of Excellence Programme.’’ This research program started in

1990, and in its second phase, starting in 1994, the Network became known as Concrete Canada. The

researchers who comprised Concrete Canada were not the only Canadians researching and using HPC;

however, they were the preeminent and most active group in this field. By virtue of many publications in

scientific journals, a Newsletter sent to 7000 persons world-wide, the organization of technology transfer

days and seminars, and the construction of demonstration projects, Concrete Canada played the major

role in establishing HPC as a widely accepted construction material in Canada.

In the United States, starting from 1989, a 4-year investigation on the mechanical behavior of HPC was

initiated by the researchers at North Carolina State University under the support of the Strategic

Highway Research Program (SHRP) [3]. The research complied most of the publications in the HPC

area and provided very useful information for HPC studies.

Since the publication of these two documents, there has been a phenomenal increase in the devel-

opment and use of HPC. So a need exists to update the earlier documents and summarize the significant

developments during the past several years. This volume is a sequel to the earlier state-of-the-art report

and covers the 6-year period from 1989 to 1994. A second annotated bibliography containing 776

references for the 6-year period has also been compiled by the authors as a separate document [3].

In the decade 1990–2000, numerous research programs have been carried out in many countries in

Europe, Asia, Australasia, Japan, and North America. Meanwhile, thousands of papers on HPC have also

been published [4]. At present, the use of HPC has spread throughout the world.

15.1.2 Definition of HPC

Until now, it is not possible to provide a unique definition of HPC without considering the performance

requirements of the intended use of the concrete. Generally, HPC can be defined as a concrete composed

of the same raw materials as normal concrete with additional admixtures and engineered to achieve

enhanced workability, durability, or strength characteristics to meet the specific demands of a con-

struction project. Hence, any concrete that satisfies certain criteria proposed to overcome limitations of

conventional concretes may be called HPC.

In addition to various definitions given by different concrete researchers, many very respected insti-

tutitons have regulated the definitions according to their experiences and requirements. Some good

examples are given in the following list:

1. Definition from Strategic Highway Research Program. Based on the results of SHRP C-205, Zia et al.

[5] summarized the requirements for HPC as shown in Table 15.1. It should be noted that the

requirements include strength, w/b ratio, and durability factor.
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2. Definition from FHWA. According to Federal Highway Administration (FHWA), HPC is defined

as ‘‘a concrete that has been designed to be more durable and, if necessary, stronger than con-

ventional concrete.’’ Concrete so designated should meet significantly more stringent criteria than

those required for normal structural concrete. It should give optimized performance char-

acteristics and should have high workability, very high fluidity, and minimum or negligible

permeability. Serviceability as determined by crack control and deflection control, as well as long-

term environmental effects, is equally important as durability parameters. In 1996, the FHWA

proposed additional criteria for four different performance grades of HPC as shown in Table 15.2.

3. Definition from ACI. In 1993, the American Concrete Institute (ACI) published a broad

definition for HPC:

High-performance concrete (HPC) is defined as concrete which meets special performance

and uniformity requirements that cannot always be achieved by using only the conventional

materials and mixing, placing and curing practices. The performance requirements may

involve enhancements of placement and compaction without segregation, long-term

mechanical properties, early age strength, toughness, volume stability, or service life in severe

environments.

Based on the HPC definitions, it can be seen that HPC performance characteristics consist of two

categories: durability and strength. The durability and strength parameters divide field conditions into

three categories: climate, exposure effects, and load. To achieve the strength and durability requirements,

a lower w/b ratio is necessary. For most application of HPCs, the w/b ratio is less than 0.4. Furthermore,

some admixtures (both chemical and mineral) are usually needed to produce HPC.

In general, HPC is not one product but includes a range of materials with special properties beyond

conventional concrete and routine construction methods at that time. It only can be made by appro-

priate materials, suitable mix design and properly mixed, transported, placed, consolidated, and cured so

that the resulting concrete will give excellent performance in the structure in which it will be placed, in

the environment to which it will be exposed, and with loads to which it will be subjected to during its

design life. Presently, the primary characteristics of HPC can be summarized as easy placement, high

early age strength, toughness, superior long-term mechanical properties, and prolonged service life in

severe environment. Of course, some HPC applied in special fields and occasions possess some other

chacteristics, and these characteristics of HPC will change with time.

Herein, an important point must be emphasized. HPC is different from high-strength concrete:

a high-strength concrete is usually a HPC, but a HPC is not always a high-strength concrete because

HPC stresses concrete durability behavior, not excessively showing indication of high strength.

A high-strength concrete does not ensure that a durable concrete will be achieved. Given that the

required durability characteristics are more difficult to define than strength characteristics, specifica-

tions often use a combination of performance and prescriptive requirements, such as permeability

and a maximum water–cementitious material ratio to achieve a durable concrete. The end result may

TABLE 15.1 Definition of HPC According to SHRP C-205

Category of HPC

Minimum

compressive strength

Maximum

water/cement

ratio

Minimum frost

durability factor

Very early strength (VES)

Option A (with Type III cement) 2,000 psi (14 MPa) in 6 h 0.40 80%

Option B (with PBC-XT cement) 2,500 psi (17.5 MPa) in 4 h 0.29 80%

High early strength (HES) (with Type III cement) 5,000 psi (17.5 MPa) in 24 h 0.35 80%

Very high strength (VHS) (with Type I cement) 10,000 psi (70 MPa) in 28 h 0.35 80%

Source: Zia et al. Mechanical Behavior of high-programme concreter, vol. 1, National Research Council, Washington DC, 1993.
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TABLE 15.2 Definition of HPC According to Federal Highway Administration [6]

FHWA HPC performance grade

Performance characteristics Standard test method 1 2 3 4

Freeze–thaw durability

(X¼ relative dynamic

modulus of elasticity

after 300 cycles)

AASHTO T 161

ASTM C 666

Procedure A

60%<X< 80% 80%<X

Scaling resistance

(X¼ visual rating of

the surface after

50 cycles)

ASTM C 672 X¼ 4, 5 X¼ 2, 3 X¼ 0, 1

Abrasion resistance

(X¼ avg. depth of

wear in mm)

ASTM C 944 2.0>X> 1.0 1.0>X> 0.5 0.5>X

Chloride penetration

(X¼ coulombs)

AASHTO T 277

ASTM C 1202

3000>X> 2000 2000>X> 800 800>X

Strength

(X¼ compressive strength)

AASHTO T 2

ASTM C 39

41<X< 55 MPa

(6<X< 8 ksi)

55<X< 69 MPa

(8<X< 10 ksi)

69<X< 97 MPa

(10<X< 14 ksi)

97 MPa<X

(14 ksi<X)

Elasticity (X¼modulus) ASTM C 469 28<X< 40 Gpa

(4<X< 6� 106 psi)

40<X< 50 GPa

(6<X< 7.5� 106 psi)

50 GPa<X<

(7.5� 106 psi<X)

Shrinkage (X¼microstrain) ASTM C 157 800>X> 600 600>X> 400 400>X

Specific creep

(X¼microstrain per MPa)

ASTM C 512 75>X> 60/MPa

(0.52>X> 0.41/psi)

60>X> 45/MPa

(0.41>X> 0.31/psi)

45>X> 30/MPa

(0.31>X> 0.21/psi)

30/MPa>X

(0.21/psi>X)
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be a high-strength concrete, but this only comes as a by-product in the process of preparing

a durable concrete.

15.1.3 Types of HPC

Fiber-reinforced concrete (FRC) — Concrete with sufficient fiber reinforcement to provide ductility or

toughness equal to at least five times the area under the stress–strain curve for the same concrete mixture

without fiber reinforcement. FRC is normally associated with toughness, that is, the ability to absorb energy.

This energy absorption occurs primarily after the ultimate strength of the concrete has been attained.

High-durability concrete — Concrete with a minimum durability factor (freezing and thawing) of

80%, as measured by AASHTO T 161 (Method A) (or ASTM C 666), and a w/c ratio of 0.35 or less.

A maximum w/c of 0.35 will provide a paste with a discontinuous capillary system after a relatively short

curing period (normally about a day). This provides improved resistance to moisture penetration and

chemical attack from the environment.

High-strength lightweight concrete — concrete produced by using lightweight aggregates, such as

expanded clay, shale, and slate aggregates, so as to reduce the mass from 20 to 25% below that of

conventional concrete. Some lightweight concrete can attain compressive strengths greater than 69 MPa

(10,000 psi). This type of HPC is desirable in applications where reduction of dead load is a significant

consideration.

Self-consolidation concrete — It is also called self-compaction concrete. In fresh stage, such a concrete

has the ability to fill formwork and encapsulate reinforcing bars only through the action of gravity, and

with maintained homogeneity.

15.1.4 Benefits to Construction

Many advantages have been brought to construction with the application of HPC. The following

highlights the primary construction-related benefits:

1. High strength. HPC, generally speaking, has high compressive strength. The high-strength

property, on the one hand, can increase the load carrying capacity of the structural members such

as steel bar reinforced concrete columns and shells, resulting in less reinforcing steel and labor

consumption, and materials costs saving. On the other hand, by keeping the same load, the cross-

section size of the primary structural members can be considerably diminished. The benefit to

flexural strength of construction components can also be improved due to high strength.

Although high strength cannot enhance the flexural strength too much, the compressed region

depth can be greatly decreased for the bended members and the corresponding ductility is

markedly improved. Meanwhile, higher steel bar ratio can be allowed for, which further increases

the flexural strength or reduces the cross-section size.

2. Improved workability. Due to the addition of water reducing admixtures, especially super-

plasticizer, and the increased cement content in HPC, the workability of HPC, including fluidity

and cohesiveness, is generally improved. For self-compacting concrete, a type of HPC, the

concrete can flow in mold without compaction.

3. Low volume change. The lower volume deformation of HPC brings about an increase in stiffness,

which is very beneficial to those beams and plates whose cross-section sizes are controlled by

deformation. As with prestressed enforcement concrete members, three advances can be obtained:

higher prestress gain, earlier applied prestress, and less loss in prestress.

4. HPC has a special significance for these constructions whose loads primarily come from the self-

weight. There can be a great improvement in reducing the bearing load of foundations by using

HPC. Furthermore, more space can be effectively utilized for housing constructions caused by the

smaller cross-section size using HPC. For bridge constructions, more net space below the bridge

decks and the lower roadbed can be obtained. For underground engineering, the use of HPC may

reduce the excavation mass. In addition, the construction modules can be adjusted into identical

sizes, resulting in a lower production cost of modules.
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5. Enhanced durabilities. Greatly enhanced durability properties of HPC allow the overall life of the

structure to be significantly extended. The period of time until maintenance is needed is much

longer than conventional concrete, therefore, there is less disruption to the public due to repairs

and less maintenance costs. In addition, HPC is less permeable than conventional concrete, which

makes it more resistant to salts in seawater, freeze–thaw cycles, and damage caused by chemical

deicing, which is very attractive in environments where ordinary concrete would not suffice such

as marine, high rate running water, or easily collision engineering.

15.1.5 Future Development

Significant evolutions relating to HPC have been taking place in the past two decades. These evolutions

have been facilitated considerably by increased knowledge of the atomic and molecular structure, studies

of long-term durability, development of more powerful instruments and monitoring techniques, and the

need for stronger, higher-performance materials suitable for larger structures, long span, and more

ductility. The last two decades can be described as the decades of HPC.

Despite these tremendous advances in concrete technology and development of HPC, there is still

much scope for new mineral and chemical admixtures, microstructure studies, better material selection

proportioning, placement techniques, long-term performance, and new structural design formulations

compatible with the behavior and potential of HPC.

The present state of the art in concrete materials research has demonstrated that the use of mineral

admixtures as cementitious materials used together with Portland cement in concrete not only con-

tributes to high-performance gain of HPC but also to energy saving and a solution to the disposal of

industrial by-products. Recent progress in the use of fly ash, slag, silica fume, and natural pozzolans are

noteworthy. The development of new cements such macrodefect-free cement and densified small particle

(DSP) cement, and the advances in HPC-based composites such as slurry-infiltrated fiber concrete or

slurry-infiltrated fiber mesh concrete, and reactive powder concrete (RPC) have all reached compressive

strength levels of 300 MPa, particularly, for RPC, 800 MPa compressive strength can be obtained. Since

self-consolidation concrete has the advantages of high performance in both fresh and hardened states,

cost competitive, improved working and living environments, and enhancement towards automation of

construction process, its applications will become broader and broader in the whole world.

Deterioration of the infrastructure governs replacement or rehabilitation. Rehabilitation often requires

new materials and techniques compatible with the parent system. In all these, concrete in various forms

and compositions is the only suitable material. Adding the factor of rapid population growth, parti-

cularly in the underdeveloped parts of the world, and the continuous increased urbanization and

industrialization, it is clear that the 21st century will still be the golden age of HPC.

15.2 Materials

15.2.1 Portland Cement

HPCs have been produced successfully using Types I, II, and III Portland cements that meet the ASTM

Standard Specification C 150. Unfortunately, ASTM C 150 is very imprecise in its chemical and physical

requirements, and so cements that meet these rather loose specifications can vary quite widely in their

fineness and chemical composition. Consequently, the same type of cements have quite different

rheological and mechanical characteristics, particularly when used in combination with chemical

admixtures and mineral admixtures. Therefore, when choosing Portland cements for producing HPC

three requirements should be satisfied: (1) it can develop the appropriate strength at given ages; (2) it

exhibits good rheological behavior, particularly when chemical admixtures are incorporated; and (3) it

should not generate too much hydration heat.

The strength of the cement has a strong influence on the properties of HPC. If the cement cannot

develop reasonable strength at given ages, it is impossible to achieve the mechanical and durability

requirements of HPC.
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The strength of cement paste is the result of the process of hydration. The hydration process results in

the formation of crystal phases such as Ca(OH)2, AFt/AFm, and calcium silicate hydrate (C–S–H) gel

phase. The crystal phases interlock each other and construct the bone of the harden paste. For C–S–H

gels, it fills in the cavities among the bone. Table 15.3 shows the relative contribution of each component

of the cement toward the rate of gain in strength. The early strength of portland cement is mainly

controlled by the percentages of C3S. C3S contributes most to the strength developed during the first day

after placing the concrete.

In general, no special compressive strength criterion is specified for cement used for the manufacture of

HPC; however, Portland cement is preferable with 52.5 MPa or greater compressive strength at 28 days.

Increasing the fineness of the Portland cement will, on the one hand, increase the early strength of the

concrete. On the other hand, higher fineness will lead to a more rapid release of hydration heat and a big

rheological problem, which are attributed to the rapid reaction and the great amount of ettringite

formation at early ages. Early work by Perenchio [7] indicated that fine cements produced higher early

strengths, though at later ages the strength differences of different fineness cement concrete were not

significant. Most cements now used to produce HPC have Blaine finenesses that are in the range of 300

to 400 m2/kg.

The work of Perenchio [7] indicates that cements with higher C3A contents lead to higher strengths.

However, subsequent work [8] has shown that high C3A contents generally leads to rapid loss of flow for

fresh concrete. Therefore, cements with high C3A contents should be avoided for the production of

HPC. Aı̈tcin [9] has shown that C3A should be primarily in its cubic, rather than its orthorhombic, form.

Further, Aı̈tcin suggests that attention must also be paid not only to the total amount of SO3 in the

cement but also to the amount of soluble sulfates. Thus, the degree of sulfurization of the clinker is an

important parameter. In addition to commercially available cements conforming to ASTM Types I, II,

and III, a number of cements have been formulated specifically for HPC.

Generally, HPC typically contains higher cement content than normal concrete in order to develop

good workability, high strength, low permeability, and excellent durability. Thus, much attention should

be paid on hydration heat for HPC, particularly for massive HPC structures.

Since different types of cement generate different amounts of hydration heat at different rates, the type

of structure governs the type of cement to be used. The bulkier and the heavier in cross-section the

structure is, the less generation of heat of hydration is desired. In massive HPC structures such as

transferring floor, type IV cement is a good candidate to use. In addition, the reduction in hydration heat

can also be accomplished in the presence of mineral admixture, ASTM type II cements, or moderate-heat

blended cements. From this discussion it is seen that the type of structure, the weather, and other

conditions under which the structure is built and that will exist during its life span are the governing

factors in the choice of the type of cement that should be used.

15.2.2 Aggregate

The aggregate, including coarse and fine aggregates, consists of about 70 to 80% of the total concrete by

volume; thus, it is very important in the production of HPC. The main factors affecting the development

of high performance of concrete are: particle shape, particle size distribution, strength of the aggregate,

and possible chemical reaction between the aggregate and the paste. Unlike their use in normal concrete,

where we rarely consider the strength of the coarse aggregate, in high-strength concrete the aggregates

may well become one important strength limiting factor. Also, since it is necessary to maintain a low w/c

TABLE 15.3 Properties of Cement Compounds

Component Rate of reaction Heat liberated Ultimate cementing value

Tricalcium silicate, C3S Medium Medium Good

Dicalcium silicate, C2S Slow Small Good

Tricalcium aluminate, C3A Fast Large Poor

Tetracalcium aluminoferrate, C4AF Slow Small Poor
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ratio to achieve high strength, the shape and grading of the aggregate, including fine and coarse

aggregates, must also be very tightly controlled.

15.2.2.1 Coarse Aggregate

For HPC, the coarse aggregate particles themselves must be strong. A number of different rock types

used to make HPC include: limestone, dolomite, granite, andesite, and diabase. It has been suggested

that in most cases the bond strength between the cement matrix and the aggregate is not usually the

limiting factor in HPC; rather, it is the aggregate strength itself. In addition, aggregates that may be

susceptible to alkali–aggregate reaction or D-cracking, should be avoided if possible, even though the

low w/c ratios used will tend to reduce the severity of these types of reaction.

From both concrete strength and fresh concrete mixture rheological considerations, the coarse

aggregate particles should be roughly equidimensional: either crushed rock or natural gravels are sui-

table. Flat or elongated particles must be avoided at all costs. They are inherently weak, and lead to harsh

mixes. In addition, it is important to ensure that the aggregate is clean, since a layer of silt or clay may

reduce the cement–aggregate bond strength and increase the water demand. Thus, the coarse aggregate

should be washed if there is too much fine powder. Finally, the aggregates should not be highly polished

(as is sometimes the case with river-run gravels), because this will reduce the cement–aggregate bond.

Not much work has been carried out on the effects of aggregate mineralogy on the properties of HPC.

However, a detailed study by Aı̈tcin and Methta [10], involving four hard strong aggregates (diabase,

limestone, granite, natural siliceous gravel), revealed that the granite and the gravel yielded much lower

strengths and E-values than the other two aggregates. This phenomenon appeared to be related both to

aggregate strength and to the strength of the cement–aggregate transition zone. Cook [11] had also

pointed out the effect of the elasticity modulus of the coarse aggregate on that of the concrete. However,

much work remains to be done to establish the relationship between the mechanical and mineralogical

properties of the aggregate and those of the resulting HPC.

It is commonly assumed that a smaller maximum size of coarse aggregate will lead to a more

homogenous concrete and higher strengths. The maximum particle size of 20 mm coarse aggregate is

commonly recommended for the production of HPC.

15.2.2.2 Fine Aggregate

The fine aggregate should consist of smooth rounded particles to improve the workability of fresh

concrete. Normally, the fine aggregate grading should conform to the limits established by the American

Concrete Institute [12] for normal-strength concrete. However, for HPC the gradings of fine aggregate

should lie on the coarser side of these limits. A fineness modulus of 3.0 or greater is recommended

[13,14] for HPC to decrease the water demand and to improve the workability of these paste-rich mixes.

Of course, the sand too must be free of silt or clay particles.

15.2.3 Mineral Admixtures (Silica Fume, Fly Ash, Slag, Metakaoline)

As indicated above, most modern HPCs contain at least one type of mineral admixture: silica fume, fly

ash, blast-furnace slag, or metakaoline. Very often, the fly ash or slag is used in conjunction with silica

fume or metakaoline. In the United States, fly ash is specified in ASTM C 618.1 and blast-furnace slag in

ASTM C 989. There is, as yet, no US standard for silica fume and metakaoline. These materials are

described in detail in Supplementary Cementing Materials for Concrete.

15.2.3.1 Silica Fume

Silica fume (see Figure 15.1) is a by-product of the induction arc furnaces in the silicon metal and ferro-

silicon alloy industries. Reduction of quartz to silicon at temperature up to 2000�C produces SiO vapors,

which oxidize and condense in the low-temperature zone to tiny spherical particles consisting of non-

crystalline silica. The material is removed by filtering the outgoing gases in bag filters. A size distribution of
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silica fume is shown in Figure 15.2. More accurately, the size distribution of a typical silica fume product

is provided as

20% below 0.05mm

70% below 0.10mm
95% below 0.20mm
99% below 0.50mm

Microsilica has surface area around 20 m2/g and its average bulk density is 586 kg/m3. Compared with

normal Portland cement and typical fly ashes, silica fume sizes are two orders of magnitude finer. Thus,

the material is highly pozzolanic and reacts very quickly with calcium hydroxide caused by hydration of

cement to form high-strength calcium silicate hydrates (C–S–H). However, it creates problems of

handling and increases the water requirement in concrete appreciably unless superplasticizer is used.

The typical chemical composition of silica fume is shown in Table 15.4. It can be seen that silica is

dominant (>92%) in the material.

FIGURE 15.1 Silica fume particle.
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FIGURE 15.2 A comparison of size distribution of silica fume to other materials.
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It is possible to make HPC with compressive strengths of up to about 98 MPa without silica fume.

Beyond that strength level, however, silica fume becomes essential, and even at lower strengths of 63 to

98 MPa. It is easier to make HPC with silica fume than without it. Thus, when it is available at a

reasonable price, it should generally be a component of the HPC mix.

15.2.3.2 Fly Ash

Fly ash (pulverized fuel ash; see Figure 15.3) is a by-product of electricity generating plants using coal as

fuel. During combustion of powdered coal in modern power plants, as coal passes through the high-

temperature zone in the furnace, the volatile matter and carbon are burned off, whereas most of the

mineral impurities, such as clays, quartz, and feldspar, will melt at the high temperature. The fused matter

is quickly transported to lower-temperature zones, where it solidifies as spherical particles of glass. Some

of the mineral matter agglomerates forming bottom ash, but most of it flies out with the flue gas stream

and thus is called fly ash. This ash is subsequently removed from the gas by electrostatic precipitators.

Fly ash can be divided into two categories according to the calcium content. The ash containing less

than 10% CaO (from bituminous coal) is called low-calcium fly ash (Class F) and the ash typically

containing 15 to 30% of CaO (from lignite coal) is called high-calcium fly ash (Class C). Usually, the

FIGURE 15.3 Fly ash particles.

TABLE 15.4 The Typical Chemical Composition of Silica Fume

Typical St. dev. Min Max

Moisture% 0.30 0.09 0.09 0.50

LOI% 1.18 0.26 0.79 0.73

SiO2% 92.9 0.60 92.0 94.0

Al2O3% 0.69 0.10 0.52 0.86

Fe2O3% 1.25 0.46 0.74 2.39

CaO% 0.40 0.09 0.28 0.74

MgO% 1.73 0.31 0.23 2.24

K2O% 1.19 0.15 1.00 1.53

Na2O% 0.43 0.03 0.37 0.49

C% 0.88 0.19 0.62 1.30

Cl% 0.02 0.01 0.01 0.03

S% 0.20 0.10 0.30

P% 0.07 0.03 0.12
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high-calcium fly ash is more reactive because it contains most of the calcium in the form of reactive

crystalline compounds, such as C3A and CS.

Micrographic evidence presented in Figure 15.3 shows that most of the particles in fly ash occurs as

solid spheres of glass, but sometimes a small number of hollow spheres, which are called cenospheres

(completely empty), and plerospheres (packed with numerous small spheres), present. The size dis-

tribution of fly ash is slightly smaller than those of Portland cement with more than 50% under 20 mm.

It was found from the researches carried out in past 40 years or so that the incorporation of fly ash into

concrete has certain advantages and some disadvantages. The major advantages of fly ash concrete are

low cost, low energy demand, and low hydration heat. The disadvantages of fly ash concrete are low

early-age strength, longer initial setting time, and the variability in its physical and chemical char-

acteristics. Thus, for high strength–high performance concrete, silica fume must be used in conjunction

with the fly ash, though this practice has not been common in the past.

In general, for high strength–high performance concrete applications, fly ash is used at dosage rates of

about 15% of the cement content. Because of the variability of the fly ash produced even from a single

plant, however, quality control is particularly important. This involves determinations of the Blaine

specific surface area, as well as the chemical composition. And, as with silica fume, it is important to

check the degree of crystallinity. The more glassy the fly ash, the better.

15.2.3.3 Blast-Furnace Slag

Blast-furnace slag (see Figure 15.4) is a glassy material that is made by rapidly quenching molten blast-

furnace slag and grinding the resulting material into a fine powder. It is composed essentially of silicates

and aluminosilicates of calcium. When it is ground to cement fineness, it is referred to as ground

granulated blast-furnace slag (GGBFS), and it is commonly used in HPC mixtures. GGBFS is classified

by ASTM C 989 (AASHTO M 302) according to its level of reactivity. Depending on the desired

properties, the amount of GGBFS can be as high as 80% of the total cementitious materials content.

The use of GGBFS reduces the permeability of the mature concrete. It is believed that this

improvement is a result of the reaction of the GGBFS with the calcium hydroxide and alkalis released

during hydration of the Portland cement. The reaction products fill the pore spaces in the paste and

result in a denser microstructure. In addition to reducing the permeability of concrete, GGBFS also

improves resistance to sulfate attack because of the low calcium hydroxide content. Like fly ash, GGBFS

is also used to reduce the temperature rise in mass concrete. GGBFS improves the workability of fresh

concrete. It is believed that the smooth, dense surfaces of the slag particles (Figure 15.4) result in very

little water absorption during the mixing process.

FIGURE 15.4 Ground granulated blast-furnace slag particles.
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In North America, slag is not as widely available as in Europe and Asia, and hence there is not much

information available as to its performance in high-strength concrete. However, the indications are that,

as with fly ash, slags that perform well in ordinary concrete are suitable for use in high-strength concrete,

at dosage rates between 15 and 30%. The lower dosage rates should be used in the winter, so that the

concrete develops strength rapidly enough for efficient form removal. For very high strengths in excess of

96 MPa, it will likely be necessary to use the slag in conjunction with silica fume.

The chemical composition of slag does not generally vary very much. Therefore, routine quality

control is generally confined to Blaine specific surface area tests, and x-ray diffraction studies to check on

the degree of crystallinity (which should be low).

15.2.3.4 Metakaoline

Metakaoline, generally called ‘‘calcined clay,’’ is a reactive aluminosilicate pozzolan produced by heating

kaolinite at a specific temperature regime. It may react with calcium hydroxide to form calcium silicate

and calcium aluminate hydrates. The type of mineral admixture conforms to ASTM C618 class N

pozzolan specifications. Metakaoline (Figure 15.5) typically has an average particle size of about 1.5 mm

in diameter, which is between silica fume (0.1 to 0.12 mm) and Portland cement (15 to 20 mm).

As a new mineral admixture for producing HPC, metakaolinite can produce HPC of compressive

strengths in excess of 110 MPa through replacing part of the cement in the mixture. Tests have shown

that use of 5 to 10% by mass of metakaoline can produce HPC with performance characteristics

comparable to those of silica fume concretes with respect to strength development, chloride ion

penetration, drying shrinkage, and resistance to freeze–thaw cycles and scaling. Further tests are required

to confirm these findings.

15.2.4 Chemical Admixtures (Superplasticizer)

Chemical admixtures are important and necessary components for the preparation of HPC. The

concrete properties, both in fresh and hardened states, can be significantly modified or improved by

chemical admixtures. In some countries, 70 to 80% of concrete contains one or more admixtures (88%

in Canada, 85% in Australia, and 71% in the United States). It is thus important for civil engineers

to be familiar with commonly used admixtures. Presently, many types of chemical admixtures are

being used in HPC. The following will only discuss the most commonly used chemical admixture —

superplasticizer.

FIGURE 15.5 Metakaoline particles.
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15.2.4.1 Superplasticizers

In modern concrete practice, it is almost impossible to make HPC with adequate workability in the field

without superplasticizers. Unfortunately, different superplasticizers would behave quite differently with

different cements (even cements of nominally the same type). This is due in part to the variability in the

minor components of the cement (which are not generally specified), and in part to the fact that the

acceptance standards for superplasticizers themselves are not very rigorous. Thus, some cements will

simply be found to be incompatible with certain superplasticizers.

There are, basically, three common types of superplasticizer: (1) lignosulfonate based; (2) poly-

condensale of formaldehyde and melamine sulfonate (often referred to simply as melamine sulfonate);

and (3) polycondensate of formaldehyde and naphthalene sulfonate (often referred to as naphthalene

sulfonate).

In addition, a variety of other molecules might be mixed in with these basic formulations. It may thus

be very difficult to determine the precise chemical composition of most superplasticizers; certainly

manufacturers try to keep their formulations as closely guarded secrets.

It should be noted that much of what we know about superplasticizers comes from tests carried out on

normal strength concretes, at relatively low superplasticizer contents. This does not necessarily reflect

their performance at very low w/c ratios and very high superplasticizer dosage.

15.2.4.1.1 Lignosulfonate-Based Superplasticizers

In high strength–high performance concrete, lignosulfonate superplasticizers are generally used in

conjunction with either melamine or naphthalene superplasticizers. This tends not to be efficient enough

for the economic production of very high-strength concretes on their own. Sometimes, lignosulfonates

are used for initial slump control, with the melamines or naphthalenes used subsequently for slump

control in the field.

15.2.4.1.2 Melamine Sulfonate Superplasticizers

Until recently, only one melamine superplasticizer was available (trade name Melment), but now other

melamine-based superplasticizers are likely to become commercially available shortly.

Melamine superplasticizers are clear liquids, containing about 22% solid particles; they are generally in

the form of their sodium salt. These superplasticizers have been used for many years now with good

results, and so they remain popular with high-strength concrete producers.

15.2.4.1.3 Naphthalene Sulfonate Superplasticizers

Naphthalene superplasticizers have been in use longer than any of the others, and are available under a

greater number of brand names. They are available as both a powder and a brown liquid; in the liquid

form they typically have a solids content of about 40%. They are generally available as either calcium

salts, or more commonly, sodium salts. (Calcium salts should be used in the case where a potentially

alkali-reactive aggregate is used.)

The particular advantages of naphthalene superplasticizers, apart from their being slightly less

expensive than the other types, appears to be that they make it easier to control the rheological properties

of high-strength concrete because of their slight retarding action.

For a superplasticizer, great concern should be paid on the superplasticizer–cement compatibility,

apart from the commonly considering water-reducing ratio. As is well known, the production of modern

HPC typically requires a low w/b ratio. This means that high dosages of superplasticizers have to be

incorporated to improve workability. In conjunction with the relatively low water contents of modern

HPC, typically in the range of 125 to 145 L/m3, this may lead to superplasticizer–cement compatibility

problems. In particular, the rapid rate of water consumption, which occurs during the formation of

ettringite (C3A � 3CaSO4 � 32H2O), drastically reduces the already small amount of mixing water. This can

result in insufficient water available to provide proper workability, particularly when there is no opti-

mum content of calcium sulfate [15]. Recent work by Mokhtarzadeh and French [16] has highlighted the

care that must be taken in choosing an appropriate superplasticizer for any particular HPC mix; the
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choice must be made by considering the superplasticizer effects on both workability and long-term

strength.

15.2.5 Polymers

The incorporation of a polymer into concrete can produce excellent HPC with compressive strength of

100 MPa or higher and tensile strength of 10 MPa or higher. The commonly used polymers for pro-

ducing HPC include: epoxy, methyl methacrylate, styrene, unsaturated polyster resins, vinyl esters, and

latex.

These polymers are incorporated into Portland cement pastes commonly in the form of water-soluble

or emulsified solutions. As the Portland cement hardens, the polymer simultaneously hardens forming a

continuous matrix of polymer that penetrates throughout the whole concrete specimen, thus facilitating

a rapid decrease in porosity of cement concrete.

15.3 Different Types of High-Performance Concrete

15.3.1 High-Strength Concrete

15.3.1.1 Definition

High-strength concrete is defined as the concrete made with a normal-weight aggregate with a com-

pressive strength higher than 50 MPa.

15.3.1.2 Differences from Normal-Strength Concrete

To make high-strength concrete, more stringent quality control and more care in the selection of

materials are needed. The microstructure and failure modes in compression of high-strength concrete

are quite different from the normal-strength concrete.

From a microstructure point of view, the behavior of high-strength concrete is more like a homo-

geneous material. The extent of porosity in the transition zone is greatly reduced and thus almost

eliminates the existence of the transition zone. Also, the amount of microcracking in high-strength

concrete associated with shrinkage, short-term loading, and sustained loading is significantly less than in

normal-strength concrete. As for the failure mode, high-strength concrete usually has a vertical crack

going through the aggregate and shows a more brittle mode of fracture and less volumetric dilation.

15.3.1.3 Materials for High-Strength Concrete

Usually, the materials used for normal-strength concrete can be used to make high-strength concrete.

However, for the aggregate to be used, it is better to choose a high-strength concrete if possible. The

composition of high-strength concrete is different from normal-strength concrete. The maximum size of

the aggregate is usually limited to 20 mm. The cement content is high (400 to 600 kg/m3). The limitation

on the maximum aggregate size is to reduce the strength of the transition zone and to get a more

homogeneous material. The higher cement content results from the limited maximum aggregate size and

the need for workability under the smaller w/c ratio condition.

15.3.1.4 Water/Cement Ratio and Abrams’ Law

Water/cement ratio is the most important factor influencing various kinds of concrete properties. The

basic measure usually taken in making high-strength concrete is to reduce the w/c ratio from the values

for normal-strength concrete of about 0.5 or higher to about 0.3 or less. This result can be inferred from

Abrams’ law:

fc ¼
A

B1:5ðw=cÞ

where fc is the compressive strength, A is an empirical constant (usually 14,000 psi), and B is a constant

depending mostly on the properties of the cement (usually 4).
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One of the major drawbacks of a lower w/c ratio is the loss of workability. However, this disadvantage

can be overcome by the addition of admixtures. To recover the necessary workability, superplasticizers

are usually added to the mix.

15.3.1.5 Silica Fume and Microengineering

Two admixtures are commonly used in high-strength concretes. One is superplasticizer, which is for

improvement of workability. Another admixture that has been frequently used in high-strength concrete is

silica fume. Silica fume is a waste product from the ferrosilicon manufacturing process. Due to its small size,

sometimes it is called microsilica (MS). MS is a highly reactive amorphous silica that is highly pozzolanic.

The reasons that concrete strength can be significantly increased by adding silica fume are

� The size of silica fume particles is smaller than that of cement particles (less than 1mm) and thus

through the so-called packing effect the silica fume can make a more dense concrete.
� The silica fume can react with calcium hydroxide (CH) and the products of this reaction are very

efficient in filling up a large capillary space, thus improving the strength and permeability. It

begins to react as soon as water is added. It has been shown that this reaction changes: (1) the

amount of CH; (2) the composition of C–S–H; and (3) the pore size distribution.

15.3.2 Ultrahigh-Strength Concrete

15.3.2.1 Definition

Ultrahigh-strength concrete is defined as concrete that has compressive strength greater than 200 MPa.

In general, high-strength concrete can also be more durable. The comparison of conventional, high-

strength, and ultrahigh-strength concretes is given in Table 15.5.

15.3.2.2 Composition of Ultrahigh-Strength Concrete

To illustrate the composition of ultrahigh-strength concrete, two examples are given in Table 15.6.

The key characteristics of ultrahigh-strength concrete can be summarized as

� A low water–binder ratio.
� A large quantity of silica fume (or other fine mineral powder).
� Aggregates containing only fine sand.
� A high dosage of superplasticizers. Depending on the level of compressive strength, postset heat

treatment, and application of pressure before or during setting may be necessary.

TABLE 15.5 Characteristics of Ultrahigh-Strength Concrete

Conventional concrete High-strength concrete Ultrahigh-strength concrete

Compressive strength (MPa) <50 �100 >200

Water–binder ratio >0.5 	0.30 <0.2

Chemical admixture Not necessary WRA/HRWRA necessary HRWRA essential

Mineral admixture Not necessary Fly ash (and/or) silica fume

commonly used

Silica fume (and/or) fine

powder essential

Fibers Beneficial Beneficial Essential

Air entrainment Necessary Necessary Not necessary

Processing Conventional Conventional Heat treatment and pressure

Steady-state chloride

diffusion (�10	12 m2/s)

1.0 0.6 0.02

TABLE 15.6 The Two Mix Proportions of Ultrahigh-Strength Concrete

Cement Water Superplasticizers Silica fume Fine sand Quartz flour

No. 1 1 0.28 0.06 0.33 1.43 0.3

No. 2 1 0.15 0.044 0.25 1.1 —
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15.3.2.3 Microstructure of Ultrahigh-Strength Concrete

Based on the observations made by optical, SEM, TEM, x-ray diffraction, and mercury intrusion

porosimetry, the microstructure of ultrahigh-strength concrete can be concluded to have the following

properties:

1. On a millimeter scale, the material is more homogeneous.

2. Absence of a pronounced transition zone between sand and the paste.

3. Low or negligible presence of portlandite.

4. Low porosity (1 to 3%).

5. Proportional lower volume of capillary porosity (10% of total porosity).

6. Strong component of pores with diameter 2.5 nm.

The above-mentioned microstructural features lead to low water absorption, gas permeability, and

chloride diffusivity.

15.3.2.4 Limitations (Brittleness)

Ultrahigh-strength concrete is considerably more brittle than conventional concrete. This can be seen

by comparing the uniaxial compressive stress–strain curve of conventional concrete with that of a

ultrahigh-strength concrete, as shown in Figure 15.6. These figures were obtained with a digitally

controlled, closed-loop test system. It can be observed that the postpeak response of ultrahigh-strength

concrete is considerably steeper than that of conventional concrete.

15.3.2.5 Applications

Ultrahigh-strength concrete can be used for prestressed concrete structures and nuclear waste storage.

A pedestrian bridge has been constructed using ultrahigh-strength concrete of 200 MPa in Canada. The

footbridge was built with post-tensioned, precast elements made with FRC (fiber amount: 200 kg/m3,

12 mm long, and 0.2 mm in diameter). Each element was 6.8 m long, 4.2 m wide, and 3.5 m high. The

web of the bridge was designed with concrete without fibers but confined in a steel tube. The cost of

concrete with fibers is about US$1242 per cubic meter, whereas without fibers, the cost is US$332 per

cubic meter. The advantages of using ultrahigh-strength concrete in constructing nuclear waste storage

are its low porosity and the elimination of the need for transporting nuclear substances.
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FIGURE 15.6 Comparison of stress–strain curves of reactive powder concrete to that of high-strength concrete.
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15.3.3 Self-Consolidation Concrete

Self-consolidation concrete (SCC) or self-compaction concrete means a concrete that has a high fluidity

and can be easily placed by itself in formwork (even highly congested ones, without external con-

solidation by vibration). It is characterized by its high filling capacity caused by high viscoplastic

deformability and resistance to segregation.

The mix proportion of SCC has some characteristics comparable to conventional concrete. The unit

paste is much more elevated, supplemented by a decrease in the volume of the coarse aggregate, and the

water powder ratio of the paste is lowered to assure the required viscosity. Hence, the powder content is

elevated up to, in some cases, 600 kg/m3 or more, and the water content is restrained to an adequately

low level. Various mineral admixtures are utilized to increase the powder content. High fluidity is

produced by a high-performance superplasticizer, and a viscosity modifying agent may be added to

restrain segregation.

Thus, the characteristics of mix proportions of SCC are somewhat near to those of high-strength

concrete. Hence, high-strength concrete can be easily transformed to SCC, and vice versa.

Despite reports on self-levelling concrete that appeared in Europe in the 1970s, the concept of ‘‘self-

compacting’’ was first systematized by Prof. Okamura [17] in 1988 and he named it ‘‘high-performance

concrete.’’ This SCC/HPC was initially conceived with the aim of assuring the durability of structures by

eliminating consolidation defects. However, its major purposes have shifted toward the simplification of

placing and improvement of efficiency. The effects of self-compaction, however, are not limited to these

advantages. It enables concrete to be placed into structures that would otherwise be impossible to be

constructed with concrete, and to have dramatic improvements in construction efficiency of extra large

scale structures.

15.3.4 Microsilica Concrete [18]

15.3.4.1 Definition

MS concrete means the concrete containing microsilica. There are some commercially available

MS concrete in the United States. The microstructure of MS concrete has the following

characteristics.

15.3.4.2 Microstructure

15.3.4.2.1 Calcium Hydroxide

In MS concretes the range of silica addition is 5 to 15%, which is not enough to completely eliminate CH

since theoretically an amount in the range of 15 to 20% of weight of cement is most probably needed for

theoretical removal of all CH (depending on the composition of cement).

Reduction in the amount of CH has been documented by some research. Furthermore, large crystals of

CH will form early in hydration (1 to 2 days) before the pozzolanic reaction is fully underway (3 to

10 days). Once formed, CH crystals will persist, particularly when moist curing begins.

15.3.4.2.2 Composition of C–S–H

Studies have shown that the composition of C–S–H formed in the presence of reactive pozzolans is

slightly different from that formed during normal hydration. In particular, the C/S ratio is reduced from

	1.7 to 	1.4, but the silicate structure is not significantly different.

It is likely that both types, ‘‘normal’’ (C/S¼ 1.7) and ‘‘pozzolanic’’ (C/S¼ 1.4), coexist, giving rise to

a mean value of around 1.5.

15.3.4.2.3 Pore Size Distribution

Marked changes in pore size distribution has been shown by using mercury intrusion porosimetry. The

addition of MS at quite high water/powder ratios virtually eliminates the macroporosity (>100 nm in
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diameter) that dominates permeability, after only 7 days of moist curing. Hence, very impermeable

concretes should be possibly obtained.

15.3.4.2.4 Cement–Aggregate Bond

There is now accumulated evidence that the microstructure of the interfacial zone between the cement

paste and the aggregate is not so typical of the bulk paste. It is characterized by a more porous structure

and oriented CH crystals and as a result is more prone to cracking, particularly under stress con-

centration that may occur at the interface. In the presence of MS, the interfacial zone has a denser, more

uniform structure that does not appear to differ significantly from the bulk paste. The small particle size

of the microstructure inhibits the development of segregated water films, which is probably the cause of

the porous zone and inhibits the growth of oriented CH crystals. Similarly, the bond between the paste

and other embedded materials such as fibers will also be improved.

15.3.4.3 Durability

Durability is defined as the capability of concrete to resist chemical and physical attacks from envi-

ronmental factors or weather.

15.3.4.3.1 Permeability

Predictions made from considerations of pore size distribution are in fact correct. The effectiveness of

MS in reducing the permeability of concrete was demonstrated a long time ago at the University of

Trondheim. Typical figures are given in Table 15.7.

The data in Table 15.7 show that even with low cement contents and high w/c ratios, low permeability

coefficients are attained. The effects are greatest at about 400 lb/cu. yd and fall off at higher cement

contents. The efficiency factor is 	10 for a 10% addition of silica, that is, the replacement of one part of

cement for one part of MS is equivalent to adding ten parts of cement. In other words, the reduction

in permeability with 10% of MS is approximately equivalent to doubling the cement content. This

assessment is based on well-cured concretes. Inadequate curing will have a greater detrimental effect on

MS concrete than on conventional concrete, because the pozzolanic reaction will be inhibited.

15.3.4.3.2 Chemical Resistance

The fine pore structure increases the chemical resistance of concrete (along with a reduction in ionic

concentrations) and reduces the access of oxygen. Lowered alkalinity caused by the pozzolanic reaction is

not sufficient to destroy the passive layer. Diamond has measured a pH of >12 after 145 days hydration

in the presence of 30% MS.

TABLE 15.7 The Effectiveness of Microsilica in Reducing the Permeability of Concrete

Cement content (lb/yd3) WDRAa (wt%) Microsilica (wt%) w/p Permeability coefficient K (m/s)

170 0 0 2.38 120� 10	10

170 1 0 2.09 1160� 10	10

170 0 10 2.32 10� 10	10

170 1 10 2.10 4� 10	10

170 2 20 2.02 0.6� 10	10

420 0 0 0.89 0.5� 10	10

420 1 0 0.81 620� 10	15

420 0 10 0.97 95� 10	15

420 1 10 0.82 18� 10	15

420 2 20 0.79 21� 10	15

675 0 0 0.52 7� 10	15

675 0 10 0.56 136� 10	15

675 1 10 0.47 40� 10	15

675 1 10 0.44 8� 10	15

845 0 0 0.43 14� 10	15

845 1 0 0.49 41� 10	15

a WDRA — Lignosulfonate-based water reducing agent.
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If properly cured MS concrete is no more susceptible to carbonation than conventional concrete of

similar w/c ratio, carbonation could destroy the passive layer only. MS concrete has been exposed to salt

spray in Kristiansand, Norway, for over 10 years without any outward sign of corrosion.

When chlorides are added to MS concrete, the chloride ion does not appear to be bound by the

hydration products to the same extent as in conventional concretes. Thus, depassivation can occur at

lower dosages of added chlorides. However, the ingress of external chloride ion is significantly reduced

by at least a factor of 10 (�1� 10 cm/s).

The rate of corrosion in the presence of equal amounts of chloride ion is the same regardless of the MS

content of the concrete; that is, there is no negative influence of MS to nullify or outweigh the beneficial

effects of a refined pore structure. Reduced rates of corrosion have also been reported for DSP materials.

Some years ago, it was reported by Greening and Bhatty that C–S–H made with lower C/S ratios were

capable of taking up greater quantities of alkali ions. It was suggested that this might be a major reason

for the success of pozzolans in controlling the alkaline–aggregate reaction. The effectiveness of MS in

controlling the alkali–aggregate reaction is now well established in several independent studies. In

Iceland, 7.5% MS is routinely added to all cement for this purpose. Recently, Diamond et al. have shown

that the addition of MS does reduce the concentration of alkali (Kþ and OH	 ) in the pore solution. The

low permeability and reduction in CH content should also improve resistance to attack sulfates and

acids. It has been demonstrated that MS performs better than other pozzolans at equivalent additions.

Field trials under severe conditions in Oslo, Norway, have shown good performance over a 20-year

period.

15.3.5 Densified with Small Particles (DSP) Concrete [18]

15.3.5.1 Definition

It would be reasonable to expect that the behavior of DSP materials can be estimated from MS concrete

properties. MS concrete and DSP materials are quite similar in terms of raw material composition and

the microstructure, except that DSP materials usually have much lower w/c ratio (�0.20) and a higher

MS content (>20% of the weight of cement).

15.3.5.2 Microstructure

Very low w/p values are attained by the particle packing attributes of MS, whereby very fine silica

particles pack between the much coarser cement grains. By using large quantities of a dispersing agent

(usually a superplasticizer), a low water demand is achieved. The particle packing can be further

optimized to get a more ideal packing.

A microsilica/cement ratio of 0.45 is needed for a complete reaction. Initially CH is formed as a

reaction product before the pozzolanic reaction has advanced but is reduced to very low levels. Large

massive crystals of CH are not observed, the microstructure is very uniform in contrast to regular cement

paste. Only about 50% of the cement is able to hydrate because of the low w/c used. The pore structure is

also quite different. Mercury intrusion porosimetry curves shown in Figure 15.7 indicate a very low pore

volume accessible to mercury. This is a good reason to believe that no capillary pores are present in DSP.

15.3.5.3 Strength

For DSP, strength development is very rapid after a delayed setting time of 15 to 20 h, so in 2 days a

strength of 100 MPa is obtained. However, strengths continue to increase with extended moist curing.

The compressive strength of 345 MPa is the highest reported value for DSP. This may be due to the

elimination of macroporosity during the hot curing cycle. Using a convoluted stainless steel aggregate

contributes to the strength of DSP.

It is important that a complete dispersion of the MS can be achieved. The use of a chemical dispersing

agent is not sufficient if low shear mixing is used. High shear mixes will allow compressive strengths to be

significantly increased. It is possible to achieve a paste strength of over 200 MPa by optimizing processing.
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15.3.5.4 Brittle Behavior

DSP materials are extremely brittle. The ratio of compressive to flexural strength is in the range of

10–12:1 for paste and 7–12:1 for mortar. Thus, reinforcement will be needed to improve ductility.

15.3.5.5 Durability

15.3.5.5.1 Abrasion Resistance

The abrasion resistance of DSP is excellent. A screw feeder for fly ash made from DSP has reported a

lifetime of 1250 h compared with 250 h of one made of steel with a wear-resistant carbide coating.

15.3.5.5.2 Permeability

The permeability of DSP would be expected to be extremely low because of both the low w/p and the

high MS content. Some DSP products (e.g., DASH 47) have an air permeability even lower than that of

cast aluminum. Another DSP product, Densit formulations, is found to be a good corrosion resistant

material.

15.3.5.5.3 Temperature Resistance

DSP has excellent ability to withstand temperature cycling without loss of its properties. Hence, its

applications include providing a more stable microstructure. This suggests that specialized curing

regimes will be necessary for optimum performance. However, 200 to 250�C is the upper limit for this

system. As a solution to overcome this limit, polymer impregnation with a high-temperature polymer

(Novolac epoxy resin) has been used. It is verified by experiment that vacuum impregnation can

significantly improve flexural strength.

15.3.6 Fiber-Reinforced Concrete

For making HPC, it is essential to select proper raw materials, evaluate their properties, and have

knowledge of the interaction of different materials for optimum usage.

15.3.6.1 Definition

Fiber-reinforced cementitious composite is a concrete that has fibers in the matrix.

15.3.6.2 Property Improvements Compared with Plain Concrete

Quasibrittle materials such as concrete have two major deficiencies, that is, a rather low tensile strength

and a rather low energy consumption capacity or toughness. One way to overcome these weaknesses is
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to incorporate high-strength small-diameter fibers. The effect of the incorporation of the fiber can be

largely attributed to the contribution of the bond between the fiber and matrix. The role of the interface

can be viewed in two different aspects. First, in conventional applications of fiber reinforced cementi-

tious composites, which use a low volume fraction of fibers (e.g., 0.5 to 1.5%, 25 mm long steel fibers

with a diameter of 0.25 mm), the role of fibers is apparent only after the cracks have formed in the

material. Although there is still only one major crack formed and the overall behavior of composites is

still characterized by strain softening after the peak load like that of a plain matrix behavior, the

incorporation of fibers leads to a significant increase in the total energy consumption and overall

toughness of the composites. In such cases, assuming there is no fiber fracture, the fiber debonding and

pull-out process plays an important role. Second, with an increase in the volume concentration of the

fibers, it is possible that microcracks that are formed in the matrix are stabilized due to the interaction

with fibers. If the cement-based matrix is incorporated with a relatively large volume (ranging up to

15%) of small diameter (in the micrometer range) steel, glass, or synthetic fibers, the fiber/matrix bond

can lead to strain hardening and multiple cracking behavior. As a result, not only the composites’

toughness, but also the matrix tensile strength can be significantly improved. One of the mechanisms in

slowing down the growth of a transverse crack in unidirectional fiber composites can be attributed to the

development of longitudinal cylindrical shear microcracks located at the boundary between fiber and

bulk matrix, allowing the fibers to debond while transferring the force across the faces of the main crack.

The enhancements achieved by adding fibers are listed in Table 15.8.

Here, it is important to recognize that, in general, fiber reinforcement is not a substitute for con-

ventional reinforcement. Fibers and rebars have different roles to play in modern concrete technology,

and there are many applications in which both are used.

15.3.6.3 Factors influencing properties

Fiber-reinforced cement-based composites have been developed to improve the toughness and the

tensile properties of concrete. The following parameters can influence the fiber reinforced composite

properties.

15.3.6.3.1 Fiber Type

The fibers that are commonly used in the fiber-reinforced cement-based composites are asbestos, car-

bon, glass (borosilicate and alkali resistant), polymers (acrylic, aramid, nylon, polyester, polyethylene,

polypropylene, and polyvinyl alcohol), natural materials (wood cellulose, sisal, coir or coconut, bamboo,

jute, akwara, and elephant grass), and steel (high tensile and stainless). Some commonly used fibers are

shown in Figure 15.8.

In order to get multiple cracking and strain hardening response, two fundamental requirements have

to be satisfied. First, the fibers should be strong enough to carry the total load at the position of the first

matrix transverse crack. Second, the bond in the fiber–cement interface should be strong enough to

transfer the forces from the fiber to the matrix and thus build up the tensile stress in the matrix.

According to previous studies, PVA fiber shows a very promising potential in improving the interfacial

bond and in achieving multiple cracking.

Different fibers will have different aspect ratios, which is defined as the ratio of fiber length to the fiber

diameter. Aspect ratio plays an important role in the bonding between the fiber and the matrix, usually,

the larger the aspect ratio, the better the bond.

TABLE 15.8 The Mechanical Enhancing Effect Due to the Addition of Fiber

Compressive strength Almost no effect for low Vf ; small for high Vf

Tensile strength Can be improved to 50% and above

Impact and flexural strength Can be improved to 80% and above

Toughness (energy absorption) Can be improved to 200% and above
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15.3.6.3.2 Fiber Volume Ratio

Another important factor that greatly influences FRC properties is the fiber fraction ratio. At low fiber

volume ratio, the addition of fiber mainly contributes to the energy consuming property. At higher fiber

volume ratio, the tensile strength of the matrix can be enhanced and the failure mode can be changed.

According to the rule of mixture, a composite reaches its ultimate strength when the matrix fails at its

cracking strength

scu ¼ Vmsmu þ Vfsf ¼ VmEmemu þ Vf Ef emu ¼ VmEmemu þ Vf

Ef

Em

smu

where scu is the ultimate stress in the reinforced concrete, smu is the ultimate stress in the matrix, sf is

the stress in the fiber, Em is Young’s modulus, emu is the ultimate strain, Vm is the matrix volume ratio,

and Vf is the fiber volume ratio.

This formula is used for a low fiber volume fraction case. For a high fiber volume fraction, the

composites ultimate strength is essentially the fiber of sfu. Hence

scu ¼ Vfsfu

where sf is the ultimate stress in the fiber.

The intersection of the above two equations separates the single fracture and multiple cracking. Thus, by

equating the above two equations, the minimum fiber volume fraction for multiple cracking can be obtained as

V minimum
f ¼ smu

sfu þ ð1	 ðEf=EmÞÞsmu

It can be seen from the above equation that the critical fiber volume fraction only depends on the fiber

and the matrix ultimate strength, in accordance with the theory applied here.

15.3.6.3.3 Matrix Variation

The purpose of changing the matrix composition is to increase the bond properties and improve the

matrix toughness.

15.3.6.3.4 Processing Methods

The commonly used processing methods in industries include hatschek process, reticem process, con-

tinuous surface reinforced process, wellcrete process, normal casting, pultrution process, and extrusion

process. The extrusion technology is an economical mass-production method. The advantage of

introducing extrusion into processing of cement products is that the materials are formed under high

shear and high compressive forces. With properly designed dyes and properly controlled material mixes

and viscosity, the fibers can be aligned in a load-bearing direction. The matrix and fiber packings can be

densified to achieve a low porosity, and the interface bond between the fiber and matrix can thus be

FIGURE 15.8 Different types of fiber.
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improved. Owing to these factors, it is expected that the extruded specimens will achieve a better

performance than the cast specimens provided other conditions are similar.

15.3.6.4 Mechanical Properties

15.3.6.4.1 Tension

Usually, there are two categories of FRCs according to their tensile response, strain softening, and strain

hardening. The strain softening type of fiber-reinforced cement-based composites is usually reinforced

with a low volume of short fibers. This kind of composites containing about 1% fiber is typically used for

bulk field applications involving a massive volume of concrete. Figure 15.9 illustrates the tensile response

of such low volume composites. It shows stress deformation curves for a plain concrete specimen, steel,

and a polypropylene fiber reinforced concrete specimen. The length, diameter, and volume fraction of

steel fiber are 48 mm, 0.5 mm and 0.5%, respectively, whereas the length and volume fraction of fibrillated

polypropylene fiber are 50 mm and 0.5%, respectively. It can be seen from the figure that although all the

specimens display a softening behavior after peak load, the area under the load deformation curve is

different and it is larger for fiber-reinforced specimens than that for plain concrete specimens. This implies

that the fiber-reinforced specimens require more energy to fracture than the plain concrete specimens.

For a strain softening type of failure, the fracture process of the material can be divided into three

stages, namely, randomly distributed damage during the loading stage to about 80% of the prepeak load,

microcrack localization during the loading period between 80% of prepeak load and 80% of postpeak

load, and the major crack propagation during the period after 80% of postpeak load.

A failure mode of multiple matrix cracking can be obtained when the quasibrittle matrix is reinforced

with either a high volume fraction of short fibers or with aligned continuous fibers. Such high volume fiber

composites have been used in thin sheets (e.g., curtain walls). A typical strain-hardening curve for steel-

fiber-reinforced cementitious composites is shown in Figure 15.10. There is a special point (marked B in

the curve) called the ‘‘bend over point’’ (BOP) at which the matrix’s contribution to the tension capacity

reaches a maximum. The stress–strain curve shown in the figure can be roughly divided into four stages:

� Stage 1 is characterized by the elastic behavior of the composite before the initiation of the first

matrix cracks. In this stage, a few microcracks are initiated and are randomly dispersed.
� Stage 2 is defined as the period from the initiation to the complete propagation of the first major

crack across the specimen’s cross-section. The BOP corresponds to the end of stage 2.
� Stage 3 can be called multiple cracking stage. In this stage, the incremental loading of the fibers (at

the position of the crack) is transferred back to the matrix through the bond and this process

builds up the tensile stresses in the matrix. This can lead to the next matrix crack when the stress
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reaches its tensile strength. The multiple cracking process eventually leads to homogenization of

matrix cracks, that is, the end of multiple cracking at which the minimum crack spacing,

determined by the interfacial bond properties, is reached.
� In stage 4, no further matrix crack is expected and the additional load is only sustained by the

fibers.

To study the multiple cracking and associated interfacial bond behavior, experiments have been

conducted on the cementitious composites reinforced with continuous glass, polypropylene, and steel

fibers. Three recently developed techniques, laser holographic interferometry, quantitative optical

microscopy, and moire interferometry, are being employed in the investigation.

Recent studies have shown that the response of FRCs also depends on the methods of processing.

Along this direction, successful applications of pultrusion and extrusion techniques in manufacturing

cement composite products are two good examples. Pultrusion is employed to incorporate continuous

fibres into the cement matrix. Composites with fiber volume ratio of more than 10% could be produced.

Strain hardening type of response is the direct result of a tremendous enhancement in tensile strength.

Extrusion can also lead to a strain hardening type of response. It is obvious that special processing

compacts matrix with fibers to a low porosity, controls fiber direction and distribution, and improves

the interfacial bond between fiber and matrix, which in turn leads to a class of high-performance FRCs

with strain hardening.

So far, the application of FRCs in structural components are used for inhibiting cracking, for

improving resistance to impact or dynamic loading, and for resisting material disintegration such as

airport runway and pavement. This is partly due to high cost. For example, for SFRC, 1% by volume will

increase the cost by US$52 per cubic meter.

15.3.6.4.2 Bending

In the case of bending, the area under the load–deflection curve is used to estimate the energy-absorbing

capacity or toughness of the material. Increase of the toughness also means improved performance

under fatigue, impact, and impulse loading. The toughening mechanism provides ductility.

Another popular way to measure the toughness is characterized by the so-called toughness index,

which is the area under the curve up to a specified deflection value.

Three common codes for evaluating the bending toughness are

� American Concrete Institute (ACI) Committee 544 Toughness:

Index area of load–mid-span deflection curve to 1.9 mm/area of curve up to first cracking.
� American Society of Testing & Materials (ASTM) C 1018:

I5¼Area of load–mid-span deflection curve to 3d/area of curve up to 8 (first cracking).

I10¼Area of load–mid-span deflection curve to 5.5d/area of curve up to 8 (first cracking).

I20¼Area of load–mid-span deflection curve to 15.5d/area of curve up to 8 (first cracking).
� Japan Toughness index¼Area of load–mid-span deflection curve to 1/150 span.
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15.4 Quality Control of High-Performance Concrete

The production of HPC is quite different from that of normal concrete. The fundamental difference is the

extreme care needed for HPC in selection of the aggregates and the knowhow needed in the proportioning

of the mixture, trial batching, testing, and site delivery. As mentioned previously, HPC has a considerably

smaller margin of error than that of normal concrete. A small variation from specified requirements can

result in major deficiencies in quality or test results. Thus, quality control for HPC is more critical.

15.4.1 Materials Quality Control

For making HPC, it is essential to select proper raw materials, evaluate their properties, and have

knowledge of the interaction of different materials for optimum usage.

15.4.1.1 Cement

The choice of Portland cement for HPC is extremely important. Different brands of cements will have

different strength development characteristics because of the variations in chemical composition and

fineness that are permitted by ASTM C 150.

Initially, silo test certificates should be obtained from potential suppliers for the previous 6 to

12 months. Not only will this give an indication of strength characteristics from the ASTM C 109 mortar

cube test, but also, more importantly, it will provide an indication of cement uniformity. The cement

supplier should be required to report uniformity in accordance with ASTM C 917. If the tricalcium

silicate content varies by more than 4%, the ignition loss by more than 0.5%, or the fineness by more

than 375 cm2/g (Blaine), then problems in maintaining a uniform high strength may result.

Special concern should be given to the contents of C3A and SO3 in the cement, because slump loss in

concrete is usually associated with the formation of ettringite caused by the two components. When early

setting and hardening properties are desired, it is preferable to use more finely ground Type II Portland

cement than Type I and III cements, which generally contain more than 8% C3A. On the other hand,

cements with a very low or negligible C3A content, such as ASTM Type V, are generally high in C4AF and

their setting and hardening rates may be unusually slower than desired. Portland pozzolan (ASTM

Type IP) and portland-slag (ASTM Type IS) cements should also be seriously considered for use in

HPC mixtures because of certain desirable physical–chemical effects associated with fine particles of a

pozzolan or slag. The same effects can generally be achieved by using a high-quality pozzolan or slag as

a mineral admixture in Portland cement concrete mixtures.

In addition, alkali content should also be strictly controlled below the limitation level of ASTM

standard specifications in order to prevent the potential alkali–aggregate reaction.

A further consideration is the optimization of the cement–admixture system. The exact effect of a

water-reducing agent on water requirement will depend on the cement characteristics. Mechanical and

durability performance developments will depend on both cement characteristics and cement content.

15.4.1.2 Chemical Admixtures

Selection of type, brand, and dosage of chemical admixtures should be based on performance relative to

other materials being considered or selected for use in the project. Significant increases in compressive

strength, control of rate of hardening, accelerated strength gain, unproved workability, and durability are

contributions that can be expected from the chemical admixtures. Reliable performance on previous

work should be considered during the selection process.

Superplasticizer plays the key role in the development of high performance for HPC. Specifications for

superplasticizer are covered in ASTM Types F and G. Matching the admixture to the cement, both in

type and dosage, is important. The slump loss characteristics of a superplasticizer will determine whether

it should be added at the plant, at the site, or a combination of both.

Use of a superplasticizer in HPC may result in different effects according to specific conditions: to

increase strength by keeping the same slump with reference concrete by reducing the w/b ratio or to
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increase slump by keeping the same w/b ratio with reference concrete. The method of addition should

distribute the admixture throughout the concrete. Adequate mixing is critical to uniform performance.

Supervision is important for the successful use of a superplasticizer. The use of superplasticizers is

discussed further in ACI SP-68.

Combinations of superplasticizer with normal-setting water reducers or retarders have become

common to achieve optimum performance at low cost. Improvements in strength gain and control of

setting times and workability are possible with optimized combinations.

When using a combination of admixtures, they should be dispensed individually in a manner

approved by the manufacturer. Air-entraining admixtures should, if used, be dispensed separately from

water-reducing admixtures.

15.4.1.3 Mineral Admixtures

Mineral admixtures commonly used for HPC consist mainly of fly ash, silica fume, and slag.

15.4.1.3.1 Fly Ash

Fly ash for HPC is classified into two classes. Class F Gy ash is normally produced from burning

anthracite or bituminous coal and has pozzolanic properties, but little or no cementitious properties.

Class C fly ash is normally produced from burning lignite or subbituminous coal, and in addition to

having pozzolanic properties, has some autogenous cementitious properties.

Methods for sampling and testing can be found in ASTM C 311. Although this specification permits a

higher loss on ignition, an ignition loss of 3% or less is desirable.

Variations in physical or chemical properties of mineral admixtures, although within the tolerances of

these specifications, may cause appreciable variations in properties of HPC. Such variations can be

minimized by appropriate testing of shipments and increasing the frequency of sampling. ACI 212.2R

provides guidelines for the use of admixtures in concrete. It is extremely important that mineral

admixtures be tested for acceptance and uniformity and carefully investigated for strength-producing

properties and compatibility with the other materials in the HPC mixture before they are used in

the work.

15.4.1.3.2 Silica Fume

Silica fume has been widely used in HPC for structural purposes and for surface application, and as

repair materials in situations where abrasion resistance and low permeability are advantageous.

When silica fume is used, the following specifications are to be considered carefully.

SO3 content should be controlled below 4.0%. SiO2 content directly determines the reactive ability of

silica fume, so its content should be controlled over 70% for ensuring the development of high

performance of HPC with silica fume added. The loss of ignite of silica fume is closely related to the

water demand for HPC, thus the less the content, the better. According to ATSTM C 618, loss of ignite

must be no more than 10.0%. In addition, pozzolanic activity indicator of silica fume has a great impact

on its reactive properties. At least 75% should be ensured.

The use of silica fume to produce HPC increased dramatically in the 1990s. Both laboratory and field

experiences indicate that concrete incorporating silica fume has an increased tendency to develop plastic

shrinkage cracks. Thus, it is necessary to quickly cover the surfaces of freshly placed silica fume concrete

to prevent rapid water evaporation.

15.4.1.3.3 Slag

Quality control for slag is usually limited to Blaine specific surface area tests and x-ray diffraction studies

to check on the degree of crystallinity, which should be low. Detailed specifications for ground

granulated blast-furnace slag are given in ASTM C 989.

15.4.1.4 Aggregates

Both fine and coarse aggregates used for making HPC should, as a minimum criterion, meet the

requirements of ASTM C 33; however, the following exceptions should also be taken care of and

controlled.
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15.4.1.4.1 Coarse Aggregate

Some important properties like crushing strength, the maximum size, flake, and elongation indices

should be carefully controlled while selecting the aggregate for HPC. As the tensile strength of concrete is

of prime importance, it is necessary to reduce the flaky and elongated particles to reduce the weaker

zones in the concrete. This is achieved by screening the aggregate through specially designed sieves.

Strict control of coarse aggregate strength is important for HPC. HPC possesses good interfacial bonds

between the coarse aggregate and the cement matrix, resulting in the fracture crack usually passing

through the aggregate, rather than the interfacial zone under the loading. The aggregate strength

typically determines the final strength of HPC. Thus, when making HPC, the aggregate compressive

strength should not be less than the required compressive strength of HPC.

Many studies have shown that crushed stone was preferable in HPC than rounded gravel. The most

likely reason for this is the greater mechanical bond that can develop with angular particles. The ideal

aggregate should be clean, cubical, angular, 100% crushed aggregate with a minimum of flat and

elongated particles.

Equidimensional particles from crushing of either dense limestones or igneous rocks, of plutonic type

(viz., granite, syenite, diorite, gabbro, diabase) are generally satisfactory as coarse aggregate.

15.4.1.4.2 Fine Aggregate

For fine aggregates, a rounded particle shape and smooth texture have been found to require less mixing

water in concrete and for this reason are preferable in HPC. The optimum gradation of fine aggregate for

HPC is determined more by its effect on water requirement than on physical packing. A sand with a

fineness modulus (FM) below 2.5 gives the concrete a sticky consistency, making it difficult to compact.

Sand with an FM of about 3.0 gives the best workability and compressive strength. Thus, it is helpful to

increase the fineness modulus. The amounts passing the No. 50 and 100 sieves should be kept low, but

still within the requirements of ASTM C 33, and mica or clay contaminants should be avoided.

15.4.2 Production Procedures

The procedures for producing HPC involve the following steps.

15.4.2.1 Mixing

The effect of mixing is to blend all the constituent materials into a homogeneous concrete mixture. This

is affected greatly by the sequence used to load the materials into the mixer and the efficiency of the

mixer to blend the materials. It should be noted, however, that total automation of concrete production

and delivery always improves consistency as a measure of workability in placement. Admixtures seem to

be most effective if they are introduced after the cement is wetted. In the case of truck mixing, the

temperature of the concrete as delivered should not exceed 42�C. If water demand becomes excessive or

slump loss rapid, the dosage of chemical retarders or superplasticizer has to be increased. If the problem

persists, such as in hot summers and in hot-weather concreting, ice or chilled aggregates have to be used

to lower the temperature.

15.4.2.2 Transportation

Transportation of the concrete from the mixer to the site has to be accomplished without any significant

change in the slump, w/b ratio, air content, consistency, and temperature. Quality control and quality

assurance personnel have to be cognizant of prolonged mixing causes slump loss, and hence lower

workability. Consequently, adequate job control must be established so as to prevent delays in delivery.

Where practical, withholding some of the superplasticizer until the truck arrives at the site is desirable,

provided that proper mixing is exercised. Particularly in the case of high-strength concrete, all mixer

trucks should be inspected and certified regularly to comply with NRMCA inspection requirements. In

addition, it is vital that water used to wash mixers between loads should be discharged prior to batching

for subsequent loads. In lieu of that, provisions can be made to measure and account for the remaining

wash water batched for the next load.
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15.4.2.3 Placement

Care has to be exercised to ensure that there is no segregation of the coarse aggregate. This is particularly

essential in the case of high flowable HPC, since it is typically produced with slumps in excess of 200 mm.

Despite the fluid appearance of high flowable HPC, the mixture requires complete consolidation that

should be achieved quickly. Vibratory equipment is recommended, with at least one standard vibrator

for every three vibrators. Additionally, the ACI 309 guidelines should be used for proper consolidation.

15.4.2.4 Finishing

The finishing operations have to make sure that the concrete surface is produced with minimum

manipulation. Overworking of the surface can result in a reduction of the surface air content; hence,

susceptibility to deicing freezing and thawing damage. The concrete should not be troweled while water

is present on the surface. Neither should water be applied to aid in the finishing process. Doing so would

increase the water/cementitious material ratio, and considerably reduce the compressive strength,

durability, and long-term performance of the top layer.

15.4.3 Early Age Curing

Early age curing is a key step to achieve high performance for HPC. If early age curing is not carried out,

even the best HPC that is made with excellent materials and proper compaction will not perform well.

While this statement is true for all concretes, it is particularly important for HPC; ordinary concretes are

rather more forgiving to the usual inadequate curing. This is because HPC does not usually exhibit much

bleeding. Without protection from loss of surface moisture, plastic shrinkage cracks may form on the

exposed HPC surface.

A great deal of research on the best curing techniques for HPC has been carried out at the Université de

Sherbrooke. This work is based on the premise that curing of HPC is carried out not only to maximize

the amount of cement hydration, but also to minimize the amount of shrinkage. The basic conclusion of

these studies is that, especially for HPC, adequate curing must begin as soon as the concrete is placed,

and must be continued for as long as possible. In practice, this means that while the concrete is still in the

plastic state (before initial set), when plastic shrinkage might occur, it should either be fog misted or

covered with a curing membrane, to prevent water from evaporating. Once the concrete has set, when

self-desiccation might occur (leading to cracking), the HPC should either be fog misted or water cured,

to prevent the formation of menisci in the capillary pores. Finally, the concrete should then be coated

with an impervious film, as it dries, to prevent further desiccation.

Unfortunately, the concrete construction industry is not accustomed to curing even ordinary con-

cretes as well as they should. The steps outlined above will inevitably add some construction complexity

and some costs to a project. However, there is little point in going through the trouble of designing and

placing HPC mixes if their properties, in terms of both strength and durability, are ultimately going to be

degraded by inadequate curing.

15.4.4 Early Age Property Monitoring

Compared to normal concrete, early age property develops very rapidly for HPC. A great amount of

hydration products are produced in a relatively short period. After that only a little change can be

observed. Thus, monitoring of early age property is very important to understand the setting and

hardening processes of HPC, which has a great impact on the final workability, mechanical properties,

and durability.

Development of early age properties and strength gain in HPC are intimately related to the

hydration of Portland cement. At present, some methods and techniques such as ultrasonic through-

transmission measurements [19–22], microwaves monitoring methods [23,24], impact-echo

method [25], ultrasonic reflection [26,27], and electrodeless resistivity measurements [28] have

been developed for following the property changes of Portland cement at an early stage.
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Ultrasonic reflection and electrodatless resistivity measurements are two most promising methods

amongst these techniques for in situ monitoring early age properties of HPC. A detailed introduction to

the two methods will be given below.

15.4.4.1 Ultrasonic Reflection Method

An ultrasonic reflection technique that continuously monitors the setting and hardening of concrete has

been recently been developed by Kolluru V. Subramaniam, J.P. Mohsen, C.K. Shaw, and S.P. Shah from

Northwest University, USA. The experimental procedure is based on high-frequency ultrasonic mea-

surements and consists of monitoring the wave reflection factor (WRF) at the interface between a steel

surface and concrete. The basic principle, experimental setup, and procedure are described as follows.

The ultrasonic reflection method requires access to only one face or side of the structure. Freshly

mixed HPC is placed in a mold. Transducers that excite and receive ultrasonic sound wave pulses are

attached to the outside of a steel plate that is placed in the HPC. The top surface of the steel plate is flush

with the surface of concrete. The reflection of ultrasonic waves at the steel–concrete interface is recorded

during the setting and hardening of HPC. A schematic diagram of the test setup is shown in Figure 15.11.

The experimental procedure consists of collecting the first and second reflected echoes from the

steel–air interface prior to placing the concrete. The first and second reflections are then collected at

regular intervals of time at the steel–concrete interface as shown in Figure 15.11b. These time domain

signals captured during the setting process are collected and digitized. Then, the collected time

domain signals are transformed into the frequency domain using the FFT subroutine, as shown in

Figure 15.11c.

When concrete is placed in the mold, it is in a plastic state that resembles a fluid. According to wave

mechanics, a shear wave traveling through metal that is incident upon a steel–fresh concrete interface

is entirely reflected. Thus, at early ages, most of the wave energy is reflected and the amplitude of

the received wave is almost of the same magnitude as the input signal. As the concrete stiffens, more

of the wave energy is transmitted through the concrete and less is reflected at the interface. The process of

wave reflection can be quantified using the ultrasonic reflection measurement that defines the ratio

of the amount of incident wave energy that is reflected from an interface between two materials. The

ultrasonic reflection method as a function of time, determined under controlled laboratory conditions, is

shown in Figure 15.12.

Many laboratory- and field-scale experiments have been conducted by using ultrasonic reflection

measurements. The results show that the observed trends in the ultrasonic reflection measurements are

very similar to those observed in the strength gain obtained from the same samples. Furthermore, the

percentage change in the WRF and strength with time is very similar.
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FIGURE 15.11 (a) Schematic representation of experimental setup for ultrasonic reflection measurements;

(b) First, second, and third reflections of steel–concrete in time domain; and (c) First and second reflections of

steel–concrete in frequency domain.
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15.4.4.2 Electrodeless Resistivity Measurement

The electrical resistivity change with time is regarded as a fingerprint of the hydration process of cement-

based materials. Through monitoring the electrical resistivity of fresh cement and concrete, different

periods in the hydration process can be identified. Thus, the measurement of electrical resistivity can be

used to guide the construction process. Moreover, it can be used as a quality index for cement-based

materials at an early age.

Previous researches on the electrical property of cement-based materials can be divided into two

stages. In the first stage, two electrodes that are connected to a cement-based specimen for electrical

resistivity measurement. Since any application of direct current to a cement and concrete specimen

produces a polarization effect, this method cannot provide accurate results for the electric resistivity of

cement and concrete.

In second stage, to overcome the disadvantage of direct current, high-frequency (1000 Hz) alternating

current is applied for measuring the electrical resistivity. In this case, the polarization effect is eliminated.

But the alternating current cannot solve the contact problem and gas releasing effect. To solve the

contact problem, sometimes the researchers use an external force to fasten the electrodes and concrete

specimen from two ends [29].

For these above reasons, the electrodeless resistivity apparatus is invented and used to investigate the

hydration process of cement. The present invention overcomes the problems with the prior procedure by

providing an apparatus and method for the electrical resistivity of cementitious materials that does not

require the use of electrodes in contact with a specimen, but instead uses a contactless transformer-based

method in which a specimen serves as the secondary coil of the transformer. As there are no electrodes,

the problems involved with electrodes such as polarization, gas releasing, and contact are eliminated. The

method is reliable, repeatable, and reproducible for fulfilling the basic requirements on an objective test

method. It is a challenge to solve the technical problems encountered during the development of the new

testing device.

15.4.4.3 Testing Device [28]

15.4.4.3.1 Basic Principle

The principle of electrodeless resistivity measurement apparatus is illustrated in Figure 15.13. It can be

seen from Figure 15.13 that the apparatus mainly consists of primary coil, secondary coil, and trans-

former core. In this study, a cement paste specimen was used as the secondary coil. When applying a

voltage on the primary coil, another voltage was induced in the secondary cement specimen. In order to

obtain the resistivity of the cement paste specimen, toroidal voltage measurement and current sensor

were employed to monitor the inductive voltage and current of the cement specimen. It should be

noted that toroidal voltage and current measurement did not touch cement specimen. As a result, the

resistance Rt was calculated based on Ohm’s law. It is of great concern for getting the resistivity rather
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FIGURE 15.12 Typical WRF response during first 36 h after casting.
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than resistance, because resistance is related to the specimen shape and size. It is easy to obtain the

resistivity of the specimen (r) by the following equation:

r ¼ RtS

L

where r is the electrical resistivity, Rt is the electrical resistance, S is the cross-section area of the

specimen, and L is the length of specimen.

15.4.4.3.2 Containers

Fresh cement paste has to be poured and compacted in a container. Figure 15.14 shows the dimensional

size of the container. In this study, a ladder-shaped polycarbonate (PC) container was designed to easily

remove the harden cement paste. The dimensions of the PC container are listed in Table 15.9.

15.4.4.3.3 Frequency and Data Acquisition

When using alternating current to measure the resistivity, the determination of the frequency is of great

importance for accurately obtaining the resistivity of the specimen. If the frequency is too high, it will

r1
r2

r3
r4

h

FIGURE 15.14 Cross-sectional schematic of the ladder-shaped polycarbonate container.

TABLE 15.9 The Dimensions of the Ladder-Shaped

Polycarbonate Container (Unit: cm)

r1 r2 r3 r4 h

9.9 10.4 14.1 14.6 5.4

Primary

Toroidal voltage
measurement Vt

Transformer core

Current
sensor

Vcoin

Secondary
concrete
specimen

FIGURE 15.13 Schematic of resistance measurement.
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lead to electrical radiation and some adverse effects such as Maxwell–Wager effect, viscous conduction

effect, and their combined effect. These will influence the measurement of resistivity [29]. On the other

hand, if the frequence is too low, there will be a very short period of direct current at that moment of the

upper quarter and down quarter in sinusoidal current. Banthea et al. [30] and Lakshminarayanan et al.

[31] recommended that 1 to 7 kHz was suitable for measuring the resistivity of high-resistance materials

such as cementitious materials. In theory, the resistivity may be frequency dependent, but in a range of

around 1 to 2 kHz the resistivity may be regarded as frequency independent. As a result, 1 kHz was

employed as the measuring frequency of the electrodeless resistance apparatus.

The signals received were converted by an A/D-transient recorder card and stored on the hard disk of

a computer. The whole electrodeless resistivity apparatus is illustrated in Figure 15.15.

15.4.4.3.4 Reliability and Reproducibility

In order to check the reliability of the apparatus, the experimental results of 0.1 N KCl standard solution

obtained by the electrodeless resistivity apparatus was compared with the standard resistivity value

provided by the international Chemistry and Physics Society [32]. The international standard value

of 0.1 N KCl solution, electrical resistivity is 78.3699 O cm at 24.5�C. The measured value using the

electrodeless resistivity apparatus is 78.6782 O cm at 24.5�C. It can be seen that the experimental result

is in good agreement with the international standard value. The difference is only 0.3934%. It indicates

that the electrodeless resistivity measurement apparatus provides an accurate method.

Figure 15.16 plots the resistivity against time curves for three specimens with an identical formula. The

similarity of the three curves showed that the measurement method had very good reproducibility.

15.4.4.4 Applicability

The electrical resistivity developments over time have been measured by using the electrodeless resistivity

apparatus for hundreds of HPC mixtures. The typical electrical resistivity curves are shown in

Figure 15.17 and Figure 15.18.

Based on the measured results, four periods with their own characteristics can be clearly defined as

shown in Figure 15.17 and Figure 15.18 [33]. The first period is from the mixing time to t(m), corre-

sponding to the M point shown in Figure 15.18. The second period is from t(m) to time t(l) corresponding

to the L point marked in Figure 15.18. The third period begins from t(l) to t(i) corresponding to the I

point, and the fourth period begins from t(i) onwards. Their characteristics are described in Table 15.10.

It is found that the four characteristic periods defined by the electrical resistivity curves are consistent

with those obtained by other methods such as hydration heat test, ultrasonic waves. However, electro-

deless resistivity measurements are much easier to operate and the apparatus is so sensitive, accurate, and

FIGURE 15.15 The electrodeless resistivity apparatus.

15-32 Handbook of Structural Engineering

Copyright 2005 by CRC Press



effective that the effects of the chemical admixtures, mineral admixtures, alkaline content, and tem-

perature on the hydration process of HPC can also be quantitatively recorded. It is because of the above

reasons that great attention has been placed on electrodeless resistivity apparatus across the world. Some

papers and patents have also been published and the corresponding apparatus commercially available.
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FIGURE 15.16 Reproducibility check on three batches of the same mix.

TABLE 15.10 Characteristics of Four Periods of Hydration

Period name Range Characteristics

Dissolving period (I) t� t(m) dr/dt � 0, dissolution of cement in water

Competition period (II) t(m)< t� t(l) dr/dt¼ 0, competition balance between dissolution and precipitation

Setting period (III) t(l)< t� t(i) 0< dr/dt� dr(i)/dt, continuous formation of hydrates

Hardening period (IV) t> t(i) 0< dr/dt� dr(i)/dt, slow and steady formation of hydrates
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15.5 Properties of Hardened HPC

15.5.1 Compressive Strength

Concrete properties such as modulus of elasticity, tensile or flexural strength, shear strength, stress–

strain relationships, and bond strength are usually expressed in terms of uniaxial compressive strength.

Compressive strength is the common basis for design for most structures, other than pavements, and is

the common method of routine quality testing.

Maximum, practically achievable, compressive strengths of HPC have increased steadily over the years.

Presently, 28-day strengths of up to 100 MPa are routinely obtainable. Under special treatment and with

a special formula, a so-called RPC or ultrahigh-strength concrete has been developed. Its compressive

strength can reach 200 MPa or even 800 MPa.

Testing variables have a considerable influence on the measured compressive strength. The major

testing variables are: mold type, specimen size, end conditions, and rate of loading. The sensitivity of

measured compressive strength to testing variables varies with the level of compressive strength.

Apart from increasing the compressive strength of HPC, the stress–strain behavior in compression

should also be examined in detail. A number of investigations [34–36] have been undertaken to obtain

the complete stress–strain curves in compression. Axial stress–strain curves for concretes with com-

pressive strengths up to 200 MPa were obtained by different researchers. It is generally recognized that

for HPC with high compressive strength, the shape of the ascending part of the curve becomes more

linear and steeper, the strain at maximum stress is slightly high, and the slope of the descending part

becomes steeper when compared to normal concrete, as shown in Figure 15.19. It implies that HPC may

be more brittle than normal concrete.

15.5.2 Tensile Strength

The tensile strength governs the cracking behavior and affects other properties such as stiffness, damping

action, bond to embedded steel, and durability of concrete. It is also of importance with regard to the

behavior of concrete under shear loads. The tensile strength is determined either by direct tensile tests or

by indirect tensile tests such as flexural or split cylinder tests.
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FIGURE 15.18 Development of resistivity during the first 200 min after mixing.
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15.5.2.1 Direct Tensile Strength

The direct tensile test is difficult to conduct. Due to the difficulty in testing, only limited and often

conflicting data are available. For normal-strength concrete, it is often assumed that the direct tensile

strength of concrete is about 10% of its compressive strength. For HPC, the ratio of tensile strength to

compressive strength is greatly reduced to even 5%.

Among more recent studies on the tensile strength of concrete, a new test method for uniaxial tension

test of a concrete has been developed by Li et al. [37,38]. Several measures have been taken to ensure the

success of the uniaxial tension test. To avoid possible eccentricity or bending of the tension specimen,

a set of special loading fixture was developed.

The setup for the uniaxial tension test is shown in Figure 15.20. Two identical loading fixtures were

used: one is gripped on the actuator of the MTS machine and the other is connected to the load cell. The

loading fixture contains a ball joint that is essential for protecting the tension specimen from possible

bending effects. The glued specimen was connected to the loading fixture by using a 1 12 mm pin. Four

SCHAEVITZ LVDTs (linear variable differential transformer), with a working range of �0.635 mm

and a designed gage length of 120 mm, were mounted on the two sides of the specimen for deformation

measurement as well as test control. The LVDT holders were specially designed to allow the adjustment

of entering and offsetting for the LVDTs.

Tension tests were conducted using an MTS machine with a capacity of 250 kN. The tests were carried

out using a newly developed adoptive control method, which ensured the successful and stable mea-

surement of the postpeak response. Figure 15.21 shows the tension stress–deformation curve measured

using this method. It can be seen that the postpeak response can be easily recorded even for concrete at

early ages [38].

15.5.2.2 Indirect Tensile Strength

The most commonly used tests for estimating the indirect tensile strength of concrete are the splitting

tension test (ASTM C 496) and the third-point flexural loading test (ASTM C 78). Both the splitting

tensile strength (fct) and the flexural strength or modulus of rupture (fr) are related to the compressive

strength by the following general expression:

fct or fr ¼ k
ffiffiffiffi
f 0c

p
ACI Committee 363 recommends that for concrete strength up to 83 MPa, the coefficient should be

taken as 7.4 for tensile strength and as 11.7 for flexural strength. Other investigators have proposed
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slightly different values for the two types of strengths. More details can be found in a previous

report [39].

The results of the recent SHRP studies indicated that for the splitting tensile strength the recom-

mendation of ACI Committee 318 is equally acceptable as that of ACI Committee 363. However, for the

flexural strength (modulus of rupture), the recommendation of ACI 318 is a better representation than

that of ACI Committee 363.

The study by Burg and Ost [40] showed that the average modulus of rupture and splitting tensile

strength in comparison with the compressive strength were similar to the recommendation of ACI
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Committee 363. The moist cured specimens consistently produced higher strength than air cured

specimens.

15.5.3 Flexural Strength

Flexural strength is the strength of concrete under bending. In designing concrete pavements, flexural

strength is often used because it better simulates what happens when a slab is loaded by a truck or other

vehicle. Most general-use concrete has a flexural strength between 3.5 and 5 MPa.

In general, a relationship exists between the compressive and flexural strengths of concrete.

Concrete, which has a higher compressive strength, will have a correspondingly higher flexural

strength. This holds true for HPC. However, in many cases, fly ash concrete has demonstrated

flexural strength exceeding that of conventional concrete when compressive strengths were roughly

equal.

15.5.4 Fracture

In recent years, the fracture behavior of HPC is being studied with great seriousness. HPC with high-

strength is nearer to linear theories of fracture and is relatively more brittle. The fracture surfaces are

smooth and less tortuous in HPC [41]. It has been reported that the fracture energy decreases and the

brittleness index of HPC increases significantly with the incorporation of large size aggregates [42]. A

judicious combination of different sizes of coarse aggregates significantly increases the fracture prop-

erties. From the knowledge of the variation of load verses CMOD, it can also be noted that the process

zone in high-strength concrete has been very small. For HPC, one challenge is whether one can make it

relatively more ductile by improving the cohesiveness of cracks.

15.5.5 Shrinkage

Shrinkage and creep are time-dependent deformations that, along with cracking, provide the

greatest concern for designers because of the degree of uncertainty associated with their

prediction. Concrete exhibits elastic deformations only under loads of short duration, and due to

additional deformation with time, the effective behavior is that of an inelastic and time-dependent

material.

Shrinkage of HPC may be expected to differ from normal concrete in three broad areas: plastic

shrinkage, drying shrinkage, and autogenous shrinkage:

1. Plastic shrinkage occurs during the first few hours after fresh concrete is placed. During this

period, moisture may evaporate faster from the concrete surface than the bleeding water from

lower layers of the concrete mass. HPC, which is a paste-rich mix, will be more susceptible to

plastic shrinkage than normal concretes.

2. Drying shrinkage occurs after the concrete has already attained its final set and a good portion of

the chemical hydration process in the cement gel has been accomplished. Drying shrinkage mainly

depends on w/b and total amount of water used. For HPC, its w/b ratio is reduced. However, its

total water amount may not be very different from normal strength concrete due to increased

cement paste. Although HPC’s shrinkage is perhaps potentially larger due to higher paste volumes,

it does not, in fact, appear to be appreciably larger than normal concretes. This is probably due to

the increase in stiffness of the stronger mixes.

3. Autogenous shrinkage due to self-desiccation is one of the typical characteristics for HPC with

very low w/b ratio. Of course, autogenous shrinkage also occurs during the hydration process of

normal concrete, while, compared with HPC, the autogenous shrinkage of normal concrete is

generally negligible. Shrinkage should not be confused with thermal contraction that occurs as

concrete loses the heat of hydration.
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The shrinkage properties of HPC with higher compressive strengths are summarized in an ACI state-

of-the-art report [43]. The basic conclusions were: shrinkage is not only affected by the w/c ratio but also

the percentage of water by volume in concrete; laboratory and field studies have shown that shrinkage of

higher-strength concrete is similar to that of lower-strength concrete; shrinkage of high-strength con-

crete containing high-range water reducers is less than for lower-strength concrete; higher-strength–

high-performance concrete exhibits relatively higher initial rate of shrinkage, but after drying for

180 days, there is little difference between the shrinkage of high-strength–high-performance concrete

and normal-strength concrete made with dolomite or limestone.

Carette et al. [44] reported a study of HPCs with high volume fly ash from sources in the United States.

The concretes had low bleeding, satisfactory slump and setting characteristics, and low autogenous

temperature rise. These concretes also had excellent mechanical properties at both early and late ages

with compressive strength reaching as high as 50 MPa at 91 days and the drying shrinkage of the

concretes was relatively low.

Field measurements of surface shrinkage strains on a mock column, fabricated with HPC, after 2 and

4 years were conducted by Sarkar and Aı̈tcin [45] and the measurements were compared with results on

specimens under laboratory conditions. It was shown that the surface shrinkage strains under the field

condition were considerably lower than those measured under the laboratory conditions.

In a similar study by Hindy et al. [46], measurements of dry shrinkage were carried out on concrete

specimens as well as on instrumented reference columns made with two different ready-mixed HPCs.

One had a 91-day compressive strength of 98 MPa and the other had a 91-day compressive strength of

80 MPa. The first contained silica fume but the second did not. The effects of curing time, curing

conditions, silica fume content, and w/b ratio were considered. It was found that the longer the curing

time the lower the dry shrinkage. The lower the w/b ratio the lower the dry shrinkage. Dry shrinkage of

small specimens measured by the conventional laboratory test was found to overestimate shrinkage of

the concrete in the real structure. The ACI 209 predictive equation was valid for HPCs only if new values

for the parameters were introduced.

15.5.6 Creep

Creep is the time-dependent increase in strain of hardened concrete subjected to sustained stress. It is

usually determined by subtracting, from the total measured strain in a loaded specimen, the sum of the

initial instantaneous strain (usually considered elastic) due to sustained stress, the shrinkage, and any

thermal strain in an identical load-free specimen, subjected to the same history of relative humidity and

temperature conditions.

Creep is closely related to shrinkage and both phenomena are related to the hydrated cement paste. As

a rule, a concrete that is resistant to shrinkage also has a low creep potential. The principal parameter

influencing creep is the load intensity as a function of time; however, creep is also influenced by the

composition of the concrete, the environmental conditions, and the size of the specimen.

The composition of concrete can essentially be defined by the w/b ratio, aggregate and cement types,

and quantities. Therefore, as with shrinkage, an increase in w/b ratio and in cement content generally

results in an increase in creep. Also, as with shrinkage, the aggregate induces a restraining effect so that

an increase in aggregate content and stiffness reduces creep.

A widely used predictive equation for creep strain at time t days after loading is that given by the ACI

Committee 209. As with shrinkage, use of standard-sized laboratory test specimens for determining

creep properties of a concrete mix will require adjustment for size and shape effects to reasonably predict

the behavior of a concrete structure.

Earlier studies on creep of concrete containing fly ash, silica fume, and high-range water reducer have

been summarized in a previous report [39]. It was observed that, with comparable strength, there was

no apparent difference between the specific creep of silica fume concrete and that of Portland

cement concrete, or of fly ash concrete. However, creep strains, creep coefficient, and specific creep were all

smaller for high-strength–high-performance concrete than for concretes of medium- and low-strengths.
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Collins investigated the effect of mix proportions on creep characteristics in a study in which five

mixes with 28-day design strengths ranging from 60 to 64 MPa were used. The results indicated that

creep was somewhat less for concrete mixtures with lower cement paste and larger aggregate size. It was

also shown that the use of a high-range water-reducing admixture did not have a significant effect on

the creep deformations.

Carette et al. reported a study of HPCs with high volume fly ash from sources in the United States. The

concretes had low bleeding, satisfactory slump and setting characteristics, and low autogenous tem-

perature rise. These concretes also had excellent mechanical properties at both early and late ages with

compressive strength reaching a value as high as 50 MPa at 91 days. The creep of the concretes was

relatively low.

In a study of long-term deflection of high-strength–high-performance concrete beams, Paulson et al.

[47] pointed out that a large body of experimental evidence was available confirming that the creep

coefficient of high-strength–high-performance concrete under sustained axial compression was sig-

nificantly less than that of ordinary concrete. Thus, the ratio of time-dependent deflection to immediate

elastic deflection of high-strength–high-performance concrete beams under sustained loads should

likewise be lower. With nine beams made of nominal concrete strengths over a range from 40 to 91 MPa

and loaded over a 12-month period, they found significant differences between the deflection of high-

strength–high-performance concrete beams and that of normal-strength concrete beams. It was sug-

gested that the long-term deflection multipliers of the ACI Code should be modified to account for the

reduced creep deflection with high-strength–high-performance concrete.

Since HPC with high strength is increasingly being used in compression members with reinforcement,

and creep data are generally obtained with small unreinforced specimens in the laboratory, Yamamoto

conducted a creep test of a reinforced concrete column of 25� 25� 100 cm containing 2.44% long-

itudinal reinforcement and 0.79% lateral ties. The concrete strength was 57 MPa at 31 days. When the

concrete was 33 days old, a sustained stress of 19.4 MPa was applied on the column. After 170 days of

loading, the creep coefficient of the concrete was determined to be 0.57 and the ultimate creep coefficient

was estimated to be 1.4, which suggested that the creep deformation of high-performance reinforced

concrete columns would be much smaller than that of normal-strength concrete columns (40 MPa or

lower).

In the SHRP C-205 studies, Zia et al. evaluated the creep behavior of very high-strength concrete with

different aggregates (crushed granite, marine marl, and rounded gravel). Creep strain measurements

were made for 90 days in each case. The observed creep strains of the different groups of VHS concrete

ranged from 20 to 50% of that of conventional concrete. The creep strains were especially low for

concretes with a 28-day strength in excess of 70 MPa.

15.5.7 Durability

When properly designed and carefully produced with good quality control, concrete is inherently a

durable material. However, under adverse conditions, concrete is potentially vulnerable to deleterious

attacks such as frost, sulfate attack, alkali–aggregate reaction, and corrosion of steel. Each of these

processes involves movement of water or other fluids, transporting aggressive agents through the pore

structure of concrete. Therefore, permeability is an important property that affects the durability of

concrete.

15.5.7.1 Permeability

Compared to that of normal concrete, the main characteristics of HPC are low w/b, and the addition

of mineral admixtures, which results in the more uniform and homogeneous microstructure of

hardened HPC.

When Portland cement is combined with some fine particle and high reactive mineral admixtures in

low w/b ratios, the microstructure of such systems consists mainly of poorly crystalline hydrates forming a

denser matrix with low porosity [48,49,50]. This is because that larger amount of CH is transformed into
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C–S–H through pozzalanic reaction between CH and mineral admixtures, while the remaining CH tends

to form smaller crystals compared to that in pure Portland cement paste. Furthermore, the Ca/Si ratio of

the C–S–H gel also decreases with the incorporation of mineral admixture. As a consequence, it appears

that the total porosity is reduced and the pore size distribution is also refined to a certain extent, resulting

in the very high resistance to permeability of harden cement pastes.

The interfacial zone between cement pastes and aggregates (ITZ) for normal concrete is about 20 to

100mm in width. It has a very distinct microstructure compared to that of the bulk matrix for normal

concrete. The ITZ of normal concrete that is inferior in quality and thus leads to a poorer bond between

the aggregates and the cement pastes is typically characterized by the following key elements:

1. The ITZ is richer in CH and ettringite (AFt) than the bulk phase, and the CH is oriented. A rim of

massive CH can often be observed around the aggregate.

2. The porosity of the ITZ is greater than that of the bulk phase, and a gradient in porosity can be

observed with a declining trend as the distance from the aggregate surface increases.

However, for HPC, the microstructure in the ITZ obviously differs from that of normal concrete due to

the adoption of the fine mineral admixture and low w/b. Aı̈tcin and coworkers [48–50] observed that

HPC with silica fume was not as crystallized and porous as normal concrete, and the space in the vicinity of

the aggregate was occupied with amorphous and dense C–S–H gel. Also, direct contact was formed

between the aggregate and the C–S–H gel rather than with CH crystals as in normal concrete. Scrivener

et al. [51] quantified the ITZ and demonstrated that in HPC with silica fume the porosity of the ITZ was

practically eliminated and practically no gradient in porosity was observed, in contrast to normal concrete.

The above qualitative and quantitative observations indicate that in HPC the bulk matrix becomes

very dense and, typically, the dense matrix extends up to the aggregate surface, in such a way that the

inhomogeneity of the ITZ is largely eliminated. It is now well documented that this improved micro-

structure is closely related to the reduced permeability and improved performance of HPC.

15.5.7.2 Freezing and Thawing

Damage of concrete under repeated cycles of freezing and thawing (frost attack) is a major problem of

durability. In a previous state-of-the-art report [39], the mechanism with which freezing and thawing

damages concrete has been discussed and some of the earlier researches have been summarized.

For normal concrete, entrained air of 4 to 8% by volume of concrete provides an effective defense

against frost damage and the exact amount is dependent on the maximum size of the coarse aggregate,

provided that the coarse aggregate itself is frost resistant [5]. The optimum spacing factor of the air

voids should be no more than 0.2 mm and the air voids should be small with their diameter being in

the range of 0.05 to 1.25 mm to ensure that the required spacing factor is obtained with low air

contents. In addition to air entraining agent, a newly developed concrete durability enhancing

admixture developed by Li et al. [52] has shown a good capability in improving the freezing and

thawing resistance of a concrete [53].

At the present time, there is no clear direction as to whether HPC will require air entrainment and the

necessary air-void parameters. Some authors [54–56] argue that with low w/b ratio and mineral

admixtures, the amount of freezable water in HPC would be low and its pore size would be decreased to

the extent that water in the pore cannot freeze. However, in their study of HPCs they found that 5%

entrained air was required to achieve a higher level of frost resistance than that required by the ASTM C

666, Procedure A (i.e., a durability factor of 80 versus 60%).

Okada et al. [57] reported very good frost resistance of non-air-entrained HPC with w/b ratios in

the range of 0.25 to 0.35. Similar observations were later on reported by Foy et al. [58] who observed

good frost resistance of non-air-entrained concrete with w/b ratios of 0.25 and 0.35, respectively.

Malhotra et al. [59] also tested a number of concretes with different types of cement and w/b ratios of

0.30 and 0.35. They reported, however, that air entrainment was necessary for these concretes to be

frost resistant. Hammer and Sellevold [60] tested non-air-entrained concrete with 0 and 10% silica

fume and w/b ratios varying from 0.25 to 0.40. Even for the lowest w/b ratios some of the specimens
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were damaged during testing. These observations were in conflict with low-temperature calorimeter

data, which clearly demonstrated very low freezable water content. Based on this, Hammer and

Sellevold suggested, therefore, that the observed damage could be due to thermal fatigue caused by too

large differences between the thermal expansion coefficients of aggregate and binder rather than ice

formation.

15.5.7.3 Chemical Resistance

Chemical attack to concrete can be classified into three types of processes depending on the predominant

chemical reaction taking place:

1. Leaching corrosion. It is the process where parts or all of the hardened cement paste are removed

from the concrete. Normally, this is caused by the action of water of low carbonate hardness or

carbonic acid content.

2. Soluble corrosion. This process is corrosion by exchange reactions and by removal of readily

soluble compounds from the hardened cement paste. This process occurs as a result of a base

exchange reaction between the readily soluble compounds of the hardened cement paste and

the aggressive solution.

3. Swelling corrosion. This process is largely due to the formation of new and aggressive expansive

compounds in the hardened cement paste. This process is primarily the result of attack by

certain salts (sulfate attack is one of the commonly found chemical attacks). Also, alkali–

aggregate reaction causes expansion, where the concrete eventually is destroyed by a swelling

pressure.

For all of the above deteriorating processes, the permeability and diffusivity of the concrete are the key

factors governing the rate of determination. In addition, CH in cement paste is also an easily soluble

constituent and can react with the sulfates to form disruptive expansion products such as gypsum and

ettringite. HPC typically possesses quite lower permeability and diffusivity compared to normal con-

crete. Furthermore, due to the addition of mineral admixtures, the CH products in HPC are effectively

reduced. All of the above points make HPC highly resistant to chemical attack.

Some investigations have reported the beneficial effect of mineral admixtures in high-sulfate-

containing environments [61,62]. In these investigations, the performance achieved has been equal or

better than that obtained by the use of sulfate-resistant cements. Mehta [63] exposed a number of HPCs

to solutions of both 5% sodium sulfate and 1% sulfuric and hydrochloric acids for a period of up to

182 days. Although Portland cement contained 7% C3A, the results showed that w/b ratios of 0.33 to

0.35 gave too low a permeability to cause any deterioration. In more aggressive environments pure

Portland cements have shown some deterioration, whereas addition of silica fume has given practically

unaffected performance.

The addition of pozzolans such as silica fume can also reduce the alkali–aggregate reaction. Pore water

[64,65] analyses of cement paste with silica fume have demonstrated the ability to reduce the alkali

concentration in the pore water rapidly, thus making it unavailable for the slower reaction with reactive

silica in the aggregate. Also, for HPC the effect of self-desiccation may reduce the moisture content to

a level where no alkali–aggregate reaction can take place.

15.5.7.4 Scaling

Scaling is another problem of durability. It is caused by repeated application of deicing salts. Concrete

surface damaged by salt scaling becomes roughened and pitted as a result of spalling and flaking of small

pieces of mortar near the surface. Even high-quality concrete with adequate air entrainment can still

suffer scaling by deicing chemicals.

As far as salt scaling is concerned, there are some conflicting results reported in the literature for HPC.

Petersson [66] reported that deterioration of HPC due to salt scaling was small for the first 50 to

100 cycles, but increased very rapidly to total destruction in the following 10 to 20 cycles. Foy et al. [58]

however, observed that the resistance to salt scaling of concrete with a w/b ratio of 0.25 was very good
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even after 150 cycles. Both Hammer and Sellevold [60] have demonstrated that it is possible to produce

HPC with high resistance to salt scaling without any air entrainment. These test results included w/b

ratios up to 0.37.

In lieu of silica fume, high-reactivity metakaolin has also been used as an effective mineral

admixture for high-strength concrete, which proved to have satisfactory performance in scaling

resistance [67].

The effect of curing and drying on salt scaling resistance of fly ash concrete was investigated by

Bilodeau et al. [68]. Concretes with 20 and 30% fly ash as cement replacement were produced with two

types of aggregates, using w/b of 0.35, 0.45, and 0.55. The test results showed that, with few exceptions,

concrete with up to 30% fly ash performed well under the scaling test. Extended moist-curing or dry

periods did not seem to significantly affect the scaling performance of the reference concrete as well as

the fly ash concrete. However, when higher volume of fly ash (55 to 60%) was used in air-entrained

concrete, the scaling performance of the concrete was less than satisfactory.

15.5.7.5 Abrasion

Abrasion is the surface wearing of a concrete due to repeated rubbing and friction. For pavements,

abrasion results from traffic wear. Adequate abrasion resistance is important for pavements and bridge

decks from the standpoint of safety. Excessive abrasion leads to an increase in accidents as the pavement

becomes polished and reduces its skid resistance.

Abrasion resistance of concrete is a direct function of its strength, and thus its w/c ratio and

constituent materials. High-quality paste and strong aggregates are essential to produce an abrasion-

resistant concrete. Considering the use of low w/b ratio and mineral admixtures, HPC made with

wear-resistance coarse aggregates typically possesses high abrasion resistance.

Abrasion resistance of HPC containing chemical and mineral admixtures was investigated by de

Almeida [70]. Ten concrete mixtures were evaluated for their abrasion resistance according to a

Portuguese Standard, which is similar to the Brazilian Standard and the German Standard DIN 52108,

using the Dorry apparatus. The compressive strength of the concrete varied from 60 to 110 MPa at

28 days, and the w/b varied from 0.24 to 0.42. The concrete mixtures contained silica fume, fly ash, or

natural pozzolan, with or without a superplasticizer to maintain a consistent workability. From the

test results, it was concluded that the abrasion resistance of concrete generally varies inversely with the

w/b ratio, the porosity, and the cement paste volume in the concrete. Therefore, by using super-

plasticizer to substantially reduce the w/b ratio, the abrasion resistance of concrete would be improved

considerably. Introducing mineral admixture without using superplasticizer would reduce the abrasion

resistance of concrete since more water would be needed to maintain a constant workability. The least

abrasion resistant concrete produced in the study resulted in surface wear that was only 17% of

normal concrete.

15.6 Design Philosophy [69]

Many of the design provisions that exist in the codes and standards of North America and Europe are

based on experimental results obtained with normal concretes. As HPCs have become available, the

applicability of the design provisions for HPC has been questioned. The following highlights several

areas where designers should give special consideration.

15.6.1 Concrete Compressive Strength Limits

Table 15.11 gives the maximum concrete compressive strength limits for high-strength concrete, and

with the shapes and sizes of the corresponding standard compressive test specimens used in different

countries [71–75]. Although ACI 318-02 has no upper limit on the compressive strength itself, there are

limits on the compressive strength that can be used in some design equations (e.g., development length

and shear). CSA A23.3-94 and NZS 3101-95 have reduced limits for the concrete compressive strength

15-42 Handbook of Structural Engineering

Copyright 2005 by CRC Press



for the seismic design of ductile reinforced concrete members. These more conservative limits were

chosen because of the concern over the ductility of high-strength concrete members and the lack of

reversed cyclic loading test results at the time the standards were written. In the comparison of the

different maximum strengths, it is important to realize that the codes determine the compressive

strengths with a number of different standard test specimens (Table 15.11).

15.6.2 Load and Resistance Factors

Table 15.12 provides a comparison of different code approaches for load factors and resistance factors

for a HPC structure designer. ACI 318-02 and NZS 3101-95 both use strength reduction factors j
applied to the nominal capacity, which varies with the type of action (e.g., flexure, shear, and axial

loads). The other codes in Table 15.12 use a partial safety factor approach with reduction factors applied

separately to the stress resultant in the concrete (jc or 1/gc) and the stress resultant in the steel (js or 1/gs).

It is interesting to note that the revisions proposed in 1995 to the 1990 CEB-FIP Model Code (MC-90)

[76] introduces a high-strength concrete factor ghsc, to modify gc, for concrete having compressive

strengths from 50 to 100 MPa.

ghsc ¼
1

1:1	 ð fck=500Þ ð15:1Þ

where fck is the characteristic strength defined in the following. This factor was introduced to account for

the brittle behavior associated with spalling, delamination, or failures due to high local stresses.

TABLE 15.12 Load Factors and Resistance Factors for the Different Codes

Load

factor

Strength reduction

factor

Material strength

reduction factor

Code Dead Live Flexural

Flexural and

axial load Shear

Concrete,

jc or 1/gc

Steel,

js or 1/gs

ACI 318-021 1.2 1.6 0.65–0.9 0.65–0.9 0.75 — —

CSA A23.3-94 1.25 1.5 — — — 0.6 0.85

MC-90 VEC2-023 1.35 1.5 — — — 1/1.5 1/1.15

NZS 3101-955 1.2 1.6 0.85 0.65–0.85 0.75 — —

TABLE 15.11 Upper Limits of Specified or Characteristic Concrete Compressive Strengths and Standard

Test Specimens

Country/region Code Date

Maximum specified

or characteristic concrete

compressive strengths, MPA Standard test specimen, mm

Europe CEB-FIP MC-90[72] 1993 80 Cyl. 150� 300

Cube 200� 200

Europe EC2-02 (Final Draft)[73] 2002 90 Cyl. 150� 300

Cube 200� 200

Canada CSA A23.3-94[74] 1994 80/55a Cyl. 150� 300

Cyl. 100� 200

USA ACI 318-02[71] 2002 No limitb Cyl. 6� 12 in.

Cyl. 152� 304

New Zealand NZS 3101-95[75] 1995 100/70a Cyl. 152� 304

Cyl. 152� 304

a For ductile elements in seismic design.
b Concrete strength limited in some design equations.
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15.6.3 Modulus of Elasticity

To appreciate the differences in code expressions for the modulus of elasticity of concrete, it is important

to realize that both ACI 318-02 and EC2-02 use a secant modulus. The definition of the secant modulus,

however, is different in the two codes; and the ACI 318-02 bases the modulus on the specified com-

pressive strength, whereas EC2-02 bases the modulus on the average compressive strength. ACI 318-02

gives an expression for the secant modulus of elasticity — defined as the slope of a line drawn from a

stress of zero to a compressive stress equal to 0:45f 0c — and given as

Ec ¼ w1:5
c 33

ffiffiffiffi
f 0c

p
psi

Ec ¼ 0:043w1:5
c

ffiffiffiffi
f 0c

p
MPa

ð15:2Þ

where wc is the concrete unit weight varying from 90 to 155 lb/ft3 (1500 to 2500 kg/m3). For normal

density concrete, the expression simplifies to

Ec ¼ 57,000
ffiffiffiffi
f 0c

p
psi

Ec ¼ 4700
ffiffiffiffi
f 0c

p
MPa

ð15:3Þ

EC2-02 gives the following expression for the secant modulus — defined as the slope of a line drawn

from a stress of zero to a compressive stress equal to 0.40fcm

Ecm ¼ 22,000
fcm

10

� �0:3

MPa ð15:4Þ

CSA A23.3-94 and NZS 3101-95 adopted slightly modified versions of an equation based on the

research by Carrasquillo et al. [77] and reported by ACI Committee 363 [78]:

Ec ¼ 3320
ffiffiffiffi
f 0c

p
þ 6900

� � wcm

2300

� �1:5

MPa ð15:5Þ

15.6.4 Concrete Tensile Strength

Tensile strength is an important parameter used to calculate cracking loads and to determine the

required minimum amounts of reinforcement. ACI 318-02 uses the modulus of rupture f to determine

the flexural cracking moment from the following expressions:

fr ¼ 7:5
ffiffiffiffi
f 0c

p
psi

fr ¼ 0:6
ffiffiffiffi
f 0c

p
MPa

ð15:6Þ

ACI Committee 363 [78] reported the following relationships for fr, which was recommended by

Carrasquillo et al. [77], for concrete having a compressive strength between 3,000 and 12,000 psi (20 to

80 MPa):

fr ¼ 11:2
ffiffiffiffi
f 0c

p
psi

fr ¼ 0:94
ffiffiffiffi
f 0c

p
MPa

ð15:7Þ

NZS 3101-95 adopted the following expression for the modulus of rupture:

fr ¼ 0:8
ffiffiffiffi
f 0c

p
MPa ð15:8Þ

EC2-02 uses the direct tensile strength as the basic parameter to categorize the tensile strength of the

concrete. In the absence of direct tensile tests, which are very difficult to perform correctly, EC2-02

provides the following expressions for the mean tensile strength for the concrete fctm.

fctm ¼ 0:30f
2=3

ck MPa, for fck � 50 MPa

fctm ¼ 2:12 ln 1þ fcm

10

� �
MPa, for fck > 50 MPa

ð15:9Þ
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where fcm is the mean compressive strength taken as fckþ 8 MPa. One interesting aspect of EC2-02 is that

it makes a clear distinction in applying the different values of tensile strengths. A lower-bound char-

acteristic tensile strength, 5
6

fractile value (fctk,0.05¼ 0.7fctm), is used when accounting for tensile stresses

contributing to strength (e.g., shear). An average or mean value is used when computing deflections and

crack widths. An upper-bound characteristic tensile strength, 95% fractile value (fctk,0.95¼ 1.3fctm), is

also provided for the designer and can be used to estimate the upper bound of cracking loads to check

minimum reinforcement requirements.

It is a well-known fact in fracture mechanics that for brittle materials, as the member size increases,

the tensile strength decreases. Some codes account for this so-called ‘‘size effect’’ when determining the

cracking stress. For the data examined in this article for the modulus of rupture, it is concluded that the

equation proposed by Carasquillo et al. [77] provides a reasonable estimate of the average modulus

of rupture. For this same data set, the ACI 318-02 equation for the modulus of rupture provides a

reasonable estimate of the minimum values.

15.6.5 Minimum Reinforcement for Flexure

The primary role of minimum reinforcement is to provide adequate reserve of strength after cracking.

ACI 318-02 and NZS 3101-95 code expressions for the minimum reinforcement ratio for rectangular

sections are

As,min ¼
3
ffiffiffiffi
f 0c

p
fy

bwd � 200

fy

bwd in:2 ðpsi and in.Þ

As,min ¼
ffiffiffiffi
f 0c

p
4fy

bwd � 1:4

fy

bwd mm2 ðMPa and mmÞ
ð15:10Þ

where bw is the web width and d is the effective depth. For a statically determinate T-beam, with the

flange in tension, ACI 318-02 requires that bw be taken as the smaller of 2bw or the flange width.

The approach used by CSA A23.3-94 for determining minimum reinforcement is based on the ACI

approach for prestressed concrete members, requiring that the factored flexural strength be at least

1.2 times the cracking moment. The cracking moment is determined with a modulus of rupture

fr ¼ 0:6
ffiffiffiffi
f 0c

p
MPa. This philosophy is applied equally to non-prestressed as well as prestressed concrete

members. CSA A23.3-94 provides slightly lower values of As,min than the ACI Code.

As,min ¼ 0:2

ffiffiffiffi
f 0c

p
4fy

bwh mm2 ðMPa and mmÞ ð15:11Þ

where bw is the width of the tension zone and h is the overall depth of the member. ACI 318-02, CSA

A23.3-94, and NZS 3101-95 codes allow the minimum reinforcement requirement to be waived if the

ultimate or factored flexural strength is at least one-third larger than the factored moment. This

represents a trade-off between ductility and over-strength.

EC2-02 requires that the minimum area of flexural reinforcement must satisfy the following

expression:

As,min � 0:26
fctm

fyk

btd � 0:0013btd ðMPa and mm Þ ð15:12Þ

where bt is the mean width of the concrete zone in tension, taken as the web width for a T-beam with the

flange in compression, and fctm is given by Equation 15.9. The 1995 Recommended Extensions to MC-90

require a minimum reinforcement ratio equal to 0.23fctk,max=fyk, where fctk,max¼ fctk,0.95, which is a

function of the maximum tensile strength.

Figure 15.22 compares the minimum flexural reinforcement ratio rmin¼As,min/bwd, required by

ACI 318-02, CSA A23.3-94, and EC2-02, as a function of the concrete compressive strength. It is noted

that EC2-02 requires less minimum reinforcement for beams than ACI 318-02 and CSA A23.3-94.

High-Performance Concrete 15-45

Copyright 2005 by CRC Press



Unlike the requirements for the EC2-02, the minimum reinforcement requirements for slabs, given by

ACI 318-02 and CSA A23.3-94, are not a function of concrete strength.

15.6.6 Flexure and Axial Loads

Figure 15.23 compares the simplified equivalent stress distributions for determining the nominal resi-

stances under flexure and axial load. EC2-02 permits the use of several equivalent stress distributions —

the preferred one being the parabola–rectangle stress distribution. In the use of the equivalent

rectangular stress distributions prescribed by the different codes, there are significant differences in the

treatment of higher strength concretes. CSA A23.3-94 and NZS 3101-95 have departed from the tra-

ditional ACI stress block factor a1 of 0.85 to give a1 values that are as low as 0.67 for very high-strength

concrete. EC2-02 uses stress block factors that are reduced for concrete having a compressive strength

greater than 50 MPa. In EC2-02, acc is a factor accounting for long-term and loading effects, and is

recommended to be 1.0. EC2-02, however, indicates that this factor may be changed by amendments in a

National Annex when adopted by an individual country. Figure 15.24 illustrates the differences in the

axial load bending interaction diagrams for columns containing 1 and 4% of vertical reinforcement as

the concrete compressive strength varies from 30 to 80 MPa. In calculating the predictions using the

EC2-02 code, the traditional value of 0.85 has been used for acc. It is noted that the four code approaches,

compared in Figure 15.24, give similar nominal strength predictions for the lower-strength concrete

columns. Above a concrete strength of 50 MPa, however, the ACI 318-02 approach predicts significantly

higher column capacities than the other three codes for ‘‘compression controlled’’ columns. This dif-

ference is particularly evident for columns containing the minimum amount of vertical reinforcement

(1%) permitted by the codes. In view of observations [79] that there is a tendency for splitting

and splitting of the concrete cover in high-strength concrete columns, CSA A23.3-94 requires that,

for columns with f 0c greater than 50 MPa, the column ties must have 135�-bend anchorages, and the

traditional tie spacing limits must be multiplied by 0.75.

Considering the differences in strength predictions and detailing considerations, it is clear that more

research on high-strength concrete column behavior is needed. The behavioral aspects that need to be
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FIGURE 15.22 Comparison of the minimum flexural reinforcement ratio as a function of f 0c.
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investigated include the potential for cover splitting, the required confinement reinforcement, detailing

requirements for columns, and suitable values for a1 and b1over the full range of practical concrete strengths.

15.6.7 Concrete Contribution to Shear

For normal-density concrete, ACI 318-02 gives the following expression for the nominal shear carried by

the concrete Vc:

Vc ¼ 2
ffiffiffiffi
f 0c

p
bwd lb ðpsi and in:Þ

Vc ¼
ffiffiffiffi
f 0c

p
6

bwd N ðMPa and mmÞ
ð15:13Þ

where bw is the web width, d is the effective depth, and f 0c is the concrete compressive strength.

ACI 318-02 limits the value of
ffiffiffiffi
f 0c

p
to 100 psi (25/3 MPa), unless the required amount of minimum shear

reinforcement is provided.

T T
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stress block
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stress distribution

Strains
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FIGURE 15.23 Simplified equivalent stress distributions for determining the nominal resistance under flexure

and axial loads.
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It is noted that the EC2-02 always requires minimum shear reinforcement, except for members where

transverse redistribution of loads is possible (e.g., slabs) or for members of minor importance, which do

not contribute significantly to the overall resistance and stability of the structure (e.g., short lintels). For

members not requiring shear reinforcement and without axial load, EC2-02 gives the following

expression for the shear carried by the concrete:

Vc ¼ ½0:18kð100rfckÞ1=3�bwd � 1:5vminbwd N ðMPa and mmÞ ð15:14Þ

where k ¼ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
200=d � 2:0

p
, r¼As/bwd, and vmin ¼ 0:035k3=2f

1=2
ck . This expression includes a size

effect factor k and also includes the reinforcement ratio r.

CSA A23.3-94 has two approaches for shear design: the simplified method based on the ACI Code and

the general method based on modified compression field theory [80]. Although the expression for the

factored shear resistance has been adjusted for the low value of jc, the nominal shear resistance of

the concrete in the simplified method for sections having either: at least minimum amount of trans-

verse reinforcement; or an effective depth d� 300 mm is the same as the ACI 318-02 expression

(Equation 15.13).

For sections with effective depths greater than 300 mm and with no transverse reinforcement, or

less than the minimum amount of transverse reinforcement, the nominal shear resistance can be

written as

Vc ¼
217

1000þ d

� � ffiffiffiffi
f 0c

p
bwd � 0:083

ffiffiffiffi
f 0c

p
bwd N ð15:15Þ

It is noted that both EC2-02 and CSA A23.3-94 have a size effect term in the design expressions.

Furthermore, EC2-02 accounts for the amount of flexural reinforcement. The general method of the

CSA Standard accounts for both the size effect and the amount of longitudinal reinforcement when

determining Vc.

Figure 15.25 compares the nominal shear stress carried by the concrete for one-way slabs without

shear reinforcement using the expressions from ACI 318-02, EC2-02, and CSA A23.3-94. It is apparent

that the shear capacities predicted using the EC2-02 and CSA A23.3-94 expressions for thick slabs are

considerably below those predicted using the ACI 318-02 expression (Equation 15.13). It has been

shown by tests on large beams without shear reinforcement, particularly those made from high-

strength concrete, that failure can occur at loads considerably less than the loads predicted using

Equation 15.13 [79,80].

15.6.8 Minimum Shear Reinforcement

The minimum area of shear reinforcement required by ACI 318-02 is given by

Av,min ¼ 0:75
ffiffiffiffi
f 0c

p bws

fy

� 50
bws

fy

in:2 ðpsi and in:Þ

Av,min ¼
1

16

ffiffiffiffi
f 0c

p bws

fy

� 0:33
bws

fy

mm2 ðMPa and mmÞ
ð15:16Þ

This continuous function replaces the more complex minimum shear reinforcement requirements

of ACI 318-99 [81].

The minimum amount of shear reinforcement required by EC2-02 is given by

Av,min ¼ 0:08
ffiffiffiffi
f 0c

p bws

fyk

mm2 ðMPa and mmÞ ð15:17Þ

EC2-02 indicates that this minimum area of shear reinforcement is subject to change in a National

Annex.
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The minimum area of shear reinforcement required by CSA A23.3-94 is given by

Av,min ¼ 0:06
ffiffiffiffi
f 0c

p bws

fyk

mm2 ðMPa and mmÞ ð15:18Þ

Figure 15.26 presents a comparison of the minimum amounts of shear reinforcement. The ACI

318-02 and CSA A23.3-94 expressions give similar amounts of shear reinforcement, while the EC2-02
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expression gives a larger amount of minimum shear reinforcement for all concrete strengths. Both

ACI 318-02 and CSA A23.3-94 require that a minimum amount of shear reinforcement be provided

in all reinforced concrete flexural members where the factored shear force exceeds one-half the

factored shear resistance of the concrete, except for slabs, footings, joists, and shallow beams meeting

geometrical restrictions. In contrast, EC2-02 requires that all beams that contribute significantly to the

overall resistance and stability of the structure must contain at least a minimum amount of shear

reinforcement.

15.6.9 Development Length for Reinforcing Bars

The ACI 318-02 Code gives the following expression for the tension development length ld for deformed

bars for situations where the clear spacing of the bars being developed and clear cover are not less than

db, and stirrups or ties throughout ld are not less than the code minimum.

ld ¼
1

20
abgl

fyffiffiffiffi
f 0c

p db ð psi and in:Þ

ld ¼
3

5
abgl

fyffiffiffiffi
f 0c

p db ðMPa and mmÞ
ð15:19Þ

where a is the reinforcement location factor, b is the coating factor, g is the reinforcement size factor

(0.8 for No. 6 or 19 mm and smaller bars and 1.0 for larger bars), and l is the lightweight aggregate

concrete factor.

The development length requirements in CSA A23.3-94 are based on the ACI Code provisions, but

have been modified to account for the larger required minimum spacing between bars of 1.4db, but not

less than 30 mm. This results in shorter development lengths with the factor 3
5

in the metric expression of

Equation 15.19 being replaced by 0.45.
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EC2-02 requires a minimum clear spacing between bars of db, but not less than 25 mm (assuming

20 mm maximum aggregate size). The tension development length of reinforcing bars is given by

ld ¼ a1a2a3a4a5

1

0:7actfctm=gc

db

4
ðMPa and mmÞ ð15:20Þ

where a1 is a factor accounting for presence of bends (1.0 for straight bar anchorage). The factor a2

accounts for concrete cover and bar spacing and is taken as 1	 0.15(cd	 db)/db, but not less than 0.7,

and not greater than 1.0. The distance cd is the smaller of the clear cover to the bars being developed

and one half of the clear spacing between the bars. The factor a3 is the transverse reinforcement

confinement factor; a4 is the factor accounting for welded transverse bars; and a5 is the factor

accounting for pressure, p, transverse to the plane of splitting, taken as 1	 0.04p, but not less than 0.7,

and not greater than 1.0.

The factor Z1 accounts for the quality of the bond (depends on position of the bar, member size, and

other factors such as the use of slip forming); Z2 is the bar size factor, taken as (132	 db)/100 for db

greater than 32 mm, and taken as 1.0 for db less than or equal to 32 mm.

The factors gc and gs are partial safety factors for concrete and steel (Table 15.12); fyk is the char-

acteristic yield strength of the reinforcement; fctm is the mean value of the axial tensile strength of

concrete (see Equation 15.9); and sct is a factor accounting for long-term and other unfavorable effects,

usually taken as 1.0.

Figure 15.27 compares the tension development lengths required by ACI 318-02, EC2-02, and CSA

A23.3-94 for beams containing the minimum shear reinforcement required by the respective codes.

This comparison is made for two bar sizes, having diameters of 16 mm (0.6 in.) and 35.7 mm (1.4 in.).

In making this comparison it has been assumed that the factors in the ACI and CSA code expressions
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for reinforcement location, bar coating, and concrete density are all 1.0. It was also assumed that all of

the a factors, Z1, and act in Equation 15.20 are 1.0. In addition, it was assumed that the minimum

concrete cover to the bars being developed was 40 mm (1.5 in.) and that spacing between the bars was

between 1.4db and 2db. Both the EC2-02 and CSA A23.3-94 expressions give shorter development

lengths than the ACI 318-02 expression. This is due to the different requirements in the three codes

regarding minimum shear reinforcement and minimum bar spacing. On the one hand, EC2-02

requires larger amounts of minimum shear reinforcement (Figure 15.25), but has the same minimum

clear bar spacing as ACI 318-02. On the other hand, CSA A23.3-94 requires similar amounts of

shear reinforcement as ACI 318-02 (Figure 15.25), but requires a larger minimum clear spacing

between bars.

ACI 318-02 and CSA A23.3-94 limit the value of
ffiffiffiffi
f 0c

p
to 100 psi (25/3 MPa) and 8 MPa,

respectively, in applying the expressions for determining the development length. EC2-02 cautions

designers that due to the increasing brittleness of higher-strength concrete, the tensile strength of

concrete required in calculating the bond strength should be limited to that corresponding to con-

crete with a compressive strength of 60 MPa, unless it can be verified that the average bond strength

increases above this limit. It is noted that tests [82] indicate that bond failures in high-strength

concrete members are more brittle than those in normal-strength concrete members unless adequate

transverse reinforcement is provided. More research is needed to determine the relationship between

the amount of confinement reinforcement and the required development length for higher-strength

concrete.

15.6.10 Column Confinement for Seismic Design

ACI 318-02 requires that the total cross-sectional area of rectangular hoop reinforcement in ductile

columns be not less than that given by the following expressions:

Ash ¼ 0:3shc
f 0c
fyh

Ag

Ach

	 1

� �
in:2 ð15:21Þ

Ash ¼ 0:09shc
f 0c
fyh

Ag

Ach

	 1

� �
mm2 ð15:22Þ

where Ash is the total cross-sectional area of transverse reinforcement within spacing s, s is the hoop

spacing, hc is the cross-sectional dimension of the column core measured center-to-center of confining

reinforcement, Ag is the gross cross-sectional area, Ach is the cross-sectional area of the column measured

out-to-out of transverse reinforcement, and fyh is the specified yield strength of the transverse

reinforcement.

NZS 3101-95 includes the influence of axial load level in determining the required Ash as follows:

Ash ¼
ð1:3	 rgmÞsh00

3:3

Ag

Ach

f 0c
fyh

N�

fAgf 0c
	 0:006sh00 ð15:23Þ

where rg is the ratio of total longitudinal reinforcement area to cross-sectional area of column;

m ¼ fy=ð0:85f 0c Þ; h00 is the dimension of the concrete core measured perpendicular to the

direction of the hoop bars to outside of peripheral hoop; and N� is the design axial load at

ultimate limit state.

Figure 15.28 compares the confinement requirements of ACI 318-02 and NZS 3101-95 as a function of

concrete compressive strength. Unlike the ACI 318-02 requirements, the NZS 3101-95 requirements

are strongly affected by the axial load. For low axial loads and low concrete compressive strengths, the
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New Zealand confinement equation results in considerably less confinement reinforcement than the

ACI Code. For high axial loads and high-strength concrete, the NZS 3101-95 requirements are more

stringent than those in ACI 318-02.
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16
Fiber-Reinforced

Polymer Composites

16.1 Analysis and Design of FRP Pultruded Structures

16.1.1 Introduction

Truss structures and braced framed structures have been designed and constructed using thin-walled

composite material fiber-reinforced polymer (FRP, commonly referred to as fiber-reinforced plastic)

pultruded members for over 30 years. Pultruded structural members (referred to as pultrusions or

pultruded shapes or pultruded profiles) have been used in a significant number of structures to-date,

such as pedestrian bridges, vehicular bridges, building frames, stair towers, cooling towers, and walkways

and platforms (Bakis et al. 2002). Pultruded members are often the materials of choice where significant

corrosion and chemical resistance is required (food processing, cooling towers, offshore platforms),

where electromagnetic transparency is required (electronics manufacturing, radomes), or where

accessibility is limited and lightweight skeletal structures are assembled on-site (pedestrian bridges in

parklands).

Pultrusion is a continuous, and highly cost-effective, manufacturing technology for producing con-

stant cross-sectional FRP structural shapes (profiles) (Meyer 1985). Pultruded materials consist of fiber

reinforcements (typically, glass fiber or carbon fiber) and thermosetting resins (typically, polyester,

vinylesyter, and epoxy polymers). The fiber architecture within a thin ‘‘panel’’ or ‘‘plate’’ in a pultruded

shape (such as a web or a flange) typically consists of longitudinal continuous fiber bundles (called
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rovings or tows) and continuous filament fiber mats (CFM). In specialized custom pultrusions

bidirectional stitched fabrics are also used to improve mechanical or physical properties. The volume

fraction of the fiber reinforcement in a pultruded shape is typically between 30 and 50%. In addition

to the base polymer resin, pultruded materials typically contain inorganic fillers, chemical catalysts

and promoters, release agents, ultraviolet retardants, fire retardants, pigments, and surfacing veils.

Commercially produced pultruded materials made with glass fibers are sold in the $2 to $3 per pound

range. Specialized pultruded products utilizing higher-performance carbon fibers, sophisticated fabrics,

and higher-performance resin systems may be considerably more costly.

Currently, no building codes or specifications provide consensus guidelines for the design of com-

posite material framed structures using either ‘‘standard’’ or ‘‘custom’’ pultruded structural shapes. Two

design manuals that are currently available provide much of the fundamental information that is needed

for the analysis and the design of pultruded structures. These are the Structural Plastics Design Manual

(SPDM 1984) and the Eurocomp Design Code and Handbook (EDCH 1996).

While there are no text books currently available that specifically cover the design of FRP pultruded

structures for structural engineering (as there are for steel, concrete, and wood structures), there are

many excellent classic texts on the mechanics (and, to a lesser extent, design) of composite materials

for aerospace and mechanical engineering structures, such as Tsai and Hahn (1980), Vinson and

Sierakowski (1986), Agarwal and Broutman (1990), and Jones (1999). Books by Hollaway (1993),

Barbero (1998), and Hollaway and Head (2001) bridge the gap between the mechanics of composite

materials and composite structures and lay more emphasis on applications to civil engineering.

Pultruded structural shapes are produced by a number of commercial companies throughout the

world (e.g., Strongwell [United States], Creative Pultrusions [United States], Bedford Reinforced

Plastics [United States], Fiberline [Denmark], TopGlass [Italy], Pacific Composites [Australia, Asia,

United Kingdom]). There is a commonality (similarity) in the types of shapes and the properties of

these shapes, and although there is no official standard for these shapes and their properties, they are

referred to commonly as standard pultruded structural shapes. Company-specific literature provides

details of the geometries and properties of their common shapes (e.g., Fiberline 1995; Creative

Pultrusions 2000; Strongwell 2002). Commonly produced standard pultruded shapes that are usually

available from stock inventories include I section, wide-flange (WF), square tube, rectangular tube,

channels, and angles, and plate materials. Standard sections range from 2 in. in height and width to

approximately 12 in. in height and width and have pultruded material thicknesses of 1
4

to 1
2

in.

Company design guides also provide a design basis and analytical methods used for designing with

their products. Design equations in company design guides are often empirical and are based on fits

to test data.

Pultrusion companies also produce custom pultruded shapes. Companies generally do not make

geometry and property data available for their custom shapes. A number of industry groups represent

and loosely coordinate the activities of pultrusion manufacturers. Leading groups are the Pultrusion

Industry Council of the American Composites Manufacturers Association (ACMA) and the European

Pultrusion Technology Association (EPTA).

Thin-walled shapes can be produced by many other processes, such as filament winding, resin-

transfer-molding, and centrifugal casting. No commonality exists in these products (except perhaps for

composite poles and pipes). They are generally not intended for use in framed structures and are not

discussed in what follows.

Experimental testing has been conducted in earnest since the mid-1980s to characterize the behavior

and performance of pultruded structures and structural members. Much effort has been devoted to

investigating whether the design equations presented in design manuals are in fact suitable for standard

pultruded shapes and whether or not design approaches used for conventional thin-walled metallic

members are applicable to pultruded structures. Less work has been done on the applicability of the

equations to custom shapes. Based on these studies, there is sufficient evidence that many of the design

equations presented in the design manuals are in fact suitable for use when designing framed structures

with standard pultruded shapes.
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Although the suitability of using specific analytical equations to predict the behavior of pultruded

members and structures has been confirmed, there is significantly less consensus on the established safety

factors (for allowable-stress design [ASD]) and the material resistance factors (for load and resistance

factor design) than exists for other materials, such as steel and reinforced concrete.

16.1.2 Properties of Pultruded Shapes

Standard FRP pultruded shapes are constructed of ‘‘specially’’ orthotropic thin plate elements. The

internal architecture of the plate elements (the ‘‘lamination’’), which may consist of roving bundles,

fabrics, and mats, is such that the laminate is both balanced and symmetric to prevent extensional–shear

coupling and extensional–flexural coupling (Tsai and Hahn 1980) in the plate and in the section.

Specially orthotropic means that the orthotropic axes of the plate elements coincide with the structural

axes of the pultruded section.

The in-plane (or extensional) stiffness properties of an orthotropic plate of pultruded material can be

defined by five independent in-plane ‘‘effective’’ engineering constants:

EL¼ longitudinal elastic modulus

ET¼ transverse elastic modulus

GLT ¼ in-plane shear modulus

vL¼ in-plane longitudinal (major) Poisson ratio

vT¼ in-plane transverse (minor) Poisson ratio¼ vLET/EL

It is typically assumed that the stiffness properties are the same in tension and in compression;

however, manufacturers generally report tensile and compressive moduli separately. In this case the

subscript t is used for tension and the subscript c is used for compression. The longitudinal and the

transverse directions are also commonly referred to as lengthwise and the crosswise directions,

respectively.

The in-plane extensional strength properties of an orthotropic plate of pultruded material can be

defined by five independent constants:

sL,t¼ longitudinal tensile strength

sL,c¼ longitudinal compressive strength

sT,t¼ transverse tensile strength

sT,c¼ transverse compressive strength

tLT¼ in-plane shear strength

The out-of-plane (through-the-thickness [TT]) properties of an orthotropic plate of pultruded

material are generally not measured and are not used in design. The exception to this is the interlamina

shear strength (ILSS), also known as the short beam shear (SBS) strength, which is routinely measured. It

is a measure of the transverse shear strength of the laminate and is denoted by

tTT¼ interlamina shear strength

In addition, for design purposes a ‘‘quasi-structural’’ bearing strength, either in the longitudinal or in

the transverse direction, is also measured and reported as

sL,br¼ longitudinal bearing strength

sT,br¼ transverse bearing strength

Since a plate of pultruded material is not homogenous through its thickness (i.e., it consists of layers or

laminae [or plies] of fiber-reinforced materials having different in-plane properties), the in-plane

flexural properties of pultruded materials are not the same as the in-plane extensional properties of the

material due to the dependence on the location of the layers through the thickness of the material (Tsai

and Hahn 1980). Consequently, there exists a set of effective flexural properties for pultruded material
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that is analogous to the set of effective extensional properties described earlier in this section. These

properties are often represented by the superscript b to distinguish them from the extensional properties

(often represented by the superscript 0). For example, EL
b and EL

0 are the in-plane longitudinal flexural

modulus and the in-plane longitudinal extensional modulus, respectively.

The in-plane extensional and flexural engineering properties may be obtained theoretically from

classical lamination theory (CLT) in which the laminated plate is characterized by in-plane extensional

stiffness coefficients (Aij with i, j¼ 1, 2, 6) and in-plane flexural stiffness coefficients (Dij with i, j¼ 1, 2, 6)

(Tsai and Hahn 1980). For global (member) stress calculations the in-plane extensional properties (the

A matrix coefficients) are used to determine the engineering extensional properties. For local (plate)

stress calculations the flexural properties (the D matrix coefficients) are used to determine the flexural

engineering properties. In this approach the laminate is assumed to be inhomogenous on the ply level

but nevertheless able to be represented by laminate properties for the purposes of stress-resultant

calculations.

Alternatively, the in-plane engineering stiffness properties may be obtained from standard tests on

coupons extracted from the pultruded section. In this approach the laminate is assumed to be homo-

genous. Standard ASTM tests (ASTM 2003) that are recommended for determining the properties of

pultruded materials can be found in Bank et al. (2003) and in manufacturers’ design guides (Creative

Pultrusions 2000; Strongwell 2002) and are shown in Table 16.1.

If the orthotropic plates are assumed to be homogenous, then the plate flexural properties can be

calculated from the in-plane extensional engineering properties (either obtained from test data or from

TABLE 16.1 Recommended ASTM Test Methods for Pultruded Materials in Shapes

Measured property Recommended ASTM test methods

Mechanical properties

Strength

Longitudinal tensile strength D 3039, D 5083, D 638

Longitudinal compressive strength D 3410, D 695

Longitudinal short beam shear strength D 2344

Longitudinal bearing strength D 5961, D 953

In-plane shear strength D 5379, D3846

Impact resistance D 256

Transverse tensile strength D 3039, D 5083, D 638

Transverse compressive strength D 3410, D 695

Transverse short beam shear strength D 2344

Transverse bearing strength D 5961, D 953

Stiffness

Longitudinal tensile modulus D 3039, D 5083, D 638

Longitudinal compressive modulus D 3410, D 695

Major (longitudinal) Poisson ratio D 3039, D 5083, D 638

In-plane shear modulus D 5379

Transverse tensile modulus D 3039, D 5083, D 638

Transverse compressive modulus D 3410, D 695

Physical properties

Fiber volume fraction D 3171, D 2584

Density D 792

Barcol hardness D 2583

Glass transition temperature/heat distortion temperature E 1356, E 1640, D 648, E 2092

Water absorbed when substantially saturated D 570

Longitudinal coefficient of thermal expansion E 831, D 696

Transverse coefficient of thermal expansion E 831, D 696

Flash ignition temperature D 1929
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the in-plane extensional matrix). This assumption is frequently made in the analysis of pultruded

structures. The orthotropic plate flexural stiffnesses are then given as

DL ¼
ELt3

p

12ð1� nLnTÞ
ð16:1Þ

DT ¼
ETt3

p

12ð1� nLnTÞ
ð16:2Þ

DLT ¼
nTELt3

p

12ð1� nLnTÞ
¼

nLETt3
p

12ð1� nLnTÞ
ð16:3Þ

DSS ¼
GLTt3

p

12
ð16:4Þ

Alternatively, the plate flexural properties (the Ds above) may be obtained from the in-plane flexural

properties, however, this is seldom done in practice for commercially produced pultruded materials

consisting of layers of unidirectional roving and continuous filament mats. In this case, for example, the

longitudinal flexural stiffness, DL, is written as (Barbero 1998)

DL ¼
Eb

Lt3
p

12ð1� nb
Ln

b
T Þ

ð16:5Þ

The in-plane strength properties may be obtained from theoretical calculations or from testing of

coupons taken from the laminate. Where theoretical predictions are used, the first-ply-failure (FPF) is

assumed to represent the strength of the laminate. Coupon testing is highly recommended for obtaining

the strength properties.

Property data provided in pultrusion company manuals and design guides are obtained from tests on

coupons of pultruded materials taken from sections. Data reported are typically applicable to a broad

range of section sizes and types. The specific fiber architectures (volume fractions of roving, mats, and

fabrics) in the different section sizes and types varies. Fiber architecture may also vary within the section

(e.g., web reinforcement architecture may be different from flange reinforcement architecture). The

properties given by manufacturers can be assumed to be lower bounds for the sections indicated in the

manuals. No data are provided to determine the statistics of these properties for use in probabilistic-

based design. In addition, the property data are not related to the capacity of members subjected to

specific loading conditions (e.g., axial load, flexure) and are based on coupon testing. Representative

mechanical property data for pultruded materials used in commercially available pultruded shapes, flat

sheets, and rods are shown in Table 16.2. Properties of pultruded carbon-reinforced epoxy strips for

structural strengthening of concrete are shown for comparison purposes. Selected physical and electrical

property data reported by manufacturers are shown in Table 16.3.

It is assumed that the pultruded material behaves in a linear elastic manner in tension, compression,

and shear in both the longitudinal and the transverse directions and that failure is brittle. This

assumption is reasonable in the service range (�20% ultimate) but is not reasonable, especially in the

shear and transverse directions, at higher loads where the stress–strain behavior is highly nonlinear.

All orthotropic plates of pultruded material in pultruded shapes are assumed to be thin (i.e., the out-

of-plane thickness is an order of magnitude less than the in-plane length and breadth of the plate).

Standard pultruded structural shapes are often assumed to be homogenous on the section level (i.e.,

the shape consists of plates all having the same properties). However, it should be noted that some

manufacturers (e.g., Creative Pultrusions) have optimized their shapes and provide properties separately

for the webs and the flanges of many of their shapes.

It is assumed that the properties of the junctions between the plates (e.g., the web–flange junctions in

an I beam) are the same as those of the plates themselves.

The ratio of the longitudinal modulus to the shear modulus, EL/GLT, for pultruded orthotropic material

plates can be much larger than that for isotropic material plates. As a result of this, shear deformation
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TABLE 16.2 Mechanical Properties of Typical Commercially Produced FRP Pultruded Materials

Glass-reinforced

vinylester shapes

(WF)a,b (0.25 to

0.5 in. thick)

Glass-reinforced

vinylester flat

sheeta,b

(3
8

to 1 in. thick)

Glass-reinforced

vinylester rodsa,b

(0.25 to 2 in.

diameter)

Carbon-reinforced

epoxy stripc

(0.047 in. thick)

Fiber volume (est)d 25–40 20–25 50–60 65

Fiber architecture Roving and CFM Roving and CFM Roving only Tow only

Strength (�103 psi)

Tensile, longitudinal 30–46 20 100 406

Tensile, transverse 7–12 10 NRe NR

Compressive, longitudinal 30–52 24 65 NR

Compressive, transverse 16–20 16 NR NR

Shear, in-plane 4.5–7 NR NR NR

Shear, out-of-plane 3.9–4.5 6 8 NR

Flexural, longitudinal 30–49 30–35 100 NR

Flexural, transverse 10–19 15–18 NR NR

Bearing, longitudinal 30–39 32 NR NR

Bearing, transverse 26–34 32 NR NR

Stiffness (�106 psi)

Tensile, longitudinal 2.6–4.1 1.8 6.0 23.9

Tensile, transverse 0.8–1.4 1.4 NR NR

Compressive, longitudinal 2.6–3.8 1.8 NR NR

Compressive, transverse 1.0–1.9 1.0 NR NR

Shear, in-plane 0.43–0.50 NR NR NR

Flexural, longitudinal 1.6–2.0 2.0 6.0 NR

Flexural, transverse 0.8–1.7 1.1–1.4 NR NR

Poisson ratio, longitudinal 0.33–0.35 0.32 NR NR

a Strongwell (2002).
b Creative Pultrusions (2000).
c Sika (2000).
d Estimated.
e NR, not reported by manufacturers.

TABLE 16.3 Physical and Electrical Properties of Typical Commercially Produced FRP Pultruded Materials

Glass-reinforced

vinylester

shapes (WF)a,b

(0.25 to 0.5 in. thick)

Glass-reinforced

vinylester flat

sheeta,b

(3
8

to 1 in. thick)

Glass-reinforced

vinylester rodsa,b

(0.25 to 2 in.

diameter)

Carbon-reinforced

epoxy stripsc

(0.047 in. thick)

Fiber volume (est)d 25–40 20–25 50–60 65

Fiber architecture Roving and CFM Roving and CFM Roving only Tow only

CTE longitudinal (10�6/�F) 4.4 8.0 3.0 NRe

CTE transverse (10�6/�F) NR NR NR NR

Barcol hardness 45 40 50–55 NR

24-h water absorption

(% max.)

0.6 0.6 0.25 NR

Dielectric strength —

longitudinal (kV/in.)

35–40 35–40 60 NR

Density (lb/in.3) 0.060–0.070 0.060–0.070 0.072–0.076 NR

a Strongwell (2002).
b Creative Pultrusions (2000).
c Sika (2000).
d Estimated.
e NR, not reported by manufacturers.
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plays a significant role in the analysis of thin-walled pultruded shapes. The effects of shear deformation

should be accounted for in deflection calculations as well as in stability calculations wherever possible.

The properties of pultruded shapes are affected by the environment in which they are used and the

conditions under which they are used. These ‘‘environmental-use’’ effects can include time, temperature,

radiation, solvents, fire, impact, abrasion, and fatigue. The way in which these effects are accounted for in

design is not yet clear. In some cases (e.g., temperature, creep) some guidance is available. The safety factors

recommended by pultrusion companies for use in design are intended to account for some of these effects.

In the case of elevated temperature service, pultrusion companies specifically recommend reductions

in strength and stiffness properties as a function of temperature for different resin systems (usually

isophthalic polyester or vinylester). At 65�C (150�F) the strength of isophthalic polyester resin pul-

trusions is 50% of the room temperature strength and the modulus is 85% of the room temperature

modulus. For vinylester resin pultrusions at 65�C (150�F) the strength and modulus are 80 and 90% of

their room temperatrue values, respectively. At temperatures higher than 65�C (150�F) the use of

isophthalic polyester resin pultrusions is not recommended and vinylester resin pultrusions are

recommended to a maximum use temperature of 93�C (200�F) with further strength and stiffness

reductions (strength¼ 50%, moduli¼ 85%).

Stiffness and strength properties used in design are typically obtained from short-term testing. Long-

term changes in stiffness and strength can be accounted for using different models. For creep deflections

the models proposed by the SPDM (1984) developed by Findley can be used to determine effective

viscoelastic moduli for use in predicting long-term deflections of pultruded structures.

Long-term degradation due to corrosive environments is typically determined by use of corrosion

resistance guides that provide recommendations on the use of different pultruded materials in a variety

of different chemical environments and temperatures. These guides are based on coupon test data.

Fundamental studies to develop models to predict the long-term degradation of FRP composites in

different service environments are ongoing but cannot yet be used for reliable lifetime prediction.

16.1.3 Design Basis for Pultruded Structures

A basis for design of FRP pultruded structures is needed. In the absence of an approved design code for FRP

pultruded structures a design basis must be agreed upon by all parties (owner, designer, contractor, and

local authorities). Four types of design basis approaches are typically used for FRP pultruded structures:

1. Allowable-stress design (ASD).

2. Limit states design (LSD).

3. Load and resistance factor design (LRFD).

4. Performance-based design (PBD).

16.1.3.1 Allowable-Stress Design

ASD requires that the calculated design stresses (the required demand, sreqd) obtained from nominal

service loads be less than the ultimate strengths (the capacity, sult) divided by an appropriate factor of

safety (SF). The ultimate strength divided by the safety factor is termed the allowable stress (sallow).

Safety factors have traditionally been determined from industry practice and are not based on prob-

abilistic methods. They do not provide a measurable reliability index

sreqd 	
sult

SF
ð16:6Þ

ASD is recommended by most pultrusion companies (e.g., Creative Pultrusions 2000; Strongwell 2002)

in their design manuals. For ASD the safety factors typically recommended by pultrusion companies for

their common structural shapes are

Flexural members (beams) ¼ 2.5

Compression members (columns)¼ 3.0

Shear ¼ 3.0

Connections ¼ 4.0
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These factors are applied to strength and stability. For deformation calculations the safety factors

recommended are

Longitudinal and transverse moduli¼ 1.0

Shear moduli ¼ 1.0

These factors are applied to the material properties and design equations provided in the company

literature. These design equations are often empirically derived from test data. Material properties are

provided in the company literature for different grades of pultruded material. Designs are based on

unfactored nominal service loads.

ASD is also recommended by AASHTO (2001) in the Standard Specifications for Structural Supports for

Highway Signs, Luminaires and Traffic Signals. The design equations provided in this specification are

based on theoretical equations for orthotropic plates, beams, and columns of linear elastic materials

made of glass reinforced polyester. Structural members may be manufactured by pultrusion, centrifugal

casting, or filament winding. The following minimum safety factors are recommended:

Bending strength ¼ 2.5

Tensile strength ¼ 2.0

Compressive strength¼ 3.0

Shear strength ¼ 3.0

Moduli ¼ 1.0

Material properties to be used in the design equations are obtained from American Standard for

Testing and Materials (ASTM) standard test methods. Designs are based on loads provided in the

American Association for State Highway and Transportation Officials (AASHTO) specification. Full-

scale testing according to ASTM 4923 is provided as a PBD method as an alternative to the analytical

design. Where the analytical ASD method is used ‘‘design calculations provided shall be verified by

documented test results on similar structures.’’ (AASHTO 2001, p. 8-5).

ASD is also commonly used by structural designers in conjunction with design equations based on

theoretical equations for orthotropic plates, beams, and columns. Equations provided in the SPDM

(1984) are typically used in calculations. Material properties are often obtained from standard ASTM

tests. Minimum properties are usually specified in a design basis document (often referred to as a ‘‘Special

Provision to the Specifications’’). Safety factors recommended by the pultrusion companies are usually

used in this approach. Designs are based on unfactored nominal service loads.

16.1.3.2 Limit States Design

LSD requires that the design requirement (or actions) of the loads be less than the design resistance (or

capacity) of the structure or structural members. The design loads and capacity are both multiplied by

appropriate factors. The two primary limit states considered are the ultimate limit state (ULS) and the

serviceability limit state (SLS). The ULS is associated with collapse, instability, and failure of the

structure or structural members. The SLS is associated with states in which excessive deflection,

vibration, and degradation make the structure or structural members unserviceable (EDCH 1996).

LSD is recommended by the Structural Plastics Design Manual. The service loads are factored to

account for variations in applied loads, eccentricities, and differences between analytical and real

behavior. Specific recommendations for load factors are not provided; however, example values are

suggested for some cases. Capacity reduction factors are recommended for design of different structural

members to account for long-term load effects and manufacturing variations. Example values are

suggested. Design equations are based on the analysis of orthotropic plates, beams, and columns.

In many cases equations for isotropic metallic structures are suggested where design equations are not

available for FRP members. Material properties are obtained from manufacturers or from ASTM

standard tests.
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For the design of a pultruded column the following load and capacity reduction factors are given as

an example (SPDM 1984, p. 717):

Load factors

All service loads ¼ 2.5

Capacity reduction factors

Ultimate compressive strength¼ 0.5

Elastic moduli ¼ 0.7

For the design of a pultruded beam the following load and capacity reduction factors are given as

an example (SPDM 1984, p. 741):

Load factors

All service loads ¼ 2.0

Capacity reduction factors

Ultimate compressive strength¼ 0.5

Ultimate tensile strength ¼ 0.4

Ultimate shear strength ¼ 0.3

Elastic moduli ¼ 0.7

The load and capacity reduction factors suggested are based on standard industry practice and were

not determined by probabilistic methods. They do not provide a measurable reliability index.

LSD is also recommended by Eurocomp Design Code and Handbook (EDCH). In the Eurocomp

approach load factors are provided by the pertinent European Codes. Material partial safety factors, gm,

are used to obtain appropriate capacity reduction factors. Material properties are divided by partial

safety factors. According to the Eurocode the partial safety factors of FRP composites for structural

applications account for (1) the method in which the material property data were obtained (gm,1),

(2) the material manufacturing process (gm,2), and (3) the effects of environment and the duration of

loading (gm,3). The material partial safety factor is given as the product of the three coefficients,

gm¼ gm,1� gm,2� gm,3, and may not be less than 1.5 for ULSs and not less than 1.3 for SLSs. The

following are examples of recommended values of the coefficients:

Material property data derived from theory gm,1¼ 1.5

Material property data derived from testing gm,1¼ 1.15

Fully cured pultruded material gm,2¼ 1.1

Nonfully cured pultruded material gm,2¼ 1.7

Hand-layup fully cured material gm,2¼ 1.4

Hand-layup non-fully cured material gm,2¼ 2.0

Long-term loading for 0<T< 25�C and Tg> 55�C gm,3¼ 2.5

Short-term loading for 25<T< 50�C and 55<Tg< 80�C gm,3¼ 1.2

Short-term loading for 25<T< 50�C and Tg> 90�C gm,3¼ 1.0

where Tg is the glass transition temperature (or the heat distortion temperature) of the FRP composite

material. The material manufacturer is required to provide proof that the material is fully cured before

the designer can use the fully cured partial safety coefficients.

Additionally, the design resistance is multiplied by an analytical uncertainty factor that ranges from

0.5 to 1.0 depending on the sophistication of the analytical method used in the design procedure. The

material partial safety factors and the analytical uncertainly factors provided are based on standard

industry practice and were not determined by probabilistic methods. They do not provide a measurable

reliability index.

16.1.3.3 Load and Resistance Factor Design

A probability-based LRFD guide for FRP composite structures does not exist at present. Conceptually,

the use of the LRFD approach for the design of FRP pultruded structures is quite possible and
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a prestandard outline has been prepared by ASCE (Chambers 1997). Fundamental issues associated with

developing an LRFD procedure for pultruded FRP structural sections, with measurable reliability

indices, have been discussed by Ellingwood (2003).

The difficulties associated with an LRFD reliability approach are primarily associated with the

determination of the statistical material design properties for common pultruded sections. Since a

standard material specification does not exist at this time, the statistical properties of pultruded materials

are not well defined. A material specification for FRP composite materials for civil engineering appli-

cations has been proposed (Bank et al. 2002).

An LRFD procedure for the design of doubly symmetric and singly symmetric pultruded columns that

accounts for global flexural buckling, global torsional buckling, flexural–torsional buckling, and material

compression has been presented by Zureick and Scott (1997) and Zureick and Steffen (2000). According

to these studies, load factors provided by ASCE 7-02 (2002) are used in conjunction with resistance

factors that have been determined based on detailed tests of pultruded materials and pultruded column

buckling experiments. Equations are presented for determining the capacity of the column with

appropriate resistance factors as follows:

Doubly symmetric sections

Flexural buckling f¼ 0.85

Axial shortening f¼ 0.80

Singly symmetric angles

Flexural buckling f¼ 0.65

Flexural–torsional buckling f¼ 0.85

Compressive failure f¼ 0.50

For the singly symmetric angles Zureick and Steffen (2000) have targeted reliability indices, b, of 3, 3,

and 4 for the flexural buckling, flexural–torsional buckling, and material compressive failure limit states.

Design values for the material properties were based on the 95% lower confidence limit on the fifth

percentile of the population, obtained from tests conducted on the materials. For doubly symmetric

sections (Zureick and Scott 1997) a rigorous statistical analysis was not performed and the resistance

factors were obtained from lower bounds of comparisons between experimental data and theoretical

predictions. Reliability indices were therefore not provided for these resistance factors.

Based on a recent analysis, Ellingwood (2003) has concluded that as more data become available from

experiments on FRP composites for structural applications, LRFD design procedures for FRP pultruded

structural members ‘‘might be expected to fall in the following ranges’’ (Ellingwood 2003):

Compression f¼ 0.7–0.8

Flexure f¼ 0.8–0.9

Shear f¼ 0.7–0.8

Tension f¼ 0.7–0.8

Fasteners f¼ 0.6–0.7

Adhesives f¼ 0.6–0.7

16.1.3.4 Performance-Based Design

A design can be based on a performance specification. In this approach the entire structure or a portion

of the structure is required to meet certain performance requirements. The performance requirements

are typically applied to both local and global deformations and capacities. Full-scale testing of the

structure or a portion of the structure is usually required to meet the performance specification. Both

proof testing of the actual structure and failure testing of a full-size mock-up of the structure (or parts

thereof ) are used.

In many cases for FRP composite structures a prescriptive set of material specifications is provided

along with the structural performance requirements. The material specification can stipulate the
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manufacturing method, the limiting mechanical and physical properties of the materials produced,

and the requirements for quality assurance testing.

The factor of safety for a PBD is defined in the design basis documents. ASTM and other standard test

methods are usually used to conduct the performance testing. Special performance testing is defined in

the design basis documents that are incorporated into the construction specifications.

16.1.4 Design of Pultruded Structural Members

Fundamentals needed for the design of transversely loaded members (beams), axially loaded com-

pression members (columns), and axially loaded tension members (ties, truss members) are presented in

the following. Connections for beams and columns are treated in the Section 16.1.5. The limit states

discussed here for the members assume that the connections are appropriately designed to transfer all

loads into the members. For each type of member various limit states are identified and discussed.

Analytically derived equations are presented for analyzing strength, stability, and deformation limit

states. While the equations may be appropriately used with any of the four design basis approaches

discussed previously, they are only valid if appropriate factors can be determined for the conditions for

which they are used. The equations are primarily those presented in the SPDM (which are in most cases

identical to those in the EDCH) and can therefore reasonably be assumed to be suitable for use in an LSD

approach or in an ASD approach. Many of the equations presented may also be found in pultrusion

manufacturer design guides, which are a combination of analytical and empirical equations. It can be

assumed that the safety factors recommended by pultrusion manufacturers can be used with confidence

with the analytical equations presented in this section. In addition, material properties provided by

pultrusion manufactures can similarly be used in an ASD approach with the equations provided herein.

16.1.4.1 Transversely Loaded Members

Members considered are symmetric with respect to the flexural plane and consist of horizontal plates

(flanges) and vertical plates (webs). Where singly symmetric sections are used it is assumed that they are

loaded in the plane of symmetry through the shear center. Typical common pultruded shapes that fall in

this definition, and that are routinely used as beams, include I, WF, and tubular ‘‘box’’ sections. Channel

sections and angles are often used in pairs to form built-up doubly symmetric or singly symmetric

sections.

The member is designed to resist stress-resultants that are due to the applied transverse forces (loads).

These stress-resultants are the bending moment (M ) and the transverse shear force (V ). Due to the

stress-resultant M the member is assumed to develop an axial (flexural) stress,

sz ¼
Mxy

Ix

ð16:7Þ

Due to the stress-resultant V the member is assumed to develop a transverse shear stress,

t ¼ VyQx

Ixt
ð16:8Þ

Due to local concentrated loads P and reactions R at supports in the plane of the web at the point of load

application or at the support, the member is assumed to develop a transverse compressive stress given by

sy ¼
P

Aeff

or sy ¼
R

Aeff

ð16:9Þ

where Aeff is the effective area over which the concentrated load or reaction is applied and can be taken as

Aeff ¼ nðtw þ 2tf þ 2tbpÞLeff ð16:10Þ

where n is the number of webs, and Leff is the effective bearing length along the beam and is taken as the

width of the support or the length over which the concentrated load is applied. tw, tf, and tbp, are the web
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thickness, the flange thickness, and the thickness of the bearing plate under the flange (if applicable),

respectively.

Due to the stress-resultants M and V it is assumed that the member will deflect in its plane of loading.

The elastic curve that describes the deflected shape is a function of the flexural rigidity of the member

(EI ) and the transverse shear rigidity of the member (KAG). It can be obtained from the Timoshenko

(shear deformation) beam theory as

dðzÞ ¼ f1ðzÞ
EI
þ f2ðzÞ

KAG
ð16:11Þ

where the functions f1(z) and f2(z) depend on the loading and boundary conditions and can be found in

standard engineering texts.

For flexural members SLSs (deflection) and ULSs (strength and stability) are considered. Procedures

are presented to determine the short-term and long-term member deflections as a function of the

material properties and member geometric properties. The calculated design stresses (or design force

resultants) must be less than the critical strengths and critical buckling stresses (the critical resistances or

capacities) according to the design basis selected. The calculated deflections (serviceability design

deflections) must be less than the building code stipulated deflections. The EDCH (1996) recommends

limiting total deflections to the range of L/400 to L/250 for FRP frame structures.

Since pultruded members have low stiffness to strength ratios relative to conventional structural

materials, the stiffness controlled limit states are checked first (i.e., deflection and stability). Thereafter,

the ultimate strength limit states are checked. The order of the limit states presented follows this order. It

may be noted that this is typically not the order in which limit states are considered for design with

conventional materials.

16.1.4.1.1 Transverse Deflection

Shear deformation beam theory is used to determine the deflection of the beam. This is the procedure

recommended by the SPDM (1984) and the EDCH (1996). The use of shear deformation beam theory is

especially important in FRP pultruded beams due to the relatively low longitudinal modulus (leading to

beams with short spans) and the relatively high E/G ratios (and low shear moduli) (see Bank 1989a,b;

Mottram 1992). To calculate the design deflection, appropriate choices of the flexural rigidity, EI, and

the transverse shear rigidity, KAG, are required. For homogenous (i.e., having the same properties in the

flanges and webs of the section) pultruded beams the following are recommended:

EI ¼ ELIx ð16:12Þ

and

KAG ¼ ktimAGLT ð16:13Þ

where ktim is the (Timoshenko) shear coefficient. It can be found for both homogenous and non-

homogenous thin-walled composite beam sections as described by Bank (1987). The flexural rigidity is

primarily a function of the longitudinal moduli of the flanges and the webs. For nonhomogenous

sections having different longitudinal moduli in the flanges and the webs the conventional mechanics of

composite sections or the ‘‘transformed-section’’ method can be used to find the effective flexural rigidity

of the section. The section transverse shear rigidity is a function of the shear flow in the flanges and the

webs of the section (Bank 1987). However, for common pultruded I, WF, and box sections it has been

shown that this term can be reasonably replaced by either the full-section shear rigidity defined as AGb or

the area of the web multiplied by the in-plane shear modulus of the web, AwGLT (Bank 1989a,b). The

full-section shear modulus is found by tests on full-section pultruded beams (Bank 1989a,b; Roberts

2002).

The short-term longitudinal and shear moduli presented in the deflection equation will both decrease

as a function of time due to the viscoelastic nature of the FRP composite. To predict the long-term

deflection, time-dependent viscoelastic moduli are substituted for the short-term moduli that are
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typically measured by coupon tests. Both the longitudinal modulus and the in-plane shear modulus will

be time dependent; however, their time dependency will be different. In general, the shear modulus will

be more time dependent than the longitudinal modulus since it is primarily a resin matrix-dependent

property. The viscoeleastic longitudinal modulus, EL¼ Ev, and the viscoelastic in-plane shear modulus,

GLT¼Gv, are given as (Bank and Mosallam 1992).

EvðtÞ ¼
E0Et

Et þ E0tne
ð16:14Þ

and

GvðtÞ ¼
G0Gt

Gt þ G0tng
ð16:15Þ

where t is the time in hours, E0 and G0 are the short-term time-independent moduli and Et and Gt are the

(constant) time-dependent moduli determined from the sustained loading (or from long-term creep

tests), and ne and ng are the empirical constants obtained from curve fitting (from creep tests) according

to the linearized version of Findley’s theory (SPDM 1984; Bank and Mosallam 1992). For common

commercially produced pultruded FRP materials the constants obtained by Mosallam and Bank (1991)

based on 2,000 and 10,000-h creep tests are ne¼ ng¼ 0.30, Et¼ 180� 106 psi and Gt¼ 30� 106 psi.

Coefficients for a variety of plastics and other nonpultruded composites are reported in the SPDM

(1984). In typical pultruded structures the long-term sustained stress is between 10 and 20% of the

ultimate strength of the material.

16.1.4.1.2 Global Lateral–Torsional Buckling

Lateral–torsional buckling of symmetric pultruded beams has been studied by a number of researchers.

It appears that the well-known equation that is used for isotropic beam sections can be used for standard

pultruded I and WF sections provided the appropriate values of E and G are used in the equations

(Mottram 1992). Other analytical approaches have been suggested (Barbero and Raftoyiannis 1994;

Davalos and Qiao 1997); however, simple design equations are not presented in these works. Inclusion of

the effects of shear deformation is discussed by Roberts (2002). The equation to determine the critical

lateral–torsional buckling stress for an I or WF section loaded through its centroid (not including the

effects of shear deformation) is

scr ¼
C1

Sx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2ELIyGLTJ

ðkf LÞ2
þ p4E2

LIyIo

ðkf LÞ2ðkoLÞ2

s
ð16:16Þ

where C1 is a coefficient that accounts for moment variation along the beam, Sx¼ Ix /c is the section

modulus about the strong (bending) axis, J is the torsional constant, Iy is the second moment about the

weak (vertical) axis, Io is the warping constant, kf is an end restraint coefficient for flexural buckling, ko
is an end restraint coefficient for torsional buckling, and L is the unbraced length of the member. For WF

sections Io¼ Iy(d2/4), where d is the section depth.

For closed cross-sections such as rectangular tubes the warping torsional resistance is large and lateral

buckling is not a critical condition. For singly symmetric sections such as channels and angles little

experimental data is available for pultruded members. Use of appropriate equations for isotropic

metallic members is recommended at this time with substitution of the isotropic material properties

with those of the orthotropic material properties.

16.1.4.1.3 Local Compressive Flange Buckling

Transversely loaded thin-walled sections can fail due to local buckling of the compressive flange (Barbero

et al. 1991; Bank et al. 1994b, 1995). The critical buckling load (or stress) in the flange is a function of

the boundary conditions on the longitudinal edges of the flange. In I and WF sections one edge is free,

while the other edge is elastically restrained. There is no exact closed-form solution for this case. For the

characteristic equations and computations see Bank and Yin (1996). For I and WF beams both

the SPDM (1984) and the EDCH (1996) recommend that the elastically restrained edge be assumed to
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be simply supported. This is a conservative assumption. Test results show clearly that the local buckling

stress is higher than that predicted by this assumption; however, it is lower than that predicted by

assuming that the edge is fixed (see Bank et al. 1995). The Equations presented below are taken from the

SPDM (1984) and are attributed to Haaijer (1957). They are shown in terms of the effective engineering

properties of the section in terms of the flexural stiffness coefficients (Dij) in the SPDM.

Assuming the restrained edge to be simply supported, the local buckling stress for flanges in com-

pression is calculated as follows:

scr ¼
p2

tf ðbf=2Þ2
ELt3

f

12ð1� nLnTÞ
bf=2

a

� �2

þGLTt3
f

p2

" #
ð16:17Þ

where tf is the flange thickness, bf is the (entire) flange width, and a is the unbraced length of the flange.

For long unbraced flanges the first term in the square brackets is negligible and the critical stress can be

found from

scr ¼ 4GLT
tf

bf

� �2

ð16:18Þ

If the restrained edge is assumed to be fixed (i.e., built-in or clamped), then the local buckling stress is

calculated as follows:

scr ¼
p2

tf ðbf=2Þ2
0:935

t3
f

ffiffiffiffiffiffiffiffiffiffi
ELET

p

12ð1� nLnTÞ

� �
� 0:656

t3
f nTEL

12ð1� nLnTÞ

� �
þ 2:082

t3
f GLT

12

� �� �
ð16:19Þ

and the length of the half-buckle wavelength is given by

a ¼ 1:46
bf

2

� � ffiffiffiffiffi
EL

ET

4

r
ð16:20Þ

A reasonable approximation based on test data obtained by Bank et al. (1994b, 1995) for common

pultruded WF beams is to assume that the critical local buckling stress for the compression flange is

equal to the average of the simply supported and the fixed conditions given in Equations 16.17 and 16.19.

For compression flanges where both longitudinal edges are restrained, such as in box beams or hat

sections, the flange is assumed to be simply supported on both of its longitudinal edges and the critical

buckling stress is given as

scr ¼
2p2t2

f

b2
f

ffiffiffiffiffiffiffiffiffiffi
ELET

p

12ð1� nLnTÞ
þ nTEL

12ð1� nLnTÞ
þ GLT

6

� �
ð16:21Þ

and the length of the half-buckle wavelength is given by

a ¼ bf

ffiffiffiffiffi
EL

ET

4

r
ð16:22Þ

The equation for the case of flange fixed (built-in) at both longitudinal edges is given as

scr ¼
4:52p2t2

f

b2
f

ffiffiffiffiffiffiffiffiffiffi
ELET

p

12ð1� nLnTÞ
þ 0:543

nTEL

12ð1� nLnTÞ
þ 0:543

GLT

6

� �
ð16:23Þ

and the length of the half-buckle wavelength is given by

a ¼ 0:67bf

ffiffiffiffiffi
EL

ET

4

r
ð16:24Þ

16.1.4.1.4 Web Flexural Buckling

Deep webs may be susceptible to flexural buckling in the plane of the web due to the linearly distributed

axial (flexural) stress along the beam web. Experimental evidence of this buckling mode in common
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pultruded beams has not been reported in the literature. The critical buckling stress for this case is

given as

scr ¼
kLLp2ELt2

w

12ð1� nLnTÞd2
w

ð16:25Þ

where kLL is a coefficient that depends on the degree of web restraint and the orthotropy ratio of the web.

It is given in charts (SPDM 1984, p. 680). In typical pultruded beams where the orthotropy ratio of the

web ET/EL< 0.5, kLL¼ 20 is recommended.

16.1.4.1.5 Web Shear Buckling

The vertical web of a WF or box beam can buckle in shear at locations of high shear forces (typically near

supports). The equation for the buckling of an orthotropic plate in pure shear is a function of the

restraint provided by the flanges, the aspect ratio, and the orthotropy ratio (EL/ET). Experimental

evidence of this buckling mode in common pultruded beams has not been reported in the literature.

The critical shear stress for an orthotropic web simply supported on its edges is given as

tcr ¼
4kLT

twd2
w

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ELt3

w

12ð1� nLnTÞ
4

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ETt3

w

12ð1� nLnTÞ

� �3
4

s
ð16:26Þ

where dw is the depth of the web and kLT is a coefficient given in charts (SPDM 1984, p. 682). A minimum

value of kLT¼ 8 is recommended unless the charts are used to obtain a more exact value.

16.1.4.1.6 Transverse Web Crushing and Buckling

Webs of pultruded beams are particularly susceptible to local failure at the location of concentrated loads

at applied load points and at seated supports, due to the relatively low transverse compressive strength

and stiffness of the web. This is often referred to as ‘‘web resistance to transverse forces.’’ Concentrated

loads and seated supports for single-web members such as I or WF beams should always be placed

directly over (or under) the web of the section and not on outstanding cantilevered flanges. Due to

processing, pultruded sections tend to have slightly concave flanges (i.e., ‘‘curled’’ inward) such that the

load is transferred directly to the web or webs in a concentrated fashion (Mottram 1992). The critical

crushing strength is assumed to be equal to the transverse compressive strength of the material in the

web

sy,crit ¼ sT ,c ð16:27Þ

In addition to the web being susceptible to crushing at locations of local concentrated forces, it may

also buckle in the vertical plane. In this case it is assumed that the web acts as a plate simply supported

on all four sides loaded in the transverse direction with the load applied over an effective width, beff.

The equation is identical to that of the compression flange simply supported on its two longitudinal

edges presented previously. In terms of the effective width (along the beam length) it is written as

scr ¼
2p2t2

w

b2
eff

ffiffiffiffiffiffiffiffiffiffi
ELET

p

12ð1� nLnTÞ
þ nTEL

12ð1� nLnTÞ
þ GLT

6

� �
ð16:28Þ

and

a ¼ beff

ffiffiffiffiffi
ET

EL

4

r
ð16:29Þ

where beff is assumed to be equal to the web depth (dw) or the distance between vertical web stiffeners,

whichever is smaller. Note that in this case multiple half-wavelengths occur in the vertical direction and

the single half-wavelength occurs in the longitudinal direction of the web.

16.1.4.1.7 Longitudinal Flange and Web Crushing or Tensile Rupture

For members where the b=t ratio of the flange or the d=t ratio of the web is small or local buckling is

prevented by multiple longitudinal and transverse stiffeners the flexural member may fail due to
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compressive crushing or tensile rupture of the pultruded material. In this case the critical compressive

strength is equal to the longitudinal compressive strength of the pultruded material in the web or the

flange and the critical tensile strength is equal to the longitudinal tensile strength of the material,

sz, crit ¼ sL,t or sL,c ð16:30Þ

16.1.4.1.8 Shear Failure in the Flange and Web

The critical shear strength in the flanges and webs of a pultruded thin-walled section is typically taken as

the in-plane shear strength of the pultruded material in the web:

tcrit ¼ tLT ð16:31Þ

The interlamina shear strength may also be a critical shear strength in flanges. In this case it is prudent to

calculate the out-of-plane shear stress and compare this to the interlamina shear strength. For this case

the critical shear stress is

tcrit ¼ tTT ð16:32Þ

16.1.4.2 Axially Loaded Compression Members

Members considered are symmetric with respect to both axes and consist of horizontal plates (flanges)

and vertical plates (webs). They are loaded by an axial load that is applied at the centroid of the cross-

section. Typical standard pultruded shapes that fall into this definition, and that are routinely used as

columns, include I, WF, and tubular box sections. The member is designed to resist a single stress-

resultant that is due to the applied axial forces (loads). This stress-resultant is the axial force P. Since the

force is applied at the centroid of the section, no eccentricity is considered (i.e., beam–columns are not

considered). Due to the stress-resultant Pz the member is assumed to develop a uniform axial stress:

s ¼ Pz

Az

ð16:33Þ

where Az is the cross-sectional area of the member.

Due to the stress-resultant P it is assumed that the member will undergo axial deformation

(shortening):

d ¼ Pz L

AzE
ð16:34Þ

where AzE is the axial stiffness of the member in compression.

For compression members serviceability (deflection) and ultimate (strength and stability) design states

are considered. The calculated design stresses must be less than the critical strengths and critical buckling

stresses according to the design basis selected.

16.1.4.2.1 Axial Shortening

For calculation of axial deformation the axial stiffness is taken as

AzE ¼ AzEL ð16:35Þ

where EL is the longitudinal modulus of the material. Note that it is often assumed that the tensile and

compressive moduli of the FRP material are the same. If experimental tests indicate that the compressive

modulus is not the same as the tensile modulus, then it should be used to determine axial shortening

of columns. In the case of a nonhomogenous section the effective (composite) axial stiffness is used.

To determine long-term axial shortening, the viscoelastic longitudinal modulus should be used.

16.1.4.2.2 Global Flexural Buckling

Global flexural (Euler) buckling of common pultruded columns has been studied in some detail

(Barbero and Tomblin 1993; Zureick and Scott 1997; Zureick and Steffen 2000). It has been shown that

the well-known Euler equation can be used. The classical equation, modified to account for shear
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deformation effects, is recommended (Zureick and Scott 1997; Zureick and Steffen 2000). The critical

buckling stress including the effects of shear deformation is given as

scr ¼
p2EL

ðkL=rÞ2MAX

1

1þ 1=ktimAzGLTð Þ p2EL=ðkL=rÞ2MAX


 �
" #

ð16:36Þ

where (kL/r)MAX is the maximum slenderness ratio for bending about the critical axis, k is the end

restraint coefficient for the axis under consideration, L is the unbraced length of the column, and r is the

radius of gyration for the axis under consideration. ktim is the Timoshenko shear coefficient and A is the

cross-sectional area of the section. To neglect the effects of shear deformation, the term in the square

brackets is set to unity. The Timoshenko shear coefficient used in this equation is the same as that used

in the shear deformation beam theory.

16.1.4.2.3 Local Compressive Flange Buckling

The local buckling of unsupported flanges in columns is identical to the local buckling of compression

flanges in beams and has been discussed in Section 16.1.4.1.3.

16.1.4.2.4 Local Compressive Web Buckling

Local buckling of column webs that are supported on both longitudinal edges is identical to that of the

flanges supported on two longitudinal edges discussed previously. It is conservatively assumed that the

web is simply supported at the longitudinal edges. The equation for determining this buckling stress is

scr ¼
2p2t2

w

d2
w

ffiffiffiffiffiffiffiffiffiffi
ELET

p

12ð1� nLnTÞ
þ nTEL

12ð1� nLnTÞ
þ GLT

6

� �
ð16:37Þ

and the length of the half-buckle wavelength is given by

a ¼ dw

ffiffiffiffiffi
EL

ET

4

r
ð16:38Þ

The equation for the case of the web fixed (built-in) at both edges is (for comparison purposes)

scr ¼
4:52p2t2

w

d2
w

ffiffiffiffiffiffiffiffiffiffi
ELET

p

12ð1� nLnTÞ
þ 0:543

nTEL

12ð1� nLnTÞ
þ 0:543

GLT

6

� �
ð16:39Þ

and the length of the half-buckle wavelength is given by

a ¼ 0:67dw

ffiffiffiffiffi
EL

ET

4

r
ð16:40Þ

16.1.4.2.5 Global Torsional Buckling

Open-section axially loaded compression members can buckle in a pure torsional mode. For doubly

symmetric sections such as I and WF sections the critical torsional buckling stress (not including effects

of shear deformation) is given as (Roberts 2002)

scr ¼
Az

Ix

p2ELIo

ðkoLÞ2
þ GLTJ

" #
ð16:41Þ

where Az is the cross-sectional area, Ix is the second moment of area about the strong axis, J is the

torsional constant, Io is the warping constant, ko is an end restraint coefficient for torsional buckling,

and L is the unbraced length of the member. For a wide-flange section Io¼ Iy(d2/4), where d is the

section depth.

In the case of singly symmetric sections such as angle sections, members may also buckle axially in a

flexural–torsional mode consisting of Euler buckling about the strong axis of the cross-section and

torsional buckling about the longitudinal axis of the member. Equations for this special case are pre-

sented by Zureick and Steffen (2000). It is interesting to note that for the special case of single angles the

pure torsional buckling stress is identical to the local flange buckling stress.
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16.1.4.2.6 Longitudinal Flange and Web Crushing

For members where the b/t ratio of the flange or the d/t ratio of the web is small or local and global

buckling is prevented the axial member may fail due to compressive crushing of the pultruded material.

In this case the critical compressive strength is equal to the longitudinal compressive strength of the

pultruded material in the web or the flange:

sz,crit ¼ sL,c ð16:42Þ

16.1.4.3 Axially Loaded Tension Members

Members considered are symmetric with respect to both axes and consist of horizontal plates (flanges)

and vertical plates (webs). They are loaded by an axial load that is applied at the centroid of the cross-

section and in the longitudinal direction of the material. Typical standard shapes that fall into this

definition, and that are routinely used as tension members in trusses or as bracing members in frames,

include I, WF, and tubular box sections. The member is designed to resist a single stress-resultant that is

due to the applied axial forces (loads). This stress-resultant is the axial force P. Since the force is applied

at the centroid of the section, no eccentricity is considered. Due to the stress-resultant Pz the member is

assumed to develop a uniform axial tensile stress:

s ¼ Pz

Az

ð16:43Þ

where Az is the cross-sectional area of the member.

Due to the stress-resultant P it is assumed that the member will undergo axial deformation

(stretching):

d ¼ Pz L

AzE
ð16:44Þ

where AzE is the axial stiffness of the member in tension.

For tension members serviceability (deflection) and ultimate (gross and net section strength) design

states are considered. The calculated design stresses must be less than the critical strengths according to

the design basis selected.

16.1.4.3.1 Axial Extension

For calculation of axial deformation the axial stiffness is taken as

AzE ¼ AzEL ð16:45Þ

where EL is the longitudinal modulus of the material. In the case of a nonhomogenous section the

effective (composite) axial stiffness is used.

16.1.4.3.2 Longitudinal Rupture of the Gross Section

The critical tensile strength on the gross section of the member in tension is equal to the longitudinal

tensile strength of the pultruded material:

sz,gross ¼ sL,t ð16:46Þ

and the design stress is calculated over the gross section, Ag.

16.1.4.3.3 Longitudinal Rupture of the Net Section

Where the cross-section of a tensile member is reduced due to the presence of holes (typically for bolted

connections), the tensile strength is reduced due to the effect of stress concentrations due to the holes.

The critical tensile strength for the net section can be taken as (ECDH 1996)

sz,net ¼ 0:9sL,t ð16:47Þ

and the design stress is calculated over the net section, Anet.
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16.1.4.4 Combined Axial and Flexural Members

Members subjected to combined bending (flexure) and compression (beam–columns) or combined

flexure and tension may be designed by assuming a linear interaction between the flexural and axial load

effects according to the SPDM (1984), EDCH (1996), and AASHTO (2001). For the ASD basis the

interaction formula is given as

sA

sA,allow

þ sF

a sF,allow

	 1 ð16:48Þ

where the subscript A stands for axial and the subscript F stands for flexural. The allowable axial and

flexural stresses in the equation are the critical axial and flexural stresses divided by their appropriate

safety factors, respectively. The parameter a represents the effect of moment magnification, due to

second-order P–d effects, for members subjected to combined flexure and compression. It is given as

a ¼ 1� sA

sEuler
cr

� �
ð16:49Þ

where sEuler
cr is the critical Euler buckling load (see Section 16.1.4.2.2) for the axis about which the beam–

column is subjected to flexure. Members subjected to combined flexure and compression should also be

checked for the case of a¼ 1 at locations where lateral displacement is restrained in the member. For

members subjected to combined flexure and tension, a¼ 1.

For LSD or LRFD design bases the equations take an analogous form having a linear interaction

between the limiting states. Few experimental data have been presented for pultruded members sub-

jected to combined loads and further research is needed in this area to validate the interaction equation

presented previously (16.48).

16.1.5 Design of Pultruded Structural Connections

Pultruded FRP sections can be used in trusses and braced frame structures. As with the design of FRP

structural sections there is no design guide or code for connections for pultruded structures. Connec-

tions are currently designed based on the first principles of mechanics and tests of full-sized connections.

For common FRP pultruded sections mechanical fasteners (bolts, rivets, screws) and adhesive bonding

(epoxy, polyester) are most commonly used. Both steel and FRP bolts are available; however, most

structures utilize metallic fasteners (usually galvanized or stainless steel fasteners).

For future routine design of FRP pultruded structures standard connection analysis and design

procedures are needed. Connections include both simple single- and double-shear lap joints as well as

frame connections consisting of multiple parts (members themselves and gusset plates, inserts, clip

angles, and stiffeners) that are typically used to connect beams, columns, and bracing members in

structural braced frames and trusses made of I, WF, and tubular FRP pultruded members.

Unique specialty connections can be designed for custom pultruded structures. These include slotted,

clipping, and expansion connections and can be designed for custom pultrusions to reduce the number

of parts needed in the connection and also to facilitate rapid prefabricated construction.

This discussion will focus on connections for existing standard pultruded sections for use in braced frame

and truss structures. Pultruded frames should be designed as simple frames (Type 2). Due to the low

stiffness of the materials used in the members themselves and the parts of the connection it is not possible to

develop significant moment resistance in the connections (Bank et al. 1990, 1994a, 1996; Bass and Mottram

1994; Mottram and Zheng 1996, 1999a,b; Lopez-Anido et al. 1999; Smith et al. 1999).

Pultruded frames may be designed as semirigid frames (Type 3) provided sufficient information on the

moment–rotation characteristics of the frame connection can be obtained. At the present time semirigid

analysis and design for pultruded frames is not recommended (Turvey 2001) unless accompanied by a

rigorous experimental investigation to determine connection failure modes and moment–rotation

characteristics. A state-of-the-art report on semirigid frame connections for FRP structures (primarily,

pultruded materials) was published in 1998 (Mottram and Turvey 1998).
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In recent years test data have been reported for single and double lap single- and multibolted joints

in commercially produced pultruded materials (Abd-el-Naby and Holloway 1993a,b; Cooper and

Turvey 1995; Erki 1995; Rosner and Rizkalla 1995; Hassan et al. 1997; Turvey 1998; Wang 2002). It is

important to note that most of the data reported have been from tests on commercially produced

pultruded plate materials, which may be different from the pultruded material used in structural

sections (profile shapes). Test data have also been reported for simple shear and semirigid frame

connections (Bank et al. 1990, 1994b, 1996; Bass and Mottram 1994; Mottram and Zheng 1996,

1999a,b; Lopez-Anido et al. 1999; Smith et al. 1999). There is nevertheless very little design guidance

that has been developed from these test data for routine design of connections in pultruded struc-

tures, and full-scale testing of typical pultruded frame or truss connections is recommended at this

time (Turvey 2001).

16.1.5.1 Connections in Existing Pultruded Structures

Typically ‘‘standard’’ braced frame connections are detailed using equal leg or unequal leg angles

and pultruded gusset plates together with steel fasteners or FRP threaded rods and nuts. Connections

of this type mimic steel Type 2 simple framing connections and have been used in numerous

pultruded frame structures to-date. Connection parts are usually bonded with an epoxy adhesive as well

as fastened with bolts. Details for standard clip angle shear connections are provided in manufactu-

rers design guides (Creative Pultrusions 2000; Strongwell 2002). Base plate clip angle details are also

provided.

Typical standard truss connections are detailed using tubular members with tubular ‘‘telescoping’’

inserts (either hollow or solid) of different sizes with steel bolts. Standard pultruded square tubular

members in the 2 by 2 to 4 by 4 sizes are used in this manner to construct lattice-like truss structures

usually used for footbridges spanning up to approximately 80 ft (Johansen et al. 1999) and ‘‘stick-built’’

cooling towers. Larger gusset plates may also be used for truss connections with tubular members.

Often, custom framed connections are designed for custom pultruded sections for use in prefabricated

FRP structures such as cooling towers, walkways, and platforms. Pultruded and molded grating or

plank-type flooring systems are often integrated into these building systems to develop lateral stability.

16.1.5.2 Bolted Connections

Advantages of bolted connections for FRP pultruded structures include amenability to field or shop

assembly, simplicity of fabrication, ease of inspection, unsophisticated tooling, familiarity to steel

workers, relatively low cost, and speed of assembly (as opposed to bonded connections). Disadvantages

of bolted connections for FRP pultruded structures include the lack of high-strength FRP fasteners, stress

concentrations in the base pultruded materials, and their structural inefficiency.

16.1.5.2.1 Design Considerations for Bolted FRP Pultruded Connections

The following material properties of pultruded materials should be considered when designing a bolted

connection for a pultruded structure: anisotropy, inhomogeneity, viscoelasticity, environmental

degradation, and potentially brittle failure. The following geometric parameters should be considered:

bolt diameter, db, hole diameter, d, edge (side) distance, s, end distance, e, pitch, p (distance between

‘‘rows’’ of fasteners parallel to the load direction), and gage, g (distance between ‘‘columns’’ of fasteners

perpendicular to the load direction). The following fabrication parameters should be considered: FRP or

steel fasteners, bolt torque, clearance, washer size, and the fact that there are limited sizes of members

and connection parts.

16.1.5.2.2 Failure Modes of Bolted Connections

FRP pultruded connections can fail due to failure of the fasteners in the following modes: bolt shear, bolt

tension, bolt thread shear, and nut thread shear. The base pultruded material can fail in the plane

of loading in the following modes: net tension, bearing, shear-out, cleavage, splitting, or combinations

of the above. The base pultruded material can fail out of the plane of the loading due to punching or

crushing.
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16.1.5.3 Design Recommendations for Bolted Connections

Models are available for predicting failure modes for base pultruded materials used in connections. Hassan

et al. (1997) have presented models for single- and multihole double-lap tension connections. Models are

based on the Hart-Smith (1978) semiempirical approach and require testing of specific materials to obtain

material constants. Models predict failure modes (net tension, bearing and cleavage) and have been cali-

brated for a typical pultruded plate material. Simplified ‘‘strength-of-materials’’ models based typically on

bearing, shear-out, or net-tension failure modes have been discussed by many authors (Mottram 2001).

A review of design recommendations for spacing and edge distances for lap joints in pultruded

materials loaded in tension has revealed that there is reasonable agreement between research data and

manufacturers’ recommendations (Mottram 2001). Based on the data presented by Mottram (2001) the

following design geometric parameters are suggested for in-plane tensile loads on connection elements:

1. Edge distance to bolt diameter, e/db� 4.

2. Element (member) width to bolt diameter, w/db¼ 5.

3. Side distance to bolt diameter, s/db� 2.

4. Pitch to bolt diameter, p/db� 4.

5. Gage to bolt diameter, g/db� 4.

6. Bolt diameter to plate thickness, db/tpl� 1.

7. Washer diameter to bolt diameter, dw/db� 2.

It is important to note that the geometric design recommendations presented above are for single- and

double-lap joints loaded in tension and are intended to cause bearing failure in the material at the

locations of the fasteners and to avoid net tension, shear-out, and combined failure modes (e.g., block

shear) that are regarded as more brittle than bearing failures. It is also important to note that the

recommendations provided are based on the tensile load being applied in the longitudinal material

direction. Little guidance is available for shear loaded (in-plane) joints used in typical simple beam

framing connections. These recommendations are often also used for joints loaded in shear.

For constructibility bolt holes should be oversized by 1
16

in. However, if possible, holes should not be

oversized. It is possible to not oversize holes and still fit the connection together (provided holes are

accurately drilled) since the pultruded material is relatively soft and bolts (especially when steel bolts are

used) can be inserted with light tapping with a rubber mallet.

It is assumed that FRP nuts are tightened to the manufacturer’s recommended torque to achieve a

measure of clamping pressure on the connection. It has been shown that clamping pressure can increase

the bearing strength of the base material (Cooper and Turvey 1995). In addition, clamping pressure is

needed where bonded and bolted connections are used in order to achieve a good bond line. Clamping

torque depends on the nominal diameter of the FRP bolt and ranges from 15 to 110 ft lb for FRP bolts 1
2

to 1 in. in diameter, respectively. If steel bolts are used, care must be taken not to overtighten the nuts so

as to cause out-of-plane crushing of the base material. Finger tight plus one-half-turn of the nut is

recommended. Even though some tightening of the nut is used in bolted connections for pultruded

structures, all connections are designed to be bearing-type connections. Friction (‘‘slip-critical’’) con-

nections can not be achieved in pultruded structures due to the low through-the-thickness stiffness of

the pultruded material.

The safety factor is taken as 4.0 for all connection parts when the design is based on the ASD. Partial

safety factors for LSD are provided in the EDCH. Tentative resistance factors for LRFD are provided by

Prabhakaran et al. (1996).

Pultruded connections are currently designed only for the ultimate strength limit state. Bearing

strengths for pultruded materials used are the ultimate bearing strengths (i.e., the load required to cause

local failure at the hole) and not the serviceability bearing strength (often defined as the load causing an

axial deformation equal to 4% of the hole diameter per ASTM 953). All joints are assumed to be pinned for

braced frame analysis or truss analysis for the purposes of serviceability analysis of the structure (and the

members). No specific requirements are available for the local deformation of the pultruded connections.
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16.1.5.3.1 Design Stress States

For a joint in tension the average bearing design stress at the hole in the base pultruded material is

given as

sbr ¼
P

dbtpl

ð16:50Þ

where P is the far field tensile force, db is the bolt diameter, and tpl is the thickness of the base pultruded

material.

For a joint in tension the net-tension design stress at the location of the hole in the pultruded material

is given as

snet ¼
P

Anet

ð16:51Þ

where

Anet ¼ tplðW � ndÞ ð16:52Þ

for a row of n fasteners where holes are not staggered. W is the plate width perpendicular to the load

direction. This assumes that the critical section will be through the row of holes and perpendicular to

the longitudinal direction of the material. Due to the orthotropy of the pultruded material, however,

the critical section may be ‘‘staggered’’ though multiple rows (Prabhakaran et al. 1996). At this time the

empirical formula used for staggered rows for joints in steel members is recommended as a first

approximation for orthotropic pultruded materials:

Anet ¼ tpl W � nd þ
X p2

4g

� �
ð16:53Þ

where the summation is over all diagonal distances in an assumed failure ‘‘path.’’ This equation assumes

that the strength of the material is the same along all paths, which is not the case for orthotropic

materials. Where elements of profile sections are connected in tension (such as flanges of angles and

I-sections), it is recommended that only the area of the outstanding element be considered as being

effective (and not the area of the entire section). For bolts in rows perpendicular to the load direction the

load may not be distributed evenly among the bolt rows. The ‘‘forward’’ row carries a proportionally

greater share that depends on fiber orientation. Recommendations are given in the ECDH for load

distribution to rows of bolts. For preliminary calculations it can be assumed that load is distributed

evenly among all bolts.

For a joint in tension the shear-out design stress at the bolt location at the material edge in the

direction of the tensile load is given as

tshear-out ¼
P

2tple
ð16:54Þ

The design shear stress on a fastener is given as

tf ¼
Vf

Af

ð16:55Þ

where Vf is the shear force on the fastener (accounting for single- of double-shear configurations) and Af

is the cross-sectional area of the fastener shank.

The shear stress in the parts of the connection (angles) is calculated as

tpl ¼
V

Apl

ð16:56Þ

where V is the design shear force on the element and Apl is the effective shear area of the element. Where

clip angles are used to transfer shear at the beam web in beam-to-column connections, the shear stress is
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typically calculated at the ‘‘heel’’ of the angle and is taken as the length of the angle multiplied by the

angle thickness.

Combinations of shear and tensile stresses in parts of the connection or the connected members must

be checked to prevent ‘‘block-shear’’ failure of the pultruded material through the fastener holes. Where

flanges of beams are coped to detail the connection, this is often a governing failure mode.

Even in shear-type connections, tensile loads (due to prying action) may develop in the members and

the parts of a connection due to eccentricities in the connection. Such eccentricities are neglected in the

design of steel shear connections. However, in pultruded structures these eccentricities should be

considered. The local tensile stress on the member or the element should be determined since such loads

typically are applied transverse to the longitudinal direction of the pultruded material. The appropriate

tensile load and the effective area are difficult to determine precisely due to complex stress states in the

connecting elements, and simple approximations based on the geometry of the connection are usually

made for design calculations.

16.1.5.3.2 Critical Connection Limit States

Bearing failure in the base pultruded material is the recommended failure mode for pultruded

connections. This failure mode is generally ductile and leads to a progressive shear-out failure of

the material when loads are in the longitudinal direction of the pultruded material and sufficient

transverse reinforcement is provided (in the form of mats and fabrics). (In the transverse direction

bearing failure may not be ductile and may lead to brittle net-tension transverse failure of the base

material.) The bearing strength provided by pultrusion manufacturers can be used in calculations. If

bearing strength is not available from test data, it can be conservatively approximated as the material

compressive strength (for bearing in the longitudinal direction) and the transverse tensile strength (for

bearing in the transverse direction). Either the longitudinal bearing strength or the transverse bearing

strength is used depending on the direction of the member or element relative to the load.

scr ¼ sL,br or sT,br ð16:57Þ

Tensile failure in the elements of the connection is a function of the tensile strength of the pultruded

material either in the longitudinal or in the transverse direction. For tensile stress on the gross area

scr ¼ sL,t or sT,t ð16:58Þ

For tensile stress on the net area a reduced ultimate strength is recommended to account for stress

concentrations (as with members in tension):

scr ¼ 0:9sL,t or 0:9sT,t ð16:59Þ

Shear failure (and shear-out failure) of the elements of the connection is a function of the in-plane shear

strength for the pultruded material:

tcr ¼ tLT ð16:60Þ

Shear failure of the fasteners is a function of the shear strength of the fasteners. For steel fasteners this

is typically not a likely ULS. For FRP fasteners shear in the fasteners can govern the design of the

connection:

tcr ¼ tult ð16:61Þ

where tult is the ultimate shear strength of the fastener.

Where FRP threaded rods or bolts are used in connections, the threads of the bolt can shear off

longitudinally. This limit state is a function of the longitudinal shear strength of the rods or bolts used. It

should be checked when FRP bolts and nuts are used. Ultimate thread shear strength is given in

manufacturers’ design guides.

In semirigid connections in which top and bottom seats made of pultruded angles are used, extreme

caution must be used to ensure that the angles do not fail locally in through-the-thickness radial tension

or compression in either an ‘‘opening’’ or a ‘‘closing mode’’ (Bass and Mottram 1994; Smith et al. 1999).
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In addition, the flange–web junction behind the flange in the column section to which the top and

bottom angles are connected must be checked for transverse tensile local failure (Bank et al. 1994a). As

noted previously, semirigid connection design should only be used where test data are available for a full-

sized connection as detailed in the structure.

16.2 Analysis and Design of FRP Reinforcements for Concrete

16.2.1 Introduction

FRP reinforcing bars and grids have been produced for reinforcing concrete structures for over 20 years

(Nanni 1993; ACI 440R-96 1996). FRP reinforcing bars have been developed for prestressed and non-

prestressed (conventional) concrete reinforcement. This section will consider only non-prestressed

reinforcement for concrete structures. A review of design recommendations for FRP reinforcement for

prestressed concrete structures can be found in Gilstrap et al. (1997) and ACI 440.4R-04 (2004).

Current FRP reinforcing bars and grids (henceforth referred to as FRP rebars) are commercially

produced using thermosetting polymer resins (commonly vinylester and epoxy) and glass, carbon or

aramid reinforcing fibers. The bars are primarily longitudinally reinforced with volume fractions of

fibers in the 50 to 65% range. FRP rebars with thermoplastic polymer resins, which may allow them to be

bent in the field, are in the developmental stages. FRP reinforcing bars are usually produced by a process

similar to pultrusion and have a surface deformation or texture to develop bond to concrete (see ACI

440R-96 1996 for photographs of typical FRP rebars).

A number of design guides and national standards are currently published to provide recommen-

dations for the analysis, design, and construction of concrete structures reinforced with FRP rebars

(JSCE 1997; Sonobe et al. 1997; Bakht et al. 2000; CSA 2002; ACI 440.1R-03 2003). This section will

provide a brief review of the ACI 440.1R-03 guidelines. A number of industry groups coordinate the

activities of FRP rebar producers in the United States, such as, the ACMA. Activities of these organi-

zations are closely coordinated with the American Concrete Institute (ACI) Technical Committee 440 —

FRP Reinforcements.

Research in the use of FRP reinforcements in concrete structures has been the focus of intense

international research activity since the late 1980s. A biannual series of symposia entitled ‘‘Fiber Rein-

forced Plastics in Reinforced Concrete Structures’’ or ‘‘FRPRCS’’ has been the leading venue for reporting

and disseminating research results. The most recent symposium, the sixth in the series dating back to

1993, was held in Singapore in July 2003 (Tan 2003).

16.2.2 Properties of FRP Reinforcing Bars

Glass fiber reinforced vinylester bars are the most commonly commercially produced FRP rebars. They

are available from a number of manufacturers. Bars are typically produced in sizes ranging from 3
8

in. to

1 in. in diameter (i.e., #3 to #8 bars). Bars have a sand coated external layer, a molded deformation layer,

or a spiral wind layer to create a nonsmooth surface.

The properties of FRP rebars are reported by manufacturers in accordance with ACI 440.1R-03

recommendations for guaranteed tensile strength and longitudinal modulus. It is important to note that

the reported strength of FRP rebars decreases with the diameter of the bar. This is attributed to the

relatively low in-plane shear strength of the FRP rebars. Designers need to consult manufacturers’

recommended properties to be used for design. Typical properties are shown in Table 16.4 for glass fiber

FRP rebars and carbon fiber FRP bars. It should be noted that the carbon fiber bars are typically used

as prestressing tendons or ‘‘near-surface-mounted’’ (NSM) strengthening and not as conventional

reinforcing bars due to cost considerations.

FRP rebars are considered to be transversely isotropic from a mechanics perspective (Bank 1993).

Theoretical equations are available to predict the mechanical and physical properties of the FRP rebars

from the properties of the fiber and resin constituents. Theoretical methods are not available to predict

the bond properties and the long-term durability characteristics of FRP rebars. A specification has been
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proposed for determining long-term properties for FRP rebars based on the Arrhenius accelerated aging

procedure (Bank et al. 2003). Test methods for determining the properties of FRP rebars can be found in

JSCE (1997) and in ACI 440.3R-04 (2004).

FRP rebars should only be used at service temperatures below the glass transition temperature of the

polymer resin system used in the bar. For typical vinylester polymers this is around 200�F. The bond

properties have been shown to be highly dependent on the glass transition temperature of the polymer

(Katz et al. 1999). In addition, it is important to note that the coefficients of thermal expansion of

FRP rebars are not the same in the transverse (radial) direction as in the longitudinal direction. The

coefficient of thermal expansion may be close to an order of magnitude higher in the transverse direc-

tion of the bar due to its anisotropic properties (see typical properties in Table 16.4). This may cause

longitudinal splitting in the concrete at elevated temperatures if insufficient cover is not provided.

FRP rebars containing glass fibers can fail catastrophically under sustained load at stresses significantly

lower than their tensile strengths, a phenomenon known as creep rupture or static fatigue. The amount

of sustained load on FRP rebars is therefore limited by design guides.

FRP reinforcing bars made of thermosetting polymers (e.g., vinylester, epoxy) cannot be bent in the

field and must be produced by the FRP rebar manufacturer with ‘‘bends’’ for anchorages or stirrups. The

strength of the FRP rebar at the bend is substantially reduced and must be considered in the design.

FRP rebars should not be used for carrying compressive stress in concrete members (i.e., compression

reinforcement) where they are used in the compression zone they should be suitably confined to prevent

local instability.

16.2.3 Design Basis for FRP Reinforced Concrete

A design basis for FRP reinforced concrete has been recommended by a number of standards and

professional organizations. The LRFD basis is recommended by the ACI 440.1R-03; however, at this time

resistance factors are not probabilistically based. Load factors are those recommended for all concrete

structures by ACI 318-95 (1995).

TABLE 16.4 Properties of Typical Commercially Produced FRP Reinforcing Bars

Glass-reinforced

vinylester bara,b

(0.5 in. diameter)

Glass-reinforced

vinylester bara

(1 in. diameter)

Carbon-reinforced

vinylestera bar

(0.5 in. diameter)

Carbon-reinforced

epoxy barc

(0.5 in. diameter)

Fiber volume (est)d 50–60 50–60 50–60 50–60

Fiber architecture Unidirectional Unidirectional Unidirectional Unidirectional

Strength (�103 psi)

Tensile, longitudinal 90–100 80 300 327

Compressive, longitudinal NRe NR NR NR

Bond strength 1.7 1.7 1.3 NR

Shear out-of-plane 22–27 22 NR NR

Stiffness (�106 psi)

Tensile, longitudinal 5.9–6.1 5.9 18 21.3

Compressive, longitudinal NR NR NR NR

CTE longitudinal (10�6/�F) 3.7–4.9 3.7 �4.0–0 0.38

CTE transverse (10�6/�F) 12.2–18.7 18.7 41–58 NR

Barcol hardness 60 60 48–55 NR

24 h water absorption (% max.) NR NR NR NR

Density (lb/in.3) 0.072 0.072 NR 0.058

a Aslan (Hughes Brothers).
b Isorod (Pultrall).
c Leadline (Mitsubishi).
d Estimated.
e NR, not reported by manufacturers.
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For the design of flexural members reinforced with FRP rebars the ACI 440.1R-03 recommends the

following resistance factors:

Flexural capacity (tensile reinforcement only):

f¼ 0.5 for an underreinforced beam section (rf< rfb)

f¼ 0.7 for a substantially overreinforced beam section (rf> 1.4rfb)

f¼ 0.5rf /rfb for a lightly overreinforced beam section (rfb< r< 1.4rfb)

Shear capacity (stirrups):

f¼ 0.85 per ACI 318-95.

where rf is the FRP reinforcement ratio and rfb is the balanced FRP reinforcement ratio.

Characteristic strength (also called the guaranteed strength) and strain to failure of FRP rebars are

defined as the mean minus three standard deviations of a minimum of 25 test samples. The design

strength, ffu, and design failure strain, efu, are obtained from the characteristic strength and failure strain

by multiplying them by an environmental reduction factor, CE, which depends on the fiber type in the

bar and the type of intended service of the structure. For example, for weather exposed concrete with

glass FRP rebars, CE is 0.7 (ACI 440.1R-03 2003).

Since FRP rebars typically have a lower modulus than steel rebars, the serviceability limit

state (deflections and crack widths) can often control the design of FRP reinforced concrete sections.

The ACI 440.1R-03 provides procedures for calculating deflections and crack widths in FRP reinforced

members.

16.2.4 Design of Flexural Members with FRP Reinforcing Bars

16.2.4.1 Moment Capacity

Design of flexural members follows the strength design method of the ACI limit states version of an LRFD

design basis. In this approach the nominal factored moment resistance (fMn) of the member must be

greater than the factored ultimate moment required (Mu).

The nominal moment capacity of FRP reinforced concrete members is determined in a similar fashion

to that of a steel reinforced section; however, since FRP rebars do not yield (i.e., are linear elastic to

failure), the ultimate strength of the bar replaces the yield strength of the steel rebar in the traditional

concrete beam design formula based on strain compatibility (assuming plane sections remain plane and

bars are perfectly bonded to the concrete) and equilibrium of forces (ACI 440.1R-03 2003). Both

underreinforced section design and overreinforced section design are permitted; however, due to ser-

viceability limits (deflections and crack widths) most glass FRP reinforced flexural members will be

substantially overreinforced.

The flexural reinforcement ratio for an FRP reinforced rectangular beam section (where the

subscript f is used to indicate FRP reinforcement to distinguish it from conventional reinforcement) is

given as

rf ¼
Af

bd
ð16:62Þ

and the balanced FRP reinforcement ratio is given as

rfb ¼ 0:85b1

f 0c
ffu

Ef ecu

Ef ecu þ ffu

ð16:63Þ

where Af is the area of FRP reinforcement, b is the beam width, d is the effective depth, b1 is a factor that

depends on concrete strength (0.85 for 4000 psi concrete), fc
0 is the cylinder compressive strength of the

concrete, Ef is the longitudinal modulus of the FRP rebar, ecu is the ultimate nominal compressive strain

in the concrete (taken as 0.003), and ffu is the longitudinal design strength of the FRP rebar.

When rf>rfb the section will fail due to concrete crushing and the nominal moment capacity is given

in a similar fashion to that for a section reinforced with steel rebar (where the rebar has not reached its
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yield stress). The stress in the rebar needs to be calculated to determine the capacity. Design is usually

done by trial and error. The nominal moment capacity is given as

Mn ¼ Af ff d � a

2

 �
ð16:64Þ

where

a ¼ Af ff

0:85f 0c b
ð16:65Þ

ff ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEf ecuÞ2

4
þ 0:85b1f 0c

rf

Ef ecu

s
� 0:5Ef ecu

0
@

1
A ð16:66Þ

where ff is the stress in the FRP rebar at concrete compressive failure and a is the depth of the equivalent

rectangular (Whitney) stress block in the concrete.

When rf< rfb the section will fail due to rupture of the FRP rebars in tension and nominal moment

capacity is given in a similar fashion to that for a section reinforced with steel rebar if the rebar does not

reach its yield stress before tensile failure (which will not happen for a conventional steel bar but will

always happen for a FRP rebar). Since the reinforcement has not yielded in this case failure cannot

be assumed to occur due to concrete compression failure following yielding of the rebar and the stress in

the concrete at the time of rebar failure needs to be calculated. This calculation requires knowledge of

the nonlinear stress–strain characteristics of the concrete and requires an incremental solution proce-

dure, which is not suited to design calculations. To overcome this situation the ACI 440.1R-03 guide

recommends computing the approximate (and conservative) nominal flexural capacity as follows:

Mn ¼ 0:8Af ffu d � b1c b

2

� �
ð16:67Þ

where the depth of the neutral axis, c b, is given as

c b ¼
ecu

ecu þ efu

� �
d ð16:68Þ

16.2.4.2 Shear Capacity

The nominal shear capacity of an FRP reinforced concrete member in flexure is determined in a similar

fashion to that of a steel rebar reinforced section; however, due to the lower modulus of FRP rebars,

which leads to a shallower compression zone and larger deflections at flexural failure of FRP reinforced

beams, the shear capacity of the concrete is reduced from its conventional value. In addition, the strain

in the FRP stirrups is limited to prevent large shear cracks from developing in the FRP reinforced

member. The strength of the FRP stirrup is also limited by its strength at its bent portion. The nominal

shear capacity, Vn, is given as

Vn ¼ Vc,f þ Vf ð16:69Þ

where Vc,f is the nominal shear capacity of the concrete with FRP rebars used as main tension

reinforcement, and can be taken as

Vc,f ¼
rf Ef

90b1f 0c
Vc ð16:70Þ

and Vf (in Equation 16.69) is the nominal shear capacity of the FRP stirrups. For vertical shear stirrups

Vf ¼
Afvffvd

s
ð16:71Þ
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where the strength of the FRP stirrup, ffv, is limited by the smaller of

ffv ¼ 0:004Ef ð16:72Þ

and the strength of the FRP rebar at its bend,

ffb ¼ 0:05
r b

db

þ 0:3

� �
ffu ð16:73Þ

where rb is the inside radius of the bend and db is the diameter of the FRP rebar. Standard bend radii are

reported by manufacturers and range from 4.25 to 6 in. for typical FRP rebars.

For the SLS both crack width and deflections must be checked according to the procedures detailed in

ACI 440.1R-03. The designer is required to check stresses under sustained service loads against creep

rupture stress limits and fatigue stress limits. These limits depend on the type of fiber in the FRP rebar

and are the most restrictive for glass FRP rebars where the limiting stress is only 20% of the design

strength (i.e., 0.2ffu). Limits on minimum FRP reinforcement ratios for flexural and shear reinforcement

are also provided. For further details see ACI 440.1R-03 (2003).

16.2.5 Detailing of FRP Reinforcements

The development length of an FRP rebar is different from the development length of a conventional steel

rebar. The properties of hooks in FRP rebars are also different from those in steel rebars due to the

decrease in strength at the bends in FRP rebars. The ACI 440.1R-03 guide provides recommendations for

detailing FRP rebar anchorages and splices so that the FRP rebar can develop its tensile strength at

member ends, at hooks, and at locations where bars are overlapped or terminated. It should be noted

that current recommendations are based on limited, and sometimes conflicting, data.

Failure due to insufficient development length is called a bond failure and may be due to splitting of

the concrete surrounding the bar or due to pull-out of the bar itself. Two equations are provided by ACI

440.1R-03, one for splitting controlled failure and one for pull-out controlled failure. For splitting failure

lbf ¼ K2

d2
bffuffiffiffiffi

f 0c
p ð16:74Þ

and for pull-out failure

lbf ¼
dbffu

2700
ð16:75Þ

where lbf is the development length and K2 ranges from 1
21:3 to 1

5:6 depending on FRP rebar type and the

source of the test data (ACI 440.1R-03 2003). Manufacturers of FRP rebars also provide data on

development lengths for the bars they produce.

For hooked bars the development length is given as a function of the FRP rebar design strength. For

FRP rebars with design strengths in the range of 75 to 150 ksi (typical of glass FRP rebars) the length of

a hooked bar, lbfh, is given as

lbfh ¼
ffu

37:5

dbffiffiffiffi
f 0c

p ð16:76Þ

The tail length should not be less than 12db or 9 in.

Tension lap splices for FRP rebars are based on recommendations for steel rebars and limited test data.

For Class A and Class B lap splices the recommended development lengths are 1:3ldf and 1:6ldf ,

respectively.

FRP stirrups can be spaced at a maximum of d/2 (or 24 in.) and should have a minimum rb/db ratio

of 3. The tail length of 90� hooks in the stirrups must be at least 12db.

Minimum concrete cover for FRP rebars is db.
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16.3 Analysis and Design of FRP Strengthening for Concrete

16.3.1 Introduction

FRP reinforcing systems for strengthening structurally deficient concrete structural members and for

repairing damaged or deteriorated concrete structures have been used since the mid-1980s. The first

applications involved beams strengthened to increase their flexural capacity using high-strength,

lightweight fiber reinforced epoxy laminates that were bonded to the soffits of the beams (e.g., Meier and

Kaiser 1991; Saadatmanesh and Ehsani 1991; Meier 1995). The method is a modification of the one

where epoxy bonded steel plates are used to strengthen concrete beams, which has been in use since the

mid-1960s. The FRP systems were shown to provide significant benefits in constructibility and durability

over the steel plates. Thereafter, significant work was conducted on strengthening of concrete columns to

enhance their axial capacity, shear capacity, and ductility, primarily for seismic loadings (e.g., Seible et al.

1997). This method is a modification of the one using steel jackets to strengthen concrete columns. This

was followed closely by work on shear strengthening of beams (e.g., Triantafillou 1998). A review of the

state-of-the-art on the subject can be found in Teng et al. (2001) and Bakis et al. (2002). The method has

also been used to strengthen masonry and timber structures; however, applications of this type are not

discussed in this section.

Current FRP strengthening systems for concrete fall into two popular types. One type consists of

factory manufactured (typically unidirectional pultruded) laminates (also known as strips or plates) of

carbon- or glass-reinforced thermosetting polymers (epoxy or vinylester) that are bonded to the surface

of the concrete using an epoxy adhesive. The manufactured laminates typically have a volume fraction of

fibers in the range of 55 to 65% and are cured at high temperatures (typically >300�F), but are bonded

in the field at ambient temperatures. The other type consists of layers (or plies) of unidirectional sheets

or woven or stitched fabrics of dry fibers (glass, carbon, or aramid) that are saturated in the field with a

thermosetting polymer (epoxy or vinylester) that simultaneously bonds the FRP laminate (thus formed)

to the concrete. These ‘‘formed-in-place’’ or ‘‘layed-up’’ FRP systems typically have a fiber volume

fraction of between 20 and 30% and are cured at ambient temperatures in the field.

A number of design guides and national standards are currently published that provide recommen-

dations for the analysis, design, and construction of concrete structures strengthened with FRP materials

(AC125 1997; TR55 2000; FIB 2001; JSCE 2001; ACI 440.2R-02 2002). This section will provide a brief

review of the ACI guidelines.

Manufacturers of FRP strengthening systems for concrete typically provide their own design and

installation guides for their proprietary systems. Since the performance of the FRP strengthening system

is highly dependent on the adhesive or saturating polymer used, the preparation of the concrete surface

prior to application of the FRP strengthening system, and the field installation and construction pro-

cedures, manufacturers typically certify ‘‘approved contractors’’ to ensure that their systems are designed

and installed correctly. In addition, code guidance is provided to ensure that FRP strengthening systems

are appropriately installed (AC187 2001; ACI 440.2R-02 2002; TR57 2003).

Research in the use of FRP strengthening systems for concrete structures has been the focus of intense

international research activity since the early 1990s. A biannual series of symposia entitled Fiber Rein-

forced Plastics in Reinforced Concrete Structures or ‘‘FRPRCS’’ has been the leading venue for reporting

and disseminating research results. The most recent symposium, the sixth in the series dating back to

1993, was held in Singapore in July 2003 (Tan 2003).

16.3.2 Properties of FRP Strengthening Systems

Carbon fiber-reinforced epoxy laminates (or strips) are the most commonly used in the adhesively bonded

type of products. Depending on the type of carbon fiber used in the strip, different longitudinal strengths

and stiffnesses are produced. Strips are typically thin (less than 0.100 in.) and are available in a variety of

widths (typically 2 to 4 in.). Since the strips are reinforced with unidirectional fibers they are highly
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orthotropic with very low properties in the transverse and through the thickness directions. Manufacturer’s

typically only report properties in the longitudinal directions and report very little data on physical

properties. The strips are bonded to the concrete with a compatible adhesive that is supplied by the strip

manufacturer. Typical properties of strips are shown in Table 16.5. It is important to note that the

properties shown for the strips are properties of the FRP composite and not the properties of the fibers

alone.

In the type of products for FRP strengthening that consist of dry fibers in sheet or fabric form with

compatible polymer saturating resins there is a greater array of available products that depend on fiber

type and sheet or fabric architecture. In this group of products a unidirectional, highly orthotropic

carbon fiber tow-sheet is produced by a number of manufacturers and is often used in strengthening

applications. The individual carbon tows in the sheet are held together by a very light polymeric binder

(or a light stitching) and it is supplied on a wax paper backing. Sheets are typically 10 to 40 in. wide and

are often applied in multiple layers with different orientations. Other common fabric materials in this

group are woven glass fiber materials typically consisting of 12 to 32 Oz/yd2 materials with a variety of

weaves, which can give the fabric properties from highly orthotropic to square symmetric. Carbon fiber

tow fabrics and hybrid fabrics (with more than one fiber type) are also available. Fabrics are typically

much thicker than tow-sheets and are also used in multiple layers. Because of the wide variety of products

available and their different thicknesses it is not easy to compare their properties directly. In addition, the

fibers must be used with a compatible resin system applied with a controlled volume fraction to achieve

an FRP composite with measurable properties. In the case of sheet and fabric materials, manufacturers

typically report the mechanical properties of the dry fibers and the thickness (or area) of the fibers. It is

important to note that when reported in this fashion the properties are not the properties of the FRP

composite. Properties of some commonly available fiber sheet materials are listed in Table 16.6.

The performance of the FRP strengthening system is highly influenced by the properties of the

adhesive layer in the case of the bonded strip and by the properties of the saturating polymeric resin in

the case of the sheets and fabrics. The interface between the FRP composite and the concrete substrate

transfers the loads from the concrete to the FRP composite. In the case of flexural, shear, or axial tensile

strengthening this load transfer is primarily in shear and the properties and the quality of the interface

bond between the FRP composite and the concrete effects load transfer into the FRP strengthening

TABLE 16.5 Properties of Typical Commercially Produced FRP Strengthening Strips

Standard modulus

carbon-reinforced

epoxy stripa–c

High modulus

carbon-reinforced

epoxy stripa

Glass-reinforced

epoxy stripb

Carbon-reinforced

vinylester stripd

Fiber volume (est)e 65–70 65–70 65–70 60

Fiber architecture Unidirectional Unidirectional Unidirectional Unidirectional

Nominal thickness (in.) 0.047–0.075 0.047 0.055–0.075 0.079

Width (in.) 2–4 2–4 2–4 0.63

Strength (�103 psi)

Tensile, longitudinal 390–406 188 130 300

Rupture strain (%)

Tensile, longitudinal 1.8 NRf 2.2 1.7

Stiffness (�106 psi)

Tensile, longitudinal 22.5–23.9 43.5 6.0 19.0

CTE longitudinal (10�6/�F) NR NR NR �4.0–0

CTE transverse (10�6/�F) NR NR NR 41–58

Barcol hardness NR NR NR 48–55

a Carbodur (Sika).
b Tyfo (Fyfe).
c Mbrace (Wabo/S&P).
d Aslan (Hughes Brothers).
e Estimated.
f NR, not reported by manufacturers. All strips must be bonded with manufacturer-supplied compatible adhesives.
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system. Such applications are termed ‘‘bond-critical’’ applications. In the case of axial comp-

ressive strengthening where the role of the strengthening system is to confine the lateral expansion of

the cracked concrete the interface bond is not as critical as long as the FRP strengthening system is

in intimate contact with the concrete and is wrapped around the concrete continuously so as to provide

a confining pressure with appropriate hoop stiffness and strength. Such applications are termed

‘‘contact-critical.’’ It is important to note, however, that in either type of system the polymer resin still

plays a critical role in the FRP composite in transferring load to the fibers and protecting the fibers.

A poorly applied sheet or fabric having a low fiber volume fraction (<20%) and a relatively thick

(uneven thickness) polymer layer with large void content (>3%) will not provide a durable FRP

strengthening system even though the amount of fiber placed in the wrap may be according to design

requirements.

Since most FRP strengthening systems depend on the curing of polymer adhesives or resins at ambient

temperature in the field, the glass transition temperatures of these components may be quite low (120 to

180�F). Since the effectiveness of the strengthening system depends to a great degree on the stiffness of

the adhesive or resin used to bond the FRP composite, to the concrete, an FRP strengthening system can

be severely degraded at even moderately high temperatures (�120�F). In certain cases where the fibers

are sufficiently anchored away from the region subjected to the high temperature the FRP strengthening

system may still be effective (Meier 1995). Designers should always be aware of the transition tem-

perature of the FRP composite or adhesive they are using in a design. In the event of fire the integrity of

an FRP strengthening system may be severely compromised in a short time. Test methods for FRP strips

and sheets are provided in JSCE (2001) and ACI 440.3R-04 (2004).

16.3.3 Design Basis for FRP Strengthening Systems

A design basis for FRP strengthening systems for concrete structures has been recommended by a

number of standards and professional organizations. The LRFD basis is recommended by the ACI

440.2R-02 (2002); however, at this time resistance factors are not probabilistically based. Load factors are

those recommended for all concrete structures by ACI 318-99.

For the design of concrete members with FRP strengthening systems the ACI recommends the fol-

lowing resistance factors:

Flexural capacity (tensile strengthening)

f ¼ 0.9 for ductile failure of the member following steel yielding (es> 0.005)

f ¼ 0.7 for a brittle failure when the member fails prior to steel yielding (es< esy)

f ¼ 0.7–0.9 for an intermediate region (esy< es< 0.005)

cf¼ 0.85 for FRP bond-critical strengths (in addition to f factors)

TABLE 16.6 Properties of Typical Commercially Produced FRP Sheet Strengthening Materials

Standard modulus

carbon fiber

tow sheeta–c

High-modulus

carbon fiber

tow sheeta–c

Glass fiber

roving sheeta,b

Thickness (in.) 0.0065–0.013 0.0065 0.014

Typical width (in.) 24 24 24

Fiber architecture Unidirectional Unidirectional Unidirectional

Strength (�103 psi)

Fiber tensile, longitudinal 550 510 220–470

Rupture strain (%)

Fiber tensile, longitudinal 1.67–1.7 0.94 2.1–4.5

Stiffness (�106 psi)

Fiber tensile, longitudinal 33.0–33.4 54.0 10.5

a Mbrace (Wabo).
b Tyfo (FyFe).
c Replark (Mitsubishi).
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Shear capacity (shear strengthening)

f¼ 0.85 per ACI 318-99

cf¼ 0.85 for FRP bond-critical strengths (in addition to f factor)

cf¼ 0.95 for FRP contact-critical strengths (in addition to f factor)

Axial compressive capacity (confinement)

f¼ 0.75 per ACI 318-99 for steel spiral reinforcement

f¼ 0.70 per ACI 318-99 for steel tied reinforcement

cf¼ 0.95 for FRP contact-critical strengths (in addition to f factors)

Characteristic strength (also called the guaranteed strength) and strain to failure of FRP composite

materials for strengthening are defined as the mean minus three standard deviations of a minimum of

20 test samples. The design strength, ffu, and design failure strain, efu, are obtained from the characteristic

strength and failure strain by multiplying them by an environmental reduction factor, CE, which

depends on the fiber type in the FRP strengthening system and the type of intended service of the

structure. For example, for weather exposed concrete with a glass-reinforced epoxy FRP strengthening

system, CE is 0.65 (ACI 440.2R-02 2002).

While flexural strengthening over 100% of the original strength is achievable, the ACI limits the

amount of strengthening to prevent catastrophic failure of the concrete member in the event of loss of,

or damage to, the strengthening system (due to vandalism or environmental degradation). The ACI

recommends that the strengthened member have sufficient original factored capacity (i.e., discounting

the additional strengthening system) to resist a substantial portion of the factored load on the

strengthened member, given as

1:2D þ 0:85L

To account for fire, additional restrictions are placed on the factored capacity of the FRP strengthened

structured (ACI 440.2R-02 2002).

When a concrete member is strengthened to increase its capacity in a selected mode (e.g., flexure) the

member must be checked to ensure that the capacities in other failure modes (e.g., shear) are not

exceeded. If this is the case the strengthening should be decreased or the secondary capacity needs to be

enhanced with its own strengthening system.

At this time the ACI 440.2R-02 guide does not provide recommendations for the determination

of serviceability criteria (such as deflections or crack widths) for FRP strengthened members. The

ACI 440.2R-02 guide does, however, limit the stress in the steel at service loads to 80% of the steel yield

stress and limits the ‘‘sustained plus cyclic’’ stress in the FRP strengthening system to account for creep

rupture and fatigue depending on the fiber system. For carbon FRP strengthening systems this limit is

55% of the ultimate strength. For deflections in flexural members where stresses are in the service range

the contribution of the FRP strengthening system is typically small. Flexural deflections in the service

range can be estimated by the use of an effective ‘‘composite-section’’ second moment-of-area (Ie)

analysis where the tensile contribution of the FRP is added to the contribution of the steel reinforcing.

In the inelastic range (after the primary reinforcing steel has yielded) the contribution of the

FRP strengthening to the postyield stiffness can be quite considerable and should be accounted for, in

inelastic analysis.

It is extremely important to note that the method of determining the tensile force resultant in an FRP

strengthening system depends on the type of system used. In the bonded strip (or plate) system the

ultimate force is obtained from the strength of the FRP composite (see Table 16.5) and the gross cross-

sectional area of the strip. In the dry fiber systems the ultimate force is obtained from the strength of the

fibers and the thickness of the net area of the fibers (see Table 16.6). The designer must know if the

reported strength (and stiffness) for an FRP strengthening system is for the FRP composite (gross cross-

section) or for the fibers alone (net fiber cross-section). Both methods of calculation are permitted by the

ACI 440.2R-02 guide at this time.
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16.3.4 Design of FRP Flexural Strengthening Systems

Flexural strengthening is achieved by attaching an FRP strengthening system (bonded strip or saturated

dry fabric) to the underside (or soffit) of a flexural member to increase the effective tensile force resultant

in the member and thereby increase the moment capacity of the member. This is analogous to adding

steel strengthening strips (or plates) to the soffit of a member. However, two fundamental differences

exist. First, the FRP strengthening system behaves in a linear elastic fashion and does not yield, and

second, the FRP strengthening system is more susceptible to detachment (debonding or delamination)

failures than steel plate systems. Epoxy bonded steel plates are typically anchored with steel bolts at their

ends in addition to the epoxy bonding. Since the steel plates themselves will yield at a similar strain to the

internal steel reinforcing, the stress level in the steel strengthening system is limited. In the case of FRP

strengthening with FRP systems having ultimate tensile strengths exceeding 300 ksi (see Table 16.5 and

Table 16.6) the stress level in the FRP can be significantly higher than that in steel strengthening systems.

In the event that the internal steel reinforcing yields before the FRP strengthening system fails (the

desired failure mode) the concrete member will undergo large deflections and cracking. All these factors

lead to the greater likelihood that the FRP strengthening system will detach from the concrete long

before it achieves its ultimate tensile capacity.

Strengthening of members in flexure can only be achieved if there is sufficient additional compressive

capacity in the concrete to allow for the increase in internal moment. Therefore, flexural strengthening is

most suitable for concrete members that are lightly to moderately reinforced, having steel reinforcement

in the range of 20 to 40% of the balanced ratio. This is not uncommon in reinforced concrete members,

especially in older structures.

The existing tensile strain in the concrete at the location of the applied FRP strengthening system

due to sustained loads when the FRP strengthening system is applied should be accounted for in

design calculations if a shoring system is not used.

The key to flexural strengthening with FRP strengthening systems is to understand the failure modes

of the system. These include rupture of the FRP strengthening system, detachment of the FRP

strengthening system (due to a variety of delamination or debonding modes), or compressive failure

of the concrete. All of these modes can occur either before or after the internal steel has yielded.

The desired mode of failure is concrete compressive failure after the internal steel has yielded with the

FRP strengthening system still attached. This is often difficult to achieve and the mode of FRP detachment

(or less frequently rupture) at large deflections after the internal steel has yielded is often achieved.

The FRP strengthening system can detach in a number of modes. The FRP system can delaminate from

the concrete substrate (due to failure in the concrete, the adhesive layer, or the FRP laminate itself )

either at the ends (due to high peeling and shear stresses) or in the interior of the beam due to flexural

and shear cracks in the beam at large deflections. For a detailed discussion on detachment failure modes

see Teng et al. (2001). Analytical methods to predict the various detachment failure modes are still not

fully developed and the ACI 440.2R-02 guide limits the tensile strain level in the FRP strengthening

system to prevent delamination failure by the use of an empirically obtained bond-dependent coefficient,

km, which is a function of the unit stiffness of the FRP system and is defined as

km ¼

1

60efu

1� nEf tf

2,000,000

� �
	 0:90 for nEf tf 	 1,000,000 lb=in:

1

60efu

500,000

nEf tf

� �
	 0:90 for nEf tf>1,000,000 lb=in:

8>>><
>>>:

ð16:77Þ

where efu is the ultimate strain in the FRP, n is the number of layers (or plies) of FRP strips or sheets or

fabrics, Ef is the longitudinal tensile modulus of the FRP composite in the case of strips or the long-

itudinal modulus of the fibers in the strengthening direction in the case of sheets or fabrics, and tf is the

thickness of an individual strip in the case of FRP strips or the net thickness of the fibers in a single sheet

or fabric in the case of sheets or fabrics.
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The strain level in the FRP strengthening system is limited by the strain in the concrete or the ultimate

strain in the FRP system and is given as

efe ¼ ecu
h � c

c

� �
� ebi 	 kmefu ð16:78Þ

where efe is the effective ultimate strain in the FRP at failure, ecu is the ultimate compressive strain in the

concrete (0.003), c is the depth of the neutral axis, h is the depth of the section, and ebi is the existing

tensile strain in the concrete substrate at the location of the FRP strengthening system. The effective

stress, ffe, in the FRP is the ultimate strength of the FRP that can be achieved at failure and is linearly

related to the ultimate strain as

ffe ¼ Ef efe ð16:79Þ

The nominal moment capacity, Mn, of the strengthened section (with an existing layer of tensile steel

reinforcement only) is given as

Mn ¼ Asfs d � b1c

2

� �
þ cf Af ffe h � b1c

2

� �
ð16:80Þ

with

c ¼ Asfs þ Af ffe

gf 0cb1b
ð16:81Þ

and

fs ¼ Eses ¼ Es efe þ ebið Þ d � c

h � c

� �
	 fy ð16:82Þ

where As is the area of the tensile steel, fs is the stress in the steel at failure, d is the depth of the

steel reinforcing, b1 is the depth ratio of the equivalent Whitney stress block, Af is the area of the FRP

strip or the fibers in a dry fiber system, g is the concrete stress resultant factor (0.85 when concrete

compressive failure governs), b is the width of the section, and fy is the yield stress in the reinforcing

steel. The solution to the above equations is typically found by a trail and error method by assuming

a number of plies (or layers) of strengthening and calculating the resulting nominal moment.

The desirable failure mode is achieved when the internal steel has yielded. Therefore, the current stress

state in the steel can be assumed to be at yield and then checked. If the steel has not yielded before FRP

rupture or detachment occurs, a new design should be attempted with a different strengthening system

or a different number of plies.

The stresses in the steel and the FRP strengthening system at service loads should be determined using

an elastic cracked section and checked against appropriate stress limits for sustained loads on FRP

strengthened structures (ACI 440.2R-02 2002).

Mechanical anchorages or FRP wraps can be used to enhance the attachment of the FRP strengthening

system to the concrete beam, especially at the ends of the FRP strengthening system. Design guidance is

not provided by the ACI 440.2R-02 for this at the present time.

16.3.5 Design of FRP Shear Strengthening Systems

FRP strengthening systems can be used to increase the shear capacity of concrete beams and columns.

FRP strengthening systems are applied to the webs of beams (or columns) and function in an analogous

fashion to internal steel shear reinforcement. Because FRP shear strengthening systems are applied to

concrete members that are often monolithic with other continuous members (such as floors and walls),

it is not always possible ‘‘wrap’’ the FRP strengthening system completely around the member (which is

the desirable condition). The FRP strengthening system must therefore be terminated at the top of

the web (a three-sided ‘‘U-wrap’’) or both at the top and at the bottom of the web (a two-sided system).
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The non-fully wrapped systems are susceptible to detachment failures (similar to flexural strengthening)

and their strains are limited by a shear bond-reduction coefficient, kv.

The nominal shear capacity of an FRP strengthened concrete member with existing steel shear

reinforcing is determined by adding the contribution of the FRP strengthening system to the existing

shear capacity, given as

Vn ¼ Vc þ Vs þ cf Vf ð16:83Þ

where

Vf ¼
Afvffeðsin aþ cos aÞdf

sf

ð16:84Þ

and

Afv ¼ 2ntf wf ð16:85Þ

where Vc is the existing shear capacity of the concrete, Vs is the shear capacity of the existing steel shear

reinforcement, Vf is the shear capacity of the FRP strengthening system, ffe¼ Ef efu is the effective tensile

stress in the FRP at ultimate, a is the inclination of the fiber in the FRP strengthening system to

transverse axis (the horizontal axis in a beam or the vertical axis in a column), df is the effective depth of

the FRP strengthening system, sf is the center-to-center spacing of the FRP shear strengthening strips,

and wf is the width of the FRP shear strengthening strip. (For a continuous FRP shear strengthening

sheet or fabric sf¼wf.) The FRP capacity reduction factor, cf, is taken as 0.95 for completely wrapped

sections (contact-critical) and as 0.85 for two- or three-sided wrapped sections (bond-critical).

The effective strain in the FRP shear strengthening system is limited to prevent detachment failures and

also to maintain the integrity of the concrete aggregate interlock in the concrete member. For completely

wrapped FRP shear strengthening systems the maximum effective strain in the FRP strengthening system

at failure is limited to

efe ¼ 0:004 	 0:75efu ð16:86Þ

For three-sided or two-sided shear strengthening the effective shear strain in the FRP strengthening

system at failure is limited to

efe ¼ kvefu 	 0:004 ð16:87Þ

where the shear bond-reduction coefficient is a function of the concrete strength, the wrapping type

used, and the stiffness of the FRP strengthening system. Empirical equations for determining this

coefficient are given in the ACI 440.2R-02 guide.

Mechanical anchorages can be used to anchor two- or three-sided wraps in the compression zone of

the web; however, design guidance is not provided by the ACI 440.2R-02 for this at the present time.

Limits on spacing of discreet FRP shear strengthening strips and the maximum shear strength

enhancement that can be obtained using FRP strengthening are provided in the ACI 440.2R-02 guide.

16.3.6 Design of FRP Axial Strengthening Systems

Concrete compression members can be strengthened to increase their axial load carrying capacity, their

shear capacity, their steel rebar lap splice capacity, and their lateral load carrying deformation capacity

(ductility). FRP strengthening of columns is most effective when applied to circular columns and always

consists of complete wrapping to obtain confinement of the concrete. FRP strengthening systems for

confinement of columns are classifieds as contact-critical applications. It is also important to note that

FRP axial strengthening systems are regarded as ‘‘passive’’ systems. That is, they are not effective (or

active) until the concrete reaches its transverse cracking strain in compression and begins to dilate, thus

placing hoop stress on the FRP wrap. This is in contrast to the FRP flexural and shear strengthening

systems, which must be active at all load levels.
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For a nonslender, nonprestressed, normal-weight concrete column reinforced with spiral reinforcement

and steel ties the nominal axial capacity is given as

Pn ¼ 0:85 0:85cf f
0

cc Ag � Ast


 �
þ fyAst


 �
ð16:88Þ

and

Pn ¼ 0:80 0:85cf f
0

cc Ag � Ast


 �
þ fyAst


 �
ð16:89Þ

respectively, with the confined compressive strength, f 0cc, given as

f 0cc ¼ f 0c 2:25

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 7:9

fl

f 0c

s
� 2

fl

f 0c
� 1:25

 !
ð16:90Þ

in terms of the confining pressure provide by the FRP wrap (or jacket), fl, given as

fl ¼
karf Ef efe

2
ð16:91Þ

where Ag is the gross area of the concrete, Ast is the area of the longitudinal steel, ka is an efficiency factor

that depends on the shape of the column, and rf is the reinforcement ratio of the FRP strengthening

system. For circular columns, ka is 1.0 and the reinforcement ratio is given as

rf ¼
Af

Ag

¼ 4ntf

h
ð16:92Þ

where h is the diameter of the circular column. It is important to note that the fiber layers must all be

oriented in the hoop direction around the column. If layers are also oriented in the longitudinal

direction, these layers should not be considered to contribute to axial strengthening. For noncircular

columns FRP strengthening for increasing axial capacity is much less effective due to stress con-

centrations at the corners (even when rounded) and the nonuniform confining pressure developed by

the wrap.

Limits are placed on axial strengthening to ensure that the concrete does not approach its transverse

cracking strain, or the steel its yield strain, in the service range (ACI 440.2R-02 2002).

The lateral displacement capacity (or ductility) of a concrete column can also be increased by con-

fining it with FRP strengthening wraps. The maximum concrete compressive strain for an FRP wrapped

circular column is given as

e0cc ¼
1:71 5f 0cc � 4f 0c


 �
Ec

ð16:93Þ

where Ec is the elastic modulus of the concrete and f 0cc is as defined previously (Equation 16.90).
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17
Fundamentals of

Earthquake
Engineering

17.1 Introduction

This chapter provides a basic understanding of earthquakes, by first discussing the causes of earthquakes,

then defining commonly used terms, explaining how earthquakes are measured, discussing the dis-

tribution of seismicity, and, finally, explaining how seismicity can be characterized.

Earthquakes are broad-banded vibratory ground motions, resulting from a number of causes

including tectonic ground motions, volcanism, landslides, rockbursts, and man-made explosions. Of

these, naturally occurring tectonic-related earthquakes are the largest and most important. These are

caused by the fracture and sliding of rock along faults within the Earth’s crust. A fault is a zone of the

earth’s crust within which the two sides have moved — faults may be hundreds of miles long, from one

to over one hundred miles deep, and are sometimes not readily apparent on the ground surface.

Earthquakes initiate a number of phenomena or agents, termed seismic hazards, which can cause sig-

nificant damage to the built environment — these include fault rupture, vibratory ground motion

(i.e., shaking), inundation (e.g., tsunami, seiche, dam failure), various kinds of permanent ground failure

(e.g., liquefaction), fire, or hazardous materials release. In a particular earthquake event, any particular

hazard can dominate, and historically each has caused major damage and great loss of life in particular

earthquakes.

For most earthquakes, shaking is the dominant and most widespread agent of damage. Shaking near

the actual earthquake rupture lasts only during the time when the fault ruptures, a process that takes
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seconds or at most a few minutes. The seismic waves generated by the rupture propagate long after the

movement on the fault has stopped, however, spanning the globe in about 20 min. Typically, earthquake

ground motions are powerful enough to cause damage only in the near field (i.e., within a few tens of

kilometers from the causative fault) — in a few instances, long period motions have caused significant

damage at great distances, to selected lightly damped structures. A prime example of this was the 1985

Mexico City Earthquake, where numerous collapses of mid- and high-rise buildings were due to

a magnitude 8.1 Earthquake occurring at a distance of approximately 400 km from Mexico City.

17.2 Causes of Earthquakes and Faulting

In a global sense, tectonic earthquakes result from motion between a number of large plates comprising

the earth’s crust or lithosphere (about 15 large plates, in total), Figure 17.1.

These plates are driven by the convective motion of the material in the earth’s mantle, which in turn is

driven by the heat generated at the earth’s core. Relative plate motion at the fault interface is constrained

by friction and/or asperities (areas of interlocking due to protrusions in the fault surfaces). However,

strain energy accumulates in the plates, eventually overcomes any resistance, and causes slip between the

two sides of the fault. This sudden slip, termed elastic rebound by Reid (1910) based on his studies of

regional deformation following the 1906 San Francisco Earthquake, releases large amounts of energy,

which constitutes or is the earthquake. The location of initial radiation of seismic waves (i.e., the first

location of dynamic rupture) is termed the hypocenter, while the projection on the surface of the earth

directly above the hypocenter is termed the epicenter. Other terminology includes near-field1 (within one

source dimension of the epicenter, where source dimension refers to the width or length of faulting,

whichever is shorter), far-field (beyond near-field), and meizoseismal (the area of strong shaking and

damage). Energy is radiated over a broad spectrum of frequencies through the earth, in body waves and

surface waves (Bolt 1993). Body waves are of two types: P waves (transmitting energy via push–pull

motion) and slower S waves (transmitting energy via shear action at right angles to the direction of

motion). Surface waves are also of two types: horizontally oscillating Love waves (analogous to S body

waves) and vertically oscillating Rayleigh waves.

While the accumulation of strain energy within the plate can cause motion (and consequent release of

energy) at faults at any location, earthquakes occur with greatest frequency at the boundaries of the

tectonic plates. The boundary of the Pacific plate is the source of nearly half of the world’s great earth-

quakes. Stretching 40,000 km (24,000 miles) around the circumference of the Pacific Ocean, it includes

Japan, the west coast of North America, and other highly populated areas, and is aptly termed the Ring of

Fire. The interiors of plates, such as ocean basins and continental shields, are areas of low seismicity but

are not inactive — the largest earthquakes known to have occurred in North America, for example,

occurred in 1811–1812 in the New Madrid area, far from a plate boundary. Tectonic plates move relatively

slowly (5 cm per year is relatively fast) and irregularly, with relatively frequent small and only occasional

large earthquakes. Forces may build up for decades or centuries at plate interfaces until a large

movement occurs all at once. These sudden, violent motions produce the shaking that is felt as an

earthquake. The shaking can cause direct damage to buildings, roads, bridges, and other man-made

structures as well as triggering landslides, fires, tidal waves (tsunamis), and other damaging phenomena.

Faults are the physical expression of the boundaries between adjacent tectonic plates and thus may be

hundreds of miles long. In addition, there may be thousands of shorter faults parallel to or branching out

from a main fault zone. Generally, the longer a fault the larger the earthquake it can generate. Beyond the

main tectonic plates, there are many smaller subplates, ‘‘platelets,’’ and simple blocks of crust that

occasionally move and shift due to the ‘‘jostling’’ of their neighbors and the major plates. The existence of

these many subplates means that smaller but still damaging earthquakes are possible almost anywhere,

although often with less likelihood.

1Not to be confused with near-source as used in the 1997 Uniform Building Code, which can be as much as 15 km,

depending on type of faulting.
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FIGURE 17.1 (a) Global tectonic plate boundaries. (b) Global seismicity 1975–1995 ( from: U.S. Geological Survey

[USGS]).
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Faults are typically classified according to their sense of motion, Figure 17.2. Basic terms include

transform or strike slip (relative fault motion occurs in the horizontal plane, parallel to the strike of the

fault), dip-slip (motion at right angles to the strike, up- or down-slip), normal (dip-slip motion, two

sides in tension, move away from each other), reverse (dip-slip, two sides in compression, move toward

each other), and thrust (low-angle reverse faulting).

Generally, earthquakes will be concentrated in the vicinity of faults, faults that are moving more rapidly

than others will tend to have higher rates of seismicity, and larger faults are more likely than others to

produce a large event. Many faults are identified on regional geological maps, and useful information on

fault location and displacement history is available from local and national geological surveys in areas of

high seismicity. Considering this information, areas of an expected large earthquake in the near future

(usually measured in years or decades) can, and have, been identified. However, earthquakes continue to

occur on ‘‘unknown’’ or ‘‘inactive’’ faults. An important development has been the growing recognition

of blind thrust faults, which emerged as a result of the several earthquakes in the 1980s, none of which

were accompanied by surface faulting (Stein and Yeats 1989). Blind thrust faults are faults at depth

occurring under anticlinal folds — since they have only subtle surface expression, their seismogenic

potential can only be evaluated by indirect means (Greenwood 1995). Blind thrust faults are particularly

worrisome because they are hidden, are associated with folded topography in general, including areas of

lower and infrequent seismicity, and, therefore, result in a situation where the potential for an earth-

quake exists in any area of anticlinal geology, even if there are few or no earthquakes in the historic

record. Recent major earthquakes of this type have included the 1980 MW 7.3 El Asnam (Algeria), 1988

MW 6.8 Spitak (Armenia), and 1994 MW 6.7 Northridge (California) events.

Focal mechanism refers to the direction of slip in an earthquake and the orientation of the fault on

which it occurs. Focal mechanisms are determined from seismograms and typically displayed on maps

as a black and white ‘‘beach ball’’ symbol. This symbol is the projection on a horizontal plane of the

lower half of an imaginary, spherical shell (focal sphere) surrounding the earthquake source (USGS,

n.d.). A line is scribed where the fault plane intersects the shell. The beach ball depicts the stress-field

orientation at the time of rupture such that the black quadrants contain the tension axis (T), which

reflects the minimum compressive stress direction, and the white quadrants contain the pressure axis

(P), which reflects the maximum compressive stress direction. For mechanisms calculated from first-

motion directions (as well as some other methods), more than one focal mechanism solution may fit

the data equally well, so that there is an ambiguity in identifying the fault plane on which the slip
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FIGURE 17.2 (a) Types of faulting and (b) focal mechanisms (after U.S. Geological Survey).
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occurred, from the orthogonal, mathematically equivalent, auxiliary plane. The ambiguity may

sometimes be resolved by comparing the two fault-plane orientations to the alignment of small

earthquakes and aftershocks. The first three examples describe fault motion that is purely horizontal

(strike slip) or vertical (normal or reverse). The oblique-reverse mechanism illustrates that slip may

also have components of horizontal and vertical motion.

Subduction refers to the plunging of one plate (e.g., the Pacific) beneath another, into the mantle,

due to convergent motion, as shown in Figure 17.3. Subduction zones are typically characterized by

volcanism, as a portion of the plate (melting in the lower mantle) re-emerges as volcanic lava. Four

types of earthquakes are associated with subduction zones: (1) shallow crustal events, in the accre-

tionary wedge; (2) intraplate events, due to plate bending; (3) large interplate events, associated with

slippage of one plate past the other; and (4) deep Benioff zone events. Subduction occurs along the

west coast of South America at the boundary of the Nazca and South American plate, in Central

America (boundary of the Cocos and Caribbean plates), in Taiwan and Japan (boundary of the

Philippine and Eurasian plates), and in the North American Pacific Northwest (boundary of the Juan

de Fuca and North American plates), among other places.

Probabilistic methods can be usefully employed to quantify the likelihood of an earthquake’s

occurrence. However, the earthquake generating process is not understood well enough to reliably

predict the times, sizes, and locations of earthquakes with precision. In general, therefore, communities

must be prepared for an earthquake to occur at any time.

17.3 Measurement of Earthquakes

Earthquakes are complex multidimensional phenomena, the scientific analysis of which requires

measurement. Prior to the invention of modern scientific instruments, earthquakes were qualitatively

measured by their effect or intensity, which differed from point to point. With the deployment of

seismometers, an instrumental quantification of the entire earthquake event — the unique magnitude

of the event — became possible. These are still the two most widely used measures of an earthquake,

and a number of different scales for each have been developed, which are sometimes confused.2

Back Arc Mountain belt

Out rise

Subduction zone

Young plate

Shallow dipping Wadati–Benioff zoneGreat interplate earthquakes
Shallow upper-plate interplate earthquakes
Bending-related intraplate earthquakes

Shallow trench
Accretionary wedge

FIGURE 17.3 Schematic diagram of subduction zone, typical of west coast of South America, Pacific Northwest of

United States or Japan.

2Earthquake magnitude and intensity are analogous to a lightbulb and the light it emits. A particular lightbulb has

only one energy level, or wattage (e.g., 100 W, analogous to an earthquake’s magnitude). Near the lightbulb, the light

intensity is very bright (perhaps 100 ft-candles, analogous to MMI IX), while farther away the intensity decreases (e.g.,

10 ft-candles, MMI V). A particular earthquake has only one magnitude value, whereas it has many intensity values.
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Engineering design, however, requires measurement of earthquake phenomena in units such as force

or displacement. This section defines and discusses each of these measures.

17.3.1 Magnitude

An individual earthquake is a unique release of strain energy — quantification of this energy has

formed the basis for measuring the earthquake event. Richter (1935) was the first to define earthquake

magnitude, as

ML ¼ log A� log A0 ð17:1Þ

where ML is the local magnitude (which Richter only defined for Southern California), A is the

maximum trace amplitude in micrometers recorded on a standard Wood–Anderson short-period

torsion seismometer,3 at a site 100 km from the epicenter, and log A0 is a standard value as a

function of distance for instruments located at distances other than 100 km and less than 600 km.

Subsequently, a number of other magnitudes have been defined, the most important of which

are surface wave magnitude MS, body wave magnitude mb, and moment magnitude MW. Due to the

fact that ML was only locally defined for California (i.e., for events within about 600 km of the

observing stations), surface wave magnitude MS was defined analogously to ML, using teleseismic

observations of surface waves of 20 s period (Richter 1935). Magnitude, which is defined on the basis

of the amplitude of ground displacements, can be related to the total energy in the expanding wave

front generated by an earthquake, and thus to the total energy release — an empirical relation by

Richter is

log10 ES ¼ 11:8þ 1:5MS ð17:2Þ

where ES is the total energy in ergs.4 Note that 101.5¼ 31.6, so that an increase of one magnitude unit is

equivalent to 31.6 times more energy release, two magnitude units increase equivalent to 998.6 ffi 1000

times more energy, etc. Subsequently, due to the observation that deep-focus earthquakes commonly do

not register measurable surface waves with periods near 20 s, a body wave magnitude mb was defined

(Gutenberg and Richter 1954), which can be related to MS (Darragh et al. 1994):

mb ¼ 2:5þ 0:63MS ð17:3Þ

Body wave magnitudes are more commonly used in eastern North America, due to the deeper

earthquakes there. A number of other magnitude scales have been developed, most of which tend

to saturate — that is, asymptote to an upper bound due to larger earthquakes radiating significant

amounts of energy at periods longer than used for determining the magnitude (e.g., for MS, defined by

measuring 20 s surface waves, saturation occurs at about MS> 7.5). More recently, seismic moment has

been employed to define a moment magnitude MW (Hanks and Kanamori 1979; also denoted as boldface

M), which is finding increased and widespread use

log M0 ¼ 1:5MW þ 16:0 ð17:4Þ

where seismic moment M0 (dyne cm) is defined as (Lomnitz 1974)

M0 ¼ mA�uu ð17:5Þ

where m is the material shear modulus, A is the area of fault plane rupture, and �uu is the mean relative

displacement between the two sides of the fault (the averaged fault slip). Comparatively, MW and MS are

3The instrument has a natural period of 0.8 s, critical damping ration 0.8, magnification 2800.
4Richter (1958) gives 11.4 for the constant term, rather than 11.8, which is based on subsequent work — the

uncertainty in the data makes this difference inconsequential.
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numerically almost identical up to magnitude 7.5. Figure 17.4 indicates the relationship between

moment magnitude and various magnitude scales.

For lay communications, it is sometimes customary to speak of great earthquakes, large earthquakes,

etc. There is no standard definition for these, but the following is an approximate categorization:

Earthquake Micro Small Moderate Large Great

Magnitudea Not felt <5 5–6.5 6.5–8 >8

a
Not specifically defined.

From the foregoing discussion, it can be seen that magnitude and energy are related to fault rupture

length and slip. Slemmons (1977) and Bonilla et al. (1984) have determined statistical relations between

these parameters for worldwide and regional data sets, aggregated and segregated by type of faulting

(normal, reverse, strike-slip). Bonilla et al.’s worldwide results for all types of faults are

MS ¼ 6:04þ 0:708 log10 L, s ¼ 0:306 ð17:6Þ

log10 L ¼ �2:77þ 0:619MS, s ¼ 0:286 ð17:7Þ

MS ¼ 6:95� 0:723 log10 d, s ¼ 0:323 ð17:8Þ

log10 d ¼ �3:58þ 0:550MS, s ¼ 0:282 ð17:9Þ

which indicates, for example, that, for MS¼ 7, the average fault rupture length is about 36 km (and

the average displacement is about 1.86 m), and s indicates standard deviation. Conversely, a fault of

100 km length is capable of about an MS¼ 7.5 event5. More recently, Wells and Coppersmith (1994) have

performed an extensive analysis of a dataset of 421 earthquakes — their results are presented in Table 17.1.

5Note that L¼ g (MS) should not be inverted to solve for MS¼ f (L), as a regression for y¼ f (x) is different than

a regression for x¼ g (y).
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FIGURE 17.4 Relationship between moment magnitude and various magnitude scales (Campbell, K.W. 1985).
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TABLE 17.1 Regressions of (a) Rupture Length, Rupture Width, Rupture Area, and Moment Magnitude and (b) Displacement and Moment Magnitude

Equationa

Slip

typeb

Number

of events

Coefficients and standard errors
Standard

deviation s

Correlation

coefficient r

Magnitude

range

Length/width

range (km)a(sa) b(sb)

(a) Regressions of rupture length, rupture width, rupture area, and moment magnitude

M¼ aþ b¼ log(SRL) SS 43 5.16(0.13) 1.12(0.08) 0.28 0.91 5.6 to 8.1 1.3–432

R 19 5.00(0.22) 1.22(0.16) 0.28 0.88 5.4–7.4 3.3–85

N 13 4.86(0.34) 1.32(0.26) 0.34 0.81 5.2–7.3 2.5–41

All 77 5.08(0.10) 1.16(0.07) 0.28 0.89 5.2–8.1 1.3–432

log(SRL)¼ aþ b¼M SS 43 �3.55(0.37) 0.74(0.05) 0.23 0.91 5.6–8.1 1.3–432

R 19 �2.86(0.55) 0.63(0.08) 0.20 0.88 5.4–7.4 3.3–85

N 15 �2.01(0.65) 0.50(0.10) 0.21 0.81 5.2–7.3 2.5–41

All 77 �3.22(0.27) 0.69(0.04) 0.22 0.89 5.2–8.1 1.3–432

M¼ aþ b� log(RLD) SS 93 4.33(0.06) 1.49(0.05) 0.24 0.96 4.8–8.1 1.5–350

R 50 4.49(0.11) 1.49(0.09) 0.26 0.93 4.8–7.6 1.1–80

N 24 4.34(0.23) 1.54(0.18) 0.31 0.88 5.2–7.3 3.8–63

All 167 4.38(0.06) 1.49(0.04) 0.26 0.94 4.8–8.1 1.1–350

log(RLD)¼ aþ b¼M SS 93 �2.57(0.12) 0.62(0.02) 0.15 0.96 4.8–8.1 1.5–350

R 50 �2.42(0.21) 0.58(0.03) 0.16 0.93 4.8–7.6 1.1–80

N 24 �1.88(0.37) 0.50(0.06) 0.17 0.88 5.2–7.3 3.8–63

All 167 �2.44(0.11) 0.59(0.02) 0.16 0.94 4.8–8.1 1.1–350

M¼ aþ b� log(RW) SS 87 3.80(0.17) 2.59(0.18) 0.45 0.84 4.8–8.1 1.5–350

R 43 4.37(0.16) 1.95(0.15) 0.32 0.90 4.8–8.1 1.1–80

N 23 4.04(0.29) 2.11(0.28) 0.31 0.86 5.2–7.3 3.8–63

All 153 4.06(0.11) 2.25(0.12) 0.41 0.84 4.8–8.1 1.5–350

log(RW)¼ aþ b¼M SS 87 �0.76(0.12) 0.27(0.02) 0.14 0.84 4.8–8.1 1.5–350

R 43 �1.61(0.20) 0.41(0.03) 0.15 0.90 4.8–7.6 1.1–80

N 23 �1.14(0.28) 0.35(0.05) 0.12 0.86 5.2–7.3 3.8–63

All 153 �1.01(0.10) 0.32(0.02) 0.15 0.84 4.8–8.1 1.1–350
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M¼ aþ b� log(RA) SS 83 3.98(0.07) 1.02(0.03) 0.23 0.96 4.8–7.9 3–5184

R 43 4.33(0.12) 0.90(0.05) 0.25 0.94 4.8–7.6 2.2–2400

N 22 3.93(0.23) 1.02(0.10) 0.25 0.92 5.2–7.3 19–900

All 148 4.07(0.06) 0.98(0.03) 0.24 0.95 4.8–7.9 2.2–5184

log(RA)¼ aþ b¼M SS 83 �3.42(0.18) 0.90(0.03) 0.22 0.96 4.8–7.9 3–5184

R 43 �3.99(0.36) 0.98(0.06) 0.26 0.94 4.8–7.6 2.2–2100

N 22 �2.87(0.50) 0.82(0.08) 0.22 0.92 5.2–7.3 19–900

(b) Regressions of displacement and moment magnitude

M¼ aþ b� log(MD) SS 43 6.81(0.05) 0.78(0.06) 0.29 0.90 5.6–8.1 0.01–14.6

{Rc 21 6.52(0.11) 0.44(0.26) 0.52 0.36 5.4–7.4 0.11–6.51}

N 16 6.61(0.09) 0.71(0.15) 0.34 0.80 5.2–7.3 0.06–6.1

All 80 6.69(0.04) 0.74(0.07) 0.40 0.78 5.2–8.1 0.01–14.6

log(MD)¼ aþ b�M SS 43 �7.03(0.55) 1.03(0.08) 0.34 0.90 5.6–8.1 0.01–14.6

{R 21 �1.84(1.14) 0.29(0.17) 0.42 0.36 5.4–7.4 0.11–6.51}

N 16 �5.90(1.18) 0.89(0.18) 0.38 0.80 5.2–7.3 0.06–6.1

All 80 �5.46(0.51) 0.82(0.08) 0.42 0.78 5.2–8.1 0.0–14.6

M¼ aþ b� log(AD) SS 29 7.04(0.05) 0.89(0.09) 0.28 0.89 5.6–8.1 0.05–8.0

{R 15 6.64(0.16) 0.13(0.36) 0.50 0.10 5.8–7.4 0.06–1.51}

N 12 6.78(0.12) 0.65(0.25) 0.33 0.64 6.0–7.3 0.08–2.1

All 56 6.93(0.05) 0.82(0.10) 0.39 0.75 5.6–8.1 0.05–8.0

log(AD)¼ aþ b�M SS 29 �6.32(0.61) 0.90(0.09) 0.28 0.89 5.6–8.1 0.05–8.0

{R 15 �0.74(1.40) 0.08(0.21) 0.38 0.10 5.8–7.4 0.06–1.51}

N 12 �4.45(1.59) 0.63(0.24) 0.33 0.64 6.0–7.3 0.08–2.1

All 56 �4.80(0.57) 0.69(0.08) 0.36 0.75 5.6–8.1 0.05–8.0

a SRL—surface rupture length (km); RLD — subsurface rupture length (km); RW — downdip rupture width (km); RA — rupture area (km2); MD — maximum displacement (m);

AD — average displacement (m).
b SS— strike slip; R — reverse; N — normal.
c Regressions for reverse-slip relationships shown in italics and brackets are not significant at a 95% probability level.

Source: From Wells, D.L. and Coopersmith, K.J. (1994). Empirical Relationships Among Magnitude, Rupture Length, Rupture Width, Rupture Area and Surface Displacements, Bull.

Scismol. Soc. Am., 84 (4), 974–1002. With permission.
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17.3.2 Intensity

In general, seismic intensity is a metric of the effect, or the strength, of an earthquake hazard at a specific

location. While the term can be generically applied to engineering measures such as peak ground

acceleration (PGA), it is usually reserved for qualitative measures of location-specific earthquake effects,

based on observed human behavior and structural damage. Numerous intensity scales developed in

preinstrumental times — the most common in use today are the modified Mercalli (MMI) (Wood

and Neumann 1931), Rossi–Forel (R–F), Medvedev–Sponheur–Karnik (MSK-64 1981; Grunthal 1998)

and its successor the European Macroseismic Scale (EMS-98 1998), and Japan Meteorological Agency

(JMA) (Kanai 1983) scales.

Modified Mercalli Intensity (MMI) is a subjective scale defining the level of shaking at specific sites on

a scale of I to XII. (MMI is expressed in Roman numerals, to connote its approximate nature.) For

example, moderate shaking that causes few instances of fallen plaster or cracks in chimneys constitutes

MMI VI. It is difficult to find a reliable relationship between magnitude, which is a description of the

earthquake’s total energy level, and intensity, which is a subjective description of the level of shaking

of the earthquake at specific sites, because shaking severity can vary with building type, design and

construction practices, soil type, and distance from the event (Table 17.2).

Note that MMI X is the maximum considered physically possible due to ‘‘mere’’ shaking, and that

MMI XI and XII are considered due more to permanent ground deformations and other geologic effects

than to shaking.

TABLE 17.2 Modified Mercalli Intensity Scale of 1931 (after Wood and Neumann 1931)

I Not felt except by a very few under especially favorable circumstances

II Felt only by a few persons at rest, especially on upper floors of buildings. Delicately

suspended objects may swing

III Felt quite noticeably indoors, especially on upper floors of buildings, but many people do

not recognize it as an earthquake. Standing motor cars may rock slightly. Vibration like

passing track. Duration estimated

IV During the day felt indoors by many, outdoors by few. At night some awakened. Dishes,

windows, and doors disturbed; walls make creaking sound. Sensation like heavy truck striking

building. Standing motorcars rock noticeably

V Felt by nearly everyone; many awakened. Some dishes, windows, etc., broken; a few instances

of cracked plaster; unstable objects overturned. Disturbance of trees, poles, and other tall objects

sometimes noticed. Pendulum clocks may stop

VI Felt by all; many frightened and run outdoors. Some heavy furniture moved; a few instances of fallen

plaster or damaged chimneys. Damage slight

VII Everybody runs outdoors. Damage negligible in buildings of good design and construction slight to

moderate in well-built ordinary structures; considerable in poorly built or badly designed structures.

Some chimneys broken. Noticed by persons driving motor cars

VIII Damage slight in specially designed structures; considerable in ordinary substantial buildings,

with partial collapse; great in poorly built structures. Panel walls thrown out of frame

structures. Fall of chimneys, factory stacks, columns, monuments, walls. Heavy furniture

overturned. Sand and mud ejected in small amounts. Changes in well water. Persons driving

motor cars disturbed

IX Damage considerable in specially designed structures; well designed frame structures thrown out of

plumb; great in substantial buildings, with partial collapse. Buildings shifted off foundations. Ground

cracked conspicuously. Underground pipes broken

X Some well-built wooden structures destroyed; most masonry and frame structures destroyed with

foundations; ground badly cracked. Rails bent. Landslides considerable from river banks and steep

slopes. Shifted sand and mud. Water splashed over banks

XI Few, if any (masonry), structures remain standing. Bridges destroyed. Broad fissures in ground.

Underground pipelines completely out of service. Earth slumps and land slips in soft ground. Rails

bent greatly

XII Damage total. Waves seen on ground surfaces. Lines of sight and level distorted. Objects thrown

upward into the air
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Other intensity scales are defined analogously, Table 17.3, which also contains an approximate

conversion from MMI to acceleration a (PGA, in cm/s2 or gals). The conversion is due to

Richter (1935) (other conversions are also available: Trifunac and Brady 1975; Murphy and O’Brien

1977)

log a ¼ MMI=3� 1=2 ð17:10Þ

Intensity maps are produced as a result of detailed investigation of the type of effects tabulated

in Table 17.2, as shown in Figure 17.5 for the 1994 MW 6.7 Northridge Earthquake. Correlations have

been developed between the area of various MMI intensities and earthquake magnitude, which are of

value for seismological and planning purposes).

Figure 17.6, for example, correlates Afelt versus MW. For preinstrumental historical earth-

quakes, Afelt can be estimated from newspapers and other reports, which then can be used to

estimate the event magnitude, thus supplementing the seismicity catalog. This technique has been

especially useful in regions with a long historical record (Ambrayses and Melville 1982; Woo and

Muirwood 1984).

17.3.3 Time History

Sensitive strong motion seismometers have been available since the 1930s, and record actual

ground motions specific to their location, Figure 17.7. Typically, the ground motion records,

termed seismographs or time histories, have recorded acceleration (these records are termed

accelerograms) for many years in analog form on photographic film and, more recently, digitally.

Analog records required considerable effort for correction due to instrumental drift, before they

could be used.

Time histories theoretically contain complete information about the motion at the instrumental

location, recording three traces or orthogonal records (two horizontal and one vertical). Time histories

(i.e., the earthquake motion at the site) can differ dramatically in duration, frequency content, and

amplitude. The maximum amplitude of recorded acceleration is termed the peak ground acceleration,

PGA (also termed the ZPA, or zero period acceleration) — peak ground velocity (PGV) and peak

TABLE 17.3 Comparison of Modified Mercalli (MMI) and Other Intensity Scales

a, gals

MMI,

Modified Mercalli

R–F,

Rossi–Forel

MSK,

Medvedev–Sponheur–

Karnik

JMA,

Japan

Meteorological

Agency

0.7 I I I 0

1.5 II I–II II I

3 III III III II

7 IV IV–V IV II–III

15 V V–VI V III

32 VI VI–VII VI IV

68 VII VIII� VII IV–V

147 VIII VIIIþ to IX� VIII V

316 IX IXþ IX V–VI

681 X X X VI

(1468)	 XI — XI VII

(3162)	 XII — XII

	 a values provided for reference only. MMI>X are due more to geologic effects.

Fundamentals of Earthquake Engineering 17-11

Copyright 2005 by CRC Press



ground displacement (PGD) are the maximum respective amplitudes of velocity and displacement.

Acceleration is normally recorded, with velocity and displacement being determined by integration;

however, actual velocity and displacement meters are also deployed, to a lesser extent. Acceleration can

be expressed in units of cm/s2 (termed gals), but is often also expressed in terms of the fraction or
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FIGURE 17.5 MMI maps, 1994 MW 6.7 Northridge Earthquake (courtesy Dewey et al. 1995).
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percentage of the acceleration of gravity (980.66 gals, termed 1g). Velocity is expressed in cm/s

(termed kine). Recent earthquakes (1994 Northridge, MW 6.7 and 1995 Hanshin [Kobe] MW 6.9) have

recorded PGAs of about 0.8g and PGVs of about 100 kine — almost 2g was recorded in the 1992 Cape

Mendocino Earthquake.6

MMI felt area: log Afelt vs. M

M ≈ 20.86–7.21log(Af) + 0.78 log2(Af)
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M = –3.02 + 1.74 log(Af)

North America SCR
Calif.: pre-1972
Calif.: post-1976
Global SCR
All Calif.: linear

4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0
4.0

4.5

5.0

5.5

6.0

6.5

7.0

7.5 3

9
8
7
6
5

4

3

2

9
8
7
6

100

1000

E
qu

iv
al

en
t r

ad
iu

s,
 k

m

Moment magnitude, M

lo
g 

A
fe

lt,
 k

m
2

FIGURE 17.6 log Afelt (km2) versus MW (courtesy Hanks, T.C. and Kanamori, H. 1992).

6 While almost 2g was recorded in the Cape Mendocino event, the portion of the record was a very narrow spike

and while considered genuine, is not considered to be a significant acceleration for structures.
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FIGURE 17.7 Typical earthquake accelerograms (courtesy Darragh, R.B., Huang, M.J., and Shakal, A.F. 1994).
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17.3.4 Elastic Response Spectra

If a single degree-of-freedom (SDOF) mass is subjected to a time history of ground (i.e., base) motion

similar to that shown in Figure 17.7, the mass or elastic structural response can be readily calculated as

a function of time, generating a structural response time history, as shown in Figure 17.8 for several

oscillators with differing natural periods. The response time history can be calculated by direct inte-

gration of Equation 17.1 in the time domain, or by solution of the Duhamel integral (Clough and

Penzien 1975). However, this is time consuming, and the elastic response is more typically calculated
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in the frequency domain

� tð Þ ¼ 1

2p

Z 1
-¼�1

H -ð Þc -ð Þ exp i-tð Þ d- ð17:11Þ

where �(t) is the elastic structural displacement response time history, - is the frequency,

H -ð Þ ¼ 1

�-2mþ ic þ k

is the complex frequency response function, and

c -ð Þ ¼
Z 1

-¼�1
p tð Þ exp �i-tð Þ dt

is the Fourier transform of the input motion (i.e., the Fourier transform of the ground motion time

history), which takes advantage of computational efficiency using the fast fourier transform (Clough and

Penzien 1975).

For design purposes, it is often sufficient to know only the maximum amplitude of the response time

history. If the natural period of the SDOF is varied across a spectrum of engineering interest (typically,

for natural periods from 0.03 to 3 or more seconds, or frequencies of 0.3 to 30þ Hz), then the plot of

these maximum amplitudes is termed a response spectrum. Figure 17.8 illustrates this process, resulting

in Sd, the displacement response spectrum, while Figure 17.9 shows (a) the Sd, displacement response

spectrum, (b) Sv, the velocity response spectrum (also denoted PSV, the pseudospectral velocity, pseudo to

emphasize that this spectrum is not exactly the same as the relative velocity response spectrum; Hudson,

1979), and (c) Sa, the acceleration response spectrum. Note that

Sv ¼
2p
T

Sd ¼ -Sd ð17:12Þ

and

Sa ¼
2p
T

Sv ¼ -Sv ¼
2p
T

� �2

Sd ¼ -2Sd ð17:13Þ

Response spectra form the basis for much modern earthquake engineering structural analysis and

design. They are readily calculated if the ground motion is known. For design purposes, however,

response spectra must be estimated — this process is discussed in another chapter. Response spectra may

be plotted in any of several ways, as shown in Figure 17.9 with arithmetic axes, and in Figure 17.10,

where the velocity response spectrum is plotted on tripartite logarithmic axes, which equally enables

reading of displacement and acceleration response. Response spectra are most normally presented for

5% of critical damping.

While actual response spectra are irregular in shape, they generally have a concave-down arch or

trapezoidal shape, when plotted on tripartite log paper. Newmark observed that response spectra tend to be

characterized by three regions: (1) a region of constant acceleration, in the high frequency portion of the

spectra; (2) constant displacement, at low frequencies; and (3) constant velocity, at intermediate fre-

quencies, as shown in Figure 17.11. If a spectrum amplification factor is defined as the ratio of the spectral

parameter to the ground motion parameter (where parameter indicates acceleration, velocity, or dis-

placement), then response spectra can be estimated from the data in Table 17.4, provided estimates of the

ground motion parameters are available. An example spectrum using these data is given in Figure 17.11.

A standardized response spectrum is provided in the Uniform Building Code (UBC 1997). The

spectrum is a smoothed average of a normalized 5% damped spectrum obtained from actual ground

motion records grouped by subsurface soil conditions at the location of the recording instrument, and

are applicable for earthquakes characteristic of those that occur in California (SEAOC 1988). This

normalized shape may be employed to determine a response spectra, appropriate for the soil conditions.

Note that the maximum amplification factor is 2.5, over a period range approximately 0.15 s to

0.4–0.9 s, depending on the soil conditions.
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17.3.5 Inelastic Response Spectra

While the foregoing discussion has been for elastic response spectra, most structures are not

expected, or even designed, to remain elastic under strong ground motions. Rather, structures are expected

to enter the inelastic region — the extent to which they behave inelastically can be defined by the

ductility factor, m:

m ¼ um

uy

ð17:14Þ

where um is the actual displacement of the mass under actual ground motions and uy is the displacement

at yield (i.e., that displacement which defines the extreme of elastic behavior). Inelastic response spectra

can be calculated in the time domain by direct integration, analogous to elastic response spectra

but with the structural stiffness as a nonlinear function of displacement, k¼ k(u). If elastoplastic
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behavior is assumed, then elastic response spectra can be readily modified to reflect inelastic behavior

(Newmark and Hall 1982), on the basis that (1) at low frequencies (<0.3 Hz) displacements are the same,

(2) at high frequencies (>33 Hz), accelerations are equal, and (3) at intermediate frequencies, the

absorbed energy is preserved. Actual construction of inelastic response spectra on this basis is shown in

Figure 17.13, where DVAA0 is the elastic spectrum, which is reduced to D 0 and V 0 by the ratio of 1/m for

frequencies less than 2 Hz, and by the ratio of 1/(2m� 1)1/2 between 2 and 8 Hz. Above 33 Hz there is no

reduction. The result is the inelastic acceleration spectrum (D 0V 0A 0A0), while A 00A00 is the inelastic
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FIGURE 17.11 Idealized elastic design spectrum, horizontal motion (ZPA¼ 0.5g, 5% damping, one sigma

cumulative probability (Newmark, N.M. and Hall, W.J. 1982).

TABLE 17.4 Spectrum Amplification Factors of Horizontal Elastic Response

Damping
One sigma (84.1%) Median (50%)

% critical A V D A V D

0.5 5.10 3.84 3.04 3.68 2.59 2.01

1 4.38 3.38 2.73 3.21 2.31 1.82

2 3.66 2.92 2.42 2.74 2.03 1.63

3 3.24 2.64 2.24 2.46 1.86 1.52

5 2.71 2.30 2.01 2.12 1.65 1.39

7 2.36 2.08 1.85 1.89 1.51 1.29

10 1.99 1.84 1.69 1.64 1.37 1.20

20 1.26 1.37 1.38 1.17 1.08 1.01

Source: Newmark, N.M. and Hall, W.J., Earthquake Spectra and Design, Earthquake Engineering Research Institute,

Oakland, CA, 1982, with permission.
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displacement spectrum. A specific example, for ZPA¼ 0.16g, damping¼ 5% of critical, and m¼ 3 is

shown in Figure 17.14.

17.4 Distribution of Seismicity

This section discusses and characterizes the nature and distribution of seismicity.

It is evident from Figure 17.1 that some parts of the globe experience more and larger earthquakes

than others. The two major regions of seismicity are the circum-Pacific Ring of Fire and the Trans-

Alpide belt, extending from the western Mediterranean through the Middle East and the northern

Indian subcontinent to Indonesia. The Pacific plate is created at its South Pacific extensional

boundary — its motion is generally northwestward, resulting in relative strike-slip motion in

California and New Zealand (with however a compressive component), and major compression and

subduction in Alaska, the Aleutians, Kuriles, and northern Japan. Subduction also occurs along the

west coast of South America at the boundary of the Nazca and South American plate, in Central

America (boundary of the Cocos and Caribbean plates), in Taiwan and Japan (boundary of the

Philippine and Eurasian plates), and in the North American Pacific Northwest (boundary of the Juan

de Fuca and North American plates). Seismicity in the Trans-Alpide seismic belt is basically due to

the relative motions of the African and Australia plates colliding and subducting with the Eurasian

plate. The reader is referred to Chen and Scawthorn (2002) for a more extended discussion of global

seismicity.
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Regarding U.S. seismicity, the San Andreas fault system in California and the Aleutian Trench off the

coast of Alaska are part of the boundary between the North American and Pacific tectonic plates, and are

associated with the majority of U.S. seismicity, Figure 17.15. There are many other smaller fault zones

throughout the western United States that are also helping to release the stress that is built up as the

tectonic plates move past one another, Figure 17.16.

While California has had numerous destructive earthquakes, there is also clear evidence that the

potential exists for great earthquakes in the Pacific Northwest (Atwater et al. 1995). On February 28, 2001,

the MW 6.8 Nisqually struck the Puget Sound area, a very similar earthquake to the MW 6.5 1965 event.

Fortunately, the Nisqually event was relatively deep (50 km), and caused relatively few casualties,

although still about $1 billion in damage.

On the east coast of the United States, the cause of earthquakes is less well understood. There is no plate

boundary and very few locations of active faults are known so that it is more difficult to assess where

earthquakes are most likely to occur. Several significant historical earthquakes have occurred, such as in

Charleston, South Carolina, in 1886, and New Madrid, Missouri, in 1811 and 1812, indicating that there

is potential for very large and destructive earthquakes (Wheeler et al. 1994; Harlan and Lindbergh 1988).

However, most earthquakes in the eastern United States are smaller magnitude events. Because of

regional geologic differences, eastern and central U.S. earthquakes are felt at much greater distances than

those in the western United States, sometimes up to a thousand miles away (Hopper 1985).

17.5 Strong Motion Attenuation and Duration

The rate at which earthquake ground motion decreases with distance, termed attenuation, is a

function of the regional geology and inherent characteristics of the earthquake and its source. Three
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major factors affect the severity of ground shaking at a site: (1) source — the size and type of the

earthquake; (2) path — the distance from the source of the earthquake to the site, and the geologic

characteristics of the media earthquake waves pass through; and (3) site-specific effects — type of soil at

the site. In the simplest of models, if the seismogenic source is regarded as a point then, from considering

the relation of energy and earthquake magnitude, and the fact that the volume of a hemisphere is

proportion to R3 (where R represents radius), it can be seen that energy per unit volume is proportional

to C10aM R�3, where C is a constant or constants dependent on the earth’s crustal properties. The

constant C will vary regionally — for example, it has long been observed that attenuation in eastern

North America (ENA) varies significantly from that in western North America (WNA) — earthquakes in

ENA are felt at far greater distances. Therefore, attenuation relations are regionally dependent. Another

regional aspect of attenuation is the definition of terms, especially magnitude, where various relations

are developed using magnitudes defined by local observatories.
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A very important aspect of attenuation is the definition of the distance parameter — since attenuation

is the change of ground motion with location, this is clearly important. Many investigators use differing

definitions — as study has progressed, several definitions have emerged: (1) hypocentral distance (i.e.,

straight line distance from point of interest to hypocenter, where hypocentral distance may be arbitrary,

or based on regression rather than observation; (2) epicentral distance; (3) closest distance to the

causative fault; and (4) closest horizontal distance from the station to the point on the earth’s surface

that lies directly above the seismogenic source. In using attenuation relations, it is critical that the correct

definition of distance is consistently employed.

An extensive discussion of attenuation is beyond the scope of this chapter, and the reader is referred to

Chen and Scawthorn for an extended discussion. However, for completeness, we present one attenuation

relation, that of Campbell and Bozorgnia (2003 from which the following is excerpted), which can be

represented by the expression:

ln Y ¼ c1 þ f1ðMWÞ þ c4 ln
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2ðMW, rseis, SÞ

p
þ f3ðFÞ þ f4ðSÞ þ f5ðHW, MW, rseisÞ þ e ð17:15Þ

where the magnitude scaling characteristics are given by

f1ðMWÞ ¼ c2MW þ c3ð8:5�MWÞ2 ð17:16Þ
The distance scaling characteristics are given by

f2ðMW, rseis, SÞ ¼ r2
seis þ gðSÞ2 exp c8MW þ c9ð8:5�MWÞ2

� �� 	2 ð17:17Þ
in which the near-source effect of local site conditions is given by

gðSÞ ¼ c5 þ c6 SVFS þ SSRð Þc7SFR ð17:18Þ
The effect of faulting mechanism is given by

f3ðFÞ ¼ c10FRV þ c11FTHð Þ ð17:19Þ
The far-source effect of local site conditions is given by

f4ðSÞ ¼ c12SVFS þ c13SSR þ c14SFR ð17:20Þ
and the effect of the hanging wall (HW) is given by

f5 HW, F , MW,rseisð Þ ¼ HW f3ðFÞfHW MWð ÞfHW rseisð Þ ð17:21Þ
where

HW ¼ 0 for rjb � 5 km or d > 70�

SVFS þ SSR þ SFRð Þ 5� rjb

� 	
=5 for rjb < 5 km and d � 70�



ð17:22Þ

fHW MWð Þ ¼
0 for MW < 5:5
MW � 5:5 for 5:5 � MW � 6:5
1 for MW > 6:5

(
ð17:23Þ

and

fHW rseisð Þ ¼ c15 rseis=8ð Þ for rseis< 8 km

c15 for rseis�8 km



ð17:24Þ

The parameter HW quantifies the effect of the hanging wall and will always evaluate to zero for firm

soil and for a horizontal distance of 5 km or greater from the rupture plane. The standard deviation of

ln Y is defined as a function of magnitude according to the expression:

slnY ¼
c16 � 0:07MW for MW < 7:4
c16 � 0:518 for MW�7:4



ð17:25Þ

or as a function of PGA according to the expression:

slnY ¼
c17 þ 0:351 for PGA � 0:07g

c17 � 0:132 lnðPGAÞ for 0:07g < PGA< 0:25g

c17 þ 0:183 for PGA � 0:25g

8<
: ð17:26Þ
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TABLE 17.5 Coefficients for Campbell and Bozorgina Attenuation Relation: Horizontal Component

Tn (s) c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14 c15 c16 c17

Unc PGA � 2.896 0.812 0.000 � 1.318 0.187 � 0.029 � 0.064 0.616 0 0.179 0.307 � 0.062 � 0.195 � 0.320 0.370 0.964 0.263

Cor PGA � 4.033 0.812 0.036 � 1.061 0.041 � 0.005 � 0.018 0.766 0.034 0.343 0.351 � 0.123 � 0.138 � 0.289 0.370 0.920 0.219

0.05 � 3.740 0.812 0.036 � 1.121 0.058 � 0.004 � 0.028 0.724 0.032 0.302 0.362 � 0.140 � 0.158 � 0.205 0.370 0.940 0.239

0.075 � 3.076 0.812 0.050 � 1.252 0.121 � 0.005 � 0.051 0.648 0.040 0.243 0.333 � 0.150 � 0.196 � 0.208 0.370 0.952 0.251

0.10 � 2.661 0.812 0.060 � 1.308 0.166 � 0.009 � 0.068 0.621 0.046 0.224 0.313 � 0.146 � 0.253 � 0.258 0.370 0.958 0.257

0.15 � 2.270 0.182 0.041 � 1.324 0.212 � 0.033 � 0.081 0.613 0.031 0.318 0.344 � 0.176 � 0.267 � 0.284 0.370 0.974 0.273

0.20 � 2.771 0.812 0.030 � 1.153 0.098 � 0.014 � 0.038 0.704 0.026 0.296 0.342 � 0.148 � 0.183 � 0.359 0.370 0.981 0.280

0.30 � 2.999 0.812 0.007 � 1.080 0.059 � 0.007 � 0.022 0.752 0.007 0.359 0.385 � 0.162 � 0.157 � 0.585 0.370 0.984 0.283

0.40 � 3.511 0.812 � 0.015 � 0.964 0.024 � 0.002 � 0.005 0.842 � 0.016 0.379 0.438 � 0.078 � 0.129 � 0.557 0.370 0.987 0.286

0.50 � 3.556 0.812 � 0.035 � 0.964 0.023 � 0.002 � 0.004 0.842 � 0.036 0.406 0.479 � 0.122 � 0.130 � 0.701 0.370 0.990 0.289

0.75 � 3.709 0.812 � 0.071 � 0.964 0.021 � 0.002 � 0.002 0.842 � 0.074 0.347 0.419 � 0.108 � 0.124 � 0.796 0.331 1.021 0.320

1.0 � 3.867 0.812 � 0.101 � 0.964 0.019 0 0 0.842 � 0.105 0.329 0.338 � 0.073 � 0.072 � 0.858 0.281 1.021 0.320

1.5 � 4.093 0.812 � 0.150 � 0.964 0.019 0 0 0.842 � 0.155 0.217 0.188 � 0.079 � 0.056 � 0.954 0.210 1.021 0.320

2.0 � 4.311 0.812 � 0.180 � 0.964 0.019 0 0 0.842 � 0.187 0.060 0.064 � 0.124 � 0.116 � 0.916 0.160 1.021 0.320

3.0 � 4.817 0.812 � 0.193 � 0.964 0.019 0 0 0.842 � 0.200 � 0.079 0.021 � 0.154 � 0.117 � 0.873 0.089 1.021 0.320

4.0 � 5.211 0.812 � 0.202 � 0.964 0.019 0 0 0.842 � 0.209 � 0.061 0.057 � 0.054 � 0.261 � 0.889 0.039 1.021 0.320

Note: Uncorrected PGA is to be used only when in estimate of PGA is required. Corrected PGA is to be used when an estimate of PGA compatible with PSA is required.

Source: Adapted from Campbell, K.W. and Bozorgnia, Y. (2003) Updated Near-Source Ground Motion (Attenuation) Relations for the Horizontal and Vertical Components of Peak

Ground Acceleration and Acceleration Response Spectra, Bull. Sesimol. Soc. Am.
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TABLE 17.6 Coefficients for Campbell and Bozorgnia Attenuation Relation: Vertical Component

Tn (s) c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14 c15 c16 c17

Unc PGA � 2.807 0.756 0 � 1.391 0.191 0.044 � 0.014 0.544 0 0.091 0.223 � 0.096 � 0.212 � 0.199 0.630 1.003 0.320

Cor PGA � 3.108 0.756 0 � 1.287 0.142 0.046 � 0.040 0.587 0 0.253 0.173 � 0.135 � 0.138 � 0.256 0.630 0.975 0.274

0.05 � 1.918 0.756 0 � 1.517 0.309 0.069 � 0.023 0.498 0 0.058 0.100 � 0.195 � 0.274 � 0.219 0.630 1.031 0.330

0.075 � 1.504 0.756 0 � 1.551 0.343 0.083 0.000 0.487 0 0.135 0.182 � 0.224 � 0.303 � 0.263 0.630 1.031 0.330

0.10 � 1.672 0.756 0 � 1.473 0.282 0.062 0.001 0.513 0 0.168 0.210 � 0.198 � 0.275 � 0.252 0.630 1.031 0.330

0.15 � 2.323 0.756 0 � 1.280 0.171 0.045 0.008 0.591 0 0.223 0.238 � 0.170 � 0.175 � 0.270 0.630 1.031 0.330

0.20 � 2.998 0.756 0 � 1.131 0.089 0.028 0.004 0.668 0 0.234 0.256 � 0.098 � 0.041 � 0.311 0.571 1.031 0.330

0.30 � 3.721 0.756 0.007 � 1.028 0.050 0.010 0.004 0.736 0.007 0.249 0.328 � 0.026 0.082 � 0.265 0.488 1.031 0.330

0.40 � 4.536 0.756 � 0.015 � 0.812 0.012 0 0 0.931 � 0.018 0.299 0.317 � 0.017 0.022 � 0.257 0.428 1.031 0.330

0.50 � 4.651 0.756 � 0.035 � 0.812 0.012 0 0 0.931 � 0.043 0.243 0.354 � 0.020 0.092 � 0.293 0.383 1.031 0.330

0.75 � 4.903 0.756 � 0.071 � 0.812 0.012 0 0 0.931 � 0.087 0.295 0.418 0.078 0.091 � 0.349 0.299 1.031 0.330

1.0 � 4.950 0.756 � 0.101 � 0.812 0.012 0 0 0.931 � 0.124 0.266 0.315 0.043 0.101 � 0.481 0.240 1.031 0.330

1.5 � 5.073 0.756 � 0.150 � 0.812 0.012 0 0 0.931 � 0.184 0.171 0.211 � 0.038 � 0.018 � 0.518 0.240 1.031 0.330

2.0 � 5.292 0.756 � 0.180 � 0.812 0.012 0 0 0.931 � 0.222 0.114 0.115 0.033 � 0.022 � 0.503 0.240 1.031 0.330

3.0 � 5.748 0.756 � 0.193 � 0.812 0.012 0 0 0.931 � 0.238 0.179 0.159 � 0.010 � 0.047 � 0.539 0.240 1.031 0.330

4.0 � 6.042 0.756 � 0.202 � 0.812 0.012 0 0 0.931 � 0.248 0.237 0.134 � 0.059 � 0.267 � 0.606 0.240 1.031 0.330

Note: Uncorrected PGA is to be used only when an estimate of PGA is required. Corrected PGA is to be used when an estimate of PGA compatible with PSA is required.

Source: Adapted from Campbell, K.W. and Bozorgnia, Y. (2003) Updated Near-Source Ground Motion (Attenuation) Relations for the Horizontal and Vertical Components of Peak

Ground Acceleration and Acceleration Response Spectra, Bull. Seismol. Soc. Am.
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where PGA is either uncorrected PGA or corrected PGA, depending on the application (see footnote

to Table 17.5). The regression coefficients are listed in Table 17.5 and Table 17.6. The relation is

considered valid for MW� 4.7 and rseis� 60 km.

The relation predicts ground motion for firm soil, equivalent to the condition SFS¼ 1, unless one of the

site parameters in g(S) and f4(S) is set to one, in which case it predicts ground motion for either very firm

soil, soft rock, or firm rock. The relationship between the faulting mechanism parameters FRV (reverse

faulting with dip greater than 45�) and FTH (thrust faulting with dip less than or equal to 45�) and the

rake angle l is7 (a) strike slip: F¼ 0, rake angle l¼ 0–22.5, 177.5–202.5, 337.5–360; (b) normal: F¼ 0,

rake angle l¼ 202.5–337.5; (c) reverse (FRV ¼ 1) F¼ 1.0, rake angle l¼ 22.5–157.5 (d> 45); and

(d) thrust (FTH¼ 1) F¼ 1.0, rake angle l¼ 22.5–157.5 (d� 45).

Sediment depth D was evaluated and found to be important, but it was not included as a parameter,

since it is rarely used in engineering practice. If desired, sediment depth can be included in an estimate of

ground motion by using the attenuation relation developed by Campbell (1997, 2000, 2001).

17.6 Characterization of Seismicity

The previous section described the global distribution of seismicity, in qualitative terms. This section

describes how that seismicity may be mathematically characterized, in terms of magnitude–frequency

and other relations.

The term magnitude–frequency relation was first characterized by Gutenberg and Richter (1954) as

log NðmÞ ¼ aN � bNm ð17:27Þ

where N(m) is the number of earthquake events equal to or greater than magnitude m occurring on a

seismic source per unit time, and aN and bN are regional constants (10aN is equal to the total number of

earthquakes with magnitude >0, and bN is the rate of seismicity; bN is typically 1�0.3). Gutenberg and

Richter’s examination of the seismicity record for many portions of the earth indicated this relation was

valid for selected magnitude ranges. The Gutenberg–Richter relation can be normalized to

FðmÞ ¼ 1� exp �BM m�M0ð Þ½ � ð17:28Þ

where F(m) is the cumulative distribution function (CDF) of magnitude, BM is a regional constant, and

M0 is a small enough magnitude such that lesser events can be ignored. Combining this with a Poisson

distribution to model large earthquake occurrence (Esteva 1976) leads to the CDF of earthquake

magnitude per unit time:

FðmÞ ¼ exp½�exp �aMðm� mMÞf g� ð17:29Þ

which has the form of a Gumbel (1958) extreme value type I (largest values) distribution (denoted

EXI,L), which is an unbounded distribution (i.e., the variate can assume any value). The parameters aM

and mM can be evaluated by a least squares regression on historical seismicity data, although the

probability of very large earthquakes tends to be overestimated. Several attempts have been made to

account for this (e.g., Cornell and Merz 1973). Yegulalp and Kuo (1974) have used Gumbel’s Type III

(largest value, denoted EXIII,L) to successfully account for this deficiency. This distribution

FðmÞ ¼ exp � w �m

w � u

� �k
� �

ð17:30Þ

has the advantage that w is the largest possible value of the variate (i.e., earthquake magnitude), thus

permitting (when w, u, and k are estimated by regression on historical data) an estimate of the source’s

largest possible magnitude. It can be shown (Yegulalp and Kuo 1974) that estimators of w, u, and k can

7Rake is a continuous variable representing the angle between the direction of slip on the fault plane and the

strike or the orientation of the fault on the Earth’s surface.
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be obtained by satisfying Kuhn–Tucker conditions although, if the data are too incomplete, the EXIII,L

parameters approach those of the EXI,L:

u�! mM, k=ðw � uÞ�! aM

Determination of these parameters requires careful analysis of historical seismicity data (which is

highly complex and something of an art; Donovan and Bornstein 1978), and the merging of the resulting

statistics with estimates of maximum magnitude and seismicity made on the basis of geological evidence

(i.e., as discussed above, maximum magnitude can be estimated from fault length, fault displacement

data, time since last event and other evidence, and seismicity can be estimated from fault slippage rates

combined with time since last event, see Schwartz, 1988, for an excellent discussion of these aspects).

In a full probabilistic seismic hazard analysis, many of these aspects are treated fully or partially

probabilistically, including the attenuation, magnitude–frequency relation, upper and lower bound

magnitudes for each source zone, geographical bounds of source zones, fault rupture length, and many

other aspects. The full treatment requires complex specialized computer codes, which incorporate

uncertainty via use of multiple alternative source zonations, attenuation relations, and other parameters

(EPRI 1986; Bernreuter et al. 1989) often using a logic tree format. A number of codes have been

developed using the public domain FRISK (Fault Risk) code first developed by McGuire (1978).

Several topics are worth noting briefly:

� While analysis of the seismicity of a number of regions indicates that the Gutenberg–Richter

relation log N(M )¼ a� bM is a good overall model for the magnitude–frequency or probability

of occurrence relation, studies of late Quaternary faults during the 1980s indicated that the

exponential model is not appropriate for expressing earthquake recurrence on individual faults or

fault segments (Schwartz 1988). Rather, it was found that many individual faults tend to generate

essentially the same size or characteristic earthquake (Schwartz and Coppersmith 1984), having

a relatively narrow range of magnitudes at or near the maximum that can be produced by

the geometry, mechanical properties, and state of stress of the fault. This implies that, relative to

the Gutenberg–Richter magnitude–frequency relation, faults exhibiting characteristic earthquake

behavior will have relatively less seismicity (i.e., higher b value) at low and moderate magnitudes,

and more near the characteristic earthquake magnitude (i.e., lower b value).
� Most probabilistic seismic hazard analysis models assume the Gutenberg–Richter exponential

distribution of earthquake magnitude, and that earthquakes follow a Poisson process, occurring

on a seismic source zone randomly in time and space. This implies that the time between

earthquake occurrences is exponentially distributed and that the time of occurrence of the next

earthquake is independent of the elapsed time since the prior earthquake.8 The CDF for the

exponential distribution is

FðtÞ ¼ 1� expð�ltÞ ð17:31Þ
Note that this forms the basis for many modern building codes, in that the probabilistic seismic

hazard analysis results are selected such that the seismic hazard parameter (e.g., PGA) has

a ‘‘10% probability of exceedance in 50 years’’ (UBC 1994) — if t¼ 50 years and F(t)¼ 0.1 (i.e.,

only 10% probability that the event has occurred in t years), then l¼ 0.0021 per year, or 1 per 475

years. A number of more sophisticated models of earthquake occurrence have been investigated,

including time-predictable models (Anagnos and Kiremidjian 1984), renewal models (Kameda

and Takagi 1981; Nishenko and Buland 1987), and time-dependent models (Ellsworth et al. 1999).

The latter have formed the basis for state-of-the-art estimation of seismic hazard for the

San Francisco Bay Area by the U.S. Geological Survey, but can only be used when sufficient data

are available.

8For this aspect, the Poisson model is often termed a memoryless model.
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� Construction of response spectra is usually performed in one of two ways:

A. Using probabilistic seismic hazard analysis to obtain an estimate of the PGA, and using this to

scale a normalized response spectral shape. Alternatively, estimating PGA and PSV (also perhaps

PSD) and using these to fit a normalized response spectral shape, for each portion of the

spectrum. Since probabilistic response spectra are a composite of the contributions of varying

earthquake magnitudes at varying distances, the ground motions of which attenuate differently

at different periods, this method has the drawback that the resulting spectra have varying

(and unknown) probabilities of exceedance at different periods. Because of this drawback,

this method is less favored at present, but still offers the advantage of economy of effort.

B. An alternative method results in the development of uniform hazard spectra (Anderson and

Trifunac 1977), and consists of performing the probabilistic seismic hazard analysis for

a number of different periods, with attenuation equations appropriate for each period (e.g.,

those of Boore, Joyner, and Fumal). This method is currently preferred, as the additional effort

is not prohibitive, and the resulting response spectra has the attribute that the probability of

exceedance is independent of frequency.

The reader is referred to Chen and Scawthorn (2002) for a more extensive discussion of this topic.

Glossary

Attenuation — The rate at which earthquake ground motion decreases with distance.

Benioff zone — A narrow zone, defined by earthquake foci, that is tens of kilometers thick dipping from

the surface under the earth’s crust to depths of 700 km (also termed Wadat–Benioff zone).

Body waves — Vibrational waves transmitted through the body of the earth, and are of two types:

(1) P waves (transmitting energy via dilatational or push-pull motion) and (2) slower S waves

(transmitting energy via shear action at right angles to the direction of motion).

Characteristic, earthquake — A relatively narrow range of magnitudes at or near the maximum that can

be produced by the geometry, mechanical properties, and state of stress of a fault (Schwartz

and Coppersmith 1984).

Completeness — Homogeneity of the seismicity record.

Corner frequency, f0 — The frequency above which earthquake radiation spectra vary with -�3 below

f0, the spectra are proportional to seismic moment.

Cripple wall — A carpenter’s term indicating a wood frame wall of less than full height T, usually built

without bracing.

Critical damping — The value of damping such that free vibration of a structure will cease after one

cycle (ccrit¼ 2mo). Damping represents the force or energy lost in the process of material

deformation (damping coefficient c¼ force per velocity).

Dip — The angle between a plane, such as a fault, and the earth’s surface.

Dip slip — Motion at right angles to the strike, up- or down-slip.

Ductile detailing — Special requirements such as, for reinforced concrete and masonry, close spacing

of lateral reinforcement to attain confinement of a concrete core, appropriate relative

dimensioning of beams and columns, 135� hooks on lateral reinforcement, hooks on main

beam reinforcement within the column, etc.

Ductile frames — Frames required to furnish satisfactory load-carrying performance under large deflec-

tions (i.e., ductility). In reinforced concrete and masonry this is achieved by ductile detailing.

Ductility factor — The ratio of the total displacement (elastic plus inelastic) to the elastic (i.e., yield)

displacement.

Epicenter — The projection on the surface of the earth directly above the hypocenter.

Far-field — Beyond near-field, also termed teleseismic.

Fault — A zone of the earth’s crust within which the two sides have moved — faults may be hundreds of

miles long, from one to over one hundred miles deep, and not readily apparent on the ground

surface.
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Focal mechanism — Refers to the direction of slip in an earthquake, and the orientation of the fault on

which it occurs.

Fragility — The probability of having a specific level of damage given a specified level of hazard.

Hypocenter — The location of initial radiation of seismic waves (i.e., the first location of dynamic

rupture).

Intensity — A metric of the effect, or the strength, of an earthquake hazard at a specific location,

commonly measured on qualitative scales such as MMI, MSK, and JMA.

Lateral force resisting system — A structural system for resisting horizontal forces, due, for example, to

earthquake or wind (as opposed to the vertical force resisting system, which provides support

against gravity).

Liquefaction — A process resulting in a soil’s loss of shear strength, due to a transient excess of pore

water pressure.

Magnitude — A unique measure of an individual earthquake’s release of strain energy, measured on a

variety of scales, of which the moment magnitude MW (derived from seismic moment) is

preferred.

Magnitude–frequency relation — The probability of occurrence of a selected magnitude — the

commonest is log10 n(m)¼ a� bm (Gutenberg and Richter 1954).

Meizoseismal — The area of strong shaking and damage.

Near-field — Within one source dimension of the epicenter, where source dimension refers to the length

or width of faulting, whichever is less.

Nonductile frames — Frames lacking ducility or energy absorption capacity due to lack of ductile

detailing — ultimate load is sustained over a smaller deflection (relative to ductile frames), and

for fewer cycles.

Normal fault — A fault that exhibits dip-slip motion, where the two sides are in tension and move away

from each other.

Peak ground acceleration (PGA) — The maximum amplitude of recorded acceleration (also termed the

ZPA, or zero period acceleration).

Pounding — The collision of adjacent buildings during an earthquake due to insufficient lateral

clearance.

Response spectrum — A plot of maximum amplitudes (acceleration, velocity, or displacement) of

a single-degree-of-freedom (SDOF) oscillator as the natural period of the SDOF is varied

across a spectrum of engineering interest (typically, for natural periods from 0.03 to 3 or more

seconds or frequencies of 0.3 to 30+ Hz).

Reverse fault — A fault that exhibits dip-slip motion, where the two sides are in compression and move

away toward each other.

Ring of fire — A zone of major global seismicity due to the interaction (collision and subduction) of the

Pacific plate with several other plates.

Sand boils or mud volcanoes — Ejecta of solids (i.e., sand, silt) carried to the surface by water, due to

liquefaction.

Seismic gap — A portion of a fault or seismogenic zone that can be deduced to be likely to rupture in the

near term, based on patterns of seismicity and geological evidence.

Seismic hazards — The phenomena and/or expectation of an earthquake-related agent of damage, such

as fault rupture, vibratory ground motion (i.e., shaking), inundation (e.g., tsunami, seiche,

dam failure), various kinds of permanent ground failure (e.g., liquefaction), fire, or hazardous

materials release.

Seismic moment — The moment generated by the forces generated on an earthquake fault during slip.

Seismic risk — The product of the hazard and the vulnerability (i.e., the expected damage or loss, or the

full probability distribution).

Seismotectonic model — A mathematical model representing the seismicity, attenuation, and related

environment.
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Soft story — A story of a building signifiantly less stiff than adjacent stories (i.e., the lateral stiffness is

70% or less than that in the story above, or less than 80% of the average stiffness of the three

stories above (BSSC 1194).

Spectrum amplification factor — The ratio of a response spectral parameter to the

ground motion parameter (where parameter indicates acceleration, velocity, or displacement).

Strike — The intersection of a fault and the surface of the earth, usually measured from north (e.g., the

fault strike is N60� W).

Subduction — Refers to the plunging of a tectonic plate (e.g., the Pacific) beneath another (e.g., the

North American) down into the mantle, due to convergent motion.

Surface waves — Vibrational waves transmitted within the surficial layer of the earth, and are of two

types: horizontally oscillating Love waves (analogous to S body waves) and vertically oscillating

Rayleigh waves.

Tectonic — Relating to, causing, or resulting from structural deformation of the earth’s crust, (from

Greek tektonikos, from tektn, builder).

Thrust fault — Low-angle reverse faulting (blind thrust faults are faults at depth occurring under

anticlinal folds — they have only subtle surface expression).

Trans-alpide belt — A zone of major global seismicity, extending from the Mediterranean through the

Middle East, Himalayas, and Indonesian archipelago, resulting from the collision of several

major tectonic plates.

Transform or strike-slip fault — A fault where relative fault motion occurs in the horizontal plane,

parallel to the strike of the fault.

Uniform hazard spectra — Response spectra with the attribute that the probability of exceedance is

independent of frequency.

Vulnerability — The expected damage given a specified value of a hazard parameter.
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Further Reading

There is a plethora of good references on earthquakes. Chen and Scawthorn (2002) provides an extensive

reference. The reader is recommended to Earthquakes by B.A. Bolt (1993, Freeman, San Francisco) for

an excellent and readable introduction to the subject; to The Mechanics of Earthquakes and Faulting

by C.A. Scholz (1990, Cambridge University Press, New York) for an erudite treatment of seismogenesis;

to The Geology of Earthquakes by R.S. Yeats, K. Sieh, and C.R. Allen (1997, Oxford University Press,

New York) for an exhaustive review of faulting around the world; and to Modern Global Seismology by

T. Lay and T.C. Wallace (1995, Academic Press, New York) for a readable theoretical text on seismology

(a very rare thing).
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18
Earthquake Damage

to Structures

18.1 Introduction

18.1.1 Earthquakes

Most earthquakes occur due to the movement of faults. Faults slowly build up stresses that are suddenly

released during an earthquake. We measure the size of earthquakes using moment magnitude as defined

in Equation 18.1:

M ¼ 2

3

� �
½logðM0Þ � 16:05� ð18:1Þ

where M0 is the seismic moment as defined in Equation 18.2:

M0 ¼ GAD (in dyne cm) ð18:2Þ

where G is the shear modulus of the rock (dyne/cm2), A is the area of the fault (cm2), and D is the

amount of slip or movement of the fault (cm).

The largest-magnitude earthquake that can occur on a particular fault is the product of the fault length

times its depth (A), the average slip rate times the recurrence interval of the earthquake (D), and the

hardness of the rock (G).
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For instance the northern half of the Hayward Fault (in the San Francisco Bay Area) has an annual slip

rate of 9 mm/year (Figure 18.1). It has an earthquake recurrence interval of 200 years. It is 50 km long

and 14 km deep. G is taken as 3� 1011 dyne/cm2.

M0 ¼ ð0:9� 200Þð5� 106Þð1:4� 106Þð3� 1011Þ ¼ 3:78� 1026

M ¼ ð2=3Þ½log 3:78� 1026 � 16:05� ¼ 7:01

Therefore, about a magnitude 7.0 earthquake is the maximum event that can occur on the

northern section of the Hayward Fault. Since G is a constant, the average slip is usually a few meters, and

FIGURE 18.1 Map of Hayward Fault (courtesy of EERI, Earthquake Engineering Research Institute, HF-96, The

Institute, Oakland, CA, 1996).

18-2 Handbook of Structural Engineering

Copyright 2005 by CRC Press



the depth of the crust is fairly constant, the size of the earthquake is usually controlled by the length of

the fault.

Magnitude is not particularly revealing to the structural engineer. Engineers design structures for

the peak accelerations and displacements at the site. After every earthquake, seismologists assemble

the recordings of acceleration versus distance to create attenuation curves that relate the peak

ground acceleration (PGA) to the magnitude of earthquakes with distance from the fault rupture

(Figure 18.2).

All of the data available on active faults is assembled to create a seismic hazard map. The map has

contour lines that provide the peak acceleration based on attenuation curves that provide the reduction

in acceleration due to the distance from a fault. The map is based on deterministic derived earthquakes

or on earthquakes with the same return period.

18.1.2 Structural Damage

Every day, regions of high seismicity experience many small earthquakes. However, structural damage

does not usually occur until the magnitude approaches 5.0. Most structural damage during earthquakes

is caused by the failure of the surrounding soil or from strong shaking. Damage also results from surface

ruptures, the failure of nearby lifelines, or the collapse of more vulnerable structures. We consider these

effects secondary because they are not always present during an earthquake. However, when there is a

long surface rupture such as that which accompanied the 1999 Ji Ji, Taiwan, earthquake, secondary

effects can dominate.

Since damage can mean anything from minor cracks to total collapse, categories of damage have been

developed as shown in Table 18.1. These levels of damage give engineers a choice for the performance of

their structure during earthquakes. Most engineered structures are designed only to prevent collapse.

This is not only to save money, but also because as a structure becomes stronger it attracts larger forces.

Thus, most structures are designed to have sufficient ductility to survive an earthquake. This means that

elements will yield and deform but they will be strong in shear and continue to support their load during

and after the earthquake.

As shown in Table 18.1, the time that is required to repair damaged structures is an important

parameter that weighs heavily on the decision making process. When a structure must be quickly

repaired or must remain in service, a different damage state should be chosen.

During large earthquakes the ground is jerked back and forth, causing damage to the element whose

capacity is furthest below the earthquake demand. Figure 18.3 shows that the cause may be the sup-

porting soil, the foundation, weak flexural or shear elements, or secondary hazards such as surface

Attenuation curves: Mualchin and Jones [2]
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FIGURE 18.2 Attenuation curve developed by Mualchin and Jones [2].

Earthquake Damage to Structures 18-3

Copyright 2005 by CRC Press



faulting or failure of a nearby structure. Damage also frequently occurs due to the failure of connections,

from large torsional moments, from tension and compression, buckling, pounding, etc.

In this chapter structural damage as a result of soil problems, structural shaking, and secondary causes

will be discussed. These types of damage illustrate the most common structural hazards that have been

seen during recent earthquakes.

18.2 Damage as a Result of Problem Soils

18.2.1 Liquefaction

One of the most common causes of damage to structures is the result of liquefaction to the surrounding

soil. When loose saturated sands, silts, or gravel are shaken, the material consolidates, reducing the

porosity and increasing pore water pressure. The ground settles, often unevenly, tilting and toppling

structures that were formerly supported by the soil. During the 1955 Niigata, Japan, earthquake, several

four-story apartment buildings toppled over due to liquefaction (Figure 18.4).

These buildings fell as the liquefied soil lost its ability to support them. As can be seen clearly in

Figure 18.5, there was little damage to these buildings and it was reported that their collapse took place

over several hours.

Partial liquefaction of the soil in Adapazari during the 1999 Kocaeli, Turkey, earthquake caused several

buildings to settle or fall over. Figure 18.6 shows a building that settled as pore water was pushed to the

surface, reducing the bearing capacity of the soil. Note that the weight of the building squeezed the

weakened soil under the adjacent roadway. Another problem during liquefaction is that the increased

pore pressure pushes quay walls, riverbanks, and the piers of bridges toward adjacent bodies of water,

often dropping the end spans in the process.

The Shukugawa Bridge is a three-span, continuous, steel box girder superstructure with a concrete

deck. The end spans are 87.5 m and the center span is 135 m. The superstructure is supported by steel,

multicolumn bents with dropped-bent caps. It is part of a long elevated viaduct, and has expansion joints

at Pier 131 and Pier 134. The columns are supported by steel piles embedded in reclaimed land along

Osaka Bay.

During the 1995 Kobe, Japan, earthquake, increased pore pressure pushed the quay wall near the west

end of the bridge toward the river, allowing the soil and westernmost pier (Pier 134) to move 1 m

TABLE 18.1 Categories of Structural Damage

Damage state Functionality Repairs required Expected outage

None (preyield) (1) No loss None None

Minor/slight (2) Slight loss Inspect, adjust, patch <3 days

Moderate (3) Some loss Repair components <3 weeks

Major/extensive (4) Considerable loss Rebuild components <3 months

Complete/collapse (5) Total loss Rebuild structure >3 months

Soil
damage

Flexure
damage

Shear
damage Faulting

Foundation
damage

FIGURE 18.3 Common types of damage during large earthquakes.
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eastward (Figure 18.7). This resulted in the girders falling off their bearings, damaging the expansion

joint devices and making the bridge inaccessible. The easternmost pier (Pier 131) moved half a meter

toward the river. It appears that the restrainers were the only thing that kept the superstructure at the

expansion joint above Pier 134 together, preventing the collapse of the west span. The expansion joint

had a 0.6-m vertical offset, and excavation showed that the piles at Pier 134 were also damaged due to

the longitudinal movement.

Structures supported on liquefied soil topple, structures that retain liquefied soil are pushed forward,

and structures buried in liquefied soil (like culverts and tunnels) float to the surface in the newly buoyant

medium.

FIGURE 18.4 Liquefaction caused building failure in Niigata, Japan. (Photo by Joseph Penzien; photo courtesy of

Steinbrugge Collection, Earthquake Engineering Research Center, University of California, Berkeley.)

FIGURE 18.5 Liquefaction caused building failure in Niigata, Japan. (Photo by Joseph Penzien; photo courtesy of

Steinbrugge Collection, Earthquake Engineering Research Center, University of California, Berkeley.)
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FIGURE 18.6 Settlement of building due to loss of bearing during the 1999 Kocaeli Earthquake.

FIGURE 18.7 Liquefaction caused bridge damage during the Kobe Earthquake.
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The Webster and Posey Street Tube Crossings are 4500-ft-long tubes carrying two lanes of traffic under

the Oakland, California, Estuary. The Posey Street Tube was built in the 1920s (Figure 18.8) while the

Webster Street Tube was built in the 1960s (Figure 18.9). They are reinforced concrete (RC) tubes with a

bituminous coating for waterproofing. The ground was excavated and each tube section was joined to

the previously laid section. The tube descends to 70 ft below sea level.

During the 1989 Loma Prieta, California, earthquake, the soil surrounding the Webster and

Posey Tubes (that carry traffic through the Oakland Estuary) liquefied. The tunnels began to float to

the surface, breaking the joints between sections and slowly filling with water (Figure 18.10 and

Figure 18.11).

18.2.2 Landslides

When a steeply inclined mass of soil is suddenly shaken, a slip-plane can form and the material slides

downhill. During a landslide, structures sitting on the slide move downward and structures below the

slide are hit by falling debris (Figure 18.12).

Landslides frequently occur in canyons, along cliffs, on mountains, and anywhere else where unstable

soil exists. Landslides can occur without earthquakes (they often occur during heavy rains that increase

the weight and reduce the friction of the soil) but the number of landslides is greatly increased wherever

large earthquakes occur. Landslides can move a few inches or hundreds of feet. They can be the result of

liquefaction, weak clays, erosion, subsidence, ground shaking, etc.

During the 1999 Ji Ji, Taiwan, earthquake, many of the mountain slopes were denuded by slides, which

continued to be a hazard for people traveling on mountain roads in the weeks following the earthquake.

The many RC gravity retaining walls that supported the road embankments in the mountainous terrain

were all damaged: either from being pushed downhill by the slide (Figure 18.13) or in some cases broken

when the retaining wall was restrained from moving downhill (Figure 18.14).

One of the more interesting retaining wall failures during the Ji Ji Earthquake was in a geogrid fabric

and mechanically stabilized earth (MSE) wall at the entrance to the Southern International University

(Figure 18.15). This wall was quite long and tall and its failure was a surprise since MSE walls have a good

performance record during earthquakes. It was speculated that the geogrid retaining system had

insufficient embedment into the soil and also it was unclear why an MSE wall would be used in a cut

roadway section.

One of the best-known and largest landslides occurred at Turnagain Heights in Anchorage during the

1964 Great Alaska Earthquake. The area of the slide was about 8500 ft wide by 1200 ft long. The average

drop was about 35 ft. This slide was complex, but the main cause was the failure of the weak clay layer

and the unhindered movement of the ground down the wet mud flats to the sea. Figure 18.16 and

Figure 18.17 provide a section and plan view of the slide.

The soil failed due to the intense shaking, and the whole neighborhood of houses, schools, and other

buildings slid hundreds of yards downhill, many remaining intact during the fall (Figure 18.18).

Bridges are also severely damaged by landslides. During the 1999 Ji Ji, Taiwan, earthquake, landslides

caused the collapse of two bridges. The Tsu Wei Bridges were two parallel three-span structures that

crossed a tributary of the Dajia River near the city of Juolan. The superstructure was simply supported

‘‘T’’ girders on hammerhead single-column bents with ‘‘drum’’-type footings and seat-type abutments.

The girders sat on elastomeric pads between transverse shear keys. The spans were about 80 ft long by

46 ft wide, and had a 30	 skew. The head scarp was clearly visible on the hillside above the bridge.

During the earthquake, the south abutment was pushed forward by the landslide, the first spans fell off

the bent caps on the (far) north side, and the second span of the left bridge also fell off of the far bent cap

(Figure 18.19).

Also, the tops of the columns at Bent 2 had rotated away from the (south) Abutment 1. Therefore,

it appears that both the top of Abutment 1 and the top of Bent 2 had moved away from the slide,

while the remaining spans, restrained by Bent 3 and Abutment 4, had remained in place. Perhaps the

landslide originally had pushed against Bent 2, rotating the columns forward, and the debris had
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FIGURE 18.8 Elevation view of the Posey Street Tube.
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FIGURE 18.9 Elevation view of the Webster Street Tube.
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FIGURE 18.11 Liquefaction induced damage to the Webster Street Tube tunnel.

FIGURE 18.10 Liquefaction induced damage to the Webster Street Tube tunnel.

18-10 Handbook of Structural Engineering

Copyright 2005 by CRC Press



since been removed by the current or by a construction crew. Perhaps the skew had rotated the spans to

the right as they fell, pushing them against the shear keys at Bent 2, which rotated the top of the columns

forward and eventually pushed the spans off the tops of Bent 2 and Bent 3. Or perhaps there was

an element of strong shaking that combined with the landslide to create the column rotation and

fallen spans.

Dams are particularly vulnerable to landslides since they are frequently built to hold back the water in

canyons and mountain streams. Moreover, inspection of the dam after an earthquake is often difficult

when slides block the roads leading to the dam. When the Pacoima concrete arch dam was built in the

Clay seam or
other weak
material

Before landslide

After landslide

Structure
supported
by
unstable
soil

Steep slope
or location
of previous
landslide

Structure
below
unstable
soil

Steep slope
(scarp) from
landslide

FIGURE 18.12 Diagram showing typical features of landslides.
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1920s, a covered tunnel was constructed to allow access to the dam. However this tunnel, along with

roads and a tramway to the dam, were damaged by massive landslides during and for several days after

the 1971 San Fernando Earthquake (Figure 18.20).

The Lower San Fernando Dam for the Van Norman Reservoir was also severely damaged during the

1971 San Fernando Earthquake. It was fortunate that water levels were low as the concrete crest on this

earthen dam collapsed due to a large landslide along both the upstream (Figure 18.21) and the

downstream (Figure 18.22) faces. Considering the vulnerability of thousands of residences in the San

Fernando Valley below (Figure 18.23), a dam failure can be extremely costly in terms of human lives and

property damage.

18.2.3 Weak Clay

The problems encountered at soft clay sites include the amplification of the ground motion as well as

vigorous soil movement that can damage foundations. Several bridges suffered collapse during the 1989

Loma Prieta Earthquake due to the poor performance of weak clay.

Two parallel bridges were built in 1965 to carry Highway 1 over Struve Slough near Watsonville, CA.

Each bridge was 800 ft long with spans ranging from 80 to 120 ft. The superstructures were continuous

for several spans with transverse hinges located in spans 6, 11, and 17 on the right bridge and in spans 6,

11, and 16 on the left bridge (they are both 21-span structures). Each bent was composed of four 14-in.-

diameter concrete piles extending above the ground into a cap beam acting as an end diaphragm for the

superstructure. The surrounding soil was a very soft clay (Figure 18.24). The bridges were retrofit in 1984

by adding cable restrainers to tie the structure together at the transverse hinges.

During the earthquake the soft saturated soil in Struve Slough was violently shaken. The soil pushed

against the piles, breaking their connection to the superstructure (Figure 18.25), and pushing them away

from the cap beam so that they punctured the bridge deck (Figure 18.26). Investigators arriving at the

bridge found shear damage at the top of the piles, indicating that the soil limited the point of fixity of

the piles to near the surface. They also found long, oblong holes in the soil, indicating that the piles were

dragged from their initial position during the earthquake. It was believed that the damage at Struve

FIGURE 18.13 Gravity retaining wall pushed outward by landslide.
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Slough was the result of vertical acceleration, but the structure’s vertical period of 0.20 s was too short to

be excited by the ground motion at this site.

Similarly, The Cypress Street Viaduct collapsed only at those locations that were underlain by weak

Bay mud. This was a very long, two-level structure with a cast-in-place, RC, box girder superstructure

with spans of 68 to 90 ft. The substructure was multicolumn bents with many different configurations

including some prestressed top bent caps. Most of the bents had pins (shear keys) at the top or bottom of

the top columns and all the bents were pinned above the pile caps as well. There was a superstructure

hinge at every third span on both superstructures. Design began on the Cypress Viaduct in 1949, and

FIGURE 18.14 Gravity retaining wall with shear damage from landslide.
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construction was completed in 1957. The pins and hinges were used to simplify the analysis for this long,

complicated structure. The northern two thirds of the Cypress Viaduct was on Bay Mud with 50-ft-long

piles while the southern one third was on Merritt sand with 20-ft piles (Figure 18.27).

During the 1989 Loma Prieta Earthquake, the upper deck of the Cypress Viaduct collapsed from

Bent 63 in the south all the way to Bent 112 in the north. Only Bents 96 and 97 remained standing.

This collapse was the result of the weak pin connections at the base of the columns of the upper frame

(Figure 18.28). There was inadequate confinement around the four #10 bars to restrain them during

the earthquake. However, the soft Bay mud also played a role in the collapse. The southern portion of the

bridge with the same vulnerable details but supported on sand remained standing (Figure 18.29).

The northern portion was supported by soft Bay mud that was sensitive to the long-period motion and

caused large movements that overstressed the pinned connections.

Buildings on weak clay also are susceptible to earthquake damage. Mexico City was located 350 km

from the epicenter of the magnitude 8.1, 1985 Mexico Earthquake, but the city is underlain by an

FIGURE 18.15 Fabric retaining wall damaged during the 1999 Ji Ji, Taiwan, earthquake.
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FIGURE 18.16 Section through eastern part of Turnagain Heights Slide. (Drawing courtesy of the National

Academy of Sciences. National Research Council (U.S.) no. 1603, National Academy of Sciences, Washington, DC,

1968–1973, 8 v. in 10.)
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old lakebed composed of soft silts and clays (Figure 18.30). This material was extremely sensitive to the

long-period (about 2 s) ground motion coming from the distant but high-magnitude (8.1) source, as

were the many medium-height (10 to 14 story) buildings that were damaged or had collapsed during

the earthquake (Figure 18.31). Many much taller and shorter buildings were undamaged due to the

difference in their fundamental period of vibration.

FIGURE 18.17 Aerial view of Turnagain Slide. (Photograph courtesy of Steinbrugge Collection, Earthquake

Engineering Research Center, University of California, Berkeley.)

FIGURE 18.18 About 75 homes were damaged as a result of the Turnagain Heights Slide. (Photograph courtesy of

Steinbrugge Collection, Earthquake Engineering Research Center, University of California, Berkeley.)

Earthquake Damage to Structures 18-15

Copyright 2005 by CRC Press



18.3 Damage as a Result of Structural Problems

18.3.1 Foundation Failure

Usually, it is the connection to the foundation or an adjacent member rather than the foundation itself

that is damaged during a large earthquake. However, materials that cannot resist lateral forces, such as

hollow masonry blocks, make a poor foundation and their use should be avoided (Figure 18.32).

Engineers will occasionally design foundations to rock during earthquakes as a way of dissipating

energy and of reducing the demand on the structure. However, when the foundation is too small, it

can become unstable and rock over. During the magnitude 7.6, 1999 Ji Ji, Taiwan, earthquake, a local

FIGURE 18.19 Collapse of Tsu Wei Bridge due to landslide during the Ji Ji, Taiwan, earthquake.

FIGURE 18.20 Landslides at Pacoima Dam following the 1971 San Fernando Earthquake. (Photograph courtesy

of Steinbrugge Collection, Earthquake Engineering Research Center, University of California, Berkeley.)
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three-span bridge rocked over transversely due to small, drum-shaped footings that provided little lateral

stability (Figure 18.33).

We have already seen pile damage as a result of weak clay on the Struve Slough bridges during the 1989

Loma Prieta Earthquake. Similar damage occurred during the 1964 Great Alaska Earthquake. After the

1971 San Fernando and 1995 Kobe Earthquakes, an inspection was made of bridge foundations, but only

a little damage to the tops of piles was found. As long as the foundation is embedded in good material, it

usually has ample strength and ductility to survive large earthquakes. Usually, it is the more vulnerable

FIGURE 18.21 Damage to the Lower San Fernando Dam. (Photograph courtesy of Steinbrugge Collection,

Earthquake Engineering Research Center, University of California, Berkeley.)

FIGURE 18.22 Closer view of damage to the Lower San Fernando Dam. (Photograph courtesy of Steinbrugge

Collection, Earthquake Engineering Research Center, University of California, Berkeley.)
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FIGURE 18.23 Aerial view of Lower San Fernando Dam and San Fernando Valley. (Photograph courtesy of

Steinbrugge Collection, Earthquake Engineering Research Center, University of California, Berkeley.)
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FIGURE 18.25 Broken piles under bridge.

FIGURE 18.26 Piles penetrating bridge deck.
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elements above the foundation that can fail or become damaged during earthquakes. Still, as structures

are designed to resist larger and larger earthquakes, we may begin to see more foundation damage.

18.3.2 Foundation Connections

The major cause of damage to electrical transformers, storage bins, and a variety of other structures and

lifeline facilities during earthquakes is the lack of a secure connection to the foundation. Houses need to

be anchored to the foundation with hold-downs connected to the stud walls and anchor bolts connected

to the sill plates. Otherwise, the house will fall off its foundation as shown in Figure 18.34.

The connections to bridge foundations also need to be carefully designed. Route 210/5 Separation and

Overhead was a seven-span RC box girder bridge with a hinge at Span 3 and seat-type abutments. The

superstructure was 770 ft long on a 800-ft-radius curve. The piers were 4 ft by 6 ft single-column bents.

Piers 2 and 3 were on piles, while Piers 4 to 7 were supported by 6-ft-diameter drilled shafts. This

interchange was built on consolidated sand.
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FIGURE 18.27 Geology of Cypress Freeway Viaduct site. (Housner et al., Report to the Governor George

Deukmejian, State of California Office of General Services May 1990.)
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FIGURE 18.28 Damage to Cypress Street Viaduct.

FIGURE 18.29 Aerial view of Cypress Viaduct showing collapse where the structure crossed over Bay mud.
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During the 1971 San Fernando Earthquake, this structure collapsed onto its west (outer) side, breaking

into several pieces and causing considerable damage to two lower-level bridges. A close examination of

the fallen structure revealed that the collapse was due to pull-out of the column reinforcement from the

foundations.

There was no top mat of reinforcement (and no ties) in the pile caps at Piers 2 and 3. The column

longitudinal reinforcement (22 #18 bars) was placed in the footing with 1200 90	 bends at the bottom of

the reinforcement. Transverse reinforcement was #4 bars at 12 in. around the longitudinal reinforce-

ment. During the earthquake, the longitudinal reinforcement did not have sufficient development

length to transfer the force to the footings. Insufficient confinement reinforcement in the footings and
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FIGURE 18.30 Locations of building damage at old lake bed in Mexico City (courtesy of EERI; EERI, Earthquake

Spectra, 4, 3, 569–589, 1988).
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columns, and the lack of a top mat of reinforcement resulted in the rebar (and columns) pulling out

of the footing (Figure 18.35). Piers 5 to 7 had straight #18 bars embedded 6 ft into pile shafts, and they

also pulled cleanly out during the earthquake (Figure 18.36).

After the San Fernando Earthquake, the development length of large-diameter bars was increased,

splices to longitudinal rebars were no longer allowed in the plastic hinge area, and more confinement

steel was provided in footings and columns.

FIGURE 18.31 Damaged 10-story building between the Plaza de la Constitution and Zona Rosa in Mexico City.

(Photo by Karl Steinbrugge, from the EERC NISEE Photo Library.)

FIGURE 18.32 Failed hollow concrete block foundation during the magnitude 6.0, 1987 Whittier, California,

earthquake. (Photo by Karl Steinbrugge. Photo courtesy of Steinbrugge Collection, Earthquake Engineering

Research Center, University of California, Berkeley.)
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18.3.3 Soft Story

During the 1989 Loma Prieta Earthquake, many houses and apartment buildings in the San

Francisco area had severe damage on the ground floor. These structures had less lateral support on

the ground floor to allow room for cars to park under the structure. The remaining supports could

not support the movement of the upper stories and dropped the top stories onto the ground

(Figure 18.37).

However, a soft story does not always occur on the bottom floor. During the 1995 Kobe, Japan,

earthquake, many tall buildings had damage at the midstory, often due to designing the upper floors for

a reduced seismic load.

FIGURE 18.33 Three-span bridge rocked over during the 1999 Ji Ji, Taiwan, earthquake.

FIGURE 18.34 House that fell from its foundation during the 1971 San Fernando Earthquake. (Photograph

courtesy of Steinbrugge Collection, Earthquake Engineering Research Center, University of California, Berkeley.)
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Most buildings in Japan are either built of RC or of steel and reinforced concrete (SRC). These SRC

buildings, when correctly designed, provide a great deal of ductility and more fire protection during large

earthquakes. However, the design practice in Japan was to discontinue either the RC or the SRC above

a certain floor. Figure 18.38 shows typical details used in SRC buildings.

Figure 18.39 shows a ten-story SRC building where the third story collapsed during the 1995 Kobe

Earthquake.

18.3.4 Torsional Moments

Curved, skewed, and eccentrically supported structures often experience a torsional moment during

earthquakes.

FIGURE 18.35 Failure of column to pile shaft connection.

FIGURE 18.36 Failure of column to footing connection.
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A nine-story building in Kobe, Japan, consisted of shear walls along three sides and a moment-resisting

frame on the fourth (east) side (Figure 18.40). Shaking during the 1995 Kobe Earthquake caused a

torsional moment in the building. The first-story columns on the east side failed in shear, the building

leaned to the east (Figure 18.41), and it eventually collapsed (Figure 18.42).

Since rivers, railroad tracks, and other obstacles do not usually cross perpendicularly under bridge

alignments, columns and abutments must be built on a skew to accommodate them. These skewed

bridges are vulnerable to torsion.

The Gavin Canyon Undercrossing consisted of two bridges over 70 ft tall, with a 67	 skew, and was

composed of three frames. An integral abutment and a two-column bent supported each end-frame.

The center frame was supported by two 2-column bents while supporting the cantilevered end-frames.

The superstructure was RC box girders at the end-frames and posttensioned concrete box girders at the

center-frame. Each column was a 6 ft by 10 ft rectangular section, fixed at the top and bottom, with a

flare at the top. The bridges were retrofitted in 1974 with cable restrainer units at transverse in-span

hinges with an 8-in. seat width that connected the frames.

During the 1994 Northridge Earthquake, the superstructures were unseated due to the following

factors. The tall, center frame had a large, long-period motion that was out of phase with the stiff end-

frames. The end-frame center of stiffness was near the abutment, while its mass was near the bent,

causing the end-frame to twist about the abutment. The sharp skew allowed the acute corners to slide off

the narrow seats. The cable restrainers, being among the first in the country, were grouted in the ducts,

making them too brittle and prone to failure. Both bridges failed as shown in Figure 18.43.

Another interesting example of torsional damage occurred at the Ji Lu Bridge during the 1999 Ji Ji,

Taiwan, earthquake. This is a cable-stayed bridge with a single tower and cast-in-place, 102-m-long,

box girder spans sitting on two-column end bents that connect the structure to precast ‘‘I’’ girder

approach spans (Figure 18.44). The tower is 58 m from the top of the deck to the top of the tower, and

20 m from the top of the footing to the soffit. All the foundations are supported on driven piles.

Construction was almost completed on this bridge at the time of the earthquake. All of the cables had

been tensioned and all but one had been permanently socketed into the tower. The false work had been

pretty much removed except for a few final pours for the portion of the superstructure where it connects

to the tower.

FIGURE 18.37 Soft story collapse in San Francisco during the 1989 Loma Prieta Earthquake. (Photo courtesy of

the USGS; The Loma Prieta, USGS, 1998.)
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The dominant mode of shaking for this structure was twisting of the tower as the two cantilever spans

moved back and forth. Looking at Figure 18.45 we can see that the key at the end of the spans walked up

and down the bent seat almost to the end of the support. T.Y. Lin engineers explained that this was

because the final pour around the tower had not been completed, making this structure extremely

flexible in this direction.

Similar damage occurred to the center piers of curved ramps to the Minatogawa Interchange during

the Kobe Earthquake. In this case, the superstructure swung off its end supports and the center column

suffered severe torsional damage (Figure 18.46).

As one member of a bridge goes into flexure it can create large torsional moments in adjacent

members. For instance, flexure in the columns of outrigger bents causes large torsional moments in the

bent cap (Figure 18.47). All of these examples reinforce the idea that most structures require

consideration of all three translations and rotations.

Profile
view

Anchor
bolts

Cruciform
steel
column

Rebar
Concrete form

Beam
splice detail

Hoop
steel

Longitudinal
reinforcement

Plan view

Base plate

FIGURE 18.38 Examples of SRC construction. (Drawing courtesy of NIST; NIST, The January 17, 1995 Hyogoken

(Kobe) Earthquake, U.S. NIST, Gaithersburg, MD, 1969.)
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18.3.5 Shear

Most building structures use shear walls or moment-resisting frames to resist lateral forces during

earthquakes. Damage to these systems varies from minor cracks to complete collapse. Figure 18.48 is

a photo of the Mt. McKinley Apartments after the 1964 Great Alaska Earthquake. It was a 14-story RC

building composed of narrow exterior shear walls and spandrel beams (Figure 18.48), as well as interior

and exterior columns and a central tower. During the 1964 earthquake, this structure suffered major

structural damage to most of the load bearing members.

The most serious damage was to a shear wall on the north side of the building (Figure 18.49). A very

wide shear crack split the wall in two directly under a horizontal beam. This crack was because there was

not enough transverse reinforcement to hold the wall together as it moved transversely and also due to

a cold joint in the concrete at that location. The spandrel beams between the walls had large ‘‘X’’ cracks

FIGURE 18.39 Ten-story SRC building with third floor collapse during the Kobe Earthquake. (Photo courtesy of

NIST; NIST, The January 17, 1995 Hyogoken (Kobe) Earthquake, U.S. NIST, Gaithersburg, MD, 1969.)

Shear walls

Moment-resisting frame

FIGURE 18.40 Plan view of nine-story SRC building in Kobe.
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FIGURE 18.41 Nine-story SRC building immediately after the 1995 Kobe Earthquake. (Photo courtesy of NIST;

NIST, The January 17, 1995 Hyogoken-Nanbu (Kobe) Earthquake, U.S. NIST, Gaithersburg, MD, 1996.)

FIGURE 18.42 Eventual collapse of nine-story SRC building after the Kobe Earthquake. (Photo courtesy of NIST;

NIST, The January 17, 1995 Hyogoken-Nanbu (Kobe) Earthquake, U.S. NIST, Gaithersburg, MD, 1996.)
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FIGURE 18.43 Damage to Gavin Canyon UC during the 1995 Northridge Earthquake.

FIGURE 18.44 The Ji Lu cable-stayed bridge after the 1999 Ji Ji, Taiwan, earthquake.

FIGURE 18.45 Damage at end-supports to Ji Lu cable-stayed bridge.
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associated with shear damage as the building moved back and forth. These cracks decreased in size on the

upper floors.

There was also shear damage to many of the columns. Figure 18.50 is one of the exterior columns on

the south side of the building with a diagonal shear crack. Again, the problem was insufficient transverse

reinforcement to resist the large shear forces that occurred during the earthquake. The central tower was

also damaged. However, the Mt. McKinley Apartment can be viewed as a success since there was no

collapse and no lives lost during this extremely large earthquake.

Bridges are equally susceptible to shear damage. For instance, there was considerable shear damage to

piers on elevated Route 3 during the Kobe Earthquake. The superstructure is mostly steel girders and the

substructure is RC single-column bents. Between Piers 148 and 150, the superstructure is a three-span,

continuous, double-steel box with span lengths of 45 m, 75 m (between Piers 149 and 150), and 45 m.

Pier 149 is a 10-m-tall by 3.5-m square RC single-column bent supported on a 12-m square pile cap.

FIGURE 18.46 Column damage to the Minatogawa interchange during the Kobe Earthquake.

FIGURE 18.47 Column flexure causing torsion in the bent cap.
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Pier 150 is a 9.1-m-tall by 3.5-m square RC single-column bent supported on a 14.5-m by 12-m

rectangular pile cap.

Figure 18.51 shows the shear failure at Pier 150. This damage was the result of insufficient

transverse reinforcement and poor details. During the large initial jolt (amplified by near-field directivity

effects) the transverse reinforcement came apart and resulted in the column failing in shear. Pier 149

was also severely damaged, but because it was taller (and more flexible), most of the force went to

stiff Pier 150. The three-span continuous superstructure survived the collapse of Pier 150 with

minor damage.

FIGURE 18.48 West elevation of the Mt. McKinley Apartment building after the 1964 Great Alaska Earthquake.

(Photograph by Karl Steinbrugge, Earthquake Engineering Research Center, University of California, Berkeley.)

FIGURE 18.49 Damage to north side of Mt. McKinley Apartments. (Photograph by Karl Steinbrugge, Earthquake

Engineering Research Center, University of California, Berkeley.)
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18.3.6 Flexural Failure

Flexural members are often designed to form plastic hinges during large earthquakes. A plastic hinge

allows a member to yield and deform while continuing to support its load. However, when there is

insufficient confinement for RC members (and insufficient b/t ratios for SRC members), a flexural

failure will occur instead. Often, flexural damage is accompanied by compression or shear damage as the

capacity of the damaged area has been lowered.

FIGURE 18.50 Damage to the south side of Mt. McKinley Apartments. (Photograph by Karl Steinbrugge,

Earthquake Engineering Research Center, University of California, Berkeley.)

FIGURE 18.51 Shear failure of Pier 150 on Kobe Route 3.
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The Dakkai subway station in Japan is a two-story underground RC structure. It was

constructed by removing the ground, building the structure, and then covering it (the-cut-and-

cover method). During the 1995 Kobe Earthquake, the center columns on both levels suffered

a combination of flexural and compression damage that caused both roofs to collapse along with a

roadway that ran above the station (Figure 18.52). Figure 18.53 shows the rather slender center

columns at the lower level after the earthquake. The columns had insufficient transverse reinfor-

cement at the location of maximum moment. The transverse reinforcement broke as the columns

were displaced, allowing the longitudinal reinforcement to buckle and the concrete to fall out of the

column.
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FIGURE 18.52 Plan and section drawings of the Dakkai subway station after the Kobe Earthquake.

(Drawing courtesy of JSCE, JSCE, Preliminary report on the Great Hanshin Earthquake, January 17, 1995,

JSCE, 1995.)

FIGURE 18.53 Flexural damage to columns at lower level of Dakkai subway during the 1995 Kobe Earthquake.

(Photo courtesy of JSCE, JSCE, Preliminary report on the Great Hanshin earthquake, January 17, 1995, JSCE,

1995.)
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Steel columns experience similar damage when the flexural demand exceeds the capacity. In

downtown Kobe, in the Nagata District, Route 3 splits into two parallel structures with the super-

structure composed of 50-m-long simple spans with steel girders and a three-span, continuous, steel

box girder section between Piers 585 and 588. The substructure consists of 2.2-m-diameter, 14-m-tall

steel hammerhead single columns. The steel columns are bolted onto 4-m-diameter hollow, concrete

20-m-long shafts. The column bottoms are filled with concrete to protect against vehicular impact.

During the Kobe Earthquake, these steel columns had damage varying from local buckles to a complete

section buckle, and at a few locations, the steel shell had torn, splitting the column. Most of the buckling

occurred in a thinner section of the column. In some cases (Figure 18.54), the column underwent an

excursion in only one direction and consequently had a buckle on one side of the column.

In some cases the buckled face tore in the tension cycle (Figure 18.55). The tears occurred in low-

ductility welds. After the earthquake, the columns were tilting dangerously to the side. Buckling occurred

before a plastic hinge was formed. A few columns remained undamaged as a result of failed bearings.

Although local buckling cannot be completely eliminated, its spread can be prevented by maintaining

smaller b/t ratios. This is accomplished with thicker sections, more frequent stiffeners, and diaphragms,

or by filling the steel shells with lightweight concrete.

FIGURE 18.54 Pier 585 on Kobe Route 3 during the 1995 Kobe Earthquake. (Photo courtesy of Hanshin

Expressway Public Corporation.)
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18.3.7 Connection Problems

The most catastrophic type of structural damage is the failure of connections. When a bridge

superstructure moves off its expansion joint or when the connection between building columns and

beams fail, the result is too often the collapse of the structure.

Between Piers 39 and 43 on Kobe Route 3, the superstructure was a series of 52-m-long simple-span

steel boxes supporting a concrete deck. Steel web plate restrainers with oversized holes at one end

connected the girders together over each pier support. Fixed pin bearings and movable roller bearings

supported each span. The substructure was hammerhead piers with 3.5-m-diameter circular or 3.5-m

square concrete columns over 10 m in height. Each column was supported on a rectangular footing

supported by 18- to 1.0-m-diameter by 16.5-m-long piles.

During the earthquake, the piers moved back and forth longitudinally, sustaining cracks or shear

damage at the column bases. At the same time, the girder spans were moving west (toward Pier 43) as a

result of the impact with the five-span, continuous, steel girder bridge east of Pier 38. The relative

displacement between the piers and the simple spans exceeded the 0.8-m seat width at Piers 40 and 41

and the expansion end of Spans 40 and 41 fell off the piers (Figure 18.56). Most of the web plate

restrainers failed in tension (Figure 18.57) and almost all of the fixed and expansion bearings were

damaged, mostly due to the top shoe pulling out of the bearing (Figure 18.58).

RC structures must be carefully designed to allow the shear transfer at joints. A common kind of

residence in Turkey was four- to eight-story buildings composed of concrete columns supporting

concrete slabs and infill walls of unreinforced masonry blocks. During the 1999 Kocaeli Earthquake,

these buildings collapsed at very low levels of acceleration, killing thousands of people. The large inertia

force from these heavy structures had to be carried by the slender columns and by the inadequately

reinforced connections (Figure 18.59). Sufficient concrete and reinforcement must be provided to resist

the large tension and compression forces in moment-resisting joints during earthquakes. Joints of

moment-resisting RC frames should be stronger than the elements that join them.

The connections of steel moment-resisting frames, with detailing recommended by design codes prior

to 1994, suffered considerable damage during the Northridge (and Kobe) Earthquakes. During the

Northridge Earthquake, over 100 steel moment-resisting frame buildings had some damage to the

FIGURE 18.55 Torn buckle of steel column on Route 3 after the 1995 Kobe Earthquake. (Photo courtesy of

Hanshin Expressway Public Corporation.)
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column to beam connections. As previously mentioned, flexural elements are supposed to form plastic

hinges during large earthquakes. However, during the Northridge Earthquake the connection fractured

instead. In this connection the beam flanges are welded to the column with a column flange stiffener

placed along the column web to provide continuity to the joint. The beam web is bolted to the column

with a shear connection plate. As shown in Figure 18.60, a large crack fractured the flange and web of

some columns. Although this damage was unexpected and looked serious, no building during the

Northridge Earthquake was reported to have collapsed as a result of the failure of this connection. Still,

a few more cycles of motion (from a much larger earthquake than the magnitude 6.7 event) could easily

FIGURE 18.57 Broken restrainer at Pier 39. (Photo courtesy of Hanshin Expressway Public Corporation.)

FIGURE 18.56 Superstructure collapse at Spans 40 and 41 on Kobe Route 3.
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tear apart this fractured column. Consequently, new connection details have been developed as well as

retrofit details for the many buildings with this connection.

18.3.8 Problem Structures

Some types of structures have performed particularly poorly during previous earthquakes. Usually, this

is the result of vulnerabilities such as weak connections, improper detailing, and eccentric loads that

predispose these structures to severe damage and collapse during earthquakes.

Unreinforced masonry should never be used to resist lateral forces since it is very weak in tension and

very heavy, resulting in walls that immediately fall over, seriously injuring anyone nearby (Figure 18.61).

However, reinforced masonry walls have performed very well when thoughtfully designed.

FIGURE 18.59 Collapsed reinforced concrete building during the 1999 Kocaeli Earthquake.

FIGURE 18.58 Broken bearings at Pier 40. (Photo courtesy of Hanshin Expressway Public Corporation.)
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Tilt-up buildings have also performed poorly during past earthquakes because the walls pull away

from the roof diaphragm, because of the discontinuity at the vertical joints between panels, because of

poor connections to the roof joists, etc. Similarly, precast prestressed bridges tend to fall apart due to

inadequate connections between members.

Tanks, bins, silos, grain elevators, concrete mix plants, etc. are the most commonly damaged structures

during earthquakes. They are tall, heavy, and too often designed with weak supports and inadequate

anchors (Figure 18.62).

Construction sites are particularly dangerous places to be on during an earthquake. Too often, little

thought is given to providing lateral strength to partially constructed structures. This can result in

millions of dollars in damage as well as fatalities. For instance a new expressway was being built during

the 1999 Ji Ji, Taiwan, earthquake. This included two simple-span, precast, and prestressed ‘‘I’’ girder

bridges on two-column bents near the epicenter. The girders were 84 in. tall by 24 in. wide and sat on

FIGURE 18.60 Steel moment-resisting frame connection after the 1994 Northridge Earthquake. (Photo courtesy

of EQE International; EQE, EQE Int. Rev., Fall, 1–6, 1994.)

FIGURE 18.61 Rear view of damaged unreinforced masonry (URM) building facing Pacific Garden Mall, Santa

Cruz Area, California. (Photo by James R. Blacklock, Loma Prieta Collection, Earthquake Engineering Research

Center, University of California, Berkeley.)
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24 in. by 16 in. by 5 in.-tall elastomeric pads. The bents were at least 30 ft tall from the ground to the top

of the bent caps. The bridge had 13 approximately 150-ft-long spans. At the time of the earthquake, the

girders had been placed on the bents and the seat-type abutments, and the intermediate and end-

diaphragms were just beginning to be cast between the girders. Wherever the intermediate diaphragms

had not been placed, the girders had been shaken off of their supports and had fallen to the ground,

breaking into pieces (Figure 18.63). This resulted in the loss of about 100 girders. The use of temporary

supports before the casting of diaphragms could have saved about a million dollars.

All of these structures can be designed to perform adequately when they are provided with sufficient

strength and ductility and a good understanding of their structural behavior during earthquakes.

FIGURE 18.62 California Water Service 150,000-gal tank on six legs; the typical failure of tanks is upside down,

with riser on top (Bakersfield, California, photo by Karl V. Steinbrugge, Steinbrugge Collection, slide/image

No. S64, photo date July 25, 1952, Kern County, California, earthquake, July 21, 1952, magnitude 7.69; courtesy

of Steinbrugge Collection, Earthquake Engineering Research Center, University of California, Berkeley).

FIGURE 18.63 Collapsed precast, prestressed ‘‘I’’ girders during construction of new expressway in Taiwan due to

the 1999 Ji Ji, Taiwan, earthquake.
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18.4 Secondary Causes of Structural Damage

18.4.1 Surface Faulting

Few structures are designed to accommodate an offset of several meters laterally or vertically at any

location. Yet, that is what is required near active faults. When the fault reaches the surface, the ground

can be pushed together, pulled apart, raised, or dropped 5, 6, and even 10 m. Some of the most

spectacular structural damage from faulting occurred during the 1999 Ji Ji, Taiwan, earthquake. The Shih

Kang Dam was one of several structures across the ill-fated Dajia River north of Route 3 (Figure 18.64).

During the earthquake, the north end of the dam dropped 9 m (Figure 18.65).

The Dajia River Bridge was a 14-span, RC bridge with a ‘‘T’’ girder superstructure, single-column bents

with hammerhead bent caps, and drum-shaped footings. The girders sat on elastomeric pads and

between transverse shear keys. It was one of several bridges a little north of Route 3 across the Dajia

River near the town of Shargang (Figure 18.64).

This bridge had spans 30 m long by 10 m wide and columns about 10 m in height at the center of the

bridge. During the earthquake, the first three southerly spans collapsed along with Pier 3 (Figure 18.66).

The south abutment and first two piers moved 6.5 m vertically and 3 m to the west. The column
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FIGURE 18.64 Location map of damaged structures along the Dajia river after the 1999 Ji Ji, Taiwan, earthquake.

FIGURE 18.65 North end of Shih Kang Dam after the Ji Ji, Taiwan, earthquake.
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foundation rotated out of ground. The bridge collapse was due to a 6-m fault scarp that created a

waterfall alongside the bridge (Figure 18.67).

18.4.2 Damage Caused by Nearby Structures and Lifelines

Weak or poorly designed facilities will often cause damage to nearby structures during earthquakes. The

intelligent planning of adjacent lifelines (called colocation) is a good way to minimize disruptions to

lifelines during earthquakes and other disasters.

When buildings, bridges, and other structures are built too closely together, one problem is pounding.

This is particularly a problem for connectors on highway interchanges that are sometimes in such close

proximity that the column of a higher structure will go through the lower bridge deck. Buildings are

often built too closely together causing pounding and moderate structural damage during earthquakes.

Pounding can cause serious damage since impact loads of very short duration can carry a very large

force. However, pounding may also be beneficial when it prevents resonance.

More serious damage occurs when a poorly designed structure collapses onto an otherwise seismically

resistant structure. There are no benefits from this interaction.

Piers 352 and 353 on the Route 3 Expressway in Kobe, Japan, supported the superstructure on steel

hammerhead piers. The columns were 2 m by 1.5 m by 8.8 m in height, supported on pile foundations,

and built using the 1964 specifications. The piers were 8.8 m tall and on pile foundations. The super-

structure consisted of 30-m-long, steel simply supported plate girders, one end fixed and the other end

on elastomeric expansion bearings. During the 1995 Kobe Earthquake, the bridge was damaged when a

collapsing building fell against the expressway. The building (shown in Figure 18.68) applied a lateral

load to the superstructure. This resulted in buckling of the vertical stiffeners on the girder webs, bearing

damage, and also some damage to the bottom of Pier 353. The main damage was separation of a metal

plate that was installed to protect the steel column from traffic collisions. However, because there was a

collapsed building leaning against the bridge, it was felt to be expedient to provide shoring to the piers

after the earthquake. The ability of the superstructure to move laterally over the piers helped to prevent

more serious damage from occurring to the substructure.

FIGURE 18.66 Elevation drawing of Dajia Bridge collapse.

FIGURE 18.67 The Dajia River bridge and 6-m fault scarp.
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A lifeline can often cause problems to other nearby lifelines during earthquakes. The Balboa Boulevard

Overcrossing is a three-span (actually two spans with a 22-ft-long bin-type abutment between Abutment 1

and Bent 2) cast-in-place prestressed concrete bridge (except for a concrete slab for the bin-type

abutment) on Highway 118 near Northridge, CA. The superstructure is 283 ft long and 117 ft wide.

Bent 3 is a three-column bent on a spread footing. The columns are 5-ft octagonal sections with a large

flare. The abutments and wingwalls are on piles. During the 1994 Northridge Earthquake the Balboa

Boulevard Overcrossing experienced minor spalling of the concrete cover at the top of the columns

during the earthquake. The shaking broke a small-diameter water line under Abutment 1 that washed

out the backfill behind the abutment. Figure 18.69 shows the collapsed slab for the bin-type abutment

and the cast-in-drilled-hole (CIDH) pile supporting Abutment 1. The grade beam that supports the

wingwall is on the left.

FIGURE 18.69 Washed-out abutment fill caused by water pipe break.

FIGURE 18.68 Collapsed building leaning against the Kobe Route 3 Expressway. (Photo courtesy of Hanshin

Expressway Public Corporation.)
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These are just a few of the many secondary causes of damage during large earthquakes. What typifies

this kind of damage is that its prevention may not rely on structural issues. In fact, the best solution is to

find a better site during the planning of the structure. There is little the engineer can do once the

structure straddles an active fault or is within a few feet of a vulnerable structure.

18.5 Recent Improvements in Earthquake Performance

Much of the damage that has occurred during recent earthquakes was the result of the failure of the

surrounding soil or structural elements. Not surprisingly, most of the recent improvements to the

earthquake resistance of structures have focused on methods of improving poor soil, on soil–structure

interaction, and on structural elements and systems that increase strength, stability, ductility, etc.

There has also been some work to prevent secondary earthquake damage. For instance, California has

begun to retrofit bridges that cross over active faults. On the Colton Interchange, a bridge was provided

with additional supports to catch the superstructure if it is pulled off its piers. Another California bridge

was provided with large galleries at the abutments to accommodate large movements. A couple of

bridges have even been provided with gates that close the bridge when the ground begins to shake.

Some effort has also been made to improve lifeline performance, most notably in Wellington, New Zealand,

where facilities are carefully planned and located to prevent disruptions in service during large earthquakes.

18.5.1 Soil Remediation Procedures

Because much of Japan is covered with either weak clay or saturated, loosely consolidated material, the

development of soil remediation procedures has flourished in that country. After the 1994 Kobe

Earthquake researchers did a careful study of soil-remediation sites and found that these locations

performed much better than the surrounding area [10].

The following are a few examples of soil improvement methods commonly used in Japan.

18.5.1.1 Gravel Drains: Ariake Quay-Wall Improvement Project

Ariake is a man-made island in Tokyo Bay. The weak material of the island is supported by a quay-wall

made of timber piles and steel sheet piles. The goal of this project was to protect the quay-wall from

damage during an earthquake (Figure 18.70). The wharf is composed of loose sand that could liquefy

during an earthquake. Increased pore water pressure would then push over the quay-wall. Gravel drains

were installed to reduce pore water pressure during an earthquake. The advantage of this method is that

it is quick, inexpensive, and free of vibration. The disadvantage is that it does not prevent settlement of

1
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FIGURE 18.70 Gravel drain construction. (Drawing courtesy of Japan’s Public Works Research Institute.)
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the soil during an earthquake. Since the goal is protection of the quay-wall, this is not considered a

problem. The procedure is to drill a hole in the ground using a casing auger. Gravel is carried to the

auger by a front-end loader. It is dropped into a hopper, lifted to the top of the auger, and poured into

the casing. The casing is then removed from the ground leaving a sand drain. The gravel is fairly

uniform. The casing has replaceable steel teeth to help it cut through soil and push away rocks. The

gravel drains are placed close enough together to form a grid that will effectively drain out all the water.

This project consisted of 3997 gravel drain piles in an area of 2770 m2 for 1.4 piles/m2 (the drains are

0.8 m apart). The drains are 0.5 m in diameter and 17 m long and cost about 50,000 Yen ($500) per pile

or about 200 million Yen for the project. It takes less than an hour to make a gravel drain and there were

four augers at the job site.

18.5.1.2 Deep Mixing Method: Kawaguchi City

The area along the Arakawa River has poorly consolidated soil. This project used deep soil mixing to

improve the unconfined compressive strength of the ground (Figure 18.71). Without the DMM the soil

would be expected to settle 1.5 m after the embankment is placed. With the DMM the settlement should

be less than 0.03 m.

On this project, a modified pile-driving machine rotates a pair of rods with stirring wings for mixing

the soil. The distance between piles can be changed by moving the rods closer together or further apart.

The pile diameter is 1 m on this project. First, the machine pushes the stirring wings down 30 m,

FIGURE 18.71 Soil deep mixing construction. (Drawing courtesy of Japan’s Public Works Research Institute.)
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breaking up the soil and making it soft and permeable. The wings rotate 20 cycles per minute as they

descend into the soil. Then, the stirring wings are pulled up while injecting cement milk into the soil. The

milk is composed of an equal weight of cement and water. About 100 to 150 kg of cement milk is injected

per cubic yard of soil. The wings rotate at 40 cycles per minute as they ascend. Loose soil comes up during

this procedure and is removed with an excavator. The stirring wings descend and ascend at 1 m/min.

There is a cement plant for each machine and a separate pump for each rod. The cement milk flows

through flexible hoses from the cement plant to the top of the rods where it is injected into the soil.

When the piles are completed the machine crawls to the next location on a plywood mat and drills

another pile. Display panels in the machine cab give information about depth, rotation, and the amount

of cement milk being pumped.

The deep mixing method is also very effective in preventing soil liquefaction. In fact, this method was

used to prevent liquefaction for some flood prevention works next to this site. In this case the piles are

placed in a lattice pattern to contain the liquefiable soil.

The deep mixing method was found to be the most effective method for creating strong, highly ductile

ground that does not liquefy or settle. It is also the most expensive method, but the lack of noise and

vibration makes it ideal for city environments.

18.5.1.3 Sand Compaction Pile Method: Ohgishima Island, Tokyo

Sand compaction piles are a popular way of preventing liquefaction of loose alluvium. However, the

noise and vibration make it unacceptable at some locations.

This project was on a man-made island in Tokyo Bay (Figure 18.72). It is the location of an LNG

tank farm. Soil remediation was required at the toe of an embankment that covers these tanks.

Time

Redrive pipe
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Formation of sand compaction pile

Depth oscillograph

D
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Set of the casing pipe
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FIGURE 18.72 Sand compaction pile method. (Drawing courtesy of Japan’s Public Works Research Institute.)
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Because it was a remote site, the loud noise and vibrations were not a problem. The sand compaction

pile method uses a modified pile-driving machine to vibrate a steel pipe into the ground. When the

penetration reaches the proper depth, sand is carried to the top by a hopper and forced to the

bottom of the pipe with compressed air. Then, the pipe is raised and lowered in the hole as sand is

repeatedly shot to the bottom of the hole. The result is a pile of compacted sand and an area between

the piles of compacted soil. The equipment is similar to the gravel drain method. The pile driver has

a steel casing with a lid that can be opened and closed at the bottom. Sand is brought in by dump

truck to the site. A front-end loader pours the sand into the hopper. The hopper carries the sand to

the top of the pipe where it is poured into the air compression chamber. The steel casing with the lid

closed is vibrated to the required depth. In this project the depth was 17 m and the pile diameter was

0.7 m. When the pile is completed, the panels the truck sits on are moved back and the pile driver is

moved back to drive a new pile. The pile is driven at about 2 min/m and a pile is completed in about

30 min. Before this project began, the soil had an average N value of 10 to 12. The areas that have

been completed now have an N value of 15 to 20.

18.5.2 Improving Slope Stability and Preventing Landslides

The failure of many retaining walls during the 1999 Ji Ji, Taiwan, earthquake was surprising. Well-

designed cantilever and MSE walls have performed well during recent earthquakes. For instance, there

was an MSE wall that continued supporting the embankment adjacent to the Arifiye Bridge that col-

lapsed during the 1999 Kocaeli, Turkey, earthquake (Figure 18.73). A cribwall in the Santa Cruz

Mountains was severely distressed during the 1989 Loma Prieta Earthquake but continued to support

the steeply sloping ground (Figure 18.74). There is no record of a cantilever retaining wall failure during

a California Earthquake. Therefore, well-designed retaining walls continue to be a good method for

supporting most soils.

Other methods of preventing soil movement include planting trees and other vegetation, the use

of geotextiles, installing piles, etc. The foundations of structures may also be strengthened to pre-

vent their movement. Many of the methods used for preventing liquefaction can also be used to

stabilize soils. However, when an area has a long history of landslides, it may be more prudent to build

elsewhere.

FIGURE 18.73 Mechanically stabilized earth wall continues to support the embankment behind the collapsed

Arifiye Overcrossing after the 1999 Kocaeli, Turkey, earthquake.
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18.5.3 Soil–Structure Interaction to Improve Earthquake Response

Soil–structure interaction modifies the ground-input motion at the foundation. By taking advantage of

soil–structure interaction, structures can be protected during earthquakes. Frank Lloyd Wright’s 1915

Imperial Tokyo Hotel survived the 1923 Great Kanto Earthquake because he built his foundation in 70 ft

of weak clay. During the earthquake, the ground underneath moved violently while his hotel (effectively

isolated by this plastic material) remained relatively immobile.

Similarly, a common retrofit technique for bridges is to allow the foundation to rock

during large earthquakes. As the foundation rocks, the period is lengthened and damping is

increased, all of which lowers the demand on the structure. To insure stability, the foundation may

be connected to flexible anchors or an outer perimeter of piles may be placed under (but not

connected to) a widened foundation. The piles will provide support for the foundation as it rocks back

and forth.

Special foundations are sometimes used to improve seismic response. For instance, a popular bridge

foundation in California is the large-diameter drilled pile shaft. These foundations are very flexible,

replacing potentially damaging seismic forces with large displacements. Moreover, when the pile shaft is

allowed to yield, a large plastic hinge forms, which provides more ductility for the structure.

In contrast to California’s efforts to provide more flexibility and ductility in its foundations, Japan has

been developing stiffer and more massive foundations for bridges and other structures. Besides the

advantage of handling very large forces elastically, many of these new foundations use advanced auto-

mation techniques to simplify their construction. The open caisson construction method pushes a precast

hollow cylindrical caisson into the ground while excavating the ground beneath with a grab bucket.

Additional sections are attached to the top until it bears on good material. The caisson segments can be

constructed up to 4 m in diameter and are match-cast for a tight fit. After they are completely assembled,

FIGURE 18.74 Crib wall continues to support steeply sloping soil in Santa Cruz after the 1989 Loma Prieta

Earthquake. (Photo courtesy of EERI.)
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they are filled with soil, and a steel assembly is attached to mount the substructure. This method was

used for the Chiba City Monorail System. The open caisson construction method allowed them to build

large caissons often within a few feet of an existing building (Figure 18.75).

Another innovative foundation in Japan is the continuous diaphragm wall. This method involves

excavating wall-type ditches and casting wall elements in them (Figure 18.76). These walls are connected

together with joint elements. Then, an upper slab connects the top of the walls to the pier. The walls

typically vary in thickness from 1 to 2.8 m. Continuous diaphragm walls come in a variety of shapes.

Circles, rectangles, and grids are all very common. These are used for deep, stiff foundations as well as

enormous shafts and storage tanks.

18.5.4 Structural Elements that Prevent Damage and Improve
Dynamic Response

Improved structural performance during large earthquakes depends on a balanced structural

system. Elements that share the same displacement during large earthquakes must be designed to have

about the same stiffness. Otherwise, the stiffer elements will be forced to resist most of the earthquake

force. Elements that share the same force are often provided with a fuse to limit the force and protect

adjacent members.

Providing great strength to resist earthquakes is usually self-defeating. As the elements are made

stronger, they attract larger earthquake forces. If an element along the load path cannot resist these

forces, it will break, sometimes with disastrous consequences. Elements like shear walls are often used to

limit displacements in buildings, but they are nonductile and will often shatter when unexpectedly large

earthquakes occur.

FIGURE 18.75 Precast caissons were used for the Chiba City, Japan, monorail. (Drawing Courtesy of Japan’s

Public Works Research Institute.)
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The use of isolation and damping devices has gained popularity because they can protect a

structure during several large earthquakes without suffering damage or requiring replacement.

Moreover, these devices have proven to be effective for new construction as well as for retrofitting

vulnerable existing structures.

The new San Francisco Airport International Terminal is a large steel frame building with a

truss roof (Figure 18.77). It is the largest base-isolated building in the world. To ensure that it would

remain in service after a very large (magnitude 8) earthquake, 267 friction pendulum seismic isolation

bearings were placed between the steel columns and the foundations (Figure 18.78 and Figure 18.79).

Each bearing can move 20 in. while supporting 6000 kip. The bearings increased the building’s

fundamental period to 3 s and reduced the earthquake force by 70%.

These interesting devices are surprisingly simple in principle. For service level loads, static

friction restrains the system. During an earthquake, the system operates like a pendulum

(Figure 18.80) with the amount of damping controlled by dynamic friction and with the period

1

6 7 8 9 10

2 3 4 5

FIGURE 18.76 Construction sequence for diaphragm foundations. (Drawing courtesy of Japan’s Public Works

Research Institute.)

FIGURE 18.77 Construction of the new San Francisco Airport International Terminal. (Photo courtesy of

Earthquake Protection Systems Inc.)
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and stiffness as shown below (where R is the radius, W is the weight, and g is the acceleration due

to gravity).

T ¼ 2p

ffiffiffiffi
R

g

s
ð18:3Þ

K ¼ W

R
ð18:4Þ

The period of the structure is increased by flattening the bearing’s concave surface and the force–

displacement relationship is modified by changing the friction or the dead load. Similarly, the design of

the pyramid-shaped ‘‘Money Store’’ in West Sacramento (Figure 18.81) included fluid viscous dampers

(FVD) to absorb energy and allow the steel moment-resisting frame to remain elastic during large

FIGURE 18.79 One of the 267 friction pendulum devices for the new San Francisco Airport International

Terminal. (Photo courtesy of Earthquake Protection Systems Inc.)

FIGURE 18.78 Layout of foundations and friction pendulum devices for the new San Francisco Airport

International Terminal. (Photo courtesy of Earthquake Protection Systems Inc.)
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earthquakes. The FVDs are cylinders filled with liquid silicon. When a load is applied, a piston pushes

through the viscous fluid in the cylinder, absorbing energy (Figure 18.82). Concentrically braced frames

were built with FVDs between the diagonal braces and the columns to increase the damping ratio of the

building to 15% and reduce the story drift ratio to 0.005 (Figure 18.83).

R R
W

Pendulum motion Sliding pendulum motion

Period: T = 2�  R/g Stiffness: K = W/R

FIGURE 18.80 The structure’s period is controlled by the radius of the curved bearing. (Drawing courtesy of

Earthquake Protection Systems Inc. Zayas et al., The FPS earthquake resisting system, University of California,

Berkeley, CA, 1987.)

FIGURE 18.81 The uniquely shaped ‘‘Money Store’’ was designed with fluid viscous dampers to improve its

seismic behavior. (Photo courtesy of Marr-Shaffer & Miyamoto, Structural Engineers.)
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Seismic activity pushes piston
into cylinder compressing silicone
fluid in chamber 2

Fluid flows from chamber 2 into
chamber 1 through orifices in
piston head until compression
force is equal in both chambers

To prevent “boing” or bouncing
effect, a control valve releases
fluid into a third chamber, the
accumulator housing
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FIGURE 18.82 Schematic drawing of a fluid viscous damper. (Drawing courtesy of Taylor Devices Inc.)

FIGURE 18.83 The steel frames included fluid viscous dampers to reduce the story drift. (Photo courtesy of

Marr-Shaffer & Miyamoto, Structural Engineers.)
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Isolation and damping devices are equally adept at providing protection for seismically vulnerable

existing buildings. The Long Beach VA Hospital is a concrete shear-wall structure that was found to be

vulnerable to large earthquakes (Figure 18.84). Many retrofit strategies were studied before isolation was

finally accepted as the best way to keep the hospital functioning after a large earthquake on the nearby

Pales Verdes and San Andreas Faults. Because the hospital also had to remain in service during con-

struction, the sequence of the construction was crucial and the contractor had to be responsive to any

problems that developed that could impact the daily operations of the hospital. Most challenging was

completely isolating the structure. A moat had to be dug around the building and flexible connections

had to be designed for all the utility lines as they entered the building.

Lead-rubber bearings were installed a few feet above the base of all 150 concrete columns that

supported the building (Figure 18.85). Each bearing was 22 in. tall and 24 in. in diameter. First, friction

gripping devices were used to transfer the load from the column onto hydraulic jacks. Then, a 20-ft

section of the column was replaced with a lead-rubber isolation bearing. These bearings have a lead core

that provides an initial high stiffness for service loads. During large earthquakes the lead core yields,

providing damping for the structure. The bearings used on the Long Beach VA Hospital will allow the

ground to move 16 in. without impacting the building.

Isolation and damping devices can also be used on other structures. The All American Canal Bridge in

California is one of the many bridges that uses lead-rubber bearings to isolate the superstructure from

earthquake ground motions (Figure 18.86).

The Vincent Thomas Suspension Bridge (a mile from the Long Beach VA Hospital) was retrofit with

80 FVDs to absorb energy and prevent the bridge deck from pounding against the towers and cable bents

(Figure 18.87). The connection between the towers and the truss was modified to allow very large relative

movements. The truss section on each side of the towers was replaced with a new unit that includes a

deck section with 26-ft-long finger joints and large viscous dampers to absorb energy and prevent the

truss from pounding against the towers (Figure 18.88).

In general, isolation and damping devices have performed very well during large earthquakes.

However, isolated structures have usually been too far away to experience really large accelerations. The

one occurrence where isolation and damping devices were very close to a fault rupture was on the Bolu

FIGURE 18.84 The existing Long Beach VA Hospital was seismically retrofit with lead-rubber bearings. (Photo

courtesy of Dynamic Isolation Systems, Inc.)
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FIGURE 18.85 The concrete columns were cut at midheight and lead-rubber isolation devices were installed.

(Photo courtesy of Dynamic Isolation Systems Inc.)

FIGURE 18.86 Lead-rubber isolation bearings on the All American Canal Bridge in California.

FIGURE 18.87 The Vincent Thomas Bridge is a three-span suspension structure built over the port of Los Angeles.
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Viaduct during the 1999 Duzce Earthquake. However, in this installation the bearings were eccentric to

the dampers, resulting in out-of-plane motions that locked up the dampers and caused significant

damage to the bridge. It will probably take several earthquakes to work out all the bugs and come up

with installations that work most effectively. Because of the increased use of isolation and damping

devices on structures in highly seismic areas, there should be many more opportunities to study their

behavior.

When isolation and damping devices are not used, a sacrificial element will often limit the force

and increase the damping in a structure. New RC beams and columns are provided with welded

hoops and spirals that allow these members to form plastic hinges during large earthquakes. Existing

concrete members are sometimes wrapped in steel casings, fiberglass, carbon fiber, and many

other materials to increase their shear capacity and allow for the formation of a plastic hinge

(Figure 18.89).

Steel structures have undergone similar improvements. Beginning in the late 1970s eccentrically

braced frames (EBFs) were developed that provide greater stiffness and ductility during earthquakes.

The EBF has a ductile link between the connections that is specially designed to act as an

energy dissipater. This concept has been expanded to include a variety of different configurations

(Figure 18.90).

The poor performance at the connections of moment-resisting frames during the Northridge and

Kobe Earthquakes has resulted in a great deal of research and testing. There are now a variety of welded

beam–column joints that ensure ductile behavior in the members rather than brittle fracture of the joint.

One popular new connection is the ‘‘dog bone’’ (Figure 18.91). Testing has shown that plastic hinging

will occur at the reduced section, protecting the connection.

There are a number of other devices and structural elements that improve structural response during

large earthquakes. Restrainers, shear keys, catchers, and seat extenders are used to prevent bridge

superstructures from falling from their supports. A variety of materials are wrapped around weak

columns to increase their ductility. However, isolation and damping devices show the greatest potential

FIGURE 18.88 The Vincent Thomas Bridge retrofit provided gaps between the decks and the towers and also fluid

viscous dampers to dissipate energy. (Photo courtesy of Enidine Inc.)
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to control the amount of damage on a structure, particularly when the goal is to keep the structure in

service after a very large earthquake.

By ensuring that the supporting soil remains undamaged, by avoiding sites near active faults or other

secondary hazards, and by the effective use of isolation and damping devices, most serious earthquake

damage can be avoided. However, every structure should also be provided with abundant ductility and

Ductile links

Split-K EBF V EBF

FIGURE 18.90 Two of the many configurations that have been developed for eccentrically braced connections.

FIGURE 18.89 Steel shell being wrapped around a concrete bridge column to increase its ductility and

shear strength.
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large seats in case an expectedly large earthquake were to occur. Moreover, all structures must be

carefully designed to be relatively uniform and without eccentric loads.
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19
Seismic Design of

Buildings

19.1 Introduction

Seismic design involves two distinct steps — determining (or estimating) the forces that will act on

a structure and designing the structure so as to both resist these forces and keep deflections within

prescribed limits. This chapter provides a basic explanation of the seismic design of buildings, by first

discussing how earthquake forces are caused in buildings and the systems that have been developed

to deal with these forces, then reviewing the most common types of buildings and their typical

seismic performance, then discussing selected key aspects of seismic design, and, finally, discussing the

force-determination aspect currently used in building codes.

19.2 Earthquakes — Their Cause and Effect

As discussed in Chapter 17, displacement of a fault results in the propagation of time-varying dis-

placements throughout the earth — this vibratory ground motion is what is termed an earthquake. From

a structural viewpoint, the essence of earthquakes is the dynamic displacement of the ground supporting

a building, resulting in lateral and vertical forces on the building. In this chapter, emphasis will be on the

lateral forces on a building due to shaking — vertical forces due to shaking are usually of somewhat less

significance, but not always, and building codes and good practice require that vertical forces also be

considered in the seismic design of buildings. While earthquakes also result in other effects on buildings,
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such as partial or complete ground failure, fire, and tsunami, design for these effects is more specialized

and will not be covered here.

For a structure connected to the earth (and very few buildings are not connected to the earth through

their base or foundation), as the base moves or displaces, the inertia and flexibility of the structure result

in a time lag before the rest of the structure can displace in response to its base’s displacement. The

interaction of these displacements and the response of the structure result in time-varying displacements

and strains within the structure, which the structure must be designed to sustain. For a structure

responding to a moving base there is an equivalent system, in which the base is fixed and the structure is

acted upon by forces (called inertia forces) that cause the same displacements as are occurring in the

moving base system. In seismic design it is customary to visualize the structure as a fixed base system

acted upon by inertia forces. Figure 19.1 shows such a system, in which the base has moved (due to the

ground accelerations) and the roof is deflected. The roof ’s deflection is relative to its base, and is due to it

and its supporting walls not moving or displacing as quickly as the base has displaced underneath it. This

is exactly equivalent as if a force had been applied to the roof, which deflected the roof and its supporting

walls the same amount, relative to its base.

19.3 Lateral Force Resisting Systems

The parts of the structure that connect the structure’s mass to the ground and resist or otherwise

accommodate these displacements or equivalent forces are termed the lateral force resisting system

(LFRS). An LFRS is usually capable of resisting only forces that result from ground motions parallel to

them. However, the combined action of LFRS along the width and length of a building can typically

resist earthquake motion from any direction. LFRS differ from building to building because the type

of system is controlled to some extent by the basic layout and structural elements of the building.

Figure 19.2 illustrates the basic elements that may be used in LFRS, which consist of axial (tension and/or

compression bracing) elements, shear (wall) elements, and/or bending resistant (frame) elements.

Horizontal load distributing elements are termed diaphragms and are most often floor or roof slabs, but

can be horizontally braced (i.e., truss) elements. Few buildings would use all of these LFRS elements, but

most buildings would use one or more.

The earthquake resisting systems in modern steel buildings take many forms, Figure 19.3. Many types

of bracing configurations have been used (diagonal, ‘‘X,’’ ‘‘V,’’ ‘‘K,’’ etc.). Moment resisting steel frames

Undeformed building shape

Ground acceleration “Z ”
Out-of-plane
forces

In-plane
forces

Diaphragm

Lateral force resisting system
(shear wall, braced frame, moment frame)

FIGURE 19.1 Effect of ground displacements on a building.
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FIGURE 19.3 (a)–(c) Traditional earthquake force resisting systems. (d)–(f) Emerging technologies for

earthquake force reducing systems.
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are also capable of resisting lateral loads. In this type of construction, the connections between the beams

and the columns are designed to resist the rotation of the column relative to the beam. Thus, the beam

and the column work together and resist lateral movement by bending. This is contrary to the braced

frame, where loads are resisted through tension and compression forces in the braces. Steel buildings are

sometimes constructed with moment resistant frames in one direction and braced frames in the other, or

with integral concrete or masonry shear walls.

In concrete and masonry structures, moment-resisting frames (MRFs) or shear walls1 are used to

provide lateral resistance. Ideally, these shear walls are continuous walls extending from the foundation

to the roof of the building and can be exterior or interior walls. They are interconnected with the rest of

the concrete frame and thus resist the motion of one floor relative to another. Shear walls can be

constructed of cast-in-place reinforced concrete, precast concrete, reinforced brick, or reinforced hollow

concrete block. Steel shear walls have been employed, but are not common.

19.3.1 Innovative Techniques

In about the last two decades, a number of innovative techniques have been developed and introduced to

enable buildings and structures to better withstand earthquake ground motions. The general aim of these

techniques, which are also shown in Figure 19.3, has been the avoidance of earthquake-induced forces,

rather than their resistance. Innovative techniques can be divided into two broad categories, passive

control (base isolation, energy dissipation) and active control, which are being increasingly applied to the

design of new structures or to the retrofit of existing structures against wind, earthquakes, and other

external loads (Soong and Costantinou 1994; Iemura and Pradono 2002; Yang et al. 2002).

19.3.1.1 Passive Control

The distinction between passive and active controls is that passive systems require no active intervention

or energy source, while active systems typically monitor the structure and incoming ground motion and

seek to actively control masses or forces in the structure (via moving weights, variable tension tendons,

etc.) so as to develop a structural response (ideally) equal and opposite to the structural response due to

the incoming ground motion. Recently developed semiactive control systems appear to combine the best

features of both approaches, offering the reliability of passive devices and yet maintaining the versatility

and adaptability of fully active systems. Magnetorheological (MR) dampers, for example, are new

semiactive control devices that use MR fluids to create a controllable damper.

Passive control includes several categories: base isolation consists of softening of the shear capacity of

a structure’s connection with the ground, while maintaining vertical load-carrying capacity, so as to

reduce the earthquake ground motion input to the structure. This has mostly been accomplished to date

via the use of various types of rubber, lead–rubber, rubber–steel composite, or other types of bearings

beneath columns. Key aspects of most of the base isolation systems developed to date are

(a) economically limited to selected classes of structures (not too tall or short); (b) require additional

foundation expense, including special treatment of incoming utility lines; and (c) require a certain

amount of ‘‘rattlespace’’ around the structure to accommodate the additional displacements that the

bearings will undergo. For new structures, these requirements are not especially onerous and a number

of new structures in Japan and a few in other countries have been designed for base isolation. Most

applications of this technology in the United States, however, have been for the retrofit of existing

(usually historic) structures, where the technology permitted increased seismic capacity without major

modification to the architectural features. The technique has been applied to a number of highway

bridges and some industrial structures in the United States.

1Termed shear walls because the depth to width ratio is so large that deformation is primarily due to shear rather

than bending.
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19.3.1.1.1 Supplemental Damping

If damping can be significantly increased, then structural responses (and therefore forces and

displacements) are greatly reduced (Hanson et al. 1993). Supplemental damping systems include friction

systems (e.g., Sumitomo, pall, and friction-slip) based on Coulomb friction, self-centering friction

resistance that is proportional to displacement (e.g., Fluor–Daniel energy dissipating restraint), or

various energy dissipation mechanisms: ADAS (added damping and stiffness) elements, which utilize the

yielding of mild-steel X-plates; viscoelastic shear dampers using a 3M acrylic copolymer as the dissipative

element; or nickel–titanium alloy shape-memory devices that take advantage of reversible, stress-

induced phase changes in the alloy to dissipate energy (Aiken et al. 1993). These systems are generally

still in the developmental stage although there are no special obstacles for the implementation of the

ADAS system, which has seen one application to date in the United States (Perry et al. 1993) and more

in other countries.

19.3.1.2 Active Control

Active control depends on actively modifying a structure’s mass, stiffness, or geometric properties during

its dynamic response in such a manner so as to counteract and reduce excessive displacements (Iemura

and Pradono 2002). Tuned mass dampers, reliance on liquid sloshing (Lou et al. 1994), and active

tensioning of tendons are methods currently under investigation. Most methods of active control are real

time, relying on measurement of structural response, rapid structural computation, and fast-acting

energy sources. A number of issues of reliability remain to be resolved (Spencer et al. 1994).

19.4 Types of Buildings and Typical Earthquake Performance

There are many different types of buildings, with varying kinds of earthquake performance and seismic

design needs. This section discusses general earthquake performance of buildings, with the emphasis

more toward those buildings typically built in the western United States. Specific aspects of structural

analysis and design of buildings, other structures, steel, concrete, wood, masonry, and other topics are

discussed in other chapters.

In buildings, earthquake performance can be divided into two categories: structural and non-

structural, both of which when unsatisfactory can be hazardous to building occupants — when damage

occurs. Structural damage means degradation of the building’s structural support systems (i.e., vertical

and lateral force resisting systems), such as the building frames and walls. Nonstructural damage

refers to any damage that does not affect the integrity of the structural support system. Examples of

nonstructural damage are a chimney collapsing, windows breaking, ceilings falling, piping damage,

and disruption of pumps, control panels, telecommunications equipment, etc. Nonstructural damage

can still be life threatening and costly. The type of damage to be expected is a complex issue that

depends on the structural type and age of the building, its configuration, construction materials, the site

conditions, the proximity of the building to neighboring buildings, and the type of nonstructural

elements.

The typical earthquake performances of different types of common building structural systems are

described in this section to provide insights into seismic design for buildings.

19.4.1 Wood Frame

Wood-frame structures tend to be mostly low rise (one to three stories, occasionally four stories).

Vertical framing may be of several types, for example, stud wall, braced post and beam, or timber pole:

� Stud walls are typically constructed of 2 in. by 4 in. wood members vertically set about 16 in. apart —

multiple story buildings may have 2� 6 or larger studs. These walls are braced by plywood

sheathing or by diagonals made of wood or steel. Most detached single and low-rise multiple

family residences in the United States are of stud wall wood frame construction, Figure 19.4.
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� Post and beam construction is not very common in the United States, although it is the basis of the

traditional housing in other countries (e.g., Europe, Japan); in the United States, it is found mostly

in older housing and larger buildings (i.e., warehouses, mills, churches, and theaters). This type of

construction consists of larger rectangular (6 in. by 6 in. and larger) or sometimes round wood

columns framed together with large wood beams or trusses.
� Timber pole buildings are a less common form of construction found mostly in suburban/rural

areas. Generally adequate seismically when first built, they are more often subject to wood

deterioration due to the exposure of the columns, particularly near the ground surface. Together

with an often-found ‘‘soft story’’ in this building type, this deterioration may contribute to

unsatisfactory seismic performance.

In wood frame stud-wall buildings, the resistance to lateral loads is typically provided by (a) for

older buildings, especially houses, wood diagonal ‘‘let-in’’ bracing and (b) for newer (primarily

Roof/floor span systems
1. Wood joist and rafter
2. Diagonal sheathing
3. Straight sheathing

Wall systems
4. Stud wall (platform or balloon frame)
5. Horizontal siding

Foundation/connections
6. Unbraced cripple wall
7. Concrete foundation
8. Brick foundation

Bracing and details
  9. Unreinforced brick chimney
10. Diagonal blocking
11. Let-in brace (only in vintage)

2

3
5

10

114

9

6

8

7

1

FIGURE 19.4 Schematic of wood light-frame construction. (From Federal Emergency Management Agency.

1988. Rapid Visual Screening of Buildings for Potential Seismic Hazards: A Handbook, FEMA 154, FEMA,

Washington, DC.)
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post-World War II) buildings, plywood siding ‘‘shear walls.’’ Without the extra strength provided by the

bracing or plywood, walls would distort excessively or ‘‘rack,’’ resulting in broken windows, stuck doors,

cracked plaster, and, in extreme cases, collapse.

Stud-wall buildings have performed very well in past U.S. earthquakes for ground motions of about

0.5g or less, due to inherent qualities of the structural system and because they are lightweight and low

rise. Cracking in plaster and stucco may occur and these act to degrade the strength of the building to

some extent (i.e., the plaster and stucco may in fact form part of the LFRS, sometimes by design) —

this is usually classified as nonstructural damage but, in fact, dissipates a lot of the earthquake-induced

energy. However, the most common type of structural damage in older wood-frame buildings results

from a lack of connection between the superstructure and the foundation — the so-called ‘‘cripple

wall’’ construction. This kind of construction is common in the milder climes of the west, where full

basements are not required, and consists of an air space (typically 2–3 ft) left under the house — the

short stud walls under the first floor (termed by carpenters a cripple wall because of their less than full

height) were usually built without bracing so that their is no adequate LFRS for this short height.

Plywood sheathing nailed to the cripple studs may have been used to strengthen the cripple walls.

Additionally, the mud sill in these older (typically pre-World War II) housing may not be bolted to the

foundation. As a result, houses can slide off their foundations when not properly bolted to the

foundation, resulting in major damage to the building as well as to plumbing and electrical connec-

tions. Overturning of the entire structure is usually not a problem because of the low-rise geometry.

In many municipalities, modern codes require wood structures to be bolted to their foundations.

However, the year that this practice was adopted will differ from community to community and should

be checked.

Garages often have a very large door opening in one wall with little or no bracing. This wall has almost

no resistance to lateral forces, which is a problem if a heavy load such as a second story sits on top of the

garage (the so-called house over garage, or HOGs). Homes built over garages have sustained significant

amounts of damage in past earthquakes, with many collapses. Therefore, the HOG configuration, which

is found commonly in low-rise apartment complexes and some newer suburban detached dwellings,

should be examined more carefully and perhaps strengthened.

Unreinforced masonry (URM) chimneys also present a life-safety problem. They are often inade-

quately tied to the building and therefore fall when strongly shaken. On the other hand, chimneys of

reinforced masonry generally perform well.

Some wood-frame structures, especially older buildings in the eastern United States, have masonry

veneers that may represent another hazard. The veneer usually consists of one wythe of brick (a wythe is

a term denoting the width of one brick) attached to the stud wall. In older buildings, the veneer is either

insufficiently attached or has poor quality mortar, which often results in peeling off of the veneer during

moderate and large earthquakes.

Post and beam buildings tend to perform well in earthquakes if adequately braced. However, walls

often do not have sufficient bracing to resist horizontal motion and thus they may deform excessively.

The 1994 MW 6.7 Northridge earthquake was the largest earthquake to occur directly within an

urbanized area since the 1971 San Fernando earthquake — ground motions were as high as 0.9g and

substantial numbers of modern wood-frame dwellings sustained significant damage, including major

cracking of veneers, gypsum board walls, and splitting of wood wall studs. It may be inferred from this,

as well as the performance observed in the more sparsely populated epicentral regions of the 1989 MW

7.1 Loma Prieta Earthquake, that U.S. single family dwelling design begins to sustain substantial non-

structural and structural damage for peak ground acceleration in excess of about 0.5g.

19.4.2 Steel-Frame Buildings

Steel-frame buildings generally may be classified as MRFs, braced frames, or mixed construction (e.g.,

steel frame for vertical forces and reinforced concrete shear wall for the LFRS) based on their LFRSs.

In concentric braced frames the lateral forces or loads are resisted by the tensile and compressive
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strength of the bracing, which can assume a number of different configurations including diagonal, ‘‘V,’’

inverted ‘‘V’’ also termed chevron, ‘‘K,’’ etc. A recent development in seismic bracing is the eccentric

brace frame. Here, the bracing is slightly offset from the main beam to column connection, and the short

section of the beam is expected to deform significantly under major seismic forces and thereby dissipate

a considerable portion of the energy. MRFs resist lateral loads and deformations by the bending stiffness

of the beams and columns (there is no bracing), Figure 19.5.

Steel-frame buildings have tended to perform satisfactory in earthquakes with ground motions less

than about 0.5g because of their strength, flexibility, and lightness. Collapse in earthquakes has been very

rare, although steel-frame buildings did collapse, for example, in the 1985 Mexico City Earthquake.

More recently, following the 1994 MW 6.7 Northridge Earthquake, a number of MRFs were found to

have sustained serious cracking in the beam column connection; see Figure 19.6, which shows one of a

number of different types of cracking that were found following the Northridge Earthquake. The

cracking typically initiated at the lower beam flange location and propagated upward into the shear

panel. Similar cracking was also observed following the 1995 MW 6.9 Hanshin (Kobe) Earthquake, which

experienced similar levels of ground motion as Northridge. More worrisome is that, as of this writing,

some steel buildings in the San Francisco Bay Area have been found to have similar cracking, presumably

as a result of the 1989 MW 7.1 Loma Prieta Earthquake. As a result, there is an ongoing effort by a

consortium of research organizations, termed SAC (funded by the Federal Emergency Management

Agency) to better understand and develop solutions for this problem.

Light-gage steel buildings are used for agricultural structures, industrial factories, and warehouses.

They are typically one story in height, sometimes without interior columns, and often enclose a large

floor area, Figure 19.7. Construction is typically of steel frames spanning the short dimension of the

building and resisting lateral forces as moment frames. Forces in the long direction are usually resisted

by diagonal steel rod bracing. These buildings are usually clad with lightweight metal or asbestos

reinforced concrete siding, often corrugated. Because these buildings are low rise, lightweight, and

constructed of steel members, they usually perform relatively well in earthquakes. Collapses do not

usually occur. Some typical problems are (a) insufficient capacity of tension braces can lead to their

elongation and, in turn, building damage and (b) inadequate connection to the foundation can allow the

building columns to slide.

19.4.3 Concrete Buildings

Several construction subtypes fall under this category: (a) MRFs (nonductile or ductile); (b) shear wall

structures; and (c) precast, including tilt-up structures. The most prevalent of these is nonductile

reinforced concrete frame structures with or without infill walls built in the United States between about

1920 and (in the western United States) 1972. In many other portions of the United States this type of

construction continues to the present. This group includes large multistory commercial, institutional,

and residential buildings constructed using flat slab frames, waffle slab frames, and the standard girder-

column-type frames. These structures generally are more massive than steel frame buildings, are

underreinforced (i.e., have insufficient reinforcing steel embedded in the concrete), and display low

ductility. Some typical problems are (a) large tie spacings in columns can lead to a lack of concrete

confinement and/or shear failure; (b) placement of inadequate rebar splices at the same location can lead

to column failure; (c) insufficient shear strength in columns can lead to shear failure prior to the

development of moment hinge capacity; (d) insufficient shear tie anchorage can prevent the column

from developing its full shear capacity; (e) lack of continuous beam reinforcement can result in hinge

formation during load reversal; (f ) inadequate reinforcing of beam–column joints or location of beam

bar splices at columns can lead to failures; and (g) the relatively low stiffness of the frame can lead to

substantial nonstructural damage.

Ductile reinforced concrete frames where special reinforcing details are required in order to furnish

satisfactory load-carrying performance under large deflections (termed ductility) have usually only been

required in the highly seismic portions of the United States since the mid-1970s. ACI-318 (1995)
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provides comprehensive treatment for the ductile detailing, which involves a number of special

requirements including close spacing of lateral reinforcement in order to attain confinement of a concrete

core, appropriate relative dimensioning of beams and columns, 135� hooks on lateral reinforcement,

hooks on main beam reinforcement within the column, etc.

Cracking

Beam

Stiffener

Column

Backup

Cracking

FIGURE 19.6 Example steel moment–frame connection cracking.
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lightweight purlings typ.

Diaphragm 
tie-rod 
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Varies
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FIGURE 19.7 Light steel construction.
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Concrete shear wall buildings consist of a concrete box or frame structural system with walls

constituting the main LFRS, Figure 19.8. The entire structure, along with the usual concrete dia-

phragm, is typically cast in place. Shear walls in buildings can be located along the perimeter, as

interior walls, or around the service or elevator core. This building type generally tends to perform

better than concrete frame buildings. They are heavier than steel-frame buildings but they are also

rigid due to the shear walls. Some types of damage commonly observed in taller buildings are caused

by vertical discontinuities, pounding, and/or irregular configuration. Other damages specific to this

building type are (a) shear cracking and distress can occur around openings in concrete shear walls

during large seismic events; (b) shear failure can occur at wall construction joints usually at a load

level below the expected capacity; and (c) bending failures can result from insufficient chord steel lap

lengths.

Tilt-up buildings are a common type of construction in the western United States and consist of

concrete wall panels cast on the ground and then tilted upward into their final positions. More recently,

wall panels are fabricated off-site and trucked in. The wall panels are welded together at embedments or

held in place by cast-in-place columns or steel columns, depending on the region. The floor and roof

beams are often glue-laminated wood or steel open webbed joists that are attached to the tilt-up wall

panels; these panels may be load bearing or nonload bearing, depending on the region. These buildings

tend to be low-rise industrial or office buildings. Before 1973 in the western United States, many tilt-up

buildings did not have sufficiently strong connections or anchors between the walls and the roof and

floor diaphragms. During an earthquake, weak anchors pull out of the walls, causing the floors or roofs

1

2
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Roof/floor span systems 
1. Heavy timber rafter roof 
2. Concrete joist and slab
3. Concrete flat slab

Wall system 
4. Interior and exterior concrete
    bearing walls 
5. Large window penetrations of 
    school and hospital buildings

Simplified description of typical buildings
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FIGURE 19.8 Reinforced concrete shear wall construction.
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to collapse. The connections between concrete panels are also vulnerable to failure. Without these, the

building loses much of its lateral force resisting capacity. For these reasons, many tilt-up buildings were

damaged in the 1971 San Fernando Earthquake. Since 1973, tilt-up construction practices have changed

in California and other high-seismicity regions, requiring positive wall–diaphragm connection and

prohibiting cross-grain bending in wall ledgers. (Such requirements may not have yet been made in

other regions of the country.) However, a large number of these older, pre-1970s vintage tilt-up

buildings still exist and have not been retrofitted to correct this wall-anchor defect. These buildings are

a prime source of seismic hazards. In areas of low or moderate seismicity, inadequate wall anchor

details continue to be employed. Damage to tilt-up buildings was observed again in the 1994 MW 6.7

Northridge earthquake, where the primary problems were poor wall anchorage into the concrete and

excessive forces due to flexible roof diaphragms amplifying ground motion to a greater extent than

anticipated in the code.

Precast concrete frame construction, first developed in the 1930s, was not widely used until the 1960s.

The precast frame is essentially a post and beam system in concrete where columns, beams, and slabs are

prefabricated and assembled on site, Figure 19.9. Various types of members are used: vertical load-

carrying elements may be Ts, cross-shapes, or arches and are often more than one story in height. Beams

are often Ts and double Ts or rectangular sections. Prestressing of the members, including pretensioning

and posttensioning, is often employed. The LFRS is often concrete cast-in-place shear walls. The

earthquake performance of this structural type varies greatly and is sometimes poor. This type of

building can perform well if the details used to connect the structural elements have sufficient strength

and ductility (toughness). Because structures of this type often employ cast-in-place concrete shear walls

for lateral load resistance, they experience the same types of damage as other shear wall building types.

Some of the problem areas specific to precast frames are (a) poorly designed connections between

Roof/floor span systems 
1. Structural concrete “T” sections
2. Structural double “T” sections
3. Hollow core concrete slab 

Wall systems 
4. Load-bearing frame components (cross)
5. Multistory load-bearing panels

Curtain wall system 
6. Precast concrete panels 
7. Metal, glass, or stone panels
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8. Precast column and beams
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FIGURE 19.9 Precast concrete construction.
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prefabricated elements can fail; (b) accumulated stresses can result due to shrinkage and creep and due to

stresses incurred in transportation; (c) loss of vertical support can occur due to inadequate bearing area

and/or insufficient connection between floor elements and columns; and (d) corrosion of metal con-

nectors between prefabricated elements can occur. A number of precast parking garages failed in the

1994 MW 6.7 Northridge Earthquake, including a large structure at the Cal State Northridge campus that

sustained a progressive failure. This structure had a perimeter precast MRF and interior non-

ductile columns — the MRF sustained large but tolerable deflections; however, interior nonductile

columns failed under these deflections, resulting in an interior collapse, which then pulled the exterior

MRFs over.

19.4.4 Masonry Buildings

Reinforced masonry buildings are mostly low-rise perimeter bearing wall structures, often with wood

diaphragms although precast concrete is sometimes used. Floor and roof assemblies usually consist of

timber joists and beams, glue-laminated beams, or light steel joists. The bearing walls consist of grouted

and reinforced hollow or solid masonry units. Interior supports, if any, are often wood or steel columns,

wood stud frames, or masonry walls. Generally, they are less than five stories in height although many

mid-rise masonry buildings exist. Reinforced masonry buildings can perform well in moderate earth-

quakes if they are adequately reinforced and grouted and if sufficient diaphragm anchorage exists.

Most URM bearing wall structures in the western United States were built before 1934, although this

construction type was permitted in some jurisdictions having moderate or high seismicity until the late

1940s or early 1950s (in low-seismicity jurisdictions URM may still be a common type of construction,

even today). These buildings usually range from one to six stories in height and typically construction

varies according to the type of use, although wood floor and roof diaphragms are common. Smaller

commercial and residential buildings usually have light wood floor/roof joists supported on the typical

perimeter URM wall and interior wood load-bearing partitions. Larger buildings, such as industrial

warehouses, have heavier floors and interior columns, usually of wood. The bearing walls of these

industrial buildings tend to be thick, often as much as 24 in. or more at the base. Wall thicknesses of

residential buildings range from 9 in. at upper floors to 18 in. at lower floors. URM structures are

recognized as perhaps the most hazardous structural type. They have been observed to fail in many

modes during past earthquakes. Typical problems are

1. Insufficient anchorage. Because the walls, parapets, and cornices are not positively anchored to the

floors, they tend to fall out. The collapse of bearing walls can lead to major building collapses.

Some of these buildings have anchors as a part of the original construction or as a retrofit. These

older anchors exhibit questionable performance.

2. Excessive diaphragm deflection. Because most of the floor diaphragms are constructed of wood

sheathing, they are very flexible and permit large out-of-plane deflection at the wall transverse to

the direction of the force. The large drift, occurring at the roof line, can cause the masonry wall to

collapse under its own weight.

3. Low shear resistance. The mortar used in these older buildings is often made of lime and sand,

with little or no cement, and has very little shear strength. The bearing walls will be heavily

damaged and collapse under large loads.

4. Wall slenderness. Some of these buildings have tall story heights and thin walls. This condition,

especially in nonload-bearing walls, will result in buckling out-of-plane under severe lateral load.

Failure of a nonload-bearing wall represents a falling hazard, whereas the collapse of a load-

bearing wall will lead to partial or total collapse of the structure.

19.4.5 Configuration, Irregularities, and Pounding

Certain problems in earthquake performance are common to many building types and include issues of

configuration, irregularities, and pounding.
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19.4.5.1 Configuration and Irregularities

Configuration, or the general vertical and/or horizontal shape of buildings, is an important factor in

earthquake performance and damage. Buildings that have simple, regular, symmetric configurations

generally display the best performance in earthquakes. The reasons for this are (a) nonsymmetric

buildings tend to have twist (i.e., have significant torsional modes) in addition to shaking laterally and

(b) the various ‘‘wings’’ of a building tend to act independently, resulting in differential movements,

cracking, and other damage. Rotational motion introduces additional damage, especially at re-entrant

or ‘‘internal’’ corners of the building. The term ‘‘configuration’’ also refers to the geometry of lateral load

resisting systems as well as the geometry of the building. Asymmetry can exist in the placement of

bracing systems, shear walls, or MRFs that are used to provide earthquake resistance in a building. This

type of asymmetry, of the LFRS, can result in twisting or differential motion, with the same consequences

as asymmetry in the building plan. An important aspect of configuration is soft story, which is a story of

a building signifiantly less stiff than adjacent stories (i.e., a story in which the lateral stiffness is 70% or

less than that in the story above or less than 80% of the average stiffness of the three stories above; BSSC

2001). Soft stories often (but not always) occur on the ground floor, where commercial or other reasons

require a greater story height, and large windows or openings for ingress or commercial display (e.g., the

building might have masonry curtain walls for the full height, except at the ground floor, where these are

replaced with large windows for a store’s display). Due to inadequate stiffness, a disproportionate

amount of the entire building’s drift is concentrated at the soft story, resulting in nonstructural and

potential structural damage. Many older buildings with soft stories but built prior to recognition of this

aspect collapse due to excessive ductility demands at the soft story.

The National Earthquake Hazard Reduction Program (NEHRP) provisions for the design of new

buildings (BSSC 2001) have defined when a building’s configuration is ‘‘irregular,’’ and provided

required strength increase factors or other approaches to deal with these irregularities. The NEHRP

definitions for plan and vertical irregularities are illustrated in Table 19.1 and Table 19.2.

19.4.5.2 Pounding

Pounding is the collision of adjacent buildings during an earthquake due to insufficient lateral clearance.

Such collision can induce very high and unforeseen accelerations and story shears in the overall

structure. Additionally, if adjacent buildings have varying story heights, a relatively rigid floor or roof

diaphragm may impact adjacent buildings at or near mid-column height, causing bending or shear

failure in the columns and subsequent story collapse. Under earthquake lateral loading, buildings deflect

significantly — these deflections or drift are limited by code — and adjacent buildings must be separated

by a seismic gap equal to the sum of their actual calculated drifts (i.e., ideally, each building set back from

its property line by the drift). Pounding has been the cause of a number of mid-rise building collapses,

most notably in the 1985 Mexico City Earthquake.

19.5 2000 NEHRP Recommended Provisions

19.5.1 Overview

The 2000 NEHRP Recommended Provisions for Seismic Regulation for Buildings and Other Structures

(NEHRP Provisions) represents the current state of the art in prescriptive, as opposed to performance-

based, provisions for seismic-resistant design. Its provisions form the basis for earthquake design

specifications contained in the 2001 edition of ASCE-7, Minimum Design Loads for Buildings and other

Structures, either through reference or direct incorporation, the seismic regulations in the 2003 edition of

the International Building Code, and also the 2002 edition of the NFPA 5000 Building Code (NFPA, n.d.). As

such, it will form the basis for most earthquake-resistant design in the United States, as well as other

nations that base their codes on U.S. practices, throughout much of the first decade of the twenty-first

century.
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The NEHRP Provisions assume significant amounts of nonlinear behavior will occur under design level

events. The extent of nonlinear behavior that may occur is dependent on the structural systems

employed in resisting earthquake forces, the configuration of these systems, and the extent that the

structural systems are detailed for ductile behavior under large cyclic inelastic deformation. The NEHRP

Provisions may therefore be thought to consist of two component parts:

� One part relates to specification of the required design strength and stiffness of the structural

system.
� The second part relates to issues of structural detailing.

TABLE 19.1 NEHRP 2000 Plan Structural Irregularities

1: Torsional irregularity — when diaphragms are not flexible

Torisonal irregularity exists (1a) when the maximum story drift, computed

including accidental torsion, at one end of the structure transverse to an

axis is more than 1.2 times the average of the story drift at the two ends of

the structure. (1b) Extreme torisonal irregularity exists when ratio>1.4

�2

�1

�2 > 1.2(�1 + �2)/2

Extreme: �2 > 1.4(�1 + �2)/2

2: Re-entrant corners

Plan configurations of a structure and its lateral-force-resisting system

contain re-entrant corners where both projections of the structure beyond

a re-entrant corner are greater than 15% of the plan dimension of the

structure in the given direction A
B

C

B + C > 0.15A

3: Diaphragam discontinuity

Diaphragms with abrupt discontinuities or variations in stiffness including

those having cutout or open areas greater than 50% of the gross enclosed

diaphragm area or changes in effective diaphragm stiffness of more than

50% from one story to the next

A

B

(a × b) > 0.5(A × B)

a
b

4: Out-of-plane offsets

Discontinuities in a lateral-force-resistance path such as out-of-plane

offsets of the vertical elements

Offset
Shear
walls

5: Nonparallel systems

The vertical lateral-force-resisting elements are not parallel to or

symmetric about the major orthogonal axes of the lateral-force-resisting

system
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For this second part, the NEHRP Provisions adopt, with modification, design standards and specifi-

cations developed by industry groups such as the American Concrete Institute or the American Institute

of Steel Construction. This second part of the NEHRP Provisions is not discussed in this chapter, but is

covered in detail in each of the following chapters, which treat the individual structural materials.

TABLE 19.2 NEHRP 2000 Vertical Structural Irregularities

1: Stiffness irregularity — soft story

(1a) A soft story is one in which the lateral stiffness is less than 70% of that

in the story above or less than 80% of the average stiffness of the three

stories above. (1b) An extreme soft story is for ratios of less than 60% or

less than 70%, respectively
KX

KX < 0.7KX+1

See note regarding 
extreme soft story, 
or  multiple stories

2: Weight (mass) irregularity

Mass irregularity exists where the effective mass of any story is more than

150% of the effective mass of an adjacent story. A roof that is lighter than

the floor below need not be considered
MX

MX > 1.5MX±1

3: Vertical geometric irregularity

Vertical geometric irregularity exists where the horizontal dimension of the

lateral-force-resisting system in any story is more than 130% of that in an

adjacent story

a

A

A > 1.3a

4: In-plane discontinuity in vertical lateral-force-resisting elements

An in-plane offset of the lateral-force-resisting elements greater than the

length of those elements or a reduction in stiffness of the resisting elements

in the story below

5: Discontinuity in capacity — weak story

A weak story is one in which the story lateral strength is less than 80% of

that in the story above. The story strength is the total strength of all seismic-

resisting elements sharing the story shear for the direction under

consideration VX

VX < 0.8 VX+1
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Instead, this article focuses primarily on the manner in which the NEHRP Provisions regulate the

required strength and stiffness of structures.

19.5.2 Performance Intent and Objectives

The NEHRP Provisions are intended to provide a tiered series of performance capabilities for structures,

depending on their intended occupancy and use. Under the NEHRP Provisions, each structure must be

assigned to a seismic use group (SUG). Three SUGs are defined and are respectively labeled I, II, and III:

� SUG-I encompasses most ordinary occupancy buildings including typical commercial, residential,

and industrial structures. For these facilities the basic intent of the NEHRP Provisions, just as with

earlier codes, is to provide a low probability of earthquake-induced life safety endangerment.
� SUG-II includes facilities that house large numbers of persons, persons who are mobility

impaired, or large quantities of materials that if released could pose substantial hazards to the

surrounding community. Examples of such facilities include large assembly facilities, housing

several thousand persons, daycare centers, and manufacturing facilities containing large quantities

of toxic or explosive materials. The performance intent for these facilities is to provide a lower

probability of life endangerment, relative to SUG-I structures, and a low probability of damage

that would result in release of stored materials.
� SUG-III includes those facilities such as hospitals and emergency operations and communications

centers deemed essential to disaster response and recovery operations. The basic performance

intent of the NEHRP Provisions with regard to these structures is to provide a low probability of

earthquake-induced loss of functionality and operability.

In reality, the probability of damage resulting in life endangerment, release of hazardous materials,

or loss of function should be calculated using structural reliability methods as the total probability of

such damage over a period of time (Ravindra 1994). Mathematically, this is equal to the integral,

over all possible levels of ground motion intensity, of the conditional probability of excessive

damage given that a ground motion intensity is experienced and the probability that such ground

motion intensity will be experienced in the desired period of time. Although such an approach

would be mathematically and conceptually correct, it is currently regarded as too complex for

practical application in the design office.

Instead, the NEHRP Provisions design for desired limiting levels of nonlinear behavior for a single

design earthquake intensity level, termed maximum considered earthquake (MCE) ground shaking. In

most regions of the United States, the MCE is defined as that intensity of ground shaking having a 2%

probability of exceedance in 50 years. In certain regions, proximate to major active faults, this prob-

abilistic definition of MCE motion is limited by a conservative deterministic estimate of the ground

motion intensity anticipated to result from an earthquake of characteristic magnitude on these faults.

The MCE is thought to represent the most severe level of shaking ever likely to be experienced by

a structure, though it is recognized that there is some limited possibility of more severe motion occurring.

Structures categorized as SUG-I are designed with the expectation that MCE shaking would result in

severe damage to both structural and nonstructural elements, with damage perhaps being so severe that

following the earthquake the structure would be on the verge of collapse. This damage state has come to

be termed collapse prevention, because the structure is thought to be at a state of incipient but not actual

collapse. Theoretically, SUG-I structures behaving in this manner would be total or near total financial

losses, in the event that MCE shaking was experienced. To the extent that shaking experienced by the

structure exceeds the MCE level, the structure could actually experience partial or total collapse.

SUG-III structures are designed with the intent that when subjected to MCE shaking they would

experience both structural and nonstructural damages; however, the structures would retain sig-

nificant residual structural resistance or margin against collapse. It is anticipated that when

experiencing MCE shaking such structures may be damaged to an extent that they would no longer
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be suitable for occupancy, until repair work had been instituted, but that repair would be technically

and economically feasible. This superior performance relative to SUG-I structures is accomplished

through specification that SUG-III structures be designed with 50% greater strength and

more stiffness than their SUG-I counterparts. SUG-II structures are designed for performance

intermediate to that for SUG-I and SUG-III with strengths and stiffness that are 25% greater than

those required for SUG-I structures.

19.5.3 Seismic Hazard Maps and Ground Motion Parameters

The NEHRP Provisions incorporate a series of national seismic hazard maps for the United States and

territories, developed by the United States Geologic Survey (USGS), specifically for this purpose (available

at http://geohazards.cr.usfs.gov/eq/index.html). Two sets of maps are presented. One set presents contours

of MCE, 5% damped, elastic spectral response acceleration at a period of 0.2 s, termed SS. The second set

presents contours of MCE, 5% damped, elastic spectral response acceleration at a period of 1.0 s, termed S1.

In both cases, the spectral response acceleration values are representative of sites with subsurface condi-

tions bordering between firm soil or soft rock. Contours are presented in increments of 0.02g in areas of

low seismicity and 0.05g in areas of high seismicity. By locating a site on the maps and interpolating

between the values presented for contours adjacent to the site, it is possible to rapidly estimate the MCE

level shaking parameters for the site, given that it has a soft rock or firm soil profile Figure 19.10 shows, for

a portion of the western United States, contours of the 0.2 s spectral acceleration with a 90% probability

of not being exceeded in 50 years. As indicated in the figure, in zones of high seismicity these contours

are quite closely spaced, making use of the maps difficult. Therefore, the USGS has furnished software,

available both over the internet (at the URL indicated above) and on a CD-ROM, which permits deter-

mination of the MCE spectral response acceleration parameters based on longitude and latitude.

Since many sites are located neither on soft rock nor on firm soil sites, it is necessary to correct the

mapped values of spectral response acceleration to account for site amplification and de-amplification

effects. To facilitate this process, a site is categorized into one of six site class groups, labeled A through F.

Table 19.3 summarizes the various site class categories.

42°

0.2 s spectral accel. (%g) with 10% probability of exceedance in 50 years 
site: NEHRP B-C boundary
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FIGURE 19.10 MCE Seismic Hazard Map (0.2 s spectral response acceleration) for western United States.
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Once a site has been categorized within a site class, a series of coefficients are provided that are used to

adjust the mapped values of spectral response acceleration for site response effects. These coefficients

were developed based on observed site response characteristics in ground motion recordings from past

earthquakes. Two coefficients are provided:

� The Fa coefficient is used to account for site response effects on short period ground shaking

intensity.
� The Fv coefficient is used to account for site response effects of longer period motions.

Table 19.4 and Table 19.5 indicate the values of these coefficients as a function of site class and mapped

MCE ground shaking acceleration values. Site-adjusted values of the MCE spectral response acceleration

parameters at 0.2 and 1 s, respectively, are found from the following equations:

SMS ¼ FaSs ð19:1Þ

SM1 ¼ FvS1 ð19:2Þ

The two site-adjusted spectral response acceleration parameters, SMS and SM1, permit a 5% damped,

maximum considered earthquake ground shaking response spectrum to be constructed for the building

site. This spectrum is constructed as indicated in Figure 19.11 and consists of a constant response

acceleration range, between periods of T0 and Ts, a constant response velocity range for periods in

excess of Ts, and a short period range that ramps between an estimated zero period acceleration given by

SMS/2.5 and SMS. Site-specific spectra can also be used. Regardless of whether site-specific spectra or

TABLE 19.3 Site Categories

Site

class Description

Shear wave

velocity, vs

Penetration

resistance, �NN

Unconfined shear

strength, su

A Hard rock >5000 ft/s

B Rock 2500 ft/s < vs� 5000 ft/s

C Very firm soil

or soft rock

1200 ft/s < vs� 2500 ft/s >50 >2000 psf

D Stiff soil 600 ft/s < vs� 1200 ft/s 15–50 1000–2000 psf

E Soil vs < 600 ft/s <15 <1000 psf

F Special soils Soils requiring site-specific evaluations:

1. Soils vulnerable to potential failure or collapse under seismic loading such as liquefiable

soils, quick and highly sensitive clays, collapsible weakly cemented soils

2. Peats and/or highly organic clays (H> 10 ft of peat and/or highly organic clay where

H¼ thickness of soil)

3. Very high plasticity clays (H> 25 ft [8 m] with PI> 75)

4. Very thick soft/medium stiff clays (H> 120 ft [36 m])

Note: vs, �NN , su represent the average value of the parameter over the top 30 m (100 ft) of soil.

TABLE 19.4 Coefficient Fa as a Function of Site Class and Mapped Spectral Response Acceleration

Mapped maximum considered earthquake spectral response acceleration at short periods

Site class SS¼ 0.25 SS¼ 0.50 SS¼ 0.75 SS¼ 1.00 SS¼ 1.25

A 0.8 0.8 0.8 0.8 0.8

B 1.0 1.0 1.0 1.0 1.0

C 1.2 1.2 1.1 1.0 1.0

D 1.6 1.4 1.2 1.1 1.0

E 2.5 1.7 1.2 0.9 a

F a a a a a

Note: ‘‘a’’ indicates site-specific evaluation required.
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spectra based on mapped values are used, the actual design values are taken as two thirds of the MCE

values. The resulting design parameters are, respectively, labeled SDS and SD1 and the design spectrum is

identical to the MCE spectrum, except that the ordinates are taken as two thirds of the MCE values. The

reason for using design values that are two thirds of the maximum considered values is that the design

procedures, described in later sections, are believed to provide a minimum margin against collapse of

150%. Therefore, if design is conducted for two thirds of the MCE ground shaking, it is anticipated that

buildings experiencing MCE ground shaking would be at incipient collapse, the desired performance

objective for SUG-I structures.

19.5.4 Seismic Design Categories

The seismicity of the United States, and indeed the world, varies widely. It encompasses zones of very

high seismicity in which highly destructive levels of ground shaking are anticipated to occur every 50 to

100 years and zones of much lower seismicity in which only moderate levels of ground shaking are ever

anticipated. The NEHRP Provisions recognize that it is neither technically necessary nor economically

appropriate to require the same levels of seismic protection for all buildings across these various regions

of seismicity. Instead, the NEHRP Provisions assign each structure to a seismic design category (SDC)

based on the level of seismicity at the building site, as represented by mapped shaking parameters, and

the SUG.

Six SDCs, labeled A through F, are defined. SDC A represents the least severe seismic design condition

and includes structures of ordinary occupancy located on sites anticipated to experience only very

limited levels of ground shaking. SDC F represents the most severe design condition and includes

TABLE 19.5 Coefficient Fv as a Function of Site Class and Mapped Spectral Response Acceleration

Mapped maximum considered earthquake spectral response acceleration at 1 s periods

Site class S1¼ 0.1 S1¼ 0.2 S1¼ 0.3 S1¼ 0.4 S1¼ 0.5

A 0.8 0.8 0.8 0.8 0.8

B 1.0 1.0 1.0 1.0 1.0

C 1.7 1.6 1.5 1.4 1.3

D 2.4 2.0 1.8 1.6 1.5

E 3.5 3.2 2.8 2.4 a

F a a a a a

Note: ‘‘a’’ indicates site-specific evaluation required.
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FIGURE 19.11 Maximum considered earthquake response spectrum.
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structures assigned to SUG-III and located within a few kilometers of major, active faults, anticipated

to produce very intense ground shaking. A designer determines to which SDC a structure should be

assigned by reference to a pair of tables, reproduced as Table 19.6 and Table 19.7. A structure is assigned

to the most severe category indicated by either table.

Nearly all aspects of the seismic design process are affected by the SDC that a structure is assigned to.

This includes designation of the permissible structural systems, specification of required detailing,

limitation on permissible heights and configuration, the types of analyses that may be used to determine

the required lateral strength and stiffness, and the requirements for bracing and anchorage of non-

structural components.

19.5.5 Permissible Structural Systems

The NEHRP Provisions define more than 70 individual seismic-force-resisting system types. These

systems may be broadly categorized into five basic groups that include: bearing wall systems, building

frame systems, moment-resisting frame systems, dual systems, and special systems:

� Bearing wall systems include those structures in which the vertical elements of the LFRS comprise

either shear walls or braced frames in which the shear-resisting elements (walls or braces) are

required to provide support for gravity (dead and live) loads in addition to providing lateral

resistance. This is similar to the ‘‘box system’’ contained in earlier codes.
� Building frame systems include those structures in which the vertical elements of the LFRS

comprise shear walls or braces, but in which the shear-resisting elements are not also required to

provide support for gravity loads.
� Moment-resisting frame systems are those structures in which the lateral-force resistance is

provided by the flexural rigidity and strength of beams and columns, which are interconnected in

such a manner that stress is induced in the frame by lateral displacements.

TABLE 19.6 Categorization of Structures into Seismic Design Category, Based on Design

Short Period Spectral Response Acceleration, SDS and Seismic Use Group

Seismic Use Group

Value of SDS I II III

SDS < 0.167g A A A

0.167g� SDS < 0.33g B B C

0.33g� SDS < 0.50g C C D

0.50g� SDS Da Da Da

a Seismic Use Group I and II structures located on sites with mapped maximum considered

earthquake spectral response acceleration at 1 s period, S1, equal to or greater than 0.75g shall be

assigned to Seismic Design Category E and Seismic Use Group III structures located on such sites shall

be assigned to Seismic Design Category F.

TABLE 19.7 Categorization of Structures into Seismic Design Category, Based on Design

One-Second Period Spectral Response Acceleration, SD1 and Seismic Use Group

Seismic Use Group

Value of SD1 I II III

SD1 < 0.067g A A A

0.067g� SD1 < 0.133g B B C

0.133g� SD1 < 0.20g C C D

0.20g� SD1 Da Da Da

a See footnote to Table 19.6.
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� Dual systems rely on a combination of MRFs and either braced frames or shear walls. In dual

systems, the braced frames or shear walls provide the primary lateral resistance and the MRF is

provided as a back-up or redundant system, to provide supplemental lateral resistance in the event

that earthquake response damages the primary lateral-force-resisting elements to an extent that

they lose effectiveness.
� Special systems include unique structures, such as those that rely on the rigidity of cantilevered

columns for their lateral resistance.

Within these broad categories, structural systems are further classified in accordance with the quality of

detailing provided and the resulting ability of the structure to withstand earthquake-induced inelastic,

cyclic demands. Structures that are provided with detailing believed capable of withstanding large cyclic

inelastic demands are typically termed ‘‘special’’ systems. Structures that are provided with relatively little

detailing and therefore, incapable of withstanding significant inelastic demands are termed ‘‘ordinary.’’

Structures with limited levels of detailing and inelastic response capabilities are termed ‘‘intermediate.’’

Thus, within a type of structure, for example, moment-resisting steel frames or reinforced concrete

bearing walls, it is possible to have ‘‘special’’ MRFs or bearing walls, ‘‘intermediate’’ MRFs or shear walls,

and ‘‘ordinary’’ MRFs or shear walls. The various combinations of such systems and construction

materials results in a wide selection of structural systems to choose from. The use of ‘‘ordinary’’ and

‘‘intermediate’’ systems, regarded as having limited capacity to withstand cyclic inelastic demands, is

generally limited to SDC A, B, and C and to certain low-rise structures in SDC D.

19.5.6 Design Coefficients

Under the NEHRP Provisions, required seismic design forces and, therefore, required lateral strength is

typically determined by elastic methods of analysis, based on the elastic dynamic response of structures

to design ground shaking. However, since most structures are anticipated to exhibit inelastic behavior

when responding to the design ground motions, it is recognized that linear response analysis does not

provide an accurate portrayal of the actual earthquake demands. Therefore, when linear analysis

methods are employed, a series of design coefficients are used to adjust the computed elastic response

values to suitable design values that consider probable inelastic response modification. Specifically, these

coefficients are the response modification factor, R, the overstrength factor, O0, and the deflection

amplification coefficient, Cd. Tabulated values of these factors are assigned to a structure based on the

selected structural system and the level of detailing employed in that structural system:

� The response modification coefficient, R, is used to reduce the required lateral strength of

a structure, from that which would be required to resist the design ground motion in a linear

manner to that required to limit inelastic behavior to acceptable levels, considering the charac-

teristics of the selected structural system. Structural systems deemed capable of withstan-

ding extensive inelastic behavior are assigned relatively high R values, as large as eight, permitting

minimum design strengths that are only 1
8

that required for elastic response to the design

motion. Systems deemed to be incapable of providing reliable inelastic behavior are assigned

low R values, approaching unity, requiring sufficient strength to resist design motion in a nearly

elastic manner.
� The deflection amplification coefficient, Cd, is used to estimate the total elastic and inelastic lateral

deformations of the structure when subjected to design earthquake ground motion. Specifically,

lateral deflections calculated for elastic response of the structure to the design ground motion,

reduced by the response modification coefficient R, are amplified by the factor Cd to obtain this

estimate. The Cd coefficient accounts for the effects of viscous and hysteretic damping on struc-

tural response, as well as the effects of inelastic period lengthening. Structural systems that are

deemed capable of developing significant amounts of viscous and hysteretic damping are assigned

Cd values somewhat less than the value of the R coefficient. This results in an estimate of total

lateral deformation that is somewhat lower than would be anticipated for a pure elastic response.
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For structural systems with relatively poor capability to develop viscous and/or hysteretic

damping, the Cd value may exceed R, resulting in estimates of lateral drift that exceed that

calculated for elastic response.
� The overstrength coefficient, O0, is used to provide an estimate of the maximum force likely to be

delivered to an element in the structure, considering that due to effects of system and material

overstrength this may be larger than the force calculated by elastic analysis of the structure’s

response to design ground motion, reduced by the response modification coefficient R. This

overstrength factor is used to compute the required strength to resist behavioral modes that have

limited capacity for inelastic response, such as column buckling or connection failure in braced

frames.

Figure 19.12 illustrates the basic concepts behind these design coefficients. The figure contains an

elastic design response spectrum, an elastic response line, and an inelastic response curve for an arbitrary

structure, all plotted in lateral inertial force (base shear) versus lateral roof displacement coordinates.

Response spectra are more familiarly plotted in coordinates of spectral response acceleration (Sa) versus

structural period (T). It is possible to convert a spectrum plotted in that form to the spectrum shown in

the figure through a two-step process. The first step consists of converting the response spectrum for Sa

versus T coordinates to Sa versus spectral response displacement (Sd) coordinates. This is performed

using the following relationship between Sa, Sd, and T:

Sd ¼
T 2

4p2
Sa ð19:3Þ

Then the response spectrum is converted to the form shown in the figure by recognizing that for a

structure responding in a given mode of excitation the base shear is equal to the product of the mass

participation factor for that mode, the structure’s mass, and the spectral response acceleration, Sa, at

that period. Similarly, the lateral roof displacement for a structure responding in that mode is equal

to the spectral response displacement times the modal participation factor. For a single degree of

freedom structure, the mass participation factor and modal participation factor are both unity and

the lateral base shear, V, is equal to the product of the spectral response acceleration at the mode of

response and the mass of the structure, while the lateral roof displacement is equal to the spectral

response displacement.

The dashed diagonal line in the figure represents the elastic response of the arbitrary structure. It

is a straight line because a structure responding in an elastic manner will have constant stiffness

and, therefore, a constant proportional relationship between the applied lateral force and resulting
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Figure 19.12 Schematic illustration of design coefficients.
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displacement. The intersection of this diagonal line with the design response spectrum indicates the

maximum total lateral base shear, VE, and roof displacement, DE, of the structure would develop if it

responded to the design ground motion in an elastic manner. The third plot in the figure repre-

sents the inelastic response characteristics of this arbitrary structure, sometimes called a pushover

curve. The pushover curve has an initial elastic region having the same stiffness as the elastic response

line. The point Vy, Dy on the pushover curve represents the end of this region of elastic behavior.

Beyond Vy, Dy, the curve is represented by a series of segments, with sequentially reduced stiffness,

representing the effects of inelastic softening of the structure. The lateral base shear force, VM, at the

peak of the pushover curve, represents the maximum lateral force that the structure is capable of

developing at full yield.

The response modification coefficient, R, is used in the provisions to set the minimum acceptable

strength at which the structure will develop its first significant yielding, Vy. This is given by the simple

relationship

Vy ¼
VE

R
ð19:4Þ

The coefficient O0 is used to approximate the full yield strength of the structure through the

relationship

VM ¼ O0Vy ð19:5Þ

The maximum total drift of the structure, DI, is obtained from the relationship

DI ¼ CdDy ð19:6Þ

19.5.7 Analysis Procedures

The NEHRP Provisions permit the use of five different analytical procedures to determine the required

lateral strength of a structure and to confirm that the structure has adequate stiffness to control lateral

drift. The procedures permitted for a specific structure are dependent on the structure’s SDC and its

regularity.

19.5.7.1 Index Force Procedure

The index force procedure is permitted only for structures in SDC A. In this procedure, the structure

must be designed to have sufficient strength to resist a static lateral force equal to 1% of the weight of the

structure, applied simultaneously to each level. The forces must be applied independently in two

orthogonal directions. Structures in SDC A are not anticipated ever to experience ground shaking of

sufficient intensity to cause structural damage, provided that the structures are adequately tied together

and have a complete LFRS. The nominal, 1%, lateral force function used in this procedure is intended as

a means of ensuring that the structure has a complete LFRS of nominal, though somewhat arbitrary,

strength. In addition to providing protection for the low levels of ground motion, anticipated for SDC A

structures, this procedure is also considered to be a structural integrity provision, intended to provide

nominal resistance against blast and other possible loading events.

19.5.7.2 Equivalent Lateral Force Analysis

The estimation of forces an earthquake may impose on a building can be accomplished by use of

an equivalent lateral force (ELF) procedure. The ELF is commonly employed for simpler buildings and is

provided in most building codes. The reader is referred to Hamburger (2002) for a review of building

code and ELF development, but it will be noted that for many years the uniform building code (UBC)

and other building codes determined the ELF according to variants on the equation V¼ZICKSW, where

V was the ELF or total design lateral force applied to the structure (or shear at the structure’s base),

determined from Z, a seismic zone factor varying between 0.075 (Zone 1, low-seismicity areas) and 0.40

(Zone 4, high-seismicity areas); I, an importance factor varying between 1.0 and 1.5; C, a function of the
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structure’s fundamental period T, which effectively defined a response spectral shape; K, a factor varying

by type of structure that accounted for the ductility of the structure and its material; S, a factor to

account for site soil conditions; and W, the total seismic dead load.

In the 2000 NEHRP Provisions, ELF analysis may be used for any structure in SDC B and C, for any

structure of light-frame construction, and for all regular structures, with a calculated structural period, T,

not greater than 3.5Ts, where Ts is as previously defined in Figure 19.11. ELF analysis consists of a simple

approximation to modal response spectrum analysis. It only considers the first mode of a structure’s

lateral response and presumes that the mode shape for this first mode of response is represented by that

of a simple shear beam. For structures having sufficiently low periods of first mode response (T < 3.5Ts)

and regular vertical and horizontal distribution of stiffness and mass, this procedure approximates

modal response spectrum analysis well. However, for longer period structures, higher mode response

becomes significant and neglecting these higher modes results in significant errors in the estimation of

structural response. Also, as the distribution of mass and stiffness in a structure becomes irregular, for

example, the presence of torsional conditions or soft story conditions, the assumptions inherent in the

procedure with regard to mode shape also become quite approximate, leading to errors. In SDCs D, E,

and F, this method is permitted only for those structures where these inaccuracies are unlikely to be

significant. The procedure is permitted for more general use in other SDCs because it is felt that the

severity of design ground motion is low enough that inaccuracies in analysis of lateral response is

unlikely to result in unacceptable structural performance and also because it is felt that designers in these

regions of low seismicity may not be able to implement the more sophisticated and accurate methods

properly.

As with the index force analysis procedure, the ELF consists of the simultaneous application of a series

of static lateral forces to each level of the structure in each of the two independent orthogonal directions.

In each direction, the total lateral force, known as the base shear, is given by the formula

V ¼ SDS

R=I
W ð19:7Þ

This formula gives the maximum lateral inertial force that acts on an elastic, single degree of

freedom structure with a period that falls within the constant response acceleration (periods shorter

than Ts) portion of the design spectrum, reduced by the term R/I. In this formula, SDS is the design

spectral response acceleration at short periods, W is the dead weight of the structure and a portion of

the supported live load, R is the response modification coefficient, and I is an occupancy importance

factor, assigned based on the structure’s SUG. For SUG-1 structures, I is assigned a value of unity.

For SUG II and III structures, I is assigned values of 1.25 and 1.5, respectively. The effect of I is to

reduce the permissible response modification factor, R, for structures in higher SUGs, requiring that

the structures have greater strength, thereby limiting the permissible inelasticity and damage in these

structures.

The base shear force given by Equation 19.7 need never exceed the following:

V ¼ SD1

ðR=IÞT W ð19:8Þ

Equation 19.8 represents the maximum lateral inertial force that acts on an elastic, single degree of

freedom structure with period T that falls within the constant response velocity portion of the design

spectrum (periods longer than Ts), reduced by the response modification coefficient, R and the occu-

pancy importance factor, I. In this equation, all terms are as previously defined except that SD1 is the

design spectral response acceleration at 1 s. For short period structures, Equation 19.7 will control. For

structures with periods in excess of Ts, Equation 19.8 will control.

The shape of the design response spectrum shown in Figure 19.11 is not representative of the dyna-

mic characteristics of ground motion found close to the fault rupture zone. Such motions are often domi-

nated by a large velocity pulse and very large spectral displacement demands. Therefore, for structures in

SDCs E and F, the seismic design categories for structures located close to major active faults, the base
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shear may not be taken less than the value given by Equation 19.9. Equation 19.9 approximates the

effects of the additional long period displacements that have been recorded in some near field ground

motion records

V ¼ 0:5S1

R=I
ð19:9Þ

The total, lateral base shear force given by Equations 19.7–19.9 must be distributed vertically for

application to the various mass or diaphragm levels of the structure. For a structure with n levels, the

force at diaphragm level x is given by the equation

Fx ¼ CvxV ð19:10Þ

where

Cvx ¼
wxhxPn
i¼1wihi

ð19:11Þ

hx and hi, respectively, are the heights of levels x and i above the structure’s base. These formula are based

on the assumption that the structure is responding in its first mode, in pure sinusoidal motion, and that

the mode shape is linear. That is, it is assumed that at any instant of time, the displacement at level x of

the structure is

dx ¼
hx

hn

dn ð19:12Þ

where dx and dn are the lateral displacements at level x and the roof of the structure, respectively, and

hn is the total height of the structure. For a structure responding in pure sinusoidal motion, the

displacement dx , velocity vx, and acceleration ax, of level x at any instant of time, t, is given by the

following equations:

dx ¼ dx max sin
2p
T

t

� �
ð19:13Þ

vx ¼ dx max
2p
T

cos
2p
T

t

� �
ð19:14Þ

ax ¼ �dx max

4p
T 2

sin
2p
T

t

� �
ð19:15Þ

Since acceleration at level x is directly proportional to the displacement at level x, the acceleration at

level x in a structure responding in pure sinusoidal motion is given by the equation

ax ¼
hn

hx

an ð19:16Þ

where an is the acceleration at the roof level. Since the inertial force at level x is equal to the product of

mass at level x and the acceleration at level x, Equation 19.11 can be seen to be an accurate distribution of

lateral inertial forces in a structure responding in a linear mode shape.

The lateral forces given by Equation 19.10 are applied to a structural model of the building and the

resulting member forces and building interstory drifts are determined. The analysis must consider

the relative rigidity of both the horizontal and vertical elements of the LFRS, and when torsional effects

are significant, must consider three-dimensional distributions of stiffness, centers of mass, and rigidity.

The structure must then satisfy two basic criteria. First, the elements of the LFRS must have sufficient

strength to resist the calculated member forces in combination with other loads, and second, the

structure must have sufficient strength to maintain computed interstory drifts within acceptable levels.

The specific load combinations that must be used to evaluate member strength and the permissible

interstory drifts are described in succeeding sections.
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In recognition of the fact that higher mode participation can result in significantly larger forces at

individual diaphragm levels, than is predicted by Equation 19.11, forces on diaphragms are computed

using an alternative equation, as follows:

Fpx ¼
Pn

i¼x FiPn
i¼x wi

wpx ð19:17Þ

where Fpx is the design force applied to diaphragm level x , Fi is the force computed from Equation 19.11

at level i, wpx is the effective seismic weight, at level x, and wi is the effective weight at level i.

19.5.7.3 Response Spectrum Analysis

Response spectrum analysis is permitted to be used for the design of any structure. The procedure

contained in the NEHRP Provisions uses standard methods of elastic modal dynamic analysis, which

are not described here, but are well documented in the literature, for example, by Chopra (1981).

The analysis must include sufficient modes of vibration to capture participation of at least 90% of

the structure’s mass in each of the two orthogonal directions. The response spectrum used to charac-

terize the loading on the structure may be either the generalized design spectrum for the site, shown in

Figure 19.11, or a site-specific spectrum developed considering the regional seismic sources and site

characteristics.

Regardless of the spectrum used, the ground motion is scaled by the factor (I/R), just as in the ELF

technique. The NEHRP Provisions require that the member forces determined by response spectrum

analysis be scaled so that the total applied lateral force in any direction be not less than 80% of the base

shear calculated using the ELF method for regular structures nor 100% for irregular structures. This

scaling requirement was introduced to ensure that assumptions used in building the analytical model

does not result in excessively flexible representation of the structure and, consequently, an underestimate

of the required strength.

19.5.7.4 Response History Analysis

Response history analysis is also permitted to be used for the design of any structure but, due to the

added complexity, is seldom employed in practice except for special structures incorporating special base

isolation or energy dissipation technologies. Either linear or nonlinear response history analysis is

permitted to be used. When response history analysis is performed, input ground motion must consist of

a suite of at least three pairs of orthogonal horizontal ground motion components, obtained from

records of similar magnitude, source, distance, and site characteristics as the event controlling the hazard

for the building’s site. Each pair of orthogonal records must be scaled such that with a period range

approximating the fundamental period of response of the structure, the square root of the sum of the

squares of the orthogonal component ordinates envelopes 140% of the design response spectrum.

Simple amplitude, rather than frequency domain scaling, is recommended. Actual records are preferred,

though simulations may be used if a sufficient number of actual records representative of the design

earthquake motion are not available. If a suite of less than seven records is used as input ground motion,

the maximum of the response parameters (element forces and deformations) obtained from any of the

records is used for design. If seven or more records are used, the mean values of the response parameters

obtained from the suite of records may be used as design values. This requirement was introduced with

the understanding that the individual characteristics of a ground motion record can produce signi-

ficantly different results for some response quantities. It was hoped that this provision would encourage

engineers to use larger suites of records and obtain an understanding of the variability associated with

possible structural response.

When linear response history analyses are performed, the ground motion records, scaled as pre-

viously described, are further scaled by the quantity (I/R). The resulting member forces are combined

with other loads, just as they would be if the ELF or response spectrum methods of analysis were

performed.
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When nonlinear response history analyses are performed, they must be used without further scaling.

Rather than evaluating the strength of members using the standard load combinations considered with

other analysis techniques, the engineer is required to demonstrate acceptable performance capability of

the structure, given the predicted strength and deformation demands. The intention is that laboratory

and other relevant data be used to demonstrate adequate behavior. This is a rudimentary introduction

of performance-based design concepts, which will likely have significantly greater influence in future

building codes.

19.5.8 Load Combinations and Strength Requirements

Structures must be proportioned with adequate strength to resist the forces predicted by the lateral

seismic analysis together with forces produced by response to vertical components of ground shaking as

well as dead and live loads. Unless nonlinear response history analysis is performed using ground motion

records that include a vertical component of motion, the effects of vertical earthquake shaking are

accounted for by the equation

E ¼ QE 	 0:2SDSD ð19:18Þ

where QE are the element forces predicted by the lateral seismic analysis, SDS is the design spectral

response acceleration at a 0.2 s response period, and D are the forces produced in the element by the

structure’s dead weight. The term 0.2SDSD represents the effect of vertical ground shaking response.

For structures in zones of high seismicity, the term SDS has a value approximating 1.0g and, therefore,

the vertical earthquake effects are taken as approximately 20% increase or decrease in the dead load

stress demands on each element. In fact, there are very few cases on record where structural collapse

has been ascribed to the vertical response of a structure. This is probably because design criteria for

vertical load resistance incorporate substantial factors of safety and also because most structures carry

only a small fraction of their rated design live loads when they are subjected to earthquake effects.

Therefore, most structures inherently have substantial reserve capacity to resist additional loading

induced by vertical ground motion components. In recognition of this, most earlier codes neglected

vertical earthquake effects. However, during the formulation of ATC3.06, it was felt to be important to

acknowledge that ground shaking includes three orthogonal components. The resulting expression,

which was somewhat arbitrary, ties vertical seismic forces to the short period design spectral response

acceleration, as most structures are stiff vertically and have very short periods of structural response

for vertical modes.

The earthquake forces on structural elements derived from Equation 19.18 are combined with dead

and live loads in accordance with the standard strength level load combinations of ASCE-7. The per-

tinent load combinations are

Q ¼ 1:4D 	 E ð19:19Þ

Q ¼ 1:4D þ 0:75ðL þ EÞ ð19:20Þ

where D, L, and E are the dead, live, and earthquake forces, respectively. Elements must then be designed

to have adequate strength to resist these combined forces. The reduction factor of 0.75 on the combi-

nation of earthquake and live loads accounts for the low likelihood that a structure will be supporting

full live load at the same time that it experiences full design earthquake shaking. An alternative set of load

combinations is also available for use with design specifications that utilize allowable stress design

formulations. These are essentially the same as Equations 19.19 and 19.20, except that the earthquake

loads are further reduced by a factor of 1.4.

The NEHRP Provisions recognize that it is undesirable to allow some elements to experience inelastic

behavior as they may be subject to brittle failure and in doing so compromise the ability of the structure

to develop its intended inelastic response. The connections of braces to braced frames are an example of

such elements. The Provisions also recognize that inelastic behavior in some elements, such as columns
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supporting discontinuous shear walls, could trigger progressive collapse of the structure. For these

elements, the earthquake force E that must be used in the load combination (Equations 19.19 and 19.20)

is given by the formula:

E ¼ O0QE 	 0:2SDSD ð19:21Þ
where the term 0.2SDSD continues to represent the effects of vertical ground shaking response and the

term O0QE represents an estimate of the maximum force likely to be developed in the element as a result

of lateral earthquake response, considering the inelastic response characteristics of the entire structural

system. In Equation 19.20, the term O0QE need never be taken larger than the predicted force on the

element derived from a nonlinear analysis or plastic mechanism analysis.

19.5.9 Drift Limitations

It is important to control lateral drift in structures because excessive drift can result in extensive damage

to cladding and other nonstructural building components. In addition, excessive lateral drift can result

in the development of P–D instability and collapse.

Lateral drift is evaluated on a story by story basis. Story drift, d, is computed as the difference in lateral

deflection at the top of a story and that at the bottom of the story, as predicted by the lateral analysis. If

the lateral analysis was other than a nonlinear response history analysis, design story drift, D, is obtained

from the computed story drift, d, by the equation:

D ¼ Cdd ð19:22Þ
where Cd is the design coefficient previously discussed. The design interstory drift computed from

Equation 19.22 must be less than a permissible amount, dependent on the SUG and structural system as

given in Table 19.8.

The provisions require evaluation of potential P–D instability through consideration of the quantity y
given by the equation:

y ¼ PxD
VxhxCd

ð19:23Þ

In this equation, Px is the dead weight of the structure above story x, D is the design story drift, computed

from Equation 19.22, Vx is the design story shear obtained from the lateral force analysis, hx is the story

height, and Cd is the coefficient previously discussed. If the quantity y computed by this equation is

found to be less than 0.1, P–D effects may be neglected. If the quantity y is greater than 0.1, P–D effects

must be directly considered in performing the LFA. If the quantity y exceeds 0.3, the structure should be

considered potentially unstable and must be redesigned.

This approach to P–D evaluation has remained essentially unchanged since its initial introduction in

ATC3.06. It was introduced in that document as a placeholder, pending the development of a more

TABLE 19.8 Permissible Drift Limitsa

Seismic use group

Structure I II III

Structures other than masonry shear wall or masonry

wall-frame structures, four stories or less in height with

interior walls, partitions, ceilings, and exterior wall systems

that have been designed to accommodate the story drifts

0.025hsx
b 0.020hsx 0.015hsx

Masonry cantilever shear wall structuresc 0.010hsx 0.010hsx 0.010hsx

Other masonry shear wall structures 0.007hsx 0.007hsx 0.007hsx

Masonry wall-frame structures 0.013hsx 0.013hsx 0.010hsx

All other structures 0.020hsx 0.015hsx 0.010hsx

a There shall be no drift limit for single-story structures with interior walls, partitions, ceilings, and exterior wall systems that have

been designed to accommodate the story drifts.
b

hsx is the story height below Level x.
c Structures in which the basic structural system consists of masonry shear walls designed as vertical elements cantilevered from their

base or foundation support which are so constructed that moment transfer between shear walls (coupling) is negligible.
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accurate method for evaluating drift-induced instability. Obvious deficiencies in this current approach

include the fact that it evaluates drift effects at the somewhat artificial design-base shear levels. A more

realistic evaluation would consider the actual expected lateral deformations of the structure as well as the

yield level shear capacity of the structure at each story. As contained in the current provisions, evaluation

of P–D effects seldom controls a structure’s design.

19.5.10 Structural Detailing

Structural detailing is a critical feature of seismic-resistant design but is not generally specified by the

NEHRP Provisions. Rather, the Provisions adopt detailing requirements contained in standard design

specifications developed by the various materials industry associations including the American Institute

of Steel Construction, the American Concrete Institute, the American Forest Products Association, and

the Masonry Society. Other chapters in this handbook present the requirements of these various design

standards.

Glossary

Attenuation — The rate at which earthquake ground motion decreases with distance.

Base shear — The total lateral force for which a structure is designed using equivalent lateral force

techniques.

Characteristic earthquake — A relatively narrow range of magnitudes at or near the maximum that can

be produced by the geometry, mechanical properties, and state of stress of a fault (Schwartz

and Coppersmith 1987).

Completeness — Homogeneity of the seismicity record.

Cripple wall — A carpenter’s term indicating a wood frame wall of less than full height T, usually built

without bracing.

Critical damping — The value of damping such that free vibration of a structure will cease after one

cycle (ccrit¼ 2 mo).

Damage — Permanent, cracking, yielding, or buckling of a structural element or structural assemblage.

Damping — Energy dissipation that occurs in a dynamically deforming structure, either as a result of

frictional forces or structural yielding. Increased damping tends to reduce the amount that

a structure responds to ground shaking.

Degradation — A behavioral mode in which structural stiffness or strength is reduced as a result of

inelastic behavior.

Design (basis) earthquake — The earthquake (as defined by various parameters, such as PGA, response

spectra, etc.) for which the structure will be, or was, designed.

Ductile detailing — Special requirements, such as for reinforced concrete and masonry, close spacing of

lateral reinforcement to attain confinement of a concrete core, appropriate relative dimen-

sioning of beams and columns, 135� hooks on lateral reinforcement, hooks on main beam

reinforcement within the column, etc.

Ductile frames — Frames required to furnish satisfactory load-carrying performance under large

deflections (i.e., ductility). In reinforced concrete and masonry this is achieved by ductile

detailing.

Ductility factor — The ratio of the total displacement (elastic plus inelastic) to the elastic (i.e., yield)

displacement.

Elastic — A mode of structural behavior in which a structure displaced by a force will return to its

original state upon release of the force.

Fault — A zone of the earth’s crust within which the two sides have moved — faults may be hundreds of

miles long — from one to over one hundred miles deep, and not readily apparent on the

ground surface.
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Ground shaking — A random, rapid cyclic motion of the ground produced by an earthquake.

Hysteresis — A form of energy dissipation that is related to inelastic deformation of a structure.

Inelastic — A mode of structural behavior in which a structure, displaced by a force, exhibits permanent

unrecoverable deformation.

Lateral force resisting system (LFRS) — A structural system for resisting horizontal forces due, for

example, to earthquake or wind (as opposed to the vertical force resisting system, which

provides support against gravity).

Liquefaction — A process resulting in a soil’s loss of shear strength due to a transient excess of pore

water pressure.

Magnitude — A unique measure of an individual earthquake’s release of strain energy, measured on

a variety of scales, of which the moment magnitude Mw (derived from seismic moment) is

preferred.

Mass participation — That portion of total mass of a multidegree of freedom structure that is effective

in a given mode of response.

MCE — Maximum considered earthquake — the earthquake intensity forming the basis for design in

the NEHRP Provisions.

Mode shape — A deformed shape in which a structure can oscillate freely when displaced.

Natural mode — A characteristic dynamic property of a structure in which it will oscillate freely.

Nonductile frames — Frames lacking ducility or energy absorption capacity due to lack of ductile

detailing — ultimate load is sustained over a smaller deflection (relative to ductile frames) and

for fewer cycles.

Participation factor — A mathematical relationship between the maximum displacement of a multi-

degree of freedom structure and a single degree of freedom structure.

Peak ground acceleration (PGA) — The maximum amplitude of recorded acceleration (also termed the

ZPA, or zero period acceleration).

Period — The amount of time it takes a structure that has been displaced in a particular natural mode

and then released to undergo one complete cycle of motion.

Pounding — The collision of adjacent buildings during an earthquake due to insufficient lateral

clearance.

Response spectrum — A plot of maximum amplitudes (acceleration, velocity, or displacement) of

a single degree of freedom oscillator (sdof), as the natural period of the sdof is varied across

a spectrum of engineering interest (typically, for natural periods from 0.03 to 3 or more

seconds, or frequencies of 0.3 to 30þHz).

Reverse fault — A fault that exhibits dip-slip motion, where the two sides are in compression and move

away toward each other.

Seismic risk — The product of the hazard and the vulnerability (i.e., the expected damage or loss, or the

full probability distribution).

Soft story — A story of a building signifiantly less stiff than adjacent stories (i.e., the lateral stiffness is

70% or less than that in the story above, or less than 80% of the average stiffness of the three

stories above; BSSC 1994).

Spectral acceleration — The maximum response acceleration that a structure of given period will

experience when subjected to a specific ground motion.

Spectral displacement — The maximum response displacement that a structure of given period will

experience when subjected to a specific ground motion.

Spectral velocity — The maximum response velocity that a structure of given period will experience

when subjected to a specific ground motion.

Spectrum amplification factor — The ratio of a response spectral parameter to the ground motion

parameter (where parameter indicates acceleration, velocity, or displacement).

Viscous — A form of energy dissipation that is proportional to velocity.

Yielding — A behavioral mode in which a structural displacement increases under application of

constant load.
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Further Reading

Chen and Scawthorn (2002) provide an extensive reference on earthquake engineering, while Naiem

(2001) provides an excellent resource on seismic design. Both references have individual chapters on

design of steel, wood, reinforced concrete, reinforced masonry, and precast structures, and also on

nonstructural elements. SEAOC (1999), BSSC (1997), and SEAOC (1996) provide an excellent overview

of the current state of seismic design requirements. U.S. Army (1992) and Dowrick (1987) are also

useful, although a bit older. Some useful sources on seismic code provisions in countries other than the

U.S. include Earthquake Resistant Design Codes in Japan (2000), Paz (1995), and IAEE (1996). The last is

a comprehensive compendium of seismic regulations for over 40 countries, including Eurocode 8 (the

European Union’s seismic provisions).

Seismic Design of Buildings 19-33

Copyright 2005 by CRC Press



Copyright 2005 by CRC Press



20
Seismic Design of

Bridges�

20.1 Introduction

Bridges are very important elements in the modern transportation system. Recent earthquakes,

particularly the 1989 Loma Prieta and the 1994 Northridge Earthquakes in California, the 1995

Hyogo-Ken Nanbu Earthquake in Japan, the 1999 JiJi Earthquake in Taiwan, and the 1999 Kocaeli

Earthquake in Turkey, have caused collapse of, or severe damage to, a considerable number of major

bridges [1,2]. Since the 1989 Loma Prieta Earthquake in California [3], extensive research [4–18] has been

conducted on seismic design and retrofit of bridges in Japan and the United States, especially in California.
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This chapter first addresses the seismic bridge design philosophies and conceptual design in general,

then discusses mainly the U.S. seismic design practice to illustrate the process, and finally presents briefly

seismic design practice in Japan.

20.2 Earthquake Damages to Bridges

Past earthquakes have shown that the damage induced in bridges can take many forms depending on

the ground motion, site conditions, structural configuration, and specific details of the bridge [1].

Damage within the superstructure has rarely been the primary cause of collapse. Most of the severe

damage to bridges has taken one of the following forms [1]:

� Unseating of the superstructure at in-span hinges or simple supports due to inadequate seat lengths

or restraint. A skewed, curved, or complex superstructure framing configuration further increases

the vulnerability. Figure 20.1 shows the collapsed upper and lower decks of the eastern portion of the

San Francisco-Oakland Bay Bridge (SFOBB) in the 1989 Loma Prieta Earthquake, which can be

attributed to anchor bolt failures allowing the span to move. Figure 20.2 shows collapsed I-5 Gavin

Canyon Undercrossing, California, in the 1994 Northridge Earthquake, which can be attributed

to geometric complexities arising from 66� skew angle abutments, in-span expansion joints, as well as

the inadequate 300 mm seat width. For simply supported bridges, these failures are most likely when

ground failure induces relative motion between the spans and their supports.
� Column brittle failure due to deficiencies in shear capacity and inadequate ductility. In reinforced

concrete columns, the shear capacity and ductility concerns usually stem from inadequate lateral

and confinement reinforcement. Figure 20.3 shows the collapsed 600 m of Hanshin Expressway

in the 1995 Hyogo-Ken Nanbu Earthquake in Japan where failure was attributed to deficiencies

in shear design and poor ductility. In steel columns, the inadequate ductility usually stems from

progressive local buckling, fracture, and global buckling leading to collapse.
� Unique failures in complex structures. Figure 20.4 shows the collapsed Cypress Street Viaduct,

California, in the 1989 Loma Prieta Earthquake where the unique vulnerability was the

inadequately reinforced pedestal above the first level. In outrigger column bents, the vulnerability

may be in the cross-beam or the beam–column joint.

FIGURE 20.1 Collapse of eastern portion of San Francisco-Oakland Bay Bridge in the Loma Prieta Earthquake

(courtesy of California Department of Transportation).
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20.3 Seismic Design Philosophies

20.3.1 Design Evolution

Seismic bridge design has been improving and advancing, based on research findings and lessons

learned from past earthquakes. In the United States, prior to the 1971 San Fernando Earthquake, the

seismic design of highway bridges was partially based on lateral force requirements for buildings.

FIGURE 20.3 Collapse of Hanshin Expressway in the 1995 Hyogo-Ken Nanbu Earthquake in Japan (courtesy

of Mark Yashinsky).

FIGURE 20.2 Collapse of I-5 Gavin Canyon Undercrossing, California, in the 1994 Northridge Earthquake.
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Lateral loads were considered as levels of 2 to 6% of dead loads. In 1973, California Department of

Transportation (Caltrans) developed new seismic design criteria (SDC) related to site, seismic

response of the soils at the site, and dynamic characteristics of bridges. The American Association of

State Highway and Transportation Officials (AASHTO) modified the Caltrans 1973 Provisions

slightly and adopted Interim Specifications. Applied Technology Council (ATC) developed guide-

lines ATC-6 [19] for seismic design of bridges in 1981. AASHTO adopted ATC-6 as the Guide

Specifications in 1983 and in 1991 incorporated it into the Standard Specifications for Highway

Bridges [20].

Prior to the 1989 Loma Prieta Earthquake, bridges in California were typically designed using

a single-level force-based design approach based on a ‘‘no-collapse’’ design philosophy. Seismic loads

were determined based on a set of soil conditions and a suite of four site-based standard acceleration

response spectra (ARS). Structures were analyzed using the three-dimensional elastic dynamic multi-

modal response spectrum analysis method. Structural components were designed to resist forces from

the response spectrum analysis that were modified with a ‘‘Z-factor.’’ The ‘‘Z-factor’’ was based on the

individual structural element ductility and degree of risk. Minimum transverse reinforcement levels were

required to meet confinement criteria [21].

Since 1989, the design criteria specified in Caltrans design manuals [21–27] have been updated

continuously to reflect recent research findings and development in the field of seismic bridge design.

Caltrans has been shifting toward a displacement-based design approach emphasizing element and

system capacity design. For important bridges in California the performance-based project-specific

design criteria [28–30] have been developed since 1989.

FHWA updated its Seismic Design and Retrofit Manual for Highway Bridges in 1995 [31,32].

ATC published the improved SDC recommendations for California bridges [33] in 1996 and for U.S.

bridges and highway structures [34] in 1997. Caltrans published the performance and displacement-

based Seismic Design Criteria Version 1.3 [35] in 2004, which focuses mainly on concrete bridges, and

the Guide Specifications for Seismic Design of Steel Bridge (Guide) [36] in 2001. Most recently,

the NCHRP 12-49 team developed a new set of LRFD Guidelines (Guidelines) for the seismic design

of highway bridges [37], compatible with the AASHTO-LFRD Bridge Design Specifications [38].

Significant advances in earthquake engineering were made during the last decade of the twentieth

century.

FIGURE 20.4 Collapse of Cypress Viaduct, California, in the 1989 Loma Prieta Earthquake.
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20.3.2 No-Collapse-Based Design

The basic design philosophy is to prevent bridges from collapsing during severe earthquakes

[24–27,35–37] that have only a small probability of occurring during the useful life of the bridge. To

prevent collapse, two alternative approaches are commonly used in design. The first is a conventional

force-based approach where the adjustment factor Z for ductility and risk assessment [21], or the

response modification factor R [20,37], is applied to elastic member forces obtained from a response

spectra analysis or an equivalent static analysis. The second approach is a more recent displacement-

based approach [24,35] where displacements are a major consideration in design. For more detailed

information, references can be made to comprehensive discussions in Seismic Design and Retrofit

of Bridges by Prietley et al. [16], Bridge Engineering Handbook by Chen and Duan [39], and

Refs [40,41].

20.3.3 Performance-Based Design

Following the 1989 Loma Prieta Earthquake, bridge engineers [3] have faced three essential challenges:

� Ensure that earthquake risks posed by new construction are acceptable.
� Identify and correct unacceptable seismic safety conditions in existing structures.
� Develop and implement the rapid, effective, and economic response mechanism for the recovering

structural integrity after damaging earthquakes.

Performance-based project-specific criteria [28–30] and design memoranda [24] have been developed

and implemented for the design and retrofitting of important bridges by California bridge engineers.

These performance-based criteria included guidelines for development of site-specific ground motion

estimates, ductile design details to preclude brittle failure modes, rational procedures for concrete

joint shear design, and the definition of limit states for various performance objectives [15]. The

performance-based criteria usually require a two-level design approach. The first level of design is to

ensure the performance (service) of a bridge in small-magnitude earthquake events that may occur

several times during the life of the bridge. The second level of design is to achieve the performance (no

collapse) of a bridge under severe earthquakes that have only a small probability of occurring during the

useful life of the bridge. Figure 20.5 shows a flowchart for development of performance-based SDC.

20.4 Seismic Conceptual Design

Bridge design is a complex engineering process involving consideration of numerous important factors, such

as bridge structural systems, materials, dimensions, foundations, esthetics, and local landscape and sur-

rounding environment [16,42]. Selecting an appropriate earthquake-resisting system (ERS) to resolve the

potential conflicts between the configuration and seismic performance should be completed as early as

possible in the design effort. For a desirable seismic resistant design, the following guidelines may be useful:

� Bridge type, component and member dimensions, and esthetics shall be investigated to reduce the

seismic demands to the greatest extent possible. Esthetics should not be the primary reason for

producing undesirable frame and component geometry.
� Bridges should ideally be as straight as possible. Curved bridges complicate and potentially

magnify seismic responses.
� Superstructures should be continuous with as few joints as possible. Necessary restrainers and

sufficient seat width shall be provided between adjacent frames at all expansion joints, and at the

seat-type abutments to eliminate the possibility of unseating during a seismic event.
� Support skew angles should be as small as possible, that is, abutments and piers should be oriented

as close to perpendicular to the bridge longitudinal axis as practical (within 20 to 25�) even at the

expense of slightly increasing the bridge length. Highly skewed abutments and piers are vulnerable

to damage from undesired rotational response and increased seismic displacement demands.

Seismic Design of Bridges 20-5

Copyright 2005 by CRC Press



� Adjacent frames or piers should be proportioned to minimize the differences in the fundamental

periods and skew angles, and to avoid drastic changes in stiffness and strength in both the longitudinal

and transverse directions. Dramatic changes in stiffness can result in damage to the stiffer frames

or piers. It is strongly recommended [35] that the effective stiffness between any two bents within

a frame, or between any two columns within a bent, not vary by a factor of more than two. Similarly,

it is highly recommended that the ratio of the shorter fundamental period to the longer fundamental

period for adjacent frame in the longitudinal and transverse directions be larger than 0.7.
� Structural configurations that cannot accommodate the recommendations must be capable of

accommodating the associated large relative displacement without compromising structural

integrity. Each frame shall provide a well-defined load path with predetermined plastic hinge

locations and utilize redundancy whenever possible. Balanced mass and stiffness distribution

(Figure 20.6) in a frame results in a structure response that is more predictable and is more likely

to respond in its fundamental mode of vibration. Simple analysis tools can then be used to predict

the structures response with relative accuracy, whereas irregularities in geometry increase the

likelihood of complex nonlinear response that is difficult to accurately predict by elastic modeling

or plane frame inelastic static analysis. The following various techniques may be used to achieve

balanced geometry to create a uniform and more predictable structure response [43]:

a. Adjust foundation rotational and translation stiffness (e.g., use oversized pile shafts).

b. Adjust effective column lengths (e.g., lower footings, provide isolation casings).

Establish postearthquake
performance requirements

Determine bridge-specific
loads and combinations

Determine materials 
and their properties

Determine analysis methods
for demand evaluation

Establish detailed performance
acceptance criteria

Determine detailed procedure
for capacity evaluation

Criteria development
End

Criteria development
Start

FIGURE 20.5 Development of performance-based seismic design criteria.
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c. Modify end fixities.

d. Reduce/redistribute superstructure mass.

e. Vary the column cross-section and longitudinal reinforcement ratios.

f. Add or relocate columns/piers.

g. Modify the hinge/expansion joint layout.

In the event of other constraints preventing the designer from achieving balance between frames

of a bridge, the following recommendations may be considered [35]:

a. Isolate adjacent frames longitudinally by providing a large expansion gap to reduce the

likelihood of pounding.

b. Provide adequate seat width to prevent unseating at hinges. Seat extenders may be used;

however, they should be isolated transversely to avoid transmitting large lateral shear forces

between frames.

c. Limit the transverse shear capacity between frames to prevent large lateral forces from being

transferred to the stiffer frame.

Bent 2

Bent 3
Bent 4 Bent 5

Bent 6

m2 m5m3 m4 m6

k2
k3

k4
k5

k6

Bent 3

k2 k1

Frame 1 Frame 2

T1 T2

FIGURE 20.6 Frame stiffness [35].
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d. Avoid placing hinge seats between unbalanced frames by placing expansion joints between

frames with short cantilever spans that butt up to one another.
� Seismic protective devices, that is, energy dissipation and isolation devices may be provided

at appropriate locations, thereby reducing the seismic force effects. The energy dissipation devices

are to increase the effective damping of the structure thereby reducing forces, deflections, and

impact loads. Isolation devices are to lengthen the fundamental mode of vibration and to isolate

potentially large superstructure inertial loads from the substructure so that structure is subject

to lower earthquake forces.
� For concrete bridges, structural components shall be proportioned to direct inelastic damage into

the columns, pier walls, and abutments. The superstructure shall have sufficient overstrength

to remain essentially elastic if the columns/piers reach their most probable plastic moment capacity.

The superstructure-to-substructure connection for nonintegral caps may be designed to fuse prior

to generating inelastic response in the superstructure. Concrete columns shall be well proportioned,

moderately reinforced, and easily constructed. The girders, bent caps, and columns shall be

proportioned to minimize joint stresses. Moment-resisting connections shall have sufficient joint

shear capacity to transfer the maximum plastic moments and shears without joint distress.
� Initial sizing of columns should be based on slenderness ratios, bent cap depth, compressive

dead-to-live load ratio, and service loads. Columns shall demonstrate dependable postyield

displacement capacity without an appreciable loss of strength. Thrust–moment–curvature

(P–M–F) relationships should be used to verify a column’s satisfactory performance under

service and seismic loads. Abrupt changes in the cross-section and the bending capacity of

columns should be avoided. Columns must have sufficient rotation capacity to achieve the target

displacement ductility requirements.
� For steel bridges, structural components shall be generally designed to ensure that inelastic

deformation only occur in the specially detailed ductile substructure elements. Inelastic behavior in

the form of controlled damage may be permitted in some of the superstructure components such as

end cross-frames or diaphragms, shear keys, and bearings. The inertial forces generated by the deck

must be transferred to the substructure through girders, trusses, cross-frames, lateral bracings, end

diaphragms, shear keys, and bearings. As an alternative, specially designed ductile end-diaphragms

may be used as structural fuses to reduce potential damage in other parts of the structure.
� Steel multicolumn bents or towers shall be designed as ductile moment-resisting frames (MRFs)

or ductile braced frames such as concentrically braced frames (CBFs) and eccentrically braced

frames (EBFs). For components expected to behave inelastically, elastic buckling (local

compression and shear, global flexural, and lateral torsion) and fracture failure modes shall

be avoided. All connections and joints should preferably be designed to remain essentially elastic.

For MRFs, the primary inelastic deformation shall preferably be columns. For CBFs, diagonal

members shall be designed to yield when members are in tension and to buckle inelastically when

they are in compression. For EBFs, a short beam segment designated as a ‘‘link’’ shall be well

designed and detailed to provide ductile structural behavior.
� The ATC/MCEER recommended LRFD Guidelines [37] classify the ERS into permissible and

not recommended categories (Figure 20.7 to Figure 20.11) based on consideration of the

most desirable seismic performance ensuring wherever possible postearthquake serviceability.

Figure 20.12 shows design approaches for the permissible ERS.

20.5 Seismic Performance Criteria

20.5.1 ATC/MCEER Guidelines

Table 20.1 gives the seismic performance criteria for highway bridges specified in the proposed

ATC/MCEER Guidelines [37]. As a minimum, a bridge shall be designed for the life safety level of
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performance. Higher level of performance may be required depending upon the bridge’s importance and

owner’s requirements.

The seismic performance criteria shown in Table 20.1 shall be achieved by the following design objectives:

� Columns as primary energy dissipation mechanism. The main objective is to force the inelastic

deformations to occur primarily in the columns in order that the earthquake damage can be easily

inspected and readily repaired after an earthquake. The amount of longitudinal steel in the

reinforced columns should be minimized to reduce foundation and connection costs.
� Abutments as an additional energy dissipation mechanism. The objective is to expect the inelastic

deformations to occur in the columns as well as the abutments in order to either minimize column

size and reduce ductility demand on the column.
� Isolation bearings as main energy dissipation mechanism. The objective is to lengthen the period of

a relatively stiff bridge and which results in a lower design seismic force. Energy dissipation will

occur in the isolation bearings and columns are usually then expected to perform elastically.
� Structural components between deck and columns/abutments as energy dissipation mechanism. The

objective is to design ductile components that do not result in reduced design force but will reduce

the ductility demands on the columns in order to minimize the energy that is dissipated in the

plastic hinge zone of columns.

Longitudinal Longitudinal

Abutment resistance not
required as part of ERS

Plastic hinges in inspectable locations
or elastic design of columns

Knock-off backwalls permissible

Transverse

Abutment not required in ERS, breakaway
shear keys permissible

Plastic hinges in inspectable locations
or elastic design of columns

Transverse or
longitudinal

Abutment resistance required, but abutment
able to resist 3% in 75-year earthquake elastically
and passive soil pressure in longitudinal direction 
is less than 0.70 × presumptive value given in
Article 7.5.2 in Guidelines

Multiple simply supported spans with adequate
seat widths. Plastic hinges in inspectable locations
or elastic design of columns

Abutment not required as part of ERS

Isolation bearings accommodate full
displacement

Longitudinal and transverse

Isolation bearings with significant energy
dissipation capacity or energy dissipators are
used at the abutment to limit overall
displacements 

Plastic hinges in inspectable locations
or elastic design of columns

Longitudinal

FIGURE 20.7 Permissible earthquake resisting systems [37].
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� Replaceable/renewable sacrificial plastic hinge elements as energy dissipation mechanism. The

objective is to control damage and permit significant inelastic deformation to occur at a specially

designed replaceable/renewable sacrificial plastic hinge elements in the plastic hinge zone of

a column. The concept is similar to the conventional ductile design concept that permits

significant inelastic deformation in the plastic hinge zone of a column. The difference compared

with the conventional ductile design is that construction details in the plastic hinge zone of

concrete columns provide a replaceable/renewable sacrificial plastic hinge elements. The concept

has been extensively tested [44] but has not been used in practice.

20.5.2 Caltrans

Table 20.2 outlines Caltrans seismic performance criteria [24] including the bridge classification, the

service, and damage levels established in 1994 [15]. A bridge is categorized as ‘‘Important’’ or ‘‘Ordinary.’’

For Standard ‘‘Ordinary’’ bridges, the displacement-based one-level safety-evaluation design

(‘‘no-collapse’’ design) is only required in the Caltrans SDC [35]. Nonstandard ‘‘Ordinary’’ bridges

feature irregular geometry and framing (multilevel, variable width, bifurcating, or highly horizontally

Plastic hinges below cap beams
including pile bents

Seismic isolation bearings
(or bearings designed to accommodate
expected seismic displacements
with no damage)

Piles with “pinned-head”
conditions

Capacity-protected
pile caps, including
caps with battered piles,
which behave elastically

Wall piers designed to resist
3% in 75-year induced elastic
forces in transverse direction

Passive abutment resistance
required as part of ERS
Passive strength = 0.70 ×
Presumptive value given in
Article 7.5.2 in Guidelines

Seat abutments whose backwall
is not designed to fuse, whose
gap is not sufficient to accommodate
the seismic movement, and which
is designed for the expected
impact force

Spread footings that meet
1
2 uplift criteria

Plastic hinges at base of
wall piers in weak direction

Columns with moment
reducing hinge details

Tensile yielding and
inelastic compression
buckling of ductile
concentrically braced
frames

Above ground
plastic hinges

FIGURE 20.8 Permissible earthquake resisting elements [37].
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curved superstructures, varying structure types, outriggers, unbalanced mass and stiffness, high skew)

and unusual geologic conditions (soft soil, moderate to high liquefaction potential and proximity to an

earthquake fault). In this case, project-specific criteria need to be developed to address their nonstandard

features.

For important bridges such as the San Francisco-Oakland Bay Bridge and the Benicia-Martinez Bridge

or structures in a designated lifeline route, performance-based project-specific two-level seismic design

criteria [28–30] are required.

Passive abutment resistance
required as part of ERS
Passive strength = presumptive
value given in Article 7.5.2 in
Guidelines

OANR: Use 70% of presumptive strength

OANR: Yielding restricted to substructure

Ductile diaphrams in superstructure

Seat abutments whose backwall
is not designed to fuse, whose
gap is not sufficient to accommodate
the seismic movement, and which is
not designed for the expected impact
force

OANR: Design to fuse or design for the appropriate
             design forces and displacements

Wall piers on pile foundations that
are not strong enough to force
plastic hinging into the wall, and are
not designed for the 3% in 75-year
elastic forces

OANR: Force hinging into the wall with multiple
             pile lines and pile cap

In-ground hinging in shafts or piles
(deformation limits in Section 5 in
Guidelines)

OANR: Force hinging to occur above ground
             with larger in-ground shaft

Note: OANR means a design alternate where owners approval is not required
          and a higher level of analysis (pushover in SDAP E) can be avoided.

Sliding of spread footing
abutment allowed to limit
force transferred

OANR: Design for no sliding

Foundations permitted to rock
beyond 12 uplift limit or exceed
ultimate bearing stress and a linear
stress distribution

OANR: Use 12 uplift and linear stress
            distribution

More than the outer line of
piles in group systems allowed to
plunge or uplift under seismic
loadings

OANR: Only outer line is permitted to reach
              tension capacity

Plumb piles that are not capacity-protected
(e.g., integral abutment piles or pile-supported
seat abutments that are not fused
transversely)

OANR: Use seat abutment or a detail that
             allows movement

Batter pile systems in which
the geotechnical capacities
and/or in-ground hinging define
the plastic mechanisms

OANR: Plastic hinging forced to occur above
             ground in column

Columns with architectural
flares — with or without
an isolation gap

OANR: Remove flare

Isolation gap
optional

FIGURE 20.9 Permissible earthquake resisting elements that require owner’s approval [37].
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The SDC shown in Table 20.2 shall be achieved by the following design objectives:

� All bridges shall be designed to withstand deformation imposed by the design earthquake.
� All structure components have sufficient strength and ductility to ensure collapse will not take

place during the maximum credible earthquake (MCE). Ductile behavior can be provided by

inelastic actions either through selected structural members and through protective systems —

seismic isolations and energy dissipation devices.
� Inelastic behavior shall be limited to the preidentified locations, that is, ductile components

explicitly designed for ductile performance, within the bridge that are easily inspected and

Bearing systems that do not provide
for the expected displacements and/or
forces (e.g., rocker bearings)

Plastic hinges
in superstructure

Cap beam plastic hinging
(particularly hinging that
leads to vertical girder
movement) also includes
eccentric braced frames with
girders supported by cap beam

Battered-pile systems that
are not designed to fuse
geotechnically or structurally
by elements with adequate
ductility capacity

FIGURE 20.10 Earthquake resisting elements that are not recommended for new bridges (ATC/MCEER Joint

Venture, 2001).

Knock-off curb

Knock-off
backwall

Shear key
fuse

Knock-off top at roadway level

Seat and superstructure
gap adequate to accommodate
displacement

Knock-off
tab

FIGURE 20.11 Methods of minimizing damage to abutment foundation [37].
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repaired following an earthquake. Because inelastic response of a concrete superstructure is

difficult to inspect and repair and superstructure damage may cause a bridge to be unserviceable

after an earthquake, inelastic behavior on most concrete bridges should be preferably be located

in columns, pier walls, backwalls, and wingwalls.
� Structural components not explicitly designed for ductile performance, that is, capacity-protected

components shall be designed to remain essentially elastic. That is, (1) response in concrete

components shall be limited to minor cracking or limited to force demands not exceeding the

nominal strength capacity determined by current Caltrans SDC [35] and (2) response in steel

components shall be limited to force demands not exceeding the nominal strength capacity

determined by the current Caltrans Guide [36]. To assure the yielding mechanism occurs in the

desired location, the capacity design principle is used by providing overstrength for those

capacity-protected components.

20.6 Seismic Design Approaches

20.6.1 ATC/MCEER Guidelines [37]

20.6.1.1 Seismic Loads

Seismic loads are represented by the design response spectrum curve for a damping ratio of 5%

(Figure 20.13):

Sa ¼

0:6
SDS

T0

T þ 0:4SDS for T � T0 ¼ 0:2TS

SDS for T0 <T � TS ¼
SD1

SDS

SD1

T
for T >TS

8>>>>><
>>>>>:

ð20:1Þ

SDS ¼ FaSs ð20:2Þ

SD1 ¼ FvS1 ð20:3Þ

Are abutments assumed to
resist lateral forces?

SDAP B, C, D, and ESDAP D and E

Owners approval required
Is inelastic response required at
substructure location that is not
inspectable?

Yes No

NoYes

FIGURE 20.12 Design approaches for permissible earthquake resisting systems [37].
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where SDS is the design earthquake response spectral acceleration at short periods, SD1 is the design

earthquake response spectral acceleration at 1-s period, Ss is the 0.2-s period spectral acceleration on

Class B rock from national ground motion maps [45], S1 is the 1-s period spectral acceleration on Class B

rock from national ground motion maps [45], Fa is the site coefficient (Table 20.3) for the short-period

portion of the design response spectrum curve, and Fv is the site coefficient (Table 20.4) for the long-

period portion of the design response spectrum curve.

For Site Class F, which is not included in the Table 20.5, such as soils vulnerable to potential failure or

collapse under seismic loading, such as liquefiable soils, quick and highly sensitive clays, and collapsible

weakly cemented soils, site-specific geotechnical investigation and dynamic site response analyses shall

be performed [37].

The effects of vertical ground motion may be ignored if the bridge site is located more than

50 km from an active fault. If the bridge is located within 10 km of an active fault, site-specific

response spectra and acceleration time histories including vertical ground motions shall be

considered.

TABLE 20.1 Recommended LRFD Guidelines. Design Earthquakes and Seismic Performance Objectives [37]

Probability of exceedance for design

earthquake ground motionsa

Performance levelb

Life safety Operational

Rare earthquake (MCE)

3% PE in 75 years/1.5 mean deterministic

Servicec Significant disruption Immediate

Damaged Significant Minimal

Expected earthquake 50% PE in 75 years Service Immediate Immediate

Damage Minimal Minimal to none

a The upper-level earthquake considered in the Guidelines is designated the Maximum Considered Earthquake or MCE.

In general the ground motions or national MCE ground motion maps have a probability of exceedance (PE)

of approximately 3% PE in 75 years. However, adjacent to highly active faults, ground motions on MCE maps

are bounded deterministically as described in the Commentary for Article 3.2 [46]. When bounded deterministically,

MCE ground motions have a probability of exceedance higher than 3% PE in 75 years not to exceed 1.5 times

the mean deterministic values. The performance objective for the expected earthquake is either explicitly included

as an elastic design for the 50% PE in 75-year force level or results implicitly from design for the 3% PE in 75-year

force level.
b Performance levels: These are defined in terms of their anticipated performance objectives in the upper level earthquake.

Life safety — In an MCE event, the bridge should not collapse but partial or complete replacement may be required. Since

a dual level design is required, the life safety performance level will have immediate service and minimal damage for the

expected design earthquake; Operational — For both rare and expected earthquakes, the bridge should be immediate

service and minimal damage.
c Service levels: Immediate — Full access to normal traffic shall be available to traffic following an inspection of the bridge;

Significant disruption — Limited access (reduced lanes, light emergency traffic) may be possible after shoring; however,

the bridge may need to be replaced.
d Damage levels: None — Evidence of movement may be present but no notable damage; Minimal — Some visible signs of

damage. Minor inelastic response may occur, but postearthquake damage is limited to narrow flexural cracking in

concrete and the onset of yielding in steel. Permanent deformations are not apparent, and any repairs could be made

under nonemergency conditions with the exception of superstructure joints; Significant — Although there is no collapse,

permanent offsets may be occur and damage consisting of cracking, reinforcement yield, and major spalling of

concrete and extensive yielding and local buckling of steel columns, global and local buckling of steel braces, and cracking

in the bridge deck slabs at shear studs on the seismic load path is possible. These conditions may require closure to repair

the damage. Partial or complete replacement of columns may be required in some cases. For sites with lateral flow due to

liquefaction, significant inelastic deformation is permitted in the piles, whereas for all other sites the foundations are

capacity-protected and no damage is permitted in the pile. Partial or complete replacement of the columns and piles may

be necessary if significant lateral flow occurs. If replacement of columns or other components is to be avoided, the design

approaches producing minimal or moderate damage such as seismic isolation or the control and repairability design

concept should be assessed.
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FIGURE 20.13 Design response spectrum curve [37].

TABLE 20.2 Caltrans Seismic Performance Criteria [24]

Level of damage and postearthquake service

Ground motions at the site Ordinary bridge Important bridge

Functional — evaluation ground motion Service: immediate Service: immediate

Damage: repairable Damage: minimal

Safety — evaluation ground motion Service: limited Service: immediate

Damage: significant Damage: repairable

Definition

Important bridge: A bridge meets one or more of the following requirements:
� Required to provide postearthquake life safety; such as access to emergency facilities.
� Time for restoration of functionality after closure would create a major economic impact.
� Formally designed as critical by a local emergency plan.

Ordinary bridge: Any bridge not classified as an important bridge.

Functional — evaluation ground motion (FEGM): This ground motion may be assessed either deterministically or

probabilistically. The determination of this event is to be reviewed by a Caltrans-approved consensus group.

Safety — evaluation ground motion (SEGM): This ground motion may be assessed either deterministically

or probabilistically. The deterministic assessment corresponds to the maximum credible earthquake (MCE).

The probabilistic ground motion for the safety evaluation typically has a long return period (approximately 1000

to 2000 years).

MCE: The largest earthquake that is capable of occurring along an earthquake fault, based on current geologic information

as defined in the 1996 Caltrans Seismic Hazard Map.

Service levels
� Immediate: Full access to normal traffic is available almost immediately following the earthquake.
� Limited: Limited access (e.g., reduced lanes, light emergency traffic) is possible with days of the earthquake. Full service

is restorable within months.

Damage levels
� Minimal: Essentially elastic performance.
� Repairable: Damage that can be repaired with a minimum risk of losing functionality.
� Significant: A minimum risk of collapse, but damage that would require closure to repair.
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Seismic force effects from different vibration modes shall be combined. For modal response closely

spaced in frequency and ground motion in one direction, the complete quadratic combination (CQC)

method shall be used. For combining the contribution of orthogonal and uncorrelated ground motion

components to a single seismic load case, the square root sum of the squares (SSRC) method or 100 to

40% rule shall be used.

For a bending moment, the combination rules are as follows:

SSRC combination:

Mx ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MT

x

� �2þ ML
x

� �2þ MV
x

� �2
q

ð20:4Þ

TABLE 20.3 Recommended LRFD Guidelines — Site Coefficient Fa [37]

Mapped spectral response acceleration at short periods

Site class Ss� 0.25g Ss¼ 0.5g Ss¼ 0.75g Ss¼ 1.00g Ss¼ 1.25g

A 0.8 0.8 0.8 0.8 0.8

B 1.0 1.0 1.0 1.0 1.0

C 1.2 1.2 1.1 1.0 1.0

D 1.6 1.4 1.2 1.1 1.0

E 2.5 1.7 1.2 0.9 0.9

F a.0 a.0 a.0 a.0 a.0

a Site-specific geotechnical investigation and dynamic site response analysis shall be performed. For purpose of defining

seismic hazard levels, Type E values may be used for Type F soils.

Note: Use straight line interpolation for intermediate values of Ss.

TABLE 20.4 Recommended LRFD Guidelines — Site Coefficient Fv [37]

Mapped spectral response acceleration at 1-s period

Site class Ss� 0.1g Ss¼ 0.2g Ss¼ 0.3g Ss¼ 0.4g Ss	 0.5g

A 0.8 0.8 0.8 0.8 0.8

B 1.0 1.0 1.0 1.0 1.0

C 1.7 1.6 1.5 1.4 1.3

D 2.4 2.0 1.8 1.6 1.5

E 3.5 3.2 2.8 2.4 2.4

F a.0 a.0 a.0 a.0 a.0

a Site-specific geotechnical investigation and dynamic site response analysis shall be performed. For purpose of defining

seismic hazard levels, Type E values may be used for Type F soils.

Note: Use straight line interpolation for intermediate values of S1.

TABLE 20.5 Recommended LRFD Guidelines — Site Classification [37]

Site class �vvs (m/s) �NN or �NN ch (blows/0.3 m) �ssu (kPa)

E 5180 515 550

D 180 to 360 15 to 50 50 to 100

C 360 to 760 >50 >100

B 760 to 1500 — —

A >1500 — —

Notes:

v̄s is the average shear wave velocity for top 30 m of a site.

N̄ is the average standard penetration test blow count for top 30 m of a site.

N̄ch is the average standard penetration test blow count for cohesionless layers of top 30 m of a site.

s̄u is the average undrained shear strength of cohesive layers for top 30 m of a site.
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100 to 40% combination:

MLC1
x ¼ 1:0MT

x þ 0:4ML
x þ 0:4MV

x ð20:5Þ
MLC2

x ¼ 0:4MT
x þ 1:0ML

x þ 0:4MV
x ð20:6Þ

MLC3
x ¼ 0:4MT

x þ 0:4ML
x þ 1:0MV

x ð20:7Þ

For circular columns, the vector moments and axial forces shall be obtained for biaxial design:

SSRC combination:

� For bridges with skew angle less than 10�, the maximum of
p

M2
x þ ð0:4MyÞ2 andp

M2
y þ ð0:4MxÞ2 with the maximum axial load�P

� For bridges with skew angle greater than 10�,
p

M2
x þM2

y with the maximum axial load� P

100 to 40% combination:

� The maximum of
pðMLC1

x Þ2 þ ðMLC1
y Þ2 and

pðMLC2
x Þ2 þ ðMLC2

y Þ2 and
pðMLC3

x Þ2 þ ðMLC3
y Þ2

with the maximum axial load� P

where subscripts x and y represent two horizontal axes, x–x and y–y, respectively; superscripts L, T, and V

indicate the longitudinal, transverse, and vertical directions, respectively; and superscripts LC1, LC2, and

LC3 are load cases 1, 2, and 3, respectively.

20.6.1.2 Seismic Design and Analysis Procedures (SDAP)

Depending on the seismic hazard levels specified in Table 20.6, each bridge shall be designed, analyzed,

and detailed in accordance with Table 20.6.

20.6.1.2.1 Single-Span Bridges

Single-span bridges need not be analyzed for seismic loads and design requirements are limited to the

minimum seat widths and connection forces, which shall not be less than the product of FaSS/2.5 and the

tributary permanent load.

20.6.1.2.2 SDAP A1 and A2

For low seismicity areas, only minimum seat widths and connection design forces for bearings

and minimum shear reinforcement in concrete columns and piles in the seismic design requirement

(SDR) 2 are deemed necessary for the life safety performance objective. The primary purpose is to ensure

that the connections between the superstructure and its supporting substructures remain intact during

the design earthquake. SDAP A1 and A2 require that the horizontal design connection forces

in the restrained directions shall not be taken to be less than 0.1 and 0.25 times the vertical reactions due

to tributary permanent loads and assumed existing live loads, respectively.

TABLE 20.6 Recommended LRFD Guidelines — SHL, SDAP, and SDR [37]

Seismic

hazard level

(SHL)

Seismic design and analysis procedure

(SDAP) and seismic design requirements (SDR)

Life safety Operational

SD1 (FvS1) SDS (FaSs) SDAP SDR SDAP SDR

I 0.155SD1� 0.15 0.155SDS� 0.15 A1 1 A2 2

II 0.155SD1� 0.25 0.155SDS� 0.35 A2 2 C/D/E 3

III 0.255SD1� 0.40 0.355SDS� 0.60 B/C/D/E 3 C/D/E 5

IV 0.405SD1 0.605SDS C/D/E 4 C/D/E 6
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20.6.1.2.3 SDAP B — No-Analysis Approach

The no-analysis approach allows for the bridge to be designed for all nonseismic requirements without

a seismic demand analysis and the capacity design principle is used for all components connected

to columns. For geotechnical design of the foundations, the moment overstrength capacity of columns

that frame into the foundation, Mpo¼ 1.0Mn, where Mn is nominal moment capacity of a column.

SDAP B applies only to regular bridges meeting the following restrictions:

� The maximum span length is less than both 80 m and 1.5 times the average span length.
� The maximum skew angle is less than 30�.
� The ratio of the maximum interior bent stiffness to the average bent stiffness of the bridge is

less than 2.
� The subtended angle in the horizontally curved bridges is less than 30�.
� For frames in which the superstructure is continuous over the bents and some bents do not

participate in the ERS, FvS1(Nbent/Ners)50.4 cos askew, where Nbent and Ners are total number

of bents in the frame and number of bents participating in the ERS in the longitudinal direction,

respectively; and askew is the skew angle of the bridge.
� FvS150.4 cos askew.
� The bridge site has a low potential for liquefaction and the piers are not seated on spread footing.
� For concrete column and pile bents, column axial load, Pe < 0:15f 0c Ag (f 0c is specified minimum

concrete compression strength and Ag is gross cross-sectional area of column); longitudinal

reinforcement ratio, rl> 0.008; column transverse dimension, D> 300 mm; and maximum

column moment–shear ratio, M/VD56.
� For concrete wall piers with low volumes of longitudinal steel, Pe < 0:1f 0c Ag; rl> 0.0025; wall

thickness or smallest cross-sectional dimension, t> 300 mm; and M/Vt510.
� For steel pile bents framing into concrete caps, Pe50.15Py (Py is axial yield force of steel pile);

pile dimension about the weak axis bending at the ground level, Dp> 250 mm; and

L/b510 (L is the length from point of maximum moment to the inflexion point of the

pile when subjected to a pure transverse load and b is the flange width; for a cantilever column

in a pile bent configuration, L is equal to the length above ground to the top of the bent plus

3 pile diameters).
� For timber piles framing into concrete caps or steel moment–frame columns, Pe50.1Pc

(and Pc is axial compression capacity of the pile or the column); Dp> 250 mm; and M/VDp510.

20.6.1.2.4 SDAP C — Capacity Spectrum Design Method

The capacity spectrum design method combines a demand and capacity analysis and is conceptually the

same as the Caltrans displacement-based design method. The primary difference is that the SDAP C

begins with nonseismic design and then assesses the adequacy of the displacement. The key equations is

the relationship between the seismic coefficient Cs and displacement, D:

CsD ¼
FvS1

2pBL

	 
2

g ð20:8Þ

Cs ¼
FaSs

BS

ð20:9Þ

where BL is the response reduction factor for long period structures as specified in Table 20.7, BS is the

response reduction factor for short period structures as specified in Table 20.7, g is the acceleration

due to gravity (9.8 m/s2), and D is the lateral displacement of the pier; taken as 1.3 times the yield

displacement of the pier when the long period equation governs.

The lesser of Equations 20.8 and 20.9 shall be used to assess Cs for two-level earthquakes. The

required lateral strength of the bridge is Vn¼CsW where W is the weight of the bridge responding
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to earthquake ground motion. The procedure applies only to bridges that behave essentially as a single

degree-of-freedom system and very regular bridges satisfying the following requirements:

� The number of spans per frame does not exceed six.
� The number of spans per frame is at least three, unless seismic isolation bearings are utilized

at the abutments.
� The maximum span length is less than both 60 m and 1.5 times the average span length in a frame.
� The maximum skew angle is less than 30� and skew of piers or bents differs by less than 5� in the

same direction.
� The subtended angle in the horizontally curved bridges is less than 20�.
� The ratio of the maximum bent or pier stiffness to the average bent stiffness is less than 2,

including the effects of foundation.
� The ratio of the maximum lateral strength (or seismic coefficient) to the average bent strength is

less than 1.5.
� Abutment shall not be assumed to resist the significant forces in both the transverse and

longitudinal directions. Pier wall substructures must have bearings to permit transverse

movement.
� For concrete column and pile bents, Pe � 0:2f 0c Ag; rl> 0.008; and D> 300 mm.
� Piers and bents must have pile foundations when the bridge site has a potential for liquefaction.

20.6.1.2.5 SDAP D — Elastic Response Spectrum Method

The elastic response spectrum method uses either the uniform load or multimode method of analysis

by considering cracked section properties. The analysis shall be performed for the governing design

earthquakes, either the 50% PE (probability of exceedence) in 75-year or the 3% PE in 75-year/1.5 mean

deterministic earthquake. Elastic forces obtained from analyses shall be modified using the response

modification factor R.

20.6.1.2.6 SDAP E — Elastic Response Spectrum Method with Displacement Capacity Verification

SDAP E is a two-step design procedure. The first step is the same as SDAP D and the second step is

to perform a two-dimensional nonlinear static (push over) analysis to verify substructure displacement

capacity.

20.6.1.3 Response Modification Factor R

It is generally recognized that it is uneconomical, sometimes impractical, and impossible to design

a bridge to resist large earthquake elastically. Columns are assumed to deform inelastically where seismic

forces exceed their design levels, which is established by dividing the elastically computed force effects

by the response modification factor R. The R-factors specified in the following were based on an

evaluation of existing test data, engineering judgement, and the equal displacement principle as shown

in Figure 20.14. It is used in principle for the conventional ductile design.

For substructures

R ¼ 1þ ðRB  1Þ T

T�
� RB ð20:10Þ

TABLE 20.7 Recommended LRFD Guidelines — Capacity Spectrum Response Reduction

Factors for Bridge with Ductile Piers [37]

Earthquake Performance level Bs BL

50% PE in 75-year Life safety 1 1

Operational 1 1

3% PE in 75-year/1.5 mean deterministic Life safety 2.3 1.6

Operational 1 1
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FIGURE 20.14 Basis for conventional ductile design [37].

TABLE 20.8 Recommended LRFD Guidelines — Base Response Modification Factor for Substructures,

RB (ATC/MCEER Joint Venture, 2001)

Performance objective

Life safety Operational

Substructure element SDAP D SDAP E SDAP D SDAP E

Wall-type pier — large dimension 2.0 3.0 1.0 1.5

Columns — single and multiple 4.0 6.0 1.5 2.5

Pile bents and drilled shafts — vertical piles — above

ground

4.0 6.0 1.5 2.5

Pile bents and drilled shafts — vertical piles — 2 diameters

below ground level — no owners approval required

1.0 1.5 1.0 1.0

Pile bents and drilled shafts — vertical piles — in ground —

owners approval required

N/A 2.5 N/A 1.5

Pile bents with batter piles N/A 2.5 N/A 1.5

Seismically isolated structures 1.5 1.5 1.0 1.5

Steel-braced frame — ductile components 3.0 4.5 1.0 1.5

Steel-braced frame — normally ductile components 1.5 2.0 1.0 1.0

All elements for expected earthquake 1.3 1.3 0.9 0.9

Notes:

1. The substructure design forces resulting from the elastic analysis divided by the appropriate R-factor for SDAP E

can not be reduced below 70% at the R-factored reduced forces or the 50% PE in 75-year design forces as part of

the pushover analysis.

2. There may be design situation (e.g., architecturally oversized column) where a designer opts to design the column for an

R¼ 1 (i.e., elastic design). In concrete columns the associate elastic design shear may be obtained from the elastic analysis

forces using an R-factor of 0.67 or by calculating the design shear by the capacity design procedures using

a flexural overstrength factor of 1.0. In steel-braced frame if an R¼ 1.0 is used the connection design forces shall

be obtained using an R¼ 0.67. If an R¼ 1.0 is used in any design the foundation shall be designed for elastic forces

plus the SDR detailing requirements are required for concrete piles (i.e., minimum shear requirements).

3. Unless specifically stated, the R-factor applies to both steel and concrete.

4. N/A means that owners approval is required and thus the use of SDAP E is required.
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where RB is the base response modification factor specified in Table 20.8, T is the natural period of the

structure, T � ¼ 1.25Ts where Ts is as defined in Section 20.6.1.1.

For connections (superstructure to abutment; expansion joints within a span of the superstructure,

columns, piers, or pile bents to cap beam or superstructure; and column or piers to foundations), an

R-factor of 0.8 shall be used for those cases where capacity design principles are not used to develop the

design forces to design the connections. It is assumed that if the R51.5, columns should remain essentially

elastic for design earthquake; if 1.55R> 3.0, columns should be repairable; if R> 3.0 significant plastic

hinging may occur and the column may not be repairable; however, collapse is still prevented.

20.6.1.4 Capacity Design Principle

The main objective of the capacity design principle is to ensure the desirable mechanisms can dissipate

significant amounts of energy and inelastic deformation (plastic hinging) occurs at expected locations (at

top and bottom of columns) where they can be readily inspected and repaired. To achieve this objective,

the overstrength force effects developed from the plastic hinges in columns shall be dependably resisted

by column shear and adjoining elements such as cap beams, spread footing, pile cap, and foundations.

The moment overstrength capacity (Mpo) can be assessed using one of the following approaches:

� Mpo ¼

1:5Mn for concrete column

1:2Mn for steel column, Mn based on expected yield strength

1:3Mn for concrete filled steel tubes

1:5Mn for steel piles in weak axis bending and for steel members

in shear (e.g., eccentrically braced frames)

1:0Mn for geotechnical design force in SDR3

8>>>>>><
>>>>>>:

ð20:11Þ

� For reinforce concrete columns [46]

Mpo ¼ Mbo 1 Pe  Pb

Pto  Pb

	 
2
" #

ð20:12Þ

where

Pe ¼ axial compression load based on gravity load and seismic (framing) action

Pb ¼ axial compression capacity at the maximum nominal (balanced) moment on the section

¼ 0:425b1f 0c Ag

b1¼ compression stress block factor� 0.85

Pto¼ axial tensile capacity of the column¼ Astfsu

Ast¼ area of longitudinal reinforcement

fsu ¼ ultimate tensile strength of the longitudinal reinforcement

Mbo ¼ KshapeAstfsuD 0 þ PbD
1 k0

2

	 

ð20:13Þ

D0 ¼ pitch circular diameter of the reinforcement in a circular section or the out-to-out

dimension of the reinforcement in a rectangular section, this generally may be assumed

as¼ 0.8D

Kshape ¼

0:32 for circular sections

0:375 for square sections with 25% of the longitudinal

reinforcement placed in each face

0:25 for walls with strong axis bending

0:5 for walls with weak axis bending

8>>>><
>>>>:

ð20:14Þ

k0 ¼ a factor related to the centroid of compression stress block and should be taken as 0.6 and

0.5 for circular and rectangular sections, respectively.

It should be pointed out that Equations 20.12 and 20.13 are rearranged in the simpler format

given above.
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� For reinforced concrete column, a moment–curvature section analysis taking into account the

expected strength, confined concrete properties, and strain hardening effects of longitudinal

reinforcement.

� For a steel column, nominal flexural resistance (Mn) shall be determined either in accordance

with the AASHTO-LRFD [38] or

Mn ¼ 1:18Mpx 1 Pu

AgFye

 �
� Mpx ð20:15Þ

Ag ¼ gross cross-sectional area of a steel column

Fye ¼ expected specified minimum yield strength of steel

Mpx¼ plastic moment under pure bending calculated using Fye

Pu ¼ factored axial compression load

20.6.1.5 Plastic Hinge Zones

The plastic hinge zones (Lp) for typical concrete and steel columns, pile bents, and drilled shaft and zones

of a columns above a footing or above an oversized in-ground drilled shaft shall be the maximum of the

following:

For reinforced concrete columns

Lp ¼ maximum of

Dmax

L

6

D
�

cot yþ tan y
2

�
1:5
�

0:08
M

V
þ 4000 eydb

�
M

V

�
1 My

Mpo

�
450 mm

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ð20:16Þ

where

D ¼ transverse column dimension in the direction of bending

Dmax¼maximum cross-sectional dimension of a column

db ¼ diameter of longitudinal reinforcement

L ¼ clear height of a column

M ¼maximum column moment

V ¼maximum column shear

My ¼ column yield moment

ey ¼ yield strain of longitudinal reinforcement

y ¼ principal crack angle

¼ tan1ðð1:6=LÞðrv=rtÞðAv=AgÞÞ0:25
with y	 25� and y	 tan1(D 0/L)

Av¼ shear area of concrete which may be taken as 0.8Ag and bwd for a circular section and

a rectangular section, respectively

rv ¼ ratio of transverse reinforcement

rt ¼ volumetric ratio of longitudinal reinforcement

L ¼fixity factor taken as 1 for fixed-pinned and 2 for fixed-fixed ends

For steel columns:

Lp ¼ maximum of

L

8

450 mm

8<
: ð20:17Þ

For a flared column, the plastic hinge zone shall be extended from the top of column to a distance

equal to the maximum of the above criteria below the bottom of the flare. The areas within the

20-22 Handbook of Structural Engineering

Copyright 2005 by CRC Press



plastic hinge zones shall be detailed to assure ductile element behavior (e.g., providing confinement

reinforcement in concrete columns or inelastic local buckling behavior in steel columns).

20.6.2 Caltrans Seismic Design Criteria

20.6.2.1 Seismic Loads

For ordinary bridges, safety-evaluation ground motion is based on deterministic assessment corre-

sponding to the MCE, the largest earthquake, which is capable of occurring based on current geologic

information. A set of ARS curves developed by ATC-32 are adopted as standard horizontal ARS curves

in conjunction with the peak rock acceleration from the Caltrans Seismic Hazard Map 1996 to determine

the horizontal earthquake forces. Figure 20.15 shows typical ARS curves. Vertical acceleration shall

be considered for bridges with nonstandard structural components, unusual site conditions, and/or close
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FIGURE 20.15 Typical Caltrans ARS curves [35].
Note: Peak ground acceleration values not in parentheses are for rock (soil profile type B) and peak ground acceleration

values in parentheses are for soil profile type D.
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proximity to earthquake faults and can be approximated by an equivalent static vertical force applied

to the superstructure.

For structures within 15 km from an active fault, the spectral ordinates of the appropriate standard

ARS curves shall be increased by 20%. For long period structures (T	 1.5 s) on deep soil sites (depth

of alluvium	 75 m) the spectral ordinates of the appropriate standard ARS curves shall be increased

by 20% and the increase applies to the portion of the curves with periods greater than 1.5 s.

20.6.2.2 Design Approaches

The displacement-based design approach is used to ensure that the structural system and its individual

components have enough displacement capacities to withstand the deformation imposed by the design

earthquake. Using displacements rather than forces as a measurement of earthquake damages allows a

structure to fulfill the required functions.

The displacements of the global system and the local ductile system shall satisfy the following requirement:

DD � DC ð20:18Þ

where DD is the displacement demand determined by the global analysis, the stand-alone analysis, or the

larger of the two if both types of analyses are necessary and DC is the displacement capacity when any

plastic hinge capacity reaches its ultimate capacity.

In a displacement-based analysis, proportioning of the structure is made first based on strength and

stiffness requirements. The appropriate seismic analysis is performed and the resulting displacements are

compared to the displacement capacity, which is dependent on the formation and rotational capacity

of plastic hinges and can be evaluated by an inelastic static pushover analysis. This procedure has been

used widely in seismic bridge design in California since 1994. Figure 20.16 shows the design flowchart

for the ordinary standard bridges.

20.6.2.3 Displacement Demands on Bridges and Ductile Components

Seismic demands on bridge systems and ductile components are measured in terms of displacements

rather than forces. Displacement demands shall be estimated from either equivalent static analysis

(ESA) or elastic dynamic analysis (EDA, i.e., elastic response spectrum analysis) for typical bridge

periods of 0.7 to 3 s. Attempts should be made to design bridges with dynamic characteristics (mass

and stiffness) so that the fundamental period falls within the region between 0.7 and 3 s where the

equal displacement principle applies. For short period bridges, linear elastic analysis typically under-

estimates displacement demands. In these cases, the inability to accurately predict displacements can

be overcome by either designing the bridge to perform elastically, multiplying the elastic displacement

from analysis by an amplification factor, or using seismic isolation and energy dissipation devices to

limit seismic response. For long period (T>3 s) bridges, a linear elastic analysis generally overestimates

displacements and a linear elastic displacement response spectrum analysis should be used.

20.6.2.4 Force Demands on Capacity-Protected Components

Seismic demands on capacity-protected components, such as superstructures, bent caps, and founda-

tions, are measured in terms of forces rather than displacements. Force demands for capacity-protected

components shall be determined by the joint-force equilibrium considering plastic hinging capacity of

the ductile component multiplied by an overstrength factor of 1.2. The overstrength factor accounts for the

possibility that the actual ultimate plastic moment strength of the ductile component exceeds its estimated

idealized plastic capacity based on the expected properties. This overstrength factor (1.2) is utilized not

only to determine the demands on the capacity-protected members, but is also used to determine shear

demands on the columns themselves.

20.6.2.5 Seismic Capacity

20.6.2.5.1 General

Strength and displacement capacities of a ductile flexural element shall be evaluated by moment–curvature

analysis based on the expected material properties and anticipated damages. The impact the second-order
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P–D effect on the strength and displacement capacities of all members subjected to combined bending and

compression shall be considered. Components may require redesign if the P–D effect is significant.

20.6.2.5.2 Displacement Capacity

The displacement capacity of a bridge system shall be evaluated by an inelastic static analysis (i.e., a static

push over analysis). The rotational capacity of all plastic hinges shall be limited to a safe performance

level. The plastic hinge regions shall be designed and detailed to perform with minimal strength

degradation under cyclic loading.

The displacement capacity of a local member can be evaluated by its rotational capacity. The

displacement capacity of a prismatic cantilever member (Figure 20.17) can be calculated as

Dc ¼ Dcol
Y þ Dp ð20:19Þ

Dcol
Y ¼ L2=3� fY ð20:20Þ

Dp ¼ yp �
�

L  Lp

2

�
ð20:21Þ

yp ¼ Lp � fp ð20:22Þ

fp ¼ fu  fY ð20:23Þ

Adjacent bents with a frame:

Any bents with a frame: Ke
i mj/K

e
j mi ≥ 0.5

Ke
i mj/K

e
j mi ≥ 0.75

Proportion column size and
reinforcement for DL and LL

Estimate seismic displacement
demand ∆D by ESA or EDA

Check global and local:
∆D ≤ ∆C  and �D ≤ �limit

Estimate displacement capacity ∆C
by IAS

Pdl∆r ≤ 0.2 Mc
p
ol

Design for shear and details for
ductile members

Design capacity-protected members:
joints, superstructure, and footings

Design abutments

Check

Check balanced stiffness requirements:

FIGURE 20.16 Caltrans seismic procedure for ordinary standard bridges.
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where

L ¼ distance from the point of maximum moment to the point of contraflexure

Lp ¼ equivalent analytical plastic hinge length as defined in Section 20.8.2.6

Dp ¼ idealized plastic displacement capacity due to rotation of the plastic hinge

Dcol
Y ¼ idealized yield displacement of the column at the formation of the plastic hinge

fY ¼ idealized yield curvature defined by an elastic–perfectly plastic representation of the

cross-section’s M–f curve, see Figure 20.18

fp ¼ idealized plastic curvature capacity (assumed constant over Lp)

Curvature
�y

My

Mne

Mp
col

�Y �u

Moment

FIGURE 20.18 Idealized moment–curvature curve [35].
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FIGURE 20.17 Displacement of a cantilever member [35].
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fu¼ curvature capacity at the failure limit state, defined as the concrete strain reaching ecu or the main

column reinforcing steel reaching the reduced ultimate strain eR
su

yp ¼ plastic rotation capacity of an equivalent plastic hinge

However, it should be pointed out that Equation 20.19 might overestimate the displacement capacity

for a reinforced concrete column [47]. Column slenderness, high compression axial loads, and a low

percentage of reinforcement all may contribute to the overestimating of the displacement capacity.

Special attention, therefore, should be paid to the estimation of displacement capacity. It was recom-

mended [47] that the P–D effect should be taken into account in calculating lateral load-carrying

capacity and the displacement capacity, especially for medium-long and long columns. The lateral

displacement capacity Dc can be chosen as the displacement that corresponds to the condition when

lateral load carrying capacity degrades to a certain acceptable level, say a minimum of 80% of the peak

resistance (Figure 20.19) or peak load [47–49].

20.6.2.5.3 Shear Capacity

Shear capacity of concrete members shall be calculated using nominal material properties as

fVn ¼ fðVc þ VsÞ ð20:24Þ
f ¼ 0:85 ð20:25Þ

Vc ¼ vcð0:8AgÞ ð20:26Þ

Concrete shear capacity is influenced by flexural and axial loads and is calculated separately for regions

within the plastic hinge zone and regions outside this zone. In the plastic hinge zone, concrete

shear capacity is modified based on the level of confinement and the displacement ductility demand

(Figure 20.20).
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FIGURE 20.19 Lateral load–displacement curve [36].
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� Inside the plastic hinge zone

vc ¼ Factor 1� Factor 2�
ffiffiffiffi
f 0c

p
� 0:33

ffiffiffiffi
f 0c

p
ðMPaÞ ð20:27Þ

� Outside the plastic hinge zone

vc ¼ 0:25� Factor 2�
ffiffiffiffi
f 0c

p
� 0:33

ffiffiffiffi
f 0c

p
ðMPaÞ ð20:28Þ

Factor 1 ¼ 0:025 � rsfyh

12:5
þ 0:305 0:083md < 0:25 ð20:29Þ

Factor 2 ¼ 1þ Pc

13:8 Ag

� 1:5 ð20:30Þ

To ensure reliable capacity in the plastic hinge regions, all column lateral reinforcements are required

to be butt welded or spliced hoops capable of resisting the ultimate capacity of the reinforcing steel.

� For confined circular or interlocking core sections:

Vs ¼
p
2

nAbfyhD 0

s
ð20:31Þ

� For pier wall in weak direction

Vs ¼
Avfyhd

s
ð20:32Þ

where Ab is the area of an individual interlock spiral or hoop bar, Av is the total area of shear

reinforcement perpendicular to flexural tension reinforcement, D0 is the cross-section dimension

of confined concrete core measured between the centerline of the peripheral hoop or spiral bars,

fvh is the specified minimum yield strength of transverse reinforcement, d is the area of shear

reinforcement perpendicular to flexural tension reinforcement, n is the number of individual

interlock spirals or hoops core section, and s is the spacing of transverse reinforcement.

20.7 Seismic Analysis and Modeling

20.7.1 Equivalent Static Analysis

The ESA method specified in Caltrans SDC [35] can be used for simpler structures, which have balanced

spans and similar bent stiffness. Low skew and seismic response are primarily captured

by the fundamental mode of vibration. In the ESA method, the fundamental period is determined using

tributary mass and stiffness at each bent. The applied seismic force is the product of the period

dependent ARS coefficient and the tributary weight.

20.7.2 Elastic Response Spectrum Analysis (ERSA)

The ERSA including uniform load method and multimode dynamic analysis method is a linear elastic

spectral analysis with the appropriate response spectrum. An adequate number of modes considered

to capture a minimum of 90% mass participation shall be used for complex structures.

The uniform load method specified in ATC/MCEER Guidelines [37] is essentially an ESA method that

uses a uniform lateral load distribution to approximate the effect of seismic loads. It may be used

for both transverse and longitudinal directions if structures satisfy the requirements in Table 20.9.
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In both ESA and ERSA analyses, ‘‘effective’’ stiffness of the components shall be used in order to

obtain realistic evaluation for the structure’s period and displacement demands. The effective stiffness

of ductile components shall represent the component’s actual secant stiffness near first yield of rebar.

The effective stiffness shall include the effects of concrete cracking, reinforcement, and axial load for

concrete components; residual stresses, out-of-straightness, and axial load for steel components; and

the restraints of the surrounding soil for piles. For ductile concrete column members, effective

moments of inertia, Ieff, shall be based on cracked section properties and can be determined from the

initial slope of the M–f curve between the origin and the point designating first yield of the main

column reinforcement. The torsional moment of inertia of concrete column Jeff may be taken as

0.2 times Jgross. For capacity-protected concrete members, Ieff shall be based on their level of cracking.

For a conventionally reinforced concrete box girder superstructure, Ieff can be estimated between

0.5 and 0.75 times Igross, the moment of inertia of a gross section. For prestressed concrete super-

structures, Ieff is assumed 1.0 times Igross.

The following are major considerations in seismic analysis and design practice:

� A beam–element model with three or more lumped masses for each member is usually used

[25,26].
� Larger cap stiffness is often used to simulate a stiff deck.
� Compression and tension models are used to simulate the behavior of expansion joints.

In the tension model, superstructure joints including abutments are released longitudinally

but the restrainers are modeled as truss elements. In the compression model, all restrainers

are considered to be inactive and all joints are locked longitudinally.
� Simplistic analysis models should be used for initial assessment of structural behavior. The results

of more sophisticated models shall be compared for reasonableness with the results obtained from

the simplistic models. The rotational and translational stiffness of abutments and foundations

modeled in the seismic analysis must be compatible with their structural and geotechnical

capacity. The energy dissipation capacity of the abutments should be considered for bridges whose

response is dominated by the abutments [50].
� For elastic response spectrum analysis, the viscous damping ratio inherent in the specified ground

spectra is usually 5%.
� For time history analysis, in lieu of measurements, a damping ratio of 5% for both concrete and

timber constructions and 2% for welded and bolted steel construction may be used.
� For one- or two-span continuous bridges with abutment designed to activate significant passive

pressure in the longitudinal direction, a damping ratio of up to 10% may be used in longitudinal

analysis.
� Soil-spring elements should be used to the soil–foundation–structure interaction. Adjustments are

often made to meet force–displacement compatibility, particularly for abutments. The maximum

capacity of the soil behind abutments with heights larger than 2.5 m may be taken as 370 kPa and

will be linearly reduced for the backwall height less than 2.5 m.

TABLE 20.9 Recommended LRFD Guidelines — Requirement for Uniform Load Method [37]

Parameter Value

Number of spans 2 3 4 5 6

Maximum subtended angle for a

horizontally curved bridge

20� 20� 30� 30� 30�

Maximum span length ratio from

span to span

3 2 2 1.5 1.5

Maximum bent/pier stiffness ratio from

span to span, excluding abutments

— 4 4 4 2

Seismic Design of Bridges 20-29

Copyright 2005 by CRC Press



� Pile footing with pile cap and spread footing with soil types A and B [37] may be modeled as rigid.

If footing flexibility contributes more than 20% to pier displacement, foundation springs shall

be considered.
� For pile bent/drilled shaft, estimated depth to fixity or soil-spring based on idealized p–y curves

should be used.
� Force–deformation behavior of a seismic isolator can be idealized as a bilinear relationship

with two key variables: second slope stiffness and characteristic strength. For design, the force–

deformation relationship can be represented by an effective stiffness based on the secant

stiffness and a damping coefficient. For more detailed information, references can be made

ATC/MCEER Guidelines and AASHTO Guide Specifications [37,51] and a comprehensive

chapter by Zhang [52].

20.7.3 Nonlinear Dynamic Analysis

The nonlinear dynamic analysis (NDA) procedure is normally used for the 3% PE in 75-year earth-

quake. A minimum of three ground motions including two horizontal components and one vertical

component shall be used and the maximum actions for those three motions shall be used for design. If

more than seven ground motions are used, the design action may be taken as the mean action of ground

motions. The result of an NDA should be compared with an ERSA as a check for a reasonableness of the

nonlinear model.

20.7.4 Global and Stand-Alone Analysis

The global analysis specified in Caltrans SDC [35] is an EDA considering the entire bridge modeled from

abutment to abutment. It is often used to determine displacement demands on multiframe structures.

The stand-alone analysis is an elastic dynamic analysis considering only one individual frame. To avoid

having individual frames dependent on the strength and stiffness of adjacent frames, the separate stand-

alone model for each frame must meet all requirements of the SDC.

20.7.5 Inelastic Static Analysis — Push Over Analysis

Inelastic Static Analysis (ISA), commonly referred to as the ‘‘push over analysis,’’ shall be used

to determine the displacement capacity of a bridge system. IAS shall be performed using expected

material properties for modeled members. ISA can be categorized into three types of analysis: (1) elastic–

plastic hinge, (2) refined plastic hinge, and (3) distributed plasticity.

The simplest method, elastic–plastic hinge analysis, may be used to obtain an upper bound solution.

The most accurate method, distributed plasticity analysis, can be used to obtain a better (more refined)

solution. Refined plastic hinge analysis is an alternative that can reasonably achieve both computational

efficiency and accuracy.

In an elastic–plastic hinge (lumped plasticity) analysis, material inelasticity is taken into account using

concentrated ‘‘zero-length’’ plastic hinges, which maintain plastic moment capacities and rotate freely.

When the section reaches its plastic capacity, a plastic hinge is formed and element stiffness is adjusted

[53,54]. For regions in a framed member away from the plastic hinge, elastic behavior is assumed. It does

not, however, accurately represent the distributed plasticity and associated P–d effects. This analysis

predicts an upper bound solution.

In the refined plastic hinge analysis [55], a two-surface yield model considers the reduction of

plastic moment capacity at the plastic hinge due to the presence of axial force and an effective tangent

modulus accounts for the stiffness degradation due to distributed plasticity along a frame member. This

analysis is similar to the elastic–plastic hinge analysis in efficiency and simplicity and also accounts for

distributed plasticity.
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Distributed plasticity analysis models the spread of inelasticity through the cross-sections and along the

length of the members. This is also referred to as plastic zone analysis, spread-of-plasticity analysis, and

elasto-plastic analysis by various researchers. In this analysis, a member needs to be subdivided into several

elements along its length to model the inelastic behavior more accurately. Two main approaches have been

successfully used to model plastification of members in a second-order distributed plasticity analysis:

� Cross-sectional behavior is described as an input for the analysis by means of moment–

thrust–curvature (M–P–f) and moment–thrust–axial strain (M–P–e) relations, which may be

obtained separately from a moment–curvature analysis or approximated by closed-form

expressions [56].
� Cross-sections are subdivided into elemental areas and the state of stresses and strains

are traced explicitly using the proper stress–strain relations for all elements during the

analysis.

20.7.6 Moment–Curvature Analysis

The main purpose of moment–curvature analysis is to study the section behavior. The following

assumptions are usually made:

� Plane section before bending remains plane after bending.
� Shear and torsional deformations are negligible.
� Stress–strain relationships for concrete and steel are given [35].
� For reinforced concrete, a prefect bond between concrete and steel rebar exists.

The mathematical formulas used in the section analysis are (Figure 20.21)

Compatibility equations

fx ¼ e=y ð20:33Þ

fy ¼ e=x ð20:34Þ
Equilibrium equations

P ¼
Z

A

s dA ¼
Xn

i¼1

siAi ð20:35Þ

Mx ¼
Z

A

sy dA ¼
Xn

i¼1

siyiAi ð20:36Þ

My ¼
Z

A

sx dA ¼
Xn

i¼1

sixiAi ð20:37Þ

For a reinforced concrete member, the cross-section is divided into an appropriate number of

equivalent concrete and steel elements or filaments representing the concrete and reinforcing steel as

shown in Figure 20.21. Each concrete and steel layer or filament is assigned its corresponding stress–

strain relationships. Confined and unconfined stress–strain relationships are used for the core concrete

and for the cover concrete, respectively.

For a structural steel member, the section is divided into steel layers or filaments and a typical

steel stress–strain relationship is used for tension and compact compression elements, and an

equivalent stress–strain relationship with reduced yield stress and strain can be used for a noncompact

compression element.

The analysis process starts by selecting a strain for the extreme concrete (or steel) fiber. Using this

selected strain and assuming a section neutral axis (NA) location, a linear strain profile is constructed

and the corresponding section stresses and forces are computed. Section force equilibrium is then

checked for the given axial load. By changing the location of the NA, the process is repeated until
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equilibrium is satisfied. Once the equilibrium is satisfied, and for the assumed strain and the given axial

load, the corresponding section moment and curvature are computed by Equations 20.36 and 20.37.

A moment–curvature (M–f) diagram for a given axial load is constructed by incrementing the

extreme fiber strain and finding the corresponding moment and the associated curvature. An interaction

diagram (M–P) relating axial load and ultimate moment is constructed by incrementing the axial load

and finding the corresponding ultimate moment using the above procedure.

For a reinforced concrete section, the yield moment is usually defined as the section moment at

onset of yielding of the tension reinforcing steel. The ultimate moment is defined as the moment at

peak moment capacity. The ultimate curvature is usually defined as the curvature when the

extreme concrete fiber strain reaches ultimate strain or when the reinforcing rebar reaches its

ultimate (rupture) strain (whichever take place first). Figure 20.22a shows typical M–P–f curves for

a reinforced concrete section.

For a simple steel section, such as rectangular, circular-solid, and thin-walled circular section,

a closed-form of M–P–f can be obtained using the elastic–perfectly plastic stress–strain relations [56].

For all other commonly used steel section, numerical iteration techniques are used to obtain M–P–f
curves. Figure 20.22b shows typical M–P–f curves for a wide-flange section.

20.7.7 Random Vibration Approach

The random vibration approach is a well-recognized and advanced seismic-response analysis method for

linear multisupport-structural systems and long-span structures [57,58]. This approach provides a

statistical measure of the response, which is not controlled by an arbitrary choice of the input motions,

and also significantly reduces the response evaluation to that of a series of linear one-degree systems in
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a way that fully accounts for the multiple-support input and the space–time correlation structure of the

ground motion [58].

Although the random vibration approach has been adopted by the Eurocode [59] and widely used by

Chinese engineers, it has not been accepted as a practical method of analysis for complex long-span

structures by U.S. practicing engineers due to computation difficulties [57].

During 1990s, Lin and coworkers [60–64] have developed a new series of algorithms, that is, the

pseudo-excitation method (PEM) series, on structural stationary/nonstationary random response

analysis. The PEM is an accurate and extremely efficient method to solve complicated random

vibration problems. The cross-correlation terms between all participating modes and between

all excitations are all included in the responses. Most recently, the PEM has been used to analyze several

long-span bridges in China. Cheng [65] analyzed the Hunan Yue-Yang Cable-stayed Bridge with a total

length of 5700 m and a main span of 880 m, in which 2700 degrees of freedom, 15 multisupport

ground motions, and 200 modes were used. Fan et al. [66] used PEM to analyze the Second Yangtze

River Bridge at Nancha, a cable stay bridge with a total length of 1238 m and a main span of 628 m,

in which 300 modes in the fast CQC (i.e., PEM) analysis and 12 multisupport ground motions were
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used. The computations showed that the ‘‘wave passage effect’’ may cause the differences of some

demands up to 40%.

20.8 Seismic Detailing Requirements

20.8.1 ATC/MCEER Guidelines [37]

20.8.1.1 Minimum Seat Requirements

In SDRs 1 and 2, the minimum seat width is

Nmin ¼ 0:1þ 0:0017L þ 0:007H þ 0:05
ffiffiffiffiffi
H
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2

B

L

	 
2
s2

4
3
5 ð1þ 1:25FvS1Þ

cos a
ð20:38Þ

B

L
� 3

8
ð20:39Þ

where L is the distance between joints (m), H is the height of the tallest pier between joints (m), and B is

the width of the superstructure (m).

In SDRs 3 to 6, the minimum seat width is either Equation 20.38 or 1.5 times the displacement of the

superstructure at the seat according to the following equation:

D ¼ RdDe ð20:40Þ

Rd ¼

 
1 1

R

!
T�

T
þ 1

R
for T <T�

1 for T 	 T�

8><
>: ð20:41Þ

where De is the displacement demand from the seismic analysis.

20.8.1.2 P–� Requirements

In SDRs 3 to 6, the displacement of a pier or bent in the longitudinal and transverse directions deter-

mined by Equation 20.40 shall satisfy

D � 0:25CsH ¼ 0:25
Vn

W

	 

H ð20:42Þ

where Vn is the lateral nominal shear strength of the pier, W is the dead load of the pier, and H is the

height of the pier from the point of fixity for foundation.

The basis of this requirement is that maximum displacement is such that the reduction in resisting

force is limited to a 25% reduction from the lateral strength assuming no postyield stiffness.

The inequality in Equation 20.42 is to keep the bridge pier from being significantly affected by

P–D moments.

20.8.1.3 Minimum Displacement Capacity Requirements

For SDAP E, the following equation shall be satisfied:

Dc 	 1:5D ð20:43Þ

where Dc is lateral displacement capacity of the pier or bent. It is defined as the displacement at which

the first component reaches its maximum deformation. The factor of 1.5 on displacement demand

recognizes the approximation of the modeling and analysis.

20.8.1.4 Structural Steel Design Requirements

20.8.1.4.1 Limiting Width-to-Thickness Ratios

In SDRs 2 to 6, the width-to-thickness ratio of compression elements of the columns in ductile MRF and

single-column structures shall satisfy the limiting ratios specified in Table 20.10. Full penetration flange

and web welds are required at beam-to-column connections.
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20.8.1.4.2 Limiting Slenderness Ratio

In SDRs 2 to 6, Table 20.11 summarizes the limiting slenderness ratio (KL/r) for various steel members.

Recent studies found that more stringent requirement for slenderness ratios may be unnecessary,

provided that connections are capable of conveying at least the member’s tension capacity. The ratios

shown in Table 20.11 reflect those relaxed limits.

TABLE 20.10 Recommended LRFD Guidelines — Limiting Width-to-Thickness Ratios [37]

Description of element

Width-to-

thickness

ratio, b/t

Limiting width-to-

thickness ratio, lp Limiting ratio, k

Flanges of I-shaped sections

and channels in compression

bf/2tf

135ffiffiffiffiffi
Fy

p 0.3

Webs in combined flexural

and axial compression

hc/tw For For

Pu

fbPy

� 0:125

1365ffiffiffiffiffi
Fy

p 1 1:54Pu

fbPy

	 

Pu

fbPy

� 0:125

3:05 1 1:54Pu

fbPy

	 


For For

Pu

fbPy

� 0:125

500ffiffiffiffiffi
Fy

p 2:33 Pu

fbPy

	 

	 665ffiffiffiffiffi

Fy

p
Pu

fbPy

� 0:125

1:12 2:33 Pu

fbPy

	 

	 1:48

Hollow circular sections

(pipes)

D/t
8950

Fy

200ffiffiffiffiffi
Fy

p
Unstiffened rectangular

tubes

b/t
300ffiffiffiffiffi

Fy

p 0.67

Longitudinally stiffened

plates in compression

b/t
145ffiffiffiffiffi

Fy

p 0.32

Notes:

1. bf and tf are the width and thickness of an I-shaped section and hc is the depth of that section and tw is the thickness of

its web.

2. Limits lp is for format b=t � lp:

3. Limits k is for format b=t � k
ffiffiffiffiffiffiffiffiffiffi
E=Fy

p
.

TABLE 20.11 Recommended LRFD Guidelines — Limiting Slenderness Ratio [37]

Description of members

Limiting slenderness

ratio Kl/r Limiting length, L (m)

Unsupported distance for

potential plastic hinge zone

of columns

17250ry

Fy

Ductile compression

bracing members

2600p
Fy

Nominally ductile

bracing members

3750p
Fy

limit is waived if

members designed as

tension-only bracing
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20.8.1.4.3 Limiting Axial Load Ratio

High axial load in a column usually results in the early deterioration of strength and ductility.

The ratio of factored axial compression due to seismic load and permanent loads to yield strength

ðAgEyÞ for columns in ductile MRFs and single-column structures shall not exceed 0.4 for SDR 2 and

SDRs 3 to 6, respectively.

20.8.1.4.4 Plastic Rotation Capacities

In SDRs 3 to 6, the plastic rotational capacity shall be based on the appropriate performance level and

may be determined from tests and a rational analysis. The maximum plastic rotational capacity

yp should be conservatively limited to 0.035, 0.005, and 0.01 radians for life safety, operational

performance, and in ground hinges and piles, respectively.

20.8.1.5 Concrete Design Requirements

20.8.1.5.1 Limiting Longitudinal Reinforcement Ratios

The ratio of longitudinal reinforcement to the gross cross-section shall not be less than 0.008 and not

more than 0.04.

20.8.1.5.2 Shear Reinforcement

The shear strength shall be determined by either an implicit approach or an explicit approach. In the end

regions, the explicit approach assumes that the shear-resisting mechanism is provided by the strut-tie

model (explicit approach) such that

fVs 	 Vu  ðVp þ VcÞ ð20:44Þ

Vp ¼
L
2

Pe

D0

L
ð20:45Þ

Vc ¼
0:05

ffiffiffiffi
f 0c

p
bwd for plastic hinge zone

0:17
ffiffiffiffi
f 0c

p
bwd for outside plastic hinge zone

(
ð20:46Þ

Vs ¼

p
2

Abh

s
fyhD00 cot y for circular section

Av

s
fyhD00 cot y for rectangular section

8><
>: ð20:47Þ

where

Pe ¼ compressive axial force including seismic effects

D 0 ¼ pitch circle diameter of the longitudinal reinforcement in a circular column, or the distance

between the outermost layers of bars in a rectangular column

L ¼ column length

L ¼ fixity factor defined in Section 20.6.1.5

bw ¼web width of the section

d ¼ effective depth of the section

Abh¼ area of one circular hoop/spiral rebar

Ash ¼ total area of transverse reinforcement in one layer in the direction of the shear force

D 00 ¼ centerline section diameter/width of the perimeter spiral/hoops

y ¼ principal crack angle defined in Section 20.6.1.5
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20.8.1.5.3 Transverse Reinforcement in Plastic Hinge Zones

Figures 20.23 to 20.25 illustrate the typical transverse reinforcement. For confinement in plastic hinge

zones, the ratio of transverse reinforcement, rs, shall not be less than

rs min ¼ 0:008
f 0c

Usf

ashape

Pe

f 0c Ag

þ rt

fy

f 0c

	 

Ag

Acc

	 
2

1

" #
ð20:48Þ

rs ¼
4Abh

D 0s
for circular sections

Ash

sB0
þ A0sh

sD 00
for rectangular sections

8><
>: ð20:49Þ

where

Acc ¼ area of column core concrete, measured to the centerline of the perimeter hoop or spiral

Ash ¼ total area of transverse reinforcement in one layer into the direction of the applied shear

8′ Max

Spiral
reinforcement

FIGURE 20.23 Column single spiral details [37].

Cross-ties engage longit.
reinforcement

14� Max

14� Max

6� Max
where alternate
bars are tied

Hoops and cross-ties
contribute to Ash

d

6d

D

45°

h
hc

he for Ash crossing X–X axis

h e
 fo

r 
A

sh
 

cr
os

si
ng

 Y
–Y

 a
xi

s

Y

x x

Y
14� Max

14
� 

M
ax

6� Max
where alternate
bars are tied

FIGURE 20.24 Column tie details [37].
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A0sh ¼ total area of transverse reinforcement in one layer perpendicular to the direction of the applied

shear

B00 ¼ core dimension of tied column in the direction of the applied shear

D00 ¼ core dimension of tied column perpendicular to the direction of the applied shear

D0 ¼ center-to-center diameter of perimeter hoop for spiral

fy ¼minimum specified yield strength of rebars

s ¼ vertical spacing of transverse reinforcement, not exceeding 100 mm

Usf ¼ strain energy capacity of transverse reinforcement (¼ 110 MPa)

ashape¼ 12 and 15 for circular sections and rectangular section, respectively

To restrain buckling of longitudinal reinforcement in plastic hinges, the transverse reinforcement shall

satisfy the following requirements:

For circular section

rs ¼ 0:016
D

s

	 

s

db

	 

rt

fy

fyh

	 

ð20:50Þ

For rectangular section

Abh ¼ 0:09Ab

fy

fyh

	 

ð20:51Þ

where D is the diameter of the circular column, db is the diameter of longitudinal reinforcement bars

being restrained by hoop or spiral, fy is the minimum specified yield strength of longitudinal reinfor-

cement bars, fyh is the minimum specified yield strength of transverse reinforcement bars, Ab is the area

of longitudinal reinforcement bars being restrained by hoop or spiral, Abh is the area of hoops or spiral or

ties restraining the longitudinal steel, and s is the vertical spacing of transverse reinforcement restraining

the longitudinal steel.

The transverse reinforcement shall be provided in the plastic hinge zones defined in Section 20.6.1.5.

The spacing the transverse reinforcement shall meet

s �
6db

0:25 (minimum member dimension)

150 mm

(
ð20:52Þ

20.8.1.5.4 Joint Reinforcement

� Moment-resisting integral connections shall be designed to resist the maximum plastic moment.
� The principal tension stress pt and compression stress pc shall be calculated by

pt

pc

¼ fh þ fv

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fh þ fv

2

	 
2

þv2
hv

s
ð20:53Þ

Interlocking
bars

Spiral
reinforcement

8� 
Max

FIGURE 20.25 Column interlocking spiral details [37].
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where fh is the average axial stress in the horizontal direction within the plans of the connection under

consideration (positive is compressive stress) (MPa), fh is the average axial stress in the vertical direction

within the plans of the connection under consideration (positive is compressive stress) (MPa), and vhv is

the average shear stress within the plans of the connection (MPa).

� The principal compression stress pc shall not exceed 0:25f 0c .
� When the principal tension stress pt � 0:29

ffiffiffiffi
f 0c

p
for circular columns or columns with intersecting

spirals, the volumetric ratio of transverse reinforcement in the form of spirals or hoops to be

continued into the cap or footing rs shall not be less than 0:29
ffiffiffiffi
f 0c

p
=fyh where fyh is yield stress of

horizontal hoop/tie reinforcement in the joint.
� When the principal tension stress pt > 0:29

ffiffiffiffi
f 0c

p
the additional reinforcement shown in Figure 20.26

shall be provided as follows:
� On each side column, vertical stirrups: Ajv¼ 0.16Ast.
� Inside joint: the required vertical tie: Ajt¼ 0.08Ast.
� Longitudinal reinforcement: Ajt¼ 0.08Ast.
� Column hoop or spiral reinforcement into the cap: rs 	 0:4Ast=l2

ac.
� where Ast is the total area of longitudinal steel anchored in the joint and lac is the length of

column reinforcement embedded into the joint.

20.8.1.5.5 Plastic Rotation Capacities

In SDRs 3 to 6, the plastic rotational capacity shall be based on the appropriate performance level and

may be determined from tests and a rational analysis. The maximum plastic rotational capacity yp

should be conservatively limited to 0.035 (0.05), 0.01, and 0.02 radians for life safety (for liquifiable pile

foundation), operational performance, and in ground hinges, respectively. For the life safety perfor-

mance, the plastic hinge of a column shall be calculated by

yp ¼ 0:11
Lp

D0
ðNf Þ0:5 ð20:54Þ

2 � Nf ¼ 3:5ðTnÞ1=3 � 10 ð20:55Þ

where

Nf¼ number of cycles of loading expected at maximum displacement amplitude for liquefiable soil,

take Nf¼ 2

Lp¼ effective plastic hinge length

Lp ¼
0:08

M

V
þ 4400eydb for common columns

Lg þ 8800eydb for columns with isolation gap

8<
: ð20:56Þ

ey ¼ yield strain of longitudinal reinforcement

Lg ¼ gap length between the flare and adjacent element

D0 ¼ distance between outer layers of the longitudinal reinforcement

db¼ diameter of the main longitudinal reinforcement bars

20.8.2 Caltrans SDC

20.8.2.1 Minimum Seat Width Requirements

To prevent unseating of superstructures at hinges, piers, and abutments, the seat width shall be available

to accommodate the anticipated thermal movement, prestressing shortening, concrete creep and
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shrinkage, and the relative longitudinal earthquake displacement, and shall not exceed the following

minimum seat requirements [35]:

For seat width at hinges

Nmin ¼ larger of
Dps þ Dcrþsh þ Dtemp þ Deq þ 100

600 mm

�
ð20:57Þ

where Deq is total relative displacement between frames.

For seat width at abutments

Nmin ¼ larger of
Dps þ Dcrþsh þ Dtemp þ Deq þ 100

760 mm

�
ð20:58Þ

where Dps, Dcrþsh, Dtemp, and Deq are relative displacement due to prestressing, concrete creep and

shrinkage, and earthquake, respectively (mm).

20.8.2.2 P–� Effects

The P–D effects tend to increase the displacement and decrease the lateral load-carrying capacity of a

bridge column. These effects can typically be ignored if the moment (PDLD) is less than or equal to 20%

of the column plastic moment, that is, PDLD � 0:2M col
p .

20.8.2.3 Minimum Displacement Ductility Capacity

To ensure the dependable ductile behavior of all columns regardless of seismic demand, a minimum

local displacement ductility capacity of mc¼Dc/DY	 3 is required and target local ductility of mc	 4 is

recommended. The local displacement ductility capacity shall be calculated for an equivalent member

that approximates a fixed base cantilever element.

20.8.2.4 Maximum (Target) Displacement Ductility Demand

The engineers are encouraged to limit displacement ductility demands, defined as mD¼DD/DY to the

values shown in Table 20.12.

Additional beam steel
required both transversely
and longitudinally
= 0.08Ast

Ajv
Ajv within D/2

>D/2 + Id >D/2 + Id

D

Ast

FIGURE 20.26 Additional cap beam bottom reinforcement for joint force transfer [37].
Note: Id¼ development length.

TABLE 20.12 Caltrans Limiting Displacement Ductility Demand Values [35]

Item Limiting mD¼DD/DY

Single column bents supported on fixed foundations 4

Multicolumn bents supported on fixed or pinned footings 5

Pier walls (weak direction) supported on fixed or pinned footings 5

Pier walls (strong direction) supported on fixed or pinned footings 1
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20.8.2.5 Minimum Lateral Strength

Although providing ductile detailing is essential for achieving the expected performance requirements,

each column shall be designed to have a minimum lateral flexural to resist a lateral force of 0.1g or

0.1 times Pdl.

20.8.2.6 Structural Steel Design Requirements (Guide) [36]

20.8.2.6.1 Limiting Width-to-Thickness Ratios

For capacity-protected components, width–thickness ratios of compression elements shall not exceed the

limiting value lr as specified in Table 20.13. For ductile components, width–thickness ratios shall not exceed

the lp as specified in Table 20.13. Welds located in the expected inelastic region of ductile components are

preferably complete penetration welds. Partial penetration groove welds are not recommended in these

regions. If the fillet welds are only practical solution for an inelastic region, quality control and quality

assurance inspection procedures for the fracture critical members shall be followed (Figure 20.27).

20.8.2.6.2 Limiting Slenderness Ratio

The slenderness parameter lc for compression members and lb for flexural members shall not exceed the

limiting values, lcp and lbp, as specified in Table 20.14, respectively.

20.8.2.6.3 Limiting Axial Load Ratio

High axial load in a column usually results in the early deterioration of strength and ductility. The ratio

of factored axial compression due to seismic load and permanent loads to yield strength (AgFy) for

columns in ductile moment-resisting frames and single-column structures shall not exceed 0.3.

20.8.2.6.4 Shear Connectors

Shear connectors shall be provided on the flanges of girders, end cross-frames, or diaphragms to transfer

seismic loads from the concrete deck to the abutments or pier supports. The cross-frames or diaphragms

at the end of each span are the main components to transfer the lateral seismic loads from the deck down

to the bearing locations. Recent tests on a 0.4 scale experimental steel girder bridge (18.3 m long)

conducted by University of Nevada, Reno [69] indicated that too few shear connectors between the

girders and deck at the bridge end did not allow the end cross-frame to reach its ultimate capacity.

20.8.2.7 Concrete Design Requirements

20.8.2.7.1 Limiting Longitudinal Reinforcement Ratios

The ratio of longitudinal reinforcement to the gross cross-section shall not be less than 0.01 and 0.005 for

columns and pier walls, respectively, and not more than 0.04.

20.8.2.7.2 Transverse Reinforcement in Plastic Hinge Zones

For confinement in plastic hinge zones (larger of 1.5 times cross-sectional dimension in the direction of

bending and the regions of column where the moment exceeds 75% of overstrength plastic moment,

M col
p ), transverse reinforcement shall not be less than [27]

For spiral and hoops (rs¼ 4Abh/D0s)

rs,min ¼
0:45

f 0c
fy

�Ag

Ac

 1
��

0:5þ 1:25Pe

f 0c Ag

�
for D � 0:9 m

0:12
f 0c
fy

�
0:5þ 1:25Pe

f 0c Ag

�
for D> 0:9 m

8>>><
>>>:

ð20:59Þ

For ties

Ash,min ¼ larger of

0:3shc
f 0c
fy

�Ag

Ac

 1
��

0:5þ 1:25Pe

f 0c Ag

�

0:12shc

f 0c
fy

�
0:5þ 1:25Pe

f 0c Ag

�
8>>><
>>>:

ð20:60Þ
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TABLE 20.13 Caltrans Limiting Width–Thickness Ratios [36]

No. Description of elements Examples

Width–thickness

ratios lr lp

Unstiffened elements

1 Flanges of I-shaped

rolled beams and channels

in flexure

Figure 20.27a

Figure 20.27c

b/t
370ffiffiffi

F
p

y  69

137ffiffiffiffiffi
Fy

p

2 Outstanding legs of pairs

of angles in continuous

contact; flanges of channels

in axial compression; angles

and plates projecting from

beams or compression

members

Figure 20.27d

Figure 22.27e

b/t
250ffiffiffiffiffi

F y

p 137ffiffiffiffiffi
Fy

p

Stiffened elements

3 Flanges of square and

rectangular boxes and hollow

structural section of uniform

thickness subject to bending

or compression; flange cover

plates and diaphragm plates

between lines of fasteners

or welds

Figure 20.27b b/t
625ffiffiffiffiffi

F y

p
290ffiffiffiffiffi

F y

p ðtubesÞ

400ffiffiffiffiffi
F y

p ðothersÞ

4 Unsupported width of cover

plates perforated with a

succession of access holes

Figure 20.27d b/t
830ffiffiffiffiffi

F y

p 400ffiffiffiffiffi
Fy

p

5 All other uniformly

compressed stiffened

elements, i.e., supported

along two edges

Figures 20.27a,

c, d, f

b/t

h/tw

665ffiffiffiffiffi
F y

p
290ffiffiffiffiffi

F y

p ðw/lacingÞ

400ffiffiffiffiffi
F y

p ðothersÞ

6 Webs in flexural compression Figures 20.27a,

c, d, f

h/tw

2550ffiffiffiffiffi
F y

p 1365ffiffiffiffiffi
Fy

p
7 Webs in combined flexural

and axial compression

Figures 20.27a,

c, d, f

h/tw

2550ffiffiffiffiffi
Fy

p � 1 0:74P

�bPy

	 
 For

Pu � 0:125�bPy

� 1365ffiffiffiffiffi
Fy

p 1 1:54P

�bPy

	 

For

Pu > 0:125�bPy

� 500ffiffiffiffiffi
Fy

p 2:33 P

�bPy

	 


	 665ffiffiffiffiffi
F y

p
8 Longitudinally stiffened plates

in compression

Figure 20.27e b/t
297

ffiffiffi
k
p
ffiffiffiffiffi
Fy

p 197
ffiffiffi
k
p
ffiffiffiffiffi
Fy

p
9 Round HSS in axial compression

or flexure

D/t
7930

Fy

8950

Fy

n¼number of equally spaced longitudinal compression flange stiffeners.

Is¼moment of inertia of a longitudinal stiffener about an axis parallel to the bottom flange and taken at the base of

the stiffener.

Notes:

1. Width–thickness ratios shown in Bold are from AISC-LRFD (1999) [67] and AISC-Seismic Provisions (1997) [68].

Fy is MPa.

2. k¼ buckling coefficient specified by Article 6.11.2.1.3a of AASHTO-LRFD [38]. For n¼ 1, k = (8I s=bt 3)1/3� 4.0; for

n¼ 2, 3, 4, and 5, k ¼ ð14:3I s=bt3n4Þ1=3 � 4:0:
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h

5 Axial compression
6 Flexure
7 Flexure and
   axial compression

1 Flexure
2 Axial compression

5 Axial compression
6 Flexure
7 Flexure and
   axial compression

8 Flexure or
   axial compression

2 Flexure and
   axial compression

5 Flexure  
6 Axial compression

Built-up I section

b

b

b

Longitudinally stiffened
built-up box section

h 
or

 b

Built-up box

h

1 Flexure
2 Axial compression

5 Axial compression
6 Flexure
7 Flexure and
   axial compression

Rolled I section

b b

b

(a)

(b)

(c)

(d)

(e)

(f)

3 Flexure or
   axial compression

h or b

Hollow structural tube

b

5 Axial compression
6 Flexure
7 Flexure and
   axial compression

1 Flexure 
2 Axial compression

Built-up channels

b

h

FIGURE 20.27 Selected steel cross-sections [36].

TABLE 20.14 Caltrans Limiting Slenderness Parameters [36]

Member classification Limiting slenderness parameters

Ductile

Compression member lcp 0.75

Flexural member lbp 17240/Fy

Capacity protected

Compression member lcp 1.5

Flexural member lbp 1970=
ffiffiffiffiffi
Fy

p
Notes:

lc ¼ KL=rpð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðFy=EÞ

p
(slenderness parameter for compression members).

lb ¼ L=ry (slenderness parameter for flexural members).

lcp¼ limiting slenderness parameter for compression members.

lbp¼ limiting slenderness parameter for flexural members.

K ¼ effective length factor of a member.

L ¼ unsupported length of a member (mm).

r ¼ radius of gyration (mm).

ry ¼ radius of gyration about the minor axis (mm).

Fy ¼ specified minimum yield strength of steel (MPa).

E ¼modulus of elasticity of steel (200,000 MPa).
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where Ash is the total cross-sectional area of tie reinforcement including supplementary cross-tie within

a section having limits of s and hc, hc is the core dimension of tied column in direction under con-

sideration (out-to-out of ties), s is the vertical spacing of transverse reinforcement, and D0 is the center-

to-center diameter of perimeter hoop for spiral.

The spacing the transverse reinforcement in the plastic hinge zones shall meet

s �
6db

0:2 Dmin

220 mm

(
ð20:61Þ

where Dmin is the least cross-section dimension for columns and one-half of the least cross-section

dimension of piers and db is the diameter of the main column reinforcement.

20.8.2.7.3 Joint Proportion and Reinforcement [35,70]

� Moment-resisting integral connections shall be designed to resist the overstrength capacity

1.2�M col
p and associated shear.

� The principal tension stress pt and compression stress pc shall not exceed 1:0
ffiffiffiffi
f 0c

p
and 0.25, f 0c ,

respectively. The bent cap width shall not be less than the cross-section dimension of the column

in the direction of bending plus 600 mm.
� When the principal tension stress pt � 0:29

ffiffiffiffi
f 0c

p
for circular columns or columns with intersecting

spirals, the volumetric ratio of transverse reinforcement in the form of spirals or hoops to be

continued into the cap or footing rs shall not be less than 0:29
ffiffiffiffi
f 0c

p
=fyh.

300 mm

Typ

75 min

As
jv  Joint shear reinforcement

@ 300 through column area

@ __ Beyond column area

Dc

Transverse column reinforcement

As
jh  Horiz. cross ties

L = 0.75 (skew cap width)
As

sf

Bent cap details, section at column for bridges with 0 to 20° skew 
(Detail applies to sections within 2 × diameter of column, centered about CL of column)
(Detail applies to T-beam and box girder bridges where deck reinforcement is placed parallel to cap)

Construction joint

or

FIGURE 20.28 Example cap joint shear reinforcement — skews 0 to 20� [35].
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� When the principal tension stress pt > 0:29
ffiffiffiffi
f 0c

p
the additional reinforcement as shown in

Figure 20.28 and Figure 20.29 shall be provided and well distributed within D/2 from the face of

the column. All joint shear reinforcement shall be as follows:
� On each side column, vertical stirrups: Ajv

s ¼ 0:2Ast.
� Horizontal stirrups or tiles: Ajh

s ¼ 0:1Ast.
� Longitudinal side reinforcement: Asf

s 	 0:1Acap, where Acap is area of bent cap top or bottom

flexural steel.
� Column hoop or spiral reinforcement into the cap: rs 	 0:4Ast=l2

ac.
� Horizontal reinforcement shall be stitched across the cap in two or more intermediate layers.

The reinforcement shall be shaped as hairpins, spaced vertically at not more than 460 mm. The

hairpins shall be 10% of column reinforcement. Spacing shall be denser outside the column than

that used within the column.
� For bent caps skewed greater than 20�, the vertical J-bars hooked around longitudinal deck and

bent cap steel shall be 8% of column steel (see Figure 20.30). The J-bars shall be alternatively 600

and 750 mm long and placed within a width of column dimension either side of the column

centerline.
� All vertical column bars shall be extended as high as practically possible without interfering with

the main cap bars.

20.8.2.7.4 Effective Plastic Hinge Length

The effective plastic hinge length is used to evaluate the plastic rotation of columns.

Lp ¼
0:08 L þ 0:022 fyedb 	 0:044 fyedb for columns and Type II shafts

G þ 0:044 fyedb for horizontally isolated flared columns

D� þ 0:06 H 0 for noncased Type I shafts

8<
: ð20:62Þ

where fye is the expected yield stress of longitudinal reinforcement, L is the member length from the

maximum moment to the point of contraflexure, H0 is the length of pile shaft/column from the ground

surface to point of contraflexure, above ground, and D� is the lesser cross-section dimension of shafts.

CL column = Line of symmetry

Limits of horiz. cross ties

Dc /2Dc/2

Limits of J-bars

Bent cap elevation
Horizontal cross tie and J-bar placing pattern

J-bars alternate vertical
lengths 600 and 700 mm

Vertical stirrups

As
jh

Horiz. cross-ties

L = 0.75 (skew cap width) for skew <20
L = 0.75 (cap width) for skew >20

Dc

or

FIGURE 20.29 Location of horizontal joint shear reinforcement [35].
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20.9 Seismic Design Practice in Japan

20.9.1 Introduction

Seismic design methods for highway bridges in Japan have been developed and improved based on the

lessons learned from the various past bitter experiences after the Kanto Earthquake (M7.9) in 1923. By

introducing various provisions such as soil liquefaction considerations and unseating prevention devices

to prevent bridges from serious damage, only a few highway bridges suffered complete collapse of

superstructures in the recent past earthquakes.

However, the Hyogo-ken-Nanbu (Kobe) Earthquake (M7.3) of January 17, 1995, caused destructive

damage to highway bridges. Collapse and near-collapse of superstructures occurred at nine sites and

other destructive damages occurred at 16 sites [71,72]. The earthquake revealed that there were a

number of critical design issues that should be reevaluated and revised in the seismic design and seismic

strengthening of bridges.

Just after the earthquake, the ‘‘Committee for Investigation on the Damage of Highway Bridges

Caused by the Hyogo-ken-Nanbu Earthquake’’ was established in the Ministry of Construction

(currently Ministry of Land, Infrastructure and Transport (MLIT)) to investigate the damage and

to clarify the factors that affected the damage. The committee published the intermediate investigation

report in March 1995, and the final one in December 1995 [71]. Besides the investigation of damage

of highway bridges, the Committee approved the ‘‘Guide Specifications for Reconstruction and Repair of

Highway Bridges which Suffered Damage due to the Hyogo-ken-Nanbe Earthquake’’ on February 27,

300 mm

Typ

75 min

Dc

Transverse column reinforcement

L = 0.75 (cap width)

Bent cap details, section at column for bridges with skew larger than 20°
(Detail applies to sections within 2 × diameter of column, centered about CL of column)
(Detail applies to T-beam and box girder bridges where deck reinforcement is placed normal or radial to
CL bridge)

Construction joint

As
jv Joint shear reinforcement

@ 300 through column area

@ __ Beyond column area

J-bars alternate vertical
lengths 600 and 700 mm

As
sf

As
jh Horiz. cross-ties
or

FIGURE 20.30 Example cap joint shear reinforcement — Skews> 20� [35].
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1995, and the Ministry of Construction adopted on the same day that the reconstruction and repair of

highway bridges that suffered damage during the Hyogo-ken-Nanbu Earthquake should be made

according to the ‘‘Guide Specifications.’’ Then, the Ministry of Construction decided on May 25, 1995,

that the ‘‘Guide Specifications’’ should be tentatively used in all sections of Japan as emergency measures

for seismic design of new highway bridges and seismic strengthening of existing highway bridges until

the Design Specifications of Highway Bridges were revised.

Based on the lessons learned from the Hyogo-ken-Nanbu Earthquake through the various investi-

gations, the seismic design specifications for highway bridges were significantly revised in 1996 [73–75].

The intensive earthquake motion with a short distance from the inland earthquakes with Magnitude 7

class as the Hyogo-ken-Nanbu Earthquake has been considered in the design.

After that, the revision works of the design specifications of highway bridges have been continuously

made. The revised specifications were targeted to use the performance-based design concept and to

enhance the durability of bridge structures for a long-term use, as well as the inclusion of the improved

knowledge on the bridge design and construction methods after the 1996 specifications. The 2002 design

specifications of highway bridges were issued by the Ministry of Land, Infrastructure and Transport on

December 27, 2001, and were published with commentary from the Japan Road Association (JRA) in

March 2003 [76,77].

20.9.2 Performance-Based Design Specifications

The 2002 JRA design specifications [76] are based on the performance concept for the purpose to

respond the international harmonization of design codes and the flexible applications of new structures

and new construction methods. The performance-based design concept is that the necessary perfor-

mance requirements and the verification policies are clearly specified. The JRA specifications employ the

style to specify both the requirements and the acceptable solutions including the detailed performance

verification methods which are design methods and details in the 1996 design specifications [73]. For

example, the analysis method to evaluate the response against the loads is placed as one of the ver-

ification methods or acceptable solutions. Therefore, designers can propose new ideas or select other

design methods with the necessary verification.

The code structure of the JRA Seismic Design Specifications is as shown in Figure 20.31. The static and

dynamic verification methods of the seismic performance as well as the evaluation methods of the

Objectives
of codes

Principles of
seismic design

Importance, loads,
design ground motion, limit states,

principles of performance verification

Verifications of seismic performances
(Static and dynamic verifications)

Evaluation of limit states of members
(RC and steel columns, bearings, foundations,

and superstructure)
Unseating prevention systems

Overall goals

Functional requirements
(basic requirements)

Performance
requirement level

Verification methods
and acceptable
solutions

Mandated
specifications

Can be modified 
or may be selected
with necessary
verifications

FIGURE 20.31 Code structure of JRA seismic design specification.
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strength and ductility capacity of the bridge members are placed as the verification methods and the

acceptable solutions, which can be modified by the designers with the necessary verifications.

20.9.3 Basic Principles of Seismic Design

Table 20.15 shows the performance matrix including the design earthquake ground motion and the

seismic performance level (SPL) provided in the JRA Seismic Design Specifications. The two-level

ground motions are the moderate ground motions induced in the earthquakes with high probability to

occur (Level 1 earthquake) and the intensive ground motions induced in the earthquakes with low

probability to occur (Level 2 earthquake).

The Level 1 earthquake provides the moderate earthquake ground motions considered in the con-

ventional elastic design method. For the Level 2 earthquake, two types of intensive ground motions are

considered. The first is the ground motions that are induced in the interplate-type earthquakes with a

magnitude of around 8. The ground motion at Tokyo in the 1923 Kanto Earthquake is a typical target of

this type of ground motion. The second is the ground motion developed in earthquakes with magnitude

of around 7 at a very short distance. The ground motion at Kobe during the Hyogo-ken-Nanbu

Earthquake is a typical target of this type of ground motion. The first and the second ground motions are

named as Type-I and Type-II ground motions, respectively.

Figure 20.32 shows the acceleration response spectra of the design ground motions. It is specified that

the site-specific design ground motions shall be considered if the ground motion can be appropriately

estimated based on the information on the earthquake including past history and the location and

detailed condition of the active faults, ground conditions including the condition from the faults to the

construction sites. The site-specific design ground motion shall be developed by utilizing necessary and

accurate information on the earthquake and ground conditions as well as the verified evaluation

methodology of the fault-induced ground motions. However, such detailed information in the regions

of Japan is very limited so far. Therefore, continuous investigation and research on this issue as well as

the reflection on the practical design of highway bridges is expected.

20.9.4 Ground Motion and Seismic Performance Level

The seismic design of bridges is according to the performance matrix as shown in Table 20.15. The bridges

are categorized into two groups depending on their importance: standard bridges (Type-A bridges) and

important bridges (Type-B bridges). The SPL depends on the importance of bridges. For the moderate

ground motions induced in the earthquakes with high probability of occurrence, both A and B bridges shall

behave in an elastic manner essentially without structural damage (SPL: 1). For the intensive ground

motions induced in the earthquakes with low probability of occurrence, the Type-A bridges shall prevent

critical failure (SPL: 3), while the Type-B bridges shall perform with limited damage (SPL: 2).

SPLs 1 to 3 are based on the viewpoints of ‘‘safety,’’ ‘‘functionability,’’ and ‘‘repairability’’ of

bridge structures during and after the earthquakes. Table 20.16 shows the basic concept of these three

viewpoints of the SPL.

TABLE 20.15 Seismic Performance Matrix (Design Ground Motion and Seismic Performance Level)

Type of design ground motions

Standard bridges

(Type-A)

Important bridges

(Type-B)

Level 1 earthquake: ground motions

with high probability of occurrence

SPL 1: prevent damage

Level 2 Earthquake: ground motions

with low probability of occurrence

Interplate earthquakes

(Type-I)

Inland earthquakes

(Type-II)

SPL 3: prevent

critical damage

SPL 2: limited

damage for function

recovery

Note: SPL, seismic performance level.
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FIGURE 20.32 Design acceleration spectrum. (Class I ground: stiff ground, Class II ground: medium ground,

Class III ground: soft ground.)

TABLE 20.16 Key Issues of Seismic Performance

Repairability

SPL Safety Functionability Short term Long term

SPL 1, Prevent damage Safety against

unseating of

superstructure

Same function as

before earthquake

No need of repair

for function recovery

Simple repair

SPL 2, Limited damage

for function recovery

Safety against

unseating of

superstructure

Early function

recovery can

be made

Function recovery

can be made by

temporary repair

Relatively easy

permanent repair

work can be made

SPL 3, Prevent critical

damage

Safety against

unseating of

superstructure

— — —
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20.9.5 Verification Methods of Seismic Performance

20.9.5.1 Seismic Performance Level and Limit States

In the JRA specifications [76], the determination principles of the limit state to attain the necessary

seismic performance are clearly specified. For example, the basic principles to determine the limit state

for SPL 2 is: (1) the plastic hinges shall be developed at the expected locations and the capacity of plastic

hinges shall be determined so that the damaged members can be repaired relatively easily and quickly

without replacement of main members; (2) the plastic hinges shall be developed at the portions with

appropriate energy absorption and with quick repairability; (3) considering the structural conditions,

the members with plastic hinges shall be appropriately arranged and the limit states of members with

plastic hinges shall be determined appropriately. Based on the basic concept, the arrangement of

members with plastic hinges and the limit states of members for ordinary bridge structures are specified

in the commentary.

20.9.5.2 Verification Methods of Seismic Performance

It is the fundamental policy that the response of the bridge structures against design earthquake ground

motions shall be verified by specified method not to exceed the specified limit states.

Table 20.17 shows the applicable verification methods of seismic performance. In the seismic design of

highway bridges, it is important to increase the strength and the ductility capacity to appropriately resist

the intensive earthquakes. The verification methods are based on static and dynamic analyses. In the JRA

specifications, the static lateral force coefficient method with elastic design, ductility design method, and

dynamic analysis are specified and these design methods shall be selected based on the configurations of

bridge structures.

The static verification methods including the lateral force design method and the ductility design

method are applied for the bridges with simple configuration with predominant single mode during the

earthquakes. The dynamic verification method is applied for the bridges with complicated configuration;

in such cases the applicability of the static verification methods is restricted. In the JRA specifications, the

applicability of the dynamic analysis is expanded and the dynamic verification method is limited mainly

with appropriate design consideration.

TABLE 20.17 Applicable Verification Methods of Seismic Performance Depending on Earthquake Response

Characteristics of Bridge Structures

Dynamic

characteristics;

SPL to be verified

Bridges with

simple

configuration

Bridges with multi-

plastic hinges and

without verification

of applicability of

energy constant rule

Bridges with limited application of static analysis

With multimode

response

Bridges with

complicated

configuration

SPL 1 Static

verification

Static verification Dynamic verification Dynamic verification

SPL 2/SPL 3 Static

verification

Dynamic verification Dynamic verification Dynamic verification

Example of bridges Other bridges (1) Bridges with

rubber bearings

to distribute

inertia force of

superstructures

(1) Bridges with

long natural period

(2) Bridge with

high piers

(1) Cable-stayed

bridges,

suspension bridges

(2) Arch bridges

(3) Curved bridges

(2) Seismically isolated

bridges

(3) Rigid frame

bridges

(4) Bridges with

steel columns
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Glossary

Capacity-protected component — A component expected to experience minimum damage and to

behave essentially elastic during the design earthquakes.

Concentrically braced frame (CBF) — A diagonally braced frame in which all members of the bracing

system are subjected primarily to axial forces.

Connections — A combination of joints used to transmit forces between two or more members.

Design earthquake — Earthquake loads represented by acceleration response spectrum (ARS) curves

specified in design specifications or codes.

Displacement ductility — Ratio of ultimate-to-yield displacement.

Ductile component — A component expected to experience repairable damage during the FEE and

significant damage but without failure during the SEE.

Ductility — Ratio of ultimate-to-yield deformation.

Eccentrically braced frame (EBF) — A diagonally braced frame that has at least one end of each bracing

member connected to a link.

Expected nominal strength — Nominal strength of a component based on its expected yield strength.

Functional evaluation earthquake (FEE) — A lower level design earthquake that has relatively small

magnitude but may occur several times during the life of the bridge. It may be assessed either

deterministically or probabilistically. The determination of this event is to be reviewed by a

Caltrans-approved consensus group.

Joint — An area where member ends, surfaces, or edges are attached.

Link — In EBF, the segment of a beam that is located between the ends of two diagonal braces or

between the end of a diagonal brace and a column. Under lateral loading, the link deforms

plastically in shear thereby absorbing energy. The length of the link is defined as the clear

distance between the ends of two diagonal braces or between the diagonal brace and the

column face.

Liquefaction — Seismically induced loss of shear strength in loose, cohesionless soil that results from a

build up of pour pressure as the soil tries to consolidate when exposed to seismic vibrations.

Maximum credible earthquake (MCE) — The largest earthquake that is capable of occurring along an

earthquake fault, based on current geologic information as defined by the 1996 Caltrans

Seismic Hazard Map.

Moment-resisting frame (MRF) — A frame system in which seismic forces are resisted by shear and

flexure in members and connections in the frame.

Nominal strength — The capacity of a component to resist the effects of loads, as determined by

computations using specified material strength, dimensions, and formulas derived form

acceptable principles of structural mechanics or by field tests or laboratory test of scaled

models, allowing for modeling effects, and differences between laboratory and field conditions.

Overstrength capacity — The maximum possible strength capacity of a ductile component considering

actual strength variation between the component and adjacent components. It is estimated by

an overstrength factor of 1.2 times expected nominal strength.

Plastic hinge — A concentrated ‘‘zero length’’ hinge that maintains its plastic moment capacity and

rotates freely.

Plastic hinge zone — A region of structural components that are subject to potential plastification and

thus must be detailed accordingly.

Seismic performance criteria — The levels of performance in terms of postearthquake service and

damage that are expected to result from specified earthquake loadings.

Safety evaluation earthquake (SEE) — An upper level design earthquake that has only a small prob-

ability of occurring during the life of the bridge. It may be assessed either deterministically or

probabilistically. The deterministic assessment corresponds to the maximum credible earth-

quake. The probabilistically assessed earthquake typically has a long return period (approxi-

mately 1000 to 2000 years).
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Ultimate displacement — The lateral displacement of a component or a frame corresponding to the

expected damage level, not to exceed the displacement when the lateral resistance degrades to a

minimum of 80% of the peak resistance.

Upper bound solution — A solution calculated on the basis of an assumed mechanism that is always at

best equal to or greater than the true ultimate load.

Yield displacement — The lateral displacement of a component or a frame at the onset of forming the

first plastic hinge.
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21
Performance-Based

Seismic Design and
Evaluation of Building

Structures

Performance-based design (PBD) has emerged as the new paradigm in seismic engineering. The concept of

PBD is not limited to the field of seismic design, though the material covered in this chapter focuses

primarily on recent developments in earthquake engineering. Performance-based seismic engineering

(PBSE) is still an evolving methodology; hence, the information presented in this chapter should not be
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interpreted as an existing design specification or an adopted standard. Rather, the contents of this chapter

should be viewed as an introduction to an emerging concept for seismic design of building systems.

There are several completed and ongoing efforts to develop performance-based seismic design

methodologies. Published documents such as ATC-40 (1996), FEMA-350 (2000), and FEMA-356 (2000)

embody key aspects of PBD; however, they were each developed with limited objectives. FEMA-350

applies to new steel moment frames only. ATC-40 and FEMA-356 contain guidelines for the evalua-

tion and rehabilitation of existing buildings; the former is limited to the evaluation of existing

reinforced concrete buildings, while the latter covers all building types and is, therefore, referred to as a

‘‘prestandard’’ suggesting that it may resemble the model of a PBD code.

The purpose of this chapter is to provide readers with an overview of existing procedures that attempt

to incorporate performance-based concepts in seismic design of new structures or evaluation of existing

structures. Several potential approaches to accomplishing the goals of PBD will be discussed and an

illustrative example that applies each conceptual framework in the evaluation of a hypothetical design

will be presented so as to offer a basis for comparing the relative merits and potential drawbacks of each

approach. Much of the emphasis will be placed on buildings since they constitute the largest stock of

structures in the built environment, though the procedures outlined here can be extended with minimal

effort to other structural systems.

21.1 Some Issues in Current Seismic Design

The first question that comes to mind when introducing a new methodology is the obvious one: why do

we need a new procedure? What is inherently wrong or inadequate in the existing provisions for design

that warrants a new look at the entire process? Hence, the task of introducing PBSE is more easily

accomplished by highlighting the limitations and drawbacks of existing seismic design procedures.

Since the early development of seismic design codes, global response modification factors (or

R-factors) have remained at the core of seismic force formulas. The main purpose of the force-

reduction factors used in seismic design is to simplify the analysis process so that elastic methods can

be used to approximately predict the expected inelastic demands in a structure subjected to the

design loads. They account for reductions in seismic force values due to a variety of factors including

system inherent ductility, overstrength, and redundancy. Of these, only the ductility component of

the R-factor is generally implied in the design provisions because systems with larger expected

ductility have the lowest reduction factors. Current codes also specify a displacement amplification

factor Cd that quantifies the expected inelastic displacement of the system. Both R and Cd factors are

global response measures that do not provide an assessment of structural performance at the com-

ponent level. There is growing awareness that force-based design using R and Cd factors has serious

shortcomings. For instance, these factors are independent of the building period and ground motion

characteristics. Additionally, the same R-factor is used for moment-resisting reinforced concrete (RC),

steel, and braced frames. It is clear that a single global response modifier cannot capture the pro-

gressive distribution of nonlinearities between various structural elements, the resulting redistribution

of seismic demands inside the structure, and the changes that occur during the course of the seismic

motion. In addition to differences in seismic demands and failure mechanisms, the damage dis-

tribution is also likely to vary from one structure to the other even though they have all been

designed for the same R-value. A coherent description of the meaning and basis of establishing force-

reduction factors is outlined in two papers by Uang (1991) and Uang and Bertero (1991). Figure 21.1

shows the base-shear versus roof displacement response of a typical building structure. The vertical

axis in Figure 21.1 shows the base shear coefficient, which is the total shear normalized by the seismic

weight of the building (V/W). The design base shear coefficient of the building is Cs, while the

corresponding elastic strength is Ce. As is evident from the response of the structure, the yield

strength of the building is Cy (assuming a bilinear idealization as shown). First yielding in a member

in the system should typically commence at Cs, though material overstrength and member sizing
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may delay initial yielding beyond this value. Hence, the actual force-reduction factor or response

modification factor as defined in IBC (2000) can be defined as follows:

R ¼ Ce

Cs

¼ Ce

Cy

:
Cy

Cs

ð21:1Þ

The ratio Ce/Cy can be viewed as the response modification factor related to ductility (Rm), while the

ratio Cy/Cs contains two components: overstrength (RO) and redundancy (RR). Hence, the R-factor can

be broken down into three main components as indicated in Equation 21.2:

R ¼ RmRORR ð21:2Þ

Numerous factors influence each of the modifiers that appear in Equation (21.2). For example, the

postyield strain (or stiffness) can affect both Rm and RO. The use of higher material strengths than those

specified in the design, satisfying minimum code requirements for detailing, etc., the presence of

nonstructural components, and the oversizing of members have an impact primarily on RO and RR. The

product RORR is likely to have greater variability for RC than for steel structures. It is clearly difficult to

isolate the different components of the reduction factor and thereby provide engineers with an

understanding of the demands imposed not only on the overall system but also on individual com-

ponents in the system and the margin of safety against failure.

Since the total lateral force or base shear is the primary design parameter, the current code format is

regarded as a ‘‘strength-based’’ design procedure. The idea of distributing strength throughout the

structure rather than relying on a single base-shear parameter is recognized in the concept of capacity

design (Park and Paulay 1976), which forms the basis of the New Zealand building code. The realization

that displacements are more critical than forces initiated the move toward displacement-based design

(Moehle 1992, 1996; Priestley and Calvi 1997; Chopra and Goel 2001). Procedures to enhance

displacement-based methods yet retain the simplicity of a response spectrum to characterize the hazard

were developed by Fajfar and Gasperic (1996). Other interesting research on the shortcomings of existing

procedures and the promise of new ideas to advance seismic design methodologies was presented at a

workshop in Slovenia (Fajfar and Krawinkler 1997).

While displacement (or deformation) based criteria still remain at the core of ongoing developments

to improve the state of practice, the need to correlate measures of performance with measures of demand

V/W

Ce

Cy

Cs

∆y ∆u∆s = ∆e/R

Idealized
bilinear
response

∆e∆d = Cd ∆s

Cyo

FIGURE 21.1 Conceptual basis behind use of R-factors.
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has ushered the need for performance-based principles to be integrated into the design process.

Following the observed damage in the 1989 Loma Prieta earthquake and the aftermath of the seismic events

in Northridge and Kobe, a national effort was launched to reevaluate the principles governing modern

seismic design, which culminated in the release of FEMA-356. Two developments that laid the founda-

tion for the Federal Emergency Management Agency (FEMA) document include the prior effort that led to

ATC 3-06 (1978) and a parallel effort that produced Vision 2000 (SEAOC 1995). ATC-3-06 marked a

significant improvement in seismic provisions with the recognition of a seismic hazard in terms of a mean

annual frequency (or return period). The specified return period of 475 years (or a 10% probability of

exceedance in 50 years) and associated information (effective peak accleration (EPA), effective peak

velocity (EPV)) facilitated the development of a design spectrum. Vision 2000, an effort initiated and

supported by the Structural Engineers Association of California (SEAOC), was concerned with developing

a framework for seismic design that explicitly addressed issues beyond life safety to include damageability

and functionality.

21.2 Introduction to PBSE

The concepts of hazard and performance level are implied in the provisions of standard building codes

such as International Building Code (IBC). The SEAOC Blue Book, regarded as the commentary for the

Uniform Building Code (now IBC) provisions, clearly identifies the following performance objectives:

� No damage for minor levels of ground motion.
� No structural damage but some nonstructural damage for moderate ground motions.
� Structural and nonstructural damage but no collapse for major levels of ground motion (which

include the strongest credible earthquake at the site).

Despite the recognition of three damage states implied in modern codes, life safety has historically

been the principle concern in seismic design. Furthermore, there are no explicit procedures or processes

that allow an engineer to evaluate the expected performance of the final design or assess the margin of

safety provided by satisfying code requirements. Recent experience has shown that property damage and

related losses resulting from minor to moderate earthquakes is significant. Nonstructural considerations

and business losses can dominate the cost–benefit ratio in a life-cycle cost analysis (Krawinkler 1997).

Hence, emphasis on nonstructural issues and business interruption losses must become part of the

equation in a holistic treatment of seismic design. This and other concerns discussed in the previous

section have led researchers and engineers to rethink the principles and process governing modern

seismic design. The various alternative strategies proposed by numerous individual and group research

efforts have collectively led to the evolution of performance-based concepts that allow the design of

buildings (or the rehabilitation of existing buildings) with due consideration to different design

objectives and varying levels of risk and loss. While current design methodology relies considerably on

empirical formulations and prescriptive procedures that require only minimal design checks (such as

drift limits following the sizing of sections), PBD methodology calls for a detailed demand evaluation of

the building model under simulated earthquake loads to assess if the design objective has been achieved.

The assessment is intended to project the potential damage and associated losses, which in turn allows all

stakeholders (from the building owner to insurers and the building occupants) to specify desired levels of

performance, which then becomes the basis of design for the structural engineer. While this entails a

more significant responsibility on the part of the design professional, it also means that greater flexibility

is possible in the design — in terms of new design alternatives and techniques (the use of seismic

protection devices is one example) that can be utilized to achieve the expected performance objective.

21.2.1 Elements of a Typical Performance-Based Methodology

The first definitive document that laid the basis for PBD in seismic engineering is FEMA-356 (2000),

which essentially synthesizes two earlier reports, FEMA-273 and FEMA-274, and deals with seismic
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rehabilitation of existing buildings. A parallel effort that resulted in the publication of ATC-40 (1996) is

limited to RC buildings but is more comprehensive in its treatment. At least one other guideline that

builds on FEMA-273 is the result of the FEMA-sponsored SAC project that produced FEMA-350 (2000).

Other notable research that addresses issues in performance-based engineering includes ongoing efforts

at the Mid-America Earthquake (MAE) and Pacific Earthquake Engineering Research (PEER) centers.

The contents of this chapter are based on the concepts and procedures outlined in the various

documents and guidelines cited above. All performance-based methodologies share common elements.

Though the details of implementation may vary from one methodology to the next, the basic objectives

of the each approach are essentially the same. An attempt is made in the following sections to classify the

key components of a typical PBD methodology in three collective steps:

Step 1. a. Define a performance objective that incorporates a description of both the hazard and the

expected level of performance.

b. Select a trial design.

Step 2. Determine seismic demands on the system and its components through an analysis of a

mathematical model of the structure.

Step 3. Evaluate performance (at the system and component levels) to verify if the performance objective

defined in Step 1 has been met. If performance levels are not satisfactory, revise design and return

to Step 2.

A brief overview of the three-step process is outlined in the following sections.

21.2.1.1 Quantifying Performance Objectives

Stated simply, a performance objective specifies the desired seismic performance target for the structure.

A performance objective consists of two parts: a level of performance that is typically expressed in terms

of a damage state or decision variable and a hazard level that describes the expected seismic load at the

site. Some examples of performance levels include: collapse prevention, life safety (preservation of

human life), and immediate occupancy of the building following the design seismic event. Alternatively,

a performance level can be expressed in terms of its economic impact (dollar loss or downtime). A

commonly used description of hazard is the probability of the event in a given duration, for example,

10% probability of the design seismic loads being exceeded in 50 years. The intent of this notion of

a performance objective is conveyed in Figure 21.2, which quantifies the allowable damage or loss as

Damage control
(loss < $)

Hazard level

Minor Moderate Severe

Collapse
prevention

Life safety

Operational

Immediate
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objectives
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FIGURE 21.2 Defining performance objectives.
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a function of the intensity of the earthquake load. As suggested earlier, a hazard level denotes the severity

of the earthquake. A minor hazard level would represent an event with a higher probability of being

exceeded during the life of the structure, while an increased hazard level representing a more severe event

would indicate a reduced probability for the same duration. Damage states may be quantified in

numerous ways, but two of the most common approaches are physical damage states based on the degree

of inelastic response of members and expected losses including economic and indirect losses.

Since a structural system is composed of both primary and secondary elements, the specification of

a performance level can be distinguished depending on the structural function. Hence, the structural

performance level can be different from the nonstructural performance level for a given performance

objective.

21.2.1.1.1 Description of Hazard

Earthquake ground motions, or the characteristics of the expected ground motions, are generally used in

conjunction with a performance objective. Given the uncertainty in predicting ground motions, the task

of establishing a site-specific design event is a difficult but critical part of any PBD methodology. The

description of the hazard is meant to represent the seismic threat given knowledge of the potential

earthquake sources at the site. This is typically accomplished through a probabilistic seismic hazard

assessment that results in a hazard curve describing mean annual frequency of exceeding a certain

spectral acceleration magnitude.

The specification of ground shaking is inevitably linked to two factors: (1) site geology and related site

characteristics, which may be classified by soil profile or other soil parameters such as shear wave

velocity, undrained shear strength, etc. and (2) site seismicity, which includes information on the seismic

source. Ultimately, the design earthquake needs to be quantified in terms of a response spectrum as

shown in Figure 21.3. The spectrum is characterized by three critical points: the peak ground accel-

eration (PGA) S0, the region of maximum spectral demands (Sm between Tm and Tn), and finally

a description of the spectral demands beyond Tn.

To allow for a range of performance objectives, it is necessary to define more than a single hazard level.

The prevalent thinking in most PBD guidelines is to consider at least three levels:

� Hazard level I (or a basic service level earthquake). Earthquakes representing this level of hazard are

expected to occur more frequently, and therefore, the likelihood of such an event during the life

of the structure is high. Probabilistically speaking, this event is typically equated with a 50%

probability of being exceeded in 50 years or a mean return period of 72 years.
� Hazard level II (or a design level earthquake). This is generally the design level event. Earthquakes

at this level of hazard are normally assumed to have a 10% probability of being exceeded in

50 years.

Sm

S0

Tm Tn

FIGURE 21.3 Key parameters in design response spectrum.
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� Hazard level III (or a maximum credible level earthquake). Finally, it will be necessary to define a

maximum credible event at the site. Such an event can be used to enable higher performance

objectives (particularly for critical facilities). Here, the event is assumed to have only a 2%

probability of being exceeded in 50 years.

21.2.1.2 Estimation of Demand

Once a performance objective has been defined, the next task is to determine if the design of the

structure meets the stated performance objective. This means that a mathematical model of the structure

is subjected to the seismic design loads (as specified by the hazard at the site in the previous step) and the

demands on the system and its components are evaluated. The task of estimating seismic demand

involves the determination of deformations and forces in both structural and nonstructural elements in

the structure.

The prediction of deformation demands is a crucial and challenging aspect of a PBD approach.

Currently, the only requirement in design that examines demand is the check on drift limitations, which

is accomplished by linear elastic methods. Though some of the proposed PBD approaches suggest the

use of linear methods to determine demands, there is concern that the introduction of a simplified

technique into an otherwise advanced and comprehensive process will prove to be the undoing of the

methodology. Errors in estimating the demand can propagate through the process and lead to mis-

leading conclusions on the performance of the structure. Hence, for PBD methodology to become

acceptable to engineers and simultaneously pass the scrutiny of researchers, there has to be consensus on

an analytical approach (linear or nonlinear and static or dynamic) to evaluate seismic demands.

The process of estimating seismic demands can be subdivided into two primary tasks: developing

a model of the structure wherein all structural components and essential nonstructural components are

adequately represented and carrying out an analysis of the model subjected to loads that characterize the

hazard level. The model may be simple or complex and is dependent on the computational tool

(software) that will be used in the analysis.

The deformation demands in a structure and its elements are dependent on a variety of factors:

� The characteristics of the seismic input. A response spectrum is valid for static methods including

modal analysis, while ground motions (recorded or simulated) are required for time history

analyses.
� Modeling of elements.
� Consideration of nonstructural components.
� Accurate estimation of material properties.
� Modeling of material behavior. This relates to modeling the nonlinear response characteristics of

the elements of the structure, particularly the nature of energy dissipation (hysteresis) of

members. Consideration of cyclic degradation is critical to the assessment of performance and

must be incorporated in the analytical model.
� Method of analysis. This refers to the four possible methods that can be used to estimate forces

and deformations in the structural model. Static methods can be used if the seismic input is

specified in terms of a response spectrum while transient methods employing a time-integration

scheme must be used for ground motion input. In either case, the system of equations may be

solved using a constant stiffness matrix resulting in a linear solution, or advanced techniques to

incorporate material or geometric nonlinearities can be utilized.

The seismic input will already be defined in the first step in terms of either a response spectra or a set of

actual ground motions that satisfy certain criteria. The modeling of structural elements that includes the

specification of material-dependent force–deformation behavior is limited by the analytical tool being

used to evaluate the model. Most PBD approaches utilize an element-by-element discretization of the

building and specify modeling characteristics based on moment and rotation at the ends of the element

with due consideration to interaction with axial and shear forces. Assuming an acceptable mathematical
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model of the system is developed, the next step is to carry out an analysis of the model. This brings us to

a crucial phase in the process. What kind of analysis is appropriate to accurately estimate the imposed

seismic demands? Since the motivation for moving away from traditional seismic design is to abandon

linear force based methods, it can be argued that the analysis has to be nonlinear. In this context,

pushover methods or nonlinear static approaches have gained considerable popularity since they avoid

the difficulties and uncertainties associated with time-history analyses. However, it must not be over-

looked that an earthquake is a dynamic event and the reliability of using static methods to predict

dynamic behavior must be carefully evaluated before prescribing its use in a performance-based eva-

luation. FEMA-356 prescribes the use of both linear and nonlinear methods, though certain restrictions

are placed on linear and static approaches. ATC-40 restricts the analytical solution to nonlinear methods

only. All four methods of analysis are discussed later in this chapter, including limitations and potential

issues on their application in PBSE.

21.2.1.3 Assessment of Performance

This can be regarded as the third and final phase of a performance-based evaluation. If the estimation of

seismic demands is a critical phase in a PBD methodology that must be carried out cautiously with

attention to detail, then the next stage in a performance-based evaluation wherein the estimated

demands are transformed into performance measures is probably the most contentious. In this phase of

the evaluation, demand values such as displacement, drift, and plastic rotation need to be interpreted on

a damage scale D (0<D< l) that encompasses the complete range from elastic undamaged response to

near or total collapse.

The question that needs to be addressed here is, what is the most convenient yet rational manner to

translate response quantities from a structural analysis into qualitative measures of performance? Much

of the work that has been conducted in the area of damage modeling becomes relevant in this context.

Currently, only the PEER methodology (to be discussed later in this chapter) uses damage measures

explicitly in its formulation. The approach that is favored by engineers (if FEMA-356 is used as a frame

of reference) is the use of so-called acceptance criteria that demystify the demand-to-damage trans-

formation through simple subjective but quantitative guidelines. The need to improve and fine-tune

these guidelines is well recognized, but the process is well defined and deterministic.

Response quantities estimated from the analysis of the building model in Step 2 need to be compared

to acceptable or allowable limits that are termed ‘‘acceptance criteria.’’ These limits can be specified both

at the global level in terms of interstory drift limits and at the local level in terms of component demand

limits. The limits are a function of performance levels. Hence, to achieve a higher performance level for

a given hazard level, the acceptability criteria will be more stringent.

The introduction of acceptance criteria for different performance levels represents a significant

departure from traditional seismic design and is obviously the singular step in the overall process that

qualifies the term ‘‘performance based’’ in the terminology of structural design. To develop acceptance

criteria for a range of element types, it is necessary to have access to information on physically observed

damage states during laboratory testing of components and subassemblies. FEMA-356 and ATC-40

provide an initial compilation of such data based on the input of experts and must be regarded as a

preliminary guideline for use in the evaluation of existing structures. What is important is that the

framework now exists to establish new acceptance limits and engineers have the flexibility to develop

their own data using the results of experimental research.

An alternative approach to assessing performance is to describe it in a probabilistic sense given the fact

that it is difficult to establish quantitative or deterministic estimates of the consequences of demand

limits or damage states. For this reason, FEMA-350 proposes ‘‘confidence levels’’ on the demand esti-

mates that result in a probabilistic description of the performance level. Ongoing work in PEER and

MAE attempts to further expand this description using concepts in probability theory. The result is the

evolution of cumulative distribution functions or fragility curves that characterize the conditional

probability of a decision, damage, or demand variable as a function of the seismic hazard.
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To wrap up the introduction to the three-step methodology, it is necessary to return to one of the

fundamental objectives that advanced the art of PBSE, namely, the consideration of losses from struc-

tural and nonstructural damage. The basic framework of FEMA-356 or ATC-40 does not explicitly link

acceptance criteria to expected losses, but it is possible to generate estimates of potential losses given a

known damage state. Some of the ongoing research in PBSE (Miranda and Aslani 2003; Krawinkler

and Miranda 2004) attempts to address this issue. For example, the PEER methodology explicitly

includes decision variables (such as dollar loss, downtime, or other quantifiable economic impact) in its

performance-based formulation and will be briefly discussed later in this chapter.

21.3 Performance-Based Methodologies:
Deterministic Approach

The precursors to performance-based design in seismic engineering, as suggested earlier in this chapter,

can be found in two separate published reports: ATC-40 and FEMA-356. However, both documents

arose from the urgent need to develop systematic guidelines for seismic rehabilitation of buildings. The

effort to produce ATC-40 was prompted by the stock of pre-1970s cast-in-place concrete buildings in

California. The lack of guidelines to assist engineers to rehabilitate these relatively nonductile buildings

resulted in the ATC-40 project. Given the narrow focus of ATC-40, it provides a fairly detailed and in-

depth look at different perspectives in performance-based design and evaluation. FEMA-356, on the

other hand, was a much larger effort and covers all building types: steel, concrete, masonry, wood, and

structures incorporating isolation or energy dissipating devices. Though both documents employ a

similar format for describing performance objectives, only ATC-40 endorses the capacity spectrum

method (CSM) as a basis for evaluating structural performance.

We begin with the common thematic elements in ATC-40 and FEMA-356, namely, the classification of

performance levels leading to the specification of performance objectives.

21.3.1 Classifying Performance Levels

Structural and nonstructural performance levels are generally combined to yield the overall building

performance level. At the structural level, the following major performance levels are used:

� Immediate occupancy (IO) level requires the building to be safe for unlimited egress, ingress, and

occupancy.
� Damage control is described as a performance range from IO to life safety level rather than a

specific performance level.
� Life safety (LS) level of performance suggests structural damage without partial or total collapse of

structural members, which might pose a risk to life.
� Limited safety, like damage control, is another performance range that lies between LS and the

structural stability limit.
� Structural stability level can be viewed as an alternative definition of collapse prevention (CP)

wherein the structure is still capable of maintaining gravity loads though structural damage is

severe and the risk of falling hazards is high.

Each structural performance level is associated with a damage state that can be observed or quantified.

For example, FEMA-356 describes the expected damage at LS performance level for concrete frames as

‘‘extensive damage to beams,’’ ‘‘hinge formation’’ in ductile secondary elements with crack widths less

than 1
8

in., and permanent drifts up to 1%. At CP performance level, concrete frames could experience

permanent drifts up to 4%, while steel frames may see drift (transient or permanent) magnitudes of 5%.

Both FEMA-356 and ATC-40 (which applies to concrete structures only) contain detailed descriptions of

damage for different element types (columns, beams, structural walls, etc). It must be reiterated that the

damage measures are based on the expected performance of existing buildings. The magnitudes of
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these measures can be adjusted if experimental data are available to support alternative performance

ranges.

Nonstructural performance levels include the performance of components such as elevators, piping,

fire sprinkler systems, and heating, ventilation, and air conditioning (HVAC) equipment and building

contents such as computers, bookshelves, and art objects. Nonstructural performance levels can be

defined as follows:

� Operational performance level requires the postearthquake damage state of all nonstructural

elements to remain functional and in operation.
� IO performance level allows for minor disruption due to shifting and damage of components, but

all nonstructural components are generally in place and functional.
� LS performance level allows for damage to components but does not include failure of items heavy

enough to pose a risk of severe injuries or secondary hazards from damage to high-pressure toxic

and fire-suppressing piping.
� Reduced hazard is a postearthquake damage state that considers risk to groups of people from

falling heavy objects such as cladding and heavy ceilings.
� Finally, it is also possible to include what is called a ‘‘not considered’’ performance level. This

performance level is provided to cover those nonstructural elements that have not been evaluated

as having an impact on the overall structural response. In fact, it is common for computer models

evaluating seismic demands to ignore the presence of nonstructural elements.

When structural and nonstructural performance levels are combined, the resulting building perfor-

mance level is established. Table 21.1 shows how such a performance level is determined. Note that only

a few selected performance levels are displayed in Table 21.1. In the context of Table 21.1, if a building

performance level of III-C were selected, this would require LS performance level at both structural and

nonstructural elements.

21.3.2 Defining Performance Objectives

To prescribe a set of performance objectives, ATC-40 defines the following three hazard levels: (1) a

serviceable earthquake (SE) with a 50% probability of being exceeded in 50 years, (2) a design earth-

quake (DE) with a 10% probability of being exceeded in 50 years, and (3) a maximum earthquake (ME)

with a 5% chance of being exceeded in 50 years. FEMA-356, on the other hand, specifies four hazard

levels in which the earthquake event has the following probabilities: 50% in 50 years, 20% in 50 years,

10% in 50 years, and 2% in 50 years.

A performance objective is now defined by selecting a building performance objective (Table 21.1) for

a given hazard level. A possible set of combinations is displayed in Table 21.2 for three hazard levels and

three performance levels, making a total of nine possible combinations. For example, a possible per-

formance objective would be to achieve an overall building performance level of III-C for a DE event

which translates into LS performance for a 10%/50-year earthquake (or b in Table 21.2). It is also

TABLE 21.1 Major Performance Levels Recommended in ATC-40 and FEMA-356

Structural performance levels

Nonstructural performance levels I: immediate occupancy III: life safety

V: structural stability

(collapse prevention)

A: operational I-A: operational NR NR

B: immediate occupancy I-B: immediate occupancy III-B NR

C: life safety I-C III-C: life safety V-C

E: not considered NR NR V-E: structural stability

Note: NR, not recommended.
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possible to create dual or multiple performance objectives by selecting different performance levels and

different hazard levels. An example of this would be achieving I-B performance level for a DE event but

satisfying III-C for an ME earthquake (this would correspond to a and e in Table 21.2).

Both ATC-40 and FEMA-356 prescribe a basic safety objective (BSO), which comprises a dual-level

performance objective. In ATC-40, this would entail satisfying III-C (LS performance level) for a DE and

also achieving V-E (structural stability) for an ME event. In FEMA-356, the BSO criterion requires LS

performance for a 10% in 50-year event and CP performance level for a 2% in 50-year earthquake. With

reference to Table 21.2, the BSO in ATC-40 is bþ f and in FEMA-356 it is bþ i.

21.3.3 Design Response Spectra and Ground Motions

The selection of a performance objective, as just described, involves the specification of a hazard level.

Unless ground motion time histories are used in a dynamic time-history analysis, it is customary to

specify the hazard in terms of a response spectrum. The generation of the ground motion hazard

spectrum is a function of several parameters, most of which pertain to site characteristics.

Site-specific hazard analysis is recommended for very soft soils that are vulnerable to failure under

seismic action such as liquefiable soil, highly sensitive clays, high-plasticity clays with depths exceeding

25 ft and PI> 75, and soft- to medium-stiff clays with depths exceeding 120 ft. Soil properties are based

on average values for the top 100 ft (30 m) of soil profile. Site-specific studies are also required for special

and critical structures located near an active fault. Even if a site-specific hazard spectrum is developed,

both FEMA-356 and ATC-40 place limits on the values of site response coefficients CA and CV.

In all other cases, an elastic response spectrum as shown in Figure 21.4 can be constructed from known

values of CA and CV. Typical soil profile types are described in Table 21.3.

21.3.3.1 Generating the Design Spectrum Using ATC-40 Provisions

The site response coefficient CA is simply the effective peak acceleration (EPA) at the site while

the coefficient CV when divided by the period defines the acceleration in the constant velocity domain.

ATC-40 provides the following three options when developing the elastic design spectra:

1. Site specific hazard analysis.

2. Spectral contour maps developed by U.S. Geological Survey (USGS).

3. Site seismic coefficients given in Table 21.4.

If the USGS contour maps (developed for rock sites) are used, then the following modifications are

prescribed for buildings on SB soil sites: CA¼ 0.4SMS, CV¼ SM1, where SMS is the spectral acceleration at

0.3 s (short-period range) and SM1 is the spectral acceleration at 1.0 s (velocity-sensitive range).

To use Table 21.4, it is first necessary to determine the shaking intensity, which is defined as

the product of three quantities: Z � E �N¼ zone factor� earthquake hazard level� near source

factor. Using the shaking intensity value, the corresponding site response coefficients CA and CV are

obtained for a known soil profile. The response spectrum can now be easily generated as indicated

in Figure 21.4.

The potential for liquefaction and landsliding at a site are also important considerations when eval-

uating a structure for earthquake hazards. ATC-40 provides some guidelines for determining when

TABLE 21.2 Defining Performance Objectives

Target building performance levels

Hazard level Immediate occupancy Life safety

Structural stability or

collapse prevention

10%/50 years a b c

5%/50 years d e f

2%/50 years g h i
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a more detailed study of these hazards is warranted. In both cases, the expected EPA is used to establish

the likelihood of ground failure given the liquefaction potential or the geologic group at the site.

21.3.3.2 FEMA-356 Provisions for Generating the Design Spectrum

National Earthquake Hazards Reduction Program (NEHRP) seismic maps (also available at http://

eqhazmaps.usgs.gov) provide peak acceleration plots for 5% damped response spectrum at two char-

acteristic periods (short duration: 0.2 s, long duration: 1 s). These maps are referenced to site class B and

must be adjusted for the applicable site class through the following equations:

Sxs ¼ FaSs ð21:3Þ

Sx1 ¼ FvS1 ð21:4Þ

Sm ATC-40:
So = CA
Sm = 2.5 CA
Tn = Cv/2.5CA
Tm = 0.2 Tn

FEMA-356:
So = 0.4Sxs
Sm = Sxs/Bs
Tn = Sx1Bs/(Sx1Bs)
Tm = 0.2 Tn

Sp
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FIGURE 21.4 ATC-40 and FEMA-356 representation of the 5% damped design response spectrum.

TABLE 21.3 Average Soil Properties Used to Establish Soil Profile

Soil profile

type

Soil profile

name

Shear wave velocity

(m/s)

Standard penetration

test (blows/30 cm)

Undrained shear

strength (kPa)

SA Hard rock >1520 n/a n/a

SB Rock 760–1520 n/a n/a

SC Very dense soil 365–760 > 50 > 2

SD Stiff soil 180–365 15–150 1–2

Note: n/a, not applicable.

TABLE 21.4 ATC-40 Specifications for Developing Hazard Spectrum

Shaking intensity, ZEN

Soil profile 0.075 0.150 0.200 0.300 0.400 >0.400

SB CA 0.08 0.15 0.20 0.30 0.40 1.0 �ZEN

CV 0.08 0.15 0.20 0.30 0.40 1.0 �ZEN

SC CA 0.09 0.18 0.24 0.33 0.40 1.0 �ZEN

CV 0.13 0.25 0.32 0.45 0.56 1.4 �ZEN

SD CA 0.12 0.22 0.28 0.36 0.44 1.1 �ZEN

CV 0.18 0.32 0.40 0.54 0.64 1.6 �ZEN

Notes: Z¼ zone factor (IBC-2000: e.g., Zone 4¼ 0.4g); E¼ 0.5 (SE), 1.0 (DE), and 1.25 (Zone 4) and 1.50 (Zone 3) (ME);

N¼ near source factor (typically, N¼ 1 for faults not capable of producing events with maximum moment magnitude

M> 6.5 and faults with slip rates less than 2 mm/year). Linear interpolation is permitted for intermediate values.
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where Sxs is the design short-period spectral response parameter, Sx1 is the design spectral response

acceleration parameter at 1 s, Fa and Fv are the site coefficients (provided in FEMA-356), Ss is the short-

period spectral response parameter, and S1 is the spectral response acceleration parameter at 1 s.

The site-specific response spectrum is then generated using the following equations:

Sa ¼ ðSxs=BsÞð0:4þ 3T=TnÞ for 0<T � Tm ð21:5Þ

Sa ¼ ðSxs=BsÞ for Tm <T � Tn ð21:6Þ

Sa ¼ ðSx1=B1TÞ for T >Tn ð21:7Þ

where

Tn ¼ ðSx1BsÞ=ðSxsB1Þ ð21:8Þ

and Bs and B1 are damping coefficients, quantified in FEMA-356 as a function of effective damping in the

system. The resulting response spectrum is conceptually similar to ATC-40 and is shown in Figure 21.4.

21.3.4 Ground Motions

Both ATC-40 and FEMA-356 contain provisions for using acceleration time histories in conjunction

with transient response analyses. A minimum of three ground motion sets must be used. The selected

ground motions are expected to have magnitude, fault distances, and source mechanisms that are

comparable to the ground-shaking hazard at the building site. FEMA-356 requires that the data sets be

scaled in such a manner that the average value of the square root of sum of squares (SRSS) spectra (that

are generated for each data set) does not fall below 1.4 times the 5% damped spectrum for the DE for

periods between 0.2T and 1.5T (where T is the fundamental period of the structure).

When only three time history sets (one horizontal and one vertical component for two-dimensional

[2D] systems and all three components for a 3D model) are used in the evaluation process, the max-

imum value of each response parameter should be considered. If seven or more records are used, then

both FEMA-356 and ATC-40 permit mean response estimates to be considered to assess design

acceptability.

ATC-40 actually provides a list of ten earthquake data sets for two scenarios: sites that are farther than

10 km from the source and sites that are within 5 km from the source to be considered near-fault events.

The ground motions listed in ATC-40 are free-field motions recorded on firm soil sites with magnitude

greater than 5.5 and a PGA exceeding 0.2g. A subset of these records is used in the design example

presented later in this chapter. It is expected that the listed ground motions be scaled such that the

average value of the spectra matches the site response spectrum in the period range of interest (an

effective period range near the performance point of the structure — see ensuing discussion on CSM for

a definition of the performance point).

21.4 Evaluating Seismic Demands

The estimation of seismic demands requires the development of a mathematical model of the building.

The model should incorporate all components that influence the mass, stiffness, and strength of the

building, particularly in the inelastic regime of the response. Hence, issues like soil–structure interaction

must be carefully evaluated before a decision is made to include or exclude the soil–foundation system in

the final model. The model should properly account for gravity loads that comprise dead loads and other

permanent fixtures. Consideration of live loads is also necessary if the presence of additional gravity

loads is likely to create a situation resulting in adverse seismic response or the shifting of the location of

the plastic hinge.
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A structural model also includes specification of the expected behavior of all of the elements used to

develop the building model. A linear elastic analysis requires only the estimation of the effective stiffness of

each element, whereas a nonlinear analysis demands a more concerted effort to establish the expected local

behavior of every element in the overall structural model. The guidelines summarized in the next section

are partly based on recommendations collectively provided in ATC-40, FEMA-356, and FEMA-350.

21.4.1 Modeling Guidelines

The development of analytical models must account for all possible aspects of behavior while still

working within the limitations of the analytical tools being used to carry out the evaluation of seismic

demands. Both commercial and noncommercial software is available to assist engineers in estimating

seismic demands, and the modeling requirements vary from one tool to the next. Most programs employ

simple hinge-based inelastic models with multilinear characterization of force–deformation behavior. In

general, it is necessary to model three commonly recognized aspects of cyclic behavior: stiffness

degradation, strength deterioration, and pinching response. Hysteretic models that incorporate some or

all of these behavioral aspects have been proposed by numerous researchers (Kunnath et al. 1997;

Sivaselan and Reinhorn 2000). There is also a large body of work on degrading force–deformation

models developed by Japanese researchers, many of which are summarized in a report by Umemura and

Takizawa (1982).

A general hysteretic model that incorporates all three elements is shown in Figure 21.5. This basic

model, which is implemented in the inelastic damage analysis of RC structures (IDARC) (Kunnath et al.

1992; Kunnath 2004) series of programs, uses several control parameters to establish the rules under

which inelastic loading reversals take place. A variety of hysteretic properties can be achieved through the

combination of a nonsymmetric trilinear curve and certain control parameters that characterize the shape

of the force–deformation loops. For example, a, which can be expressed as a function of the deformation,

controls the amount of stiffness loss; f and w control the initiation and degree of pinching respectively;

and the slope s and the change in expected peak strength (M to M �) control the softening due to system

deterioration. A sample simulation of observed behavior using this model is shown in Figure 21.6. The

hysteresis curves in this case were obtained from tests of a precast concrete connection with a hybrid

combination of mild steel and posttensioning steel (Cheok et al. 1998). However, the specification

of hysteretic rules in an actual analysis is rather empirical and should be based on available

experimental data. Even so, a parametric study to evaluate the sensitivity of these parameters is necessary.

�k0

k0

�k0

M M*

s x*

x

My

�My

FIGURE 21.5 General-purpose hysteretic model.
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The degree of degeneration is a function of the connection detail. Welded steel moment connections

or well-detailed RC members may display stable hysteresis with little degradation of strength in the

performance range of the element. Bolted connections or concrete sections with inadequate details may

exhibit pinching behavior. Shear dominated members will experience rapid decay in strength after

yielding. In general, it is necessary to know in advance the expected behavior of an element when using

force–deformation type models. Complete cyclic description of behavior, as illustrated in Figure 21.5

and Figure 21.6, is essential for nonlinear time-history methods only. For nonlinear static approaches,

only the force–deformation envelope is needed. FEMA-356 and ATC-40 specify three types of force–

deformation envelopes for use with nonlinear static analyses. These are displayed in Figure 21.7. A Type I

envelope is meant to represent the expected behavior of a well-detailed ductile connection with a well-

defined postyield range (a to b), a region of gradual decay (b to c), and a nonnegligible residual strength

that is capable of supporting gravity loads in the regime (c to d). A Type II curve is similar to Type I with

the exception that an element modeled as Type II cannot be relied upon to support gravity loads beyond

‘‘b.’’ An important characterization in FEMA is the classification of members as being force controlled or

deformation controlled. Members modeled as Type I are generally deformation-controlled members

while Type II elements can be classified as deformation controlled only if the ductility at peak strength

(b/a) is greater than 2.0. A Type III curve is representative of brittle failure and is, therefore, always a

force-controlled element.

An additional detail that is outlined in FEMA-350 is the identification and specification of the

interstory drift angle and the associated plastic hinge locations. The idea is that frames should be detailed

in such a manner that the required interstory drift angle can be accommodated through a combination
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FIGURE 21.6 Simulation of observed hysteretic behavior.
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of elastic deformation and the development of plastic hinges at known locations within the frame. For

example, the use of details such as haunches or reduced beam sections can force yielding in the beam but

away from the column face. Figure 21.8 demonstrates this concept. The interstory drift angle, as specified

in FEMA-350, is equal to the sum of the plastic drift and that portion of the elastic interstory drift

resulting from flexural deformation of the individual members. Interstory drift resulting from axial

deformations of columns is not included.

21.4.1.1 P–D Effects

The consequence of secondary moments resulting from excessive lateral displacements can have a major

impact on the performance of a building in the postyield range of the response. P–D effects alter

the postyield stiffness of a structure, and with increasing deformation demands the net effect of

P–D softening can lead to rapid deterioration and collapse of the system. FEMA-356 recognizes both

static and dynamic P–D effects. For linear procedures, it is required to evaluate a stability coefficient

given by

yi ¼
Pidi

Vihi

ð21:9Þ

where Pi is the weight of structure acting on story level i, Vi is the total lateral shear force acting on story

level i, hi is the height of story level i, and di is the lateral drift of story i.

If the stability coefficient is less than 0.1 in all stories, then P–D effects can be ignored in the analysis.

For values of the coefficient between 0.1 and 0.33, the seismic effects are to be magnified by a factor

1/(1	 yi), and for values in excess of 0.33, the system is considered unstable and should be redesigned.

Even if nonlinear procedures are used, a magnification factor (C3) is used in FEMA-356 for static

methods because dynamic P–D effects are recognized as being different from static effects. Static P–D
should be incorporated in pushover analysis, while both static and dynamic P–D can be automatically

incorporated in nonlinear dynamic procedures.

21.4.1.2 Other Effects and Considerations

In general, it is expected that a building be modeled as a 3D assembly of elements. However, most

structures tend to be fairly regular with assumptions of symmetry commonly employed in routine

analysis. Some modeling issues that must be resolved before finalizing a building model for use in

demand prediction include the following:

� The assumption of rigid diaphragms, which allows axial deformations in floor beams to be

ignored and simplifies the resulting system of equations that need to be solved.
� Any out-of-plane offsets in those vertical elements that resist lateral forces must be accounted for

when estimating demands on floor diaphragms.
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FIGURE 21.7 Envelope patterns recommended in ATC-40 and FEMA-356 for use in nonlinear analysis methods

to estimate seismic demands.
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� Consideration of actual and accidental horizontal torsion: FEMA-356 lists specific criteria for

considering the effects of horizontal torsion.

Normally, it is adequate to consider seismic input in each principal direction of the building only.

However, for irregular buildings, concurrent seismic effects in two orthogonal directions must be

accounted for by combining 100% of the design effects in one direction with 30% of the design effects in

the orthogonal direction. Similarly, the need to consider vertical seismic input arises only in special

circumstances such as cantilevered or prestressed elements and those components in which gravity load

demands are excessive.

Other considerations not discussed in this section include

� Foundation and SFSI interaction effects.
� Variability in ground motion.
� Modeling of secondary and nonstructural components.
� Introduction and modeling of seismic protection devices such as isolators, dampers, and other

energy dissipating devices.

A description of the details that take into consideration the consequence of the above effects is beyond

the scope of this chapter.

21.4.2 Methods of Analysis

The estimation of demands can be accomplished using a variety of available procedures. In this section,

discussion will be limited to a generic set of evaluation methods that best lend themselves to an

assessment within a performance-based framework. The primary objective is to determine forces and

deformations both at the global and at the local level when the structure is subjected to seismic loads that

characterize the hazard at the building site. As such, there are four possible methods to analyze a

mathematical model of a building structure. They may be classified into two broad categories depending

on the treatment of the response or the treatment of the loads. The former category results in the

distinction between linear and nonlinear methods of analysis, while the latter distinguishes static and

dynamic application of the seismic loads.

� = drift
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   hinge
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�

FIGURE 21.8 Definition of interstory drift angle.
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Linear static and dynamic procedures (LSP and LDP). These procedures are recommended for regular

buildings where issues such as torsion and high-mode effects are negligible. The expectation is that the

computed displacements using linear equivalent elastic stiffness are approximately equal to the actual

displacements that may occur inelastically under the design loads. FEMA-356 lists specific criteria to

limit the use of such procedures. For example, it states that linear methods should not be used if the

demand to capacity ratio (also called m-factors) for any element in the structure exceeds 2.0. Even if

m-factors exceed 2.0, linear procedures may still be used for regular buildings. Section 2.4.1.1 of FEMA-

356 outlines criteria for in-plane and out-of-plane discontinuities in the lateral force resisting system and

also for irregularities arising from weak stories or torsional strength. Linear procedures are not

recommended in ATC-40.

Nonlinear static and dynamic procedures (NSP and NDP). Nonlinear procedures are generally

applicable for all buildings with the exception that NSP is limited to buildings where high-mode effects

are small. Again, the FEMA document has explicit guidelines to determine if higher modes play an

important role in the response: high-mode effects are deemed significant if the shear in any story

resulting from a modal analysis considering modes required to obtain 90% mass participation exceeds

the corresponding story shear considering first-mode response only by a factor of 1.3.

The LSP is the simplest procedure described in FEMA-356. LSP is an equivalent lateral load analysis

procedure that attempts to represent the seismic loading as a static force. The reason for retaining a

linear static approach in a performance-based guideline is debatable, but the motivation stems from the

simplicity of the method and the current familiarity among engineers with force-based design. It is also

felt that such an approach may still be valid for a large group of regular structures. The total lateral load

applied to the structure is calculated from

V ¼ C1C2C3CmSaW ð21:10Þ

where V is the total base shear, C1, C2, and C3 are modification factors to account for the effects of

inelasticity, system degradation, and P–D effects, respectively, Cm is an effective mass factor to account

for high-mode participation, and Sa is the spectral acceleration at the fundamental period of the

structure. The seismic weight of the structure, W, includes 25% of live load in addition to dead loads.

The fundamental period,T, of the structure can be computed using an eigenvalue analysis or through an

empirical equation, given by the following expression:

T ¼ CtðHnÞb ð21:11Þ

where Hn is the height of the building measured from base to roof, and coefficient Ct and power b
depend on the structural system. The fundamental period is a critical parameter in the evaluation

procedure for both static procedures (LSP and NSP), since they can change the applied lateral force

in the linear procedure or alter the target displacement in the nonlinear procedure (discussed in

Section 21.5.2). The total shear computed in Equation 21.10 is distributed over the building height as

follows:

Fx ¼
wxhk

xP
wih

k
i

V ð21:12Þ

where wi is the portion of weight at floor level i, wx is the portion of weight at floor level x, Hi is the

height from base to floor level i, Hx is the height from base to floor level x, and k ¼ 1.0 for T < 0.5 s and

2.0 for T
 2.5 s.

The summation in the denominator of Equation 21.12 is carried over all stories, and the coefficient k

in the period range from 0.5 and 2.5 s is established through linear interpolation. Note that a reduction

factor is not applied to the computed base shear. Hence, the demands will exceed the strength capacity of

those components that are expected to yield under the design earthquake loads. The resulting demand-

to-capacity ratios are evaluated at the component level.
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The LDP involves a linear elastic dynamic analysis using a response spectrum approach or direct

time-history evaluation to determine the building response. Linear elastic stiffness properties of elements

and equivalent viscous damping at or near the yield level are to be used in the analysis. An unmodified

elastic spectrum is utilized in a response spectrum analysis. Peak forces and deformations are estimated

using an SRSS or complete quadratic combination (CQC) of modal quantities. For time-history methods,

if less than seven earthquake records are used, the maximum response quantities are to be used in

the evaluation procedure. For seven or more records, an average value of the response is adequate.

As mentioned previously, FEMA-356 requires that each record be scaled such that the average value of

the SRSS of the 5% damped spectrum does not fall below 1.4 times the design spectrum value (also

constructed for 5% damping) between 1.2T and 1.5T (where T is the fundamental building period).

The NSP or pushover analysis takes into consideration material nonlinearities. The concept gained

prominence after its introduction in the CSM by Freeman (1978). The nonlinear static method is also

called the displacement coefficient method in that the expected demand (target displacement) of a

single degree-of-freedom (SDOF) system is modified by a set of coefficients to approximate the

multiple DOF response. The procedure involves selecting a control node (typically the center of mass

at the roof level of the building) and subjecting the structural model to monotonically increasing

lateral loads till a target displacement is reached. The lateral load applied to the building to achieve

the control node target displacement can be distributed in several ways. The choice of a lateral load

pattern can have a significant influence on the calculated response. FEMA-356 suggests that at least

two patterns be used: a uniform pattern that results in lateral forces proportional to the total mass of

each floor level and a modal pattern, which should be selected from the following two options:

(1) when more than 75% of the total mass participates in the fundamental mode, a lateral load

pattern represented by Equation 21.12 is used and (2) a lateral load pattern that is proportional to

the story shear distribution, calculated by combining modal responses from a response spectrum

analysis wherein at least 90% modal mass participation is incorporated, is used. The target

displacement is established from the following equation:

dt ¼ C0C1C2C3Sa
T 2

e

4p2

� �
g ð21:13Þ

where dt is the target displacement (note that response quantities are determined when the roof dis-

placement reaches this target displacement), C0 is a modification factor relating spectral displacement

estimated for an equivalent SDOF system to the likely roof displacement of a multistory structure, and

the remaining coefficients C1 to C3 have the same meaning as previously defined for linear procedures.

The effective fundamental period Te is determined from

Te ¼ TiðKi=KeÞ0:5 ð21:14Þ

where Ti is the elastic fundamental period, Ki is the elastic lateral stiffness, and Ke is the secant stiffness at

60% of the yield strength of the building.

Pushover methods have been the subject of numerous studies following numerous questions about the

validity of using static procedures to predict dynamic demands. Modified and advanced pushover tech-

niques are available in the literature and are discussed later in this chapter following the design example.

The NDP refers to a complete nonlinear dynamic time history analysis and is generally regarded as the

most accurate method of demand evaluation. A complete nonlinear description, in terms of force–

deformation behavior at a cross-section (either using hysteretic models or from direct integration of

stresses derived from nonlinear constitutive relationships), of all elements expected to experience

inelastic deformations should be developed. No fewer than three ground motion sets (comprising of two

horizontal components and a vertical component, if necessary) need to be considered. The selected time

histories should have magnitude, fault distance, and source mechanisms that are equivalent to the design

ground motion at the site. More detailed criteria are specified in FEMA-356 if simulated motions are

used. Similar to the linear dynamic procedure, mean response quantities can be used if seven or more
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records are utilized in the simulations, and peak response quantities should be used if fewer than seven

ground motions are used in the evaluation.

21.5 Assessing Performance: The Development
of Acceptance Criteria

The third and final step in a general PBD process is to determine if the demands computed in step 2

using one of the four methods described in the previous section are within the acceptance criteria that

satisfy the performance level defined as part of the overall performance objective in step 1 of the

procedure. The current thinking in FEMA-356 is that the performance of a component in the system is

critical to the overall performance of the building. Consequently, acceptance criteria are specified at the

element level. The resulting responses from the analysis of the structural model of the building system

are classified as force-controlled (zero or limited ductility) or deformation-controlled actions. It is also

necessary to distinguish primary and secondary components.

21.5.1 Linear Procedures

For linear procedures (LSP and LDP), deformation-controlled design actions should include the

combined effects of earthquake and gravity loads as follows:

QUD ¼ QG � QE ð21:15Þ

where QUD is the deformation-controlled design action, QG is the action due to gravity loads, and QE is

the action due to earthquake forces.

In the case of force-controlled actions (defined as actions in components where nonlinear deforma-

tions are not permitted or are limited), the following expression is used in FEMA-356:

QUF ¼ QG �
QE

C1C2C3J
ð21:16Þ

where QUF is the force-controlled design action, QG is the action due to gravity loads, QE is the action due to

earthquake forces, Ci are the amplification coefficients introduced in the previous section, and J is the

smallest demand-to-capacity ratio of components delivering forces to the component (
1); alternatively,

J¼ 2 in high seismic zones, 1.5 in moderate seismic zones, and 1.0 in zones, of low seismicity.

Note that both the positive and the negative signs that appear in Equations 21.15 and 21.16 should be

considered when determining the design actions, and the worst-case scenario should be used in the

evaluation. Following the analysis using either an LSP or an LDP, the demand-to-capacity ratio (or

m-factors) for each component is established as follows:

m ¼ QUD

kQCE

ð21:17Þ

where QCE is the expected capacity of the component (typically the yield capacity of the section con-

sidering possible interaction with other actions) and k is the knowledge factor that accounts for the

uncertainty in estimating the material properties of the section (this factor is unity for new designs).

The demand-to-capacity ratio for force-controlled elements is limited to unity: elements with limited

ductility (less than 2.0) are also classified as force-controlled elements within the scope of FEMA-356

guidelines. For deformation-controlled elements (those elements where inelastic action is expected and

permitted), a set of acceptance (or allowable) limits need to be developed for different components.

Typically, such values come from an evaluation of experimental data supplemented by analytical studies.

FEMA-356 provides an initial set of numbers that are recommended for existing buildings. However, the

FEMA tables also contain recommended values for well-detailed sections that can form the basis of
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acceptance criteria for new design. A sample of typical m-factors for both steel and concrete members is

shown in Table 21.5 and Table 21.6.

21.5.2 Nonlinear Procedures

Acceptance criteria for nonlinear procedures, both in ATC-40 and in FEMA-356 are based on peak

demands without explicit consideration of cumulative effects resulting from cyclic effects. To some

extent, cyclic degrading effects can be implicitly included in the specification of the backbone envelope.

To process the results of a nonlinear analysis, it is essential to define response measures that form the

basis of acceptance criteria. Currently, the response measure of choice is the rotation demand at the

plastic hinge. If a concentrated hinge model is used in the analysis, this is a relatively direct response

quantity. However, if a spread-plastic model or a fiber-section model is used to represent material

nonlinearities in the element, then the computation of plastic rotations is not straightforward. Either

a plastic hinge length needs to be defined to integrate curvature estimates or alternative procedures need

to be developed to estimate the plastic rotation demand. FEMA-356 and FEMA-350 define deformations

in terms of chord rotations as shown in Figure 21.9.

If the FEMA definition of element rotation is used, then two possibilities exist for defining the plastic

rotation. The first approach is to track the moment–rotation behavior at every connection and then

compute the difference between the peak rotation and the recoverable rotation (see Figure 21.10). In a

nonlinear time-history analysis, the recoverable rotation is more completely defined because member

behavior is explicitly defined using constitutive material models or hysteresis models. For nonlinear

static procedures, the recoverable rotation may be estimated using the initial stiffness path as the

unloading path. Alternatively, the yield rotation can be predetermined using conventional concepts in

structural mechanics. For example, FEMA suggests the following expression for steel frame members:

yy ¼
ZfyeL

6EI
1	 P

Pye

� �
ð21:18Þ

TABLE 21.5 Typical Acceptance Criteria for Primary Components in a Fully Restrained Steel Frame Building

m-Factors for linear procedures Plastic rotation angle for nonlinear methods

Component IO LS CP IO LS CP

Beams — flexure

bf

2tf

� 52ffiffiffiffiffi
fye

p and
h

tw

� 418ffiffiffiffiffi
fye

p 2 4 6 yy 6yy 8yy

Columns — flexure P/PCL< 0.20

bf

2tf

� 52ffiffiffiffiffi
fye

p and
h

tw

� 300ffiffiffiffiffi
fye

p 2 4 6 yy 6yy 8yy

TABLE 21.6 Typical Acceptance Criteria for Primary Components in a Reinforced Concrete Frame Building

m-factors Plastic rotation angle

IO LS CP IO LS CP

Beams (flexure controlled)

r	 r0

rbal

Transverse reinforcement
V

bwd
ffiffiffiffi
f 0c

p
�0.0 C �3 3 6 7 0.010 0.020 0.025

�0.0 NC �3 2 3 4 0.005 0.010 0.020

Columns (flexure controlled)

P

Agf 0c
Transverse reinforcement

V

bwd
ffiffiffiffi
f 0c

p
�0.1 C �3 2 3 4 0.005 0.015 0.020
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where Z is the plastic section modulus, fye is the yield stress of the material, L is the length of the member,

EI is the flexural rigidity, P is the axial force in member (may be taken as zero for beams), and Pye is the

expected axial capacity (Ag fye).

However, Equation 21.18 is derived on the assumption that the inflection point occurs at the midpoint

of the element. If this is not the case, then the yield rotation should be computed using the following

expression:

yy ¼
M2

y ‘

3ðMy þM2ÞEI
ð21:19Þ

where M2 is the moment at one end of the member (M2<My), ‘ is the length of member, E is the elastic

modulus, I is the moment of inertia, and My is the yield moment of the section. In FEMA-356, M2 is

assumed to be equal to My. This assumption is reasonably true for beams in moment frame structures

but is generally not valid for columns.

In the case of RC section, the determination of yield rotation presents significantly greater challenges.

For purely flexural elements, it may be adequate to determine the yield moment and then assume an

equivalent flexural rigidity so as to establish the yield curvature. The yield rotation is then calculated by

assuming a plastic hinge length. There are widely accepted guidelines for assigning effective stiffness

values to RC components. FEMA-356, for example, recommends the following: 0.5EIg for beams and

columns with gravity compressive loads <0.3Agfc
0, 0.7EIg for columns with gravity compressive

loads>0.5Ag fc
0, 0.8 EIg for uncracked shear walls, and 0.5EIg for walls with visible cracking. The

interaction of flexure and axial loads must be considered in developing nonlinear modeling parameters.

The interaction of shear and flexure (in the presence of axial forces) is an issue that is still the subject of

ongoing research.

L

� = ∆/L
� = ∆/L

∆

∆

L

FIGURE 21.9 Definition of chord rotations to be used in calculating plastic rotation demands.

EI

EI

�pb

�pa

�maxM

�

FIGURE 21.10 Defining plastic rotations for seismic loading.
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Typical limits on plastic rotation demands for different performance levels, as specified in FEMA-356,

are also shown in Table 21.5 and Table 21.6 for steel and RC frame buildings.

Ultimately, the intent of the above discussion is to make readers aware of the possible complexities in

modeling and evaluating the expected demands at various connections and elements in the structural

system. While simple representations of nonlinear behavior lead to more comprehensible results, it is

necessary to gain confidence in the computed demands. The desired confidence can be achieved with

sensitivity studies on the impact of uncertain variables on the computed demand estimates. For this

reason, it is not surprising that FEMA-350 takes a probabilistic approach to PBD. Similarly, ongoing

work at PEER evolves around a probabilistic format. Both these methodologies are discussed later in

this chapter.

21.5.3 ATC-40 and Capacity Spectrum Procedures

ATC-40 advocates the use of the CSM to evaluate the overall adequacy of design of a structural system.

The term ‘‘capacity spectrum’’ refers to an altered form of the capacity or pushover curve for the

building. As discussed earlier, a pushover curve provides a representation of both the displacement and

the force capacity of a building in terms of roof drift and base shear, respectively. The quantities

computed to develop the pushover curve should be recast into spectral displacements and spectral

accelerations using simple concepts in structural dynamics. Such a format is conventionally referred to as

the acceleration–displacement response spectrum or (ADRS) format (Mahaney et al. 1993). The ATC-40

methodology involves a simple conceptual procedure wherein the reformatted capacity curve is com-

pared to the seismic demand curve, which is also expressed in a similar format. In the context of ATC-40

and capacity spectrum procedures, it should be noted that Reinhorn (1997) proposes an interesting

variation on CSM to evaluate the seismic response of buildings. Recently, Fajfar (1999) advanced CSM to

incorporate the so-called N2 method into the formulation. These and other related developments on

CSM are beyond the scope of this chapter.

21.5.3.1 Determining Capacity

The capacity of a structure is a function of the capacity of its individual components and the interaction

of its elements. The preferred method of choice in ATC-40 to establish system capacity is the nonlinear

static or pushover procedure in which a mathematical model of the structure is subjected to a lateral

force incrementally or iteratively till a capacity curve is obtained. Unlike the pushover procedure in

FEMA-356 wherein the lateral load is applied until a target displacement is obtained, in the CSM, the

model is pushed till a stability limit is reached. The objective in CSM is to determine the ‘‘performance’’

point of the structure that identifies the demand corresponding to the hazard at the site specified in

terms of a response spectrum.

The capacity curve is essentially a pushover curve, and consequently, the NSP procedure of FEMA-356

can be used to develop the curve. If the nonlinear behavior of each element is modeled explicitly, then

the resulting base shear versus roof displacement plot is the required capacity curve. However, with the

realization that many engineers may only have access to a linear analysis program, ATC-40 also

recommends a simplified procedure. In the simplified approach, an elastic analysis is used to approx-

imate the inelastic behavior of the building. The procedure to accomplish this is as follows: a lateral load

is applied on the structure, and the magnitude of the lateral load is increased till some element (or

a group of elements) reaches approximately 90% of its capacity. At this stage, the analysis is stopped,

and the stiffness properties of these elements are set to a very small value or the elements are removed

from the model. The lateral loads are reapplied incrementally as before till another set of elements

approach their strength capacities. The base shear and roof displacement are recorded at the end of each

phase of the analysis, and cumulative values represent points on the capacity curve. The process con-

tinues till a stability limit is reached. Figure 21.11a displays the process of combining the results of each

phase of analysis. Figure 21.11b shows the same capacity curve, identified in the diagram as Curve #1.
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ATC-40 also recommends changing the lateral load pattern to reflect the displaced shape of the building

at the end of each phase of the analysis.

It is also possible to consider degrading effects in the simplified procedure described above by rein-

itializing the analysis at the end of each phase and plotting a new capacity curve. Each new curve begins

with a degraded system that accounts for the state of elements at the end of each phase. Figure 21.11b

provides a conceptual view of three such capacity curves. The final capacity curve is drawn by connecting

the final point on the previous curve to a new point on the next capacity curve at the next displacement

increment so as to produce a saw-tooth response as shown in Figure 21.11b.

21.5.3.1.1 Conversion to ADRS Format

The capacity curve obtained either by the simplified process described in the previous section or by a

detailed nonlinear analysis technique is transformed into ADRS format. The following relationships

provide the conversion to ADRS format:

Sa,n ¼ anðVn=W Þ ðexpressed in units of gÞ ð21:20Þ

Sa,n ¼
Dc,n

bnFc,n
ð21:21Þ

an ¼
PN

i¼1 wiF2
i,nPN

i¼1 wiFi,n

� 	2
ð21:22Þ

bn ¼
PN

i¼1 wiFi,nPN
i¼1 wiF2

i,n

ð21:23Þ

where Sa,n is the spectral acceleration for mode n, Sd,n is the spectral displacement for mode n, Vn is the

base shear for mode n, W is the seismic weight of the building, wi is the seismic weight of the floor at

level i, fi,n is the modal amplitude at level i for mode n, and Dc,n and Fc,n are the displacement and

modal amplitude of control node for mode n.

The theoretical basis for making the conversion is outlined in the Appendix A.

(a) (b)
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Curve #1

Curve #2
Curve #3
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b
a
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incorporating system
degradation
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Roof displacementRoof displacement

FIGURE 21.11 Generating the capacity curve using linear solution methods (ATC-40).
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21.5.3.2 Determining Demand

The next step in CSM is to convert the response spectrum (which represents the demand side of the

equation) into ADRS format as well, thereby permitting a comparison of demand versus capacity. The

design response spectrum is usually expressed in terms of spectral acceleration and period as shown in

Figure 21.12a. Since a response spectrum results from the analysis of an SDOF system, the following

relationships between pseudospectral acceleration and spectral displacement can be used:

Sd ¼
SaT2

ð2pÞ2
ð21:24Þ

Sa

Sd

¼ l ¼ 2p
T

� �2

ð21:25Þ

Hence, it is possible to convert the spectral coordinates for every value of the period Ti into spectral

displacements. The resulting curve is in ADRS format and the radial lines shown in Figure 21.12b

represent l values for corresponding Ti values. The capacity curve obtained in the previous step can now

be superimposed on the demand curve. If the elastic design spectrum is used to create the demand

spectrum, the overlay is valid only if the structural response is also elastic. Hence, the next step in the

process is to reduce the elastic response spectrum to an inelastic spectrum using the concept of

equivalent damping. Using the fundamental principles of structural mechanics, the equivalent damping

zd associated with dissipated energy during inelastic response is given by

zd ¼
1

ðO=oÞ
1

4p
ED

ES

ð21:26Þ

where (O/o) is the ratio of the forcing frequency to the natural frequency of the system, ED is the energy

dissipated through hysteretic behavior, and ES is the strain energy at the maximum displacement. If it is

assumed that the peak response is associated with the resonant frequency, then the ratio O/o¼ 1.0.

The ATC-40 methodology for estimating the equivalent viscous damping is derived for a bilinear

capacity curve, therefore, it is necessary to transform the capacity curve into bilinear form. Figure 21.13

shows a bilinear capacity curve and the energy dissipated in a single cycle given the maximum dis-

placement demand and the corresponding spectral acceleration (Sdm, Sam). The equivalent damping

corresponding to the dissipated energy can be computed using Equation 21.26 and reduced to the

following form:

zd ¼
0:637ðSaySdm 	 SdySamÞ

SamSdm

ð21:27Þ
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FIGURE 21.12 Generating the ADRS demand and capacity spectrum.
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Note that the elastic design spectrum already incorporates 5% damping, hence the equivalent damping

(Equation 21.27) from inelastic behavior must be added to the elastic viscous damping. For behavior

other than bilinear hysteresis, a modification factor k is introduced. The final damping value incor-

porating elastic damping, equivalent inelastic damping, and general hysteretic behavior is given by

zeq ¼ kzd þ 0:05 ð21:28Þ
Finally, the elastic spectrum is transformed into a reduced spectrum for the damping ratio given by

Equation 21.28. ATC-40 provides the following spectral reduction factors, which are derived using the

well-known Newmark–Hall relationships:

SRA ¼
3:21	 0:68 lnð100zeqÞ

2:12
ð21:29Þ

SRV ¼
2:31	 0:41 lnð100zeqÞ

1:65
ð21:30Þ

where SRA is the reduction factor in the constant acceleration region of the spectrum and SRV is the

reduction factor in the constant velocity region. There are imposed limits on the above reduction factors

depending on the expected shape of the hysteresis loops.

21.5.3.2.1 Performance Point

The CSM methodology attempts to predict the expected peak displacement given a demand response

spectrum. A trial displacement value dt (Figure 21.12b) and the corresponding spectral acceleration is

selected on the capacity curve. The equivalent viscous damping associated with these spectral magni-

tudes can now be estimated using Equation 21.27. The 5% damped elastic spectrum is transformed into

a reduced inelastic spectrum using Equations 21.20 and 21.21. The demand and capacity curves in ADRS

format are overlaid. If the trial displacement is within 5% of the displacement at the intersection of

the demand and capacity curves, the performance point has been located. Figure 21.12b shows a case

where the trial displacement is the performance point.

21.5.3.3 Performance Assessment

Once the performance point has been established, the acceptability of the design can be assessed

by comparing the demand to the acceptance criteria. ATC-40 global acceptance criteria for different

performance levels are listed in Table 21.7. Component acceptance criteria are essentially similar to

FEMA-356 specifications.

Sdm, Sam

Sdy, Say

Sa

Sd

FIGURE 21.13 Bilinear representation of capacity curve and peak demand parameters.
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21.6 Performance-Based Methodologies: Probabilistic
Approaches

21.6.1 The SAC-FEMA Project and FEMA-350

The discovery of numerous brittle fractures of beam-to-column connections in fully restrained steel

moment frames following the 1994 Northridge Earthquake dramatically altered a widely held con-

viction that welded-steel moment-frame buildings are among the most ductile systems contained in

the building code. The observed damage was not limited to any particular class of steel structures:

varying degrees of brittle fracture were reported in buildings ranging from 1 to 26 stories in height

and in a range of ages from 30-year-old buildings to structures being constructed at the time of the

earthquake.

The need to reevaluate both existing code provisions and construction practice in welded-steel frames

led to the organization of the SAC Joint Venture in 1994, which eventually produced FEMA-350 (2000),

a performance-based guideline for the design of new steel structures. The basic procedure described in

FEMA-350 is similar to that in FEMA-356 with the major exception that the eventual acceptance criteria

assume a probabilistic format. Additionally, it also provides specific qualification criteria for various

types of connections that are beyond the scope of this chapter.

The conceptual basis of the FEMA-350 evaluation methodology, outlined in a paper by Cornell et al.

(2002), can be expressed in probabilistic terms as follows:

PðD>PLÞ ¼
Z

PD>PLðxÞhðxÞ dx ð21:31Þ

P(D> PL) is the probability that the damage exceeds a specified performance level within a given

duration (say, t years). PD>PL(x) is the probability that the damage exceeds a specified performance level,

as a function of x, given that the ground motion intensity is level x. h(x) dx is the probability of

experiencing a ground motion of level x to (xþ dx) in a duration of t years.

The steps involved in evaluating the performance of a building using the above concept are sum-

marized here:

1. As with any performance-based process, the performance objective consisting of a hazard level

and a performance level is first defined. FEMA-350 lists only two primary hazard levels based

on current specifications in FEMA-302: a maximum considered earthquake (MCE), which

corresponds to a 2% probability of being exceeded in 50 years, and a DE, which is specified as

having an intensity equal to two thirds of MCE. Recall that the DE in ATC-40 was defined as an

event with a 10% chance of being exceeded in 50 years. More importantly, only two performance

levels are considered: IO and CP. To this extent, FEMA-350 is a limited application of PBD

concepts. However, this is an acknowledgment of the lack of available data to classify additional

performance limit states.

2. A hazard spectrum or a set of ground motions that meet the criteria specified in the performance

objective is developed. The procedure for generating a site-specific response spectrum (similar to

TABLE 21.7 Global Acceptance Criteria for Use with ATC-40 CSM

Performance level

Parameter IO Damage control LS

Maximum interstory drift 0.010 0.01–0.02 0.02

Maximum inelastic drift 0.005 0.005–0.015 No limit
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Figure 21.3) is identical to FEMA-356. For probabilistic-based assessment, the ground motion

intensity is expressed in terms of the 5% spectral acceleration (Sa) magnitude at the fundamental

period of the building. Procedures for determining Sa for other exceedance probabilities are

outlined in FEMA-356.

3. The next step in the process is to establish seismic demands that are established from a static or

dynamic analysis of a mathematical model of the building — a process not different from that

described earlier in this chapter. However, FEMA-350 clearly defines the scope of each analytical

method to carry out the task of demand estimation. A table listing the applicability of each method

(LSP, NSP, LDP, and NDP) is provided for guidance. For example, if IO performance level is being

evaluated and the fundamental period (T) of the structure is less than 3.5 times the characteristic

period of the design response spectrum (Tn), then any of the four methods of analysis is valid, but if

T> 3.5Tn, then static methods are not permitted. Similarly, if CP performance level is being

considered for a regular structure with T< 3.5Tn and strong column conditions (sum of column

moment capacity is greater than sum of beam moment capacity at connection) exist throughout

the frame, then all four methods of analysis are permitted while only nonlinear methods are

allowed for irregular structures. Additionally, the demand values of interest are somewhat different

from those used in FEMA-356. The following comprise the demand quantities of interest in

FEMA-350: interstory drift angles, column compression, and column splice tensile demands.

4. Following the determination of the global and local demand measures, median estimates of

structural capacity are established. These capacity parameters include system level measures such

as interstory drift capacity and component level measures such as column compressive capacity.

FEMA-350 recommends using an incremental dynamic analysis (IDA) to estimate interstory drift

capacity, while statistical analyses of available experimental data, as described later in this section,

can be utilized for component measures of capacity.

5. Finally, a demand and resistance factor design format is used to determine the confidence level

associated with the probability that a building will have less than a specified exceedance

probability for a desired performance level. The confidence index is determined through

evaluation of the factored-demand-to-capacity ratio given by the equation:

l ¼ ggaD

fC
ð21:32Þ

where C is the estimated capacity of the structure for the primary demand measures, namely,

interstory drift, column compression, and column splice tensile demand; D is the estimated

demand for the structure, obtained from the structural analysis of a building model for the

corresponding demand measure; g is a factor that accounts for the variability inherent in the

prediction of demand related to structural modeling assumptions and specification of ground

motion parameters; ga is a factor that accounts for the bias and uncertainty inherent in the

method of analysis used to estimate demands; and f is a resistance factor that accounts for the

uncertainty and variability inherent in the prediction of structural capacity as a function of

ground-shaking intensity.

The confidence level of the performance evaluation is then back-calculated from the following

equation:

lL ¼ expð	bbUT½Kx 	 0:5kbUT�Þ ð21:33Þ

where b is a coefficient relating an incremental change in the seismic demand measure to

an incremental change in the intensity measure of the ground motion, determined from

the demand hazard curve; bUT is a parameter to account for uncertainties in demand and

capacity calculated from
pð
P

b2
uiÞ, where bui are the standard deviations of the natural

logarithms of the variations in demand and capacity, outlined in subsequent sections; k is

the slope of the hazard curve (in ln–ln coordinates) at the hazard level of interest; and
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Kx is the standard Gaussian variate associated with probability x of not being exceeded as a

function of standard deviation measures (obtained readily from standard probability tables).

FEMA-350 includes a table that provides the solution of the above equation for various values of k, l,

and bUT.

The overall confidence level is controlled by the lowest l value for each of the demand measures

(interstory drift, column compression, and column splice tensile demand). The various parameters

needed to evaluate the confidence measure are summarized in the following.

21.6.1.1 Slope of the Hazard Curve

A plot of the probability of exceedance (or annual rate of exceedance) of a spectral amplitude versus the

spectral value (at a period typically corresponding to the fundamental period of the structure), plotted on

a log–log scale, is represented by the following functional form in the hazard range of interest:

vðSaÞ ¼ k0ðSaÞ	k ð21:34Þ

where k is the slope of the hazard curve and v(Sa) is the probability of an event having a spectral

amplitude greater than Sa. Hazard curves can be developed from seismic hazard maps provided by the

USGS and are assessable at http://eqhazmaps.usgs.gov.

21.6.1.2 Demand Variability Factor (�)

This factor accounts for the variability in the prediction of demand measures such as interstory drift

ratio and column splice tension demands. This is determined from the following expression:

g ¼ exp
k

2b
b2

DR

� �
ð21:35Þ

where k and b are the same parameters described in Equation 21.33, and bDR is the standard deviation of

the natural logarithms of the selected response measure developed from nonlinear time-history analyses

of a mathematical model of the building subjected to a suite of ground motions, all of which are scaled to

match the 5% damped spectral response acceleration of the hazard spectrum.

21.6.1.3 Analysis Uncertainty Factor (�a)

This represents the bias associated with the analytical method (LSP, LDP, or NSP) used to determine the

demand measure. It is computed from the following equation:

ga ¼ CB exp
k

2b
b2

DU

� �
ð21:36Þ

where CB is the bias factor given by the ratio of the demand predicted by nonlinear time-history analysis

to the demand predicted by the chosen analytical method. In this case, bDU represents the uncertainty

that results from variability in the model parameters such as material strength, assumed damping,

hysteretic behavior, and soil–foundation interaction modeling. A series of analyses with different

structural models (that account for critical model uncertainties) are carried out using a single ground

motion, and statistical measures of dispersion are obtained. bDU is the standard deviation of the natural

logarithm of the selected response parameter.

21.6.1.4 Resistance Factor (�)

This factor accounts for the uncertainty in the estimation of the system or component capacity. The

resistance factor will have the following general form:

f ¼ fRfU ¼ fR exp
k

2b
b2

� �
ð21:37Þ
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where fU is the factor accounting for uncertainty in the relationship between laboratory findings

and behavior in real buildings (when considering component effects) or the uncertainty in analytical

predictions (when considering system response measures such as global drift capacity). FEMA-350

suggests a value of b¼ 0.2 for component response measures and a period-dependent value for system

response measures. fR is the randomness inherent in the computation of the resistance factor and is

expressed in a form identical to fU. When computing the resistance factor for component response,

b corresponds to the logarithmic standard deviation of the capacity measure based on observed data from

laboratory testing. When estimating the resistance factor at the system level, b corresponds to the

logarithmic standard deviation of the global stability limit determined from an IDA, as described later.

21.6.2 Simplified Evaluation Method (FEMA-350)

The overall procedure outlined in the Section 21.6.1 is the detailed method that requires numerous

simulations of response data and careful statistical analysis of capacity measures. To facilitate routine

engineering assessment of regular buildings, FEMA-350 also provides a set of tables to approximately

evaluate the uncertainty parameters needed to establish the confidence index parameter. These uncer-

tainty and variability factors are approximate estimates derived from a limited subset of parametric

studies based on typical characteristics of regular buildings. Hence, they incorporate a certain degree

of conservativeness. Whenever possible, the detailed method described earlier in this section should be

used to improve the reliability of the performance evaluation.

A summary of a selected subset of uncertainty factors for special moment frames is shown in

Table 21.8 and Table 21.9. Once the uncertainty factors are known, the factored demand-to-capacity

index l can be established for a particular demand measure. Finally, the confidence level of the com-

puted ‘‘factored’’ demand-to-capacity ratio is determined using another table provided in FEMA-350.

Table 21.10 shows a slice of the FEMA-350 listing: here, the values tabulated are valid only for midrise

frames (4 to 12 stories) at CP performance level. To assess the adequacy of the design, the calculated

confidence levels are compared to minimum acceptance criteria. Table 21.11 lists the FEMA criteria for

global interstory drift and column compression.

TABLE 21.8 Typical Uncertainty Factors Recommended in FEMA-350 to be Used in Assessing Global

Interstory Drift in Special Moment Frames

Low-rise

(<4 stories)

Mid-rise

(4–12 stories)

High-rise

(>12 stories)

ga

LSP IO 0.94 1.15 1.12

CP 0.70 0.97 1.21

NSP IO 1.13 1.45 1.36

CP 0.89 0.99 0.95

g IO 1.50 1.40 1.40

CP 1.30 1.20 1.50

f IO 1.00 1.00 1.00

CP 0.90 0.85 0.75

TABLE 21.9 Global Interstory Drift Capacity (C) and Associated Uncertainty

Low-rise

(<4 stories)

Mid-rise

(4–12 stories)

High-rise

(>12 stories)

IO C 0.02 0.02 0.02

bUT 0.20 0.20 0.20

CP C 0.10 0.10 0.085

bUT 0.30 0.40 0.50
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21.6.3 Incremental Dynamic Analysis

The global stability limit corresponds to the CP limit state and is determined using an IDA as proposed

by Vamvatsikos and Cornell (2002). An IDA curve is developed from the following procedure:

1. A suite of accelerograms (a minimum of ten records is recommended) is selected representative of

the site and hazard level for which the CP level (or global stability limit) is desired. Artificially

synthesized records may be used, but it is preferable to choose recorded ground motions that

represent the expected hazard at the site in terms of source mechanism, fault distance, and

geological characteristics.

2. For each earthquake record, conduct a series of time-history analyses by uniformly scaling the

accelerogram each time so as to induce increasing levels of inelasticity in the structure and thereby

characterize the behavior of the system from its elastic limit to its failure state.

3. Plot the magnitude of the spectral acceleration of the 5% damped response spectrum of the

earthquake record at the fundamental period Sa(T0) versus the control node (typically the roof )

displacement (D). Note that the spectral values will scale linearly during the scaling process. The

resulting plot is called the IDA curve. Repeat the process for each of the selected ground motions

thereby constructing a set of IDA curves.

4. The scale factors used to generate the IDA curve must be carefully selected to capture the

elastic, postyield, and collapse limit states. The number of analyses required to develop an

IDA curve will vary from one structure to the next; however, Vamvatsikos and Cornell (2002)

suggest that the global drift capacity be defined at a point where the slope of the Sa–D curve drops

below 20% of the elastic slope. Additionally, FEMA-350 places a limit of 10% on the global drift

capacity.

5. Establish the distribution of spectral magnitudes at the global drift capacity to facilitate the

computation of the logarithmic standard deviation of the drift capacity, b. The global resistance

factor is then determined using

fR ¼ exp
k

2b
b2

� �
ð21:38Þ

where k and b are the same parameters described in previous expressions.

21.6.4 The PEER PBD Methodology

The methodology in development at the PEER center may be regarded as a holistic approach to PBD in

that it involves a measure of performance that is relevant to stakeholders.

TABLE 21.10 Typical Confidence Levels Listed in FEMA-350 for Computed Factored Demand-to-Capacity Index

Confidence level 10 20 30 40 50 60 70 80 90 95 99

bUT¼ 0.4

l 2.12 1.79 1.57 1.40 1.27 1.15 1.03 0.90 0.76 0.66 0.51

TABLE 21.11 Sample FEMA-350 Criteria for Assessing Adequacy of Performance

Performance level

Immediate occupancy

(IO) (%)

Collapse prevention

(CP) (%)

Global behavior limited by interstory drift 50 90

Column compression behavior 50 90

Performance-Based Seismic Design and Evaluation of Building Structures 21-31

Copyright 2005 by CRC Press



A probabilistic framework is used to assess the performance of the structure. This framework is based

on a similar format used in the SAC Steel Frame project (Cornell et al. 2002) described in the previous

section. While the original formulation by Cornell and coworkers was cast in demand versus capacity

format and expressed the performance objective function as the probability of exceeding a certain

performance level, the methodology developed for PEER extends this concept to include decision

variables and damage measures. A conceptual description of the PEER methodology, using the total

probability theorem, is expressed as follows:

vðDVÞ ¼
ZZ

GðDVjDMÞ dGðDMjEDPÞ dGðEDPjIMÞ dlðIMÞ ð21:39Þ

where v(DV) is the probabilistic description of the decision variable (expressed in terms of the mean

annual probability of repair or replacement cost, net dollar loss, downtime, etc.), DM represents the

damage measure (an index value that expresses the state of damage resulting from a given demand), EDP

represents the engineering demand parameter (drift, plastic rotation, etc.), and IM represents the

intensity measure (characterizing the hazard). The expression of the form P(A|B) is essentially a

cumulative distribution function or the conditional probability that A exceeds a specified limit for a

given value of B. The term of the form dP(A|B) is the derivative with respect to A of the conditional

probability (A|B).

One of the objectives of the PEER methodology is to incorporate all significant sources of uncertainty

that arise in the specification of the ground motion, the material properties, and the modeling and

evaluation process. The methodology also insists on a rigorous evaluation utilizing state-of-the-art tools

for both the prediction of demand and the probabilistic assessment of each random variable. Hence, it

would generally be expected that the evaluation be based on nonlinear time-history analyses using a suite

of ground motions since it offers more options for the treatment of uncertainties. However, it does not

preclude any particular method of analysis as long as the inherent bias and system uncertainties are

quantified and probabilistic descriptions of the demand measures are established.

A brief description is now provided of the variables that appear in Equation 21.39.

21.6.4.1 Hazard Description (IM)

This refers to the hazard curve that expresses the annual frequency or exceedance probability of the

design seismic event in a specified duration. In developing the hazard model, a rigorous seismic hazard

analysis must be carried out that takes into consideration the seismic source, recurrence, and attenuation

relations. Once a hazard model is developed, a set of ground motions must be synthesized (artificially) or

selected from available records that satisfy the magnitude–distance combinations and geologic and fault

characteristics at the site. An intensity measure must then be selected that quantifies the hazard. The idea

of introducing an intensity measure to characterize the hazard provides a framework to develop fragility

functions. A simple choice of intensity measure would be the PGA. Another option would be the 5%

damped spectral acceleration at the characteristic period of the structure (Sa(T0)) since it introduces an

additional parameter in the description. There could potentially be numerous such measures with

increasing complexity. The goal in selecting a measure of earthquake intensity is to minimize the

variability in the performance assessment arising from ground motion parameters.

21.6.4.2 Engineering Demand Parameter (EDP)

The nonlinear analysis of a mathematical model of the structural system produces a wealth of infor-

mation. The process of selecting one or more demand measures to characterize the performance of the

system is not an easy task. The PEER methodology does not identify any specific demand measure since

the choice of an appropriate demand parameter is a function of both the system and the desired

performance objectives. A performance objective, for example, that attempts to minimize losses in a

moderate earthquake might depend on the damage to nonstructural elements. In this case, the demand
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measure of interest may be interstory drift or peak floor acceleration. On the other hand, if the

performance objective were linked to global measures such as LS or CP, it would be prudent to select

demand measures that provide a more rational evaluation of the damage states of components. The

treatment of modeling uncertainties is important in the process of establishing demands.

21.6.4.3 Damage Measure (DM)

Relevant measures of damage are identified for both structural and nonstructural components.

However, unlike deterministic approaches where performance limits are specified for different damage

states, the damage description in a probabilistic framework takes the form of a fragility function. The

likelihood of a certain damage state is conditioned on a structural response measure or EDP. Similar

to the development of acceptance criteria in FEMA-356, a damage model in the PEER framework

is expected to rely on damage data from field observations and laboratory testing. Since the database of

experimental information is limited, analytical simulations wherein calibrated models can be utilized to

generate fragility curves for different variables can aid the development of damage fragilities. Again,

this approach provides a means to incorporate material and model uncertainties into the evaluation

process.

21.6.4.4 Decision Variable (DV)

The final phase of the PEER methodology involves loss modeling. The terminology that is introduced in

this context is a decision variable that is expected to measure system performance in terms of cost

estimates, such as mean annual dollar loss (repair costs), or the probability that the damage resulting

from the seismic event will result in a specified downtime (loss of operability) and similar economic

measures.

The PEER methodology offers distinct advantages over existing PBD frameworks. First, it recognizes

the need to incorporate uncertainties in every phase of the process. This enables an assessment of the

sensitivity of critical decision variables to uncertain input parameters. Approaches to evaluating system

uncertainties and reducing the number of variable parameters that need to be considered have been

investigated by Haukaas and Der Kiureghian (2002) and Porter (2002). Second, it provides an explicit

probabilistic expression of the system performance in terms of economic measures that are more

intelligible to stakeholders. Finally, the methodology is a generic representation of input and output that

permits maximum flexibility to the user to define model parameters.

21.7 PBD Application: An Illustrative Example

The basic procedures outlined in this chapter are now applied to a sample six-story steel building to

illustrate the application of performance-based concepts in routine seismic evaluation and design. The

intention here is to merely demonstrate the process rather than establish a valid design that conforms to

a specific performance-based format. As reiterated in several instances in this chapter, PBD is an evolving

methodology that still lacks final details on acceptance criteria and loss estimates associated with dif-

ferent damage states. In fact, this example will also serve to illustrate potential unresolved issues in the

current state-of-the-art.

For the purpose of this illustration, it will be assumed that the site of the building is located in an active

seismic zone in Southern California. The building has a regular and symmetric plan 120 ft2. The primary

lateral load resisting system is a moment frame around the perimeter of the building. Moment con-

tinuity of each of the perimeter frames is interrupted at the ends where a simple shear connection is used

to connect to the weak column axis. The plan view of the building and the elevation of a typical

perimeter frame are shown in Figure 21.14. The interior frames were designed as gravity frames and

consist of simple shear connections only. It will be further assumed that the columns of the perimeter

frames are supported on foundation beams and rigid pile groups that permit the structure to be modeled

as fully restrained at the supports.
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21.7.1 Performance Objective

The building will be designed for an event with a 10% probability of being exceeded in 50 years. This is

referred to as the DE in ATC-40 or a BSE-1 hazard level in FEMA-356. In the present example, a

performance level corresponding to LS for all primary structural elements is selected. Secondary or

nonstructural performance is not considered in this example. Hence, the performance objective for the

trial design is to achieve LS performance in all components when the building is subjected to a DE with

the specified probability of occurrence (10% in 50 years).

It is now necessary to define the design event. Since both static and dynamic methods will be used to

estimate demands, it is necessary to define a response spectrum and to develop a set of acceleration time

histories. To construct the hazard spectrum, the soil profile, the geological characteristics, and source

mechanism at the site need to be established. The following values will be assumed to generate the

spectrum: seismic zone 4, firm soil with a shear wave velocity exceeding 1000 m/s and the closest distance

to a seismic source capable of producing large-magnitude events to be 10 km. The spectral acceleration

at a 1.0-s period for site class B is taken as 0.48g. Note that both the short-period and the long-period
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FIGURE 21.14 Building plan and elevation of typical moment frame considered in sample problem.

21-34 Handbook of Structural Engineering

Copyright 2005 by CRC Press



spectral acceleration values can be determined from USGS seismic maps. This results in the following

parameters:

ATC-40:

CA ¼ 0.40g

CV¼ 0.48g

Tn ¼CV/2.5CA¼ 0.48 s

Tm¼ 0.2Tn¼ 0.096 s

St ¼CV¼ 0.48g

FEMA-356:

Sxs ¼ 1.0g

Sx1¼ Sm1¼ 0.48g

St ¼ Sx1¼ 0.48g

Using the parameters defined above, the hazard spectrum for the building site corresponding to a

design event with a 10% chance of being exceeded in 50 years is developed and is shown in Figure 21.15.

21.7.2 PBD and Assessment

The next step in the process is to select preliminary sections for the building elements. This stage of the

design is similar to current practice wherein preliminary sizing of members must precede the analysis of

the building under the imposed seismic loads. In the present example, we will focus on the performance-

based design and evaluation of a typical perimeter frame which is designated to carry half the lateral load

in each direction. The initial selection of members is shown in Table 21.12. Section properties are

0.00

0.20

0.40

0.60

0.80

1.00

1.20

0.0 0.5 1.0 0.5 2.0
Period, s

S a
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FIGURE 21.15 Design spectrum for building site.

TABLE 21.12 Section Properties of Frame Elements Used in Design Example

Level Beam section Column section

6 W24� 69 W14� 90

5 W24� 84 W14� 90

3–4 W24� 84 W14� 132

2 W27� 102 W14� 176

1 W30� 116 W14� 176
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computed assuming a yield stress of 414 MPa (60 ksi). Using nominal dimensions for the floor slab and

standard weights for nonstructural elements, the floor weights are estimated as 6227 kN (1400 kip) at the

first level, 5338 kN (1200 kip) at the second through fifth level, and 7562 kN (1700 kip) at the roof level,

resulting in a total building weight of approximately 33,805 kN (7600 kip). A 2D model of the frame was

developed to estimate seismic demands. The computer program OpenSees (2003) was used for the

analytical simulations since it provided the capability to carry out nonlinear static and dynamic analyses.

Nonlinearity in members is modeled using a bilinear force–deformation behavior in view of the fact

that fully restrained connections are used and no brittle fracture is expected. The performance regime of

the components will, therefore, lie in the ascending slope of the force–deformation envelope, and

softening behavior need not be considered. The expected cyclic behavior of the each yielding section

and the monotonic envelope identifying the different performance limit states is qualitatively displayed

in Figure 21.16.

Beginning with the trial design (Figure 21.14), the performance of the building is evaluated by

determining the demands in each component and comparing these demands to performance-based

acceptance criteria. However, as discussed in previous sections of this chapter, there are different

approaches to estimating demands and consequently, different assessment criteria to evaluate the per-

formance of the structure. Different methods will be presented in the following sections so as to make

readers aware of the predicament that will face engineers when making a decision on which method to

use in a given situation. Hopefully, some of the observations and comments offered in this example will

assist in clarifying some of these issues.

27.7.2.1 Method I: Deterministic Assessment — LSP (FEMA-356)

The so-called ‘‘pseudo’’ lateral load to be applied on the frame is determined from Equation 21.10. The

fundamental period of the building (established from an eigenvalue analysis of the frame model) is

1.45 s. The coefficients needed to evaluate the total lateral load V are

C1 ¼ 1.0 (since T>Tn)

C2 ¼ 1.0 for linear procedures

C3 ¼ 1.0 (assuming P–D effects can be ignored)

Cm¼ 1.0 (since T> 1 s)

Sa ¼ 0.48/1.45¼ 0.33g

This results in a total lateral force of V¼ 6672 kN (1500 kip) to be applied on each perimeter frame in

each direction. The lateral load is distributed over the building height using the expression given in

Equation 21.12. The resulting moments on the structural components are recorded, and the peak

m-factors are evaluated. Recall that the m-factor is the ratio of the peak moment to the moment capacity

CPLSIO

� (E ⋅ I )

E ⋅ I

My = Z · fy

M

Φ

IO = immediate occupancy 
LS = life safety 
CP = collapse prevention

FIGURE 21.16 Prescribed force–deformation behavior of members and monotonic behavior identifying different

performance limit states.
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(defined here as the yield moment and computed by taking the product of the yield stress of the material

and the plastic section modulus) of the beam. A typical summary of such an evaluation is shown in

Table 21.13 for all the beam elements on the first level of the building.

This process is carried through all the beams and columns in the structure. The resulting m-factors for

the entire frame are exhibited in Figure 21.17.

These m-factors are then compared to the acceptance criteria listed in FEMA-356 to check if the

desired performance level has been satisfied. The limits on m-factors for different performance levels are

a function of certain section characteristics as identified previously in Table 21.5. For the beams on the

first level for which m-factor computations were listed in Table 21.13, the following section char-

acteristics are established:

bf ¼ 267 mm ð10:5 in:Þ, tf ¼ 21:6 mm ð0:85 in:Þ, tw ¼ 14:5 mm ð0:57 in:Þ, h ¼ 762 mm ð30 in:Þ
bf

2tf

¼ 61:8,
52ffiffiffiffiffi

fye

p ¼ 6:71,
h

tw

¼ 50:6,
418ffiffiffiffiffi

fye

p ¼ 54

The above numbers, using Table 21.5, require that for IO performance the m-factors be less than 2.0.

Since this is true for all beams in the first-story level, they satisfy IO criteria. This performance limit is

summarized in Figure 21.18 along with the performance limit states for all elements in the building. As

displayed in Figure 21.18, several columns fail LS performance level at the third and fifth floor levels.

The notation CP indicates that the element meets the criteria for CP but fails LS performance levels. Since

the objective of the design was to ensure LS performance, the result of this evaluation indicates that the

TABLE 21.13 Peak Demands in Beams on First Floor Using LSP

m-factor

Beam no. Left Right Z My Left Right Max, m

101 23,670 19,059 378 22,680 1.39 1.12 1.39

102 17,050 17,414 1.00 1.02 1.02

103 17,546 17,507 1.03 1.03 1.03

104 17,437 17,361 1.03 1.02 1.03

105 17,808 19,277 1.05 1.13 1.13

106 11,963 0 0.70 0.00 0.70

Sixth floor

0.47 0.77 0.76 0.74 0.72 0.64 0.22

Fifth floor

0.85 1.26 1.26 1.25 1.23 1.10 0.22

Fourth floor

0.71 1.19 1.17 1.17 1.17 1.01 0.08

Third floor

0.93 1.39 1.37

1.37

1.35 1.34 1.16 0.20

Second floor

0.61 1.09 1.06 1.08 0.94 0.25

First floor

1.26 1.39 1.38 1.37 1.36 1.30 0.94

0.67

0.460.670.66

1.06

1.51 1.30 0.791.241.25

1.02 1.01

1.23

1.01

1.03 1.13

0.741.191.11

0.70

0.660.680.83

1.39

1.11

1.02 1.03

1.101.38

1.24

FIGURE 21.17 Computed m-factors from LSP.
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desired performance objective has not been met. It is, therefore, necessary to redesign the frame and go

through an iterative process till the design objective is satisfied.

21.7.2.2 Method II: Deterministic Assessment — NSP (FEMA-356)

The same frame will now be evaluated using a pushover analysis to determine expected demands.

The building model is subjected to a monotonically increasing inverted triangular lateral load pattern

till the roof drift reaches the target value. The target roof displacement is estimated using the following

coefficients:

C0: 1.42 (From table 3.2 of FEMA-356)

C1: 1.0 since Te>TS (from Hazard Spectra)

C2: 1.0 (from table 3.3 of FEMA-356)

C3: 1.0 for positive postyield stiffness

The spectral acceleration at the fundamental period T: 1.45 s is 0.33g. This results in a target dis-

placement of 260 mm (10.22 in.). When the building model is pushed using an inverted triangular lateral

load distribution till the roof displacement reaches this value, none of the elements reach their yield

value. This means that the plastic rotation demands are zero and, consequently, all elements (beams and

columns) satisfy IO performance levels. This is contrary to the findings using linear static analysis.

21.7.2.3 Method III: Deterministic Assessment — LDP (FEMA-356)

A linear dynamic analysis can be accomplished in two ways: using a response spectrum approach or

resorting to a full time-history analysis. In this example, the demands were determined using a response

spectrum analysis. The moment demands in each element are tabulated, similar to the summary table

described for LSP, and the resulting m-factors are calculated. A sample set of values for all the column

elements in the first-story level are shown in Table 21.14. For columns, it is also necessary to compute

axial force levels since acceptance criteria for columns are a function of the axial demands in the column

(see Table 21.14).

Sixth floor

IO IO IO IO IO IO IO

Fifth floor

IO CP CP CP LS LS IO

Fourth floor

IO LS LS LS LS LS IO

Third floor

IO CP CP

IO

CP CP LS IO

Second floor

IO IO IO IO IO IO

First floor

IO IO IO IO IO IO IO

IO

IOIOIO

IO

IO IO IOIOIO

IO IO

IO

IO

IO IO

IOIOIO

IO

IOIOIO

IO

IO

IO IO

IOIO

IO

FIGURE 21.18 Performance assessment of frame based on LSP evaluation.

Note: IO¼ element passing immediate occupancy criteria; LS¼ component failing IO but passing life safety

criteria; CP¼ component failing LS but passing collapse prevention criteria.
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The m-factors determined in the table are shown in Figure 21.19 along with the demand-to-capacity

values for the remaining elements. Using the criteria listed in FEMA-356, the acceptance levels

corresponding to these m-factors are established. As can be seen from the m-factors, most values are

below unity, which means that the demands are generally below the yield capacity of the correspond-

ing components. The demand-to-capacity ratios for a few columns are marginally greater than

1.0. Overall, all elements in the structure pass the criteria for IO. This is consistent with the findings

using the NSP.

21.7.2.4 Method IV: Deterministic Assessment — NDP (FEMA-356)

The most rigorous procedure to estimate demands is to carry out a complete nonlinear time-history

analysis using a set of ground motions. To accomplish this, a subset of seven earthquake ground motions

recommended in ATC-40 is used. Basic seismic parameters of the selected record set are listed in

Table 21.15.

As required in FEMA-356, the ground motions are scaled such that the average value of the SRSS

spectra does not fall below 1.4 times the 5% damped spectrum for the DE for periods between 0.2T and

1.5T. The spectra for the scaled records along with the original design spectra and the scaled

design spectra (wherein the ordinates of the original spectrum are scaled by a factor of 1.4) are shown in

Figure 21.20.

TABLE 21.14 Peak Demands in Columns on First Story Using LDP

Co-factor

Column no. P Ag Pcl P/Pcl Bottom Top Z My Left Right Max, m

11 471 56.8 3408 0.14 15,081 10,726 355 21,300 0.94 0.67 0.94

12 157 0.05 16,665 14,123 1.04 0.88 1.04

13 108 0.03 16,524 13,803 1.03 0.86 1.03

14 108 0.03 16,492 13,778 1.03 0.86 1.03

15 119 0.03 16,432 13,749 1.03 0.86 1.03

16 359 0.11 15,777 12,486 0.99 0.78 0.99

17 176 0.05 11,542 3,509 0.72 0.22 0.72

0.39 0.61 0.61 0.61 0.55 0.18

0.68 0.98 0.98 0.97 0.87 0.18

0.51 0.84 0.84 0.84 0.73 0.11

0.64 0.95 0.95 0.94 0.82 0.17

0.41 0.74 0.74 0.76 0.67 0.22

0.94

0.61

0.98

0.85

0.96

0.76

1.04 1.03 1.03 1.03 0.99 0.72

0.52

0.75

0.77

0.75 0.83

0.510.830.77

0.51

0.75

0.86

0.74

0.65

1.01

0.95

0.91

1.04 0.91 0.550.86

0.52

0.77

0.74

0.74

0.86

0.49

0.360.550.53

0.79

Sixth floor

Fifth floor

Fourth floor

Third floor

Second floor

First floor

FIGURE 21.19 Computed m-factors using LDP.
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Component demands from each time-history analysis are recorded, and the maximum values from

each earthquake are used to estimate plastic rotation demands. Since seven records were used in the

simulation, both FEMA-356 and ATC-40 stipulate that mean values of the peak demands are an ade-

quate measure of the seismic demand. Table 21.16 summarizes the peak and average plastic rotation

demands on the columns in the first story for all seven earthquakes. Table 21.16 also shows the max-

imum demands. This observation is crucial to our understanding of the process governing the choice of

earthquake records for an NDP evaluation. If, for example, only three records were used in the eva-

luation, and Earthquake no. 3 was among the three records, then the seismic demands on the structure

would be controlled by the peak values rather than the mean estimates. The maximum demands are

considerably different from the mean values, suggesting that engineers should use caution when opting

to select mean demands when evaluating performance limits.

In the present case, since all seven data points are used, performance limit states are going to be

evaluated on the basis of mean demand estimates. The resulting performance of the building is shown in

Figure 21.21. Though only the mean values were used, the NDP results indicate that several columns do

not pass IO criteria but do pass LS criteria. Since LS performance is achieved for all elements, the trial

design is acceptable.

TABLE 21.15 Characteristics of Earthquake Records Used in NDP Evaluation

PGA(g)

Earthquake

no. Magnitude Year Earthquake

Recording

station

Horizontal

component 1

Horizontal

component 2

Vertical

component

Distance

(km)a

1 6.6 1971 San Fernando Station 241 0.25 0.13 0.17 16.5

2 6.6 1971 San Fernando Station 458 0.12 0.11 0.11 18.3

3 7.1 1989 Loma Prieta Hollister,

South & Pine

0.18 0.37 0.20 17.2

4 7.1 1989 Loma Prieta Gilroy #2 0.32 0.35 0.28 4.5

5 7.5 1992 Landers Yermo 0.15 0.24 0.14 31.0

6 7.5 1992 Landers Joshua Park 0.28 0.27 0.18 10.0

7 6.7 1994 Northridge Century City

LACC North

0.26 0.22 0.12 23.7

a Closest distance to fault.
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FIGURE 21.20 Original design spectrum, scaled spectrum, and spectra of selected ground motions after scaling.
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21.7.2.5 Method V: Probabilistic Assessment — LSP (FEMA-350)

The previous four methods provided a deterministic assessment of the building performance. The same

design will now be evaluated in a probabilistic manner using the criteria in FEMA-350. The process itself

is not probabilistic, though the final evaluation results in a nondeterministic evaluation of the computed

demands. We begin with the LSP. The steps involved in predicting demands are similar to method I. The

total lateral force is applied as an inverted triangular load using the distribution given by Equation 21.11,

and the resulting moment demands in each component are tabulated. These demands are then factored

by the uncertainty factors (see Table 21.8) to establish the factored demand value ggaD. Acceptable

capacity values are then determined (see typical capacity limits given in Table 21.9) and modified by a

capacity reduction factor (shown in Table 21.8), to account for the inherent uncertainty in establishing

such limits. The factored demand-to-capacity ratio, l, is used to establish a confidence level. The

computed confidence levels for global interstory drift are tabulated in Table 21.17. The acceptability of

the estimated confidence level is specified in FEMA-350 as follows:

Recommended Minimum Confidence Levels (%)

IO CP

Global behavior limited by interstory drift 50 90

Local connection behavior limited by interstory drift 50 50

Column compression behavior 50 90

Column splice tension behavior 50 50

TABLE 21.16 Peak and Mean Plastic Rotation Demands on First-Story Columns Using NDP

Earthquake no.

Column no. 1 2 3 4 5 6 7 Mean Max, m

11 0.14 0.00 1.15 0.00 0.00 1.08 0.00 0.34 1.15

12 0.41 0.00 1.78 0.14 0.23 1.56 0.00 0.59 1.78

13 0.39 0.00 1.71 0.12 0.20 1.59 0.00 0.57 1.71

14 0.38 0.00 1.70 0.11 0.19 1.58 0.00 0.57 1.70

15 0.36 0.00 1.65 0.11 0.18 1.54 0.00 0.55 1.65

16 0.24 0.00 1.74 0.00 0.19 1.30 0.00 0.50 1.74

17 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

Sixth floor

IO IO IO IO IO IO IO

Fifth floor

LS LS LS LS LS LS IO

Fourth floor

IO LS LS LS LS IO IO

Third floor

IO LS LS

IO

LS LS LS IO

Second floor

IO IO IO IO IO IO

First floor

IO IO IO IO IO IO IO

IO

IOIOIO

IO

IO IO IOIOIO

IO IO
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IOIOIO
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FIGURE 21.21 Performance assessment of frame based on LDP evaluation (see notation in Figure 21.18).
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Based on the recommended acceptance criteria, it is deduced that the confidence level associated with

preventing building collapse at the computed drift values is extremely high (actually, this value is at its

upper limit). However, the confidence level on IO performance is unacceptable. The minimum

recommended value in FEMA-350 is 50%, while the confidence levels based on computed interstory

drift are well below these limits for the first five story levels. Unfortunately, FEMA-350 does not specify

confidence levels for LS performance. It will be necessary to use the detailed approach to establish the

confidence level for this performance state. Consequently, it will not be feasible to evaluate the per-

formance objective of this example using FEMA-350.

21.7.2.6 Method VI: Probabilistic Assessment — NSP (FEMA-350)

Though we have seen that FEMA-350 cannot be used to evaluate LS performance using the approximate

method, the evaluation is extended in this section to include NSPs. The intent here is to provide

a comparison of the performance evaluation using the same guideline (in this case FEMA-350)

but employing different analytical methods to estimate seismic demands. It was shown earlier that

the FEMA-356 evaluation using LSP resulted in unacceptable performance, while all the remaining

procedures indicated satisfactory performance for the stated design objective.

Results of the evaluation using a pushover analysis (or NSP) are given in Table 21.18. The confidence

levels are unacceptable for IO performance at all levels and for CP performance at the third story-level. It

is observed that the confidence levels are generally lower than those estimated using LSP. This is

interesting because the drift values using NSP are identical for both FEMA-356 and FEMA-350.

However, FEMA-356 determines acceptance criteria using local component demands only while FEMA-

350 uses a multilevel acceptance criterion. In the present case, global interstory drift was used to evaluate

the building performance.

TABLE 21.17 Confidence Levels from Factored Demand and Capacity Estimates (LSP)

(gga)D l Confidence level

Story level IS drift IO CP IO CP IO CP

0

1 0.014 0.023 0.027 1.15 0.31 35 99

2 0.014 0.022 0.026 1.11 0.31 47 99

3 0.017 0.028 0.033 1.40 0.38 10 99

4 0.016 0.026 0.030 1.29 0.35 20 99

5 0.015 0.024 0.028 1.19 0.33 30 99

6 0.009 0.014 0.017 0.72 0.20 98 99

TABLE 21.18 Computed Confidence Levels Using NSP

(gga)D l Confidence level

Story level IS drift IO CP IO CP IO CP

0

1 0.037 0.074 0.088 3.71 1.04 < 10 69

2 0.029 0.059 0.070 2.95 0.82 < 10 87

3 0.043 0.087 0.103 4.34 1.21 < 10 55

4 0.035 0.072 0.085 3.58 1.00 < 10 72

5 0.026 0.052 0.062 2.62 0.73 < 10 92

6 0.010 0.021 0.025 1.05 0.29 < 52 99
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21.7.2.7 Method VII: Capacity Spectrum Based Evaluation (ATC-40)

The next evaluation methodology that will be discussed is the CSM outlined in ATC-40. The first step is

to establish the capacity curve, which in this case is simply the pushover curve for the building. However,

unlike the process discussed in Method II, no target displacement is used. Instead, the lateral loads are

applied incrementally until a stability point is reached (impending P–D collapse). Since a nonlinear

computer program is employed for the analysis, the approximate technique (Figure 21.11) discussed

earlier does not apply. The pushover curve, which is obtained in terms of base shear and roof dis-

placement, is converted into ADRS format (Equations 21.20 and 21.21). The next step is to select a trial

performance point. Before doing this, it is instructive to overlay the 5% damped spectrum, also

transformed into ADRS format, with the capacity curve to get a sense of the demand region. Figure 21.22

shows the original demand spectrum and the pushover capacity spectrum. The intersection of the

demand and capacity curves occurs at approximately 180 mm (7.1 in.). At this level of displacement, the

system is still elastic and the effective period is still 1.45 s. This implies that the intersection point is

indeed the performance point since introducing additional damping will only reduce the demand. This

result is consistent with the finding using Method II, which also concluded that all members will remain

in the elastic range when the structure is subjected to design lateral forces.

21.7.2.8 Method VIII: PEER Probabilistic Framework for Performance Assessment

The final evaluation method to be considered is the PEER probabilistic approach. The first step in the

PEER methodology calls for a site-specific analysis to develop the probabilistic hazard curve. As outlined

in the detailed FEMA-350 procedure, it will be necessary to determine the slope of the hazard curve to

carry out the integration implied in the PEER methodology (Equation 21.39). This means that we need

to define at least two hazard levels. In this case, the following hazard levels are selected: events with a 10%

probability of being exceeded in 50 years and events with a 2% probability of being exceeded in 50 years.

To create a new hazard level beyond that specified in the design objective, the design spectrum for the

10%/50 hazard is scaled by a factor of 1.5 to produce the 2%/50 hazard spectrum. Earlier, a set of seven

records corresponding to a 10%/50 hazard level was used in the FEMA-356 NDP evaluation. The same

seven records are scaled in a manner consistent with the criteria specified in ATC-40 and FEMA-356 to

produce records for the evaluation of the building model for 2%/50 hazard. The design spectral curves

and the mean and median of the seven records for both hazard levels are displayed in Figure 21.23.
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FIGURE 21.22 Capacity spectrum analysis of the building using ATC-40.
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The intensity measure selected to characterize the hazard of each earthquake is the spectral accel-

eration at the fundamental period, Sa(T ). Ground motions for each hazard level now need to be scaled

so as to match the magnitude of the spectral accelerations of the hazard spectrum at the fundamental

period. To remain reasonably consistent with the FEMA-356 NDP evaluation, the median curves are

used to represent the hazard spectra. Recall that in the NDP evaluation, the ground motions were scaled

such that the average value of the SRSS spectra does not fall below 1.4 times the spectral magnitudes of

the DE for periods between 0.2T and 1.5T. The resulting hazard curve, plotted in log–log scale, is shown

in Figure 21.24. It is evident that an expression of the following form, as suggested in Equation 21.34, can

be developed:

nðSaÞ ¼ k0ðSaÞ	k

Next, the expected demands in the system, both at the global and at the local level, need to be

estimated. The NDP is selected as the analysis method to estimate these demands. The model of the

building is subjected to a total of 14 earthquake records, seven for each hazard level. The peak interstory

drifts resulting from the nonlinear dynamic analyses are summarized in Figure 21.25.
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For the FEMA NDP evaluation, only the peak plastic rotation demands were needed to assess the

performance of the system. In the PEER approach, the choice of a demand measure is left to the

discretion of the user. For example, we could choose to use peak plastic rotations in any component at a

given story level. However, in this case, the peak interstory drift ratios (IDR) are utilized to evaluate

performance. In general, it would be advisable to evaluate system performance using several demand

measures ranging from global measures such as drift to local measures such as plastic rotation demand.

The distribution of the IDR as a function of the intensity measure is shown in Figure 21.26. Only the

peak IDRs for each analysis are used to generate this plot. It is now possible to develop a drift hazard

curve of the following form:

emln½xjSa � ¼ aðSaÞb ð21:40Þ

where mln[x | Sa]
is the mean value of the natural logarithm of the IDRs associated with the given intensity

measure and a and b are constants to be evaluated through curve-fitting the data.

The objective in this phase of the evaluation is to estimate the probability of occurrence of a peak IDR

conditioned on a given spectral ordinate, as follows:

PðxjIM ¼ SaÞ ¼ F
lnðxÞ 	 mln½x�

sln½xjSa�

� �
ð21:41Þ

where x is the peak IDR, IM is the intensity measure which has been selected as Sa(T), mln[x] is as defined

previously, and sln[x|Sa]
is the standard deviation of the natural logarithm of the IDRs at the same

intensity measure. If the drift demand is considered to be a random variable, and the drift hazard curve is

established as described in Equation 21.40, Luco and Cornell (1998) show that the annual exceedance

probability can be estimated from

nðxÞ ¼ k0

x

a

� �1=b
� �	k

exp 0:5k2 slnðxjSaÞ
b

� �2
� �

ð21:42Þ
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FIGURE 21.25 Interstory drift across building height for both hazard levels.
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All terms in the above expression have been previously defined. Since we have two distributions of the

IDRs for two hazard levels, separate standard deviations are available for each hazard. However, for the

design example under consideration, the dispersion associated with the 10%/50 year hazard is utilized to

construct the plots of exceedance probability shown in Figure 21.27.

The information presented in Figure 21.27 is only an intermediate step in the PEER methodology.

Next, we need to establish a damage definition given a demand value. There are obviously many ways to

do this. For the purpose of this study, we will examine the use of IDA to identify critical limit states and

use these limits to define a measure of damage. For example, IDA curves are recommended in FEMA-350

to determine the collapse limit state of the building. In this example, the IDA curve is used to specify

several possible limit states. In the IDA analysis, each of the seven earthquake records is scaled repeatedly
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to produce a range of demand values from the elastic state to near collapse. The collapse limit state in

most applications is a stability limit state. When using a nonlinear computer program with ability to

incorporate P–D effects, this limit state corresponds to numerical instability (or inability to converge

within the specified tolerance) arising from P–D softening.

Results of the IDA evaluation are displayed in Figure 21.28. For each analysis, both the roof drift and

the peak interstory drift values are recorded. In many cases, failure may be triggered by local soft stories,

and damage states are more discernable when examining story drift measures rather than global response

measures. An interesting feature of IDA is that it provides a sense of the complexity of inelastic dynamic

response. Scaling the accelerogram does not necessarily result in increased demands. Each earthquake

produces a different pattern of demands. Hence, it is necessary to consider a statistically significant

sample of earthquake records to extract meaningful information from an IDA.

Since the primary objective of this example is to demonstrate the methodology rather than offer a

complete evaluation of the building, the IDA curves presented in Figure 21.28 will now be evaluated to

define performance limit states. The response of the system is essentially in the elastic range up to about

1% peak interstory drift (at any level). However, damage to the contents in the building may occur at

lower drift limits. A deviation from the initial linear portion of the curve is evident around 2% for most

records. Earthquake No. 2 produces considerable softening in the system beyond 2% interstory drift.

Based on these qualitative observations, the following limit states are defined:

� Immediate occupancy limit state. IDR of 1.0%.
� Life safety limit state. IDR of 3.0%.

Assuming that the above IDR values represent the mean estimates and using the dispersion (standard

deviation) in the IDR data at the above two limit states, the damage probabilities conditioned on

the IDRs are determined and displayed in Figure 21.29a. It is important to reitrate that the above

limit states are rather arbitrary and correspond to global response measures only. Detailed evaluation

of demands at the component (and nonstructural component) level is necessary to develop more

rational limit states in an actual building evaluation. For the present example, therefore, if the above

limit states are defined, it is possible to assess the building performance from a probabilistic standpoint.

If the PEER methodology is carried through as suggested in Equation 21.33, it is also necessary to

define a decision variable. A careful examination of the different variables that appear in the
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PEER equation indicates that it may not be necessary to integrate across three separate variables. For

example, a demand measure may be translatable directly into a decision variable since damage param-

eters and decision variables are closely interlinked. In this illustration, the evaluation will not be carried

through to the level of a decision variable (meaning a quantified economic loss measure) as intended

in the PEER methodology primarily because the task of defining and calibrating such variables is beyond

the scope of this chapter. Instead, the damage fragility will be established by considering the individual

probabilities of damage and demand in the following manner:

PðDMjSaÞ ¼
Z

PðDMjxÞPðx j SaÞ dx ð21:43Þ

The variable x in the above expression is the IDR. P(DM|x) is plotted in Figure 21.29a. Combining this

with P(x | IM) and carrying out the assessment indicated by Equation 21.43 results in the fragility curves

shown in Figure 21.29b. The results indicate that the likelihood of exceeding 1% drift (which we have

defined to correspond to IO performance criteria) is almost certain if the spectral acceleration of the

ground motion (based on constructing a 5% damped elastic spectrum of the accelerogram) exceeds

about 0.6g at a fundamental period of approximately 1.39 s. The required magnitude of the spectral

acceleration at the fundamental period of the building for LS performance is about twice as much.

21.7.3 Notes and Observations

The primary purpose of the illustrative exercises presented previous subsections was to highlight issues

in the current state-of-the-art in performance-based seismic design. There are clearly many unresolved

issues, particularly pertaining to acceptance criteria and method of analysis. For example, in the sample

evaluations discussed here, the findings were inconsistent for different methods. Using the same design

spectrum, the demands from different methods produced different performance levels. With reference to

FEMA-356, it is observed that in this case the linear static method was the most conservative. The

remaining three methods indicated satisfactory behavior with the performance objective being achieved.

However, the results from LDP and NSP indicated an essentially elastic response, while demands from

NDP showed inelastic behavior in some elements though the demands were within LS levels. Analysis

using ATC-40 and CSMs was similar to FEMA-356 NSP. In the case of FEMA-350, which is written in

a format conforming to modern code specifications, no criteria are specified for LS performance.
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However, an interesting observation here is that an evaluation using NSP was less conservative than that

with LSP, which is contrary to a similar comparison using FEMA-356. The results of the evaluation using

the PEER methodology cannot be directly compared to the results of the previous procedures. Yet, it is

possible to arrive at a nondeterministic understanding of the response: if we were to use the spectral

acceleration of 0.58g corresponding to the 10%/50 year hazard, then the probability of achieving IO

performance level is low (in other words, there is a high probability that the 0.01 IDR threshold for IO

performance will be exceeded). This is based on the conclusion from the IDA curve that suggests a 0.01

peak IDR to correlate with IO performance level (or likely elastic limit). However, the likelihood of more

severe damage states decreases dramatically (for example, Life Safety performance at the 10%/50 year

hazard level is easily achieved since the probability of exceeding 3% drift corresponding to LS perfor-

mance is nearly zero). Ideally, it should also be possible to develop loss estimates associated with

different damage states. The reader is referred to the work of Miranda and Aslani (2003) and Krawinkler

and Miranda (2004) for a more in-depth treatment of this subject.

21.8 Concluding Remarks

While much progress has been made in the last decade to develop processes and procedures that

incorporate performance-based concepts in design and evaluation of structural systems, the findings and

observations presented in the previous section raise important issues that point to the need for additional

research and the development and validation of methodologies that minimize uncertainty and maximize

confidence. The ongoing work at PEER is clearly a major advancement that deserves attention. Another

ongoing effort is the FEMA-sponsored ATC-58 project, which has been charged with developing the next-

generation performance-based seismic design procedures and guidelines. The objective of the ATC

endeavor is to ‘‘express performance directly in terms of the quantified risks’’ in a format that is com-

prehensible to the decision maker. The project is expected to be conducted in two phases: in the first phase

a set of procedures will be developed using probabilistic methods to assist an engineer to evaluate either an

existing building or the proposed design of a new building utilizing terminology defined by decision

makers; in the second phase a complimentary set of guidelines for use by stakeholders will be developed.

Since PBEE seeks to define a range of damage states, considerable work remains to be done to develop

advanced computational tools that predict seismic demands of a complete soil–foundation–structure

system reliably. Precise modeling guidelines should accompany such tools. Work is needed to quantify

damage states and to develop models that transform damage states into loss estimates. Methods of

analysis need to be validated with more rigor, particularly simplified methods that can be used in lieu of

fully nonlinear time-history evaluations. Pushover procedures, which work well for low-rise, regular

structures must be enhanced so that they can be used for a wider range of structural configurations. The

work of Gupta and Kunnath (2000) and Chopra and Goel (2002) are important developments in this

area. But more importantly, the propagation of uncertainties must be incorporated through the demand

and assessment process. The degree of sophistication or level of detail will depend on the application, on

whether the structure is classified as being ordinary or critical, and numerous other factors.

The success of a new seismic design methodology lies in the success of its implementation in building

practice. Based on patterns in other earthquake innovations (e.g., base isolation and load and resistance

factor design (LRFD)) May (2000) suggests that it may take at least two decades for ideas to move from

the initial onset of preliminary guidelines (such as FEMA-356 and FEMA-350) to widespread adoption.

Some of the key obstacles to advancing and implementing performance-based earthquake engineering

(PBEE) cited by May include uncertainties in the methodology and its benefits, costs associated with

adopting the methodology, complexity of the methodology in comparison to current code format, and

issues related to validating and facilitating the adoption of the methodology. Another factor that can

impact the development of PBEE is the interest of stakeholders in the success of the methodology. Steps

to mitigate these barriers are essential to hasten the adoption of PBEE.

In conclusion, it must be reiterated that the intent of this chapter is to provide readers with a glimpse

of evolving views on PBSE so that they can be better prepared as the first performance-based code for
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seismic design becomes a reality in the future. At a time when performance-based concepts were still

being debated, Krawinkler (1997) noted that PBEE ‘‘appears to promise engineered structures whose

performance can be quantified and conform to the owner’s desires. If rigorously held to this promise,

performance-based engineering will be a losing cause.’’ This prediction can be regarded as ominous or

enlightening depending on the perspective of the reader. Rather than offer an unpromising indictment,

Krawinkler’s purpose was to underscore the myriad of uncertainties associated with the overall process.

In fact, he continues by saying that ‘‘significant improvements beyond the status quo will not be achieved

without a new and idealistic target to shoot for. We need to set this target high and strive to come close

to its accomplishment . . . Performance based seismic engineering is the best target available and we need

to focus on it.’’ The real challenge in PBSE is not simply to better predict seismic demands or improve

our loss-assessment methodology, but it is ‘‘in contributing effectively to the reduction of losses and the

improvement of safety.’’ (Cornell and Krawinkler 2000).

Appendix A

Conceptual Basis of Pushover Analysis and CSM

In this section, a few conceptual details on some of the processes and methods discussed in this chapter

are outlined. These concepts should aid the reader in comprehending the basis of both pushover analysis

and CSMs. Figure 21.A1 shows an idealized model of a four-story frame. In a standard computer analysis

of the 2D frame model, each node will be assigned three DOFs corresponding to axial, shear, and

bending deformations. However, the primary degree of interest in pushover analysis and CSMs is the lateral

floor DOF since it is generally assumed that floors are rigid and a SDOF is adequate to represent the drift at

a story level. When constructing the system stiffness matrix, all three DOFs are used; however, only the floor

DOFs are retained (the remaining DOFs are condensed, not eliminated or ignored).

The idea behind static pushover methods is to characterize the nature of seismic loads acting on the

frame. The response of the frame to any dynamic load is a combination of the dynamic modes of

vibration of the system. Hence, it is instructive to begin with fundamental concepts in modal analysis

of structures. As is well known, any vector of order n can be expressed by a set of n independent

vectors. In this case, the independent eigenvectors resulting from the solution of the eigenvalue

problem serve as appropriate vectors to express the floor displacements of a multistory building. The

variable n refers to the number of DOFs which in this case is the number of floor levels for the

reasons cited:

uif gm¼
XN

m¼1

Fmqm ¼ F½ � qf g ð21:A1Þ

where {ui} is the displacement vector, {q} is the normal or modal coordinates, [f] is the matrix of eigen

vectors, and m and i are the mode number and floor level, respectively.

Let us now consider the equilibrium relationship for a multi-DOF system:

m½ � €uuf g þ c½ � _uuf g þ k½ � uf g ¼ 	 m½ � if g€uugðtÞ ð21:A2Þ

where [m], [c], and [k] are the mass, damping, and stiffness matrices, respectively; {u}, { _uu}, and {€uu}

are the displacement, velocity, and acceleration vectors, respectively; {i} is a vector of unit values; and

€uug(t) is the imposed ground motion acceleration.

Utilizing the modal decomposition given in Equation 21.A1 and applying orthogonality relationships,

the equilibrium expression reduces to the following form:

€qqn þ 2zon _qqn þ o2
n ¼ 	Gn€uugðtÞ ð21:A3Þ

where Gn ¼ ð F½ �T½m�figÞ=Mn, in which Mn ¼ ½F�T½m�½F�.
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Actually, a more informative way of expressing the right-hand side of Equation 21.A2 is to consider

independent modal contributions as presented by Chopra (2001):

½m�f€uug þ ½c�f _uug þ ½k�fug ¼ 	
XN

n¼1

Rn€uug ð21:A4Þ

Comparing Equation 21.A4 to Equation 21.A2 and following through with the modal transformation

that results in Equation 21.A3, it can be shown that

fRg ¼
X

Rn ¼ GnmFn ð21:A5Þ

Each term in the above expansion contains the modal contribution of the respective mode. Another way

of visualizing Equation 21.A5 is to consider the load vector on the right-hand side of Equation 21.A2 as

follows:

½m�fig€uug ¼ fRgf ðtÞ ð21:A6Þ

where {R} is a load distribution vector. For a general loading function {p(t)}¼ {r}f(t), the vector {r}

represents a displacement transformation vector resulting from a unit support displacement. For

earthquake loading, this simply becomes a vector with unit values. The external loading can obviously

vary as a function of time in terms of both amplitude and spatial distribution. The objective of deriving

an expression of the form given by Equation 21.A6 is to separate the spatial distribution from the time-

varying amplitude function. This concept is not new and has been discussed in standard textbooks in

dynamics (Clough and Penzien 1993).

The next step is to introduce features of the earthquake loading. Since the procedure being developed

is a static procedure, the most appropriate form of earthquake loading that can be considered is a

response spectrum. The spatial distribution of lateral forces to be used in conjunction with a pushover

analysis is approximated in terms of the peak modal contributions as follows:

ffng ¼ Gn½m�fFngSaðzn, TnÞ ð21:A7Þ

where Sa is the spectral acceleration for the given earthquake loading at a frequency corresponding to the

period T and damping ratio z for mode n.

The modal forces computed using Equation 21.A7 will represent the contributions to mode n only.

Equation 21.A7 represents the most general form of the lateral force vector to be used in a pushover

u4(t)

u3(t)

u2(t)

u1(t)

FIGURE 21.A1 Typical multistory frame model with reduced DOFs.
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analysis. If n¼ 1, only the first mode contributions are considered. In the approach proposed by Chopra

and Goel (2002), it is assumed that the inelastic response can also be approximated by modal super-

position because the nth mode is expected to be dominant even for inelastic systems. Other modal

combination techniques (Kunnath 2004) and even adaptive lateral force distributions have been pro-

posed (Gupta and Kunnath 2000) based on interesting variations in applying the load represented by

Equation 21.A7. These concepts are beyond the scope of this chapter.

To understand the concept of a capacity spectrum and the ADRS conversion, it is necessary to return

to Equations 21.A1 to 21.A3 and follow through with the general modal analysis procedure. The peak

response of an SDOF system subjected to a given ground motion can be obtained from a response

spectrum of the ground motion. Equation 21.A3 describes a set of n SDOF systems with each expression

providing the solution to a specific mode. The total response is obtained through the transformation

given by Equation 21.A1.

Assuming Sd(zn,on) to represent the maximum displacement of an SDOF system with frequency on

and damping ratio zn when subjected to the ground motion €uug(t), the peak displacement response of the

system represented in Equation 21.A3 is given by

qnf gmax¼ GnSdðzn,onÞ ð21:A8Þ

The peak story displacements can now be determined using Equation 21.A1 as follows:

u1

u2

..

.

un

8>><
>>:

9>>=
>>;

max

¼ G1Sdðz1,o1Þ

F11

F21

..

.

Fn1

8>><
>>:

9>>=
>>;þ G2Sdðz2,o2Þ

F12

F22

..

.

Fn2

8>><
>>:

9>>=
>>;þ � � � þ GnSdðzn,onÞ

F1n

F2n

..

.

Fnn

8>>><
>>>:

9>>>=
>>>;

ð21:A9Þ

The above expression contains the contributions of all modes. Let us assume that only the peak dis-

placement at a particular DOF is needed. For example, if DOF n represents the roof level, and only the

first-mode contribution is considered, then the following expression is obtained:

un,max ¼ G1Sdðz1,o1ÞFn1 ð21:A10Þ

This equation is used to convert the roof displacement resulting from a pushover analysis to the first-

mode spectral displacement in the capacity spectrum procedure.

To establish the equivalent first-mode spectral acceleration from the base shear, the peak displacement

fnf gmax ¼ o2
n½m� unf gmax ð21:A11Þ

fnf gmax ¼ o2
n½m�GnSdðzn,onÞ½F� ð21:A12Þ

fnf gmax ¼ GnSaðzn,onÞ½m�½F�

¼ G1Saðz1,o1Þ

m1F11

m2F21

. . .

8>><
>>:

9>>=
>>;þ G2Saðz2,o2Þ

m1F12

m2F22

. . .

8>><
>>:

9>>=
>>;þ � � �

* + ð21:A13Þ

If only the first-mode contribution is considered

ffngmax ¼ G1Saðz1,o1Þ
m1F11

m2F21

. . .

8<
:

9=
; ð21:A14Þ
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The base shear is the sum of story forces, hence the first-mode contribution to the base shear is given by

V ¼ G1Saðz1,o1Þ
Xn

i¼1

miFi1 ð21:A15Þ
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22
Multistory Frame

Structures

22.1 Modern Techniques in Steel Frame Construction

22.1.1 Constructability

One of the main considerations in planning a building project is to have the building ready and occupied

as early as possible. In order to reduce the time over which the investment is tied up in construction and

maximize the return of investment through the use of the building, the design needs to consider the

constructability aspects of the construction.

Speed in construction is achieved through a number of factors, some of which are listed below:

� Simple building design to avoid complicated site works.
� Design for minimum delay in construction.
� Maximize use of prefabricated and precast elements to avoid delays on site.
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� Reduce the number of operations on the critical path.
� Complete all the designs before starting work on site.

Complicated geometry and building layout design should be avoided where possible. This is especially

critical in crowded city sites where access and storage of materials may be a problem. Repetition of work

means that the work can be done in a much faster process. The more repetition in elements, the quicker

the site team goes through the process of familiarization.

In a steel framed building the positioning of services may need careful consideration at the design stage

to allocate service zones. Hence, conflict of interests between various professions can be avoided.

Steel offers the best framing material for prefabrication. With the use of metal decks, the concept of

fast track construction is introduced. The metal decking can be placed easily and used as the slab

reinforcement. Trough deck stud welding for composite action reduces beams weights and depths. It

also helps ensure that the floor slab can be used as a diaphragm to transfer lateral loads to bracing frames

or stiff cores. Lightweight fire protection can be applied at a later stage, taking it off the critical path.

22.1.2 Prefabrication and Ease of Construction

Steel members and plates can be shop-fabricated using computer-controlled machinery, which have less

chance of mistakes. On site the assembly is mainly carried out by a bolting procedure. Lateral-load-

resisting systems should be located at the lifts, stair towers, etc., to provide stability throughout, rather

than a rigid unbraced frame where temporary bracing may be required during erection.

Structural members delivered to site should be lifted directly and fixed into position, avoiding storage

on site. Steel stairs, erected along with the frame, give immediate access for quicker and safer erection.

Metal decking may be lifted in bundles and no further craning is required as it is laid by hand and fixed

by welded studs. This gives both a working and safety platform against accidents.

Secondary beams should be placed close enough to suit the deck, so that temporary propping can be

avoided, and the deck could be concreted immediately.

22.1.3 Steel–Concrete Composite Design

Considerable benefit is gained by composition of the slab with the steel beam with possible weight

savings of up to 30%. An effective width of slab is assumed to carry the compressive stresses leaving

virtually the whole of the steel beam in tension creating a T-beam effect. Interaction between the slab and

the beam is generated by ‘‘through deck’’ stud welding on to the beam flange.

22.1.4 Deflection and Cambering

Where the floors are unpropped, the deflection due to wet construction requires consideration to avoid

the problem of ponding.

Dead load deflections exceeding 15 to 20 mm can be easily offset by cambering, which is best achieved

by cold rolling the beam. This is a specialized operation as the camber is permanent because of stress

redistribution due to controlled yielding. This will depend upon a number of factors and the advice of

the specialist should be sought.

Because cambering can add 10 to 20% to the basic steel cost, this should be compared with the cost of

a deeper and stiffer beam section provided that the increase in building height does not compromise

additional cladding costs.

22.1.5 Fire Resistance

In the event of fire the metal deck unit would cease to function effectively due to loss of strength.

However, additional strength can be provided by the added wire mesh for up to 1 h fire rating.

For higher period of fire resistance or for exceptionally high imposed loads, heavier reinforcement in

the form of bars placed within the deck through can be used. Up to 4 h fire rating can be obtained using
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this method based upon fire engineering calculations with the deck units serving only as a permanent

formwork.

For beams and columns, fire resistance may be provided by lightweight systems, which are quick to

apply and economic. Normally cement-based spays are applied to beams and boards around columns.

For tall buildings, steel columns may be encased or circular steel columns infilled with high-strength

concrete to enhance resistance against compression and fire.

22.2 Classification of Multistory Frames

It is useful to define various frame systems to simplify the modeling of multistory frames. For

more complicated three-dimensional structures involving the interaction of different structural

systems, simple models are useful for preliminary design and for checking computer results. These

models should capture the behavior of individual subframes and their effects on the overall

structures.

This section describes what a framed system represents, defines when a framed system can be con-

sidered to be braced by another system, defines what is meant by a bracing system, and provides the

difference between sway and nonsway frames. Various structural schemes for multistory building

construction are also given.

22.2.1 Moment Frames

A moment frame derives its lateral stiffness mainly from the bending rigidity of frame members

interconnected by rigid joints. The joints shall be designed in such a manner that they have enough

strength and stiffness and negligible deformation. The deformation must be small enough to have any

significant influence on the distribution of internal forces and moments in the structure or on the overall

frame deformation.

An unbraced rigid frame should be capable of resisting lateral loads without relying on an additional

bracing system for stability. The frame, by itself, has to resist the design forces, including gravity and

lateral forces. At the same time, it should have adequate lateral stiffness against sidesway when it is

subjected to horizontal wind or earthquake loads. Even though the detailing of the rigid connections

results in a less economic structure, rigid unbraced frame systems perform better in load reversal

situation or in earthquakes. From the architectural and functional points of view, it can be advantageous

not to have any triangulated bracing systems or solid wall systems in the building.

22.2.2 Simple Frames

A simple frame refers to a structural system in which the beams and columns are pin connected and the

system is not capable of resisting any lateral loads. The stability of the entire structure must be provided

by attaching the simple frame to some forms of bracing systems. The lateral loads are resisted by the

bracing systems while the gravity loads are resisted by both the simple frame and the bracing system.

In most cases, the lateral load response of the bracing system is sufficiently small such that second-

order effects may be neglected for the design of the frames. Thus, the simple frames that are attached to

the bracing system may be classified as nonsway frames. Figure 22.1 shows the principal components —

simply frame and bracing system — of such a structure.

There are several reasons for adopting pinned connections in the design of steel multistory frames:

1. Pin-jointed frames are easier to fabricate and erect. For steel structures, it is more convenient to

join the webs of the members without connecting the flanges.

2. Bolted connections are preferred compared to welded connections, which normally require weld

inspection, weather protection, and surface preparation.

3. It is easier to design and analyze a building structure that can be separated into system resisting

vertical loads and system resisting horizontal loads. For example, if all the girders are simply
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supported between the columns, the sizing of the simply supported girders and the columns

is a straightforward task.

4. It is more cost-effective to reduce the horizontal drift by means of bracing systems added to the

simple framing than to use unbraced frame systems with rigid connections.

Actual connections in structures do not always fall within the categories of pinned or rigid connec-

tions. Practical connections are semirigid in nature and therefore the pinned and rigid conditions are

only idealizations. Modern design codes allow the design of semirigid frames using the concept of wind

moment design (type 2 connections). In wind moment design, the connection is assumed to be capable

of transmitting only part of the bending moments (those due to the wind only). Recent development in

the analysis and design of semirigid frames can be obtained from Chen et al. (1996). Design guidance is

given in Eurocode 3 (EC3) (1992a,b).

22.2.3 Bracing Systems

Bracing systems provide lateral stability to the overall framework. It may be in the form of triangulated

frames, shear wall/cores, or rigid-jointed frames. It is common to find bracing systems represented as

shown in Figure 22.2. They are normally located in buildings to accommodate lift shafts and staircases.

In steel structures, it is common to have triangulated vertical truss to provide bracing (see

Figure 22.2a). Unlike concrete structures where all the joints are naturally continuous, the most direct

way of making connections between steel members is to hinge one member to the other. For a very stiff

structure, shear wall or core wall is often used (Figure 22.2b). The efficiency of a building to resist lateral

forces depends on the location and the types of the bracing systems employed and the presence or

otherwise of shear walls, and cores around lift shafts and stair wells.

22.2.4 Braced versus Unbraced Frames

Building frame systems can be separated into vertical load-resistance and horizontal load-resistance

systems. The main function of a bracing system is to resist lateral forces. In some cases the vertical load-

resistance system also has some capability to resist horizontal forces. It is necessary, therefore, to identify

Bracing frame Simple frame

Simple
connections

FIGURE 22.1 Simple braced frame.
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the sources of resistance and to compare their behavior with respect to the horizontal actions. However,

this identification is not that obvious since the bracing is integral within the structure. Some assump-

tions need to be made in order to define the two structures for the purpose of comparison.

Figure 22.3 and Figure 22.4 represent the structures that are easy to define, within one system, two

subassemblies identifying the bracing system and the system to be braced. For the structure shown in

Figure 22.3, there is a clear separation of functions in which the gravity loads are resist by the hinged

subassembly (Frame B) and the horizontal loads are resisted by the braced assembly (Frame A). In

contrast, for the structure in Figure 22.4, since the second subassembly (Frame B) is able to resist

horizontal actions as well as vertical actions, it is necessary to assume that practically all the horizontal

actions are carried by the first subassembly (Frame A) in order to define this system as braced.

According to EC3 (1992a,b), a frame may be classified as braced if its sway resistance is supplied by

a bracing system in which its response to lateral loads is sufficiently stiff for it to be acceptably accurate

to assume all horizontal loads are resisted by the bracing system. The frame can be classified as braced

if the bracing system reduces its horizontal displacement by at least 80%.

Shear wall

Bracing
frame

(a)

(b)

FIGURE 22.2 Common bracing systems: (a) vertical truss system and (b) shear wall.

Frame A Frame B

= +

FIGURE 22.3 Frames split into two subassemblies.
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For the frame shown in Figure 22.3, the hinged frame (Frame B) has no lateral stiffness and Frame A

(truss frame) resists all lateral load. In this case, Frame B is considered to be braced by Frame A. For the

frame shown in Figure 22.4, Frame B may be considered to be a braced frame if the following deflection

criterion is satisfied:

1� DA

DB

� �
� 0:8 ð22:1Þ

where DA is the lateral deflection calculated from the truss frame (Frame A) alone and DB is the lateral

deflection calculated from Frame B alone.

Alternatively, the lateral stiffness of Frame A under the applied lateral load should be at least five times

larger than that of Frame B:

KA � 5KB ð22:2Þ

where KA is the lateral stiffness of Frame A and KB is the lateral stiffness of Frame B.

22.2.5 Sway versus Nonsway Frames

A frame can be classified as nonsway if its response to in-plane horizontal forces is sufficiently stiff for it to

be acceptable to neglect any additional internal forces or moments arising from horizontal displacements

of the frame. In the design of a multistory building frame, it is convenient to isolate the columns from the

frame and treat the stability of columns and the stability of frames as independent problems. For a column

in a braced frame it is assumed that the columns are restricted at their ends from horizontal displacements

and therefore are only subjected to end moments and axial loads as transferred from the frame. It is then

assumed that the frame, possibly by means of a bracing system, satisfies global stability checks and that the

global stability of the frame does not affect the column behavior. This gives the commonly assumed

nonsway frame. The design of columns in a nonsway frame follows the conventional beam–column

capacity check approach and the column effective length may be evaluated based on the column end

restraint conditions. Interaction equations for various cross-section shapes have been developed through

years of research in the field of beam–column design (Chen and Atsuta 1976).

Another reason for defining ‘‘sway’’ and ‘‘nonsway frames’’ is the need to adopt conventional analysis in

which all the internal forces are computed on the basis of the undeformed geometry of the structure. This

assumption is valid if second-order effects are negligible. When there is an interaction between overall

frame stability and column stability, it is not possible to isolate the column. The column and the frame

have to act interactively in a ‘‘sway’’ mode. The design of sway frames has to consider the frame sub-

assemblage or the structure as a whole. Moreover, the presence of ‘‘inelasticity’’ in the columns will render

some doubts on the use of the familiar concept of ‘‘elastic effective length’’ (Liew et al. 1991, 1992).

On the basis of the above considerations, a definition can be established for sway and nonsway frames as

A frame can be classified as nonsway if its response to in-plane horizontal forces is sufficiently stiff

for it to be acceptably accurate to neglect any additional internal forces or moments arising from

horizontal displacements of its nodes.

Frame A Frame B

= +

FIGURE 22.4 Mixed frames split into two subassemblies.
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British Code: BS5950: Part 1 (1990) provides a procedure to distinguish between sway and nonsway

frames as follows:

1. Apply a set of notional horizontal loads to the frame. These notional forces are to be taken as 0.5%

of the factored dead plus vertical imposed loads and are applied in isolation, that is, without the

simultaneous application of actual vertical or horizontal loading.

2. Perform a first-order linear elastic analysis and evaluate the individual relative sway deflection d
for each story.

3. If the actual frame is uncladed, the frame may be considered to be nonsway if the interstory

deflection satisfies the following limit:

d<
h

4000

where h is the story height for every story.

4. If the actual frame is claded but the analysis is carried out on the bare frame, then in recognition of

the fact that the cladding will substantially reduce deflections, the condition is reflected and the

frame may be considered to be nonsway if

d<
h

2000

where h is the story height for every story.

5. All frames not complying with the criteria in (3) or (4) are considered to be sway frames.

EC3 (1992a,b) also provides some guidelines to distinguish between sway and nonsway frames. It

states that a frame may be classified as nonsway for a given load case if Pcr/P� 10 for that load case,

where Pcr is the elastic critical buckling value for sway buckling and P is the design value of the total

vertical load. When the system buckling load factor is ten times more than the design load factor, the

frame is said to be stiff enough to resist lateral load and it is unlikely to be sensitive to sidesway

deflections. AISC LRFD (1993) does not give specific guidance on frame classification. However, for

frames to be classified as nonsway in AISC LRFD format, the moment amplification factor, B2, has to be

small (a possible range is B2� 1.10) so that sway deflection would have negligible influence on the final

value obtained from the beam–column capacity check.

22.2.6 Classification of Multistory Buildings

The selection of appropriate structural systems for tall buildings must satisfy both the strength and

stiffness requirements. The structural system must be adequate to resist lateral and gravity loads that

cause horizontal shear deformation and overturning deformation. Other important issues that must be

considered in planning the structural schemes and layout are the requirements for architectural details,

building services, vertical transportation, and fire safety, among others. The efficiency of a structural

system is measured in terms of their ability to resist higher lateral load, which increases with the height of

the frame (Iyengar et al. 1992). A building can be considered as tall when the effect of lateral loads is

reflected in the design. Lateral deflections of tall buildings should be limited to prevent damage to both

structural and nonstructural elements. The accelerations at the top of the building during frequent

windstorms should be kept within acceptable limits to minimize discomfort to the occupants (see

Section 22.5).

Figure 22.5 shows a chart which defines, in general, the limits to which a particular framing system can

be used efficiently for multistory building projects. The various structural systems in Figure 22.5 can be

broadly classified into two main types: (1) medium-height buildings with shear-type deformation

predominant and (2) high-rise cantilever structures such as framed tubes, diagonal tubes, and braced

trusses. This classification of system forms is based primarily on their relative effectiveness in resisting

lateral loads. At one end of the spectrum in Figure 22.5 is the moment resisting frames, which are

efficient for buildings of 20 to 30 stories, and at the other end is the tubular systems with high cantilever
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efficiency. Other systems are placed with the idea that the application of any particular form is

economical only over a limited range of building heights.

An attempt has been made to develop a rigorous methodology for the cataloguing of tall buildings

with respect to their structural systems (Council on Tall Buildings and Urban Habitat 1995). The

classification scheme involves four levels of framing division: primary framing system, bracing sub-

system, floor framing, and configuration and load transfer. While any cataloguing scheme must address

the preeminent focus on lateral load resistance, the load-carrying function of the tall building subsystems

is rarely independent. An efficient high-rise system must engage vertical gravity load-resisting elements

in the lateral load subsystem in order to reduce the overall structural premium for resisting lateral loads.

Further readings on design concepts and structural schemes for steel multistory buildings can be found

in Liew (2001) and the design calculations and procedure for building frame structures using the AISC

LRFD procedure are given in ASCE (1987).

Some degree of independence can be distinguished between the floor framing systems and the lateral-

load-resisting systems, but the integration of these subassemblies into the overall structural scheme is

crucial. Section 22.3 provides some advice for selecting composite floor systems to achieve the required

stiffness and strength and also highlights the ways where building services can be accommodated within

normal floor zones. Several practical options for long-span construction are discussed and their

advantages and limitations are compared and contrasted. Design considerations for floor diaphragm are

discussed. Section 22.4 provides some advice on the general principles to be applied when preparing

a structural scheme for multistory steel and composite frames. The design procedure and construction

considerations that are specific to steel gravity frames, braced frames, moment-resisting frames, and the

design approaches to be adopted for sizing multistory building frames are given. The potential use of

steel–concrete composite material for high-rise construction is presented. Section 22.5 deals with the
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FIGURE 22.5 Categorization of tall building systems.
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issues related to wind-induced effects on multistory frames. Dynamic effects due to along wind, across

wind, and torsional response are considered with examples.

22.3 Floor Systems

22.3.1 Design Consideration

Floor systems in tall buildings generally do not differ substantially from those in low-rise buildings.

However, the following aspects need to be considered in design:

1. Weight to be minimized

2. Self-supporting during construction

3. Mechanical services to be integrated in the floor zone

4. Adequate fire resistance

5. Buildability

6. Long spanning capability

7. Adequate floor diaphragm

Modern office buildings require large floor span in order to create greater space flexibility for the

accommodation of greater variety of tenant floor plans. For building design, it is necessary to reduce the

weight of the floors so as to reduce the size of columns and foundations and thus permit the use of larger

space. Floors are required to resist vertical loads and they are usually supported by secondary beams. The

spacing of the supporting beams must be compatible with the resistance of the floor slabs.

The floor systems can be made buildable using prefabricated or precasted elements of steel and

reinforced concrete in various combinations. Floor slabs can be precast concrete slab or composite slabs

with metal decking. Typical precast slabs are 4 to 7 m, thus avoiding the need of secondary beams. For

composite slabs, metal deck spans ranging from 2 to 7 m may be used depending on the depth and shape

of the deck profile. However, the permissible spans for steel decking are influenced by the method of

construction; in particular, it depends on whether temporary propping is provided. Propping is best

avoided as the speed of construction is otherwise diminished for the construction of tall buildings.

Sometimes openings in the webs of beams are required to permit passage of horizontal services, such

as pipes (for water and gas), cables (for electricity, telecommunications, and electronic communication),

and ducts (air conditioning), etc.

In addition to strength, floor spanning systems must provide adequate stiffness to avoid large

deflections due to live load, which could lead to damage of plaster and slab finishers. Where the

deflection limit is too severe, precambering with an appropriate initial deformation equal and opposite

to that due to the permanent loads can be employed to offset part of the deflection. In steel construction,

steel members can be partially or fully encased in concrete for fire protection. For longer period of

fire resistance, additional reinforcement bars may be required. Various long-span flooring systems in

Section 22.3.4 offer solutions to integrate building service into the structural depth leading to potential

savings in weight and cladding cost.

22.3.2 Composite Floor Systems

Composite floor systems typically involve structural steel beams, joists, girders, or trusses linked via

shear connectors with a concrete floor slab to form an effective T-beam flexural member resisting

primarily gravity loads. The versatility of the system results from the inherent strength of the concrete

floor component in compression and the tensile strength of the steel member. The main advantages of

combining the use of steel and concrete materials for building construction are:

� Steel and concrete may be arranged to produce an ideal combination of strength, with concrete

efficient in compression and steel in tension.
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� Composite flooring is lighter in weight than pure concrete.
� The construction time is reduced since casting of additional floors may proceed without having to

wait for the previously cast floors to gain strength. The steel decking system provides positive-

moment reinforcement for the composite floor and requires only a small amount of

reinforcement to control cracking and for fire resistance.
� The construction of a composite floor does not require highly skilled labor. The steel decking

acts as a permanent formwork. Composite beams and slabs can accommodate raceways for

electrification, communication, and air distribution systems. The slab serves as a ceiling surface to

provide easy attachment of a suspended ceiling.
� The composite floor system produces a rigid horizontal diaphragm, providing stability to the overall

building system while distributing wind and seismic shears to the lateral-load-resisting systems.
� Concrete provides thermal protection to steel at elevated temperature. Composite slabs of 2 h fire

rating can be easily achieved for most building requirements.

The floor slab can be formed by the following methods:

� a flat-soffit reinforced concrete slab (Figure 22.6a);
� precast concrete planks with cast in situ concrete topping (Figure 22.6b);
� precast concrete slab with in situ grouting at the joints (Figure 22.6c);
� a metal steel deck tops with concrete, either composite or noncomposite (Figure 22.6d).

The composite action of the metal deck results from side embossments incorporated into the steel

sheet profile.

22.3.3 Composite Beams and Girders

Steel and concrete composite beams may be formed by shear connectors connecting the concrete floor to

the top flange of the steel member. Concrete encasement will provide fire resistance to the steel member.

In situ concrete

In situ concrete In situ concrete

Reinforcement

Prefabricated
concrete slab

Reinforcement
straps

Stud shear
connector

Stud shear
connector

Metal decking
Reinforcement

Stud shear
connector

Concrete planks
Reinforcement

In situ concrete

Steel section

Steel section Steel section

Steel section

Stud shear
connector

(a) (b)

(c) (d)

FIGURE 22.6 Composite beams with: (a) flat-soffit reinforced concrete slab, (b) precast concrete planks and cast

in situ concrete topping, (c) precast concrete slab and in situ concrete at the joints, and (d) metal steel deck

supporting concrete slab.
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Alternatively, direct sprayed-on cementitious and board-type fireproofing materials may be used

economically to replace the concrete insulation on the steel members. The most common arrange-

ment found in composite floor systems is a rolled or built-up steel beam connected to a formed steel

deck and concrete slab (Figure 22.6d). The metal deck typically spans unsupported between steel

members while also providing a working platform for concreting work.

Figure 22.7a shows a typical building floor plan using composite steel beams. The stress distribution at

working loads in a composite section is shown schematically in Figure 22.7b. The neutral axis is normally

located very near to the top flange of the steel section. Therefore, the top flange is lightly stressed. From a

construction point of view, a relatively wide and thick top flange must be provided for proper instal-

lation of shear stud and metal decking. However, the increased fabrication costs must be evaluated,

which tend to offset the saving from material efficiency.

A number of composite girder forms allowing passage of mechanical ducts and related services

through the depth of the girder (Figure 22.8). Successful composite beam design requires the con-

sideration of various serviceability issues such as long-term (creep) deflections and floor vibrations. Of

particular concern is the occupant-induced floor vibrations. The relatively high flexural stiffness of most

composite floor framing systems results in relatively low vibration amplitudes and therefore is effective

in reducing perceptibility. Studies have shown that short to medium span (6 to 12 m) composite floor

beams perform quite well and are rarely found to transmit annoying vibrations to the occupants.

Particular care is required for long-span beams more than 12 m in range.

22.3.4 Long-Span Flooring Systems

Long spans impose a burden on the beam design in terms of larger required flexural stiffness for

serviceability design. Besides satisfying both serviceability and ultimate strength limit states, the pro-

posed system must also accommodate the incorporation of mechanical services within normal floor

Simply supported
composite beam

(a) (b)

Working
loads

Ultimate
load

PNAENA

–
––

–

+

+

FIGURE 22.7 (a) Composite floor plan. (b) Stress distribution in a composite cross-section.

Openings for
services

Stiffener

FIGURE 22.8 Web opening with horizontal reinforcements.
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zones. Several practical options for long-span construction are available and they are discussed in the

following sections.

22.3.4.1 Beams with Web Openings

Standard castellated beams can be fabricated from hot-rolled beams by cutting along a zigzag line

through the web. The top and bottom half-beams are then displaced to form castellations (Figure 22.9).

Castellated composite beams can be used effectively for lightly serviced building. Although composite

action does not increase the strength significantly, it increases the stiffness and hence reduces deflection

and the problem associated with vibration. Castellated beams have limited shear capacity and are best

used as long-span secondary beams where loads are low or where concentrated loads can be avoided. Its

use may be limited due to the increased fabrication cost and the fact that the standard castellated

openings are not large enough to accommodate the large mechanical ductwork common in modern

high-rise buildings.

Horizontal stiffeners may be required to strengthen the web opening and they are welded above and

below the opening. The height of the opening should not be more than 70% of the beam depth and the

length should not be more than twice the beam depth. The best location of the openings is in the low

shear zone of the beams. This is because the webs do not contribute much to the moment resistance of

the beam.

22.3.4.2 Fabricated Tapered Beams

The economic advantage of fabricated beams is that they can be designed to provide the required

moment and shear resistance along the beam span in accordance with the loading pattern along the

beam. Several forms of tapered beams are possible. A simply supported beam design with a maximum

bending moment at the mid-span would require that they all effectively taper to a minimum at both

ends (Figure 22.10). A rigidly connected beam would have minimum depth toward the mid-span.

To make best use of this system, services should be placed toward the smaller depth of the beam

cross-sections. The spaces created by the tapered web can be used for running services of modestly size

(Figure 22.10).

A hybrid girder can be formed with the top flange made of lower-strength steel in comparison with

the steel grade for the bottom flange. The web plate can be welded to the flanges by double-sided

fillet welds. Web stiffeners may be required at the change of section when taper slope exceeds

approximately 6�. Stiffeners are also required to enhance the shear resistance of the web, especially

when the web slenderness ratio is too high. A tapered beam is found to be economical for spans up

to 20 m. Further information on the design of fabricated beams with tapered webs can be found in

Owens (1989).

Service
ducting

Section A–A

Variable sized
duck opening

Composite slabA

A

Shear connectors
Cutting pattern

Rotate top halves about
these positions

FIGURE 22.9 Composite castellated beams.
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22.3.4.3 Haunched Beams

Haunched beams are designed by forming a rigid moment connection between the beams and columns.

The haunch connections offer restraints to beam and it helps to reduce mid-span moment and

deflection. The beams are designed in a manner similar to continuous beams. Considerable economy can

be gained in sizing the beams using continuous design that may lead to a reduction in beam depth up to

30% and deflection up to 50%.

The haunch may be designed to develop the required moment that is larger than the plastic moment

resistance of the beam. In this case, the critical section is shifted to the tip of the haunch. The depth of the

haunch is selected based on the required moment at the beam-to-column connections. The length of the

haunch is typically 5 to 7% the span length for nonsway frames or 7 to 15% for sway frames. Service

ducts can pass below the beams (Figure 22.11).

Haunched composite beams are usually used in the case where the beams frame directly into the major

axis of the columns. This means that the columns must be designed to resist the moment transferred

from the beam to the column. Thus, a heavier column and a more complex connection would be

required in comparison with a structure designed based on the assumption that the connections are

pinned. The rigid frame action derived from the haunched connections can resist lateral loads due to

wind without the need of vertical bracing. Haunched beams offer higher strength and stiffness during the

steel erection stage thus making this type of system particular attractive for long-span construction.

However, haunched connections behave differently under positive and negative moments, as the con-

nection configuration is not symmetrical about the bending axis.

The rationale of using the haunched beam approach is explained as follows. In continuous beam

design, the moment distribution of a continuous beam would show that the support moment is gen-

erally larger than the mid-span moment up to the ratio of 1.8. The effective cross-sections of typical

steel–concrete composite beams under hogging and sagging moment can be determined according to the

usual stress block method of design. It can be observed that the hogging moment capacity of the

composite section at the support is smaller than the sagging moment capacity near the mid-span.

Services

FIGURE 22.11 Haunched composite beam.

Services

FIGURE 22.10 Tapered composite beam.
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Therefore, there is a mismatch between the required greater support resistance and the much larger

available sagging moment capacity.

When elastic analysis is used in the design of continuous composite beams, the potential large sagging

moment capacities available from composite action can never be realized. One way to overcome this

problem is to increase the moment resistance at the support (and hence utilize the full potential of larger

sagging moment) by providing haunches at the supports. An optimum design can be achieved by

designing the haunched section to develop the required moment at the support and the composite

section to develop the required sagging moment. If this can be achieved in practice, the design does not

require inelastic force redistribution and hence elastic analysis is adequate. However, analysis of

haunched composite beams is more complicated because the member is nonprismatic (i.e., cross-section

property varies along the length). The analysis of such beams requires the evaluation of section prop-

erties such as beam’s stiffness (EI ) at different cross-sections. The analysis/design process is more

involved because it requires the evaluation of serviceability deflection and ultimate strength limit state

of nonprismatic members. Some guides on haunched beam design can be found in Lawson and

Rackham (1989).

22.3.4.4 Parallel Beam System

The system consists of two main beams with secondary beams run over the top of the main beams (see

Figure 22.12). The main beams are connected to either side of the column. They can be made continuous

over two or more spans supporting on stubs attached to the columns. This will help in reducing the

construction depth and thus avoiding the usual beam-to-column connections. The secondary beams are

designed to act compositely with the slab and may also be made to span continuously over the main

 

(a)

(b)

Service ducts
Service ducts

Composite
secondary beams

End plate welded to
channel

Channel welded to
column flange

Composite secondary beamsNoncomposite dual beams

FIGURE 22.12 (a) Parallel composite beam system. (b) Parallel beam connection.
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beams. The need to cut the secondary beams at every junction is thus avoided. The parallel beam system

is ideally suited for accommodating large service ducts in orthogonal directions (Figure 22.12). A small

saving in steel weight is expected from the continuous construction because the primary beams are

noncomposite. However, the main beam can be made composite with the slab by welding beam stubs to

the top flange of the main beam and connected to the concrete slab through the use of shear studs. The

simplicity of connections and ease of fabrication make this long-span beam option particularly

attractive. Competitive pricing can be obtained from the fabricator. Further details on parallel beam

approach can be found in Brett and Rushton (1990).

22.3.4.5 Composite Trusses

Trusses are frequently used in multistory buildings for very long-span supports. The openings created in

the truss braces can be used to accommodate large services. Although the cost of fabrication is higher in

relation to the material cost, truss construction can be cost-effective for a very long span when compared

to other structural schemes. One disadvantage of the truss configuration is that fire protection is labor

intensive and sprayed protection systems cause a substantial mess to the services that pass through the

web opening (see Figure 22.13).

Several forms of truss arrangement are possible. The three most common web framing configurations

in floor truss and joist designs are (1) Warren truss, (2) modified Warren truss, and (3) Pratt truss, as

shown in Figure 22.14. The efficiency of various web members in resisting vertical shear forces may be

affected by the choice of a web-framing configuration. For example, the selection of a Pratt web over a

Warren web may effectively shorten compression diagonals resulting in more efficient use of these

members.

Experience has shown that both Pratt and Warren configurations of web framing are suitable for

short-span trusses with shallow depths. For truss with spans greater than 10 m, or effective depths larger

than 700 mm, a modified Warren configuration is generally preferred. The Warren and modified

Warren trusses are more popular for building construction since they offer larger web openings for

services between bracing members.

Fire protection

FIGURE 22.13 Composite truss.

(a)

(b)

(c)

FIGURE 22.14 Truss configurations: (a) Warren truss, (b) modified Warren truss, and (c) Pratt truss.
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The resistance of a composite truss is governed by (1) yielding of the bottom chord, (2) crushing of

the concrete slab, (3) failure of the shear connectors, (4) buckling of top chord during construction,

(5) buckling of web members, and (6) instability occurring during and after construction. To avoid

brittle failures, ductile yielding of the bottom chord is the preferred failure mechanism. Thus, the bottom

chord should be designed to yield prior to crushing of concrete slab. The shear connectors should have

sufficient capacity to transfer the horizontal shear between the top chord and the slab. During con-

struction, adequate plan bracing should be provided to prevent top chord buckling. When considering

composite action, the top steel chord is assumed not to participate in the moment resistance of the truss,

since it is located very near to the neutral axis of the composite truss and, thus, contributes very little to

the flexural capacity. However, the top chord has two functions: (1) it provides an attachment surface for

the shear connectors and (2) it resists the forces in the end panel without reliance on composite action

unless shear connectors are placed over the seat or along a top chord extension. Thus, the top chord

must be designed to resist the compressive force equilibrating the horizontal force component of the first

web member. In addition, the top chord also transfers the factored shear force to the support and thus

must be designed accordingly.

The bottom chord shall be continuous and may be designed as an axially loaded tension member. The

bottom chord shall be proportioned to yield before the concrete slab, web members, or the shear

connectors fail.

The shear capacity of the steel top and bottom chords and concrete slab can be ignored in the

evaluation of the shear resistance of a composite truss. The web members should be designed to resist

vertical shear. Further references on composite trusses can be found in ASCE Task Committee (1996)

and Neals and Johnson (1992).

22.3.4.6 Stub Girder System

The stub girder system involves the use of short beam stubs that are welded to the top flange of a

continuous, heavier bottom girder member, and connected to the concrete slab through the use of shear

studs. Continuous transverse secondary beams and ducts can pass through the openings formed by the

beam stub. The natural openings in the stub girder system allow the integration of structural and service

zones in two directions (Figure 22.15), permitting story-height reduction when compared with some

other structural framing systems.

Ideally, stub girders span about 12 to 15 m in contrast to the conventional floor beams, which span

about 6 to 9 m. The system is very versatile, particularly with respect to secondary framing spans with

beam depths being adjusted to the required structural configuration and mechanical requirements.

Overall girder depths vary only slightly, by varying the beam and stub depths. The major disadvantage of

the stub girder system is that it requires temporary props at the construction stage and these props have

to be retained until the concrete has gained adequate strength for composite action. However, it is

possible to introduce additional steel top chord, such as a T-section, which acts in compression to

Service zone

Shear connector

Composite
secondary beam

Shear connector

Stub welded to
bottom chord

FIGURE 22.15 Stub girder system.
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develop the required bending strength during construction. For span length greater than 15 m, stub

girders become impractical, because the slab design becomes critical.

In the stub girder system, the floor beams are continuous over the main girders and splice at the

locations near the points of inflection. The sagging moment regions of the floor beams are usually

designed compositely with the deck–slab system, to produce savings in structural steel as well as to

provide stiffness. The floor beams are bolted to the top flange of the steel bottom chord of the stub girder

and two shear studs are usually specified on each floor beam, over the beam–girder connection for

anchorage to the deck–slab system. The stub girder may be analyzed as a Vierendeel girder, with the

deck–slab acting as a compression top chord, the full length steel girder as a tensile bottom chord, and

the steel stubs as vertical web members or shear panels.

22.3.4.7 Prestressed Composite Beams

Prestressing of the steel girders is carried out such that the concrete slab remains uncracked under the

working loads and the steel is utilized fully in terms of stress in the tension zone of the girder.

Prestressing of steel beam can be carried out using a precambering technique as depicted in

Figure 22.16. First, a steel girder member is prebent (Figure 22.16a) and is then subjected to preloading

in the direction against the bending curvature until the required steel strength is reached (Figure 22.16b).

Second, the lower flange of the steel member, which is under tension, is encased in a reinforced concrete

chord (Figure 22.16c). The composite action between the steel beam and the concrete slab is developed

by providing adequate shear connectors at the interface. When the concrete gains adequate strength, the

steel girder is prestressed by stress relieving the precompressed tension chord (Figure 22.16d). Further

composite action can be achieved by supplementing the girder with in situ or prefabricated reinforce-

ment concrete slabs and this will produce a double composite girder (Figure 22.16e).

The major advantages of this system are that the steel girders are encased in concrete on all sides, no

corrosion and fire protection are required on the sections. The entire process of precambering and

prestressing can be performed and automated in a factory. During construction, the lower concrete

chord cast in the works can act as the formwork. If the distance between two girders is large, precast

planks can be supported by the lower concrete chord as permanent formwork.

(a)

(b)

(c)

(d)

(e)

FIGURE 22.16 Process of prestressing using precambering technique.
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Prestressing can also be achieved by using tendons that can be attached to the bottom chord of a steel

composite truss or the lower flange of a composite girder to enhance the load-carrying capacity and

stiffness of long-span structures (Figure 22.17). This technique has been found to be popular for bridge

construction in Europe and the United States, although less common for building construction.

22.3.5 Comparison of Floor Spanning Systems

The conventional composite beams are the most common forms of floor construction for a large

number of building projects. Typically, they are highly efficient and economic with bay sizes in the range

of 6 to 12 m. There is, however, much demand for larger column free areas where, with a traditional

composite approach, the beams tend to become excessively deep, with unnecessary increases in the

overall building height and the consequent increases in cladding costs. Spans exceeding 12 m are

generally achieved by choosing an appropriate structural form that integrates the services within the

floor structure, thereby reducing the overall floor zone depths. Although a long-span solution may entail

a small increase in structural costs, the advantages of greater flexibility and adaptability in service and the

creation of column-free space often represent the most economic option over the design life of the

building. Figure 22.18 compares the various structural options of a typical range of span lengths used in

practice.

Span length (m) 4 6 8 10 12 14 16 18 20 25

RC beam and slab

Steel beam

Steel plate girder

Composite plate girder

Composite beam with
web opening

Parallel beam system

Tapered composite beam

Stub girder system

Haunched composite beam

Composite truss

Prestressed composite beam

Composite steel beam

FIGURE 22.18 Comparison of composite floor systems.

Anchor Tendons Steel section

FIGURE 22.17 Prestressing of composite steel girders with tendons.
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22.3.6 Floor Diaphragms

Typically, beams and columns rigidly connected for moment resistance are placed in orthogonal

directions to resist lateral loads. Each plane frame would assume to resist a portion of the overall wind

shear, which is determined from the individual frame stiffness in proportion to the overall stiffness of all

frames in that direction. This is based on the assumption that the lateral loads are distributed to the

various frames by the floor diaphragm. In order to develop proper diaphragm action, the floor slab must

be attached to all columns and beams that participate in lateral-force resistance. For building relying on

bracing systems to resist all lateral loads, the stability of a building depends on rigid floor diaphragm to

transfer wind shears from their point of application to the bracing systems such as lattice frames, shear

walls, or core walls.

The use of composite floor diaphragms in place of in-plane steel bracing has become an accepted

practice. The connection between slab and beams are often through shear studs that are welded directly

through the metal deck to the beam flange. The connection between beams of adjacent deck panels is

crucial and often through interlocking of panels overlapping each other. The diaphragm stresses are

generally low and can be resisted by floor slabs that have adequate thickness for most buildings.

Plan bracing is necessary when the diaphragm action is not adequate. Figure 22.19a shows a

triangulated plan bracing system that resists lateral load on one side and spans between the vertical walls.

Figure 22.19b illustrated the case where the floor slab has adequate thickness and it can act as diaphragm

resisting lateral loads and transmitting the forces to the vertical walls. However, if there is an abrupt
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FIGURE 22.19 (a) Triangulated plan bracing system. (b) Concrete floor diaphragm.
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FIGURE 22.20 Diaphragm rigidity: (a) plan aspect ratio� 3 and (b) plan aspect ratio> 3.
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change in lateral stiffness or where the shear must be transferred from one frame to the other due to the

termination of lateral bracing system at certain height, large diaphragm stresses may be encountered and

they must be accounted for through proper detailing of slab reinforcement. Also, diaphragm stresses may

be high where there are large openings in the floor, in particular at the corners of the openings.

The rigid diaphragm assumption is generally valid for most high-rise buildings (Figure 22.20a);

however, as the plan aspect ratio (b/a) of the diaphragm linking two lateral systems exceeds 3 in 1 (see

the illustration in Figure 22.20b), the diaphragm may become semirigid or flexible. For such cases, the

wind shears must be allocated to the parallel shear frames according to the attributed area rather than

relative stiffness of the frames.

From the analysis point of view, a diaphragm is analogous to a deep beam with the slab forming the

web and the peripheral members serving as the flanges as shown in Figure 22.20b. It is stressed prin-

cipally in shear, but tension and compression forces must be accounted for in design.

A rigid diaphragm is useful to transmit torsional forces to the lateral-load-resistance systems to

maintain lateral stability. Figure 22.21a shows a building frame consisting of three shear walls resisting

lateral forces acting in the direction of Wall A. The lateral load is assumed to act as a concentrated load

with a magnitude F on each story. Figure 22.21b and c shows the building plan having dimensions

of L1 and L2. The lateral-load-resisting system is represented in the plan by solid lines that represent

Wall A, Wall B, and Wall C. Since there is only one lateral resistance system (Wall A) in the direction of

Lateral
load F

Wall B

Wall
C

Wall
A

c.g
.

VC

(a)

(b) (c)

VA

L1 L1
VB

VB

VA VA
L2 L2

VC

Wall C Wall C

Wall B Wall B

Wall A Wall A

e e
F F

FIGURE 22.21 (a) Lateral-force-resisting system in a building. (b) Rigid diaphragm. (c) Flexible diaphragm.

22-20 Handbook of Structural Engineering

Copyright 2005 by CRC Press



the applied load, the loading condition creates a torsion (Fe) and the diaphragm tends to rotate as shown

by the dashed lines in Figure 22.21b. The lateral-load-resistance systems in Wall B and Wall C will

provide the resistance forces to stabilize the torsional force by generating a couple of shear resistance as

VB ¼ VC ¼
Fe

L2

Figure 22.21c illustrates the same condition except that a flexible diaphragm is used. The same torsional

tendency exists, but the flexible diaphragm is unable to generate a resisting couple in Wall B and Wall C

and the structure will collapse as shown by the dashed lines. To maintain stability, a minimum of two

vertical bracings in the direction of the applied force is required to eliminate the possibility of any

torional effects.

The adequacy of the floor to act as a diaphragm depends very much on its type. Precast concrete floor

planks without any prestressing offer limited resistance to the racking effects of diaphragm action. In

such cases, supplementary bracing systems in plan, such as those shown in Figure 22.19a, are required

for resistance of lateral forces. Where precast concrete floor units are employed, sufficient diaphragm

action can be achieved by using a reinforced structural concrete topping, so that all individual floor

planks are combined to form a single floor diaphragm. Composite concrete floors, incorporating per-

manent metal decking, provide excellent diaphragm action provided that the connections between the

diaphragm and the peripheral members are adequate. When composite beams or girders are used, shear

connectors will usually serve as boundary connectors and intermediate diaphragm-to-beam connectors.

By fixing the metal decking to the floor beams, an adequate floor diaphragm can be achieved during the

construction stage.

It is essential at the start of the design of structural steelworks to consider the details of the flooring system

to be used, since these have a significant effect on the design of the structure. Table 22.1 summarizes the

salient features of the various types of flooring systems in terms of their diaphragm actions.

22.4 Design Concepts and Structural Schemes

22.4.1 Introduction

Multistory steel frames consist of columns and beams interconnected to form a three-dimensional

structure. A building frame can be stabilized either by some forms of bracing systems (braced frames) or

by itself (unbraced frames). All building frames must be designed to resist lateral load to ensure overall

stability. A common approach is to provide a gravity framing system with one or more lateral bracing

systems attached to it. This type of framing system, which is generally referred to as simple braced

frames, is found to be cost-effective for multistory buildings of moderate height (up to 20 stories).

TABLE 22.1 Details of Typical Flooring Systems and their Relative Merits

Floor system

Typical span

length (m)

Typical

depth (mm)

Construction

time

Degree of

lateral

restraint

to beams

Degree of

diaphragm

action Usage

In situ concrete 3–6 150–250 Medium Very good Very good All categories

but not often used in

multistory buildings

Steel deck with

in situ concrete

2.5–3.6 unshore;

>3.6 shore

110–150 Fast Very good Very good All categories especially

in multistory office

buildings

Precast concrete 3–6 110–200 Fast Fair–good Fair–good All categories with

cranage requirements

Prestressed

concrete

6–9 110–200 Medium Fair–good Fair–good Multistory buildings

and bridges
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For gravity frames, the beams and columns are pinned connected and the frames are not capable of

resisting any lateral loads. The stability of the entire structure is provided by attaching the gravity frames

to some forms of bracing systems. The lateral loads are resisted mainly by the bracing systems while the

gravity loads are resisted by both the gravity frame and the bracing system. For buildings of moderate

height, the bracing system’s response to lateral forces is sufficiently stiff such that second-order effects

may be neglected for the design of such frames.

In moment-resisting frames, the beams and columns are rigidly connected to provide moment

resistance at joints, which may be used to resist lateral forces in the absence of any bracing systems.

However, moment joints are rather costly to fabricate. In addition, it takes longer time to erect a

moment frame than a gravity frame.

A cost-effective framing system for multistory buildings can be achieved by minimizing the number of

moment joints, replacing field welding by field bolting, and combining various framing schemes with

appropriate bracing systems to minimize frame drift. A multistory structure is most economical and

efficient when it can transmit the applied loads to the foundation by the shortest and most direct routes.

For ease of construction, the structural schemes should be simple enough, which implies repetition of

member and joints, adoption of standard structural details, straightforward temporary works, and

minimal requirements for an inter-related erection procedure to achieve the intended behavior of the

completed structure. Sizing of structural members should be based on the longest spans and largest

attributed roof and floor areas. The same sections should be used for similar but less onerous cases.

Scheme drawings for multistory building design should include the following:

1. General arrangement of the structure including column and beam layout, bracing frames, and

floor systems.

2. Critical and typical member sizes.

3. Typical cladding and bracing details.

4. Typical and unusual connection details.

5. Proposals for fire and corrosion protection.

This section offers advice on the general principles to be applied when preparing a structural

scheme for multistory steel and composite frames. The aim is to establish several structural schemes that

are practicable, sensibly economic, and functional to the changes that are likely to be encountered as

the overall design develops. The section begins by examining the design procedure and construction

considerations that are specific to steel gravity frames, braced frames, and moment-resisting frames and

the design approaches to be adopted for sizing tall building frames. The potential use of steel–concrete

composite material for high-rise construction is then presented. Finally, the design issues related to

braced and unbraced composite frames are discussed.

22.4.2 Frame and Member Stability

There are many parameters and behavioral effects that influence the stability of steel-framed structures.

The extent to which these factors are modeled in analysis will affect the criteria that one applies in design

of the frame, its members, and connections. Three basic aspects of behavior, geometric nonlinearities,

imperfection effects, and member limit states, will ultimately govern frame deformations under applied

loads and the resulting internal load effects.

22.4.2.1 Geometric Nonlinearities and Imperfection Effects

Modern stability design provisions are based on the premise that the member forces are calculated by

second-order elastic analyses, where equilibrium is satisfied on the deformed structure. When stability

effects are significant, consideration must be given to initial geometric imperfections. Many code pro-

visions for calibrating the stability requirements are based on initial geometric imperfections con-

servatively assumed as equal to the maximum fabrication and erection tolerances permitted by

the Code. For columns and frames, this would normally imply a member out-of-straightness
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equal to 0.001L, where L is the member length between brace or framing points, and a frame

out-of-plumb equal to 0.002H, where H is the story height.

Many of the code’s specified analysis/design approaches are calibrated against inelastic distributed-

plasticity analyses that account for yielding through the member cross-section and along the member

length. Thermal residual stresses in I- or H- (wide flange) shape members are assumed to have max-

imum values of 0.3Fy, which are linearly varying across the flanges and uniform tension in the web.

22.4.2.2 Member Limit States

Member strength may be controlled by any one of the following limit states: cross-section yielding, local

buckling, flexural buckling, and torsional–flexural buckling. Most of the structural analyses envisioned

for routine design use do not model limit states associated with local buckling of cross-section or

torsional–flexural buckling of member. Therefore, these limits must be considered in separate member

design checks. For inelastic analyses, the effect of cross-section yielding is incorporated directly in the

analysis; for elastic analyses, the cross-section strength can be checked by an interaction equation that

approximates the P–M yield surface. Whether or not the analysis captures in-plane flexural buckling

depends on the extent to which the maximum moments are affected by distributed plasticity and

member imperfections. Concerns as to whether the analysis captures these effects suggest the need to

apply a member check for in-plane flexural buckling, even when an accurate second-order analysis is

used. A major consideration for the in-plane flexural buckling check relates to the assumed buckling

length used in calculating the design compression strength.

22.4.2.3 Second-Order Analysis

In practice, there are alternative approaches one can employ for conducting second-order analyses, some

of which are more rigorous than others. The difference between simplified and rigorous analyses

depends on the extent to which P–d effects due to curvature of the member relative to its chord are

modeled and whether the problem is ‘‘linearized’’ to expedite the solution. Rigorous second-order

analyses are those that accurately model all significant second-order effects such as to include solution of

the governing differential equation, either through stability functions or computer frame analysis

programs that model these effects.

Not all modern commercial computer programs are capable of rigorous analyses. Methods that

modify first-order analysis results through second-order amplifiers are in some cases accurate enough to

constitute a rigorous analysis, but this depends on the magnitude of second-order effects and other

characteristics of the problem. A common type of approximate analyses are those that only capture P–D
due to member end translations (e.g., interstory drift) but fail to capture P–d effects. Where P–d effects

are significant, errors arise in approximate methods that do not accurately account for the effect of P–d
moments on amplification of both local member moments and the calculated global displacements.

22.4.2.4 Direct Analysis Approach

The direct analysis approach is developed with the goal to accurately model frame stability effects and

thereby eliminate the need for calculating effective buckling lengths for column designs. The new

provisions in the 2005 AISC Standard involve reducing the nominal elastic stiffness and applying

a notional load to the frame. The notional load approach can be found in steel standards such as

Eurocode, but many aspects of the proposed provisions given in the new 2005 AISC Standard address

known shortcomings of conventional notional load approaches in other standards.

In the reduced stiffness approach, the reduction on the flexural stiffness EI can be applied by mod-

ifying E in the analysis. For computer programs that perform semiautomated design checks, one should

be sure that the elastic modulus should not be reduced in design equations, which involve E to evaluate

the design strength. The reduced stiffness and notional load requirements only pertain to analysis of the

strength limit state and they do not apply to analysis of other serviceability conditions.

Notional load is applied to represent the destabilizing effect of geometric imperfections and other

effects such as yielding, nonidealized boundary, and loading conditions. Notional loads are applied as
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lateral loads at each floor level and specified in terms of the gravity loads applied at that floor level. The

notional load magnitude of 0.002 corresponds to a frame out-of-plumb equal to 0.002H (where H is the

story height). Notional loads shall be applied in the direction that adds to the destabilizing effects under

the specified strength load combination.

22.4.3 Gravity Frames

Gravity frames refer to structures that are designed to resist only gravity loads. The bases for designing

gravity frames are as follows:

1. The beam and girder connections transfer only vertical shear reactions without developing

bending moment that will adversely affect the members and the structure as a whole.

2. The beams may be designed as a simply supported member.

3. Columns must be fully continuous. The columns are designed to carry axial loads only. Some

codes of practice (e.g., BS5950 1990) require the column to carry nominal moments due to the

reaction force at the beam end, applied at an appropriate eccentricity.

4. Lateral forces are resisted entirely by bracing frames or by shear walls, lift, or staircase closures

through floor diaphragm action.

22.4.3.1 General Guides

The following points should be observed in the design of gravity frames:

1. Provide lateral stability to gravity framing by arranging suitable braced bays or core walls deployed

symmetrically in orthogonal directions, or wherever possible, to resist lateral forces.

2. Adopt a simple arrangement of slabs, beams, and columns so that loads can be transmitted to the

foundations by the shortest and most direct load paths.

3. Tie all the columns effectively in orthogonal directions at every story. This may be achieved by the

provision of beams or ties that are placed as close as practicable to the columns.

4. Select a flooring scheme that provides adequate lateral restraint to the beams and adequate

diaphragm action to transfer the lateral load to the bracing system.

5. For tall building construction, choose a profiled-steel-decking composite floor construction if

uninterrupted floor space is required and/or height is at a premium. As a guide, limit the span of

the floor slab to 2.5 to 3.6 m, the span of the secondary beams to 6 to 12 m, and the span of the

primary beams to 5 to 7 m. Otherwise, choose a precast or an in situ reinforced concrete floor,

limiting their span to 5 to 6 m and the span of the beams to 6 to 8 m approximately.

22.4.3.2 Structural Layout

In building construction, greater economy can be achieved through a repetition of similarly fabricated

components. A regular column grid is less expensive than a nonregular grid for a given floor area. In

addition, greater economies can be achieved when the column grids in plan are rectangular in which

the secondary beams should span in the longer direction and the primary beams in the shorter

direction as shown in Figure 22.22a and b. This arrangement reduces the number of beam-to-beam

connections and the number of individual members per unit area of supported floor (Owens and

Knowles 1992).

In gravity frames, the beams are assumed to be simply supported between columns. The effective

beam span to depth ratio (L/D) is about 12 to 15 for steel beams and 18 to 22 for simply supported

composite beams. The design of the beam is often dependent on the applied load, the type of beam

system employed, and the restrictions on structural floor depth. The floor-to-floor height in a mul-

tistory building is influenced by the restrictions on overall building height and the requirements for

services above and below the floor slab. Naturally, flooring systems involving the use of structural steel

members that act compositely with the concrete slab achieve the longest spans.
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22.4.3.3 Analysis and Design

The analysis and design of a simple braced frame must recognize the following points:

1. The members intersecting at a joint are pin connected.

2. The columns are not subjected to any direct moment transferred through the connection, but

nominal moments due to eccentricity of the beam reaction forces should be considered. The

design axial force in the column is predominately governed by floor loading and the tributary

areas.

3. The structure is statically determinate. The internal forces and moments are therefore determined

from a consideration of statistics.

4. Gravity frames must be attached to a bracing system so as to provide lateral stability to the part of

the structure resisting gravity load. The frame can be designed as a nonsway frame and the second-

order moments associated with frame drift can be ignored.

5. The leaning column effects due to column sidesway must be considered in the design of the

frames that participate in sidesway resistance.

Since the beams are designed as simply supported beams between their supports, the bending

moments and shear forces are independent of beam size. Therefore, initial sizing of beams is a

straightforward task. Beam or girder members supporting more than 40 m2 of floor at one story should

be designed for a reduced live load in accordance with ASCE (1990).

Most conventional types of floor slab construction will provide adequate lateral restraint to the

compression flange of the beam. Consequently, the beams may be designed as laterally restrained beams

without the moment resistance being reduced by lateral–torsional buckling.

Under service loading, the total central deflection of the beam or the deflection of the beam due to

unfactored live load (with proper precambering for dead load) should satisfy the deflection limits as

given in Table 22.2.

Primary
beams

Secondary
beams

Preferred Nonpreferred

Lp

Lp

Ls
Ls

For efficient layout Ls/Lp ≥ 1.3

(a)

(b)

FIGURE 22.22 (a) Rectangular grid layout. (b) Preferred and nonpreferred grid layouts.
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In some occasions, it may be necessary to check the dynamic sensitivity of the beams. When assessing

the deflection and dynamic sensitivity of secondary beams, the deflection of the supporting beams must

also be included. Whether it is the strength, deflection, or dynamic sensitivity that controls the design

will depend on the span-to-depth ratio of the beam. Figure 22.18 gives typical span ranges for beams in

office buildings for which the design would be optimized for strength and serviceability. For beams with

their span lengths exceeding those shown in Figure 22.18, serviceability limits due to deflection and

vibration will most likely be the governing criteria for design.

The required axial forces in the columns can be derived from the cumulative reaction forces from

those beams that frame into the columns. Live load reduction should be considered in the design of

columns in a multistory frame (ASCE 1990). If the frame is braced against sidesway, the column node

points are prevent from lateral translation. A conservative estimate of column effective length, KL, for

buckling considerations is 1.0L, where L is the story height. However, in cases where the columns above

and below the story under consideration are underutilized in terms of load resistance, the restraining

effects offered by these members may result in an effective length of less than 1.0L for the column under

consideration. Such a situation arises where the column is continuous through the restraint points and

the columns above and below the restraint points are of different length.

An example of such cases is the continuous column shown in Figure 22.23 in which Column AB is

longer than Column BC and hence Column AB is restrained by Column BC at the restraint point B.

A buckling analysis shows that the critical buckling load for the continuous column is Pcr¼ 5.89EI/L2,

which gives rise to an effective length factor of K¼ 0.862 for Column AB and K¼ 1.294 for Column BC.

Column BC has a larger effective length factor because it provides restraint to Column AB, whereas

Column AB has a smaller effective length factor because it is restrained by column BC during

buckling. Figure 22.24 summarizes the reductions in effective length that may be considered for

columns in a frame with different story heights having various values of a/L ratios (Owens and

Knowles 1992).

22.4.3.4 Simple Connections

Simple connections should be designed and detailed to allow free rotation and to prevent excessive

transfer of moment between the beams and columns. Such connections should comply with the clas-

sification requirement for a ‘‘nominally pinned connection’’ in terms of both strength and stiffness.

Computer program for connection classification has been made available in a book by Chen et al. (1996);

their design implications for semirigid frames are discussed in Liew et al. (1993a).

TABLE 22.2 Recommended Deflection Limits for Steel Building Frames

Beam deflections from unfactored imposed loads

Beams carrying plaster or brittle finish Span/360 (with maximum

of 1
4

to 1 in.)

Other beams Span/240

Edge beams supporting cladding Span/500

Beam deflection due to unfactored dead and imposed loads

Internal beams with ceilings Span/200

Edge beams supporting cladding Span/350

Column deflections from unfactored imposed and wind loads

Column in single-story frames Height/300

Column in multistory frames Height of story/300

Column supporting cladding that is

sensitive to large movement

Height of story/500

Frame drift under 50 years wind load

Frame drift Frame height/450 to

frame height/600
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Simple connections are designed to resist vertical shear at the beam end. Depending on the connection

details adopted, it may also be necessary to consider an additional bending moment resulting from the

eccentricity of the bolt line from the supporting face. Often the fabricator is told to design connections

based on the beam end reaction for one-half uniformed distributed load (UDL). Unless the concentrated

Column Frame a/L
0.2 0.4 0.6 0.8 1.0

0.76 0.82 0.88 0.94 1.0

0.57 0.65 0.75 0.87 1.0

0.74 0.79 0.84 0.91 1.0

L

a

L

a

L

L

a

a

EI

EI

EI

FIGURE 22.24 Effective length factors of continuous braced columns.

Pcr = 5.89EI/L2

C

L

B

A

1.5L

Braced

K = 1.294

K = 0.862

Braced

FIGURE 22.23 Buckling of a continuous column with intermediate restraint.
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load is located very near to the beam end, UDL reactions are generally conservative. Because of the large

reaction, the connection becomes very strong and may require a large number of bolts. Thus, it would be

a good practice to design the connections for the actual forces used in the design of the beam. The

engineer should give the design shear force for every beam to the steel fabricator so that a more realistic

connection can be designed, instead of requiring all connections to develop the shear capacity of the

beam. Figure 22.25 shows the typical connections that can be designed as simple connections. When the

beam reaction is known, capacity tables developed for simple standard connections can be used for

detailing such connections (AISC 1990).

22.4.4 Bracing Systems

Bracing frames provide the lateral stability to the entire structure. It has to design to resist all possible

kinds of lateral loading due to external forces, for example, wind forces, earthquake forces, and ‘‘leaning

forces’’ from the gravity frames. The wind or the equivalent earthquake forces on the structure,

whichever are greater, should be assessed and divided into a number of bracing bays resisting the lateral

forces in each direction.

22.4.4.1 Structural Forms

Steel braced systems are often in a form of vertical truss that behaves like cantilever elements under

lateral loads developing tension and compression in the column chords. Shear forces are resisted by

the bracing members. The truss diagonalization may take various forms, as shown in Figure 22.26. The

design of such structures must take into account the manner in which the frames are erected, the

distribution of lateral forces, and their side sway resistance.

Web cleat

Partial depth
end-plate

Fin plate

Primary
beam

Secondary
beam

FIGURE 22.25 Simple beam-to-column connections.
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In the single braced forms, where a single diagonal brace is used (Figure 22.26a), it must be capable of

resisting both tensile and compressive axial forces caused by the alternate wind load. Hollow sections

may be used for the diagonal braces as they are stronger in compression. In the design of diagonal braces,

gravity forces may tend to dominate the axial forces in the members and due consideration must be

given in the design of such members. It is recommended that the slenderness ratio of the bracing

member (L/r) must not be greater than 200 to prevent the self-weight deflection of the brace limiting its

compressive resistance.

In a cross-braced system (Figure 22.26b), the brace members are usually designed to resist tension

only. Consequently, light sections such as structural angles and channels or tie rods can be used to

provide a very stiff bracing. The advantage of the cross-braced system is that the beams are not

(a)

(e) (f)

(g)

(b) (c) (d)

Angle bracing

FIGURE 22.26 (a) Diagonal bracing, (b) cross-bracing, (c) K-bracing, (d) eccentric bracing, (e) braces connected

to beam, (f) bracing connection to either beam or column, and (g) X-bracing connections.
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subjected to significant axial force, as the lateral forces are mostly taken up by the bracing

members.

For K-trusses, the diagonals do not participate extensively in carrying column load and can thus

be designed for wind axial forces without gravity axial force being considered as a major contribution.

A K-braced frame is more efficient in preventing sidesway than a cross-braced frame for equal steel areas

of braced members used. This type of system is preferred for longer bay width because of the shorter

length of the braces. A K-braced frame is found to be more efficient if the apexes of all the braces are

pointing in the upward direction (Figure 22.26c).

For an eccentrically braced frame, the center line of the brace is positioned eccentrically to the beam–

column joint, as shown in Figure 22.26d. The system relies, in part, on flexure of the short segment of the

beam between the brace–beam joint and the beam–column joint. The forces in the braces are transmitted

to the column through shear and bending of the short beam segment. This particular arrangement

provides a more flexible overall response. Nevertheless, it is more effective against seismic loading

because it allows for energy dissipation due to flexural and shear yielding of the short beam segment.

22.4.4.2 Drift Assessment

The story drift D of a single story diagonally braced frame, as shown in Figure 22.27, can be approxi-

mated by the following equation:

D ¼ Ds þ Df

¼ HL3
d

AdEL2
þ Hh3

AcEL2 ð22:3Þ

where D is the interstory drift, Ds is the story drift due to the shear component, Df is the story drift due to

the flexural component, Ac is the area of the chord, Ad is the area of the diagonal brace, E is the modulus

of elasticity, H is the horizontal force in the story, h is the story height, L is the length of the braced bay,

and Ld is the length of the diagonal brace.

The shear component Ds in Equation 22.3 is caused mainly by the axial deformation of the diagonal

brace. The deformation associated with girder compression has been neglected in the calculation of Ds

because the axial stiffness of the girder is very much larger than the stiffness of the brace. The elongation

of the diagonal braces gives rise to shear deformation of the frame, which is a function of the brace

length, Ld, and the angle of the brace (Ld/L). A shorter brace length with a smaller brace angle will

produce a lower story drift.

The flexural component of the frame drift is due to tension and compression of the windward and

leeward columns. The extension of the windward column and shortening of the leeward column cause

H

h

�

Ld

L

∆

FIGURE 22.27 Lateral displacement of a diagonally braced frame.
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flexural deformation of the frame, which is a function of the area of the column and the ratio of the

height to bay length (h/L). For a slender bracing frame with large h/L ratio, the flexural component can

contribute significantly to the overall story drift.

Low-rise braced frame deflects predominately in shear mode while high-rise braced frames tend to

deflect more in flexural mode.

22.4.4.3 Design Considerations

Frames with braces connecting columns may obstruct locations of access openings such as windows and

doors, and so they should be placed where such access is not required, for example, around elevators,

service, and stair wells. The location of the bracing systems within the structure will influence the

efficiency with which the lateral forces can be resisted. The most appropriate position for the bracing

systems is at the periphery of the building (Figure 22.28a) since this arrangement provides greater

Bracing system(a)

(b)

(c)

Core bracing

Floor acts as diaphragm

FIGURE 22.28 Location of bracing systems: (a) exterior braced frames, (b) internal braced core, and (c) bracing

arrangements to be avoided.
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torsional resistance. Bracing frames should be situated where the center of lateral resistance is

approximately equal to the center of shear resultant on plan. Where this is not possible, torsional

forces will be induced and they must be considered when calculating the load carried by each braced

system.

When core braced systems are used, they are normally located in the center of the building (Figure

22.28b). The torsional stability is then provided by the torsional rigidity of the core brace. For tall

building frames, a minimum of three braced bents are required to provide transitional and torsional

stability. These bents should be carefully arranged so that their planes of action do not meet at one point

so as to form a center of rotation. The bracing arrangement shown in Figure 22.28c should be avoided.

The flexibility of different bracing systems must be taken into account in the analysis, since the stiffer

braces will attract a larger share of the applied lateral load. For tall and slender frames, the bracing system

itself can be a sway frame and a second-order analysis is required to evaluate the required forces for

ultimate strength and serviceability checks.

Lateral loads produce transverse shears, over turning moments and sidesway. The stiffness and

strength demands on the lateral system increase dramatically with height. The shear increases linearly,

the overturning moment as a second power and sway as a fourth power of the height of the building.

Therefore, apart from providing the strength to resist lateral shear and overturning moments, the

dominant design consideration (especially for tall buildings) is to develop adequate lateral stiffness to

control sway.

For serviceability verification, it requires that both the interstory drifts and the lateral deflections of the

structure as a whole must be limited. The limits depend on the sensitivity of the structural elements to

shear deformations. Recommended limits for typical multistory frames are given in Table 22.2. When

considering the ultimate limit state, the bracing system must be capable of transmitting the factored

lateral loads safely down to the foundations. Braced bays should be effective throughout the full height of

the building. If it is essential for bracing to be discontinuous at one level, provision must be made to

transfer the forces to other braced bays. Where this is not possible, torsional forces may be induced and

they should be allowed for in design (see Section 22.3.6).

Figure 22.29 shows an example of a building that illustrates the locations of vertical braced trusses

provided at the four corners to achieve lateral stability. Diaphragm action is provided by a lightweight

aggregate concrete slab that acts compositely with metal decking and floor beams. The floor beam-

to-column connections are designed to resist shear force only as shown in the figure.

Vertical
H-columns

Horizontal
I-beams

RHS diagonal
bracing

Vertical
braced
truss

1 2 3 4 5 6 7

A
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G6 F6 F7

Stair

StairStair

Lift

Lift

Vertical
bracing

Plan view

Typical
stair tower

FIGURE 22.29 Simple building frame with vertical braced trusses located at the corners.
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22.4.5 Moment-Resisting Frames

In cases where bracing systems would disturb the functioning of the building, rigidly jointed moment-

resisting frames can be used to provide lateral stability to the building, as illustrated in Figure 22.30a. The

efficiency of development of lateral stiffness depends on bay span, number of bays in the frame, number

of frames, and the available depth in the floors for the frame girders. For buildings with heights not more

than three times the plan dimension, the moment frame system is an efficient form. Bay dimensions in

the range of 6 to 9 m and structural height up to 20 to 30 stories are commonly used. However, as the

building height increases, deeper girders are required to control drift, thus the design becomes uneconomical.

When a rigid unbraced frame is subjected to lateral load, the horizontal shear in a story is resisted

predominantly by the bending of columns and beams. These deformations cause the frame to deform in

a shear mode. The design of these frames is controlled therefore by the bending stiffness of individual

members. The deeper the member, the more efficiently the bending stiffness can be developed. A small

part of the frame sidesway is caused by the overturning of the entire frame resulting in shortening

and elongation of the columns at opposite sides of the frame. For unbraced rigid frames up to 20 to

30 stories, the overturning moment contributes for about 10 to 20% of the total sway, whereas shear

racking accounts for the remaining 80 to 90% (Figure 22.30b). However, the story drift due to overall

bending tends to increase with height, while that due to shear racking tends to decrease.

22.4.5.1 Drift Assessment

Since shear racking accounts for most of the lateral sway, the design of such frames should be directed

toward minimizing the sidesway due to shear. The shear displacement D in a typical story in a multi-

story frame, as shown in Figure 22.31, can be approximated by the equation

Di ¼
Vih

2
i

12E

1P
ðIci=hiÞ

þ 1P
ðIgi=LiÞ

� �
ð22:4Þ

where Di is the shear deflection of the ith story, E is the modulus of elasticity, Ic, Ig are second moments

of area for columns and girders, respectively, hi is the height of the ith story, Li is the length of girder in

the ith story, Vi is the total horizontal shear force in the ith story,
P

(Ici/hi) is the sum of the column

stiffness in the ith story, and
P

(Igi/Li) is the sum of the girder stiffness in the ith story.

Examination of Equation 22.4 shows that sidesway deflection caused by story shear is influenced by the

sum of column and beam stiffnesses in a story. Since for multistory construction span lengths are

generally larger than the story height, the moment of inertia of the girders needs to be larger to match the

Lateral load Sidesway of
unbraced frame

Shear racking
component

Column shortening
component

(a) (b)

FIGURE 22.30 Sidesway resistance of a rigid unbraced frame.
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column stiffness, as both of these members contribute equally to the story drift. As the beam span

increases, considerably deeper beam sections will be required to control frame drift.

Since the gravity forces in columns are cumulative, larger column sizes are needed in lower stories as

the frame height increases. Similarly, story shear forces are cumulative and, therefore, larger beam

properties in lower stories are required to control lateral drift. Because of limitations in available depth,

heavier beam members will need to be provided at lower floors. This is the major shortcoming of

unbraced frames because considerable premium for steel weight is required to control lateral drift as

building height increases.

Apart from the beam span, height-to-width ratios of the building play an important role in the design of

such structures. Wider building frames allow a larger number of bays (i.e., larger values for story sum-

mation terms
P

(Ici/hi) and
P

(Igi/Li) in Equation 22.4 with consequent reduction in frame drift. Moment

frames with closed spaced columns that are connected by deep beams are very effective in resisting

sidesway. This kind of framing system is suitable for use in the exterior planes of the building.

22.4.5.2 Moment Connections

Fully welded moment joints are expensive to fabricate. To minimize labor cost and to speed up

site erection, field bolting instead of field welding should be used. Figure 22.32 shows several types

of bolted or welded moment connections that are used in practice. Beam-to-column flange connec-

tions can be shop-fabricated by welding of a beam stub to an end plate or directly to a column. The

beam can then be erected by field bolting the end plate to the column flanges or splicing beams

(Figure 22.32c and d).

An additional parameter to be considered in the design of columns of an unbraced frame is the ‘‘panel

zone’’ between the column and the transverse framing beams. When an unbraced frame is subjected to

lateral load, additional shear forces are induced in the column web panel as shown in Figure 22.33. The

shear force is induced by the unbalanced moments from the adjoining beams causing the joint panel to

deform in shear. The deformation is attributed to the large flexibility of the unstiffened column web. To

prevent shear deformation so as to maintain the moment joint assumption as assumed in the global

analysis, it may be necessary to stiffen the panel zone using either a doubler plate or a diagonal stiffener

∆

∆

Vi

Vi

Vi

Vi

∆
2

h/2

h/2

h/2

h/2

(a)

(b)

L1 L2 L3 L4

FIGURE 22.31 Story drift due to (a) bending of columns and (b) bending of girders.
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FIGURE 22.32 Rigid connections: (a) bolted and welded connection with doubler plate; (b) bolted and

welded connection with diagonal stiffener; (c) bolted end-plate connection; and (d) beam-stub welded to

column.
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Shear
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FIGURE 22.33 Force acting on a panel joint: (a) balanced moment due to gravity load and (b) unbalanced

moment due to lateral load.
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as shown in the joint details in Figure 22.32a and b. Otherwise, a heavier column with larger web area is

required to prevent excessive shear deformation and this is often the preferred method as stiffeners and

doublers can add significant costs to fabrication.

The engineer should not specify full-strength moment connections unless they are required for ductile

frame design for high seismic loads. For wind loads and for conventional moment frames where beams

and columns are sized for stiffness (drift control) instead of strength, full-strength moment connections

are not required. Even so, many designers will specify full-strength moment connections, adding to the

cost of fabrication. Designing for actual loads has the potential to reduce column weight or reduce the

stiffener and doubler plate requirements.

If the panel zone is stiffened to prevent inelastic shear deformation, the conventional structural

analysis based on the member center-line dimension will generally overestimate the frame displacement.

If the beam–column joint sizes are relatively small compared to the member spans, the increase in frame

stiffness using member center-line dimension will be offset by the increase in frame deflection due to

panel–joint shear deformation. If the joint sizes are large, a more rigorous second-order analysis, which

considers panel zone deformations, may be required for an accurate assessment of the frame response

(Liew and Chen 1995).

22.4.5.3 Analysis and Design of Unbraced Frames

Multistory moment frames are statically indeterminate, the required design forces can be determined

using either (1) elastic analysis or (2) plastic analysis. Whilst elastic methods of analysis can be used for all

kind of steel sections, plastic analysis is only applicable for frames whose members are of plastic sections

so as to enable the development of plastic hinges and to allow for inelastic redistribution of forces.

First-order elastic analysis can be used only in the following cases:

1. Where the frame is braced and not subjected to sidesway.

2. Where an indirect allowance for second-order effects is made through the use of moment

amplification factors and the column effective length. EC3 requires only second-order moment or

effective length factor to be used in the beam–column capacity checks. However, column and

frame imperfections need to be modeled explicitly in the analysis. In AISC LRFD (1993), both

factors need to be computed for checking the member strength and stability and the analysis is

based on structures without initial imperfections.

The first-order elastic analysis is a convenient approach. Most design offices possess computer soft-

ware capable of performing this method of analysis on large and highly indeterminate structures. As an

alternative, hand calculations can be performed on appropriate subframes within the structure (see

Figure 22.34) comprising a significantly reduced number of members. However, when conducting the

analysis of an isolated subframe it is important that

1. The subframe is indeed representative of the structure as a whole.

2. The selected boundary conditions are appropriate.

3. Account is taken of the possible interaction effects between adjacent subframes.

4. Allow for second-order effects through the use of column effective length or moment

amplification factors.

Plastic analysis generally requires more sophisticated computer programs, which enable second-order

effects to be taken into account. Computer software is now available through recent publications made

available by Chen and Toma (1994) and Chen et al. (1996). For building structures in which the required

rotations are not calculated, all members containing plastic hinges must have plastic cross-sections.

A basic procedure for the design of an unbraced frame is as follows:

1. Obtain approximate member size based on gravity load analysis of subframes shown in

Figure 22.34. If sidesway deflection is likely to control (e.g., slender frames) use Equation 22.4

to estimate the member sizes.

22-36 Handbook of Structural Engineering

Copyright 2005 by CRC Press



2. Determine wind moments from the analysis of the entire frame subjected to lateral load. A simple

portal wind analysis may be used in lieu of the computer analysis.

3. Check member capacity for the combined effects of factored lateral load plus gravity loads.

4. Check beam deflection and frame drift.

5. Redesign the members and perform final analysis/design check (a second-order elastic analysis is

preferable at the final stage).

The need to repeat the analysis to correspond to changed section sizes is unavoidable for highly

redundant frames. Iteration of Steps 1 to 5 gives results that will converge to an economical design

satisfying the various design constraints imposed on the analysis.

22.4.6 Multistory Building Framing Systems

The following subsections discuss four classical systems that have been adopted for tall building con-

structions, namely (1) core braced system, (2) moment–truss system, (3) outriggle and belt system, and

(4) tube system. Tall frames that utilize cantilever action will have higher efficiencies, but the overall

structural efficiency depends on the height-to-width ratio. Interactive systems involving moment frame

and vertical truss or core are effective up to 40 stories and represent most building forms for tall

structures. Outrigger truss and belt truss help to further enhance the lateral stiffness by engaging the

exterior frames with the core braces to develop cantilever actions. Exterior framed tube systems with

closely spaced exterior columns connected by deep girders mobilize the three-dimensional action to

resist lateral and torsional forces. Bundled tubes improve the efficiency of exterior frame tubes by

providing internal stiffening to the exterior tube concept. Finally, by providing diagonal braces to the

exterior framework, a superframe is formed and can be used for ultratall megastructures.

22.4.6.1 Core Braced Systems

This type of structural system relies entirely on the internal core for lateral load resistance. The basic

concept is to provide an internal shear wall core to resist the lateral forces (Figure 22.35). The surround

Beam being considered

Internal span External span

Internal span External span

Column being considered

(a)

(b)

FIGURE 22.34 Subframe analysis for gravity loads: (a) subframe for beam and (b) subframe for column design.
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steel framing is designed to carry gravity load only if simple framing is adopted. Otherwise, a rigid

framing surrounding the core will enhance the overall lateral-force resistance of the structure. The steel

beams can be simply connected to the core walls using a typical corbel detail, by bearing in a wall pocket,

or by a shear plate embedded in the core wall through studs. If a rigid connection is required, the steel

beams should be rigidly connected to steel columns embedded in the core wall. Rigid framing sur-

rounding the cores are particularly useful in high seismic areas and for very tall buildings that tend to

attract stronger wind loads. They act as moment frames and provide resistance to some part of the lateral

loads by engaging the core walls in the building.

The core generally provides all torsional and flexural rigidity and strength with no participation from

the steel system. Conceptually, the core system should be treated as a cantilever wall system with

punched openings for access. The floor framing should be arranged in such a way that it distributes

enough gravity loads to the core walls so that their design is controlled by compressive stresses even

under wind loads. The geometric location of the core should be selected so as to minimize eccentricities

for lateral load. The core walls need to have adequate torsional resistance for possible asymmetry of the

core system where the center of the resultant shear load is acting at an eccentricity from the center of the

lateral-force resistance.

Simple steel framing Composite slab

Floor plan

Composite slab
Core walls

Simple
connection

Exterior steel column
Corbel

Core walls

(a)

(b)

FIGURE 22.35 Core braced frame: (a) internal core walls with simple exterior framing and (b) beam-to-wall and

beam-to-exterior column connections.
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A simple cantilever model should be adequate to analyze a core-wall structure. However, if the

structural form is a tube with openings for access, it may be necessary to perform a more accurate

analysis to include the effect of openings. The walls can be analyzed by a finite element analysis using

thin-walled plate elements. An analysis of this type may also be required to evaluate torsional stresses

when the vertical profile of the core-wall assembly is asymmetrical.

The concrete core walls can be constructed using slip-form techniques, where the core walls could be

advanced several floors (typically four to six stories) ahead of the steel framing (see Figure 22.36a).

A core-wall system represents an efficient type of structural system up to certain height premium because

of its cantilever action. However, when it is used alone, the massiveness of the wall structure increases

with height, thereby inhabiting the free planning of interior spaces, especially in the core. The space

occupied by the shear walls leads to loss of overall floor area efficiency, as compared to the tube system

which could otherwise be used.

In commercial buildings where floor space is valuable, the large area taken up by a concrete column

can be reduced by the use of an embedded steel column to resist the extreme loads encountered in tall

building. Sometimes, particularly at the bottom open floors of a high-rise structure where large

open lobbies or atriums are utilized as part of the architectural design (see Figure 22.36a and b), a heavy

embedded steel section as part of a composite column is necessary to resist high load and due to the long

unbraced length. A heavy steel section in a composite column is often utilized where the column size is

restricted architecturally and where reinforcing steel percentages would otherwise exceed the maximum

code allowed values for the design of reinforced concrete columns.

22.4.6.2 Frame–Truss Systems

Vertical shear trusses located around the inner core in one or both directions can be combined with

perimeter moment-resisting frames in the facade of a building to form an efficient structure for lateral

load resistance. An example of a building consisting of moment frames with shear trusses located at the

center of the building is shown in Figure 22.37a. For the vertical trusses arranged in the north–south

direction, either the K- or X-form of bracing is acceptable since access to lift shafts is not required.

However, K-trusses are often preferred because in the case of X or single brace form bracings the

influence of gravity loads is rather significant. In the east–west direction, only the knee bracing is

effective in resisting lateral load.

In some cases internal bracing can be provided using concrete shear walls as shown in Figure 22.37b.

The internal core walls substitute the steel trusses in K, X, or single brace form, which may interfere with

openings that provide access to, for example, elevators.

(a) (b)

FIGURE 22.36 A steel building braced by two external core walls with large open lobby at the bottom: (a) during

construction and (b) after construction.
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The interaction of shear frames and vertical trusses produces a combination of two deflection curves

with the effect of more efficient stiffness. These moment frame–truss interacting systems are considered

to be the most economical steel systems for buildings up to 40 stories. Figure 22.38 compares the sway

characteristic of a 20-story steel frame subjected to same lateral forces, but with different structural

schemes namely (1) unbraced moment frame, (2) simple-truss frame, and (3) moment–truss frame. The

simple-truss frame helps to control lateral drift at the lower stories, but the overall frame drift increases

toward the top of the frame. The moment frame, on the other hand, shows an opposite characteristic for

sidesway in comparison with the simple braced frame. The combination of moment frame and truss

frame provides overall improvement in reducing frame drift; the benefit becomes more pronounce

toward the top of the frame. The braced truss is restrained by the moment frame at the upper part of the

building, while at the lower part the moment frame is restrained by the truss frame. This is because the

slope of frame sway displacement is relatively smaller than that of the truss at the top while the pro-

portion is reversed at the bottom. The interacting forces between the truss frame and moment frame, as

shown in Figure 22.39, enhance the combined moment–truss frame stiffness to a level larger than the

summation of individual moment frame and truss stiffnesses.

Moment
frames

Moment
frames

Concrete
walls

Knee
bracing

X- or K-bracing

Moment connection
typical

(a)

Moment connection
typical

(b)

FIGURE 22.37 (a) Moment frames with internal braced trusses. (b) Moment frames with internal core walls.
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22.4.6.3 Outrigger and Belt Truss Systems

Another significant improvement of lateral stiffness can be obtained if the vertical truss and the

perimeter shear frame are connected on one or more levels by a system of outrigger and belt trusses.

Figure 22.40 shows a typical example of such a system. The outrigger truss leads the wind forces of the

core truss to the exterior columns providing cantilever behavior of the total frame system. The belt truss

in the facade improves the cantilever participation of the exterior frame and creates a three-dimensional

frame behavior.

Figure 22.41 shows a schematic diagram that demonstrates the sway characteristic of the overall

building under lateral load. Deflection is significantly reduced by the introduction of the outrigger–belt

trusses. Two kinds of stiffening effects can be observed: one is related to the participation of the external

columns together with the internal core to act in a cantilever mode and the other is related to the

stiffening of the external facade frame by the belt truss to act as a three-dimensional tube. The overall

stiffness can be increased up to 25% as compared to the shear truss and frame system without such

outrigger–belt trusses.
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FIGURE 22.38 Sway characteristics of rigid braced frame, simple braced frame, and rigid unbraced frame.
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FIGURE 22.39 Behavior of frames subjected to lateral load: (a) independent behavior and (b) interactive behavior.
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The efficiency of this system is related to the number of trussed levels and the depth of the truss. In

some cases the outrigger and belt trusses have a depth of two or more floors. They are located in services

floors where there are no requirements for wide open spaces. These trusses are often pleasingly integrated

into the architectural conception of the facade.

22.4.6.4 Frame Tube Systems

Figure 22.42 shows a typical frame tube system, which consists of a frame tube at the exterior of the

building and gravity steel framing at the interior. The framed tube is constructed from wide columns

placed at close centers connected by deep beams creating a punched wall appearance. The exterior frame

tube structure resists all lateral loads of wind or earthquake whereas the gravity steel framing in the

interior resists only its share of gravity loads. The behavior of the exterior frame tube is similar to a

Section a–aa

a

Belt truss

Shear
truss

Outrigger
truss

FIGURE 22.40 Outrigger–belt truss system.

Sway with core
truss + outrigger

Sway with core
truss alone

FIGURE 22.41 Improvement of lateral stiffness using outrigger–belt truss system.
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hollow perforated tube. The overturning moment under the action of lateral load is resisted by com-

pression and tension of the leeward and windward columns, which are called the flange columns. The

shear is resisted by bending of the columns and beams at the two sides of the building parallel to the

direction of the lateral load, which are called the web frames.

Deepening on the shear rigidity of the frame tube, there may exist a shear lag across the windward and

leeward sides of the tube. As a result of this, not all the flange columns resist the same amount of axial

force. An approximate approach is to assume an equivalent column model as shown in Figure 22.43. In

the calculation of the lateral deflection of the frame tube it is assumed that only the equivalent flange

columns on the windward and leeward sides of the tube and the web frames would contribute to the

moment of inertia of the tube.

The use of exterior framed tube has the following distinct advantages: (1) It develops high rigidity and

strength for torsional and lateral-load resistance, since the structural components are effectively placed at

the exterior of the building forming a three-dimensional closed section. (2) Massiveness of the frame

tube system eliminates potential uplift difficulties and produces better dynamic behavior. (3) The use of

gravity steel framing in the interior has the advantages of flexibility and enables rapid construction. If

a composite floor with metal decking is used, electrical and mechanical services can be incorporated in

the floor zone.

Composite columns are frequently used in the perimeter of the building where the closely

spaced columns work in conjunction with the spandrel beam (either steel or concrete) to form a

Composite column

Steel
spandrel

Gravity steel
framing

Concrete topping
on composite
metal deck

(a)

(b)
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FIGURE 22.42 Composite tubular system: (a) plan view and (b) beam-to-column connection.
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three-dimensional cantilever tube rather than an assembly of two-dimensional plane frames. The exterior

frame tube significantly enhances the structural efficiency in resisting lateral loads and thus reduces the

shear wall requirements. However, in cases where a higher magnitude of lateral stiffness is required (such

as for vary tall buildings), internal wall cores and interior columns with floor framing can be added to

transform the system into a tube-in-tube system. The concrete core may be strategically located to

recapture elevator space and to provide transmission of mechanical ducts from shafts and mechanical

rooms.

22.4.7 Steel–Concrete Composite Systems

Steel–concrete composite construction has gained wide acceptance as an alternative to pure steel and

pure concrete construction. Composite building systems can be broadly categorized into two forms: one

utilizes the core braced system by means of interior shear walls and the other utilizes exterior framing to

form a tube for lateral load resistance. Combining these two structural forms will enable taller buildings

to be constructed.

22.4.7.1 Composite Column

Composite columns have been used for many decades, with steel-encased sections similar that shown in

Figure 22.44a being incorporated in multistory buildings in the United States during the late

19th century. The initial application of composite columns was for fire rating requirements of the steel

 

(a) (b)

FIGURE 22.44 (a) Encased composite section. (b) Concrete-filled steel column.
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FIGURE 22.43 Equivalent column model for frame tube.
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section. Later developments saw the composite action fully utilized for strength and stability. Composite

action in columns utilizes the favorable tensile and compressive characteristics of the steel and concrete,

respectively. These types of columns are still in use today where steel sections are used as erection

columns, with reinforced concrete cast around them. One major benefit of this system has been the

ability to achieve higher steel percentages than conventional reinforced concrete structures, and the steel

erection column allows rapid construction of steel floor systems in steel-framed buildings.

Concrete-filled steel columns, as illustrated in Figure 22.44b, were developed much later during the

last century but are still based on the fundamental principle that steel and concrete are most effective in

tension and compression, respectively. The major benefits also include constructibility issues, whereby

the steel section acts as a permanent and integral formwork for the concrete. These sections were

essentially expensive, as the steel section was designed to be hollow, thus requiring large steel plate

thickness. This lack of constructional economy has seen the use of concrete-filled steel columns limited

in their application through the world. Furthermore, restrictive cross-section sizes have rendered them

unsuitable for application in tall buildings where demand on axial strength is high.

22.4.7.2 Composite Connection

For composite frames resisting gravity load only, the beam-to-column connections behave as pinned

before the placement of concrete. During construction, the beam is designed to resist concrete dead load

and the construction load (to be treated as temporary live load). At the composite stage, the composite

strength and stiffness of the beam should be utilized to resist the full design loads. For gravity frames

consisting of bare steel columns and composite beams, there is now sufficient knowledge available for the

designer to use composite action in the structural element as well as the semirigid composite joints to

increase design choices, leading to more economical solutions (Leon and Ammerman 1990; Eurocode 4

1994; Leon 1994).

Figure 22.45a and b shows the typical beam-to-column connections, one using flushed end-plate

bolted to the column flange and the other using bottom angle with double web cleats. Composite action

in the joint is developed based on the tensile forces developed in the rebars acting with the balancing

compression forces transmitted by the lower portion of the steel section that bear against the column

flange to form a couple. Properly designed and detailed composite connections are capable of providing

moment resistance up to the hogging resistance of the connecting members.

In designing the connections, slab reinforcements placed within a horizontal distance of six times the

slab depth are assumed to be effective in resisting the hogging moment. Reinforcement steels that fall

outside this width should not be considered in calculating the resisting moment of the connection (see

Figure 22.46). The connections to edge columns should be carefully detailed to ensure adequate

anchorage of rebars. Otherwise they shall be designed and detailed as simply supported. In a braced

(a) (b)

FIGURE 22.45 Composite beam-to-column connections with: (a) flush end plate and (b) seat and double web

angles.
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frame a moment connection to the exterior column will increase the moments in the column, resulting

in an increase of column size. Although the moment connections restrain the column from buckling by

reducing the effective length, this is generally not adequate to offset the strength required to resist this

moment.

22.4.7.3 Unbraced Composite Frames

For unbraced frame subjected to gravity and lateral loads, the beam typically bends in double curvature

with negative moment at one end of the beam and positive moment on the other end. The concrete is

assumed to be ineffective in tension; therefore, only the steel beam stiffness on the negative moment

region and the composite stiffness on the positive moment region can be utilized for frame action. The

frame analysis can be performed with variable moment of inertia for the beams (see Figure 22.47).

Further research is still needed in order to provide tangible guidance for design.

If semirigid composite joints are used in unbraced frames, the flexibility of the connections will

contribute to additional drift over that of a fully rigid frame. In general, semirigid connections do not

require the column size to be increased significantly over an equivalent rigid frame. This is because the

design of frames with semirigid composite joints takes advantage of the additional stiffness in the beams

provided by the composite action. The increase in beam stiffness would partially offset the additional

flexibility introduced by the semirigid connections.

The moment of inertia of the composite beam Icp may be estimated using a weighted average of moment

of inertia in the positive moment region (Ip) and negative moment regions (In). For interior spans,

approximately 60% of the span is experiencing positive moment and it is suggested that (Leon 1990)

Icp ¼ 0:6Ip þ 0:4In ð22:5Þ

where Ip is the lower bound moment of inertia for positive moment and In is the lower bound moment

of inertia for negative moment. However, if the connections at both ends of the beam are designed and

detailed for simply supported, the beam will bend in single curvature under the action of gravity loads

and Ip should be used throughout.

The story shear displacement D in an unbraced frame can be estimated using a modified expression

from Equation 22.4 to account for the connection flexibility

Di ¼
Vih

2
i

12E

1P
ðIci=hiÞ

þ 1P
ðIcpi=LiÞ

� �
þ Vih

2
iP

Kcon

ð22:6Þ

where Di is the shear deflection of the ith story, E is the modulus of elasticity, Ic is the moment of inertia

for columns, Ig is the moment of inertial of a composite girder based on the weighted average method, hi

is the height of the ith story, Li is the length of girder in the ith story, Vi is the total horizontal shear force

U bars

(a) (b)

U bars

Effective breadth
of slab ≤6Ds at
edge columns

≥150 Projection ≥ 0.2L

FIGURE 22.46 Moment transfer through reinforcement at perimeter columns: (a) connection details and

(b) reinforcement detail.
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in the ith story,
P

(Ici/hi) is the sum of the column stiffnesses in the ith story,
P

(Igi/Li) is the sum of the

girder stiffnesses in the ith story, and
P

Kcon is the sum of the connection rotational stiffness in the

ith story.

Further research is required to assess the performance of various types of composite connections used

in building construction. Issues related to accurate modeling of effective stiffness of composite members

and joints in unbraced frames for the computation of second-order effects and drifts need to be

addressed.

22.5 Wind Effects on Buildings

22.5.1 Introduction

With the development of lightweight high-strength materials, the recent trend is to build tall and slender

buildings. The design of such buildings in nonseismic areas is often governed by the need to limit the

wind-induced accelerations and drift to acceptable levels for human comfort and integrity of

nonstructural components, respectively. Thus, to check for serviceability of tall buildings, the peak

resultant horizontal acceleration and displacement due to the combination of along wind, across wind,

and torsional loads are required. As an approximate estimation, the peak effects due to along wind,

across wind, and torsional responses may be determined individually and then combined vectorally.

A reduction factor of 0.8 may be used on the combined value to account for the fact that in general the

individual peaks do not occur simultaneously. If the calculated combined effect is less than any of the

individual effects, then the latter should be considered for the design.

The effects of acceleration on human comfort are given in Table 22.3. The factors affecting the human

response are

1. Period of building — tolerence to acceleration tends to increase with period.

2. Women are more sensitive than men.

h/2

h/2

Ic Ic Ic IcIs

Is = Moment of inertia of steel section
Ic = Moment of inertia of composite section

Is Is Is

(a)

(b)

(c)

FIGURE 22.47 Composite unbraced frames: (a) story loads and idealization, (b) bending moment diagrams, and

(c) composite beam stiffness.
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3. Children are more sensitive than adults.

4. Perception increases as you go from sitting on the floor, to sitting on a chair, to standing.

5. Perception threshold level decreases with prior knowledge that motion will occur.

6. Human body is more sensitive to fore-and-aft motion than to side-to-side motion.

7. Perception threshold is higher while walking than standing.

8. Visual cue — very sensitive to rotation of the building relative to fixed landmarks outside.

9. Acoustic cue — Building make sounds while swaying due to rubbing of contact surfaces. These

sounds and sounds of the wind whistling focus the attention on building motion even before

motion is perceived, and thus lower the perception threshold.

10. The resultant translational acceleration due to the combination of longitudinal, lateral, and

torsional motions causes human discomfort. In addition, angular (torsional) motion appears to

be more noticeable.

Since the tolerable acceleration levels increase with period of building, the recommended design

standard for peak acceleration for 10 year wind in commercial and residential buildings is as depicted in

Figure 22.48 (Griffis 1993). Lower acceleration levels are used for residential buildings for the following

reasons:

1. Residential buildings are occupied for longer hours of the day and night and are therefore more

likely to experience the design wind storm.

2. People are less sensitive to motion when they are occupied with their work than when they relax

at home.

3. People are more tolerant of their work environment than of their home environment.

4. Occupancy turnover rates are higher in commercial buildings than in residential buildings.

5. People can be easily evacuated from commercial buildings than residential buildings in the event

of a peak storm.
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FIGURE 22.48 Design standard on peak acceleration for a 10-year return period.

TABLE 22.3 Acceleration Limits for Different

Perception Levels

Perception Acceleration limits

Imperceptible a< 0.005g

Perceptible 0.005g< a< 0.015g

Annoying 0.015g< a< 0.05g

Very annoying 0.05g< a< 0.15g

Intolerable a> 0.15g

22-48 Handbook of Structural Engineering

Copyright 2005 by CRC Press



The effects of excessive deflection on building components is described in Table 22.4. Thus, the

allowable drift, defined as the resultant peak displacement at the top of the building divided by the height

of the building, is generally taken to be in the range 1
450

to 1
600

.

Figure 22.49 depicts schematically the procedure of estimating the wind-induced accelerations and

displacements in a building. The steps involved in this design procedure are described below with

numerical examples for situations where the motion of the building does not affect the loads acting on the

building. Finally, the situations when a wind tunnel studies is required is listed at the end of this section.

22.5.2 Characteristics of Wind

22.5.2.1 Mean Wind Speed

The velocity of wind (wind speed) at great heights above the ground is constant and is called the gradient

wind speed. As shown in Figure 22.50, closer to the ground surface, the wind speed is affected by

frictional forces caused by the terrain and thus there is a boundary layer within which the wind speed

varies from zero to the gradient wind speed. The thickness of the boundary layer (gradient height)

depends on the ground roughness. For example, the gradient height is 457 m for large cities, 366 m for

suburbs, 274 m for open terrain, and 213 m for open sea.

The velocity of wind averaged over 1 h is called the hourly mean wind speed. The mean wind velocity

profile within the atmospheric boundary layer is described by a power law:

�UUðzÞ ¼ �UUðzref Þ
z

zref

� �a

ð22:7Þ

TABLE 22.4 Serviceability Problems at Various Deflection or

Drift Indices

Deformation as a

fraction of span

or height

Visibility of

deformation Typical behavior

1
500

Not visible Cracking of partition walls
1

300
Visible General architectural damage

Cracking in reinforced walls

Cracking in secondary members

Damage to ceiling and flooring

Facade damage

Cladding leakage

Visual annoyance
1

200
� 1

300
Visible Improper drainage

1
100
� 1

200
Visible Damage to lightweight

partitions, windows, finishes

Impaired operation of

removable components such

as doors, windows, sliding partitions

Characteristics
of wind

Loading on
structures

Structural
response

Influence of deformation
on loading

Safety and
serviceability

FIGURE 22.49 Schematic diagram for wind-resistant design of structures.
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in which �UU (z) is the mean wind speed at height z above the ground, zref is the reference height normally

taken to be 10 m, and a is the power law exponent.

An alternative description of the mean wind velocity is by the logarithmic law:

�UUðzÞ ¼ 1

k
u
ln

z � d

z0

� �
ð22:8Þ

in which u
 is the friction velocity, k is von Karmon’s constant equal to 0.4, z0 is the roughness length,

and d is the height of zero-plane above the ground where the velocity is zero. Generally, zero plane is

about 1 or 2 m below the average height of buildings and trees providing the roughness. Typical values of

a, z0, and d are given in Table 22.5 (ANSI 1982; ESDU 1985).

The roughness affects both the thickness of the boundary layer and the power law exponent. The

thickness of the boundary layer and the power law exponent increase with the roughness of the surface.

Consequently, the velocity at any height decreases as the surface roughness increases. However, the

gradient velocity will be the same for all surfaces. Thus, if the velocity of wind for a particular terrain

is known, using Equation 22.7 and Table 22.5 the velocity at some other terrain can be computed.

22.5.2.2 Turbulence

The variation of wind velocity with time is shown in Figure 22.51. The eddies generated by the action of

wind blowing over obstacles cause the turbulence. In general, the velocity of wind may be represented in

a vector form as

Uðz, tÞ ¼ �UUðzÞi þ uðz, tÞi þ vðz, tÞj þ wðz, tÞk ð22:9Þ

where u, v, and w are the fluctuating components of the gust in x, y, z (longitudinal, lateral, and vertical

axes) as shown in Figure 22.52 and �UUðzÞ is the mean wind along the x-axis. The fluctuating component

500

E
le

va
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Open sea Open level
country
z0 = 0.03z0 = 0.003

Suburbs; woodland

z0 = 0.3

City centers

z0 = 0.7

0

FIGURE 22.50 Mean wind profiles for different terrains.

TABLE 22.5 Typical Values of Terrain

z0 a d (m)

City centers 0.7 0.33 15–25

Suburban terrain 0.3 0.22 5–10

Open terrain 0.03 0.14 0

Open sea 0.003 0.10 0
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along the mean wind direction, u, is the largest and is therefore the most important for the vertical

structures such as tall buildings, which are flexible along the wind direction. The vertical component w is

important for horizontal structures, which are flexible vertically such as long-span bridges.

An overall measure of the intensity of turbulence is given by the root mean square value. Thus, for the

longitudinal component of the turbulence

suðzÞ ¼
1

T0

Z T0

0

fuðz, tÞ2g dt

� �1=2

ð22:10Þ

where T0 is the averaging period. For the statistical properties of the wind to be independent on which

part of the record is being used, T0 is taken to be 1 h. Thus, the fluctuating wind is a stationary random

function, over 1 h.

The value of su(z) divided by the mean velocity �UU (z) is called the turbulence intensity

IuðzÞ ¼
suðzÞ
�UUðzÞ ð22:11Þ

which increases with ground roughness and decreases with height.

w(z�, t)

v(z�, t)

u(z�, t)

u(z, t)

w(z, t)

v(z, t)
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FIGURE 22.52 Velocity components of turbulent wind.
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FIGURE 22.51 Variation of longitudinal component of tubular wind with time.
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The variance of longitudinal turbulence can be determined from

s2
u ¼ bu2


 ð22:12Þ

where u
 is the friction velocity determined from Equation 22.8 and b, which is independent of the

height, is given in Table 22.6 for various roughness lengths.

22.5.2.3 Integral Scales of Turbulence

The fluctuation of wind velocity at a point is due to eddies transported by the mean wind �UU . Each eddy

may be considered to be causing a periodic fluctuation at that point with a frequency n. The average size

of the turbulent eddies are measured by integral length scales. For eddies associated with longitudinal

velocity fluctuation u, the integral length scales are Lx
u, Ly

u, Lz
u describing the size of the eddies in long-

itudinal, lateral, and vertical directions, respectively. If Ly
u and Lz

u are comparable to the dimension of the

structure normal to the wind, then the eddies will envelope the structure and give rise to well-correlated

pressures and thus the effect is significant. On the other hand, if Ly
u and Lz

u are small, then the eddies

produce uncorrelated pressures at various parts of the structure and the overall effect of the longitudinal

turbulence will be small. Thus, the dynamic loading on a structure depends on the size of eddies.

22.5.2.4 Spectrum of Turbulence

The frequency content of the turbulence is represented by the power spectrum, which indicates the

power or kinetic energy per unit time, associated with eddies of different frequencies. An expression for

the power spectrum is (Taranath 1988)

nSuðz, nÞ
u2



¼ 200f

ð1þ 50f Þ5=3
ð22:13Þ

where f ¼ nz= �UUðzÞ is the reduced frequency. A typical spectrum of wind turbulence is shown in

Figure 22.53. The spectrum has a peak value at a very low frequency around 0.04 Hz. As the typical range

TABLE 22.6 Values of b for Various Roughness Lengths

z0 (m) 0.005 0.7 0.30 1.0 2.5

b 6.5 6.0 5.25 4.85 4.0

2.0

1.0

0.5

0.2

0.1
0.001 0.01

Frequency, n

0.1 1.0

nS
u(

n)

u2 *

U(10) = 25 m/s
z0 = 0.03 m

z = 50 m

z = 100 m

–

FIGURE 22.53 Power spectrum of longitudinal turbulence.
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for the fundamental frequency of a tall building is 0.1 to 1 Hz, the buildings are affected by high-

frequency small eddies characterizing the descending part of the power spectrum.

22.5.2.5 Cross-Spectrum of Turbulence

The cross-spectrum of two continuous records is a measure of the degree to which the two records are

correlated. If the records are taken at two points M1 and M2 separated by a distance r, then the cross-

spectrum of longitudinal turbulent component is defined as

Su1u2
ðr, nÞ ¼ Sc

u1u2
ðr, nÞ þ iSq

u1u2
ðr, nÞ ð22:14Þ

where the real and imaginary parts of the cross-spectrum are known as the cospectrum and the

quadrature spectrum, respectively. However, the latter is small enough to be neglected. Thus, the

cospectrum may be expressed nondimensionally as the coherence and is given by

g2ðr, nÞ ¼ Su1u2
ðr, nÞ½ �2

Su1
ðnÞSu2

ðnÞ ð22:15Þ

where Su1
(n) and Su2

(n) are the longitudinal velocity spectra at M1 and M2 respectively.

The square root of the coherence is given by the following expression (Davenport 1968):

gðr, nÞ ¼ e�f̂f ð22:16Þ

where

f̂f ¼
n½c2

z ðz1 � z2Þ2 þ c2
y ðy1 � y2Þ2�1=2

1
2

� �
½ �UUðz1Þ þ �UUðz2Þ�

ð22:17Þ

in which y1, z1 and y2, z2 are the coordinates of points M1 and M2. The line joining M1 and M2 is assumed

to be perpendicular to the direction of the mean wind. The suggested values of cy and cz for engineering

calculation are 16 and 10, respectively (Vickery 1970).

22.5.3 Wind-Induced Dynamic Forces

22.5.3.1 Forces Due to Uniform Flow

A bluff body in a two-dimensional flow, as shown in Figure 22.54, is subjected to a nett force in the

direction of flow (drag force) and a force perpendicular to the flow (lift force). Furthermore, when the

FL

FDT

FIGURE 22.54 Drag and lift forces and torsional moment on a bluff body.
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resultant force is eccentric to the elastic center, the body will be subjected to torsional moment. For

uniform flow these forces and moment per unit height of the object are determined from

FD ¼ 1
2
rCDB �UU 2 ð22:18Þ

FL ¼ 1
2
rCLB �UU 2 ð22:19Þ

T ¼ 1
2
rCTB2 �UU 2 ð22:20Þ

where �UU is the mean velocity of the wind, r is the density of air, CD and CL are the drag and lift

coefficients, CT is the moment coefficient, and B is the characteristic length of the object such as the

projected length normal to the flow.

The drag coefficient for a rectangular building in plan is shown in Figure 22.55 for various depth-

to-breadth ratios (ASCE 1987). The shear layers originating from the separation points at the windward

corners surround a region known as the wake. For elongated sections, the stream lines that separate at

the windward corners reattach to the body to form a narrower wake. This attributes to the reduction in

the drag for larger aspect ratios. For cylindrical buildings in plan the drag coefficient is dependent on the

Reynolds number as indicated in Figure 22.56.

Unlike the drag force, the lift force and torsional moment do not have a mean value for a symmetric

object with a symmetric flow around it, as the symmetrical distribution of mean forces acting in the

across wind direction cannot cause a nett force. If the direction of wind is not parallel to the axes of
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FIGURE 22.55 Drag coefficient for a rectangular section with different aspect ratios.
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FIGURE 22.56 Effects of Reynolds number on drag coefficient of a circular cylinder.
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symmetries or if the object is asymmetrical, then there will be a mean lift force and torsional moment.

However, due to vortex shedding, fluctuating lift force and torsional moment will be present in both

symmetric and nonsymmetric structures. Figure 22.57 shows the mechanism of vortex shedding. Near

the separation zones, strong shear stresses impart rotational motions to the fluid particles. Thus, discrete

vortices are produced in the separation layers. These vortices are shed alternatively from the sides of the

object. The asymmetric pressure distribution created by the vortices around the cross-section leads to

an alternating transverse force (lift force) on the object. The vortex shedding frequency in Hz, ns, is

related to a nondimensional parameter called the Strouhal number, S, defined as

S ¼ nsB
�UU

ð22:21Þ

where �UU is the mean wind speed and B is the width of the object normal to the wind. For objects with

rounded profiles such as circular cylinders, the Strouhal number varies with Reynolds number ‘‘Re’’

defined as

Re ¼ r �UU B

m
ð22:22Þ

where r is the density of air and m is the dynamic viscosity of the air. The vortex shedding becomes

random in the transition region of 4� 105<Re < 3� 106 where the boundary layer at the surface of the

cylinder changes from laminar to turbulent. Outside this transition range, the vortex shedding is regular

producing a periodic lift force. For cross-sections with sharp corners, the Strouhal number is inde-

pendent of the Reynolds number. The variation of Strouhal number with length-to-breadth ratio of

a rectangular cross-section is shown in Figure 22.58.
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FIGURE 22.58 Strouhal number for a rectangular section.

FIGURE 22.57 Vortex shedding in the wake of a bluff body.
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22.5.3.2 Forces Due to Turbulent Flow

If the wind is turbulent, then the velocity of the wind along the wind direction is described as follows:

UðtÞ ¼ �UU þ uðtÞ ð22:23Þ

where �UU is the mean wind and u(t) is the turbulent component along the wind direction. The time

dependent drag force per unit height is obtained from Equation 22.18 by replacing �UU by U(t). As the

ratio u(t)/ �UU is small, the time-dependent drag force can be expressed as

fDðtÞ ¼ �ffD þ f 0DðtÞ ð22:24Þ

where �ffD and f 0D are the mean and the fluctuating parts of the drag force per unit height, which are given by

�ffD ¼ 1
2
r �UU 2CDB ð22:25Þ

f 0D ¼ r �UUuCDB ð22:26Þ

The spectral density of the fluctuating part of the drag force is obtained from the Fourier transfor-

mation of the autocorrelation function as

SfDðnÞ ¼ r2 �UU 2B2C2
DSuðnÞ ð22:27Þ

where Su(n) is the spectral density of the turbulent velocity and may be obtained from Equation 22.13.

In practice, the presence of the structure distorts the turbulent flow, particularly the small high-

frequency eddies. A correction factor known as the aerodynamic admittance function w(n) may be

introduced (Davenport 1961) to account for these effects. The following empirical formula has been

suggested for w(n) (Vickery 1970):

wðnÞ ¼ 1

1þ ð2n
ffiffiffiffi
A
p
Þ= �UUðzÞ


 �4=3
ð22:28Þ

where A is the frontal area of the structure. Now with the introduction of the aerodynamic admittance

function, Equation 22.27 may be rewritten as

SfDðnÞ ¼ r2 �UU 2B2C2
Dw

2ðnÞSuðnÞ ð22:29Þ

It is evident from Equation 22.26 that the fluctuating drag force varies linearly with the turbulence.

Thus, large integral length scale and high turbulent intensities will cause strong buffeting and conse-

quently increases the along wind response of the structure. However, the regularity of vortex shedding is

affected by the presence of turbulence in the along wind and hence the across wind motion and torsional

motion due to vortex shedding decreases as the level of turbulence increases.

22.5.4 Response Due to Along Wind

Tall slender buildings, where the breadth of the structure is small compared to the height, can be

idealized as a line-like structure shown in Figure 22.59. Modeling the building as a continuous system,

the governing equation of motion for along wind displacement x(z, t) can be written as (Heidebrecht and

Smith 1973):

mðzÞ€xxðz, tÞ þ cðzÞ _xxðz, tÞ þ EIðzÞx0000ðz, tÞ � GAðzÞx00ðz, tÞ ¼ f ðz, tÞ ð22:30Þ

where m, c, EI, GA are the mass, damping coefficient, flexural rigidity, and shear rigidity, per unit height,

respectively. Furthermore, f (z, t) is the fluctuating wind load per unit height given in Equation 22.26.
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Expressing the displacement in terms of the normal coordinates

xðz, tÞ ¼
XN

i¼1

fiðzÞqiðtÞ ð22:31Þ

where fi is the ith vibration mode shape and qi is the ith normal coordinate. Using the orthogonality

conditions of mode shapes, Equation 22.30 can be expressed as (Balendra 1993)

m
i €qqi þ c
i _qqi þ k
i qi ¼ p
i , i ¼ 1 to N ð22:32Þ

where m
i , c
i , k
i , and p
i are the generalized mass, damping, stiffness, and force in the ith mode of

vibration. The generalized mass and force are determined from

m
i ¼
Z H

0

mðzÞf2
i ðzÞ dz ð22:33Þ

p
i ¼
Z H

0

f ðz, tÞfiðzÞ dz

¼ rCDB

Z H

0

�UUðzÞuðz, tÞfiðzÞ dz ð22:34Þ

Equation 22.32 consists of a set of uncoupled equations, each representing a single degree of freedom

system. Using the random vibration theory (Robson 1963), the power spectrum of the response in each

normal coordinate is given by

Sqi
ðnÞ ¼ HiðnÞj j2Sp


i
ðnÞ 1

ðk
i Þ
2

ð22:35Þ

where

HiðnÞj j ¼ 1�

1� n=nið Þ2

�2þ4z2
i n=nið Þ2

�1=2
ð22:36Þ

and

k
i ¼ 4p2n2
i m
i ð22:37Þ

x(z, t)
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–

FIGURE 22.59 Typical deflection mode of a shear wall-frame building.
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in which ni and zi are the frequency and damping ratios in the ith mode. The spectral density of the

generalized force takes the form

Sp

i
ðnÞ ¼ r2C2

DB2w2ðnÞ
Z H

0

Z H

0

�UUðz1Þ �UUðz2ÞSu1u2
ðr, nÞfiðz1Þfiðz2Þ dz1 dz2 ð22:38Þ

where Su1u2
(r, n) is the cross-spectral density defined in Equation 22.14 with r being the distance between

the coordinates z1 and z2. In Equation 22.38, the aerodynamic admittance has been incorporated to

account for the distortion caused by the structure to the turbulent velocity.

In view of Equation 22.15, Equation 22.38 may be expressed as

Sp

i
ðnÞ ¼ r2C2

DB2w2ðnÞ
Z H

0

Z H

0

fiðz1Þfiðz2Þ �UUðz1Þ �UUðz2Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
Su1
ðnÞ

p ffiffiffiffiffiffiffiffiffiffiffiffi
Su2
ðnÞ

p
gðr, nÞ dz1 dz2 ð22:39Þ

where g(r, n) is the square root of the coherence given in Equation 22.16 and Su(n) is the spectral density

of the turbulent velocity.

The variance of the ith normal coordinate is obtained from

s2
qi
¼
Z 1

0

Sqi
ðnÞ dn ¼ 1

k
i
� �2

Z 1
0

HiðnÞj j2 Sp

i
ðnÞ dn ð22:40Þ

The calculation of the above integral is very much simplified by observing the plot of the two com-

ponents of the integrant shown in Figure 22.60. The mechanical admittance function is either 1.0 or zero

for most of the frequency range. However, over a relatively small range of frequencies around the natural

frequency of the system, it attains very high values if the damping is small. As a result, the integrant takes

the shape shown in Figure 22.60c. It has a sharp spike around the natural frequency of the system.

Spi
*(n)(a)

n

|Hi(n)|2(b)

1.0

n

Sqi
(n)(c)

n

B
D

FIGURE 22.60 Schematic diagram for computation of response.
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The broad hump is governed by the shape of the turbulent velocity spectrum which is modified slightly

by the aerodynamic admittance function. The area under the broad hump is the broad band or non-

resonant response, whereas the area in the vicinity of the natural frequency gives the narrow band or

resonant response. Thus, Equation 22.40 can be rewritten as

s2
qi
¼ 1

k
i
� �2

Z ni�Dn

0

Sp

i
ðnÞ dnþ pni

4zi

Sp

i
ðniÞ

� �
¼ s2

Bqi
þ s2

Dqi
ð22:41Þ

in which sBqi
and sDqi

are the nonresonating and resonating root mean square response of the ith

normal coordinate. As the response due to various modes of vibration are statistically uncorrelated, the

response of the system is given by

s2
xðzÞ ¼

XN

i¼1

f2
i ðzÞs2

Bqi
þ
XN

i¼1

f2
i ðzÞs2

Dqi
ð22:42Þ

which gives the variance and hence the root mean square displacement at various heights.

The total displacement is obtained by including the static deflection due to the mean drag load, which

is determined conveniently as follows:

In view of Equation 22.25, the mean generalized force is given by

�ffi ¼
Z H

0

1

2
rCD

�UU 2ðzÞBfiðzÞ dz ¼ 1

2
rCDB

Z H

0

�UU
2ðzÞfiðzÞ dz ð22:43Þ

Then, the mean displacement is determined from

�xxðzÞ ¼
XN

i¼1

fiðzÞ
�ff i

ð2pniÞ2m
i

" #
ð22:44Þ

The root mean square acceleration is obtained from

s€xxðzÞ ¼
XN

i¼1

ð2pniÞ4f2
i ðzÞs2

Dqi

" #1=2

ð22:45Þ

The dynamic shear and bending moment at any height is obtained from the vibratory inertia forces in

each mode and then by summing the modal contributions.

The probability of the response exceeding certain magnitude is determined using a peak factor on the

root mean square response, Davenport (1964) recommended the following expression for 50% prob-

ability of exceedence:

gD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnðnT0Þ½ �

p
þ 0:577ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 lnðnT0Þ½ �
p ð22:46Þ

where gD is the peak factor, n is the expected frequency at which the fluctuating response crosses the zero

axis with positive slope, and T0 is the period (usually 3600 s) during which the peak response is assumed

to occur.

For resonant response, n is equal to the natural frequency and thus the peak factor for the resonant

response gD is obtained by setting n¼ n. For the nonresonating or broadband response the peak factor

gB has been evaluated to be 3.5 (ESDU 1976).

Using these peak factors, the most probable maximum value of the load effect, E, such as displacement,

shear, bending moment, are determined as follows:

Emax ¼ �EE þ ½ðgBsBEÞ2 þ ðgDsDEÞ2�1=2 ð22:47Þ

where sBE and sDE are the nonresonating and resonating components of the load effect and �EE is the load

effect due to mean wind.
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EXAMPLE 22.1

A rectangular building of height H¼ 194 m is situated in a suburban terrain. The breadth B and

width D of the building are 56 m and 32 m, respectively. The period of the building corresponding

to the fundamental sway mode is 5.15 s. The values of the mode shape at various heights are given

below:

H(m) 0 20 40 75 95 135 150 170 194

f 0 0.032 0.096 0.248 0.365 0.611 0.746 0.849 1.0

The generalized mass and damping ratio corresponding to this mode are 18� 106 kg and 2%,

respectively.

Assuming that the mean wind profile follows the power law with a power law coefficient a¼ 0.22,

determine the maximum drift for a 50-year wind storm of 21 m/s at 10 m height, blowing normal to

the breadth of the building. Given that the friction velocity is 2.96 m/s, the drag coefficient CD is 1.3 and

density of air r¼ 1.2 kg/m3.

Solution

The mean height of the building �HH ¼ 97 m

�UUð97Þ ¼ �UUð10Þ 97

10

� �0:22

¼ 21
97

10

� �0:22

¼ 34:6 m/s

At mid-height, the reduced frequency

f ¼ n �HH
�UUð�HHÞ ¼

97n

34:6
¼ 2:8n

From Equation 22.13, the spectrum of turbulent wind is given by

Suð�HH , nÞ ¼ 2:962 � 200� 2:8

ð1þ 50� 2:8nÞ5=3
¼ 4906

ð1þ 140nÞ5=3

Resonant displacement

n1 ¼
1

5:15
¼ 0:194 Hz,

Suð�HH , n1Þ ¼
4906

ð1þ 140� 0:194Þ5=3
¼ 18:8 m2/s

The admittance function, from Equation 22.28, becomes

wðnÞ ¼ 1

1þ ðð2n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
56� 194
p

Þ=34:6Þ4=3
¼ 1

1þ 10:96n4=3

wðn1Þ ¼ 0:45

From Equation 22.39

Sp
1
ðnÞ ¼ r2C2

DB2w2ðnÞSuð�HH , nÞ½
�UUð �HHÞ�2

�HH
2a

Z H

0

Z H

0

f1ðz1Þf1ðz2Þza1 za2gðz1, z2, nÞ dz1 dz2
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The square root of coherence g is determined from Equation 22.16, considering only the vertical

correlation. Thus

Sp

1
ðn1Þ ¼ 1:22 � 1:32 � 562 � ð0:45Þ2 � 18:8� ð34:6Þ2

970:44
� 16,900

¼ 7:85� 1010 N2=Hz

From Equations 22.41 and 22.42, the variance of resonant displacement at the top of the building is

obtained as

s2
D ¼ f2

1ðHÞs2
Dq1
¼ 1

ðk
1Þ
2

pn1

4z1

Sp
1
ðn1Þ

s2
D ¼

1

26:8� 106

� �2 pð0:194Þ
4ð0:02Þ

� �
ð7:85� 1010Þ106 mm2

sD ¼ 28:9 mm

Nonresonant displacement

The variance of nonresonant displacement at the top of the building is determined from Equations 22.41

and 22.42 as

s2
B ¼ f2

1ðHÞs2
Bq1
¼ 1

ðk
1Þ
2

Z n1�Dn

0

Sp
1
ðnÞ dn

¼ 565� 109

ð26:8� 106Þ2
� 106 mm

sB ¼ 28 mm

Response to mean wind

From Equation 22.43, the mean generalized force

f 1 ¼
1

2
rCDB

Z H

0

�UU
2ðzÞf1ðzÞ dz

¼ 1

2
rCDB½ �UUð�HHÞ�2 1

�HH

� �2aZ H

0

z2af1ðzÞ dz

¼ 1

2
� 1:2� 1:3� 56� ð34:6Þ2 1

97

� �0:44

� 684

¼ 4:8� 106 N

The generalized stiffness

k
1 ¼
2p

5:15

� �2

�18� 106

¼ 26:8� 106 N=m

Thus, the mean displacement

�XX ¼ 4:8� 106

26:8� 106 � 103 ¼ 179 mm
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The peak factor gD for resonant response is determined from Equation 22.46 as 3.78. Using a peak factor

of 3.5 for nonresonant response, the most probable maximum displacement is

Xmax ¼ X þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðgBsBÞ2 þ ðgDsDÞ2

q
¼ 179þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3:5� 28Þ2 þ ð3:78� 28:9Þ2

q
¼ 326 mm

The most probable maximum drift would be

¼ 326

194,000
¼ 1

595

The peak acceleration would be

¼ 0:0289� 3:78� ð2pÞ2 � ð0:194Þ2

¼ 0:16 m=s2 ð1:6% gÞ

22.5.5 Response Due to Across Wind

For most modern tall buildings, the across wind response is more significant than the along wind

response. Across wind vibration of building is caused by the combination of forces from three sources:

(1) buffeting by the turbulence in the across wind direction, (2) wake excitation due to vortex shedding,

and (3) lock-in, a displacement-dependent excitation.

The across wind force due to lateral turbulence in the approaching flow is generally small compared to

the effects due to other mechanisms. Lock-in is the term used to describe large amplitude across wind

motion that occurs when the vortex shedding frequency is close to the natural frequency. If the across

wind response exceeds a certain critical value, the across wind response causes an increase in the

excitation force, which in turn increases the response. The vortex shedding frequency tends to couple

with the natural frequency of the structure for a range of wind velocities and the large amplitude

response will persists. Lock-in is likely to occur only in the case of structures with relatively low stiffness

and low damping, operating near the critical wind velocity given by

�UUcrit ¼
n0B

S
ð22:48Þ

in which �UU crit is the critical wind speed, B is the breadth of the structure normal to the wind stream, n0

(in Hz) is the fundamental natural frequency of the structure in the across wind direction, and S is the

Strouhal number.

Buildings should be designed so that lock-in effects do not occur during their anticipated life. If the

root mean square displacement at the top of the structure is less than a certain critical value, then lock-

in will not occur. For square tall buildings, the critical root mean square displacements syc expressed as

a ratio with respect to the breadth (syc/B) are approximately 0.015, 0.025, and 0.045, respectively

(Rosati 1968) for open terrain (z0¼ 0.07 m), suburban terrain (z0¼ 1.0 m), and city centers

(z0¼ 2.5 m). For circular sections with diameter D, the value of syc/D is approximately 0.006 for

suburban terrain.

Thus for buildings the most common cause for across wind motion is the wake excitation. Although

the turbulence in the atmospheric boundary layer affects the regularity of vortex shedding, the shed

vortices have a predominant period that could be determined from an appropriate Strouhal number.

Because the vortex shedding is random, the fluctuating across wind force is effectively broadband as

shown in Figure 22.61. The band width and the energy concentration near the vortex shedding frequency

depend on the geometry of the building and the characteristics of the approach flow.
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The response due to this across wind random excitation can be determined using the random

vibration theory. Idealizing the tall building as a line-like structure, the across wind displacement y(z, t)

may be expressed in terms of the normal coordinates ri(t) as

yðz, tÞ ¼
XN

i¼1

ciðzÞriðtÞ ð22:49Þ

where ci(z) is the ith vibration mode in the across wind direction and N is the total number of modes

considered to be significant. The governing equation of motion in terms of generalized mass, m
i ,

generalized damping, c
i , and generalized stiffness, k
i , takes the form

m
i €rri þ c
i _rrI þ k
i ri ¼ f 
i ðtÞ, i ¼ 1 to N ð22:50Þ

in which

m
i ¼
Z H

0

mðzÞc2
i ðzÞ dz

k
i ¼ ð2pniÞ2m
i

c
i ¼ 2zi

ffiffiffiffiffiffiffiffiffiffi
m
i k
i

p
f 
i ðtÞ ¼

Z H

0

f ðz, tÞciðzÞ dz

ð22:51Þ

where H is the height of the building, m(z) is the mass per unit length, ni is the frequency of the ith

mode in the across wind direction, zi is the damping ratio in the ith mode, f (z, t) is the across
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FIGURE 22.61 Effects of turbulence intensity and afterbody length on across wind force spectra.
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wind force per unit height, and f 
i ðtÞ is the generalized across wind force in the ith mode. The spectral

density of each normal coordinate can be determined from

Sri
ðnÞ ¼ jHiðnÞj2

ðk
i Þ
2

Sf 

i
ðnÞ ð22:52Þ

where jHiðnÞj is the mechanical admittance function and Sf 

i

is the power spectral density of the

generalized across wind force.

The variance of the normal coordinate ri is given by

s2
ri
¼
Z 1

0

Sri
ðnÞ dn ð22:53Þ

Hence, the variance of the across wind displacement is obtained from

s2
yðzÞ ¼

XN

i¼1

c2
i ðzÞs2

ri
ð22:54Þ

In Equation 22.53, if the contribution from the nonresonating component is neglected then the root

mean square response of the across wind displacement is given by

s2
yðzÞ ¼

XN

i¼1

c2
i ðzÞ

ð2pniÞ4ðm
i Þ
2

pni

4zi

� �
Sf 


i
ðniÞ

" #1=2

ð22:55Þ

For convenient use of the above equation, the generalized force spectra obtained experimentally by Kwok

and Melbourne (1981) and Saunders and Melbourne (1975) are presented in Figure 22.62 for various

aspect ratios of square and rectangular buildings deflecting in a linear mode.

EXAMPLE 22.2

Consider the building of Example 22.1. If the period of vibration in the across wind direction is 5.2 s,

assuming a linear mode determine the acceleration in the across wind direction for a 10-year wind

storm of 14 m/s at 10 m height. Given that the generalized mass corresponding to the linear mode is

17.5� 106 kg and the damping in this mode of oscillation is 2%.

Solution

The building is rectangular with an aspect ratio of

H:B:D ¼ 6:1:75:1

Since the building is in a suburban terrain, the generalized cross wind force can be determined from

Figure 22.62e.

The wind speed at the tip of the building

�UUðHÞ ¼ �UUð10Þ � 194

10

� �0:22

¼ 26:9 m=s

The reduced frequency

n1B
�UUðHÞ ¼

0:192� 56

26:9
¼ 0:40

then from Figure 22.62e

Sf 
1
ðn1Þ ¼

0:00018

0:192

� �
1

2
� 1:2� 26:92 � 56� 194

� �2

¼ 2:09� 1010 N2=Hz
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FIGURE 22.62 Generalized force spectra for a square and a rectangular building in suburban and city center fetch.
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From Equation 22.55

syðHÞ ¼
p� 0:192

4� 0:02

� �
ð2:09�1010Þ 1

ð2p� 0:192Þ4ð17:5� 106Þ2

" #1=2

¼ 0:016 m

Assuming a peak factor of 4, the peak acceleration in the cross wind direction is

4� 0:016ð2pÞ2ð0:192Þ2 ¼ 0:093 m=s2

22.5.6 Torsional Response

A building will be subjected to torsional motion when the instantaneous point of application of resultant

aerodynamic load does not coincide with the center of mass and the elastic center. The major source for

dynamic torque is the flow-induced asymmetries in the lift force and the pressure fluctuation on the

leeward side caused by the vortex shedding. Any eccentricities between the center of mass and center of

stiffness present in asymmetrical buildings can amplify the torsional effects.

Balendra et al. (1989) have presented a time domain approach to estimate the coupled lateral–

torsional motion of buildings due to along wind turbulence and across wind forces and torque due to

wake excitation. The experimentally measured power spectra of across wind force and torsional moment

(Reinhold 1977) were used in this analysis. This method is useful at the final stages of design as specific

details that are unique for a particular building can be easily incorporated in the analytical model.

A useful method to assess the torsional effects at the preliminary design stage is given by the following

empirical relation (Simiu and Scanlan 1986), which yields the peak base torque induced by wind speed
�UUðHÞ at the top of the building as

Tpeak ¼ cð�TT þ gTTrmsÞ ð22:56Þ

where c is a reduction coefficient, gT is the torsional peak factor equal to 3.8, and �TT and Trms are the

mean and root mean square base torques that are given by

Trms ¼ 0:00167
1ffiffiffiffiffi
zT

p rL4Hn2
TU 2:68

r ð22:57Þ

�TT ¼ 0:038rL4Hn2
TU 2

r ð22:58Þ

in which

L ¼
R
jrj dsffiffiffiffi

A
p ð22:59Þ

Ur ¼
�UUðHÞ
nTL

ð22:60Þ

where r is the density, H is the height of the building, nT and zT are the frequency and damping ratio in

the fundamental torsional mode of vibration, jrj is the distance between the elastic center and the normal

to an element ds on the boundary of the building, and A is the cross-sectional area of the building. The

expressions for �TT and Trms are obtained for the most unfavorable directions for the mean and root mean

square values of the base torque. In general, these directions do not coincide and furthermore will not be

along the direction of the extreme winds expected to occur at the site. As such, a reduction coefficient c
(0.75<c� 1) is incorporated in Equation 22.56.

For a linear fundamental mode shape, the peak torsional induced horizontal accelerations at the top of

the building at a distance ‘‘a’’ from the elastic center is given by (Greig 1980)

a€yy ¼ 2agTTrms

rbBDHr2
m

ð22:61Þ
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where €yy is the peak angular acceleration, rb is the mass density of the building, B and D are the breadth

and depth of the building, and rm is the radius of gyration. For a rectangular building with uniform mass

density

r2
m ¼ 1

12
ðB2 þ D2Þ ð22:62Þ

EXAMPLE 22.3

If the torsional frequency of the building in Example 22.2 is 0.8 Hz, assuming a linear mode and 2%

damping ratio, determine the peak acceleration at the corner of the building due to torsional motion for

a 10-year wind storm of 14 m/s. Given that the center of rigidity is at the geometric center of the

building.

Solution

For a rectangular building Z
jrj ds ¼ 1

2
ðB2 þ D2Þ

Thus, from Equations 22.59 and 22.60

L ¼ 1ffiffiffiffiffiffiffi
BD
p ðB2 þ D2Þ 1

2
¼ 49:1 m

Ur ¼
�UUðHÞ
nTL

¼ 26:9

0:8� 49:1
¼ 0:685

From Equation 22.58

Trms ¼ 0:00167
1ffiffiffiffiffiffiffiffiffi
0:02
p
� �

ð1:2Þð49:1Þ4ð194Þð0:8Þ2ð0:685Þ2:68

¼ 3:71� 106 N m

The average density of the building is determined as

rb ¼
3m
1
AH
¼ 3� 17:5� 106

56� 32� 194
¼ 151 kg=m3

Thus, the peak torsional acceleration of the corner for which a¼ 32.2 m is

a€yy ¼ 2� 32:2� 3:8� 3:71� 106

151� 56� 32� 194� 346:7
¼ 0:05 m=s2

22.5.7 Response by Wind Tunnel Tests

There are many situations where analytical methods cannot be used to estimate certain type of wind

loads and associated structural response. For example, the aerodynamic shape of the building is rather

uncommon or the building is very flexible so that its motion affects the aerodynamic forces acting on the

building. In such situations, a more accurate estimate of wind effects on buildings are obtained through

aeroelastic model tests in a boundary-layer wind tunnel (Balendra 1993).

The aeroelastic model studies would provide the overall mean and dynamic loads, displacements,

rotations, and accelerations. The aeroelastic model studies may be required under the following

situations:

1. When the height-to-width ratio exceeds 5.

2. When the structure is light with a density in the order of 1.5 kN/m3.
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3. The fundamental period is long in the order of 5 to 10 s.

4. When the natural frequency of the building in the cross wind direction is in the neighborhood of

the shedding frequency.

5. When the building is torsionally flexible.

6. When the building is expected to execute strongly coupled lateral–torsional motion.

Glossary

Aeroelastic model — The model which simulates the dynamic properties of buildings to capture the

motion-dependent loads.

Along wind response — Response in the direction of wind.

Boundary layer — The layer within which the velocity varies because of ground roughness.

Bracing frames — Frames that provide lateral stability to the overall framework.

Composite beams — Steel beam acting compositely with part of the concrete slab through shear

connectors.

Cross wind response — Response perpendicular to the direction of wind.

Drag force — Force in the direction of wind.

Frequency — Number of cycles per second.

Gradient height — Thickness of the boundary layer.

Gradient wind — Wind velocity above the boundary layer.

Generalized force — Force associated with a particular mode of vibration.

Generalized mass — Participating mass in a particular mode of vibration.

Integral length scale — A measure of average size of the eddies.

Lift force — Force perpendicular to the flow.

Lock-in — Situation where the vortex shedding frequency tends to couple with the frequency of the

structure.

Long-span systems — Structural systems that span a long distance. The design is likely to be governed

by serviceability limit states.

Mode shapes — Free vibration deflection configurations in each frequency of the structure.

Nonresonating response — Response due to eddies whose frequencies are remote from the structural

frequency.

Normal coordinates — Coordinates associated with modes of vibration.

Peak factor — Ratio between the peak and root mean square values.

Period — Duration of one complete cycle.

Power spectral density — Kinetic energy per unit time associated with eddies of different frequencies.

Resonant response — Response due to eddies whose frequencies are in the neighborhood of structural

frequency.

Rigid frames — Frames resisting lateral load by bending of members that are rigidly connected.

Simple frames — Frames that have no lateral resistance and whose members are pinned connected.

Stiffness — Force required to produce unit displacement.

Sway frames — Frames in which the second-order effects due to gravity load acting on the deformed

geometry can influence the force distribution in the structure.

Torsional response — Response causing twisting motion.

Turbulent intensity — Overall measure of intensity of turbulence.

Wake — Region surrounded by the shear layers originating from separation points.

Wake excitation — Excitation caused by the vortices in the wake.
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23
Semirigid Frame

Structures

23.1 Introduction

The analysis and design of building steel frames in practice has long been based on simplified assumptions

concerning the behavior of beam-to-column connections as two idealized models, fully rigid and ideally

pinned, even though the semirigid concept was introduced many years ago. The first model implies

displacement and slope continuity between the column and the beam, together with the full transfer of

bending moments. The latter one, on the other hand, implies that rotation continuity is nonexistent and,

consequently, no bending moment may be transmitted to the column by the beam. Although adoption of

such idealized models leads to great simplification in structural analysis and design, it by no means

represents the actual behavior of the connections. Consequently, the predicted structural responses may

be inaccurate as a result of disregarding the true behavior of beam-to-column connections. To date,

numerous experimental investigations on connection behavior have clearly demonstrated that a pinned

connection possesses a certain amount of rotational stiffness, while a rigid connection possesses some

degree of rotational flexibility. Most beam-to-column connections commonly used in practice actually

exhibit semirigid behavior characterized by the moment–rotational relationship as shown in Figure 23.1.

The importance of the semirigid behavior of connections and the semirigid construction of steel

framing systems has been recognized in different structural steel design standards in both North

American and European communities for a period of time. In general, the process of designing semirigid

steel frames involves the following three tasks: assessing the behavior of beam-to-column connections,
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incorporating the connection behavior into the structural analysis of the frames, and designing the

frames in accordance with the pertained specifications. In this chapter, together with a brief review of

different design specifications on semirigid construction, a discussion on each of the three foregoing

aspects is presented.

23.2 Semirigid Steel Framing in Design Specifications and
Standards

In the United States of America, the Specification for Allowable Stress Design for Structural Steel Buildings

of the American Institute of Steel Construction (ASD) [1] provides three connection types for construction

and associated analysis assumptions: Type 1, commonly designated as ‘‘rigid framing or continuous

framing’’; Type 2, commonly designated as ‘‘simple framing’’; and Type 3, commonly designated as

‘‘semirigid framing.’’ The rigid frame assumes that beam-to-column connections have sufficient rigidity

to maintain the original angles between intersecting members virtually unchanged. The simple

framing assumes that the ends of beams are connected for shear only and are free to rotate under load. The

semirigid framing assumes that the connections of beams and girders possess a dependable and

known moment capacity intermediate in degree between the complete rigidity of Type 1 and complete

flexibility of Type 2.

The Load and Resistance Factored Design Specification for Structural Steel Building of the American

Institute of Steel Construction (LRFD) [2] classifies two types of constructions: Type FR (fully

restrained) and Type PR (partially restrained). FR constructions are basically the same as the Type 1
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construction in ASD. PR constructions are those where the connections have insufficient rigidity to

maintain the original angles between the beams and the columns. Type PR comprises two cases

depending on whether connection restraint is ignored or not, which correspond to Types 2 and 3 of

ASD, respectively. When connection restraint is considered, it is required that the strength, stiffness,

and ductility characteristics of the connections be incorporated into the analysis and design.

These characteristics shall be as documented in technical literature or established by analytical or

experimental means.

The Canadian standard [3] on Limit States Design of Steel Structures, CAN/CSA-S16, stipulates three

types of steel framing constructions; rigidly connected and continuous construction, simple construc-

tion, and semirigid (partially restrained) construction. The design and construction of semirigid frames

is required to comply with the following:

1. The positive and negative moment–rotation relation up to the maximum capacity for a

connection is to be established by testing and be either as is published in technical literature or be

available from a reputable testing facility.

2. The design of the frame shall be based on either linear analysis using the secant stiffness of the

connections at ultimate load or on nonlinear analysis using a nonlinear moment–rotation

relationship for connections.

3. The design should consider effects of repeated loading, load reversals, incremental strain in

connections, and low-cycle fatigue.

The European standard [4] on Design of Steel Structures, commonly called ‘‘Eurocode 3,’’ defines three

framing types: continuous, simple, and semicontinuous. The standard precisely distinguishes between

these three types of connections and also recognizes that the extent of semirigid action depends to a large

extent on the type of structure, such as braced or unbraced frame.

23.3 Behavior and Modeling of Semirigid Connections

A beam-to-column connection is generally subjected to axial and shear forces and bending and torsional

moments. The effect of torsion is usually neglected for planar frames. Furthermore, axial and shearing

deformations are also neglected since they are small compared to the bending deformation of most

connections. Thus, only the rotational deformation of a connection alone is considered in semirigid

framing for practical purposes. As shown in Figure 23.2, a beam-to-column connection rotates through

an angle y when a moment M is applied. The angle y corresponds to the relative rotation of the beam and

column at the connection. Therefore, the dominant in-plane behavior of a semirigid connection is

represented by its moment–rotation (M–y) relationship.

Shown in Figure 23.1 is the semirigid moment–rotation (M–y) behavior of some common

beam-to-column connections used in practice. It is obvious from the figure that the behavior of all

types of connections falls in between the two extremes of ideally pinned and fully rigid connections.

��

M

FIGURE 23.2 Semirigid beam-to-column connections.
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The single-angle connection and the weld flange plate with web-angle connection represent very flexible

and rather rigid connections, respectively. Also, as shown in Figure 23.1, experimental tests have clearly

demonstrated that there is a nonlinear relationship between M and y for almost all types of connections

over the entire loading range. The nonlinearity is mainly because a connection is an assemblage of several

components that interact differently at different levels of applied loads. Material discontinuity of the

connection subassemblage, local yielding of some components, local buckling of a plate element, and so

on, all contribute to the nonlinearity. One of the primary obstacles to implementing semirigid framing

in design practice is that the nonlinear M–y relationship of semirigid connections complicates the

evaluation of the structural response of semirigid frames.

The modeling of the M–y relationship is a fundamental requirement for any consideration of

the interaction of connection and member behavior. The most accurate and reliable knowledge of the

behavior of a beam-to-column connection is obtained through experimental testing, but this technique

is too expensive for design practice and is usually reserved for research purposes only. With the aim to

incorporate connection behavior into structural analysis, connection behavior is generally simulated by

means of a mathematical representation of the M–y relationship. It is difficult to model this nonlinear

relationship by rigorous and exact mathematical procedures and the connection behavior modeling in

practical design is usually approximate in nature with drastic simplifications. Tests of prototype con-

nections are commonly carried out to obtain actual moment–rotation behavior, which is then modeled

approximately by means of different mathematical representation. The degree of the refinement of

the mathematical representations of the M–y relationship depends somewhat on the computational

capabilities of available design aids.

23.3.1 Linear Model

The simplest connection model is the single-stiffness linear model that is expressed as follows:

M ¼ Ry ð23:1Þ

where M is the connection moment and R and y are the stiffness and rotation of the connection,

respectively.

The connection stiffness R in Equation 23.1 can be the initial connection rotational stiffness, Ri, as shown

in Figure 23.3. Alternatively, a secant stiffness of the connection, Rs, which corresponds to a rotation of

y0 (¼Mu/Ri), can be determined from the initial stiffness Ri, the ultimate moment capacity Mu, and the

moment–rotation curve of the connection. Rs is recommended instead of Ri as a representative connection
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stiffness value because the initial stiffness of the connection does not represent connection response

adequately.

To recognize the degradation of connection stiffness under increased load, the secant stiffness,

Rb, determined in accordance with the so-called beam line method can be used in Equation 23.1. As

shown in Figure 23.3, the beam line is defined as the straight line connecting two extreme connection

conditions for a uniformly loaded beam, the end restrained moment when the connection is fully rigid

and the end rotation when the connection is ideally pinned; that is, the rotation is zero for fully rigid

end-connections with a resulting end-restrained moment of wL2/12 and the moment is zero when the

ends of the beam are pinned with resulting end rotation of wL3/24EI. The connection stiffness Rb is then

determined by the intersection of the beam line and moment–rotation curve of the connection.

However, it is evident that the beam line does not represent the attainment of yield stress for any

condition other than for a simply supported beam and a fixed ended beam, that is, the two end points of

the line. To overcome this shortcoming, the bilinear model of the beam line [5] shown as the dashed line

in Figure 23.3 can be used establish a connection stiffness RB, which corresponds to an end rotation

midway between pinned and fully fixed.

23.3.2 Polynomial Model

While the linear model in Equation 23.1 is simple and easy to use, it does not represent the true behavior

of the connection. Bilinear and piecewise linear models have been proposed to provide a closer

approximation of connection behavior. With the aim of providing a more accurate representation of

nonlinear behavior of semirigid connections, nonlinear empirical models based on curve-fitting

experimental results are widely employed to replicate and predict the nonlinear M–y relationship of

various types of beam-to-column connections. Shown in Equation 23.2 is an odd-power polynomial

model [6]:

y ¼ C1ðKMÞ þ C2ðKMÞ3 þ C3ðKMÞ5 ð23:2Þ

where y is the connection rotation and M is the moment acting on the connection. Parameter K

is a standardization factor determined by the connection type and geometry and C1, C2, and C3 are

curve-fitting constants obtained by using the method of least squares. The standardization factor and

curve-fitting constants for various connections are shown in Table 23.1.

23.3.3 Three-Parameter Power Model

Chen and Kishi [7] adopted the power model developed by Richard and Abbott [8] to represent the

moment–rotation characteristics of steel beam-to-column connections. The model is composed of three

parameters: initial stiffness Rki, ultimate moment capacity Mu, and a shape parameter n, and can be

expressed as in Equation 23.3, taking the shape shown in Figure 23.4.

M ¼ Rkiy

1þ ½y=y0�nf g1=n
ð23:3Þ

where y0 is equal to Mu/Rki is the reference plastic rotation. From Figure 23.4, it is recognized that the

larger the shape parameter n the steeper the curve, which represents more rigid connections. The shape

parameter n can be determined by using the least squares method applied to the differences between the

predicted moments and the experimental test moments. The tangent connection stiffness Rkt and

connection rotation can be determined from Equation 23.3 as follows:

Rkt ¼
dM

dy
¼ Rki

1þ ½y=y0�nð Þðnþ1Þ=n
ð23:4Þ

y ¼ M

Rki 1
 ½M=Mu�nð Þ1=n
ð23:5Þ
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TABLE 23.1 Curve-Fitting Constants and Standardization Constants for Polynomial Model (All Size

Parameters are in Centimeters)

Connection types Curve-fitting and standardization constants

Single web-angle connection

d

tc g
C1¼ 1.67� 100

C2¼ 8.56� 10
2

C3¼ 1.35� 10
3

K ¼ d
2:4
a t
1:81

c g0:15

Double web-angle connection
ta

d

g C1¼ 1.43� 10
1

C2¼ 6.79� 101

C3¼ 4.09� 105

K ¼ d
2:4
a t
1:81

c g0:15

Header plate connection tp

dp

tw

g C1¼ 6.14� 10
3

C2¼ 1.08� 10
3

C3¼ 6.05� 10
3

K ¼ t
1:6
p g1:6d
2:3

p t
0:5
w

Top- and seat-angle connections
ta

la

db

d

C1¼ 2.59� 10
1

C2¼ 2.88� 103

C3¼ 3.31� 104

K ¼ d
1:5t
0:5
a l
0:7

a d
1:1
b

Top- and seat-angle with
ta

tc

la

db

d

g

C1¼ 1.50� 10
3

double web-angle connection C2¼ 5.60� 10
3

C3¼ 4.35� 10
3

K ¼ d
1:287t
1:128
a t
0:415

c l
0:694
a ðg 
 0:5dbÞ1:35

Extend end-plate connection

tf
tp dg

C1¼ 8.91� 10
1

without column stiffeners C2¼
1.20� 104

C3¼ 1.75� 108

K ¼ d
2:4
g t
0:4

p t
1:5
f

Extended end-plate connection

tp dg

C1¼ 2.60� 10
1

with column stiffeners C2¼ 5.36� 102

C3¼ 1.31� 107

K ¼ d
2:4
g t
0:6

p

T-stub connection
li

db

d

t C1¼ 6.42� 10
2

C2¼ 1.77� 102

C3¼
2.03� 104

K ¼ d
1:5t
0:5l
0:7
t d
1:1

b
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Kishi and Chen [9] applied the model to four types of connections: single web-angle connections,

double web-angle connections, top- and seat-angle connections, and top- and seat-angle with double

web-angle connections. The detailed procedure to evaluate the three parameters Rki, Mu, and n for the

four types of connections is described by Chen and Lui [10].

23.3.4 Four-Parameter Power Model

As experimental tests have shown that many semirigid connections do not exhibit the plateau in their

M–y relationship shown in Figure 23.4 even at large rotation, the four-parameter power model shown in

Equation 23.6 and Figure 23.5 has been adopted by a number of researchers [11–13] to simulate the

nonlinear moment–rotation relationship of such connections:

M ¼ ðRe 
 RpÞy
f1þ ½ððRe 
 RpÞyÞ=M0�ng1=n

þ Rpy ð23:6Þ

where, as shown in Figure 23.5, Re is the initial stiffness of the connection, Rp is the plastic stiffness of

the connection, M0 is a reference moment, and n is a shape parameter. One of the advantages of this

model is that it can easily represent simpler models, such as the linear model by setting Re¼Rp and

the three-parameter power model by setting Rp¼ 0. The model also approaches a bilinear model when

n becomes large.

23.3.5 Connection Database

The connection database considered herein is a collection of experimental test results for different

types of steel beam-to-column connections. The data usually collected are the corresponding details

and dimensions of the connection, fastener, and connected beam and column. The purpose of the

connection database is to provide the necessary information for the determination of the moment–

rotation characteristics of beam-to-column connections, which are often required by design standards

in facilitating the analysis and design of semirigid framed structures.

As extensive tests had been previously conducted to investigate the moment–rotation characteristics

of various types of connections, efforts to establish connection databases were initiated in 1980s.

Goverhan [14] collected a total of 230 experimental moment–rotation curves and digitized them to form

the corresponding database of connection behavior. Nethercot [15] conducted an extensive literature

survey of more than 800 individual tests from over 70 studies. Kishi and Chen [16] expanded and

extended Goverdhan’s collection to a total 303 tests, which consisted of experimental data published

from 1936 to 1985. After that, Kishi and his colleagues revised the database and appended 93 sets of

experimental data published from 1986 to 1998.
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FIGURE 23.4 Three-parameter power model of semirigid connection.
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Three prediction moment–rotation equations were incorporated with Kishi and Chen’s database: the

polynomial model shown in Equation 23.2, a modified exponential model [17], and the three-parameter

power model shown in Equation 23.3. The validity of either the three-parameter power model or the

modified experimental model for practical use was examined by Kishi et al. [18], who concluded that

the three-parameter power model adequately describes the experimental test data for modeling the

connection moment–rotation behavior for practical use.

23.3.6 Connection Classification

In practice, steel framed structures are to be designed in accordance with one of the three types of

steel framing constructions: continuous construction, simple construction, and semirigid construction.

Therefore, designers must be knowledgeable as to when the connections can be assumed to be rigid,

semirigid, or flexible. The purpose of connection classification is to select a suitable basis on which

to conduct the frame analysis and design. Based on the stiffness and strength of a connection, the

connection can be classified as follows:

� Stiffness criterion. A connection is categorized as rigid, semirigid, and flexible based on the ratio

of its rotational stiffness (R) to the stiffness of the beam (EI/L) it connects, RL/EI, where L and EI

are the length and bending rigidity of the beam, respectively.
� Strength criterion. The most important aspect of the strength of a connection is its relationship

to the strength of the connected beam. Based on comparison of the moment resistance (Mn) of

a connection to the plastic moment resistance (Mp) of the beam it connects, the connection can

be classified as a full strength, partial strength, or flexible connection.

Table 23.2 summarizes three classifications of connections presented by Bjorhovde et al. [19],

Eurocode 3 [4], and LRFD [2] based on the foregoing criteria. The initial stiffness of the connection

(Ri) was adopted in classifications by Bjorhovde et al. and Eurocode 3, while the secant stiffness

of the connection (Rs) was used in the LRFD classification. As shown in Table 23.2, the secant stiffness,

Rs, is defined on the basis of either the moment, Ms, or the rotation, ys, which would occur under the

applied loads. The LRFD classification suggests that two distinct values of secant stiffness should be

adopted to characterize the connection behavior under the two limit states of serviceability and ulti-

mate load. The moment resistance of the connection, Mn, can be determined on the basis of an

ultimate limit-state model of the connection or from tests. When a semirigid connection does not

exhibit a plateau in its moment–rotation relationship, the moment resistance of the connection is

defined at the rotation yn¼ 0.02 radians [2,12,13,20].

In addition to the strength and stiffness of the connection, a third important characteristic that

should be considered in connection classification is the ductility of the connection. Connection ductility
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FIGURE 23.5 Four-parameter power model of semirigid connection.
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is a key parameter when joint deformations are concentrated in the connection elements, as is the typical

case for partial strength connections where the strength of the connected beam exceeds that of the

connection. The connection ductility can be represented by its rotational capacity, yu, which is defined

in the LRFD classification as the value at which the moment resistance of the connection has dropped

to 0.8Mn or the connection has deformed beyond 0.03 radians. That is, a connection is classified

as ductile if its rotation capacity is equal or greater than 0.03 radians, otherwise the connection is

considered to be nonductile.

The difference between the LRFD and Eurocode 3 classifications is that the latter one acknowledges

the fact that the extent of semirigid action is largely associated with the type of structure, such as a braced

or unbraced frame. Therefore, in Eurocode 3 the connections are classified separately with regard

to braced and unbraced frames. The Eurocode 3 classification considers the load-carrying capacity

of frames, which is more rational. For example, the stiffness boundaries between the rigid and semirigid

zones are chosen such that the drop in load carrying capacity, due to semirigid behavior, is not more

than 5% (in terms of the Euler buckling load). However, the ductility demand is not considered

in Eurocode 3.

As the purpose of connection classification is to facilitate frame design for different limit states,

it is necessary that a classification system be able to reflect the connection assumptions used in the frame

analysis and design at each limit state. To that purpose, the connections should be classified corre-

sponding not only to the ultimate limit state but also to the serviceability limit state, as a connection may

respond differently at the two different limit states.

TABLE 23.2 Summary of Connection Classification Systems

Bjorhovde classification [19] Eurocode 3 classification [4] AISC LRFD classification [3]

2.7 ��1.2

M�

Rigid
1

0.7

0.2

Semirigid -

Flexible

M = EI�/(2d)
M = EI�/(10d)

Ductility
demand

M*

Rigid1

0.04 0.5 �*0.20.1250.12

2/3

1/4

Semirigid

Flexible

Unbraced Braced
Mn

Ms

RsRi

0.2 Mn

�s �n �u

Stiffness criterion

Rigid: Rigid: Rigid:

Ri� EI/2d RiL/EI� 25 (unbraced frame) RsL/EI� 20

RiL/EI� 8 (braced frame)

Semirigid: Semirigid: Semirigid:

EI/10d5Ri5EI/2d 25RiL/EI520 (unbraced frame) 25RsL/EI520

25RiL/EI58 (braced frame)

Flexible: Flexible: Flexible:

EI/10d�Ri RiL/EI 2 RsL/EI 2

Strength criterion

Rigid: Full strength: Full strength:

Mn� 0.7Mp Mn�Mp Mn�Mp

Semirigid: Partial strength: Partial strength:

0.2Mp5Mn50.7Mp 0.25Mp5Mn5Mp 0.2Mp5Mn_y¼0.02; Mn5Mp

Flexible: Flexible: Flexible:

Mn 0.7Mp Mn 0.25Mp Mn_y¼0.02 0.2Mp

M0 ¼M/Mp; y0 ¼ y/yp

yp¼Mp/(EI/5d)

d¼ depth of beam

M� ¼M/Mp; y� ¼ y/yp

yp¼Mp/(EI/L)

Mn_y¼0.02¼moment resistance of the

connection at a rotation of

0.02 radians
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23.4 Structural Analysis of Semirigid Framed Structures

The structural analysis procedures for semirigid frames presented in this section are based on the

following assumptions and idealizations:

1. All members are prismatic and straight.

2. Only the moment–rotation behavior of connections is considered (i.e., axial and shear

deformations in a connection are ignored).

3. Members display linear-elastic or second-order elastic behavior, while the connections display

nonlinear moment–rotation behavior.

4. Connection dimensions are assumed to be negligible compared to the lengths of the beams and

columns; that is, the rotational deformation of a connection is assumed to be concentrated at

a point at the end of the semirigid member.

5. The effects of eccentricity at joints are neglected.

23.4.1 End-Fixity Factor of Semirigid Member

Shown in Figure 23.6 is a semirigid member comprising a finite-length beam–column member with

a zero-length rotational spring at each end (the symbol @ represents the spring). The connection

flexibilities are modeled through rotational springs of stiffness R1 and R2 at the two ends of the beam.

The relative stiffness of the beam–column member and the rotational end-spring connection is mea-

sured by an end-fixity factor defined as follows [21]:

rj ¼
1

1þ 3EI=RjL
ð j ¼ 1, 2Þ ð23:7Þ

where Rj is the end-connection spring stiffness and EI/L is the flexural stiffness of the attached member.

The fixity factor rj defines the rotational stiffness of each end-connection relative to that of the attached

member. For a pinned connection, the rotational stiffness of the connection is idealized as zero and thus

the value of the end-fixity factor is zero (rj¼ 0). For a rigid connection, the connection rotational

stiffness is taken to be infinite and the end-fixity factor has a value of unity (rj¼ 1). Therefore, a semirigid

connection has an end-fixity factor between zero and one (05rj51).

Upon the introduction of the end-fixity factor, different member-end restraint conditions, such

as rigid–pinned, rigid–semirigid, pinned–semirigid, are readily modeled simply by setting the end-fixity

factors at the two ends of the member to appropriate values. This comprehensive model of member

end-rotational conditions can be employed for the analysis of frames with any combination of pinned,

rigid, and semirigid connections.

The end-fixity factor also simplifies the analysis procedure for semirigid framed structures.

Figure 23.7 and Figure 23.8 illustrate the variation of mid-span and end moments and mid-span

deflection of a uniformly loaded semirigid beam versus the end-fixity factor. Comprehensive

formulations for calculation of both end-reactions and span deflections in terms of end-fixity factors for

a semirigid member under different types of loads are listed in Table 23.3 and Table 23.4. As will be

@ @

1 2

L

E, A, I

R1

M1

N1 R2

V1 V2 M2

w P

N2

FIGURE 23.6 Model of semirigid member.
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demonstrated subsequently, the formulations of stiffness matrices and effective-length factors of beam-

columns can all be expressed in terms of the end-fixity factors. The end-fixity factor has further value in

design because it provides a physical interpretation of the extent of rigidity available in a connection. It

also provides designers with a convenient way to compare the structural responses of a member with

semirigid connections to that with rigid or pinned connections.

By Equation 23.7, the relationship between the end-fixity factor and the connection stiffness

is nonlinear, as shown in Figure 23.9. It is observed from the figure that when the connection stiffness is

large, very significant changes in stiffness produce only very small changes in the end-fixity factor.

Consequently, from Figure 23.7 and Figure 23.8, such changes have a negligible influence on both

moments and deflection of the beam. Conversely, from Figure 23.9, with low values of connection

stiffness, small increases in the stiffness result in appreciable increases in the end-fixity factor. In

this case, as Figure 23.7 and Figure 23.8 show, there is a considerable effect on the bending moments and

the deflection. Thus, in practice, when a real pinned connection has some stiffness, a considerable

restraining moment may develop to the benefit of the structure. At the other extreme, attempting

to achieve further increase in connection stiffness beyond that of a nearly rigid connection is not efficient

and economical because it involves only a small change in the end-fixity factor and, consequently, has

little effect on the response of structure.
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TABLE 23.3 End-Reactions of a Semirigid Member

Member span loads Member end-reactions

@ @
2

w

EI, L
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M1
r2

M2

V2
1

M1 ¼ ðwL2=12Þ½3r1ð2
 r2Þ=ð4
 r1r2Þ�

M2 ¼ ðwL2=12Þ½3r2ð2
 r1Þ=ð4
 r1r2Þ�
V1 ¼ ðM1 þM2Þ=L þ wL=2

V2 ¼ 
ðM1 þM2Þ=L þ wL=2

@ @

w

r2r1

M2M1

V2V1
2EI, L1
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 4r2Þ=ð4
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TABLE 23.4 Span Deflection of a Semirigid Member

Member span loads Member span deflection
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23.4.2 Manual-Based Approximate Analysis of Semirigid Structures

For simple semirigid framed structures, analysis using the linear connection model defined by

Equation 23.1, can be conducted manually as for rigid frames. In this section, a procedure based

on a modified moment distribution method is presented for the analysis of semirigid continuous beams

and braced frames.

Moment distribution is a method of successive approximations that may be carried out to any

desired degree of accuracy. The convergence of the method is guaranteed for stable linear elastic

structures under small deformations and displacements. Its primary advantage over other hand-

calculation structural analysis procedures, such as the method of consistent deformations and the slope

deflection method, is that it eliminates the requirement to solve a set of simultaneous equations to

determine the member end moments for statically indeterminate beams or nonsway plane frames in

which the joints are restrained against translation.

Upon the introduction of the end-fixity factor defined in Equation 23.7 to take into account semirigid

connection behavior based on Equation 23.1, the analysis of semirigid continuous beams and frames can

be conducted through minor modification of the conventional moment distribution method for rigid

continuous beams and frames, as described in the following:

� Sign convention. All loads acting on the members in the mathematical model of a semirigid

continuous beam or a plane frame are referenced to the individual local member coordinate

system. As indicated in Figure 23.6, positive load acts downward and positive end moment and

shear act counter-clockwise and upward, respectively.
� Member end-reaction moments. The end moments of a semirigid member due to different types of

applied loads are listed in Table 23.3.
� Member rotational stiffness factor Kij . For a semirigid member i, with different end-connection

stiffnesses R1 and R2 determined by Equation 23.1, let the end-fixity factors defined in

Equation 23.7 for the ends 1 and 2 be r1 and r2, respectively. The end-stiffness factors Ki1 and Ki2

for the member can be expressed as

Ki1 ¼
3r1

4
 r1r2

4EI

L
ð23:8aÞ

Ki2 ¼
3r2

4
 r1r2

4EI

L
ð23:8bÞ

in which 3r1/(4
 r1r2) and 3r2/(4
 r1r2) are factors accounting for the end-connection flexibility.
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� Distribution factor Dij. The distribution factor is defined as the stiffness factor of the member

divided by the sum of the stiffness factors of all members connecting at the joint,

Dij ¼
KijPn
i¼1Kij

ð j ¼ 1, 2Þ ð23:9Þ

This factor corresponds to the fraction of the total applied moments at a joint that will be resisted

by any member i as the joint rotates through an angle f, where n is the number of members

connected at the joint.
� Carry-over factor Cij. When a moment is applied to the near end of any member whose far end is

restrained against rotation during the distribution process, a moment must be applied to the far

end by the joint to resist rotation of the member end. This moment is called the carry-over

moment and the ratio of the far-end moment to the near-end moment is known as the carry-over

factor. The carry-over factors for a semirigid member i are

Ci1 ¼ 0:5r2 ð23:10aÞ
Ci2 ¼ 0:5r1 ð23:10bÞ

Implementation of the mathematical model of the moment distribution method for semirigid con-

tinuous beams, or semirigid braced frames in which the joints are restrained against translation, consists

of the following steps:

1. Evaluate end-fixity factors r1 and r2 according to Equation 23.7 for each member for the given

values of connection stiffness Rj (j¼ 1, 2). For cases of pinned and fixed-end connections, assign

the end-fixity factor to zero and unity, respectively.

2. Calculate end-stiffness factors Kij (j¼ 1, 2) according to Equations 23.8 for each member i and

determine moment distribution factors Dij from Equation 23.9.

3. Compute the end-reaction moments M
ðkÞ
ij (j¼ 1, 2) due to the applied loads for each member

through Table 23.3, assuming that all joints are locked by fictitious rotation restraints, and set

index k¼ 0.

4. Sum the member end moments at each joint to determine the unbalanced moment

M(k)¼

P

M
ðkÞ
ij there.

5. Release or ‘‘unlock’’ the joints by removing the fictitious rotation restraint at each joint in turn,

assuming that the other joints are still restrained against rotation, and distribute the unbalanced

moment at the joint to the near end of each connecting member as M
ðkþ1Þ
ij ¼Dij�M(k).

6. Carry the near-end moment of each member over to its other end by multiplying each

moment with the carry-over factor, that is, M
ðkþ1Þ
i1 ¼Ci2�M

ðkþ1Þ
i2 or M

ðkþ1Þ
i2 ¼Ci1�M

ðkþ1Þ
i1 .

7. If the unbalanced moment M(k) is small enough to be considered insignificant, then terminate the

iteration and proceed to step 8; otherwise, set k¼ kþ 1 and return to step 4.

8. Sum the end moments of each member. Calculate the axial forces (for nonsway frames) and the

shear forces of the members satisfying equilibrium and determine the reaction forces and

moments at the supports based on the joint equilibrium conditions.

EXAMPLE 23.1

For the three-span continuous beam shown in Figure 23.10, all of the end-connections are semi-

rigid except for the connection at joint D, which is rigid (r¼ 1). The secant rotational stiffnesses of the

semirigid connections associated with the serviceability and ultimate load states are 1.15� 1010 and

5.75� 109 N mm/rad, respectively. The beam is subjected to uniformly distributed dead and live loads,

3.2 and 12.0 kN/m, respectively. The beam is laterally braced and has a W410� 39 section with cross-

sectional properties Ix¼ 126� 106 mm4 and Zx¼ 730� 103 mm3. The yield stress Fy and elastic modulus

E of the steel are 345 MPa and 2.0� 105 MPa, respectively. It is required to employ the modified moment

distribution method for semirigid continuous beams to determine the bending moment distribution
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of the structure and to then check if the flexural strength of the beam is adequate based on LRFD [2].

The mid-span deflection of the beam due to the service load is required to be less than or equal to L/240.

For the ultimate load state and connection stiffness 5.75� 109 N mm/rad, the values of the corres-

ponding end-fixity factor for beams 1 and 3 of length L¼ 9000 mm are

r1A ¼ r1B ¼ r3C ¼
1

1þ 3EI=RL
¼ 1

1þ ð3� 200� 103 � 126� 106Þ=ð5:75� 109 � 9000Þ ¼ 0:406

and r3D¼ 1.0.

For beam 2, L¼ 10,000 mm

r2B ¼ r2C ¼
1

1þ 3EI=RL
¼ 1

1þ ð3� 200� 103 � 126� 106Þ=ð5:75� 109 � 10,000Þ ¼ 0:432

Carry-over factors for the beams are

C1A ¼ 0:406=2 ¼ 0:203, C2B ¼ C2C ¼ 0:432=2 ¼ 0:216, C3D ¼ 1:0=2 ¼ 0:5

Stiffness factors K1B and K3C for beams 1 and 3 are

K1B ¼
3r1B

4
 r1Ar1B

� 4EI

L
¼ 3� 0:406

4
 0:4062
� 4EI

9000
¼ 1:411� 10
4EI=mm

K3C ¼
3r3C

4
 r3Cr3D

� 4EI

L
¼ 3� 0:406

4
 0:406� 1:0
� 4EI

9000
¼ 1:506� 10
4EI=mm

Stiffness factors K2B and K2C for beam 2 are

K2B ¼ K2C ¼
3r2B

4
 r2Br2C

� 4EI

L
¼ 3� 0:432

4
 0:4322
� 4EI

10,000
¼ 1:359� 10
4EI=mm

At joint B, the distribution factors for beams 1 and 2 are

DF1B ¼
K1B

K1B þ K2B

¼ 1:411� 10
4EI=mm

1:413� 10
4EI=mmþ 1:359� 10
4EI=mm
¼ 0:509

DF2B ¼ 1
 DF1B ¼ 1
 0:509 ¼ 0:491:

At joint C, the distribution factors for beams 2 and 3 are

DF2C ¼
K2C

K2C þ K3C

¼ 1:359� 10
4EI=mm

1:359� 10
4EI=mmþ 1:506� 10
4EI=mm
¼ 0:474

DF3C ¼ 1
 DF2C ¼ 1
 0:474 ¼ 0:526:

Bending moment, kN m
201.09

A B C D1 2 3
@ @@ @@

9000 mm 9000 mm10,000 mm

W410 × 39 W410 × 39 W410 × 39

75.74 93.48 80.42
193.08

FIGURE 23.10 Example 1: three-span semirigid continuous beam.

23-16 Handbook of Structural Engineering

Copyright 2005 by CRC Press



The uniformly distributed factored load of the beam is

wf ¼ 1:2 dead loadþ 1:6 live load ¼ 1:2� 3:2 kN=mþ 1:6� 12 kN=m ¼ 23:04 kN=m

From Table 23.3, the end-reaction moments of the beams associated with the factored load are

M
ð0Þ
1A ¼ 
M

ð0Þ
1B ¼

wL2

12
� 3r1Að2
 r1BÞ

4
 r1Ar1B

¼ 23:04ð9Þ2

12
� 3� 0:406ð2
 0:406Þ

4
 0:4062
¼ 78:73 kN m

End-reaction moments of beam 2 due to the load are

M
ð0Þ
2B ¼ 
M

ð0Þ
2C ¼

wL2

12
� 3r2Bð2
 r2CÞ

4þ r2Br2C

¼ 23:04ð10Þ2

12
� 3� 0:432ð2
 0:432Þ

4
 0:4322
¼ 102:32 kN m

End-reaction moments of beam 3 due to the load are

M
ð0Þ
3C ¼

wL2

12
� 3r3Cð2
 r3DÞ

4þ r3Cr3D

¼ 23:04ð9Þ2

12
� 3� 0:406ð2
 1Þ

4
 0:406� 1
¼ 52:71 kN m

M
ð0Þ
3D ¼

wL2

12
� 3r3Dð2
 r3CÞ

4þ r3Cr3D

¼ 23:04ð9Þ2

12
� 3� 1ð2
 0:406Þ

4
 0:406� 1
¼ 
206:93 kN m

The modified moment distribution is conducted as shown in Table 23.5 and the final moment dis-

tribution of the beam is shown in Figure 23.10. The maximum span moment of Beam 2 is 201.09 kN m,

which is located 5.06 m from joint B. The maximum negative moment at joint D is 193.08 kN m. Since

the beam is laterally braced and W410� 39 is a compact section, the flexural strength of the beam based

on LRFD [2] is

Mr ¼ fbMp ¼ 0:9ZxFy ¼ 0:9� 730� 103 mm3 � 345 MPa� 10
6 ¼ 226:67 kN m> 201:09 kN m

Therefore, the flexural strength of the beam is adequate.

To calculate the mid-span deflection of Beam 2 due to the service load w¼ 3.2 kN/mþ 12.0 kN/m¼
15.2 kN/m, and the connection rotational stiffness R¼ 1.15� 1010 N mm/rad, the corresponding end-

fixity factors of the beam are

r1A ¼ r1B ¼ r3C ¼ 0:578, r3D ¼ 1:0, and r2B ¼ r2D ¼ 0:603

Following the foregoing procedure, the final moments obtained by the modified moment distribution at

joints B and C are M2B¼ 81.67 kN m and M2B¼
73.04 kN m.
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Therefore, the mid-span deflection of beam 2 can be obtained from the deflection equation shown

in Table 23.4 as

jdðxÞj ¼ M1L2x
6EI

ð1
 xÞð2
 xÞ 
M2L2x
6EI

ð1
 x2Þ 
 wL4x
24EI

ðx3 
 2x2 þ 1Þ

 �

x¼0:5

�����
�����

¼ 81:67� 106 � 10,0002 � 0:5

6� 200� 103 � 126� 106
� ð1
 0:5Þð2
 0:5Þ 
 
73:04� 106 � 10,0002 � 0:5

6� 200� 103 � 126� 106
ð1
 0:52Þ

����

 15:2� 10,0004 � 0:5

24� 200� 103 � 126� 106
ð0:53 
 2� 0:52 þ 1Þ

����
¼ j
40:2 mmj ¼ 40:2 mm<

L

240
¼ 10,000

240
¼ 41:7 mm

EXAMPLE 23.2

A one-storey two-bay semirigid braced frame of a low-rise building is shown in Figure 23.11. The spacing

between the frames is 10 m. The roof dead load is 1.25 kN/m2 and the snow load is 1.82 kN/m2. The secant

stiffness of the beam-to-column connections obtained from experimental tests associated with the con-

nection rotation y¼ 0.02 radians are 2.8� 1010 N mm/rad and 1.7� 1010 N mm/rad for beams BC and CE,

respectively. The rotational stiffnesses of the column bases are 3.0� 109 N mm/rad for columns AB and DC

and 1.75� 109 N mm/rad for column EF. The diagonal bracing is to be designed as a tension-only member

with pinned ends. It is required to find the bending moment distribution of the frame and axial loads of the

columns for the load case of dead load plus live load by using the modified moment distribution method.

Load calculation:

The uniformly distributed nominal dead load is 10 m� 1.25 kN/m2¼ 12.5 kN/m

The uniformly distributed nominal snow load is 10 m� 1.82 kN/m2¼ 18.2 kN/m

Gravity load case (dead loadþ snow load):

w ¼ 1:2D þ 1:6L ¼ 1:2� 12:5þ 1:6� 18:2 ¼ 44:12 kN=m

Properties of cross-sections:

Beam: W530� 85, Ibx¼ 485� 106 mm4; Column: W250� 33, Icx¼ 48.9� 106 mm4

C

8500 mm 8500 mm

@

A D F

B E
@ @@

@ @ @

W250 × 33

W530 × 85 W530 × 85

42
00

 m
m

W250 × 33W250 × 33

7.19

48.01

149.03

1.42

139.55

9.49

4.29

42.86

301.54 308.73

Bending moment, kN m

FIGURE 23.11 Example 2: two-bay semirigid braced frame.
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End-fixity factor r of beams:

rBC ¼ rCB ¼
1

1þ ð3EIbx=RLÞ ¼
1

1þ 3ð200� 103Þ485� 106

ð2:8� 1010Þ8500

¼ 0:45

rCE ¼ rEC ¼
1

1þ ð3EIbx=RLÞ ¼
1

1þ 3ð200� 103Þ485� 106

ð1:7� 1010Þ8500

¼ 0:332

Carry-over factor for beams:

CBC ¼ CCB ¼ rBC=2 ¼ 0:45=2 ¼ 0:225 and CCE ¼ CEC ¼ rCE=2 ¼ 0:332=2 ¼ 0:166

End-fixity factor r of columns:

rAB ¼ rDC ¼
1

1þ 3EIcx=RL
¼ 1

1þ 3ð200� 103Þ48:9� 106

ð3� 109Þ4200

¼ 0:30

rFE ¼
1

1þ 3EIcx=RL
¼ 1

1þ 3ð200� 103Þ48:9� 106

ð1:75� 109Þ4200

¼ 0:20

rBA ¼ rCD ¼ rEF ¼ 1:0

Carry over factor for columns:

CBA ¼ CCD ¼ rAB=2 ¼ 0:30=2 ¼ 0:15, CEF ¼ rFE=2 ¼ 0:20=2 ¼ 0:10

Member stiffness factor:

Beams:

KBC ¼ KCB ¼
3rBC

4
 rBCrCB

� 4EI

L
¼ 3� 0:45

4
 0:452
� 4Eð485� 106Þ

8500
¼ 81,137E �mm3

KCE ¼ KEC ¼
3rCE

4
 rCErDE

� 4EI

L
¼ 3� 0:332

4
 0:3322
� 4Eð485� 106Þ

8500
¼ 58,441E �mm3

Columns:

KAB ¼ KDC ¼
3rAB

4
 rABrBA

� 4EI

L
¼ 3� 0:3

4
 1� 0:3
� 4Eð485� 106Þ

4200
¼ 11,328E �mm3

KBA ¼ KCD ¼
3rBA

4
 rBArAB

� 4EI

L
¼ 3� 1:0

4
 1:0� 0:30
� 4Eð48:9� 106Þ

4200
¼ 37,761E �mm3

KEF ¼
3rEF

4
 rEFrFE

� 4EI

L
¼ 3� 1:0

4
 1:0� 0:20
� 4Eð48:9� 106Þ

4200
¼ 36,767E �mm3

KFE ¼
3rFE

4
 rFErEF

� 4EI

L
¼ 3� 0:2

4
 1:0� 0:20
� 4Eð48:9� 106Þ

4200
¼ 7353:4E �mm3

Distribution factor:

Joint B:

DFBA ¼
KBA

KBA þ KBC

¼ 37,761E �mm3

37,761E �mm3 þ 81,137E �mm3
¼ 0:318 and DFBC ¼ 1
 0:318 ¼ 0:682

Joint C:

DFCB ¼
KCB

KCB þ KCD þ KCE

¼ 81,136E �mm3

81,136E �mm3 þ 37,761E �mm3 þ 58,441E �mm3
¼ 0:458

DFCE ¼
KCE

KCB þ KCD þ KCE

¼ 58,441E �mm3

81,136E �mm3 þ 37,761E �mm3 þ 58,441E �mm3
¼ 0:330

DFCD ¼ 1
 0:457
 0:330 ¼ 0:212
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Joint E:

DFEC ¼
KEC

KEC þ KEF

¼ 58441E �mm3

58441E �mm3 þ 36767E �mm3
¼ 0:614

DFEF ¼ 1
 0:614 ¼ 0:386

End moments of the beams under the gravity load:

M
ð0Þ
BC ¼ 
M

ð0Þ
CB ¼

wL2

12
� 3rBCð2
 rCBÞ

4
 rBCrCB

¼ 44:12ð8:5Þ2

12
� 3� 0:45ð2
 0:45Þ

4
 0:452
¼ 146:37 kN m

M
ð0Þ
CE ¼ 
M

ð0Þ
EC ¼

wL2

12
� 3rCEð2
 rECÞ

4
 rCErEC

¼ 44:12ð8:5Þ2

12
� 3� 0:332ð2
 0:332Þ

4
 0:3322
¼ 113:46 kN m

Following the procedure for the modified moment distribution method, the detailed moment dis-

tribution process is shown in Table 23.6 and the final moment distribution of the frame under the

gravity loads is shown in Figure 23.11. It can be seen from Figure 23.11 that the bending moment is not

distributed symmetrically due to the differences in connection stiffness between the two bays. The

maximum span moment for beam BC is located 4.01 m from joint B with a value of 296.25 kN m, while

the maximum span for beam CE is located 4.51 m from joint C with a value of 309.10 kN m. The axial

loads in the columns are found as

Pf AB
¼ wL

2
þMBC þMCB

L
¼ 44:12� 8:5

2
þ 48:01
 149:03

8:5
¼ 175:63 kN

Pf DC
¼ wL 
MBC þMCB

L
þMCE þMEC

L
¼ 44:12� 8:5
 48:01
 149:03

8:5
þ 139:55
 42:86

8:5

¼ 398:28 kN

Pf DC
¼ wL

2

MCE þMEC

L
¼ 44:12� 8:5

2

 139:55
 42:86

8:5
¼ 176:13 kN

23.4.3 First-Order Nonlinear Analysis of Semirigid Framed Structures

Computer-based analysis of semirigid framed structures can be generally achieved by modifying existing

programs of rigid frame analysis in one of two ways. The first method introduces additional ‘‘connection

elements’’ that model the beam-to-column connections, while the second method modifies the member

stiffness matrix to account for the connection flexibility. The application of the first approach is limited

to only computer-based analysis and design and is inconvenient for practical use because the beam–

column members are separated from the attached end-connections. Therefore, the second approach is

considered to be more general as the analysis and design of such structures can also be facilitated
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manually. Most research and engineering applications have adopted the second approach as the means

to incorporate semirigid connection behavior into frame analysis and design.

The implementation of the concept of end-fixity factor into frame analysis is straightforward. For an

existing rigid frame analysis computer program, only minor modifications to the member stiffness

matrix and the evaluation of member end-reactions due to applied member loads are required. The

elastic stiffness matrix of a member i with two semirigid end-connections having stiffness moduli R1 and

R2, as shown in Figure 23.6, can be represented by the stiffness matrix for the member taken to have rigid

end-connections modified by a correction matrix [21]; that is

K SR
i ¼ Si � Ce
i ð23:11Þ

where Ki
SR is the stiffness matrix of member i with semirigid end-connections taken into account, Si is

the stiffness matrix of the member taken to have rigid ends, and Ce
i is the required correction matrix.

For a planar beam–column element with six degrees of freedom, the matrices Si and Ce
i have the

following form:

Si ¼

EA

L
0 0


EA

L
0 0

12EI

L3

6EI

L2
0


12EI

L3

6EI

L2

4EI

L
0


6EI

L2

2EI

L

EA

L
0 0

sym
12EI

L3


6EI

L2

4EI

L

2
66666666666666666664

3
77777777777777777775

ð23:12Þ

Ce
i ¼

1 0 0 0 0 0

0
4r2 
 2r1 þ r1r2

4
 r1r2


2Lr1 1
 r2ð Þ
4
 r1r2

0 0 0

0
6 r1 
 r2ð Þ

L 4
 r1r2ð Þ
3r1 2
 r2ð Þ

4
 r1r2

0 0 0

0 0 0 1 0 0

0 0 0 0
4r1 
 2r2 þ r1r2

4
 r1r2

2Lr2 1
 r1ð Þ
4
 r1r2

0 0 0 0
6 r1 
 r2ð Þ

L 4
 r1r2ð Þ
3r2 2
 r1ð Þ

4
 r1r2

2
6666666666666664

3
7777777777777775

ð23:13Þ

where E is elastic modulus and L, A, and I are the length, cross-sectional area, and moment of inertia of

the member, respectively. The end-fixity factors r1 and r2 in Equation 23.13 are defined by Equation 23.7.

Knowing the semirigid beam–column member stiffness matrix from Equation 23.11 for specified values

of end-fixity factors reflecting connection stiffness, the analysis of frames with semirigid connections can

then be carried out directly using the conventional displacement method.

To take into account the nonlinear behavior of semirigid connections, an iterative procedure is applied

to obtain the solution. In each iteration, the member stiffness matrix Ki
SR is modified using the cor-

rection matrix Ce
i with updated end-fixity factors r. In addition, when there are member loads on

semirigid members, the equivalent joint loads that facilitate matrix analysis of the structure are updated

since member end-reactions are also functions of the end-fixity factors. The secant-stiffness-based

iterative procedure for the first-order analysis of semirigid frameworks accounting for the nonlinear
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behavior of connections defined by Equation 23.6 is described in the following [where subscript j (j¼ 1, 2)

denotes the two ends of semirigid member i]:

Step 1. Input data, including the nonlinear parameters and initial stiffness Re defining the specified

connections in the connection database. Set the iteration index k¼ 0 and assign connection

stiffness Rij
(k)¼Re .

Step 2. For each beam–column element i, update the end-fixity factors rij through Equation 23.7 and

compute the corresponding equivalent joint loads. Generate the correction matrix Ce
i and

member stiffness matrix Ki
SR through Equations 23.13 and 23.11, respectively.

Step 3. Assemble the structure stiffness matrix and solve for the nodal displacements, member forces,

and connection moments Mij
(k).

Step 4. Calculate connection rotations yij
(k)¼Mij

(k)/Rij
(k) and obtain the corresponding moments

M(yij
(k)) from Equation 23.6.

Step 5. Check convergence by comparing the connection moments Mij
(k) obtained through analysis

with the moments M(yij
(k)) calculated in Step 4; if jMij

(k)
M(yij
(k))j  e (a predefined tolerance),

then stop; otherwise, go to Step 6.

Step 6. Update connection secant stiffnesses Rij
(k)¼M(yij

(k))/yij
(k) and iteration index k¼ kþ 1, and

return to Step 2.

23.4.4 Second-Order Nonlinear Analysis of Semirigid Framed Structures

The stability of framed structures has long been a concern in the design of such structures. In current

design practice, this concern can be addressed by performing the so-called second-order P–D analysis for

frames. Unlike the first-order elastic analysis, in which the equilibrium and kinematic relationships of a

frame are established with respect to the undeformed geometry of the structure, the second-order elastic

analysis is associated with the interaction between forces and deformation of the structure. For that

reason, the second-order elastic analysis is referred to as geometrical nonlinear analysis. By inducing

additional stresses in the members and by causing the frame members to deform more, the second-order

effects (P–D and P–d), have a destabilizing effect on the structure. For rigid frames, the computer-based

second-order elastic analysis is often pursued as an iterative procedure and the stiffness matrix of each

member i with rigid ends is expressed as

K i ¼ Si þ Gi ð23:14Þ

where Si is the elastic stiffness matrix and is as shown in Equation 23.12 and Gi is the geometrical

stiffness matrix that accounts for the second-order effects and is expressed as

Gi ¼
N

L

0 0 0 0 0 0
6

5

L

10
0 
 6

5

L

10

2L2

15
0 
 L

10

 L2

30
0 0 0

sym:
6

5

 L

10

2L2

15

2
6666666666666664

3
7777777777777775

ð23:15Þ

where N is the axial force in the member (positive when the member is in tension).

Knowing that semirigid frames are more flexible than conventional rigid frames, the stability of

semirigid frames becomes even more a concern in the design of such structures. Together with con-

sideration of the nonlinear behavior of connections, the analysis of semirigid frames requires both

geometrical nonlinearity (second-order) and material nonlinearity (semirigid connection behavior)
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effects to be taken into account. The semirigid member stiffness matrices for second-order elastic

analysis can be obtained by modifying the corresponding stiffness matrices of rigid members as

follows [22]:

K SR
i ¼ SiCe
i þ GiCg
i ð23:16Þ

where the matrices Si, Ce
i, and Gi are as defined in Equations 23.12, 23.13, and 23.15,

respectively, and Cg
i is the correction matrix for the geometrical stiffness of the semirigid member and

is expressed as

Cg
i ¼

0 0 0 0 0 0

0 1 0 0 0 0

0 G32 G33 0 G35 G36

0 0 0 0 0 0

0 0 0 0 1 0

0 G62 G63 0 G65 G66

2
6666664

3
7777775

ð23:17Þ

where

G32 ¼ 
G35 ¼

4

5Lð4
 r1r2Þ2
8r2

1 r2 
 13r1r2
2 
 32r2

1 
 8r2
2 þ 25r1r2 þ 20

� �
G33 ¼

r1

5ð4
 r1r2Þ2
16r2

2 þ 25r1r2
2 
 96r1r2 þ 128r1 
 28r2

� �
G36 ¼

4r2

5ð4
 r1r2Þ2
16r2

1 
 5r2
1 r2 þ 9r1r2 
 28r1 þ 8r2

� �
G62 ¼ 
G65 ¼


4

5Lð4
 r1r2Þ2
8r1r2

2 
 13r2
1 r2 
 32r2

2 
 8r2
1 þ 25r1r2 þ 20

� �
G63 ¼

4r1

5ð4
 r1r2Þ2
16r2

2 
 5r1r2
2 þ 9r1r2 þ 8r1 
 28r2

� �
G66 ¼

r2

5ð4
 r1r2Þ2
16r2

1 þ 25r2
1 r2 
 96r1r2 
 28r1 þ 128r2

� �

in which r1 and r2 are end-fixity factors of the member as defined by Equation 23.7 and L is the length of

the member.

Since the correction matrices Ce
i and Cg
i that take into account the semirigid connection behavior

are in terms of end-fixity factors instead of connection stiffness, the stiffness matrix Ki
SR applies to a

beam–column member with any combination of pinned, semirigid, and rigid connections.

The secant-stiffness-based iterative procedure for the second-order analysis of semirigid frames, with

nonlinear behavior of connections taken into account, is readily developed through modification of the

first-order analysis procedure as described in the following:

Step 1. Input the data, including the parameters for the specified connections from Equation 23.6.

Set the iteration index k¼ 0, assign connection stiffnesses Rij
(k)¼Re , and set member axial

forces Ni
(k)¼ 0. Generate elastic stiffness matrix from Equation 23.12 for each member.

Step 2. Set iteration index k¼ kþ 1, update the end-fixity factors rij using Equation 23.7 for each

semirigid member i; evaluate member equivalent joint loads; calculate the correction matrices

Ce
i and Cg
i by Equations 23.13 and 23.17, respectively. Evaluate geometrical stiffness matrix

Gi based on Equation 23.15 and the axial force Ni
(k
1) from the previous iteration. Generate

the member stiffness matrix Ki
SR according to Equation 23.16 for each semirigid member.

Step 3. Assemble the structure stiffness matrix and solve for nodal displacements, member axial forces

Ni
(k), and connection moments Mij

(k).

Step 4. Calculate connection rotations yij
(k)¼Mij

(k)/Rij
(k) and obtain the corresponding moments

M(yij
(k)) from Equation 23.6.
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Step 5. Check for convergence for specified tolerances e1 and e2 by comparing the connection

moments Mij
(k) obtained through analysis with the moments M(yij

(k)) calculated in Step 23.4

and by also comparing the member axial forces Ni
(k) with the forces Ni

(k
1) from the previous

iteration; if jMij
(k)
M(yij

(k))j  e1 and jNij
(k)
Nij

(k
1)j  e2, then stop; otherwise, go to Step 6.

Step 6. Update connection secant stiffness Rij
(k)¼M(yij

(k))/yij
(k) and go back to Step 2.

With the adoption of the end-fixity factor defined in Equation 23.7 and the member stiffness matrix

Equation 23.16 accounting for both second-order effects and semirigid connection behavior, it is a

straightforward matter to modify linear elastic analysis computer programs for rigid frames to perform

second-order analysis of semirigid frames. Figure 23.12 illustrates a program flow chart for the second-

order analysis of semirigid frames.

Start

Input structural data and load conditions

Set axial force N = 0, iteration
index k = 0, and �1 = �2 = 10–6

Semirigid frame?

Nonlinear connection
stiffness?

Calculate end-fixity factor rj from
Equation 23.7 based on input
linear connection stiffness R

Rigid frame analysis set
end-fixity factor rj = 1

Evaluate equivalent
joint loads

k = k + 1, form member
stiffness and correction

matrices in Equation 23.16 
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FIGURE 23.12 Flowchart of second-order semirigid frame elastic analysis.

23-24 Handbook of Structural Engineering

Copyright 2005 by CRC Press



23.4.5 Modification of Column Effective-Length Factor

The determination of column strength is of primary importance in the design of framed structures. The

strength and stability of a frame and its columns are interrelated. The effective-length concept for eval-

uating column strength in rigid frames used to be the primary method to evaluate the stability of columns

of frames. According to this concept, the strength of a column is evaluated from that of an equivalent pin-

ended member of length KL, subject to axial load only, by means of a so-called K factor found as

K ¼
ffiffiffiffiffiffi
Pe

Pcr

r
ð23:18Þ

where Pe¼ p2 EI/L2is the Euler buckling load of the pinned-end column, in which L is the length of the

column and I is the moment of inertia of the column section about the axis of bending, and Pcr is the

buckling load of the end-restrained column. For a laterally braced semirigid column, the corresponding

effective-length factor based on Newmark’s approximation [23] can be expressed in terms of column

end-fixity factors r1 and r2 defined in Equation 23.7 as

K ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2ð1
 r1Þ þ 6r1½ � � p2ð1
 r2Þ þ 6r2½ �
p2ð1
 r1Þ þ 12r1½ � � p2ð1
 r2Þ þ 12r2½ �

s
ð23:19Þ

Equation 23.19 yields K factor values having a maximum error of less than 4% compared to corre-

sponding theoretically correct values.

The effective-length factor concept is considered to be an essential part of many analysis procedures,

and a corresponding alignment chart approach is recommended by almost all current design standards

[1–4]. The idealizations and assumptions associated with the approach are as follows:

1. All beams and columns are purely elastic.

2. All members have constant cross-section.

3. All joints are rigid.

4. For braced (sidesway inhibited or sway prevented) frames, rotations at opposite ends of the

restraining beams are equal in magnitude, producing single-curvature bending.

5. For unbraced (sidesway uninhibited or sway permitted) frames, rotations at opposite ends of the

restraining beams are equal in magnitude, producing reverse-curvature bending.

6. The stiffness parameters L
ffiffiffiffiffiffiffiffiffiffi
P=EI

p
of all columns are equal.

7. Joint restraint is distributed to the column above and below the joint in proportion to the I/L

values for the two columns.

8. All columns buckle simultaneously.

9. No significant axial compression force exists in the beams.

Based on the foregoing assumptions, the effective-length factor K of a column in a braced frame is

determined from the following equation:

GUGL

4

p
K

� �2

þGU þ GL

2
1
 p=K

tanp=K

� �
þ 2

tanp=K

p=K

� �
¼ 1 ð23:20Þ

For an unbraced frame, the current Canadian standard CSA S16 [3] takes sway effects into account

directly by using K¼ 1.0 for columns and performing a second-order elastic analysis under actual and

notional loads (i.e., in lieu of using the traditional effective-length factor to account for frame stability,

as is permitted by the American design specifications [1,2]). Following the alignment chart approach,

the K factor for a column in an unbraced frame is determined from the following equation:

GUGLðp=K Þ2 
 36

6ðGU þ GLÞ
¼ p=K

tan p=K

� �
ð23:21Þ
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In Equations 23.20 and 23.21, GU and GL are the stiffness factors for the upper and lower ends of the

column, respectively. A stiffness factor G is defined as

G ¼
P
ðIc=LcÞP
ðIb=LbÞ

ð23:22Þ

where the summation is taken over all members connected to the joint, Ic is the moment of inertia of the

column section corresponding to the plane of buckling, Lc is the unsupported length of the column, Ib is

the moment of inertia of the beam/girder section corresponding to the plane of buckling, and Lb is the

unsupported length of the beam/girder. Having the stiffness factors GU and GL evaluated in accordance

with Equation 23.22, the effective-length factor K of a column in a braced or unbraced frame can be

obtained from the applicable alignment charts developed from Equations 23.20 and 23.21.

The evaluation of the effective-length factor K for columns in semirigid frames can be conveniently

achieved by pursuing the foregoing approach for rigid frames with a necessary modification to account

for connection flexibility when calculating a stiffness factor as

G ¼
P
ðIc=LcÞP
ðabIb=LbÞ

ð23:23Þ

where ab is a modification factor applied to the moment of inertia Ib of the restraining beams that can be

expressed as a function of the end-fixity factors associated with each restraining beam depending on

whether the frame is of braced or unbraced frames. For braced semirigid frames

ab ¼
3r1ð2
 r2Þ

4
 r1r2

ð23:24Þ

while for unbraced semirigid frames

ab ¼
r1ð2þ r2Þ
4
 r1r2

ð23:25Þ

where the end-fixity factors r1 and r2 in Equations 23.24 and 23.25 correspond to the so called ‘‘near end’’

and ‘‘far end,’’ respectively, of the beam. In the case where the ‘‘far end’’ of the restraining beam is

connected to a rotation-restrained support instead of a column, the corresponding modification factors

for braced and unbraced semirigid frames are

ab ¼
6r1

4
 r1r2

ð23:26Þ

ab ¼
2r1

4
 r1r2

ð23:27Þ

As the modification factor ab is expressed by the end-fixity factors, beams with pinned, semirigid, and

rigid connections can all be considered. For instance, Equation 23.24 will yield a value of 1.5 for the

modification factor ab for a beam in a braced frame with a rigid connection at the ‘‘near end’’ (r1¼ 1)

and a pinned connection at the ‘‘far-end’’ (r2¼ 0). If the ‘‘near end’’ connection is a pinned connection

(r1¼ 0), the corresponding modification factor ab becomes zero, which indicates the beam does not

provide any rotational restraint to the connected column.

Having the modification factor value ab based on the end-fixity of the restraining beams, the stiffness

factors for the upper and lower ends of the column can be calculated according to Equation 23.23. The

corresponding column effective-length factor is then obtained from the applicable alignment chart.

However, unlike that for the rigid frame case, in which the effective-length factor of a column is
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evaluated regardless of the applied loads, the rotational stiffnesses of beam-to-column connections in

semirigid frames are interrelated to the loads and, hence, so are the end-fixity factors rj (j¼ 1, 2) and

modification factors ab. As a frame is loaded, the connection stiffness and, thus, the restraint provided

to the columns gradually decreases, causing the column effective-length factor to increase.

Consequently, the effective-length factor of the column in a semirigid frame must be evaluated for each

applied load case.

EXAMPLE 23.3

The 11-storey unbraced frame shown in Figure 23.13 is analyzed using the second-order elastic analysis

approach presented earlier, with the intention to illustrate frame behavior due to the interaction of

second-order effects and the semirigid behavior of the beam-to-column connections. All of the beam-to-

column connections of the frame are assumed to be identical.

In order to trace the effect of semirigid behavior on geometric second-order effects, nine (9) analyses

were conducted for the frame with the end-fixity factor decreasing in decrements of 0.1 from that for a

rigid connection (r¼ 1.0) to that for a flexible connection (r¼ 0.2). The frame was analyzed with and

without considering second-order effects for each case. The lateral deflection obtained at the roof level

for each case is presented in Table 23.7 along with the values of the end-fixity factor, the corresponding
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FIGURE 23.13 Example 3: two-bay 11-story semirigid steel frame.
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stiffness ratio RL/EI, and the connection stiffness. Figure 23.14 shows that as the end-fixity factor

decreases, the lateral deflection due to second-order effects increases significantly, thus intensifying the

second-order effects considerably.

Increasing the lateral deflection limit for serviceability, H/500, by a factor of 1.35 to account for

factored loads gives a roof lateral deflection limit of 125 mm. As shown in Table 23.7, the lateral

deflection obtained from the first-order rigid frame analysis (r¼ 1.0) is 125 mm, which satisfies the

deflection limit. Also note from Table 23.7 that the lateral deflection of the frame is 145 mm for first-

order semirigid analysis with the value of end-fixity factor r¼ 0.9. This deflection is greater than the 140 mm

obtained when second-order effects are considered for the rigid frame case (r¼ 1.0). Also note that the

value of the stiffness ratio RL/EI¼ 27 for r¼ 0.9. According to the LRFD and Eurocode 3 connection

classifications, connections are classified as rigid when the values of RL/EI are equal or greater than 20

(r¼ 0.87) or 25 (r¼ 0.89), respectively. Because the value of RL/EI is within the range for rigid con-

nections used in typical building design, this demonstrates that the influence of the beam-to-column

connection behavior on frame deflection may be more significant than the second-order effects. In turn,

this perhaps suggests that a value of the end-fixity factor less than 1.0 should be used in mid- to high-rise

rigid steel frame design where the beam-to-column connections are classified as rigid connections.

It is also observed from Figure 23.14 that for semirigid beams with an end-fixity factor value less than

0.75, an increase in the value of the end-fixity factor due to an increase in connection stiffness would

result in appreciable decrease in the lateral deflection of the frame; such an effect can be substantial for

flexible beam-to-column connections (r 0.4 or RL/EI 2, equivalently). However, for nearly rigid

connections (r� 0.75), further increase in the end-fixity factor has a trivial effect on the deflection.

A similar phenomenon is also observed for the strength of columns in the frame. Figure 23.15 illustrates

TABLE 23.7 Lateral Deflection of Two-Bay 11-Story Steel Frame

End-fixity

factor (r)

Stiffness

ratio (RL/EI)

Connection

stiffness (N/mm/rad)

Lateral

deflection D1,

first-order

analysis (mm)

Lateral

deflection D2,

second-order

analysis (mm)

D2

D1

1.0 ? ? 125 140 1.12

0.9 27.00 4.723� 1011 145 165 1.14

0.8 12.00 2.099� 1011 168 196 1.17

0.7 7.00 1.225� 1011 197 237 1.20

0.6 4.50 7.872� 1010 235 293 1.25

0.5 3.00 5.248� 1010 286 377 1.32

0.4 2.00 3.499� 1010 358 514 1.44

0.3 1.29 2.249� 1010 478 780 1.66

0.2 0.75 1.312� 1010 675 1531 2.27
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FIGURE 23.14 Lateral deflection increase due to second-order effects of 11-story frame.
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the influence of beam end-fixity on the strength of the interior column (WWF400� 274) between the

third and fourth floors, in which the strength of the column is calculated based on LRFD with steel yield

stress 350 MPa. Considering the relationship between the end-fixity factor and connection stiffness

shown in Figure 23.9, it is concluded that it is important and economical to consider the semi-

rigid behavior of connections in the design of unbraced steel frames having flexible beam-to-column

connections.

This study also finds that the buckling load capacity of the frame increases considerably as the

end-fixity factors increase from zero to 0.4 for beam-to-column connections. For an unbraced frame

having flexible connections having a low value of connection stiffness, even a small increase in the

stiffness would result in an appreciable increase in the end-fixity factor, which consequently causes a

significant increase in the buckling load capacity. In practice, pinned connections always have some

rotational stiffness, which considerably benefits the load capacity of the frame. Conversely, reducing

the connection stiffness from rigid connection with full fixity (e.g., from r¼ 1.0 to 0.75) will result

in an insignificant decrease in the critical buckling loads. This is because large reductions in

connection stiffness from rigid frames are shown to have little effect on the frame stability in that a

large change to the stiffness of rigid connections will result in only a small change in the end-fixity

factor, as shown in Figure 23.9. Consequently, potential savings in connection cost may be achieved

from the replacement of rigid connections with semirigid connections. Therefore, considering the

behavior of semirigid connections in frame stability can produce more appropriate and economical

designs.

Glossary

ASD — Allowable stress design.

LRFD — Load and resistance factor design.

Beam-to-column connection — A connection that connects a beam to a column.

Braced frame — A frame to which lateral translation is prevented by a system of bracing.

Connection rotation capacity — The angular rotation that a connection can undergo prior to local

failure.

Effective-length factor — The ratio between the effective length and the unbraced length of a member.

End-fixity factor — The factor that defines the rotational stiffness of an end-connection relative to that

of the attached member.

First-order elastic analysis — Structural analysis based on linear elastic deformation, in which equi-

librium conditions are formulated with respect to the undeformed structure.

M–� relationship — The relationship between moment and rotation of a connection.

P–1 effect — Secondary effect of axial loads and lateral deflection on the moments in members.

Rigid frame — A structure in which connections maintain the angular relationship between beam and

column members under load.
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FIGURE 23.15 Interior column strength versus end-fixity factor.
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Second-order elastic analysis — Structural analysis based on second-order elastic deformation, in

which equilibrium conditions are formulated with respect to the deformed structure.

Unbraced frame — A frame in which the lateral deflection is not prevented by a system of bracing.
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24
Space Frame

Structures

24.1 Introduction to Space Frame Structures

24.1.1 General Introduction

A growing interest in space frame structures has been witnessed worldwide over the last half-century.

The search for new structural forms to accommodate large unobstructed areas has always been the main

objective of architects and engineers. With the advent of new building techniques and construction

materials, space frames frequently provide the right answer and satisfy the requirements for lightness,

economy, and speedy construction. Significant progress has been made in the process of development of

space frame. A large amount of theoretical and experimental research programs were carried out by

many universities and research institutions in various countries. As a result, a great deal of useful

information has been disseminated, and fruitful results have been put into practice.

In the past few decades, the proliferation of space frame was mainly due to its great structural potential

and visual beauty. New and imaginative applications of space frames are being demonstrated in the

total range of building types, such as sports arenas, exhibition pavilions, assembly halls, transportation

terminals, airplane hangars, workshops, and warehouses. They have been used not only on long-span

roofs, but also on mid- and short-span enclosures as roofs, floors, exterior walls, and canopies. Many
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interesting projects have been designed and constructed all over the world using a variety of

configurations.

Some important factors that influence the rapid development of space frame can be cited as follows.

First of all, the search for large indoor space has always been the focus of human activities. Consequently,

sports tournaments, cultural performances, mass assemblies, and exhibitions can be held under one roof.

The modern production and the needs of greater operational efficiency also created demand for large

space with minimum interference from internal supports. Space frame provides the benefit that the

interior space can be used in a variety of ways and thus is ideally suited for such requirements.

Space frames are highly statically indeterminate, and their analysis leads to extremely tedious com-

putation if done by hand. The difficulty of the complicated analysis of such a system has contributed to

its limited use. The introduction of the electronic computer has radically changed the whole approach to

the analysis of space frames. By using computer programs, it is possible to analyze very complex space

structures with great accuracy and less time involved.

Last, the space frame has also the problem of connecting a large number of members (sometimes up

to 20) in space through different angles at a single point. The emergence of several connecting methods

of proprietary systems has made great improvement in the construction of space frame, which offers

simple and efficient means for making connection of members. The exact tolerances required by these

jointing systems can be achieved in the fabrication of the members and joints.

24.1.2 Definition of Space Frame

If one looks at technical literature on structural engineering, one finds that the meaning of the space

frame has been very diverse or even confusing. In a very broad sense, space frame is literally a three-

dimensional structure. However, in a more restricted sense, space frame means some type of special

structural action in three dimensions. Sometimes, structural engineers and architects fail to convey what

they really mean by the term. Thus it is appropriate to define here the term space frame as understood

throughout this section. It is best to quote a definition given by a Working Group on Spatial Steel

Structures of the International Association on Shell and Spatial Structures [1]:

A space frame is a structure system assembled of linear elements so arranged that forces are

transferred in a three-dimensional manner. In some cases, the constituent element may be two-

dimensional. Macroscopically a space frame often takes the form of a flat or curved surface.

It should be noted that virtually the same structure defined as space frame here is referred to as latticed

structures in a state-of-the-art report prepared by the Task Committee on Latticed Structures [2], which

states

A latticed structure is a structure system in the form of a network of elements (as opposed to a

continuous surface). Rolled, extruded or fabricated sections comprise the member elements.

Another characteristic of latticed structural system is that their load-carrying mechanism is three-

dimensional in nature.

The American Society of Civil Engineers (ASCE) report also specifies that the three-dimensional

character includes flat surfaces with loading perpendicular to the plane as well as curved surfaces. The

Report excludes structural systems such as common trusses on building frames, which can appropriately

be divided into a series of planar frameworks with loading in the plane of the framework. In this section

the terms ‘‘space frames’’ and ‘‘latticed structures’’ are considered synonymous.

A space frame is usually arranged in an array of single, double, or multiple layers of intersecting

members. Some authors define space frames only as double-layer grids. A single-layer space frame that

has the form of a curved surface is termed as braced vault, braced dome, or latticed shell.

Occasionally, the term space truss appears in the technical literature. According to the structural

analysis approach, a space frame is analyzed by assuming rigid joints that cause internal torsions and

moments in the members, whereas a space truss is assumed as hinged joints and therefore has no internal
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member moments. The choice between space frame and space truss action is mainly determined by the

joint-connection detailing and the member geometry is no different for both. However, in engineering

practice, there are no absolutely rigid or hinged joints. For example, a double-layer flat surface space

frame is usually analyzed as hinged connections, while a single-layer curved surface space frame may be

analyzed either as hinged or as rigid connections. The term ‘‘space frame’’ will be used to refer to both

space frames and space trusses.

24.1.3 Basic Concepts

The space frame can be formed on either a flat or a curved surface. The earliest form of space frame

structure is single-layer grid. By adding intermediate grids and including rigid connection to the joist

and girder framing system, the single-layer grid is formed. The major characteristic of grid construction

is the omnidirectional spread of the load as opposed to the linear transfer of the load in an ordinary

framing system. Since such load transfer is mainly by bending, for larger spans the bending stiffness is

increased most efficiently by changing to a double-layer system. The load transfer mechanism of a curved

surface space frame is essentially different from the grid system that is primarily membrane-like action.

The concept of space frame can be best explained by the following example.

It is necessary to design a roof structure for a square building. Figure 24.1a and b shows two different

ways of roof framing. The roof system shown in Figure 24.1a is a complex roof composed of planar

latticed trusses. Each truss resists the load acting on it independently and transfers the load to the

columns on each end. To ensure the integrity of the roof system, usually purlins and bracings are used

between trusses. In Figure 24.1b latticed trusses are laid orthogonally to form a system of space latticed

grids that will resist the roof load through its integrated action as a whole and transfer the loads to the

columns along the perimeters. Since the loads can be taken by the members in three dimensions,

the corresponding forces in space latticed grids are usually less than that in planar trusses and hence the

depth can be decreased in a space frame.

Purlin

Latticed
truss

Bracing

(a) (b)

FIGURE 24.1 Roof framing for a square plan.
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The same concept can be observed in the design of a circular dome. Again, there are two different ways

of framing a dome. The dome shown in Figure 24.2a is a complex of elements like arches, primary and

secondary beams, and purlins, which all lie in a plane. Each of these elements constitutes a system that is

stable by itself. In contrast, the dome shown in Figure 24.2b is an assembly of a series of longitudinal,

meridional, and diagonal members, a form of latticed shell. It is a system whose resisting capacity is

ensured only through its integral action as a whole.

The difference between planar structures and space frames can be understood also by examining the

sequence of flow of forces. In a planar system, the force due to the roof load is transferred successively

through the secondary elements, the primary elements, and then finally to the foundation. In each case,

loads are transferred from the elements of lighter class to the elements of heavier class. As the sequence

proceeds, the magnitude of the load to be transferred increases, so does the span of the element. Thus,

elements in a planar structure are characterized by their distinctive ranks, not only by the size of their

cross-sections but also by the importance of the task assigned to them. In contrast, in a space system

there is no sequence of load transfer, and all elements contribute to the task of resisting the roof load in

accordance with the three-dimensional geometry of the structure. For this reason, the ranking of the

constituent elements similar to planar structures is not observed in a space frame.

24.1.4 Advantages of Space Frames

1. One of the most important advantages of a space structure is its lightweight. This is mainly due to

the fact that material is distributed spatially in such a way that the load transfer mechanism is

primarily axial — tension or compression. Consequently, all material in any given element is

utilized to its full extent. Furthermore, most space frames are now constructed with steel or

aluminum, which decreases considerably their self-weight. This is especially important in the case

of long-span roofs, which led to a number of notable examples of applications.

2. The units of space frames are usually mass produced in the factory so that they can take full

advantage of the industrialized system of construction. Space frames can be built from simple

prefabricated units, which are often of standard size and shape. Such units can be easily

transported and rapidly assembled on site by semi-skilled labor. Consequently, space frames can

be built at a lower cost.

Secondary
beam

Beam

Beam

Arch

(a) (b)

Purlin

FIGURE 24.2 Roof framing for a Circular Dome.
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3. A space frame is usually sufficiently stiff in spite of its lightness. This is due to its

three-dimensional character and to the full participation of its constituent elements. Engineers

appreciate the inherent rigidity and great stiffness of space frames and their exceptional ability to

resist unsymmetrical or heavy concentrated load. Possessing greater rigidity, the space frames

allow also greater flexibility in layout and positioning of columns.

4. Space frames possess a versatility of shape and form and can utilize a standard module to generate

various flat space grids, latticed shell, or even free-form shapes. Architects appreciate the visual

beauty and the impressive simplicity of lines in space frames. A trend is very noticeable in which

the structural members are left exposed as a part of the architectural expression. Desire for

openness for both visual impact as well as the ability to accommodate variable space requirements

always calls for space frames as the most favorable solution.

24.1.5 Preliminary Planning Guidelines

In the preliminary stage of planning a space frame to cover a specific building, a number of factors

should be studied and evaluated before proceeding to structural analysis and design. These include not

only structural adequacy and functional requirements but also the esthetic effect desired.

1. In its initial phase, structural design consists of choosing the general form of the building and the

type of space frame appropriate to this form. Since a space frame is assembled of straight, linear

elements connected at nodes, the geometrical arrangement of the elements — surface shape,

number of layers, grid pattern, etc. — needs to be studied carefully in the light of various pertinent

requirements.

2. The geometry of the space frame is an important factor to be planned, which will influence both

the bearing capacity and the weight of the structure. The module size is developed from the overall

building dimensions, while the depth of the grid (in the case of double-layer), the size of cladding,

and the position of the supports will also have a pronounced effect upon it. For curved surface, the

geometry is also related to the curvature, or more specifically to the rise of the span. A compromise

between these various aspects usually has to be made to achieve a satisfactory solution.

3. In a space frame, connecting joints play an important role, both functional and esthetic, which

derives from their rationality during construction and after completion. Since joints have a

decisive effect on the strength and stiffness of the structure and compose around 20 to 30% of the

total weight, joint design is critical to space frame economy and safety. These are quite a few

proprietary systems that are used for space frame structures. They should be selected on the basis

of quality, cost, and erection efficiency. In addition, custom-designed space frames have been

developed, especially for long-span roofs. Regardless of the type of space frame, the essence of any

system is the jointing system.

4. At the preliminary stage of design, the choosing of the type of space frames has to be closely related

with the constructional technology. The space frames do not have such a sequential order of

erection for planar structures and require special consideration on the method of construction.

Usually, a complete falsework has to be provided so that the structure can be assembled in the high

position. Alternatively, the structure can be assembled on the ground, and a certain technique can

be adopted to lift the whole structure, or its major part, to the final position.

24.2 Double-Layer Grids

24.2.1 Types and Geometry

Double-layer grids, or flat surface space frames, consist of two planar networks of members forming the

top and bottom-layers parallel to each other and interconnected by vertical and inclined web members.

Double-layer grids are characterized by hinged joints with no moment or torsional resistance; therefore,
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all members can only resist tension or compression. Even in the case of connection by comparatively

rigid joints, the influence of bending or torsional moment is insignificant.

Double-layer grids are usually composed of basic elements such as

1. Planar latticed truss.

2. A pyramid with a square base that is essentially a part of an octahedron.

3. A pyramid with a triangular base (tetrahedron).

The basic elements used for various types of double-layer grids are shown in Figure 24.3.

Several types of double-layer grids can be formed by these basic elements. They are developed by

varying the direction of the top and bottom-layers with respect to each other and also by the positioning

of the top-layer nodal points with respect to the bottom-layer nodal points. Additional variations can be

introduced by changing the size of the top-layer grid with respect to the bottom-layer grid. Thus,

internal openings can be formed by omitting every second element in a normal configuration. According

to the form of basic elements, double-layer grids can be divided in two groups, latticed grids and space

grids. The latticed grids consist of intersecting vertical latticed trusses and form a regular grid. Two

parallel grids are similar in design, with one layer directly over the top of another. Both top and bottom

grids are directionally the same. The space grids consist of a combination of square or triangular

pyramids. This group covers the so-called offset grids, which consist of parallel grids having an identical

layout with one grid offset from the other in plane but remaining directionally the same, as well as the

so-called ‘‘differential’’ grids in which two parallel top and bottom grids are of a different layout but

are chosen to coordinate and form a regular pattern [3].

The type of double-layer grid can be chosen from the following most commonly used framing systems,

which are shown in Figure 24.4a through j. In Figure 24.4, top chord members are depicted with heavy

solid lines, bottom chords are depicted with light solid lines, and web members are depicted with dashed

lines, while the upper joints are depicted by hollow circles and the bottom joints by solid circles.

Different types of double-layer grids are grouped and named according to their composition, and the

names in the parentheses indicate those suggested by other authors.

� Group 1: composed of latticed trusses

A. Two-way orthogonal latticed grids (square on square) (Figure 24.4a). This type of latticed grid

has the advantage of simplicity in configuration and in joint detail. All chord members are of

the same length and lie in two planes that intersect at 90� to each other. Because of its weak

torsional strength, horizontal bracings are usually established along the perimeters.

B. Two-way diagonal latticed grids (Figure 24.4b). The layout of the latticed grid is exactly the

same as in type 1, except that it is offset by 45� from the edges. The latticed trusses have

different spans along two directions at each intersecting joint. Since the depth is all the same,

the stiffness of each latticed truss varies according to its span. The latticed trusses of shorter

span may be considered as a kind of support for latticed trusses of longer span, hence more

spatial action is obtained.

(a) (b) (c)

FIGURE 24.3 Basic elements of double-layer grids.
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(a) (b)

(c) (d)

(e) (f)

(g)

(i)

(h)

(j)

FIGURE 24.4 Framing system of double-layer grids.
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3. Three-way latticed grids (Figure 24.4c). All chord members intersect at 60� to each other and

form equilateral triangular grids. It is a stiff and efficient system that is adaptable to odd shapes

like circular and hexagonal plans. The joint detail is complicated by numerous members

intersecting at one point, with 13 members in extreme cases.

4. One-way latticed grids (Figure 24.4d). It is composed of a series of mutually inclined latticed

trusses to form a folded shape. There are only chord members along the spanning direction,

therefore one-way action is predominant. As in type 1, horizontal bracings are necessary along

the perimeters to increase the integral stiffness.
� Group 2A: composed of square pyramids

5. Orthogonal square pyramid space grids (square on square offset) (Figure 24.4e). This is one of

the most commonly used framing patterns with top-layer square grids offset over bottom-

layer grids. In addition to the equal length of both top and bottom chord members, if the angle

between the diagonal and chord members is 45�, then all members in the space grids will have

the same length. The basic element is a square pyramid that is used in some proprietary

systems as prefabricated units to form this type of space grid.

6. Orthogonal square pyramid space grids with openings (square on square offset with internal

openings, square on larger square) (Figure 24.4f). The framing pattern is similar to that of type

5, except that the inner square pyramids are removed alternatively to form larger grids in the

bottom-layer. This modification will reduce the total number of members and consequently

the weight. It is also visually effective as the extra openness of the space grids network produces

an impressive architectural effect. Skylights can be used with this system.

7. Differential square pyramid space grids (square on diagonal) (Figure 24.4g). This is a typical

example of differential grids. The two planes of the space grids are at 45� to each other, which

will increase the torsional stiffness effectively. The grids are arranged orthogonally in the top-

layer and diagonally in the bottom-layer. It is one of the most efficient framing systems with

shorter top chord members to resist compression and longer bottom chords to resist tension.

Even with the removal of a large number of members, the system is still structurally stable and

esthetically pleasing.

8. Diagonal square pyramid space grids (diagonal square on square with internal openings, diagonal

on square) (Figure 24.4h). This type of space grid is also of the differential layout but with

a reverse pattern from type 7. It is composed of square pyramids connected at their apices

with fewer members intersecting at the node. The joint detail is relatively simple since there

are only six members connecting at the top chord joint and eight members at the bottom

chord joint.
� Group 2B: composed of triangular pyramids

9. Triangular pyramid space grids (triangle on triangle offset) (Figure 24.4i). Triangular pyramids

are used as basic elements and connected at their apices, thus forming a pattern of top-layer

triangular grids offset over bottom-layer grids. If the depth of the space grids is equal to
p

2
3

chord length, then all members will have the same length.

10. Triangular pyramid space grids with openings (triangle on triangle offset with internal openings)

(Figure 24.4j). Like type 6, the inner triangular pyramids may also be removed alternatively.

As in the figure shown, triangular grids are formed in the top-layer, while triangular and

hexagonal grids are formed in the bottom-layer. The pattern in the bottom-layer may be

varied depending on the ways of removal. This type of space grids has a good open feeling, and

the contrast of the patterns is effective.

24.2.2 Type Choosing

In the preliminary stage of design, it is most important to choose an appropriate type of double-layer

grid that will have direct influence on the overall cost and speed of construction. It should be determined

comprehensively by considering the shape of building plan, size of span, supporting conditions,
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magnitude of loading, roof construction, and architectural requirements. In general, the system should

be chosen so that the space grid is built of relatively long tension members and short compression

members.

In choosing the type, the steel weight is one of the important factors for comparison. If possible, the

cost of the structure should also be taken into account, which is complicated by the different costs of

joint and member. By comparing the steel consumption of various types of double-layer grids with

rectangular plan and supported along perimeters, it was found that the aspect ratio of the plan, defined

here as the ratio of longer span to shorter span, has more influence than the span of the double-layer

grids. When the plan is square or nearly square (aspect ratio¼ 1 to 1.5), two-way latticed grids and all

space grids of group 2A, that is, types 1, 2, and 5 through 8, could be chosen. Of these types, the diagonal

square pyramid space grid or differential square pyramid space grid has the minimum steel weight.

When the plan is comparatively narrow (aspect ratio¼ 1.5 to 2), then those double-layer grids with the

orthogonal grid system in the top-layer will consume less steel than those with the diagonal grid system.

Therefore, two-way orthogonal latticed grids, orthogonal square pyramid space grids, and also those

with openings and differential square pyramid space grids, that is, types 1, 5, 6, and 7, could be chosen.

When the plan is long and narrow, the one-way latticed grid is the only choice. For square or rectangular

double-layer grids supported along perimeters on three sides and free on the other side, the selection of

the appropriate types for different cases is essentially the same. The boundary along the free side should

be strengthened by increasing either the depth or the number of layers. An individual supporting

structure like truss or girder along the free side is not necessary.

In case the double-layer grids are supported on intermediate columns, one could choose from two-way

orthogonal latticed grids, orthogonal square pyramid space grids, and also those with openings, that is,

types 1, 5, and 6. If the supports for multispan double-layer grids are combined with those along

perimeters, then two-way diagonal latticed grids and diagonal square pyramid space grids, that is, types 2

and 8, could also be used.

For double-layer grids with circular, triangular, hexagonal, and other odd shapes supporting along

perimeters, types with triangular grids in the top-layer, that is, types 3, 9, and 10, are appropriate for use.

The recommended types of double-layer grids are summarized in Table 24.1 according to the shape of

the plan and their supporting conditions.

24.2.3 Method of Support

Ideal double-layer grids would be square, circular, or other polygonal shapes with overhanging and

continuous supports along perimeters. This approaches more of a plate type of design, which minimizes

the maximum bending moment. However, the configuration of building has a great number of varieties,

and the support of the double-layer grids can take the following locations:

1. Support along perimeters. This is the most commonly used support location. The supports of

double-layer grids may directly rest on the columns or on ring beams connecting the columns or

TABLE 24.1 Type Choosing for Double-Layer Grids

Shape of the plan Supporting condition Recommended types

Square, rectangular, aspect ratio¼ 1–1.5 Along perimeters 1, 2, 5–8

Rectangular, aspect ratio¼ 1.5–2 Along perimeters 1, 5–7

Long strip, aspect ratio> 2 Along perimeters 4

Square, rectangular Intermediate support 1, 5, 6

Square, rectangular Intermediate support combined with

support along perimeters

1, 2, 5, 6, 8

Circular, triangular,

hexagonal, and other odd shapes

Along perimeters 3, 9, 10
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exterior walls. Care should be taken that the module size of grids should match the column

spacing.

2. Multicolumn supports. For single-span buildings, like sports hall, double-layer grids can be

supported on four intermediate columns as shown in Figure 24.5a. For buildings like workshops,

usually multispan columns in the form of grids as shown in Figure 24.5b are used. Sometimes the

column grids are used in combination with supports along perimeters as shown in Figure 24.5c.

Overhangs should be employed where possible in order to provide some amount of stress reversal

to reduce the interior chord forces and deflections. For those double-layer grids supported on

intermediate columns, it is best to design with overhangs, which are taken as quarter to one third

of the midspan. Corner supports should be avoided if possible, since this cause large forces in the

edge chords. If only four supports are to be provided, then it is more desirable to locate them in

the middle of the sides rather at the corners of the building.

3. Support along perimeters on three sides and free on the other side. For buildings of rectangular

shape, it is necessary to have one side open, such as in the case of airplane hangar or for future

extension. Instead of establishing the supporting girder or truss on the free side, triple-layer grids

can be formed by simply adding another layer of several module widths (Figure 24.6). For shorter

spans, this can also be solved by increasing the depth of the double-layer grids. The sectional area

of the members along the free side will increase accordingly.

The columns for double-layer grids must support gravity loads and possible lateral forces. Typical

types of support on multicolumns are shown in Figure 24.7. Usually, the member forces around the

support will be excessively large, and some means of transferring the loads to column is necessary. It may

carry the space grids down to the column top by an inverted pyramid as shown in Figure 24.7a or by

triple-layer grids as shown in Figure 24.7b, which can be employed to carry skylights. If necessary, the

inverted pyramids may be extended down to the ground level as shown in Figure 24.7c. The spreading

out of the concentrated column reaction on the space grids reduces the maximum chord and web

member forces adjacent to the column supports and reduces the effective spans. The use of a vertical

strut on column tops as shown in Figure 24.7d enables the space grids to be supported on top chords,

but the vertical strut and the connecting joint have to be very strong. The use of crosshead beams on

(a) (b) (c)

FIGURE 24.5 Multicolumn supports.

FIGURE 24.6 Triple-layer grids on the free side.
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column tops as shown in Figure 24.7e produces the same effect as the inverted pyramid but usually

costs more in material and special fabrication.

24.2.4 Design Parameters

Before any work can proceed on the analysis of a double-layer grid, it is necessary to determine the depth

and the module size. The depth is the distance between the top and bottom-layers and the module is the

distance between two joints in the layer of the grid (see Figure 24.8). Although these two parameters

seem simple enough to determine, yet they will play an important role in the economy of the roof design.

There are many factors influencing these parameters, such as the type of double-layer grid, the span

between the supports, the roof cladding, and the proprietary system used. In fact, the depth and module

size are mutually dependent, which is related by the permissible angle between the center line of web

members and the plane of the top and bottom chord members. This should be less than 30�, or the forces

in the web members and the length will be relatively excessive, or greater than 60�, or the density of the

web members in the grid will become too high. For some of the proprietary systems, the depth and

module are standardized.

The depth and module size of double-layer grids are usually determined by practical experience. In

some of the papers and handbooks, figures on these parameters are recommended, and one may find

that the difference is quite large. For example, the span–depth ratio varies from 12.5 to 25, or even more.

It is usually considered that the depth of space frame can be relatively small when compared with more

conventional structures. This is generally true because double-layer grids produce smaller deflections

under load. However, depths that are small in relation to span will tend to use smaller modules, and

hence a heavier structure will result. In the design, almost unlimited possibilities exist in practice for the

choice of geometry. It is best to determine these parameters through structural optimization.

(b)(a)

(c) (d) (e)

FIGURE 24.7 Supporting columns.
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FIGURE 24.8 Depth and module.
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Work has been done on the optimum design of double-layer grids supported along perimeters. In an

investigation by Lan [4], seven types of double-layer grids were studied. The module dimension and

depth of the space frame are chosen as the design variables. The total cost is taken as the objective

function, which includes the cost of members and joints as well as of roofing systems and enclosing walls.

Such assumption makes the results realistic to a practical design. A series of double-layer grids of

different types spanning from 24 to 72 m were analyzed by optimization. It was found that the optimum

design parameters were different for different types of roof system. The module number generally

increases with the span, and the steel purlin roofing system allows larger module sizes than that of

reinforced concrete. The optimum depth is less dependent on the span and a smaller depth can be used

for steel purlin roofing system. It should be observed that a smaller member density will lead to a grid with

relatively few nodal points and thus the least possible production costs for nodes, erection expense, etc.

Through regression analysis of the calculated values by optimization method where the costs are

within the 3% optimum, the following empirical formulas for optimum span–depth ratio are obtained.

It was found that the optimum depths are distributed in a belt and all the span–depth ratios within this

range will have optimum effect in construction.

For roofing system composed of reinforced concrete slabs

L=d ¼ 12� 2 ð24:1Þ

and for roofing system composed of steel purlins and metal decks

L=d ¼ ð510� LÞ=34� 2 ð24:2Þ

where L is the short span and d is the depth of the double-layer grids.

Few data could be obtained from the past works. Regarding the optimum depth for steel purlin roofing

systems, Geiger suggested the span–depth ratio to be varied from 10 to 20 with less than 10% variation in

cost. Motro recommended a span–depth ratio of 15. Curves for diagonal square pyramid space grids

(diagonal on square) were given by Hirata et al., and an optimum ratio of 10 was suggested. In the earlier

edition of the Specifications for the Design and Construction of Space Trusses issued in China, the span–

depth ratio is specified according to the span. These figures were obtained through the analysis of the

parameters used in numerous design projects. A design handbook for double-layer grids also gives

graphs for determining upper and lower bounds of module dimension and depth. The relation between

depth and span obtained from Equation 24.2 and the relevant source is shown in Figure 24.9. For short

and medium spans, the optimum values are in good agreement with those obtained from experience. It

is noticeable that the span–depth ratio should decrease with the span, yet an increasing tendency is found

from experience, which gives irrational large values for long spans.

In the revised edition of the Specifications for the Design and Construction of Space Trusses issued in

China, appropriate values of module size and depth for commonly used double-layer grids simply

supported along the perimeters are given. Table 24.2 shows the range of module numbers of the top

chord and the span–depth ratios prescribed by the Specifications.

24.2.5 Cambering and Slope

Most double-layer grids are sufficiently stiff so that camber is often not required. Cambering is con-

sidered when the structure under load appears to be sagging and the deflection might be visually

undesirable. It is suggested that the cambering be limited to 1
300

of the shorter span. As shown in

Figure 24.10, cambering is usually done in (a) cylindrical, (b) ridge, or (c) spherical shape. If the grid is

being fabricated on site by welding, then almost any type of camber can be obtained as this is just a

matter of setting the joint nodes at the appropriate levels. If the grid components are fabricated in the

factory, then it is necessary to standardize the length of the members. This can be done by keeping

either the top or the bottom-layer chords at the standard length and altering the others either by

adding a small amount to the length of each member or subtracting a small amount from it to generate

the camber required.
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FIGURE 24.9 Relation between depth and span of double-layer grids.

TABLE 24.2 Module Number and Span–Depth Ratio

Reinforced concrete slab roofing system Steel purlin roofing system

Type of double-layer grids Module number Span–depth ratio Module number Span–depth ratio

1, 5, 6 (2–4)þ 0.2L

10–14 (6–8)þ 0.07L (13–17)� 0.03L

2, 7, 8 (6–8)þ 0.08L

Notes:

1. L denotes the shorter span in meters.

2. When the span is less than 18 m, the number of modules may be decreased.

(a)

(c)

(b)

(d)

FIGURE 24.10 Ways of cambering.
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Sometimes cambering is suggested so as to ensure that the rainwater drains off the roof quickly to

avoid ponding. This does not seem to be effective especially when cambering is limited. To solve the

water run-off problem in those locations with heavy rains, it is best to form a roof slope by the following

methods (Figure 24.11):

1. Establishing short posts of different heights on the joints of top-layer grids.

2. Varying the depth of grids.

3. Forming a slope for the whole grid.

4. Varying the height of supporting columns.

24.2.6 Methods of Erection

The method chosen for erection of a space frame depends on its behavior of load transmission and

constructional details, so that it will meet the overall requirements of quality, safety, speed of con-

struction, and economy. The scale of the structure being built, the method of jointing the individual

elements, and the strength and rigidity of the space frame until its form is closed must all be considered.

The general methods of erecting double-layer grids are as follows. Most of them can also be applied to

the construction of latticed shells.

1. Assembly of space frame elements in the air. Members and joints or prefabricated subassembly

elements are assembled directly on their final position. Full scaffoldings are usually required for

this type of erection. Sometimes only partial scaffoldings are used if cantilever erection of space

frame can be executed. The elements are fabricated at the shop and transported to the

construction site, and no heavy lifting equipment is required. It is suitable for all types of space

frame with bolted connections.

2. Erection of space frame by strips or blocks. The space frame is divided on its plan into individual

strips or blocks. These units are fabricated on the ground level, then hoisted up into its final

position and assembled on the temporary supports. With more work being done on the ground,

the amount of assembling work at high elevation is reduced. This method is suitable for those

double-layer grids where the stiffness and load-resisting behavior will not change considerably

after dividing into strips or blocks, such as two-way orthogonal latticed grids, orthogonal square

pyramid space grids, and the those with openings. The size of each unit will depend on the

hoisting capacity available.

3. Assembly of space frame by sliding element in the air. Separate strips of space frame are assembled

on the roof level by sliding along the rails established on each side of the building. The sliding units

may slide one after another to the final position and then be assemble together or assembled

successively during the process of sliding. Thus, the erection of space frame can be carried out

simultaneously with the construction work underneath, which leads to saving of construction

time and cost of scaffoldings. The sliding technique is relatively simple, requiring no special lifting

equipment. It is suitable for orthogonal grid systems where each sliding unit will remain

geometrically nondeferrable.

4. Hoisting of whole space frame by derrick masts or cranes. The whole space frame is assembled at

ground level so that most of the assembling work can be done before hoisting. This will result in

increased efficiency and better quality. For short and medium spans, the space frame can be

hoisted up by several cranes. For long-span space frame, derrick masts are used as the support and

electric winches as the lifting power. The whole space frame can be translated or rotated in the air

(a) (b) (c) (d)

FIGURE 24.11 Ways of forming roof slope.
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and then seated on its final position. This method can be employed to all types of double-layer

grids.

5. Lifting up the whole space frame. This method also has the benefit of assembling space frame at

ground level, but the structure cannot move horizontally during lifting. Conventional equipment

used is hydraulic jacks or lifting machines for lift-slab construction. An innovative method has

been developed by using the center hole hydraulic jacks for slipforming. The space frame is lifted

up simultaneously with the slipforms for reinforced concrete columns or walls. This lifting

method is suitable for double-layer grids supported along perimeters or on multipoint supports.

6. Jacking-up the whole space frame. Heavy hydraulic jacks are established on the position of

columns that are used as supports for jacking-up. Occasionally, roof claddings, ceilings, and

mechanical installations are also completed with the space frame at the ground level. They are

appropriate for use in space frame with multipoint supports, the number of which is usually

limited.

24.3 Latticed Shells

24.3.1 Form and Layer

The main difference between double-layer grids and latticed shells is the form. For double-layer grid, it is

simply a flat surface. For latticed shell, the variety of forms is almost unlimited. A common approach to

the design of latticed shells is to start with the consideration of the form — a surface curved in space.

The geometry of basic surfaces can be identified, according to the method of generation, as surface of

translation and surface of rotation. A number of variations of form can be obtained by taking segments

of the basic surfaces or by combining or adding them. In general, the geometry of surface has a decisive

influence on essentially all characteristics of the structure: the manner in which it transfers loads, its

strength and stiffness, the economy of construction, and the esthetic quality of the completed project.

Latticed shells can be divided into three distinct groups forming singly curved, synclastic, and

anticlastic surfaces. A barrel vault (cylindrical shell) represents a typical developable surface, having

a zero curvature in the direction of generatrices. A spherical or elliptical dome (spheroid or elliptic

paraboloid) is a typical example of synclastic shell. A hyperbolic paraboloid is a typical example of

anticlastic shell.

Besides the mathematical generation of surface systems, there are other methods for finding shapes of

latticed shell. Mathematically, the surface can be defined by a high-degree polynomial with the unknown

coefficients determined from the known shape of the boundary and the known position of certain points

at the interior required by the functional and architectural properties of the space. Experimentally, the

shape can be obtained by loading a net of chain wires or a rubber membrane or a soap membrane in the

desired manner. In each case the membrane is supported along a predetermined contour and at pre-

determined points. The resulting shape will produce a minimal surface, which is characterized by a least

surface area for a given boundary and also constant skin stress. Such an experimental model helps to

develop a first understanding about the nature of structural forms.

The inherent curvature in latticed shell will give the structure greater stiffness. Hence, latticed shell can

be built in single layer, which is a major difference from the double-layer grid. Of course, latticed shell

may also be built in double-layer. Although single- and double-layer latticed shells are similar in

shape, the structural analysis and connecting detail are quite different. The single-layer latticed shell is

a structural system with rigid joints, while the double-layer latticed shell has hinged joints. In practice,

single-layer latticed shells of short span with lightweight roofing may also be built with hinged joints.

The members and connecting joints in a single-layer shell of large span will resist not only axial forces as

in a double-layer shell but also the internal moments and torsions. Since the single-layer latticed shells

are easily liable to buckling, the span should not be too large. There is no distinct limit between single

and double layers, which will depend on the type of shell, the geometry and size of the framework, and

the section of members.
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24.3.2 Braced Barrel Vaults

The braced barrel vault is composed of member elements arranged on a cylindrical surface. The basic

curve is a circular segment; occasionally, a parabola, ellipse or funicular line may also be used.

Figure 24.12 shows the typical arrangement of a braced barrel vault. Its structural behavior depends

mainly on the type and location of supports, which can be expressed as L/R, where L is the distance

between the supports in longitudinal direction and R is the radius of curvature of the transverse curve.

If the distance between the supports is long and usually edge beams are used in the longitudinal

direction (Figure 24.12a), the primary response will be beam action. For 1.67< L/R< 5, the barrel vaults

are called long shells, which can be visualized as beams with curvilinear cross-sections. The beam theory

with the assumption of linear stress distribution may be applied to barrel vaults that are of symmetrical

cross-section and under uniform loading if L/R> 3. This class of barrel vault will have longitudinal

compressive stresses near the crown of the vault, longitudinal tensile stresses toward the free edges, and

stresses toward the supports.

As the distance between transverse supports becomes closer, or as the dimension of the longitudinal

span becomes smaller than the dimension of the shell width, such that 0.25< L/R< 1.67, the primary

response will be arch action in the transverse direction (Figure 24.12b). The barrel vaults are called short

shells; their structural behavior is rather complex and dependent on their geometrical proportions.

The force distribution in the longitudinal direction is not linear anymore, but in a curvilinear manner,

trusses or arches are usually used as the transverse supports.

When a single braced barrel vault is supported continuously along its longitudinal edges on foun-

dation blocks, or the ratio of L/R becomes very small, that is, <0.25 (Figure 24.12c), the forces are

carried directly in the transverse direction to the edge supports. Its behavior may be visualized as the

response of parallel arches. Displacement in the radial direction is resisted by circumferential bending

stiffness. This type of barrel vault can be applied to buildings like airplane hangars or gymnasia where the

wall and roof are combined together.

There are several possible types of bracing that have been used in the construction of single-layer

braced barrel vaults. Figure 24.13 shows five principle types:

1. Orthogonal grid with single bracing of Warren truss (a).

2. Orthogonal grid with single bracing of Pratt truss (b).

3. Orthogonal grid with double bracing (c).

4. Lamella (d).

5. Three way (e).

The first three types of braced barrel vaults can be formed by composing latticed trusses with difference

in the arrangement of bracings (Figure 24.13a–c). In fact, the original barrel vault was introduced by

Foppl. It consists of several latticed trusses, spanning the length of the barrel and supported on the

gables. After connection of the longitudinal booms of the latticed trusses, they became a part of the

braced barrel vault of the single-layer type.

b R

L

(c)(b)(a)

FIGURE 24.12 Braced barrel vaults.
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The popular diamond-patterned lamella type of braced barrel vault consists of a number of inter-

connected modular units forming a rhombus-shaped grid pattern (Figure 24.13d). Each unit, which is

twice the length of the side of a diamond, is called a lamella. Lamella roofs proved ideal for prefabricated

construction as all the units are of standard size. They were originally constructed of timber, but with the

increase of span, steel soon became the most frequently used material.

To increase the stability of the structure and to reduce the deflections under unsymmetrical loads,

purlins were employed for large-span lamella barrel vaults. This created the three-way grid type of

bracing and became very popular (Figure 24.13e). The three-way grid enables the construction of such

a system using equilateral triangles composed of modular units, which are of identical length and can be

connected with simple nodes.

Research investigations have been carried out on braced barrel vaults. One aspect of this research

referred to the influence of different types of bracing on the resulting stress distribution. The experi-

mental tests on the models proved that there are significant differences in the behavior of the structures,

and the type of bracing has a fundamental influence on the strength and load-carrying capacity of the

braced barrel vaults. The three-way single-layer barrel vaults exhibited a very uniform stress distribution

under uniformly distributed load and much smaller deflections in the case of unsymmetrical loading

than for any of the other type of bracing. The experiments also showed that large-span single-layer

braced barrel vaults are prone to instability, especially under the action of heavy unsymmetrical loads,

and that the rigidity of joints can exert an important influence on the overall stability of the structure.

For double-layer braced barrel vaults, if two- or three-way latticed trusses are used to form the top

and bottom-layers of the latticed shell, the grid pattern is identical as shown in Figure 24.13 for single-

layer shells. If square or triangular pyramids are used, either the top-layer grid or the bottom-layer grid

may follow the same pattern as shown in Figure 24.13.

The usual height to width ratio for long shells varies from 1
3

to 1
6
. When the barrel vault is supported

along the longitudinal edges, the height can be increased to half to one fifth of the chord width. For long

(a)

(c) (d) (e)

(b)

FIGURE 24.13 Types of bracing for braced barrel vaults.
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shells, if the longitudinal span is larger than 30 m, or for barrel vaults supported along longitudinal edges

with transverse span larger than 25 m, double-layer grids are recommended. The thickness of the

double-layer barrel vault is usually from 1
20

to 1
50

of the chord width.

24.3.3 Braced Domes

Domes are one of the oldest and well-established structural forms and have been used in architecture

since the earliest times. They are of special interest to engineers as they enclose a maximum amount of

space with a minimum surface and have proved to be very economical in terms of consumption of

constructional materials. The stresses in a dome are generally membrane and compressive in the major

part of the shell except circumferential tensile stresses near the edge and small bending moments at the

junction of the shell and the ring beam. Most domes are surfaces of revolution. The curves used to form

the synclastic shell are spherical, parabolic, or elliptical, covering circular or polygonal areas. Out of

a large variety of possible types of braced domes, only four or five types proved to be frequently used in

practice. They are shown in Figure 24.14.

1. Ribbed domes (a)

2. Schwedler domes (b)

3. Three-way grid domes (c)

4. Lamella domes (d and e)

5. Geodesic domes (f )

Ribbed dome is the earliest type of braced dome that has been constructed (Figure 24.14a). A ribbed

dome consists of a number of identical meridional solid girders or trusses, interconnected at the crown

by a compression ring. The ribs are also connected by concentric rings to form grids in trapezium shape.

The ribbed dome is usually stiffened by a steel or reinforced concrete tension ring at its base.

(a) (b) (c)

(d) (e) (f)

FIGURE 24.14 Braced domes.
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A Schwedler dome also consists of meridional ribs connected together to a number of horizontal

polygonal rings to stiffen the resulting structure so that it will be able to take unsymmetrical loads

(Figure 24.14b). Each trapezium formed by intersecting meridional ribs with horizontal rings is sub-

divided into two triangles by a diagonal member. Sometimes the trapezium may also be subdivided by

two cross-diagonal members. This type of dome was introduced by a German engineer J.W. Schwedler in

1863. The great popularity of Schwedler domes is due to the fact that, on the assumption of pin-

connected joints, the structure can be analyzed as statically determinate. In practice, in addition to axial

forces, all the members are also under the action of bending and torsional moments. Many attempts have

been made in the past to simplify their analysis, but precise methods of analysis using computers have

finally been applied to find the actual stress distribution.

The construction of three-way grid dome is self-explanatory, which may be imagined as a curved form

of three-way double-layer grids (Figure 24.14c). It can also be constructed in single layer for the dome.

The Japanese ‘‘diamond dome’’ system by Tomoegumi Iron Works belongs to this category. The the-

oretical analysis of three-way grid domes shows that even under unsymmetrical loading the forces in this

configuration are very evenly distributed leading to economy in material consumption.

A lamella dome is formed by intersecting two-way ribs diagonally to form a rhombus-shaped grid

pattern. As in lamella braced barrel vault, each lamella element has a length that is twice the length of the

side of a diamond. The lamella dome can further be distinguished into parallel and curved domes. For

parallel lamella as shown in Figure 24.14d, the circular plan is divided into several sectors (usually six or

eight), and each sector is subdivided by parallel ribs into rhombus grids of the same size. This type of

lamella dome is very popular in the United States. It is sometimes called a Kiewitt dome, after its

developer. For curved lamella as shown in Figure 24.14e, rhombus grids of different sizes, gradually

increasing from the center of the dome, are formed by diagonal ribs along the radial lines. Sometimes,

for the purpose of establishing purlins for roof decks, concentric rings are introduced, and a triangular

network is generated.

The geodesic dome was developed by the American designer Buckminster Fuller, who turned archi-

tects’ attention to the advantages of braced domes in which the elements forming the framework

of the structure are lying on the great circle of a sphere. This is where the name ‘‘geodesic’’ came from

(Figure 24.14f ). The framework of these intersecting elements forms a three-way grid comprising vir-

tually equilateral spherical triangles. In Fuller’s original geodesic domes, he used an icosahedron as the

basis for the geodesic subdivision of a sphere; then, the spherical surface is divided into 20 equilateral

triangles as shown in Figure 24.15a. This is the maximum number of equilateral triangles into which a

sphere can be divided. For domes of larger span, each of these triangles can be subdivided into six

triangles by drawing medians and bisecting the sides of each triangle. It is therefore possible to form 15

complete great circles regularly arranged on the surface of a sphere (see Figure 24.15b). Practice shows

that the primary type of bracing, which is truly geodesic, is not sufficient since it would lead to an

excessive length for members in geodesic dome, therefore a secondary bracing has to be introduced. To

obtain a more or less regular network of the bracing bars, the edges of the basic triangle are divided

modularly. The number of modules into which each edge of the spherical icosahedron is divided

depends mainly on the size of the dome, its span, and the type of roof cladding. This subdivision is

usually referred to as ‘‘frequency,’’ as depicted in Figure 24.15c. It must be pointed out that during such a

subdivision the resulting triangles are no longer equilateral. The members forming the skeleton of the

dome show slight variation in their length. As the frequency of the subdivision increases, the member

length reduces, the number of components as well as the number of types of connecting joints increase.

Consequently, this reflects in the increase of the final price of geodesic dome and is one of the reasons

why geodesic domes, in spite of their undoubted advantages for smaller spans, do not compare equally

well with other types of braced domes for larger span.

The rise of a braced dome can be as flat as one seventh of the diameter or as high as three fourths of the

diameter, which will constitute the greater part of a sphere. For diameters larger than 60 m, double-layer

grids are recommended. The ratio of the thickness to the diameter of double-layer braced dome is in

the range of 1
30

to 1
60

; for long spans the thickness can be as small as 1
100

of the diameter.
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The subdivision of the surface of the braced dome can also be carried out using the following three

methods. The first method is based on the surface of revolution, and the first set of lines of division are

drawn as the meridional lines from the apex. Next, circumferential rings are added. This results in

a ribbed dome and further a Schwedler dome. Alternately, the initial set may be taken as a series of spiral

arcs, resulting in dividing the surface into triangular units as uniform as possible. This is achieved by

drawing great circles in three directions as shown in the case of grid dome. A noteworthy type of division

of a braced dome is the parallel lamella dome, which is obtained by combining the first and second

methods described above. The third type of subdivision results from projecting the edges of in-polyhedra

onto the spherical surface and then inscribing a triangular network of random frequency into this basic

grid. Geodesic dome represents an application of this method, with the basic field derived from the

isosahedron further subdivided into equilateral triangles.

24.3.4 Hyperbolic Paraboloid Shells

The hyperbolic paraboloid or hypar is a translational surface formed by sliding a concave paraboloid

called generatrix parallel to itself along a convex parabola called directrix, which is perpendicular to the

generatrix (Figure 24.16a). By cutting the surface vertically, parabolas can be obtained, and cutting

horizontally will give hyperbolas. Such a surface can also be formed by sliding a straight line along two

other straight lined skewed with respect to each other (Figure 24.16b). The hyperbolic paraboloid is

a doubly ruled surface; it can be defined by two families of intersecting straight lines, which form in plan

projection a rhombic grid. This is one of the main advantages of a hyperbolic paraboloid shell. Although

it has a double curvature anticlastic surface, it can be built by only using linear structural members. Thus,

single-layer hypar shells can be fabricated from straight beams and double-layer hypar shells from linear

latticed trusses. The single hypar unit shown in Figure 24.16 is suitable for use in the building of square,

rectangular, or elliptic plan. In practice, there exist an infinite number of ways of combining hypar units

to enclose a given building space.

(a) (b)

(c)

8

16 1

2

4

FIGURE 24.15 Geodesic subdivision.
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A shallow hyperbolic paraboloid under uniform loading acts primarily as a shear system, where the

shear forces, in turn, cause diagonal tension and compression. The behavior of the surface can be

visualized as thin compression arches in one direction and tension cables in the perpendicular direction.

In reality, additional shear and bending may occur along the vicinity of the edges.

24.3.5 Intersection and Combination

The basic forms of latticed shells are single-curvature cylinders, as well as double-curvature sphere and

hyperbolic paraboloids. Many interesting new shapes can be generated by intersecting and combining of

these basic forms. The art of intersection and combination is one of the important tools in the design of

latticed shells. To fulfill the architectural and functional requirements, the load-resisting behavior of the

structure as a whole and also its relation to the supporting structure should be taken into consideration.

For cylindrical shells, a simply way is to intersect through the diagonal as shown in Figure 24.17a.

Two types of groined vaults on square plan can be formed by combining the corresponding intersected

curve surfaces shown in Figure 24.17b and c. Likewise, combination of curved surfaces intersected from

a cylinder produces a latticed shell on a hexagonal plan as shown in Figure 24.17d.

For spherical shells, segments of the surface are used to cover planes other than circular, such as

triangular, square, and polygonal as shown in Figure 24.18a–c, respectively. Figure 24.18d shows

a latticed shell on a square plan by combining the intersected curved surfaces from a sphere.

It is usual to combine a segment of cylindrical shell with hemispherical shells at two ends as shown in

Figure 24.19. This form of latticed shell is an ideal plan for indoor track fields and ice skating rink.

Different solutions for assembling single hyperbolic paraboloid units to cover a square plan are shown

in Figure 24.20. The combination of four equal hypar units produces different types of latticed shell

supported on a central column as well as two or four columns along the outside perimeter. These basic

blocks, in turn, can be added in various ways to form the multibay buildings.

(a) (b)

Generatrix

Directrix

FIGURE 24.16 Hyperbolic paraboloid shells.
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FIGURE 24.17 Intersection and combination of cylindrical shells.
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24.4 Structural Analysis

24.4.1 Design Loads

24.4.1.1 Dead Load

The design dead load is established on the basis of the actual loads that may be expected to act on the

structure of constant magnitude. The weight of various accessories — cladding, supported lighting, heat

and ventilation equipment — and the weight of space frame comprise the total dead load. An empirical

(a) (b)

(d)(c)

B

B

A

A

O

O

FIGURE 24.18 Intersection and combination of spherical shells.

FIGURE 24.19 Combination of cylindrical and spherical shells.
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formula is suggested to estimate the dead weight g of double-layer grids:

g ¼ 1
200
ðz ffiffiffiffiffi

qw
p

LÞ kN=m2 ð24:3Þ
where qw indicates all dead and live loads acting on double-layer grid except its self-weight (in kN/m2);

L is the shorter span (in m); and z is a coefficient, 1.0 for steel tubes and 1.2 for mill sections.

24.4.1.2 Live Load, Snow, or Rain Load

Live load is specified by the local building code and compared with the possible snow or rain load; the

larger one should be used as the design load. Each space frame is designed with uniformly distributed

snow load and further allowed for drifting depending on the shape and slope of the structure. Often

more than one assumed distribution of snow load is considered. It was recommended by ISO for the

determination of snow loads on simple curved roofs, pointed arches, and domes. The intensity of snow

load as specified in Bases for Design of Structures: Determination of Snow Loads on Roofs [5] is reproduced

as Figure 24.21. For domes of circular plan form, an axially symmetrical balanced load may be given as

the corresponding balanced arch load. The drift load may likewise be given by the corresponding arch

drift load along the plan diameter being parallel to the wind direction multiplied by a reduction factor

(1�a/r) where r is the plan radius and a is the horizontal distance from the wind direction diameter to

any parallel plan chord. The snow loads can be calculated by the following formulas:

Windward side

s ¼ sb ð24:4aÞ
Leeward side

s ¼ sb þ sd ð24:4bÞ
Balanced load part

sb ¼ s0CeCtmb

mb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosðCm1:5bÞ

p
for ðCm1:5bÞ 
 90�

mb ¼ 0 for ðCm1:5bÞ> 90�
ð24:5Þ

Drifted load part

sb ¼ s0CeCtðmbmdÞ
md ¼ ð2:2Ce � 2:1C2

e Þ sinð3bÞ for b 
 60�

md ¼ 0 for b> 60�
ð24:6Þ

where s0 is the characteristic snow load on the ground (in kN/m2), mb is the slope reduction coefficient,

md is the drift load coefficient, Ce is the exposure reduction coefficient, Ct is the thermal reduction

coefficient, and Cm is the surface material coefficient.

FIGURE 24.20 Combination of hyperbolic paraboloids.
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The exposure coefficient, Ce, defines the balanced load on a flat horizontal roof of a cold building as

a fraction of the characteristic load on the ground. For regions where there are not sufficient sinter

climatological data available, it is recommended to set Ce¼ 0.8. However, the designer should always

assess whether calm weather conditions (i.e., Ce¼ 10) during the snowfall season might yield more

severe conditions for the structure. The thermal coefficient, Ct, is introduced to account for the

reduction of snow load on roofs with high thermal transmittance, in particular glass-covered roofs, from

melting caused by heat loss through the roof. For such cases Ct may take values less than unity. For all

other cases, Ct¼ 1.0 applies. The surface material coefficient, Cm, defines a reduction of the snow load on

roofs made of surface material with low surface roughness. It varies between 1.333, for slippery,

unobstructed surfaces, to 1.0, for other surfaces. Detailed methods for the determination of these

coefficients are given in the annexes of the Standard.

Rain load may be important in the tropical climate especially if the drainage provisions are insufficient.

Ponding results when water on a double-layer grid flat roof accumulates faster than it runs off, thus

causing excessive load on the roof.

1

�
�

�b

�b�dKey
1 Wind direction

FIGURE 24.21 Snow loads on simple curved roofs and domes.
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24.4.1.3 Wind Load

The wind loads usually represent a significant proportion of the overall forces acting on barrel vaults and

domes. A detailed comparison of the available codes concerning wind loads has revealed quite a large

difference between the practices adopted by various countries. Pressure coefficients for arched roof

springing from ground surface that can be used for barrel vault design are shown in Figure 24.22 and

Table 24.3. For arched roof resting on an elevated structure like enclosure walls, the pressure coefficients

are shown in Table 24.4. It should be noticed that ANSI is no longer used in practice in the United States.

The ASCE has issued Minimum Design Loads for Buildings and Other Structures (SEI/ASCE 7-02). In

Chapter C6 ‘‘Wind Loads,’’ detailed provisions for determining wind loads are given.

The wind pressure distribution on buildings is also recommended by the European Committee

for Standardization as European Prestandard [6]. The pressure coefficients for arched roof and spher-

ical domes, either resting on the ground or on elevated structure, are presented in graphical forms in

Figure 24.23 and Figure 24.24 respectively.

It can be seen that significant variations in pressure coefficients from different codes of practice exist

for three-dimensional curved space frames. This is due to the fact that these coefficients are highly

dependent on Reynolds number, surface roughness, wind velocity profile, and turbulence. It may

be concluded that the codes of practice are only suitable for preliminary design purposes, especially for

the important long-span space structures and those lattice shells with peculiar shapes. It is therefore

necessary to undertake further wind tunnel tests in an attempt to establish more accurately the pressure

distribution over the roof surface. For such tests, it is essential to simulate the velocity profile and

turbulence of the natural wind and the Reynolds number effects associated with curved surface.

24.4.1.4 Temperature Effect

Most space frames are subject to thermal expansion and contraction due to changes in temperature and

thus may be subject to axial loads if restrained. Potential temperature effect must be considered in the

design especially when the span is comparatively large. The choice of support locations — perimeter,

intermediate columns, etc. — and types of support — fixed, slid, or free rotation and translation — as

Central half

Wind
direction

Windward
quarter f

b

Leeward
quarter

FIGURE 24.22 Wind pressure on an arched roof.

TABLE 24.3 Pressure Coefficient for Arched Roof on Ground

Country code Windward quarter Central half Leeward quarter Rise/span, r

United States: ANSI A 58.1-1982 1.4r �0.7 � r �0.5 0< r< 0.6

USSR: BC&R 2.01.07-85 0.1 �0.8 �0.4 0.1

0.3 �0.9 �0.4 0.2

0.4 �1.0 �0.4 0.3

0.6 �1.1 �0.4 0.4

0.7 �1.2 �0.4 0.5

China: GB 50009-2001 0.1 �0.8 �0.5 0.1

0.2 �0.8 �0.5 0.2

0.6 �0.8 �0.5 0.5
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well as the geometry of members adjacent to the support, all contribute to minimizing the effect of

thermal expansion. The temperature effect of a space frame may be calculated by the ordinary matrix

displacement method of analysis, and most computer programs provided such a function.

For double-layer grid, if it satisfies one of the following requirements, the calculation for temperature

effect may be exempted:

1. The joints on supports allow the double-layer grid to move horizontally.

2. Double-layer grids of less than 40 m span are supported along perimeters by independent

reinforced concrete columns or brick pilasters.

3. The displacement at the top of the column due to a unit force is greater or equal to the value

calculated according to the following formula:

d ¼ L

2xEA

EaDt

0:05½s� � 1

� �
ð24:7Þ

where L is the span of the double-layer grid in the direction of checking temperature effect, E is the

modulus of elasticity, A is the arithmetic mean value of the cross-sectional area of members in

the supporting plane (top or bottom-layer), a is the coefficient of thermal expansion, Dt is the

temperature difference, [s] is the allowable stress of steel, and x is a coefficient: when the chords

in the supporting plane are arranged in orthogonal grids, x¼ 1, in diagonal grids, x¼ 2, and

in three-way grids, x¼ 2.

24.4.1.5 Construction Loads

During construction, structures may be subjected to loads different from the design loads after comple-

tion, depending on the sequence of construction and method of scaffoldings. For example, a space frame

may be lifted up at points different from the final supports or it may be constructed in blocks or strips.

Therefore, the whole structure, or a portion of it, should be checked during various stages of construction.

24.4.2 Static Analysis

There are generally two different approaches in use for the analysis of space frames. In the first approach

the structure is analyzed directly as a general assembly of discrete members, that is, discrete method.

TABLE 24.4 Pressure Coefficient for Arched Roof on Elevated Structure

Country code Windward quarter Central half Leeward quarter Rise/span, r

United States: ANSI A 58.1-1982 �0.9 �0.7�r �0.5 0< r< 0.2

1.5r� 0.3a �0.7�r �0.5 0.2< r< 0.3

2.75r� 0.7 �0.7�r �0.5 0.3
 r
 0.6

USSR: BC&R 2.01.07-85b

he/b¼ 0.2 �0.2 �0.8 �0.4 0.1

�0.1 �0.9 �0.4 0.2

0.2 �1.0 �0.4 0.3

0.5 �1.1 �0.4 0.4

0.7 �1.2 �0.4 0.5

he/b> 1 �0.8 �0.8 �0.4 0.1

�0.7 �0.9 �0.4 0.2

�0.3 �1.0 �0.4 0.3

0.3 �1.1 �0.4 0.4

0.7 �1.2 �0.4 0.5

China: GB50009-2001 �0.8 �0.8 �0.5 0.1

0 �0.8 �0.5 0.2

0.6 �0.8 �0.5 0.5

a Alternate coefficient 6r� 2.1 can also be used.
b he, height of the elevated structure.
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In the second approach the structure is represented by an equivalent continuum like a plate or shell, that

is, continuum analogy method.

The advent of computers has radically changed the whole approach to the analysis and design of space

frames. It has also been realized that matrix methods of analysis provide an extremely efficient means for

rapid and accurate treatment of many types of space structures. In the matrix analysis, a structure is

represented as a discrete system, and all the usual equations of structural mechanics are written con-

veniently in matrix form. Thus, matrix analysis is particularly suitable to computer formulation, with

an automatic sequence of operations. A number of general purpose computer programs like STRUDL,

SAP, and ANSYS have been developed and are available to designers.

The two common formulations of the matrix analysis are the stiffness method and the flexibility

method. The stiffness method is also referred to as displacement method, since the displacements of the

redundant members are treated as unknowns. The flexibility method (or force method) treats the forces

in the members as unknowns. Of these two methods, the displacement method is widely used in most

computer programs.
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FIGURE 24.23 Wind pressure coefficients for arched roof.
Notes: (a) For 0
 h/d
 0.5, cpe,10 is obtained by linear interpolation; (b) for 0.2
 f/d
 0.3 and h/d  0.5, two values

of cpe,10 have to be considered; and (c) the diagram is not applicable for slat roofs.

Space Frame Structures 24-27

Copyright 2005 by CRC Press



In the displacement method, the stiffness matrix of the whole structure is obtained by adding appro-

priately the stiffness matrices of the individual elements. Supports are then introduced since the dis-

placements at these points are known. A set of simultaneous equations are solved for displacements.

From the joint displacements the member elongation can be found and, hence, the member forces and

reaction at supports.

The matrix displacement method is by far the most accurate method for the analysis of space frames.

It can be used without any limit on the type and shape of the structure, the loadings, the supporting

conditions, or the variation of stiffness. The effect of temperature or uneven settlement of supports can

be also analyzed conveniently by this method. For design work, a special purpose computer program for

space frames is preferred, otherwise the input of generating nodal coordinates and member connectivity

plus loading information will be a tremendous amount of work. Some sophisticated computer programs

provide the functions of automatic design, optimization, and drafting.

Double-layer grids can be analyzed as pin connected, and rigidity of the joints does not change the

stress by more than 10 to 15%. In the displacement method, bar elements are used with three unknown

displacements in the x, y, and z directions at each end. For single-layer reticulated shells with rigid joints,

bar elements are used and the unknowns are doubled, that is, three displacements and three rotations.

Under specific conditions, single-layer braced domes may be analyzed as pin connection joints with

reasonable accuracy if the rise of the dome is comparatively large and under symmetric loading.
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FIGURE 24.24 Wind pressure coefficients for spherical domes.
Note: cpe,10 is constant along arcs of circles, intersections of the sphere and of planes perpendicular to the wind; it can be

determined as a first approximation by linear interpolation between the values in A, B, and C along the arcs of circles

parallel to the wind. In the same way the value of cpe,10 in A if 0< h/d< 1 and in B or c if 0< h/d< 0.5 can be obtained by

linear interpolation in the figure.
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When using a computer, the engineer must know the assumptions on which the program is based, the

particular conditions for its use (boundary conditions for example), and the manner of introducing the

input data. In the static analysis of space frames, care should be taken on the following issues.

24.4.2.1 Support Conditions

A fixed support (bolted or welded) in construction should not be treated as a completely fixed node in

analysis literally. As a matter of fact, most space frames are supported on columns or walls that have a

lateral flexibility. Upon the acting of external loads, there will be lateral displacements on the top of

columns. Therefore, it is more reasonable to assume the support as horizontally movable rather than

fixed, or as an elastic support by considering the stiffness of the supporting column.

24.4.2.2 Criteria for the Number of Reanalyses

Usually, a set of sectional areas are assumed for members, and the computer will proceed to analyze the

structure to obtain a set of member forces. Then, the members are checked to see if the assumed areas are

appropriate. If not, the structure should be reanalyzed until the forces and stiffness will completely

match with each other. However, such extended reanalyses by the stiffness method will induce a high

concentration of stiffness and, hence, a great difference of member sections, which is unacceptable for

practical use. Therefore, it is necessary to limit the number of reanalyses. In practice, certain criteria are

specified such that the reanalyses will terminate automatically. One of the criteria suggested is the

number of modified members should be less than 5% of the total number of members. Usually, three or

four runs will produce a satisfactory result.

24.4.2.3 Checking of Computer Output

It is dangerous for an engineer to rely on the computer output as being infallible. Always try to estimate

and anticipate results approximately. A simple manual calculation by the approximate method and

comparing it with the computer output will be beneficial. By doing so, at least one can get an order of

magnitude for the results. In this operation, intuition also plays an important role. At the same time,

simple checks should be done to test the reliability of the computer program, such as the equilibrium of

forces at nodes and equilibrium of total loading with the summation of reactions. A check on the

deflections along certain axes of the structure would also be helpful. The size and location of any large

deflection should be noted. All deflections should be scanned to look for possible bad solutions caused

due to improper modeling of the structure. This check is made easily if the program has the ability to

produce a deformed geometry plot.

A continuum analogy method may also be used for the static analysis of space frames. This is to replace

a latticed structure by an equivalent continuum that exhibits equivalent behavior with respect to strength

and stiffness. The equivalent rigidity is used for the stress and displacement analysis in the elastic range,

particularly for stability and dynamic analysis. It is also useful for providing an understanding of the

overall behavior of the structure. By using equivalent rigidity, the thickness, elastic moduli, and Poisson’s

ratio are determined for the equivalent continuum, and the fundamental equations that govern the

behavior of the equivalent continuum are established as in the usual continuum theory. Therefore, the

methods of solution and the results of the theory of plates and shells are directly applicable. Thus, certain

types of latticed shells and double-layer grids can be analyzed by treating them as a continuum and

applying the shell or plate analogy. This method has been found to be satisfactory where the loading is

uniform and the load transfer is predominantly through membrane action.

Some difficulties may occur in the application of continuum analogy method. The boundary con-

ditions of the continuum cannot be entirely analogous to the boundary condition of the discrete

prototype. Also, some of the effects that are relatively unimportant in the case of continua may be

significant in the case of space frames. Two of these merit mention. The effect of shear deformation in

elastic plates and shells is essentially negligible, whereas the contributions of web members connecting

the layers of a space frame can be significant to the total deformation. Similarly, the correct continuum

model of a rigidly connected space frame must allow for the possibility of rotation of joints independent
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of the rotations of normal sections. Such models are more complex than the usual ones, and few

solutions of the governing equations exist.

It is useful to compare the discrete method and continuum analogy method. The continuum analogy

method can only be applied to regular structures, while the discrete method can handle arbitrary

structural configuration. The computational time is much less for an equivalent shell analysis than for

a stiffness method analysis. The work involved in a continuum analogy method includes calculating the

equivalent rigidity, calculating the forces in the equivalent continuum and finally calculating the forces

in the members. This will go through a discrete–continuum–discrete process and hence involves further

approximation. To summarize, the continuum analogy method is most valuable at the stage of

conceptual and preliminary design, while the discrete method should be used for a working design.

24.4.3 Earthquake Resistance

One of the important issues that must be taken into consideration in the analysis and design of space

frames is the earthquake excitation in case the structure is located in a seismic area. The response of the

structure to earthquake excitation is dynamic in nature, and usually a dynamic analysis is necessary. The

analysis is complicated due to the fact that the amplitude of ground accelerations, velocities, and motions

is not clearly determined. Furthermore, the stiffness, mass distribution, and damping characteristics of the

structure will have a profound effect on its response: the magnitude of internal forces and deformations.

The dynamic behavior of a space frame can be studied first through the vibration characteristics of

the structure, which is represented by its natural frequencies. The earthquake effects can be reflected

in response amplification through interaction with the natural dynamic characteristics of the struc-

tures. Thus, double-layer grids can be treated as a pin-connected space truss system, and its free vibration

is formulated as an equation of motion for a freely vibrating undamped multi-degree-of-freedom system.

By solving the generalized eigenvalue problems, the frequencies and vibration modes are obtained.

A series of double-layer grids of different types and spans were taken for dynamic analysis [7]. The

calculation results show some interesting features of the free vibration characteristics of the space frames.

The difference between the frequencies of the first ten vibration modes is so small that the frequency

spectrums of space frames are rather concentrated. The variation of any design parameter will lead to the

change of frequency. For instance, the boundary restraint has a significant influence on the fundamental

period of the space frame: the stronger the restraint, the smaller the fundamental period.

The fundamental periods of most double-layer grids range from 0.37 to 0.62 s which is less than that of

planar latticed trusses of comparable size. This fact shows clearly that the space frames have a relatively

higher stiffness. Investigating into the relationship of fundamental periods of different types of double-

layer grids with span, it is found that fundamental period increases with the span, that is, the space frames

will be more flexible for longer span. The response of space frame with shorter span will be stronger.

The vibration modes of double-layer grids could be classified mainly as vertical modes and horizontal

modes that appear alternately. In most cases, the first vibration modes are vertical. The vertical modes of

different types of double-layer grids demonstrate essentially the same shape, and the vertical frequencies

for different space frames of equal span are very close to each other. It was found that the forces in the space

frame due to vertical earthquake are mainly contributed by the first three symmetrical vertical modes.

Certain relations could be established between the first three frequencies of the vertical mode as follows:

ov2 ¼ ð2� 3:5Þov1 ð24:8Þ

ov3 ¼ ð4� 4:6Þov2 ð24:9Þ
where ov1, ov2, and ov3 are the first, second, and third vertical frequencies, respectively.

The simplest way to estimate the earthquake effect is a quasi-static model, in which the dynamic action

of the ground motion is simulated by a static action of equivalent loads. The manner in which the

equivalent static loads are established is introduced in many seismic design codes of different countries.

In the region where the maximum vertical acceleration is 0.05g, usually the earthquake effect is not the

governing factor in design and it is not necessary to check the forces induced by vertical or horizontal
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earthquake. In the area where the maximum vertical acceleration is 0.1g or greater, a factor of 0.08 to 0.2,

depending on different codes, is used to multiply the gravitational loads to represent the equivalent

vertical earthquake load. It should be noticed that in certain seismic codes, the live load that forms a part

of gravitational loads is reduced by 50%. The values of vertical seismic forces in the members of double-

layer grids are higher near the central region and decrease gradually toward the perimeters. Thus, the

ratio between the forces in each member due to vertical earthquake and static load is not constant over

the whole structure. The method of employing equivalent static load serves only as an estimation of the

vertical earthquake effect and provides an adequate level of safety.

Due to the inherent horizontal stiffness of double-layer grids, the forces induced by horizontal

earthquake can be resisted effectively. In the region of 0.1g maximum acceleration, if the space grids are

supported along perimeters with short or medium span, it is not required to check the horizontal

earthquake. However, for double-layer grids of longer span or if the supporting structure underneath is

rather flexible, seismic analysis in the horizontal direction should be done. In the case of latticed shells

with curved surface, the response to horizontal earthquake is much stronger than in double-layer grids

depending on the shape and supporting condition. Even in the region with maximum vertical accel-

eration of 0.05g, the horizontal earthquake effect on latticed shells should be analyzed. In such an

analysis, the coordinating action of space frame and the supporting structure should be considered.

A simple way of coordination is to include the elastic effect of the supporting structure. This is repre-

sented by the elastic stiffness provided by the support in the direction of restraint. The space frame is

analyzed as if the supports have elastic restraints horizontally. For more accurate analysis, the supporting

columns are taken as member with bending and axial stiffness and analyzed together with the space

frame. In the analysis, it is also important to include the inertial effect of the supporting structure, which

has influence on the horizontal earthquake response of the space frame.

In the case of more complex structures or large span, dynamic analysis such as response spectrum

method for modal analysis should be used. Such a method gives a good estimate of the maximum

response during which the structure behaves elastically. For space frames, the vertical seismic action

should be considered. However, few recorded data on the behavior of such a structure under vertical

earthquake exist. In some seismic design codes, the magnitude of the vertical component may be taken as

50 to 65% of the horizontal motions. It is recommended to use 10 to 20 vibration modes for the space

frames when applying the response spectrum method.

For space frames with irregular and complicated configuration or important long-span structures,

time-history analysis method should be used. The number of acceleration records or synthesized

acceleration curves for time-history analysis is determined according to intensity, near or far earthquake,

and site category. In usual practice, at least three records are used for comparison. This method is an

effective tool to calculate the earthquake response when large, inelastic deformations are expected.

The behavior of latticed structures under dynamic loads or, more specifically, the performance of

latticed structures due to earthquake was the main concern of structural engineers. An ASCE Task

Committee on Latticed Structures under Extreme Dynamic Loads was formed to investigate this pro-

blem. One of the objectives was to determine if dynamic conditions have historically been the critical

factor in the failure of lattice structures. A short report on ‘‘Dynamic Considerations in Latticed

Structures’’ [8] was submitted by the Task Committee in 1984. Eight major failures of latticed roof

structures were reported, but notably none of them was due to earthquake.

Since the ASCE report was published, valuable information on the behavior of space frame during

earthquake has been obtained through two seismic events. In 1995, the Hanshin area of Japan suffered a

strong earthquake, and many structures were heavily damaged or destroyed. However, comparing with

other types of structures, most of the damage to space frames located in that area was relatively minor [9].

It is worthwhile to mention that two long-span sports arenas of space frame construction were built on

an artificial island in Kobe, and no major structural damage was found. On the other hand, serious

damage to a latticed shell was found on the roof structure of a hippodrome stand where many members

were buckled. The cause of the damage is not due to the strength of the space frame itself but the failure

of the supporting structure. Another example of serious damage to double-layer grids in the roof
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structure of a theater occurred in 1985, when a strong earthquake struck the Kashigor District of

Sinkiang Uygur Autonomous Region in China [10]. Failure was caused by a flaw in the design as the

elastic stiffness and inertial effect of the supporting structures were completely ignored. Behavior of

space frame structures under strong earthquake has generally been satisfactory from a strength point of

view. Experience gained from strong earthquakes shows that the space frames demonstrate an effective

spatial action and consequently a reasonably good earthquake resistant behavior.

24.4.4 Stability

Although a great amount of research work has been carried out to determine the buckling load of latticed

shells, the available solutions are not satisfactory for practical use. The problem is complicated by the

effect of geometric nonlinearity of the structure and also the influence of the joint system according to

which the members can be considered as pin connected, partially or completely restrained at the nodes.

The following points are important in the buckling analysis of latticed shells [11]:

1. Decision on which kind of nonlinearity is to be used — only geometrical nonlinearity with the

elastic analysis or geometrical and material nonlinearities with the elastic–plastic analysis.

2. Choosing the physical model — equivalent continuum or discrete structure.

3. Choosing the computer model and numerical procedure for tracing the nonlinear response for

precritical behavior, collapse range, and postcritical behavior.

4. Study of factors that influence load-carrying capacity — buckling modes, density of network, geo-

metrical and mechanical imperfections, plastic deformations, rigidity of joints, load distributions, etc.

5. Experimental investigations to provide data for analysis (rigidity of joints, postbuckling behavior

of individual members, etc.) and confirmation of theoretical values.

Generally speaking, there are three types of buckling that may occur in latticed shells:

1. Member buckling (Figure 24.25a)

2. Local or dimple buckling at a joint (Figure 24.25b)

3. General or overall buckling of the whole structure (Figure 24.25c)

Member buckling occurs when an individual member becomes unstable, while the rest of the space

frame (members and nodes) remains unaffected. The buckling load Pcr of a straight prismatic bar under

axial compression is given by

Pcr ¼ a
p2EeI

l2
, a ¼ aðci, cj, w0, e, mÞ ð24:10Þ

where Ee is the effective modulus of elasticity that coincides with Young’s modulus in the elastic range, I is

the moment of inertia of member, and l is the length of the member. The coefficient a takes different values

depending on the parameter in the parentheses. The quantities ci and cj characterize the rotational stiffness

of the joints, w0 is the initial imperfection, e is the eccentricity of the end compressive forces, and m

indicates the end shear forces and moments. A reduced length l0 should be used in place of l when the ratio

of the joint diameter to member length is relatively large. On the basis of Equation 24.10, the design code

for steel structures in different countries provides methods for estimating member buckling, usually by

introducing the slenderness ratio l¼ l/r, where r is the radius of gyration of the member’s section.

(a) (b) (c)

FIGURE 24.25 Different types of buckling.
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The local buckling of space frame consists of a snap-through buckling, which takes place at one joint.

Snap-through buckling is characterized by a strong geometrical nonlinearity. Local buckling is apt to

occur when the ratio of t/R (where t is the equivalent shell thickness and R is the radius of curvature) is

small. Similarly, local buckling of a space frame is likely to occur in single layer latticed shells.

Local buckling is greatly affected by the stiffness of and the loads on the adjacent members. Consider

the pin-connected structure shown in Figure 24.26. Buckling load qcr in terms of uniform normal load

per unit area can be expressed as

AEl

12R3

 qcr 


AEl

6R3
ð24:11Þ

where A is the cross-sectional area of the member, E is the modulus of elasticity, and R is the radius of

an equivalent spherical shell through points B–A–B.

In practice, different types of joints used in the design will possess different flexural strengths; thus, the

actual behavior of the joint and member assembly should be incorporated in determining the local

buckling load. An approximate formula was proposed by Lind [12] and is applicable to triangular

networks having all elements of the same cross-sections. For the uniform load, the critical load is

Qcr ¼
Et

1þ a2=8p2
0:47

Al3

R3
þ 3

BI

lR

� �
, a ¼ l2=rR ð24:12Þ

where Et is the tangent modulus of elasticity, R is the radius of curvature of the framework midsurface,

r is the radius of gyration, and B is the nondimensional bending stiffness of the grid given in Table 24.5.

For the concentrated load, the following two formulas are presented:

Wcr ¼
3EAh3

l3

8B

a2
þ 0:241 1� 5:95

8B

a2

� �� �
ð24:13Þ

which is valid for a> 9, and

Wcr ¼ 0:0905EA
l

R

� �3

ð24:14Þ

for a regular pin-jointed triangular network.
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FIGURE 24.26 Local buckling of a pin-connected structure.

TABLE 24.5 Equivalent Bending Stiffness B

a
1

32

1

16

1

8

1

4

1

2
1 2 4 8 16 32 64

B 0.868 0.873 0.886 0.950 1.176 1.85 3.15 4.83 6.48 7.35 7.80 7.90
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The overall buckling occurs when a relatively large area of the space frame becomes unstable and

a relatively large number of joints are involved in the buckle. For most cases, in overall buckling of a

space frame, the wave length is significantly greater than the member length. Local buckling often plays

the role of a trigger for overall buckling.

The type of buckling collapse of a space frame is greatly influenced by the following factors: its

Gaussian curvature, whether it is single- or double-layer system, the degree of statical indeterminacy,

and the manner of supporting and loading. Generally speaking, a shallow shell of positive Gaussian

curvature, like a dome, is more prone to overall buckling than a cylindrical shell of zero Gaussian

curvature. Recent research reveals that hyperbolic paraboloid shell is less vulnerable to overall buckling

and the arrangement of the grids has a considerable influence on the stability and stiffness of the shell.

It is best to arrange the members along the direction of compressive forces. Single-layer space frame

exhibits greater sensitivity to buckling than the double-layer structure. Moreover, various types of

buckling behavior may take place simultaneously in a complicated relation. For double-layer grids, in

most cases, it is sufficient to examine the member collapse that may occur in the compressive chord

members.

The theoretical analysis of buckling behavior may be approached by two methods: continuum analogy

analysis and discrete analysis. Since almost all space frames are constructed from nearly identical units

arranged in a regular pattern, it is generally accepted that the analysis on the basis of the equivalent

continuum serves as an important tool in the investigation of the buckling behavior of space frames.

Numerous analytical and experimental studies on the buckling of continuous shells have been per-

formed, and the results can be applied to the latticed shells.

The buckling formula for a spherical shell subjected to a uniformly distributed load normal to the

middle surface can be expressed as

qcr ¼ kE
t

R

� �2

ð24:15Þ

where t is the thickness and R is the radius of the shell.

Different values of the coefficient k were obtained by various investigators:

1.21 ([13], based on classical linear theory)

0.7 (experiments on very carefully prepared models)

0.366 ([14], based on nonlinear elastic theory)

0.228 and 0.246 ([15], for m¼ 0 and 0.3, respectively).

For a triangulated dome, where an equivalent thickness is used, Wright [16] derived the formula by using

E ¼ AE=3rl, t ¼ 2
ffiffiffi
3
p

r, k ¼ 0:4

qcr ¼ 1:6E
Ar

lR2

ð24:16Þ

The critical load for overall buckling may also be expressed as the following formula for comparison:

qcr ¼ k0
E

R2
t1=2
m t

3=2
b ð24:17Þ

where tm is the effective in-plane thickness, tb is the effective bending thickness, and the values of k0 are

0.377 [16]

0.365 [17]

0.247 [15]

0.294 [18]

Discrete Analysis is a more powerful tool to study the whole process of instability for space frames.

As shown in Figure 24.27, a structure may lose its stability when it has reached a ‘‘limit point,’’ where
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the stiffness is lost completely. On the other hand, a structure, such as a dome, may lose its stability by

a sudden buckling into a mode of deformation before the limit point, which occurs at a distinct critical

point — the ‘‘bifurcation point’’ on the load path. It should be noted that the initial imperfection of the

structure will greatly reduce the value of critical load, and certain types of space frame are very sensitive

to the presence of imperfection.

In the stability analysis, usually the characteristic at a certain special state is investigated, that is, the

stability mode and critical load are analyzed as an eigenvalue problem. The researchers are now more

interested to study the whole process of nonlinear stability. As a result of the development of the

computer matrix method, numerical analyses of the large system have become straightforward.

Therefore, the discrete analysis of a space frame, itself a discrete structure, is very suitable for the study of

stability problems. Major problems encountered in the nonlinear stability process are mathematical and

mechanical modeling of the structure, numerical technique for solving nonlinear equations, and tracing

method for the nonlinear equilibrium path. A great many research works have been carried out in the

above area.

The Newton–Raphson method or the modified Newton–Raphson method is the fundamental method

for solving the nonlinear equilibrium equations and has proved to be one of the most effective methods.

The purpose of tracing the nonlinear equilibrium path is as follows: (a) to provide equilibrium analysis

for the prebuckling state, (b) to determine the critical point, such as the limit point or bifurcation point,

on the load path and its critical load, and (c) to trace the postbuckling response. On the basis of the

increment-iteration process for finite element method, techniques for the analysis of nonlinear equili-

brium path and its tracing tactics have made significant progress in recent years. Numerical methods

used for the construction of equilibrium path associated with nonlinear problems, like load incremental

method, constant arc-length method, displacement control method, etc., were developed by different

authors. Since each technique has its advantages and disadvantages in the derivation of fundamental

equations, accuracy of solution, computing time, etc., the selection of an appropriate method has a

profound influence on the efficiency of computation. In the present stage of development, complicated

equilibrium path can be traced with the aid of the above technique. Computer programs have been

developed for the whole process of nonlinear stability and can be used for the design of various types of

latticed shells.

24.5 Jointing Systems

24.5.1 General Description

The jointing system is an extremely important part of a space frame design. An effective solution of this

problem may be said to be fundamental to successful design and construction. The type of jointing

Bifurcation
point

Limit point

Imperfection
Postbuckling
point

�

P

FIGURE 24.27 Instability points.
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depends primarily on the connecting technique, whether it is bolting, welding, or applying special

mechanical connectors. It is also affected by the shape of the members. This usually involves a different

connecting technique depending on whether the members are circular or square hollow sections or

rolled steel sections. The effort expended on research and development of jointing systems has been

enormous, and many different types of connectors have been proposed in the past decades.

The joints for the space frame are more important than the ordinary framing systems because more

members are connected to a single joint. Furthermore, the members are located in a three-dimensional

space, and hence the force transfer mechanism is more complex. The role of the joints in a space frame is

so significant that most of the successful commercial space frame systems utilize proprietary jointing

systems. Thus, the joints in a space frame are usually more sophisticated than the joints in planar

structures, where simple gusset plates will suffice.

In designing the jointing system, the following requirements should be considered. The joints must be

strong and stiff, simple structurally and mechanically, and easy to fabricate without recourse to more

advanced technology. The eccentricity at a joint should be kept to a minimum, and yet the joint detailing

should provide for the necessary tolerances that may be required during the construction. Finally, joints

of space frames must be designed to allow for easy and effective maintenance.

The cost of the production of joints is one of the most important factors affecting the final economy of

the finished structure. Usually, the steel consumption of the connectors will constitute 15 to 30% of the

total. Therefore, a successful prefabricated system requires joints that must be repetitive, mass produced,

simple to fabricate, and able to transmit all the forces in the members interconnected at the node.

All connectors can be divided into two main categories: the purpose-made joint and the proprietary

joint used in the industrialized system of construction. The purpose-made joints are usually used for

long-span structure where the application of standard proprietary joints is limited. An example of such

a joint is the cruciform gusset plate for connecting rolled steel sections shown in Figure 24.28.

A survey around the world will reveal that there are over 250 different types of jointing system

suggested or used in practice, and there are some 50 commercial firms trying to specialize in the

manufacture of proprietary jointing systems for space frames. Unfortunately, many of these systems have

not proved to be very successful mainly because of the complexity of the connecting method. Table 24.6,

Table 24.7, and Table 24.8 give a comprehensive survey of the jointing systems all over the world. All the

connection techniques can be divided into three main groups: (a) with a node, (b) without a node, and

(c) with prefabricated units.

24.5.2 Proprietary System

Some of the most successful prefabricated jointing systems are summarized in Table 24.9. This is

followed by further description of each system.

FIGURE 24.28 Connecting joint with cruciform gusset plate.
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TABLE 24.6 Connection Types with a Node

Node

Solid

Hollow

Hollow

Hollow

Hollow

Hollow

Flat

Welded

Solid

Prism

Disc

Cylinder

Sphere

Hollow

Solid

Connector Member Cross-section Examples

Mero KK, Germany; Montal, Germany;
Uzay, Italy; Zublin, Germany

Steve Baer, United States; Van Tiel,
Netherlands; KT space truss, Japan

Mero MT, Germany

Spherobat, France

SDC, France

Vestrut, Italy

Triodetic, Canada;
Nameless, East Germany

Octatube Plus, Netherlands;
Nameless, Singapore

Pieter Huybers, Netherlands

Nameless system, United Kingdom

Palc, Spain

Power strut, United States

Boyd Auger, United States;
Octatube, Netherlands

Piramodul large span, Netherlands

Nodus, United Kingdom

Montal, Germany

Mero BK, Germany

Mero TK and ZK, Germany

Mero NK, Germany

Satterwhite, United States

Pieter Huybers, Netherlands

Tridimatec, France

Moduspan (Unistrut), United States;
Space-frame system VI (Unistrut),
United States

Oktaplatta, Germany

WHSJ, China

NS space trusses, Japan; Tubal,
Netherlands; Orbik, United Kingdom

NS space trusses, Japan; Tubal,
Netherlands; Orbik, United Kingdom

Source: Gerrits [19].
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TABLE 24.8 Connection Types with Prefabricated Units

Node

Geometrical
solid

2D
components

3D
components

Prefabricated unit Example

Space deck, United Kingdom

Mero DE, Germany

Unistrut, France

Nameless system, Italy

Ruter, Germany

Nameless system, Italy

Cubic, United Kingdom

Member cross-section
top / bracing / bottom

Source: Gerrits [19].

TABLE 24.7 Connection Types without a Node

Node Connector

Forming

Flattened
and

bending

Plate(s)

Member
end

Addition
of

member

Form
of

member

Member Cross-section Examples

Buckminster Fuller

Nonadome, Netherlands

Radial, Australia

Harley, Australia

Mai Sky, United States

Pieter Huybers,
Netherlands

Pierce, United States

Buckminster Fuller

Source: Gerrits [19].

TABLE 24.9 Commonly Used Proprietary Systems

Name Country Period of development Material Connecting method

MERO Germany 1940–1950 Steel

Aluminum

Bolting

Space Deck United Kingdom 1950–1960 Steel Bolting

Triodetic Canada 1950–1960 Aluminum

Steel

Inserting member ends into hub

Unistrut (Moduspan) United States 1950–1960 Steel Bolting

Oktaplatte Germany 1950–1960 Steel Welding

Unibat France 1960–1970 Steel Bolting

Nodus United Kingdom 1960–1970 Steel Bolting and using pins

NS Japan 1970–1980 Steel Bolting
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24.5.2.1 Mero

The Mero connector, introduced some 50 years ago by Dr. Mengeringhausen, proved to be extremely

popular and has been used for numerous temporary and permanent buildings. Its joint consists of

a node that is a spherical hot-pressed steel forging with flat facets and tapped holes. Members are circular

hollow sections with cone-shaped steel forgings welded at the ends, which accommodate connecting bolts.

Bolts are tightened by means of a hexagonal sleeve and dowel pin arrangement, resulting in a completed

joint such as that shown in Figure 24.29. Up to 18 members can be connected at a joint with no eccen-

tricity. The manufacturer can produce nodes of different sizes with diameters ranging from 46.5 to

Dowel pin

End cone

Node
Bolt

Sleeve

FIGURE 24.29 Mero system.
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FIGURE 24.30 Dimensions of spherical node.
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350 mm, the corresponding bolts ranging from M12 to M64 with a maximum permissible force of

1413 KN. A typical space module of the Mero system is a square pyramid (half an octahedron) with

both chord and diagonal members of the same length, ‘a’; angles extended are 90 or 60�. Thus, the depth

of the space module is a=
ffiffiffi
2
p

, and the vertical angle between diagonal and chord member is 54.7�.

The Mero connector has the advantage that the axes of all members pass through the center of the

node, eliminating eccentricity loading at the joint. Thus, the joint is only under the axial forces. Then,

tensile forces are carried along the longitudinal axis of the bolts and resisted by the tube members

through the end cones. The compressive forces do not produce any stresses in the bolts; they are

distributed to the node through the hexagonal sleeves. The size of the connecting bolt of compression

members based on the diameter calculated from its internal forces may be reduced by 6 to 9 mm.

The diameter of a steel node may be determined by the following equation (Figure 24.30):

D 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2

sin y
þ d1 cot yþ 2xd1Þ

� �2

þ Z2d2
1

s
ð24:18Þ

However, to satisfy the requirements of the connecting face of the sleeve, the diameter should be checked

by the following equation:

D 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Zd2

sin y
þ Zd1 cot y

� �2

þZ2d2
1

s
ð24:19Þ

where D is the diameter of the steel ball (mm), y is the smaller intersecting angle between two bolts (rad),

d1 and d2 are the diameters of the bolts (mm), x is the ratio between the inserted length of the bolt into

the steel ball and the diameter of the bolt, and Z is the ratio between the diameter of the circumscribed

circle of the sleeve and the diameter of the bolt. x and Z may be determined by the design tension values

or compression strength of the bolt, respectively. Normally, x¼ 1.1 and Z¼ 1.8. The diameter of the steel

ball should be taken as the larger of the values calculated from Equations 24.18 and 24.19.

The Mero connector was originally developed for double-layer grids. Due to the increasing use of

nonplanar roof forms, it is required to construct the load-bearing space frame integrated with the

cladding element. A new type of jointing system called Mero Plus System was developed so that a variety

of curved and folded structures are possible. Square or rectangular hollow sections are used to match the

particular requirements of the cladding so that a flush transition from member to connecting node can

be executed. The connector can transmit shear force, resist torsion and, in special cases, resist bending

moment. There are four groups in this system, which are described as follows.

24.5.2.1.1 Disk Node (Type TK)

This a planar ring-shaped node connecting 5 to 10 members of square or rectangular sections. A single

bolt is used to connect the node and member, and depth of node is equal to member section depth. Such

FIGURE 24.31 Disk node (type TK).
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a jointing system can transmit shear force and resist rotation (Figure 24.31). In the following discussion

the U-angle is designated as the angle between two members connected to the same node. Also, the

V-angle is the angle between the member axis and the normal in the plane of the node, which is a

measure of curvature. For disk node, the U-angle varies from 30 to 80�, and the V-angle varies from 0 to

10�. This type of jointing system is essentially pin-jointed connections and be suitable for latticed shells

made of triangular meshes.

24.5.2.1.2 Bowl Node (Type NK)

This is a hemispherical node connecting top chord and diagonal members. A single bolted connection

from node to member is used. The top chord members of square or rectangular sections can be loaded in

shear and are fitted flush to the nodes. Bowl nodes are used for double-layer planar and curved surfaces,

in particular buildings irregular in plan or pyramid in shape. The diagonals and lower chords are

constructed in ordinary Mero system with circular tubes and spherical nodes (Figure 24.32).

24.5.2.1.3 Cylinder Node (Type ZK)

This is a cylindrical node with multiple bolted connection, which can transmit bending moment

(Figure 24.33). Usually, the node can connect 5 to 10 square or rectangular sections that can take

transverse loading. Connection angle varies from 30 to 100� for U-angle and from 0 to 10� for V-angle.

Cylinder nodes are used in singly or doubly curved surface of latticed shells with trapezoidal meshes

where flexural rigid connections are required.

24.5.2.1.4 Block Node (Type BK)

This is a block- or prism-shaped solid node connecting members of square or rectangular sections. The

U-angle varies from 70 to 120�, and the V-angle varies from 0 to 10�. It can be used for singly or doubly

curved surfaces with pin-jointed or rigid connections where the number of members is small. The

structure is of simple geometry and small dimensions (Figure 24.34).

FIGURE 24.32 Bowl node (type NK).

FIGURE 24.33 Cylinder node (type ZK).
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24.5.2.2 Space Deck

The Space Deck System, introduced in England in the early 1950s, utilizes pyramidal units that are

fabricated in the shop, as shown in Figure 24.35. The four diagonals made of rods or bars are welded to

the corners of the angle frame and joined to a fabricated boss at the apex. It is based on square pyramid

units that form a configuration of square on square offset double-layer space grids. The units are field-

bolted together through the angle frames. The apexes of the units are connected in the field by using tie

bars made from high-tensile steel bars. Camber can be achieved by adjusting the tie bar lengths, since

right- and left-hand threading is provided in the boss. The Space Deck System is usually used for

buildings of span less than 40 m with a standard module and depth, both of 1.2 m; a minimum structural

depth of 0.75 m is also provided. For higher design loading and larger spans, alternative production

modules of 1.5 and 2.0 m with the same depth as the module are also available.

FIGURE 24.34 Block node (type BK).

Upper chord nodes

Rod or bar

Fabricated boss

Secondary tie bar Main tie bar

Fabricated boss

Angle

FIGURE 24.35 Space deck system.
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24.5.2.3 Triodetic

The joint for the Triodetic System, developed in Canada, consists of an extruded aluminum connector

hub with serrated keyways. Each member end is pressed to form a coined edge that fits into the hub

keyway. The joint is completed when the members are inserted into the hub, washers are placed at each

end of the hub, and a screw bolt is passed through the center of the hub, as shown in Figure 24.36.

The triodetic connector can be used for any type of three-dimensional space frame. Originally,

only aluminum structures were built in this system, but now, space frames are erected using galvanized

steel tubes and aluminum hubs. Triodetic double-layer grids have been used up to 33-m clear span.

The basic module can be almost any size up to approximately 2.7 m2. The depth is usually 70% of the

module size.

24.5.2.4 Unistrut

The Unistrut System was developed in the United States in the early 1950s. Its joint consists of a

connector plate that is press-formed from steel plate. The members are channel-shaped, cold-formed

sections and are fastened to the connector plate by using a single bolt at each end. The connectors for the

top and bottom-layers are identical, and therefore the Unistrut double-layer grids consist only of four

components, that is, the connector plate, the strut, the bolt, and the nut (see Figure 24.37). The

maximum span for this system is approximately 40 m with standard modules of 1.2 and 1.5 m. The name

of Moduspan has also been used for this system.

24.5.2.5 Oktaplatte

The Oktaplatte System utilizes hollow steel spheres and circular tube members that are connected by

welding. The node is formed by welding two hemispherical shells together, which are made from steel

plates either by hot or cold pressing. The hollow sphere may be reinforced with an annular diaphragm.

This type of node was popular at the early stage of development of space frames. It is also useful for the

long-span structures where other proprietary systems are limited by their bearing capacity. Hollow

spheres with diameter up to 500 mm are used. It can be applied to single-layer latticed shells as the joint

can be considered as semi- or fully rigid. The whole jointing system and the hollow sphere with its parts

are shown in Figure 24.38.

Serrated aluminum
keyway

Galvanized tube

Hub bolt

Coined edge

FIGURE 24.36 Triodetic system.

Space Frame Structures 24-43

Copyright 2005 by CRC Press



The allowable bearing strength of hollow spheres can be calculated by the following empirical

formulas:

Under compression

Nc ¼ Zc 6:6td � 2:2
t2d2

D

� �
1

K
ðtonsÞ ð24:20Þ

Under tension

Nt ¼ Ztð0:6tdpÞ½s� ð24:21Þ

where D is the diameter of the hollow sphere (cm), t is the wall thickness of the hollow sphere (cm), d is

the diameter of the tubular member (cm), [s] is the allowable tensile stress, Zc and Zt are the amplifi-

cation factors due to the strengthening effect of the diaphragm, taken as 1.4 and 1.1, respectively, and

K is a factor of safety.

Channel section

Connector plate

FIGURE 24.37 Unistrut system.

Hollow steel sphere

Hemispherical shells

Circular tube

Annular diaphragm

FIGURE 24.38 Oktaplatte system.
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24.5.2.6 Unibat

The Unibat System, developed in France, consists of pyramidal units by arranging the top-layer set on

a diagonal grid relative to the bottom-layer. The short length of the top chord members results in less

material being required in these members to resist the applied compressive and bending stresses. The

standard units are connected to the adjacent units by means of a single high-tensile bolt at each upper

corner. The bottom-layer is formed by a two-way grid of circular hollow sections, which are interconnected

with the apex of pyramidal units by a single vertical bolt (Figure 24.39). Numerous multistory buildings, as

well as large-span roofs over sports buildings, have been built using the Unibat System since 1970.

24.5.2.7 Nodus

The Nodus System was developed in England in the early 1970s. Its joint consists of half-casing, which is

made of cast steel and has machined grooves and drilled holes, as shown in Figure 24.40. The chord

connections are made of forged steel, have machined teeth, and are full-strength welded to the member

ends. The teeth and grooves have an irregular pitch to ensure proper engagement. The forked connectors

are made of cast steel and are welded to the diagonal members. In the completed joint, the centroidal

axes of the diagonals intersect at a point that generally does not coincide with the corresponding

intersecting points of the chord members. This eccentricity produces some amount of local bending in

the chord members and the joint components. Destructive load tests performed on typical joints usually

result in failures due to bending of the teeth in the main half-casing. The main feature of the Nodus

jointing system is that all fabrication is carried out in the workshop so that only the simplest erection

techniques are necessary for the assembly of the structure on-site.

24.5.2.8 NS Space Truss

The NS Space Truss System was introduced around 1970 by the Nippon Steel Corporation. It originated

from the space truss technology developed for the construction of the huge roof at the symbol zone for

Expo ’70 in Japan. The NS Space Truss System has a joint consisting of thick spherical steel shell

connectors open at the bottom for bolt insertion. The structural members are steel hollow sections

having specially shaped end cones welded to both ends of the tube. End cones have threaded bolt holes.

Special high-strength bolts are used to join the tubular members to the spherical shell connector. The

NS nodes enable several members to be connected to one node from any direction without any

eccentricity of internal forces. The NS Space Truss System has been used successfully for many large-span

double- and triple-layer grids, domes, and other space structures. The connection detail of the NS node

is shown in Figure 24.41.

I-section

Square hollow section

Circular hollow section

FIGURE 24.39 Unibat system.
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24.5.3 Bearing Joints

Space frames are supported on columns or ring beams through bearing joints. These joints should posses

enough strength and stiffness to transmit the reactions at the support safely. Under the vertical loading,

bearing joints are usually under compression. In some double-layer grids with diagonal layout, bearing

joints at corners may resist tension. In latticed shells, both vertical and horizontal reactions are acting on

the bearing joints.

Center bolt

Half-casing plain

Chord connector
Sealing gasketChord members

Bra
cin

g m
em

be
rs

Half-casing with
45° lugs

Washer
Nut Forked

connector

Split cotter pinFork pin

FIGURE 24.40 Nodus system.

Pipe End cone

Bolt stopper

Chord

Washer

Diagonal

Bolt Node

FIGURE 24.41 NS space truss.
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The restraint of the bearing joint has a distinct influence on the joint displacement and member forces.

The construction detail of bearing support should conform to the restraint assumed in the design as near

as possible. If this requirement is not satisfied, the magnitude or even the sign of the member forces may

be changed.

The axes of all connecting members and the reaction should be intersected at one point at the support

where a hinged joint is used. This will allow free rotation of the joint. From an engineering standpoint,

the space frame may be fixed in the vertical direction, while in the horizontal direction, it may be fixed

either tangential or normal to the boundary or both. The way the space frame is fixed often depends on

the temperature effect. If the bearing support can allow a horizontal motion normal to the boundary,

then the member forces due to the temperature variation can be neglected. In such a case, the bearing

should be constructed so that it can slide horizontally. For those space frames with large-span or

complicated configuration, especially curved surface structures supported on a sloped base, care should

be exercised to ensure a reliable bearing support.

Typical details for bearing joints are shown in Figure 24.42. The simplest form of bearing is to establish

the joint on a flat plate and anchored by bolts as shown in Figure 24.42a and b. This joint seems to be

fixed at the support, but in structural analysis it has to be incorporated with the supporting structure,

such as columns or walls that have a lateral flexibility. Figure 24.42c shows the joint resting on a curved

bearing block, which allows rotation along the curved surface. This type of construction is considered as

a hinged joint. If a laminated elastomeric pad is used under the joint as shown in Figure 24.42d, a new

type of bearing joint is formed. Due to the shear deformation of the elastomeric pad, the joint can

produce both rotation and horizontal movements. It is very effective to accommodate the horizontal

deformation caused by temperature variation or earthquake action.

(a) (b)

1. MERO node
2. MERO member
3. Support cone with bearing
4. Base plate
5. Horizontal stop
6. Reinforced elastomer
7. Hook bolt
8. Compensation grout

(d)(c)

2
1
3

8

6
5
4
7

FIGURE 24.42 Bearing joints.
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Glossary

Aspect ratio — Ratio of longer span to shorter span of a rectangular space frame.

Braced (barrel) vault — A space frame composed of member elements arranged on a cylindrical surface.

Braced dome — A space frame composed of member elements arranged on a spherical surface.

Continuum analogy method — A method for the analysis of space frame where the structure is analyzed

by assuming it as an equivalent continuum.

Depth — Distance between the top and bottom-layers of a double-layer space frame.

Discrete method — A method for the analysis of space frame where the structure is analyzed directly as

a general assembly of discrete members.

Double-layer grids — A space frame consisting of two planar networks of members forming the top and

bottom-layers parallel to each other and interconnected by vertical and inclined members.

Geodesic dome — A braced dome in which the elements forming the network lie on the great circle of

a sphere.

Lamella — A unit used to form diamond-shaped grids, the size being twice the length of the side of the

diamond.

Latticed grids — Double-layer grids consist of intersecting vertical latticed trusses to form regular grids.

Latticed shell — A space frame consisting of curved networks of members built either in single or in

double layer.

Latticed structure — A structural system in the form of a network of elements whose load-carrying

mechanism is three-dimensional in nature.

Local buckling — A snap-through buckling that takes place at one point.

Module — Distance between two joints in the layer of grid.

Overall buckling — Buckling that takes place in a relatively large area where a large number of joints are

involved.

Space frame — A structural system in the form of a flat or curved surface assembled of linear elements

so arranged that forces are transferred in a three-dimensional manner.

Space grids — Double-layer grids consisting of a combination of square or triangular pyramids to form

offset or differential grids.

Space truss — A three-dimensional structure assembled of linear elements and assumed as hinged joints

in structural analysis.
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Further Reading

An introduction to the practical design of space structures is presented in Horizontal-span Building

Structures by W. Schueller. It covers a wide range of topics, including the development, structural

behavior, simplified analysis, and application of different types of space structures.

For further study of continuum analogy method of space frames, Analysis and Design of Space Frames

by the Continuum Method by L. Kollar and I. Hegedus provides a good reference.

The quarterly journal International Journal of Space Structures reports advances in the theory and

practice of space structures. Special issues treating individual topics of interest were published, such as

Stability of Space Structures (ed. V. Gioncu) Vol. 7, No. 4, 1992 and Prefabricated Spatial Frame Systems

by A. Hanaor, Vol. 10, No. 3, 1995.

Conferences and symposiums are organized by IASS (International Association for Shell and Spatial

Structures) annually. The proceedings document the latest development in this field and provide a

wealth of information on theoretical and practical aspects of space structures. The proceedings of

conferences recently held are as follows:

1. Spatial Structures at the Turn of Millennium, IASS Symposium 1991, Copenhagen.

2. Innovative Large Span Structures, IASS-CSCE International Congress 1992, Toronto.

3. Public Assembly Structures from Antiquity to the Present, IASS Symposium 1993, Istanbul.

4. Nonlinear Analysis and Design for Shell and Spatial Structures, Seiken-IASS Symposium 1993,

Tokyo.

5. Spatial, Lattice and Tension Structures, IASS-ASCE International Symposium 1994, Atlanta.

6. Spatial Structures: Heritage, Present and Future, IASS Symposium 1995, Milan.

7. Conceptual Design of Structures, IASS International Symposium 1996, Stuttgart.

8. Design, Construction, Performance and Economics, IASS International Symposium 1997,

Singapore.
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9. Lightweight Structures in Architecture and Engineering, IASS Symposium 1998, Sydney.

10. Shell and Spatial Structures: from Recent Past to the Next Millennium, 40th Anniversary Congress of

IASS 1999, Madrid.

11. Bridging Large Spans, from Antiquity to the Present, IASS-MSU Symposium 2000, Istanbul.

12. Theory, Design and Realization of Shell and Spatial Structures, IASS Symposium 2001, Nagoya.

13. Lightweight Structures in Civil Engineering, IASS Symposium 2002, Warsaw.

Journal of IASS is published three times a year and it covers design, analysis, construction, and other

aspects of technology of all types of shell and spatial structures.

Additional information can be found in the following:

ASCE Subcommittee on Latticed Structures of the Task Commitee on Special Structures of the Com-

mittee on Metals of the Structural Division. 1972. Bibliography on latticed structures. J. Struct.

Div., Proc. ASCE 98(ST7):1545–1566.

Chinese Academy of Building Research. 1981. Specifications for the Design and Construction of Space

Trusses (JGJ 7-80). China Building Industry Press, Beijing. (English translation: Int. J. Space Struct.

16[3].)

Chinese Academy of Building Research. 2003. Technical Specification for Latticed Shells (JGJ 61-2003).

China Building Industry Press, Beijing.

Heki, K. 1993. Buckling of lattice domes — state of the art report. Nonlinear Analysis and Design for Shell

and Spatial Structures. Proceedings of the Seiken-IASS Symposium 1993, Tokyo. pp. 159–166.

Iffland, J.S.B. 1987. Preliminary design of space trusses and frames. In Building Structural Design

Handbook, ed. R.N. White, C.G. Salmon. pp. 403–423. Wiley, New York.

Makowski, Z.S. (ed.) 1981. Analysis, Design and Construction of Double-Layer Grids. Applied Science,

London.

Makowski, Z.S. (ed.) 1984. Analysis, Design and Construction of Braced Domes. Granada, London.

Makowski, Z.S. (ed.) 1985. Analysis, Design and Construction of Braced Barrel Vaults. Elsevier Applied

Science, London.

Saitoh, M., Hangai, Y., Todu, I., Okuhara, T. 1987. Design procedure for stability of reticulated single-

layer domes. Building Structures. Proceedings of Structure Congress 1987. pp. 368–376. ASCE, New

York.
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25
Bridge Structures

25.1 Introduction

A bridge is a structure that crosses over a river, bay, or other obstruction and permits the smooth and safe

passage of vehicles, trains, and pedestrians. An elevation view of a typical bridge is shown in Figure 25.1.

A bridge structure can be divided into an upper part (the superstructure), which consists of the deck,
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the floor system, and the main trusses or girders, and a lower part (the substructure), which consists of

piers, columns, footings, piles, and abutments. The superstructure provides horizontal spans and carries

traffic loads directly. The substructure supports the horizontal spans elevating above the ground surface.

The bridges can be classified into the following categories:

1. Classification by materials (superstructures)

Steel bridges. Bridges using a wide variety of structural steel components and systems: decks,

girders, trusses, arches, stayed, and suspension cables.

Concrete bridges. Bridges using reinforced and prestressed concrete.

Timber bridges. Bridges using wood when the span is relatively short.

Metal alloy bridges. Bridges using metal alloys such as aluminum alloy and stainless steel.

Advanced composite bridges. Bridges using advanced composite materials or fiber reinforced

plastics composites.

Stone bridges. Bridges using stone; in ancient times stone was the most common material used to

construct magnificent arch bridges.

2. Classification by objectives

Highway bridges. Bridges carrying vehicle traffic.

Railway bridges. Bridges carrying trains.

Combined bridges. Bridges carrying vehicles and trains.

Pedestrian bridges. Bridges carrying pedestrian traffic.

Aqueduct bridges. Bridges supporting pipelines with channeled waterflow.

Bridges can alternatively be classified into movable for ships to pass the river, or fixed and

permanent, or temporary categories.

3. Classification by structural systems (superstructures)

I-girder (beam) bridges. The main girders consist of either plate girders (plate assemblages of

top and bottom flanges and a web) or rolled I-shapers. I-sections can effectively resist bending and

shear.

Box-girder bridges. The main girders consist of a single or multiple box beams fabricated from

steel plates and formed from concrete, which resist not only bending and shear but also torsion

effectively.

T-beam bridges. A number of reinforced concrete T-beams are placed side by side to support the

live load.

Composite girder bridges. The concrete deck slab works in conjunction with the steel girders to

support loads as a united beam. The steel girder takes mainly tension, while the concrete slab takes

the compression component of the bending moment.

Deck bridge

Span

Clear span

Side span

Span

Bridge length

Through bridge (truss)

Clear span Clearance

H.W.L
Center span

Footing
Piles

Span

Pier

(Plate girder)

Superstructure

Substructure

AbutmentAbutment

Clear span

Side span

Pier

} Foundation

FIGURE 25.1 Elevation view of a typical bridge.
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Grillage girder bridges. The main girders are connected transversely by floor beams to form a grid

pattern, which shares the loads with the main girders.

Othotropic deck bridges. The deck consists of a steel deck plate and rib stiffeners.

Truss bridges. The bar members are arranged in a continuous pattern based on structural rigidity

of triangles. Truss members are theoretically considered to be connected with pins at their ends.

Each member resists an axial force, either in compression or tension. Figure 25.1 shows a Warren

truss bridge with vertical members, which is a ‘‘through bridge,’’ that is, the deck slab is placed

through the lower part of the bridge.

Arch bridges. The arch is a vertically curved structure that resists load mainly in axial

compression.

Cable stayed bridges. The girders are supported by highly strengthened cables slopping directly

from one or more towers. These are most suited to bridge long distances.

Suspension bridges. The girders are supported by vertical or near-vertical hangers, which are, in

turn, supported by the main suspension cables extending over towers from anchorage to anchorage.

The load is transmitted mainly by tension in cables. This design is suitable for longest bridges.

4. Classification by support conditions

Figure 25.2 shows three different support conditions for girder and truss bridges.

Simply supported bridges. The main girders or trusses are supported by a movable hinge at one

end and a fixed hinge at the other end.

Continuously supported bridges. Girders or trusses are supported continuously by more than three

hinges, resulting in a structurally indeterminate system. These tend to be more economical since

the fewer expansion joints will have less service and maintenance problems. Settlements at the

supports shall be avoided.

Gerber bridges (cantilever bridges). A continuous bridge is rendered determinate by placing

intermediate hinges between the supports.

Rigid frame bridges. The girders are rigidly connected to the substructures.

In this chapter, main structural features of common types of steel and concrete bridges for short and

mid-long spans are discussed. Cable-supported long-span bridges are addressed in Chapter 26. The

recently published Bridge Engineering Handbook (Chen and Duan 2000) provides a unique, compre-

hensive, state-of-the-art, and state-of-the-practice reference work and resource book covering the major

area of bridge engineering. For a more detailed look at design procedures, references should be made to

the books of Troitsky (1994), Xanthakos (1994, 1995), Tonias (1995), and Barker and Puckett (1997).

(a)

(b)

(c)

FIGURE 25.2 Supporting conditions of girder bridges: (a) simple girder; (b) continuous girder; and (c) Gerber

girder.
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25.2 Conceptual Design

Bridge design is a combination of art–creation, science–natural laws, and technology–engineering

reality. The conceptual design is the first step, which the designers must to take, to visualize and imagine

the bridge in order to determine its fundamental function and performance before any theoretical

analysis and detailing design can be proceeded. The design process includes considerations of important

factors, such as selection of bridge systems, materials, proportions, dimensions, foundations, esthetics,

and surrounding landscape and environment.

25.2.1 Planning — Fulfillment of its Function

The first principle is planning a bridge to optimally meet the specified functions. A bridge project will

start with planning the fundamental design conditions. To meet the specific purposes, a bridge may have

different alignments: straight, skewed, and horizontally curved (Figure 25.3). A straight bridge is easy to

design and construct but often needs longer spans. A skewed bridge or a horizontally curved bridge

is commonly required for expressways or railroads where the road line must be kept straight or

horizontally curved, even at the cost of a more difficult design. The width of a bridge is dependent of

the traffic requirements. For a highway bridge, its width is usually determined by the width of the

traffic lanes and the sidewalk width, and often the same dimension as that of the approaching road.

25.2.2 Bridge Types — Challenging Spans

The type of bridges is usually determined by factors such as design loads, surrounding geographical

features, soil and foundations, passing line and its width, the length and span of the bridge, esthetics, the

requirement for clearance below the bridge, transportation of the construction materials, erection pro-

cedures, construction cost and period. Table 25.1 shows the span lengths appropriate to each type

of bridge.

25.2.3 Proportioning — Golden Mean and Image of Human Body

The geometry proportioning of a bridge structure is to establish the relationships between horizontal

superstructures and supporting substructures, between the depth and span of the beams, between the

height, length, and width of the opening, and between sizes of individual members. The ideal bridge

is structurally straightforward and elegant. The golden mean provides the key to squaring the circle.

The image of a beautiful human body provides the harmonious proportion — all measurements and

their relationship are found all numerical relationships (Leonhardt 2000).

FIGURE 25.3 Bridge lines.

TABLE 25.1 Types of Bridges and Applicable Span Length

Bridge type Span range (m) Leading bridge and span length

Prestressed concrete girder 10–300 Stolmasundet, Norway, 301 m

Steel I/box girder 15–376 Sfalassa Bridge, Italy, 376 m

Steel truss 40–550 Quebec, Canada, 549 m

Steel arch 50–550 Shanghai Lupu, China, 550 m

Concrete arch 40–425 Wanxian, China, 425 m (steel tube filled concrete)

Cable stayed 110–1100 Sutong, China, 1088 m

Suspension 150–2000 Akaski-Kaikyo, Japan, 1991 m
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A structure designed in harmony with one other not only appeals to our hereditary sense of beauty,

but also behaves a smooth load transfer path. Figure 25.4 shows the Firth of Forth Bridge built in

Scotland, U.K., in 1890 and the bridge model. This bridge is a gain steel railway bridge with a main span

of 521 m. The bridge designer Baker stated (Collins 2001) that

When a load is put on the central girder by a person setting on it, the men’s arms and the anchor

ropes come into the tension, and the men’s bodies and the sticks come into compression. The chairs

are representative of the circular granite piers. Imagine of chairs one third of a mile apart and the

men’s head as high as the cross of St. Paul’s, their arms represented by the huge lattice steel girders

and the sticks by the tubes 12 ft (3.6 m) in diameter at the base, and a very good notion of the

structure is obtained.

25.2.4 Esthetics — Harmonizing Surroundings

A bridge is required not only to fulfill its function as a thoroughfare, but must use its structure and form

to blend, harmonize, and enhance its surroundings. Although there are different views regarding esthetic

practice in bridge engineering, the following guidelines presented by Svensson (1998) may be useful:

� ‘‘Choice of a clean and simple structural system,’’ like a beam, a frame, an arch, or a suspended

structure, the bridge must look trustworthy and stable.
� ‘‘Good proportion in all three dimensions’’ between the structural members or between length and

depth of bridges openings.

FIGURE 25.4 Firth of Forth Bridge and bridge model in U.K. (1980).
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� ‘‘Good order of all the lines of edges of a structures,’’ which determine the appearance. One should

limit the number of directions that cause unrest, confusion, and worried feelings. For the

transition from straight lines to curved lines, the curvature should steadily increase like a

second-order parabola.
� The compatible integration of a structure into its environment, into the landscape of city. This is

specially important with regard to the scale of the structure compared to the scale of the

surroundings.
� The choice of the materials has considerable influence on the esthetic effects.
� Simplicity and restriction to the pure structural shape is important.
� Pleasing appearance can be enhanced by color.
� The space above the bridge should be shaped in such a way that the driver experiences the bridge

and gets a comfortable feeling.
� A structure must be designed that the flow of forces is evident to the causal observer.
� Moderate esthetic lighting can enhance the appearance of a bridge at night.

Figure 25.5 shows a conceptual design of Ruck-a-Chucky Bridge crossing American River about 17 km

from the Auburn Dam in California. This horizontally curved cable-stayed bridge spanning 396 m was

designed to anchor cables in the hillsides. Although the bridge was never built, the design fits the

topography, the surrounding environment, and is a real well-conceived design (Lin 2001; Ruck-a-Chucky

2003). It was awarded by Progressive Architecture magazine in 1979. For more detailed discussion about

esthetics, references are made to Leonhardt (1984, 2000), Billington (1983, 2000), and TRB (1991).

25.2.5 Bridge-Type Selection — Comprehensive Decision

The selection of bridge types is a complex task to achieve the owner’s objectives. Table 25.2 shows a sample

evaluation matrix, which may be used to select the bridge types. For the items listed in Table 25.2, a priority

factor may be assigned from 1 to 5 (1¼ low, 2¼ standard, 3¼ high, 4¼ very high, and 5¼ extremely

high). The quality rating can be on a scale of 1 to 5 (1¼ poor, 2¼ fair, 3¼ good, 4¼ very good, and

5¼ excellent). The weighted rating is obtained by multiplying the priority factor with the quality-rating

FIGURE 25.5 Conceptual design of Ruck-a-Chucky Bridge (courtesy of T.Y. Lin).
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factor and summed for each bridge alternative. The bridge type with the highest total score shall be the

best candidate.

The collapse of a portion of upper and lower decks of the eastern portion (Figure 25.6) of the San

Francisco-Oakland Bay Bridge (SFOBB) in the 1989 Loma Prieta Earthquake, California, demonstrated

the critical need for seismic safety on bridges in San Francisco Bay Area. California Department of

Transportation (SFOBB 2003) determined that it is more cost-effective to replace the existing east span

with a new bridge than it would be to seismically retrofit the existing structure (Figure 25.6). Figure 25.7

to Figure 25.10 show four structure alternatives for the new SFOBB east signature span across the

shipping channel. The Engineering and Design Advisory Panel (SFOBB 2003) for the new SFOBB east

span adopted the following guidelines:

� The bridge should integrate into the site and surrounding environment by reflecting the grand

scale of San Francisco Bay, by harmonizing with the existing western span of the bridge, and by

landing gracefully on the Oakland shore and Yerba Buena Island.

FIGURE 25.6 San Francisco-Oakland Bay Bridge — east span.

TABLE 25.2 Bridge-Type Evaluation Form

Bridge type

Item Priority Quality Weighted rating

(1) (2) (3) (2)� (3)

Structural

Traffic

Constructibility

Maintenance

and inspection

Construction

schedule impact

Esthetics

Environmental

Future expansion

Cost

Total rating
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� The replacement bridge should, by contrast or similarity, complement the existing Bay Bridge

suspension span. One bridge should not diminish the visual quality or importance of the other.
� The new bridge should be visually memorable and convey a sense of gateway to Oakland.
� Views from the bridge when traveling toward Oakland should consider Oakland’s central business

district and waterfront.
� The bridge should provide a measure of visual continuity for motorists.
� The girders, piers, and rails should generally appear slender and provide for views by motorists

on the bridge.
� Guardrails and handrails should be designed for maximum transparency to maintain views while

meeting safety criteria.
� Night lighting on the bridge is an important consideration.

The single-tower self-anchored asymmetrical suspension span (180 mþ 385 m) with a steel tower and

a steel orthotropic deck (Figure 25.10) was the final selection from the above four alternatives (Nader

et al. 2001). The bridge is under construction and expected to open to traffic in 2007.

FIGURE 25.8 San Francisco-Oakland Bay Bridge east span — cable-stayed alternative 2.

FIGURE 25.7 San Francisco-Oakland Bay Bridge east span — cable-stayed alternative 1.
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Figure 25.11 shows a comparison of the four design alternatives evaluated for Minato Oh-Hashi in

Osaka, Japan. The truss frame design was selected.

25.3 Final Design

The final design is to produce a set of constructible, biddable, and cost-effective construction

documents. The design process involves structural analysis, member and detailing design, and pre-

paration of a set of construction documents including plans, drawings, and special provisions. Structural

analysis shall consider the appropriate material properties, member joints, and boundary conditions.

The members and joints shall be proportioned to carry various possible loads (dead loads, live loads,

wind loads, earthquake loads, etc.) in accordance with the requirements of design standards and codes,

such as AASHTO (2004) for highway bridges and AREMA (2003) for railway bridges in the United States

or JRA (2002) in Japan, or project-specific design criteria. For major bridges, project-specific design

criteria are usually needed and shall be developed (Caltrans 2002). A well-prepared construction

document shall be biddable and constructable and cost-effective.

FIGURE 25.9 San Francisco-Oakland Bay Bridge east span — suspension alternative 1.

FIGURE 25.10 San Francisco-Oakland Bay Bridge east span — suspension alternative 2 (selected).
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25.4 Steel Girder Bridges

25.4.1 Introduction

Steel has higher strength, ductility, and toughness than many other structural materials such as concrete

or wood, and thus makes a vital material for bridge structures. In addition to the conventional steel,

there are many types of high-performance steel (HPS) developed recently for the bridge application.
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FIGURE 25.11 Design comparison of Minato Oh-Hashi, Japan: (a) K-truss bridge (this was selected); (b) cable-
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HPS can be defined as having an optimized balance of their properties, such as strength, weldability,

toughness, ductility, corrosion resistance, and formability, to give maximum performance in bridge

structures while remaining cost-effective (Mistry 2002). The two main differences compared to con-

ventional weathering steels are improved weldability and toughness. Other properties such as corrosion

resistance and ductility will be essentially the same. There are two HPS grades, ASTM A 709 HPS 70W

and HPS 50W, available for bridge structures in the United States. There are 91 HPS bridges built in the

United States so far (FHWA 2003). HPS has very high strength, with constant yield point, narrow range

of yield point, low yield ratio, excellent ductility, and ultrathickness. Figure 25.12 shows the performance

mechanism of the steel with low yield ratio that provides higher ductility at plastic hinges.

Girder bridges are structurally the simplest and the most common. They consist of a floor slab, girders,

and bearings, which support and transmit gravity loads to the substructure. Girders resist bending

moments and shear forces and are used to span short distances. Steel girders are classified as plate and

box girders.

Figure 25.13 shows the structural composition of plate and box girder bridges and the load transfer

path. In plate girder bridges, the live load is directly supported by the slab and then by the main girders.

In box girder bridges, the forces are taken first by the slab, then supported by the stringers and floor

beams in conjunction with the main box girders, and finally taken to the substructure and foundation

through the bearings.

Girders are classified as noncomposite or composite, that is, whether the steel girders act in tandem

with the concrete slab (using shear connectors) or not. Since composite girders make use of best

properties of both steel and concrete, they are often the rational and economic choice. Less frequently

noncomposite I-shapes are used for short-span noncomposite bridges.

25.4.2 Plate Girder (Noncomposite)

The plate girder is the most economical shape designed to resist bending and shear and the moment of

inertia is the greatest for a relatively low weight per unit length. Figure 25.14 shows a plan of a typical

plate girder bridge with four main girders spanning 30 m and a width of 8.5 m.

The gravity loads are supported by several main plate girders, each manufactured by welding three

plates: top and bottom flanges and a web. Figure 25.15 shows a piece of plate girder and its fabrication
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FIGURE 25.12 High-performance steel with low yield ratio (from Kozai Club, Japan, with permission).

Bridge Structures 25-11

Copyright 2005 by CRC Press



process. The web and the flanges are cut from the steel plate and welded. The piece is fabricated in shop

and transported to the construction site for erection.

The design procedure for plate girders, primarily the sizing of the three plates, is discussed as follows:

1. Web height. The web height is the fundamental design factor affecting the weight and cost of the

bridge. If the height is too small, the flanges need to be large and the dead weight increases. The

height (D) is determined empirically by dividing the span length (L) by a ‘‘reasonable’’ factor.

Common ratios are D/L¼ 1
18

to 1
20

for highway bridges and a little smaller for railway bridges. The

web height also influences the flexural stiffness of bridge. Greater heights generally produce

greater stiffness. However, if the height is too large, the web may becomes unstable and must have

its thickness supplemented or stiffeners added. These measures increase the weight and the cost.

In addition, plate girders with excessively deep web and small flanges are vulnerable to buckle

laterally.

2. Web thickness. The web primarily resists shear forces that are not usually significant when the web

height is properly designed. The shear force is generally assumed to be distributed uniformly

across the web instead of using the exact equation of beam theory. The web thickness (t) is

determined such that thinner is better as long as buckling is prevented. Since the web does not

contribute much to the bending resistance, thin webs are most economical but the possibility of

buckling increases. Therefore, a noncompact web thickness is usually selected and stiffened by

transverse (vertical) and longitudinal (horizontal) stiffeners. It is not primarily strength but rather

stiffness that controls the design of webs.

Guard railing
(pole type)

(a)

(b)
Guard railing
(wall type)

Sway frame Curb

Pavement
Slab

Main girder
(I-girder)

Pier (substructure)

End sway frame

Lower lateral bracing
Bearings

Pavement

Floor beam

Stringer
Bearings

Main girder (box)

Diaphragm on support

Pier (substructure)

Slab

FIGURE 25.13 Steel girder bridges: (a) plate girder bridge and (b) box girder bridge (Nagai 1994).
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Bridge length = 30,900 m
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Asphalt pavement 80 mm
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3 × 2,600 = 7,800

Reinforced concrete slab 240 mm

6 × 5,000 = 30,000
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FIGURE 25.14 General plans of a typical plate girder bridge: (a) side view; (b) plan; and (c) cross-section

(Tachibana and Nakai 1996).
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FIGURE 25.15 Fabrication of plate girder piece.
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3. Area of flanges. After the sizes of the web are determined, the flanges are then designed. The flanges

work mostly in bending and the required area is calculated approximately using equilibrium

conditions imposed on the internal and external bending moments. A selection of strength for the

steel material is principally made at this stage in the design process.

4. Width and thickness of flanges. The width and thickness can be determined by ensuring that

the area of the flanges falls under the limiting width-to-thickness ratio, b/t (Figure 25.16), as

specified in design codes. If the flanges are too thin (i.e., the width-to-thickness ratio is too large),

the compression flange may buckle or the tension flange may be distorted by heat of welding.

Thus, the thickness of both flanges must be checked. Since plate girders have little torsional

resistance, special attention should be paid to lateral torsional buckling. To prevent this

phenomenon, the compression flange must have sufficient width to resist ‘‘out-of-plane’’ bending.

Figure 25.17 shows the lateral torsional buckling that may occur by bending with respect to

strong axis.

After determining the member sizes, calculations of the resisting moment capacity are made to ensure

code requirements are satisfied. If these fail, the above steps must be repeated until the specifications

are met.

A few other important factors in the design of girder bridges will be explained in the following:

1. Web stiffeners. The transverse (vertical) and longitudinal (horizontal) stiffeners are usually needed

(Figure 25.18) when a web is relatively thin. Bending moment produces compression and tension

in the web, separated by a neutral axis. The longitudinal (horizontal) stiffener prevents bending

buckling of web and is therefore attached to the compression side of the web (the top half for

a simply supported girder). Since the bending moment is the largest near the midspan for a simply

b

t

Width-to-thickness
ratio of flange, b/t

FIGURE 25.16 Local buckling of compression flange.

A

A

N N

Tension

Compression

A–A

(a) (b)

FIGURE 25.17 Lateral torsional buckling: (a) strong axis bending (torsional buckling) and (b) weak axis bending

(no torsional buckling).

25-14 Handbook of Structural Engineering

Copyright 2005 by CRC Press



supported girder, the longitudinal (horizontal) stiffeners are usually located here. The longitudinal

stiffeners are not recommended due to its poor fatigue resistance. Transverse (vertical) stiffeners,

on the other hand, prevent shear buckling and provide postelastic shear buckling capacity by the

tension field action. The most transverse (vertical) stiffeners are placed near the support since the

largest shear force occurs at those locations. Bearing stiffeners are also required at the supports to

combat large reaction forces, which are designed independently just as any other compression

member would be. Buckling patterns of a web are shown in Figure 25.18. If the web is not too deep

nor its thickness is too small, no stiffeners are necessary and fabrication costs are reduced.

2. Variable sections. The variable cross-sections may be used to save material and cost where the

bending moment is smaller, that is, near the end of the span (see Figure 25.15). However, this

reduction increases the manpower required for welding and fabrication. The cost of manpower

and material must be balanced and traded off. In today’s industrial climate, manpower is more

important and costly than the material. Therefore, the change of girder section may not economic.

Likewise, thick plates are often specified to eliminate the number of stiffeners needed, thus to

reduce the necessary manpower.

25.4.3 Composite Girder

If two beams are simply laid one upon the other as shown in Figure 25.19a, they act separately and only

share the load depending on their relative flexural stiffness. In this case, slip occurs along the boundary

between the beams. However, if the two beams are connected and slip prevented as shown in Figure 25.19b,

they act as a unit, that is, a composite girder. For composite plate girder bridges, the steel girder and

the concrete slab are joined by shear connectors. In this way, the concrete slab becomes integral with the

girder and usually takes most of the compression component of the bending moment while the steel

plate girder takes the tension. Composite girders are much more effective than the simply tiered girder.

Let us consider the two cases shown in Figure 25.19 and note the difference between tiered beams and

composite beams. Both have the same cross-sections and are subjected to a concentrated load at mid-

span. The moment of inertia for the composite beam is four times that of the tiered beams, thus the

resulting vertical deflection is one fourth. The maximum bending stress in the outer (top or bottom)

fiber is a half that of the tiered beam configuration.

The corresponding stress distributions are shown in Figure 25.20. Points ‘‘S’’ and ‘‘V’’ are the center of

area of the steel section and the composite section, respectively. According to beam theory, the strain

distribution is linear but the stress distribution has a step change at the boundary between the steel and

concrete.

Vertical stiffener

Horizontal stiffener(b)

(a)

Bending buckling
Shear buckling

Shear buckling

FIGURE 25.18 Stiffeners of web: (a) buckling of web and (b) stiffeners of web.
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Three types of shear connectors, studs, horse shoes, and steel blocks, are shown in Figure 25.21. Studs

are most commonly used since they are easily welded to the compression flange by the electric resistance

welding, but the weld inspection is a cumbersome task. If the weld on a certain stud is poor, the stud may

shear off and trigger a totally unforeseen failure mode. Other types are considered to maintain more

reliability.

Shear connectors are needed most near the ends of the span where the shear force is largest. This

region is illustrated in Figure 25.19a, which shows the maximum shift due to slip occurs at ends of tiered

beams. It is this slip that is restrained by the shear connectors.

25.4.4 Grillage Girder

When girders are placed in a row and connected transversely by floor beams, the truck loads are

distributed by the floor beams to the girders. This system is called as ‘‘grillage girder.’’ If the main girders

are plate girders, no stiffness in torsion is considered. On the other hand, box girders and concrete

girders can be analyzed assuming stiffness is available to resist torsion. Floor beams increase the torsional

resistance of the whole structural system of bridge.

Let us consider the structural system shown in Figure 25.22a to observe the load distribution in a

grillage system. This grillage has three girders with one floor beam at midspan. In this case, there are three

nodal forces at the intersections of the girders and the floor beam but only two equilibrium equations

(V¼ 0 and M¼ 0). Thus, it becomes one degree statically indeterminate. If we disconnect the intersection

h
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FIGURE 25.19 Principle of tiered beam and composite beam: (a) tiered beam and (b) composite beam

(Tachibana and Nakai 1996).
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FIGURE 25.20 Section of composite girder: (a) composite girder section and (b) stress distribution (Tachibana

and Nakai 1996).
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between the main girder B and the floor beam and apply a pair of indeterminate forces ‘‘X’’ at point ‘‘b’’ as

shown in Figure 25.22b, X can be obtained using the compatibility condition at point ‘‘b.’’ Once the force

X is found, the sectional forces in the girders can be calculated. This structural system is commonly

applied to the practical design of plate girder bridges.

25.4.5 Widely Spaced Plate Girder

To compete with concrete bridges, a new design concept of steel bridge has been developed by mini-

mizing the number of girders and pieces of fabrication blocks, thus reducing the construction cost. The

space between girders is taken wide and the lateral bracing is neglected. An example of the bridge is

shown in Figure 25.23, which has only two girders with the space 5.7 m and the prestressed concrete slab

deck thickness of 320 mm.

t ≥10 mm

(a) (b) (c)

FIGURE 25.21 Type of shear connectors: (a) stud; (b) horse shoe; and (c) steel block (Nagai 1994).
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FIGURE 25.22 Grillage girders: (a) one-degree indeterminate system and (b) statically determinate system

(Tachibana and Nakai 1996).
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25.4.6 Box Girder

Structural configuration of box girders is illustrated in Figure 25.24. Since the box girder is a closed

section, its torsional resistance is high with no loss of strength in bending and shear. On the other

hand, plate girders are open sections generally only considered effective in resisting bending and

shear. Orthotropic decks — steel plates with longitudinal and transverse stiffeners — are often used for

decks on box girder or thin-walled structures instead of a concrete slab (Figure 25.24b) for long-span

bridges.

Torsion is resisted in two parts: pure torsion (St Venant torsion) and warping torsion. The pure

torsional resistance of I-plate girders is negligible. However, for closed sections such as a box girder,

the pure torsional resistance is considerable, making them particularly suited for horizontally curved

bridges or long-span bridges. On the other hand, the warping torsion for box section is negligible.

The I-section girder has some warping resistance but it is not so large compared to the pure torsion of

closed sections.

FIGURE 25.23 Widely spaced girder bridge (Chidorinosawagawa Bridge, Japan, from Kawasaki Heavy Ind., Ltd.,

with permission).

RC slab
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Lower flange
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Longitudinal rib
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FIGURE 25.24 Box girder: (a) with reinforced concrete deck and (b) with steel deck (Nagai 1994).
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25.4.7 Fabrication

Gas flame cutting is generally used to cut steel plates to designated dimensions. Fabrication by welding is

conducted in shop where the bridge components are prepared before being assembled (usually bolted)

on the construction site.

25.4.7.1 Welding

Welding is the most effective means of connecting steel plates. The properties of steel change when

heated and this change is usually for the worse. Molten steel must be shielded from the air to prevent

oxidization. Welding can be categorized by the method of heating and the shielding procedure. Shielded

metal arc welding (SMAW), submerged arc welding (SAW), CO2 gas metal arc welding (GMAW),

tungsten arc inert gas welding (TIG), metal arc inert gas welding (MIG), electric beam welding, laser

beam welding, and friction welding are common methods.

The first two welding procedures mentioned above, SMAW and SAW, are used extensively in bridge

construction due to their high efficiency. These both use an electric arc that is generally considered the

most efficient method of applying heat. SMAW is done by hand and is suitable for welding complicated

joints but less efficient than SAW. SAW is generally automated and can be very effective for welding

simple parts such as the connection between flange and web of plate girders. A typical placement of these

welding methods is shown in Figure 25.25. TIG and MIG use an electric arc for heat source and inert gas

for shielding.

Electrode(a)

(b)

(c)

Flux
Core wire

Arc

Base metal

Pool

Flux nozzle

Electrode wire

Flux

Pool

Gas nozzle

Electrode wire

Arc

Base metal

Gas shield

Slag

Weld metal

Pool

CO2 gas

Base metal

Arc
Cave

Slag

Weld metal

Slag

Weld metal

FIGURE 25.25 Welding methods: (a) shielded metal arc welding; (b) submerged arc welding; and (c) gas metal

arc welding (Nagai 1994).
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An electric beam weld must not be exposed to air; therefore, must be laid in a vacuum chamber. A laser

beam weld can be placed in air but is less versatile than other types of welding. It cannot be used on thick

plates but is ideal for minute or artistic work. Since the welding equipment necessary for heating and

shielding is not easy to handle on a construction site, all welds are usually laid in the fabrication shop.

The heating and cooling processes during welding induce residual stresses to the connected parts. The

steel surfaces or parts of the cross-section at some distance from the hot weld cool first. When the area

close to the weld then cools, it tries to shrink but is restrained by the more solidified and cooler parts.

Thus, tensile residual stresses are trapped in the vicinity of the weld while the outer parts are put into

compression.

There are two types of welded joints: fillet and groove welds (Figure 25.26). The fillet weld is placed at

the junction of two plates, often between a web and a flange. It is a relatively simple procedure with no

machining required. The groove weld, also called a butt weld, is suitable for joints requiring greater

strength. Depending on the thickness of adjoining plates, the edges are beveled in preparation for the

weld to allow the metal to fill the joint. Various groove weld geometries for full penetration welding are

shown in Figure 25.26b.

Inspection of welding is an important task since an imperfect weld may well have catastrophic con-

sequences. It is difficult to find faults such as an interior crack or a blow hole by observing only the

surface of a weld. Many nondestructive testing procedures are available which use various devices, such

as x-ray, ultrasonic waves, color paint, or magnetic particles. These all have their own advantages and

disadvantages. For example, the x-ray and the ultrasonic tests are suitable for interior faults but require

expensive equipment. Use of color paint or magnetic particles, on the other hand, is a less-expensive

alternative but only detects surface flaws. The x-ray and ultrasonic tests are used in common bridge

construction, but ultrasonic testing is becoming increasingly popular for both its ‘‘high tech’’ and its

economical features.

25.4.7.2 Bolting

Bolting does not require the skilled workmanship needed for welding and is thus a simpler alternative. It

is applied to the connections worked on a construction site. Some disadvantages, however, are incurred:

(1) splice plates are needed and the force transfer is indirect; (2) screwing-in of the bolts creates noise;

and (3) esthetically bolts are less appealing. In special cases that need to avoid these disadvantages, the

welding may be used even for site connections.
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(b)

Throat

Size

X V

a

a

a

a a

V KX

a

FIGURE 25.26 Types of welding joints: (a) fillet weld and (b) groove weld (Tachibana 1996).
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There are three types of high-tensile-strength bolted connections: the slip-critical connection, the

bearing-type connection (Figure 25.27), and the tensile connection (Figure 25.28). The slip-critical

(friction) connection is most commonly used in bridge construction as well as other steel structures

because it is simpler than a bearing-type connection and more reliable than a tension connection. The

force is transferred by the friction generated between the base plates and the splice plates. The friction

resistance is induced by the axial compression force in the bolts.

The bearing-type bolt transfers the force by bearing against the plate as well as making some use of

friction. The bearing-type bolt can transfer larger force than the friction bolts but are less forgiving with

respect to the clearance space often existing between the bolt and the plate. These require that precise

holes be drilled and at exact spacings. The force transfer mechanism for these connections is shown in

Figure 25.27. In the beam-to-column connection shown in Figure 25.26, the bolts attached to the

column are tension bolts while the bolts on the beam are slip-critical bolts.

The tension bolt transfers force in the direction of bolt axis. Tension type of bolt connection is easy to

connect on site but difficulties arise in distributing forces equally to each bolt, resulting in reduced

Normal force in bolt

Force P Bearing connection (tight)

Bearing connection (loose)

Displacement

Slip-critical connection (friction)

P/2 P/2

P/2P/2
P P

(a) (b)

(c)

FIGURE 25.27 Slip-critical and bearing-type connections: (a) slip-critical connection; (b) bearing-type

connection; and (c) behavior of bolt connections (Nagai 1994).
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FIGURE 25.28 Tension-type connection.
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reliability. Tension bolts may also be used to connect box members of the towers of suspension bridges

where compression forces are larger than the tension forces. In this case, the compression is shared with

butting surfaces of the plates and the tension is carried by the bolts.

25.4.7.3 Fabrication in Shop

Steel bridge components are fabricated into members in the shop yard and then transported to the

construction site for assembly. Ideally, all constructional work would be completed in the shop to get the

highest quality in the minimum construction time. The larger and longer the members can be, the better,

within the restrictions set by transportation limits and erection tolerances. When crane ships for erection

and barges for transportation can be used, one block can weigh as much as a thousand tons and be

erected as a whole on the quay. In these cases the bridge is made of a single continuous block and much

of the hassle usually associated with assembly and erection is avoided.

25.4.7.4 Erections

The designer must consider the loads, which occur during construction, generally different from

those occurring during service. Steel bridge components are particularly prone to buckling during

Bent
foundation

Roller

Roller

RailCart
Girder Launching truss

Truck crane
Bent

Bent

Back-stay cable
Carrier

Track cable

Erection tower

Anchor block

Temporary connector Traveller crane

Temporary compression member

Forward cable

(a)

(b)

(c)

(d)

FIGURE 25.29 Erection methods: (a) truck crane and bent erection; (b) launching erection; (c) cable erection; and

(d) cantilever erection (JMCA 1991).
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construction. The erection plan must be made prior to the main design and must be checked for strength

and stability for every possible load case that may arise during erection. Truck crane and bent erection

(or staging erection), launching erection, cable erection, cantilever erection, and large block erection (or

floating crane erection) are several techniques (see Figure 25.29). An example of the large block erection

is shown in Figure 25.46, in which a 186 m–4500 ton center block is transported by barge and lifted.

25.4.7.5 Painting

Steel must be painted to protect it from rusting. There is a wide variety of paints and the life of a steel

structure is largely influenced by its quality. In areas near the sea, the salty air is particularly harmful

to exposed steel. The cost of painting is high but is essential to the continued good condition of

the bridge. The color of the paint is also an important consideration in terms of its public appeal or

esthetic quality.

25.5 Concrete Girder Bridges

25.5.1 Introduction

For modern bridges, both structural concrete and steel give satisfactory performance. The choice between

the two materials depends mainly upon the cost of construction and maintenance. Generally, concrete

structures require less maintenance than steel structures, but since the relative cost of steel and concrete is

different from country to country, and may even vary throughout different parts of the same country, it is

impossible to put one definitively above the other in terms of ‘‘economy.’’

In this section, the main features of common types of concrete bridge superstructures are briefly

discussed. Concrete bridge substructures will be discussed in Section 25.6.

25.5.2 Reinforced Concrete Bridges

Figure 25.30 shows the typical reinforced concrete sections commonly used in highway bridge

superstructures.

25.5.2.1 Slab

A reinforced concrete slab (Figure 25.30a) is the most economical bridge superstructure for spans of

up to approximately 40 ft (12.2 m). The slab has simple details, standard formwork, and is neat, simple,

and pleasing in appearance. Common spans range from 16 to 44 ft (4.9 to 13.4 m) with structural-

depth-to-span ratios of 0.06 for simple spans and 0.045 for continuous spans.

25.5.2.2 T-Beam (Deck Girder)

The T-beams (Figure 25.30b) are generally economic for spans of 40 to 60 ft (12.2 to 18.3 m), but does

require complicated formwork, particularly for skewed bridges. Structural-depth-to-span ratios are 0.07

for simple spans and 0.065 for continuous spans. The spacing of girders in a T-beam bridge depends on

the overall width of the bridge, the slab thickness, and the cost of the formwork and may be taken as

1.5 times the structural depth. The most commonly used spacings are between 6 and 10 ft (1.8 to 3.1 m).

25.5.2.3 Cast-In-Place Box Girder

Box girders like the one shown in Figure 25.30c, are often used to span 50 to 120 ft (15.2 to 36.6 m). Its

formwork for skewed structures is simpler than that required for the T-beam. Due to excessive dead load

deflections, the use of reinforced concrete box girders over simple spans of 100 ft (30.5 m) or more may

uneconomical. The depth-to-span ratios are typically 0.06 for simple spans and 0.055 for continuous

spans with the girders spaced at 1.5 times the structural depth. The high torsional resistance of the box

girder makes it particularly suitable for curved alignments, such as the ramps onto freeways. Its smooth

flowing lines are appealing in metropolitan cities.
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25.5.2.4 Design Consideration

A reinforced concrete highway bridge should be designed to satisfy the specification or code require-

ments, such as the AASHTO-LRFD (2004) requirements for all appropriate service, fatigue, strength,

and extreme event limit states. In the AASHTO-LRFD (2004), service limit states include cracking and

deformation effects, and strength limit states consider the strength and stability of a structure. A bridge

structure is usually designed for the strength limit states and is then checked against the appropriate

service and extreme event limit states.

25.5.3 Prestressed Concrete Bridges

Prestressed concrete, using high-strength materials, makes it an attractive alternative for long-span

bridges. It has been widely used in bridge structures since the 1950s.

25.5.3.1 Slab

Figure 25.31 shows FHWA (1990) standard types of precast prestressed voided slabs and their sectional

properties. While a cast-in-place prestressed slab is more expensive than reinforced concrete slab, a

precast prestressed slab is economical when many spans are involved. Common spans range from 20 to

50 ft (6.1 to 15.2 m). Structural-depth-to-span ratios are 0.03 for both simple and continuous spans.

25.5.3.2 Precast I-Girder

Figure 25.32 shows AASHTO (FHWA 1990) standard types of I-beams. Figure 25.33 and Figure 25.34

show Caltrans standard ‘‘I’’-girder ‘‘Bulb-Tee’’ girders (Caltrans 2001), respectively. These compete with

steel girders and generally cost more than reinforced concrete with the same depth-to-span ratios.

The formwork is complicated, particularly for skewed structures. These sections are applicable to spans

30 to 120 ft (9.1 to 36.6 m). Structural-depth-to-span ratios are 0.055 for simple spans and 0.05 for

continuous spans.

(a)

(b)

(c)

FIGURE 25.30 Typical reinforced concrete sections in bridge superstructures: (a) solid slab; (b) T-beam; and

(c) box girder.

25-24 Handbook of Structural Engineering

Copyright 2005 by CRC Press



25.5.3.3 Box Girder

Figure 25.35 shows FHWA (1990) standard types of precast box sections. Figure 25.36 shows Caltrans

standard precast ‘‘Bathtub’’ girder (Caltrans 2001). The shape of a cast-in-place prestressed concrete box

girder is similar to the conventional reinforced concrete box girder (Figure 25.31c). The spacing of the
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FIGURE 25.31 FHWA precast prestressed voided slab sections: (a) typical section and (b) alternative shear key

(FHWA 1990).
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V 65 (1,651) 28 (711) 8 (203) 42 (1,067) 8 (203) 10 (254) 3 (76) 5 (127)
VI 72 (1,829) 28 (711) 8 (203) 42 (1,067) 8 (203) 10 (254) 3 (76) 5 (127)

AASHTO
Section properties

beam
type

A, in.2

(mm2 106)
Yb , in.
(mm)

Ix , in.4

(mm4 109)
Sb in.3

(mm4 106)
St in.3

(mm4 106)
Span ranges,

ft (m)

II 369
(0.2381)

15.83
(402.1)

50,980
(21.22)

3,220
(52.77)

2,528
(41.43)

40–45
(12.2–13.7)

III 560
(0.3613)

20.27
(514.9)

125,390
(52.19)

6,186
(101.38)

5,070
(83.08)

50–65
(15.2–19.8)

IV 789
(0.5090)

24.73
(628.1)

260,730
(108.52)

10,543
(172.77)

8,908
(145.98)

70–80
(21.4–24.4)

V 1013
(0.6535)

31.96
(811.8)

521,180
(216.93)

16,307
(267.22)

16,791
(275.16)

90–100
(27.4–30.5)

VI 1085
(0.7000)

36.38
(924.1)

733,340
(305.24)

20,158
(330.33)

20,588
(337.38)

110–120
(33.5–36.6)

FIGURE 25.32 Precast AASHTO I-beam sections: (a) AASHTO beam types II, III, and IV and (b) AASHTO beam

types V and VI (FHWA 1990).
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girders can be taken as twice the structural depth. It is used mostly for spans of 100 to 600 ft (30.5 to

182.9 m). Structural depth-to-span ratios are 0.045 for simple spans and 0.04 for continuous spans.

These sections are used frequently for simple spans of over 100 ft (30.5 m) and are particularly suitable

for widening in order to control deflections. About 70 to 80% of California’s highway bridge system is

composed of prestressed concrete box girder bridges.

25.5.3.4 Segmental Concrete Bridge

The segmentally constructed concrete bridges have been successfully developed by combining the

concepts of prestressing, box girder, and the cantilever construction (Podolny and Muller 1982;

AASHTO 1999). The first prestrssed segmental box girder bridge was built in West Europe in 1950.

California’s Pine Valley Bridge as shown in Figure 25.37 and Figure 25.38 (composed of three spans of

340 ft (103.6 m), 450 ft (137.2 m), and 380 ft (115.8 m) with the pier height of 340 ft (103.6 m)) is the

first cast-in-place segmental bridge built in the United States in 1974.

The prestressed segmental bridges with precast or cast-in-place segmental can be classified by

the construction methods (1) balanced cantilever, (2) span-by-span, (3) incremental launching,

483
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yt
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Sb

(mm3 106)
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(mm3 106)
r

(mm)
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(N/m)
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(kg/m)

914 382 279,200 26,200 435 479 60.3 54.7 306 6,850 671
1,067 535 306,500 39,800 508 559 78.3 71.1 360 7,223 736
1,219 687 333,700 56,800 580 639 97.9 89.0 413 7,866 802
1,372 840 361,000 77,800 654 718 118.9 108.4 464 8,509 867
1,524 992 388,300 102,900 728 796 141.4 129.3 515 9,152 933
1,676 1,144 415,600 132,600 802 874 165.3 151.6 565 9,795 998

FIGURE 25.33 Caltrans precast standard ‘‘I’’-girder (Caltrans 2001).
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and (4) progressive placement. The selection between cast-in-place and precast segmental and

among various construction methods is dependent of project features, site conditions, environ-

mental and public constraints, construction time for the project, and equipment available. Table

25.3 lists the range of the application of segmental bridges by the span lengths (Podolny and

Muller 1982).

25.5.3.5 Design Consideration

Compared to reinforced concrete, the main design features of prestressed concrete are that stresses for

concrete and prestressing steel and deformation of structures at each stage, that is, during construction,

stressing, handling, transportation, and erection as well as during the service life, and stress con-

centrations need to be investigated in accordance with the design specifications and codes.

25.5.4 Corrugated Steel Web Bridges

The corrugated steel web bridge is used in prestressed concrete to reduce the weight and increase the

span length. The corrugated web also has the advantages that it does not take the axial force by accordion

effect, thus introducing prestressing force in the concrete more effectively. An example of the bridge is

shown in Figure 25.39.
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I
(mm4 106)

yb

(mm)
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(mm3 106)
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(mm3 106)
r

(mm)
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(N/m)
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(kg/m)

1,400 850 596,500 155,400 721 679 215.5 228.8 510 14,060 1,433
1,550 1,000 626,500 201,200 795 755 253.0 266.5 567 14,770 1,505
1,700 1,150 656,700 254,200 870 830 292.1 306.2 622 15,480 1,577
1,850 1,300 686,100 314,500 945 905 333.0 347.5 677 16,180 1,650
2,000 1,450 716,300 382,600 1,019 981 375.4 390.0 731 16,890 1,722
2,150 1,600 746,600 458,800 1,094 1,056 419.4 434.5 784 17,600 1,794

FIGURE 25.34 Caltrans precast standard ‘‘Bulb-Tee’’ girder (Caltrans 2001).
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25.6 Concrete Substructures

25.6.1 Introduction

Bridge substructures transfer traffic loads from the superstructure to the footings and foundations.

Vertical intermediate support — piers or bents and end supports — abutments, are included.

25.6.2 Bents and Piers

25.6.2.1 Pile Bents

Pile extension as shown in Figure 25.40a is used for slab and T-beam bridges. It is usually used to cross

streams when debris is not a problem.
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(mm)

Ix , in.4
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Sb, in.3
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(mm3 106)

50
(15.2)

48
(1,219)

27
(686)

693
(0.4471)

13.37
(339.6)

65,941
(27.447)

4,932
(80.821)

4,838
(79.281)

60
(18.3)

48
(1,219)

33
(838)

753
(0.4858)

16.33
(414.8)

110,499
(45.993)

6,767
(110.891)

6,629
(108.630)

70
(21.4)

48
(1,219)

39
(991)

813
(0.5245)

19.29
(490.0)

168,367
(70.080)

8,728
(143.026)

8,524
(139.683)

80
(24.4)

48
(1,219)

42
(1,067)

843
(0.5439)

20.78
(527.8)

203,088
(84.532)

9,773
(160.151)

9,571
(156.841)

FIGURE 25.35 FHWA precast pretensioned box sections: (a) typical section and (b) alternative shear key (FHWA 1990).
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25.6.2.2 Solid Piers

Figure 25.40b shows a typical solid pier used mostly when stream debris or fast currents are present.

These are used for long spans and can be supported by spread footings or pile foundations.

25.6.2.3 Column Bents

Column bents (Figure 25.40c) are generally used on the dry land structures and supported by spread

footings or pile foundations. Multicolumn bents are desirable for bridges in seismic zones. The single-

column bent, such as a T-bent (Figure 25.40d), modified T-bent, C-bent (Figure 25.40e), or outrigger

bent (Figure 25.40f ) may be used when the location of the columns is restricted and changes of the

alignment are impossible. To achieve a pleasing appearance at minimum cost using standard column

shapes, Caltrans (1990) developed ‘‘Standard Architectural Columns’’ (Figure 25.41). Prismatic sections

of Column Types 1 and 1W, with one-way flares of Column Types 2 and 2W, and with two-way flares

of Column Types 3 and 3W may be used for various highway bridges.

25.6.3 Abutments

Abutments are the end supports of a bridge. Figure 25.42 shows the typical abutments used for highway

bridges. The seven types of abutments can be divided into two categories: open and closed ends.

Selection of an abutment type depends on the requirements for structural support, movement, drainage,

road approach, and earthquakes.
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1,400 925 864,000 191,500 612 788 313.0 243.1 471 20,370 2,076
1,550 1,075 925,900 251,500 683 867 368.2 290.0 521 21,820 2,225
1,700 1,255 987,700 321,800 755 945 426.2 340.5 571 23,280 2,374
1,850 1,375 1,049,600 403,200 827 1,023 487.5 394.1 620 24,740 2,522
2,000 1,525 1,111,400 496,400 899 1,101 552.2 450.9 668 26,200 2,671
2,150 1,675 1,173,300 602,100 972 1,178 619.4 511.1 716 27,660 2,819

FIGURE 25.36 Caltrans precast standard ‘‘bathtub’’ girder (Caltrans 2001).
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FIGURE 25.37 Pine Valley Bridge — construction stage, California.

FIGURE 25.38 Pine Valley Bridge — construction completed, California.
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25.6.3.1 Open End Abutments

Open end abutments include diaphragm abutments and short seat abutments. These are the most

frequently used abutments and are usually the most economical, adaptable, and attractive. The basic

structural difference between the two types is that seat abutments permit the superstructure to move

TABLE 25.3 Range of Application of Segmental Bridge Type by Span Length (Podolny

and Muller 1982)

Span, ft (m) Bridge types

0–150 (0–45.7) I-type pretensioned girder

100–300 (30.5–91.4) Cast-in-place posttensioned box girder

100–300 (30.5–91.4) Precast-balanced cantilever segmental, constant depth

200–600 (61.0–182.9) Precast-balanced cantilever segmental, variable depth

200–1000 (61.0–304.8) Cast-in-place cantilever segmental

800–1500 (243.8–457.2) Cable-stay with balanced cantilever segmental

FIGURE 25.39 Prestressed concrete bridge with corrugated steel web (Hondani Birdge, Japan, from P.S.

Mitsubishi Construction Co. Ltd., with permission).

(a) (b) (c)

(d) (e) (f)

FIGURE 25.40 Bridge substructures — piers and bents: (a) pile bents; (b) solid pier; (c) column bent; (d) ‘‘T’’

bent; (e) ‘‘C’’ bent; and (f ) outrigger bent (Caltrans 1990).
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Notes:
1. Square shape S section is only for Column type 1.
2. Flare curve is parabolic and dimension C is only for Column type 3.

FIGURE 25.41 Caltrans standard architectural columns: (a) Column types 1, 2, 3; (b) Column types 1W, 2W, 3W;

(c) side view; and (d) front view (Caltrans 1990).
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independently from the abutment while the diaphragm abutment does not. Since they have lower height

of abutment walls, there is less settlement in the road approaches than that experienced by higher

backfilled closed abutments. These also provide more economical widening than closed abutments.

25.6.3.2 Closed End Abutments

Closed end abutments include cantilever, strutted, rigid frame, bin, and closure abutments. These are

less commonly used, but are used for bridge widenings of the same kind, unusual sites, or in tightly

constrained urban locations. Rigid frame abutments are generally used with tunnel-type single-span

connectors and overhead structures that permit passage through a roadway embankment. Because the

structural supports are adjacent to traffic these have a high initial cost and present a closed appearance to

approaching traffic.

25.6.4 Design Consideration

During the recent 1989 Loma Prieta and the 1994 Northridge Earthquakes in the United States and the

1995 Kobe Earthquake in Japan, major damages have been found in substructures. Special attention,

Diaphragm

(a)

(b)

(c)

Cantilever Strutted

Bin Closure

Rigid frame

Seat

FIGURE 25.42 Typical types of abutments: (a) open end; (b) closed end — backfilled; and (c) closed end —

cellular (Caltrans 1990).
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therefore, must be paid to seismic effects and the detailing of the ductile structures. Boundary conditions

and soil–foundation–structures interaction in seismic analyses should also be carefully considered.

Chapter 20 addresses the seismic considerations.

25.7 Truss Bridges

25.7.1 Introduction

The structural layout of a truss bridge is shown in Figure 25.43 for a through bridge with the deck located

at the level of lower chords. The floor slab, which carries the live load, is supported by the floor system of

stringers and cross beams. The load is transmitted to the main trusses at nodal connections, one on each

side of the bridge, through the floor system and finally to the bearings. Lateral braces, which also are

a truss frame, are attached to the upper and lower chords to resist horizontal forces such as wind and

earthquake loads as well as torsional moments. The portal frame at the entrance provides transition of

horizontal forces from the upper chords to the substructure.

Truss bridges can take the form of a deck bridge as well as a through bridge. In this case, the concrete

slab is mounted on the upper chords and the sway bracing is placed between the vertical members of two

main trusses to provide lateral stability.

A truss is composed of upper and lower chords, joined by diagonal and vertical members (web

members). This frame action corresponds to beam action in that the upper and lower chords perform

like flanges and the diagonal braces behave in much the same way as the web plate. The chords are

mainly in charge of bending moment while the web members take the shear force. Trusses are an

assembly of bars, not plates, and thus are comparatively easier to erect on site and are often the choice

for long bridges.

25.7.2 Type of Truss

Figure 25.44 shows some typical trusses. A Warren truss is the most common and is a frame

composed of isosceles triangles, where the web members are either in compression or tension. The

web members of a Pratt truss are vertical and diagonal members where the diagonals are inclined

toward the center and resist only tension. The Pratt truss is suitable for steel bridges since it is tension

that is most effectively resisted. It should be noted, however, that vertical members of Pratt truss are

in compression. A Howe truss is similar to the Pratt except that the diagonals are inclined toward the

ends, leading to axial compression forces, and the vertical members resist tension. Wooden bridges

StrutUpper lateral bracing

Portal frame

End post

Stringer

Floor beam

Lower lateral bracing

Lower chord

Slab

Web (diagonal)

Upper chord

Gusset

FIGURE 25.43 Truss bridge (Nagai 1994).
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often make use of the Howe truss since the connections of the diagonals in wood prefer compression.

A K-truss, so named since the web members form a ‘‘K,’’ is most economical in large bridges because

the short member lengths reduce the risk of buckling.

25.7.3 Structural Analysis and Secondary Stress

The truss is a framed structure of bars, theoretically assumed to be connected by hinges, forming stable

triangles. Trusses contain triangle framed units to keep it stable. Its members are assumed to resist only

(a) (b)

(c) (d)

(e) (f)

FIGURE 25.44 Types of trusses: (a) Warren truss (straight upper chord); (b) Warren truss (curved upper chord);

(c) Warren truss with vertical members; (d) Prutt truss; (e) Howe truss; and (f) K-truss.

Compression

Diagonals

Gussets

Bearing

Tension

Lower chord

Gusset for lateral bracing

FIGURE 25.45 Nodal joints of truss bridge (JASBC 1985).
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tensile or compressive axial forces. A statically determinate truss can be analyzed using equilibrium

equations only. If more than the least number of members required for stability are provided, the truss

becomes indeterminate and can no longer be solved using only the equilibrium equations. The dis-

placement compatibility must be added. An internally and/or externally indeterminate truss is best

solved using a computer software.

In practice, truss members are connected to gusset plates with high-strength bolts (see Figure 25.45),

not rotation-free hinges, simply because these are much easier to fabricate. The ‘‘pinned’’ condition of

theory is not reflected in the field. This discrepancy results in ‘‘secondary stresses’’ (bending stresses)

in the members. Secondary stresses are found by a structural analysis of a rigid frame and are usually

less than 20% of the primary (axial) stresses. If the truss members are properly designed, that is the

slenderness ratios of the truss bars are sufficiently large with no buckling, then secondary stresses can

conveniently and reliably be disregarded.

25.7.4 Gerber Truss Bridge

Figure 25.46 is a photo of a Gerber truss bridge during the erection of the central part, which is Minato

Oh-Hashi in Japan. Its plan view is shown in Figure 25.11. A Gerber truss has intermediate hinges

between the supports to create a statically determinant structural system. In the case of Minato

Oh-Hashi, the soil condition at the bottom of the harbor was found not stiff and solid and the Gerber

truss proved the wisest choice.

25.8 Rigid Frame Bridges (Rahmen Bridges)

25.8.1 Introduction

The members are rigidly connected in ‘‘Rahmen’’ structures or ‘‘rigid frames.’’ Unlike the truss and

the arch bridges that will be discussed in the following subsection, all the members are subjected to

both axial force and bending moments. Figure 25.47 shows various types of Rahmen bridges.

The members of a rigid frame bridge are much larger than those in a typical building. Consequently,

stress concentrations occur at the junctions of beams and columns that must be carefully designed using

FIGURE 25.46 Lifting erection of Minato Oh-Hashi, Japan (Gerber bridge 1974) (HEPC 1994).
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finite element analyses or experimental verification. The supports of Rahmen bridges are either hinged

or fixed, making it an externally indeterminate structure, and it is therefore not suitable when the

foundation is likely to sink. The reactions at supports are horizontal and vertical forces at hinges, and

with the addition of a bending moment at a fixed base.

25.8.2 Portal Frame

A portal frame is the simplest design (Figure 25.47a) and is widely used for the piers of elevated highway

bridges because the space underneath can be effectively used for other roads or parking lots. These piers

were proved in the 1995 Kobe Earthquake in Japan to be more resilient, that is, to retain more strength

and absorb more energy than single-column piers.

25.8.3 �-Rahmen (Strutted Beam Bridge)

The p-Rahmen design is usually used for bridges in mountainous regions where the foundation is firm

and it can pass over a deep valley with a relatively long span or for bridges crossing over expressways

(Figure 25.47b). As shown in the structural layout of p-Rahmen in Figure 25.48, the two legs support the

main girders, inducing axial compression in the center span of the girder. Live load on the deck is

transmitted to the main girders through the floor system. Intermediate hinges may be inserted in the

girders to make Gerber girders. A V-leg Rahmen bridge is similar to a p-Rahmen bridge but can span

longer distances with no axial force in center span of the girder (Figure 25.47c).

25.8.4 Vierendeel Bridge

The Vierendeel bridge is a rigid frame whose upper and lower chords are connected rigidly to the vertical

members (Figure 25.47d). All the members are subjected to axial and shear forces as well as bending

(a)

(b)

(d)

(c)

FIGURE 25.47 Type of Rahmen bridges: (a) portal frame; (b) p-Rahmen; (c) V-leg Rahmen; and (d) Vierendeel

Rahmen.
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moments. This is internally a highly indeterminate system. Analysis of the Vierendeel frame must

consider secondary stresses. It is more stiff than Langer or Lohse arch bridges in which some members

take only axial forces.

25.9 Arch Bridges

25.9.1 Introduction

An arch rib acts like a circular beam restrained not only vertically but also horizontally at both ends and

thus results in vertical and horizontal reactions at the supports. The horizontal reaction causes axial

compression in addition to bending moments in the arch rib. The bending moments caused by the

horizontal force balances those due to gravity loads. Comparing with the axial force, the effect of the

bending moment is usually small. That is why the arch is often made of materials that have high

compressive strength such as concrete, stone, or brick.

25.9.2 Type of Arch

An arch bridge includes the road deck and the supporting arch. Various types of arches are shown in

Figure 25.49. In the figure, the thick line represents the members carrying bending moment, shear, and

axial forces. The thin line represents members taking axial forces only. Arch bridges are classified into the

deck and the through-deck types according to the location of the road surface as shown in Figure 25.49.

Since the deck in both type of bridges is sustained by either vertical columns or hangers to the arch,

structurally the same axial force action, either compression or tension, is in effect in the members.

The difference is that the vertical members of deck bridges take compressive forces and the hangers

of through-deck bridges take tension. The live load acts on the arch only indirectly.

A basic structural type for an arch is a two-hinged arch (see Figure 25.49a). The two-hinge arch has

one degree of indeterminacy externally because there are four end reactions. If one hinge is added at the

crown of the arch, creating a three-hinge arch, it is rendered determinate. If the ends are clamped,

turning it into a fixed arch, it becomes indeterminate to the third degree. The tied arch is subtended by

two hinges by a tie and simply supported (Figure 25.49b). The tied arch is externally determinate but

internally has one degree of indeterminacy. The floor structures hang from the arch and are isolated

from the tie. Other type of arch bridges will be discussed later in more detail.

25.9.3 Structural Analysis

Almost all bridge design analyses, in this age of super computing power, use finite element methods. The

analysis of an arch is basically the same as that for a frame. The web members are analyzed as truss bars

Stringer

Sole plate

Lateral bracing

Sway frame

Pin bearings

Leg (main frame)

Corner
Bolt joint

Main girder

Cross beam

FIGURE 25.48 Rahmen bridge (JASBC 1985).
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that take only axial forces. The arch rib and the girders are analyzed as either trusses or beam-columns

depending on the type of arch considered. Beam-columns take axial and shear forces and bending

moments. An arch rib is usually made up of straight piecewise components, not curved segments, and it

is so analyzed.

25.9.4 Langer Bridge

The Langer arch is analyzed by assuming that the arch rib takes only axial compression (Figure 25.49c).

The arch rib is thin, but the girders are deep and resist moment and shear as well as axial tension. The

girders of the Langer bridge are regarded as being strengthened by the arch rib. Figure 25.50 shows

structural components of a Langer bridge.

If diagonals are used in the web, it is called a trussed Langer. The difference of the trussed Langer

against a standard truss is that the lower chord is a girder instead of just a bar. The Langer bridge is also

determinate externally and indeterminate internally. The deck-type bridge of the Langer is often called

a ‘‘reversed’’ Langer.

Through-deck type(a)

(b)

(c)

(d)

(e)

(f)

Deck type

Tie

FIGURE 25.49 Type of arch bridges: (a) two-hinge arch; (b) tied arch; (c) Langer arch; (d) Lohse arch; (e) trussed

arch; and (f ) Nielsen arch (Shimada 1991).
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25.9.5 Lohse Bridge

Lohse bridge is very similar to the Langer bridge except the Lohse bridge carries its resistance to bending

in the arch rib as well as the girder (Figure 25.49d). By this assumption, the Lohse bridge is stiffer than

the Langer. The distribution of bending moments in the arch rib and the girder depends on the stiffness

ratio of the two members, which is the designer’s decision. The Lohse arch bridges may be thought of

as tiered beams (see Figure 25.19) connected by vertical members. The vertical members are assumed

to take only axial forces. Esthetically, the Lohse is more imposing than the Langer, and is therefore suited

to urban areas while the Langer fits into mountain areas.

25.9.6 Trussed Arch and Nielsen Arch Bridges

Generally, diagonal members are not used in arch bridges thus avoiding difficulty in structural analysis.

However, recent advancements in computer technology have changed this outlook. New types of

arch bridges, such as the trussed arch in which diagonal truss bars are used instead of vertical members

or the Nielsen Lohse design in which tension rods are used for diagonals, have now been introduced

(see Figure 25.49e and f ). Diagonal web members increase the stiffness of a bridge more than the

vertical members.

All the members of the truss bridge take only axial forces. On the other hand, the trussed arch bridge,

however, may resist bending in the arch rib, the girder, or both. Since the diagonals of the Nielsen Lohse

bridge carry only axial tension, they are prestressed by the dead load to compensate for the compression

force due to the live load.

25.10 Floor System

25.10.1 Introduction

The floor system of a bridge usually consists of a deck carried by girders. The deck directly supports the

live load. Floor beams as well as stringers shown in Figure 25.51 form a grillage and transmit the load

from the deck to the main girders. The floor beams and stringers are used for framed bridges, that is,

truss, Rahmen, and arch bridges (see Figure 25.43, Figure 25.48, and Figure 25.50), in which the spacing

of the main girders or trusses is large. In an upper deck type of plate girder bridge the deck is directly

supported by the main girders and often there is no floor system because the main girders run in parallel

and close together.

Portal frame

Strut

Hanger
Floor beam

Lower lateral bracing

Stiffening girder

Bearings

Stringers

Upper chord

Upper lateral bracing

FIGURE 25.50 Langer arch bridge (JASBC 1985).
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The floor system is classified as suitable for either highway or railroad bridges. The deck of a highway

bridge is designed for the wheel loads of trucks using plate bending theory in two dimensions. Often in

design practice, however, this plate theory is reduced to equivalent one-dimensional beam theory. The

materials used are also classified into concrete, steel, or wood.

The recent influx of traffic flow has severely fatigued existing floor systems. Cracks in concrete

decks and connections of floor system are often found in old bridges that have been in service for

many years.

25.10.2 Decks

25.10.2.1 Concrete Deck

A reinforced concrete deck slab is most commonly used in highway bridges. It is the deck that is most

susceptible to damage caused by the flow of traffic, which continues to increase over the years. Urban

highways are exposed to heavy traffic and forced to be repaired frequently.

Recently, a composite deck slab was developed to increase the strength, ductility, and durability of

decks without increasing their weight or affecting the cost and duration of construction. In a com-

posite slab, the bottom steel plate serves both as a part of the slab and the form work for pouring

the concrete. There are many ways of combining the steel plate and the reinforcement. A typical

example is shown in Figure 25.52. This slab is prefabricated in the yard and then the concrete is

poured on site after girders have been placed. A precast prestressed deck may reduce the time required

to complete construction.

25.10.2.2 Orthotropic Deck

For long spans, the othotropic deck is used to minimize the weight of the deck. The orthotropic deck is

a steel deck plate stiffened with longitudinal and transverse ribs as shown in Figure 25.53. The steel

deck also works as the upper flange of the supporting girders. The pavement or wearing surfacing on

the steel deck should be carefully finished to prevent water from penetrating through the pavement

and causing the steel deck to rust.

25.10.3 Pavement

The pavement on the deck provides both a smooth driving surface and prevents rain water from seeping

into the reinforcing bars and steel deck below. A layer of waterproofing may be inserted between the

pavement and the deck. Asphalt is most commonly used to pave highway bridges. Its thickness is usually

5 to 10 cm on highways and 2 to 3 cm on pedestrian bridges.

Diagonals(a) (b)

Concrete slab
Concrete slab

Chord
Stringer

Stringer
Floor beam

Floor beamBox girder

FIGURE 25.51 Floor system: (a) truss bridge and (b) box girder bridge (Nagai 1994).
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25.10.4 Stringers

The stringers support the deck directly and transmit the loads to floor beams as can be seen in Figure 25.51.

They are placed in the longitudinal direction just like the main girders are in a plate girder bridge and thus

provide much the same kind of support.

Concrete

Distributing
reinforcement

Main
reinforcement

Bottom steel plate

Haunch plate

FIGURE 25.52 Composite deck (JASBC 1988).

Wheel guard

Asphalt p
avement

Steel deck

plate

Longitudinal
rib

Main girder

Transverse
rib

FIGURE 25.53 Orthotropic deck (JASBC 1985).
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The stringers must be sufficiently stiff in bending to prevent cracks forming in the deck or on

the pavement surface. The design codes usually limit the vertical displacement caused by the weight of

a truck.

25.10.5 Floor Beams

The floor beams are placed in the transverse direction and connected by high-strength bolts to the truss

frame or arch as shown in Figure 25.51. The floor beams support the stringers and transmit the loads to

main girders, trusses, or arches. In other words, the main truss or arch receives the loads indirectly via

the floor beams. The floor beams also provide transverse stiffness to bridges and thus improve the overall

torsional resistance.

25.11 Bearings, Expansion Joints, and Railings

25.12.1 Introduction

Aside from the main components such as the girders or the floor structure, some other parts such as

bearings (shoes), expansion joints, guard railings, drainage paths, lighting, and sound-proofing walls

also make up the structure of a bridge. Each plays a minor part but provides an essential function.

Drains flush rain water off and wash away dust. Guard railings and lights add to the esthetic quality of

the design as well as providing their obvious original functions. A sound-proofing wall may take away

from the beauty of the structure but might be required by law in urban areas to isolate the sound of

traffic from the surrounding residents. In the following section, bearings, expansion joints, and guard

railings are discussed.

25.11.2 Bearings

Bearings (shoes) support the superstructure (the main girders, trusses, or arches) and transmit the loads

to the substructure (abutments or piers). The bearings connect the upper and lower structures and carry

the whole weight of the superstructure. The bearings are designed to resist these reaction forces by

providing support conditions that are fixed or hinged. The hinged bearings may be movable or

immovable; that is, horizontal movement is restrained or unrestrained (horizontal reaction is produced

or not). The amount of the horizontal movement is determined by calculating the elongation due to a

temperature change.

During the 1995 Kobe earthquake in Japan, many bearings were found to have sustained extensive

damage due to stress concentrations, which are the weak spots along the bridge. The bearings may play

the role of a fuse to keep damage from occurring at vital sections of the bridge, but the risk of the

superstructure falling down goes up. The girder-to-girder or girder-to-abutment connections prevent

the girders from collapsing during strong earthquakes.

Many types of bearings are available and some are shown in Figure 25.54 and briefly explained in the

following:

1. Line bearings. The contacting line between the upper plate and the bottom round surface provides

rotational capability as well as sliding. These are used in small bridges.

2. Plate bearings. The bearing plate has plane surface on the top side which allows sliding and a

spherical surface on the bottom allowing rotation. The plate is placed between the upper and lower

shoes.

3. Hinged bearings (pin bearings). A pin is inserted between the upper and lower shoes allowing

rotation but no translation in the longitudinal direction.

4. Roller bearings. Lateral translation is unrestrained by using single or multiple rollers for hinged

bearings or spherical bearings.
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5. Spherical bearings (pivot bearings). Convex and concave spherical surfaces allow rotation in all

directions and no lateral movement. The two types are: a point contact for large differences in the

radii of each sphere and a surface contact for small differences in their radii.

6. Pendel bearings. An eye bar connects the superstructure and the substructure by a pin at each end.

Longitudinal movement is permitted by inclining the eye bar; therefore, the distance of the pins at

ends should be properly determined. These are used to provide a negative reaction in cable-stayed

bridges. There is no resistance in transverse direction.

7. Wind bearings. This type of bearings provides transverse resistance for wind and is often used with

pendel bearings.

8. Elastomeric bearings. The flexibility of elastomeric or lead rubber bearings is that they allow both

rotation and horizontal movement. Figure 25.55 explains a principle of rubber-layered bearings by

Side plate Upper shoe

Anchor bolt Bearing
surfaceLower shoe Roller

Upper shoe

Lower shoe

Upper shoe

Upper
shoe

Lower
shoe

Lower
shoe

Seal
ring

Side
block

Bearing plate

Pin

Cap

Anchor
base

Pin

Upper shoe

Lower shoe

Rollers

Bottom slab

(i) Surface bearing (ii) Point bearing

(i) Shear type (ii) Bearing type

(a) (e)

(b)

(c) (g)

(d)

(f )

FIGURE 25.54 Types of bearings: (a) line bearing; (b) plate bearing; (c) hinged bearing; (d) multiple roller

bearing; (e) single roller bearing; (f ) spherical bearing; and (g) pendel bearing (JASBC 1984).
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comparing with a unit rubber. A layered rubber is stiff, unlike a unit rubber, for vertical

compression since the steel plates placed between the rubber restrain the vertical deformation of

the rubber, but flexible for horizontal shear force like a unit rubber. The flexibility absorbs

horizontal seismic energy and are ideally suited to resist earthquake actions. After the disaster of

the 1995 Kobe Earthquake in Japan the elastomeric rubber bearings are becoming more and

more popular, but whether they effectively sustain severe vertical actions without damage is

not certified.

9. Seismic isolation bearings. Many different types of seismic isolation bearings are available, such

as elastomeric isolators and sliding isolators. When installed on the bridge piers and abutments,

the isolation bearings serve both vertical bearing devices for gravity loads and lateral isolation

devices for seismic load. The basic purpose of isolation devices is to change the fundamental mode

of vibration so that the structure is subjected to lower earthquake force. However, reduction in

force may be accompanied by an increase in displacement demand that shall be accommodated

within the isolation system and any adjacent structures.

Unit rubber Layered rubber

Vertical action

Horizontal action

Force and displacement relations

P P

RubberSteel plates

P P
a a

P P

Shear

Remark: Steel plates suppress vertical deformation of the rubber, but not
horizontal deformation.

Shear

Compression

Compression

a a

FIGURE 25.55 Properties of elastomeric bearings (Bridgestone Co.).
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A selection from these types of bearings is made according to the size of bridge and the magnitude of

predicted downward or upward reaction forces.

25.11.3 Expansion Joints

Expansion joints are provided to allow a bridge to adjust its length under changes in temperature or

deformation by external loads. They are designed according to expanding length and material as clas-

sified in Figure 25.56. Steel expansion joints are most commonly used. A defect is often found at the

boundary between the steel and the concrete slab where the disturbing jolt is given to drivers as they pass

over the junction. To solve this problem, rubber joints are used on the road surface to provide a smooth

transition for modern bridge construction (see Figure 25.56e) or continuous girders are more commonly

adopted than simple girders.

25.11.4 Railings

Guard railings are provided to ensure vehicles and pedestrians do not fall off from the bridge. They may

be a hand rail for pedestrians, a heavier guard for vehicles, or a common railing for both. These are made

from materials such as concrete, steel, or aluminum. The guard railings are located prominently and are

thus open to the critical eye of the public. It is important that they do not only keep traffic within

boundaries but also add to the esthetic appeal of the whole bridge (Figure 25.57).

5 mm
(a)

(d)

(f) (g) (h)

(e)

(b) (c)

Cutter slit
30–50 mm

100–200 100–200a

10–20 mm250 250 25020
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Waterproof slit
Stopper

Girder

20 mm

Slab

Pavement

Pavement Pavement

200

Abutment Slit plate or
slit rubber seal

Rubber seal

FRP

Epoxy mortar Corner channels

FIGURE 25.56 Types of expansion joints (JASBC 1984): (a) blind slit type; (b) slit plate type; (c) angle joint type;

(d) postfitting butt type; (e) rubber joint type; (f) steel covered type; (g) steel finger type (cantilevered); and (h) steel

finger type (supported).
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Glossary

Abutment — An end support for a bridge structure.

Arch bridge — A bridge that includes the road deck and the supporting arch.

Bridge — A structure that crosses over a river, bay, or other obstruction, permitting the smooth and safe

passage of vehicles, trains, and pedestrians.

Cable-stayed bridge — A bridge in which the superstructure is hanging from the diagonal cables that are

tensioned from the tower.

Cast-in-place concrete — Concrete placed in its final position in the structure while still in a plastic state.

(a)

(b)

FIGURE 25.57 Pedestrian railing (JASBC 1985): (a) railing images waves and (b) Kanazawa Kakkei Oh-Hashi,

Kanagawa, Japan (1982).
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Composite girder — A steel girder connected to a concrete deck so that they respond to force

effects as a unit.

Deck (slab) — A component, with or without wearing surface, directly supporting wheel loads.

Floor system — A superstructure, in which the deck is integral with its supporting components, such

as floor beams and stringers.

Girder — A structural component whose primary function is to resist loads in flexure and shear.

Generally, this term is used for fabricated section.

Girder bridge — A bridge superstructure that consist of a floor slab, girders, and bearings.

Influence line — A continuous or discretized function over a section of girder whose value at a point,

multiplied by a load acting normal to the girder at that point, yields the force effect being sought.

Lever rule — The static summation of moments about one point to calculate the reaction at the

second point.

LRFD (load and resistance factor design) — A method of proportioning structural components

(members, connectors, connecting elements, and assemblages) such that no applicable limit

state is exceeded when the structure is subjected to all appropriate load combinations.

Precast member — Concrete element cast in a location other than its final position.

Prestressed concrete — Concrete components in which the stresses and deformations are introduced

by application of prestressing forces.

Rigid frame bridge — A bridge in which the superstructure and substructure members are rigidly

connected.

Segmental bridge — A bridge in which primary load-supporting members are composed of individual

members called segments post-tensioned together to act as a monolithic unit under loads.

Substructure — Structural parts of the bridge that provide the horizontal span.

Superstructure — Structural parts of the bridge that support the horizontal span.

Suspension bridge — A bridge in which the superstructure is suspended by two main cables and

anchored to end blocks.

Truss bridge — A bridge superstructure that consist of a floor system and main trusses.
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26
Cable-Supported

Bridges

26.1 Introduction

26.1.1 Features of Cable-Supported Bridges

Cable-supported bridges or cable-suspended bridges are defined as bridges whose decks are supported

by flexible cables. They are, in principle, classified into a suspension type where the bridge deck is

continuously supported by stretched catenary cable(s), a cable-stayed type where the deck is discretely

and directly suspended by straight stay cables, and their combined type. Suspension and stayed

structures are applied to roof and buildings too.

Although the load bearing mechanisms are different, suspension and cable-stayed bridges have in

common the following features:

1. They generally consist of cables, bridge deck incorporated with solid-web girder or truss, and

towers.

2. They are advantageous for spanning long distances as seen in Figure 26.1 because cables are

subject to only tension and steel wires consisting of a cable have very high tensile strength,

although they may also be used economically on short- and medium-span pedestrian bridges.

3. The entire structure is much more flexible than other types of structures having equivalent span

length.

4. The complete structure can be mostly erected without intermediate staging from the ground.

5. The main structure is elegant and neatly expresses its function owing to its transparent

appearance.
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Since the cable-supported bridges are mostly used outside the span range of the standard bridge

specifications and are quite flexible compared with other structural types, their design specifications are

often provided peculiarly.

26.1.2 Historical Sketch of Modern Cable-Supported Bridges

The history of cable-supported bridges is very long because the concept of suspending a bridge deck

by cables might be easily thought of. However, construction of reliable structures of these sorts had to

wait until the age of the industrial revolution when strong and homogeneous wrought iron, and later

steels, were manufactured. Since then, techniques of suspension bridge construction have made steady

progress despite frequent accidents, whereas early attempts to construct bridges as cable-stayed systems

were not successful probably due to lack of technical and analytical understanding.

Roeblings’ Brooklyn Bridge (486 m span) built in 1883 marked the beginning of the golden age

of modern suspension bridges in the United States spanning the next half a century. With the successive

construction of the Williamsburg (1903; 488 m), Benjamin Franklin (1926; 533 m), Ambassador

(1929; 564 m), George Washington (1931; 1067 m), Golden Gate (1937; 1280 m), and Verrazano

Narrows (1965; 1298 m) bridges, the United States stood at the vanguard of long-span suspension bridge

technology. In the mid-1950s, 15 of the longest span suspension bridges in the world were in the United

States. Among them, the Manhattan Bridge built in 1909 is featured as the first suspension bridge designed

on the basis of the deflection theory. It provides a contrast to the neighboring Williamsburg Bridge, built

only 6 years earlier by using the elastic theory, when slenderness of stiffening truss is compared. The

George Washington Bridge was epoch-making because its main span length exceeded 1 km for the first

time, almost doubling the previous record. Not to speak of the technological excellence, the Golden Gate

Bridge is featured by its Art Deco style towers and iron oxide red color that harmonize so well with the

magnificent site. In 1940, the Tacoma Narrows Bridge, then the world’s third-longest suspension bridge,

collapsed due to dramatic flutter oscillation caused by a gale. The lesson from this tragedy was reflected in

the design of the Mackinac Strait and the Verrazano Narrows bridges afterwards in different styles.
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FIGURE 26.1 Transition of maximum span length of bridges in the 20th century.
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From around 1960, a wave of long-span suspension bridges moved to western Europe. In particular,

the unprecedented ideas of streamlined box girder and inclined hangers adopted first for the design of

the Severn Bridge in the United Kingdom, completed in 1966, were further applied to the Humber

Bridge, the world’s longest span bridge at the time of completion in 1981, and the first Bosporus bridge

(Kemal Ataturk Bridge), designed by the same group. Later, in the last quarter of the 20th century, the

construction of long-span suspension bridges boomed in Japan and the Scandinavian countries, and

then in China. Such chronological trends as mentioned above may be recognized from Table 26.1a.

Among the recent suspension bridges in the Far East, the Seto Bridges in Japan (1988) and the Tsin Ma

Bridge in Hong Kong (1997) are featured as long-span suspension bridges carrying both road and sub-

stantial rail traffics. Particularly in the former, new techniques such as innovative track structures and new

design and fabrication provisions against fatigue were first developed. The longest span of a suspension bridge

TABLE 26.1 Span Length Ranking of (a) Suspension Bridges (Span>1000 m) and (b) Cable-Stayed Bridges

(Span> 500 m)

Name Span (m) Country Year Girder

(a) Suspension bridges

Akashi 1991 Japan 1998 Truss

Great Belt 1624 Denmark 1998 Box

Humber 1410 U.K. 1981 Box

Jiangyin 1385 China 1999 Box

Tsin Ma 1377 Hong Kong, China 1997 Road/rail

Verrazano 1298 U.S.A. 1964 Double deck

Golden Gate 1280 U.S.A. 1937 Truss

Hoga Kusten 1210 Sweden 1998 Box

Mackinac 1158 U.S.A. 1957 Truss

South Bisan 1100 Japan 1988 Road/rail

F.S. Mehmet 1090 Turkey 1988 Box

Kemal Ataturk 1074 Turkey 1973 Box

G.Washington 1067 U.S.A. 1931 Double deck

Kurushima III 1030 Japan 1999 Box

Kurushima II 1020 Japan 1999 Box

April 25th 1013 Portugal 1966 Road/rail

Forth Road 1006 U.K. 1964 Truss

Runyang Yangtze 1490 China (2005) Box

Tsing Lung 1418 Hong Kong, China u.d. Twin box

(b) Cable-Stayed Bridges

Tatara 0890 Japan 1999 Steelþ PCa

Normandy 0856 France 1995 Steelþ PC

Nanjing Yangtze II 0628 China 2001 Steel

Baishazhou Yangtze 0618 China 2000 Steelþ PC

Qingzou 0605 China 2001 Steel

Yanpu 0602 China 1995 Composite

Xupu 0590 China 1997 CompositeþPC

Meiko Central 0590 Japan 1998 Steel

Skarnsundet 0530 Norway 1991 PC

Jueshi 0518 China 1998 Steelþ PC

Tsurumi 0510 Japan 1995 Steel

Jingzhou Yangutze 0500 China 2002 PC

Nanjing Yangtze III 0648 China (2006) Steel

Stonecutters 1017 Hong Kong, China (2008) Steel

Sutong Yangtze 1088 China (2008) Steel

a PC: prestressed concrete.
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has reached nearly 2 km in the 20th century, while the Messina Strait Bridge in Italy, which will also carry both

road and rail and is awaiting construction, is expected to have the formidable span length of 3300 m.

Although the concept of cable-stayed bridge was known since ancient times, the first outstanding

application of stay cables was realized by Roebling in his Niagara suspension bridge in the mid-1850s,

carrying rail and road. The same system was used for the Brooklyn Bridge also though these stays were

not effective structural components. More than a half century later, F. Dischinger proposed the com-

bined system of suspension and stay cables in 1938 but did not use it for actual construction.

The construction of modern cable-stayed bridges was led by German engineers after the Second World

War. In particular, three large bridges, Nord, Knie, and Oberkassel, built from 1956 to 1972 for the city

of Duesseldorf crossing the River Rhine, were a dramatic display of the new form. Following these early

German designs, cable-stayed bridges spread rapidly throughout the world, marked especially by a

variety of forms chosen for esthetic and technical reasons. As seen in Figure 26.1, the development of

record span length of this type has been very rapid. The longest span exceeds 800 m in the late 1990s, and

now is expected to exceed 1000 m by 2010 (see Table 26.1b). As far as the number of long-span cable-

stayed bridges is concerned, Japan and China have taken lead; in 2010, China will have eight among the

top ten longest bridges.

Since the tower and girder of a cable-stayed bridge are mostly subject to bending and compression,

concrete structures have been widely used from the early stage, even for spans as long as 500 m or more.

On the other hand, its application to short-span pedestrian bridges has been also very widespread, being

appreciated for its esthetic value and economical advantage.

26.2 Structural Cables

26.2.1 Steel Wires

Cables are naturally the most important element of a cable-supported bridge. Although eye-bar chain

was used in the early days and now the use of new composite materials is going to increase for small-span

bridges, the material most frequently employed in modern bridge cables is cold-drawn high-strength

steel wires, which have a diameter of 3 to 7 mm and ultimate tensile strength of 1.5 to 1.9 GPa.

As shown in Figure 26.2, the tensile strength of the steel wires used in suspension bridge cables

increased up to 1.8 GPa in constructing the world’s longest bridge, Akashi Kaikyo, which was completed

in 1998 by adding an appropriate amount of silicon. On the other hand, the wire element of the seven-

wire strand as used extensively for prestressed concrete, consisting of a straight core wire surrounded by

a single layer of long-pitch six wires, has already had a higher tensile strength between 1.8 and 1.9 GPa.
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FIGURE 26.2 Tensile strength of galvanized steel wires.
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26.2.2 Basic Feature of Wire Cable

A wire cable has to be composed of a large number of single wires to meet the strength requirement.

A certain number of wires is often shop-assembled to form a prefabricated strand, subsequently at the

site as basic elements for the final cable by being bundled into generally a circular cross-section.

Cable strands are classified into the wire rope formed by helically twisted wires and the parallel-wire

strand (PWS), as shown in Table 26.2. A strand rope is manufactured by further twisting spiral rope

strands around a single straight core strand. Mechanical properties of a cable go down in order of the

PWS, the spiral rope, and the strand rope (see Table 26.3), while order of ease of handling is the reverse.

Due to the inferiority of mechanical properties, the strand rope is rarely used in bridge cables. Stay cables

used in cable-stayed bridges have more diversity as will be mentioned in the next section.

The cables in a cable-stayed bridge are all inclined. The actual stiffness of such an inclined cable is

lower than that of the cable material itself because of sag due to its own weight. The equivalent Young’s

modulus of an inclined cable is expressed by

Eeff ¼
E0

1þ g2l2E0=ð12s3Þ ð26:1Þ

where E0 is Young’s modulus of the straight cable, g is the weight of the unit length cable, l is the

horizontally projected length of the cable, and s is the tensile stress in the cable [1]. Although this

TABLE 26.2 Types of Suspension Bridge Cables

Name Shape of section Structure

Parallel wire strand Wires are hexagonally

bundled in parallel

Strand rope Six strands made of several wires

are closed around a core strand

Spiral rope Wires are stranded in several

layers mainly in opposite lay directions

Locked coil rope
Deformed wires are used for the

outside layers of spiral rope

Source: Okukawa, A., Suzuki, S., and Harazaki, I., in Bridge Engineering Handbook, CRC Press, Boca Raton, FL, 2000,

with permission.

TABLE 26.3 Mechanical Properties of Steel Wire Cable

Type Void ratio (%) P/NSa Elastic modulus (MPa)

Strand rope 35–42b 0.80–0.85 1.35� 105

Spiral rope 23–25b 0.9 1.55� 105

Locked-coil rope 10–14b 0.9 1.55� 105

Parallel wire strand 11–14b 0.95–0.98 1.95� 105

a P: rupture load of strand, S: tensile strength of a wire, N: number of wire.
b Value for a circumscribed hexagon.
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reduction of the stiffness is practically negligible in most cases, it must be properly considered for a very

long cable or during some construction stage.

The sectional area of cables is determined on the basis of the maximum cable tension. The safety factor

of structural cables has been normally 2.0 to 2.5 for the guaranteed tensile strength, while that of main

cables of long-span suspension bridges may be a little lower. This depends on the ratio of the dead load

stress to the total stress, the nature of secondary stress, and the existence of fatigue stress.

26.2.3 Types of Bridge Cables

26.2.3.1 Spiral Rope

Spiral ropes have been used for main cables of many short- and medium-span suspension bridges,

hanger ropes of almost all suspension bridges, and stay cables of some cable-stayed bridges mainly in the

United Kingdom. When a large sectional area is required as in the case of main cables for a medium-span

suspension bridge, a certain number of spiral rope strands are arranged in parallel and usually com-

pacted in one cable. In order to remove nonelastic elongation of the spiral rope strand caused by

the compaction of the strand, prestressing is performed before erection. Because spiral ropes are

self-compacting, it is not required to wrap or provide with bands around the cable if a strand is

separately arranged.

26.2.3.2 Locked-Coil Rope

Locked-coil ropes (LCRs) are a family of spiral ropes, but noncircular or deformed wires are arranged in the

outside layers of the strand as seen in Table 26.2. The strength of the wires in an LCR is lower (1370 to

1570 MPa), while a nominal modulus of elasticity of an LCR strand is slightly higher than that of a normal

spiral rope. The Z-shaped wires of the outer layers make the LCR strand more compact owing to a very small

void ratio inside the strand, more water-tight, and less sensitive to side pressures at saddles and anchorages,

whereas an LCR is not easy to handle when compared to normal spiral ropes due to its bending stiffness.

The LCR has been widely used in steel cable-supported bridges in Europe, and even in the main cables

of suspension bridges with a main span of up to 850 m. Its maximum size so far is approximately 1250 m

in length and 180 mm in diameter.

26.2.3.3 Parallel-Wire Cable

A parallel-wire main cable of a large suspension bridge is made either by the air-spinning method

where the total cable section is assembled on site from individual wires or by the prefabricated parallel-

wire strand (PPWS) method where the PPWS fabricated at the shop is coiled around the reel and

transported to the site. The diameter of the individual wire used in suspension bridge main cables is

about 5 mm.

A PPWS with covering sheath is widely used in cable-stayed bridges. A parallel-wire bundle of

prestressing wires with a diameter of about 5 or 7 mm is incorporated as a stay cable with a

polyethylene pipe filled by cement grout as corrosion protection and with HiAm anchor sockets as the

end fittings. These parallel-wire cables have been widely used in both concrete and steel cable-stayed

bridges.

26.2.3.4 Ultra-Long Lay Cable

The idea of an ultra-long lay cable strand was initiated in the 1980s as the improved variant of

PWS parallel-wire cables. Twisting the wires up to 3 to 4� enables the wire bundle to ease reeling and

make the strand self-compacting under axial tension without spoiling the mechanical properties. These

cable strands were designated as ‘‘New PWS’’ in Japan and as ‘‘HiAm-SPWC’’ in Europe. The New PWS

is also featured by extruding high-density polyethylene (HDFE) cover directly onto the wire bundle so

that no void will exist between the outer wires and the surrounding cover. The strand is assembled by
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7 mm wires and the thickest one comprises 421 wires. The longest stay cable of this type is 460 m long

with an outer diameter of 165 mm, as used in the Tatara Bridge.

26.2.3.5 Parallel-Strand Cable

The seven-wire strand that has been extensively used as tendon for a prestressed concrete structure is

the simplest and most prevalent stay cable of prestressed concrete cable-stayed bridges. As the pitch

of twisted wires is relatively long, the stiffness of the strand is close to that of a straight wire strand

and its breaking strength is even higher. For cables, the strand is normally made from 5 mm wires

and its nominal diameter is 12.7 or 15.2 mm and these strands are arranged in parallel to form a

stay cable. The number of the seven-wire strands varies from 7 to 127 depending on the required

design force.

There are a number of strand or cable systems using the seven-wire strands according to corrosion

protection, assembling method, and end-fitting techniques, for example, Freyssinet, Dywidag, VSL,

Stronghold, SEEE, ASP (at-site prefabricated cable system), and so on. The parallel-strand cables are

either shop-fabricated or site-fabricated, and sometimes their combination like SEEE. Cost saving is

attained by the site-fabrication of stay cables with individual strands pushed through a preinstalled

sheath. The corrosion protection will be illustrated later in Section 26.2.5. These types of cables have also

been applied recently to steel or steel/concrete hybrid cable-stayed bridges.

26.2.3.6 Bar Stay Cable

A bar stay cable consists of round steel bars with a diameter of 26 to 36 mm, being covered by a steel

pipe, the inside of which is filled with cement grout. The external steel tube is considered in the cable

cross-section when live load is applied. Since the length of a bar cannot be long, coupling is normally

needed. This type of stay member is scarcely used, particularly for large cable-stayed bridges.

26.2.4 End Fittings of Cable

Bridge cables are connected and anchored to the anchoring substructures or other structural members

such as the girder and towers through the end fittings.

26.2.4.1 Strand Shoes

For parallel-wire cables erected by the air-spinning method, the anchoring is generally made by looping

the wires around a strand shoe disc that is semicircular or circular and is fixed to the anchor frame

through anchoring rods.

26.2.4.2 Metallic Alloy Sockets

For prefabricated strands, either parallel-wire cables or wire ropes, both ends of the strands are fitted by

metallic alloy sockets. The socket consists of a thick-walled steel cylinder with a conical cavity, in which

the disentangled end of the strand is inserted and the molten metallic alloy is filled. The wedge action of

the hardened alloy serves the force transmission. The sockets are supported by the anchor fittings or

other anchoring members. The metallic alloy should be provided with large bonding force for wires, low

melting temperature, superplasticity, and favorable creep properties. Zn–Cu alloy with 2% Cu is usually

used for suspension bridge main cables.

26.2.4.3 Sockets for Stay Cables

The Zn–Cu alloy used in suspension bridges is also popular in the socket of the stay cables, although

Zn–Al alloy has been employed in Germany. In the case of cables of the cable-stayed bridges, the fatigue

under repeated stress due to vehicle loading and the fretting corrosion due to the abrasion of metals,

which occur at the entrance of the socket, are the problems to be considered. As exemplified in
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the following, a variety of high-fatigue-resistant sockets have been developed for the stay cables

(Figure 26.3):

1. HiAm anchor socket. The anchoring mechanism is mainly arch action of wires and steel balls in

the conical hole of the steel socket.

Spacer plate
Stop
pin Filler material

Shim
Steel
sleeve

PE pipeCover plate

Gasket

Fixed
socket

Movable
socket Inner

plate

Tensioning thread Wire/7-Wire strand 

Transition
material

(a)

Fixed
socket

Movable
socket

Tensioning
thread

Transition material

Cover 
plate

Shim

Steel sleeve PE jacket
Button
head

Wire

Gasket 

DINA compound

(b)

Caulking material

Zinc–copper alloy

Heat-shrinked polyethylene Epoxy resin Zinc-coated steel wire

(c)

FIGURE 26.3 Examples of high-fatigue-resistant socket: (a) HiAm anchor socket; (b) DINA anchor head; and

(c) NS anchor socket. (Adapted from M. Ohashi, Cables for Cable-Stayed Bridges, in Cable-Stayed Bridges — Recent

Developments and their Futures, M. Ito et al., Eds., Elsevier, Amsterdam, 125, 1991, with permission.)
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2. NS socket. This consists of a hot poured Zn–Cu alloy cone and epoxy resin at the mouth of the

socket. The epoxy resin prevents fretting corrosion, buffers stress concentration, and reduce

unfavorable thermal effect of the molten alloy.

3. DINA anchor head. It consists of button heads of wires, a steel anchor head, and epoxy resin. One

of its advantages is the short length that can be accommodated into a small space.

Furthermore, various stay-cable anchorages such as Freyssinet, Dywidag, VSL, Stronghold, and SEEE,

evolved from the post-tension systems, have been applied to the cable-stayed bridges.

26.2.5 Corrosion Protection

Cable corrosion is caused by water and ion invasion from outside and by dew resulting from the

alternating dry and humid conditions inside the cable void. The corrosion protection system usually

consists of at least two barriers: the internal barrier immediately adjacent to the main tension element

and the external barrier or covering that is exposed to the outside environment and often the blocking

compound that is the corrosion inhibiting or water repelling material used to fill the voids inside the

covering [2,3]. The internal barrier for steel wires is usually a zinc galvanized barrier, but mainly in

North America, epoxy coating of individual wires or seven-wire strands has been widely used on stay

cables.

26.2.5.1 Parallel-Wire Main Cables of Suspension Bridges

The conventional method of corrosion protection for the main cables of most long-span suspension

bridges has been a covering over the zinc-galvanized parallel wires by layers of paste, wrapping with

galvanized soft wires, and painting, all of which aim at preventing water from permeating into the cable,

as seen in Figure 26.4a. The paste materials have usually been red lead, polymer organic lead, zinc dust,

or the recent lead-acid calcium, while the paint has been futal acid, rubber chloride, or polyurethane.

Wrapping wire (galvanization)

Paint

Paste

Cable wire (galvanization)

(a)

Wrapping wire (galvanization)

Paint

Rubber sheet

Cable wire (galvanization)

(b)

FIGURE 26.4 Corrosion protection of suspension-bridge cable: (a) conventional system and (b) new system for

the Akashi Kaikyo Bridge.
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However, the above-mentioned system was found unsatisfactory under highly humid environments

because the conventional types of paste are not effective in protecting against water and corrosion inside

the cable occurs irrespective of the effectiveness of the paste if moisture exists in the cable. Accordingly,

new corrosion protection technologies have been introduced in the recent Japanese suspension bridges.

One is the use of a combination of aluminum triphosphate and organic lead paste and wrapping with

S-shaped deformed steel wires adopted in the Hakucho Bridge (1998), and the other is the system

consisting of, in addition to the conventional wire wrapping, the wrapping with neoprene rubber sheet

instead of paste, as shown in Figure 26.4b; the adoption of a dehumidified air-injection device has also

been used, which was used in the Akashi Kaikyo (1998) and Kurushima (1999) bridges. The rubber sheet

may be replaced by fiberglass acrylic sheet. In the latter, double layers of butane-contained rubber and

denatured silicone were used at the cable band portion.

26.2.5.2 Wire Ropes

The wires for spiral ropes are zinc galvanized and the voids are filled with a sealing compound such as

metalcoat, which is a suspension of aluminum flakes incorporated into a hydrocarbon resin carrier

suitably diluted with a solvent for ease of application.

LCRs used in Japanese cable-stayed bridges are manufactured from galvanized wires, applying a

minimum amount of lubricating oil during rope closing to avoid any concern about future stains of the

surface. The outer surfaces are usually painted after the dead load has been fully applied. In European

practice, the inner voids of the zinc-galvanized wires are filled by polyurethane with zinc dust or linseed

oil with red lead, and outer surface of the rope is coated with polyurethane. Metalcoat is also sometimes

applied as the second barrier during its fabrication.

26.2.5.3 Covering of Stay Cables

Covering the strand or cable as the external barrier has been common to other stay cables than helical

wire ropes. One of the methods was to wrap a foamed polyethylene tape with glass fiber reinforced

plastic covering over the PWS. In the early 1970s this was executed by hand-lay-up method on site, but

later prefabricated-segment method was developed to improve the workability of the hand-lay-up

method. This is to fabricate fiber-reinforced plastic (FRP) segments in the shop and just to connect them

on site to form the complete covering. In this method, however, an installation of catwalk was indis-

pensable for the erection, some expansion joints had to be placed on the covering at certain intervals, and

repairing works were needed in some cable-stayed bridges after the age of 20 years or so.

The covering by a metal tube made of steel, stainless steel, or aluminum alloy has been often applied to

stay cables of concrete cable-stayed bridges although steel pipes have to be further coated. Installation of

metal pipes should be done at the erection site and their stiffness may cause some difficulty in handling

during erection when a cable is long.

Use of a FRP or polyethylene (PE) tube was initiated in 1960s. HDPE, which is a widely used material,

is selected to resist weathering, high pressure, high temperature, and external injury. At the same time,

2 to 3% carbon is mixed to protect the sheath from ultraviolet rays. Now, HDPE tubes are most popular

for both parallel-wire cables and parallel-strand cables, and either shop- or site-fabricated. When heavier

corrosion protection is needed, a double-layer PE tube is used to prevent the cracks on the outer surface

from reaching the main tension elements.

In the cases of ‘‘New PWS’’ and seven-wire strands, the covering is completely shop-fabricated by a

directly extruded HDPE sheath after coating wires with corrosion protection compound. In the former,

any further work for corrosion protection is not required at the site. Even if the PE covering is injured,

the durability of the cable can be retained for some duration because the wires are galvanized. The

repairing of the injured PE envelope can be easily done. The inspection of the cable will also be possible

by tearing off a part of the PE covering and by watching the cable from the torn PE window. Although

the original color of the PE covering is black due to the mixed carbon, cable coloring techniques have

been developed. One is to extrude a colored thin fluoro-polymer on the black PE layer; another method

is a paint coating system that consists of an application of primer made from adhesive components for
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PE envelope and for the finish coat, and a baking of the primer with a far-infrared ray. The finish coat is

usually done by fluoro-olefin paint. The light color is preferred not only for good looks but also for

reducing the temperature effect. Supplementary wrapping with colored Tedler tapes is an alternative.

26.2.5.4 Blocking Compound

Cement grout has been the most popular blocking compound for its alkaline properties providing an

active corrosion protection to the steel wires. Cement mortar is injected after the stay cables are erected

on the bridge when the cable is under full dead load stress to suppress the formation of cracks in the

grout, because the presence of cracks may be associated with the potential for fretting corrosion of steel

wires. However, cracks may still occur due to shrinkage of cement mortar and stress repetition under

cyclic live loading.

Another problem of cement grout combined with galvanized steel wires is a fear of hydrogen brit-

tlement caused by reaction of zinc and cement milk. In order to avoid it, the nongalvanized wires or the

galvanized wires coated with polyester to isolate zinc from cement milk have been used in this case.

Another measure is to substitute normal Portland cement by polymer cement, the advantages of which

are that it is far more ductile, does not shrink after grouting nor bleed during placing, does not require

special technique and equipment, and that it can be used in combination with galvanized wire without

a fear of chemical reaction between the zinc layer and the cement. On the other hand, its disadvantages

are relatively high materials cost and temperature-dependent viscosity and hardening. Cement grout

plasticized with polyurethane was used in some bridges.

An example of alternatives to cementitious grout once used by the Honshu Shikoku Bridge Authority

in Japan was synthetic resin material based on polybutadiene. This two-component material has very low

viscosity during pouring, is very flexible after hardening, and has such low density as about a half of that

of cement grout. But the material and execution costs were high and it is highly temperature dependent

and flammable. Epoxy resin is specified in the American Society for Testing and Materials provisions

as a filling material into the interstices of epoxy-coated seven-wire prestressing strands.

Other blocking compounds are grease used on PWS or prestressing strands and wax for parallel-strand

cables. The petroleum is injected in a liquid state at temperatures of 85 to 105�C, which solidifies upon

cooling. However, it shrinks during the cooling process and cracks may develop. A soft petroleum base

wax that can be applied at ambient temperature on the monostrand system seems promising [4]. It has a

melting point over 260�C and displaces any moisture on the surface of steel. In any case, grease and wax

are to be used in combination with other corrosion protection measures. It is noted that the nongrout

type PWS, which is completely fabricated in the shop, is now available.

26.2.6 Vibration Control

Wind-induced vibrations of stay cables have revealed themselves after the introduction of multistay

systems with thin and long cables covered by PE sheath having a smooth surface. The long hangers of a

suspension bridge using similar cables are also vulnerable to vibrations under wind. Among several kinds

of wind-induced vibrations considered on cables, those where special care should be taken are vortex

excitation, wake galloping, and rain/wind-induced vibration. Although tentative or approximate stability

criteria for typical vibratory phenomena have been proposed [5], these wind-induced vibrations are

dependent on the local terrain features and the peculiar conditions of the respective structural elements.

The following measures are generally considered to suppress the wind-induced vibrations of cables

when the responses are not acceptable:

1. Increase of structural stiffness and natural frequency.

2. Increase of structural damping.

3. Modification of the cable surface.

Points (1) and (2) are categorized as mechanical or structural means, while point (3) is the aero-

dynamic means to weaken the exciting mechanisms by disturbing or reducing wind-induced dynamic
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forces acting on the cable. However, because the exciting mechanisms of different vibratory phenomena

differ, the countermeasures shall fit for the phenomenon concerned.

Occurrence of wake galloping depends on the spacing of neighboring parallel cables. Very small

spacing or quite wide spacing, more than six times the cable diameter, can remarkably moderate the

response. If these conditions cannot be satisfied for other design reasons or when undesirable wake

galloping is observed after erection, the cable vibration can be suppressed by connecting both cables

by a few spacers or small mechanical dampers.

One of the common countermeasures that has been often adopted is to connect the cables with

secondary thin cables which may terminate at a cable or at the deck (tie-down cable). Even with a few and

small stabilizing ropes, cable movement can be restrained. The natural frequencies of each cable and thus

the resistance to dynamic excitation can be raised by shortening the effective free length of the primary

cables. Such elements may be also sources of additional damping. But even if the size of stabilizing ropes is

significantly smaller than that of the primary cables, they may affect the appearance of the structure to

some extent. Furthermore, the rupture of these interconnecting ropes or the fatigue failure of the con-

nection fittings have been reported in several bridges. Viscoelastic bushings or special clamps with

damping devices in the joint of the both cables can reduce fatigue and provide additional damping.

Increase of structural damping is effective in suppressing the amplitude of buffeting, vortex excitation,

and rain/wind-induced vibration and in raising the critical wind speed for the onset of galloping. It is

first recommended to place such damping material as neoprene ring or high-damping rubber between

the cable and the steel exit pipe at the pylon and deck anchorage. Use of damping material results in the

additional benefit of reduced local bending moment in the cable. Further additional damping, if

necessary, can be provided by mechanical damping devices. Very simple and small tuned mass dampers

represented by the classical Stockbridge damper that has been prevailing on transmission power lines

were applied to stay cables or diagonal hangers of some European cable-supported bridges, but is not

very popular now for esthetic reasons.

When rather high additional damping is required, the most prevalent method in cable-stayed bridges

is to install a dash-pot type viscous damper between the stay cable and the bridge deck. Shock absorbers

similar to those used in automobiles or hydraulic oil dampers are the examples. These dampers shall not

spoil the appearance of the bridge. The mechanical dampers utilizing shear-viscous material can be more

compact. The attached position of these dampers influences the mode shape and the dampening effect of

the cables. It is not easy to make a compromise between the requirement to lower the damper position

and the efficacy of the damper when the cable is long.

The aerodynamic countermeasures for the round cables are to modify the sheath surface. The idea of

helical fins often used on circular stacks to prevent vortex excitation will be also effective against rain

vibration, but care shall be taken on the appearance. The idea of axial protuberances in the form of

longitudinal ribs on the HDPE tube surface was developed in the Higashi Kobe Bridge in Japan

(Figure 26.5a), aiming at preventing the rain vibration. A similar idea was later seen in the more simpler

HDPE sheaths with fine grooves. Further on the Tatara Bridge, HDPE sheaths are provided a pattern-

indented surface with roughness of 1% applied disorderly in a convex or a concave pattern

(Figure 26.5b). The effect of these surface modifications is linked to influence the water rivulets.

However, it should be noted that these means are not necessarily effective in suppressing vortex exci-

tation and that the drag coefficient may be increased. In case of the Tatara Bridge, however, the drag

coefficient in the supercritical Reynolds number range could be reduced to 0.6.

26.2.7 Use of Composite Materials

A fiber-reinforced polymer composite or a FRP is a matrix of polymeric material reinforced by fibers or

other reinforcement that has a discernible aspect ratio of length to thickness. Reinforcements are fibers

made from glass, carbon, or aramid, and the polymer resin can be either thermoset or thermoplastic.

Thermosets are typically used for construction applications and can be polyester, vinyl ester, phenolic, or

epoxy. FRP composites have been used in a variety of engineering products.
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FRP composites have many advantages as structural materials such as high strength, relatively

high elastic modulus, light weight, long-term durability, high dielectric strength, low axial thermal

expansion, low maintenance, design flexibility, tailored esthetic appearance, and low tooling and

installed costs. On the other hand, their demerits are the rupture without yielding, low elastic modulus

of some kinds of the materials, anisotropic properties, low shear and impact resistance, and high

material cost that may be gradually improved by the progress of manufacturing technology and

widespread use.

Although the use of FRP composites is now becoming popular in structural engineering, carbon

fiber-reinforced plastic (CFRP) as a cable material seems the most ideal application. Actually, CFRP

stay cables have already been employed on several cable-stayed bridges for pedestrian use. In the far

future, CFRP or some other FRPs may be used for the main cables of suspension bridges and greatly

increase the limiting span length. The mechanical properties of different cable materials are shown in

Table 26.4.

CFRP cables are produced as assemblies of the wires made up of carbon fibers and an epoxy resin

matrix. The design considerations for cables made of unidirectional CFRP wires are similar to those

for steel cables, with a few exceptions due to the highly anisotropic nature of the material. So far,

CFRP stay cables have been made by twisting CFRP wires. Although twisted fiber rope makes coiling

possible, resulting in ease in handling, care must be taken on the strength loss of the wires in a

bundle and friction between wires. Since the decrease in cable strength is also brought by side

TABLE 26.4 Mechanical Properties of Different Cable Materials

Material Specific gravity Tensile strength (MPa) Young’s modulus (MPa) Failure strain

Steel 7.85 1750–1900 200 6

Aramid fiber 1.35 1400–1800 50–70 2–4

Glass fiber 1.85 600–900 30 2

Carbon fiber 1.55 1900–2300 120–400 0.6–1.9

(a) (b)

FIGURE 26.5 High-density polyethylene sheath of (a) the Higashi Kobe and (b) the Tatara bridges.

Cable-Supported Bridges 26-13

Copyright 2005 by CRC Press



pressure and bending, the diameter of a reel and the radius of curvature of the saddle should not be

small. As the strength of epoxy resin deteriorates by the effect of ultraviolet radiation, the CFRP

cables shall be protected by covering.

The trial design of a super-long-span suspension bridge for which CFRP main cables are used indicates

that the bending moment and vertical deflection of the stiffening girder significantly increase due to the

light weight of the structure [6], while the dimensions of towers and foundations can be greatly reduced.

It is recommended to reduce the sag/span ratio of the main cables.

26.3 Suspension Bridges

26.3.1 Structural System

26.3.1.1 Components of a Suspension Bridge

A suspension bridge typically consists of the following components (Figure 26.6):

1. Main cables that suspend the bridge deck.

2. Main towers that support the main cables. Sometimes lower subtowers are positioned between the

main tower and the cable anchorage to lead the cable to the anchorage.

3. Stiffening girder, either solid-web girder or truss, being incorporated with the bridge deck.

4. Hangers or suspenders that connect the bridge deck with the main cables.

5. Anchorages that anchor the main cable. They are usually massive concrete blocks, in which the

anchor frame is embedded.

In very special situations occasionally encountered in short-span bridges, some components other

than the main cables and the bridge deck may be omitted.

26.3.1.2 Classification

The structural system of suspension bridges may be classified by the following factors:

Number of spans. A suspension bridge may be single-span, two-span, three-span, or multispan. The

number of main towers is one for two-span, two for single- and three-span, and more than two for

multispan bridges (Figure 26.7). Two-span suspension bridges have been rare because they are less

efficient as recognized from Equation 26.2. Single-span suspension bridges have straight backstays.

Three-span suspension bridges are the most popular, in particular for long-span bridges and the ratio of

side spans to main span is mostly 0.2 to 0.5. Although multispan suspension bridges have been rare

because of great flexibility, their applicability is being studied for the future straits crossings [7].

The major concerns about multispan suspension bridges are the design of intermediate towers and

cable erection.

Side span Main span

Hangers

Tower
Stiffening girder

Cable anchorage

Main cable
Main cable
sag

Side span

FIGURE 26.6 Suspension bridge.
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Continuity of stiffening girder. The stiffening girders are typically either simply supported on each span

or continuous over two or more spans. The former is called two-hinged and commonly used for road

bridges. Although continuous girder with intermediate supports is not economical as also recognized

from Equation 26.2, it is advantageous for a rail bridge to improve runnability of trains. Furthermore,

in the Great Belt Bridge, which is a road bridge with a center span of 1624 m, the girder is continuously

supported by the cable system through three spans. The economical design was attained in this case by

omitting the vertical support of the girder at the towers and fixing the main cables to the stiffening girder

by clamps at the midspan.

Arrangement of hangers. Hangers are either vertical or diagonal. The latter makes the entire suspended

structure a kind of truss incorporated with the main cables and the bridge deck.

Method of cable anchoring. The main cables of a suspension bridge are either externally anchored to

the anchor blocks or self-anchored to the stiffening girder. Although the latter is rare, a more detailed

description will be made in the following.

26.3.1.3 Self-Anchored Suspension Bridge [8]

Self-anchored suspension bridges do not require massive end anchor blocks. Instead, the main cables are

anchored to the stiffening girder. Accordingly, the girder is subject to large axial force in addition to

bending and shear, and the girder must be placed before the main cables are erected. Therefore, this type

of structure is limited to moderate spans. Recent examples of the self-anchored suspension bridge are the

Konohana Bridge in Japan (1990, three spans), the Yongjong Bridge in Korea (2000, three-span double-

deck truss), and the replaced San Francisco Oakland Bay East Bridge (two spans). The first two bridges

have 300 m center span, whereas the span of the Bay Bridge will be 385 m long. The Konohana Bridge is a

monocable type, while two main cables of the other two bridges are converged at the peaked tower top.

26.3.2 Analysis of Suspension Bridges

Because a suspension bridge is very flexible and the bridge deck is suspended from the main cables by

thin hangers, a different approach from other types of bridge structures should be taken in its analysis.

26.3.2.1 Behavior under Vertical Loads

The overall behavior of a suspension bridge is given by the deflection theory where the vertical deflection

of cables due to live load is considered in the equilibrium of the structure. The premised assumptions in

this case are (1) the cable is completely flexible, (2) the stiffening girder is horizontal and straight, (3) the

original form of the main cable is a parabola, (4) all dead loads are sustained by the main cable, and

(5) the hangers are inextensible and closely spaced. Thus, the bending moment M(x) of the stiffening

girder under live load is given by

MðxÞ ¼ M0ðxÞ �HpyðxÞ � ðHw þHpÞvðxÞ ð26:2Þ

FIGURE 26.7 Single-, three-, and multispan suspension bridge (from top).
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where M0(x) is the bending moment due to the live load in a beam without cables, having the same span

length, y(x) is the ordinate of the cable, measured from the straight line connecting cable supports, v(x)

is the vertical deflection due to live load, Hw and Hp are the horizontal components of cable tension due

to dead load and live load, respectively.

It is understood from the above equation that the stiffening girder of a suspension bridge subject to

vertical live load can be replaced by the beam shown in Figure 26.8, and the bending moment in the

stiffening girder decreases with increase of cable tension and deflection. The longer the span length is,

the more conspicuous this effect becomes. In other words, the cable tension very much contributes to

the stiffness of a suspension bridge, and since almost all dead loads are sustained by the main cable, the

stiffening girder of a suspension bridge is not necessary to be so stiff even if the span is long.

26.3.2.2 Behavior under Horizontal Load

Lateral forces caused by wind or earthquake in horizontal direction are to be transmitted from the

stiffening girder to the main cables through flexible hangers because the deformation of the girder is

larger than that of the main cables due to the difference of the horizontal loads and their stiffness. This

effect is more pronounced as seen in Figure 26.9 in the center region of the span owing to large

inclination of hangers. Consequently, the lateral bending moment induced in the girder is not so large

in the region of the mid-span.

26.3.2.3 Design Analysis

Equation 26.2 indicates the nonlinearity between live load and the bridge responses. In long-span

suspension bridges, however, HwþHp can be assumed nearly constant because Hw is much larger than

Hp, and therefore the analysis becomes quasilinear and the influence line analysis can be used on the

conservative side (the linearized deflection theory) [9]. This simplified treatment is useful in a very early

stage of preliminary design.

More accurate analysis shall be performed at the subsequent design stages including detailed design.

With the progress of computer application nowadays, the finite displacement analysis for the entire

P

P

−Hpd2y /d2x

Hw + HpHw + Hp

FIGURE 26.8 The equivalent beam of a suspension bridge.

h�

Pf (x, t)

Pc (x, t)

v

u

FIGURE 26.9 Transverse deformation of a suspension bridge under wind load.
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suspension bridge structure is available taking into account the discreteness and elongation of hangers,

deformation of towers, and so on.

26.3.3 Design Procedure

After the type of structural system and the span arrangement are decided, the design of suspension

bridge superstructure is performed according to the procedure shown in Figure 26.10 [10].

26.3.3.1 Design Loads

Accurate evaluation of dead load is important in suspension bridge design because its contribution to

the main components of the bridge is large. Design live load can be reduced from a probabilistic

viewpoint with increasing span length and road width. The dynamic magnification due to running

vehicles is usually negligible for design of the main cables, towers, and stiffening girder of a large

suspension bridge owing to its long span and low natural frequencies.

The dynamic analysis is inevitable in seismic and wind-resistant design of flexible suspension bridges.

Although the seismic forces induced in the superstructure are relatively small due to its long natural

period, attention should be paid on possible large displacement of the stiffening girder and great forces

transferred to the supports under seismic loading. Aerodynamic stability often dominates the design of

a suspension bridge and some appropriate cures may be needed (cf. Chapter 9 of Section II) [11].

Start

Initial conditions

Configuration
 Span length
 Cable sag

Assumption of members
 Dead load
 Stiffness

In-plane analysis Out-of-plane analysis

Live load Wind load Earthquake

Dynamic analysis
(seismic analysis)

Design of members
Analysis of the tower

Design of tower members

Cables
Stiffening girder

No No

Yes Yes

End

Verification
of the assumed value

of member

Verification
of the aerodynamic

stability

FIGURE 26.10 Design process of a suspension bridge superstructure.
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26.3.3.2 Main Cables

The final form of the main cable of a suspension bridge is a parabola. Sag/span ratio is determined to

optimize construction cost of the entire bridge, and sometimes in consideration of the aerodynamic

stability as it affects the dynamic characteristics of the entire structure. In general, the sag/span ratio is

around 1
10

irrespective of span length.

As mentioned in Section 26.2.2, the parallel-wire cable is exclusively used in very long-span bridges,

whereas the spiral ropes or LCRs have been sometimes adopted in moderate- or short-span suspension

bridges.

26.3.3.3 Hangers

Hanger cables are arranged to be either vertical or diagonal (forming a truss). The latter aimed at

increasing the damping properties and stiffness of the structure, and was first adopted in the Severn

Bridge in the United Kingdom in 1966, followed by two large suspension bridges in Europe. But it was

abandoned afterwards due to the fatigue injuries in the Severn Bridge.

The spiral or strand ropes have been widely used on the hangers of suspension bridges. Exceptions are

the LCRs as in the Little Belt Bridge in Denmark and the PWS in the latest Japanese suspension bridges

(Akashi and Kurushima). The hangers are connected to the main cable either by pin or by laying around

the cable.

26.3.3.4 Main Towers

To meet the condition that the longitudinal movement of the main cable at the tower top should be

theoretically allowed in a suspension bridge, towers are classified into rigid (saddle on rollers at the tower

top), rocking (hinged at the tower base), and flexible types. Nowadays, the rocking type and flexible type

are used in short-span and long-span bridges, respectively. In the case of the intermediate tower(s) of a

multispan suspension bridge, the main cables may be fixed by anchoring them to the top of the rigid

tower. The tower height above the deck is governed by the sag of the main cable.

Except the A-shaped tower used on some self-anchored suspension bridges or pedestrian bridges, the

main towers consist of basically two vertical shafts connected to each other with horizontal struts at the

top and underneath the bridge deck. Between these struts and between the lower strut and tower base,

two shafts are often connected by additional strut(s) (portal-type tower) or diagonal members (braced-

type tower). The vertical shafts can be slightly inclined. The member axis of inclined shafts typically

coincides with the center line of the main cable at the tower top.

The main towers of suspension bridges may be made of either steel or concrete. Although almost all

stiffening girders are steel structures, reinforced concrete towers have been prevalent in the recent

European and Chinese bridges. Since the flexible towers are subject to both compression and bending,

strength as well as elastic stability analysis shall be carefully conducted.

The steel tower shaft has a closed section consisting of stiffened plates. The outline of the cross-section

is a rectangular, T-, or cross-shape. The latter two shapes are composed of multicells. The tower base

where axial force, lateral force, and bending moment are transmitted into the foundation is either

grillage (bearing transmission type) or embedded type (shear transmission type). On the other hand, the

shaft of concrete towers has a rectangular hollow section. Since the main towers of a suspension bridge

is outstanding and symbolic, esthetic consideration should be taken into account in its configuration.

26.3.3.5 Stiffening Girder (Bridge Deck)

The role of the stiffening girder is not only to give stiffness to the entire structure but to distribute the

loads applied after the completion and transfer them to the main cables through hangers. However, since

the stiffness provided by cable tension is quite large in long-span suspension bridges and almost all the

dead load is sustained by the main cables, the rigidity of the stiffening girder may be not so large even if

the span length is long. On the other hand, because the torsional rigidity of the stiffening girder is

significant to ensure the flutter stability of a suspension bridge under wind, it is intended to constitute

closed box effects structurally even if the girder is a trussed structure, by providing with both upper and
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lower lateral bracings. The ratio of fundamental natural frequencies in torsion and in bending is

recommended to be 2.0 or higher.

Although short-span bridges are often provided with I-girders, the stiffening girder of a long-span

suspension bridge is usually either a truss girder or a box girder. Its design is mainly governed by the

function such as traffic requirement, the necessary stiffness, and aerodynamic stability, as well as the site

conditions of erection and maintenance. Selecting an aerodynamically stable cross-section has usually

priority. Use of either streamlined box section or the section with openings such as a truss of small

solidity factor and steel open-grating floor will meet this requirement. Three typical examples of the

stiffening girder are shown in Figure 26.11. Although a truss girder has been used on double-deck
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FIGURE 26.11 Examples of stiffening girder of modern suspension bridge: (a) Severn Bridge; (b) Tsing Ma Bridge

and (c) Akashi Kaikyo Bridge.
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bridges, adoption of big fairings on both sides of the cross-section and longitudinal openings on upper

and lower decks features the Tsing Ma Bridge in Hong Kong (Figure 26.11b).

Even if the stiffening girder is simply supported, both supports are designed as movable shoes in long-

span suspension bridges; that is, the stiffening girder is suspended by tower links at the tower and end

links at the abutment. The wind bearings preventing transverse displacement of the girder are installed

on the horizontal strut of the tower and on the abutment. When no vertical support is provided at the

tower, the lateral support at the tower can be accomplished by applying vertical sliding bearings between

the girder and the inner surfaces of the tower shafts as in the case of the Great Belt Bridge.

In many long-span suspension bridges, the stiffening girder is fixed to the main cables at the center of

main span by either rigid clamps or diagonal stays, which are called the center tie and the center diagonal

stay, respectively. These aim at constraining the asymmetric vibration mode of torsion and the relative

longitudinal displacement between the cables and the girder, resulting in the reduction of secondary

bending stress in short hangers and the increase of longitudinal restoring force of the girder. In the case

of the diagonal stay, it may be proportioned to fail at a certain service limit state.

26.3.4 Stress Ribbon Bridge

Stress ribbon bridges are a kind of earth-anchored suspension bridges (Figure 26.12). The stretched

cables are encased in the concrete slab which is used as the bridge deck. As understood from

Equation 26.2, the cable tension due to the dead load and prestressing, in addition to bending rigidity of

the deck slab, contribute to the stiffness of the entire bridge. Although the sagged form is inevitable in the

stress ribbon bridge, the maximum longitudinal slope is limited from the function of the bridge. On the

other hand, very large tensile force in the cable is associated with increase of the cost. Therefore, this type

of structure has been applied so far to the pedestrian bridges having short or moderate span length,

although the structure is efficient, very slender, and elegant. In their design, care should be taken in

forming a smooth transition between the slab and the abutments [12].

26.3.5 Erection

26.3.5.1 Towers

The control of erection accuracy in holding verticality is very important in tower construction. Steel

towers are erected by using tower cranes and creeper traveler cranes. When open water area is available,

floating cranes are sometimes used together. Because very tall and slender steel towers are vulnerable to

wind-induced vibrations, in particular during the free standing stage of erection, some damping devices
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FIGURE 26.12 An example of stress ribbon bridge.
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are often installed. In the case of the Akashi Kaikyo Bridge, a set of tuned mass dampers are left as

permanent fixtures inside the shafts. In constructing concrete towers, the towers are slip-formed in a

continuous operation, employing self-climbing forms, tower cranes, and concrete-pumping buckets.

26.3.5.2 Main Cables

The erection of parallel-wire main cables of a suspension bridge is executed by either aerial spinning (AS)

method or prefabricated strand (PPWS) method. In the former, the total cable section is assembled on

site from individual 5 mm wires pulled across an anchorage to the other anchorage over the tower

saddles. The conventional sag-control method spans individual wires in free-hang condition and the sag

of each wire is individually adjusted to ensure the wires to be of equal length (Figure 26.13). The problem

of this method was the sensitiveness of the quality of the cables and the erection period to such site

working conditions as wind environment and spinning equipment.

A new method that is called the tension-control method was developed in Japan (Figure 26.14) and

has been applied not only to the Japanese bridges but also to the Second Bosporus and Great Belt

bridges. Although adjustment of individual strands is still required, the idea of this method is to keep the

tension in the wire constant during cable spinning to obtain uniform wire lengths.

On the other hand, the PPWS method was introduced to reduce the labor and the weather sensitivity

and consequently to speed up erection work. Although the limitation of this method may lie in the

weight of the strand and the size of the reel, it was successfully applied to the world’s longest Akashi

Kaikyo Bridge, requiring strands with a length of 4000 m and a strand plus reel weight of 95 tons.

Now that the AS and PPWS methods have been improved step by step and experience has been gained,

the method undertaken depends on the cost and period of construction at the specific site or area.

1 Spinning wheel 2 Wire

3 Wire reel 4 Stand shoe

1

2
Live wire

Dead wire

3

4

FIGURE 26.13 Operating principle of aerial spinning. (Source: Honshu-Shikoku Bridge Authority, Technology of

the Seto-Ohashi Bridge, Japan, 1989, with permission.)
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26.3.5.3 Stiffening Girder

The erection of the stiffening girder in the main span of a suspension bridge proceeds either from the

mid-span to the both towers (girder-section method) or vice versa (cantilevering method). The former is

typically applied to the box-type girder. The prefabricated blocks of the girder are transported to the site

by deck barges and tugboats and lifted up to the designated position. Then the blocks are connected with

hinges and finally welded or bolted together. In the case of the Kurushima Kaikyo bridges in Japan, a self-

controlled barge maintaining its position by means of computer monitoring and a quick-joint system

shortening the erection time were developed and used to cope with the fast and complex tidal currents at

the site.

On the other hand, the cantilevering method is typically adopted when the open sea area cannot be

utilized for erection or when a trussed stiffening girder is to be erected. Preassembled panels of the truss

girder are erected by cantilevering them from the towers and anchorage blocks. If the situation allows,

some large blocks are erected by floating cranes.

The connections of the girder section during erection is temporarily hinged or rigidly connected. In

the former case, the joints are loosely connected until all sections are positioned. It enables simple and

easy analysis of the behavior of the structure under erection and usually temporary reinforcement of the

members is not needed, while the countermeasures against wind instability should be taken if necessary.

In the rigid-connection method, full-splice joints are immediately completed as each girder block is

erected into place. This keeps the girder smooth and rigid, resulting in high construction accuracy. But

temporary reinforcement of the girders and hangers to resist transient excessive stresses or controlled

operation to avoid overstress will be sometimes required.

26.4 Cable-Stayed Bridges

26.4.1 Layout of Structural System

A cable-stayed bridge is considered a girder elastically supported at the anchoring points of stay cables,

but the girder is subjected to not only bending and shear but also axial forces due to the horizontal

component of tension in stay cables (Figure 26.15). The degree of statical indeterminacy increases with

increasing number of stay cables. The jacking devices arranged at the cable anchorages can not only

adjust for relaxation in the cables or errors in the cable length but also modify the cable forces, and hence

the prestressing by cables can improve the dead load stress distribution in the girder.

The wide design possibility is available in cable-stayed bridges because of a variety of alternatives

for configuration, structural system, and relative stiffness of each element. This is the reason why

1 Reel (tension control)

3 Live wire guide roller

2 Spinning wheel

2

3

1
Forward

Return

FIGURE 26.14 Operating principle of tension control method. (Source: Honshu-Shikoku Bridge Authority,

Technology of the Seto-Ohashi Bridge, Japan, 1989, with permission.)
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cable-stayed bridges can be applied to not only very long-span bridges but also to short-span pedestrian

bridges. In contrast to a suspension bridge, a cable-stayed bridge is typically a closed structural system; in

other words, mostly a self-anchored system. Since a cable-stayed bridge can be built usually without

massive anchor block and temporary staging, it is particularly advantageous in areas where the soil

condition is not so good.

As compared with a suspension bridge, the stiffness of a cable-stayed bridge is greater because the

cables are straight though the limit span length of the former may be longer than the latter.

26.4.1.1 Alignment of Bridge

Although most bridges are straight or skewed, a cable-stayed bridge can be designed as a curved bridge.

The Katsushika Harp Bridge in Tokyo has the bridge axis forming an S-shape curve because of the

complex site conditions from the adjacent rivers and road alignment. The anchors of single-plane stay

cables were positioned symmetrically with respect to the tower, so as to minimize the transverse bending

moment in the tower. The girder of a curved bridge should be torsion-stiff.

26.4.1.2 Span Allocation

Although the three-span structure is most prevalent, two-span layouts are widely acceptable in a cable-

stayed bridge. Even the asymmetric span allocation can be designed economically and be esthetically

pleasing. When the side spans are very short, all or some of the stay cables may be earth-anchored

(Figure 26.16a). The earth-anchored stay cables make the whole structure stiffer and hence more

advantageous in planning super-long-span cable-stayed bridges.

If the situation allows, it is advantageous to provide the intermediate piers in the side spans

(Figure 26.16b) or to extend the suspended side spans continuously toward further one or a few spans in

order to increase the stiffness of the entire structure.

(a)

(b)

FIGURE 26.16 Typical cable-stayed bridges: (a) partially earth-anchored two-span bridge and (b) three-span

bridge with intermediate piers in the side span.

P

P

FIGURE 26.15 The equivalent beam of a cable-stayed bridge.
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On the other hand, multispan cable-stayed bridges are also attractive. Examples are the Maracaibo

Bridge (cantilevered multispan P/C bridge, 235 m span) in Venezuela built in 1962, the Mezcara Bridge

(167þ 311.4þ 299.5þ 191 m) in Mexico built in 1994, the Ting Kau Bridge (127þ 448þ 475þ 127 m)

in Hong Kong built in 1998, the Rion Antirion Bridge (286þ 3� 560þ 286 m) in Greece built in 2004,

and the Millau Viaduct (204þ 6� 342þ 204 m) in France also built in 2004.

26.4.1.3 Multiple-Span Bridge

When a cable-stayed bridge has more than three spans, the bending moment in the intermediate towers

may be very large or the structure will be subject to large deformations under the action of live load. In

order to cope with the problem, various alternative methods (Figure 26.17) such as using rigid frame

towers (Rion-Antirion Bridge), tying the tower tops of each other with horizontal cables, tying the tower

tops to the girder and tower intersection point at the adjacent towers (Tsing Kau Bridge), adding

additional tie-down piers at span centers, or crossing cables at mid-spans can be employed [13]. Since

these methods has merits and demerits, an appropriate measure shall be selected depending upon the

conditions of the respective bridge.

26.4.1.4 Cable Arrangement

In the longitudinal direction, stay cables are arranged to be single-plane or two-plane. In the former,

cable anchorages at the girder are positioned at the central reserve and the girder should be torsion-stiff.

But the single-plane arrangement has such advantages as the reduced size of substructures and the better

visual impression given to both users and viewer, while it has naturally shorter limiting span length

FIGURE 26.17 Alternate solutions for multispan cable-stayed bridges (from top: rigid intermediate pylons; head-

cables connecting tower tops; cables connecting tower top and an adjacent pylon at the deck level; overlapped stays

in the mid-span area). (Adapted from Virlogeux, M., Struct. Eng. Int., IABSE, 1, 61, 2001, with permission.)
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compared with a two-plane cable system: currently the Tsurumi Bridge in Yokohama, Japan, has the

maximum span length of 510 m. On the other hand, the double-plane system may be formed either as

two vertical planes or as twin inclined planes connected from the edge of the deck to either an A frame or

inverted Y frame tower. Inclined stays increase the stiffness and stability, particularly in torsion, of the

structure and are advantageous for very long spans.

Viewing from the transverse direction, the cable arrangement can be classified into harp, fan, and

radial types (Figure 26.18). Although the fan-type system is popular because of the advantages in

proportioning bridge components, the harp-type cable system is sometimes preferred for either pleasing

appearance or more constraint upon longitudinal displacement of the bridge deck.

The use of a small number of stay cable(s) with large diameter has shifted to a multistay system since

the end of the 1960s. The closely spaced multistay system has such advantages that additional bending

moment in the girder is reduced, a stay cable is individually replaceable, and the anchorage details

become more compact and simple.

26.4.1.5 Extradosed Prestressed Concrete Bridge

In an extradosed prestressed concrete bridge, the concept of which was first proposed by a French

engineer U. Mathivat, the cables behave as external prestressing with a large eccentricity and the girder

provides a significant part of the global load carrying capacity of the superstructure, whereas a typical

cable-stayed bridge has a more flexible deck and relies on the stay cables to provide the global vertical

load carrying capacity for the structure. In appearance, however, it is difficult to distinguish an extra-

dosed bridge (e.g., Figure 26.19) from a cable-stayed bridge. Its apparent feature is lower towers and

thick deck as compared with a cable-stayed bridge.

Extradosed bridges are used to span normally 100 to 200 m, but the Kiso River Bridge

(160þ 3� 275þ 160 m) and the Ibi River Bridge (154þ 4� 271.5þ 157 m) near Nagoya, Japan, could

span about 275 m by using the steel box girders in the middle part of main span.

Radial type

(a)

Fan type

(b)

Harp type

(c)

FIGURE 26.18 Stay-cable layout.

FIGURE 26.19 Extradosed bridge.
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26.4.2 Configuration and Design of Structural Components

26.4.2.1 Stay Cables

Since the types, corrosion protection, and vibration control of cables were already mentioned in Section

26.2, just the anchoring techniques of cables in cable-stayed steel bridges will be reviewed herein.

The structural details to anchor stay cables at the main girder or the tower shall be designed so as to

smoothly transmit cable tension to the main structural component, to be as simple and compact as

possible, to be easy in fabrication and maintenance, and to have good appearance. Care shall be also

taken on the fatigue and secondary stresses of both cables and anchorages. Although the types of

structural details are manifold, the typical ones are given in the Sections 26.4.2.1.1 and 26.4.2.1.2.

26.4.2.1.1 The Stay Anchor at the Girders

1. Spray saddle/anchor girder type — The combination of spray saddle and anchor girder has been

used for thick cables, but is not prevailing now.

2. Anchor girder (block) type — The anchor girder or the anchor block is inserted in the main girder

by welding or bolting.

3. Bracket type — The bracket that anchors the stay cable is projected outside the main girder.

4. Pipe anchor type — The pipe that anchors the stay cable is incorporated with the web of a main

girder.

5. Gusset type — The cable socket is connected to the gusset extended from the web of a main girder.

26.4.2.1.2 The Stay Anchor at the Tower

In the earlier bridges having a small number of thick stay cables, the hinged or fixed saddle over which

cables are continuous was used. But nowadays, use of thin stay cables is prevailing and the typical types

of anchorage are as follows:

1. Saddle type (e.g., Zarate-Brazo Largo Bridge, Yokohama Bay Bridge).

2. Anchor girder type (e.g., Speyer Bridge, Tempozan Bridge).

3. Bearing plate type (e.g., Kurt-Schumacher Bridge, Torikai-Ninnaji Bridge).

4. Pin-socket type (e.g., Stroemsund Bridge, John O’Connel Memorial Bridge).

26.4.2.2 Towers

Since the action of stay cables becomes inefficient with decreasing inclination, the stay inclination is

usually taken as 25 to 65�, or the tower height of a cable-stayed bridge is around 1
4

to 1
5

of the main span

and hence much taller than that of a suspension bridge with equivalent scale.

Almost all towers of the recent cable-stayed bridges are made of concrete though steel towers were used

on the earlier steel bridges and presently almost all Japanese bridges have steel girders. Now concrete

towers can be used for very long-span cable-stayed bridges such as the Normandy Bridge over the Seine

(850 m span) and the Su-Tong Yangtze River Bridge (the world’s longest span 1088 m) now under

construction in China, with advances in concrete construction and formwork technology. In the

Stonecutters Bridge (1018 m span) now under construction in Hong Kong, the top one third of 290 m

high single-pylon tower will be a composite steel/concrete structural section. The steel skin will be

fabricated from stainless steel for reasons of appearance and durability.

Development of bending moment in pylons was prevented in the earlier bridges by the use of rocker or

sliding saddles and pinned tower feet, but those of recent bridges except for very short spans are mostly

made integral with the pier or sometimes with the girder.

Wider choice is available in the tower form of a cable-stayed bridge as compared with a suspension

bridge. This feature is advantageous in view of esthetical design. The tower form in general has dis-

tinctive characters, attaining increasing levels of refinement and rationality as time passes. Needless to

say, the design of the tower must adapt to the stay cable layouts and to the topography and geology of the

bridge site, and carry the forces economically.

26-26 Handbook of Structural Engineering

Copyright 2005 by CRC Press



The typical forms of cable-stayed bridge towers are shown in Figure 26.20. The single pylon adapting

to a single-plane cable system has to be usually situated within the central median of the roadway and

hence an additional width of deck is required for the necessary clearance to traffic. The inverted Y-shape

tower is used for both single-plane and double-plane cable systems, while A- or inverse V-shape towers

adapt to a double-plane cable system. The H-shape tower is the most logical form structurally for a

two-plane cable system. In the case of the A or inverted Y towers, the spacing of two shafts under the

deck is often narrowed to reduce the size of the foundation. These diamond-shape towers have been used

for long-span cable-stayed bridges such as the Tatara (Japan), Yangpu (China), and Baytown (United

States), but the visual aspect of securing the strength of the portion under the deck should be carefully

pursued.

26.4.2.3 Bridge Deck

In cable-stayed bridges, the solid-web girders precede the truss girders except for double-deck designs for

both structural and esthetic reasons. These girders or bridge deck are subjected to not only bending and

torsional moments as well as shear forces but also axial forces. The closer spacing of cables in a multistay

system allows a more slender bridge deck. Although the stability of the girder as a beam-column is

generally not yet a serious problem owing to elastic and almost continuous support by stay cables so far,

the overall stability of the structure must be checked by using a nonlinear, second-order analysis for

super-long-span cable-stayed bridges [14].

As for the cross-section of the steel girder in a cable-stayed bridge, there seems two ways at the

moment. One is a single or double box as seen in many long-span cases. Orthotropic steel plate deck is

incorporated with the steel girder and the circumscribed shape of the cross-section is usually trapezoidal

or hexagonal, mainly for aerodynamic reason. Another way is the use of shallow-plated edge girders

connected with cross-girders. For wider bridges and longer span bridges than 500 m, Leonhardt and

Zeller [15] suggest the use of similar cross-sections of all steel structures with an orthotropic steel deck,

and that no box girder is needed and simple edge beams are sufficient. However, a box girder with high

torsional rigidity should be used when the stay cables are arranged in a single plane along the center line

of the bridge deck.

The use of a composite steel/concrete girder on cable-stayed bridges may be categorized into the latter.

Prefabricated or in situ concrete slabs are connected with longitudinal edge girders and cross-beams in

steel by stud shear connectors. The compressive forces from the stay cables can be sustained by the

concrete slab. The Yangpu Bridge in Shanghai with a long main span of 602 m is provided with double-

web edge girders. Figure 26.21 shows two typical examples of steel girders used in large cable-stayed

bridges.

One trapezoidal or two rectangular box designs are most popular in prestressed concrete cable-stayed

bridges. But as in the case of the composite girder mentioned above, the longitudinal edge beams

FIGURE 26.20 Various forms of cable-stayed bridge tower.
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connected by the transverse beams and incorporated with the stay anchors are sometimes employed.

Even in the prestressed concrete girders, wind nose may be added to the cross-section when the span

is long.

When the ratio of the side span to main span length is small, the use of steel girders in the main span

and continuously extended concrete girders in the side spans is one of the solutions to attain the rational

and economical design. If the situation allows, it is advantageous to provide with intermediate supports

for the side-span girders in this case.

Most of the truss girders for cable-stayed bridges are employed in double-deck cases, as exemplified in

several Japanese designs. Among them, the Hitsuishijima and Iwakurojima bridges (Figure 26.22) were

designed to carry four lanes of roadway traffic on the upper deck and ordinary type railway tracks as well

as double Shinkansen rail tracks on the lower deck. Yokohama Bay Bridge, which carries six lanes of

roadway traffic on the respective decks, is unique in that the upper chord of its truss is a shallow steel box

section stiffening the girder system and concealing power and communication cables. The truss girder of

the Higashi-Kobe Bridge is shallow and of Warren type without vertical members, so it appears slender

for a double-deck road bridge.

26.4.2.4 Vertical Support of Girder

A variety of supporting conditions have been adopted in modern cable-stayed bridges [16] because the

selection of the supporting conditions for longitudinal movement is rather adaptable owing to the

existence of stay cables and flexible towers. Less constraint in the bridge axis direction yields longer

natural periods of the corresponding motion and thus reduces the seismic inertia forces. However, less

constraint on the longitudinal movement of the girder may cause large bending moment in the towers

and larger displacement of the girder. The effect of temperature change should be also taken into

account. Figure 26.23 illustrates the potential combinations of supporting conditions for three span cases

that are most prevalent in long span cable-stayed bridges.

30,350(a)

(b)
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2,955 24,440

70
0

50
0

2,995

2,
10

0

2,
60

50
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FIGURE 26.21 Examples of steel girder of cable-stayed bridge: (a) composite girder of the Nanpu Bridge and

(b) steel box girder of the Tatara Bridge.
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Type (a) or (e) in the figure, where one support is made as a fixed hinge and all other supports are

longitudinally movable, have been widely used for bridges with medium or short span length because

temperature effects are released and the seismic force applied to the substructure is relatively small. With

increasing span length, design and construction of the pier fixed to the girder become difficult due to the

increase of seismic reaction. The supporting condition (e) has been preferred to (a) in Japanese bridges

because the expansion of the girder end under temperature change is smaller and the size of the tower

foundation is relatively large for reasons other than earthquake effect. The supporting condition (a) may,

however, be preferable when the height of the tower below the bridge deck is large and the end support is

on the abutment.

When large clearance height is required, the bridge deck is often provided with fixed hinges at both

flexible towers as in (c) or is rigidly connected to these towers. The stresses due to temperature change

can be released owing to the flexibility of the towers and seismic reactions can be sustained by both tower

piers. Some difficulties may arise, however, in giving the towers both the flexibility to absorb defor-

mation of the girder due to temperature change and the stiffness to cope with seismic effects. The

additional thrust induced in the girder should be also borne in mind in this case.

Prevalent in long-span cable-stayed steel bridges in Japan are the various devices connecting the girder

elastically with towers or abutments ((b), (d), or (h) in Figure 26.23). In the Meikoh-West bridge and

some other bridges, elastic restraint was provided by attaching horizontal cables between the girder and

the tower, while large belleville springs were fitted to the rocker bearings at each end pier of the

Hitsuishijima and Iwakurojima bridges. The purpose of these devices was to reduce and distribute

seismic forces, to control the longitudinal movement of the girder, and also to find a compromise with

temperature effect.

The advantage of all movable support types, (f) and (g) in Figure 26.23, is to reduce the seismic

inertial force of the girder by attaining very long natural periods of longitudinal sway motion. The

so-called floating type (g), where the vertical support at the tower is omitted, leads to a noticeable

reduction of the bending moment in the girder at the towers. However, care should be given to

excessive displacement of the girder and proneness of instability of the towers. In the Higashi-Kobe

Bridge, newly developed vane-type dampers were installed on the end piers as stopping devices

against unexpectedly severe earthquakes. The use of short tower links in the Yokohama Bay Bridge or

thick rubber shoes on the side span of the Ikuchi Bridge was also aimed at optimizing seismic design

under the given conditions.

2 lanes 2 lanes
Highway

Railway

30 m

13
 m

FIGURE 26.22 Typical cross-section of the Seto Bridge.
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26.4.3 Erection of Cable-Stayed Bridges

Different from an earth-anchored suspension bridge, the erection of which proceeds from anchorages

and towers, to cable, and then stiffening girder, the different main components of the self-anchored

cable-stayed bridges may be erected in parallel. During cantilever erection of the girder from the tower

Type of
supporting
conditions

Elastically fixed
at each end of
girder

Fixed at one end
of girder

Fixed at tower
piers

Elastically fixed
 at tower piers

Fixed at one
tower pier

Movable at all
supports

Floating

Floating but
elastically
constrained at
tower piers

(Elastically) fixed
at all supports

Fixed outside

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

(j)

FIGURE 26.23 Different supporting systems of cable-stayed bridge.
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toward mid-span, the stay cables will have to be installed and tensioned every time an anchor point at the

girder is reached. In some cases, even the construction of the pylons will proceed in parallel with the

erection of the girder and stay cables. More detailed description on the erection of cable-stayed bridges

are given in the book by Gimsing [17].

The construction methods used on the towers of cable-stayed bridges are typically not different from

those of suspension bridges. For smaller or moderate size of steel towers, the erection may be carried out

by traveler crane or floating crane with tall boom.
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27
Cooling Tower

Structures

27.1 Introduction

Hyperbolic cooling towers are large, thin shell reinforced concrete structures that contribute to envir-

onmental protection and to power generation efficiency and reliability. As shown in Figure 27.1, they

may dominate the landscape but they possess a certain esthetic eloquence due to their doubly curved

form. The operation of a cooling tower is illustrated in Figure 27.2. In a thermal power station, heated

steam drives the turbogenerator that produces electric energy. To create an efficient heat sink at the end

of this process, the steam is condensed and recycled into the boiler. This requires a large amount of

cooling water, whose temperature is raised and then recooled in the tower.

In a so-called ‘‘wet’’ natural draft cooling tower, the heated water is distributed evenly through

channels and pipes above the fill. As the water flows and drops through the fill sheets, it comes into

contact with the rising cooler air. Evaporative cooling occurs and the cooled water is then collected in the

water basin to be recycled into the condenser. The difference in density of the warm air inside and the

colder air outside creates the natural draft in the interior. This upward flow of warm air, which leads to a

continuous stream of fresh air through the air inlets into the tower, is protected against atmospheric

turbulence by the reinforced concrete shell. The cooling tower shell is supported by a truss or framework

of columns bridging the air inlet to the tower foundation.

There are also ‘‘dry’’ cooling towers that operate simply on the basis of convective cooling. In this case,

the water distribution, the fill, and the water basin are replaced by a closed piping system around the air

inlet, resembling, in fact, a gigantic automobile radiator. While dry cooling towers are doubtless superior
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from the point of view of environmental protection, their thermal efficiency is only about 30% of

comparable wet towers. If the flue gas is cleaned by a washing technology, it is frequently discharged into

the atmosphere by the cooling tower upward flow. This saves reheating of the cleaned flue gas and the

construction of a smoke stack (see Figure 27.2).

Figure 27.3 summarizes the historical development of natural draft cooling towers. Technical cooling

devices first came into use at the end of the 19th century. The well-known hyperbolic shape of cooling

towers was introduced by two Dutch engineers, Van Iterson and Kuyper, who in 1914 constructed the

first hyperbolic towers, which were 35 m high. Soon, capacities and heights increased until around 1930,

FIGURE 27.1 Computer vision of the lignite power plant at Niederaussem.
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FIGURE 27.2 Thermal power plant with cleaned flue gas injection.
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when tower heights of 65 m were achieved. The first such structures to reach higher than 100 m were the

towers of the High Marnham Power Station in Britain.

In the 1970s, cooling towers for nuclear power plants exceeded elevations of 160 m, having key

dimensions as given in Figure 27.4. The increase of efficiency at French nuclear stations led to tower heights

close to 190 m, demonstrated by the highest cooling tower for nearly one decade in Civaux, France.

Valenciennes — F 1904

25.00 m
35.00 m

68.00 m

117.00 m

151.00 m
162.00 m

200.00 m

179.50 m
Civaux — F 1993;

Niederaussem — D 1998;

Trojan Nuclear Plant — U.S.A. 1971;

Niederaussem — D 1966;

Hams Hall — GB 1931;

Heerlen — NL 1914;

Mülheim-Kärlich — D 1977;

FIGURE 27.3 Historical development of natural draft cooling towers.

37
.0

0
m

∅ 68.00 m

∅ 65.30 m

∅ 117.00 m

Diagonal columns

Foundation Water basin

162.00 m

Shell

Reinforced
concrete fill
support

16
2.

00
m

13
.0

0
m

FIGURE 27.4 Cooling tower, Gundremmingen, Germany.
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After the German reunification, a generation of new power plants in the lignite belt of the former East

Germany replaced the old equipment there, with all having cooling towers with heights close to 180 m.

Recently in Niederraussem, near Cologne, Germany, a lignite power station with 965 MW of net capacity

and achieving a degree of efficiency of 43% started energy production. The Niederraussem cooling tower

with a height of 200 m presently is the world’s highest [1]. For all of these new tall towers, the shell is

proportionally thinner than an egg.

In the near future, if a renewal program for nuclear power stations in the United States begins, the

expected cooling tower heights will easily exceed 200 m, both for better control of thermal pollution and

for savings of nuclear fuel.

27.2 Components of a Natural Draft Cooling Tower

The most prominent component of a natural draft cooling tower is the huge, towering shell. This shell is

supported by diagonal, meridional, or vertical columns bridging the air inlet. The columns, made of

high-strength reinforced concrete, are either prefabricated or cast in situ into moveable steel forms

(Figure 27.5). After the erection of the ring of columns and the lower edge member, the climbing

formwork is assembled and the stepwise climbing construction of the cooling tower shell wall or veil

begins (Figure 27.6). Fresh concrete and reinforcement steel are supplied to the working site by a central

FIGURE 27.5 Fabrication of supporting columns.
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crane anchored to the completed parts of the shell and are placed in lifts up to 2 m high (Figure 27.7).

After sufficient strength has been gained, the complete forms are raised for the next lift.

To enhance the durability of the concrete and to provide sufficient cover for the reinforcement, the

cooling tower shell thickness should not be less than 16 to 18 cm. The shell itself should be sufficiently

stiffened by upper and lower edge members. In order to achieve sufficient resistance against instability,

large cooling tower shells may be stiffened by additional internal or external rings. These stiffeners may

also be used for repair or rehabilitation of deficient shells.

Wet cooling towers have a water basin with a cold water outlet at the base. These are both large

engineered structures, able to handle up to 50 m3/s of water circulation, as indicated in Figure 27.8. The

fill construction inside the tower is a conventional frame structure and is always prefabricated. It carries

the water through a large piping system, the spray nozzles, and the fill package. Often, dripping traps are

applied on the upper surfaces of the fill to keep water losses through the uplift stream under 1%. Finally,

noise protection elements around the inlet decrease the noise caused by the continuously dripping water,

as illustrated in Figure 27.2.

27.3 Damage, Failures, and Loss of Durability

Today’s natural draft cooling towers are safe and durable structures if properly designed and con-

structed. Nevertheless, it should be recognized that this high-quality level has been achieved only after

the lessons learned from a series of collapsed or heavily damaged towers have been incorporated into the

relevant body of engineering knowledge.

FIGURE 27.6 Climbing construction of the shell.
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While cooling towers have been the largest existing shell structures for many decades, their design and

construction were formerly carried out simply by following the existing ‘‘recognized rules of crafts-

manship,’’ which had never envisaged constructions of this type and scale. This changed radically,

however, in the wake of the Ferrybridge failures in 1965 [2]. On November 1, 1965, three of eight 114 m

high cooling towers collapsed during a Beaufort 12 gale in an obviously identical manner (Figure 27.9).

FIGURE 27.7 Formwork and steel reinforcement of shell wall.

FIGURE 27.8 Water basin.
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Within a few years of this spectacular accident, the response phenomena of cooling towers had been

studied in detail, and safety concepts with improved design rules were developed. These international

research activities gained further momentum after the occurrence of failures in Ardeer (Britain) in 1973,

Bouchain (France) in 1979, and Fiddler’s Ferry (Britain) in 1984, the last case clearly displaying the

influence of dynamic and stability effects.

In surveying these failures, one can recognize at least four common circumstances:

1. The maximum design wind speed was often underestimated, so that the safety margin for the wind

load was insufficient.

2. Group effects leading to higher wind speeds and increased vortex shedding influence on

downstream towers were neglected.

3. Large regions of the shell were reinforced only in one central layer (in two orthogonal directions)

or the double layer reinforcement was insufficient.

4. The towers had no upper edge members or the existing members were too weak to stiffen the

structure against dynamic wind actions.

Two towers in the United States, at Willow Island, West Virginia, and at Port Gibson, Mississippi,

were heavily damaged during their construction stage, the latter by a tornado-initiated crane impact. The

Port Gibson tower repair included the addition of ring stiffeners [3]. Another tower in Poland collapsed

without any definitive explanation having been published up to now, but probably because of large

imperfections.

In addition to these cases, cracking of many cooling towers has been observed, often due to ground

motions following underground coal mining or just because of faulty design and construction.

One of the main European design mistakes was in the amount of circumferential reinforcement, too

low to resist shell bending due to wind dynamics, thermal, and hydrated effects. Such deficiencies can

lead to extensive, even progressive vertical crack-damage on the outer shell faces [4]. Obviously, any

FIGURE 27.9 Collapse of Ferrybridge Power Station shell.
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visible crack in a cooling tower shell is an indication of deterioration of its safety, reliability, and

durability. Corrosion of concrete with low resistance to SOx and NOx contents in the air around fossil

fuel plants adds severely to this degradation. It is thus imperative to conform to a design and con-

struction concept that guarantees sufficiently safe and reliable structures over a predetermined lifetime.

Although power plant construction over much of the industrialized west has slowed in the last decade,

research and development on the structural aspects of hyperbolic cooling towers has continued [5,6] and

a new wave of construction for these impressive structures seems to be approaching. Engineers face this

challenge with confidence in their improved analytical tools, in their ability to employ improved

materials, and in their valuable experience in construction.

27.4 Geometry

The main elements of a cooling tower shell in the form of a hyperboloid of revolution are shown in

Figure 27.10. This form falls into the class of structures known as thin shells. The cross-section as shown

depicts the ideal profile of a shell generated by rotating the hyperboloid R¼ f (Z) about the vertical (Z)

axis. The coordinate Z is measured from the throat while z is measured from the base. All dimensions in

the R–Z plane are specified on a reference surface, theoretically the middle surface of the shell but

possibly the inner or outer surface. Dimensions through the thickness h(Z) are then referred to this

surface. There are several variations possible on this idealized geometry such as a cone-toroid with an

upper and lower cone connected by a toroidal segment, two hyperboloids with different curves meeting

at the throat, and an offset of the curve describing the shell wall from the axis of rotation. Classically, the

columns are arranged as V- or X-frameworks, the latter for very high air inlets; vertical (meridional)

columns now popular and were used for the world’s highest tower shown later in Figure 27.17.
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Wall
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Meridional columns

Lintel
base

Base diameter = dU

Inclined columns

1

c

Throat diameter = dT

Top diameter = dH
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FIGURE 27.10 Hyperbolic cooling tower.
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Referring to Figure 27.10, the equation of the generating curve is given by

4R2=d2
T � Z2=b2 ¼ 1 ð27:1Þ

where dT is the diameter at the throat and b is a characteristic dimension of the shell that may be

evaluated from the diameters dH and dU by

b ¼ dTZH=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd2

H � d2
TÞ

q
ð27:2Þ

or from

b ¼ dTZU=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd2

U � d2
TÞ

q
ð27:3Þ

if the upper and lower curves are different. The dimension b is related to the slope of the asymptote of

the generating hyperbola (see Figure 27.10) by

b ¼ 2dT=c ð27:4Þ
For a cooling tower shell where the axis of the generating hyperboloid is offset from the axis of the

cooling tower shell middle surface by a constant radial distance Ro, Equations 27.1–27.4 are modified

slightly. However, the former equations may be used directly if the dimension b in Equations 27.2 and

27.3 is calculated using the values of dH and dT referred to the axis of the hyperboloid. Then, Ro is added

to the value of R calculated by Equation 27.1 to determine the total radial distance from the axis of the

cooling tower to the middle surface of the shell at any vertical coordinate Z. Such a shell is known in

Figure 27.3, where the value of Ro¼ � 1.0370 m for the part of the shell below the throat.

27.5 Loading

Hyperbolic cooling towers may be subjected to a variety of loading conditions. Most commonly, these

are dead load (D), wind load (W), earthquake load (E), temperature variations (T), construction loads (C),

and settlement (S). For the proportioning of the elements of the cooling tower, the effects of the

various loading conditions should be factored and combined in accordance with the applicable codes

or standards. If no other codes or standards specifically apply, the factors and combinations given in

ASCE 7 [7] are appropriate.

Dead load consists of the self-weight of the shell wall and the ribs and the superimposed load from

attachments and equipment. Wind loading is extremely important in cooling tower design for several

reasons. First, the amount of reinforcement, beyond a prescribed minimum level, is often controlled by

the net difference between the tension due to wind loading and the dead load compression, and is therefore

especially sensitive to variations in the wind-produced tension. Second, the quasistatic velocity pressure

on the shell wall is sensitive to the vertical variation of the wind, as it is for most structures, and also to

the circumferential variation of the wind around the tower, which is peculiar to cylindrical bodies. While

the vertical variation is largely a function of the regional climatic conditions and the ground surface

irregularities, the circumferential variation is strongly dependent on the roughness properties of the shell

wall surface. There are also additional wind effects such as internal suction, dynamic amplification, and

group configuration.

The external wind pressure acting at any point on the shell surface is computed as [5,8]

qðz , yÞ ¼ qðzÞHðyÞð1þ gÞ ð27:5Þ

where q(z) is the effective velocity pressure at a height z (Figure 27.10) above the ground level, H(y) is

the coefficient for circumferential distribution of external wind pressure, and 1þ g is the gust response

factor, and g is the peak factor.

As mentioned above, q(z) should be obtained from applicable codes or standards such as Ref. [7].

The circumferential distribution of the wind pressure is denoted by H(y) and is shown in Figure 27.11.

The key regions are the windward meridian, y¼ 0�, the maximum side suction, y� 70�, and the back

suction, y	 90�. These curves were determined by laboratory and field measurements as a function of
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the roughness parameter k/aR as shown in Figure 27.12, in which k is the height of the rib and aR is the

mean distance between the ribs measured at about one-third of the height of the tower. Note that

the coefficient along the windward meridian H(y) reflects the so-called stagnation pressure while the side

suction is, remarkably, significantly affected by the surface roughness k/aR. As will be discussed in

Section 27.6.2, the meridional forces in the shell wall and hence the required reinforcing steel are very

sensitive to H(y). In turn, the costs of construction are affected. Thus, the design of the ribs, or of

alternative roughness elements, is an important consideration. For quantitative purposes, the equations

of the various curves are given in Table 27.1 and tabulated values at 5� intervals are available [4].

The circumferential distribution of the external wind pressure may be presented in another manner

that accents the importance of the asymmetry. If the distribution H(y) is represented in a Fourier cosine

series of the form

H yð Þ ¼
Xn¼1
n¼ 0

An cos ny ð27:6Þ

the Fourier coefficients An for a distribution most similar to the curve for K 1.4 are as follows [5]:

n An

0 �0.3922

1 0.2602

2 0.6024

3 0.5046

4 0.1064

5 �0.0948

6 �0.0186

7 0.0468

Representative modes are shown in Figure 27.13. The n¼ 0 mode represents uniform expansion and

contraction of the circumference, while n¼ 1 corresponds to beam-like bending about a diametrical axis

resulting in translation of the cross-section. The higher modes n > 1 are peculiar to shells in that they

produce undulating deformations around the cross-section with no net translation. The relatively large

Fourier coefficients associated with n¼ 2, 3, 4, 5 indicate that a significant portion of the loading will

cause shell deformations in these modes. In turn, the corresponding local forces are significantly higher

than a beam-like response would produce.

To account for the internal conditions in the tower during operation, it is common practice to add an

axisymmetric internal suction coefficient H¼ 0.5 to the external pressure coefficients H(y). In terms of

the Fourier series representation, this would increase A0 to �0.8922.

TABLE 27.1 Equations for H(�)

Curve

Minimum

pressure Sector I II III cW

K 1.0 �1.0 1� 2:0 sin
90

71
y

� �2:267

�1:0þ 0:5 sin
90

21
ðy� 70Þ

� �� �2:395

�0.5
0.66

K 1.1 �1.1 1� 2:1 sin
90

71
y

� �2:239

�1:1þ 0:6 sin
90

22
ðy� 71Þ

� �� �2:395

�0.5 0.64

K 1.2 �1.2 1� 2:2 sin
90

71
y

� �2:205

�1:2þ 0:7 sin
90

23
ðy� 72Þ

� �� �2:395

�0.5 0.60

K 1.3 �1.3 1� 2:3 sin
90

73
y

� �2:166

�1:3þ 0:8 sin
90

24
ðy� 73Þ

� �� �2:395

�0.5 0.56

K 1.5 �1.5 1� 2:5 sin
90

75
y

� �2:104

�1:5þ 1:0 sin
90

27
ðy� 75Þ

� �� �2:395

�0.5 0.49

K 1.6 �1.6 1� 2:6 sin
90

76
y

� �2:085

�1:6þ 1:1 sin
90

28
ðy� 76Þ

� �� �2:395

�0.5 0.46
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The dynamic amplification of the effective velocity pressure is represented by the parameter g in

Equation 27.5. This parameter reflects the resonant part of the response of the structure and may be as

much as 0.2, depending on the dynamic characteristics of the structure. However, when the basis of q(z)

includes some dynamic portion such as the fastest-mile-of-wind, (1þ g) is commonly taken as 1.0.

Cooling towers are often constructed in groups and close to other structures, such as chimneys or boiler

houses, which may be higher than the tower itself. When the spacing of towers is closer than 1.5 times the

base diameter or two times the throat diameter, or when other tall structures are nearby, the wind

pressure on any single tower may be altered in shape and intensity. Such effects should be studied carefully

in boundary-layer wind tunnels in order not to overlook dramatic increases in the wind loading.

Earthquake loading on hyperbolic cooling towers is produced by ground motions transmitted from the

foundation through the supporting columns and the lintel into the shell. If the base motion is assumed to be

uniform vertically and horizontally, the circumferential effects are axisymmetrical (n¼ 0) and anti-

symmetrical (n¼ 1), respectively (see Figure 27.13). In the meridional direction, the magnitude and dis-

tribution of the earthquake-induced forces is a function of the mass of the tower and the dynamic properties

of the structure (natural frequencies and damping) as well as the acceleration produced by the earthquake at

the base of the structure. The most appropriate technique for determining the loads applied by a design

earthquake to the shell and components is the response spectrum method, which, in turn, requires a free

vibration analysis to evaluate the natural frequencies [8–10]. It is common to use elastic spectra with 5%

of critical damping. The supporting columns and foundation are critical for this loading condition and

should be modeled in appropriate detail [9,10]. Just as for the wind load case, earthquake loading may

produce tensile forces opposite to the dead load compression, so the net effect may be quite sensitive.

Temperature variations on cooling towers arise from two sources: operating conditions and sunshine on

one side. Typical operating conditions for Central European and North American climatic conditions are

D0

D1

n = 0

n =1
R

R

n >1

2Dn

FIGURE 27.13 Harmonic components of the radial displacement.
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an external temperature of �15�C and internal temperature of þ30�C. This is an axisymmetrical effect,

n¼ 0 in Figure 27.13. For sunshine, a temperature gradient of 25�C constant over the height and dis-

tributed as a half-wave around one-half of the circumference is appropriate. This loading would require

a Fourier expansion in the form of Equation 27.6 and higher harmonic components, n> 1, to be

considered.

For power plants operating as the base supply (e.g., nuclear plants) and situated in cold winter regions,

the inner cooling tower faces may be wetted by condensed vapor for several months. Such hydrated

actions may cause swelling of the inner concrete, the intensity of which is dependent on the properties of

gravel and cement. Without detailed concrete investigations, an additional thermal gradient of �10�C

(warmer at the inner face) may account for this deteriorating effect.

Construction loads are generally caused by the fixing devices of climbing formwork, by tower crane

anchors, and by attachments for material transport equipment as shown in Figure 27.14. These loads

must be considered on the portion of the shell extant at the phase of construction.

Nonuniform settlement due to varying subsoil stiffness may be a consideration. Such effects should be

modeled considering the interaction of the foundation and the soil.

27.6 Methods of Analysis

27.6.1 Response Behavior

Thin shells may resist external loading through forces acting parallel to the shell surface, forces acting

perpendicular to the shell surface, and moments. While the analysis of such shells may be formulated

FIGURE 27.14 Central crane during construction attached to shell wall.
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within the three-dimensional theory of elasticity, there are reduced theories that are two-dimensional

and are expressed in terms of force and moment intensities. These intensities are traditionally based on a

reference surface, generally the middle surface, and are forces and moments per unit length of the middle

surface element upon which they act: they are called stress resultants and stress couples, respectively, and

are associated with the three directions — circumferential, y1; meridional, y2; and normal, y3. In

Figure 27.15, the extensional stress resultants, n11 and n22, the in-plane shearing stress resultants,

n12¼ n21, and the transverse shear stress resultants, q12¼ q21, are shown in the left diagram along with

the components of the applied loading in the circumferential, meridional, and normal directions, pl, p2,

and p3, respectively. The bending stress couples, m11 and m22, and the twisting stress couples, m12¼m21,

are shown in the right diagram along with the displacements v1, v2, and v3 in the respective directions.

Historically, doubly curved thin shells have been designed to resist applied loading primarily through

the extensional and shearing forces in the ‘‘plane’’ of the shell surface, as opposed to the transverse shears

and bending and twisting moments, which predominate in flat plates loaded normally to their surface.

This is known as membrane action, as opposed to bending action, and is consistent with an accom-

panying theory and calculation methodology having the advantage of being statically determinate. This

methodology was well suited for the precomputer age and enabled many large thin shells, including

cooling towers, to be rationally designed and economically constructed [5]. Because the conditions that

must be provided at the shell boundaries in order to insure membrane action are not always achievable,

shell bending should be taken into account, even for shells designed by membrane theory. Remarkably,

the accompanying bending often is confined to narrow regions in the vicinity of the boundaries and

other discontinuities and may have only a minor effect on the shell design, such as local thickening and

additional reinforcement. Many clever and insightful techniques have been developed over the years to

approximate the effects of local bending in shells designed by the membrane theory.

As we have passed into and advanced in the computer age, it is no longer appropriate to use the

membrane theory to analyze such extraordinary thin and massive shells, except perhaps for preliminary

design purposes. The finite element method is widely accepted as the standard contemporary analysis

technique and the attention shifts to the level of sophistication required. Usually, the more sophisticated

the analysis, more data are required. Consequently, a model may evolve through several stages, starting

with a relatively simple version that enables the structure to be sized, to the most complex version that

may depict such phenomena as the sequence of progressive collapse of the as-built shell under various

static and dynamic loading scenarios, the incremental effects of the progressive stages of construction,

the influence of the operating environment, aging and deterioration on the structure, etc. The techniques

described in the following paragraphs form a hierarchical progression from the relatively simple to the

very complex, depending on the objective of a particular analysis.

In modeling cooling tower shells using the finite element method, there are a number of options. For

the shell wall, a variety of ring elements, triangular elements, and quadrilateral elements have been used.

Early on, flat elements adapted from two-dimensional elasticity and plate formulations were used to
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FIGURE 27.15 Surface loads, stress resultants, stress couples, and displacements.
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approximate the doubly curved surface. Such elements present a number of theoretical and

computational problems and are not recommended for the analysis of shells. Currently, shell elements

degenerated from three-dimensional solid elements are very popular. These elements have been utilized

in both ring and quadrilateral forms.

The column region at the base of the shell presents a special modeling challenge. For static analysis, the

lower boundary is often idealized as a uniform support at the lintel level. Then, a portion of the lower

shell and the columns is considered in a subsequent analysis to account for the concentrated actions of

the columns, which may penetrate only a relatively short distance into the shell wall. For dynamic

analysis, it is important to include the column region along with the veil in the model. An equivalent

shell element has proved useful in this regard if ring elements are used to model the shell [9,10]. It may

also be desirable to include some of the foundation elements, such as a ring beam at the base and even

the supporting piles in a dynamic or settlement model. Figure 27.16 shows such a finite element model

for the final tower design with approximately 51,000 degrees of freedom, shown here in a five times

coarser resolution.

27.6.2 Linear Elastic Analysis

The linear static analysis method is based on the classical bending theory of thin shells. While this theory

has been formulated for many years, solutions for doubly curved shells have not been readily achievable

until the development of computer-based numerical methods, most notably the finite element method.

The outputs of such an analysis are the stress resultants and couples, defined in Figure 27.15, over the

entire shell surface and the accompanying displacements. The analysis is based on the initial geometry,

linear elastic material behavior, and a linear kinematic law. Representative results of such analyses for a

FIGURE 27.16 Finite element mesh for tower design including shell, supports, and foundation.
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large cooling tower (Figure 27.17) are shown in Figures 27.18 to 27.24 for some of the important loading

conditions discussed in Section 27.5. The finite element model used considers the shell to be fixed at the

top of the columns and, thus, does not account for the effect of the concentrated column reactions. Also,

in considering the analyses under the individual loading conditions, it should be remembered that the

effects are to be factored and combined to produce design values.

The dead load analysis results in Figure 27.18 and Figure 27.19 indicate that the shell is always under

compression in both directions, except for a small circumferential tension near the top. This is a very

desirable feature of this geometrical form and the result of a complex shape finding process [6,11].

In Figures 27.20 to 27.22, the results of an analysis for a quasistatic wind load using the K1.0

distribution from Figure 27.11 are shown. Large tensions in both the meridional and circumferential

directions are present. The regions of tension may extend a considerable distance along the cir-

cumference from the windward meridian, and the magnitude of the forces is strongly dependent on the

distribution selected. In contrast to bluff bodies, where the magnitude of the extensional force along the

meridian would be essentially a function of the overturning moment, the cylindrical-type body is also

strongly influenced by the circumferential distribution of the applied pressure, a function of the surface

roughness. The major effect of the shearing forces is at the level of the lintel where they are transferred

into the columns. The internal suction effects, Figure 27.23 and Figure 27.24, are significant only in the

circumferential direction.

For the service temperature case shown in Figure 27.25 and Figure 27.26, the main effects are bending

in the lower region of the shell wall.

27.6.3 Stability

The analysis of hyperbolic cooling towers for instability or buckling is a subject that has been investigated

for several decades [12]. Shell buckling is a complex topic to treat analytically in any case, due to the

influence of imperfections; for reinforced concrete, it is even more difficult. While the governing
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FIGURE 27.17 Prototype of cooling tower at Niederaussem.
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equations may be generalized to treat instability by using nonlinear strain–displacement relations and

thereby introducing the geometric stiffness matrix, the correlation between the resulting analytical

solutions and the possible failure of a reinforced concrete cooling tower is questionable.

Nevertheless, it has been common to analyze cooling tower shells for instability under an unfactored

combination of dead load plus wind load plus internal suction. The corresponding instability buckling

pattern is shown in Figure 27.27.
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FIGURE 27.22 Shear forces n12W under wind load.
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FIGURE 27.23 Circumferential forces n11S under internal suction.
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Interaction diagrams calibrated from experimental studies based on bifurcation buckling are also

available [4,5,13]. Additionally, there are empirical methods based on wind tunnel tests that consider a

snap-through buckle at the upper edge at each stage of construction [4]. These formulas are proportional

to h/R and are convenient for establishing an appropriate shell thickness profile. If buckling safety is

evaluated based on such a linear buckling analysis or an experimental investigation, the buckling safety

n22

−18

−5

1

0

0 5 10 kN/m

FIGURE 27.24 Meridional forces n22S under internal suction.
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FIGURE 27.25 Circumferential bending moments m11T under service temperature.
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FIGURE 27.26 Meridional bending moments m22T under service temperature.

FIGURE 27.27 Buckling pattern of tower shell with upper ring beam, load combination DþWþ S.
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factor for realistic material parameters should exceed 5.0. Presently, however, the use of bifurcation

buckling analyses should be confined to preliminary proportioning and to wall strengthening around

shell openings, since more rational procedures based on nonlinear analysis have been developed to

predict the collapse of reinforced concrete shells, as discussed in the following section.

27.6.4 Nonlinear Analysis

Advances in the analyses of reinforced concrete have produced the capability to analyze shells taking into

account the layered composition of the cross-section as shown in Figure 27.28. Using realistic material

properties for steel and for concrete, including tension stiffening in the form shown in Figures 27.29 to 27.32,
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FIGURE 27.28 Layered model for reinforced concrete shell.
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FIGURE 27.29 Nonlinear material properties of reinforced concrete.
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load–deflection relationships may be constructed for appropriate load combinations. These relation-

ships progress from the linear elastic phase to initial cracking of the concrete through spreading of the

cracks until collapse.

Results from a nonlinear study of a shell using a shell geometry given in Figure 27.33, a finite

element mesh shown in Figure 27.34, and a reinforcement as specified in Figure 27.35 are presented in

Figures 27.36 to 27.41. The wind load factor l is plotted against the maximum lateral displacement

at different heights on the shell in Figure 27.36 and the deformed shape for the collapse load is shown in

Figure 27.37. Also, the pattern of cracking corresponding to the initial yielding of the reinforcement

is indicated in Figure 27.38. For reinforced concrete shells, this type of analysis represents the state-of-

the-art and provides a realistic evaluation of the capacity of such shells against extreme loading [13].

Also, durability assessments can be performed by this concept, from which particularly weak and crack-

endangered regions of the shell can be identified and further reinforced [6].
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FIGURE 27.30 Elastic–plastic material law for steel.
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Figure 27.39 and Figure 27.40 show the additional weakening and cracking of the shell by wind effects

W acting on the tower during a cold winter night (DT¼ 45�C).

It is possible to obtain an estimate of the wind load factor, l, from the results of a linear elastic analysis,

even from a calculation based on membrane theory. This estimate is computed as cracking load for the

shell under a combination of Dþ lW and is predicated on the notion that the reinforcement may add

only a modest amount of capacity to the tower beyond the cracking load [15]. The amount of rein-

forcement in the wall is often controlled by a specified minimum percentage, augmented by that

required to resist the net tension due to the factored load combinations. The steel provided is often less

than the capacity of the concrete in tension, which is presumed to be lost when the concrete cracks.

Therefore, the cracking load represents most of the ultimate capacity of the tower.

The maximum meridional tension location under the wind loading is identified, for example, as the

value of n22¼ 863 kN/m in Figure 27.21. The dead load at this location is obtained from Figure 27.19 as

�701 kN/m. Taking the concrete tensile capacity as 2400 kN/m2 and the wall thickness as 16 cm, the

tensile strength is 384 kN/m. Therefore, we have

�701þ l863 ¼ 384 ð27:7Þ

giving l¼ 1.26 as the lower bound on the ultimate strength of the tower. Note that this value characterizes

the end of the elastic response phase of the tower. What follows then is the long redistribution phase by

secondary concrete cracking and yielding of the reinforcement, which nearly might double l up to failure.

Or, l might not increase very much, depending on the amount of reinforcement in the critical regions.

27.6.5 Dynamic Analysis

The dynamic analysis of cooling towers is usually associated with design for earthquake-induced forces.

The most efficient approach is the response spectrum method, but a time-history analysis may be

appropriate if nonlinearities are to be included [2,8]. For large shells the dynamic response due to wind
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142.00 m

190.00 m

200.00 m
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Wind

FIGURE 27.34 Finite element mesh for prototype cooling tower Niederaussem.
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is often investigated, at least to determine the positions of the nodal lines and areas of particularly

intensive vibrations. In any case the first step is to carry out a free vibration analysis. This analysis

represents the modes of free vibration associated with each natural frequency, f, or its inverse the natural

period T, as the product of a circumferential mode proportional to sin ny or cos ny and a longitudinal

mode along the z-axis [9,10]. Some results are shown in Figure 27.41, which demonstrate the lowest

vibration modes of a tower without and then with holes for flue gas inlets. Such inlets require

great strengthening of the injection area. Further representative results are shown in Figure 27.42 and

Figure 27.43, as discussed below.

As an illustration, the cooling tower from Figure 27.4 is again considered. Some key circumferential

and longitudinal modes for a fixed-base boundary condition are shown in Figure 27.42. Also, the effects

of different cornice stiffnesses are demonstrated. This model may be regarded as preliminary in that the

relatively soft column supports are not properly represented, but it illustrates the salient characteristics

of the modes of vibration. Most interesting are the frequency curves in Figure 27.43 for the first ten

harmonics. Note that the natural frequencies decrease with increasing n until a minimum is reached

whereupon they increase, a characteristic behavior for cylindrical-type shells. Also, the stiffening of the

cornice tends to raise the minimum frequency, which is desirable for resistance to dynamic wind.

Longitudinally, the cornice stiffness effect is significant for odd modes only, as shown in Figure 27.42.
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Specifically for earthquake effects and other coherent excitations, only the first mode participates in a

linear analysis for uniform horizontal base motion and the respective values for n¼ 1 should be entered

into the design response spectrum.

Results from a seismic analysis of a cooling tower are presented in Figures 27.44 to 27.47. The cooling

tower of Figure 27.4 is subjected to a horizontal base excitation based on Figure 27.44, leading to
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FIGURE 27.36 Load–displacement diagrams for load combination Dþ lW.
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FIGURE 27.37 Displacement plot for load combination Dþ lW (exaggeration: 40).
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a first circumferential mode (n¼ 1) response. A response spectrum analysis provides the lateral dis-

placements w of the tower axis, the meridional forces n22, and the shear forces n12, as shown on the

indicated figures. In general, cooling tower shells have proven to be reasonably resistant against seismic

excitations, but obviously the most critical region is the connection between the columns and the lintel

as portrayed in Figure 27.48.

27.7 Design and Detailing of Components

The dimensioning of the tower components should follow the requirements of the applicable codes of

practice. In Ref. [5], limit states of serviceability and of failure are presented to provide sufficient safety.

In the limit states of serviceability, a total safety factor concept is applied and the following load

combinations are recommended:

D þW , D þW þ T , D þW=3þ T þ E, D þ 0:70W þ T

Inner face Outer face

Inner face Outer face

Crack pattern at D + ∆T45 + 2.0W, wc > 0.05 mm

Crack pattern at D + ∆T45 + 2.3W, wc > 0.05 mm

Wind

Wind

FIGURE 27.38 Different crack patterns for load combination Dþ lW.
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the latter for checking crack widths. Here, T is taken for standard temperature service conditions. In the

failure limit state design, partial safety factors are used for the following load combinations:

gDG þ gWW , gDG þ gWW þ gTT

The structural elements of the tower should be constructed with a suitable grade of concrete following

the provisions of applicable codes and standards. The design of the mixture should reflect the site

conditions for placement of the concrete and the external and internal environment of the tower.

The shell wall should be of a thickness that will permit two layers of reinforcement in two perpen-

dicular directions to be covered by a minimum of 3 cm of concrete, and should be no less than 16 cm

thick [2,4,8]. The buckling considerations mentioned in Section 27.6.3 have proven to be convenient and

evidently acceptable criteria for setting the minimum wall thickness, subject to a nonlinear analysis. The

formula

qc ¼ 0:052Eðh=RÞ2:3 ð27:8Þ

where E is the modulus of elasticity has been used to estimate the critical shell buckling pressure, qc

[4,12]. Then, h(z) is selected to provide a factor of safety of at least 5.0 with respect to the maximum

velocity pressure along the windward meridian, q(z)(1þ g). Also, the cornice should have a minimum

stiffness of

Ix=dH ¼ 0:0015 m3 ð27:9Þ

where Ix is the moment of inertia of the uncracked cross-section about the vertical axis and dH is shown

in Figure 27.10 [4]. Some typical forms of the cornice cross-section are shown in Figure 27.49.

The elements of the cooling tower should be reinforced with deformed steel bars so as to provide for

the tensile forces and moments arising from the controlling combination of factored loading cases. The

shell walls may be proportioned as rectangular cross-sections subjected to axial forces and bending. As

mentioned above, a mesh of two orthogonal layers of reinforcement should be provided in the shell

walls, generally in the meridional and circumferential directions [8]. In each direction, the inner and

outer layers should generally be the same, except near the edges where the bending may require an
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FIGURE 27.39 Load–displacement diagrams for load combination DþDT45þ lW.
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unsymmetrical mesh. It is preferable to locate the circumferential reinforcement outside of the mer-

idional reinforcement except near the lintel, where the meridional reinforcement should be on the

outside to stabilize the circumferential bars [16]. A typical heavily reinforced segment of the lintel, also

showing the anchorage of the column reinforcement into the shell, is depicted in Figure 27.50.

A summary of the most important minimum construction tolerance values for the shell wall rein-

forcement is given in Figure 27.51 [2,4,8]. The bars should not be smaller than 8 mm diameter, f, and,

for meridional bars, not smaller than 10 mm. Further, a minimum of 0.35 to 0.45%, depending on the

admissible cracking, should be used in each direction. The minimum cover, as mentioned previously,

should be 3 cm, the maximum spacing of the bars, e, should be 20 cm, and the splices should be staggered

as specified for the construction of walls in the applicable codes or standards. Particular attention should

be given to splices in tensile zones.

The supporting columns should ideally be proportioned for the forces and moments computed from

an analysis in which they are represented as discrete members, using the appropriate factored loading

Inner face Outer face

Inner face Outer face

Crack pattern at D + 2.0W, wc > 0.05 mm

Crack pattern at D + 2.3W, wc > 0.05 mm

Wind

Wind

FIGURE 27.40 Different crack patterns for load combination DþDT45þ lW .
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combinations [9]. If the column region has not been modeled discretely, but rather by a continuum

approximation, the columns may be proportioned to resist the tributary factored forces and moments at

the interface with the lintel, as computed from the shell analysis. The effective length may be taken as

unity. Particular attention should be directed toward splices of the column bars when net tension is

present. Since large bars will be involved, welded or mechanical splices capable of transmitting tension

forces are recommended in such regions.

It is possible to add discrete circumferential stiffeners to the shell to increase the stability or to restore

capacity that may have been lost due to cracking or other deterioration [3] (see Figure 27.10).

Such stiffeners can generally be included in a finite element model of the shell wall and should be

fmin = 0.7302 Hz fmin = 0.7335 Hz

FIGURE 27.41 Lowest natural vibration modes with/without flue gas inlets.
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FIGURE 27.42 Natural frequencies for different cornice stiffnesses for the cooling tower in Figure 27.4.
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proportioned for the forces computed from such an analysis. The eccentricity of the stiffeners with

respect to the circumferential axis should be considered when the stiffeners are only on one side of the

shell. This technique is discussed further in Section 27.9 and some applications are given there.

The foundations should be proportioned for the factored forces induced by the column reactions or

from the computed forces if the foundation is included in the model with the shell and columns.

Reinforcement detailing and cover should be in accordance with the applicable codes or standards.

Several improved forms for cooling tower foundations have been suggested. Figure 27.52 shows a flat

ring footing suitable for uniform soil conditions, while Figure 27.53 portrays a stiff ring beam foun-

dation appropriate for soil conditions that are nonuniform around the circumference. An example of an

individual pier on bedrock is given in Figure 27.54.
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27.8 Construction

Tolerances for tall concrete cooling tower shells have been debated for many years and reasonable values

should take into consideration what is achievable and what is measurable. It should be noted that state-

of-the-art finite element models are capable of analyzing the as-built shell as well as the design con-

figuration, so that the effects of those irregularities arising during construction, or even those discovered

later, may be quantitatively studied and sometimes corrected.

It is recommended that the actual wall thickness be no less than the design thickness and exceed this

thickness by not more than 10%. The imperfections of the shell wall middle surface should not exceed

one-half of the wall thickness or 10 cm. Deviations from the design geometry occurring during the

construction should be corrected gradually, limiting the angular change in either direction to 1.5%. The

column heads should be within 0.005 times the column height or �6.0 cm of the design position, and
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foundation structures should also be within �6.0 cm of the design location [2,4,8]. Tolerances for the

reinforcement are discussed in Section 27.7.

Formwork and scaffolding systems are generally proprietary and are provided by the constructor.

Nevertheless, their influence on the shell quality is of utmost importance and diligent attention of the

engineer is required. In general, the system should be designed to provide safety to operating personnel

and to produce a sound structure. The working platforms should be designed for realistic loading and

scaffolding systems used for continuous material transport should be designed and built taking into

account the resulting loads.

0.14 m

0.23 m

0.16 m

0.89 m

0.
20

 m1.
10

 m
2.

00
 m

0.
32

 m

1.20 m

0.25 m
0.

37
 m

0.16 m

1.40 m

0.23 m

0.15 m

0.
30

 m

0.16 m

1.
32

 m

2.
40

 m

FIGURE 27.49 Suitable forms of the cornice.

C
ir

cu
m

fe
re

nt
ia

l r
ei

nf
or

ce
m

en
t e

=
0.

20
 m

∅
 0

.1
2

∅
 0

.1
4

∅
 0

.1
6

0.24

0.90 0.90

0.
90

10 ∅ 0.24

10 ∅ 0.24

In
te

rn
al

E
xt

er
na

l

D
ee

p 
be

am
 r

ei
nf

or
ce

m
en

t

Internal
∅ 0.16, e = 0.20 m

Meridional reinforcement

External
∅ 0.22, e = 0.20 m

FIGURE 27.50 Lintel reinforcement.

Cooling Tower Structures 27-35

Copyright 2005 by CRC Press



The connections and joints between individual scaffolding units should be designed and built to act

independently in case of collapse, so that the loss of one unit would not affect the adjacent units. Fur-

thermore, at least two independent safety devices should be in place to prevent collapse of the scaffolding.

The shell wall should be designed to resist the anchor loads of the scaffolding, based on the actual

strength of the concrete that is expected to be available when the anchors are loaded. Continuous

monitoring of the concrete strength during the climbing process is essential.

27.9 Durability

Cooling tower shells, particularly in fossil fuel power plants, are subjected to a relatively severe envir-

onment over their lifetime, which may span several decades, and special care must be taken in order to

provide a durable structure. The tower is subjected to the physical loads produced by wind, temperature,
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and moisture acting on concrete which may still be drying and hardening. Over the lifetime of the

structure, it may be exposed to severe frost action in a saturated state, chemical attacks due to noxious

substances in the atmosphere and in the water and water vapor, biological attacks due to microorgan-

isms, and possibly additional chemical attacks due to reintroduced cleaned flue gases.

The concrete should be of high-quality approved materials including fly ash. It should have the

following properties:

� High resistance against chemical attacks
� High early strength
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FIGURE 27.53 Ring beam foundation.
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� High structural density
� High resistance against frost

Cooling towers are often located in plants with extremely aggressive air due to its SOx and NOx

content. This can cause severe durability problems resulting from concrete corrosion, both on the outer

and inner shell surfaces. If cleaned flue gas is discharged via the cooling tower, corrosion protection of

the inner surface is vital.

As a proper countermeasure against concrete corrosion, coating of the tower surfaces by synthetic

resin has been proven successfully. In such a case, the concrete surface shall be of high quality, smooth,

and essentially free of shrink holes. Air bubbles exceeding 4 mm of depth and irregular surface elevations

of more than 5 mm should not be allowed. The shell should be coated with a curing agent providing a

high blocking effect and long durability. To increase adhesion of the coating, surface cleaning with

pressurized water is recommended.

Coatings consisting of copolymers in a acrylic–vinyl resin base have been approved for more than

20 years [17]. The curing of the concrete shell generally consists of a primer and two covering coatings of

at least 300 g/m2 each, the latter colored by suitable pigments. Several single-component (acrylate or

polyurethene based) or double-component (epoxy resin based) coating systems are approved worldwide

and are in a process of continual improvement. Of utmost importance for any coating is the homo-

geneity of the applied film, between 	200 mm for single- and 	300 mm for double-component systems,

since the durability of the complete coating is determined by the thinnest film spots. An example of

a recently built coated cooling tower is shown in Figure 27.55.

If the shell concrete is already severely corroded, all loose particles have to be removed carefully by water

jetting. Corroded and open reinforcement then has to be cleaned and covered by a suitable rust preventing

coating. Finally, the loss of concrete cover has to be restored, for example, by gunnite concreting.

A second source of damage causing reduced durability of cooling tower shells is cracking, as demons-

trated by the resulting crack patterns due to insufficient reinforcement, inadmissible imperfections, soil

FIGURE 27.55 Coated cooling tower shell at Herne Power Station, Germany.
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settlements, or even accidents [18]. All these cracks, if exceeding a width of�0.5 mm, should be carefully

repaired, preferably by pressurized injection techniques, to maintain sufficient durability.

In order to prevent local reopening of repaired cracks, they can be covered by carbon-fiber

bands glued to the concrete with resin. If the shell requires more global stiffening, the applica-

tion of additional ring stiffeners is an approved measure [11]. This procedure has been discussed in

Section 27.7.

Figure 27.56 shows a comparison of the stiffening effect from two different configurations, related to

classical stability limits. For the two 165 m high tower variants of identical thickness, the stability limited

is increased from l¼ 4.029 (unstiffened except on boundaries) to l¼ 6.379 (two additional stiffeners),

both for the load combination Dþ 0.6W. Figure 27.57 shows the cross-section of such a ring stiffener,

120.00 m
Ring stiffeners

0.40/1.20 m
75.00 m

FIGURE 27.56 Buckling patterns of 165 m high tower with upper edge member and with/without additional

stiffening rings.

1

3

2

FIGURE 27.57 Cross-section of ring stiffeners at Mississippi Tower: 1, original shell wall; 2, in situ; and

3, prefabricated.
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composed of combined prefabricated and in situ cast reinforced concrete parts, which was attached

to the Mississippi Tower after it had been hit and damaged by the collapsing central crane during a

tornado [3,11].

In the early 1980s, several ring stiffened large cooling towers were erected in Germany and in Belgium

[16,19]. Initial use of circumferential ring stiffeners may save concrete in the tower shell, but increases

the amount of reinforcement required. Since the ring construction has to be separated from the con-

tinuing climbing process of the shell, their erection is the same as for the rehabilitation applications on

existing towers. After crane capacities increased, new high towers were again designed without stiffening

rings. Reference [20] reports on the ring stiffening of several cooling towers in South Africa that were

heavily cracked by soil settlements due to underground mining, starting in 1985.
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28
Tunnel Structures

28.1 Introduction

This chapter deals with structural design and the selection of structural systems for several types of

tunnel structure. Methods of construction are important in the selection of structural systems and their

details, but space does not permit this chapter to do justice to every complex method of tunnel con-

struction possible in the great variety of geologic environments that exist. The chapter includes methods

for seismic analysis of underground structures.
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28.1.1 What is a Tunnel?

Tunnels are located either below ground or below a body of water. Almost all tunnels serve as part of the

infrastructure of cities and countries, conveying utilities, water, or sewage, or serving as transportation

arteries. Some tunnels serve as storage, and some caverns are used as stadiums, swimming pools, or even

for cleaning sewage. In cities, tunnels are often preferred because they can be built without taking up

precious surface space. In the open country, tunnels are most likely to be found where it is necessary to

traverse obstacles such as mountains, rivers, lakes, and fjords. The depth, cross-section, and alignment of

tunnels are determined by the functional requirements of the facility, by geographical and environmental

constraints, and by issues of constructibility under the prevailing geotechnical conditions.

The three principal types and methods of tunnel construction are

� Cut-and-cover tunnels, built by excavating a trench, constructing the concrete structure in the

trench, and covering it up. Methods used include top-down and bottom-up.
� Bored or mined tunnels, excavated through rock either by blasting or by tunnel boring machines, or

excavated through soil using shields, mechanized to a greater or lesser extent.
� Immersed or floating tunnels, made from very large precast concrete or concrete-filled steel

elements, floated out, and then either lowered into a prepared trench and covered over

(immersed), or anchored or supported below the water surface but not buried (floating).

In this chapter a short section on tunnel jacking is included, a procedure used recently in Boston and

which is on occasion used in Europe and elsewhere. It is used only for very shallow tunnels when it is

vital not to interrupt surface facilities and if other methods are not suitable.

At shallow depth and for short water crossings, the cut-and-cover tunnels are the most economical.

Per unit length, immersed or floating tunnels can be more costly than bored or mined tunnels, but

because they can often be made shallower and therefore shorter, and because they may serve their

function better than other choices, the overall project cost can be less.

28.1.2 Fundamental Approach to Underground Design

Underground design must achieve functionality, stability, and safety of the underground openings

during construction and for the lifetime of the structure thereafter. There is no recognized U.S. standard,

practice, or code for the design of most underground structures. Designers may apply codes such as

ACI Codes and Practices for concrete design, but these were developed for structures above ground, not

for underground structures, and only parts of these codes apply to underground structures such as

cut-and-cover structures.

There are five basic steps in the design of underground structures:

1. Define functional requirements, including design life and durability requirements.

2. Acquire and analyze geologic, geotechnical, and cultural data relevant to the design and

construction of the underground facilities.

3. Determine plausible and possible modes of failure, including construction events, unsatisfactory

long-term performance, failure to meet environmental requirements, and flooding; determine

means of analyzing these modes of failure and acquire the necessary data.

4. Establish appropriate method(s) of construction considering the geologic and groundwater

information, constructibility, and economy.

5. Establish and design appropriate initial and final ground support and lining systems, considering

both ground conditions and the method(s) of construction.

28.1.3 Cut-and-Cover Tunnels

28.1.3.1 Introduction

Cut-and-cover tunnels are by far the most common of all the types of tunnel. They are constructed by

one of two main methods. With the ‘‘bottom-up’’ approach, a trench is excavated from the surface,
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either supporting the sides of the excavation or sloping the sides. The complete structure is then

constructed within the excavation; temporary decking may be installed across the top of the excavation

to permit early reinstatement of traffic. With ‘‘top-down’’ construction, the walls (in narrow trenches)

and the tunnel roof are built first and the surface reinstated; thereafter, the tunnel section is excavated

down from the underside of the already constructed roof structure, and the tunnel is completed. For

both methods, the tunnel structure is usually either cast-in-place concrete or erected steel structural

elements with infill concrete. It is unusual for prefabricated elements to be used for cut-and-cover tunnel

structures.

The cut-and-cover method is most attractive for relatively shallow tunnel sections. Cut-and-cover

construction, particularly when the bottom-up method is used, can be disruptive to both surface traffic

and existing facilities even when temporary decking is used over the cut.

28.1.3.2 Trench Excavation

The tunnel trench may be constructed by

� Sloping back the excavation, with little or no excavation support.
� Using the temporary support of excavation walls, such as soldier piles and lagging or steel sheet

piles that do not form part of the permanent structure.
� Using excavation support walls that are designed to be part of the permanent structure.

The first option can be the most economical, but it is often impractical due to adjacent structures and

facilities or due to depth. Comparing the second and third options, increased cost and staging difficulties

for building permanent excavation support walls must be balanced against the simplicity and ease of

building a permanent structure within temporary walls.

28.1.3.3 Top-Down Construction

As a cost-saving measure, this method typically uses the excavation support walls as part of the final

structure (for e.g., concrete diaphragm walls cast in slurry-filled trenches, known as slurry walls, or

precast wall sections lowered into slurry-filled trenches). After the walls are constructed downward from

the surface, excavation proceeds down to the underside of roof level, and the roof is installed. The surface

is then restored to its final condition, and excavation proceeds below the finished roof.

Top-down construction requires a different set of analysis assumptions and staging approaches than

bottom-up construction, whether or not it has temporary decking. For example, the staging must lay out

specific glory hole locations for all stages, being holes that provide access for construction, materials, and

removal of excavated soil and rock. This type of staging planning can be more complex than cut-and-

cover work with temporary decking or an open cut.

28.1.3.4 Groundwater Impacts

It is important to evaluate groundwater impacts for cut-and-cover construction. The evaluation includes

� Analysis to determine impacts on the water table beyond the zone of excavation.
� Analysis of the stability of the cut during construction.
� Evaluation of buoyancy under final conditions.

In all stages of cut-and-cover excavation and construction, the weight of the structure and backfill will

tend to be less than the weight of the soil removed. The staging evaluation can be more complicated in

areas with high groundwater levels.

28.1.4 Bored and Mined Tunnels in Soil or Rock

Transportation tunnels in built-up areas are often constructed by tunneling methods such as machine

boring or hand mining. Tunneling can cause much less disruption at the surface, especially of local

utilities, and is less expensive for deep tunnels. It is common practice to provide at least one diameter of

soil or rock cover, though shallower cover is possible.
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Depending on functional requirements, bored or mined tunnels come in almost all sizes, ranging from

some 2 m in diameter for medium-sized water and sewage conveyance up to about 20 m in diameter for

rail stations and some hydropower plant caverns. While rock tunnels excavated by blasting methods can

be built to almost any size and shape, tunnels in soil are usually built using a shield, currently to a

maximum circular diameter of about 15 m, although larger-diameter machines are being designed. Most

rapid transit tunnels are single-track tunnels with a diameter of about 6 m, but a few have been built as

double-track tunnels with a diameter of about 10 m. Even smaller tunnels (microtunnels) are used for

utilities, but they may be constructed differently.

Functional and environmental requirements determine basic tunnel support and lining requirements

such as shape and size, smoothness, water tightness, and durability. Some tunnels through high-quality

rock are unlined or only furnished with nominal support consisting of rock bolts, wire mesh, or

shotcrete. At the other extreme, transportation tunnels through soft ground below the groundwater

table are furnished with durable, watertight linings, generally designed at present as moment resistant

reinforced concrete linings with waterproofing membranes. Many sewer tunnels are furnished with

corrosion resistant internal linings.

28.1.5 Immersed and Floating Tunnels

28.1.5.1 Immersed Tunnels

Whenever there is a need to cross water, an immersed tunnel should be considered. Besides their use as

road and rail tunnels, many have been built for utilities or pedestrian-only use. Immersed tunnels may

appear complex to those unfamiliar with the technology because of the operations in and over water that

they entail (Figure 28.1). In reality though, the technique is often less risky than bored tunneling, and

tunnel element manufacture can be better controlled since it is precast in the dry. As a result, immersed

tunnels are nearly always much more watertight and therefore drier than bored tunnels.

Immersed tunnels offer a number of special advantages:

� They do not have to have circular cross-sections unless the external pressure is particularly high.

Almost any cross-section can be accommodated, making immersed tunnels particularly attractive

for wide highways and combined road or rail tunnels.
� In contrast to a bored tunnel, they can be placed immediately beneath a waterway with a nominal

cover of only 1.5 to 2.0 m of backfill to provide protection against dropping anchors or

sinking ships. Because they are shallower, this allows immersed tunnel approaches to be

shorter and gradients to be flatter, which is an advantage for all tunnels, but especially so for rail

tunnels.
� They can be constructed in ground conditions that would make bored tunneling difficult or

expensive, such as the soft alluvial deposits characteristic of large river estuaries.

Immersed tunnels have been located in both freshwater and seawater, in hot and cold climates, in busy

waterways, and in earthquake zones. Alignments do not need to be straight, so that the tunnels can be

designed to suit design speeds, existing land use, topography, and connections to the existing road or rail

system. The ideal alignment for an immersed tunnel may not coincide with the ideal alignment for a

bridge. Soft ground is ideal for immersed tunnels, but if excavation into rock is required, the high cost of

rock excavation under water could make other tunneling methods more cost-effective.

Immersed tunnels are not suitable for every situation. However, if there is water to cross or water can

be used to float-in a precast structure, they usually present a feasible alternative to bored tunnels at a

comparable or better price. A catalog of existing immersed tunnels is given in Ref. [1].

28.1.5.2 Floating Tunnels

As water depth increases, particularly if the waterway is narrow, tunnels may become excessively

long when compared to the width of the crossing. Using shallow alignments, a new option has

been developed in which the tunnel is exposed within the water column, resulting in much shorter
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tunnels. Such tunnels are known as floating tunnels and appear to be viable using available tech-

nology; designs for several locations are well advanced, although none has yet been constructed.

While very short floating tunnels might not need intermediate supports, longer nonbuoyant tunnels

might be supported by columns up from the bed (like an underwater bridge) or suspended from

pontoons on the surface. Conversely, anchors might hold down a permanently buoyant tunnel

(similar to tension-leg oil platform technology). Further information on floating tunnels can be

found in Ref. [1].

Although most immersed tunnels are built for water depths between 5 and 20 m, schemes have been

postulated for depths up to 100 m. Such great depths could be avoided by using floating tunnel tech-

nology, though if submarines ply the waters, the risk of collision might preclude the use of a floating

tunnel or at the very least will complicate the design.

28.1.6 Jacked Tunnels

Tunnel jacking is a specialized technique for constructing a concrete tunnel, typically rectangular, under

surface areas that are being used for facilities considered critical to the degree that interrupting them

FIGURE 28.1 Lowering an immersed tunnel element into the excavated trench (# Parsons Brinckerhoff, Inc.

1967, with permission).
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would result in serious impacts, not the least of which are significant costs. Examples of such critical

surface facilities include operating railway tracks, major roadways, and airport runways. The technique is

generally applied in soft ground for relatively short tunnel sections and shallow depth of cover. The

method has been employed to construct tunnels of varying uses, including pedestrian passageways, flood

control structures, and roadways.

The tunnel jacking method is costly and is not normally considered the preferred technique for

constructing an underground crossing. Conventional mined tunneling would be the method of choice if

the depth of cover were sufficient to limit the influence of excavation on the surface facilities to

acceptable or manageable levels. For shallow tunnels where mined tunneling would be too risky, cut-

and-cover methods would be preferred. However, when the costs of shutting down critical surface

facilities completely or rerouting or relocating them or providing substitute services for them for the

duration of the construction period are taken into account, tunnel jacking may become the most

economical method.

28.2 Cut-and-Cover Tunnels

28.2.1 Introduction

For structural evaluation of cut-and-cover tunnel structures, a spectrum can be considered where cut-

and-cover tunnels fall between immersed and bored tunnels. Immersed tunnels are largely made of

prefabricated structural sections, and their structural analysis resembles the more traditional approach of

loads applied to a structure; construction staging must be carefully considered as the tunnel is floated

and immersed. Bored tunnels can be thought of as reinforced openings in a competent subgrade

material; their structural analysis is usually not a problem of loads applied to a structure, but one of

considering how the soil behaves once a gap is constructed and then lined. Analysis of cut-and-cover

tunnels will typically consider both of the following features:

� Soil–structure interaction.
� The traditional approach of loads applied to a structural model.

Computer modeling is now able to handle sophisticated soil–structure interaction analysis of cut-and-

cover tunnel construction. As the software becomes easier to use and more flexible, more sophisticated

analyses of tunnel sections are being performed, as discussed in Section 28.2.4.

An initial distinction can be made between tunnels for which support of excavation (SOE) walls

are temporary and those for which cofferdam walls are incorporated into the final structure. In the past,

construction walls such as sheet piling and lagging were ‘‘throw-away’’ temporary walls. More recently,

however, some engineers have specified that the construction excavation walls be used as part of the final

tunnel section. Examples include conventional concrete slurry walls, soldier pile tremie concrete walls,

and tangent and secant pile walls. There are important differences in terms of construction issues

between incorporating the excavation support or not, with the focus here being on structural analysis

and design characteristics. Figure 28.2 shows a schematic of the two different types of section.

When the SOE walls are temporary, the tunnel box is assumed to experience mostly final loading

conditions. However, when the SOE walls are included as a part of the final structure, the design

loading condition are much more time dependent. The designer will need to consider not just the final

loading conditions but also all of the states of stress experienced by the cofferdam walls as they are

constructed, braced or tied back, and finally connected to the tunnel as a whole. Many of these stresses

are locked-in stresses to be superimposed on later conditions.

The evaluation of impacts on existing facilities is another complication for cut-and-cover tunnel

analysis that is not as much of a concern for bored and immersed tunnels. Of the three tunnel

types, cut-and-cover tunnels are the most likely to be built adjacent to existing buildings, utilities, and

other facilities, so the nature of the tunneling process can lead to significant impacts on existing

structures.
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28.2.2 Structural Analysis

Cut-and-cover tunnel sections are most often modeled as structural frames. In general, however, there

are three ways to analyze cut-and-cover tunnel sections:

� Traditional frame analysis. A stick figure is drawn to represent the tunnel section. Soil–structure

interaction is treated as an applied load to the frame.
� Frame analysis with a more rigorous soil–structure interaction. The soil is not just an applied load;

its properties are modeled along with the tunnel. An example is treating the subgrade material as a

series of springs, the ‘‘beam on elastic foundation’’ (BOEF) approach.
� Finite element/finite difference analysis. The continuous soil and the tunnel structural material

together are modeled as a continuum.

Table 28.1 describes the attributes, advantages, and disadvantages of the three analysis approaches.

Two-dimensional (2D) sectional analysis remains as good practice for most tunnel conditions, even

though the most accurate tunnel model is 3D. Structural analysis of tunnels in three dimensions has

been performed, but is very complex. A good case can also be made for the fact that a complex

computer analysis exceeds the accuracy of its input for this type of design. Given the uncertainty about

the way soil behaves, its inherent lack of homogeneity, and difficulties in modeling three-dimensional

soil–structure interaction, the 3D structural analysis and design of cut-and-cover tunnels is reserved

mostly for special analysis conditions, such as boxes with rigid end diaphragm walls for rail transit

stations.

28.2.3 Methods of Framing

A difference between the tunnels with temporary support walls and those with permanent support walls

as part of the final tunnel section is related to the framing model for the structure. When SOE walls are

temporary, the tunnel section is almost always treated as a box with fixed joints. However, when rigid

cofferdam walls become part of the final structure, it can become difficult to construct fixed connections

in the field. Therefore, designers may specify partially fixed or shear connections at the roof to wall joints

or base slab to wall joints. The number of different ways to model the tunnel frame increases in this case.

Considering the shape of the frame, most cut-and-cover tunnel sections are rectangular, unlike

immersed and bored tunnels, which are often round or oval. A rectangular cross-section is the best-

fitting shape for most uses of the tunnel, and it is the one requiring the least excavation for the relatively

shallow cut-and-cover tunnel and has the simplest formwork. However, the box shape is also a less effi-

cient structural system for carrying compression loading than circular bores. This structural inefficiency

is often mitigated by inserting corner haunches (Figure 28.3).

Nonintegral rigid wall

Grade

Integral rigid wall

E = Exhaust duct    S = Supply duct

Grade

E E

S S S S

E E

S S S S

FIGURE 28.2 Typical sections for cut-and-cover tunnels.
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Most cut-and-cover tunnels are constructed from reinforced concrete. When using temporary SOE

walls, the tunnel section is formed and cast within them, often with a layer of waterproofing completely

enveloping the section. The construction procedure for the tunnel using the SOE walls as part of the

structure will involve placement of keys in the cofferdam wall into which the roof and base slab can then

frame. Another method is to cast an inside wall against the face of the SOE wall. In this case, the base and

roof slabs are supported by the inside wall. The SOE wall may also be structurally connected by a

composite design with the inside wall.

Concrete framing is usual, except for very deep or very wide tunnels that require excessively thick

concrete slabs. In these cases, one structural type that has been used frequently is steel composite

concrete construction. For the roof, a relatively thin concrete slab can be cast with a steel beam, com-

positely connected using shear studs. Wall members may be designed as steel columns without

composite connections to the enveloping concrete, or composite action can be specified. The base slab is

the least likely location these days for composite steel–concrete members, although some tunnel

FIGURE 28.3 Haunched section.

TABLE 28.1 Cut-and-Cover Tunnel Structural Analysis Approches

Type of analysis Description Advantages Disadvantages

‘‘Traditional’’

analysis

Frame analysis model of

tunnel section, with

applied loads and assumed

uniform support

conditions

Used with good results for

decades; comparatively

easy to formulate

In some cases, can return

conservative results,

especially for complex

tunnel section geometry

Frame analysis with

soil–structure

interaction

Similar to the traditional

method, but the effect of

soil is mathematically

modeled as a series of

springs; base slab springs

use the beam on elastic

foundation method;

lateral springs can

also be applied, partly

in place of assumed

soil loads

Better modeling

representation of structure;

takes advantage of more

realistic base slab soil

support to permit smaller

slabs in design

Can be more

complicated to model

than the traditional

method; soil springs are

difficult to quantify

based on soil test data

Finite element

analysis

The section soil and

structure are modeled as a

grid of geometric elements;

this category includes

many different types of

analyses, depending on the

mathematical model

assumed for the

soil type. Structrual

elements are usually

treated as linear elastic

Closest modeling

representation to ‘‘reality’’;

better numerical resolution

for conditions of difficult

tunnel geometry and

framing details

Usually complex to set

up and run; results

require careful

interpretation; precision

of analysis method

can be many times

better than the data

that form the input,

especially for soil model
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structures are constructed with base, walls, and roof consisting of steel framing with concrete infill.

Taking advantage of the comparatively thinner composite beams and columns in the roof and walls,

designers raise the tunnel vertical profile and take advantage of its fit in the plan. However, space

constraints are typically least severe on the underside where a concrete base slab helps to resist uplift

through its additional weight.

28.2.4 Analysis in Section: Typical Frame and BOEF Methods of Analysis

Although there are many types of cut-and-cover tunnel sections, a typical section may have the

following features:

� Construction and excavation via temporary, flexible SOE walls like soldier piles and lagging.

A mud mat is constructed at the bottom of the excavation to facilitate casting of the base slab. For

some types of soil, a geotextile fabric can be placed to help stabilize the excavation.
� Reinforced concrete base slab, roof slab, and walls.
� A layer of waterproofing beneath the base slab, on the outside surfaces of the walls, and above the

roof slab. The waterproofing is protected by a layer of lean concrete before backfilling.

A typical structural analysis of this section would use a frame model. Different loadings would be

calculated and applied to the model. Analysis would be performed using an indeterminate method like

moment distribution or with the assistance of a frame analysis program like STAAD-III or STRUDL.

Based on the results of the analysis, the components of the cut-and-cover tunnel would be sized.

Concrete slabs would be designed typically as bending members. There could be some amount of

iteration to the process: the engineer, following sizing of the structure, may need to repeat the analysis

using the new member sizes.

In the analysis, each member must be assigned initial trial analysis properties such as sectional moment

of inertia and cross-sectional area. For a reinforced concrete tunnel, a 1-ft-long length of tunnel is typical

for modeling, and the corresponding member properties are calculated based on the assumed structural

depth. Similarly, material properties must be calculated and assigned to the members. For example, each

member in the frame analysis must be given a modulus of elasticity and its material unit weight.

Assumptions for supports to the frame analysis model are typically handled in one of two ways

(Figure 28.4):

� Traditional frame analysis. For the simple tunnel box shown, two imaginary support points are

placed in the model. An upward distributed vertical pressure, usually uniform, is assumed to act

upward below the base slab such that all vertical loads are balanced and the resulting reactions at

the imaginary support points are zero.
� BOEF method. Spring supports are specified. The value of the spring constant is determined

from consideration of the underlying strata and its modulus of subgrade reaction. As shown in

Figure 28.4, this method results in a nonuniform base slab pressure, in contrast to the

conventional design method of balancing the vertical loads. The resulting soil pressure depends on

the width of the tunnel box and the relative stiffness of the soil. If the soil were infinitely stiff, all

loads would be transferred to the soil directly beneath the walls of the box. If the soil behaved as a

fluid, the load would be uniformly distributed below the base slab.

While much of the current process for cut-and-cover tunnel analysis is a refinement of tried and true

methods that have been used for decades, computerized design has brought some new issues to the

surface. One such concern is lateral load balancing. In the past, tunnels were analyzed structurally and

designed by drawing a frame model, applying some assumed loads, performing frame analysis, and sizing

the members. With the increased power of computer frame analysis comes realization of a curious

problem: the frames tend to distort laterally.

Unless the assumed lateral loads are perfectly balanced and the frame geometry is perfectly symmetric,

the frame models will tend to lean to one side. Studies that use hand calculations would show the same
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results were engineers to have the ability to display the deformed shape of the tunnel model in a matter

of seconds, as is done using computers.

In reality, the tunnel model would not sway. The ‘‘sway’’ side would be held back by a higher soil

pressure than that assumed by the preliminary analysis. For frame models, the issue can be approached

in two ways:

� Add soil springs to wall members. This is a complex treatment, because of difficulties in calculating

properties for lateral springs and in calculating applied loads for the springs to react against.
� Use lateral load balancing. Lateral loads are estimated and additional, triangular ‘‘balancing’’ loads

are applied to the sway side. The reasoning is that the sway side would be held back via passive

pressure from the soil. The amount of passive pressure used in the analysis must be limited to

ensure that the structure is not induced to sway in the opposite direction. While it is difficult to

specify the resulting stress distribution exactly, a triangular loading approximation is reasonable.

Other conditions in the frame model that need to be considered, which differ from the ‘‘typical’’

section described earlier, include the following:

� Use of haunches. For the cast-in-place tunnel section, the designer may place haunches to reduce

design spans and bending moments (Figure 28.3). This is an attempt to develop a tunnel shape

more in compression, as achieved by a circular bore, and less in bending, which is a disadvantage

of the straight, rectangular sections.
� Integral, rigid SOE walls. For this condition, a rigid, impervious SOE wall, such as a concrete slurry

wall or an SPTC wall, is incorporated into the final structure. For the purpose of structural modeling,

the designer has to deal with the added concerns of complex tunnel shapes, loadings on wall

segments not directly a part of the box, complicated construction sequence loadings, and others.
� Different material types and framing methods. These can include steel composite concrete

construction and prestressed concrete elements.

Surcharge

Deadload

Delta load = deadload + surcharge
      + soil – water

Vertical load balancing BOEF support

Delta load

Pore water pressure

Imaginary supports

Soil load

FIGURE 28.4 Base slab pressure: traditional and beam on elastic foundation (BOEF) analysis.
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� Different modeling methods. All-concrete box tunnels are usually designed with moment

connections at the joints. This is not difficult to detail and construct when the box is cast-in-

place within temporary cofferdam walls. Other structural models may be more appropriate for

some of the other tunnel types and construction methods.
� Different construction staging approaches (top-down). The order of construction will influence

loading and assumptions. For example, in top-down construction, permanent support of

excavation walls used as part of the final structure will be more heavily loaded vertically, because

the roof is placed and loaded before the base slab is constructed. The base slab acts as a mat for

supporting vertical loads, but it is not available until toward the end of construction of the section.
� Framing of ducts. In highway tunnels, ventilation supply ducts may be placed in the base slab, in

the roof slab, or as side ducts adjacent to the walls. The ducts introduce additional framing

conditions and considerations. For example, ducts formed as part of the base slab can be modeled

as a type of Vierendeel truss in a stick frame model.

28.2.5 Loading

Cut-and-cover tunnel loads include the following (note that hydrostatic loads always act normal to the

exterior surface of the tunnel):

� Vertical loads, roof slab. Soil pressure on the roof slab from backfill, own weight of the roof, a live

load surcharge typically uniquely specified for each project, and water below the water table; often,

a future air-rights development load.
� Vertical loads, base slab. Hydrostatic pressure (acts up), upward soil pressure to balance resultant

weight of tunnel and all other imposed loads, own weight of base slab (acts down).
� Lateral loads. Hydrostatic pressure, effective soil pressure, lateral soil load due to surcharge

loading, special loading conditions due to nearby foundations, and other underground conditions.

Vehicle loading (transit or highway) needs to be considered but may not contribute to the most severe

tunnel loading case. The dominant loading direction on a tunnel base slab is up from hydrostatic

pressure and soil pressure, so including the downward acting vehicle loads would reduce the overall

loads on the base slab. Therefore, the controlling load case is often for an empty tunnel.

In congested urban areas, where many cut-and-cover tunnels are located, the tunnel design may need

to consider temporary loads from underpinning existing structures and permanent loads from con-

struction of future structures above the new tunnel. A good example of both concerns is the tunnel

design for Boston’s Central Artery. The depressed artery is constructed directly beneath the original

overhead viaduct, so bridge loads from underpinning of the elevated expressway needed to be included

in the tunnel design. In addition, once construction is complete, acres of developable land in downtown

Boston will become available, so the tunnel design had to incorporate provisions for future building

loads directly on the tunnel boxes.

28.2.6 Finite Element Analysis

The preceding discussion focused on the use of frame models for structural analysis of cut-and-cover

tunnel sections. As introduced in Section 28.2.2, frame models with load balancing and frame models

with soil–structure interaction assumptions represent the first two of the three analysis methods. These

are the traditional approaches for this type of design and have been used since before the advent of

computers. However, ways in which frame models form an inaccurate representation of the analysis

problem include the following:

� Frame models feature line elements, but in reality, elements of the tunnel section have thickness.

For example, base slabs with air vents are thick and massive, and the line elements of the frame are

a coarse representation of the structure. Steps can be taken to modify the frame models to account

for the mass of the tunnel.
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� Frame models treat the surrounding soil as an equivalent applied load. In reality, the soil and

structure behave together in a complex soil–structure interaction. Assumed soil loads, used for

decades in tunnel design, constitute a conservative but imprecise representation of the analysis

problem.

Another concern is the issue of construction staging. Underground structures experience several

different states of stress. These are time dependent and depend on the methods of excavation and

stabilizing the sides and on the order in which the tunnel components are installed.

For the purposes of this discussion, the finite element method and the finite difference method will be

considered the same. Although they differ mathematically, the general approach of the two is similar.

They are both used to model cut-and-cover tunnel analysis by modeling the continuous soil as discrete

space and having the computer calculate most applied loads by assumptions about staging, soil prop-

erties, and boundary conditions.

In general, the finite element method is an analytical tool for solving partial differential equations by

first making the equations discrete in the solution domain. The solution domain refers to the physical

definition of a problem. For a cut-and-cover tunnel section, the solution domain includes the structural

elements of the tunnel, the backfill, the soil behind the walls, and soil beneath the excavation. Trans-

forming the solution domain into discrete elements is done by dividing it into small regions of simple

but arbitrary shape — the finite elements. The locations of elements are defined using nodal points

(nodes). To solve the equations over the entire domain, the equations for the finite elements

are summed, resulting in global matrix equations. The finite element method is usually performed

by computer because of the large number of equations and difficulties in incorporating boundary

conditions.

A finite element solution can be run for each construction stage. The output from the previous stage —

one line of data for each node and element plus loading and material property data — is used as the

input for the subsequent stage. Initial conditions are established by applying self-weight. The soil (finite

elements) is then excavated (elements removed), and supports are installed for each stage.

The finite element analysis loads the structural model based on the input soil properties and con-

stitutive relationships. Unlike the traditional approach, no assumed applied soil loads are calculated.

Although frame models have been used for cut-and-cover tunnel sections traditionally, finite element

analysis provides a more rigorous analysis of the problem. A few words of caution are in order, however

� Available information for soil–structure interaction problems will often be less sophisticated than

for the analysis model. The finite element study assumes that the soil mass behaves in an elastic or

other mathematically quantifiable way. The interpreted soil layer itself, based on investigations

that can only approximate actual conditions in place, is taken as a group of homogenous layers. At

best, a computer model may need to include certain simplifying assumptions about soil behavior.

To complicate matters further, the stress–strain relationship at the soil–structure interface is

highly indeterminate, time dependent, and not well understood. Research has focused on ways to

extrapolate laboratory conditions to mathematical models, but it is difficult to quantify conditions

such as a tunnel wall against several different soil layers.
� In reality, a model with better accuracy would include 3D geometry and loading. However,

whatever uncertainties are present for 2D finite element studies are magnified for 3D work.
� Soil–structure finite element analysis is invariably more complicated and time-consuming than

frame analysis. Interpretation of results requires much greater care. A highly automated approach

can be difficult to run for this type of analysis because the results need to be carefully inspected.

Fortunately, software and interpretation methods continue to improve with time.
� While the behavior of the soil mass is very sensitive to the way it is modeled, the ultimate design of

the tunnel structure is not. Discounting a few exceptions, the finite element and frame modeling

will result in a tunnel design of about the same structural dimensions. Differences that are more

significant will be apparent in the calculation of temporary support of excavation structures like

struts and tiebacks and the estimation of soil movement in a temporary construction.
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Overall, frame analysis of cut-and-cover tunnels is still a viable, appropriate design tool. A suggested

approach for structural analysis and design of cut-and-cover tunnels is as follows:

� Prepare sections, taken at a suitable interval, and run frame analysis and design. The frame can be

modified to reflect conditions like special structural framing, vents, cofferdam walls incorporated

in the final structure, and other features.
� Run a few soil–structure interaction computer analyses for the study of special problems. These

can include construction staging, stress analysis of thick, vented members, predictions of soil

movement during excavation, estimates of the effects of lateral cross walls (e.g., in subway

stations), and other problems where the improved resolution of the finite elements outweighs the

increased effort in their application.
� Check the results against frame analysis for a ‘‘reality check’’ of the finite element runs.
� Prepare a few computer frame analyses to study longitudinal conditions. While analysis in

section largely governs the tunnel design, special longitudinal conditions should be studied as well.

These can include framing of transverse ducts to vent buildings, lateral diaphragm walls at the

ends of transit stations, and modeling of changes in foundation material in the longitudinal

direction.

28.2.7 Buoyancy

In areas with a high water table, buoyancy will be a concern. The weight of soil taken out for the cut-and-

cover tunnel can be less than the weight of the tunnel structure. In addition to the procedures above,

buoyancy calculations involve a stability analysis. For the final condition, the weight of the tunnel section

must be greater than the upward net hydrostatic pressure. It is conservative not to take advantage of the

side friction acting on the tunnel walls, although in certain cases if construction methods and the

undisturbed soil are considered, it might be acceptable to use side friction in the calculations. For tunnel

sections where the excavation support wall is used as the final structure, the weight of the full wall above

and below the tunnel section may be used to resist buoyancy.

Calculations for buoyancy must be done for temporary construction stages as well as for the final

condition. The calculations must be consistent with the specified requirements for dewatering for each

stage of the excavation and construction.

28.2.8 Evaluation of Construction Impact and Mitigation

An important issue for cut-and-cover tunnel analysis and design is the evaluation and mitigation of

construction impacts. By the nature of the methods used, cut-and-cover construction can be more

disruptive than bored tunnels. It is important for structural engineers to be familiar with the analytical

aspects of evaluating soil movement and the impacts it can have on existing buildings and utilities at the

construction site. Soil movement can be due to

� Inward movement of excavation support walls. Walls will deflect into cut-and-cover excavation

prior to installation of each level of struts or tiebacks supporting the wall. The movement is not

recoverable. At each level of excavation support, a certain amount of inward movement will have

been recorded, and this is the starting deflection for the next stage of excavation. Therefore,

whether using a frame model with assumed applied loads or a finite element analysis, the analysis

is nonlinear.
� Consolidation due to dewatering. In excavations where the water table is high, it is often necessary

to dewater inside to avoid instability. Dewatering inside the cut leads to a drop in the hydrostatic

pressure outside the cut. Depending on the soil strata, this can lead to consolidation.

Existing buildings and facilities must be evaluated for estimated soil movement during excavation.

This evaluation depends on the type of existing structure, its distance and orientation from the

excavation, and other parameters. The analysis is site-specific, and it can be very complex. Empirical
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methods and screening tools are available to characterize impacts more generally. These approaches are

a good way to get analytically a handle on this complex problem.

Many tools are available to mitigate, measure, and control adverse impacts from soil movement,

including

� Design of stiffer and watertight excavation support walls.
� More closely spaced and stiffer excavation support braces and tiebacks.
� Pre-excavation soil improvement.
� Specification of limiting values for allowable movements of excavation support walls, soil profiles,

and allowable impacts of depressing the water table during construction.
� Measurement of these impacts by a program of geotechnical and structural instrumentation

during excavation.
� Requirement for mitigation plans to react to situations where movement measurements approach

allowable limits.

28.3 Tunnel Linings for Bored and Mined Tunnels

This section describes basic principles for the selection and design of lining systems for bored and mined

tunnels. For a greater overview of these principles, see Kuesel [3]. For detailed application in the realm of

tunnels in hard ground, see U.S. Army Corps of Engineers Manual Tunnels and Shafts in Rock [4].

28.3.1 Introduction

The design of bored and mined tunnels differs in principle from the design of most other types of

structures. Two important aspects largely govern the design of these tunnels:

� More than for other structures, the design details of the tunnel structure, often even its basic

shape, depend on the method and details of construction.
� The principal load-carrying component of the tunnel structure is the soil or the rock mass

surrounding the tunnel opening, and the structural lining serves largely to maintain the integrity

of the surrounding ground mass.

For these reasons, the method of construction of a bored or mined tunnel must be established before

its design can be contemplated, and the design must include analyses or assumptions concerning the

interaction between the tunnel lining and the ground.

Principles and details of tunnel linings depend very much on the functional requirements of the

finished structure. The lining concept can vary from an unlined and leaky tunnel in rock, supported only

by occasional initial ground support such as rock bolts, to a full concrete or steel lining designed to carry

the entire rock and groundwater load and to be watertight. The lining concept may be no lining, one-

pass lining, or two-pass lining. The lining concept is selected based on the following basic criteria:

� Functional requirements.
� Ground conditions.
� Constructibility.
� Economy.

One of the most important decisions in the development of the lining concept is what to do with the

groundwater, both during construction and in the permanent structure.

Highway tunnels and most railway tunnels today are designed to eliminate water inflow through

the crown and sidewalls of the tunnels. If the tunnels are above the groundwater table, making the top of

the tunnel watertight prevents infiltration of occasional seepage water. If the groundwater is not far

above the tunnel, this method will still work, provided adequate drainage is placed outside the water-

proofing and through pipes in the tunnel invert. This is a so-called drained tunnel. If the groundwater

table is high above the tunnel and the ground is very pervious, then a drained tunnel is not feasible, and
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the tunnel must be waterproofed all around, and the lining must be designed for the full groundwater

pressure.

Tunnels conveying water for power, irrigation, drainage, or other purposes may be pressurized

structures or operated with open-channel flow. These tunnels must be designed for the highest operating

and transient internal pressures, compatible with the hydraulic grade-line and the hydraulic controls, in

addition to the external loads. Air relief must be provided as required. The tunnel finish must match the

roughness (Manning’s coefficient) assumed for the hydraulic analyses.

For the design of pressurized tunnels, the external load and the strength of the surrounding rock mass

may be considered if the rock is competent, but often the lining must be designed for the full internal

pressure. When the internal water pressure is relatively low, less than 100 to 150 psi, it is possible to

design steel reinforcement in the concrete lining to accept the hoop tension. With higher pressures, it is

usually necessary to use a steel lining. For the design of pressurized tunnels, see the penstock literature or,

for example, the U.S. Army Corps of Engineers Manual, Tunnels and Shafts in Rock [4].

When the groundwater is aggressive or contains chemicals that cannot be permitted to flow into the

potable water in a water supply tunnel, the tunnel should be made watertight. Some groundwater

contains chemicals that will clog up drainage facilities. Under those conditions, the drainage paths must

be serviceable or the tunnel made watertight. Sewage tunnels with open-channel flow in warm climates

will typically require protection against corrosion resulting from generation of hydrogen sulfide.

Frequently this protection takes the form of an internal polyvinyl chloride (PVC) or high-density

polyethylene (HDPE) membrane cast into the internal tunnel lining.

Another important functional requirement deals with the tolerance of the installation of the

tunnel facility. A pressurized-water tunnel can tolerate a wide placement tolerance in all directions

without serious impairment of function. A tunnel with gravity flow must satisfy the vertical flow

requirement but can tolerate wide horizontal tolerances. The interior of traffic tunnels (rail as well as

highway or street) must meet the civil requirements of the guideway and the dynamic envelope of the

vehicles.

Setting a concrete form precisely within an excavated tunnel or cavern is usually much easier than

producing a precise excavation in the first place. Therefore, a wide tolerance can be applied to the initial

excavation and still permit proper placement of the concrete. On the other hand, the one-pass lining is

also the final lining and must be built precisely. One-pass linings are often designed with several

inches of additional construction tolerance just to make sure the finished structure meets the functional

requirements.

28.3.2 Mechanized Tunneling through Soil

Modern tunnel excavation through soil is usually done with a shield, most often a mechanized shield.

A shield is usually a circular steel cylinder furnished with a cutting edge. The shield is jacked through the

soil as soil is excavated at the face, with the soil being removed through the back. A tunnel lining is

erected as the shield advances, against which the propulsion jacks of the shield push. The shield provides

the initial ground support. A fully mechanized shield is much like a factory, producing a tunnel in the

fashion of an assembly line. Details of the mechanized shield are selected primarily to meet expected

ground and groundwater conditions.

28.3.2.1 Dry Soil

In dry ground above the groundwater table, it is usually possible to excavate with an open face or with

partial face support. Hand tools or, more commonly, large hydraulic scrapers or hoes are used to loosen

the soil and scoop it onto a conveyor belt for loading into muck cars.

If the ground is firm, an initial lining consisting of steel ribs and timber lagging, or unbolted concrete

segments, may be expanded against the soil behind the advancing shield tail. On the other hand, a

cohesionless sand or silt material will tend to collapse behind the shield tail, and it may be necessary to

erect the initial lining inside the shield tail. In this case, the lining will usually be erected and bolted
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together to a diameter smaller than the diameter cut by the shield, and the resulting tail void will need to

be filled, often with pea gravel and grout.

28.3.2.2 Wet Soil

In soft clay, the ground will tend to be overstressed in the face of an open shield, and ground movements can

be unacceptably large. Thus, continuous support is required. This is also the case in most soils below the

groundwater table. Without continuous support, the ground will tend to flow uncontrollably into the shield,

driven by the seepage forces in the ground. In these cases, a shield with face pressure control is often used

today. The front end of the shield is sealed off with a sturdy bulkhead, and sufficient pressure is maintained

in the front to keep the soil and the groundwater stable. There are two types of face-pressure shields:

� Slurry tunnel boring machine (slurry TBM).
� Earth-pressure-balance (EPB) TBM.

28.3.2.2.1 Slurry TBM

With a slurry TBM, the sealed front compartment is filled with clay slurry, usually a bentonite slurry,

pressurized to balance the groundwater pressure plus at least the active earth pressure acting in front of

the face. The pressure is maintained constant either through delicate flow controls or through a

compressed-air buffer chamber. The earth is loosened by a rotary cutterhead and kept in suspension in

the slurry. The muck-laden slurry is pumped to the ground surface, where the muck is separated and the

slurry reconditioned before returning to the tunnel face.

In recent years, the slurry TBM has lost much of its market in favor of the EPB TBM, which

does not require an expensive slurry separation and treatment plant. However, the required rotary torque

for a large-diameter EPB cutterhead becomes excessive, and all machines over 10 m in diameter to date

have been slurry TBMs. The slurry TBM also offers advantages of better face control, in particular in mixed-

face and bouldery ground. It also offers the opportunity to place a boulder-crushing unit at the bottom

of the face to reduce large boulders to manageable sizes. Figure 28.5 shows a typical slurry TBM.

Compressed
air buffer

Compressed
air lock

Precast concrete
segmental liningErector

Segment
seal

Scraper bit

Immersed
wall

Face
supported
by bentonite

Disk cutter

Rimmed
cutting wheel

Loading shovel Stone crusher Transport pipeFeed pipe

FIGURE 28.5 Schematic of slurry TBM (courtesy of Parsons Brinckerhoff, Inc.).
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28.3.2.2.2 EPB TBM

With the EPB TBM, the front compartment is kept full of soil under sufficient pressure to maintain the

stability of the face and minimize ground movement ahead of the face. The soil excavated by the rotary

cutterhead is removed from the bottom of the compartment through one or two screw conveyors in

series, discharging onto a conveyor belt or directly into muck cars. Groundwater is prevented from

flashing through the screw conveyor system by foam, sometimes supplemented by a polymer, or clay

slurry added to the soil in the front compartment. The additives must provide sufficient cohesion to

counter the groundwater pressure along the length of the screw conveyor. The additives also help

lubricate the soil mass, reduce the required torque for turning the cutterhead, and reduce wear on the

components.

28.3.3 Linings for Tunnels in Soil

28.3.3.1 One-Pass Lining

Both types of face-pressure TBMs usually require the installation of a bolted, gasketed tunnel lining

usually made of concrete segments. In the past, cast iron and fabricated steel segments have been popular

but are now much too expensive except in special circumstances. The lining must be installed under the

protection of the shield tail, and the tail void must be filled. To prevent excessive movement of soft or

loose soil into the tail void, it is usually necessary to fill the tail void as the shield advances and keep the

tail void under pressure equal to the ground and groundwater pressure.

After the installation of the segmental lining in the tail of the shield, usually, no additional internal

lining is required. This type of lining is usually required when the ground conditions are sufficiently poor

to require a face-pressure TBM. The one-pass lining must be fabricated and erected with great precision

since once in place, misalignment can be fixed only with great difficulty. The one-pass lining must be

designed for all transport and construction loads, including the forces from the shield propulsion jacks.

Its adequacy to resist ground loads must also be checked.

28.3.3.2 Two-Pass Lining

When an initial lining can be installed behind the tail of the shield, the advance rate of tunnel excavation

is usually much faster and the cost of tunneling cheaper, even if a second lining must be placed inside.

The initial lining may be steel ribs with lagging or unbolted concrete segments, just adequate to permit

installation of the final lining. The final lining is cast-in-place concrete with one, sometimes two, layer of

reinforcement. A waterproofing membrane is usually installed before placing the internal concrete. With

a two-pass lining, the initial lining is often considered part of the permanent structure, participating in

carrying the loads; however, the inside final lining usually must be designed at least for the groundwater

pressure.

28.3.4 Bored Tunnels in Rock

28.3.4.1 Hard-Rock TBM

Long tunnels in rock are now mostly excavated using hard-rock TBMs, which excavate a tunnel of

circular cross-section. The rotary cutterhead of a hard-rock TBM is fitted with disk-shaped rock cutters

that roll over the face of the tunnel under great thrust, breaking the rock into slivers and advancing the

tunnel by a fraction of an inch per rotation, up to tens of feet per hour. In excellent rock with few

discontinuities, no immediate ground support is required. More commonly, the rock mass is fractured,

and initial ground support in the form of rock bolts or dowels, or even steel sets or lattice girder support,

is required.

Propulsion of the advancing TBM, as well as the thrust required for breaking the rock, is usually

derived from large pads jacked firmly against the sides of the tunnel. Every 4 to 6 ft or so, the jacks are

retracted from the walls, advanced forward toward the face, and re-engaged against the sidewall.
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In poor rock, or even in good rock where other parts of the tunnel are advanced through soil-like

materials, the TBM may be outfitted with a shield much like a soil TBM. A one-pass or two-pass lining

system can be erected in the tail of the shield, as in a soil tunnel. Figure 28.6 shows the cutterhead of

a hard-rock TBM, holing through.

28.3.4.2 Roadheader

Another type of rock excavator is the roadheader, which is a smaller excavator or ripper mounted on a

slewing and elevating arm. The excavator is equipped with ripper or point-attack teeth that rotate

around the axis of the arm or around an axis at right angles with the arm. The roadheader cannot

excavate as strong a rock mass as the hard-rock TBM, but it is able to excavate a rectangular or

horseshoe-shaped opening. Figure 28.7 shows a typical roadheader.

FIGURE 28.6 Rock TBM holing through (# David Sailors 1988, with permission).

FIGURE 28.7 Roadheader with double rotating cutterhead and gathering apron (# Sandvik 2000, with

permission).
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28.3.5 Sequential Excavation and Support for Rock Tunnels

Shorter tunnels in rock, and rock tunnels of large cross-sections, are sometimes excavated by roadheader,

if the rock is soft enough, but more often by blasting. Blasting is a cyclic operation, which typically

includes the following activities in sequence:

� Drilling blast holes in a predesigned pattern and loading them with blasting agents.
� Setting off the blast using millisecond delays so that there is a series of closely timed blasts (reduces

vibrations and facilitates the blasting process).
� Removing the loosened rock, loading it into trucks or rail cars, and bringing it out.
� Scaling loosened rock from the crown and the side walls.
� Installing initial ground support, rock bolts, shotcrete, steel ribs, or other components as required.
� Repeating the cycle.

With small cross-sections in good rock, the full face can be blasted at one time. Often a top heading is

excavated first, followed by excavation of the bench. In very poor rock, it may be necessary to excavate

and support multiple headings.

The final lining is usually made of reinforced concrete cast in place. Below the groundwater table,

a waterproofing membrane is placed to cover the initial ground support before placing the cast-

in-place lining. As discussed earlier, the tunnel lining may be designed to be undrained, with the final

lining accepting the full groundwater pressure. Alternatively, drainage may be provided outside the

waterproofing membrane, in which case the final lining may be designed for only a portion of the full

groundwater pressure.

28.3.6 Selection of Lining System in a Rock Tunnel

For most transportation tunnels, a substantial final lining is installed. For many tunnels, however, there

is a wide selection of tunnel ground support. In some cases, a different ground support system will be

selected for different parts of the tunnel depending on geologic conditions and local variations in

construction methodology. For example, a steel lining may be required for a portion of a pressure tunnel

with high pressure and poor rock, while other parts may require no lining at all. A watertight tunnel may

be required through a permeable shattered-rock zone, or through seams of gypsum or anhydrite, which

may expand or deteriorate, but it may not be required elsewhere. If a TBM and a substantial initial lining

are required in part of the tunnel and if the lining is used to provide part of the reaction for the TBM

propulsion, then a contractor may choose to line the entire tunnel even if a lining is not required

everywhere for ground support.

28.3.6.1 Unlined Tunnel

In an unlined water tunnel, the water has direct access to the rock, and leakage will occur into and out

of the tunnel. Changes in pressure can cause fluctuations and flows in and out of fissures, washing out

fines and eventually lead to instability. For an unlined tunnel to be feasible, the rock must be inert to

water, free of significant filled joints and faults, able to withstand the internal pressure in the tunnel

without hydraulic fracture, and sufficiently tight so that leakage rates are acceptable. Unlined tunnels

should be furnished with an invert pavement to provide a suitable surface for vehicles and help to

control erosion. Norwegian hydropower tunnels in good crystalline rock are often unlined for most of

their length.

28.3.6.2 Shotcrete Lining

A shotcrete lining will provide ground support and may improve leakage and hydraulic characteristics of

the tunnel. It also protects the rock against erosion and the deleterious effects of water. To protect water-

sensitive ground, the shotcrete should be continuous and crack free and reinforced with wire fabric or

fibers. As with unlined tunnels, shotcrete-lined tunnels should be furnished with an invert pavement to

provide a suitable surface for vehicles and help control erosion.
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28.3.6.3 Unreinforced Concrete Lining

An unreinforced concrete lining is placed to protect the rock and provide a smooth interior

surface. Most shafts and tunnels that are not subject to internal pressure are lined with unreinforced

concrete. This type of tunnel or shaft lining is acceptable if the rock is in equilibrium before concrete

placement, and loads are expected to be uniform and radial. Shrinkage and temperature cracks are

expected to occur and can cause leakage. If the groundwater is corrosive to concrete, a tighter lining

may be required to prevent corrosion by the seepage water. An unreinforced lining is generally not

acceptable through soil overburden or through badly squeezing ground, which can exert nonuniform

displacement loads.

The obvious attraction of the unreinforced lining is the substantially lower expense of the lining when

no reinforcing steel cage is needed, even if a waterproofing membrane might be set or fibers used to

minimize cracks. A considerable amount of information on the use of plain concrete in tunnels is

available in the AFTES (French Tunneling Association) Recommendations in Respect of the Use of Plain

Concrete in Tunnels (AFTES c/o SNCF, 17 Rue d’Amsterdam, F75008 Paris, France) [5].

28.3.6.4 Reinforced Concrete Lining

The reinforcement in linings with only one layer of steel should preferably be placed close to the inside

face to resist temperature stresses and shrinkage. Depending on the moment distribution calculated in

the lining based on exterior loads, the single steel layer may move from inside to middle to outside

around the ring. A lining of this type can remain undamaged at distortions of 0.5% or more, measured as

relative diameter change, and can remain functional even at greater distortions.

Multiple layers of reinforcement may be required due to large internal pressures or in a squeezing or

swelling ground to resist potential nonuniform distortions. Nonuniform pressures requiring a second

layer of steel can also occur through faults and shear zones, near the ground surface, and at connections

to adjacent structures.

28.3.6.5 Pipe in Tunnel

This method is often used in water and sewer tunnels up to a size of pipe manageable on the job or on

the road, the maximum usually about 14 ft (4.2 m) in diameter. The tunnel is driven and provided

with initial ground support, and a steel or concrete pipe is installed. The concrete pipe may be a standard

pipe or prestressed pipe with steel core. The pipe may be furnished with interior corrosion protection

made of PVC or HDPE to resist sulfuric acids generated by hydrogen sulfide in an anerobic condition.

Plastic pipes as well as glass-reinforced plastic or plastic mortar pipes have also been used.

After placing the pipe, aligning it, and securing it against flotation, the void between the pipe and the

rock is filled with flowable mass concrete or, more economically, cellular concrete.

28.3.6.6 Steel Lining

Where the internal pressure in the tunnel exceeds the external (confining) ground and groundwater

pressure, a steel lining is usually required to prevent hydro-jacking of the rock mass. With only

steel reinforcement (two layers), the ability of the tunnel lining to withstand internal pressure is limited.

The guideline concerning confinement is that the weight of the rock mass above the tunnel must exceed

the internal operating water pressure, with a suitable safety factor, usually 1.2. This is generally

conservative with a level ground surface but not for tunnels running in a valley wall, where the side

cover may be smaller. Here, more precise in situ stress analyses must be made or in situ stress tests

performed.

In addition to the interior pressure, the steel lining must also be designed for the exterior pressure.

Assuming that pipe leakage occurs over the long-term, the external water pressure is often assumed equal

to the interior pressure. The critical design condition is buckling, and external stiffeners are often

required. Methods of analyses of both internal and external water pressures for tunnels and shafts are

found in the U.S. Army Corps of Engineers Manual, Tunnels and Shafts in Rock [4].
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28.3.6.7 Concrete Segmental Lining

The one-pass concrete segmental lining is usually used for lining of shield or TBM-driven tunnels

through soil. Where portions of a tunnel are in soil and others in rock, it may be convenient to build the

entire length of tunnel using concrete segmental lining. Particulars on the design of concrete segmental

linings are found in Section 28.3.8.

28.3.7 Structural Design of Permanent Concrete Linings in Rock

28.3.7.1 Rock–Lining Interaction

The most important material for the stability of a tunnel in rock is the rock mass, which accepts most or

all of the distress associated with the excavation of the rock opening by redistributing stresses around the

opening. The initial ground support and the final lining often serve primarily a confining function, in

addition to providing the appropriate interior finish. A lining placed in a rock opening that has reached

stability will experience no stresses other than self-weight and internal loads. On the other hand, a lining

placed inside an opening that has experienced, say, 70% of its elastic (or elasto-plastic) latent dis-

placement will experience stresses from the release of the remaining 30% of displacement. The actual

stresses and distortions will depend on the modulus of the lining and of the rock mass. If the rock

modulus or the in situ stresses are anisotropic, then the lining will distort as a complex equilibrium is

sought.

External loads on a tunnel lining may be following or nonfollowing loads. Typical following loads are

the contributions from groundwater pressure, which are independent of the displacement of the lining

resulting from the loading. Other types of following loads come from squeezing or swelling ground,

where only very large distortions may reduce the load intensity. The typical soil or rock load, however, is

to a large measure nonfollowing. As the crown of the tunnel lining yields away from high loads at the

top, the loads are relaxed. At the same time, the lining distortion will expand the horizontal diameter of

the tunnel, increasing reaction loads on the sides, thus rendering the lining loads more nearly uniform.

28.3.7.2 Cracking of Linings

With nonuniform loads or distortions, moments will occur both in circular and noncircular tunnel

linings. Thus, tension cracks can form, the extent of which depends on the combinations of moments

and thrusts. Tension cracks in a tunnel lining usually do not form a failure mode. There is usually a

compressive component so that a tension crack does not penetrate through the entire section. In fact,

separated blocks in compression form a stable arch. Without through-going cracks, water tightness also

is not significantly impaired. Calculated extension cracks at the exterior of the lining, facing the rock,

may be fictitious because the rock outside the lining is usually in compression and shear bond between

lining and rock will prevent a tension crack from actually opening.

As a rule of design, the calculated crack length is usually permitted to reach half the section thickness,

whether the lining is reinforced or not. Depending on the end-use requirements of the tunnel, this can be

relaxed.

Cracking will also occur in linings due to shrinkage during curing, temperature variations, and the

like. Because a blasted rock surface is uneven and the lining thickness, therefore, variable, such cracks can

vary in dimension and location and often are concentrated into a few large cracks at the locations of the

lesser thicknesses rather than many small cracks. If steel ribs are used for initial ground support, cracks

will occur typically at the locations of the ribs. Incorporation of expansion joints is usually not effective

in controlling these types of cracks because the concrete is bonded firmly to the irregular face of the rock

and initial ground support.

These types of shrinkage cracks may go through the entire cross-section and may be undesirable.

To control them, reinforcing steel is often placed close to the interior surface up to a percentage of 0.28

(up to 0.40% in a corrosive environment) of the maximum concrete section thickness. Alternatively,

polypropylene, olefin, or steel fibers have been used with success. Construction joints between concrete

pours are appropriately furnished with waterstops.
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28.3.7.3 Lining Loads for Design

It would be misleading to present an exhaustive treatment of the subject of lining loads for tunnels in

rock in this brief treatise. The design loads on the final lining will vary with the rock quality as well as the

proportion of the rock load assumed to be carried by the initial ground support (if any). They will also

include the external water pressure, if the tunnel is watertight, or at least a part of the external water

pressure if the tunnel is drained. Additional nonuniform loads can be derived from squeezing layers of

rock and from irregularities in the excavated surfaces. Different assumptions are usually made for

circular and noncircular tunnels and for tunnels driven by TBM as opposed to tunnels excavated by

blasting, which tends to disturb the rock and add loads.

Guidance to estimate the design rock loads can be found in the rock mechanics literature and in

publications such as the U.S. Army Corps of Engineers Manual cited previously. Experienced geologists

and rock tunnel engineers should be consulted when establishing these design loads. Conditions in the

field should be observed to verify the estimated loads.

28.3.7.4 Methods of Analysis

Closed-form solutions are available for the simple conditions of a circular elastic tunnel lining embedded

in a homogenous elastic ground, where the induced stresses are the assumed in situ stresses in the

ground. The closed-form solution presented in the following is based on the following simplifying

assumptions:

� Plain strain, elastic radial lining pressures are equal to in situ stresses, or a proportion thereof.
� It includes tangential bond between lining and ground.
� Lining distortion and compression are resisted or relieved by ground reactions.
� Vertical and lateral in situ soil or rock stresses are sv and K0sv.
� Modulus and Poisson’s ratio of the soil or rock mass are Er and vr, respectively.
� Concrete lining modulus, moment of inertia, and area are Ec, I, and A, respectively, and mean

radius is R.

Maximum and minimum bending moments can be determined by the following equation:

M ¼ � svð1� K0ÞR2

4þ ð3� 2vrÞ=½3ð1þ vrÞð3� 4vrÞ
ðErR3=EcIÞ ð28:1aÞ

Maximum or minimum hoop force can be determined by the following equation:

N ¼ svð1þ K0ÞR
2þ ð1� K0Þ2ð1� vrÞ=½ð1� 2vrÞð1þ vrÞ
ðErR=EcAÞ

� svð1� K0ÞR
2þ 4vrErR3=½ð3� 4vrÞð12ð1þ vrÞEcI þ ErR3Þ
 ð28:1bÞ

Maximum or minimum radial displacement equation:

u

R
¼ svð1þ K0ÞR3

½2=ð1þ vrÞ
ErR3 þ 2EcAR2 þ 2EcI
� svð1� K0ÞR3

ð3� 2vrÞ=½ð1þ vrÞð3� 4vrÞ
ErR3 þ 12EcI
ð28:1cÞ

These simplifying assumptions are hardly ever met in real life and presume essentially the lining

‘‘wished in place’’ into the ground. Nonetheless, the equations are useful in examining the effects of

variations of important parameters. The maximum moment is controlled by the flexibility ratio:

a ¼ ErR

EcI

3

ð28:2Þ

For a large value of the flexibility ratio (large rock mass modulus), the moment becomes very

small. Conversely, for a small value (very rigid lining), the moment is large. If the rock mass modulus
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is zero, the rock does not restrain the movement of the lining, and the maximum moment in the

lining is

M ¼ 0:25 svð1� K0ÞR2 ð28:3Þ

With K0¼ 1 (uniform stress field) the moment is zero and with K0¼ 0 (simple vertical loading of

vertical ring) the moment is maximum.

More commonly, structural finite element programs are used for analysis, where the lining ring is

modeled as beam elements and the ground as springs representing the modulus of the ground. From

these analyses the sectional forces, moment, thrust, and shear are deduced. The structural analysis offers

little difficulty, but the loading assumptions and the elastic constants assumed are dependent on both the

nature of the ground and the method of construction.

Continuum analyses using finite element or finite difference methods, where the ground is represented

by a grid of elements, can analyze more accurately the variations in the ground stratification as well as

steps in the construction process. Thrusts and moments in the lining elements can be derived directly.

The concrete cross-section is designed for the moment and thrust using the standard moment thrust

or capacity interaction diagram, described in concrete design texts. The typical analyses may be modified

to fit just one layer or reinforcement, fiber reinforcement, or none at all. Sometimes a larger theoretical

zone of tension in the concrete section may be accepted than strictly according to code.

28.3.8 Design of Segmental Concrete Linings

28.3.8.1 Components of the Lining

The number of segments in a lining ring is decided as a compromise. A small number of segments will

give the contractor fewer pieces to handle, for quicker erection, and a smaller number of segment forms.

On the other hand, fewer segments are heavier and more difficult to handle. With a wide-open shield, as

few as three segments per ring can be handled, but this is rare. More typically, there are five to eight

segments per ring, sometimes more for a very large tunnel. The last segment placed is usually wedge-

shaped for ease of insertion. Each ring is between 1 and 1.5 m wide, matching the stroke of the shield

propulsion jacks, with the narrower rings better suited for tunnels with short-radius curves. Segment

rings for curved tunnels are tapered (with ring widths on one side of the tunnel slightly wider than on the

other) to allow placement as secants to the curve of the tunnel. Segment joints are usually staggered from

ring to ring to provide greater rigidity and redundancy. Figure 28.8 shows the installation of a one-pass

liner ring.

The most important parts of the lining are the joints. A one-pass lining must be firmly fixed in a

circular form. This usually requires bolts to be installed between rings and between segments in a ring.

Sometimes dowels are used between rings. Joints in a one-pass lining must also usually be made

watertight, which is usually accomplished by installing a recessed rubber or neoprene gasket around each

segment.

The rubber gasket is vulcanized and made to fit the segment precisely. The two opposing gaskets in the

joint will be compressed sufficiently so that water leakage through the joint is prevented. The gasket

recess and the size and geometry of the gasket are designed to meet the leakage requirements, even if the

segments are joined out of tolerance. Laboratory testing of gaskets in adverse installation configuration is

often performed.

Another type of gasket is the hydro-swelling gasket, made with rubber and bentonite or similar

materials. When exposed to seepage water this gasket will swell three to ten times and fill the available

space for a watertight fit. Some important linings are fitted with a hydro-swelling gasket toward the

exterior and a rubber gasket toward the interior.

Several types of bolt systems are employed. The most common type consists of straight bolts and nuts

with washers and grommets, requiring bolt holes and pockets cast into the segment for their insertion.

Curved bolts are easier to install and require smaller bolt pockets. More common today are the straight
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bolts installed at an angle into an insert cast into the segment. Some designers assume that bolts are for

erection only and do not require to be considered for the permanent structure, except at transitions and

other critical locations. Some contractors will retrieve most of the bolts after reuse once the lining is in

place and the surrounding grout fully cured.

28.3.8.2 Design Conditions

The segments must be analyzed and designed for both the ultimate functional design and the lifetime

criteria. They must also withstand all other events during the life of the segments, casting, deforming at

low strength, storing, transport, erection, bolting/doweling, shield jacking, forces from out-of-tolerance

placement, gasket forces, etc.

Reinforcement is placed not only to help withstand bending moments around the ring but also other

forces such as

� Splitting or tension across the section from the force between the segments in a ring.
� Eccentric jacking force tending to break off a corner of the joint.
� Forces from tightening the bolts, in particular when curved bolts are used.
� Torsion across the segment resulting from only partial contact between adjacent ring segments,

when segment joints are staggered.

From the point of view of fabrication, it is an advantage if the reinforcing cage is manufactured in part

from welded-wire fabric. Recently steel-fiber reinforced concrete without other reinforcing steel has been

used successfully for the manufacture of tunnel lining segments.

In the long-term, elements of the lining can corrode if exposed to corrosive environmental agents. For

example, sulfates in the soil and groundwater can attack the concrete. Salt in the groundwater will tend

to seep through the concrete and concentrate at the inside face as the water evaporates, eventually

causing reinforcing steel to corrode. Remedies to improve long-term durability include at least the

following:

� Use of high-density, low-permeability concrete with pozzolanic admixtures and microsilica.
� Coating the exterior concrete face with impervious bitumen.
� Epoxy coating of reinforcing steel after fabrication of cages.
� Placement of thick grout or mortar backfill around the lining, designed for water tightness.
� Use of corrosion-resistant bolts and nuts.

FIGURE 28.8 Installation of one-pass liner (# Bernie Martin, with permission).
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28.4 Immersed and Floating Tunnels

28.4.1 Introduction

Although written for immersed tunnels, most concepts in this chapter apply equally to floating tunnels,

except for the comments on foundations and backfilling. The primary difference between the design of

immersed and floating tunnels is that floating tunnels have to be designed for dynamic loads due to the

presence of moving water throughout their life, whereas immersed tunnels need only to consider

dynamic loads that occur until finally placed.

28.4.2 Sizing of Tunnel Sections

The needs of the client, the projected traffic volume, the projected vehicle types, and the profiles of the

tunnel will dictate the number of traffic lanes required. If uphill grades are long or steep, climbing lanes

may be required for heavy vehicles, though it is usual to avoid climbing lanes within the immersed

tunnel elements themselves. Due to cost, it is unusual to have full-width emergency lanes or shoulders

within tunnels, nominal widths usually sufficing. Very long tunnels may have a short extra lane at

intervals to permit emergency stopping.

Unmountable barriers, such as Jersey barriers, are generally used to protect the walls from traffic

impact. When the heights of such barriers exceed 600 mm, traffic tends to shy away, making the lane

width seem narrower and slowing down motorists.

Walkways within road tunnels should be discouraged, although emergency access through a central

wall into an adjacent tunnel should be available. This would require an emergency walkway at least 0.6 m

wide on the side adjacent to emergency doors at the level of the top of the barrier and so arranged that

vehicle overhangs do not endanger users of the walkway. Such emergency ‘‘cross-passages’’ may need to

be provided at intervals of, say, 100 m. Passenger rail tunnels today require an emergency walkway and a

place of refuge, often the adjacent tunnel. In immersed rail tunnels, emergency cross-passage doors may

be set closer at 50-m intervals, and the emergency walkway may need to be 1.2 m wide to comply with

National Fire Protection Association, Inc. (NFPA) 130 escape time limits.

In some cases, it may be desirable to provide an escape duct, usually having an air pressure slightly

above that of the highway ducts. Utility ducts may be provided with space in excess of that needed to

service the tunnel so that space may be rented out to others. Space above the minimum vertical clearance

for road traffic may be needed for lighting and signs. The clearance height for permitted vehicles is

usually held as low as possible. Permitted classes of vehicles in any tunnel may be restricted by legislation

or owner requirements.

Having thus determined the width and height of internal spaces, preliminary calculations can be made

regarding proposed methods of ventilation, jet fan sizes, or duct areas. Although normal ventilation

may be designed for stalled traffic conditions, the critical case that defines ventilation may be that of

a fuel fire [6]. Space within the tunnel envelope yet outside the traffic envelope may be required to

accommodate jet fans, or alternatively, ventilation ducts may be needed.

Air requirements must also be determined. Most immersed tunnel elements are designed only just

to float when completed (Figure 28.9), yet be heavy enough to stay submerged by the addition of

permanent ballast. A few have been provided with temporary external buoyancy to avoid adding the

ballast later. Because of this very delicate balance of being able to float yet later to stay submerged, it is

very important that the internal air volume is kept to a minimum, consistent with the demand for

internal space. Tolerances to allow for construction variations, fireproofing material on the walls and

ceiling, and possible misalignment of elements are additional to other space requirements. In contrast,

floating tunnels that rely on buoyancy must have sufficient compartmentalized buoyancy to stay afloat

in case of accidental damage, usually considered to be to two adjacent compartments (damaged on

the joint).

Once minimum air, traffic, electrical, mechanical, and utility duct requirements have been evaluated,

temporary end bulkheads can be sized and calculations made to ensure that tunnel elements float. Initial
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estimates of slab and wall thicknesses, concrete and water densities and steel content (in the form of

either structural steel or reinforcement) will be needed to do this. To prevent the incomplete tunnel from

floating after removal of the bulkheads, space for additional ballast to be added later (or other means)

will need to be provided. If subsequent structural analysis requires any increase in thickness, it may have

to be achieved at the expense of adding extra internal space to compensate for the additional weight.

Haunches may be necessary to alleviate shear problems at the edges of larger spans. If shear does require

reinforcement, it is better to use bent-up bars and avoid shear links in concrete tunnels. Allowance must

be made for the addition, if needed, of more concrete or permanent ballast to meet the requirement for

an immersed tunnel not to float under final conditions.

28.4.3 Types of Immersed Tunnel

Two main types of tunnel have emerged, known as steel and concrete. Steel tunnels use structural steel,

usually in the form of stiffened plate, working compositely with the interior concrete, whereas concrete

tunnels do not, relying on steel reinforcing bars or prestressing cables. The number of concrete tunnels is

almost twice that of steel tunnels. Steel tunnels can be designed like a ship to have an initial draft of as

little as about 2.5 m, as long as the remaining concrete is placed afloat at an outfitting site with greater

draft, whereas concrete tunnels have a draft of almost their full depth. Tunnel cross-sections may have

flat sides or curved sides.

Historically, the predominant shape of concrete tunnels has been rectangular, which is particularly

attractive for wide highways and combined road–rail tunnels, but they have also been circular or curved

with a flat bottom. In Europe, Southeast Asia, and Australia, virtually all immersed tunnels are of

concrete. In Japan, steel and concrete tunnels are in approximately equal numbers. Most tunnels in

North America are steel tunnels.

Steel tunnels have been circular, curved with a flat bottom, and rectangular (particularly in Japan).

However, the predominant shape in the past in the United States has been a circular shell within an

octagonal shape, with ventilation supply ducts above and exhaust below the roadway. Some of these

tunnels consist of a single octagonal tube, while others have a binocular arrangement with two adjacent

octagonal tubes forming each tunnel element. This arrangement of ventilation ducts may change, since

current techniques permit the use of longitudinal ventilation in much longer tunnels, often obviating the

need for separate ventilation ducts. Most or all of the concrete in steel tunnels is placed while the steel

FIGURE 28.9 Floating element — airport rail tunnel, Hong Kong (# Christian Ingerslev).
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shell is afloat, in direct contrast to concrete tunnels that are virtually complete before being floated out.

The order in which concrete is placed for a steel tunnel is tightly controlled to minimize deformations

and the resulting locked-in moments. Steel tunnels can be categorized into three subtypes:

� Single shell, where the external structural shell plate works compositely with the interior

reinforced concrete and the shell plate requires corrosion protection. The BART tunnel is typical

of this type.
� The so-called double-shell tunnel, where the interior structural shell plate works compositely with

the reinforced concrete within it and is protected by external concrete placed within nonstructural

steel form plates (the second ‘‘shell’’). This shape has also been used in pairs for several tunnels, the

most recent being the Ted Williams in Boston, MA. Double-shell tunnels are found only in the

United States. The composite action of the structural steelwork with the concrete infill in this

arrangement generally requires a circular tube (Figure 28.10 and Figure 28.11) for the greatest

efficiency.
� Sandwich, where internal steel diaphragms connect structural steel plates, both internal and

external, and the space between them is subsequently filled with unreinforced nonshrink self-

compacting concrete. This type of tunnel is a recent development in Japan. Osaka South Port and

Kobe Port tunnels are constructed by this method, the latter being the only steel tunnel so far to

carry three lanes per duct.

Concrete can be cast into any shape, so economics can influence whether rectangular or circular sections

are used. For the shallowest profiles, rectangular sections (Figure 28.12) may provide the best alternative,

side vented if required. Where more than two lanes per tube are needed, concrete rectangular tunnels

are usually more economical than steel tunnels. Construction joints in the concrete are areas of weakness

in all tunnels and can be vulnerable to leakage, particularly if the external membrane is punctured.

28.4.4 Principles of Design

Elements are designed to resist dead loads, live loads, exceptional loads, and extreme loads [7]. These

should be applied in accordance with the relevant codes only where they consider the particular con-

ditions of an immersed tunnel. It is important that in considering the design of any one element, all

aspects of the design of that element meet the same code. Because of the requirements during

construction to float and later not float, actual loads and densities are important, and incorrect

FIGURE 28.10 Steel immersed tunnel — Ted Williams Tunnel, Boston, MA (# David Sailors 1993, with

permission).
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assumptions can lead to serious errors. In the absence of relevant codes, the following assumptions

may be made:

� Dead load includes all long-term loads and mean water level, that is, the self-weight of the basic

structure and secondary elements supported and the pressure due to soil and static water level.
� Live load includes creep, shrinkage, prestress, temperature, backfill, seabed erosion and siltation,

traffic, variations in water level, current, storm loads, and earthquakes, each with a return period

of 5 years or less. Air pressure transient may apply in high-speed rail tunnels.
� Exceptional loads include loss of support (subsidence) below the tunnel or to one side and storms

and extreme water levels with a probability of being exceeded once during the design life.

FIGURE 28.11 Steel immersed tunnel — Cross Harbour Tunnel, Hong Kong (# Parsons Brinckerhoff, Inc. 1971,

with permission).

FIGURE 28.12 Concrete immersed tunnel — Western Harbour Crossing, Hong Kong (# Christian Ingerslev).
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� Extreme loads include falling anchors, sunken or stranding ships, ship collision, water-filled

tunnel, vehicular accidents or derailments with collision, explosion (e.g., vehicular), fire, the

design seismic event predicted for the location, and the resulting movement of soils. Some of these

loads may be affected by categories of dangerous goods permitted through the tunnel.
� Construction loads.
� Life safety; the tunnel should be checked at ultimate limit state for the safety evaluation earthquake

(SEE) using load factors of unity. Life safety is directly linked to the survivability of the structure

under the most severe seismic event considered at the location.

Load combinations should be selected with regard to simultaneous probability. For example, extreme

seismic events may be assumed to occur without storm loads. Structures should be designed to

accommodate expected movements due to deformation of foundations without limiting normal

operations. Soil pressures should take account of the soil surface profile as well as the geometry of the

structure. Geotechnical considerations should also include effects due to seepage, erosion, a change from

drained to undrained conditions, liquefaction, and cuts in soft clays. Differential settlements can be

expected at interfaces between types of construction, at locations where immersed tunnels extend into

the shoreline, and during construction. Tunnels may require fire protection where spalling and loss of

section could cause catastrophic failure and inundation.

At least the following conditions should be considered during analysis and design, with levels of

damage and resulting performance levels agreed on with the client:

� Normal operating conditions, with full performance level.
� Abnormal conditions are the conditions immediately after the tunnel has experienced extreme or

exceptional loads when no loads except the sunken ship are acting, whereas soil and other

conditions may have changed. As a result of applying factored dead, live, and ship loads during

abnormal conditions, the tunnel should remain operational under the after-effects of any of the

extreme or exceptional loads (but not flooded) and settlement (if applicable). Under the worst

possible combination of events, the tunnel should sustain no more than light damage requiring

minor repairs, public traffic, perhaps immediately, minor leaks, and effectively full or limited

performance level. With operations ceased and closed to traffic, the tunnel should survive some

loss of support beneath or to one side.
� As a result of applying factored extreme loads, excluding earthquake, full performance level should

result with no more than light damage, minor repairs, brief interruption to public traffic, minor

leaks, and effectively no significant loss of service under the most adverse combination of events.

For extreme actions, including earthquake, limited or minimum performance level may result.
� Construction conditions, including temporary structures (e.g., sheet piles) and loads due to

handling, launching, transporting (including expected wave conditions), and placing, combined

with environmental and seismic loads appropriate to the season, duration of use, and location.

Abnormal and extreme conditions may be inappropriate.

28.4.5 Analysis

28.4.5.1 General

Methods used for analysis may include the usual frame and finite element methods, but where subsoils

are nonuniform or where sudden changes in loading on top of the tunnel occur, such at the banks of a

river, effects may require soil–structure interaction analysis to correctly model soil behavior. Both

ultimate and serviceability analysis, as appropriate, should be investigated. Effects to be considered

include adequate safety against failure of complete structures and of their components, static equili-

brium, buckling, water tightness, fatigue, durability, vibration, cracking, and deformations.

In the absence of other data for immersed tunnels, methods may use the load factors (appropriate load

combination multipliers) given in Table 28.2. Where alternate factors are given, the most adverse

combinations should be used.
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28.4.5.2 Analysis of Earthquake Effects

All immersed tunnels should be designed for seismic events appropriate to their location [1, Chapter 8].

Seismic events during the construction phase should also be considered. Liquefaction of soils around an

immersed tunnel should be avoided, perhaps requiring special measures to be taken. An appropriate

level of risk should be agreed on with the client because cost implications may be significant.

It may be appropriate to consider three magnitudes of earthquake loading:

� The functional evaluation earthquake (FEE), also known as the design basis earthquake (DBE),

should be used first to design the structure for either limited or full performance. A magnitude

corresponding to a return period of one to three times the design life is appropriate.
� The SEE should be checked to ensure compliance with minimum performance for life safety and

survivability of a design made to FEE. The SEE is the most severe seismic event considered at the

location. A performance level agreed on with the client may or may not assume progressive

collapse under SEE, but ductility of the structure must be ensured to prevent sudden fracture.

A return period of 1000 years or more should be used. As an alternative, however, selecting the

maximum credible earthquake (MCE) (i.e., the maximum foreseeable earthquake) or that of large

earthquakes that occur at a lesser frequency may sometimes be appropriate.
� A smaller serviceability limit state earthquake, corresponding to a 5- to 10-year return period, may

also be included as an ordinary static live load to be combined with other live loads.

For each of these magnitudes, an acceptable structural response to or performance with these loads,

including the extent of cracking, movement, damage, formation of plastic hinges, etc., needs to be

defined and agreed on with the owner so that the corresponding allowable design stresses and dis-

placements can be determined. (Structural response resulting in collapse or catastrophic inundation is

not acceptable.) Typical acceptable performance criteria are

� Minimum performance level
� Significant damage, repairable or perhaps not.
� May require full closure or replacement of tunnel.

TABLE 28.2 Load Combination Multipliers for Immersed Tunnels

Load case Normal Abnormal Extreme Construction

Loading

Dead load and road ballast 1.4/0.9 1.2/0.9 1.05 1.1

Traffic load

Normal 1.6/0 1.2/0 — —

Exceptional vehicle 1.4/0 1.2/0 — —

Centrifugal 1.6/0 1.3/0 — —

Braking load

Normal 1.6/0 1.3/0 — —

Exceptional vehicle 1.4/0 1.2/0 — —

Wind and waves — 1.2 1.05 1.2

Current 1.4 1.2 1.05 1.2

Water pressure allowing for tidal variation 1.4/0.9 1.2/0.9 1.05 1.2

Additional water pressure due to surge — 1.2/0.9 1.05 1.2

Backfill pressure

Horizontal 0.9/1.6 0.9/1.4 1.05 1.3/0

Vertical 1.6/0.9 1.4/0.9 1.05 1.3/0

Creep and shrinkage 1.3 1.3 1.05 1.1/0.9

Temperature effects and prestressing 1.3 1.3 1.05 1.1

Sunken ship — 1.2/0 1.05 —

Earthquake — 1.2 1.05 —

Other extreme loads — — 1.05 —

Imposed loads during construction — — — 1.3
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� Emergency vehicles and slow-moving traffic can still pass any flooding on roadway.
� Limited lighting and ventilation.

� Limited performance level
� Intermediate damage, repairable over 12 months.
� Limited emergency and public traffic possible within hours.
� Limited leakage.
� Full lighting and ventilation.

� Full performance level
� Light damage requiring minor repairs.
� Public traffic immediately.
� Minor leaks.
� No significant loss of service.

Not all combinations of earthquake and performance level may be useful to consider. Those that should

be used for design would depend on the strategic importance of the tunnel route, the availability of

alternative routes, the risks that the owner is prepared to carry, and the cost. Dynamic structural response

analysis and assessment of displacements using soil–structure interaction may be necessary and may need

to include the effective mass of water. An effective soil drainage system can reduce soil pore pressures.

28.4.6 Methods of Constructing Elements: Concrete and Steel

28.4.6.1 Concrete

An element is a length of tunnel that is floated and immersed as a single rigid unit. The rigidity may

be temporary and later released. In other words, elements either may be monolithic or may consist

of a number of discrete segments stressed temporarily together longitudinally for ease of transportation

and placing. After placing, the stressing may be removed so that each segment may act as a miniele-

ment that is free to move at each segment joint. Some Dutch tunnels and the Øresund tunnel

between Denmark and Sweden consist of such released segments. The ability to use discrete segments can

depend on subsurface conditions, acceptable displacements, and sufficient capacity to resist seismic

effects.

28.4.6.1.1 Monolithic Elements

Monolithic elements are cast in bays (equivalent to segments), typically with the floor slab cast first, and

followed by the walls and roof in either one or two operations (Figure 28.12). Special efforts to reduce

cracking adjacent to previously cast concrete could include low-heat concrete mixes and cooling pipes

embedded in the concrete. Reinforcement is continuous across construction joints.

28.4.6.1.2 Discrete Segments

Discrete segments lend themselves to being cast in a single continuous operation, either horizontally

(Øresund Tunnel) or vertically and then rotated (Tuas Bay Tunnel). Either way has the advantage of

eliminating horizontal construction joints in the walls and the associated thermal cracking. If assembly

can be achieved reasonably quickly, a basin or dock sized for a single element can be used. Operations

can be tailored to obviate the need to store completed elements before immersion.

External walls and slabs are usually 1 m or more in thickness. These must therefore be considered thick

concrete, so special precautions must be taken to avoid cracking during casting. It is particularly

important to avoid cracking caused by heat of hydration because such cracks will leak.

28.4.6.2 Steel

A steel tunnel is usually designed to be able to float initially with little or none of the internal concrete

having been placed. The bulk or all of the concrete is then placed after launching, either close to the

fabrication site or more usually at an outfitting site close to the immersion site. If a graving dock is used

(Figure 28.12), a compromise must be reached between the size, the number of reuses, and the schedule.
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Testing and repair of any cracks and leaks is needed before submerging the elements. Figure 28.11 shows

the Cross Harbour Tunnel on the quayside in Hong Kong almost ready for side launching.

Ease of construction can be achieved by a high degree of mechanization and line fabrication. Pre-

fabricated forms, work shelters (heated in winter), shop welding of any steel plate, and prefabrication of

reinforcement cages and prestressing cables can all be used to advantage.

28.4.6.3 Waterproofing

The need for waterproofing concrete tunnels is still a hotly debated issue. A barrier between concrete and

salt water, warmer waters, or corrosive waters would appear particularly beneficial. Waterproofing will

also reduce the amount of water penetrating the remaining cracks, particularly if the waterproofing

adheres to the concrete. In case of fire, concrete that is not saturated with water is less likely to spall since

the formation of steam is less likely.

Steel tunnels do not need waterproofing since the structural steel shell serves this purpose well, yielding

and not cracking when overloaded, although measures to inhibit corrosion of the steel may be required.

28.4.7 Tunnel Joints

28.4.7.1 Final Joint

Some tunnels are constructed progressively from one end to the other, after which the landside struc-

tures are completed. Others may require the last element to be inserted rather than appended to the end

of the previous element. To achieve this, a small final gap will have to remain. This closure or final joint

corresponds to a short length of tunnel that will need to be cast in place, inserted like a wedge, or jacked

out like a piston. Methods used include tremie concrete to seal the joint and dewatering to complete the

joint in the dry from the inside.

28.4.7.1.1 Construction Joints

These are horizontal or vertical connections between monolithic parts of a structure. Usually, a

waterstop is placed in such a joint. Typically, this would be one of the traditional types of waterstops,

although hydrophilic and groutable waterstops are sometimes used. Special moveable watertight joints

are required between discrete segments of a tunnel element, where used, designed as expansion joints

and perhaps also with shear capacity.

28.4.7.1.2 Immersion Joints

These joints are the ones that are dewatered between tunnel elements subsequent to the immersing and

joining operations at the seabed. The joints may remain flexible, or they can be made rigid, as has been

common with many steel tunnels. Flexible joints are generally sealed with a temporary immersion gasket

or soft-nosed gasket in compression. The use of a secondary independent flexible seal, capable of being

replaced from within the tunnel, is common practice (often an omega seal). Each seal should be capable

of resisting the external hydrostatic pressure and should allow for expected future movements.

Protection should also be provided against damage to seals from within the tunnel, such as impact

damage or airborne contaminant damage.

28.4.7.1.3 Seismic Joints

A seismic joint, which can be an immersion joint of special design, may be required to accommodate

large differential movements in any direction due to a seismic event. Such a joint would most likely be

located at significant changes in cross-section. Figure 28.13 shows a typical seismic joint of BART in San

Francisco. Semirigid or flexible joints between elements may also need to be strengthened to carry

seismic loads and to prevent catastrophic inundation, typically by using stressed or unstressed pre-

stressing components across the joints or by using bearings and shear keys.

28.4.7.1.4 Terminal Joints (Land Connections)

The terminal joints between the shore ends of an immersed tunnel and the land portions may also be

immersion joints. Direct joint connections may be made to land-based structures such as cut-and-cover

28-32 Handbook of Structural Engineering

Copyright 2005 by CRC Press



tunnels or ventilation buildings. These structures may be constructed either before or after placing the

immersed tunnel, depending on schedule constraints and local conditions. For a bored or mined tunnel

connection, the backfill around the end of the immersed tunnel would first need to be made relatively

impermeable, such as by grouting, to allow boring to continue into the end of the immersed tunnel.

Steel immersed tunnels, because of their shallow draft capabilities, may eliminate the need for cut-

and-cover tunnel construction in poor ground. After backfilling, the end of the tunnel can be exposed

and open depressed highway sections constructed against it. The end of the immersed tunnel was

exposed at the Second Downtown Elizabeth River Tunnel in Virginia (Figure 28.14).

Wherever the cross-section changes significantly, seismic actions may generate significant differential

movements and the design must accommodate these. Drains, sumps, and pumping stations are required

at both portals to remove rainwater that falls within the open sections, and at the tunnel low points to

remove wash and leakage water.

Ventilation buildings, if needed, should preferably be sited on land, where they cannot be hit by

shipping. The end faces of the buildings may also make suitable interfaces between immersed tunnel

elements and on-shore techniques.

28.4.8 Construction Aspects

Dimensional and density checking of the concrete is necessary at all stages of construction to ensure that

the design weight is not exceeded, since the tunnel might then not float: it is easier to add more weight

than to remove it, and weight can always be added externally.

Temporary bulkheads are needed at the ends of each element, just visible in Figure 28.9 and clearly

visible in Figure 28.14. They need to be watertight and yet reasonably simple to remove later. Bulkheads,

if made of steel, are often designed for reuse.

Typical foundation layers are 600 mm to 1 m thick above the bottom of the predredged trench. They are

mostly formed either by a screeded mattress of stone placed before the tunnel element is immersed or by

jetted sand after the element is set on temporary supports, conditions to be allowed for in design. Such

supports at the free end of the element are made adjustable, while the other end is first guided and then

held by the previously laid element. Other types of design including injection of concrete are sometimes

used. Before immersing (Figure 28.1), elements are usually held by temporary lifting hooks while ballast is

FIGURE 28.13 Seismic joint of BART, San Francisco, CA (# Parsons Brinckerhoff, Inc. 1967, with permission).
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added to provide the necessary negative buoyancy. Survey towers or similar devices are attached to the

elements to enable monitoring of position after lowering starts, while bollards and other towing

equipment are removed. Calculations to ensure stability at all stages of placement are necessary. Back-

filling must be carried out in such a manner that unbalanced lateral forces do not move the element.

28.4.9 Protection against Ship Traffic and Currents

Immersed tunnels should be protected against falling anchors by a layer of either graded material or

sacrificial concrete (see Chapter 6 on ‘‘Hazard Analysis’’ in Ref. [1]). The same reference also provides

guidance on expected loads from sinking ships, although this is very much dependent on the cargo that

the ships would be carrying. Typical results for actual ships passing a particular location, assuming the

worst cargo, can be plotted as shown in Figure 28.15. These results may vary further, depending on

� Partially sunken vessels, which may increase these values, particularly if the vessel has a rigid stern

post that can produce point loading.
� Critical water depths over which the vessel must pass.
� The water depth at the tunnel location.

If storms cause vessels to drag their anchors, it may be desirable to protect the tunnel further with

rock berms over which anchors would be forced. Once clear of the tunnel, the anchors could re-engage.

FIGURE 28.14 Second Downtown Elizabeth River Tunnel, Virginia (# Parsons Brinckerhoff, Inc. 1983, with

permission).
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At the proposed site of the tunnel, the depth to the structure below the clearance envelope required for

the shipping channel will vary according to the amount of overdredge expected during maintenance

and the amount of protective backfill required over the tunnel. Protection may be required to the surface

of the bed near the tunnel against scour, not only from currents but also from propellers. At some vessel

terminals where propellers are kept turning to maintain position, significant local scour can occur.

Overdredge of 1 m is not unusual, depending on the method used for dredging. Anchor loads are usually

small compared with structural capacity but may cause local surface damage if insufficient backfill is

provided [1]. The type and grading of backfill layers are selected so that they do not damage the tunnel

structure and waterproofing, if used, and so that material does not get washed away under anticipated

currents.

It may not be necessary to completely bury a tunnel and restore the original bed levels (a floating

tunnel is an extreme case). In such cases, the effects of hydraulic intrusion of a tunnel into an existing

waterway regime may require study since water flow is obstructed. For a floating tunnel, tidal and

current effects may also cause dynamic and fatigue effects. In some instances all of these measures have

been implemented on a single project.

28.5 Seismic Analysis and Design

28.5.1 Introduction

Tunnels, in general, have performed better during earthquakes than have above ground structures such

as bridges and buildings. Tunnel structures are constrained by the surrounding ground and, in general,

cannot be excited independent of the ground or be subjected to strong vibratory amplification, such as

the inertial response of a bridge structure during earthquakes. Adequate design and construction of

seismic resistant tunnel structures, however, should never be overlooked. Their seismic performance

could be vital, particularly when they comprise important components of a critical transportation system

(e.g., a transit system) in which little redundancy exists.

The general procedure for seismic design and analysis of tunnel structures should be based primarily

on the ground deformation approach, that is, the structures should be designed to accommodate the

deformations imposed by the ground. The analysis of the structure response can be conducted first by

ignoring the stiffness of the structure, leading to a conservative estimate of the ground deformations.

This simplified procedure is generally applicable for structures embedded in rock or stiff or dense soil.
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FIGURE 28.15 Ground pressures from fully sunken ships (courtesy of Christian Ingerslev).
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In cases where the structure is stiff relative to the surrounding soil, the effects of soil–structure inter-

action must be taken into consideration.

28.5.2 Performance Record during Earthquakes

Seismic performance data of underground structures, including tunnels, are relatively scarce. Data

reported in several studies [2,9–12] show that

� The greatest risk to all types of tunnels (including bored and mined, cut-and-cover, and

immersed) occurs when the following conditions exist.
� An active fault intersects the tunnel.
� A landslide intersects the tunnel.
� Soils surrounding the tunnels liquefy.

� Damage potential to tunnels reduces with increasing overburden, due partly to the attenuation of

ground-shaking intensity with depth.
� Damage is greater in soils than in competent rock.
� Seismic performance of shallow cut-and-cover rectangular tunnels has been relatively poor in

comparison to that of bored tunnels, as evidenced during the 1995 Kobe, Japan, earthquake

[13,14]. These rectangular box-type structures are particularly vulnerable at the joints connecting

the slabs with the walls or columns when subjected to cyclic racking deformations imposed by the

ground.
� Immersed tunnels are susceptible to permanent ground deformations resulting from liquefaction

induced settlements, lateral spread, and uplift (flotation), and slope instability (landslides) in soft

cohesive soils. Joints connecting tube segments are particularly vulnerable to the relative

movements between two adjacent segments during shaking, noting that water tightness is one of

the critical performance requirements of immersed tunnels.
� Damage potential to bored tunnels due to ground-shaking effects (excluding permanent

displacements due to faulting, landslides, and liquefaction) increases with ground-shaking

intensity and decreases with better tunnel lining and support system. Figure 28.16 presents

performance data of bored tunnels under the effects of seismic ground shaking alone [10]. The

figure suggests that
� Ground shaking caused little damage in tunnels for peak ground acceleration (PGA) less than

about 0.2g, where g is the gravity of acceleration.
� Tunnels with ductile lining (reinforced concrete or steel) tend to have performed better, with

damage observed only when the PGA exceeds 0.5g.

28.5.3 Design and Analysis Approach for Ground-Shaking Effects

28.5.3.1 General

Underground tunnel structures undergo three primary modes of deformation during seismic shaking:

ovaling or racking, axial, and curvature deformations (see Figure 28.17 and Figure 28.18) [2,12]. The

ovaling or racking deformation is caused primarily by seismic waves propagating perpendicular to the

tunnel longitudinal axis, causing deformations in the plane of the tunnel cross-section. Vertically

propagating shear waves are generally considered the most critical type of waves for this mode of

deformation. The axial and curvature deformations are induced by components of seismic waves that

propagate along the longitudinal axis.

28.5.3.2 Evaluation of Axial and Curvature Deformations

28.5.3.2.1 Free-Field Deformation Procedure

This procedure assumes that the tunnel lining conforms to the axial and curvature deformations of the

ground in the free field (i.e., without the presence of the tunnel). While conservative, this assumption

provides a reasonable evaluation because, in most cases, the tunnel lining stiffness is considered relatively
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FIGURE 28.16 Rock surface peak ground acceleration for various tunnels (courtesy of M.S. Power, Summary and

Evaluation of Seismic Design of Tunnels, Draft report submitted to Multidisciplinary Center for Earthquake

Engineering Research (MCEER) 1998).
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FIGURE 28.17 Ovaling and racking deformation of tunnels: (a) Ovaling deformation of a circular cross-section and

(b) racking deformation of a rectangular cross-section (# Parsons Brinckerhoff, Inc. 1993, with permission).
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flexible to the ground. This procedure requires minimum input, making it useful as an initial design tool

and as a method of design verification.

The lining will develop axial and bending strains to accommodate the axial and curvature deforma-

tions imposed by the surrounding ground. St. John and Zahran [15] developed solutions for these

strains due to compression P-waves, shear S-waves, and Rayleigh R-waves. Table 28.3 presents the

solutions due to the three wave types propagating at an angle, f, in the horizontal plane with respect to

the longitudinal axis of the tunnel.

The strains e due to combined axial and curvature deformations can be obtained by combining the

longitudinal strains generated by axial and bending strains as follows:

For P-waves

e ¼ VP

CP

cos2fþ Y
AP

C2
P

sinf cos2f ð28:4aÞ

For S-waves

e ¼ VS

CS

sinf cosfþ Y
AS

C2
S

cos3f ð28:4bÞ

For R-waves

e ¼ VR

CR

cos2fþ Y
AR

C2
R

sinf cos2f ð28:4cÞ

where

VP¼ peak particle velocity of P-waves at the tunnel location

VS ¼ peak particle velocity of S-waves at the tunnel location

VR¼ peak particle velocity of R-waves at the tunnel location

AP¼ peak particle acceleration of P-waves at the tunnel location

AS ¼ peak particle acceleration of S-waves at the tunnel location

AR¼ peak particle acceleration of R-waves at the tunnel location

CP¼ apparent propagation velocity of P-waves

CS ¼ apparent propagation velocity of S-waves

CR¼ apparent propagation velocity of R-waves, and

Y ¼ distance from the neutral axis of the tunnel cross-section to the extreme fiber of the lining
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FIGURE 28.18 Axial and curvature deformation of tunnels: (a) axial deformation along tunnel and (b) curvature

deformation along tunnel (# Parsons Brinckerhoff, Inc. 1993, with permission).
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It should be noted that

� S-waves generally cause the largest strains and are the governing wave type.
� The angle of wave propagation, f, should be the one that maximizes the combined axial

strains.

The horizontal propagation S-wave velocity, CS, in general, reflects the seismic shear wave propagation

through the deeper rocks rather than that of the shallower soils where the tunnel is located. In general,

this velocity value varies from about 2 to 4 km/s. Similarly, the P-wave propagation velocities, CP,

generally vary between 4 and 8 km/s. The designer should consult with experienced geologists and

seismologists for determining CS and CP.

When the tunnel is located at a site underlain by deep deposits of soil sediments, the induced strains

may be governed by the R-waves. In such deposits, detailed geological and seismological analyses should

be performed to derive a reliable estimate of the apparent R-wave propagation velocity, CR.

The combined strains calculated from Equations 28.4a, 28.4b and 28.4c represent the seismic loading

effect only. To evaluate the adequacy of the structure under the seismic loading condition, the seismic

loading component has to be added to the static loading components using the appropriated loading

combination criteria developed for the structures. The resulting combined strains are then compared

against the allowable strain limits, which should be developed based on the performance goal established

for the structures (e.g., the required service level and acceptable damage level).

TABLE 28.3 Strain and Curvature Due to Three Wave Types

Wave type Longitudinal strain Curvature

P-wave e¼ Vp

Cp

� �
cos2f

1

r

� �
¼
�

ap

C2
p

�
sinf cos2 f

emax¼
Vp

Cp

for f¼ 0�
1

rmax

� �
¼ 0:385

�
ap

C2
p

�
forf ¼ 35:27�

S-wave e¼ Vs

Cs

� �
sinf cosf

1

r

� �
¼
�

as

C2
s

�
cos3 f

emax¼
Vs

2Cs

� �
for f¼ 45�

1

rmax

� �
¼
�

as

C2
s

�
forf ¼ 0�

R-wave

Compression component e¼ VR

CR

� �
cos2f

1

r

� �
¼
�

aR

C2
R

�
sinf cos2 f

emax¼
VR

CR

� �
for f¼ 0�

1

rmax

� �
¼ 0:385

�
aR

C2
R

�
forf ¼ 35:27�

Shear component
1

r

� �
¼
�

aR

C2
R

�
cos2 f

1

rmax

� �
¼
�

aR

C2
R

�
forf ¼ 0�

Note:

Vp ¼ soil particle velocity caused by P-waves

ap ¼ soil particle acceleration caused by P-waves

Cp ¼ apparent propagation velocity of P-waves

Vs ¼ soil particle velocity caused by S-waves

as ¼ soil particle acceleration caused by S-waves

Cs ¼ apparent propagation velocity of S-waves

VR ¼ soil particle velocity caused by R-waves

aR ¼ soil particle acceleration caused by R-waves

CR ¼ propagation velocity of R-waves

1/�¼ curvature

Source: St. John and Zahrah 1987.
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28.5.3.2.2 Procedure Accounting for Soil–Structure Interaction Effects

If a very stiff tunnel is embedded in a soft soil deposit, significant soil–structure interaction effects exist,

and the free-field deformation procedure presented in the previous subsection may lead to an overly

conservative design. In this case, a simplified BOEF procedure should be used to account for the soil–

structure interaction effects. According to St. John and Zahran [15], the effects of soil–structure

interaction can be accounted for by applying reduction factors to the free-field axial strains and the free-

field curvature strains, as follows:

For axial strains

R ¼ 1þ ElAl

Ka

2p
L

� �2

cos2f ð28:5aÞ

For bending strains

R ¼ 1þ ElIl

Kh

2p
L

� �4

cos4f ð28:5bÞ

where El is Young’s modulus of tunnel lining, Al is the cross-sectional area of the lining, Kh is the

transverse soil spring constant, Ka is the longitudinal soil spring constant, L is the wave length of the P-,

S-, or R-waves, and Il is the moment of inertia of the lining cross-section.

It should be noted that the axial strain calculated from Equation 28.5a should not exceed the value that

could be developed using the maximum frictional forces, Qmax, between the lining and the surrounding

soils. Qmax can be estimated using the following expression:

Qmax ¼
f L

4
ð28:6Þ

where f is the maximum frictional force per unit length of the tunnel.

28.5.3.3 Evaluation of Ovaling Deformations of Bored or Mined Circular Tunnels

The seismic ovaling effect on the lining of bored or mined circular tunnels is best defined in terms of

change of tunnel diameter, DDEQ. For practical purposes, the ovaling deformations can be assumed to be

caused primarily by the vertically propagating shear waves. DDEQ can be considered as seismic ovaling

deformation demand for the lining. The procedure for determining DDEQ and the corresponding lining

strains is outlined as follows [12].

28.5.3.3.1 Step 1

Estimate the expected free-field ground strains caused by the vertically propagating shear waves of

the design earthquakes. The free-field ground strains can be estimated using the following formula:

gmax ¼
VS

CSE

ð28:7Þ

where gmax is the maximum free-field shear strain at the elevation of the tunnel, VS is the S-wave peak

particle velocity at the tunnel elevation, and CSE is the effective shear wave velocity of the medium

surrounding the tunnel.

Alternatively, the maximum free-field shear strain can be estimated by a more refined free-field site

response analysis (such as in Ref. [16]).

The effective shear wave velocity of the vertically propagating shear wave, CSE, must be compatible

with the level of the shear strain that may develop in the ground at the elevation of the tunnel under the

design earthquake shaking. A rough estimate of the ratio CSE/CSS (where CSS is the low-strain shear wave

velocity of the surrounding medium) can be made as follows:

� For rock, CSE/CSSffi 1.0.
� For stiff to very stiff soil, CSE/CSS may range from 0.7 to 0.9 for low to moderate earthquake

shaking and from 0.5 to 0.7 for strong shaking.
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Alternatively, site-specific response analyses can be performed for estimating CSE. Site-specific

response analyses should be performed on soft soil sites.

The values of the low-strain shear wave velocity, CSS, can be determined using geophysical testing

techniques in the field such as P-S logger, cross-hole, and seismic cone penetration methods or estimated

from empirical correlation.

28.5.3.3.2 Step 2

By ignoring the stiffness of the tunnel, which is applicable for tunnels in rock or in stiff or dense soils, the

lining can be reasonably assumed to conform to the surrounding ground with the presence of a cavity

due to the excavation of the tunnel (but without the presence of the lining). The resulting diameter

change of the tunnel is

DDEQ ¼ �2gmaxð1� nmÞD ð28:8Þ
where vm is Poisson’s ratio of the surrounding ground and D is the diameter of the tunnel.

28.5.3.3.3 Step 3

If the structure is stiff relative to the surrounding soil, then the effects of soil–structure interaction

should be taken into consideration. The relative stiffness of the lining is measured by the flexibility ratio,

F, defined as follows:

F ¼ Emð1� n2
l ÞR3

l

6ElIl,1ð1þ nmÞ
ð28:9Þ

where Em is the strain-compatible elastic modulus of the surrounding ground, Rl is the nominal radius of

the tunnel lining, Vl is Poisson’s ratio of the tunnel lining, and Il,1 is the moment of inertia of the lining

per unit width of tunnel along the tunnel axis.

The strain-compatible elastic modulus of the surrounding ground, Em, should be derived using

the strain-compatible shear modulus, Gm, corresponding to the effective shear wave propagating

velocity, CSE.

The moment of inertia of the tunnel lining per unit width, Il,1, should be determined based on the

expected behavior of the selected lining under the combined seismic and static loads, accounting for

cracking and joints between segments and between rings as appropriate.

28.5.3.3.4 Step 4

The diameter change, DDEQ, accounting for the soil–structure interaction effects can then be estimated

using the following equations:

DDEQ ¼ �
1

3
k1FgmaxD ð28:10Þ

k1 ¼
12ð1� nmÞ

2F þ 5� 6nm

ð28:11Þ

where k1 is the Seismic ovaling coefficient.

The seismic ovaling coefficient curves plotted as a function of F and nm are presented in Figure 28.19.

The resulting bending moment induced maximum fiber strain, em, and the axial force (i.e., thrust)

induced strain, eT, in the lining can be derived as follows:

em ¼
1

6
k1

Em

ð1þ nmÞ
R2

l

gmaxtl

2ElIl,1
ð28:12Þ

eT ¼
1

6
k1

Em

ð1þ nmÞ
Rl

gmax

Eltl

ð28:13Þ

where tl is the thickness of the lining.

The solutions presented in Equations 28.10 through 28.13 assume that a full-slippage condition exists

along the soil–lining interface, which allows normal stresses (without normal separation) but no tan-

gential shear force. The full-slippage assumption yields slightly more conservative results in estimating
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the diameter change and bending strain but significantly lower values of thrust-induced strain than the

no-slippage condition. Therefore, Equation 28.13 should not be used unless a full-slippage mechanism is

incorporated in the design. Instead, the no-slippage condition should be assumed in deriving the thrust-

induced strain as follows [12]:

eT ¼ k2

Em

2ð1þ nmÞ
Rl

gmax

Eltl

ð28:14Þ

k2 ¼ 1þ
F½ð3� 2nmÞ � ð1� 2nmÞC
 � 1

2
ð1� 2nmÞ2 þ 2

F½ð3� 2nmÞ þ ð1� 2nmÞC
 þ C½5
2
� 8nm þ 6n2

m
 þ 6� 8nm

ð28:15Þ

C ¼ Emð1� n2
l ÞRl

Eltð1þ nmÞð1� 2nmÞ
ð28:16Þ

where C is the compressibility ratio.

The seismically induced strains due to the ovaling effect need to be combined with the strains resulting

from nonseismic loading and then checked against the allowable strain limits consistent with the per-

formance goal established for the design of the tunnel lining.

28.5.3.4 Evaluation of Racking Deformations of Rectangular Tunnels

Racking deformations are defined as the differential sideways movements between the top and bottom

elevations of the rectangular structures, shown as Ds in Figure 28.20. The resulting material strains in the

lining associated with the seismic racking deformation, Ds, can be derived by imposing the differential

deformation on the structure in a structural frame analysis. The procedure for determining, Ds taking

into account the soil–structure interaction effects, is presented below [12].

28.5.3.4.1 Step 1

Estimate the free-field ground strains gmax (at the structure elevation) caused by the vertically propa-

gating shear waves of the design earthquakes (see Section 28.5.3.3). Determine Dfree-field, the differential

free-field relative displacements corresponding to the top and the bottom elevations of the rectangular

structure (see Figure 28.20), by

Dfree-field ¼ hgmax ð28:17Þ

where h is the height of the structure.
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FIGURE 28.19 Seismic ovaling coefficient curves (# Parsons Brinckerhoff, Inc. 1993, with permission).
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28.5.3.4.2 Step 2

Determine the racking stiffness, Ks, of the structure from a structural frame analysis. For practical

purposes, the racking stiffness can be obtained by applying a unit lateral force at the roof level, while

the base of the structure is restrained against translation, but with the joints free to rotate. The

structural racking stiffness is defined as the ratio of the applied force to the resulting lateral displace-

ment. In performing the structural frame analysis, it is important to use the appropriate moment

of inertia, taking into account the potential development of the cracked section, particularly for the

vertical walls.

28.5.3.4.3 Step 3

Determine the flexibility ratio, Frec, of the proposed design of the structure using the following equation:

Frec ¼
Gm

Ks

w

h
ð28:18Þ

where w is the width of the structure and Gm is the average strain-compatible shear modulus of the

surrounding ground.

The flexibility ratio is a measure of the relative racking stiffness of the surrounding ground to the

racking stiffness of the structure.

28.5.3.4.4 Step 4

Based on the flexibility ratio obtained from Step 3, determine the racking reduction ratio, Rrec, for the

structure using Figure 28.21 or the following expression [17]:

Rrec ¼
4ð1� nmÞ

ð3� 4nmÞ=Frecð Þ þ 1
ð28:19Þ

The triangular points in Figure 28.21 correspond to published results [12]. The data in [12] were

generated by performing a series of dynamic finite element analyses on a number of cases with varying soil

and structural properties, structural configurations, and ground motion characteristics. As indicated in the

figure, if Frec¼ 1, the structure is considered to have the same racking stiffness as the surrounding ground,

and therefore the racking distortion of the structure is about the same as that of the ground in the free field.

When Frec approaches zero, representing a perfectly rigid structure, the structure does not rack regardless of

the distortion of the ground in the free field. For Frec> 1.0 the structure becomes flexible relative to the

ground, and the racking distortion is magnified in comparison to the shear distortion of the ground in
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FIGURE 28.20 Racking deformation for a box structure (# Parsons Brinckerhoff, Inc. 1993, with permission).
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the free field. This magnification effect is not caused by the effect of dynamic amplification. Rather it is

attributed to the fact that the ground has a cavity in it as opposed to the free-field condition.

28.5.3.4.5 Step 5

Determine the racking deformation of the structure, Ds, using the following relationship:

Ds ¼ RrecDfree-field ð28:20Þ

28.5.3.4.6 Step 6

The seismic demand in terms of internal forces as well as material strains can be calculated by imposing

Ds upon the structure in a frame analysis as depicted in Figure 28.22.

28.5.3.5 Loads Due to Vertical Seismic Motions

The effects of vertical seismic motions can be accounted for by applying a vertical pseudostatic loading,

equivalent to the product of the vertical seismic coefficient and the combined dead and design
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overburden loads used in static design. The vertical seismic coefficient can be reasonably assumed to be

two thirds of the design peak horizontal acceleration divided by gravity. This vertical pseudostatic

loading should be applied by considering both up and down directions of motion. Whichever results in a

more critical load case should govern.

If there is a potential for a seismically loosened zone to develop above the crown of the tunnel, then the

inertial effects of this loosened zone should also be included in the design, unless appropriate stabili-

zation measures are taken to prevent it from occurring.

28.5.4 Tunnel Subjected to Large Displacements

As indicated in Section 28.5.2, the greatest risk to tunnel structures is the potential for large ground

movements as a result of unstable ground conditions (e.g., liquefaction and landslides) or fault

displacements. In general, it is not feasible to design a tunnel structure to withstand large ground

displacements. The proper design measures in dealing with unstable ground conditions may consist of

� Ground stabilization.
� Removal and replacement of the problem soils.
� Rerouting or deep burial to bypass the problem zone.

With regard to the fault displacements, the best strategy is to avoid any potential crossing of active faults.

If this is not possible, then the general design philosophy is to accept and accommodate the displacements

by either employing an oversized excavation, perhaps backfilled with compressible or collapsible material,

or using ductile lining to minimize the instability potential of the lining. In cases where the magnitude of

the fault displacement is limited or the width of the sheared fault zone is considerable such that the

displacement is dissipated gradually over a distance, design of a strong lining to resist the displacement

may be technically feasible. The structures, however, may be subjected to large axial, shear, and bending

forces. Many factors need to be considered in the evaluation, including the stiffness of the lining and the

ground, the angle of the fault plane intersecting the tunnel, the width of the fault, the magnitude as

well as orientation of the fault movement, among others. Analytical procedures are generally used for

evaluating the effects of fault displacement on lining response. Some of these procedures were originally

developed for buried pipelines [18]. Continuum finite element or finite difference methods have also

been used effectively for evaluating the tunnel–ground–faulting interaction effects.

28.5.5 Shaft Structures and Interface Joints

The seismic considerations for the design of vertical shaft structures are similar to those for the lined

circular tunnel structures, except that ovaling and axial deformations in general do not govern the

design. Considerations should be given to the curvature strains and shear forces of the lining resulting

from vertically propagating shear waves. Force and deformation demands may be considerable in cases

where shafts are embedded in deep, soft deposits. In addition, potential stress concentrations at the

following critical locations along the shaft need to be properly assessed and designed for

� Abrupt change of the stiffness between two adjoining geologic layers.
� Shaft–tunnel or shaft–station interfaces.
� Shaft–surface building interfaces.

Flexible connections to accommodate the potential differential movements are the recommended design

strategy between any two structures with drastically different stiffness or mass in poor ground conditions.

28.6 Tunnel Jacking

Tunnel jacking evolved from pipe jacking, retaining many of the same features. Technological

advancement from pipe jacking to tunnel jacking occurred in the 1960s, when circular pipe jacked
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sections were found to be either too small or inefficient for their intended purpose, so they were replaced

by rectangular sections. Over the past four decades, the technique has developed significantly, with

tunnel sections ranging from 3 m2 to 25 m wide 12 m high and larger, with lengths exceeding 110 m.

The method has been used in many parts of the world, including Europe (particularly in the

United Kingdom and Germany), Australia, India, South Africa, Canada, and Japan. In the United States,

however, tunnel jacking is a relatively new technique, with only one major application completed to date,

consisting of three tunnels constructed under an operating rail network for a major highway extension in

Boston, MA. A view of one of the jacking operations for that project is shown in Figure 28.23.

Features of a typical tunnel jacking operation are shown in Figure 28.24. The tunnel box structure is

constructed in one or more sections immediately adjacent to the planned alignment, either in a pit for an

application that is completely below existing grade or in an open space for the case where the jacking is

being performed through an embankment. As with conventional pipe jacking, the frictional resistance that

needs to be overcome to jack the complete tunnel length may exceed the total capacity of the jacking system

that can be installed in the space available at the rear of the tunnel structure. In that case, the tunnel

structure will be divided into sections, with intermediate jacking stations established between them.

The tunnel structure is open at the front end and fitted with a shield, which may be constructed of

either steel or reinforced concrete. Depending on the characteristics of the ground through which the

FIGURE 28.23 Tunnel jacking operation in Boston, MA, for a major highway project.

FIGURE 28.24 Cross-section of a typical tunnel jacking operation.
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jacking is being done, and on the size of the tunnel cross-section, the shield may be compartmentalized

and the individual cells outfitted with breasting doors to minimize the area of unsupported face exposed

at the tunnel heading. In some cases, ground improvement techniques such as grouting or even freezing

may be implemented in advance of the jacking operation to increase the stand-up time of the ground.

Excavation is typically performed in small increments to avoid creating an unstable unsupported span

beyond the leading edge of the shield. Overcutting along the excavation perimeter is carefully controlled

to limit the potential for settlement of the ground surface above. Once an excavation cycle is complete,

the tunnel structure is jacked ahead either in one step from a rear jacking station or in stages if

intermediate jacking stations are being used.

The tunnel structure is advanced with a series of hydraulic jacks, with stroke lengths coordinated with

the excavation increments. Depending on the particular system design, the jacks may be situated only

along the base of the concrete section or around the entire section perimeter. Required operating

capacities and pressures vary with the size of the tunnel being jacked; in larger applications, these

parameters can be as much as 500 tons and greater than 40 MPa, respectively. Alignment control can be

accomplished by varying the thrust applied in individual or clusters of jacks and through the use of guide

walls constructed in the launch area outside the tunnel headwall. Reaction for the jacking force is

provided by either a structural frame or thrust blocks at the rear of the tunnel, with spacer blocks or pipe

sections or a series of anchorage points used as necessary to maintain continuity of the reaction structure

as the tunnel advances into the ground and progressively farther from its starting point.

When the depth of cover is small relative to the width of the tunnel structure, there is a tendency for

the overlying soil to be dragged along with the tunnel. To prevent this from occurring, a separation layer

is typically introduced between the top surface of the tunnel and the adjacent ground to reduce the

frictional resistance. This can be accomplished in a number of ways, with common methods including

a series of steel sheets or an array of closely spaced wire ropes. Side friction is controlled by designing

a small overcut into the shield structure and if necessary, by the injection of lubricating agents into

the interface through multiple ports in the walls of the tunnel structure.

To maintain and protect critical surface facilities during tunnel jacking, tunnel jacking projects nearly

always include some form of surface survey program to monitor the impact of the underground

excavation, with predetermined corrective action plans already in place, ready to be implemented

quickly in the event that ground deformations exceed tolerable thresholds.

Glossary

Advance rate — The amount of progress that a tunnel-boring machine makes — the distance it covers

in a day, usually measured in feet or meters; also used for tunneling by other means.

Backfill — Any material such as sand, gravel or crushed stone, grout or concrete, used to fill the

remainder of an excavation after a tunnel or other underground structure has been constructed

within the excavation.

Ballast — A stabilizing weight (stones or concrete), either temporary or permanent, often added to

immersed tunnel elements while floating, being immersed, or in their final position.

Bentonite — A clay mineral that can absorb large amounts of water. When mixed with water, it forms a

slurry used to support deep trenches or bore holes against collapse until they can be filled with

concrete.

Bottom-up — A method of construction in which a tunnel is built within an excavated trench in a

conventional way or sequence: base slab first, then the walls, and finally, the roof. The com-

pleted structure is then backfilled and the ground surface reinstated.

Cofferdam — A temporary structure, constructed in water and pumped dry, used to keep water out so

that work can be performed in dry conditions.

Controlled blasting — Use of patterned drilling and optimum amounts of explosives and detonating

devices to control blasting damage.
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Cross-passage — A short passage or tunnel connecting two adjacent tunnels, often used to allow people

to escape from one tunnel to another in an emergency.

Crown — The top of a tunnel.

Cut-off wall — An underground wall, either temporary or permanent, used in tunnel excavations to

prevent the passage of ground water.

Decking — A plank cover over a work area that serves as a temporary surface for pedestrian and

vehicular traffic (including construction equipment), usually made of wood, concrete, or

steel.

Dewatering — The removal of ground water from the area to be excavated.

Drill-and-blast — A method of mining in which small-diameter holes are drilled into the rock and then

loaded with explosives. The blast from the explosives fragments and breaks the rock away from

the face so the rock can be removed. Repeated drilling and blasting advances the underground

opening.

Drawdown — A lowering of the normal groundwater level (water table) as the result of dewatering.

Face — The soil being excavated directly in front of the TBM or the surface at the head of a tunnel

excavation. A mixed-face is a condition with more than one type of material, such as clay, sand,

gravel, cobbles, or rock.

Ground reinforcement — Structural elements installed in the ground by drilling and insertion,

including rock dowels or anchors, often grouted in place.

Ground support — Installation of any type of engineering structure around or inside the excavation,

such as steel sets, wood cribs, timbers, or lining.

Heading — A smaller tunnel used when a larger tunnel is excavated in several stages. Smaller headings

are used when full tunnel excavation at once would not be prudent. Sometimes multiple

headings are used simultaneously to increase the number of excavation faces and compensate

for slower excavation rates.

Invert — The bottom of a tunnel.

Lining — A temporary or permanent structure, made of concrete or other materials, to secure and finish

the tunnel interior or to support an excavation.

Mole — Slang term for a tunnel engineer; also used to describe a TBM.

Open cut — A method of construction in which the excavated trench is left uncovered while the tunnel

is constructed.

Overburden — The soil between the ground surface and the roof of a tunnel.

Pilot tunnel — An exploratory tunnel, usually smaller and driven ahead of the main tunnel.

Portal — The entrance to a tunnel.

Sandhog — Slang term for a tunnel worker.

Shaft — A vertical excavation, often used to provide access to a tunnel from the surface.

Shield — A structure used in soft ground to provide support at the face of the tunnel for the soil above

the tunnel, to provide space for erecting supports, and to protect the workers excavating and

erecting supports.

Shotcrete — Concrete pneumatically projected at high velocity onto a surface; pneumatic method of

applying a lining of concrete.

Soft ground — Soils and weak rock that can be easily removed.

TBM — Tunnel boring machine, a machine that excavates a tunnel by drilling out the heading to full size

in one operation.

Top-down — A method of construction in which the tunnel walls are built first, using special

machinery, within a narrow trench. Next, the roof is built in a shallow excavation, and the

ground surface is reinstated. The rest of the tunnel is then excavated and constructed

underneath the roof.

Underpinning — The installation of new supports beneath the foundation of a building or other

structure to protect it from settlement caused by adjacent tunneling or other construction;

sometimes used in place of an old foundation that was removed.
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29
Glass Structures

29.1 Introduction

Glass is a brittle material that is weak in tension because of its noncrystalline molecular structure. When

glass is stressed beyond its strength limit, breakage occurs immediately without warning, unlike steel and

aluminum where plastic mechanism can be formed. Stress or moment redistribution does not occur in

glass, and local and then consequential global failure is very common. Testing has shown that glass

strength is statistical in nature.

The main constituent of glass is silica sand. Zachariasen and Warren [1] suggested that glass is made

up of network formers and modifiers (Figure 29.1). Silicon and oxygen ions bonded together (formers)

to form the basic three-dimensional network structure in which ions of sodium, potassium, calcium, and

magnesium (modifiers) are bonded in the holes inside the silicon–oxygen former network. Glass is one

of the most durable building materials. An extremely important property of glass is its resistance

to corrosion attack by water and acid.

There are three basic types of glass: float glass, plate glass, and sheet glass. Float glass is produced by

pouring continuously from a furnace onto a large shallow bath of molten tin. In the flow chamber the

atmosphere is controlled to prevent oxidation. The second type of glass is plate glass, which is produced

by grinding and polishing rough glass. The third type is sheet glass, which is produced by continuously

drawing molten glass from a bath through an annealing lehr. A simplified diagrammatic presentation of

the production process is illustrated in Figure 29.2. Nowadays, more than 90% of glass is produced by

the float process. The float glass is available in a number of modified forms: reflective coated glass, heat-

absorbing glass, tempered glass, insulating glass, acoustical glass, etc.

Glass as a building material has been widely used in curtain wall and glass wall systems, which

generally provide an esthetic appearance to the complete building. Large glass panels of size in

A. K. W. So
Research Engineering Development

Façade and Fire Testing

Consultants Ltd.,

Yuen Long, Hong Kong

Andy Lee
Ove Arup & Partners

Hong Kong Ltd.,

Kowloon, Hong Kong

Siu-Lai Chan
Department of Civil and Structural

Engineering,

Hong Kong Polytechnic University,

Kowloon, Hong Kong

29.1 Introduction ... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29-1

29.2 Strength of Glass.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29-4
Types of Glass

29.3 Design of Glass.. .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29-8

29.4 Failure Criterion ... . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29-11

29.5 Stress Evaluation and Common Causes of
Breakages .. .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29-12
Common Causes of Glass Breakage � Impurities

29.6 Numerical Examples for Breakage Analysis of Glass
Structure.. . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29-13

29.7 Failure Test of In-Service Glass .. .. . . . . . . . . . . . . . . . . . . . . . . . 29-13

29.8 Curved Glass Panel. .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29-15

29.9 Flexible Support for Full-Scale Mock-Up Test ... . . . . . 29-15

29.10 Conclusions .... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29-18

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29-18

0-8493-1569-7/05/$0.00+$1.50
# 2005 by CRC Press 29-1

Copyright 2005 by CRC Press



excess of 1.5 m2 are commonly used in commercial buildings to date. In practice, they are

structurally glazed with structural sealants, on the four sides or on two sides with the other two

edges clamped mechanically along the transoms. For shop fronts and entrances of prestigious

buildings, an unobstructed view and architectural appearance can normally be provided by using a

glass wall system. Generally speaking, their esthetic appearance is more appealing than that of to

other finishes.

When compared to other building materials such as concrete, steel, or even timber, glass receives

relatively less attention from the researcher and the engineer. The probable reason for the lack of

research in glass may be the perceptively moderate tendency for collapse when compared with other

materials. However, as glass structures have no allowance for plastic deformation, overloading will

— network formers

— network modifiers

FIGURE 29.1 Simplified two-dimensional representation of a glass network.
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FIGURE 29.2 Manufacturing processes of glass: (a) float glass, (b) plate glass, and (c) sheet glass.
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not be shed to other parts of a structure, and their breakage normally is without warning due to

their brittleness. The breakage will lead to casualties when debris falls onto the street from a high-

rise building. In the past two decades or so, it has been noted that glass structures are commonly

constructed in areas of high human exposure such as shopping arcades and city malls. The failure

of the structure may be catastrophic and cannot therefore be overlooked. Although the uses of

laminated and tempered glass can lower the chance of harmful damage, they may not be preferred

as they reduce the vision quality of glass.

The major reason for special care in the design of glass is that it has no ductility to allow moment or

force redistribution like steel and concrete frames. Further, the overdesign is costly. In Hong Kong, the

facade system normally takes a share from 15 to 20% of the total construction cost in a commercial

building. Obviously, the resources spent on research in glass are far less than for other materials like

concrete and steel. Although glass manufacturers provide design manuals for glass panels, many of these

are based on the linear theory [2], which is of inadequate accuracy under high wind pressure. The

American [3] and the Canadian [4] design codes of practice for glass require the consideration of

nonlinear effect when the glass plate deflection is large and of a magnitude more than three-fourths of its

thickness, which is very common in practice. In a general design of glass structures, the glass panel

exhibits considerable change in geometry, and an accurate analysis should allow for the geometrically

nonlinear effects in accordance with these design codes. Figure 29.3 shows the damage of buildings after

a typhoon attack.

Studies have shown that breakage of annealed glass is due to the tensile stress on the hairy cracks on the

surface of the panel, resulting in a serious stress concentration. Due to the difficulty in estimating the

density and the extent of these hairy cracks in all glass panels, the failure probability instead of direct

specification of failure load for a glass panel is usually used as a reference for safety of glass structures.

Generally speaking, the probability of failure (POF) of 8/1000 is acceptable for most purposes. In

congested areas, the POF should be further reduced.

In recent years, the extensive construction of high-rise buildings with curtain wall envelops in many

cities in China and Hong Kong has further highlighted the importance of conducting more research on

FIGURE 29.3 Damage of buildings after a typhoon attack.
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the safety of these structures. In fact, at the time of writing this chapter, use of glass curtain walling is

heavily criticized in China as a ‘‘hanging bomb.’’

29.2 Strength of Glass

In most structural applications of glass it is necessary for the components to sustain mechanical

stress. When a material is stressed, it deforms, and strains are created. At a low level of stress, most

materials obey Hook’s law, that is, strain is proportional to stress. While the stress level is high,

most materials deform plastically. Glass is a brittle material, which cannot accommodate this plastic

deformation but breaks without warning. The stress–strain curve in Figure 29.4 shows a perfect

linearity from zero strain to failure. The mechanical properties of glass as an engineering material

are tabulated in Table 29.1.

Generally speaking, it can be stated that the theoretical strength of a piece of glass is equal to about one

tenth of its modulus of elasticity [5]. Glass in compression is extremely strong. The compressive strength

can approach 10,000 MPa without breakage. However, glass in tension usually fails at stress levels less

than 100 MPa. It has been pointed out that the failure of glass [6] results from a tensile component of

stress. Nowadays, it is generally accepted that the failure of glass originates at surface flaws [7] at which

stresses are concentrated, as shown in Figure 29.5. Since basically no plastic flow is possible in glass, these

flaws lead to high stress concentrations when glass surface is in tension. Because of the random nature of

the flaws, a large variability in the strength of individual pieces of glass has been observed and reported [6].

Therefore, the failure strength of glass can only be expressed by means of a statistical analysis. Based on

these statistical results, we can only obtain a design value at which the risk of fracture of glass is

sufficiently low, but it provides no guarantee that the glass will survive under the design load level.
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Brittle fracture

Plastic deformation

FIGURE 29.4 Stress–Strain diagram.

TABLE 29.1 Mechanical Properties of Glass

E — Young’s modulus of elasticity 10.4� 106 psi or 7.2� 1010 N/m2

G — Modulus of rigidity 4.3� 106 psi or 3.0� 1010 N/m2

m — Poisson’s ratio 0.22

a — Coefficient of thermal expansion 88� 10�7/�C
r — Density 157 lb/ft3 or 2.5 g/cm3
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An important property of glass is that its strength depends on the duration of load [6] application and

on the environmental conditions. This concept is not familiar to engineers and architects. Basically, the

relationship between stress and time can be expressed as

snT ¼ constant ð29:1Þ

where s is the applied stress, while T is the duration of the stress, and n is a constant with a value between

12 and 20. Figure 29.6 illustrates the strength of glass against time. Since the duration of loading is

Water vapor(a)

(b)

(c)

Glass

Water vapor uniform
attack on the crack in
the absence of tensile stress

Preferential attack at the tip
of the crack under
tensile stress

FIGURE 29.5 Surface flaw: (a) two-dimensional model of flaw on glass surface, (b) attack of water vapor on the

crack, and (c) attack of water vapor on the crack under tensile stress.
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FIGURE 29.6 Glass strength and load duration.
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important in determining the failure load for a given glass panel, it is necessary to define the loadings

in a time-dependent form.

29.2.1 Types of Glass

From a structural point of view, there are several types of glass used in buildings. Their basic properties

are discussed as follows.

29.2.1.1 Tempered (Toughened) and Heat-Strengthened Glass

The fracture of glass is initiated from surface flaws. Therefore, the practical strength of glass may be

increased by introducing a local high compressive stress near its surfaces. This can be achieved by means

of thermal toughening in which the glass plate is heated to approximately 650�C, at which point it begins

to soften. Then, its outer surfaces deliberately are cooled rapidly by air blasts. The exterior layers are

quickly cooled and contracted. This creates a thin layer of high compressive stress at the surfaces, with a

region of tensile stress at the center of the glass. As illustrated in Figure 29.7, the stress distribution across

the thickness of a plate may be represented by a parabola. This parabolic stress distribution must also be

in self-equilibrium. However, the exact shape of this curve depends on the geometric shape of the glass

section and the physical properties of the particular glass composition used. The bending strength is

usually increased by a factor of 3 to 5 of the strength of annealed glass. Generally speaking, the nominal

breaking stress of the glass will be increased by an amount equal to the residual compressive stress
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FIGURE 29.7 Stress profiles: (a) annealed glass and (b) toughened glass.
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developed at the surface. When the toughened glass is broken, it fractures into small, harmless dice,

which result from multiple crack branching due to the release of elastic energy.

29.2.1.2 Annealed Glass

This refers to those glass panels without heat treatment. The permissible stress is taken approximately as

15 N/mm2. Sometimes we cannot avoid using annealed glass because of manufacturing difficulties such

as the glass panels being too large for heat treatment. Due to its small strength, annealed glass is weak in

thermal resistance. Partial shading causes annealed glass to fail by thermal stress. Very often, glass fins are

annealed.

29.2.1.3 Tinted Glass

Tinted glass or heat-absorbing glass is made by adding colorant to normal clear glass. Light transmit-

tance varies from 14 to 85%, depending on color and thickness. Because of this, the tinted glass is hot,

and heat-strengthened glass is normally used in making tinted glass.

29.2.1.4 Coated Glass

Coated glass is manufactured by placing layers of coating onto the glass surfaces. There are two types, the

solar control (reflective) and the low-emissivity (low-e) types. They are more related to energy absorption

and light transmission and only indirectly affect the structural strength by changing the thermal stress.

Because of this, for colored glass to prevent excessive thermal stress, at least heat-strengthened glass

should be used.

29.2.1.5 Wired Glass

Wired glass is made by introducing a steel mesh into molten glass during the rolling process. It is weak in

resisting thermal stress and therefore has a high rate of breakage due to sunlight, etc. Polished wired glass

is generally used for fire rating since after its breakage, it is stuck to the wire mesh and prevents passage of

smoke. However, it is weak in resisting thermal stress. Figure 29.8 shows the damaged wired glass panels

under sunlight.

FIGURE 29.8 Broken glass panel due to thermal stress.
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29.2.1.6 Laminated Glass

This is a very common form of glass formed by bonding two or more glass panes by interlayers like

polyvinyl butyral (PVB) or resin. The thickness of this interlayer is normally 0.38, 0.76, 1.52 mm, etc.

The major problem for laminated glass is the validity of composite action. Can we assume a composite

action, that is, an 8-þ 6-mm-thick laminated glass is equivalent to a 14-mm-thick glass? If not, does it

behave as two separated panes 8 mm and 6 mm thick?

The actual response for a laminated glass is somewhere between these two extremes. For short-

term load, the behavior is closer to composite assumption, while for long-term load, it behaves as

separated panes because of creeping effect in the interlayer. However, as the actual response is

dependent on the property of the interlayer, it may not be overgeneralized. One method is to use a

simple test to measure the deflection of the panel under a specific load and then compare this with

the deflection calculated by a finite element program. We can then adjust the equivalent thickness

in the program to give the same deflection so that we can determine the equivalent thickness of the

laminated glass pane and use it for economical and rational design. ASTM C1172 is a relevant

standard for further information and testing. Figure 29.9 shows the property of laminated glass

when broken.

29.3 Design of Glass

The linear deflection theory, which assumes that deflections are directly proportional to applied

load, is of sufficient accuracy for many engineering applications. However, for a thin glass plate

simply supported on four sides, the linear theory is invalidated when the deflection is larger than

three fourths of its thickness (Canadian code [4]). The typical load versus central deflection curve

for a glass panel is shown in Figure 29.10, and it can be seen that the linear theory is only valid in

a small loading range before deflection is significant. The use of the linear theory will result in a

deviation from the real solution as shown in Figure 29.10 for deflection and Figure 29.11 for stress.

In the linear theory, the location of maximum stress is predicted at the plate center. In fact, the

FIGURE 29.9 Laminated glass when it is broken.
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location of maximum stress changes with the load level and the aspect ratio of glass plate. This

change is illustrated in Figure 29.11. From the figure, it can be seen that the maximum principal

stresses at the corner and the center are more or less the same for aspect ratio equal to 1 and load

level equal to 0.1 kPa in the glass plate under consideration. When the load level is increased to

0.76 kPa, the maximum principal stress at the corner increases more rapidly than the stress at the

center. Thus, the maximum stress location is at the corner of the plate. On the other hand, the rate

of increase of the maximum principal stress at the center is much faster than the rate of increase of

the maximum principal stress at the corner for aspect ratio equal to 5. In this case, the maximum

stress is located at the center of the plate. As mentioned above, the failure of glass depends on the

stress state and surface flaws. Thus, there is a need to develop a numerical procedure to find out

the stresses at various locations of the glass plate under different load levels in order to determine

its load capacity in terms of probability of failure.
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FIGURE 29.10 Load vs. center deflection of a 4-side simply supported glass pane of 2000 mm� 1000 mm� 5.6 mm.

Glass type Canadiana/U.S.b Australianc U.K.d Chinesee

Load duration (s) 60 3 3 60

Load factor 1.5 — — 1.4

Annealed

(N/mm2)

20–25 (edge/center,

following similar)

20 41 for t	 6,

34.5 for t	 8,

28 for t	 10

28 for 5< t< 12

20 for 15< t< 19

Heat-strengthened

(N/mm2)

40–50 32 — —

Tempered (N/mm2) 80–100 50 59 84 for 5< t< 12

59 for 15< t< 19

a Canadian General Standards Board (1989), ‘‘Structural design of glass for buildings,’’ CAN/CGSB-12.20-M89. The first
one refers to center stress and the second one to edge stress.
b ASTM (1997), ‘‘Standard practice for determining minimum thickness and type of glass required to resist a specified
load,’’ E1300–97.
c Standards Australia (1994), ‘‘Glass in buildings — selection and installation.’’
d Pilkington Glass (see IStructE, Structural Use of Glass in Buildings, 1999).
e ‘‘Technical code for glass curtain wall engineering,’’ JGJ 102-96, 1996, Beijing, China.

Note: t¼ thickness of glass plate.
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The design load for glass is time-dependent. It is accepted worldwide that it should be based on the

1-min constant and uniform loads. However, for most applications of glass, load duration has little to no

effect on the long-term performance of glass. There are two common methods in the industry for

determining glass strength. The first is the empirical glass-to-destruction test method, and the second is

the analytical nondestructive computer method.

The empirical glass strength curves were developed from destructive test of glass plates to provide

factual data on glass strength. At least 25 glass panes each thickness and area were tested to produce

a statistical validity for the average breaking pressure under uniform load conditions. A typical design

chart produced from the results of testing glass-to-destruction is included in the appendix of the

ASTM Standard E300-84. The effect of aspect ratio of glass plate has not been indicated in this design

chart.

Nowadays, the advances in computer technology and the dramatic reductions in computer cost

make the computer method for determining glass strength more practical than previously. The finite

element method has made it possible to determine glass design data with various supporting systems

and loading cases effectively. The finite element method is adopted to calculate the magnitudes and

orientations of stress and deflections of the glass plate. The computer outputs are then used with
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FIGURE 29.11 Stress against aspect ratio at different load levels.
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a statistical or failure prediction model [8] to find out the glass breakage probabilities under the

design condition. Glass breaks when the maximum principal tensile stress reaches the critical value

determined by the failure prediction model, which is discussed in the subsequent section. Finite element

computer analysis indicates that as the aspect ratio of the glass plate changes, the levels and locations of

maximum tension stress are also varied. Thus, the method is more realistic in representing the glass

strength.

29.4 Failure Criterion

For commercial glass widely used in curtain wall systems, failure and breakage are due to the

stress concentrated at the invisible hairy crack on its surfaces. The failure stress of a piece of glass

is more dependent on the density of these hairy cracks than the theoretical breakage stress, which can

be as high as 10,000 MPa. Thus, a rational design failure stress is expressed in terms of the duration of

load (Weibull’s theory [9] for failure of brittle material). Treatment of glass to reduce surface tensile

stress and the area of the glass panel is being considered by glass manufacturers. As glass plates

are usually thin and undergo large displacements, the use of conventional thin plate linear

bending theory will yield erroneous results. Indeed, to accurately compute the maximum stress in

a panel for checking of stress against failure, the large deflection theory allowing for membrane

stress should be used. In the breakage analysis of glass panels, failure is assumed to occur

when the maximum tensile stress is equal to the breaking stress of the glass. For ductile material, the

yield strength can be accurately measured and, typically, varies over a narrow range. However, as

a brittle material, glass has no observable yield strength as other materials such as steel. Thus, the

failure of glass can only be represented by breakage stress, which is obtained from a statistical basis.

For tempered glass, the breakage stress is usually taken to be four times the failure stress for clear

float glass. For heat-strengthened glass, where the tempering process is lighter than for tempered

glass, the strength is twice that of annealed glass.

The Canadian Code has adopted the failure prediction model developed by Beason and Morgan [8].

The failure prediction model is based on the simplified formulation, which has been presented by Brown

[10] to model the glass strength with load duration. The resistance to failure of a surface flaw can be

expressed as follows:

Kf ¼
Z Tf

0

½sðTÞ�n dT ð29:2Þ

where T is the load duration and Kf is the resistance to failure of a surface flaw exposed to tensile stress

and water vapor. The nominal tensile stress, s(T), at the flaw is expressed as a function of time, and n is a

constant of which the value of the best fit, from experimental data, is found to be 16 (Dalgliesh and

Taylor [11]). The duration of the loading causing failure is expressed as Tf. The glass plate fails when Kf

reaches some critical values which depend on the flaw’s characteristics and stress state at the flaw. With

Equation 29.2, we can adjust the strength of glass for different load durations. In a computer analysis,

we can compute constant pressure causing glass breakage and relate this to failure pressure with different

load durations as follows:

P60 ¼ Pf
Tf

60

� �1=n

ð29:3Þ
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where P60 is the constant pressure causing failure of the panel in 60 s and Pf is the constant pressure

causing failure at a duration of Tf s.

The use of a design factor of 2.5 has been introduced to control the POF to 0.008. The POF can be

expressed in terms of Weibull distribution as follows:

POF ¼ 1� e�B ð29:4Þ

where B is a function that reflects the risk of failure and is given as

B ¼ A

A0

� �
Sm,p,r

S0

� �m

ð29:5Þ

where e is a natural number, A0 and S0 are the area and characteristic strength of the reference glass

panel, respectively and A and Sm,p,r are the area and characteristic strength of the glass panel, respectively.

Sm,p,r is a function of the Weibull parameter, m, pressure, p, and aspect ratio, r. Failure data for in-service

glass were collected (see Ref. [12]) and fitted to Equation 29.5. The fitted Weibull parameters m¼ 7 and

S0¼ 32.1 MPa are adopted in Canadian Code, and the reference area, A0, is equal to 1 m2.

29.5 Stress Evaluation and Common Causes of Breakages

The failure of glass is assumed when the principal tensile stress is equal to or greater than the char-

acteristic strength calculated in Equation 29.5. The bending stress is assumed to vary linearly across the

thickness of the plate, and the membrane stress is constant across the thickness of the plate. The total

stress is obtained by superimposing the bending and membrane stresses. The stress components at each

of the three nodes of the element are then used to calculate the principal stresses within the element. The

nodal stresses are averaged at nodes that are attached to more than one element.

29.5.1 Common Causes of Glass Breakage

The causes of breakage for glass can be due to (not in order of importance)

� Excessive stress from wind pressure or other loads.
� Thermal stress due to differential temperature on different parts of the pane (for 33�C, the thermal

stress is 20.7 N/mm2).
� Buckling due to large compression (e.g., glass rod and glass fins).
� Surface or edge damage.
� Deep scratches or gouges.
� Severe weld splatter.
� Windborne missiles (i.e., debris impact).
� Direct contact with metal (e.g., window aluminum frame).
� Impurities like nickel sulfide (NiS).
� Excessive deflection bringing glass in contact with other hard objects.

29.5.2 Impurities

One big disadvantage in using tempered glass is the problem of spontaneous breakage due to impurities

like NiS. NiS is formed when nickel-rich contaminants like nichrome wire and stainless steel are

unavoidably introduced into the glass melting furnace, and when they are mixed with sulfur, NiS is

formed. They are harmless in annealed or heat-strengthened glass since the induced stress cannot break

the tensile failure stress of glass but causes instantaneous breakage when they are located at the tension

zone of tempered glass and expand with temperature and time. For surface stress less than 52 N/mm2,

NiS is not a problem since its expansion, together with the tensile prestress, cannot generate a breaking

stress higher than the failure tension stress of the glass. Therefore, using heat-strengthened glass is

a means of solving the problem of NiS. Heat-soaking test is a procedure to break the glass panels
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containing NiS in the factory rather than after installation. The time and temperature are important in

heat-soaking, and their requirement varies from one country to another. Figure 29.12 shows a picture of

glass breakage due to NiS, which is signified by the origin as a pair of butterfly wings.

29.6 Numerical Examples for Breakage Analysis of
Glass Structure

Any numerical or analytical method must first be tested and validated before it can be actually used. The

limitations and scopes of the method must be clearly investigated and defined. This chapter presents a

verification study on the application of the developed finite element method for several nonlinear pro-

blems for glass structures. The accuracy of the developed method is then compared with the available

solution.

The first example is to compare the results of in-service glass obtained by the Institute for Research in

Construction (IRC) [12]. Totally, 47 pieces of in-service glasses obtained from the University of Ottawa’s

Thompson Residence tested to failure. The second example is the simulation of a curved glass panel

under positive and negative wind load. Curved glass panels are frequently used in the construction of

observation lift cladding or the exterior staircase of modern prestigious buildings. The third and fourth

examples are concerned with glass fin systems that are widely used in shop fronts and entrances of

buildings. Two examples of elastic supports are presented that visualize the effects of out-of-plane and

in-plane stiffnesses of sealants on the stress distribution within the loaded glass plate. Finally, the results

of the simulation of flexible support are compared with a full-scale mock-up test.

29.7 Failure Test of In-Service Glass

The strengths of new glass and in-service glass differ considerably. While the design of glass panels is

mostly based on new glass, the actual failure load of in-service glass is of greater interest when one

considers safety during the service life of a building.

FIGURE 29.12 Glass breakage due to nickel sulfide.
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In this example, the testing results obtained by the IRC of the National Research Council of Canada for

47 in-service window glasses removed from the University of Ottawa’s Thompson Residence in 1986

were compared.

The breaking stress of glass is determined by Equations 29.4 and 29.5 with the characteristic

strength equal to 32.1 MPa, probability of failure equal to 0.008, reference area, A0, equal to 1 m2,

and the Weibull parameter, m, equal to 7 as recommended by the Canadian Code. It is generally

believed that in-service time reduces the breakage stress of a glass panel due to the increased density

TABLE 29.2 Test Results of In-Service Glass (Mean¼ 2.51, Standard Deviation¼ 0.62)

No. P60 (kPa) Thickness (mm) X (mm) Y (mm) NAShell Ratio

1 2.84 4.10 1300 905 1.73 1.64

2 4.57 4.00 1300 905 1.73 2.64

3 2.26 4.10 1300 905 1.73 1.30

4 5.27 4.00 1300 905 1.73 3.04

5 4.47 4.05 1300 905 1.73 2.58

6 4.10 4.00 1300 905 1.73 2.37

7 5.62 4.07 1298 897 1.73 3.24

8 4.12 3.90 1300 930 1.73 2.38

9 5.29 4.00 1300 929 1.73 3.05

10 5.01 4.00 1300 930 1.73 2.89

11 4.47 3.93 1300 928 1.73 2.58

12 5.75 3.95 1300 925 1.73 3.32

13 3.66 3.84 1300 925 1.73 2.11

14 5.39 3.90 1300 924 1.73 3.11

15 4.79 3.95 1300 925 1.73 2.76

16 5.70 3.88 1300 930 1.73 3.29

17 5.73 4.04 1300 925 1.73 3.31

18 6.08 3.93 1300 900 1.73 3.51

19 4.58 3.90 1300 900 1.73 2.64

20 4.77 4.09 1300 900 1.73 2.75

21 5.16 4.01 1300 895 1.73 2.98

22 2.92 4.00 1300 900 1.73 1.68

23 3.38 3.97 1300 899 1.73 1.95

24 5.14 3.86 1300 930 1.73 2.97

25 5.54 4.00 1300 900 1.73 3.20

26 6.18 3.96 1300 975 1.70 3.65

27 5.04 4.00 1300 975 1.70 2.97

28 5.03 3.96 1300 975 1.70 2.97

29 4.04 3.96 1300 975 1.70 2.38

30 5.02 3.91 1300 975 1.70 2.96

31 2.19 3.83 1340 916 1.66 1.32

32 2.46 3.77 1340 916 1.66 1.48

33 2.54 3.69 1340 916 1.58 1.61

34 3.75 3.75 1342 916 1.66 2.26

35 2.73 4.00 1357 1300 1.43 1.91

36 3.11 4.05 1356 1300 1.43 2.17

37 3.11 3.93 1356 1300 1.36 2.29

38 4.64 4.01 1358 1300 1.43 3.24

39 4.83 4.81 1358 1300 1.81 2.67

40 2.66 3.80 1374 1342 1.21 2.21

41 1.86 3.83 1374 1342 1.21 1.54

42 3.01 4.05 1300 1062 1.81 1.66

43 3.27 3.94 1300 1062 1.66 1.97

44 4.27 4.04 1300 1065 1.73 2.46

45 4.51 3.86 1300 1065 1.66 2.72

46 3.98 3.87 1300 1065 1.66 2.40

47 3.08 3.74 1300 1065 1.58 1.95
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of hairy cracks on glass surfaces in the course of resisting wind loads and also when subjected to

natural or man-made scratches.

The equivalent 60-s pressure of the testing results and output by NAShell [13] are tabulated in

Table 29.2. The average ratio of failure load to the predicted breaking load by NAShell is 2.51. This ratio

is considered to be in a reasonable range because the failure stress used in NAShell has included the

probability of failure of 8/1000. Not a single sample has a failure load lowered than the predicted load,

indicating the reliability of the suggested method in the design of in-service glass panels.

The standard deviation, however, for the failure loads is quite large and is equal to 0.62. This

demonstrates the variability of glass strength in practice and also that the nature and behavior of glass

strength can only be represented as a probability of failure.

29.8 Curved Glass Panel

In this example, a curved glass panel with base or projected dimension of 1500 mm� 1500 mm,

radius of 1500 mm, Young’s modulus of 70,000 MPa, Poisson’s ratio of 0.22 and thickness of 8 mm,

and under uniform lateral load is analyzed (see Figure 29.13). The longitudinal boundaries are

hinged and immovable, while the curved edges are restrained in the longitudinal direction. Due to

symmetry, only a quarter of the panel is analyzed with mesh size of 10� 10. In Figure 29.14, we

can see the load–deflection path at the plate center and the failure loads for annealed glass and

tempered glass under positive and negative pressure. Failure is assumed when the maximum

principal tensile stress reaches the characteristic strength of 14.25 MPa, which is calculated from

Equations 29.4 and 29.5. For tempered glass, the failure stress is assumed to be four times the value

for annealed glass [12].

From the figures, it can be seen that the failure pressure ratio for annealed and tempered glasses is the

same as the ratio of their stresses where the geometrical change is not significant. However, for com-

pressive load case, the failure pressure ratio for annealed to tempered glasses may not be equal to the

ratio of their failure stresses. This is due to the large change in geometry resulting in the nonlinearity

between the stress and the load.

29.9 Flexible Support for Full-Scale Mock-Up Test

In this example, the results obtained from a full-scale curtain wall test were compared with the

numerical results obtained from the computer program NAShell. In this analysis, the mullions and

R = 1500 mm
L = 1500 mm
E = 71,000 MPa
� =  0.22
h = 8 mm
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FIGURE 29.13 Layout and properties of curved glass panel.
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transoms were modeled by beam element. The size of the glass panel is 1200 mm� 1800 mm� 10 mm

(47.25 in.� 70.9 in.� 0.4 in.). The mullions and transoms are aluminum rectangular hollow sections

of size 45 mm� 100 mm� 3 mm. The details of the section profile and layout are shown in

Figure 29.15. The curtain wall is subjected to a lateral uniform pressure of 3.85 kPa (0.56 psi). Young’s

modulus of glass is taken as 71,700 MPa (10.4� 106 psi) and Poisson’s ratio, as 0.22. Young’s

modulus of aluminum is 70,000 MPa.

This problem is aimed to investigate the influence of mullion and transom flexibility to the glass

strength. Structural members supporting glass panels are normally supported by brackets to concrete

slab or spandrel. Due to the high cost of aluminum and its small Young’s modulus of elasticity of about

one third that of steel, the members are generally flexible, so that deflection is commonly a design

criterion. In practice, a span of 1
175

is the tolerance since it is believed that a large deflection in mullion or

transom will create a stress pattern on glass that is different from the assumed rigid support case.

This example is aimed to investigate the effect of flexible support due to flexibility in structural

members, which, to our knowledge, was not studied previously, though a limiting value of 1
175

of span is

recommended in the Canadian Code of Practice [12].
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FIGURE 29.14 Load–deflection path of the curved glass at the center: (a) positive pressure and (b) negative pressure.
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From Table 29.3, we can see that we have underestimated the glass deflection of the glass plate if we

consider that the glass plate is fixed support (in rotation and translation) or even simply support

(restrained only in translation). The actual deflection of the glass is about double in the case of

fixed support and about 1.4 times in the case of simply support. On the other hand, we observe that

the deflections obtained by NAShell are close to those in the mock-up test, and the errors in the

prediction of deflections are acceptable in engineering practice. The underestimation of deflection would

FIGURE 29.15 Layout of the tested full-scale sample.

TABLE 29.3 Flexible Supports

Central deflection

of glass (mm)

Midpoint deflection

of mullion (mm)

Midpoint deflection

of transom (mm)

Full-scale mock-up test 12.84 7.45 1.43

NAShell 12.14 (94.55%) 7.36 (98.79%) 1.36 (95.10%)

Built-in fixed supporta 6.15 (47.90%) N/A N/A

Roller simply supportb 8.99 (70.02%) N/A N/A

a Lateral deflection and rotation are fixed.
b Lateral deflection is fixed but free to rotate.

Note: Values in parentheses refer to the ratio of the deflections to the measured deflections in the test.
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probably increase the chance of contact with hard objects such as a concrete wall behind the glass and

hence increase the failure rate. Deflection limit for serviceability requirement is normally taken as one-

sixtyth of shorter span.

29.10 Conclusions

The concept and method for design and analysis of glass panels is described in this chapter. The validity

of the finite element formulation has been demonstrated for flat and curved panels with in-plane edge

support flexibility. All these problems are related to the practical design of the glass system. Further,

a summary of possible causes of breakage for glass panels is presented. It can be seen that, with a proper

design and analysis method and methods of installation, glass structures can be designed to meet the

safety and serviceability requirements.

References

[1] Zachariasen, W.H. and Warren, B.E., The atomic arrangement in glass, J. Am. Chem. Soc., Vol. 54,

pp. 3841–3851, 1932.

[2] Libbey-Owens-Ford Co., Technical Information — Strength of Glass under Wind Loads, ATS-109,

Toledo, OH, 1980.

[3] ASTM Standard E1300-89, Standard Practice for Determining the Minimum Thickness of Annealed

Glass Required to Resist a Specified Load, 1989.

[4] National Standard of Canada, Structural Design of Glass for Buildings, CAN/CGSB-12.20-M89,

Canadian General Standards Board, 1989.

[5] Scholze, H., Glass — Nature, Structure, and Properties, Springer-Verlag, New York, 1990 (translated

by M.J. Lakin).

[6] Shand, E.B., Glass Engineering Handbook, McGraw-Hill, New York, 3rd edition, 1984.

[7] Griffith, A.A., The phenomena of rupture and flows in solids, Trans. R. Soc., Ser. A, Vol. 221,

pp. 163–198, 1921.

[8] Beason, W.L. and Morgan, J.R., Glass failure prediction model, J. Struct. Eng., ASCE, Vol. 110, No. 2,

pp. 197–212, 1984.

[9] Weibull, W., A Statistical Theory of the Strength of Materials, Royal Swedish Institute for Engi-

neering Research, Stockholm, Sweden, 1939.

[10] Brown, W.G., A practicable formulation for the strength of glass and its special application to large

plates, Publication No. NRC 14372, National Research Council of Canada, Ottawa, Ontario,

Canada, 1974.

[11] Dalgliesh, W.A. and Taylor, D.A., The strength and testing of window glass, Can. J. Civ. Eng., Vol. 17,

pp. 752–762, 1990.

[12] National Standard of Canada, Structural Design of Glass for Buildings, CAN/CGSB-12.20-M89,

Canadian General Standards Board, 1989.

[13] So, A.K.W. and Chan, S.L., ‘‘NASHELL’’, Computer program for geometrically nonlinear analysis of

glass panels, User’s Manual, 1995.

29-18 Handbook of Structural Engineering

Copyright 2005 by CRC Press



VI
Special Topics

Copyright 2005 by CRC Press



30
Welded Tubular

Connections — CHS
Trusses

30.1 Introduction

Truss connections in circular hollow sections (CHS) present unique design challenges. This chapter

discusses the following elements of the subject: Architecture, Characteristics of Tubular Connections,

Nomenclature, Failure Modes, Reserve Strength, Empirical Formulations, Design Charts, Application,

and Summary and Conclusions.

30.2 Architecture

Architecture is defined as the art and science of designing and successfully executing structures in

accordance with aesthetic considerations and the laws of physics, as well as practical and material

considerations. Where tubular structures are exposed for dramatic effect, it is often disappointing to see

grand concepts fail in execution due to problems in the structural connections of tubes. Such ‘‘failures’’

range from awkward ugly detailing, to learning curve problems during fabrication, to excessive

deflections or even collapse. Such failures are unnecessary, as the art and science of welded tubular

connections has been codified in the American Welding Society (AWS) Structural Welding Code [1]. The

AWS design criteria have also been incorporated into the American Institute of Steel Construction

(AISC) Specification for the design of steel hollow structural sections [2].

Peter W. Marshall
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Houston, TX
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A well-engineered structure requires that a number of factors be in reasonable balance. Factors to be

considered in relation to economics and risk in the design of welded tubular structures and their

connections include (1) static strength, (2) fatigue resistance, (3) fracture control, and (4) weldability.

Static strength considerations are so important that they often dictate the very architecture and layout of

the structure; certainly, they dominate the design process and are the focus of this chapter. Many of the

other factors also require early attention in design, and it is of benefit to set up quality control/quality

assurance programs during construction; these are discussed further in sections of the Code dealing with

materials, welding technique, qualification, and inspection.

The designer of record is responsible for structural connections and should not attempt to abdicate his

responsibility by placing a ‘‘Truss Note’’ on the drawings such as ‘‘All welded truss connections shall

develop the full axial capacity of each member at a stress of 0.6Fy.’’ The fabricator might simply provide

matching weld sizes and let it go at that.

30.3 Characteristics of Tubular Connections

Tubular members benefit from an efficient distribution of their material, particularly in regard to

beam bending or column buckling about multiple axes. However, their resistance to concentrated

radial load is more problematic. For architecturally exposed applications, the clean lines of a closed

section are esthetically pleasing, and they minimize the amount of surface area for dirt, corrosion, or

other fouling. Simple welded tubular joints can extend these clean lines to include the structural

connections.

Although many different schemes for stiffening tubular connections have been devised [3], the most

practical connection is made by simply welding the branch member to the outside surface of the main

member (or chord). Where the main member is relatively compact (D/T less than 15 or 20), the branch

member thickness is limited to 50 or 60% of the main member thickness, and a prequalified weld detail

is used, the connection can develop the full static capacity of the members joined. Where the foregoing

conditions are not met, for example, with large-diameter tubes, a short length of heavier material (or

joint can) is inserted into the chord to locally reinforce the connection area. Here, the design problem

reduces to one of selecting the right combination of thickness, yield strength, and notch toughness for

the chord or joint can. Sometimes the entire chord of a truss is sized to satisfy connection requirements.

The detailed considerations involved in this design process are the subject of this chapter.

30.4 Nomenclature

Nondimensional parameters for describing the geometry of a tubular connection are given in the

following list. Beta, eta, theta, and zeta describes the surface topology. Gamma and tau are two very

important thickness parameters. Alpha (not shown) is an ovalizing parameter, depending on load

pattern (it was formerly used for span length in beams loaded via tee connections).

b (beta) d/D, branch diameter/main diameter

Z (eta) branch footprint length/main diameter

y (theta) angle between branch and main member axis

z (zeta) g/D, gap/diameter (between balancing branches of a K connection)

g (gamma) R/T, main member radius/thickness ratio

t (tau) t/T, branch thickness/main thickness

In AWS D1.1 [1], the term ‘‘T-, Y-, and K connection’’ is used generically to describe simple structural

connections or nodes, as opposed to coaxial butt and lap joints. A letter of the alphabet (T, Y, K, X) is

used to evoke a picture of what the node subassemblage looks like.
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30.5 Failure Modes

A number of unique failure modes are possible in tubular connections. In addition to the usual checks

on weld size, provided for in most design codes, the designer must check for the following failure modes,

listed together with the relevant AWS and AISC Code sections.

AWS AISC

Local failure (punching shear) 2.24.1.1 9.4 ¶2

General collapse 2.24.1.2 9.4 ¶2.6.3

Unzipping (progressive weld failure) 2.24.1.3 Ref. to AWS

Materials problems 2.26 —

Fracture C4.12.4.4 —

Delamination C2.6.3 —

Fatigue 2.36.6 —

30.5.1 Local Failure

AWS design criteria for this failure mode have traditionally been formulated in terms of punching shear.

The main member acts as a cylindrical shell in resisting the concentrated radial line loads (force/length,

e.g., kip/in.) delivered to it at the branch member footprint. Although the resulting localized shell

stresses in the main member are quite complex, a simplified, but still quite useful, representation can be

given in terms of punching shear stress, vp:

acting vp ¼ fnt sin y ð30:1Þ

where fn is the nominal stress at the end of the branch member, either axial or bending, which is

treated separately. Punching shear is the notional stress on the potential failure surface, as illustrated in

Figure 30.1. The overriding importance of chord thickness is reflected in tau, while sin y indicates that it

is the radial component of load that causes all the mischief.

Main member

Branch
member

Punching
shear
stress vp

�

FIGURE 30.1 Local failure mode and punching shear vp.
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The allowable punching shear stress is given in the AWS Code as

allowable vp ¼
Fy0

0:6g
� Qq � Qf ð30:2Þ

We see that the allowable punching shear stress is primarily a function of main member yield strength

(Fy0) and gamma ratio (main member radius/thickness), with some trailing terms that tend toward

unity. The term Qq reflects the considerable influence of connection type, geometry, and load pattern,

while interactions between branch and chord loads are covered by the reduction factor Qf.

Interactions between brace axial load and bending moments are treated analogous to those for a fully

plastic section.

Since 1992, the AWS Code also includes tubular connection design criteria in total load ultimate

strength format, compatible with a load and resistance factor design (LRFD) design code formulation.

This was derived from and is roughly equivalent to the original punching shear criteria and is the format

adopted by AISC.

30.5.2 General Collapse

In addition to local failure of the main member in the vicinity of the branch member, a more widespread

mode of collapse may occur, for example, general ovalizing plastic failure in the cylindrical shell of

the main member. To a large extent, this is now covered by strength criteria that are specialized by

connection type and load pattern, as reflected in the Qq factor.

For balanced K connections, the inward radial loads from one branch member is compensated by

outward loads on the other, ovalizing is minimized, and capacity approaches the local punching shear

limit. For T and Y connections, the radial load from the single branch member is reacted by beam shear

in the main member or chord, and the resulting ovalizing leads to lower capacity. For cross- or

X-connections, the load from one branch is reacted by the opposite branch, and the resulting double

dose of ovalizing in the main member leads to still further reductions in capacity. The Qq term also

reflects reduced ovalizing and increased capacity, as the branch member diameter approaches that of

the main member.

Thus, for design purposes, tubular connections are classified according to their configuration (T, Y, K,

X, etc.). For these ‘‘alphabet’’ connections, different design strength formulae are often applied to each

different type. Until recently, the research, testing, and analysis leading to these criteria dealt only with

connections having their members in a single plane, as in a roof truss or girder.

Many tubular space frames have bracing in multiple planes. For some loading conditions, these

different planes interact. When they do, criteria for the ‘‘alphabet’’ joints are no longer satisfactory. In

AWS, an ‘‘ovalizing parameter’’ (alpha, D1.1 Annex L) may be used to estimate the beneficial or

deleterious effect of various branch member loading combinations on main member ovalizing. This

reproduces the trend of increasingly severe ovalizing in going from K to T/Y to X connections and has

been shown to provide useful guidance in a number of more adverse planar (e.g., all-tension double-K

[4]) and multiplanar (e.g., hub) situations. However, for similarly loaded members in adjacent planes,

for example, paired KK connections in delta trusses, data from Japan indicate that no increase in

capacity over the corresponding uniplanar connections should be undertaken [5].

The effect of a short joint can (less than 2.5 diameters) in reducing the ovalizing or crushing capacity

of cross-connections is addressed in AWS Section 2.24.1.2(2). Since ovalizing is less severe in K

connections, the rule of thumb is that the joint can need only extend 0.25 to 0.4 diameters beyond the

branch member footprints to avoid a short-can penalty. Intermediate behavior would apply to T/Y

connections.

A more exhaustive discussion would also consider the following modes of general collapse in addition

to ovalizing: beam bending of the chord (in T-connection tests), beam shear (in the gap of K con-

nections), transverse crippling of the main member sidewall, and local buckling due to uneven load

transfer (either brace or chord). These are illustrated in Figure 30.2.
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30.5.3 Unzipping or Progressive Failure

The initial elastic distribution of load transfer across the weld in a tubular connection is highly

nonuniform, as illustrated in Figure 30.3, with the peak line load often being a factor of 2 higher than

that indicated on the basis of nominal sections, geometry, and statics. Some local yielding is required for

tubular connections to redistribute this and reach their design capacity. If the weld is a weak link in the

system, it may ‘‘unzip’’ before this redistribution can happen. Criteria given in the AWS Code are

intended to prevent this unzipping, taking advantage of the higher reserve strength in weld allowable

stresses than is the norm elsewhere. For traditional mild steel tubes (not multigrade material of higher

actual strength) and overmatched E70 weld metal, a weld effective throat as small as 70% of the branch

member thickness has been permitted. Other codes and design situations require effective throats of

100 or 110%.

(a)

(c)

(e)

(b)

(d)

P

P
2

Plastic hinges
or lines of yielding
required to produce
a failure mechanism

P

P
2

P
2

P
2

FIGURE 30.2 Failure modes — general collapse: (a) ovalizing, (b) beam bending, (c) beam shear in the gap,

(d) sidewall (web) crippling, and (e) local buckling due to uneven distribution of axial load.
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30.5.4 Materials Problems

Most fracture control problems in tubular structures occur in the welded tubular connections, or nodes.

These require plastic deformation to reach their design capacity. Fatigue and fracture problems for many

different node geometries are brought into a common focus by use of the ‘‘hot spot’’ stress, as would be

measured by a strain gauge, adjacent to and perpendicular to the toe of the weld joining branch to main

member, in the worst region of localized plastic deformation (usually in the chord). Hot spot stress has

the advantage of placing many different connection geometries on a common basis with regard to fatigue

and fracture.

Charpy impact testing is a method for qualitative assessment of material toughness. The method has

been, and continues to be, a reasonable measure of fracture safety when employed with a definitive

program of nondestructive testing to eliminate weld area flaws. The AWS recommendations for material

selection (C2.26.2.2) and weld metal impact testing (C4.12.4.4) are based on practices that have provided

satisfactory fracture experience in offshore structures located in moderate temperature environments,

that is, 40�F (þ5�C) water and 14�F (�10�C) air exposure. For environments that are either more or less

hostile, impact testing temperatures should be reconsidered based on the lowest anticipated service

temperature (LAST).

In addition to weld metal toughness, consideration should be given to controlling the properties of the

heat affected zone (HAZ). Although the heat cycle of welding sometimes improves hot rolled base metals of

low toughness, this region will more often have degraded toughness properties. A number of early failures

in welded tubular connections involved fractures that either initiated in or propagated through the HAZ,

often obscuring the identification of other design deficiencies, for example, inadequate static strength.

A more rigorous approach to fatigue and fracture problems in welded tubular connections has been

taken by using fracture mechanics [6]. The crack tip opening displacement (CTOD) test is used to

characterize materials that are tough enough to undergo some plasticity before fracture.

Underneath the branch member footprint, the main member is subjected to stresses in the thru-

thickness or short transverse direction. Where these stresses are tensile, due to weld shrinkage or applied

loading, delamination may occur — either by opening up preexisting laminations or by laminar tearing

in which microscopic inclusions link up to give a fracture having a woody appearance, usually in or

near the HAZ. These problems are addressed in API joint can steel specifications 2H, 2W, and 2Y.

Preexisting laminations are detected with ultrasonic testing. Microscopic inclusions are prevented by

restricting sulfur to very low levels (<60 ppm) and by inclusion of shape control metallurgy in the steel-

making ladle. As a practical matter, weldments that survive the weld shrinkage phase usually perform

satisfactorily in ordinary service.

FIGURE 30.3 Uneven distribution of load across the weld.
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Joint can steel specifications also seek to enhance weldability with limitations on carbon and other

alloying elements, as expressed by carbon equivalent or Pcm formulae. Such controls are increasingly

important as residual elements accumulate in steel made from scrap. In AWS Appendix XI [1], the

preheat required to avoid HAZ cracking is related to the carbon equivalent, base metal thickness,

hydrogen level (from welding consumables), and degree of restraint.

30.5.5 Fatigue

This failure mode has been observed in tubular joints in offshore platforms, dragline booms, drilling

derricks, radio masts, crane runways, and bridges. The nominal stress, or detail classification approach,

used for nontubular structures fails to recognize the wide range of connection efficiencies and stress

concentration factors that can occur in tubular structures. Thus, fatigue design criteria based on either

punching shear or hot spot stress appear in the AWS Code. The subject is also summarized in recent

papers on tubular offshore structures [7,8].

30.6 Reserve Strength

While the elastic behavior of tubular joints is well predicted by shell theory and finite element analysis,

there is considerable reserve strength beyond theoretical yielding due to triaxiality, plasticity, large

deflection effects, and load redistribution. Practical design criteria make use of this reserve strength,

placing considerable demands on the notch toughness of joint can materials. Through joint classification

(API) or an ovalizing parameter (AWS), they incorporate elements of general collapse as well as local

failure. The resulting criteria may be compared against the supporting database of test results to ferret

out bias and uncertainty as measures of structural reliability. Data for K, T/Y, and X joints in

compression show a bias on the safe side of 1.35, beyond the nominal safety factor of 1.8, as shown in

Figure 30.4. Tension joints appear to show a larger bias of 2.85; however, this reduces to 2.05 for joints over

0.12 in. thick and 1.22 for joints over 0.5 in., suggesting a thickness effect for tests that end in fracture.

For overload analysis of tubular structures (e.g., earthquake), we need not only ultimate strength but

also the load–deflection behavior. Early tests showed ultimate deflections of 0.03 to 0.07 chord dia-

meters, giving a typical ductility of 0.10 diameters for a brace with weak joints at both ends. As more

different types of joints were tested, a wider variety of load–deflection behaviors emerged, making such

generalizations tenuous.

Cyclic overload raises additional considerations. One issue is whether the joint will experience a

ratcheting or progressive collapse failure or will achieve stable behavior with plasticity contained at local

hotshots, a process called ‘‘shakedown’’ (as in shakedown cruise). Tubular connections have withstood

60 to several hundred repetitions of plastic strain at loads in excess of their nominal capacity. A con-

servative analytical treatment is to extend the hot spot S–N design curve into the low-cycle range as strain.

When tubular joints and members are incorporated into a space frame, the question arises as to

whether computed bending moments are primary (i.e., necessary for structural stability, as in a sidesway

portal situation, and must be designed for) or secondary (i.e., an unwanted side effect of deflection,

which may be safely ignored or reduced). When proportional loading is imposed, with both axial load

and bending moment being maintained regardless of deflection, the joint simply fails when it reaches its

failure envelope. However, when moments are due to imposed lateral deflection, and then axial load is

imposed, the load path skirts along the failure envelope, shedding the moment and sustaining further

increases in axial load.

Another area of interaction between joint behavior and frame action is the influence of brace bending or

rotation on the strength of gap K connections. If rotation is prevented, bending moments develop that

permit the gap region to transfer additional load. If the loads remain strictly axial, brace end rotation

occurs in the absence of restraining moments, and a lower joint capacity is found. These problems arise for

circular tubes as well as box connections, and a recent trend has been to conduct joint-in-frame tests to

achieve a realistic balance between the two limiting conditions. Loads that maintain their original direction
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(as in an inelastic finite element analysis) or, worse yet, follow the deflection (as in testing arrangements

with a two-hinge jack) result in a plastic instability of the compression brace stub as a column, which

grossly understates the actual joint strength. Existing databases may need to be screened for this problem.

30.7 Empirical Formulations

Because of the foregoing reserve strength issues, AWS design criteria have been derived from a database

of ultimate strength tubular joint tests. Comparison with the database (Figure 30.4) indicates a safety

index of 3.6 against known static loads for the AWS punching shear criteria.

Safety index is the safety margin, including hidden bias, expressed in standard deviations of total

uncertainty. Since these criteria are used to select the main member chord or joint can, the choice of

safety index is similar to that used for sizing other structural members, rather than the higher safety

margins used for workmanship-sensitive connection items such as welds or bolts.

When the ultimate axial load is used in the context of AISC-LRFD, with a resistance factor of 0.8, AWS

ultimate strength is nominally equivalent to punching shear allowable stress design (ASD) for structures

having 40% dead load and 60% live load. LRFD falls on the safe side of ASD for structures having a lower
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FIGURE 30.4 Comparison of AWS design criteria with the WRC database.
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proportion of dead load. AISC criteria for tension and compression members appear to have made the

equivalency trade-off at 25% dead load; thus, the LRFD criteria given by AWS would appear to be

conservative for a larger part of the population of structures. In Canada, using these resistance factors

with slightly different load factors, a 4.2% difference in overall safety factor results — within calibration

accuracy [9].

30.8 Design Charts

Research, testing, and applications have progressed to the point where tubular connections are about as

reliable as the other structural elements with which designers deal. One of the principal barriers to more

widespread use seems to be unfamiliarity. To alleviate this problem, design charts for connections of

circular tubes have been presented by Marshall [10]. Packer’s original charts for square and rectangular

tubes appear in the AISC Manual.

The capacity of simple, direct, welded, tubular connections are given in terms of punching shear

efficiency, Ev, where

Ev ¼
allowable punching shear stress

main member allowable tension stress
ð30:3Þ

Charts for punching shear efficiency for axial load, in-plane bending, and out-of-plane bending appear

as Figure 30.5 to Figure 30.9. Note that for axial load, separate charts are given for K connections, T/Y

connections, and X connections, reflecting their different load patterns and different values of the

ovalizing parameter (alpha). Within each connection or load type, punching shear efficiency is a function

of the geometry parameters, diameter ratio (beta), and chord radius or thickness (gamma), as defined

earlier. For K connections, the gap, g, between braces (of diameter d ) is also significant, with the behavior

reverting to that of T/Y connections for a very large gap. Punching shear efficiency cannot exceed a value

of 0.4Fyo/0.6Fy¼ 0.67, the material limit for shear.
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30.8.1 Joint Efficiency

The importance of branch/chord thickness ratio tau (t/T ) and of angle (sin y) becomes apparent in the

expression for joint efficiency, Ej, given by

Ej ¼
Ev � Qf

ðt=TÞ sin y
� FyoðchordÞ

FyðbranchÞ ð30:4Þ

where Qf is the derating factor to account for chord utilization (described in Section 30.8.2), and the

ratio of specified minimum yield strengths Fyo/Fy drops out if chord and branch are of the same material.

In LRFD, joint efficiency is the characteristic ultimate capacity of the tubular connection, as a fraction of

the branch member yield capacity. In ASD, joint efficiency is the branch member nominal stress (as

a fraction of tension allowable) at which the tubular connection reaches its allowable punching shear.

Connections with 100% joint efficiency develop the full yield capacity of the attached branch member, in

either design format.
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30.8.2 Derating Factor

In most structures, the main member (chord) at tubular connections must do double duty, carrying

loads of its own (axial stress fa and bending fb) in addition to the localized loadings (punching shear)

imposed by the branch members. Interaction between these two causes a reduction in the punching

shear capacity, as reflected in the Qf derating factor, shown in Figure 30.10.

In-plane bending experiences the most severe interaction, as localized shell bending stresses at the

tubular intersection are in the same direction and directly additive to the chord’s own nominal

stresses over a large part of the cross-section. For chords with very high R/T (gamma) and high

nominal compressive stresses, buckling tendencies further reduce the capacity for localized shell stresses.
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Out-of-plane bending is less vulnerable to both these sources of interaction, as high shell stresses only

occupy a localized part of the cross-section and are transverse to P–D effects. Axially loaded connections

of the types tested thus far exhibit intermediate behavior (although the gap region in K connections

might be expected to behave more like in-plane bending).

30.9 Application

What follows is a step-by-step design procedure for simple tubular trusses, applying the charts presented

in the foregoing section:

Step 1. Lay out the truss and calculate member forces using statically determinate pin-end

assumptions. Flexibility of the connections results in secondary bending moments being

lower than those given by typical rigid-joint computer frame analyses.

Step 2. Select members to carry these axial loads, using the appropriate governing design code, for

example, AISC. While doing this, consider the architecture of the connections along the

following guidelines:

A. Keep compact members, with especially low D/T for the main member (chord).

B. Keep branch/main thickness ratio (tau) less than unity, preferably about 0.5.

C. Select branch members to aim for large beta (branch/main diameter ratio), subject to

avoidance of large eccentricity moments.

D. In K connections, use a minimum gap of 2 in. between the braces for welding access. For

small tubes, this may be reduced to 20% of the branch member diameter. Connection

eccentricities up to 25% of the chord diameter may be used to accomplish this. Reconsider

truss layout if this gets awkward.

Step 3. Calculate and distribute eccentricity moments and moments due to loads applied in-between

panel points. These are not secondary moments and must be provided for. They may be

allocated entirely to the chord, for connection eccentricities less than 25% of the chord

diameter, but should be distributed to both chord and braces for larger eccentricities, portal

frames, or Vierendeel-type trusses. Recheck members for these moments and resize as

necessary.

Step 4. For each branch member, calculate Ay, utilization against member-end yield at the joint.

For ASD:

Ay ¼
faj j

0:6Fy

or
fbj j

0:6Fy

ð30:5Þ

where fa is the nominal axial stress and fb is the bending in the branch. Where used, the
1
3

increase is applicable to the denominator.

Step 5. Also calculate chord utilization, using the formula in Figure 30.10 with chord nominal stresses

and specified minimum yield strength. Use the appropriate chart in the figure to determine

the derating factor Qf. At heavily sheared gap K connections and at eccentric bearing shoes, it

may (rarely) also be necessary to check beam shear in the main member and its interaction

with other chord stresses, for example, using AISC criteria. For circular sections, the effective

area for beam shear is half the gross area.

Step 6. For each end of each branch member, calculate the joint efficiency, Ej, using Equation 30.4 and

the appropriate charts for punching shear efficiency, Ev. Joint efficiencies less than 0.5 are

sometimes considered poor practice, rendering the structure vulnerable to incidental loads

that the members could resist but not the weaker joints.

Step 7. For axial loading alone, or bending alone, the connection is satisfactory if member-end

utilization is less than joint efficiency, that is, Ay/Ej
 1.0. For the general case, with
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combinations of axial load and bending, the connection must satisfy the following interaction

formula:

ðAy=EjÞ1:75
axial þ ðAy=EjÞbending 
 1:0 ð30:6Þ

Step 8. To redesign an unsatisfactory connection, go back to Step 2 and do one of the following:

A. Increase the chord thickness.

B. Increase the branch diameter.

C. Both of the above.

Consider overlapped connections (AWS Section 2.24.1.6) or stiffened connections only as a

last resort. Overlapped connections increase the complexity of fabrication but can result in

substantial reductions in the required chord wall thickness.

Step 9. When the designer thinks he is done, he should talk to potential fabricators and erectors. Their

feedback could be valuable for avoiding unnecessary difficult and expensive construction

headaches. Also, make sure they are familiar with and prepared to follow AWS Code

requirements for special welder qualifications and that they are capable of coping the brace

ends with sufficient accuracy to apply AWS prequalified procedures. Considerable savings can

be realized by specifying partial joint penetration welds for tubular T, Y, and K connections
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with no root access, where these are appropriate to service requirements. Fabrication and

inspection practices for welded tubular connections have been addressed by Post [11].

A more satisfactory version of the ‘‘Truss Note’’ mentioned earlier might read as follows: ‘‘The designer

has sized the main member (chord) at truss connections to meet the provisions of AWS D1.1-2002

Section 2.24. All welded truss connections (intersecting pipe-to-pipe) with either member less than

0.375 in. thick shall be provided with fillet welds meeting the requirements of AWS D1.1-2002 Figure 3.2.

All welded truss connections with both members thicker than 0.375 in. thick shall be provided

with partial joint penetration welds meeting the requirements of AWS D1.1-2002 Figure 3.5. Weld

strength calculations are generally not required for these prequalified joints, but (if provided) shall be

in accordance with AWS D1.1-2002 Sections 2.23 and 2.24.1.3. All bevels and their fit-up shall be

inspected before welding commences. Completed welds shall be inspected to verify the full leg lengths

as tabulated in AWS. Magnetic particle inspection may be applied at the toes of completed welds,

where specified elsewhere in contract documents. Ultrasonic testing is not applicable to welds that are

designated to be less than full penetration or to tube thickness less than 0.50 in.’’

30.10 Summary and Conclusions

This chapter has served as a brief introduction to the subject of designing welded tubular connections

for circular hollow sections. More details on the background and use of AWS, AISC, and international

codes in this area can be found in Ref. [12], on the Internet [13,14], and by e-mail to the source 4 of these

criteria [15].
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31.1 Introduction

The concept of the effective length factor has been well established and widely used by practicing

engineers and plays an important role in compression member and column design. The essence of

the concept is to estimate the interaction effects of the whole frame on an individual compression

member. In the development of design interaction equations for beam–columns, much discussion

has been focused on the need and validity of using the effective length factor K in the equations

(Cheong-Siat-Moy 1986; Liew et al. 1991; ASCE 1997; White and Clarke 1997a,b; Schmidt 1999).

Although attempts were made to formulate the general interaction equations without K factors, it

was found that this was almost impossible if the interaction equations were to be versatile enough

for a wide range of slenderness ratios and load combinations (Liew et al. 1991). It is well known that

the effective length factor approach introduces inaccuracies into the design process; the simplicity of

the approach, however, is likely to still make the approach an important part of compression

member design in the foreseeable future (Hellesland and Bjorhovde 1996). The most structural

design codes, standards, and specifications worldwide have provisions concerning the effective length

factor.

The aim of this chapter is to present a state-of-the-art engineering practice of the effective length

factor for the design of compression members and columns. In the first part of this chapter, the

basic concept of the effective length factor is discussed. Then, the design implementation for

individual columns, framed columns, crossing bracing systems, latticed members, tapered columns,

crane columns, gable frames, columns in fire, space frames, truss-type highway sign support

structures, precast concrete skeletal frames, and steel moment frames is presented. The determi-

nation of whether a frame is braced or unbraced is also addressed. Several detailed examples are

given to illustrate the determination of the effective length factor for different cases of engineering

applications.

31.2 Basic Concept

Mathematically, the effective length factor or the elastic K-factor is defined as

K ¼
ffiffiffiffiffiffi
Pe

Pcr

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
p2EI

L2 Pcr

s
ð31:1Þ

where Pe is the Euler load, the elastic buckling load of a pin-ended compression member or column, Pcr

is the elastic buckling load of an end-restrained compression member or column, E is the modulus of

elasticity of the material, I is the moment of inertia in the flexural buckling plane, and L is the

unsupported length of the compression member or column.

Physically, the K-factor is a factor that when multiplied by the actual length of the end-restrained

column (Figure 31.1a) gives the length of an equivalent pin-ended column (Figure 31.1b) whose

buckling load is the same as that of the end-restrained column. It follows that effective length KL of an

end-restrained column is the length between the adjacent inflection points of its pure flexural buckling

shape.

Practically, the design specifications usually provide the resistance equations for pin-ended columns,

while the resistance of framed columns can be estimated through the K-factor to the pin-ended column

strength equation. Theoretical K-factor is determined from an elastic eigenvalue analysis of the entire

structural system, while practical methods for the K-factor are based on an elastic eigenvalue analysis of

selected subassemblages. The effective length concept is the only tool currently available for the design

of compression members in engineering structures and it is an essential part of analysis and design

procedures.
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31.3 Individual Columns

From an eigenvalue analysis, the general K-factor equation of an individual column as shown in

Figure 31.1 is obtained as

det

C þ RkAL

EI
S �ðC þ SÞ

S C þ RkBL

EI
�ðC þ SÞ

�ðC þ SÞ �ðC þ SÞ 2ðC þ SÞ � p
K

� �2

þTkL3

EI

������������

������������
¼ 0 ð31:2Þ

where the stability functions C and S are defined as

C ¼ ðp=K Þ sinðp=K Þ � ðp=K Þ2 cosðp=K Þ
2� 2 cosðp=K Þ � ðp=K Þ sinðp=K Þ ð31:3Þ

S ¼ ðp=KÞ2 � ðp=K Þ sinðp=K Þ
2� 2 cosðp=K Þ � ðp=KÞ sinðp=K Þ ð31:4Þ

The largest value of K that satisfies Equation 31.2 gives the elastic buckling load of an end-restrained

column.

Figure 31.2 (AISC 1989, 1999; AASHTO 2004) summarizes the theoretical K-factors for end-restrained

columns with some idealized end conditions. The recommended K-factors are also shown in Figure 31.2

for practical design applications. Since actual column conditions seldom comply fully with idealized end

conditions used in buckling analysis, the recommended K-factors are always equal or greater than their

theoretical counterparts.

31.4 Framed Columns — Alignment Chart Method

In theory, the effective length factor, K, for any columns in a framed structure can be determined from

a stability analysis of the entire structural analysis — eigenvalue analysis. Methods available for stability
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FIGURE 31.1 Individual column: (a) end-restrained columns and (b) pin-ended column.
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analysis include the slope deflection method (Winter et al. 1948; Galambos 1968; Chen and Lui 1991),

the three-moment equation method (Bleich 1952), and energy methods (Johnson 1960). In practice,

however, such an analysis is not practical, and simple models are often used to determine the effective

length factors for framed columns (Kavanagh 1962; Lu 1962; Gurfinkel and Robinson 1965; Wood

1974). One such practical procedure that provides an approximate value of the elastic K-factor is the

alignment chart method (Julian and Lawrence 1959). This procedure has been adopted by the AISC

(1989, 1999), ACI (2002), AASHTO (2004), and CSA (1994) Specifications, among others. At present,

most engineers use the alignment chart method in lieu of an actual stability analysis.

31.4.1 Alignment Chart Method

The structural models employed for determination of K-factor for framed columns in the alignment

chart method are shown in Figure 31.3. The assumptions used in these models are (Chen and Lui 1991;

AISC 1999)

1. All members have constant cross-section and behave elastically.

2. Axial forces in the girders are negligible.

3. All joints are rigid.

4. For braced frames, the rotations at the near and far ends of the girders are equal in magnitude and

opposite in direction (i.e., girders are bent in single curvature).

5. For unbraced frames, the rotations at the near and far ends of the girders are equal in magnitude

and direction (i.e., girders are bent in double curvature).

6. The stiffness parameters, L
ffiffiffiffiffiffiffiffiffiffi
P=EI

p
, of all columns are equal.

7. All columns buckle simultaneously.

8. Joint restraint is distributed to the column above and below the joint in proportion to I/L of the

two columns.

(a) (b) (c) (d) (e) (f)

0.5 0.7 1.0 1.0 2.0 2.0

0.65 0.80 1.2 1.0 2.10 2.0

Buckled shape of
column is shown
by dashed line

Rotation fixed and translation fixed

Theoretical K-value

End condition code

Recommended design
value when ideal conditions
are approximated

Rotation free and translation fixed

Rotation fixed and translation free

Rotation free and translation free

FIGURE 31.2 Theoretical and recommended K-factors for individual columns with idealized end conditions

(AISC 1999).
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Using the slope deflection equation method and stability functions, the effective length factor equa-

tions of framed columns are obtained as

For columns in braced frames:

GAGB

4
ðp=KÞ2 þ GAþGB

2

� 	
1� p=K

tanðp=K Þ

� 	
þ 2 tanðp=2K Þ

p=K
� 1 ¼ 0 ð31:5Þ

For columns in unbraced frames:

GAGBðp=KÞ2 � 362

6ðGA þ GBÞ
� p=K

tanðp=K Þ ¼ 0 ð31:6Þ

where GA and GB are stiffness ratios of columns and girders at two end joints A and B of the column

section being considered, respectively. They are defined by

GA ¼
P

AðEcIc=LcÞP
AðEgIg=LgÞ

ð31:7Þ

GB ¼
P

BðEcIc=LcÞP
BðEgIg=LgÞ

ð31:8Þ

where
P

indicates the summation of all members rigidly connected to the joint and lying in the plane in

which buckling of column is being considered, and subscripts c and g represent columns and girders,

respectively.

Equations 31.5 and 31.6 can be expressed in the form of alignment charts as shown in Figure 31.4. It is

noted that for columns in braced frames, the range of K is 0.5�K� 1.0; for columns in unbraced

frames, the range is 1.0�K�1. For column ends supported by, but not rigidly connected to, a footing

or foundations, G is theoretically infinity, but unless actually designed as a true friction-free pin, it may

be taken as 10 for practical design. If the column end is rigidly attached to a properly designed footing,

G may be taken as 1.0 (AISC 1999).
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FIGURE 31.3 Subassemblage models for K-factors of framed columns: (a) braced frames and (b) unbraced frames.
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EXAMPLE 31.1

Given: A two-story steel frame is shown in Figure 31.5. Using the alignment chart, determine the

K-factor for the elastic column DE. E¼ 29,000 ksi (200 GPa) and Fy¼ 36 ksi (248 MPa).

Solution

(1) For the given frame, section properties are

Ix L Ix /L

Members Section (in.4, mm4	 108) (in., mm) (in.3, mm3)

AB and GH W 10	 22 118, 0.49 180, 4572 0.656, 10,750

BC and HI W 10	 22 118, 0.49 144, 3658 0.819, 13,412

DE W 10	 45 248, 1.03 180, 4572 1.378, 22,581

EF W 10	 45 248, 1.03 144, 3658 1.722, 28,219

BE W 18	 50 800, 3.33 300, 7620 2.667, 43,704

EH W 18	 86 1530, 6.37 360, 9144 4.250, 69,645

CF W 16	 40 518, 2.16 300, 7620 1.727, 28,300

FI W 16	 67 954, 3.97 360, 9144 2.650, 43,426

(2) Calculate G-factor for column DE:

GE ¼
P

EðEcIc=LcÞP
EðEgIg=LgÞ

¼ 1:378þ 1:722

2:667þ 4:250
¼ 0:448

GD ¼ 10 ðAISC 1999Þ

(3) From the alignment chart in Figure 31.4b, K¼ 1.8 is obtained.
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FIGURE 31.4 Alignment charts for effective length factors of framed columns: (a) braced frames and (b) unbraced

frames.
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31.4.2 Requirements for Braced Frames

In stability design, one of the major decisions engineers have to make is the determination of whether

a frame is braced or unbraced. In actual structures, a completely braced frame seldom exists. But in

practice, some structures can be analyzed as braced frames as long as the lateral stiffness provided by

bracing systems such as diagonal bracing, shear walls, or equivalent means is large enough. The following

brief discussion may provide engineers with the tools to make engineering decisions regarding the basic

requirements for a braced frame.

31.4.2.1 Lateral Stiffness Requirement

Galambos (1964) presented a simple conservative procedure to evaluate the minimum lateral stiffness

provided by a bracing system so that the frame is considered braced:

Required lateral stiffness Tk ¼
P

Pn

Lc

ð31:9Þ

where
P

represents the summation of all columns in one story, Pn is the nominal axial compression

strength of the column using the effective length factor K¼ 1, and Lc is the unsupported length of the

column.

31.4.2.2 Bracing Size Requirement

Galambos (1964) applied Equation 31.9 to a diagonal bracing (Figure 31.6) and obtained the minimum

requirements of diagonal bracing for a braced frame as

Ab ¼
1þ ðLb=LcÞ2
� �3=2P

Pn

ðLb=LcÞ2E
ð31:10Þ

where Ab is the cross-sectional area of diagonal bracing and Lb is the span length of the beam.

A recent study by Aristizabal-Ochoa (1994a) indicates that the size of diagonal bracing required for

a totally braced frame is about 4.9 and 5.1% of the column cross-section for ‘‘rigid frame’’ and ‘‘simple

framing,’’ respectively, and increases with the moment of inertia of the column, the beam span, and the

beam to column span ratio Lb/Lc.
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FIGURE 31.5 An unbraced two-story frame.
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31.4.2.3 Threshold Lateral Stiffness of Braces

For a multistory braced frame, Tong and Shi (2001) defined the threshold lateral stiffness as the bracing

stiffness at which the critical buckling load in sway buckling mode is equal to the nonsway buckl-

ing mode. They found out that most threshold stiffness values are from p2 to 4p2 and proposed the

following approximate formula (Tong and Shi 2001):

Tk ¼ GTH

EI

L3

� 	
c

ð31:11Þ

GTH ¼
2

3

p2

K 2
b

� p2

Kub

� 	
GA

GB

� 	0:18

þ GB

GA

� 	0:18
" #

� 60 ð31:12Þ

where Kb and Kub are the effective length factors for braced and unbraced frames, respectively.

31.4.2.4 Stability Index

ACI 318-02 (ACI 2002) permits us to assume a column in a structure is braced if the increase in the

lateral load moment due to second-order (P–D) effects does not exceed 5% of the first-order moment

(MacGregor and Hage 1977). The American Concrete Institute (ACI) also provides an alternative

method based on the stability index for a story. The story within a structure can be assumed as braced if

the stability index

Q ¼
P

PuD0

VuLc

� 0:05 ð31:13Þ

where
P

Pu and Vu are the total vertical load and the story shear, respectively, in the story in question;D0 is

the first-order relative deflection between the top and bottom of that story due to Vu; and Lc is the length

of the compression member in a frame, measured from center to center of the joints in the frame.

Menon (2001) used the ‘‘fuzzy logic’’ concept and proposed that a frame is ‘‘adequately braced’’ if its

stability index Q is less than 0.02, unbraced if Q exceeds 0.06 and ‘‘partially braced’’ if Q lies in the

intermediate domain {0.02, 0.06}, and the K-factor can be estimated by the following equations:

K ¼ Kub � qx Kub � Kbð Þ ð31:14Þ

qx ¼

1:0 for Q � 0:02

1:0� 0:5ðQ=0:02� 1:0Þ2 for 0:02<Q � 0:04

0:5ð3:0� Q=0:02Þ2 for 0:04<Q � 0:06

0:0 for Q> 0:06

8>>>><
>>>>:

ð31:15Þ

where Kub and Kb are the effective length factors for unbraced and braced frames, respectively.

C

H

T

�

Ab

Lb

Ac

Ab

Ac

L
c

FIGURE 31.6 Diagonal cross bracing system.
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31.4.2.5 AISC Load and Resistance Factor Design Requirements

Based on the concept of dual criterion for bracing design, strength, and stiffness proposed by Winter

(1958, 1960), AISC (1999) provides the stability bracing requirements for braced frames, in which

the effective length factor K for compression members is taken as unity, unless structural analysis shows

that a smaller value may be used.

For frames:

The required story or panel bracing shear force is

Pbr ¼ 0:004
X

Pu ð31:16Þ

The required story or panel shear stiffness is

Bbr ¼
2
P

Pu

fL
ð31:17Þ

where f is equal to 0.75,
P

Pu is the summation of the factored column axial loads in the story or

panel supported by the bracing, and L is the story height or panel spacing.

For individual columns:

1. For relative bracing

The required brace strength is

Pbr ¼ 0:004Pu ð31:18Þ
The required brace stiffness is

Bbr ¼
2Pu

fLb

ð31:19Þ

2. For nodal bracing

The required brace strength is

Pbr ¼ 0:01Pu ð31:20Þ

The required brace stiffness is

Bbr ¼
8Pu

fLb

ð31:21Þ

where f is equal to 0.75, Pu is the factored column axial load, and Lb is the distance between

braces. When the actual spacing of braced points is less than the maximum unbraced length for

the required column force with K is equal to 1, then Lb in Equations 31.19 and 31.21 is permitted

to be taken equal to Lq. For a more detailed discussion, see Yura (1995).

31.4.3 Simplified Equations to Alignment Charts

A graphical alignment chart determination of the K-factor is easy to perform, while solving the chart

Equations 31.5 and 31.6 always involves iteration. With today’s personal computer, especially spread-

sheet applications in design offices, the following simplified equations may serve as the equivalent of the

alignment charts.

31.4.3.1 ACI 318-02 Equations

The ACI Building Code (ACI 318-02) recommends the use of alignment charts as the primary design aid

for estimating K-factors, with the following two sets of simplified K-factor equations as an alternative.

For braced frames (Cranston 1972)

K ¼ 0:7þ 0:05ðGA þ GBÞ � 1:0 ð31:22Þ
K ¼ 0:85þ 0:05Gmin � 1:0 ð31:23Þ
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The smaller of the above two expressions provides an upper bound to the effective length factor for

braced compression members.

For unbraced frames (Furlong 1971)

K ¼ 20� Gm

20

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Gm

p
for Gm < 2 ð31:24Þ

K ¼ 0:9
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Gm

p
for Gm�2 ð31:25Þ

For columns hinged at one end

K ¼ 2:0þ 0:3G ð31:26Þ
where Gm is the average of the G values at the two ends of columns.

It is found that ACI simplified Equations 31.22 to 31.26 estimate very conservative K-factors when the

difference between the relative stiffness ratios at the two ends of an unbraced column becomes larger and

when end restraints of a braced column are large. In general, they may not lead to an economical design

(Hu et al. 1993).

31.4.3.2 Duan–King–Chen Equations

To achieve both accuracy and simplicity for design purpose, the following alternative K-factor equations

were proposed by Duan et al. (1993).

For braced frames

K ¼ 1� 1

5þ 9GA

� 1

5þ 9GB

� 1

10þ GAGB

ð31:27Þ

For unbraced frames

K ¼ 4� 1

1þ 0:2GA

� 1

1þ 0:2GB

� 1

1þ 0:01GAGB

for K< 2 ð31:28Þ

K ¼ 2pa

0:9þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:81þ 4ab
p for K�2 ð31:29Þ

where

a ¼ GAGB

GA þ GB

þ 3 ð31:30Þ

b ¼ 36

GA þ GB

þ 6 ð31:31Þ

Equation 31.28 shall be used to first calculate K. If the value of K calculated by Equation 31.28

is greater than 2, Equation 31.29 shall then be used.

31.4.3.3 French Equations

For braced frames

K ¼ 3GAGB þ 1:4 ðGA þ GBÞ þ 0:64

3GAGB þ 2:0 ðGA þ GBÞ þ 1:28
ð31:32Þ

For unbraced frames

K ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:6GAGB þ 4:0 ðGA þ GBÞ þ 7:5

GA þ GB þ 7:5

s
ð31:33Þ

Equations 31.32 and 31.33 first appeared in the French Rules for the Design of Steel Structure in 1966

(CM 1966) and were later incorporated into the European Recommendation for Steel Construction in 1978

(ECCS 1978). Neither French CM 66 Rules nor the European Recommendations give the origin of

these two formulas. They provide a good approximation to the alignment charts (Dumonteil 1992).

For braced frames, Equation 31.32 underestimates K by not more than 0.5% and overestimates it by

1.5%. For unbraced frames, Equation 31.33 approximates K within 2% (Dumonteil 1999).
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31.4.3.4 Donnell Equation for Braced Frames

The Donnell equation, developed in 1949 as reported by Rondal (1988), has the following format:

K ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GAGB þ 0:43 GA þ GBð Þ þ 0:17

GAGB þ 0:86 GA þ GBð Þ þ 0:68

s
ð31:34Þ

This is the formula presented by Dumonteil and Valley (1995) in their discussion paper. Its accuracy

ranges from 0.4 to 1.3%.

31.4.3.5 Newmark Equation for Braced Frames

Introducing the G-factor, the Newmark (1949) equation has the following form:

K ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GA þ 4=p2ð Þ GB þ 4=p2ð Þ
GA þ 8=p2ð Þ GB þ 8=p2ð Þ

s
ð31:35Þ

While the accuracy of Equation 31.35 is remarkable, it could still be slightly improved by replacing

the term 4/p2 with 0.41, and the Newmark equation becomes (Dumonteil 1999)

K ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GA þ 0:41ð Þ GB þ 0:41ð Þ
GA þ 0:82ð Þ GB þ 0:82ð Þ

s
ð31:36Þ

Equation 31.36 underestimates K by no more than 0.1% and overestimates it by less than 1.5%.

31.5 Modifications to Alignment Charts

In using the alignment charts in Figure 31.4 and Equations 31.5 and 31.6, engineers must always be

aware of the assumptions used in the development of these charts. When actual structural conditions

differ from these assumptions, unrealistic design may result (Johnston 1976; Liew et al. 1991; Hajjar and

White 1994; AISC 1999; Dafedar et al. 2001). The Structural Stability Research Council (SSRC) Guide

(Johnston 1976) provides methods enabling engineers to make simple modifications of the charts for

some special conditions, such as unsymmetrical frames, column base conditions, girder far end

conditions, and flexible conditions. Procedures that can be used to account for far ends of restraining

columns being hinged or fixed were proposed by Duan and Chen (1988, 1989, 1996) and Essa (1997).

Consideration of effects of material inelasticity on the K-factor was developed originally by Yura (1971)

and expanded by Disque (1973). LeMessurier (1977) presented an overview of unbraced frames with or

without leaning columns. An approximate procedure was also suggested by AISC (1999). Special

attention should also be paid to calculation of the proper G-values (Barakat and Chen 1991; Duan 1996;

Kishi et al. 1997) when partially restrained (PR) connections are used in frames. Several commonly used

modifications are summarized in this section.

31.5.1 Different Restraining Girder End Conditions

When the end conditions of restraining girders are not rigidly joined to columns, the girder stiffness

(Ig/Lg) used in the calculation of GA and GB in Equations 31.7 and 31.8 should be multiplied by a

modification factor ak as

G ¼
P
ðEcIc=LcÞP
akðEgIg=LgÞ

ð31:37Þ

where the modification factor ak developed by Duan (1996) for braced frames and proposed by

Kishi et al. (1997) for unbraced frames are given in Table 31.1 and Table 31.2, respectively. In these tables,

RkN and RkF are elastic spring constants at the near and far ends of a restraining girder, respectively.
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RkN and RkF are the tangent stiffnesses of a semirigid connection at buckling. ASCE Task Committee

on Effective Length (1997) provides a detailed discussion of frame stability with PR connection.

EXAMPLE 31.2

Given: A steel frame is shown in Figure 31.5. Using the alignment chart with the necessary mod-

ifications, determine the K-factor for elastic column EF. E¼ 29,000 ksi (200 GPa) and Fy¼ 36 ksi

(248 MPa).

TABLE 31.1 Modification Factor ak for Braced Frames with Semirigid Connections (Duan 1996)

End conditions of restraining girder

Near end Far end ak

Rigid Rigid 1.0

Rigid Hinged 1.5

Rigid Semirigid 1þ 6EgIg

LgRkF

� 	�
1þ 4EgIg

LgRkF

� 	

Rigid Fixed 2.0

Semirigid Rigid 1

�
1þ 4EgIg

LgRkN

� 	

Semirigid Hinged 1:5

�
1þ 3EgIg

LgRkN

� 	

Semirigid Semirigid 1þ 6EgIg

LgRkF

� 	�
R�

Semirigid Fixed 2

�
1þ 4EgIg

LgRkN

� 	

R� ¼ 1þ 4EgIg

LgRkN

� 	
1þ 4EgIg

LgRkF

� 	
� EgIg

Lg

� 	2
4

RkN RkF

TABLE 31.2 Modification Factor ak for Unbraced Frames with Semirigid Connections

(Kishi, Chen and Goto, 1997)

End conditions of restraining girder

Near end Far end ak

Rigid Rigid 1

Rigid Hinged 0.5

Rigid Semirigid 1þ 2EgIg

LgRkF

� 	�
1þ 4EgIg

LgRkF

� 	

Rigid Fixed 2=3

Semirigid Rigid 1

�
1þ 4EgIg

LgRkN

� 	

Semirigid Hinged 0:5

�
1þ 3EgIg

LgRkN

� 	

Semirigid Semirigid 1þ 2EgIg

LgRkF

� 	�
R�

Semirigid Fixed
2

3

� 	�
1þ 4EgIg

LgRkN

� 	

R� ¼ 1þ 4EgIg

LgRkN

� 	
1þ 4EgIg

LgRkF

� 	
� EgIg

Lg

� 	2
4

RkNRkF

31-12 Handbook of Structural Engineering

Copyright 2005 by CRC Press



Solution

1. Calculate the G-factor with modification for column EF. Since the far end of the restraining

girders is hinged, girder stiffness should be multiplied by 0.5 (see Table 31.2). Using the section

properties in Example 31.1, we obtain

GF ¼
P
ðEc Ic=LcÞP
akðEgIg=LgÞ

¼ 1:722

0:5ð1:727Þ þ 0:5 ð2:650Þ ¼ 0:787

GE ¼ 0:448

2. From the alignment chart in Figure 32.4b, K¼ 1.22 is obtained.

31.5.2 Different Restraining Column End Conditions

To consider different far end conditions of restraining columns, the general effective length factor

equations for column C2 (Figure 31.3) were derived by Duan and Chen (1988, 1989, 1996). By assuming

that the far ends of columns C1 and C3 are hinged and using the slope deflection equation approach for

the subassemblies shown in Figure 31.3, we obtain the following.

31.5.2.1 For a Braced Frame (Duan and Chen 1988)

C2 � S2 GAC1 þ GBC3 þ GAC2GBC2 þ
2GBC3=GAð Þ þ 2GAC1=GBð Þ

C
� GAC1GBC3

S

C

� 	2
" #

þ 2C
1

GA

þ 1

GB

� 	
þ 4

GAGB

¼ 0 ð31:38Þ

where C and S are stability functions as defined by Equations 31.3 and 31.4; GA and GB are defined in

Equations 31.7 and 31.8; and GAC1, GAC2, GBC2, and GBC3 are the stiffness ratios of columns at the A-th

and B-th ends of the columns being considered, respectively. They are defined as

GCi ¼
EciIci=LciP
ðEciIci=LciÞ

ð31:39Þ

where
P

indicates the summation of all columns rigidly connected to the joint and lying in the plane in

which buckling of column is being considered.

Although Equation 31.38 was derived for the special case in which the far ends of both column C1 and

column C3 are hinged, this equation is also applicable if adjustment to GCi is made as follows: (1) if the

far end of column Ci (C1 or C3) is fixed, then take GCi¼ 0 (except for GC2) and (2) if the far end of

column Ci (C1 or C3) is rigidly connected, then take GCi¼ 0 and GC2¼ 1.0. Therefore, Equation 31.38

can be specialized for the following conditions:

1. If the far ends of both column C1 and column C3 are fixed, we have GAC1¼GBC3¼ 0 and

Equation 31.38 reduces to

C2 � S2ðGAC2GBC2Þ þ 2C
1

GA

þ 1

GB

� 	
þ 4

GAGB

¼ 0 ð31:40Þ

2. If the far end of column C1 is rigidly connected and the far end of column C3 is fixed, we have

GAC2¼ 1.0 and GAC1¼GBC3¼ 0, and Equation 31.38 reduces to

C2 � S2 þ GBC2 þ 2C
1

GA

þ 1

GB

� 	
þ 4

GAGB

¼ 0 ð31:41Þ
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3. If the far end of column C1 is rigidly connected and the far end of column C3 is hinged, we have

GAC1¼ 0 and GAC2¼ 1.0, and Equation 31.38 reduces to

C2 � S2 GBC3 þ GBC2 þ
2GBC3

GAC

� 	
þ 2C

1

GA

þ 1

GB

� 	
þ 4

GAGB

¼ 0 ð31:42Þ

4. If the far end of column C1 is hinged and the far end of column C3 is fixed, we have GBC3¼ 0, and

Equation 31.38 reduces to

C2 � S2 GAC1 þ GAC2GBC2 þ
2GAC1

GBC

� 	
þ 2C

1

GA

þ 1

GB

� 	
þ 4

GAGB

¼ 0 ð31:43Þ

5. If the far ends of both columns C1 and C3 are rigidly connected (i.e., the assumptions used in

developing the alignment chart), we have GC2¼ 1.0 and GCi¼ 0, and Equation 31.38 reduces to

C2 � S2 þ 2C
1

GA

þ 1

GB

� 	
þ 4

GAGB

¼ 0 ð31:44Þ

which can be rewritten in the form of Equation 31.5.

31.5.2.2 For an Unbraced Frame (Duan and Chen 1989, 1996)

det

a11 a12 a13

a21 a22 a23

a31 a32 a33

������
������ ¼ 0 ð31:45Þ

or

a11a22a33 þ a21a32a13 þ a31a23a12 � a31a22a13 � a21a12a33 þ a11a23a32 ¼ 0 ð31:46Þ

where

a11 ¼ C þ 6

GA

� GAC1

S2

C
ð31:47Þ

a22 ¼ C þ 6

GB

� GBC3
S2

C
ð31:48Þ

a33 ¼ �2 C þ S � 1

2

p
K

� �2
� �

ð31:49Þ

a12 ¼ GAC2S ð31:50Þ

a21 ¼ GBC2S ð31:51Þ

a31 ¼ a32 ¼ C þ S ð31:52Þ

a13 ¼ �ðC þ SÞ þ GAC1 S þ S2

C

� 	
ð31:53Þ

a23 ¼ �ðC þ SÞ þ GBC3 S þ S2

C

� 	
ð31:54Þ

Although Equation 31.45 was derived for the special case in which the far ends of both column C1 and

column C3 are hinged, it can be adjusted to account for the following cases: (1) if the far end of column

Ci (C1 or C3) is fixed, then take GCi¼ 0 (except for GC2) and (2) if the far end of column Ci (C1 or C3)
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is rigidly connected, then take GCi¼ 0 and GC2¼ 1.0. Therefore, Equation 31.45 can be used for the

following conditions:

1. If the far ends of both column C1 and column C3 are fixed, we take GC1¼GC3¼ 0 and obtain

from Equations 31.47, 31.48, 31.53, and 31.54

a11 ¼ C þ 6

GA

ð31:55Þ

a22 ¼ C þ 6

GB

ð31:56Þ

a13 ¼ a23 ¼ �ðC þ SÞ ð31:57Þ

2. If the far end of column C1 is rigidly connected and the far end of column C3 is fixed, we

take GAC2¼ 1.0 and GAC1¼GBC3¼ 0 and obtain from Equations 31.47, 31.48, 31.50, 31.53,

and 31.54

a11 ¼ C þ 6

GA

ð31:58Þ

a22 ¼ C þ 6

GB

ð31:59Þ

a12 ¼ S ð31:60Þ

a13 ¼ a23 ¼ �ðC þ SÞ ð31:61Þ

3. If the far end of column C1 is rigidly connected and the far end of column C3 is hinged, we take

GAC1¼ 0 and GAC2¼ 1.0 and obtain from Equations 31.47, 31.50, and 31.52

a11 ¼ C þ 6

GA

ð31:62Þ

a12 ¼ S ð31:63Þ

a13 ¼ �ðC þ SÞ ð31:64Þ

4. If the far end of column C1 is hinged and the far end of column C3 is fixed, we have GBC3¼ 0.0

and obtain from Equations 31.48 and 31.54

a22 ¼ C þ 6

GB

ð31:65Þ

a23 ¼ �ðC þ SÞ ð31:66Þ

5. If the far ends of both column C1 and column C3 are rigidly connected (i.e., the assumptions used

in developing the alignment chart, that is, yC¼ yB and yD¼ yA), we take GC2¼ 1.0 and GCi¼ 0

and obtain from Equations 31.47 to 31.54

a11 ¼ C þ 6

GA

ð31:67Þ

a22 ¼ C þ 6

GB

ð31:68Þ

a12 ¼ a21 ¼ S ð31:69Þ

a13 ¼ a23 ¼ �ðC þ SÞ ð31:70Þ

Equation 31.45 is reduced to the form of Equation 31.6.

The procedures to obtain the K-factor directly from the alignment charts without resorting to solve

Equations 31.38 and 31.45 were also proposed by Duan and Chen (1988, 1989).
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31.5.3 Columns Restrained by Tapered Rectangular Girders

A modification factor aT was developed by King et al. (1993) for those framed columns restrained by

tapered rectangular girders with different far end conditions. The following modified G-factor is

introduced in connection with the use of alignment charts:

G ¼
P
ðEcIc=LcÞP

aTðEgIg=LgÞ
ð31:71Þ

where Ig is the moment of inertia of the girder at the near end. Both closed-from and approximate

solutions for modification factor aT were derived. It is found that the following two-parameter power

function can describe the closed-from solutions very well:

aT ¼ Dð1� rÞb ð31:72Þ

where the parameter D is a constant depending on the far end conditions and b is a function of far

end conditions and tapering factors a and r as defined in Figure 31.7.

For a braced frame

D ¼
1:0 rigid far end

2:0 fixed far end

1:5 hinged far end

8<
:

9=
; ð31:73Þ

For an unbraced frame

D ¼
1:0 rigid far end

2=3 fixed far end

0:5 hinged far end

8<
:

9=
; ð31:74Þ

1. For a linearly tapered rectangular girder (Figure 31.7a)

For a braced frame

b ¼
0:02þ 0:4r rigid far end

0:75� 0:1r fixed far end

0:75� 0:1r hinged far end

8<
:

9=
; ð31:75Þ

N

Near end(a)

(b)

Far end

h

L

F

N

h

F

b

b

(1–r)h

rh

rh

aL aLL – 2aL

FIGURE 31.7 Tapered rectangular girders: (a) linearly tapered girder and (b) symmetrically tapered girder.
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For an unbraced frame

b ¼
0:95 rigid far end

0:70 fixed far end

0:70 hinged far end

8<
:

9=
; ð31:76Þ

2. For a symmetrically tapered rectangular girder (Figure 31.7b)

For a braced frame

b ¼
3� 1:7a2 � 2a rigid far end

3þ 2:5a2 � 5:55a fixed far end

3� a2 � 2:7a hinged far end

8<
:

9=
; ð31:77Þ

For an unbraced frame

b ¼
3þ 3:8a2 � 6:5a rigid far end

3þ 2:3a2 � 5:45a fixed far end

3� 0:3a hinged far end

8<
:

9=
; ð31:78Þ

EXAMPLE 31.3

Given: A one-story frame with a symmetrically tapered rectangular girder is shown in Figure 31.8.

Assuming r¼ 0.5, a¼ 0.2, and Ig¼ 2Ic¼ 2I, determine the K-factor for column AB.

Solution

1. Using the alignment chart with modification

For joint A, since the far end of the girder is rigid, use Equations 31.78 and 31.72:

b ¼ 3þ 3:8ð0:2Þ2 � 6:5ð0:2Þ ¼ 1:852

aT ¼ ð1� 0:5Þ1:852 ¼ 0:277

GA ¼
P

EcIc=LcP
aTEgIg=Lg

¼ EI=L

0:277Eð2IÞ=2L
¼ 3:61

GB ¼ 1:0 ðAISC 1999Þ

From the alignment chart in Figure 31.4b, K¼ 1.59 is obtained.

CA

B D
2L

Elc

h

L

0.5h

0.4L 0.4L1.2L

FIGURE 31.8 A simple frame with rectangular sections.
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2. Using the alignment chart without modification

A direct use of Equations 31.7 and 31.8 with an average section (0.75h) results in

Ig ¼ 0:753ð2IÞ ¼ 0:844I

GA ¼
EI=L

0:844EI=2L
¼ 2:37, GB ¼ 1:0

From the alignment chart in Figure 31.4b, K¼ 1.49 or (1.49� 1.59)/1.59¼ � 6% in error on the

less conservative side.

31.5.4 Unsymmetrical Frames

When the column sizes or column loads are not identical, adjustments to the alignment charts are

necessary to obtain correct K-factors. Figure 31.9 presents a set of curves for a modification factor b
developed by Chu and Chow (1969).

Kadjusted ¼ bKalignment chart ð31:79Þ

If the K-factor of the column under the load lP is desired, further modifications to K are necessary.

Denoting K 0 as the effective length factor of column with I 0c¼ aIc subjected to the axial load P 0 ¼ lP as

shown in Figure 31.9, we have

K 0 ¼ Kadjusted
L

L0

ffiffiffi
a
l

r
ð31:80Þ

Equation 31.80 can be used to determine K-factors for columns in adjacent stories with different

heights L0.

31.5.5 Effects of Axial Forces in Restraining Members

Compressive axial load in a restraining girder reduces its flexural stiffness and then affects adversely

the K-factor of the column (AISC 1999). To account for any compression axial load in a girder, the

girder stiffness parameter (EgIg/Lg) in Equations 31.7 and 31.8 should be modified by the factor

1� Q=Qcrð Þ½ �, where Q is the axial compression load in the girder, and Qcr is the in-plane buckling load

of the girder based on K¼ 1.0. Tensile axial load in the girder can be ignored when determining the

G-factor.

Bridge and Fraser (1987) observed that K-factors of a column in a braced frame may be greater than

unity due to ‘‘negative’’ restraining effects. Figure 31.10 shows the solutions obtained by considering the

both ‘‘positive’’ and ‘‘negative’’ values of G-factors. The shaded portion of the graph corresponds to the

alignment chart shown in Figure 31.4a when both GA and GB are positive.

To account for the effect of axial forces in the restraining members, Bridge and Fraser (1987) proposed

a more general expression for G-factor:

G ¼ ðI=LÞP
nðI=LÞngnmn

¼ stiffness of member i under investigation

stiffness of all rigidly connected members
ð31:81Þ

where g is a function of the stability functions S and C (Equations 31.3 and 31.4), m is a factor to account

for the end conditions of the restraining member (see Figure 31.11), and subscript n represents the other

members rigidly connected to member i. The summation in the denominator is for all members meeting

at the joint.

By using Figure 31.10, Figure 31.11, and Equation 31.81, the effective length factor Ki for the ith

member can be determined by the following steps:

1. Sketch the buckled shape of the structure under consideration.

2. Assume a value of Ki for the member being investigated.
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3. Calculate values of Kn for each of the other members that are rigidly connected to the ith member

using the equation

Kn ¼ Ki

Li

Ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pi

Pn

� 	
In

Ii

� 	s
ð31:82Þ

4. Calculate g and obtain m from Figure 31.11 for each member.

5. Calculate Gi for the ith member using Equation 31.81.

6. Obtain Ki from Figure 31.10 and compare with the assumed Ki at step 2.

7. Repeat the procedure by using the calculated Ki as the assumed Ki until Ki calculated at the end of

the cycle is approximately (say, 10%) equal to the Ki at the beginning of the cycle.

1.8

1.7

1.6

1.5

1.4

1.3

1.2

1.1

1.0

0.9

0.8

0.7

0.6

0.5
0 0.1 0.2 0.3 0.4 0.5

�

�

0.6 0.7 0.8 0.9 1.0

1.0

0.8

0.6

0.4

0.2

0.0

� =

P

Kadjusted = �Kalignment chart

Ib

Ib

IcLc

I �b

I�c = �Ic

0 ≤ � ≤ 1.0
0 ≤ � ≤ 1.0

P� = �P

FIGURE 31.9 Chart for the modification factor b in an unsymmetrical frame.
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8. Repeat steps 2 to 7 for other members of the frame.

9. The largest set of K values obtained is then used for design.

The above procedure has been illustrated (Bridge and Fraser 1987) and verified (Koo 1988) to provide

a good elastic K-factor of columns in braced frames.

EXAMPLE 31.4

Given: A braced column is shown in Figure 31.12. Consider axial force effects to determine K-factors

for columns AB and BC.

Solution

1. Sketch buckled shape as shown in Figure 31.12b.

2. Assume KAB¼ 0.94.

3. Calculate KBC by Equation 31.82:

KBC ¼ KAB
LAB

LBC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PAB

PBC

� 	
IBC

IAB

� 	s
¼ 0:94

L

L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2PI

Pð1:2IÞ

s

¼ 1:22

–0.5

–1.0
–1.2

–1.5

–2

–3
–4
–6

–10

10
6
4
3

G
B

GA

2

1.5

1.2
1.0

0.5

+ ∞

0.
5

1.
0

1.
2

1.
5 2 3 4 6 10 –1
0 –6 –4 –3 –2

–1
.5

–1
.2

–1
.0

–0
.5

+
∞

0.55

0.65

0.70

0.75

0.8

0.85

0.90

0.95

1.05k=1.00
1.1

1.2

1.4
1.6

2
3

∞

0.60

FIGURE 31.10 Effective length chart considering both positive and negative effects in braced frame (Bridge and

Fraser 1987).
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4. Calculate g and obtain m from Figure 31.11 for member BC.

Since KBC> 1.0

gBC ¼ 1� 1

K 2
BC

¼ 1� 1

1:222
¼ 0:33

Far end is pined, mBC¼ 1.5

5. Calculate G-factor for member AB using Equation 31.81.

GB ¼
ðI=LÞP

nðI=LÞngnmn

¼ ð1:2I=LÞ
ðI=LÞð0:33Þð1:5Þ ¼ 2:42

GA ¼ 1

6. From Figure 31.10, KAB¼ 0.93. Comparing with the assumed KAB¼ 0.94 it is alright.

Axial
forces Cases

Exact � 
formula Approximate � formula m

1

1.5

2

3

1

1.5

2

3

Tension

Compression

C – S
2

C + S
6

C
4

C – S2/C
3

C – S
2

C – S2/C
3

C + S
6

C
4

1 +
1

1.5 Kn
2

1 +
1

4 Kn
2

1 –
1

Kn
2

2 –

for Kn > 1.0

for Kn ≤ 1.0
2

Kn
2

1 –
1

2 Kn
2

2 –

for Kn > 0.7

for Kn ≤ 0.7
2

Kn
2

1 –
1

4 Kn
2

�A

�A

�A

�A

�A

�A

�A

�A

�B = �A

�B = 0

�B =�A

�B =�A

�B = –�A

�B = 0

MB = 0

MB = 0

Note: C and S are stability equations

FIGURE 31.11 Values of g and m to account for the effect of axial forces in the restraining members.
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7. Repeat the above procedure for member BC.

Assume KBC¼ 1.2

Calculate KAB by Equation 31.82

KAB ¼ KBC
LBC

LAB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PBC

PAB

� 	
IAB

IBC

� 	s
¼ 1:2

L

L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pð1:2IÞ

2PI

r
¼ 0:93

Calculate g and obtain m from Figure 31.11 for member AB

Since KAB< 1.0

gAB ¼ 2� 2

K 2
AB

¼ 2� 2

0:932
¼ �0:312

Far end is pined, mAB¼ 1.5

Calculate G-factor for the member BC using Equation 31.81.

GB ¼
ðI=LÞP

nðI=LÞngnmn

¼ ðI=LÞ
ð1:2I=LÞð�0:312Þð1:5Þ ¼ �1:78

Gc ¼ 1

See Figure 31.10, KBC¼ 1.18

Comparing with the assumed KAB¼ 1.20 it is alright.

8. It is seen that the largest set of K-factors is

KAB ¼ 1:22 and KBC ¼ 0:93

31.5.6 Consideration of Partial Column Base Fixity

In computing the effective length factor for monolithic connections, it is important to properly evaluate

the degree of fixity in foundation. The following two approaches can be used to account for foundation

fixity.

P

L
L1.2 I

I

P

A

B

C

(a) (b)

FIGURE 31.12 Braced columns: (a) braced columns and (b) buckled shape.
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31.5.6.1 Fictitious Restraining Beam Approach

Galambos (1960) proposed that the effect of partial base fixity can be modeled as a fictitious beam. The

approximate expression for the stiffness of the fictitious beam accounting for rotation of foundation in

the soil has the form

Is

LB

¼ qBH3

72Esteel

ð31:83Þ

where q is the modulus of subgrade reaction (varies from 50 to 400 lb/in.3, 0.014 to 0.109 N/mm3), B and

H are the width and length (in bending plane) of the foundation, respectively, and Esteel is the modulus

of elasticity of steel.

Based on the studies of Salmon et al. (1957), the approximate expression for the stiffness of the

fictitious beam accounting for the rotations between column ends and footing due to deformation of

base plate, anchor bolts, and concrete can be written as:

Is

LB

¼ bd2

72Esteel=Econcrete

ð31:84Þ

where b and d are the width and length of the base plate, respectively and subscripts concrete and steel

represent concrete and steel, respectively. Galambos (1960) suggested that the smaller stiffness calculated

by Equations 31.83 and 31.84 be used in determining K-factors.

31.5.6.2 AASHTO Load and Resistance Factor Design Approach

The following values are suggested by AASHTO (2004):

G ¼ 1:5 footing anchored on rock

G ¼ 3:0 footing not anchored on rock

G ¼ 5:0 footing on soil

G ¼ 1:0 footing on multiple rows of end bearing piles

31.5.7 Inelastic K -factor

The effect of material inelasticity and end restrain on the K-factors has been studied during the last two

decades (Yura 1971; Disque 1973; Jones et al. 1980, 1982; Chapius and Galambos 1982; Sugimoto and

Chen 1982; Vinnakota 1982; Lui and Chen 1983; Razzaq 1983; Bjorhovde 1984; Sohal et al. 1995). The

inelastic K-factor developed originally by Yura (1971) and expanded by Disque (1973) makes use of

alignment charts with simple modifications. It is conservative to design column on the base of elastic

K-factors. It is less conservative to design column on the base of inelastic K-factors. To consider the

inelasticity of material, the G-values as defined by Equations 31.7 and 31.8 are replaced by G � (Disque

1973) as follows:

G� ¼ SRFðGÞ ¼ Et

E
G ð31:85Þ

where Et is the tangent modulus of the material. For practical application, the stiffness reduction

factor (SRF)¼ (Et/E) and can be taken as the ratio of the inelastic to elastic buckling stress of the

column

SRF ¼ Et

E
� ðFcrÞinelastic

ðFcrÞelastic

� ðPu=AgÞ
ðFcrÞelastic

ð31:86Þ
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where Pu is the factored axial load and Ag is the gross section area of member. (Fcr)inelastic and (Fcr)elastic

can be calculated by AISC (1999) column equations:

ðFcrÞinelastic ¼ ð0:658Þl
2
c Fy ð31:87Þ

ðFcrÞelastic ¼
0:877

l2
c

� �
Fy ð31:88Þ

lc ¼
KL

rp

ffiffiffiffiffi
Fy

E

r
ð31:89Þ

where K is the elastic effective length factor and r is the radius of gyration about the plane of buckling.

Table 31.3 gives the SRF values for different stress levels and slenderness parameters. AISC (1999)

provides a direct calculation of SRF as follows:

SRF ¼
1:0 for ðPu=PyÞ � 1

3

�7:38
Pu

Py

� 	
log
ðPu=PyÞ

0:85

� 	
for ðPu=PyÞ> 1

3

8>><
>>: ð31:90Þ

EXAMPLE 31.5

Given: A two-story steel frame is shown in Figure 31.5. Using the alignment chart to determine the

K-factor for inelastic column DE, E¼ 29,000 ksi (200 GPa) and Fy¼ 36 ksi (248 MPa).

Solution

1. Calculate the axial stress ratio

Pu

AgFy

¼ 300

13:3ð36Þ ¼ 0:63

2. Obtain SRF¼ 0.793 from Table 31.3

TABLE 31.3 Stiffness Reduction Factor (SRF) for G-values

(KL/r)elastic

36 ksi 50 ksi SRF

Pu/(AgFy) (248 MPa) (345 MPa) lc (Equation 31.86)

1.00 0.0 0.0 0.155 0.000

0.95 31.2 26.5 0.350 0.133

0.90 44.7 38.0 0.502 0.258

0.85 55.6 47.1 0.623 0.376

0.80 65.1 55.2 0.730 0.486

0.75 73.9 62.7 0.829 0.588

0.70 82.3 69.8 0.923 0.680

0.65 90.5 76.8 1.015 0.763

0.60 98.5 83.6 1.105 0.835

0.55 106.6 90.4 1.195 0.896

0.50 114.7 97.4 1.287 0.944

0.45 123.2 104.5 1.381 0.979

0.40 131.9 111.9 1.480 0.998

0.39 133.7 113.5 1.500 1.000
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From Equation 31.83b

SRF ¼ �7:38
Pu

Py

� 	
log
ðPu=PyÞ

0:85

� 	
¼ �7:38ð0:63Þ log

0:63

0:85

� 	
¼ 0:605

3. Calculate the modified G-factor

GE ¼ 0:448 ðExample 31.1Þ
G�E ¼ SRFðGEÞ ¼ 0:794ð0:448Þ ¼ 0:355

GD ¼ 10 (AISC 1999)

4. From the alignment chart in Figure 31.4b, we have

ðKDEÞinelastic ¼ 1:75

31.6 Framed Columns — Alternative Methods

31.6.1 LeMessurier Method

Considering that all columns in a story buckle simultaneously and strong columns will brace weak

columns (Figure 31.13), a more accurate approach to calculate K-factors for columns in a sidesway frame

was developed by LeMessurier (1977). The Ki value for the ith column in a story can be obtained by the

following expression:

Ki ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2EIi

L2
i Pi

P
P þ

P
CLPP

PL

� 	s
ð31:91Þ

where Pi is the axial compressive force for member i, subscript i represents the ith column, and
P

P is

the sum of axial force of all columns in a story.

PL ¼
bEI

L2
ð31:92Þ

b ¼ 6ðGA þ GBÞ þ 36

2ðGA þ GBÞ þ GAGB þ 3
ð31:93Þ

CL ¼ b
K 2

0

p2
� 1

� 	
ð31:94Þ

where K0 is the effective length factor obtained by the alignment chart for unbraced frames and PL is

V
P

EI

FIGURE 31.13 Subassemblage of LeMessurier method.
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only for rigid columns, which provide sidesway stiffness. For a cantilever column, CL¼ 0.216. In multi-

story structures, CL may be expediently approximated by 0.2 for all columns except for pin-ended

columns, for which CL¼ 0.

EXAMPLE 31.6

Given: A sway frame with unequal height columns is shown in Figure 31.14a. Determine the elastic

K-factors for columns by using the LeMessurier method. Member properties are

Member A (in.2, mm2) I (in.4, mm4,	 108) L (in., mm)

AB 21.5, 13,871 620, 2.58 240, 6096

BD 21.5, 13,871 620, 2.58 240, 6096

CD 7.65, 4,935 310, 1.29 120, 3048

Solution

The detailed calculations are listed in Table 31.4.

By using Equation 31.91, we obtain

KAB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2EIAB

L2
ABPAB

P
P þ

P
CLPP

PL

� 	s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2Eð620Þ
ð240Þ2ð2PÞ

3P þ 0:495P

0:271E

� 	s
¼ 0:83

KCD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2EICD

L2
CDPCD

P
P þ

P
CLPP

PL

� 	s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2Eð310Þ
ð120Þ2ðPÞ

3P þ 0:495P

0:271E

� 	s
¼ 1:66

31.6.2 Lui Method

A simple and straightforward approach for determining the effective length factors for framed columns

without the use of alignment charts and other charts was proposed by Lui (1992). The formula takes into

2L

L
L

2I

2I

I

2P P

D

C

B

A

C

D

0.5 kip1 kip

A

B

(a) (b)

FIGURE 31.14 A frame with unequal columns: (a) frame dimensions and loads and (b) frame subjected to

fictitious lateral loads.
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account both the member instability and the frame instability effects explicitly. The K-factor for the ith

column in a story was obtained in a simple form:

Ki ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2EIi

PiL
2
i

� 	 XP

L

� 	
1

5
P

Z
þ D1P

H

� 	� �s
ð31:95Þ

where
P

(P/L) represents the sum of axial force to length ratio of all members in a story,
P

H is the story

lateral load producing D1, D1 is the first-order interstory deflection, and Z is the member stiffness index

and can be calculated by

Z ¼ ð3þ 4:8mþ 4:2m2ÞEI

L3
ð31:96Þ

where m is ratio of the smaller to larger end moments of the member, it is taken as positive if the member

bents in reverse curvature, and negative for single curvature.

It is important to note that the term
P

H used in Equation 31.95 is not the actual applied lateral load.

Rather, it is a small disturbing or fictitious force (taken as a fraction of the story gravity loads) to be

applied to each story of the frame. This fictitious force is applied in a direction such that the deformed

configuration of the frame will resemble its buckled shape.

EXAMPLE 31.7

Given: Determine K-factors by using the Lui method for the frame shown in Figure 31.14a.

E¼ 29,000 ksi (200 GPa).

Solution

Apply fictitious lateral forces at B and D (Figure 31.14b) and perform a first-order analysis. Detailed

calculation is shown in Table 31.5.

By using Equation 31.95, we obtain

KAB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pEIAB

PABL2
AB

� 	 X P

L

� 	
1

5
P

Z
þ D1P

H

� 	� �s

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2ð29, 000Þð620Þ
ð2PÞð240Þ2

 !
P

60

� 	
1

5ð56:24Þ þ 0:019

� 	� �vuut ¼ 0:76

TABLE 31.4 Example 31.6 — Detailed Calculation by LeMessurier Method

Members AB CD Sum Notes

I (in.4, mm4	 108) 620, 2.58 310, 1.29 —

L (in., mm) 240, 6096 120, 3048 —

Gtop 1.0 1.0 — Equation 31.7

Gbottom 0.0 0.0 — Equation 31.7

b 8.4 8.4 — Equation 31.93

Ki 0 1.17 1.17 — Alignment chart

CL 0.165 0.165 — Equation 31.94

PL 0.09E 0.181E 0.271E Equation 31.92

P 2P P 3P

CLP 0.33P 0.165P 0.495P
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KCD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2EICD

PCDL2
CD

� 	 XP

L

� 	
1

5
P

Z
þ D1P

H

� 	� �s

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2ð29, 000Þð310Þ

Pð120Þ2

 !
P

60

� 	
1

5ð56:24Þ þ 0:019

� 	� �vuut ¼ 1:52

31.6.3 Essa Method

Considering different story drafts, different stiffness parameters, L
ffiffiffiffiffiffiffiffiffiffi
P=EI

p
, for columns, and different

girder connections for the structural models shown in Figure 31.3, Essa (1998) presented a general

effective length factor equation for column C2 by solving five equations. Those five equations are

obtained by considering the equilibrium of joints A and B and story shear for columns C1, C2, and C3.

31.6.4 Cheong-Siat-Moy Method

Considering an individual end-restrained column as shown in Figure 31.1a, Equation 31.2 was presented

in detail by Cheong-Siat-Moy (1999). When the beams bend in exact double curvature, RkA and RkB are

directly related to GA and GB, respectively (Rk¼ 6/G). Equation 31.2 will become Equation 31.5 for

braced frames when Tk¼1 and Equation 31.6 for unbraced frames when Tk¼ 0.

Tk is the difference between the final lateral stiffness (Tkf) and the initial lateral stiffness (Tki) of a

column as follows:

Tk ¼ Tkf � Tki ¼
PiP

P
Tstory � T0i ð31:97Þ

where Tstory is the first-order lateral story stiffness and T0i is the first-order lateral stiffness of column i.

An improved lateral stiffness Tk associated with g, P, and h and the first-order stiffness property was

proposed by Hellesland (2000) as follows:

Tk ¼ Tkf � Tki ¼
ðgP=hÞiP

gP=h
Tstory � T0i ð31:98Þ

The term g is the flexibility parameter and can be expressed as g¼ 1þCL. A rather simple, yet fairly

accurate expression was developed by Hellesland (1998):

g ¼ 1þ 0:11
1þ 1� ð0:5GmaxÞp

� �3

ð1þ 0:5GminÞ2
ð31:99Þ

TABLE 31.5 Example 31.7 — Detailed Calculation by Lui Method

Members AB CD Sum Notes

I (in.4, mm4	 108) 620, 2.58 310, 1.29 —

L (in., mm) 240, 6096 120, 3048 —

H (kip, kN) 1.0, 4.448 0.5, 2.224 1.5, 6.672

D1 (in., mm) 0.0286, 0.7264 0.0283, 0.7188 —

D1/
P

H (in./kip, mm/kN) — — 0.019, 0.108 Average

Mtop (k in., kN m) �38.8, 4.38 56.53, 6.39 —

Mbottom (k in., kN m) �46.2, �5.22 81.18, �9.17 —

M 0.84 0.69 —

Z (kip/in., kN/mm) 13.00, 2.28 43.24, 7.57 56.24, 9.85 Equation 31.96

P/L (kip/in., kN/mm) P/120, P/3048 P/120, P/3048 P/60, P/1524
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where p¼ 1 for Gmax� 2 and p¼ �1 for Gmax> 2. Gmax is the larger and Gmin is the smaller of the

G-factors at the column ends.

31.6.5 Remarks

For a comparison, Table 31.6 summarizes K-factors for the frames shown in Figure 31.14a obtained from

the alignment chart, the LeMessurier and Lui methods, as well as an eigenvalue analysis. The methods of

both LeMessurier and Lui are based on the story-buckling concept. It is seen that errors in alignment

chart results are rather significant in this case. Although the K-factors predicted by Lui’s and

LeMessurier’s formulas are identical in most cases, the simplicity and independence of any chart in the

case of Lui’s formula make it more desirable for design office use (Shanmugam and Chen 1995). Essa’s

(1998) method overcomes some of the limitations imposed on the development of alignment chart and

incorporates effects of inelastic behavior, different column stiffness parameters, and different restraining

girder conditions. The Cheong-Siat-Moy (1999) method is dependent on the nondimensionalized lateral

stiffness parameter of the column and can be used for partially braced frames. A comprehensive

parametric study encouraged engineers to use the story-based K-factors for stability assessment (Roddis

et al. 1998). Xu and Liu (2002) developed a story-based approach for both unbraced partially and fully

restrained frames.

31.7 Unbraced Frames with Leaning Columns

A column framed with simple connections is often called a leaning column. It has no lateral stiffness

or sidesway resistance. A column framed with the rigid moment-resisting connection is called a rigid

column. It provides the lateral stiffness or sidesway resistance to the frame. When a frame system

(Figure 31.15a) includes leaning columns, the effective length factors of rigid columns must be modified.

Several approaches to account for the effect of leaning columns were reported in the literature

(Yura 1971; Lim and McNamara 1972; LeMessurier 1977; Cheong-Siat-Moy 1986; Aristizabal-Ochoa

1994). A detailed discussion about leaning columns for practical applications was presented by

Geschwindner (1995, 2002).

31.7.1 Rigid Columns

31.7.1.1 Yura Method

Yura (1971) discussed frames with leaning columns and noted the behavior of stronger columns

assisting weaker ones in resisting sidesway. He concluded that the alignment chart gives valid sidesway

buckling solutions if the columns are in the elastic range, and all columns in a story reach their

individual buckling loads simultaneously. For columns that do not satisfy these two conditions, the

alignment charts is generally overly conservative. The Yura approach states that

1. The maximum load-carrying capacity of an individual column is limited to the load permitted on

that column for the braced case K¼ 1.0.

2. The total gravity loads that produce sidesway are distributed among the columns, which provides

lateral stiffness in a story.

TABLE 31.6 Comparison of K-factors for Frame in Figure 31.14a

Columns Theoretical

Alignment

chart

Lui,

Equation (31.80)

LeMessurier,

Equation (31.76)

AB 0.70 1.17 0.76 0.83

CD 1.40 1.17 1.52 1.67
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31.7.1.2 Lim and McNamara Method

Based on the story-buckling concept and using the stability functions, Lim and McNamara (1972)

presented the following formula to account for the leaning column effect:

Kn ¼ K0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

P
QP
P

s
F0

Fn

� 	
ð31:100Þ

where Kn is the effective length factor accounting for leaning columns; K0 is the effective length factor

determined by the alignment chart (Figure 31.3b) not accounting for the leaning columns;
P

P and
P

Q

are the loads on the restraining columns and on the leaning columns in a story, respectively; and F0 and

Fn are the eigenvalue solutions for a frame without and with leaning columns, respectively. For normal

column end conditions that fall somewhere between fixed and pinned, F0/Fn¼ 1 provides a K-factor on

the conservative side by less than 2% (Geschwindner 1995). Using F0/Fn¼ 1, Equation 31.100 becomes

Kn ¼ K0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

P
QP
P

s
ð31:101Þ

Equation 31.93 gives the same K-factor as the modified Yura approach (Geschwindner 1995).

31.7.1.3 LeMessurier and Lui Methods

Equation 31.91 developed by LeMessurier and Equation 31.95 proposed by Lui (1992) can be used for

frames both with and without leaning columns. Since the K-factor expressions (Equations 31.91 and

31.95) were derived for an entire story of the frame, they are applicable to frames with and without

leaning columns.

31.7.1.4 AISC Load and Resistance Factor Design Method

The current AISC (1999) Commentary adopts the following two modified effective length factors K0 for

rigidly connected columns.

For story stiffness method

K 0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pe

0:822Pu

X
Pu

D0hP
HL

� 	s
ð31:102Þ

where

Pe ¼
p2EI

L2
ð31:103Þ

EI L

P
SK

Leaning column Rigid column

(a) (b)

FIGURE 31.15 A frame with leaning columns: (a) a leaning column frame and (b) model for a leaning column.
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Pu is the required axial compressive strength of the column under consideration,
P

Pu is the required axial

compressive strength of all columns in a story, D0h is the lateral interstory deflection,
P

H is the sum of all

story horizontal forces producing D0h , and L is the story height. The 0.822 factor is the ratio of the lateral

column shear force per radian of drift to the buckling load of a sway permitted column with large end restraint,

G¼ 0. This factor will approach 1.0 for more flexible systems with a large percentage of leaner columns.

For the story buckling method

K 0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pe

Pu

P
PuP
Pe2

� 	s
ð31:104Þ

where
P

Pe2 is the sum of Euler loads of all columns in a story providing lateral stiffness for the frame

based on the effective length factor obtained from the alignment chart for an unbraced frame, Pu is the

required axial compressive strength for rigid column, and
P

Pu is the required axial compressive

strength of all columns in a story.

EXAMPLE 31.8

Given: A frame with a leaning column is shown in Figure 31.16a (Lui and Sun 1995). Evaluate the

K-factor for column AB using various methods. The bottom of column AB is assumed to be ideally

pin-ended for comparison purposes. E¼ 29,000 ksi (200 GPa).

Solution

Alignment Chart Method

GA ¼ 1

GB ¼
P

EcIc=LcP
akEgIg=Lg

¼ EI=L

0:5EI=L
¼ 2:0

From Figure 31.3b, we have KAB¼ 2.6.

Lima and McNamara Method

For this frame,
P

P¼
P

Q¼ P and K0¼ 2.6. From Equation 31.100, we have

KAB ¼ K0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

P
QP
P

s
¼ 2:6

ffiffiffiffiffiffiffiffiffiffiffi
1þ 1
p

¼ 3:68

LeMessurier Method

For column AB, GA¼1 and GB¼ 2.0; from the alignment chart, K0¼ 2.6.

According to Equations 31.91 to 31.94, we have

bjGA¼1 ¼
6ðGA þ GBÞ þ 36

2ðGA þ GBÞ þ GAGB þ 3

����
GA¼1

¼ 6

2þ GB

¼ 6

2þ 2
¼ 1:5

X
PL ¼ ðPLÞAB ¼

bEI

L2
¼ 1:5

EI

L2

CL ¼ b
K 2

0

p2
� 1

� 	
¼ ð1:5Þ 2:62

p2
� 1 ¼ 0:0274

KAB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2EIAB

L2
ABPAB

P
P þ

P
CLPP

PL

� 	s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2EI

L2P

2P þ 0:0274P

1:5EI=L2

� 	s

¼
ffiffiffiffiffiffiffiffiffiffiffi
13:34
p

¼ 3:65
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AISC Load and Resistance Factor Design Method

Using Equation 31.102 for column AB

KAB ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
Pu

PAB

	 IABP
I=K 2

i0

�  
 !vuut ¼ Ki0

ffiffiffi
2
p
¼ 3:68

Lui Method

1. Apply a small lateral force H¼ 1 kip as shown in Figure 31.16b.

2. Perform a first-order analysis and find D1¼ 0.687 in. (17.45 mm).

3. Calculate Z factors from Equation 31.96.

Since column CD buckles in a single curvature, m¼�1,

ZCD ¼
ð3þ 4:8mþ 4:2m2ÞEI

L3
¼ ð3� 4:8þ 4:2ÞEI

L3
¼ 2:4EI

L3

P P

B I

I I

C

L

D

L

A

E = 29,000 ksi

L = 12 ft
I = 100 in.4

(a)

B I

I I

C

L

D

L

A

E = 29,000 ksi

H = 1 kip

L = 12 ft
I = 100 in.4

(b)

FIGURE 31.16 A leaning column frame: (a) frame dimension and loads and (b) frame subjected to fictitious

lateral loads.
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For column AB, m¼ 0,

ZAB ¼
ð3þ 4:8mþ 4:2m2ÞEI

L3
¼ 3EI

L3X
Z ¼ 3EI

L3
þ 2:4EI

L3
¼ 5:4ð29,000Þð100Þ

ð144Þ3

¼ 5:245 kip=in: ð0:918 kN=mmÞ

4. Calculate the K-factor from Equation 31.95

KAB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2EIAB

PABL2
AB

� 	 XP

L

� 	
1

5
P

Z
þ D1P

H

� 	� �s

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2ð29,000Þð100Þ

Pð144Þ2

 !
2P

144

� 	
1

5ð5:245Þ þ
0:687

1

� 	� �vuut ¼ 3:73

From an eigenvalue analysis, KAB¼ 3.69 is obtained. It is seen that a direct use of the alignment chart

leads to a significant error for this frame, and other approaches give good results. However, the

LeMessurier approach requires the use of the alignment chart, and the Lui approach requires a first-

order analysis subjected to a fictitious lateral loading.

31.7.2 Leaning Columns

Recognizing that a leaning column is being braced by rigid columns, a model for the leaning column

as shown in Figure 31.15b was proposed by Lui (1992). Rigid columns provide lateral stability to the

whole structure and are represented by a translation spring with a spring stiffness SK. The K-factor for

a leaning column can be obtained as

K ¼ larger of

1ffiffiffiffiffiffiffiffiffiffi
p2EI

SK L3

s
8>><
>>: ð31:105Þ

For most commonly framed structures, the term (p2EI/SKL3) normally does not exceed unity, and so

K¼ 1 often governs. AISC (1999) suggests that leaning columns with K¼ 1 may be used in unbraced

frames provided that the lack of lateral stiffness from simple connections to the frame (K¼1) is

included in the design of moment frame columns. Aristizabal-Ochoa (1994b) recommended that (1) the

K-factors of leaning columns are identical to the K-factors of the rigid columns when they are subjected

to the same magnitude axial loads and are made of the same section and (2) the K-factors of leaning

columns must be greater than 1.0 or the K-factor corresponding to the fully braced column with the

same supports or boundary conditions.

31.7.3 Remarks

Numerical studies by Geschwindner (1995, 2002) found that the Yura approach gives overly conservative

results for some conditions, the Lim and McNamara approach provides sufficiently accurate results for

design, and the LeMessurier approach is the most accurate, among the three. The Lim and McNamara

approach could be appropriate for preliminary design, while the LeMessurier and Lui approaches

would be appropriate for final design.
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31.8 Crossing Bracing Systems

Diagonal bracing or X-bracing is commonly used in steel structures to resist horizontal loads. In current

practice, the design of these types of bracing system is based on the assumptions that the compression

diagonal has negligible capacity and the tension diagonal resists the total load. The assumption that the

compression diagonal has a negligible capacity usually results in an overdesign (Picard and Beaulieu

1987, 1988).

Picard and Beaulieu (1987, 1988) reported theoretical and experimental studies on double-diagonal

cross bracings (Figure 31.6) and found that

1. A general effective length factor equation (Figure 31.17) is given as

K ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:523� 0:428

C=T

s
� 0:50 ð31:106Þ

where C and T represent the compression and tension forces obtained from an elastic analysis,

respectively.

2. When the double diagonals are continuous and attached at the intersection point, the effective

length of the compression diagonal is 0.5 times the diagonal length, that is, K¼ 0.5, because the

C/T ratio is usually smaller than 1.6.

EL-Tayem and Goel (1986) reported a theoretical and experimental study about the X-bracing system

made from single equal-leg angles. They concluded that

1. Design of X-bracing system should be based on an exclusive consideration of one half-

diagonal only.

2. For X-bracing systems made from single equal-leg angles, an effective length of 0.85 times the

half-diagonal length is reasonable, that is, K¼ 0.425.

0 2 4 6 8 10 12 14 16
C/T

0.50

0.55

0.60

0.65

K
-f

ac
to

r

0.70

0.75

0.80

C/T = 1.6

K = ≥ 0.500.523 −
0.428

C/T

Kmax = 0.72

FIGURE 31.17 Effective length factor of compression diagonal (Picard and Beaulieu 1987).
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Sabelli and Hohbach (1999) studied the relationship between axial load and end rotational stiffness

for cross-braced frames. For in-plane buckling, the lower bound values of K-factor equal 0.422 for

pinned-end and 0.245 for fixed-end; the upper bound values of K-factor equal 0.4 for pinned-end

and 0.272 for fixed-end. For out-of-plan buckling, the lower bound values of K-factor equal 0.5 for

pinned-end and 0.35 for fixed-end.

31.9 Latticed and Built-Up Members

The main difference of behavior between solid-webbed members and latticed members and built-up

members is the effect of shear deformation on their buckling strength. For solid-webbed members, shear

deformation has a negligible effect on their buckling strength, while for latticed structural members

using lacing bars and batten plates, shear deformation has a significant effect on their buckling strength.

It is common practice that when the buckling model involves relative deformation produced by shear

forces in the connectors, such as lacing bars and batten plates, between individual components,

a modified effective length factor Km is defined as follows:

Km ¼ avK ð31:107Þ

where K is the usual effective length factor of a latticed member acting as a unit obtained from a structural

analysis andav is the shear factor to account for shear deformation on the buckling strength, or the modified

effective slenderness ratio (KL/r)m should be used in the determination of the compressive strength. Details

of the development of the shear factor av can be found in textbooks by Bleich (1952) and Timoshenko and

Gere (1961). The following section briefly summarizes av formulas for various latticed members.

31.9.1 Laced Columns

For laced members as shown in Figure 31.18, by considering shear deformation due to the lengthening

of diagonal lacing bars in each panel and assuming hinges at joints, the shear factor av has the form

av ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2EI

ðKLÞ2
1

AdEd sinfcos2f

s
ð31:108Þ

b

a

d

b

a

b

a

�

d

(a) (b)

d

FIGURE 31.18 Typical configurations of laced members: (a) single lacing and (b) double lacing.
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where Ed is the modulus of elasticity of materials for lacing bars, Ad is the cross-sectional area of all

diagonals in one panel, and f is the angle between the lacing diagonal and the axis that is perpendicular

to the member axis.

If the lengths of the lacing bars are given (Figure 31.18), Equation 31.108 can be rewritten as

av ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2EI

ðKLÞ2
d3

AdEdab2

s
ð31:109Þ

where a, b, and d are height of the panel, depth of the member, and length of the diagonal,

respectively.

The SSRC (Galambos 1988) suggested that a conservative estimate of the influence of 60 or 45� lacing,

as generally specified in bridge design practice, can be made by modifying the overall effective length

factor K by multiplying a factor av, originally developed by Bleich (1952) as follows:

av ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 300=ðKL=rÞ2

q
for

KL

r
> 40 ð31:110Þ

av ¼ 1:1 for
KL

r
� 40 ð31:111Þ

EXAMPLE 31.9

Given: A laced column with angles and cover plates is shown in Figure 31.19. As usual, Ky¼ 1.25,

L¼ 30 ft (9144 mm). Determine the modified effective length factor (Ky)m by considering the shear

deformation effect.

Section properties

Iy ¼ 2259 in.4 ð9:4	 108 mm4Þ
E ¼ Ed

Ad ¼ 1:69 in.2 ð1090 mm2Þ
a ¼ 6 in. ð152 mmÞ
b ¼ 11 in. ð279 mmÞ
d ¼ 12:53 in. ð318 mmÞ

Solution

1. Calculate the shear factor av by Equation 31.110

av ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2EI

ðKLÞ2
d3

AdEdab2

s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2Eð2259Þ
ð1:25	 30	 12Þ2

12:533

1:69Eð6Þð11Þ2

s
¼ 1:09

2. Calculate (Ky)m by Equation 31.107

ðKyÞm ¼ avKy ¼ 1:09ð1:25Þ ¼ 1:36

31.9.2 Columns with Battens

The battened column has a greater shear flexibility than either the laced column or the column with

perforated cover plates, hence the effect of shear distortion must be taken into account in calculating the

effective length of a column (Johnston 1976). For the battened members shown in Figure 31.20a,

assuming that the points of inflection in the battens are at the batten midpoints and that the points
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of inflection in the longitudinal element occur midway between the battens, the shear factor av is

obtained as

av ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2EI

ðKLÞ2
ab

12EbIb

þ a2

24EIf

� 	s
ð31:112Þ

where Eb is the modulus of elasticity of materials for batten plates, Ib is the moment inertia of all battens

in one panel in the buckling plane, and If is the moment inertia of one side of the main components

taken about the centroid axis of the flange in the buckling plane.

EXAMPLE 31.10

Given: A battened column is shown in Figure 31.21. As usual, Ky¼ 0.8, L¼ 30 ft (9144 mm). Determine

the modified effective length factor (Ky)m by considering the shear deformation effect.

Section properties

Iy ¼ 144 in.4 ð6:0	107 mm4Þ
E ¼ Eb

Y

Y

X X

3
in

.
12

in
.

18
in

.

3
in

.

L 5 3 5 3

PL 18 3

18 in.

11 in. 3 in.3 in.in.

Bar 2   3

1
ft

 0
in

.

7 
16

1
2

1
2 in.1

2

3 
8

1 
4

FIGURE 31.19 A laced column.
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If ¼ 1:98 in.4 ð8:24	 105 mm4Þ
a ¼ 15 in. ð381 mmÞ
b ¼ 9 in. ð229 mmÞ
Ib ¼ 9 in.4 ð3:75	 106 mm4Þ

Solution

1. Calculate the shear factor av by Equation 31.112

av ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2EI

ðKLÞ2
ab

12EIb

þ a2

24EIf

� 	s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2Eð144Þ
ð0:8	 30	 12Þ2

15ð9Þ
12Eð9Þ þ

152

24Eð1:98Þ

� 	s
¼ 1:05

2. Calculate (Ky)m by Equation 31.107

ðKyÞm ¼ avKy ¼ 1:05ð0:8Þ ¼ 0:84

31.9.3 Laced-Battened Columns

For the laced-battened columns as shown in Figure 31.20b, considering the shortening of the battens and

the lengthening of the diagonal lacing bars in each panel, the shear factor av can be expressed as

av ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2EI

ðKLÞ2
d3

AdEdab2
þ b

aAbEb

� 	s
ð31:113Þ

where Eb is the modulus of elasticity of materials for battens and Ab is the cross-sectional area of all

battens in one panel.

b b

a

b

c

a

a

d

(a) (b) (c)

FIGURE 31.20 Typical configurations of members with battens and with perforated cover plates: (a) battens,

(b) lacing-battens, and (c) perforated cover plates.
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31.9.4 Columns with Perforated Cover Plates

For members with perforated cover plates shown in Figure 31.20c, considering the horizontal cross-

member as infinitely rigid, the shear factor av has the form

av ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2EI

ðKLÞ2
9c3

64aEIf

� 	s
ð31:114Þ

where c is the length of a perforation.

It should be pointed out that the usual K-factor based on a solid member analysis is included

in Equations 31.108 to 31.114. However, since the latticed members studied previously have

pin-ended conditions, the K-factor of the member in the frame was not included in the second terms
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2
ft
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in

.
PL    × 6 × 0 ft 11 in.

1 
  

in
.

6 in.

9 in.

15
in

.
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.

1
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1 2
1 

  
in

.
1 2

1   in.1
2 1   in.1

2

FIGURE 31.21 A battened column.
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of the square root of the above equations in their original derivations (Bleich 1952; Timoshenko and

Gere 1961).

EXAMPLE 31.11

Given: A column with perforated cover plates is shown in Figure 31.22. As usual, Ky¼ 1.3, L¼ 25 ft

(7620 mm). Determine the modified effective length factor (Ky)m by considering the shear deforma-

tion effect.

Section properties

Iy ¼ 2467 in.4 ð1:03	 108 mm4Þ
If ¼ 35:5 in.4 ð1:48	 106 mm4Þ
a ¼ 30 in. ð762 mmÞ
c ¼ 14 in. ð356 mmÞ

Y

Y

XX

18
in

.

PL 18 ×

PL 18 ×

2 in. 2 in.14 in.

8 in.

30
in

.

4
in

.
6

in
.

14
in

.

4
in

.
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L 3   × 3   × 1
2

3
8

1
2

7 
16

7 
16

FIGURE 31.22 A column with perforated cover plates.
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Solution

1. Calculate the shear factor av by Equation 31.114

av ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2EI

ðKLÞ2
9c3

64aEIf

� 	s

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2Eð2467Þ
ð1:3	 25	 12Þ2

9ð14Þ3

64ð30ÞEð35:5Þ

 !vuut ¼ 1:03

2. Calculate (Ky)m by Equation 31.107

ðKyÞm ¼ avKy ¼ 1:03ð1:3Þ ¼ 1:34

31.9.5 Built-Up Members with Bolted and Welded Connectors

AISC (1999) specifies that if the buckling of a built-up member produces shear forces in the connectors

between individual component members, the usual slenderness ratio KL/r for compression members

must be replaced by the modified slenderness ratio (KL/r)m in determining the compressive strength:

1. For snug-tight bolted connectors

KL

r

� 	
m

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KL

r

� 	2

0

þ a

ri

� 	2
s

ð31:115Þ

2. For welded connectors and for fully tightened bolted connectors

KL

r

� 	
m

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KL

r

� 	2

0

þ 0:82
a2

ð1þ a2Þ
a

rib

� 	2
s

ð31:116Þ

where (KL/r)0 is the slenderness ratio of the built-up member acting as a unit, (KL/r)m is the

modified slenderness ratio of the built-up member, a/ri is the largest slenderness ratio of the

individual components, a/rib is the slenderness ratio of the individual components relative to its

centroidal axis parallel to the axis of buckling, a is the distance between connectors, ri is the

minimum radius of gyration of individual components, rib is the radius of gyration of individual

components relative to its centroidal axis parallel to the member axis of buckling, a is the

separation ratio¼ h/2rib, and h is the distance between centroids of individual components

perpendicular to the member axis of buckling

Equation 31.115 is the same as that used in the current Italian code as well as in other European

specifications, based on test results (Zandonini 1985). In the equation, the bending effect is considered in

the first term in square root, and shear force effect is taken into account in the second term.

Equation 31.116 was derived from elastic stability theory and was verified by test data (Aslani and Goel

1991). In both cases the end connectors must be welded or slip-critical bolted (Aslani and Goel 1991).

EXAMPLE 31.12

Given: A built-up member with two back-to-back angles is shown in Figure 31.23. Determine the

modified slenderness ratio (KL/r)m in accordance with AISC (1999), Equation 31.108:

rib ¼ 0:735 in. ð19 mmÞ
a ¼ 48 in. ð1219 mmÞ
h ¼ 1:603 in. ð41 mmÞ

ðKL=rÞ0 ¼ 70
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Solution

1. Calculate the separation factor a

a ¼ h

2rib

¼ 1:603

2ð0:735Þ ¼ 1:09

2. Calculate the modified slenderness ratio (KL/r)m by Equation 31.116

KL

r

� 	
m

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KL

r

� 	2

0

þ 0:82
a2

ð1þ a2Þ
a

rib

� 	2
s

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
70ð Þ2þ 0:82

1:092

ð1þ 1:092Þ
48

0:735

� 	2
s

¼ 82:5

31.10 Tapered Columns

The state-of-the-art design for tapered structural members was provided in the SSRC guide (Galambos

1988). The charts as shown in Figure 31.24 and Figure 31.25 can be used to evaluate the effective length

factors for tapered column restrained by prismatic beams (Galambos 1988). In these figures, IT and IB are

the moments of inertia of top and bottom beams, respectively; b and L are lengths of beam and column,

respectively; and g is the tapering factor as defined by

g ¼ d1 � d0

d0

ð31:117Þ

where d0 and d1 are the section depths of column at the smaller and larger ends, respectively.

PL 3 × 2 × 

L 3   × 2   × 

X X

Y

Y
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.

1
2

1
2

1
4

L 3   × 2   × 1
2

1
2

1
4

3
8

FIGURE 31.23 A built-up member with back-to-back angles.
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Effects of shear deformation on the effective length factors of tapered I-section columns in a portal

frame Figure 31.26 were studied by Li and Li (2000).

n ¼ Ic1

Ic0

ð31:118Þ

lc ¼
Lcffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ic0=Ac0

p ¼ Lc

rc0

ð31:119Þ

When lc � 36
ffiffiffiffiffiffiffiffiffiffiffi
0:02n
p

þ 26, shear effect can be ignored.

The following shear factor was proposed to account for the tapered columns (Li and Li 2000):

av ¼ 1:0þ f1ðnÞe� lc�17:75ð Þ=4 þ f2ðnÞe� lc�17:75ð Þ=22 ð31:120Þ

f1ðnÞ ¼ 0:029031þ 0:0088n� 0:0003416n2 þ 0:000004155n3 ð31:121Þ

f2ðnÞ ¼ 0:06523þ 0:0112n� 0:0001056n2 ð31:122Þ

31.11 Crane Columns

The columns in mill buildings and warehouses are designed to support overhead crane loads. The cross-

section of a crane column may be uniform or stepped (see Figure 31.27). Over the past two decades,

a number of simplified procedures have been developed for evaluating the K-factors for crane columns

(Huang 1968; Anderson and Woodward 1972; Lay 1973; Agarwal and Stafiej 1980; Moore 1986;

0.1

0.2

0.3

0.4

0.5

0.6

0 0.5 1 1.5 2 3 4 5 6 810 20 50`

RT

RB= `

K�

30 10
0

b

IL IL
L

IT

IBI0 I0

P P

RT=
LIT

bI0

RB=
LIH

bI0

Pcr=
(K�L)2

	2EI0

� = 3.0
2

0.3

0.1

0

1

FIGURE 31.24 Effective length factor for tapered columns in braced frames (Galambos 1988).
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Fraser 1989, 1990; AISE 1991; Bendapudi 1994). Those procedures have limitation in terms of column

geometry, loading, and boundary conditions. Most importantly, most of these studies ignored the

interaction effect between the left and right columns of frames and were based on isolated member

analyses (Lui and Sun 1995). Recently, a simple, yet reasonably accurate, procedure for calculating the

K-factors for crane columns with any value of relative shaft length, moment of inertia, loading, and
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FIGURE 31.25 Effective length factor for tapered columns in unbraced frames (Galambos 1988).
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FIGURE 31.26 A tapered portal frame.
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boundary conditions was developed by Lui and Sun (1995). On the basis of the story stiffness concept

and accounting for both member and frame instability effects in the formulation, Lui and Sun (1995)

proposed the following procedure (see Figure 31.28):

1. Apply the fictitious lateral loads aP (a is an arbitrary factor, 0.001 may be used) in such a direction as

to create a deflected geometry for the frame that closely approximates its actual buckled configuration.

2. Perform a first-order elastic analysis on the frame subjected to the fictitious lateral loads

(Figure 31.28b). Calculate Dl/
P

H, where Dl is the average lateral deflection at the intermediate

load points (i.e., points B and F) of columns and
P

H is the sum of all fictitious lateral loads that

act at and above the intermediate load points.

3. Calculate Z using the results obtained from a first-order elastic analysis for lower shafts

(i.e., segments AB and FG), according to Equation 31.89.

4. Calculate the K-factor for the lower shafts using Equation 31.88.

5. Calculate the K-factor for upper shafts using the following formula:

KU ¼ KL

LL

LU

� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PL þ PU

PU

� 	
IU

IL

� 	s
ð31:123Þ

where P is the applied load and subscripts U and L represent the upper and lower shafts, respectively.

EXAMPLE 31.13

Given: A stepped crane column is shown in Figure 31.29a. The example is the same frame as that used

by Fraser (1990) and Lui and Sun (1995). Determine the effective length factors for all columns using the

Lui approach. E¼ 29,000 ksi (200 GPa).

IAB ¼ IFG ¼ IL ¼ 30,000 in.4 ð1:25	 1010 mm4Þ
AAB ¼ AFG ¼ AL ¼ 75 in.2 ð48,387 mm2Þ

PU PU

PL PL

PU

L
U

L
L

PL

Runway girder

Bracket

U
pp

er
 s

ha
ft

L
ow

er
 s

ha
ft
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crane column

PU + PL PU + PL PU + PL

Frame column

Crane column

Batten plates

Stepped crane
column

FIGURE 31.27 Typical crane columns.

Effective Length Factors of Compression Members 31-45

Copyright 2005 by CRC Press



IBC ¼ IEF ¼ ICE ¼ IU ¼ 5420 in.4 ð2:26	 109 mm4Þ
ABC ¼ AEF ¼ ACE ¼ AU ¼ 34:14 in.2 ð22,026 mm2Þ

Solution

1. Apply a set of fictitious lateral forces with a¼ 0.001 as shown in Figure 31.29b

2. Perform a first-order analysis and find

ðDlÞB ¼ 0:1086 in. ð2:76 mmÞ and ðD1ÞF ¼ 0:1077 in. ð2:74 mmÞ

so,

DlP
H
¼ ð0:1086þ 0:1077Þ=2

0:053þ 0:3þ 0:053þ 0:14
¼ 0:198 in:=kip ð1:131 mm/kNÞ
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FIGURE 31.29 Pin-based stepped crane columns: (a) frame subjected to gravity loads and (b) frame subjected to

fictitious lateral loads.
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FIGURE 31.28 Crane column model for effective length factor computation: (a) frame subjected to gravity loads

and (b) frame subjected to fictitious lateral loads (Lui and San 1995).
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3. Calculate Z factors from Equation 31.89

Since the bottom of columns AB and FG is pin-based, m¼ 0,

ZAB ¼ ZFG ¼
ð3þ 4:8mþ 4:2m2ÞEI

L3
¼ 3EI

L3

¼ ð3Þð29,000Þ ð30,000Þ
ð396Þ3

¼ 42:03 kip=in: ð7:36 mm=kNÞ

X
Z ¼ 42:03þ 42:03 ¼ 84:06 kip=in: ð14:72 mm/kNÞ

4. Calculate the K-factors for columns AB and FG using Equation 31.88

KAB ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2ð29,000Þð30,000Þ
ð353Þ ð396Þ2

 !
353þ 193

396

� 	
1

5ð84:06Þ þ 0:198

� 	� �vuut
¼ 6:55

KFG ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2ð29,000Þð30,000Þ
ð193Þ ð396Þ2

 !
353þ 193

396

� 	
1

5ð84:06Þ þ 0:198

� 	� �vuut
¼ 8:85

5. Calculate the K-factors for columns BC and EF using Equation 31.123

KBC ¼ KAB
LAB

LBC

� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PAB þ PBC

PBC

� 	
IBC

IAB

� 	s

¼ 6:55
396

156

� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
353

53

� 	
5,420

30,000

� 	s
¼ 18:2

KEF ¼ KFG
LFG

LEF

� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PFG þ PEF

PEF

� 	
IEF

IFG

� 	s

¼ 8:85
396

156

� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
193

53

� 	
5,420

30,000

� 	s
¼ 18:2

The K-factors calculated above are in good agreement with the theoretical values reported by Lui and

Sun (1995).

31.12 Columns in Gable Frames

For a pin-based gable frame subjected to a uniformly distributed load on the rafter as shown in

Figure 31.30a, Lu (1965) presented a graph (Figure 31.30b) to determine the effective length factors of

columns. For frames having different member sizes for rafter and columns having (L/h) of ( f/h) ratios

not covered in Figure 31.30, an approximate method is available for determining K-factors of columns

(Hansell 1964). The method is to find an equivalent portal frame whose span length is equal to twice the

rafter length Lr (see Figure 31.30a). The K-factors can be determined from the alignment charts using

Gtop ¼ ðIc=hÞ=ðIr=2LrÞ and the corresponding Gbottom.
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31.13 Columns in Fire

The effects of structural continuity on fire exposed columns have been investigated over the last two

decades. In the fire limit state, unexposed relative cool parts impose restraint on the structure’s elements

under fire. The Eurocode 4 Part 1.2 (ECS 1994) recommends that the K-factor for braced frames for a

column continuous at both ends may be taken as 0.5 and that for a column continuous at one end may

be taken as 0.7.

L
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L r
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FIGURE 31.30 Effective length factor for columns in pinned-base gable frames: (a) a pinned-base gable frame and

(b) effective length factors (Lu 1965).
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Experimental studies on fixed-ended steel columns in fire performed by Ali (2000) and Ali and

O’Connor (2001) gave an average value of 0.56 for highly restrained columns and 0.61 for a low

rotational restraint.

Theoretical studies on concrete-filled columns (Wang 1999) found that Eurocode recommendations

give very accurate results of fire resistance for unreinforced subframe columns. The fire resistance of

reinforced subframe columns were slightly overestimated, but the difference was small. An extensive

parametric study on concrete-filled steel square hollow sections (Bailey 2000) concluded that for

braced columns continuous at both ends, K¼ 0.55 without considering local buckling at the top of

the heated column, and K¼ 0.75 when considering the effects of possible local buckling; for braced

columns continuous at one end, K¼ 0.8; for an idealized pinned foundation, K¼ 1.0.

31.14 Members in Space Frames

Space frames with various nodal connection systems are widely used all over the world. The current

design method is based on the assumption that the joints are pin-ended. Experimental and theoretical

investigations on Oktalok space frame as shown in Figure 31.31 provided the following formula to

estimate effective length factor of members in Oktalok space frames (Zhao et al. 2000):

K ¼ 1:25� L=r

246
ð31:124Þ

where 98� L/r � 140.

31.15 Truss-Type Highway Sign Support Structures

For a typical truss-type highway sign support structure as shown in Figure 31.32, the main vertical

support columns are usually assumed as fixed at the base and pinned to the top truss box. K¼ 1.0 is

5

3

2
4

1

FIGURE 31.31 Oktalok nodal system.
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often conservatively assumed for the main vertical support columns in design. Some engineers may take

a more conservative approach and use K¼ 2.0, assuming the frame to be unbraced against sidesway in

the perpendicular direction. K¼ 0.85 is assumed for diagonal members. The current overly simplified

procedure does not provide a true presentation of actual behavior (DeWolf and Yang 2000) and may

lead to excessively conservative design. A structural system stability analysis indicated that a significant

reduction in the effective length factors can be achieved for both columns and diagonals. DeWolf and

Yang (2000) recommended that

� Changing the sizes of the diagonals has a significant influence on the overall in-plane buckling

strength of columns but does not affect the out-of-plane buckling strength.
� Increasing the restraints of the connections between the top of the columns and the sign box

structures can increase the out-of-plane buckling strength. If the connection between top box and

column is pinned, K¼ 1.37. If it is fully restricted against rotation, K¼ 0.82.

L

Top box

Wind

FIGURE 31.32 A Typical truss-type sign support structure.
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31.16 Precast Concrete Skeletal Frames

Precast skeletal structures are usually designed either as unbraced structures, up to three or four stories,

or as fully braced structures, up to 15 to 20 stories in height. The design and analysis of precast skeletal

structures is greatly influenced by the behavior of beam-to-column connections. Eillott et al. (1998)

conducted a series of experimental studies of precast concrete beam–column connections and proposed

an approach to calculate the K-factors.

Precast concrete frames (Figure 31.33) are analyzed either as fully unbraced structures (upper frame)

or as partially braced structures (lower frame) where shear walls or cores provide lateral bracing up to a

certain level and the frame is unbraced above this point. The following equations were proposed to

evaluate the K-factors for the subframes, F1, F2, and F3 (Figure 31.33):

For frame F1

K ¼
1þ 1

0:2þ 10Gs

þ G

0:3þ 1:8Gs � 0:45G2
s

for 0:1<Gs � 2

1:1þ 1

7:4þ 7:4Gs � 0:4G2
s

þ G

1:6þ 0:3Gs

for 2 � Gs � 10

8>><
>>: ð31:125Þ

For frame F2

K ¼
1þ 1

2:0þ 2Gs þ 4G2
s

þ G

4þ 0:5Gs

for 0:1<Gs � 2

1þ 1

8:6þ 8:4Gs � 0:4G2
s

þ G

3:9þ 0:9Gs

for 2 � Gs � 10

8>><
>>: ð31:126Þ

For frame F3

K ¼
1þ 1

1:25þ 2:5Gs þ 2:5G2
s

þ G

2:25þ 0:5Gs

for 0:1<Gs � 2

1þ 1

6:5þ 5:6Gs � 0:3G2
s

þ G

2:7þ 0:3Gs

for 2 � Gs � 10

8>><
>>: ð31:127Þ

where G is the column end stiffness ratio as defined in Equation 31.7 and Gs is the relative semirigidity

of the beam-to-column connection and is defined as joint stiffness J/beam flexural stiffness 4EI/L.

31.17 Steel Moment Frame

In the proposed American Institute of Steel Construction (AISC) 2005 Specification, attempts are made

to use K¼ 1.0 for nominal column strengths, Pn, in the interaction equations, when the required

F1

F2

F3

Shear 
wall

FIGURE 31.33 Types of precast frames.
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strengths for members, connections, and other structural elements are obtained from the second-order

elastic analysis under load and resistance factor design (LRFD) combinations. Its appendix provides the

direct second-order analysis method for steel moment frames.

31.17.1 Second-Order Elastic Analysis

The second-order analysis required for using K¼ 1.0 in the interaction equations should capture both the

P–d and the P–D effects. The analysis may be performed either using a direct second-order analysis or by

modifying the results of a first-order analysis using the B1 and B2 amplification factors (AISC 1999),

provided that the B1 and B2 factors are based on the reduced flexural stiffness. Approximate P–D methods

should be permitted when the factored axial loads in all columns are less than 15% of their respective

Euler buckling loads. When the second-order displacement based on 20% reduced elastic stiffness is greater

than six times the first-order displacement, it is recommended to increase the frame stiffness to limit

the amplification to 6. Otherwise, the high nonlinearity would be such that small changes in gravity load

or member stiffness will result in large changes in the calculated second-order effects.

31.17.2 Direct Second-Order Analysis

The direct second-order analysis uses the notional load concept and the reduced flexural stiffness

principle.

31.17.2.1 Notional Load Concept

Notional loads are lateral loads that are applied at each floor level and are specified in terms of the

gravity loads applied at that floor level to account for the effects of geometric imperfections, inelasticity,

or both. A notional load applied at floor i, Ni¼ 0.002Yi should be added to the factored lateral load in all

LRFD load combinations. Yi is the gravity load from the load combination acting on floor i and should

be equal to or greater than the gravity load associated with the load combination being evaluated. The

notional load should be applied in the direction that adds to the destabilizing effects under the specified

load combination.

31.17.2.2 Reduced Stiffness Principle

A reduced flexural stiffness, (EI)�, should be used for all members.

ðEIÞ� ¼ 0:8tEI for columns

0:8EI for other members

"

t ¼
1:0 for Pu=Py � 0:5

4
Pu

Py

1� Pu

Py

� 	� �
for Pu=Py > 0:5

8<
: ð31:128Þ

Alternatively, where Pu> 0.5Py for any column in the moment frame, an additive notional load of

Ni¼ 0.001Yi should be added to the required notional load discussed in Section 31.17.2.1.

31.18 Summary

This chapter summarizes the state-of-the-art use of effective length factors for individual columns,

framed columns, diagonal bracing systems, latticed and built-up members, tapered columns, crane

columns, gable frames, columns in fire, space frames, truss-type highway sign support structures, precast

concrete skeletal frames, and steel moment frames. Design implementation with formulas, charts, tables,

various modification factors adopted in current codes and specifications, as well as those used in

engineering practice are described. Several examples are given to illustrate the steps of practical appli-

cations of various methods.
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Glossary

Alignment chart — A nomograph for determining the effective length factor K for some types of

compression members.

Braced frame — A frame in which the resistance to lateral load or frame instability is primarily provided

by diagonal bracing, shear walls, or equivalent means.

Built-up member — A member made of structural metal elements that are welded, bolted, and riveted

together.

Column — A vertical structural member whose primary function is to carry loads parallel to its

longitudinal axis.

Compression member — A structural member whose primary function is to carry compression loads

parallel to its longitudinal axis.

Crane column — A column that is designed to support overhead crane loads.

Effective length factor K — A factor that when multiplied by actual length of the end-restrained column

gives the length of an equivalent pin-ended column whose elastic buckling load is the same as

that of the end-restrained column.

Framed column — A column in a framed structure.

Gable frame — A frame with a gabled roof.

Latticed member — A member made of two or more rolled shapes that are connected to one another

by means of lacing bars, batten plates, or perforated plates.

Leaning column — A column that is connected to a frame with simple connections and does not

provide lateral stiffness or sidesway resistance.

LRFD (load and resistance factor design) — A method of proportioning structural components

(members, connectors, connecting elements, and assemblages) such that no applicable limit

state is exceeded when the structure is subjected to all appropriate load combinations.

Tapered column — A column that has a continuous reduction in section from top to bottom.

Unbraced frame — A frame in which the resistance to lateral loads is provided by the bending stiffness

of frame members and their connections.
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32
Structural Bracing

32.1 Introduction

This chapter presents an overview of aspects related to the design of structural bracing used in beams,

columns, and frame structures and is intended for practicing civil and structural engineers. Many of the

design guidelines presented were incorporated into the 2002 Load and Resistance Factor Design Manual

published by the American Institute of Steel Construction (AISC). The intended focus is on simplicity

and ease of implementation over exact formulations. The basis for the design formulations along with

a classification system for bracing systems is first presented. Design formulations are presented with

illustrative numerical examples. Finally, common faulty bracing details are presented.

32.2 Types of Bracing

Bracing used in structural systems generally serve two primary functions. They resist secondary loads on

structures (e.g., wind bracing) and increase the strength of individual members by resisting deformation

in the weakest direction [1]. For the latter case, structural bracing forces higher modes of deformation by

providing resistance to lateral and/or rotational displacement. This is achieved through axial, shear, and/

or flexural deformations of the bracing member. Diaphragms, for instance, provide restraint through

their shear stiffness while diagonal cross-bracing relies on axial stiffness.

Bracing systems used to control instability fall into four general classifications: relative, nodal, con-

tinuous, or lean-on. Common configurations of each type are shown in Figure 32.1. Relative bracing
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systems, such as diagonal bracing or shear walls, prevent the relative lateral movement of adjacent stories

or of adjacent points along the length of a member. Relative systems can be readily identified if a cut at

any location along the length of a braced member passes through the brace member itself. Nodal systems

control the movement only where they attach to the braced member and do not directly interact with

adjacent brace points. Cross-frames or diaphragms between two adjacent beams are considered nodal

braces. Continuous systems provide uninterrupted support along the entire length of a member, leaving

no unbraced length. Shear walls and roof or floor deck are examples of continuous bracing systems.

Lean-on systems rely on adjacent structural members to provide support. Lean-on bracing links together

adjacent structural members such that buckling of one member requires all members in the system to

buckle with the same lateral displacement.

32.3 Background

Structural bracing used to increase the strength of members must possess both sufficient strength and

stiffness [2]. Simple bracing design rules such as designing a brace to resist 2% of the member

compressive force address only the strength criterion. The stiffness of the brace along with the out-

of-straightness of the member has a direct effect on the magnitude of the brace force [1]. Design

recommendations based on perfectly straight members should not be used directly in design since

extremely large brace forces and displacements may result [3].

32.3.1 Member Out-of-Straightness and Brace Stiffness

Winter [1,2] developed the concept of a dual strength and stiffness criterion for the design of bracing used

to control instability. The required brace strength cannot be uniquely determined, but depends on both

the magnitude of the brace stiffness and member initial out-of-straightness. The relationship between

these parameters is illustrated for the relative column brace in Figure 32.2 and can be extended to other

types of bracing systems. In order to reach the Euler buckling load, Pe, the brace must possess a minimum

stiffness known as the ideal stiffness, bi. Figure 32.3 shows the relationship between the brace stiffness and

force. When the ideal stiffness is used (b¼bi), as the column load approaches Pe the sway deflections

become very large. Unfortunately, this results in very large brace forces since Pbr¼ bD. At twice the ideal

stiffness (b¼ 2bi), the brace force equals 0.4% of the column load when P¼Pe. For practical designs, the

(a)
Comp
flange

(b)

(c) (d)

Brace

Cross
frames

Diaphragms

Siding attached
to columns 

Metal
deck

Girder

Column

A B

A B

FIGURE 32.1 Types of bracing: (a) relative; (b) nodal; (c) continuous; and (d) lean-on.
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deflections and corresponding brace forces are kept small by using brace stiffnesses greater than the ideal

stiffness. The plots developed in Figure 32.3 were based on an assumed initial out-of-straightness equal to

0.002L. Larger out-of-straightness values linearly increase the magnitude of the brace forces.

32.3.2 Member Shortening

Compression elements such as columns or the compression flanges of beams shorten under externally

applied compressive forces. For relative tension braces, shortening increases the brace force requirements

by causing an apparent increase in the member out-of-straightness, as shown in Figure 32.4. As the

member being braced shortens, slack is introduced into the bracing. Lateral movement at the brace

points is necessary in order to return the tension brace to its original length prior to member shortening.

The increases in brace force due to shortening can be accounted for by adding the out-of-straightness

due to shortening to the initial out-of-straightness (see Example 32.1).

32.3.3 Member Inelasticity

The bracing requirements for relative braces are a function of the load on the member and the distance

between adjacent brace points and not the elasticity or inelasticity of the member. For a nodal bracing

system, there has been some debate about the effects of inelasticity on the bracing requirements.

Research, however, has indicated that inelasticity of the main members does not affect the bracing

requirements [3]. For continuous and lean-on bracing systems, the bracing requirements, which will be

presented later, are based on the elastic and inelastic stiffnesses of the braced members. For these bracing

systems, the influence of inelasticity on the buckling solution can be reasonably approximated using the

tangent modulus ET¼ tE, where E is the elastic modulus and t is the inelastic stiffness reduction factor.

P

P P

P

Initial out-
of-straightness 

A

∆o
∆o

�∆�

∆

L

FIGURE 32.2 Relative brace.
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∆o P

P

Pbr

P
Pbr

P

Pbr (% of P)

L

(a) (b)

FIGURE 32.3 Effect of initial out-of-plumbness.
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In the AISC load and resistance factor design (LRFD) specification, when the axial stress is less than one

third the yield stress, Fy, the column is classified as elastic (t¼ 1.0). At greater stress levels, the stiffness

reduction factor is given by

t ¼ �7:38
Pu

Py

� �
log
ðPu=PyÞ

0:85

� �
ð32:1Þ

where Pu is the required column strength and Py is the column squash load.

32.3.4 Brace Connection Stiffness

The connections details used to attach structural bracing members can be of great importance when

designing or evaluating the overall performance of a bracing system. If the connections are flexible, the

stiffness of the overall bracing system can be significantly less than the stiffness of the bracing member

alone. The stiffness of a bracing system can be evaluated as springs in series using

1

bsys

¼ 1

bbr

þ
X 1

bconn

ð32:2Þ

The system stiffness, bsys, will always be less than the smaller of the brace member stiffness, bbr, and any

of the connection stiffnesses, bconn.

32.4 Safety Factors

The bracing design recommendations that will follow are based on ultimate strength. The loads on the

members being braces are assumed to be factored. Since both strength and stiffness are essential

requirements for adequate bracing, resistance factors for each are necessary. When using an LRFD

approach, the required stiffness is divided by a resistance factor of f¼ 0.75 to obtain a conservative

requirement. The design brace force is based on factored loads and compared to the factored design

strength of the brace and its connections.

32.5 Column or Frame Bracing

Column or frame bracing systems can be relative, nodal, continuous, or lean-on. The design recom-

mendations for relative and nodal column bracing are based on an initial out-of-straightness

Do¼ 0.002L, where L is the column length and a brace stiffness equal to twice the ideal stiffness. The

initial displacement, Do, is defined as the lateral offset between two adjacent brace points caused by

sources other than brace elongations from gravity loads or compressive forces. For example, Do may be

a displacement due to wind or other lateral forces, erection tolerances, or column shortening. If Do

differs from 0.002L, the brace force, Pbr, will change in direct proportion to the actual Do. In frame

∆os = sway due to shortening = ∆sh tan � 

∆sh = shortening

�

FIGURE 32.4 Effect of member shortening for relative bracing.
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systems where a story may contain n0 columns, each having a random out-of-plumbness, an average

value for Do can be used [4]

Do ¼ 0:002L
ffiffiffiffiffi
n0

p ð32:3Þ

32.5.1 Column Buckling and Design Philosophy

For no-sway columns, the effective length factor, K, will be less than 1.0. Most designs conservatively use

K¼ 1.0 and in most situations achieving K< 1.0 is not economical. For sway permitted columns, the

effective length K� 1.0. Bracing used to prevent sway can reduce the effective length to K¼ 1.0 and

achieve significant economic savings.

The bracing design criterion for columns is based on providing sufficient strength and stiffness to

allow a sway column to achieve the Euler buckling load corresponding to K¼ 1.0. For columns that

possess nonzero end restraint, this does not correspond to the no-sway buckling load since for these cases

K is theoretically less than unity.

For flexural buckling modes, brace points attached in-line with the centroid of the structural member

are most effective. For torsional buckling modes, bracing must prevent twist of the cross-section to be

effective.

32.5.2 Relative Systems

AISC LRFD brace requirements for relative column bracing are

bbr ¼
2Pu

fLb

ð32:4Þ

Pbr ¼ 0:004Pu ð32:5Þ

where f¼ 0.75, Pu is the required compressive strength of the column, and Lb is the required brace

spacing.

When the actual brace stiffness provided, bact, differs from the required value given in Equation 32.4,

the brace strength requirement can be modified using

Pbr ¼ 0:004
X

Pu
1

2� ðbbr=bactÞ
ð32:6Þ

EXAMPLE 32.1

Relative Column Brace Design

A typical tension-only X-brace must stabilize three bents. Each bent carries a total factored load of

600 kip (125þ 300þ 175). Assume the floor acts as a rigid diaphragm and all Do¼ 0.002L and all

columns are W14	 53 (Ag¼ 15.6 in.2).

125 k 175 k300 k

12�

18�

�
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X
Pu ¼ ð3 bentsÞð125þ 300þ 175Þ ¼ 1800 kip

Bracing shear force:

Pbr ¼ 0:004ð1800Þ ¼ 7:2 kip

Bracing shear stiffness:

bbr ¼
2ð1800Þ
0:75ð12Þ ¼ 400 kip/ft

Design recommendations assume brace shear force and stiffness are perpendicular to column. Therefore,

for an inclined threaded rod (A36 steel):

Strength:

Pbr ¼
7:2 kip

cos y
¼ 8:64 kip ¼ 0:9ð36ÞAg ðAgÞreq’d

¼ 0:27 in:2

Stiffness:

AgE

21:6 ft
cos2y ¼ 400 k/ft

ðAgÞreq’d
¼ 0:43 in:2  Controls

Use 3
4

in. dia. rod Ag ¼ 0:44 in:2
� �

Consider effects of shortening

18�

�

12� 21.6�

300 k Dos ¼ sway due to shortening ¼ Dsh tan y

Dsh¼
300ð12	12Þ
ð15:6Þð29,000Þ¼ 0:095 in:

Dos¼ 0:095
12

18

� �
¼ 0:063 in:

Dos

L
¼ 0:063

ð12	12Þ¼ 0:00044

Pbr ¼ 8:64 kip
0:002þ 0:0004

0:002

� �
¼ 10:5 kip

ðAgÞreq’d
¼ 0:32 in:2 < 0:43 in:2 stiffness still controls

32.5.3 Nodal Systems

Figure 32.5 shows the relationship between brace stiffness and buckling load for a column with three

equally spaced nodal braces. The exact solution taken from Timoshenko and Gere [5] illustrates the

increase in buckling load and changes in mode shapes as the brace stiffness increases.

0
0 1 2 3 4

0.2

0.4

0.6

0.8

Pe =

L

Pcr
1.0

�2EI

L2

�

Limit 
full bracing

3.41

�L/Pe

Pcr

Pe

FIGURE 32.5 Discrete bracing.
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For nodal column bracing, the ideal brace stiffness is a function of the number of intermediate braces

[1,2]. For a single brace at midheight bi¼ 2P/L. For many closely spaced braces the ideal stiffness

approaches bi¼ 4P/L. Twice the ideal stiffness for the most severe case was adopted by the AISC LRFD

for many braces.

AISC LRFD brace requirements for nodal column bracing are

bbr ¼
8Pu

fLb

ð32:7Þ

Pbr ¼ 0:01Pu ð32:8Þ
wheref¼ 0.75, Pu is the required compressive strength of the column, and Lb is the required brace spacing.

For n equally spaced braces, the ideal stiffness can be approximated as

bi ¼ Ni

Pu

Lb

ð32:9Þ

where Ni� 4� 2/n. Using the recommended stiffness equal to twice the ideal stiffness and applying the

resistance factor gives

bbr ¼ Ni

2Pu

fLb

ð32:10Þ

Equation 32.10 is based on equally spaced braces and is unconservative for unequal spacings. The

required stiffness for unequal brace spacings can be obtained using Winter’s rigid bar model [6]. In this

model, the column is represented using rigid links with ficticious hinges at brace locations and the braces

are represented using simple springs. Under the applied load, displacements are imposed at brace

locations and equilibrium is enforced to obtain Ni. This technique is illustrated in Example 32.2. For

a single nodal brace at any location along the length of a column, with the longest segment defined as L

and the shorter segment as aL, Ni can be conservatively determined using

Ni ¼ 1þ 1

a
ð32:11Þ

EXAMPLE 32.2

Nodal Column Brace — Unequal Spacing

1. Introduce hinge at B and displace arbitrary distance D.

2. Sum forces and moments to obtain reactions at A and C.

3. Cut and sum moments at B on AB to obtain

A

B

0.6L

0.6�D

0.4�D

0.4L

C

P

P P

P

� �D

D

PD ¼ 0:6bDð0:4LÞ

bi ¼ 4:16
P

L

Ni ¼ 4:16

Conservative approximation

Ni ¼ 1þ 1

0:4=0:6
¼ 2:5

The brace stiffness requirements for nodal bracing are inversely proportional to the unbraced

length, Lb. Closer-spaced braces require more stiffness because the derivations are based upon

allowing the column to reach a load that corresponds to buckling of the most critical unbraced length
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with a K-factor equal to 1.0. In many instances, there are more potential brace points than necessary

to support the member forces required. Using the actual unbraced length may result in excessively

conservative stiffness requirements. Therefore, the maximum unbraced length that enables the col-

umn to reach the required loading, Lq, can be used. For example, say the column shown in

Figure 32.5 is supported against weak-axis buckling at three locations giving an unbraced length of

L. If a single brace at midheight giving an unbraced length of 1.5L would be sufficient to carry the

load on the column, then the required stiffness for the three braces could be conservatively estimated

using the permissible unbraced length of 1.5L in Equation 32.10 in place of the actual unbraced

length of L (see Example 32.3).

EXAMPLE 32.3

Nodal Column Brace Design

Two 8 ft cross-members brace a 30 ft WT5	 19.5 compression member. Buckling about x–x axis con-

trols since brace flexural stiffness is much lower than axial stiffness. Fy = 36 ksi. Find the required brace

strength and stiffness.
Pu ¼ 120 k

Pbr

4� 4�

4�
4�10�

10�

10� Brace

x x

D

n ¼ 2, Ni ¼ 4� 2

2
¼ 3

bbr ¼ 3
2ð200Þ

0:75ð10	 12Þ ¼ 13:33 k=in: ¼ F

D
¼ 48EI

ð8	 12Þ3

Ireq’d ¼
13:33ð96Þ3

48ð29,000Þ ¼ 8:5 in:4

Pbr ¼ 0:01ð200Þ ¼ 2 kip

Mbr ¼
2ð96Þ

4
¼ 48 kip in:

32.5.4 Continuous Systems

Figure 32.6 shows the relationship between brace stiffness and buckling load for a continuously braced

column. The exact solution can be approximated using the following equation [3]:

Pcr ¼ Pe þ
2L

p

ffiffiffiffiffiffiffi
�bbPe

q
ð32:12Þ

where Pe is the Euler buckling load, L is the column length, and �bb is the brace stiffness per unit

length.

The continuous brace formulation given in Equation 32.12 can also be applied for equally spaced

discrete braces by determining an equivalent brace stiffness per unit length, �bb, using

�bb ¼ b � n
L

ð32:13Þ

where n is the number of braces within the column length, L. This method is accurate for two or more

discrete braces and is illustrated in Example 32.4.

Corrugated metal deck is a common type of continuous lateral bracing and acts like a shear

diaphragm with the properties of a relative brace. The stiffness and strength properties of the metal
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deck are generally defined in a per unit width basis (e.g., shear stiffness¼G 0 kip/rad per ft width).

The bracing requirements for the shear diaphragm can be determined from the relative brace

requirements presented in Section 32.5.2, as shown in Figure 32.7. Properties for corrugated deck can

be obtained from the Steel Deck Institute Diaphragm Design Manual [7]. The required shear dia-

phragm stiffness per unit width is

G0req’d ¼
2Pu

fb
ð32:14Þ

Dividing the perpendicular brace force requirement by the diaphragm width gives the required shear

strength per unit width, Su

Su ¼
0:004Pu

b
ð32:15Þ

It should be noted that the brace force requirements given in Equation 32.13 are in addition to other

load demands placed on the diaphragm.

EXAMPLE 32.4

Nodal Column Braces as Effective Continuous Braces

Consider a column of length 3Lb with two equally spaced nodal braces giving an unbraced length of Lb.

Estimate the critical load of an ideally-braced column by approximating the nodal braces as an

equivalent continuous brace.

Lb

b

F

∆

∆/L

�b
G�req’d =

F/b

F = 0.004Pu

� Lb

F

2Pu

2Pu

∆/Lb
G�=

=∆�br =
Metal deck

FIGURE 32.7 Continuous metal-deck bracing.
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n = 3

EQ. 12.5

EQ. 12.4

n = 1

n = 2

L

�2EI
L2Pe =

� = k/ in. per in.

Pcr

P
Pcr

FIGURE 32.6 Continuous bracing.
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Pcr ¼
p2EI

L2
b

L

Lb

Lb

Lb

Ideal nodal brace stiffness required to buckle between brace points

Ni � 4� 2

n

� �
¼ 3 bi ¼ Ni

Pcr

L
¼ 3Pcr

Lb

Equivalent continuous stiffness using Equation 32.13

b ¼ 3Pcr

Lb

� �
2 braces

3Lb

� �
¼ 2Pcr

L2
b

Critical load using Equation 32.12

Pcr ¼
Pcr

9
þ 2ð3LbÞ

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Pcr

L2
b

� �
Pcr

9

� �s
¼ 1:011Pcr

32.5.5 Lean-On Systems

Lean-on bracing systems provide a means for some members in a structural system to rely on other

members for stability. One of the most commonly encountered examples of lean-on systems are frames

with ‘‘leaning’’ pin-ended columns connected to columns with nonzero end restraint. For these systems,

the
P

P concept [8] can be used to design the members. This concept states that a system remains stable

so long as the sum of the applied loads,
P

P, is less than the sum of the buckling strength of each

individual member,
P

Pcr, and the load in any individual member is less than the load corresponding to

buckling between braces (no sway) for that member. This concept is illustrated in Example 32.5.

EXAMPLE 32.5

Lean-On Column Brace

Is the W10	 33 capable of bracing the W12	 58?

A36 steel, factored loads shown, fully braced out of plane

W10	 33 W12	 58

Ag¼ 9.71 in.2 Ag¼ 17.0 in.2

Ix¼ 171 in.4 Iy¼ 107 in.

No sway capacity — From AISC Manual (KLy¼ 8 ft)

W12	 58: (fPn¼ 482 k)> (Pu¼ 450 k) OK

50 k 450 k

8 ft

8 ft

8 ftSway
mode

B A

W
10

×
33

W
12

×
58

Sway capacity — Using
P

P concept

Column A (W12	 58)

Pu

FyAg

¼ 450

ð36Þð17:0Þ ¼ 0:735>
1

3
\ inelastic

t ¼ �7:38ð0:735Þlog
0:735

0:85

� �
¼ 0:342

fPn ¼ 0:85ð0:342Þð0:877Þ p
2ð29,000Þð107Þ
ð288Þ2

¼ 94 k

Using
P

P conceptX
fPn ¼ 94þ 440 ¼ 534 k

� 
>
X

Pu ¼ 50þ 450 ¼ 500 k
� 

OK

Column B (W10	 33)

Pu

FyAg

¼ 50

ð36Þð9:71Þ ¼ 0:143<
1

3
\ elastic t ¼ 1:0

fPn ¼ 0:85ð1:0Þð0:877Þ p
2ð29,000Þð171Þ
ð288Þ2

¼ 440 k
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32.5.6 Torsional Bracing

In order for a brace to effectively increase the load-carrying capacity of a member, it must restrain the

movement of the lowest buckling mode. Depending on the cross-section, the lowest buckling mode of

a compression member may be flexural (lateral), torsional, or a combined flexural–torsional. Bracing

against flexural modes must prevent the lateral translation of the member cross-section. Bracing against

torsional modes must restrain the twist of the cross-section. Bracing details such as a rod framing into

a wide-flange column web (Figure 32.8) resist lateral buckling about the weak axis but do not prevent

twist and are ineffective torsional braces.

For doubly symmetric sections such as wide-flange columns, weak-axis flexural buckling controls

for an unbraced member. Providing sufficient weak-axis lateral bracing, in some instances, will result

in the section being controlled by the torsional buckling mode. If bracing is provided that prevents

both translation and twist of a doubly symmetric cross-section, weak-axis buckling will always

control.

The torsional buckling load, PT, for a column restrained about an axis modified by t is given by the

following (see Figure 32.9) [5]:

Axis of restraint along weak axis of column:

PT ¼
tPey ðd2=4Þ þ y2

br

� �
þ GJ

y2
br þ r2

x þ r2
y

ð32:16Þ

Axis of restraint along strong axis of column:

PT ¼
tPey ðd2=4Þ þ ðIx=IyÞx2

br

� �
þ GJ

x2
br þ r2

x þ r2
y

ð32:17Þ

where xbr, ybr are the coordinates of axis of restraint with respect to column centroid, d is the column

depth, and Pey is the Euler load based on a column length between points of zero twist.

To compensate for the assumption in the derivation of Equations 32.16 and 32.17 that the brace

is infinitely stiff, the maximum factored column load should be limited to 0.90PT [3].

FIGURE 32.8 Ineffective torsional column brace.
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If column loads greater than PT are required, torsional bracing must be provided. Two typical bracing

schemes are shown in Figure 32.10. For continuous girts with moment connections, twisting restraint is

provided. However, partial depth stiffeners should be used to control web distortion. The design

requirements for torsional bracing are based on the nodal requirements presented in Section 32.5.3

and are obtained by introducing equal and opposite brace forces on each flange. The magnitude of these

forces is based on the assumption that each flange carries one-half of the total column load. The resulting

brace moment, MT¼ 0.5Pbrd. Using the angle of twist y¼D/d as shown in Figure 32.9b, the stiffness

requirement bT¼MT/y¼ 0.5Pbrd
2/D reduces to

bT ¼ 0:5bbrd
2 ð32:18Þ

where bbr is the nodal brace stiffness requirement from Section 32.5.3.

32.6 Beam Bracing

Structural bracing for beams can be generally classified as either a lateral or a torsional system. Lateral

beam bracing, like column bracing, can be relative, nodal, continuous, or lean-on while torsional systems

can be nodal or continuous. Cross-frames or diaphragms connecting adjacent girders control twist of the

cross-section and represent purely torsional systems. Similarly, joists attached to the compression flange

of a simply supported beam control twist by preventing the lateral movement of the compression flange

relative to the tension flange and represent a purely lateral system. Some bracing systems, such as

a composite slab attached to the top flanges of a beam using shear connectors, simultaneously provide

both lateral and torsional restraints. Combined lateral and torsional systems have been shown to be more

effective braces than either lateral or torsional systems alone for beams with uniform moment [9,10].

In order to be an effective brace, both lateral and torsional systems must prevent the relative dis-

placement of the top and bottom of a beam (i.e., twist of the cross-section). Properly designed cross-

frames interconnecting adjacent beams are considered brace points when evaluating the buckling

strength of the beams. Even though the beams can move laterally, the cross frames are still effective

braces because they prevent twist of the cross-section. Both tests and theory have confirmed this

fact [11,12].

Brace point (axis of restraint)

ybr

d

x x

(a) (b)

∆

�

FIGURE 32.9 Buckling of a column about a restrained axis: (a) lateral brace at flange and (b) buckled shape.

Stiffener at least
half depth 

Moment connection
(a) (b)

FIGURE 32.10 Typical torsional brace details: (a) control twist with struts and (b) moment connection with stiffener.
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32.6.1 Inflection Points as Brace Points

Inflection points are sometimes mistakenly identified as brace points in restrained beams. This often

occurs when the top flange of a beam is laterally braced by a slab or joists all along the span while

the bottom flange remains unbraced. Even in these instances, the inflection point cannot be consi-

dered a brace point. The justification for this can be illustrated by comparing the two beams shown in

Figure 32.11. Beam A has a moment on one end with an unbraced length Lb¼ L while Beam B has equal

and opposite end moments resulting in an inflection point at midspan and an unbraced length Lb¼ 2L.

The buckling moment for Beam B is 68% of Beam A. If the inflection point were a brace point, the

critical moment for both beams would be identical. A plan view of the buckled shape of Beam B

illustrates how the top and bottom flanges move in opposite directions at midspan. Even an actual brace

on one flange at the inflection point does not provide effective bracing at midspan because twist is not

restrained [12].

32.6.2 Lateral Bracing

The primary factors influencing the effectiveness of lateral beam bracing are

� Number or spacing of braces
� Vertical position of the braces on the cross-section
� Vertical position of the loads on the cross-section
� Moment gradient on the beam

Increasing the number of braces along the length of a beam can increase the load-carrying capacity by

reducing the unbraced length. Like column bracing, however, the brace stiffness requirements increase

with the number of braces. This is because the design recommendations assume the beam must reach

a load corresponding to buckling between brace points. Similarly, if more brace points are provided than

necessary to support the required loads, the maximum permissible unbraced length, Lq, may be used in

place of the actual unbraced length, Lb.

The vertical position of a lateral brace along the height of a beam significantly affects the effective-

ness of lateral bracing. Lateral bracing is most effective when positioned at the compression flange of

Mid-depth

Bottom flange

Top flange

Plan of buckled shape of Beam B
Ineffective

midspan brace

Beam A

Moment diagrams

Brace

L

100

L

L

68

68

Beam B

FIGURE 32.11 Beam with inflection point.
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a beam. In most configurations, this places the brace the furthest distance from the center of twist of the

buckled cross-section as shown in Figure 32.12a. The exception to this rule is for cantilever beams

(Figure 32.12b) where the position of the buckled cross-section reveals that a brace located at the tension

flange is most beneficial.

When a beam is bent in reverse curvature, the compression and tension flanges switch at the point of

inflection. Beams such as these, in which both the top and bottom flanges encounter compression along the

span, have more severe bracing requirements than beams where compression resides only in one flange [3].

In these situations, lateral bracing is required on both flanges to prevent twist of the cross-section.

The vertical position of transverse loads on beams has significant influence on the effectiveness of

lateral bracing. Loads applied higher on the cross-section, such as at the top flange, have more pro-

nounced destabilizing effects while loads applied lower on the cross-section tend to provide added

stability when compared to centroidal loading. The effect of top-flange loading is even greater when

lateral bracing is located near the centroid of the section. In these situations, the center of twist shifts to

a position closer to mid-depth and the centroidal brace becomes almost totally ineffective as shown in

Figure 32.13. Therefore, centroidal lateral beam braces are not recommended due to the effects of both

cross-section distortion and load position.

The load position effect described above is based on the assumption that the load remains vertical and

passes through the original point of contact on the member as it buckles. For many structural systems,

Pcr

Compression
flange

Compression
flange

(b)Pcr(a)

FIGURE 32.12 Lateral buckling of cantilever and simple beams: (a) max moment at max twist and (b) zero

moment at max twist.

FIGURE 32.13 Effect of load and brace positions.
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the load transferred to beams is applied through secondary members or a floor slab. When loading is

through a slab, for example, a restoring torque is created by a tipping effect during buckling as illustrated

in Figure 32.14. This tipping effect has been shown to significantly increase the lateral buckling capacity

even if the slab is only resting (not positively attached) on the top flange [12]. Unfortunately, the benefits

of tipping are severly limited by distortion of the cross-section and are difficult to quantify. As a result,

the beneficial effects of tipping are generally neglected.

The AISC LRFD lateral beam brace requirements were based on the following design recommenda-

tions developed by Yura [3]:

The brace stiffness requirement for both relative and nodal beam bracings is

bbr ¼
2NiðCbPf ÞCtCd

fLb

ð32:19Þ

The brace strength requirement for relative bracing is

Pbr ¼ 0:004
MuCtCd

hoh

ð32:20Þ

and for nodal bracing it is

Pbr ¼ 0:01
MuCtCd

hoh

ð32:21Þ

where

Ni ¼ 1.0 for relative bracing

¼ (4� 2/n) for nodal bracing

n¼ number of intermediate braces

Pf ¼ beam compressive flange force

¼ p2EIyc=L2
b

Iyc¼ out-of-plane moment of inertia of the compression flange

Ct ¼ top-flange loading factor

¼ 1.0 for centroidal loading

¼ 1þ (1.2/n) for top-flange loading

Cd ¼ 1þ (MS/ML)2 for reverse-curvature bending

¼ 1.0 for single-curvature bending

MS¼ smallest moment causing compression in each flange

ML¼ largest moment causing compression in each flange

Cb ¼ nonuniform moment modification factor

¼ 12:5Mmax

2:5Mmax þ 3MA þ 4MB þ 3MC

Mmax¼ absolute value of maximum moment in unbraced segment

MA ¼ absolute value of moment at quarter point of unbraced segment

MB ¼ absolute value of moment at midspan of unbraced segment

MC ¼ absolute value of moment at three-quarter point of unbraced segment

FIGURE 32.14 Tipping effect and cross-section distortion.

Structural Bracing 32-15

Copyright 2005 by CRC Press



The brace force requirements were developed assuming an initial lateral displacement of the

compression flange equal to 0.002Lb and vary in direct proportion to the actual out-of-straightness.

The term 2NiCt can be conservatively approximated as 10 for any number of nodal braces and 4 for

any number of relative braces. The term CbPf can also be conservatively approximated as Mu/hoh. Using

the worst-case top-flange loading (Ct¼ 2.0) and the previous assumptions yields the AISC LRFD brace

requirements for lateral beam bracing (Example 32.6):

AISC LRFD brace requirements for relative lateral beam bracing:

bbr ¼
4MuCd

fLbhoh

ð32:22Þ

Pbr ¼ 0:008
MuCd

hoh

ð32:23Þ

AISC LRFD brace requirements for nodal lateral beam bracing:

bbr ¼
10MuCd

fLbhoh

ð32:24Þ

Pbr ¼ 0:02
MuCd

hoh

ð32:25Þ

where

f ¼ 0.75

Mu¼ required flexural strength

ho ¼ distance between flange centroids

Cd ¼ 1þ (MS/ML)2 for reverse-curvature bending

¼ 1.0 for single-curvature bending

Lb ¼ distance between braces

EXAMPLE 32.6

Relative Lateral Beam Brace

Design the diagonals of the top flange horizontal truss to stabilize the five simply-supported 90 ft girders.

The factored moment at midspan Mu¼ 1200 k ft and Fy¼ 36 ksi for bracing.

Top flange

5 × 18 ft = 90 ft

4
×

9
ft

=
36

ft

Plan view

Section view

Stiffness

1 × 10

1 × 16

ho = 49 in.

× 481
2

bbr ¼
4:0ð1200	12Þð1:0Þ
0:75ð18	12Þð49Þ ð2:5 girdersÞ ¼ 18:1 k=in:

AE

L

� �
br

cos2y ¼ Abrð29,000Þ
9	 12	

ffiffiffi
5
p

� �
1ffiffiffi
5
p
� �2

¼ 18:1

Abr ¼ 0:75 in:2  Controls
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Strength

Pbr ¼ 0:008
ð1200	 12Þð1:0Þ

49
ð2:5 girdersÞ ¼ 5:88 k

Abr ¼
5:88

ffiffiffi
5
p

ð0:9	 36Þ ¼ 0:41 in:2 Use L2	 2	 1

4
ðAg ¼ 0:944 in.2Þ

32.6.3 Torsional Bracing

The primary factors influencing the effectiveness of lateral beam bracing have relatively little influence on

the design of torsional beam bracing. Unlike lateral beam bracing, the number of braces, brace location

on the cross-section, and load position are relatively unimportant when sizing a torsional brace. Not only

is a torsional brace equally effective if attached to the top or bottom flange, but beams in reverse

curvature do not alter the torsional brace requirements. The effectiveness of a torsional brace, however, is

greatly affected by distortion of the cross-section as illustrated in Figure 32.15. Although the torsional

brace prevents twist at the top flange, distortion of the web permits a relative displacement between the

two flanges. A web stiffener located at the brace location is often used to control the distortion.

AISC LRFD brace requirements for torsional beam bracing:

bTb ¼
bT

1� ðbT=bsecÞð Þ ð32:26Þ

Mbr ¼
0:024MuL

nCbLb

ð32:27Þ

where

bsec ¼
3:3E

hoh

1:5hoht3
w

12
þ tsb

3
s

12

� �
ð32:28Þ

bT ¼
2:4LM2

u

fnEIyC2
b

ð32:29Þ

where

f ¼ 0.75

L ¼ span length

n ¼ number of nodal braced points within span

E ¼modulus of elasticity

Iy ¼ out-of-plane moment of inertia of beam

Cb¼ nonuniform moment modification factor

tw ¼ thickness of beam web

Web

Torsional brace

FIGURE 32.15 Cross-section distortion.
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ts ¼ thickness of web stiffener(s)

bs ¼ stiffener width for one-sided stiffeners, which is twice the individual stiffener width for pairs of

stiffeners

bT represents the torsional stiffness of the brace member itself. For flexible connections, Equation 32.2

should be used.bsec is the torsional stiffness associated with the beam web and any transverse web stiffeners

that may be present (web distortional stiffness). The required torsional brace stiffness, bTb, will be negative

if bsec< bT, which indicates the brace will not be effective due to insufficient web distortional stiffness. The

coefficient 2.4 in Equation 32.29 comes from using twice the ideal stiffness with a 20% increase to account

for top-flange loading. The required strength, Mbr, assumes an initial twist of 1� (0.0175 rad).

When web stiffeners are required, the AISC LRFD specification requires they extend the full depth of

the brace as shown in Figure 32.16. When the brace is attached to the beam flange the stiffeners must also

be attached to the flange. When the brace is not attached to the beam flange, the stiffener may be

terminated at a distance equal to 4tw from the flange.

The continuous torsional beam bracing requirements use the same formulations as the nodal bracing

requirements. For continuous bracing, the term L/n in Equations 32.27 and 32.29 is taken equal to 1.0

and the unbraced length, Lb, in Equation 32.27 is taken equal to Lq, the maximum unbraced beam length

necessary to carry the required factored loads.

For singly symmetric cross-sections, an effective moment of inertia, Ieff, is used in place of Iy as given by

Ieff ¼ Iyc þ
yt

yc

Iyt ð32:30Þ

where Iyc is the compression flange out-of-plane moment of inertia, Iyt is the tension flange out-of-plane

moment of inertia, yc is the distance from centroid to extreme compression fiber, and yt is the distance

from centroid to extreme tension fiber.

The torsional stiffness of typical beam-type braces is shown in Figure 32.17. Adjacent girders connected on

the top flanges with decking, for example, will buckle in the same direction and develop the reverse-curvature

stiffness of the brace. The stiffnesses of typical truss-type diaphragm systems are shown in Figure 32.18

and are based on elastic truss analyses. For X-systems designed for tension only, the horizontal members

in the truss are not required. For K-brace systems, only one horizontal member is necessary.

32.7 Faulty Details

Numerous structural failures have occurred because of the structural arrangement shown in Figure 32.19.

The beam (or truss) is continuous over the top of the column. The critical components are: column in

compression, compression in the bottom flange of the beam or chord of the truss, and no bottom flange

bracing at point a and possibly point b. The sway at the top of the column shown in Sect B–B can result

in a K-factor much greater than 2.0. The bottom flange of the beam can possibly provide bracing to the

Attach when brace is
attached to flange

Stiffener extends full
height of brace

4tw

tw

FIGURE 32.16 Web stiffener details for torsional beam bracing.
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Ad = Area of diagonal members
Ah = Area of horizontal members
Ld = Length of diagonal members

P

P

P

P

S
2Phbr

S
2Phbr

–P

S

hbr
+2PL/S

�T =

Ah

S3

Ad

2ES2hb
2
r

2Ld
3

+

�T =

�T  =

Ah

S3

Ad

2ES2hb
2
r

8Ld
3

+

�T =
Ld

3

AdES2hb
2
r

–2PL/S

–2PL/S

+2P
L/S

Tension
system

Compression
system

K-brace

∆

∆b

S
M ∆ + ∆b=

P

P

P

P

S
2Phbr

S
2Phbr

S

hbr
+2PL/S

P

P

P

P

S
2Phbr

S
2Phbr

–P+P

S

hbr

�
�

FIGURE 32.18 Stiffness formulas for cross-frames.

Mbr

Ib

S
6EIb�T = S

2EIb�T =

S

� �

FIGURE 32.17 Stiffness formulas for diaphragms.
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top of the column if there are braces at point b and consideration is given to the compression in the

flange when evaluating its stiffness. In general, a brace, such as a bottom chord extension from the joist,

should be used at point a. Beam web stiffeners at the column location will also be effective unless bottom

flange lateral buckling is critical.

Another common faulty bracing detail is shown in Figure 32.20. The girts that frame into the column

flange prevent weak-axis translation at the braced flange. Since the girts are discontinuous, they will not

prevent twist of the cross-section and will force the column to buckle about a restrained axis (see also

Figure 32.9b). For this column, there are three possible buckling modes: strong-axis flexural buckling

(Lb¼KLC), weak-axis flexural buckling (Lb¼KLG), and torsional buckling about a restrained axis

(Lb¼KLC, ybr¼ a assuming no twist at column ends).

V V

b
ba

B

B

Compression
flange

P
Sect B–B

Joist

FIGURE 32.19 Structural detail with probable instability.

Siding

Girt

Out-of-planeIn-plane

P

a

LG

LG

LG

LC

FIGURE 32.20 Inadequate torsional bracing detail.
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Nomenclature

A cross-sectional area of primary

member

Abr cross-sectional area of brace member

Ad area of diagonal member in

cross-frame

Ah area of horizontal member in

cross-frame

Ag gross cross-sectional area

Cb bending coefficient dependent on

moment gradient

Cd reverse-curvature bending factor

Ct top-flange loading factor

E modulus of elasticity

ET tangent modulus of elasticity

Fy specified minimum yield stress

G shear modulus of elasticity

G 0 diaphragm shear stiffness per unit

width

I moment of inertia

Ieff effective moment of inertia for singly

symmetric beam sections

Ireq’d required moment of inertia

Ix, Iy moment of inertia about strong and

weak axes, respectively

Iyc, Iyt out-of-plane moment of inertia of

compression and tension flanges,

respectively

J torsion constant for section

K column effective length factor

L member length

Lb required brace spacing or laterally

unbraced length; length between

points that are either braced against

lateral displacement of the compres-

sion flange or braced against twist of

the cross-section

Lq maximum unbraced length for

required forces

MA absolute value of moment at quarter

point of unbraced beam segment

MB absolute value of moment at midspan

of unbraced beam segment

MC absolute value of moment at

three-quarter point of unbraced

beam segment

ML largest moment causing compression

in each flange along beam length

Mmax absolute value of max moment in

unbraced beam segment

MS smallest moment causing compression

in each flange along beam length

MT torsional brace moment

Mu required bending strength

Ni brace stiffness coefficient for nodal

braces

Pbr brace force

Pcr member buckling load

Pe Euler column buckling load

Pey Euler buckling load based on distance

between points of zero twist

Pf beam compressive flange force

PT torsional buckling load

Pu required compressive strength of

column

Py column squash load

S cross-frame or diaphragm length

Sx strong-axis section modulus

Su required diaphragm shear strength

per unit width

V shear force

b orthogonal distance between point of

restraint and weak axis of member

bs stiffener width for one-sided stiffeners

d member depth

fb bending stress

hbr deight of cross frame

torsional brace

hoh distance between flange centroids

n rumber of braces within span

n0 rumber of columns in a story

rx, ry radius of gyration about strong and

weak axes, respectively

tw thickness of beam web

ts thickness of web stiffener

xbr, ybr coordinates of axis of restraint with

respect to column centroid

yc, yt coordinates with respect to centroid of

expreme compression and tension

fibers, respectively

b continuous brace stiffness per unit

length

bact stiffness provided by brace member

bbr required lateral brace stiffness

bconn stiffness of brace connection

bsec web distortional stiffness including

any transverse web stiffeners if present

bsys stiffness of brace system

bT nodal torsional brace stiffness
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33
Stub Girder Floor

Systems

33.1 Introduction

The stub girder system was developed in response to a need for new and innovative construction

techniques that could be applied to certain parts of multistory steel-framed buildings. Originated in the

early 1970s, the system aimed at providing construction economies through the integration of the

electrical and mechanical service ducts into the part of the building volume that is occupied by the floor

framing system of the building [1,2]. Since the overall height of the floor system at times could become

large, increases in the overall height of the structure and hence the steel tonnage for the project could be

significant. At other times the height could be reduced, but only at the expense of having sizeable web

penetrations for the ductwork to pass through. This solution often entailed reinforced web openings,

further increasing the construction cost.

The composite stub girder floor system was developed subsequently. Making extensive use of relatively

simple shop fabrication techniques, basic elements with limited fabrication needs, simple connections

between the main floor system elements and the structural columns, and composite action between the

concrete floor slab and the steel load-carrying members, a floor system of significant strength, stiffness,

and ductility was devised. This led to a reduction in the amount of structural steel that traditionally

had been needed for the floor framing. When coupled with the use of continuous, composite transverse

floor beams and the shorter erection time that was needed for the stub girder system, this yielded

attractive cost savings.
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Since its introduction, the stub girder floor system has been used for a variety of steel-framed buildings

in the United States, Canada, Mexico, and Europe, ranging in height from 2 to 72 stories. Despite this

relatively widespread usage, the analysis techniques and the design criteria remain unknown to many

designers. This chapter will offer examples of practical uses of the system, together with recommen-

dations for suitable design and performance criteria.

33.2 Description of the Stub Girder Floor System

The main element of the system is a special girder, fabricated from standard hot-rolled wide-flange

shapes, that serves as the primary framing element of the floor. Hot-rolled wide-flange shapes are also

used as transverse floor beams, running in a direction perpendicular to the main girder. The girder and

the beams are usually designed for composite action, although the system does not rely on having

composite floor beams, and the latter are normally analyzed as continuous beams. The transverse floor

beams normally use a smaller size member as a drop-in span within the positive moment region.

Load and resistance factor design (LRFD) is preferred for stub girders, since it gives lower steel weights

and simple connections. The costs of an LRFD-designed stub girder are therefore lower than those

associated with allowable stress design (ASD).

Figure 33.1 shows the elevation of a typical stub girder. The girder that is shown uses four stubs,

oriented symmetrically with respect to the midspan of the member. The locations of the transverse floor

beams are assumed to be the quarter points of the span, and the supports are simple. In practice many

variations of this layout are used, to the extent that the girders may utilize any number of stubs.

However, three to five stubs is the most common choice. The locations of the stubs may differ sig-

nificantly from the symmetrical case and the exterior stubs may have been placed at the very ends of the

bottom chord. However, this is not difficult to address in the modeling of the girder, and the essential

requirements are that the forces that develop as a result of the choice of girder geometry be accounted for

in the design of the girder components and the adjacent structure. These actual forces are used in the

design of the various elements, as distinguished from the simplified models that are currently used for

many structural components.

The choices of elements, etc., are at the discretion of the designer and depend on the service require-

ments of the building as seen from the architectural, structural, mechanical, and electrical viewpoints.

Unique design considerations must be made by the structural engineer, for example, if it is decided to

eliminate the exterior openings and connect the stubs to the columns in addition to the chord and the slab.

Figure 33.1 shows the main components of the stub girder, as follows:

1. Bottom chord.

2. Exterior and interior stubs.

Bottom chord
A B

A B

Steel deckTransverse floor beam

Top of concrete slab
Stiffener

Stud shear connector
Stub

Column

FIGURE 33.1 Elevation of a typical stub girder.
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3. Transverse floor beams.

4. Formed steel deck.

5. Concrete slab with longitudinal and transverse reinforcement.

6. Stud shear connectors.

7. Stub stiffeners.

8. Beam-to-column connection.

9. The bottom chord should preferably be a hot-rolled wide-flange shape of column-type proportions,

most often in the W12 to W14 series of wide-flange shapes. Other chord cross-sections have

been considered; for example, tee shapes and rectangular tubes have certain advantages as far as

welded attachments and fire protection are concerned, respectively. However, these other shapes

also have significant drawbacks. The rolled tube, for example, cannot accommodate the shear

stresses that develop in certain regions of the bottom chord. Rather than using a tee or a tube,

therefore, a smaller W-shape (in the W10 series, for example) is most likely the better choice under

these conditions.

The steel grade for the bottom chord, in particular, is important, since several of the governing regions

of the girder are located within this member, and tension is the primary stress resultant. It is therefore

possible to take advantage of higher strength steels, and 50 ksi yield stress steel has typically been the

choice.

The floor beams and the stubs are mostly of the same size W-shape and are normally selected from the

W16 and W18 series of shapes. This is directly influenced by the size(s) of the heating, ventilating, and

air conditioning (HVAC) ducts that are to be used. Although it is not strictly necessary that the floor

beams and the stubs use identical shapes, it avoids a number of problems if such a choice is made. These

two components of the floor system at least should have the same height.

The concrete slab and the steel deck constitute the top chord of the stub girder. It is either made from

lightweight or normal weight concrete, although if the former is available, even at a modest cost

premium, it is preferred. The reason is the lower dead load of the floor, especially since the shores that

will be used are strongly influenced by the concrete weight. Further, the shores must support several

stories before they can be removed. In other words, the stub girders must be designed for shored

construction, since the girder requires the slab to complete the system. In addition, the bending rigidity

of the girder is substantial and a major fraction is contributed by the bottom chord. The reduction in

slab stiffness that is prompted by the lower value of the modulus of elasticity for the lightweight concrete

is therefore not as important as it may be for other types of composite bending members.

Concrete strengths of 3000 to 4000 psi are most common, although the choice also depends on the

limit state of the stud shear connectors. The concrete does not control the strength of the stub girder,

apart from in certain long-span girders, some local regions in the slab, and the desired mode of behavior

of the slab-to-stub connection (which limits the maximum f 0c-value that can be used). Consequently,

there is little to gain by using high-strength concrete.

The steel deck should be of the composite type, and a number of manufacturers produce suitable

types. Normal deck heights are 2 and 3 in., but most floors are designed for the 3 in. deck. The deck ribs

are run parallel to the longitudinal axis of the girder, since this gives better deck support on the

transverse floor beams. It also increases the top chord area, which lends additional stiffness to a member

that can span substantial distances. Finally, the parallel orientation provides a continuous rib trough

directly above the girder centerline, improving the composite interaction of the slab and the girder.

Due to fire protection requirements, the thickness of the concrete cover over the top of the deck ribs

is either 4 3
16

in. (normal weight concrete) or 31
4

in. (lightweight concrete). This eliminates the need

for applying fire protective material to the underside of the steel deck.

Stud shear connectors are distributed uniformly along the length of the exterior and interior stubs, as

well as on the floor beams. The number of connectors is determined on the basis of the computed shear

forces that are developed between the slab and the stubs. This is in contrast to the current design practice

for simple composite beams, which is based on the smaller of the ultimate axial load-carrying capacity of
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the slab and the steel beam [3]. However, the simplified approach of current specifications is not

applicable to members where the cross-section varies significantly along the length (nonprismatic

beams). The computed shear force design approach also promotes connector economy, in the sense

that a much smaller number of shear connectors is required in the interior shear transfer regions of

the girder [4–6].

The stubs are welded to the top flange of the bottom chord with fillet welds. In the original uses of the

system, the design called for all-around welds [1,2]; subsequent studies demonstrated that the forces that

are developed between the stubs and the bottom chord are concentrated toward the end of the stubs

[4,5,7]. The welds should therefore be located in these regions.

The type and locations of the stub stiffeners that are indicated for the exterior stubs in Figure 33.1, as

well as the lack of stiffeners for the interior stubs, represent one of the major improvements that were

made to the original stub girder designs. Based on extensive research [4,5], it was found that simple end-

plate stiffeners were as efficient as the traditional fitted ones, and in many cases the stiffeners could be

eliminated at no loss in strength and stiffness to the overall girder.

Figure 33.1 shows that a simple (shear) connection is used to attach the bottom chord of the stub

girder to the adjacent structure (column, concrete building core, etc.). This is the most common

solution, especially when a duct opening needs to be located at the exterior end of the girder. If the

support is an exterior column, the slab will rest on an edge member; if it is an interior column, the slab

will be continuous past the column and into the adjacent bay. This may or may not present problems in

the form of slab cracking, depending on the reinforcing steel placement around the column.

The stub girder has sometimes been used as part of the lateral load-resisting system of steel-framed

buildings [8,9]. Although this has certain disadvantages insofar as column moments and the concrete

slab reinforcement are concerned, the girder does provide significant lateral stiffness and ductility for the

frame. As an example, the maintenance facility for Mexicana Airlines at the Mexico City International

Airport, a structure utilizing stub girders in this fashion, survived the 1985 Mexico City Earthquake with

no structural damage [9].

Expanding on the details that are shown in Figure 33.1, Figure 33.2 illustrates two cross-sections of

a typical stub girder and Figure 33.3 shows a complete girder assembly with lights, ducts, and suspended

Steel deck

Wire mesh
Top of concrete slab Transverse slab reinforcement

Floor beam to bottom chord
connection (HS bolts)

Stud shear connector
Longitudinal slab reinforcement

Stub (cross-section)
Section A–A

Section B–B

Bottom chord
Transverse floor beam

FIGURE 33.2 Cross-sections of a typical stub girder.
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ceiling. Of particular note are the longitudinal reinforcing bars. They add flexural strength as well as

ductility and stiffness to the girder. These bars are commonly placed in two layers, with the top one just

below the heads of the stud shear connectors. The lower rebars must be raised above the deck proper,

using high chairs or other means.

The transverse rebars are important for adding shear strength to the slab, and they also help in the

shear transfer from the connectors to the slab. The transverse bars also increase the overall ductility of

the stub girder, and placing the bars in a herringbone pattern leads to a small improvement in the

effective width of the slab.

Thirty-six or 50 ksi yield stress steel has been the common choice for stub girder floor systems, with a

preference for the latter, because of the smaller bottom chord size that can be used. However, all detail

materials (stiffeners, connection angles, etc.) are made from 36 ksi steel. Welding is usually done with

70-grade low hydrogen electrodes, using either the Shielded Metal Arc Welding (SMAW), Flux Cored Arc

Welding (FCAW), or Gas Metal Arc Welding (GMAW) process, and the stud shear connectors are welded

in the normal fashion. All of the work is done in the fabricating shop, except for the shear connectors,

which are applied in the field where they are welded directly through the steel deck.

33.3 Methods of Analysis and Modeling

33.3.1 General Observations

In general, any number of methods of analysis may be used to determine the bending moments, shear

forces, and axial forces in the components of the stub girder. However, it is essential to bear in mind that

the modeling of the girder, or, in other words, how the actual girder is transformed into an idealized

structural system, should reflect the relative stiffness of the elements. This means that it is important to

establish realistic trial sizes of the components, through an appropriate preliminary design procedure.

The subsequent modeling will then lead to stress resultants that are close to the magnitudes that can be

expected in actual stub girders. Based on this approach, the design that follows is likely to require few

changes, and those that are needed are often so small that they have no practical impact on the overall

stiffness distribution and the final member forces. The preliminary design procedure is therefore a very

important step in the overall design.

33.3.2 Preliminary Design Procedure

It is not necessary to make any assumptions about the stress distribution over the depth of the girder, other

than to adhere to the strength model that was developed for normal composite beams [3,10]. The stress

distribution will vary anyway along the span because of the openings. The strength model of Hansell et al.

[10] assumes that when the ultimate moment is reached, all or a portion of the slab is failing in compression,

with a uniformly distributed stress of 0.85f 0c. The steel shape is simultaneously yielding in tension.

Equilibrium is therefore maintained and the internal stress resultants are determined using first principles.

Tests have demonstrated excellent agreement with theoretical analyses that utilize this approach [4–6,10].

Light fixture
Suspended ceiling Transverse floor beam Bottom chord

StubStubStubStub

Column
Steel deckTop of concrete slab

DuctDuctDuct

Chord to column connection (simple)

FIGURE 33.3 Stub girder with suspended ceiling, lights, and ducts.
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The design procedure follows the criteria of the AISC LRFD Specification [3]. The applicable resistance

factor is given for the case of gross cross-section yielding. This is because the preliminary design is

primarily needed to find the bottom chord size and this component is primarily loaded in tension

[4–6,11]. The load factors are given by the ASCE 7 load standard [12] for the combination of dead plus

live load.

The load computations follow the choice of the layout of the floor framing plan, whereby girder and

floor beam spans are determined. This gives the tributary areas that are needed to calculate the dead and

live loads. The load intensities are governed by local building code requirements or by the American

Society of Civil Engineers (ASCE) recommendations, in the absence of a local code.

Reduced live loads should be used wherever possible. This is especially advantageous for stub girder

floor systems, since spans and tributary areas tend to be large. ASCE 7 [12] makes use of a live load

reduction factor, RF, which is significantly simpler to use and also less conservative than that of earlier

codes. The standard places some restrictions on the value of RF, to the effect that the reduced live load

cannot be less than 50% of the nominal value for structural members that support only one floor.

Similarly, it cannot be less than 40% of the nominal live load if two or more floors are involved.

Proceeding with the preliminary design, the stub girder and its floor beam locations determine the

magnitudes of the concentrated loads that are to be applied at each of the latter locations. The following

illustrative example demonstrates the steps of the solution.

Figure 33.4 shows the layout of the stub girder for which the preliminary sizes are needed.

Other computations have already given the sizes of the floor beam, the slab, and the steel deck. The span

of the girder is 40 ft, the distance between adjacent girders is 30 ft, and the floor beams are located at

the quarter points. The steel grade remains to be chosen; the concrete is lightweight, with wc¼ 120 pcf

and a compressive strength of f 0c¼ 4000 psi.

Loads:

Estimated dead load: 74 psf

Nominal live load: 50 psf

Live load reduction factor:

RF ¼ 0:25þ 15=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½2� ð30� 30Þ	

p
¼ 0:60

Reduced live load:

RLL ¼ 0:60� 50 ¼ 30 psf

PPP

Support

W16 × 26 stub W16 × 26 stub
Concrete slab
and steel deck

W16 × 26 stub Floor beam

10 ft 10 ft 10 ft 10 ft

Bottom chord

(Dimension for tributary area)

Simple connection

40 ft

30 ft

FIGURE 33.4 Stub girder for design example.
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Load factors (for Dþ L combination):

For dead load: 1:2

For live load: 1:6

Factored distributed loads:

Dead load, DL ¼ 74� 1:2 ¼ 88:8 psf

Live load, LL ¼ 30� 1:6 ¼ 48:0 psf

Total ¼ 136:8 psf

Concentrated factored load at each floor beam location: Due to the locations of the floor beams and the

spacing of the stub girders, the magnitude of each load, P, is

P ¼ 136:8� 30� 10 ¼ 41:0 kip

Maximum factored midspan moment: The girder is symmetric about midspan and the maximum

moment therefore occurs at this location

Mmax ¼ 1:5� P � 20
 P � 10 ¼ 820 k ft

Estimated interior moment arm for full stub-girder cross-section at midspan (refer to Figure 33.2 for

typical details): The interior moment arm, that is, the distance between the compressive stress

resultant in the concrete slab and the tensile stress resultant in the bottom chord is set equal to the

distance between the slab centroid and the bottom chord (wide flange shape) centroid. This is

simplified and conservative. In the example, the distance is estimated as

Interior moment arm, d ¼ 27:5 in:

This is based on having a 14-series W-shape for the bottom chord, W16 floor beams and stubs, a 3 in.

high steel deck, and 31
4

in. of lightweight concrete over the top of the steel deck ribs (this allows the deck

to be used without having sprayed-on fire protective material to the underside). These are common sizes

for the stub-girder system.

In general, the interior moment arm varies between 24.5 and 29.5 in., depending on the heights of the

bottom chord, floor beams/stubs, steel deck, and concrete slab.

Slab and bottom chord axial forces, F (these are the compressive and tensile stress resultants)

F ¼ Mmax=d ¼ ð820� 12Þ=27:5 ¼ 357:9 kip

Required cross-sectional area of bottom chord, As: The required cross-sectional area of the bottom

chord can now be found. Since the chord is loaded in tension, the j-value is 0.9.

It is also important to note that in the Vierendeel analysis that is commonly used in the final evaluation

of the stub girder, the member forces will be somewhat larger than those determined through the

simplified preliminary procedure. It is therefore recommended that an allowance of some magnitude be

given for the Vierendeel action. This is done most easily by increasing the area As by a certain

percentage. Based on experience [6,11], an increase of one third is suitable, and such has been done in

the computations that follow.

On the basis of the data that have been developed, the required area of the bottom chord is

As ¼
ðMmax=dÞ
j� Fy

� 4

3
¼ F

0:9� Fy

� 4

3
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which gives As-values for 36 and 50 ksi steel of

As ¼
357:9

0:9� 36
� 4

3
¼ 14:73 in:2 ðFy ¼ 36 ksiÞ

As ¼
357:9

0:9� 50
� 4

3
¼ 10:60 in:2 ðFy ¼ 50 ksiÞ

Conclusions: If 36 ksi steel is chosen for the bottom chord of the stub girder, the wide-flange shapes

W12� 50 and W14� 53 will be suitable. If 50 ksi steel is the choice, the sections may be W12� 40 or

W14� 38.

The final decision is made by the structural engineer. However, since W12-series shapes will save

approximately 2 in. in net floor system height, per story of the building, this would mean significant

savings if the overall structure is 10 to 15 stories or more. The differences in stub girder strength and

stiffness are not likely to play a role [7,12].

33.3.3 Choice of Stub Girder Component Sizes

Some examples were given in the earlier sections for the choices of chord and floor beam sizes, deck

height, and slab configuration. These were made primarily on the basis of acceptable geometries, deck

size, and fire protection requirements, to mention some examples. However, construction economy is

critical and the following guidelines will assist the user. The data that are given are based on actual

construction projects.

Economical span lengths for the stub girder range from 30 to 50 ft, although the preferable spans

are 35 to 45 ft. Fifty-feet span girders are erectable, but these are close to the limit where the dead

load becomes excessive, which has the effect of making the slab govern the overall design. This

is usually not an economical solution. Spans shorter than 30 ft are known to have been used

successfully; however, this depends on the load level and the type of structure, to mention the key

considerations.

Depending on the type and configuration of steel deck that has been selected, the floor beam spacing

should generally be maintained between 8 and 12 ft, although larger values have been used. The decisive

factor is the ability of the deck to span the distance between the floor beams.

The performance of the stub girder is not particularly sensitive to the stub lengths that are used, as long

as these are kept within reasonable limits. In this context, it is important to observe that it is usually the

exterior stub that controls the behavior of the stub girder. As a practical guideline, the exterior stubs are

normally 5 to 7 ft long; the interior stubs are considerably shorter, normally around 3 ft, but components

up to 5 ft long are known to have been used. When the stub lengths are chosen, it is necessary to bear in

mind the actual purpose of the stubs and how they carry the loads on the stub girder. That is, the stubs

are loaded primarily in shear, which explains why the interior stubs can be kept so much shorter than the

exterior ones.

The shear connectors that are welded to the top flange of the stub, the stub web stiffeners, and the welds

between the bottom flange of the stub and the top flange of the bottom chord are crucial to the function

of the stub girder system. For example, the first application of stub girders utilized fitted stiffeners at

the ends and sometimes at midlength of all of the stubs. Subsequent research demonstrated that the

midlength stiffener did not perform any useful function and that only the exterior stubs needed stiffeners

in order to provide the requisite web stability and shear capacity [5,6]. Regardless of the span of the

girder, it was found that the interior stubs could be left unstiffened, even when they were made as short

as 3 ft [6].

Similar savings were realized for the welds and the shear connectors. In particular, in lieu of all-around

fillet welds for the connection between the stub and the bottom chord, the studies showed that a

significantly smaller amount of welding was needed, and often only in the vicinity of the stub ends.

However, specific weld details must be based on appropriate analyses of the stub, considering over-

turning, weld capacity at the tension end of the stub, and adequate ability to transfer shear from the slab

to the bottom chord.
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33.3.4 Modeling of the Stub Girder

The original work of Colaco [1,2] utilized a Vierendeel modeling scheme for the stub girder to arrive at

a set of stress resultants, which in turn were used to size the various components. Elastic finite element

analyses were performed for some of the girders that had been tested, mostly to examine local stress

distributions and the correlation between test and theory. However, the finite element solution is not

a practical design tool.

Other studies have examined approaches such as nonprismatic beam analysis and variations of the

finite element method [5]. The nonprismatic beam solution is relatively simple to apply. On the other

hand, it is not as accurate as the Vierendeel approach, since it tends to overlook some important local

effects and overstates the service load deflections [4,5].

On the whole, therefore, the Vierendeel modeling of the stub girder has been found to give the most

accurate and consistent results, and the correlation with test results is good [1,4,5,7]. Finally, it offers

the best physical similarity with actual girders; many designers have found this to be an important

advantage.

There are no ‘‘simple’’ methods of analysis that can be used to find the bending moments, shear forces,

and axial forces in Vierendeel girders. Once the preliminary sizing has been accomplished, a computer

solution is required for the girder. In general, all that is required for the Vierendeel evaluation is a two-

dimensional plane frame program for elastic structural analysis. This gives moments, shears, and axial

forces, as well as deflections, joint rotations, and other displacement characteristics. The stress resultants

are used to size the girder and its elements and connections; the displacements reflect the serviceability of

the stub girder.

Once the stress resultants are known, the detailed design of the stub girder can proceed. A final run-

through of the girder model should then be done, using the components that were chosen, to ascertain

that the performance and strength are sufficient in all respects. Under normal circumstances no

alterations are necessary at this stage.

As an illustration of the Vierendeel modeling of a stub girder, the girder itself is shown in Figure 33.5a

and the Vierendeel model in Figure 33.5b. The girder is the same as the one used for the preliminary

design example. It has four stubs and is symmetrical about midspan; therefore, only one half is illu-

strated. The boundary conditions are shown in Figure 33.5b.

The bottom chord of the model is assigned a moment of inertia equal to the major axis I-value, Ix, of

the wide-flange shape that was chosen in the preliminary design. However, some analysts believe that

4

1

P

P

P
5 6

32

7

(a)

(b)

2.5 ft

2.5 ft 2.5 ft 2.5 ft 2.5 ft 3.5 ft 3.5 ft
1.5 ft 1.5 ft

2.5 ft 3.5 ft 3.5 ft

P/2

3 ft5 ft

27    in.1
2

FIGURE 33.5 Vierendeel modeling of a stub girder: (a) stub girder and (b) its Vierendeel model.
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since the stub is welded to the bottom chord, a portion of its flexural stiffness should be added to that of

the moment of inertia of the wide-flange shape [4,5,7]. This approach is identical to treating the bottom

chord W-shape as if it has a cover plate on its top flange. The area of this ‘‘cover plate’’ is the same as the

area of the bottom flange of the stub. This should be done only in the areas where the stubs are placed. In

the regions of the interior and exterior stubs it is therefore realistic to increase the moment of inertia of

the bottom chord by the parallel-axis value of Af� d2
f, where Af designates the area of the bottom flange

of the stub and df is the distance between the centroids of the flange plate and the W-shape.

The bending stiffness of the top Vierendeel chord equals that of the effective width portion of the slab.

This should include the contributions of the steel deck as well as the reinforcing steel bars that are located

within this width. In particular, the influence of the deck is important. The effective width is determined

from the criteria in the AISC LRFD Specification [3]. These were originally developed on the basis of

analyses and tests of prismatic composite beams. The approach has been found to give conservative

results [4,5], but should continue to be used until more accurate criteria are available.

In the computations for the slab, the cross-section is conveniently subdivided into simple geometric

shapes. The individual areas and moments of inertia are determined on the basis of the usual trans-

formation from concrete to steel, using the modular ratio n¼ E/Ec, where E is the modulus of elasticity

of the steel and Ec is that of concrete. The latter must reflect the density of the concrete that is used, and

can be computed from [13]

Ec ¼ 33� w1:5
c �

ffiffiffiffi
f 0c

p
ð33:1Þ

The shear connectors used for the stub are required to develop 100% interaction, since the design is

based on the computed shear forces, rather than the axial capacity of the steel beam or the concrete

slab, as is used for prismatic beams in the AISC Specification [3]. However, it is neither common nor

proper to add the moment of inertia contribution of the top flange of the stub to that of the slab,

contrary to what is done for the bottom chord. The reason for this is that dissimilar materials are

joined and some local concrete cracking and/or crushing can be expected to take place around the

shear connectors.

The discretization of the stubs into vertical Vierendeel girder components is relatively straightforward.

Considering the web of the stub and any stiffeners, if applicable (for exterior stubs, most commonly,

since interior stubs usually can be left unstiffened), the moment of inertia about an axis that is per-

pendicular to the plane of the web is calculated. As an example, Figure 33.6 shows the stub and stiffener

configuration for a typical case. The stub is a 5 ft long W16� 26 with 51
2
� 1

2
in. end-plate stiffeners. The

computations give

Moment of inertia about the z–z axis:

Izz ¼ ½0:25� ð60Þ3	=12þ 2� 5:5� 0:5� ð30Þ2

¼ 9450 in:4

Depending on the number of Vierendeel truss members that will represent the stub in the model, the

bending stiffness of each is taken as a fraction of the value of Iz. For the girder shown in Figure 33.5,

where the stub is discretized as three vertical members, the magnitude of Ivert is found as

Moment of inertia of vertical member:

Ivert ¼ Izz=ðno. of verticalsÞ ¼ 9450=3 ¼ 3150 in:4

The cross-sectional area of the stub, including the stiffeners, is similarly divided between the verticals

Area of vertical member:

Avert ¼ ½Aweb þ 2� Ast	=ðno. of verticalsÞ
¼ ½0:25� ð60
 2� 0:5Þ þ 2� 5:5� 0:5	=3

¼ 6:75 in:2
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Several studies have aimed at finding the optimum number of vertical members to use for each stub.

However, the strength and stiffness of the stub girder are insignificantly affected by this choice and

a number between 3 and 7 is usually chosen. As a rule of thumb, it is advisable to have one vertical

per foot length of stub, but this is only a guideline.

The verticals are placed at uniform intervals along the length of the stub, usually with the outside

members close to the stub ends. Figure 33.5 illustrates the approach. As for end conditions, these

vertical members are assumed to be rigidly connected to the top and bottom chords of the Vierendeel

girder.

One vertical member is placed at each of the locations of the floor beams. This member is assumed to

be pinned to the top and bottom chords, as shown in Figure 33.5, and its stiffness is conservatively set

equal to the moment of inertia of a plate with a thickness equal to that of the web of the floor beam and

a length equal to the beam depth. In the example, tw¼ 0.25 in.; the beam depth is 15.69 in. This gives

a moment of inertia of

ð½15:69� 0:253	=12Þ ¼ 0:02 in:4

and the cross-sectional area is

ð15:69� 0:25Þ ¼ 3:92 in:2

The Vierendeel model shown in Figure 33.5b indicates that the portion of the slab that spans across the

opening between the exterior end of the exterior stub and the support for the slab (a column, or a corbel

of the core of the structural frame) has been neglected. This is a realistic simplification, considering the

low rigidity of the slab in negative bending.

Figure 33.5b also shows the support conditions that are used as input data for the computer analysis.

In the example, the symmetrical layout of the girder and its loads make it necessary only to analyze one

half of the span. This cannot be done if there is any kind of asymmetry and the entire girder must then be

analyzed. For the girder that is shown, it is known that only vertical displacements can take place at

midspan; horizontal displacements and end rotations are prevented at this location. At the far ends of the

bottom chord only horizontal displacements are permitted and end rotations are free to occur. The

reactions that are found are used to size the support elements, including the bottom chord connections

and the column.

The structural analysis results are shown in Figure 33.7, in terms of the overall bending moment, shear

force and axial force distributions of the Vierendeel model given in Figure 33.5b. Figure 33.7d repeats the

layout details of the stub girder, to help identify the locations of the key stress resultant magnitudes with

the corresponding regions of the girder.

The design of the stub girder and its various components can now be done. This must also include

deflection checks, even though research has demonstrated that the overall design will not be governed by

deflection criteria [6]. However, since the girder has to be built in the shored condition, the girder is

often fabricated with a camber, approximately equal to the dead load deflection [6,11].

1–
4 in.

Z

Z

60 in.

51–
2 in.

1–
2 in.

Web of W16 × 26 stubStiffener

FIGURE 33.6 Plan view of stub with end plate stiffeners.
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33.4 Design Criteria for Stub Girders

33.4.1 General Observations

In general, the design of the stub girder and its components must consider overall member strength

criteria as well as local checks. For most of these, the AISC Specification [3] gives requirements that

address the needs.

In several important areas there are no standardized rules that can be used in the design of the stub

girder, and the designer must rely on rational engineering judgment to arrive at satisfactory solutions.

This applies to the parts of the girder that have to be designed on the basis of computed forces, such as

shear connectors, stiffeners, stub-to-chord welds, and slab reinforcement. The modeling and evaluation

of the capacity of the central portion of the concrete slab are also subject to interpretation. However, the

design recommendations that are given in the following are based on a wide variety of practical and

successful applications.

It is again emphasized that the design throughout is based on the stress resultants that have been

determined in the Vierendeel or other analysis, rather than on idealized code criteria. However, the

capacities of materials and fasteners, as well as the requirements for the stability and strength of tension

and compression members, adhere strictly to the AISC design requirements. Any interpretations that

have been made are conservative.
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FIGURE 33.7 Bending moment, shear force, and axial force distributions for stub girder and critical points for

strength checks.
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33.4.2 Governing Sections of the Stub Girder

Figure 33.5 and Figure 33.7 show certain circled numbers at various locations throughout the span of the

stub girder. These reflect the sections of the girder that are the most important for one reason or another

and are the ones that must be examined to determine the required member size, etc. These are the

governing sections of the stub girder and are itemized as follows:

1. Points 1, 2, and 3 indicate the critical sections for the bottom chord.

2. Points 4, 5, and 6 indicate the critical sections for the concrete slab.

3. Point 7, which is a region rather than a specific point, indicates the critical shear transfer region

between the slab and the exterior stub.

The design checks that must be made for each of these areas are discussed in the following.

33.4.3 Design Checks for the Bottom Chord

The size of the bottom chord is almost always governed by the stress resultants at midspan or Point 3 in

Figure 33.5 and Figure 33.7. This is also why the preliminary design procedure focused almost entirely on

determining the required chord cross-section at this location. As the stress resultant distributions in

Figure 33.7 show, the bottom chord is subjected to combined positive bending moment and tensile force

at Point 3, and the design check must consider the beam-tension member behavior in this area.

Combined bending and tension must also be evaluated at Point 2, the exterior end of the interior stub.

The local bending moment in the chord is generally larger here than at midspan, but the axial force is

smaller. Only a computation can confirm whether Point 2 will govern in lieu of Point 3. Further,

although the location at the interior end of the exterior stub (Point 2a) is rarely critical, the combination

of negative moment and tensile force should be evaluated.

At Point 1 of the bottom chord, which is located at the exterior end of the exterior stub, the axial force is

equal to zero. At this location the bottom chord must therefore be checked for pure bending as well as shear.

The preceding applies only to a girder with simple end supports. When it is part of the lateral load-

resisting system, axial forces will exist in all parts of the chord. These must be resisted by the adjacent

structural members.

33.4.4 Design Checks for the Concrete Slab

The top chord carries varying amounts of bending moment and axial force, as illustrated in Figure 33.7,

but the most important areas are indicated as Points 4 to 6. The axial forces are always compressive in the

concrete slab; the bending moments are positive at Points 5 and 6 but negative at Point 4. As a result,

this location is normally the one that governs the performance of the slab, not the least because the

reinforcement in the positive moment region includes the cross-sectional area of the steel deck.

The full effective width of the slab must be analyzed for combined bending and axial force at all of

Points 4 through 6. Either the composite beam–column criteria of the AISC LRFD Specification [3] or

the criteria of the reinforced concrete structures code of American Concrete Institute (ACI) [13] may be

used for this purpose.

33.4.5 Design Checks for the Shear Transfer Regions

Region 7 is the shear transfer region between the concrete slab and the exterior stub, and the combined

shear and longitudinal compressive capacity of the slab in this area must be determined. The shear

transfer region between the slab and the interior stub always has a smaller shear force.

Region 7 is critical and several studies have shown that the slab in this area will fail in a combination of

concrete crushing and shear [4–7]. The shear failure zone usually extends from corner to corner of the

steel deck, over the top of the shear connectors, as illustrated in Figure 33.8. This also emphasizes why

the placement of the longitudinal reinforcing steel bars in the central flute of the steel deck is important,
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as well as the location of the transverse bars: both groups should be placed just below the level of the top

of the shear connectors (see Figure 33.2). The welded wire mesh reinforcement that is used as a matter of

course, mostly to control shrinkage cracking in the slab, also assists in improving the strength and

ductility of the slab in this region.

33.4.6 Design of Stubs for Shear and Axial Load

The shear and axial force distributions indicate the governing stress resultants for the stub members. It is

important to note that since the Vierendeel members are idealized from the real (i.e., continuous) stubs,

bending is not a governing condition. Given the sizes and locations of the individual vertical members

that make up the stubs, the design checks are made for axial load and shear. For example, referring to

Figure 33.7, it is seen that the shear and axial forces in the exterior and interior stubs, and the axial forces

in the verticals that represent the floor beams, are the following:

Exterior stub verticals:

Shear forces: 103 kip 63 kip 99 kip

Axial forces: 
18 kip 0.4 kip 3 kip

Interior stub verticals:

Shear forces: 38 kip 19 kip 20 kip

Axial forces: 
5 kip 0.8 kip 4 kip

Floor beam verticals:

Exterior: Axial force¼ 
39 kip

Interior: Axial force¼ 
12 kip

Shear forces are zero in these members.

The areas and moments of inertia of the verticals are known from the modeling of the stub girder.

Figure 33.7 also shows the shear and axial forces in the bottom and top chords, but the design for these

elements has been addressed earlier in this chapter.

The design checks that are made for the stub verticals will also indicate whether there is a need for

stiffeners for the stubs, since the evaluations for axial load capacity should always first be made on the

assumption that there are no stiffeners. However, experience has shown that the exterior stubs always

must be stiffened; the interior stubs, on the other hand, will almost always be satisfactory without

stiffeners, although exceptions can occur.

The axial forces that are shown for the stub verticals in the preceding are small but typical, and in all

probability only the exterior end of the exterior stub really requires a stiffener. This was examined in one

of the stub girder research studies, where it was found that a single stiffener would suffice, although the

resulting lack of structural symmetry gave rise to a tensile failure in the unstiffened area of the stub [5].

Stub Steel deck

Concrete crushing zone

Shear failure zoneConcrete slab

FIGURE 33.8 Shear failure zone in concrete slab above stub.

33-14 Handbook of Structural Engineering

Copyright 2005 by CRC Press



Although this occurred at a very late stage in the test, the type of failure represents an undesirable mode

of behavior, and the use of single stiffeners therefore was discarded. Further, by reason of ease of

fabrication and erection, stiffeners should always be provided at both stub ends.

It is essential to bear in mind that if stiffeners are required, the purpose of such elements is to add to

the area and moment of inertia of the web, to resist the axial load that is applied. There is no need to

provide bearing stiffeners, since the load is not transmitted in this fashion. The most economical solution

is to make use of end-plate stiffeners of the kind that is shown in Figure 33.1; extensive research

evaluations showed that this was the most efficient and economical choice [4,5,7].

The vertical stub members are designed as columns, using the criteria of the AISC Specification

[3]. For a conservative solution, an effective length factor of 1.0 may be used. However, it is more

realistic to utilize a K-value of 0.8 for the verticals of the stubs, recognizing the end restraint that is

provided by the connections between the chords and the stubs. The K-factor for the floor beam verticals

must be 1.0, due to the pinned ends that are assumed in the modeling of these components, as well

as the flexibility of the floor beam itself for buckling of the vertical member.

33.4.7 Design of Stud Shear Connectors

The Vierendeel girder shear force diagram gives the shear forces that must be transferred between

the slab and the stubs. These are the factored shear force values that are to be resisted by the connectors.

The example shown in Figure 33.7 indicates the individual shear forces for the stub verticals, as listed

in the preceding section. However, in the design of the overall shear connection, the total shear force that

is to be transmitted to the stub is used, and the stud connectors are then distributed uniformly along the

stub. The design strength of each connector is determined in accordance with the LRFD Specification [3],

including any deck profile reduction factor.

Analyzing the girder whose data are given in Figure 33.7, the following is known:

Exterior stub:

Total shear force ¼ Ves ¼ 103þ 63þ 99 ¼ 265 kip

Interior stub:

Total shear force ¼ Vis ¼ 38þ 19þ 20 ¼ 77 kip

The nominal strength, Qn, of the stud shear connectors is given by the LRFD Specification; thus

Qn ¼ 0:5� Asc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 0c � Ec

q
� Asc � Fu ð33:2Þ

where Asc is the cross-sectional area of the stud shear connector, f 0c and Ec are the compressive strength

and modulus of elasticity of the concrete, respectively, and Fu is the specified minimum tensile strength

of the stud shear connector steel (60 ksi) (ASTM A108).

In the equation for Qn, the left-hand side reflects the ultimate limit state of shear yield failure of the

connector; the right-hand side gives the ultimate limit state of tension fracture of the stud. Although

shear almost always governs, and is the desirable mode of behavior, a check has to be made to ensure that

tension fracture will not take place. This is achieved by the appropriate value of Ec, setting Fu¼ 60 ksi,

and solving for f 0c from the Equation 33.2. The requirement that must be satisfied in order for the stud

shear limit state to govern is given by Equation 33.3:

f 0c �
57,000

wc

ð33:3Þ

This gives the limiting values for concrete strength as related to the density (Table 33.1).

For concrete with wc¼ 120 pcf and f 0c ¼ 4000 psi, as used in the design example, Ec¼ 2,629,000 psi.

Using 3
4
-in. diameter studs, the nominal shear capacity is

Qn ¼ 0:5½Pð0:75Þ2=4	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4:2, 629Þ

p
� ½Pð0:75Þ2=4	60
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which gives

Qn ¼ 22:7 kip< 26:5 kip

The LRFD Specification [3] does not give a resistance factor for shear connectors, on the premise that the

j-value of 0.85 for the overall design of the composite member incorporates the stud strength variability.

This is not satisfactory for composite members such as stub girders and composite trusses. However,

a study was carried out to determine the resistance factors for the two ultimate limit states for stud shear

connectors [14]. Briefly, on the basis of extensive analyses of test data from a variety of sources, and

using the Qn-equation as the nominal strength expression, the values of the resistance factors that apply

to the shear yield and tension fracture limit states, respectively, are

Stud shear connector resistance factors:

Limit state of shear yielding: jconn¼ 0.90

Limit state of tension fracture: jconn¼ 0.75

The required number of shear connectors can now be found as follows, using the total stub shear

forces, Ves and Vis, computed earlier in this section:

Exterior stub:

nes ¼ V es=ð0:9� QnÞ ¼ V es=ðjconnQnÞ
¼ 265=ð0:9� 22:7Þ ¼ 13:0

That is, use 143
4
-in. diameter stud shear connectors, placed in pairs and distributed uniformly along the

length of the top flange of each of the exterior stubs.

Interior stub:

nis ¼ V is=ð0:9�QnÞ ¼ V is=ðjconnQnÞ
¼ 77=ð0:9� 22:7Þ ¼ 3:8

That is, use 43
4
-in. diameter stud shear connectors, placed singly and distributed uniformly along the

length of the top flange of each of the interior stubs.

Considering the shear forces for the stub girder of Figure 33.5 and Figure 33.7, the number of

connectors for the exterior stub is approximately three times that for the interior one. Depending on

span, loading, etc., there are instances when it will be difficult to fit the required number of studs on the

exterior stub, since typical usage entails a double row, spaced as closely as permitted. Several avenues

may be followed to remedy such a problem; the easiest one is most likely to use a higher strength

concrete, as long as the limit state requirements for Qn and Table 33.1 are satisfied. This entails only

minor reanalysis of the girder.

33.4.8 Design of Welds Between Stub and Bottom Chord

The welds that are needed to fasten the stubs to the top flange of the bottom chord are primarily

governed by the shear forces that are transferred between these components of the stub girder. The shear

TABLE 33.1 Concrete Strength Limitations for Ductile Shear

Connector Failure

Concrete density

wc (pcf )

Maximum concrete strength,

f 0c (psi)

145 (¼NW) 4000

120 4800

110 5200

100 5700

90 6400
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force distribution gives these stress resultants, which are equal to those that must be transferred between

the slab and the stubs. Thus, the factored forces Ves and Vis that were developed in Section 33.4.7 are

used to size the welds.

Axial loads also act between the stubs and the chord; these may be compressive or tensile. In

Figure 33.7, it is seen that the only axial force of note occurs in the exterior vertical of the exterior stub

(load¼ 18 kip); the other loads are very small compressive or tensile forces. Unless a significant tensile

force is found in the analysis, it will be a safe simplification to ignore the presence of the axial forces

insofar as the weld design is concerned.

The primary shear forces that have to be taken by the welds are developed in the outer regions of

the stubs, although it is noted that in the case of Figure 33.5, the central vertical element in both

stubs carry forces of some magnitude (63 and 19 kip, respectively). However, this distribution is a

result of the modeling of the stubs; analyses of girders where many more verticals were used have

confirmed that the major part of the shear is transferred at the ends [5,6,11]. The reason is that the

stub is a full shear panel, where the internal moment is developed through stress resultants that act at

points toward the ends, in a form of bending action. Tests have also verified this characteristic of the

girder behavior [5,7]. Finally, concentrating the welds at the stub ends will have significant economic

impact [4–6].

In view of these observations, the most effective placement of the welds between the stubs and the

bottom chord is to concentrate them across the ends of the stubs and along a short distance of both sides

of the stub flanges. For ease of fabrication and structural symmetry, the same amount of welding should

be placed at both ends, although the forces are always smaller at the interior ends of the stubs. Such

U-shaped welds were used for a number of the full-size girders that were tested [4,5,7], with only highly

localized yielding occurring in the welds. A typical detail is shown in Figure 33.9; this reflects what is

recommended for use in practice.

Prior to the research that led to the change of the welded joint design, the stubs were welded with all-

around fillet welds for the exterior as well as the interior elements. The improved, U-shaped detail

provided for weld metal savings of approximately 75% for interior stubs and around 50% for exterior

stubs.

For the sample stub girder, W16� 26 shapes are used for the stubs. The total forces to be taken by the

welds are

Exterior stub: Ves¼ 265 kip

Interior stub: Vis¼ 77 kip

Using E70XX electrodes and 5
16

-in. fillet welds (the fillet weld size must be smaller than the thickness of

the stub flange, which is 3
8

in. for the W16� 26), the total weld length for each stub is Lw, given by (refer

to Figure 33.9)

Lw ¼ 2ðbfs þ 21Þ

since U-shaped welds of length (bfsþ 21) are placed at each stub end. The total weld lengths required for

the stub girder in question are therefore

Exterior stub:

ðLwÞes ¼ V es=ð0:707ajwFwÞ
¼ 265= 0:707 5

16

� �
� 0:75ð0:6 � 70Þ

� �
¼ 38:1 in:

Interior stub:

ðLwÞis ¼ V is=ð0:707ajwFwÞ
¼ 77= 0:707 5

16

� �
� 0:75ð0:6 � 70Þ

� �
¼ 11:1 in:
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In the above expressions, a¼ 5
16

in.¼ fillet weld size, jw¼ 0.75, and Fw¼ 0.6FEXX¼ 0.6� 70¼ 42 ksi

for E70XX electrodes. The total U-weld lengths at each stub end are therefore

Exterior stub: LUes¼ 19.1 in.

Interior stub: LUis ¼ 5.6 in.

With a flange width for the W16� 26 of 5.50 in., the above lengths can be simplified as

LUes ¼ 5:50þ 7:0þ 7:0

where Les is chosen as 7.0 in. For the interior stub

LUis ¼ 5:50þ 2:0þ 2:0

where Lis is chosen as 2.0 in.

The details chosen are a matter of judgment. In the example, the interior stub for all practical purposes

requires no weld other than the one across the flange, although at least a minimum weld return of
1
2

in. should be used.

33.4.9 Floor Beam Connections to Slab and Bottom Chord

In the Vierendeel model, the floor beam is represented as a pinned-end compression member. It is

designed using a K-factor of 1.0, and the floor beam web by itself is almost always sufficient to take the

axial load. However, the floor beam must be checked for web crippling and web buckling under shoring

conditions.

No shear is transferred from the beam to the slab or the bottom chord. In theory, therefore, any

attachment device between the floor beam and the other components should not be needed. However,

due to construction stability requirements, as well as the fact that the floor beam usually is designed for

composite action normal to the girder, fasteners are needed. In practice, these are not actually designed;

rather, one or two stud shear connectors are placed on the top flange of the beam and two high strength

bolts attach the lower flange to the bottom chord.

A A

Stub flange

Chord

Section A–A

Stub

bfc (chord flange width)bfs (stub flange width)

a l

a bfs

FIGURE 33.9 Welding details for end of stub to bottom chord of stub girder.
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33.4.10 Connection of Bottom Chord to Supports

In the traditional use of stub girders, the girder is supported as a simple beam and the bottom chord end

connections need to be able to transfer vertical reactions to the supports. The supports may be columns or

the girder may rest on corbels or other types of supports that are part of the concrete core of the building.

For both of these cases the reactions that are to be carried to the adjacent structure are given by the analysis.

Any shear-type beam connections may be used to connect the bottom chord to a column or a corbel or

similar bracket. It is important to ascertain that the chord web shear capacity is sufficient, including

block shear.

Some designers prefer to use slotted holes for the connections and to delay the final tightening of the

bolts until after the shoring has been removed. This is done on the premise that the procedure will leave

the slab essentially stress free from the construction loads, leading to less cracking in the slab during

service. Other designers specify additional slab reinforcement to take care of any cracking problem.

Experience has shown that both methods are suitable.

The slab may be supported on an edge beam or similar element at the exterior side of the floor system.

There is no force transfer ability required of this support. In the interior of the building the slab will be

continuously cast across other girders and around columns; this will almost always lead to some

cracking, both in the vicinity of the columns as well as along beams and girders. With suitable placement

of floor slab joints, this can be minimized, and appropriate transverse reinforcement for the slab will

reduce, if not eliminate, the longitudinal cracks.

Data on the effects of various types of cracks in composite floor systems are scarce. Current opinion

appears to be that the strength is not significantly influenced. In any case, the mechanics of the short-

and long-term service response of composite beams is not well understood. Studies have developed

models for the cracking mechanism and the crack propagation [15]; the correlation with a wide variety

of laboratory tests is good. However, a comprehensive study of concrete cracking and its implications for

structural service and strength needs to be undertaken.

33.4.11 Use of Stub Girder for Lateral Load System

The stub girder was originally conceived only as being part of the vertical load-carrying system of

structural frames, and the use of simple connections, as discussed in Section 33.4.9, came from this

development. However, recognizing that a deep, long-span member can be very effective as a part of

the lateral load-resisting system for a structure, several attempts have been made to incorporate

the stub girder into moment frames and similar systems. The projects of Colaco in Houston [8] and

Martinez-Romero [9] in Mexico City were successful, although the designers noted that the cost

premium could be substantial.

For the Colaco structure, his applications reduced drift, as expected, but gave much more complex

beam-to-column connections and reinforcement details in the slab around the columns. Thus, the

exterior stubs were moved to the far ends of the girders and moment connections were designed for

the full depth. For the Mexico City building, the added ductility was a prime factor in the survival of the

structure during the 1985 earthquake.

The advantages of using the stub girders in moment frames are obvious. Some of the disadvantages

have been outlined; in addition, it must be recognized that the lack of room for perimeter HVAC ducts

may be undesirable. This can only be addressed by the mechanical engineering consultant. As a general

rule, a designer who wishes to use stub girders as part of the lateral load-resisting system should examine

all structural effects and also incorporate nonstructural considerations such as those prompted by HVAC

and electronic communication needs.

33.4.12 Deflection Checks

The service load deflections of the stub girder are needed for several purposes. First, the overall dead load

deflection is used to assess the camber requirements. Due to the long spans of typical stub girders, as well
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as the flexibility of the framing members and the connections during construction, it is important to end

up with a floor system that is as level as possible by the time the structure is ready to be occupied. Thus,

the girders must be built in the shored condition and the camber should be approximately equal to 75%

of the dead load deflection.

Second, it is essential to bear in mind that each girder will be shored against a similar member at the

level below the current construction floor. This member, in turn, is similarly shored, albeit against

a girder whose stiffness is greater, due to the additional time of curing of the concrete slab. This has

a cumulative effect for the structure as a whole and the dead load deflection computations must take

this response into account.

In other words, the support for the shores is a flexible one and deflections therefore will occur in the

girder as a result of floor system movements of the structure at levels in addition to the one under

consideration. Although this is not unique to the stub girder system, the span lengths and the interaction

with the frame accentuate the influence on the girder design.

Depending on the structural system, it is also likely that the flexibility of the columns and the con-

nections will add to the vertical displacements of the stub girders. The deflection calculations should

incorporate these effects, preferably by utilizing realistic modified Ec-values, and determining dis-

placements as they occur in the frame. Thus, the curing process for the concrete might be considered,

since the strength development as a function of time is directly related to the value of Ec [13]. This is

a subject that is open for study, although similar criteria have been incorporated in studies of the

strength and behavior of composite frames [16,17]. However, detailed evaluations of the influence of

time-dependent stiffness still need to be made for a wide variety of floor systems and frames. The

cumulative deflection effects can be significant for the construction of the building and consequently

also must enter into the contractor’s planning. This subject is addressed briefly in Section 33.5.

Third, the live load deflections must be determined to assess the serviceability of the floor system

under normal operating conditions. Several studies have demonstrated that such displacements will

be significantly smaller than the L/360 requirement that is normally associated with live load deflections

[5–7,11]. It is therefore rarely possible to design a girder that meets the strength and the deflection

criteria simultaneously. In other words, strength governs the overall design.

Finally, although they rarely play a role in the overall response of the stub girder, the deflections and

end rotations of the slab across the openings of the girder should also be checked. This is primarily done

to assess the potential for local cracking, especially at the stub ends and at the floor beams. However,

proper placement of the longitudinal girder reinforcement is usually sufficient to prevent problems of

this kind, since the deformations tend to be small.

33.5 Influence of Method of Construction

A number of construction-related considerations have already been addressed in various sections of this

chapter. The most important ones relate to the fact that the stub girders must be built in the shored

condition. The placement and removal of the shores may have a significant impact on the performance

of the member and the structure as a whole. In particular, too early shore removal may lead to excessive

deflections in the girders at levels above the one where the shores were located. This is a direct result of

the low stiffness of ‘‘green’’ concrete. It can also lead to ‘‘ponding’’ of the concrete slab, producing larger

dead loads than accounted for in the original design. Finally, larger girder deflections can be translated

into an ‘‘inward pulling’’ effect on the columns of the frame. However, this is clearly a function of the

framing system.

On the other hand, the use of high early strength cement and similar products can reduce this effect

significantly. Further, since the concrete usually is able to reach about 75% of the 28-day strength after

7 to 10 days, the problem is less severe than originally thought [4,6,11]. In any case, it is important for

the structural engineer to interact with the general contractor, in order that the influence of the method

of construction on the girders as well as the frame can be quantified, however simplistic the analysis

procedure may be.
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Due to the larger loads that can be expected for the shores, the latter must either be designed as

structural members or at least be evaluated by the structural engineer. The size of the shores is also

influenced by the number of floors that are to have these supports left in place. As a general rule, when

stub girders are used for multistory frames, the shores should be left in place for at least three floor levels.

Some designers prefer a larger number; however, any choices of this kind should be based on com-

putations for sizes and effects. Naturally, the more floors that are specified, the larger the shores will

have to be.

References

[1] Colaco, J.P., ‘‘A Stub Girder System for High-Rise Buildings,’’ AISC Eng. J., Vol. 9, No. 2, Second

Quarter, 1972 (pp. 89–95).

[2] Colaco, J.P., ‘‘Partial Tube Concept for Mid-Rise Structures,’’ AISC Eng. J., Vol. 11, No. 4, Fourth

Quarter, 1974 (pp. 81–85).

[3] American Institute of Steel Construction (AISC), ‘‘Specification for the Load and Resistance Factor

Design, Fabrication, and Erection of Structural Steel for Buildings,’’ 3rd Edition, AISC, Chicago,

IL, 1999.

[4] Bjorhovde, R. and Zimmerman, T.J., ‘‘Some Aspects of Stub Girder Design,’’ AISC Eng. J., Vol. 17,

No. 3, Third Quarter, 1980 (pp. 54–69).

[5] Zimmerman, T.J. and Bjorhovde, R., ‘‘Analysis and Design of Stub Girders,’’ Structural Engineering

Report No. 90, University of Alberta, Edmonton, Alberta, Canada, 1981.

[6] Bjorhovde, R., ‘‘Behavior and Strength of Stub Girder Floor Systems,’’ in Composite and Mixed

Construction, Special Publication, ASCE, Reston, VA, 1985.

[7] Bjorhovde, R., ‘‘Full-Scale Test of a Stub Girder,’’ Report submitted to Dominion Bridge Company,

Calgary, Alberta, Canada. Department of Civil Engineering, University of Alberta, Edmonton,

Alberta, Canada, 1981.

[8] Colaco, J.P. and Banavalkar, P.V., ‘‘Recent Uses of the Stub Girder System,’’ Proceedings, 1979

National Engineering Conference, American Institute of Steel Construction, Chicago, IL, 1979.

[9] Martinez-Romero, E., ‘‘Continuous Stub Girder Structural System for Floor Decks,’’ Technical

Report, EMRSA, Mexico City, Mexico, 1983.

[10] Hansell, W.C., Galambos, T.V., Ravindra, M.K., and Viest, I.M., ‘‘Composite Beam Criteria in

LRFD,’’ J. Struct. Div., ASCE, Vol. 104, No. ST9, September 1978 (pp. 1409–1426).

[11] Chien, E.Y.L. and Ritchie, J.K., ‘‘Design and Construction of Composite Floor Systems,’’ Canadian

Institute of Steel Construction (CISC), Willowdale (Toronto), Ontario, Canada, 1984.

[12] American Society of Civil Engineers (ASCE), ‘‘Minimum Design Loads for Buildings and Other

Structures,’’ ASCE/ANSI Standard No. 7-02, ASCE, Reston, VA, 2002.

[13] American Concrete Institute (ACI), ‘‘Building Code Requirements for Reinforced Concrete,’’ ACI

Standard No. 318-02, ACI, Detroit, MI, 2002.

[14] Zeitoun, L.A., ‘‘Development of Resistance Factors for Stud Shear Connectors,’’ MS Thesis,

University of Arizona, Tucson, AZ, 1984.

[15] Morcos, S.S. and Bjorhovde, R., ‘‘Fracture Modeling of Concrete and Steel,’’ J. Struct. Eng., ASCE,

Vol. 121, No. 7, July 1995 (pp. 1125–1133).

[16] Bjorhovde, R., ‘‘Design Considerations for Composite Frames,’’ Proceedings, 2nd International and

5th Mexican National Symposium on Steel Structures, IMCA and SMIE, Morelia, Michoacan,

Mexico, November 23–24, 1987.

[17] Bjorhovde, R., ‘‘Concepts and Issues in Composite Frame Design,’’ Steel Struct., J. Singapore Soc.

Steel Struct., Vol. 5, No. 1, December 1994 (pp. 3–14).

Stub Girder Floor Systems 33-21

Copyright 2005 by CRC Press



Copyright 2005 by CRC Press



34
Fatigue and Fracture

34.1 Introduction

Fatigue and fracture are two important limit states that need to be checked in the design and evaluation

of structures. Fatigue is the formation of a crack due to cyclic loading. The fatigue limit state is defined as

the development of a through-thickness crack. This is a serviceability limit state and does not necessarily

mean that the structure is in danger of fracture or collapse. Fracture is the rupture in tension or rapid

extension of a crack leading to gross deformation, loss of function or serviceability, or complete

separation of the component.

This section of the handbook presents an overview of information useful to structural engineers in

evaluating the fatigue and fracture limit states of steel, aluminum, and concrete structural components.

Topics include materials selection, design, and detailing for new structures, as well as assessment of

existing structures. The emphasis of this chapter is on structural steel components, since aluminum and

other metal components are not common in the primary load-carrying systems of most civil structures.

Fatigue of concrete components is covered only briefly since it is rarely a significant problem. As a

practical matter, fracture of concrete is checked by usual strength design calculations and therefore is

not covered here. The fracture mechanics of concrete is covered elsewhere [1].

Although most of the examples involve buildings or bridges, the information is equally applicable

to similar details in cranes, ships, offshore structures, heavy vehicle frames, etc. The primary difference

between various structure types is in the applied loading, whereas the type of structure does not affect

the resistance of the details to fatigue or fracture.

Since the scope of this section is limited to practical information, there are many interesting aspects of

fatigue and fracture that are not discussed. There are several good texts that can serve as a starting point

for more in-depth studies [2–4].
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34.2 Fatigue

Fatigue resistance for a particular detail is the allowable constant-amplitude stress range (S) for a

specified number of cycles of loading (N), typically expressed in an S–N curve. S–N curves are based on

fatigue tests of full-scale members with welded or bolted details. The assignment of various details

to specific categories for S-N curve analysis is discussed below, including bolts, anchor rods, hollow

structural sections, concrete members, and cables.

When information about a specific crack is available, a fracture mechanics crack growth rate analysis

should be used to calculate the remaining life [3,4]. However, in the design stage, without specific initial

crack size data, the fracture mechanics approach is not any more accurate than the S–N curve approach

[5]. Therefore, the fracture mechanics crack growth analysis will not be discussed further.

34.2.1 Fatigue Resistance

The approach to designing and assessing structures for fatigue is empirical and is based on tests of

full-scale members with welded or bolted details. Such tests indicate that

� The strength and type of steel have only a negligible effect on the fatigue resistance expected for

a particular detail [6–10].
� The welding process also does not typically have an effect on the fatigue resistance [11,12].
� The primary effect of constant-amplitude fatigue loading can be accounted for in the live-load

stress range [6–9], that is, the mean stress is not significant.

The independence of fatigue resistance from the type of steel greatly simplifies the development of

design rules for fatigue since it eliminates the need to generate fatigue data for every type of structural

steel. Testing that has been performed on welded details in stainless steel show that the fatigue strength of

stainless steel details is comparable to that of ferritic structural steel details [13].

The reason that the dead load has little effect is that, locally, there are very high residual stresses.

In details that are not welded, such as anchor rods, there is a mean stress effect [14]. A worst-case

conservative assumption, that is, a high tensile mean stress, is made in the testing and in the design of

these nonwelded details.

34.2.1.1 Standard S–N Curves

The nominal stress approach is the established approach for fatigue design and assessment of steel and

aluminum structures. The nominal stress approach is based on S–N curves, where S is the nominal stress

range and N is the number of cycles until the appearance of a visible crack. Details are designed based on

the nominal stress range in the connecting members rather than the local ‘‘concentrated’’ stress at the

detail. The nominal stress is usually obtained from standard design equations for bending and axial stress

and does not include the effect of stress concentrations of welds and attachments. Usually, the nominal

stress in the members can be easily calculated without excessive error. However, the proper definition of

the nominal stresses may become a problem in regions of high stress gradients.

Figure 34.1 shows the S–N curves for steel that are used throughout North America for a variety of

welded structures, including the American Association of State Highway and Transportation Officials

(AASHTO) bridge design specifications [15], the American Institute for Steel Construction (AISC)

Manual of Steel Construction [16], the American Railway Engineering and Maintenance-of-Way

Association (AREMA) Manual for Railway Engineering [17], the American Welding Society (AWS D1.1)

Structural Welding Code [18], and the Canadian Standards Association (CSA S16–2001) Limit States

Design of Steel Structures [19].

AASHTO has seven S–N curves for seven categories (A through E0) of weld details. The fatigue design

procedure is based on associating the weld detail under consideration with a specific category. The effects

of the welds and other stress concentrations, including the typical defects and residual stresses, are

reflected in the ordinate of the S–N curves for the various detail categories.
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The inverse slope of the regression line fit to the test data for welded details is typically in the range

2.9 to 3.1 [8]. In the AISC, AASHTO, AREMA, and CSA codes as well as in Eurocode 3 (EU3) [20], the

slopes have been standardized at 3.0. Therefore, the S–N curves can be represented by the following

power–law relationship:

N ¼ A

S3
ð34:1Þ

where N is the number of stress cycles, S is the nominal stress range, and A is a constant particular to the

detail category, as given in Table 34.1.

AISC and AWS also have a Category F with a slope greater than 3 for checking the shear stress in the

throat of welds. AASHTO and CSA S16 require checking the shear stress in the throat of welds according

to Category E rather than Category F. However, the minimum weld size requirements and the weld

strength requirements generally will ensure sufficient weld throat to avoid fatigue. There are few, if any,

documented fatigue cracking cases associated with shear stress through the throat of fillet welds,

therefore it is unnecessary to check the shear stress range in the throat of welds for fatigue and this will

not be discussed further.

Eurocode 3 (EC3)0 [20] and the British Standard 7608 [21] also use a nominal stress approach, but

they each have unique sets of S–N curves with different category labels. However, the end result of
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FIGURE 34.1 S–N curves for the seven primary fatigue categories from the AASHTO, AREMA, AWS, and AISC

specifications; the dotted lines are the constant-amplitude fatigue limits (CAFLs) and indicate the detail category.

TABLE 34.1 Parameters for S–N Curves

AASHTO,

AISC, and

AWS

category

Coefficient A

for steel

(MPa3)

CAFLa for

steel

(MPa)

Equivalent

Eurocode 3

category

Nearest

BS 7608

category

Coefficient A

for aluminum

(MPa3)

Exponent

for aluminum

CAFL for

aluminum

(MPa)

A .81.9� 1011 165 160 B 2.18� 1019 6.85 70

B .39.3� 1011 110 125 C 1.95� 1014 4.84 37

B0 .20.0� 1011 83 100 D N/A N/A N/A

C .14.4� 1011 69 90 D 8.88� 1011 3.64 28

D .7.21� 1011 48 71 F 2.08� 1011 3.73 17

E .3.61� 1011 31 56 G 3.14� 1011 3.45 13

E0 .1.28� 1011 18 40 W N/A N/A N/A

a CAFL, constant-amplitude fatigue limit.
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checking the stress range will be approximately the same regardless of which of these sets of S–N curves is

used, since all of these design specifications are empirical and are calibrated with the same database of

full-scale test results. None of these sets of S–N curves has any inherent advantages or will estimate the

fatigue life of a detail more accurately than any other set of S–N curves. Seven of the fourteen Eurocode

curves are the same as the seven AASHTO curves, as indicated in Table 34.1. The American Bureau of

Shipping (ABS) guidelines [22], the U.K. Health and Safety Executive [23], and other groups in the

marine industry use S–N curves from the British Standards (BS 7608) [21]. The BS 7608 S–N curves can

be associated approximately with the AASHTO S–N curves so that knowledge of the fatigue strength of

details in this specification can be translated to an equivalent AASHTO category. Table 34.1 cross-

references the BS 7608 S–N curves with the nearest AASHTO S–N curves.

In the nominal stress range approach, each detail category has a constant-amplitude fatigue limit

(CAFL), which is also given in Table 34.1. The CAFL is a stress range below which no fatigue cracks

occurred in tests conducted with constant-amplitude loading. These limits are shown as the horizontal

lines on the right side of the S–N curves in Figure 34.1. The Eurocode and BS S–N curves define the

fatigue limits differently.

34.2.1.2 The Effect of Corrosion of Fatigue Resistance

The full-scale fatigue experiments on which the fatigue rules are based were carried out in moist air and

therefore reflect some degree of environmental effect or corrosion fatigue. Therefore, the lower-bound

S–N curves in Figure 34.1 can be used for the design of details with a mildly corrosive environment (such

as the environment for bridges, even if salt or other corrosive chemicals are used for deicing) or provided

with suitable corrosion protection (galvanizing, other coating, or cathodic protection). Some design

codes for offshore structures have reduced fatigue life (by approximately a factor of 2) when details are

exposed to seawater [21,23].

At relatively high stress ranges at which most accelerated tests are conducted, the effect of seawater is

clearly detrimental. However, there is evidence that the effect of corrosion in seawater is not so severe for

long-life variable-amplitude fatigue of welded details. Full-scale fatigue experiments in seawater at

realistic service stress ranges do not show significantly lower fatigue lives [24], provided that corrosion is

not so severe that it causes pitting or significant section loss. At relatively low stress ranges near the

CAFL, typical of service loading, it appears that build-up of corrosion product in the crack may increase

crack closure and retard crack growth, at least enough to offset the increase that would otherwise occur

due to the environmental effect. The fatigue lives seem to be more significantly affected by the stress

concentration at the toe of welds than by the corrosive environment.

Severely corroded members may be evaluated as Category E details [25], regardless of their original

category (unless of course they were Category E0 or worse to start with). However, pitting or significant

section loss from severe corrosion can lower that fatigue strength [25,26].

34.2.1.3 S–N Curves for Aluminum

S–N curves have been proposed by the Aluminum Association for welded aluminum structures [27,28].

The categories for details are similar to those for steel, although the fatigue strength of a detail is

approximately 38% of the fatigue strength of the same detail in steel. For aluminum, the exponent in

Equation 34.1 is variable and is given in Table 34.1 with the coefficient A and CAFL. The design

procedures are similar and the classification of details into categories is approximately the same.

34.2.2 Fatigue Loading

Since fatigue is typically only a serviceability problem, members and connections are designed for fatigue

using service loads. Most structures experience what is known as long-life variable-amplitude loading,

that is, very large numbers of random-amplitude cycles greater than the number of cycles associated with

the CAFL [29]. For example, a structure loaded continuously at an average rate of once per minute

(0.016 Hz), would accumulate 10 million cycles in 19 years. With long-life variable-amplitude loading,
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structures are usually designed so that only a small fraction of cycles, on the order of 0.01%, exceed the

CAFL [29,30].

If the percentage of stress ranges exceeding the CAFL is greater than 0.01%, the history of N variable

stress ranges can be converted to N cycles of an effective stress range that can then be used just like the

constant-amplitude stress range in S–N curve analysis. Typically, Miner’s Rule [31] is used to calculate

an effective stress range from a histogram of variable stress ranges. Theoretically, this effective constant-

amplitude stress range results in approximately the same fatigue damage for a given number of cycles as

that for the same number of cycles of the variable-amplitude service history. If the stress ranges are

counted in discrete ‘‘bins,’’ as in a histogram, the effective stress range, SRe [29] can be calculated as

SRe ¼
�X

i

ðaiS
3
riÞ
�1=3

ð34:2Þ

where ai is the number of stress cycles with stress range in the bin with average value Sri divided by the

total number of stress cycles (N ).

Variable-amplitude fatigue tests conducted with various sequences in the variable-amplitude loading

history have shown that Miner’s Rule is reasonably accurate in most cases but can be unconservative

with some load histories with unusual sequences. For this reason, some fatigue design specifications for

offshore structures put a safety factor of 2.0 on life if Miner’s Rule is used [23].

In the AASHTO specifications [15], the stress range from the fatigue design truck represents the

effective stress range. No additional safety factor is used for Miner’s Rule since it is relatively accurate for

truck loading on bridges. For large numbers of cycles, the AASHTO specification has another check that

involves comparing the stress range from the fatigue design truck to half of the CAFL. The rationale for

this check is that if the effective stress range is less than half the CAFL, most of the stress ranges should be

below the CAFL, but occasionally (about once a day) the stress range can exceed the CAFL with no

significant effect.

Misalignment at a welded joint is a primary factor in susceptibility to cracking. The misalignment

causes eccentric loading, local bending, and stress concentration. The stress concentration factor (SCF)

associated with misalignment is

SCF ¼ 1:0þ 6e=t ð34:3Þ

where e is the eccentricity and t is the smaller of the thicknesses of two opposing loaded members.

The nominal stress times the SCF should then be compared to the appropriate category. Generally,

such misalignment should be avoided at fatigue critical locations. Equation 34.3 can also be used where

e is the distance that the weld is displaced out of plane due to angular distortion. A thorough guide to

the SCF for various types of misalignment and distortion, including plates of unequal thickness, can be

found in British Standard BS 7910 [32].

34.2.3 Categorization of Details

The following is a brief simplified overview of the categorization of fatigue details. In all cases, the

applicable specifications should also be checked. Several reports have been published that show a large

number of illustrations of details and their categories in addition to those in AISC and AASHTO

specifications [33,34]. Also, the EC3 [20] and the British Standard BS 7608 [21] have more detailed

illustrations for their categorization than AISC or AASHTO specifications. A book by Maddox [9]

discusses categorization of many details in accordance with BS 7608, from which roughly equivalent

AASHTO categories can be inferred (using Table 34.1). In most cases, the fatigue strength recommended

in these European standards is similar to the fatigue strength in the AISC and AASHTO specifications.

However, there are several cases where the fatigue strength is significantly different; usually, the

European specifications are more conservative.

There have been very few, if any, failures that have been attributed to details with fatigue strength

greater than Category C. Most structures have many Category C or even more severe details, and these
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will generally govern the fatigue design. Therefore, only Category C and more severe details will be

discussed in depth.

34.2.3.1 Welded Joints

Welded joints are considered transverse if the axis of the weld is perpendicular to the primary stress

range. Unless there is a stress concentration from the configuration of the detail, transverse welds are

typically Category C details. For example, the transverse welds connecting stiffeners to the web and

flange of girders are Category C details.

Full-penetration groove welded butt joints subjected to nondestructive evaluation (NDE) such as

ultrasonic testing or radiographic testing are also Category C details. If the reinforcement of these

full-penetration butt joints is ground smooth, they are Category B details. Tests show that groove welds

that contain large internal discontinuities that were not screened out by NDE had fatigue strength

comparable to Category E [5]. BS 7608 [21] and BS 7910 [32] have reduced fatigue strength curves for

groove welds with defects that are generally in agreement with these experimental data. Transverse

groove welds with a permanent backing bar are reduced to Category D [35,36]. One-sided welds with

melt through (without backing bars) are also classified as Category D [35,36].

Continuous longitudinal welds are Category B or B0 details. However, the termination of a long-

itudinal fillet weld is more severe (Category E). The termination of full-penetration groove longitudinal

welds requires a ground transition radius but gives greater fatigue strength, depending on the radius.

If longitudinal welds must be terminated, it is better to extend the welds to a location along the structural

member where the stress ranges are small or entirely in compression.

Cope holes, cutouts, and snipes should be used for weld access and to avoid intersecting welds. If the

thermally cut surfaces have edges conforming to the ANSI smoothness of 1000, these may be considered

Category D details, even if welds terminate at these details [35,36]. A rougher cope hole may be treated as

a Category E detail. If the steel at the thermally cut edge transforms to martensite, in some cases small

cracks may occur that will propagate at even lower stress ranges.

Attachments normal to flanges or plates that do not carry significant load are rated Category C if less

than 51 mm long in the direction of the primary stress range, D if between 51 and 101 mm long, and E if

greater than 101 mm long. If there is not at least a 10-mm edge distance, then Category E applies for an

attachment of any length. Category E0, slightly worse than Category E, applies if the attachment plates

or the flanges exceed 25 mm in thickness.

The cruciform joint where the load-carrying member is discontinuous is considered a Category C

detail because it is assumed that the plate transverse to the load-carrying member does not have any

stress range. A special reduction factor for the fatigue strength is provided when the load-carrying

plate exceeds 13 mm in thickness. This factor accounts for the possible crack initiation from the unfused

area at the root of the fillet welds (as opposed to the typical crack initiation at the weld toe for thinner

plates) [37].

In most other types of load-carrying attachments, there is interaction between the stress range in

the transverse load-carrying attachment and the stress range in the main member. In practice, each of

these stress ranges is checked separately. The attachment is evaluated with respect to the stress range

in the main member, and then it is separately evaluated with respect to the transverse stress range.

The combined multiaxial effect of the two stress ranges is taken into account by a relative decrease in

the fatigue strength, that is, most load-carrying attachments are considered Category E details.

34.2.3.2 Bolted Joints and Anchor Rods

Small holes are considered Category D details. Therefore, rivetted and mechanically fastened joints

(other than high-strength bolted joints) loaded in shear are evaluated as Category D in terms of the

net-section nominal stress. High-strength A325 and A490 bolted joints that are properly pretensioned

and loaded in shear are Category B details in terms of the net-section nominal stress. Pin plates and

eyebars are designed as Category E details in terms of the net-section nominal stress.
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Bolted joints loaded in direct tension are more complicated. Typically, these provisions are applied to

hanger-type or bolted flange connections where the bolts are pretensioned against the plies. In this case,

the total fluctuating load is resisted by the area of the precompressed plies, so that the bolts are subjected

to only a fraction of the total load [38]. However, the analysis to determine this fraction is difficult.

In the AISC Specifications [16] and in BS7608 [21], the designer may assume the load range in the bolts

is 20% of the total applied service load (dead plus live load). The total applied service load must include

any prying load. Prying is very detrimental to fatigue, so it is best to minimize prying forces by using

sufficiently thick plates [16].

In the AISC Specifications [16], the stress range in the bolts is calculated on the tensile stress area,

At, given by

At ¼
p
4

db �
0:9743

n

� �2

ð34:4Þ

where db is the nominal diameter (the body or shank diameter) and n is threads per inch. (Note that the

constant would be different if metric threads are used.)

Test data on bolts in direct tension (with the stress range computed on the tensile stress area) are

shown in Figure 34.2 [39,40]. The M20 bolts and B7 rods are similar in strength to A325 high-strength

bolts (862-MPa tensile strength). Different size diameters of the B7 bolts were also tested, with the results

showing that size did not have an impact on the fatigue limit. Category E seems to be the lower bound

for bolts in direct tension.

Anchor rods in concrete cannot be adequately pretensioned and therefore do not behave like hanger-

type or bolted flange connections. In the double-nut configuration, they are pretensioned between nuts

on either side of the base plate, but the part below the bottom nut is still exposed to the full load range.

Fatigue test data are available for anchor rods [14,41,42]. The data for anchor rods with a double-nut

configuration tightened one third of a turn past snug tight are shown in Figure 34.3. These data agree

well with the bolt data shown in Figure 34.2, that is, the lower-bound fatigue strength is Category E.

These test data were obtained at low enough stress ranges to allow for definition of the CAFL. There

was one failure at 69 MPa but below this stress range there were all runouts. Therefore, the CAFL is much

greater than the CAFL for other Category E details, which is 31 MPa. Choosing from among the CAFLs

for the other categories, the CAFL was taken as that for Category D or 48 MPa.
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FIGURE 34.2 S–N curves for B7 and M20 snug-tight bolts in tension.

Fatigue and Fracture 34-7

Copyright 2005 by CRC Press



Figure 34.4 shows fatigue test data for anchor rods that were only snug tight. Specimens with a 1:40

misalignment are also included. Under these conditions, the lower-bound fatigue strength corresponds

to Category E0. Since no failures occurred below a stress range of 62 MPa in this case, the CAFL at 48

MPa applies regardless of tightening or alignment.

Based on these data, in the AISC Specifications [16] the fatigue resistance of bolts or anchor rods in direct

tension, on the tensile stress area, is taken as Category E0 in the finite-life range with a CAFL of 48 MPa.

34.2.3.3 Hollow Structural Sections

There have been numerous publications regarding the fatigue strength of rectangular and circular hollow

structural sections (HSS), as summarized in Van Wingerde et al. [43]. The majority of recent work

has taken place in Europe under the advisement of the European Coal and Steel Community (ECCS),

the British Department of Energy (DEn), now called the Health and Safety Executive, and the Comité
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FIGURE 34.3 S–N curves for double-nut anchor rods tightened one third of a turn past snug tight.
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International pour le Developement et l’Etude de la Construction Tubulaire (CIDECT) [44]. The

research has resulted in design recommendations that have been adopted by the International Institute

of Welding (IIW Document XIII-1804-99 and XV-1035-99) [45] and CIDECT Design Guide #8 [46] and

have been proposed for inclusion into AWS D1.1 [18] and EC3 [20]. The CIDECT fatigue design

guidelines include both the nominal-stress approach and the hot-spot stress approach. AWS D1.1 [18]

also has nominal-stress and hot-spot stress S–N curves for HSS, although these are not considered as

accurate as the CIDECT guidelines. Unlike AWS, the CIDECT guidelines distinguish between circular

hollow sections (CHS) and rectangular hollow sections (RHS).

Many sign, signal, and light supports are fabricated from HSS. AASHTO has published a new

specification for these types of structures [47] that includes fatigue design using the nominal-stress

approach and classification of the common details with respect to the AWS S–N curves, based on

research in NCHRP Report 412 [14]. In addition, this specification has fatigue design loads for natural

wind gusts, galloping, and vortex shedding. Many aspects of this specification could also be applied to

wind turbines, communication towers, and other flexible structures exposed to wind.

The hot-spot stress approach is similar to the nominal-stress approach and is also based on full-scale

tests, except that the S–N curves in this approach are based on the hot-spot stress range [48]. The hot-

spot stress is the stress normal to the weld axis, originally defined at some small distance (about 6 mm)

from the weld toe. The hot-spot stress can be measured, calculated using finite-element analysis, or

determined from parametric formulas derived from the finite-element analyses and measurements.

A distinction is made between the geometric stress concentration, that is, that associated with the

arrangement of the members, and the local stress concentration, that is, that associated with the weld toe.

In the hot-spot approach, the effect of the geometric stress concentration, expressed as the SCF, is taken

out of the fatigue resistance and instead is included in the analysis. This has the advantage of collapsing

all the S–N curves for different categories into a single baseline S–N curve, but it has the disadvantage of

increasing the complexity of the analysis. A simple structural analysis is usually performed to obtain the

axial and bending forces entering a joint, from which nominal stresses are calculated. The hot-spot stress

at a weld is determined by multiplying the appropriate nominal stress by the SCF. The test data and the

baseline S–N curve still include the effect of the local stress concentration, which is impossible to

calculate accurately and therefore must still be treated empirically.

A simple approach that works well is to define the hot-spot stress as the stress measured with a 3-mm

strain gage placed as close as practically possible to the weld toe, that is, centered about 6 mm from the

weld toe [49]. This is essentially the definition originally used by AWS [48]. The baseline S–N curve used

with the hot-spot stress defined this way is essentially the same as the nominal-stress S–N curve

(Category C) for a transverse butt or fillet weld in a nominal membrane stress field, that is, a stress field

without any geometric stress concentration [49]. This makes sense since the stress at the weld toe of

this detail would include the local stress concentration but would not be affected by geometric stress

concentration. In other words, the SCF is equal to 1.0, and the hot-spot stress is equal to the nominal

stress in this detail.

The CIDECT research updated parametric equations used for SCF calculations and unified the

definition of hot-spot stress. The definition of hot-spot stress is more complex than the simple AWS

definition and involves extrapolating the stress from multiple strain gage measurements or analysis

points [46]. However, the CIDECT design guidelines contain parametric equations that can be used to

calculate SCF based on nondimensional parameters (brace to chord diameter ratio, brace diameter to

thickness ratio, brace to chord thickness ratio, and chord length to diameter ratio) for different types of

loading. A minimum SCF of 2.0 is recommended.

Obviously, the SCF and the baseline curve are dependent on the definition of the hot-spot stress [50].

The CIDECT baseline hot-spot S–N curve is the T0 curve from BS 7608 (equivalent to the Eurocode class

114 curve) for use with 16-mm-thick sections (see Figure 34.5). This is about 25% higher than the baseline

S–N curve used with the AWS-defined hot-spot stress (6 mm from the weld toe). In hollow structural

joints, there is a pronounced thickness effect, with thinner sections having higher fatigue lives. CIDECT

included the thickness effect in the definition of the hot-spot S–N curves, as shown in Figure 34.5.
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34.2.3.4 Reinforced and Prestressed Concrete, Strands, and Cables

Because of the relatively low stresses, concrete structures are typically less sensitive to fatigue than welded

steel and aluminum structures. However, fatigue may govern the design when impact loading is

involved, such as pavement, bridge decks, and rail ties. Also, in high-strength concrete the applied stress

ranges increase, and so should the concern for fatigue.

According to ACI Committee Report 215R-74 in the Manual of Standard Practice [51], the fatigue

strength of plain concrete at 10 million cycles is approximately 55% of the ultimate strength. However,

even if failure does not occur, repeated loading may contribute to premature cracking of the concrete,

such as inclined cracking in prestressed beams. This cracking could then lead to localized corrosion and

fatigue of the reinforcement [52].

The fatigue strength of straight, unwelded reinforcing bars and prestressing strand can be described

(in terms of the categories for steel details described earlier) with the Category B S–N curve. The lowest

stress range that has been known to cause a fatigue crack in a straight reinforcing bar was 145 MPa,

which occurred after more than a million cycles. Mean stress level, yield strength, bar size, geometry, and

deformations had minimal effect. ACI Committee 215 suggests that members be designed to limit the

stress range in the reinforcing bar to 138 MPa for high levels of mean stress (increases up to 160 MPa

as mean stress is reduced).

Fatigue tests show that previously bent bars had only about half the fatigue strength of straight bars

and failures have occurred down to 113 MPa [53]. Committee 215 recommends that half of the stress

range for straight bars be used, that is, 69 MPa for the worst-case mean stress. Equating this recom-

mendation to the S–N curves for steel details, bent reinforcement may be treated as a Category D detail.

Provided the quality is good, butt welds in straight reinforcing bars do not significantly lower the

fatigue strength. However, tack welds reduce the fatigue strength of straight bars about 33%, with

failures occurring as low as 138 MPa. Fatigue failures have been reported in welded wire fabric and bar

mats [54].

Batchelor et al. [55] tested deck panels with a single stationary concentrated load applied at the center.

The contact area represented the assumed contact area of the pneumatic tires of large trucks. The only

fatigue tests that did not result in failure at the end of 2.5 and 3 million cycles were performed with a

loading of less than the 50% of the estimated ultimate punching strength of the deck (Pu). Other research

also supports a fatigue limit of 0.5Pu at 2 to 3 million cycles for a stationary pulsating load [56,57].
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FIGURE 34.5 Hot-spot S–N curves for CHS joints (4 mm 	 t 	 50 mm) and RHS joints (4 mm 	 t 	 16 mm).
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However, the behavior and the fatigue limit are different in the case of rolling loads, as on a bridge.

Flexural cracking along the reflection of the longitudinal and transverse reinforcement on the bottom

surface was detected in bridges in service, and this is different from cracking patterns in tests with

stationary pulsating loads [58]. Tests with moving or rolling loads indicate that the fatigue limit was as low

as 0.21Pu at 2 to 3 million cycles, comparable to the average flexural cracking load level of about 0.26Pu

[58–60]. In some of the tests [56,58,59] it was demonstrated that the transverse cracks from the con-

structional period and the water penetration during service life decreased the ultimate punching shear and

fatigue strengths of the reinforced concrete deck. However, these studies have not established any quan-

titative interaction between the deterioration from the environmental factors and the repetitive axle load.

Test data show that measured stress ranges in the reinforcement at the location of cracks in a highly

deteriorated deck under high axle loads are less than 35 MPa, well below the 138-MPa threshold

discussed earlier [61]. Therefore, under service load, fatigue does not appear to be a problem for deck

reinforcement. This is consistent with the fact that fatigue of reinforced concrete decks is governed by

punching failure of the concrete part of the structure.

If prestressed members are designed with sufficient precompression so that the section remains

uncracked, there is not likely to be any problem with fatigue. This is because the entire section is resisting

the load ranges, and the stress range in the prestessing strand is minimal. Similarly, for unbonded

prestessed members, the stress ranges will be very small. However, there is reason to be concerned about

bonded prestressing at cracked sections because the stress range increases locally. The concern for

cracked sections is even greater if corrosion is involved. The pitting from corrosive attack can drama-

tically lower the fatigue strength of the reinforcement [52].

Although the fatigue strength of the prestressing strand in air is about equal to Category B, when the

anchorages are tested as well, the fatigue strength of the system is as low as half the fatigue strength of the

wire alone (i.e., about Category E). When actual beams are tested, the situation is very complex, but it is

clear that much lower fatigue strength can be obtained [62,63]. Committee 215 has recommended the

following for prestressed beams:

1. The stress range in prestressed reinforcement, determined from an analysis considering the section

to be cracked, shall not exceed 6% of the tensile strength of the reinforcement. (Author’s note: this

is approximately equivalent to Category C.)

2. Without specific experimental data, the fatigue strength of unbonded reinforcement and its

anchorages shall be taken as half of the fatigue strength of the prestressing steel. (Author’s note:

this is approximately equivalent to Category E.) Lesser values shall be used at anchorages with

multiple elements.

The Post-Tensioning Institute (PTI) has issued Recommendations for Stay Cable Design, Testing, and

Installation [64]. The PTI recommends that uncoupled bar stay cables are Category B details, while

coupled (glued) bar stay cables are Category D. The fatigue strengths of stay cables are verified through

fatigue testing. Two types of tests are performed: (1) fatigue testing of the strand and (2) testing of

relatively short lengths of the assembled cable with anchorages. The recommended test of the system is

2 million cycles at a stress range (158 MPa) that is 35 MPa greater than the fatigue allowable for

Category B at 2 million cycles. This test should pass with less than 2% wire breaks. A subsequent proof

test must achieve 95% of the guaranteed ultimate tensile strength of the tendons.

34.2.4 Low-Cycle Fatigue and Seismic Frame Details

Steel braced frames and moment-resisting frames are expected to withstand cyclic plastic deformation

without cracking in a large earthquake. If brittle fracture of these moment frame connections is suppressed

by good detailing and minimum notch toughness levels, as discussed in the next section, the connections

can be cyclically deformed into the plastic range and will eventually fail by tearing at a location of strain

concentration [65]. This limit state is referred to as low-cycle fatigue. Some examples of low-cycle fatigue

cracks are shown in Figure 34.6, Figure 34.7, Figure 34.8, and Figure 34.9 from full-scale beam-to-column
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connection tests of the welded-unreinforced flange, welded web (WUF-W) connection, which is one of the

FEMA 350 prequalified connections for special moment frames in high seismic regions [66]. Figure 34.6

and Figure 34.7 show low-cycle fatigue cracks forming at the beam flange weld. Figure 34.8 shows a

low-cycle fatigue crack forming at the weld of the beam web to the column flange, and Figure 34.9 shows

a low-cycle fatigue crack forming at the weld access hole. The detailing in these connections is well balanced

since the low-cycle fatigue failure at all of these details occurred between 12 and 16 cycles of the maximum

required drift angle in each case.

Most past research on low-cycle fatigue has involved pressure vessels and some other types of

mechanical engineering structures. Since low-cycle fatigue is an inelastic phenomenon, the strain range

is the key parameter rather than the stress range. The Coffin–Manson rule [67] has been used to relate the

strain range in smooth tensile specimens to life. Manson suggested a conservative lower-bound simpli-

fication, called Manson’s universal slopes equation [68]:

De ¼ 3:5
su

E
N�0:12 þ e0:6

f N�0:6 ð34:5Þ

where De is the total strain range, su is the tensile strength, and ef is the elongation at fracture.

(a) (b)

FIGURE 34.6 Low-cycle fatigue crack developing at the toe of the beam flange weld in a moment–frame

connection after (a) 11 cycles and (b) 17 cycles of 4% drift.
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FIGURE 34.7 Cross-section of beam flange weld showing low-cycle fatigue crack developing at the weld toe.
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Note that the first term in Equation 34.5 is the elastic part of the total strain range (which is relatively

insignificant when there are fewer than 100 cycles), and the second term is the plastic part of the total

strain range. Figure 34.10 shows a plot of Manson’s universal slopes equation where su is 450 MPa and

ef is 25%, typical minimum properties for Grade 50 structural steel. Many studies have shown that

Manson’s universal slopes equation is conservative compared to experimental data from smooth

specimens [68,69]. However, because of buckling at greater strain ranges, most of the experimental data

are for strain ranges less than 1%, that is, for cycles greater than 1000. Limited data exist at higher strain

ranges — some are shown in Figure 34.10 for A36 steel smooth specimens machined from the flanges of

wide-flange sections [69].

FIGURE 34.8 Low-cycle fatigue crack developing at the end of the beam web to column flange weld in a moment–

frame connection.

FIGURE 34.9 Low-cycle fatigue crack developing at the weld access hole in a moment–frame connection.
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At present, very little is understood about low-cycle fatigue in welded or bolted structural details.

For example, it is a very difficult task just to predict accurately the local strain range at a location of cyclic

local flange buckling. However, Krawinkler and Zohrei [70] and Ballio and Castiglioni [71,72] showed

that the number of cycles to failure by low-cycle fatigue of welded connections could be predicted by the

local strain range in a power law that is analogous to an S–N curve. Ballio and Castiglioni [71,72] showed

that the power law would have an exponent of 3, just like the elastic S–N curves. Krawinkler and Zohrei

[70] also showed that Miner’s rule could be used to predict the number of variable-amplitude cycles to

failure based on constant-amplitude test data.

Therefore, it may be possible to predict and design against low-cycle fatigue using strain-range versus

number-of-cycles curves that are extrapolated from the high-cycle fatigue design S–N curves.

Figure 34.10 shows the AASHTO/AISC S–N curves for Categories A and C, converted from stress range

to strain range by dividing the stress ranges by the elastic modulus and extrapolated up to one cycle.

There are only limited data to support this approach. Figure 34.10 shows some data from the same

full-scale WUF-W beam-to-column connection tests for which the low-cycle fatigue cracks were shown

in Figure 34.6, Figure 34.7, Figure 34.8, and Figure 34.9. These tests are subjected to a standard series of

cycles of increasing ranges of total drift as shown in Figure 34.11. They are cycled at 4% drift until they
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fail by low-cycle fatigue. The measured flange strain ranges in these tests varied from 3.7 to 4.8% during

the 4% drift cycles. The number of cycles plotted in Figure 34.10 is the equivalent number of cycles at 4%

drift, which is the actual number of cycles at 4% plus one additional cycle which, according to Miner’s

rule, is equivalent in damage to all of the cycles at 3% and less. Since maximum flange strains were used

rather than nominal values, this is analogous to a hot-spot approach for high-cycle fatigue. As discussed

previously in Section 34.2.3.3, the Category C S–N curve is a suitable baseline S–N curve for the hot-spot

approach. It appears that the Category C S–N curve is also a good lower bound to these low-cycle fatigue

data. The scatter in the data is substantial, as is also true in high-cycle fatigue.

Also shown in Figure 34.10 are data for smaller coupon-type specimens with transverse butt welds,

which would be expected to be Category C details. These are some of the only available data with fewer

than 5000 cycles. These coupon data are also in reasonable agreement with the extrapolated Category C

curve as a lower bound.

34.3 Fracture

34.3.1 Fracture Resistance

Unlike fatigue, fracture behavior depends strongly on the type and strength level of the steel or filler

metal. In fact, the fracture resistance of each type of steel or weld metal varies significantly from heat to

heat, or from lot to lot. In fact, in rolled shapes, the fracture resistance may vary significantly within the

cross-section. Therefore, design or assessment for fracture resistance will usually involve a measurement

of the material’s fracture resistance, or fracture toughness. Although fracture toughness can be measured

directly in fracture mechanics tests, the usual practice is to characterize the toughness of steel in terms of

the impact energy absorbed by a Charpy V-notch (CVN) specimen. Because the Charpy test is relatively

easy to perform, it will likely continue to be the measure of toughness used in steel specifications.

Since it is not directly related to the fracture toughness, CVN energy is often referred to as notch

toughness. The notch toughness is still very useful, however, since it can often be correlated to the

fracture toughness and then used in a fracture mechanics assessment [3,32,73,74]. Figure 34.12 shows

a plot of the CVN energy of A588 Grade 50 (350-MPa yield strength) structural steel at varying

temperature. These results are typical for ordinary hot-rolled structural steel.

The fracture limit state includes phenomena ranging from brittle fracture of low-toughness materials

at service load levels to ductile tensile rupture of a component. The transition between these phenomena
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FIGURE 34.12 Charpy transition curve for A588 Grade 50 (350-MPa yield strength) structural steel.
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depends on temperature, as reflected by the variation of CVN with temperature as shown in Figure 34.12.

The transition is a result of changes in the underlying microstructural fracture mode.

Brittle fracture on the so-called lower shelf in Figure 34.12 is associated with cleavage of individual

grains on select crystallographic planes. Brittle fracture may be analyzed with linear-elastic fracture

mechanics theory because the plastic zone at the crack tip is very small.

At the high end of the temperature range, the so-called upper shelf, ductile fracture is associated with

the initiation, growth, and coalescence of microstructural voids, a process requiring much energy. The

net section of plates or shapes fully yields and then ruptures with large slanted shear lips on the fracture

surface.

Transition-range fracture occurs at temperatures between the lower and upper shelves and is asso-

ciated with a mixture of cleavage and shear fracture. Large variability in toughness at constant tem-

perature and large changes with temperature are typical of transition-range fractures.

Brittle fracture can be thought of as an interruption of what would otherwise be ductile plastic

deformation in tension, much like buckling can interrupt ductile plastic deformation in compression.

For the purposes of structural engineering, it is usually only necessary to make sure that brittle fracture

does not occur, so that is the emphasis in this chapter. As long as the behavior is in the transition range

or upper shelf, the resulting ductility is generally sufficient. For example, as discussed in the previous

section, moment-frame connections will tolerate a certain minimum number of cycles of large rotations

governed by the low-cycle fatigue limit state, as long as specific details are used and minimum CVN

requirements are assured. If low-toughness weld metal that does not meet minimum requirements is

used, brittle fracture may occur before the expected number of cycles [65].

34.3.2 Material Specification and Detailing to Avoid Fracture

Details that have good fatigue resistance, Category C and better, are usually also optimized for resistance

to fracture. Detailing rules to avoid fracture are very similar to the common-sense rules to avoid fatigue.

For example, intersecting welds should always be avoided due to the probability of defects and excessive

constraint. Intersecting welds, or even welds of too close proximity, have caused brittle fractures. For

example, in December 2000, fractures occurred in large plate girders of the Hoan Bridge in Milwaukee [75].

These fractures occurred at a shelf plate detail for attachment of the lateral wind bracing to the

girders where the shelf plate fit around, and intersected the welds of, a vertical stiffener, as shown in

Figure 34.13.

Fractures have also occurred at poorly executed weld access holes, as shown in Figure 34.14. AWS D1.1

[18] has detailing rules for base metal and welds that are good practice for bolted joints as well as welded

joints. Additional requirements are provided in the AISC Specifications [16,76] or other applicable

specifications. For example, AWS and AISC have specific rules for the size of weld access holes and the

radii and smoothness of all thermally cut edges.

The detailing rules of the AWS D1.1 and the AISC load and resistance factor design (LRFD) speci-

fication are sufficient for most statically loaded structures. More stringent detailing rules are also pro-

vided in AWS D1.5 [77] for bridges due to fatigue concerns. For example, weld backing bars must

usually be removed. AASHTO Construction Specifications [78] have some additional requirements,

for example, holes in primary load-carrying members must be drilled and not punched. This is

because punching may strain-harden the material (reducing toughness and ductility) and introduce

microcracks.

Also, more stringent detailing rules are provided in the AISC Seismic Specification [76] and in FEMA

350 [66] due to concerns about brittle fracture and low-cycle fatigue. For example, the connections

for special moment frames must be prequalified with specific details, such as the access hole visible in

Figure 34.8 and Figure 34.9.

In these and other applications requiring substantial ductility, stress concentrations such as re-entrant

corners should be avoided and instead transition radii that are ground smooth should be provided,

as shown in Figure 34.8 and Figure 34.9. The ends of butt welds are always a potential location of defects.
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If possible, it is better to locate butt welds away from such stress concentrations. If not, it is important to

use runout tabs and to later grind the ends of the weld to a radius. Fillet weld terminations should not be

ground, for this will expose a very thin ligament near the weld root that will tear easily.

The enhanced detailing required by the bridge [77,78] or seismic [66,76] specifications are expensive

to implement relative to what would be required by AWS D1.1 [18] and AISC LRFD Specification [16].

Therefore, they should not be specified if extraordinary ductility is not required in a structural

component, which is the case for most statically loaded structures.

AASHTO specifications for bridge steel and weld filler metal and ASTM specifications for ship steel

(A131) require minimum CVN values at specific temperatures. However, since fatigue is not expected in

conventional buildings and therefore the risk of fracture is much lower, CVN is often not explicitly

specified for the steel or weld metal for buildings. Rather, the strategy is to allow only specific American

Society for Testing and Materials (ASTM) specifications for steel and AWS classifications for weld

filler metal that are known to function well in buildings. However, if there is special concern about

brittle fracture and (1) high-ductility demand (as in seismic frames), (2) low-temperature exposure,

FIGURE 34.13 Fractured girder of the Hoan Bridge in Milwaukee and view of critical shelf plate detail featuring

intersecting welds.
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or (3) fatigue or impact loading, then a supplemental requirement for a minimum CVN at a specific

temperature should be considered, along with enhanced detailing. Since there is usually a premium cost,

a supplemental CVN requirement should only be specified when necessary.

As shown in Figure 34.12, the typical lower-shelf CVN is about 10 J. Therefore, when a minimum CVN

of 20 J or more is specified at some temperature, the most important result of such a specification is that

the lower shelf of the Charpy curve will start at a temperature lower than the specified temperature. In

fact, this indicates that the lower shelf of a structure loaded statically or at intermediate strain rates such

as traffic loading on a bridge is even lower, a phenomenon known as the temperature shift [3]. Because

of the temperature shift, the temperature at which the CVN requirement is specified may be greater than

the lowest anticipated service temperature.

As long as the material is not on the lower shelf at service temperature, brittle fracture will not occur as

long as large cracks do not develop. It almost does not matter what the specified CVN value is as long as

it is at least 20 J. Usually, an average from three tests of 34 J (25 ft lbs) or 27 J (20 ft lbs) is specified at a

particular temperature. The greater the value of the average CVN requirement, the more certain it is that

the material is well above the lower shelf, but there may be a greater premium to be paid with

diminishing increases in certainty.

In addition to brittle fracture, there is occasionally a problem with steel or weld metal that has low

upper-shelf toughness. Such a material can give a ductile failure mode but without sufficient ductility.

To guard against this type of material, a CVN requirement of 54 J (40 ft lbs) is often specified at 21
C

(room temperature).

34.3.2.1 Steel Plates and Shapes

AASHTO specifications for Grade 50 (minimum 350-MPa yield strength) bridge steel up to 38-mm

thick require a CVN at a temperature that is 38
C greater than the minimum service temperature. The

temperature shift accounts for the effect of strain rates, which are lower in the service loading of bridges

(on the order of 10�3) than in the Charpy test (greater than 101). The temperature shift means that when

a CVN is specified at some temperature, it ensures that the transition temperature for the structure is at

least 38
C less than the specified temperature. For bridge steel, the specified minimum CVN is 20 J for

nonfracture critical members and 34 J for fracture critical members. Fracture critical members are

defined as those that if fractured would result in collapse of the bridge.

FIGURE 34.14 Fracture emanating from a poorly executed weld access hole.
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Most of the United States (except Alaska and a small part of the northern tier states) has a lowest

anticipated service temperature greater than �34
C, the limit for AASHTO Zone II. In Zone II, bridge

steel is required to have a minimum of 20 J at 4
C.

ASTM A673 has specifications for the frequency of Charpy testing. The H frequency requires a set of

three CVN specimens to be tested from one location for each heat or about 50 tons. These CVN test

specimens can be taken from a plate with thickness up to 9 mm different from the product thickness if it

is rolled from the same heat. The P frequency requires a set of three specimens to be tested from one end

of every plate, or from one shape in every 15 tons of that shape. For bridge steel, the AASHTO code

requires CVN tests at the H frequency as a minimum. For fracture critical members, CVN testing at the

P frequency is required.

For buildings, A36, A572, A588, or A992 do not have a specified minimum CVN, unless supplemental

specifications (CVN testing in accordance with ASTM A6/A6M, Supplementary Requirement S5) should

be cited.

One exception is shapes meeting A913, which are produced using a special quenched and self-

tempering process that results in good toughness. A913 shapes have a specified minimum CVN (average

of three tests) of 54 J at 21
C.

In most cases, ordinary structural steel has sufficient toughness for the required performance in

buildings, even under these demanding conditions. For example, Figure 34.15 shows a histogram of

CVN data at 4
C from the flanges of shapes for more than 2200 heats of A992 steel from five producers

in 1998 [79]. The CVN values were widely dispersed, and the mean values were typically very high, on the

order of 160 J or more. Table 34.2 shows some summary statistics for the A992 steel CVN. These data

show that 99.9% of the A992 steel meets Zone II, bridge steel requirement of 20 J at 4
C. Therefore, as

stated previously, it may not be worth paying the premium for specifying the supplemental CVN

requirement since the requirement is almost always met by all structural steel, at least that from the

major suppliers (U.S. and European) of the North American market.

Although the toughness of the flanges is generally quite good, the toughness of shapes is usually not

homogenous. For example, in rotary straightened W-shapes there is often an area of reduced notch

toughness in a limited region of the web immediately adjacent to the flange, referred to as the ‘‘k-area,’’

as illustrated in Figure 34.16 [80]. Following the 1994 Northridge earthquake, there was a tendency to

specify thicker continuity plates that were groove welded to the web and flange and thicker doubler

plates that were often groove welded in the gap between the doubler plate and the flanges. These welds

were highly restrained and may have caused cracking during fabrication in some cases [81].
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AISC issued an Advisory in 1997 [82] that recommended that the welds for continuity plates should

terminate well away from the k-area. The Advisory defined the k-area as the ‘‘region extending from

approximately the midpoint of the radius of the fillet into the web approximately 1 to 1.5 in beyond the

point of tangency between the fillet and web.’’

Recent pull-plate tests [83–86] and full-scale beam–column joint tests [65,86,87] have shown that this

problem can be avoided if the continuity plates are fillet welded to both the web and the flange, the

cutout or snipe at the corners of the continuity plates is at least 38 mm, and the fillet welds are stopped

short by a weld leg length from the edges of the cutout, as shown in Figure 34.17. These tests also show

that groove welding these continuity plates to the flanges or the web is unnecessary.

Tests have also shown the viability of fillet welding doubler plates to the flanges in lieu of groove welds

[65,84–86]. In most applications, if groove welds are not absolutely needed, fillet welds are almost always

preferred due to the lower restraint, lower residual stress, fewer defects, and associated reduced risk of

fracture.

Another relatively rare type of cracking in structural steel is galvanized cope cracking, which is thought

to be due to a phenomenon called liquid metal embrittlement. It has occurred at the edges of thermally

cut copes or rolled beams. The thermal cutting is believed to cause microcracking, allowing the molten

zinc and other metals to penetrate the microcracks and causing them to propagate into larger visible

cracks [88].

In the early 1980s, there were several fractures that occurred when jumbo sections with welded splices

were used as tension chords in long-span trusses [89]. Figure 34.18 shows an example of such a fracture

that originated at poorly cut access holes at the welded splices where they intersected the web/flange core

region of jumbo shapes [89]. This web/flange core region (not the same as the k-area) often had course

TABLE 34.2 Summary of Statistics for CVN for A992 Structural Steel

Temperature

% less than 29 Joules

(15 ft-lbs)

First quartile (75% exceedence)

Joules (ft-lbs)

Mean

Joules (ft-lbs) Samples

0
C (32
F) 0.25 54 (40) 143 (106) 395

4
C (40
F) 0.13 88 (65) 163 (121) 2280

21
C (70
F) 0.09 104 (77) 175 (160) 1058

k-line

Area of
reduced
toughness

FIGURE 34.16 Location of the k-area affected by rotary straightening.
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grain regions with very low toughness. Plates greater than 50 mm thick may also have regions of low

toughness at midthickness.

Therefore, AISC specifications now have special detailing requirements for weld access holes and

a supplemental Charpy requirement for shapes with flange thickness greater than 38 mm and plates

thicker than 51 mm, when these are welded and subject to primary tensile stress from axial load or

bending. These jumbo shapes and thick plates must exhibit an average of 27 J at 21
C. In the

shapes, the central longitudinal axis of the specimens must be located on a line in a plane one

fourth of the way through the thickness from the inside flange surface at the intersection with

the web midthickness. The test specimens are taken from the top of each ingot used to produce the

product.

FIGURE 34.18 Jumbo section used as tension chord in a roof truss and fracture in web originating from weld

access holes at welded splice.
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FIGURE 34.17 Recommended placement of continuity plate fillet welds to avoid contact of welds with k-area.
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34.3.2.2 Weld Filler Metal

Prior to the 1994 Northridge Earthquake, the welds in the welded special moment frame (WSMF)

connections were commonly made with the self-shielded flux-cored arc welding (FCAW-S) process

using an E70T-4 weld wire. Figure 34.19 shows a plot of CVN versus temperature for deposited

weld metal using E70T-4, E70TG-K2 (another FCAW-S filler metal), and ordinary E7018

shielded metal arc welding (SMAW) electrodes. The CVN for E70T-4 is less than 20 J for temperatures

up to 40
C [74].

Many of these low-toughness WSMF connections fractured in the earthquake [90]. Figure 34.20 shows

a fractured beam flange end and a cross-section. Figure 34.21 shows the crack-like notch created by the

backing bar. The fracture surfaces, such as those shown in Figure 34.20, indicate that the fractures

originate in the root of the weld, typically at a lack-of-fusion defect adjacent to the backing bar notch
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FIGURE 34.19 Typical Charpy impact energy from E70T-4 FCAW-S weld metal from Northridge WSMF

connections compared to another FCAWS-S (E70TG-K2) and SMAW (E7018) weld metal.

FIGURE 34.20 Fracture surface and weld cross-section from moment–frame connection that fractured in the

Northridge Earthquake showing a typical crack that originated at the backing bar notch.
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[91,92]. This lack-of-fusion defect is difficult to avoid when the weld must be stopped on one side of

the web and started on the other side.

A fracture mechanics assessment shows that the low-toughness E70T-4 weld metal would be predicted

to fracture in the presence of the crack-like notch at stress levels well below the yield point [73,74].

In addition to the low toughness and the crack-like notch and defect, there were many other important

factors in these fractures. The overall lack of redundancy, that is, the reliance on only one or two massive

WSMFs to resist lateral load in each direction, contributes to large forces, increase in the thickness of

the members, and the high constraint of the connections.

FEMA 350 has proposed improved connections, such as the WUF-W connection [66]. In addition to

specifying notch-tough filler metals, the detailing of the WUF-W connection is also improved relative to

the pre-Northridge connection. On the bottom flange weld, the backing bar must be removed, the weld

back gouged, and a reinforcing fillet placed underside. On the top flange, the backing bar may be left

in place, but the notch is sealed with a fillet weld as shown in Figure 34.7, reducing the adverse effect of

the notch.

The FEMA guidelines [66,93] recommend that weld metal be used that meets two CVN test

requirements: (1) 54 J at 21
C (to avoid low upper-shelf weld metal) and (2) 27 J at �18
C (to ensure

that the service temperature is above the lower shelf). Testing done as part of the FEMA program

suggests that another FCAW-S filler metal, E70T-6, can meet these requirements. The AWS classification

[94] requires E70T-6 to have 27 J at �29
C. The AISC seismic specifications [76] also require the weld

metal for these welds to have a minimum CVN of 27 J at �29
C. However, weld deposits with CVN

far less than required have been obtained under some conditions with E70T-6, despite certifications

indicating that the filler metal met the AWS classification requirements, leading to brittle fractures in

full-scale tests [65].

The FEMA requirements for minimum toughness are adequate, provided they can be consistently

met. Toughness is an inherently variable material property, particularly in a nonhomogenous material

such as a weld. For this reason, the toughness requirements should be treated as a lower-bound value

and not as an average. This can be accomplished either through strict quality assurance or specifi-

cation of welding consumables that have lower-bound toughness consistently above the FEMA

minimum.

The former is the approach required by the FEMA Recommended Specifications and Quality

Assurance Guidelines [93]. These Recommended Specifications require toughness testing on each

Primary
stress

Column
flange

CJP
weld

Girder
flange

Backing
bar

Notch
perpendicular
to primary
stress

FIGURE 34.21 Schematic cross-section of pre-Northridge groove weld detail with backing bar.
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production lot of the specified filler metal. However, upon approval of the engineer, this requirement

may be waived and the consumable manufacturer’s certification testing may be used to verify the

material’s suitability [93].

The manufacturer’s testing may not be sufficient to preclude brittle weld deposits, since the testing

need only be conducted once a year on a single production lot of the particular electrode [94]. Alter-

natively, specification of higher toughness consumables (e.g., E71T-8) that consistently meet minimum

requirements may be a more reliable means of insuring welds of sufficient toughness.

34.4 Summary

1. Structural elements where the live load is a large percentage of the total load are potentially

susceptible to fatigue. Many factors in fabrication can increase the potential for fatigue, including

notches, misalignment and other geometrical discontinuities, thermal cutting, weld joint design

(particularly backing bars), residual stress, nondestructive evaluation and weld defects,

intersecting welds, and inadequate weld access holes.

2. The fatigue design procedures in the AASHTO and AISC specifications are based on control of

the stress range and knowledge of the fatigue strength of the various details. Using

these specifications, it is possible to identify and avoid details expected to have low fatigue

strength.

3. Low-cycle fatigue is a limit state for members and connections repeatedly cycled in the inelastic

range, such as for seismic loading. Low-cycle fatigue can be predicted using strain-range versus

cycles curves derived from the stress-based S–N curves for high-cycle fatigue.

4. Welded connections and thermal-cut holes copes, blocks, or cuts are potentially susceptible to

brittle fracture. Many interrelated design variables can increase the potential for brittle fracture,

including lack of redundancy, large forces and moments with dynamic loading rates, thick

members, geometrical discontinuities, and high constraint of the connections. Low temperature

can be a factor for exposed structures. The factors mentioned above, which influence the potential

for fatigue, have a similar effect on the potential for fracture. In addition, cold work (e.g., from

rotary straightening or punching holes), flame straightening, weld heat input, and weld sequence

can also affect the potential for fracture.

5. The AASHTO specifications require a minimum CVN notch toughness at a specified

temperature for the base metal and the weld metal of members loaded in tension or

tension due to bending. Almost two decades of experience with these bridge speci-

fications have proved that they are successful in significantly reducing the number of brittle

fractures.

6. Surveys of CVN for wide-flange shapes sold in North America show that 99.9% of this steel meets

the AASHTO bridge steel requirements for service down to � 34
C. Therefore, under most

circumstances, there is no need to specify CVN for shapes used in buildings.

7. Achieving the required minimum CVN toughness in the girder flange-to-column flange groove

welds is critical for good performance in the prequalified steel moment connections. Lot testing

should be considered, or it may be necessary to specify electrodes that typically far exceed the

minimum toughness levels. Either step would assure that minimum CVN requirements represent

a realistic lower-bound of weld toughness deposited in the field.
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35
Passive Energy

Dissipation and
Active Control

35.1 Introduction

In recent years, innovative means of enhancing structural functionality and safety against natural

and man-made hazards have been in various stages of research and development. By and large,

these approaches can be grouped into three broad areas as shown in Table 35.1: (1) base isolation;

(2) passive energy dissipation; and (3) active control. Of the three, base isolation can be considered a

more mature technology (e.g., ATC 1993; Skinner et al. 1993) with wider applications as compared with

the other two.

Passive energy dissipation systems encompass a range of materials and devices for enhancing damping,

stiffness, and strength, and can be used both for natural hazard mitigation and for rehabilitation of aging

or deficient structures (e.g., Soong and Dargush 1997; Constantinou et al. 1998; Hanson and Soong

2001). In recent years, serious efforts have been undertaken to develop the concept of energy dissipation,

or supplemental damping, into a workable technology, and a number of these devices have been installed

in structures throughout the world. In general, such systems are characterized by a capability to enhance

energy dissipation in the structural systems in which they are installed. This effect may be achieved either

by conversion of kinetic energy to heat or by transferring of energy among vibrating modes. The first

method includes devices that operate on principles such as yielding of metals, phase transformation

in metals, frictional sliding, deformation of viscoelastic solids or fluids, and fluid orificing. The latter

method includes supplemental oscillators that act as dynamic absorbers. A list of such devices, which

have found applications, is given in Table 35.1.
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Among the current passive energy dissipation systems, those based on fluid orificing and on defor-

mation of viscoelastic polymers represent technologies in which the U.S. industry has a worldwide lead.

Originally developed for industrial and military applications, these technologies have found recent

applications in natural hazard mitigation in the form of either energy dissipation within the primary

structural system or as elements of base isolation systems.

The possible use of active control systems and some combinations of passive and active systems, so-

called hybrid systems, as a means of structural protection against wind and seismic loads has also

received considerable attention in recent years. Active/hybrid control systems are force delivery devices

integrated with real-time processing evaluators/controllers and sensors within the structure. These

systems must react simultaneously with the hazardous excitation to provide enhanced structural

behavior for improved service and safety. Figure 35.1 is a block diagram of the active structural control

problem. The basic task is to find a control strategy that uses the measured structural responses to

calculate the control signal that is appropriate to send to the actuator. Structural control for civil

engineering applications has a number of distinctive features, largely due to implementability issues,

that set it apart from the general field of feedback control. First of all, when addressing civil structures,

there is considerable uncertainty, including nonlinearity, associated with both physical properties and

disturbances such as earthquake and wind. Additionally, the scale of the forces involved is quite

large, there are a limited number of sensors and actuators, the dynamics of the actuators can be quite

complex, and the systems must be fail-safe (e.g., Soong 1990; Dyke et al. 1994, 1995; Housner et al. 1994;

Kobori 1994).

Nonetheless, remarkable progress has been made over the last 25 years in research on using active and

hybrid systems as a means of structural protection against wind, earthquakes, and other hazards (e.g.,

Soong 1990; Soong and Reinhorn 1993; Soong and Constantinou 1994). A number of semiactive systems

have also been developed, in which a control algorithm is used to adjust device properties with only

TABLE 35.1 Structural Protective Systems

Base isolation Passive energy dissipation Active control

Elastomeric bearings Metallic dampers Active bracing systems

Friction dampers Active mass dampers

Lead rubber bearings Viscoelastic dampers Variable stiffness or damping systems

Viscous fluid dampers

Sliding friction pendulum Tuned mass dampers

Tuned liquid dampers

Sensors

Excitation Structure Response

Controller

Control
actuators

Sensors

FIGURE 35.1 Block diagram of active structural control.
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minimal power input (e.g., Kobori et al. 1993; Patten et al. 1996; Soong and Spencer 2002). Research to

date has reached the stage where active systems, such as those listed in Table 35.1, and semiactive systems

have been installed in full-scale structures. Some active systems are also used temporarily in construction

of bridges or large span structures (e.g., lifelines, roofs) where no other means can provide adequate

protection. Additionally, most of the full-scale systems have been subjected to actual wind forces

and ground motions, and their observed performances provide invaluable information in terms of

(1) validating analytical and simulation procedures used to predict system performance, (2) verifying

complex electronic–digital–servohydraulic systems under actual loading conditions, and (3) verifying

the capability of these systems to operate or shutdown under prescribed conditions.

The focus of this section is on passive energy dissipation and active control systems. Their

basic operating principles and methods of analysis are given in Section 35.2, followed by a review in

Section 35.3 of recent development and applications. Code development is summarized in Section 35.4,

and some comments on possible future directions in this emerging technological area are advanced

in Section 35.5. In the following sections, we shall use the term structural protective systems to represent

either passive energy dissipation systems or active control systems.

35.2 Basic Principles and Methods of Analysis

With recent development and implementation of modern structural protective systems, the entire

structural engineering discipline is now undergoing a major change. The traditional idealization of a

building or bridge as a static entity is no longer adequate. Instead, structures must be analyzed and

designed by considering their dynamic behavior. It is with this in mind that we present some basic

concepts related to topics that are of primary importance in understanding, analyzing, and designing

structures that incorporate structural protective systems.

In what follows, a simple single-degree-of-freedom (SDOF) structural model is discussed. This

represents the prototype for dynamic behavior. Particular emphasis is given to the effect of damping. As

we shall see, increased damping can significantly reduce system response to time-varying disturbances.

While this model is useful for developing an understanding of dynamic behavior, it is not sufficient for

representing real structures. We must include more detail. Consequently, a multi-degree-of-freedom

(MDOF) model is then introduced and several numerical procedures are outlined for general dynamic

analysis. A discussion comparing typical damping characteristics in traditional and control-augmented

structures is also included. Finally, a treatment of energy formulations is provided. Essentially, one can

envision an environmental disturbance as an injection of energy into a structure. Design then focuses on

the management of that energy. As we shall see, these energy concepts are particularly relevant in the

discussion of passively or actively damped structures.

35.2.1 Single-Degree-of-Freedom Structural Systems

Consider the lateral motion of the basic SDOF model, shown in Figure 35.2, consisting of a mass m,

supported by springs with total linear elastic stiffness k, and a damper with linear viscosity c. This SDOF

system is then subjected to an external disturbance characterized by f(t). The excited model responds

with a lateral displacement x(t) relative to the ground that satisfies the equation of motion:

m€xx þ c _xx þ kx ¼ f ðtÞ ð35:1Þ

in which a superposed dot represents differentiation with respect to time. For a specified input, f (t), and

with known structural parameters, the solution of this equation can be readily obtained.

In the above, f (t) represents an arbitrary environmental disturbance such as wind or an earthquake. In

the case of an earthquake load

f ðtÞ ¼ �m€xxgðtÞ ð35:2Þ

where €xxgðtÞ is ground acceleration.
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Consider now the addition of a generic passive or active control element into the SDOF model, as

indicated in Figure 35.3. The response of the system is now influenced by this additional element. The

symbol G in Figure 35.3 represents a generic integrodifferential operator, such that the force corre-

sponding to the control device is written simply as Gx. This permits quite general response character-

istics, including displacement-, velocity-, or acceleration-dependent contributions, as well as hereditary

effects. The equation of motion for the extended SDOF model then becomes, in the case of an earth-

quake load,

m€xx þ c _xx þ kx þ Gx ¼ �ðmþ �mmÞ€xxg ð35:3Þ

with �mm representing the mass of the control element.

The specific form of Gx needs to be specified before Equation 35.3 can be analyzed, which is necessarily

highly dependent on the device type. For passive energy dissipation systems, it can be represented by a

m

�c

k/2 k/2

FIGURE 35.3 SDOF structure model with passive damper element.

xt

xg

k/2
k/2

c

m

p

x

FIGURE 35.2 SDOF structure model.
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force–displacement relationship such as the one shown in Figure 35.4, representing a rate-independent

elastic–perfectly plastic element. For an active control system, the form of Gx is governed by the control

law chosen for a given application. Let us first note that, denoting the control force applied to the

structure in Figure 35.1 by u(t), the resulting dynamical behavior of the structure is governed by

Equation 35.3 with

Gx ¼ �uðtÞ ð35:4Þ

Suppose that a feedback configuration is used in which the control force u(t) is designed to be a

linear function of measured displacement x(t) and measured velocity _xxðtÞ. The control force u(t) takes

the form

uðtÞ ¼ g1xðtÞ þ g2 _xxðtÞ ð35:5Þ

In view of Equation 35.4, we have

Gx ¼ � g1 þ g2d=dt½ �x ð35:6Þ

The control law is, of course, not necessarily linear in x(t) and _xxðtÞ as given by Equation 35.5.

In fact, nonlinear control laws may be more desirable for civil engineering applications (Wu and Soong

1995). Thus, for both passive and active control cases, the resulting Equation 35.3 can be highly

nonlinear.

Assume for illustrative purposes that the base structure has a viscous damping ratio z¼ 0.05 and

that a simple massless yielding device is added to serve as a passive element. The force–displacement

relationship for this element, depicted in Figure 35.4, is defined in terms of an initial stiffness �kk and a

yield force �ffy. Consider the case where the passively damped SDOF model is subjected to the 1940 El

Centro S00E ground motion as shown in Figure 35.5. The initial stiffness of the elastoplastic passive

device is specified as �kk ¼ k, while the yield force �ffy is equal to 20% of the maximum applied ground

force. That is,

�ffy ¼ 0:20 Max m €xxg

�� ��� �
ð35:7Þ

The resulting relative displacement and total acceleration time histories are presented in Figure 35.6.

There is significant reduction in response compared to that of the base structure without the

control element, as shown in Figure 35.7. Force–displacement loops for the viscous and passive

k

k

k
1 1

1

–fy

fy

f�

x

FIGURE 35.4 Force–displacement model for elastic–perfectly plastic passive element.
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elements are displayed in Figure 35.8. In this case, the size of these loops indicates that a significant

portion of the energy is dissipated in the control device. This tends to reduce the forces and displace-

ments in the primary structural elements, which of course is the purpose of adding the control device.

35.2.2 Multi-Degree-of-Freedom Structural Systems

In light of the preceding arguments, it becomes imperative to accurately characterize the behavior of any

control device by constructing a suitable model under time-dependent loading. Multiaxial representa-

tions may be required. Once that model is established for a device, it must be properly incorporated into

a mathematical idealization of the overall structure. Seldom is it sufficient to employ an SDOF ideali-

zation for an actual structure. Thus, in the present subsection, the formulation for dynamic analysis is

extended to a MDOF representation.

The finite element method (FEM) (e.g., Zienkiewicz and Taylor 1989) currently provides the most

suitable basis for this formulation. From a purely physical viewpoint, each individual structural member

is represented mathematically by one or more finite elements having the same mass, stiffness,

and damping characteristics as the original member. Beams and columns are represented by one-

dimensional elements, while shear walls and floor slabs are idealized by employing two-dimensional

finite elements. For more complicated or critical structural components, complete three-dimensional

models can be developed, and incorporated into the overall structural model in a straightforward

manner via substructuring techniques.

The FEM actually was developed largely by civil engineers in the 1960s from this physical perspective.

However, during the ensuing decades the method has also been given a rigorous mathematical foun-

dation, thus permitting the calculation of error estimates and the utilization of adaptive solution stra-

tegies (e.g., Szabo and Babuska 1991). Additionally, FEM formulations can now be derived from

variational principles or Galerkin weighted residual procedures. Details of these formulations is beyond

our scope. However, it should be noted that numerous general-purpose finite element software packages

currently exist to solve the structural dynamics problem, including ABAQUS, ADINA, ANSYS, and

NASTRAN. While none of these programs specifically addresses the special formulations needed to
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FIGURE 35.8 1940 El Centro force–displacement response for SDOF structure with passive element: (a) viscous

element and (b) passive element.
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characterize structural protective systems, most permit generic user-defined elements. Alternatively, one

can utilize packages geared exclusively toward civil engineering structures, such as SAP 2000, ETABS,

DRAIN, and IDARC, which in some cases can already accommodate typical passive elements.

Via any of the above-mentioned methods and programs, the displacement response of the structure is

ultimately represented by a discrete set of variables, which can be considered the components of

a generalized relative displacement vector x(t) of dimension N. Then, in analogy with Equation 35.3, the

N equations of motion for the discretized structural system, subjected to uniform base excitation and

time varying forces, can be written as

M€xx þ C _xx þ Kx þ Gx ¼ �ðMþ �MMÞ€xxg ð35:8Þ

where M, C, and K represent the mass, damping, and stiffness matrices, respectively, while G symbolizes

a matrix of operators that model the protective system present in the structure. Meanwhile, the vector €xxg

contains the rigid body contribution of the seismic ground displacement to each degree-of-freedom. The

matrix �MM represents the mass of the protective system.

There are several approaches that can be taken to solve Equation 35.8. The preferred approach, in

terms of accuracy and efficiency, depends upon the form of the various terms in that equation. Let us

first suppose that the protective device can be modeled as direct linear functions of the acceleration,

velocity, and displacement vectors. That is,

Gx ¼ �MM€xx þ �CC _xx þ �KKx ð35:9Þ

Then, Equation 35.8 can be rewritten as

M̂M€xx þ ĈC _xx þ K̂Kx ¼ �M̂M€xxg ð35:10Þ

in which

M̂M ¼ Mþ �MM ð35:11aÞ

ĈC ¼ Cþ �CC ð35:11bÞ

K̂K ¼ Kþ �KK ð35:11cÞ

Equation 35.10 is now in the form of the classical matrix structural dynamic analysis problem. In the

simplest case, which we will now assume, all of the matrix coefficients associated with the primary

structure and the passive elements are constant. As a result, Equation 35.10 represents a set of N linear

second-order ordinary differential equations with constant coefficients. These equations are, in general,

coupled. Thus, depending upon N, the solution of Equation 35.10 throughout the time range of interest

could become computationally demanding. This required effort can be reduced considerably if the

equation can be uncoupled via a transformation; that is, if M̂M, ĈC, and K̂K can be diagonalized. Unfor-

tunately, this is not possible for arbitrary matrices M̂M, ĈC, and K̂K. However, with certain restrictions on the

damping matrix ĈC, the transformation to modal coordinates accomplishes the objective via the modal

superposition method (see, e.g., Clough and Penzien 1975).

As mentioned earlier, it is more common having Gx in Equation 35.9 nonlinear in x for a variety of

passive and active control elements. Consequently, it is important to develop alternative numerical

approaches and design methodologies applicable to more generic passively or actively damped structural

systems governed by Equation 35.8. Direct time-domain numerical integration algorithms are most

useful in that regard. The Newmark beta algorithm, for example, is one of these algorithms and is used

extensively in structural dynamics.

35.2.3 Energy Formulations

In Section 35.2.1 and Section 35.2.2, we have considered SDOF and MDOF structural systems. The

primary thrust of our analysis procedures has been the determination of displacements, velocities,
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accelerations, and forces. These are the quantities that, historically, have been of most interest. However,

with the advent of innovative concepts for structural design, including structural protective systems, it is

important to rethink current analysis and design methodologies. In particular, a focus on energy as a

design criterion is conceptually very appealing. With this approach, the engineer is concerned, not so

much with the resistance to lateral loads but rather, with the need to dissipate the energy input into the

structure from environmental disturbances. Actually, this energy concept is not new. Housner (1956)

suggested an energy-based design approach even for more traditional structures several decades ago. The

resulting formulation is quite appropriate for a general discussion of energy dissipation in structures

equipped with structural protective systems.

In what follows, an energy formulation is developed for an idealized structural system, which may

include one or more control devices. The energy concept is ideally suited for application to nontradi-

tional structures employing control elements, since for these systems proper energy management is

a key to successful design. To conserve space, only SDOF structural systems are considered. However,

these ideas can be easily generalized to MDOF systems.

Consider once again the SDOF oscillator shown in Figure 35.2 and governed by the equation of

motion defined in Equation 35.1. An energy representation can be formed by integrating the individual

force terms in Equation 35.1 over the entire relative displacement history. The result becomes

EK þ ED þ ES ¼ EI ð35:12Þ

where

EK ¼
Z

m€xx dx ¼ m _xx2

2
ð35:13aÞ

ED ¼
Z

c _xx dx ¼
Z

c _xx2dt ð35:13bÞ

ES ¼
Z

kx dx ¼ kx2

2
ð35:13cÞ

EI ¼
Z

f dx ð35:13dÞ

The individual contributions included on the left-hand side of Equation 35.12 represent the relative

kinetic energy of the mass (EK), the dissipative energy caused by inherent damping within the structure (ED),

and the elastic strain energy (ES). The summation of these energies must balance the input energy (EI)

imposed on the structure by the external disturbance. Note that each of the energy terms is actually a func-

tion of time and that the energy balance is required at each instant throughout the duration of the loading.

Consider aseismic design as a more representative case. It is unrealistic to expect that a traditionally

designed structure will remain entirely elastic during a major seismic disturbance. Instead, inherent

ductility of structures is relied upon to prevent catastrophic failure, while accepting the fact that some

damage may occur. In such a case, the energy input (EI) from the earthquake simply exceeds the capacity

of the structure to store and dissipate energy by the mechanisms specified in Equations 35.13a–c. Once

this capacity is surpassed, portions of the structure typically yield or crack. The stiffness is then no longer

a constant and the spring force in Equation 35.1 must be replaced by a more general functional relation

gS(x), which will commonly incorporate hysteretic effects. In general, Equation 35.13c is redefined as

follows for inelastic response:

ES ¼
Z

gSðxÞ dx ¼ ESe
þ ESp

ð35:14Þ

in which ES is assumed separable into additive contributions ESe
and ESp

, representing the fully reco-

verable elastic strain energy and the dissipative plastic strain energy, respectively.

Passive Energy Dissipation and Active Control 35-9

Copyright 2005 by CRC Press



Figure 35.9a provides the energy response of a 0.3-scale, six-story concentrically braced steel structure

as measured by Uang and Bertero (1986). The seismic input consisted of the 1978 Miyagi-Ken-Oki

Earthquake signal scaled to produce a peak shaking table acceleration of 0.33g, which was deemed

to represent the damageability limit state of the model. At this level of loading, a significant portion of

the energy input to the structure is dissipated, with both viscous damping and inelastic hysteretic

mechanisms having substantial contributions. If the intensity of the signal is elevated, an even greater

share of the energy is dissipated via inelastic deformation. Finally, for the collapse limit state of this

model structure at 0.65g peak table acceleration, approximately 90% of the energy is consumed by

hysteretic phenomena, as shown in Figure 35.9b. Evidently, the consumption of this quantity of energy

has destroyed the structure.

From an energy perspective, then, for proper aseismic design, one must attempt to minimize the

amount of hysteretic energy dissipated by the structure. There are basically two viable approaches

available. The first involves designs that result in a reduction in the amount of energy input to the

structure. Base isolation systems and some active control systems, for example, fall into that

category. The second approach, as in the passive and semiactive control system cases, focuses on the

introduction of additional energy dissipating mechanisms into the structure. These devices are designed

to consume a portion of the input energy, thereby reducing damage to the main structure caused by

hysteretic dissipation. Naturally, for a large earthquake, the devices must dissipate enormous amounts

of energy.

The SDOF system with a control element is displayed in Figure 35.3, while the governing integro-

differential equation is provided in Equation 35.3. After integrating with respect to x, an energy balance

equation can be written

EK þ ED þ ESe
þ ESp

þ EC ¼ EI ð35:15Þ

where the energy associated with the control element is

EC ¼
Z

Gx dx ð35:16Þ

and the other terms are as previously defined.

As an example of the effects of control devices on the energy response of a structure, consider the

tests of a one-third scale three-story lightly reinforced concrete framed building conducted by Lobo et al.

(1993). Figure 35.10a displays the measured response of the structure due to the scaled 1952 Taft

100100

8080

6060

4040

2020

00
00 11 22 33 44 55 66

Time, sTime, s

Predicted viscous damped energyPredicted viscous damped energy
Viscous damped energyViscous damped energy

Kinetic energyKinetic energy

Kinetic energyKinetic energy
Strain energyStrain energy

Strain energyStrain energy

Input energyInput energy

Input energyInput energy

Hysteretic
energy

Hysteretic
energy

Hysteretic energyHysteretic energy

E
ne

rg
y,

 k
ip

-i
n.

E
ne

rg
y,

 k
ip

-i
n.

77 88 99 1010 1111 1212

500500

400400

300300

200200

100100

00
00 11 22 33 44 55 66

Time, sTime, s

E
ne

rg
y,

 k
ip

-i
n.

E
ne

rg
y,

 k
ip

-i
n.

77 88 99 1010 1111 1212

(a) (b)

FIGURE 35.9 Energy response of traditional structure: (a) damageability limit state and (b) collapse limit state

(Uang and Bertero 1986).
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N21E earthquake signal normalized for peak ground accelerations of 0.20g. A considerable portion

of the input energy is dissipated via hysteretic mechanisms, which tend to damage the primary

structure through cracking and the formation of plastic hinges. On the other hand, damage is minimal

with the addition of a set of viscoelastic braced dampers. The energy response of the braced structure,

due to the same seismic signal, is shown in Figure 35.10b. Notice that although the input energy

has increased slightly, the dampers consume a significant portion of the total, thus protecting the

primary structure.

35.2.4 Energy-Based Design

While the energy concept, as outlined briefly above, does not currently provide the basis for aseismic

design codes, there is a considerable body of knowledge that has been developed from its application to

traditional structures. Housner (1956, 1959) was the first to propose an energy-based philosophy for

earthquake resistant design. In particular, he was concerned with limit-design methods aimed toward

preventing collapse of structures in seismically active regions. Housner assumed that the energy input

calculated for an undamped, elastic idealization of a structure provided a reasonable upper bound to that

for the actual inelastic structure.

Berg and Thomaides (1960) examined the energy consumption in SDOF elastoplastic structures

via numerical computation and developed energy input spectra for several strong-motion earthquakes.

These spectra indicate that the amount of energy EI imparted to a structure from a given seismic event is

quite dependent upon the structure itself. The mass, the natural period of vibration, the critical damping

ratio, and yield force level were all found to be important characteristics.

On the other hand, their results did suggest that the establishment of upper bounds for EI might be

possible and thus provided support for the approach introduced by Housner. However, the energy

approach was largely ignored for a number of years. Instead, limit-state design methodologies were

developed that utilized the concept of displacement ductility to construct inelastic response spectra as

proposed initially by Veletsos and Newmark (1960).

More recently, there has been a resurgence of interest in energy-based concepts. For example, Zahrah

and Hall (1982) developed a MDOF energy formulation and conducted an extensive parametric study of

energy absorption in simple structural frames. Their numerical work included a comparison between

energy-based and displacement ductility-based assessments of damage, but the authors stopped short of

issuing a general recommendation.
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et al. 1993).
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A critical assessment of the energy concept as a basis for design was provided by Uang and Bertero

(1988). The authors initially contrast two alternative definitions of the seismic input energy. The

quantity specified in Equation 35.13d is labeled the relative input energy, while the absolute input energy

(EIa
) is defined by

EIa
¼
Z

m€xxt dxg ð35:17aÞ

In conjunction with this latter quantity, an absolute kinetic energy (EKa
) is also required, where

EKa
¼ m _xx2

t

2
ð35:17bÞ

The absolute energy equation corresponding to Equation 35.15 then becomes

EKa
þ ED þ ESe

þ ESp
þ EC ¼ EIa

ð35:18Þ

Based upon the development of input energy spectra for an SDOF system, the authors conclude that,

while both measures produce approximately equivalent spectra in the intermediate period range, EIa

should be used as a damage index for short period structures and EI is more suitable for long period

structures. Furthermore, an investigation revealed that the assumption of Housner to employ the

idealized elastic strain energy, as an estimate of the actual input energy, is not necessarily conservative.

Uang and Bertero also studied a MDOF structure and concluded that the input energy spectra for an

SDOF can be used to predict the input energy demand for that type of building. In a second portion of

the report, an investigation was conducted on the validity of the assumption that energy dissipation

capacity can be used as a measure of damage. In testing cantilever steel beams, reinforced concrete shear

walls, and composite beams the authors found that damage depends upon the load path.

The last observation should come as no surprise to anyone familiar with classical failure criteria.

However, it does highlight a serious shortcoming for the use of the energy concept for limit design of

traditional structures. As was noted above, in these structures, a major portion of the input energy must

be dissipated via inelastic deformation, but damage to the structure is not determined simply by the

magnitude of the dissipated energy. On the other hand, in nontraditional structures incorporating

passive damping mechanisms, the energy concept is much more appropriate. The emphasis in design is

directly on energy dissipation. Furthermore, since an attempt is made to minimize the damage to the

primary structure, the selection of a proper failure criterion is less important.

35.3 Recent Development and Applications

As a result of serious efforts that have been undertaken in recent years to develop and implement the

concept of passive energy dissipation and active control, a number of these devices have been installed in

structures throughout the world, including Japan, New Zealand, Italy, Mexico, Canada, and the United

States. In what follows, advances in terms of their development and applications are summarized.

35.3.1 Passive Energy Dissipation

As alluded to in Section 35.1 and Table 35.1, a number of passive energy dissipation devices have been

developed and installed in structures for performance enhancement under wind or earthquake loads.

Discussions presented below are centered around some of the more common devices that have found

applications in these areas.

35.3.1.1 Metallic Yield Dampers

One of the effective mechanisms available for the dissipation of energy input to a structure from an

earthquake is through inelastic deformation of metals. The idea of utilizing added metallic energy

dissipators within a structure to absorb a large portion of the seismic energy began with the conceptual
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and experimental work of Kelly et al. (1972) and Skinner et al. (1975). Several of the devices considered

included torsional beams, flexural beams, and U-strip energy dissipators. During the ensuing years, a

wide variety of such devices have been studied or tested (Tyler 1985; Bergman and Goel 1987; Whittaker

et al. 1991; Tsai et al. 1993). Many of these devices use mild steel plates with triangular or X shapes so

that yielding is spread almost uniformly throughout the material. A typical X-shaped plate damper or

added damping and stiffness (ADAS) device is shown in Figure 35.11. Other materials, such as lead and

shape-memory alloys, have also been evaluated (Aiken and Kelly 1992). Some particularly desirable

features of these devices are their stable hysteretic behavior, low-cycle fatigue property, long-term

reliability, and relative insensitivity to environmental temperature. Hence, numerous analytical and

experimental investigations have been conducted to determine these characteristics of individual devices.

After gaining confidence in their performance based primarily on experimental evidence, imple-

mentation of metallic devices in full-scale structures has taken place. The earliest implementations of

metallic dampers in structural systems occurred in New Zealand and Japan. A number of these inter-

esting applications are reported in Skinner et al. (1980) and Fujita (1991). More recent applications

include the use of ADAS dampers in seismic upgrades of existing buildings in Mexico (Martinez-Romero

1993) and in the United States (Perry et al. 1993). The seismic upgrade project discussed in Perry et al.

(1993) involves the retrofit of the Wells Fargo Bank building in San Francisco, CA. The building is a two-

story nonductile concrete frame structure originally constructed in 1967 and subsequently damaged in

the 1989 Loma Prieta earthquake. The voluntary upgrade by Wells Fargo utilized chevron braces and

ADAS damping elements. More conventional retrofit schemes were rejected due to an inability to meet

the performance objectives while avoiding foundation work. A plan view of the second floor including

upgrade details is provided in Figure 35.12. A total of seven ADAS devices were employed, each with

a yield force of 150 kps. Both linear and nonlinear analyses were used in the retrofit design process.

Further three-dimensional response spectrum analyses, using an approximate equivalent linear repre-

sentation for the ADAS elements, furnished a basis for the redesign effort. The final design was verified

with DRAIN-2D nonlinear time history analyses. A comparison of computed response before and after

the upgrade is contained in Figure 35.13. The numerical results indicated that the revised design was

1.25 1.25

2.00

2.50

0.50 5.00

1.00

1.00

5.00

(a) 7.75

5.75

2.00

0.125

0.25

2.00

5.00

2.00

All dimensions in inches

(b)

FIGURE 35.11 ADAS device (Whittaker et al. 1991).
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stable and that all criteria were met. In addition to the introduction of the bracing and ADAS dampers,

several interior columns and a shear wall were strengthened.

An alternative passive damper utilizing the principles of metallic yielding is the unbonded brace (Shiba

et al. 1998; Wada et al. 2000). These braces consist of a central steel core that provides energy dissipation

in both tension and compression. In order to prevent buckling, the brace is encased in a concrete-filled

steel tube or a fiber-reinforced concrete sheathing. Special coatings are used to reduce friction between

the steel core and surrounding concrete. Despite its recent development, a number of applications of the

unbonded brace have already appeared in Japan and the United States.
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35.3.1.2 Friction Dampers

Friction dampers utilize the mechanism of solid friction that develops between two solid bodies sliding

relative to one another to provide the desired energy dissipation. Several types of friction dampers have

been developed for the purpose of improving seismic response of structures. In some cases, additional

research on the long-term behavior of frictional systems may be appropriate.

A simple brake lining frictional system was studied by Pall et al. (1980); however, a special damper

mechanism, devised by Pall and Marsh (1982), and depicted in Figure 35.14, permits much more

effective operation. During cyclic loading, the mechanism tends to straighten buckled braces and also

enforces slippage in both tensile and compressive directions.

Several alternate friction damper designs have also been proposed in the literature. For example,

Roik et al. (1988) discuss the use of three-stage friction-grip elements. A simple conceptual design, the

slotted bolted connection (SBC), was investigated by FitzGerald et al. (1989) and Grigorian et al. (1993).

Another design of a friction damper is the energy dissipating restraint (EDR) manufactured by

Fluor Daniel, Inc. There are several novel aspects of the EDR that combine to produce very different

response characteristics. A detailed presentation of the design and its performance is provided in Nims

et al. (1993).

In the last decade, there have been several commercial applications of friction dampers aimed at

providing enhanced seismic protection of new and retrofitted structures. This activity in North America

is primarily associated with the use of Pall friction devices in Canada. For example, the applications

of friction dampers to the McConnel Library of the Concordia University in Montreal, Canada, is

discussed in Pall and Pall (1993). A total of 143 dampers were employed in this case. Interestingly,

the architects chose to expose 60 of the dampers to view due to their esthetic appeal. A series of

nonlinear DRAIN-TABS (Guendeman-Israel and Powell 1977) analyses were utilized to establish the

optimum slip load for the devices, which ranges from 600 to 700 kN depending upon the location

within the structure. For the three-dimensional time-history analyses, artificial aseismic signals were

generated with a wide range of frequency contents and a peak ground acceleration scaled to 0.18g to

represent expected ground motion in Montreal. Under this level of excitation, an estimate of the

equivalent damping ratio for the structure with frictional devices is approximately 50%. In addition,

for this library complex, the use of the friction dampers resulted in a net savings of 1.5% of the total

building cost.
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FIGURE 35.14 X braced friction damper (Pall and Marsh 1982).
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35.3.1.3 Viscoelastic Dampers

Viscoelastic (VE) materials used in structural applications are usually copolymers or glassy substances

that dissipate energy through shear deformation. A typical VE damper, which consists of VE layers

bonded with steel plates, is shown in Figure 35.15. When mounted in a structure, shear deformation and

hence energy dissipation takes place when structural vibration induces relative motion between the outer

steel flanges and the center plates. Significant advances in research and development of VE dampers,

particularly for seismic applications, have been made in recent years through analyses and experimental

tests (e.g., Chang et al. 1994; Lai et al. 1995; Shen et al. 1995).

The first applications of VE dampers to structures were for reducing acceleration levels, or increasing

human comfort, due to wind. In 1969, VE dampers were installed in the twin towers of the World Trade

Center in New York, NY, as an integral part of the structural system. There were about 10,000 VE

dampers in each tower, evenly distributed throughout the structure from the 10th to the 110th floor.

Prior to their collapse, the towers experienced a number of moderate to severe wind storms and the

observed performance of the VE dampers has been found to agree well with theoretical values. In 1982,

VE dampers were incorporated into the 76-story Columbia SeaFirst Building in Seattle against wind-

induced vibrations (Keel and Mahmoodi 1986). To reduce the wind-induced vibration, the design called

for 260 dampers to be located alongside the main diagonal members in the building core. The addition

of VE dampers to this building was calculated to increase its damping ratio in the fundamental mode

from 0.8 to 6.4% for frequent storms and to 3.2% at design wind. Similar applications of VE dampers

were made to the Two Union Square Building in Seattle in 1988. In this case, 16 large VE dampers were

installed parallel to four columns in one floor.

Seismic applications of VE dampers to structures began more recently. A seismic retrofit project using

VE dampers began in 1993 for the 13-story Santa Clara County building in San Jose, CA (Crosby et al.

1994). Situated in a high seismic risk region, the building was built in 1976. It is approximately 64 m in

height and nearly square in plan, with 51	 51 m on typical upper floors. The exterior cladding consists

of full-height glazing on two sides and metal siding on the other two sides. The exterior cladding,

however, provides little resistance to structural drift. The equivalent viscous damping in the fundamental

mode is less than 1% of critical.

The building has been extensively instrumented, providing invaluable response data obtained during

a number of past earthquakes. A plan for seismic upgrade of the building was developed, in part, when

the response data indicated large and long-duration response, including torsional coupling, to even

moderate earthquakes. The final design called for installation of two dampers per building face per floor

F
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Steel flange

F/2F/2

FIGURE 35.15 Typical VE damper configuration.
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level as shown in Figure 35.16, which would increase the equivalent damping in the fundamental mode

of the building to about 17% of critical, providing substantial reductions to building response under all

levels of ground shaking. A typical damper configuration is shown in Figure 35.17.

35.3.1.4 Viscous Fluid Dampers

Damping devices based on the operating principle of high-velocity fluid flow through orifices have

found numerous applications in shock and vibration isolation of aerospace and defense systems. In

the past decade, research and development of viscous fluid dampers for seismic applications to civil
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FIGURE 35.16 Location of VE dampers in Santa Clara County building.
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FIGURE 35.17 Santa Clara County building VE damper configuration.
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engineering structures have been performed to accomplish three major objectives. The first was to

demonstrate by analysis and experiment that viscous fluid dampers can improve seismic capacity of a

structure by reducing damage and displacements and without increasing stresses. The second was to

develop mathematical models for these devices and demonstrate how these models can be incorporated

into existing structural engineering software codes. Finally, the third was to evaluate reliability and

environmental stability of the dampers for structural engineering applications.

As a result, viscous fluid (VF) dampers have in recent years been incorporated into many civil

engineering structures. For example, early applications of VF dampers include the Pacific Bell North

Area Operations Center and the Woodland Hotel in California and a 35-story building in downtown

Boston (Constantinou et al. 1998).

As with most of the passive systems considered above, the VF dampers are incorporated into the

structural system through the use of either diagonal or chevron bracing. With this configuration, the

magnitude of the displacement across the passive device is at most equal to the interstory drift. Con-

sequently, large dampers may be required, particularly for stiff structures.

One remedy is to introduce a damping amplification, such as in the toggle-brace damper system

(Constantinou et al. 2001). Furthermore, in order to reduce the impact of bracing on the architectural

aspects of design, alternative configurations can be utilized. An example is the scissor-jack-damper

energy dissipation system (Sigaher and Constantinou 2003), which can provide relatively open bays and

damping magnification factors between two and five.

In several other applications, VF dampers were used in combination with seismic isolation systems. For

example, VF dampers were incorporated into base isolation systems for five buildings of the new San

Bernardino County Medical Center, located close to two major fault lines, in 1995. The five buildings

required a total of 233 dampers, each having an output force of 320,000 lbs and generating an energy

dissipation level of 3,000 horsepower at a speed of 60 in./s. A layout of the damper-isolation system

assembly is shown in Figure 35.18 and Figure 35.19 gives the dimensions of the viscous dampers employed.

FIGURE 35.18 San Bernardino County Medical Center damper-base isolation system assembly.
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FIGURE 35.19 Dimensions of viscous fluid damper for San Bernardino County Medical Center.
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35.3.1.5 Tuned Mass Dampers

The modern concept of tuned mass dampers (TMDs) for structural applications has its roots in dynamic

vibration absorbers studied as early as 1909 by Frahm (Den Hartog 1956). A schematic representation of

Frahm’s absorber is shown in Figure 35.20, which consists of a small mass m and a spring with spring

stiffness k attached to the main mass M with spring stiffness K. Under a simple harmonic load, one can

show that the main mass M can be kept completely stationary when the natural frequency ðpk=mÞ of the

attached absorber is chosen to be (or tuned to) the excitation frequency.

As in the case of VE dampers, early applications of TMDs have been directed toward mitigation of

wind-induced excitations. It appears that the first structure in which a TMD was installed is the Cen-

terpoint Tower in Sydney, Australia (ENR 1971; Kwok and MacDonald 1987). One of only two buildings

in the United States equipped with a TMD is the 960-ft Citicorp Center in New York, NY, in which the

TMD is situated on the 63rd floor. At this elevation, the building can be represented by a simple modal

mass of approximately 20,000 tons, to which the TMD is attached to form a two-degrees-of-freedom

system. Tests and actual observations have shown that the TMD produces an approximate effective

damping of 4% as compared to the 1% original structural damping, which can reduce the building

acceleration level by about 50% (Petersen 1980, 1981). The same design principles were followed in the

development of the TMD for installation in the John Hancock Tower, Boston, MA (ENR 1975). In this

case, however, the TMD consists of two 300-ton mass blocks. They move in phase to provide lateral

response control and out-of-phase for torsional control.

Numerical and experimental studies have been carried out to examine the effectiveness of TMDs in

reducing seismic response of structures. It is noted that a passive TMD can only be tuned to a single

structural frequency. While the first-mode response of an MDOF structure with TMD can be sub-

stantially reduced, the higher-mode response may in fact increase as the number of stories increases. For

earthquake-type excitations, it has been demonstrated that, for shear structures up to 12 floors, the first-

mode response contributes more than 80% to the total motion (Wirsching and Yao 1970). However, for

a taller building on a firm ground, higher modal response may be a problem that needs further study. In

Villaverde (1994), three different structures were studied; the first is a two-dimensional ten-story shear

building, the second a three-dimensional one-story frame building, and the third a three-dimensional

cable-stayed bridge, by using nine different kinds of real earthquake records. Numerical and experi-

mental results show that the effectiveness of TMDs on reducing the response of the same structure under

different earthquakes or of different structures under the same earthquake is significantly different; some

cases give good performance and some have little or even no effect. It implies that there is a dependency

of the attained reduction in response on the characteristics of the ground motion that excites the

structure. This response reduction is large for resonant ground motions and diminishes as the dominant
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FIGURE 35.20 Undamped absorber and main mass subject to harmonic excitation (Frahm’s absorber).
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frequency of the ground motion gets further away from the structure’s natural frequency to which the

TMD is tuned.

It is also noted that the interest in using TMDs for vibration control of structures under earthquake

loads has resulted in some innovative developments. An interesting approach is the use of a TMD with

active capability, the so-called AMD or active tuned mass damper. Systems of this type have been

implemented in a number of tall buildings in Japan (Soong et al. 1994). Some examples of such systems

will be discussed in Section 35.3.2.

35.3.1.6 Tuned Liquid Dampers

The basic principles involved in applying a tuned liquid damper (TLD) to reduce the dynamic response

of structures is quite similar to that discussed above for the TMD. In effect, a secondary mass in the form

of a body of liquid is introduced into the structural system and tuned to act as a dynamic vibration

absorber. However, in the case of TLDs, the response of the secondary system is highly nonlinear due

either to liquid sloshing or the presence of orifices. TLDs have also been used for suppressing wind-

induced vibrations of tall structures. In comparison with TMDs, the advantages associated with TLDs

include low initial cost, virtually free maintenance, and ease of frequency tuning.

It appears that TLD applications have taken place primarily in Japan. Examples of TLD-controlled

structures include the Nagasaki Airport Tower, installed in 1987, the Yokohama Marine Tower, also

installed in 1987, the Shin-Yokohama Prince Hotel, installed in 1992, and the Tokyo International

Airport Tower, installed in 1993 (Tamura et al. 1994, 1995). The TLD installed in the 77.6 m Tokyo

Airport Tower, for example, consists of about 1400 vessels containing water, floating particles, and a

small amount of preservatives. The vessels, shallow circular cylinders 0.6 m in diameter and 0.125 m in

height, are stacked in six layers on steel-framed shelves. The total mass of the TLD is approximately 3.5%

of the first-mode generalized mass of the tower and its sloshing frequency is optimized at 0.743 Hz.

Floating hollow cylindrical polyethylene particles were added in order to optimize energy dissipation

through an increase in surface area together with collisions between particles.

The performance of the TLD has been observed during several storm episodes. In one of such episodes

with a maximum instantaneous wind speed of 25 m/s, the observed results show that the TLD reduced

the acceleration response in the cross-wind direction to about 60% of its value without the TLD.

35.3.2 Active Control

As mentioned in Section 35.1, the development of active, hybrid, and semiactive control systems has

reached the stage of full-scale applications to actual structures. Since 1989, over 40 active or hybrid

systems have been installed in building structures, primarily in Japan. In addition, a number of bridge

towers have employed active systems during erection (Fujino 1994).

In recent years, significant effort has also been directed toward the development of semiactive control

devices and systems. These systems permit the variation of device properties (e.g., stiffness, damping)

based upon structural response. Often very little power is required to operate these devices and fail-safe

passive modes are provided. Examples of semiactive devices include variable stiffness systems (Kobori

et al. 1993; Liang et al. 1999a,b), variable fluid dampers (Patten et al. 1996; Symans and Constantinou

1997; Kurata et al. 1999), electrorheological dampers (Gavin et al. 1996a,b; Makris et al. 1996), and

magnetorheological dampers (Spencer et al. 1997; Yang et al. 2002).

A complete review of active, hybrid, and semiactive systems will not be attempted here. Instead,

described briefly below are two active control applications and their observed performances. The per-

formances of these systems under recent wind and earthquake episodes are summarized in this section.

More details of these applications can be found in Soong et al. (1994).

35.3.2.1 Sendagaya INTES Building

An AMD system was installed in the Sendagaya INTES building in Tokyo in 1991. As shown in

Figure 35.21, the AMD was installed atop the 11th floor and consists of two masses to control transverse

35-20 Handbook of Structural Engineering

Copyright 2005 by CRC Press



and torsional motions of the structure while hydraulic actuators provide the active control capabilities.

The top view of the control system is shown in Figure 35.22 where ice thermal storage tanks are used as

mass blocks so that no extra mass is introduced. The masses are supported by multistage rubber bearings

intended for reducing the control energy consumed in the AMD and for insuring smooth mass

movements (Higashino and Aizawa 1993).

Sufficient data were obtained for evaluation of the AMD performance when the building was subjected

to strong wind on March 29, 1993, with peak instantaneous wind speed of 30.6 m/s. An example of the

response Fourier spectra using samples of 30-s durations are shown in Figure 35.23, showing good

performance in the low-frequency range. The response of the fundamental mode was reduced by 18 and

28% for translation and torsion, respectively. Similar performance characteristics were observed during

a series of earthquakes recorded between May 1992 and February 1993.
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35.3.2.2 Hankyu Chayamachi Building

The 160-m 34-story Hankyu Chayamachi building, as shown in Figure 35.24, is located in Osaka, Japan,

where an AMD system was installed in 1992 for the primary purpose of occupant comfort control. In

this case, the heliport at the roof top is utilized as the moving mass of the AMD, which weighs 480 tons

and is about 3.5% of the weight of the tower portion. The heliport is supported by six multistage rubber

bearings. The natural period of rubber and heliport system was set to 3.6 s, slightly lower than that of the

building (3.8 s). The AMD mechanism used here has the same architecture as that of Sendagaya INTES,

namely, scheme of the digital controller, servomechanism, and the hydraulic design, except that two
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actuators of 5-ton thrusts are attached in horizontal orthogonal directions. Torsional control is not

considered here.

Acceleration Fourier spectra during a recent typhoon are shown in Figure 35.25. Since the building in

this case oscillated primarily in its fundamental mode, significant reductions in acceleration levels were

observed.

An observation to be made in the performance of control systems such as those described above is that

efficient active control systems can be implemented with existing technology under practical constraints

such as power requirements and stringent demand of reliability. Thus, significant strides have been made

considering that serious implementational efforts began less than 10 years prior to construction. On

the other hand, the active dampers developed for Sendagaya INTES and Hankyu Chayamachi buildings

were designed primarily for response control due to wind and moderate earthquakes. In order to reach

the next level in active/hybrid control technology, an outstanding issue that needs to be addressed is

whether such systems, with limited control resources and practical constraints such as mass excursions,

can be made effective under strong earthquakes.

35.4 Code Development

Extensive efforts in the field of passive energy dissipation and the increased interest of the engineering

profession in this area over the past decade has resulted in the development of guidelines and recom-

mended provisions for the design and implementation of passive energy dissipation devices. A brief

review of that development in the United States is provided in this section.

Initially, the Energy Dissipation Working Group (EDWG) of the Base Isolation Subcommittee of the

Structural Engineers Association of Northern California (SEAONC) developed a document that pro-

vided design guidelines applicable to a wide range of system hardware (Whittaker et al. 1993). The scope

included metallic, friction, viscoelastic, and viscous devices. On the other hand, TMDs and TLDs were

not addressed. The general philosophy of that document was to confine inelastic deformation primarily

to the energy dissipators, while the main structure was to remain elastic for the design basis earthquake.

Furthermore, since passive energy dissipation technology was still relatively new, a conservative

approach was taken on many issues. For example, an experienced independent engineering review panel

was required to conduct a review of the energy dissipation system and testing programs.

The 1994 edition of the National Earthquake Hazard Reduction Program (NEHRP) Recommended

Provisions for Seismic Regulations for New Buildings (FEMA 1995) then introduced an appendix on

passive energy dissipation systems, which is similar to the SEAONC document in both scope and philo-

sophy. Again, a conservative approach was adopted. However, the primary intention was to introduce

passive energy dissipation technology to potential users, rather than to provide design requirements.
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More recently, NEHRP Guidelines for the Seismic Rehabilitation of Buildings (FEMA 1997a,b) have

been developed to include sections on seismic protective systems. This entire document uses a

performance-based design approach in which displacements (or damage) control the design. Chapter 9

of these guidelines, and the associated commentary, specifically addresses seismic isolation and passive

energy dissipation systems. The passive systems may involve displacement-dependent (e.g., metallic

yielding, friction), velocity-dependent (e.g., fluid viscous, viscoelastic solid, viscoelastic fluid), or other

(e.g., shape memory, friction-spring re-centering) devices. Very limited guidance is also provided for

dynamic vibration absorbers and active control systems. Four distinct analysis procedures are defined,

including linear static, linear dynamic, nonlinear static, and nonlinear dynamic approaches. However,

the linear procedures are only applicable under certain restrictive conditions. As with the earlier

documents, a comprehensive testing program must be conducted and the design must be reviewed by

an independent engineering review panel.

For new construction, the FEMA (1995) document mentioned above has now been superceded by

FEMA (2001), which includes an appendix to Chapter 13 on structures with damping systems. As stated in

the preface to that appendix, it is intended for trial use by design professionals and other interested parties.

Both displacement-dependent and velocity-dependent passive devices are considered. Along with non-

linear static and dynamic analysis procedures, this appendix includes an equivalent lateral force analysis

procedure and a response spectrum analysis procedure. (Further details on the theoretical basis for these

two new linear methods can be found in Ramirez et al. 2000.) A prototype test program, quality control

plan, and independent review panel are again required elements in these recommended provisions.

35.5 Concluding Remarks

An attempt is made in this section to introduce the basic concepts of passive energy dissipation and

active control, and to review current development, structural applications, and code-related activities in

this exciting and fast expanding field. While significant strides have been made in terms of imple-

mentation of these concepts to structural design and retrofit, it should be emphasized that this entire

technology is still evolving. Significant improvements in both hardware and design procedures will

certainly continue for a number of years to come.

The acceptance of innovative systems in structural engineering is based on a combination of per-

formance enhancement versus construction costs and long-term effects. Continuing efforts are needed in

order to facilitate wider and more timely implementation. These include effective system integration and

further development of analytical and experimental techniques by which performances of these systems

can be realistically assessed. Structural systems are complex combinations of individual structural

components. New innovative devices need to be integrated into these complex systems, with realistic

evaluation of their performance and impact on the structural system, as well as verification of their ability

of long-term operation. Additionally, innovative ideas for new devices require exploration through

experimentation and adequate basic modeling. A series of standardized benchmark structural models,

representing large buildings, bridges, towers, lifelines, etc., with standardized realistically scaled-down

excitations, representing natural hazards, can be of significant value in helping to provide an experi-

mental and analytical testbed for proof-of-concept of existing and new devices. In the United States, the

Network for Earthquake Engineering Simulation also can be expected to have a significant impact on the

further development of structural protective systems.
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36
Life Cycle Evaluation

and Condition
Assessment of

Structures

36.1 Introduction

Society relies on its engineers to design structures that are safe and perform as intended. The public

wants to cross bridges, enter buildings, and live downstream of dams without having to give conscious

thought as to whether there is any danger of collapse. The nation’s civil engineers have a distinguished

history of performing this service. As research has progressed, experience has developed and been

codified, and computers have increased computational speed and ability, design methods have become

increasingly sophisticated. Traditional design approaches that rely on allowable stress and factor of safety
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analysis have expanded to incorporate reliability and system-based performance methods. Design

optimization methods are beginning to examine the entire life cycle performance of a structure. While

this is a new and evolving (and therefore incomplete) field, this chapter explains many of the principles,

concepts, and issues involved in examining the performance of a structure over its entire useful life.

Design optimization research often attempts to produce the lowest cost structure that meets specific

design criteria. During the 1960s through the 1990s, the objective often involved minimizing the weight

of a structure and considered only the costs of design and construction (labor, equipment, materials,

etc.). Over the past 15 years, research efforts have increasingly demonstrated that these initial costs

are often dwarfed by the costs of repairing, inspecting, and maintaining a structure over its useful life.

A truly optimum and efficient solution needs to account for these costs. In its simplest form, the

difference is illustrated in the following two examples.

EXAMPLE 36.1

The local highway department advertised for bids for a concrete highway bridge. The requirements

specified that the concrete must exceed 25 MPa in compressive strength and must have a factor of safety

of at least 2.0 with respect to a standard HS-20 truck crossing the bridge at all locations. Company A

submitted a bid for $70,000, and Company B submitted a bid for $100,000. Both designs met the

specifications, and both bidders were qualified to do the work. Which company should get the job?

Answer

Company A, based on the lower cost.

EXAMPLE 36.2

The local highway department expects the useful life of the highway bridge to be 60 years. The highway

department engineer investigates the two proposals in Example 36.1 further and determines that the design

submitted by Company A is less expensive because the concrete is not as durable. This engineer estimates

that the Company A bridge will require a major rehabilitation every 20 years for a cost of $30,000 and will

require a major inspection every 5 years at a cost of $5,000 each time. The Company B bridge will require

a major rehabilitation every 30 years for a cost of only $20,000. The inspection of this bridge will also cost

$5,000, but it only needs to be done every 10 years. The engineer uses a discount rate of money (which

accounts for inflation) of 3% and determines that the preventive maintenance and failure costs of both

designs are about equal and, therefore, irrelevant to the decision. Both options require a major rehabili-

tation at year 60, so there is no difference in salvage value. Which company should get the job?

Answer

The analysis requires that the costs associated with both projects be converted to present value for a valid

comparison. Even though the Company A bid appears to now cost $185,000 (i.e., undiscounted total

cumulative cost¼ $70,000þ 2� $30,000þ 11� $5,000), over the life of the structure compared to

$145,000 (i.e., undiscounted total cumulative cost¼ $100,000þ $20,000þ 5� $5,000) for Company B,

the timing of the payments is important.

The equation for converting a future value (FV) to a present value (PV) is

PV ¼ FV

ð1þ rÞn

where r is the discount rate and n is the number of years.

Company A

Total cost ¼ $70,000þ $30,000

ð1þ 0:03Þ20 þ
$30,000

ð1þ 0:03Þ40 þ
$5,000

ð1þ 0:03Þ5
þ $5,000

ð1þ 0:03Þ10 þ � � � þ
$5,000

ð1þ 0:03Þ55

¼ $70,000þ $16,610þ $9,197þ $4,313þ $3,720þ � � � þ $1,141þ $984 ¼ $121,022
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Company B

Total cost ¼ $100,000 þ $20,000

ð1þ 0:03Þ30 þ
$5,000

ð1þ 0:03Þ10 þ
$5,000

ð1þ 0:03Þ20 þ
$5,000

ð1þ 0:03Þ30

þ $5,000

ð1þ 0:03Þ40 þ
$5,000

ð1þ 0:03Þ50

¼ $100,000 þ $8,240 þ $3,720 þ $2,768 þ $2,060 þ $1,533 þ $1,141 ¼ $119,462

The two options are quite similar, but it now looks like Company B bid would provide the lower life

cycle cost and would be the better choice. The result is highly sensitive to the discount rate. If the

discount rate had been 4% instead of 3%, Company A would have been a better choice with a life cycle

cost of $110,350 versus a cost to Company B of $115,113. Note that (a) the total present value costs

decrease as the discount rate rises and (b) the present value costs of expenses late in the life of the

structure can become negligible. For this problem the crossover discount rate is about 3.2%, where for

any discount rate above that value, Company A will be the preferred alternative. Company B is the best

choice for any rate below 3.2% as shown in Figure 36.1a. However, if the service life is reduced to

40 years, Company A is the better choice for any value of the discount rate different from 0% (i.e., at 0%

Companies A and B have the same lifetime cost of $135,000, as shown in Figure 36.1b).
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FIGURE 36.1 Present value of total cumulative cost for two competing bids associated with various discount rates

for a structure with (a) 60-year service life and (b) 40-year service life.
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These two simple examples illustrate the difference between a traditional design approach, which relies

only on the initial cost of the structure, and the life cycle cost approach, which includes all costs over the

useful life of the structure. These total life cycle costs are the sum of the initial cost, maintenance costs,

inspection and repair costs, and cost of failure. The failure cost typically comprises those costs associated

with structural failure multiplied by their probability of occurrence. Incorporating the failure cost

requires a probabilistic assessment of the structure, which by necessity requires a reliability-based

approach to the problem. Once the costs have been computed and included, an optimum solution, as

shown in Figure 36.2, produces the lowest total life cycle cost.

While the life cycle cost is a better measure on which to make a decision, the approach is more

complex and introduces many additional issues and considerations over the traditional approach. The

discount rate is only one consideration. Others include the following: what costs are included in the

failure cost, what is the effect of maintenance on the reliability of a structure, how is a structure expected

to deteriorate over time, how far can a structure be allowed to deteriorate before public safety requires

a repair, how often should a structure be inspected and how reliable is the information provided by

each inspection? The answers to these questions are the subject of frequent debate and the focus of

considerable research. The approaches are still being developed. This chapter will address many of these

issues, show some relevant examples, and provide some initial solutions to this evolving field.

36.2 Safety and Risk Assessment

Society expects its infrastructure to be safe and depends on its engineers to make it so. The American

Society of Civil Engineers (ASCE) canon of ethics requires that the safety of the public is paramount.

Sadly, there is no absolute guarantee of safety, and if there was, it would be prohibitively expensive. Risk

is usually defined as the product of the failure probability and the consequences (i.e., measured in

monetary terms) of failure. The responsibility of civil engineers is to find an acceptable level of risk that

society can tolerate and then design and maintain structures to ensure that risk is not exceeded.

Engineers are expected to do this within a reasonable cost, which becomes both a balancing act and an

optimization problem. Even a deterministic approach to structural analysis attempts to define safety,

usually in the form of a factor of safety. Reliability methods offer a more detailed accounting of risk that

involves quantifying the uncertainty associated with every variable, the correlation between the variables,

the system relationship between structural components, and the consequences of failure. Reliability

methods are complex and require significant input data to execute. An elementary example is illustrated

as follows.
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FIGURE 36.2 Optimum reliability of a structure based on total life cycle cost.
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EXAMPLE 36.3

Two structures are designed to withstand a load with an expected value of 100 kN. The load can vary

slightly; in fact, it is estimated to be a normally distributed variable with a standard deviation of 10 kN.

Structure A is made of a highly tested material that produces consistent and repeatable results. Its

strength is normally distributed with a mean strength of 150 kN and a standard deviation of only 5 kN.

Structure B is composed of a stronger material but one that shows greater variability in its characteristics.

Its strength is also normally distributed and has a mean of 200 kN but a standard deviation of 30 kN.

The load and the strength in both structures are independent — and therefore uncorrelated. Quantify

the safety using both a deterministic and a probabilistic approach and decide which structure is safer.

Answer

Using the deterministic approach, the factor of safety (FS) is defined as the ratio of the capacity of the

structure to the demand placed on it.

Structure A

FS ¼ Capacity

Demand
¼ 150

100
¼ 1:5

Structure B

FS ¼ 200

100
¼ 2:0

Structure B has the larger factor of safety and is, therefore, safer.

Taking a probabilistic approach for two statistically independent, normally distributed random

variables, the safety is expressed in terms of a reliability index (b).

Structure A

b ¼
mCapacity � mDemandffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

Capacity þ s2
Demand

q ¼ 150� 100ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
102 þ 52
p ¼ 4:47

Structure B

b ¼ 200� 100ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
102 þ 302
p ¼ 3:16

where mx and sx are the mean and standard deviation of the random variable X. The random variables

in this problem are capacity and demand.

Under these conditions, the reliability index is translated to a probability of failure as follows:

pf¼F(�b), where F is the distribution function of the standard normal variate. From a Table of

Standard Normal Probability, one observes that the probability of failure for Structure A is approxi-

mately pf¼ 0.0000038 and for Structure B, pf¼ 0.00079. By this analysis, Structure A is the safer

structure by a considerable margin. Figure 36.3 illustrates the demand and capacities for the two

structures. Failure occurs when demand exceeds capacity. The reliability analysis becomes more

complex, as illustrated in Section II, Chapter 12 of the Handbook, when the types of probability density

distributions vary, the number of random variables increases, and correlation is considered.

While the safety of both structures has been quantified, the question remains as to whether either

structure is safe enough to meet societal expectations. Acceptable risk, especially when considering the

value of a human life and injuries is difficult to quantify. People die on the highways every day; bridges

occasionally collapse; and hurricanes, wildfires, and earthquakes seem to destroy homes and lives every

year. For each of these events, there is some level at which the public will demand improvement from

their government. The issue of a threshold level of safety is not trivial. Menzies (1996) contends after

considerable analysis that society will accept a risk to life of 1 in 1,000,000 per year for the specific

example of short-span bridges in the United Kingdom. He further states that acceptable risk levels

depend on value judgments and societal norms and cannot be found solely by analysis.
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Fortunately, every engineer does not have to examine societal values and make this determination;

those engineers who write the building codes provide that service. As the United States has transitioned

to probability-based codes in steel, concrete, and wood, the code committees have wisely calibrated these

new codes to those design requirements that have been successful in the past. The American Association

of State Highway and Transportation Officials (AASHTO) load and resistance factor design (LRFD)

code (AASHTO 1998) calibrates the design of elements of a new bridge in the reliability index range

b¼ 3.0 to b¼ 4.0. The exact value is determined by a load factor modifier Z, which accounts for

ductility, redundancy, and importance of the structure. If the modifiers, for example, dictated a reliability

requirement of b¼ 3.5 for Structures A and B in the previous example, it would appear that Structure B

(b¼ 3.16) was inadequate and Structure A (b¼ 4.47) was substantially overdesigned.

While the codes provide a great means to compare different designs, they do not necessarily yet

measure society’s preferences and risk tolerances. Since there will always be a scarcity of resources to

fund everything the public desires, every decision to improve the safety of a bridge or building is a trade-

off and a consent to accept additional risk in some other area such as disease prevention or police

protection. Risk assessment ultimately needs to be viewed in this broader context. People face risks every

day and most of these risks are quantifiable. Technology Review (1979) lists smoking 1.4 cigarettes,

drinking 0.5 l of wine, traveling 300 miles by car, and flying 1000 miles by airplane as activities that

increase the chance of death by one in a million. Even with these statistics, people will not make rational

preferences such as the family who drives for three days rather than fly to a location because they

perceive it to be safer. Corotis (2003a,b) contends that people’s perceptions of risk are affected by

whether the risk is objective or subjective, aleatoric or epistemic, familiar or unfamiliar, and voluntary or

involuntary. Real world decisions are based on that perception of risk which can include dread,

familiarity, number of people exposed, trust, and technological stigma. Corotis further suggests that

the public uses several standards to assess risk (cost-benefit analysis, revealed preferences, expressed

preferences, and calibrated values) and that future building codes should take all of these into account if

society’s preferences are to be effectively addressed. This remains a fruitful area for future research.

Even if one concedes that the current building codes provide a reasonable assessment of society’s

tolerance for risk acceptance, there are additional issues with life cycle cost analysis. Any structure

will start deteriorating from the day it is placed in service and, if not maintained, will continually

worsen over time. In a design situation, the optimization of a life cycle cost must consider the level

to which a structure should be designed and to what level it will be allowed to deteriorate before a

repair or replacement is needed. Should the reliability specified in the codes be an average reliability

over the lifetime of the structure (blifetime), the reliability to which a structure is designed (bdesign),
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or the threshold reliability below which a structure is not allowed to fall (bthreshold), or do multiple

reliabilities need to be specified? The answer to this question has not yet been adequately addressed and

remains a promising area of research.

EXAMPLE 36.4

A designer proposes two alternate life cycle plans (Plan A and Plan B) for a structure, as illustrated in

Figure 36.4. Which plan should the client accept?

Answer

There is not enough information available to decide. If the plans are to be evaluated on the average

reliability over the lifetime of the structure, the plans are equivalent since blifetime (i.e., 0.5(bminþ bmax))

is the same for both. Plan A initially designs the structure to a higher level of safety, which incurs greater

initial costs of construction and allows the structure to deteriorate to a lower level of safety, which

increases the likelihood of failure and thus incurs greater failure costs. Plan B, on the other hand, has a

narrower band of acceptable reliability and requires more frequent (and probably more costly) main-

tenance actions throughout the structural life. All estimated costs and the discount rate would be needed

to determine the better plan. In addition, the analysis needs to include societal standards to determine

a minimum acceptable value of bthreshold. A single value for reliability does not completely define the

problem.

36.3 Failure Cost

In most life cycle cost analyses, the failure cost represents the costs incurred by a structural failure

multiplied by the probability of failure. What appears to be a straight-forward concept can become quite

complex. Costs of failure may be expressed in terms of a point-in-time, annual, or lifetime cost

depending on the type of problem. The costs of failure can vary by orders of magnitude over the life of

the structure depending on the reliability range the structure is allowed to pass through.

EXAMPLE 36.5

Referring to the life cycle plans in Example 36.4 (see Figure 36.4), assume that for Plan A, bdesign¼ 4.0

and bthreshold¼ 2.0 and for Plan B, bdesign¼ 3.5 and bthreshold¼ 2.5. The cost if the structure fails is
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FIGURE 36.4 Alternate life cycle Plans A and B for a designated structure.
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expected to be $2 million. Compute the range of point-in-time failure costs for the two plans assuming

that the reliability index was computed using the standard normal variate:

Plan A

bdesign ¼ 4:0 �! pf ¼ 0:0000317 Costfailure ¼ $63

bthreshold ¼ 2:0 �! pf ¼ 0:0233 Costfailure ¼ $46,000

Plan B

bdesign ¼ 3:5 �! pf ¼ 0:000233 Costfailure ¼ $466

bthreshold ¼ 2:5 �! pf ¼ 0:00621 Costfailure ¼ $12,420

A lifetime cost of failure would need to account for how this cost changes over time. The more

controversial issue is what costs are included when computing the cost of failure.

EXAMPLE 36.6

The Highway Department commissioned a study to determine the costs associated with the failure of a

highway bridge that crosses the river going through the center of town. The study reported a failure cost

of $67 million broken down as follows:

Cost of clean-up. $1.2 million

Design cost of new bridge. $2.2 million

Cost of constructing a new bridge. $13.5 million

Expected cost of human injuries. $2.5 million (based on the estimated ten people injured and

relying on insurance actuaries to estimate a cost)

Expected cost of additional lawsuits. $5 million

Cost of accident investigation. $0.9 million

Cost of legislation and oversight to prevent similar occurrence. $2.7 million

User costs. $37.0 million (based on the 10,000 people using the bridge every day, who will lose

1 hour on alternate crossing means for 180 days, plus the additional commercial costs associated

with transporting goods on alternate routes)

Loss of goodwill and public trust. $2.0 million (almost impossible to evaluate)

What is a realistic cost of failure to use for a life cycle analysis?

Answer

There is no correct answer, which is why this cost is so controversial. The most rigid approach is for

the Highway Department to only count those costs that come out of its own budget and that have to be

paid directly. In that case, the failure cost would be the $16.9 million associated with the costs of clean-

up, establishing an alternate crossing, and providing a new bridge (i.e., $1.2 millionþ $2.2 millionþ
$13.5 million). In the extreme, a private owner might only consider the amount that insurance premiums

would rise as a result of a failure.

A more reasonable approach is to include those costs where money will change hands in some form.

The failure cost might then be $28 million, which includes everything except the goodwill and user costs.

It is typical for user costs to dwarf all other costs in a life cycle analysis, so a decision on whether or not to

use them is critical. Finally, there are others who would include additional costs that are not listed here,

and the failure cost might be higher than $67 million.

In most life cycle analyses, the failure cost, however it is computed, is treated as a deterministic quantity.

In reality, it is more uncertain and probabilistic than most other quantities in the analysis. Every cost listed

above has some uncertainty associated with it. Attempting to put a cost on a human life or injury is

a highly emotional, social, and political issue. Predicting the number of accident victims is highly

dependent on the circumstances associated with the structural failure. The cost of repercussions will also

depend on the details of the failure and whether the failure is an explainable isolated phenomenon
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or follows on the heels of other structural failures and generates public pressure for greater action.

The collapse of the Silver Bridge in 1967 resulted in the monumental bridge inspection and reporting

program in place today. If that cost was included in the failure cost of the Silver Bridge, it would add

substantially to the amount. If it was, it would also have to be offset by the benefit derived from a mandated

biennial bridge inspection program. Again, the point is that failure costs are hotly debated, highly

uncertain, and tremendously difficult to compute — another area ripe for future research.

Ayyub and Popescu (2003) have developed software that includes the probability of failure and con-

sequence assessment in deciding among competing projects. Reliability and failure consequences can be

considered along with cost, project criticality, use level, and societal preference in making a risk-informed

decision on an expenditure. An analytical hierarchy is established, and pairwise comparisons of the various

alternatives are made with respect to the relevant criteria. The results are comparison matrices and priority

vectors that provide a weighted summation that is used to prioritize the choices. This represents just one

attempt to incorporate the failure cost with other relevant criteria to make an optimal life cycle decision.

36.4 Condition Assessment and System Performance

Life cycle cost requires that the condition of a structure be assessed throughout its useful life. While it

would be possible to track the factor of safety as a structure deteriorates and experiences different loads

over time, reliability methods are much more reasonable — especially if a probability of failure is needed

to compute the failure cost. Since the fundamentals of a reliability analysis are covered in Section II,

Chapter 12 of the Handbook, they are not repeated here. To summarize, if the capacity, R, and the

demand, L, are random and the uncertainties can be quantified, then the reliability or probability of safe

performance, ps, can be expressed as

ps ¼ PðR � L > 0Þ ¼
ZZ

R> L

fR,Lðr, lÞ dr dl

where fR(r) and fL(l ) are the probability density functions (PDFs) of R and L, respectively and fR,L(r, l)

is their joint PDF. A limit state function, g(X)¼ 0, describes the performance of the system in terms of

the vector of basic random variables, X, and defines the failure surface, which separates the survival

region from the failure region.

While current design codes focus on designing for specific components and failure modes, structural

systems may have multiple components or failure modes. There are many advantages in quantifying the

interrelationship between these components and analyzing a structure as an entire system. For example,

a system analysis can reveal that some repairs are more important than others. It may also indicate that

while each individual component of a structure may have adequate safety, the structure as a whole may

still be unsafe.

36.4.1 Series Systems

A series system, also called a weakest-link system, fails when any individual member in the system fails.

A chain is only as strong as its weakest link — and that is only true if the failure events are perfectly

correlated. If a series system is treated as a series of z elements, the probability of failure of the system pf is

written as the probability of a union of events:

pf ¼ p

�[z
a¼1

fgaðXÞ � 0g
�

where
Sz

a¼1fgaðXÞ � 0g is the union of all z failure mode events. Depending on the correlation between

the failure modes, the possible range of values for pf are (Cornell 1967)

max½ pf ðaÞ� � pf � 1�
Yz

a¼1

ð1� pf ðaÞÞ
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The lower bound occurs when the failure modes are perfectly correlated (r¼ 1.0) and the upper bound

when they are statistically independent (r¼ 0.0), where r is the correlation coefficient between the safety

margins of any pair of failure modes. Ditlevsen (1979) developed tighter bounds using joint-event

probabilities, which accounted for failure mode correlation.

EXAMPLE 36.7

A series system consists of three components, where the probability of failure of each individual com-

ponent is pf¼ 0.01. What is the probability of failure of the system if the failure modes are independent?

If they are perfectly correlated?

Answer

If the three failure modes are independent, so the correlation is r¼ 0.0, the failure probability of the

system is

pf ,series ¼ 1:0� ð1:0� 0:01Þð1:0� 0:01Þð1:0� 0:01Þ ¼ 0:0297

If the three failure modes are perfectly correlated, so the correlation is r¼ 1.0, the failure probability of

the system is pf,series¼ 0.01.

36.4.2 Parallel Systems

A parallel system, also called a redundant or fail-safe system, requires every individual member to

fail for the system to fail. A parallel system is at least as safe as its most reliable member. The probability

of failure of a parallel system is the probability of an intersection of failure events:

pf ¼ p

�\z
a¼1

fgaðXÞ � 0g
�

where
Tz

a¼1 fgaðXÞ � 0g is the intersection of all z failure mode events.

The possible range of values for this system failure probability are (Ang and Tang 1984)

Yz

a¼1

ð1� pf ðaÞÞ � pf � min½ pf ðaÞ�

where the lower bound results from mutual independence and the upper bound from perfect correla-

tion. These bounds are often too wide to provide a useful solution. An alternative approach is to reduce

all random variables to their equivalent normal distributions and solve the n-dimensional joint

standardized distribution integral (Thoft-Christensen and Murotsu 1986):

pf ¼
Z 1
b1

Z 1
b2

. . .

Z 1
bz

1

ð2pÞz=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det½rsys�

q e�1=2fbg½rsys�
�1fbgT

dfbg

where fbg ¼ fba, bb, . . . , bzg, rsys is the system correlation matrix, and z is the number of members in

the parallel system.

EXAMPLE 36.8

A parallel system consists of three components where the probability of failure of each individual

component is pf¼ 0.01. What is the probability of failure of the system if the failure modes are inde-

pendent? If they are perfectly correlated?

Answer

For a parallel system consisting of three components whose individual probabilities of failure are pf ¼ 0.01,

the system failure probability is upper bounded (first-order) by pf,parallel¼min(pf1, pf2, pf3)¼ 0.01 if
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the three failure modes are perfectly correlated, and it is lower bounded (first-order) by pf,parallel¼
(0.01)(0.01)(0.01)¼ 0.000001 if the three failure modes are independent. As indicated in this simplified

example, there can be huge errors if correlation is neglected.

36.4.3 General Systems

Many general engineering systems can be modeled as a combination of series and parallel systems.

For example, a series of y parallel systems where each parallel system a has za components would have

a probability of failure expressed as

pf ¼ p

�[y
a¼1

\za

b¼1

fgabðXÞ � 0g
�

where gab(X) identifies the limit state equation for a specific component in the system model. Most

complex systems can be sequentially broken down into simpler equivalent subsystems. The reliabilities of

a series subsystem and parallel subsystem are solved individually as described above using the reliabilities

and direction cosines at the points of failure of individual components. An example of how a series–

parallel system is reduced is shown in Figure 36.5. The system shown contains six components (1–6).

Initially, the two parallel subsystems are reduced to equivalent components (7 and 8) that formed part of

a series system. The series system is then reduced to a single equivalent component (9). The correlation

of the equivalent components is computed using equivalent alpha vectors that are a function of the

equivalent direction cosines as described in Estes and Frangopol (1998). Any structural system that can

be modeled as a combination of series and parallel components can be analyzed.

EXAMPLE 36.9

The three-bar indeterminate truss shown in Figure 36.6 (Estes 1997; Estes and Frangopol 2001b) is

modeled as a series–parallel system where the failure of any two bars will cause failure of the system. Let

the event ‘‘Bar 2 j 1’’ indicate failure of bar 2 given that bar 1 has already failed, and let ‘‘Bar 1’’ indicate

failure of bar 1. The resistances of the three perfectly ductile bars are assumed random variables as follows:

Rbar1 �! N ½15, 1:5�, Rbar2 �! N ½15, 1:5�, Rbar3 �! N ½10, 1:0�

where N[10, 1.0] indicates that the variable is normally distributed with a mean value of 10 kN and

a standard deviation of 1.0 kN. The load on the truss P is also a random variable with parameters

4

1 5

4
2

1 5
6

7 8

9

9

3

7 8

FIGURE 36.5 Reduction of a series–parallel system to a single equivalent component. (Estes and Frangopol 2001b.

Reprinted with permission from the Computational Structural Engineering Institute.)
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N[20, 4.0], where 20 and 4.0 are the mean and standard deviation (in kN), respectively. The resistances

are independent. The limit state equations that describe the components in the series–parallel model are

(Estes and Frangopol 2001b)

1. Prior to any bars failing (Bar 1, Bar 2, Bar 3)

gð1Þ ¼ R1ð2:0A1A3 þ
ffiffiffi
2
p
ðA1A2 þ A3A2ÞÞ �

ffiffiffi
2
p

PA1ðcos yþ sin yÞ � 2:0PA2 cos y ¼ 0

gð2Þ ¼ R2ð2:0A1A2 þ
ffiffiffi
2
p
ðA1A2 þ A3A2ÞÞ �

ffiffiffi
2
p

PððA1 � A3Þ cos yþ ðA1 þ A3Þ sin yÞ ¼ 0

gð3Þ ¼ R3ð
ffiffiffi
2
p

A1A3 þ A1A2 þ A3A2Þ þ PðA3 sin y� A3 cos y�
ffiffiffi
2
p

A2 cos yÞ

2. Given failure of bar 1 (Bar 2 j 1, Bar 3 j 1)

gð4Þ ¼ R2A2 � Pðsin yþ cos yÞ þ
ffiffiffi
2
p

R1A1 ¼ 0

gð5Þ ¼ R3A3 � P
ffiffiffi
2
p

cos yþ R1A1 ¼ 0

3. Given failure of bar 2 (Bar 1 j 2, Bar 3 j 2)

gð6Þ ¼ R1A1 �
ffiffiffi
2
p

=2ðPðsin yþ cos yÞÞ þ R2A2 ¼ 0

gð7Þ ¼ R3A3 �
ffiffiffi
2
p

=2ðPðcos y� sin yÞÞ þ R2A2 ¼ 0

4. Given failure of bar 3 (Bar 1 j 3, Bar 2 j 3)

gð8Þ ¼ R1A1 � P
ffiffiffi
2
p

cos yþ R3A3 ¼ 0

gð9Þ ¼ R2A2 � Pðsin yþ cos yÞ þ
ffiffiffi
2
p

R3A3 ¼ 0

Answer

Using first-order reliability methods the reliability indices for the three individual bars are found to be

bbar1¼ 3.48, bbar2¼ 7.42, and bbar3¼ 3.90. The reliability of the series–parallel system bsystem¼ 4.19.

These reductions and computations were performed using RELSYS (RELiability of SYStems) (Estes and

Frangopol 1998), a computer program developed at the University of Colorado. Due to the parallel

nature of the model, the reliability of the system was greater than the reliability of two of the bars. The

most critical link in the simplified series system was the one involving bars 1 and 3 in parallel, which is

why the system reliability was so much lower than the reliability of bar 2. Correlation between failure

A1

Bar 2 Bar 3Bar 1 L

LL

Bar 1 Bar 1 Bar 2 Bar 2 Bar 3 Bar 3 

� = 30°
P

A2 A3

Bar 2 | 1 Bar 3 | 1 Bar 1 | 2 Bar 3 | 2 Bar 1 | 3 Bar 2 | 3

FIGURE 36.6 Three-bar indeterminate truss modeled as a series–parallel system. (Estes and Frangopol 2001b.

Reprinted with permission from the Computational Structural Engineering Institute.)
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modes improves the reliability of a series system and decreases the reliability of a parallel system.

Although the resistances are independent, the failure modes are correlated because the same load

source P was common to all three bars. Estes and Frangopol (2001b) examine the performance and

maintenance of this truss system over time.

In a life cycle cost analysis, the system reliability index accounts for the degree of redundancy and extra

safety in a structure. As seen in AASHTO (1998), the importance, ductility, and redundancy of a

structure all affect the allowable safety level of a structure. For system performance purposes, Frangopol

et al. (1992) classified structural redundancy based on a system redundancy measure (asystem) and a

redundancy range (gsystem), where

asystem ¼ bsystem � bweakest member

gsystem ¼ bstrongest member � bweakest member

Based on these probabilistic measures, structural systems are classified as follows:

Very redundant systems

asystem>gsystem�0

Redundant systems

gsystem�asystem>0

Nonredundant systems

asystem�0

EXAMPLE 36.10

Based on the classification system above, categorize the redundancy of the truss shown in Example 36.9.

Answer

asystem ¼ 4:19� 3:48 ¼ 0:71

gsystem ¼ 7:42� 3:48 ¼ 3:94

Since gsystem� asystem> 0, the truss structure is classified as redundant.

36.5 Damage and Deterioration

A life cycle cost analysis for a structure requires a number of assumptions about the loading, resistance,

and deterioration. In general, a structure will begin to deteriorate and experience reliability reduction

from the day it is placed in service. A predictive model is needed to estimate how the loads and

resistances will change over time. The deterioration model is usually derived theoretically, obtained

from laboratory data, or extrapolated from the behavior of similar structures under similar conditions.

These models predict future performance over several decades and are the basis for optimum life cycle

inspection and repair planning. Common deterioration mechanisms include corrosion, fatigue,

rotting, and spalling, among others.

EXAMPLE 36.11

A structural engineer is designing a retaining wall where the main structural members are exposed,

unpainted steel I-beams located in the downtown area. In performing a life cycle cost analysis of the

structure, the designer needs to predict the degree of section loss in the beams over time due to corrosion.

Corrosion is a common deterioration mechanism that is difficult to predict since it is dependent on the

type of steel, the local environment, the presence of moisture, and even the location of the steel member

Life Cycle Evaluation and Condition Assessment of Structures 36-13

Copyright 2005 by CRC Press



in the structure. Ideally, the designer would prefer to allow samples of the same type of steel that is used

in the project to corrode over time under the same conditions as the proposed structure and use those

data to develop a deterioration model. However, it is costly and time consuming to obtain this infor-

mation. A literature search reveals that Albrecht and Naeemi (1984) developed a commonly referenced

corrosion propagation model that predicts the average corrosion penetration C(t) (mm) at any time

t (years) as follows:

CðtÞ ¼ AtB

where A and B are regression parameters based on the environment and type of steel. For carbon steel in

an urban environment, A has a mean value of mA¼ 80.2 and a standard deviation of sA¼ 33.68, while

mB¼ 0.593 and sB¼ 0.24. The correlation coefficient between A and B is rA,B¼ 0.68. What is the

estimated section loss after 10 years? After 20 years?

Answer

A probabilistic analysis using Monte Carlo simulation with @RISK software (Palisade 2003) (100,000

simulations) reveals a distribution for C(t) that looks lognormal in shape and has the parameters shown

in Table 36.1. In all cases, the uncertainty in the result, as indicated by the extremely large standard

deviation, is quite high and increases with time. Column (1) represents the values if the correlation

between A and B is not included in the analysis. Column (2) includes the correlation, and Column (3)

truncates the distribution for A at 0.0 on the lower end to prevent any results that show a thickness

increase due to corrosion. Such results can be quite different depending on the tools that the analyst

chooses to use. The information derived from these tools is not exact, and there is no guarantee that

the model from the literature matches how the retaining wall will actually behave. Still, the model

provides a reasonable predictive tool to make an estimate, but in each case, the analyst needs to

understand its limitations.

EXAMPLE 36.12

The support beams in the retaining wall in Example 36.11 are European wide-flange beams HE 180 M

having a yield strength of 355 MPa. The initial dimensions of the beam as shown in Figure 36.7 are

b¼ 186 mm, h¼ 200 mm, tw¼ 14.5 mm, and tf¼ 24 mm. Apply the thickness loss from Example 36.11

to reflect the loss in moment capacity in the I-beam after 10 years. After 20 years.

Answer

The plastic moment capacity of the beam is the product of the yield strength and the plastic section

modulus. Because the beam and the assumed corrosion pattern as shown in Figure 36.7 are symmetrical,

the neutral axis is located at the centroid of the beam and does not shift. The plastic section modulus (Z )

is the first moment of area about the neutral axis:

Z ¼ 2ðy1A1 þ y2A2Þ

TABLE 36.1 Thickness Loss on Retaining Wall Support Beam Due to Corrosion, Based on Albrecht and

Naeemi (1984) Model

Thickness loss C(t)

t

(years)

r¼ 0.0

(1)

r¼ 0.68

(2)

r¼ 0.68a

(3)

m (mm) s (mm) m (mm) s (mm) m (mm) s (mm)

10 366 283 423 409 426 408

20 614 603 739 908 743 904

a Distribution of A is truncated.
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where

A1 ¼ ð0:5 h � tf þ dcorrÞðtw � 2dcorrÞ
y1 ¼ 0:5ð0:5h � tf þ dcorrÞ
A2 ¼ ðb � 2dcorrÞðtf � 2dcorrÞ
y2 ¼ 0:5h � dcorr � 0:5tf

dcorr ¼ CðtÞ=1000

Applying a bias factor of 1.11 and the coefficient of variation of 0.12 for the yield strength of steel

(Nowak and Collins 1995), the yield strength of steel is a normally distributed variable with a mean of

394 MPa and a standard deviation of 47.2 MPa. Simulation using these parameters provides a moment

capacity for the beam shown in Table 36.2.

EXAMPLE 36.13

Assuming that the load effect (i.e., maximum moment caused by the load on the member) on the

retaining wall beam is normally distributed with a mean value of 250 kN m and a standard deviation of

25 kN m, assess the condition of the support beam from Example 36.12 in terms of probability of failure

at years 10, 20, and 40.

FIGURE 36.7 Dimensions necessary for computing the plastic section modulus (Z) on a corroding wide-

flange beam.

TABLE 36.2 The Plastic Moment Capacity at Various Points in Time of a Retaining Wall Support Beam that is

Deteriorating Due to Corrosion

Plastic section

modulus, Z

(cm3)

Yield strength, Fy

(MPa)

Plastic moment

capacity, Mcapacity

(kN m)

Time (years) m s m s m s

0 869 0 394 47.2 342 41.0

10 830 37.2 394 47.2 327 41.9

20 802 78.6 394 47.2 316 49.0

40 754 159 394 47.2 297 72.7
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Answer

The probability of failure (pf) is the probability that the demand will exceed the capacity. In this case,

the relevant failure mode is bending, so pf¼ p(Mdemand�Mcapacity). The limit state equation that defines

the failure surface is g(X)¼X1�X2¼ 0, where X1¼Mcapacity and X2¼Mdemand. Because both are

assumed to be normally distributed, the results are as follows:

Year 0

b ¼
mCapacity � mDemandffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

Capacity þ s2
Demand

q ¼ 342� 200ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
41:12 þ 202
p ¼ 3:107 �! pf ¼ 0:000946

Year 10

b ¼ 327� 200ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
41:92 þ 202
p ¼ 2:735 �! pf ¼ 0:003115

Year 20

b ¼ 316� 200ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
492 þ 202
p ¼ 2:192 �! pf ¼ 0:014197

Year 40

b ¼ 297� 200ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
72:72 þ 202
p ¼ 1:286 �! pf ¼ 0:099142

While the loss in plastic section modulus may not appear extreme, the probability of failure has

increased dramatically with time.

This example shows how reliability can be computed at points in time for a deteriorating structure.

The example was greatly simplified as it assumed that all distributions were normal and that the load did

not change over time. It ignored extreme loading events and other failure modes, all of which must be

accounted for in a real world problem.

36.6 Time-Dependent Reliability

The methods described above apply to computing the reliability of a structure at a specific point in time.

When attempting to make decisions about a structure over its useful life, time becomes an important

variable. If the future load and resistance of the structure can be predicted, the simplest approach is

a point-in-time method where the reliability is computed at various specific times in the future. A trend

is established, and the structure is planned for a repair when the reliability falls below an acceptable

target reliability level. Loads tend to increase over time, and the resistance tends to decrease as the

structure deteriorates, so the overall reliability can generally be expected to decrease over time.

A weakness of this approach is that it fails to account for previous structural performance.

A more accepted, yet increasingly complex, approach to time-dependent reliability is to compute the

probability that a structure will perform safely for a specified period of time (Enright and Frangopol

1998a,b). Whereas reliability is defined as the probability that an element is safe at one particular time,

the survivor function S(t) defines the probability that an element is safe at any time t :

SðtÞ ¼ PðT� tÞ ¼ psðtÞ
where the random variable T represents time and t� 0. The probability that a failure, pf(t), takes place

over a time interval Dt is expressed as

f ðtÞDt ¼ P½t1<T� t1 þ Dt �
where the PDF f (t)¼ �S 0(t). It is assumed that the derivative S 0(t) exists. The probability of failure

between times ta and tb is

Pðta�T� tbÞ ¼
Z tb

ta

f ðtÞ dt
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The reliability is often expressed in terms of a hazard function, H(t), also called the instantaneous

failure rate, the hazard rate, or simply the failure rate. The hazard function expresses the likelihood of

failure in the time interval t1 to t1þ dt given that the failure has not already occurred prior to t1 and can

be expressed as

HðtÞ ¼ f ðtÞ
psðtÞ

¼ ��S 0ðtÞ
SðtÞ ¼ �

1

psðtÞ
dpsðtÞ

dt

Thus, the hazard function is the ratio of f (t) to the survivor function S(t). All hazard functions must

satisfy the nonnegativity requirement. Their units are typically given in failures per unit time. Large and

small values of H(t) indicate great and small risks, respectively (Leemis 1995).

EXAMPLE 36.14

For the deteriorating retaining wall beam in Example 36.13, use the hazard function to determine the

probability that the retaining wall will fail in its 20th year if it has not failed earlier. Table 36.3 shows the

hazard functions in 2-year increments based on the following computations:

psðtÞ ¼ psð0Þ ¼ 1:0� pf ð0Þ ¼ 1:0� 0:000946 ¼ 0:999054

dpsðtÞ
dt
¼ dpsð2Þ

dt
¼ ð0:998844� 0:999054Þ

2� 0
¼ �0:00011

HðtÞ ¼ Hð2Þ ¼ �1

psð2Þ
dpsð2Þ

dt
¼ �1ð�0:00011Þ

0:998844
¼ 0:000105

The graph of the hazard function is shown in Figure 36.8 Because the numerical differentiation causes

uneven jumps in the curve, a best fit line through the points, often by fitting a Weibull distribution to the

points, provides a smooth curve. Therefore, as shown in Table 36.3, the hazard rate at year 20, provided

by best fit, is H(20)¼ 0.001951.

EXAMPLE 36.15

The retaining wall in the previous example has survived and performed well without maintenance for

19 years. In developing his annual budget, the owner is trying to decide whether this is a cost-effective

time to replace the support beams in the structure. The replacement cost for new supporting beams is

$67,000. The new support beams are expected to have a service life of 20 years before they would need

replacing again. The discount rate r is 6%. If the wall fails, there are several possible consequences as

follows: (a) There is a 30% chance that the wall will simply bow excessively and there will be long-term

TABLE 36.3 The Hazard Function H(t) for the Support Beams in a Retaining Wall That Is Deteriorating

Due to Corrosion

Year

Reliability

index (b)

Probability of

failure (pf)

Probability of

survival (ps)

Derivative

(dps/dt)

Hazard

function

(H(t)) Best fit H(t)

0 3.107 0.000946 0.999054 — — —

2 3.047 0.001156 0.998844 �0.00011 0.000105 0.000098

4 2.987 0.001411 0.998589 �0.00013 0.000128 0.000137

6 2.912 0.001798 0.998202 � 0.00019 0.000194 0.000191

8 2.834 0.002297 0.997703 �0.00025 0.000250 0.000266

10 2.735 0.003115 0.996885 �0.00041 0.000410 0.000371

12 2.646 0.004073 0.995927 �0.00048 0.000481 0.000517

14 2.550 0.005381 0.994619 �0.00065 0.000657 0.000721

16 2.422 0.007717 0.992283 �0.00117 0.001177 0.001004

18 2.312 0.010399 0.989601 �0.00134 0.001355 0.001400

20 2.192 0.014197 0.985803 �0.0019 0.001926 0.001951
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warning that something is wrong. The entire wall would need to be replaced, control measures would be

installed, and an accelerated schedule would result for an estimated cost of $200,000. (b) There is a 50%

chance that the wall will fail catastrophically, slide down the hill, but not spill onto the roadway below.

The cost associated with a clean-up, immediate repair, and delaying of traffic while the project is under

way is $450,000. (c) There is a 15% chance that the wall would fail catastrophically, extend onto the

highway below, and cause accidents. The estimated cost for this scenario is $1.2 million. (d) There is a 5%

chance of resulting injuries and fatalities, which raises the estimated cost to $3.6 million. From a purely

financial perspective, should the owner replace the wall this year?

Answer

The probability that the wall will fail this year given that it has not failed already is provided by the

hazard function in Table 36.3 as H(t)¼H(20)¼ 0.001951. The expected cost of failure is illustrated in

the event tree in Figure 36.9 and calculated as

EðCostfailureÞ ¼ 0:30ð$200,000Þ þ 0:50ð$450,000Þ þ 0:15ð$1,200,000Þ þ 0:05ð$3,600,000Þ
¼ $645,000

EðCostyear 20Þ ¼ $645,000ð0:001951Þ þ $0ð1� 0:001951Þ ¼ $1,242

This value represents the annual cost of keeping the retaining wall in service in its present state. In this

example, no maintenance is assumed, and thus there is no cost associated with the wall performing as

intended.

The annual cost of the support beam replacement is obtained by converting the present value of the

$67,000 replacement cost (Cpv) to an annual cost (Cannual) over the expected 20-year life.

Cannual ¼
Cpvrð1þ rÞn

ð1þ rÞn � 1
¼ $67,000ð0:06Þð1þ 0:06Þ20

ð1þ 0:06Þ20 � 1
¼ $5,841

The beam replacement is not justified at this time based on the comparative annual costs of the

alternatives (i.e., $5841> $1242). This methodology is used by the Army Corps of Engineers to justify

major rehabilitation projects on structures (USACE 1996).

EXAMPLE 36.16

Based on the information in Example 36.15, what is the annual probability of failure that would justify

a replacement of the retaining wall support beams? When is this expected to occur?
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FIGURE 36.8 The hazard function for a retaining wall beam over a 20-year period.
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The annual probability of failure that would justify the support beam replacement is $5,841/

$645,000¼ 0.0091. By continuing the analysis in Table 36.3, the best-fit values for H(28)¼ 0.0074 and

H(30)¼ 0.0103 indicate that the replacement should be justified by the 30th year of service.

36.7 Inspection

The reliability of a structure that is forecasted over several decades is only as valid as the input data and

models that support it. Despite the best intentions, a deterioration model taken from the literature

or from the behavior of a similar structure under similar conditions could be grossly inaccurate.

A systematic inspection program is needed to verify that the structure is behaving as predicted and to

provide new data to modify the prediction models if it is not. Inspections can be expensive, so it becomes

important to schedule them to optimize the benefit of the information gathered through inspections.

36.7.1 Nondestructive Evaluation Inspection

A nondestructive evaluation (NDE) inspection that is targeted for specific information and does not

damage the structure is usually the preferred type of inspection. The information obtained from these

inspections is not readily observable and often correlates with a specific defect such as fatigue cracks in

members, corrosion of girders, or deterioration of concrete. These techniques (AASHTO 1994) can

include radiography, acoustics travel tomography (Bond et al. 2000; Kepler et al. 2000), ultrasonics,

thermography, or electric potential, among others. In some cases, such as the thickness of corrosion on

exposed steel, a direct measurement is made. In other cases where a defect is hidden, such as scaling of

concrete, acoustics travel tomography, thermography, or radar are useful to infer damage. Special

methods are used when there is a high degree of correlation between a test result such as electric potential

or an acoustical sounding and the defect being sought such as the presence of corrosion in the steel

reinforcement of a concrete structure. Sometimes several techniques may be used in combination to

improve the confidence in the structural condition. For example, magnetic particle tests, dye penetrants,

and ultrasonics are all useful methods to detect fatigue cracks, and if similar conclusions are reached by

all three methods, the credibility of the results is enhanced.

Wall bows

No spill on
highway

Causes
accidents

Causes
fatalities

$200,000

$450,000

$1,200,000

$3,600,000

No action
$0

Retaining
wall

Mdemand > Mcapacity

Mdemand < Mcapacity

Corrosion

0.30

0.50

0.15

0.05

0.001951

0.998049

FIGURE 36.9 Event tree that describes the failure consequences and costs associated with the failure of a

retaining wall.
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Future trends include adaptive computer networks, innovative sensors and wireless technology that

will be able to offer continuous monitoring and automated diagnostics on critical structures. In all cases,

a probabilistic analysis must account for the ability of the equipment to detect a specific level of damage

or distress. Similarly, false positives, where the equipment indicates damage where none exists, must be

considered.

EXAMPLE 36.17

A local Department of Transportation (DOT) management policy is to replace its concrete bridge decks

when there is active corrosion in 50% of the deck. A serviceability failure in concrete decks is often

determined by the amount of active corrosion in the steel reinforcing. The expansion due to corrosion

causes concrete to spall, which reduces driving speeds, increases accident hazards, and eventually

requires replacement of the deck. The half-cell potential test is used to detect active corrosion in concrete

slab reinforcement by measuring the electric potential difference between a standard portable copper–

copper sulfate half-cell placed on the surface of the concrete and the embedded reinforcing steel.

According to ASTM (1987), if the potential difference reading is more positive than �200 mV, there is

a greater than 90% probability that corrosion activity is not taking place in that area. Similarly, if

the potentials of an area are more negative than �350 mV, there is a greater than 90% probability that

corrosion activity is taking place. For electric potential readings that fall in between those ranges,

corrosion activity is more uncertain.

In an effort to better quantify the uncertainty, Marshall (1996) compiled the half-cell potential data

from 89 different bridges. The PDF of half-cell potentials in areas where the deck was known to be

undamaged (i.e., there was no reinforcement corrosion) was a normal distribution with a mean value of

�207 mV and a standard deviation of 80.4 mV. Similarly, the PDF for half-cell readings in damaged

areas of deck was found to be N[�354 mV, 69.7 mV] as shown in Figure 36.10. The overlap of the two

PDFs indicates a significant risk of misinterpretation of actual readings based on half-cell potential

mapping.
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FIGURE 36.10 Probability density functions (PDFs) of half-cell potentials in areas where the deck is known to be

damaged and undamaged.
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In a half-cell potential test for a bridge deck, readings were taken at eight locations evenly spread

throughout the deck. The potential difference readings in (mV) were �200, �225, �297, �300, �305,

�310, �197, and �330. What is the probability of active corrosion at each of these locations? Estimate

the percentage of damage to the deck. Does it need to be replaced at this time?

Answer

The probability of damage (pdam) at one of the readings can be determined as

Pdam ¼
pdf bad-x

pdf bad-x þ pdf good-x

where pdfbad-x and pdfgood-x are the values of the density distributions in Figure 36.10 for the damaged

and undamaged decks for a half-cell reading of x, respectively. Because the distributions in Figure 36.10

are both normal, the probability of damage when the half-cell reading is�200 mV is obtained as follows:

pdf good-ð�200 mVÞ ¼
1

s
ffiffiffiffiffi
2p
p e�ð1=2Þððx�mÞ=sÞ2 ¼ 1

80:4
ffiffiffiffiffi
2p
p e�ð1=2Þðð200�207Þ=80:4Þ2 ¼ 0:004943

pdf bad-ð�200 mVÞ ¼
1

69:7
ffiffiffiffiffi
2p
p e�ð1=2Þðð200�354Þ=69:7Þ2 ¼ 0:000432

pdam ¼
0:000432

ð0:000432þ 0:004943Þ ¼ 0:080

The results for the other seven readings are computed in a similar manner and are shown in Table 36.4.

The assessed percentage of damage over the deck (pdam deck) would be the weighted average of the

probabilities of damage:

pdam deck ¼
Pn

i¼1 pdam i

n
¼ ð0:080þ 0:156þ 0:573þ 0:591þ 0:621þ 0:651þ 0:074þ 0:752Þ

8
¼ 43:7%

where i is an individual half-cell reading and n is the total number of readings taken. According to

the repair policy, the deck does need to be replaced until pdam deck¼ 0.50, but at pdam deck¼ 0.437, it is

getting close.

There are three main sources of uncertainty that need to be quantified with an NDE inspection: (a) the

quality of the inspection equipment and its ability to accurately read whatever measurement is being

taken, (b) the correlation between whatever the equipment is measuring and the presence of an actual

defect, and (c) the ability to assess the condition of an entire structure based on a finite number of

readings. In Example 36.17, the accuracy of the equipment and whether eight evenly spaced readings

were sufficient to assess the condition of the entire deck were not addressed. For a probabilistic analysis

and an update of a structure’s reliability, these uncertainties should all be quantified and considered.

Such data are not readily available for most NDE techniques, are often difficult to obtain, and remain a

bountiful area for continued research. Estes and Frangopol (2001c) used these half-cell results to

optimize maintenance planning for an existing concrete deck.

TABLE 36.4 Probability of Damage for Various Half-Cell Potential Readings on a Reinforced Concrete Deck

Half-cell

reading

(�mV)

Probability density

distribution for undamaged

deck, pdfgood-x

Probability density

distribution for damaged

deck, pdfbad-x

Probability of

damage, Pdam

200 0.004943 0.000432 0.080

225 0.004839 0.000895 0.156

297 0.002652 0.003552 0.573

300 0.002542 0.003675 0.591

305 0.002361 0.003876 0.621

310 0.002184 0.004066 0.651

197 0.004924 0.000393 0.074

330 0.001540 0.004676 0.752
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36.7.2 Visual Inspection — Condition Ratings

Many structures undergo periodic, formalized visual inspections that assess the overall condition of a

structure. The Federal Highway Administration (FHWA 2002), for example, requires that every bridge

in the National Bridge Inventory be inspected every 2 years and is given a numerical rating ranging from

9 (best) to 1 (worst). Similarly, the Army Corps of Engineers uses a 100-point condition index system to

classify lock and dam structures based on a visual inspection (Stecker et al. 1997).

The inspection results come from inspector observations rather than a series of specific tests. The

advantages of visual inspections are that they are easy to conduct, require minimal equipment, are not

overly time consuming, and are economical. The primary disadvantage is that a visual inspection only

discovers surface effects and the minimum detectable flaws are often a function of lighting, visual acuity,

viewing angle, and inspector accessibility to the defect (FHWA 1986). Furthermore, the numerical rating

is often based on a vague word description. Without making some assumptions, it would be impossible

to translate those condition ratings into useful information for a reliability analysis. In the absence of any

other information, these visual inspections can be useful.

EXAMPLE 36.18

A bridge engineer is attempting to update the life cycle maintenance plans for the managed

highway bridges. When the bridges were designed, the girders were scheduled for replacement based

on the reliability after a specific degree of corrosion deterioration. There is neither time nor money to

perform a specific inspection on every bridge, but the records of the mandated biennial visual

inspections are available. The State DOT has implemented the PONTIS Bridge Management System

(PONTIS 1995), which assigns specialized condition ratings to virtually all bridge components.

One of the components is Element 107 (Painted Open Steel Girders) which is classified into one of

five condition states as shown in Table 36.5 (CDOT 1995; Estes and Frangopol 2003). The

word description is a bit vague, so the bridge manager interviews the expert inspectors and

further quantifies the definitions of the condition states (CSs) as shown in the last two columns of

Table 36.5.

TABLE 36.5 CDOT (1995) Suggested Condition State (CS) Ratings for Element 107: Painted Open Steel

Girders (First Three Columns) plus Necessary Revisions (Last Two Columns) to Update Reliability

CS Description Rust code

Section lossa

(%)

Density

distributiona

1 No evidence of active corrosion; paint system sound

and protecting the girder

— 0–2 Lognormal

2 Slight peeling of the paint, pitting, or surface rust, etc. Light R1 0–5 Normalb

3 Peeling of the paint, pitting, surface rust, etc. R1 0–10 Normalb

4 Flaking, minor section loss (<10% of the

original thickness)

R2

10–30 Normalb

4 Flaking, swelling, moderate section loss

(>10% but <30% of the original thickness);

structural analysis not warranted

R3

5 Flaking, swelling, moderate section loss (>10% but

<30% of the original thickness); structural analysis not

warranted due to location of corrosion on member

R3

>30 Lognormal

5 Heavy section loss (>30% of original thickness);

may have holes through base metal

R4

a Not part of the PONTIS definition — created to quantify the observed corrosion.
b The normal distributions are truncated at zero.

Source: Estes and Frangopol 2003. Reprinted with permission from the American Society of Civil Engineers.
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For example, the bridge manager discovers that when an inspector classifies a girder as CS 2, there will

be somewhere between 0 and 5% section loss. Due to the training that the inspectors receive, they can be

expected to classify the bridge correctly 98% of the time. The bridge manager observes the inspection

results for three different girders. The first girder is given a rating of CS¼ 2. It was rated as CS¼ 1 during

the last inspection and has just made the transition to CS¼ 2. The second girder has been classified as

CS¼ 2 for the fourth consecutive inspection. The third girder has been classified as CS¼ 2 for the past

eight inspections. The bridge manager uses historical data on many similar bridges to determine that a

bridge typically remains in CS¼ 2 for 10.8 years before transitioning to CS¼ 3. What values for thickness

loss might the bridge manager use to conduct the reliability analysis and update the maintenance plan

for this bridge?

Answer

It is assumed that a girder enters a CS for the first time at the mean value of section loss associated with this

CS. CS 2 is assumed to be normally distributed and is correctly classified 98% of the time. The girder enters

this CS at mean section loss value m¼ 2.5%. Assuming that the incorrect inspector classifications (2%) are

evenly divided between 1% too low and 1% too high, the standard deviation of section loss is computed

using the cumulative distribution function of the standard normal variate F(s). Therefore, if the girder is

classified as CS¼ 2, the probability that all values of section loss are less than 5% is 0.99. Therefore,

pðloss < 5%Þ ¼ 0:99 ¼ F
loss� m

s

� �
¼ F

5:0%� 2:5%

s

� �

The standard deviation is therefore

s ¼ 5:0%� 2:5%

F�1ð0:99Þ
¼ 2:5%

2:33
¼ 1:074%

The standard deviation would have been higher if the quality of the inspectors had been lower and

vice versa. For the first girder that has just entered the CS, the percent section loss parameters are

N[2.5, 1.074]. As the girder remains longer in a given CS, it is assumed to deteriorate. Assuming linear

transition through the CS, the mean value of the distribution is expected to shift progressively higher

until it reaches 5% section loss as follows:

ð5:0� 2:5Þ%
10:8 years

¼ 0:23% per year

Girder 2 has been at CS¼ 2 for 6 years (i.e., four consecutive inspections that represent three inspection

intervals, each lasting 2 years). The mean value for the Girder 2 section loss is

m ¼ 2:5%þ 0:23% per year ð6 yearsÞ ¼ 3:89%

Assuming the same rate of mean section loss for all girders and a constant standard deviation of the

loss, the percent section loss distribution for Girder 2 is therefore N[3.89, 1.074]. Finally, Girder 3 has

remained at CS¼ 2 for 14 years (seven inspection intervals), which exceeds the expected 10.8-year

transition period. It would be unreasonable to assume a mean value of section loss greater than 5%

because an inspector would have logically classified such a girder as CS¼ 3. The percent section loss

distribution for Girder 3 is therefore N[5.0, 1.074] and will remain at that rating until an inspector rates

the girder into a higher CS.

This example illustrates just one approach to the problem. The bridge manager could have assumed a

constant coefficient of variation rather than a constant standard deviation throughout the CS. The object

is to make conservative assumptions and determine how a structure is actually behaving in relation to

the deterioration model that may have been postulated several decades earlier. While this approach is not

a substitute for a specified NDE inspection, it is better than no additional information. At least, it will

identify those structures where a more detailed inspection is needed. This approach has been used on an

actual highway bridge (Estes and Frangopol 2003) and on the miter gate for a navigational structure

(Estes et al. 2002, 2004).
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36.7.3 Inspection Optimization

Because targeted NDE inspections are time consuming and expensive, they should be planned and timed

for when they will produce the most benefit. Such an inspection will typically trigger a decision

on whether or not to make a repair. The timing of the inspection should coincide with when the

information is most needed.

EXAMPLE 36.19

A highway bridge is expected to have a service life of 45 years. The concrete bridge deck is not expected

to last that long and will potentially have to be replaced several times during the life of the bridge.

The reinforcing in the bridge deck is expected to corrode as chlorides from the deicing salts penetrate

the deck and reach a critical concentration at the reinforcing steel. The tensile forces resulting from the

corrosion expansion cause the bridge deck to spall. Based on the deterioration model provided in Estes

and Frangopol (2001c), the corrosion initiation time is a normally distributed variable with a mean value

of 19.6 years and a standard deviation of 7.51 years. The bridge deck will be replaced when there is active

corrosion over 50% of the bridge deck (see Example 36.17). The bridge manager plans for three lifetime

inspections using the half-cell potential test. The present value cost of replacing the bridge deck is

$225,600, and the cost of conducting the half-cell test is $1,072. Using a discount rate of 2% along with

the assumptions provided in Estes and Frangopol (2001c), what are the optimal inspection times for the

half-cell tests? What is the expected total cost of the inspections and deck replacements?

Answer

Every time an inspection is made, there will be a decision to replace the deck or not replace the deck.

With three lifetime inspections, there are eight possible repair/no repair paths available as shown in

Figure 36.11. The inspection times are determined by optimizing the minimum expected total lifetime

cost E(Ctot). The constraints are that the expected damage at each inspection time (t1, t2, and t3) and at

the end of service life (t4¼ 45 years) will be less than the maximum allowable damage of 50% active

corrosion. Additional constraints were added so that inspections must be at least 2 years apart, but not

more than 20 years apart. Using the optimization program ADS (Vanderplaats 1986), Figure 36.12

shows that the optimum inspection times were at t1¼ 10.05 years, t2¼ 19.76 years, and t3¼ 35.45 years

(Estes 1997; Frangopol and Estes 1999; Estes and Frangopol 2001c). The expected percentage of damage,

which is a weighted average of the eight possible paths in Figure 36.11, is shown for each time, t. The

probability of taking any given path is a function of the probability of failure at the time of inspection, as

shown in Figure 36.11. The most likely path, for example, was Branch 6, where the likelihood was 58.9%.

The path involves a single repair after the second inspection and no repair after the first and third

inspections. This reflects that the deck was 10.2% damaged at t1, 50.9% damaged at t2, and 30.1%

damaged at t3. Conversely, the least likely paths (0.1%) were Branch 1 and Branch 8, which are associated

with repair after every inspection and after none of the inspections, respectively. The expected damage

at any point in time E(Damage)(t) is equal to the sum over all possible branches of the event tree given

that the particular branch is taken as E[Damage(t) jBranchi] multiplied by the probability of taking that

branch Pbi
.

EðDamageÞðtÞ ¼
X2m

i¼1

E½DamageðtÞ jBranchi� � Pbi

where m is the number of inspections.

The minimized expected total cost E(Ctot) is the sum of the expected repair costs E(Crep) and the

inspection costs Cinsp. The inspection costs are the discounted actual costs of inspection:

Cinsp ¼
Xm

k¼1

Cinspk

ð1þ rÞtk
¼ $1,072

ð1þ 0:02Þ10:06 þ
$1,072

ð1:02Þ19:76 þ
$1,072

ð1:02Þ35:45 ¼ $2,045
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Branch 7 — 18.3%
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FIGURE 36.11 Event tree for the optimum inspection strategy for a 45-year bridge deck using three lifetime

inspections. (Estes and Frangopol 2001c. Reprinted with permission from Elsevier.)
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FIGURE 36.12 Optimum inspection strategy and expected damage for a bridge deck with 45 years of service life,

three lifetime inspections, and 2% discount rate. (Estes and Frangopol 2001c. Reprinted with permission from

Elsevier.)
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The expected cost of repair E(Crep) is the sum over all branches of the discounted replacement costs

associated with an individual branch CrepjBranchi
multiplied by the probability of taking that branch Pbi

.

EðCrepÞ ¼
X2m

i¼1

CrepjBranchi
Pbi

CrepjBranchi
¼
Xnr

j¼1

Crepj

ð1þ rÞtj
¼
Xnr

j¼1

$225,600

ð1þ rÞtj

where nr is the total number of repairs. Table 36.6 shows the repair costs associated with each inspection

and the expected cost associated with each path. The total expected cost of repair is $172,130. The total

expected cost is therefore

EðCtotÞ ¼ $172,130þ $2,045 ¼ $174,175

None of the eight paths as shown will actually be taken. After the first inspection, a decision to repair

or not repair will be made. Half of the branches on the tree will be eliminated, and the optimization will

be run again using the updated information. Frangopol and Estes (1999) and Estes and Frangopol

(2001c) provide more detail on this bridge deck example and methodology.

36.7.4 Updating

Once an inspection has been completed (whether it is NDE or visual), the information should be used to

update the assessment of structural condition, the load and deterioration models, and the future repair

and maintenance strategies. Bayesian updating techniques are very useful when faced with two sets of

uncertain information and a planner needs to know which to believe. Bayesian updating uses both the

prior information and the new inspection information to account for the relative uncertainty associated

with each (Enright and Frangopol 1999a).

Assume that prior to an inspection, a random variable Y was believed to have a density function

f 0(Y), where Y is the parameter of that distribution (i.e., the deterioration model). During an

inspection, a set of values x1, x2, . . . , xn representing a random sample from a population X with

underlying density function f (x) are observed and are fit to a new density function f (xi) (i.e., the

inspection results). The updated or posterior density function f 00(Y), which uses both sets of infor-

mation and provides the best use of both, can be expressed as (Ang and Tang 1975)

f 00ðYÞ ¼ kLðYÞf 0ðYÞ

TABLE 36.6 Expected Cost of Repair for Concrete Bridge Deck with 45 Years of Service Life, Three Lifetime

Inspections, and 2% Discount Rate

Discounted cost of repair
Probability Expected

Event tree

Repair 1,

t1¼ 10.05

Repair 2,

t2¼ 19.76

Repair 3,

t3¼ 35.45 Total

of taking

branch

cost of

repair

Branch 1 $184,887 $152,455 $111,805 $449,147 0.001 $449

Branch 2 $184,887 $152,455 0 $337,342 0.003 $1,012

Branch 3 $184,887 0 $111,805 $296,692 0.058 $17,208

Branch 4 $184,887 0 0 $184,887 0.005 $924

Branch 5 0 $152,455 $111,805 $264,260 0.160 $42,281

Branch 6 0 $152,455 0 $152,455 0.589 $89,796

Branch 7 0 0 $111,805 $111,805 0.183 $20,460

Branch 8 0 0 0 0 0.001 0

Total expected cost of repair $172,130

Source: Estes amd Frangopol 2001c. Reprinted with permission from Elsevier.
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where L(Y) is a likelihood function and k is a normalizing constant. For the case where both f 0(Y) and

f (x) are normally distributed, the posterior function f 00(Y) is also normally distributed and has the

mean value and standard deviation, respectively, as

m00 ¼ mðs0Þ2 þ m0ðsÞ2

ðs0Þ2 þ ðsÞ2
and s00 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs0Þ2ðsÞ2

ðs0Þ2 þ ðsÞ2

s

where m, m 0, and m 00 represent the mean values of the inspection results, the prior distribution, and the

posterior distribution, respectively. The values s, s 0, and s 00 represent the standard deviations of those

same distributions.

EXAMPLE 36.20

An engineer is attempting to update the reliability analysis of a miter gate on a navigation lock to justify a

major rehabilitation. The miter gate is supported by vertically framed steel beams that are corroding over

time. Separate deterioration models were used for the atmospheric zone of the gate, which is only

exposed to the air, and the splash zone, which is exposed to raising and lowering of the water in the lock

chamber. The predicted values for the mean and standard deviation of the thickness loss (in mm) after

50 years based on the deterioration models for the atmospheric zone are m¼ 298 and s¼ 197, respec-

tively. The splash zone is expected to corrode much faster, and its 50-year predicted loss is m¼ 5,085 and

s¼ 1,301. The miter gate undergoes a periodic visual inspection. With some conservative assumptions,

these visual inspections are converted to probabilistic quantities (Estes et al. 2004). The inspection

results reveal that the actual section loss is m¼ 285 and s¼ 151 and was about the same in both the

splash zone and the atmospheric zone. What updated values for section loss will be used in the updated

reliability analysis?

Answer

For the atmospheric zone, the posterior distribution is characterized by

m00 ¼ 285ð197Þ2 þ 298ð151Þ2

ð197Þ2 þ ð151Þ2
¼ 290

s00 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð197Þ2ð151Þ2

ð197Þ2 þ ð151Þ2

s
¼ 120

For the atmospheric zone, the posterior distribution is characterized by

m00 ¼ 285ð1,301Þ2 þ 5,085ð151Þ2

ð1,301Þ2 þ ð151Þ2
¼ 348

s00 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1,301Þ2ð151Þ2

ð1,301Þ2 þ ð151Þ2

s
¼ 150

Figure 36.13 (Estes et al. 2004) shows the prior, inspection, and posterior distributions for the cor-

rosion loss in both the splash zone and the atmospheric zone. Because of the high degree of corrosion

expected in the splash zone and its associated uncertainty, the inspection results dominated the posterior

distribution. The projected deterioration and its uncertainty were much less in the atmospheric zone.

The deterioration model and the inspection results received about equal weight in computing the

posterior distribution. Estes et al. (2002, 2004) provide a complete description of this example.
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36.8 Maintenance and Repair

Maintenance and repair are actions taken to slow a structure’s rate of deterioration, improve its

performance, and lengthen its useful life. The options range from preventive maintenance to partial

repairs to replacement of major components. For each option, the analyst needs to know the cost of

the remediation and its positive effect on the safety of the structure. Based on the answer, the analyst

needs to optimize the timing of the maintenance action and compare its benefits to other available

options. The situation will be different for every type of structure and deterioration.

The problem is illustrated conceptually in Figure 36.14 (Frangopol et al. 2001c), where under

ideal conditions, a structure would perform as intended without maintenance throughout its useful life.
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FIGURE 36.13 Bayesian updating based on inspection results for the atmospheric and splash zones on a corroding

miter gate. (Estes et al. 2004. Reprinted with permission from Elsevier.)
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Its reliability would decline over time due to a natural aging process, fair wear and tear on the structure,

or a gradual increase in the load on the structure and would not fall below an acceptable level during the

life of the structure. In reality, structures deteriorate, and various maintenance or repair actions can

improve the reliability. It may be preventive maintenance long before a deterioration becomes serious or

some form of essential maintenance to prevent the structure from falling below a critical performance

level (see Figure 36.14).

36.8.1 Preventive Maintenance

Preventive maintenance may delay the onset of deterioration. A fresh coat of paint will often prevent a

steel beam from corroding or a wooden support from rotting. This type of maintenance may also relieve

additional stresses on the structure by cleaning an expansion joint or lubricating a bearing. It is often

a continuous program with a predictable cost, but the benefits can be difficult to quantify.

Frangopol (1998) and Frangopol et al. (2001b) defined the eight random variable models associated

with every aspect of the preventive and essential maintenance processes. This model was successfully

applied to individual and groups of bridges in the United Kingdom and the United States (Frangopol

et al. 2001b; Frangopol 2003; Frangopol and Neves 2003; Neves and Frangopol 2004; Petcherdchoo et al.

2004). One example of application consisted of maintenance of 713 existing steel/concrete bridges

constructed between 1955 and 1998 in the United Kingdom (Frangopol et al. 2001b). Table 36.7

describes all the random variables considered in this example, and Table 36.8 lists their values with

Bridge age, years

Target

Actual

Pe
rf
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Ideal
Preventive
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Essential
maintenance

FIGURE 36.14 The effect of various types of maintenance on a typical structure. (Frangopol et al. 2001c.

Reprinted with permission from the International Association for Bridge and Structural Engineering.)

TABLE 36.7 Description of the Random Variables Incorporated into an Analysis of the Effects of

Preventive Maintenance

Variable Description

b0 Initial reliability index

tI Time of damage initiation

a Performance deterioration rate without maintenance

g Immediate improvement in reliability index after the application of preventive maintenance

tR Rehabilitation time (i.e., time at which the minimum acceptable reliability level is

reached without maintenance)

tPI Time of first application of preventive maintenance

tP Time of reapplication of preventive maintenance

tPD Duration of preventive maintenance effect on bridge reliability

y Reliability index deterioration rate during preventive maintenance effect

tRP Rehabilitation time associated with a preventive maintenance program (i.e., time at which the

minimum acceptable reliability level is reached considering preventive maintenance)
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respect to shear and moment failure modes of this group of bridges (Frangopol et al. 2001b). Figure 36.15

illustrates the distributions associated with these random values and a sample life cycle plan that shows

three applications of preventive maintenance (Frangopol et al. 2001b). Given these variables, Monte

Carlo simulation was used to obtain the distributions of the times when essential maintenance is

required (i.e., the so called rehabilitation time) with and without previous preventive maintenance

actions. The analysis provides the basis for planning the number and timing of preventive maintenance

activities to extend the service life of the group of bridges by the desired time period.

EXAMPLE 36.21

Using the mean values for the parameters in Table 36.8, devise a deterministic preventive maintenance

plan for a bridge with respect to shear that will extend its useful life by 10 years. Assume that the

minimum acceptable reliability index is btarget¼ 3.0. If each application of preventive maintenance costs

$3,000, what is the present value preventive maintenance cost using a discount rate of 4%?

TABLE 36.8 Random Variable Parameters for Preventive Maintenance Based on Database of Existing Bridges

Random

variable

Distribution

type

Failure mode

Shear parameters Bending parameters

(1) (2) (3) (1) (2) (3)

b0 Lognormal 8.5 1.5 — 7.5 1.2 —

tI (years) Lognormal 15 5 — 15 5 —

a (years�1) Uniform 0.005 0.20 — 0.002 0.10 —

tPI (years) Lognormal 20 5 — 20 5 —

tP (years) Triangular 10 15 20 10 15 20

tPD (years) Lognormal 10 2 — 10 2 —

y (years�1) Uniform 0.00 0.05 — 0.000 0.025 —

g Lognormal 0.2 0.04 — 0.2 0.04 —

Note: Distribution parameters — lognormal: (1) mean value and (2) standard deviation; uniform: (1) minimum value

and (2) maximum value; triangular: (1) minimum value, (2) mode value, and (3) maximum value.

Source: Frangopol et al. 2001b. Reprinted with permission from the American Society of Civil Engineers.
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FIGURE 36.15 Random variables affecting the reliability of a group of bridges based on a preventive maintenance

program. (Frangopol et al. 2001b. Reprinted with permission from the American Society of Civil Engineers.)
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Answer

For these values, the current life of the bridge structure is

tR ¼ tI þ
b0 � btarget

a
¼ 15þ 8:5� 3:0

0:1025
¼ 15þ 53:6 ¼ 68:6 � 69 years

If the bridge life is to be extended 10 years, then a preventive maintenance program will be designed

such that tRP¼ 79 years. The preventive maintenance cycle, tP, lasts 15 years and the change in reliability

index during that time is

Dbmaint ¼ tPDyþ ðtp � tPDÞa� g ¼ 10ð0:025Þ þ ð15� 10Þð0:1025Þ � 0:12 ¼ 0:5625

For the equivalent 15-year time period without maintenance, the change in reliability index is

Dbno-maint ¼ tpa ¼ 15ð0:1025Þ ¼ 1:5375

The benefit of a preventive maintenance application in terms of increment in reliability index is

Db ¼ Dbno-maint � Dbmaint ¼ 1:5375� 0:5625 ¼ 0:975

To extend the life of the bridge 10 years, Dbreqd needs to be

Dbreqd ¼ 10a ¼ 10ð0:1025Þ ¼ 1:025

The number of maintenance applications (n) to achieve this is

n ¼
Dbreqd

Db
¼ 1:025

0:975
¼ 1:05

Therefore, two preventive maintenance actions must be applied (n¼ 2). One cost-effective strategy is to

schedule the maintenance as late in the life of the structure as possible. One approach is to gain as much

as possible from the positive effect of the final preventive maintenance action which lasts tPD¼ 10 years.

That would suggest applying the second maintenance action at year 69 and the first maintenance action

15 years earlier, at year 54. Figure 36.16 illustrates this strategy, which combines scheduled maintenance

late in the life of the structure and maintains the reliability at a high level. The present value of preventive

maintenance cost (CPM), discounted at year 0 (i.e., time of construction), is

CPM ¼
$3,000

ð1þ 0:04Þ54 þ
$3,000

ð1:04Þ69 ¼ $360þ $200 ¼ $560

The plan should also be checked with respect to the moment failure mode.

In many real world examples, it would not make sense to move preventive maintenance until the end

of the life of the structure, but the strategy makes sense in the limited context of the problem. If failure

costs were included in the analysis, there may be advantages to keeping the lifetime reliability of the

structure higher and thus maintaining the structure sooner.

36.8.2 Repairs

The strategy for making repairs is similar to that for preventive maintenance as different options and

their effects must be evaluated. The costs of some structural repairs are functions of the level of dete-

rioration. Automobile body work is an example, where the amount of filling, sanding, and addition of

extra material is proportional to the amount of deterioration. The costs of other structural repairs are

independent of the level of structural deterioration, as, for example, adding a reinforcing plate or

replacing a member, where the cost is the same regardless of the degree of deterioration. Choosing the

proper mix of repairs and preventive maintenance and then timing their application in an efficient

manner can be a difficult challenge.
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EXAMPLE 36.22

How can one determine the best combination of repair and maintenance options for a given structure or

category of structures?

Answer

Kong and Frangopol (2003b) looked at eight different maintenance scenarios and used a program

LCADS (Life-Cycle Analysis of Deteriorating Structures) to predict the reliability profiles for an

individual bridge associated with each maintenance strategy. The eight scenarios shown in Figure 36.17

include both preventive and essential maintenance. Sample combinations include no maintenance (E0),

three applications of essential maintenance (E3), and two applications of essential maintenance

with periodic preventive maintenance (E2,P). Figure 36.18 shows the mean system reliability index
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profiles associated with the different scenarios over time. Data from groups of existing steel and concrete

bridges were the basis for determining deterioration rates, repair effects, and associated costs.

36.8.3 Expected Life Cycle Maintenance Cost

Frangopol and Kong (2001) and Kong and Frangopol (2003a) provided a computational procedure for

the evaluation of the expected life cycle maintenance cost of deteriorating structures by considering the

uncertainties associated with the application of subsequent maintenance actions. The methodology can

be used to determine the expected number of maintenance interventions on a deteriorating structure,

or a group of deteriorating structures, during a specified time horizon and the associated expected

maintenance costs. The method is suitable for application to both new and existing civil infrastructures

under various maintenance strategies. The ultimate objective is to evaluate the costs of alternative

maintenance strategies and determine the optimum maintenance regime over a specified time horizon.

In its present format, the first line of application of the method is for highway bridges. However, the

method can be used for any structure, or group of structures, requiring maintenance in the foreseeable

future. The proposed method can be programmed and incorporated into an existing software package

for life cycle costing of civil infrastructures.

36.9 Discount Rate

As shown in several earlier examples, the choice of repair and the timing of both inspection and repair

can be highly dependent on the discount rate of money. With a higher discount rate, expenditures and

investments made later in the life of a structure become more attractive. There is considerable debate as

to what the correct discount rate should be. Some governments mandate a rate (such as 6%) that must

be used on all public civil infrastructure projects, which at least ensures consistency between these
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projects. A more rational approach is to use the difference between the rate of return on a risk-free

investment and the inflation rate as the appropriate discount rate, which is about 2 to 3%. Since

these rates are well publicized over time, the discount rate could easily become a random variable

based on years of past experience. Using this approach, Figure 36.19 shows a histogram reflecting the

discount rate in the United States from 1962 to 2002, which reflects the difference between the short-

term interest rate offered on 1-year U.S. Treasury bills (Federal Reserve 2003) and the annual

inflation rate (McMahon 2003). With these data, the discount rate has a mean value of 2.07% and a

standard deviation of 2.11%. The results would change somewhat depending on the years included in

the study, the type of investment classified as risk free, and the commodity prices used to determine

the inflation rate.

36.10 Condition and Reliability Indices as
Joint Performance Indicators

The use of visual inspections and the resulting condition index has been, in the past three

decades, the primary source of information on deteriorating bridge structures. As was previously dis-

cussed, the reliability index is a consistent measure of structural safety. Therefore, structure management

systems should be based on reliability (Frangopol et al. 2000). Frangopol (2002) and Frangopol and

Neves (2003) and Neves and Frangopol (2004) proposed a model incorporating condition and reliability

indices as joint measures of performance. The condition and reliability indices are considered constant

during a period after construction denoted as time of initiation of damage, tic and ti, respectively. After

this period, the deterioration rates of condition and reliability indices, ac and a, are considered constant.

Each maintenance action can lead to one, several, or all of the following effects: (a) increase in the

condition index or reliability index immediately after application, (b) suppression of the deterioration

in condition index or reliability index during a time interval after application, and (c) reduction of the

deterioration rate of condition index or reliability index during a time interval after application.
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These effects are modeled through several random variables such as (a) increase in condition index

and reliability index immediately after application, gc and g, respectively; (b) time during which the

deterioration processes of condition index and reliability index are suppressed, tdc and td, respectively;

and (c) time during which the deterioration rates in condition index and reliability index are suppressed

or reduced, tpdc and tpd, respectively. All variables characterizing the condition profile without or with

preventive maintenance are indicated in Figure 36.20. The variables defining the reliability index profiles

with or without maintenance are defined in a similar manner (Frangopol and Neves 2003; Neves and

Frangopol 2004).

EXAMPLE 36.23

A bridge manager is responsible for maintaining a group of highway bridges. One of these bridges is

currently 15 years old and is deteriorating fast. The manager feels that the bridge might become unsafe

(b< 3.0) before reaching its prescribed service life (i.e., 75 years). Analyzing the existing records on the

performance of the bridge during the past 15 years the manager realizes that there were no visual defects

in the first 3 years of service, after which small cracks were visible. The first signs of corrosion appeared

when the bridge was 10 years old. Measuring the loss of reinforcement at the present time (at year 15) the

manager estimated that a loss of bending resistance of 4% had occurred. The most economical main-

tenance action available is the replacement of the concrete cover. This will correct visual defects and delay

deterioration. The bending load effect and the bending resistance (both in kN m) at the beginning of

service life are characterized by normal distributions N[85, 12] and N[180, 9], respectively.

It is assumed that the replacement of concrete cover improves the condition index C to its initial value

(at time t¼ 0). After this concrete replacement, the condition index does not deteriorate for a period of

3 years, as is the case of a new structure. The replacement of the concrete cover does not improve the

reliability index but delays any further deterioration until the condition index reaches the level corre-

sponding to initiation of corrosion. Using the above assumptions, estimate the effect of concrete cover

replacement on condition and reliability and find the time of application of maintenance such that the

target reliability index is not violated during the entire service life.
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FIGURE 36.20 Condition index profile without or with maintenance. (Neves and Frangopol 2004. Reprinted with

permission from Elsevier.)
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Answer

The visual deterioration of a bridge can be assessed by the condition index. This index is defined

in discrete terms as 0 — no chloride contamination; 1 — onset of corrosion; 2 — onset of cracking;

and 3 — loose concrete/significant delamination. According to existing records, the initiation time of

condition deterioration is 3 years. Assuming that the coefficient of variation of the resistance is constant

over time, the mean resistance reduction of 4% results in a bending resistance after 15 years that is

characterized by a normal distribution with a mean and standard deviation as follows:

mR
15 years ¼ 180� 0:96 ¼ 172:8 kN m and sR

15 years ¼ 9� 0:96 ¼ 8:64 kN m

The initial (at time t¼ 0) reliability index and the reliability index at 15 years are

b t ¼ 0ð Þ ¼ 180� 85ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
122 þ 92
p ¼ 6:333

b t ¼ 15ð Þ ¼ 172:8� 85ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
122 þ 8:642
p ¼ 5:938

The time of initiation of deterioration of reliability is equal to the time for corrosion to start

(i.e., 10 years). The deterioration rate of the reliability index is given by

a ¼ b t ¼ 10ð Þ � b t ¼ 15ð Þ
15� 10

¼ 6:333� 5:938

5
¼ 0:079 per year

The condition index deterioration rate, in absolute value, is

ac ¼
Cðt ¼ 10Þ � Cðt ¼ 3Þ

10� 3
¼ 1� 0

7
¼ 0:143 per year

The effect of concrete cover replacement is analyzed at different points in time. To ensure a reliability

index above the minimum target during the entire lifetime, maintenance should be applied when

the condition index reaches the value 3.0. Figure 36.21 shows the effect of this maintenance action on the

condition and reliability indices. Therefore, the times of application of maintenance action such that

the target reliability index is not violated during the entire service life are when the bridge is 24, 48, and

72 years old.

EXAMPLE 36.24

Consider the previous example, but assume that uncertainties are associated with the parameters

defining the condition and reliability indices as shown in Table 36.9. Compute the mean and standard

deviation profiles of the performance indicators of the bridge considering that maintenance is applied

when the condition index reaches C¼ 3.0.

Answer

The mean and standard deviation of condition and reliability can be computed using Monte-Carlo

simulation. The mean and standard deviation profiles for this scenario obtained by using 50,000

simulations are shown in Figure 36.22. These probabilistic results, which consider the uncertainties

associated with both bridge deterioration and the effect of maintenance actions, show that the resulting

performance profiles are considerably smoother than those obtained deterministically. Furthermore, the

standard deviation profile shows that the uncertainty in performance varies over time. The mean

reliability index at t¼ 75 years is close to the value obtained in the previous analysis. However, due to

uncertainty in the variables that define the reliability index profile, there exists a probability that the

reliability index is less than 3.0.

These results illustrate the importance of probabilistic analysis. The uncertainties associated with the

deterioration and effects of maintenance actions can lead to performance much different from that

predicted from a deterministic analysis.
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36.11 Life Cycle Cost Examples

Since life cycle cost analysis and reliability methods are still relatively new, the methodology and

procedures are still being developed. The research is admittedly incomplete. There are many researchers

who are suggesting approaches, developing techniques, and applying them to real structures. It is from

these studies that standardized procedures and prescribed codes will eventually emerge. This final section

briefly examines three such case studies that have attempted to apply many of the concepts discussed in

this chapter to actual structures.
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FIGURE 36.21 Condition and reliability index profiles for bridge considering cyclic replacement of concrete cover.

TABLE 36.9 Parameters Defining the Profiles under no Maintenance and Effects of Replacing Concrete Cover

Variables Values

Profiles under Initial condition index 0

no maintenance Deterioration rate of condition index (year�1) T(0.09; 0.14; 0.19)a

Time of initiation of deterioration of condition index (years) 3

Initial reliability index 6.33

Deterioration of reliability index (year�1) T(0.03; 0.079; 0.13)a

Time of initiation of deterioration of reliability index (years) 10

Effects of replacement Improvement in condition index To C¼ 0

of concrete cover Delay in condition index deterioration (years) T(2; 3; 4)a

Improvement in reliability index 0

Delay in reliability index deterioration Until C¼ 1

a T(a, b, c) represents a triangular distributed random variable with a¼minimum, b¼mode, and c¼maximum.
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Case 36.1

Frangopol et al. (1997a,b) examined the life cycle cost design of reinforced concrete T-girders on

highway bridges. The deterioration mechanism was corrosion of the reinforcing steel after sufficient

chloride penetration into the concrete. The AASHTO (1992) bridge specification equations for both

moment and shear capacities were used to optimize the T-girder for various life spans without the

need for maintenance. Corrosion rates n of 0.0064, 0.0089, and 0.0114 cm/year (0.0025, 0.0035, and
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FIGURE 36.22 Mean and standard deviation of bridge condition and reliability index profiles considering cyclic

replacement of concrete cover.
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0.0045 in./year) were considered for the steel reinforcement once corrosion was initiated. The

Reliability Based Structural Optimization (RBSO) included 21 design variables such as flange width,

number of stirrups, reinforcement ratio, and height of the web. In Frangopol et al. (1997a), the

objective of the optimization process was to minimize the total cost of steel, concrete, and failure.

Figure 36.23 shows the optimized concrete T-girder that sustains a corrosion deterioration rate of

0.0089 cm/year (0.0035 in./year). The minimum area of steel is 93.54 cm2 (14.5 in.2) and the

dimensions of the beam are designed to ensure a minimum acceptable reliability of b¼ 3.0

throughout its expected 25-year service life. The analysis was completed for different deterioration

rates, service lives, and acceptable reliabilities. Figure 36.24 shows that the optimum reliability index

is b� ¼ 2.5 for a T-girder with an expected 75-year life and a deterioration rate of 0.0064 cm/year

(0.0025 in./year) based on the minimum total life cycle cost. The cost of the steel was assumed to be

50 times as great as the cost of the concrete, and the failure cost was 10,000 times the cost of the

concrete.

Next, Frangopol et al. (1997b) included preventive maintenance costs, which increased linearly over

time. Inspection costs were included, and four inspection methods with varying costs and capabilities

were available. The cost of repair was a function of the degree of damage, and an applied aging factor

dictated the effect of the postrepair reliability. With multiple lifetime inspections, an event tree

accounted for the repair/no repair decisions made after the inspection. The total expected life cycle cost

was based on the consequences and probability associated with each branch on the event tree (Frangopol

et al. 1997b). Figure 36.25 shows the reliability of a concrete T-girder over a 75-year life using a life cycle

strategy that applies four inspections (m¼ 4) and three repairs (n¼ 3). The corrosion rate is

75.18

152.91

21.84

35.31

�1
* = 3 

AS = 93.54 cm2

	 = 0.0089 cm/year
Exposure time = 25 years 

FIGURE 36.23 Optimized concrete T-girder designed for a 25-year service life and a minimum acceptable

reliability index of 3.0 while sustaining a deterioration rate of 0.0089 cm/year (0.0035 in./year) on corroding

reinforcing steel (beam dimensions are in centimeters). (Frangopol et al. 1997a. Reprinted with permission from the

American Society of Civil Engineers.)
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n¼ 0.0064 cm/year (0.0025 in./year), and the inspection technique has a 50% probability of detection

when there is 10% damage (Z0.5¼ 0.10). The number of inspections, inspection technique, and number

of repairs were varied until an optimal life cycle cost solution was obtained. The study included both

uniform and nonuniform inspection intervals. While a lot of the information was hypothetical, the study

was one of the first to incorporate so many key aspects of life cycle analysis and design.

Case 36.2

Estes and Frangopol (1999) treated an existing Colorado highway bridge as a structural system and

developed an optimal repair strategy based on minimum life cycle cost. The bridge in Figure 36.26

consisted of three simple spans where each span contained nine girders. The girders were classified as

interior, exterior, and interior–exterior based on their load and exposure condition. Using 13 failure

modes and 24 random variables, the bridge was modeled as a series–parallel system. After eliminating the

nonrelevant failure modes and taking advantage of symmetry and assumed failure mode correlation, the

simplified series-parallel model shown in Figure 36.26 was developed assuming that any three adjacent

girders must fail for the bridge superstructure to fail. Both shear and moment failure modes were

considered for the girders. The girders were corroding over time, and both the concrete slab and the pier

cap were deteriorating due to exposure to chlorides from road salts. Meanwhile the live load was

increasing over time.
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FIGURE 36.24 Optimum design of a concrete T-girder based on minimum total life cycle cost. The corrosion rate

is 0.0064 cm/year (0.0025 in./year) due to corrosion of the reinforcement, and the expected service life is 75 years.

(Frangopol et al. 1997a. Reprinted with permission from the American Society of Civil Engineers.)
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A repair was required any time the reliability of the bridge system fell below bsystem¼ 2.0. Five repair

options that included replacing the deck, replacing exterior girders, replacing exterior girders and deck,

replacing superstructure, and replacing the entire bridge were considered along with their associated

costs using a discount rate of 2%. Figure 36.27 shows the lifetime reliability of the relevant individual

failure modes and the bridge system when the repair strategy is to continually replace the slab. The slab

gets replaced at year 50 and year 94 when the system reliability falls below acceptable levels. At year 106,

replacement of the slab is no longer sufficient to raise the system reliability above the minimum

requirement, and some other repair option is necessary. The optimal solution was obtained by applying

various combinations of the discrete repair alternatives.

Figure 36.27 indicates that some failure modes (shear in the exterior and interior–exterior girders)

were allowed to fall below the minimum threshold b¼ 2.0 due to the parallel nature of the structural

model. Due to different deterioration rates of various bridge components and effects of repair on

reliability of these components, the most relevant failure mode in the beginning of the life of the

structure was not necessarily the most critical mode later on. Different repair strategies were developed

for different series–parallel models, different deterioration rates, and different correlations among

girder resistances.
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FIGURE 36.25 The reliability of a concrete T-girder over its 75-year life under a life cycle plan that implements

four inspections (m¼ 4) and three repairs (n¼ 3). The corrosion rate of the reinforcement is 0.0064 cm/year

(0.0025 in./year), and the capability of the inspection technique is a 50% probability of detection when there is 10%

damage. (Frangopol et al. 1997b. Reprinted with permission from the American Society of Civil Engineers.)
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FIGURE 36.26 Colorado highway bridge modeled as a series–parallel system of failure modes. (Estes and

Frangopol 1999. Reprinted with permission from the American Society of Civil Engineers.)
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FIGURE 36.27 System reliability over time for deteriorating Colorado highway bridge where deck is replaced

when system reliability falls below bSystem¼ 2.0. (Estes and Frangopol 1999. Reprinted with permission from the

American Society of Civil Engineers.)
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This is one of the first studies to use real cost data for an existing structure and apply a system

approach to life cycle analysis. The study only considered strength-based failure modes and chose an

arbitrary value for the minimum acceptable system reliability. Ordinarily, a formal evaluation of failure

costs and societal expectations would be needed to establish this value. The study above relied on point-

in-time reliabilities as opposed to reliability over a specific time interval. Enright and Frangopol (1996,

1998a, 1999a,b) offer a cumulative time failure probability approach example for deteriorating concrete

bridges. Estes and Frangopol (2003) illustrate how the reliability of this bridge can be updated over time

using the results of biennial visual inspections. Estes and Frangopol (2001), Stewart and Val (2003), and

Stewart et al. (2004) examined replacement strategies for deteriorating concrete bridges, considering

both strength and serviceability limit states.

Case 36.3

Akgül and Frangopol (2003, 2004) examined a network of 14 Colorado highway bridges as shown in

Figure 36.28. Seven bridges were prestressed concrete, three were steel I-beam, and four were steel plate

girder. The year of construction ranges from 1951 to 1994, and the average daily truck traffic ranges from

5 to 2955 trucks per day. Each bridge was modeled as a system of failure modes. The prestressed bridges,

for example, included flexure failure of the girders at the center and over the piers and flexure failure of

the slab. Using a deterioration model that accounted for chloride penetration of the concrete, the system

reliability was computed over time for each bridge in the network. The computational platform used in
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FIGURE 36.28 Bridge network consisting of 14 highway bridges in the Denver–Boulder corridor of Colorado.

(Agkül and Frangopol 2003. Reprinted with permission from the American Society of Civil Engineers.)
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this study is described in Akgül and Frangopol (2004). A study of networks of bridges (Frangopol et al.

2000a) offers new opportunities for life cycle cost. Akgül and Frangopol (2003) relate the system

reliability of the bridges to the load rating for which there are existing data on all bridges. Bridges can be

prioritized based on their importance to the overall network and historical inspection data become more

useful for maintenance planning of a large category of bridges.

While all three examples in this section involve highway bridges, the concepts are applicable for any

structures. Highway bridges are common examples because bridges are critical structures; there exist

over 600,000 in the national database, and the Federal Highway Administration and the State DOTs

have invested greatly in bridge management systems that provide much of the supporting data needed

to support life cycle analyses.

36.12 Conclusions

A life cycle analysis of a structure introduces a number of issues that are not considered in deterministic

or probabilistic time invariant solutions. Factors such as deterioration rates, inspection capabilities,

repair effects, failure costs, discount rates, and threshold reliabilities present a number of challenges —

many of which have not yet been solved. Life cycle analyses are necessarily more complex and require

additional input data than those used in conventional time-invariant analyses. It is important to dismiss

any misconception that very extensive data are required to perform probabilistic life cycle structural

analysis. In fact, probabilistic methods allow the analysis of incomplete data in a much more reliable and

consistent manner than conventional deterministic methods. Such analyses also reveal that the costs of

maintenance, repair, and inspection may greatly exceed the original cost of construction. In times of

scarce and competing resources for an aging infrastructure, these costs cannot be ignored. This chapter

has used examples to illustrate the issues involved in condition assessment and life cycle cost analysis and

design of deteriorating structures and highlighted some studies that have attempted to address these

challenges. There is an urgent need for civil engineers to (a) acquire a good understanding of financial

management under uncertainty, (b) have a stronger grasp of reliability-based optimal decision making,

and (c) increase their role in the ultimate decisions on life cycle management of our decaying civil

infrastructure systems.
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Glossary

Bias factor — A factor that relates the nominal deterministic value of a quantity to the mean value of

that quantity when it is considered a random variable.

Coefficient of variation — Ratio of the mean value to the standard deviation of a random variable; it is

a convenient nondimensional measure of variability (Ang and Tang 1975).

Component (with one failure mode) — A portion of a system represented by a single failure mode and

thus a single limit state equation.
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Condition rating — A rating assigned by an inspector to identify the structural condition, usually by

matching the visual condition of a structure to the most appropriate written description of distress.

Correlation (linear) — A measure of the (linear) relationship between two random variables, usually

indicated by a correlation coefficient that ranges from r¼ 1 (perfect positive correlation) to

r¼�1 (perfect negative correlation), where r¼ 0 indicates no correlation.

Deterioration model — A mathematical relationship that describes how a structure is expected to

deteriorate over time, usually obtained from laboratory data, theory, or other studies.

Deterministic — No (aleatory and epistemic) uncertainties are present; everything is certain.

Discount rate — The interest rate to be used to convert future monetary sums to present value to allow

alternatives to be compared over time.

Ductility — A measure of the ability of a structural member to elongate prior to rupture; a ductile

member is still able to carry a load after yielding and allows warning prior to failure, which

normally produces a safer structure.

Expected cost — A mean value of the cost; expected cost is used when there is uncertainty associated

with the cost and is often a weighted average of the costs associated with various alternatives

and their probability of occurrence.

Factor of safety — The ratio of the capacity of a structure (resistance) to the demand placed upon it

(load or load effect).

Failure — When a structure no longer performs as intended; using the performance function, failure is

defined as g(X)< 0.

Failure cost — Costs incurred by a structural failure multiplied by the probability of failure.

Hazard function — Provides the instantaneous rate of failure; expresses the likelihood of failure in

a specific time interval given that the structure has not already failed.

Importance — A measure of the criticality of a structure, usually determined by the degree of

consequence if the structure fails.

Independent (statistically) — Two events are independent if the occurrence or (nonoccurrence) of one

event does not affect the probability of the other event (Ang and Tang 1975); if two variables

are independent, their correlation coefficient is zero.

Initial cost — Those costs associated with the design and construction of a structure (e.g., permits,

architect fees, materials, equipment, labor); typically, those costs associated with placing a

structure into service.

Life cycle cost — Total costs associated with a structure throughout its entire life; typically includes

initial, maintenance, inspection, repair, and failure costs.

Limit state — The boundary between the desired and undesired performance of a structure; the

boundary is typically represented by a limit state equation g(X)¼ 0.

Mean value — The central tendency of a random variable; in the discrete case, the mean value is the

average value of the data, in the continuous case where fX(X) is the density function of a random

variable, the mean value is m ¼
R1
�1 xfxðxÞ dx (Rao 1992).

Nondestructive evaluation — The assessment or inspection of a structure conducted without damaging

the structure; the evaluation can be visual or involve testing equipment.

Parallel system — A system where all members must fail for the system to fail.

Preventive maintenance — Precautionary maintenance actions, design to forestall damage and

deterioration of a structure.

Probability density function — For a continuous random variable, fX(X) is a function that defines the

probability of detecting X in the infinitesimal interval (x, xþ dx); therefore, fXðXÞ dx ¼
Pðx � X � x þ dxÞ:

Random variable — A function that maps events from the sample space into the axis of real numbers; it

can be continuous, discrete, or mixed.

Redundancy — Measure of reserve capacity; failure of a single member will not cause failure of a

redundant structure.

Reliability — Probability of safe performance of a structure.
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Reliability index — A measure of reliability, denoted as b; the shortest distance from the origin to the

failure surface in standard normal space; when both load and resistance are normally dis-

tributed, pf¼F(�b), where F is the distribution function of the standard normal variate.

Risk — A function of the probability of occurrence of an adverse event and the consequence of the

event; often risk is defined by the probability of failure of the adverse event and its consequence

(Ang and De Leon 2005).

Safe — A structure performing as intended.

Series system — A system that fails if any member of the system fails.

Survivor function — Defines the probability that a structure is safe at any particular time.

Visual inspection — A periodic inspection where an inspector observes a structure and classifies its

condition in terms of predefined condition ratings.

Notation

A ¼ cross-sectional area;

regression parameter in

corrosion model

B ¼ regression parameter

in corrosion model

b ¼ length of flange

C ¼ cost; condition index

value

CS ¼ condition state

C(t) ¼ average corrosion

penetration at time t (mm)

dcorr ¼ depth of corrosion

penetration

E(C) ¼ expected value of cost

E[Damage(t) j ¼ expected damage at

time t given that branch i was

taken

Branchi]

fL(l) ¼ probability density

function of load

FS ¼ factor of safety

fR(r) ¼ probability density

function of resistance

fR,L(r,l) ¼ joint probability

density function of resistance

and load

f (t) ¼ probability density

function

f (xi) ¼ probability density

function of inspection results

FV ¼ future value

Fy ¼ yield strength

f 0(Y) ¼ prior density function

f 00(Y) ¼ posterior density function

g(X) ¼ performance function

H(t) ¼ hazard function

h ¼ depth of column

cross-section

k ¼ normalizing constant

L ¼ load or load effect

L(Y) ¼ likelihood function

M ¼ bending moment

m ¼ number of inspections

N[7, 1.5] ¼ normally distributed variable

with a mean value of 7 and

standard deviation of 1.5

n ¼ number of time

intervals; number of maintenance

applications; number of repairs

nr ¼ number of repairs

pf ¼ probability of failure

ps ¼ probability of safe

performance

pdfbad-x ¼ value of probability density

function for damaged deck

PV ¼ present value of cost

R ¼ resistance

R1 ¼ rust code 1

r ¼ discount rate of money

S(t) ¼ survival function

T(a, b, c)¼ triangular distribution where

minimum value is a, mode is b,

and maximum value is c

t ¼ time

tI ¼ damage initiation time

tf ¼ thickness of flange

tw ¼ thickness of web

X ¼ random variable

y ¼ number of parallel systems in

the series system; distance from

neutral axis to centroid of shape

in composite cross-section

Z ¼ plastic section modulus

z ¼ number of members

in the parallel system
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37
Structural Design

for Fire Safety

37.1 Introduction

Structural fire safety is one of the three requirements that have to be fulfilled by a fire resistant

construction, whose function is to ensure that a fire in a building is contained within the compartment

of origin so that occupants in other parts of the building can escape to safety and fire damages do not

become excessive. To achieve this, the load bearing structure of a fire resistant construction should

not collapse in fire. The other two fire resistance requirements are

� Insulation. The unexposed surface of a fire resistant construction should not be heated excessively

and cause further ignition. Clearly, whether any material will be ignited or not will not only depend

on the temperature of the unexposed surface, but also on its nature and its relative position to the

unexposed surface. Nevertheless, at present, regulations worldwide limit the average temperature

rise on the unexposed surface to 140�C and the maximum local temperature rise to 180�C.
� Integrity. Gaps should not develop in fire resistant construction to spread fire.

The practice of dividing a building into a number of compartments bounded by fire resistant

construction is called fire resistant compartmentation. It should be pointed out that fulfillment of the

Yong C. Wang
School of Aerospace,

Mechanical and Civil Engineering,

The University of Manchester,

Manchester, U.K.

37.1 Introduction ... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37-1

37.2 Fire Severity.. .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37-2
Standard Fire Exposure � Natural Fire Exposure

37.3 Introduction to Heat Transfer... . . . . . . . . . . . . . . . . . . . . . . . . . 37-8
Conduction � Convection � Radiation � Some Simplified

Solutions of Heat Transfer � Section Factors � Thermal

Properties of Materials

37.4 Design of Structural Elements at Elevated
Temperatures .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37-14
General � Mechanical Properties of Steel and Concrete at

Elevated Temperatures � Design of Steel Elements � Composite

Composite Steel/Concrete Members

37.5 Design for Unprotected Steelwork .... . . . . . . . . . . . . . . . . . . 37-27
Integration of Structural Load Bearing and Fire Protection

Functions of Concrete � Utilizing Whole Building Performance

in Fire

37.6 Concluding Remarks ... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37-31

References .. .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37-32

Appendix ... .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37-33

0-8493-1569-7/05/$0.00+$1.50
# 2005 by CRC Press 37-1

Copyright 2005 by CRC Press



above three fire resistance requirements only applies to those elements of construction that are

necessary for the fire resistant compartment to contain fire. Other elements, whose failure to fulfill these

requirements does not lead to a failure of the fire resistant compartment, do not require any fire

safety design consideration. Before the designer commences detailed structural fire safety design

calculations, he should work with the client and the fire service authority to determine the size of the

fire resistant construction. This will depend on factors such as fire regulations on the maximum size

of fire resistant compartmentation, insurance premium, and fire brigade access and is beyond the

scope of this chapter.

Until recently, assessment of fire resistance of a construction is performed experimentally in standard

fire resistance test furnaces and under the standard fire condition. Each country has its own fire

resistance test standard [e.g., ASTM E-119 (ASTM 1985) in the United States, BS 476 (BSI 1987) in

the United Kingdom, and ISO 834 (ISO 1975)], but they are largely similar. The standard fire resistance

test has many shortcomings, for example, high cost, time consuming, limitation of specimen size,

idealized loading condition, idealized support condition, lack of repeatability, and unrealistic fire

exposure. It is now possible to perform some fire resistant design by calculations and the objective of

this chapter is to introduce the reader to structural design calculations to ensure stability of load

bearing members in the event of a fire.

It should be pointed out that the behavior of a complete structure in fire and that of isolated elements

can be different because a complete structure will have characteristics, such as load redistribution,

structural interactions, that will not exist in isolated elements. Also, it is worth noting that current

calculation methods are based on flexural behavior at small deflections. The behavior of structural

elements at large deflections can be vastly different and such a different behavior may be explored to

improve structural fire safety design. Behaviors of elements at large deflections and complete structures

in fire are beyond the scope of this chapter. Interested readers may consult the book by Wang (2002).

In general, design calculations to check structural safety in fire involves three parts:

1. Assessment of the fire severity to which a structural member is exposed. For structural fire safety

design, a fire is usually quantified by a temperature–time relationship of the fire.

2. Evaluation of the temperature field in the structural member under the above fire condition.

3. Calculation of the remaining load carrying capacity of the structural member at elevated

temperatures and comparison with the applied load.

This chapter will introduce the reader to all three aspects of structural fire safety design, while

emphasizing on the third.

It is understandable that the September 11 tragedy has initiated the interest of many engineers in

structural fire safety design. However, it must be mentioned that there had already been great progresses

on this topic well before the September 11 event in many parts of the world, particularly in Europe and

the United Kingdom. At present, there is a systematic and comprehensive coverage of structural fire

safety design methods in Europe, through developments of the so-called Eurocodes. Thus, this chapter

will adopt Eurocodes as the basis of its design guidance. However, it is hoped that there will be sufficient

explanations of the fundamental engineering principles so that the basis of Eurocode design rules can

be similarly adopted in different design environments.

37.2 Fire Severity

Fire severity to structural fire safety design is akin to applied mechanical loads on a structure to

structural design at ambient temperature. Fires can occur anywhere; however, for structural fire safety

design, they are often assumed to take place in a building enclosure. In such a situation, starting from

ignition, a fire can go through a number of stages. In the early stages, combustion is restricted to local

areas near the ignition source and temperatures of the combustion gases are low, the safety of a structure

exposed to fire attack is very rarely threatened. Later, under certain circumstances, a localized fire can
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transform very quickly to involve all the combustible materials in the fire enclosure. The transition from

a localized fire to a fire engulfing the entire enclosure is called flashover and the fire at this stage is called a

postflashover fire. At this stage, the combustion gas temperatures are very high and stability of the

building structure may be threatened, the consequence of which can lead to rapid fire spread and loss of

life and property. It is this stage of the fire behavior that will be described below. Interested readers

should consult some excellent textbooks, such as Drysdale (1999) and Karlsson and Quinterie (2000), to

obtain a deep understanding of enclosure fire behavior.

37.2.1 Standard Fire Exposure

There are two ways of dealing with postflashover fires for structural fire safety design. First, the standard

fire temperature–time relationship may be adopted. The standard fire equation is similar in different

countries of the world. In the European standard (CEN 2000a), the standard fire temperature–time

relationship is given by

Tfi ¼ Ta þ 345 logð8t þ 1Þ ð37:1Þ

where the standard fire exposure time (t) is in minutes and the fire temperature Tfi and ambient

temperature Ta are in degrees celsius.

Equation 37.1 is used for wood based, or cellulosic, fires. For fire resistant design of offshore

structures, the standard hydrocarbon fire curve should be used. This fire has a much faster rate of initial

increase in temperature. The standard hydrocarbon fire temperature–time relationship is given by

(CEN 2000a)

Tfi ¼ 1080 1� 0:325e�0:167t � 0:675e�2:5t
� �

þ Ta ð37:2Þ

Figure 37.1 plots the two standard fire curves. It is obvious that the standard cellulosic fire curve gives

a monotonically increasing temperature–time relationship that cannot be sustained in any real fire. In

order to reflect some reality in the standard fire exposure, a limiting time of fire exposure is specified.

This is the familiar standard fire resistance rating. In standard fire resistance design calculations, spe-

cifications for the required standard fire resistance rating are based on very broad criteria such as the

occupancy type and height of a building. Whilst these criteria give a broad indication of fire load and

consequence of fire exposure, they do not consider other important factors that affect the behavior of an

enclosure fire such as ventilation condition and construction materials.

37.2.2 Natural Fire Exposure

As a regulatory control tool, the standard fire exposure is simple to use. However, fires cannot be

expected to behave according to the standard temperature–time relationship. For more realistic
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FIGURE 37.1 A comparison of standard cellulosic and hydrocarbon fire temperature–time relationships.
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assessment of performance of structures in fire, it is necessary to quantify realistic fire behavior.

Assuming that a fire enclosure is at the same temperature during the postflashover phase, the fire

temperature–time relationship may be determined by carrying out an energy balance analysis for the fire

enclosure; that is

heat input into the fire (heat released from combustion) = heat losses from the fire

Figure 37.2 depicts a postflashover enclosure fire situation. Heat losses from the fire include

1. Heat lost to the outside by hot gases flowing out of the fire compartment through openings ð _QQ lcÞ:
2. Heat lost to the enclosure lining ð _QQ lwÞ:
3. Heat lost to the outside environment by radiation through the opening ð _QQ lrÞ:
4. Heat required to increase the combustion gas temperature ð _QQ lgÞ.

The rate of heat release is the most important factor. At present, due to the difficulty of numerically

modeling fire spread and random distribution of combustible materials in a fire enclosure, it is not

possible to accurately calculate the rate of heat release of a fire. Nevertheless, from considerations of the

main governing factors of burning, a number of empirical equations have been derived. From basic

hydrodynamics, it can be shown that the amount of hot gases flowing out of a fire compartment is

related to Av

ffiffiffiffiffi
hv

p
, the so-called ventilation factor, where Av is the opening area and hv is the opening

height. In order to sustain burning, cold air should be supplied into the fire compartment to replenish

the lost hot gases. Thus, the amount of cold air entering the fire compartment is also related to Av

ffiffiffiffiffi
hv

p
. It

follows that the amount of fresh oxygen supply to the fire is related to Av

ffiffiffiffiffi
hv

p
. If burning is ventilation

controlled, that is, the rate of burning is governed by the amount of fresh oxygen available, the rate of

heat release of a fire is a function of Av

ffiffiffiffiffi
hv

p
. On the other hand, if the opening is large but the burning

area is small, a fire can become fuel controlled, that is, the rate of burning is governed by the available

surface area of the fuel bed or combustible materials. Also, the amount of available combustible

materials, that is, the fuel load, will determine the duration of burning.

Fire development inside a fire enclosure will also be affected by thermal properties of the fire enclosure

lining materials, that is, the bounding walls and floors. A material that has a low thermal conductivity,

that is, heat is difficult to penetrate the material, will lose a small amount of heat through the material.

A material that has a high thermal capacitance, that is, a large amount of heat is required to raise its

temperature, will absorb a large amount of heat of the burning fire and vice versa. Combining these two

factors, the quantity that is used to describe the thermal properties of fire enclosure lining materials is

krC where k and rC are the thermal conductivity and thermal capacitance of the lining materials,

respectively.

Using the three quantities mentioned above, that is, the ventilation factor, the fire enclosure lining

material property, and the fuel load, a number of approximate temperature–time relationships of
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.
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FIGURE 37.2 Fully developed enclosure fire, showing various heat losses.
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postflashover enclosure fires have been developed. Among them, the so-called parametric temperature–

time curves of Eurocode 1 Part 1.2 (CEN 2000a), based on the results of Pettersson et al. (1976), are

widely accepted. As shown in Figure 37.3, a parametric fire curve has an ascending branch and a

descending branch. The ascending branch is used to describe the temperature–time relationship of a fire

during its growth and steady burning stages, when it is ventilation controlled. The descending branch

describes the decay period of the fire. The ascending branch is expressed by

Tfi ¼ 1325 1� 0:324e�0:2t	 � 0:204e�1:7t	 � 0:472e�19t	
� �

ð37:3Þ

where the modified time t	 (in hours) is related to the real time t (in hours) by

t	 ¼ tG ð37:4Þ

in which G is a dimensionless parameter, given by

G ¼ O

0:04

� �2
1160

b

� �2

ð37:5Þ

In Equation 37.5, O is the ventilation factor defined as

O ¼ Av

ffiffiffiffiffi
hv

p

At

ð37:6Þ

in which At is the total enclosure (including openings) area.

In Equation 37.5, b ¼
ffiffiffiffiffiffiffiffiffi
krC

p
[in J/(m2 s1/2 K)] is the overall thermal property of the fire enclosure

lining material. For a fire enclosure constructed of a combination of different lining materials, com-

plicated equations have recently been introduced in Eurocode 1 Part 1.2 (CEN 2000a) to find an

equivalent value of b.

The ascending branch of the fire temperature–time relationship terminates at time (td
	) when the

maximum fire temperature is obtained. This time is a function of the fire load in the fire enclosure and

is given by

t	d ¼ 0:00013
qt,dG

O
(in hours) ð37:7Þ

In Equation 37.7, qt,d is the fire load density (in MJ/m2) related to the total surface area of the fire

enclosure At. Since fire load density is usually specified with regard to the floor area Af, the fire load per

enclosure area qt,d is related to the fire load per floor area (qf,d) using

qt,d ¼ qf ,dAf=At ð37:8Þ

It can be seen that the ascending branch of the fire temperature–time curve is not dependent on the

fire load. This is because a fire is assumed to be ventilation controlled and the rate of heat release is the

td*

Tfi,max

Temperature

Time

FIGURE 37.3 Parametric time–temperature curve of Eurocode 1 Part 1.2.
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same, depending only on the ventilation condition. The effect of fire load is to change the duration of

burning t	d according to Equation 37.7.

For simplicity, the descending branch is given by a straight line. Since structural behavior is only

slightly affected by the descending branch of the fire temperature–time relationship, more complicated

equations for the descending branch are not justified. The rate of the descending branch depends on the

fire duration. The fire temperature during cooling is given by

Tfi ¼ Tfi,max � 625ðt	 � t	d Þ for t	d 
 0:5

Tfi ¼ Tfi,max � 250ð3� t	d Þðt	 � t	d Þ for 0:5< t	d < 2:0

Tfi ¼ Tfi,max � 250ðt	 � t	d Þ for t	d � 2:0

ð37:9Þ

In Equation 37.9, Tfi,max is the maximum fire temperature, obtained by substituting the time in

Equation 37.7 into Equation 37.3.

In Eurocode 1 Part 1.2 (CEN 2000a), the limit of application of the above fire temperature–time

relationship is for fire compartments up to 100 m2 in floor area with the maximum compartment

height at 4 m. For larger or taller compartments, the effect of nonuniform temperature distribution

in the fire enclosure cannot be ignored. Unfortunately, simple methods are not available yet.

From previous discussions, it is clear that the fire temperature–time relationship depends on the

amount of combustible materials (or fuel load) in a fire enclosure, the ventilation condition, and thermal

properties of the fire enclosure lining material. During a design, the ventilation condition and thermal

properties of the fire enclosure lining material may be estimated from construction details, that is,

the window size and construction materials. Thermal properties of some enclosure lining materials

may be found in Table 37.1.

The design fire load is building specific. However, since the exact type and amount of combustible

materials will not be known during the design stage, it is unlikely that the design fire load can be known

with any certainty. In fire engineering design calculations, it is common to specify a generic fire load for a

type of building, depending on its proposed use. This is similar to specifying a general structural load for

structural design at ambient temperature. Values in Table 37.2 may be used as a guide. More detailed

information on fire load may be obtained from a Conseil International du Batiment (CIB) report (CIB

1986). It is important to point out that there are many uncertainties about the design fire load. When

conducting a fire engineering design, the designer should perform a sensitivity study to investigate the

consequence of adopting a range of possible fire loads.

EXAMPLE 37.1

Natural fire exposure

Figure 37.4 shows the dimensions and other design data of a fire enclosure. Evaluate the postflashover

fire temperature–time curve inside the enclosure.

TABLE 37.1 Thermal Properties of Generic Fire Protection Materials

Generic

material

Density,

kg/m3

Thermal

conductivity,

W/(m K)

Specific heat,

J/(kg K)

Moisture

content,

(% by wt.)

Sprayed mineral fiber 250–350 0.1 1050 1.0

Vermiculite slabs 300 0.15 1200 7.0

Vermiculite/gypsum slabs 800 0.15 1200 15.0

Gypsum plaster 800 0.2 1700 20.0

Mineral fiber sheets 500 0.25 1500 2.0

Aerated concrete 600 0.3 1200 2.5

Lightweight concrete 600 0.8 1200 2.5

Normal weight concrete 2200 1.7 1200 1.5

Source: Lawson, R.M. and Newman, G.M., 1996, Structural Fire Design to EC3 & EC4, and Comparison With BS 5950,

Technical Report, SCI Publication 159, The Steel Construction Institute.
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Calculation results

Floor area: Af¼ 54 m2

Total enclosure area: At¼ 228 m2

Design fire load density per m2 enclosure area: qt,d¼ 720 	 54/228¼ 170.5 MJ/m2

Window area: Av¼ 9 m2

Opening factor: O ¼ 9�
ffiffiffiffiffiffi
1:5
p

228
¼ 0:04835 m1=2

Lining property: b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1600� 0:8� 1200
p

¼ 1239:4 J=ðm2 s1=2 KÞ

Equation 37.5 gives G ¼ 0:04835

0:04

� �2

� 1160

1239:4

� �2

¼ 1:28

Equation 37.7 gives t	d ¼ 0:00013� 170:5� 1:28

0:04835
¼ 0:587 h

Equation 37.3 gives Tfi,max¼ 844þ 20¼ 864�C

The real time at the maximum fire temperature td¼ 0.587/1.28¼ 0.458 h

For the cooling part, Equation 37.9 will be used, giving the time t	 necessary to reach the ambient

temperature as t	 ¼ 1.937 h. The real time is 1.937/1.28¼ 1.5136 h.

Figure 37.5 plots the complete fire temperature–time relationship.

TABLE 37.2 Design Fuel Load Density

Fuel load

density band Type of construction

Fuel load density, qf,d

(MJ/m2)

I Assembly, low hazard

Open sided car parks

350

II Assembly, ordinary hazard

Residential

Office

Industrial, low hazard

Storage, low hazard

500

III Assembly, high hazard

Shops and commercial

750

IV Industrial, high hazard 1000

V 1250

VI Storage, high hazard 1500

Source: British Standards Institution (BSI), 2001, Draft BS 9999, Code of Practice for Fire Safety in the

Design, Construction and Use of Buildings (London: British Standards Institution).

6 m

9 m

4 m

1.5 m  Opening

Other design data
Design fire load
 720 MJ/m2 of floor area

Enclosure lining material
 lightweight concrete blocks,
 density 1600 kg/m3,
 specific heat 1200 J/(kg K)
 thermal conductivity 0.8 W/(m K)

FIGURE 37.4 Enclosure information for Example 37.1.
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37.3 Introduction to Heat Transfer

Having determined the temperature–time relationship of a fire to which a structural member is exposed,

the next step is to calculate the temperatures in the structural member. Building structures are usually

treated as either one-dimensional, such as beams and columns, or two-dimensional, such as slabs and

walls. For a one-dimensional member, it is common to assume that there is no temperature variation

along its length. For a two-dimensional member, temperatures are assumed to change only through its

thickness. Calculating temperatures in a structural member exposed to fire involves using heat transfer

analysis. Only a brief introduction to heat transfer theory will be given in this chapter, with particular

emphasis on applications under fire conditions.

There are three basic mechanisms of heat transfer: conduction, convection, and radiation. In con-

duction, energy or heat is exchanged in solids on a molecular scale without any movement of macro-

scopic portions of matter relative to one another. Convection refers to heat transfer at the interface

between a fluid and a solid surface. Here, the exchange of heat is due to fluid motion. This motion may

be the result of an external force, causing the fluid to flow over the solid surface at speed. This is called

forced convection. Convection can also occur due to buoyancy-induced flow when there is a tem-

perature gradient in the fluid, causing a density gradient. This is called natural convection. Radiation is

the exchange of energy by electromagnetic waves that, like visible light, can be absorbed, transmitted or

reflected at a surface. Unlike conduction and convection, heat transfer by radiation does not require any

intervening medium between the heat source and the receiver. Thus, in the context of structural fire

safety design, heat conduction describes the heat transfer process inside a structural member and heat

convection and radiation describe the thermal boundary condition of the structural member.

37.3.1 Conduction

The basic equation for one-dimensional heat conduction is Fourier’s law of heat conduction. It is

expressed as

_QQ ¼ �k
dT

dx
ð37:10Þ

where, refering to Figure 37.6, dT is the temperature difference across an infinitesimal thickness dx. _QQ is

the rate of heat transfer (heat flux) across the material thickness. The minus sign in Equation 37.10

indicates that heat flows from the higher temperature side to the lower temperature side.
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FIGURE 37.5 Temperature–time relationships.
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The constant of proportionality k is the thermal conductivity of the material. In many practical

applications of fire safety engineering, the material thermal conductivity within the relevant temperature

range may be approximated as a constant. Thus, Equation 37.10 may be replaced by its finite difference

equivalent

_QQ ¼ �k
T2 � T1

Dx
or T1 � T2 ¼ _QQ

Dx

k
ð37:11Þ

where, refering to Figure 37.7, T1 and T2 are temperatures at the two sides of a material and Dx is the

material thickness. Dx/k expresses the thermal resistance of the material.

37.3.2 Convection

Heat convection and radiation are considered at the interface between a structural member and the fire

or the ambient temperature air. When applying thermal boundary conditions, it is often assumed that

Unit
area

dx
dTQ = – k

.

x
(T )

x + dx
(T + dT )

FIGURE 37.6 Heat conduction in one dimension.
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FIGURE 37.7 Temperature distribution with constant thermal conductivity.
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the heat exchange between the fluid and the structural surface is related to the temperature difference at

the interface. Therefore, on the fire side from fire to structural surface

_QQ ¼ hfiðTfi � TsÞ ð37:12Þ

On the ambient temperature air side from structural surface to the ambient temperature air

_QQ ¼ haðTs � TaÞ ð37:13Þ

where Tfi and Ta are the fire and air temperatures, respectively and Ts is the structural surface

temperature.

Quantities hfi and ha are the overall heat exchange coefficients on the fire and air side, respectively.

Depending on the relationship between the fire/air and the structural surface, the heat exchange

coefficients (hfi and ha) may only contain the convective component (hc), the radiant component (hr),

or both.

The convective heat transfer coefficient depends on many factors. However, for structural fire

applications, the structural temperatures are relatively insensitive to its exact values. Eurocode 1 Part 1.2

(CEN 2000a) recommends constant convective heat transfer coefficients as follows: on the fire side,

hc¼ 25 W/m2 and on the air side, hc¼ 10 W/m2.

37.3.3 Radiation

If a structural surface is in direct contact with fire/air, radiant heat transfer between the structural

surface and the fire/air may be assumed to occur between two very large parallel plates of area A, whose

distance apart is small compared with the size of the plates so that radiation at their edges is negligible.

Under this circumstance and assuming graybody radiant heat transfer, the radiant heat exchange

coefficient is

hr ¼ ersðT 2
2 þ T 2

1 ÞðT2 þ T1Þ ð37:14Þ

where s is the Stefan–Boltzmann coefficient (¼ 5.876� 10�8 W/(m K4)) and er is often referred to as the

resultant emissivity given by

er ¼
1

1=e1 þ 1=e2 � 1
¼ e1e2

e1 þ e2 � e1e2

ð37:15Þ

in which e1 and e2 are the graybody emissivities of the two surfaces, that is, that of the structural surface

and fire/air, respectively.

37.3.4 Some Simplified Solutions of Heat Transfer

General heat transfer problems are difficult to solve and will usually require the use of numerical heat

transfer procedures. However, for two common cases of unprotected and protected steelworks exposed

to fire attack, simple analytical solutions have been derived to enable their temperatures to be calculated

quickly. These simple analytical solutions have been derived by using the ‘‘lumped mass method,’’ that is,

the entire steel mass is given the same temperature. For unprotected steelwork

DTs ¼
h

rsCs

As

V
ðTfi � TsÞDt ð37:16Þ

where V and As are the volume and exposed surface area of the steel element, respectively, rs is the

density of steel, and Cs is the specific heat of steel. The ratio As/V in Equation 37.16 is often referred to

as the section factor of the steel element. Tfi and Ts are the fire and steel temperatures, respectively. h is

the total heat transfer coefficient between the fire and the steel surface, including both the convective

and radiant components. When using Equation 37.16, a step-by-step approach is necessary and the

time increment should be small (Dt< 5 s).
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For protected steelwork

DTs ¼
ðTfi � TsÞAs=V

ðtp=kpÞCsrs 1þ ð1=3Þfð ÞDt � ðef=10 � 1ÞDTfi, where f ¼
Cprp

Csrs

tp

As

V
ð37:17Þ

Additional symbols in Equation 37.17 include tp, the fire protection thickness; kp, thermal conductivity

of the fire protection; Cp, specific heat of the fire protection; rp, density of the fire protection; and DTf,

the increment in fire temperature during the time interval Dt. The time increment should not be too

large. When using Equation 37.17, the time increment (Dt) should not exceed 30 s.

Because of the second term in Equation 37.17, it is possible that at the early stage of increasing fire

temperature, the increase in steel temperature (DTs) may be negative. In this case, the steel temperature

increase should be taken as zero.

37.3.5 Section Factors

Equations 37.16 and 37.17 clearly indicate that the temperature rise in a steel element is directly

related to the section factor As/V, that is, the ratio of the heated surface area to the volume of the steel

element. Consider a unit length of a steel element where the end effects are ignored, the section factor

may alternatively be expressed as Hp/A, where Hp is the fire exposed perimeter length of the steel cross-

section and A is the cross-sectional area of the steel element. Section factors for a few common types

of steel sections exposed to fire are given in Table 37.3.

EXAMPLE 37.2

Section factor

Calculate the section factor (Hp/A) for the two cases shown in Figure 37.8.

Calculation results

Case 1, Figure 37.8a

Hp ¼ 2� 400þ 150� 3� 2�10 ¼ 1230 mm,

A ¼ 2� 15� 150þ ð400� 15� 2Þ�10 ¼ 8200 mm2

Hp=A ¼ 0:15 mm�1 ¼ 150 m�1

Case 2, Figure 37.8b

Hp ¼ 2pRo ¼ 300p, A ¼ pðRo
2 � Ri

2Þ ¼ 2900p

Hp=A ¼ 0:1034 mm�1 ¼ 103:4 m�1

37.3.6 Thermal Properties of Materials

In order to use Equations 37.16 and 37.17, it is necessary to have available information on the thermal

properties (thermal conductivity k, density r, and specific heat C) of steel and insulation materials.

37.3.6.1 Steel

The thermal properties of steel are known with reasonable accuracy and the following values are given

in Eurocode 3 Part 1.2 (CEN 2000b):

Density

rs ¼ 7850 kg/m3

Thermal conductivity [W/(m K)]

ks ¼ 54� Ts

300
for 20�C 
 Ts 
 800�C

ks ¼ 27:3 for Ts > 800�C
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TABLE 37.3 Section Factors of a Steel Element

Fire exposure situation Ap/V

Unprotected steel section exposed to fire exposure around all sides
2 2B � tw þ Dð Þ

As

Fire exposure on all sides of board protection
2 B þ Dð Þ

As

Fire protection on three sides: profile protection
2 B � twð Þ þ B þ 2D

As

Fire protection on three sides: board protection
2D þ B

As

Note: B¼ section width, D¼ steel depth, As¼ cross-sectional area, tw¼web thickness.
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Specific heat [J/(kg K)]

Cs ¼ 425þ 0:773Ts � 0:00169T 2
s þ 2:22� 10�6T 3

s for 20�C 
 Ts 
 600�C

Cs ¼ 666� 13, 002

Ts � 738
for 600�C<Ts 
 735�C

Cs ¼ 545� 17, 820

Ts � 731
for 735�C<Ts 
 900�C

Cs ¼ 650 for Ts > 900�C

37.3.6.2 Insulation Materials

It is much more difficult to obtain information on the thermal properties of fire protection materials.

This is partly due to the specific nature of fire protection materials, which have complicated and variable

chemical reactions at high temperatures. An important factor contributing to this lack of information is

that most fire protection materials are proprietary systems from different manufacturers and com-

mercial sensitivity prevents publication of this type of information.

Information in Table 37.1 should only be used as a general guide for a few generic types of fire

protection material.

Intumescent coatings offer a number of advantages, for example, architectural appearance and the

possibility of offsite applications and are increasingly being used as fire protection materials to steel

structures. At present, there are no suitable simplified design equations for steel structures protected

with intumescent coatings. The designer has to rely on information provided by the intumescent coating

manufacturer from standard fire resistance tests.

EXAMPLE 37.3

Temperatures in unprotected steelwork

For the cross-section in Example 37.2, case 1, calculate the unprotected steel temperature under the

natural fire condition evaluated in Example 37.1. For steel, assume a constant density of 7850 kg/m3

and a constant specific heat of 650 J/(kg K). Also, assume a constant resultant emissivity of 0.5 and

a convective heat transfer coefficient of 25 W/(m2 K).

Calculation results

The calculations are performed for intervals of 5 s and results of only the first time increment are shown.

Equation 37.15 gives hr¼ 2.95 W/(m2 K). The total heat transfer coefficient is 27.95 W/(m2 K).

15

10

400

150

Case 1 All units in mm

Concrete slab

Ri = 140

Ro = 150

Case 2

(a) (b)

FIGURE 37.8 Dimensions of steel cross-sections.
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After a time increment of Dt¼ 5 s, Equation 37.3 in Example 37.1 gives a fire temperature of

41.74�C. The steel temperature is 20�C. The section factor from case 1 of Example 37.2 is 150 m�1.

Equation 37.17 gives DTs ¼ 0.0616�C. Thus, the steel temperature after 5 s is 20.0616�C.

Figure 37.5 plots the unprotected steel temperature development. The maximum steel temperature is

829.25�C, reached just after 30 min.

EXAMPLE 37.4

Temperatures in protected steelwork

For the cross-section in case 2 of Example 37.2, calculate the protected steel temperature under

the natural fire condition obtained in Example 37.1. Fire protection is by sprayed lightweight concrete

whose thermal properties are given in Table 37.1. Assume the same steel thermal properties as in

Example 37.3.

Calculation results

The calculations are performed for intervals of 5 s and results of only the first time increment are shown.

Equation 37.17 gives f¼ 1.129 and DTs ¼ �2.54�C. As pointed out in Section 37.3.4, this negative

number should be changed to 0.

Figure 37.5 plots the protected steel temperature development. The maximum steel temperature is

602.58�C, reached at 51.25 min.

37.4 Design of Structural Elements at
Elevated Temperatures

37.4.1 General

The remaining sections of this chapter will introduce the reader to design calculations to assess structural

stability at elevated temperatures. In Europe, the structural fire safety design of steel elements is covered

in ENV 1993-1-2 (CEN 2000b), commonly known as Eurocode 3 Part 1.2 (to be referred to as Eurocode 3

hereafter), composite steel/concrete elements in ENV 1994-1-2 (CEN 2001) or Eurocode 4 Part 1.2

(Eurocode 4), reinforced concrete structures in ENV 1992-1-2 (CEN 1996), or Eurocode 2 Part 1.2,

timber structures in ENV 1995-1-2 (CEN 2000c) or Eurocode 5 Part 1.2 and masonry structures in ENV

1996-1-2 (CEN 1997) or Eurocode 6 Part 1.2. At present, design calculations for steel and composite

steel/concrete structures are advanced. Design calculations for concrete and timber structures are

relatively brief and there is a significant lack of information for fire safety design of masonry structures.

Also, there is very little information available to enable fire safety design calculations for structures made

of more ‘‘specialist’’ construction materials such as glass, fiber reinforced plastics, aluminum. This

chapter will present detailed information to enable fire safety design calculations of steel and composite

steel/concrete structural elements. Structures using other materials will be not be dealt with in this

chapter due to a significant lack of information.

It should be borne in mind that fire is an accidental event and its coincidence with extreme structural

loading is rare. Fire attack is more likely to occur during normal use of a building. Therefore, for

structural fire safety design, the design structural loads should be those present during normal service

of a building, and further reduced to allow for occupant escape and combustible materials burning off.

Investigations into the collapse of the World Trade Center (FEMA 2002) have raised concern over the

reliability of fire protection materials. It is assumed in this chapter that a fire protection material is able to

fulfill its intended functions during the life of the protected structure and also during a fire exposure. This

may be ensured by making sure that the fire protection material can stick to the protected structure or by

limiting deflections of the structure. Also, fire protection materials may get damaged. At present, there are

very few studies of this problem and there is insufficient information to help develop a sensible simple
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design guide to assess the acceptable extent of damage to fire protection materials. In the light of this, the

designer has to ensure that any damage to the fire protection material is repaired.

The structural fire safety design criterion is the same as at ambient temperature, that is, the residual

load carrying capacity of a structural member should not be lower than the applied load under the fire

condition.

37.4.2 Mechanical Properties of Steel and Concrete
at Elevated Temperatures

37.4.2.1 Steel

The stress–strain relationships of steel at elevated temperatures depend on whether steady state or

transient state testing is employed. In steady state testing, the material temperature is held at a constant

value and stress is changed. In transient state testing, stress is applied and the material temperature is

then changed. Transient state testing is preferred since it reflects the realistic situation of a structure in

fire, where structural loads are applied before fire exposure. In transient state testing, the rate of heating

has some influence due to creep strain. But since the steel creep strain is small, mechanical testing of steel

at elevated temperatures is usually carried out by using a typical heating rate of about 10�C/min as found

in realistic steel structures exposed to fire conditions.

In Eurocode 3, the stress–strain curve of steel consists of a straight line for the initial response,

followed by an elliptical relationship and then a plateau. Table 37.4 gives the mathematical descriptions

used in Eurocode 3 and Figure 37.9 provides an illustration of this model and shows various parameters

to be used in the mathematical model. In order to use this model, the reduced strength and stiffness of

steel at elevated temperatures are required as input data and Table 37.5 gives their values, expressed as

ratios of the values at elevated temperatures to that at ambient temperature. These ratios are often

referred to as retention factors.

The thermal expansion strain (eth) of steel is given by

eth ¼ �2:416� 10�4 þ 1:2� 10�5T þ 0:4� 10�8T 2 for T 
 750�C

eth ¼ 0:011 for 750<T 
 860�C

eth ¼ �0:0062þ 2� 10�5T for T > 860�C

TABLE 37.4 Mathematical Model of the Stress–Strain

Relationship of Steel at Elevated Temperatures

Strain range Stress s

e
 ep,T eET

ep,T< e< ey,T fp,T � c þ b

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � ey,T � e

� �2
h ir

ey,T
 e
 et,T fy,T

Parameters ep,T ¼
fp,T

ET

, ey,T ¼ 0.02, et,T ¼ 0.15

Functions a2 ¼ ey,T � ep,T
� �

ey,T � ep,T þ
c

ET

� �

b2 ¼ c ey,T � ep,T

� �
ET þ c2

c ¼
fy,T � fp,T

� �2

ey,T � ep,T

� �
ET � 2 fy,T � fp,T

� �
Source: European Committee for Standardisation (CEN),

2000b, Draft prEN 1993-1-2, Eurocode 3: Design of Steel Structures,

Part 1.2: General Rules, Structural Fire Design (London: British

Standards Institution).
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In simple calculations, the coefficient of thermal expansion of steel may be assumed to be a constant

so that the incremental thermal expansion strain is given by

eth ¼ 14� 10�5 DT

37.4.2.2 Concrete

37.4.2.2.1 Thermal Strains

The thermal strain of concrete is complex and is influenced by a number of factors. According to

Anderberg and Thelandersson (1976) and Khoury and coworkers (Khoury 1983; Khoury et al. 1986), the

thermal strain of concrete may be divided into thermal expansion strain, creep strain, and a stress

induced transient thermal strain. Interested readers should refer to the above references for more

Stress �

fy,T

fp,T

�p,T �y,T �t,T

1

ET

Strain �

FIGURE 37.9 Stress–strain relationship of hot-rolled steel at elevated temperatures.

TABLE 37.5 Retention Factors of Steel at Elevated Temperatures

Steel temperature,

T (�C)

Effective yield strength

(relative to fy at 20�C),

ky,T ¼ fy,T=fy

Proportional limit

(relative to fy at 20�C),

kp,T ¼ fp,T=fy

Slope of the linear

elastic range (relative to

Ea at 20�C), kE,T ¼ ET/Ea

20 1 1 1

100 1 1 1

200 1 0.807 0.9

300 1 0.613 0.8

400 1 0.42 0.7

500 0.78 0.36 0.6

600 0.47 0.18 0.31

700 0.23 0.075 0.13

800 0.11 0.050 0.09

900 0.06 0.0375 0.0675

1000 0.04 0.025 0.045

1100 0.02 0.0125 0.0225

1200 0 0 0

Note: The effective yield strength is defined at 2% strain.

Source: European Committee for Standardisation (CEN), 2000b, Draft prEN 1993-1-2, Eurocode 3: Design of

Steel Structures, Part 1.2: General Rules, Structural Fire Design (London: British Standards Institution).
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detailed information on how to evaluate these different strain components. Eurocode 4 (CEN 2001)

takes a simple approach and gives the coefficient of thermal expansion of concrete as

eth ¼ �1:8� 10�4 þ 9� 10�6T þ 2:3� 10�11T 3 for 20�C 
 T 
 700�C;

eth ¼ 0:0014 for T > 700�C:

37.4.2.2.2 Stress–Strain Relationships

The mechanical properties of concrete are more variable than those of steel. Phan and Carino (1998,

2000) recently carried out a survey of mechanical properties of concrete (including high strength

concrete) at elevated temperatures. Khoury (1992) provided an explanation of the variability in concrete

mechanical properties at elevated temperatures. Values in Eurocode 4 (CEN 2001) may be regarded as

the lower bound values of different test results for normal strength concrete.

Figure 37.10 shows the Eurocode 4 model for the stress–strain relationship of concrete and definitions

of various parameters. The stress–strain relationship is divided into two parts: the ascending part and

the descending part.

The Eurocode 4 equation for the ascending part is

sc,T ¼ fc,T 3
ec,T

ecu,T

� �
2þ ec,T

ecu,T

� �3
" #,( )

ð37:18Þ

where sc,T, ec,T, fc,T, ecu,T, are, respectively, the stress, strain, peak stress, and strain at peak stress for

concrete at elevated temperature T.

From Equation 37.18, the initial Young’s modulus of concrete may be obtained from

Ec,T ¼
3

2

fc,T

ecu,T
ð37:19Þ

The descending part is a straight line, joining the peak point (A) with the point of concrete crush (B)

in Figure 37.10.

Values of fc,T, ecu,T, and ecrush,T, are required to determine the complete stress–strain relationship

of concrete at elevated temperatures. Table 37.6 gives their values recommended by Eurocode 4

(CEN 2001). This table also gives the retention factors for modulus of elasticity.

37.4.3 Design of Steel Elements

37.4.3.1 Steel Beams

In general, the load carrying capacity of a steel beam depends on the bending moment capacity of its

cross-section and its slenderness if lateral torsional buckling occurs. Unlike structural design at ambient

�cu,T �crush,T Strain �c,T

Stress
�c,T

fc,T

Equation 37.19

B

A

FIGURE 37.10 Stress–strain relationship of concrete at elevated temperatures.
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temperature, lateral torsional buckling of a steel beam is usually not a problem in fire. This is because

steel beams that are required to have fire resistance are floor beams whose compression flanges are

restrained by the floor slabs. Steel beams that should be checked for lateral torsional buckling at ambient

temperature, for example, roof beams, do not require fire resistance. Therefore, the following design

method will only consider the cross-sectional bending resistance of a beam.

Eurocode 3 gives two methods to calculate the plastic bending moment capacity of a steel beam.

The first method is the bending moment capacity method that is generally applicable to cross-sections

with nonuniform temperature distributions. In this method, the steel cross-section is divided into

a number of thin slices of approximately the same temperature. The plastic bending moment capacity

of the cross-section is calculated according to the reduced strengths of steel at the temperatures of

these slices.

EXAMPLE 37.5

Plastic bending moment capacity of a nonuniformly heated steel beam

An example is given in Table 37.7 to illustrate this method. Input information for this example are

shown in Figure 37.11.

As can be seen, the plastic bending moment capacity method requires many calculations. Hence, the

only benefit of using this more elaborate method is to explore possible benefits of nonuniform tem-

perature distribution in the cross-section of a beam, particularly to justify the use of unprotected

steelwork.

Instead of using the plastic bending moment method, Eurocode 3 also gives an alternative method that

is much simpler to use. In this simple method, the plastic bending moment capacity of a beam is given by

Mp,fi ¼ ky,T Mp=k1 ð37:20Þ

where Mp is the plastic bending moment capacity of the cross-section at ambient temperature; ky,T is the

retention factor for the effective yield strength of steel at the maximum temperature in the lower flange.

Thus, ky,TMp gives the reduced plastic bending moment capacity of the cross-section at a uniform

temperature T. The modification factor k1 is used to account for nonuniform temperature distribution

in the cross-section and k1¼ 0.7. For the above example, ky,TMp¼ 137.5 kN m. Using Equation 37.20

gives a value of 196.5 kN m, which is close to that obtained using the more time-consuming plastic

bending moment capacity method.

TABLE 37.6 Strength, Strain Limits, and Elastic Modulus of Normal Weight Concrete (NWC) and

Lightweight Concrete (LWT) at Elevated Temperatures

kc,T¼ fc,T /fc,a kE,T¼ET/Ea

Temperature NWC LWC ecu,T� 103 ecrush,T� 103 NWC LWC

20 1 1 2.5 20.0 1 1

100 0.95 1 3.5 22.5 0.844 0.889

200 0.9 1 4.5 25.0 0.72 0.8

300 0.85 1 6.0 27.5 0.618 0.727

400 0.75 0.88 7.5 30.0 0.5 0.587

500 0.60 0.76 9.5 32.5 0.369 0.468

600 0.45 0.64 12.5 35.0 0.257 0.366

700 0.30 0.52 14.0 37.5 0.16 0.277

800 0.15 0.4 14.5 40.0 0.075 0.2

900 0.08 0.28 15.0 42.5 0.038 0.132

1000 0.04 0.16 15.0 45.0 0.018 0.071

1100 0.01 0.04 15.0 47.5 0 0.017

1200 0.0 0.0 15.0 50.0 0 0

Source: European Committee for Standardisation (CEN), 2001, prEN 1994-1-2, Eurocode 4: Design of Composite Steel

and Concrete Structures, Part 1.2: Structural Fire Design (London: British Standards Institution).
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37.4.3.2 Steel Columns

It is commonly assumed that a steel column is surrounded by fire on all sides so that the steel tem-

perature is uniform. Because the stress–strain relationships of steel at elevated temperatures are non-

linear and cannot be assumed to be elastic–perfectly plastic, calculations of the column resistance in fire

are slightly different from those at ambient temperature. In Eurocode 3, the column axial compressive

resistance is calculated from

Pc,fi ¼ wfiPu,fi ð37:21Þ

where Pu,fi is the column squash load at elevated temperature T and is calculated from

Pu,fi ¼ Asky,T , fy ð37:22Þ

wfi is the column strength reduction factor to account for the column slenderness effect and is given by

wfi ¼
1

ffi þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2

fi � �ll2
fi

q , with ffi ¼
1

2
1þ a�llfi þ �ll2

fi

� �
ð37:23Þ

where a is an imperfection factor, a ¼ 0:65
ffiffiffiffiffiffiffiffiffiffiffiffiffi
fy=235

p
.

The column slenderness in fire �llfi is calculated using

�llfi ¼ �ll

ffiffiffiffiffiffiffiffi
ky,T

kE,T

s
ð37:24Þ

TABLE 37.7 An Example of Using the Bending Moment Capacity Method

Part i

Temperature,

Ti (�C)

Resultant force,

Fi¼ py(Ti)�Ai (kN)

Lever arm from top,

di (mm)

Bending

moment¼ Fi� di (kN m)

Upper flange 650� 0.8¼ 520 �565.81 8 �4.53

Web 1 528.13 �86.08 39.8 �3.43

Web 2 544.38 �24.10 70.76 � 1.71

55.96 94.56 5.29

Web 3 560.63 73.93 135.0 9.98

Web 4 576.88 67.74 182.6 12.37

Web 5 593.13 61.56 230.2 14.17

Web 6 609.38 55.75 277.8 15.49

Web 7 625.63 50.21 325.4 16.34

Web 8 641.88 44.68 373.0 16.66

Lower flange 650.0 266.16 404.8 107.74

Total NA 0 NA 188.39

16

179.5

9.5
412.8

�T

T

PNA
di

Ti

Compression

Tension

Fi

(a) (b) (c)

FIGURE 37.11 Input data for calculations in Table 37.7: (a) dimensions (mm), (b) temperature distribution, and

(c) cross-section layers.
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where �ll is the column slenderness at ambient temperature. �ll is defined as

�ll ¼ l

ffiffiffiffiffiffiffiffi
fy

p2E

r
, with l ¼ Le

ry

ð37:25Þ

where Le and ry are the column buckling length and radius of gyration of the column cross-section about

the relevant axis of buckling.

37.4.3.3 Steel Connections

The behavior of steel connections in fire is complicated due to complex temperature distributions in

connections and connection interactions with the adjacent structure. Fortunately, since a connection is

much ‘‘bulkier’’ than the connected members, its temperatures are much lower, and, if designed

properly, it is rarely the weak link in the structure. Current design methods require that when fire

protection materials are applied to a structure, the thickness of protection applied to a connection

should be based on the thickness required for whichever of the members jointed by the connection that

has the highest section factor Hp/A.

However, it should be pointed out that the above comments are related to steel structures in flexural

bending under fire conditions, where a connection does not have to resist any tensile force. High tensile

forces can develop in the connected steel beams to fracture connections, which was observed during

the Cardington fire research on the steel framed building (Newman et al. 2000) when the connections

were cooling, or found from investigations of the World Trade Center collapse (FEMA 2002) due to

possible development of catenary action in the floor truesses at very large deflections. If the designer

anticipates tensile forces to develop in the connected beams, it is important that their values are

quantified accurately and connections are designed to resist such tensile forces.

37.4.3.4 Other Types of Steel Structures

37.4.3.4.1 Stainless Steel Structures

Due to architectural demand and superior corrosion resistance, stainless steels are becoming more

widely used. Although their fire resistance is only a minor factor in determining whether to use stainless

steel or not, stainless steel does have superior fire resistance to conventional carbon steels.

Baddoo (1999) gives some information on the strength retention factors of stainless steels at different

elevated temperatures. Whilst conventional carbon steel loses about 50% of its strength at a temperature

of around 600�C, the temperature that gives the same loss in the strength of stainless steel is much

higher, at about 800�C. Also, the surface of stainless steel has a much higher reflectivity, hence the

emmissivity (1� reflectivity) of stainless steel is much lower. Typically, the emmissivity of stainless steel

is about 0.3 to 0.4, compared to about 0.8 for carbon steel. This gives a much lower temperature in a

stainless steel structure in fire. For realistic loading conditions, it is almost certain that stainless steel

structures will be able to be engineered to provide sufficient fire resistance without the need for fire

protection.

With suitable modifications to take into consideration the reduced strength and stiffness of stainless

steel at elevated temperatures, the same design method for carbon steel may be extended to stainless steel

structures (Baddoo and Burgen 1998).

37.4.3.4.2 Portal Frames

Portal frames are usually single storey buildings with a small density of occupants. Escape in the case of

fire attack is relatively easy. Therefore, fire safety of a portal frame only becomes a requirement when the

portal frame is adjacent to another building and it is necessary to prevent fire spread from the portal

frame building to the adjacent building. Fire spread from a portal frame building is usually through

collapsed walls; consequently, the structural safety requirement for a portal frame under fire attack is to

ensure that the portal frame columns in the walls remain upright so that the walls are stable. The portal

frame girders may be allowed to collapse.
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The Steel Construction Institute in the United Kingdom has developed a design guide (Newman 1990)

for portal frames in fire. Using this guide, portal frames are usually designed without fire protection.

37.4.3.4.3 Water Cooled Structures

The design of water cooled structures (Bond 1975) relies on the principle that boiling water has a very high

value of convective heat transfer coefficient, some 3 or 4 orders higher than the convective heat transfer

coefficient of air. If boiling water is replenished, heat on a water cooled steel structure is taken away and

steel temperatures remain low. Typically, steel temperatures in a water cooled structure do not exceed

150�C. Therefore, structural stability of a water cooled structure is rarely a design issue. Design is mainly

concerned with hydraulic calculations to ensure sufficient water supply and circulation in case of fire.

Water cooling a steel structure to achieve fire protection is expensive and because of this it is rarely

used solely for the purpose of fire protection. It is usually combined with other functions. An excellent

example (Bressington 1997) of recent application of this technique is in the roof truss of the cargo

handling facility of Hong Kong Air Cargo Terminals Ltd. The steel structural roof truss is made of

circular hollow sections and is used as the water distribution pipe for sprinklers. On operation of the

sprinklers in the event of a fire, internal water flow through the steelwork members also provides

sufficient cooling.

37.4.3.4.4 External Steelwork

In the case of a building enclosure fire, fire exposure on the external steelwork differs from that on the

interior steelwork in two ways:

� The fire temperature to the external steelwork is much lower than that to the interior steelwork.
� The external steelwork may not be directly engulfed in fire.

These two differences ensure that temperatures in the external steelwork are kept lower than their failure

temperatures so that fire protection is not necessary.

Law and O’Brien (1989) developed a design method for external steelwork and the design method in

Eurocode 3 is based on their work.

37.4.4 Composite Steel/Concrete Members

37.4.4.1 Composite Slabs

Composite slabs are constructed from reinforced concrete slabs in composite action with steel decking

underneath. The steel decking acts as support to the concrete during construction and is generally

profiled to maximize structural efficiency. Composite slabs usually form the floor of a fire resistant

compartment. Hence, they should meet all the requirements of fire resistant construction; that is, in

addition to sufficient load bearing resistance, they should also have adequate insulation and maintain

their integrity during fire attack.

Composite floor slabs are noncombustible and will not suffer integrity failure by burning through.

However, the problem of integrity failure may occur at the junctions between a composite slab and other

construction elements. Particular attention should be paid to the slab edges where large cracks may occur

due to large rotations. It is important that reinforcement bars should be made continuous over the

supports.

To check whether a slab can fulfill the insulation requirement, it is necessary to carry out a

heat transfer analysis to determine temperatures on the unexposed surface of the slab. Results of this

temperature analysis can then be used to determine the minimum slab thickness above which the

unexposed surface temperature is unlikely to exceed the allowed values. For most applications where

the required standard fire resistance rating does not exceed 90 min, the required minimum slab

thickness will almost certainly be less than that required by other functions such as control of

deflections. Hence, the insulation requirement for composite slabs is very rarely a problem in fire

resistant design.
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37.4.4.1.1 Load Bearing Capacity of One-Way Spanning Composite Slabs

When calculating the load bearing resistance of a composite slab in fire, it is often assumed that it is

one-way spanning, being effective only in the direction of the concrete rib. For a continuous composite

slab, the plastic design method may be used, in which plastic hinges are assumed to form at the supports

and locations of the maximum bending moment in the span of the slab. For example, for the interior

span of a continuous slab under uniformly distributed load, as shown in Figure 37.12,

Mþ,fi þM�,fi � Mfi, max, i:e:, Mþ,fi þM�,fi �
1

8
wL2 ð37:26Þ

where Mþ,fi and M�,fi are the sagging and hogging bending moment resistance of the slab, respectively,

and Mfi,max is the maximum free bending moment in the slab under fire conditions.

For the end span of a continuous slab with uniformly distributed load, as shown in Figure 37.12,

Mþ,fi þ
1

2
M�,fi ¼

1

8
wL2 þ

M2
�,fi

2L2w
ð37:27Þ

or approximately

Mþ,fi þ 0:45M�,fi �
1

8
wL2 ð37:28Þ

In order to determine the slab load carrying capacity in fire, the sagging bending moment capacity

Mþ,fi and hogging bending moment capacity M�,fi should be evaluated.

When calculating the sagging bending moment capacity of a slab, the reinforcement near the fire side

is in tension and the compressive concrete is on the unexposed side of the slab. Since the temperature

rise on the unexposed side of the slab is required to be below 140�C to fulfill the insulation requirement,

the concrete in compression can be assumed to be cold and its cold strength may be used when

calculating the sagging bending moment capacity of the slab. Contributions from the steel decking are

usually ignored because the decking will be unprotected and may debond because it is under direct fire

attack. Figure 37.13 shows the calculation procedure. In Figure 37.13, fc is the design strength of concrete

in bending at ambient temperature, Ar, py,r, and ky,r(T ) are the area, design strength at ambient

temperature, and strength retention factor of the reinforcement at temperature T, and ky,r(T ) may be

obtained from Figure 37.14.

Under a hogging bending moment, the compression face of a composite slab is exposed to fire where

there is a very steep temperature gradient. When calculating the hogging bending moment capacity, the

composite slab, including the concrete in the ribs, should be divided into a number of layers each of

approximately constant temperature. The contribution of each layer should be evaluated separately and

then integrated to give the total slab resistance.

Uniformly distributed load

M+ ,fi M+ ,fi M+ ,fi

M– ,fi M– ,fi

L L L

FIGURE 37.12 A continuous slab exposed to fire.
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37.4.4.1.2 Load Bearing Capacity of Two-Way Spanning Slabs

The load carrying capacity of a composite slab in one-way spanning is usually sufficient under

fire conditions. However, in some cases, it may be necessary to utilize the slab strength in two-way

spanning. This is particularly the case when it is necessary to justify the elimination of fire protection from

some of the slab-supporting steel beams. The yield line analysis (Johansen 1962) for reinforced concrete

slabs may be used to give a safe estimate of the slab load carrying capacity in two-way spanning.

The real benefit of utilizing the strength of a slab in two-way spanning is the possibility of using

tensile membrane action in the slab, under which the strength of the slab can be many times higher

than that given by yield line analysis. Recently, a design method has been developed to use tensile

membrane action in steel framed buildings to eliminate fire protection to some steel beams.

For detailed design equations and examples, reference should be made to the two papers by Bailey

and Moore (2000a, 2000b) and a publication by the United Kingdom’s Steel Construction Institute

(Newman et al. 2000).

37.4.4.2 Composite Beams

For a conventional composite beam with concrete slabs on top of the steel section, the sagging

bending moment capacity of the composite cross-section may be calculated by the bending moment

capacity method, similar to steel beams (Section 37.4.3.1). The concrete in compression may be assumed

to be cold and the steel temperatures may be calculated using Equations 37.16 or 37.17. If the steel

section is protected, it may be assumed to have a uniform temperature distribution and its section

factor Ap/V is that of the entire section, calculated according to Table 37.3. If the steel section

D
d = D – 0.5 × dc = D – 0.5 × Fr /f c

fc

Fr = Ar × ky,r(T) × fy,r

C = Fr
dc

M+,fi = Fr × d

FIGURE 37.13 Calculation method for sagging bending moment capacity.
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FIGURE 37.14 Retention factors of cold worked reinforcing steel (from European Committee for Standardisation

(CEN), 2001, prEN 1994-1-2, Eurocode 4: Design of Composite steel and Concrete Structures, Part 1.2: Structural Fire

Design (London: British Standards Institution)).
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is unprotected, the steel section will have a nonuniform temperature distribution. For temperature

calculations, the steel section may approximately be divided into two parts: the upper flange and the

lower flange plus the web.

EXAMPLE 37.6

Plastic bending moment capacity of a composite cross-section

Figure 37.15 shows a composite cross-section exposed to fire underneath the slab. The steel section is

unprotected and fire exposure is according to the temperature–time relationship in Example 37.1.

At ambient temperature, the design strength of steel is 275 N/mm2 and the design compression strength

of concrete is 20 N/mm2. Calculate the minimum sagging bending moment capacity of the composite

cross-section in fire.

Calculation results

According to the dimensions in Figure 37.15, the section factor of the top flange is 80 m�1 and that of

the web/bottom flange is 147 m�1.

Following calculations in Example 37.2, the maximum top flange temperature is 802.8�C reached at

32.25 min and the maximum lower flange/web temperature is 847.2�C reached at 28.75 min. It is

interesting to notice that under natural fire exposure, different parts of a structural member will reach

their maximum temperatures at different times. Therefore, in theory, calculations of the plastic bending

moment capacity of the cross-section should be performed as a function of time. For simplicity, in this

example, the maximum temperatures of the top flange and bottom flange/web, attained at different

times, are used.

From Table 37.5, the residual steel strengths and tensile capacity of the steel cross-section are

Top flange: fy¼ 0.1086� 275¼ 29.9 N/mm2, As¼ 2250 mm2, Nuf ¼ 67.3 kN

Bottom flange/web: fy¼ 0.08639� 275¼ 23.76 N/mm2

The lower flange tension resistance: Nlf¼ 53.5 kN

The web area is 3700 mm2, giving the web tension resistance: Nwf ¼ 87.9 kN

The total tensile resistance of the steel cross-section: Ns¼NufþNwf þNlf ¼ 208.7

Assume the top of the concrete slab is cold. The depth of concrete in compression is 208.7� 1000/

(20� 2000)¼ 5.22 mm.

15

10

400

150

Units in mm

Concrete slab 130

2000

15

FIGURE 37.15 Composite cross-section dimensions for Example 37.6.
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Taking moment about the top surface of the slab, the residual sagging bending moment capacity of the

composite cross-section is

Mf ¼ ½�208:7� 5:22=2þ 67:3� ð130þ 15=2Þ þ 87:9� ð130þ 400=2Þ
þ 53:5� ð130þ 400� 15=2Þ�=1000

¼ 65:7 kN m

37.4.4.3 Composite Columns

37.4.4.3.1 Resistance to Axial Load According to Eurocode 4

The general equation for calculating the squash load of a composite column is

Pu,fi ¼
X

Aifið Þcþ
X

Aifið Þsþ
X

Aifið Þr ð37:29Þ

where fi is the design strength of the ith layer and subscripts ‘‘c,’’ ‘‘s,’’ and ‘‘r’’ represent concrete,

steel, and reinforcement, respectively. Due to nonuniform temperature distribution, each component

of the composite cross-section is divided into a number of layers of approximately the same temperature.

Similarly, the rigidity (EI ) of the composite cross-section is calculated using the following equation:

ðEIÞfi ¼
X
ðEIÞi,s þ

X
0:8ðEIÞi,c þ

X
ðEIÞi,r ð37:30Þ

where symbols E and I are the initial modulus of elasticity and second moment of area of the

appropriate component material about the relevant axis of buckling of the entire composite cross-

section, respectively.

The composite column compression resistance in fire is given by

Pc,fi ¼
wfi

1:2
Pu,fi ð37:31Þ

where the compression strength reduction factor in fire is calculated by

wfi ¼
1

ffi þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2

fi � �ll2
fi

q with ffi ¼ 0:5 1þ a �llfi � 0:2
� �

þ l
2

fi

h i
ð37:32Þ

in which the initial imperfection factor a has a value of 0.49.

The column slenderness factor �llfi in fire is defined by

�llfi ¼
ffiffiffiffiffiffiffiffiffi
Pu,fi

Pcr,fi

s
ð37:33Þ

where the Euler buckling load in fire is calculated using

Pcr,fi ¼
p2ðEIÞfi

L2
e

ð37:34Þ

in which Le is the column effective length.

37.4.4.3.2 Simplified Temperature Calculation Method for Unprotected

Concrete Filled Columns

The temperature calculation method is based on the method of Lawson and Newman (1996) with

modification by Wang (2000). This method assumes that the composite column is unprotected.

In this method, the steel shell temperature is calculated by

Ts ¼ C2Tfi ð37:35Þ
where Tfi is the standard fire temperature and C2 is a multiplication factor depending on the fire

resistance time. C2 is given by

C2 ¼ 1� 0:02t � 120� FR

120
, but C2 
 1:0 ð37:36Þ
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where FR is the fire resistance rating in minutes and t is the thickness of the steel shell in mm. The

concrete temperature is calculated by

Tc ¼ C1C2Tslab ð37:37Þ

where C1 is a multiplication factor depending on the composite section size and location of the

concrete (and is independent of the standard fire resistance time) and Tslab is the temperature in an

infinitely wide concrete slab exposed to fire on one side (given in Figure 37.16). Values of C1 are given in

Table 37.8.

If reinforcement is used, the reinforcement temperature should be taken as that of the concrete at the

same location. Furthermore, for reinforcement in the corners of a square section, due to heating from

two sides of the composite section, the reinforcement temperature should be calculated from an

equivalent depth of half the concrete cover depth.

EXAMPLE 37.7

Compression resistance of a composite column

Figure 37.17 shows the dimensions of a concrete filled circular steel section. The effective length of the

column is 4 m. Calculate the column compression resistance for a standard fire resistance period of

60 min. At ambient temperature, steel has a design strength of 275 N/mm2 and Young’s modulus

of 205,000 N/mm2. Concrete has a design compression strength of 40 N/mm2 and modulus of elasticity

of 20,000 N/mm2.
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FIGURE 37.16 Temperatures of a concrete slab exposed to the standard fire from underneath (from European

Committee for Standardisation (CEN), 2001, prEN 1994-1-2, Eurocode 4: Design of Composite steel and Concrete

Structures, Part 1.2: Structural Fire Design (London: British Standards Institution)).

TABLE 37.8 Multiplication Factor C1

Diameter or size of

square section (mm)

Distance of center of layer from out surface (mm)

10 30 50 70 >70

200 1.08 1.22 1.41 1.60 1.80

300 1.05 1.14 1.22 1.36 1.50

400 1.03 1.09 1.18 1.25 1.35

500 1.02 1.07 1.12 1.18 1.25

Source: Lawson, R.M. and Newman, G.M., 1996, Structural fire design to EC3 & EC4, and comparison with BS 5950,

Technical Report, SCI Publication 159, The Steel Construction Institute.
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Calculation results

Divide the composite cross-section into steel tube, three concrete rings of equal thickness of 20 mm, and

a concrete core of 70 mm radius. Table 37.9 gives, for each zone of the composite cross-section, tem-

perature (in �C, calculated using Equations 37.35–37.37), area (mm2), second moment of area about a

principle axis of the entire cross-section (cm4), reduced design strength (in N/mm2), and Young’s

modulus (in N/mm2, from Table 37.5 for steel and Table 37.6 for concrete) at elevated temperatures,

compression resistance (in kN) and rigidity (EI, in kN m2).

Equation 37.29 gives Pu,fi¼ 2509.6 kN. Equation 37.34 gives the Euler buckling load in fire

Pcr,fi¼ 5226.1 kN, giving a column slenderness in fire �llfi ¼ 0:7885. Equation 37.32 gives wfi¼ 0.563 and

Equation 37.31 gives the column compression resistance in fire Pc,fi¼ 1413 kN.

37.4.4.3.3 High Strength Concrete Filled Columns

With the introduction of high strength concrete, the load carrying capacity of a concrete filled column

can be further enhanced. However, the increase in fire resistance is relatively small because high strength

concrete loses its strength at a much lower temperature than normal strength concrete. By adding a small

amount of steel fibre to the concrete, the elevated temperature performance of high strength concrete

can be much improved and the performance of fibre reinforced high strength concrete filled steel

columns is similar to that with normal strength concrete filling (Kodur and Wang 2001). Provided the

strength and stiffness retention factors are available, Equations 37.29 and 37.30 can also be used.

37.5 Design for Unprotected Steelwork

The quest for knowledge is one of the main drivers of research to investigate the behavior of steel and

composite structures under fire conditions. However, it should be recognized that the desire to reduce or

Concrete
inside

Circular hollow section
  Outside diameter 300 mm
  Wall thickness 20 mm

FIGURE 37.17 Column cross-section size for Example 37.7.

TABLE 37.9 Calculation Results for Example 37.7

Zone

Radius

(mm)

Tslab

(�C)

Tzone

(�C)

A

(mm2)

I

(cm4)

fi
(N/mm2)

Ei

(N/mm2)

(fA)I

(kN)

(EI)I

(kN m2)

Steel 130–150 — 756 17,593 17,329 44.77 22,058 787.6 3322.4

Con. 110–130 421 480 15,080 10,933 25.2 7,875 380 861

Con. 90–110 250 305 12,566 6,346 33.84 12,250 425 777.4

Con. 70–90 150 204 10,053 3,267 35.92 14,310 361 467.5

Con. 0–70 130 195 15,394 1,886 36.1 14,512 556 273.7
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eliminate fire protection to steelwork is an equally strong incentive to carry out these studies. Fire

protection to steelwork can represent a significant part of the total steel structural cost and the elim-

ination of fire protection to steelwork represents a significant saving in construction cost to the client.

But more importantly, by reducing the use of fire protection, steel becomes more competitive and the

steel industry can benefit from an increased market share. After the September 11 event, it is also

appropriate to consider using unprotected steelwork in fire situations for safety. Without fire protection,

there would be no problem related to possible unreliable use of fire protection materials.

There are a number of ways of designing for unprotected steelwork, including risk assessment to

reduce the requirement of fire resistance, using the so-called fire resistant steel (Sakumoto 1998) to

increase the strength of steel at elevated temperatures, over-design steel elements at ambient temperature

so as to increase their reserve of strength in fire, integrating the functions of fire protection and structural

load bearing of concrete, and utilizing advanced structural behavior. Wang and Kodur (2000) provide

a summary of these techniques. This section will give a brief introduction to the last two methods

because they can be readily implemented in practice.

37.5.1 Integration of Structural Load Bearing and Fire Protection
Functions of Concrete

It should be appreciated that it is very rare for steelwork to be used alone. Steel is usually used in

combination with other materials, in particular with concrete. Concrete is not only a structural material,

it also has good thermal insulation properties. Therefore, by combining these two functions of concrete,

composite structures may be constructed to give inherently high fire resistance. The systems that will be

described below have made special considerations of fire resistance in their design and construction.

The following paragraphs will give a short description of their main features and the inherent standard

fire resistance that they can achieve. This should enable the designer to determine quickly a possible

structural load bearing system where the main design concern is to use unprotected steelwork. More

detailed information may be found in Bailey and Newman (1998).

37.5.1.1 Beams

Three types of construction may be used:

1. Slim floor/asymmetric beam, shown in Figures 37.18a and b. In the slim floor construction, a

wide plate is welded to the bottom flange of a universal column section and composite floor slabs

are supported on the wide plate. In an asymmetric steel beam, the bottom flange is rolled wider

than the top flange. Both systems use the same principle to achieve unprotected steelwork: the

(a)

(c)

(b)

(d)

FIGURE 37.18 Steel/composite beams of high fire resistance: (a) slim floor beam, (b) asymmetrical beam, (c) shelf

angle beam, and (d) partially encased steel beam.
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web of the steel section is protected by the concrete and provides the majority of the bending

resistance of the steel beam at elevated temperatures. Only the steel section is assumed to have

load carrying capacity, but lateral torsional buckling is prevented by the concrete slabs.

2. Shelf angle beams, shown in Figure 37.18c. In this system, steel angles are welded to the web of a

steel beam and these angles are used to support precast concrete floor units. This system is

mainly used to reduce the structural depth of the floor. Since the angles, the upper flange, and the

upper portion of the web of the steel section are shielded from fire exposure, 60 min of fire

resistance can be achieved using this system without fire protection.

3. Partially encased beams, shown in Figure 37.18d. By casting concrete in between the flanges of a

regular universal beam section, only the downward side of the lower flange will be exposed to

fire. Both the web and the upper flange are shielded from fire exposure and can provide high

structural resistance. Composite floor slabs may be connected to the top of the partially encased

steel beam via shear connectors to obtain composite action. Since concrete is cast between

flanges of the steel section, no temporary formwork is necessary. By using reinforcement,

standard fire resistance of up to 3 h can be obtained without fire protection to the steelwork.

Table 37.10 summarizes the standard fire resistance rating that can be achieved by different types of

unprotected steel beams.

37.5.1.2 Columns

Three types of unprotected columns may be used:

1. Columns with blocked-in webs as shown in Figure 37.19a. In this construction, lightweight

aerated concrete blocks are placed between the flanges of a universal steel section. The aerated

concrete blocks not only provide good insulation to the column web, they also reduce the

average column flange temperature compared to a bare steel column. A standard fire resistance

rating of 30 min can be achieved without additional fire protection.

2. Partially encased steel columns with unreinforced and reinforced concrete as shown in Figure

37.19b. In a column with blocked-in web, the lightweight aerated concrete only provides

insulation to the steel section and the system cannot provide 60 min fire resistance. If normal

TABLE 37.10 Standard Fire Resistance Rating of Unprotected Steel Beams

Type of construction

Standard fire resistance

time (min)

Bare universal beams 15

Slim floor/asymmetrical beams 60

Shelf angle beams 60

Partially encased beams >60

Source: Bailey, C.G. and Newman, G.N., 1998, The design of steel framed

building without applied fire protection, The Structural Engineer, 76(5), 77–81.

(a) (b) (c)

FIGURE 37.19 Steel/composite columns of high fire resistance: (a) blocked-in web, (b) partially encased, and

(c) concrete filled.
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strength concrete is used to provide composite action, much higher fire resistance can be

obtained. If unreinforced concrete is used, 60 min of fire resistance can be obtained.

Reinforcement may be used to give much higher fire resistance.

3. Concrete filled hollow steel sections as shown in Figure 37.19c. Concrete filling of hollow steel

sections is a very practical solution to form composite columns. Either unreinforced or

reinforced concrete may be used. This type of column has been described in some detail in

Section 37.4.4.3. To summarize, unreinforced concrete filled columns can achieve 60 min of fire

resistance. If reinforcement is used, much higher fire resistance may be obtained.

To summarize, Table 37.11 gives the standard fire resistance time that can be achieved by different

types of unprotected columns.

The usefulness of Table 37.10 and Table 37.11 is to enable readers to reach a decision quickly on the

form of construction to achieve the required standard fire resistance without fire protection.

37.5.2 Utilizing Whole Building Performance in Fire

It has long been recognized that the behavior of a whole building in fire is much better than that of its

individual members. By achieving a better understanding of whole building behavior, it is possible to

achieve the objective of eliminating fire protection in conventionally designed and constructed steel

framed buildings. Two methods based on the whole building behavior may be considered.

37.5.2.1 Utilization of Structural Redundancy

Up to now, the design of steel structures for fire safety has generally been based on the assessment of

individual structural members, that is, each structural member should achieve the required fire resis-

tance. However, it should be realized that for a building to remain stable under fire conditions, serving

the principal need of containing a fire and preventing its spread, it is not absolutely necessary for every

individual structural member to remain stable. Fire protection may be eliminated for some steel

members if, in the absence of these members, an alternative load path due to structural redundancy can

be developed to retain structural stability.

For example, in a multistory steel framed structure, floor loads are transferred by floor slabs to the

supporting steel beams and the beam reactions are then transmitted to the supporting steel columns and

thence to the foundations. For fire design, it is usually assumed that the load path selected for the

ambient temperature design remains unchanged under fire conditions and that each member in this load

path has to have sufficient fire resistance.

It is now appreciated that the load transmission path in a structure is not a fixed one. If one load path

breaks down, other alternative load paths may exist and safely transfer the applied loads to the foun-

dation. For example, Figure 37.20a shows part of a steel framed structure and the usual load carrying

path adopted in the ambient temperature design. However, if the floor slabs are designed to have higher

load bearing resistance than required at ambient temperature, it is quite possible for the alternative load

carrying sequence in Figure 37.20b to develop in fire.

TABLE 37.11 Standard Fire Resistance Rating of Unprotected Steel Columns

Type of column

Standard fire resistance

time (min)

Universal column 15

Blocked-in column 30

Partially encased with unreinforced concrete 60

Partially encased with reinforced concrete >60

Concrete filled hollow section without reinforcement 60

Concrete filled hollow section with reinforcement >60

Source: Bailey, C.G. and Newman, G.N., 1998, The design of steel framed building

without applied fire protection, The Structural Engineer, 76(5), 77–81.
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At ambient temperature (Figure 37.20a), the secondary beams are needed to control excessive slab

deflections. Under fire conditions, applied floor loads are reduced and large slab deflections are

permissible. Thus, failure of some secondary beams is permissible provided a sufficient network of

beams remain available to keep transfer the slab load to the columns. A possible system of this type is

shown in Figure 37.20b. In Figure 37.20b, fire protection for the dotted secondary beams is not required.

Of course, the design load carrying capacity of the slab can be further increased even to bypass some

main steel beams.

37.5.2.2 Developing Better Understanding of Structural Behavior in Fire

Structural fire safety design has been developed based on extending current structural design methods at

ambient temperature to elevated temperatures. At ambient temperature, due to the need to avoid large

deflections, design methods are based on flexural behavior at small deflections. These current design

methods can be very conservative and structural members may have much higher strength if large

deflections are allowed. By exploiting this enhanced load bearing capacity, fire protection may be

eliminated. An example is the utilization of tensile membrane action in reinforced composite slabs in

steel framed buildings (Newman et al. 2000).

37.6 Concluding Remarks

This chapter has given an introduction to different aspects of structural fire safety design, including

evaluation of the severity of fire exposure, calculations of temperatures in structures exposed to fire, and

assessment of load carrying capacities of structures at elevated temperatures. An important emphasis of

this chapter is structural fire safety design from first principles, rather than following the prescriptive

route. Materials presented in this chapter are based on developments in Europe. However, the funda-

mental knowledge should be equally applicable in other situations. A number of examples have been

Some (dotted lines) secondary
beams have failed. Remaining
beams become edge beams

Load path
Slabs (two way) ⇒ edge beams
Edge beams ⇒ columns 

Load path
Slabs ⇒ secondary beams
Secondary beams ⇒ primary beams
Primary beams ⇒ columns

(a)

(b)

FIGURE 37.20 An example of alternative load paths in a structure: (a) load path of ambient temperature and

(b) possible load path in fire.
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provided to illustrate the applications of various specific recommendations. There have been tre-

mendous advances in fire safety design of steel and composite steel/concrete structures such that these

types of structures are now increasingly being fire engineered to improve design. However, there are still

large scopes for research and development in structural fire safety, especially with regard to other types of

structures, such as concrete, timber, masonry. It is hoped that this chapter will arouse the interest of the

reader in this subject. Structural fire safety design is a relatively new and evolving subject. It is expected

that future editions of this chapter will provide more comprehensive coverage of this important topic of

structural engineering.
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Appendix

WWW Sites

Nowadays the internet can provide a rich source of information on everything. There are many web

sites that give information on fire related topics. The following web sites are well-known organizations

that have a interest in the topic of this chapter, structural fire engineering. They are divided into three

groups: government and research organizations whose main functions are legislation, research, and

dissemination; academic institutions whose main functions are research and education; and industrial

companies that are involved in research and development to some extent, but whose main interest is

in the application of fire engineering in practical projects. It is inevitable that this list is biased toward

U.K. organizations.
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A: Government and Research Organizations

www.bre.co.uk: Building Research Establishment (BRE), U.K.

www.safety.odpm.gov.uk/fire: Office of the Deputy Prime Minister, U.K.

www.nrc.ca: National Research Council of Canada (NRCC), Canada

www.bfnl.nist.org: Building and Fire Research Lab, National Institution of Science and Technology

(NIST), U.S.

www.nfpa.org: National Fire Protection Association (NFPA), U.S.

www.sfpe.org: Society of Fire Protection Engineers (SFPE), U.S.

www.iafss.org: International Association for Fire Safety Science (IAFSS)

www.vtt.fl: VTT Building Technology, Finland

www.sp.se: Swedish National Testing and Research Institute (SP), Sweden

www.sintef.no: Norwegian Fire Research Laboratory (SINTEF), Norway

www.factorymutual.com: Factory Mutual, U.S.

www.cticm.fr: Centre Technique Industriel de la Construction Métallique (CTICM), France

www.tno.bouw.nl: TNO Building and Construction Research, The Netherlands

B: Academic institutions

www.structuralfiresafety.com: One-stop-shop for structural fire safety, set up by Manchester Centre for

Civil and Construction Engineering, University of Manchester Institute of Science and Technology

(UMIST), U.K.

www.steelinfire.org.uk: Steel In Fire Forum (STIFF), a network coordinated by the University of

Sheffield, U.K.

www.ed.ac.uk: University of Edinburgh, U.K.

www.ulst.ac.uk: University of Ulster, U.K.

www.brand.lth.se: Lund University, Sweden

www.wpi.edu: Worcester Polytechnic Institute, U.S.

www.enfp.umd.edu: University of Maryland, U.S.

www.civil.canterbury.ac.nz: University of Canterbury, New Zealand

www.vut.edu.au: Victoria University of Technology, Australia

C: Industrial Companies

www.corusgroup.com: U.K. steel manufacturer

www.arup.com: Ove Arup & Partners, Engineering consultancy, U.K.

www.burohappold.com: Buro Happold Consulting Engineers, Engineering Consultancy, U.K.

www.steel-sci.org: The Steel Construction Institute, U.K.
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