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Preface

The Mellin transformation was introduced by a Finnish mathematician Robert Hjalmar Mellin in
his paper “Über die fundamentale Wichtigkeit des Satzes von Cauchy für die Theorien der Gamma–
und der hypergeometrischen Funktionen. Acta Soc. Fennicae, 1896, 21, 1–115.” At present, it is
widely used in various problems of pure and applied mathematics, in particular, in the theory of
differential and integral equations, and the theory of Dirichlet series. It found extensive applications
in mathematical physics, number theory, mathematical statistics, theory of asymptotic expansions,
and especially, in the theory of special functions and integral transformations. Using the Mellin
transformation, many classical integral transforms can be represented as compositions of direct and
inverse Laplace transforms.

This handbook contains tables of the direct Mellin transforms of the form

F (s) = M [f (x) ; s] =

∫ ∞
0

xs−1f (x) dx, s = σ + iτ.

Since the majority of integrals can be reduced to the form of the corresponding Mellin transforms
with a specific choice of parameters, this book can also be considered as a handbook of definite and
indefinite integrals. By changes of variables, the Mellin transform can be turned into the Fourier
and Laplace transforms.

The inverse Mellin transform has the form

f (x) = M−1 [F (s) ; x] =
1

2πi

∫ σ+i∞

σ−i∞
x−sF (s) ds, α < σ < β;

see Appendix I.
The main text is introduced by a fairly detailed list of contents, from which the required formulas

can easily be found. The tables are arranged in two columns. The left-hand column of each page
shows function f (x) and the right-hand column gives the corresponding Mellin transform F (s).
For the sake of compactness, abbreviated notation is used. For example, the formula 3.14.9.1 (the
formula 1 of the Subsection 3.14.9)

No. f (x) F (s)

1

{
S (ax)

C (ax)

}
Kν (bx)

2s+δ−1 aδ+1/2

3δ
√
π bs+δ+1/2

Γ

(
2s− 2ν + 2δ + 1

4

)
Γ

(
2s+ 2ν + 2δ + 1

4

)
× 3F2

( 2δ+1
4 , 2s−2ν+2δ+1

4 , 2s+2ν+2δ+1
4

2δ+1
2 , 2δ+5

4 ; −a2b2

)
[a, Re b > 0; Re s > |Re ν| − (2± 1) /2]

where δ =

{
1

0

}
, is a contraction of the two formulas
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1 S (ax)Kν (bx)
2s a3/2

3
√
π bs+3/2

Γ

(
2s− 2ν + 3

2

)
Γ

(
2s+ 2ν + 3

2

)
× 3F2

( 3
4 ,

2s−2ν+3
2 , 2s+2ν+3

2
3
2 ,

7
4 ; −a2b2

)
[a, Re b > 0; Re s > |Re ν| − 3/2]

(in which only the upper sign and the upper expression in the curly brackets are taken) and

2 C (ax)Kν (bx)
2s−1 a1/2√
π bs+1/2

Γ

(
2s− 2ν + 1

2

)
Γ

(
2s+ 2ν + 1

2

)
× 3F2

( 1
4 ,

2s−2ν+1
2 , 2s+2ν+1

2
1
2 ,

5
4 ; −a2b2

)
[a, Re b > 0; Re s > |Re ν| − 1/2]

(in which only the lower sign and the lower expression in the curly brackets are taken).
The formula a, b < Re s < c, d is an abbreviated form of the inequality

max (a, b) < Re s < min (c, d) .

In all chapters, unless other restrictions are indicated, k, l, m, n, p, q = 0, 1, 2, . . .
Some integrals are considered in the sense of the principal value.
Various functional relations that will be useful for evaluation of Mellin transforms are given at

the beginning of every section. More formulas can be found at http://functions.wolfram.com.
In the preparation of this handbook, use was made, above all, of the books of H. Bate-

man, A. Erdélyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi [1], Yu. A. Brychkov [3],
O. I. Marichev [14], I. S. Gradshteyn and I. M. Ryzhik [13], V. A. Ditkin and A. P. Prudnikov [10],
F. Oberhettinger [15], and A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev [18–23]. An
appreciable part of the formulas were obtained by the authors.

Appendix I contains some properties of Mellin transforms and examples of their application.
Appendix II is devoted to conditions of convergences of integrals.
The bibliographic sources and notations are given at the end of the book.
This handbook is intended for researchers, engineers, post-graduate students, university students,

and generally for anyone who uses mathematical methods.

http://functions.wolfram.com


Chapter 1
General Formulas

1.1. Transforms Containing Arbitrary Functions

1.1.1. Basic formulas

Notation: F1 (s) = M [f1 (x) ; s], F2 (s) = M [f2 (x) ; s].

No. f (x) F (s)

1
1

2πi

∫ c+i∞

c−i∞
F (s) x−s ds F (s)

2

∫ ∞
0

f1

(x
t

)
f2 (t)

dt

t
F1 (s)F2 (s)

1.1.2. f (axr) and the power function

Condition: Imβ = 0, β 6= 0.

1 f (ax) a−sF (s)

2 xαf (x) F (s+ α)

3 f
(
xβ
) 1

|β|
F

(
s

β

)

4 f
(
axβ

) 1

|β|
a−s/βF

(
s

β

)

5 xαf
(
xβ
) 1

|β|
F

(
s+ α

β

)

6 xαf
(
axβ

) 1

|β|
a−(s+α)/β F

(
s+ α

β

)
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1.1.3. f (axr) and elementary functions

Condition: Imβ = 0, β 6= 0.

1 lnx f (x) F ′ (s)

2 lnm x f (x) F (m) (s)

3 xα lnm x f (x) F (m) (s+ α)

4 lnm x f
(
xβ
) sgnβ

βm+1
F (m)

(
s

β

)

5 lnx f (ax) a−s
[
F ′ (s)− ln aF (s)

]
6 lnm x f (ax) (−1)

m
a−s

m∑
k=0

(−1)
k

(
m

k

)
lnm−k aF (k) (s)

7 lnm x f
(
axβ

) (−1)
m

sgnβ

βm+1
a−s/β

m∑
k=0

(−1)
k

(
m

k

)
lnm−k aF (k)

(
s

β

)

8 xα lnm x f
(
xβ
) sgnβ

βm+1
F (m)

(
s+ α

β

)

9 xα lnx f
(
axβ

) sgnβ

β2
a−(s+α)/β

[
− ln aF

(
s+ α

β

)
+ F ′

(
s+ α

β

)]

10 xα lnm x f
(
axβ

) (−1)
m

sgnβ

βm+1
a−(s+α)/β

m∑
k=0

(−1)
k

(
m

k

)
lnm−k aF (k)

(
s+ α

β

)

11 xαebxf
(
axβ

) sgnβ

β
a−(s+α)/β

∞∑
n=0

(
a−1/βb

)n
n!

F

(
s+ n+ α

β

)

1.1.4. Derivatives of f (x)

1 f ′ (x) (1− s)F (s− 1)
[
xs−1f (x)

∣∣
x=0

= xs−1f (x)
∣∣
x=∞ = 0

]

2 f (n) (x) (−1)
n

Γ

[
s

s− n

]
F (s− n) = Γ

[
n+ 1− s

1− s

]
F (s− n)[

xs−kf (n−k) (x)
∣∣
x=0

= xs−kf (n−k) (x)
∣∣
x=∞ = 0,

k = 1, 2, . . . , n

]
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No. f (x) F (s)

3

(
x
d

dx

)n
f (x) (−s)n F (s) xs

(
x
d

dx

)k
f (x)

∣∣∣∣
x=0

= xs
(
x
d

dx

)k
f (x)

∣∣∣∣
x=∞

= 0,

k = 0, 1, . . . , n− 1


4

(
d

dx
x

)n
f (x) (1− s)n F (s) xs

(
d

dx
x

)k
f (x)

∣∣∣∣
x=0

= xs
(
d

dx
x

)k
f (x)

∣∣∣∣
x=∞

= 0,

k = 0, 1, . . . , n− 1



5

(
x1−α

d

dx

)n
f (x) (−α)

n
Γ

[ s
α

s−nα
α

]
F (s− nα)

6 = αn Γ

[ (n+1)α−s
α
α−s
α

]
F (s− nα) [α 6= 0]

xs−kα
(
x1−α

d

dx

)n−k
f (x)

∣∣∣∣
x=0

= xs−kα
(
x1−α

d

dx

)n−k
f (x)

∣∣∣∣
x=∞

= 0,

k = 1, 2, . . . , n


7

(
d

dx
x1−β

)n
f (x) βn Γ

[ 1−s+nβ
β

1−s
β

]
F (s− nβ) [β 6= 0]

xs−kβ
(
d

dx
x1−β

)n−k
f (x)

∣∣∣∣
x=0

= xs−kβ
(
d

dx
x1−β

)n−k
f (x)

∣∣∣∣
x=∞

= 0,

k = 1, 2, . . . , n



8

(
x1−α

d

dx
x1−β

)n
f (x) (α+ β − 1)

n
Γ

[ n(α+β−1)+α−s
α+β−1
α−s

α+β−1

]
F (s− nα− nβ + n)

[α+ β − 1 6= 0]

9 =

n−1∏
k=0

[α− s+ k (α+ β − 1)] F (s− nα− nβ + n)
xs−k(α+β−1)

(
x1−α

d

dx
x1−β

)n−k
f (x)

∣∣∣∣
x=0

= xs−k(α+β−1)
(
x1−α

d

dx
x1−β

)n−k
f (x)

∣∣∣∣
x=∞

= 0,

k = 1, 2, . . . , n
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No. f (x) F (s)

10

(
x1−α

d

dx
xα
)n

f (x) (α− s)n F (s)
xs
(
x1−α

d

dx
xα
)n−k

f (x)

∣∣∣∣
x=0

= xs
(
x1−α

d

dx
xα
)n−k

f (x)

∣∣∣∣
x=∞

= 0,

k = 1, 2, . . . , n


11

∂

∂a
f (x, a)

∂

∂a
F (s, a)

1.1.5. Integrals containing f (x)

Notation: F1 (s) = M [f1 (x) ; s], F2 (s) = M [f2 (x) ; s].

1

∫ ∞
0

f1 (xt) f2 (t) dt F1 (s) F2 (1− s)

2

∫ ∞
0

tαf1 (xt) f2 (t) dt F1 (s) F2 (1− s+ α)

3 xα
∫ ∞
0

f1 (xt) f2 (t) dt F1 (s+ α) F2 (1− s− α)

4 xα
∫ ∞
0

tβf1 (xt) f2 (t) dt F1 (s+ α) F2 (1− s− α+ β)

5

∫ ∞
0

f1

(x
t

)
f2 (t) dt F1 (s) F2 (s+ 1)

6

∫ ∞
0

tαf1

(x
t

)
f2 (t) dt F1 (s) F2 (s+ α+ 1)

7 xα
∫ ∞
0

f1

(x
t

)
f2 (t) dt F1 (s+ α) F2 (s+ α+ 1)

8 xα
∫ ∞
0

tβf1

(x
t

)
f2 (t) dt F1 (s+ α) F2 (s+ α+ β + 1)

9

∫ ∞
0

f1

(
t

x

)
f2 (t) dt F1 (−s) F2 (s+ 1)

10

∫ ∞
0

f1
(
xαtβ

)
f2 (tγ) dt

1

|α|
F1

( s
α

) 1

|γ|
F2

(
α− βs
αγ

)
[α, β, γ 6= 0]
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No. f (x) F (s)

11

∫ x

0

f (t) dt −1

s
F (s+ 1) [Re s < 0]

12

∫ x

0

. . .

∫ x

0

f (t) (dt)
n (−1)

n

(s)n
F (s+ n) [Re s < 1− n]

=

∫ x

0

(x− t)n−1

(n− 1)!
f (t) dt

13

∫ x

0

(x− t)α−1

Γ (α)
f (t) dt Γ

[
1− s− α

1− s

]
F (s+ α) [Reα > 0; Re (s+ α) < 1]

≡
(
Iα0+ f

)
(x)

14

∫ ∞
x

f (t) dt
1

s
F (s+ 1) [Re s > 0]

15

∫ ∞
x

. . .

∫ ∞
x

f (t) (dt)
n 1

(s)n
F (s+ n) [Re s > 0]

=

∫ ∞
x

(t− x)
n−1

(n− 1)!
f (t) dt

16

∫ ∞
x

(t− x)
α−1

Γ (α)
f (t) dt Γ

[
s

s+ α

]
F (s+ α) [Reα, Re s > 0]

≡
(
Iα− f

)
(x)

17 xγ
(
Iα0+ x

βf
)

(x) Γ

[
1− s− α− γ

1− s− γ

]
F (s+ α+ β + γ)

[Reα > 0; Re (s+ α+ γ) < 1]

18 xγ
(
Iα− x

βf
)

(x) Γ

[
s+ γ

s+ α+ γ

]
F (s+ α+ β + γ)

[Reα, Re (s+ γ) > 0]

19

∫ ∞
0

e−xtf (t) dt Γ (s)F (1− s) [Re s > 0]

20 xα
∫ ∞
0

tβe−xtf (t) dt Γ (s+ α) F (1− s− α+ β) [Re (s+ α) > 0]

21

∫ ∞
0

e−t/xf (t) dt Γ (−s) F (s+ 1) [Re s < 0]

22 xα
∫ ∞
0

tβe−t/xf (t) dt Γ (−s− α) F (s+ α+ β + 1) [Re (s+ α) < 0]

23

∫ ∞
0

e−x/tf (t) dt Γ (s) F (s+ 1) [Re s > 0]
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No. f (x) F (s)

24 xα
∫ ∞
0

tβe−x/tf (t) dt Γ (s+ α) F (s+ α+ β + 1) [Re (s+ α) > 0]

25

∫ ∞
0

cos (xt) f (t) dt cos
sπ

2
Γ (s)M [f (x) ; 1− s] [Re s > 0]

26

∫ ∞
0

sin (xt) f (t) dt sin
sπ

2
Γ (s)M [f (x) ; 1− s] [Re s > 0]

27

∫ ∞
0

√
xt Jν (xt) f (t) dt 2s−1/2 Γ

[ 2s+2ν+1
4

3−2s+2ν
4

]
M [f (x) ; 1− s]

28

∫ ∞
0

√
xtKν (xt) f (t) dt 2s−3/2 Γ

(
2s+ 2ν + 1

4

)
Γ

(
2s− 2ν + 1

4

)
M [f (x) ; 1− s]

29

∫ ∞
0

√
xt Yν (xt) f (t) dt

2s−1/2

π
sin

(2ν − 2s− 3)π

4
Γ

(
2s− 2ν + 1

4

)
× Γ

(
2s+ 2ν + 1

4

)
M [f (x) ; 1− s]

30

∫ ∞
0

√
xtHν (xt) f (t) dt 2s−1/2 tan

(2s+ 2ν + 1)π

4
Γ

[ 2s+2ν+1
4

3−2s+2ν
4

]
M [f (x) ; 1− s]



Chapter 2
Elementary Functions

2.1. Algebraic Functions

More formulas can be obtained from the corresponding sections due to the relations

1√
z + 1 + 1

=
1

2
2F1

( 1
2 , 1

2; −z

)
,

1√√
z + 1 + 1

=
1√
2

2F1

( 1
4 ,

3
4

3
2 ; −z

)
,

1√
1−
√
z

+
1√

1 +
√
z

= 2 2F1

( 1
4 ,

3
4

1
2 ; z

)
,

1

(1−
√
z)

3/2
+

1

(1 +
√
z)

3/2
= 2 2F1

( 3
4 ,

5
4

1
2 ; z

)
,

(z + 1)
a

= 1F0

(
−a
−z

)
= 2F1

(
−a, b
b; −z

)
, (z + 1)

a
=

1

Γ (−a)
G11

11

(
z

∣∣∣∣ a+ 1

0

)
,

1

1− z
= πG11

22

(
z

∣∣∣∣ 0, 1/2

0, 1/2

)
, (1− x)

α−1
+ = Γ (α)G10

11

(
x

∣∣∣∣ α0
)
, (x− 1)

α−1
+ = Γ (α)G01

11

(
x

∣∣∣∣ α0
)
.

2.1.1. (ar − xr)α+ and (xr − ar)α+

No. f (x) F (s)

1 θ (a− x)
as

s
[a, Re s > 0]

2 θ (x− a) −a
s

s
[a > 0; Re s < 0]

3 θ (x− a)− θ (x− b) bs − as

s
[0 < a < b; Re s > 0]

4 θ (a− x)xα
as+α

s+ α
[a, Re (s+ α) > 0]

5 θ (x− a)xα − a
s+α

s+ α
[a > 0; Re (s+ α) < 0]
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No. f (x) F (s)

6 (a− x)
α−1
+ as+α−1 B (α, s) [a, Reα, Re s > 0]

7 (x− a)
α−1
+ as+α−1 B (α, 1− α− s) [a, Reα > 0; Re (α+ s) < 1]

8 (ar − xr)α−1+

as+(α−1)r

r
B
(s
r
, α
)

[a, r, Reα, Re s > 0]

9 (xr − ar)α−1+

as+(α−1)r

r
B
(
α, 1− α− s

r

)
[a, r, Reα > 0; Re s < r (1− Reα)]

10 xα (a− x)
β−1
+ as+α+β−1 B (s+ α, β) [a, Reβ, Re (s+ α) > 0]

11 xα (x− a)
β−1
+ as+α+β−1 B (1− s− α− β, β) [a, Reβ, Re (s+ α+ β) < 1]

2.1.2. (ax+ b)ρ and |x− a|ρ

1
1

a− x
πas−1 cot (sπ) [a > 0; 0 < Re s < 1]

2
a

a− x
−

n∑
k=0

(x
a

)k
πas cot (sπ) [a > 0; −n− 1 < Re s < −n]

3
1

(ax+ b)
ρ

bs−ρ

as
B (s, ρ− s) [0 < Re s < Re ρ; |arg a|, |arg b| < π]

4
1

(a− x)
n − π (−a)

s−n

(n− 1)! sin (sπ)

n−1∏
k=1

(s− k)

[0 < Re s < n; n = 1, 2, . . . ; |arg (−a)| < π]

5
1

(x+ a)
ρ −

1

xρ
as−ρ B (s, ρ− s) [−1 < Re s < 0, Re ρ; |arg a| < π]

6
aρ

(x+ a)
ρ +

ρx

a
− 1 as B (s, ρ− s) [−2 < Re s < −1, Re ρ; |arg a| < π]

7
aρ

(x+ a)
ρ as B (s, ρ− s) [−n− 1 < Re s < −n, Re ρ; |arg a| < π]

−
n∑
k=0

(
−ρ
k

)(
x

a

)k
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No. f (x) F (s)

8
1

|x− a|ρ
as−ρ sec

ρπ

2
cos

(2s− ρ)π

2
B (s, ρ− s)

9 =
πas−ρ

Γ (ρ)
sec

ρπ

2
Γ

[
s, ρ− s

2s−ρ+1
2 , 1−2s+ρ

2

]
[a > 0; 0 < Re s < Re ρ < 1]

10
sgn (a− x)

|x− a|ρ
π as−ρ csc

ρπ

2
Γ

[
s, ρ− s

ρ, 2s−ρ+2
2 , ρ−2s2

]
[a > 0; 0 < Re s < Re ρ < 1]

2.1.3. (ax+ b)ρ (cx+ d)σ

1
1

(ax+ b) (cx+ d)

π (ac)
1−s

(bc− ad) sin (sπ)

[
(ad)

s−1 − (bc)
s−1
]

[0 < Re s < 2; |arg (b/a)|, |arg (d/c)| < π]

2
1

(x+ a) (b− x)

π

a+ b

[
as−1

sin (sπ)
+ bs−1 cot (sπ)

]
[b > 0; 0 < Re s < 2; |arg a| < π]

3
1

(x− a) (x− b)
π cot (sπ)

as−1 − bs−1

b− a
[a > b > 0; 0 < Re s < 2]

4
1

(x+ a)
ρ

(x− b)
a−ρ (−b)s−1 B (s, ρ− s+ 1) 2F1

(
ρ, s; a+b

a

ρ+ 1

)
[a 6= 0; 0 < Re s < Re ρ+ 1; |arg a| < π, |arg (−b)| < π]

5
1

(x+ a)
ρ

(x− b)
− πbs−1

(a+ b)
ρ cot [(s− ρ)π]− as−ρ

a+ b
B (s, ρ− s) 2F1

(
1, 1− ρ; a

a+b

s− ρ+ 1

)
[a 6= 0; b > 0; 0 < Re s < Re ρ+ 1]

6
1

(ax+ b)
ρ

(cx+ d)
σ

ds−σ

bρcs
B (s, ρ+ σ − s) 2F1

(
ρ, s; bc−ad

bc

ρ+ σ

)
[0 < Re s < Re (ρ+ σ) ; |arg (b/a)|, |arg (d/c)| < π]

2.1.4. (a− x)ρ+ (bx+ c)σ and (x− a)ρ+ (bx+ c)σ

1
θ (a− x)

x+ a

as−1

2

[
ψ

(
s+ 1

2

)
− ψ

(s
2

)]
[a, Re s > 0]

2
θ (a− x)

(bx+ c)
ρ

as

scρ
2F1

(
ρ, s; −abc
s+ 1

) [
a, Re s > 0;

|arg (bx+ c)| < π for 0 ≤ x ≤ a

]
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No. f (x) F (s)

3
θ (x− a)

(bx+ c)
ρ

as−ρb−ρ

ρ− s 2F1

(
ρ, ρ− s; − c

ab

1− s+ ρ

)
[a > 0; b 6= 0; Re s < Re ρ; |arg (bx+ c)| < π for x ≥ a]

4 (a− x)
ρ
+ (bx+ c)

ρ
(ac
b

)(s+ρ)/2
(ab+ c)

ρ
Γ (ρ+ 1) Γ (s) P−s−ρρ

(
c− ab
c+ ab

)
[a, Re s > 0; Re ρ > −1; |arg (bx+ c)| < π for 0 ≤ x ≤ a]

5 (a− x)
ρ
+ (bx+ c)

σ
as+ρcσ B (ρ+ 1, s) 2F1

(
−σ, s; −abc
s+ ρ+ 1

)
[a, Re s > 0; Re ρ > −1; |arg (bx+ c)| < π for 0 ≤ x ≤ a]

6 (x− a)
ρ
+ (bx+ c)

ρ
(ac
b

)(s+ρ)/2
(ab+ c)

ρ
Γ (ρ+ 1) Γ (−s− 2ρ) Ps+ρρ

(
ab− c
ab+ c

)
[
a > 0; Re ρ > −1; Re s < −2 Re ρ;

|arg (bx+ c)| < π for x ≥ a

]

7 (x− a)
ρ
+ (bx+ c)

σ
as+ρ+σ bσ B (ρ+ 1, −s− ρ− σ) 2F1

(
−σ, −s− ρ− σ
1− s− σ; − c

ab

)
[
a > 0; Re ρ > −1; Re s < −Re (ρ+ σ)

|arg (bx+ c)| < π for x ≥ a

]

8
(a− x)

ρ
+

(bx+ c)
ρ+1/2

as+ρ

cρ+1/2
B (s, ρ+ 1) 2F1

( 2ρ+1
2 , s; −abc
s+ ρ+ 1

)
[a, Re s > 0; Re ρ > −1; |arg (bx+ c)| < π for 0 ≤ x ≤ a]

9
(a− x)

ρ
+

(bx+ c)
ρ+3/2

as+ρ

cρ+3/2
B (s, ρ+ 1) 2F1

( 2ρ+3
2 , s; −abc
s+ ρ+ 1

)
[a, Re s > 0; Re ρ > −1; |arg (bx+ c)| < π for 0 ≤ x ≤ a]

10
(x− a)

ρ
+

(bx+ c)
ρ+1/2

as−1/2

bρ+1/2
B

(
1− 2s

2
, ρ+ 1

)
2F1

( 2ρ+1
2 , 1−2s

2
3−2s+2ρ

2 ; − c
ab

)
[
a > 0; Re ρ > −1; Re s < 1/2;

|arg (bx+ c)| < π for x ≥ a

]

11
(x− a)

ρ
+

(bx+ c)
ρ+3/2

as−3/2

bρ+3/2
B

(
3− 2s

2
, ρ+ 1

)
2F1

( 2ρ+3
2 , 3−2s

2
5−2s+2ρ

2 ; − c
ab

)
[
a > 0; Re ρ > −1; Re s < 3/2

|arg (bx+ c)| < π for x ≥ a

]
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2.1.5. (axµ + b)ρ (cxν + d)σ

1
1

(axµ + 1)
ρ

(bxµ + 1)
r

a−s/µ

µ
B

(
s

µ
, ρ+ r − s

µ

)
2F1

(
r, sµ ; a−b

a

ρ+ r

)
[µ > 0; 0 < Re s < µRe (ρ+ r) ; |arg a|, |arg b| < π]

2
1

(x+ a) (x2 + b2)

π

2 (a2 + b2)

[
abs−2

sin (sπ/2)
− bs−1

cos (sπ/2)
+

2as−1

sin (sπ)

]
[Re b > 0; 0 < Re s < 3; |arg a| < π]

3
1

(x2 + a2) (b2 − x2)

π

2 (a2 + b2)

(
as−2 csc

sπ

2
+ bs−2 cot

sπ

2

)
[
a2 + b2 6= 0; 0 < Re s < 4

]

4
1

(x2 + a) (x2 + b)

π

2 (a− b)
csc

sπ

2

(
bs/2−1 − as/2−1

)
[0 < Re s < 4; |arg a| < π; |arg b| < π]

5
1(

x1/n + a1/n
)ρ nas−ρ/n B (ns, ρ− ns) [a > 0; 0 < nRe s < Re ρ]

6
(x/a)

α − (x/a)
β

x− a
π as−1

sin [(α− β)π]

sin [(s+ α)π] sin [(s+ β)π]

[a > 0; −Reα, −Reβ < Re s < 1− Reα, 1− Reβ]

7
xµ − 1

xν − 1

π

ν
sin

µπ

ν
csc

sπ

ν
csc

(s+ µ)π

ν
[0 < Re s < ν − µ]

8
xµ − 1

xµn − 1

π

µn
sin

π

n
csc

sπ

µn
csc

(s+ µ)π

µn
[0 < Re s < (n− 1)µ; n ≥ 2]

9
x− 1

xn − 1

π

n
sin

π

n
csc

sπ

n
csc

(s+ 1)π

n
[0 < Re s < n− 1; n ≥ 2]

10
xµ − aµ

x− a
πas+µ−1 sin (µπ) csc (sπ) csc [(s+ µ)π]

[a > 0; 0 < Re s < 1; 0 < Re (s+ µ) < 1]

11
xµ − x−µ

xν − x−ν
π sin (µπ/ν)

ν [cos (µπ/ν) + cos (sπ/ν)]

[−Re (µ+ ν) , Re (µ− ν) < Re s < Re (µ+ ν) , Re (ν − µ)]
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2.1.6. (a− x)α−1+ (xn + bn)r and (x− a)α−1+ (xn + bn)r

1 (a− x)
α−1
+ (xn + bn)

r
as+α−1bnr B (s, α) n+1Fn

(−r, sn , s+1
n , . . . , s+n−1n ; −

(
a
b

)n
s+α
n , s+α+1

n , . . . , s+α+n−1n

)
[a, Reα > 0; b 6= 0; Re s > 0; n = 1, 2, . . .]

2 (x− a)
α−1
+ (xn + bn)

r
as+nr+α−1 B (1− s− nr − α, α)

× n+1Fn

(−r, − s+nr+α−1n , − s+nr+α−2n , . . . ,− s+nr+α−nn

− s+nr−1n , − s+nr−2n , . . . ,− s+nr−nn ; −
(
b
a

)n )
[a, Reα > 0; b 6= 0; Re s < 1− nr − α; n = 1, 2, . . .]

2.1.7.
(
ax2 + bx+ c

)ρ
(dx+ e)

1
1

ax2 + bx+ c
− π√

b2 − 4ac

[
csc (sπ)

(√
b2 − 4ac+ b

2a

)s−1
+ cot (sπ)

(√
b2 − 4ac− b

2a

)s−1]
[
a, b, c are real; a > 0; b2 − 4ac > 0;

−
√
b2 − 4ac− b < 0 <

√
b2 − 4ac− b; 0 < Re s < 2

]

2 =
π cot (sπ)√
b2 − 4ac

[(
−
√
b2 − 4ac− b

2a

)s−1
−
(√

b2 − 4ac− b
2a

)s−1]
[
a, b, c are real; a > 0; b2 − 4ac > 0;√
b2 − 4ac+ b < 0; 0 < Re s < 2

]

3 =
π csc (sπ)√
b2 − 4ac

[(
b−
√
b2 − 4ac

2a

)s−1
−
(√

b2 − 4ac+ b

2a

)s−1]
[

(|Im a|+ |Im b|+ |Im c| 6= 0) or
(
a, b, c are real; a > 0;

b2 − 4ac > 0;
√
b2 − 4ac− b < 0; 0 < Re s < 2

) ]

4
1

ax2 + bx+ a

2π cot (sπ)√
b2 − 4a2

sinh

[
(s− 1) ln

−
√
b2 − 4a2 − b

2a

]
[
a, b are real; a > 0; b2 − 4a2 > 0;√
b2 − 4a2 + b < 0;

]

5 =
2π csc (sπ)√
b2 − 4a2

sinh

[
(s− 1) ln

b−
√
b2 − 4a2

2a

]
[|Im a|+ |Im b| 6= 0; 0 < Re s < 2]

6
1

x2 + 2x cos (βπ) + 1
− π

sin (βπ)
Γ

[
s, 1− s

βs− β, 1− βs+ β

]
[|β| < 1; 0 < Re s < 2]
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No. f (x) F (s)

7
x+ a

(x+ b) (x+ c)

π

sin (sπ)

[
b− a
b− c

bs−1 +
c− a
c− b

cs−1
] [

0 < Re s < 1;

|arg b|, |arg c| < π

]

8
x+ a

(x+ a)
2

+ b2
π

sin (sπ)

(
a2 + b2

)s/2−1/2
cos

[
(1− s) arctan

b

a

]
[ab 6= 0; 0 < Re s < 1]

9
1

(ax2 + 2bx+ c)
ρ a−s/2cs/2−ρ B (s, 2ρ− s) 2F1

( s
2 ,

2ρ−s
2

2ρ+1
2 ; 1− b2

ac

)
[
a > 0; b2 < ac; 0 < Re s < 2 Re ρ

]

2.1.8. Algebraic functions of
√
ax+ b

1
1(√

x+ a±
√
a
)ρ ±ρ (4a)

s−ρ/2
Γ

[ 2s−(1∓1)ρ
2 , ρ− 2s

2−2s+(1±1)ρ
2

]
[(1∓ 1) Re ρ/2 < Re s < Re ρ/2; |arg a| < π]

2
1(√

x+ a±
√
x
)ρ ±ρ 2−2sas−ρ/2 Γ

[
2s, ±ρ−2s2

2s±ρ+2
2

]
[0 < Re s < ±Re ρ/2; |arg a| < π]

3
1

√
x+ a

(√
x+ a±

√
a
)ρ 22s−ρas−(ρ+1)/2 B

(
2s− (1∓ 1) ρ

2
, 1− 2s+ ρ

)
[(1∓ 1) Re ρ/2 < Re s < (Re ρ+ 1) /2; |arg a| < π]

4
1

√
x+ a

(√
x+ a±

√
x
)ρ 21−2sas+(ρ−1)/2 B

(
2s,

1− 2s∓ ρ
2

)
[0 < Re s < (1∓ Re ρ) /2; |arg a| < π]

5
1

(
√
x+
√
a)
ρ +

1

|
√
x−
√
a|ρ

2
√
π as−ρ/2 Γ

[ 1−ρ
2 , ρ−2s2 , s

ρ
2 ,

2s−ρ+1
2 , 1−2s

2

]
[a > 0; 0 < Re s < Re ρ/2 < 1/2]

6
1(

x+ a+
√
a(2x+ a)

)ρ ρ2s−ρ+1as−ρ Γ

[
2ρ− 2s, s

1− s+ 2ρ

]
[0 < Re s < Re ρ; |arg a| < π]
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No. f (x) F (s)

7
(2x+ a)

−1/2[
x+ a+

√
a(2x+ a)

]ρ 2s−ρ as−ρ−1/2 B (1− 2s+ 2ρ, s)

[0 < Re s < Re ρ+ 1/2; |arg a| < π]

8
(x+ a)

−1/2[
x+ a+ b+ 2

√
b (x+ a)

]ρ 22s−2ρas−ρ−1
√
b B (1− 2s+ 2ρ, s) 2F1

( 2ρ+1
2 , 1− s+ ρ

1− s+ 2ρ; a−b
a

)
[0 < Re s < Re ρ+ 1/2; |arg a|, |arg b|, |arg (b/a)| < π]

2.1.9. Algebraic functions of
√
ax2 + bx+ c

1
1√

x2 + 2x cosβ + 1

π

sin (sπ)
P s−1 (cosβ) [|β| < π; 0 < Re s < 1]

2
1(√

x2 + a2 ± a
)ρ ±2s−ρ−1ρas−ρ Γ

[ s−(1∓1)ρ
2 , ρ− s

2−s+(1±1)ρ
2

]
[Re a > 0; (1∓ 1) ρ < Re s < Re ρ]

3
1(√

x2 + a2 ± x
)ρ ±ρa

s−ρ

2s+1
Γ

[
s, ±ρ−s2
s±ρ+2

2

]
[Re a > 0; 0 < Re s < ±Re ρ]

4
1

√
x2 + 1

(√
x2 + 1 + a

)ρ a−ρ

2
B

(
1− s

2
,
s

2

)
2F1

( ρ
2 ,

ρ+1
2

s+1
2 ; 1

a2

)

+ as−ρ−1 B (s− 1, 1− s+ ρ) 2F1

( 1−s+ρ
2 , 2−s+ρ

2
3−s
2 ; 1

a2

)
[Re a > −1; 0 < Re s < Re ρ+ 1]

5

(
x2 + 1

)−1/2(
cosβ ± i sinβ

√
x2 + 1

)ρ (
sinβ

2

)(1−s)/2

Γ

[ s
2 , 1− s+ ρ

ρ

]

×
[

1√
π

Q
(s−1)/2
ρ−(s+1)/2 (cosβ)∓ i

√
π

2
P
(s−1)/2
ρ−(s+1)/2 (cosβ)

]
[0 < Re s < Re ρ+ 1]

6

(
x2 + 1

)−1/2(√
(a2 − 1)(x2 + 1) + a

)ρ (
a2 − 1

)−ρ/2
2

B

(
s

2
,

1− s+ ρ

2

)
2F1

(ρ
2 ,

1−s+ρ
2

1
2 ; a2

a2−1

)

−
(
a2 − 1

)−(ρ+1)/2

2a (1− s+ ρ)
B

(
s

2
,

2− s+ ρ

2

)[
2F1

(ρ+1
2 , 2−s+ρ

2

− 1
2 ; a2

a2−1

)

−
(
1 + a2(2− s+ 2ρ)

)
2F1

(ρ+1
2 , 2−s+ρ

2
1
2 ; a2

a2−1

)]
[Re a > 1; Re ρ > 0; Re s < Re ρ+ 1]
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No. f (x) F (s)

7
1

√
x2 + a2

(√
x2 + a2 + a

)ρ (2a)
s−ρ−1

B
(s

2
, 1− s+ ρ

)
[Re a > 0; 0 < Re s < Re ρ+ 1]

8
1

√
x2 + a2

(√
x2 + a2 + b

)ρ (2a)
s−ρ−1

B
(s

2
, 1− s+ ρ

)
2F1

(
1− s+ ρ, ρ
2−s+2ρ

2 ; a−b
2a

)
[

Re a > 0; 0 < Re s < Re ρ+ 1;

|arg (b/a+ 1)| < π

]
9

1
√
x2 + a2

(√
x2 + a2 − a

)ρ (2a)
s−ρ−1

B
(s

2
− ρ, 1− s+ ρ

)
[Re a > 0; 2 Re ρ < Re s < Re ρ+ 1]

10
1

√
x2 + a2

(√
x2 + a2 ± x

)ρ 2−sas−ρ−1 B

(
s,

1− s± ρ
2

)
[Re a > 0; 0 < Re s < 1± Re ρ]

11
1

√
x2 + a2

(√
x2 + a2 + bx

)ρ 2−sas−ρ−1 B

(
s,

1− s+ ρ

2

)
2F1

(
ρ, s; 1−b

2
s+ρ+1

2

)
[Re a > 0; 0 < Re s < Re ρ+ 1; |arg (b+ 1)| < π]

12
1(

x+ a+
√

(x+ a)2 − a2
)ρ 21−sρas−ρ Γ

[
2s, ρ− s
s+ ρ+ 1

]
[0 < Re s < Re ρ; |arg a| < π]

13
1(

x+ a+
√

(x+ a)2 − b2
)ρ 2−ρas−ρ B (s, ρ− s) 2F1

(ρ−s
2 , ρ−s+1

2

ρ+ 1; b2

a2

)
[|b| ≤ |a|; 0 < Re s < Re ρ; |arg a| < π]

14 =
ρ
(
a2 − b2

)s/2
(ib)

ρ Γ (s) Γ (ρ− s) P−ρs

(
a√

a2 − b2

)
[0 < b < a; 0 < Re s < Re ρ]

15
1(

x+ a+
√

(x+ a)2 − b2x2
)ρ 2−ρas−ρ B (s, ρ− s) 2F1

( s
2 ,

s+1
2

ρ+ 1; b2

)
[|b| ≤ 1; 0 < Re s < Re ρ; |arg a| < π]

16
(x+ 2a)

−1/2(
x+ a+

√
x2 + 2ax

)ρ as−ρ−1/2

2s−1/2
B

(
2s,

1− 2s+ 2ρ

2

)
[0 < Re s < Re ρ+ 1/2; |arg a| < π]

17

(
x2 + 2ax

)−1/2(
x+ a+

√
x2 + 2ax

)ρ 2s−1as−ρ−1√
π

Γ

[
s, 1− s+ ρ, 2s−1

2

s+ ρ

]
[1/2 < Re s < Re ρ+ 1; |arg a| < π]
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No. f (x) F (s)

18

[
(x+ a)2 − b2

]−1/2[
x+ a+

√
(x+ a)2 − b2

]ρ 2−ρas−ρ−1 B (s, 1− s+ ρ) 2F1

( 1−s+ρ
2 , 2−s+ρ

2

ρ+ 1; b2

a2

)
[|b| < |a|; 0 < Re s < Re ρ+ 1; |arg a| < π]

19

[
(x+ a)2 − b2x2

]−1/2[
x+ a+

√
(x+ a)2 − b2x2

]ρ 2−ρas−ρ−1 B(s, ρ− s+ 1) 2F1

( s
2 ,

s+1
2

ρ+ 1; b2

)
[|b| < 1; 0 < Re s < Re ρ+ 1; |arg a| < π]

20
1(√

x2 + a2 +
√
b2x2 + a2

)ρ 2−ρ−1as−ρ B

(
s

2
,
ρ− s

2

)
2F1

( ρ+1
2 , s2

ρ+ 1; 1− b2

)
[Re a, Re b > 0; 0 < Re s < Re ρ]

21
1(√

x2 + a2 +
√
x2 + b2

)ρ 2−ρ−1as−ρ B

(
s

2
,
ρ− s

2

)
2F1

( ρ−s
2 , ρ+1

2

ρ+ 1; a2−b2
a2

)
[Re a, Re b > 0; 0 < Re s < Re ρ]

22
(x+ a)

−1/2(
x+ bx+ a+ 2

√
bx (x+ a)

)ρ as−ρ−1/2
√
b

22s−1
B

(
2s,

1− 2s+ 2ρ

2

)
2F1

( 2ρ+1
2 , 2s+1

2
2s+2ρ+1

2 ; 1− b

)
[0 < Re s < Re ρ+ 1/2; |arg a|, |arg b| < π]

23
(x2 + a2)−1/2(x2 + b2)−1/2(√

x2 + a2 +
√
x2 + b2

)ρ as−ρ−2

2ρ+1
B

(
s

2
,

2− s+ ρ

2

)
2F1

( ρ+1
2 , 2−s+ρ

2

ρ+ 1; a2−b2
a2

)
[Re a, Re b > 0; 0 < Re s < Re ρ+ 2]

24
(x2 + a2)−1/2(b2x2 + a2)−1/2(√

x2 + a2 +
√
b2x2 + a2

)ρ as−ρ−2

2ρ+1
B

(
s

2
,

2− s+ ρ

2

)
2F1

( ρ+1
2 , s2

ρ+ 1; 1− b2

)
[Re a, Re b > 0; 0 < Re s < Re ρ+ 2]

2.1.10. Various algebraic functions

1 (a− x)
−α
+

πas−α

sin (cπ) Γ (α)
Γ

[
s, α− s

s− c+ 1, c− s

]
+

sin [(c− α)π]

sin (cπ)
(x− a)

−α
+ [a > 0; 0 < Re s < Reα < 1]

2
sin [(c− α)π]

sin (cπ)
(a− x)

−α
+

πas−α

sin (cπ) Γ (α)
Γ

[
s, α− s

s+ c− α, 1− s− c+ α

]
+ (x− a)

−α
+ [a > 0; 0 < Re s < Reα < 1]
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No. f (x) F (s)

3 θ (a− x)
(√
a− x+

√
a
)−1/2 √

π as−1/4

23/2
Γ

[ 1−4s
4 , s

4s+1
4 , 3−2s

2

]
[a > 0; 0 < Re s < 1/4]

+ θ (x− a)x−1/2
(√
x+
√
x− a

)1/2

4 θ (a− x)
(√
a− x+

√
a
)1/2 √

π as+1/4

23/2
Γ

[ 1−4s
4 , s

4s+5
4 , 1−2s

2

]
[a > 0; 0 < Re s < 1/4]

+
√
a θ (x− a)

(√
x+
√
x− a

)−1/2

5 (a− x)
−1/2
+

√√
a− x+

√
a

√
2π as−1/4 Γ

[ 1−4s
4 , s

4s+1
4 , 1−2s

2

]
[a > 0; 0 < Re s < 1/4]

+ (x− a)
−1/2
+

√√
x+
√
x− a

6 (a− x)
−1/2
+

√√
a−
√
a− x −

√
2π as−1/4 Γ

[ 1−4s
4 , 2s+1

2
4s+1
4 , 1− s

]
− (x− a)

−1/2
+

√√
x+
√
x− a [a > 0; −1/2 < Re s < 1/4]

7 (a− x)
−1/2
+

√√
a− x+

√
a

√
2π as−1/4 Γ

[ 3−4s
4 , s

4s+3
4 , 1−2s

2

]
− (x− a)

−1/2
+

√√
x−
√
x− a [a > 0; 0 < Re s < 3/4]

8 (a− x)
−1/2
+

[(√
a+
√
a− x

)ρ
2
√
π as+(ρ−1)/2 Γ

[
s, s+ ρ

2s+ρ
2 , 2s+ρ+1

2

]
+
(√
a−
√
a− x

)ρ]
[a, Re s > 0, −Re ρ]

9 (x− a)
−1/2
+

[(√
x+
√
x− a

)ρ
2
√
π as+(ρ−1)/2 Γ

[ 1−2s−ρ
2 , 1−2s+ρ

2

1− s, 1−2s
2

]
+
(√
x−
√
x− a

)ρ]
[a > 0; Re s < (1− |Re ρ|) /2]

10
(
x2 − a2

)−1/2
+

[(
x+
√
x2 − a2

)ρ
2−sas+ρ−1 B

(
1− s− ρ

2
,

1− s+ ρ

2

)
+
(
x−
√
x2 − a2

)ρ]
[Re s < |Re ρ|+ 1]

11
(
a2 − x2

)−1/2
+

[(
a+
√
a2 − x2

)ρ
(2a)

s+ρ−1
B

(
s

2
,
s+ 2ρ

2

)
[Re s > 0, −2 Re ρ]

+
(
a−
√
a2 − x2

)ρ]
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No. f (x) F (s)

12

(√
a+
√
a− x

)ρ − (√a−√a− x)ρ
√
a− x

22s+ρ
sin (ρπ)

π
as+(ρ−1)/2 Γ (1− 2s− ρ) Γ (s)

× Γ (s+ ρ)

[
0, −Re ρ < Re s < (1− Re ρ) /2;

−π < arg a ≤ π

]

13

(√
x+
√
x− a

)ρ − (√x−√x− a)ρ
√
x− a

21−2s
sin (ρπ)

π
as+(ρ−1)/2 Γ (2s) Γ

(
1− 2s− ρ

2

)
× Γ

(
1− 2s+ ρ

2

) [
0 < Re s < (1− |Re ρ|) /2;

−π < arg a ≤ π

]

14

(
x+
√
x2 − a2

)ρ − (x−√x2 − a2)ρ
√
x2 − a2

2−s
sin (ρπ)

π
as+ρ−1 Γ

(
1− s− ρ

2

)
Γ

(
1− s+ ρ

2

)
× Γ (s)

[
0 < Re s < 1− |Re ρ|;
−π/2 < arg a ≤ π/2

]
15 θ (a− x)

[(√
a+
√
a− x

)ρ
22s+ρρ as+ρ/2 Γ

[
s, s+ ρ

2s+ ρ+ 1

]
−
(√
a−
√
a− x

)ρ]
[a > 0; Re s > 0, −Re ρ]

16 θ (a− x)
[(√

a+ x+
√
a− x

)ρ
2s+ρ−2ρ as+ρ/2 Γ

[ s
2 ,

s+ρ
2

2s+ρ+2
2

]
−
(√
a+ x−

√
a− x

)ρ]
[a > 0; Re s > 0, −Re ρ]

17 θ (a− x)
[(√√

a+
√
x−

√√
a−
√
x
)ρ

−22s+ρ−1ρ as+ρ/4 Γ

[
s, 2s+ρ

2
4s+ρ+2

2

]
− a−ρ/4

(√√
a+
√
x+

√√
a−
√
x
)ρ]

[a > 0; Re s > 0, −Re ρ/2]

18
θ (a− x)√
a− x

[(√√
a+
√
x−

√√
a−
√
x
)ρ

22s+ρas+(ρ−2)/4 B

(
s,

2s+ ρ

2

)
+
(√√

a+
√
x+

√√
a−
√
x
)ρ]

[a > 0; Re s > 0, −Re ρ/2]

19
θ (a− x)√
a− x

[(√
a−
√
a− x

)ρ
22s+ρas+(ρ−1)/2 B (s, s+ ρ)

+
(√
a+
√
a+ x

)ρ]
[a > 0; Re s > 0, −Re ρ]

20
θ (a− x)√
a2 − x2

[(√
a+ x−

√
a− x

)ρ
2s+ρ−1as+(ρ−2)/2 B

(
s

2
,
s+ ρ

2

)
+
(√
a+ x+

√
a− x

)ρ]
[a > 0; Re s > 0, −Re ρ]

21 θ (a− x)
[(
a−
√
a2 − x2

)ρ −2s+ρ−1ρ as+ρ Γ

[ s
2 ,

s+2ρ
2

s+ ρ+ 1

]
−
(
a+
√
a2 − x2

)ρ]
[a > 0; Re s > 0, −2 Re ρ]
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No. f (x) F (s)

22
θ (a− x)√
a2 − x2

[(
a−
√
a2 − x2

)ρ
(2a)

s+ρ−1
B

(
s

2
,
s+ 2ρ

2

)
+
(
a+
√
a2 − x2

)ρ]
[a > 0; Re s > 0, −2 Re ρ]

23 θ (x− a)
[(√

x−
√
x− a

)ρ −2−2sρ as+ρ/2 Γ

[ −2s−ρ
2 , −2s+ρ2

1− 2s

]
−
(√
x+
√
x− a

)ρ]
[a > 0; Re s < −|Re ρ|/2]

24 θ (x− a)
[(√

x+ a−
√
x− a

)ρ −2−s+ρ/2−2ρ as+ρ/2 Γ

[ −2s−ρ
4 , −2s+ρ4

1− s

]
−
(√
x+ a+

√
x− a

)ρ]
[a > 0; Re s < −|Re ρ|/2]

25 θ (x− a)
[(√√

x+
√
a+

√√
x−
√
a
)ρ

2−2s+ρ/2−1ρ as+ρ/4 Γ

[ −4s−ρ
4 , −4s+ρ4

1− 2s

]
−
(√√

x+
√
a−

√√
x−
√
a
)ρ]

[a > 0; Re s < −|Re ρ|/4]

26
θ (x− a)√
x− a

[(√√
x+
√
a−

√√
x−
√
a
)ρ

2−2s+ρ/2+1as+(ρ−2)/4 B

(
2− 4s− ρ

4
,

2− 4s+ ρ

4

)
+
(√√

x+
√
a+

√√
x−
√
a
)ρ]

[a > 0; Re s < (2− |Re ρ|) /4]

27
θ (x− a)√
x− a

[(√
x−
√
x− a

)ρ
21−2sas+(ρ−1)/2 B

(
1− 2s− ρ

2
,

1− 2s+ ρ

2

)
+
(√
x+
√
x− a

)ρ]
[a > 0; Re s < (1− |Re ρ|) /2]

28
θ (x− a)√
x2 − a2

[(√
x+ a−

√
x− a

)ρ
2−s+ρ/2as+(ρ−2)/2 B

(
2− 2s− ρ

4
,

2− 2s+ ρ

4

)
+
(√
x+ a+

√
x− a

)ρ]
[a > 0; Re s < (2− |Re ρ|) /2]

29 θ (x− a)
[(
x−
√
x2 − a2

)ρ −2−s−1ρ as+ρ Γ

[ −s−ρ
2 , −s+ρ2

1− s

]
−
(
x+
√
x2 − a2

)ρ]
[a > 0; Re s < −|Re ρ|]

30
θ (x− a)√
x2 − a2

[(
x−
√
x2 − a2

)ρ
2−sas+ρ−1 B

(
1− s− ρ

2
,

1− s+ ρ

2

)
+
(
x+
√
x2 − a2

)ρ]
[a > 0; Re s < 1− |Re ρ|]

31
[
a2x2 + (bx− x− 1)

2
π csc (sπ)F4 (1, s; 1, 1; a, b) [0 < Re s < 1]

− 2ax (bx+ x+ 1)
]−1/2
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2.2. The Exponential Function

More formulas can be obtained from the corresponding sections due to the relations

az = ez ln a, ez = 0F0 (z) = 1F1 (a; a; z) , e−z = G10
01

(
z

∣∣∣∣ ·0
)
.

2.2.1. e−ax
r−bxp

No. f (x) F (s)

1 e−ax
Γ (s)

as
[Re a, Re s > 0 or (Re a = 0; 0 < Re s < 1)]

2 e−ax −
n−1∑
k=0

(−ax)
k

k!

Γ (s)

as
[Re a ≥ 0; −n < Re s < 1− n; n = 1, 2, . . .]

3 eiax
2s−1
√
π

as

(
Γ

[ s
2

1−s
2

]
+ iΓ

[ s+1
2

2−s
2

])
[a > 0; 0 < Re s < 1]

4 e−(a+ib)x
Γ (s)

(a2 + b2)
s/2

exp

(
−is arctan

b

a

)
[a, Re s > 0 or (a > 0; 0 < Re s < 1)]

5

{
θ (a− x)

θ (x− a)

}
e−bx b−s

{
γ (s, ab)

Γ (s, ab)

} [
a > 0;

{
Re s > 0

Re b > 0

}]

6 e−ax
2−bx Γ (s)

(2a)
s/2

eb
2/(8a)D−s

(
b√
2a

)
[

(Re a,Re s > 0) or (Re b,Re s > 0; Re a = 0) or

(0 < Re s < 2; Re a = Re b = 0; Im a 6= 0)

]

7 eax−bx
n b−s/n

n

n−1∑
k=0

akb−k/n

k!
Γ

(
s+ k

n

)
2Fn

(
1, s+kn ; an

bnn

∆ (n, k + 1)

)
[Re b > 0; n ≥ 2]

8 e−ax−b/x 2

(
b

a

)s/2
Ks

(
2
√
ab
)

[Re a, Re b > 0]

9 e−ax−b/x
2 bs/2

2
Γ
(
−s

2

)
0F2

( −a2b4
1
2 ,

s+2
2

)
− ab(s+1)/2

2
Γ

(
−s+ 1

2

)
0F2

( −a2b4
3
2 ,

s+3
2

)
+ a−s Γ (s) 0F2

( −a
2b
4

1−s
2 , 2−s

2

)
[Re a, Re b > 0]

10 eia(x+b/x)/2 iπbs/2 e−isπ/2H
(1)
−s
(
a
√
b
) [

Im a > 0; Im
(
ab
)
> 0
]
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No. f (x) F (s)

11

{
θ (a− x)

θ (x− a)

}
e−b/x

µ bs/µ

µ

{
Γ (−s/µ, b/aµ)

γ (−s/µ, b/aµ)

}
[a, Re b, Reµ > 0; Re s < 0]

12 e−ax
µ a−s/µ

µ
Γ

(
s

µ

)
[µ, Re a, Re s > 0]

13 1− e−ax±µ −a
∓s/µ

µ
Γ

(
± s
µ

) [
µ, Re a > 0;

− (1± 1)µ/2 < Re s < (1∓ 1)µ/2

]

2.2.2. ebx
m(a−x)n and algebraic functions

1

{
θ (a− x)

θ (x− a)

}
xαe−bx b−s−α

{
γ (s+ α, ab)

Γ (s+ α, ab)

}
[a, Re b, Re (s+ α) > 0]

2 (a− x)
α−1
+ ebx as+α−1 B (s, α) 1F1

(
s; ab

s+ α

)
[Reα, Re s > 0]

3 (x− a)
α−1
+ e−bx as+α−1 e−ab Γ (α) Ψ (α, s+ α; ab) [Re b, Re s > 0]

4
(
a2 − x2

)α−1
+

e−bx
as+2α−2

2
B
(
α,

s

2

)
1F2

( s
2 ; a2b2

4
1
2 ,

s
2 + α

)
− as+2α−1b

2
B

(
α,
s+ 1

2

)
1F2

( s+1
2 ; a2b2

4
3
2 ,

s+1
2 + α

)
[a, Re s, Reα > 0]

5
(
x2 − a2

)α−1
+

e−bx
as+2α−2

2
B
(
α, 1− α− s

2

)
1F2

( s
2 ; a2b2

4
1
2 , α+ s

2

)
− as+2α−1b

2
B

(
α,

1− s
2
− α

)
1F2

( s+1
2 ; a2b2

4
3
2 , α+ s+1

2

)
+ b−s−2α+2 Γ (s+ 2α− 2) 1F2

(
1− α; a2b2

4
3−s−2α

2 , 4−s−2α
2

)

6 =
Γ (α)√
π

(
2a

b

)α−1/2
Kα−1/2 (ab) [a, Re b, Reα > 0]

7
e−bx

(x+ a)
ρ as−ρ Γ (s) Ψ (s, s− ρ+ 1; ab)

8 =
a(s−ρ−1)/2

b(s−ρ+1)/2
eab/2 Γ (s) W(1−ρ−s)/2, (s−ρ)/2 (ab)

[Re b, Re s > 0; |arg a| < π]
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No. f (x) F (s)

9
e−bx

x+ a
as−1 eab Γ (s) Γ (1− s, ab) [

(Re b, Re s > 0) or

(Re b = 0; 0 < Re s < 1) ; |arg a| < π

]

10
e−bx

x− a
πe−ab csc (sπ)

bs−1Γ (1− s)
Es (−ab) + iπe−abas−1 [a, Re b, Re s > 0; s 6= 1]

11
e−bx

(x2 + a2)
ρ

Γ (s− 2ρ)

bs−2ρ
1F2

(
ρ; 2ρ−s+1

2
2ρ−s+2

2 ; −a2b24

)
+
as−2ρ

2
B

(
s

2
,

2ρ− s
2

)
1F2

( s
2 ; −a

2b2

4
1
2 ,

s−2ρ+2
2

)
− as−2ρ+1b

2
B

(
s+ 1

2
,

2ρ− s− 1

2

)
1F2

( s+1
2 ; −a

2b2

4
3
2 ,

s−2ρ+3
2

)
[

Re a, Re b, Re s > 0 or

(Re b = 0; Re (s− 2ρ) < 1)

]

12
e−bx

(x2 + a2)
n

(−1)
n

Γ (s− 1)

2 (n− 1)!
Dn−1
t

[
t(s−2)/2

(
eib
√
t+iπs/2 Γ

(
2− s, ib

√
t
)

+ e−ib
√
t−iπs/2 Γ

(
2− s, −ib

√
t
))]∣∣∣∣

t=a2

[Re a, Re b, Re s > 0; n = 1, 2, . . .]

13
e−bx

x2 − a2
Γ (s− 2)

bs−2
1F2

(
1; a2b2

4
3−s
2 , 4−s

2

)
− πas−2

2 sin (sπ)

[
eab + e−ab cos (sπ)

]
[a, Re b, Re s > 0]

14 (a− x)
α−1
+ (b− x)

−α
ecx as+α−1b−α B (s, α) Φ1

(
s, α; s+ α;

a

b
, ac
)

[0 < a < |b|; Re s, Reα > 0]

15
(√
x+ a+

√
a
)ρ
e−bx

ρ
√
a

bs+(ρ−1)/2 Γ

(
2s+ ρ− 1

2

)
2F2

( 1+ρ
2 , 1−ρ

2 ; ab
3
2 ,

3−2s−ρ
2

)
+ b−s−ρ/2 Γ

(
2s+ ρ

2

)
2F2

( ρ
2 , −

ρ
2 ; ab

1
2 ,

2−2s−ρ
2

)
− 22s+ρρas+ρ/2 Γ

[
s, −2s− ρ
1− s− ρ

]
2F2

(
s, s+ ρ; ab

2s+ρ+1
2 , 2s+ρ+2

2

)
[Re b, Re s > 0; |arg a| < π]
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No. f (x) F (s)

16
(√
x+ a−

√
a
)ρ
e−bx − ρ

√
a

bs+(ρ−1)/2 Γ

(
2s+ ρ− 1

2

)
2F2

( 1+ρ
2 , 1−ρ

2 ; ab
3
2 ,

3−2s−ρ
2

)
+ b−s−ρ/2 Γ

(
2s+ ρ

2

)
2F2

( ρ
2 , −

ρ
2 ; ab

1
2 ,

2−2s−ρ
2

)
+ 22s+ρρas+ρ/2 Γ

[
s+ ρ, −2s− ρ

1− s

]
2F2

(
s, s+ ρ; ab

2s+ρ+1
2 , 2s+ρ+2

2

)
[Re b, Re (s+ ρ) > 0; |arg a| < π]

17

(√
x+ a−

√
a
)ρ

√
x+ a

e−bx b(1−ρ)/2−s Γ

(
2s+ ρ− 1

2

)
2F2

( 1+ρ
2 , 1−ρ

2 ; ab
1
2 ,

3−2s−ρ
2

)
− ρ

√
a

bs+ρ/2−1
Γ

(
2s+ ρ− 2

2

)
2F2

( 2+ρ
2 , 2−ρ

2 ; ab
3
2 ,

4−2s−ρ
2

)
+ 22s+ρ as+(ρ−1)/2 B (1− 2s− ρ, s+ ρ) 2F2

(
s, s+ ρ; ab
2s+ρ

2 , 2s+ρ+1
2

)
[Re b, Re (s+ ρ) > 0; |arg a| < π]

18
(√
x+ a±

√
x
)ρ
e−bx ∓ρa

s+ρ/2

22s
Γ

[
2s, −2s∓ρ2

2s∓ρ+2
2

]
2F2

(
s, 2s+1

2 ; ab
2s−ρ+2

2 , 2s+ρ+2
2

)
+

2±ρa(ρ∓ρ)/2

bs±ρ/2
Γ
(
s± ρ

2

)
2F2

( ∓ρ2 , 1∓ρ
2 ; ab

1∓ ρ, 2−2s∓ρ
2

)
[Re b, Re s > 0; |arg a| < π]

19

(√
x+ a+

√
x
)ρ

√
x+ a

e−bx −πa
s+(ρ−1)/2

22s−1
csc

(2s+ ρ− 1)π

2
Γ

[
2s

2s−ρ+1
2 , 2s+ρ+1

2

]
× 2F2

(
s, 2s+1

2 ; ab
2s−ρ+1

2 , 2s+ρ+1
2

)
− 2ρπ

bs+(ρ−1)/2 sec
(2s+ ρ)π

2

×
[
Γ

(
3− 2s− ρ

2

)]−1
2F2

( 1−ρ
2 , 2−ρ

2 ; ab

1− ρ, 3−2s−ρ
2

)
[Re b, Re s > 0; |arg a| < π]

20

(√
x+ a−

√
x
)ρ

√
x+ a

e−bx −πa
s+(ρ−1)/2

22s−1
csc

(2s− ρ− 1)π

2
Γ

[
2s

2s−ρ+1
2 , 2s+ρ+1

2

]
× 2F2

(
s, 2s+1

2 ; ab
2s−ρ+1

2 , 2s+ρ+1
2

)
− 2−ρπaρ

bs−(ρ+1)/2
sec

(2s− ρ)π

2

×
[
Γ

(
3− 2s+ ρ

2

)]−1
2F2

( 1+ρ
2 , 2+ρ

2 ; ab

1 + ρ, 3−2s+ρ
2

)
[Re b, Re s > 0; |arg a| < π]
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No. f (x) F (s)

21
(√
x2 + a2 + a

)ρ
e−bx −2s+ρ−1ρas+ρ Γ

[ s
2 , −s− ρ
2−s−2ρ

2

]
2F3

( s
2 ,

s+2ρ
2 ; −a

2b2

4
1
2 ,

s+ρ+1
2 , s+ρ+2

2

)
+ 2s+ρρas+ρ+1bΓ

[ s+1
2 , −s− ρ− 1

1−s−2ρ
2

]
2F3

( s+1
2 , s+2ρ+1

2 ; −a
2b2

4
3
2 ,

s+ρ+2
2 , s+ρ+3

2

)
+
ρaΓ (s+ ρ− 1)

bs+ρ−1
2F3

( 1+ρ
2 , 1−ρ

2 ; −a
2b2

4
3
2 ,

2−s−ρ
2 , 3−s−ρ

2

)
+

Γ (s+ ρ)

bs+ρ
2F3

( ρ
2 , −

ρ
2 ; −a

2b2

4
1
2 ,

1−s−ρ
2 , 2−s−ρ

2

)
[Re a, Re b, Re s > 0]

22
(√
x2 + a2 − a

)ρ
e−bx 2s+ρ−1ρas+ρ Γ

[ s+2ρ
2 , −s− ρ

2−s
2

]
2F3

( s
2 ,

s+2ρ
2 ; −a

2b2

4
1
2 ,

s+ρ+1
2 , s+ρ+2

2

)
− 2s+ρρ as+ρ+1bΓ

[ s+2ρ+1
2 , −s− ρ− 1

1−s
2

]
2F3

( s+1
2 , s+2ρ+1

2 ; −a
2b2

4
3
2 ,

s+ρ+2
2 , s+ρ+3

2

)
− ρa

bs+ρ−1
Γ (s+ ρ− 1) 2F3

( 1+ρ
2 , 1−ρ

2 ; −a
2b2

4
3
2 ,

2−s−ρ
2 , 3−s−ρ

2

)
+

Γ (s+ ρ)

bs+ρ
2F3

( ρ
2 , −

ρ
2 ; −a

2b2

4
1
2 ,

1−s−ρ
2 , 2−s−ρ

2

)
[Re a, Re b, Re (s+ 2ρ) > 0]

23

(√
x2 + a2 + a

)ρ
√
x2 + a2

e−bx (2a)
s+ρ−1

Γ

[ s
2 , 1− s− ρ

2−s−2ρ
2

]
2F3

( s
2 ,

s+2ρ
2 ; −a

2b2

4
1
2 ,

s+ρ
2 , s+ρ+1

2

)
− (2a)

s+ρ
bΓ

[ s+1
2 , −s− ρ
1−s−2ρ

2

]
2F3

( s+1
2 , s+2ρ+1

2 ; −a
2b2

4
3
2 ,

s+ρ+1
2 , s+ρ+2

2

)
+

Γ (ρ+ s− 1)

bs+ρ−1
2F3

( 1+ρ
2 , 1−ρ

2 ; −a
2b2

4
1
2 ,

2−s−ρ
2 , 3−s−ρ

2

)
+

ρa

bs+ρ−2
Γ (s+ ρ− 2) 2F3

( 2+ρ
2 , 2−ρ

2 ; −a
2b2

4
3
2 ,

3−s−ρ
2 , 4−s−ρ

2

)
[Re a, Re b, Re s > 0]

24

(√
x2 + a2 − a

)ρ
√
x2 + a2

e−bx (2a)
s+ρ−1

B

(
s+ 2ρ

2
, 1− s− ρ

)
2F3

( s
2 ,

s+2ρ
2 ; −a

2b2

4
1
2 ,

s+ρ
2 , s+ρ+1

2

)
− (2a)

s+ρ
b B

(
s+ 2ρ+ 1

2
, −s− ρ

)
2F3

( s+1
2 , s+2ρ+1

2 ; −a
2b2

4
3
2 ,

s+ρ+1
2 , s+ρ+2

2

)
+

Γ (s+ ρ− 1)

bs+ρ−1
2F3

( 1+ρ
2 , 1−ρ

2 ; −a
2b2

4
1
2 ,

2−s−ρ
2 , 3−s−ρ

2

)
− ρ a

bs+ρ−2
Γ (s+ ρ− 2) 2F3

( 2+ρ
2 , 2−ρ

2 ; −a
2b2

4
3
2 ,

3−s−ρ
2 , 4−s−ρ

2

)
[Re a, Re b, Re (s+ 2ρ) > 0]
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No. f (x) F (s)

25
(√
x2 + a2 + x

)ρ
e−bx −ρ a

s+ρ

2s+1
Γ

[
s, − s+ρ2
s−ρ+2

2

]
2F3

( s
2 ,

s+1
2 ; −a

2b2

4
1
2 ,

s+ρ+2
2 , s−ρ+2

2

)
+
ρ as+ρ+1 b

2s+2
Γ

[
s+ 1, − s+ρ+1

2
s−ρ+3

2

]
2F3

( s+1
2 , s+2

2 ; −a
2b2

4
3
2 ,

s+ρ+3
2 , s−ρ+3

2

)
+

2ρΓ (s+ ρ)

bs+ρ
2F3

( −ρ2 ,
1−ρ
2 ; −a

2b2

4

1− ρ, 1−s−ρ
2 , 2−s−ρ

2

)
[Re a, Re b, Re s > 0]

26
(√
x2 + a2 − x

)ρ
e−bx

ρ as+ρ

2s+1
Γ

[
s, ρ−s2
s+ρ+2

2

]
2F3

( s
2 ,

s+1
2 ; −a

2b2

4
1
2 ,

s−ρ+2
2 , s+ρ+2

2

)
− ρas+ρ+1 b

2s+2
Γ

[
s+ 1, ρ−s−12

s+ρ+3
2

]
2F3

( s+1
2 , s+2

2 ; −a
2b2

4
3
2 ,

s−ρ+3
2 , s+ρ+3

2

)
+
a2ρΓ (s− ρ)

2ρbs−ρ
2F3

( ρ
2 ,

ρ+1
2 ; −a

2b2

4

ρ+ 1, 1−s+ρ
2 , 2−s+ρ

2

)
[Re a, Re b, Re s > 0]

27

(√
x2 + a2 + x

)ρ
√
x2 + a2

e−bx
as+ρ−1

2s
Γ

[
s, 1−s−ρ

2
s−ρ+1

2

]
2F3

( s
2 ,

s+1
2 ; −a

2b2

4
1
2 ,

s+ρ+1
2 , s−ρ+1

2

)
− as+ρb

2s+1
Γ

[
s+ 1, − s+ρ2

s−ρ+2
2

]
2F3

( s+1
2 , s+2

2 ; −a
2b2

4
3
2 ,

s+ρ+2
2 , s−ρ+2

2

)
+

2ρΓ (s+ ρ− 1)

bs+ρ−1
2F3

( 1−ρ
2 , 2−ρ

2 ; −a
2b2

4

1− ρ, 2−s−ρ
2 , 3−s−ρ

2

)
[Re a, Re b, Re s > 0]

28

(√
x2 + a2 − x

)ρ
√
x2 + a2

e−bx
as+ρ−1

2s
B

(
s,

1− s+ ρ

2

)
2F3

( s
2 ,

s+1
2 ; −a

2b2

4
1
2 ,

s−ρ+1
2 , s+ρ+1

2

)
− as+ρ b

2s+1
B

(
s+ 1,

ρ− s
2

)
2F3

( s+1
2 , s+2

2 ; −a
2b2

4
3
2 ,

s−ρ+2
2 , s+ρ+2

2

)
+

2−ρa2ρ

bs−ρ−1
Γ (s− ρ− 1) 2F3

( ρ+1
2 , ρ+2

2 ; −a
2b2

4

ρ+ 1, 2−s+ρ
2 , 3−s+ρ

2

)
[Re a, Re b, Re s > 0]

29 (a− x)
α−1
+ ebx

2

as+α−1 B (s, α) 2F2

( s
2 ,

s+1
2 ; a2b

s+α
2 , s+α+1

2

)
[a, Reα, Re s > 0]

30 (a− x)
α−1
+ ebx

n

as+α−1 B(α, s) nFn

(
∆ (n, s) ; anb

∆ (n, s+ α)

)
[a, Reα, Re s > 0; n = 1, 2, . . .]
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No. f (x) F (s)

31 (a− x)
α−1
+ ebx(a−x) as+α−1 B (s, α) 2F2

(
s, α; a2b

4
s+α
2 , s+α+1

2

)
[a, Reα, Re s > 0]

32 (a− x)
α−1
+ ebx

2(a−x)2 as+α−1 B (s, α) 4F4

( s
2 ,

s+1
2 , α2 ,

α+1
2 ; a4b

16
s+α
4 , s+α+1

4 , s+α+2
4 , s+α+3

4

)
[a, Re s > 0]

33 (a− x)
α−1
+ eb(a−x)

n

as+α−1 B(α, s) nFn

(
∆ (n, α) ; anb

∆ (n, s+ α)

)
[a, Reα, Re s > 0; n = 1, 2, . . .]

2.2.3. eϕ(x) and algebraic functions

1 (x− a)
α−1
+ eb/x as+α−1 B (1− s− α, α) 1F1

(
1− s− α
1− s; b

a

)
[a > 0; Re (s+ α) < 0]

2
e−b/x

(x+ a)
ρ as−ρ Γ (ρ− s) Ψ

(
ρ− s; b

a
; 1− s

)
[Re b > 0; Re ρ > Re s > 0; |arg a| < π]

3
e−b/x

x+ a
as−1 eb/a Γ (1− s) Γ

(
s,
b

a

)
[Re b > 0; Re s < 1; |arg a| < π]

4 (x− a)
α−1
+ eb/x

2

as+α−1 B (1− s− α, α) 2F2

( 1−s−α
2 , 2−s−α

2
1−s
2 , 2−s

2 ; b
a2

)
[a > 0; Re (s+ α) < 0]

5 (1− x)
α
+ e
−a/(1−x) e−a Γ (s) Ψ (s; a; −α) [Re a, Re s > 0]

6 (1− x)
−1/2
+ e−a/(1−x) 2se−a/2 Γ (s)D−2s

(√
2a
)

[Re a, Re s > 0]

7
(
1− x2

)−1/2
+

e−a/(1−x) e−a/2 Γ (s) D2
−s (
√
a) [Re a, Re s > 0]

8 (x− 1)
α
+ e
−a/(x−1) Γ (−s− α) Ψ (−s− α; −α; a) [Re a > 0; Re s < −Reα]

9 (x− 1)
−1/2
+ e−a/(x−1)

ea/2

2s−1/2
Γ

(
1

2
− s
)
D2s−1

(√
2a
)

[Re a > 0; Re s < 1/2]

10
(
x2 − 1

)−1/2
+

e−a/(x−1) ea/2 Γ (1− s) D2
s−1 (

√
a) [Re a > 0, Re s < 1]
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No. f (x) F (s)

11
eb/(x+a)

(x+ a)
ρ as−ρ B (s, ρ− s) 1F1

(
ρ− s
ρ; b

a

)
[0 < Re s < Re ρ; |arg a| < π]

12
ebx/(x+a)

(x+ a)
ρ as−ρ B (s, ρ− s) 1F1

(
s

ρ; b

)
[0 < Re s < Re ρ; |arg a| < π]

13 (a− x)
α−1
+ (b− x)

−α
as+α−1b−αec/(b−a) B (α, s) Φ1

(
α, s; s+ α;

a

b
,

ac

b(a− b)

)
× ec/(b−x) [0 < a < b; Re s, Reα > 0]

14
(
x2 + 1

)α
e−a/(x

2+1) e−a

2
B
(s

2
, −s

2
− α

)
1F1

( s
2 ; a

−α

)
[0 < Re s < −2 Reα]

15
(
1− x2

)−1/2
+

e−ax/(1−x) ea/2 Γ (s) D2
−s (
√
a) [Re a, Re s > 0]

16
(
1− x2

)−1/2
+

Γ (s) D2
−s
(√

2a
)

[Re a, Re s > 0]

× e−a(1+x)/(1−x)

17
(
x2 − 1

)−1/2
+

Γ (1− s)D2
s−1

(√
2a
)

[Re s < 1]

× e−a(x+1)/(x−1)

18
(
1− x2

)−1/2
+

ea(x−x
−1)

√
π3a

2
√

2

[
Js/2 (a) Y(s−1)/2 (a)− J(s−1)/2 (a) Ys/2 (a)

]
[Re a > 0]

19
(
x2 − 1

)−1/2
+

ea(x
−1−x)

√
π3a

2
√

2

[
J(1−s)/2 (a) Y−s/2 (a)− J−s/2 (a) Y(1−s)/2 (a)

]
[Re a > 0]

20
(
1− x2

)−1/2
+

e−b/2 Γ (s) D−s

(√
b+
√
b2 − a2

)
D−s

(√
b−
√
b2 − a2

)
× e−(ax+b)/(1−x2) [Re (a+ b) , Re s > 0]

21
(
x2 − 1

)−1/2
+

eb/2 Γ (1− s) Ds−1

(√
b+
√
b2 − a2

)
Ds−1

(√
b−
√
b2 − a2

)
× e−(ax+b)/(x2−1) [Re (a+ b) > 0; Re s < 1]

22
(
1 + x2

)α 1

2
(2a)

α/2
B

(
s

2
, −s+ 2α

2

)
M−(s+α)/2,−(α+1)/2 (2a)

× e−a(1−x2)/(1+x2) [Re a > 0; 0 < Re s < −2 Reα]
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No. f (x) F (s)

23
(
1− x2

)α
+
e−ax

2/(1−x2) aα/2

2
ea/2 Γ

(s
2

)
W−(s+α)/2,−(α+1)/2 (a) [Re a, Re s > 0]

24
(
1− x2

)−1/2
+

e(a
2−b2)/2 Γ (s)D−s

(√
2 a
)
D−s

(√
2 b
)

[Re (a+ b) , Re s > 0]

× e−(ax+b)2/(1−x2)

25
(
1− x2

)−1/2
+

Γ (s) D−s

(√
2b+

√
4b2 − a2

)
D−s

(√
2b−

√
4b2 − a2

)
× e−(bx2+ax+b)/(1−x2) [Re (a+ 2b) , Re s > 0]

26
(
1− x2

)−1/2
+

eb/2Γ (s) D−s

(√
b+
√
b2 − a2

)
D−s

(√
b−
√
b2 − a2

)
× e−(bx2+ax)/(1−x2) [Re (a+ b) , Re s > 0]

27
(
x2 − 1

)−1/2
+

Γ (1− s) Ds−1

(√
2b+

√
4b2 − a2

)
Ds−1

(√
2b−

√
4b2 − a2

)
× e−(bx2+ax+b)/(x2−1) [Re (a+ 2b) > 0; Re s < 1]

28 e−b
√
x+a b√

π

(
2
√
a

b

)s+1/2

Γ (s)Ks+1/2 (
√
a b) [Re a, Re b, Re s > 0]

29
e−b
√
x+a

√
x+ a

2√
π

(
2
√
a

b

)s−1/2
Γ (s) Ks−1/2 (

√
a b) [a, Re b, Re s > 0]

30
eia
√
x2+1

√
x2 + 1

i
√
π

2

(a
2

)(1−s)/2
Γ
(s

2

)
H

(1)
(1−s)/2 (a) [Im a, Re s > 0]

31 θ (x− a) e−b
√
x2−a2 a(s+1)/2

b(s−1)/2
S(s−3)/2, (s+1)/2 (ab) [a, Re b > 0]

32
(
a2 − x2

)−1/2
+

e−b
√
a2−x2

√
π

2

(
2a

b

)(s−1)/2

Γ
(s

2

) [
I(s−1)/2 (ab)− L(s−1)/2 (ab)

]
[a, Re b, Re s > 0]

33
(
x2 − a2

)−1/2
+

e−b
√
x2−a2

√
π

2

(
2a

b

)(s−1)/2

Γ
(s

2

) [
H(s−1)/2 (ab)− Y(s−1)/2 (ab)

]
[a, Re b > 0]
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2.2.4. (eax ± c)ρ e−bx

1
1

eax + 1

1− 21−s

as
Γ (s) ζ (s) [Re a, Re s > 0]

2
1

eax − 1

Γ (s)

as
ζ (s) [Re a > 0; Re s > 1]

3
1

eax − c
Γ (s)

asc
Lis (c) [Re s > 1; |arg (1− c)| < π]

4
e−bx

eax + 1

Γ (s)

(2a)
s

[
ζ

(
s,
a+ b

2a

)
− ζ

(
s,

2a+ b

2a

)]
[Re a, Re (a+ b) , Re s > 0]

5
e−bx

eax − 1

Γ (s)

as
ζ

(
s,
a+ b

a

)
[Re a, Re (a+ b) > 0; Re s > 1]

6

(
1

ex − 1
− 1

x
+

1

2

)
e−ax Γ (s)

[
ζ (s, a)− a−s

2
+
a1−s

1− s

]
[Re a > 0; Re s > −1]

7

(
1

ex − 1
− 1

x

)
e−ax Γ (s)

[
ζ (s, a)− a−s +

a1−s

1− s

]
[Re a, Re s > 0]

8
e−bx

eax − c
Γ (s)

as
Φ

(
c, s,

a+ b

a

)
[

(Re a, Re (a+ b) > 0; Re s > 0; |arg (1− c)| < π) or

(|c| ≤ 1; c 6= 1; Re s > 0) or (c = 1; Re s > 1)

]

9
1

(eax − 1)
2

Γ (s)

as
[ζ (s− 1)− ζ (s)] [Re a > 0; Re s > 2]

10
e−bx

(eax − 1)
2

Γ (s)

as+1

[
a ζ

(
s− 1,

a+ b

a

)
− (a+ b) ζ

(
s,
a+ b

a

)]
[Re a, Re (a+ b) > 0; Re s > 2]

11
e−bx

(eax − c)2
Γ (s)

as+1c

[
aΦ

(
c, s− 1,

a+ b

a

)
− (a+ b) Φ

(
c, s,

a+ b

a

)]
[

(Re a, Re (a+ b) > 0; Re s > 0; |arg (1− c)| < π) or

(|c| ≤ 1; c 6= 1; Re s > 0) or (c = 1; Re s > 1)

]

12
(
ebx + c

)n
e−ax cn Γ (s)

n∑
k=0

(
n

k

)
(a− bk)

−s

ck
[Re s > 0; Re a > nRe b]
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2.3. Hyperbolic Functions

More formulas can be obtained from the corresponding sections due to the relations

sinh z = − sinh (−z) =
ez − e−z

2
= −i sin (iz) , cosh z = cosh (−z) =

ez + e−z

2
= cos (iz) ,

sinh z = z 0F1

(
3

2
;
z2

4

)
, cosh z = 0F1

(
1

2
;
z2

4

)
,

sinh z =

√
π z

2
G10

02

(
−z

2

4

∣∣∣∣ ·
0, −1/2

)
, cosh z =

√
πG10

02

(
−z

2

4

∣∣∣∣ ·
0, 1/2

)
.

2.3.1. Rational functions of sinhx and coshx

No. f (x) F (s)

1 sinh (ax) i (−ia)
−s

sin
sπ

2
Γ (s) [Re a = 0; |Re s| < 1]

2 cosh (ax) (ia)
−s

cos
sπ

2
Γ (s) [Re a = 0; 0 < Re s < 1]

3 sinh (ax)− ax i (−ia)
−s

sin
sπ

2
Γ (s) [Re a = 0; −3 < Re s < −1]

4 cosh (ax)− 1 (ia)
−s

cos
sπ

2
Γ (s) [Re a = 0; −2 < Re s < 0]

5 cosh (ax)− a2x2

2
− 1 (ia)

−s
cos

sπ

2
Γ (s) [Re a = 0; −4 < Re s < −2]

6 sinh (ax) i (−ia)
−s

sin
sπ

2
Γ (s) [Re a = 0; −2n− 3 < Re s < −2n− 1]

−
n∑
k=0

(ax)
2k+1

(2k + 1)!

7 cosh (ax)−
n∑
k=0

(ax)
2k

(2k)!
(ia)

−s
cos

sπ

2
Γ (s) [Re a = 0; −2 (n+ 1) < Re s < −2n]

8 sech (ax)
21−2s

as
Γ (s)

[
ζ

(
s,

1

4

)
− ζ

(
s,

3

4

)]
[Re a, Re s > 0]

9 csch (ax)
2s − 1

2s−1as
Γ (s) ζ (s) [Re a > 0; Re s > 1]

10 csch (ax)− 1

ax
2 (1− 2−s) a−s Γ (s) ζ (s) [Re a > 0; |Re s| < 1]

11 sech2 (ax)
4

(2a)
s

(
1− 22−s

)
Γ (s) ζ (s− 1) [Re a, Re s > 0]
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No. f (x) F (s)

12 csch2 (ax)
22−s

as
Γ (s) ζ (s− 1) [Re a, Re s > 2]

13
sinh (ax)

sinh (bx)

Γ (s)

(2b)
s

[
ζ

(
s,
b− a

2b

)
− ζ

(
s,
b+ a

2b

)]
[Re b > |Re a|; Re s > 0]

14
cosh (ax)

sinh (bx)

Γ (s)

(2b)
s

[
ζ

(
s,
b− a

2b

)
+ ζ

(
s,
b+ a

2b

)]
[Re b > |Re a|; Re s > 1]

15
sinh (ax)

cosh (bx)

Γ (s)

(4b)
s

[
ζ

(
s,
b− a

4b

)
− ζ

(
s,
b+ a

4b

)
+ ζ

(
s,

3b+ a

4b

)
− ζ

(
s,

3b− a
4b

)]
[Re b > |Re a|; Re s > −1]

16
cosh (ax)

cosh (bx)

Γ (s)

(4b)
s

[
ζ

(
s,
b− a

4b

)
+ ζ

(
s,
b+ a

4b

)
− ζ

(
s,

3b+ a

4b

)
− ζ

(
s,

3b− a
4b

)]
[Re b > |Re a|; Re s > 0]

17
sinh (ax)

cosh (bx)

Γ (s)

(2b)
s

[
Φ

(
−1, s,

b− a
2b

)
− Φ

(
−1, s,

b+ a

2b

)]
[Re b > |Re a|; Re s > 1]

18
sinh (ax)

cosh2 (ax)

23−2sΓ (s)

as

[
ζ

(
s− 1,

1

4

)
− ζ

(
s− 1,

3

4

)]
[Re a > 0; Re s > 1]

19
cosh (ax)

sinh2 (ax)

2

as
(
1− 21−s

)
Γ (s) ζ (s− 1) [Re a > 0; Re s > 2]

20
1

coshx+ cos θ
2s−1πs csc θ csc

sπ

2

[
ζ

(
1− s, π − θ

2π

)
− ζ

(
1− s, π + θ

2π

)]
[|θ| < π; Re s > 0]

21
sinh (x/2)

coshx+ cos θ
22s−3πs csc

θ

2
sec

sπ

2

[
ζ

(
1− s, π − θ

4π

)
− ζ

(
1− s, π + θ

4π

)
+ ζ

(
1− s, 3π + θ

4π

)
− ζ

(
1− s, 3π − θ

4π

)]
[|θ| < π; Re s > 0]

22
cosh (x/2)

coshx+ cos θ
22s−3πs sec

θ

2
csc

sπ

2

[
ζ

(
1− s, π − θ

4π

)
+ ζ

(
1− s, π + θ

4π

)
− ζ

(
1− s, 3π + θ

4π

)
− ζ

(
1− s, 3π + θ

4π

)]
[|θ| < π; Re s > 0]
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No. f (x) F (s)

23
sinh (ax) sinh (bx)

cosh (2ax) + cosh (2bx)

2−1−2sΓ (s)

(a2 − b2)
s/2

[(
a+ b

a− b

)s/2
−
(
a+ b

a− b

)−s/2]

×
[
ζ

(
s,

1

4

)
− ζ

(
s,

3

4

)]
[Re a, Re b > 0; Re s > −2]

24 tanh (ax)
21−s − 1

2s−1as
Γ (s) ζ (s) [Re a > 0; − 1 < Re s < 0]

25 tanh (ax)− 1
21−s − 1

2s−1as
Γ (s) ζ (s) [a, Re s > 0]

26 coth (ax)− 1
Γ (s)

2s−1as
ζ (s) [a > 0; Re s > 1]

2.3.2. Hyperbolic and algebraic functions

Notation: δ =

{
1

0

}
.

1 (a− x)
α−1
+

{
sinh (bx)

cosh (bx)

}
as+α−1

2
B (α, s)

[
1F1

(
s; ab

s+ α

)
∓ 1F1

(
s; −ab
s+ α

)]
[a, Reα > 0; Re s > − (1±1) /2]

2
(
a2 − x2

)α−1
+

as+2α+δ−2bδ

2
B

(
α,

s+ δ

2

)
1F2

( s+δ
2 ; a2b2

4
2δ+1

2 , s+2α+δ
2

)
×
{

sinh (bx)

cosh (bx)

}
[a, Reα > 0; Re s > −δ]

3
1

(x+ a)
ρ sinh

b

x+ a
as−ρ−1bB (s, ρ− s+ 1) 2F3

( ρ−s+1
2 , ρ−s+2

2
3
2 ,

ρ+1
2 , ρ+2

2 ; b2

4a2

)
[0 < Re s < Re ρ+ 1; |arg a| < π]

4
1

(x+ a)
ρ cosh

b

x+ a
as−ρ B (s, ρ− s) 2F3

( ρ−s
2 , ρ−s+1

2
1
2 ,

ρ
2 ,

ρ+1
2 ; b2

4a2

)
[0 < Re s < Re ρ; |arg a| < π]

5
1

(x+ a)
ρ sinh

bx

x+ a
as−ρbB (s+ 1, ρ− s) 2F3

( s+1
2 , s+2

2 ; b2

4
3
2 ,

ρ+1
2 , ρ+2

2

)
[−1 < Re s < Re ρ; |arg a| < π]

6
1

(x+ a)
ρ cosh

bx

x+ a
as−ρ B (s, ρ− s) 2F3

( s
2 ,

s+1
2 ; b2

4
1
2 ,

ρ
2 ,

ρ+1
2

)
[0 < Re s < Re ρ; |arg a| < π]
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No. f (x) F (s)

7
1

(x2 + a2)
ρ sinh

bx

x2 + a2
as−2ρ−1b

2
B

(
s+ 1

2
,

1− s+ 2ρ

2

)
2F3

( s+1
2 , 1−s+2ρ

2 ; − b2

16a2

3
2 ,

ρ+1
2 , ρ+2

2

)
[Re a > 0; −1 < Re s < 2 Re ρ+ 1]

8
1

(x2 + a2)
ρ cosh

bx

x2 + a2
as−2ρ

2
B

(
s

2
,

2ρ− s
2

)
2F3

( s
2 ,

2ρ−s
2 ; b2

16a2

1
2 ,

ρ
2 ,

ρ+1
2

)
[Re a > 0; 0 < Re s < 2 Re ρ]

9 (a− x)
(δ−1)/2
+ (bx+ 1)

α

√
π as+δ−1/2cδ

δ + 1
Γ

[
s

2s+2δ+1
2

]
×
{

sinh
(
c
√
a− x

)
cosh

(
c
√
a− x

)} × Ξ2

(
−α, s; 2s+ 2δ + 1

2
; −ab, ac

2

4

)
[a, Re s > 0; |arg (ab+ 1)| < π]

10 (x− a)
(δ−1)/2
+ (1− x+ a)

α
+

√
π (a+ 1)

s−1
bδ

δ + 1
Γ

[
α+ 1

2α+2δ+3
2

]
×
{

sinh
(
b
√
x− a

)
cosh

(
b
√
x− a

)} × Ξ2

(
1− s, α+ 1;

2α+ 2δ + 3

2
;

1

a+ 1
,
b2

4

)
[a, Re s > 0]

11 (a− x)
α−1
+ as+α+δ−1bδ B

(
2α+ δ

2
,

2s+ δ

2

)
2F3

( 2α+δ
2 , 2s+δ

2 ; a2b2

16
2δ+1

2 , s+α+δ2 , s+α+δ+1
2

)
×
{

sinh
(
b
√
x(a− x)

)
cosh

(
b
√
x(a− x)

)} [a > 0; Reα, Re s > −δ/2]

2.3.3. Hyperbolic functions and eax

1 e−ax sinh (ax) − a−s

2s+1
Γ (s) [−1 < Re s < 0; |arg a| ≤ π/2]

2 e−ax
{

sinh (bx)

cosh (bx)

}
Γ (s)

2

[
(a− b)−s ∓ (a+ b)

−s
]

[
(Re a > |Re b|; Re s > − (1± 1) /2) or

(Re a+ |Re b| = 0; Re s < 1)

]

3 e−ax
{

sinh (bx)

cosh (bx)

}n
Γ (s)

2n

n∑
k=0

(∓1)
n−k

(
n

k

)
[a+ (n− 2k) b]

−s

[Re a > n |Re b|; Re s > − (1± 1) /2]
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No. f (x) F (s)

4 e−ax sinh2n (bx)
(−1)

n
Γ (s)

22nas

(
2n

n

)
+

Γ (s)

22n

n−1∑
k=0

(−1)
k

(
2n

k

)
×
[
(a− (2n− 2k) b)

−s
+ (a+ (2n− 2k) b)

−s
]

[Re (a− 2nb) > 0; Re s > −2n]

5 e−ax sinh2n+1 (bx)
Γ (s)

22n+1

n∑
k=0

(−1)
k

(
2n+ 1

k

)[
(a− (2n− 2k + 1) b)

−s

− (a+ (2n− 2k + 1) b)
−s
]

[Re (a− (2n+ 1)b) > 0; Re s > −2n− 1]

6 e−ax coshn (bx)
(1 + (−1)

n
) Γ (s)

2n+1as

(
n

n/2

)
+

Γ (s)

2n

[(n−1)/2]∑
k=0

(
n

k

)
×
[
(a− (n− 2k) b)

−s
+ (a+ (n− 2k) b)

−s
]

[Re (a− nb) , Re s > 0]

7
e−ax

sinh (bx)

21−s

bs
Γ (s) ζ

(
s,
a+ b

2b

)
[Re a > −|Re b|; Re s > 1]

8
e−ax

cosh (bx)

21−2s

bs
Γ (s)

[
ζ

(
s,
b+ a

4b

)
− ζ

(
s,

3b+ a

4b

)]
[Re a > −|Re b|; Re s > 0]

9
e−ax

cosh (ax)

21−s

as
(
1− 21−s

)
Γ (s) ζ (s) [Re a, Re s > 0; s 6= 1]

10 e−ax tanh (bx)
Γ (s)

22s−1bs

[
ζ
(
s,

a

4b

)
− ζ

(
s,
a+ 2b

4b

)]
− Γ (s)

as

[Re a > 0; Re s > −1]

11 e−ax coth (bx)
21−s

bs
Γ (s) ζ

(
s,

a

2b

)
− Γ (s)

as
[b, Re a > 0; Re s > 1]

12
1

eax + 1

{
sinh (bx)

cosh (bx)

}
Γ (s)

2 (2a)
s

[
ζ

(
s,
a− b

2a

)
∓ ζ

(
s,
a+ b

2a

)
− ζ

(
s,

2a− b
2a

)
± ζ

(
s,

2a+ b

2a

)]
[Re a > |Re b|; Re s > − (1± 1) /2]

13
1

eax − 1

{
sinh (bx)

cosh (bx)

}
Γ (s)

2as

[
ζ

(
s,
a− b
a

)
∓ ζ

(
s,
a+ b

a

)]
[Re a > |Re b|; Re s > (1∓ 1) /2]
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No. f (x) F (s)

14
e−ax

cosh (ax) + cos θ

(
2π

a

)s
csc θ csc (sπ)

[
cos

2θ + sπ

2
ζ

(
1− s, π + θ

2π

)
− cos

2θ − sπ
2

ζ

(
1− s, π − θ

2π

)]
[|θ| < π; Re a, Re s > 0]

15
e−ax

cosh (ax)− cos θ

iΓ (s)

as sin θ

[
eiθ Lis

(
e−iθ

)
− e−iθ Lis

(
eiθ
)]
[|θ| 6= 2πn; Re a, Re s > 0]

16 θ (a− x) ebx sinh (a− x) e−aas+1 Γ

[
s

s+ 2

]
Φ2 (s, 1; s+ 2; ab+ a, 2a) [a, Re s > 0]

17 (a− x)
−1/2
+ ecx

√
π

2δ
as+δ−1/2bδ Γ

[
s

2s+2δ+1
2

]
Φ3

(
s;

2s+ 2δ + 1

2
; ac,

ab2

4

)
×
{

sinh
(
b
√
a− x

)
cosh

(
b
√
a− x

)} [a, Re s > 0]

2.3.4. Hyperbolic functions and eϕ(x)

Notation: δ =

{
1

0

}
.

1 e−ax
2

{
sinh (bx)

cosh (bx)

}
eb

2/(8a)

2s/2+1as/2
Γ (s)

[
D−s

(
− b√

2a

)
∓D−s

(
b√
2a

)]
[Re a > 0; Re s > − (1± 1) /2]

2 e−ax
2−bx

{
sinh (cx)

cosh (cx)

}
e(b

2+c2)/(8a)

2s/2+1as/2
Γ (s)

[
e−bc/(4a)D−s

(
b− c√

2a

)
∓ ebc/(4a)

×D−s
(
b+ c√

2a

)]
[Re a > 0; Re s > − (1± 1) /2]

3 e−ax−b/x
{

sinh (cx)

cosh (cx)

} (
b

a− c

)s/2
Ks

(
2
√
ab− bc

)
∓
(

b

a+ c

)s/2
Ks

(
2
√
ab+ bc

)
[Re a > |Re c|; Re b > 0]

4
(
a2 − x2

)−1/2
+

e−b/(a
2−x2) 2(2s−3)/4+δas−1√

c
e−b/(2a

2)
(
b+
√
b2 − a2c2

)1/4
Γ

(
s+ δ

2

)
×
{

sinh
[
cx/
(
a2 − x2

)]
cosh

[
cx/
(
a2 − x2

)]} ×D−s

(√
b+
√
b2 − a2c2
a

)
M(1−2s)/4,±1/4

(
b−
√
b2 − a2c2
2a2

)
[a > 0; b > ac > 0; Re s > −δ]
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No. f (x) F (s)

5
(
x2 − a2

)−1/2
+

e−b/(x
2−a2) as−1

2(2s+1)/4−δ√c
eb/(2a

2)
(
b+
√
b2 − a2c2

)1/4
Γ

(
1− s+ δ

2

)
×
{

sinh
[
cx/
(
x2 − a2

)]
cosh

[
cx/
(
x2 − a2

)]} ×Ds−1

(√
b+
√
b2 − a2c2
a

)
M(2s−1)/4,±1/4

(
b−
√
b2 − a2c2
2a2

)
[a > 0; b > ac > 0; Re s < δ + 1]

6
(
a2 − x2

)−1/2
+

2(2s−3)/4+δas−3/4√
c

(
2ab+

√
4a2b2 − c2

)1/4
× e−b(a2+x2)/(a2−x2) × Γ

(
s+ δ

2

)
D−s

(√
2ab+

√
4a2b2 − c2√
a

)

×
{

sinh
[
cx/
(
a2 − x2

)]
cosh

[
cx/
(
a2 − x2

)]} ×M(1−2s)/4,±1/4

(
2ab−

√
4a2b2 − c2
2a

)
[a > 0; 2ab > c > 0; Re s > −δ]

7
(
x2 − a2

)−1/2
+

as−3/4

2(2s+1)/4−δ√c
(
2ab+

√
4a2b2 − c2

)1/4
× e−b(x2+a2)/(x2−a2) × Γ

(
1− s+ δ

2

)
Ds−1

(√
2ab+

√
4a2b2 − c2√
a

)

×
{

sinh
[
cx/
(
x2 − a2

)]
cosh

[
cx/
(
x2 − a2

)]} ×M(2s−1)/4,±1/4

(
2ab−

√
4a2b2 − c2
2a

)
[a > 0; 2ab > c > 0; Re s < δ + 1]

8
1√

x2 + a2
e−b/(x

2+a2) 2δ−1/2as−1/2√
c

e−b/(2a
2) B

(
1− s+ δ

2
,
s+ δ

2

)
×
{

sinh
[
cx/
(
x2 + a2

)]
cosh

[
cx/
(
x2 + a2

)]} ×M(2s−1)/4,±1/4

(√
b2 + a2c2 − b

2a2

)

×M(1−2s)/4,±1/4

(√
b2 + a2c2 + b

2a2

)
[Re a, b, c > 0; −δ < Re s < δ + 1]

9
1√

x2 + a2
e−b(a

2−x2)/(a2+x2) 2δ−1/2as−1/2√
c

B

(
1− s+ δ

2
,
s+ δ

2

)
×
{

sinh
[
cx/
(
x2 + a2

)]
cosh

[
cx/
(
x2 + a2

)]} ×M(2s−1)/4,±1/4

(√
4a2b2 + c2 − 2ab

2a

)

×M(1−2s)/4,±1/4

(√
4a2b2 + c2 + 2ab

2a

)
[Re a, b, c > 0; −δ < Re s < δ + 1]
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2.4. Trigonometric Functions

More formulas can be obtained from the corresponding sections due to the relations

sin z = − sin (−z) = cos
(π

2
− z
)

= − cos
(
z +

π

2

)
=
eiz − e−iz

2i
= −i sinh (iz) ,

cos z = cos (−z) = sin
(π

2
− z
)

= sin
(
z +

π

2

)
=
eiz + e−iz

2
= cosh (iz) ,{

sin z

cos z

}
=

√
πz

2
J±1/2 (z) , sin z = z 0F1

(
3

2
; −z

2

4

)
, cos z = 0F1

(
1

2
; −z

2

4

)
,

sin z =

√
π z√
z2

G10
02

(
z2

4

∣∣∣∣ ·
1/2, 0

)
, cos z =

√
πG10

02

(
z2

4

∣∣∣∣ ·
0, 1/2

)
.

2.4.1. sin (ax+ b) and cos (ax+ b)

Notation: δ =

{
1

0

}
.

No. f (x) F (s)

1

{
sin (ax)

cos (ax)

}
a−s
{

sin (sπ/2)

cos (sπ/2)

}
Γ (s) [a > 0; − δ < Re s < 1]

2

{
sin (ax)

cos (ax)

}
a−s
{

sin (sπ/2)

cos (sπ/2)

}
Γ (s) [a > 0; − δ < Re s < 1]

3 sin (ax)− ax a−s sin
sπ

2
Γ (s) [a > 0; −3 < Re s < −1]

4 cos (ax)− 1 a−s cos
sπ

2
Γ (s) [a > 0; −2 < Re s < 0]

5 cos (ax) +
a2x2

2
− 1 a−s cos

sπ

2
Γ (s) [a > 0; −4 < Re s < −2]

6 sin (ax) a−s sin
sπ

2
Γ (s) [a > 0; −2n− 3 < Re s < −2n− 1]

−
n∑
k=0

(−1)
k

(ax)
2k+1

(2k + 1)!

7 cos (ax) a−s cos
sπ

2
Γ (s) [a > 0; −2 (n+ 1) < Re s < −2n]

−
n∑
k=0

(−1)
k

(ax)
2k

(2k)!

8 θ (a− x)

{
sin (bx)

cos (bx)

}
i(1±1)/2

2
b−s

[
e−isπ/2γ (s, iab)∓ eisπ/2γ (s, −iab)

]
[a > 0; Re s > − (1± 1) /2; |arg b| < π]
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No. f (x) F (s)

9

{
sin (ax+ b)

cos (ax+ b)

}
Γ (s)

as

{
sin (sπ/2 + b)

cos (sπ/2 + b)

}
[a > 0; 0 < Re s < 1]

10

{
sin (ax+ θπ)

cos (ax+ θπ)

} √
π

2

(
2

a

)s
Γ

[ s
2 ,

s+1
2

s+2θ−δ+1
2 , −s−2θ+δ+1

2

]
[a > 0; 0 < Re s < 1]

11 b sin (ax) + c cos (ax) b

√
b2 + c2

b2
Γ (s)

as
sin
(sπ

2
+ arctan

c

b

)
[a > 0; 0 < Re s < 1]

2.4.2. Trigonometric and algebraic functions

Notation: δ =

{
1

0

}
.

1 (a− x)
α−1
+

{
sin (bx)

cos (bx)

}
i(1±1)/2

2
as+α−1 B (α, s)

[
1F1

(
s; −i ab
s+ α

)
∓ 1F1

(
s; i ab

s+ α

)]
[a, Reα > 0, Re s > − (1± 1) /2]

2
(
a2 − x2

)α−1
+

{
sin (bx)

cos (bx)

}
as+2α+δ−2bδ

2
B

(
α,

s+ δ

2

)
1F2

( s+δ
2 ; −a

2b2

4
2δ+1

2 , s+2α+δ
2

)
[a, Reα > 0; Re s > −δ]

3
sin (bx)

(x+ a)
ρ as−ρ+1bB (s+ 1, ρ− s− 1) 2F3

( s+1
2 , s+2

2 ; −a
2b2

4
3
2 ,

s−ρ+2
2 , s−ρ+3

2

)
+ bρ−s sin

(s− ρ)π

2
Γ (s− ρ) 2F3

( ρ
2 ,

ρ+1
2 ; −a

2b2

4
1
2 ,

1−s+ρ
2 , 2−s+ρ

2

)
+

ρa

bs−ρ−1
Γ (s− ρ− 1) cos

(ρ− s)π
2

2F3

( ρ+1
2 , ρ+2

2 ; −a
2b2

4
3
2 ,

2−s+ρ
2 , 3−s+ρ

2

)
[b > 0; −1 < Re s < Re ρ+ 1; |arg a| < π]

4
cos (bx)

(x+ a)
ρ as−ρ B (s, ρ− s) 2F3

( s
2 ,

s+1
2 ; −a

2b2

4
1
2 ,

s−ρ+1
2 , s−ρ+2

2

)
+ bρ−sΓ (s− ρ) cos

(s− ρ)π

2
2F3

( ρ
2 ,

ρ+1
2 ; −a

2b2

4
1
2 ,

1−s+ρ
2 , 2−s+ρ

2

)
+

ρa

bs−ρ−1
Γ (s− ρ− 1) sin

(ρ− s)π
2

2F3

( ρ+1
2 , ρ+2

2 ; −a
2b2

4
3
2 ,

2−s+ρ
2 , 3−s+ρ

2

)
[b > 0; 0 < Re s < Re ρ+ 1; |arg a| < π]

5
1

x+ a

{
sin (bx)

cos (bx)

}
i(1±1)/2

2
as−1Γ (s)

[
eiab Γ (1− s, iab)∓ e−iab Γ (1− s, −iab)

]
[b > 0; − (1± 1) /2 < Re s < 2; |arg a| < π]
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No. f (x) F (s)

6
1

x− a

{
sin (bx)

cos (bx)

}
− a

bs−2
Γ (s− 2)

{
sin (sπ/2)

cos (sπ/2)

}
1F2

(
1; −a

2b2

4
3−s
2 , 4−s

2

)
∓ Γ (s− 1)

bs−1

{
cos (sπ/2)

sin (sπ/2)

}
1F2

(
1; −a

2b2

4
2−s
2 , 3−s

2

)
− πas−1 cot (sπ)

{
sin (ab)

cos (ab)

}
[a, b > 0; −δ < Re s < 2]

7
1

(x2 + a2)
ρ

{
sin (bx)

cos (bx)

}
as−2ρ+δbδ

2
B

(
s+ δ

2
,

2ρ− s− δ
2

)
1F2

( s+δ
2 ; a2b2

4
2δ+1

2 , s−2ρ+δ+2
2

)
+ b2ρ−s

{
sin [(s− 2ρ)π/2]

cos [(s− 2ρ)π/2]

}
Γ (s− 2ρ) 1F2

(
ρ; a2b2

4
2ρ−s+1

2 , 2ρ−s+2
2

)
[b, Re a > 0; −δ < Re s < 2 Re ρ+ 1]

8
1

x2 + a2

{
sin (bx)

cos (bx)

}
πas−2

2

{
sinh (ab) sec (sπ/2)

cosh (ab) csc (sπ/2)

}
− Γ (s− 2)

bs−2

{
sin (sπ/2)

cos (sπ/2)

}
1F2

(
1; a2b2

4
3−s
2 , 4−s

2

)
[b, Re a > 0; − (1± 1) /2 < Re s < 3]

9
1

x2 − a2

{
sin (bx)

cos (bx)

}
±πa

s−2

2

{
sin (ab) tan (sπ/2)

cos (ab) cot (sπ/2)

}
− Γ (s− 2)

bs−2

{
sin (sπ/2)

cos (sπ/2)

}
1F2

(
1; −a

2b2

4
3−s
2 , 4−s

2

)
[a, b > 0; − (1± 1) /2 < Re s < 3]

10
1

x4 + a4
sin (bx) b4−s sin

sπ

2
Γ (s− 4) 1F4

(
1; −a

4b4

256
5−s
4 , 6−s

4 , 7−s
4 , 8−s

4

)
+
πas−4

2
sec

sπ

2

×
(

cos
sπ

4
sinh

ab√
2

cos
ab√

2
− sin

sπ

4
cosh

ab√
2

sin
ab√

2

)
[b > 0; −1 < Re s < 5; |arg a| < π/4]

11
1

x4 + a4
cos (bx) b4−s cos

sπ

2
Γ (s− 4) 1F4

(
1; −a

4b4

256
5−s
4 , 6−s

4 , 7−s
4 , 8−s

4

)
+
πas−4

4

(
csc

sπ

4
cosh

ab√
2

cos
ab√

2
− sec

sπ

4
sinh

ab√
2

sin
ab√

2

)
[b > 0; 0 < Re s < 5; |arg a| < π/4]
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No. f (x) F (s)

12
(√
x2 + a2 + a

)ν
sin (bx) −2s+ννπas+ν+1b csc [(s+ ν)π]

× Γ

[ s+1
2

1−s−2ν
2 , s+ ν + 2

]
2F3

( s+1
2 , s+2ν+1

2 ; a2b2

4
3
2 ,

s+ν+2
2 , s+ν+3

2

)
+

νπab−s−ν+1

2 Γ (2− s− ν)
csc

(s+ ν)π

2
2F3

( 1−ν
2 , 1+ν

2 ; a2b2

4
3
2 ,

2−s−ν
2 , 3−s−ν

2

)
+

πb−s−ν

2 Γ (1− s− ν)
sec

(s+ ν)π

2
2F3

( −ν2 ,
ν
2 ; a2b2

4
1
2 ,

1−s−ν
2 , 2−s−ν

2

)
[b, Re a > 0; −1 < Re s < 1− Re ν]

13
(√
x2 + a2 + a

)ν
cos (bx) 2s+ν−1νπas+ν csc [(s+ ν)π]

× Γ

[ s
2

2−s−2ν
2 , s+ ν + 1

]
2F3

( s
2 ,

s+2ν
2 ; a2b2

4
1
2 ,

s+ν+1
2 , s+ν+2

2

)
+

πb−s−ν

2 Γ (1− s− ν)
csc

(s+ ν)π

2
2F3

( −ν2 ,
ν
2 ; a2b2

4
1
2 ,

1−s−ν
2 , 2−s−ν

2

)
− νπab−s−ν+1

2 Γ (2− s− ν)
sec

(s+ ν)π

2
2F3

( 1−ν
2 , 1+ν

2 ; a2b2

4
3
2 ,

2−s−ν
2 , 3−s−ν

2

)
[b, Re a > 0; 0 < Re s < 1− Re ν]

14
(√
x2 + a2 + x

)ν
sin (bx) 2−s−2νπas+ν+1b sec

(s+ ν)π

2

× Γ

[
s+ 1

s−ν+3
2 , s+ν+3

2

]
2F3

( s+1
2 , s+2

2 ; a2b2

4
3
2 ,

s−ν+3
2 , s+ν+3

2

)
+

2ν−1πb−s−ν

Γ (1− s− ν)
sec

(s+ ν)π

2
2F3

( 1−ν
2 , −ν2 ; a2b2

4

1− ν, 1−s−ν
2 , 2−s−ν

2

)
[b, Re a > 0; −1 < Re s < 1− Re ν]

15
(√
x2 + a2 + x

)ν
cos (bx) 2−s−1νπas+ν csc

(s+ ν)π

2

× Γ

[
s

s−ν+2
2 , s+ν+2

2

]
2F3

( s
2 ,

s+1
2 ; a2b2

4
1
2 ,

s−ν+2
2 , s+ν+2

2

)
+

2ν−1πb−s−ν

Γ (1− s− ν)
csc

(s+ ν)π

2
2F3

( 1−ν
2 , −ν2 ; a2b2

4

1− ν, 1−s−ν
2 , 2−s−ν

2

)
[b, Re a > 0; 0 < Re s < 1− Re ν]
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No. f (x) F (s)

16

(√
x2 + a2 + a

)ν
√
x2 + a2

sin (bx) −2s+νπas+νb csc [(s+ ν)π]

× Γ

[ s+1
2

1−s−2ν
2 , s+ ν + 1

]
2F3

( s+1
2 , s+2ν+1

2 ; a2b2

4
3
2 ,

s+ν+1
2 , s+ν+2

2

)
+

πb−s−ν+1

2 Γ (2− s− ν)
csc

(s+ ν)π

2
2F3

( 1−ν
2 , 1+ν

2 ; a2b2

4
1
2 ,

2−s−ν
2 , 3−s−ν

2

)
− νπab−s−ν+2

2 Γ (3− s− ν)
sec

(s+ ν)π

2
2F3

( 2−ν
2 , 2+ν

2 ; a2b2

4
3
2 ,

3−s−ν
2 , 4−s−ν

2

)
[b, Re a > 0; −1 < Re s < 2− Re ν]

17

(√
x2 + a2 + a

)ν
√
x2 + a2

cos (bx) −2s+ν−1πas+ν−1 csc [(s+ ν − 1)π]

× Γ

[ s
2

2−s−2ν
2 , s+ ν

]
2F3

( s
2 ,

s+2ν
2 ; a2b2

4
1
2 ,

s+ν
2 , s+ν+1

2

)
− νπab−s−ν+2

2 Γ (3− s− ν)
csc

(s+ ν)π

2
2F3

( 2−ν
2 , 2+ν

2 ; a2b2

4
3
2 ,

3−s−ν
2 , 4−s−ν

2

)
− πb−s−ν+1

2 Γ (2− s− ν)
sec

(s+ ν)π

2
2F3

( 1−ν
2 , 1+ν

2 ; a2b2

4
1
2 ,

2−s−ν
2 , 3−s−ν

2

)
[b, Re a > 0; 0 < Re s < 2− Re ν]

18

(√
x2 + a2 + x

)ν
√
x2 + a2

sin (bx) −2−s−1πas+νb csc
(s+ ν)π

2

× Γ

[
s+ 1

s−ν+2
2 , s+ν+2

2

]
2F3

( s+1
2 , s+2

2 ; a2b2

4
3
2 ,

s−ν+2
2 , s+ν+2

2

)
+

2ν−1πb−s−ν+1

Γ (2− s− ν)
csc

(s+ ν)π

2
2F3

( 1−ν
2 , 2−ν

2 ; a2b2

4

1− ν, 2−s−ν
2 , 3−s−ν

2

)
[b, Re a > 0; −1 < Re s < 2− Re ν]

19

(√
x2 + a2 + x

)ν
√
x2 + a2

cos (bx) −2−sπas+ν−1 csc
(s+ ν − 1)π

2

× Γ

[
s

s−ν+1
2 , s+ν+1

2

]
2F3

( s
2 ,

s+1
2 ; a2b2

4
1
2 ,

s−ν+1
2 , s+ν+1

2

)
− 2ν−1πb−s−ν+1

Γ (2− s− ν)
sec

(s+ ν)π

2
2F3

( 1−ν
2 , 2−ν

2 ; a2b2

4

1− ν, 2−s−ν
2 , 3−s−ν

2

)
[b, Re a > 0; 0 < Re s < 2− Re ν]
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No. f (x) F (s)

20
(
x2 − a2

)−1/2
+

as+νb

2s+1
Γ

[
− s+ν2 , ν−s2
−s

]
2F3

( s+1
2 , s+2

2 ; −a
2b2

4
3
2 ,

s−ν+2
2 , s+ν+2

2

)
×
[(
x+
√
x2 − a2

)ν
+

2ν−1πb−s−ν+1

Γ (2− s− ν)

+
(
x−
√
x2 − a2

)ν] × csc
(s+ ν)π

2
2F3

( 1−ν
2 , 2−ν

2 ; −a
2b2

4

1− ν, 2−s−ν
2 , 3−s−ν

2

)
× sin (bx) +

2−ν−1πa2νb−s+ν+1

Γ (2− s+ ν)
csc

(s− ν)π

2

× 2F3

( ν+1
2 , ν+2

2 ; −a
2b2

4

1 + ν, 2−s+ν
2 , 3−s+ν

2

)
[a, b > 0; Re s < 2− |Re ν|]

21
(
x2 − a2

)−1/2
+

as+ν−1

2s
Γ

[ 1−s−ν
2 , 1−s+ν

2

1− s

]
2F3

( s
2 ,

s+1
2 ; −a

2b2

4
1
2 ,

s−ν+1
2 , s+ν+1

2

)
×
[(
x+
√
x2 − a2

)ν − 2ν−1πb−s−ν+1

Γ (2− s− ν)

+
(
x−
√
x2 − a2

)ν] × sec
(s+ ν)π

2
2F3

( 1−ν
2 , 2−ν

2 ; −a
2b2

4

1− ν, 2−s−ν
2 , 3−s−ν

2

)
× cos (bx) − 2−ν−1πa2νb−s+ν+1

Γ (2− s+ ν)
sec

(s− ν)π

2
2F3

( ν+1
2 , ν+2

2 ; −a
2b2

4

1 + ν, 2−s+ν
2 , 3−s+ν

2

)
[a, b > 0; Re s < 2− |Re ν|]

22
1

(x+ a)
ρ

{
sin [b/ (x+ a)]

cos [b/ (x+ a)]

}
as−ρ−δbδ B (s, ρ− s+ δ) 2F3

(ρ−s+δ
2 , ρ−s+δ+1

2 ; − b2

4a2

2δ+1
2 , ρ+δ2 , ρ+δ+1

2

)
[0 < Re s < Re ρ+ δ; |arg a| < π]

23
1

(x+ a)
ρ as−ρbδ B (s+ δ, ρ− s) 2F3

( s+δ
2 , s+δ+1

2 ; − b
2

4
2δ+1

2 , ρ+δ2 , ρ+δ+1
2

)
×
{

sin [bx/ (x+ a)]

cos [bx/ (x+ a)]

}
[−δ < Re s < Re ρ; |arg a| < π]

24
(
1− x2

)−1/2
+

∓
√
πa

2

{
Is/2 (a) K(s−1)/2 (a)

I(s−1)/2 (a) Ks/2 (a)

}
[a > 0; Re s > −1]

×
{

sin (ax− a/x)

cos (ax− a/x)

}

25
(
x2 − 1

)−1/2
+

√
πa

2

{
I(1−s)/2 (a) Ks/2 (a)

I−s/2 (a) K(s−1)/2 (a)

}
[a > 0; Re s < 2]

×
{

sin (ax− a/x)

cos (ax− a/x)

}
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No. f (x) F (s)

26 (a− x)
(δ−1)/2
+ (bx+ 1)

α

√
π as+δ−1/2cδ

δ + 1
Γ

[
s

2s+2δ+1
2

]
×
{

sin
(
c
√
a− x

)
cos
(
c
√
a− x

)} × Ξ2

(
−α, s; 2s+ 2δ + 1

2
; −ab, −ac

2

4

)
[a, Re s > 0; |arg (ab+ 1)| < π]

27 (x− a)
(δ−1)/2
+ (1− x+ a)

α
+

√
π (a+ 1)

s−1
bδ

δ + 1
Γ

[
α+ 1

2α+2δ+3
2

]
×
{

sin
(
b
√
x− a

)
cos
(
b
√
x− a

)} × Ξ2

(
1− s, α+ 1;

2α+ 2δ + 3

2
;

1

a+ 1
, −b

2

4

)
[a, Re s > 0]

28 (a− x)
α−1
+ as+α+δ−1bδ B

(
2α+ δ

2
,

2s+ δ

2

)
2F3

( 2α+δ
2 , 2s+δ

2 ; −a
2b2

16
2δ+1

2 , s+α+δ2 , s+α+δ+1
2

)
×
{

sin
(
b
√
x(a− x)

)
cos
(
b
√
x(a− x)

)} [a > 0; Re s > −δ/2]

29

{
sin
(
b
√
x2 + a2

)
cos
(
b
√
x2 + a2

)} ±2(s−3)/2
√
π a(s+1)/2

b(s−1)/2
Γ
(s

2

)[{cos (sπ/2)

sin (sπ/2)

}
J(s+1)/2 (ab)

∓
{

sin (sπ/2)

cos (sπ/2)

}
Y(s+1)/2 (ab)

]
[Re a, b > 0; 0 < Re s < 1]

30
1√

x2 + a2
±2(s−3)/2

√
π
(a
b

)(s−1)/2
Γ
(s

2

){J(1−s)/2 (ab)

Y(1−s)/2 (ab)

}
×
{

sin
(
b
√
x2 + a2

)
cos
(
b
√
x2 + a2

)} [Re a, b > 0; 0 < Re s < 2]

31 θ (a− x) ±a
(s+1)/2

b(s−1)/2

{
2(s−3)/2

√
π J(s+1)/2 (ab)

s(s−3)/2, (s+1)/2 (ab)

}
[a, Re s > 0]

×
{

sin
(
b
√
a2 − x2

)
cos
(
b
√
a2 − x2

)}

32
(
a2 − x2

)−1/2
+

√
π

2

(
2a

b

)(s−1)/2

Γ
(s

2

)
H(s−1)/2 (ab) [a, Re s > 0]

× sin
(
b
√
a2 − x2

)

33
(
a2 − x2

)−1/2
+

2(s−3)/2
√
π
(a
b

)(s−1)/2
Γ
(s

2

)
J(s−1)/2 (ab) [a, Re s > 0]

× cos
(
b
√
a2 − x2

)
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No. f (x) F (s)

34 θ (x− a) sin
(
b
√
x2 − a2

) 2(s−1)/2a(s+1)/2

√
π b(s−1)/2

sin
sπ

2
Γ
(s

2

)
K(s+1)/2 (ab) [a, b > 0; Re s < 1]

35 θ (x− a) cos
(
b
√
x2 − a2

) 2(s−3)/2
√
π a(s+1)/2

b(s−1)/2
Γ
(s

2

)[
I−(s+1)/2 (ab)

− L(s+1)/2 (ab)− (ab)
(s−1)/2

2(s−3)/2
√
π sΓ

(
s
2

)] [a, b > 0; Re s < 1]

36
(
x2 − a2

)−1/2
+

√
π

2

(
2a

b

)(s−1)/2

Γ
(s

2

) [
I(1−s)/2 (ab)− L(s−1)/2 (ab)

]
× sin

(
b
√
x2 − a2

)
[a, b > 0; Re s < 2]

37
(
x2 − a2

)−1/2
+

1√
π

(
2a

b

)(s−1)/2

sin
sπ

2
Γ
(s

2

)
K(s−1)/2 (ab)

× cos
(
b
√
x2 − a2

)
[a > 0; Re s < 2]

38
1

(x2 + a2)
ρ cos

bx

x2 + a2
as−2ρ

2
B
(s

2
, ρ− s

2

)
2F3

( s
2 , ρ−

s
2 ; − b2

16a2

1
2 ,

ρ
2 ,

ρ+1
2

)
[Re a > 0; 0 < Re s < 2 Re ρ]

39
1

(x2 + a2)
ρ sin

bx

x2 + a2
as−2ρ−1b

2
B

(
s+ 1

2
,

1− s+ 2ρ

2

)
2F3

( s+1
2 , 1−s+2ρ

2 ; − b2

16a2

3
2 ,

ρ+1
2 , ρ+2

2

)
[Re a > 0; −1 < Re s < 2 Re ρ+ 1]

2.4.3. Trigonometric and the exponential functions

Notation: δ =

{
1

0

}
.

1 e−ax
{

sin (ax)

cos (ax)

}
2−s/2a−s

{
sin (sπ/4)

cos (sπ/4)

}
Γ (s)

[
(Re s > −δ; |arg a| < π/4) or

(−δ < Re s < 1; |arg a| = π/4)

]

2 e−ax/
√
3

{
sin (ax)

cos (ax)

}
2−s3s/2a−s

{
sin (sπ/3)

cos (sπ/3)

}
Γ (s) [

(Re s > −δ; |arg a| < π/6) or

(−δ < Re s < 1; |arg a| = π/6)

]

3 e−ax
{

sin (bx)

cos (bx)

}
Γ (s)

(a2 + b2)
s/2

{
sin [s arctan (b/a)]

cos [s arctan (b/a)]

}
[

(Re a > |Im b|; Re s > − (1± 1) /2) or

(Re a+ |Im b| = 0; Re s < 1)

]
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No. f (x) F (s)

4 e−
√
3 ax

{
sin (ax)

cos (ax)

}
(2a)

−s
{

sin (sπ/6)

cos (sπ/6)

}
Γ (s)

[
(Re s > −δ; |arg a| < π/3) or

(−δ < Re s < 1; |arg a| = π/3)

]

5 e−(
√
2+1)ax

{
sin (ax)

cos (ax)

}
2−s

(
1 +

1√
2

)−s/2
a−s

{
sin (sπ/8)

cos (sπ/8)

}
Γ (s)[

(Re s > −δ; |arg a| < 3π/8) or

(−δ < Re s < 1; |arg a| = 3π/8)

]

6 e−
√

1+2/
√
5 ax

{
sin (ax)

cos (ax)

} (
2 +

2√
5

)−s/2
a−s

{
sin (sπ/5)

cos (sπ/5)

}
Γ (s)[

(Re s > −δ; |arg a| < 3π/10) or

(−δ < Re s < 1; |arg a| = 3π/10)

]

7 e−ax cos θ

{
sin (ax sin θ)

cos (ax sin θ)

}
Γ (s)

as

{
sin (sθ)

cos (sθ)

}
[a > 0; |θ| < π/2; Re s > − (1± 1) /2]

8 e−x cos(θπ) π Γ

[
s

1−δ
2 + θs, 1+δ

2 − θs

]
[|θ| < 1/2; Re s > −δ]

×
{

sin [x sin (θπ)]

cos [x sin (θπ)]

}

9 θ (a− x) e−bx
{

sin (cx)

cos (cx)

}
i(1±1)/2

2

[
(b+ ic)

−s
γ (s, ab+ iac)∓ (b− ic)−s γ (s, ab− iac)

]
[a > 0; Re s > − (1± 1) /2]

10 θ (x− a) e−bx
{

sin (cx)

cos (cx)

}
i(1±1)/2

2

[
(b+ ic)

−s
Γ (s, ab+ iac)∓ (b− ic)−s Γ (s, ab− iac)

]
[a, Re b > 0]

11 e−ax
2

{
sin (bx)

cos (bx)

}
bδ

2a(s+δ)/2
Γ

(
s+ δ

2

)
1F1

( s+δ
2

2δ+1
2 ; − b2

4a

)
[Re a > 0; Re s > −δ]

12 e−ax
2−bx

{
sin (cx)

cos (cx)

}
i(1±1)/2 Γ (s)

2 (2a)
s/2

e(b
2−c2)/(8a)

[
eibc/(4a)D−s

(
b+ ic√

2a

)

∓ e−ibc/(4a)D−s

(
b− ic√

2a

)]
[Re a > 0; Re s > − (1± 1) /2]

13 e−c/x
{

sin (bx)

cos (bx)

}
i(1±1)/2

(c
b

)s/2 [
e−isπ/4Ks

(
2eiπ/4

√
bc
)

∓ eisπ/4Ks

(
2e−iπ/4

√
bc
)]

[b, Re c > 0; Re s < 1]

14 e−ax−c/x
{

sin (bx)

cos (bx)

}
i(1±1)/2cs/2

[
(a+ ib)

−s/2
Ks

(
2
√
ac+ ibc

)
∓ (a− ib)−s/2Ks

(
2
√
ac− ibc

)]
[Re a > |Im b|; Re c > 0]
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No. f (x) F (s)

15 e−a/x
2

{
sin (bx)

cos (bx)

}
Γ (s)

bs

{
sin (sπ/2)

cos (sπ/2)

}
0F2

( −; ab2

4
1−s
2 , 2−s

2

)
+
a(s+δ)/2bδ

2
Γ

(
−s+ δ

2

)
0F2

( −; ab2

4
2δ+1

2 , s+δ+2
2

)
[b, Re a > 0; Re s < 1]

16 e−a
√
x

{
sin (bx)

cos (bx)

}
i(1±1)/2

Γ (2s)

(2b)
s

[
e−i(a

2+4bsπ)/(8b)D−2s

(
ae−πi/4√

2b

)
∓ ei(a

2+4bsπ)/(8b)D−2s

(
aeπi/4√

2b

)]
[b, Re a > 0; Re s > − (1± 1) /2]

17
1

eax − 1

{
sin (bx)

cos (bx)

}
i(1±1)/2

2as
Γ (s)

[
ζ

(
s,
a+ ib

a

)
∓ ζ

(
s,
a− ib
a

)]
[Re a > |Im b|; Re s > (1∓ 1) /2]

18
1

eax + 1

{
sin (bx)

cos (bx)

}
i(1±1)/2

2s+1as
Γ (s)

[
ζ

(
s,
a+ ib

2a

)
∓ ζ

(
s,
a− ib

2a

)
− ζ

(
s,

2a+ ib

2a

)
± ζ

(
s,

2a− ib
2a

)]
[Re a > |Im b|; Re s > − (1± 1) /2]

19 (a− x)
(δ−1)/2
+ ecx

√
π

2δ
as+δ−1/2bδ Γ

[
s

2s+2δ+1
2

]
Φ3

(
s;

2s+ 2δ + 1

2
; ac, −ab

2

4

)
×
{

sin
(
b
√
a− x

)
cos
(
b
√
a− x

)} [a, Re s > 0]

20 e−ax
{

sin
(
bx2 + ax

)
cos (bx2 + ax)

}
Γ (s)

(2b)
s/2

ea
2/(4b)

{
sin (sπ/4)

cos (sπ/4)

}
D−s

(
a√
b

)
[b > 0; Re s > − (1± 1) /2; |arg a| < π/4]

21
(
a2 − x2

)−1/2
+

e−b/(a
2−x2) 2(2s−3)/4+δas−1√

c
e−b/(2a

2)
(√
b2 + a2c2 + b

)1/4
Γ

(
s+ δ

2

)
×
{

sin
[
cx/
(
a2 − x2

)]
cos
[
cx/
(
a2 − x2

)]} ×D−s

(√√
b2 + a2c2 + b

a

)
M(2s−1)/4,±1/4

(√
b2 + a2c2 − b

2a2

)
[a, b, c > 0; Re s > −δ]
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No. f (x) F (s)

22
(
x2 − a2

)−1/2
+

as−1

2(2s+1)/4−δ√c
eb/(2a

2)
(√
b2 + a2c2 + b

)1/4
× e−b/(x2−a2) × Γ

(
1− s+ δ

2

)
Ds−1

(√√
b2 + a2c2 + b

a

)

×
{

sin
[
cx/
(
x2 − a2

)]
cos
[
cx/
(
x2 − a2

)]} ×M(1−2s)/4,±1/4

(√
b2 + a2c2 − b

2a2

)
[a, b, c > 0; Re s < δ + 1]

23
(
a2 − x2

)−1/2
+

2(2s−3)/4+δas−3/4√
c

(√
4a2b2 + c2 + 2ab

)1/4
× e−b(a2+x2)/(a2−x2) × Γ

(
s+ δ

2

)
D−s

(√√
4a2b2 + c2 + 2ab√

a

)

×
{

sin
[
cx/
(
a2 − x2

)]
cos
[
cx/
(
a2 − x2

)]} ×M(2s−1)/4,±1/4

(√
4a2b2 + c2 − 2ab

2a

)
[a, b, c > 0; Re s > −δ]

24
(
x2 − a2

)−1/2
+

as−3/4

2(2s+1)/4−δ√c
(√

4a2b2 + c2 + 2ab
)1/4

× e−b(x2+a2)/(x2−a2) × Γ

(
1− s+ δ

2

)
Ds−1

(√√
4a2b2 + c2 + 2ab√

a

)

×
{

sin
[
cx/
(
x2 − a2

)]
cos
[
cx/
(
x2 − a2

)]} ×M(1−2s)/4,±1/4

(√
4a2b2 + c2 − 2ab

2a

)
[a, b, c > 0; Re s < δ + 1]

25
1√

x2 + a2
e−b/(x

2+a2) 2δ−1/2as−1/2√
c

e−b/(2a
2) B

(
1− s+ δ

2
,
s+ δ

2

)
×
{

sin
[
cx/
(
x2 + a2

)]
cos
[
cx/
(
x2 + a2

)]} ×M(1−2s)/4,±1/4

(
b−
√
b2 − a2c2
2a2

)

×M(1−2s)/4,±1/4

(
b+
√
b2 − a2c2
2a2

)
[Re a, b, c > 0; −δ < Re s < δ + 1]

26
1√

x2 + a2
2δ−1/2as−1/2√

c
B

(
1− s+ δ

2
,
s+ δ

2

)
× e−b(a2−x2)/(a2+x2) ×M(1−2s)/4,±1/4

(
2ab−

√
4a2b2 − c2
2a

)

×
{

sin
[
cx/
(
x2 + a2

)]
cos
[
cx/
(
x2 + a2

)]} ×M(1−2s)/4,±1/4

(
2ab+

√
4a2b2 − c2
2a

)
[Re a, b, c > 0; −δ < Re s < δ + 1]
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2.4.4. Trigonometric and hyperbolic functions

Notation: δ =

{
1

0

}
.

1 (a− x)
α−1
+ as+α+2δ−1b2δ B (α, s+ 2δ)

×
{

sinh (bx) sin (bx)

cosh (bx) cos (bx)

}
× 4F7

(
∆ (4, s+ 2δ) ; ±a

4b4

64
2δ+1

4 , 2δ+3
4 , 2δ+1

2 , ∆ (4, s+ α+ 2δ)

)
[a, Reα > 0; Re s > −2δ]

2 (a− x)
α−1
+ as+αbB (α, s+ 1) 4F7

(
∆ (4, s+ 1) ; −a

4b4

64
1
2 ,

3
4 ,

5
4 , ∆ (4, s+ α+ 1)

)
×
{

cosh (bx) sin (bx)

sinh (bx) cos (bx)

}
± as+α+2b3

3
B (α, s+ 3) 4F7

(
∆ (4, s+ 3) ; −a

4b4

64
1
4 ,

1
2 ,

3
4 , ∆ (4, s+ α+ 3)

)
[a, Reα > 0; Re s > −1]

3
(
a2 − x2

)α−1
+

as+2α+2δ−2b2δ

2
B

(
α,
s+ 2δ

2

)
×
{

sinh (bx) sin (bx)

cosh (bx) cos (bx)

}
× 2F5

( s+2δ
4 , s+2δ+2

4 ; −a
4b4

64
2δ+1

4 , 2δ+3
4 , 2δ+1

2 , s+2α+2δ
4 , s+2α+2δ+2

4

)
[a, Reα > 0; Re s > −2δ]

4
(
a2 − x2

)α−1
+

as+2α−1b

2
B

(
α,

s+ 1

2

)
2F5

( s+1
4 , s+3

4 ; −a
4b4

64
1
2 ,

3
4 ,

5
4 ,

s+2α+1
4 , s+2α+3

4

)
×
{

cosh (bx) sin (bx)

sinh (bx) cos (bx)

}
± as+2α+1b3

6
B

(
α,

s+ 3

2

)
2F5

( s+3
4 , s+5

4 ; −a
4b4

64
5
4 ,

3
2 ,

7
4 ,

s+2α+3
4 , s+2α+5

4

)
[a, Reα > 0; Re s > −1]

5 e−ax
{

sinh (bx) sin (bx)

cosh (bx) cos (bx)

}
a−s−2δb2δ Γ (s+ 2δ) 4F3

(
∆ (4, s+ 2δ) ; − 4b4

a4

2δ+1
4 , 2δ+3

4 , 2δ+1
2

)
[Re a > |Re b|+ |Im b|; Re s > −2δ]

6 e−ax
{

cosh (bx) sin (bx)

sinh (bx) cos (bx)

}
a−s−1bΓ (s+ 1) 4F3

(
∆ (4, s+ 1)
1
2 ,

3
4 ,

5
4 ; − 4b4

a4

)
± a−s−3b3

3
Γ (s+ 3) 4F3

(
∆ (4, s+ 3)
5
4 ,

3
2 ,

7
4 ; − 4b4

a4

)
[Re a > |Re b|+ |Im b|; Re s > −1]

7 e−ax
2

{
sinh (bx) sin (bx)

cosh (bx) cos (bx)

}
a−(s+2δ)/2b2δ

2
Γ

(
s+ 2δ

2

)
2F3

( s+2δ
4 , s+2δ+2

4 ; − b4

16a2

2δ+1
4 , 2δ+3

4 , 2δ+1
2

)
[Re a > 0; Re s > −2δ]
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No. f (x) F (s)

8 e−ax
2

{
cosh (bx) sin (bx)

sinh (bx) cos (bx)

}
a−(s+1)/2b

2
Γ

(
s+ 1

2

)
2F3

( s+1
4 , s+3

4
1
2 ,

3
4 ,

5
4 ;− b4

16a2

)
± a−(s+3)/2b3

6
Γ

(
s+ 3

2

)
2F3

( s+3
4 , s+5

4
5
4 ,

3
2 ,

7
4 ;− b4

16a2

)
[Re a > 0; Re s > −1]

2.4.5. Products of trigonometric functions

Notation: λn =
1 + (−1)

n

2
, µn =

(−1)
m

+ (−1)
n

2
.

1 sin2 (ax) − a−s

2s+1
cos

sπ

2
Γ (s) [a > 0; −2 < Re s < 0]

2 sin2 (ax)− 1

2
− a−s

2s+1
cos

sπ

2
Γ (s) [a > 0; 0 < Re s < 1]

3 cos2 (ax)− 1

2

a−s

2s+1
cos

sπ

2
Γ (s) [a > 0; 0 < Re s < 1]

4 cos2 (ax)− 1
a−s

2s+1
cos

sπ

2
Γ (s) [a > 0; −2 < Re s < 0]

5 sin2 (ax)− a2x2 − a−s

2s+1
cos

sπ

2
Γ (s) [a > 0; −4 < Re s < −2]

6 cos2 (ax) + a2x2 − 1
a−s

2s+1
cos

sπ

2
Γ (s) [a > 0; −4 < Re s < −2]

7 sin3 (ax)
3s+1 − 1

4
(3a)

−s
sin

sπ

2
Γ (s) [a > 0; −2 < Re s < 0]

8 cos3 (ax)
3s+1 + 1

4
(3a)

−s
cos

sπ

2
Γ (s) [a > 0; 0 < Re s < 1]

9 cos3 (ax) +
3

2
a2x2 − 1

3s+1 + 1

4
(3a)

−s
cos

sπ

2
Γ (s) [a > 0; −4 < Re s < −2]

10 sinn (ax) 2s−n
√
π |a|−s sgnn aΓ

[ s+2λ
2

2λ−s+1
2

]
×

[(n−1)/2]∑
j=0

(−1)
[n/2]+j n! (n− 2j)

−s

j! (n− j)![
λ = (1− (−1)n) /4; s 6= −2 (λ+ k) ;

Im a = 0, a 6= 0; −n < Re s < 2λ; n ≥ 1

]
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No. f (x) F (s)

11 sin2n (ax)

√
π

22nas
Γ

[ s
2

1−s
2

] n−1∑
k=0

(−1)
n+k (2n)!

k! (2n− k)!
(n− k)

−s

[a > 0; −2 < Re s < 0; n ≥ 1]

12 sin2n+1 (ax)

√
π

22n−s+1as
Γ

[ s+1
2

2−s
2

] n∑
k=0

(−1)
n+k (2n+ 1)!

k! (2n− k + 1)!

× (2n− 2k + 1)
−s

[a > 0; |Re s| < 1]

13 cos2n+1 (ax) 2s−2n−1
√
π (2n+ 1)! a−s Γ

[ s
2

1−s
2

]
×

n∑
k=0

(2n− 2k + 1)
−s

k! (2n− k + 1)!
[a > 0; 0 < Re s < 1]

14 cosn (ax)− 1 21−na−s cos
sπ

2
Γ (s)

n
2−1∑
k=0

(
n

k

)
(n− 2k)

−s

[a > 0; −2 < Re s < 0]

15 cos2n (ax)− 1 2−2n (2n)!
√
π a−s Γ

[ s
2

1−s
2

] n−1∑
k=0

(n− k)
−s

k! (2n− k)!

[a > 0; −2 < Re s < 0; n ≥ 1]

16 sinn (ax)− (−1)
n

+ 1

2n+1

(
n

n/2

)
√
π Γ

[ 2s+(−1)n+1+1
4

−2s+(−1)n+1+3
4

]

×
[(n−1)/2]∑
k=0

(−1)
[n/2]−k

(
n

k

)
2s−n

[a (n− 2k)]
s

[a > 0; ((−1)
n − 1) /2 < Re s < 1]

17 cosn (ax)− (−1)
n

+ 1

2n+1

(
n

n/2

)
21−na−s cos

sπ

2
Γ (s)

[(n−1)/2]∑
k=0

(
n

k

)
(n− 2k)

−s

[a > 0; 0 < Re s < 1]

18 sinm (ax)
√
π Γ

[− s+m+2n
2 , s+m+2n+2

2
1−s
2 , 2−s

2

]
− 21−m

n∑
j=0

(−1)
j

(ax)
m+2j

(m+ 2j)!
×

[(m−1)/2]∑
k=0

(−1)
n+k+1

(
m

k

)
2s−m

[a (m− 2k)]
s

×
[(m−1)/2]∑

k=0

(
m

k

)
(−1)

k

(m− 2k)
−m−2j [a > 0; −m− 2n− 2 < Re s < −m− 2n]
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No. f (x) F (s)

19 cosm (ax) 21−ma−s cos
sπ

2
Γ (s)

[(m−1)/2]∑
k=0

(
m

k

)
(m− 2k)

−s

− 21−m
n∑
j=1

(−1)
j

(ax)
2j

(2j)!
[a > 0; −2n− 2 < Re s < −2n]

×
[(m−1)/2]∑

k=0

(
m

k

)
(m− 2k)

2j − 1

20

{
sin (ax) sin (bx)

cos (ax) cos (bx)

}
1

2
cos

sπ

2
Γ (s)

[
|a− b|−s ∓ (a+ b)

−s
]

[a, b > 0; a 6= b; − (1± 1) < Re s < 1]

21 sin (ax) cos (bx)
1

2
sin

sπ

2
Γ (s)

[
(a+ b)

−s
+ |a− b|−s sgn (a− b)

]
[a, b > 0; a 6= b; |Re s| < 1]

22 sinm (ax)

[
sinn (bx) (−2)

−m−n+1 (s− 1)
λm+1λn+1

sλmλn
sin

(s− µn)π

2
Γ (s+ µn)

−2−nλn

(
n

n/2

)]
×
{[(m−1)/2]∑

k=0

(−1)
[m/2]−k

(
m

k

) [(n−1)/2]∑
j=0

(−1)
[n/2]−j

(
n

j

)

×
[
[a (m− 2k) + b (n− 2j)]

−s

+
(−1)

m+(n−m)θ(a(m−2k)−b(n−2j))

|a (m− 2k)− b (n− 2j)|s

]}
+

(−1)
n−1

2m+n−1

(
m

m/2

)
× λm

bs
Γ (s) sin

(s− λn)π

2

[(n−1)/2]∑
k=0

(
n

k

)
(−1)

[n/2]−k

(n− 2k)
s

[a, b, m, n > 0; −m− nλn+1 < Re s < 1]

23 sinm (ax)

[
cosn (bx) 2−m−n+1

(
m

m/2

)
λm
bs

cos
sπ

2
Γ (s)

[(n−1)/2]∑
k=0

(
n

k

)
(n− 2k)

−s

− 2−nλn

(
n

n/2

)]
− (−1)

m
2−m−n+1 sin

(s− λm)π

2

× Γ (s)

[(m−1)/2]∑
k=0

(−1)
[m/2]−k

(
m

k

)

×
[(n−1)/2]∑
j=0

(
n

j

){
[a (m− 2k) + b (n− 2j)]

−s

+
(−1)

mθ(b(n−2j)−a(m−2k))

|a (m− 2k)− b (n− 2j)|s

}
[a, b, m, n > 0; −m < Re s < 1]
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No. f (x) F (s)

24 cosn (bx)

[
sinm (ax) (−1)

m−1
2−m−n+1

(
n

n/2

)
λn
as

sin
(s− λm)π

2

− 2−mλm

(
m

m/2

)]
× Γ (s)

[(m−1)/2]∑
k=0

(
m

k

)
(−1)

[m/2]−k

(m− 2k)
s

− (−1)
m

2−m−n+1 sin
(s− λm)π

2

× Γ (s)

[(m−1)/2]∑
k=0

(−1)
[m/2]−k

(
m

k

) [(n−1)/2]∑
j=0

(
n

j

)

×
{

[b (n− 2j) + a (m− 2k)]
−s

+
(−1)

mθ(b(n−2j)−a(m−2k))

|b (n− 2j)− a (m− 2k)|s

}
[a, b, m, n > 0; −mλm+1 < Re s < 1]

25 cosm (ax)

[
cosn (bx) 2−m−n+1

(
m

m/2

)
λm
bs

cos
sπ

2
Γ (s)

[(n−1)/2]∑
k=0

(
n

k

)
(n− 2k)

−s

− 2−nλn

(
n

n/2

)]
+ 2−m−n+1 cos

sπ

2
Γ (s)

[(m−1)/2]∑
j=0

(
m

j

)

×
[(n−1)/2]∑
k=0

(
n

k

){
[b (n− 2j) + a (m− 2k)]

−s

+ |b (n− 2j)− a (m− 2k)|−s
}

[a, b, m, n > 0; 0 < Re s < 1]

26 sinm (ax) sin2n (bx) (−1)
n+[(m+1)/2]

2−m−2n+1s−λm sin
(λm − s)π

2

× Γ (λm + s)

[(m−1)/2]∑
k=0

(−1)
k

(
m

k

) n−1∑
j=0

(−1)
j

(
2n

j

)
×
{

[a (m− 2k) + 2b (n− j)]−s

+
(−1)

m+(2n−m)θ(a(m−2k)−2b(n−j))

|a (m− 2k)− 2b (n− j)|s

}
+ 2−m−2n−s+1

(
m

m/2

)
λm
bs

cos
sπ

2
Γ (s)

×
n−1∑
k=0

(
2n

k

)
(−1)

k+n

(n− k)
s + (−1)

[m/2]
2−m−2n+1a−s

×
(

2n

n

)
sin

(λm + s)π

2
Γ (s)

[(m−1)/2]∑
k=0

(
m

k

)
(−1)

k

(m− 2k)
s

[a, b, m, n > 0; −m− 2n < Re s < λm+1]
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No. f (x) F (s)

27 sinm (ax) cosn (bx) (−1)
m+1

2−m−n+1

(
n

n/2

)
λn
as

sin
(s− λm)π

2

× Γ (s)

[(m−1)/2]∑
k=0

(
m

k

)
(−1)

k+[m/2]

(m− 2k)
s

+ 2−m−n+1

(
m

m/2

)
λm
bs

cos
sπ

2
Γ (s)

[(n−1)/2]∑
k=0

(
n

k

)
1

(n− 2k)
s

− (−1)
m

2−m−n+1 sin
(s− λm)π

2
Γ (s)

[(m−1)/2]∑
k=0

(−1)[m/2]−k
(
m

k

)

×
[(n−1)/2]∑
j=0

(
n

j

){
[b (n− 2j) + a (m− 2k)]

−s

+
(−1)

mθ(b(n−2j)−a(m−2k))

|a (m− 2k)− b (n− 2j)|s

}
[
a, b, m, n > 0; −m < Re s < 1− δ(−1)n+(−1)m−2, 0

]

28 cosm (ax) cos2n−1 (bx) 2−m−2n+2

(
m

m/2

)
λm
bs

cos
sπ

2
Γ (s)

n−1∑
k=0

(
2n− 1

k

)
1

(2n− 2k − 1)
s

+ 2−m−2n+2 cos
sπ

2
Γ (s)

n−1∑
k=0

(
2n− 1

k

)

×
[(m−1)/2]∑

j=0

(
m

j

){
[a (m− 2j) + b (2n− 2k − 1)]

−s

+ |a (m− 2j)− b (2n− 2k − 1)|−s
}

[a, b, m, n > 0; 0 < Re s < 1]

29

{
sin
(
ax2
)

cos (ax2)

}
sin (bx)

a−(s+1)/2b

2
Γ

(
s+ 1

2

){
cos [(1− s)π/4]

sin [(1− s)π/4]

}
× 2F3

( s+1
2 , s+3

2 ; − b4

64a2

1
2 ,

3
4 ,

5
4

)
∓ a−(s+3)/2b3

12
Γ

(
s+ 3

2

)
×
{

cos [(s+ 1)π/4]

sin [(s+ 1)π/4]

}
2F3

( s+3
4 , s+5

4 ; − b4

64a2

5
4 ,

3
2 ,

7
4

)
[a, b > 0; − 1− (1± 1) < Re s < 2]

30

{
sin
(
ax2
)

cos (ax2)

}
cos (bx)

a−s/2

2
Γ
(s

2

){ sin (sπ/4)

cos (sπ/4)

}
2F3

( s
4 ,

s+2
4 ; − b4

64a2

1
4 ,

1
2 ,

3
4

)
∓ a−s/2−1b2

4
Γ

(
s+ 2

2

){
cos (sπ/4)

sin (sπ/4)

}
2F3

( s+2
4 , s+4

4 ; − b4

64a2

3
4 ,

5
4 ,

3
2

)
[a, b > 0; − (1± 1) < Re s < 2]
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No. f (x) F (s)

31

{
sin (ax) sin (b/x)

cos (ax) cos (b/x)

}
±π

4

(
b

a

)s/2
csc

sπ

2

[
Js

(
2
√
ab
)
− J−s

(
2
√
ab
)

± 2 sin (sπ)

π
Ks

(
2
√
ab
)]

[a, b > 0; |Re s| < (3± 1) /2]

32

{
sin (ax) cos (b/x)

cos (ax) sin (b/x)

}
π

4

(
b

a

)s/2
sec

sπ

2

[
Js

(
2
√
ab
)

+ J−s

(
2
√
ab
)

± 2 sin (sπ)

π
Ks

(
2
√
ab
)]

[a, b > 0; |Re s| < 1]

33 sin (ax) sin (bx) sin (cx)
Γ (s)

4
sin

sπ

2

[
1

(a+ b− c)s
− 1

(a+ b+ c)
s+

+
sgn (a− b+ c)

|a− b+ c|s
− sgn (a− b− c)
|a− b− c|s

]
[
a > 0; Im b = Im c = 0; b > |c|;
a− b 6= |c|; −3 < Re s < 1

]

34 sin (ax) sin (bx) cos (cx)
Γ (s)

4
cos

sπ

2

[
− 1

(a+ b− c)s
− 1

(a+ b+ c)
s+

+
1

|a− b+ c|s
+

1

|a− b− c|s

]
[
a > 0; Im b = Im c = 0; b > |c|;
a− b 6= |c|; −2 < Re s < 1

]

35 sin (ax) cos (bx) cos (cx)
Γ (s)

4
sin

sπ

2

[
1

(a+ b− c)s
+

1

(a+ b+ c)
s+

+
sgn (a− b+ c)

|a− b+ c|s
+

sgn (a− b− c)
|a− b− c|s

]
[
a > 0; Im b = Im c = 0; b > |c|;
a− b 6= |c|; −1 < Re s < 1

]

36 cos (ax) cos (bx) cos (cx)
Γ (s)

4
cos

sπ

2

[
1

(a+ b− c)s
+

1

(a+ b+ c)
s+

+
1

|a− b+ c|s
+

1

|a− b− c|s

]
[
a > 0; Im b = Im c = 0; b > |c|;

a− b 6= |c|; 0 < Re s < 1

]

37 e−ax
{

sinn (bx)

cosn (bx)

} {
(−i)n

1

}
Γ (s)

2n

n∑
k=0

(∓1)
n−k

(
n

k

)
[a+ ib (n− 2k)]

−s

[Re a > n |Im b|; Re s > − (1± 1)n/2]
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No. f (x) F (s)

38 e−ax sin2n (bx)
Γ (s)

22nas

(
2n

n

)
+

(−1)
n

Γ (s)

22n

n−1∑
k=0

(−1)
k

(
2n

k

)
×
[
(a− i (2n− 2k) b)

−s
+ (a+ i (2n− 2k) b)

−s
]

[Re (a− 2inb) > 0; Re s > −2n]

39 e−ax sin2n+1 (bx) − (−1)
n
iΓ (s)

22n+1

n∑
k=0

(−1)
k

(
2n+ 1

k

)
×
[
(a− i (2n− 2k + 1) b)

−s − (a+ i (2n− 2k + 1) b)
−s
]

[Re (a− i (2n+ 1) b) > 0; Re s > −2n− 1]

40 e−ax cosn (bx)
[1 + (−1)

n
] Γ (s)

2n+1as

(
n

n/2

)
+

Γ (s)

2n

[(n−1)/2]∑
k=0

(
n

k

)
×
[
(a− i (n− 2k) b)

−s
+ (a+ i (n− 2k) b)

−s
]

[Re (a− inb) > 0; Re s > 0]

2.4.6. sincn (bx) and elementary functions

1 sinc (ax)
2s−2
√
π

as
Γ

[ s
2

3−s
2

]
[a > 0; 0 < Re s < 2]

2 e−ax sinc (ax)
23s/2−4√
π as

Γ

[ s
4 ,

s+1
4 , s+2

4
5−s
4

] [
(|arg a| < π/4; Re s > 0) or

(|arg a| = π/4; 0 < Re s < 2)

]

3 e−ax sinc (bx)
Γ (s− 1)

b (a2 + b2)
(s−1)/2 sin

[
(s− 1) arctan

b

a

]
[

(Re a > |Im b|; Re s > 0) or

(Re a = |Im b|; 0 < Re s < 2)

]

4 e−ax
2

sinc (bx)
a−s/2

2
Γ
(s

2

)
1F1

( s
2

3
2 ;− b2

4a

)
[Re a, Re s > 0]

5 e−ax
2−bx sinc (cx)

iΓ (s− 1)

2c (2a)
(s−1)/2 e

(b2−c2)/(8a)
[
eibc/(4a)D1−s

(
b+ ic√

2a

)

∓ e−ibc/(4a)D1−s

(
b− ic√

2a

)]
[Re a, Re s > 0]
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No. f (x) F (s)

6 sin (ax) sinc (ax) − (2a)
−s

sin
sπ

2
Γ (s− 1) [a > 0; |Re s| < 1]

7 cos (ax) sinc (ax) − (2a)
−s

cos
sπ

2
Γ (s− 1) [a > 0; 0 < Re s < 2]

8 sinc2 (ax) 21−sa−s cos
sπ

2
Γ (s− 2) [a > 0; 0 < Re s < 2]

9 sinc3 (ax)
a−s

4

(
3− 33−s

)
cos

sπ

2
Γ (s− 3) [a > 0; 0 < Re s < 4]

10 sinc2n (ax)

√
π

22nas
Γ

[ s−2n
2

1−s+2n
2

] n−1∑
k=0

(−1)
n+k (2n)!

k! (2n− k)!
(n− k)

2n−s

[a > 0; 0 < Re s < 2n]

11 sinc2n+1 (ax)

√
π

24n−s+2as
Γ

[ s−2n
2

3−s+2n
2

] n∑
k=0

(−1)
n+k (2n+ 1)!

k! (2n− k + 1)!

× (2n− 2k + 1)
2n−s+1

[a > 0; 0 < Re s < 2n+ 2]

12 sincn (ax)

√
π

as
Γ

[ 2s−2n+(−1)n+1+1
4

−2s+2n+(−1)n+1+3
4

]

− (−1)
n

+ 1

2n+1

(
n
n/2

)
(ax)

n ×
[(n−1)/2]∑
k=0

(−1)
[n/2]−k

(
n

k

)
2s−2n (n− 2k)

n−s

[a > 0; (2n+ (−1)
n − 1) /2 < Re s < n+ 1]

13 e−ax sincn (bx) (−i)n Γ (s− n)

(2b)
n

n∑
k=0

(−1)
n−k

(
n

k

)
[a+ ib (n− 2k)]

n−s

[Re a > n |Im b|; Re s > 0]

14 sinc
(
b
√
x2 + a2

) 2(s−3)/2
√
π a(s−1)/2

b(s+1)/2
Γ
(s

2

)
J(1−s)/2 (ab) [Re a > 0; 0 < Re s < 2]

15 θ (a− x)
2(s−3)/2

√
π a(s−1)/2

b(s+1)/2
Γ
(s

2

)
H(s−1)/2 (ab) [a, Re s > 0]

× sinc
(
b
√
a2 − x2

)
16 θ (x− a)

2(s−3)/2
√
π a(s−1)/2

b(s+1)/2
Γ
(s

2

) [
I(1−s)/2 (ab)− L(s−1)/2 (ab)

]
× sinc

(
b
√
x2 − a2

)
[a, b > 0; Re s < 2]
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2.5. The Logarithmic Function

More formulas can be obtained from the corresponding sections due to the relations

ln (z + 1) = z 2F1 (1, 1; 2; −z) , ln
(√
z + 1 +

√
z
)

=
√
z 2F1

(
1

2
,

1

2
;

3

2
; −z

)
,

ln
1 +
√
z

1−
√
z

= 2
√
z 2F1

(
1

2
, 1;

3

2
; z

)
,

ln
(√
z + 1 +

√
z
)

√
z + 1

=
√
z 2F1

(
1, 1;

3

2
; −z

)
,

ln2
(√
z + 1 +

√
z
)

= z 3F2

(
1, 1, 1;

3

2
, 2; −z

)
,

ln (z + 1) = G12
22

(
z

∣∣∣∣ 1, 1

1, 0

)
, ln

(√
z + 1±

√
z
)

= ± 1

2
√
π
G12

22

(
z

∣∣∣∣ 1, 1

1/2, 0

)
,

ln
(√
z + 1 +

√
z
)

√
z + 1

=

√
π

2
G22

33

(
z

∣∣∣∣ 1/2, 1/2,

1/2, 1/2, 0

)
,

ln2
(√
z + 1 +

√
z
)

=

√
π

2
G13

33

(
z

∣∣∣∣ 1, 1, 1

1, 0, 1/2

)
.

2.5.1. ln (bx) and algebraic functions

No. f (x) F (s)

1

{
θ (a− x)

θ (x− a)

}
ln
x

a
∓a

s

s2
[a > 0; ±Re s > 0]

2

{
θ (a− x)

θ (x− a)

}
ln (bx) ∓a

s [1− s ln (ab)]

s2
[a > 0; ±Re s > 0; |arg b| < π]

3 (a− x)
α−1
+ ln (bx) as+α−1 B (s, α) [ψ (s)− ψ (s+ α) + ln (ab)]

[a, Reα, Re s > 0; |arg b| < π]

4 (x− a)
α−1
+ ln (bx) as+α−1 B (1− s− α, α) [ψ (1− s)− ψ (1− s− α) + ln (ab)]

[a, Reα > 0; Re (s+ α) < 1; |arg b| < π]

5
(
a2 − x2

)α−1
+

ln (bx)
as+2α−2

2
B
(
α,

s

2

) [1

2
ψ
(s

2

)
− 1

2
ψ
(s

2
+ α

)
+ ln (ab)

]
[a, Reα, Re s > 0; |arg b| < π]

6
(
x2 − a2

)α−1
+

ln (bx)
as+2α−2

2
B

(
α,

2− s− 2α

2

)[
1

2
ψ

(
2− s

2

)
− 1

2
ψ

(
2− s− 2α

2

)
+ ln (ab)

]
[a, Reα > 0; Re (s+ 2α) < 2; |arg b| < π]

7 θ (a− x)
lnx

x+ a

as−1

4

{
2 ln a

[
ψ

(
s+ 1

2

)
− ψ

(
s

2

)]
+ ψ′

(
s+ 1

2

)
− ψ′

(
s

2

)}
[a, Re s > 0]
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No. f (x) F (s)

8
lnx

x+ a
πas−1 csc (sπ) [ln a− π cot (sπ)] [0 < Re s < 1; |arg a| < π]

9
lnx

a− x
πas−1

[
ln a cot (sπ)− π

sin2 (sπ)

]
[a > 0; 0 < Re s < 1]

10
lnx

(x+ a) (x− 1)

π csc2 (sπ)

a+ 1

{
π − as−1 [sin (sπ) ln a− π cos (sπ)]

}
[0 < Re s < 2; s 6= 1; |arg a| < π]

11
lnx

(x+ a)
2

π (1− s) as−2

sin (sπ)

[
ln a− π cot (sπ) +

1

s− 1

]
[0 < Re s < 2; s 6= 1; |arg a| < π]

12
lnx

(x+ a) (x+ b)

π csc (sπ)

a− b
[
bs−1 ln b− as−1 ln a− π

(
bs−1 − as−1

)
cot (sπ)

]
[0 < Re s < 2; s 6= 1; |arg a|, |arg b| < π]

13
ln (x/b)

(x+ a) (x+ b)

π

(b− a) sin (sπ)

[
as−1 ln

a

b
+ π

(
bs−1 − as−1

)
cot (sπ)

]
[0 < Re s < 2; |arg a|, |arg b| < π]

14
lnx

(x+ a) (x+ b) (x+ c)
π csc (sπ)

[as−1 (π cot (sπ)− ln a)

(a− b) (c− a)
+
bs−1 (π cot (sπ)− ln b)

(a− b) (b− c)

+
cs−1 (π cot (sπ)− ln c)

(a− c) (c− b)

]
[0 < Re s < 3; s 6= 1; |arg a|, |arg b|, |arg c| < π]

2.5.2. ln (bx+ c) and algebraic functions

1 θ (a− x) ln (x+ a)
as

s

{
ln (2a)− 1

2

[
ψ

(
s+ 2

2

)
− ψ

(
s+ 1

2

)]}
[a, Re s > 0]

2 θ (a− x) ln (bx+ c)
as

s

[
ln

(
ab

c
+ 1

)
+ ln c− ab

c
Φ

(
−ab
c
, 1, s+ 1

)]
[
a, Re c, Re s > 0; Re (c/b) ≥ 0 or

Re (c/b) ≤ −1; Im (c/b) 6= 0

]
3

{
ln (ax+ 1)

ln|ax− 1|

}
πa−s

s

{
csc (sπ)

cot (sπ)

}
[−1 < Re s < 0; |arg a| < π]

4
ln (x+ a)

(x+ a)
ρ as−ρ B (s, ρ− s) [ψ (ρ)− ψ (ρ− s) + ln a]

[0 < Re s < Re ρ; |arg a| < π]
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No. f (x) F (s)

5 (a− x)
α−1
+ ln (bx+ c)

as+αb

c
B (s+ 1, α) 3F2

(
1, 1, s+ 1; −abc

2, s+ α+ 1

)
+ as+α−1 ln cB (s, α)

[a, Reα, Re s > 0; |arg (bx+ c)| < π at 0 < x < a]

6 (x− a)
α−1
+ ln (bx+ c)

as+α−2c

b
B (α, 2− s− α) 3F2

(
1, 1, 2− s− α
2, 2− s; − c

ab

)
+ as+α−1

× B (α, 1− s− α)

[
ψ (1− s)− ψ (1− s− α) + log

ab

c
+ log c

]
[a, Reα > 0; Re (s+ α) < 1; |arg (bx+ c)| < π at x > a]

7
(
a2 − x2

)α−1
+

ln (bx+ c)
as+2α+1b3

6c3
B

(
α,

s+ 3

2

)
3F2

(
1, 3

2 ,
s+3
2 ; a2b2

c2

5
2 ,

s+2α+3
2

)
− as+2αb2

4c2
B

(
α,

s+ 2

2

)
3F2

(
1, 1, s+2

2 ; a2b2

c2

2, s+2α+2
2

)
+
as+2α−1b

2c
B

(
α,

s+ 1

2

)
+
as+2α−2 ln c

2
B
(
α,

s

2

)
[a, Reα, Re s > 0; |arg (bx+ c)| < π at 0 < x < a]

8
(
x2 − a2

)α−1
+

ln (bx+ c)
as+2α−5c3

6b3
B

(
α,

5− s− 2α

2

)
3F2

(
1, 3

2 ,
5−s−2α

2
5
2 ,

5−s
2 ; c2

a2b2

)
− as+2α−4c2

4b2
B

(
α,

4− s− 2α

2

)
3F2

(
1, 1, 4−s−2α

2

2, 4−s
2 ; c2

a2b2

)
+
as+2α−3c

2b
B

(
α,

3− s− 2α

2

)
+
as+2α−2

2
B

(
α,

2− s− 2α

2

)[
1

2
ψ

(
2− s

2

)
− 1

2
ψ

(
2− s− 2α

2

)
+ log

ab

c
+ log c

]
[a, Reα > 0; Re (s+ 2α) < 2; |arg (bx+ c)| < π at x > a]

9 (a− x)
α−1
+ as+αbB (s, α+ 1) 3F2

(
1, 1, s+ 1

2, s+ α+ 1; −ab

)
× ln [b (a− x) + 1] [a, Re s > 0; Reα > −1]

10 θ (a− x) (bx+ 1)
α as+1c

s(s+ 1)
F3 (−α, 1, s, 1; s+ 2; −ab, −ac)

× ln [c (a− x) + 1] [a, Re s > 0; |arg b|, |arg (1 + ac)| < π]
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2.5.3. ln
ax+ b

cx+ d
, ln
∣∣∣ax+ b

cx+ d

∣∣∣ and algebraic functions

1 ln
ax+ b

ax+ c

πa−s

s
(bs − cs) csc (sπ)

[0 < Re s < 1; |arg a|, |arg b|, |arg c| < π]

2 ln

∣∣∣∣ax+ b

ax− c

∣∣∣∣ πa−s

s
csc (sπ) [bs − cs cos (sπ)] [a, b, c > 0; 0 < Re s < 1]

3 ln

∣∣∣∣x+ a

x− a

∣∣∣∣ πas

s
tan

sπ

2
[a > 0; |Re s| < 1; s 6= 0]

4 θ (a− x) ln

[
c(a− x)

b− x
+ 1

]
as+1c

s (s+ 1) b
F1

(
1, s, 1; s+ 2;

a

b
, −ac

b

)
[0 < a < b; Re s > 0; |arg c| < π]

5
1

(x+ a)
ρ ln

(
b

x+ a
+ 1

)
as−ρ−1bB (s, 1− s+ ρ) 3F2

(
1, 1, 1− s+ ρ

2, ρ+ 1; − b
a

)
[0 < Re s < Re ρ+ 1; |arg a|, |arg b| < π]

6
1

(x+ a)
ρ ln

x+ a+ b

x+ a− b
as−ρ−1bB (s, 1− s+ ρ) 4F3

( 1
2 , 1, 1−s+ρ

2 , 2−s+ρ
2

3
2 ,

ρ+1
2 , ρ+2

2 ; b2

a2

)
[0 < Re s < Re ρ+ 1; |arg a|, |arg b| < π]

7
1

(x+ a)
ρ ln

(1 + b)x+ a

(1− b)x+ a
2as−ρbB (s+ 1, ρ− s) 4F3

( 1
2 , 1, s+1

2 , s+2
2

3
2 ,

ρ+1
2 , ρ+2

2 ; b2

)
[−1 < Re s < Re ρ; |arg a|, |arg b| < π]

8 (a− x)
α−1
+ ln

1 + bx

1− bx
as+αbB (s+ 1, α) 4F3

( 1
2 ,

1
2 ,

s+1
2 , s+2

2 ; a2b2

3
2 ,

s+α+1
2 , s+α+2

2

)
[a, Reα > 0; Re s > −1]

9 (a− x)
α−1
+ ln

1 + b (a− x)

1− b (a− x)
as+αbB (s, α+ 1) 4F3

( 1
2 ,

1
2 ,

α+1
2 , α+2

2 ; a2b2

3
2 ,

s+α+1
2 , s+α+2

2

)
[a, Re s > 0; Reα > −1]

10
(
a2 − x2

)α−1
+

ln
1 + bx

1− bx
as+2α−1b

2
B

(
s+ 1

2
, α

)
3F2

( 1
2 ,

1
2 ,

s+1
2 ; a2b2

3
2 ,

s+2α+1
2

)
[a, Reα > 0; Re s > −1]
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2.5.4. ln
(
ax2 + bx+ c

)
and algebraic functions

1 ln
(
x2 + 1

) π

s
csc

sπ

2
[−2 < Re s < 0]

2 ln
[
(x− 1)

2] 2π

s
cot (sπ) [−1 < Re s < 0]

3 ln
(
x2 + 2ax+ 1

) 2π cos (s arccos a)

s sin (sπ)
[−1 < a ≤ 1; − 1 < Re s < 0]

4
ln
(
x2 + a2

)
x+ a

πas−1

2

{
2

s
csc

sπ

2
− 2

s+ 1
sec

sπ

2
+
[
ln
(
4a4
)
− 4π cot (sπ)

]
csc (sπ)

+ sec
sπ

2
Φ

(
−1, 1,

s+ 3

2

)
− csc

sπ

2
Φ

(
−1, 1,

s+ 2

2

)}
[0 < Re s < 1; Re a > 0]

5 (a− x)
α−1
+ ln

(
bx2 + 1

)
as+α+1bB (s+ 2, α) 4F3

(
1, 1, s+2

2 , s+3
2 ; −a2b

2, s+α+2
2 , s+α+3

2

)
[a, Reα > 0; Re s > −2; |arg b| < π]

6 (a− x)
α−1
+ as+α+1bB (s, α+ 2) 4F3

(
1, 1, α+2

2 , α+3
2 ; −a2b

2, s+α+2
2 , s+α+3

2

)
× ln

[
b(a− x)2 + 1

]
[a, Re s > 0; Reα > −2; |arg b| < π]

7 (a− x)
α−1
+ as+α+1bB (s+ 1, α+ 1) 4F3

(
1, 1, s+ 1, α+ 1; −a

2b
4

2, s+α+2
2 , s+α+3

2

)
× ln (bx (a− x) + 1)

[
a > 0; Re s, Reα > −1; |arg

(
4 + a2b

)
| < π

]

2.5.5. ln
ax2 + bx+ c

dx2 + ex+ f
and algebraic functions

1 ln
x2 + 2x cos θ + 1

x2
−2π Γ

[
s, −s

π+2θs
2π , π−2θs2π

]
[|θ| < π; 0 < Re s < 1]

2 ln
(x+ a)

2
+ c2

(x+ b)
2

+ c2
2π

s sin (sπ)

[(
a2 + c2

)s/2
cos
(
s arctan

c

a

)
−
(
b2 + c2

)s/2
cos
(
s arctan

c

b

)]
[a, b, c > 0; 0 < Re s < 1]

3 ln
x2 + 2abx+ a2

(x+ a)
2

2πas

s
csc (sπ) [cos (s arccos b)− 1]

[a > 0; − 1 < b ≤ 1; |Re s| < 1]
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No. f (x) F (s)

4 (a− x)
α−1
+ 2as+α+1bB (s+ 1, α+ 1) 6F5

( 1
2 , 1, ∆ (2, α+ 1) , ∆ (2, s+ 1)

3
2 , ∆ (4, s+ α+ 2) ; a

4b2

16

)
× ln

1 + bx (a− x)

1− bx (a− x)
[a > 0; Re s, Reα > −1]

5
1

(x+ a)
ρ ln

[
b

(x+ a)
2 + 1

]
as−ρ−2bB (s, ρ− s+ 2) 4F3

(
1, 1, ρ−s+2

2 , ρ−s+3
2

2, ρ+2
2 , ρ+3

2 ; − b
a2

)
[0 < Re s < Re ρ+ 2; |arg a|, |arg b| < π]

6
1

(x+ a)
ρ ln

[
bx2

(x+ a)
2 + 1

]
as−ρbB (s+ 2, ρ− s) 4F3

(
1, 1, s+2

2 , s+3
2

2, ρ+2
2 , ρ+3

2 ; −b

)
[−2 < Re s < Re ρ; |arg a|, |arg b| < π]

2.5.6. ln (ϕ (x)) and algebraic functions

1 ln

√
x+ a±

√
a√

x
± as

2
√
πs

Γ (s) Γ

(
1

2
− s
)

[0 < Re s < 1/2; |arg a| < π]

2 ln

√
x+ a±

√
x√

a
∓ as

2
√
πs

Γ (−s) Γ

(
s+

1

2

)
[−1/2 < Re s < 0; |arg a| < π]

3 θ (a− x) ln

√
a− x+

√
a

2
√
a

√
πas

2s
Γ

[
s

2s+1
2

]
− as

s2

(
s ln 2 +

1

2

)
[a, Re s > 0]

4
1√
x+ a

ln

√
x+ a±

√
x√

a
±π

3/2as−1/2

2
sec (sπ) Γ

[ 1−2s
2

1− s

]
[|Re s| < 1/2; |arg a| < π]

5
1√
x+ a

ln

√
x+ a±

√
a√

x
±π

3/2as−1/2

2
csc (sπ) Γ

[
s

2s+1
2

]
[0 < Re s < 1; |arg a| < π]

6
ln
(√
x+ a±

√
a
)

√
x+ a

22s−1as−1/2 B (s, 1− 2s)

[
ψ (1− s)− ψ

(
1− 2s

2

)
+ ln a

−
{

0

2π cot (sπ)

}]
[0 < Re s < 1/2; |arg a| < π]

7
ln
(√
x+ a±

√
x
)

√
x+ a

2−2sas−1/2 B

(
2s,

1− 2s

2

)
[ln a± π tan (sπ)][

(0 < Re s < 1/2; |arg a| < π; a 6= 1) or

(|Re s| < 1/2 for a = 1)

]
8

1

(x+ a)
ρ ln

√
x+ a+ b√
x+ a− b

2as−ρ−1/2bB
(
s, ρ− s+ 1

2

)
3F2

( 1
2 , 1, ρ− s+ 1

2
3
2 , ρ+ 1

2 ; b2

a

)
[
0 < Re s < Re ρ+ 1/2; |arg

(
1− b2/a

)
| < π

]
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No. f (x) F (s)

9
(√
x+ a±

√
x
)ρ ∓2−2sρas+ρ/2

2s∓ ρ
B

(
2s,
∓ρ− 2s

2

)
× ln

(√
x+ a±

√
x
)

×
[
ln a∓ ψ

(
∓ρ− 2s

2

)
± ψ

(
2s∓ ρ+ 2

2

)
+

2

ρ

]
[

0 < Re s < ∓Re ρ/2;

(Re s > −1/2 for a = 1) ; |arg a| < π

]

10

(√
x+ a±

√
x
)ρ

√
x+ a

2−2sas+(ρ−1)/2 B

(
2s,

1∓ ρ− 2s

2

)
× ln

(√
x+ a±

√
x
)

×
[
ln a∓ ψ

(
1∓ ρ− 2s

2

)
± ψ

(
1∓ ρ+ 2s

2

)]
[

0 < Re s < 1∓ Re ρ/2;

(Re s > −1 for a = 1) ; |arg a| < π

]
11 θ (x− a) ln

√
x− a+

√
x√

a
−
√
πas

2s
Γ

[
−s

1
2 − s

]
[a > 0; Re s < 0]

12 θ (a− x) ln

√
a− x+

√
a√

x

√
πas

2s
Γ

[
s

s+ 1
2

]
[a, Re s > 0]

13 θ (x− a) ln

√
x− a+

√
x√

x
− as

2s2
−
√
π as

2s
Γ

[
−s

1
2 − s

]
[a > 0; Re s < 0]

14 θ (a− x) ln

√
a+
√
a− x√

a−
√
a− x

√
πas

s
Γ

[
s

s+ 1
2

]
[a, Re s > 0]

15 θ (x− a) ln

√
x+
√
x− a√

x−
√
x− a

−
√
πas

s
Γ

[
−s

1
2 − s

]
[a > 0; Re s < 0]

16 (a− x)
α−1
+ ln

1 + b
√
a− x

1− b
√
a− x

as+α−1/2bB

(
s,

2α+ 1

2

)
3F2

( 1
2 ,

1
2 ,

2α+1
2 ; ab2

3
2 ,

2s+2α+1
2

)
[
a, Re s > 0; Reα > −1/2; |arg

(
1− ab2

)
| < π

]

17 θ (a− x) (bx+ 1)
ν

√
π as

2s
Γ

[
s

2s+1
2

]
3F2

(
−ν, s, s; −ab
2s+1
2 , s+ 1

)
× ln

√
a+
√
a− x√
x

[a, Re s > 0; |arg (1 + ab)| < π]

18 θ (a− x) (bx+ 1)
α

ln
(
c
√
a− x

√
π as+1/2c

2
Γ

[
s

2s+3
2

]
F3

(
−α, 1

2
, s,

1

2
;

2s+ 3

2
; −ab, −ac2

)
+
√
c2 (a− x) + 1

) [
a, Re s > 0; |arg b|, |arg

(
1 + ac2

)
| < π

]
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No. f (x) F (s)

19 θ (a− x) (bx+ 1)
α

√
π as+1/2

c
Γ

[
s

2s+3
2

]
F3

(
−α, 1

2
, s, 1;

2s+ 3

2
; −ab, a

c2

)
× ln

c+
√
a− x

c−
√
a− x

[
a, Re s > 0; |arg b|, |arg

(
1− a/c2

)
| < π

]

20 θ (a− x) ln

√
b− x+ c

√
a− x√

b− x− c
√
a− x

as+1/2

√
π

b
cΓ

[
s

2s+3
2

]
F1

(
1

2
, s, 1;

2s+ 3

2
;
a

b
,
ac2

b

)
[
a, Re s > 0; |arg (1− a/b)|, |arg

(
1− ac2/b

)
| < π

]
21 θ (a− x) ln

(
c

√
a− x
b− x

1

2
as+1/2

√
π

b
cΓ

[
s

2s+3
2

]
F1

(
1

2
, s,

1

2
;

2s+ 3

2
;
a

b
, −ac

2

b

)
+

√
c2(a− x)

b− x
+ 1

) [
a, Re s > 0; |arg (1− a/b)|, |arg

(
1 + ac2/b

)
| < π

]
22 θ (a− x) ln

(
a+
√
a2 − x2

) as

s

[√
π

2
Γ

[ s
2
s+1
2

]
− 1

s
+ ln a

]
[a, Re s > 0]

23 ln

√
a2 + x2 + a

2a

as

2
√
π s

Γ
(1− s

2

)
Γ
(s

2

)
[Re a > 0; −2 < Re s < 0]

24 ln

√
x2 + a2 + x

a
−a

s

2s
B

(
s+ 1

2
, −s

2

)
[Re a > 0; −1 < Re s < 0]

25 θ (x− a) ln

√
x+
√
x− a√

x−
√
x− a

√
π as Γ

[
−s, −s

1
2 − s, 1− s

]
[a > 0; Re s < 0]

26 θ (a− x) ln

√
a2 − x2 + a

x

√
π as

2s
Γ

[ s
2
s+1
2

]
[a, Re s > 0]

27 θ (x− a) ln

√
x2 − a2 + x

a
−
√
π as

2s
Γ

[− s2
1−s
2

]
[a > 0; Re s < 0]

28 ln

√
x2 + a2 + x

2x
− as

2
√
π s

Γ
(
−s

2

)
Γ

(
s+ 1

2

)
[Re a > 0; 0 < Re s < 2]

29
ln
(√
x2 + a2 ± x

)
√
x2 + a2

2−sas−1 B
(
s,

1− s
2

)(
ln a± π

2
tan

sπ

2

)
[Re a > 0; 0 < Re s < 1]

30
(√
x2 + a2 + x

)α 2−sas+α

s− α
B

(
s, −s+ α

2

)[
α

2
ψ

(
−s+ α

2

)
× ln

(√
x2 + a2 + x

)
− α

2
ψ

(
s− α+ 2

2

)
− α ln a− 1

]
[

Re a > 0; 0 < Re s < −Reα(
Re s > −1 for a = 1

) ]
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No. f (x) F (s)

31 (a− x)
α−1
+ ln

b+
√
x (a− x)

b−
√
x (a− x)

2as+α

b
B

(
2α+ 1

2
,

2s+ 1

2

)
4F3

( 1
2 , 1, 2α+1

2 , 2s+1
2 ; a2

4b2

3
2 ,

s+α+1
2 , s+α+2

2

)
[
a > 0; Re s, Reα > −1; |arg

(
1− a2/(4b2)

)
| < π

]
32 (a− x)

α−1
+ ln

[
bx (a− x) as+α+1bB (s+ 1, α+ 1)

+

√
b2x2 (a− x)

2
+ 1
]

× 6F5

( 1
2 ,

1
2 , ∆ (2, α+ 1) , ∆ (2, s+ 1)
3
2 , ∆ (4, s+ α+ 2) ; −a4b216

)
[
a > 0; Re s, Reα > −1; |arg

(
1 + a4b2/16

)
| < π

]
33 (a− x)

α−1
+ ln

(
b
√
a− x aα+s−1/2bB

(
s,

2α+ 1

2

)
3F2

( 1
2 ,

1
2 ,

2α+1
2 ; −ab2

3
2 ,

2s+2α+1
2

)
+
√
b2(a− x) + 1

) [
a, Re s > 0; Reα > −1/2; |arg

(
1 + ab2

)
| < π

]
34 (a− x)

α−1
+ aα+sbB (s+ 1, α) 4F3

( 1
2 ,

1
2 ,

s+1
2 , s+2

2 ; −a2b2
3
2 ,

s+α+1
2 , s+α+2

2

)
× ln

(
bx+

√
b2x2 + 1

) [
a, Reα > 0; Re s > −1; |arg

(
1 + a2b2

)
| < π

]
35 (a− x)

α−1
+ ln [b(a− x) aα+sbB (s, α+ 1) 4F3

( 1
2 ,

1
2 ,

α+1
2 , α+2

2 ; −a2b2
3
2 ,

s+α+1
2 , s+α+2

2

)
+
√
b2(a− x)2 + 1

] [
a, Re s > 0; Reα > −1; |arg

(
1 + a2b2

)
| < π

]
36

(
a2 − x2

)α−1
+

a2α+s−1b

2
B

(
s+ 1

2
, α

)
3F2

( 1
2 ,

1
2 ,

s+1
2 ; −a2b2

3
2 ,

s+2α+1
2

)
× ln

(
bx+

√
b2x2 + 1

) [
a, Reα > 0; Re s > −1; |arg

(
1 + a2b2

)
| < π

]
37 θ (x− a) −a

sc

s
F2

(
1

2
,

1

2
, −s

2
;

3

2
,

2− s
2

; −c2, b
2

a2

)
× ln

cx+
√
x2 + c2x2 − b2√
x2 − b2

[
a > 0; Re s < 0;

|arg (1− b2/a2)|, |arg (1 + c2)| < π

]

38 θ (a− x) ln
a+
√
a2 − x2

a−
√
a2 − x2

√
π as

s
Γ

[ s
2
s+1
2

]
[a, Re s > 0]

39 θ (x− a) ln
x+
√
x2 − a2

x−
√
x2 − a2

−
√
π

s
as Γ

[− s2
1−s
2

]
[a > 0; Re s < 0]

40
1√
a+ x

ln
x− (b− c)2 x+ a

x− (b+ c)2x+ a

4bc

a1/2−s
B

(
s+ 1,

1

2
− s
)
F4

(
1, s+ 1;

3

2
,

3

2
; b2, c2

)
[−1 < Re s < 1/2; |arg a|, |arg b|, |arg c| < π]
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2.5.7. ln (ϕ (x)) and the exponential function

1 e−ax lnx a−s Γ (s) [ψ (s)− ln a] [Re a, Re s > 0]

2 θ (a− x) ebx ln (1 + c (a− x))
as+1c

s (s+ 1)
Ξ1 (1, s, 1; s+ 2; −ac, ab)

[a, Re s > 0; |arg (ac+ 1)| < π]

3 θ (a− x) ebx ln

√
a+
√
a− x√
x

as
√
π

2s
Γ

[
s

2s+1
2

]
2F2

(
s, s; ab

2s+1
2 , s+ 1

)
[a, Re s > 0]

4 θ (a− x) ebx
2

ln

√
a+
√
a− x√
x

√
π as

2s
Γ

[
s

2s+1
2

]
3F3

( s
2 ,

s
2 ,

s+1
2 ; a2b

2s+1
4 , 2s+3

4 , s+2
2

)
[a, Re s > 0]

5 θ (a− x) ebx ln
1 + c

√
a− x

1− c
√
a− x

√
πas+1/2cΓ

[
s

2s+3
2

]
Ξ1

(
1

2
, s, 1; s+

3

2
; ac2, ab

)
[
a, Re s > 0; |ac2| < 1

]
6

lnx

ex + 1
Γ (s)

{[
21−s ln 2 +

(
1− 21−s

)
ψ (s)

]
ζ (s)

+
(
1− 21−s

)
ζ ′ (s)

}
[Re s > 0]

7 ln (1 + e−ax)
1− 2−s

as
Γ (s) ζ (s+ 1) [Re a, Re s > 0]

8 ln (1− e−ax) −Γ (s)

as
ζ (s+ 1) [Re a, Re s > 0]

2.5.8. The logarithmic and hyperbolic or trigonometric functions

Notation: δ =

{
1

0

}
.

1 ln tanh (ax)
2−s − 2

(2a)
s Γ (s) ζ (s+ 1) [a, Re s > 0]

2 θ (1− x)

{
sin (ax)

cos (ax)

}
lnn x

(−1)
n
n!aδ

(s+ δ)
n+1 n+1Fn+2

( s+δ
2 , s+δ2 , . . . , s+δ2 ; −a

2

4

δ + 1
2 ,

s+δ+2
2 , s+δ+2

2 , . . . , s+δ+2
2

)
[a > 0; Re s > −δ]

3

{
sin (ax)

cos (ax)

}
lnx

Γ (s)

as

{
sin (sπ/2)

cos (sπ/2)

}[
ψ (s)− ln a± π

2
tan∓1

sπ

2

]
[a > 0; − (1± 1) /2 < Re s < 1]
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No. f (x) F (s)

4 e−ax sin (bx) lnx
Γ (s)

(a2 + b2)
s/2

sin

(
s arctan

b

a

)[
ψ (s)− 1

2
ln
(
a2 + b2

)
+ arctan

b

a
cot

(
s arctan

b

a

)]
[Re a > |Im b|; Re s > −1]

5 e−ax cos (bx) lnx
Γ (s)

(a2 + b2)
s/2

cos

(
s arctan

b

a

)[
ψ (s)− 1

2
ln
(
a2 + b2

)
− arctan

b

a
tan

(
s arctan

b

a

)]
[Re a > |Im b|; Re s > 0]

6 θ (a− x)

{
sinh (bx)

cosh (bx)

} √
π as+δbδ

2 (s+ δ)
Γ

[
s+ δ

2s+2δ+1
2

]
3F4

( s+δ
2 , s+δ2 , s+δ+1

2 ; a2b2

4
2δ+1

2 , 2s+2δ+1
4 , 2s+2δ+3

4 , s+δ+2
2

)
× ln

√
a+
√
a− x√
x

[a > 0; Re s > −δ]

7 θ (a− x)

{
sin (bx)

cos (bx)

} √
π as+δbδ

2 (s+ δ)
Γ

[
s+ δ

2s+2δ+1
2

]
3F4

( s+δ
2 , s+δ2 , s+δ+1

2 ; −a
2b2

4
2δ+1

2 , 2s+2δ+1
4 , 2s+2δ+3

4 , s+δ+2
2

)
× ln

√
a+
√
a− x√
x

[a > 0; Re s > −δ]

8 θ (a− x)

{
sin (bx)

cos (bx)

} √
π as+δbδ

2 (s+ δ)
Γ

[ s+δ
2

s+δ+1
2

]
2F3

( s+δ
2 , s+δ2 ; −a

2b2

4
2δ+1

2 , s+δ+1
2 , s+δ+2

2

)
× ln

a+
√
a2 − x2
x

[a > 0; Re s > −δ]

9 θ (a− x)

√
π as+2δb2δ

2 (s+ 2δ)
Γ

[
s+ 2δ
2s+4δ+1

2

]
×
{

sinh (bx) sin (bx)

cosh (bx) cos (bx)

}
× 5F8

( s+2δ
4 , ∆ (4, s+ 2δ) ; −a

4b4

64
2δ+1

4 , 2δ+3
4 , 2δ+1

2 , ∆
(
4, 2s+4δ+1

2

)
, s+2δ+4

4

)
× ln

√
a+
√
a− x√
x

[a > 0; Re s > −2δ − 1]

10 θ (a− x)

√
π as+2δb2δ

2 (s+ 2δ)
Γ

[ s+2δ
4

s+2δ+2
4

]
×
{

sinh (bx) sin (bx)

cosh (bx) cos (bx)

}
× 2F5

( s+2δ
4 , s+2δ

4 ; −a
4b4

64
2δ+1

4 , 2δ+3
4 , 2δ+1

2 , s+2δ+2
4 , s+2δ+4

4

)
× ln

a2 +
√
a4 − x4
x2

[a > 0; Re s > −2δ]
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No. f (x) F (s)

11 θ (a− x)

√
π as+1b

2 (s+ 1)
Γ

[
s+ 1
2s+3
2

]
5F8

( s+1
4 , s+1

4 , s+2
4 , s+3

4 , s+4
4 ; −a

4b4

64
1
2 ,

3
4 ,

5
4 ,

2s+3
8 , 2s+5

8 , 2s+7
8 , 2s+9

8 , s+5
4

)
×
{

sinh (bx) cos (bx)

cosh (bx) sin (bx)

}
∓
√
π as+3b3

6 (s+ 3)
Γ

[
s+ 3
2s+7
2

]
× ln

√
a+
√
a− x√
x

× 5F8

( s+3
4 , s+3

4 , s+4
4 , s+5

4 , s+6
4 ; −a

4b4

64
5
4 ,

3
2 ,

7
4 ,

2s+7
8 , 2s+9

8 , 2s+11
8 , 2s+13

8 , s+7
4

)
[a > 0; Re s > −1]

12 e−x sin (a lnx) −iΓ (s+ ia) sinh ln
Γ (s+ ia)

|Γ (s+ ia)|
[Re s > |Im a|]

13 e−x cos (a lnx) Γ (s+ ia) cosh ln
Γ (s+ ia)

|Γ (s+ ia)|
[Re s > |Im a|]

14 θ (1− x)

{
sin (a lnx)

cos (a lnx)

}
∓ 1

s2 + a2

{
a

s

}
[Re s > 0]

15 θ (a− x) sin
(
b ln

x

a

)
− asb

s2 + b2
[a > 0; Re s > |Im b|]

16 θ (x− a) sin
(
b ln

x

a

) asb

s2 + b2
[a > 0; Re s < −|Im b|]

2.5.9. Products of logarithms

1 lnx ln
(
x2 + 1

)
− π

2s2
csc

sπ

2

(
πs cot

sπ

2
+ 2
)

[−2 < Re s < 0]

2 ln2 x ln
(
x2 + 1

) π

8s3
csc3

sπ

2

[
3π2s2 +

(
π2s2 − 8

)
cos (sπ) + 4πs sin (sπ) + 8

]
[−2 < Re s < 0]

3 θ (a− x) ln2 (a− x)
as

s

{
[ψ (s+ 1)− ln a+ C]

2 − ψ′ (s+ 1) +
π2

6

}
[a, Re s > 0; Re s > −2 for a = 1]

4 θ (x− a) ln2 (x− a) −a
s

s

{
[ψ (−s)− ln a+ C]

2
+ ψ′ (−s) +

π2

6

}
[a > 0; Re s < 0]

5 θ (a− x) lnn (a− x) as
∂n

∂βn
[
aβ B (β + 1, s)

]∣∣
β=0

[a, Re s > 0; Re s > −n for a = 1]



2.5. The Logarithmic Function 69

No. f (x) F (s)

6 (a− x)
α−1
+ lnn (a− x) as−1

∂n

∂αn
[
aα B (α, s)

]
[a, Reα, Re s > 0; Re s > −n for a = 1]

7 (x− a)
α−1
+ lnn (x− a) as−1

∂n

∂αn
[
aα B (α, 1− s− α)

]
[a, Reα > 0; Re s < 1− Reα]

8
θ (a− x)

(bx+ c)
ρ lnn (a− x)

as

cρ
∂n

∂βn

[
aβ B (β + 1, s) 2F1

(
ρ, s; −abc
s+ β + 1

)]∣∣∣∣
β=0

[a, Re s > 0; |arg (bx+ c)| < π for 0 ≤ x ≤ a]

9
θ (x− a)

(bx+ c)
ρ lnn (x− a)

as−ρ

bρ
∂n

∂βn

[
aβ B (β + 1, ρ− s− β) 2F1

(
ρ, ρ− s− β

1− s+ ρ; − c
ab

)]∣∣∣∣
β=0

[a > 0; Re s < Re ρ; |arg (bx+ c)| < π for a ≤ x <∞]

10 (a− x)
α−1
+ lnn (bx+ c) as+α−1 B (α, s)

∂n

∂βn

[
cβ 2F1

(
−β, s; −abc
s+ α

)]∣∣∣∣
β=0

[a, Reα, Re s > 0; |arg (bx+ c)| < π for 0 ≤ x ≤ a]

11
θ (x− a)

(bx+ c)
ρ lnn (bx+ c) (−1)

n ∂n

∂ρn

[
as−ρb−ρ

ρ− s 2F1

(
ρ, ρ− s; − c

ab

1− s+ ρ

)]
[a > 0; Re s < Re ρ; |arg (bx+ c)| < π for a ≤ x <∞]

12
1

(bx+ c)
ρ lnn (bx+ c) (−1)

n
(c
b

)s ∂n

∂ρn
[
c−ρ B (ρ− s, s)

]
[

a > 0; 0 < Re s < Re ρ;

|arg (bx+ c)| < π for 0 ≤ x <∞

]

13
θ (a− x) lnα (a/x)

b2x2 − 2abx cos θ + a2
ias−2Γ (α+ 1)

2b sin θ

[
Φ
(
be−iθ, α+ 1, s− 1

)
− Φ

(
beiθ, α+ 1, s− 1

)]
[a, b, Reα > 0; 0 < Re s < 2; |θ| < π]

14 θ (a− x) ln

√
a− x+

√
a√

x

√
π as+1bΓ (s+ 1)

2s (s+ 1) Γ
(
2s+3
2

) [(s+ 1) 3F2

(
1, 1, s+ 1

2, 2s+3
2 ; −ab

)
× ln (bx+ 1) − 3F2

(
1, s+ 1, s+ 1

2s+3
2 , s+ 2; −ab

)]
[a > 0; Re s > −1; |arg b| < π]

15 θ (a− x) ln

√
a− x+

√
a√

x

√
π as+1bΓ (s+ 1)

s (s+ 1) Γ
(
2s+3
2

) [(s+ 1) 4F3

( 1
2 , 1, s+1

2 , s+2
2 ; a2b2

3
2 ,

2s+3
4 , 2s+5

4

)
× ln

1 + bx

1− bx
− 4F3

(
1, s+1

2 , s+1
2 , s+2

2 ; a2b2

2s+3
4 , 2s+5

4 , s+3
2

)]
[
a > 0; Re s > −1; |arg

(
1− a2b2

)
| < π

]



70 Chapter 2. Elementary Functions

No. f (x) F (s)

16 θ (a− x) ln

√
a− x+

√
a√

x

√
π as+1bΓ (s+ 1)

2 (s+ 1) Γ
(
2s+3
2

) 5F4

( 1
2 ,

1
2 ,

s+1
2 , s+1

2 , s+2
2 ; −a2b2

1, 2s+3
4 , 2s+5

4 , s+3
2

)
× ln

(
bx+

√
b2x2 + 1

) [
a > 0; Re s > −1; |arg

(
1 + a2b2

)
| < π

]
17

θ (a− x)√
b2x2 + 1

ln

√
a− x+

√
a√

x

√
π as+1bΓ (s+ 1)

2 (s+ 1) Γ
(
2s+3
2

) 5F4

(
1, 1, s+1

2 , s+1
2 , s+2

2 ; −a2b2
3
2 ,

2s+3
4 , 2s+5

4 , s+3
2

)
× ln

(
bx+

√
b2x2 + 1

) [
a > 0; Re s > −1; |arg

(
1 + a2b2

)
| < π

]
18 θ (a− x) ln

√
a− x+

√
a√

x

√
π as+2bΓ (s+ 2)

2s (s+ 2) Γ
(
2s+5
2

)[(s+ 2) 4F3

(
1, 1, s+2

2 , s+3
2 ; −a2b

2, 2s+5
4 , 2s+7

4

)
× ln

(
bx2 + 1

)
− 2 4F3

(
1, s+2

2 , s+2
2 , s+3

2 ; −a2b
2s+5
4 , 2s+7

4 , s+4
2

)]
[
a > 0; Re s > −2; |arg

(
1− a2b2

)
| < π

]
19 (a− x)

α−1
+ ln2

[
bx (a− x) as+α+3b2 B (s+ 2, α+ 2)

+

√
b2x2 (a− x)

2
+ 1
]

× 7F6

(
1, 1, 1, ∆ (2, α+ 2) , ∆ (2, s+ 2)

3
2 , 2, ∆ (4, s+ α+ 4) ; −a4b216

)
[
Reα, Re s > −2; |arg

(
16 + a4b2

)
| < π

]
20 (a− x)

α−1
+ ln2

[
b (a− x) as+α+1b2 B (s, α+ 2) 4F3

(
1, 1, α+2

2 , α+3
2 ; −a2b2

3
2 ,

s+α+2
2 , s+α+3

2

)
+

√
b2 (a− x)

2
+ 1
] [

a, Re s > 0; Reα > −2; |arg
(
1 + a2b2

)
| < π

]
21 (a− x)

α−1
+ ln2

[
b
√
a− x as+αb2 B (s, α+ 1) 4F3

(
1, 1, 1, α+ 1; −ab2

3
2 , 2, s+ α+ 1

)
+
√
b2 (a− x) + 1

] [
a, Re s > 0; Reα > −1; |arg

(
1 + ab2

)
| < π

]
22 (a− x)

α−1
+ ln2

[
b
√
x (a− x) as+α+1b2 B (s+ 1, α+ 1) 5F4

(
1, 1, 1, α+ 1, s+ 1; −a

2b2

4
3
2 , 2, s+α+2

2 , s+α+3
2

)
+
√

1 + b2x (a− x)
] [

a > 0; Reα, Re s > −1; |arg
(
4 + a2b2

)
| < π

]
23 (a− x)

α−1
+ as+α+1b2 B (s+ 2, α) 4F3

(
1, 1, s+2

2 , s+3
2 ; −a2b2

3
2 ,

s+α+2
2 , s+α+3

2

)
× ln2

(
bx+

√
b2x2 + 1

) [
a, Reα > 0; Re s > −2; |arg

(
1 + a2b2

)
| < π

]
24

(
a2 − x2

)α−1
+

as+2αb2

2
B

(
s+ 2

2
, α

)
4F3

(
1, 1, 1, s+2

2 ; −a2b2
3
2 , 2, s+2α+2

2

)
× ln2

(
bx+

√
b2x2 + 1

) [
a, Reα > 0; Re s > −2; |arg

(
1 + a2b2

)
| < π

]
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No. f (x) F (s)

25 θ (a− x) ln
a+
√
a2 − x2
x

2
√
π as+1

bs2 (s+ 1)
Γ

[ s+1
2
s
2

][
(s+ 1) 3F2

( 1
2 , 1, s+1

2
3
2 ,

s+2
2 ; a2

b2

)
× ln

b+ x

b− x
− 3F2

(
1, s+1

2 , s+1
2

s+2
2 , s+3

2 ; a2

b2

)] [
a > 0; Re s > −1;

|arg (1− a2/b2)| < π

]

26 θ (a− x) ln
a+
√
a2 − x2
x

√
π as+1b

s2 (s+ 1)
Γ

[ s+1
2
s
2

][
(s+ 1) 3F2

( 1
2 ,

1
2 ,

s+1
2

3
2 ,

s+2
2 ; −a2b2

)
× ln

(
bx+

√
b2x2 + 1

)
− 3F2

( 1
2 ,

s+1
2 , s+1

2
s+2
2 , s+3

2 ; −a2b2

)] [
a > 0; Re s > −1;

|arg (1 + a2b2)| < π

]

27
θ (a− x)√
b2x2 + 1

ln
a+
√
a2 − x2
x

√
π as+1b

2 (s+ 1)
Γ

[ s+1
2
s+2
2

]
4F3

(
1, 1, s+1

2 , s+1
2

3
2 ,

s+2
2 , s+3

2 ; −a2b2

)
× ln

(
bx+

√
b2x2 + 1

) [
a > 0; Re s > −1; |arg

(
1 + a2b2

)
| < π

]

28 θ (a− x) ln
a+
√
a2 − x2

a−
√
a2 − x2

4
√
π as+1b

s2 (s+ 1)
2 Γ

[ s+3
2
s
2

][
(s+ 1) 3F2

( 1
2 ,

1
2 ,

s+1
2

3
2 ,

s+2
2 ; −a2b2

)
× ln

(
bx+

√
b2x2 + 1

)
− 3F2

( 1
2 ,

s+1
2 , s+1

2
s+2
2 , s+3

2 ; −a2b2

)] [
a > 0; Re s > −1;

|arg (1 + a2b2)| < π

]

29 θ (1− x) eax lnn x
(−1)

n
n!

sn+1 n+1Fn+1

(
s, s, . . . , s; a

s+ 1, s+ 1, . . . , s+ 1

)
[Re s > 0]

30 e−ax
α

lnn x
1

α

(
∂

∂s

)n [
a−s/α Γ

( s
α

)]
[α, Re a, Re s > 0]

31 e−ax ln2 x
Γ (s)

as

{
[ψ (s)− ln a]

2
+ ψ′ (s)

}
[Re a, Re s > 0]

32 e−ax ln3 x
Γ (s)

as

{
[ψ (s)− ln a]

3
+ 3 [ψ (s)− ln a]ψ′ (s) + ψ′′ (s)

}
[Re a, Re s > 0]

33
e−ax

(bx+ c)
ρ lnn (bx+ c) (−1)

n
(c
b

)s
Γ (s)

∂n

∂ρn

[
c−ρ Ψ

(
s, s− ρ+ 1;

ac

b

)]
[

(Re a, Re s > 0) or (Re s > −n for c = 1) ;

|arg (bx+ c)| < π for x ≥ 0

]

34 e−ax
2−bx lnn x

∂n

∂sn

[
(4a)

−s/2
Γ (s) Ψ

(
s

2
,

1

2
;
b2

4a

)]
[

Re a, Re s > 0 or (Re a = 0; Re b, Re s > 0)

or (Re a = Re b = 0; Im a 6= 0; 0 < Re s < 2)

]
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No. f (x) F (s)

35 e−ax−b/x lnn x 2
∂n

∂sn

[(
b

a

)s/2
Ks

(
2
√
ab
)]

[Re a, Re b > 0]

36 θ (1− x)

{
sinh (ax)

cosh (ax)

}
lnn x

(−1)
n
n!aδ

(s+ δ)
n+1 n+1Fn+2

( s+δ
2 , s+δ2 , . . . , s+δ2 ; a2

4
2δ+1

2 , s+δ+2
2 , s+δ+2

2 , . . . , s+δ+2
2

)
[a > 0; Re s > −δ]

37

{
sin (ax)

cos (ax)

}
ln2 x

Γ (s)

as

{
sin (sπ/2)

cos (sπ/2)

}[(
ψ (s)− ln a± π

2
tan∓1

sπ

2

)2
+ ψ′ (s)− π2

4

{
csc (sπ/2)

sec (sπ/2)

}2 ]
[a > 0; − (1± 1) /2 < Re s < 1]

38

{
sin (ax)

cos (ax)

}
lnn x

∂n

∂sn

[
Γ (s)

as

{
sin (sπ/2)

cos (sπ/2)

}]
[a > 0; − (1± 1) /2 < Re s < 1]

39 θ (a− x) ln

√
a+
√
a− x√
x

√
π as+2b2

2s (s+ 2)
Γ

[
s+ 2
2s+5
2

][
(s+ 2) 5F4

(
1, 1, 1, s+2

2 , s+3
2 ; −a2b2

3
2 , 2, 2s+5

4 , 2s+7
4

)
× ln2

(
bx+

√
b2x2 + 1

)
− 2 5F4

(
1, 1, s+2

2 , s+2
2 , s+3

2 ; −a2b2
3
2 ,

2s+5
4 , 2s+7

4 , s+4
2

)]
[a > 0; Re s > −2]

40 θ (a− x) ln
a+
√
a2 − x2
x

√
π as+2b2

2 (s+ 2)
Γ

[ s+2
2
s+3
2

]
5F4

(
1, 1, 1, s+2

2 , s+2
2

3
2 , 2, s+3

2 , s+4
2 ; −a2b2

)
× ln2

(
bx+

√
b2x2 + 1

)
[a > 0; Re s > −2]

41
θ (1− x) lnn x

ln2 x+ a2
1

a

∂n

∂sn
[
sin (as) ci (as)− cos (as) si (as)

]
[a, Re s > 0]

42
θ (1− x) lnx

ln2 x+ a2
sin (as) si (as) + cos (as) ci (as) [a, Re s > 0]

43
θ (1− x)

(lnx− a)
n

1

(n− 1)!

[
sn−1eas Ei (−as)−

n−1∑
k=1

(n− k − 1)!
sk−1

(−a)
n−k

]
[a, Re s > 0]

44
θ (1− x)

lnx
[
ln2 (− lnx) + π2

] ν (s)− es [Re s > 0]

45
θ (1− x) ln (− lnx)√
− lnx

[
ln2 (− lnx) + π2

] π

[
ν

(
s, −1

2

)
− es

]
[Re s > 0]
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2.6. Inverse Trigonometric Functions

More formulas can be obtained from the corresponding sections due to the relations

arcsin z = z 2F1

(
1

2
,

1

2
;

3

2
; z2
)
, arccos z =

π

2
− z 2F1

(
1

2
,

1

2
;

3

2
; z2
)
,

arcsin z√
1− z2

= z 2F1

(
1, 1;

3

2
; z2
)
,

arccos z√
1− z2

=
π

2
√

1− z2
− z 2F1

(
1, 1;

3

2
; z2
)
,

arcsin2 z = z2 3F2

(
1, 1, 1;

3

2
, 2; z2

)
, arctan z = z 2F1

(
1,

1

2
;

3

2
; −z2

)
,

arccot z =
πz

2

√
1

z2

√
1

z2 + 1

√
z2 + 1− z 2F1

(
1

2
, 1;

3

2
; −z2

)
,

arccsc z =
1

z
2F1

(
1

2
,

1

2
;

3

2
;

1

z2

)
, arcsec z =

π

2
− 1

z
2F1

(
1

2
,

1

2
;

3

2
;

1

z2

)
,

arcsin z = − 1

2
√
π z

G12
22

(
−z2

∣∣∣∣ 3/2, 3/2

1, 1/2

)
, arcsin2 z = −

√
π

2
G13

33

(
−z2

∣∣∣∣ 1, 1, 1

1, 0, 1/2

)
,

arccsc z =

√
−z2

2
√
π z

G21
22

(
−z2

∣∣∣∣ 1/2, 1

0, 0

)
, arcsec z =

π

2
− 1

2
√
π z

G12
22

(
− 1

z2

∣∣∣∣ 1/2, 1/2

0, −1/2

)
,

arctan z =
1

2z
G12

22

(
z2
∣∣∣∣ 1, 3/2

1, 1/2

)
.

2.6.1. arcsin (ϕ (x)), arccos (ϕ (x)), and algebraic functions

No. f (x) F (s)

1 arcsin (ax)
i (ia)

−s

2
√
π s

Γ
(s+ 1

2

)
Γ
(
−s

2

)
[−1 < Re s < 0]

2 arccos (ax)− π

2

(−a)
−(s+1)/2

a(1−s)/2

2
√
π s

Γ
(s+ 1

2

)
Γ
(
−s

2

)
[−1 < Re s < 0]

3 arcsin (ax)− ax − i (ia)
−s

√
π s2

Γ
(2− s

2

)
Γ
(s+ 1

2

)
[Re (ia) > 0; −3 < Re s < −1]

4 arccos (ax) + ax− π

2
− i (ia)

−s

2
√
π s

Γ
(s+ 1

2

)
Γ
(
−s

2

)
[Im a < 0; −3 < Re s < −1]

5 arcsin (ax) − i
√
π (ia)

−s

s2
sec

sπ

2
Γ

[ 2−s
2

1−s
2

]
−

n∑
k=0

(1/2)k (ax)
2k+1

(2k + 1) k!
[Re (ia) > 0; −3− 2n < Re s < −1− 2n]

6 arccos (ax)− π

2

i
√
π (ia)

−s

2s
sec

sπ

2
Γ

[− s2
1−s
2

]
+

n∑
k=0

(1/2)k (ax)
2k+1

(2k + 1) k!
[Im a < 0; −2n− 3 < Re s < −2n− 1]
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No. f (x) F (s)

7
1√

1− a2x2
arcsin (ax) − iπ

3/2 (ia)
−s

4
sec

sπ

2
Γ

[ 1−s
2

2−s
2

]
[Re (ia) > 0; |Re s| < 1]

8 θ (a− x)

{
arcsin (x/a)

arccos (x/a)

}
(π ± π) as

4s
∓
√
π as

s2
Γ

[ s+1
2
s
2

]
[a > 0; Re s > − (1± 1) /2]

9 (a− x)
α−1
+ arcsin (bx) as+αbB (s+ 1, α) 4F3

( 1
2 ,

1
2 ,

s+1
2 , s+2

2 ; a2b2

3
2 ,

s+α+1
2 , s+α+2

2

)
[a, Reα > 0; Re s > −1]

10
(
a2 − x2

)α−1
+

arcsin (bx)
as+2α−1b

2
B

(
s+ 1

2
, α

)
3F2

( 1
2 ,

1
2 ,

s+1
2 ; ab2

3
2 ,

s+2α+1
2

)
[a, Reα > 0; Re s > −1]

11
θ (a− x)

(x2 + b2)
ρ arccos

x

a

πas

2s+1b2ρ
Γ

[
s

s+2
2 , s+2

2

]
3F2

(
ρ, s2 ,

s+1
2

s+2
2 , s+2

2 ; −a2b2

)
[a, Re b, Re s > 0]

12 (a− x)
α−1
+ arcsin (b(a− x)) as+αbB (s, α+ 1) 4F3

( 1
2 ,

1
2 ,

α+1
2 , α+2

2 ; a2b2

3
2 ,

s+α+1
2 , s+α+2

2

)
[a, Re s > 0; Reα > −1]

13 (a− x)
α−1
+ arcsin (bx(a− x)) as+α+1bB (s+ 1, α+ 1)

× 6F5

( 1
2 ,

1
2 , ∆ (2, s+ 1) , ∆ (2, α+ 1)
3
2 , ∆ (4, s+ α+ 2) ; a4b2

16

)
[Re s, Reα > −1]

14 (a− x)
α−1
+ arcsin

(
b
√
a− x

)
as+α−1/2bB

(
s,

2α+ 1

2

)
3F2

( 1
2 ,

1
2 ,

2α+1
2 ; ab2

3
2 ,

2s+2α+1
2

)
[a, Re s > 0; Reα > −1/2]

15 θ (a− x) (bx+ 1)
α

√
πas+1/2c

2
Γ

[
s

2s+3
2

]
F3

(
−α, 1

2
, s,

1

2
; s+

3

2
; −ab, ac2

)
× arcsin

(
c
√
a− x

) [
a, Re s > 0; a|b|, a|c2| < 1; |arg (ab+ 1)| < π

]
16 θ (a− x)

(bx+ 1)
α√

1− c2(a− x)

√
πas+1/2c

2
Γ

[
s

2s+3
2

]
F3

(
−α, 1, s, 1; s+

3

2
; −ab, ac2

)
× arcsin

(
c
√
a− x

) [
a, Re s > 0; a|b|, a|c2| < 1;

|arg (ab+ 1)|, |arg (ac2 + 1)| < π

]
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No. f (x) F (s)

17 (a− x)
α−1
+ as+αbB

(
2s+ 1

2
,

2α+ 1

2

)
4F3

( 1
2 ,

1
2 ,

2s+1
2 , 2α+1

2 ; a2b2

4
3
2 ,

s+α+1
2 , s+α+2

2

)
× arcsin

(
b
√
x (a− x)

)
[a, Re s, Reα > −1/2]

18
1

(x+ a)
ρ arcsin

b

x+ a
as−ρ−1bB (s, 1− s+ ρ) 4F3

( 1
2 ,

1
2 ,

1−s+ρ
2 , 2−s+ρ

2
3
2 ,

ρ+1
2 , ρ+2

2 ; b2

a2

)
[0 < Re s < Re ρ+ 1; |arg a| < π]

19
1√

(x+ a)
2 − b2 (x+ a)

ρ
as−ρ−2bB (s, 2− s+ ρ) 4F3

(
1, 1, 2−s+ρ

2 , 3−s+ρ
2

3
2 ,

ρ+2
2 , ρ+3

2 ; b2

a2

)
× arcsin

b

x+ a
[0 < Re s < Re ρ+ 2; |arg a| < π]

20
1

(x+ a)
ρ arcsin

bx

x+ a
as−ρbB (s+ 1, ρ− s) 4F3

( 1
2 ,

1
2 ,

s+1
2 , s+2

2
3
2 ,

ρ+1
2 , ρ+2

2 ; b2

)
[−1 < Re s < Re ρ; |arg a| < π]

21
(x+ a)

−ρ√
1− b2x2

(x+a)2

arcsin
bx

x+ a
as−ρbB (s+ 1, ρ− s) 4F3

(
1, 1, s+1

2 , s+2
2

3
2 ,

ρ+1
2 , ρ+2

2 ; b2

)
[−1 < Re s < Re ρ; |arg a| < π]

22
1

(x2 + a2)
ρ arcsin

bx

x2 + a2
as−2ρ−1b

2
B

(
s+ 1

2
,

1− s+ 2ρ

2

)
4F3

( 1
2 ,

1
2 ,

s+1
2 , 1−s+2ρ

2
3
2 ,

ρ+1
2 , ρ+2

2 ; b2

4a2

)
[Re a > 0; −1 < Re s < 2 Re ρ+ 1]

23

(
x2 + a2

)−ρ√
1− b2x2

(x2+a2)2

as−2ρ−1b

2
B

(
s+ 1

2
,

1− s+ 2ρ

2

)
4F3

(
1, 1, s+1

2 , 1−s+2ρ
2

3
2 ,

ρ+1
2 , ρ+2

2 ; b2

4a2

)
× arcsin

bx

x2 + a2
[Re a > 0; −1 < Re s < 2 Re ρ+ 1]

24
(x+ a)

−ρ
√
a− b2 + x

arcsin
b√
x+ a

as−ρ−1bB (s, 1− s+ ρ) 3F2

(
1, 1, 1− s+ ρ
3
2 , ρ+ 1; b2

a

)
[
|b2| < a; 0 < Re s < Re ρ+ 1

]

25 θ (a− x) as+1/2

√
π

b
c

Γ (s)

2Γ
(
s+ 3

2

) F1

(
1

2
, s,

1

2
; s+

3

2
;
a

b
,
ac2

b

)
× arcsin

(
c

√
a− x
b− x

) [
a < |b|, |b/c2|; a, Re s > 0

]
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No. f (x) F (s)

26
θ (a− x)√

c2 (x− a) + b− x

√
πas+1/2c

2b

Γ(s)

Γ
(
s+ 3

2

) F1

(
1, s, 1; s+

3

2
;
a

b
,
ac2

b

)
× arcsin

(
c

√
a− x
b− x

) [
a < |b|, |b/c2|; a, Re s > 0

]
27 θ (x− a) arcsin

cx√
x2 − b2

−a
sc

s
F2

(
1

2
,

1

2
, −s

2
;

3

2
, 1− s

2
; c2,

b2

a2

)
[a > b > 0; Re s < 0; |arg c| < π]

28
θ (x− a)√

x2 (1− c2)− b2
as−1c

1− s
F2

(
1, 1,

1− s
2

;
3

2
,

3− s
2

; c2,
b2

a2

)
× arcsin

cx√
x2 − b2

[a > b > 0; Re s < 0; |arg c| < π]

29 θ (x− a) arccos
a

x

√
π as

s2
Γ

[ 1−s
2

− s2

]
[a > 0; Re s < 0]

30 arccos
(√
ax+ 1−

√
ax
) a−s√

π s
sin (sπ) Γ (−2s) Γ

(
4s+ 1

2

)
[−1/4 < Re s < 0; |arg a| < π]

31 arccos

√
ax√

ax+ 1 + 1

a−s√
π s

sin (sπ) Γ

(
1

2
− 2s

)
Γ (2s) [0 < Re s < 1/4; |arg a| < π]

32 arccos

√
ax+ 1− 1√

ax

a−s√
π s

sin (sπ) Γ

(
1

2
− 2s

)
Γ (2s) [0 < Re s < 1/4; |arg a| < π]

33 arccos
1

√
ax+

√
ax+ 1

a−s√
π s

sin (sπ) Γ (−2s) Γ

(
4s+ 1

2

)
[−1/4 < Re s < 0; |arg a| < π]

2.6.2. arcsin (ϕ (x)), arccos (ϕ (x)), and the exponential function

1 θ (a− x) ebx
√
πas+1/2c

Γ (s)

2Γ
(
s+ 3

2

) Ξ1

(
1

2
, s,

1

2
; s+

3

2
; ac2, ab

)
× arcsin

(
c
√
a− x

)
[a, Re s > 0]

2
θ (a− x)√

1− c2 (a− x)
ebx

√
πas+1/2c

Γ (s)

2Γ
(
s+ 3

2

) Ξ1

(
1, s, 1; s+

3

2
; ac2, ab

)
× arcsin

(
c
√
a− x

)
[a, Re s > 0]
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No. f (x) F (s)

3 θ (a− x) ebx arccos
x

a

(2a)
s

s+ 1

[
abΓ

[ s+2
2 , s+2

2

s+ 2

]
2F3

( s+1
2 , s+2

2 ; a2b2

4
3
2 ,

s+3
2 , s+3

2

)
+

2

s
Γ

[ s+3
2 , s+3

2

s+ 2

]
2F3

( s
2 ,

s+1
2 ; a2b2

4
1
2 ,

s+2
2 , s+2

2

)]
[a, Re s > 0]

4 θ (a− x) ebx
2

arccos
x

a

√
πas

2s
Γ

[ s+1
2
s+2
2

]
2F2

( s
2 ,

s+1
2 ; a2b

s+2
2 , s+2

2

)
[a, Re s > 0]

2.6.3. arccos (bx) and hyperbolic or trigonometric functions

Notation: δ =

{
1

0

}
.

1 θ (a− x)

{
sinh (bx)

sin (bx)

}
arccos

x

a

√
π as+1b

(s+ 1)
2 Γ

[ s+2
2
s+1
2

]
2F3

( s+1
2 , s+2

2 ; ±a
2b2

4
3
2 ,

s+3
2 , s+3

2

)
[a > 0; Re s > −1]

2 θ (a− x)

{
cosh (bx)

cos (bx)

}
arccos

x

a

√
π as

s2
Γ

[ s+1
2
s
2

]
2F3

( s
2 ,

s+1
2 ; ±a

2b2

4
1
2 ,

s+2
2 , s+2

2

)
[a, Re s > 0]

3 θ (a− x)

{
sinh

(
bx2
)

cosh (bx2)

}
arccos

x

a

√
π as+2δb2δ

(s+ 2δ)
2 Γ

[ s+2δ+1
2

s+2δ
2

]
× 3F4

( s+2δ
4 , s+2δ+1

4 , s+2δ+3
4 ; a4b2

4
2δ+1

2 , s+2δ+2
4 , s+2δ+4

4 , s+2δ+4
4

)
[a > 0; Re s > −2δ]

4 θ (a− x)

{
sin (bx) sinh (bx)

cos (bx) cosh (bx)

} √
π as+2δb2δ

2 (s+ 2δ)
Γ

[ s+2δ+1
2

s+2δ+2
2

]
× arccos

x

a
× 3F6

( s+2δ
4 , s+2δ+1

4 , s+2δ+3
4 ; −a

4b4

64
2δ+1

4 , 2δ+3
4 , 2δ+1

2 , s+2δ+2
4 , s+2δ+4

4 , s+2δ+4
4

)
[a > 0; Re s > − (2δ + 1)]

5 θ (a− x)

{
cosh (bx) sin (bx)

sinh (bx) cos (bx)

} √
π as+1b

2 (s+ 1)
Γ

[ s+2
2
s+3
2

]
3F6

( s+1
4 , s+2

4 , s+4
4 ; −a

4b4

64
1
2 ,

3
4 ,

5
4 ,

s+3
4 , s+5

4 , s+5
4

)
× arccos

x

a
±
√
π as+3b3

6 (s+ 3)
Γ

[ s+4
2
s+5
2

]
3F6

( s+3
4 , s+4

4 , s+6
4 ; −a

4b4

64
5
4 ,

3
2 ,

7
4 ,

s+5
4 , s+7

4 , s+7
4

)
[a > 0; Re s > −1]
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No. f (x) F (s)

6 θ (a− x)

{
sinh (b

√
x) sin (b

√
x)

cosh (b
√
x) cos (b

√
x)

} √
π as+δb2δ

2 (s+ δ)
Γ

[ s+δ+1
2

s+δ+2
2

]
× arccos

x

a
× 2F5

( s+δ
2 , s+δ+1

2 ; −a
2b4

64
2δ+1

4 , 2δ+3
4 , 2δ+1

2 , s+δ+2
2 , s+δ+2

2

)
[a > 0; Re s > −δ]

7 θ (a− x)

{
cosh (b

√
x) sin (b

√
x)

sinh (b
√
x) cos (b

√
x)

} √
π as+1/2b

2s+ 1
Γ

[ 2s+3
4

2s+5
4

]
2F5

( 2s+1
4 , 2s+3

4 ; −a
2b4

64
1
2 ,

3
4 ,

5
4 ,

2s+5
4 , 2s+5

4

)
× arccos

x

a
±
√
π as+3/2b3

3 (2s+ 3)
Γ

[ 2s+5
4

2s+7
4

]
2F5

( 2s+3
4 , 2s+5

4 ; −a
2b4

64
5
4 ,

3
2 ,

7
4 ,

2s+7
4 , 2s+7

4

)
[a > 0; Re s > −1/2]

2.6.4. Trigonometric functions of inverse trigonometric functions

1 θ (a− x) sin
(
ν arccos

x

a

) νπas

2s+1
Γ

[
s

s−ν+1
2 , s+ν+1

2

]
[a, Re s > 0]

2
1√

a2 − x2
sin
(
ν arccos

x

a

) as−1

2s+1π
sin (νπ) Γ

[
s,

1− s− ν
2

,
1− s+ ν

2

]
[0 < Re s < 1− |Re ν|; |arg a| < π]

3
(
a2 − x2

)−1/2
+

cos
(
ν arccos

x

a

) πas−1

2s
Γ

[
s

s+ν+1
2 , s−ν+1

2

]
[a, Re s > 0]

4
(
x2 − a2

)−1/2
+

cos
(
ν arcsec

x

a

)
π (2a)

s−1
Γ

[
1− s

2−s−ν
2 , 2−s+ν

2

]
[a > 0; Re s < 1]

5 θ (a− x) sin
(
ν arcsin

√
1− x

a

) ν
√
π as

2
Γ

[
s, 2s+1

2
2s+ν+2

2 , 2s−ν+2
2

]
[a, Re s > 0]

6
(
a2 − x2

)−1/2
+

cos
(
ν arccos

x2 − a2

a2

) πas−1

2s
Γ

[
s

s+2ν+1
2 , s−2ν+1

2

]
[a, Re s > 0]

7
(
x2 − a2

)−1/2
+

cos
(
ν arccos

a

x

)
π (2a)

s−1
Γ

[
1− s

2−s−ν
2 , 2−s+ν

2

]
[a > 0; Re s < 1]

8 (1− x)
−1/2
+

(
1 +
√

1− x
)ν

cos
πν

2

√
π Γ

[
s, 2−2s−ν

2
2s+ν+1

2 , 1− s− ν

]
[0 < Re s < 1− Re ν/2]

− xν/2 (x− 1)
−1/2
+ sin

(
ν arcsin

1√
x

)
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No. f (x) F (s)

9 (1− x)
−1/2
+

(
1 +
√

1− x
)ν

sin
πν

2

√
π Γ

[
s, 1−2s−ν

2
2s+ν

2 , 1− s− ν

]
[0 < Re s < (1− Re ν) /2]

+ xν/2 (x− 1)
−1/2
+ cos

(
ν arcsin

1√
x

)

10 (1− x)
−1/2
+ sin (ν arcsin

√
x) −

√
π Γ

[ 2s+1
2 , 1−2s−ν

2
2s−ν+1

2 , 1− s

]
− cos

νπ

2
(x− 1)

−1/2
+

(√
x+
√
x− 1

)ν
[−1/2 < Re s < (1− Re ν) /2]

11 (1− x)
−1/2
+ cos (ν arcsin

√
x)

√
π Γ

[
s, 1−2s−ν

2
2s−ν+1

2 , 1−2s
2

]
[0 < Re s < (1− Re ν) /2]

+ sin
νπ

2
(x− 1)

−1/2
+

(√
x+
√
x− 1

)ν
12 θ (1− x) sin (ν arcsin

√
x)

ν
√
π

2
Γ

[ 2s+1
2 , − 2s+ν

2
2s−ν+2

2 , 1− s

]
[−1/2 < Re s < −Re ν/2]

+ sin
πν

2
θ (x− 1)

(√
x+
√
x− 1

)ν
13 θ (1− x)

(
1 +
√

1− x
)ν

sin
νπ

2

ν
√
π

2
Γ

[
s, 1−2s−ν

2
2s+ν+2

2 , 1− s− ν

]
+ θ (x− 1)xν/2 sin

(
ν arcsin

1√
x

)
[0 < Re s < (1− Re ν) /2]

14 θ (1− x) cos (ν arcsin
√
x) −ν

√
π

2
Γ

[
s, − 2s+ν

2
2s−ν+2

2 , 1−2s
2

]
[0 < Re s < −Re ν/2]

+ cos
νπ

2
θ (x− 1)

(√
x+
√
x− 1

)ν
15 θ (1− x)

(
1 +
√

1− x
)ν

cos
νπ

2
−ν
√
π

2
Γ

[
s, − 2s+ν

2
2s+ν+1

2 , 1− ν − s

]
+ θ (x− 1)xν/2 cos

(
ν arcsin

1√
x

)
[0 < Re s < −Re ν/2]

16 (1− x)
−1/2
+ sin (ν arccos

√
x)

sin (νπ)

2π3/2
Γ

[
s,

2s+ 1

2
,

1− 2s− ν
2

,
1− 2s+ ν

2

]
+ (x− 1)

−1/2
+ sinh (ν arccosh

√
x) [|Re ν| < 1; 0 < Re s < (1− |Re ν|) /2]

17 (1− x)
−1/2
+ sinh

(
ν arccosh

1√
x

) sin (νπ)

2π3/2
Γ

[
2s+ ν

2
,

2s− ν
2

,
1− 2s

2
, 1− s

]
+ (x− 1)

−1/2
+ sin

(
ν arccos

1√
x

)
[|Re ν| < 1; |Re ν|/2 < Re s < 1/2]
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2.6.5. arcsin (ϕ (x)), arccos (ϕ (x)), and the logarithmic function

1 θ (a− x) ln (bx+ 1) arccos
x

a

√
π as+1b

2 (s+ 1)
Γ

[ s+2
2
s+3
2

]
6F5

( 1
2 ,

1
2 , 1, 1, s+1

2 , s+2
2

1
2 , 1, 3

2 ,
s+3
2 , s+3

2 ; a2b2

)
−
√
π as+2b2

4 (s+ 2)
Γ

[ s+3
2
s+4
2

]
6F5

(
1, 1, 3

2 ,
3
2 ,

s+2
2 , s+3

2
3
2 ,

3
2 , 2, s+4

2 , s+4
2 ; a2b2

)
[a > 0; Re s > −1; |arg b| < π]

2 θ (a− x) ln

√
a+
√
a− x√
x

√
π as+1b

2 (s+ 1)
Γ

[
s+ 1
2s+3
2

]
5F4

( 1
2 ,

1
2 ,

s+1
2 , s+1

2 , s+2
2 ; a2b2

3
2 ,

2s+3
4 , 2s+5

4 , s+3
2

)
× arcsin (bx) [a > 0; Re s > −1]

3 θ (a− x) ln

√
a+
√
a− x√
x

√
π as+1b

2 (s+ 1)
Γ

[
s+ 1
2s+3
2

]
5F4

(
1, 1, s+1

2 , s+1
2 , s+2

2 ; a2b2

3
2 ,

2s+3
4 , 2s+5

4 , s+3
2

)
× arcsin (bx)√

1− b2x2
[a > 0; Re s > −1]

4 θ (a− x) ln
a+
√
a2 − x2
x

√
π as+1b

s2 (s+ 1)

[ s+1
2
s
2

][
(s+ 1) 3F2

( 1
2 ,

1
2 ,

s+1
2 ; a2b2

3
2 ,

s+2
2

)
× arcsin (bx) − 3F2

( 1
2 ,

s+1
2 , s+1

2 ; a2b2

s+2
2 , s+3

2

)]
[
a > 0; Re s > −1; |arg

(
1 + a2/b2

)
| < π

]

5 θ (a− x) ln
a+
√
a2 − x2
x

√
π as+1b

2 (s+ 1)
Γ

[ s+1
2
s+2
2

]
4F3

(
1, 1, s+1

2 , s+1
2 ; a2b2

3
2 ,

s+2
2 , s+3

2

)
× arcsin (bx)√

1− b2x2
[
a > 0; Re s > −1; |arg

(
1 + a2b2

)
| < π

]

6 (a− x)
−1/2
+ arcsin

√
a− x
a

as−1/2

2
√
π

Γ

[
s,

2s+ 1

2
,

1− 2s

2
,

1− 2s

2

]
[a > 0; 0 < Re s < 1/2]

+ (x− a)
−1/2
+

× ln

√
x+
√
x− a√
a

7 (x− a)
−1/2
+ arcsin

√
x− a
x

as−1/2

2
√
π

Γ

[
s, s, 1− s, 1− 2s

2

]
[a > 0; 0 < Re s < 1/2]

+ (a− x)
−1/2
+

× ln

√
a+
√
a− x√
x
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No. f (x) F (s)

8 θ (a− x) ln
(
bx2 + 1

) √
π as+2b

s (s+ 2)
2 Γ

[ s+3
2
s+2
2

][
(s+ 2) 3F2

(
1, 1, s+3

2

2, s+4
2 ; −a2b

)
× arccos

x

a
− 2 3F2

(
1, s+2

2 , s+3
2

s+4
2 , s+4

2 ; −a2b

)]
[
Re s > −2; |arg

(
1 + a2b

)
| < π

]

9 θ (a− x) ln
b+ x

b− x
arccos

x

a

√
π as+1

2b (s+ 1)
Γ

[ s
2
s+3
2

][
(s+ 1) 3F2

( 1
2 , 1, s+2

2 ; a2

b2

3
2 ,

s+3
2

)
− 3F2

(
1, s+1

2 , s+2
2 ; a2

b2

s+3
2 , s+3

2

)]
[
a > 0; Re s > −1; | arg

(
b2 − a2

)
| < π

]

10 θ (a− x) arccos
x

a

√
π as+1b

4 (s+ 1)
Γ

[ s
2
s+3
2

][
(s+ 1) 3F2

( 1
2 ,

1
2 ,

s+2
2

3
2 ,

s+3
2 ; −a2b2

)
× ln

(
bx+

√
1 + b2x2

)
− 3F2

( 1
2 ,

s+1
2 , s+2

2
s+3
2 , s+3

2 ; −a2b2

)]
[
a > 0; Re s > −1; |arg

(
1 + a2b2

)
| < π

]

11 θ (a− x) arccos
x

a

√
π as+2b2

2s (s+ 2)
Γ

[ s+3
2
s+4
2

][
(s+ 2) 4F3

(
1, 1, 1, s+3

2 ; −a2b2
3
2 , 2, s+4

2

)
× ln2

(
bx+

√
1 + b2x2

)
− 2 4F3

(
1, 1, s+2

2 , s+3
2 ; −a2b2

3
2 ,

s+4
2 , s+4

2

)]
[
a > 0; Re s > −2; |arg

(
1 + a2b2

)
| < π

]

12
θ (a− x)√
1 + b2x2

arccos
x

a

√
π as+1b

2 (s+ 1)
Γ

[ s+2
2
s+3
2

]
4F3

(
1, 1, s+1

2 , s+2
2 ; −a2b2

3
2 ,

s+3
2 , s+3

2

)
× ln

(
bx+

√
1 + b2x2

) [
a > 0; Re s > −1; |arg

(
1 + a2b2

)
| < π

]

2.6.6. arctan (ϕ (x)) and arccot (bx)

1

{
arctan (ax)

arccot (ax)

}
∓πa

−s

2s
sec

sπ

2
[Re a > 0; 0 < ∓Re s < 1]

2 arctan (ax)− ax −πa
−s

2s
sec

sπ

2
[Re a > 0; −3 < Re s < −1]
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No. f (x) F (s)

3 arccot (ax) + ax
πa−s

2s
sec

sπ

2
[Re a > 0; −3 < Re s < −1]

− π

2
ax

√
1

a2x2

4 arctan (ax) −πa
−s

2s
sec

sπ

2
[Re a > 0; −2n− 3 < Re s < 2n− 1]

−
n∑
k=0

(−1)
k (ax)

2k+1

2k + 1

5 arccot (ax)− π

2
ax

√
1

a2x2
πa−s

2s
sec

sπ

2
[Re a > 0; −2n− 3 < Re s < −2n− 1]

+
n∑
k=0

(−1)
k (ax)

2k+1

2k + 1

6 θ (a− x)

{
arctan (x/a)

arccot (x/a)

}
as

4s

[
π ± ψ

(
s+ 1

4

)
∓ ψ

(
s+ 3

4

)]
[a > 0; Re s > − (1± 1) /2]

7 (a− x)
α−1
+ arctan (bx) as+αbB (s+ 1, α) 4F3

( 1
2 , 1, s+1

2 , s+2
2 ; −a2b2

3
2 ,

s+α+1
2 , s+α+2

2

)
[a, Reα > 0; Re s > −1]

8
(
a2 − x2

)α−1
+

arctan (bx)
as+2α−1b

2
B

(
s+ 1

2
, α

)
3F2

( 1
2 , 1, s+1

2 ; −a2b2
3
2 ,

s+2α+1
2

)
[a, Reα > 0; Re s > −1]

9 (a− x)
α−1
+ arctan [b (a− x)] as+αbB (s, α+ 1) 4F3

( 1
2 , 1, α+1

2 , α+2
2 ; −a2b2

3
2 ,

s+α+1
2 , s+α+2

2

)
[a, Re s > 0; Reα > −1]

10 (a− x)
α−1
+ as+α−1/2bB

(
s, α+

1

2

)
3F2

( 1
2 , 1, 2α+1

2 ; −ab2
3
2 ,

2s+2α+1
2

)
× arctan

(
b
√
a− x

)
[a, Re s > 0; Reα > −1/2]

11 θ (a− x) (bx+ 1)
α

√
πas+1/2c

2
Γ

[
s

2s+3
2

]
F3

(
−α, 1

2
, s, 1;

2s+ 3

2
; −ab, −ac2

)
× arctan

(
c
√
a− x

)
[a, Re s > 0; |arg b| < π]

12 (a− x)
α−1
+ as+αbB

(
s+

1

2
, α+

1

2

)
4F3

( 1
2 , 1, 2s+1

2 , 2α+1
2 ; −a

2b2

4
3
2 ,

s+α+1
2 , s+α+2

2

)
× arctan

(
b
√
x (a− x)

)
[a > 0; Re s, Reα > −1/2]
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No. f (x) F (s)

13
1

(x+ a)
ρ arctan

b

x+ a
as−ρ−1bB (s, 1− s+ ρ) 4F3

( 1
2 , 1, 1−s+ρ

2 , 2−s+ρ
2

3
2 ,

ρ+1
2 , ρ+2

2 ; − b2

a2

)
[0 < Re s < Re ρ+ 1; |arg a| < π]

14
1

(x+ a)
ρ arctan

b√
x+ a

as−ρ−1/2bB

(
s,

1

2
− s+ ρ

)
3F2

( 1
2 , 1, 1−2s+2ρ

2
3
2 ,

2ρ+1
2 ; − b2a

)
[0 < Re s < Re ρ+ 1/2; |arg a| < π]

15
1

(x+ a)
ρ arctan

bx

x+ a
as−ρbB (s+ 1, ρ− s) 4F3

( 1
2 , 1, s+1

2 , s+2
2

3
2 ,

ρ+1
2 , ρ+2

2 ; −b2

)
[−1 < Re s < Re ρ; |arg a| < π]

16 θ (x− a) arctan
bx√
x2 − c2

−a
sb

s
F2

(
1

2
, 1, −s

2
;

3

2
,

2− s
2

; −b2, c
2

a2

)
[a > c > 0; Re s < 0; |arg b| < π]

17 θ (a− x)

√
π as+1/2c

2
√
b

Γ

[
s

2s+3
2

]
F1

(
1

2
, s, 1; s+

3

2
;
a

b
, −ac

2

b

)
× arctan

(
c

√
a− x
b− x

)
[b > a > 0; Re s > 0]

18
1√
a+ x

arctan

[
2bcx 2as−1/2bcB

(
s+ 1,

1

2
− s
)
F4

(
1, s+ 1;

3

2
,

3

2
; ib2, ic2

)
× 1

x− i (b2 + c2)x+ a

]
[−1 < Re s < 1/2; |arg a| < π]

19 θ (1− x) arctan
ln (− lnx)

π

π

s

[
es − ν (s)− 1

2

]
[Re s > 0]

20 θ (1− x) arctan
π

ln (− lnx)

π

s
[ν (s)− 2 sinh s] [Re s > 0]

2.6.7. arctan (ϕ (x)) and the exponential function

1 e−ax arctan (bx)
π

2as
Γ (s)− a1−s

b
Γ (s− 1) 2F3

( 1
2 , 1; − a2

4b2

3
2 ,

2−s
2 , 3−s

2

)
− πab−s−1

2 (s+ 1)
csc

sπ

2

× 1F2

( s+1
2 ; − a2

4b2

3
2 ,

s+3
2

)
− πb−s

2s
sec

sπ

2
1F2

( s
2 ; − a2

4b2

1
2 ,

s+2
2

)
[b, Re a > 0; Re s > −1]
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No. f (x) F (s)

2 e−ax
2

arctan (bx)
πa−s/2

4
Γ
(s

2

)
− πb−s

2s
sec

sπ

2
1F1

( s
2 ; a

b2

s+2
2

)
− a(1−s)/2

2b
Γ

(
s− 1

2

)
2F2

( 1
2 , 1; a

b2

3
2 ,

3−s
2

)
[b, Re a > 0; Re s > −1]

3 θ (a− x) ebx
√
π as+1/2c

2
Γ

[
s

s+ 3
2

]
Ξ1

(
1

2
, s, 1; s+

3

2
; −ac2, ab

)
× arctan

(
c
√
a− x

)
[a, Re s > 0]

4 arctan (ae−x)
a

2s+1
Γ (s) Φ

(
−a2, s+ 1,

1

2

)
[a, Re s > 0]

2.6.8. arctan (ϕ (x)) and trigonometric functions

1 sin (ax) arctan (bx)
π

2as
sin

sπ

2
Γ (s) +

πab−s−1

2 (s+ 1)
csc

sπ

2
1F2

( s+1
2 ; a2

4b2

3
2 ,

s+3
2

)
+
a1−s

b
cos

sπ

2
Γ (s− 1) 2F3

( 1
2 , 1; a2

4b2

3
2 ,

3−s
2 , 1− s

2

)
[a, b > 0; |Re s| < 1]

2 cos (ax) arctan (bx)
π

2as
cos

sπ

2
Γ (s)− πb−s

2s
sec

sπ

2
1F2

( s
2 ; a2

4b2

1
2 ,

s+2
2

)
− a1−s

b
sin

sπ

2
Γ (s− 1) 2F3

( 1
2 , 1; a2

4b2

3
2 ,

2−s
2 , 3−s

2

)
[a, b > 0; 0 < Re s < 1]

3 sin (ax) arctan
b

x
− πabs+1

2 (s+ 1)
csc

sπ

2
1F2

( s+1
2 ; a2b2

4
3
2 ,

s+3
2

)
− b

as−1
cos

sπ

2
Γ (s− 1) 2F3

( 1
2 , 1; a2b2

4
3
2 ,

2−s
2 , 3−s

2

)
[a, b > 0; − 1 < Re s < 2]

4 cos (ax) arctan
b

x

πbs

2s
sec

sπ

2
1F2

( s
2 ; a2b2

4
1
2 ,

s+2
2

)
+

b

as−1
sin

sπ

2
Γ (s− 1) 2F3

( 1
2 , 1; a2b2

4
3
2 ,

2−s
2 , 3−s

2

)
[a, b > 0; 0 < Re s < 2]
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No. f (x) F (s)

5
1

(x2 + a2)
ν/2

as−ν
{

sin (sπ/2)

cos (sπ/2)

}
B (s, ν − s)

×
{

sin (ν arctan(x/a))

cos (ν arctan(x/a))

}
[Re a > 0; − (1± 1) /2 < Re s < Re ν]

6
1

(x2 + a2)
ν/2

as−ν
{

sin [(ν − s)π/2]

cos [(ν − s)π/2]

}
B (s, ν − s)

×
{

sin [ν arccot (x/a)]

cos [ν arccot (x/a)]

}
[Re a > 0; 0 < Re s < (1± 1) /2 + Re ν]

7 (1− x)
−1/2
+

[(
1 +
√

1− x
)ν sin (νπ)

π3/2
Γ

[
s, s+ ν,

1− 2s− ν
2

,
2− 2s− ν

2

]
−
(
1−
√

1− x
)ν]

[|Re ν| < 1; 0,−Re ν < Re s < (1− Re ν) /2]

+ 2xν/2 (x− 1)
−1/2
+

× sin
(
ν arctan

√
x− 1

)
8 (x− 1)

−1/2
+

[(√
x+
√
x− 1

)ν sin (νπ)

π3/2
Γ

[
s,

2s+ 1

2
,

1− 2s− ν
2

,
1− 2s+ ν

2

]
−
(√
x−
√
x− 1

)ν]
[|Re ν| < 1; 0 < Re s < (1− |Re ν|) /2]

+ 2 (1− x)
−1/2
+

× sin
(
ν arctan

√
1− x
x

)

9
1

(x2 + 2ax cosϕ+ a2)
ρ as−2ρ

{
sin [(2ρ− s)ϕ]

cos [(2ρ− s)ϕ]

}
B (s, 2ρ− s)

×
{

sinu

cosu

}
[a > 0; 0 ≤ ϕ < π; 0 < Re s < 2 Re ρ]

u = 2ρ arctan
a sinϕ

x+ a cosϕ

2.6.9. arctan (ϕ (x)) and the logarithmic function

1 θ (a− x) ln

√
a+
√
a− x√
x

√
π as+1b

2s (s+ 1)
Γ

[
s+ 1
2s+3
2

][
(s+ 1) 4F3

( 1
2 , 1, s+1

2 , s+2
2

3
2 ,

2s+3
4 , 2s+5

4 ; −a2b2

)
× arctan (bx) − 4F3

(
1, s+1

2 , s+1
2 , s+2

2
2s+3
4 , 2s+5

4 , s+3
2 ; −a2b2

)]
[
a > 0; Re s > −1; |arg

(
1 + a2b2

)
| < π

]
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No. f (x) F (s)

2 θ (a− x) ln
a+
√
a2 − x2
x

√
π as+1b

s (s+ 1)
Γ

[ s+1
2
s
2

]
4F3

( 1
2 , 1, s+1

2 , s+1
2

3
2 ,

s+2
2 , s+3

2 ; −a2b2

)
× arctan (bx)

[
a > 0; Re s > −1; |arg

(
1 + a2b2

)
| < π

]

3 θ (a− x) ln
a+
√
a2 − x2

a−
√
a2 − x2

2
√
π as+1b

s2 (s+ 1)
Γ

[ s+1
2
s
2

][
(s+ 1) 3F2

( 1
2 , 1, s+1

2
3
2 ,

s+2
2 ; −a2b2

)
× arctan (bx) − 3F2

(
1, s+1

2 , s+1
2

s+2
2 , s+3

2 ; −a2b2

)]
[
a > 0; Re s > −1; |arg

(
1 + a2b2

)
| < π

]

2.6.10. arccsc (ϕ (x)) and algebraic functions

1 arccsc (ax)
i (ia)

−s

2
√
π s

Γ
(s

2

)
Γ
(1− s

2

)
[Im a < 0; 0 < Re s < 1]

2 θ (x− a) arccsc
x

a
−
√
π as

s2
Γ

[ 1−s
2

− s2

]
− πas

2s
[a > 0; Re s < 0]

3
arccsc (ax)√
a2x2 − 1

−π
3/2 (ia)

−s

4
csc

sπ

2
Γ

[ s
2
s+1
2

]
[Im a < 0; 0 < Re s < 2]

4 θ (a− x) arccsc
a

x
−
√
π as

s2
Γ

[ s+1
2
s
2

]
+
πas

2s
[a, Re s > 0]

5 arccsc2 (ax) −π
3/2 (ia)

−s

2s
csc

sπ

2
Γ

[ s
2
s+1
2

]
[Im a < 0; 0 < Re s < 2]

2.6.11. arcsec (bx) and algebraic functions

1 θ (x− a) arcsec
x

a

√
π as

s2
Γ

[ 1−s
2

− s2

]
[a > 0; Re s < 0]

2 arcsec (ax)− π

2

i

2
√
π s

(
− 1

a2

)s/2
Γ
(1− s

2

)
Γ
(s

2

)
[Re a > 0; 0 < Re s < 1]

3 arcsec2 (ax)− π2

4
−π

3/2 (ia)
−s

s
eisπ/2 csc (sπ) Γ

[ s
2
s+1
2

]
[Im a < 0; 0 < Re s < 1]
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2.6.12. Products of inverse trigonometric functions

1 θ (a− x) arcsin2 (bx)
as arcsin2 (ab)

s
− 2as+2b2

s (s+ 2)
3F2

(
1, 1, s+2

2
3
2 ,

s+4
2 ; a2b2

)
[
a > 0; Re s > −2; |arg

(
1− a2b2

)
| < π

]
2 arcsin2 (ax) −π

3/2 (ia)
−s

2s
csc

sπ

2
Γ

[− s2
1−s
2

]
[Im a < 0; −2 < Re s < 0]

3 arccos2 (ax)− π2

4
−π

3/2 (ia)
−s

2s
eisπ/2 csc (sπ) Γ

[− s2
1−s
2

]
[Im a < 0; −1 < Re s < 0]

4 θ (a− x) arcsin (bx)

√
π as+1b

4 (s+ 1)
Γ

[ s
2
s+3
2

][
(s+ 1) 3F2

( 1
2 ,

1
2 ,

s+2
2

3
2 ,

s+3
2 ; a2b2

)
× arccos

x

a
− 3F2

( 1
2 ,

s+1
2 , s+2

2
s+3
2 , s+3

2 ; a2b2

)]
[
a > 0; Re s > −1; |arg

(
1− a2b2

)
| < π

]
5

θ (a− x)√
1− b2x2

arcsin (bx)

√
π as+1b

2 (s+ 1)
Γ

[ s+2
2
s+3
2

]
4F3

(
1, 1, s+1

2 , s+2
2

3
2 ,

s+3
2 , s+3

2 ; a2b2

)
× arccos

x

a

[
a > 0; Re s > −1; |arg

(
1− a2b2

)
| < π

]
6 θ (a− x) arctan (bx)

√
π as+1b

4 (s+ 1)
Γ

[ s
2
s+3
2

][
(s+ 1) 3F2

( 1
2 , 1, s+2

2
3
2 ,

s+3
2 ; −a2b2

)
× arccos

x

a
− 3F2

(
1, s+1

2 , s+2
2

s+3
2 , s+3

2 ; −a2b2

)]
[
a > 0; Re s > −1; |arg

(
1 + a2b2

)
| < π

]
7 (a− x)

α−1
+ arcsin2 (bx) as+α+1b2 B (s+ 2, α) 5F4

(
1, 1, 1, s+2

2 , s+3
2 ; a2b2

3
2 , 2, s+α+2

2 , s+α+3
2

)
[
a, Reα > 0; Re s > −2; |arg

(
1− a2b2

)
| < π

]
8

(
a2 − x2

)α−1
+

arcsin2 (bx)
as+2αb2

2
B

(
s+ 2

2
, α

)
4F3

(
1, 1, 1, s+2

2 ; a2b2

3
2 , 2, s+2α+2

2

)
[
a, Reα > 0; Re s > −2; |arg

(
1− a2b2

)
| < π

]
9 θ (a− x) ln

√
a+
√
a− x√
x

√
π as+2b2

2s
Γ

[
s+ 2
2s+5
2

][
5F4

(
1, 1, 1, s+2

2 , s+3
2

3
2 , 2, 2s+5

4 , 2s+7
4 ; a2b2

)
× arcsin2 (bx) − 2

s+ 2
5F4

(
1, 1, s+2

2 , s+2
2 , s+3

2
3
2 ,

2s+5
4 , 2s+7

4 , s+4
2 ; a2b2

)]
[
a > 0; Re s > −2; |arg

(
1− a2b2

)
| < π

]
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No. f (x) F (s)

10 θ (a− x) ln
a+
√
a2 − x2
x

√
π as+2b2

2 (s+ 2)
Γ

[ s+2
2
s+3
2

]
5F4

(
1, 1, 1, s+2

2 , s+2
2 ; a2b2

3
2 , 2, s+3

2 , s+4
2

)
× arcsin2 (bx)

[
a > 0; Re s > −2; |arg

(
1− a2b2

)
| < π

]
11 (a− x)

α−1
+ as+α+1b2 B (s, α+ 2) 5F4

(
1, 1, 1, α+2

2 , α+3
2 ; a2b2

3
2 , 2, s+α+2

2 , s+α+3
2

)
× arcsin2 (b (a− x))

[
a, Re s > 0; Reα > −2; |arg

(
1− a2b2

)
| < π

]
12 (a− x)

α−1
+ as+α+3b2 B (s+ 2, α+ 2)

× arcsin2 (bx (a− x)) × 7F6

(
1, 1, 1, ∆ (2, α+ 2) , ∆ (2, s+ 2)

3
2 , 2, ∆ (4, s+ α+ 4) ; a4b2

16

)
[
a > 0; Re s, Reα > −2; |arg

(
16− a4b2

)
| < π

]
13 (a− x)

α−1
+ as+αb2 B (s, α+ 1) 4F3

(
1, 1, 1, α+ 1; ab2

3
2 , 2, s+ α+ 1

)
× arcsin2

(
b
√
a− x

) [
a, Re s > 0; Reα > −1; |arg

(
1− ab2

)
| < π

]
14 (a− x)

α−1
+ as+α+1b2 B (s+ 1, α+ 1) 5F4

(
1, 1, 1, α+ 1, s+ 1; a2b2

4
3
2 , 2, s+α+2

2 , s+α+3
2

)
× arcsin2

(
b
√
x (a− x)

) [
a > 0; Re s, Reα > −1; |arg

(
4− a2b2

)
| < π

]
15 (a− x)

α−1
+ as+α+2b2 B (s+ 2, α+ 1) 6F5

(
1, 1, 1, α+ 1, s+2

2 , s+3
2 ; 4a3b2

27
3
2 , 2, s+α+3

3 , s+α+4
3 , s+α+5

3

)
× arcsin2

(
bx
√
a− x

) [
a > 0; Reα > −1; Re s > −2; |arg

(
27− 4a3b2

)
| < π

]
16

1

(x+ a)
ρ arcsin2 b

x+ a
as−ρ−2b2 B (s, 2− s+ ρ) 5F4

(
1, 1, 1, 2−s+ρ

2 , 3−s+ρ
2

3
2 , 2, ρ+2

2 , ρ+3
2 ; b2

a2

)
[0 < Re s < Re ρ+ 2; |arg a| < π]

17
1

(x+ a)
ρ arcsin2 bx

x+ a
as−ρb2 B (s+ 2, ρ− s) 5F4

(
1, 1, 1, s+2

2 , s+3
2

3
2 , 2, ρ+2

2 , ρ+3
2 ; b2

)
[−2 < Re s < Re ρ; |arg a| < π]

18 θ (a− x) arcsin2 (bx)

√
π as+2b2

2s (s+ 2)
Γ

[ s+3
2
s+4
2

][
(s+ 2) 4F3

(
1, 1, 1, s+3

2
3
2 , 2, s+4

2 ; a2b2

)
× arccos

x

a
− 2 4F3

(
1, 1, s+2

2 , s+3
2

3
2 ,

s+4
2 , s+4

2 ; a2b2

)]
[
a > 0; Re s > −2; |arg

(
1− a2b2

)
| < π

]
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2.7. Inverse Hyperbolic Functions

More formulas can be obtained from the corresponding sections due to the relations

arcsinh z = ln
(
z +

√
z2 + 1

)
; arccosh z = ln

(
z +

√
z2 − 1

)
, −π/2 < arg z ≤ π/2;

arcsinh z = z 2F1

(
1

2
,

1

2
;

3

2
; −z2

)
, arccosh z =

√
z − 1√
1− z

[
π

2
− z 2F1

(
1

2
,

1

2
;

3

2
; z2
)]
,

arcsinh z√
z2 + 1

= z 2F1

(
1, 1;

3

2
; −z2

)
, arcsinh2 z = z2 3F2

(
1, 1, 1;

3

2
, 2; −z2

)
,

arctanh z =
1

2

[
ln (1 + z)− ln (1− z)

]
, arctanh z = z 2F1

(
1,

1

2
;

3

2
; z2
)
,

arccoth z =
1

2

[
ln
z + 1

z
− ln

z − 1

z

]
,

arccoth z = −πz
2

√
− 1

z2

√
1

1− z2
√

1− z2 + z 2F1

(
1

2
, 1;

3

2
; z2
)
,

arccsch z =
1

z
2F1

(
1

2
,

1

2
;

3

2
; − 1

z2

)
, arcsech z =

√
z−1 − 1√
1− z−1

[
π

2
− 1

z
2F1

(
1

2
,

1

2
;

3

2
;

1

z2

)]
,

arcsinh z =
1

2
√
π z

G12
22

(
z2
∣∣∣∣ 3/2, 3/2

1, 1/2

)
,

arccosh z =

√
z − 1√
1− z

[
π

2
− z

2
√
π
G12

22

(
−z2

∣∣∣∣ 1/2, 1/2

0, −1/2

)]
,

arctanh z = − 1

2z
G12

22

(
−z2

∣∣∣∣ 1, 3/2

1, 1/2

)
, arccoth z =

1

2z
G12

22

(
− 1

z2

∣∣∣∣ 0, 1/2

0, −1/2

)
.

2.7.1. arcsinhn (ϕ (x)) and elementary functions

No. f (x) F (s)

1 arcsinh (ax)
a−s

2s2
B

(
s+ 1

2
,

2− s
2

)
[Re a > 0; −1 < Re s < 0]

2 arcsinh (ax)− ax a−s

2s2
B

(
s+ 1

2
,

2− s
2

)
[Re a > 0; −3 < Re s < −1]

3 arcsinh (ax)
a−s

2s2
B

(
s+ 1

2
,

2− s
2

)
−

n∑
k=0

(−1)
k (1/2)k
k! (2k + 1)

(ax)
2k+1

[Re a > 0; −2n− 3 < Re s < −2n− 1]

4 arcsinh (ax)− ln (2ax)
a−s

2s2
B

(
s+ 1

2
,

2− s
2

)
+

1

2

n∑
k=1

(−1)
k (1/2)k

k! k
(ax)

−2k
[Re a > 0; 2n < Re s < 2n+ 2]



90 Chapter 2. Elementary Functions

No. f (x) F (s)

5 θ (a− x) arcsinh (bx) − as+1b

s (s+ 1)
2F1

( 1
2 ,

s+1
2

s+3
2 ; −a2b2

)
+ arcsinh (ab)

as

s

[a > 0; Re s > −1]

6 (a− x)
α−1
+ arcsinh (bx) as+αbB (α, s+ 1) 4F3

( 1
2 ,

1
2 ,

s+1
2 , s+2

2 ; −a2b2
3
2 ,

s+α+1
2 , s+α+2

2

)
[a, Reα > 0; Re s > −1]

7
1√

a2x2 + 1
arcsinh (ax)

π3/2a−s

4
sec

sπ

2
Γ

[ 1−s
2

2−s
2

]
[Re a > 0; −1 < Re s < 1]

8 θ (a− x) arccos
x

a
arcsinh (bx)

√
πas+1b

2 (s+ 1)
Γ

[ s+2
2
s+3
2

]
4F3

( 1
2 ,

1
2 ,

s+1
2 , s+2

2
3
2 ,

s+3
2 , s+3

2 ; −a2b2

)
[a > 0; Re s > −1]

9
1√

a2x2 + 1
arcsinh

1

ax

π3/2a−s

4
csc

sπ

2
Γ

[ s
2
s+1
2

]
[Re a > 0; 0 < Re s < 2]

10 arcsinh

√√
ax+ 1− 1

2
−a
−s

4s
B

(
s+

1

2
, −s

)
[−1/2 < Re s < 0; |arg a| < π]

11 arcsinh

√√
ax+ 1−

√
ax

2
√
ax

a−s

4s
B

(
s,

1

2
− s
)

[0 < Re s < 1/2; |arg a| < π]

12 arcsinh2 (ax) −π
3/2a−s

s2
csc

sπ

2
Γ

[ 2−s
2

1−s
2

]
[Re a > 0; −2 < Re s < 0]

13 (a− x)
α−1
+ arcsinh2 (bx) as+α+1b2 B (α, s+ 2) 5F4

(
1, 1, 1, s+2

2 , s+3
2 ; −a2b2

3
2 , 2, s+α+2

2 , s+α+3
2

)
[a, Reα > 0; Re s > −2]

14 θ (a− x) arccos
x

a
arcsinh2 (bx)

√
πas+2b2

2 (s+ 2)
Γ

[ s+3
2
s+4
2

]
5F4

(
1, 1, 1, s+2

2 , s+3
2

3
2 , 2, s+4

2 , s+4
2 ; −a2b2

)
[a > 0; Re s > −2]

15 arcsinh2

√√
ax+ 1− 1

2

π3/2a−s

8s
csc (sπ) Γ

[
−s
1−2s

2

]
[−1 < Re s < 0; |arg a| < π]

16 arcsinh2

√√
ax+ 1−

√
ax

2
√
ax

π3/2a−s

8s
csc (sπ) Γ

[
s

2s+1
2

]
[0 < Re s < 1; |arg a| < π]
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2.7.2. arccoshn (ϕ (x)) and elementary functions

1 arccosh (ax) +
iπ

2

(ia)
−s

2s2
B

(
s+ 1

2
, 1− s

)
[Im a < 0; −1 < Re s < 0]

2 arccosh (ax)− π

2

√
ax− 1√
1− ax

i
√
a− 1

2
√
π
√

1− a s2
(ia)

−s
B

(
s+ 1

2
, 1− s

)
+

√
ax− 1√
1− ax

n∑
k=0

(1/2)k
k! (2k + 1)

(ax)
2k+1

[Im a < 0;−2n− 3 < Re s < −2n− 1]

3 arccosh (ax)− 1

2
ln
(
−4a2x2

) a−seisπ/2

2s2
B

(
s+ 1

2
, 1− s

)
+
π
√
−a2

2a
+

1

2

n∑
k=1

(1/2)k
k k!

(ax)
−2k

[Im a > 0; 2n < Re s < 2n+ 2]

4 arccosh
(√
ax+

√
ax+ 1

)
−a
−s

s
cos (sπ) B

(
−2s, 2s+

1

2

)
[−1/4 < Re s < 0; |arg a| < π]

5 arccosh
1√

ax+ 1−
√
ax

−a
−s

s
cos (sπ) B

(
−2s, 2s+

1

2

)
[−1/4 < Re s < 0; |arg a| < π]

6 arccosh

√
ax√

ax+ 1− 1

a−s

s
cos (sπ) B

(
2s,

1

2
− 2s

)
[0 < Re s < 1/4; |arg a| < π]

7 arccosh

√
ax+ 1 + 1√

ax

a−s

s
cos (sπ) B

(
2s,

1

2
− 2s

)
[0 < Re s < 1/4; |arg a| < π]

8 arccosh2 (ax) +
π2

4

π3/2

s
(ia)

−s
eisπ/2 csc (sπ) Γ

[− s2
1−s
2

]
[Im a < 0; −1 < Re s < 0]

2.7.3. arctanh (ax) and elementary functions

1 arctanh (ax)
iπ

2s
(ia)

−s
sec

sπ

2
[Im a < 0; −1 < Re s < 0]

2 arctanh (ax)− ax iπ

2s
(ia)

−s
sec

sπ

2
[Im a < 0; −3 < Re s < −1]
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No. f (x) F (s)

3 arctanh (ax)−
n∑
k=0

(ax)
2k+1

2k + 1

iπ

2s
(ia)

−s
sec

sπ

2

[Im a < 0; −2n− 3 < Re s < −2n− 1]

4 arctanh (ax)− πi

2
−

n∑
k=0

(ax)
−2k−1

2k + 1

iπ

2s

(
i

a

)s
sec

sπ

2
[Im a > 0; 2n+ 1 < Re s < 2n+ 3]

5 (a− x)
α−1
+ arctanh (bx) as+αbB (α, s+ 1) 4F3

( 1
2 , 1, s+1

2 , s+2
2 ; a2b2

3
2 ,

s+α+1
2 , s+α+2

2

)
[a, Reα > 0; Re s > −1]

6 θ (a− x) ln

√
a− x+

√
a√

x

√
πas+1b

2s (s+ 1)
Γ

[
s+ 1
2s+3
2

][
(s+ 1) 4F3

( 1
2 , 1, s+1

2 , s+2
2

3
2 ,

2s+3
4 , 2s+5

4 ; a2b2

)
× arctanh (bx) − 4F3

(
1, s+1

2 , s+1
2 , s+2

2
2s+3
4 , 2s+5

4 , s+3
2 ; a2b2

)]
[a > 0; Re s > −1]

7 θ (a− x) arccos
x

a
arctanh (bx)

√
πas+1b

2 (s+ 1)
Γ

[ s+2
2
s+3
2

]
4F3

( 1
2 , 1, s+1

2 , s+2
2

3
2 ,

s+3
2 , s+3

2 ; a2b2

)
[a > 0; Re s > −1]

2.7.4. arccoth (ax) and algebraic functions

1 arccoth (ax) − iπ
2s

(−ia)
−s

sec
sπ

2
[Im a > 0; 0 < Re s < 1]

2 arccoth (ax)− πi

2
− ax iπ

2s
(ia)

−s
sec

sπ

2
[Im a < 0; −3 < Re s < −1]

3 arccoth (ax)− πi

2
−

n∑
k=0

(ax)
2k+1

2k + 1

iπ

2s
(ia)

−s
sec

sπ

2

[Im a < 0; −2n− 3 < Re s < −2n− 1]

4 arccoth (ax)−
n∑
k=0

(ax)
−2k−1

2k + 1
− iπ

2s

(
− i
a

)s
sec

sπ

2

[Im a < 0; 2n+ 1 < Re s < 2n+ 3]
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2.7.5. arcsechn (ϕ (x)) and elementary functions

1 arcsech (ax) +
iπ

2

a−s

2s2
eisπ/2 B

(
s+ 2

2
,

1− s
2

)
[Im a > 0; 0 < Re s < 1]

2 arcsech (ax)− 1

2
ln

(
− 4

a2x2

)
(ia)

−s

s2
B

(
s+ 2

2
,

1− s
2

)
+
πa

2

√
− 1

a2x2
+

1

2

n∑
k=1

(1/2)k
k! k

(ax)
2k

[Im a < 0; −2n− 2 < Re s < −2n]

3 arcsech
(√
ax+ 1−

√
ax
)

−a
−s

s
cos (sπ) B

(
2s+

1

2
, −2s

)
[−1/4 < Re s < 0; |arg a| < π]

4 arcsech
1

√
ax+

√
ax+ 1

−a
−s

s
cos (sπ) B

(
2s+

1

2
, −2s

)
[−1/4 < Re s < 0; |arg a| < π]

5 arcsech

√
ax√

ax+ 1 + 1

a−s

s
cos (sπ) B

(
2s,

1

2
− 2s

)
[0 < Re s < 1/4; |arg a| < π]

6 arcsech

√
ax+ 1− 1√

ax

a−s

s
cos (sπ) B

(
2s,

1

2
− 2s

)
[0 < Re s < 1/4; |arg a| < π]

7 arcsech
(√
a2x2 + 1− ax

)
−a
−s

s
cos

sπ

2
B

(
s+

1

2
, −s

)
[Re a > 0; −1/2 < Re s < 0]

8 arcsech
1

ax+
√
a2x2 + 1

−a
−s

s
cos

sπ

2
B

(
s+

1

2
, −s

)
[Re a > 0; −1/2 < Re s < 0]

9 arcsech

√
a2x2 + 1− 1

ax

a−s

s
cos

sπ

2
B

(
s,

1

2
− s
)

[Re a > 0; 0 < Re s < 1/2]

10 arcsech
ax√

a2x2 + 1 + 1

a−s

s
cos

sπ

2
B

(
s,

1

2
− s
)

[Re a > 0; 0 < Re s < 1/2]

11 arcsech2 (ax) +
π2

4

π3/2a−s

s
csc (sπ) Γ

[ s
2
s+1
2

]
[0 < Re s < 1; |arg a| < π]
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2.7.6. arccschn (ϕ (x)) and elementary functions

1 arccsch (ax)
a−s

2s2
B

(
s+ 2

2
,

1− s
2

)
[Re a > 0; 0 < Re s < 1]

2 arccsch (ax)
a−s

2s2
B

(
s+ 2

2
,

1− s
2

)
−

n∑
k=0

(−1)
k (1/2)k

(2k + 1) k!
(ax)

−2k−1
[2n+ 1 < Re s < 2n+ 3; −π/2 ≤ arg a < π/2]

3 arccsch (ax)
a−s−1

2s2

(
1

a2

)1/2

B

(
s+ 2

2
,

1− s
2

)
− 1

2ax

(
1

a2x2

)−1/2
ln

4

a2x2
[−2 < Re s < 0; −π/2 ≤ arg a < π/2]

4 arccsch (ax)
a−s−1

2s2

(
1

a2

)1/2

B

(
s+ 2

2
,

1− s
2

)
− 1

2ax

(
1

a2x2

)−1/2 [
ln

4

a2x2
[−2n− 2 < Re s < −2n; −π/2 ≤ arg a < π/2]

−
n∑
k=1

(−1)
k (1/2)k

k! k
(ax)

2k

]

5
1√

a2x2 + 1
arccsch (ax)

π3/2
(
a2
)(1−s)/2

4a
csc

sπ

2
Γ

[ s
2
s+1
2

]
[Re a 6= 0; 0 < Re s < 2]

6
1√

a2x2 + 1
arccsch

1

ax

π3/2a−s

4
sec

sπ

2
Γ

[ 1−s
2

2−s
2

]
[Re a > 0; −1 < Re s < 1]

7 arccsch

√
2√

ax+ 1− 1
−a
−s

4s
B

(
s+

1

2
, −s

)
[−1/2 < Re s < 0; |arg a| < π]

8 arccsch

√
2
√
ax√

ax+ 1−
√
ax

a−s

4s
B

(
s,

1

2
− s
)

[0 < Re s < 1/2; |arg a| < π]

9 arccsch2 (ax)
π3/2a−s

2s
csc

sπ

2
Γ

[ s
2
s+1
2

]
[Re a > 0; 0 < Re s < 2]

10 arccsch2

√
2√

ax+ 1− 1

π3/2a−s

8s
csc (sπ) Γ

[
−s
1−2s

2

]
[−1 < Re s < 0; |arg a| < π]

11 arccsch2

√
2
√
ax√

ax+ 1−
√
ax

π3/2a−s

8s
csc (sπ) Γ

[
s

2s+1
2

]
[0 < Re s < 1; |arg a| < π]
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2.7.7. Hypebolic functions of inverse hyperbolic functions

1 sinh
(
ν arcsinh

x

a

) νas

4
√
π

cos
νπ

2
Γ

[ s+1
2 , − s+ν2 , ν−s2

2−s
2

]
[Re a > 0; −1 < Re s < −|Re ν|]

2 sinh
(
ν arccsch

x

a

) νas

4
√
π

cos
νπ

2
Γ

[ 1−s
2 , s−ν2 , s+ν2

s+2
2

]
[Re a > 0; |Re ν| < Re s < 1]

3
1√

x2 + a2
sinh

(
ν arcsinh

x

a

) as−1

2
√
π

sin
νπ

2
Γ

[ s+1
2 , 1−ν−s

2 , ν−s+1
2

2−s
2

]
[Re a > 0; −1 < Re s < 1− |Re ν|]

4
1√

x2 + a2
sinh

(
ν arccsch

x

a

) as−1

2
√
π

sin
νπ

2
Γ

[ 2−s
2 , s−ν2 , s+ν2

s+1
2

]
[Re a > 0; |Re ν| < Re s < 2]

5 |a− x|ν sinh

(
ν arctanh

2
√
ax

a+ x

)
−
√
π as+ν Γ

[ 2ν+1
2

−ν

]
Γ

[ 2s+1
2 , 1−2ν−2s

2

1− s, s+ ν + 1

]
[
a > 0; Re ν > −1/2;

−1/2 < Re s < 1/2− Re ν

]

6 |a− x|ν sinh

(
ν arccoth

a+ x

2
√
ax

)
−
√
π as+ν Γ

[ 2ν+1
2

−ν

]
Γ

[ 2s+1
2 , 1−2ν−2s

2

1− s, s+ ν + 1

]
[
a > 0; Re ν > −1/2;

−1/2 < Re s < 1/2− Re ν

]

7 θ (a− x) sinh
(
ν arcsech

x

a

) ν
√
π as

4
Γ

[ s−ν
2 , s+ν2
s+1
2 , s+2

2

]
[a > 0; Re s > |Re ν|]

8 θ (x− a) sinh
(
ν arccosh

x

a

) ν
√
π as

4
Γ

[ −s−ν
2 , −s+ν2
1−s
2 , 2−s

2

]
[a > 0; Re s < −|Re ν|]

9 θ (a− x) sinh

(
ν arctanh

√
1− x

a

)
ν
√
π as

2
Γ

[ 2s−ν
2 , 2s+ν2

2s+1
2 , s+ 1

]
[a > 0; Re s > |Re ν|/2]

10 θ (x− a) sinh

(
ν arctanh

√
1− a

x

)
ν
√
π as

2
Γ

[ −2s−ν
2 , −2s+ν2

1−2s
2 , 1− s

]
[a > 0; Re s < −|Re ν|/2]

11
1√

x2 + a2
cosh

(
ν arcsinh

x

a

) as−1

2
√
π

cos
νπ

2
Γ

[ s
2 ,

1−s−ν
2 , 1−s+ν2
1−s
2

]
[Re a > 0; 0 < Re s < 1− |Re ν|]
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No. f (x) F (s)

12
1√

x2 + a2
cosh

(
ν arccsch

x

a

) as−1

2
√
π

cos
νπ

2
Γ

[ 1−s
2 , s−ν2 , s+ν2

s
2

]
[Re a > 0; |Re ν| < Re s < 1]

13 |a− x|ν cosh

(
ν arctanh

(
2
√
ax

x+ a

))
√
π as+ν Γ

[ 2ν+1
2 , −s− ν, s

−ν, 1−2s
2 , 2s+2ν+1

2

]
[a > 0; Re ν > −1/2; 0 < Re s < −Re ν]

14 |a− x|ν cosh

(
ν arccoth

(
x+ a

2
√
ax

))
√
π as+ν Γ

[ 2ν+1
2 , −s− ν, s

−ν, 1−2s
2 , 2s+2ν+1

2

]
[a > 0; Re ν > −1/2; 0 < Re s < −Re ν]

15
θ (a− x)√
a2 − x2

cosh
(
ν arcsech

x

a

) √
π as−1

2
Γ

[ s−ν
2 , s+ν2
s
2 ,

s+1
2

]
[a > 0; Re s > |Re ν|]

16
θ (a− x)√
a− x

cosh

(
ν arctanh

√
1− x

a

)
√
π as−1 Γ

[ 2s−ν
2 , 2s+ν

2

s, 2s+1
2

]
[a > 0; Re s > |Re ν|/2]

17
θ (x− a)√
x2 − a2

cosh
(
ν arccosh

x

a

) √
π as−1

2
Γ

[ 1−s−ν
2 , 1−s+ν

2
1−s
2 , 2−s

2

]
[a > 0; Re s < 1− |Re ν|]

18
θ (x− a)√
x− a

cosh

(
ν arctanh

√
x

a
− 1

)
√
π as−1/2 Γ

[ 1−2s−ν
2 , 1−2s+ν

2
1−2s

2 , 1− s

]
[a > 0; Re s < (1− |Re ν|) /2]



Chapter 3
Special Functions

3.1. The Gamma Γ (z), Psi ψ (z), and Zeta ζ (z) Functions

More formulas can be obtained from the corresponding sections due to the relations

Γ (z) = lim
w→∞

wz

z
1F1 (z; z + 1; −w) ,

Γ (1− z) Γ (1 + z) =
zπ

sin (zπ)
, Γ

(
z +

1

2

)
Γ

(
1

2
− z
)

=
π

cos (zπ)
,

ψ (z) = (z − 1) 3F2 (1, 1, 2− z; 2, 2; 1)−C, ψ (−z) =
1

z
+ π cot (zπ) + ψ (z) ,

ψ(n) (z) = (−1)
n+1

n! z−n−1 n+2Fn+1 (1, z, z, . . . , z; z + 1, z + 1, . . . , z + 1; 1) ,

ψ(n) (z ±m) = ψ(n) (z)± (−1)
n
n!

m−(1±1)/2∑
k=(1∓1)/2

1

(z ± k)
n+1 ,

ζ (s) = Lis (1) , Re s > 1; ζ (s, a+ n) = ζ (s, a)−
n−1∑
k=0

1(
(a+ k)

2)s/2 ,
ζ (s, a− n) = ζ (s, a) +

n−1∑
k=0

1(
(a+ k − n)

2)s/2 .
3.1.1. Γ (ϕ (x))

No. f (x) F (s)

1
ax

Γ (x+ b)
a1−b µ (a, s− 1, b− 1) [a, Re b, Re s > 0]

2 ln

√
xΓ (x)

Γ
(
x+ 1

2

) sec (sπ/2)

(2π)
s

(
1− 2−s−1

)
Γ (s) ζ (s+ 1) [0 < Re s < 1]

3
xcax

Γ (x+ b+ 1)
a−b Γ (s+ c)µ (a, s+ c− 1, b) [Re (s+ c) > 0]
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No. f (x) F (s)

4
θ (1− x)

Γ (1− lnx)
ν (e−s)

5
θ (1− x)

Γ (b− lnx+ 1)
ebsν (e−s, b)

6
θ (1− x) (− lnx)

c

Γ (b− lnx+ 1)
Γ (c+ 1) ebsµ (e−s, c, b)

3.1.2. ψ (ax+ b)

1 ψ (x+ 1) + C − π

sin (sπ)
ζ (1− s) [−1 < Re s < 0]

2 ψ (x+ a)− ψ (x+ b)
π

sin (sπ)
[ζ (1− s, b)− ζ (1− s, a)] [a, b > 0; 0 < Re s < 1]

3 lnx− ψ (x+ 1)
π

sin (sπ)
ζ (1− s) [0 < Re s < 1]

4 lnx− ψ
(
x+

1

2

)
21−s − 1

sin (sπ)
ζ (s) [0 < Re s < 1]

5 ln (x+ 1)− ψ (x+ 1)
π

sin (sπ)

[
ζ (1− s) +

1

s

]
[0 < Re s < 1]

3.1.3. ψ(n) (ax+ b)

1
1

x
− ψ′ (x+ 1)

π (s− 1)

sin (sπ)
ζ (2− s) [1 < Re s < 2]

2
1

x+ 1
− ψ′ (x+ 1)

π (s− 1)

sin (sπ)

[
ζ (2− s) +

1

s− 1

]
[0 < Re s < 2]

3 ψ(n) (x+ 1)
(−1)

n−1
π

sin (sπ)
(1− s)n ζ (1− s+ n) [0 < Re s < n]

3.1.4. ζ (ν, ax+ b)

1 ζ (ν, ax+ b) a−s B (s, ν − s) ζ (ν − s, b) [Re ν, Re b > 0; 0 < Re s < Re ν − 1]

2 ζ (ν, x)− 1

xν
B (s, ν − s) ζ (ν − s) [0 < Re s < Re ν − 1]
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3.2. The Polylogarithm Lin (z)

More formulas can be obtained from the corresponding sections due to the relations

Lin (z) = z n+1Fn (1, 1, . . . , 1; 2, 2, . . . , 2; z) ,

Lin (−z) = −G1, n+1
n+1, n+1

(
z

∣∣∣∣ 1, 1, . . . , 1

1, 0, . . . , 0

)
.

3.2.1. Lin (bx) and algebraic functions

No. f (x) F (s)

1 θ (a− x) Li2

(x
a

) as

s2

[
π2s

6
− ψ (s+ 1)−C

]
[a > 0; Re s > −1]

2 Lin (−ax) (−1)
n π csc (sπ)

assn
[−1 < Re s < 0; |arg a| < π]

3 θ (a− x) Lin (−bx)
as+1 b

s (s+ 1)
n+1Fn

(
1, 1, . . . , 1, s+ 1

2, . . . , 2, s+ 2; −ab

)
− as+1b

s
n+1Fn

(
1, 1, . . . , 1

2, . . . , 2; −ab

)
[a > 0; Re s > −1; |arg b| < π]

4 (a− x)
α−1
+ Lin (−bx) −as+αb B (α, s+ 1) n+2Fn+1

(
1, 1, . . . , 1, s+ 1; −ab

2, . . . , 2, s+ α+ 1

)
[a, Reα > 0; Re s > −1; |arg b| < π]

5 (x− a)
α−1
+ Lin (−bx) −as+αb B (α, −s− α) n+2Fn+1

(
1, 1, . . . , 1, s+ 1; −ab

2, . . . , 2, s+ α+ 1

)
+ (−1)

n+1 π csc [(s+ α)π]

bs+α−1 (s+ α− 1)
n

× n+1Fn

(
1− α, 1− s− α, . . . , 1− s− α
2− s− α, . . . , 2− s− α; −ab

)
[a, Reα > 0; Re (s+ α) < 1; |arg b| < π]

6
1

(x+ a)
ρ Lin (−bx) −as−ρ+1 b B (s+ 1, ρ− s− 1)

× n+2Fn+1

(
1, 1, . . . , 1, s+ 1; ab

2, . . . , 2, s− ρ+ 2

)
+

π bρ−s

(ρ− s)n

× csc [(s− ρ)π] n+1Fn

(
ρ, ρ− s, . . . , ρ− s; ab
ρ− s+ 1, . . . , ρ− s+ 1

)
[−1 < Re s < Re ρ; |arg a|, |arg b| < π]
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No. f (x) F (s)

7
1

x− a
Lin (−bx) πasb cot (sπ) n+1Fn

(
1, 1, . . . , 1; −ab

2, 2, . . . , 2

)
− π b1−s

(1− s)n
csc (sπ) n+1Fn

(
1, 1− s, . . . , 1− s; −ab

2− s, . . . , 2− s

)
[a > 0; |Re s| < 1; |arg b| < π]

8 (a− x)
α−1
+ Li2

(
−bx2

)
−as+α+1bB (α, s+ 2) 5F4

(
1, 1, 1, s+2

2 , s+3
2 ; −a2b

2, 2, s+α+2
2 , s+α+3

2

)
[a, Reα > 0; Re s > −2]

9
1

(x+ a)
ρ Li2

(
b

x+ a

)
as−ρ−1bB (s, 1− s+ ρ) 4F3

(
1, 1, 1, 1− s+ ρ

2, 2, ρ+ 1; b
a

)
[0 < Re s < Re ρ+ 1; |arg a| < π]

10
1

(x+ a)
ρ Li2

(
bx

x+ a

)
as−ρbB (s+ 1, ρ− s) 4F3

(
1, 1, 1, s+ 1

2, 2, ρ+ 1; b

)
[−1 < Re s < Re ρ; |arg a| < π]

11 (a− x)
α−1
+ Li2 (bx (a− x)) as+α+1 b B(s+ 1, α+ 1) 5F4

(
1, 1, 1, s+ 1, α+ 1; a2b

4

2, 2, s+α+2
2 , s+α+3

2

)
[
a > 0; Re s, Reα > −1; |arg

(
4− a2b

)
| < π

]

3.2.2. Lin (bx) and the logarithmic or inverse trigonometric functions

1 θ (a− x) ln

√
a+
√
a− x√
x

√
π as+1b

2s (s+ 1)
Γ

[
s

2s+3
2

][
3F2

(
1, s+ 1, s+ 1
2s+3
2 , s+ 2; ab

)
× Li2 (bx) − (s+ 1) 3F2

(
1, 1, s+ 1

2, 2s+3
2 ; ab

)
+ s (s+ 1) 4F3

(
1, 1, 1, s+ 1

2, 2, 2s+3
2 ; ab

)]
[a > 0; Re s > −2; |arg (1− ab)| < π]

2 θ (a− x) arccos

√
x

a

√
π as+1b

2s2 (s+ 1)
Γ

[ 2s+3
2

s+ 2

][
3F2

(
1, s+ 1, 2s+3

2

s+ 2, s+ 2; ab

)
× Li2 (bx) − (s+ 1) 3F2

(
1, 1, s+ 1

2, 2s+3
2 ; ab

)
+ s (s+ 1) 4F3

(
1, 1, 1, 2s+3

2

2, 2, s+ 2; ab

)]
[a > 0; Re s > −1; |arg (1− ab)| < π]
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3.3. The Exponential Integral Ei (z)

More formulas can be obtained from the corresponding sections due to the relations

Ei (z) = −ez Ψ (1; 1; −z) +
1

2

(
ln z − ln

1

z

)
− ln (−z) ,

Ei (z) = z 2F2 (1, 1; 2, 2; z) +
1

2

(
ln z − ln

1

z

)
+ C,

Ei (−z) = −G20
12

(
z

∣∣∣∣ 1

0, 0

)
, Ei (−z) = −e−zG21

12

(
z

∣∣∣∣ 0

0, 0

)
.

3.3.1. Ei (ϕ (x)) and algebraic functions

No. f (x) F (s)

1 Ei (−ax) −a
−s

s
Γ (s) [a, Re s > 0]

2 Ei (−ax− b) −
(
b

a

)s
Γ (s) Γ (−s, b) [a, Re s > 0; |arg b| < π]

3 (a− x)
α−1
+ Ei (−bx) −as+αbB (s+ 1, α) 3F3

(
s+ 1, 1, 1; −ab
s+ α+ 1, 2, 2

)
+ as+α−1 B (s, α) [ψ (s)− ψ (s+ α) + ln (ab) + C]

[a, Reα, Re s > 0; |arg b| < π]

4 (x− a)
α−1
+ Ei (−bx) −as+αbB (α, −s− α) 3F3

(
1, 1, s+ 1; −ab
2, 2, s+ α+ 1

)
− b−s−α+1 Γ (s+ α− 1)

s+ α− 1
2F2

(
1− α, 1− s− α; −ab
2− s− α, 2− s− α

)
+ as+α−1 B (α, 1− s− α) [ψ (1− s)− ψ (1− s− α) + ln (ab) + C]

[a, Re b, Reα > 0; Re (s+ α) < 1]

5
1

(x+ a)
ρ Ei (−bx) −as−ρ+1 bB (s+ 1, ρ− s− 1) 3F3

(
1, 1, s+ 1; ab

2, 2, s− ρ+ 2

)
+
bρ−s Γ (s− ρ)

ρ− s 2F2

(
ρ, ρ− s; ab

ρ− s+ 1, ρ− s+ 1

)
+ as−ρ B (s, ρ− s) [ψ (s)− ψ(ρ− s) + ln (ab) + C]

[Re b > 0; 0 < Re s < ρ; |arg a| < π]

6
1

x+ a
Ei (−bx) −b

1−s Γ (s− 1)

s− 1
2F2

(
1, 1− s; ab
2− s, 2− s

)
− πas−1 csc (sπ)

[
π cot (sπ) + Γ (0, −ab) + ln

1

a
+ ln (−a)

]
[Re b > 0; 0 < Re s < 1; |arg a| < π]
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No. f (x) F (s)

7
1

x− a
Ei (−bx) πas−1 cot (sπ) [2π csc (2sπ)− Ei (−ab)] +

b1−s

1− s
Γ (s− 1)

× 2F2

(
1, 1− s; −ab
2− s, 2− s

)
[a, Re b > 0; 0 < Re s < 1]

8
(
a2 − x2

)α−1
+

Ei (−bx)
as+2αb2

8
B

(
α,

s+ 2

2

)
3F4

(
1, 1, s+2

2 ; a2b2

4
3
2 , 2, 2, s+2α+2

2

)
− as+2α−1b

2
B

(
α,

s+ 1

2

)
2F3

( 1
2 ,

s+1
2 ; a2b2

4
3
2 ,

3
2 ,

s+2α+1
2

)
+
as+2α−2

2
B
(
α,

s

2

)[1

2
ψ
(s

2

)
− 1

2
ψ

(
s+ 2α

2

)
+ ln (ab) + C

]
[a, Reα, Re s > 0; |arg b| < π]

9
(
x2 − a2

)α−1
+

Ei (−bx)
as+2αb2

8
B

(
α, −s+ 2α

2

)
3F4

(
1, 1, s+2

2 ; a2b2

4
3
2 , 2, 2, s+2α+2

2

)
− as+2α−1b

2
B

(
α, −s+ 2α− 1

2

)
2F3

( 1
2 ,

s+1
2 ; a2b2

4
3
2 ,

3
2 ,

s+2α+1
2

)
− Γ (s+ 2α− 2)

s+ 2α− 2
b−s−2α+2

2F3

(
1− α, − s+2α−2

2 ; a2b2

4

− s+2α−3
2 , − s+2α−4

2 , − s+2α−4
2

)
+
as+2α−2

2
B

(
α, −s+ 2α− 2

2

)[
−1

2
ψ

(
−s+ 2α− 2

2

)
+ ln (ab)

+
1

2
ψ

(
−s− 2

2

)
+ C

]
[a, Re b, Reα > 0; Re (s+ 2α) < 2]

3.3.2. Ei (ϕ (x)) and the exponential function

1 e±ax Ei (∓ax) − π

as

{
csc (sπ)

cot (sπ)

}
Γ (s) [a > 0; 0 < Re s < 1]

2 e−ax Ei (−bx) − Γ (s)

s (a+ b)
s 2F1

(
1, s; a

a+b

s+ 1

)
[Re (a+ b) , Re s > 0; |arg b| < π]

3 e−ax Ei (bx) − π

as
cot (sπ) Γ (s) +

Γ (s− 1)

b (a− b)s−1
2F1

(
1, 1; b−a

b

2− s

)
[Re a > b > 0; Re s > 0]

4 e−a/x Ei (−bx) as Γ (−s)
[
ab

s+ 1
2F3

(
1, 1; ab

2, 2, s+ 2

)
− ψ (−s) + ln (ab) + C

]
− b−s

s
Γ (s) 1F2

(
−s; ab

1− s, 1− s

)
[Re a, Re b > 0]
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No. f (x) F (s)

5 e−a
√
x Ei (−bx)

2a

(2s+ 1) bs+1/2
Γ

(
2s+ 1

2

)
2F2

( 2s+1
2 , 2s+1

2
3
2 ,

2s+3
2 ; a2

4b

)
− Γ (s)

sbs
2F2

(
s, s; a2

4b
1
2 , s+ 1

)

(
Re b, Re s > 0

)
or
(
Re b = 0; Re a, Re s > 0

)
or(

Re b = Re a = 0; 0 < Re s < 2
)
;
(
Im b = 0 or(

Im b 6= 0; Re a > 0
)

or
(
Im b 6= 0; Re a = 0; 2 Re s < 1

))


6 eax Ei (−ax− b) − πa−s

sin (sπ)
Γ (s, b) [0 < Re s < 1]

7 eax
[
Ei (−2ax)

a−s

2
Γ (s)

[
ψ

(
2− s

2

)
− ψ

(
1− s

2

)]
[0 < Re s < 1; |arg a| < π]

− Ei (−ax)
]

8 ebx Ei (−u+) −
√
π a(s+1)/2

(
b

2

)(1−s)/2

cot
sπ

2
Γ
(s

2

)
K(s+1)/2 (ab)

+ e−bx Ei (u−) [b, Re a > 0; 0 < Re s < 1]

u± = b
(√
x2 + a2 ± a

)

3.3.3. Ei (bx) and hyperbolic or trigonometric functions

Notation: δ =

{
1

0

}
.

1

{
sin (ax)

cos (ax)

}
Ei (−bx) − aδ

(s+ δ) bs+δ
Γ (s+ δ) 3F2

( s+δ
2 , s+δ2 , s+δ+1

2
2δ+1

2 , s+δ+2
2 ; −a2b2

)
[a, b > 0; Re s > −δ]

2

{
sin (a

√
x)

cos (a
√
x)

}
Ei (−bx) − 2aδ

(2s+ δ) bs+δ/2
Γ

(
2s+ δ

2

)
2F2

( 2s+δ
2 , 2s+δ

2 ; −a
2

4b
2δ+1

2 , 2s+δ+2
2

)
[Re a, Re (a+ b) , Re s > 0]

3 ebx sin (ax) Ei (−bx)
a1−s

b
Γ (s− 1) cos

sπ

2
3F2

( 1
2 , 1, 1; −a

2

b2

2−s
2 , 3−s

2

)
− a2−s

b2
Γ (s− 2) sin

sπ

2
3F2

(
1, 1, 3

2 ; −a
2

b2

3−s
2 , 4−s

2

)
+

π csc (sπ)

(a2 + b2)
s/2

Γ (s) sin
(
s arctan

a

b

)
[a > 0; − 1 < Re s < 2; |arg b| < π]
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No. f (x) F (s)

4 e−bx sin (ax) Ei (bx)
πa1−s

2bΓ (2− s)
csc

sπ

2
3F2

( 1
2 , 1, 1; −a

2

b2

2−s
2 , 3−s

2

)
− πa2−s

2b2 Γ (3− s)
sec

sπ

2
3F2

(
1, 1, 3

2 ; −a
2

b2

3−s
2 , 4−s

2

)
− π cot (sπ)

(a2 + b2)
s/2

Γ (s) sin
(
s arctan

a

b

)
[a, b > 0; − 1 < Re s < 2]

5 ebx cos (ax) Ei (−bx) −a
1−s

b
Γ (s− 1) sin

sπ

2
3F2

( 1
2 , 1, 1; −a

2

b2

2−s
2 , 3−s

2

)
− a2−s

b2
Γ (s− 2) cos

sπ

2
3F2

(
1, 1, 3

2 ; −a
2

b2

3−s
2 , 4−s

2

)
− π csc (sπ)

(a2 + b2)
s/2

Γ (s) cos
(
s arctan

a

b

)
[a > 0; 0 < Re s < 2; |arg b| < π]

6 e−bx cos (ax) Ei (bx) − πa1−s

2bΓ (2− s)
sec

sπ

2
3F2

( 1
2 , 1, 1; −a

2

b2

2−s
2 , 3−s

2

)
− πa2−s

2b2 Γ (3− s)
csc

sπ

2
3F2

(
1, 1, 3

2 ; −a
2

b2

3−s
2 , 4−s

2

)
− π cot (sπ)

(a2 + b2)
s/2

Γ (s) cos
(
s arctan

a

b

)
[a, b > 0; 0 < Re s < 2]

7

{
sin (ax) sinh (ax)

cos (ax) cosh (ax)

}
− a2δ

bs+2δ (s+ 2δ)
Γ (s+ 2δ) 5F4

( s+2δ
4 , ∆ (4, s+ 2δ) ; − 4a4

b4

2δ+1
4 , 2δ+3

4 , 2δ+1
2 , s+2δ+4

4

)
× Ei (−bx) [a, b > 0; Re s > −2δ]

8

{
cos (ax) sinh (ax)

sin (ax) cosh (ax)

}
± a

3b−s−3

3 (s+ 3)
Γ (s+ 3) 5F4

( s+3
4 , ∆ (4, s+ 3)

5
4 ,

3
2 ,

7
4 ,

s+7
4 ; − 4a4

b4

)
× Ei (−bx) − ab−s−1

s+ 1
Γ (s+ 1) 5F4

( s+1
4 , ∆ (4, s+ 1)

1
2 ,

3
4 ,

5
4 ,

s+5
4 ; − 4a4

b4

)
[a, b > 0; Re s > −1]

3.3.4. eax lnn xEi (bx)

1 ln (ax) Ei (−bx)
b−s

s
Γ (s)

[
ln
b

a
− ψ (s) +

1

s

]
[Re a, Re b, Re s > 0]
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No. f (x) F (s)

2 lnn xEi (−ax) − dn

dsn

[
Γ (s)

ass

]
[Re a, Re s > 0]

3 eax lnxEi (−ax)
πΓ (s)

as sin (sπ)
[π cot (sπ)− ψ (s) + ln a] [0 < Re s < 1; |arg a| < π]

4 e−ax lnxEi (−bx)
Γ (s)

(a+ b)
s

[
[ln (a+ b)− ψ (s)] Φ

(
a

a+ b
, 1, s

)
+ Φ

(
a

a+ b
, 2, s

)]
[Re (a+ b) , Re s > 0; |arg b| < π]

5 e−ax lnn xEi (−bx) − dn

dsn

[
Γ (s)

(a+ b)
s Φ

(
a

a+ b
, 1, s

)]
[Re (a+ b) , Re s > 0; |arg b| < π]

6 e±ax lnn xEi (∓ax) −π dn

dsn

[
Γ (s)

as

{
csc (sπ)

cot (sπ)

}] [
0 < Re s < 1;

{
|arg a| < π

a > 0

}]

3.3.5. Products of Ei (ax)

1 Ei2 (−ax)
a−sΓ (s)

2s−1s
Φ

(
1

2
, 1, s

)
[a, Re s > 0]

2 Ei (−ax) Ei (−bx)
Γ (s)

as

[
bs

a (s+ 1)
4F3

(
1, 1, s+ 1, s+ 1

2, 2, s+ 2; − b
a

)
+

1

s

(
1

s
− ψ (s)−C + ln

a

b

)]
[a+ b, Re s > 0]

3 eax Ei2 (−ax)
Γ (s)

2as

[
4π2 cos (sπ)

sin2 (sπ)
+ ψ′

(
1− s

2

)
− ψ′

(
2− s

2

)]
[a, Re s > 0]

4 e−ax Ei (−bx) Ei (bx)
π

sbs
cot

sπ

2
Γ (s) 3F2

( s
2 ,

s
2 ,

s+1
2

1
2 ,

s+2
2 ; a2

b2

)
+

πa

(s+ 1) bs+1
tan

sπ

2
Γ (s+ 1)

× 2F1

( s+1
2 , s+1

2 , s+2
2

3
2 ,

s+3
2 ; a2

b2

)
− a2−s Γ (s− 2)

b2
4F3

(
1, 1, 1, 3

2 ; a2

b2

2, 3−s
2 , 4−s

2

)
[b, Re a, Re s > 0]

5 ln (ax) Ei2 (−bx)
21−sb−s

s
Γ (s)

{
2

s

[
ψ (s)− 1

s
− ln 2

]
2F1

(
1, 1; −1

s+ 1

)
+ ln

a

b
Φ

(
1

2
, 1, s

)
− Φ

(
1

2
, 2, s

)}
[b, Re a, Re s > 0]
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3.4. The Sine si (z), Si (z), and Cosine ci (z) Integrals

More formulas can be obtained from the corresponding sections due to the relations

si (z) = Si (z)− π

2
; ci (z) =

1

2
[Ei (−iz) + Ei (iz)] , [Re z > 0] ;

si (z) = −π
2

(√
z2

z
+ 1

)
+
i

2
[Ei (−iz)− Ei (iz)] , [Re z 6= 0] ;

Si (z) = z 1F2

(
1

2
;

3

2
,

3

2
; −z

2

4

)
,

ci (z) = −z
2

4
2F3

(
1, 1; 2, 2,

3

2
; −z

2

4

)
+ ln z + C,

ci (z) = −
√
π

2
G20

13

(
z2

4

∣∣∣∣ 1

0, 0, 1/2

)
− ln z2

2
+ ln z,

Si (z) =

√
πz2

2z

[√
π −G20

13

(
z2

4

∣∣∣∣ 1

0, 1/2, 0

)]
, Si (z) =

√
πz2

2z
G11

13

(
z2

4

∣∣∣∣ 1

1/2, 0, 0

)
,

Si (z) =

√
π z

4
G11

13

(
z2

4

∣∣∣∣ 1/2

0, −1/2, −1/2

)
.

3.4.1. si (ax), Si (ax), and ci (ax)

No. f (x) F (s)

1 si (ax) −Γ (s)

ass
sin

sπ

2
[a > 0; 0 < Re s < 2]

2 ci (ax) −Γ (s)

ass
cos

sπ

2
[a > 0; 0 < Re s < 2]

3 Si (ax) −Γ (s)

ass
sin

sπ

2
[a > 0; −1 < Re s < 0]

3.4.2. si (bx), ci (bx), and algebraic functions

1 (a− x)
α−1
+ si (bx) as+αbB (α, s+ 1) 3F4

( 1
2 ,

s+1
2 , s+2

2 ; −a
2b2

4
3
2 ,

3
2 ,

s+α+1
2 , s+α+2

2

)
− π

2
as+α−1 B (α, s)

[a, b, Reα, Re s > 0]

2 (a− x)
α−1
+ ci (bx) −a

s+α+1b2

4
B (α, s+ 2) 4F5

(
1, 1, s+2

2 , s+3
2 ; −a

2b2

4
3
2 , 2, 2, s+α+2

2 , s+α+3
2

)
+ as+α−1 B (α, s)

[
ψ (s)− ψ (s+ α) + log (ab) + C

]
[a, b, Reα, Re s > 0]
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No. f (x) F (s)

3
(
a2 − x2

)α−1
+

si (bx)
as+2α−1b

2
B

(
α,

s+ 1

2

)
2F3

( 1
2 ,

s+1
2 ; −a

2b2

4
3
2 ,

3
2 ,

s+2α+1
2

)
− πas+2α−2

4
B
(
α,

s

2

)
[a, b, Reα, Re s > 0]

4
(
a2 − x2

)α−1
+

ci (bx) −a
s+2αb2

8
B

(
α,

s+ 2

2

)
3F4

(
1, 1, s+2

2 ; −a
2b2

4
3
2 , 2, 2, s+2α+2

2

)
+
as+2α−2

2
B
(
α,

s

2

)[1

2
ψ
(s

2

)
− 1

2
ψ

(
s+ 2α

2

)
+ ln (ab) + C

]
[a, b, Reα, Re s > 0]

5
1

(x2 + a2)ρ
si (bx) −a

s−2ρ+3b3

36
B

(
s+ 3

2
,

2ρ− s− 3

2

)
3F4

(
1, 3

2 ,
s+3
2 ; a2b2

4

2, 5
2 ,

5
2 ,

s−2ρ+5
2

)
+
as−2ρ+1b

2
B

(
s+ 1

2
,

2ρ− s− 1

2

)
− πas−2ρ

4
B

(
s

2
,

2ρ− s
2

)
+

b2ρ−s

2ρ− s
Γ (s− 2ρ)

× sin
(s− 2ρ)π

2
2F3

(
ρ, 2ρ−s

2 ; a2b2

4
2ρ−s+1

2 , 2ρ−s+2
2 , 2ρ−s+2

2

)
[b, Re a > 0; 0 < Re s < 2 Re ρ+ 2]

6
1

(x2 + a2)
ρ ci (bx) −a

s−2ρ+2b2

8
B

(
s+ 2

2
,

2ρ− s− 2

2

)
3F4

(
1, 1, s+2

2 ; a2b2

4
3
2 , 2, 2, s−2ρ+4

2

)
+
as−2ρ

2
B

(
s

2
,

2ρ− s
2

)[
1

2
ψ
(s

2

)
− 1

2
ψ

(
2ρ− s

2

)
+ ln (ab) + C

]
+

b2ρ−s

2ρ− s
Γ (s− 2ρ) cos

(s− 2ρ)π

2
2F3

(
ρ, 2ρ−s

2 ; a2b2

4
2ρ−s+1

2 , 2ρ−s+2
2 , 2ρ−s+2

2

)
[b, Re a > 0; 0 < Re s < 2 Re ρ+ 2]

7
1

x2 − a2
si (bx) − πb2−s

2 (2− s) Γ (3− s)
sec

sπ

2
2F3

(
1, 2−s

2 ; −a
2b2

4
3−s
2 , 4−s

2 , 4−s
2

)
+
πas−2

2
tan

sπ

2
Si (ab) +

π2as−2

4
cot

sπ

2

[a, b > 0; 0 < Re s < 4]

8
1

x2 − a2
ci (bx) − πb2−s

2 (2− s) Γ (3− s)
csc

sπ

2
2F3

(
1, 2−s

2 ; −a
2b2

4
3−s
2 , 4−s

2 , 4−s
2

)
− πas−2

2
cot

sπ

2
ci (ab) +

π2as−2

4
csc2

sπ

2

[a, b > 0; 0 < Re s < 4]
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No. f (x) F (s)

9
1

(x+ a)
ρ Si

(
b

x+ a

)
as−ρ−1bB (s, 1− s+ ρ) 3F4

( 1
2 ,

1−s+ρ
2 , 2−s+ρ

2 ; − b2

4a2

3
2 ,

3
2 ,

ρ+1
2 , ρ+2

2

)
[0 < Re s < Re ρ+ 1; |arg a| < π]

10
1

(x+ a)
ρ Si

(
bx

x+ a

)
as−ρbB (s+ 1, ρ− s) 3F4

( 1
2 ,

s+1
2 , s+2

2 ; − b
2

4
3
2 ,

3
2 ,

ρ+1
2 , ρ+2

2

)
[−1 < Re s < Re ρ; |arg a| < π]

11
1

(x2 + a2)
ρ

as−2ρ−1b

2
B

(
s+ 1

2
,

1− s+ 2ρ

2

)
3F4

( 1
2 ,

s+1
2 , 1−s+2ρ

2 ; − b2

16a2

3
2 ,

3
2 ,

ρ+1
2 , ρ+2

2

)
× Si

(
bx

x2 + a2

)
[Re a > 0; −1 < Re s < 2 Re ρ+ 1]

3.4.3. si (bx), ci (bx), and the exponential function

1 e−ax
{

si (bx)

ci (bx)

}
± aΓ (s+ 1)

bs+1 (s+ 1)

{
cos (sπ/2)

sin (sπ/2)

}
3F2

( s+1
2 , s+1

2 , s+2
2

3
2 ,

s+3
2 ; −a2b2

)
− Γ (s)

bss

{
sin (sπ/2)

cos (sπ/2)

}
3F2

( s
2 ,

s
2 ,

s+1
2

1
2 ,

s+2
2 ; −a2b2

)
[b, Re a, Re s > 0]

2 e−ax
2

si (bx) − b3

36a(s+3)/2
Γ

(
s+ 3

2

)
3F3

(
1, 3

2 ,
s+3
2

2, 5
2 ,

5
2 ; − b2

4a

)
+

b

2a(s+1)/2
Γ

(
s+ 1

2

)
− π

4as/2
Γ
(s

2

)
[b, Re a, Re s > 0]

3 e−ax
2

ci (bx) − b2

8a(s+2)/2
Γ

(
s+ 2

2

)
3F3

(
1, 1, s+2

2
3
2 , 2, 2; − b2

4a

)
+

Γ (s/2)

4as/2

[
ψ
(s

2

)
+ ln

b2

a
+ 2C

]
[b, Re a, Re s > 0]

3.4.4. si (bx), ci (bx), and trigonometric functions

1 sin (ax) si (bx)
bΓ (s+ 1)

as+1
cos

sπ

2
3F2

( 1
2 ,

s+1
2 , s+2

2
3
2 ,

3
2 ; b2

a2

)
− πΓ (s)

2as
sin

sπ

2

[0 < b < a; −1 < Re s < 2]

2 sin (ax) si (bx) − aΓ (s+ 1)

bs+1 (s+ 1)
cos

sπ

2
3F2

( s+1
2 , s+1

2 , s+2
2

3
2 ,

s+3
2 ; a2

b2

)
[0 < a < b; −1 < Re s < 2]
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No. f (x) F (s)

3 sin (ax) ci (bx)
b2Γ (s+ 2)

4as+2
sin

sπ

2
4F3

(
1, 1, s+2

2 , s+3
2

3
2 , 2, 2; b2

a2

)
+

Γ (s)

as
sin

sπ

2

[
C + ψ (s) +

π

2
cot

sπ

2
+ ln

b

a

]
[0 < b < a; − 1 < Re s < 2]

4 sin (ax) ci (bx)
aΓ (s+ 1)

bs+1 (s+ 1)
sin

sπ

2
3F2

( s+1
2 , s+1

2 , s+2
2

3
2 ,

s+3
2 ; a2

b2

)
[0 < a < b; − 1 < Re s < 2]

5 cos (ax) si (bx) −bΓ (s+ 1)

as+1
sin

sπ

2
3F2

( 1
2 ,

s+1
2 , s+2

2
3
2 ,

3
2 ; b2

a2

)
− πΓ (s)

2as
cos

sπ

2

[0 < b < a; 0 < Re s < 2]

6 cos (ax) si (bx) −Γ (s)

bss
sin

sπ

2
3F2

( s
2 ,

s
2 ,

s+1
2

1
2 ,

s+2
2 ; a2

b2

)
[0 < a < b; 0 < Re s < 2]

7 cos (ax) ci (bx)
b2Γ (s+ 2)

4as+2
cos

sπ

2
4F3

(
1, 1, s+2

2 , s+3
2

3
2 , 2, 2; b2

a2

)
+

Γ (s)

as
cos

sπ

2

[
C + ψ (s)− π

2
tan

sπ

2
+ ln

b

a

]
[0 < b < a; 0 < Re s < 2]

8 cos (ax) ci (bx) −Γ (s)

bss
cos

sπ

2
3F2

( s
2 ,

s
2 ,

s+1
2

1
2 ,

s+2
2 ; a2

b2

)
[0 < a < b; 0 < Re s < 2]

9 sin (ax) ci (ax)
π

2as
Γ (s) sec

sπ

2
[a > 0; 0 < Re s < 1]

− cos (ax) si (ax)

10 cos (ax) ci (ax) − π

2as
Γ (s) csc

sπ

2
[a > 0; 0 < Re s < 2]

+ sin (ax) si (ax)

11 cos (ax) ci (ax) − π

2as
cos

sπ

2
cot

sπ

2
Γ (s) [a > 0; 0 < Re s < 1]

+ sin (ax) Si (ax)

12 sin (ax) ci (ax)
π

2as
sin

sπ

2
tan

sπ

2
Γ (s) [a > 0; −1 < Re s < 1]

− cos (ax) Si (ax)
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No. f (x) F (s)

13 sin
(
b
√
x2 + a2

)
− πa(s+1)/2

2(s+3)/2b(s−1)/2
csc

sπ

2
Γ (s) Γ

(
1− s

2

)
J−(s+1)/2 (ab)

× si
(
b
√
x2 + a2

)
− 2(s−5)/2π3/2a(s+1)/2

b(s−1)/2
Γ
(s

2

)[
sec

sπ

2
J(s+1)/2 (ab)

+ cos
(
b
√
x2 + a2

)
+ csc

sπ

2
H(s+1)/2 (ab)

]
+
πas

2s
csc

sπ

2

× ci
(
b
√
x2 + a2

)
[a, b > 0; 0 < Re s < 2]

14 e−ax [sin (bx) ci (bx)
π Γ (s)

2bs
sec

sπ

2
2F1

( s
2 ,

s+1
2

1
2 ; −a2b2

)
+
πaΓ (s+ 1)

2bs+1
csc

sπ

2

− cos (bx) si (bx)] × 2F1

( s+1
2 , s+2

2
3
2 ; −a2b2

)
+

Γ (s− 1)

as−1b
3F2

( 1
2 , 1, 1

2−s
2 , 3−s

2 ; −a2b2

)
[b, Re a, Re s > 0]

15 e−ax [cos (bx) ci (bx)
πaΓ (s+ 1)

2bs+1
sec

sπ

2
2F1

( s+1
2 , s+2

2
3
2 ; −a2b2

)
− π Γ (s)

2bs
csc

sπ

2

+ sin (bx) si (bx)] × 2F1

( s
2 ,

s+1
2

1
2 ; −a2b2

)
− Γ (s− 2)

as−2b2
3F2

( 3
2 , 1, 1

3−s
2 , 4−s

2 ; −a2b2

)
[b, Re a, Re s > 0]

3.4.5. Si (bx) and the logarithmic or inverse trigonometric functions

1 θ (a− x) ln

√
a− x+

√
a√

x

√
π as+1b

2s
Γ

[
s+ 1
2s+3
2

] [
3F4

( 1
2 ,

s+1
2 , s+2

2 ; −a
2b2

4
3
2 ,

3
2 ,

2s+3
4 , 2s+5

4

)
× Si (bx) − 1

s+ 1
3F4

( s+1
2 , s+1

2 , s+2
2 ; −a

2b2

4
3
2 ,

2s+3
4 , 2s+5

4 , s+3
2

)]
[a > 0; Re s > −1]

2 θ (a− x) ln
a+
√
a2 − x2
x

√
π as+1b

2s (s+ 1)
Γ

[ s+1
2
s+2
2

][
(s+ 1) 2F3

( 1
2 ,

s+1
2 ; −a

2b2

4
3
2 ,

3
2 ,

s+2
2

)
× Si (bx) − 2F3

( s+1
2 , s+1

2 ; −a
2b2

4
3
2 ,

s+2
2 , s+3

2

)]
[a > 0; Re s > −1]

3 θ (a− x) arccos
x

a
Si (bx)

√
π as+1b

2 (s+ 1)
Γ

[ s+2
2
s+3
2

]
3F4

( 1
2 ,

s+1
2 , s+2

2 ; −a
2b2

4
3
2 ,

3
2 ,

s+3
2 , s+3

2

)
[a > 0; Re s > −1]
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3.4.6. Si (bx), si (bx), ci (bx), and Ei (−axr)

1 Ei (−ax) Si (bx) −bΓ (s)

as+1

[
3F2

( 1
2 ,

s+1
2 , s+2

2
3
2 ,

3
2 ; − b2

a2

)
− 1

s+ 1
3F2

( s+1
2 , s+1

2 , s+2
2

3
2 ,

s+3
2 ; − b2

a2

)]
[a, b > 0; Re s > −1]

2 Ei (−ax) si (bx)
b3Γ (s+ 3)

18as+3 (s+ 3)
5F4

(
1, 3

2 ,
s+3
2 , s+3

2 , s+4
2

2, 5
2 ,

5
2 ,

s+5
2 ; − b2

a2

)
− bΓ (s+ 1)

as+1 (s+ 1)
+
πΓ (s)

2ass

[b, Re a, Re s > 0]

3 Ei (−ax) ci (bx)
b2Γ (s+ 2)

4 as+2 (s+ 2)
5F4

(
1, 1, s+2

2 , s+2
2 , s+3

2

2, 2, 3
2 ,

s+4
2 ; − b2

a2

)
− Γ (s)

ass

[
ψ (s)− 1

s
+ ln

b

a
+ C

]
[b, Re a, Re s > 0]

4 Ei
(
−ax2

)
si (bx)

b3

18a(s+3)/2 (s+ 3)
Γ

(
s+ 3

2

)
4F4

(
1, 3

2 ,
s+3
2 , s+3

2

2, 5
2 ,

5
2 ,

s+5
2 ; − b2

4a

)
− b

a(s+1)/2 (s+ 1)
Γ

(
s+ 1

2

)
+

π

2as/2s
Γ
(s

2

)
[a, Re b, Re s > 0]

5 Ei
(
−ax2

)
ci (bx)

b2

4as/2+1 (s+ 2)
Γ

(
s+ 2

2

)
4F4

(
1, 1, s+2

2 , s+2
2

2, 2, 3
2 ,

s+4
2 ; − b2

4a

)
− Γ (s/2)

as/2s

[
1

2
ψ
(s

2

)
− 1

s
+ ln

b√
a

+ C

]
[b, Re a, Re s > 0]

3.4.7. si2 (bx) + ci2 (bx) and trigonometric functions

1 si2 (ax) + ci2 (ax)
πΓ (s)

ass
csc

sπ

2
[a > 0; 0 < Re s < 2]

2 sin (ax)
[
si2 (bx) −a

2−s Γ (s− 2)

b2
sin

sπ

2
4F3

(
1, 1, 1, 3

2 ; a2

b2

2, 3−s
2 , 4−s

2

)
+ ci2 (bx)

]
+
πaΓ (s+ 1)

bs+1 (s+ 1)
sec

sπ

2
3F2

( s+1
2 , s+1

2 , s+2
2

3
2 ,

s+3
2 ; a2

b2

)
[a, b > 0; − 1 < Re s < 2]

3 cos (ax)
[
si2 (bx) −a

2−s Γ (s− 2)

b2
cos

sπ

2
4F3

(
1, 1, 1, 3

2 ; a2

b2

2, 3−s
2 , 4−s

2

)
+ ci2 (bx)

]
+
π Γ (s)

bss
csc

sπ

2
3F2

( s
2 ,

s+1
2 , s2

1
2 ,

s+2
2 ; a2

b2

)
[a, b > 0; 0 < Re s < 2]
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3.4.8. Products of si (bx) and ci (bx)

1 si (ax) si (bx) −a
−s−1b

s+ 1
cos

sπ

2
Γ (s+ 1) 4F3

( 1
2 ,

s+1
2 , s+1

2 , s+2
2

3
2 ,

3
2 ,

s+3
2 ; b2

a2

)
+

π

2ass
sin

sπ

2
Γ (s)

[0 < b < a; 0 < Re s < 2]

2 si (ax) ci (bx) − a
−s−2b2

4 (s+ 2)
sin

sπ

2
Γ (s+ 2) 5F4

(
1 , 1 , s+2

2 , s+2
2 , s+3

2
3
2 , 2, 2, s+4

2 ; b2

a2

)
− Γ (s)

ass
sin

sπ

2

[
ψ (s) +

π

2
cot

sπ

2
− 1

s
+ ln

b

a
+ C

]
[0 < b < a; 0 < Re s < 2]

3 si (ax) ci (bx)
a3b−s−3

18 (s+ 3)
sin

sπ

2
Γ (s+ 3) 5F4

(
1, 3

2 ,
s+1
2 , s+1

2 , s+4
2

2, 5
2 ,

5
2 ,

s+5
2 ; a2

b2

)
+

a

bs+1 (s+ 1)
sin

sπ

2
Γ (s+ 1) +

π

2bss
cos

sπ

2
Γ (s)

[0 < a < b; 0 < Re s < 2]

4 ci (ax) ci (bx) − a
−s−2b2

4 (s+ 2)
cos

sπ

2
Γ (s+ 2) 5F4

(
1, 1, s+2

2 , s+2
2 , s+3

2
3
2 , 2, 2, s+4

2 ; b2

a2

)
− Γ (s)

ass
cos

sπ

2

[
ψ (s)− π

2
tan

sπ

2
− 1

s
+ ln

b

a
+ C

]
[0 < b < a; 0 < Re s < 2]

5
[
sin (x) ci (2x)

2−s−4

s
Γ (s)

{
π2s [3− cos (sπ)] sec

sπ

2
+ 4π [1 + cos (sπ)]

− cos (x) Si (2x)
]2 × csc

sπ

2
+ 4s cos

sπ

2

[
ψ′
(
s+ 1

2

)
− ψ′

(s
2

)]}
[−2 < Re s < 0]

6
[
sin (x) ci (2x) 2−s−3Γ (s)

{
π2

2
[cos (sπ) + 3] csc

sπ

2

− cos (x) Si (2x)
]

+ sin
sπ

2

[
3ψ′

(
s+ 1

2

)
− 4ψ′ (s)− ψ′

(s
2

)]}
×
[
cos (x) ci (2x) [−1 < Re s < 1]

+ sin (x) Si (2x)
]
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3.5. Hyperbolic Sine shi (z) and Cosine chi (z) Integrals

More formulas can be obtained from the corresponding sections due to the relations

shi (z) = −i Si (iz) , shi (z) = z 1F2

(
1

2
;

3

2
,

3

2
;
z2

4

)
,

chi (z) = ci (iz)− πi

2
, chi (z) =

z2

4
2F3

(
1, 1; 2, 2,

3

2
;
z2

4

)
+ ln z + C,

chi (z) = −
√
π

2
G20

13

(
−z

2

4

∣∣∣∣ 1

0, 0, 1/2

)
+

1

2

[
ln z − ln (−z)

]
.

3.5.1. shi (bx), chi (bx), and algebraic functions

No. f (x) F (s)

1 (a− x)
α−1
+ shi (bx) as+αbB (α, s+ 1) 3F4

( 1
2 ,

s+1
2 , s+2

2 ; a2b2

4
3
2 ,

3
2 ,

s+α+1
2 , s+α+2

2

)
[a, Reα, Re s > 0]

2 (a− x)
α−1
+ chi (bx)

as+α+1b2

4
B (α, s+ 2) 4F5

(
1, 1, s+2

2 , s+3
2 ; a2b2

4
3
2 , 2, 2, s+α+2

2 , s+α+3
2

)
+ as+α−1 B (α, s)

[
ψ (s)− ψ (s+ α) + log (ab) + C

]
[a, Reα, Re s > 0]

3
(
a2 − x2

)α−1
+

shi (bx)
as+2α−1b

2
B

(
α,

s+ 1

2

)
2F3

( 1
2 ,

s+1
2 ; a2b2

4
3
2 ,

3
2 ,

s+2α+1
2

)
[a, Reα, Re s > 0]

4
(
a2 − x2

)α−1
+

chi (bx)
as+2αb2

8
B

(
α,

s+ 2

2

)
3F4

(
1, 1, s+2

2 ; a2b2

4
3
2 , 2, 2, s+2α+2

2

)
+
as+2α−2

2
B
(
α,

s

2

)[1

2
ψ
(s

2

)
− 1

2
ψ

(
s+ 2α

2

)
+ ln (ab) + C

]
[a, Reα, Re s > 0]

5
1

(x+ a)
ρ shi

(
b

x+ a

)
as−ρ−1bB (s, 1− s+ ρ) 3F4

( 1
2 ,

1−s+ρ
2 , 2−s+ρ

2 ; b2

4a2

3
2 ,

3
2 ,

ρ+1
2 , ρ+2

2

)
[0 < Re s < Re ρ+ 1; |arg a| < π]

6
1

(x+ a)
ρ shi

(
bx

x+ a

)
as−ρbB (s+ 1, ρ− s) 3F4

( 1
2 ,

s+1
2 , s+2

2 ; b2

4
3
2 ,

3
2 ,

ρ+1
2 , ρ+2

2

)
[−1 < Re s < Re ρ; |arg a| < π]
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No. f (x) F (s)

7
1

(x2 + a2)
ρ shi

(
bx

x2 + a2

)
as−2ρ−1b

2
B

(
s+ 1

2
,

1− s+ 2ρ

2

)
3F4

( 1
2 ,

s+1
2 , 1−s+2ρ

2 ; b2

16a2

3
2 ,

3
2 ,

ρ+1
2 , ρ+2

2

)
[Re a > 0; −1 < Re s < 2 Re ρ+ 1]

3.5.2. shi (bx), chi (bx), and the exponential function

1 e−ax shi (bx)
b3

18 as+3
Γ (s+ 3) 4F3

(
1, 3

2 ,
s+3
2 , s+4

2

2, 5
2 ,

5
2 ; b2

a2

)
+

b

as+1
Γ (s+ 1)

[Re a > |Re b|; Re s > 0]

2 e−ax chi (bx)
b2

4as+2
Γ (s+ 2) 4F3

(
1, 1, s+2

2 , s+3
2

3
2 , 2, 2; b2

a2

)
+

Γ (s)

as

[
ψ (s) + ln

b

a
+ C

]
[Re a > |Re b|; Re s > 0]

3 e−ax
2

shi (bx)
b3

36a(s+3)/2
Γ

(
s+ 3

2

)
3F3

(
1, 3

2 ,
s+3
2

2, 5
2 ,

5
2 ; b2

4a

)
+

b

2a(s+1)/2
Γ

(
s+ 1

2

)
[Re a, Re s > 0; |arg b| < π]

4 e−ax
2

chi (bx)
b2

8as/2+1
Γ

(
s+ 2

2

)
3F3

(
1, 1, s+2

2
3
2 , 2, 2; b2

4a

)
+

1

2as/2
Γ

(
s

2

)[
1

2
ψ
(s

2

)
+ ln

b√
a

+ C

]
[Re a, Re s > 0; |arg b| < π]

3.5.3. shi (bx) and the logarithmic or inverse trigonometric functions

1 θ (a− x) ln

√
a− x+

√
a√

x

√
π as+1b

2s
Γ

[
s+ 1
2s+3
2

] [
3F4

( 1
2 ,

s+1
2 , s+2

2 ; a2b2

4
3
2 ,

3
2 ,

2s+3
4 , 2s+5

4

)
× shi (bx) − 1

s+ 1
3F4

( s+1
2 , s+1

2 , s+2
2 ; a2b2

4
3
2 ,

2s+3
4 , 2s+5

4 , s+3
2

)]
[a > 0; Re s > −1]

2 θ (a− x) arccos
x

a
shi (bx)

√
π as+1b

2 (s+ 1)
Γ

[ s+2
2
s+3
2

]
3F4

( 1
2 ,

s+1
2 , s+2

2 ; a2b2

4
3
2 ,

3
2 ,

s+3
2 , s+3

2

)
[a > 0; Re s > −1]
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3.6. erf (z), erfc (z), and erfi (z)

More formulas can be obtained from the corresponding sections due to the relations{
erf (z)

erfc (z)

}
=

1√
π

{
γ
(
1/2, z2

)
Γ (1/2, z2)

}
,

{
erf (z)

erfi (z)

}
=

2z√
π

1F1

(
1

2
;

3

2
; ∓z2

)
,{

erf (z)

erfi (z)

}
=

z√
±z2

[
1− e−z

2

√
π

Ψ

(
1

2
;

1

2
; ±z2

)]
, erf (z) = −i erfi (iz) = 1− erfc (z) ,

erfc (z) =
z√
z2

[
e−z

2

√
π

Ψ

(
1

2
;

1

2
; z2
)
− 1

]
+ 1, erfc (z) = 1− 2z√

π
1F1

(
1

2
;

3

2
; −z2

)
,

erf (z) =

√
2 z√
−iz2

[
C
(
−iz2

)
− iS

(
−iz2

)]
,

erf (z) =
z√
πz2

G11
12

(
z2
∣∣∣∣ 1

1/2, 0

)
, erfc

(√
z
)

=
1√
π
G20

12

(
z

∣∣∣∣ 1

0, 1/2

)
,

erfi (z) =
z√
−πz2

G11
12

(
−z2

∣∣∣∣ 1

1/2, 0

)
.

3.6.1. erf (ax+ b), erfc
(
ax+ bx−1

)

No. f (x) F (s)

1 erf (ax+ b)− erf (cx+ b)
e−b

2

(c−s − a−s)
2s
√
π

Γ (s) Ψ

( s+1
2

1
2 ; b2

)
[Re s > 0; |arg a|, |arg c| < π/4]

2 erf (ax+ b)− erf (cx+ d)
Γ (s)

2(s−1)/2
√
π

[
c−se−d

2/2D−s−1
(√

2 d
)
− a−se−b2/2D−s−1

(√
2 b
)]

[Re s > 0; |arg a|, |arg c| < π/4]

3 erfc

(
ax± b

x

)
2b√
π s

(
b

a

)(s−1)/2

e∓2ab
[
K(s+1)/2 (2ab)∓K(s−1)/2 (2ab)

]
[b > 0; |arg a| < π/4]

3.6.2. erf (bx), erfc (bx), and algebraic functions

1

{
erf (ax)

erfc (ax)

}
∓ a−s√

π s
Γ

(
s+ 1

2

) [{
−1 < Re s < 0

Re s > 0

}
; |arg a| < π/4

]

2 (a− x)
α−1
+

{
erf (bx)

erfc (bx)

}
±2as+αb√

π
B (s+ 1, α) 3F3

( 1
2 ,

s+1
2 , s+2

2 ; −a2b2
3
2 ,

s+α+2
2 , s+α+1

2

)
+

1∓ 1

2
as+α−1 B (s, α) [a, Reα > 0; Re s > − (1± 1) /2]
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No. f (x) F (s)

3 (x− a)
α−1
+

{
erf (bx)

erfc (bx)

}
± 2as+αb√

π
B (α, −s− α) 3F3

( 1
2 ,

s+1
2 , s+2

2 ; −a2b2
3
2 ,

s+α+2
2 , s+α+1

2

)
±

Γ
(
s+α
2

)
√
π bs+α−1 (1− s− α)

3F3

( 1−α
2 , 2−α

2 , 1−s−α
2 ; −a2b2

1
2 ,

2−s−α
2 , 3−s−α

2

)
±

a (1− α) Γ
(
s+α−1

2

)
√
π bs+α−2 (2− s− α)

3F3

( 2−α
2 , 3−α

2 , 2−s−α
2 ; −a2b2

3
2 ,

3−s−α
2 , 4−s−α

2

)
+

1∓ 1

2
as+α−1 B (α, 1− α− s)[

Reα > 0,

{
a > 0; Re (s+ α) < 1

Re a > 0

}
; |arg b| < π/4

]

4
(
a2 − x2

)α−1
+

{
erf (bx)

erfc (bx)

}
±a

s+2α−1b√
π

B

(
s+ 1

2
, α

)
2F2

( 1
2 ,

s+1
2 ; −a2b2

3
2 ,

s+2α+1
2

)
+

1∓ 1

4
as+2α−2 B

(s
2
, α
)

[a, Reα > 0; Re s > − (1± 1) /2]

5
(
x2 − a2

)α−1
+

{
erf (bx)

erfc (bx)

}
±a

s+2α−1b√
π

B

(
1− s− 2α

2
, α

)
2F2

( 1
2 ,

s+1
2 ; −a2b2

3
2 ,

s+2α+1
2

)
± b2−s−2α√

π (2− s− 2α)
Γ

(
s+ 2α− 1

2

)
× 2F2

(
1− α, 2−s−2α

2 ; −a2b2
3−s−2α

2 , 4−s−2α
2

)
+

1∓ 1

4
as+2α−2 B

(
2− s− 2α

2
, α

)
[
Reα > 0,

{
a > 0; Re (s+ 2α) < 2

a > 0

}
; |arg b| < π/4

]

6
1

(x+ a)
ρ

{
erf (bx)

erfc (bx)

}
± 2as−ρ+1b√

π
B (s+ 1, ρ− s− 1) 3F3

( 1
2 ,

s+1
2 , s+2

2 ; −a2b2
3
2 ,

s−ρ+2
2 , s−ρ+3

2

)
± 1√

π bs−ρ (ρ− s)
Γ

(
s− ρ+ 1

2

)
3F3

(ρ
2 ,

ρ+1
2 , ρ−s2 ; −a2b2

1
2 ,

ρ−s+1
2 , ρ−s+2

2

)
∓ ρa√

π bs−ρ−1 (ρ− s+ 1)
Γ

(
s− ρ

2

)
× 3F3

(ρ+1
2 , ρ+2

2 , ρ−s+1
2 ; −a2b2

3
2 ,

ρ−s+2
2 , ρ−s+3

2

)
+

1∓ 1

2
as−ρ B (s, ρ− s)[{

−1 < Re s < Re ρ

Re s > 0

}
; |arg a|, 4|arg b| < π

]
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No. f (x) F (s)

7
1

x− a

{
erf (bx)

erfc (bx)

}
∓πa

s−1

b
cot (sπ) erf (ab)±

Γ
(
s
2

)
√
π bs−1 (1− s) 2F2

(
1, 1−s

2 ; −a2b2
2−s
2 , 3−s

2

)
±

aΓ
(
s−1
2

)
√
π bs−2 (2− s) 2F2

(
1, 2−s

2 ; −a2b2
3−s
2 , 4−s

2

)
− π ∓ π

2
as−1 cot (sπ)

[a > 0; |Re s| < 1; |arg b| < π/4]

8
1

(x2 + a2)
ρ

{
erf (bx)

erfc (bx)

}
±a

s−2ρ+1b√
π

B

(
s+ 1

2
,

2ρ− s− 1

2

)
2F2

( 1
2 ,

s+1
2 ; a2b2

3
2 ,

s−2ρ+3
2

)
± b2ρ−s√

π (2ρ− s)
Γ

(
s− 2ρ+ 1

2

)
2F2

(
ρ, 2ρ−s

2 ; a2b2

2ρ−s+1
2 , 2ρ−s+2

2

)
+

(1∓ 1)

4
as−2ρ B

(
s

2
,

2ρ− s
2

)
[
Re a > 0;

{
−1 < Re s < 2 Re ρ

Re s > 0

}
; |arg b| < π/4

]

9
1

x2 − a2

{
erf (bx)

erfc (bx)

}
±πa

s−2

2
tan

sπ

2
erf (ab)± b2−s√

π (2− s)
Γ

(
s− 1

2

)
× 2F2

(
1, 2−s

2 ; −a2b2
3−s
2 , 4−s

2

)
− (1∓ 1)πas−2

4
cot

sπ

2[
a > 0;

{
−1 < Re s < 2

Re s > 0

}
; |arg b| < π/4

]

10
(
ax2 + b

)n
erfc (cx)

bn√
π css

Γ

(
s+ 1

2

)
3F1

(−n, s2 , s+1
2

s+2
2 ; − a

bc2

)
[Re s > 0; |arg c| < π/4]

3.6.3. erf (bx), erfc (bx), and the exponential function

1 e−ax
{

erf (bx)

erfc (bx)

}
∓ 1√

π bss
Γ

(
s+ 1

2

)
2F2

( s
2 ,

s+1
2

1
2 ,

s+2
2 ; a2

4b2

)
± a√

π bs+1 (s+ 1)

× Γ

(
s+ 2

2

)
2F2

( s+1
2 , s+2

2
3
2 ,

s+3
2 ; a2

4b2

)
+

1± 1

2as
Γ (s)[{

Re a > 0, Re s > −1

Re s > 0

}
; |arg b| < π/4

]

2 e−ax
2

{
erf (bx)

erfc (bx)

}
± b√

π a(s+1)/2
Γ

(
s+ 1

2

)
2F1

( 1
2 ,

s+1
2

3
2 ; − b2a

)
+

1∓ 1

4as/2
Γ
(s

2

)
[Re a > 0; Re s > − (1± 1) /2; |arg b| < π/4]

3 ea
2x2

erfc (ax)
a−s

2
Γ
(s

2

)
sec

sπ

2
[0 < Re s < 1; |arg a| < π/4]
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No. f (x) F (s)

4 e−a
2x2

erfi (ax)
π

2asΓ
(
2−s
2

) sec
sπ

2
[|Re s| < 1; |arg a| < π/4]

5 eax
2

erfc (bx)
b−s√
π s

Γ

(
s+ 1

2

)
2F1

( s
2 ,

s+1
2

s+2
2 ; a

b2

) [
Re
(
b2 − a

)
, Re s > 0

]

6 e−a/x
{

erf (bx)

erfc (bx)

}
1∓ 1

2
as Γ (−s)± 2as+1b√

π
Γ (−s− 1) 1F3

( 1
2 ; −a

2b2

4
3
2 ,

s+2
2 , s+3

2

)
∓ 1√

π bss
Γ

(
s+ 1

2

)
1F3

( − s2 ; −a
2b2

4
1
2 ,

1−s
2 , 2−s

2

)
± a√

π bs−1 (s− 1)
Γ
(s

2

)
1F3

( 1−s
2 ; −a

2b2

4
3
2 ,

2−s
2 , 3−s

2

)
[{

Re a > 0; Re s < 0

Re a > 0

}
; |arg b| < π/4

]

7 e−a/x
2

{
erf (bx)

erfc (bx)

}
1∓ 1

4
as/2 Γ

(
−s

2

)
± a(s+1)/2b√

π
Γ

(
−s+ 1

2

)
1F2

( 1
2 ; ab2

3
2 ,

s+3
2

)
∓ 1√

π bss
Γ

(
s+ 1

2

)
1F2

(− s2 ; ab2

1−s
2 , 2−s

2

)
[{

Re a > 0; Re s < 0

Re a > 0

}
; |arg b| < π/4

]

8 e−ax−b
2x2

erfi (bx)
Γ (s− 1)√
π as−1b

2F2

( 1
2 , 1; a2

4b2

2−s
2 , 3−s

2

)
+

Γ (s/2)

2bs
tan

sπ

2
1F1

( s
2 ; a2

4b2

1
2

)
+

a

2bs+1
Γ

(
s+ 1

2

)
cot

sπ

2
1F1

( s+1
2 ; a2

4b2

3
2

)
[Re a > 0; Re s > −1; |arg b| < π/4]

9 e−ax+b
2x2

erfc (bx)
Γ (s− 1)√
π as−1b

2F2

( 1
2 , 1; − a2

4b2

2−s
2 , 3−s

2

)
+

Γ
(
s
2

)
2bs

sec
sπ

2
1F1

( s
2 ; − a2

4b2

1
2

)
+

a

2bs+1
Γ

(
s+ 1

2

)
csc

sπ

2
1F1

( s+1
2 ; − a2

4b2

3
2

)
[Re a, Re s > 0; |arg b| < π/4]

10 e−ax−bx
2

erf (cx)
c√

π b(s+1)/2
Γ

(
s+ 1

2

)
Ψ1

(
s+ 1

2
,

1

2
,

3

2
,

1

2
; −c

2

b
;
a2

4b

)
− ac√

π b(s+2)/2
Γ

(
s+ 2

2

)
Ψ1

(
s+ 2

2
,

1

2
,

3

2
,

3

2
; −c

2

b
;
a2

4b

)
[
Re b, Re

(
b+ c2

)
> 0; Re s > −1

]
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No. f (x) F (s)

11 e−b
2x2−a/x2

erfi (bx) −πa
s/4

2bs/2
sec

sπ

2

[
Ls/2 (2b

√
a)− I−s/2 (2b

√
a)
]

[Re a > 0; Re s < 1; s 6= −1,−3, . . . ; |arg b| < π/4]

12 eb
2x2−a/x2

erfc (bx)
πas/4

2bs/2
sec

sπ

2

[
Hs/2 (2b

√
a)− Ys/2 (2b

√
a)
]

[Re a > 0; Re s < 1; s 6= −1,−3, . . . ; |arg b| < π/4]

13 ea
2x2

erfc (ax+ b)
Γ (s)√
π (2a)

s Γ

(
1− s

2
, b2
)

[0 < Re s < 1; |arg a| < π/4]

14 e−a
2x erfi (a

√
x) a−2s Γ

[ 1−2s
2 , 2s+1

2

1− s

]
[0 < |Re s| < 1/2; |arg a| < π/4]

15 θ (a− x) ebx erf
(
c
√
a− x

)
as+1/2cΓ

[
s

2s+3
2

]
Φ2

(
s,

1

2
;

2s+ 3

2
; ab, −ac2

)
[a, Re s > 0]

3.6.4. erf (bx), erfc (bx), erfi (bx), and algebraic or the exponential functions

1 (a− x)
α−1
+ eb

2x2 ±2as+αb√
π

B (s+ 1, α) 3F3

(
1, s+1

2 , s+2
2 ; a2b2

3
2 ,

s+α+1
2 , s+α+2

2

)
×
{

erf (bx)

erfc (bx)

}
+

1∓ 1

2
as+α−1 B (s, α) 2F2

( s
2 ,

s+1
2 ; a2b2

s+α
2 , s+α+1

2

)
[a, Reα > 0; Re s > − (1± 1) /2]

2
(
a2 − x2

)α−1
+

eb
2x2 ±a

s+2α−1b√
π

B

(
s+ 1

2
, α

)
2F2

(
1, s+1

2 ; a2b2

3
2 ,

s+2α+1
2

)
×
{

erf (bx)

erfc (bx)

}
+

1∓ 1

4
as+2α−2 B

(s
2
, α
)

1F1

( s
2 ; a2b2

s+2α
2 ;

)
[a, Reα > 0; Re s > − (1± 1) /2]

3
(
x2 − a2

)α−1
+

e∓b
2x2 ±a

s+2α−1b√
π

B

(
1− s− 2α

2
, α

)
2F2

(
1, s+1

2 ; ∓a2b2
3
2 ,

s+2α+1
2

)
×
{

erfi (bx)

erfc (bx)

}
+

1∓ 1

4
as+2α−2 B

(
2− s− 2α

2
, α

)
1F1

( s
2 ; a2b2

s+2α
2 ;

)
± b2−s−2α

2

{
tan [(s+ 2α)π/2]

sec [(s+ 2α)π/2]

}
× Γ

(
s+ 2α− 2

2

)
1F1

(
1− α; ∓a2b2

4−s−2α
2

)
[a, Reα > 0; Re (s+ 2α) < 3; |arg b| < π/4]
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No. f (x) F (s)

4
e∓b

2x2

(x+ a)
ρ

{
erfi (bx)

erfc (bx)

}
±2as−ρ+1b√

π
B (s+ 1, ρ− s− 1) 3F3

(
1, s+1

2 , s+2
2 ; ∓ a2b2

3
2 ,

s−ρ+2
2 , s−ρ+3

2

)
∓ bρ−s

2

{
tan [(ρ− s)π/2]

sec [(ρ− s)π/2]

}
Γ

(
s− ρ

2

)
× 2F2

(ρ
2 ,

ρ+1
2 ; ∓a2b2

1
2 ,

ρ−s+2
2

)
± ρabρ−s+1

2

{
cot [(s− ρ)π/2]

csc [(s− ρ)π/2]

}
× Γ

(
s− ρ− 1

2

)
2F2

(ρ+1
2 , ρ+2

2 ; ∓a2b2
3
2 ,

3−s+ρ
2

)
+

1∓ 1

2
as−ρ B (s, ρ− s) 2F2

( s
2 ,

s+1
2 ; a2b2

s−ρ+1
2 , s−ρ+2

2

)
[− (1± 1) /2 < Re s < Re ρ+ 1; |arg a|, 4|arg b| < π]

5
e−b

2x2

x+ a
erfi (bx)

as−1

2
e−a

2b2
[
is−1 cot

sπ

2
Γ

(
s+ 1

2

)
γ

(
1− s

2
,−a2b2

)
− is tan

sπ

2
Γ
(s

2

)
γ

(
2− s

2
,−a2b2

)
− 2π

sin (sπ)
erfi (ab)

]
[−1 < Re s < 2; |arg a|, 4|arg b| < π]

6
e−b

2x2

x− a
erfi (bx) −πas−1 e−a2b2 cot (sπ) erfi (ab)

− b1−s

2
cot

sπ

2
Γ

(
s− 1

2

)
1F1

(
1; −a2b2

3−s
2

)
+
ab2−s

2
tan

sπ

2
Γ

(
s− 2

2

)
1F1

(
1; −a2b2

4−s
2

)
[a > 0; − 1 < Re s < 2; |arg b| < π/4]

7
e∓b

2x2

(x2 + a2)
ρ

{
erfi (bx)

erfc (bx)

}
±a

s−2ρ+1b√
π

B

(
s+ 1

2
,

2ρ− s− 1

2

)
2F2

(
1, s+1

2 ; ±a2b2
3
2 ,

s−2ρ+3
2

)
∓ b2ρ−s

2

{
tan [(2ρ− s)π/2]

sec [(2ρ− s)π/2]

}
Γ

(
s− 2ρ

2

)
1F1

(
ρ; ±a2b2
2−s+2ρ

2

)
+

1∓ 1

4
as−2ρ B

(
s

2
,

2ρ− s
2

)
1F1

( s
2 ; −a2b2
s−2ρ+2

2 ;

)
[Re a > 0; − (1± 1) /2 < Re s < 2 Re ρ+ 1; |arg b| < π/4]

8
eb

2x2

x2 + a2
erfc (bx)

πas−2

2
e−a

2b2 sec
sπ

2

[
cot

sπ

2
− erfi (ab)

+
is−2

π
Γ
(s

2

)
γ

(
2− s

2
, −a2b2

)]
[Re a > 0; 0 < Re s < 3; |arg b| < π/4]



3.6. erf (z), erfc (z), and erfi (z) 121

No. f (x) F (s)

9
e−b

2x2

x2 + a2
erfi (bx)

πas−2

2
ea

2b2 sec
sπ

2

[
erf (ab)− 1

Γ
(
2−s
2

) γ (2− s
2

, a2b2
)]

[Re a > 0; −1 < Re s < 3; |arg b| < π/4]

10
eb

2x2

x2 − a2
erfc (bx)

πas−2

2
ea

2b2 tan
sπ

2
erfc (ab)− πas−2

sin (sπ)
ea

2b2

− b2−s

2
sec

sπ

2
Γ

(
s− 2

2

)
1F1

(
1; a2b2

4−s
2

)
[a > 0; 0 < Re s < 3; |arg b| < π/4]

11
e−b

2x2

x2 − a2
erfi (bx)

πas−2

2
e−a

2b2 tan
sπ

2
erfi (ab)

+
b2−s

2
tan

sπ

2
Γ

(
s− 2

2

)
1F1

(
1; −a2b2

4−s
2

)
[a > 0; −1 < Re s < 3; |arg b| < π/4]

3.6.5. erf (ϕ (x)), erfc (ϕ (x)), and algebraic functions

1 (a− x)
α−1
+

2√
π
as+αb B

(
2α+ 1

2
,

2s+ 1

2

)
3F3

( 1
2 ,

2α+1
2 , 2s+1

2 ; −a
2b2

4
3
2 ,

s+α+1
2 , s+α+2

2

)
× erf

(
b
√
x (a− x)

)
[a > 0; Reα, Re s > −1/2]

2 (a− x)
α−1
+ erf (bx (a− x))

2√
π
as+α+1bB (s+ 1, α+ 1) 5F5

( 1
2 , ∆ (2, s+ 1) , ∆ (2, α+ 1)
3
2 , ∆ (4, s+ α+ 2) ; −a4b216

)
[a > 0; Reα, Re s > −1]

3 θ (1− x) erfc

(
ax+ b√
1− x2

) √
2

π
e(a

2−b2)/2 Γ (s)D−s
(√

2 a
)
D−s−1

(√
2 b
)

[Re s, Re b > 0]

4 θ (x− a) erf

(
bx√
x2 − c2

)
− 2asb√

π s
Ψ1

(
1

2
, −s

2
;

2− s
2

,
3

2
;
c2

a2
, −b2

)
[a > 0; Re s < 0; |c| < a]

5
1

(x+ a)
ρ erf

(
bx

x+ a

)
2as−ρb√

π
B (s+ 1, ρ− s) 3F3

( 1
2 ,

s+1
2 , s+2

2
3
2 ,

ρ+1
2 , ρ+2

2 ; −b2

)
[−1 < Re s < Re ρ; |arg a| < π]



122 Chapter 3. Special Functions

No. f (x) F (s)

6
1

(x2 + a2)
ρ erf

(
bx

x2 + a2

)
as−2ρ−1b√

π
B

(
s+ 1

2
,

1− s+ 2ρ

2

)
3F3

( 1
2 ,

s+1
2 , 1−s+2ρ

2
3
2 ,

ρ+1
2 , ρ+2

2 ; − b2

4a2

)
[Re a > 0; −1 < Re s < 2 Re ρ+ 1]

3.6.6. erf (ϕ (x)), erfc (ϕ (x)), and the exponential function

1 (a− x)
α−1
+ eb

2x(a−x) 2√
π
as+αbB

(
s+

1

2
, α+

1

2

)
3F3

(
1, 2s+1

2 , 2α+1
2 ; a2b2

4
3
2 ,

s+α+1
2 , s+α+2

2

)
× erf

(
b
√
x(a− x)

)
[a > 0; Reα, Re s > −1/2]

2 (a− x)
α−1
+ eb

2x2(a−x)2 2√
π
as+α+1bB (s+ 1, α+ 1) 6F5

(
1, ∆ (2, s+ 1) , ∆ (2, α+ 1)

3
2 , ∆ (4, s+ α+ 2) ; a4b2

16

)
× erf (bx(a− x)) [a > 0; Re s, Reα > −1]

3
θ (x− a)√
x2 − b2

ea
2x2/(x2−b2) 2as−1c√

π (1− s)
Ψ1

(
1,

1− s
2

;
3− s

2
,

3

2
;
c2

a2
, −b2

)
× erf

(
cx√
x2 − c2

)
[a > 0; Re s < 0; |c| < a]

4
1

(x+ a)
ρ e

b2x2/(x+a)2 2as−ρb√
π

B (s+ 1, ρ− s) 3F3

(
1, s+1

2 , s+2
2

3
2 ,

ρ+1
2 , ρ+2

2 ; b2

)
× erf

(
bx

x+ a

)
[−1 < Re s < Re ρ; |arg a| < π]

5
1

(x2 + a2)
ρ e

b2x2/(x2+a2)
2 as−2ρ−1b

2
√
π

B

(
s+ 1

2
,

1− s+ 2ρ

2

)
3F3

(
1, s+1

2 , 1−s+2ρ
2

3
2 ,

ρ+1
2 , ρ+2

2 ; b2

4a2

)
× erf

(
bx

x2 + a2

)
[Re a > 0; −1 < Re s < 2 Re ρ+ 1]

3.6.7. erf (bx), erfc (bx), and trigonometric functions

Notation: δ =

{
1

0

}
.

1

{
sin (ax)

cos (ax)

}
erf (bx) − aδb−s−δ√

π (s+ δ)
Γ

(
s+ δ + 1

2

)
2F2

( s+δ
2 , s+δ+1

2 ; − a2

4b2

2δ+1
2 , s+δ+2

2

)
+

Γ (s)

as

{
sin (sπ/2)

cos (sπ/2)

}
[a > 0; − δ − 1 < Re s < 1; |arg b| < π/4]
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No. f (x) F (s)

2

{
sin
(
ax2
)

cos (ax2)

}
erf (bx) − aδb−s−2δ√

π (s+ 2δ)
Γ

(
s+ 2δ + 1

2

)
3F2

( s+2δ
4 , s+2δ+1

4 , s+2δ+3
4

2δ+1
2 , s+2δ+4

4 ; −a2b4

)
+
a−s/2

2
Γ
(s

2

){ sin (sπ/4)

cos (sπ/4)

}
[a > 0; − 2δ − 1 < Re s < 2; |arg b| < π/4]

3

{
sin
(
ax2
)

cos (ax2)

}
erfc (bx)

aδb−s−2δ√
π (s+ 2δ)

Γ

(
s+ 2δ + 1

2

)
3F2

( s+2δ
4 , s+2δ+1

4 , s+2δ+3
4

2δ+1
2 , s+2δ+4

4 ; −a2b4

)
[
Re s > −2δ; Re b2 > |Im a|

]
4 sin (a

√
x) erfc (bx)

2ab−s−1/2√
π (2s+ 1)

Γ

(
2s+ 3

4

)
2F4

( 2s+1
4 , 2s+3

4 ; a4

256b2

1
2 ,

3
4 ,

5
4 ,

2s+5
4

)
− a3b−s−3/2

3
√
π (2s+ 3)

Γ

(
2s+ 5

4

)
2F4

( 2s+3
4 , 2s+5

4 ; a4

256b2

5
4 ,

3
2 ,

7
4 ,

2s+7
4

)
[Re s > −1/2; |arg b| < π/4]

5 cos (a
√
x) erfc (bx)

b−s√
π s

Γ

(
s+ 1

2

)
2F4

( s
2 ,

s+1
2 ; a4

256b2

1
4 ,

1
2 ,

3
4 ,

s+2
2

)
− a2b−s−1

2
√
π (s+ 1)

Γ

(
s+ 2

2

)
2F4

( s+1
2 , s+2

2 ; a4

256b2

3
4 ,

5
4 ,

3
2 ,

s+3
2

)
[Re s > 0; |arg b| < π/4]

6

{
sin2n (ax)

cos2n (ax)

}
erfc (bx)

2−2nb−s√
π s

Γ

(
s+ 1

2

)[
2

n−1∑
k=0

(∓1)
n−k

(
2n

k

)

× 2F2

( s
2 ,

s+1
2 ; − (n− k)

2 a2

b2

1
2 ,

s+2
2

)
+

(
2n

n

)]
[a > 0; Re s > −2nδ; |arg b| < π/4; n ≥ 1]

7

{
sin2n+1 (ax)

cos2n+1 (ax)

}
erfc (bx)

2−2naδb−s−δ√
π (s+ δ)

Γ

(
s+ δ + 1

2

) n∑
k=0

(∓1)n−k (2n− 2k + 1)
δ

×
(

2n+ 1

k

)
2F2

( s+δ
2 , s+δ+1

2 ; −
(
n− k + 1

2

)2 a2
b2

2δ+1
2 , s+δ+2

2

)
[a > 0; Re s > − (2n+ 3) δ; |arg b| < π/4]

8

{
sinh (ax) sin (ax)

cosh (ax) cos (ax)

}
a2δb−s−2δ√
π (s+ 2δ)

Γ

(
s+ 2δ + 1

2

)
× erfc (bx) × 3F4

( s+2δ
4 , s+2δ+1

4 , s+2δ+3
4

2δ+1
4 , 2δ+3

4 , 2δ+1
2 , s+2δ+4

4 ; − a4

16b4

)
[a > 0; Re s > −2δ; |arg b| < π/4]
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No. f (x) F (s)

9

{
sinh (ax) cos (ax)

cosh (ax) sin (ax)

}
ab−s−1√
π (s+ 1)

Γ

(
s+ 2

2

)
3F4

( s+1
4 , s+2

4 , s+4
4

1
2 ,

3
4 ,

5
4 ,

s+5
4 ; − a4

16b4

)
× erfc (bx) ∓ a3b−s−1

3
√
π (s+ 3)

Γ

(
s+ 4

2

)
3F4

( s+3
4 , s+4

4 , s+6
4

5
4 ,

3
2 ,

7
4 ,

s+7
4 ; − a4

16b4

)
[a > 0; Re s > −1; |arg b| < π/4]

3.6.8. erfc (bx), erfi (bx), and the exponential or trigonometric functions

Notation: δ =

{
1

0

}
.

1 e−b
2x2

{
sin (ax)

cos (ax)

}
∓ Γ (s− 1)√

π as−1b

{
cos (sπ/2)

sin (sπ/2)

}
2F2

( 1
2 , 1; − a2

4b2

2−s
2 , 3−s

2

)
× erfi (bx) ∓ aδ

2bs+δ

{
cot (sπ/2)

tan (sπ/2)

}
Γ

(
s+ δ

2

)
1F1

( s+δ
2 ; − a2

4b2

2δ+1
2

)
[a > 0; −δ − 1 < Re s < 2; |arg b| < π/4]

2 eb
2x2

{
sin (ax)

cos (ax)

}
∓ Γ (s− 1)√

π as−1b

{
cos (sπ/2)

sin (sπ/2)

}
2F2

( 1
2 , 1; a2

4b2

2−s
2 , 3−s

2

)
× erfc (bx) ∓ aδ

2bs+δ

{
csc (sπ/2)

sec (sπ/2)

}
Γ

(
s+ δ

2

)
1F1

( s+δ
2 ; a2

4b2

2δ+1
2

)
[a > 0; −δ < Re s < 2; |arg b| < π/4]

3 e−b
2x2

{
sin
(
ax2
)

cos (ax2)

}
1

2
√
π a(s−1)/2b

{
sin [(s− 1)π/4]

cos [(s− 1)π/4]

}
Γ

(
s− 1

2

)
3F2

( 1
4 ,

3
4 , 1; −a

2

b4

3−s
4 , 5−s

4

)
× erfi (bx) − 1

4
√
π a(s−3)/2b3

{
sin [(s+ 1)π/4]

cos [(s+ 1)π/4]

}
× Γ

(
s− 3

2

)
3F2

( 3
4 , 1, 5

4 ; −a
2

b4

5−s
4 , 7−s

4

)
+

aδ

2bs+2δ
tan

sπ

2
Γ

(
s+ 2δ

2

)
2F1

( s+2δ
4 , s+2δ+2

4
2δ+1

2 ; −a2b4

)
[a > 0; −2δ − 1 < Re s < 3; |arg b| < π/4]

4 eb
2x2

sin
(
ax2
)

erfc (bx) −a
(1−s)/2

4
√
π b

cos
sπ

2
csc

(s+ 1)π

4
Γ

(
s− 1

2

)
3F2

( 1
4 ,

3
4 , 1; −a

2

b4

3−s
4 , 5−s

4

)
+
a(3−s)/2

8
√
π b3

cos
sπ

2
sec

(s+ 1)π

4
Γ

(
s− 3

2

)
3F2

(
1, 3

4 ,
5
4 ; −a

2

b4

5−s
4 , 7−s

4

)
− 1

2

(
a2 + b4

)−s/4
sec

sπ

2
sin
(s

2
arctan

a

b2

)
Γ
(s

2

)
[a > 0; −2 < Re s < 3; |arg b| < π/4]
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No. f (x) F (s)

5 eb
2x2

cos
(
ax2
)

erfc (bx) −a
(1−s)/2

4
√
π b

cos
sπ

2
csc

(s− 1)π

4
Γ

(
s− 1

2

)
3F2

( 1
4 ,

3
4 , 1; −a

2

b4

3−s
4 , 5−s

4

)
+
a(3−s)/2

8
√
π b3

cos
sπ

2
csc

(s+ 1)π

4
Γ

(
s− 3

2

)
3F2

(
1, 3

4 ,
5
4 , −

a2

b4

5−s
4 , 7−s

4

)
+

1

2

(
a2 + b4

)−(s+2)/4
sec

sπ

2
Γ
(s

2

)
×
[
a sin

(
s+ 2

2
arctan

a

b2

)
+ b2 cos

(
s+ 2

2
arctan

a

b2

)]
[a > 0; 0 < Re s < 3; |arg b| < π/4]

3.6.9. erf (bx), erfc (bx), and the logarithmic function

1 lnx erf (ax)
a−s√
π s

Γ

(
s+ 1

2

)[
ln a+

1

s
− 1

2
ψ

(
s+ 1

2

)]
[−1 < Re s < 0; |arg a| < π/4]

2 ln
(
x2 + a2

){ erf (bx)

erfc (bx)

}
∓a

2b2−s√
π s

Γ

(
s− 1

2

)
2F2

(
1, 1; a2b2

2, 3−s
2

)
∓ 2a2b2−s√

π s (s− 2)
Γ

(
s− 1

2

)
2F2

(
1, 2−s

2 ; a2b2

3−s
2 , 4−s

2

)
± b−s√

π s
Γ

(
s+ 1

2

)[
2

s
− ψ

(
s+ 1

2

)
+ 2 ln b

]
±
[
πas

s
erfi (ab) +

√
π i1−s

s bs
γ

(
s+ 1

2
, −a2b2

)]
sec

sπ

2

+

{
0

1

}
πas

s
csc

sπ

2[
Re a > 0;

{
−1 < Re s < 0

Re s > 0

}
; |arg b| < π/4

]

3 ln|x2 − a2|
{

erf (bx)

erfc (bx)

}
±a

2b2−s√
π s

Γ

(
s− 1

2

)
2F2

(
1, 1; −a2b2

2, 3−s
2

)
± 2a2b2−s√

π s (s− 2)
Γ

(
s− 1

2

)
2F2

(
1, 2−s

2 ; −a2b2
3−s
2 , 4−s

2

)
± b−s√

π s
Γ

(
s+ 1

2

)[
2

s
− ψ

(
s+ 1

2

)
+ π tan

sπ

2
+ 2 ln b

]
∓
[
πas

s
erf (ab) +

√
π b−s

s
Γ

(
s+ 1

2
, a2b2

)]
tan

sπ

2

+

{
0

1

}
πas

s
cot

sπ

2

[
a > 0;

{
−1 < Re s < 0

Re s > 0

}
; |arg b| < π/4

]
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No. f (x) F (s)

4 θ (a− x) ln

√
a+
√
a− x√
x

as+1b

s
Γ

[
s+ 1
2s+3
2

]
3F3

( 1
2 ,

s+1
2 , s+2

2 ; −a2b2
3
2 ,

2s+3
4 , 2s+5

4

)
× erf (bx) − as+1b

s (s+ 1)
Γ

[
s+ 1
2s+3
2

]
3F3

( s+1
2 , s+1

2 , s+2
2 ; −a2b2

2s+3
4 , 2s+5

4 , s+3
2

)
[a > 0; Re s > −1]

5 θ (a− x) ln

√
a+
√
a− x√
x

as+1b

s+ 1
Γ

[
s+ 1
2s+3
2

]
4F4

(
1, s+1

2 , s+1
2 , s+2

2 ; a2b2

3
2 ,

2s+3
4 , 2s+5

4 , s+3
2

)
× eb2x2

erf (bx) [a > 0; Re s > −1]

6 θ (a− x) ln
a+
√
a2 − x2
x

2as+1b

s (s+ 1)
Γ

[ s+1
2
s
2

]
3F3

( 1
2 ,

s+1
2 , s+1

2 ; −a2b2
3
2 ,

s+2
2 , s+3

2

)
× erf (bx) [a > 0; Re s > −1]

7 lnn x erf (ax) − 1√
π

∂n

∂sn

[
a−s

s
Γ

(
s+ 1

2

)]
[−1 < Re s < 0; |arg a| < π/4]

8 θ (a− x) lnn
x

a
erf (bx)

2 (−1)
n
n! as+1b

√
π (s+ 1)

n+1 n+2Fn+2

( 1
2 ,

s+1
2 , . . . , s+1

2
3
2 ,

s+3
2 , . . . , s+3

2 ; −a2b2

)
[a > 0; Re s > 0]

9 θ (a− x) eb
2x2

lnn
x

a

2 (−1)
n
n! as+1b

√
π (s+ 1)

n+1 n+2Fn+2

(
1, s+1

2 , . . . , s+1
2

3
2 ,

s+3
2 , . . . , s+3

2 ; a2b2

)
× erf (bx) [a > 0; Re s > −1]

3.6.10. erf (ax) and inverse trigonometric functions

1 θ (1− x)

{
arcsinx

arccosx

}
(1± 1)

√
π

4s

[
√
π erf (a)− a−sγ

(
s+ 1

2
, a2

)]
× erf (ax) ∓ a

2 (s+ 1)
Γ

[ s
2
s+3
2

][
(s+ 1) 2F2

( 1
2 ,

s+2
2 ; −a2

3
2 ,

s+3
2

)
− 2F2

( s+1
2 , s+2

2 ; −a2
s+3
2 , s+3

2

)]
[Re s > 0]

2 θ (a− x) arccos
x

a

as+1b

2
Γ

[ s
2
s+3
2

][
2F2

( 1
2 ,

s+2
2

3
2 ,

s+3
2 ; −a2b2

)
× erf (bx) − 1

s+ 1
2F2

( s+1
2 , s+2

2
s+3
2 , s+3

2 ; −a2b2

)]
[a > 0; Re s > −1]
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No. f (x) F (s)

3 θ (a− x) eb
2x2

arccos
x

a

as+1b

s+ 1
Γ

[ s+2
2
s+3
2

]
3F3

(
1, s+1

2 , s+2
2

3
2 ,

s+3
2 , s+3

2 ; a2b2

)
[a > 0; Re s > −1]

× erf (bx)

4 arctanx erf (ax)
a1−s√
π s

Γ
(s

2

)[ 1

s− 1
2F2

(
1, 1−s

2 ; a2

2−s
2 , 3−s

2

)
+ 2F2

( 1
2 , 1; a2

3
2 ,

2−s
2

)]
+
π

2s
csc

sπ

2
erfi (a) +

√
π
(
−a2

)(1−s)/2
2as

csc
sπ

2

× γ
(
s+ 1

2
,−a2

)
−
√
π a−s

2s
Γ

(
s+ 1

2

)
[−2 < Re s < 0; |arg a| < π/4]

3.6.11. erf (bx) and Ei
(
−ax2

)

1 Ei
(
−ax2

)
erf (bx) −2a−(s+1)/2b√

π (s+ 1)
Γ

(
s+ 1

2

)
3F2

( 1
2 ,

s+1
2 , s+1

2
3
2 ,

s+3
2 ; − b2a

)
[Re a > 0; Re s > −1; |arg b| < π/4]

2 eb
2x2

Ei
(
−ax2

)
erf (bx) −2a−(s+1)/2b√

π (s+ 1)
Γ

(
s+ 1

2

)
3F2

(
1, s+1

2 , s+1
2

3
2 ,

s+3
2 ; b2

a

)
[
Re
(
a− b2

)
> 0; Re s > −1; |arg b| < π/4

]

3.6.12. erf (bx), erfc (bx), and si (ax), ci (ax), Si (ax)

1 si (ax) erf (bx)
a3b−s−3

18
√
π (s+ 3)

Γ

(
s+ 4

2

)
4F4

(
1, 3

2 ,
s+3
2 , s+4

2

2, 5
2 ,

5
2 ,

s+5
2 ; − a2

4b2

)
− ab−s−1√

π (s+ 1)
Γ

(
s+ 2

2

)
− a−s

s
sin

sπ

2
Γ (s) +

√
π

2bss
Γ

(
s+ 1

2

)
[a > 0; −1 < Re s < 2; |arg b| < π/4]

2 ci (ax) erf (bx)
a2b−s−2

4
√
π (s+ 2)

Γ

(
s+ 3

2

)
4F4

(
1, 1, s+2

2 , s+3
2

3
2 , 2, 2, s+4

2 ; − a2

4b2

)
+

b−s√
π s

Γ

(
s+ 1

2

)[
1

s
− 1

2
ψ

(
s+ 1

2

)
+ ln

b

a
−C

]
− a−s

s
Γ (s) cos

sπ

2

[a > 0; −1 < Re s < 2; |arg b| < π/4]



128 Chapter 3. Special Functions

No. f (x) F (s)

3 Si (ax) erfc (bx)
aΓ (s/2)

2
√
π bs+1

[
2F2

( 1
2 ,

s+2
2

3
2 ,

3
2 ; − a2

4b2

)
− 1

s+ 1
2F2

( s+1
2 , s+2

2
3
2 ,

s+3
2 ; − a2

4b2

)]
[a > 0; Re s > −1; |arg b| < π/4]

3.6.13. Products of erf (ax), erfc (bx), erfi (cx)

1

{
erf (ax) erf (bx)

erfc (ax) erfc (bx)

}
− 2b

πas+1 (s+ 1)
Γ

(
s+ 2

2

)
3F2

( 1
2 ,

s+1
2 , s+2

2
3
2 ,

s+3
2 ; − b2

a2

)
∓ 1√

π s

{
b−s

a−s

}
Γ

(
s+ 1

2

)
[{
−2 < Re s < 0

Re s > 0

}
; |arg a|, |arg b| < π/4

]

2 erfi (ax) erfc (ax)
a−s√
π s

tan
sπ

4
Γ

(
s+ 1

2

)
[−1 < Re s < 2; |arg a| < π/4]

3 erf (ax) erfc (bx)
2b

πas+1(s+ 1)
Γ

(
s+ 2

2

)
3F2

( 1
2 ,

s+1
2 , s+2

2
3
2 ,

s+3
2 ; − b2

a2

)
+

1√
π s

(b−s − a−s) Γ

(
s+ 1

2

)
[Re s > −1; |arg a|, |arg b| < π/4]

4 1− erf2 (ax)
2

πas
Γ
(s

2

)
2F1

( 1
2 ,

s+2
2

3
2 ; −1

)
[Re s > 0; |arg a| < π/4]

5 erf2 (ax)
2

π (1 + s) as
Γ

(
s+ 2

2

)
3F2

( 1
2 ,

s+1
2 , s+2

2
3
2 ,

s+3
2 ; −1

)
− a−s√

π s
Γ

(
s+ 1

2

)
[−2 < Re s < 0; |arg a| < π/4]

6 (a− x)
α−1
+

4

π
as+αb2 B

(
2α+ 1

2
,

2s+ 1

2

)
4F5

( 1
2 , 1, 2α+1

2 , 2s+1
2 ; a2b2

16
3
4 ,

3
2 ,

5
4 ,

s+α+1
2 , s+α+2

2

)
× erf

(
b 4
√
x (a− x)

)
[a > 0; Re s, Reα > −1/2]

× erfi
(
b 4
√
x (a− x)

)
7 erfi (ax) erf (ax) erfc (bx)

4a2b−s−2

π3/2 (s+ 2)
Γ

(
s+ 3

2

)
5F4

( 1
2 , 1, s+2

4 , s+3
4 , s+4

4
3
4 ,

5
4 ,

3
2 ,

s+6
4 ; a4

4b4

)
[
Re
(
b2 − a2

)
> 0; Re s > −2; |arg a|, |arg b| < π/4

]
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3.6.14. Products of erf (ax), erfc (bx), erfi (cx), and algebraic functions

1 (a− x)
α−1
+

4as+α+1b2

π
B (α, s+ 2) 6F7

( 1
2 , 1, ∆ (4, s+ 2) ; a

4b4

4
3
4 ,

5
4 ,

3
2 , ∆ (4, s+ α+ 2)

)
× erf (bx) erfi (bx) [a, Reα > 0; Re s > −2]

2
(
a2 − x2

)α−1
+

2as+2αb2

π
B

(
α,

s+ 2

2

)
4F5

( 1
2 , 1, s+2

4 , s+4
4 ; a4b4

4
3
4 ,

5
4 ,

3
2 ,

s+2α+2
4 , s+2α+4

4

)
× erf (bx) erfi (bx) [a, Reα > 0; Re s > −2]

3.6.15. Products of erf (ax), erfc (bx), erfi (cx), and the exponential function

1 e−ax
2

erfi (bx) erf (bx)
2b2

πas/2+1
Γ

(
s+ 2

2

)
4F3

( 1
2 , 1, s+2

4 , s+4
4

3
2 ,

3
4 ,

5
4 ; b4

a2

)
[
Re a > Re b2; Re s > −2; |arg b| < π/4

]

2 e−a
2x2

erfi (ax) erf (bx) − 2a

πbs+1 (s+ 1)
Γ

(
s+ 2

2

)
3F2

(
1, s+1

2 , s+2
2

3
2 ,

s+3
2 ; −a2b2

)
+
a−s

2
Γ
(s

2

)
tan

sπ

2

[−2 < Re s < 1; |arg a|, |arg b| < π/4]

3 e−(a2+b2)x2

erfi (ax) − b√
π as+1

cot
sπ

2
Γ

(
s+ 1

2

)
2F1

(
1, s+1

2
3
2 ; − b2

a2

)
× erfi (bx) − b1−s

2
√
π a

cot
sπ

2
Γ

(
s− 1

2

)
2F1

( 1
2 , 1

3−s
2 ; − b2

a2

)
[|Re s| < 2; |arg a|, |arg b| < π/4]

4 eb
2x2

erfc (ax) erfc (bx) − 2b

πas+1 (s+ 1)
Γ

(
s+ 2

2

)
3F2

(
1, s+1

2 , s+2
2

3
2 ,

s+3
2 ; b2

a2

)
+
a−s

s
√
π

Γ

(
s+ 1

2

)
2F1

( s
2 ,

s+1
2

s+2
2 ; b2

a2

)
[Re s > 0; |arg a|, |arg b| < π/4]

5 ea
2x2

erf (ax) erfc (bx)
2a

πbs+1 (s+ 1)
Γ

(
s+ 2

2

)
3F2

(
1, s+1

2 , s+2
2

3
2 ,

s+3
2 ; a2

b2

)
[
Re
(
b2 − a2

)
> 0; Re s > −1; |arg b| < π/4

]
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No. f (x) F (s)

6 eb
2x2

erf (ax) erfc (bx)
2b

πas+1 (s+ 1)
Γ

(
s+ 2

2

)
3F2

(
1, s+1

2 , s+2
2

3
2 ,

s+3
2 ; b2

a2

)
− 1√

π ass
Γ

(
s+ 1

2

)
2F1

( s
2 ,

s+1
2

s+2
2 ; b2

a2

)
+
b−s

2
Γ
(s

2

)
sec

sπ

2

[|Re s| < 1; |arg a|, |arg b| < π/4]

7 e−ax
4

erf (bx) erfi (bx)
b2

πa(s+2)/4
Γ

(
s+ 2

4

)
3F3

( 1
2 , 1, s+2

4 ; b4

4a
3
4 ,

5
4 ,

3
2

)
[Re a > 0; Re s > −2; |arg b| < π/4]

3.6.16. Products of erf (ax), erfc (bx), erfi (cx), and the logarithmic function

1 θ (a− x) ln

√
a− x+

√
a

x

2as+2b2√
π (s+ 2)

Γ

[
s+ 2
2s+5
2

]
7F8

( 1
2 , 1, s+2

4 , ∆
(
4, s+4

2

)
; a4b4

4
3
4 ,

5
4 ,

3
2 ,

s+6
4 , ∆

(
4, s+2

2

) )
× erf (bx) erfi (bx) [a > 0; Re s > −2]

2 θ (a− x) ln

√
a2 − x2 + a

x

as+2b2√
π

Γ

[ s
2
s+3
2

][
4F3

( 1
2 , 1, s+2

4 , s+4
4 ; a2b4

4
3
4 ,

5
4 ,

3
2 ,

s+3
4 , s+5

4

)
× erf (bx) erfi (bx) − 2

s+ 2
4F3

(
1, s+2

4 , s+2
4 , s+4

4 ; a2b4

4
3
4 ,

5
4 ,

s+3
4 , s+5

4 , s+6
4

)]
[a > 0; Re s > −2]

3 θ (a− x) lnn
x

a

4 (−1)
n
n! as+2b2

π (s+ 2)
n+1 n+3Fn+4

( 1
2 , 1, s+2

4 , . . . , s+2
4 ; a4b4

4
3
4 ,

5
4 ,

3
2 ,

s+8
4 , . . . , s+8

4

)
× erf (bx) erfi (bx) [a > 0; Re s > −2]

3.6.17. Products of erf (ax), erfc (bx), erfi (cx), and inverse trigonometric func-
tions

1 θ (a− x) arccos
x

a

2as+2b2√
π s

Γ

[ s+3
2
s+4
2

][
4F5

( 1
2 , 1, s+3

4 , s+5
4 ; a4b4

4
3
4 ,

5
4 ,

3
2 ,

s+4
4 , s+6

4

)
× erf (bx) erfi (bx) − 2

s+ 2
4F5

(
1, s+2

4 , s+3
4 , s+5

4 ; a4b4

4
3
4 ,

5
4 ,

s+4
4 , s+6

4 , s+6
4

)]
[a > 0; Re s > −2]
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3.7. The Fresnel Integrals S (z) and C (z)

More formulas can be obtained from the corresponding sections due to the relations{
S (z)

C (z)

}
=

1± i
4

[
erf

(
(1 + i)

√
z√

2

)
∓ erfi

(
(1 + i)

√
z√

2

)]
,{

S (z)

C (z)

}
=

{
i

1

}√
z

{
1

2
√

2iz

[
1− e−iz√

π
Ψ

(
1

2
,

1

2
, iz

)]
∓ 1

2
√
−2iz

[
1− eiz√

π
Ψ

(
1

2
,

1

2
, −iz

)]}
,

S (z) =
1

3

√
2z3

π
1F2

(
3

4
;

3

2
,

7

4
; −z

2

4

)
, C (z) =

√
2z

π
1F2

(
1

4
;

1

2
,

5

4
; −z

2

4

)
,

S (z) =
πz3/8

√
2 (−
√
z)

3/4
G10

13

(
−z

2

4

∣∣∣∣ 1

3/4, 1/4, 0

)
, C (z) =

πz1/8
√

2 (−
√
z)

1/4
G10

13

(
−z

2

4

∣∣∣∣ 1

1/4, 3/4, 0

)
,

S
(√
z2
)

=
1

2
− 1

2
G20

13

(
z2

4

∣∣∣∣ 1

0, 3/4, 1/4

)
, C

(√
z2
)

=
1

2
− 1

2
G20

13

(
z2

4

∣∣∣∣ 1

0, 1/4, 3/4

)
,

S2
(√
z2
)

+ C2
(√
z2
)

=
1√
2
G12

24

(
z2

4

∣∣∣∣ 1/2, 1

1/2, 3/4, 1/4, 0

)
.

3.7.1. S (ϕ (x)), C (ϕ (x)), and algebraic functions

Notation: δ =

{
1

0

}
.

No. f (x) F (s)

1

{
S (ax)

C (ax)

}
− a−s√

2π s
Γ

(
2s+ 1

2

) {
sin [(2s+ 1)π/4]

cos [(2s+ 1)π/4]

}
[a > 0; −1∓ 1/2 < Re s < 0]

2
1

2
−
{
S (ax)

C (ax)

}
a−s√
2π s

Γ

(
2s+ 1

2

) {
sin [(2s+ 1)π/4]

cos [(2s+ 1)π/4]

}
[a > 0; 0 < Re s < 3/2]

3 (a− x)
α−1
+

{
S (bx)

C (bx)

} √
2

π

as+α+δ−1/2bδ+1/2

2δ + 1
B

(
s+ δ +

1

2
, α

)
× 3F4

( 2δ+1
4 , 2s+3

4 , 2s+4δ+1
4 ; −a

2b2

4
2δ+1

2 , 2δ+5
4 , 2s+2α+3

4 , 2s+2α+4δ+1
4

)
[a, b, Reα > 0; Re s > −δ − 1/2]

4
(
a2 − x2

)α−1
+

{
S (bx)

C (bx)

}
as+2α+δ−3/2bδ+1/2

(2δ + 1)
√

2π
B

(
2s+ 2δ + 1

4
, α

)
× 2F3

( 2s+2δ+1
4 , 2δ+1

4 ; −a
2b2

4
2δ+1

2 , 2δ+5
4 , 2s+4α+2δ+1

4

)
[a, b, Reα > 0; Re s > −δ − 1/2]



132 Chapter 3. Special Functions

No. f (x) F (s)

5
1

(x2 + a2)
ρ

{
S (bx)

C (bx)

}
as−2ρ+δ+1/2bδ+1/2

(2δ + 1)
√

2π
B

(
4ρ− 2s− 2δ − 1

4
,

2s+ 2δ + 1

4

)
× 2F3

( 2δ+1
4 , 2s+2δ+1

4 ; a2b2

4
2δ+5

4 , 2δ+1
2 , 2s−4ρ+2δ+5

4

)
+

b2ρ−s√
2π (2ρ− s)

{
sin [(2s− 4ρ+ 1)π/4]

cos [(2s− 4ρ+ 1)π/4]

}
× Γ

(
s− 2ρ+

1

2

)
2F3

(
ρ, 2ρ−s

2 ; a2b2

4
2−s+2ρ

2 , 1−2s+4ρ
4 , 3−2s+4ρ

4

)
[b, Re a > 0; −δ − 1/2 < Re s < 2 Re ρ]

6
1

x2 − a2

{
S (bx)

C (bx)

}
b2−s√

2π (s− 2)
Γ

(
2s− 3

2

){
sin [(2s+ 1)π/4]

cos [(2s+ 1)π/4]

}
× 2F3

(
1, 2−s

2 ; −a
2b2

4
4−s
2 , 5−2s

4 , 7−2s
4

)
±
√
π

2

as+δ−3/2bδ+1/2

2δ + 1

×
(

tan
(2s+ 1)π

4

)±1
1F2

( 2δ+1
4 ; −a

2b2

4
2δ+1

2 , 2δ+5
4

)
[a, b > 0; −δ − 1/2 < Re s < 2]

7 (a− x)
α−1
+

√
2

π

as+α+2δbδ+1/2

2δ + 1
B

(
s+ δ +

1

2
, α+ δ +

1

2

)
×
{
S (bx (a− x))

C (bx (a− x))

}
× 5F6

(
∆
(
2, 2s+2δ+1

2

)
, ∆

(
2, 2α+2δ+1

2

)
, 2δ+1

4
2δ+1

2 , 2δ+5
4 , ∆ (4, s+ α+ 2δ + 1) ; −a2b264

)
[a, b > 0; Reα, Re s > −δ − 1/2]

8 (a− x)
α−1
+

√
2

π

as+α+δ−1/2bδ+1/2

2δ + 1
B

(
4s+ 2δ + 1

4
,

4α+ 2δ + 1

2

)
×
{
S
(
b
√
x (a− x)

)
C
(
b
√
x (a− x)

)} × 5F6

( 4s+2δ+1
4 , 4α+2δ+1

2 , 2δ+1
4 ; −a

2b2

16
2δ+1

2 , 2δ+5
4 , 2s+2α+3

4 , 2s+2α+4δ+1
4

)
[a, b > 0; Reα, Re s > − (2δ + 1) /4]

3.7.2. S (bx), C (bx), and the exponential function

Notation: δ =

{
1

0

}
.

1 e−ax
{
S (bx)

C (bx)

} √
2

π

bδ+1/2

(2δ + 1) as+δ+1/2
Γ

(
2s+ 2δ + 1

2

)
3F2

( 2δ+1
4 , 2s+3

4 , 2s+4δ+1
4

2δ+1
2 , 2δ+5

4 ; − b2

a2

)
[b, Re a > 0; Re s > −δ − 1/2]
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No. f (x) F (s)

2 e−ax
2

{
S (bx)

C (bx)

}
bδ+1/2

√
2π (2δ + 1) a(2s+2δ+1)/4

Γ

(
2s+ 2δ + 1

4

)
× 2F2

( 2δ+1
4 , 2s+2δ+1

4
2δ+1

2 , 2δ+5
4 ; − b2

4a

)
[b, Re a > 0; Re s > −δ − 1/2]

3.7.3. S (ϕ (x)), C (ϕ (x)), and trigonometric functions

Notation: δ =

{
1

0

}
.

1

{
sin (ax)

cos (ax)

}
S (bx)

1

3

√
2

π

b3/2

as+3/2
sin

(±1− 2s)π

4
Γ

(
s+

3

2

)
3F2

( 3
4 ,

2s+3
4 , 2s+5

4
3
2 ,

7
4 ; b2

a2

)
[a > b > 0; − (3±2) /2 < Re s < 1]

2

{
sin (ax)

cos (ax)

}
C (bx)

√
2

π

b1/2

as+1/2
cos

(±1− 2s)π

4
Γ

(
s+

1

2

)
3F2

( 1
4 ,

2s+1
4 , 2s+3

4
1
2 ,

5
4 ; b2

a2

)
[a > b > 0; − (2±1) /2 < Re s < 1/2]

3

{
sin (ax)

cos (ax)

}
S (bx)

a−s

2
cos

(s− δ)π
2

Γ (s)− aδb−s−δ√
2π (s+ δ)

cos
(2s+ 2δ − 1)π

4

× Γ

(
2s+ 2δ + 1

2

)
3F2

( 2s+δ+1
4 , 2s+3

4 , 2s+5δ
4

2δ+1
2 , s+δ+2

2 ; a2

b2

)
[b > a > 0; − (2δ + 3) /2 < Re s < 1]

4

{
sin (ax)

cos (ax)

}
C (bx)

a−s

2
cos

(s− δ)π
2

Γ (s) +
aδb−s−δ√
2π (s+ δ)

sin
(2s+ 2δ − 1)π

4

× Γ

(
2s+ 2δ + 1

2

)
3F2

( 2s+δ+1
4 , 2s+3

4 , 2s+5δ
4

2δ+1
2 , s+δ+2

2 ; a2

b2

)
[b > a > 0; − (2δ + 1) /2 < Re s < 1]

5

{
sin (ax)

cos (ax)

}
C (ax)

πa−s

2
√

2 Γ (1− s)
csc
(π

4
∓ sπ

2

)
∓
{

cos (ax)

sin (ax)

}
S (ax) [a > 0; − (2±1) /2 < Re s < (3∓ 1) /4]
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No. f (x) F (s)

6

{
sin (ax)

cos (ax)

}[
1

2
− S (ax)

]
Γ (s)

2
√

2 as
csc
(π

4
± sπ

2

)
[a > 0; 0 < Re s < (2± 1) /2]

±
{

cos (ax)

sin (ax)

}[
1

2
− C (ax)

]

7 cosu

[
1

2
− C (u)

]
a(s+1)/2

4
√

2π b(s−1)/2
Γ

[ s
2 ,

3−2s
4

3
4

]
Ss/2−1, (s+1)/2 (ab)

+ sinu

[
1

2
− S (u)

]
[a, b > 0; 0 < Re s < 3/2]

u = b
√
x2 + a2

8 cosu

[
1

2
− S (u)

]
a(s+1)/2

2
√

2π b(s−1)/2
Γ

[ s
2 ,

1−2s
4

1
4

]
Ss/2, (s+1)/2 (ab)

− sinu

[
1

2
− C (u)

]
[a, b > 0; 0 < Re s < 1/2]

u = b
√
x2 + a2

9
cosu

u

[
1

2
− C (u)

]
−2
√

2π

3
as−1/2b−1/2 csc

(2s− 1)π

4
Γ

[ s
2

− 3
4 ,

2s+3
4

]
+

sinu

u

[
1

2
− S (u)

]
× 1F2

(
1; −a

2b2

4
5
4 ,

2s+3
4

)
+ 2−(s+2)/2

(a
b

)(s−1)/2
b−1

u = b
√
x2 + a2 ×

[
csc

(2s− 1)π

4
Γ (s− 1) Γ

(
3− s

2

)
J(1−s)/2 (ab)

+
√
π 2s−3/2 sec

sπ

2
Γ
(s

2

)
J(s−1)/2 (ab)

]
[a, b > 0; 0 < Re s < 5/2]

10
cosu

u

[
1

2
− S (u)

] √
2π

12
as+1/2b1/2 csc

(2s+ 1)π

4
Γ

[ s
2

3
4 ,

2s+5
4

]
− sinu

u

[
1

2
− C (u)

]
× 1F2

(
1; −a

2b2

4
7
4 ,

2s+5
4

)
+ 2−(s+2)/2

(a
b

)(s−1)/2
b−1

u = b
√
x2 + a2 ×

[
csc

(2s+ 1)π

4
Γ (s− 1) Γ

(
3− s

2

)
J(1−s)/2 (ab)

+
√
π 2s−3/2 sec

sπ

2
Γ
(s

2

)
J(s−1)/2 (ab)

]
[a, b > 0; 0 < Re s < 3/2]
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3.7.4. S (bx), C (bx), and the logarithmic function

Notation: δ =

{
1

0

}
.

1 θ (a− x) ln

√
a− x+

√
a√

x

as+δ+1/2bδ+1/2

(2δ + 1)
√

2 s
Γ

[ 2s+2δ+1
2

s+ δ + 1

]
×
{
S (bx)

C (bx)

}
×
[
3F4

( 2δ+1
4 , 2s+2δ+1

4 , 2s+2δ+3
4 ; −a

2b2

4
2δ+1

2 , 2δ+5
4 , s+δ+1

2 , s+δ+2
2

)
− 2δ + 1

2s+ 2δ + 1
3F4

( 2s+2δ+1
4 , 2s+2δ+1

4 , 2s+2δ+3
4 ; −a

2b2

4
2δ+1

2 , s+δ+1
2 , s+δ+2

2 , 2s+2δ+5
4

)]
[a > 0; Re s > − (2δ + 1) /2]

2 θ (a− x) ln

√
a2 − x2 + a

x

as+δ+1/2bδ+1/2

(2δ + 1)
√

2 s
Γ

[ 2s+2δ+1
4

2s+2δ+3
4

]
×
{
S (bx)

C (bx)

}
×
[
2F3

( 2δ+1
4 , 2s+2δ+1

4 ; −a
2b2

4
2δ+1

2 , 2δ+5
4 , 2s+2δ+3

2

)
− 2δ + 1

2s+ 2δ + 1
3F4

( 2s+2δ+1
4 , 2s+2δ+1

4 ; −a
2b2

4
2δ+1

2 , 2s+2δ+3
4 , 2s+2δ+5

4

)]
[a > 0; Re s > − (2δ + 1) /2]

3.7.5. S (bx), C (bx), and si (ax), ci (ax)

1 si (ax)S (bx)
(2b)

3/2

3
√
π as+3/2 (2s+ 3)

sin
(2s− 1)π

4
Γ

(
2s+ 3

2

)
× 4F3

( 3
4 ,

2s+3
4 , 2s+3

4 , 2s+5
4

3
2 ,

7
4 ,

2s+7
4 ; b2

a2

)
[

(0 < b < a; − 3/2 < Re s < 2) or

(b = a > 0; −3/2 < Re s < 1)

]

2 si (ax)S (bx)
a3

18
√

2π bs+3 (s+ 3)
cos

(2s+ 1)π

4
Γ

(
2s+ 7

2

)
× 5F4

(
1, 3

2 ,
s+3
2 , 2s+7

4 , 2s+9
4

2, 52 ,
5
2 ,

s+5
2 ; a2

b2

)
+

+
a√

2π bs+1 (s+ 1)
cos

(2s+ 1)π

4
Γ

(
2s+ 3

2

)

+
Γ
(
2s+1
2

)
√

2π bss
cos

(1− 2s)π

4
+

Γ (s)

2ass
cos

(s− 1)π

2

[b > a > 0; −3/2 < Re s < 2]
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No. f (x) F (s)

3 si (ax)C (bx)
2
√

2b√
π as+1/2 (2s+ 1)

cos
(2s− 1)π

4
Γ

(
2s+ 1

2

)
× 4F3

( 1
4 ,

2s+1
4 , 2s+1

4 , 2s+3
4

1
2 ,

5
4 ,

2s+5
4 ; b2

a2

)
[

(0 < b < a; −1/2 < Re s < 2) or

(b = a > 0; − 1/2 < Re s < 1)

]

4 ci (ax)S (bx) − (2b)
3/2

3
√
π as+3/2 (2s+ 3)

sin
(2s+ 1)π

4
Γ

(
2s+ 3

2

)
× 4F3

( 3
4 ,

2s+3
4 , 2s+3

4 , 2s+5
4

3
2 ,

7
4 ,

2s+7
4 ; b2

a2

)
[

(0 < b < a; −3/2 < Re s < 2) or

(b = a > 0; − 3/2 < Re s < 1)

]

5 ci (ax)C (bx)
2
√

2b a−s−1/2√
π (2s+ 1)

cos
(2s+ 1)π

4
Γ

(
2s+ 1

2

)
× 4F3

( 1
4 ,

2s+1
4 , 2s+1

4 , 2s+3
4

1
2 ,

5
4 ,

2s+5
4 ; b2

a2

)
[

(0 < b < a; −1/2 < Re s < 2) or

(b = a > 0; − 1/2 < Re s < 1)

]

3.7.6. S (bx), C (bx), and erf (a
√
x), erfc (a

√
x)

Notation: δ =

{
1

0

}
.

1 erf (a
√
x)

{
S (bx)

C (bx)

}
− 23/2bδ+1/2

π (2δ + 1) (2s+ 2δ + 1) a2s+2δ+1
Γ (s+ δ + 1)

× 4F3

( 2δ+1
4 , s+δ+1

2 , s+δ+2
2 , 2s+2δ+1

4
2δ+1

2 , 2δ+5
4 , 2s+2δ+5

4 ; − b2

a4

)
− 1√

2π bss
Γ

(
2s+ 1

2

){
sin [(2s+ 1)π/4]

cos [(2s+ 1)π/4]

}
[b > 0; −1− δ < Re s < 0; |arg a| < π/4]

2 erfc (a
√
x)

{
S (bx)

C (bx)

}
23/2bδ+1/2

π (2δ + 1) (2s+ 2δ + 1) a2s+2δ+1
Γ (s+ δ + 1)

× 4F3

( 2δ+1
4 , s+δ+1

2 , s+δ+2
2 , 2s+2δ+1

4
2δ+1

2 , 2δ+5
4 , 2s+2δ+5

4 ; − b2

a4

)
[b > 0; Re s > − (2δ + 1) /2; |arg a| < π/4]
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3.7.7. Products of S (bx) and C (bx)

1 S (ax)S (bx)
b3/2

3πsas+3/2
sin

sπ

2
Γ (s+ 2) 3F2

( 3
4 ,

s+2
2 , s+3

2
3
2 ,

7
4 ; b2

a2

)

− a−s−3/2b3/2

πs (2s+ 3)
sin

sπ

2
Γ (s+ 2) 3F2

( s+2
2 , s+3

2 , 2s+3
4

3
2 ,

2s+7
4 ; b2

a2

)

−
√
π b−s

25/2sΓ
(
1−2s

2

) csc
(2s+ 3)π

4

[a, b > 0; −3 < Re s < 0]

2 S (ax)C (bx)
b1/2

πas+1/2
cos

sπ

2
Γ (s) 3F2

( 1
4 ,

s+1
2 , s+2

2
1
2 ,

5
4 ; b2

a2

)

+
b1/2

π (2s+ 1) as+1/2
cos

sπ

2
Γ (s) 3F2

( s+1
2 , s+2

2 , 2s+1
4

1
2 ,

2s+5
4 ; b2

a2

)

−
√
π b−s

25/2sΓ
(
1−2s

2

) csc
(2s+ 1)π

4

[a, b > 0; −2 < Re s < 0]

3 C (ax)C (bx)
b1/2

πas+1/2
sin

sπ

2
Γ (s) 3F2

( 1
4 ,

s+1
2 , s+2

2
1
2 ,

5
4 ; b2

a2

)

− b1/2

π (2s+ 1) as+1/2
sin

sπ

2
Γ (s) 3F2

( s+1
2 , s+2

2 , 2s+1
4

1
2 ,

2s+5
4 ; b2

a2

)

−
√
π b−s

25/2sΓ
(
1−2s

2

) csc
(2s+ 1)π

4

[a, b > 0; −1 < Re s < 0]

4 C2 (ax)− S2 (ax)
2

πas
sin

sπ

2
Γ (s) 2F1

( 1
2 , s+ 1
3
2 ; −1

)
[a > 0; 0 < Re s < 1]

5 C2 (ax) + S2 (ax) −
√
π

2sas Γ
(
1−2s

2

) sec
sπ

2
[a > 0; −1 < Re s < 0]

6

[
1

2
− C (ax)

]2
a−s

2
√
π s

sec
sπ

2
Γ

(
2s+ 1

2

)
[a > 0; 0 < Re s < 1]

+

[
1

2
− S (ax)

]2
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3.8. The Incomplete Gamma Function Γ (ν, z) and γ (ν, z)

More formulas can be obtained from the corresponding sections due to the relations

Γ (−1, z) = Ei (−z) +
e−z

z
+

1

2

[
ln

(
−1

z

)
− ln (−z)

]
+ ln z,

Γ

(
−1

2
, z

)
=

2e−z√
z
− 2
√
π erfc

(√
z
)
,

Γ (0, z) = −Ei (−z) +
1

2

[
ln (−z)− ln

(
−1

z

)]
− ln z, Γ

(
1

2
, z

)
=
√
π erfc

(√
z
)
,

Γ (1, z) = e−z, Γ (n, z) = (n− 1)! e−z
n−1∑
k=0

zk

k!
,

Γ (ν, z) = Γ (ν)− zνe−z

ν
1F1 (1; ν + 1; z) , γ (ν, z) = Γ (ν)− e−z Ψ (1− ν; 1− ν; z) ,

Γ (ν, z) = e−z Ψ (1− ν; 1− ν; z) , γ (ν, z) =
zν

ν
1F1 (ν; ν + 1; −z) ,

Γ (ν, z) = G20
12

(
z

∣∣∣∣ 1

0, ν

)
, γ (ν, z) = G11

12

(
z

∣∣∣∣ 1

ν, 0

)
.

3.8.1. Γ (ν, ax), γ (ν, ax), and algebraic functions

No. f (x) F (s)

1

{
Γ (ν, ax)

γ (ν, ax)

}
±a
−s

s
Γ (s+ ν) [Re a, ± Re s, Re (s+ ν) > 0]

2 (a− x)
α−1
+

{
Γ (ν, bx)

γ (ν, bx)

}
∓a

s+α+ν−1bν

ν
B (α, s+ ν) 2F2

(
ν, s+ ν; −ab
ν + 1, s+ α+ ν

)
+

1± 1

2
as+α−1 Γ

[
s, α, ν

s+ α

]
[
a, Reα, Re (s+ ν) > 0,

{
Re s > 0

Re ν > 0

}]

3 (x− a)
α−1
+

{
Γ (ν, bx)

γ (ν, bx)

}
∓a

s+α+ν−1bν

ν
B (α, 1− s− α− ν) 2F2

(
ν, s+ ν; −ab
ν + 1, s+ α+ ν

)
∓ b1−s−α

1− s− α
Γ (s+ α+ ν − 1)

× 2F2

(
1− α, 1− s− α; −ab

2− s− α− ν, 2− s− α

)
+

{
1

0

}
as+α−1Γ (ν) B (α, 1− s− α)[

a, Reα > 0;

{
Re b > 0

Re b, Re ν > 0; Re (s+ α) < 1

}]
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No. f (x) F (s)

4
1

(x+ a)
ρ

{
Γ (ν, bx)

γ (ν, bx)

}
∓a

s+ν−ρbν

ν
B (s+ ν, −s− ν + ρ)

× 2F2

(
ν, s+ ν; ab

ν + 1, s+ ν − ρ+ 1

)
± b−s+ρ

s− ρ
Γ (s+ ν − ρ)

× 2F2

(
ρ, −s+ ρ; ab

1− s+ ρ, 1− s− ν + ρ

)
+

1± 1

2
as−ρ Γ (ν) B (s, −s+ ρ) Re (s+ ν) > 0; |arg a| < π;{

Re b, Re s > 0

Re b, Re ν > 0; 0 < Re s < Re ρ

} 
5

1

x− a

{
Γ (ν, bx)

γ (ν, bx)

}
±π as−1 cot [(s+ ν)π] γ (ν, ab)∓ b1−s

1− s
Γ (s+ ν − 1)

× 2F2

(
1, 1− s; −ab

2− s, 2− s− ν

)
− π ± π

2
as−1 cot (sπ) Γ (ν)[

a, Re (s+ ν) > 0;

{
Re b, Re s > 0

Re b, Re ν > 0; Re s < 1

}]

6 (a− x)
α−1
+ ∓a

s+α+2ν−1bν

ν
B (s+ ν, α+ ν)

×
{

Γ (ν, bx (a− x))

γ (ν, bx (a− x))

}
× 3F3

(
ν, α+ ν, s+ ν; −a

2b
4

ν + 1, s+α+2ν
2 , s+α+2ν+1

2

)
+

1± 1

2
as+α−1 Γ (ν) B (s, α)

[a, Re ν, Re (α+ ν) , Re (s+ ν) > 0]

7 θ (x− a) γ

(
ν,

cx

x− b

)
−a

scν

νs
Ψ1

(
ν, −s; 1− s, ν + 1;

b

a
, −c

)
[a > 0; |b| < a; Re (s+ ν) < −1]

3.8.2. Γ (ν, ax), γ (ν, ax), and the exponential function

1 eax Γ (ν, ax)
π csc [(s+ ν)π]

as
Γ

[
s

1− ν

]
[Re a, Re s > 0; 0 < Re (s+ ν) < 1]

2 e−ax
{

Γ (ν, bx)

γ (ν, bx)

}
1± 1

2as
Γ (ν) Γ (s)∓ bν

νas+ν
Γ (s+ ν) 2F1

(
ν, s+ ν

ν + 1; − b
a

)
[
Re a, Re b, Re (s+ ν) ,

{
Re s

Re ν

}
> 0

]
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No. f (x) F (s)

3 (a− x)
α−1
+ ebx Γ (ν, bx) as+α−1Γ (ν) B (α, s) 1F1

(
s; ab

s+ α

)
− as+α+ν−1bν

ν
B (α, s+ ν) 2F2

(
1, s+ ν; ab

ν + 1, s+ α+ ν

)
[a, Reα > 0; Re s > 0, −Re ν; |arg b| < π]

4 (x− a)
α−1
+ ebx Γ (ν, bx) −a

s+α+ν−1bν

ν
B (α, 1− s− α− ν) 2F2

(
1, s+ ν; ab

ν + 1, s+ α+ ν

)
+ as+α−1Γ (ν) B (α, 1− s− α) 1F1

(
s; ab

s+ α

)
− πb1−s−α

sin [(s+ α+ ν)π]
Γ

[
s+ α− 1

1− ν

]
1F1

(
1− α; ab

2− s− α

)
[a, Reα > 0; Re (s+ α+ ν) < 2; |arg b| < π]

5
ebx

(x+ a)
ρ Γ (ν, bx) as−ρ Γ (ν) B (s, ρ− s) 1F1

(
s; −ab
s− ρ+ 1

)
− as+ν−ρbν

ν

× B (s+ ν, ρ− ν − s) 2F2

(
1, s+ ν; −ab

ν + 1, s+ ν − ρ+ 1

)
+

πbρ−s

sin [(s+ ν − ρ)π]
Γ

[
s− ρ
1− ν

]
1F1

(
ρ; −ab
ρ− s+ 1

)
[Re s > 0; 0 < Re (s+ ν) < Re ρ+ 1; |arg a|, |arg b| < π]

6
ebx

x− a
Γ (ν, bx) −πas−1eab Γ (ν) cot (sπ) + πas−1e−ab cot [(s+ ν)π] γ (ν, ba)

− πas−1eab

sin [(s+ ν)π]
Γ

[
s

1− ν

]
γ (1− s, ab)

[a, Re s > 0; 0 < Re (s+ ν) < 1; |arg b| < π]

7 e−ax
2

{
Γ (ν, bx)

γ (ν, bx)

}
1± 1

4as/2
Γ (ν) Γ

(s
2

)
∓ a−(s+ν)/2bν

2ν
Γ

(
s+ ν

2

)
2F2

( ν
2 ,

s+ν
2

1
2 ,

ν+2
2 ; b2

4a

)
± a−(s+ν+1)/2bν+1

2 (ν + 1)
Γ

(
s+ ν + 1

2

)
2F2

(ν+1
2 , s+ν+1

2
3
2 ,

ν+3
2 ; b2

4a

)
[
Re a, Re b, Re (s+ ν) ,

{
Re s

Re ν

}
> 0

]

8 e−a/x
{

Γ (ν, bx)

γ (ν, bx)

}
1± 1

2
as Γ (ν) Γ (−s)∓ as+νbν

ν
1F2

(
ν; ab

ν + 1, s+ ν + 1

)
× Γ (−s− ν)± Γ (s+ ν)

bss
1F2

(
−s; ab

1− s, 1− s− ν

)
[
Re a,

{
Re b

Re ν, Re b, Re (−s)

}
> 0

]
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No. f (x) F (s)

9 eax−b/x Γ (ν, ax) 22−s−2ν
(
b

a

)s/2
Γ (1− s− ν) Ss+2ν−1,−s

(
2
√
ab
)

[Re b > 0; Re (s+ ν) < 1; |arg a| < π]

10 θ (a− x) ebx as+νcν Γ

[
s, ν

s+ ν + 1

]
Φ2 (s, ν; s+ ν + 1; ab, −ac)

× γ (ν, c (a− x)) [a, Re s > 0; Re ν > −1]

11 (a− x)
−ν
+ eb(a−x)

asbν

νs
2F2

(
1, 1; ab

ν + 1, s+ 1

)
[a, Re s > 0; 0 < Re ν < 1]

× γ (ν, b (a− x))

12 (a− x)
α−1
+ ebx(a−x) ∓a

s+α+2ν−1bν

ν
B (s+ ν, α+ ν) 3F3

(
1, α+ ν, s+ ν; a2b

4

ν + 1, s+α+2ν
2 , s+α+2ν+1

2

)
×
{

Γ (ν, bx (a− x))

γ (ν, bx (a− x))

}
+

1± 1

2
as+α−1 Γ (ν) B (s, α) 2F2

(
s, α; a2b

4
s+α
2 , s+α+1

2

)
[a, Re ν, Re (s+ ν) , Re (α+ ν) > 0]

13
eb/(x+a)

(x+ a)
ρ γ

(
ν,

b

x+ a

)
as−ν−ρbν

ν
B (s, ν + ρ− s) 2F2

(
1, ν + ρ− s

ν + 1, ν + ρ; b
a

)
[0 < Re s < Re (ν + ρ) ; |arg a| < π]

14
ebx/(x+a)

(x+ a)
ρ γ

(
ν,

bx

x+ a

)
as−ρbν

ν
B (s+ ν, ρ− s) 2F2

(
1, s+ ν; b

ν + 1, ν + ρ

)
[−Re ν < Re s < Re ρ; |arg a| < π]

15 θ (x− a) (x− b)ν−1 as+ν−1cν

ν (1− s− ν)
Ψ1

(
1, 1− s− ν; 2− s− ν, ν + 1;

b

a
, c

)
× ecx/(x−b) γ

(
ν,

cx

x− b

)
[a > 0; |b| < a; Re (s+ ν) < −1]

3.8.3. Γ (ν, ax), γ (ν, ax), and trigonometric functions

Notation: δ =

{
1

0

}
.

1 sin (ax)

{
Γ (ν, bx)

γ (ν, bx)

}
±aΓ (s+ν+1)

bs+1 (s+ 1)
3F2

( s+1
2 , s+ν+1

2 , s+ν+2
2

3
2 ,

s+3
2 ; −a2b2

)
+

1∓ 1

2as
sin

sπ

2
Γ (s) Γ (ν)[

a, Re b > 0;

{
Re s > −1; Re (s+ ν) > −1

Re ν > 0, − Re ν − 1 < Re s < 1

}]
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No. f (x) F (s)

2 cos (ax)

{
Γ (ν, bx)

γ (ν, bx)

}
±Γ (s+ ν)

bss
3F2

( s
2 ,

s+ν
2 , s+ν+1

2
1
2 ,

s+2
2 ; −a2b2

)
+

1∓ 1

2as
cos

sπ

2
Γ (s) Γ (ν)[

a, Re b > 0;

{
Re s, Re (s+ ν) > 0

Re ν > 0; − Re ν < Re s < 1

}]

3 sin (a
√
x)

{
Γ (ν, bx)

γ (ν, bx)

}
± 2a

(2s+ 1) bs+1/2
Γ

(
2s+ 2ν + 1

2

)
2F2

( 2s+1
2 , 2s+2ν+1

2
3
2 ,

2s+3
2 ; −a24b

)
+

1∓ 1

a2s
sin (sπ) Γ (ν) Γ (2s)[

a, Re b > 0;

{
Re s, Re (s+ ν) > −1/2

Re ν > 0; −Re ν − 1/2 < Re s < 1/2

}]

4 cos (a
√
x)

{
Γ (ν, bx)

γ (ν, bx)

}
±Γ (s+ ν)

bss
2F2

(
s, s+ ν; −a

2

4b
1
2 , s+ 1

)
+

1∓ 1

a2s
cos (sπ) Γ (ν) Γ (2s)[

a, Re b > 0;

{
Re s, Re (s+ ν) > 0

Re ν > 0; −Re ν < Re s < 1/2

}]

5 ebx
{

sin (a
√
x)

cos (a
√
x)

}
πaδ

bs+δ/2
csc

(2s+ 2ν + δ)π

2
Γ

[ 2s+δ
2

1− ν

]
1F1

( 2s+δ
2 ; a2

4b
2δ+1

2

)
× Γ (ν, bx) − 2bν−1

a2s+2ν−2 Γ (2s+ 2ν − 2)

{
sin [(s+ ν)π]

cos [(s+ ν)π]

}
× 2F2

(
1, 1− ν ; a2

4b
3−2s−2ν

2 , 2− s− ν

)
[

a > 0; Re s > −δ/2;

− δ/2 < Re (s+ ν) < 3/2; |arg b| < π

]

3.8.4. Γ (ν, ax), γ (ν, ax), and the logarithmic function

1 θ (a− x) ln

√
a+
√
a− x√
x

∓
√
π as+νbν

2ν (s+ ν)
Γ

[
s+ ν

2s+2ν+1
2

]
3F3

(
ν, s+ ν, s+ ν; −ab

ν + 1, 2s+2ν+1
2 , s+ ν + 1

)
×
{

Γ (ν, bx)

γ (ν, bx)

}
+

1± 1

4s

√
π as Γ

[
s

2s+1
2

]
[a, Re ν, Re (s+ ν + 1) > 0]

2 θ (a− x) ln

√
a+
√
a− x√
x

∓
√
π as+νbν

2ν (s+ ν)
Γ

[
s+ ν

2s+2ν+1
2

]
3F3

(
1, s+ ν, s+ ν; ab

ν + 1, 2s+2ν+1
2 , s+ ν + 1

)
× ebx

{
Γ (ν, bx)

γ (ν, bx)

}
+

1± 1

4s

√
π as Γ

[
s

2s+1
2

]
2F2

(
s, s; ab

2s+1
2 , s+ 1

)
[a, Re ν, Re (s+ ν + 1) > 0]
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3.8.5. γ (ν, ax) and inverse trigonometric functions

1 θ (a− x) arccos
x

a

(2a)
s+ν

bν

ν (s+ ν)
Γ

[ s+ν+1
2 , s+ν+3

2

s+ ν + 2

]
3F4

( ν
2 ,

s+ν
2 , s+ν+1

2 ; a2b2

4
1
2 ,

ν+2
2 , s+ν+2

2 , s+ν+2
2

)
× γ (ν, bx) − 2s+νas+ν+1bν+1

(ν + 1) (s+ ν + 1)
Γ

[ s+ν+2
2 , s+ν+2

2

s+ ν + 2

]
× 3F4

(ν+1
2 , s+ν+1

2 , s+ν+2
2 ; a2b2

4
3
2 ,

ν+3
2 , s+ν+3

2 , s+ν+3
2

)
[a, Re (s+ ν + 1) > 0]

2 θ (a− x) ebx arccos
x

a

2s+νas+ν+1bν+1

ν (ν + 1) (s+ ν + 1)
Γ

[ s+ν+2
2 , s+ν+2

2

s+ ν + 2

]
× γ (ν, bx) × 3F4

(
1, s+ν+1

2 , s+ν+2
2 ; a2b2

4
ν+2
2 , ν+3

2 , s+ν+3
2 , s+ν+3

2

)
+

2s+ν+1as+νbν

ν (s+ ν) (s+ ν + 1)

× Γ

[ s+ν+3
2 , s+ν+3

2

s+ ν + 2

]
3F4

(
1, s+ν+1

2 , s+ν2 ; a2b2

4
ν+1
2 , ν+2

2 , s+ν+2
2 , s+ν+2

2

)
[a, Re (s+ ν + 1) > 0]

3.8.6. Γ (ν, ax), γ (ν, ax), and Ei (bx)

1 Ei (−ax)

{
Γ (ν, bx)

γ (ν, bx)

}
± bν Γ (s+ ν)

ν (s+ ν) as+ν
3F2

(
ν, s+ ν, s+ ν; − b

a

ν + 1, s+ ν + 1

)
− 1± 1

2ass
Γ (ν) Γ (s)[

Re a, Re b, Re (s+ ν) > 0;

{
Re s

Re ν

}
> 0

]

3.8.7. Γ (ν, ax), γ (ν, ax), and erf (bxr), erfc (bxr), erfi (bxr)

1 erfc (ax)

{
Γ (ν, bx)

γ (ν, bx)

}
∓ a−s−νbν√

π ν (s+ ν)
Γ

(
s+ ν + 1

2

)
3F3

( ν
2 ,

s+ν
2 , s+ν+1

2
1
2 ,

ν+2
2 , s+ν+2

2 ; b2

4a2

)
± a−s−ν−1bν+1

√
π (ν + 1) (s+ ν + 1)

Γ

(
s+ ν + 2

2

)
× 3F3

( ν+1
2 , s+ν+1

2 , s+ν+2
2

3
2 ,

ν+3
2 , s+ν+3

2 ; b2

4a2

)
+

1±1

2

a−s√
π s

Γ (ν) Γ

(
s+ 1

2

)
[
Re b, Re

(
a2 + b

)
> 0; Re s > −Re ν, 0

]
2 erf (a

√
x)

{
Γ (ν, bx)

γ (ν, bx)

}
± bν√

π ν (s+ ν) a2s+2ν
Γ

(
s+ ν +

1

2

)
3F2

(
ν, s+ ν, s+ ν + 1

2

ν + 1, s+ ν + 1; − b
a2

)
− 1± 1

2
√
π a2ss

Γ (ν) Γ

(
2s+ 1

2

)
± Γ (s+ ν)

bss[
Re b > 0; Re (s+ ν) > −1/2;

{
Re s

Re ν

}
> 0; |arg a| < π/4

]
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No. f (x) F (s)

3 erfc (a
√
x)

{
Γ (ν, bx)

γ (ν, bx)

}
∓ bν√

π ν (s+ ν) a2s+2ν
Γ

(
s+ ν +

1

2

)
3F2

(
ν, s+ ν, s+ ν + 1

2

ν + 1, s+ ν + 1; − b
a2

)
+

1± 1

2
√
π a2ss

Γ (ν) Γ

(
2s+ 1

2

)
[
Re b, Re (s+ ν) ,

{
Re s

Re ν

}
> 0; |arg a| < π/4

]

4 ebx erfc (a
√
x) γ (ν, bx)

bν√
π ν a2s+2ν (s+ ν)

Γ

(
s+ ν +

1

2

)
3F2

(
1, s+ ν, s+ ν + 1

2

ν + 1, s+ ν + 1; b
a2

)
[
Re
(
a2 − b

)
, Re ν, Re (s+ ν) > 0; |arg b| < π/4

]
5 ea

2x erf (a
√
x) Γ (ν, bx)

4a√
π bs+1/2 (2s+ 1)

Γ

(
s+ ν +

1

2

)
3F2

(
1, s+ 1

2 , s+ ν + 1
2

3
2 , s+ 3

2 ; a2

b

)
[
Re
(
b− a2

)
> 0; Re s, Re (s+ ν) > −1/2;|arg a| < π/4

]
6 erfi (a

√
x) erf (a

√
x)

4a2

π bs+1 (s+ 1)
Γ (s+ ν + 1) 5F4

( 1
2 , 1, s+1

2 , s+ν+1
2 , s+ν+2

2
3
4 ,

5
4 ,

3
2 ,

s+3
2 ; a4

b2

)
× Γ (ν, bx) [a, Re b > 0; Re s, Re (s+ ν) > −1]

3.8.8. Products of Γ (µ, ax) and γ (ν, ax)

1 Γ (ν, −ax) Γ (ν, ax)
π (−a)

−s/2
a−s/2

s
csc

(s+ 2ν)π

2
Γ

[
s+ ν

1− ν

]
[Re a > 0; 0, −2 Re ν < Re s < 2− 2 Re ν]

2 Γ (µ, ax)

{
Γ (ν, bx)

γ (ν, bx)

}
∓b

ν Γ (s+µ+ν)

ν (s+ν) as+ν
3F2

(
ν, s+ ν, s+ µ+ ν

ν + 1, s+ ν + 1; − b
a

)
+

1± 1

2ass
Γ (ν) Γ (s+µ) Re (s+ µ) , Re (s+ ν) , Re (s+ ν + µ) > 0;{

Re (a+ b) > 0

Re b, Re (a+ b) > 0

} 
3 γ (µ, ax) γ (ν, bx) −b

ν Γ (s+ µ+ ν)

ν (s+ ν) as+ν
3F2

(
ν, s+ ν, s+ µ+ ν

ν + 1, s+ ν + 1; − b
a

)
− Γ (µ) Γ (s+ ν)

bss

[
Re a, Re b, Reµ, Re ν,

Re (s+ µ+ ν) > 0; Re s < 0

]

4 e−axγ (µ, bx) γ (ν, cx)
bµcν Γ (s+ µ+ ν)

µνas+µ+ν
F2

(
s+ µ+ ν, µ, ν; µ+ 1, ν + 1; − b

a
, − c

a

)
[

Re a, Re (a+ b) , Re (a+ c) ,

Re (a+ b+ c) , Re (s+ µ+ ν) > 0

]
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3.9. The Parabolic Cylinder Function Dν (z)

More formulas can be obtained from the corresponding sections due to the relations

D−1/2 (z) =

√
π

2

[
4
√
z2 I−1/4

(
z2

4

)
− z

4
√
z2
I1/4

(
z2

4

)]
, D0 (z) = e−z

2/4,

D1/2(z) =

√
π

4

[
z

4
√
z2 I−1/4

(
z2

4

)
+
(
z2
)3/4

I−3/4

(
z2

4

)
−
(
z2
)3/4

I1/4

(
z2

4

)
− z 4
√
z2 I3/4

(
z2

4

)]
, D1 (z) = ze−z

2/4,

D2n+ε (z) = (−1)
n

2nn! zεe−z
2/4L(2ε−1)/2

n

(
z2

2

)
, [ε = 0 or 1; n = 0, 1, 2, . . . ] ;

Dν (z) = 2ν/2e−z
2/4Ψ

(
−ν

2
;

1

2
;
z2

2

)
= 2(ν−1)/2ze−z

2/4Ψ

(
1− ν

2
;

3

2
;
z2

2

)
,

Dν (z) = 2ν/2e−z
2/4

[
1

Γ ((1− ν) /2)
1F1

(
−ν

2
;

1

2
;
z2

2

)
−
√

2π z

Γ (−ν/2)
z 1F1

(
1− ν

2
;

3

2
;
z2

2

)]
,

Dν (z) = 2−ν/2e−z
2/4Hν

(
z√
2

)
, Dν

(√
2z
)

= 2ν/2ez/2G20
12

(
z

∣∣∣∣ (1− ν) /2

0, 1/2

)
.

3.9.1. Dν (bx) and elementary functions

Notation: δ =

{
1

0

}
.

No. f (x) F (s)

1 Dν (ax)
2(ν−s)/2

√
π

as
Γ

[
s

s−ν+1
2

]
2F1

( s
2 ,

s+1
2

s−ν+1
2 ; 1

2

)
[Re s > 0; |arg a| < π/4]

2 ea
2x2/4Dν (ax)

a−s

2(s+ν)/2+1
Γ

[
s, − s+ν2
−ν

] [
0 < Re s < −Re ν;

|arg a| < 3π/4

]

3 e−a
2x2/4Dν (ax)

2(ν−s)/2
√
π

as
Γ

[
s

s−ν+1
2

]
[Re s > 0; |arg a| < π/4]

4 e−a
2x2/4Dν (−ax)

2(ν−s)/2√
π as

cos
(s+ ν)π

2
Γ

(
1− s+ ν

2

)
Γ (s)

[0 < Re s < Re ν + 1; |arg a| < π/4]

5 e−ax
2

Dν (bx)
2(ν−s)/2

√
π

bs
Γ

[
s

s−ν+1
2

]
2F1

( s
2 ,

s+1
2

s−ν+1
2 ; b2−4a

2b2

)
[(

Re s, Re
(
4a+ b2

)
> 0
)

or(
Re (4a+ b2) = 0; 0 < Re s < −Re ν

)]
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No. f (x) F (s)

6
(
a2 − x2

)α−1
+

e±b
2x2/4 2ν/2−1

√
π as+2α−2

Γ
(
1−ν
2

) B
(
α,

s

2

)
2F2

( ∓2ν+1∓1
4 , s2

1
2 ,

s+2α
2 ; a2b2

2

)
×Dν (bx) − 2(ν−1)/2

√
π as+2α−1b

Γ
(
−ν2
) B

(
α,

s+ 1

2

)
2F2

( ∓2ν+3∓1
4 , s+1

2
3
2 ,

s+2α+1
2 ; a2b2

2

)
[a, Reα, Re s > 0]

7
e±b

2x2/4

(x2 + a2)
ρ Dν (bx)

2ν/2−1
√
π as−2ρ

Γ
(
1−ν
2

) B

(
s

2
,

2ρ− s
2

)
2F2

( 1∓1∓2ν
4 , s2

1
2 ,

s−2ρ+2
2 ; ∓a2b22

)
− 2(ν−1)/2

√
π

Γ
(
−ν2
) as−2ρ+1 bB

(
s+ 1

2
,

2ρ− s− 1

2

)
× 2F2

( 3∓1∓2ν
4 , s+1

2
3
2 ,

s−2ρ+3
2 ; ∓a2b22

)
+

2ρ−(s±ν)/2
√
π

[2
√
π Γ (−ν)]

(1±1)/2

× b2ρ−sΓ (s− 2ρ)

Γ∓1
(
1∓1−2ν±4ρ∓2s

4

) 2F2

(
ρ, 4ρ−2s∓2ν+1∓1

4
2ρ−s+2

2 , 2ρ−s+1
2 ; ∓a2b22

)
[
Re a > 0;

{
0 < Re s < Re (2ρ− ν)

Re s > 0

}
; |arg b| < (2± 1)π/4

]

8 e−ax+b
2x2/4Dν (bx) − π

2(s+ν+2)/2bs
csc

(s+ ν)π

2
Γ

[
s

−ν, s+ν+2
2

]
× 2F2

( s
2 ,

s+1
2 ; − a2

2b2

1
2 ,

s+ν+2
2

)
+

πa

2(s+ν+3)/2bs+1

× sec
(s+ ν)π

2
Γ

[
s+ 1

−ν, s+ν+3
2

]
2F2

( s+1
2 , s+2

2 ; − a2

2b2

3
2 ,

s+ν+3
2

)
+
πbν csc [(s+ ν)π]

aν+sΓ (1− s− ν)
2F2

(−ν2 , 1−ν
2 ; − a2

2b2

1−s−ν
2 , 2−s−ν

2

)
[Re a, Re s > 0; |arg b| < 3π/4]

9 e−a/x+b
2x2/4Dν (bx)

b−s

2(s+ν+2)/2
Γ

[
s, − s+ν2
−ν

]
1F3

(− s+ν2 ; a2b2

8
1
2 ,

1−s
2 , 2−s

2

)
− b−s

2(s+ν+1)/2
Γ

[
s− 1, − s+ν−12

−ν

]
1F3

(− s+ν−12 ; a2b2

8
3
2 ,

2−s
2 , 3−s

2

)
−
√
π 2(ν+1)/2as+1bΓ

[
−s− 1

−ν2

]
1F3

( 1−ν
2 ; a2b2

8
3
2 ,

s+2
2 , s+3

2

)
+
√
π 2ν/2as Γ

[
−s
1−ν
2

]
1F3

( −ν2 ; a2b2

8
1
2 ,

s+1
2 , s+2

2

)
[Re a > 0; Re (s+ ν) < 0; |arg b| < 3π/4]
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No. f (x) F (s)

10 e−a/x−b
2x2/4Dν (bx)

√
π b−s

2(s−ν)/2
Γ

[
s

s−ν+1
2

]
1F3

(− s−ν−12 ; −a
2b2

8
1
2 ,

1−s
2 , 2−s

2

)
−
√
π ab1−s

2(s−ν−1)/2
Γ

[
s− 1
s−ν
2

]
1F3

(− s−ν−22 ; −a
2b2

8
3
2 ,

2−s
2 , 3−s

2

)
−
√
π 2(ν+1)/2as+1bΓ

[
−s− 1

−ν2

]
1F3

( ν+2
2 ; −a

2b2

8
3
2 ,

s+2
2 , s+3

2

)
+
√
π 2ν/2as Γ

[
−s
1−ν
2

]
1F3

( ν+1
2 ; −a

2b2

8
1
2 ,

s+1
2 , s+2

2

)
[Re a > 0; |arg b| < π/4]

11 e−a/x
2±b2x2/4Dν (bx) 2ν/2−1

√
π as/2 Γ

[ − s2
1−ν
2

]
1F2

( ∓2ν+1∓1
4

1
2 ,

s+2
2 ; ∓ab22

)
− 2(ν−1)/2

√
π a(s+1)/2bΓ

[
− s+1

2

−ν2

]
× 1F2

( ∓ν2 + 3∓1
4

3
2 ,

s+3
2 ; ∓ab22

)
+

2−(s±ν)/2
√
π b−s

[2
√
π Γ (−ν)]

(1±1)/2

× Γ (s) Γ±1
(
∓2s− 2ν + 1∓ 1

4

)
1F2

( ∓2ν−2s+1∓1
4

1−s
2 , 2−s

2 ; ∓ab22

)
[{

Re a > 0; Re (s+ ν) < 0

Re a > 0

}
; |arg b| < (2± 1)π/4

]

12 e±b
2x2/4 sin (ax) Dν (bx)

2(ν−s−1)/2a
√
π

bs+1

[
2ν+1

√
π Γ (−ν)

]−(1±1)/2
Γ (s+ 1)

× Γ±1
(
−2ν ∓ 2s∓ 3 + 1

4

)
2F2

( s+1
2 , s+2

2 ; ± a2

2b2

3
2 ,

2s±2ν+5±1
4

)
+

1± 1

2as+ν
bν sin

(s+ ν)π

2
Γ (s+ ν) 2F2

(−ν2 , 1−ν
2 ; a2

2b2

1−s−ν
2 , 2−ν−s

2

)
[
a > 0;

{
−1 < Re s < 1− Re ν

Re s > −1

}
; |arg b| < (2± 1)π/4

]

13 e±b
2x2/4 cos (ax)

2(ν−s)/2
√
π

bs
[
2ν+1

√
π Γ (−ν)

]−(1±1)/2
Γ (s)

×Dν (bx) × Γ±1
(
−2ν ∓ 2s∓ 1 + 1

4

)
2F2

( s
2 ,

s+1
2 ; ± a2

2b2

1
2 ,

2s±2ν+3±1
4

)
+

1± 1

2as+ν
bν cos

(s+ ν)π

2
Γ (s+ ν) 2F2

(−ν2 , 1−ν
2 ; a2

2b2

1−s−ν
2 , 2−ν−s

2

)
[
a > 0;

{
0 < Re s < 1− Re ν

Re s > 0

}
; |arg b| < (2± 1)π/4

]
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No. f (x) F (s)

14 eb
2x2/4 sin

(
ax2
)
Dν (bx)

πa

2(s+ν+4)/2bs+2
csc

(s+ ν)π

2
Γ

[
s+ 2

−ν, s+ν+4
2

]
× 4F3

( s+2
4 , s+3

4 , s+4
4 , s+5

4
3
2 ,

s+ν+4
4 , s+ν+6

4 ; − 4a2

b4

)
+

(ν − 1) ν bν−2

4a(s+ν−2)/2
cos

(s+ ν)π

4

× Γ

(
s+ ν − 2

2

)
4F3

( 2−ν
4 , 3−ν

4 , 4−ν
4 , 5−ν

4
3
2 , −

s+ν−4
4 , − s+ν−64 ; − 4a2

b4

)
+
πa−(s+ν)/2bν

4 Γ
(
− s+ν−22

) sec
(s+ ν)π

4
4F3

( −ν4 ,
1−ν
4 , 2−ν

4 , 3−ν
4

1
2 , −

s+ν−2
4 , − s+ν−44 ; − 4a2

b4

)
[a > 0; −2 < Re s < 2− Re ν; |arg b| < 3π/4]

15 eb
2x2/4 cos

(
ax2
)
Dν (bx) − π

2(s+ν+2)/2bs
csc

(s+ ν)π

2
Γ

[
s

−ν, s+ν+2
2

]
× 4F3

( s
4 ,

s+1
4 , s+2

4 , s+3
4

1
2 ,

s+ν+2
4 , s+ν+4

4 ; − 4a2

b4

)
+

(ν − 1) νπbν−2

8a(s+ν−2)/2 Γ
(
− s+ν−42

)
× sec

(s+ ν)π

4
4F3

( 2−ν
4 , 3−ν

4 , 4−ν
4 , 5−ν

4
3
2 , −

s+ν−4
4 , − s+ν−64 ; − 4a2

b4

)
+

bν

2a(s+ν)/2
cos

(s+ ν)π

4
Γ

(
s+ ν

2

)
× 4F3

( −ν4 ,
1−ν
4 , 2−ν

4 , 3−ν
4

1
2 , −

s+ν−2
4 , − s+ν−44 ; − 4a2

b4

)
[a > 0; 0 < Re s < 2− Re ν; |arg b| < 3π/4]

16 e−b
2x2/4

{
sin
(
ax2
)

cos (ax2)

} √
π aδb−s−2δ

2(s−ν+2δ)/2
Γ

[
s+ 2δ

s−ν+2δ+1
2

]
4F3

( s+2δ
4 , s+2δ+1

4 , s+2δ+2
4 , s+2δ+3

4
2δ+1

2 , s−ν+2δ+1
4 , s−ν+2δ+3

4 ; − 4a2

b4

)
×Dν (bx) [a > 0; Re s > −2δ; |arg b| < π/4]

3.9.2. Dν (bx) and erf (ax), erfc (ax)

1 e±b
2x2/4 erf (ax) Dν (bx)

2(ν−s+1)/2a

bs+1 [2ν+1
√
π Γ (−ν)]

(1±1)/2 Γ (s+ 1)

× Γ±1
(

1∓ 2s− 2ν ∓ 3

4

)
3F2

( 1
2 ,

s+1
2 , s+2

2 ; ± 2a2

b2

3
2 ,

2s±2ν+5±1
4

)
− (1± 1) a−s−νbν

2
√
π (s+ ν)

Γ

(
s+ ν + 1

2

)
3F2

( −ν2 , 1−ν
2 , − s+ν2

2−s−ν
2 , 1−s−ν

2 ; 2a2

b2

)
[

Re a > 0;

{
−1 < Re s < −Re ν

Re s > −1

}
; |arg b| < (2± 1)π/4

]
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No. f (x) F (s)

2 e±b
2x2/4 erfc (ax)

2ν/2a−s

s
Γ

[ s+1
2

1−ν
2

]
3F2

( 1∓1∓2ν
4 , s2 ,

s+1
2

1
2 ,

s+2
2 ; ± b2

2a2

)
× Dν (bx) − 2(ν+1)/2a−s−1b

s+ 1
Γ

[ s+2
2

−ν2

]
3F2

( 3∓1∓2ν
4 , s+1

2 , s+2
2

3
2 ,

s+3
2 ; ± b2

2a2

)
[Re s > 0; |arg a| < π/4; |arg b| < (2± 1)π/4]

3 e−b
2x2/4 erfc (ax) − 2(ν+3)/2b

π as+1(s+ 1)
sin

νπ

2
Γ

(
ν + 2

2

)
Γ

(
s+ 2

2

)
3F2

(ν+2
2 , s+1

2 , s+2
2

3
2 ,

s+3
2 ; − b2

2a2

)
× [Dν (−bx)−Dν (bx)]

[
Re s, Re

(
2a2 + b2

)
> 0; |arg a| < π/4

]

3.9.3. Products of Dµ (bxr)

1 D−ν−1 (ax) Dν (ax)
π

2s+1/2as
Γ

[
s

s−2ν+2
4 , s+2ν+4

4

]
[Re s > 0; |arg a| < π/4]

2 Dν

(
eπi/4ax

)
Dν

( ax

eπi/4

) √
π

2s+1as
Γ

[
s, − s+2ν

4

−ν, s−2ν+2
4

]
[Re a > 0; 0 < Re s < −2 Re ν]

3 e(a
2+b2)x2/4Dµ (ax)

√
π

2(s+µ−ν)/2+1as
Γ

[
s, − s+µ2
−µ, 1−ν

2

]
3F2

( −ν2 ,
s
2 ,

s+1
2

1
2 ,

s+µ+2
2 ; − b2

a2

)
×Dν (bx) −

√
π b

2(s+µ−ν)/2+1as+1
Γ

[
s+ 1, − s+µ+1

2

−µ, −ν2

]
3F2

( 1−ν
2 , s+1

2 , s+2
2

3
2 ,

s+µ+3
2 ; − b2

a2

)
+

aµ

2(s+µ+ν)/2+1bs+µ
Γ

[
s+ µ, − s+µ+ν2

−ν

]
3F2

( −µ2 , 1−µ
2 , − s+µ+ν2

1−s−µ
2 , 2−s−µ

2 ; − b2

a2

)
[0 < Re s < −Re (µ+ ν) ; |arg a|, |arg b| < 3π/4]

4 e(a
2−b2)x2/4Dµ (ax)

π

2(s−µ−ν)/2bs
Γ

[
s

1−µ
2 , s−ν+1

2

]
3F2

( −µ2 , s2 , s+1
2

1
2 ,

s−ν+1
2 ; a2

b2

)
×Dν (bx) − π a

2(s−µ−ν)/2bs+1
Γ

[
s+ 1

−µ2 ,
s−ν+2

2

]
3F2

( 1−µ
2 , s+1

2 , s+2
2

3
2 ,

s−ν+2
2 ; a2

b2

)
[Re s > 0; |arg a| < 3π/4, |arg b| < π/4]

5 e−(a
2+b2)x2/4Dµ (ax)

π

2(s−µ−ν)/2as
Γ

[
s

1−ν
2 , s−µ+1

2

]
3F2

( ν+1
2 , s2 ,

s+1
2

1
2 ,

s−µ+1
2 ; − b2

a2

)
×Dν (bx) − πb

2(s−µ−ν)/2as+1
Γ

[
s+ 1

−ν2 ,
s−µ+2

2

]
3F2

( ν+2
2 , s+1

2 , s+2
2

3
2 ,

s−µ+2
2 ; − b2

a2

)
[Re s > 0; |arg a|, |arg b| < π/4]
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3.10. The Bessel Function Jν (z)

More formulas can be obtained from the corresponding sections due to the relations

J±1/2 (z) =

√
2

π

1√
z

{
sin z

cos z

}
, J±3/2 (z) =

√
2

π

1

z3/2

[
±
{

sin z

cos z

}
− z

{
cos z

sin z

}]
;

Jν (z) =
1

sin (νπ)
[Y−ν (z)− Yν (z) cos (νπ)] , [ν 6= 0, ±1, ±2, . . . ] ;

Jν (z) =
1

2

[
H(1)
ν (z) +H(2)

ν (z)
]
, Jν (z) =

zν

(iz)
ν Iν (iz) ,

Jν (z) =
(z/2)

ν

Γ (ν + 1)
0F1

(
ν + 1; −z

2

4

)
, Jν (z) = zν

(
z2
)−ν/2

G10
02

(
z2

4

∣∣∣∣ ·
ν/2, −ν/2

)
,

Jν (z) = π
(z

2

)ν
G10

13

(
−z

2

4

∣∣∣∣ 1/2

0, −ν, 1/2

)
,

Jν (z) = πzν
(
−z2

)−ν/2
G10

13

(
−z

2

4

∣∣∣∣ (ν + 1) /2

ν/2, −ν/2, (ν + 1) /2

)
.

3.10.1. Jν (bx) and algebraic functions

No. f (x) F (s)

1 1− J0 (ax) −2s−1

as
Γ

[ s+2
2

2−s
2

]
[a > 0; −2 < Re s < 0]

2 Jν (ax)
2s−1

as
Γ

[ s+ν
2

2−s+ν
2

]
[a > 0; −Re ν < Re s < 3/2]

3 Jν (ax)− 2−ν (ax)
ν

Γ (ν + 1)
−2s−1

as
Γ

[ − s+ν2 , s+ν+2
2

2−s−ν
2 , 2−s+ν

2

]
[a > 0; −Re ν − 2 < Re s < 3/2, −Re ν]

4 Jν (ax)± J−ν (ax) ± 1

π

(
2

a

)s{
cos (νπ/2) sin (sπ/2)

sin (νπ/2) cos (sπ/2)

}
Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)
[a > 0; |Re ν| < Re s < 3/2]

5 (a− x)
α−1
+ Jν (bx) as+α+ν−1

(
b

2

)ν
Γ

[
α, s+ ν

ν + 1, s+ α+ ν

]
× 2F3

( s+ν
2 , s+ν+1

2 ; −ab
2

4

ν + 1, s+α+ν2 , s+α+ν+1
2

)
[a, Reα, Re (s+ ν) > 0]

6
(
a2 − x2

)α−1
+

Jν (bx)
as+2α+ν−2bν

2ν+1
Γ

[
α, s+ν2

ν + 1, s+2α+ν
2

]
1F2

( s+ν
2 ; −a

2b2

4

ν + 1, s+2α+ν
2

)
[a, Reα, Re (s+ ν) > 0]
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No. f (x) F (s)

7
1

(x+ a)
ρ Jν (bx) as+ν−ρ

(
b

2

)ν
Γ

[
s+ ν, ρ− ν − s

ν + 1, ρ

]
2F3

( s+ν
2 , s+ν+1

2 ; −a
2b2

4

ν + 1, s+ν−ρ+1
2 , s+ν−ρ+2

2

)
+

2s−ρ−1

bs−ρ
Γ

[ s−ρ+ν
2

2−s+ν+ρ
2

]
2F3

( ρ
2 ,

ρ+1
2 ; −a

2b2

4
1
2 ,

2−s−ν+ρ
2 , 2−s+ν+ρ

2

)
− ρ a2s−ρ−2

bs−ρ−1
Γ

[ s+ν−ρ−1
2

3−s+ν+ρ
2

]
2F3

( ρ+1
2 , ρ+2

2 ; −a
2b2

4
3
2 ,

3−s−ν+ρ
2 , 3−s+ν+ρ

2

)
[b > 0; −Re ν < Re s < Re ρ+ 3/2; |arg a| < π]

8
1

x+ a
Jν (bx) 2s−2b−s+1 Γ

[ s+ν−1
2

− s−ν−32

]
1F2

(
1; −a

2b2

4

− s−ν−32 , − s+ν−32

)
− 2s−3ab2−s Γ

[ s+ν−2
2

− s−ν−42

]
1F2

(
1; −a

2b2

4

− s−ν−42 , − s+ν−42

)
+ πas−1 csc [(s+ ν)π] Jν (ab)

[b > 0; −Re ν < Re s < 5/2; |arg a| < π]

9
1

x− a
Jν (bx)

2s−2

bs−1
Γ

[ s+ν−1
2

3−s+ν
2

]
1F2

(
1; −a

2b2

4
3−s−ν

2 , 3−s+ν
2

)
+

2s−3a

bs−2
Γ

[
s+ν−2

2
4−s+ν

2

]
1F2

(
1; −a

2b2

4
4−s−ν

2 , 4−s+ν
2

)
− πas−1 cot [(s+ ν)π] Jν (ab)

[a, b > 0; −Re ν < Re s < 5/2]

10
1

(x2 + a2)
ρ Jν (bx)

as+ν−2ρbν

2ν+1
Γ

[ s+ν
2 , 2ρ−ν−s

2

ν + 1, ρ

]
1F2

( s+ν
2 ; a2b2

4

ν + 1, s+ν−2ρ+2
2

)
+

2s−2ρ−1

bs−2ρ
Γ

[
s+ν−2ρ

2
2−s+ν+2ρ

2

]
1F2

(
ρ; a2b2

4
2−s−ν+2ρ

2 , 2−s+ν+2ρ
2

)
[Re a, b > 0; −Re ν < Re s < 2 Re ρ+ 3/2]

11
1

x2 + a2
Jν (bx) 2s−3b2−s Γ

[ s+ν−2
2

4−s+ν
2

]
1F2

(
1; a2b2

4
4−s−ν

2 , 4−s+ν
2

)
+
πas−2

2
csc

(s+ ν)π

2
Iν (ab)

[Re a, b > 0; −Re ν < Re s < 7/2]

12
1

x2 − a2
Jν (bx)

2s−3

bs−2
Γ

[ s+ν−2
2

4−s+ν
2

]
1F2

(
1; −a

2c2

4
4−s−ν

2 , 4−s+ν
2

)
− πas−2

2
cot

(s+ ν)π

2
Jν (ab)

[a, b > 0; −Re ν < Re s < 7/2]
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No. f (x) F (s)

13
1

(x4 + a4)
ρ Jν (bx)

2s−4ρ−1

bs−4ρ
Γ

[ s+ν−4ρ
2

2−s+ν+4ρ
2

]
× 1F4

(
ρ; −a

4b4

256
4−s−ν+4ρ

4 , − s+ν−4ρ−14 , 2−s+ν+4ρ
4 , 4−s+ν+4ρ

4

)
− as+ν−4ρ+2bν+2

2ν+4
Γ

[ s+ν+2
4 , ρ− s+ν+2

4

ν + 2, ρ

]
× 1F4

( s+ν+2
4 ; −a

4b4

256
3
2 ,

ν+2
2 , ν+3

2 , s+ν−4ρ+3
4

)
+
as+ν−4ρbν

2ν+2
Γ

[ s+ν
4 , ρ− s+ν

4

ν + 1, ρ

]
1F4

( s+ν
4 ; −a

4b4

256
1
2 ,

ν+1
2 , ν+2

2 , s+ν−4ρ+4
4

)
[b > 0; −Re ν < Re s < 4 Re ρ+ 3/2; |arg a| < π/4]

14
1

x4 − a4
Jν (bx)

2s−5

bs−4
Γ

[ s+ν−4
2

6−s+ν
2

]
1F4

(
1; a4b4

256
8−s−ν

4 , 8−s+ν
4 , 6−s−ν

4 , 6−s+ν
4

)
− πas+ν−2bν+2

2ν+4Γ (ν + 2)
tan

(s+ ν)π

4
0F3

( a4b4

256
3
2 ,

ν+2
2 , ν+3

2

)
− πas+ν−4bν

2ν+2Γ (ν + 1)
cot

(s+ ν)π

4
0F3

( a4b4

256
1
2 ,

ν+1
2 , ν+2

2

)
[a, b > 0; −Re ν < Re s < 11/2]

15
(√
x2 + a2 + a

)ρ
Jν (bx)

2s+ρ−1

bs+ρ
Γ

[ s+ρ+ν
2

2−s+ν−ρ
2

]
2F3

( −ρ2 ,
ρ
2 ; a2b2

4
1
2 ,

2−s−ν−ρ
2 , 2−s+ν−ρ

2

)
+

2s+ρ−2ρa

bs+ρ−1
Γ

[ s+ρ+ν−1
2

3−s+ν−ρ
2

]
2F3

( 1−ρ
2 , 1+ρ

2 ; a2b2

4
3
2 ,

3−s−ν−ρ
2 , 3−s+ν−ρ

2

)
− 2s+ρ−1ρas+ρ+νbν Γ

[ −s− ρ− ν, s+ν2
ν + 1, 1− s+2ρ+ν

2

]
× 2F3

( s+ν
2 , s+2ρ+ν

2 ; a2b2

4

ν + 1, s+ρ+ν+1
2 , s+ρ+ν+2

2

)
[b, Re a > 0; −Re ν < Re s < −Re ρ+ 3/2]

16

(√
x2 + a2 + a

)ρ
√
x2 + a2

Jν (bx)
2s+ρ−2

bs+ρ−1
Γ

[ s+ν+ρ−1
2

3−s+ν−ρ
2

]
2F3

( 1−ρ
2 , 1+ρ

2 ; a2b2

4
1
2 ,

3−s−ν−ρ
2 , 3−s+ν−ρ

2

)
+

2s+ρ−3ρa

bs+ρ−2
Γ

[ s+ν+ρ−2
2

4−s+ν−ρ
2

]
2F3

( 2−ρ
2 , 2+ρ

2 ; a2b2

4
3
2 ,

4−s−ν−ρ
2 , 4−s+ν−ρ

2

)
+ 2s+ρ−1as+ρ+ν−1bν Γ

[
1− s− ν − ρ, s+ν2
ν + 1, 1− s+ν+2ρ

2

]
× 2F3

( s+ν
2 , s+2ρ+ν

2 ; a2b2

4

ν + 1, s+ν+ρ2 , s+ν+ρ+1
2

)
[b, Re a > 0; −Re ν < Re s < 5/2− Re ρ]
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No. f (x) F (s)

17
(√
x2 + a2 ± x

)ρ
Jν (bx)

2s±2ρ−1aρ∓ρ

bs±ρ
Γ

[ s+ν±ρ
2

2−s+ν∓ρ
2

]
2F3

( ∓ρ2 ,
1∓ρ
2 ; a2b2

4

1∓ ρ, 2−s−ν∓ρ
2 , 2−s+ν∓ρ

2

)
∓ ρas+ρ+νbν

2s+2ν+1
Γ

[
s+ ν, − s+ν±ρ2

ν + 1, s+ν∓ρ+2
2

]
2F3

( s+ν
2 , s+ν+1

2 ; a2b2

4

ν + 1, s+ν+ρ+2
2 , s+ν−ρ+2

2

)
[b, Re a > 0; −Re ν < Re s < 3/2∓ Re ρ]

18

(√
x2 + a2 ± x

)ρ
√
x2 + a2

Jν (bx)
2s±2ρ−2aρ∓ρ

bs±ρ−1
Γ

[ s+ν±ρ−1
2

3−s+ν∓ρ
2

]
2F3

( 1∓ρ
2 , 2∓ρ

2 ; a2b2

4

1∓ ρ, 3−s−ν∓ρ
2 , 3−s+ν∓ρ

2

)
+
as+ρ+ν−1bν

2s+2ν
Γ

[
s+ ν, − s+ν±ρ−12

ν + 1, s+ν∓ρ+1
2

]
× 2F3

( s+ν
2 , s+ν+1

2 ; a2b2

4

ν + 1, s+ν+ρ+1
2 , s+ν−ρ+1

2

)
[b, Re a > 0; −Re ν < Re s < 5/2∓ Re ρ]

3.10.2. Jν (ϕ (x)) and algebraic functions

1 θ (1− x) Jν

(a
x
− ax

)
I(ν+s)/2 (a)K(ν−s)/2 (a) [a > 0; Re (s+ ν) < 3/2]

2 θ (x− 1) Jν

(
ax− a

x

)
I(ν−s)/2 (a)K(ν+s)/2 (a) [a > 0; Re ν > −1; Re s < 3/2]

3 Jν

(
a
∣∣∣x− 1

x

∣∣∣) I(ν−s)/2 (a) K(ν+s)/2 (a) + I(ν+s)/2 (a) K(ν−s)/2 (a)

[a > 0; Re ν > −1; |Re s| < 3/2]

4 Jν

(
ax+

a

x

)
−π

2

[
J(ν−s)/2 (a) Y(ν+s)/2 (a) + J(ν+s)/2 (a) Y(ν−s)/2 (a)

]
[a > 0; |Re s| < 3/2]

5 (a− x)
α−1
+ as+α+2ν−1

(
b

2

)ν
Γ

[
s+ ν, α+ ν

ν + 1, s+ α+ 2ν

]
× Jν

(
bx (a− x)

)
× 4F5

(
∆ (2, α+ ν) , ∆ (2, s+ ν)

ν + 1, ∆ (4, s+ α+ 2ν) ; −a4b264

)
[a, Re (α+ ν) , Re (s+ ν) > 0]

6
(
a2 − x2

)ν/2
+

2s/2−1as/2+ν

bs/2
Γ
(s

2

)
Js/2+ν (ab) [a, Re s > 0; Re ν > −1]

× Jν
(
b
√
a2 − x2

)
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No. f (x) F (s)

7
(
x2 − a2

)ν/2
+

as/2+ν

Γ
(
2−s
2

) (2

b

)s/2
Ks/2+ν (ab)

× Jν
(
b
√
x2 − a2

)
[a, b > 0; Re ν > −1; Re s < 3/2− Re ν]

8
(
x2 + a2

)ρ 2s+2ρ−1π b−s−2ρ

Γ
(
2−s+ν−2ρ

2

)
Γ
(
2−s−ν−2ρ

2

) csc
(s+ ν + 2ρ)π

2

× Jν
(
b
√
x2 + a2

)
× 1F2

( 2−s
2 ; −a

2b2

4
2−s+ν−2ρ

2 , 2−s−ν−2ρ
2

)
− πas+ν+2ρbν

2ν+1
csc

(s+ ν + 2ρ)π

2

× Γ

[ s
2

ν + 1, −ν+2ρ
2 , s+ν+2ρ+2

2

]
1F2

( ν+2ρ+2
2 ; −a

2b2

4

ν + 1, s+ν+2ρ+2
2

)
[Re a, b > 0; 0 < Re s < −2 Re ρ+ 1/2]

9
(
x2 + a2

)ν/2 2s/2−1as/2+ν

bs/2
Γ
(s

2

) [
Js/2+ν (ab) cos

sπ

2
− Ys/2+ν (ab) sin

sπ

2

]
× Jν

(
b
√
x2 + a2

)
[Re a, b > 0; 0 < Re s < 3/2− Re ν]

10
(
x2 + a2

)−ν/2 2s/2−1as/2−ν

bs/2
Γ
(s

2

)
Jν−s/2 (ab)

× Jν
(
b
√
x2 + a2

)
[Re a, b > 0; 0 < Re s < Re ν + 3/2]

11
1

(x+ a)
ρ Jν

(
b

x+ a

)
as−ν−ρ

Γ (ν + 1)

(
b

2

)ν
B (s, ν + ρ− s) 2F3

(ν+ρ−s
2 , ν+ρ−s+1

2 ; − b2

4a2

ν + 1, ν+ρ2 , ν+ρ+1
2

)
[0 < Re s < Re (ν + ρ) ; |arg a| < π]

12
1

(x+ a)
ρ Jν

(
bx

x+ a

)
as−ρ

(
b

2

)ν
B (s+ ν, ρ− s)

Γ (ν + 1)
2F3

( s+ν
2 , s+ν+1

2 ; − b
2

4

ν + 1, ν+ρ2 , ν+ρ+1
2

)
[−Re ν < Re s < Re ρ; |arg a| < π]

13
1

(x2 + a2)
ρ

2−ν−1as−ν−2ρbν

Γ (ν + 1)
B

(
s+ ν

2
,
ν + 2ρ− s

2

)
× Jν

(
bx

x2 + a2

)
× 2F3

( s+ν
2 , ν+2ρ−s

2 ; − b2

16a2

ν + 1, ν+ρ2 , ν+ρ+1
2

)
[Re a, b > 0; −Re ν < Re s < Re (ν + 2ρ)]
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3.10.3. Jν (ϕ (x)) and the exponential function

1 e−axJν (bx)
bν

2νas+ν
Γ

[
s+ ν

ν + 1

]
2F1

( s+ν
2 , s+ν+1

2

ν + 1; − b2

a2

)
[Re (s+ ν) > 0; Re a > |Im b|]

2 e−ax
2

Jν (bx)
2−ν−1bν

a(s+ν)/2
Γ

[ s+ν
2

ν + 1

]
1F1

( s+ν
2 ; − b2

4a

ν + 1

)
[Re a > 0; Re (s+ ν) > 0; |arg b| < π]

3 e−a
√
xJν (bx)

2s−1

bs
Γ

[ s+ν
2

2−s+ν
2

]
2F3

( s−ν
2 , s+ν2

1
4 ,

1
2 ,

3
4 ; − a4

64b2

)
− 2s−1/2a

bs+1/2
Γ

[ 2s+2ν+1
4

3−2s+2ν
4

]
2F3

( 2s−2ν+1
4 , 2s+2ν+1

4
1
2 ,

3
4 ,

5
4 ; − a4

64b2

)
+

2s−1a2

bs+1
Γ

[ s+ν+1
2

1−s+ν
2

]
2F3

( s−ν+1
2 , s+ν+1

2
3
4 ,

5
4 ,

3
2 ; − a4

64b2

)
− 2s−1/2a3

3bs+3/2
Γ

[ 2s+2ν+3
4

1−2s+2ν
4

]
2F3

( 2s−2ν+3
4 , 2s+2ν+3

4
5
4 ,

3
2 ,

7
4 ; − a4

64b2

)
[b, Re a, Re (s+ ν) > 0]

4 e−a/xJν (bx)
2s−1

bs
Γ

[ s+ν
2

2−s+ν
2

]
0F3

( −a
2b2

16
1
2 ,

2−s−ν
2 , 2−s+ν

2

)
− 2s−2a

bs−1
Γ

[ s+ν−1
2

3−s+ν
2

]
0F3

( −a
2b2

16
3
2 ,

3−s−ν
2 , 3−s+ν

2

)
+
as+νbν

2ν
Γ

[
−s− ν
ν + 1

]
0F3

( −a
2b2

16

ν + 1, s+ν+1
2 , s+ν+2

2

)
[b, Re a > 0; Re s < 3/2]

5 e−a/x
2

Jν (bx)
2s−1

bs
Γ

[
s+ν
2

2−s+ν
2

]
0F2

( ab2

4
2−s−ν

2 , 2−s+ν
2

)

+
a(s+ν)/2bν

2ν+1
Γ

[
− s+ν2
ν + 1

]
0F2

( ab2

4

ν + 1, s+ν+2
2

)
[b, Re a > 0; Re s < 3/2]

6 (a− x)
α−1
+ e±ibx Jν (bx) as+α+ν−1

(
b

2

)ν
Γ

[
α, s+ ν

ν + 1, s+ α+ ν

]
2F2

( 2ν+1
2 , s+ ν; ±2iab

2ν + 1, s+ α+ ν

)
[a, b, Reα, Re (s+ ν) > 0]

7 (a− x)
ν/2
+ ebx as+ν

( c
2

)ν
Γ

[
s

s+ ν + 1

]
Φ3

(
s; s+ ν + 1; ab, −ac

2

4

)
× Jν

(
c
√
a− x

)
[a, Re s > 0; Re ν > −1]
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No. f (x) F (s)

8
(
a2 − x2

)−1
+
e−b/(a

2−x2) as−1

c
e−b/(2a

2) Γ

[ s+ν
2

ν + 1

]
M(s−1)/2, ν/2

(√
b2 + a2c2 − b

2a2

)
× Jν

(
cx

a2 − x2

)
×W(1−s)/2, ν/2

(√
b2 + a2c2 + b

2a2

)
[a, b, c, Re (s+ ν) > 0]

9
(
x2 − a2

)−1
+
e−b/(x

2−a2) −a
s−1

c
eb/(2a

2) Γ

[ 2−s+ν
2

ν + 1

]
M(1−s)/2, ν/2

(√
b2 + a2c2 − b

2a2

)
× Jν

(
cx

x2 − a2

)
×W(s−1)/2, ν/2

(√
b2 + a2c2 + b

2a2

)
[a, b, c > 0; Re s < Re ν]

10
e±2a

2b/(x2+a2)

x2 + a2
as−1

2c
e±b Γ

[ 2−s+ν
2 , s+ν2

ν + 1, ν + 1

]
M∓(1−s)/2, ν/2

(
ab−

√
a2b2 − c2
a

)
× Jν

(
2cx

x2 + a2

)
×M∓(1−s)/2, ν/2

(
ab+

√
a2b2 − c2
a

)
[Re a, b, c > 0; −Re ν < Re s < Re ν + 2]

3.10.4. Jν (bx) and trigonometric functions

Notation: δ =

{
1

0

}
.

1

{
sin (ax)

cos (ax)

}
Jν (ax)

(2a)
−s

√
π

{
sin [(s+ ν)π/2]

cos [(s+ ν)π/2]

}
Γ

[ 1−2s
2 , s+ ν

1− s+ ν

]
[a > 0; −Re ν − δ < Re s < 1/2]

2

{
sin (ax+ b)

cos (ax+ b)

}
Jν (ax)

(2a)
−s

√
π

{
sin [(s+ ν)π/2 + b]

cos [(s+ ν)π/2 + b]

}
Γ

[ 1−2s
2 , s+ ν

1− s+ ν

]
[a > 0; −Re ν < Re s < 1/2]

3

{
sin (ax)

cos (ax)

}
Jν (bx)

2s+δ−1aδ

bs+δ
Γ

[ s+ν+δ
2

2−s+ν−δ
2

]
2F1

( s−ν+δ
2 , s+ν+δ2
2δ+1

2 ; a2

b2

)
[0 < a < b; −Re ν − δ < Re s < 3/2]

4

{
sin (ax)

cos (ax)

}
Jν (bx)

bν

2νas+ν

{
sin[(s+ ν)π/2]

cos[(s+ ν)π/2]

}
Γ

[
s+ ν

ν + 1

]
2F1

( s+ν
2 , s+ν+1

2

ν + 1; b2

a2

)
[0 < b < a; −Re ν − δ < Re s < 3/2]
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No. f (x) F (s)

5

{
sin
(
ax2
)

cos (ax2)

}
Jν (bx)

bν

2ν+1a(s+ν)/2

{
sin [(s+ ν)π/4]

cos [(s+ ν)π/4]

}
Γ

[ s+ν
2

ν + 1

]

× 2F3

( s+ν
4 , s+ν+2

4 ; − b4

64a2

1
2 ,

ν+1
2 , ν+2

2

)

∓ bν+2

2ν+3a(s+ν)/2+1

{
cos [(s+ ν)π/4]

sin [(s+ ν)π/4]

}
Γ

[ s+ν+2
2

ν + 2

]

× 2F3

( s+ν+2
4 , s+ν+4

4 ; − b4

64a2

3
2 ,

ν+2
2 , ν+3

2

)
[a, b > 0; −Re ν − 2δ < Re s < 5/2]

6 sin (a
√
x) Jν (bx)

2s−1/2a

bs+1/2
Γ

[ 2s+2ν+1
4

3−2s+2ν
4

]
2F3

( 2s−2ν+1
4 , 2s+2ν+1

4
1
2 ,

3
4 ,

5
4 ; − a4

64b2

)

− 2s−1/2a3

3bs+3/2
Γ

[ 2s+2ν+3
4

1−2s+2ν
4

]
2F3

( 2s−2ν+3
4 , 2s+2ν+3

4
5
4 ,

3
2 ,

7
4 ; − a4

64b2

)
[a, b > 0; −Re ν − 1/2 < Re s < 3/2]

7 cos (a
√
x) Jν (bx)

2s−1

bs
Γ

[ s+ν
2

2−s+ν
2

]
2F3

( s−ν
2 , s+ν2

1
4 ,

1
2 ,

3
4 ; − a4

64b2

)

− 2s−1a2

bs+1
Γ

[ s+ν+1
2

1−s+ν
2

]
2F3

( s−ν+1
2 , s+ν+1

2
3
4 ,

5
4 ,

3
2 ; − a4

64b2

)
[a, b > 0; −Re ν < Re s < 3/2]

8 sin
a

x
Jν (bx)

2s−2a

bs−1
Γ

[ s+ν−1
2

3−s+ν
2

]
0F3

( a2b2

16
3
2 ,

3−s−ν
2 , 3−s+ν

2

)

− as+ν
(
b

2

)ν
sin

(s+ ν)π

2
Γ

[
−s− ν
ν + 1

]

× 0F3

( a2b2

16

ν + 1, s+ν+1
2 , s+ν+2

2

)
[a, b > 0; −Re ν − 1 < Re s < 5/2]

9 cos
a

x
Jν (bx)

2s−1

bs
Γ

[ s+ν
2

2−s+ν
2

]
0F3

( a2b2

16
1
2 ,

2−s−ν
2 , 2−s+ν

2

)

+ as+ν
(
b

2

)ν
cos

(s+ ν)π

2
Γ

[
−s− ν
ν + 1

]

× 0F3

( a2b2

16

ν + 1, s+ν+1
2 , s+ν+2

2

)
[a, b > 0; −Re ν − 1 < Re s < 3/2]
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No. f (x) F (s)

10 sin (ax) Jν (ax) −22−sa−s

π3/2
sin

(2ν ∓ 1)π

4
cos

(2s∓ 1)π

4

± cos (ax) J−ν (ax) × cos
(s− ν)π

2
sin

(s+ ν)π

2
Γ

[
1

2
− s, s− ν, s+ ν

]
[a > 0; −Re ν − 1, Re ν < Re s < (2∓ 1) /2]

11 cos (ax) Jν (ax) ±22−sa−s

π3/2
sin

(2ν ± 1)π

4
cos

(2s∓ 1)π

4

± sin (ax) J−ν (ax) × sin
(s− ν)π

2
cos

(s+ ν)π

2
Γ

[
1

2
− s, s− ν, s+ ν

]
[a > 0; Re ν − 1, −Re ν < Re s < (2∓ 1) /2]

12 e−ax
{

sin (bx)

cos (bx)

}
Jν (bx)

(2b)
ν+δ

√
π as+ν+δ

Γ

[ 2ν+2δ+1
2 , s+ ν + δ

2ν + δ + 1

]
× 4F3

( 2ν+3
4 , 2ν+4δ+1

4 , s+ν+1
2 , s+ν+2δ

2
2δ+1

2 , ν + 1, 2ν+2δ+1
2 ; − 4b2

a2

)
[b, Re a > 0; Re (s+ ν) > −δ]

13 e−a
√
x

{
sin (a

√
x)

cos (a
√
x)

}
2s+1/2a3

3bs+3/2
Γ

[ 2s+2ν+3
4

1−2s+2ν
4

]
2F3

( 2s+2ν+3
4 , 2s−2ν+3

4
3
2 ,

5
4 ,

7
4 ; a4

16b2

)
× Jν (bx) ± 2s−1/2a

bs+1/2
Γ

[ 2s+2ν+1
4

3−2s+2ν
4

]
2F3

( 2s+2ν+1
4 , 2s−2ν+1

4
1
2 ,

3
4 ,

5
4 ; a4

16b2

)
∓ 2s+δ−1a2δ

bs+δ
Γ

[ s+ν+δ
2

2−s+ν−δ
2

]
2F3

( s+ν+δ
2 , s−ν+δ2

3
4 ,

2δ+1
2 , 4δ+1

4 ; a4

16b2

)
[b > 0; Re (s+ ν) > −δ/2; |arg a| < π/4]

3.10.5. Jν (bx) and the logarithmic function

1 θ (a− x) ln

√
a+
√
a− x√
x

√
π as+ν

2 (s+ ν)

(
b

2

)ν
Γ

[
s+ ν

ν + 1, 2s+2ν+1
2

]
× Jν (bx) × 3F4

( s+ν
2 , s+ν2 , s+ν+1

2 ; −a
2b2

4

ν + 1, 2s+2ν+1
4 , 2s+2ν+3

4 , s+ν+2
2

)
[a, Re (s+ ν) > 0]

2 θ (a− x) ln
a+
√
a2 − x2
x

√
π as+ν

2 (s+ ν)

(
b

2

)ν
Γ

[ s+ν+1
2

ν + 1, s+ν2

]
2F3

( s+ν
2 , s+ν2 ; −a

2b2

4

ν + 1, s+ν+1
2 , s+ν+2

2

)
× Jν (bx) [a, Re (s+ ν) > 0]
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3.10.6. Jν (bx) and inverse trigonometric functions

Notation: δ =

{
1

0

}
.

1 θ (a− x) arccos
x

a
Jν (bx)

√
π as+ν

(s+ ν)
2

(
b

2

)ν
Γ

[ s+ν+1
2

ν + 1, s+ν2

]
2F3

( s+ν
2 , s+ν+1

2 ; −a
2b2

4

ν + 1, s+ν+2
2 , s+ν+2

2

)
[a, Re (s+ ν) > 0]

2 θ (a− x)

{
sin (bx)

cos (bx)

} √
π as+ν+δbν+δ

2ν+1 (s+ ν + δ)
Γ

[ s+ν+δ+1
2

ν + 1, s+ν+δ+2
2

]
× arccos

x

a
Jν (bx) × 4F5

( 2ν+2δ+1
2 , 2ν+2δ+3

2 , s+ν+δ2 , s+ν+δ+1
2 ; −a2b2

2δ+1
2 , 2ν+δ+1

2 , 2ν+δ+2
2 , s+ν+δ+2

2 , s+ν+δ+2
2

)
[a > 0; Re (s+ ν) > −δ]

3.10.7. Jν (bx) and Ei (axr)

1 Ei (−ax) Jν (bx) −a
−s−ν

s+ ν

(
b

2

)ν
Γ

[
s+ ν

ν + 1

]
3F2

( s+ν
2 , s+ν2 , s+ν+1

2

ν + 1, s+ν+2
2 ; − b2

a2

)
 (Re a > |Im b|; Im a = 0; Re (s+ ν) > 0) or

(Re a+ |Im b| = 0; Im a = 0;−Re ν < Re s < 5/2) or

(Re a ≥ 0; Im a 6= 0; Im b = 0;−Re ν < Re s < 3/2)


2 Ei

(
−ax2

)
Jν (bx) −a

−(s+ν)/2

s+ ν

(
b

2

)ν
Γ

[ s+ν
2

ν + 1

]
2F2

( s+ν
2 , s+ν2 ; − b2

4a

ν + 1, s+ν+2
2

)
[Re a, Re (s+ ν) > 0]

3 e±ax Ei (∓ax) Jν (bx) − π

as+ν

(
b

2

)ν {
csc [(s+ ν)π]

cot [(s+ ν)π]

}
Γ

[
s+ ν

ν + 1

]
2F1

( s+ν
2 , s+ν+1

2

ν + 1; − b2

a2

)
∓ 2s−2

abs−1
Γ

[ s+ν−1
2

3−s+ν
2

]
3F2

( 1
2 , 1, 1; − b2

a2

3−s−ν
2 , 3−s+ν

2

)
+

2s−3

a2bs−2
Γ

[ s+ν−2
2

4−s+ν
2

]
3F2

(
1, 1, 3

2 ; − b2

a2

4−s−ν
2 , 4−s+ν

2

)
[b, Re a > 0; −Re ν < Re s < 5/2]

4 e±ax
2

Ei
(
∓ax2

)
Jν (bx) − πbν

2ν+1a(s+ν)/2

{
csc [(s+ ν)π/2]

cot [(s+ ν)π/2]

}
Γ

[ s+ν
2

ν + 1

]
1F1

( s+ν
2 ; ± b2

4a

ν + 1

)
∓ 2s−3

abs−2
Γ

[ s+ν−2
2

4−s+ν
2

]
2F2

(
1, 1; ± b2

4a
4−s−ν

2 , 4−s+ν
2

)
[b, Re a > 0; −Re ν < Re s < 5/2]
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3.10.8. Jν (bx) and si (axr), Si (ax), or ci (axr)

Notation: δ =

{
1

0

}
.

1

{
si (ax)

ci (ax)

}
Jν (bx) −a

−s−ν

s+ ν

(
b

2

)ν {
sin [(s+ ν)π/2]

cos [(s+ ν)π/2]

}
Γ

[
s+ ν

ν + 1

]
× 3F2

( s+ν
2 , s+ν2 , s+ν+1

2

ν + 1, s+ν+2
2 ; b2

a2

)
[0 < b < a; −Re ν < Re s < 5/2]

2 si (ax) Jν (bx)
2sa

bs+1
Γ

[ s+ν+1
2

1−s+ν
2

]
3F2

( 1
2 ,

s−ν+1
2 , s+ν+1

2
3
2 ,

3
2 ; a2

b2

)
− π2s−2

bs
Γ

[ s+ν
2

2−s+ν
2

]
[0 < a < b; −Re ν < Re s < 5/2]

3 ci (ax) Jν (bx)
2s−2

bs
Γ

[ s+ν
2

2−s+ν
2

][
a2
(
s2 − ν2

)
2b2

4F3

(
1, 1, s−ν+2

2 , s+ν+2
2

3
2 , 2, 2; a2

b2

)

+ ψ

(
s+ ν

2

)
+ ψ

(
2− s+ ν

2

)
+ 2 ln

2a

b
+ 2C

]
[0 < a < b; −Re ν < Re s < 5/2]

4

{
si
(
ax2
)

ci (ax2)

}
Jν (bx) − (b/2)

ν

a(s+ν)/2 (s+ ν)

{
sin [(s+ ν)π/4]

cos [(s+ ν)π/4]

}
Γ

[ s+ν
2

ν + 1

]

× 3F4

( s+ν
4 , s+ν4 , s+ν+2

4 ; − b4

64a2

1
2 ,

ν+1
2 , ν+2

2 , s+ν+4
4

)

± (b/2)
ν+2

a(s+ν)/2+1 (s+ ν + 2)

{
cos [(s+ ν)π/4]

sin [(s+ ν)π/4]

}
Γ

[ s+ν+2
2

ν + 2

]

× 3F4

( s+ν+2
4 , s+ν+2

4 , s+ν+4
4 ; − b4

64a2

3
2 ,

ν+2
2 , ν+3

2 , s+ν+6
4

)
[a, b > 0; −Re ν < Re s < 5/2]

5

[{
sinx

cosx

}
ci (2x) −2−s−1√

π

{
sin [(s+ ν)π/2]

cos [(s+ ν)π/2]

}
Γ

[
s+ ν, 1−2s

2

1− s+ ν

]

∓
{

cosx

sinx

}
Si (2x)

]
×
[
ψ

(
1− s− ν + δ

2

)
∓ ψ

(
1− s+ ν

2

)
× Jν (x) ± ψ

(
2− s+ ν

2

)
− ψ

(
s+ ν + δ

2

)]
[−δ/2 < Re (s+ ν) < 3/2]
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3.10.9. Jν (bx) and erf (axr), erfc (axr), or erfi (axr)

Notation: δ =

{
1

0

}
.

1

{
erf (ax)

erfc (ax)

}
Jν (bx) ∓ a−s−ν√

π (s+ ν)

(
b

2

)ν
Γ

[ s+ν+1
2

ν + 1

]
2F2

( s+ν
2 , s+ν+1

2 ; − b2

4a2

ν + 1, s+ν+2
2

)
+ 2s−2

1± 1

bs
Γ

[ s+ν
2

2−s+ν
2

]
[{

b > 0; −1− Re ν < Re s < 3/2

Re (s+ ν) > 0

}
; |arg a| < π/4

]

2

{
erf (a

√
x)

erfc (a
√
x)

}
Jν (bx) ∓ a−2(s+ν)√

π (s+ ν)

(
b

2

)ν
Γ

[ 2s+2ν+1
2

ν + 1

]
3F2

( s+ν
2 , 2s+2ν+1

4 , 2s+2ν+3
4

ν + 1, s+ν+2
2 ; − b2

a4

)
+ 2s−2

1± 1

bs
Γ

[ s+ν
2

2−s+ν
2

]
[
b > 0;

{
−Re ν − 1/2 < Re s < 3/2

Re (s+ ν) > 0

}
; |arg a| < π/4

]

3 erf
(a
x

)
Jν (bx)

as+ν√
π (s+ ν)

(
b

2

)ν
Γ

[ 1−s−ν
2

ν + 1

]
1F3

( s+ν
2 ; a2b2

4

ν + 1, s+ν+1
2 , s+ν+2

2

)
+

a√
π

(
2

b

)s−1
Γ

[ s+ν−1
2

3−s+ν
2

]
1F3

( 1
2 ; a2b2

4
3
2 ,

3−s−ν
2 , 3−s+ν

2

)
[b > 0; −Re ν < Re s < 5/2; |arg a| < π/4]

4 e∓a
2x2

{
erfi (ax)

erfc (ax)

}
bν

2ν+1 as+ν
Γ

[ s+ν
2

ν + 1

]{
tan [(s+ ν)π/2]

sec [(s+ ν)π/2]

}
1F1

( s+ν
2 ; ∓ b2

4a2

ν + 1

)
× Jν (bx) +

2s−2b1−s√
π a

Γ

[ s+ν−1
2

3−s+ν
2

]
2F2

( 1
2 , 1; ∓ b2

4a2

3−s−ν
2 , 3−s+ν

2

)
[b > 0; − Re ν − (1± 1) /2 < Re s < 5/2; |arg a| < π/4]

5 e−a
2x erfi (a

√
x) Jν (bx)

2s+1/2ab−s−1/2√
π

Γ

[ 2s+2ν+1
4

3−2s+2ν
4

]
3F2

(
1, 2s−2ν+1

4 , 2s+2ν+1
4

3
4 ,

5
4 ; −a4b2

)
− 2s+5/2a3b−s−3/2

3
√
π

Γ

[ 2s+2ν+3
4

1−2s+2ν
4

]
3F2

(
1, 2s−2ν+3

4 , 2s+2ν+3
4

5
4 ,

7
4 ; −a4b2

)
[b > 0; −Re ν − 1/2 < Re s < 2; |arg a| < π/4]

6 ea
2x erfc (a

√
x) Jν (bx)

21−2s−3νa−2s−2νbν√
π

Γ

[ 1−2s−2ν
2 , 2s+ 2ν

ν + 1

]
2F1

( s+ν
2 , s+ν+1

2

ν + 1; − b2

a4

)
+

2s−3/2b1/2−s

a
√
π

Γ

[ 2s+2ν−1
4

5−2s+2ν
4

]
3F2

( 1
4 ,

3
4 , 1; − b2

a4

5−2s−2ν
4 , 5−2s+2ν

4

)
− 2s−7/2b3/2−s

a3
√
π

Γ

[ 2s+2ν−3
4

7−2s+2ν
4

]
3F2

( 3
4 , 1, 5

4 ; − b2

a4

7−2s−2ν
4 , 7−2s+2ν

4

)
[b > 0; − Re ν < Re s < 2; |arg a| < π/4]
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No. f (x) F (s)

7

{
sin (bx)

cos (bx)

}
erfc (ax)

(2b)
ν+δ

πas+ν+δ (s+ ν + δ)
Γ

[ 2ν+2δ+1
2 , s+ν+δ+1

2

2ν + δ + 1

]
× Jν (bx) × 4F4

( 2ν+3
4 , 2ν+4δ+1

4 , s+ν+1
2 , s+ν+2δ

2 ; − b2

a2

2δ+1
2 , ν + 1, 2ν+2δ+1

2 , s+ν+δ+2
2

)
[Re (s+ ν) > − (1± 1) /2; |arg a| < π/4]

3.10.10. Jν (bx) and S (axr), C (axr)

Notation: δ =

{
1

0

}
.

1

{
S (ax)

C (ax)

}
Jν (bx) − 2−ν−1/2bν√

π as+ν (s+ ν)
Γ

[ 2s+2ν+1
2

ν + 1

]
×
{

cos [(2s+ 2ν + 1)π/4]

sin [(2s+ 2ν + 1)π/4]

}
× 3F2

( s+ν
2 , 2s+2ν+1

4 , 2s+2ν+3
4

ν + 1, s+ν+2
2 ; b2

a2

)
+

2s−2

bs
Γ

[ s+ν
2

2−s+ν
2

]
[
− (2± 1) /2− Re ν < Re s <

{
3/2 for 0 < b < a

1 for 0 < b = a

}]

2

{
S (ax)

C (ax)

}
Jν (bx)

2s+δ aδ+1/2

3δ
√
π bs+δ+1/2

Γ

[ 2ν+2s+2δ+1
4

2ν−2s−2δ+3
4

]
× 3F2

( 2δ+1
4 , 2s+2δ+2ν+1

4 , 2s+2δ−2ν+1
4

2δ+5
4 , 2δ+1

2 ; a2

b2

)
[0 < a < b; − (2± 1) /2− Re ν < Re s < 3/2]

3

{
S
(
ax2
)

C (ax2)

}
Jν (bx) − a−(s+ν)/2bν

2ν+1/2
√
π (s+ ν)

Γ

[ s+ν+1
2

ν + 1

]{
sin [(s+ ν + 1)π/4]

cos [(s+ ν + 1)π/4]

}
× 3F4

( s+ν
4 , s+ν+1

4 , s+ν+3
4 ; − b4

64a2

1
2 ,

ν+1
2 , ν+2

2 , s+ν+4
4

)
± a−(s+ν)/2−1bν+2

2ν+5/2
√
π (s+ ν + 2)

Γ

[ s+ν+3
2

ν + 2

]
×
{

cos [(s+ ν + 1)π/4]

sin [(s+ ν + 1)π/4]

}
× 3F4

( s+ν+2
4 , s+ν+3

4 , s+ν+5
4 ; − b4

64a2

3
2 ,

ν+2
2 , ν+3

2 , s+ν+6
4

)
+

2s−2

bs
Γ

[ s+ν
2

2−s+ν
2

]
[a, b > 0; −2∓ 1− Re ν < Re s < 3/2]
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3.10.11. Jν (bx) and Γ (µ, axr), γ (µ, axr)

Notation: δ =

{
1

0

}
.

1

{
γ (µ, ax)

Γ (µ, ax)

}
Jν (bx) ∓a

−s−ν

s+ ν

(
b

2

)ν
Γ

[
s+ µ+ ν

ν + 1

]
3F2

( s+ν
2 , s+µ+ν2 , s+µ+ν+1

2

ν + 1, s+ν+2
2 ; − b2

a2

)
+

2s−1δ

bs
Γ

[
µ, s+ν2
2−s+ν

2

]
[
b, Re a, Re (s+ µ+ ν) > 0;

{
Reµ > 0; Re s < 3/2

Re (s+ ν) > 0

}]

2

{
γ
(
µ, ax2

)
Γ (µ, ax2)

}
Jν (bx) ∓a

−(s+ν)/2

s+ ν

(
b

2

)ν
Γ

[ s+2µ+ν
2

ν + 1

]
2F2

( s+ν
2 , s+2µ+ν

2 ; − b2

4a

ν + 1, s+ν+2
2

)
+

2s−1δ

bs
Γ

[
µ, s+ν2
2−s+ν

2

]
[
b, Re a, Re (s+ 2µ+ ν) > 0;

{
Reµ > 0; Re s < 3/2

Re (s+ ν) > 0

}]

3.10.12. Jν (bx) and Dν (axr)

Notation: δ =

{
1

0

}
.

1 e−a
2x2/4Dµ (ax) Jν (bx)

2(s+µ−ν)/2−1 bν

as+ν
Γ

[ s+ν
2 , s+ν+1

2

ν + 1, s+ν−µ+1
2

]
2F2

( s+ν
2 , s+ν+1

2 ; − b2

2a2

ν + 1, s+ν−µ+1
2

)
[Re (s+ ν) > 0; |arg a| < π/4]

2 ea
2x2/4Dµ (ax) Jν (bx)

bν

2(s+µ+3ν)/2+1as+ν
Γ

[
s+ ν, − s+ν+µ2

ν + 1, −µ

]
2F2

( s+ν
2 , s+ν+1

2 ; b2

2a2

ν + 1, s+ν+µ+2
2

)
+

2s+µ−1aµ

bs+µ
Γ

[ s+ν+µ
2

− s−ν+µ−22

]
2F2

( 1−µ
2 , −µ2 ; b2

2a2

− s+ν+µ−22 , − s−ν+µ−22

)
[b > 0; − Re ν < Re s < 3/2− Reµ; |arg a| < 3π/4]

3 e−a
2/(4x2)Dµ

(a
x

) √
π 2(2s+µ−2)/2

bs
Γ

[ s+ν
2

1−µ
2 , 2−s+ν

2

]
1F3

( µ+1
2 ; a2b2

8
1
2 ,

2−s−ν
2 , 2−s+ν

2

)
× Jν (bx) −

√
π 2(2s+µ−3)/2a

bs−1
Γ

[ s+ν−1
2

−µ2 ,
3−s+ν

2

]
1F3

( µ+2
2 ; a2b2

8
3
2 ,

3−s−ν
2 , 3−s+ν

2

)
+
√
π 2(s+µ−ν)/2as+νbν Γ

[
−ν

s+ ν + 1, 1−s−µ−ν
2

]
× sin (νπ) csc [(s+ ν)π] 1F3

( s+µ+ν+1
2 ; a2b2

8

ν + 1, s+ν+1
2 , s+ν+2

2

)
[b > 0; Re (µ− ν) < Re s < 3/2; |arg a| < π/4]
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No. f (x) F (s)

4 D−µ−1 (a
√
x)Dµ (a

√
x)

21/2−2s−3ν πbν

a2s+2ν
Γ

[
2s+ 2ν

ν + 1, s+µ+ν+2
2 , s−µ+ν+1

2

]
× Jν (bx) × 4F3

( s+ν
2 , s+ν+1

2 , 2s+2ν+1
4 , 2s+2ν+3

4

ν + 1, s+µ+ν+2
2 , s−µ+ν+1

2 ; − 4b2

a4

)
[b, Re (s+ ν) > 0; |arg a| < π/4]

3.10.13. Products of Jµ (ax)

1 J2
ν (ax)

a−s

2
√
π

Γ

[ 1−s
2 , s+2ν

2
2−s
2 , 2−s+2ν

2

]
[a > 0; −2 Re ν < Re s < 1]

2 Jν−1 (ax) Jν (ax)
a−s

2
√
π

Γ

[ 2−s
2 , s+2ν−1

2
3−s
2 , 1−s+2ν

2

]
[a > 0; 1− 2 Re ν < Re s < 2]

3 J−ν (ax) Jν (ax)
a−s

2
√
π

Γ

[ s
2 ,

1−s
2

2−s−2ν
2 , 2−s+2ν

2

]
[a > 0; 0 < Re s < 1]

4 J−ν−1 (ax) Jν (ax) − a−s

2
√
π

Γ

[ 1−s
2 , 2−s

2 , s+1
2

3−s
2 , 1−s−2ν

2 , 3−s+2ν
2

]
[a > 0; |Re s| < 1]

+
2 sin (πν)

πax

5 J−ν−2 (ax) Jν (ax)
a−s

2
√
π

Γ

[ 1−s
2 , 2−s

2 , s+2
2

4−s
2 , − s+2ν

2 , 4−s+2ν
2

]
[a > 0; −2 < Re s < 1]

− 4 (ν + 1) sin (πν)

πa2x2

6 J−n−ν−1 (ax) Jν (ax)
(−1)

n+1
a−s

2
√
π

Γ

[ 1−s
2 , 2−s2 , s+n+1

2
3−s+n

2 ,− s+n+2ν−1
2 , 3−s+n+2ν

2

]
− 2√

π

[n/2]∑
k=0

(−1)
[(n+1)/2]+k

k!
[a > 0; −n− 1 < Re s < 1]

×
([n/2]− k + 1)n−[n/2]

(ax)
n−2k+1

× Γ

[
k − n+

[
n
2

]
+ 1

2

k + ν + 1, k − n− ν

]

7 Jµ (ax) Jν (ax)
2s−1

as
Γ

[
1− s, s+µ+ν2

2−s+µ−ν
2 , 2−s−µ+ν

2 , 2−s+µ+ν
2

]
[a > 0; − Re (µ+ ν) < Re s < 1]



3.10. The Bessel Function Jν (z) 165

No. f (x) F (s)

8 Jµ (ax) Jν (ax)
2s−1

as
Γ

[
1− s, s+µ+ν2

2−s+µ−ν
2 , 2−s−µ+ν

2 , 2−s+µ+ν
2

]
− 2−µ−ν (ax)

µ+ν

Γ (µ+ 1) Γ (ν + 1)
[a > 0; −Re (µ+ ν)− 2 < Re s < −Re (µ+ ν) , 1]

9 Jν (ax) Jν (bx)
2s−1 (ab)

ν

(a+ b)
s+2ν Γ

[ s+2ν
2

ν + 1, 2−s
2

]
2F1

( 2ν+1
2 , s+2ν

2

2ν + 1; 4ab
(a+b)2

)
[a, b > 0; a 6= b; − 2 Re ν < Re s < 2]

10 Jµ (ax) Jν (bx)
2s−1bν

as+ν
Γ

[ s+µ+ν
2

ν + 1, 2−s+µ−ν
2

]
2F1

( s+µ+ν
2 , s−µ+ν2

ν + 1; b2

a2

)
[0 < b < a; − (µ+ ν) < Re s < 2]

11 Jµ (a
√
x) Jν (bx)

2s−µ/2−1aµ

bs+µ/2
Γ

[ 2s+µ+2ν
4

µ+ 1, 4−2s−µ+2ν
4

]
2F3

( 2s+µ−2ν
4 , 2s+µ+2ν

4
1
2 ,

µ+1
2 , µ+2

2 ; − a4

64b2

)
− 2s−µ/2−2aµ+2

bs+µ/2+1
Γ

[ 2s+µ+2ν+2
4

µ+ 2, 2−2s−µ+2ν
4

]
× 2F3

( 2s+µ−2ν+2
4 , 2s+µ+2ν+2

4
3
2 ,

µ+2
2 , µ+3

2 ; − a4

64b2

)
[a, b > 0; − Re (ν + µ/2) < Re s < 7/4]

12 Jµ

(a
x

)
Jν (bx)

aµbµ−s

22µ−s+1
Γ

[ s−µ+ν
2

µ+ 1, 2−s+µ+ν
2

]
0F3

( a2b2

16

µ+ 1, 2−s+µ−ν
2 , 2−s+µ+ν

2

)
+

as+νbν

2s+2ν+1
Γ

[ µ−ν−s
2

ν + 1, s+µ+ν+2
2

]
× 0F3

( a2b2

16

ν + 1, s−µ+ν+2
2 , s+µ+ν+2

2

)
[a, b > 0; − Re ν − 3/2 < Re s < Reµ+ 3/2]

13 J2
ν (ax)± J2

−ν (ax) ± a
−s

π3/2

{
cos (νπ) sin (sπ/2)

sin (νπ) cos (sπ/2)

}
Γ

[ 1−s
2 , s2 − ν,

s
2 + ν

2−s
2

]
[a > 0; 2|Re ν| < Re s < (3∓ 1) /2] ,

14 Jµ (ax) Jν (ax) ± 1

π

(
2

a

)s {
cos [(µ+ ν)π/2] sin (sπ/2)

sin [(µ+ ν)π/2] cos (sπ/2)

}
± J−µ (ax) J−ν (ax) × Γ

[
1− s, s−µ−ν2 , s+µ+ν2
2−s+µ−ν

2 , 2−s−µ+ν
2

]
[a > 0; |Re (µ+ ν)| < Re s < (3∓ 1) /2]
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3.10.14. Jµ (bx) Jν (cx) and the exponential or trigonometric functions

Notation: δ =

{
1

0

}
.

1 e−axJµ (bx) Jν (bx) a−s−µ−ν
(
b

2

)µ+ν
Γ

[
s+ µ+ ν

µ+ 1, ν + 1

]
× 4F3

(µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+µ+ν+1
2

µ+ 1, ν + 1, µ+ ν + 1; − 4b2

a2

)
[Re a > 2|Im b|] ; Re (s+ µ+ ν) > 0

2 e−axJµ (bx) Jν (cx)
bµcν

2µ+νas+µ+ν
Γ

[
s+ µ+ ν

µ+ 1, ν + 1

]
× F4

(
s+ µ+ ν

2
,
s+ µ+ ν + 1

2
; µ+ 1, ν + 1; − b

2

a2
, − c

2

a2

)
[Re a > |Im b|+ |Im c|; Re (s+ µ+ ν) > 0]

3 e−ax
2

Jµ (bx) Jν (bx)
bµ+ν

2µ+ν+1a(s+µ+ν)/2
Γ

[ s+µ+ν
2

µ+ 1, ν + 1

]
× 3F3

( s+µ+ν
2 , µ+ν+1

2 , µ+ν+2
2 ; − b

2

a

µ+ 1, ν + 1, µ+ ν + 1

)
[Re a, Re (s+ µ+ ν) > 0]

4 e−ax
2

Jµ (bx) Jν (cx)
bµcν

2µ+ν+1a(s+µ+ν)/2
Γ

[ s+µ+ν
2

µ+ 1, ν + 1

]
×Ψ2

(
s+ µ+ ν

2
; µ+ 1, ν + 1; − b

2

4a
, − c

2

4a

)
[Re a, Re (s+ µ+ ν) > 0]

5

{
sin (ax)

cos (ax)

}
(b/2)

µ+ν

as+µ+ν
Γ

[
s+ µ+ ν

µ+ 1, ν + 1

]{
sin [(s+ µ+ ν)π/2]

cos [(s+ µ+ ν)π/2]

}
× Jµ (bx) Jν (bx) × 4F3

(µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+µ+ν+1
2

µ+ 1, ν + 1, µ+ ν + 1; 4b2

a2

)
[

(0 < 2b < a; Re s < 2; Re (s+ µ+ ν) > − (1± 1) /2)

or (a = 2b > 0; Re s < 1)

]

6

{
sin (ax)

cos (ax)

}
2s+δ−1aδ

bs+δ
Γ

[
1− s− δ, s+µ+ν+δ2

2−s+µ−ν−δ
2 , 2−s−µ+ν−δ

2 , 2−s+µ+ν−δ
2

]
× Jµ (bx) Jν (bx) × 4F3

( s−µ−ν+δ
2 , s+µ−ν+δ2 , s−µ+ν+δ2 , s+µ+ν+δ2

2δ+1
2 , s+δ2 , s+δ+1

2 ; a2

4b2

)
−
(
µ2 − ν2

)
a2−s

2πb2
sin

(µ− ν)π

2

{
sin (sπ/2)

cos (sπ/2)

}
× Γ (s− 2) 4F3

( 2−µ−ν
2 , 2−µ+ν

2 , µ−ν+2
2 , µ+ν+2

2
3
2 ,

3−s
2 , 4−s

2 ; a2

4b2

)
∓
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No. f (x) F (s)

∓ a1−s

πb
cos

(µ− ν)π

2

{
cos (sπ/2)

sin (sπ/2)

}
× Γ (s− 1) 4F3

( 1−µ−ν
2 , 1−µ+ν

2 , µ−ν+1
2 , µ+ν+1

2
1
2 ,

2−s
2 , 3−s

2 ; a2

4b2

)
[0 < a < 2b; Re s < 2; Re (s+ µ+ ν) > −δ]

3.10.15. Jµ (bx) Jν (bx) and the logarithmic function

1 θ (a− x)

√
π as+µ+νbµ+ν

2µ+ν+1 (s+ µ+ ν)
Γ

[
s+ µ+ ν

µ+ 1, ν + 1, s+ µ+ ν + 1
2

]
× ln

√
a− x+

√
a√

x
× 5F6

( µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+µ+ν2 , s+µ+ν+1
2 ; −a2b2

µ+1, ν+1, µ+ν+1, ∆
(
2, 2s+2µ+2ν+1

2

)
, s+µ+ν+2

2

)
× Jµ (bx) Jν (bx) [a > 0; Re (s+ µ+ ν) > 0]

2 θ (a− x)

√
π as+µ+νbµ+ν

2µ+ν+1 (s+ µ+ ν)
Γ

[ s+µ+ν
2

µ+ 1, ν + 1, s+µ+ν+1
2

]
× ln

√
a2 − x2 + a

x
× 4F5

( µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+µ+ν2 ; −a2b2

µ+ 1, ν + 1, µ+ ν + 1, s+µ+ν+1
2 , s+µ+ν+2

2

)
× Jµ (bx) Jν (bx) [a > 0; Re (s+ (µ+ ν)/2) > 0]

3.10.16. Jµ (bx) Jν (bx) and inverse trigonometric functions

1 θ (a− x) arccos
x

a

2−µ−ν−1
√
π aµ+ν+sbµ+ν

Γ (µ+ 1) Γ (ν + 1) (s+ µ+ ν)
Γ

[ s+µ+ν+1
2

s+µ+ν+2
2

]
× Jµ (bx) Jν (bx) × 4F5

( µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+µ+ν+1
2 ; −a2b2

µ+ 1, ν + 1, µ+ ν + 1, s+µ+ν+2
2 , s+µ+ν+2

2

)
[a, Re (s+ µ+ ν) > 0]

3.10.17. Jµ (bx) Jν (bx) and Ei (−axr)

1 Ei (−ax) Jµ (bx) Jν (bx) −2−µ−νa−s−µ−νbµ+ν

s+ µ+ ν
Γ

[
s+ µ+ ν

µ+ 1, ν + 1

]
× 5F4

(µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+µ+ν2 , s+µ+ν+1
2

µ+ 1, ν + 1, µ+ ν + 1, s+µ+ν+2
2 ; − 4b2

a2

)
[Re (s+ µ+ ν) > 0; Re s > |Im b|]
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No. f (x) F (s)

2 Ei
(
−ax2

)
Jµ (bx) Jν (bx) −a

−(s+µ+ν)/2

s+ µ+ ν

(
b

2

)µ+ν
Γ

[ s+µ+ν
2

µ+ 1, ν + 1

]
× 4F4

(µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+µ+ν2 ; − b
2

a

µ+ 1, ν + 1, µ+ ν + 1, s+µ+ν+2
2

)
[Re a, Re (s+ µ+ ν) > 0]

3.10.18. Jµ (bx) Jν (bx) and erfc (ax), erf (a/x), Γ (λ, ax)

1 erfc (ax) Jµ (bx) Jν (bx)
a−s−µ−ν√
π (s+ µ+ ν)

(
b

2

)µ+ν
Γ

[ s+µ+ν+1
2

µ+ 1, ν + 1

]

× 4F4

(µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+µ+ν+1
2 ; − b2

a2

µ+ 1, ν + 1, µ+ ν + 1, s+µ+ν+2
2

)
[Re (s+ µ+ ν) > 0; |arg a| < π/4]

2 erf
(a
x

)
Jµ (bx) Jν (bx)

2s−1ab1−s√
π

Γ

[
2− s, s+µ+ν−12

3−s+µ−ν
2 , 3−s−µ+ν

2 , 3−s+µ+ν
2

]

× 3F5

( 1
2 ,

2−s
2 , 3−s

2 ; a2b2

3
2 ,

3−s−µ−ν
2 , 3−s+µ−ν

2 , 3−s−µ+ν
2 , 3−s+µ+ν

2

)

+ 2s−1as+µ+νbµ+ν sec
(s+ µ+ ν)π

2

× Γ

[ s+µ+ν
2

µ+ 1, ν + 1, s+ µ+ ν + 1

]

× 3F5

( µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 ; a2b2

µ+ 1, ν + 1, µ+ ν + 1, s+µ+ν+1
2 , s+µ+ν+2

2

)
[b > 0; − Re (µ+ ν) < Re s < 2; |arg a| < π/4]

3 Γ (λ, ax) Jµ (bx) Jν (bx)
a−(s+µ+ν) (b/2)

µ+ν

s+ µ+ ν
Γ

[
s+ λ+ µ+ ν

µ+ 1, ν + 1

]

× 5F4

(µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+λ+µ+ν2 , s+λ+µ+ν+1
2

µ+ 1, ν + 1, µ+ ν + 1, s+µ+ν+2
2 ; − 4b2

a2

)


(
Re a > 0; Re a > 2|Im b|; −Re (λ+ µ+ ν) ,

−Re (µ+ ν) < Re s
)

or(
Re a > 0; Re a+ 2|Im b| = 0; −Re (λ+ µ+ ν) ,

−Re (µ+ ν) < Re s < 3− Re ν
)

or(
Re a = 0; b > 0; −Re (λ+ µ+ ν) ,

−Re (µ+ ν) < Re s < 3− Re ν
)
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No. f (x) F (s)

4 Γ
(
λ, ax2

)
Jµ (bx)

a−(s+µ+ν)/2 (b/2)
µ+ν

s+ µ+ ν
Γ

[ s+2λ+µ+ν
2

µ+ 1, ν + 1

]
× Jν (bx) × 4F4

( µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+2λ+µ+ν
2

µ+ 1, ν + 1, µ+ ν + 1, s+µ+ν+2
2 ; − b2a

)
[(

Re a > 0; −Re (2λ+ µ+ ν) , −Re (µ+ ν) < Re s
)

or(
Re a = Im b = 0; −Re (2λ+ µ+ ν) , −Re (µ+ ν) < Re s < 5− 2 Re ν

)]

3.10.19. Jµ (ϕ (x)) Jν (ψ (x))

1 J±ν (u+) Jν (u−)
1

2
√
π

(a
b

)s/2
Γ

[ s+2ν
2 , 1−s

2
2−s+2ν

2

]
u± = b

(√
x2 + a2 ± a

)
×
{

J−s/2 (2ab)

cos (νπ) J−s/2 (2ab)− sin (νπ)Y−s/2 (2ab)

}
[b, Re a > 0; −2 Re ν < Re s < 1]

3.10.20. Jµ (ϕ (x)) Jν (ψ (x)) and algebraic functions

1
(
a2 − x2

)α−1
+

1

2
as+2α+µ+ν−2

(
b

2

)µ+ν
Γ

[
α, s+µ+ν2

µ+ 1, ν + 1, s+2α+µ+ν
2

]
× Jν (bx) Jµ (bx) × 3F4

( µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 ; −a2b2

µ+ 1, ν + 1, µ+ ν + 1, s+2α+µ+ν
2

)
[a, Reα, Re (s+ µ+ ν) > 0]

2
1

(x2 + a2)
ρ

1

2

(
b

2

)2ρ−s

Γ

[
1− s+ 2ρ, s+µ+ν−2ρ2

2−s+µ−ν+2ρ
2 , 2−s+µ+ν+2ρ

2 , 2−s−µ+ν+2ρ
2

]
× Jµ (bx) Jν (bx) × 3F4

(
ρ, 1−s+2ρ

2 , 2−s+2ρ
2 ; a2b2

2−s−µ−ν+2ρ
2 , 2−s+µ−ν+2ρ

2 , 2−s+µ+ν+2ρ
2 , 2−s+ν−µ+2ρ

2

)
+
as−2ρ

2

(
ab

2

)µ+ν
Γ

[ 2ρ−µ−ν−s
2 , s+µ+ν2

µ+ 1, ν + 1, ρ

]
× 3F4

( µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 ; a2b2

µ+ 1, ν + 1, µ+ ν + 1, s+µ+ν−2ρ+2
2

)
[b, Re a, Re (s+ µ+ ν) > 0; Re (s− 2ρ) < 1]

3 (a− x)
α−1
+ as+α+2µ+2ν−1

(
b

2

)µ+ν
Γ

[
s+ µ+ ν, α+ µ+ ν

µ+ 1, ν + 1, s+ α+ 2µ+ 2ν

]
× Jµ (bx (a− x))

× Jν (bx (a− x))
× 6F7

(
∆ (2, µ+ ν + 1) , ∆ (2, s+ µ+ ν) , ∆ (2, α+ µ+ ν)

µ+ 1, ν + 1, µ+ ν + 1, ∆ (4, s+ α+ 2µ+ 2ν) ; −a4b216

)
[a > 0; Re s, Reα > −Re (µ+ ν)]
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No. f (x) F (s)

4
1

(x+ a)
ρ as−ρ

(
b

2

)µ+ν
B (ρ− s, s+ µ+ ν)

Γ (µ+ 1) Γ (ν + 1)

× Jµ
(

bx

x+ a

)
× 4F5

( µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+µ+ν+1
2 ; −b2

µ+ 1, ν + 1, µ+ ν + 1, µ+ν+ρ2 , µ+ν+ρ+1
2

)
× Jν

(
bx

x+ a

)
[Re (µ+ ν) < Re s < Re ρ; |arg a| < π]

5
1

(x2 + a2)
ρ

as−µ−ν−2ρbµ+ν

2µ+ν+1Γ (µ+ 1) Γ (ν + 1)
B

(
s+ µ+ ν

2
,
−s+ µ+ ν + 2ρ

2

)
× Jµ

(
bx

x2 + a2

)
× 4F5

( µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , −s+µ+ν+2ρ
2

µ+ 1, ν + 1, µ+ ν + 1, µ+ν+ρ2 , µ+ν+ρ+1
2 ; − b2

4a2

)
× Jν

(
bx

x2 + a2

)
[Re a > 0; −Re (µ+ ν) < Re s < Re (µ+ ν + 2ρ)]

3.10.21. Jλ (axr) Jµ (bxr) Jν (cx)

1 Jλ (ax) Jµ (ax) Jν (bx)
2s−1aµ+λ

bs+µ+λ
Γ

[ s+λ+µ+ν
2

µ+ 1, λ+ 1, ν−µ−λ−s+2
2

]
× 4F3

(λ+µ+1
2 , λ+µ+2

2 , s+λ+µ−ν2 , s+λ+µ+ν2

λ+ 1, µ+ 1, λ+ µ+ 1; 4a2

b2

)
[0 < 2a < b; −Re (λ+ µ+ ν) < Re s < 5/2]

2 Jλ (ax) Jµ (ax) Jν (bx)
2s−2

πabs−1
cos

(λ− µ)π

2
Γ

[ s+ν−1
2

3−s+ν
2

]

× 4F3

( 1−λ−µ
2 , λ−µ+1

2 , 1−λ+µ
2 , λ+µ+1

2
1
2 ,

3−s−ν
2 , 3−s+ν

2 ; b2

4a2

)

+
2s−1bν

as+ν
Γ

[ s+λ+µ+ν
2 , 1− s− ν

ν + 1, 2−s+λ+µ−ν
2 , 2−s+λ−µ−ν

2 , 2−s+µ−λ−ν
2

]

× 4F3

( s−λ−µ+ν
2 , s+λ−µ+ν2 , s−λ+µ+ν2 , s+λ+µ+ν2

ν + 1, s+ν2 , s+ν+1
2 ; b2

4a2

)

+
2s−4

(
λ2 − µ2

)
πa2bs−2

sin
(λ− µ)π

2
Γ

[ s+ν−2
2

4−s+ν
2

]

× 4F3

( 2−λ−µ
2 , λ−µ+2

2 , 2−λ+µ
2 , λ+µ+2

2
3
2 ,

4−s−ν
2 , 4−s+ν

2 ; b2

4a2

)
[0 < b < 2a; −Re (λ+ µ+ ν) < Re s < 5/2]
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No. f (x) F (s)

3 Jλ (ax) Jµ (bx) Jν (cx)
2s−1aλbµ

cs+λ+µ
Γ

[ s+λ+µ+ν
2

λ+ 1, µ+ 1, 2−s−λ−µ+ν
2

]
× F4

(
s+ λ+ µ− ν

2
,
s+ λ+ µ+ ν

2
; λ+ 1, µ+ 1;

a2

c2
,
b2

c2

)
[a, b, Re (s+ λ+ µ+ ν) > 0; c > a+ b; Re s < 5/2]

4 Jλ

(a
x

)
Jµ

(a
x

) aλ+µbλ+µ−s

22λ+2µ−s+1
Γ

[ s−λ−µ+ν
2

λ+ 1, µ+ 1, 2−s+λ+µ+ν
2

]
× Jν (bx) × 2F5

( λ+µ+1
2 , λ+µ+2

2 ; a2b2

4

λ+ 1, µ+ 1, λ+ µ+ 1, 2−s+λ+µ−ν
2 , 2−s+λ+µ+ν

2

)
+

as+νbν

2s+2ν+1
Γ

[
s+ ν + 1, λ+µ−ν−s2

ν + 1, s+λ+µ+ν+2
2 , s−λ+µ+ν+2

2 , s+λ−µ+ν+2
2

]
× 2F5

( s+ν+1
2 , s+ν+2

2 ; a2b2

4

ν + 1, s+λ+µ+ν+2
2 , s−λ−µ+ν+2

2 , s−λ+µ+ν+2
2 , s+λ−µ+ν+2

2

)
[a, b > 0; −Re ν − 1 < Re s < Re (λ+ µ) + 3/2]

5 e−ax
n∏
k=1

Jνk (bkx)

∏n
k=1 (bk/2)

νk

(a+ i
∑n
k=1 bk)

s+ν Γ

[
s+ ν

ν1 + 1, ν2 + 1, . . . , νn + 1

]

× F (n)
A

(
s+ ν, (νn) +

1

2
; 2 (νn) + 1;

2i (bn)

a+ i
∑n
k=1 bk

)
[
ν =

n∑
k=1

νk; Re a >
n∑
k=1

Im bk; Re (s+ ν) > 0

]

6 =

∏n
k=1 (bk/2)

νk

as+ν
Γ

[
s+ ν

ν1 + 1, ν2 + 1, . . . , νn + 1

]
× F (n)

C

(
s+ ν

2
,
s+ ν + 1

2
; (νn) + 1; −

(
b2n
)

a2

)
[
ν =

n∑
k=1

νk; Re a, Re (s+ ν) > 0

]

7 e−ax
m∏
k=1

sin (bkx)

∏m
k=1 bk

∏p
k=1 (dk/2)

νk

as+m+ν
Γ

[
s+m+ ν

ν1 + 1, ν2 + 1, . . . , νp + 1

]

×
n∏
k=1

cos (ckx) × F (m+n+p)
C

(
s+m+ ν

2
,
s+m+ ν + 1

2
;

3

2
, . . . ,

3

2︸ ︷︷ ︸
m

,
1

2
, . . . ,

1

2︸ ︷︷ ︸
n

,

×
p∏
k=1

Jνk (dkx) (νp) + 1; −
(
b2m
)

a2
, −
(
c2n
)

a2
, −
(
d2p
)

a2

)
[
ν =

p∑
k=1

νk; Re a, Re (s+ ν) > 0

]
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3.11. The Bessel Function Yν (z)

More formulas can be obtained from the corresponding sections due to the relations

Y±1/2 (z) = ∓
√

2

π

1√
z

{
cos z

sin z

}
, Y±3/2 (z) =

√
2

π

1

z3/2

[
∓z
{

sin z

cos z

}
−
{

cos z

sin z

}]
,

Yν (z) = csc (νπ) [Jν (z) cos (νπ)− J−ν (z)] , [ν 6= 0, ±1, ±2, . . . ] ;

Yn (z) = lim
ν→n

Yν (z) , [n = 0, ±1, ±2, . . . ] ;

Yν (z) =
1

2i

[
H(1)
ν (z)−H(2)

ν (z)
]
,

Yν (z) = − 2

π
{iνKν (iz) + [ln (iz)− ln z] Jν (z)} , [ν 6= 0, ±1, ±2, . . . ] ;

Yν (z) =
(iz)

−ν
z−ν

π

{
π csc (νπ)

[
cos (νπ) z2ν − (iz)

2ν
]
Iν (iz)− 2 (iz)

2ν
Kν (iz)

}
,

[ν 6= 0, ±1, ±2, . . . ] ;

Yν (z) = −cos (νπ) Γ (−ν)

π

(
z

2

)ν
0F1

(
1 + ν; −z

2

4

)
− Γ (ν)

π

(
2

z

)ν
0F1

(
1− ν; −z

2

4

)
,

Yν

(√
z2
)

= G20
13

(
z2

4

∣∣∣∣ − (ν + 1) /2

ν/2, −ν/2, − (ν + 1) /2

)
.

3.11.1. Yν (bx) and algebraic functions

No. f (x) F (s)

1 Yν (ax) −2s−1

πas
cos

(s− ν)π

2
Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)
[a > 0; |Re ν| < Re s < 3/2]

2 (a− x)
α−1
+ Yν (bx) −2νas+α−ν−1b−ν

π
Γ (ν) B (α, s− ν) 2F3

( s−ν
2 , s−ν+1

2 ; −a
2b2

4

1− ν, s+α−ν2 , s+α−ν+1
2

)
− 2−νas+α+ν−1bν

π
cos (πν) Γ (−ν) B (α, s+ ν)

× 2F3

( s+ν
2 , s+ν+1

2 ; −a
2b2

4

1 + ν, s+α+ν2 , s+α+ν+1
2

)
[a, Reα > 0; Re s > |Re ν|]

3
1

x− a
Yν (bx)

(2a)
s−1

π

[
cos

(s− ν)π

2
Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)
S1−s, ν (ab)

− 2 sin
(s− ν)π

2
Γ

(
s− ν + 1

2

)
Γ

(
s+ ν + 1

2

)
S−s, ν (ab)

]
+ πas−1Jν (ab) [a, b > 0; |Re ν| < Re s < 5/2]
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No. f (x) F (s)

4
1

(x+ a)
ρ Yν (bx) −a

s+ν−ρ

π

(
b

2

)ν
cos (νπ) Γ

[
−ν, s+ ν, −ν + ρ− s

ρ

]
× 2F3

( s+ν
2 , s+ν+1

2 ; −a
2b2

4

ν + 1, s+ν−ρ+1
2 , s+ν−ρ+2

2

)
− as−ν−ρ

π

(
2

b

)ν
× Γ

[
ν, s− ν, ν + ρ− s

ρ

]
2F3

( s−ν
2 , s−ν+1

2 ; −a
2b2

4

1− ν, s−ν−ρ+1
2 , s−ν−ρ+2

2

)
− 1

2π

(
b

2

)ρ−s
cos

(s− ν − ρ)π

2
Γ

(
s+ ν − ρ

2

)
× Γ

(
s− ν − ρ

2

)
2F3

( ρ
2 ,

ρ+1
2 ; −a

2b2

4
1
2 ,

ρ−ν−s+2
2 , ρ+ν−s+2

2

)
− ρa

2π

(
b

2

)ρ−s+1

sin
(ν + ρ− s)π

2
Γ

(
s+ ν − ρ− 1

2

)
× Γ

(
s− ν − ρ− 1

2

)
2F3

( ρ+1
2 , ρ+2

2 ; −a
2b2

4
3
2 ,

ρ−ν−s+3
2 , ρ+ν−s+3

2

)
[b > 0; |Re ν| < Re s < Re ρ+ 3/2; |arg a| < π]

5
1

x+ a
Yν (bx) − (2a)

s−1

π

[
cos

(s− ν)π

2
Γ

(
s+ ν

2

)
Γ

(
s− ν

2

)
S1−s, ν (ab)

+ 2 sin
(s− ν)π

2
Γ

(
s− ν + 1

2

)
Γ

(
s+ ν + 1

2

)
S−s, ν (ab)

]
[b > 0; |Re ν| < Re s < 5/2; |arg a| < π]

6
(
a2 − x2

)α−1
+

Yν (bx) −2ν−1as+2α−ν−2

πbν
Γ (ν) B

(
α,

s− ν
2

)
1F2

( s−ν
2 ; −a

2b2

4

1− ν, s+2α−ν
2

)
− as+2α+ν−2bν

π2ν+1
cos (πν) Γ (−ν) B

(
α,

s+ ν

2

)
× 1F2

( s+ν
2 ; −a

2b2

4

1 + ν, s+2α+ν
2

)
[a, Reα > 0; Re s > |Re ν|]

7
(
x2 − a2

)α−1
+

Yν (bx)
2s+2α−3

πbs+2α−2 cos
(s+ 2α− ν)π

2
Γ

(
s+ 2α− ν − 2

2

)
× Γ

(
s+ 2α+ ν − 2

2

)
1F2

(
1− α; −a

2b2

4
4−s−2α−ν

2 , 4−s−2α+ν
2

)
− 2ν−1as+2α−ν−2

πbν
Γ (ν) B

(
α,
−s− 2α+ ν + 2

2

)
× 1F2

( s−ν
2 ; −a

2b2

4

1− ν, s+2α−ν
2

)
− 2−ν−1as+2α+ν−2bν

π
cos (πν)

× Γ (−ν) B

(
α,
−s− 2α− ν + 2

2

)
1F2

( s+ν
2 ; −a

2b2

4

1 + ν, s+2α+ν
2

)
[a, b, Reα > 0; Re (s+ 2α) < 7/2]
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No. f (x) F (s)

8
1

(x2 + a2)
ρ Yν (bx)

as+ν−2ρ

2

(
b

2

)ν
cot (νπ) Γ

[ s+ν
2 , −s−ν+2ρ

2

ν + 1, ρ

]
1F2

( s+ν
2 ; a2b2

4

ν + 1, s+ν−2ρ+2
2

)
− as−ν−2ρ

2 sin (νπ)

(
2

b

)ν
Γ

[ s−ν
2 , ν+2ρ−s

2

1− ν, ρ

]
1F2

( s−ν
2 ; a2b2

4

1− ν, s−ν−2ρ+2
2

)
− 1

2π

(
b

2

)2ρ−s

cos
(ν + 2ρ− s)π

2
Γ

(
s+ ν − 2ρ

2

)
× Γ

(
s− ν − 2ρ

2

)
1F2

(
ρ; a2b2

4
2−s−ν+2ρ

2 , 2−s+ν+2ρ
2

)
[Re a, b > 0; |Re ν| < Re s < 2 Re ρ+ 3/2]

9
1

x2 + a2
Yν (bx)

1

2π

(
b

2

)2−s

cos
(s− ν)π

2
Γ

(
s− ν − 2

2

)
Γ

(
s+ ν − 2

2

)
× 1F2

(
1; a2b2

4
4−s−ν

2 , 4−s+ν
2

)
+
πas−2

2
csc (νπ) csc

(ν − s)π
2

× I−ν (ab) +
πas−2

2
cot (νπ) csc

(s+ ν)π

2
Iν (ab)

[Re a, b > 0; |Re ν| < Re s < 7/2]

10
1

x2 − a2
Yν (bx)

1

2π

(
b

2

)2−s

cos
(s− ν)π

2
Γ

(
s− ν − 2

2

)
Γ

(
s+ ν − 2

2

)
× 1F2

(
1; −a

2b2

4
4−s−ν

2 , 4−s+ν
2

)
− πas−2

2
cot (νπ) cot

(s+ ν)π

2

× Jν (ab) +
πas−2

2
csc (νπ) cot

(s− ν)π

2
J−ν (ab)

[a, b > 0; |Re ν| < Re s < 7/2]

11
(√
x2 + a2 ± x

)ρ
Yν (bx) −2s±2ρ−1aρ∓ρ

πbs±ρ
cos

(ν ∓ ρ− s)π
2

Γ

(
s± ρ+ ν

2

)
× Γ

(
s± ρ− ν

2

)
2F3

( ∓ρ2 ,
1∓ρ
2 ; a2b2

4

1∓ ρ, 2∓ρ−ν−s
2 , 2∓ρ+ν−s

2

)
− ρas+ρ+νbν

2s+2ν+1
cos (νπ) csc

(∓ρ− ν − s)π
2

× Γ

[
−ν, s+ ν

s∓ρ+ν+2
2 , s±ρ+ν+2

2

]
2F3

( s+ν
2 , s+ν+1

2 ; a2b2

4

1 + ν, s±ρ+ν+2
2 , s∓ρ+ν+2

2

)
− ρas+ρ−ν

2s−2ν+1bν
csc

(ν ∓ ρ− s)π
2

Γ

[
ν, s− ν

s∓ρ−ν+2
2 , s±ρ−ν+2

2

]
× 2F3

( s−ν
2 , s−ν+1

2 ; a2b2

4

1− ν, s±ρ−ν+2
2 , s∓ρ−ν+2

2

)
[Re a, b > 0; |Re ν| < Re s < 3/2∓ Re ρ]
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No. f (x) F (s)

12

(√
x2 + a2 ± x

)ρ
√
x2 + a2

Yν (bx) −2s±2ρ−2aρ∓ρ

πbs±ρ−1
cos

(ν ∓ ρ− s+ 1)π

2
Γ

(
s± ρ+ ν − 1

2

)
× Γ

(
s± ρ− ν − 1

2

)
2F3

( 1∓ρ
2 , 2∓ρ

2 ; a2b2

4

1∓ ρ, 3−s∓ρ−ν
2 , 3−s∓ρ+ν

2

)
− as+ρ+ν−1bν

2s+2ν
cos (νπ) csc

(1∓ ρ− ν − s)π
2

× Γ

[
−ν, s+ ν

s∓ρ+ν+1
2 , s±ρ+ν+1

2

]
2F3

( s+ν
2 , s+ν+1

2 ; a2b2

4

1 + ν, s±ρ+ν+1
2 , s∓ρ+ν+1

2

)
− as+ρ−ν−1

2s−2νbν
csc

(ν ∓ ρ− s+ 1)π

2
Γ

[
ν, s− ν

s∓ρ−ν+1
2 , s±ρ−ν+1

2

]
× 2F3

( s−ν
2 , s−ν+1

2 ; a2b2

4

1− ν, s±ρ−ν+1
2 , s∓ρ−ν+1

2

)
[Re a, b > 0; |Re ν| < Re s < 5/2∓ Re ρ]

3.11.2. Yν (ϕ(x)) and algebraic functions

1
(
x2 + a2

)ν/2 2s/2−1as/2+ν

bs/2
Γ
(s

2

)[
Ys/2+ν (ab) cos

sπ

2
+ Js/2+ν (ab) sin

sπ

2

]
× Yν

(
b
√
x2 + a2

)
[a, b > 0; 0 < Re s < 3/2− Re ν]

2
(
x2 + a2

)−ν/2 2s/2−1as/2−ν

bs/2
Γ
(s

2

)
Yν−s/2 (ab)

× Yν
(
b
√
x2 + a2

)
[a, b > 0; 0 < Re s < Re ν + 3/2]

3
(
a2 − x2

)ν/2
+

2s/2−1as/2+νb−s/2 cot (νπ) Γ
(s

2

)
Js/2+ν (ab)

× Yν
(
b
√
a2 − x2

)
− 2νasb−ν

sπ
Γ (ν) 1F2

(
1; −a

2b2

4

1− ν, s+2
2

)
[a, b,Re s > 0; Re ν > −1]

4
(
a2 − x2

)−ν/2
+

−2s/2−1as/2−νb−s/2 csc (νπ) Γ
(s

2

)
Js/2−ν (ab)

× Yν
(
b
√
a2 − x2

)
− 2−νasbν

sπ
cos (νπ) Γ (−ν) 1F2

(
1; −a

2b2

4

1 + ν, s+2
2

)
[a, b, Re s > 0; Re ν < 1]
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No. f (x) F (s)

5 Yν

(
ax+

a

x

) π

2

[
J(ν−s)/2 (a) J(ν+s)/2 (a)− Y(ν−s)/2 (a) Y(ν+s)/2 (a)

]
[a > 0; |Re s| < 3/2]

3.11.3. Yν (bx) and the exponential function

1 e−ax Yν (bx) −
(
b

2

)ν
cos (νπ)

πas+ν
Γ (−ν) Γ (s+ ν) 2F1

( s+ν
2 , s+ν+1

2

1 + ν; − b2

a2

)
− aν−s

π

(
2

b

)ν
Γ (ν) Γ (s− ν) 2F1

( s−ν
2 , s−ν+1

2

1− ν; − b2

a2

)
[Re a > |Im b|; Re s > |Re ν|]

2 e±iax Yν (ax) −e
±(s+ν)πi/2

π3/2 (2a)
s Γ

[
s+ ν, s− ν, 1− 2s

2

]
× [2 cos (νπ) cos (sπ)∓ i sin [(s+ ν)π]]

[a > 0; |Re ν| < Re s < 1/2]

3 e−ax
2

Yν (bx) − 2−ν−1bν

πa(s+ν)/2
cos (νπ) Γ (−ν) Γ

(
s+ ν

2

)
1F1

( s+ν
2 ; − b2

4a

1 + ν

)
− 2ν−1b−ν

πa(s−ν)/2
Γ (ν) Γ

(
s− ν

2

)
1F1

( s−ν
2 ; − b2

4a

1− ν

)
[Re a, b > 0; Re s > |Re ν|]

3.11.4. Yν (bx) and trigonometric functions

Notation: δ =

{
1

0

}
.

1

{
sin (ax)

cos (ax)

}
Yν (ax) ±21−sa−s

π3/2

{
sin2 [(s− ν)π/2] sin [(s+ ν)π/2]

cos2 [(s− ν)π/2] cos [(s+ ν)π/2]

}
× Γ

[
1− 2s

2
, s− ν, s+ ν

]
[a > 0; |Re ν| − δ < Re s < 1/2]

2

{
sin (ax)

cos (ax)

}
Yν (bx) ±2s+δ−1aδ

πbs+δ

{
sin [(s− ν)π/2]

cos [(s− ν)π/2]

}
Γ

(
s− ν + δ

2

)
× Γ

(
s+ ν + δ

2

)
2F1

( s−ν+δ
2 , s+ν+δ2
2δ+1

2 ; a2

b2

)
[0 < a < b; |Re ν| − δ < Re s < 3/2]
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No. f (x) F (s)

3

{
sin (ax)

cos (ax)

}
Yν (bx) −b

ν cos (νπ)

2ν+1as+ν

{
sec [(s+ ν)π/2]

csc [(s+ ν)π/2]

}
Γ

[
−ν

1− s− ν

]
× 2F1

( s+ν
2 , s+ν+1

2

1 + ν; b2

a2

)
− 2ν−1aν−s

bν

{
sec [(s− ν)π/2]

csc [(s− ν)π/2]

}
× Γ

[
ν

1− s+ ν

]
2F1

( s−ν
2 , s−ν+1

2

1− ν; b2

a2

)
[0 < b < a; |Re ν| − δ < Re s < 3/2]

4

{
sin (ax+ b)

cos (ax+ b)

}
Yν (ax) ∓ (2a)

−s
√
π

{
cos [(s+ ν)π/2 + b]

sin [(s+ ν)π/2 + b]

}
Γ

[ 1−2s
2 , s+ ν

1− s+ ν

]
− 21−sa−s

π3/2
cos (νπ)

{
sin [(ν − s)π/2 + b]

cos [(ν − s)π/2 + b]

}
× Γ

(
1− 2s

2

)
Γ (s− ν) Γ (s+ ν) [a > 0; Re ν < Re s < 1/2]

3.11.5. Yν (bx) and the logarithmic function

1 lnxYν (ax)
2s−2

as
Γ

(
s+ ν

2

)
Γ

(
s− ν

2

){
sin

(s− ν)π

2

− 1

π
cos

(s− ν)π

2

[
ψ

(
s+ ν

2

)
+ ψ

(
s− ν

2

)
− 2 ln

a

2

]}
[a > 0; |Re ν| < Re s < 3/2]

3.11.6. Yν (bx) and Ei (axr)

1 Ei (−ax)Yν (bx)
cos (νπ) a−s−ν (b/2)

ν

π (s+ ν)
Γ (−ν) Γ (s+ ν) 3F2

( s+ν
2 , s+ν2 , s+ν+1

2

ν + 1, s+ν+2
2 ; − b2

a2

)
+
aν−s (b/2)

−ν

π (s− ν)
Γ (ν) Γ (s− ν) 3F2

( s−ν
2 , s−ν2 , s−ν+1

2

1− ν, s−ν+2
2 ; − b2

a2

)
[b, Re a > 0; Re s > |Re ν|]

2 Ei
(
−ax2

)
Yν (bx)

2νa(ν−s)/2

πbν (s− ν)
Γ (ν) Γ

(
s− ν

2

)
2F2

( s−ν
2 , s−ν2 ; − b2

4a

1− ν, s−ν+2
2

)
+

bν cos (νπ)

2ν (s+ ν)πa(s+ν)/2
Γ (−ν) Γ

(
s+ ν

2

)
2F2

( s+ν
2 , s+ν2 ; − b2

4a

1 + ν, s+ν+2
2

)
[a, Re b > 0; Re s > |Re ν|]
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No. f (x) F (s)

3 e±ax Ei (∓ax)Yν (bx) −2νΓ (ν) Γ (s− ν)

as−νbν

{
csc [(ν − s)π]

cot [(ν − s)π]

}
2F1

( s−ν
2 , s−ν+1

2

1− ν; − b2

a2

)
+

cos (νπ)

2νas+νb−ν
Γ (−ν) Γ (s+ ν)

×
{

csc [(s+ ν)π]

cot [(s+ ν)π]

}
2F1

( s+ν
2 , s+ν+1

2

1 + ν; − b2

a2

)
± 2s−2

πabs−1
sin

(s− ν)π

2
Γ

(
s+ ν − 1

2

)
Γ

(
s− ν − 1

2

)
× 3F2

( 1
2 , 1, 1; − b2

a2

3−s−ν
2 , 3−s+ν

2

)
+

2s−3

πa2bs−2
cos

(s− ν)π

2

× Γ

(
s+ ν − 2

2

)
Γ

(
s− ν − 2

2

)
3F2

(
1, 1, 3

2 ; − b2

a2

4−s−ν
2 , 4−s+ν

2

)
[b, Re a > 0; |Re ν| < Re s < 5/2]

3.11.7. Yν (bx) and si (ax), ci (ax)

1

{
si (ax)

ci (ax)

}
Yν (bx)

2νaν−s

πbν (s− ν)
Γ (ν) Γ (s− ν)

{
sin [(s− ν)π/2]

cos [(s− ν)π/2]

}
× 3F2

( s−ν
2 , s−ν2 , s−ν+1

2

1− ν, s−ν+2
2 ; b2

a2

)
+
bνΓ (−ν) Γ (s+ ν)

2νπas+ν (s+ ν)

× cos (νπ)

{
sin [(s+ ν)π/2]

cos [(s+ ν)π/2]

}
3F2

( s+ν
2 , s+ν2 , s+ν+1

2

1 + ν, s+ν+2
2 ; b2

a2

)
[

0 < b ≤ a; |Re ν| < Re s < 5/2 for b < a;

|Re ν| < Re s < 3/2 for b = a

]

3.11.8. Yν (bx) and erf (ax), erfc (ax), erfi (ax)

1

{
erf (ax)

erfc (ax)

}
Yν (bx) ∓ 2νaν−s

π3/2bν (ν − s)
Γ (ν) Γ

(
s− ν + 1

2

)
× 2F2

( s−ν
2 , s−ν+1

2 ; − b2

4a2

1− ν, s−ν+2
2

)
± bν cos (νπ)

2νπ3/2as+ν (s+ ν)

× Γ (−ν) Γ

(
s+ ν + 1

2

)
2F2

( s+ν
2 , s+ν+1

2 ; − b2

4a2

1 + ν, s+ν+2
2

)
− 1± 1

πbs
2s−2 cos

(s− ν)π

2
Γ

(
s+ ν

2

)
Γ

(
s− ν

2

)
[
b > 0; Re s > |Re ν| − (1± 1) /2;

|arg a| < π/2; Re s < 3/2 for erf

]
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No. f (x) F (s)

2

{
erf (a

√
x)

erfc (a
√
x)

}
Yν (bx) ∓ 2s+1/2a

π3/2bs+1/2
Γ

(
2s+ 2ν + 1

4

)
Γ

(
2s− 2ν + 1

4

)
× cos

(2s− 2ν + 1)π

4
3F2

( 1
4 ,

2s+2ν+1
4 , 2s−2ν+1

4
1
2 ,

5
4 ; −a4b2

)
∓ 2s+3/2a3

3π3/2bs+3/2
Γ

(
2s+ 2ν + 3

4

)
Γ

(
2s− 2ν + 3

4

)
× sin

(2s− 2ν + 1)π

4
3F2

( 3
4 ,

2s+2ν+3
4 , 2s−2ν+3

4
3
2 ,

7
4 ; −a4b2

)
− 1∓ 1

πbs
2s−2 cos

(s− ν)π

2
Γ

(
s+ ν

2

)
Γ

(
s− ν

2

)
[
b > 0; |Re ν| < Re s+ (1± 1) /4; |arg a| < π/4;

Re s < 3/2 for erf

]

3 e∓a
2x2

{
erfi (ax)

erfc (ax)

}
− bν cos (νπ)

2ν+(1±1)/2as+ν

{
sec [(s+ ν)π/2]

csc [(s+ ν)π]

}
× Yν (bx) × Γ

[
−ν

2−s−ν
2

]
1F1

( s+ν
2 ; ∓ b2

4a2

1 + ν

)
− 2ν−(1±1)/2

as−νbν

{
sec [(s− ν)π/2]

csc [(s− ν)π]

}
× Γ

[
ν

2−s+ν
2

]
1F1

( s−ν
2 ; ∓ b2

4a2

1− ν

)
− 2s−2b1−s

π3/2a
Γ

(
s+ ν − 1

2

)
× Γ

(
s− ν − 1

2

)
sin

(s− ν)π

2
2F2

( 1
2 , 1; ∓ b2

4a2

3−s−ν
2 , 3−s+ν

2

)
[
b > 0; |Re ν| − (1± 1) /2 < Re s < 5/2;

|arg a| < (2∓ 1)π/4

]

3.11.9. Yν (bx) and S (ax), C (ax)

Notation: δ =

{
1

0

}
.

1

{
S (ax)

C (ax)

}
Yν (bx) − 2s+δa1/2+δ

3δπ3/2bs+δ+1/2
cos

(2s− 2ν + 2δ + 1)π

4

× Γ

(
2s− 2ν + 2δ + 1

4

)
Γ

(
2s+ 2ν + 2δ + 1

4

)
× 3F2

( 2δ+1
4 , 2s−2ν+2δ+1

4 , 2s+2ν+2δ+1
4

2δ+5
4 , 2δ+1

2 ; a
2

b2

)
[a, b > 0; |Re ν| − (2± 1) /2 < Re s < 3/2]
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3.11.10. Yν (bx) and γ (µ, ax), Γ (µ, ax)

1

{
γ (µ, ax)

Γ (µ, ax)

}
Yν (bx) ∓2s+µ−1aµ

µπbs+µ
Γ

(
s+ µ− ν

2

)
Γ

(
s+ µ+ ν

2

)
× cos

(s+ µ− ν)π

2
3F2

(µ
2 ,

s+µ−ν
2 , s+µ+ν2

1
2 ,

µ+2
2 ; −a2b2

)
∓ 2s+µaµ+1

(µ+ 1)πbs+µ+1
Γ

(
s+ µ− ν + 1

2

)
Γ

(
s+ µ+ ν + 1

2

)
× sin

(s+ µ− ν)π

2
3F2

(µ+1
2 , s+µ+ν+1

2 , s+µ−ν+1
2

3
2 ,

µ+3
2 ; −a2b2

)
− 1∓ 1

πbs
2s−1 cos

(s− ν)π

2
Γ

[
µ,

s− ν
2

,
s+ ν

2

]
 b, Re a > 0; Re (s+ µ) > |Re ν|;{

Reµ > 0; Re s < 3/2

Re s > |Re ν|

} 

2

{
γ
(
µ, ax2

)
Γ (µ, ax2)

}
Yν (bx) ∓ 2νa(ν−s)/2

πbν (ν − s)
Γ (ν) Γ

(
s+ 2µ− ν

2

)
× 2F2

( s−ν
2 , s+2µ−ν

2 ; − b2

4a

1− ν, s−ν+2
2

)
± bν cos (νπ)

2νπa(s+ν)/2 (s+ ν)

× Γ (−ν) Γ

(
s+ 2µ+ ν

2

)
2F2

( s+ν
2 , s+2µ+ν

2 ; − b2

4a

1 + ν, s+ν+2
2

)
− 1± 1

πbs
2s−1 cos

(s− ν)π

2
Γ

[
µ,

s+ ν

2
,
s− ν

2

]
 b, Re a > 0; Re (s+ 2µ) > |Re ν|;{

Reµ > 0; Re s < 3/2

Re s > |Re ν|

} 

3 eax
2

Γ
(
µ, ax2

)
Yν (bx) −2ν−1a(ν−s)/2

bν
Γ

[
ν, s−ν2
1− µ

]
csc

(s+ 2µ− ν)π

2

× 1F1

( s−ν
2 ; b2

4a

1− ν

)
− bν

2ν+1a(s+ν)/2
Γ

[
−ν, s+ν2

1− µ

]
× cos (νπ) csc

(s+ 2µ+ ν)π

2
1F1

( s+ν
2 ; b2

4a

1 + ν

)
+

2s+2µ−3aµ−1

πbs+2µ−2 Γ

(
s+ 2µ+ ν − 2

2

)
Γ

(
s+ 2µ− ν − 2

2

)
× cos

(s− ν + 2µ)π

2
2F2

(
1, 1− µ; b2

4a
4−s−2µ+ν

2 , 4−s−2µ−ν
2

)
[
b > 0; Re s > |Re ν|; |arg a| < π;

|Re ν| < Re (s+ 2µ) < 7/2

]
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3.11.11. Yν (bx) and Dµ (axr)

1 ea
2x/4Dµ (a

√
x)Yν (bx)

22s−µ−7/2a−2s

π2 Γ (−µ)
G44

55

(
4b2

a4

∣∣∣∣ −ν+1
2 , 1−2s

4 , 3−2s
4 , 1−s

2 , 2−s
2

−ν+1
2 , −ν2 ,

ν
2 , −

2s+µ
4 , − 2s+µ−2

4

)
[b > 0; Re (2s+ µ) < 3, Re s > |Re ν|; |arg a| < 3π/4]

2 e−a
2x/4Dµ (a

√
x)Yν (bx) −2µ/2+2ν−s+1a2ν−2sb−ν√

π
Γ

[
ν, 2s− 2ν
2s−µ−2ν+1

2

]
× 4F3

( s−ν
2 , s−ν+1

2 , 2s−2ν+1
4 , 2s−2ν+3

4

1− ν, 2s−µ−2ν+1
4 , 2s−µ−2ν+3

4 ; − 4b2

a4

)
− 2µ/2−2ν−s+1a−2ν−2sbν√

π
cos (νπ) Γ

[
−ν, 2s+ 2ν
2s−µ+2ν+1

2

]
× 4F3

( s+ν
2 , s+ν+1

2 , 2s+2ν+1
4 , 2s+2ν+3

4

ν + 1, 2s−µ+2ν+1
4 , 2s−µ+2ν+3

4 ; − 4b2

a4

)
[b > 0; Re s > |Re ν|; |arg a| < π/4]

3.11.12. Yν (ϕ (x)) and Jµ (ψ (x))

1 cos (ax) Jν (ax)
2s−1

as
Γ

[ s−ν
2 , s+ν2

s∓2a−ν
2 , 2−s±2a+ν

2

]
[a > 0; |Re ν| < Re s < 3/2]

± sin (ax)Yν (ax)

2

{
sin (ax+ b)

cos (ax+ b)

}
Jν (ax) ±21−sa−s

π3/2
cos (νπ)

{
cos [(ν − s)π/2 + b]

sin [(ν − s)π/2 + b]

}
∓
{

cos (ax+ b)

sin (ax+ b)

}
Yν (ax) × Γ

(
1− 2s

2

)
Γ (s− ν) Γ (s+ ν)

[a > 0; |Re ν| < Re s < 1/2]

3

{
sin (ax+ b)

cos (ax+ b)

}
Jν (ax)

21−sa−s√
π

{
sin [(s+ ν)π/2 + b]

cos [(s+ ν)π/2 + b]

}
Γ

[ 1−2s
2 , s+ ν

1− s+ ν

]
±
{

cos (ax+ b)

sin (ax+ b)

}
Yν (ax) ∓ 21−sa−s

π3/2
cos (νπ)

{
cos [(ν − s)π/2 + b]

sin [(ν − s)π/2 + b]

}
× Γ

(
1− 2s

2

)
Γ (s− ν) Γ (s+ ν)

[a > 0; |Re ν| < Re s < 1/2]

4 Jν (ax)Yν (ax) − a−s

2
√
π

Γ

[ s
2 ,

s+2ν
2

s+1
2 , 2−s+2ν

2

]
[a > 0; 0, −2 Re ν < Re s < 2]
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No. f (x) F (s)

5 J−ν (ax)Yν (ax) − a−s

2π3/2
cos

(s− 2ν)π

2
Γ

[ s
2 ,

1−s
2 , s−2ν2

2−s−2ν
2

]
[a > 0; 0, 2 Re ν < Re s < 1]

6 Jµ (ax)Yν (ax) −2s−1

πas
cos

(s+ µ− ν)π

2
Γ

[
1− s, s+µ−ν2 , s+µ+ν2
2−s+µ−ν

2 , 2−s+µ+ν
2

]
[a > 0; |Re ν| − Reµ < Re s < 1]

7 Jµ (ax)Yν (bx) −2s−1aµb−s−µ

π
cos

(s+ µ− ν)π

2
Γ

[ s+µ−ν
2 , s+µ+ν2

µ+ 1

]
× 2F1

( s+µ−ν
2 , s+µ+ν2

µ+ 1; a2

b2

)
[0 < a < b; |Re ν| − Reµ < Re s < 2]

8 Jν (ax)Yν (bx) −2s−1

π

(
a2 − b2

)−s/2
Γ
(s

2

)
Γ

(
s+ 2ν

2

)
×
[
cos

sπ

2
P−ν−s/2

(
a2 + b2

a2 − b2

)
+

2e−iνπ

Γ
(
2−s+2ν

2

)
Γ
(
s+2ν

2

) Qν−s/2(a2 + b2

a2 − b2

)]
[0 < b < a; 0,−2 Re ν < Re s < 2]

9 Jµ (ax)Yν (bx) −2s−1bν

πas+ν
cos (νπ) Γ

[−ν, s+µ+ν2
2−s+µ−ν

2

]
2F1

( s−µ+ν
2 , s+µ+ν2

1 + ν; b2

a2

)
− 2s−1aν−s

πbν
Γ

[
ν, s+µ−ν2
2−s+µ+ν

2

]
2F1

( s−µ−ν
2 , s+µ−ν2

1− ν; b2

a2

)
[0 < b < a; |Re ν| − Reµ < Re s < 2]

10 Jν (ax)Y−ν (bx) −2s−1

π

(
b2 − a2

)−s/2
cos

(s+ 2ν)π

2

× Γ
(s

2

)
Γ

(
s+ 2ν

2

)
P−ν−s/2

(
b2 + a2

b2 − a2

)
[0 < a < b; 0, −2 Re ν < Re s < 2]

11 Jν (ax)Y−ν (bx) −2s−1

π

(
a2 − b2

)−s/2
Γ
(s

2

)
Γ

(
s+ 2ν

2

)
×
[
cos

(s+ 2ν)π

2
P−ν−s/2

(
a2 + b2

a2 − b2

)
+

2e−iνπ cos (νπ)

Γ
(
2−s+2ν

2

)
Γ
(
s+2ν

2

) Qν−s/2(a2 + b2

a2 − b2

)]
[0 < b < a; 0, −2 Re ν < Re s < 2]
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No. f (x) F (s)

12 Jµ (ax)Yν (ax) −2s−1

πas
Γ

[ s+µ−ν
2 , s−µ+ν2 , s+µ+ν2

s, 2−s+µ+ν
2

]
+ Jν (ax)Yµ (ax) [a > 0; −Re (µ+ ν) , |Re (µ− ν)| < Re s < 2]

13 Jµ (ax)Yν (ax)
2s−1

π2as
sin [(µ− ν)π] Γ

[
1− s, s−µ+ν2 , s+µ−ν2 , s+µ+ν2

2−s+µ+ν
2

]
− Jν (ax)Yµ (ax) [a > 0; |Re ν| − Reµ < Re s < 1]

14 Jν (ax)Y−ν (ax) −a
−s
√
π

Γ

[ s−2ν
2 , s+2ν

2
2−s
2 , s+1

2

]
[a > 0; 2|Re ν| < Re s < 2]

+ J−ν (ax)Yν (ax)

15 Jν (ax)Y−ν (ax)
a−s

2π5/2
sin (2νπ) Γ

[
s

2
,

1− s
2

,
s− 2ν

2
,
s+ 2ν

2

]
− J−ν (ax)Yν (ax) [a > 0; 2|Re ν| < Re s < 1]

16 Jν (ax)Y−ν (bx) − 2s−1

as−νbν

[
cos (νπ) csc

sπ

2
+ csc

(s− 2ν)π

2

]
+ J−ν (ax)Yν (bx) × Γ

[
ν

2−s
2 , 2−s+2ν

2

]
2F1

( s
2 ,

s−2ν
2

1− ν; b2

a2

)
− 2s−1

as+νb−ν

[
cos (νπ) csc

sπ

2
+ csc

(s+ 2ν)π

2

]
× Γ

[
−ν

2−s
2 , 2−s−2ν

2

]
2F1

( s
2 ,

s+2ν
2

1 + ν; b2

a2

)
[a > b > 0; 2|Re ν| < Re s < 2]

17 Jν (u−)Yν (u+)
1

2
√
π

(a
b

)s/2
Γ

[ s+2ν
2 , 1−s

2
2−s+2ν

2

]
Y−s/2 (2ab)

u± = b
(√
x2 + a2 ± a

)
[a, b > 0; −2 Re ν < Re s < 1]

18 Jν (u−)Y−ν (u+)
1

2
√
π

(a
b

)s/2
Γ

[ s+2ν
2 , 1−s

2
2−s+2ν

2

][
sin (νπ) J−s/2 (2ab)

u± = b
(√
x2 + a2 ± a

)
+ cos (νπ)Y−s/2 (2ab)

]
[a, b > 0; −2 Re ν < Re s < 1]

19 Jν (u−)Yν (u+)
cos (νπ)

π3/2

(a
b

)s/2
Γ

(
1− s

2

)
Γ
(s

2
− ν
)

Γ
(s

2
+ ν
)

− Jν (u+)Yν (u−) × Js/2 (2ab) [a, b > 0; 2|Re ν| < Re s < 1]

u± = b
(√
x2 + a2 ± a

)
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3.11.13. Yν (bx), Jν (bx), and trigonometric functions

Notation: δ =

{
1

0

}
.

1

{
sin (ax)

cos (ax)

}
−a

δb−s−δ

2
√
π

Γ

[ s+δ
2 , s+2ν+δ

2
s+δ+1

2 , 2−s+2ν−δ
2

]
3F2

( s+δ
2 , s+2ν+δ

2 , s−2ν+δ2
2δ+1

2 , s+δ+1
2 ; a2

4b2

)
× Jν (bx)Yν (bx) [0 < a < 2b; −δ, −2 Re ν − δ < Re s < 2]

2

{
sin (ax)

cos (ax)

}
−Γ (s)

νπas

{
sin (sπ/2)

cos (sπ/2)

}
3F2

( 1
2 ,

s
2 ,

s+1
2

1− ν, 1 + ν; 4b2

a2

)
× Jν (bx)Yν (bx) − cos (νπ)

πas+2ν

(
b

2

)2ν {
sin [(s+ 2ν)π/2]

cos [(s+ 2ν)π/2]

}
× Γ

[
−ν, s+ 2ν

ν + 1

]
3F2

( 2ν+1
2 , s+2ν

2 , s+2ν+1
2

ν + 1, 2ν + 1; 4b2

a2

)
[0 < 2b < a; −δ, −2 Re ν − δ < Re s < 2]

3.11.14. Yν (bx), Jν (bx), and S (ax), C (ax)

Notation: δ =

{
1

0

}
.

1

{
S (ax)

C (ax)

}
Jν (bx)Yν (bx) −a

δ+1/2 b−s−δ−1/2

(2δ + 1)
√

2π
Γ

[ 2s+2δ+1
4 , 2s+4ν+2δ+1

4
2s+2δ+3

4 , 3−2s+4ν−2δ
2

]
× 4F3

( 2δ+1
4 , 2s+2δ+1

4 , 2s−4ν+2δ+1
4 , 2s+4ν+2δ+1

4
2δ+1

2 , 2δ+5
4 , 2s+2δ+3

4 ; a2

4b2

)
[0 < a < 2b; −2ν − δ − 1/2, −δ − 1/2 < Re s < 1]

2

{
S (ax)

C (ax)

}
Jν (bx)Yν (bx)

a−s−2νb2ν√
2π (s+ 2ν)

{
sin [(2s+ 4ν + 1)π/4]

cos [(2s+ 4ν + 1)π/4]

}
Γ

[−ν, 2s+4ν+1
2

1−2ν
2 , 2ν + 1

]
× 4F3

( 2ν+1
2 , s+2ν

2 , 2s+4ν+1
4 , 2s+4ν+3

4

ν + 1, 2ν + 1, s+2ν+2
2 ; 4b2

a2

)
+

a−s√
2π3/2νs

{
sin [(2s+ 1)π/4]

cos [(2s+ 1)π/4]

}
Γ

(
s+

1

2

)
× 4F3

( 1
2 ,

s
2 ,

2s+1
4 , 2s+3

4

1− ν, 1 + ν, s+2
2 ; 4b2

a2

)
− b−s

4
√
π

Γ

[ s
2 ,

s+2ν
2

s+1
2 , 2−s+2ν

2

]
[0 < 2b < a; −2ν − δ − 1/2, −δ − 1/2 < Re s < 1]
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3.11.15. Yν (ax) and Jλ (bx) Jµ (cx)

Notation: δ =

{
1

0

}
.

1 Jλ (ax) Jµ (ax)Yν (bx) −2s−1aλ+µ

πbs+λ+µ
cos

(s+ λ+ µ− ν)π

2
Γ

[ s+λ+µ+ν
2 , s+λ+µ−ν2

λ+ 1, µ+ 1

]

× 4F3

(λ+µ+1
2 , λ+µ+2

2 , s+λ+µ+ν2 , s+λ+µ−ν2

λ+ 1, µ+ 1, λ+ µ+ 1; 4a2

b2

)
[0 < 2a < b; |Re ν| − Re (λ+ µ) < Re s < 5/2]

2 Jλ (ax) Jµ (bx)Yν (bx) −2s−1aν−µ−s

πbν−µ
Γ

[
ν, s+λ+µ−ν2

µ+ 1, 2−s+λ+ν−µ
2

]

× 4F3

(µ−ν+1
2 , µ−ν+2

2 , s−λ+µ−ν2 , s+λ+µ−ν2

µ+ 1, 1− ν, µ− ν + 1; 4b2

a2

)

− 2s−1bµ+ν

πas+µ+ν
cos (νπ) Γ

[ −ν, s+λ+µ+ν2

µ+ 1, 2−s+λ−µ−ν
2

]

× 4F3

(µ+ν+1
2 , µ+ν+2

2 , s+µ+ν−λ2 , s+λ+µ+ν2

µ+ 1, ν + 1, µ+ ν + 1; 4b2

a2

)
[0 < 2b < a; |Re ν| − Re (λ+ µ) < Re s < 5/2]

3 Jλ (ax) Jµ (bx)Yν (bx)
2s−2

πas−1b
sin

(µ− ν)π

2
Γ

[ s+λ−1
2

3−s+λ
2

]

× 4F3

(µ+ν+1
2 , µ−ν+1

2 , ν−µ+1
2 , 1−µ−ν

2
1
2 ,

3−s−λ
2 , 3−s+λ

2 ; a2

4b2

)

+ 2s−4
ν2 − µ2

πas−2b4
cos

(µ− ν)π

2
Γ

[ s+λ−2
2

4−s+λ
2

]

× 4F3

(µ+ν+2
2 , µ−ν+2

2 , ν−µ+2
2 , 2−µ−ν

2
3
2 ,

4−s−λ
2 , 4−s+λ

2 ; a2

4b2

)
− 2s−1aλ

πbs+λ
cos

(s+ λ+ µ− ν)π

2

× Γ

[ s+λ+µ+ν
2 , s+λ+µ−ν2 , 1− s− λ

λ+ 1, 2−s−λ+µ+ν
2 , 2−s−λ+µ−ν

2

]

× 4F3

( s+λ+µ+ν
2 , s+λ−µ+ν2 , s+λ+µ−ν2 , s+λ−µ−ν2

λ+ 1, s+λ2 , s+λ+1
2 ; a2

4b2

)
[0 < a < 2b; |Re ν| − Re (λ+ µ) < Re s < 5/2]
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3.11.16. Products of Yν (ϕ (x))

1 Y 2
ν (ax)

a−s√
π

Γ

[ s
2 ,

s−2ν
2 , s+2ν

2
s+1
2 , s−2ν+1

2 , 1−s+2ν
2

]
+
a−s

2
√
π

Γ

[ 1−s
2 , s+2ν

2
2−s
2 , 2−s+2ν

2

]
[a > 0; 2|Re ν| < Re s < 1]

2 Yµ (ax)Yν (bx)
2s−1aµ

π2bs+µ
cos (µπ) cos

(s+ µ− ν)π

2

× Γ

[
−µ, s+ µ− ν

2
,
s+ µ+ ν

2

]
× 2F1

( s+µ−ν
2 , s+µ+ν2

1 + µ; a2

b2

)
+

2s−1bµ−s

π2aµ
cos

(s− µ− ν)π

2

× Γ

[
µ,

s− µ− ν
2

,
s− µ+ ν

2

]
2F1

( s−µ−ν
2 , s−µ+ν2

1− µ; a2

b2

)
[0 < a < b; |Reµ|+ |Re ν| < Re s < 2]

3 J2
ν (ax)− Y 2

ν (ax) −a
−s
√
π

Γ

[ s
2 ,

s−2ν
2 , s+2ν

2
s+1
2 , s−2ν+1

2 , 1−s+2ν
2

]
[a > 0; 2|Re ν| < Re s < 2]

4 J2
ν (ax) + Y 2

ν (ax)
a−s

π5/2
cos (νπ) Γ

[
s

2
,

1− s
2

,
s− 2ν

2
,
s+ 2ν

2

]
[a > 0; 2|Re ν| < Re s < 1]

5 Y 2
ν (ax)± Y 2

−ν (ax)
a−s√
π

{
cos (νπ) [cot (sπ) + 3 csc (sπ)]

sin (νπ)

}
Γ

[ s−2ν
2 , s+2ν

2
2−s
2 , s+1

2

]
[a > 0; 2|Re ν| < Re s < (3∓ 1) /2]

6 Jµ (ax) Jν (ax) − 1√
π as

Γ

[
s+µ+ν

2 , s+µ−ν2 , s−µ+ν2 , s−µ−ν2
s
2 ,

s+1
2 , s−µ−ν+1

2 , 1−s+µ+ν
2

]
− Yµ (ax)Yν (ax) [a > 0; (|Reµ|+ |Re ν|) < Re s < 2]

7 Jµ (ax) Jν (ax)
2s−1a−s

π2
cos (µπ) Γ

[
1− s, s−µ−ν2 , s+µ−ν2 , s+µ+ν2

2−s+µ−ν
2

]
+ Yµ (ax)Yν (ax) +

2s−1a−s

π2
cos (νπ) Γ

[
1− s, s−µ−ν2 , s−µ+ν2 , s+µ+ν2

2−s−µ+ν
2

]
[|Re (µ− ν)|, |Re (µ+ ν)| < Re s < 1, µ+ ν 6= 0,±1, . . . ]
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No. f (x) F (s)

8 J−ν (ax) Jν (ax)
a−s

π3/2
cos2 (νπ) sec

sπ

2
Γ

[ s
2 ,

s−2ν
2 , s+2ν

2
s+1
2

]
+ Y−ν (ax)Yν (ax) [a > 0; 2|Re ν| < Re s < 1]

9 J−ν (ax) Jν (ax) − a
−s

π3/2
cos

sπ

2
Γ

[ s
2 ,

s−2ν
2 , s+2ν

2
s+1
2

]
− Y−ν (ax)Yν (ax) [a > 0; 2|Re ν| < Re s < 2]

10 Yµ (ax)Yν (ax)
1

π2

(
2

a

)s
sin

sπ

2
sin

(µ+ ν)π

2

− Y−µ (ax)Y−ν (ax) × Γ

[ s−µ−ν
2 , s+µ−ν2 , s−µ+ν2 , s+µ+ν2

s

]
− 1

π

(
2

a

)s
cos

sπ

2
sin

(µ+ ν)π

2
Γ

[
1− s, s−µ−ν2 , s+µ+ν2
2−s+µ−ν

2 , 2−s−µ+ν
2

]
[a > 0; |Re (µ− ν)|, |Re (µ+ ν)| < Re s < 1]

11 Yµ (ax)Yν (ax)
1

π2

(
2

a

)s
cos

sπ

2
cos

(µ+ ν)π

2

+ Y−µ (ax)Y−ν (ax) × Γ

[ s−µ−ν
2 , s+µ−ν2 , s−µ+ν2 , s+µ+ν2

s

]
+

1

π

(
2

a

)s
sin

sπ

2
cos

(µ+ ν)π

2
Γ

[
1− s, s−µ−ν2 , s+µ+ν2
2−s+µ−ν

2 , 2−s−µ+ν
2

]
[a > 0; |Re (µ− ν)|, |Re (µ+ ν)| < Re s < 1]

12 Yν
(
b
√
x2 + a2 + ab

)
− 1

2π3/2

(a
b

)s/2
Γ

[
1− s

2
,
s− 2ν

2
,
s+ 2ν

2

]
× Yν

(
b
√
x2 + a2 − ab

)
×
[
sin

(s− 2ν)π

2
J−s/2 (2ab) + 2 cos (νπ)Ys/2 (2ab)

]
[b, Re a > 0; 2|Re ν| < Re s < 1]

13 Jν (u+) Jν (u−)
cos (νπ)

π3/2

(a
b

)s/2
Γ

[
1− s

2
,
s− 2ν

2
,
s+ 2ν

2

]
+ Yν (u+)Yν (u−) ×

[
sin

sπ

2
J−s/2 (2ab)− cos

sπ

2
Y−s/2 (2ab)

]
u± = b

(√
x2 + a2 ± a

)
[a, b > 0; 2|Re ν| < Re s < 1]
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3.12. The Hankel Functions H
(1)
ν (z) and H

(2)
ν (z)

More formulas can be obtained from the corresponding sections due to the relations (j = 1, 2)

H
(j)
±1/2 (z) =

(
(−1)

j
i
)(1±1)/2√ 2

π

1√
z
e−(−1)

jiz,

H
(j)
n−1/2 (z) =

√
2

π

1√
z
ei(−1)

j(nπ/2−z)
n−1∑
k=0

(−1)
kj (n+ k − 1)!

k! (n− k − 1)!
(2iz)

−k
,

H(j)
ν (z) = Jν (z)− (−1)

j
i Yν (z) .

3.12.1. H
(1)
ν (ax), H

(2)
ν (ax)

No. f (x) F (s)

1 H
(j)
ν (ax)

2s−1a−s

π
e(−1)

j+1(s−ν−1)πi/2 Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)
j = 1, 2 [a > 0; −Re ν < Re (ν + s) < 3/2]

3.12.2. H
(1)
ν (bx), H

(2)
ν (bx), and the exponential function

1 e−ax
2

H
(1)
ν (bx) − i2

ν−1a(ν−s)/2b−ν

π
Γ (ν) Γ

(
s− ν

2

)
1F1

( s−ν
2

1− ν; − b2

4a

)
− ie−iπνa−(s+ν)/2bν

2ν+1π
Γ (−ν) Γ

(
s+ ν

2

)
1F1

( s+ν
2

ν + 1; − b2

4a

)
[Re a > 0; Re s > |Re ν|]

2 e−ax
2

H
(2)
ν (bx)

a(1−s)/2

πb
eνπi/2−b

2/(8a) Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)
×W(1−s)/2, ν/2

(
− b

2

4a

)
[Re a > 0; Re s > |Re ν|]

3.12.3. H
(1)
ν (ax), H

(2)
ν (ax), and trigonometric functions

1

{
sin (ax+ b)

cos (ax+ b)

}
∓ i

(1±1)/2 (2a)
−s
ei(b+(s+ν)π/2)

√
π

Γ

[ 1
2 − s, s+ ν

1− s+ ν

]
×H(1)

ν (ax) − i 21−sa−s

π3/2
cos (νπ)

{
sin [b+ (ν − s)π/2]

cos [b+ (ν − s)π/2]

}
× Γ

(
1

2
− s
)

Γ (s− ν) Γ (s+ ν) [a > 0; |Re ν| < Re s < 1/2]
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(2)
ν (z) 189

No. f (x) F (s)

2

{
sin (ax+ b)

cos (ax+ b)

}
i(1±1)/2 (2a)

−s
e−i(b+(s+ν)π/2)

√
π

Γ

[ 1
2 − s, s+ ν

1− s+ ν

]
×H(2)

ν (ax) +
i 21−sa−s

π3/2
cos (νπ)

{
sin [b+ (ν − s)π/2]

cos [b+ (ν − s)π/2]

}
× Γ

(
1

2
− s
)

Γ (s− ν) Γ (s+ ν) [a > 0; |Re ν| < Re s < 1/2]

3.12.4. H
(1)
ν (bx), H

(2)
ν (bx), and Jµ (ax)

1 Jµ (ax)H
(j)
ν (bx)

2s−1aµ

πbs+µ
e(−1)

j+1(s+µ−ν−1)πi/2 Γ

[ s+µ+ν
2 , s+µ−ν2

µ+ 1

]
j = 1, 2 × 2F1

( s+µ+ν
2 , s+µ−ν2

µ+ 1; a2

b2

)
[
|a| < |b|; Re

(
ib+ (−1)

j
ia
)
> 0 for Re (s+ µ± ν) > 0 and

Re
(
ib+ (−1)

j
ia
)

= 0 for Re (s+ µ± ν) > 0; Re s < 2

]

2 Jµ (ax)H
(j)
ν (ax)

2s−1a−s

π
e(−1)

j+1(s+µ−ν−1)πi/2 Γ

[ s+µ−ν
2 , s+µ+ν2 , 1− s

µ−ν−s+2
2 , µ+ν−s+2

2

]
j = 1, 2 [a > 0; −Re (µ± ν) < Re s < 1]

3.12.5. Products of H
(1)
µ (ax) and H

(2)
ν (ax)

1 H
(j)
µ (ax)H

(j)
ν (ax) −2s−1a−s

π2
e(−1)

j+1(s−µ−ν)πi/2 Γ

[ s−µ−ν
2 , s−µ+ν2 , s+µ−ν2 , s+µ+ν2

s

]
j = 1, 2 [a > 0; |Reµ|+ |Re ν| < Re s < 1]

2 H
(j)
µ (ax)H

(j)
ν (bx) − 2s−1bν

π2as+ν
e(−1)

j+1(s−µ−ν)πi/2 Γ

[ s−ν−µ
2 , s−µ+ν2 , s+µ−ν2 , s+µ+ν2

s

]
j = 1, 2 × 2F1

( s−µ+ν
2 , s+µ+ν2

s; a2−b2
a2

)
[a, b > 0; |Reµ|+ |Re ν| < Re s < 1]

3 H
(1)
ν (ax)H

(2)
ν (ax)

a−s

π5/2
cos (νπ) Γ

[
s

2
− ν, s

2
+ ν,

s

2
,

1− s
2

] [
a > 0;

2|Re ν| < Re s < 1

]

4 H
(1)
µ (ax)H

(2)
ν (ax)

2s−1

πas
Γ

[
1− s, s+µ−ν2 , s−µ+ν2

1− s+µ+ν
2 , 1− s−µ−ν

2

]
×
[
csc

(s− µ− ν)π

2
+ eiπ(ν−µ) csc

(s+ µ+ ν)π

2

]
[a > 0; max (|Re (µ+ ν)|, |Re (µ− ν)|) < Re s < 1]
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More formulas can be obtained from the corresponding sections due to the relations

I±1/2 (z) =

√
2

π

1√
z

{
sinh z

cosh z

}
, I±3/2 (z) =

√
2

π

1

z3/2

[
z

{
cosh z

sinh z

}
−
{

sinh z

cosh z

}]
,

I±n±1/2 (z) =
1√
2π

1√
z

n∑
k=0

(n+ k)!

k! (n− k)!

(−1)
k
ez ± (−1)

n+1
e−z

(2z)
k

, [n = 0, 1, 2, . . . ] ;

Iν (z) = iνJν (iz) , Iν (z) =
(z/2)

ν

Γ (ν + 1)
0F1

(
ν + 1;

z2

4

)
Iν (z) =

zνe−z

2ν Γ (ν + 1)
1F1

(
ν +

1

2
; 2ν + 1; 2z

)
,

Iν (z) = π
(z

2

)ν
G10

13

(
z2

4

∣∣∣∣ 1/2

0, −ν, 1/2

)
,

Iν (z) = zν/2 (−z)−ν/2G10
02

(
−z

2

4

∣∣∣∣ ·
ν/2, −ν/2

)
,

Iν (z) = πzν
(
z2
)−ν/2

G10
13

(
z2

4

∣∣∣∣ (ν + 1) /2

ν/2, −ν/2, (ν + 1) /2

)
.

3.13.1. Iν (ϕ (x)) and algebraic functions

No. f (x) F (s)

1 (a− x)
α−1
+ Iν (bx)

as+α+ν−1

Γ (ν + 1)

(
b

2

)ν
B (α, s+ ν) 2F3

( s+ν
2 , s+ν+1

2 ; a2b2

4

ν + 1, s+α+ν2 , s+α+ν+1
2

)
[a, Reα, Re (s+ ν) > 0]

2
(
a2 − x2

)α−1
+

Iν (bx)
as+2α+ν−2bν

2ν+1
Γ

[
α, s+ν2

ν + 1, s+2α+ν
2

]
1F2

( s+ν
2 ; a2b2

4

ν + 1, s+2α+ν
2

)
[a, Reα, Re (s+ ν) > 0]

3 (a− x)
α−1
+ Iν (b (a− x))

as+α+ν−1

Γ (ν + 1)

(
b

2

)ν
B (α+ ν, s) 2F3

( α+ν
2 , α+ν+1

2 ; a2b2

4

ν + 1, s+α+ν2 , s+α+ν+1
2

)
[a, Re (α+ ν) , Re s > 0]

4 (a− x)
α−1
+ as+α+2ν−1

(
b

2

)ν
Γ

[
α+ ν, s+ ν

ν + 1, s+ α+ 2ν

]
× Iν (bx (a− x)) × 4F5

(
∆ (2, α+ ν) , ∆ (2, s+ ν)

ν + 1, ∆ (4, s+ α+ 2ν) ; a
4b2

64

)
[a, Re (α+ ν) , Re (s+ ν) > 0]

5 (a− x)
ν/2
+ Iν

(
b
√
a− x

) 2sa(s+ν)/2

bs
Γ (s) Is+ν (

√
a b) [a, Re s > 0; Re ν > −1]
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No. f (x) F (s)

6 (a− x)
α−1
+ Iν

(
b
√
a− x

) as+α+ν/2−1

2

(
b

2

)ν
Γ

[ 2α+ν
2 , s

ν + 1, 2s+2α+ν
2

]
1F2

( 2α+ν
2 ; ab2

4

ν + 1, 2s+2α+ν
2

)
[a, Re (α+ ν/2) , Re s > 0]

7 (a− x)
ν/2
+ (bx+ 1)

µ
as+ν

( c
2

)ν
Γ

[
s

s+ ν + 1

]
Ξ2

(
−µ, s; s+ ν + 1; −ab, ac

2

4

)
× Iν

(
c
√
a− x

)
[a, Re s > 0; |arg b| < π]

8 (a− x)
α−1
+ as+α+ν−1

(
b

2

)ν
Γ

[ 2α+ν
2 , 2s+ν

2

ν + 1, s+ α+ ν

]
× Iν

(
b
√
x(a− x)

)
× 2F3

( 2α+ν
2 , 2s+ν

2 ; a2b2

16

ν + 1, s+α+ν2 , s+α+ν+1
2

)
[a, Re (α+ ν/2) > 0; Re (s+ ν/2) > −1]

9
1

(x+ a)
ρ Iν

(
b

x+ a

)
as−ν−ρ

Γ (ν + 1)

(
b

2

)ν
B (s, ν + ρ− s) 2F3

( ν+ρ−s
2 , ν+ρ−s+1

2

ν + 1, ν+ρ2 , ν+ρ+1
2 ; b2

4a2

)
[0 < Re s < Re (ν + ρ) ; |arg a| < π]

10
1

(x+ a)
ρ Iν

(
bx

x+ a

)
as−ρ

(
b

2

)ν
B (s+ ν, ρ− s)

Γ (ν + 1)
2F3

( s+ν
2 , s+ν+1

2 ; b2

4

ν + 1, ν+ρ2 , ν+ρ+1
2

)
[−Re ν < Re s < Re ρ; |arg a| < π]

11
1

(x2 + a2)
ρ

2−ν−1as−ν−2ρbν

Γ (ν + 1)
B

(
s+ ν

2
,
ν + 2ρ− s

2

)
2F3

( s+ν
2 , ν+2ρ−s

2 ; b2

16a2

ν + 1, ν+ρ2 , ν+ρ+1
2

)
× Iν

(
bx

x2 + a2

)
[Re a > 0; −Re ν < Re s < Re (ν + 2ρ)]

3.13.2. Iν (ϕ (x)) and the exponential function

1 e−axIν (bx) a−s−ν
(
b

2

)ν
Γ

[
s+ ν

ν + 1

]
2F1

( s+ν
2 , s+ν+1

2

ν + 1; b2

a2

)
[Re (s+ ν) > 0; Re a > |Re b|]

2 e−axIν (ax)
(2a)

−s
√
π

Γ

[
s+ ν, 1−2s

2

1− s+ ν

]
[Re a > 0; −Re ν < Re s < 1/2]

3 e−ax
2

Iν (bx)
2−ν−1bν

a(s+ν)/2
Γ

[ s+ν
2

ν + 1

]
1F1

( s+ν
2 ; b2

4a

ν + 1

)
[Re a, Re (s+ ν) > 0]
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No. f (x) F (s)

4 e−ax−b
√
xIν (ax)

√
2

πa
b1−2s Γ (2s− 1) 2F2

( 1−2ν
2 , 1+2ν

2

1− s, 3−2s
2 ; b2

8a

)
+

(2a)
−s

√
π

Γ

[ 1−2s
2 , s+ ν

1− s+ ν

]
2F2

(
s− ν, s+ ν
1
2 ,

2s+1
2 ; b2

8a

)
− b
√
π (2a)

s+1/2
Γ

[−s, 2s+2ν+1
2

1−2s+2ν
2

]
2F2

( 2s−2ν+1
2 , 2s+2ν+1

2
3
2 , s+ 1; b2

8a

)
[Re a, Re b, Re (s+ ν) > 0]

5 (a− x)
α−1
+ e±bxIν (bx) as+α+ν−1

(
b

2

)ν
Γ

[
α, s+ ν

ν + 1, s+ α+ ν

]
2F2

( 2ν+1
2 , s+ ν; ±2ab

2ν + 1, s+ α+ ν

)
[a, Reα, Re (s+ ν) > 0]

6 (x− a)
α−1
+ e−bxIν (bx)

(2b)
1−s−α
√
π

Γ

[
s+ α+ ν − 1, 3−2s−2α

2

2− s− α+ ν

]
× 2F2

(
1− α, 3−2s−2α

2 ; −2ab

2− s− α− ν, 2− s− α+ ν

)
+ as+α+ν−1

(
b

2

)ν
Γ

[
α, 1− s− α− ν
ν + 1, 1− s− ν

]
2F2

( 2ν+1
2 , s+ ν; −2ab

2ν + 1, s+ α+ ν

)
[a, Reα, Re b > 0; Re (s+ ν) < 3/2]

7
e−bx

(x+ a)
ρ Iν (bx)

(2b)
ρ−s
√
π

Γ

[
s+ ν − ρ, 1−2s+2ρ

2

1− s+ ν + ρ

]
× 2F2

(
ρ, 1−2s+2ρ

2 ; 2ab

1− s− ν + ρ, 1− s+ ν + ρ

)
+ as+ν−ρ

(
b

2

)ν
Γ

[
s+ ν, ρ− ν − s

ν + 1, ρ

]
2F2

( 2ν+1
2 , s+ ν; 2ab

2ν + 1, s+ ν − ρ+ 1

)
[Re b > 0; − Re ν < Re s < Re ρ+ 1/2; |arg a| < π]

8 (a− x)
ν
+ e

bx as+2ν (2c)
ν
e−ac√

π
Γ

[
s, ν + 1

2

s+ 2ν + 1

]
× Iν (c (a− x)) × Φ2

(
s, ν +

1

2
; s+ 2ν + 1; a (b+ c) , 2ac

)
[a, Re s > 0; Re ν > −1/2]

9
e−bx

(x+ a)
ν Iν (bx+ ab)

a(s−1)/2−ν
√
π (2b)

(s+1)/2
Γ

[
s, 1

2 − s+ ν

1− s+ 2ν

]
M−s/2, ν−s/2 (2ab)

[a, Re b > 0; 0 < Re s < Re ν + 1/2]
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No. f (x) F (s)

10
e−bx

(x+ a)
ρ Iν (bx+ ab) as+ν−ρ

(
b

2

)ν
eab Γ

[
s, ρ− ν − s
ν + 1, ρ− ν

]
2F2

( 2ν+1
2 , ν − ρ+ 1; −2ab

2ν + 1, s+ ν − ρ+ 1

)
+

(2b)
ρ−s

eab√
π

Γ

[
s+ ν − ρ, 1

2 − s+ ρ

1− s+ ν + ρ

]
× 2F2

(
1− s, 1

2 − s+ ρ; −2ab

1− s− ν + ρ, 1− s+ ν + ρ

)
[a, Re b > 0; 0 < Re s < Re ρ+ 1/2]

11 (a− x)
α−1
+ ebx(a−x) as+α+2ν−1

(
b

2

)ν
B (α+ ν, s+ ν)

Γ (ν + 1)

× Iν (bx (a− x)) × 3F3

( 2ν+1
2 , α+ ν, s+ ν; a2b

2

2ν + 1, s+α+2ν
2 , s+α+2ν+1

2

)
[a, Re (s+ ν) > 0; Re (α+ ν) > −1]

12 (a− x)
ν/2
+ ebx as+ν

( c
2

)ν
Γ

[
s

s+ ν + 1

]
Φ3

(
s; s+ ν + 1; ab,

ac2

4

)
× Iν

(
c
√
a− x

)
[a, Re s > 0; Re ν > −1]

13
eb/(x+a)

(x+ a)
ρ Iν

(
b

x+ a

)
as−ν−ρ

(
b

2

)ν
B (s, ν + ρ− s)

Γ (ν + 1)
2F2

( 2ν+1
2 , ν + ρ− s

2ν + 1, ν + ρ; 2b
a

)
[0 < Re s < Re (ν + ρ) ; |arg a| < π]

14
θ (x− c)√
x− b

eax/(x−b)
aνcs−1/2

2ν−1 (1− 2s) Γ (ν + 1)

× Iν
(

ax

x− b

)
×Ψ1

(
2ν + 1

2
,

1− 2s

2
;

3− 2s

2
, 2ν + 1;

b

c
, 2a

)
[a > 0; c > b > 0]

15
(
a2 − x2

)−1
+
e−b/(a

2−x2) as−1

c
e−b/(2a

2) Γ

[ s+ν
2

ν + 1

]
M(1−s)/2, ν/2

(
b−
√
b2 − a2c2
2a2

)
× Iν

(
cx

a2 − x2

)
×W(1−s)/2, ν/2

(
b+
√
b2 − a2c2
2a2

)
[b > ac > 0; a, Re (s+ ν) > 0]

16
(
x2 − a2

)−1
+
e−b/(x

2−a2) as−1

c
eb/(2a

2) Γ

[ 2−s+ν
2

ν + 1

]
M(s−1)/2, ν/2

(
b−
√
b2 − a2c2
2a2

)
× Iν

(
cx

x2 − a2

)
×W(s−1)/2, ν/2

(
b+
√
b2 − a2c2
2a2

)
[b > ac > 0; a > 0; Re (s− ν) < 2]
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No. f (x) F (s)

17
1

x2 + a2
eb/(x

2+a2) as−1

c
eb/(2a

2) Γ

[ s+ν
2 , 2−s+ν

2

ν + 1, ν + 1

]
M(s−1)/2, ν/2

(√
b2 + a2c2 + b

2a2

)
× Iν

(
cx

x2 + a2

)
×M(1−s)/2, ν/2

(√
b2 + a2c2 − b

2a2

)
[b, Re a > 0; − Re ν < Re s < Re ν + 2]

3.13.3. Iν (ax) and trigonometric functions

Notation: δ =

{
1

0

}
.

1 e−ax
{

sin (bx)

cos (bx)

}
Iν (ax)

(a
2

)ν
b−s−ν Γ

[
s+ ν

ν + 1

]{
sin [(s+ ν)π/2]

cos [(s+ ν)π/2]

}
× 4F3

( 2ν+1
4 , 2ν+3

4 , s+ν2 , s+ν+1
2

1
2 ,

2ν+1
2 , ν + 1; − 4a2

b2

)
+ (−1)

δ a
ν+1b−s−ν−1

2ν

{
cos [(s+ ν)π/2]

sin [(s+ ν)π/2]

}
× Γ

[
s+ ν + 1

ν + 1

]
4F3

( 2ν+3
4 , 2ν+5

4 , s+ν+1
2 , s+ν+2

2
3
2 , ν + 1, 2ν+3

2 ; − 4a2

b2

)
[0 < 2a < b; −δ − Re ν < Re s < 3/2]

2 e−ax
{

sin (bx)

cos (bx)

}
Iν (ax)

(2a)
−s−δ

bδ√
π

Γ

[
s+ ν + δ, 1−2s−2δ

2

1− s+ ν − δ

]
× 4F3

( s−ν+1
2 , s−ν+2δ

2 , s+ν+1
2 , s+ν+2δ

2
2δ+1

2 , 2s+3
4 , 2s+4δ+1

4 ; − b2

4a2

)
− b1/2−s

2
√

2πa
cos (sπ)

× csc
(2s+ 2δ − 1)π

4
Γ

(
2s− 1

2

)
4F3

( 1+2ν
4 , 1−2ν

4 , 3+2ν
4 , 3−2ν

4
1
2 ,

3−2s
4 , 5−2s

4 ; − b2

4a2

)
−
(
4ν2 − 1

)
b3/2−s

16
√

2π a3/2
cos (sπ) csc

(2s+ 2δ − 3)π

4

× Γ

(
2s− 3

2

)
4F3

( 3+2ν
4 , 3−2ν

4 , 5+2ν
4 , 5−2ν

4
3
2 ,

5−2s
4 , 7−2s

4 ; − b2

4a2

)
[0 < b < 2a; −Re ν − δ < Re s < 3/2]

3 e−ax
{

sin (b
√
x)

cos (b
√
x)

}
(−1)

δ

b2s−1

√
2

πa

{
cos (sπ)

sin (sπ)

}
Γ (2s− 1) 2F2

( 1−2ν
2 , 1+2ν

2
3−2s

2 , 1− s; − b2

8a

)
× Iν (ax) +

bδ

(2a)
s+δ/2√

π
Γ

[ 1−2s−δ
2 , 2s+2ν+δ

2
2−2s+2ν+δ

2

]
2F2

( 2s−2ν+δ
2 , 2s+2ν+δ

2
2δ+1

2 , 2s+δ+1
2 ; − b2

8a

)
[b, Re a > 0; −Re ν − δ/2 < Re s < 1]
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3.13.4. Iν (ax) and the logarithmic function

1 θ (a− x) ln

√
a+
√
a− x√
x

√
π as+ν

2 (s+ ν)

(
b

2

)ν
Γ

[
s+ ν

ν + 1, 2s+2ν+1
2

]
× Iν (bx) × 3F4

( s+ν
2 , s+ν2 , s+ν+1

2 ; a2b2

4

ν + 1, 2s+2ν+1
4 , 2s+2ν+3

4 , s+ν+2
2

)
[a, Re (s+ ν) > 0]

2 θ (a− x) ln
a+
√
a2 − x2
x

√
π as+ν

2 (s+ ν)

(
b

2

)ν
Γ

[ s+ν
2

ν + 1, s+ν+1
2

]
2F3

( s+ν
2 , s+ν2 ; a2b2

4

ν + 1, s+ν+1
2 , s+ν+2

2

)
× Iν (bx) [a, Re (s+ ν) > 0]

3 θ (a− x) ebx ln

√
a+
√
a− x√
x

√
π as+νbν

2ν+1 (s+ ν)
Γ

[
s+ ν

ν + 1, 2s+2ν+1
2

]
× Iν (bx) × 3F3

( 2ν+1
2 , s+ ν, s+ ν; 2ab

2ν + 1, 2s+2ν+1
2 , s+ ν + 1

)
[a, Re (s+ ν) > 0]

3.13.5. Iν (ax) and inverse trigonometric functions

1 θ (a− x) arccos
x

a
Iν (bx)

√
π as+ν

(s+ ν)
2

(
b

2

)ν
Γ

[ s+ν+1
2

ν + 1, s+ν2

]
2F3

( s+ν
2 , s+ν+1

2 ; a2b2

4

ν + 1, s+ν+2
2 , s+ν+2

2

)
[a, Re (s+ ν) > 0]

2 θ (a− x) ebx arccos
x

a
Iν (bx)

2−ν
√
π as+ν+1bν+1

(s+ ν + 1)
2 Γ

[ s+ν+2
2

ν + 1, s+ν+1
2

]
× 4F5

( 2ν+3
4 , 2ν+5

4 , s+ν+1
2 , s+ν+2

2
3
2 , ν + 1, 2ν+3

2 , s+ν+3
2 , s+ν+3

2 ; a2b2

)
+

2−ν
√
π as+νbν

(s+ ν)
2 Γ

[ s+ν+1
2

ν + 1, s+ν2

]
× 4F5

( 2ν+1
4 , 2ν+3

4 , s+ν2 , s+ν+1
2 ; a2b2

1
2 ,

2ν+1
2 , ν + 1, s+ν+2

2 , s+ν+2
2

)
[a, Re (s+ ν) > 0]

3.13.6. Iν (ax) and Ei (bxr)

1 Ei (−ax) Iν (bx) − bν

2νas+ν (s+ ν)
Γ

[
s+ ν

ν + 1

]
3F2

( s+ν
2 , s+ν2 , s+ν+1

2

ν + 1, s+ν+2
2 ; b2

a2

)
[Re (a− b) , Re (s+ ν) > 0]
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No. f (x) F (s)

2 Ei
(
−ax2

)
Iν (bx) −a

−(s+ν)/2bν

2ν (s+ ν)
Γ

[ s+ν
2

ν + 1

]
2F2

( s+ν
2 , s+ν2 ; b2

4a

ν + 1, s+ν+2
2

)
[Re a, Re (s+ ν) > 0]

3 e−ax Ei (−bx) Iν (ax) −b
−s−ν

s+ ν

(a
2

)ν
Γ

[
s+ ν

ν + 1

]
3F2

( 2ν+1
2 , s+ ν, s+ ν

2ν + 1, s+ ν + 1; − 2a
b

)
[Re b, Re a, Re (s+ ν) > 0]

4 e(±b−a)x Ei (∓ bx) Iν (ax) −π (a/2)
ν

bs+ν

{
csc (s+ ν)π

cot (s+ ν)π

}
Γ

[
s+ ν

ν + 1

]
2F1

( 2ν+1
2 , s+ ν

2ν + 1; ± 2a
b

)
∓ (2a)

1−s
√
πb

Γ

[
s+ ν − 1, 3−2s

2

2− s+ ν

]
3F2

(
1, 1, 3−2s

2 ; ± 2a
b

2− s− ν, 2− s+ ν

)
[Re a, Re b > 0; −Re ν < Re s < 3/2]

5 ex Ei (−2x) Iν (x) −2−s
√
π

s+ ν
sec (νπ) Γ

[
s+ ν

1−2ν
2 , 2ν + 1

]
3F2

( 2ν+1
2 , s+ ν, s+ ν

2ν + 1, s+ ν + 1; 1

)
[−Re ν < Re s < 3/2]

3.13.7. Iν (ax) and si (bx), ci (bx)

1 e−ax
{

si (bx)

ci (bx)

}
Iν (ax) −b

−s−ν

s+ ν

(a
2

)ν
Γ

[
s+ ν

ν + 1

]{
sin [(s+ ν)π/2]

cos [(s+ ν)π/2]

}
× 5F4

( 2ν+1
4 , 2ν+3

4 , s+ν2 , s+ν2 , s+ν+1
2

1
2 ,

2ν+1
2 , ν + 1, s+ν+2

2 ; − 4a2

b2

)
± aν+1b−s−ν−1

2ν (s+ ν + 1)
Γ

[
s+ ν + 1

ν + 1

]{
cos [(s+ ν)π/2]

sin [(s+ ν)π/2]

}
× 5F4

( 2ν+3
4 , 2ν+5

4 , s+ν+1
2 , s+ν+1

2 , s+ν+2
2

3
2 , ν + 1, 2ν+3

2 , s+ν+3
2 ; − 4a2

b2

)
[b, Re a > 0; − Re ν < Re s < 5/2]

3.13.8. Iν (ax) and erf (bxr), erfc (bxr)

1 erfc (bx) Iν (ax)
aν

2s+2νbs+ν
Γ

[
s+ ν

ν + 1, s+ν+2
2

]
2F2

( s+ν
2 , s+ν+1

2 ; a2

4b2

ν + 1, s+ν+2
2

)
[Re a, Re (s+ ν) > 0; |arg b| < π/4]
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No. f (x) F (s)

2 erfc (b
√
x) Iν (ax)

b−2(s+ν)√
π (s+ ν)

(a
2

)ν
Γ

[ 2s+2ν+1
2

ν + 1

]
3F2

( s+ν
2 , 2s+2ν+1

4 , 2s+2ν+3
4

ν + 1, s+ν+2
2 ; a2

b4

)
[
Re
(
b2 − a

)
, Re (s+ ν) > 0; |arg b| < π/4

]
3 e−ax

{
erf (bx)

erfc (bx)

}
Iν (ax) ∓ (a/2)

ν

√
π bs+ν (s+ ν)

Γ

[ s+ν+1
2

ν + 1

]
4F4

( 2ν+1
4 , 2ν+3

4 , s+ν2 , s+ν+1
2

1
2 ,

2ν+1
2 , ν + 1, s+ν+2

2 ; a2

b2

)
± aν+1

2ν
√
π bs+ν+1 (s+ ν + 1)

Γ

[ s+ν+2
2

ν + 1

]
× 4F4

( 2ν+3
4 , 2ν+5

4 , s+ν+1
2 , s+ν+2

2
3
2 , ν + 1, 2ν+3

2 , s+ν+3
2 ; a2

b2

)
+

(1± 1)

2s+1
√
πas

Γ

[
s+ ν, 1−2s

2

1− s+ ν

]
[
Re a > 0;

{
− Re ν − 1 < Re s < 1/2

Re (s+ ν) > 0

}
; |arg b| < π/4

]

4 e−ax
{

erf (b
√
x)

erfc (b
√
x)

}
∓ aν

2ν (s+ ν)
√
π b2(s+ν)

Γ

[ 2s+2ν+1
2

ν + 1

]
3F2

( 2ν+1
2 , 2s+2ν+1

2 , s+ ν

2ν + 1, s+ ν + 1; − 2a
b2

)
× Iν (ax) +

(1± 1)

2s+1
√
πas

Γ

[
s+ ν, 1−2s

2

1− s+ ν

]
[
Re a > 0;

{
−Re ν − 1/2 < Re s < 1/2

Re (s+ ν) > 0

}
; |arg b| < π/4

]

5 erfc
(
bx2
)
Jν (ax) Iν (ax)

a2ν

22ν
√
π bs/2+ν (s+ 2ν)

Γ

[ s+2ν+2
4

ν + 1, ν + 1

]
× 2F4

( s+2ν
4 , s+2ν+2

4 ; − a2

64b2

ν + 1, ν+1
2 , ν+2

2 , s+2ν+4
4

) [
Re (s+ 2ν) > 0;

|arg b| < π/4

]

3.13.9. Iν (ax) and S (bx), C (bx)

1 e−ax
{
S (bx)

C (bx)

}
Iν (ax) − aνb−s−ν

2ν+1/2
√
π (s+ ν)

Γ

[ 2s+2ν+1
2

ν + 1

]{
cos [(1− 2s− 2ν)π/4]

sin [(1− 2s− 2ν)π/4]

}
× 5F4

( 2ν+1
4 , 2ν+3

4 , s+ν2 , 2s+2ν+1
4 , 2s+2ν+3

4
1
2 , ν + 1, 2ν+1

2 , s+ν+2
2 ; − 4a2

b2

)
± aν+1b−s−ν−1

2ν+1/2
√
π (s+ ν + 1)

Γ

[ 2s+2ν+3
2

ν + 1

]{
sin [(1− 2s− 2ν)π/4]

cos [(1− 2s− 2ν)π/4]

}
× 5F4

( 2ν+3
4 , 2ν+5

4 , s+ν+1
2 , 2s+2ν+3

4 , 2s+2ν+5
4

3
2 , ν + 1, 2ν+3

2 , s+ν+3
2 ; − 4a2

b2

)
+

(2a)
−s

2
√
π

Γ

[
s+ ν, 1−2s

2

1− s+ ν

]
[b, Re a > 0; − (2± 1) /2− Re ν < Re s < 2]



198 Chapter 3. Special Functions

3.13.10. Iν (ax) and γ (µ, bx), Γ (µ, bxr)

1 Γ (µ, bx) Iν (ax)
b−s−ν

s+ ν

(a
2

)ν
Γ

[
s+ µ+ ν

ν + 1

]
3F2

( s+ν
2 , s+µ+ν2 , s+µ+ν+1

2

ν + 1, s+ν+2
2 ; a2

b2

)
[Re b > |Re a|; Re s > −Re ν, −Re (µ+ ν)]

2 Γ
(
µ, bx2

)
Iν (ax)

b−(s+ν)/2

s+ ν

(a
2

)ν
Γ

[ s+2µ+ν
2

ν + 1

]
2F2

( s+ν
2 , s+2µ+ν

2 ; a2

4b

ν + 1, s+ν+2
2

)
[Re b, Re (s+ ν) , Re (s+ 2µ+ ν) > 0]

3 e−ax
{
γ (µ, bx)

Γ (µ, bx)

}
Iν (ax) ∓b

−s−ν

s+ ν

(a
2

)ν
Γ

[
s+ µ+ ν

ν + 1

]
3F2

( 2ν+1
2 , s+ ν, s+ µ+ ν

2ν + 1, s+ ν + 1; − 2a
b

)
+

1± 1

2s+1
√
πas

Γ

[
µ, s+ ν, 1−2s

2

1− s+ ν

]
[
Re a, Re b, Re (s+ µ+ ν) > 0;

{
Reµ > 0; Re s < 1/2

Re (s+ ν) > 0

}]

3.13.11. Iν (ax) and Dµ (bxr)

1 e−a
2x2/4Dµ (ax) Iν (bx)

√
π bν

2(s+3ν−µ)/2as+ν
Γ

[
s+ ν

ν + 1, s−µ+ν+1
2

]
2F2

( s+ν
2 , s+ν+1

2 ; b2

2a2

ν + 1, s−µ+ν+1
2

)
[−Re ν < Re s < 5/2− Reµ; |arg a| < π/4]

2 e−a
2x2/4−bxDµ (ax)

√
π bν

2(s+3ν−µ)/2as+ν
Γ

[
s+ ν

ν + 1, s−µ+ν+1
2

]
× Iν (bx) × 4F4

( 2ν+1
4 , 2ν+3

4 , s+ν2 , s+ν+1
2 ; 2b2

a2

1
2 ,

2ν+1
2 , ν + 1, s−µ+ν+1

2

)
−

√
π bν+1

2(s−µ+3ν+1)/2as+ν+1

× Γ

[
s+ ν + 1

ν + 1, s−µ+ν+2
2

]
4F4

( 2ν+3
4 , 2ν+5

4 , s+ν+1
2 , s+ν+2

2 ; 2b2

a2

3
2 , ν + 1, 2ν+3

2 , s−µ+ν+2
2

)
[Re b > 0; −Re ν < Re s < 5/2− Reµ; |arg a| < π/4]

3 e(±a
2/4−b)xDµ (a

√
x)

2−s−2ν∓(µ+1∓1)/2bν

a2(s+ν)
Γ±1

(
1∓ 1− 2µ∓ 4ν ∓ 4s

4

)
Γ

[
2s+ 2ν

ν + 1

]
× Iν (bx) ×

{
Γ−1 (−µ)√

π

}
3F2

( 2ν+1
2 , s+ ν, 2s+2ν+1

2

2ν + 1, 4s±2µ+4ν+3±1
4 ; ± 4b

a2

)
+

(1± 1) aµ

2
√
π (2b)

s+µ/2
Γ

[ 2s+µ+2ν
2 , 1−2s−µ

2
2−2s−µ+2ν

2

]
3F2

( −µ2 , 1−µ
2 , 1−µ−2s

2 ; 4b
a2

2−2s−µ−2ν
2 , 2−2s−µ+2ν

2

)
[
Re b > 0; |arg a| < (2± 1)π/4;

{
−Re ν < Re s < (1− Reµ) /2

Re (s+ ν) > 0

}]
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No. f (x) F (s)

4 D−µ−1 (a
√
x)Dµ (a

√
x)

21/2−2s−3νπbν

a2(s+ν)
Γ

[
2s+ 2ν

ν + 1, s−µ+ν+1
2 , s+µ+ν+2

2

]
× Iν (bx) × 4F3

( s+ν
2 , s+ν+1

2 , 2s+2ν+1
4 , 2s+2ν+3

4

ν + 1, s−µ+ν+1
2 , s+µ+ν+2

2 ; 4b2

a4

)
[
Re
(
a2 − 2b

)
, Re (s+ ν) > 0

]

3.13.12. Iν (ax) and Jµ (bxr), Yµ (bxr)

1 e−axJµ (bx) Iν (ax)
2s−1aν

bs+ν
Γ

[ s+µ+ν
2

ν+1, 2−s+µ−ν
2

]
4F3

( 2ν+1
4 , 2ν+3

4 , s+ν−µ2 , s+ν+µ2
1
2 ,

2ν+1
2 , ν + 1; − 4a2

b2

)
− 2saν+1

bs+ν+1
Γ

[ s+µ+ν+1
2

ν+1, 1−s+µ−ν
2

]
4F3

( 2ν+3
4 , 2ν+5

4 , s−µ+ν+1
2 , s+µ+ν+1

2
3
2 , ν + 1, 2ν+3

2 ; − 4a2

b2

)
[0 < 2a < b; Re (s+ µ+ ν) > 0; Re s < 2]

2 e−axJµ (bx) Iν (ax)
2s−2b1/2−s√

πa
Γ

[ 2s+2µ−1
4

5−2s+2µ
4

]
4F3

( 1+2ν
4 , 1−2ν

4 , 3+2ν
4 , 3−2ν

4
1
2 ,

5−2s−2µ
4 , 5−2s+2µ

4 ; − b2

4a2

)
− 2s−6b3/2−s√

πa3/2
(
4ν2 − 1

)
Γ

[ 2s+2µ−3
4

7−2s+2µ
4

]
× 4F3

( 3+2ν
4 , 3−2ν

4 , 5+2ν
4 , 5−2ν

4
3
2 ,

7−2s−2µ
4 , 7−2s+2µ

4 ; − b2

4a2

)
+

2−s−2µbµ√
π as+µ

Γ

[ 1−2s−2µ
2 , s+ µ+ ν

µ+ 1, 1− s− µ+ ν

]
× 4F3

( s+µ−ν
2 , s+µ−ν+1

2 , s+µ+ν2 , s+µ+ν+1
2

µ+ 1, 2s+2µ+1
4 , 2s+2µ+3

4 ; − b2

4a2

)
[0 < b < 2a; Re (s+ µ+ ν) > 0; Re s < 2]

3 e−ax
2

Jν (bx) Iµ
(
ax2
) 2s−5/2b1−s√

π a
Γ

[ s+ν−1
2

3−s+ν
2

]
2F2

( 1−2µ
2 , 1+2µ

2 ; − b2

8a
3−s−ν

2 , 3−s+ν
2

)
+

2(s+3ν)/2−1bν√
π a(s+ν)/2

Γ

[ s+2µ+ν
2 , 1−s−ν

2

ν + 1, 2−s+2µ−ν
2

]
2F2

( s−2µ+ν
2 , s+2µ+ν

2

ν + 1, s+ν+1
2 ; − b2

8a

)
[b > 0; −Re (2µ+ ν) < Re s < 5/2; |arg a| < π/2]

4 e−axJµ (b
√
x) Iν (ax)

a−s−µ/2bµ

2s+3µ/2
√
π

Γ

[ 1−2s−µ
2 , 2s+µ+2ν

2

µ+ 1, 2−2s−µ+2ν
2

]
2F2

( 2s+µ−2ν
2 , 2s+µ+2ν

2

µ+ 1, 2s+µ+1
2 ; − b2

8a

)
+

22s−3/2b1−2s√
πa

Γ

[ 2s+µ−1
2

3−2s+µ
2

]
2F2

( 1−2ν
2 , 1+2ν

2 ; − b2

8a
3−2s−µ

2 , 3−2s+µ
2

)
[b, Re a, Re (s+ ν + µ/2) > 0; Re s < 5/2]
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No. f (x) F (s)

5 θ (a− x) ln

√
a− x+

√
a√

x

2−2ν−1
√
π as+2νb2ν

s+ 2ν
Γ

[
s+ 2ν

ν + 1, ν + 1, 2s+4ν+1
2

]
× Jν (bx) Iν (bx) × 5F8

( s+2ν
4 , ∆ (4, s+ 2ν) ; −a

4b4

64
ν+1
2 , ν+2

2 , ν + 1, ∆
(
4, 2s+4ν+1

2

)
, s+2ν+4

2

)
[a, Re (s+ 2ν) > 0]

6 θ (a− x) ln
a2 +

√
a4 − x4
x2

as+2νb2ν

2−s/2+ν+3
Γ

[ s+2ν
4 , s+2ν

4
s+2ν+2

2 , ν + 1, ν + 1

]
× Jν (bx) Iν (bx) × 2F5

( s+2ν
4 , s+2ν

4 ; −a
4b4

64
ν+1
2 , ν+2

2 , ν + 1, s+2ν+2
4 , s+2ν+2

4

)
[a, Re (s+ 2ν) > 0]

7 θ (a− x) arccos
x

a

2−2ν−1
√
π as+2νb2ν

s+ 2ν
Γ

[ s+2ν+1
2

ν + 1, ν + 1, s+2ν+2
2

]
× Jν (bx) Iν (bx) × 3F6

( s+2ν
4 , s+2ν+1

4 , s+2ν+3
4 ; −a

4b4

64
ν+1
2 , ν+2

2 , ν + 1, s+2ν+2
4 , s+2ν+4

2 , s+2ν+4
2

)
[a, Re (s+ 2ν) > 0]

8 Γ (µ, ax) Jν (bx) Iν (bx)
a−s−2ν (b/2)

2ν

s+ 2ν
Γ

[
s+ µ+ 2ν

ν + 1, ν + 1

]
× 5F4

( s+2ν
4 , ∆ (4, s+ µ+ 2ν) ; − 4b4

a4

ν+1
2 , ν+2

2 , ν + 1, s+2ν+4
4

)
[Re a > |Im b|+ |Re b|; Re (s+ 2ν) > −Reµ, 0]

9 erfc (ax) Jν (bx) Iν (bx)
a−s−2νb2ν

22ν
√
π (s+ 2ν)

Γ

[ s+2ν+1
2

ν + 1, ν + 1

]
3F3

( 1
2 ,

s+2ν
4 , s+2ν+3

4
ν+1
2 , ν+2

2 , ν + 1; − b4

16a4

)
[Re (s+ 2ν) > 0; |arg a| < π/4]

10 e−ax Yµ (bx) Iν (ax) − 2s−1aν

π bs+ν Γ (ν + 1)
cos

(s− µ+ ν)π

2
Γ

(
s+ µ+ ν

2

)
× Γ

(
s− µ+ ν

2

)
4F3

( 2ν+1
4 , 2ν+3

4 , s+µ+ν2 , s−µ+ν2
1
2 ,

2ν+1
2 , ν + 1; − 4a2

b2

)
− 2saν+1

π bs+ν+1
sin

(s− µ+ ν)π

2
Γ

[ s+µ+ν+1
2 , s−µ+ν+1

2

ν + 1

]
× 4F3

( 2ν+3
4 , 2ν+5

4 , s+µ+ν+1
2 , s−µ+ν+1

2
3
2 , ν + 1, 2ν+3

2 ; − 4a2

b2

)
[b, Re a > 0; |Reµ| − Re ν < Re s < 2]
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3.13.13. Products of Iν (ϕ (x))

1 e−axIµ (bx) Iν (cx)
bµcν

2µ+νas+µ+ν
Γ

[
s+ µ+ ν

µ+ 1, ν + 1

]
× F4

(
s+ µ+ ν

2
,
s+ µ+ ν + 1

2
; µ+ 1, ν + 1;

b2

a2
,
c2

a2

)
[Re a > |Re b|+ |Re c|; Re (s+ µ+ ν) > 0]

2 e−axIµ (bx) Iν (bx) a−s−µ−ν
(
b

2

)µ+ν
Γ

[
s+ µ+ ν

µ+ 1, ν + 1

]
× 4F3

(µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+µ+ν+1
2

µ+ 1, ν + 1, µ+ ν + 1; 4b2

a2

)
[Re a > 2|Re b|; Re (s+ µ+ ν) > 0]

3 e−(a+b)xIµ (ax) Iν (bx)
a−s−νbν

2s+2ν
√
π

Γ

[ 1−2s−2ν
2 , s+ µ+ ν

1− s+ µ− ν, ν + 1

]
× 3F2

( 2ν+1
2 , s− µ+ ν, s+ µ+ ν

2ν + 1, 2s+2ν+1
2 ; − b

a

)
+
b1/2−s

2sπ
√
a

× Γ

[ 2s+2ν−1
2 , 1− s
3−2s+2ν

2

]
3F2

( 1−2µ
2 , 1+2µ

2 , 1− s
3−2s−2ν

2 , 3−2s+2ν
2 ; − b

a

)
[Re (a+ b) > 0; −Re (µ+ ν) < Re s < 1]

4 e−ax
2

Iµ (bx) Iν (cx)
bµcν

2µ+ν+1a(s+µ+ν)/2
Γ

[ s+µ+ν
2

µ+ 1, ν + 1

]
×Ψ2

(
s+ µ+ ν

2
; µ+ 1, ν + 1;

b2

4a
,
c2

4a

)
[Re a, Re (s+ µ+ ν) > 0]

5 e−ax
2

Iµ (bx) Iν (bx)
bµ+ν

2µ+ν+1a(s+µ+ν)/2
Γ

[ s+µ+ν
2

µ+ 1, ν + 1

]
× 3F3

(µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 ; b2

a

µ+ 1, ν + 1, µ+ ν + 1

)
[Re a, Re (s+ µ+ ν) > 0]

6 θ (a− x)

√
π as+µ+νbµ+ν

2µ+ν+1 (s+ µ+ ν)
Γ

[
s+ µ+ ν

µ+ 1, ν + 1, s+ µ+ ν + 1
2

]
× ln

√
a− x+

√
a√

x
× 5F6

( µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+µ+ν2 , s+µ+ν+1
2 ; a2b2

µ+ 1, ν + 1, µ+ ν + 1, ∆
(
2, 2s+2µ+2ν+1

2

)
, s+µ+ν+2

2

)
× Iµ (bx) Iν (bx) [a > 0; Re (s+ µ+ ν) > 0]
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No. f (x) F (s)

7 θ (a− x)

√
π as+µ+νbµ+ν

2µ+ν+1 (s+ µ+ ν)
Γ

[ s+µ+ν
2

µ+ 1, ν + 1, s+µ+ν+1
2

]
× ln

√
a2 − x2 + a

x
× 4F5

( µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+µ+ν2 ; a2b2

µ+ 1, ν + 1, µ+ ν + 1, s+µ+ν+1
2 , s+µ+ν+2

2

)
× Iµ (bx) Iν (bx) [a > 0; Re (s+ (µ+ ν)/2) > 0]

8 θ (a− x) arccos
x

a

√
π as+µ+νbµ+ν

2µ+ν+1 (s+ µ+ ν)
Γ

[ s+µ+ν+1
2

µ+ 1, ν + 1, s+µ+ν+2
2

]
× Iµ (bx) Iν (bx) × 4F5

( µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+µ+ν+1
2 ; a2b2

µ+ 1, ν + 1, µ+ ν + 1, s+µ+ν+2
2 , s+µ+ν+2

2

)
[a, Re (s+ µ+ ν) > 0]

9 Ei (−ax) Iµ (bx) Iν (bx) −a
−(s+µ+ν)

s+ µ+ ν

(
b

2

)µ+ν
Γ

[
s+ µ+ ν

µ+ 1, ν + 1

]
× 5F4

(µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+µ+ν2 , s+µ+ν+1
2

µ+ 1, ν + 1, µ+ ν + 1, s+µ+ν+2
2 ; 4b2

a2

)
[a > 2|Re b|; Re (s+ µ+ ν) > 0]

10 Ei
(
−ax2

)
Iµ (bx) Iν (bx) −a

−(s+µ+ν)/2

s+ µ+ ν

(
b

2

)µ+ν
Γ

[ s+µ+ν
2

µ+ 1, ν + 1

]
× 4F4

(µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+µ+ν2 ; b2

a

µ+ 1, ν + 1, µ+ ν + 1, s+µ+ν+2
2

)
[Re a, Re (s+ µ+ ν) > 0; |arg b| < π]

11 erfc (ax) Iµ (bx) Iν (bx)
a−(s+µ+ν)√
π (s+ µ+ ν)

(
b

2

)µ+ν
Γ

[ s+µ+ν+1
2

µ+ 1, ν + 1

]
× 4F4

(µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+µ+ν+1
2 ; b2

a2

µ+ 1, ν + 1, µ+ ν + 1, s+µ+ν+2
2

)
[Re (s+ µ+ ν) > 0; |arg a| < π/4]

12 Γ (λ, ax) Iµ (bx) Iν (bx)
a−(s+µ+ν)

s+ µ+ ν

(
b

2

)µ+ν
Γ

[
s+ λ+ µ+ ν

µ+ 1, ν + 1

]
× 5F4

(µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+λ+µ+ν2 , s+λ+µ+ν+1
2

µ+ 1, ν + 1, µ+ ν + 1, s+µ+ν+2
2 ; 4b2

a2

)
[Re (a− 2b) > 0; Re (s+ µ+ ν) > −Reλ, 0]

13 Iµ (ax) Iν (ax) − sin (µ+ ν)π

2π3/2as
Γ

[ s+µ+ν
2 , s−µ−ν2 , 1−s

2 , 2−s
2

2−s+µ−ν
2 , 2−s−µ+ν

2

]
− I−µ (ax) I−ν (ax) [|Re (µ+ ν)| < Re s < 1]
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No. f (x) F (s)

14 (a− x)
α−1
+ as+α+2µ+2ν−1

(
b

2

)µ+ν
Γ

[
α+ µ+ ν, s+ µ+ ν

µ+ 1, ν + 1, s+ α+ 2µ+ 2ν

]
× Iµ (bx (a− x)) × 3F2

(
∆ (2, µ+ ν + 1) , ∆ (2, α+ µ+ ν) , ∆ (2, s+ µ+ ν)

µ+ 1, ν + 1, µ+ ν + 1, ∆ (4, s+ α+ µ+ ν) ; a
4b2

64

)
× Iν (bx (a− x)) [a > 0; Re s, Reα > −Re (µ+ ν)]

15
1

(x+ a)
ρ Iµ

(
bx

x+ a

)
as−ρ

(
b

2

)µ+ν
B (ρ− s, s+ µ+ ν)

Γ (µ+ 1) Γ (ν + 1)

× Iν
(

bx

x+ a

)
× 4F5

( µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+µ+ν+1
2

µ+ 1, ν + 1, µ+ ν + 1, µ+ν+ρ2 , µ+ν+ρ+1
2 ; b2

)
[Re (µ+ ν) < Re s < Re ρ; |arg a| < π]

16
1

(x2 + a2)
ρ Iµ

(
bx

x2 + a2

)
as−µ−ν−2ρbµ+ν

2µ+ν+1Γ (µ+ 1) Γ (ν + 1)
B

(
s+ µ+ ν

2
,
µ+ ν + 2ρ− s

2

)
× Iν

(
bx

x2 + a2

)
× 4F5

( µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , µ+ν+2ρ−s
2

µ+ 1, ν + 1, µ+ ν + 1, µ+ν+ρ2 , µ+ν+ρ+1
2 ; b2

4a2

)
[Re a > 0; −Re (µ+ ν) < Re s < Re (µ+ ν + 2ρ)]

17 e−ax
n∏
k=1

Iνk (bkx)
Γ (s+ ν)

as+ν

n∏
k=1

(bk/2)
νk

Γ (νk + 1)
F

(n)
C

(
s+ ν

2
,
s+ ν + 1

2
; (νn) + 1;

(
b2n
)

a2

)
[
ν =

n∑
k=1

νk; Re a >
n∑
k=1

|Re bk|; Re (s+ ν) > 0

]

18 e−ax
m∏
k=1

sin (bkx)

∏m
k=1 bk

∏p
k=1 (dk/2)

νk

as+m+ν
Γ

[
s+m+ ν

ν1 + 1, ν2 + 1, . . . , νp + 1

]

×
n∏
k=1

cos (ckx) × F (m+n+p)
C

(
s+m+ ν

2
,
s+m+ ν + 1

2
;

3

2
, . . . ,

3

2︸ ︷︷ ︸
m

,
1

2
, . . . ,

1

2︸ ︷︷ ︸
n

,

×
p∏
k=1

Iνk (dkx) (νp) + 1; −
(
b2m
)

a2
, −
(
c2n
)

a2
,

(
d2p
)

a2

) [
ν =

p∑
k=1

νk;

Re a >
m∑
k=1

|Im bk|+
n∑
k=1

|Im ck|+
p∑
k=1

|Re dk|; Re (s+m+ ν) > 0
]

19 e−ax
m∏
k=1

Jµk (bkx)

∏m
k=1 (bk/2)

µk
∏n
k=1 (ck/2)

νk

as+µ+ν
Γ

[
s+ µ+ ν

(µm) + 1, (νn) + 1

]

×
n∏
k=1

Iνk (ckx) × F (n+m)
C

(
∆ (2, s+ µ+ ν) ; (µm) + 1, (νn) + 1; −

(
b2m
)

a2
,

(
c2n
)

a2

)
[
µ =

m∑
k=1

µk, ν =
n∑
k=1

νk; Re a >
m∑
k=1

|Im bk|+
n∑
k=1

|Re ck|;

Re (s+ µ+ ν) > 0
]
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3.14. The Macdonald Function Kν (z)

More formulas can be obtained from the corresponding sections due to the relations

K±1/2 (z) =

√
2

π

1√
z
e−z, K±3/2 (z) =

√
2

π

z + 1

z3/2
e−z;

K(n+1)/2 (z) =

√
2

π

1√
z
e−z

n∑
k=0

(n+ k)!

k! (n− k)! (2z)
k

= n!

√
2

π

1√
z

e−z

(−2z)
n L
−2n−1
n (2z) ;

Kν (z) =
π

2 sin (νπ)
[I−ν (z)− Iν (z)] , [ν 6= 0, ±1, ±2, . . . ] ;

Kn (z) = lim
ν→n

Kν (z) , [n = 0, ±1, ±2, . . . ] ;

Kν (z) = 2−ν−1zν Γ (−ν) 0F1

(
1 + ν;

z2

4

)
+ 2ν−1z−ν Γ (ν) 0F1

(
1− ν;

z2

4

)
;

Kν

(
z
)

=
1

2
G20

02

(
z2

4

∣∣∣∣ ·
ν/2, −ν/2

)
, Re z > 0; Kν

(
z
)

=
√
π ez G20

12

(
2z

∣∣∣∣ 1/2

−ν, ν

)
.

3.14.1. Kν (axr) and algebraic functions

No. f (x) F (s)

1 (a− x)
α−1
+ Kν (bx) 2ν−1as+α−ν−1b−ν Γ (ν) B (α, s− ν) 2F3

( s−ν
2 , s−ν+1

2 ; a2b2

4

1− ν, s+α−ν2 , s+α−ν+1
2

)
+
as+α+ν−1bν

2ν+1
Γ (−ν) B (α, s+ ν) 2F3

( s+ν
2 , s+ν+1

2 ; a2b2

4

1 + ν, s+α+ν2 , s+α+ν+1
2

)
[a, Reα > 0; Re s > |Re ν|]

2 (x− a)
α−1
+ Kν (bx)

as+α−ν−1

21−νbν
Γ (ν) B (α, 1−s−α+ν) 2F3

( s−ν
2 , s−ν+1

2 ; a2b2

4

1− ν, s+α−ν2 , s+α−ν+1
2

)
+
as+α+ν−1

2ν+1b−ν
Γ (−ν) B (α, 1−s−α−ν) 2F3

( s+ν
2 , s+ν+1

2 ; a2b2

4

1+ν, s+α+ν2 , s+α+ν+1
2

)
+

2s+α−3

bs+α−1
Γ

(
s+ α− ν − 1

2

)
Γ

(
s+ α+ ν − 1

2

)
× 2F3

( 1−α
2 , 2−α

2 ; a2b2

4
1
2 ,

3−s−α−ν
2 , 3−s−α+ν

2

)
− (α− 1) 2s+α−4a

bs+α−2
Γ

(
s+ α− ν − 2

2

)
Γ

(
s+ α+ ν − 2

2

)
× 2F3

( 2−α
2 , 3−α

2 ; a2b2

4
3
2 ,

4−s−α−ν
2 , 4−s−α+ν

2

)
[a, Re b, Reα > 0]

3 Kν (ax)
2s−2

as
Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)
[Re a > 0; Re s > |Re ν|]
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No. f (x) F (s)

4
1

x− a
Kν (bx)

2s−3

bs−1
Γ

(
s+ ν − 1

2

)
Γ

(
s− ν − 1

2

)
1F2

(
1; a2b2

4
3−s−ν

2 , 3−s+ν
2

)
+

2s−4a

bs−2
Γ

(
s+ ν − 2

2

)
Γ

(
s− ν − 2

2

)
1F2

(
1; a2b2

4
4−s−ν

2 , 4−s+ν
2

)
+

π2as−1

2 sin (νπ)

[
cot [(s+ ν)π] Iν (ab)− cot [(s− ν)π] I−ν (ab)

]
[a, Re b > 0; Re s > |Re ν|]

5
1

(x+ a)
ρ Kν (bx)

2s−ρ−2

bs−ρ
Γ

(
s+ ν − ρ

2

)
Γ

(
s− ν − ρ

2

)
2F3

( ρ
2 ,

ρ+1
2 ; a2b2

4
1
2 ,

2−s−ν+ρ
2 , 2−s+ν+ρ

2

)
− ρa 2s−ρ−3

bs−ρ−1
Γ

(
s+ ν − ρ− 1

2

)
Γ

(
s− ν − ρ− 1

2

)
× 2F3

( ρ+1
2 , ρ+2

2 ; a2b2

4
3
2 ,

3−s−ν+ρ
2 , 3−s+ν+ρ

2

)
+

2ν−1as−ν−ρ

bν

× Γ

[
ν, s− ν, ν + ρ− s

ρ

]
2F3

( s−ν
2 , s−ν+1

2 ; a2b2

4

1− ν, s−ν−ρ+1
2 , s−ν−ρ+2

2

)
+
as+ν−ρbν

2ν+1
Γ

[
−ν, s+ ν, ρ− ν − s

ρ

]
× 2F3

( s+ν
2 , s+ν+1

2 ; a2b2

4

1 + ν, s+ν−ρ+1
2 , s+ν−ρ+2

2

)
[Re b > 0; Re s > |Re ν|; |arg a| < π]

6
1

x+ a
Kν (bx)

2s−3

bs−1
Γ

(
s− ν − 1

2

)
Γ

(
s+ ν − 1

2

)
1F2

(
1; a2b2

4
3−s−ν

2 , 3−s+ν
2

)
− 2s−4a

bs
Γ

(
s− ν − 2

2

)
Γ

(
s+ ν − 2

2

)
1F2

(
1; a2b2

4
4−s−ν

2 , 4−s+ν
2

)
+

πas−1

sin [(s− ν)π]

[
Kν (ab) +

π cos (sπ)

sin [(s+ ν)π]
Iν (ab)

]
[Re b > 0; Re s > |Re ν|; |arg a| < π]

7
1

(x2 + a2)
ρ Kν (bx)

as−2ρ−ν

22−νbν
Γ

[
ν, s−ν2 , ν+2ρ−s

2

ρ

]
1F2

( s−ν
2 ; −a

2b2

4

1− ν, s−ν−2ρ+2
2

)
+
as+ν−2ρbν

2ν+2
Γ

[
−ν, s+ν2 , 2ρ−ν−s

2

ρ

]
1F2

( s+ν
2 ; −a

2b2

4

1 + ν, s+ν−2ρ+2
2

)
+

2s−2ρ−2

bs−2ρ
Γ

(
s+ ν − 2ρ

2

)
Γ

(
s− ν − 2ρ

2

)
× 1F2

(
ρ; −a

2b2

4
2−s−ν+2ρ

2 , 2−s+ν+2ρ
2

)
[Re a, Re b > 0; Re s > |Re ν|]
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No. f (x) F (s)

8
(
a2 − x2

)α−1
+

Kν (bx)
as+2α−2

4
Γ (α)

[(
ab

2

)−ν
Γ

[
ν, s−ν2
s+2α−ν

2

]
1F2

( s−ν
2 ; a2b2

4

1− ν, s+2α−ν
2

)
+

(
ab

2

)ν
Γ

[−ν, s+ν2
s+2α+ν

2

]
1F2

( s+ν
2 ; a2b2

4

1 + ν, s+2α+ν
2

)]
[a, Re b, Reα > 0; Re s > |Re ν|]

9
(
x2 − a2

)α−1
+

Kν (bx)
2ν−2as+2α−ν−2

bν
Γ (ν) B

(
α,

2− s− 2α+ ν

2

)
× 1F2

( s−ν
2 ; a2b2

4

1− ν, s+2α−ν
2

)
+
as+2α+ν−2bν

2ν+2
Γ (−ν)

× B

(
α,

2− s− 2α− ν
2

)
1F2

( s+ν
2 ; a2b2

4

1 + ν, s+2α+ν
2

)
+

2s+2α−4

bs+2α−2 Γ

(
s+ 2α+ ν − 2

2

)
Γ

(
s+ 2α− ν − 2

2

)
× 1F2

(
1− α; a2b2

4
4−s−2α−ν

2 , 4−s−2α+ν
2

)
[a, Re b, Reα > 0]

10
1

x2 − a2
Kν (bx)

2s−4

bs−2
Γ

(
s+ ν − 2

2

)
Γ

(
s− ν − 2

2

)
1F2

(
1; a2b2

4
4−s−ν

2 , 4−s+ν
2

)
+

π2as−2

4 sin (νπ)

[
cot

(s+ ν)π

2
Iν (ab)− cot

(s− ν)π

2
I−ν (ab)

]
[a, Re b > 0; Re s > |Re ν|]

11
(√
x2 + a2 ± a

)ρ ±2s+ρ−3ρa

bs+ρ−1
Γ

(
s+ ρ+ ν − 1

2

)
Γ

(
s+ ρ− ν − 1

2

)
×Kν (bx) × 2F3

( 1+ρ
2 , 1−ρ

2 ; −a
2b2

4
3
2 ,

3−s−ρ−ν
2 , 3−s−ρ+ν

2

)
+

2s+ρ−2

bs+ρ
Γ

(
s+ ρ+ ν

2

)
× Γ

(
s+ ρ− ν

2

)
2F3

( −ρ2 ,
ρ
2 ; −a

2b2

4
1
2 ,

2−s−ρ−ν
2 , 2−s−ρ+ν

2

)
∓ 2s+ρ−2ρas+ρ−ν

bν
Γ

[
ν, s+ρ∓ρ−ν2 , −s− ρ+ ν

− s+ρ±ρ−ν−22

]
× 2F3

( s−ν
2 , s+2ρ−ν

2 ; −a
2b2

4

1− ν, s+ρ−ν+1
2 , s+ρ−ν+2

2

)
∓ 2s+ρ−2ρas+ρ+ν bν Γ

[−ν, s+ν+ρ∓ρ2 , −s− ρ− ν
− s+ρ±ρ+ν−22

]
× 2F3

( s+ν
2 , s+2ρ+ν

2 ; −a
2b2

4

1 + ν, s+ρ+ν+1
2 , s+ρ+ν+2

2

)
[Re a, Re b > 0; Re (s+ ρ∓ ρ) > |Re ν|]
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No. f (x) F (s)

12

(√
x2 + a2 ± a

)ρ
√
x2 + a2

2s+ρ−3

bs+ρ−1
Γ

(
s+ ρ+ ν − 1

2

)
Γ

(
s+ ρ− ν − 1

2

)
×Kν (bx) × 2F3

( 1+ρ
2 , 1−ρ

2 ; −a
2b2

4
1
2 ,

3−s−ρ−ν
2 , 3−s−ρ+ν

2

)
± 2s+ρ−4ρa

bs+ρ−2
Γ

(
s+ ρ+ ν − 2

2

)
× Γ

(
s+ ρ− ν − 2

2

)
2F3

( 2+ρ
2 , 2−ρ

2 ; −a
2b2

4
3
2 ,

4−s−ρ−ν
2 , 4−s−ρ+ν

2

)
+

2s+ρ−2as+ρ−ν−1

bν
Γ

[
ν, s+ρ∓ρ−ν2 , 1− s− ρ+ ν

− s+ρ±ρ−ν−22

]
× 2F3

( s−ν
2 , s+2ρ−ν

2 ; −a
2b2

4

1− ν, s+ρ−ν2 , s+ρ−ν+1
2

)
+ 2s+ρ−2as+ρ+ν−1bν Γ

[−ν, s+ρ∓ρ+ν2 , 1− s− ρ− ν
− s+ρ±ρ+ν−22

]
× 2F3

( s+ν
2 , s+2ρ+ν

2 ; −a
2b2

4

1 + ν, s+ρ+ν2 , s+ρ+ν+1
2

)
[Re a, Re b > 0; Re (s+ ρ∓ ρ) > |Re ν|]

13
(√
x2 + a2 ± x

)ρ 2s±2ρ−2aρ∓ρ

bs±ρ
Γ

(
s± ρ+ ν

2

)
Γ

(
s± ρ− ν

2

)
×Kν (bx) × 2F3

( ∓ρ2 ,
1∓ρ
2 ; −a

2b2

4

1∓ ρ, − s±ρ+ν−22 , − s±ρ−ν−22

)
∓ 22ν−s−2ρas+ρ−ν

bν

× Γ

[
ν, s− ν, ν∓ρ−s2

s∓ρ−ν+2
2

]
2F3

( s−ν
2 , s−ν+1

2 ; −a
2b2

4

1− ν, s∓ρ−ν+2
2 , s±ρ−ν+2

2

)
∓ ρas+ρ+νbν

2s+2ν+2
Γ

[−ν, s+ ν, − s±ρ+ν2
s∓ρ+ν+2

2

]
× 2F3

( s+ν
2 , s+ν+1

2 ; −a
2b2

4

1 + ν, s+ν−ρ+2
2 , s+ρ+ν+2

2

)
[Re a, Re b > 0; Re s > |Re ν|]

14

(√
x2 + a2 ± x

)ρ
√
x2 + a2

2s±2ρ−3aρ∓ρ

bs±ρ−1
Γ

(
s± ρ+ ν − 1

2

)
Γ

(
s± ρ− ν − 1

2

)
×Kν (bx) × 2F3

( 2∓ρ
2 , 1∓ρ

2 ; −a
2b2

4

1∓ ρ, − s±ρ+ν−32 , − s−ν±ρ−32

)
+
as+ρ−ν−1b−ν

2s−2ν+1

× Γ

[
ν, ν∓ρ−s+1

2 , s− ν
s∓ρ−ν+1

2

]
2F3

( s−ν
2 , s−ν+1

2 ; −a
2b2

4

1− ν, s−ν∓ρ+1
2 , s−ν±ρ+1

2

)
+
as+ρ+ν−1 bν

2s+2ν+1
Γ

[−ν, 1−s+∓ρ−ν
2 , s+ ν

s∓ρ+ν+1
2

]
× 2F3

( s+ν
2 , s+ν+1

2 ; −a
2b2

4

1 + ν, s−ρ+ν+1
2 , s+ρ+ν+1

2

)
[Re a, Re b > 0; Re s > |Re ν|]
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3.14.2. Kν (ϕ (x)) and algebraic functions

1 (x− a)
α−1
+ Kν

(
b
√
x− a

) 2ν−1as+α−ν/2−1

bν
Γ

[
ν, 2α−ν

2 , 2−2s−2α+ν
2

1− s

]
1F2

( 2α−ν
2 ; −ab

2

4

1− ν, 2s+2α−ν
2

)
+
as+α+ν/2−1bν

2ν+1
Γ

[
−ν, 2α+ν

2 , 2−2s−2α−ν
2

1− s

]
1F2

( 2α+ν
2 ; −ab

2

4

1 + ν, 2s+2α+ν
2

)
+

22s+2α−3

b2(s+α−1)
Γ
(
s+ α+

ν

2
− 1
)

Γ
(
s+ α− ν

2
− 1
)

× 1F2

(
1− s; −ab

2

4
4−2s−2α−ν

2 , 4−2s−2α+ν
2

)
[a, Re b > 0; Reα+ |Re ν| > 0]

2 (x+ a)
±ν/2

Kν

(
b
√
x+ a

)
a(s±ν)/2

(
2

b

)s
Γ (s)Ks±ν (

√
a b) [Re a, Re b, Re s > 0]

3 (a− x)
−ν/2
+ Kν

(
b
√
a− x

) 2−ν−1asbν

s
Γ (−ν) 1F2

(
1; ab2

4

ν + 1, s+ 1

)
+

2s−1π a(s−ν)/2

bs
csc (νπ) Γ (s) Is−ν (

√
a b)

[a, Re b, Re s, Re (s− ν) > 0]

4
(
x2 − a2

)ν/2
+

−2ν−1asb−ν

s
Γ (ν) 1F2

(
1; −a

2b2

4

1− ν, s+2
2

)
×Kν

(
b
√
x2 − a2

)
+

2s/2−2π2as/2+νb−s/2

Γ
(
2−s
2

) csc
(s+ 2ν)π

2

×
[
csc

sπ

2
J−s/2−ν (ab) + csc (νπ) Js/2+ν (ab)

]
[a, Re b > 0; Re ν > −1]

5 θ (1− x)Kν

(
ax− a

x

) π2

4
csc (νπ)

[
J(ν+s)/2 (a) Y(s−ν)/2 (a)− J(s−ν)/2 (a) Y(ν+s)/2 (a)

]
[Re a > 0; |Re ν| < 1]

6 θ (x− 1)Kν

(
ax− a

x

) π2

4
csc (νπ)

[
J(ν−s)/2 (a) Y−(s+ν)/2 (a)

− J−(s+ν)/2 (a) Y(ν−s)/2 (a)
]

[Re a > 0; |Re ν| < 1]

7 K0

(
a

∣∣∣∣x− 1

x

∣∣∣∣) π2

4

[
J2
s/2 (a) + Y 2

s/2 (a)
]

[Re a > 0]

8 Kν

(
ax+

a

x

)
K(s+ν)/2 (a)K(ν−s)/2 (a) [Re a > 0]
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No. f (x) F (s)

9

(
bx+ a

ax+ b

)ν/2
Kν

(√
u
)

2Ks+ν/2 (a)Ks−ν/2 (b) [a, b > 0]

u = ab
(
x+

1

x

)
+ a2 + b2

3.14.3. Kν (ϕ (x)) and the exponential function

1 e−axKν (ax)

√
π

(2a)
s Γ

[
s− ν, s+ ν

2s+1
2

]
[Re a > 0; Re s > |Re ν|]

2 eaxKν (ax)
cos (νπ)√
π (2a)

s Γ

[
s− ν, s+ ν,

1− 2s

2

]
[Re a > 0; |Re ν| < Re s < 1/2]

3 e−axKν (bx)

√
πaν−s

2sbν
Γ

[
s− ν, s+ ν

2s+1
2

]
2F1

( s−ν
2 , s−ν+1

2
2s+1
2 ; a2−b2

a2

)

4 =
e−iπν Γ (s− ν)

(a2 − b2)
s/2

Qνs−1

(
a√

a2 − b2

)

5 =

√
π

2b

Γ (s− ν) Γ (s+ ν)

(b2 − a2)
(2s−1)/4 P

1/2−s
ν−1/2

(a
b

)
[Re (a+ b) > 0; Re s > |Re ν|]

6 (a− x)
α−1
+ e±bxKν (bx)

2ν−1as+α−ν−1

bν
Γ

[
α, ν, s− ν
s+ α− ν

]
2F2

( 1−2ν
2 , s− ν; ±2ab

1− 2ν, s+ α− ν

)
+
as+α+ν−1bν

2ν+1
Γ

[
α, −ν, s+ ν

s+ α+ ν

]
2F2

( 1+2ν
2 , s+ ν; ±2ab

1 + 2ν, s+ α+ ν

)
[a, Reα > 0; Re s > |Re ν|]

7 (x− a)
α−1
+ e±bxKν (bx)

2ν−1as+α−ν−1

bν
Γ

[
α, ν, 1− s− α+ ν

1− s+ ν

]
2F2

( 1−2ν
2 , s− ν; ±2ab

1− 2ν, s+ α− ν

)
+
as+α+ν−1bν

2ν+1
Γ

[
α, −ν, 1− s− α− ν

1− s− ν

]
2F2

( 1+2ν
2 , s+ ν; ±2ab

1 + 2ν, s+ α+ ν

)
∓

√
π

(2b)
s+α−1 [cos (νπ) sec (s+ α)π]

(1±1)/2

× Γ

[
s+ α+ ν − 1, s+ α− ν − 1

2s+2α−1
2

]
× 2F2

(
1− α, 3−2s−2α

2 ; ±2ab

2− s− α− ν, 2− s− α+ ν

)
[
a, Reα > 0;

{
Re b > 0; Re (s+ α) < 3/2

Re b > 0

}]
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No. f (x) F (s)

8
e±bx

(x+ a)
ρ Kν (bx)

√
π

(2b)
s−ρ [cos (νπ) sec (ρ− s)π]

(1±1)/2
Γ

[
s+ ν − ρ, s− ν − ρ

2s−2ρ+1
2

]
× 2F2

(
ρ, 1−2s+2ρ

2 ; ∓2ab

1− s− ν + ρ, 1− s+ ν + ρ

)
+

2ν−1as−ν−ρ

bν

× Γ

[
ν, s− ν, ρ+ ν − s

ρ

]
2F2

( 1−2ν
2 , s− ν; ∓2ab

1− 2ν, s− ν − ρ+ 1

)
+
as+ν−ρbν

2ν+1
Γ

[
−ν, s+ ν, ρ− ν − s

ρ

]
× 2F2

( 1+2ν
2 , s+ ν; ∓2ab

1 + 2ν, s+ ν − ρ+ 1

)
[
Re s > |Re ν|;

{
Re b > 0; Re (s− ρ) < 1/2

Re b > 0

}
; |arg a| < π

]

9
e±bx

x− a
Kν (bx) ∓

√
π [cos (νπ) sec (sπ)]

(1±1)/2

(2b)
s−1 Γ

[
s+ ν − 1, s− ν − 1

2s−1
2

]
× 2F2

(
1, 3−2s

2 ; ±2ab

2− s− ν, 2− s+ ν

)
− πas−ν−1

21−νbν
Γ (ν) cot [(s− ν)π] 1F1

( 1−2ν
2 ; ±2ab

1− 2ν

)
− πas+ν−1bν

2ν+1
Γ (−ν) cot [(s+ ν)π] 1F1

( 2ν+1
2 ; ±2ab

2ν + 1

)
[
Re s > |Re ν|;

{
a, Re b > 0; Re s < 3/2

a, Re b > 0

}]

10 e−ax
2

Kν (bx)
a(1−s)/2

2b
eb

2/(8a) Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)
W(1−s)/2, ν/2

(
b2

4a

)
[Re a > 0; Re s > |Re ν|]

11 e−a
√
xKν (bx)

2s−2

bs
Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)
2F3

( s−ν
2 , s+ν2

1
4 ,

1
2 ,

3
4 ; a4

64b2

)
− 2s−3/2

bs+1/2
Γ

(
2s− 2ν + 1

4

)
Γ

(
2s+ 2ν + 1

4

)
× 2F3

( 2s−2ν+1
4 , 2s+2ν+1

4
1
2 ,

3
4 ,

5
4 ; a4

64b2

)
+

2s−2a2

bs+1
Γ

(
s− ν + 1

2

)
× Γ

(
s+ ν + 1

2

)
2F3

( s−ν+1
2 , s+ν+1

2
3
4 ,

5
4 ,

3
2 ; a4

64b2

)
− 2s−3/2a3

3bs+3/2
Γ

(
2s− 2ν + 3

4

)
Γ

(
2s+ 2ν + 3

4

)
× 2F3

( 2s−2ν+3
4 , 2s+2ν+3

4
5
4 ,

3
2 ,

7
4 ; a4

64b2

)
[Re b > 0; Re s > |Re ν|]
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No. f (x) F (s)

12 e−a/xKν (bx)
2s−2

bs
Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)
0F3

( a2b2

16
1
2 ,

2−s−ν
2 , 2−s+ν

2

)
− 2s−3a

bs−1
Γ

(
s− ν − 1

2

)
Γ

(
s+ ν − 1

2

)
0F3

( a2b2

16
3
2 ,

3−s−ν
2 , 3−s+ν

2

)
+
as+νbν

2ν+1
Γ (−ν) Γ (−s− ν) 0F3

( a2b2

16

1 + ν, s+ν+1
2 , s+ν+2

2

)
+

2ν−1as−ν

bν
Γ (ν) Γ (ν − s) 0F3

( a2b2

16

1− ν, s−ν+1
2 , s−ν+2

2

)
[Re a, Re b > 0]

13 e−a/x
2

Kν (bx)
2s−2

bs
Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)
0F2

( −ab
2

4
2−s−ν

2 , 2−s+ν
2

)
+
a(s+ν)/2bν

2ν+2
Γ (−ν) Γ

(
−s+ ν

2

)
0F2

( −ab
2

4

1 + ν, s+ν+2
2

)
+
a(s−ν)/2

22−νbν
Γ (ν) Γ

(
ν − s

2

)
0F2

( −ab
2

4

1− ν, s−ν+2
2

)
[Re a, Re b > 0]

14 e∓bx−a/xKν (bx)
as+νbν

2ν+1
Γ (−ν) Γ (−ν − s) 1F2

( 1+2ν
2 ; ±2ab

1 + 2ν, s+ ν + 1

)
+
as−νb−ν

21−ν
Γ (ν) Γ (ν − s) 1F2

( 1−2ν
2 ; ±2ab

1− 2ν, s− ν + 1

)
+

√
π

(2b)
s

(
cos (νπ)

cos (sπ)

)(1∓1)/2

Γ

[
s− ν, s+ ν

2s+1
2

]
× 1F2

( 1−2s
2 ; ±2ab

1− s− ν, 1− s+ ν

)
[Re a, Re b > 0]

15
(
a2 − x2

)−1
+

as−1

2c
Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)
W(1−s)/2, ν/2

(
2ab+

√
4a2b2 − c2
2a

)
× exp

(
−b a

2 + x2

a2 − x2

)
×W(1−s)/2, ν/2

(
2ab−

√
4a2b2 − c2
2a

)
×Kν

(
cx

a2 − x2

)
[a, b, Re c > 0; Re s > |Re ν|]

16
(
x2 − a2

)−1
+

as−1

2c
Γ

(
2− ν − s

2

)
Γ

(
2 + ν − s

2

)
× exp

(
−b a

2 + x2

a2 − x2

)
×W(s−1)/2,ν/2

(
2ab+

√
4a2b2 − c2
2a

)
×Kν

(
cx

x2 − a2

)
×W(s−1)/2, ν/2

(
2ab−

√
4a2b2 − c2
2a

)
[a, b, Re c > 0; Re s < |Re ν|+ 2]
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3.14.4. Kν (ax) and hyperbolic or trigonometric functions

Notation: δ =

{
1

0

}
.

1

{
sinh (ax)

sin (ax)

}
Kν (bx)

2s−1a

bs+1
Γ

(
s− ν + 1

2

)
Γ

(
s+ ν + 1

2

)
2F1

( s−ν+1
2 , s+ν+1

2
3
2 ; ±a2b2

)
[Re b > |Re a|; Re s > |Re ν| − 1]

2

{
cosh (ax)

cos (ax)

}
Kν (bx)

2s−2

bs
Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)
2F1

( s−ν
2 , s+ν2
1
2 ; ±a2b2

)
[Re b > |Re a|; Re s > |Re ν|]

3 [1− cos (ax)]Kν (bx)
2s−1a2

bs+2
Γ

(
s− ν + 2

2

)
Γ

(
s+ ν + 2

2

)
3F2

(
1, s−ν+2

2 , s+ν+2
2

3
2 , 2; −a2b2

)
[Re b > |Im a|; Re s > |Re ν| − 2]

4

{
sinh (ax+ b)

cosh (ax+ b)

}
Kν (ax)

2−s−1a−seb√
π

cos (νπ) Γ

(
1− 2s

2

)
Γ (s− ν) Γ (s+ ν)

∓ 2−s−1
√
π a−se−b Γ

[
s− ν, s+ ν

2s+1
2

]
[Re a ≥ 0; |Re ν| < Re s < 1/2]

5

{
sin
(
ax2
)

cos (ax2)

}
Kν (bx)

2−ν−2bν

a(s+ν)/2

{
sin [(s+ ν)π/4]

cos [(s+ ν)π/4]

}
Γ (−ν) Γ

(
s+ ν

2

)
× 2F3

( s+ν
4 , s+ν+2

4 ; − b4

64a2

1
2 ,

ν+1
2 , ν+2

2

)
+

2ν−2b−ν

a(s−ν)/2

×
{

sin [(s− ν)π/4]

cos [(s− ν)π/4]

}
Γ (ν) Γ

(
s− ν

2

)
× 2F3

( s−ν
4 , s−ν+2

4 ; − b4

64a2

1
2 ,

1−ν
2 , 2−ν

2

)
∓ 2−ν−4 bν+2

a(s+ν+2)/2

×
{

cos [(s+ ν)π/4]

sin [(s+ ν)π/4]

}
Γ (−ν − 1) Γ

(
s+ ν + 2

2

)
× 2F3

( s+ν+2
4 , s+ν+4

4 ; − b4

64a2

3
2 ,

ν+2
2 , ν+3

2

)
∓ 2ν−4b2−ν

a(s−ν+2)/2

×
{

cos [(s− ν)π/4]

sin [(s− ν)π/4]

}
Γ (ν − 1) Γ

(
s− ν + 2

2

)
× 2F3

( s−ν+2
4 , s−ν+4

4 ; − b4

64a2

3
2 ,

2−ν
2 , 3−ν

2

)
[a, Re b > 0; Re s > |Re ν| − 1∓ 1]
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No. f (x) F (s)

6

{
sin (a

√
x)

cos (a
√
x)

}
Kν (bx)

2s+δ/2−2 aδ

bs+δ/2
Γ

(
2s− 2ν + δ

4

)
Γ

(
2s+ 2ν + δ

4

)
× 2F3

( 2s−2ν+δ
4 , 2s+2ν+δ

4
1
2 ,

3
4 ,

4δ+1
4 ; a4

64b

)
− 2s+δ/2−2 aδ+2

3δbs+δ/2+1

× Γ

(
2s− 2ν + δ + 2

2

)
Γ

(
2s+ 2ν + δ + 2

2

)
× 2F3

( 2s−2ν+δ+2
4 , 2s+2ν+δ+2

4
5
4 ,

3
2 ,

4δ+3
4 ; a4

64b

)
[a, Re b > 0; |Re ν| < Re s+ δ/2]

7

{
sin (a/x)

cos (a/x)

}
Kν (bx) 2s−δ−2 aδbδ−s Γ

(
s− ν − δ

2

)
Γ

(
s+ ν − δ

2

)
× 0F3

( −a
2b2

16
2δ+1

2 , 2−s−ν+δ
2 , 2−s+ν+δ

2

)
∓ as+ν bν

2ν+1

{
sin [(s+ ν)π/2]

cos [(s+ ν)π/2]

}
× Γ (−ν) Γ (−s− ν) 0F3

( −a
2b2

16

1 + ν, s+ν+1
2 , s+ν+2

2

)
∓ 2ν−1 as−ν

bν

{
sin [(s− ν)π/2]

cos [(s− ν)π/2]

}
× Γ (ν) Γ (−s+ ν) 0F3

( −a
2b2

16

1− ν, s−ν+1
2 , s−ν+2

2

)
[a, Re b > 0; |Re ν| < Re s+ 1]

8

{
sin (ax) sinh (ax)

cos (ax) cosh (ax)

}
2s+2δ−2a2δb−s−2δ Γ

(
s− ν + 2δ

2

)
Γ

(
s+ ν + 2δ

2

)
×Kν (bx) × 4F3

( s−ν+2δ
4 , s−ν+2δ+2

4 , s+ν+2δ
4 , s+ν+2δ+2

4
2δ+1

4 , 2δ+3
4 , 2δ+1

2 ; − 4a4

b4

)
[Re b > |Re a|+ |Im a|; Re s > |Re ν| − 2δ]

9

{
sin (ax) cosh (ax)

cos (ax) sinh (ax)

}
2s−1a

bs+1
Γ

(
s− ν + 1

2

)
Γ

(
s+ ν + 1

2

)
×Kν (bx) × 4F3

( s−ν+1
4 , s−ν+3

4 , s+ν+1
4 , s+ν+3

4
1
2 ,

3
4 ,

5
4 ; − 4a4

b4

)
± 2s+1a3

3bs+3
Γ

(
s− ν + 3

2

)
Γ

(
s+ ν + 3

2

)
× 4F3

( s−ν+3
4 , s−ν+5

4 , s+ν+3
4 , s+ν+5

4
3
4 ,

5
4 ,

7
2 ; − 4a4

b4

)
[Re b > |Re a|+ |Im a|; Re s > |Re ν| − 1]
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No. f (x) F (s)

10 e−bx
{

sin (ax)

cos (ax)

}
Kν (bx)

√
π aδ

(2b)
s+δ

Γ

[
s− ν + δ, s+ ν + δ

2s+2δ+1
2

]
× 4F3

( s−ν+1
2 , s+ν+1

2 , s−ν+2δ
2 , s+ν+2δ

2
2δ+1

2 , 2s+3
4 , 2s+4δ+1

4 ; − a2

4b2

)
[a, Re b > 0; Re s > |Re ν| − δ]

11 e−bx
{

sin (a
√
x)

cos (a
√
x)

}
Kν (bx)

√
π aδ

(2b)
s+δ/2

Γ

[ 2s−2ν+δ
2 , 2s+2ν+δ

2
2s+δ+1

2

]
2F2

( 2s−2ν+δ
2 , 2s+2ν+δ

2
2δ+1

2 , 2s+δ+1
2 ; −a28b

)
[a, Re b > 0; Re s > |Re ν| − δ/2]

12 e−bx
{

sin (ax) cosh (ax)

cos (ax) sinh (ax)

} √
π a

(2b)
s+1 Γ

[
s− ν + 1, s+ ν + 1

2s+3
2

]
×Kν (bx) × 8F7

(
∆ (4, s− ν + 1) , ∆ (4, s+ ν + 1)

1
2 ,

3
4 ,

5
4 , ∆

(
4, 2s+3

2

)
; − a4

4b4

)
±
√
π a3

3 (2b)
s+3 Γ

[
s− ν + 3, s+ ν + 3

2s+7
2

]
× 8F7

(
∆ (4, s− ν + 3) , ∆ (4, s+ ν + 3)

5
4 ,

3
2 ,

7
4 , ∆

(
4, 2s+7

2

)
; − a4

4b4

)
[Re b > (Re a+ Im a) /2; Re s > |Reµ|+ |Re ν|]

13 e−bxKν (bx)

√
π a2δ

(2b)
s+δ

Γ

[
s− ν + δ, s+ ν + δ

2s+2δ+1
2

]
×
{

sin (a
√
x) sinh (a

√
x)

cos (a
√
x) cosh (a

√
x)

}
× 4F5

( s−ν+δ
2 , s−ν+δ+1

2 , s+ν+δ2 , s+ν+δ+1
2 ; − a4

64b2

2δ+1
4 , 2δ+3

4 , 2δ+1
2 , 2s+2δ+1

4 , 2s+2δ+3
4

)
[Re b > 0; Re s > |Re ν| − δ]

14 e−bxKν (bx)

√
π a

(2b)
s+1/2

Γ

[ 2s−2ν+1
2 , 2s+2ν+1

2

s+ 1

]

×
{

sin (a
√
x) cosh (a

√
x)

cos (a
√
x) sinh (a

√
x)

}
× 4F5

( 2s−2ν+1
4 , 2s−2ν+3

4 , 2s+2ν+1
4 , 2s+2ν+3

4
1
2 ,

3
4 ,

5
4 ,

s+1
2 , s+2

2 ; − a4

64b2

)
±

√
π a3

3 (2b)
s+3/2

Γ

[ 2s−2ν+3
2 , 2s+2ν+3

2

s+ 2

]

× 4F5

( 2s−2ν+3
4 , 2s−2ν+5

4 , 2s+2ν+3
2 , 2s+2ν+5

4
5
4 ,

3
2 ,

7
4 ,

s+2
2 , s+3

2 ; − a4

64b2

)
[Re b > 0; Re s > |Re ν| − 1/2]
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3.14.5. Kν (ax) and the logarithmic function

1 lnxKν (ax)
2s−3

as
Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)[
ψ

(
s− ν

2

)
+ ψ

(
s+ ν

2

)
− 2 ln

a

2

]
[Re a > 0; |Re s| > Re ν]

2 lnn xKν (ax)
∂n

∂sn

[
2s−2

as
Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)]
[Re a > 0; |Re s| > Re ν]

3.14.6. Kν (ax) and Ei (bxr)

1 Ei (−ax)Kν (bx)
2ν−1aν−sb−ν

ν − s
Γ (ν) Γ (s− ν) 3F2

( s−ν
2 , s−ν2 , s−ν+1

2

1− ν, s−ν+2
2 ; b2

a2

)
− 2−ν−1a−s−νbν

s+ ν
Γ (−ν) Γ (s+ ν) 3F2

( s+ν
2 , s+ν2 , s+ν+1

2

1 + ν, s+ν+2
2 ; b2

a2

)
[Re a, Re b > 0; Re s > |Re ν|]

2 Ei
(
−ax2

)
Kν (bx)

2ν−1a(ν−s)/2

bν (ν − s)
Γ (ν) Γ

(
s− ν

2

)
2F2

( s−ν
2 , s−ν2 ; b2

4a

1− ν, s−ν+2
2

)
− 2−ν−1bν

a(s+ν)/2 (s+ ν)
Γ (−ν) Γ

(
s+ ν

2

)
2F2

( s+ν
2 , s+ν2 ; b2

4a

1 + ν, s+ν+2
2

)
[Re a, Re b > 0; Re s > |Re ν|]

3 e±ax Ei (∓ax)Kν (bx)
2ν−1π

as−νbν
Γ (ν) Γ (s− ν)

{
csc [(ν − s)π]

cot [(ν − s)π]

}
2F1

( s−ν
2 , s−ν+1

2

1− ν; b2

a2

)
− πbν

2ν+1as+ν
Γ (−ν) Γ (s+ ν)

{
csc [(s+ ν)π]

cot [(s+ ν)π]

}
2F1

( s+ν
2 , s+ν+1

2

ν + 1; b2

a2

)
∓ 2s−3

abs−1
Γ

(
s− ν − 1

2

)
Γ

(
s+ ν − 1

2

)
3F2

( 1
2 , 1, 1; b2

a2

3−s−ν
2 , 3−s+ν

2

)
+

2s−4

a2bs−2
Γ

(
s− ν − 2

2

)
Γ

(
s+ ν − 2

2

)
3F2

(
1, 1, 3

2 ; b2

a2

4−s−ν
2 , 4−s+ν

2

)
[Re a, Re b > 0; Re s > |Re ν|]

4 e±bx Ei (−ax)Kν (bx)
2ν−1aν−s

bν (ν − s)
Γ (ν) Γ (s− ν) 3F2

( 1−2ν
2 , s− ν, s− ν

1− 2ν, s− ν + 1; ± 2b
a

)
− 2−ν−1bν

as+ν (s+ ν)
Γ (−ν) Γ (s+ ν) 3F2

( 1+2ν
2 , s+ ν, s+ ν

1 + 2ν, s+ ν + 1; ± 2b
a

)
[Re a, Re b > 0; Re s > |Re ν|]
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No. f (x) F (s)

5 e(a∓b)x Ei (−ax)Kν (bx) − 2ν−1π

as−νbν
Γ (ν) Γ (s− ν) csc [(s− ν)π] 2F1

( 1−2ν
2 , s− ν

1− 2ν; ± 2b
a

)
− πbν

2ν+1as+ν
Γ (−ν) Γ (s+ ν) csc [(s+ ν)π]

× 2F1

( 1+2ν
2 , s+ ν

1 + 2ν; ± 2b
a

)
∓

√
π

a (2b)
s−1

[
cos (νπ)

cos (sπ)

](1∓1)/2

× Γ

[
s− ν − 1, s+ ν − 1

2s−1
2

]
3F2

(
1, 1, 3−2s

2 ; ± 2b
a

2− s− ν, 2− s+ ν

)
[
Re a > 0; Re s > |Re ν|;

{
Re b > 0

Re s < 3/2; |arg b| < π

}]

6 e±(a+b)x Ei (ax)Kν (bx) − 2ν−1π

as−νbν
Γ (ν) Γ (s− ν) cot [(s− ν)π] 2F1

( 1−2ν
2 , s− ν

1− 2ν; ∓ 2b
a

)
− πbν

2ν+1as+ν
Γ (−ν) Γ (s+ ν) cot [(s+ ν)π]

× 2F1

( 1+2ν
2 , s+ ν

1 + 2ν; ∓ 2b
a

)
±

√
π

a (2b)
s−1

[
cos (νπ)

cos (sπ)

](1∓1)/2

× Γ

[
s− ν − 1, s+ ν − 1

2s−1
2

]
3F2

(
1, 1, 3−2s

2 ; ∓ 2b
a

2− s− ν, 2− s+ ν

)
[
Re a > 0; Re s > |Re ν|;

{
Re b > 0

Re s < 3/2; |arg b| < π

}]

3.14.7. Kν (ax) and Si (bx), si (bx), ci (bx)

1 Si (ax)Kν (bx)
2s−1a

bs+1
Γ

(
s− ν + 1

2

)
Γ

(
s+ ν + 1

2

)
3F2

( 1
2 ,

s−ν+1
2 , s+ν+1

2
3
2 ,

3
2 ; −a2b2

)
[Re s > |Re ν| − 1; Re b > |Im a|]

2

{
si (ax)

ci (ax)

}
Kν (bx) −2ν−1 aν−s

bs (s− ν)
Γ (ν) Γ (s− ν)

{
sin [(s− ν)π/2]

cos [(s− ν)π/2]

}
× 3F2

( s−ν
2 , s−ν2 , s−ν+1

2

1− ν, s−ν+2
2 ; − b2

a2

)
− 2−ν−1bν

as+ν (s+ ν)

×
{

sin [(s+ ν)π/2]

cos [(s+ ν)π/2]

}
3F2

( s+ν
2 , s+ν2 , s+ν+1

2

1 + ν, s+ν+2
2 ; − b2

a2

)
[a, Re b > 0; Re s > |Re ν|]
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No. f (x) F (s)

3 e−bx si (ax)Kν (bx)

√
π a

(2b)
s+1 Γ

[
s− ν + 1, s+ ν + 1

2s+3
2

]
× 5F4

( 1
2 ,

s−ν+1
2 , s−ν+2

2 , s+ν+1
2 , s+ν+2

2
3
2 ,

3
2 ,

s+3
2 , s+5

2 ; − a2

4b2

)
− π3/2

2s+1bs
Γ

[
s− ν, s+ ν

2s+1
2

]
[a, Re b > 0; Re s > |Re ν|]

4 e−bx ci (ax)Kν (bx)
π3/2

2s+1bs
Γ

[
s− ν, s+ ν

2s+1
2

] [
ψ (s− ν) + ψ (s+ ν)

− ψ
(
s+

1

2

)
− ln

2b

a
+ C

]
−
√
π a2

2s+4bs+2
Γ

[
s− ν + 2, s+ ν + 2

2s+5
2

]
× 6F5

(
1, 1, s−ν+2

2 , s−ν+3
2 , s+ν+2

2 , s+ν+3
2

3
2 , 2, 2, 2s+5

4 , 2s+7
4 ; − a2

4b2

)
[a, Re b > 0; Re s > |Re ν|]

5 ebx si (ax)Kν (bx)
a cos (πν)

2s+1
√
π bs+1

Γ

[
−s− 1

2
, s− ν + 1, s+ ν + 1

]
× 5F4

( 1
2 ,

s−ν+1
2 , s−ν+2

2 , s+ν+1
2 , s+ν+2

2
3
2 ,

3
2 ,

2s+3
4 , 2s+5

4 ; − a2

4b2

)
+

√
2π

(2s− 1) as−1/2
√
b

cos
(2s+ 1)π

4
Γ

(
s− 1

2

)
× 5F4

( 1−2s
4 , 1−2ν

4 , 3−2ν
4 , 2ν+1

4 , 2ν+3
4

1
2 ,

3−2s
4 , 5−2s

4 , 5−2s
4 ; − a2

4b2

)
+

√
2π
(
4ν2 − 1

)
8 (2s− 3) as−3/2b3/2

sin
(2s+ 1)π

4
Γ

(
s− 3

2

)
× 5F4

( 3−2s
4 , 3−2ν

4 , 5−2ν
4 , 2ν+3

4 , 2ν+5
4

3
2 ,

5−2s
4 , 7−2s

4 , 7−2s
4 ; − a2

4b2

)
−
√
π cos (πν)

2s+1bs
Γ

[
1

2
− s, s− ν, s+ ν

]
[a, Re b > 0; |Re ν| < Re s < 3/2]

6 ebx ci (ax)Kν (bx) − a2 cos (πν)

2s+4
√
π bs+2

Γ

[
−s− 3

2
, s− ν + 2, s+ ν + 2

]
× 6F5

(
1, 1, s−ν+2

2 , s−ν+3
2 , s+ν+2

2 , s+ν+3
2

3
2 , 2, 2, 2s+5

4 , 2s+7
4 ; − a2

4b2

)
−
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No. f (x) F (s)

−
√

2π

(2s− 1) as−1/2
√
b

sin
(2s+ 1)π

4
Γ

(
s− 1

2

)
× 5F4

( 1−2s
4 , 1−2ν

4 , 3−2ν
4 , 2ν+1

4 , 2ν+3
4

1
2 ,

3−2s
4 , 5−2s

4 , 5−2s
4 ; − a2

4b2

)
+

√
π
(
4ν2 − 1

)
25/2 (2s− 3) as−3/2b3/2

cos
(2s+ 1)π

4
Γ

(
s− 3

2

)
×

× 5F4

( 3−2s
4 , 3−2ν

4 , 5−2ν
4 , 2ν+3

4 , 2ν+5
4

3
2 ,

5−2s
4 , 7−2s

4 , 7−2s
4 ; − a2

4b2

)
+

cos (πν)√
π (2b)

s Γ

[
1

2
− s, s− ν, s+ ν

]
×
[
ψ (s− ν) + ψ (s+ ν)− ψ

(
1

2
− s
)

+ ln
a

2b
+ C

]
[a, Re b > 0; |Re ν| < Re s < 3/2]

3.14.8. Kν (ax) and erf (bxr), erfi (bxr), erfc (bxr)

1

{
erf (ax)

erfc (ax)

}
Kν (bx) ± 2ν−1aν−s√

π bν (ν − s)
Γ (ν) Γ

(
s− ν + 1

2

)
× 2F2

( s−ν
2 , s−ν+1

2 ; b2

4a2

1− ν, s−ν+2
2

)
∓ 2−ν−1 bν√

π as+ν (ν + s)
Γ (−ν)

× Γ

(
s+ ν + 1

2

)
2F2

( s+ν
2 , s+ν+1

2 ; b2

4a2

1 + ν, s+ν+2
2

)
+

(1± 1) 2s−3

bs
Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)
[Re b > 0; Re s > |Re ν| − (1± 1) /2; |arg a| < π/4]

2

{
erf (a

√
x)

erfc (a
√
x)

}
Kν (bx) ± 2s−1/2a√

π bs+1/2
Γ

(
2s− 2ν + 1

4

)
× Γ

(
2s+ 2ν + 1

4

)
3F2

( 1
4 ,

2s−2ν+1
4 , 2s+2ν+1

4
1
2 ,

5
4 ; a4

b2

)
∓ 2s+1/2a3

3
√
π bs+3/2

Γ

(
2s− 2ν + 3

4

)
× Γ

(
2s+ 2ν + 3

4

)
3F2

( 3
4 ,

2s−2ν+3
4 , 2s+2ν+3

4
3
2 ,

7
4 ; a4

b2

)
+

(1∓ 1) 2s−3

bs
Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)
[Re b > 0; Re s > |Re ν| − (1± 1) /4; |arg a| < π/4]
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No. f (x) F (s)

3 e±bx erf (a
√
x)Kν (bx) ∓ 2a

(2b)
s+1/2

(
cos (νπ)

sin (sπ)

)(1±1)/2

Γ

[ 2s−2ν+1
2 , 2s+2ν+1

2

s+ 1

]

× 3F2

( 1
2 ,

2s−2ν+1
2 , 2s+2ν+1

2
3
2 , s+ 1; ±a22b

)
+

(1± 1) a1−2s Γ (s)√
2b (1− 2s)

3F2

( 1−2ν
2 , 1+2ν

2 , 1−2s
2

1− s, 3−2s
2 ; a2

2b

)
[
Re b > 0; |arg a| < π

4
;

{
|Re ν| − 1/2 < Re s < 1/2

|Re ν| − 1/2 < Re s

}]

4 e±bx erfc (a
√
x)Kν (bx) ± 2a

(2b)
s+1/2

(
cos (νπ)

sin (sπ)

)(1±1)/2

Γ

[ 2s−2ν+1
2 , 2s+2ν+1

2

s+ 1

]

× 3F2

( 1
2 ,

2s−2ν+1
2 , 2s+2ν+1

2
3
2 , s+ 1; ±a22b

)
− (1± 1) a1−2s Γ (s)√

2b (1− 2s)
3F2

( 1−2ν
2 , 1+2ν

2 , 1−2s
2

1− s, 3−2s
2 ; a2

2b

)
+

√
π

(2b)
s Γ

[
s− ν, s+ ν

2s+1
2

](
cos (νπ)

cos (sπ)

)(1±1)/2

[Re b > 0; Re s > |Re ν|; |arg a| < π/4]

5 ea
2x erf (a

√
x)Kν (bx)

2s−1/2ab−s−1/2√
π

Γ

(
2s− 2ν + 1

4

)
Γ

(
2s+ 2ν + 1

4

)
× 3F2

(
1, 2s−2ν+1

4 , 2s+2ν+1
4

3
4 ,

5
4 ; a4

b2

)
+

2s+3/2a3b−s−3/2

3
√
π

Γ

(
2s− 2ν + 3

4

)
× Γ

(
2s+ 2ν + 3

4

)
3F2

(
1, 2s−2ν+3

4 , 2s+2ν+3
4

5
4 ,

7
4 ; a4

b2

)
[
Re b, Re

(
b− a2

)
> 0; Re s > |Re ν| − 1/2

]

6 e−(a
2+b)x erfi (a

√
x)

a

2s−1/2bs+1/2
Γ

[ 2s−2ν+1
2 , 2s+2ν+1

2

s+ 1

]
3F2

(
1, 2s−2ν+1

2 , 2s+2ν+1
2

3
2 , s+ 1; −a22b

)
×Kν (bx) [Re b > 0; Re s > |Re ν| − 1/2; |arg a| < π/4]

7 e(a
2−b)x erf (a

√
x)

ab−s−1/2

2s−1/2
Γ

[ 2s−2ν+1
2 , 2s+2ν+1

2

s+ 1

]
3F2

(
1, 2s−2ν+1

2 , 2s+2ν+1
2

3
2 , s+ 1; a2

2b

)
×Kν (bx) [Re b > 0; Re s > |Re ν| − 1/2; |arg a| < 3π/4]
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No. f (x) F (s)

8 e(a
2−b)x erfc (a

√
x) − a

2s−1/2bs+1/2
Γ

[ 2s−2ν+1
2 , 2s+2ν+1

2

s+ 1

]
3F2

(
1, 2s−2ν+1

2 , 2s+2ν+1
2

3
2 , s+ 1; a2

2b

)
×Kν (bx) +

√
π

(2b)
s Γ

[
s− ν, s+ ν

2s+1
2

]
2F1

(
s− ν, s+ ν

2s+1
2 ; a2

2b

)
[Re b > 0; Re s > |Re ν|; |arg a| < 3π/4]

9

{
erfi (a

√
x)

erfc (a
√
x)

}
(2b)

1/2−s

a

cos (νπ)

sin (sπ)
Γ

[ 2s−2ν−1
2 , 2s+2ν−1

2

s

]
× e(∓a2+b)xKν (bx) × 3F2

( 1
2 , 1, 1− s; 2b

a2

3−2s−2ν
2 , 3−2s+2ν

2

)
+

πbν

2ν+(1±1)/2a2s+2ν

× Γ

[
−ν

1− s− ν

] {
sec [(s+ ν)π]

csc [2 (s+ ν)π]

}
2F1

( 1+2ν
2 , s+ ν

1 + 2ν; 2b
a2

)
+

2ν−(1±1)/2

a2s−2νbν
Γ

[
ν

1− s+ ν

] {
sec [(s− ν)π]

csc [2 (s− ν)π]

}
2F1

( 1−2ν
2 , s− ν

1− 2ν; 2b
a2

)
[

Re b > 0; |Re ν| − (1± 1)/4 < Re s < 1;

|arg a| < (2∓ 1)π/4

]

10 erf (a
√
x) erfi (a

√
x)

2s+1a2b−s−1

π
Γ

(
s− ν + 1

2

)
Γ

(
s+ ν + 1

2

)
×Kν (bx) × 4F3

( 1
2 , 1,

s−ν+1
2 , s+ν+1

2
3
4 ,

5
4 ,

3
2 ; a

4

b2

)
[
Re b, Re

(
b− 2a2

)
> 0; Re s > |Re ν| − 1

]

3.14.9. Kν (ax) and S (bx), C (bx)

Notation: δ =

{
1

0

}
.

1

{
S (ax)

C (ax)

}
Kν (bx)

2s+δ−1 aδ+1/2

3δ
√
π bs+δ+1/2

Γ

(
2s− 2ν + 2δ + 1

4

)
Γ

(
2s+ 2ν + 2δ + 1

4

)
× 3F2

( 2δ+1
4 , 2s−2ν+2δ+1

4 , 2s+2ν+2δ+1
4

2δ+1
2 , 2δ+5

4 ; −a2b2

)
[a, Re b > 0; Re s > |Re ν| − (2± 1) /2]

2 e−bx
{
S (ax)

C (ax)

}
Kν (bx)

√
2 aδ+1/2

(2δ + 1) (2b)
s+δ+1/2

Γ

[ 2s−2ν+2δ+1
2 , 2s+2ν+2δ+1

2

s+ δ + 1

]

× 5F4

( 2δ+1
4 , 2s−2ν+3

4 , 2s+2ν+3
4 , 2s−2ν+4δ+1

4 , 2s+2ν+4δ+1
4

2δ+1
2 , 2δ+5

4 , s+2δ+1
2 , s+2

2 ; − a2

4b2

)
[a, Re b > 0; Re s > |Re ν| − (2± 1) /2]
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No. f (x) F (s)

3 ebx
{
S (ax)

C (ax)

}
Kν (bx) ±2−s−δ aδ+1/2b−s−δ−1/2

πδ (2δ + 1)

cos (νπ)

sin (sπ)
Γ

[ 2s−2ν+2δ+1
2 , 2s+2ν+2δ+1

2

s+ δ + 1

]
× 5F4

( 2δ+1
4 , 2s−2ν+3

4 , 2s+2ν+3
4 , 2s−2ν+4δ+1

4 , 2s+2ν+4δ+1
4

2δ+1
2 , 2δ+5

4 , s+2δ+1
2 , s+2

2 ; − a2

4b2

)
+

a1/2−s√
b (1− 2s)

{
sin (sπ/2)

cos (sπ/2)

}
Γ (s)

× 5F4

( 1−2ν
4 , 3−2ν

4 , 2ν+1
4 , 2ν+3

4 , 1−2s
4

1
2 ,

1−s
2 , 2−s

2 , 5−2s
4 ; − a2

4b2

)
±
(
4ν2 − 1

)
a3/2−s

8b3/2 (2s− 3)

{
cos (sπ/2)

sin (sπ/2)

}
Γ (s− 1)

× 5F4

( 3−2ν
4 , 5−2ν

4 , 2ν+3
4 , 2ν+5

4 , 3−2s
4

3
2 ,

2−s
2 , 3−s

2 , 7−2s
4 ; − a2

4b2

)
[a > 0; |Re ν| − (2± 1) /2 < Re s < 1/2; |arg b| < π]

3.14.10. Kν (ax) and Γ (µ, bx), γ (µ, bx)

1

{
γ (µ, ax)

Γ (µ, ax)

}
Kν (bx) ±2s+µ−2aµ

µ bs+µ
Γ

(
s+ µ− ν

2

)
Γ

(
s+ µ+ ν

2

)
× 3F2

(µ
2 ,

s+µ−ν
2 , s+µ+ν2

1
2 ,

µ+2
2 ; a2

b2

)
∓ 2s+µ−1 aµ+1

(µ+ 1) bs+µ+1

× Γ

(
s+ µ− ν + 1

2

)
Γ

(
s+ µ+ ν + 1

2

)
× 3F2

(µ+1
2 , s+µ−ν+1

2 , s+µ+ν+1
2

3
2 ,

µ+3
2 ; a2

b2

)
+ 2s−3

1± 1

bs
Γ

[
µ,

s+ ν

2
,
s− ν

2

]
[
Re a, Re b > 0; Re (s+ µ) > |Re ν|;

{
Reµ > 0

Re s > |Re ν|

}]

2

{
γ
(
µ, ax2

)
Γ (µ, ax2)

}
Kν (bx) ±2ν−1a(ν−s)/2

(ν − s) bν
Γ (ν) Γ

(
s+ 2µ− ν

2

)
× 2F2

( s−ν
2 , s+2µ−ν

2 ; b2

4a

1− ν, s−ν+2
2

)
∓ 2−ν−1bν

(ν + s) a(s+ν)/2
Γ (−ν)

× Γ

(
s+ 2µ+ ν

2

)
2F2

( s+ν
2 , s+2µ+ν

2 ; b2

4a

1 + ν, s+ν+2
2

)
+ 2s−3

1± 1

bs
Γ

[
µ,

s+ ν

2
,
s− ν

2

]
[
Re a, Re b > 0; Re (s+ 2µ) > |Re ν|;

{
Reµ > 0

Re s > |Re ν|

}]
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No. f (x) F (s)

3 e−bx
{
γ (µ, ax)

Γ (µ, ax)

}
±
√
π aµ

µ (2b)
s+µ Γ

[
s+ µ− ν, s+ µ+ ν

2s+2µ+1
2

]
×Kν (bx) × 3F2

(
µ, s+ µ− ν, s+ µ+ ν

µ+ 1, 2s+2µ+1
2 ; − a

2b

)
+

(1∓ 1)
√
π

2s+1bs
Γ

[
µ, s+ ν, s− ν

2s+1
2

]
[
Re a, Re b > 0; Re (s+ µ) > |Re ν|;

{
Reµ > 0

Re s > |Re ν|

}]

4 ebxγ (µ, ax)Kν (bx)
aµ cos (νπ)
√
π µ (2b)

s+µ Γ

[
−2s+ 2µ− 1

2
, s+ µ− ν, s+ µ+ ν

]
× 3F2

(
µ, s+ µ− ν, s+ µ+ ν

µ+ 1, 2s+2µ+1
2 ; a

2b

)
+
a1/2−s

1− 2s

√
2π

b

× Γ

(
2s+ 2µ− 1

2

)
3F2

( 1+2ν
2 , 1−2ν

2 , 1−2s
2

3−2s
2 , 3−2s−2µ

2 ; a
2b

)
[Re a, Re b, Reµ > 0; Re (s+ µ) > |Re ν|; Re s < 1/2]

5 ebx Γ (µ, ax)Kν (bx)
2ν−1aν−s

(s− ν) bν
Γ (ν) Γ (s+ µ− ν) 3F2

( 1−2ν
2 , s− ν, s+ µ− ν

1− 2ν, s− ν + 1; 2b
a

)
+

2−ν−1a−ν−s

(s+ ν) b−ν
Γ (−ν) Γ (s+ µ+ ν)

× 3F2

( 1+2ν
2 , s+ ν, s+ µ+ ν

1 + 2ν, s+ ν + 1; 2b
a

)
[Re a, Re b > 0; Re (s+ µ) > |Re ν|, Re s > |Re ν|]

6 e(a±b)x Γ (µ, ax)Kν (bx)

√
π

(2b)
s [cos (νπ) sec (sπ)]

(1±1)/2
Γ

[
µ, s− ν, s+ ν

2s+1
2

]
× 2F1

(
s− ν, s+ ν
2s+1
2 ; ∓ a

2b

)
−
√
π aµ

µ (2b)
s+µ

× [cos (νπ) sec [(s+ µ)π]]
(1±1)/2

Γ

[
s+ µ− ν, s+ µ+ ν

2s+2µ+1
2

]
× 3F2

(
1, s+ µ− ν, s+ µ+ ν

µ+ 1, 2s+2µ+1
2 ; ∓ a

2b

)
− (1± 1)π3/2 a1/2−s

2
√

2b cos [(s+ µ)π]
Γ

[ 2s−1
2

1− µ

]
2F1

( 1−2ν
2 , 1+2ν

2
3−2s

2 ; − a
2b

)
 Re a > 0; Re s, Re (s+ µ) > |Re ν|;{

Re (s+ µ) < 3/2; |arg b| < π

Re b > 0

} 
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No. f (x) F (s)

7 ea/x±bxΓ
(
µ,

a

x

)
Kν (bx)

√
π

(2b)
s [cos (νπ) sec (sπ)]

(1±1)/2
Γ

[
µ, s− ν, s+ ν

2s+1
2

]
× 1F2

( 1−2s
2 ; ±2ab

1− s− ν, 1− s+ ν

)
−
√
π aµ

µ (2b)
s−µ

× [cos (νπ) sec [(s− µ)π]]
(1±1)/2

Γ

[
s− µ− ν, s− µ+ ν

2s−2µ+1
2

]
× 2F3

(
1, 1−2s+2µ

2 ; ±2ab

µ+ 1, 1− s+ µ− ν, 1− s+ µ+ ν

)

+
π as+νbν

2ν+1 sin [(µ− ν − s)π]
Γ

[
−ν, −s− ν

1− µ

]
1F2

( 1+2ν
2 ; ±2ab

1 + 2ν, s+ ν + 1

)

+
2ν−1π as−νb−ν

sin [(µ+ ν − s)π]
Γ

[
ν, ν − s
1− µ

]
1F2

( 1−2ν
2 ; ±2ab

1− 2ν, s− ν + 1

)
 Re a > 0; Re (s− µ) > |Re ν| − 1;{

|arg b| < π; Re s, Re (s− µ) < 1/2

Re b > 0

} 
3.14.11. Kν (ax) and Dµ (b

√
x)

Notation: δ =

{
1

0

}
.

1 e(±a
2/4−b)x 2(µ−2s)/2π

bs
Γ

[
s− ν, s+ ν
1−µ
2 , 2s+1

2

]
3F2

( 1∓µ−δ
2 , s− ν, s+ ν
1
2 ,

2s+1
2 ; ±a24b

)
×Dµ (a

√
x)Kν (bx) − 2(µ−2s)/2πa

bs+1/2
Γ

[ 2s−2ν+1
2 , 2s+2ν+1

2

−µ2 , s+ 1

]
× 3F2

( 2−δ∓µ
2 , 2s−2ν+1

2 , 2s+2ν+1
2

3
2 , s+ 1; ±a24b

)
[Re b > 0; Re s > |Re ν|; |arg a| < (2± 1)π/4]

2 e(−a
2/4+b)x 2µ/2+2ν−s+1π3/2a2ν−2s

2 sin (νπ) bν
Γ

[
2s− 2ν

1− ν, 2s−µ−2ν+1
2

]
×Dµ (a

√
x)Kν (bx) × 3F2

( 1−2ν
2 , s− ν, 2s−2ν+1

2

1− 2ν, 2s−µ−2ν+1
2 ; 4b

a2

)
− 2µ/2−2ν−s+1π3/2a−2s−2ν

2 sin (νπ) b−ν
Γ

[
2s+ 2ν

1 + ν, 2s−µ+2ν+1
2

]
× 3F2

( 1+2ν
2 , s+ ν, 2s+2ν+1

2

1 + 2ν, 2s−µ+2ν+1
2 ; 4b

a2

)
[Re b > 0; Re s > |Re ν|; |arg a| < π/4]
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3.14.12. Kν (ϕ (x)) and Jµ (ψ (x))

Notation: δ =

{
1

0

}
.

1 Jµ (ax)Kν (bx)
2s−2 aµ

bs+µ
Γ

[ s+µ−ν
2 , s+µ+ν2

µ+ 1

]
2F1

( s+µ−ν
2 , s+µ+ν2

µ+ 1; −a2b2

)
[Re b > |Im a|; Re (s+ µ) > |Re ν|]

2 Jν (ax)Kν (ax)
2s−3

as
Γ

[ s
2 ,

s+2ν
4

4−s+2ν
4

]
[Re s, Re (s+ 2ν) > 0; |arg a| < π/4]

3 [Jν (ax)− J−ν (ax)]Kν (ax) −23s/2−3√
π as

sin
νπ

2
Γ

[
s, s+2ν

4 , s−2ν4
2−s
4

]
[Re s > 2|Re ν|; |arg a| < π/4]

4 [Jν (ax) + J−ν (ax)]Kν (ax)
23s/2−3√
π as

cos
νπ

2
Γ

[ s+2
4 , s+2ν

4 , s−2ν4
4−s
4

]
[Re s > 2|Re ν|; |arg a| < π/4]

5 Jµ
(
ax2
)
Kν (bx)

2(s−ν)/2−3bν

a(s+ν)/2
Γ

[−ν, s+2µ+ν
4

s+2µ−ν+4
4

]
2F3

( ν−s−2µ
4 , ν+s+2µ

4
1
2 ,

ν+1
2 , ν+2

2 ; − b4

64a2

)
− 2(s−ν)/2−5 bν+2

a(s+ν)/2+1
Γ

[−ν − 1, s+2µ+ν+2
4

s+2µ−ν+2
4

]
× 2F3

( 2−s−2µ+ν
4 , s+2µ+ν+2

4
3
2 ,

ν+2
2 , ν+3

2 ; − b4

64a2

)
+

2(s+ν)/2−3 a(ν−s)/2

bν
Γ

[
ν, s+2µ−ν

4
s+2µ+ν+4

4

]
2F3

( s+2µ−ν
4 , − s+2µ+ν

4
1
2 ,

1−ν
2 , 2−ν

2 ; − b4

64a2

)
− 2(s+ν)/2−5 a(ν−s)/2−1

bν−2
Γ

[
ν + 1, s+2µ−ν+2

4
s+2µ+ν+2

4

]
× 2F3

( 2−s−2µ−ν
4 , s+2µ−ν+2

4
3
2 ,

2−ν
2 , 3−ν

2 ; − b4

64a2

)
[a, Re b > 0; Re s > |Re (ν − 2µ)|]

6 Jµ (a
√
x)Kν (bx)

2s−µ/2−2 aµ

bs+µ/2
Γ

[ 2s+µ−2ν
4 , 2s+µ+2ν

4

µ+ 1

]
2F3

( 2s+µ−2ν
4 , 2s+µ+2ν

4
1
2 ,

µ+1
2 , µ+2

2 ; a4

64b2

)
− 2s−µ/2−3 aµ+2

bs+µ/2+1
Γ

[ 2s+µ−2ν+2
4 , 2s+µ+2ν+2

2

µ+ 2

]
× 2F3

( 2s+µ−2ν+2
4 , 2s+µ+2ν+2

4
3
2 ,

µ+2
2 , µ+3

2 ; a4

64b2

)
[a, Re b > 0; Re s > |Re ν| − Reµ/2]
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No. f (x) F (s)

7 Jµ

(a
x

)
Kν (bx)

as+νbν

2s+2ν+2
Γ

[−ν, µ−ν−s2
s+µ+ν+2

2

]
0F3

( −a
2b2

16

1 + ν, s−µ+ν+2
2 , s+µ+ν+2

2

)

+
22ν−s−2

aν−sbν
Γ

[
ν, µ+ν−s2
s+µ−ν+2

2

]
0F3

( −a
2b2

16

1− ν, s−µ−ν+2
2 , s+µ−ν+2

2

)

+
2s−2µ−2aµ

bs−µ
Γ

[ s−µ+ν
2 , s−µ−ν2

µ+ 1

]

× 0F3

( −a
2b2

16

µ+ 1, 2−s+µ−ν
2 , 2−s+µ+ν

2

)
[a, Re b > 0; Re s > |Re ν| − 3/2]

8
1

(x4 + a4)
ρ Jν (bx)Kν (bx)

as−4ρ

8ν
B

(
s

4
,

4ρ− s
4

)
1F4

( s
4 ; a4b4

64
1
2 ,

2−ν
2 , 2+ν

2 , s−2ρ+2
2

)
− as−4ρ+2b2

16 (ν2 − 1)
B

(
s+ 2

4
,

4ρ− s− 2

4

)
× 1F4

( s+2
4 ; a4b4

64
3
2 ,

3−ν
2 , 3+ν

2 , s−4ρ+6
4

)

+
b2νas+2ν−4ρ

22ν+3
Γ

[
−ν, s+2ν

4 , 4ρ−2ν−s
4

ν + 1, ρ

]
× 1F4

( s+2ν
4 ; a4b4

64

ν + 1, ν+1
2 , ν+2

2 , 2ν−4ρ+δ+4
4

)
+

2s−4ρ−3

bs−4ρ
Γ

[ s−4ρ
2 , s+2ν−4ρ

4
4−s+2ν+4ρ

4

]
× 1F4

(
ρ; a4b4

64
2−s+4ρ

4 , 4−s+4ρ
4 , 4−s+4ρ−2ν

4 , 4−s+4ρ+2ν
4

)
[Re s, Re (s− 2ν) > 0; |arg a|, |arg b| < π/4]

9 e±bxJµ (a
√
x)Kν (bx)

√
π aµb−s−µ/2

2s+3µ/2

[
cos (νπ)

π
Γ

(
1− 2s− µ

2

)](1±1)/2
× Γ

[ 2s+µ+2ν
2 , 2s+µ−2ν

2

µ+ 1, 2s+µ+1
2

]
2F2

( 2s+µ+2ν
2 , 2s+µ−2ν

2

µ+ 1, 2s+µ+1
2 ; ±a28b

)
+ 22s−5/2

√
π

1± 1

a2s−1
√
b

Γ

[ 2s+µ−1
2

3−2s+µ
2

]
× 2F2

( 1−2ν
2 , 1+2ν

2
3−2s−µ

2 , 3−2s+µ
2 ; ±a28b

)
[
Re (2s+ µ) > 2|Re ν|;

{
Re b > 0

a, Re b > 0; Re s < 5/4

}]
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No. f (x) F (s)

10

{
sin (ax)

cos (ax)

}
Jµ (ax)Kν (bx) 2s+δ−2aµ+δb−s−µ−δ Γ

[ s+µ−ν+δ
2 , s+µ+ν+δ2

µ+ 1

]
× 4F3

( 2µ+2δ+1
4 , 2µ+2δ+3

4 , s+µ−ν+δ2 , s+µ+ν+δ2
2δ+1

2 , 2µ+2δ+1
2 , µ+ 1; − 4a2

b2

)
[Re b > 2|Im a|; Re s > |Re ν| − Reµ− δ]

11

{
sin
(
ax2
)

cos (ax2)

}
Jν (bx)Kν (bx)

a−s/2

4ν
Γ
(s

2

) { sin (sπ/4)

cos (sπ/4)

}
2F3

( s
2 ,

s+2
4 ; b4

16a2

1
2 ,

2−ν
2 , 2+ν

2

)
∓ a−s/2−1b2

8 (ν2 − 1)
Γ

(
s+ 2

2

) {
cos (sπ/4)

sin (sπ/4)

}
× 2F3

( s+2
4 , s+4

4 ; b4

16a2

3
2 ,

3−ν
2 , 3+ν

2

)
+

22ν−2 b2ν

as/2+ν
Γ

[
−ν, s+2ν

2

ν + 1

]
×
{

sin [(2ν + s)π/4]

cos [(2ν + s)π/4]

}
2F3

( s+2ν
4 , s+2ν+2

4 ; b4

16a2

ν + 1, ν+1
2 , ν+2

2

)
[a > 0; Re s, Re (s+ 2ν) > −1∓ 1; |arg b| < π/2]

12 Jλ (ax) Jµ (bx)Kν (cx)
2s−2aλbµ

cs+λ+µ
Γ

[ s+λ+µ−ν
2 , s+λ+µ+ν2

λ+ 1, µ+ 1

]
× F4

(
s+ λ+ µ− ν

2
,
s+ λ+ µ+ ν

2
;

λ+ 1, µ+ 1; −a
2

c2
, −b

2

c2

)
[
|c| > |a|+ |b|; Re c > |Im a|+ |Im b|;

Re (s+ λ+ µ) > |Re ν|

]

13 Jλ (ax) Jµ (ax)Kν (bx)
2s−2aλ+µ

bs+λ+µ
Γ

[ s+λ+µ+ν
2 , s+λ+µ−ν2

µ+ 1, λ+ 1

]
× 4F3

(λ+µ+1
2 , λ+µ+2

2 , s+λ+µ+ν2 , s+λ+µ−ν2

λ+ 1, µ+ 1, λ+ µ+ 1; − 4a2

b2

)
[|b| > 2|a|; Re c > 2|Im a|; Re (s+ λ+ µ) > |Re ν|]

14 Jµ
(
ax2
)
Jν (bx)Kν (bx)

1

8ν

(
2

a

)s/2
Γ

[ 2µ+s
4

2µ−s+4
4

]
2F3

( s−2µ
4 , s+2µ

4 ; b4

16a2

1
2 ,

2−ν
2 , 2+ν

2

)
− 2s/2−3b2

(ν2 − 1) as/2+1
Γ

[ s+2µ+2
4

2−s+2µ
4

]
2F3

( s−2µ+2
4 , s+2µ+2

4 ; b4

16a2

3
2 ,

3−ν
2 , 3+ν

2

)
+

2s/2−ν−3

as/2+νb−2ν
Γ

[ −ν, s+2µ+2ν
4

ν+1, 4−s+2µ−2ν
4

]
2F3

( s−2µ+2ν
4 , s+2µ+2ν

4

ν+1, ν+1
2 , ν+2

2 ; b4

16a2

)
[a, Re b > 0; Re (s+ 2µ) , Re (s+ 2µ+ 2ν) > 0]
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No. f (x) F (s)

15

n∏
j=1

Jµj (ajx)Kν (bx) 2s−2 b−s−λ Γ

(
s+ λ− ν

2

)
Γ

(
s+ λ+ ν

2

)

×
n∏
j=1

a
µj
j

Γ (µj + 1)
F

(n)
C

(
s+ λ− ν

2
,
s+ λ+ ν

2
;

µ1 + 1, . . . , µn + 1; −a
2
1

b2
, . . . , −a

2
n

b2

)
[
λ =

n∑
j=1

µj ; Re b >
n∑
j=1

|Im aj |; Re (s+ λ) > |Re ν|
]

16 Jν

(
b
√√

x2 + a2 − a
)

23s/2−1
( a
b2

)s/2
Γ

[ s+ν
2

2−s+ν
2

]
Ks

(√
2a b

)
×Kν

(
b
√√

x2 + a2 + a
)

[a, b > 0; Re s > −Re ν]

3.14.13. Kν (ϕ (x)) and Yν (ψ (x))

1 Yν (ax)Kν (ax) −2s−3

πas
cos

(s− 2ν)π

4
Γ

[
s

2
,
s− 2ν

4
,
s+ 2ν

4

]
[Re s > 2|Re ν|; |arg a| < π/4]

2 Yµ (ax)Kν (bx) −2s−2bµ−s

πaµ
Γ

[
µ,

s− µ− ν
2

,
s− µ+ ν

2

]
× 2F1

( s−µ−ν
2 , s−µ+ν2

1− µ; −a2b2

)
− 2s−2aµ

πbs+µ
cos (µπ)

× Γ

[
−µ, s+ µ− ν

2
,
s+ µ+ ν

2

]
2F1

( s+µ−ν
2 , s+µ+ν2

1 + µ; −a2b2

)
[Re b > |Im a|; Re s > |Reµ|+ |Re ν|]

3 Yµ

(a
x

)
Kν (bx) −2s−2µ−2aµ

πbs−µ
cos (µπ) Γ

[
−µ, s+ ν − µ

2
,
s− ν − µ

2

]
× 0F3

( −a
2b2

16

1 + µ, 2−s+µ−ν
2 , 2−s+µ+ν

2

)
− 2s+2µ−2

πaµbs+µ
Γ

[
µ,

s+ µ+ ν

2
,
s+ µ− ν

2

]
× 0F3

( −a
2b2

16

1− µ, 2−s−µ−ν
2 , 2−s−µ+ν

2

)
− as+νbν

2s+2ν+2π

× cos
(s+ µ+ ν)π

2
Γ

[
−ν, µ− ν − s

2
, −µ+ ν + s

2

]
×
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No. f (x) F (s)

× 0F3

( −a
2b2

16

1 + ν, s−µ+ν+2
2 , s+µ+ν+2

2

)
− as−νb−ν

2s−2ν+2π

× cos
(s+ µ− ν)π

2
Γ

[
ν,
µ+ ν − s

2
,
ν − µ− s

2

]
× 0F3

( −a
2b2

16

1− ν, s−µ−ν+2
2 , s+µ−ν+2

2

)
[a, Re b > 0; Re s > |Re ν| − 3/2]

4 Yν

(
b
√√

x2 + a2 − a
)

−23s/2−1
( a
b2

)s/2
Γ

[ s−ν
2 , s+ν2

s−ν+1
2 , ν−s+1

2

]
Ks

(√
2a b

)
×Kν

(
b
√√

x2 + a2 + a
)

[a, b > 0; Re s > |Re ν|]

3.14.14. Kν (ax) and Jν (ax), Yν (ax)

1
[
cos

νπ

2
Jν (ax)− sin

νπ

2
Yν (ax)

] 2s−3

as
Γ

[ s
2 ,

s−2ν
4 , s+2ν

4
s
4 ,

4−s
4

]
[a > 0; Re s > 2|Re ν|]

×Kν (ax)

2
[
sin

νπ

2
Jν (ax) + cos

νπ

2
Yν (ax)

]
−2s−3

as
Γ

[ s
2 ,

s−2ν
4 , s+2ν

4
2−s
4 , 2+s

4

]
[a > 0; Re s > 2|Re ν|]

×Kν (ax)

3
2

π
K0 (ax)− Y0 (ax)

22s−2

as
Γ

[ s
4 ,

s
4

2−s
4 , 2−s

4

]
[a > 0; 0 < Re s < 3/4]

3.14.15. Kν (ϕ (x)) and Iµ (ψ (x))

1 Iµ (ax)Kν (bx)
2s−2aµ

bs+µ
Γ

[ s+µ−ν
2 , s+µ+ν2

µ+ 1

]
2F1

( s+µ−ν
2 , s+µ+ν2

µ+ 1; a2

b2

)
[Re b > |Re a|; Re (s+ µ) > |Re ν|]

2 Iµ (ax)Kν (ax)
2s−2

as
Γ

[ s+µ−ν
2 , s+µ+ν2 , 1− s

2−s+µ−ν
2 , 2−s+µ+ν

2

]
[Re a > 0; |Re ν| − Reµ < Re s < 1]
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No. f (x) F (s)

3 Iν (a
√
x)Kν (bx)

2s−µ/2−2 aµ

bs+µ/2
Γ

[ 2s+µ−2ν
4 , 2s+µ+2ν

4

µ+ 1

]
2F3

( 2s+µ−2ν
4 , 2s+µ+2ν

4
1
2 ,

µ+1
2 , µ+2

2 ; a2

64b2

)
+

2s−µ/2−3 aµ+2

bs+µ/2+1
Γ

[ 2s+µ−2ν+2
4 , 2s+µ+2ν+2

4

µ+ 2

]
× 2F3

( 2s+µ−2ν+2
4 , 2s+µ+2ν+2

4
3
2 ,

µ+2
2 , µ+3

2 ; a4

64b2

)
[Re b > 0; Re s > |Re ν| − Reµ/2]

4 [Iν (ax) + I−ν (ax)]
cos (νπ)

2
√
π as

Γ

[ s−2ν
2 , s+2ν

2 , 1−s
2

2−s
2

]
[a > 0; 2|Re ν| < Re s < 1]

×Kν (ax)

5 Iν
(
b
√
x2 + a2 − ab

) 1

2
√
π

(a
b

)s/2
Γ

[ s+2ν
2 , 1−s

2
2−s+2ν

2

]
Ks/2 (2ab)

×Kν

(
b
√
x2 + a2 + ab

)
[a, Re b > 0; − 2 Re ν < Re s < 1]

6 Iµ (ax)Kν (ax)
a−s

2
√
π

sin
(ν − µ)π

2
Γ

[ s+µ+ν
2 , s−µ+ν2 , s+µ−ν2 , 2−s

2
s+1
2 , 2−s+µ+ν

2

]
− Iν (ax)Kµ (ax) [a > 0; Re (ν − µ) , |Reµ| − Re ν < Re s < 1]

7 Iµ (ax)Kν (ax)
a−s

2
√
π

cos
(µ− ν)π

2
Γ

[ s+µ+ν
2 , s−µ+ν2 , s+µ−ν2 , 1−s

2
s
2 ,

2−s+µ+ν
2

]
+ Iν (ax)Kµ (ax) [a > 0; −Re (µ− ν) , |Re ν| − Reµ < Re s < 1]

3.14.16. Kν (ax), Iµ (ϕ (x)), and the exponential function

Notation: δ =

{
1

0

}
.

1 e±axIµ (ax)Kν (bx)
2s−2aµ

bs+µ
Γ

[ s+µ−ν
2 , s+µ+ν2

µ+ 1

]
4F3

( 2µ+1
4 , 2µ+3

4 , s+µ−ν2 , s+µ+ν2
1
2 ,

2µ+1
2 , µ+ 1; 4a2

b2

)
± 2s−1aµ+1

bs+µ+1
Γ

[ s+µ−ν+1
2 , s+µ+ν+1

2

µ+ 1

]
× 4F3

( 2µ+3
4 , 2µ+5

4 , s+µ−ν+1
2 , s+µ+ν+1

2
3
2 , µ+ 1, 2µ+3

2 ; 4a2

b2

)
[{

Re a, Re b > 0

Re b > |Re a|

}
; Re (s+ µ) > |Re ν|

]
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No. f (x) F (s)

2 e−axIµ (bx)Kν (bx)
bµ+ν

2µ+ν+1as+µ+ν
Γ

[
−ν, s+ µ+ ν

µ+ 1

]
× 4F3

(µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+µ+ν+1
2

µ+ 1, ν + 1, µ+ ν + 1; 4b2

a2

)
+

2ν−µ−1bµ−ν

as+µ−ν
Γ

[
ν, s+ µ− ν

µ+ 1

]
× 4F3

(µ−ν+1
2 , µ−ν+2

2 , s+µ−ν2 , s+µ−ν+1
2

µ+ 1, 1− ν, µ− ν + 1; 4b2

a2

)
[Re a, Re b > 0; Re (s+ µ) > |Re ν|]

3 e−ax±bxIµ (ax)Kν (bx)

√
π aµ

2s+2µ bs+µ
(cos (νπ) sec [(s+ µ)π])

(1±1)/2

× Γ

[
s+ µ− ν, s+ µ+ ν

µ+ 1, 2s+2µ+1
2

]
3F2

( 2µ+1
2 , s+ µ− ν, s+ µ+ ν

2µ+ 1, 2s+2µ+1
2 ; ±ab

)
− (1± 1)π

2s+1as−1/2
√
b

sec [(s+ µ)π] Γ

[
1− s

3−2s−2µ
2 , 3−2s+2µ

2

]
× 3F2

( 1−2ν
2 , 1+2ν

2 , 1− s
3−2s−2µ

2 , 3−2s+2µ
2 ; ±ab

)
[
Re a > 0; Re (s+ µ) > |Re ν|;

{
Re s < 1; |arg b| < π

Re b > 0

}]

4 e−ax
2

Iµ (bx)Kν (bx)
a−(s+µ+ν)/2 bµ+ν

2µ+ν+2
Γ

[
−ν, s+µ+ν2

µ+ 1

]
3F3

(µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 ; b2

a

µ+ 1, ν + 1, µ+ ν + 1

)
+

2ν−µ−2 bµ−ν

a(s+µ−ν)/2
Γ

[
ν, s+µ−ν2

µ+ 1

]
3F3

(µ−ν+1
2 , µ−ν+2

2 , s+µ−ν2 ; b2

a

µ+ 1, 1− ν, µ− ν + 1

)
[Re a, Re b > 0; Re (s+ µ) > |Re ν|]

5 e−ax
2

Iµ
(
ax2
)
Kν (bx)

2−(s+3ν)/2−2bν√
π a(s+ν)/2

Γ

[−ν, 1−s−ν
2 , s+2µ+ν

2
1−s+2µ−ν

2

]
2F2

( s−2µ+ν
2 , s+2µ+ν

2

1 + ν, s+ν+1
2 ; b2

8a

)
+

2(3ν−s)/2−2bν√
π a(s−ν)/2

Γ

[
ν, 1−s+ν

2 , s+2µ−ν
2

2−s+2µ+ν
2

]
2F2

( s−2µ−ν
2 , s+2µ−ν

2

1− ν, s−ν+1
2 ; b2

8a

)
+

2s−7/2 b1−s√
πa

Γ

(
s− ν − 1

2

)
Γ

(
s+ ν − 1

2

)
× 2F2

( 1−2µ
2 , 1+2µ

2
3−s−ν

2 , 3−s+ν
2 ; b2

8a

)
[Re a, Re b > 0; Re (s+ 2µ) > |Re ν|]
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No. f (x) F (s)

6 e−axIµ (b
√
x)Kν (ax)

√
π bµ

2s+3µ/2as+µ/2
Γ

[ 2s−2ν+µ
2 , 2s+2ν+µ

2

µ+ 1, 2s+µ+1
2

]
2F2

( 2s−2ν+µ
2 , 2s+2ν+µ

2

µ+ 1, 2s+µ+1
2 ; b2

8a

)
[Re a, Re b > 0; Re (s+ µ/2) > |Re ν|]

7

{
sinh (ax)

cosh (ax)

}
2s+δ−2aµ+δb−s−µ−δ Γ

[ s+µ−ν+δ
2 , s+µ+ν+δ2

µ+ 1

]

× Iµ (ax)Kν (bx) × 4F3

( 2µ+2δ+1
4 , 2µ+2δ+3

4 , s+µ−ν+δ2 , s+µ+ν+δ2
2δ+1

2 , 2µ+2δ+1
2 , µ+ 1; 4a2

b2

)
[Re b > 2|Re a|; Re s > |Re ν| − Reµ− δ]

8

{
sin (ax)

cos (ax)

}
2−µ−ν−1 bµ+ν

as+µ+ν

{
sin [(s+ µ+ ν)π/2]

cos [(s+ µ+ ν)π/2]

}
Γ

[
−ν, s+ µ+ ν

µ+ 1

]

× Iµ (bx)Kν (bx) × 4F3

(µ+ν+1
2 , µ+ν+2

2 , s+µ+ν2 , s+µ+ν+1
2

µ+ 1, ν + 1, µ+ ν + 1; − 4b2

a2

)

+
2ν−µ−1 bµ−ν

as+µ−ν

{
sin [(s+ µ− ν)π/2]

cos [(s+ µ− ν)π/2]

}
Γ

[
ν, s+ µ− ν

µ+ 1

]

× 4F3

(µ−ν+1
2 , µ−ν+2

2 , s+µ−ν2 , s+µ−ν+1
2

µ+ 1, 1− ν, µ− ν + 1; − 4b2

a2

)
[a, Re b > 0; |Re ν| − Reµ− (1± 1) /2 < Re s < 2]

9 Iλ (ax) Iµ (bx)Kν (cx)
2s−1aλbµ

cs+λ+µ
Γ

[ s+λ+µ−ν
2 , s+λ+µ+ν2

λ+ 1, µ+ 1

]

× F4

(
s+ λ+ µ− ν

2
,
s+ λ+ µ+ ν

2
; λ+ 1, µ+ 1;

a2

c2
,
b2

c2

)
[
|c| > |a|+ |b|; Re c > |Re a|+ |Re b|;

Re (s+ λ+ µ) > |Re ν|

]

10 Iλ (ax) Iµ (ax)Kν (bx)
2s−2aλ+µ

bs+λ+µ
Γ

[ s+λ+µ−ν
2 , s+λ+µ+ν2

λ+ 1, µ+ 1

]

× 4F3

(λ+µ+1
2 , λ+µ+2

2 , s+λ+µ−ν2 , s+λ+µ+ν2

λ+ 1, µ+ 1, λ+ µ+ 1; 4a2

b2

)
[Re b > 2|Re a|; Re (s+ λ+ µ) > |Re ν|]
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3.14.17. Kν (ax) and Iµ (ax), Jλ (bx)

1 Jλ (ax) Iµ (bx)Kν (bx)
2s−2 bµ+ν

as+µ+ν
Γ

[ −ν, s+λ+µ+ν2

µ+ 1, 2−s+λ−µ−ν
2

]
× 4F3

(µ+ν+1
2 , µ+ν+2

2 , s−λ+µ+ν2 , s+λ+µ+ν2

µ+ 1, ν + 1, µ+ ν + 1; − 4b2

a2

)
+

2s−2 bµ−ν

as+µ−ν
Γ

[
ν, s+λ+µ−ν2

µ+ 1, 2−s+λ−µ+ν
2

]
× 4F3

(µ−ν+1
2 , µ−ν+2

2 , s−λ+µ−ν2 , s+λ+µ−ν2

µ+ 1, 1− ν, µ− ν + 1; − 4b2

a2

)
[a, Re b > 0; |Re ν| − Re (λ+ µ) < Re s < 5/2]

2 Jλ (ax) Iµ (bx)Kν (cx)
2s−2 aλbµ

cs+λ+µ
Γ

[ s+λ+µ−ν
2 , s+λ+µ+ν2

λ+ 1, µ+ 1

]
× F4

(
s+ λ+ µ− ν

2
,
s+ λ+ µ+ ν

2
;

λ+ 1, µ+ 1; −a
2

c2
,
b2

c2

)
[Re c > |Im a|+ |Re b|; Re (s+ λ+ µ) > |Re ν|]

3.14.18. Products of Kµ (ϕ (x))

1 Kµ (ax)Kν (bx)
2s−3aν−s

bν
Γ

[
ν,
s− µ− ν

2
,
s+ µ− ν

2

]
2F1

( s−µ−ν
2 , s+µ−ν2

1− ν; b2

a2

)
+

2s−3a−ν−s

b−ν
Γ

[
−ν, s− µ+ ν

2
,
s+ µ+ ν

2

]
2F1

( s−µ+ν
2 , s+µ+ν2

1 + ν; b2

a2

)
[Re (a+ b) > 0; Re s > |Reµ|+ |Re ν|]

2 Kν (ax)Kν (bx)

√
π

ab

2s−3

|a2 − b2|(s−1)/2
Γ

[
s

2
,
s− 2ν

2
,
s+ 2ν

2

]
P

(1−s)/2
ν−1/2

(
a2 + b2

2ab

)

3 =
eiνπ2s−2

|a2 − b2|s/2
Γ
(s

2

)
Γ

(
s+ 2ν

2

)
Q−νs/2−1

(
a2 + b2

|a2 − b2|

)
[Re (a+ b) > 0; Re s > 2|Re ν|]

4 Kµ (ax)Kν (ax)
2s−3

as Γ (s)
Γ

[
s+ µ+ ν

2
,
s+ µ− ν

2
,
s+ ν − µ

2
,
s− µ− ν

2

]
[Re a > 0; Re s > |Reµ|+ |Re ν|]
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No. f (x) F (s)

5 Kµ (a
√
x)Kν (bx)

2s−µ/2−3aµ

bs+µ/2
Γ

[
−µ, 2s+ µ− 2ν

4
,

2s+ µ+ 2ν

4

]
× 2F3

( 2s+µ−2ν
4 , 2s+µ+2ν

4
1
2 ,

1+µ
2 , 2+µ

2 ; a4

64b2

)
+

2s+µ/2−3a−µ

bs−µ/2
Γ

[
µ,

2s− µ− 2ν

4
,

2s− µ+ 2ν

4

]
× 2F3

( 2s−µ−2ν
4 , 2s−µ+2ν

4
1
2 ,

1−µ
2 , 2−µ

2 ; a4

64b2

)
− 2s−µ/2−4aµ+2

bs+µ/2+1

× Γ

[
−µ− 1,

2s+ µ− 2ν + 2

4
,

2s+ µ+ 2ν + 2

4

]
× 2F3

( 2s+µ−2ν+2
4 , 2s+µ+2ν+2

4
3
2 ,

2+µ
2 , 3+µ

2 ; a4

64b2

)
− 2s+µ/2−4a2−µ

bs−µ/2+1

× Γ

[
µ− 1,

2s− µ− 2ν + 2

4
,

2s− µ+ 2ν + 2

4

]
× 2F3

( 2s−µ−2ν+2
4 , 2s−µ+2ν+2

4
3
2 ,

2−µ
2 , 3−µ

2 ; a4

64b2

)
[Re b > 0; Re s > |Reµ|/2 + |Re ν|]

6 Kµ

(a
x

)
Kν (bx)

2s−2µ−3 aµ

bs−µ
Γ

[
−µ, s− µ− ν

2
,
s− µ+ ν

2

]
× 0F3

( a2b2

16

1 + µ, 2−s+µ−ν
2 , 2−s+µ+ν

2

)
+

2s+2µ−3a−µ

bs+µ
Γ

[
µ,

s+ µ− ν
2

,
s+ µ+ ν

2

]
× 0F3

( a2b2

16

1− µ, 2−s−µ−ν
2 , 2−s−µ+ν

2

)
+
as+ν bν

2s+2ν+3
Γ

[
−ν, µ− ν − s

2
, −µ+ ν + s

2

]
× 0F3

( a2b2

16

1 + ν, s−µ+ν+2
2 , s+µ+ν+2

2

)
+
as−νb−ν

2s−2ν+3

× Γ

[
ν,
µ+ ν − s

2
,
ν − µ− s

2

]
0F3

( a2b2

16

1− ν, s−µ−ν+2
2 , s+µ−ν+2

2

)
[Re a, Re b > 0]

7 Kν

(
b
√
x2 + a2 − ab

) √
π

2

(a
b

)s/2
Γ

[ s−2ν
2 , s+2ν

2
s+1
2

]
Ks/2 (2ab)

×Kν

(
b
√
x2 + a2 + ab

)
[Re a, Re b > 0; Re s > 2|Re ν|]
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3.14.19. Products of Kµ (axr) and the exponential function

1 e(a±b)xKµ (ax)Kν (bx)

√
π aµ

2s+2µ+1 bs+µ
Γ

[
−µ, s+ µ− ν, s+ µ+ ν

2s+2µ+1
2

]
× [cos (νπ) sec (s+ µ)π]

(1±1)/2

× 3F2

( 1+2µ
2 , s+ µ− ν, s+ µ+ ν

2µ+ 1, 2s+2µ+1
2 ; ∓ab

)
+

√
π a−µ

2s−2µ+1bs−µ

× Γ

[
µ, s− µ− ν, s− µ+ ν

2s−2µ+1
2

]
[cos (νπ) sec (s− µ)π]

(1±1)/2

× 3F2

( 1−2µ
2 , s− ν − µ, s+ ν − µ
1− 2µ, 2s−2µ+1

2 ; ∓ab

)
+

(1± 1) cos (µπ)

2s+1as−1/2
√
b

Γ

[
2s− 2µ− 1

2
,

2s+ 2µ− 1

2
, 1− s

]
× 3F2

( 1+2ν
2 , 1−2ν

2 , 1− s; ∓ab
3−2s−2µ

2 , 3−2s+2µ
2

)
[
Re s > |Reµ|+ |Re ν|;

{
Re a, Re b > 0; Re s < 1

Re b > 0

}]

2 e−(a+b)xKµ (ax)Kν (bx)

√
π bν

2s+2ν+1as+ν
Γ

[
−ν, s+ µ+ ν, s− µ+ ν

2s+2ν+1
2

]
× 3F2

( 1+2ν
2 , s+ µ+ ν, s− µ+ ν

1 + 2ν, 2s+2ν+1
2 ; − b

a

)
+

√
π aν−s b−ν

2s−2ν+1
Γ

[
ν, s+ µ− ν, s− µ− ν

2s−2ν+1
2

]
× 3F2

( 1−2ν
2 , s+ µ− ν, s− µ− ν
1− 2ν, 2s−2ν+1

2 ; − b
a

)
[Re (a+ b) > 0; Re s > |Reµ|+ |Re ν|]

3 e±ax
2

Kµ

(
ax2
)
Kν (bx)

√
π bν

2(s+3ν)/2+2a(s+ν)/2

[
cos (µπ) sec

(s+ ν)π

2

](1±1)/2
× Γ

[−ν, s+2µ+ν
2 , s−2µ+ν2
s+ν+1

2

]
2F2

( s+2µ+ν
2 , s−2µ+ν2

ν + 1, s+ν+1
2 ; ∓ b2

8a

)
+

√
π a(ν−s)/2b−ν

2(s−3ν)/2+2

[
cos (µπ) sec

(s− ν)π

2

](1±1)/2
× Γ

[
ν, s+2µ−ν

2 , s−2µ−ν2
s−ν+1

2

]
2F2

( s+2µ−ν
2 , s−2µ−ν2

1− ν, s−ν+1
2 ; ∓ b2

8a

)
+

(1± 1)

29/2−sbs−1

×
√
π

a
Γ

(
s− ν − 1

2

)
Γ

(
s+ ν − 1

2

)
2F2

( 1+2µ
2 , 1−2µ

2
3−s−ν

2 , 3−s+ν
2 ; − b2

8a

)
[
Re s > 2|Reµ|+ |Re ν|;

{
Re a > 0

Re b > 0

}]
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No. f (x) F (s)

4 e±a/x
2

Kµ

( a
x2

)
Kν (bx)

2s−3µ−3 aµ

bs−2µ
Γ

[
−µ, s− 2µ+ ν

2
,
s− 2µ− ν

2

]
× 1F3

( 1+2µ
2 ; ±ab

2

2

1 + 2µ, 1−s+2µ−ν
2 , 1−s+2µ+ν

2

)
+

2s+3µ−3 a−µ

bs+2µ
Γ

[
µ,

s+ 2µ− ν
2

,
s+ 2µ+ ν

2

]
× 1F3

( 1−2µ
2 ; ±ab

2

2

1− 2µ, 2−s−2µ−ν
2 , 2−s−2µ+ν

2

)
+

√
π a(s+ν)/2bν

2(ν−s)/2+2
Γ

[−ν, 2µ−ν−s
2 , −2µ−ν−s2
1−s−ν

2

]
×
[
cos (µπ) sec

(s+ ν)π

2

](1±1)/2
× 1F3

( s+ν+1
2 ; ±ab

2

2

1 + ν, s−2µ+ν+2
2 , s+2µ+ν+2

2

)
+

2(s+ν)/2−2
√
π

a(ν−s)/2bν
Γ

[
ν, 2µ+ν−s

2 , −2µ+ν−s2
1−s+ν

2

]
×
[
cos (µπ) sec

(s− ν)π

2

](1±1)/2
× 1F3

( s−ν+1
2 ; ±ab

2

2

1− ν, s−2µ−ν+2
2 , s+2µ−ν+2

2

)
[
Re b > 0;

{
Re s > |Re ν| − 1

Re a > 0

}]

3.14.20. Products of Kµ (axr) and trigonometric or hyperbolic functions

Notation: δ =

{
1

0

}
.

1 sin (ax)Kµ (bx)Kν (bx)
2s−2a

bs+1
Γ

[ s+µ+ν+1
2 , s+µ−ν+1

2 , s−µ+ν+1
2 , s−µ−ν+1

2

s+ 1

]
× 4F3

( s+µ+ν+1
2 , s+µ−ν+1

2 , s−µ+ν+1
2 , s−µ−ν+1

2
3
2 ,

s+1
2 , s+2

2 ; − a2

4b2

)
[2 Re b > |Im a|; Re s > |Reµ|+ |Re ν| − 1]

2 cos (ax)Kµ (bx)Kν (bx)
2s−3

bs
Γ

[ s+µ+ν
2 , s+µ−ν2 , s−µ+ν2 , s−µ−ν2

s

]
× 4F3

( s+µ+ν
2 , s+µ−ν2 , s−µ+ν2 , s−µ−ν2

1
2 ,

s
2 ,

s+1
2 ; − a2

4b2

)
[2 Re b > |Im a|; Re s > |Reµ|+ |Re ν|]



236 Chapter 3. Special Functions

No. f (x) F (s)

3

{
sin (ax) sinh (ax)

cos (ax) cosh (ax)

} √
π a2δ

4bs+2δ
Γ

[ s−µ−ν+2δ
2 , s−µ+ν+2δ

2 , s+µ−ν+2δ
2 , s+µ+ν+2δ

2
s+2δ
2 , s+2δ+1

2

]
× Kµ (bx)Kν (bx) × 8F7

(
∆
(
2, s−µ−ν+2δ

2

)
, ∆
(
2, s−µ+ν+2δ

2

)
,

2δ+1
4 , 2δ+3

4 , 2δ+1
2 ,

∆
(
2, s+µ−ν+2δ

2

)
, ∆
(
2, s+µ+ν+2δ

2

)
∆
(
4, s+ 2δ

)
; − a4

4b4

)
[Re b > (Re a+ Im a) /2; Re s > |Reµ|+ |Re ν|]

4

{
sin (ax) cosh (ax)

cos (ax) sinh (ax)

} √
π a

4bs+1
Γ

[ s−µ−ν+1
2 , s−µ+ν+1

2 , s+µ−ν+1
2 , s+µ+ν+1

2
s+1
2 , s+2

2

]
× Kµ (bx)Kν (bx) × 8F7

(
∆
(
2, s−µ−ν+1

2

)
, ∆
(
2, s−µ+ν+1

2

)
,

1
2 ,

3
4 ,

5
4 ,

∆
(
2, s+µ−ν+1

2

)
, ∆
(
2, s+µ+ν+1

2

)
∆
(
4, s+ 1

)
; − a4

4b4

)
±
√
π a3

12bs+3
Γ

[ s−µ−ν+3
2 , s−µ+ν+3

2 , s+µ−ν+3
2 , s+µ+ν+3

2
s+3
2 , s+4

2

]
× 8F7

(
∆
(
2, s−µ−ν+3

2

)
, ∆
(
2, s−µ+ν+3

2

)
,

5
4 ,

3
2 ,

7
4 ,

∆
(
2, s+µ−ν+3

2

)
, ∆
(
2, s+µ+ν+3

2

)
∆
(
4, s+ 3

)
; − a4

4b4

)
[Re b > (Re a+ Im a) /2; Re s > |Reµ|+ |Re ν|]

5

{
sin (a

√
x) sinh (a

√
x)

cos (a
√
x) cosh (a

√
x)

}
2s+δ−3a2δ

bs+δ
Γ

[ s−µ−ν+δ
2 , s−µ+ν+δ2 , s+µ−ν+δ2 , s+µ+ν+δ2

s+ δ

]
×Kµ (bx)Kν (bx) × 4F5

( s−µ−ν+δ
2 , s−µ+ν+δ2 , s+µ−ν+δ2 , s+µ+ν+δ2

2δ+1
4 , 2δ+3

4 , 2δ+1
2 , s+δ2 , s+δ+1

2 ;− a4

64b2

)
[Re b > 0; Re s > |Reµ|+ |Re ν| − δ]

6

{
sin (a

√
x) cosh (a

√
x)

cos (a
√
x) sinh (a

√
x)

}
2s−5/2a

bs+1/2
Γ

[ 2s−2µ−2ν+1
4 , 2s−2µ+2ν+1

4 , 2s+2µ−2ν+1
4 , 2s+2µ+2ν+1

4
2s+1
2

]
×Kµ (bx)Kν (bx) × 4F5

( 2s−2µ−2ν+1
4 , 2s−2µ+2ν+1

4 , 2s+2µ−2ν+1
4 , 2s+2µ+2ν+1

4
1
2 ,

3
4 ,

5
4 ,

2s+1
4 , 2s+3

4 ; − a4

64b2

)
± 2s−3/2a3

3bs+3/2
Γ

[ 2s−2µ−2ν+3
4 , 2s−2µ+2ν+3

4 , 2s+2µ−2ν+3
4 , 2s+2µ+2ν+3

4
2s+3
2

]
× 4F5

( 2s−2µ−2ν+3
4 , 2s−2µ+2ν+3

4 , 2s+2µ−2ν+3
4 , 2s+2µ+2ν+3

4
5
4 ,

3
2 ,

7
4 ,

2s+3
4 , 2s+5

4 ; − a4

64b2

)
[Re b > 0; Re s > |Reµ|+ |Re ν| − 1/2]
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3.14.21. Products of Kν (ax) and erf (b
√
x), erfi (b

√
x)

Notation: δ =

{
1

0

}
.

1 erf (a
√
x) erfi (a

√
x)

2sa2b−s−1

π
Γ

[ s−µ−ν+1
2 , s−µ+ν+1

2 , s+µ−ν+1
2 , s+µ+ν+1

2

s+ 1

]

×Kµ (bx)Kν (bx) × 6F5

( 1
2 , 1, s−µ−ν+1

2 , s−µ+ν+1
2 , s+µ−ν+1

2 , s+µ+ν+1
2

3
4 ,

5
4 ,

3
2 ,

s+1
2 , s+2

2 ; a4

4b2

)
[Re b > 0; Re s > (|Reµ|+ |Re ν|)− 1]

3.14.22. Products of Kν (ax) and S (cx), C (cx)

Notation: δ =

{
1

0

}
.

1

{
S (ax)

C (ax)

}
aδ+1/2b−s−δ−1/2

2
√

2 (2δ + 1)
Γ

[ 2s−2µ−2ν+2δ+1
4 , 2s−2µ+2ν+2δ+1

4
2s+2δ+1

4

]

×Kµ (bx)Kν (bx) × Γ

[ 2s+2µ−2ν+2δ+1
4 , 2s+2µ+2ν+2δ+1

4
2s+2δ+3

4

]

× 5F4

( 2δ+1
4 , 2s−2µ−2ν+2δ+1

4 , 2s−2µ+2ν+2δ+1
4 ,

2δ+1
2 , 2δ+5

4 ,

2s+2µ−2ν+2δ+1
4 , 2s+2µ+2ν+2δ+1

4
2s+2δ+1

4 , 2s+2δ+3
4 ; − a2

4b2

)
[Re b > |Im a|; Re s > |Reµ|+ |Re ν| − δ − 1/2]

3.14.23. Products of Kν (ax) and Jλ (bxr), Iµ (cxr)

1 Jλ (ax)Kµ (bx)Kν (cx)
2s−3aλ

cs+λ Γ (λ+ 1)

{(
b

c

)µ
Γ

[
−µ, s+ λ+ µ− ν

2
,
s+ λ+ µ+ ν

2

]

× F4

(
s+ λ+ µ− ν

2
,
s+ λ+ µ+ ν

2
; λ+ 1, µ+ 1; −a

2

c2
;
b2

c2

)

+

(
b

c

)−µ
Γ

[
µ,

s+ λ− µ− ν
2

,
s+ λ− µ+ ν

2

]

× F4

(
s+ λ− µ− ν

2
,
s+ λ− µ+ ν

2
; λ+ 1, 1− µ; −a

2

c2
,
b2

c2

)}
[Re (b+ c) > |Im a|; Re (s+ λ) > |Reµ|+ |Re ν|]
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No. f (x) F (s)

2

{
Jλ (ax)

Iλ (ax)

}
Kµ (bx)

2s−3aλ

bs+λ
Γ

[ s+λ+µ+ν
2 , s+λ+µ−ν2 , s+λ−µ+ν2 , s+λ−µ−ν2

λ+ 1, s+ λ

]
×Kν (bx) × 4F3

( s+λ+µ+ν
2 , s+λ+µ−ν2 , s+λ−µ+ν2 , s+λ−µ−ν2

λ+ 1, s+λ2 , s+λ+1
2 ; ∓ a2

4b2

)
[
2 Re b >

{
|Im a|
|Re a|

}
; Re (s+ λ) > |Reµ|+ |Re ν|

]
3 Jµ (a

√
x)Kµ (a

√
x)

2s−3

µbs
Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)
2F3

( s−ν
2 , s+ν2 ; − a4

16b2

1
2 ,

2−µ
2 , 2+µ

2

)
− 2s−3a2

bs+1 (µ2 − 1)

×Kν (bx) × Γ

(
s− ν + 1

2

)
Γ

(
s+ ν + 1

2

)
2F3

( s−ν+1
2 , s+ν+1

2 ; − a4

16b2

3
2 ,

3−µ
2 , 3+µ

2

)
+

2s−µ−3a2µ

bs+µ
Γ

[
−µ, s+µ−ν2 , s+µ+ν2

µ+ 1

]
2F3

( s+µ−ν
2 , s+µ+ν2 ; − a4

16b2

µ+ 1, µ+1
2 , µ+2

2

)
[a, Re b, Re (s+ ν) , Re (s+ µ+ ν) > 0]

4 Iλ (ax)Kµ (ax)Kν (bx)
2s−3aλ+µ

bs+λ+µ
Γ

[
−µ, s+λ+µ+ν2 , s+λ+µ−ν2

λ+ 1

]
× 4F3

(λ+µ+1
2 , λ+µ+2

2 , s+λ+µ+ν2 , s+λ+µ−ν2

λ+ 1, µ+ 1, λ+ µ+ 1; 4a2

b2

)
+

2s−3aλ−µ

bs+λ−µ
Γ (µ)

× Γ

[ s+λ−µ+ν
2 , s+λ−µ−ν2

λ+ 1

]
4F3

(λ−µ+1
2 , λ−µ+2

2 , s+λ−µ+ν2 , s+λ−µ−ν2

1− µ, λ+ 1, λ− µ+ 1; 4a2

b2

)
[Re a, Re b > 0; Re (s+ λ) > |Reµ|+ |Re ν|]

5 Kλ (ax)Kµ (bx)Kν (cx)
2s−4

cs
[A (λ, µ) +A (λ, −µ) +A (−λ, µ) +A (−λ, −µ)]

A (λ, µ) =

(
a

c

)λ(
b

c

)µ
Γ

[
−λ, −µ, s+ λ+ µ− ν

2
,
s+ λ+ µ+ ν

2

]
× F4

(
s+ λ+ µ− ν

2
,
s+ λ+ µ+ ν

2
; λ+ 1, µ+ 1;

a2

c2
,
b2

c2

)
[Re (a+ b+ c) > 0; Re s > |Reλ|+ |Reµ|+ |Re ν|]

6 Kλ (ax)Kµ (ax)Kν (bx)
2s−4b−ν

as−ν
Γ

[
ν, s+λ+µ−ν2 , s−λ+µ−ν2 , s+λ−µ−ν2 , s−λ−µ−ν2

s− ν

]
× 4F3

( s+λ+µ−ν
2 , s−λ+µ−ν2 , s+λ−µ−ν2 , s−λ−µ−ν2

1− ν, s−ν2 , s−ν+1
2 ; b2

4a2

)
+

2s−4bν

as+ν
Γ

[
−ν, s+λ+µ+ν2 , s−λ+µ+ν2 , s+λ−µ+ν2 , s−λ−µ+ν2

s+ ν

]
× 4F3

( s+λ+µ+ν
2 , s−λ+µ+ν2 , s+λ−µ+ν2 , s−λ−µ+ν2

1 + ν, s+ν2 , s+ν+1
2 ; b2

4a2

)
[Re (2a+ b) > 0; Re s > |Reλ|+ |Reµ|+ |Re ν|]
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3.15. The Struve Functions Hν (z) and Lν (z)

More formulas can be obtained from the corresponding sections due to the relations

H±1/2 (z) =

√
2

π

1√
z

{
1− cos z

sin z

}
, L±1/2 (z) =

√
2

π

1√
z

{
cosh z − 1

sinh z

}
,

H−n−1/2 (z) = (−1)
n
Jn+1/2 (z) , L−n−1/2 (z) = In+1/2 (z) ,{

Hν (z)

Lν (z)

}
=

2−νzν+1

√
π Γ (ν + 3/2)

1F2

(
1;

3

2
, ν +

3

2
; ∓z

2

4

)
,

Hν (z) = zν+1
(
z2
)−(ν+1)/2

G11
13

(
z2

4

∣∣∣∣ (ν + 1) /2

(ν + 1) /2, −ν/2, ν/2

)
.

3.15.1. Hν (bx), Lν (bx), and algebraic functions

No. f (x) F (s)

1 Hν (ax)
2s−1

as
tan

(s+ ν)π

2
Γ

[ s+ν
2

2−s+ν
2

]
[a > 0; Re s < 3/2; |Re (s+ ν)| < 1]

2 (a− x)
α−1
+

{
Hν (bx)

Lν (bx)

}
as+α+ν bν+1

2ν
√
π Γ
(
2ν+3

2

) B (α, s+ ν + 1) 3F4

(
1, s+ν+1

2 , s+ν+2
2 ; ∓a

2b2

4
3
2 ,

2ν+3
2 , s+α+ν+1

2 , s+α+ν+2
2

)
[a, Reα > 0; Re (s+ ν) > −1]

3 (x− a)
α−1
+ Hν (bx)

as+α+ν bν+1

2ν
√
π

Γ

[
α, −s− α− ν
2ν+3

2 , −s− ν

]
3F4

(
1, s+ν+1

2 , s+ν+2
2 ; −a

2b2

4
3
2 ,

2ν+3
2 , s+α+ν+1

2 , s+α+ν+2
2

)
+
π

2

(
b

2

)1−α−s

csc
(s+ α+ ν)π

2

1

Γ
(
3−s−α+ν

2

)
Γ
(
3−s−α−ν

2

)
× 2F3

( 1−α
2 , 2−α

2 ; −a
2b2

4
1
2 ,

3−s−α−ν
2 , 3−s−α+ν

2

)
− πa

2

(
b

2

)2−α−s

sec
(s+ α+ ν)π

2

1− α
Γ
(
4−s−α−ν

2

)
Γ
(
4−s−α+ν

2

)
× 2F3

( 2−α
2 , 3−α

2 ; −a
2b2

4
3
2 ,

4−s−α+ν
2 , 4−s−α−ν

2

)
[a, b, Reα > 0; Re (s+ α) < 5/2, 2− Re ν]

4
(
a2 − x2

)α−1
+

as+2α+ν−1 bν+1

2ν+1
√
π Γ
(
2ν+3

2

) B

(
α,

s+ ν + 1

2

)
2F3

(
1, s+ν+1

2 ; ∓a
2b2

4
3
2 ,

2ν+3
2 , s+2α+ν+1

2

)
×
{

Hν (bx)

Lν (bx)

}
[a, Reα > 0; Re (s+ ν) > −1]
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No. f (x) F (s)

5
(
x2 − a2

)α−1
+

Hν (bx)
as+2α+ν−1 bν+1

2ν+1
√
π Γ
(
2ν+3

2

) B

(
α,

1− s− 2α− ν
2

)
2F3

(
1, s+ν+1

2 ; −a
2b2

4
3
2 ,

2ν+3
2 , s+2α+ν+1

2

)

− π

2

(
b

2

)2−2α−s sec (s+2α+ν)π
2

Γ
(
4−s−2α−ν

2

)
Γ
(
4−s−2α+ν

2

)
× 1F2

(
1− α; −a

2b2

4
4−s−2α+ν

2 , 4−s−2α−ν
2

)
[a, Reα > 0; Re (s+ 2α) < 7/2, 3− Re ν]

6
1

(x+ a)
ρ Hν (bx)

as+ν−ρ+1bν+1

2ν
√
π Γ
(
2ν+3

2

) B (s+ ν + 1, ρ− ν − s− 1)

× 3F4

(
1, s+ν+1

2 , s+ν+2
2 ; −a

2b2

4
3
2 ,

2ν+3
2 , s+ν−ρ+2

2 , s+ν−ρ+3
2

)
+
π

2

(
b

2

)ρ−s
×

sec (s+ν−ρ)π
2

Γ
(
2−s−ν+ρ

2

)
Γ
(
2−s+ν+ρ

2

) 2F3

( ρ
2 ,

ρ+1
2 ; −a

2b2

4
1
2 ,

2−s−ν+ρ
2 , 2−s+ν+ρ

2

)
− πa

2

(
b

2

)ρ−s+1 ρ csc (s+ν−ρ)π
2

Γ
(
3−s−ν+ρ

2

)
Γ
(
3−s+ν+ρ

2

)
× 2F3

( ρ+1
2 , ρ+2

2 ; −a
2b2

4
3
2 ,

3−s−ν+ρ
2 , 3−s+ν+ρ

2

)
[

b > 0; Re (s− ρ) < 3/2;

−1 < Re (s+ ν) < Re ρ+ 1; |arg a| < π

]

7
1

x− a
Hν (bx) −π as−1 cot [(s+ ν)π] Hν (ab)

+
2s−2π csc (s+ν)π

2

bs−1Γ
(
3−s−ν

2

)
Γ
(
3−s+ν

2

) 1F2

(
1; −a

2b2

4
3−s−ν

2 , 3−s+ν
2

)

− π

2

(
b

2

)2−s a sec (s+ν)π
2

Γ
(
4−s−ν

2

)
Γ
(
4−s+ν

2

) 1F2

(
1; −a

2b2

4
4−s−ν

2 , 4−s+ν
2

)
[a, b > 0; −1 < Re (s+ ν) < 3; Re s < 5/2]

8
1

(x2 + a2)
ρ Hν (bx)

as+ν−2ρ+1 bν+1

2ν+1
√
π Γ
(
2ν+3

2

) B

(
s+ ν + 1

2
,

2ρ− ν − s− 1

2

)
× 2F3

(
1, s+ν+1

2 ; a2b2

4
3
2 ,

2ν+3
2 , s+ν−2ρ+3

2

)
+

π (b/2)
2ρ−s

2Γ
(
2−s−ν+2ρ

2

)
Γ
(
2−s+ν+2ρ

2

)
× sec

(s+ ν − 2ρ)π

2
1F2

(
ρ; a2b2

4
2−s−ν+2ρ

2 , 2−s+ν+2ρ
2

)
[
b, Re a > 0; Re (s− 2ρ) < 3/2;

−1 < Re (s+ ν) < 2 Re ρ+ 1

]
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No. f (x) F (s)

9
1

x2 − a2
Hν (bx)

π as−2

2
tan

(s+ ν)π

2
Hν (ab) + 2s−3b2−s tan

(s+ ν)π

2

× Γ

[ s+ν−2
2

4−s+ν
2

]
1F2

(
1; −a

2b2

4
4−s−ν

2 , 4−s+ν
2

)
[a, b > 0; Re s < 7/2; − 1 < Re (s+ ν) < 3]

10 (a− x)
α−1
+

as+α+2ν+1bν+1

2ν
√
π

Γ

[
α+ ν + 1, s+ ν + 1
2ν+3

2 , s+ α+ 2ν + 2

]
×
{

Hν (bx(a− x))

Lν (bx(a− x))

}
× 5F6

(
1, ∆ (2, α+ ν + 1) , ∆ (2, s+ ν + 1)
3
2 ,

2ν+3
2 , ∆ (4, s+ α+ 2ν + 2) ; ∓a4b264

)
[a > 0; Re (s+ ν) , Re (α+ ν) > −1]

11 (a− x)
α−1
+

as+α+νbν+1

2ν
√
π

Γ

[ 2α+ν+1
2 , 2s+ν+1

2
2ν+3

2 , s+ α+ ν + 1

]
×
{

Hν

(
b
√
x(a− x)

)
Lν
(
b
√
x(a− x)

) } × 3F4

(
1, 2α+ν+1

2 , 2s+ν+1
2 ; ∓a

2b2

16
3
2 ,

2ν+3
2 , s+α+ν+1

2 , s+α+ν+2
2

)
[a > 0; Re s, Reα > −Re (ν + 1) /2]

12
(
x2 + a2

)−ν/2 1

(2a)
ν

(a
b

)s/2
Γ
(s

2

)[ 1

π
Γ

[ 1−s
2

2ν+1
2

]
Ss/2+ν,s/2−ν (ab)

×Hν

(
b
√
x2 + a2

)
+ 2ν−s/2−1Yν−s/2 (ab)

]
[a, b > 0; 0 < Re s < 1, Re ν + 3/2]

13
(
x2 + a2

)ν/2 2s/2−1as/2+ν

bs/2
Γ
(s

2

)
sec

(2ν + s)π

2

×Hν

(
b
√
x2 + a2

)
×
[
cos (νπ) Hs/2+ν (ab) + sin (sπ) J−s/2−ν (ab)

]
[a, b > 0; 0 < Re s < 1− 2 Re ν, 3/2− Re ν]

14
(
a2 − x2

)−ν/2
+

as+1bν+1

2ν+2
Γ

[ s
2

2ν+3
2 , s+3

2

]
1F2

(
1; −a

2b2

4
2ν+3

2 , s+3
2

)
[a, b, Re s > 0]

×Hν

(
b
√
a2 − x2

)
15

(
a2 − x2

)ν/2
+

2s/2−1as/2+ν

bs/2
Γ
(s

2

){Hs/2+ν (ab)

Ls/2+ν (ab)

}
×
{

Hν

(
b
√
a2 − x2

)
Lν
(
b
√
a2 − x2

) } [a, b, Re s > 0; Re ν > −3/2]
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No. f (x) F (s)

16
1

(x+ a)
ρ

as−ρbν+1

2ν
√
π Γ
(
2ν+3

2

) B (s+ ν + 1, ρ− s) 3F4

(
1, s+ν+1

2 , s+ν+2
2 ; ∓ b

2

4
3
2 ,

2ν+3
2 , ν+ρ+1

2 , ν+ρ+2
2

)
×
{

Hν

(
bx/ (x+ a)

)
Lν
(
bx/ (x+ a)

) } [−Re ν − 1 < Re s < Re ρ; |arg a| < π]

17
1

(x2 + a2)
ρ

as−ν−2ρ−1
√
π Γ
(
2ν+3

2

) ( b
2

)ν+1

B

(
s+ ν + 1

2
,

1− s+ ν + 2ρ

2

)
×
{

Hν

(
bx/

(
x2 + a2

))
Lν
(
bx/ (x2 + a2)

) } × 3F4

(
1, s+ν+1

2 , 1−s+ν+2ρ
2 ; ∓ b2

16a2

3
2 ,

2ν+3
2 , ν+ρ+1

2 , ν+ρ+2
2

)
[Re a > 0; −Re ν − 1 < Re s < Re (ν + 2ρ) + 1]

3.15.2. Hν (bx), Lν (bx), and the exponential function

1 e−ax
{

Hν (bx)

Lν (bx)

}
bν+1

2ν
√
π as+ν+1

Γ

[
s+ ν + 1

2ν+3
2

]
3F2

(
1, s+ν+1

2 , s+ν+2
2

3
2 ,

2ν+3
2 ; ∓ b2

a2

)
[b, Re a > 0; Re (s+ ν) > −1]

2 e−ax
2

{
Hν (bx)

Lν (bx)

}
(b/2)

ν+1

√
πa(s+ν+1)/2

Γ

[ s+ν+1
2

2ν+3
2

]
2F2

(
1, s+ν+1

2 ; ∓ b2

4a
3
2 ,

2ν+3
2

)
[Re a > 0; Re (s+ ν) > −1]

3 e−a/x
2

Hν (bx)
a(s+ν+1)/2bν+1

2ν+1
√
π

Γ

[− s+ν+1
2

2ν+3
2

]
1F3

(
1; ab2

4
3
2 ,

2ν+3
2 , s+ν+3

2

)
+

2s−1π

bs Γ
(
2−s−ν

2

)
Γ
(
2−s+ν

2

) sec
(s+ ν)π

2
0F2

( ab2

4
2−s−ν

2 , 2−s+ν
2

)
[b, Re a > 0; Re s < 3/2, 1− Re ν]

3.15.3. Hν (bx), Lν (bx), and trigonometric functions

Notation: δ =

{
1

0

}
.

1

{
sin (ax)

cos (ax)

}
Hν (bx) ±a

−s−ν−1

2ν
√
π

Γ

[
s+ ν + 1

2ν+3
2

]{
cos [(s+ ν)π/2]

sin [(s+ ν)π/2]

}
× 3F2

( s+ν+1
2 , s+ν+2

2 , 1
3
2 ,

2ν+3
2 ; b2

a2

)
[0 < b < a; Re s < 3/2; −δ − 1 < Re (s+ ν) < 2]
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No. f (x) F (s)

2

{
sin (ax)

cos (ax)

}
Hν (bx) ∓ (b/2)

ν−1
√
π as+ν−1

Γ

[
s+ ν − 1

2ν+1
2

]{
cos [(s+ ν)π/2]

sin [(s+ ν)π/2]

}

× 3F2

( 1
2 , 1, 1−2ν

2 ; a2

b2

2−s−ν
2 , 3−s−ν

2

)

+
2s+δ−1πaδ sec (s+ν+δ)π

2

bs+δΓ
(
2−s−ν−δ

2

)
Γ
(
2−s+ν−δ

2

) 2F1

( s−ν+δ
2 , s+ν+δ2
2δ+1

2 ; a2

b2

)
[0 < a < b; Re s < 3/2; −δ − 1 < Re (s+ ν) < 2]

3.15.4. Hν (bx), Lν (bx), and the logarithmic or inverse trigonometric functions

1 θ (a− x) ln

√
a+
√
a− x√
x

as+ν+1 (b/2)
ν+1

s+ ν + 1
Γ

[
s+ ν + 1

2ν+3
2 , 2s+2ν+3

2

]

×
{

Hν (bx)

Lν (bx)

}
× 4F5

(
1, s+ν+1

2 , s+ν+1
2 , s+ν+2

2 ; ∓a
2b2

4
3
2 ,

2ν+3
2 , 2s+2ν+3

2 , 2s+2ν+5
2 , s+ν+3

2

)
[a > 0; Re (s+ ν) > −1]

2 θ (a− x) ln
a+
√
a2 − x2
x

as+ν+1 (b/2)
ν+1

s+ ν + 1
Γ

[ s+ν+1
2

2ν+3
2 , s+ν+2

2

]
3F4

(
1, s+ν+1

2 , s+ν+1
2 ; ∓a

2b2

4
3
2 ,

2ν+3
2 , s+ν+2

2 , s+ν+3
2

)

×
{

Hν (bx)

Lν (bx)

}
[a > 0; Re (s+ ν) > −1]

3 θ (a− x) arccos
x

a

as+ν+1bν+1

2ν (s+ ν + 1)
2 Γ

[ s+ν+2
2

2ν+3
2 , s+ν+1

2

]
3F4

(
1, s+ν+1

2 , s+ν+2
2 ; ∓a

2b2

4
3
2 ,

2ν+3
2 , s+ν+3

2 , s+ν+3
2

)

×
{

Hν (bx)

Lν (bx)

}
[a > 0; Re (s+ ν) > −1]

3.15.5. Hν (bx), Lν (bx), and Γ (µ, ax)

1 Γ (µ, ax)

{
Hν (bx)

Lν (bx)

}
2−νa−s−ν−1bν+1

√
π (s+ ν + 1)

Γ

[
s+ µ+ ν + 1

2ν+3
2

]
× 4F3

(
1, s+ν+1

2 , s+µ+ν+1
2 , s+µ+ν+2

2
3
2 ,

2ν+3
2 , s+ν+3

2 ; ∓ b2

a2

)
[
Re a >

{
|Im b|
|Re b|

}
; Re (s+ ν + 1) > −Reµ, 0

]
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3.15.6. Hν (bx), Lν (bx), and Ei
(
−ax2

)
, erfc (axr), Dµ (ax)

1 Ei
(
−ax2

){Hν (bx)

Lν (bx)

}
− a
−(s+ν+1)/2bν+1

2ν
√
π (s+ ν + 1)

Γ

[ s+ν+1
2

2ν+3
2

]
3F3

(
1, s+ν+1

2 , s+ν+1
2 ; ∓ b2

4a
3
2 ,

2ν+3
2 , s+ν+3

2

)
[Re a > 0; Re (s+ ν) > −1]

2 erfc (ax)

{
Hν (bx)

Lν (bx)

}
a−s−ν−1bν+1

2νπ (s+ ν + 1)
Γ

[ s+ν+2
2

2ν+3
2

]
3F3

(
1, s+ν+1

2 , s+ν+2
2

3
2 ,

2ν+3
2 , s+ν+3

2 ; ∓ b2

4a2

)
[b > 0; Re (s+ ν) > −1; |arg a| < π/4]

3 erfc (a
√
x)

{
Hν (bx)

Lν (bx)

}
a−2s−2ν−2bν+1

2νπ (s+ ν + 1)
Γ

[ 2s+2ν+3
2

2ν+3
2

]
4F3

(
1, s+ν+1

2 , 2s+2ν+3
4 , 2s+2ν+5

4
3
2 ,

2ν+3
2 , s+ν+3

2 ; ∓ b2

a4

)
[
Re a2 >

{
|Im b|
|Re b|

}
; Re (s+ ν) > −1

]
4 ea

2x2/4Dµ (ax)
a−s−ν−1bν+1

2(s+µ+3ν+3)/2
√
π

Γ

[
s+ ν + 1, − s+µ+ν+1

2

−µ, 2ν+3
2

]
×
{

Hν (bx)

Lν (bx)

}
× 3F3

(
1, s+ν+1

2 , s+ν+2
2

3
2 ,

2ν+3
2 , s+µ+ν+3

2 ; ± b2

2a2

)
+

2s+µ−1π aµb−s−µ

Γ
(
2−s−µ−ν

2

)
Γ
(
2−s−µ+ν

2

)
× sec

(s+ µ+ ν)π

2
2F2

( −µ2 ,
1−µ
2 ; ± b2

2a2

2−s−µ−ν
2 , 2−s−µ+ν

2

)
[
b > 0; Re (s+ µ) < 1− Re ν; Re (s+ µ) < 3/2;

Re (s+ ν) > −1; |arg a| < 3π/4

]

5 e−a
2x2/4Dµ (ax)

2(−s+µ−3ν−1)/2bν+1

as+ν+1
Γ

[
s+ ν + 1

2ν+3
2 , s−µ+ν+2

2

]
×
{

Hν (bx)

Lν (bx)

}
× 3F3

(
1, s+ν+1

2 , s+ν+2
2 ; ∓ b2

2a2

3
2 ,

2ν+3
2 , s−µ+ν+2

2

)
[Re (s+ ν) > −1; 4|arg a|, |arg b| < π]

3.15.7. Hν (bx) and Jµ (ax)

1 Jµ (ax) Hν (bx)
2sbν+1

√
π as+ν+1

Γ

[ s+µ+ν+1
2

2ν+3
2 , 1−s+µ−ν

2

]
3F2

(
1, s−µ+ν+1

2 , s+µ+ν+1
2

3
2 ,

2ν+3
2 ; b2

a2

)
[0 < b < a; Re s < 2; −Reµ− 1 < Re (s+ ν) < 5/2]

2 Jµ (ax) Hν (bx)
2s−1bν−1√
π as+ν−1

Γ

[ s+µ+ν−1
2

2ν+1
2 , 3−s+µ−ν

2

]
3F2

( 1
2 , 1, 1

2 − ν; a2

b2

3−s−µ−ν
2 , 3−s+µ−ν

2

)
+

2s−1π aµ

bs+µ
sec (s+µ+ν)π

2

Γ
[
µ+ 1, 2−s−µ−ν

2 , 2−s−µ+ν
2

] 2F1

( s+µ−ν
2 , s+µ+ν2

µ+ 1; a2

b2

)
[0 < a < b; Re s < 2; −Reµ− 1 < Re (s+ ν) < 5/2]



3.15. The Struve Functions Hν (z) and Lν (z) 245

No. f (x) F (s)

3 Jµ

(a
x

)
Hν (bx)

2s−2µ−1πaµ

bs−µ
sec (s−µ+ν)π

2

Γ
[
µ+ 1, 2−s+µ−ν

2 , 2−s+µ+ν
2

]
× 0F3

( a2b2

16

µ+ 1, 2−s+µ−ν
2 , 2−s+µ+ν

2

)
+
as+ν+1bν+1

2s+2ν+2
√
π

× Γ

[ −s+µ−ν−1
2

2ν+3
2 , s+µ+ν+3

2

]
1F4

(
1; a2b2

16
3
2 ,

2ν+3
2 , s−µ+ν+3

2 , s+µ+ν+3
2

)
[a, b > 0; Re (s− µ) < 3/2; −5/2 < Re (s+ ν) < Reµ+ 1]

3.15.8. H (bx), Lν (bx), and Kµ (axr)

1 Kµ (ax)

{
Hν (bx)

Lν (bx)

}
2s−1bν+1

√
π as+ν+1

Γ

[ s−µ+ν+1
2 , s+µ+ν+1

2
2ν+3

2

]
3F2

(
1, s−µ+ν+1

2 , s+µ+ν+1
2

3
2 ,

2ν+3
2 ; ∓ b2

a2

)
[
Re a >

{
|Im b|
|Re b|

}
; Re (s± µ+ ν) > −1

]

2 e−axKµ (ax)

{
Hν (bx)

Lν (bx)

}
bν+1

2s+2ν+1as+ν+1
Γ

[
s− µ+ ν + 1, s+ µ+ ν + 1

2ν+3
2 , 2s+2ν+3

2

]

× 5F4

(
1, s−µ+ν+1

2 , s−µ+ν+2
2 , s+µ+ν+1

2 , s+µ+ν+2
2

3
2 ,

2ν+3
2 , 2s+2ν+3

4 , 2s+2ν+5
4 ; ∓ b2

4a2

)
[{

Re a > |Im b|
Re a > |Re b|

}
; Re (s+ ν) > |Reµ| − 1

]

3 e∓ax
2

Kµ

(
ax2
)
Hν (bx) ±2−(s+3ν+3)/2bν+1

a(s+ν+1)/2

[
cos (µπ) csc

(s+ ν)π

2

](1∓1)/2

× Γ

[ s−2µ+ν+1
2 , s+2µ+ν+1

2
2ν+3

2 , s+ν+2
2

]
3F3

(
1, s−2µ+ν+1

2 , s+2µ+ν+1
2

3
2 ,

2ν+3
2 , s+ν+2

2 ; ∓ b2

8a

)

+
(1∓ 1) 2s−7/2π3/2 csc (s+ν)π

2√
a bs−1Γ

(
3−s−ν

2

)
Γ
(
3−s+ν

2

) 2F2

( 1−2µ
2 , 1+2µ

2 ; b2

8a
3−s−ν

2 , 3−s+ν
2

)
Re (s+ ν) > 2|Reµ| − 1; |arg a| < (2∓ 1)π/2;{

|arg b| < π

b > 0; Re (s+ ν) < 2; Re s < 5/2

}


4 e−ax
2

Kµ

(
ax2
)
Lν (bx)

2−(s+3ν+3)/2bν+1

a(s+ν+1)/2
Γ

[ s−2µ+ν+1
2 , s+2µ+ν+1

2
2ν+3

2 , s+ν+2
2

]
× 3F3

(
1, s−2µ+ν+1

2 , s+2µ+ν+1
2

3
2 ,

2ν+3
2 , s+ν+2

2 ; b2

8a

)
[Re a > 0; Re (s+ ν) > 2|Reµ| − 1; |arg b| < π]
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No. f (x) F (s)

5 Kλ (ax)Kµ (ax)
2s−2bν+1

√
π as+µ+1

Γ

[ s+λ+µ+ν+1
2 , s+λ−µ+ν+1

2 , s−λ+µ+ν+1
2 , s−λ−µ+ν+1

2
2ν+3

2 , s+ ν + 1

]
×
{

Hν (bx)

Lν (bx)

}
× 5F4

(
1, s+λ+µ+ν+1

2 , s−λ+µ+ν+1
2 , s−λ−µ+ν+1

2 , s+λ−µ+ν+1
2

3
2 ,

2ν+3
2 , s+ν+1

2 , s+ν+2
2 ; ∓ b2

4a2

)
[
2 Re a >

{
|Im b|
|Re b|

}
; Re (s+ ν) > |Reλ|+ |Reµ| − 1

]

3.15.9. Hν (ϕ (x))− Yν (ϕ (x)), I±ν (ϕ (x))− Lν (ϕ (x))

1 Hν (ax)− Yν (ax)
2s−1a−s

π
cos (νπ) sec

(s+ ν)π

2
Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)
[Re a > 0; |Re ν| < Re s < 1− Re ν]

2 Iν (ax)− Lν (ax) 2s−1a−s sec
(s+ ν)π

2
Γ

[ s+ν
2

2−s+ν
2

]
[Re a > 0; −Re ν < Re s < 1− Re ν]

3 I−ν (ax)− Lν (ax) 2s−1a−s cos (νπ) sec
(s+ ν)π

2
Γ

[ s−ν
2

2−s−ν
2

]
[Re a > 0; −Re ν < Re s < 1 + Re ν]

4
(
a2 − x2

)α−1
+

− as+2α+ν−1bν+1

2ν+1
√
π Γ
(
2ν+3

2

) B

(
α,

s+ ν + 1

2

)
2F3

(
1, s+ν+1

2 ; a2b2

4
3
2 ,

2ν+3
2 , s+2α+ν+1

2

)
× [I±ν (bx)− Lν (bx)] +

as+2α±ν−2b±ν

21±ν Γ (1± ν)
B

(
α,

s± ν
2

)
1F2

( s±ν
2 ; a2b2

4

1± ν, s+2α±ν
2

)
[
a, Reα > 0;

{
Re (s+ ν) > 0

−Re s− 1 < Re ν < Re s

}]

5
(
x2 − a2

)α−1
+

− as+2α+ν−1
√
π Γ
(
2ν+3

2

) ( b
2

)ν+1

B

(
α,

1− s− 2α− ν
2

)
× [I±ν (bx)− Lν (bx)] × 2F3

(
1, s+ν+1

2 ; a2b2

4
3
2 ,

2ν+3
2 , s+2α+ν+1

2

)
− 2s+2α−3

bs+2α−2 cos(1∓1)/2 (νπ)

× sec
(s+ 2α+ ν)π

2
Γ

[ s+2α±ν−2
2

4−s−2α±ν
2

]
1F2

(
1− α; a2b2

4
4−s−2α−ν

2 , 4−s−2α+ν
2

)
+
as+2α±ν−2b±ν

21±ν Γ (1± ν)
B

(
α,

2− s− 2α∓ ν
2

)
1F2

( s±ν
2 ; a

2b2

4

1± ν, s+2α±ν
2

)
[a, Re b, Reα > 0; Re (s+ 2α+ ν) < 3]
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No. f (x) F (s)

6
1

(x2 + a2)
ρ − as+ν−2ρ+1bν+1

2ν+1
√
π Γ
(
2ν+3

2

) B

(
s+ ν + 1

2
,

2ρ− ν − s− 1

2

)
× [I±ν (bx)− Lν (bx)] × 2F3

(
1, s+ν+1

2 ; −a
2b2

4
3
2 ,

2ν+3
2 , s+ν−2ρ+3

2

)
+

2s−2ρ−1

bs−2ρ
cos(1∓1)/2 (νπ)

× sec
(s+ ν − 2ρ)π

2
Γ

[ s±ν−2ρ
2

ρ±ν−s+2
2

]
1F2

(
ρ; −a

2b2

4
2−s−ν+2ρ

2 , 2−s+ν+2ρ
2

)
+

as±ν−2ρb±ν

21±ν Γ (1± ν)
B

(
s± ν

2
,

2ρ− s∓ ν
2

)
1F2

( s±ν
2 ; −a

2b2

4

1± ν, s±ν−2ρ+2
2

)
Re a, Re b > 0; Re (s+ ν − 2ρ) < 1;{

Re (s+ ν) > 0

−1− Re s < Re ν < Re s

}


7
1

x2 − a2
−2s−3

bs−2
cos(1∓1)/2 (νπ) sec

(s+ ν)π

2
Γ

[ s±ν−2
2

4−s±ν
2

]
1F2

(
1; a2b2

4
4−s−ν

2 , 4−s+ν
2

)
× [I±ν (bx)− Lν (bx)] − π as−2

2

[
tan

(s+ ν)π

2
Lν (ab) + cot

(s± ν)π

2
I±ν (ab)

]
[
a, Re b > 0; Re (s+ ν) < 3;

{
Re (s+ ν) > 0

−Re s− 1 < Re ν < Re s

}]

8 e−ax [I±ν (bx)− Lν (bx)] a−s∓ν
(
b

2

)±ν
Γ

[
s± ν
1± ν

]
2F1

( s±ν
2 , s±ν+1

2

1± ν; b2

a2

)
− a−s−ν−1bν+1

2ν
√
π

Γ

[
s+ ν + 1

2ν+3
2

]
3F2

(
1, s+ν+1

2 , s+ν+2
2

3
2 ,

2ν+3
2 ; b2

a2

)
[

(Re a > |Re b|; Re s > −Re ν) or

(Re a = Re b = 0; ∓Re ν < Re s < 3/2, 2− Re ν)

]

9 e−ax
[
Yν (bx)−Hν (bx)

]
−a
−ν−s+1 (b/2)

ν−1

π3/2
cos (νπ) Γ

(
1− 2ν

2

)
× Γ (s+ ν − 1) 3F2

( 1
2 , 1, 1−2ν

2 ; −a
2

b2

2−s−ν
2 , 3−s−ν

2

)
− 2sab−s−1

π
cos (νπ) csc

(s+ ν)π

2
Γ

(
s− ν + 1

2

)
× Γ

(
s+ ν + 1

2

)
2F1

( s−ν+1
2 , s+ν+1

2
3
2 ; −a2b2

)
− 2s−1b−s

π
cos (νπ)

× sec
(s+ ν)π

2
Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)
2F1

( s−ν
2 , s+ν2
1
2 ; −a2b2

)
[

(Re a > |Im b|; Re s > |Re ν|) or

(Re a = 0, b > 0; |Re ν| < Re s < 3/2, 2− Re ν)

]
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No. f (x) F (s)

10 sin (ax) − 2−νbν+1

√
π as+ν+1

cos
(s+ ν)π

2
Γ

[
s+ ν + 1

2ν+3
2

]
3F2

(
1, s+ν+1

2 , s+ν+2
2

3
2 ,

2ν+3
2 ; − b2

a2

)
× [I±ν (bx)− Lν (bx)] +

(b/2)
±ν

as±ν
sin

(s± ν)π

2
Γ

[
s± ν
1± ν

]
2F1

( s±ν
2 , s±ν+1

2

1± ν; − b2

a2

)
[
a, Re b > 0;

{
−1 < Re (s+ ν) < 2

−2 < Re (s+ ν) < 2, 2 Re s+ 1

}]

11 cos (ax)
2−νbν+1

√
π as+ν+1

sin
(s+ ν)π

2
Γ

[
s+ ν + 1

2ν+3
2

]
3F2

(
1, s+ν+1

2 , s+ν+2
2

3
2 ,

2ν+3
2 ; − b2

a2

)
× [I±ν (bx)− Lν (bx)] +

(b/2)
±ν

as±ν
cos

(s± ν)π

2
Γ

[
s± ν
1± ν

]
2F1

( s±ν
2 , s±ν+1

2

1± ν; − b2

a2

)
[
a, Re b > 0;

{
0 < Re (s+ ν) < 2

−1 < Re (s+ ν) < 2, 2 Re s

}]

12 Jµ (ax) − 2sbν+1

√
π as+ν+1

Γ

[ s+µ+ν+1
2

2ν+3
2 , 1−s+µ−ν

2

]
3F2

(
1, s−µ+ν+1

2 , s+µ+ν+1
2

3
2 ,

2ν+3
2 ; − b2

a2

)
× [I±ν (bx)− Lν (bx)] +

2s−1b±ν

as±ν
Γ

[ s+µ±ν
2

1± ν, 2−s+µ∓ν
2

]
2F1

( s−µ±ν
2 , s+µ±ν2

1± ν; − b2

a2

)
 a, Re b > 0; Re (s+ ν) < 5/2;{

Re (s+ µ+ ν) > 0

−1 < Re (s+ µ+ ν) < 2 Re (s+ µ)

} 
13

(
x2 + a2

)ν/2
2(s−2)/2as/2+νb−s/2 cos (νπ) sec

(s+ 2ν)π

2
Γ
(s

2

)
×
[
Hν

(
b
√
x2 + a2

)
×
[
Hs/2+ν (ab)− Ys/2+ν (ab)

]
− Yν

(
b
√
x2 + a2

)]
[a, b > 0; 0 < Re s < 1− 2 Re ν]

14
(
x2 + a2

)−ν/2 as/2−ν

2νπbs/2
Γ

[ s
2 ,

1−s
2

2ν+1
2

]
Ss/2+ν, s/2−ν (ab) [a, b > 0; 0 < Re s < 1]

×
[
Hν

(
b
√
x2 + a2

)
− Yν

(
b
√
x2 + a2

)]
15

(
x2 + a2

)ν/2 2s/2−1as/2+ν

bs/2
cos (νπ) sec

(s+ 2ν)π

2
Γ
(s

2

)
×
[
I−ν

(
b
√
x2 + a2

)
×
[
I−s/2−ν (ab)− Ls/2+ν (ab)

]
− Lν

(
b
√
x2 + a2

)]
[a, b, Re s > 0; Re ν < 1/2]
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3.16. The Anger Jν (z) and Weber Eν (z) Functions

More formulas can be obtained from the corresponding sections due to the relations

E0 (z) = −H0 (z) , E1 (z) =
2

π
−H1 (z) , J±n (z) = J±n (z) ,{

Eν (z)

Jν (z)

}
=

1

νπ

{
1− cos (νπ)

sin (νπ)

}
1F2

(
1; 1− ν

2
, 1 +

ν

2
; −z

2

4

)

∓ 1

(1− ν2)π

{
1 + cos (νπ)

sin (νπ)

}
1F2

(
1;

3− ν
2

,
3 + ν

2
; −z

2

4

)
;

{
Eν (z)

Jν (z)

}
= G22

35

(
z2

4

∣∣∣∣ 0, 1/2, (3− 2ν ± 1) /4

0, 1/2, −ν/2, ν/2, (3− 2ν ± 1) /4

)
, [−π/2 < arg z ≤ π/2] .

3.16.1. Jν (ϕ (x)), Eν (ϕ (x)), and algebraic functions

No. f (x) F (s)

1

{
Jν (ax)

Eν (ax)

}
2sπ a−s csc (sπ)

Γ
(
2−s−ν

2

)
Γ
(
2−s+ν

2

) {cos [(ν − s)π/2]

sin [(ν − s)π/2]

}
[a > 0; 0 < Re s < 1]

2 Jν (ax)± J−ν (ax)
2sπ a−s

Γ
(
2−s−ν

2

)
Γ
(
2−s+ν

2

) {cos (νπ/2) csc (sπ/2)

sin (νπ/2) sec (sπ/2)

}
[a > 0; − (1∓ 1) /2 < Re s < (5± 1) /4]

3 (a− x)
α−1
+

{
Jν (bx)

Eν (bx)

} {
− sin (νπ)

1 + cos (νπ)

}
as+αb

(ν2 − 1)π
B (s+ 1, α)

× 3F4

(
1, s+1

2 , s+2
2 ; −a

2b2

4
3−ν
2 , 3+ν

2 , s+α+1
2 , s+α+2

2

)

+

{
sin (νπ)

1 + cos (νπ)

}
as+α−1

νπ
B (s, α) 3F4

(
1, s2 ,

s+1
2 ; −a

2b2

4
2−ν
2 , 2+ν

2 , s+α2 , s+α+1
2

)
[a, Re ν, Re s > 0]

4
(
a2 − x2

)α−1
+

as+2α−2

2νπ
B
(
α,

s

2

){ sin (νπ)

1− cos (νπ)

}
2F3

(
1, s2 ; −a

2b2

4
2−ν
2 , 2+ν

2 , s+2α
2

)

×
{

Jν (bx)

Eν (bx)

}
± as+2α−1b

2 (1− ν2)π
B

(
α,

s+ 1

2

)

×
{

sin (νπ)

1 + cos (νπ)

}
2F3

(
1, s+1

2 ; −a
2b2

4
3−ν
2 , 3+ν

2 , s+2α+1
2

)
[a, Re ν, Re s > 0]



250 Chapter 3. Special Functions

No. f (x) F (s)

5
(
x2 − a2

)α−1
+

Jν (bx)
as+2α−2

2νπ
sin (νπ) Γ

[
α, − s+2α−2

2
2−s
2

]
2F3

(
1, s2 ; −a

2b2

4
2−ν
2 , 2+ν

2 , s+2α
2

)
+

as+2α−1b

2π (1− ν2)
sin (νπ) Γ

[
α, − s+2α−1

2
1−s
2

]
2F3

(
1, s+1

2 ; −a
2b2

4
3−ν
2 , 3+ν

2 , s+2α+1
2

)
+

2νπ3/2b−s−2α+2

Γ
(
− s+2α+ν−4

2

)
Γ
(
s+2α−ν−1

2

)
Γ (−s− 2α+ ν + 3)

× csc [(s+ 2α)π] 1F2

(
1− α; −a

2b2

4

− s+2α+ν−4
2 , − s+2α−ν−4

2

)
[a, b, Reµ > 0; Re (s+ 2µ) < 3]

6
(
x2 − a2

)α−1
+

Eν (bx)
as+2α−2

νπ
sin2 νπ

2
Γ

[
α, − s+2α−2

2
2−s
2

]
2F3

(
1, s2 ; −a

2b2

4
2−ν
2 , 2+ν

2 , s+2α
2

)
− as+2α−1b

(1− ν2)π
cos2

νπ

2
Γ

[
α, − s+2α−1

2
1−s
2

]
2F3

(
1, s+1

2 ; −a
2b2

4
3−ν
2 , 3+ν

2 , s+2α+1
2

)
+

2s+2α−2πb−s−2α+2

Γ
(
− s+2α+ν−4

2

)
Γ
(
− s+2α−ν−4

2

) csc [(s+ 2α)π]

× sin
(s+ 2α− ν)π

2
1F2

(
1− α; −a

2b2

4

− s+2α+ν−4
2 , − s+2α−ν−4

2

)
[a, b, Reµ > 0; Re (s+ 2µ) < 3]

7
1

(x2 + a2)
ρ

{
Jν (bx)

Eν (bx)

}
as−2ρ

2νπ
B

(
s

2
,

2ρ− s
2

){
sin (νπ)

1− cos (νπ)

}
2F3

(
1, s2 ; a2b2

4
2−ν
2 , 2+ν

2 , s−2ρ+2
2

)
± as−2ρ+1b

2 (1− ν2)π
B

(
s+ 1

2
, ρ− s+ 1

2

){
sin (νπ)

1 + cos (νπ)

}
× 2F3

(
1, s+1

2 ; a2b2

4
3−ν
2 , 3+ν

2 , s−2ρ+3
2

)
−
(
b

2

)2ρ−s
π csc [(2ρ− s)π]

Γ
(
2−s−ν+2ρ

2

)
Γ
(
2−s+ν+2ρ

2

)
×
{

cos [(ν − s+ 2ρ)π/2]

sin [(ν − s+ 2ρ)π/2]

}
1F2

(
ρ; a2b2

4
2−s−ν+2ρ

2 , 2−s+ν+2ρ
2

)
[b, Re a, Re s > 0; Re (s− 2ρ) < 1]

8
1

x2 − a2

{
Jν (bx)

Eν (bx)

}
−πa

s−2

2νπ
cot

sπ

2

{
sin (νπ)

1− cos (νπ)

}
1F2

(
1; −a

2b2

4
2−ν
2 , 2+ν

2

)
± πas−1b

2 (1− ν2)π
tan

sπ

2

{
sin (νπ)

1 + cos (νπ)

}
1F2

(
1; −a

2b2

4
3−ν
2 , 3+ν

2

)
−
(
b

2

)2−s
π csc (sπ)

Γ
(
4−s−ν

2

)
Γ
(
4−s+ν

2

) {cos [(ν − s)π/2]

sin [(ν − s)π/2]

}
× 1F2

(
1; −a

2b2

4
4−s−ν

2 , 4−s+ν
2

)
[a, b > 0; 0 < Re s < 3]
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No. f (x) F (s)

9
(
x2 + a2

)ν/2 2s/2π as/2+νb−s/2

Γ
(
2−s
2

) sin
νπ

2
sec

(s+ ν)π

2
J−(s+2ν)/2 (ab)

×
[
Jν
(
b
√
x2 + a2

)
− as+ν+1b

4π
sin (νπ) Γ

[ s
2 , −

s+ν+1
2

3−ν
2

]
1F2

(
1; −a

2b2

4
3−ν
2 , s+ν+3

2

)
− J−ν

(
b
√
x2 + a2

)]
[a, b > 0; 0 < Re s < 1− Re ν]

10
(
x2 + a2

)ν/2 2s/2π as/2+νb−s/2

Γ
(
2−s
2

) cos
νπ

2
csc

(s+ ν)π

2
J−(s+2ν)/2 (ab)

×
[
Jν
(
b
√
x2 + a2

)
− as+ν

2π
sin (νπ) Γ

[ s
2 , −

s+ν
2

2−ν
2

]
1F2

(
1; −a

2b2

4
2−ν
2 , s+ν+2

2

)
+ J−ν

(
b
√
x2 + a2

)]
[a, b > 0; 0 < Re s < 3/2− Re ν]

3.16.2. Jν (bx), Eν (bx), and the exponential or trigonometric functions

1 e−ax
{

Jν (bx)

Eν (bx)

}
1

νπas

{
sin(νπ)

1− cos (νπ)

}
Γ (s) 3F2

(
1, s2 ,

s+1
2 ; − b2

a2

2−ν
2 , 2+ν

2

)
± b

(1− ν2)πas+1

{
sin (νπ)

1 + cos (νπ)

}
Γ (s+ 1) 3F2

(
1, s+1

2 , s+2
2

3−ν
2 , 3+ν

2 ; − b2

a2

)
[Re s > 0; Re a > |Im b|]

2 e−ax
2

{
Jν (bx)

Eν (bx)

}
a−s/2

2νπ

{
sin (νπ)

1− cos (νπ)

}
Γ
(s

2

)
2F2

(
1, s2 ; − b2

4a
2−ν
2 , 2+ν

2

)
− a−(s+1)/2b

2 (1− ν2)π

{
sin (νπ)

1 + cos (νπ)

}
× Γ

(
s+ 1

2

)
2F2

(
1, s+1

2 ; − b2

4a
3−ν
2 , 3+ν

2

)
[b, Re a, Re s > 0]

3 sin (ax)

{
Jν (bx)

Eν (bx)

}
Γ (s)

νπas
sin

sπ

2

{
sin (νπ)

1− cos (νπ)

}
3F2

(
1, s2 ,

s+1
2

2−ν
2 , 2+ν

2 ; b2

a2

)
± bΓ (s+ 1)

(1− ν2)π as+1
cos

sπ

2

×
{

sin (νπ)

1 + cos (νπ)

}
3F2

(
1, s+1

2 , s+2
2

3−ν
2 , 3+ν

2 ; b2

a2

)
[

0 < b ≤ a; − 1 < Re s < 3/2 for b < a;

−1 < Re s < 1/2 for b = a

]
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No. f (x) F (s)

4 sin (ax)

{
Jν (bx)

Eν (bx)

}
∓Γ (s− 1)

νπas−1b
cos

sπ

2

{
sin (νπ)

1 + cos (νπ)

}
3F2

(
1, 1−ν

2 , 1+ν
2

2−s
2 , 3−s

2 ; a2

b2

)
+
ν Γ (s− 2)

πas−2b2
sin

sπ

2

{
sin (νπ)

1− cos (νπ)

}
3F2

(
1, 2−ν

2 , 2+ν
2

3−s
2 , 4−s

2 ; a2

b2

)
− πa

(
2

b

)s+1
csc (sπ)

Γ
(
1−s−ν

2

)
Γ
(
1−s+ν

2

) {cos [(ν − s− 1)π/2]

sin [(ν − s− 1)π/2]

}
× 2F1

( s−ν+1
2 , s+ν+1

2
3
2 ; a2

b2

)
[

0 < a ≤ b; − 1 < Re s < 3/2 for a < b;

−1 < Re s < 1/2 for a = b

]

5 cos (ax)

{
Jν (bx)

Eν (bx)

}
Γ (s)

νπ as
cos

sπ

2

{
sin (νπ)

1− cos (νπ)

}
3F2

(
1, s2 ,

s+1
2

2−ν
2 , 2+ν

2 ; b2

a2

)
∓ bΓ (s+ 1)

(1− ν2)π as+1
sin

sπ

2

{
sin (νπ)

1 + cos (νπ)

}
3F2

(
1, s+1

2 , s+2
2

3−ν
2 , 3+ν

2 ; b2

a2

)
[

0 < b ≤ a; 0 < Re s < 3/2 for b < a;

0 < Re s < 1/2 for b = a

]

6 cos (ax)

{
Jν (bx)

Eν (bx)

}
±a

1−sΓ (s− 1)

νπb
sin

sπ

2

{
sin (νπ)

1 + cos (νπ)

}
3F2

(
1, 1−ν

2 , 1+ν
2

2−s
2 , 3−s

2 ; a2

b2

)
+
νa2−sΓ (s− 2)

πb2
cos

sπ

2

{
sin (νπ)

1− cos (νπ)

}
× 3F2

(
1, 2+ν

2 , 2−ν
2

3−s
2 , 4−s

2 ; a2

b2

)
+

π (2/b)
s

csc (sπ)

Γ
(
2−s−ν

2

)
Γ
(
2−s+ν

2

)
×
{

cos [(ν − s)π/2]

sin [(ν − s)π/2]

}
2F1

( s−ν
2 , s+ν2
1
2 ; a2

b2

)
[

0 < a ≤ b; 0 < Re s < 3/2 for a < b;

0 < Re s < 1/2 for a = b

]

3.16.3. Jν (bx), Eν (bx), and Ei
(
−ax2

)
or erfc (ax)

1 Ei
(
−ax2

){ Jν (bx)

Eν (bx)

}
∓a
−s/2

π

[
1

νs

{
sin (νπ)

cos (νπ)− 1

}
Γ

(
s

2

)
3F3

(
1, s2 ,

s
2 ; − b2

4a
2−ν
2 , 2+ν

2 , s+2
2

)
− a−1/2b

(ν2 − 1) (s+ 1)

{
sin (νπ)

cos (νπ) + 1

}
× Γ

(
s+ 1

2

)
3F3

(
1, s+1

2 , s+1
2 ; − b2

4a
3−ν
2 , 3+ν

2 , s+3
2

)]
[a, Re s > 0 or (Re a, b > 0; |Im a| 6= 0; 0 < Re s < 1)]
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No. f (x) F (s)

2 erfc (ax)

{
Jν (bx)

Eν (bx)

}
a−s−1

π3/2

[
a

νs

{
sin (νπ)

1− cos (νπ)

}
Γ

(
s+ 1

2

)
3F3

(
1, s2 ,

s+1
2 ; − b2

4a2

2−ν
2 , 2+ν

2 , s+2
2

)

∓ b

(ν2 − 1) (s+ 1)

{
sin (νπ)

cos (νπ) + 1

}

× Γ

(
s+ 2

2

)
3F3

(
1, s+1

2 , s+2
2 ; − b2

4a2

3−ν
2 , 3+ν

2 , s+3
2

)]
[

(Re s > 0; |arg a| < π/4) or

(0 < Re s < 7/2; |Im b| 6= 0; |arg a| < π/4)

]

3.16.4. Jν (bx), Eν (bx), and Jµ (ax)

1 Jµ (ax)

{
Jν (bx)

Eν (bx)

}
2s−1

νπas

{
sin (νπ)

1− cos (νπ)

}
Γ

[ s+µ
2

2−s+µ
2

]
3F2

(
1, s−µ2 , s+µ2
2−ν
2 , 2+ν

2 ; b2

a2

)

± 2sb

(1− ν2)πas+1

{
sin (νπ)

1 + cos (νπ)

}

× Γ

[ s+µ+1
2

1−s+µ
2

]
3F2

(
1, s−µ+1

2 , s+µ+1
2

3−ν
2 , 3+ν

2 ; b2

a2

)
[

0 < b ≤ a; − Reµ < Re s < 2 for b < a;

−Reµ < Re s < 1 for b = a

]

2 Jµ (ax)

{
Jν (bx)

Eν (bx)

}
± 1

2πb

(a
2

)1−s { sin (νπ)

1 + cos (νπ)

}
Γ

[ s+µ−1
2

3−s+µ
2

]

× 3F2

(
1, 1−ν

2 , 1+ν
2

3−s−µ
2 , 3−s+µ

2 ; a2

b2

)
− νa2−s

23−sπb2

{
sin (νπ)

1− cos (νπ)

}

× Γ

[ s+µ−2
2

4−s+µ
2

]
3F2

(
1, 2−ν

2 , 2+ν
2

4−s−µ
2 , 4−s+µ

2 ; a2

b2

)

+
2sπaµ

bs+µ
csc [(s+ µ)π]

Γ
[
µ+ 1, 2−s−µ−ν

2 , 2−s−µ+ν
2

]
×
{

cos [(ν − s− µ)π/2]

sin [(ν − s− µ)π/2]

}
2F1

( s+µ−ν
2 , s+µ+ν2

µ+ 1; a2

b2

)
[

0 < a ≤ b; −Reµ < Re s < 2 for a < b;

−Reµ < Re s < 1 for a = b

]

3 Jν (ax)− Jν (ax) −2s−1 sin (νπ)

as sin (sπ)
Γ

[ s+ν
2

2−s+ν
2

]
[0, −Re ν < Re s < 1; |arg a| < π]
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3.17. The Kelvin Functions berν (z), beiν (z), and kerν (z), keiν (z)

More formulas can be obtained from the corresponding sections due to the relations{
beiν (z)

berν (z)

}
=

1

Γ (ν + 2)

{
cos (3πν/4)

sin (3πν/4)

}(
z

2

)ν+2

0F3

(
3

2
,
ν + 2

2
,
ν + 3

2
; − z4

256

)
+

1

Γ (ν + 1)

{
sin (3πν/4)

cos (3πν/4)

}(
z

2

)ν+2

0F3

(
1

2
,
ν + 1

2
,
ν + 2

2
; − z4

256

)
,{

keiν (z)

kerν (z)

}
= −2−ν−3

{
cos (νπ/4)

sin (νπ/4)

}
Γ (−ν − 1) zν+2

0F3

(
3

2
,
ν + 2

2
,
ν + 3

2
; − z4

256

)
∓ 2−ν−1

{
sin (νπ/4)

cos (νπ/4)

}
Γ (−ν) zν 0F3

(
1

2
,
ν + 1

2
,
ν + 2

2
; − z4

256

)
− 2ν−3

{
cos (3πν/4)

sin (3πν/4)

}
Γ (ν − 1) z−ν+2

0F3

(
3

2
,

2− ν
2

,
3− ν

2
; − z4

256

)
∓ 2ν−1

{
sin (3νπ/4)

cos (3νπ/4)

}
Γ (ν) z−ν 0F3

(
1

2
,

1− ν
2

,
2− ν

2
; − z4

256

)
;{

berν (z)

beiν (z)

}
= πG20

15

(
z4

256

∣∣∣∣ 4ν+1±1
4

ν
4 ,

2+ν
4 , −ν4 ,

2−ν
4 , 4ν+1±1

4

)
, [−π/4 ≤ arg z ≤ π/4] ;{

kerν (z)

keiν (z)

}
= ±1

4
G40

15

(
z4

256

∣∣∣∣ 2ν+1±1
4

−ν4 ,
ν
4 ,

2−ν
4 , ν+2

4 , 2ν+1±1
4

)
, [−π/4 ≤ arg z ≤ π/4] .

3.17.1. berν (bx), beiν (bx), kerν (bx), keiν (bx), and algebraic functions

No. f (x) F (s)

1 (a− x)
α−1
+

{
berν (bx)

beiν (bx)

}
as+α+ν−1bν

2ν Γ (ν + 1)

{
cos (3πν/4)

sin (3πν/4)

}
B (α, s+ ν)

× 4F7

(
∆ (4, s+ ν) ; −a

4b4

256
1
2 ,

ν+1
2 , ν+2

2 , ∆ (4, s+ α+ ν)

)
∓ as+α+ν+1bν+2

2ν+2 Γ (ν + 2)

{
sin (3πν/4)

cos (3πν/4)

}
B (α, s+ ν + 2)

× 4F7

(
∆(4, s+ ν + 2); −a

4b4

256
3
2 ,

ν+2
2 , ν+3

2 , ∆ (4, s+ α+ ν + 2)

) [
a, Reα > 0;

Re (s+ ν) > 0

]

2
(
a2 − x2

)α−1
+

as+ν+2α−2bν

2ν+1 Γ (ν + 1)

{
cos (3πν/4)

sin (3πν/4)

}
B

(
α,

s+ ν

2

)
×
{

berν (bx)

beiν (bx)

}
× 2F5

(
∆
(
2, s+ν2

)
; −a

4b4

256
1
2 , ∆ (2, ν + 1) , ∆

(
2, s+2α+ν

2

))
∓ as+ν+2αbν+2

2ν+3 Γ (ν + 2)

{
sin (3πν/4)

cos (3πν/4)

}
B

(
α,

s+ ν + 2

2

)
× 2F5

(
∆
(
2, s+ν+2

2

)
; −a

4b4

256
3
2 , ∆ (2, ν + 2) , ∆

(
2, s+2α+ν+2

2

)) [
a, Reα > 0;

Re (s+ ν) > 0

]
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No. f (x) F (s)

3

{
kerν (ax)

keiν (ax)

}
±2s−2

as

{
cos [(s+ 2ν)π/4]

sin [(s+ 2ν)π/4]

}
Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)
[Re s > |Re ν|; |arg a| < π/4]

4 (a− x)
α−1
+

{
kerν (bx)

keiν (bx)

}
−a

s+α+ν+1bν+2

2ν+3

{
sin (πν/4)

cos (πν/4)

}
Γ (−ν − 1) B (α, s+ ν + 2)

× 4F7

(
∆ (4, s+ ν + 2) ; −a

4b4

256
3
2 ,

ν+2
2 , ν+3

2 , ∆ (4, s+ α+ ν + 2)

)
± as+α+ν−1bν

2ν+1

{
cos (πν/4)

sin (πν/4)

}
Γ (−ν) B (α, s+ ν)

× 4F7

(
∆ (4, s+ ν) ; −a

4b4

256
1
2 ,

ν+1
2 , ν+2

2 , ∆ (4, s+ α+ ν)

)
− 2ν−3as+α−ν+1

bν−2

{
sin (3πν/4)

cos (3πν/4)

}
Γ (ν − 1) B (α, s− ν + 2)

× 4F7

(
∆ (4, s− ν + 2) ; −a

4b4

256
3
2 ,

2−ν
2 , 3−ν

2 , ∆ (4, s+ α− ν + 2)

)
± 2ν−1as+α−ν−1

bν

{
cos (3πν/4)

sin (3πν/4)

}
Γ (ν) B (α, s− ν)

× 4F7

(
∆ (4, s− ν) ; −a

4b4

256
1
2 ,

1−ν
2 , 2−ν

2 , ∆ (4, s+ α− ν)

)
[a, Reα > 0; Re s > |Re ν|]

3.17.2. berν (bx), beiν (bx), kerν (bx), keiν (bx), and the exponential function

1 e−ax
{

berν (bx)

beiν (bx)

}
a−s−ν

(
b

2

)ν {
cos (3νπ/4)

sin (3νπ/4)

}
Γ

[
s+ ν

ν + 1

]
4F3

(
∆ (4, s+ ν) ; − b4

a4

1
2 , ∆ (2, ν + 1)

)
∓ a−s−ν−2

(
b

2

)ν+2 {
sin (3νπ/4)

cos (3νπ/4)

}
Γ

[
s+ ν + 2

ν + 2

]
× 4F3

(
∆ (4, s+ ν + 2) ; − b4

a4

3
2 , ∆ (2, ν + 2)

)
[√

2 Re a > Re b+ |Im b|; Re (s+ ν) > 0
]

2 e−ax
2

{
berν (bx)

beiν (bx)

}
bν

2ν+1a(s+ν)/2

{
cos (3νπ/4)

sin (3νπ/4)

}
Γ

[ s+ν
2

ν + 1

]
2F3

(
∆
(
2, s+ν2

)
; − b4

64a2

1
2 , ∆ (2, ν + 1)

)
∓ bν+2

2ν+3a(s+ν)/2+1

{
sin (3νπ/4)

cos (3νπ/4)

}
Γ

[ s+ν+2
2

ν + 2

]
× 2F3

(
∆
(
2, s+ν+2

2

)
; − b4

64a2

3
2 , ∆ (2, ν + 2)

)
[Re a, Re (s+ ν) > 0]
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No. f (x) F (s)

3 e−ax
{

kerν (bx)

keiν (bx)

}
±2s−2

bs

{
cos[(s+ 2ν)π/4]

sin[(s+ 2ν)π/4]

}
Γ

(
s+ ν

2

)
Γ

(
s− ν

2

)

× 4F3

(
∆
(
2, s+ν2

)
, ∆

(
2, s−ν2

)
1
4 ,

1
2 ,

3
4 ; −a4b4

)

∓ 2s−1a

bs+1

{
cos[(s+ 2ν + 1)π/4]

sin[(s+ 2ν + 1)π/4]

}
Γ

(
s+ ν + 1

2

)

× Γ

(
s− ν + 1

2

)
4F3

(
∆
(
2, s+ν+1

2

)
, ∆

(
2, s−ν+1

2

)
1
2 ,

3
4 ,

5
4 ; −a4b4

)

− 2s−1a2

bs+2

{
sin[(s+ 2ν)π/4]

cos[(s+ 2ν)π/4]

}
Γ

(
s+ ν + 2

2

)

× Γ

(
s− ν + 2

2

)
4F3

(
∆
(
2, s+ν+2

2

)
, ∆

(
2, s−ν+2

2

)
3
4 ,

5
4 ,

3
2 ; −a4b4

)

+
2sa3

3bs+3

{
sin[(s+ 2ν + 1)π/4]

cos[(s+ 2ν + 1)π/4]

}
Γ

(
s+ ν + 3

2

)

× Γ

(
s− ν + 3

2

)
4F3

(
∆
(
2, s+ν+3

2

)
, ∆

(
2, s−ν+3

2

)
5
4 ,

3
2 ,

7
4 ; −a4b4

)
[
Re
(√

2a+ b
)
> |Im b|; Re s > |Re ν|

]

4 e−ax
2

{
kerν (bx)

keiν (bx)

}
± 2ν−2

a(s−ν)/2bν

{
cos (3πν/4)

sin (3πν/4)

}
Γ (ν)

× Γ

(
s− ν

2

)
2F3

( s−ν
4 , s−ν+2

4
1
2 ,

1−ν
2 , 2−ν

2 ; − b4

64a2

)
− 2ν−4

a(s−ν+2)/2bν−2

{
sin (3πν/4)

cos (3πν/4)

}
Γ (ν − 1)

× Γ

(
s− ν + 2

2

)
2F3

( s−ν+2
4 , s−ν+4

4
3
2 ,

2−ν
2 , 3−ν

2 ;− b4

64a2

)
± 2−ν−2bν

a(s+ν)/2

{
cos (πν/4)

sin (πν/4)

}
Γ (−ν)

× Γ

(
s+ ν

2

)
2F3

( s+ν
4 , s+ν+2

4
1
2 ,

ν+1
2 , ν+2

2 ; − b4

64a2

)
− 2−ν−4bν+2

a(s+ν+2)/2

{
sin (πν/4)

cos (πν/4)

}
Γ (−ν − 1)

× Γ

(
s+ ν + 2

2

)
2F3

( s+ν+2
4 , s+ν+4

4
3
2 ,

ν+2
2 , ν+3

2 ; − b4

64a2

)
[Re a > 0; Re s > |Re ν|]
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3.17.3. kerν (bx), keiν (bx), and trigonometric functions

Notation: δ =

{
1

0

}
.

1 sin (ax)

{
kerν (bx)

keiν (bx)

}
U (1)

U (δ) = ±2s+δ−2aδ

bs+δ

{
cos[(s+ 2ν + δ)π/4]

sin[(s+ 2ν + δ)π/4]

}
Γ

(
s− ν + δ

2

)
× Γ

(
s+ ν + δ

2

)
4F3

(
∆
(
2, s+ν+δ2

)
, ∆

(
2, s−ν+δ2

)
1
2 ,

3
4 ,

4δ+1
4 ; −a4b4

)
+

2s+δ−1aδ+2

3δbs+δ+2

{
sin[(s+ 2ν + δ)π/4]

cos[(s+ 2ν + δ)π/4]

}
Γ

(
s− ν + δ + 2

2

)
× Γ

(
s+ ν + δ + 2

2

)
4F3

(
∆
(
2, s−ν+δ+2

2

)
, ∆

(
2, s+ν+δ+2

2

)
5
4 ,

3
2 ,

4δ+3
4 ; −a4b4

)
[a > 0; Re s > |Re ν| − 1; |arg b| < π/4]

2 cos (ax)

{
kerν (bx)

keiν (bx)

}
U (0)

[
a > 0; Re s > |Re ν|;
|arg b| < π/4; U (δ) : see 3.17.3.1

]

3.17.4. berν (bx), beiν (bx), kerν (bx), keiν (bx), and Ei (−axr)

1 Ei (−ax)

{
berν (bx)

beiν (bx)

}
− a−s−νbν

2ν (s+ ν)

{
cos (3νπ/4)

sin (3νπ/4)

}
Γ

[
s+ ν

ν + 1

]
× 5F4

( s+ν
4 , ∆ (4, s+ ν)

1
2 , ∆ (2, ν + 1) , s+ν+4

4 ; − b4

a4

)
± a−s−ν−2bν+2

2ν+2 (s+ ν + 2)

{
sin (3νπ/4)

cos (3νπ/4)

}
Γ

[
s+ ν + 2

ν + 2

]
× 5F4

( s+ν+2
4 , ∆ (4, s+ ν + 2)

3
2 , ∆ (2, ν + 2) , s+ν+6

4 ; − b4

a4

)
[
Re
(√

2 a− b
)
> |Im b|; Re (s+ ν) > 0

]
2 Ei

(
−ax2

){berν (bx)

beiν (bx)

}
−a
−(s+ν)/2bν

2ν (s+ ν)

{
cos (3νπ/4)

sin (3νπ)

}
Γ

[ s+ν
2

ν + 1

]
× 3F4

( s+ν
4 , s+ν4 , s+ν+2

4 ; − b4

64a2

1
2 , ∆ (2, ν + 1) , s+ν+4

4

)
± a−(s+ν)/2−1cν+2

2ν+2 (s+ ν + 2)

{
sin (3νπ/4)

cos (3νπ/4)

}
Γ

[ s+ν+2
2

ν + 2

]
× 2F5

( s+ν+2
4 , s+ν+2

4 , s+ν+4
4 ; − c4

64a2

3
2 , ∆ (2, ν + 2) , s+ν+6

4

)
[Re a, Re (s+ ν) > 0]
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3.17.5. berν (bx), beiν (bx), kerν (bx), keiν (bx), and the Bessel functions

1 Jµ (ax)

{
kerν (bx)

keiν (bx)

}
±2s−2aµ

bs+µ

{
cos[(s+ µ+ 2ν)π/4]

sin[(s+ µ+ 2ν)π/4]

}
Γ

[ s+µ+ν
2 , s+µ−ν2

µ+ 1

]

× 4F3

(
∆
(
2, s+µ+ν2

)
, ∆

(
2, s+µ−ν2

)
1
2 , ∆ (2, µ+ 1) ; −a4b4

)
+

2s−2aµ+2

bs+µ+2

×
{

sin[(s+ µ+ 2ν)π/4]

cos[(s+ µ+ 2ν)π/4]

}
Γ

[ s+µ+ν+2
2 , s+µ−ν+2

2

µ+ 2

]

× 4F3

(
∆
(
2, s+µ+ν+2

2

)
, ∆

(
2, s+µ−ν+2

2

)
3
2 , ∆ (2, µ+ 2) ; −a4b4

)
[a > 0; Re (s+ µ) > |Re ν|; |arg b| < π]

2 Kµ (ax)

{
berν (bx)

beiν (bx)

}
2s−2bν

as+ν

{
cos (3νπ/4)

sin (3νπ/4)

}
Γ

[ s−µ+ν
2 , s+µ+ν2

ν + 1

]

× 4F3

(
∆
(
2, s−µ+ν2

)
, ∆

(
2, s+µ+ν2

)
1
2 , ∆ (2, ν + 1) ; − b4

a4

)

∓ 2s−2bν+2

as+ν+2

{
sin (3νπ/4)

cos (3νπ/4)

}
Γ

[ s−µ+ν+2
2 , s+µ+ν+2

2

ν + 2

]

× 4F3

(
∆
(
2, s−µ+ν+2

2

)
, ∆

(
2, s+µ+ν+2

2

)
3
2 , ∆ (2, ν + 2) ; − b4

a4

)
[
Re
(√

2 a− b
)
> |Im b|; Re (s+ ν) > |Reµ|

]
3 Kµ

(
ax2
){berν (bx)

beiν (bx)

}
2(s−ν)/2−3bν

a(s+ν)/2

{
cos (3νπ/4)

sin (3νπ/4)

}
Γ

[ s−2µ+ν
4 , s+2µ+ν

4

ν + 1

]
× 2F3

( s−2µ+ν
4 , s+2µ+ν

4 ; − b4

64a2

1
2 ,

ν+1
2 , ν+2

2

)
+

2(s−ν)/2−4bν+2

a(s+ν)/2+1

×
{

sin (3νπ/4)

cos (3νπ/4)

}
Γ

[ s−2µ+ν+2
4 , s+2µ+ν+2

4

ν + 2

]
× 2F3

( s−2µ+ν+2
4 , s+2µ+ν+2

4 ; − b4

64a2

3
2 ,

ν+2
2 , ν+3

2

) [
Re a > 0;

Re (s+ ν) > 2|Reµ|

]

3.17.6. ϕ (x) (ber2ν (bx) + bei2ν (bx)) and ker2ν (bx) + kei2ν (bx)

1 e−ax
[
ber2ν (bx) + bei2ν (bx)

] b2ν

22νas+2ν
Γ

[
s+ 2ν

ν + 1, ν + 1

]
4F3

(
∆ (4, s+ 2ν)

∆ (2, ν + 1) , ν + 1; 4b4

a4

)
[
Re a >

√
2 (Re b+ |Im b|) ; Re (s+ 2ν) > 0

]
2 e−ax

2 [
ber2ν (bx) + bei2ν (bx)

] b2ν

22ν+1as/2+ν
Γ

[ s+2ν
2

ν + 1, ν + 1

]
2F3

(
∆
(
2, s+2ν

2

)
∆ (2, ν + 1) , ν + 1; b4

16a4

)
[Re a, Re (s+ 2ν) > 0]
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No. f (x) F (s)

3 θ (a− x) ln

√
a− x+

√
a√

x

2−2ν−1
√
π as+2νb2ν

s+ 2ν
Γ

[
s+ 2ν

ν + 1, ν + 1, 2s+4ν+1
2

]
×
[
ber2ν (bx) + bei2ν (bx)

]
× 5F8

( s+2ν
4 , ∆ (4, s+ 2ν) ; a

4b4

64
ν+1
2 , ν+2

2 , ν + 1, ∆
(
4, s+ 2ν + 1

2

)
, s+2ν+4

4

)
[a, Re (s+ 2ν) > 0]

4 θ (a− x) arccos
x

a

2−2ν−1
√
π as+2νb2ν

s+ 2ν
Γ

[ s+2ν+1
2

ν + 1, ν + 1, s+2ν+2
2

]
×
[
ber2ν (bx) + bei2ν (bx)

]
× 3F6

( s+2ν
4 , s+2ν+1

4 , s+2ν+3
4 ; a4b4

64
ν+1
2 , ν+2

2 , ν + 1, s+2ν+2
4 , s+2ν+4

4 , s+2ν+4
4

)
[a > 0; Re (s+ 2ν) > −1]

5 Γ (µ, ax)
a−s−2ν (b/2)

2ν

s+ 2ν
Γ

[
s+ µ+ 2ν

ν + 1, ν + 1

]
×
[
ber2ν (bx) + bei2ν (bx)

]
× 5F4

( s+2ν
4 , ∆ (4, s+ µ+ 2ν) ; 4b4

a4

ν+1
2 , ν+2

2 , ν + 1, s+2ν+4
4

)
[
Re
(
a−
√

2 b
)
> 0; Re (s+ 2ν) > −Reµ, 0

]
6 erfc (ax)

a−s−2νb2ν

22ν
√
π (s+ 2ν)

Γ

[ s+2ν+1
2

ν + 1, ν + 1

]
3F3

( 1
2 ,

s+2ν
4 , s+2ν+3

4
ν+1
2 , ν+2

2 , ν + 1; b4

16a4

)
×
[
ber2ν (bx) + bei2ν (bx)

]
[Re (s+ 2ν) > 0; |arg a| < π/4]

7 Kµ

(
ax2
) 2s/2−ν−3b2ν

as/2+ν
Γ

[ s−2µ+2ν
4 , s+2µ+2ν

4

ν + 1, ν + 1

]
×
[
ber2ν (bx) + bei2ν (bx)

]
× 2F5

( s−2µ+2ν
4 , s+2µ+2ν

4 ; b4

16a2

ν+1
2 , ν+2

2 , ν + 1

)
[Re a > 0; Re (s+ 2ν) > 2|Reµ|]

8 ker2ν (ax) + kei2ν (ax)
2s−4

as
Γ

[
s

2
,
s− 2ν

4
,
s+ 2ν

4

]
[Re s > 2|Re ν|; |arg a| < π/4]

3.17.7. Products of berν (bx), beiν (bx), kerν (bx), keiν (bx)

1 berν (ax)

{
kerν (ax)

keiν (ax)

}
± a−s

8
√
π

{
cos (sπ/4)

sin (sπ/4)

}
Γ

[ s
2 ,

1−s
2 , s+2ν

2
2−s+2ν

2

]
± 2s−4

as

{
cos [(s+ 6ν)π/4]

sin [(s+ 6ν)π/4]

}
Γ

[ s
2 ,

s+2ν
4

4−s+2ν
4

]
[a > 0; 0, −2 Re ν < Re s < 2]
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No. f (x) F (s)

2 ber−ν (ax)

{
kerν (ax)

keiν (ax)

}
± a−s

8
√
π

{
cos [(s+ 4ν)π/4]

sin [(s+ 4ν)π/4]

}
Γ

[ s
2 ,

1−s
2 , s−2ν2

2−s−2ν
2

]
± 2s−4

as

{
cos([(s− 2ν)π/4]

sin [(s− 2ν)π/4]

}
Γ

[ s
2 ,

s−2ν
4

4−s−2ν
4

]
[a > 0; 0, 2 Re ν < Re s < 1]

3 beiν (ax)

{
kerν (ax)

keiν (ax)

}
2s−4

as

{
sin [(s+ 6ν)π/4]

cos [(s+ 6ν)π/4]

}
Γ

[ s
2 ,

s+2ν
4

4−s+2ν
4

]
− a−s

8
√
π

{
sin [sπ/4]

cos [sπ/4]

}
Γ

[ s
2 ,

1−s
2 , s+2ν

4
2−s+2ν

2

]
[a > 0; 0, −2 Re ν < Re s < 2]

4 bei−ν (ax)

{
kerν (ax)

keiν (ax)

}
2s−4

as

{
sin [(s− 2ν)π/4]

cos [(s− 2ν)π/4]

}
Γ

[ s
2 ,

s−2ν
4

4−s−2ν
4

]
− a−s

8
√
π

{
sin [(s+ 4ν)π/4]

cos [(s+ 4ν)π/4]

}
Γ

[ s
2 ,

1−s
2 , s−2ν2

2−s−2ν
2

]
[a > 0; 0, 2 Re ν < Re s < 1]

5

{
ker2ν (ax)

kei2ν (ax)

}
2s−5

as
Γ

[
s

2
,
s− 2ν

4
,
s+ 2ν

4

]
±
√
π

8as
cos
(sπ

4
+ νπ

)
Γ

[ s
2 ,

s−2ν
2 , s+2ν

2
s+1
2

]
[|Re ν| < Re s < 2; |arg a| ≤ π/4]

6 keiν (ax) kerν (ax) −
√
π

8as
sin

(s+ 4ν)π

4
Γ

[ s
2 ,

s−2ν
2 , s+2ν

2
s+1
2

]
[Re s > 2|Re ν|; |arg a| ≤ π/4]

7 kei−ν (ax)

{
kerν (ax)

keiν (ax)

}
2s−5a−s

{
sin (πν)

cos (πν)

}
Γ

[
s

2
,
s− 2ν

4
,
s+ 2ν

4

]
−
√
πa−s

8

{
sin (sπ/4)

cos (sπ/4)

}
Γ

[ s
2 ,

s−2ν
2 , s+2ν

2
s+1
2

]
[2|Re ν| < Re s < 2; |arg a| ≤ π/4]

8

{
ker−ν (ax) kerν (ax)

kei−ν (ax) keiν (ax)

}
2s−5

as
cos (νπ) Γ

[
s

2
,
s− 2ν

4
,
s+ 2ν

4

]
±
√
π

8as
cos

sπ

4
Γ

[ s
2 ,

s−2ν
2 , s+2ν

2
s+1
2

]
[2|Re ν| < Re s < 2; |arg a| ≤ π/4]
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3.18. The Airy Functions Ai (z) and Bi (z)

More formulas can be obtained from the corresponding sections due to the relations

Ai (z) =
1

π

√
z

3
K1/3

(
2

3
z3/2

)
,

Bi (z) =

√
z

3

[
I−1/3

(
2

3
z3/2

)
+ I1/3

(
2

3
z3/2

)]
,

{
Ai (z)

Bi (z)

}
=

1

3(5±3)/12 Γ
(
2
3

) 0F1

(
2

3
;
z3

9

)
∓ z

3(1±3)/12 Γ
(
1
3

) 0F1

(
4

3
;
z3

9

)
,

{
Ai′ (z)

Bi′ (z)

}
=

z2

2× 3(5±3)/12 Γ
(
2
3

) 0F1

(
5

3
;
z3

9

)
∓ 1

3(1±3)/12 Γ
(
1
3

) 0F1

(
1

3
;
z3

9

)
;

Ai (z) =
1

2 6
√

3π
G20

02

(
z3

9

∣∣∣∣ ·
0, 1/3

)
, [−π/3 < arg z ≤ π/3] ;

Bi (z) =
2π
6
√

3
G20

24

(
z3

9

∣∣∣∣ 1/6, 2/3

0, 1/3, 1/6, 2/3

)
, [−π/3 < arg z ≤ π/3] ;

Ai′ (z) = −
6
√

3

2π
G20

02

(
z3

9

∣∣∣∣ ·
0, 2/3

)
, [−π/3 < arg z ≤ π/3] ;

Bi′ (z) = −2
6
√

3πG20
24

(
z3

9

∣∣∣∣ −1/6, 1/3

0, 2/3, −1/6, 1/3

)
, [−π/3 < arg z ≤ π/3] .

3.18.1. Ai (bx), Ai′ (bx), Bi (bx), and algebraic functions

No. f (x) F (s)

1 Ai (ax)
3(4s−7)/6

2πas
Γ
(s

3

)
Γ

(
s+ 1

3

)
[Re s > 0; |arg a| < π/3]

2 (a− x)
α−1
+

{
Ai (bx)

Bi (bx)

}
as+α−1

3(5±3)/12Γ (2/3)
B (α, s) 3F4

( s
3 ,

s+1
3 , s+2

3 ; a3b3

9
2
3 ,

s+α
3 , s+α+1

3 , s+α+2
3

)
∓ as+αb

3(1±3)/12Γ (1/3)
B (α, s+ 1) 3F4

( s+1
3 , s+2

3 , s+3
3 ; a3b3

9
4
3 ,

s+α+1
3 , s+α+2

3 , s+α+3
3

)
[a, Reα, Re s > 0]

3
(
a3 − x3

)α−1
+

{
Ai (bx)

Bi (bx)

}
as+3α−3 Γ (1/3)

2 · 3(11±3)/12 π
B
(
α,

s

3

)
1F2

( s
3 ; a3b3

9
2
3 ,

s+3α
3

)
∓ as+3α−2bΓ (2/3)

2 · 3(7±3)/12 π
B

(
α,

s+ 1

3

)
1F2

( s+1
3 ; a3b3

9
4
3 ,

s+3α+1
3

)
[a, Reα, Re s > 0]
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No. f (x) F (s)

4
(
x3 − a3

)α−1
+

Ai (bx) − as+3α−2b

34/3Γ (1/3)
B

(
α,

2− s− 3α

3

)
1F2

( s+1
3 ; a3b3

9
4
3 ,

s+3α+1
3

)

− as+3α−3

32/3Γ (−1/3)
B

(
α,

3− s− 3α

3

)
1F2

( s
3 ; a3b3

9
2
3 ,

s+3α
3

)

− 32s/3+2α−11/3

bs+3α−3

{
sin

(2s+ 6α− 1)π

6
Γ

[ s+3α−2
3

6−s−3α
3

]

+ cos
(s+ 3α)π

3
Γ

[ s+3α−3
3

5−s−3α
3

]}
1F2

(
1− α; a3b3

9
5−s−3α

3 , 6−s−3α
3

)
[a, Reα > 0; |arg b| < π/3]

5
1

(x3 + a3)
ρ Ai (bx) − as−3ρ+1b

34/3 Γ (1/3)
B

(
s+ 1

3
, −s− 3ρ+ 1

3

)
1F2

( s+1
3 ; −a

3b3

9
4
3 ,

s−3ρ+4
3

)

− as−3ρ

32/3 Γ (−1/3)
B

(
s

3
, −s− 3ρ

3

)
1F2

( s
3 ; −a

3b3

9
2
3 ,

s−3ρ+3
3

)

+
32s/3−2ρ−5/3

bs−3ρ

{
cos

(s− 3ρ)π

3
Γ

[ s−3ρ
3

− s−3ρ−23

]

+ sin
(2s− 6ρ− 1)π

6
Γ

[ s−3ρ+1
3

− s−3ρ−33

]}
1F2

(
ρ; −a

3b3

9

− s−3ρ−23 , − s−3ρ−33

)
[Re s > 0; |arg a| < π/3]

6 Ai′ (ax) −3(4s−5)/6

2π
a−s Γ

(s
3

)
Γ

(
s+ 2

3

)
[Re s > 0; |arg a| < π/3]

3.18.2. Ai (bx), Ai′ (bx), Bi (bx), and the exponential function

1 e−ax Ai (bx)
3−(s+1)/3ab−s−2

4Γ (1− s)

[
b2

31/3a
csc

sπ

3
csc

(s+ 1)π

3

× Γ

(
1− s

3

)
2F2

( s
3 ,

s+1
3

1
3 ,

2
3 ; − a3

3b3

)
− 31/3b sec

(2s+ 1)π

6

× csc
(s+ 1)π

3
Γ

(
3− s

3

)
2F2

( s+1
3 , s+2

3
2
3 ,

4
3 ; − a3

3b3

)

+
as

2
sec

(2s+ 1)π

6
csc

sπ

3
Γ

(
2− s

3

)
2F2

( s+2
3 , s+3

3
4
3 ,

5
3 ; − a3

3b3

)]
[Re a, Re s > 0; |arg b| < π/3]
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No. f (x) F (s)

2 e−ax
3/2

{
Ai (bx)

Bi (bx)

}
3(−11∓3)/12

πa2s/3
Γ

(
1

3

)
Γ

(
2s

3

)
2F1

( s
3 ,

2s+3
6

2
3 ; 4b3

9a2

)
∓ 3(−7∓3)/12 b

πa2(s+1)/3
Γ

(
2

3

)
Γ

(
2s+ 2

3

)
2F1

( s+1
3 , 2s+5

6
4
3 ; 4b3

9a2

)
[
Re s > 0; Re

(
3a± 2b3/2

)
> 0; |arg b| < π/6

]

3 e−2/3(ax)
3/2

Ai (ax)
2(1−4s)/33(4s−7)/6√

π
a−s Γ

[ 2s
3 ,

2s+2
3

4s+5
6

]
[Re s > 0; |arg a| < π/3]

4 e2/3(ax)
3/2

Ai (ax)
2−(4s+2)/33(4s−7)/6

π3/2
a−s Γ

(
1− 4s

6

)
Γ

(
2s

3

)
Γ

(
2s+ 2

3

)
[0 < Re s < 1/4; |arg a| < π]

5 e−ax
3

{
Ai (bx)

Bi (bx)

}
a−s/3

3(17±3)/12
Γ

[ s
3
2
3

]
1F1

( s
3

2
3 ; b3

9a

)
∓ a−(s+1)/3b

3(13±3)/12
Γ

[ s+1
3
1
3

]
1F1

( s+1
3

4
3 ; b3

9a

)
[Re a, Re s > 0]

6 e−2/3(ax)
3/2

Ai′ (ax) −2−(4s+1)/33(4s−5)/6√
π

a−s Γ

[ 2s
3 ,

2s+4
3

4s+7
6

]
[Re s > 0; |arg a| < π/3]

3.18.3. Ai (bx) and trigonometric functions

Notation: δ =

{
1

0

}
.

1

{
sin
(
ax3/2

)
cos
(
ax3/2

)}Ai (bx)
3(4s−7)/6+δ aδ

2π bs+3δ/2
Γ

(
2s+ 3δ

6

)
Γ

(
2s+ 3δ + 2

6

)
2F1

( 2s+3δ
6 , 2s+3δ+2

6
2δ+1

2 ; − 9a2

4b3

)
[a > 0; Re s > −3δ/2; |arg b| < π/6]

3.18.4. Ai (bx), Ai′ (bx), Bi (bx), and special functions

1 Ei
(
−ax3

){Ai (bx)

Bi (bx)

}
±a
−(s+1)/3b

3(25±3)/12
Γ

[ s+1
3 , s+1

3
4
3 ,

s+4
3

]
2F2

( s+1
3 , s+1

3
4
3 ,

s+4
3 ; b3

9a

)
− a−s/3

3(17±3)/12
Γ

[ s
3 ,

s
3

2
3 ,

s+3
3

]
2F2

( s
3 ,

s
3

2
3 ,

s+3
3 ; b3

9a

)
[a, Re s > 0]
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No. f (x) F (s)

2 erfc
(
ax3/2

){Ai (bx)

Bi (bx)

}
∓ a−2(s+1)/3b

3(1±3)/12
√
π (s+ 1)

Γ

[ 2s+5
6
1
3

]
2F2

( s+1
3 , 2s+5

6
4
3 ,

s+4
3 ; b3

9a2

)
+

a−2s/3

3(5±3)/12
√
π s

Γ

[ 2s+3
6
2
3

]
2F2

( s
3 ,

2s+3
6

2
3 ,

s+3
3 ; b3

9a2

)
[Re a, Re s > 0]

3 Γ
(
ν, ax3

){Ai (bx)

Bi (bx)

}
∓ a−(s+1)/3b

3(1±3)/12 (s+ 1)
Γ

[ s+3ν+1
3
1
3

]
2F2

( s+1
3 , s+3ν+1

3
4
3 ,

s+4
3 ; b3

9a

)
+

a−s/3

3(5±3)/12s
Γ

[ s+3ν
3
2
3

]
2F2

( s
3 ,

s+3ν
3

2
3 ,

s+3
3 ; b3

9a

)
[Re a, Re s, Re (s+ 3ν) > 0]

4 Jν
(
ax3/2

)
Ai (bx)

3(4s−7)/6+ν aν

2ν+1πbs+3ν/2
Γ

[ 2s+3ν
6 , 2s+3ν+2

6

ν + 1

]
2F1

( 2s+3ν
6 , 2s+3ν+2

6

ν + 1; − 9a2

4b3

)
[a, Re (2s+ 3ν) > 0; |arg b| < π/6]

5 Iν

(
2

3
(ax)3/2

)
Ai (ax)

3(4s−7)/6a−s

2π
Γ

[ 2−2s
3 , 2s+3ν

6 , 2s+3ν+2
6

−2s+3ν+4
6 , −2s+3ν+6

6

]
[−3 Re ν/2 < Re s < 1; |arg a| < π/3]

6 Kν

(
2

3
(ax)3/2

)
Ai (ax)

3(4s−7)/6a−s

4π
Γ

[ 2s−3ν
6 , 2s+3ν

6 , 2s−3ν+2
6 , 2s+3ν+2

6
2s+1
3

]
[Re s > 3|Re ν|/2; |arg a| < π/3]

7 Iν

(
2

3
(ax)3/2

)
Ai′ (ax) − 3(4s−5)/6a−s

π3/22(2s+5)/3
Γ

[ 1−2s
6 , 2−s

3 , 2s+3ν
6 , 2s+3ν+4

6
−2s+3ν+2

6 , −2s+3ν+6
6

]
[−3 Re ν/2 < Re s < 1/2; |arg a| < π/3]

8 Kν

(
2

3
(ax)3/2

)
Ai′ (ax)

3(4s−5)/6a−s

4 sin (νπ)
Γ

(
1− 2s

3

)(
Γ

[ 2s+3ν
6 , 2s+3ν+4

6
−2s+3ν+2

6 , −2s+3ν+6
6

]
− Γ

[ 2s−3ν
6 , 2s−3ν+4

6

− 2s+3ν−2
6 , − 2s+3ν−6

6

])
[3|Re ν|/2 < Re s < 1/2; |arg a| < π/3]

3.18.5. Products of Airy functions

1 Ai2 (ax)
2−2(s+1)/33−(2s+5)/6

√
π

a−s Γ

[
s

2s+5
6

]
[Re s > 0, |arg a| < π/3]
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No. f (x) F (s)

2 Ai (ax) Bi (ax)
2−(2s+5)/332(s−2)/3

π3/2
a−s Γ

[ 1−2s
6 , s3 ,

s+2
3

2−s
3

]
[0 < Re s < 1/2; |arg a| < π/3]

3 Ai (ax) Bi (−ax)
12(s−5)/6a−s√

π
Γ

[ s
2 ,

s+1
6

s+4
6 , 2−s

6

]
[a, Re s > 0]

4 Ai
(
aeiπ/6x

) 2(s−8)/33(s−5)/6

π3/2as
Γ
(s

2

)
Γ

(
s+ 1

6

)
[a, Re s > 0]

×Ai
(
ae−iπ/6x

)
5 Ai2 (−ax) + Bi2 (−ax)

2(1−2s)/3a−s

3(2s+5)/6π3/2
Γ (s) Γ

(
1− 2s

6

)
[a > 0; 0 < Re s < 1/2]

6 e−ax
3

Ai2 (ax)
a−s/3

22/3311/6
√
π

Γ

[ s
3
5
6

]
2F2

( 1
6 ,

s
3

1
3 ,

2
3 ; 4a2

9

)
− a(2−s)/3

33/2π
Γ

(
s+ 1

3

)
× 2F2

( 1
2 ,

s+1
3

2
3 ,

4
3 ; 4a2

9

)
+

a(4−s)/3

21/337/6
√
π

Γ

[ s+2
3
1
6

]
2F2

( 5
6 ,

s+2
3

4
3 ,

5
3 ; 4a2

9

)
[a, Re s > 0]

7 Ai (ax) Ai′ (ax) −12−(2s+3)/6

√
π

a−s Γ

[
s

2s+3
6

]
[Re s > 0; |arg a| < π/3]

8
(
Ai′ (ax)

)2 2−(2s+7)/33(2s−2)/3

π3/2
a−s Γ

[ s
3 ,

s+2
3 , s+4

3
2s+7
6

]
[Re s > 0; |arg a| < π/3]

9 Ai′ (ax) Bi (ax) +
1

2π
−12−(2s+3)/6

π3/2
a−s sin

sπ

3
Γ (s) Γ

(
3− 2s

6

)
[−1 < Re s < 3/2; |arg a| < π/3]

10 Ai (ax) Bi′ (ax)− 1

2π
−12−(2s+3)/6

π3/2
a−s sin

sπ

3
Γ (s) Γ

(
3− 2s

6

)
[−1 < Re s < 3/2; |arg a| < π/3]

11 Jν
(
ax3/2

)
Ai (bx) − aνb−s−3ν/2

22s/3+2ν+13(2s+3ν+3)/6
√
π

Γ

[ 2s+3ν
2

ν + 1, 2s+3ν+3
6

]
×Ai′ (bx) × 3F2

( 2s+3ν
6 , 2s+3ν+2

6 , 2s+3ν+4
6

ν + 1, 2s+3ν+3
6 ; − 9a2

16b3

)
[Re a, Re (s+ 3ν/2) > 0; |arg b| < π/3]
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3.19. The Legendre Polynomials Pn (z)

More formulas can be obtained from the corresponding sections due to the relations

Pν (z) = P 0
ν (z) = P0

ν (z) = C1/2
ν (z) = P (0, 0)

ν (z) = 2F1

(
−ν, ν + 1; 1;

1− z
2

)
.

3.19.1. Pn (ϕ (x)) and algebraic functions

Notation: ε = 0 or 1.

No. f (x) F (s)

1 θ (a− x)Pn

(x
a

) as

2
Γ

[ s
2 ,

s+1
2

s−n+1
2 , s+n+2

2

]
[a, Re s > 0]

2 θ (x− a)Pn

(x
a

) as

2s+1
√
π

Γ

[
− s+n2 , 1−s+n

2

1− s

]
[a > 0; Re s < −n]

3
(
x2 − a2

)α−1
+

Pn

(x
b

) 2n−1as+2α+n−2

n! bn

(
1

2

)
n

Γ

[
α, 2−2α−s−n

2
2−n−s

2

]
× 3F2

(− [n2 ] , (−1)n
2 −

[
n
2

]
, 2−2α−s−n

2
2−n−s

2 , 1−2n
2 ; b2

a2

)
[a > 0; Reα > 0; Re (s+ 2α) < 2− n]

4
θ (a− x)

(b2 ± x2)
ρ P2n+ε

(x
a

) (−1)
n ( 1−s+ε

2

)
n
as

2
(
s+ε
2

)
n+1

b2ρ
3F2

(
ρ, s2 ,

s+1
2 ; ∓a

2

b2

s+2n+ε+2
2 , s−2n−ε+1

2

)
[
Re s > −ε;

{
a, Re b > 0

b > a > 0

}]

5
θ (a− x)

x2 − b2
P2n+ε

(x
a

) (−1)
n+1

as
(
1−s+ε

2

)
n

2b2
(
s+ε
2

)
n+1

3F2

(
1, s2 ,

s+1
2 ; a2

b2

s−2n−ε+1
2 , s+2n+ε+2

2

)
[b > a > 0; Re s > −ε]

6
θ (a− x)

x2 − b2
P2n+ε

(x
a

) (−1)
ε+1

πbs−2

2
tan2ε−1 sπ

2
P2n+ε

(
b

a

)
+

(−1)
n
as−2

(
3−s+ε

2

)
n

2
(
s+ε−2

2

)
n+1

3F2

(
1, 2−2n−s−ε

2 , 2n−s+ε+3
2

3−s
2 , 4−s

2 ; b2

a2

)
[a > b > 0; Re s > −ε]

7
θ (x− a)

(x2 ± b2)
ρ P2n+ε

(x
a

) (−1)
n+1

as−2ρ
(
2ρ−s+ε+1

2

)
n

2
(
s−2ρ+ε

2

)
n+1

3F2

(
ρ, 2ρ+2n−s+ε+1

2 , 2ρ−2n−s−ε
2

2ρ−s+1
2 , 2ρ−s+2

2 ; ∓ b2

a2

)
[
Re (s− 2ρ) < −2n− ε;

{
a, Re b > 0

a > b > 0

}]
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No. f (x) F (s)

8
θ (x− a)

x2 − b2
P2n+ε

(x
a

) (−1)
n ( 1−s+ε

2

)
n
as

2b2
(
s+ε
2

)
n+1

3F2

(
1, s2 ,

s+1
2 ; a2

b2

s−2n−ε+1
2 , s+2n+ε+2

2

)

+ (−1)
ε+1 π

2
bs−2 tan2ε−1 sπ

2
P2n+ε

(
b

a

)
[0 < a < b; Re s < 2− 2n− ε]

9
θ (x− a)

x2 − b2
P2n+ε

(x
a

)
(−1)

n+1

(
3−s+ε

2

)
n
as−2

2
(
s−2+ε

2

)
n+1

3F2

(
1, 2n−s+ε+3

2 , 2−2n−s−ε
2

3−s
2 , 4−s

2 ; b2

a2

)
[0 < b < a; Re s < 2− 2n− ε]

10
1

(x+ a)
ρ Pn

(
2x

b
+ 1

)
as−ρ B (s, ρ− s) 3F2

(
−n, n+ 1, s

1, s− ρ+ 1; a
b

)
[0 < Re s < Re ρ− n; |arg a| < π]

11 (x− a)
−1/2
+ P2n

(
i

√
x

a
− 1

)
(−1)

n
as−1/2

n!
Γ

(
2n+ 1

2

)
Γ

[
1− s+ n, 1−2s−2n

2

1− s, 1− s

]
[a > 0; Re s < 1/2− n]

12 θ (x− a)
(−1)

[n/2]
as

[n/2]!
Γ

[ −s, −s, n−
[
n
2

]
+ 1

2

−s−
[
n
2

]
, −s+ n−

[
n
2

]
+ 1

2

]
×
(
x− a
x

)(n−2[n/2]−1)/2

[a > 0; Re s < 0]

× Pn
(√

x− a
x

)

3.19.2. Pn (bx) and the exponential function

1 θ (x− a) e−bxPn

(x
a

) 2n (1/2)n e
−ab

n! anbs+n
Γ (s+ n) 2F2

(
−n, −n; 2ab

−2n, 1− s− n

)
[a, Re b, Re s > 0]

2 θ (a− x) e−bx
2

Pn

(x
a

) √
π
(a

2

)s
Γ

[
s

s−n+1
2 , s+n+2

2

]
2F2

( s
2 ,

s+1
2 ; −a2b

s−n+1
2 , s+n+2

2

)
[a > 0; Re s > ((−1)n − 1) /2]

3 θ (x− a) eb/x
2

Pn

(x
a

) 2−s−1as√
π

Γ

[
− s+n2 , 1−s+n

2

1− s

]
2F2

(− s+n2 , 1−s+n
2 ; b

a2

1−s
2 , 2−s

2

)
[a > 0; Re b > 0]
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No. f (x) F (s)

4 e−bxPn

(
2x

a
± 1

)
22n

n! anbs+n

(
1

2

)
n

Γ (s+ n) 2F2

(
−n, −n; ±ab
−2n, 1− s− n

)
[Re b, Re s > 0]

5 e−b/xPn

(
2x

a
+ 1

)
bs Γ (−s) 2F2

(
−n, n+ 1

1, s+ 1; b
a

)
[Re b > 0; Re s < −n]

6 e−b
√
x Pn

(
2x

a
± 1

)
22n+1

n! anb2s+2n

(
1

2

)
n

Γ (2s+ 2n) 2F3

( −n, −n; ∓ab
2

4

−2n, 1−2s−2n
2 , 1− s− n

)
[Re b, Re s > 0]

3.19.3. Pn (ax+ b) and Ei (cxr)

Notation: ε = 0 or 1.

1 θ (a− x) Ei
(
−bx2

)
P2n+ε

(x
a

) (−1)
n+1 ( ε−s−1

2

)
n
as+2b

2
(
s+ε+2

2

)
n+1

4F4

(
1, 1, s+2

2 , s+3
2 ; −a2b

2, 2, s−2n−ε+3
2 , s+2n+ε+4

2

)

+
(−1)

n ( ε−s+1
2

)
n
as

2
(
s+ε
2

)
n+1

×
[
C−

n∑
k=0

2

2k + s+ ε
−
n−1∑
k=0

2

2k − s+ ε+ 1
+ ln

(
a2b
)]

[a > 0; Re s > −ε; |arg b| < π]

3.19.4. Pn (ax+ b) and si (cxr), ci (cxr)

1
(
a2 − x2

)1/2
+

si (bx)Pn

(x
a

) √
π
(a

2

)s+1

bΓ

[
s+ 1

s−n+2
2 , s+n+3

2

]
3F4

( 1
2 ,

s+1
2 , s+2

2 ; −a
2b2

4
3
2 ,

3
2 ,

s−n+2
2 , s+n+3

2

)
− π3/2as

2s+1
Γ

[
s

s−n+1
2 , s+n+2

2

]
[a > 0; Re s > ((−1)n − 1) /2]

2
(
a2 − x2

)1/2
+

ci (bx)Pn

(x
a

)
−
√
π as+2b2

2s+4
Γ

[
s+ 2

s−n+3
2 , s+n+4

2

]
4F5

(
1, 1, s+2

2 , s+3
2 ; −a

2b2

4
3
2 , 2, 2, s−n+3

2 , s+n+4
2

)
+
√
π
(a

2

)s
Γ

[
s

s−n+1
2 , s+n+2

2

] [
ψ (s)

− 1

2
ψ

(
s− n+ 1

2

)
− 1

2
ψ

(
s+ n+ 2

2

)
+ ln

ab

2
+ C

]
[a > 0; Re s > ((−1)n − 1) /2]
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3.19.5. Pn (ax+ b) and erf (cxr), erfc (cxr)

1 θ (a− x) erfc (bx)Pn

(x
a

)
−2−sas+1bΓ

[
s+ 1

s−n+2
2 , s+n+3

2

]
3F3

( 1
2 ,

s+1
2 , s+2

2 ; −a2b2
3
2 ,

s−n+2
2 , s+n+3

2

)
+
√
π
(a

2

)s
Γ

[
s

s−n+1
2 , s+n+2

2

]
[a > 0; Re s > ((−1)n − 1) /2]

3.19.6. Products of Pn (axr + b)

Notation: ε = 0 or 1.

1 θ (a− x)Pm

(x
a

)
Pn

(x
a

) √
π (m+ n)! as

2sm!n!
Γ

[
s

s−m−n+1
2 , s+m+n+2

2

]
× 3F2

(−m, −n, s−m−n2 ; 1

−m− n, s−m−n+1
2

)
[a > 0; Re s > 2 [m/2] + 2 [n/2]−m− n]

2 θ (x− a)Pm

(
2x

a
− 1

)
(−1)

m+1
(±1)

n
as

(1− s)m
(s)m+1

4F3

(
−n, n+ 1, s, s; ∓ab
1, s−m, s+m+ 1

)
× Pn

(
2x

b
± 1

)
[a > 0; Re s < −m− n]

3 θ (a− x)Pn

(√
a

x

)
as Γ

[ 2s−n
2 , 2s+n+1

2
2s+1
2 , s+ 1

]
4F3

(−m, m+ 1, 2s−n
2 , 2s+n+1

2

1, 2s+1
2 , s+ 1; a

2b

)
× Pm

(
1− x

b

)
[a > 0; Re s > n/2]

4 θ (a− x) (b− x)
m

asbm Γ

[ 2s−n
2 , 2s+n+1

2
2s+1
2 , s+ 1

]
4F3

(−m,−m, 2s−n2 , 2s+n+1
2

1, 2s+1
2 , s+ 1; ab

)
× Pn

(√
a

x

)
Pm

(
b+ x

b− x

)
[a > 0; Re s > n/2]

5 θ (a− x)Pn

(a
x

)
P2m+ε (bx)

(−1)
m

2s+ε−1as+εbε√
πm!

(
2ε+ 1

2

)
m

Γ

[ s−n+ε
2 , s+n+ε+1

2

s+ ε+ 1

]
× 4F3

(−m, 2m+2ε+1
2 , s−n+ε2 , s+n+ε+1

2
2ε+1
2 , s+ε+1

2 , s+ε+2
2 ; a2b2

)
[a > 0; Re s > n− ε]

6 θ (a− x)Pm

(
1− 2

bx2

)
(−1)

m
24m−sas−2mb−m

m!
Γ

[ 2m+1
2 , s− 2m

s−2m−n+1
2 , s−2m+n+2

2

]
× Pn

(x
a

)
× 4F3

(−m, −m, s−2m2 , s−2m+1
2 ; a2b

−2m, s−2m−n+1
2 , s−2m+n+2

2

)
[a > 0; Re s > 2m]
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3.20. The Chebyshev Polynomials Tn (z)

More formulas can be obtained from the corresponding sections due to the relations

Tn (z) =
n

2
lim
λ→0

[ 1

λ
Cλn (z)

]
, Tν (z) =

Γ (ν + 1)

(1/2)ν
P (−1/2,−1/2)
ν (z) ,

Tν (z) = 2F1

(
−ν, ν;

1

2
;

1− z
2

)
.

3.20.1. Tn (ϕ (x)) and algebraic functions

Notation: ε = 0 or 1.

No. f (x) F (s)

1
(
a2 − x2

)−1/2
+

Tn

(x
a

) πas−1

2s
Γ

[
s

s+n+1
2 , s−n+1

2

]
[a, Re s > 0]

2

(
a2 − x2

)−1/2
+

(b2 ± x2)
ρ Tn

(x
a

) πas−1

2sb2ρ
Γ

[
s

s−n+1
2 , s+n+1

2

]
3F2

(
ρ, s2 ,

s+1
2 ; ∓a

2

b2

s−n+1
2 , s+n+1

2

)
[{

Re b > 0

b > a

}
; a, Re s > 0

]

3
(
x2 − a2

)−1/2
+

Tn

(x
a

) as−1

2s+1
Γ

[ 1−s+n
2 , 1−s−n

2

1− s

]
[a > 0; Re s < 1− n]

4 (a− x)
α−1
+ T2n+ε (bx)

(−1)
n

(n+ ε/2) as+α+ε−1 (2b)
ε

n!
B (α, s+ ε)

× Γ (n+ ε) 4F3

( −n, n+ ε, s+ε2 , s+ε+1
2

2ε+1
2 , s+α+ε2 , s+α+ε+1

2 ; a2b2

)
[a, Reα > 0; Re s > −ε]

5 (x− a)
α−1
+ T2n+ε (bx)

(−1)
n

(n+ ε/2) as+α+ε−1 (2b)
ε

n!
B (1− s− α− ε, α)

× Γ (n+ ε) 4F3

( −n, n+ ε, s+ε2 , s+ε+1
2

2ε+1
2 , s+α+ε2 , s+α+ε+1

2 ; a2b2

)
[a > 0; Re (s+ α) < 1− 2n− ε]

6 (a− x)
−1/2
+ Tn

(
2x

a
− 1

)
√
π as−1/2 Γ

[
s, s+ 1

2

s− n+ 1
2 , s+ n+ 1

2

]
[a, Re s > 0]

7 (a− x)
α−1
+ Tn

(
2x

a
− 1

)
as+α−1 B (α, s) 3F2

(
−n, n, α
1
2 , s+ α; 1

)
[a, Reα, Re s > 0]
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No. f (x) F (s)

8
(a− x)

−1/2
+

(b± x)
ρ Tn

(
2x

a
− 1

)
(−1)

n√
π as−1/2b−ρ

(
1− 2s

2

)
n

Γ

[
s

2s+2n+1
2

]
× 3F2

(
ρ, s, 2s+1

2 ; ∓ab
2s−2n+1

2 , 2s+2n+1
2

) [{
a > 0

b > a > 0

}
; Re s > 0

]

9 (x− a)
−1/2
+ Tn

(
2x

a
− 1

)
√
π as−1/2 Γ

[ 1
2 − s− n,

1
2 − s+ n

1− s, 1
2 − s

]
[a > 0; Re s < 1/2− n]

10
1

(x+ a)
ρ Tn

(
2x

a
+ 1

)
as−ρ B (−s− n+ ρ, s) 3F2

(−n, 1−2n
2 , s

1
2 , ρ− n; 1

)
[0 < Re s < Re ρ− n; |arg a| < π]

11
(x+ a)

−1/2

(x+ b)
ρ Tn

(
2x

a
+ 1

)
(−1)

n
as−ρ−1/2√
π

(
1

2
− s+ ρ

)
n

Γ

(
1− 2s− 2n+ 2ρ

2

)
× Γ (s− ρ) 3F2

(
ρ, 1−2s−2n+2ρ

2 , 1−2s+2n+2ρ
2

1− s+ ρ, 1−2s+2ρ
2 ; b

a

)
+ a−1/2bs−ρ B (s, ρ− s) 3F2

(−2n+1
2 , 2n+1

2 , s
1
2 , s− ρ+ 1; b

a

)
[0 < Re s < 1/2− n+ Re ρ; |arg a|, |arg b| < π]

12 (a− x)
α−1
+ Tn

(
2x

b
± 1

)
(±1)

n
as+α−1 B (s, α) 3F2

(
−n, n, s

1
2 , s+ α; ∓ab

)
[a, Reα, Re s > 0]

13
(a− x)

α−1
+√

b± x
Tn

(
2x

b
± 1

)
(±1)

n
as+α−1b−1/2 B (α, s) 3F2

(−2n+1
2 , 2n+1

2 , s
1
2 , s+ α; ∓ab

)
[{

a > 0

b > a > 0

}
; Reα, Re s > 0

]

14
(x+ a− b)−1/2

(x+ a+ b)
ρ Tn

(
x+ a

b

)
2n−1 (δn, 0 + 1) (a+ b)

s+n−ρ−1/2

bn
B

(
1− 2s− 2n+ 2ρ

2
, s

)
× 3F2

( 1−2n
2 , 1− n, 1−2s−2n+2ρ

2
1−2n+2ρ

2 , 1− 2n; 2b
a+b

)
[a > b > 0; 0 < Re s < 1/2− n+ Re ρ]

15 (a− x)
α−1
+ T2n+ε (b (a− x))

(−1)
n

(n+ ε/2) as+α+ε−1 (2b)
ε

n!
B (α+ ε, s)

× Γ (n+ ε) 4F3

( −n, n+ ε, α+ε2 , α+ε+1
2

2ε+1
2 , s+α+ε2 , s+α+ε+1

2 ; a2b2

)
[a > 0; Reα > −ε; Re s > 0]



272 Chapter 3. Special Functions

No. f (x) F (s)

16 (a− x)
−1/2
+ Tn

(
x+ b

a+ b

)
n!
√
π as−1/2 Γ

[
s

2s+2n+1
2

]
P

(s−1/2,−s−1/2)
n

(
b

a+ b

)
[a, Re s > 0]

17 (a− x)
α−1
+ Tn

(
x+ b

a+ b

)
as+α−1 B (s, α) 3F2

(
−n, n, α

1
2 , s+ α; a

2(a+b)

)
[a, Reα, Re s > 0]

18
(
a2 − x2

)−1/2
+

Tn

(a
x

)
2s−2as−1 Γ

[ s−n
2 , s+n2
s

]
[a, Re s > 0]

19 (a− x)
−1/2
+ Tn

(
2a

x
− 1

)
√
π as−1/2 Γ

[
s− n, s+ n

s, s+ 1
2

]
[a > 0; Re s > n]

20 (x− a)
−1/2
+ Tn

(
2a

x
− 1

)
√
π as−1/2 Γ

[ 1
2 − s, 1− s

1− s− n, 1− s+ n

]
[a > 0; Re s < 1/2]

21
1

(x+ a)
n Tn

(
x− a
x+ a

)
(−1)

n
22n−1as−n

(2n− 1)!
Γ

[
s, n− s, n− s+ 1

2
1
2 − s

]
[0 < Re s < n; |arg a| < π]

22 (a− x)
−1/2
+

√
πas−1/2 Γ

[
s− 2n, s+ 2n

s, s+ 1
2

]
[a > 0; Re s > 2n]

× Tn
(
x2 − 8ax+ 8a2

x2

)

23 (x− a)
−1/2
+

√
πas−1/2 Γ

[ 1
2 − s− 2n, 1

2 − s+ 2n
1
2 − s, 1− s

]
× Tn

(
x2 − 8ax+ 8a2

a2

)
[a > 0; Re s < 1/2− 2n]

24 (a− x)
α−1
+ T2n+ε (bx(a− x)) (−1)

n
(2n+ 1)

ε
as+α+2ε−1bε B (s+ ε, α+ ε)

× 6F5

(
−n, n+ ε, ∆ (2, s+ ε) , ∆ (2, α+ ε)

2ε+1
2 , ∆ (4, s+ α+ 2ε) ; a

4b2

16

)
[a > 0; Re s, Reα > −ε]

25 (a− x)
α−1
+ Tn

(
b

x (a− x)

)
2n−1as+α−2n−1bn B (s− n, α− n)

× 6F5

(
∆ (2, −n) , ∆ (2, s− n) , ∆ (2, α− n)

1− n, ∆ (4, s+ α− 2n) ; a4

16b2

)
[a > 0; Re s, Reα > n]
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No. f (x) F (s)

26 (a− x)
α−1
+ (−1)

n
(2n+ 1)

ε
as+α+ε−1bε B

(
2s+ ε

2
,

2α+ ε

2

)
× T2n+ε

(
b
√
x(a− x)

)
× 4F3

( −n, n+ ε, 2s+ε
2 , 2α+ε

2
2ε+1
2 , s+α+ε2 , s+α+ε+1

2 ; a2b2

4

)
[a > 0; Re s, Reα > −ε/2]

27 (a− x)
α−1
+ Tn

(
b√

x(a− x)

)
2n−1as−n+α−1bn B

(
s− n

2
, α− n

2

)
× 4F3

( 1−n
2 , −n2 , s−

n
2 , α−

n
2

1− n, s−n+α2 , s−n+α+1
2 ; a2

4b2

)
[a > 0; Re s, Reα > n/2]

28 θ (a− x)T2n+1

(√
1− x

a

)
2n+ 1

2

√
π as Γ

[
s, 1

2 − s+ n

s+ n+ 3
2 ,

1
2 − s

]
[a, Re s > 0]

29 (a− x)
−1/2
+ T2n

(√
1− x

a

)
√
π as−1/2 Γ

[
s, 1

2 − s+ n

s+ n+ 1
2 ,

1
2 − s

]
[a, Re s > 0]

30 θ (x− a)T2n+1

(
i

√
x

a
− 1

)
i

2n+ 1

2

√
π as Γ

[
s+ 1

2 , −
s+2n+1

2

s− n+ 1
2 , 1− s

]
[a > 0; Re s < −1/2− n]

31 (x− a)
−1/2
+ T2n

(
i

√
x

a
− 1

)
√
π as−1/2 Γ

[
s+ 1

2 ,
1
2 − s− n

s− n+ 1
2 , 1− s

]
[a > 0; Re s < 1/2− n]

32 θ (a− x)T2n+1

(
i

√
a

x
− 1

)
i

2n+ 1

2

√
π as Γ

[
s− n− 1

2 ,
1
2 − s

s+ 1, 1
2 − s− n

]
[a > 0; Re s > n+ 1/2]

33 (a− x)
−1/2
+ T2n

(
i

√
a

x
− 1

)
√
π as−1/2 Γ

[
s− n, 1− s

s+ 1
2 , 1− s− n

]
[a > 0; Re s > n]

34 (x− a)
−1/2
+ T2n

(√
1− a

x

)
√
π as−1/2 Γ

[
s+ n, 1

2 − s
s, 1− s+ n

]
[a > 0; Re s < 1/2]

35
1

(x+ a)
n/2

Tn

(√
a

x+ a

)
2n−1as−n/2

(n− 1)!
Γ

[
s, n2 − s,

n+1
2 − s

1
2 − s

]
[0 < Re s < n/2; n ≥ 1; |arg a| < π]

36
1

(x+ a)
n/2

Tn

(√
x

x+ a

)
2n−1as−n/2

(n− 1)!
Γ

[
s, s+ 1

2 ,
n
2 − s

s+ 1−n
2

]
[a > 0; 0 < Re s < n/2; n ≥ 1; |arg a| < π]



274 Chapter 3. Special Functions

No. f (x) F (s)

37 (a− x)
−1/2
+

(bx+ 1)
α[

1− c
(
a− x

)]ε/2 √
π as−1/2 Γ

[
s

2s+1
2

]
F3

(
−α, −n, s, n+ ε;

2s+ 1

2
; −ab, −ac

)

× T2n+ε
(√

1 + ac− cx
)

[a > 0; |arg (1 + ab)| < π]

38 (a− x)
(ε−1)/2
+ (b− x)

n+ε/2
(−1)

n

(
n+

1

2

)ε√
π as+ε−1/2bncε Γ

[
s

2s+2ε+1
2

]
× T2n+ε

(
c

√
a− x
b− x

)
× F1

(
−n, s, n+ ε;

2s+ 2ε+ 1

2
;
a

b
,
ac2

b

)
[a, Re s > 0]

3.20.2. Tn (bx) and the exponential function

1
(
a2 − x2

)−1/2
+

ebx Tn

(x
a

) π

2

(a
2

)s−1
Γ

[
s

s−n+1
2 , s+n+1

2

]
2F3

( s
2 ,

s+1
2 ; a2b2

4
1
2 ,

s−n+1
2 , s+n+1

2

)

+
π

2

(a
2

)s
bΓ

[
s+ 1

s−n+2
2 , s+n+2

2

]
2F3

( s+1
2 , s+2

2 ; a2b2

4
3
2 ,

s−n+2
2 , s+n+2

2

)
[a > 0; Re s > ((−1)

n − 1) /2]

2 (a− x)
−1/2
+ ebx Tn

(
1− 2x

a

)
√
π as−1/2

(
1

2
− s
)
n

Γ

[
s

2s+2n+1
2

]
2F2

(
s, 2s+1

2 ; ab
2s−2n+1

2 , 2s+2n+1
2

)
[a, Re s > 0]

3 e−bx Tn

(
2x

a
± 1

)
22n−1 (δn, 0 + 1)

anbs+n
Γ (s+ n) 2F2

(
−n, 1−2n

2 ; ±ab
1− 2n, 1− s− n

)
[Re b, Re s > 0]

4
e−bx√
x+ a

Tn

(
2x

a
+ 1

)
(−1)

n
as−1/2√
π

(
1− 2s

2

)
n

Γ (s) Γ

(
1− 2s− 2n

2

)
× 2F2

(
s, 2s+1

2 ; ab
2s−2n+1

2 , 2s+2n+1
2

)
+

22n−1 (δn, 0 + 1)

anbs+n−1/2
Γ

(
2s+ 2n− 1

2

)

× 2F2

( 1−2n
2 , 1− n; ab

1− 2n, 3−2s−2n
2

)
[Re b, Re s > 0; |arg a| < π]
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No. f (x) F (s)

5 (a− x)
−1/2
+ e−b/x (−1)

n√
π as−1/2

(
1− 2s

2

)
n

Γ

[
s

2s+2n+1
2

]

× Tn
(

2x

a
− 1

)
× 2F2

(−2s−2n+1
2 , −2s+2n+1

2

1− s, 1−2s
2 ; − b

a

)

+ (−1)
n
a−1/2bs Γ (−s) 2F2

(−2n+1
2 , 2n+1

2
1
2 , s+ 1; − b

a

)
[a, Re b > 0]

6
e−b/x√
x+ a

Tn

(
2x

a
+ 1

)
as−1/2√

π

(
1− 2s

2

)
n

Γ

(
1− 2s− 2n

2

)
Γ (s)

× 2F2

( 1−2s−2n
2 , 1−2s+2n

2

1− s, 1−2s
2 ; b

a

)
+

bs√
a

Γ (−s) 2F2

(−2n+1
2 , 2n+1

2
1
2 , s+ 1; b

a

)
[Re b > 0; Re s < 1/2− n; |arg a| < π]

7 (a− x)
−1/2
+ e−b

√
x

√
π as−1/2

(
1

2
− s
)
n

Γ

[
s

2s+2n+1
2

]

× Tn
(

1− 2x

a

)
× 2F3

(
s, 2s+1

2 ; ab2

4
1
2 ,

2s−2n+1
2 , 2s+2n+1

2

)
−
√
π asb (−s)n

× Γ

[ 2s+1
2

s+ n+ 1

]
2F3

( 2s+1
2 , s+ 1; ab2

4
3
2 , s− n+ 1, s+ n+ 1

)
[a, Re s > 0]

8 e−b
√
x Tn

(
2x

a
± 1

)
22n (δn, 0 + 1)

anb2s+2n
Γ (2s+ 2n) 2F3

( −n, 1−2n
2 ; ∓ab

2

4

1− 2n, 1−2s−2n
2 , 1− s− n

)
[Re b, Re s > 0]

9
e−b
√
x

√
x+ a

Tn

(
2x

a
+ 1

)
(−1)

n+1
asb√

π
(−s)n Γ (−s− n) Γ

(
2s+ 1

2

)
× 2F3

( 2s+1
2 , s+ 1; −ab

2

4
3
2 , s− n+ 1, s+ n+ 1

)
+

(−1)
n
as−1/2√
π

(
1

2
− s
)
n

Γ (s) Γ

(
1− 2s− 2n

2

)
× 2F3

(
s, 2s+1

2 ; −ab
2

4
1
2 ,

2s−2n+1
2 , 2s+2n+1

2

)
+

22n (δn, 0 + 1)

anb2s+2n−1

× Γ (2s+ 2n− 1) 2F3

( 1−2n
2 , 1− n; −ab

2

4

1− 2n, 1− s− n, 3−2s−2n
2

)
[Re b, Re s > 0; |arg a| < π]
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No. f (x) F (s)

10 (a− x)
−1/2
+ e−b/

√
x (−1)

n+1√
π as−1b (1− s)n Γ

[ 2s−1
2

s+ n

]
× Tn

(
2x

a
− 1

)
× 2F3

(
1− s− n, 1− s+ n
3
2 ,

3−2s
2 , 1− s; b2

4a

)
+ (−1)

n√
π as−1/2

(
1− 2s

2

)
n

Γ

[
s

2s+2n+1
2

]
× 2F3

( 1−2s−2n
2 , 1−2s+2n

2
1
2 ,

1−2s
2 , 1− s; b2

4a

)
+ 2 (−1)

n
a−1/2b2sΓ (−2s) 2F3

( −2n+1
2 , 2n+1

2
1
2 ,

2s+1
2 , s+ 1; b2

4a

)
[a, Re b > 0]

11 e−b/
√
x Tn

(
2x

a
± 1

)
2 (±1)

n
b2s Γ (−2s) 2F3

( −n, n; ∓ b2

4a
1
2 ,

2s+1
2 , s+ 1

)
[Re b > 0; Re s < −n]

12
e−b/

√
x

√
x+ a

Tn

(
2x

a
+ 1

)
(−1)

n
as−1/2√
π

(
1− 2s

2

)
n

Γ

(
1− 2s− 2n

2

)
× Γ (s) 2F2

( 1−2s−2n
2 , 1−2s+2n

2
1−2s

2 , 1− s; − b2

4a

)
+

2b2s√
a

Γ (−2s) 2F3

(−2n+1
2 , 2n+1

2 ; − b2

4a
1
2 ,

2s+1
2 , s+ 1

)
[Re b > 0; Re s < 1/2− n; |arg a| < π]

13
e−bx

(x+ a)
n Tn

(
a− x
a+ x

)
as−n

n!

(
1
2 − s

)
n(

1
2

)
n

Γ (s) Γ (n− s) 2F2

(
s, 2s+1

2 ; ab

s− n+ 1, 2s−2n+1
2

)
+ (−1)

n
b−s+nΓ (s− n) 2F2

(
n+ 1

2 , n; ab
1
2 , n− s+ 1

)
[Re b, Re s > 0; |arg a| < π]

14 (x+ a)
n
e−b/xTn

(
a− x
a+ x

)
anbs Γ (−s) 2F2

( −n, 1−2n2
1
2 , s+ 1; b

a

)
[Re b > 0; Re s < −n]

15
e−b/x

(x+ a)
n Tn

(
a− x
a+ x

)
nas−n

n!

(
1−2s

2

)
n(

1
2

)
n

Γ (n− s) Γ (s) 2F2

(
n− s, 1−2s+2n

2

1− s, 1−2s
2 ; b

a

)
+ a−nbs Γ (−s) 2F2

(
n, 2n+1

2
1
2 , s+ 1; b

a

)
[Re b > 0; Re s < n; |arg a| < π]
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No. f (x) F (s)

16 (x+ a)
n
e−b
√
x Tn

(
a− x
a+ x

)
2 (−1)

n
b−2s−2n Γ (2s+ 2n) 2F3

( −n, 1−2n
2 ; −ab

2

4
1
2 ,

1−2s−2n
2 , 1− s− n

)
[Re b, Re s > 0]

17
e−b
√
x

(x+ a)
n Tn

(
a− x
a+ x

)
−na

s−n+1/2b

n!

(−s)n(
1
2

)
n

Γ

(
2s+ 1

2

)
Γ

(
2n− 2s− 1

2

)
× 2F3

( 2s+1
2 , s+ 1; −ab

2

4
3
2 , s− n+ 1, 2s−2n+3

2

)
+
nas−n

n!

(
1−2s

2

)
n(

1
2

)
n

× Γ (n− s) Γ (s) 2F3

(
s, 2s+1

2 ; −ab
2

4
1
2 , s− n+ 1, 2s−2n+1

2

)
+

2 (−1)
n

b2(s−n)
Γ (2s− 2n) 2F3

(
n, 2n+1

2 ; −ab
2

4
1
2 ,

1−2s+2n
2 , 1− s+ n

)
[Re b, Re s > 0; |arg a| < π]

18 (x+ a)
n
e−b/

√
x Tn

(
a− x
a+ x

)
2anb2s Γ (−2s) 2F3

(−n, −2n+1
2 ; − b2

4a
1
2 ,

2s+1
2 , s+ 1

)
[Re b > 0; Re s < −n]

19
e−b/

√
x

(x+ a)
n Tn

(
a− x
a+ x

)
−na

s−n−1/2b

n!

(1− s)n(
1
2

)
n

Γ

(
1− 2s+ 2n

2

)
Γ

(
2s− 1

2

)
× 2F3

(
n− s+ 1, 1−2s+2n

2
3
2 ,

3
2 − s, 1− s; − b2

4a

)
+
nas−n

n!

(
1−2s

2

)
n(

1
2

)
n

× Γ (n− s) Γ (s) 2F3

( 1−2s+2n
2 , n− s

1
2 , 1− s, 1−2s

2 ; − b2

4a

)
+ 2a−nb2s Γ (−2s) 2F3

(
n, 2n+1

2 ; − b2

4a
1
2 ,

2s+1
2 , s+ 1

)
[Re b > 0; Re s < n; |arg a| < π]

3.20.3. Tn (bx) and hyperbolic functions

Notation: δ =

{
1

0

}
.

1
(
a2 − x2

)−1/2
+

{
sinh (bx)

cosh (bx)

}
πas+δ−1bδ

2s+δ
Γ

[
s+ δ

s−n+δ+1
2 , s+n+δ+1

2

]
× Tn

(x
a

)
× 2F3

( s+δ
2 , s+δ+1

2 ; a2b2

4
2δ+1

2 , s−n+δ+1
2 , s+n+δ+1

2

)
[a > 0; Re s > ((−1)

n − 2δ − 1) /2]
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3.20.4. Tn (ax+ b) and trigonometric functions

Notation: δ =

{
1

0

}
.

1
(
a2 − x2

)−1/2
+

{
sin (bx)

cos (bx)

}
π as+δ−1bδ

2s+δ
Γ

[
s+ δ

s−n+δ+1
2 , s+n+δ+1

2

]
× Tn

(x
a

)
× 2F3

( s+δ
2 , s+δ+1

2 ; −a
2b2

4
2δ+1

2 , s−n+δ+1
2 , s+n+δ+1

2

)
[a > 0; Re s > ((−1)

n − 2δ − 1) /2]

2 (a− x)
−1/2
+

{
sin (b

√
x)

cos (b
√
x)

}
(−1)

n√
π as+(δ−1)/2bδ

(
1− 2s− δ

2

)
n

× Tn
(

2x

a
− 1

)
× Γ

[ 2s+δ
2

2s+2n+δ+1
2

]
2F3

( 2s+δ
2 , 2s+δ+1

2 ; −ab
2

4
2δ+1

2 , 2s−2n+δ+1
2 , 2s+2n+δ+1

2

)
[a > 0; Re s > −δ/2]

3.20.5. Tn (ax+ b) and the logarithmic function

Notation: ε = 0 or 1.

1 (a− x)
−1/2
+ ln

x

a
Tn

(x
a

) √
π as−1/2Γ

[
s

2s+1
2

] n∑
k=0

(−n)k (n)k
2kk!

(
2s+1
2

)
k

[
ψ (s)− ψ

(
2s+ 2k + 1

2

)]
[a > 0; Re s > ((−1)

n − 1) /2]

2
(
a2 − x2

)−1/2
+

ln
(
bx2 + 1

) π

2

(a
2

)s+1

bΓ

[
s+ 2

s−n+3
2 , s+n+3

2

]
4F3

(
1, 1, s+2

2 , s+3
2 ; −a2b

2, s−n+3
2 , s+n+3

2

)
× Tn

(x
a

)
[a > 0; Re s > ((−1)

n − 5) /2; |arg b| < π]

3
(
a2 − x2

)−1/2
+

ln
b+ x

b− x
π
(a

2

)s
b−1 Γ

[
s+ 1

s−n+2
2 , s+n+2

2

]
4F3

( 1
2 , 1, s+1

2 , s+2
2 ; a2

b2

3
2 ,

s−n+2
2 , s+n+2

2

)
× Tn

(x
a

)
[a > 0; Re s > ((−1)

n − 1) /2; |arg b| < π]

4
(
a2 − x2

)−1/2
+

π

2

(a
2

)s
bΓ

[
s+ 1

s−n+2
2 , s+n+2

2

]
4F3

( 1
2 ,

1
2 ,

s+1
2 , s+2

2 ; −a2b2
3
2 ,

s−n+2
2 , s+n+2

2

)
× ln

(√
b2x2 + 1 + bx

)
[a, b > 0; Re s > ((−1)

n − 3) /2]

× Tn
(x
a

)
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No. f (x) F (s)

5

(
a2 − x2

)−1/2
+√

b2x2 + 1
Tn

(x
a

) π

2

(a
2

)s
bΓ

[
s+ 1

s−n+2
2 , s+n+2

2

]
4F3

(
1, 1, s+1

2 , s+2
2 ; −a2b2

3
2 ,

s−n+2
2 , s+n+2

2

)
× ln

(
bx+

√
b2x2 + 1

)
[a, b > 0; Re s > ((−1)

n − 3) /2]

6
(
a2 − x2

)−1/2
+

π

2

(a
2

)s+1

b2 Γ

[
s+ 2

s−n+3
2 , s+n+3

2

]
5F4

(
1, 1, 1, s+2

2 , s+3
2 ; −a2b2

3
2 , 2, s−n+3

2 , s+n+3
2

)
× ln2

(
bx+

√
b2x2 + 1

)
[a, b > 0; Re s > ((−1)

n − 5) /2]

× Tn
(x
a

)

7 θ (a− x) ln

√
a+
√
a− x√
x

(−1)
n√

π (2n+ 1)
ε
as+εbε

2 (s+ ε)
Γ

[
s+ ε

2s+2ε+1
2

]
× T2n+ε (bx) × 5F4

(−n, n+ ε, s+ε2 , s+ε2 , s+ε+1
2 ; a2b2

2ε+1
2 , 2s+2ε+1

4 , 2s+2ε+3
4 , s+ε+2

2

)
[a > 0; Re s > −ε]

8 (a− x)
−1/2
+ ln

x

a
(−1)

n√
π as−1/2

(
1− 2s

2

)
n

Γ

[
s

2s+2n+1
2

][
ψ (s)

× Tn
(

2x

a
− 1

)
+ ψ

(
1− 2s

2

)
− ψ

(
2s+ 2n+ 1

2

)
− ψ

(
1− 2s+ 2n

2

)]
[a, Re s > 0]

3.20.6. Tn (bx) and inverse trigonometric functions

Notation: ε = 0 or 1.

1
(
a2 − x2

)−1/2
+

π

2

(a
2

)s
bΓ

[
s+ 1

s−n+2
2 , s+n+2

2

]
4F3

( 1
2 ,

1
2 ,

s+1
2 , s+2

2 ; a2b2

3
2 ,

s−n+2
2 , s+n+2

2

)
× arcsin (bx)Tn

(x
a

)
[a > 0; Re s > ((−1)n − 3) /2]

2

(
a2 − x2

)−1/2
+√

1− b2x2
π

2

(a
2

)s
bΓ

[
s+ 1

s−n+2
2 , s+n+2

2

]
4F3

(
1, 1, s+1

2 , s+2
2 ; a2b2

3
2 ,

s−n+2
2 , s+n+2

2

)
× arcsin (bx)Tn

(x
a

)
[a > 0; Re s > ((−1)n − 3) /2]

3
(
a2 − x2

)−1/2
+

π

2

(a
2

)s
bΓ

[
s+ 1

s−n+2
2 , s+n+2

2

]
4F3

( 1
2 , 1, s+1

2 , s+2
2 ; −a2b2

3
2 ,

s−n+2
2 , s+n+2

2

)
× arctan (bx)Tn

(x
a

)
[a > 0; Re s > ((−1)n − 3) /2]
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No. f (x) F (s)

4
(
a2 − x2

)−1/2
+

π

2

(a
2

)s+1

b2 Γ

[
s+ 2

s−n+3
2 , s+n+3

2

]
5F4

(
1, 1, 1, s+2

2 , s+3
2 ; a2b2

3
2 , 2, s−n+3

2 , s+n+3
2

)
× arcsin2 (bx)Tn

(x
a

)
[a > 0; Re s > ((−1)n − 5) /2]

5 θ (a− x) arccos
x

a

(−1)
n√

π (2n+ 1)
ε
as+εbε

2 (s+ ε)
Γ

[ s+ε+1
2

s+ε+2
2

]
× T2n+ε (bx) × 4F3

(−n, n+ ε, s+ε2 , s+ε+1
2 ; a2b2

2ε+1
2 , s+ε+2

2 , s+ε+2
2

)
[a > 0; Re s > −ε]

3.20.7. Tn (ax+ b) and Ei (cxr)

1
(
a2 − x2

)−1/2
+

Ei (bx)
πasb

2s+1
Γ

[
s+ 1

s−n+2
2 , s+n+2

2

]
3F4

( 1
2 ,

s+1
2 , s+2

2 ; a2b2

4
3
2 ,

3
2 ,

s−n+2
2 , s+n+2

2

)
× Tn

(x
a

)
+
πas+1b2

2s+4
Γ

[
s+ 2

s−n+3
2 , s+n+5

2

]
3F4

(
1, 1, s+2

2 , s+3
2 ; a2b2

4
3
2 , 2, 2, s−n+3

2 , s+n+3
2

)
+
πas−1

2s
Γ

[
s

s−n+1
2 , s+n+1

2

] [
ln
ab

2
− 1

2
ψ

(
s+ n+ 1

2

)
− 1

2
ψ

(
s− n+ 1

2

)
+ ψ (s) + C

]
[a > 0; Re s > ((−1)

n − 1) /2]

2
(
a2 − x2

)−1/2
+

Ei
(
bx2
) πas+1b

2s+2
Γ

[
s+ 2

s−n+3
2 , s+n+3

2

]
4F4

(
1, 1, s+2

2 , s+3
2 ; a2b

2, 2, s−n+3
2 , s+n+3

2

)
× Tn

(x
a

)
+
πas−1

2s
Γ

[
s

s−n+1
2 , s+n+1

2

] [
ln
a2b

4
− ψ

(
s+ n+ 1

2

)
− ψ

(
s− n+ 1

2

)
+ 2ψ (s) + C

]
[a > 0; Re s > ((−1)

n − 1) /2]

3 (a− x)
−1/2
+ Ei (−bx) (−1)

n+1√
π as+1/2b

(
−2s− 1

2

)
n

Γ

[
s+ 1

2s+2n+3
2

]
× Tn

(
2x

a
− 1

)
× 4F4

(
1, 1, 2s+3

2 , s+ 1; −ab
2, 2, 2s−2n+3

2 , 2s+2n+3
2

)
+ (−1)

n√
π as−1/2

(
−2s+ 1

2

)
n

Γ

[
s

2s+2n+1
2

]
×
[
ψ (s)− ψ

(
2s+ 2n+ 1

2

)
−
n−1∑
i=0

2

2i− 2s+ 1
+ ln (ab) + C

]
[a, Re s > 0]
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3.20.8. Tn (ax+ b) and si (cxr), ci (cxr)

1 (a− x)
−1/2
+

{
si (b
√
x)

ci (b
√
x)

}
(−1)

n+1
2δ−2
√
π as+(δ+1)/2bδ+2

32δ

(
−2s− δ − 1

2

)
n

Γ

[ 2s+δ+2
2

2s+2n+δ+3
2

]
× Tn

(
2x

a
− 1

)
× 4F5

(
1, δ+2

2 , 2s+δ+2
2 , 2s+δ+3

2 ; −ab
2

4

2, δ+4
2 , 2δ+3

2 , 2s−2n+δ+3
2 , 2s+2n+δ+3

2

)
+ (−1)

n√
π as+(δ−1)/2bδ

(
−2s− δ + 1

2

)
n

Γ

[ 2s+δ
2

2s+2n+δ+1
2

]
×
[

1

2
ψ (s)− 1

2
ψ

(
2s+ 2n+ 1

2

)
−
n−1∑
i=0

1

2i− 2s+ 1

+
1

2
ln
(
ab2
)

+ C

]1−δ
− δ (−1)

n
π3/2 as−1/2

2

×
(

1− 2s

2

)
n

Γ

[
s

2s+2n+1
2

] [
a, Re s > 0; δ =

{
1

0

}]

3.20.9. Tn (ax+ b) and erf (cxr), erfc (cxr)

Notation: ε = 0 or 1.

1
(
a2 − x2

)−1/2
+

√
π asb

2s
Γ

[
s+ 1

s−n+2
2 , s+n+2

2

]
3F3

( 1
2 ,

s+1
2 , s+2

2 ; −a2b2
3
2 ,

s−n+2
2 , s+n+2

2

)
× erf (bx)Tn

(x
a

)
[a > 0; Re s > ((−1)n − 3) /2]

2
(
a2 − x2

)−1/2
+

eb
2x2

√
π asb

2s
Γ

[
s+ 1

s−n+2
2 , s+n+2

2

]
3F3

(
1, s+1

2 , s+2
2 ; a2b2

3
2 ,

s−n+2
2 , s+n+2

2

)
× erf (bx)Tn

(x
a

)
[a > 0; Re s > ((−1)n − 3) /2]

3 erfc (ax)T2n+ε (bx)
(−1)

n
(2n+ 1)

ε
bε√

π (s+ ε) as+ε
Γ

(
s+ ε+ 1

2

)
3F2

(−n, n+ ε, s+1
2 , s+2ε

2
2ε+1
2 , s+ε+2

2 ; b2

a2

)
[Re s > −ε; |arg a| < π/4]

4 erfc (bx)Tn

(
2x

a
+ 1

)
2n2a−1b−s−1√

π (s+ 1)
Γ

(
s+ 2

2

)
6F4

( 1−n
2 , 2−n

2 , n+1
2 , n+2

2 , s+1
2 , s+2

2
3
2 ,

3
4 ,

5
4 ,

s+3
2 ; 1

a2b2

)
+

b−s√
π s

Γ

(
s+ 1

2

)
6F4

(−n2 , 1−n
2 , n2 ,

n+1
2 , s2 ,

s+1
2

1
2 ,

1
4 ,

3
4 ,

s+2
2 ; 1

a2b2

)
[Re s > 0; |arg b| < π/4]

5 erfc (b
√
x)Tn

(
2x

a
± 1

)
δn, 0 + 1

2
√
π (s+ n)

(
4

a

)n
b−2s−2n Γ

(
s+ n+

1

2

)
× 3F3

( −n, 1
2 − n, −s− n; ±ab2

1− 2n, 1
2 − s− n, 1− s− n

)
[Re s > ((−1)

n − 1) /2; |arg b| < π/4]
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No. f (x) F (s)

6 (a− x)
−1/2
+ ±2 (−1)

n
asb (−s)n Γ

[ 2s+1
2

s+ n+ 1

]
3F3

( 1
2 ,

2s+1
2 , s+ 1; −ab2

3
2 , s− n+ 1, s+ n+ 1

)
×
{

erf (b
√
x)

erfc (b
√
x)

}
+

{
0

1

}
(−1)

n√
π as−1/2

(
1

2
− s
)
n

Γ

[
s

s+ n+ 1
2

]
× Tn

(
2x

a
− 1

)
[a > 0; Re s > − (1± 1) /4]

7 (a− x)
−1/2
+ eb

2x 2 (−1)
n
asb (−s)n Γ

[ 2s+1
2

s+ n+ 1

]
3F3

(
1, 2s+1

2 , s+ 1; ab2

3
2 , s− n+ 1, s+ n+ 1

)
× erf (b

√
x) [a > 0; Re s > −1/2]

× Tn
(

2x

a
− 1

)

3.20.10. Tn (bx) and Γ (ν, ax), γ (ν, ax)

Notation: ε = 0 or 1.

1
(
a2 − x2

)−1/2
+

π

2ν

(a
2

)s+2ν−1
b2ν Γ

[
s+ 2ν

s−n+2ν+1
2 , s+n+2ν+1

2

]
× γ

(
ν, b2x2

)
Tn

(x
a

)
× 3F3

(
ν, s+2ν

2 , s+2ν+1
2 ; −a2b2

ν + 1, s−n+2ν+1
2 , s+n+2ν+1

2

)
[a > 0; Re (s+ 2ν) > ((−1)

n − 1) /2]

2
(
a2 − x2

)−1/2
+

ebx
π

2ν

(a
2

)s+ν−1
bν Γ

[
s+ ν

s−n+ν+1
2 , s+n+ν+1

2

]
× γ (ν, bx)Tn

(x
a

)
× 3F4

(
1, s+ν2 , s+ν+1

2 ; a2b2

4
ν+1
2 , ν+2

2 , s−n+ν+1
2 , s+n+ν+1

2

)
+

π

2ν (ν + 1)

(a
2

)s+ν
bν+1 Γ

[
s+ ν + 1

s−n+ν+2
2 , s+n+ν+2

2

]
× 3F4

(
1, s+ν+1

2 , s+ν+2
2 ; a2b2

4
ν+2
2 , ν+3

2 , s−n+ν+2
2 , s+n+ν+2

2

)
[a > 0; Re (s+ ν) > ((−1)

n − 1) /2]

3
(
a2 − x2

)−1/2
+

eb
2x2 π

2ν

(a
2

)s+2ν−1
b2ν Γ

[
s+ 2ν

s−n+2ν+1
2 , s+n+2ν+1

2

]
× γ

(
ν, b2x2

)
Tn

(x
a

)
× 3F3

(
1, s+2ν

2 , s+2ν+1
2 ; a2b2

ν + 1, s−n+2ν+1
2 , s+n+2ν+1

2

)
[a > 0; Re (s+ 2ν) > ((−1)

n − 1) /2]
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No. f (x) F (s)

4 Γ (ν, ax)T2n+ε (bx)
(−1)

n
(2n+ 1)

ε
a−s−εbε

s+ ε
Γ (s+ ν + ε)

× 5F2

(−n, n+ ε, s+ε2 , s+ν+ε2 , s+ν+ε+1
2

2ε+1
2 , s+ε+2

2 ; 4b2

a2

)
[Re a > 0; Re s, Re (s+ ν) > −ε]

3.20.11. Tn (ϕ (x)) and Jν (cxr), Iν (cx)

Notation: ε = 0 or 1.

1
(
a2 − x2

)−1/2
+

{
Jν (bx)

Iν (bx)

}
π

2

(a
2

)s+ν−1 ( b
2

)ν
Γ

[
s+ ν

ν + 1, s−n+ν+1
2 , s+n+ν+1

2

]
× Tn

(x
a

)
× 2F3

( s+ν
2 , s+ν+1

2 ; a2b2

4

ν + 1, s−n+ν+1
2 , s+n+ν+1

2

)
[a > 0; Re (s+ ν) > ((−1)n − 1) /2]

2
(
a2 − x2

)−1/2
+

Jν

(
b

x

)
(−1)

n√
π as−ν−1bν

2ν+1

(
1− s+ ν + ε

2

)
n

Γ

[ s−ν+ε
2

ν + 1, s+2n−ν+ε+1
2

]
× T2n+ε

(x
a

)
× 2F3

( 1−s+2n+ν+ε
2 , 1−s−2n+ν−ε

2

ν + 1, ν−s+1
2 , ν−s+2

2 ; − b2

4a2

)
+

(−1)
n

(2n+ ε)nε−1a−ε−1bs+ε

2s+2
Γ

[− s−ν+ε2
s+ν+ε+2

2

]
× 2F3

( 1−2n
2 , 2n+2ε+1

2 ; − b2

4a2

2ε+1
2 , s−ν+ε+2

2 , s+ν+ε+2
2

)
[a, b > 0; Re s > −ε− 3/2]

3 (a− x)
−1/2
+

{
Jν (b

√
x)

Iν (b
√
x)

}
(−1)

n√
π as+(ν−1)/2bν

2ν

(
−2s− ν + 1

2

)
n

× Tn
(

2x

a
− 1

)
× Γ

[ 2s+ν
2

ν + 1, 2s+2n+ν+1
2

]
2F3

( 2s+ν
2 , 2s+ν+1

2 ; ∓ab
2

4

ν + 1, 2s−2n+ν+1
2 , 2s+2n+ν+1

2

)
[a > 0; Re s > −Re ν/2]

4 Jν (b
√
x)Tn

(
2x

a
± 1

)
22s+4n−1 (δn, 0 + 1)

anb2s+2n
Γ

[ 2s+2n+ν
2

2−2s−2n+ν
2

]
× 2F3

( −n, 1
2 − n; ±ab

2

4

1− 2n, 2−2s−2n−ν
2 , 2−2s−2n+ν

2

)
[b > 0; −Re ν/2 < Re s < 3/4− n]
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No. f (x) F (s)

5
Jν (b

√
x)√

x+ a
Tn

(
2x

a
+ 1

)
(−1)

n
as+(ν−1)/2bν

2ν
√
π

(
1− 2s− ν

2

)
n

Γ

[ 2s+ν
2 , −2s−2n−ν+1

2

ν + 1

]
× 2F3

( 2s+ν
2 , 2s+ν+1

2 ; ab2

4

ν + 1, 2s−2n+ν+1
2 , 2s+2n+ν+1

2

)
+

(δn, 0 + 1) 22s+4n−2

n! anb2s+2n−1 Γ

[ 2s+2n+ν−1
2

−2s−2n+ν+3
2

]
× 2F3

( −2n+1
2 , −n+ 1; ab2

4

−2n+ 1, −2s−2n−ν+3
2 , −2s−2n+ν+3

2

)
[b > 0; −Re ν/2 < Re s < 5/4− n; |arg a| < π]

6 (a− x)
−1/2
+ Jν

(
b√
x

)
(−1)

n√
π as−(ν+1)/2bν

2ν

(
1− 2s+ ν

2

)
n

Γ

[ 2s−ν
2

ν + 1, 2s+2n−ν+1
2

]
× Tn

(
2x

a
− 1

)
× 2F3

( 1−2s−2n+ν
2 , 1−2s+2n+ν

2 ; − b2

4a

ν + 1, 1−2s+ν
2 , 2−2s+ν

2

)
+

(−1)
n
a−1/2b2s

22s
Γ

[ ν−2s
2

2s+ν+2
2

]
2F3

(−2n+1
2 , 2n+1

2 ; − b2

4a
1
2 ,

2s−ν+2
2 , 2s+ν+2

2

)
[a, b > 0; Re s > −3/4]

7 Jν

(
b√
x

)
Tn

(
2x

a
± 1

)
(±1)

n

(
b

2

)2s

Γ

[ ν−2s
2

2s+ν+2
2

]
2F3

( −n, n; ± b2

4a
1
2 ,

2s−ν+2
2 , 2s+ν+2

2

)
[b > 0; −3/4 < Re s < Re ν/2− n]

8
1√
x+ a

Jν

(
b√
x

)
(−1)

n
as−(ν+1)/2bν

2ν
√
π

(
1− 2s+ ν

2

)
n

Γ

[ 2s−ν
2 , 1−2s−2n+ν

2

ν + 1

]
× Tn

(
2x

a
+ 1

)
× 2F3

( 1−2s−2n+ν
2 , 1−2s+2n+ν

2

ν + 1, 1−2s+ν
2 , 2−2s+ν

2 ; b2

4a

)
+
a−1/2b2s

22s
Γ

[ ν−2s
2

2s+ν+2
2

]
2F3

( −2n+1
2 , 2n+1

2 ; b2

4a
1
2 ,

2s−ν+2
2 , 2s+ν+2

2

)
[b > 0; −3/4 < Re s < 1/2− n+ Re ν/2; |arg a| < π]

9 (a− x)
−1/2
+

√
π as+(µ+ν−1)/2 (b/2)

µ+ν

(
1− 2s− µ− ν

2

)
n

×
{
Jµ (b

√
x) Jν (b

√
x)

Iµ (b
√
x) Iν (b

√
x)

}
× Γ

[ 2s+µ+ν
2

µ+ 1, ν + 1, 2s+2n+µ+ν+1
2

]
× Tn

(
1− 2x

a

)
× 4F5

( µ+ν+1
2 , µ+ν+2

2 , 2s+µ+ν
2 , 2s+µ+ν+1

2 ; ∓ab2

µ+ 1, ν + 1, µ+ ν + 1, 2s−2n+µ+ν+1
2 , 2s+2n+µ+ν+1

2

)
[a, Re (2s+ µ+ ν) > 0]
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No. f (x) F (s)

10 (x+ a)
n
Jν (b

√
x) (−1)

n

(
2

b

)2s+2n

Γ

[ 2s+2n+ν
2

2−2s−2n+ν
2

]
2F3

( −n, 1−2n
2 ; ab2

4
1
2 ,

2−2s−2n−ν
2 , 2−2s−2n+ν

2

)
× Tn

(
a− x
a+ x

)
[b > 0; −Re ν/2 < Re s < 3/4− n]

11
1

(x+ a)
n Jν (b

√
x)

nas−n+ν/2bν

2νn!

(
1−2s−ν

2

)
n(

1
2

)
n

Γ

[ 2s+ν
2 , 2n−2s−ν

2

ν + 1

]

× Tn
(
a− x
a+ x

)
× 2F3

( 2s+ν
2 , 2s+ν+1

2 ; ab2

4

ν + 1, 2s−2n+ν+1
2 , 2s−2n+ν+2

2

)
+ (−1)

n

(
b

2

)2(n−s)

× Γ

[ 2s−2n+ν
2

2−2s+2n+ν
2

]
2F3

(
n, 2n+1

2 ; ab2

4
1
2 ,

2−2s+2n−ν
2 , 2−2s+2n+ν

2

)
[b > 0; −Re ν/2 < Re s < n+ 3/4; |arg a| < π]

3.20.12. Tn (ϕ (x)) and Kν (cxr)

Notation: ε = 0 or 1.

1 Kν (b
√
x)Tn

(
2x

a
± 1

)
22s+4n−2 (δn, 0 + 1)

anb2s+2n
Γ
(
s+ n− ν

2

)
Γ
(
s+ n+

ν

2

)
× 2F3

( −n, 1
2 − n; ∓ab

2

4

1− 2n, 2−2s−2n−ν
2 , 2−2s−2n+ν

2

)
[b > 0; Re s > |Re ν|/2]

2
1√
x+ a

Kν (b
√
x)

(−1)
n
as−(ν+1)/2b−ν

2−ν+1
√
π

(
1− 2s+ ν

2

)
n

Γ

(
1− 2n− 2s+ ν

2

)

× Tn
(

2x

a
+ 1

)
× Γ

(
2s− ν

2

)
2F3

( 2s−ν
2 , 2s−ν+1

2 ; −ab
2

4

1− ν, s−2n−ν+1
2 , s+2n−ν+1

2

)

+
(−1)

n
as+(ν−1)/2bν

2ν+1
√
π

(
1− 2s− ν

2

)
n

Γ

(
1− 2s− 2n− ν

2

)

× Γ

(
2s+ ν

2

)
2F3

( 2s+ν
2 , 2s+ν+1

2 ; −ab
2

4

ν + 1, s−2n+ν+1
2 , s+2n+ν+1

2

)

+
(δn, 0 + 1) 22s+4n−2

anb2s+2n−1 Γ

(
2s+ 2n− ν − 1

2

)

× Γ

(
2s+ 2n+ ν − 1

2

)
2F3

( −2n+1
2 , −n+ 1; −ab

2

4

−2n+ 1, 3−2s−2n−ν
2 , 3−2s−2n+ν

2

)
[Re b > 0; Re s > |Re ν|/2; |arg a| < π]
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No. f (x) F (s)

3 Kν

(
b√
x

)
Tn

(
2x

a
± 1

)
(±1)

n

2

(
b

2

)2s

Γ

(
ν − 2s

2

)
Γ

(
−ν − 2s

2

)
× 2F3

( −n, n; ∓ b2

4a
1
2 ,

2s−ν+2
2 , 2s+ν+2

2

)
[Re b > 0; Re s < −n− |Re ν|/2]

4
1√
x+ a

Kν

(
b√
x

)
b2s

22s+1
√
a

Γ
(
−ν

2
− s
)

Γ
(ν

2
− s
)

2F3

(−2n+1
2 , 2n+1

2 ; − b2

4a
1
2 ,

2s−ν+2
2 , 2s+ν+2

2

)

× Tn
(

2x

a
+ 1

)
+

(−1)
n
as+(ν−1)/2b−ν

2−ν+1
√
π

(
1− 2s− ν

2

)
n

× Γ

[
ν,

2s+ ν

2
,

1− 2s− 2n− ν
2

]

× 2F3

( 1−2s+2n−ν
2 , 1−2s−2n−ν

2

1− ν, 1−2s−ν
2 , 2−2s−ν

2 ; − b2

4a

)

+
(−1)

n
as−(ν+1)/2bν

2ν+1
√
π

(
1− 2s+ ν

2

)
n

× Γ

[
−ν, 2s− ν

2
,

1− 2s− 2n+ ν

2

]

× 2F3

( 1−2s+2n+ν
2 , 1−2s−2n+ν

2

ν + 1, 1−2s+ν
2 , 2−2s+ν

2 ; − b2

4a

)
[Re b > 0; Re s < (1− 2n− |Re ν|) /2; |arg a| < π]

5 (x+ a)
n
Kν (b

√
x) (−1)

n
22s+2n−1b−2s−2n Γ

(
s+ n− ν

2

)
Γ
(
s+ n+

ν

2

)
× Tn

(
a− x
a+ x

)
× 2F3

( −n, 1−2n
2 ; −ab

2

4
1
2 ,

2−2s−2n−ν
2 , 2−2s−2n+ν

2

)
[Re b > 0; Re s > |Re ν|/2]

3.20.13. Tn (bx) and Hν (ax), Lν (ax)

1
(
a2 − x2

)−1/2
+

{
Hν (bx)

Lν (bx)

} √
π

2ν+1

(a
2

)s+ν
bν+1 Γ

[
s+ ν + 1

2ν+3
2 , s−n+ν+2

2 , s+n+ν+2
2

]
× Tn

(x
a

)
× 3F3

(
1, s+ν+1

2 , s+ν+2
2

3
2 ,

s+n+ν+2
2 , 3s−3n+7ν+6

2 ; ∓ a2b2

4

)
[a > 0; Re (s+ ν) > ((−1)

n − 3) /2]
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3.20.14. Tn (ax+ b) and Pm (ϕ (x))

Notation: δ, ε = 0 or 1.

1 θ (a− x)Pm

(x
a

) (−1)
n

(2n+ ε)
√
π

2s+1n!
as+εbε Γ

[
n+ ε, s+ ε

s−m+ε+1
2 , s+m+ε+2

2

]
× T2n+ε (bx) × 4F3

(−n, n+ ε, s+ε2 , s+ε+1
2 ; a2b2

2ε+1
2 , s−m+ε+1

2 , s+m+ε+2
2

)
[a > 0; Re s > ((−1)

m
+ (−1)

ε
) /2− 1]

2
(
x2 − a2

)−1/2
+

22m+ε−1√π as+2m+ε−1

(2m+ ε)! b2m+ε

(
1

2

)
2m+ε

(
1− s− 2m+ δ − ε

2

)
n

× P2m+ε

(x
b

)
T2n+δ

(x
a

)
× Γ

[ 1−s−2m−2n−δ−ε
2

2−s−2m−δ−ε
2

]
× 4F3

(−m, 1−2m−2ε2 , 1−s−2m−2n−δ−ε2 , 1−s−2m+2n+δ−ε
2

1−4m−2ε
2 , 2−s−2m−2ε

2 , 1−s−2m
2 ; b2

a2

)
[a, b > 0; Re s < 1− 2m− 2n− δ − ε]

3 θ (x− a)
(
x2 − b2

)−1/2 (−1)
m−1

22n+δ−2as+2n+δ−1

b2n+δ

(
2−s−2n−δ+ε

2

)
m(

s+2n+δ+ε−1
2

)
m+1

× P2m+ε

(x
a

)
T2n+δ

(x
b

)
× 4F3

( 1−2n
2 , 1−n−δ, 2−s+2m−2n−δ+ε

2 , 1−s−2m−2n−δ−ε2

1−2n−δ, 2−s−2n
2 , 3−s−2n−2δ

2 ; b2

a2

)
[a > b > 0; Re s < 1− 2m− 2n− δ − ε]

4 θ (a− x)Pm

(
2x

a
− 1

)
(−1)

m+n
(1− s)m as

(s)m+1
4F3

(
−n, n, s, s; 1

1
2 , s−m, s+m+ 1

)
[a, Re s > 0]

× Tn
(

2x

a
− 1

)

5 (a− x)
−1/2
+ Pm

(
1− 2x

a

)
√
π as−1/2

(
1

2
− s
)
n

Γ

[
s

2s+2n+1
2

]
4F3

(−m, m+ 1, s, 2s+1
2 ; 1

1, 2s−2n+1
2 , 2s+2n+1

2

)
× Tn

(
1− 2x

a

)
[a, Re s > 0]

6 (a− x)
−1/2
+ Pm (2bx− 1) (−1)

m+n√
π as−1/2

(
1− 2s

2

)
n

Γ

[
s

2s+2n+1
2

]
× Tn

(
2x

a
− 1

)
× 4F3

(−m, m+ 1, s, 2s+1
2 ; ab

1, 2s−2n+1
2 , 2s+2n+1

2

)
[a, Re s > 0]

7
θ (a− x)√
b± x

Pm

(
2x

a
− 1

)
(−1)

m
(±1)

n
asb−1/2

(1− s)m
(s)m+1

4F3

(−2n+1
2 , 2n+1

2 , s, s; ∓ab
1
2 , s−m, s+m+ 1

)
× Tn

(
2x

b
± 1

) [{
a > 0; |arg b| < π

b > a > 0

}
; Re s > 0

]
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No. f (x) F (s)

8 (a− x)
−1/2
+ P2m+ε (b

√
x)

(−1)
m+n√

π as+(ε−1)/2 (2b)
ε

m!

(
1

2

)
m+ε

(
1− 2s− ε

2

)
n

× Tn
(

2x

a
− 1

)
× Γ

[ 2s+ε
2

2s+2n+ε+1
2

]
4F3

(−m, 2m+2ε+1
2 , 2s+ε2 , 2s+ε+1

2 ; ab2

2ε+1
2 , 2s−2n+ε+1

2 , 2s+2n+ε+1
2

)
[a, b > 0; Re s > −ε/2]

3.20.15. Products of Tn (ϕ (x))

Notation: δ, ε = 0 or 1.

1
(
a2 − x2

)−1/2
+

(−1)
m+n√

π (2m+ 1)
ε

2
as+ε−1b−ε−1

(
1− s+ δ − ε

2

)
n

×
(
b2 − x2

)−1/2 × Γ

[ s+δ+ε
2

s+2n+δ+ε+1
2

]
4F3

( 1−2m
2 , 2m+2ε+1

2 , s+1
2 , s+2ε

2
2ε+1
2 , s−2n−δ+ε+1

2 , s+2n+δ+ε+1
2 ; a2

b2

)
× T2m+ε

(x
b

)
T2n+δ

(x
a

)
[b > a > 0; Re s > −δ − ε]

2
(
x2 − a2

)−1/2
+

22m+ε−2√π as+2m+ε−2b−2m−ε
(

2− s− 2m+ δ − ε
2

)
n

×
(
x2 − b2

)−1/2 × Γ

[ 2−s−2m−2n−δ−ε
2

3−s−2m−δ−ε
2

]

× T2m+ε

(x
b

)
T2n+δ

(x
a

)
× 4F3

( 1−2m
2 , 1−m− ε, 2−s−2m+2n+δ−ε

2 , 2−s−2m−2n−δ−ε
2

3−s−2m−2ε
2 , 1− 2m− ε, 2−s−2m

2 ; b2

a2

)
[a > b > 0; Re s < 2− 2m− 2n− δ − ε]

3
(
x2 − a2

)−1/2
+

(−1)
m

2ε−2 (2m+ ε)
√
π

m!
as+ε−1b−ε−1

(
1− s+ δ − ε

2

)
n

×
(
b2 − x2

)−1/2
+

× Γ

[
m+ ε, 1−s−2n−δ−ε

2

1− s+δ+ε
2

]
4F3

( 1−2m
2 , 2m+2ε+1

2 , s+1
2 , s+2ε

2 ; a2

b2

2ε+1
2 , s−2n−δ+ε+1

2 , s+2n+δ+ε+1
2

)

× T2m+ε

(x
b

)
T2n+δ

(x
a

)
+ (−1)

m
22n+δ−2

√
π a−2n−δbs+2n+δ−2

×
(

2− s− 2n− δ + ε

2

)
m

Γ

[ s+2n+δ+ε−1
2

s+2m+2n+δ+ε
2

]

× 4F3

( 1−2n
2 , 1− n− δ, 2−s−2m−2n−δ−ε

2 , 2−s+2m−2n−δ+ε
2

−2n− δ + 1, −s−2n+2
2 , −s−2n−2δ+3

2 ; a2

b2

)
[b > a > 0]
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No. f (x) F (s)

4 (a− x)
−1/2
+ Tm

(
1− 2x

a

)
√
π as−1/2 Γ

[
s, n− s+ 1

2
1
2 − s, s+ n+ 1

2

]
4F3

( −m, m, s, s+ 1
2 ; 1

1
2 , s+ n+ 1

2 , s− n+ 1
2

)
× Tn

(
1− 2x

a

)
[a, Re s > 0]

5 (a− x)
−1/2
+ (1− bx)

−1/2
(−1)

m+n√
π as−1/2

(
1

2
− s
)
n

Γ

[
s

s+ n+ 1
2

]
× Tn

(
2x

a
− 1

)
× 4F3

( −m+ 1
2 , m+ 1

2 , s, s+ 1
2

1
2 , s− n+ 1

2 , s+ n+ 1
2 ; ab

)
× Tm (2bx− 1) [a, Re s > 0; |arg (1− ab)| < π]

6 (a− x)
−1/2
+ (b± x)

−1/2
(−1)

m
(±1)

n√
π as−1/2b−1/2

(
1

2
− s
)
m

× Tm
(

2x

a
− 1

)
× Γ

[
s

s+m+ 1
2

]
4F3

(−n+ 1
2 , n+ 1

2 , s, s+ 1
2 ; ∓ab

1
2 , s−m+ 1

2 , s+m+ 1
2

)
× Tn

(
2x

b
± 1

) [{
a > 0; |arg b| < π

b > a > 0

}
; Re s > 0

]

7 (a− x)
−1/2
+

(
1− b2x

)−1/2
(−1)

m+n
(2m+ 1)

ε√
π as+(ε−1)/2bε

× T2m+ε (b
√
x) ×

(
1− 2s− ε

2

)
n

Γ

[ 2s+ε
2

2s+2n+ε+1
2

]
× Tn

(
2x

a
− 1

)
× 4F3

( −2m+1
2 , 2m+2ε+1

2 , 2s+ε
2 , 2s+ε+1

2
2ε+1
2 , 2s−2n+ε+1

2 , 2s+2n+ε+1
2 ; ab2

)
[
a > 0; Re s > −ε/2; |arg

(
1− ab2

)
| < π

]
8 (a− x)

−1/2
+ Tn

(√
x

a

)
π

(√
a

2

)2s−1

Γ

[
2s

2s−n+1
2 , 2s+n+1

2

]
4F3

( −m2 ,
m
2 , s,

2s+1
2

1
2 ,

2s−n+1
2 , 2s+n+1

2 ; ab

)
× Tm

(√
1− bx

)
[a > 0; Re s > 0]

9
(
a2 − x2

)−1/2
+

Tn

(a
x

)
(−1)

m
(2m+ 1)

ε
2s+ε−2as+ε−1bε Γ

[ s−n+ε
2 , s+n+ε2

s+ ε

]
× T2m+ε (bx) × 4F3

(−m, m+ ε, s−n+ε2 , s+n+ε2
2ε+1
2 , s+ε2 , s+ε+1

2 ; a2b2

)
[a > 0; Re s > n− ε/2]

10 (a− x)
−1/2
+ Tn

(√
a

x

)
(4a)

s−1/2
Γ

[ 2s−n
2 , 2s+n

2

2s

]
4F3

(−m, m, 2s−n
2 , 2s+n

2
1
2 , s,

2s+1
2 ; −ab2

)
× Tm (bx+ 1) [a > 0; Re s > n/2]
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3.21. The Chebyshev Polynomials Un (z)

More formulas can be obtained from the corresponding sections due to the relations

Uν (z) =
1

1− z2
[Tν (z)− z Tν+1 (z)] , Uν (z) = C1

ν (z) ,

Uν (z) =
Γ (ν + 2)

(3/2)ν
P (1/2, 1/2)
ν (z) , Uν (z) = (ν + 1) 2F1

(
−ν, ν + 2;

3

2
;

1− z
2

)
.

3.21.1. Un (ϕ (x)) and algebraic functions

Notation: ε = 0 or 1.

No. f (x) F (s)

1
(
a2 − x2

)1/2
+

Un

(x
a

) n+ 1

4

√
π as+1 Γ

[ s
2 ,

s+1
2

s+n+3
2 , s−n+1

2

]
[a, Re s > 0]

2
(
x2 − a2

)1/2
+

Un

(x
a

) n+ 1

4

√
π as+1 Γ

[− s+n+1
2 , 1−s+n

2
1−s
2 , 2−s

2

]
[a > 0; Re s < − (n+ 1)]

3 (a− x)
α−1
+ Un

(
1− 2x

a

)
(n+ 1) as+α−1 B (s, α) 3F2

(
−n, n+ 2, α
3
2 , s+ α; 1

)
[a, Reα, Re s > 0]

4 (a− x)
α−1
+ Un

(
2x

b
± 1

)
(±1)

n
(n+ 1) as+α−1 B (s, α) 3F2

(
−n, n+ 2, s
3
2 , s+ α; ∓ab

)
[a, Reα, Re s > 0]

5 (x− a)
−1/2
+ U2n

(
i

√
x

a
− 1

)
√
π as−1/2 Γ

[
s− 1

2 ,
1
2 − n− s

s− n− 1
2 , 1− s

]
[Re s < 1/2− n]

6
(
a2 − x2

)
+
Un

(
x2 + a2

2ax

)
2 (n+ 1) as+2 Γ

[
s+ n+ 2, s− n

s+ n+ 3, s− n+ 1

]
[a > 0; Re s > n]

7
(
x2 − a2

)
+
Un

(
x2 + a2

2ax

)
2 (n+ 1) as+2 Γ

[
n− s, −n− s− 2

n− s+ 1, −n− s− 1

]
[a > 0; Re s < −n− 2]

8 (x− a)
1/2
+ (2x− a)

n+ 1

2

√
π as+3/2 Γ

[
2n− s+ 5

2 , −2n− s− 3
2

1− s, 3
2 − s

]
× Un

(
8x2 − 8ax+ a2

a2

)
[a > 0; Re s < −2n− 3/2]

9 (a− x)
1/2
+ (2a− x)

n+ 1

2

√
π as+3/2 Γ

[
s+ 2n+ 4, s− 2n

s+ 5
2 , s+ 3

]
[a > 0; Re s > 2n]

× Un
(
x2 − 8ax+ 8a2

x2

)
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No. f (x) F (s)

10
x+ 2a

(x+ a)
n+2

as−n−1

(2n+ 1)!
Γ

[
s, 1− s, 2n− s+ 3

2− s

]
[0 < Re s < 1; |arg a| < π]

× Un
(
x2 + 2ax+ 2a2

2a (x+ a)

)

11
2x+ a

(x+ a)
n+2

as−n−1

(2n+ 1)!
Γ

[
s− n, s+ n+ 2, 1− s+ n

s− n+ 1

]
× Un

(
2x2 + 2ax+ a2

2x (x+ a)

)
[n < Re s < n+ 1; |arg a| < π]

3.21.2. Products of Un (ϕ (x))

Notation: δ, ε = 0 or 1.

No. f (x) F (s)

1
(
a2 − x2

)1/2
+

√
b2 − x2 (−1)

m+n
2ε−2 (m+ 1)

ε
(2n+ δ + 1)

√
π as+ε+1b−ε+1

× U2m+ε

(x
b

)
U2n+δ

(x
a

)
×
(

1− s+ δ − ε
2

)
n

Γ

[ s+δ+ε
2

s+2n+δ+ε+3
2

]
× 4F3

( − 2m+1
2 , 2m+2ε+1

2 , s+1
2 , s+2ε

2
2ε+1
2 , s−2n−δ+ε+1

2 , s+2n+δ+ε+3
2 ; a2

b2

)
[b > a > 0; Re s > −δ − ε]

2
(
a2 − x2

)1/2
+

Un

(a
x

)
(−1)

m
2s+2ε−1 (m+ 1)

ε
(n+ 1) as+ε+1bε Γ

[ s−n+ε
2 , s+n+ε+2

2

s+ ε+ 2

]
× U2m+ε (bx) × 4F3

(−m, m+ ε+ 1, s−n+ε2 , s+n+ε+2
2

2ε+1
2 , s+ε+2

2 , s+ε+3
2 ; a2b2

)
[a > 0; Re s > n− ε]

3 (a− x)
1/2
+ U2n

(√
x

a

)
(−1)

n
(m+ 1)

2
as+1/2

(
1−2s

2

)
n

(1/2)n
B

(
2n+ 3

2
, s

)
×
[
Um

(√
1− bx

)]2 × 5F4

(
1, −m, m+ 2, 2s+1

2 , s; ab
3
2 , 2, 2s−2n+1

2 , 2s+2n+3
2

)
[a, Re s > 0]

4 (a− x)
ρ
+ P

(ρ, σ)
n

(
2x

a
− 1

)
(−1)

n
(m+ 1)

2
as+ρ

n!
(1− s+ σ)n B (n+ ρ+ 1, s)

×
[
Um

(√
1− bx

)]2 × 5F4

(
1, −m, m+ 2, s− σ, s; ab

3
2 , 2, s− n− σ, s+ n+ ρ+ 1

)
[a, Re s > 0; Re ρ > −1]
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3.22. The Hermite Polynomials Hn (z)

More formulas can be obtained from the corresponding sections due to the relations

H2n+ε (z) = (−1)
n

22n+εn! zεLε−1/2n

(
z2
)
, ε = 0 or 1;

Hn (z) = n! lim
λ→∞

[
λ−n/2Cλn

( z√
λ

)]
,

H2n+ε (z) = (−1)
n (2n+ ε)!

n!
(2z)

ε
1F1

(
−n; ε+

1

2
; z2
)
, ε = 0 or 1;

Hν (z) = 2ν
√
π

[
1

Γ
(
1−ν
2

) 1F1

(
−ν

2
;

1

2
; z2
)
− 2z

Γ
(
−ν2
) 1F1

(
1− ν

2
;

3

2
; z2
)]
,

Hn (z) = 2nΨ

(
−n

2
,

1

2
; z2
)

= 2nΨ

(
1− n

2
,

3

2
; z2
)
,

Hν (z) = 2ν/2ez
2/2Dν

(√
2 z
)
, Hn (z) = 2nez

2

G20
12

(
z2
∣∣∣∣ (1− n) /2

0, 1/2

)
.

3.22.1. Hn (bx) and algebraic functions

Notation: ε = 0 or 1.

No. f (x) F (s)

1 (a− x)
α−1
+ H2n+ε (bx)

(−1)
n

(2n+ ε)!

n!
as+α+ε−1 (2b)

ε
B (s+ ε, α)

× 3F3

(−n, s+ε2 , s+ε+1
2 ; a2b2

2ε+1
2 , s+α+ε2 , s+α+ε+1

2

)
[a, Reα > 0; Re s > −ε]

2 (x− a)
α−1
+ H2n+ε (bx)

(−1)
n

(2n+ ε)!

n!
as+α+ε−1 (2b)

ε
B (1− s− α− ε, α)

× 3F3

(−n, s+ε2 , s+ε+1
2 ; a2b2

2ε+1
2 , s+α+ε2 , s+α+ε+1

2

)
[a > 0; Re (s+ α) < 1− 2n− ε]

3
(
a2 − x2

)α−1
+

H2n+ε (bx) (−1)
n

22n+ε−1as+2α+ε−2bε
(

2ε+ 1

2

)
n

B

(
α,

s+ ε

2

)
× 2F2

(−n, s+ε2 ; a2b2

2ε+1
2 , s+2α+ε

2

)
[a, Reα > 0; Re s > −ε]

4
(
x2 − a2

)α−1
+

H2n+ε (bx) (−1)
n

22n+ε−1as+2α+ε−2bε
(

2ε+ 1

2

)
n

× B

(
α,

2− 2α− s− ε
2

)
2F2

(−n, s+ε2 ; a2b2

2ε+1
2 , s+2α+ε

2

)
[a, Reα > 0; Re (s+ 2α) < 2− 2n− ε]
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No. f (x) F (s)

5
1

(x2 + a2)
ρ H2n+ε (bx) (−1)

n
22n+ε−1as−2ρ+εbε

(
2ε+ 1

2

)
n

B

(
s+ ε

2
,

2ρ− s− ε
2

)
× 2F2

(−n, s+ε2 ; −a2b2
2ε+1
2 , s−2ρ+ε+2

2

)
[Re a > 0; − ε < Re s < 2 Re ρ− 2n− ε]

6
1

(x+ a)
ρ (−1)

n
22n+ε

(
2ε+ 1

2

)
n

as−ρbε B (s+ ε, ρ− s)

×H2n+ε

(
bx

x+ a

)
× 3F3

( −n, s+ε2 , s+ε+1
2

2ε+1
2 , ρ+ε2 , ρ+ε+1

2 ; b2

)
[−ε < Re s < Re ρ; |arg a| < π]

7
1

(x2 + a2)
ρ (−1)

n
22n+ε−1

(
2ε+ 1

2

)
n

as−2ρ−εbε

×H2n+ε

(
bx

x2 + a2

)
× B

(
s+ ε

2
,
−s+ 2ρ+ ε

2

)
3F3

( −n, s+ε2 , −s+2ρ+ε
2

2ε+1
2 , ρ+ε2 , ρ+ε+1

2 ; b2

4a2

)
[Re a > 0; −ε < Re s < 2 Re ρ+ ε]

8 (a− x)
α−1
+

(−1)
n

(2n+ ε)!

n!
as+α+ε−1 (2b)

ε
B

(
2s+ ε

2
,

2α+ ε

2

)
×H2n+ε

(
b
√
x (a− x)

)
× 3F3

( −n, 2s+ε
2 , 2α+ε

2 ; a2b2

4
2ε+1
2 , s+α+ε2 , s+α+ε+1

2

)
[a > 0; Re s, Reα > −ε/2]

3.22.2. Hn (bx) and the exponential function

Notation: ε = 0 or 1.

1 e−axHn (bx)
(2b)

n

as+n
Γ (s+ n) 2F2

(−n2 , 1−n
2 ; − a2

4b2

1−s−n
2 , 2−s−n

2

)
[Re a > 0; Re s > 2 [n/2]− n]

2 e−a
2x2

Hn (ax)
2n−1

as
Γ

[ s
2 ,

s+1
2

s−n+1
2

]
[Re s > 0; |arg a| < π/4]

3 e−ax
2

Hn (bx)
n!

2
a−s/2 Γ

(
s− n

2

)
C

((s−n)/2)
n

(
b√
a

)
[Re a, Re s > 0]

4 (a− x)
α−1
+ e−b

2x2

(−1)
n

22n+εas+α+ε−1bε
(

2ε+ 1

2

)
n

B (α, s+ ε)

×H2n+ε (bx) × 3F3

( 2n+2ε+1
2 , s+1

2 , s+2ε
2 ; −a2b2

2ε+1
2 , s+α+1

2 , s+α+2ε
2

)
[a, Reα > 0; Re s > −ε]
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No. f (x) F (s)

5 (x− a)
α−1
+ e−b

2x2

(−1)
n

22n+εas+α+ε−1bε
(

2ε+ 1

2

)
n

B (α, 1− s− α− ε)

×H2n+ε (bx) × 3F3

( 2n+2ε+1
2 , s+1

2 , s+2ε
2 ; −a2b2

2ε+1
2 , s+α+1

2 , s+α+2ε
2

)
+ (−1)

n 22n+ε−1

bs+α−1

(
2− s− α+ ε

2

)
n

Γ

(
s+ α+ ε− 1

2

)
× 3F3

( 1−α
2 , 2−α

2 , 2−s+2n−α+ε
2

1
2 ,

2−s−α
2 , 3−s−α

2 ; −a2b2

)
+ (−1)

n
(1− α)

22n+ε−1a

bs+α−2

(
3− s− α+ ε

2

)
n

× Γ

(
s+ α+ ε− 2

2

)
3F3

( 2−α
2 , 3−α

2 , 3−s+2n−α+ε
2

3
2 ,

3−s−α
2 , 4−s−α

2 ; −a2b2

)
[a, Reα > 0; |arg b| < π/4]

6
(
a2 − x2

)α−1
+

e−b
2x2

(−1)
n

22n+ε−1as+ε+2α−1bε B

(
α,

s+ ε

2

)(
2ε+ 1

2

)
n

×H2n+ε (bx) × 2F2

( 2n+2ε+1
2 , s+ε2 ; −a2b2
2ε+1
2 , s+ε+2α

2

)
[a, Reα > 0; Re s > −ε]

7
(
x2 − a2

)α−1
+

e−b
2x2

(−1)
n

22n+ε−1as+2α+ε−2bε B

(
α,

2− s− 2α− ε
2

)
×H2n+ε (bx) ×

(
2ε+ 1

2

)
n

2F2

( 2n+2ε+1
2 , s+ε2

2ε+1
2 , s+2α+ε

2 ; −a2b2

)
+ (−1)

n
22n+ε−1b2−s−2α

(
3− s− 2α+ ε

2

)
n

× Γ

(
s+ 2α+ ε− 2

2

)
2F2

(
1− α, 3−s+2n−2α+ε

2
3−s−2α

2 , 4−s−2α
2 ; −a2b2

)
[a, Reα > 0; |arg b| < π/4]

8
(
a4 − x4

)α−1
+

e−b
2x2

(−1)
n

22n+ε−2as+4α+ε−4bε B

(
α,

s+ ε

4

)
×H2n+ε (bx) ×

(
2ε+ 1

2

)
n

3F4

( 2n+3
4 , 2n+4ε+1

4 , s+ε4 ; a4b4

4
1
2 ,

3
4 ,

4ε+1
4 , s+4α+ε

4

)
− (−1)

n
22n+ε−2as+4α+ε−2bε+2 B

(
α,

s+ ε+ 2

4

)
×
(

2ε+ 3

2

)
n

3F4

( 2n+5
4 , 2n+4ε+3

4 , s+ε+2
4 ; a4b4

4
5
4 ,

3
2 ,

4ε+3
4 , s+4α+ε+2

4

)
[a, Reα > 0; Re s > −ε]
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No. f (x) F (s)

9
e−b

2x2

(x+ a)
ρ H2n+ε (bx) (−1)

n
22n+εas−ρ+εbε B (s+ ε, ρ− s− ε)

×
(

2ε+ 1

2

)
n

3F3

( 2n+2ε+1
2 , s+1

2 , s+2ε
2 ; −a2b2

2ε+1
2 , s−ρ+2

2 , s−ρ+2ε+1
2

)

+ (−1)
n

22n+ε−1bρ−s
(

1− s+ ρ+ ε

2

)
n

Γ

(
s− ρ+ ε

2

)

× 3F3

( ρ
2 ,

ρ+1
2 , 1−s+2n+ρ+ε

2
1
2 ,

1−s+ρ
2 , 2−s+ρ

2 ; −a2b2

)

− (−1)
n

22n+ε−1ρab1−s+ρ
(

2− s+ ρ+ ε

2

)
n

× Γ

(
s− ρ+ ε− 1

2

)
3F3

( ρ+1
2 , ρ+2

2 , 2−s+2n+ρ+ε
2

3
2 ,

2−s+ρ
2 , 3−s+ρ

2 ; −a2b2

)
[Re s > −ε; |arg a|, 4|arg b| < π]

10
e−b

2x2

(x2 + a2)
ρ H2n+ε (bx) (−1)

n
22n+ε−1as−2ρ+εbε

(
2ε+ 1

2

)
n

× B

(
s+ ε

2
,

2ρ− s− ε
2

)
2F2

( s+ε
2 , 2n+2ε+1

2 ; a2b2

2ε+1
2 , s−2ρ+ε+2

2

)

+ (−1)
n

22n+ε−1b2ρ−s
(

1− s+ 2ρ+ ε

2

)
n

Γ

(
s− 2ρ+ ε

2

)

× 2F2

(
ρ, 1−s+2n+2ρ+ε

2 ; a2b2

1−s+2ρ
2 , 2−s+2ρ

2

)
[Re a > 0; Re s > −ε; |arg b| < π/4]

11
e−b

2x2

x− a
H2n+ε (bx) (−1)

n+1
22n+επ cot (sπ) as+ε−1bε

(
2ε+ 1

2

)
n

× 1F1

( 2n+2ε+1
2

2ε+1
2 ; −a2b2

)
+

(−1)
n

22n+ε−1

bs−1

(
2− s+ ε

2

)
n

× Γ

(
s+ ε− 1

2

)
2F2

(
1, 2−s+2n+ε

2
2−s
2 , 3−s

2 ; −a2b2

)

+
(−1)

n
22n+ε−1a

bs−2

(
3− s+ ε

2

)
n

Γ

(
s+ ε− 2

2

)
× 2F2

(
1, 3−s+2n+ε

2
3−s
2 , 4−s

2 ; −a2b2

)
[a > 0; Re s > −ε; |arg b| < π/4]
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No. f (x) F (s)

12
e−b

2x2

x2 − a2
H2n+ε (bx) (−1)

n+1
22n+ε−1π cot

(s+ ε)π

2
as+ε−2bε

(
2ε+ 1

2

)
n

× 1F1

( 2n+2ε+1
2

2ε+1
2 ; −a2b2

)
+

(−1)
n

22n+ε−1

bs−2

(
3− s+ ε

2

)
n

× Γ

(
s+ ε− 2

2

)
2F2

(
1, 3−s+2n+ε

2
3−s
2 , 4−s

2 ; −a2b2

)
[a > 0; Re s > −ε; |arg b| < π/4]

13 e−a/xH2n+ε (bx) (−1)
n

22n+εas+εbε
(

2ε+ 1

2

)
n

Γ (−s− ε)

× 1F3

( −n; a2b2

4
2ε+1
2 , s+ε+1

2 , s+ε+2
2

)
[Re a > 0; Re s < −2n− ε]

14 e−a/x
2

H2n+ε (bx) (−1)
n

22n+ε−1a(s+ε)/2bε
(

2ε+ 1

2

)
n

× Γ

(
−s+ ε

2

)
1F2

(
−n; −ab2

2ε+1
2 , s+ε+2

2

)
[Re a > 0; Re s < −2n− ε]

15 e−a
√
xH2n+ε (bx) (−1)

n
22n+2ε+1a−2s−2εbε

(
1

2

)
n+ε

Γ (2s+ 2ε)

× 5F1

(
−n, ∆ (4, 2s+ 2ε)

2ε+1
2 ; 256b2

a4

)
[Re a > 0; Re s > −ε]

16 e−a/
√
xH2n+ε (bx) (−1)

n
22n+2ε+1a2s+2εbε

(
1

2

)
n+ε

Γ (−2s− 2ε)

× 1F5

( −n; a4b2

256
2ε+1
2 , ∆ (4, 2s+ 2ε)

)
[Re a > 0; Re s < −2n− ε]

17 e−ax−b
2x2

H2n+ε (bx)
(−1)

n
22n+ε−1

bs

(
1− s+ ε

2

)
n

Γ

(
s+ ε

2

)
× 2F2

( s
2 ,

s+1
2 ; a2

4b2

1
2 ,

s−2n−ε+1
2

)
− (−1)

n
22n+ε−1a

bs+1

(
−s+ ε

2

)
n

× Γ

(
s+ ε+ 1

2

)
2F2

( s+1
2 , s+2

2 ; a2

4b2

3
2 ,

s−2n−ε+2
2

)
[Re a > 0; Re s > −ε; |arg b| < π/4]
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No. f (x) F (s)

18 e−ax
4−b2x2

H2n+ε (bx) (−1)
n 22n+ε−2bε

a(s+ε)/4

(
2ε+ 1

2

)
n

Γ

(
s+ ε

4

)
× 3F3

( 2n+2ε+1
4 , 2n+2ε+3

4 , s+ε4
1
2 ,

3
4 ,

4ε+1
4 ; b4

4a

)
− (−1)

n 22n+ε−2bε+2

a(s+ε+2)/4

(
2ε+ 3

2

)
n

Γ

(
s+ ε+ 2

4

)
× 3F3

( 2n+2ε+3
4 , 2n+2ε+5

4 , s+ε+2
4

5
4 ,

3
2 ,

4ε+3
4 ; b4

4a

)
[Re a > 0; Re s > −ε; |arg b| < π/4]

19 e−a/x−b
2x2

H2n+ε (bx) (−1)
n

22n+εas+εbε
(

2ε+ 1

2

)
n

Γ (−s− ε)

× 1F3

( 2n+2ε+1
2 ; −a

2b2

4
2ε+1
2 , s+ε+1

2 , s+ε+2
2

)
+

(−1)
n

22n+ε−1

bs

×
(

1− s+ ε

2

)
n

Γ

(
s+ ε

2

)
1F3

( 1−s+2n+ε
2 ; −a

2b2

4
1
2 ,

1−s
2 , 2−s

2

)
− (−1)

n
22n+ε−1a

bs−1

(
2− s+ ε

2

)
n

× Γ

(
s+ ε− 1

2

)
1F3

( 2−s+2n+ε
2 ; −a

2b2

4
3
2 ,

2−s
2 , 3−s

2

)
[Re a > 0; |arg b| < π/4]

20 e−a/x
2−b2x2

H2n+ε (bx) (−1)
n

22n+ε−1a(s+ε)/2bε
(

2ε+ 1

2

)
n

Γ

(
−s+ ε

2

)
× 1F2

( 2n+2ε+1
2 ; ab2

2ε+1
2 , s+ε+2

2

)
+

(−1)
n

22n+ε−1

bs

×
(

1− s+ ε

2

)
n

Γ

(
s+ ε

2

)
1F2

( 1−s+2n+ε
2 ; ab2

1−s
2 , 2−s

2

)
[Re a > 0; |arg b| < π/4]

21 e−a/x
4−b2x2

H2n+ε (bx) (−1)
n

22n+ε−2a(s+ε)/4bε
(

2ε+ 1

2

)
n

Γ

(
−s+ ε

4

)
× 2F4

( 2n+2ε+1
4 , 2n+2ε+3

4 ; −ab
4

4
1
2 ,

3
4 ,

4ε+1
4 , s+ε+4

4

)
− (−1)

n
22n+ε−2a(s+ε+2)/4bε+2

×
(

2ε+ 3

2

)
n

Γ

(
−s+ ε+ 2

4

)
2F4

( 2n+2ε+3
4 , 2n+2ε+5

4 ; −ab
4

4
5
4 ,

3
2 ,

4ε+3
4 , s+ε+6

4

)
+

(−1)
n

22n+ε−1

bs

(
1− s+ ε

2

)
n

Γ

(
s+ ε

2

)
× 2F4

( 1−s+2n+ε
4 , 3−s+2n+ε

4 ; −ab
4

4
1−s
4 , 2−s

4 , 3−s
4 , 4−s

4

)
[Re a > 0; |arg b| < π/4]
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No. f (x) F (s)

22 (a− x)
(ε−1)/2
+ ebx (−1)

n
22n
√
π as+ε−1/2cε

(
2ε+ 1

2

)
n

Γ

[
s

2s+2ε+1
2

]
×H2n+ε

(
c
√
a− x

)
× Φ2

(
s, −n;

2s+ 2ε+ 1

2
; ab, ac2

)
[a, Re s > 0]

3.22.3. Hn (bx) and trigonometric functions

Notation: δ =

{
1

0

}
, ε = 0 or 1.

1 e−b
2x2

{
sin (ax)

cos (ax)

}
(−1)

n 22n+ε−1aδ

bs+δ

(
1− s− δ + ε

2

)
n

Γ

(
s+ δ + ε

2

)
×H2n+ε (bx) × 2F2

( s+1
2 , s+2δ

2 ; − a2

4b2

2δ+1
2 , s−2n+δ−ε+1

2

) [
a > 0; Re s > −δ − ε;

|arg b| < π/4

]

2 e−b
2x2

{
sin
(
ax2
)

cos (ax2)

}
(−1)

n 22n+ε−1aδ

bs+2δ

(
1− s− 2δ + ε

2

)
n

Γ

(
s+ 2δ + ε

2

)
×H2n+ε (bx) × 4F3

( s+2
4 , s+3

4 , s+4δ
4 , s+4δ+1

4 ; −a
2

b4

2δ+1
2 , s−2n−ε+3

4 , s−2n+4δ−ε+1
4

)
[a > 0; Re s > −2δ − ε; |arg b| < π/4]

3 e−b
2x2

{
sin (a/x)

cos (a/x)

}
(−1)

n
22n+ε−1aδbδ−s

(
1− s+ δ + ε

2

)
n

Γ

(
s− δ + ε

2

)
×H2n+ε (bx) × 1F3

( 1−s+2n+δ+ε
2 ; a2b2

4
2δ+1

2 , 2−s+δ−ε
2 , 1−s+δ+ε

2

)
∓ (−1)

n
22n+εas+εbε

×
(

2ε+ 1

2

)
n

Γ (−s− ε)
{

sin [(s+ ε)π/2]

cos [(s+ ε)π/2]

}
× 1F3

( 2n+2ε+1
2 ; a2b2

4
2ε+1
2 , s+ε+1

2 , s+ε+2
2

) [
a > 0; Re (s+ ε) > −1;

|arg b| < π/4

]

3.22.4. Hn (bx) and the logarithmic function

Notation: ε = 0 or 1.

1 θ (a− x) ln

√
a+
√
a− x√
x

(−1)
n

2ε−1 (2n+ ε)!
√
π as+εbε

n! (s+ ε)
Γ

[
s+ ε

2s+2ε+1
2

]
×H2n+ε (bx) × 4F4

( −n, s+ε2 , s+ε2 , s+ε+1
2 ; a2b2

2ε+1
2 , 2s+2ε+1

4 , 2s+2ε+3
4 , s+ε+2

2

)
[a > 0; Re s > −ε]
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No. f (x) F (s)

2 e−b
2x2

{
ln (x+ a)

ln|x− a|

}
(−1)

n 22n+επ

s+ ε
as+εbε

(
2ε+ 1

2

)
n

{
csc [(s+ ε)π]

cot [(s+ ε)π]

}
×H2n+ε (bx) × 2F2

( 2n+2ε+1
2 , s+ε2 ; −a2b2
2ε+1
2 , s+ε+2

2

)
± (−1)

n 22n+ε−1a

bs−1

(
2− s+ ε

2

)
n

Γ

(
s+ ε− 1

2

)
× 3F3

( 1
2 , 1, 2n−s+ε+2

2 ; −a2b2
3
2 ,

2−s
2 , 3−s

2

)
− (−1)

n 22n+ε−2a2

bs−2

(
3− s+ ε

2

)
n

Γ

(
s+ ε− 2

2

)
× 3F3

(
1, 1, 2n−s+ε+3

2 ; −a2b2

2, 3−s
2 , 4−s

2

)
+ (−1)

n 22n+ε−2

bs

(
1− s+ ε

2

)
n

× Γ

(
s+ ε

2

)[
ψ

(
s+ ε

2

)
−
n−1∑
k=0

2

2k − s+ ε+ 1
− 2 ln b

]
[Re s > −ε; |arg a|, 4|arg b| < π]

3 e−b
2x2

{
ln
(
x2 + a2

)
ln|x2 − a2|

}
(−1)

n 22n+επ

s+ ε
as+εbε

(
2ε+ 1

2

)
n

{
csc [(s+ ε)π/2]

cot [(s+ ε)π/2]

}
×H2n+ε (bx) × 2F2

( 2n+2ε+1
2 , s+ε2 ; ±a2b2
2ε+1
2 , s+ε+2

2

)
± (−1)

n 22n+ε−1a2

bs−2

(
3− s+ ε

2

)
n

Γ

(
s+ ε− 2

2

)
× 3F3

(
1, 1, 2n−s+ε+3

2 ; ±a2b2

2, 3−s
2 , 4−s

2

)
+ (−1)

n 22n+ε−1

bs

(
1− s+ ε

2

)
n

Γ

(
s+ ε

2

)
×
[
ψ

(
s+ ε

2

)
−
n−1∑
k=0

2

2k − s+ ε+ 1
− 2 ln b

]
[Re a > 0; Re s > −ε; |arg b| < π/4]

3.22.5. Hn (bx) and inverse trigonometric functions

Notation: ε = 0 or 1.

1 θ (a− x) arccos
x

a

(−1)
n

2ε−1 (2n+ ε)!
√
π as+εbε

n! (s+ ε)
Γ

[ s+ε+1
2

s+ε+2
2

]
×H2n+ε (bx) × 3F3

(−n, s+ε2 , s+ε+1
2 ; a2b2

2ε+1
2 , s+ε+2

2 , s+ε+2
2

)
[a > 0; Re s > −ε]
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3.22.6. Hn (bx) and Ei (axr)

Notation: ε = 0 or 1.

1 e−b
2x2

Ei (−ax) (−1)
n+1 22n+ε−1a

bs+1

(
ε− s

2

)
n

Γ

(
s+ ε+ 1

2

)
×H2n+ε (bx) × 3F3

( 1
2 ,

s+1
2 , s+2

2 ; a2

4b2

3
2 ,

3
2 ,

s−2n−ε+2
2

)
+ (−1)

n 22n+ε−3a2

bs+2

×
(
ε− s− 1

2

)
n

Γ

(
s+ ε+ 2

2

)
× 4F4

(
1, 1, s+2

2 , s+3
2 ; a2

4b2

2, 2, 3
2 ,

s−2n−ε+3
2

)
+ (−1)

n 22n+ε−1

bs

(
ε− s+ 1

2

)
n

Γ

(
s+ ε

2

)
×
[
C +

1

2
ψ

(
s+ ε

2

)
−
n−1∑
k=0

1

2k − s+ ε+ 1
− ln

b

a

]
[Re s > −ε; |arg a|, 4|arg b| < π]

2 e−b
2x2

Ei
(
−ax2

)
(−1)

n+1 22n+εbε

a(s+ε)/2 (s+ ε)

(
2ε+ 1

2

)
n

Γ

(
s+ ε

2

)
×H2n+ε (bx) × 3F2

( 2n+2ε+1
2 , s+ε2 , s+ε2

2ε+1
2 , s+ε+2

2 ; − b2a

)
[
Re
(
a+ b2

)
> 0; Re s > −ε

]
3 e−(a+b

2)x2

Ei
(
ax2
) 2−s+2n+ε+2π3/2 csc (sπ)

abs−2 Γ (3− s) Γ
(
s−2n−ε−1

2

) 3F2

(
1, 1, 3−s+2n+ε

2
3−s
2 , 4−s

2 ; − b2a

)
×H2n+ε (bx) − 22n+2ε−1π3/2bε

a(s+ε)/2
tan2ε−1 sπ

2

× Γ

[ s+ε
2

−2n−2ε+1
2

]
2F1

( 2n+2ε+1
2 , s+ε2

2ε+1
2 ; − b2a

)
[a > 0; Re s > −ε; |arg b| < π/4]

4 e−b
2x2

Ei
(
−ax4

)
(−1)

n+1 22n+εbε

a(s+ε)/4 (s+ ε)

(
2ε+ 1

2

)
n

Γ

(
s+ ε

4

)
×H2n+ε (bx) × 4F4

( 2n+3
4 , 2n+4ε+1

4 , s+ε4 , s+ε4
1
2 ,

3
4 ,

4ε+1
4 , s+ε+4

4 ; b4

4a

)
+ (−1)

n 22n+εbε+2

a(s+ε+2)/4 (s+ ε+ 2)

(
2ε+ 3

2

)
n

× Γ

(
s+ ε+ 2

4

)
4F4

( 2n+5
4 , 2n+2ε+3

4 , s+ε+2
4 , s+ε+2

4
5
4 ,

3
2 ,

4ε+3
4 , s+ε+6

4 ; b4

4a

)
[Re a > 0; Re s > −ε]
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No. f (x) F (s)

5 e±ax
4−b2x2

Ei
(
∓ax4

)
∓22n−s+ε+4

√
π

abs−4
Γ

[
s− 4

s−2n−ε−3
2

]
4F4

(
1, 1, 2n−s+ε+5

4 , 2n−s+ε+7
4

5−s
4 , 6−s

4 , 7−s
4 , 8−s

4 ; ∓ b4

4a

)

×H2n+ε (bx) − 22n+ε−2π3/2

as/4

{
csc sπ

4

cot sπ4

}
Γ

[ s
4

− 2n+ε−1
2

]

× 3F3

( 2n+ε+1
4 , 2n+ε+3

4 , s4
1
4 ,

1
2 ,

3
4 ; ∓ b4

4a

)
+

22n+ε−1π3/2b

a(s+1)/4

×
{

csc (s+1)π
4

cot (s+1)π
4

}
Γ

[ s+1
4

− 2n+ε
2

]
3F3

( 2n+ε+2
4 , 2n+ε+4

4 , s+1
4

1
2 ,

3
4 ,

5
4 ; ∓ b4

4a

)

∓ 22n+ε−1π3/2b2

a(s+2)/4

{
sec sπ

4

tan sπ
4

}
Γ

[ s+2
4

− 2n+ε+1
2

]

× 3F3

( 2n+ε+3
4 , 2n+ε+5

4 , s+2
4

3
4 ,

5
4 ,

3
2 ; ∓ b4

4a

)
± 22n+επ3/2b3

3a(s+3)/4

×
{

sec (s+1)π
4

tan (s+1)π
4

}
Γ

[ s+3
4

− 2n+ε+2
2

]
3F3

( 2n+ε+4
4 , 2n+ε+6

4 , s+3
4

5
4 ,

3
2 ,

7
4 ; ∓ b4

4a

)
[
Re s > −ε; |arg b| < π/4;

{
|arg a| < π

a > 0

}]

3.22.7. Hn (bx) and si (axr), ci (axr)

Notation: ε = 0 or 1.

1 e−b
2x2

si (ax)H2n+ε (bx) 22n−s+ε−1
√
π ab−s−1 Γ

[
s+ 1

s−2n−ε+2
2

]
× 3F3

( 1
2 ,

s+1
2 , s+2

2 ; − a2

4b2

3
2 ,

3
2 ,

s−2n−ε+2
2

)
− 22n−s+ε−1π3/2

bs
Γ

[
s

s−2n−ε+1
2

]
[a, Re b > 0; Re s > −ε]

2 e−b
2x2

ci (ax)H2n+ε (bx) −22n−s+ε−4
√
π a2b−s−2 Γ

[
s+ 2

s−2n−ε+3
2

]
× 4F4

(
1, 1, s+2

2 , s+3
2 ; − a2

4b2

3
2 , 2, 2, s−2n−ε+3

2

)
+ 22n−s+ε

√
π b−s Γ

[
s

s−2n−ε+1
2

]
×
[
ψ (s)− 1

2
ψ

(
s− 2n− ε+ 1

2

)
+ ln

a

2b
+ C

]
[a, Re b > 0; Re s > −ε]
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No. f (x) F (s)

3 e−b
2x2

{
si
(
ax2
)

ci (ax2)

}
(−1)

n+1
22n+εbε

a(s+ε)/2 (s+ ε)

{
sin [(s+ ε)π/4]

cos [(s+ ε)π/4]

}(
2ε+ 1

2

)
n

Γ

(
s+ ε

2

)

×H2n+ε (bx) × 5F4

( 2n+3
4 , 2n+4ε+1

4 , s+ε4 , s+ε4 , s+ε+2
4

1
2 ,

3
4 ,

4ε+1
4 , s+ε+4

4 ; − b4

a2

)

± (−1)
n

2s+2nbε+2

a(s+ε+2)/2 (s+ ε+ 2)

{
cos [(s+ ε)π/4]

sin [(s+ ε)π/4]

}

×
(

2ε+ 3

2

)
n

Γ

(
s+ ε+ 2

2

)

× 5F4

( 2n+5
4 , 2n+4ε+3

4 , s+ε+2
4 , s+ε+2

4 , s+ε+4
4

5
4 ,

3
2 ,

4ε+3
4 , s+ε+6

4 ; − b4

a2

)
[a > 0; Re s > −ε; |arg b| < π/4]

3.22.8. Hn (bx) and erf (axr), erfc (axr)

Notation: ε = 0 or 1.

1 erfc (ax)H2n+ε (bx) (−1)
n 22n+εa−s−εbε√

π (s+ ε)

(
2ε+ 1

2

)
n

Γ

(
s+ ε+ 1

2

)
× 3F2

(−n, s+ε2 , s+ε+1
2 ; b2

a2

2ε+1
2 , s+ε+2

2

)
[Re s > −ε; |arg a| < π/4]

2 e−b
2x2

{
erf (ax)

erfc (ax)

}
∓ (−1)

n
22n√

π ass

(
1

2

)
n

Γ

(
s+ 1

2

)
3F2

( 2n+1
2 , s2 ,

s+1
2

1
2 ,

s+2
2 ; − b2

a2

)
×H2n (bx) +

(1± 1) (−1)
n

22n−2

bs

(
1− s

2

)
n

Γ

(
s

2

)
[Re s > − (1± 1) /2; |arg a|, |arg b| < π/4]

3 e−b
2x2

{
erf (ax)

erfc (ax)

}
∓ (−1)

n
22n+1b√

πas+1 (s+ 1)

(
3

2

)
n

Γ

(
s+ 2

2

)
× H2n+1 (bx) × 3F2

( 2n+3
2 , s+1

2 , s+2
2

3
2 ,

s+3
2 ; − b2

a2

)
+

(1± 1) (−1)
n

22n−1

bs

(
2− s

2

)
n

Γ

(
s+ 1

2

)
[Re s > −1− (1± 1) /2; |arg a|, |arg b| < π/4]
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No. f (x) F (s)

4 e−b
2x2

{
erf
(
ax2
)

erfc (ax2)

}
∓ (−1)

n
22n+εbε√

πa(s+ε)/2 (s+ ε)

(
2ε+ 1

2

)
n

Γ

(
s+ ε+ 2

4

)

×H2n+ε (bx) × 4F4

( 2n+3
4 , 2n+4ε+1

4 , s+ε4 , s+ε+2
4

1
2 ,

3
4 ,

4ε+1
4 , s+ε+4

4 ; b4

4a2

)

± (−1)
n

22n+εbε+2

√
πa(s+ε)/2+1 (s+ ε+ 2)

(
2ε+ 3

2

)
n

× Γ

(
s+ ε+ 4

4

)
4F4

( 2n+5
4 , 2n+4ε+3

4 , s+ε+2
4 , s+ε+4

4
5
4 ,

3
2 ,

4ε+3
4 , s+ε+6

4 ; b4

4a2

)

+
(−1)

n
(1± 1) 22n+ε−2

bs

(
1− s+ ε

2

)
n

Γ

(
s+ ε

2

)
[Re s > −ε− 1∓ 1; |arg a|, |arg b| < π/4]

5 e−b
2x2

{
erf (a

√
x)

erfc (a
√
x)

}
±2n−s+1/2a

bs+1/2
Γ

[ 2s+1
2

2s−2n+3
4

]
3F3

( 1
4 ,

2s+1
4 , 2s+3

4 ; a4

4b2

1
2 ,

5
4 ,

2s−2n+3
4

)

×Hn (bx) ∓ 2n−s−1/2a3

3bs+3/2
Γ

[ 2s+3
2

2s−2n+5
4

]
3F3

( 3
4 ,

2s+3
4 , 2s+5

4 ; a4

4b2

3
2 ,

7
4 ,

2s−2n+5
4

)

+
(1∓ 1) 2n−2

bs
Γ

[ s
2 ,

s+1
2

s−n+1
2

]
[Re s > (−1− (1± 1)

n
) /4; |arg a|, |arg b| < π/4]

3.22.9. Hn (bx) and S (axr), C (axr)

Notation: δ =

{
1

0

}
.

1 e−b
2x2

{
S (ax)

C (ax)

}
(−1)

n 22n−1/2aδ+1/2

3δ
√
π bs+δ+1/2

(
1− 2s− 2δ

4

)
n

Γ

(
2s+ 2δ + 1

4

)
×H2n (bx) × 3F3

( 2δ+1
4 , 2s+3

4 , 2s+4δ+1
4 ; − a2

4b2

2δ+1
2 , 2δ+5

4 , 2s−4n+2δ+3
4

)
[a > 0; Re s > − (2± 1) /2; |arg b| < π/4]

2 e−b
2x2

{
S (ax)

C (ax)

}
(−1)

n 22n+1/2aδ+1/2

3δ
√
π bs+δ+1/2

(
3− 2s− 2δ

4

)
n

Γ

(
2s+ 2δ + 3

4

)
×H2n+1 (bx) × 3F3

( 2δ+1
4 , 2s+3

4 , 2s+4δ+1
4 ; − a2

4b2

2δ+1
2 , 2δ+5

4 , 2s−4n+2δ+1
4

)
[a > 0; Re s > −1− (2± 1) /2; |arg b| < π/4]
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No. f (x) F (s)

3 e−b
2x2

{
S
(
ax2
)

C (ax2)

}
(−1)

n 22n−1/2aδ+1/2

3δ
√
π bs+2δ+1

(
−s+ 2δ

2

)
n

Γ

(
s+ 2δ + 1

2

)

×H2n (bx) × 5F4

( 2δ+1
4 , s+3

4 , s+4
4 , s+4δ+1

4 , s+4δ+2
4

2δ+1
2 , 2δ+5

4 , s−2n+4
4 , s−2n+4δ+2

4 ; −a2b4

)
[a > 0; Re s > −2∓ 1; |arg b| < π/4]

4 e−b
2x2

{
S
(
ax2
)

C (ax2)

}
(−1)

n 22n+1/2aδ+1/2

3δ
√
π bs+2δ+1

(
1− s− 2δ

2

)
n

Γ

(
s+ 2δ + 2

2

)

×H2n+1 (bx) × 5F4

( 2δ+1
4 , s+3

4 , s+4
4 , s+4δ+1

4 , s+4δ+2
4

2δ+1
2 , 2δ+5

4 , s−2n+3
4 , s−2n+4δ+1

4 ; −a2b4

)
[a > 0; Re s > −3∓ 1; |arg b| < π/4]

3.22.10. Hn (bx) and γ (ν, axr), Γ (ν, axr)

Notation: ε = 0 or 1.

1 Γ (ν, ax)H2n+ε (bx)
(−1)

n
22n+2εa−s−εbε√
π (s+ ε)

Γ

(
n+

2ε+ 1

2

)
Γ (s+ ν + ε)

× 4F2

(−n, s+ε2 , s+ν+ε2 , s+ν+ε+1
2

2ε+1
2 , s−ε+4

2 ; 4b2

a2

)
[Re a > 0; Re (s+ ν) > −ε]

2 e−b
2x2

{
γ (ν, ax)

Γ (ν, ax)

}
± (−1)

n 22n+ε−1aν

ν bs+ν

(
1− s− ν + ε

2

)
n

Γ

(
s+ ν + ε

2

)

×H2n+ε (bx) × 3F3

( ν
2 ,

s+ν
2 , s+ν+1

2 ; a2

4b2

1
2 ,

ν+2
2 , s−2n+ν−ε+1

2

)

∓ (−1)
n 22n+ε−1aν+1

(ν + 1) bs+ν+1

(
−s− ν + ε

2

)
n

× Γ

(
s+ ν + ε+ 1

2

)
3F3

(ν+1
2 , s+ν+1

2 , s+ν+2
2 ; a2

4b2

3
2 ,

ν+3
2 , s−2n+ν−ε+2

2

)

+ (−1)
n (1∓ 1) 22n+ε−2

bs

(
1− s+ ε

2

)
n

× Γ (ν) Γ

(
s+ ε

2

)
[
Re a > 0; Re (s+ ν) > −ε;

{
Re ν > 0

Re s > −ε

}
, |arg b| < π/4

]
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No. f (x) F (s)

3 e−b
2x2

{
γ
(
ν, ax2

)
Γ (ν, ax2)

}
∓ (−1)

n 22n+εbε

(s+ ε) a(s+ε)/2

(
2ε+ 1

2

)
n

×H2n+ε (bx) × Γ

(
s+ 2ν + ε

2

)
3F2

( 2n+2ε+1
2 , s+ε2 , s+2ν+ε

2
2ε+1
2 , s+ε+2

2 ; − b2a

)

+ (−1)
n (1± 1) 22n+ε−2

bs

(
1− s+ ε

2

)
n

Γ (ν) Γ

(
s+ ε

2

)
[
Re a > 0; Re (s+ 2ν) > −ε;

{
Re ν > 0

Re s > −ε

}
, |arg b| < π/4

]

3.22.11. Hn (bx) and Jν (axr), Iν (axr)

Notation: ε = 0 or 1.

1 Jν (ax)Hn (bx)
2s+2n−1bn

an+s
Γ

[ s+ν+n
2

2−s−n+ν
2

]
2F2

( −n2 ,
1−n
2 ; a2

4b2

2−s−n−ν
2 , 2−s−n+ν

2

)
[a > 0; 2 [n/2]− n− Re ν < Re s < 3/2− n]

2 Jν

(a
x

)
H2n+ε (bx)

(−1)
n
as+εbε

2s−2n+1

(
2ε+ 1

2

)
n

Γ

[ ν−s−ε
2

s+ν+ε+2
2

]
× 1F3

( −n; −a
2b2

4
2ε+1
2 , s+ν+ε+2

2 , s−ν+ε+2
2

)
[a > 0; − ε− 3/2 < Re s < Re ν − 2n− ε]

3 e−b
2x2

{
Jν (ax)

Iν (ax)

}
(−1)

n 22n+ε−ν−1aν

bs+ν

(
1− s− ν + ε

2

)
n

Γ

[ s+ε+ν
2

ν + 1

]
×H2n+ε (bx) × 2F2

( s+ν
2 , s+ν+1

2 ; ∓ a2

4b2

ν + 1, s−2n+ν−ε+1
2

)
[Re (s+ ν) > −ε; |arg a|, 4|arg b| < π]

4 e−b
2x2

{
Jν
(
ax2
)

Iν (ax2)

}
(−1)

n 22n+ε−ν−1 aν

bs+2ν

(
1− s− 2ν + ε

2

)
n

Γ

[ s+ε+2ν
2

ν + 1

]

×H2n+ε (bx) × 4F3

( s+2ν
4 , s+2ν+1

4 , s+2ν+2
4 , s+2ν+3

4

ν + 1, s−2n+2ν−ε+1
4 , s−2n+2ν−ε+3

4 ; ∓a2b4

)
 Re (s+ 2ν) > −ε; |arg b| < π/4;{

a > 0

Re (b2 − a) > 0; |arg a| < π

} 
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3.22.12. Hn (bx) and Yν (axr), Kν (axr)

Notation: ε = 0 or 1.

1 Kν (ax)Hn (bx)
2s+2n−2bn

as+n
Γ

(
s+ n− ν

2

)
Γ

(
s+ n+ ν

2

)
× 2F2

( −n2 ,
1−n
2 ; − a2

4b2

2−s−n−ν
2 , 2−s−n+ν

2

)
[Re a > 0; Re s > |Re ν|+ 2 [n/2]− n]

2 Kν

(a
x

)
H2n+ε (bx)

(−1)
n
as+εbε

2s−2n+2

(
2ε+ 1

2

)
n

Γ

(
ν − s− ε

2

)
Γ

(
−s+ ν + ε

2

)
× 1F3

( −n; a2b2

4
2ε+1
2 , s+ν+ε+2

2 , s−ν+ε+2
2

)
[Re a > 0; Re s < −|Re ν| − 2n− ε]

3 e−b
2x2

{
Yν (ax)

Kν (ax)

}
∓ (−1)

n 22n+ν+ε−2

πaνbs−ν

(
1− s+ ν + ε

2

)
n

Γ (ν)

×H2n+ε (bx) ×
{

2

π

}
Γ

(
s− ν + ε

2

)
2F2

( s−ν
2 , s−ν+1

2 ; ∓ a2

4b2

1− ν, s−2n−ν−ε+1
2

)

∓ (−1)
n 22n−ν+ε−2aν

πbs+ν

(
1− s− ν + ε

2

)
n

Γ (−ν)

×
{

2 cos (νπ)

π

}
Γ

(
s+ ε+ ν

2

)
2F2

( s+ν
2 , s+ν+1

2 ; ∓ a2

4b2

1 + ν, s−2n+ν−ε+1
2

)
[Re s > |Re ν| − ε; |arg a|, |arg b| < π/4]

4 e−b
2x2

{
Yν
(
ax2
)

Kν (ax2)

}
∓ (−1)

n
2−s+2n+3ν+ε−(1∓1)/2π∓1/2

aνbs−2ν

×H2n+ε (bx) ×
(

1− s+ 2ν + ε

2

)
n

Γ

[
ν, s− 2ν
s−2ν−ε+1

2

]

× 4F3

( s−2ν
4 , s−2ν+1

4 , s−2ν+2
4 , s−2ν+3

4 ; ∓ a2

b4

1− ν, s−2n−2ν−ε+1
4 , s−2n−2ν−ε+3

4

)

∓ (−1)
n

2−s+2n−3ν+ε−(1∓1)/2π∓1/2 [cos (νπ)]
(1±1)/2

a−νbs+2ν

×
(

1− s− 2ν + ε

2

)
n

Γ

[
−ν, s+ 2ν
s+2ν−ε+1

2

]

× 4F3

( s+2ν
4 , s+2ν+1

4 , s+2ν+2
4 , s+2ν+3

4 ; ∓ a2

b4

1 + ν, s−2n+2ν−ε+1
4 , s−2n+2ν−ε+3

4

)
[ {

Re b2 > |Im a|
Re (a+ b2) > 0

}
; Re s > 2|Re ν| − ε; |arg a|, 4|arg b| < π

]
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3.22.13. Hn (bx) and Pm (ϕ (x))

Notation: ε = 0 or 1.

1 θ (a− x)Pm

(x
a

)
(−1)

n
22n−s+εas+εbε Γ

[ 2n+2ε+1
2 , s+ ε

s−m+ε+1
2 , s+m+ε+2

2

]
×H2n+ε (bx) × 3F3

( −n, s+ε2 , s+ε+1
2 ; a2b2

2ε+1
2 , s−m+ε+1

2 , s+m+ε+2
2

)
[a > 0; Re s > ((−1)

m
+ (−1)

ε
) /2− 1]

2 θ (a− x) e−b
2x2

(−1)
m+n

22m+ε−1 as+εbε
(

2ε+ 1

2

)
m

(
2− s− ε

2

)
n

× Pn
(

2x2

a2
− 1

)
× Γ

[ s+ε
2

s+2n+ε+2
2

]
3F3

( 2m+2ε+1
2 , s+ε2 , s+ε2 ; −a2b2

2ε+1
2 , s−2n+ε2 , s+2n+ε+2

2

)
×H2m+ε (bx) [a > 0; Re s > −ε]

3 θ (x− a)Pm

(a
x

) (−1)
n+1

√
π

2s+2n+2ε−1as+εbε
(

2ε+ 1

2

)
n

×H2n+ε (bx) × Γ

[ s−m+ε
2 , s+m+ε+1

2

s+ ε+ 1

]
3F3

( −n, s−m+ε
2 , s+m+ε+1

2
2ε+1
2 , s+ε+1

2 , s+ε+2
2 ; a2b2

)
[a > 0; Re s < (1− (−1)

m
) /2− 2n− ε]

3.22.14. Hn (bx) and Tm (ϕ (x)), Um (ϕ (x))

Notation: ε = 0 or 1.

1
(
a2 − x2

)−1/2
+

e−b
2x2

(−1)
m+n

22m+ε−1√π as+ε−1bε
(

2ε+ 1

2

)
m

(
1− s− ε

2

)
n

× Tn
(

2x2

a2
− 1

)
× Γ

[ s+ε
2

s+2n+ε+1
2

]
3F3

( 2m+2ε+1
2 , s+ε2 , s+ε+1

2 ; −a2b2
2ε+1
2 , s−2n+ε+1

2 , s+2n+ε+1
2

)
×H2m+ε (bx) [a > 0; Re s > −ε]

2
(
a2 − x2

)1/2
+

e−b
2x2

(−1)
m+n

22m+ε−2 (n+ 1)
√
π as+ε+1bε

(
2ε+ 1

2

)
m

× Un
(

2x2

a2
− 1

)
×
(

3− s− ε
2

)
n

Γ

[ s+ε
2

s+2n+ε+3
2

]
×H2m+ε (bx) × 3F3

( 2m+2ε+1
2 , s+ε−12 , s+ε2 ; −a2b2

2ε+1
2 , s−2n+ε−12 , s+2n+ε+3

2

)
[a > 0; Re s > −ε]
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3.22.15. Products of Hn (bx)

Notation: δ, ε = 0 or 1.

1 e−ax
2

H2m+ε (bx)
(−1)

m+n
(2m+ ε)! (2n+ ε)! (bc)

ε

2m!n! as/2+ε
Γ

(
s+ 2ε

2

)
×H2n+ε (cx) × F2

(
s+ 2ε

2
, −m, −n;

2ε+ 1

2
,

2ε+ 1

2
;
b2

a
,
c2

a

) [
Re a > 0;

Re s > −2ε

]
2 e−a

2x2

Hm (ax)Hn (ax)

√
π

2s−m−nas
Γ

[
s

s−m−n+1
2

]
2F1

(
−m, −n;

s−m−n+1
2 ; 1

2

)
[Re a, Re s > 0]

3 e−ax
2

H2m+δ (bx)
22n+2m+δ+ε+1πbc

a(s+2)/2
Γ

[ s+2
2

− 2m+δ
2 , − 2n+ε

2

]
×H2n+ε (cx) × F2

(
s+ 2

2
, −2m+ δ − 1

2
, −2n+ ε− 1

2
;

3

2
,

3

2
;
b2

a
,
c2

a

)
− 22n+2m+δ+επb

a(s+1)/2
Γ

[ s+1
2

− 2m+δ
2 , − 2n+ε−1

2

]
× F2

(
s+ 1

2
, −2m+ δ − 1

2
, −2n+ ε

2
;

3

2
,

1

2
;
b2

a
,
c2

a

)
− 22n+2m+δ+επc

a(s+1)/2
Γ

[ s+1
2

− 2m+δ−1
2 , − 2n+ε

2

]
× F2

(
s+ 1

2
, −2m+ δ

2
, −2n+ ε− 1

2
;

1

2
,

3

2
;
b2

a
,
c2

a

)
+

22n+2m+δ+ε−1π

as/2
Γ

[ s
2

− 2m+δ−1
2 , − 2n+ε−1

2

]
× F2

(
s

2
, −2m+ δ

2
, −2n+ ε

2
;

1

2
,

1

2
;
b2

a
,
c2

a

) [
Re a > 0;

Re s > −δ − ε

]

4 e−(a2+b2)x2

H2m+ε (ax)
(−1)

m+n
22m+2n+δ+ε−1bδ

as+δ

(
2δ + 1

2

)
n

(
1− s− δ + ε

2

)
m

×H2n+δ (bx) × Γ

(
s+ δ + ε

2

)
3F2

( 2n+2δ+1
2 , s+δ2 , s+δ+1

2
2δ+1

2 , s−2m+δ−ε+1
2 ; − b2

a2

)
[
Re
(
a2 + b2

)
> 0; Re s > −δ − ε

]
5 e−a

2x4−b2x2

H2m+ε

(
ax2
) (−1)

m+n
22m+2n+δ+ε−2 bδ

a(s+δ)/2

(
2δ + 1

2

)
n

(
2− s− δ + 2ε

4

)
m

×H2n+δ (bx) × Γ

(
s+ 2ε+ δ

4

)
4F4

( 2n+3
4 , 2n+4δ+1

4 , s+δ4 , s+δ+2
4

1
2 ,

3
4 ,

4δ+1
4 , s−4m+δ−2ε+2

4 ; b4

4b2

)
− (−1)

m+n
22m+2n+δ+ε−2bδ+2

a(s+δ)/2+1

(
2δ + 3

2

)
n

(
2ε− δ − s

4

)
m

× Γ

(
s+ δ + 2ε+ 2

4

)
4F4

( 2n+5
2 , 2n+4δ+3

4 , s+δ+2
4 , s+δ+4

4
3
2 ,

5
4 ,

4δ+3
4 , s−4m+δ−2ε+4

4 ; b4

4a2

)
[Re s > −δ − 2ε; |arg a|, |arg b| < π/4]
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3.23. The Laguerre Polynomials Lλn (z)

More formulas can be obtained from the corresponding sections due to the relations

L−1/2n (z) =
(−1)

n

n! 22n
H2n

(√
z
)
, L1/2

n (z) =
(−1)

n

n! 22n+1
√
z
H2n+1

(√
z
)
,

Lλn (z) = lim
σ→∞

P (λ, σ)
n

(
1− 2z

σ

)
,

Lν (z) = 1F1 (−ν; 1; z) ,

Lλν (z) =
(λ+ 1)ν
Γ (ν + 1)

1F1 (−ν; λ+ 1; z) ,

Lλν (z) =
ez

Γ (ν + 1)
G11

12

(
z

∣∣∣∣ −λ− ν0, −λ

)
.

3.23.1. Lλn (bx) and algebraic functions

No. f (x) F (s)

1 (a− x)
α−1
+ Lλn (bx)

(λ+ 1)n a
s+α−1

n!
B (α, s) 2F2

(
−n, s; ab
λ+ 1, s+ α

)
[a, Reα, Re s > 0]

2 (x− a)
α−1
+ Lλn (bx)

(λ+ 1)n a
s+α−1

n!
B (α, 1− s− α) 2F2

(
−n, s; ab
λ+ 1, s+ α

)
[a, Reα > 0; Re (s+ α) < 1− n]

3
1

(x+ a)
ρ L

λ
n (bx)

(λ+ 1)n a
s−ρ

n!
B (s, ρ− s) 2F2

(
−n, s; −ab

λ+ 1, s− ρ+ 1

)
[Re s > 0; Re (s− ρ) < −n; |arg a| < π]

4 (a− x)
α−1
+

(λ+ 1)n a
s+α−1

n!
B (s, α) 3F3

( −n, s, α; a2b
4

λ+ 1, s+α2 , s+α+1
2

)
× Lλn (bx (a− x)) [a, Re s, Reα > 0]

5
1

(x+ a)
ρ L

λ
n

(
b

x+ a

)
(λ+ 1)n a

s−ρ

n!
B (s, ρ− s) 2F2

(
−n, ρ− s
λ+ 1, ρ; b

a

)
[0 < Re s < Re ρ; |arg a| < π]

6
1

(x+ a)
ρ L

λ
n

(
b2x2

(x+ a)
2

)
(λ+ 1)n a

s−ρ

n!
B (s, ρ− s) 3F3

( −n, s2 ,
s+1
2

λ+ 1, ρ2 ,
ρ+1
2 ; b2

)
[0 < Re s < Re ρ; |arg a| < π]
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No. f (x) F (s)

7
1

(x2 + a2)
ρ

(λ+ 1)n a
s−2ρ

2n!
B
(s

2
, ρ− s

2

)
3F3

(−n, s2 , 2ρ−s
2 ; b2

4a2

λ+ 1, ρ2 ,
ρ+1
2

)
× Lλn

(
b2x2

(x2 + a2)
2

)
[Re a > 0; 0 < Re s < 2 Re ρ]

3.23.2. Lλn (bx) and the exponential function

1 e−axLλn (bx)
Γ (s)

as
P

(λ, s−n−λ−1)
n

(
1− 2b

a

)
[Re a, Re s > 0; Reλ > −1]

2 e−axLλn (ax)
(1− s+ λ)n

n! as
Γ (s) [Re a, Re s > 0]

3 e−bxLλn (bx+ ab)
Γ (s)

bs
Lλ−sn (ab) [a, Re b, Re s > 0]

4 e−a/xLλn (bx)
(λ+ 1)n a

s

n!
Γ (−s) 1F2

(
−n; −ab

λ+ 1, s+ 1

)
[Re a > 0; Re s < −n]

5 e−a/
√
xLλn (bx)

2 (λ+ 1)n a
2s

n!
Γ (−2s) 1F3

( −n; a2b
4

λ+ 1, 2s+1
2 , s+ 1

)
[Re a > 0; Re s < −n]

6 e−ax
2−bxLλn (bx)

(λ+ 1)n
2 (n!) as/2

Γ
(s

2

)
3F3

(n+λ+1
2 , n+λ+2

2 , s2
1
2 ,

λ+1
2 , λ+2

2 ; b2

4a

)
−

(λ+ 2)n b

2 (n!) a(s+1)/2
Γ

(
s+ 1

2

)
3F3

(n+λ+2
2 , n+λ+3

2 , s+1
2

3
2 ,

λ+2
2 , λ+3

2 ; b2

4a

)
[Re a, Re s > 0]

7 e−a
√
x−bxLλn (bx)

(1− s+ λ)n
n! bs

Γ (s) 2F2

(
s, s− λ; a2

4b
1
2 , s− n− λ

)
− a

n! bs+1/2

×
(

1− 2s+ 2λ

2

)
n

Γ

(
2s+ 1

2

)
2F2

( 2s+1
2 , 2s−2λ+1

2 ; a2

4b
3
2 ,

2s−2n−2λ+1
2

)
[Re b, Re s > 0]

8 e−a/x−bxLλn (bx)
(λ+ 1)n a

s

n!
Γ (−s) 1F2

(
n+ λ+ 1; ab

λ+ 1, s+ 1

)
+

(1− s+ λ)n
n! bs

Γ (s) 1F2

(
1− s+ n+ λ; ab

1− s, 1− s+ λ

)
[Re a, Re b > 0]



3.23. The Laguerre Polynomials Lλn (z) 311

No. f (x) F (s)

9 e−a/x
2−bxLλn (bx)

(λ+ 1)n a
s/2

2 (n!)
Γ
(
−s

2

)
2F4

(n+λ+1
2 , n+λ+2

2 ; −ab
2

4
1
2 ,

λ+1
2 , λ+2

2 , s+2
2

)
−

(λ+ 2)n a
(s+1)/2b

2 (n!)
Γ

(
−s+ 1

2

)
× 2F4

(n+λ+2
2 , n+λ+3

2 ; −ab
2

4
3
2 ,

λ+2
2 , λ+3

2 , s+3
2

)
+

(1− s+ λ)n b
−s

n!
Γ (s) 2F4

( 1−s+n+λ
2 , 2−s+n+λ

2 ; −ab
2

4
1−s
2 , 2−s

2 , 1−s+λ
2 , 2−s+λ

2

)
[Re a, Re b > 0]

10 e−a/
√
x−bxLλn (bx)

2 (λ+ 1)n a
2s

n!
Γ (−2s) 1F3

(
n+ λ+ 1; −a

2b
4

λ+ 1, 2s+1
2 , s+ 1

)
−

(1− s+ λ)n
n! bs

Γ (s) 1F3

(
1− s+ n+ λ; −a

2b
4

1
2 , 1− s, 1− s+ λ

)
−
aΓ
(
2s−1

2

)
n! bs−1/2

(
3− 2s+ 2λ

2

)
n

1F3

( 3−2s+2n+2λ
2 ; −a

2b
4

3
2 ,

3−2s
2 , 3−2s+2λ

2

)
[Re a, Re b > 0]

11 e−a
√
xLλn (bx)

(−1)
n

2bn

n! a2s+2n
Γ (2s+ 2n) 2F2

( −n, −n− λ; −a
2

4b
1−2s−2n

2 , 1− s− n

)
[Re a, Re s > 0]

12 (a− x)
α−1
+ e−bxLλn (bx)

(λ+ 1)n a
s+α−1

n!
B (α, s) 2F2

(
n+ λ+ 1, s; −ab
λ+ 1, s+ α

)
[a, Reα, Re s > 0]

13 (x− a)
α−1
+ e−bxLλn (bx)

(λ+ 1)n a
s+α−1

n!
B (α, 1− s− α) 2F2

(
n+ λ+ 1, s; −ab
λ+ 1, s+ α

)
+
b1−s−α

n!
(2− s− α+ λ)n Γ (s+ α− 1)

× 2F2

(
1− α, 2− s+ n− α+ λ; −ab

2− α− s, 2− s− α+ λ

)
[a, Reα, Re b > 0]

14
(
a2 − x2

)α−1
+

e−bx
(λ+ 1)n a

s+2α−2

2(n!)
B
(
α,

s

2

)
3F4

(n+λ+1
2 , n+λ+2

2 , s2 ; a2b2

4
1
2 ,

λ+1
2 , λ+2

2 , s+2α
2

)
× Lλn (bx) −

(λ+ 2)n a
s+2α−1b

2 (n!)
B

(
α,

s+ 1

2

)
× 3F4

(n+λ+2
2 , n+λ+3

2 , s+1
2 ; a2b2

4
3
2 ,

λ+2
2 , λ+3

2 , s+2α+1
2

)
[a, Reα, Re s > 0]
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No. f (x) F (s)

15
(
x2 − a2

)α−1
+

e−bx
(λ+ 1)n a

s+2α−2

2 (n!)
B

(
α,

2− s− 2α

2

)
3F4

(n+λ+1
2 , n+λ+2

2 , s2 ; a2b2

4
1
2 ,

λ+1
2 , λ+2

2 , s+2α
2

)

× Lλn (bx) −
(λ+ 2)n a

s+2α−1b

2(n!)
B

(
α,

1− s− 2α

2

)

× 3F4

(n+λ+2
2 , n+λ+3

2 , s+1
2 ; a2b2

4
3
2 ,

λ+2
2 , λ+3

2 , s+2α+1
2

)
+
b2−2α−s

n!
(3− s− 2α+ λ)n Γ (s+ 2α− 2)

× 3F4

(
1− α, 3−s+n−2α+λ

2 , 4−s+n−2α+λ
2 ; a2b2

4
3−s−2α+λ

2 , 4−s−2α+λ
2 , 3−s−2α

2 , 4−s−2α
2

)
[a, Reα, Re b > 0]

16 (
√
a−
√
x)
α−1
+ e−bx

2 (λ+ 1)n a
s+(α−1)/2

n!
B (α, 2s) 3F3

(
n+ λ+ 1, s, 2s+1

2 ; −ab
λ+ 1, 2s+α

2 , 2s+α+1
2

)
× Lλn (bx) [a, Reα, Re s > 0]

17 (
√
x−
√
a)
α−1
+ e−bx

2 (λ+ 1)n a
s+(α−1)/2

n!
B (α, 1− 2s− α)

× Lλn (bx) × 3F3

(
n+ λ+ 1, s, 2s+1

2 ; −ab
λ+ 1, 2s+α

2 , 2s+α+1
2

)
+
b(1−α)/2−s

n!

(
3− 2s− α+ 2λ

2

)
n

Γ

(
2s+ α− 1

2

)
× 3F3

( 1−α
2 , 2−α

2 , 3−2s+n−α+2λ
2 ; −ab

1
2 ,

3−2s−α
2 , 3−2s−α+2λ

2

)
+

(1− α)
√
a

n! bs+α/2−1

×
(

4− 2s− α+ 2λ

2

)
n

Γ

(
2s+ α− 2

2

)
× 3F3

( 2−α
2 , 3−α

2 , 4−2s+2n−α+2λ
2 ; −ab

3
2 ,

4−2s−α
2 , 4−2s−α+2λ

2

)
[a, Reα, Re b > 0]

18
1

(x+ a)
ρ e
−bxLλn (bx)

(λ+ 1)n a
s−ρ

n!
B (s, ρ− s) 2F2

(
s, n+ λ+ 1; ab

λ+ 1, s− ρ+ 1

)
+
bρ−s

n!
(1− s+ λ+ ρ)n Γ (s− ρ)

× 2F2

(
ρ, 1− s+ n+ λ+ ρ; ab

1− s+ ρ, 1− s+ λ+ ρ

)
[Re b, Re s > 0; |arg a| < π]
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No. f (x) F (s)

19
1

(x2 + a2)
ρ e
−bxLλn (bx)

(λ+ 1)n a
s−2ρ

2 (n!)
B

(
s

2
,

2ρ− s
2

)
3F4

(n+λ+1
2 , n+λ+2

2 , s2 ; −a
2b2

4
1
2 ,

λ+1
2 , λ+2

2 , s−2ρ+2
2

)
−

(λ+ 2)n a
s−2ρ+1b

2 (n!)
B

(
s+ 1

2
,

2ρ− s− 1

2

)
× 3F4

(n+λ+2
2 , n+λ+3

2 , s+1
2 ; −a

2b2

4
3
2 ,

λ+2
2 , λ+3

2 , s−2ρ+3
2

)
+
b2ρ−s

n!
(1− s+ λ+ 2ρ)n Γ (s− 2ρ)

× 3F4

(
ρ, 1−s+n+λ+2ρ

2 , 2−s+n+λ+2ρ
2 ; −a

2b2

4
1−s+2ρ

2 , 2−s+2ρ
2 , 1−s+λ+2ρ

2 , 2−s+λ+2ρ
2

)
[Re a, Re b, Re s > 0]

20
1

(
√
x+
√
a)
ρ e
−bxLλn (bx)

2 (λ+ 1)n a
s−ρ/2

n!
B (2s, ρ− 2s) 3F3

(
n+ λ+ 1, s, 2s+1

2 ; −ab
λ+ 1, 2s−ρ+1

2 , 2s−ρ+2
2

)
+
bρ/2−s

n!

(
2− 2s+ 2λ+ ρ

2

)
n

Γ

(
2s− ρ

2

)
× 3F3

(ρ
2 ,

ρ+1
2 , 2−2s+2n+2λ+ρ

2 ; −ab
1
2 ,

2−2s+ρ
2 , 2−2s+2λ+ρ

2

)
−
√
a b(ρ+1)/2−s

n!
ρ

(
3− 2s+ 2λ+ ρ

2

)
n

Γ

(
2s− ρ− 1

2

)
× 3F3

( ρ+1
2 , ρ+2

2 , 3−2s+2n+2λ+ρ
2

3
2 ,

3−2s+ρ
2 , 3−2s+2λ+ρ

2 ; −ab

)
[Re b, Re s > 0; |arg a| < 2π]

21 (a− x)
λ
+ e

bx eab

n!
as+λ Γ

[
s, n+ λ+ 1

s+ λ+ 1

]
Φ2 (s, −n; s+ λ+ 1; ab, ac)

× Lλn (c (a− x)) [a, Reλ, Re s > 0]

3.23.3. Lλn (bx) and trigonometric functions

Notation: δ =

{
1

0

}
.

1 e−bx
{

sin (ax)

cos (ax)

}
Lλn (bx)

aδ (1− s+ λ− δ)n
n! bs+δ

Γ (s+ δ)

× 4F3

( s+1
2 , s+2δ

2 , s−λ+1
2 , s−λ+2δ

2
2δ+1

2 , s−n−λ+1
2 , s−n−λ+2δ

2 ; −a2b2

)
[a, Re b > 0; Re s > −δ]
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No. f (x) F (s)

2 e−bx
{

sin (a
√
x)

cos (a
√
x)

}
aδ

n! bs+δ/2

(
2− 2s+ 2λ− δ

2

)
n

Γ

(
2s+ δ

2

)
× Lλn (bx) × 2F2

( 2s+δ
2 , 2s−2λ+δ

2 ; −a
2

4b
2δ+1

2 , 2s−2n−2λ+δ
2

)
[a, Re b > 0; Re s > −δ/2]

3 e−bx
{

sin (a/
√
x)

cos (a/
√
x)

}
aδbδ/2−s

n!

(
2− 2s+ 2λ+ δ

2

)
n

Γ

(
2s− δ

2

)
× Lλn (bx) × 1F3

( 2−2s+2n+2λ+δ
2 ; a2b

4
2δ+1

2 , 2−2s+δ
2 , 2−2s+2λ+δ

2

)
∓

2 (λ+ 1)n a
2s

n!
Γ (−2s)

{
sin (sπ)

cos (sπ)

}
× 1F3

(
n+ λ+ 1; a2b

4

λ+ 1, 2s+1
2 , s+ 1

)
[a, Re b > 0; Re s > −1/2]

3.23.4. Lλn (bx) and the logarithmic function

1 e−ax ln (ax)Lλn (ax)
(1− s+ λ)n

n! as
Γ (s)

[
ψ (s)−

n∑
k=1

1

k + λ− s

]
[Re a, Re s > 0]

2 e−ax ln2 (ax)Lλn (ax)
(1− s+ λ)n

n! as
Γ (s)

{[
ψ (s)−

n∑
k=1

1

k + λ− s

]2
+ ψ′ (s)−

n∑
k=1

1

(k + λ− s)2

}
[Re a, Re s > 0]

3 e−ax lnm (ax)Lλn (ax)
a−s

n!

∂m [Γ (s) (1− s+ λ)n]

∂sm
[Re a, Re s > 0]

4 e−bx
{

ln (x+ a)

ln|x− a|

}
π (λ+ 1)n a

s

n! s

{
csc (sπ)

cot (sπ)

}
2F2

(
n+ λ+ 1, s

λ+ 1, s+ 1; ±ab

)
× Lλn (bx) ± ab1−s

n!
(2− s+ λ)n Γ (s− 1)

× 3F3

(
1, 1, 2− s+ n+ λ

2, 2− s, 2− s+ λ; ±ab

)
+

(1− s+ λ)n
n! bs

Γ (s)

[
ψ (s)−

n∑
k=1

1

k + λ− s
− ln b

]
[
Re b, Re s > 0,

{
|arg a| < π

a > 0

}]
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No. f (x) F (s)

5 e−bx
{

ln
(
x2 + a2

)
ln|x2 − a2|

}
π (λ+ 1)n a

s

n! s

{
csc (sπ/2)

cot (sπ/2)

}
× Lλn (bx) × 3F4

(n+λ+1
2 , n+λ+2

2 , s2 ; ∓a
2b2

4
1
2 ,

λ+1
2 , λ+2

2 , s+2
2

)
∓
πas+1b (λ+ 2)n

n! (s+ 1)

×
{

sec (sπ/2)

tan (sπ/2)

}
3F4

(n+λ+2
2 , n+λ+3

2 , s+1
2 ; ∓a

2b2

4
3
2 ,

λ+2
2 , λ+3

2 , s+3
2

)
± a2b2−s

n!
(3− s+ λ)n Γ (s− 2)

× 4F5

(
1, 1, 3−s+n+λ

2 , 4−s+n+λ
2 ; ∓a

2b2

4

2, 3−s
2 , 4−s

2 , 3−s+λ
2 , 4−s+λ

2

)
+

2 (1− s+ λ)n
n! bs

Γ (s)

[
ψ (s)−

n∑
k=1

1

k + λ− s
− ln b

]
[
Re b, Re s > 0,

{
Re a > 0

a > 0

}]

6 θ (a− x) ln

√
a+
√
a− x√
x

√
π (λ+ 1)n a

s

2 (n!) s
Γ

[
s

s+ 1
2

]
3F3

(
−n, s, s; ab

λ+ 1, s+ 1
2 , s+ 1

)
× Lλn (bx) [a, Re s > 0]

3.23.5. Lλm (bxr) and Ei (axr)

1 e−bx Ei (−ax)Lλn (bx) −
(λ+ 1)n
n! ass

Γ (s) 3F2

(
n+ λ+ 1, s, s

λ+ 1, s+ 1; − b
a

)
[Re a, Re (a+ b) , Re s > 0]

2 e(±a−b)x Ei (∓ax) −
π (λ+ 1)n
n! as

Γ (s)

{
csc (sπ)

cot (sπ)

}
2F1

(
n+ λ+ 1, s

λ+ 1; ± b
a

)
× Lλn (bx) ∓ b1−s

n! a
(2− s+ λ)n Γ (s− 1) 3F2

(
1, 1, 2− s+ n+ λ

2− s, 2− s+ λ; ± b
a

)
[
Re b, Re s > 0,

{
|arg a| < π

a > 0

}]

3 e−bx Ei
(
−ax2

)
Lλn (bx) −

(λ+ 1)n
n! as/2s

Γ
(s

2

)
4F4

( n+λ+1
2 , n+λ+2

2 , s2 ,
s
2

1
2 ,

λ+1
2 , λ+2

2 , s+2
2 ; b2

4a

)
+

(λ+ 2)n b

n! a(s+1)/2 (s+ 1)
Γ

(
s+ 1

2

)
4F4

(n+λ+2
2 , n+λ+3

2 , s+1
2 , s+1

2
3
2 ,

λ+2
2 , λ+3

2 , s+3
2 ; b2

4a

)
[Re a, Re s > 0]
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No. f (x) F (s)

4 e±ax
2−bx Ei

(
∓ax2

)
−
π (λ+ 1)n
2 (n!) as/2

Γ
(s

2

){ csc (sπ/2)

cot (sπ/2)

}
3F3

( n+λ+1
2 , n+λ+2

2 , s2
1
2 ,

λ+1
2 , λ+2

2 ; ∓ b2

4a

)

× Lλn (bx) ±
π (λ+ 2)n b

2 (n!) a(s+1)/2
Γ

(
s+ 1

2

)

×
{

sec (sπ/2)

tan (sπ/2)

}
3F3

(n+λ+2
2 , n+λ+3

2 , s+1
2

3
2 ,

λ+2
2 , λ+3

2 ; ∓ b2

4a

)

∓ b2−s

n! a
(3− s+ λ)n Γ (s− 2)

× 4F4

(
1, 1, 3−s+n+λ

2 , 4−s+n+λ
2 ; ∓ b2

4a
3−s
2 , 4−s

2 , 3−s+λ
2 , 4−s+λ

2

)
[
Re b, Re s > 0,

{
|arg a| < π

a > 0

}]

3.23.6. Lλn (bx) and si (axr), ci (axr)

1 e−bx
{

si (ax)

ci (ax)

}
Lλn (bx) −

(λ+ 1)n
n! ass

{
sin (sπ/2)

cos (sπ/2)

}
Γ (s) 5F4

(n+λ+1
2 , n+λ+2

2 , s2 ,
s
2 ,

s+1
2

1
2 ,

λ+1
2 , λ+2

2 , s+2
2 ; − b2

a2

)
±

(λ+ 2)n b

n! as+1 (s+ 1)

{
cos (sπ/2)

sin (sπ/2)

}
Γ (s+ 1)

× 5F4

(n+λ+2
2 , n+λ+3

2 , s+1
2 , s+1

2 , s+2
2

3
2 ,

λ+2
2 , λ+3

2 , s+3
2 ; − b2

a2

)
[a, Re b, Re s > 0]

2 e−bx si (a
√
x)Lλn (bx) −ab

−(2s+1)/2

n!

(
1− 2s+ 2λ

2

)
n

Γ

(
2s+ 1

2

)
× 3F3

( 1
2 ,

2s+1
2 , 2s−2λ+1

2 ; −a
2

4b
3
2 ,

3
2 ,

2s−2n−2λ+1
2

)
−
π (1− s+ λ)n

2 (n! ) bs
Γ (s)

[a, Re b, Re s > 0]

3 e−bx ci (a
√
x)Lλn (bx) −a

2b−s−1

4(n!)
(λ− s)n Γ (s+ 1)

× 4F4

(
1, 1, s+ 1, s− λ+ 1; −a

2

4b
3
2 , 2, 2, s− n− λ+ 1

)
+
b−s

n!
(1− s+ λ)n

× Γ (s)

[
1

2
ψ (s)− 1

2

n∑
k=1

1

k + λ− s
− ln

√
b

a
+ C

]
[a, Re b, Re s > 0]
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3.23.7. Lλn (bx) and erf (axr), erfc (axr)

1 erfc (a
√
x)Lλn (bx)

(λ+ 1)n
n!
√
π a2ss

Γ

(
2s+ 1

2

)
3F2

(
−n, s, 2s+1

2 ; b
a2

λ+ 1, s+ 1

)
[Re s > 0; |arg a| < π/4]

2 e−bx
{

erf (ax)

erfc (ax)

}
Lλn (bx) ∓

(λ+ 1)n
n!
√
π ass

Γ

(
s+ 1

2

)
4F4

(n+λ+1
2 , n+λ+2

2 , s2 ,
s+1
2 ; b2

4a2

1
2 ,

λ+1
2 , λ+2

2 , s+2
2

)
±

(λ+ 2)n b

n!
√
π as+1 (s+ 1)

Γ

(
s+ 2

2

)
4F4

(n+λ+2
2 , n+λ+3

2 , s+1
2 , s+2

2
3
2 ,

λ+2
2 , λ+3

2 , s+3
2 ; b2

4a2

)
+

1± 1

2

(1− s+ λ)n
n! bs

Γ (s) [Re a > 0; Re s > −δ]

3 e−bx
{

erf (a
√
x)

erfc (a
√
x)

}
∓

(λ+ 1)n
n!
√
π a2ss

Γ

(
2s+ 1

2

)
3F2

(
n+ λ+ 1, s, 2s+1

2

λ+ 1, s+ 1; − b
a2

)
× Lλn (bx) +

1± 1

2

(1− s+ λ)n
n! bs

Γ (s)[
Re b, Re

(
a2 + b

)
> 0; Re s > − (1± 1) /4

]
4 e(a

2−b)x erfc (a
√
x)

(λ+ 1)n Γ (s)

n! a2s cos (sπ)
2F1

(
n+ λ+ 1, s

λ+ 1; b
a2

)
+

Γ (s− 1/2)

n!
√
π abs−1/2

× Lλn (bx) ×
(

3− 2s+ 2λ

2

)
n

3F2

( 1
2 , 1, 3−2s+2n+2λ

2
3−2s

2 , 3−2s+2λ
2 ; b

a2

)
[
Re b, Re

(
b− a2

)
> 0; Re s > 0

]

3.23.8. Lλn (bx) and S (axr), C (axr)

Notation: δ =

{
1

0

}
.

1 e−bx
{
S (ax)

C (ax)

}
Lλn (bx)

√
2 aδ+1/2

3δn!
√
π bs+δ+1/2

(
1− 2s+ 2λ− 2δ

2

)
n

Γ

(
2s+ 2δ + 1

2

)
× 5F4

( 2δ+1
4 , 2s+3

4 , 2s+4δ+1
4 , 2s−2λ+3

4 , 2s−2λ+4δ+1
4

2δ+1
2 , 2δ+5

4 , 2s−2n−2λ+3
4 , 2s−2n−2λ+4δ+1

4 ; −a2b2

)
[a, Re b > 0; Re s > −δ − 1/2]

2 e−bx
{
S (a
√
x)

C (a
√
x)

} √
2 aδ+1/2

3δn!
√
π bs+(2δ+1)/4

(
3− 4s+ 4λ− 2δ

4

)
n

Γ

(
4s+ 2δ + 1

4

)
× Lλn (bx) × 3F3

( 2δ+1
4 , 4s+2δ+1

4 , 4s−4λ+2δ+1
4 ; −a

2

4b
2δ+1

2 , 2δ+5
4 , 4s−4n−4λ+2δ+1

4

)
[a, Re b > 0; Re s > − (2δ + 1) /4]
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3.23.9. Lλn (bx) and γ (ν, axr), Γ (ν, axr)

1 e−bx
{
γ (µ, ax)

Γ (µ, ax)

}
∓

(λ+ 1)n
n! ass

Γ (s+ µ) 3F2

(
n+ λ+ 1, s, s+ µ

λ+ 1, s+ 1; − b
a

)
× Lλn (bx) +

1± 1

2

(1− s+ λ)n
n! bs

Γ (µ) Γ (s)[
Re a, Re b, Re (s+ µ) > 0,

{
Reµ > 0

Re s > 0

}]

2 e−bx
{
γ
(
µ, ax2

)
Γ (µ, ax2)

}
∓

(λ+ 1)n
n! as/2s

Γ

(
s+ 2µ

2

)
4F4

(n+λ+1
2 , n+λ+2

2 , s2 ,
s+2µ

2
1
2 ,

λ+1
2 , λ+2

2 , s+2
2 ; b2

4a

)

× Lλn (bx) ±
(λ+ 2)n b

a(s+1)/2 (s+ 1)
Γ

(
s+ 2µ+ 1

2

)

× 4F4

(n+λ+2
2 , n+λ+3

2 , s+1
2 , s+2µ+1

2
3
2 ,

λ+2
2 , λ+3

2 , s+3
2 ; b2

4a

)

+
1± 1

2

(1− s+ λ)n
n! bs

Γ (µ) Γ (s)[
Re a, Re (s+ 2µ) > 0,

{
Reµ > 0

Re s > 0

}]

3 e−bx
{
γ (µ, a

√
x)

Γ (µ, a
√
x)

}
± aµ

n! bs+µ/2µ

(
2− 2s+ 2λ− µ

2

)
n

Γ

(
2s+ µ

2

)

× Lλn (bx) × 3F3

(µ
2 ,

2s+µ
2 , 2s−2λ+µ

2 ; a2

4b
1
2 ,

µ+2
2 , 2s−2n−2λ+µ

2

)
∓ aµ+1

n! bs+(µ+1)/2 (µ+ 1)

× Γ

(
2s+ µ+ 1

2

)(
1− 2s+ 2λ− µ

2

)
n

× 3F3

(µ+1
2 , 2s+µ+1

2 , 2s−2λ+µ+1
2 ; a2

4b
3
2 ,

µ+3
2 , 2s−2n−2λ+µ+1

2

)

+
1± 1

2

(1− s+ λ)n
n! bs

Γ (µ) Γ (s)[
Re b, Re (2s+ µ) > 0,

{
Reµ > 0

Re s > 0

}]

3.23.10. Lλn (bx) and Jµ (axr), Iµ (axr)

1 Jµ (a
√
x)Lλn (bx)

1

n!

(
2

a

)2s+2n

(−b)n Γ

[ 2s+µ+2n
2

2−2s−2n+µ
2

]
2F2

( −n, −n− λ; a2

4b
2−2s−2n+µ

2 , 2−2s−2n−µ
2

)
[a > 0; − Reµ < 2 Re s < 3/2− 2n]
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No. f (x) F (s)

2 Jµ

(
a√
x

)
Lλn (bx)

(λ+ 1)n
n!

(a
2

)2s
Γ

[ µ−2s
2

2s+µ+2
2

]
1F3

( −n; −a
2b
4

λ+ 1, 2s+µ+2
2 , 2s−µ+2

2

)
[a > 0; − 3/2 < 2 Re s < Reµ− 2n]

3 e−bx
{
Jµ (ax)

Iµ (ax)

}
Lλn (bx)

aµ (1− s+ λ− µ)n
2µn! bs+µ

Γ

[
s+ µ

µ+ 1

]
× 4F3

( s+µ
2 , s+µ+1

2 , s−λ+µ2 , s−λ+µ+1
2

µ+ 1, s−n−λ+µ2 , s−n−λ+µ+1
2 ; ∓a2b2

)
[
Re b, Re (s+ µ) > 0,

{
a > 0

Re (b− a) > 0

}]

4 e−bx
{
Jµ (a

√
x)

Iµ (a
√
x)

}
aµ

2µn! bs+µ/2

(
2− 2s+ 2λ− µ

2

)
n

Γ

[ s+µ
2

µ+ 1

]
× Lλn (bx) × 2F2

( 2s+µ
2 , 2s−2λ+µ

2 ; ∓ a2

4b2

µ+ 1, 2s−2n−2λ+µ
2

)
[Re b, Re (2s+ µ) > 0]

5 e−bxJµ

(
a√
x

)
Lλn (bx)

(λ+ 1)n
n!

(a
2

)2s
Γ

[ µ−2s
2

2s+µ+2
2

]
1F3

(
n+ λ+ 1; a2b

4

λ+ 1, 2s+µ+2
2 , 2s−µ+2

2

)
+

1

n!

(a
2

)µ
bµ/2−s

(
2− 2s+ 2λ+ µ

2

)
n

Γ

[ 2s−µ
2

µ+ 1

]
× 1F3

( 2−2s+2n+2λ+µ
2 ; a2b

4

µ+ 1, 2−2s+µ
2 , 2−2s+µ+2λ

2

)
[Re b > 0; Re s > −3/4]

3.23.11. Lλn (bx) and Yµ (axr), Kµ (axr)

1 Kµ (a
√
x)Lλn (bx)

22s+2n−1(−b)n

n! a2s+2n
Γ

(
2s+ 2n− µ

2

)
Γ

(
2s+ 2n+ µ

2

)
× 2F2

( −n, −n− λ; −a
2

4b
2−2s−2n−µ

2 , 2−2s−2n+µ
2

)
[Re a > 0; 2 Re s > |Reµ|]

2 Kµ

(
a√
x

)
Lλn (bx)

(λ+ 1)n a
2s

22s+1n!
Γ

(
µ− 2s

2

)
Γ

(
−µ+ 2s

2

)
× 1F3

( −n; a2b
4

λ+ 1, 2s+µ+2
2 , 2s−µ+2

2

)
[Re a > 0; 2 Re s+ |Reµ| < −2n]
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No. f (x) F (s)

3 e−bx
{
Yµ (ax)

Kµ (ax)

}
Lλn (bx) ∓ π(1∓1)/2 (λ+ 1)n 2s−2

n!πbs
Γ

(
s+ µ

2

)
Γ

(
s− µ

2

)
×
(

2 cos
(s− µ)π

2

)(1±1)/2

4F3

(n+λ+1
2 , n+λ+2

2 , s+µ2 , s−µ2
1
2 ,

λ+1
2 , λ+2

2 ; ∓ b2

a2

)
∓ π(1∓1)/2 2s−1b (λ+ 2)n

n!πas+1
Γ

(
s+ µ+ 1

2

)
Γ

(
s− µ+ 1

2

)
×
(

2 sin
(s− µ)π

2

)(1±1)/2

× 4F3

(n+λ+2
2 , n+λ+3

2 , s−µ+1
2 , s+µ+1

2
3
2 ,

λ+2
2 , λ+3

2 ; ∓ b2

a2

)
[
Re b > 0; Re s > |Reµ|,

{
a > 0

Re (a+ b) > 0

}]

4 e−(a+b)xKµ (ax)Lλn (bx)

√
π (λ+ 1)n
n! (2a)

s Γ

[
s+ µ, s− µ

2s+1
2

]
3F2

(
n+ λ+ 1, s+ µ, s− µ
λ+ 1, 2s+1

2 ; − b
2a

)
[Re (2a+ b) > 0; Re s > |Reµ|]

5 e−bx
{
Yµ (a

√
x)

Kµ (a
√
x)

}
∓ 2µ−(1∓1)/2π(1∓1)/2

n!πaµbs−µ/2

(
2− 2s+ 2λ+ µ

2

)
n

Γ (µ)

× Lλn (bx) × Γ

(
2s− µ

2

)
2F2

( 2s−µ
2 , 2s−2λ−µ

2 ; ∓a
2

4b

1− µ, 2s−2n−2λ−µ
2

)
∓ π(1∓1)/2aµ

2µ+1n!πbs+µ/2
(2 cosµπ)

(1±1)/2
Γ (−µ) Γ

(
2s+ µ

2

)
×
(

2− 2s+ 2λ− µ
2

)
n

2F2

( 2s+µ
2 , 2s−2λ+µ

2 ; ∓a
2

4b

1 + µ, 2s−2n−2λ+µ
2

)
[Re b > 0; 2 Re s > |Reµ|; |arg a| < π]

6 e−bxKµ

(
a√
x

)
Lλn (bx)

(λ+ 1)n a
2s

22s+1n!
Γ

(
µ− 2s

2

)
Γ

(
−µ+ 2s

2

)
× 1F3

(
n+ λ+ 1; −a

2b
4

λ+ 1, 2s−µ+2
2 , 2s+µ+2

2

)
+

aµ

2µ+1n! bs−µ/2

×
(

2− 2s+ 2λ+ µ

2

)
n

Γ (−µ) Γ

(
2s− µ

2

)
× 1F3

( 2−2s+n+2λ+µ
2 ; −a

2b
4

µ+ 1, 2−2s+µ
2 , 2−2s+2λ+µ

2

)
+

2µ−1

n! aµbs+µ/2

(
2− 2s+ 2λ− µ

2

)
n

Γ (µ) Γ

(
2s+ µ

2

)
× 1F3

( 2−2s+n+2λ−µ
2 ; −a

2b
4

1− µ, 2−2s−µ
2 , 2−2s+2λ−µ

2

)
[Re a, Re b > 0]
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3.23.12. Lλn (bxr) and Pn (axp + c)

1 θ (a− x) e−bx
(−1)

n
(λ+ 1)m a

s

m!

(1− s)n
(s)n+1

3F3

(
m+ λ+ 1, s, s; −ab
λ+ 1, s− n, s+ n+ 1

)
× Pn

(
2x

a
− 1

)
Lλm (bx) [a, Re s > 0]

2 θ (x− a)Pm

(a
x

) (λ+ 1)n 2s−1as

π3/2 n!
sin (sπ) Γ (−s) Γ

(
s−m

2

)
× Lλn

(
b2x2

)
× Γ

(
s+m+ 1

2

)
3F3

( −n, s−m2 , s+m+1
2

λ+ 1, s+1
2 , s+2

2 ; a2b2

)
[a > 0; Re s < −2n]

3.23.13. Lλn (bx) and Tn (ax+ c), Un (ax+ c)

1 (a− x)
−1/2
+ e−bx

(−1)
n√

π as−1/2

m!
(λ+ 1)m

(
1− 2s

2

)
n

× Tn
(

2x

a
− 1

)
Lλm (bx) × Γ

[
s

2s+2n+1
2

]
3F3

(
m+ λ+ 1, s, 2s+1

2 ; −ab
λ+ 1, 2s−2n+1

2 , 2s+2n+1
2

)
[a, Re s > 0]

2 (a− x)
1/2
+ e−bx

(−1)
n

(n+ 1)
√
π as+1/2

2 (m!)
(λ+ 1)m

(
3− 2s

2

)
n

× Un
(

2x

a
− 1

)
Lλm (bx) × Γ

[
s

2s+2n+3
2

]
3F3

(
m+ λ+ 1, 2s−1

2 , s; −ab
λ+ 1, 2s−2n−1

2 , 2s+2n+3
2

)
[a, Re s > 0]

3.23.14. Lλn (bxr) and Hn (ax)

Notation: ε = 0 or 1.

1 e−a
2x2−bxH2m+ε (ax)

(−1)
m

22m+ε−1 (λ+ 1)n
n! as

Γ

(
s+ ε

2

)(
ε− s+ 1

2

)
m

× Lλn (bx) × 4F4

( n+λ+1
2 , n+λ+2

2 , s2 ,
s+1
2

1
2 ,

λ+1
2 , λ+2

2 , s−2m−ε+1
2 ; b2

4a2

)
−

(−1)
m

22m+ε−1 (λ+ 2)n b

n! as+1
Γ

(
s+ ε+ 1

2

)(
ε− s

2

)
m

× 4F4

( n+λ+2
2 , n+λ+3

2 , s+1
2 , s+2

2
3
2 ,

λ+2
2 , λ+3

2 , s−2m−ε+2
2 ; b2

4a2

)
[Re s > −ε; |arg a| < π/4]
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No. f (x) F (s)

2 e−(a
2+b)x2

H2m+ε (ax)
(−1)

m
22m+ε−1 (λ+ 1)n

n! as
Γ

(
s+ ε

2

)(
ε− s+ 1

2

)
m

× Lλn
(
bx2
)

× 3F2

(
n+ λ+ 1, s2 ,

s+1
2

λ+ 1, s−2m−ε+1
2 ; − b

a2

)
[
Re
(
a2 + b

)
> 0; Re s > −ε

]

3.23.15. Products of Lλn (bx)

1 e−axLλm (bx)Lλn (cx)
(λ+ 1)m (µ+ 1)n

m!n! as
F2

(
s, −m, −n; λ+ 1, µ+ 1;

b

a
,
c

a

)
[Re a, Re s > 0]

2 e−bxLλm (ax)Lµn (bx)
(λ+ 1)m (1− s+ µ)n

m!n! bs
Γ (s) 3F2

(
−m, s, s− µ; a

b

λ+ 1, s− µ− n

)
[Re b, Re s > 0]

3 e−(a+b)xLλm (ax)Lµn (bx)
(µ+ 1)n (1− s+ λ)m

m!n! as
Γ (s) 3F2

(
n+ µ+ 1, s, s− λ
µ+ 1, s−m− λ; − b

a

)
[Re (a+ b) , Re s > 0]

4 e−bxLλm
(
ax2
)
Lµn (bx)

(λ+ 1)m (1− s+ µ)n b
−s

m!n!
Γ (s)

× 5F3

( −m, s2 , s+1
2 , s−µ2 , s−µ+1

2

λ+ 1, s−n−µ2 , s−n−µ+1
2 ; 4a

b2

)
[Re b, Re s > 0]

5 e−ax
2−bxLλm

(
ax2
) (µ+ 1)n

2 (m!)n! as/2
Γ
(s

2

)(2− s+ 2λ

2

)
m

× Lµn (bx) × 4F4

(n+µ+1
2 , n+µ+2

2 , s2 ,
s−2λ

2 ; b2

4a
1
2 ,

µ+1
2 , µ+2

2 , s−2m−2λ2

)
−

(µ+ 2)n b

2 (m!)n! a(s+1)/2

(
1− s+ 2λ

2

)
m

Γ

(
s+ 1

2

)
× 4F4

(n+µ+2
2 , n+µ+3

2 , s+1
2 , s−2λ+1

2 ; b2

4a
3
2 ,

µ+2
2 , µ+3

2 , s−2m−2λ+1
2

)
[Re a, Re s > 0]

6 e−ax
n∏
k=1

Lλkmk (bkx) a−s
n∏
k=1

(λk + 1)mk
mk!

F
(n)
A

(
s, (−mn) ; (λn) + 1;

(bn)

a

)
[Re a, Re s > 0]
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3.24. The Gegenbauer Polynomials Cλ
n (z)

More formulas can be obtained from the corresponding sections due to the relations

lim
λ→0

[ 1

λ
Cλn (z)

]
=

2

n
Tn (z) , C1/2

n (z) = Pn (z) = P (0, 0)
n (z) ,

C1
n (z) = Un (z) =

(n+ 1)!

(3/2)n
P (1/2, 1/2)
n (z) =

1

1− z2
[zTn+1 (z)− Tn+2 (z)] ,

Cλν (z) =
(2λ)ν

(λ+ 1/2)n
P (λ−1/2, λ−1/2)
ν (z) ,

Cλν (z) =
Γ (2λ+ ν)

Γ (2λ) Γ (ν + 1)
2F1

(
−ν, 2λ+ ν; λ+

1

2
;

1− z
2

)
.

3.24.1. Cλn (ϕ (x)) and algebraic functions

Notation: ε = 0 or 1.

No. f (x) F (s)

1 (a− x)
α−1
+ Cλ2n+ε (bx)

(−1)
n
as+α+ε−1 (2b)

ε

n!
(λ)n+ε B (α, s+ ε)

× 4F3

( −n, n+ λ+ ε, s+ε2 , s+ε+1
2

2ε+1
2 , s+α+ε2 , s+α+ε+1

2 ; a2b2

)
[a, Reα > 0; Re s > −ε]

2 (x− a)
α−1
+ Cλ2n+ε (bx)

(−1)
n
as+α+ε−1 (2b)

ε

n!
(λ)n+ε B (1− s− α− ε, α)

× 4F3

( −n, n+ λ+ ε, s+ε2 , s+ε+1
2

2ε+1
2 , s+α+ε2 , s+α+ε+1

2 ; a2b2

)
[a > 0; Re (s+ α) < 1− 2n− ε]

3
(
a2 − x2

)α−1
+

Cλ2n+ε (bx)
(−1)

n
as+2α+ε−2 bε

21−εn!
(λ)n+ε B

(
α,

s+ ε

2

)
3F2

(−n, n+ λ+ ε, s+ε2
2ε+1
2 , s+2α+ε

2 ; a2b2

)
[a, Reα > 0; Re s > −ε]

4
(
a2 − x2

)λ−1/2
+

Cλn

(x
a

) π (2λ)n
2s+2λ−1n!

as+2λ−1 Γ

[
n+ 2λ, s

λ, s−n+1
2 , s+n+2λ+1

2

]
[a > 0; Reλ > −1/2; Re s > ((−1)

n − 1) /2]

5
(
x2 − a2

)λ−1/2
+

Cλn

(x
a

) (2λ)n
2s+1n!

√
π
as+2λ−1 Γ

[ 2λ+1
2 , 1−s+n

2 , 1−s−n−2λ
2

1− s

]
[a > 0; Reλ > −1/2; Re (s+ 2λ) < 1− n]
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No. f (x) F (s)

6
1

x2 − b2
(
a2 − x2

)λ−1/2
+

(−1)
n+1√

π (2λ)2n+ε a
s+2λ−1

2s (2n+ ε)! b2

(
1− s+ ε

2

)
n

× Cλ2n+ε
(x
a

)
× Γ

[ 2λ+1
2 , s

s−ε+1
2 , s+2n+2λ+ε+1

2

]
3F2

(
1, s2 ,

s+1
2 ; a2

b2

s−2n−ε+1
2 , s+2n+2λ+ε+1

2

)
[0 < a < b; Reλ > −1/2; Re s > −ε]

7
1

x2 − b2
(
a2 − x2

)λ−1/2
+

√
π (2λ)n a

s+2λ−3

2s−2n!
Γ

[ 2λ+1
2 , s− 2

s−n−1
2 , s+n+2λ−1

2

]
× Cλn

(x
a

)
× 3F2

(
1, 3−s+n

2 , − s+n+2λ−3
2

3−s
2 , 4−s

2 ; b2

a2

)
+

2n−1π3/2a2λ−2bs−3

(n+ 1)!
tan

sπ

2
Γ

[ n+2λ−1
2

λ, −n2

]
×
[(
a2 + 2 (λ− 2) b2

)
2F1

(n+2
2 , −n+2λ−2

2
1
2 ; b2

a2

)
−
(
a2 − b2

)
2F1

(n+2
2 , −n+2λ−2

2

− 1
2 ; b2

a2

)]
−
π3/2 (2λ)n a

2λ−1bs−2

2 (n)!
cot

sπ

2
Γ

[ 2λ+1
2

n+2λ+1
2 , 1−n

2

]
× 2F1

(n+1
2 , −n+2λ−1

2
1
2 ; b2

a2

)
[0 < b < a; Reλ > −1/2; Re s > ((−1)

n − 1) /2]

8
1

x2 − b2
(
x2 − a2

)λ−1/2
+

−
(2λ)2n+ε a

s+2λ−1

2 (2n+ ε)! b2

(
1− s+ ε

2

)
n

Γ

[ 2λ+1
2 , 1−s−2n−2λ−ε

2
2−s−ε

2

]
× Cλ2n+ε

(x
a

)
× 3F2

(
1, s2 ,

s+1
2 ; a2

b2

s−2n−ε+1
2 , s+2n+2λ+ε+1

2

)
+

22n+ε−1π2bs+2n+2λ+ε−3

(2n+ ε)! a2n+ε
csc [(λ+ ε)π]

Γ (λ) Γ (1− 2n− λ− ε)

× tan
(s+ 2λ+ ε)π

2
2F1

( 1−2n−2λ−ε
2 , 2−2n−2λ−ε

2

1− 2n− λ− ε; a2

b2

)
[0 < a < b; Reλ > −1/2; Re (s+ 2λ) < 3− 2n− ε]

9
1

x2 − b2
(
x2 − a2

)λ−1/2
+

(2λ)n a
s+2λ−3

2s−1
√
π n!

Γ

[ 2λ+1
2 , 3−s+n

2 , 3−s−n−2λ
2

3− s

]
× Cλn

(x
a

)
× 3F2

(
1, 3−s+n

2 , 3−s−n−2λ
2

3−s
2 , 4−s

2 ; b2

a2

)
[0 < b < a; Reλ > −1/2; Re (s+ 2λ) < 3− n]
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No. f (x) F (s)

10
(
x2 − a2

)λ−1/2
+

(
x2 − b2

)µ−1 as+2µ+2λ−3

2 (2n+ ε)!
(2λ)2n+ε

(
3− s− 2µ+ ε

2

)
n

× Cλ2n+ε
(x
a

)
× Γ

[ 2λ+1
2 , − s+2n+2λ+2µ+ε−3

2

− s+2µ+ε−4
2

]

× 3F2

(
1− µ, − s−2n+2µ−ε−3

2 , − s+2n+2λ+2µ+ε−3
2

3−s−2µ
2 , 4−s−2µ

2 ; b2

a2

)
[

a > b > 0; Reλ > −1/2;

Re (s+ 2µ+ 2λ) < 3− 2n− ε

]

11
(
a2 − x2

)λ−1/2
+

1

(b2 ± x2)
ρ

π

n!

(a
2

)s+2λ−1
b−2ρ Γ

[
s, n+ 2λ

λ, s−n+1
2 , s+n+2λ+1

2

]

× Cλn
(x
a

)
× 3F2

(
ρ, s2 ,

s+1
2 ; ∓a

2

b2

s−n+1
2 , s+n+2λ+1

2

)
[{

a, Re b > 0

b > a > 0

}
; Reλ > −1

2
; Re s >

(−1)
n − 1

2

]

12
(
x2 − a2

)λ−1/2
+

1

(x2 + a2)
ρ

as+2λ−2ρ−1

2 (2n+ ε)!
(2λ)2n+ε

(
1− s+ 2ρ+ ε

2

)
n

× Cλ2n+ε
(x
a

)
× Γ

[ 2λ+1
2 , 1−s−2n−2λ+2ρ−ε

2
2−s+2ρ−ε

2

]

× 3F2

(
ρ, 1−s+2n+2ρ+ε

2 , 1−s−2n−2λ+2ρ−ε
2

1−s+2ρ
2 , 2−s+2ρ

2 ; − b2

a2

)
[

a, Re b > 0; Reλ > −1/2;

Re (s+ 2λ− 2ρ) < 1− 2n− ε

]

13
(
a2 − x2

)µ−1
+

(
b2 − x2

)λ−1/2 √π as+2µ−2b2λ−1

2 (n)!
(2λ)n Γ

[ 2λ+1
2 , µ, s2

−n−12 , n+2λ+1
2 , s+2µ

2

]

× Cλn
(x
b

)
× 3F2

(n+1
2 , −n+2λ−1

2 , s2
1
2 ,

s+2µ
2 ; a2

b2

)

−
√
π as+2µ−1b2λ−2

n!
(2λ)n Γ

[ 2λ+1
2 , µ, s+1

2

−n2 ,
n+2λ

2 , s+2µ+1
2

]

× 3F2

(n+2
2 , −n+2λ−2

2 , s+1
2

3
2 ,

s+2µ+1
2 ; a2

b2

)
[
b > a > 0; Reµ > 0; Reλ > −1/2;

Re s > ((−1)
n − 1) /2

]
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No. f (x) F (s)

14
(
x2 − a2

)µ−1
+

(
x2 − b2

)λ−1/2 22n+ε−1 as+2n+2λ+2µ+ε−3

(2n+ ε)! b2n+ε
(λ)2n+ε Γ

[
λ+ ε, 1− λ− ε
λ, 1− 2n− λ− ε

]
× Cλ2n+ε

(x
b

)
× B

(
µ, −s+ 2n+ 2λ+ 2µ+ ε− 3

2

)
× 3F2

( 1−2n−2λ−ε
2 , 2−2n−2λ−ε

2 , − s+2n+2λ+2µ+ε−3
2

1− 2n− λ− ε, − s+2n+2λ+ε−3
2 ; b2

a2

)
[
a > b > 0; Reµ > 0; Reλ > −1/2

Re (s+ 2λ+ 2µ) < 3− 2n− ε

]

15 (a− x)
α−1
+ Cλn (1− bx)

(2λ)n
n!

as+α−1 B (α, s) 3F2

(
−n, n+ 2λ, s
2λ+1

2 , s+ α; ab
2

)
[a, Reα, Re s > 0; Reλ > −1/2]

16 (a− x)
λ−1/2
+ (2λ)n a

s+λ−1/2 Γ

[ 2λ+1
2 , s

2s+2λ+2n+1
2

]
P

(s+λ−1/2, λ−s−1/2)
n (1− ab)

× Cλn (bx− ab+ 1) [a, Re s > 0; Reλ > −1/2]

17 (a− x)
α−1
+ Cλ2n+ε (b (a− x))

(−1)
n
as+α+ε−1 (2b)

ε

n!
(λ)n+ε B (α+ ε, s)

× 4F3

(−n, n+ λ+ ε, α+ε2 , α+ε+1
2

2ε+1
2 , s+α+ε2 , s+α+ε+1

2 ; a2b2

)
[a, Re s > 0; Reα > −ε]

18 (a− x)
λ−1/2
+ Cλn

(
x+ b

a+ b

)
as+λ−1/2

(2λ)n(
2s+2λ+1

2

)
n

B

(
2λ+ 1

2
, s

)

× P (s+λ−1/2,−s+λ−1/2)
n

(
b

a+ b

)
[a, Re s > 0; Reλ > −1/2]

19 (a− x)
α−1
+ Cλn

(
x+ b

a+ b

)
as+α−1

n!
(2λ)n B (s, α) 3F2

(
−n, n+ 2λ, α

2λ+1
2 , s+ α; a

2(a+b)

)
[a, Reα, Re s > 0]

20 (a− x)
λ−1/2
+ Cλn

(
2x

a
− 1

)
(2λ)n
n!

as+λ−1/2 Γ

[ 2λ+1
2 , s, 2s−2λ+1

2
2s−2n−2λ+1

2 , 2s+2n+2λ+1
2

]
[a, Re s > 0; Reλ > −1/2]

21 (x− a)
λ−1/2
+ Cλn

(
2x

a
− 1

)
(2λ)n
n!

as+λ−1/2 Γ

[ 2λ+1
2 , 1−2s−2n−2λ

2 , 1−2s+2n+2λ
2

1− s, 1−2s+2λ
2

]
[a > 0; Reλ > −1/2; Re s < 1/2− n− Reλ]
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No. f (x) F (s)

22 (x+ a)
λ−1/2

Cλn

(
2x

a
+ 1

)
(−1)

n
(2λ)n
n!

as+λ−1/2 Γ

[
s, 1−2s+2n+2λ

2 , 1−2s−2n−2λ
2

1−2λ
2 , 1−2s+2λ

2

]
[0 < Re s < 1/2− Reλ− n; |arg a| < π]

23
1

(x+ a)
ρ C

λ
n

(
2x

a
+ 1

)
as−ρ

n!
(2λ)n B (−s− n+ ρ, s) 3F2

(−n, 1−2n−2λ
2 , s

2λ+1
2 , ρ− n; 1

)
[0 < Re s < Re ρ− n; |arg a| < π]

24
(a− x)

λ−1/2
+

(b± x)
ρ Cλn

(
2x

a
− 1

)
(−1)

n
as+λ−1/2b−ρ

n!

(2λ)n
(−2s+2λ+1

2

)
n(

2s+2λ+1
2

)
n

B

(
2λ+ 1

2
, s

)

× 3F2

(
ρ, s, 2s−2λ+1

2 ; ∓ab
2s−2n−2λ+1

2 , 2s+2n+2λ+1
2

)
[{

a > 0

b > a > 0

}
, Reλ > −1/2; Re s > 0

]

25 (a− x)
α−1
+ (b± x)

λ−1/2 (±1)
n
as+α−1bλ−1/2

n!
(2λ)n B (α, s)

× Cλn
(

2x

b
± 1

)
× 3F2

(−2n−2λ+1
2 , 2n+2λ+1

2 , s
2λ+1

2 , s+ α; ∓ab

)
[a, b, Reα, Re s > 0]

26
(x+ a)

λ−1/2

(x+ b)
ρ Cλn

(
2x

a
+ 1

)
(−1)

n
as+λ−ρ−1/2

n!
(2λ)n

(
1

2
− s+ λ+ ρ

)
n

× Γ

[
s− ρ, 1−2s−2n−2λ+2ρ

2
1−2λ

2

]
× 3F2

(
ρ, 1−2s−2n−2λ+2ρ

2 , 1−2s+2n+2λ+2ρ
2

1− s+ ρ, 1−2s+2λ+2ρ
2 ; b

a

)
+
aλ−1/2bs−ρ

n!
(2λ)n B (s, ρ− s) 3F2

(−2n−2λ+1
2 , 2n+2λ+1

2 , s
2λ+1

2 , s− ρ+ 1; b
a

)
[a > 0; 0 < Re s < 1/2− n− Reλ+ Re ρ; |arg b| < π]

27
(x+ a− b)λ−1/2

(x+ a+ b)
ρ

2n (a+ b)
s+n+λ−ρ−1/2

n! bn
(λ)n B

(
1− 2s− 2n− 2λ+ 2ρ

2
, s

)
× Cλn

(
x+ a

b

)
× 3F2

( 1−2n−2λ
2 , 1− n− 2λ, 1−2s−2n−2λ+2ρ

2
1−2n−2λ+2ρ

2 , 1− 2n− 2λ; 2b
a+b

)
[a > b > 0; 0 < Re s < 1/2− n− Reλ+ Re ρ]

28
(
a2 − x2

)λ−1/2
+

Cλn

(a
x

) 2s−1

n!
as+2λ−1 Γ

[
2λ+ n, s−n2 , s+n+2λ

2

λ, s+ 2λ

]
[a > 0; Reλ > −1/2; Re s > n]
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No. f (x) F (s)

29
(
x2 − a2

)λ−1/2
+

Cλn

(a
x

) √
π (2λ)n (2a)

s+2λ−1

n!
Γ

[ 2λ+1
2 , 1− s− 2λ

2−s+n
2 , 2−s−n−2λ

2

]
[a > 0; Reλ > −1/2; Re (s+ 2λ) < 1]

30 (x+ a)
λ−1/2

Cλn

(
2a

x
+ 1

)
(−1)

n
(2λ)n
n!

as+λ−1/2 Γ

[
s+ n+ 2λ, s− n, 1−2s−2λ

2
1−2λ

2 , s+ 2λ

]
[n < Re s < 1/2− Reλ; |arg a| < π]

31 (a− x)
λ−1/2
+ Cλn

(
2a

x
− 1

)
(2λ)n
n!

as+λ−1/2 Γ

[ 2λ+1
2 , s− n, s+ n+ 2λ

2s+2λ+1
2 , s+ 2λ

]
[a > 0; Reλ > −1/2; Re s > n]

32
(
a2 − x2

)2λ−1
+

as+4λ−2

2 (n!)
Γ

[
n+ 2λ, s−n2 , s+n+2λ

2
s−n+2λ

2 , s+n+4λ
2

]
× Cλn

( a
2x

+
x

2a

)
[a > 0; Reλ > −1/2; Re s > n]

33 (x− a)
λ−1/2
+ Cλn

(
2a

x
− 1

)
(2λ)n
n!

as+λ−1/2 Γ

[ 2λ+1
2 , 1−2s−2λ

2 , 1− s− 2λ

1− s+ n, 1− s− n− 2λ

]
[a > 0; Reλ > −1/2; Re s < 1/2− Reλ]

34 (x+ a)
−n−2λ

Cλn

(
a− x
a+ x

)
as−n−2λ

n!
(
2λ+1

2

)
n

Γ

[
s, n− s+ 2λ, 1−2s+2n+2λ

2

2λ, 1−2s+2λ
2

]
[0 < Re s < n+ 2 Reλ; |arg a| < π]

35 (a− x)
−n−2λ
+ Cλn

(
a+ x

a− x

)
as−n−2λ

n!
(
2λ+1

2

)
n

Γ

[
1− 2λ, s, 2s−2λ+1

2

s− n− 2λ+ 1, 2s−2n−2λ+1
2

]
[a, Re s > 0; Reλ < 1/2− n]

36 (x− a)
−n−2λ
+ Cλn

(
x+ a

x− a

)
as+n−2λ

n!
(
2λ+1

2

)
n

Γ

[
1− 2λ, n− s+ 2λ, 1−2s+2n+2λ

2

1− s, 1−2s+2λ
2

]
[a > 0; Reλ < 1/2− n; Re s < n+ 2 Reλ]

37 (a− x)
α−1
+

(−1)
n

2ε (λ)n+ε
n!

as+α+2ε−1bε B (s+ ε, α+ ε)

× Cλ2n+ε (bx (a− x)) × 6F5

(
−n, n+ λ+ ε, ∆ (2, α+ ε) , ∆ (2, s+ ε)

2ε+1
2 , ∆ (4, s+ α+ 2ε) ; a

4b2

16

)
[a > 0; Re s, Reα > −ε]
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No. f (x) F (s)

38 (a− x)
α−1
+ Cλn

(
b

x (a− x)

)
(λ)n
n!

as−2n+α−1 (2b)
n

B (s− n, α− n)

× 6F5

(
∆ (2, −n) , ∆ (2, α− n) , ∆ (2, s− n)

1− n− λ, ∆ (4, s− n+ α) ; a4

16b2

)
[a > 0; Re s, Reα > n]

39 (a− x)
α−1
+

2ε (−1)
n

(λ)n+ε
n!

as+α+ε−1bε B

(
2s+ ε

2
,

2α+ ε

2

)
× Cλ2n+ε

(
b
√
x (a− x)

)
× 4F3

( −n, n+ λ+ ε, 2α+ε
2 , 2s+ε

2
2ε+1
2 , s+α+ε2 , s+α+ε+1

2 ; a2b2

4

)
[a > 0; Reα, Re s > −ε/2]

40 (a− x)
α−1
+ Cλn

(
b√

x (a− x)

)
2n (λ)n
n!

as−n+α−1bn B

(
2s− n

2
,

2α− n
2

)
× 4F3

( 1−n
2 , −n2 , s−

n
2 , α−

n
2 ; a2

4b2

−n− λ+ 1, s−n+α2 , s−n+α+1
2

)
[a > 0; Reα, Re s > n/2]

41 (a− x)
−1/2
+ Cλ2n

(√
1− x

a

) √
π (λ)n
n!

as−1/2 Γ

[
s, 1−2s+2n+2λ

2
2s+2n+1

2 , 1−2s+2λ
2

]
[a, Re s > 0]

42 θ (a− x)Cλ2n+1

(√
1− x

a

) √
π (λ)n+1

n!
as Γ

[
s, 1−2s+2n+2λ

2
2s+2n+3

2 , 1−2s+2λ
2

]
[a, Re s > 0]

43 θ (x− a)Cλ2n+1

(
i

√
x

a
− 1

)
i
√
π (λ)n+1

n!
as Γ

[ 2s−2λ+1
2 , − 2s+2n+1

2
2s−2n−2λ+1

2 , 1− s

]
[a > 0; Re s < −n− 1/2]

44 (x− a)
−1/2
+ Cλ2n

(√
1− a

x

) √
π (λ)n
n!

as−1/2 Γ

[
s+ n+ λ, 1−2s

2

s+ λ, 1− s+ n

]
[a > 0; Re s < 1/2]

45 θ (x− a)Cλ2n+1

(√
1− a

x

) √
π (λ)n+1

n!
as Γ

[ 2s+2λ+2n+1
2 , −s

2s+2λ+1
2 , 3−2s+2n

2

]
[a > 0; Re s < 0]

46 (a− x)
−1/2
+ Cλ2n

(
i

√
a

x
− 1

) √
π (λ)n
n!

as−1/2 Γ

[
s− n, 1− s− λ

2s+1
2 , 1− s− n− λ

]
[a > 0; Re s > n]

47 θ (a− x)Cλ2n+1

(
i

√
a

x
− 1

)
i
√
π (λ)n+1

n!
as Γ

[ 2s−2n−1
2 , 1−2s−2λ

2

s+ 1, 1−2s−2n−2λ
2

]
[a > 0; Re s > n+ 1/2]
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No. f (x) F (s)

48 (a− x)
−n/2−λ
+ Cλn

(√
a

a− x

)
(−2)

n

n!
as−n/2−λ Γ

[
1− λ, s, 2s−2λ+1

2
2s−n−2λ+1

2 , 2s−n−2λ+2
2

]
[a, Re s > 0; Reλ < 1− n]

49 (x− a)
−n/2−λ
+ Cλn

(√
x

x− a

)
(−2)

n

n!
as−n/2−λ Γ

[
1− λ, n−2s+2λ

2 , n−2s+1
2

1−2s
2 , 1− s

]
[a > 0; Reλ < 1− n; Re s < Reλ+ n/2]

50 (x+ a)
−n/2−λ

Cλn

(√
a

x+ a

)
2n

n!
as−n/2−λ Γ

[
s, n−2s+2λ

2 , n−2s+2λ+1
2

λ, 1−2s+2λ
2

]
[0 < Re s < Reλ+ n/2; |arg a| < π]

51 (x+ a)
−n/2−λ

Cλn

(√
x

x+ a

)
2n

n!
as−n/2−λ Γ

[
s, 2s+1

2 , n−2s+2λ
2

λ, 2s−n+1
2

]
[0 < Re s < Reλ+ n/2; |arg a| < π]

52 (a− x)
2λ−1
+ Cλn

(
x+ a

2
√
ax

)
as+2λ−1

n!
Γ

[
n+ 2λ, 2s−n

2 , 2s+n+2λ
2

2s+n+4λ
2 , 2s−n+2λ

2

]
[a, Reλ > 0; Re s > n/2]

53 (x− a)
2λ−1
+ Cλn

(
x+ a

2
√
ax

)
as+2λ−1

n!
Γ

[
n+ 2λ, 2−2s−n−4λ

2 , 2−2s+n−2λ
2

2−2s+n
2 , 2−2s−n−2λ

2

]
[a, Reλ > 0; Re s < 1− 2 Reλ− n/2]

54 (a− x)
−n/2−λ
+

as−n/2−λ

n!
Γ

[
1− λ, s, n− s+ 2λ

s− λ+ 1, −s+ 2λ

]
× Cλn

(
2a− x

2
√
a (a− x)

)
[a, Re s > 0; Reλ < 1− n]

55 (x− a)
−n/2−λ
+

as−n/2−λ

n!
Γ

[
1− λ, 2s+n+2λ

2 , −2s+n+2λ
2

2s−n+2λ
2 , 2−2s+n

2

]
× Cλn

(
2x− a

2
√
x (x− a)

)
[a > 0; Reλ < 1− n; Re s < Reλ+ n/2]

56 (x+ a)
−n/2−λ as−n/2−λ

n!
Γ

[
s, λ− s, −s+ n+ 2λ

λ, 2λ− s

]
× Cλn

(
x+ 2a

2
√
a (x+ a)

)
[0 < Re s < Reλ; |arg a| < π]
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No. f (x) F (s)

57 (x+ a)
−n/2−λ as−n/2−λ

n!
Γ

[ 2s+n+2λ
2 , 2s−n

2 , −2s+n+2λ
2

λ, 2s−n+2λ
2

]
× Cλn

(
2x+ a

2
√
x (x+ a)

)
[n/2 < Re s < Reλ+ n/2; |arg a| < π]

58 (a− x)
(ε−1)/2
+ (b− x)

n+ε/2 (−1)
n√

π (λ)n+ε
n!

as+ε−1/2bncε Γ

[
s

2s+2ε+1
2

]
× Cλ2n+ε

(
c

√
a− x
b− x

)
× F1

(
−n, s, n+ λ+ ε;

2s+ 2ε+ 1

2
;
a

b
,
ac2

b

)
[a, Re s > 0]

59 (a− x)
λ−1/2
+

(bx+ 1)
α

[1− c (a− x)]
ε/2

(2λ)2n+ε
(2n+ ε)!

as+λ−1/2 B

(
s,

2λ+ 1

2

)

× Cλ2n+ε
(√

1 + ac− cx
)

× F3

(
−α, −n, s, n+ λ+ ε; s+ λ+

1

2
; −ab, −ac

)
[a, Re s > 0]

3.24.2. Cλn (bx) and the exponential function

Notation: ε = 0 or 1.

1 e−axCλ2n+ε (bx)
(−1)

n
(λ)n+ε (2b)

ε

n! as+ε
Γ (s+ ε)

× 4F1

(−n, n+ λ+ ε, s+ε2 , s+ε+1
2

2ε+1
2 ; 4b2

a2

)
[Re a > 0; Re s > −ε]

2 e−ax
2

Cλ2n+ε (bx)
(−1)

n
2ε−1 (λ)n+ε b

ε

n! a(s+ε)/2
Γ

(
s+ ε

2

)
3F1

(−n, λ+ n+ ε, s+ε2
2ε+1
2 ; b2

a

)
[Re a > 0; Re s > −ε]

3
(
a2 − x2

)λ−1/2
+

ebx Cλn

(x
a

) π

n!

(a
2

)s+2λ−1
Γ

[
n+ 2λ, s

λ, s−n+1
2 , s+n+2λ+1

2

]
× 2F3

( s
2 ,

s+1
2 ; a2b2

4
1
2 ,

s−n+1
2 , s+n+2λ+1

2

)
+
π

n!

(a
2

)s+2λ

b

× Γ

[
n+ 2λ, s+ 1

λ, s−n+2
2 , s+n+2λ+2

2

]
2F3

( s+1
2 , s+2

2 ; a2b2

4
3
2 ,

s−n+2
2 , s+n+2λ+2

2

)
[a > 0; Reλ > −1/2; Re s > ((−1)

n − 1) /2]



332 Chapter 3. Special Functions

No. f (x) F (s)

4
(
a2 − x2

)λ−1/2
+

ebx
2

Cλn

(x
a

) π

n!

(a
2

)s+λ−1
Γ

[
n+ 2λ, s

λ, s−n+1
2 , s+n+2λ+1

2

]
× 2F2

( s
2 ,

s+1
2 ; a2b

s−n+1
2 , s+n+2λ+1

2

)
[a > 0; Reλ > −1/2; Re s > ((−1)n − 1) /2]

5
(
x2 − a2

)λ−1/2
+

e−bx
2 (2λ)2n+ε a

s+2λ−1

2 (2n+ ε)!

(
1− s+ ε

2

)
n

Γ

[ 2λ+1
2 , 1−s−2n−2λ−ε

2
2−s−ε

2

]
× Cλ2n+ε

(x
a

)
× 2F2

( s
2 ,

s+1
2 ; −a2b

s−2n−ε+1
2 , s+2n+2λ+ε+1

2

)
+

22n+ε−1 (λ)2n+ε b
−s/2−n−λ−ε/2+1/2

(2n+ ε)! a2n+ε

× Γ

(
s+ 2n+ 2λ+ ε− 1

2

)
× 2F2

( 1−2n−2λ
2 , 1− n− λ− ε; −a2b

1− 2n− λ− ε, 3−s−2n−2λ−ε
2

)
[a, Re b > 0; Reλ > −1/2]

6
(
a2 − x2

)λ−1/2
+

e−b/x
2 (−1)

n
(2λ)2n+ε a

s+2λ−1

2 (2n+ ε)!

(
1− s+ ε

2

)
n

Γ

[ 2λ+1
2 , s+ε2

s+2n+2λ+ε+1
2

]
× Cλ2n+ε

(x
a

)
× 2F2

( 1−s−2n−2λ−ε
2 , 1−s+2n+ε

2
1−s
2 , 2−s

2 ; − b
a2

)
+

(−1)
n

2ε−1 (λ)n+ε
n!

a2λ−ε−1b(s+ε)/2 Γ

(
−s+ ε

2

)
× 2F2

( 2n+2ε+1
2 , 1−2n−2λ

2
2ε+1
2 , s+ε+2

2 ; − b
a2

)
[a, Re b > 0; Reλ > −1/2]

7
(
x2 − a2

)λ−1/2
+

e−b/x
2 (2λ)2n+ε a

s+2λ−1

2 (2n+ ε)!

(
1− s+ ε

2

)
n

Γ

[ 2λ+1
2 , 1−s−2n−2λ−ε

2
2−ε−s

2

]
× Cλ2n+ε

(x
a

)
× 2F2

( 1−s+2n+ε
2 , 1−s−2n−2λ−ε

2
1−s
2 , 2−s

2 ; − b
a2

)
[a > 0; Reλ > −1/2; Re (s+ 2λ) < 1− 2n− ε]

8 e−bx Cλn

(x
a
± 1
) 2n

n! anbs+n
(λ)n Γ (s+ n) 2F2

(
−n, 1−2n−2λ

2 ; ±2ab

1− 2n− 2λ, 1− s− n

)
[Re b, Re s > 0]
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No. f (x) F (s)

9 (a− x)
λ−1/2
+ ebx Cλn

(
1− 2x

a

)
as+λ−1/2

n!
(2λ)n

(
1

2
− s+ λ

)
n

Γ

[ 2λ+1
2 , s

2s+2n+2λ+1
2

]
× 2F2

(
s, 2s−2λ+1

2 ; ab
2s−2n−2λ+1

2 , 2s+2n+2λ+1
2

)
[a, Re s > 0; Reλ > −1/2]

10 (x+ a)
λ−1/2

e−bx
(−1)

n
as+λ−1/2

n!
(2λ)n

(
1− 2s+ 2λ

2

)
n

Γ

[
s, 1−2s−2n−2λ

2
1−2λ

2

]
× Cλn

(
2x

a
+ 1

)
× 2F2

(
s, 2s−2λ+1

2 ; ab
2s−2n−2λ+1

2 , 2s+2n+2λ+1
2

)
+

22n

n! anbs+n+λ−1/2
(λ)n Γ

(
2s+ 2n+ 2λ− 1

2

)
× 2F2

( 1−2n−2λ
2 , 1− n− 2λ; ab

1− 2n− 2λ, 3−2s−2n−2λ
2

)
[Re b, Re s > 0; |arg a| < π]

11 (a− x)
λ−1/2
+ e−b/x

(−1)
n
as+λ−1/2

n!
(2λ)n

(
1− 2s+ 2λ

2

)
n

× Cλn
(

2x

a
− 1

)
× Γ

[ 2λ+1
2 , s

2s+2n+2λ+1
2

]
2F2

( 1−2s−2n−2λ
2 , 1−2s+2n+2λ

2

1− s, 1−2s+2λ
2 ; − b

a

)
+

(−1)
n
aλ−1/2bs

n!
(2λ)n Γ (−s) 2F2

(−2n−2λ+1
2 , 2n+2λ+1

2
2λ+1

2 , s+ 1; − b
a

)
[a, Re b > 0; Reλ > −1/2]

12 (x+ a)
λ−1/2

e−b/x
as+λ−1/2

n!
(2λ)n

(
1− 2s+ 2λ

2

)
n

Γ

[ 1−2s−2n−2λ
2 , s
1−2λ

2

]

× Cλn
(

2x

a
+ 1

)
× 2F2

( 1−2s−2n−2λ
2 , 1−2s+2n+2λ

2

1− s, 1−2s+2λ
2 ; b

a

)

+
aλ−1/2bs

n!
(2λ)n Γ (−s) 2F2

(−2n−2λ+1
2 , 2n+2λ+1

2
2λ+1

2 , s+ 1; b
a

)
[Re b > 0; Re s < 1/2− n− Reλ; |arg a| < π]

13 e−b
√
x Cλn

(x
a
± 1
) 2n+1

n! anb2s+2n
(λ)n Γ (2s+ 2n)

× 2F3

( −n, 1−2n−2λ
2 ; ∓ab

2

2

1− 2n− 2λ, 1−2s−2n
2 , 1− s− n

)
[Re b, Re s > 0]
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No. f (x) F (s)

14 (a− x)
λ−1/2
+ e−b

√
x as+λ−1/2

n!
(2λ)n

(
1

2
− s+ λ

)
n

Γ

[ 2λ+1
2 , s

2s+2n+2λ+1
2

]
× Cλn

(
1− 2x

a

)
× 2F3

(
s, 2s−2λ+1

2 ; ab2

4
1
2 ,

2s−2n−2λ+1
2 , 2s+2n+2λ+1

2

)
− as+λb

n!
(2λ)n (λ− s)n Γ

[ 2λ+1
2 , 2s+1

2

s+ n+ λ+ 1

]
× 2F3

( 2s+1
2 , s− λ+ 1; ab2

4
3
2 , s− n− λ+ 1, s+ n+ λ+ 1

)
[a, Re s > 0; Reλ > −1/2]

15 (x+ a)
λ−1/2

e−b
√
x − (−1)

n
as+λb

n!
(2λ)n (λ− s)n Γ

[−s− n− λ, 2s+1
2

1−2λ
2

]
× Cλn

(
2x

a
+ 1

)
× 2F3

( 2s+1
2 , s− λ+ 1; −ab

2

4
3
2 , s− n− λ+ 1, s+ n+ λ+ 1

)
+

(−1)
n
as+λ−1/2

n!
(2λ)n

(
1

2
− s+ λ

)
n

Γ

[
s, 1−2s−2n−2λ

2
1−2λ

2

]
× 2F3

(
s, s− λ+ 1

2 ; −ab
2

4
1
2 ,

2s−2n−2λ+1
2 , 2s+2n+2λ+1

2

)
+

22n+1

n!anb2s+2n+2λ−1 (λ)n Γ (2s+ 2n+ 2λ− 1)

× 2F3

( 1−2n−2λ
2 , 1− n− 2λ; −ab

2

4

1− 2n− 2λ, 3−2s−2n−2λ
2 , 1− s− n− λ

)
[Re b, Re s > 0; |arg a| < π]

16 e−b/
√
x Cλn

(x
a
± 1
) 2 (±1)

n
b2s

n!
Γ (−2s) (2λ)n 2F3

(−n, n+ 2λ; ∓ b2

8a
2λ+1

2 , 2s+1
2 , s+ 1

)
[Re b > 0; Re s < −n]

17 (a− x)
λ−1/2
+ e−b/

√
x (−1)

n+1
as+λ−1b

n!
(2λ)n (1− s+ λ)n Γ

[ 2λ+1
2 , 2s−1

2

s+ n+ λ

]
× Cλn

(
2x

a
− 1

)
× 2F3

(
1− s− n− λ, 1− s+ n+ λ

3
2 ,

3
2 − s, 1− s+ λ; b2

4a

)
+

(−1)
n
as+λ−1/2

n!
(2λ)n

(
1− 2s+ 2λ

2

)
n

Γ

[ 2λ+1
2 , s

2s+2n+2λ+1
2

]
× 2F3

( 1−2s−2n−2λ
2 , 1−2s+2n+2λ

2
1
2 , 1− s, 1−2s+2λ

2 ; b2

4a

)
+

2 (−1)
n
aλ−1/2b2s

n!

× (2λ)n Γ (−2s) 2F3

( −2n−2λ+1
2 , 2n+2λ+1

2
2λ+1

2 , 2s+1
2 , s+ 1; b2

4a

)
[a, Re b > 0; Reλ > −1/2]



3.24. The Gegenbauer Polynomials Cλn (z) 335

No. f (x) F (s)

18 (x+ a)
λ−1/2

e−b/
√
x (−1)

n
as+λ−1/2

n!
(2λ)n

(
1− 2s+ 2λ

2

)
n

Γ

[ 1−2s−2n−2λ
2 , s
1−2λ

2

]

× Cλn
(

2x

a
+ 1

)
× 2F2

( 1−2s−2n−2λ
2 , 1−2s+2n+2λ

2

1− s, 1−2s+2λ
2 ; − b2

4a

)

+
2aλ−1/2b2s

n!
(2λ)n Γ (−2s) 2F3

( −2n−2λ+1
2 , 2n+2λ+1

2
2λ+1

2 , 2s+1
2 , s+ 1; − b2

4a

)
[Re b > 0; Re s < 1/2− n− Reλ; |arg a| < π]

19 (x+ a)
−n−2λ

e−bx
as−n−2λ

n!

(
1
2 − s+ λ

)
n(

λ+ 1
2

)
n

Γ

[
s, n− s+ 2λ

2λ

]

× Cλn
(
a− x
a+ x

)
× 2F2

(
s, 2s−2λ+1

2 ; ab

s− n− 2λ+ 1, 2s−2n−2λ+1
2

)

+
(−1)

n
b−s+n+2λ

n!
(2λ)n Γ (s− n− 2λ)

× 2F2

(
n+ λ+ 1

2 , n+ 2λ; ab

λ+ 1
2 , 1− s+ n+ 2λ

)
[Re b, Re s > 0; |arg a| < π]

20 (x+ a)
n
e−b/x Cλn

(
a− x
a+ x

)
anbs

n!
(2λ)n Γ (−s) 2F2

( −n, 1−2n−2λ2
2λ+1

2 , s+ 1; b
a

)
[Re b > 0; Re s < −n]

21 (x+ a)
−n−2λ

e−b/x
as−n−2λ

n!

(
1−2s+2λ

2

)
n(

2λ+1
2

)
n

Γ

[
n− s+ 2λ, s

2λ

]

× Cλn
(
a− x
a+ x

)
× 2F2

( 2n−2s+2λ+1
2 , n− s+ 2λ

1− s, 1−2s+2λ
2 ; b

a

)

+
a−n−2λbs

n!
(2λ)n Γ (−s) 2F2

( 2n+2λ+1
2 , n+ 2λ

2λ+1
2 , s+ 1; b

a

)
[Re b > 0; Re s < n+ 2 Reλ; |arg a| < π]

22 (x+ a)
n
e−b
√
x Cλn

(
a− x
a+ x

)
2 (−1)

n
b−2s−2n

n!
(2λ)n Γ (2s+ 2n)

× 2F3

( −n, 1−2n−2λ
2 ; −ab

2

4
2λ+1

2 , 1−2s−2n
2 , 1− s− n

)
[Re b, Re s > 0]
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No. f (x) F (s)

23 (x+ a)
−n−2λ

e−b
√
x −a

s−n−2λ+1/2b

n!

(λ− s)n(
2λ+1

2

)
n

Γ

[ 2s+1
2 , 2n−2s+4λ−1

2

2λ

]

× Cλn
(
a− x
a+ x

)
× 2F3

( 2s+1
2 , s− λ+ 1; −ab

2

4
3
2 , s− n− λ+ 1, 2s−2n−4λ+3

2

)
+
as−n−2λ

n!

(
1−2s+2λ

2

)
n(

2λ+1
2

)
n

Γ

[
n− s+ 2λ, s

2λ

]

× 2F3

(
s, 2s−2λ+1

2 ; −ab
2

4
1
2 , s− n− 2λ+ 1, 2s−2n−2λ+1

2

)
+

2 (−1)
n
b2(−s+n+2λ)

n!
(2λ)n Γ (2s− 2n− 4λ)

× 2F3

(
n+ 2λ, 2n+2λ+1

2 ; −ab
2

4
2λ+1

2 , 1−2s+2n+4λ
2 , 1− s+ n+ 2λ

)
[Re b, Re s > 0; |arg a| < π]

24 (x+ a)
n
e−b/

√
x Cλn

(
a− x
a+ x

)
2anb2s

n!
(2λ)n Γ (−2s) 2F3

(−n, 1−2n−2λ
2 ; − b2

4a
2λ+1

2 , 2s+1
2 , s+ 1

)
[a, Re b > 0; Re s < −n]

25 (x+ a)
−n−2λ

e−b/
√
x −a

s−n−2λ−1/2b

n!

(1− s+ λ)n(
2λ+1

2

)
n

Γ

[ 1−2s+2n+4λ
2 , 2s−1

2

2λ

]

× Cλn
(
a− x
a+ x

)
× 2F3

(
1− s+ n+ λ, 1−2s+2n+4λ

2
3
2 ,

3
2 − s, 1− s+ λ; − b2

4a

)
+
as−n−2λ

n!

(
1−2s+2λ

2

)
n(

2λ+1
2

)
n

× Γ

[
n− s+ 2λ, s

2λ

]
2F3

( 1−2s+2n+2λ
2 , n− s+ 2λ

1
2 , 1− s, 1−2s+2λ

2 ; − b2

4a

)
+

2a−n−2λb2s

n!
(2λ)n Γ (−2s) 2F3

(
n+ 2λ, 2n+2λ+1

2 ; − b2

4a
2λ+1

2 , 2s+1
2 , s+ 1

)
[a, Re b > 0; Re s < n+ 2 Reλ]

3.24.3. Cλn (bx) and hyperbolic functions

Notation: δ =

{
1

0

}
.

1
(
a2 − x2

)λ−1/2
+

{
sinh (bx)

cosh (bx)

}
π

n!

(a
2

)s+2λ+δ−1
bδ Γ

[
s+ δ, n+ 2λ

λ, s−n+δ+1
2 , s+n+2λ+δ+1

2

]
× Cλn

(x
a

)
× 2F3

( s+δ
2 , s+δ+1

2 ; a2b2

4
2δ+1

2 , s−n+δ+1
2 , s+n+2λ+δ+1

2

)
[a > 0; Reλ > −1/2; Re s > −δ]
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3.24.4. Cλn (ax+ b) and trigonometric functions

Notation: δ =

{
1

0

}
, ε = 0 or 1.

1
(
a2 − x2

)λ−1/2
+

π

n!

(a
2

)s+2λ+δ−1
bδ Γ

[
s+ δ, n+ 2λ

λ, s−n+δ+1
2 , s+n+2λ+δ+1

2

]
×
{

sin (bx)

cos (bx)

}
Cλn

(x
a

)
× 2F3

( s+δ
2 , s+δ+1

2 ; −a
2b2

4
2δ+1

2 , s−n+δ+1
2 , s+n+2λ+δ+1

2

)
[a > 0; Reλ > −1/2; Re s > ((−1)

n − 1) /2− δ]

2
(
x2 − a2

)λ−1/2
+

as+2λ+δ−1bδ

2 (2n+ ε)!
(2λ)2n+ε

(
1−s−δ+ε

2

)
n

Γ

[ 2λ+1
2 , 1−s−2n−2λ−δ−ε

2
2−s−δ−ε

2

]
×
{

sin (bx)

cos (bx)

}
Cλ2n+ε

(x
a

)
× 2F3

( s+1
2 , s+2δ

2 ; −a
2b2

4
2δ+1

2 , s−2n+δ−ε+1
2 , s+2n+2λ+δ+ε+1

2

)
∓ (−1)

n
22n+εb1−s−2n−2λ−ε

(2n+ ε)! a2n+ε
(λ)2n+ε

× Γ (s+ 2n+ 2λ+ ε− 1)

{
cos [(s+ 2λ+ ε)π/2]

sin [(s+ 2λ+ ε)π/2]

}
× 2F3

( 1−2n−2λ
2 , 1− n− λ− ε; −a

2b2

4

1− 2n− λ− ε, 3−s−2n−2λ−2ε
2 , 2−s−2n−2λ

2

)
[a, b > 0; Reλ > −1/2; Re (s+ 2λ) < 2− ε− 2n]

3 (a− x)
λ−1/2
+

{
sin (b

√
x)

cos (b
√
x)

}
(−1)

n
as+λ+(δ−1)/2bδ

n!
(2λ)n

(
1− 2s+ 2λ− δ

2

)
n

× Cλn
(

2x

a
− 1

)
× Γ

[ 2λ+1
2 , 2s+δ

2
2s+2n+2λ+δ+1

2

]
2F3

( 2s+δ
2 , 2s−2λ+δ+1

2 ; −ab
2

4
2δ+1

2 , 2s−2n−2λ+δ+1
2 , 2s+2n+2λ+δ+1

2

)
[a > 0; Reλ > −1/2; Re s > −δ/2]

4 (x+ a)
λ−1/2 (−1)

n
as+λ−(δ+1)/2bδ

n!
(2λ)n

(
1− 2s+ 2λ+ δ

2

)
n

×
{

sin (b/
√
x)

cos (b/
√
x)

}
× Γ

[ 2s−δ
2 , 1−2s−2n−2λ+δ

2
1−2λ

2

]
× Cλn

(
2x

a
+ 1

)
× 2F3

( 1−2s−2n−2λ+δ
2 , 1−2s+2n+2λ+δ

2
2δ+1

2 , 2−2s+δ
2 , 1−2s+2λ+δ

2 ; b2

4a

)
+

2 (−1)
δ
aλ−1/2b2s

n!
(2λ)n Γ (−2s)

{
sin (sπ)

cos (sπ)

}
× 2F3

( −2n−2λ+1
2 , 2n+2λ+1

2
2λ+1

2 , 2s+1
2 , s+ 1; b2

4a

)
[b > 0; −1/2 < Re s < (δ + 1) /2− n− Reλ; |arg a| < π]
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3.24.5. Cλn (bx) and the logarithmic function

Notation: ε = 0 or 1.

1 (a− x)
λ−1/2
+ ln

x

a

(−1)
n
as+λ−1/2

n!
(2λ)n

(
1− 2s+ 2λ

2

)
n

Γ

[ 2λ+1
2 , s

2s+2n+2λ+1
2

]

× Cλn
(

2x− a
a

)
×
[
ψ (s) + ψ

(
1− 2s+ 2λ

2

)
− ψ

(
2s+ 2n+ 2λ+ 1

2

)

− ψ
(
−2s+ 2n+ 2λ+ 1

2

)]
[a, Re s > 0; Reλ > −1/2]

2
(
a2 − x2

)λ−1/2
+

±
√
π as+2λ+1

2s+2n! b2
(2λ)n Γ

[
λ+ 1

2 , s+ 2
s−n+3

2 , s+n+2λ+3
2

]

×
{

ln
(
x2 + b2

)
ln|x2 − b2|

}
× 4F3

(
1, 1, s+2

2 , s+3
2 ; ∓ a2

b2

2, s−n+3
2 , s+n+2λ+3

2

)

× Cλn

(x
a

)
+

√
π as+2λ−1 ln b

2s−1n!
(2λ)n Γ

[
λ+ 1

2 , s
s−n+1

2 , s+n+2λ+1
2

]
[{

a, Re b > 0

b > a > 0

}
; Reλ > −1/2; Re s > ((−1)

n − 1) /2

]

3
(
a2 − x2

)λ−1/2
+

ln|x2 − b2| −π (a/2)
s+2λ−3

b2

n!
Γ

[
s− 2, n+ 2λ

λ, s−n−12 , s+n+2λ−1
2

]

× Cλn
(x
a

)
× 4F3

(
1, 1, 3−s+n

2 , − s+n+2λ−3
2

2, 3−s
2 , 4−s

2 ; b2

a2

)

+
2n+1π3/2a2λ−2bs+1

n! (s+ 1)
tan

sπ

2
Γ

[ n+2λ+1
2

λ, −n2

]

× 3F2

(n+2
2 , −n+2λ−2

2 , s+1
2

3
2 ,

s+3
2 ; b2

a2

)

+
2nπ3/2a2λ−1bs

n! s
cot

sπ

2
Γ

[ n+2λ
2

λ, −n−12

]

× 3F2

(n+1
2 , −n+2λ−1

2 , s2
1
2 ,

s+2
2 ; b2

a2

)

− π (a/2)
s+2λ−1

n!
Γ

[
s, n+ 2λ

λ, s−n+1
2 , s+n+2λ+1

2

]

×
[
ψ

(
s+ n+ 2λ+ 1

2

)
+ ψ

(
s− n+ 1

2

)
− 2ψ (s) + ln

4

a2

]
[ a > 0; a > b; Reλ > −1/2; Re s > ((−1)

n − 1) /2]



3.24. The Gegenbauer Polynomials Cλn (z) 339

No. f (x) F (s)

4
(
x2 − a2

)λ−1/2
+

±π
2 (a/2)

s+2λ+1

2b2 n!
sec

(s− n)π

2
sec

(s+ n+ 2λ)π

2

×
{

ln
(
x2 + b2

)
ln|x2 − b2|

}
× Γ

[
n+ 2λ

λ, −s− 1, s−n+3
2 , s+n+2λ+3

2

]

× Cλn
(x
a

)
× 4F3

(
1, 1, s+2

2 , s+3
2 ; ∓a

2

b2

2, s−n+3
2 , s+n+2λ+3

2

)
− 2nπ2bs+n+2λ−1

(s+ n+ 2λ− 1)n! an

× csc [(n+ λ)π]

Γ (λ) Γ (1− n− λ)

{
sec [(s+ n+ 2λ)π/2]

tan [(s+ n+ 2λ)π/2]

}

× 3F2

( 1−n−2λ
2 , 2−n−2λ

2 , 1−s−n−2λ
2

1− n− λ, 3−s−n−2λ
2 ; ∓a2b2

)

+
(a/2)

s+2λ−1
ln b

n!
Γ

[
n+ 2λ, 1−s+n

2 , 1−s−n−2λ
2

λ, 1− s

]
[{

a, Re b > 0

b > a > 0

}
; Reλ > −1/2; Re (s+ 2λ) < 1− n

]

5
(
x2 − a2

)λ−1/2
+

− (a/2)
s+2λ−3

b2

2 (n!)
Γ

[
n+ 2λ, 3−s+n

2 , 3−s−n−2λ
2

λ, 3− s

]
× ln|x2 − b2|Cλn

(x
a

)
× 4F3

(
1, 1, 3−s+n

2 , 3−s−n−2λ
2

2, 3−s
2 , 4−s

2 ; b2

a2

)
− (a/2)

s+2λ−1

2 (n!)
Γ

[
n+ 2λ, 1−s+n

2 , 1−s−n−2λ
2

λ, 1− s

]
×
[
ψ

(
1− s− n− 2λ

2

)
+ ψ

(
1− s+ n

2

)
− 2ψ (1− s)+ln

4b2

a2

]
− as+2λ−1 ln b

n!
(2λ)n Γ

[ 2λ+1
2 , 1−s+n

2 , 1−s−n−2λ
2

1−s
2 , 2−s

2

]
[a, b > 0; Reλ > −1/2; Re (s+ 2λ) < 1− n]

6
(
a2 − x2

)λ−1/2
+

ln
1 + bx

1− bx
πas+2λb

2s+2λ−1n!
Γ

[
n+ 2λ, s+ 1

λ, s−n+2
2 , s+n+2λ+2

2

]
4F3

( 1
2 , 1, s+1

2 , s+2
2 ; a2b2

3
2 ,

s−n+2
2 , s+n+2λ+2

2

)
× Cλn

(x
a

) [
a > 0; Reλ > −1/2; Re s > −1; |arg

(
1− a2b2

)
| < π

]

7
(
a2 − x2

)λ−1/2
+

π

n!

(a
2

)s+2λ

bΓ

[
n+ 2λ, s+ 1

λ, s−n+2
2 , s+n+2λ+2

2

]
× ln

(
bx+

√
b2x2 + 1

)
× 4F3

( 1
2 ,

1
2 ,

s+1
2 , s+2

2 ; −a2b2
3
2 ,

s−n+2
2 , s+n+2λ+2

2

)
× Cλn

(x
a

) [
a > 0; Reλ > −1/2; Re s > ((−1)n − 1) /2; |arg

(
1 + a2b2

)
| < π

]
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No. f (x) F (s)

8

(
a2 − x2

)λ−1/2
+√

b2x2 + 1

π

n!

(a
2

)s+2λ

bΓ

[
n+ 2λ, s+ 1

λ, s−n+2
2 , s+n+2λ+2

2

]
× ln

(
bx+

√
b2x2 + 1

)
× 4F3

(
1, 1, s+1

2 , s+2
2 ; −a2b2

3
2 ,

s−n+2
2 , s+n+2λ+2

2

)
× Cλn

(x
a

) [
a > 0; Reλ > −1/2; Re s > ((−1)

n − 3) /2; |arg
(
1 + a2b2

)
| < π

]
9 θ (a− x) ln

√
a+
√
a− x√
x

(−1)
n√

π (λ)n+ε
21−εn! (s+ ε)

as+εbε Γ

[
s+ ε

2s+2ε+1
2

]
× Cλ2n+ε (bx) × 5F4

( −n, n+ λ+ ε, s+ε2 , s+ε2 , s+ε+1
2

2ε+1
2 , 2s+2ε+1

4 , 2s+2ε+3
4 , s+ε+2

2 ; a2b2

)
[a > 0; Reλ > −1/2; Re s > −ε]

10
(
a2 − x2

)λ−1/2
+

π

n!

(a
2

)s+2λ+1

b2 Γ

[
n+ 2λ, s+ 2

λ, s−n+3
2 , s+n+2λ+3

2

]
× ln2

(
bx+

√
b2x2 + 1

)
× 5F4

(
1, 1, 1, s+2

2 , s+3
2 ; −a2b2

3
2 , 2, s−n+3

2 , s+n+2λ+3
2

)
× Cλn

(x
a

) [
a > 0; Reλ > −1/2; Re s > ((−1)

n − 5) /2; |arg
(
1 + a2b2

)
| < π

]

3.24.6. Cλn (bx) and inverse trigonometric functions

Notation: ε = 0 or 1.

1 θ (a− x) arccos
x

a

(−1)
n√

π as+εbε (λ)n+ε
21−εn! (s+ ε)

Γ

[ s+ε+1
2

s+ε+2
2

]
× Cλ2n+ε (bx) × 4F3

(−n, n+ λ+ ε, s+ε2 , s+ε+1
2

2ε+1
2 , s+ε+2

2 , s+ε+2
2 ; a2b2

)
[a > 0; Reλ > −1/2; Re s > −ε]

2
(
a2 − x2

)λ−1/2
+

π

n!

(a
2

)s+2λ

bΓ

[
n+ 2λ, s+ 1

λ, s−n+2
2 , s+n+2λ+2

2

]
× arcsin (bx)Cλn

(x
a

)
× 4F3

( 1
2 ,

1
2 ,

s+1
2 , s+2

2 ; a2b2

3
2 ,

s−n+2
2 , s+n+2λ+2

2 ; a2b2

)
[a > 0; Reλ > −1/2; Re s > −1]

3

(
a2 − x2

)λ−1/2
+√

1− b2x2
π

n!

(a
2

)s+2λ

bΓ

[
n+ 2λ, s+ 1

λ, s−n+2
2 , s+n+2λ+2

2

]
4F3

(
1, 1, s+1

2 , s+2
2 ; a2b2

3
2 ,

s−n+2
2 , s+n+2λ+2

2

)
× arcsin (bx)Cλn

(x
a

)
[a > 0; Reλ > −1/2; Re s > ((−1)

n − 3) /2]
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No. f (x) F (s)

4
(
a2 − x2

)λ−1/2
+

π

n!

(a
2

)s+2λ+1

b2 Γ

[
n+ 2λ, s+ 2

λ, s−n+3
2 , s+n+2λ+3

2

]
× arcsin2 (bx)Cλn

(x
a

)
× 5F4

(
1, 1, 1, s+2

2 , s+3
2 ; a2b2

3
2 , 2, s−n+3

2 , s+n+2λ+3
2

)
[a > 0; Reλ > −1/2; Re s > ((−1)

n − 5) /2]

5
(
a2 − x2

)λ−1/2
+

π

n!

(a
2

)s+2λ

bΓ

[
n+ 2λ, s+ 1

λ, s−n+2
2 , s+n+2λ+2

2

]
× arctan (bx)Cλn

(x
a

)
× 4F3

( 1
2 , 1, s+1

2 , s+2
2 ; −a2b2

3
2 ,

s−n+2
2 , s+n+2λ+2

2

)
[a > 0; Reλ > −1/2; Re s > ((−1)

n − 3) /2]

3.24.7. Cλn (ax+ b) and Ei (axr)

Notation: ε = 0 or 1.

1 (a− x)
λ−1/2
+ Ei (−bx)

(−1)
n+1

as+λ+1/2b

n!
(2λ)n

(
−2s+ 2λ− 1

2

)
n

× Cλn
(

2x

a
− 1

)
× Γ

[ 2λ+1
2 , s+ 1

2s+2n+2λ+3
2

]
4F4

(
1, 1, 2s−2λ+3

2 , s+ 1; −ab
2, 2, 2s−2n−2λ+3

2 , 2s+2n+2λ+3
2

)
+

(−1)
n
as+λ−1/2

n!
(2λ)n

(
−2s+ 2λ+ 1

2

)
n

× Γ

[ 2λ+1
2 , s

2s+2n+2λ+1
2

][
ψ (s)− ψ

(
2s+ 2n+ 2λ+ 1

2

)
−
n−1∑
i=0

2

2i− 2s+ 2λ+ 1
+ ln (ab) + C

] [
a, Re s > 0;

Reλ > −1/2

]

2
(
a2 − x2

)λ−1/2
+

Ei (bx)
π

n!

(a
2

)s+2λ

bΓ

[
n+ 2λ, s+ 1

λ, s−n+2
2 , s+n+2λ+2

2

]
× Cλn

(x
a

)
× 3F4

( 1
2 ,

s+1
2 , s+2

2 ; a2b2

4
3
2 ,

3
2 ,

s−n+2
2 , s+n+2λ+2

2

)
+
πas+2λ+1b2

2s+2λ+3 n!

× Γ

[
n+ 2λ, s+ 2

λ, s−n+3
2 , s+n+2λ+3

2

]
3F4

(
1, 1, s+2

2 , s+3
2 ; a2b2

4
3
2 , 2, 2, s−n+3

2 , s+n+2λ+3
2

)
+
π

n!

(a
2

)s+2λ−1
Γ

[
n+ 2λ, s

λ, s−n+1
2 , s+n+2λ+1

2

] [
ψ (s)

− 1

2
ψ

(
s+ n+ 2λ+ 1

2

)
− 1

2
ψ

(
s− n+ 1

2

)
+ ln

ab

2
+ C

]
[a > 0; Reλ > −1/2; Re s > ((−1)

n − 1) /2]
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No. f (x) F (s)

3
(
a2 − x2

)λ−1/2
+

Ei
(
bx2
) π

n!

(a
2

)2λ+s+1

bΓ

[
n+ 2λ, s+ 2

λ, s−n+3
2 , s+n+2λ+3

2

]
× Cλn

(x
a

)
× 4F4

(
1, 1, s+2

2 , s+3
2 ; a2b

2, 2, s−n+3
2 , s+n+2λ+3

2

)
+
π

n!

(a
2

)2λ+s+1

Γ

[
n+ 2λ, s

λ, s−n+1
2 , s+n+2λ+1

2

]
×
[
2ψ (s)− ψ

(
s+ n+ 2λ+ 1

2

)
− ψ

(
s− n+ 1

2

)
+ ln

a2b

4
+C

]
[a > 0; Reλ > −1/2; Re s > ((−1)

n − 1) /2]

4
(
x2 − a2

)λ−1/2
+

− (a/2)
s+2λ+1

b

2 (n!)
Γ

[
n+ 2λ, n−s−12 , − s+n+2λ+1

2

λ, −s− 1

]
× Ei

(
−bx2

)
Cλn

(x
a

)
× 4F4

(
1, 1, s+2

2 , s+3
2 ; −a2b

2, 2, s−n+3
2 , s+n+2λ+3

2

)
+
π (2/a)

n
b−(s+n+2λ−1)/2

(s+ n+ 2λ− 1)n!
sec

(s+ n+ 2λ)π

2

(λ)n
Γ
(
3−s−n−2λ

2

)
× 3F3

( 1−n−2λ
2 , 2−n−2λ

2 , 1−s−n−2λ
2 ; −a2b

1− n− λ, 3−s−n−2λ
2 , 3−s−n−2λ

2

)
+

(a/2)
s+2λ−1

2 (n!)
Γ

[
n+ 2λ, 1−s+n

2 , 1−s−n−2λ
2

λ, 1− s

]
×
[
2ψ (1− s)− ψ

(
1− s− n− 2λ

2

)
− ψ

(
1− s+ n

2

)
+ ln

a2b

4
+ C

]
[a, Re b > 0; Reλ > −1/2]

3.24.8. Cλn (ax+ b) and si (ax), ci (ax)

Notation: δ =

{
1

0

}
, ε = 0 or 1.

1
(
a2 − x2

)λ−1/2
+

√
π (2λ)n a

s+2λb

2s+1n!
Γ

[ 2λ+1
2 , s+ 1

s−n+2
2 , s+n+2λ+2

2

]
× si (bx)Cλn

(x
a

)
× 3F4

( 1
2 ,

s+1
2 , s+2

2 ; −a
2b2

4
3
2 ,

3
2 ,

s−n+2
2 , s+n+2λ+2

2

)
−
π3/2 (2λ)n a

s+2λ−1

2s+1n!
Γ

[ 2λ+1
2 , s

s−n+1
2 , s+n+2λ+1

2

]
[a > 0; Reλ > −1/2; Re s > ((−1)

n − 1) /2]
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No. f (x) F (s)

2
(
a2 − x2

)λ−1/2
+

π

n!

(a
2

)s+2λ−1
Γ

[
n+ 2λ, s+ 2

λ, s−n+1
2 , s+n+2λ+1

2

]

× ci (bx)Cλn

(x
a

)
×
{

4

s (s+ 1)

[
ln
ab

2
− 1

2
ψ

(
s+ n+ 2λ+ 1

2

)

− 1

2
ψ

(
s− n+ 1

2

)
+ ψ (s) + C

]

− a2b2

(s− n+ 1) (s+ n+ 2λ+ 3)
4F5

(
1, 1, s+2

2 , s+3
2 ; −a

2b2

4
3
2 , 2, 2, s−n+3

2 , s+n+2λ+3
2

)}
[a > 0; Reλ > −1/2; Re s > ((−1)n − 1) /2]

3
(
x2 − a2

)λ−1/2
+

si (bx)
as+2λb

2s+2λ+1n!
Γ

[
n+ 2λ, − s−n2 , − s+n+2λ

2

λ, −s

]
× Cλn

(x
a

)
× 3F4

( 1
2 ,

s+1
2 , s+2

2 ; −a
2b2

4
3
2 ,

3
2 ,

s−n+2
2 , s+n+2λ+2

2

)
+

2n (s+ n+ 2λ− 1)
−2

anbs+n+2λ−1n!

× (λ)n cos
(s+ n+ 2λ)π

2
Γ (s+ n+ 2λ)

× 3F4

( 1−n−2λ
2 , 2−n−2λ

2 , − s+n+2λ−1
2 ; −a

2b2

4

1− n− λ, − s+n+2λ−2
2 , − s+n+2λ−3

2 , − s+n+2λ−3
2

)
− πas+2λ−1

2s+2λ+1n!
Γ

[
n+ 2λ, − s−n−12 , − s+n+2λ−1

2

λ, 1− s

]
[a, b > 0; Reλ > −1/2; Re (s+ 2λ) < 1− n]

4
(
x2 − a2

)λ−1/2
+

ci (bx) −a
s+2λ+1b2

2s+2λ+4n!
Γ

[
n+ 2λ, − s−n+1

2 , − s+n+2λ+1
2

λ, −s− 1

]
× Cλn

(x
a

)
× 4F5

(
1, 1, s+2

2 , s+3
2 ; −a

2b2

4
3
2 , 2, 2, s−n+3

2 , s+n+2λ+3
2

)
− 2n (s+ n+ 2λ− 1)

−2

anbs+n+2λ−1n!

× (λ)n sin
(s+ n+ 2λ)π

2
Γ (s+ n+ 2λ)

× 3F4

( 1−n−2λ
2 , 2−n−2λ

2 , 1−s−n−2λ
2 ; −a

2b2

4

1− n− λ, 2−s−n−2λ
2 , 3−s−n−2λ

2 , 3−n−s−2λ
2

)
+

1

2 (n!)

(a
2

)s+2λ−1
Γ

[
n+ 2λ, − s−n−12 , − s+n+2λ−1

2

λ, 1− s

]
×
[
ψ (1− s)− 1

2
ψ

(
1− s− n− 2λ

2

)
− 1

2
ψ

(
1− s+ n

2

)
+ ln

ab

2
+ C

]
[a, b > 0; Reλ > −1/2; Re (s+ 2λ) < 1− n]
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No. f (x) F (s)

5 (a− x)
λ−1/2
+

(−1)
n+1

2δ−2as+λ+(δ+1)/2bδ+2

32δn!
(2λ)n

×
{

si (b
√
x)

ci (b
√
x)

}
×
(
−2s+ 2λ− δ − 1

2

)
n

Γ

[ 2λ+1
2 , 2s+δ+2

2
2s+2n+2λ+δ+3

2

]

× Cλn
(

2x

a
− 1

)
× 4F5

(
1, δ+2

2 , 2s+δ+2
2 , 2s−2λ+δ+3

2 ; −ab
2

4

2, δ+4
2 , 2δ+3

2 , 2s−2n−2λ+δ+3
2 , 2s+2n+2λ+δ+3

2

)

+
(−1)

n
as+λ+(δ−1)/2bδ

n!
(2λ)n

(
−2s+ 2λ− δ + 1

2

)
n

× Γ

[ 2λ+1
2 , 2s+δ

2
2s+2n+2λ+δ+1

2

][
1

2
ψ (s)− 1

2
ψ

(
2s+ 2n+ 2λ+ 1

2

)

−
n−1∑
i=0

1

2i− 2s+ 2λ+ 1
+

1

2
ln
(
ab2
)

+ C

]1−δ

− δ (−1)
n
πas+λ−1/2

2 (n!)
(2λ)n

(
1− 2s+ 2λ

2

)
n

Γ

[ 2λ+1
2 , s

2s+2n+2λ+1
2

]
[a, Re s > 0; Reλ > −1/2]

3.24.9. Cλn (ax+ b) and erf (ax), erfc (ax)

Notation: δ =

{
1

0

}
, ε = 0 or 1.

1 erfc (ax)Cλ2n+ε (bx) (−1)
n 2ε (λ)n+ε a

−s−εbε
√
π (s+ ε)n!

Γ

(
s+ ε+ 1

2

)
× 4F2

(−n, n+ λ+ ε, s+1
2 , s+2ε

2
2ε+1
2 , s+ε+2

2 ; b2

a2

)
[Reλ > −1/2; Re s > −ε; |arg a| < π/4]

2
(
a2 − x2

)λ−1/2
+

erf (bx)

√
πas+2λb

2s+2λ−1n!
Γ

[
n+ 2λ, s+ 1

λ, s−n+2
2 , s+n+2λ+2

2

]
3F3

( 1
2 ,

s+1
2 , s+2

2 ; −a2b2
3
2 ,

s−n+2
2 , s+n+2λ+2

2

)
× Cλn

(x
a

)
[a > 0; Reλ > −1/2; Re s > ((−1)n − 3) /2]

3
(
x2 − a2

)λ−1/2
+

± (a/2)
s+2λ

b√
π n!

Γ

[
n+ 2λ, n−s2 , − s+n+2λ

2

λ, −s

]
×
{

erf (bx)

erfc (bx)

}
Cλn

(x
a

)
× 3F3

( 1
2 ,

s+1
2 , s+2

2 ; −a2b2
3
2 ,

s−n+2
2 , s+n+2λ+2

2

)
∓ a−nb−s−n−2λ+1

2s+2λ−1π n!
(λ)n

× cos
(s+ n+ 2λ)π

2
Γ

(
1− s− n− 2λ

2

)
Γ (s+ n+ 2λ− 1)×
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No. f (x) F (s)

× 3F3

( 1−n−2λ
2 , 2−n−2λ

2 , 1−s−n−2λ
2 ; −a2b2

1− n− λ, 2−s−n−2λ
2 , 3−s−n−2λ

2

)
+ (1− δ) (a/2)

s+2λ−1

2 (n!)
Γ

[
n+ 2λ, 1−s+n

2 , − s+n+2λ−1
2

λ, 1− s

]
[a, Re b > 0; Reλ > −1/2; Re (s+ 2λ) < 1− n for erf]

4
(
a2 − x2

)λ−1/2
+

eb
2x2

√
πas+2λb

2s+2λ−1n!
Γ

[
n+ 2λ, s+ 1

λ, s−n+2
2 , s+n+2λ+2

2

]
3F3

(
1, s+1

2 , s+2
2 ; a2b2

3
2 ,

s−n+2
2 , s+n+2λ+2

2

)
× erf (bx)Cλn

(x
a

)
[a > 0; Reλ > −1/2; Re s > ((−1)n − 3) /2]

5 erfc (bx)Cλn

(x
a

+ 1
) n (n+ 2λ) a−1b−s−1

(2λ+ 1)
√
π (s+ 1)n!

(2λ)n Γ

(
s+ 2

2

)

× 6F4

( 1−n
2 , 2−n

2 , n+2λ+1
2 , n+2λ+2

2 , s+1
2 , s+2

2
3
2 ,

2λ+3
4 , 2λ+5

4 , s+3
2 ; 1

4a2b2

)

+
b−s (2λ)n√
π sn!

Γ

(
s+ 1

2

)
6F4

(−n2 , 1−n
2 , n+2λ

2 , n+2λ+1
2 , s2 ,

s+1
2

1
2 ,

2λ+1
4 , 2λ+3

4 , s+2
2 ; 1

4a2b2

)
[Re s > 0; |arg b| < π/4]

6 erfc (b
√
x)Cλn

(x
a
− 1
) (2/a)

n
b−2s−2n√

π (s+ n)n!
(λ)n Γ

(
s+ n+

1

2

)
× 3F3

( −n, 1
2 − n− λ, −s− n; −2ab2

1− 2n− 2λ, 1
2 − s− n, 1− s− n

)
[Reλ > −1/2; Re s > ((−1)

n − 1) /2; |arg b| < π/4]

7 (a− x)
λ−1/2
+ ±2 (−1)

n
as+λb√

π n!
(2λ)n (λ− s)n Γ

[ 2λ+1
2 , 2s+1

2

s+ n+ λ+ 1

]
×
{

erf (b
√
x)

erfc (b
√
x)

}
× 3F3

( 1
2 ,

2s+1
2 , s− λ+ 1; −ab2

3
2 , s− n− λ+ 1, s+ n+ λ+ 1

)

× Cλn
(

2x

a
− 1

)
+

{
0

1

}
(−1)

n
as+λ−1/2

n!
(2λ)n

(
λ− s+

1

2

)
n

Γ

[ 2λ+1
2 , s

s+ n+ λ+ 1
2

]
[a > 0; Reλ > −1/2; Re s > − (1± 1) /4]

8 (a− x)
λ−1/2
+ eb

2x 2 (−1)
n
as+λb√

π n!
(2λ)n (λ− s)n Γ

[ 2λ+1
2 , 2s+1

2

s+ n+ λ+ 1

]
× erf (b

√
x)Cλn

(
2x

a
− 1

)
× 3F3

(
1, 2s+1

2 , s− λ+ 1; ab2

3
2 , s− n− λ+ 1, s+ n+ λ+ 1

)
[a > 0; Reλ > −1/2; Re s > −1/2]
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3.24.10. Cλn (bx) and Γ (ν, ax), γ (ν, ax)

Notation: ε = 0 or 1.

1 Γ (ν, ax)Cλ2n+ε (bx)
(−1)

n
(ε+ 1) (λ)n+ε a

−s−εbε

n! (s+ ε)
Γ (s+ ν + ε)

× 5F2

(−n, n+ λ+ ε, s+ε2 , s+ν+ε2 , s+ν+ε+1
2

2ε+1
2 , s+ε+2

2 ; 4b2

a2

)
[Re a > 0; Re s > −Re ν − ε, 0]

2
(
a2 − x2

)λ−1/2
+

ebx
π

n! ν

(a
2

)s+2λ+ν−1
bν Γ

[
n+ 2λ, s+ ν

λ, s−n+ν+1
2 , s+n+2λ+ν+1

2

]
× γ (ν, bx)Cλn

(x
a

)
× 3F4

(
1, s+ν2 , s+ν+1

2 ; a2b2

4
ν+1
2 , ν+2

2 , s−n+ν+1
2 , s+n+2λ+ν+1

2

)
+

π

n! ν (ν + 1)

(a
2

)s+2λ+ν

bν+1 Γ

[
n+ 2λ, s+ ν + 1

λ, s−n+ν+2
2 , s+n+2λ+ν+2

2

]
× 3F4

(
1, s+ν+1

2 , s+ν+2
2 ; a2b2

4
ν+2
2 , ν+3

2 , s−n+ν+2
2 , s+n+2λ+ν+2

2

)
[a > 0; Re s > −Re ν − ε]

3
(
a2 − x2

)λ−1/2
+

π

n! ν

(a
2

)s+2λ+2ν−1
b2ν Γ

[
n+ 2λ, s+ 2ν

λ, s−n+2ν+1
2 , s+n+2λ+2ν+1

2

]
× γ

(
ν, b2x2

)
Cλn

(x
a

)
× 3F3

(
ν, s+2ν

2 , s+2ν+1
2 ; −a2b2

ν + 1, s−n+2ν+1
2 , s+n+2λ+2ν+1

2

)
[a > 0; Re s > −Re ν − ε]

4
(
a2 − x2

)λ−1/2
+

eb
2x2 π

n! ν

(a
2

)s+2λ+2ν−1
b2ν Γ

[
n+ 2λ, s+ 2ν

λ, s−n+2ν+1
2 , s+n+2λ+2ν+1

2

]
× γ

(
ν, b2x2

)
Cλn

(x
a

)
× 3F3

(
1, s+2ν

2 , s+2ν+1
2 ; a2b2

ν + 1, s−n+2ν+1
2 , s+n+2λ+2ν+1

2

)
[a > 0; Re s > −Re ν − ε]

3.24.11. Cλn (bx) and Bessel functions

Notation: ε = 0 or 1.

1
(
a2 − x2

)λ−1/2
+

π

n!

(a
2

)s+2λ+ν−1 ( b
2

)ν
Γ

[
n+ 2λ, s+ ν

λ, ν + 1, s−n+ν+1
2 , s+n+2λ+ν+1

2

]
×
{
Jν (bx)

Iν (bx)

}
Cλn

(x
a

)
× 2F3

( s+ν
2 , s+ν+1

2 ; ∓ a2b2

4

ν + 1, s−n+ν+1
2 , s+n+2λ+ν+1

2

)
[a > 0; Reλ > −1/2; Re (s+ ν) > ((−1)

n − 1) /2]
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No. f (x) F (s)

2
(
x2 − a2

)λ−1/2
+

Jν (bx)
as+2λ+ν−1bν

2s+2λ+2ν n!
Γ

[
n+ 2λ, 1−s+n−ν

2 , 1−s−n−2λ−ν
2

λ, ν + 1, 1− s− ν

]
× Cλn

(x
a

)
× 2F3

( s+ν
2 , s+ν+1

2 ; −a
2b2

4

ν + 1, s−n+ν+1
2 , s+n+2λ+ν+1

2

)
+

2s+2n+2λ−2

anbs+n+2λ−1 n!
(λ)n Γ

[ s+n+2λ+ν−1
2

3−s−n−2λ+ν
2

]
× 2F3

( 1−n−2λ
2 , 2−n−2λ

2 ; −a
2b2

4

1− n− λ, 3−s−n−2λ−ν
2 , 3−s−n−2λ+ν

2

)
[a, b > 0; Reλ > −1/2; Re (s+ 2λ) < 3/2− n]

3
(
a2 − x2

)λ−1/2
+

Jν

(
b

x

)
(−1)

n
as+2λ−ν−1bν

2ν+1 (2n+ ε)!
(2λ)2n+ε

(
1− s+ ν + ε

2

)
n

× Cλ2n+ε
(x
a

)
× Γ

[ 2λ+1
2 , s−ν+ε2

ν + 1, s+2n+2λ−ν+ε+1
2

]
2F3

( 1−s+2n+ν+ε
2 , 1−s−2n−2λ+ν−ε

2

ν + 1, 1−s+ν
2 , 2−s+ν

2 ; − b2

4a2

)
+

(−1)
n
a2λ−ε−1bs+ε

2s+1 n!
(λ)n+ε Γ

[− s−ν+ε2
s+ν+ε+2

2

]
× 2F3

( 2n+2ε+1
2 , 1−2λ−2n

2 ; − b2

4a2

2ε+1
2 , s−ν+ε+2

2 , s+ν+ε+2
2

)
[a > 0; Reλ > −1/2; Re s > −ε− 3/2]

4
(
x2 − a2

)λ−1/2
+

Jν

(
b

x

)
as+2λ−ν−1bν

2s+2λ n!
Γ

[
n+ 2λ, 1−s+n+ν

2 , − s+n+2λ−ν−1
2

λ, ν + 1, 1− s+ ν

]
× Cλ2n+ε

(x
a

)
× 2F3

( 1−s+n+ν
2 , − s+n+2λ−ν−1

2

ν + 1, 1−s+ν
2 , 2−s+ν

2 ; − b2

4a2

)
[a, b > 0; Reλ > −1/2; Re (s+ 2λ− ν) < 1− 2n− ε]

5 Jν (b
√
x)Cλn

(
x± a
a

)
22s+3n

anb2s+2nn!
(λ)n Γ

[ 2s+2n+ν
2

2−2s−2n+ν
2

]
× 2F3

( −n, 1
2 − n− λ; ±ab

2

2

1− 2n− 2λ, 2−2s−2n−ν
2 , 2−2s−2n+ν

2

)
[b > 0; Reλ > −1/2; −Re ν/2 < Re s < 3/4− n]

6 Kν (b
√
x)Cλn

(
x± a
a

)
22s+3n−1

anb2s+2nn!
(λ)n Γ

(
s+ n− ν

2

)
Γ
(
s+ n+

ν

2

)
× 2F3

( −n, 1
2 − n− λ; ∓ab

2

2

1− 2n− 2λ, 2−2s−2n−ν
2 , 2−2s−2n+ν

2

)
[b > 0; Re s > |Re ν|/2]
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No. f (x) F (s)

7 Jν

(
b√
x

)
Cλn

(
x± a
a

)
(±1)

n

n!

(
b

2

)2s

(2λ)n Γ

[ ν−2s
2

2s+ν+2
2

]
2F3

( −n, n+ 2λ; ± b2

8a
2λ+1

2 , 2s−ν+2
2 , 2s+ν+2

2

)
[b > 0; Reλ > −1/2; −3/4 < Re s < Re ν/2− n]

8 Kν

(
b√
x

)
Cλn

(
x± a
a

)
(±1)

n

2 (n!)

(
b

2

)2s

(2λ)n Γ

(
ν − 2s

2

)
Γ

(
−ν − 2s

2

)
× 2F3

( −n, n+ 2λ; ∓ b2

8a
2λ+1

2 , 2s−ν+2
2 , 2s+ν+2

2

)
[Re b > 0; Re s < −n− |Re ν|/2]

9 (x+ a)
n
Kν (b

√
x)

(−1)
n

22s+2n−1b−2s−2n

n!
(2λ)n Γ

(
s+ n− ν

2

)
Γ
(
s+ n+

ν

2

)
× Cλn

(
a− x
a+ x

)
× 2F3

( −n, 1−2n−2λ
2 ; −ab

2

4
2λ+1

2 , 2−2s−2n−ν
2 , 2−2s−2n+ν

2

)
[Re b > 0; Re s > |Re ν|/2]

10 (x+ a)
λ−1/2

Kν (b
√
x)

(−1)
n
as+λ−(ν+1)/2b−ν

2−ν+1n!
(2λ)n

(
1− 2s+ 2λ+ ν

2

)
n

× Cλn
(

2x

a
+ 1

)
× Γ

[ 2s−ν
2 , 1−2s−2n−2λ+ν

2
1−2λ

2

]

× 2F3

( 2s−ν
2 , 2s−2λ−ν+1

2 ; −ab
2

4

1− ν, s−2n−2λ−ν+1
2 , s+2n+2λ−ν+1

2

)

+
(−1)

n
as+λ+(ν−1)/2bν

2ν+1n!
(2λ)n

(
1− 2s+ 2λ− ν

2

)
n

× Γ

[ 2s+ν
2 , 1−2s−2n−2λ−ν

2
1−2λ

2

]

× 2F3

( 2s+ν
2 , 2s−2λ+ν+1

2 ; −ab
2

4

ν + 1, s−2n−2λ+ν+1
2 , s+2n+2λ+ν+1

2

)

+
22s+4n+2λ−2

n! anb2s+2n+2λ−1 (λ)n

× Γ

(
2s+ 2n+ 2λ− ν − 1

2

)
Γ

(
2s+ 2n+ 2λ+ ν − 1

2

)

× 2F3

( −2n−2λ+1
2 , −n− 2λ+ 1; −ab

2

4

1− 2n− 2λ, 3−2s−2n−2λ−ν
2 , 3−2s−2n−2λ+ν

2

)
[Re b > 0; Re s > |Re ν|/2; |arg a| < π]
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No. f (x) F (s)

11 (a− x)
λ−1/2
+ Kν (b

√
x)

as+λ−(ν+1)/2b−ν

2−ν+1n!
(2λ)n

(
1− 2s+ 2λ+ ν

2

)
n

× Cλn
(

1− 2x

a

)
× Γ

[ 2λ+1
2 , ν, 2s−ν

2
2s+2n+2λ−ν+1

2

]
2F3

( 2s−ν
2 , 2s−2λ−ν+1

2 ; ab2

4

1− ν, 2s−2n−2λ−ν+1
2 , 2s+2n+2λ−ν+1

2

)

+
as+λ+(ν−1)/2bν

2ν+1n!
(2λ)n

(
1− 2s+ 2λ− ν

2

)
n

× Γ

[ 2λ+1
2 , −ν, 2s+ν

2
2s+2n+2λ+ν+1

2

]
2F3

( 2s+ν
2 , 2s−2λ+ν+1

2 ; ab2

4

ν + 1, 2s−2n−2λ+ν+1
2 , 2s+2n+2λ+ν+1

2

)
[a > 0; Reλ > −1/2; Re s > |Re ν|/2]

12 (x+ a)
λ−1/2

Kν

(
b√
x

)
aλ−1/2b2s

22s+1n!
(2λ)n Γ

(
−s− ν

2

)
Γ
(
−s+

ν

2

)

× Cλn
(

2x

a
+ 1

)
× 2F3

(−2n−2λ+1
2 , 2n+2λ+1

2 ; − b2

4a
2λ+1

2 , 2s−ν+2
2 , 2s+ν+2

2

)

+
(−1)

n
as+λ+(ν−1)/2b−ν

2−ν+1n!
(2λ)n

(
1− 2s+ 2λ− ν

2

)
n

× Γ

[
ν, 2s+ν

2 , 1−2s−2n−2λ−ν
2

1−2λ
2

]

× 2F3

( 1−2s+2n+2λ−ν
2 , 1−2s−2n−2λ−ν

2

1− ν, 2−2s−ν
2 , 1−2s+2λ−ν

2 ; − b2

4a

)

+
(−1)

n
as+λ−(ν+1)/2bν

2ν+1n!
(2λ)n

(
1− 2s+ 2λ+ ν

2

)
n

× Γ

[−ν, 2s−ν
2 , 1−2s−2n−2λ+ν

2
1−2λ

2

]
× 2F3

( 1−2s+2n+2λ+ν
2 , 1−2s−2n−2λ+ν

2

ν + 1, 2−2s+ν
2 , 1−2s+2λ+ν

2 ; − b2

4a

)
[Re b > 0; Re s < (1− 2n− 2 Reλ− |Re ν|) /2; |arg a| < π]

13 (a− x)
λ−1/2
+

(−1)
n
as+λ+(ν−1)/2bν

2νn!
(2λ)n

(
1− 2s+ 2λ− ν

2

)
n

×
{
Jν (b

√
x)

Iν (b
√
x)

}
× Γ

[ 2λ+1
2 , 2s+ν

2

ν + 1, 2s+2n+2λ+ν+1
2

]
× Cλn

(
2x

a
− 1

)
× 2F3

( 2s+ν
2 , 2s−2λ+ν+1

2 ; ∓ab
2

4

ν + 1, 2s−2n−2λ+ν+1
2 , 2s+2n+2λ+ν+1

2

)
[a > 0; Reλ > −1/2; Re s > −Re ν/2]
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No. f (x) F (s)

14 (x+ a)
λ−1/2

Jν (b
√
x)

(−1)
n
as+λ+(ν−1)/2bν

2νn!
(2λ)n

(
1− 2s+ 2λ− ν

2

)
n

× Cλn
(

2x

a
+ 1

)
× Γ

[ 2s+ν
2 , 1−2s−2n−2λ−ν

2
1−2λ

2 , ν + 1

]
× 2F3

( 2s+ν
2 , 2s−2λ+ν+1

2 ; ab2

4

ν + 1, 2s−2n−2λ+ν+1
2 , 2s+2n+2λ+ν+1

2

)
+

22s+4n+2λ−1

n! anb2s+2n+2λ−1 (λ)n Γ

[ 2s+2n+2λ+ν−1
2

3−2s−2n−2λ+ν
2

]
× 2F3

( 1−2n−2λ
2 , 1− n− 2λ; ab2

4

1− 2n− 2λ, 3−2s−2n−2λ−ν
2 , 3−2s−2n−2λ+ν

2

)
[b > 0; −Re ν/2 < Re s < 5/4− n− Reλ; |arg a| < π]

15 (a− x)
λ−1/2
+ Jν

(
b√
x

)
(−1)

n
as+λ−(ν+1)/2bν

2νn!
(2λ)n

(
1− 2s+ 2λ+ ν

2

)
n

× Cλn
(

2x

a
− 1

)
× Γ

[ 2λ+1
2 , 2s−ν

2

ν + 1, 2s+2n+2λ−ν+1
2

]
2F3

( 1−2s−2n−2λ+ν
2 , 1−2s+2n+2λ+ν

2

ν + 1, 2−2s+ν
2 , 1−2s+2λ+ν

2 ; − b2

4a

)
+

(−1)
n
aλ−1/2b2s

22sn!
(2λ)n Γ

[ ν−2s
2

2s+ν+2
2

]
× 2F3

(−2n−2λ+1
2 , 2n+2λ+1

2 ; − b2

4a
2λ+1

2 , 2s−ν+2
2 , 2s+ν+2

2

)
[a > 0; Reλ > −1/2; Re s > −3/4]

16 (x+ a)
λ−1/2

Jν

(
b√
x

)
(−1)

n
as+λ−(ν+1)/2bν

2νn!
(2λ)n

(
1− 2s+ 2λ+ ν

2

)
n

× Cλn
(

2x

a
+ 1

)
× Γ

[ 2s−ν
2 , 1−2s−2n−2λ+ν

2
1−2λ

2 , ν + 1

]
× 2F3

( 1−2s−2n−2λ+ν
2 , 1−2s+2n+2λ+ν

2

ν + 1, 2−2s+ν
2 , 1−2s+2λ+ν

2 ; b2

4a

)
+
aλ−1/2b2s

22sn!

× (2λ)n Γ

[ ν−2s
2

2s+ν+2
2

]
2F3

(−2n−2λ+1
2 , 2n+2λ+1

2 ; b2

4a
2λ+1

2 , 2s−ν+2
2 , 2s+ν+2

2

)
[b > 0; −3/4 < Re s < 1/2− n+ Re (ν/2− λ) ; |arg a| < π]

17 (x+ a)
n
Jν (b

√
x)

(−1)
n

n!

(
2

b

)2s+2n

(2λ)n Γ

[ 2s+2n+ν
2

2−2s−2n+ν
2

]
× Cλn

(
a− x
a+ x

)
× 2F3

( −n, −2n−2λ+1
2 ; ab2

4
2λ+1

2 , 2−2s−2n−ν
2 , 2−2s−2n+ν

2

)
[b > 0; −Re ν/2 < Re s < 3/4− n]
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No. f (x) F (s)

18 (x+ a)
−n−2λ

Jν (b
√
x)

as−n−2λ+ν/2bν

2νn!

(
1−2s+2λ−ν

2

)
n(

2λ+1
2

)
n

Γ

[ 2s+ν
2 , 2n−2s+4λ−ν

2

2λ, ν + 1

]

× Cλn
(
a− x
a+ x

)
× 2F3

( 2s−2λ+ν+1
2 , 2s+ν

2 ; ab2

4

ν + 1, 2s−2n−2λ+ν+1
2 , 2s−2n−4λ+ν+2

2

)

+
(−1)

n

n!

(
b

2

)2(n−s+2λ)

(2λ)n Γ

[ 2s−2n−4λ+ν
2

2−2s+2n+4λ+ν
2

]

× 2F3

(
n+ 2λ, 2n+2λ+1

2 ; ab2

4
2λ+1

2 , 2−2s+2n+4λ−ν
2 , 2−2s+2n+4λ+ν

2

)
[b > 0; −Re ν/2 < Re s < n+ 2 Reλ+ 3/4]

19 (a− x)
λ−1/2
+

as+(2λ+µ+ν−1)/2 (b/2)
µ+ν

n!
(2λ)n

(
1− 2s+ 2λ− µ− ν

2

)
n

×
{
Jµ (b

√
x) Jν (b

√
x)

Iµ (b
√
x) Iν (b

√
x)

}
× Γ

[ 2λ+1
2 , 2s+µ+ν

2

µ+ 1, ν + 1, 2s+2n+2λ+µ+ν+1
2

]
4F5

( µ+ν+1
2 , µ+ν+2

2 , 2s+µ+ν
2 ,

µ+ 1, ν + 1, µ+ ν + 1,

× Cλn
(

1− 2x

a

) 2s−2λ+µ+ν+1
2 ; ∓ab2

2s−2n−2λ+µ+ν+1
2 , 2s+2n+2λ+µ+ν+1

2

)
[a, Re (2s+ µ+ ν) > 0; Reλ > −1/2]

3.24.12. Cλn (bx) and Hν (ax), Lν (ax)

1
(
a2 − x2

)λ−1/2
+

√
π

2νn!

(a
2

)s+ν+2λ

bν+1 Γ

[
s+ ν + 1, n+ 2λ

λ, 2ν+3
2 , s−n+ν+2

2 , s+n+ν+2λ+2
2

]
×
{

Hν (bx)

Lν (bx)

}
Cλn

(x
a

)
× 3F3

(
1, s+ν+1

2 , s+ν+2
2 ; ∓ a2b2

4
3
2 ,

s+n+ν+2λ+2
2 , 3s−3n+7ν+6

2

)
[a > 0; Reλ > −1/2; Re (s+ ν) > −1]

3.24.13. Cλn (ax+ b) and Pm (cxr + d)

Notation: ε, δ = 0 or 1.

1 θ (a− x)Pm

(x
a

) (−1)
n√

π

n!

(a
2

)s+ε
(2b)

ε
(λ)n+ε Γ

[
s+ ε

s−m+ε+1
2 , s+m+ε+2

2

]
× Cλ2n+ε (bx) × 4F3

(−n, n+ λ+ ε, s+ε2 , s+ε+1
2 ; a2b2

2ε+1
2 , s−m+ε+1

2 , s+m+ε+2
2

)
[a > 0; Re s > ((−1)

m − 2ε− 1) /2]
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No. f (x) F (s)

2
(
a2 − x2

)λ−1/2
+

(−1)
m+n

2ε−1as+2λ+ε−1

m! (2n+ δ)! bε
(2λ)2n+δ

(
1

2

)
m+ε

(
1− s+ δ − ε

2

)
n

× P2m+ε

(x
b

)
Cλ2n+δ

(x
a

)
× Γ

[ 2λ+1
2 , s+δ+ε2

s+2n+2λ+δ+ε+1
2

]
4F3

( −m, 2m+2ε+1
2 , s+1

2 , s+2ε
2 ; a2

b2

2ε+1
2 , s−2n−δ+ε+1

2 , s+2n+2λ+δ+ε+1
2

)
[b > a > 0; Reλ > −1/2; Re s > −δ − ε]

3 θ (a− x)
(
b2 − x2

)λ−1/2 (−1)
m+n

2δ−1as+δb2λ−δ−1

n!
(
s+δ+ε

2

)
m+1

(λ)n+δ

(
1− s− δ + ε

2

)
m

× P2m+ε

(x
a

)
Cλ2n+δ

(x
b

)
× 4F3

( 1−2n−2λ
2 , 2n+2δ+1

2 , s+1
2 , s+2δ

2 ; a2

b2

2δ+1
2 , s−2m+δ−ε+1

2 , s+2m+δ+ε+2
2

)
[b > a > 0; Reλ > −1/2; Re s > −δ − ε]

4 θ (x− a)
(
x2 − b2

)λ−1/2 (−1)
m−1

22n+δ−1as+2n+2λ+δ−1

(2n+ δ)! b2n+δ
(λ)2n+δ

(
2−s−2n−2λ−δ+ε

2

)
m(

s+2n+2λ+δ+ε−1
2

)
m+1

× P2m+ε

(x
a

)
Cλ2n+δ

(x
b

)
× 4F3

( 1−2n−2λ
2 , 1− n− λ− δ, 2−s+2m−2n−2λ−δ+ε

2 ,

1− 2n− λ− δ, 2−s−2n−2λ
2 ,

1−s−2m−2n−2λ−δ−ε
2

3−s−2n−2λ−2δ
2 ; b2

a2

)
[a > b > 0; Re (s+ 2λ) < 1− 2m− 2n− δ − ε]

5
(
x2 − a2

)λ−1/2
+

22m+ε−1as+2m+2λ+ε−1

(2m+ ε)! (2n+ δ)! b2m+ε
(2λ)2n+δ

(
1

2

)
2m+ε

× P2m+ε

(x
b

)
Cλ2n+δ

(x
a

)
×
(

1− s− 2m+ δ − ε
2

)
n

Γ

[ 2λ+1
2 , 1−s−2m−2n−2λ−δ−ε

2
2−s−2m−δ−ε

2

]
× 4F3

(−m, 1−2m−2ε
2 , 1−s−2m+2n+δ−ε

2 , 1−s−2m−2n−2λ−δ−ε2
1−4m−2ε

2 , 2−s−2m−2ε
2 , 1−s−2m2 ; b2

a2

)
[

a > b > 0; Reλ > −1/2;

Re (s+ 2λ) < 1− 2m− 2n− δ − ε

]

6 θ (a− x)Pm

(
2x

a
− 1

)
(−1)

m+n
(2λ)n (1− s)m as

n! (s)m+1
4F3

(
−n, n+ 2λ, s, s; 1

2λ+1
2 , s−m, s+m+ 1

)
× Cλn

(
2x

a
− 1

)
[a, Re s > 0]

7 (a− x)
λ−1/2
+ Pm

(
1− 2x

a

)
as+λ−1/2

n!
(2λ)n

(
1− 2s+ 2λ

2

)
n

Γ

[ 2λ+1
2 , s

2s+2n+2λ+1
2

]
× Cλn

(
1− 2x

a

)
× 4F3

( −m, m+ 1, 2s−2λ+1
2 , s; 1

1, 2s−2n−2λ+1
2 , 2s+2n+2λ+1

2

)
[a, Re s > 0; Reλ > −1/2]
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No. f (x) F (s)

8 (a− x)
λ−1/2
+ Pm (2bx− 1)

(−1)
m+n

as+λ−1/2

n!
(2λ)n

(
1− 2s+ 2λ

2

)
n

× Cλn
(

2x

a
− 1

)
× Γ

[ 2λ+1
2 , s

2s+2n+2λ+1
2

]
4F3

(−m, m+ 1, s, 2s−2λ+1
2 ; ab

1, 2s−2n−2λ+1
2 , 2s+2n+2λ+1

2

)
[a, Re s > 0; Reλ > −1/2]

9 θ (a− x) (b± x)
λ−1/2 (−1)

m
(±1)

n
asbλ−1/2

n!

(2λ)n (1− s)m
(s)m+1

× Pm
(

2x

a
− 1

)
× 4F3

( −2n−2λ+1
2 , 2n+2λ+1

2 , s, s
2λ+1

2 , s−m, s+m+ 1; ∓ab

)
[a, b, Re s > 0]

× Cλn
(

2x

b
± 1

)

10 (a− x)
λ−1/2
+ P2m+ε (b

√
x)

(−1)
m+n

as+λ+(ε−1)/2 (2b)
ε

m!n!

(
1

2

)
m+ε

(2λ)n

× Cλn
(

2x

a
− 1

)
×
(

1− 2s+ 2λ− ε
2

)
n

Γ

[ 2λ+1
2 , 2s+ε

2
2s+2n+2λ+ε+1

2

]
× 4F3

(−m, 2m+2ε+1
2 , 2s+ε

2 , 2s−2λ+ε+1
2 ; ab2

2ε+1
2 , 2s−2n−2λ+ε+1

2 , 2s+2n+2λ+ε+1
2

)
[a > 0; Reλ > −1/2; Re s > −ε/2]

3.24.14. Cλn (bx) and Hm (ax)

Notation: δ, ε = 0 or 1.

1
(
a2 − x2

)λ−1/2
+

(−1)
m
πas+2λ+ε−1bε

n! 2s+2λ−2m−1

(
2ε+ 1

2

)
m

Γ

[
s+ ε, n+ 2λ

λ, s−n+ε+1
2 , s+2λ+n+ε+1

2

]
×H2m+ε (bx)Cλn

(x
a

)
× 3F3

( −m, s+ε2 , s+ε+1
2 ; a2b2

2ε+1
2 , s−n+ε+1

2 , s+2λ+n+ε+1
2

)
[a > 0; Reλ > −1/2; Re s > ((−1)

n − 2ε− 1) /2]

2
(
a2 − x2

)λ−1/2
+

e−b
2x2 (−1)

m
πas+2λ+ε−1bε

n! 2s+2λ−2m−1

(
2ε+ 1

2

)
m

×H2m+ε (bx)Cλn

(x
a

)
× Γ

[
s+ ε, n+ 2λ

λ, s−n+ε+1
2 , s+2λ+n+ε+1

2

]
× 3F3

( 2m+2ε+1
2 , s+ε2 , s+ε+1

2 ; −a2b2
2ε+1
2 , s−n+ε+1

2 , s+2λ+n+ε+1
2

)
[a > 0; Reλ > −1/2; Re s > ((−1)

n − 2ε− 1) /2]
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No. f (x) F (s)

3
(
x2 − a2

)λ−1/2
+

e−b
2x2

(−1)
m 22m+2ε−1as+2λ+ε−1bε

(2n+ δ)!

(
1

2

)
m+ε

(2λ)2n+δ

×H2m+ε (bx) ×
(

1− s+ δ − ε
2

)
n

Γ

[ 2λ+1
2 , 1−s−2n−2λ−δ−ε

2
2−s−δ−ε

2

]
× Cλ2n+δ

(x
a

)
× 3F3

( 2ε+2m+1
2 , s+2ε

2 , s+1
2 ; −a2b2

2ε+1
2 , s+2n+2λ+δ+ε+1

2 , s−2n−δ+ε+1
2

)
+

(−1)
m

2m+2n+δ+ε−1

(2n+ δ)! a2n+δbs+2n+2λ+δ−1 (λ)2n+δ

×
(

2− s− 2n− 2λ− δ + ε

2

)
m

Γ

(
s+ 2n+ 2λ+ δ + ε− 1

2

)
× 3F3

(
1−2n−2λ

2 , 1− n− λ− δ, 2−s+2m−2n+ε−2λ−δ
2

1− 2n− λ− δ, 2−s−2n−2λ
2 , 3−s−2n−2λ−2δ

2 ; −a2b2

)
[a, Re b > 0; Reλ > −1/2]

4 (a− x)
λ−1/2
+ e−b

2x (−1)
m+n

22m+ε

n!
as+λ+(ε−1)/2bε

(
2ε+ 1

2

)
m

(2λ)n

×H2m+ε (b
√
x) ×

(
1− 2s+ 2λ− ε

2

)
n

Γ

[ 2λ+1
2 , 2s+ε

2
2s+2n+2λ+ε+1

2

]
× Cλn

(
2x

a
− 1

)
× 3F3

( 2m+2ε+1
2 , 2s−2λ+ε+1

2 , 2s+ε
2 ; −ab2

2ε+1
2 , 2s−2n−2λ+ε+1

2 , 2s+2n+2λ+ε+1
2

)
[a > 0; Reλ > −1/2; Re s > −ε/2]

3.24.15. Cλn (bx) and Lµm (axr)

Notation: δ =

{
1

0

}
, ε = 0 or 1.

1
(
a2 − x2

)λ−1/2
+

π (µ+ 1)m
m!n!

(a
2

)s+2λ−1
Γ

[
s, n+ 2λ

λ, s−n+1
2 , s+n+2λ+1

2

]
× Lµm

(
bx2
)
Cλn

(x
a

)
× 3F3

( −m, s2 ,
s+1
2 ; a2b

µ+ 1, s−n+1
2 , s+n+2λ+1

2

)
[a > 0; Reλ > −1/2; Re s > ((−1)

n − 1) /2]

2
(
a2 − x2

)λ−1/2
+

e−bx
2 π (µ+ 1)m

m!n!

(a
2

)s+2λ−1
Γ

[
s, n+ 2λ

λ, s−n+1
2 , s+n+2λ+1

2

]
× Lµm

(
bx2
)
Cλn

(x
a

)
× 3F3

(
m+ µ+ 1, s2 ,

s+1
2 ; −a2b

µ+ 1, s−n+1
2 , s+n+2λ+1

2

)
[a > 0; Reλ > −1/2; Re s > ((−1)

n − 1) /2]
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No. f (x) F (s)

3
(
x2 − a2

)λ−1/2
+

e−bx
2 22n+ε−1b(1−s−ε)/2−n−λ

m! (2n+ ε)! a2n+ε
(λ)2n+ε

× Lµm
(
bx2
)
Cλ2n+ε

(x
a

)
×
(

3− s− 2n− 2λ+ 2µ− ε
2

)
m

Γ

(
s+ 2n+ 2λ+ ε− 1

2

)
× 3F3

( 1−2n−2λ−ε
2 , 2−2n−2λ−ε

2 ,

1− 2n− λ− ε, 3−s−2n−2λ−ε
2 ,

3−s+2m−2n−2λ+2µ−ε
2

3−s−2n−2λ+2µ−ε
2 ; −a2b

)
+
as+2λ−1 (2λ)2n+ε
2 (m!) (2n+ ε)!

(µ+ 1)m

(
1− s+ ε

2

)
n

× Γ

[ 2λ+1
2 , 1−s−2n−2λ−ε

2
2−s−ε

2

]
3F3

(
m+ µ+ 1, s2 ,

s+1
2 ; −a2b

µ+1, s−2n−ε+1
2 , s+2n+2λ+ε+1

2

)
[a, Re b > 0; Reλ > −1/2]

4 (a− x)
λ−1/2
+ e−bx

(−1)
n

m!n!
as+λ−1/2 (µ+ 1)m (2λ)n

(
1− 2s+ 2λ

2

)
n

× Lµm (bx)Cλn

(
2x

a
− 1

)
× Γ

[ 2λ+1
2 , s

2s+2n+2λ+1
2

]
3F3

(
m+ µ+ 1, 2s−2λ+1

2 , s; −ab
µ+ 1, 2s−2n−2λ+1

2 , 2s+2n+2λ+1
2

)
[a, Re s > 0; Reλ > −1/2]

3.24.16. Products of Cλn (bx)

Notation: ε, δ = 0 or 1.

1
(
a2 − x2

)λ−1/2
+

(−1)
m+n

2ε−1 (2λ)2n+δ (µ)m+ε

m! (2n+ δ)!
as+2λ+ε−1b2µ−ε−1

×
(
b2 − x2

)µ−1/2 ×
(

1− s+ δ − ε
2

)
n

Γ

[ 2λ+1
2 , s+δ+ε2

s+2n+2λ+δ+ε+1
2

]
× Cµ2m+ε

(x
b

)
Cλ2n+δ

(x
a

)
× 4F3

( 1−2m−2µ
2 , 2m+2ε+1

2 , s+1
2 , s+2ε

2
2ε+1
2 , s−2n−δ+ε+1

2 , s+2n+2λ+δ+ε+1
2 ; a2

b2

)
[b > a > 0; Reλ > −1/2; Re s > −δ − ε]

2
(
x2 − a2

)λ−1/2
+

22m+ε−1 (2λ)2n+δ (µ)2m+ε

(2m+ ε)! (2n+ δ)!
as+2m+2λ+2µ+ε−2b−2m−ε

×
(
x2 − b2

)µ−1/2 ×
(

2− s− 2m− 2µ+ δ − ε
2

)
n

× Cµ2m+ε

(x
b

)
Cλ2n+δ

(x
a

)
× Γ

[ 2λ+1
2 , 2−s−2m−2n−2λ−2µ−δ−ε

2
3−s−2m−2µ−δ−ε

2

]
×
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No. f (x) F (s)

× 4F3

( 1−2m−2µ
2 , 1−m− µ− ε, 2−s−2m+2n−2µ+δ−ε

2 ,
3−s−2m−2µ−2ε

2 , 1− 2m− µ− ε,
2−s−2m−2n−2λ−2µ−δ−ε

2
2−s−2m−2µ

2 ; b2

a2

)
[

a > b > 0; Reλ > −1/2;

Re (s+ 2λ+ 2µ) < 2− 2m− 2n− δ − ε

]

3
(
x2 − a2

)λ−1/2
+

(−1)
m

2ε−1as+2λ+ε−1b2µ−ε−1

m! (2n+ δ)!
(µ)m+ε (2λ)2n+δ

×
(
b2 − x2

)µ−1/2
+

×
(

1− s+ δ − ε
2

)
n

Γ

[ 2λ+1
2 , 1−s−2n−2λ−δ−ε

2

1− s+δ+ε
2

]
× Cλ2n+δ

(x
a

)
Cµ2m+ε

(x
b

)
× 4F3

( −m− µ+ 1
2 , m+ ε+ 1

2 ,
s+1
2 , s+2ε

2
2ε+1
2 , s−2n−δ+ε+1

2 , s+2n+2λ+δ+ε+1
2 ; a2

b2

)
+

(−1)
m

22n+δ−1a−2n−δbs+2n+2µ+2λ+δ−2

(2m+ ε)! (2n+ δ)!

× (2µ)2m+ε (λ)2n+δ

(
2− s− 2n− 2λ− δ + ε

2

)
m

× Γ

[ 2µ+1
2 , s+2n+2λ+δ+ε−1

2
s+2m+2n+2µ+2λ+δ+ε

2

]
× 4F3

( 1−2n−2λ
2 , 1− n− λ− δ,
1− 2n− λ− δ,

2−s−2m−2n−2µ−2λ−δ−ε
2 , 2−s+2m−2n−2λ−δ+ε

2
2−s−2n−2λ

2 , 3−s−2n−2λ−2δ
2 ; a2

b2

)
[b > a > 0; Reλ, Reµ > −1/2]

4 (a− x)
λ−1/2
+ Cµm

(
1− 2x

a

)
as+λ−1/2

m!n!
Γ

[ 2λ+1
2 , m+ 2µ, n+ 2λ, s, 1−2s+2n+2λ

2

2λ, 2µ, 1−2s+2λ
2 , 2s+2n+2λ+1

2

]
× Cλn

(
1− 2x

a

)
× 4F3

( −m, m+ 2µ, s, 2s−2λ+1
2 ; 1

2µ+1
2 , 2s−2n−2λ+1

2 , 2s+2n+2λ+1
2

)
[a, Re s > 0; Reλ > −1/2]

5 (a− x)
λ+µ−1
+ Cµm

(
1− 2x

a

)
as+λ+µ−1

m!n!
(2µ)m (2λ)n

(
1− 2s+ 2λ

2

)
n

× Cλn
(

1− 2x

a

)
× Γ

[ 2λ+1
2 , s

s+ n+ λ+ 1
2

]
× 4F3

(−m− µ+ 1
2 , m+ µ+ 1

2 , s− λ+ 1
2 , s

2µ+1
2 , s− n− λ+ 1

2 , s+ n+ λ+ 1
2 ; 1

)
[a, Re s > 0; Re (λ+ µ) > 0]
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No. f (x) F (s)

6 (a− x)
λ−1/2
+ (1− bx)

µ−1/2 (−1)
m+n

as+λ−1/2

m!n!
(2µ)m (2λ)n

× Cµm (2bx− 1) ×
(

1− 2s+ 2λ

2

)
n

Γ

[ 2λ+1
2 , s

2s+2n+2λ+1
2

]
× Cλn

(
2x

a
− 1

)
× 4F3

( 1−2m−2µ
2 , 2m+2µ+1

2 , 2s−2λ+1
2 , s

2µ+1
2 , 2s−2n−2λ+1

2 , 2s+2n+2λ+1
2 ; ab

)
[a, Re s > 0; |arg (1− ab) < π|]

7 (a− x)
λ−1/2
+ (b± x)

µ−1/2 (−1)
m

(±1)
n

m!n!
as+λ−1/2bµ−1/2 (2λ)m (2µ)n

× Cλm
(

2x

a
− 1

)
×
(

1− 2s+ 2λ

2

)
m

Γ

[ 2λ+1
2 , s

2s+2m+2λ+1
2

]
× Cµn

(
2x

b
± 1

)
× 4F3

( 1−2n−2µ
2 , 2n+2µ+1

2 , 2s−2λ+1
2 , s

2µ+1
2 , 2s−2m−2λ+1

2 , 2s+2m+2λ+1
2 ; ∓ab

)
[
a, Re s > 0;

{
|arg b| < π

b > a

}]
8 (a− x)

λ+µ−1
+ Cµ2m+ε

(√
x

a

)
(−1)

m+n
2ε

m!n!
as+λ+µ−1 (µ)m+ε (2λ)n

× Cλn
(

2x

a
− 1

)
×
(

1− 2s+ 2λ− ε
2

)
n

Γ

[ 2λ+1
2 , 2s+ε

2
2s+2n+2λ+ε+1

2

]
× 4F3

( 1−2m−2µ
2 , 2m+2ε+1

2 , 2s−2λ+ε+1
2 , 2s+ε

2
2ε+1
2 , 2s−2n−2λ+ε+1

2 , 2s+2n+2λ+ε+1
2 ; 1

)
[a, Re (λ+ µ) > 0; Re s > −ε/2]

9 (a− x)
λ−1/2
+

(
1− b2x

)µ−1/2 (−1)
m+n

m!n!
as+λ+(ε−1)/2 (2b)

ε
(µ)m+ε (2λ)n

× Cµ2m+ε (b
√
x) ×

(
1− 2s+ 2λ− ε

2

)
n

Γ

[ 2λ+1
2 , 2s+ε

2
2s+2n+2λ+ε+1

2

]
× Cλn

(
2x

a
− 1

)
× 4F3

( 1−2m−2µ
2 , 2m+2ε+1

2 , 2s−2λ+ε+1
2 , 2s+ε

2
2ε+1
2 , 2s−2n−2λ+ε+1

2 , 2s+2n+2λ+ε+1
2 ; ab2

)
[
a > 0; Reλ > −1/2; Re s > −ε/2; |arg

(
1− ab2

)
< π|

]
10

(
a2 − x2

)λ−1/2
+

Cµm

( b
x

) (−1)
m
π

m!n!

(a
2

)s−m+2λ−1
(2b)

m
(1−m− µ)m

× Cλn
(x
a

)
× Γ

[
n+ 2λ, s−m

λ, s−m−n+1
2 , s−m+n+2λ+1

2

]
× 4F3

( −m2 ,
1−m
2 , s−m2 , s−m+1

2 ; a2

b2

1−m− µ, s−m−n+1
2 , s−m+n+2λ+1

2

)
[a > 0; Reλ > −1/2; Re s > m]
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3.25. The Jacobi Polynomials P
(ρ, σ)
n (z)

More formulas can be obtained from the corresponding section due to the relations

P (0, 0)
n (z) = Pn (z) , P (−1/2,−1/2)

n (z) =
(1/2)n
n!

Tn (z) , P (1/2, 1/2)
n (z) =

(3/2)n
(n+ 1)!

Un (z) ,

P (λ, λ)
n (z) =

(λ+ 1)n
(2λ+ 1)n

Cλ+1/2
n (z) ,

P (ρ, σ)
ν (z) =

Γ (ρ+ ν + 1)

Γ (ρ+ 1) Γ (ν + 1)
2F1

(
−ν, ρ+ σ + ν + 1; ρ+ 1;

1− z
2

)
.

3.25.1. P
(ρ, σ)
n (ϕ (x)) and algebraic functions

No. f (x) F (s)

1 (2− x)
σ
+ P

(ρ, σ)
n (1− x)

2s+σ

n!
Γ

[
n+ σ + 1, s, 1− s+ n+ ρ

1− s+ ρ, s+ n+ σ + 1

]
[Reσ > −1; Re s > 0]

2 (a− x)
α−1
+ P

(ρ, σ)
n (1− bx)

as+α−1

n!
Γ

[
α, n+ ρ+ 1, s

ρ+ 1, s+ α

]
3F2

(
−n, n+ ρ+ σ + 1, s

ρ+ 1, s+ α; ab
2

)
[a, Reα, Re s > 0]

3 (a− x)
α−1
+ (2− bx)

σ 2σas+α−1

n!
Γ

[
α, n+ ρ+ 1, s

ρ+ 1, s+ α

]
3F2

(
n+ ρ+ 1, −n− σ, s
ρ+ 1, s+ α; ab

2

)
× P (ρ, σ)

n (1− bx) [a, Reα, Re s > 0]

4 (a− x)
ρ
+ as+ρ Γ

[
n+ ρ+ 1, s

s+ n+ ρ+ 1

]
P

(s+ρ, σ−s)
n (1− ab)

× P (ρ, σ)
n (bx− ab+ 1) [a, Re s > 0; Re ρ > −1]

5 (a− x)
ρ
+ (bx+ 1)

α (ρ+ 1)n
n!

as+ρ B (s, ρ+ 1)

× P (ρ, σ)
n (1− cx+ ac) × F3

(
−α, −n, s, n+ ρ+ σ + 1; s+ ρ+ 1; −ab, −ac

2

)
[a, Re s > 0; Re ρ > −1; |arg (ab+ 1)| < π]

6 (a− x)
ρ
+ P

(ρ, σ)
n

(
2x

a
− 1

)
as+ρ

n!
Γ

[
s, s− σ, n+ ρ+ 1

s+ n+ ρ+ 1, s− n− σ

]
[a, Re s > 0; Re ρ > −1]

7 (a− x)
α−1
+

(±1)
n
as+α−1

n!
(ϕ+ 1)n B (α, s) 3F2

(
−n, n+ ρ+ σ + 1, s

ϕ+ 1, s+ α; ∓ab

)
× P (ρ, σ)

n

(
2x

b
± 1

) [
a, Reα, Re s > 0; ϕ =

{
ρ

σ

}]
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No. f (x) F (s)

8 (a− x)
σ
+ as+σ B (n+ σ + 1, s)P

(ρ−s, s+σ)
n

(
a− b
a+ b

)
× P (ρ, σ)

n

(
a− b− 2x

a+ b

)
[a > 0; ρ > −1; Re s > 0; Reσ > −1]

9 (x− a)
ρ
+ P

(ρ, σ)
n

(
2x

a
− 1

)
as+ρ

n!
Γ

[
1− s+ n+ σ, −s− n− ρ, n+ ρ+ 1

1− s+ σ, 1− s

]
[a > 0; Re ρ > −1; Re s < −Re ρ− n]

10 (x+ a)
σ
P

(ρ, σ)
n

(
2x

a
+ 1

)
as+σ

n!
Γ

[
s, 1− s+ n+ ρ, −s− n− σ

1− s+ ρ, −n− σ

]
[0 < Re s < −Reσ − n; |arg a| < π]

11
(a− x)

ρ
+

x− b
P

(ρ, σ)
n

(
2x

a
− 1

)
(−1)

n
as+ρ−1

n!
(2− s+ σ)n B (n+ ρ+ 1, s− 1)

× 3F2

(
1, 1− s− n− ρ, 2− s+ n+ σ

2− s, 2− s+ σ; b
a

)
− π (a− b)ρ bs−1 cot (sπ)P

(ρ, σ)
n

(
2b− a
a

)
[a > b]

12 =
(−1)

n+1
as+ρ

n! b
(1− s+ σ)n B (n+ ρ+ 1, s)

× 3F2

(
1, s− σ, s; a

b

s− n− σ, s+ n+ ρ+ 1

)
[a < b]

[a, b, Re s > 0; Re ρ > −1]

13
(x+ a)

σ

x− b
P

(ρ, σ)
n

(
2x

a
+ 1

)
as+σ−1

n!
(2− s+ ρ)n B (1− s− n− σ, s− 1)

× 3F2

(
1, 1− s− n− σ, 2− s+ n+ ρ

2− s, 2− s+ ρ; − b
a

)
− π (a+ b)

σ
bs−1 cot (sπ)P

(ρ, σ)
n

(
a+ 2b

a

)
[b > 0; 0 < Re s < −Reσ − n+ 1; |arg a| < π]

14 (a− x)
α−1
+

{
(x+ b)

σ

(b− x)
ρ

}
(±1)

n
as+α−1bψ

n!
(ϕ+ 1)n B (α, s) 3F2

(
−n− ψ, n+ ϕ+ 1, s

ϕ+ 1, s+ α; ∓ab

)

× P (ρ, σ)
n

(
2x

b
± 1

) [{
a > 0; |arg b| < π

b > a > 0

}
; Reα, Re s > 0; ϕ =

{
ρ

σ

}
, ψ =

{
σ

ρ

}]
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No. f (x) F (s)

15 (a− x)
ρ
+ (b± x)

τ (−1)
n
as+ρbτ

n!
(1− s+ σ)n B (n+ ρ+ 1, s)

× P (ρ, σ)
n

(
2x

a
− 1

)
× 3F2

(
−τ, s− σ, s; ∓ab

s− n− σ, s+ n+ ρ+ 1

)
[{

a > 0; |arg b| < π

b > a > 0

}
; Re ρ > −1; Re s > 0

]

16 (x+ a)
σ

(x+ b)
τ as+σ+τ

n!
(1− s+ ρ− τ)n B (s+ τ, −s− n− τ − σ)

× P (ρ, σ)
n

(
2x

a
+ 1

)
× 3F2

(
−τ, −s− n− σ − τ, 1− s+ n+ ρ− τ

1− s− τ, 1− s+ ρ− τ ; b
a

)
+
aσbs+τ

n!
(ρ+ 1)n B (−s− τ, s)

× 3F2

(
−n− σ, n+ ρ+ 1, s

ρ+ 1, s+ τ + 1; b
a

)
[a > 0; 0 < Re s < −Re (σ + τ)− n; |arg b| < π]

17 (x+ a− b)ρ (x+ a+ b)
τ (a+ b)

s+n+ρ+τ

(2b)
n
n!

(n+ ρ+ σ + 1)n B (−s− n− ρ− τ, s)

× P (ρ, σ)
n

(
x+ a

b

)
× 3F2

(
−n− ρ− σ, −n− ρ, −s− n− ρ− τ
−n− ρ− τ, −2n− ρ− σ; 2b

a+b

)
[a > b > 0; 0 < Re s < −Re (τ + ρ)− n]

18 (a− x)
α−1
+ P

(ρ, σ)
n

(
x+ b

a+ b

)
as+α−1

n!
(ρ+ 1)n B (α, s) 3F2

(
−n, n+ ρ+ σ + 1, α

ρ+ 1, s+ α; a
2(a+b)

)
[a, Reα, Re s > 0]

19 (a− x)
α−1
+ (x+ a+ 2b)

σ 2σ (a+ b)
σ
as+α−1

n!
(ρ+ 1)n B (α, s) 3F2

(
−n− σ, n+ ρ+ 1, α

ρ+ 1, s+ α; a
2(a+b)

)

× P (ρ, σ)
n

(
x+ b

a+ b

)
[a, b, Reα, Re s > 0]

20 (a− x)
ρ
+ P

(ρ, σ)
n

(
2a

x
− 1

)
as+ρ

n!
Γ

[
s− n, s+ ρ+ σ + n+ 1, n+ ρ+ 1

s+ ρ+ 1, s+ ρ+ σ + 1

]
[a > 0; Re ρ > −1; Re s > n]

21 (x− a)
ρ
+ P

(ρ, σ)
n

(
2a

x
− 1

)
as+ρ

n!
Γ

[
−s− ρ, −s− ρ− σ, n+ ρ+ 1

1− s+ n, −s− n− ρ− σ

]
[a > 0; Re s < −Re ρ < 1]
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No. f (x) F (s)

22 (x+ a)
σ
P

(ρ, σ)
n

(
2a

x
+ 1

)
as+σ

n!
Γ

[
s− n, s+ n+ ρ+ σ + 1, −s− σ

s+ ρ+ σ + 1, −n− σ

]
[n < Re s < −Reσ; |arg a| < π]

23 (a− x)
−(n+ρ+σ+1)
+

as−(n+ρ+σ+1)

n!
Γ

[
s, 1− s+ n+ ρ, −n− ρ− σ
s− n− ρ− σ, 1− s+ ρ

]
× P (ρ, σ)

n

(
a+ x

a− x

)
[a, Re s > 0; Re (ρ+ σ) < −2n]

24 (x− a)
−(n+ρ+σ+1)
+

as−(n+ρ+σ+1)

n!
Γ

[
s− σ, 1− s+ n+ ρ+ σ, −n− ρ− σ

1− s, s− n− σ

]
× P (ρ, σ)

n

(
x+ a

x− a

)
[a > 0; Re s < Re (ρ+ σ) + n+ 1 < 1− n]

25 (x+ a)
−(n+ρ+σ+1) as−(n+ρ+σ+1)

n!
Γ

[
s, 1− s+ n+ ρ, 1− s+ n+ ρ+ σ

1− s+ ρ, n+ ρ+ σ + 1

]
× P (ρ, σ)

n

(
a− x
a+ x

)
[0 < Re s < Re (ρ+ σ) + n+ 1; |arg a| < π]

26 (x+ a)
−(n+ρ+σ+1)

as−(n+ρ+σ+1) B (1− s+ n+ ρ+ σ, s)P
(ρ−s, σ)
n

(
b

a

)
× P (ρ, σ)

n

(
b− x
a+ x

)
[0 < Re s < Re (ρ+ σ) + n+ 1; |arg a| < π]

27 (a− x)
ρ
+

(2b)
−n

(a+ 2b)
s+n+ρ

n!
(n+ ρ+ σ + 1)n B (n+ ρ+ 1, s)

× P (ρ, σ)
n

(
a+ b− x

b

)
× 2F1

(
−n− ρ− σ, −s− n− ρ
−2n− ρ− σ; 2b

a+2b

)
[a, Re s > 0; Re ρ > −1]

3.25.2. P
(ρ, σ)
n (ϕ (x)) and the exponential function

1 e−bxP
(ρ, σ)
n

(
2x

a
± 1

)
a−nb−s−n

n!
(n+ ρ+ σ + 1)n Γ (s+ n)

× 2F2

(
−n, −n− ϕ; ab

−2n− ρ− σ, 1− s− n

) [
Re b, Re s > 0; ϕ =

{
ρ

σ

}]

2 (a− x)
σ
+ e
−bx as+σ

n!
(1− s+ ρ)n B (n+ σ + 1, s) 2F2

(
s− ρ, s; −ab

s− n− ρ, s+ n+ σ + 1

)
× P (ρ, σ)

n

(
1− 2x

a

)
[a, Re s > 0; Reσ > −1]
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No. f (x) F (s)

3 (x+ a)
σ
e−bx

a−nb−s−n−σ

n!
(n+ ρ+ σ + 1)n Γ (s+ n+ σ)

× P (ρ, σ)
n

(
2x

a
+ 1

)
× 2F2

(
−n− σ, −n− ρ− σ; ab

−2n− ρ− σ, 1− s− n− σ

)

+
as+σ

n!
(1− s+ ρ)n B (−s− n− σ, s)

× 2F2

(
s− ρ, s; ab

s− n− ρ, s+ n+ σ + 1

)
[Re b, Re s > 0; |arg a| < π]

4 e−b/xP
(ρ, σ)
n

(
2x

a
± 1

)
(±1)

n
bs

n!
(ϕ+ 1)n Γ (−s) 2F2

(
−n, n+ ρ+ σ + 1

ϕ+ 1, s+ 1; ± b
a

)
[
Re b > 0; Re s < −n; ϕ =

{
ρ

σ

}]

5 (a− x)
ρ
+ e
−b/x (−1)

n
aρbs

n!
(σ + 1)n Γ (−s) 2F2

(
−n− ρ, n+ σ + 1

σ + 1, s+ 1; − b
a

)

× P (ρ,σ)
n

(
2x

a
− 1

)
+

(−1)
n
as+ρ

n!
(1− s+ σ)n B (n+ ρ+ 1, s)

× 2F2

(
−s− n− ρ, 1− s+ n+ σ

1− s, 1− s+ σ; − b
a

)
[a, Re b > 0; Re ρ > −1]

6 (x+ a)
σ
e−b/x

as+σ

n!
(1− s+ ρ)n B (−s− n− σ, s)

× P (ρ, σ)
n

(
2x

a
+ 1

)
× 2F2

(
−s− n− σ, 1− s+ n+ ρ

1− s, 1− s+ ρ; b
a

)

+
aσbs

n!
(ρ+ 1)n Γ (−s) 2F2

(
−n− σ, n+ ρ+ 1

ρ+ 1, s+ 1; b
a

)
[Re b > 0; Re (s+ σ) < −n; |arg a| < π]

7 e−b
√
x P

(ρ, σ)
n

(
2x

a
± 1

)
2a−nb−2s−2n

n!
(n+ ρ+ σ + 1)n Γ (2s+ 2n)

× 2F3

( −n, −n− ϕ; ∓ ab2

4

−2n− ρ− σ, 1− s− n, 1−2s−2n
2

)
[
Re b, Re s > 0; ϕ =

{
ρ

σ

}]
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No. f (x) F (s)

8 (a− x)
ρ
+ e
−b
√
x (−1)

n
as+ρ

n!
(1− s+ σ)n B (n+ ρ+ 1, s)

× P (ρ, σ)
n

(
2x

a
− 1

)
× 2F3

(
s− σ, s; ab2

4
1
2 , s− n− σ, s+ n+ ρ+ 1

)
− (−1)

n
as+ρ+1/2b

n!

(
1

2
− s+ σ

)
n

B

(
n+ ρ+ 1, s+

1

2

)
× 2F3

(
s+ 1

2 , s− σ + 1
2 ; ab2

4
3
2 , s− n− σ + 1

2 , s+ n+ ρ+ 3
2

)
[a, Re s > 0; Re ρ > −1]

9 (x+ a)
σ
e−b
√
x −a

s+σ+1/2b

n!

(
1

2
− s+ ρ

)
n

B

(
−s− n− σ − 1

2
, s+

1

2

)
× P (ρ, σ)

n

(
2x

a
+ 1

)
× 2F3

( 2s+1
2 , 2s−2ρ+1

2 ; −ab
2

4
3
2 ,

2s−2n−2ρ+1
2 , 2s+2n+2σ+3

2

)
+
as+σ

n!
(1− s+ ρ)n

× B (−s− n− σ, s) 2F3

(
s− ρ, s;−ab

2

4
1
2 , s− n− ρ, s+ n+ σ + 1

)
+

2a−nb−2s−2n−2σ

n!
(n+ ρ+ σ + 1)n Γ (2s+ 2n+ 2σ)

× 2F3

( −n− σ, −n− ρ− σ; −ab
2

4

−2n− ρ− σ, 1
2 − s− n− σ, 1− s− n− σ

)
[Re b, Re s > 0; |arg a| < π]

10 e−b/
√
x P

(ρ, σ)
n

(
2x

a
± 1

)
2 (±1)

n
b2s

n!
(ϕ+ 1)n Γ (−2s) 2F3

(
−n, n+ ρ+ σ + 1

ϕ+ 1, 2s+1
2 , s+ 1; ∓ b2

4a

)
[
Re b > 0; Re s < −n; ϕ =

{
ρ

σ

}]

11 (x+ a)
σ
e−b/

√
x as+σ

n!
(1− s+ ρ)n B (−s− n− σ, s)

× P (ρ, σ)
n

(
2x

a
+ 1

)
× 2F3

(
−s− n− σ, 1− s+ n+ ρ
1
2 , 1− s, 1− s+ ρ; − b2

4a

)
+

2aσb2s

n!
(ρ+ 1)n

× Γ (−2s) 2F3

(
−n− σ, n+ ρ+ 1

ρ+ 1, s+ 1
2 , s+ 1; − b2

4a

)
[Re b > 0; Re (s+ σ) < −n; |arg a| < π]

12 (x+ a)
n
e−bx

(−1)
n
b−s−n

n!
(σ + 1)n Γ (s+ n) 2F2

(
−n, −n− ρ; ab

σ + 1, 1− s− n

)
× P (ρ, σ)

n

(
a− x
a+ x

)
[Re b, Re s > 0]
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No. f (x) F (s)

13 (x+ a)
−(n+ρ+σ+1)

e−bx
as−(n+ρ+σ+1

n!
(−s+ ρ+ 1)n B (s, −s+ n+ ρ+ σ + 1)

× P (ρ, σ)
n

(
a− x
a+ x

)
× 2F2

(
s, s− ρ; ab

s− n− ρ, s− n− ρ− σ

)
+

(−1)
n
b−s+n+ρ+σ+1

n!
(σ + 1)n Γ (s− n− ρ− σ − 1)

× 2F2

(
n+ σ + 1, n+ ρ+ σ + 1

σ + 1, −s+ n+ ρ+ σ + 2; ab

)
[Re b, Re s > 0; |arg a| < π]

14 e−b/x (x+ a)
−(n+ρ+σ+1) a−(n+ρ+σ+1)bs

n!
(ρ+ 1)n Γ (−s) 2F2

(
n+ ρ+ 1, n+ ρ+ σ + 1

ρ+ 1, s+ 1; b
a

)
× P (ρ, σ)

n

(
a− x
a+ x

)
+
as−(n+ρ+σ+1)

n!
(1− s+ ρ)n B (1− s+ n+ ρ+ σ, s)

× 2F2

(
1− s+ n+ ρ, 1− s+ n+ ρ+ σ

1− s, 1− s+ ρ; b
a

)
[Re b > 0; Re s < Re (ρ+ σ) + n+ 1; |arg a| < π]

15 e−b/x (x+ a)
n anbs

n!
(ρ+ 1)n Γ (−s) 2F2

(
−n, −n− σ
ρ+ 1, s+ 1; b

a

)
× P (ρ, σ)

n

(
a− x
a+ x

)
[Re b > 0; Re s < −n]

16 e−b
√
x (x+ a)

n 2 (−1)
n
b−2s−2n

n!
(σ + 1)n Γ (2s+ 2n)

× P (ρ, σ)
n

(
a− x
a+ x

)
× 2F3

( −n, −n− ρ; −ab
2

4

σ + 1, 1− s− n, 1−2s−2n
2

)
[Re b, Re s > 0]

17 e−b
√
x (x+ a)

−(n+ρ+σ+1) as−(n+ρ+σ+1)

n!
(1− s+ ρ)n B (1− s+ n+ ρ+ σ, s)

× P (ρ, σ)
n

(
a− x
a+ x

)
× 2F3

(
s, s− ρ; −ab

2

4
1
2 , s− n− ρ− σ, s− n− ρ

)
− as−(n+ρ+σ+1/2)b

n!

×
(

1

2
− s+ ρ

)
n

B

(
s+

1

2
,

1

2
− s+ n+ ρ+ σ

)
× 2F3

( 2s+1
2 , 2s−2ρ+1

2 ; −ab
2

4
3
2 ,

2s−2n−2ρ+1
2 , 2s−2n−2ρ−2σ+1

2

)
+

2 (−1)
n

n!

× b2(−s+n+ρ+σ+1) (σ + 1)n Γ (2s− 2n− 2ρ− 2σ − 2)

× 2F3

(
n+ σ + 1, n+ ρ+ σ + 1; −ab

2

4

σ + 1, 3−2s+2n+2ρ+2σ
2 , 2− s+ n+ ρ+ σ

)
[Re b, Re s > 0; |arg a| < π]
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No. f (x) F (s)

18 e−b/
√
x (x+ a)

n 2anb2s

n!
(ρ+ 1)n Γ (−2s) 2F3

(−n, −n− σ;− b2

4a

ρ+ 1, 2s+1
2 , s+ 1

)
× P (ρ, σ)

n

(
a− x
a+ x

)
[Re b > 0; Re s < −n]

19
e−b/

√
x

(x+ a)
n+ρ+σ+1

2a−(n+ρ+σ+1)b2s

n!
(ρ+ 1)n Γ (−2s) 2F3

(
n+ ρ+ 1, n+ ρ+ σ + 1

ρ+ 1, s+ 1
2 , s+ 1; − b2

4a

)
× P (ρ, σ)

n

(
a− x
a+ x

)
+
as−(n+ρ+σ+1)

n!
(1− s+ ρ)n B (1− s+ n+ ρ+ σ, s)

× 2F3

(
1− s+ n+ ρ, 1− s+ n+ ρ+ σ

1
2 , 1− s, 1− s+ ρ; − b2

4a

)
− as−(n+ρ+σ+3/2)b

n!

×
(

3

2
− s+ ρ

)
n

B

(
3

2
− s+ n+ ρ+ σ, s− 1

2

)

× 2F3

( 3
2 − s+ n+ ρ, 3

2 − s+ n+ ρ+ σ
3
2 ,

3
2 − s,

3
2 − s+ ρ; − b2

4a

)
[Re b > 0; Re s < Re (ρ+ σ) + n+ 1; |arg a| < π]

3.25.3. P
(ρ, σ)
n (ϕ (x)) and trigonometric functions

Notation: δ =

{
1

0

}
.

1 (a− x)
ρ
+

{
sin (b

√
x)

cos (b
√
x)

}
(−1)

n
as+ρ+δ/2bδ

n!

(
1− s+ σ − δ

2

)
n

B

(
n+ ρ+ 1, s+

δ

2

)
× P (ρ, σ)

n

(
2x

a
− 1

)
× 2F3

(
s− σ + δ

2 , s+ δ
2 ; −ab

2

4
2δ+1

2 , 2s−2n−2σ+δ
2 , 2s+2n+2ρ+δ+2

2

)
[a, Re s > 0; Re ρ > −1]

2 (x+ a)
σ

{
sin (b

√
x)

cos (b
√
x)

}
as+σ+δ/2bδ

n!

(
1− s+ ρ− δ

2

)
n

B

(
−s− n− σ − δ

2
, s+

δ

2

)
× P (ρ, σ)

n

(
2x

a
+ 1

)
× 2F3

(
s− ρ+ δ

2 , s+ δ
2 ; ab2

4
2δ+1

2 , 2s−2n−2ρ+δ
2 , 2s+2n+2σ+δ+2

2

)
+

2 (−1)
n

anb2s+2n+2σn!

{
sin [(s+ σ)π]

cos [(s+ σ)π]

}
× (n+ ρ+ σ + 1)n Γ (2s+ 2n+ 2σ)

× 2F3

( −n− σ, −n− ρ− σ; ab2

4

−2n− ρ− σ, 1−2s−2n−2σ
2 , 1− s− n− σ

)
[b > 0; −δ/2 < Re s < 1/2− Reσ − n; |arg a| < π]
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No. f (x) F (s)

3 (x+ a)
σ

{
sin (b/

√
x)

cos (b/
√
x)

}
as+σ−δ/2bδ

n!

(
1− s+ ρ+

δ

2

)
n

B

(
−s− n− σ +

δ

2
, s− δ

2

)

× P (ρ, σ)
n

(
2x

a
+ 1

)
× 2F3

(
1− s+ n+ ρ+ δ

2 , − s− n− σ + δ
2

δ + 1
2 , 1− s+ δ

2 , 1− s+ ρ+ δ
2 ; b2

4a

)

∓ 2aσb2s

n!
(ρ+ 1)n Γ (−2s)

{
sin (sπ)

cos (sπ)

}

× 2F3

(
−n− σ, n+ ρ+ 1

ρ+ 1, 2s+1
2 , s+ 1; b2

4a

)
[b > 0; −1/2 < Re s < δ/2− Reσ − n; |arg a| < π]

4 (x+ a)
−(n+ρ+σ+1) as−(n+ρ+σ−δ/2+1)bδ

n!

(
1− s+ ρ− δ

2

)
n

×
{

sin (b
√
x)

cos (b
√
x)

}
× B

(
s+

δ

2
, 1− s+ n+ ρ+ σ − δ

2

)

× P (ρ, σ)
n

(
a− x
a+ x

)
× 2F3

(
s+ δ

2 − ρ, s+ δ
2 ; ab2

4
2δ+1

2 , 2s−2n−2ρ+δ
2 , 2s−2n−2ρ−2σ+δ

2

)

+
2b2(−s+n+ρ+σ+1)

n!
(σ + 1)n

× Γ (2s− 2n− 2ρ− 2σ − 2)

{
sin [(ρ− s+ σ)π]

cos [(ρ− s+ σ)π]

}

× 2F3

(
n+ σ + 1, n+ ρ+ σ + 1; ab2

4

σ + 1, 3−2s+2n+2ρ+2σ
2 , 2− s+ n+ ρ+ σ

)
[b > 0; −δ/2 < Re s < Re (ρ+ σ) + n+ 3/2; |arg a| < π]

3.25.4. P
(ρ, σ)
n (ϕ (x)) and the logarithmic function

1 (a− x)
ρ
+ ln

x

a

(−1)
n
as+ρ

n!
(1− s+ σ)n B (n+ ρ+ 1, s)

[
ψ (s)

× P (ρ, σ)
n

(
2x

a
− 1

)
+ ψ (s− σ)− ψ (s+ n+ ρ+ 1)− ψ (s− n− σ)

]
[a, Re s > 0; Re ρ > −1]
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3.25.5. P
(ρ, σ)
n (ϕ (x)) and Ei (bx)

1 (a− x)
ρ
+ Ei (−bx)

(−1)
n+1

as+ρ+1b

n!
(σ − s)n B (n+ ρ+ 1, s+ 1)

× P (ρ, σ)
n

(
2x

a
− 1

)
× 4F4

(
1, 1, s− σ + 1, s+ 1; −ab

2, 2, s− n− σ + 1, s+ n+ ρ+ 2

)
+

(−1)
n
as+ρ

n!
(σ − s+ 1)n B (n+ ρ+ 1, s)

×
[
ψ (s)− ψ (s+ n+ ρ+ 1)−

n−1∑
j=0

1

1− s+ j + σ
+ ln (ab) + C

]
[a, Re s > 0; Re ρ > −1]

3.25.6. P
(ρ, σ)
n (ϕ (x)) and si (b

√
x), ci (b

√
x)

Notation: δ =

{
1

0

}
.

1 (a− x)
ρ
+

{
si (b
√
x)

ci (b
√
x)

}
(−1)

n+1
2δ−2as+ρ+δ/2+1bδ+2

32δn!

(
σ−s− δ

2

)
n

B

(
n+ρ+1, s+

δ

2
+1

)
× P (ρ, σ)

n

(
2x

a
− 1

)
× 4F5

(
1, δ+2

2 , 2s+δ+2
2 , 2s−2σ+δ+2

2 ; −ab
2

4

2, δ+4
2 , 2δ+3

2 , 2s−2n−2σ+δ+2
2 , 2s+2n+2ρ+δ+4

2

)
+

(−1)
n
as+ρ+δ/2bδ

n!

(
1− s+ σ − δ

2

)
n

B

(
n+ ρ+ 1, s+

δ

2

)
×
[

1

2
ψ (s)− 1

2
ψ (s+ n+ ρ+ 1)− 1

2

n−1∑
i=0

1

1− s+ i+ σ

+
1

2
ln
(
ab2
)

+ C

]1−δ
− δ (−1)

n
πas+ρ

2 (n!)
(1− s+ σ)n B (n+ ρ+ 1, s)

[a, Re s > 0; Re ρ > −1]

3.25.7. P
(ρ, σ)
n (ϕ (x)) and erf (bxr), erfc (bxr)

1 (a− x)
ρ
+

{
erf (bx)

erfc (bx)

}
±2 (−1)

n
as+ρ+1b√
π n!

(σ − s)n B (n+ ρ+ 1, s+ 1)

× P (ρ, σ)
n

(
2x

a
− 1

)
× 5F5

( 1
2 ,

s+1
2 , s+2

2 , s−σ+1
2 , s−σ+2

2 ; −a2b2
3
2 ,

s−n−σ+1
2 , s−n−σ+2

2 , s+n+ρ+2
2 , s+n+ρ+3

2

)
+

{
0

1

}
(−1)

n
as+ρ

n!
(1− s+ σ)n B (n+ ρ+ 1, s)

[a > 0; Re ρ > −1; Re s > − (1± 1) /2]
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No. f (x) F (s)

2 erfc (b
√
x)

(±1)
n
b−2s√

π n! s
(ϕ+ 1)n Γ

(
2s+ 1

2

)
4F2

(−n, n+ ρ+ σ + 1, s, 2s+1
2

ϕ+ 1, s+ 1; ∓ 1
ab2

)
× P (ρ, σ)

n

(
2x

a
± 1

) [
Re s > 0; |arg b| < π/4; ϕ =

{
ρ

σ

}]

3 (a− x)
ρ
+

{
erf (b

√
x)

erfc (b
√
x)

}
±2 (−1)

n
as+ρ+1/2b√
π n!

(
1

2
− s+ σ

)
n

B

(
n+ ρ+ 1,

2s+ 1

2

)
× P (ρ, σ)

n

(
2x

a
− 1

)
× 3F3

( 1
2 ,

2s+1
2

2s−2σ+1
2 ; −ab2

3
2 ,

2s−2n−2σ+1
2 , 2s+2n+2ρ+3

2

)
+

{
0

1

}
(−1)

n
as+ρ

n!
(1− s+ σ)n B (n+ ρ+ 1, s)

[a > 0; Re ρ > −1; Re s > − (1± 1) /4]

4 (a− x)
ρ
+ e

b2x erf (b
√
x)

2 (−1)
n
as+ρ+1/2b√
π n!

(
1

2
− s+ σ

)
n

B

(
n+ ρ+ 1, s+

1

2

)
× P (ρ, σ)

n

(
2x

a
− 1

)
× 3F3

(
1, s+ 1

2 , s− σ + 1
2 ; ab2

3
2 , s− n− σ + 1

2 , s+ n+ ρ+ 3
2

)
[a > 0, Re ρ > −1; Re s > −1/2]

5 (a− x)
n

erfc (b
√
x)

(ρ+ 1)n a
n

n!
√
π b2ss

Γ

(
2s+ 1

2

)
4F2

(−n, −n− σ, s, 2s+1
2

ρ+ 1, s+ 1; 1
ab2

)
[Re s > 0]

× P (ρ, σ)
n

(
a+ x

a− x

)

3.25.8. P
(ρ, σ)
n (ϕ (x)) and γ (ν, bx)

1 (a− x)
ρ
+ γ (ν, bx)

(−1)
n
as+ν+ρbν

n! ν
(1− s− ν + σ)n Γ

[
n+ ρ+ 1, s+ ν

s+ n+ ν + ρ+ 1

]
× P (ρ, σ)

n

(
2x

a
− 1

)
× 3F3

(
ν, s+ ν, s+ ν − σ; −ab

ν + 1, s+ n+ ν + ρ+ 1, s− n+ ν − σ

)
[a, Re (s+ ν) > 0; Re ρ > −1]

3.25.9. P
(ρ, σ)
n (ϕ (x)) and Iν (bxr), Jν (bxr)

1 Jν (b
√
x)

22s+2n

n! anb2s+2n
(n+ ρ+ σ + 1)n Γ

[ 2s+2n+ν
2

2−2s−2n+ν
2

]
× P (ρ, σ)

n

(
2x

a
± 1

)
× 2F3

( −n, −n− ϕ; ±ab
2

4

−2n− ρ− σ, 2−2s−2n−ν
2 , 2−2s−2n+ν

2

)
[
b > 0; −Re ν/2 < Re s < 3/4− n; ϕ =

{
ρ

σ

}]
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No. f (x) F (s)

2 (a− x)
ρ
+

{
Jν (b

√
x)

Iν (b
√
x)

}
(−1)

n
as+ν/2+ρbν

2νn! Γ (ν + 1)

(
1− s+ σ − ν

2

)
n

B
(
n+ ρ+ 1, s+

ν

2

)

× P (ρ, σ)
n

(
2x

a
− 1

)
× 2F3

(
s+ ν

2 , s+ ν
2 − σ; ∓ab

2

4

ν + 1, s− n+ ν
2 − σ, s+ n+ ν

2 + ρ+ 1

)
[a, Re (2s+ ν) > 0; Re ρ > −1]

3 (x+ a)
σ
Jν (b

√
x)

as+ν/2+σbν

2ν n! Γ (ν + 1)

(
1− s+ ρ− ν

2

)
n

B
(
−s− n− σ − ν

2
, s+

ν

2

)

× P (ρ, σ)
n

(
2x

a
+ 1

)
× 2F3

(
s+ ν

2 , s+ ν
2 − ρ; ab2

4

ν + 1, 2s−2n+ν−2ρ
2 , 2s+2n+ν+2σ+2

2

)

+
(2/b)

2(s+n+σ)

n! an
(n+ ρ+ σ + 1)n Γ

[ 2s+2n+ν+2σ
2

2−2s−2n−2σ+ν
2

]

× 2F3

( −n− σ, −n− ρ− σ; ab2

4

−2n− ρ− σ, 2−2s−2n−2σ−ν
2 , 2−2s−2n−2σ+ν

2

)
[b > 0; −Re ν/2 < Re s < 3/4− Reσ − n; ; |arg a| < π]

4 (a− x)
ρ
+ Jν

(
b√
x

)
(−1)

n
as+ρ−ν/2bν

2ν n! Γ (ν + 1)

(
1− s+

ν

2
+ σ

)
n

B
(
n+ ρ+ 1, s− ν

2

)

× P (ρ, σ)
n

(
2x

a
− 1

)
× 2F3

( −s+ n+ ν
2 + σ + 1, −s− n+ ν

2 − ρ
ν + 1, −s+ ν

2 + 1, −s+ ν
2 + σ + 1; − b2

4a

)

+
(−1)

n
aρb2s

22sn!
(σ + 1)n Γ

[ ν
2 − s

s+ ν
2 + 1

]

× 2F3

(−n− ρ, n+ σ + 1; − b2

4a

σ + 1, 2s−ν+2
2 , 2s+ν+2

2

)
[a, b > 0; Re ρ > −1; Re s > −3/4]

5 (x+ a)
σ
Jν

(
b√
x

)
as−ν/2+σbν

2ν n! Γ (ν + 1)

(
1− s+

ν

2
+ ρ
)
n

B
(
s− ν

2
,
ν

2
− s− n− σ

)

× P (ρ, σ)
n

(
2x

a
+ 1

)
× 2F3

(
1− s+ n+ ν

2 + ρ, −s− n+ ν
2 − σ

ν + 1, 1− s+ ν
2 , 1− s+ ν

2 + ρ; b2

4a

)

+
aσb2s

22sn!
(ρ+ 1)n Γ

[ ν
2 − s

s+ ν
2 + 1

]
× 2F3

(
−n− σ, n+ ρ+ 1

ρ+ 1, 2s−ν+2
2 , 2s+ν+2

2 ; b2

4a

)
[b > 0; −3/4 < Re s < Re (ν/2− σ)− n; |arg a| < π]
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No. f (x) F (s)

6 (a− x)
σ
+

as+(µ+ν)/2+σbµ+ν

2µ+νn!

(
1− s+ ρ− µ+ ν

2

)
n

×
{
Jµ (b

√
x) Jν (b

√
x)

Iµ (b
√
x) Iν (b

√
x)

}
× Γ

[
n+ σ + 1, 2s+µ+ν

2

µ+ 1, ν + 1, 2s+2n+µ+ν+2σ+2
2

]

× P (ρ, σ)
n

(
1− 2x

a

)
× 4F5

( µ+ν+1
2 , µ+ν+2

2 , 2s+µ+ν−2ρ
2 , 2s+µ+ν

2 ; ∓ab2

µ+ 1, ν + 1, µ+ ν + 1, 2s−2n+µ+ν−2ρ
2 , 2s+2n+µ+ν+2σ+2

2

)
[a, Re (2s+ µ+ ν) > 0; Reσ > −1]

7 (x+ a)
n
Jν (b

√
x)

(−1)
n

n!

(
2

b

)2s+2n

(σ + 1)n Γ

[ 2s+2n+ν
2

2−2s−2n+ν
2

]
× P (ρ, σ)

n

(
a− x
a+ x

)
× 2F3

( −n, −n− ρ; ab2

4

σ + 1, 2−2s−2n−ν
2 , 2−2s−2n+ν

2

)
[a, b > 0; −Re ν/2 < Re s < 3/4− n]

8
Jν (b

√
x)

(x+ a)
n+ρ+σ+1

as−(n−ν/2+ρ+σ+1) (b/2)
ν

n! Γ (ν + 1)

(
1− s+ ρ− ν

2

)
n

× P (ρ, σ)
n

(
a− x
a+ x

)
× B

(
1− s+ n− ν

2
+ ρ+ σ, s+

ν

2

)
× 2F3

(
s+ ν

2 − ρ, s+ ν
2 ; ab2

4

ν + 1, 2s−2n+ν−2ρ
2 , 2s−2n+ν−2ρ−2σ

2

)

+
(−1)

n
(b/2)

2(−s+n+ρ+σ+1)

n!

× (σ + 1)n Γ

[ 2s−2n+ν−2ρ−2σ−2
2

4−2s+2n+ν+2ρ+2σ
2

]

× 2F3

(
n+ σ + 1, n+ ρ+ σ + 1; ab2

4

σ + 1, 4−2s+2n−ν+2ρ+2σ
2 , 4−2s+2n+ν+2ρ+2σ

2

)
[b > 0; −Re ν/2 < Re s < Re (ρ+ σ) + n+ 7/4; |arg a| < π]

3.25.10. P
(ρ, σ)
n (ϕ (x)) and Kν (bxr)

1 Kν (b
√
x)

22s+2n−1

n! anb2s+2n
(n+ ρ+ σ + 1)n Γ

(
s+ n− ν

2

)
Γ
(
s+ n+

ν

2

)

× P (ρ, σ)
n

(
2x

a
± 1

)
× 2F3

( −n, −n− ϕ; ∓ab
2

4

−2n− ρ− σ, 2−2s−2n−ν
2 , 2−2s−2n+ν

2

)
[
Re b > 0; Re s > |Re ν|/2; ϕ =

{
ρ

σ

}]
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No. f (x) F (s)

2 Kν

(
b√
x

)
(±1)

n
b2s

22s+1n!
(ϕ+ 1)n Γ

(
−s− ν

2

)
Γ
(
−s+

ν

2

)
× P (ρ, σ)

n

(
2x

a
± 1

)
× 2F3

(
−n, n+ ρ+ σ + 1; ∓ b2

4a

ϕ+ 1, s− ν
2 + 1, s+ ν

2 + 1

)
[
Re b > 0; Re s < −|Re ν|/2− n; ϕ =

{
ρ

σ

}]

3 (x+ a)
n
Kν (b

√
x)

(−1)
n

2 (n!)

(
2

b

)2s+2n

(σ + 1)n Γ
(
s+ n− ν

2

)
Γ
(
s+ n+

ν

2

)
× P (ρ, σ)

n

(
a− x
a+ x

)
× 2F3

( −n, −n− ρ; −ab
2

4

σ + 1, 2−2s−2n−ν
2 , 2−2s−2n+ν

2

)
[Re b > 0; Re s > |Re ν|/2]

3.25.11. P
(ρ, σ)
n (ϕ (x)) and Pm (ψ (x))

Notation: ε = 0 or 1.

1 (a− x)
σ
+ Pm

(
1− 2x

a

)
as+σ

n!
(1− s+ ρ)n B (n+ σ + 1, s) 4F3

(
−m, m+ 1, s− ρ, s; 1

1, s− n− ρ, s+ n+ σ + 1

)
× P (ρ, σ)

n

(
1− 2x

a

)
[a, Re s > 0; Reσ > −1]

2 (a− x)
ρ
+ P2m+ε (bx) (−1)

m+n a
s+ρ+ε (2b)

ε

m!n!

(
1

2

)
m+ε

(1− s+ σ − ε)n B (n+ρ+1, s+ε)

× P (ρ, σ)
n

(
2x

a
− 1

)
× 6F5

(−m, m+ ε+ 1
2 , ∆ (2, s+ ε) , ∆ (2, s− σ + ε) ; a2b2

2ε+1
2 , ∆ (2, s+ n+ ρ+ ε+ 1) , ∆ (2, s− n− σ + ε)

)
[a > 0; Re ρ > −1; Re s > −ε]

3 (a− x)
ρ
+ Pm (2bx− 1)

(−1)
m+n

as+ρ

n!
(1− s+ σ)n B (n+ ρ+ 1, s)

× P (ρ, σ)
n

(
2x

a
− 1

)
× 4F3

(
−m, m+ 1, s− σ, s; ab

1, s− n− σ, s+ n+ ρ+ 1

)
[a, Re s > 0; Re ρ > −1]

4 θ (a− x)

{
(x+ b)

σ

(b− x)
ρ

}
(−1)

m
(±1)

n
bψas

n!
(ϕ+ 1)n (1− s)m

× Pm
(

2x

a
− 1

)
× Γ

[
s

s+m+ 1

]
4F3

(
−n− ψ, n+ ϕ+ 1, s, s; ∓ab
ϕ+ 1, s−m, s+m+ 1

)
× P (ρ, σ)

n

(
2x

b
± 1

) [{
a > 0; |arg b| < π

b > a > 0

}
; Re s > 0; ϕ =

{
ρ

σ

}
, ψ =

{
σ

ρ

}]
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No. f (x) F (s)

5 (a− x)
ρ
+

2ε (−1)
m+n

as+ρ

m!n!

(
1

2

)
m+ε

(
1− s+ σ − ε

2

)
n

B
(
n+ ρ+ 1, s+

ε

2

)
× P2m+ε

(√
x

a

)
× 4F3

(−m, 2m+2ε+1
2 , 2s−2σ+ε

2 , 2s+ε
2 ; 1

2ε+1
2 , 2s−2n−2σ+ε

2 , 2s+2n+2ρ+ε+2
2

)
× P (ρ, σ)

n

(
2x

a
− 1

)
[a > 0; Re ρ > −1; Re s > −ε/2]

6 (a− x)
ρ
+ P2m+ε (b

√
x)

(−1)
m+n

as+ρ+ε/2 (2b)
ε

m!n!

(
1

2

)
m+ε

(
1− s+ σ − ε

2

)
n

× P (ρ, σ)
n

(
2x

a
− 1

)
× B

(
n+ ρ+ 1, s+

ε

2

)
× 4F3

(−m, 2m+2ε+1
2 , 2s−2σ+ε

2 , 2s+ε
2 ; ab2

2ε+1
2 , 2s−2n−2σ+ε

2 , 2s+2n+2ρ+ε+2
2

)
[a > 0; Re ρ > −1; Re s > −ε/2]

3.25.12. P
(ρ, σ)
n (ϕ (x)) and Tm (ψ (x))

Notation: ε = 0 or 1.

1 (a− x)
σ−1/2
+

as+σ−1/2

n!
(1− s+ ρ)n B (n+ σ + 1, s)

× Tm
(

1− 2x

a

)
× 4F3

( −m+ 1
2 , m+ 1

2 , s− ρ, s
1
2 , s− n− ρ, s+ n+ σ + 1; 1

)
× P (ρ, σ)

n

(
1− 2x

a

)
[a, Re s > 0; Reσ > −1/2]

2 (a− x)
ρ
+ T2m+ε (bx) (−1)

m+n (m+ ε/2) as+ρ+ε (2b)
ε

m!n!
(1− s+ σ − ε)n

× P (ρ, σ)
n

(
2x

a
− 1

)
× Γ (m+ ε) B (n+ ρ+ 1, s+ ε)

× 6F5

(
−m, m+ ε, ∆ (2, s+ ε) , ∆ (2, s− σ + ε) ; a2b2

2ε+1
2 , ∆ (2, s+ n+ ρ+ ε+ 1) , ∆ (2, s− n− σ + ε)

)
[a > 0; Re ρ > −1; Re s > −ε]

3 (a− x)
ρ
+ (1− bx)

−1/2 (−1)
m+n

as+ρ

n!
(1− s+ σ)n B (n+ ρ+ 1, s)

× Tλm (2bx− 1) × 4F3

( −m+ 1
2 , m+ 1

2 , s− σ, s
1
2 , s− n− σ, s+ n+ ρ+ 1; ab

)
× P (ρ, σ)

n

(
2x

a
− 1

)
[a, Re s > 0; Re ρ > −1; |arg (1− ab)| < π]
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No. f (x) F (s)

4 (a− x)
−1/2
+

{
(x+ b)

σ

(b− x)
ρ

}
(−1)

m
(±1)

n√
π as−1/2bψ

n!
(ϕ+ 1)n

(
1

2
− s
)
m

× Tm
(

2x

a
− 1

)
× Γ

[
s

2s+2m+1
2

]
4F3

( −n− ψ, n+ ϕ+ 1, s, 2s+1
2

ϕ+ 1, 2s−2m+1
2 , 2s+2m+1

2 ; ∓ab

)
× P (ρ, σ)

n

(
2x

b
± 1

) [{
a > 0; |arg b| < π

b > a > 0

}
; Re s > 0; ϕ =

{
ρ

σ

}
, ψ =

{
σ

ρ

}]

5 (a− x)
ρ−1/2
+

2ε (−1)
m+n

(2m+ ε) as+ρ−1/2

m!n!

(
1− s+ σ − ε

2

)
n

× T2m+ε

(√
x

a

)
× Γ (m+ ε) B

(
n+ ρ+ 1, s+

ε

2

)
× P (ρ, σ)

n

(
2x

a
− 1

)
× 4F3

( −2m+1
2 , 2m+2ε+1

2 , 2s−2σ+ε
2 , 2s+ε

2
2ε+1
2 , 2s−2n−2σ+ε

2 , 2s+2n+2ρ+ε+2
2 ; 1

)
[a > 0; Re ρ > −1/2; Re s > −ε/2]

6 (a− x)
ρ
+

(
1− b2x

)−1/2 (−1)
m+n

(2m+ ε) as+ρ+ε/2 (2b)
ε

2 (m!n!)

(
1− s+ σ − ε

2

)
n

× T2m+ε (b
√
x) × Γ (m+ ε) B

(
n+ ρ+ 1, s+

ε

2

)
× P (ρ, σ)

n

(
2x

a
− 1

)
× 4F3

( −2m+1
2 , 2m+2ε+1

2 , 2s−2σ+ε
2 , 2s+ε

2
2ε+1
2 , 2s−2n−2σ+ε

2 , 2s+2n+2ρ+ε+2
2 ; ab2

)
[
a > 0; Re ρ > −1; Re s > −ε/2; ; |arg

(
1− ab2

)
| < π

]

3.25.13. P
(ρ, σ)
n (ϕ (x)) and Um (ψ (x))

Notation: ε = 0 or 1.

1 (a− x)
σ+1/2
+

(m+ 1) as+σ+1/2

n!
(1− s+ ρ)n B (n+ σ + 1, s)

× Um
(

1− 2x

a

)
× 4F3

(−m− 1
2 , m+ 3

2 , s− ρ, s; 1
3
2 , s− n− ρ, s+ n+ σ + 1

)
× P (ρ, σ)

n

(
1− 2x

a

)
[a, Re s > 0; Reσ > −3/2]

2 (a− x)
ρ
+ U2m+ε (bx) (−1)

m+n (m+ 1)
ε
as+ρ+ε (2b)

ε

n!
(1− s+ σ − ε)n B (n+ρ+1, s+ε)

× P (ρ, σ)
n

(
2x

a
− 1

)
× 6F5

(
−m, m+ ε+ 1, ∆ (2, s+ ε) , ∆ (2, s− σ + ε) ; a2b2

2ε+1
2 , ∆ (2, s+ n+ ρ+ ε+ 1) , ∆ (2, s− n− σ + ε)

)
[a > 0; Re ρ > −1; Re s > −ε]
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No. f (x) F (s)

3 (a− x)
ρ
+

√
1− bx (−1)

m+n
(m+ 1) as+ρ

n!
(1− s+ σ)n B (n+ ρ+ 1, s)

× Um (2bx− 1) × 4F3

(−m− 1
2 , m+ 3

2 , s− σ, s; ab
3
2 , s− n− σ, s+ n+ ρ+ 1

)
× P (ρ, σ)

n

(
2x

a
− 1

)
[a, Re s > 0; Re ρ > −1; |arg (1− ab) < π|]

4 (a− x)
1/2
+

{
(x+ b)

σ

(b− x)
ρ

}
(−1)

m
(±1)

n
(m+ 1)

√
π as+1/2bψ

2 (n!)
(ϕ+ 1)n

(
3

2
− s
)
m

× Um
(

2x

a
− 1

)
× Γ

[
s

2s+2m+3
2

]
4F3

( −n− ψ, n+ ϕ+ 1, 2s−1
2 , s

ϕ+ 1, 2s−2m−1
2 , 2s+2m+3

2 ; ∓ab

)
× P (ρ, σ)

n

(
2x

b
± 1

) [{
a > 0; |arg b| < π

b > a > 0

}
; Re s > 0; ϕ =

{
ρ

σ

}
, ψ =

{
σ

ρ

}]

5 (a− x)
ρ+1/2
+

2ε (−1)
m+n

(m+ 1)
ε
as+ρ+1/2

n!

(
1− s+ σ − ε

2

)
n

× U2m+ε

(√
x

a

)
× B

(
n+ ρ+ 1, s+

ε

2

)
4F3

( −2m−1
2 , 2m+2ε+1

2 , 2s−2σ+ε
2 , 2s+ε

2
2ε+1
2 , 2s−2n−2σ+ε

2 , 2s+2n+2ρ+ε+2
2 ; 1

)
× P (ρ, σ)

n

(
2x

a
− 1

)
[a > 0; Re ρ > −3/2; Re s > −ε/2]

6 (a− x)
ρ
+

√
1− b2x (−1)

m+n
(m+ 1)

ε
as+ρ+ε/2 (2b)

ε

n!

(
1− s+ σ − ε

2

)
n

× U2m+ε (b
√
x) × B

(
n+ ρ+ 1, s+

ε

2

)
× P (ρ, σ)

n

(
2x

a
− 1

)
× 4F3

(−2m−1
2 , 2m+2ε+1

2 , 2s−2σ+ε
2 , 2s+ε

2 ; ab2

2ε+1
2 , 2s−2n−2σ+ε

2 , 2s+2n+2ρ+ε+2
2

)
[
a > 0; Re ρ > −1; Re s > −ε/2; |arg

(
1− ab2

)
< π|

]

3.25.14. P
(ρ, σ)
n (ϕ (x)) and Hm (b

√
x)

Notation: ε = 0 or 1.

1 (a− x)
ρ
+ e
−b2x (−1)

m+n
22m+εas+ρ+ε/2bε

n!

(
2ε+ 1

2

)
m

×H2m+ε (b
√
x) ×

(
1− s+ σ − ε

2

)
n

B

(
n+ ρ+ 1, s+

ε

2

)
× P (ρ, σ)

n

(
2x

a
− 1

)
× 3F3

( 2m+2ε+1
2 , 2s−2σ+ε

2 , 2s+ε
2 ; −ab2

2ε+1
2 , 2s+2n+2ρ+ε+2

2 , 2s−2n−2σ+ε
2

)
[a > 0; Re ρ > −1; Re s > −ε/2]
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3.25.15. P
(ρ, σ)
n (ϕ (x)) and Lλm (bx)

1 (a− x)
ρ
+ e
−bxLλm (bx)

(−1)
n
as+ρ

m!n!
(λ+ 1)m (1− s+ σ)n B (n+ ρ+ 1, s)

× P (ρ, σ)
n

(
2x

a
− 1

)
× 3F3

(
m+ λ+ 1, s− σ, s; −ab

λ+ 1, s− n− σ, s+ n+ ρ+ 1

)
[a, Re s > 0; Re ρ > −1]

3.25.16. P
(ρ, σ)
n (ϕ (x)) and Cλm (ψ (x))

Notation: ε = 0 or 1.

1 (a− x)
λ+σ−1/2
+

as+λ+σ−1/2

m!n!
(2λ)m (1− s+ ρ)n B (n+ σ + 1, s)

× Cλm
(

1− 2x

a

)
× 4F3

(−m− λ+ 1
2 , m+ λ+ 1

2 , s− ρ, s
λ+ 1

2 , s− n− ρ, s+ n+ σ + 1; 1

)
× P (ρ, σ)

n

(
1− 2x

a

)
[a, Re s > 0; Re (λ+ σ) > −1/2]

2 (a− x)
ρ
+ C

λ
2m+ε (bx) (−1)

m+n a
s+ρ+ε (2b)

ε

m!n!
(λ)m+ε

× P (ρ, σ)
n

(
2x

a
− 1

)
× (1− s+ σ − ε)n B (n+ ρ+ 1, s+ ε)

× 6F5

(
−m, m+ λ+ ε, ∆ (2, s+ ε) , ∆ (2, s− σ + ε) ; a2b2

2ε+1
2 , ∆ (2, s+ n+ ρ+ ε+ 1) , ∆ (2, s− n− σ + ε)

)
[a > 0; Re ρ > −1; Re s > −ε]

3 (a− x)
ρ
+ (1− bx)

λ−1/2 (−1)
m+n

as+ρ

m!n!
(2λ)m (1− s+ σ)n B (n+ ρ+ 1, s)

× Cλm (2bx− 1) × 4F3

( −m− λ+ 1
2 , m+ λ+ 1

2 , s− σ, s
λ+ 1

2 , s− n− σ, s+ n+ ρ+ 1; ab

)
× P (ρ, σ)

n

(
2x

a
− 1

)
[a, Re s > 0; Re ρ > −1; |arg (1− ab)| < π]

4 (a− x)
λ−1/2
+

{
(x+ b)

σ

(b− x)
ρ

}
(−1)

m
(±1)

n
as+λ−1/2bψ

m!n!
(2λ)m (ϕ+ 1)n

× Cλm
(

2x

a
− 1

)
×
(

1

2
− s+ λ

)
m

Γ

[ 2λ+1
2 , s

2s+2m+2λ+1
2

]
× P (ρ, σ)

n

(
2x

b
± 1

)
× 4F3

(−n− ψ, n+ ϕ+ 1, s, 2s−2λ+1
2 ; ∓ab

ϕ+ 1, 2s−2m−2λ+1
2 , 2s+2m+2λ+1

2

)
[{

a > 0; |arg b| < π

b > a > 0

}
; Re s > 0; ϕ =

{
ρ

σ

}
, ψ =

{
σ

ρ

}]
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No. f (x) F (s)

5 (a− x)
λ+ρ−1/2
+

2ε (−1)
m+n

as+λ+ρ−1/2

m!n!
(λ)m+ε

(
1− s+ σ − ε

2

)
n

× Cλ2m+ε

(√
x

a

)
× B

(
n+ ρ+ 1, s+

ε

2

)
× P (ρ, σ)

n

(
2x

a
− 1

)
× 4F3

(−2m−2λ+1
2 , 2m+2ε+1

2 , 2s+ε
2 , 2s−2σ+ε

2
2ε+1
2 , 2s−2n−2σ+ε

2 , 2s+2n+2ρ+ε+2
2 ; 1

)
[a > 0; Re (λ+ ρ) > −1/2; Re s > −ε/2]

6 (a− x)
ρ
+

(
1− b2x

)λ−1/2 (−1)
m+n

as+ρ+ε/2 (2b)
ε

m!n!
(λ)m+ε

(
1− s+ σ − ε

2

)
n

× Cλ2m+ε (b
√
x) × B

(
n+ ρ+ 1, s+

ε

2

)
× P (ρ, σ)

n

(
2x

a
− 1

)
× 4F3

( −2m−2λ+1
2 , 2m+2ε+1

2 , 2s+ε
2 , 2s−2σ+ε

2
2ε+1
2 , 2s−2n−2σ+ε

2 , 2s+2n+2ρ+ε+2
2 ; ab2

)
[
a > 0; Re ρ > −1; Re s > −ε/2; |arg

(
1− ab2

)
| < π

]
7 (a− x)

ρ
+

[
Cλm

(√
1− bx

)]2 (−1)
n
as+ρ

(m!)
2
n!

[(2λ)m]
2

(1− s+ σ)n B (n+ ρ+ 1, s)

× P (ρ, σ)
n

(
2x

a
− 1

)
× 5F4

(
−m, λ, m+ 2λ, s− σ, s; ab

2λ+1
2 , 2λ, s− n− σ, s+ n+ ρ+ 1

)
[a, Re s > 0; Re ρ > −1]

3.25.17. Products of P
(ρ, σ)
n (ax+ b)

1 (a− x)
ν+σ
+

as+ν+σ

m!n!
(λ+ 1)m (1− s+ ρ)n B (n+ σ + 1, s)

× P (λ, ν)
m

(
1− 2x

a

)
× 4F3

(
−m− ν, m+ λ+ 1, s− ρ, s

λ+ 1, s− n− ρ, s+ n+ σ + 1; 1

)
× P (ρ, σ)

n

(
1− 2x

a

)
[a, Re s > 0; Re (σ + ν) > −1]

2 (a− x)
λ+ρ
+

(−1)
m+n

as+λ+ρ

m!n!
(ν + 1)m (1− s+ σ)n B (n+ ρ+ 1, s)

× P (λ, ν)
m

(
2x

a
− 1

)
× 4F3

(
−m− λ, m+ ν + 1, s− σ, s

ν + 1, s− n− σ, s+ n+ ρ+ 1; 1

)
× P (ρ, σ)

n

(
2x

a
− 1

)
[a, Re s > 0; Re (λ+ ρ) > −1]
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No. f (x) F (s)

3 (a− x)
ρ
+ P

(λ, ν)
m (bx± 1)

(−1)
n

(±1)
m
as+ρ

m!n!
(ϕ+ 1)m (1− s+ σ)n B (n+ ρ+ 1, s)

× P (ρ, σ)
n

(
2x

a
− 1

)
× 4F3

(
−m, m+ λ+ ν + 1, s− σ, s; ∓ab2
ϕ+ 1, s− n− σ, s+ n+ ρ+ 1

)
[
a, Re s > 0; Re ρ > −1; ϕ =

{
λ

ν

}]

4 (a− x)
ρ
+ (1− bx)

λ (−1)
m+n

as+ρ

m!n!
(ν + 1)m (1− s+ σ)n B (n+ ρ+ 1, s)

× P (λ, ν)
m (2bx− 1) × 4F3

(
−m− λ, m+ ν + 1, s− σ, s

ν + 1, s− n− σ, s+ n+ ρ+ 1; ab

)
× P (ρ, σ)

n

(
2x

a
− 1

)
[a, Re s > 0; Re ρ > −1; |arg (1− ab)| < π]

5 (a− x)
λ
+

{
(x+ b)

σ

(b− x)
ρ

}
(−1)

m
(±1)

n
as+λbψ

m!n!
(1− s+ ν)m B (m+ λ+ 1, s)

× P (λ, ν)
m

(
2x

a
− 1

)
× (ϕ+ 1)n 4F3

(
−n− ψ, n+ ϕ+ 1, s− ν, s; ∓ab
ϕ+ 1, s−m− ν, s+m+ λ+ 1

)
× P (ρ, σ)

n

(
2x

b
± 1

) [
ϕ =

{
ρ

σ

}
, ψ =

{
σ

ρ

}
;{
a > 0; |arg b| < π

b > a > 0

}
; Reλ > −1; Re s > 0

]

6 (a− x)
ρ
+ P

(λ, ν)
m

(
1− b

x

)
(−1)

n
as−m+ρ (b/2)

m

m!n!
(−2m− λ− ν)m

× P (ρ, σ)
n

(
2x

a
− 1

)
× (m− s+ σ + 1)n Γ

[
n+ ρ+ 1, s−m
s−m+ n+ ρ+ 1

]

× 4F3

(
−m, −m− λ, s−m− σ, s−m; 2a

b

−2m− λ− ν, s−m− n− σ, s−m+ n+ ρ+ 1

)
[a > 0; Re ρ > −1; Re s > m]

7 (a− x)
ρ
+ (b− x)

m (−1)
n
as+ρbm

m!n!
(λ+ 1)m (1− s+ σ)n Γ

[
n+ ρ+ 1, s

s+ n+ ρ+ 1

]
× P (λ, ν)

m

(
b+ x

b− x

)
× 4F3

(
−m, −m− ν, s− σ, s; a

b

λ+ 1, s− n− σ, s+ n+ ρ+ 1

)
× P (ρ, σ)

n

(
2x

a
− 1

)
[a, Re s > 0; Re ρ > −1]
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3.26. The Complete Elliptic Integrals K (z), E (z), and D (z)

More formulas can be obtained from the corresponding section due to the relations

K (z) =
π

2
2F1

(
1

2
,

1

2
; 1; z2

)
, E (z) =

π

2
2F1

(
−1

2
,

1

2
; 1; z2

)
,

D (z) =
π

4
2F1

(
1

2
,

3

2
; 2; z2

)
, K (z) =

1

2
G12

22

(
−z2

∣∣∣∣ 1/2, 1/2

0, 0

)
,

E (z) = −1

4
G12

22

(
−z2

∣∣∣∣ 1/2, 3/2

0, 0

)
, D (z) =

1

2
G12

22

(
−z2

∣∣∣∣ −1/2, 1/2

0, −1

)
.

3.26.1. K (ϕ (x))

No. f (x) F (s)

1 K (iax)
a−s

4
Γ

[ s
2 ,

1−s
2 , 1−s

2
2−s
2

]
[Re a > 0; 0 < Re s < 1/2]

2 K (iax)− π

2

a−s

4
Γ

[ s
2 ,

1−s
2 , 1−s

2
2−s
2

]
[Re a > 0; −1 < Re s < 0]

3 K (iax)
a−s

4
Γ

[ s
2 ,

1−s
2 , 1−s

2
2−s
2

]
[Re a > 0; −n− 1 < Re s < −n]

−π
2

n∑
k=0

(1/2)
2
k

(k!)
2

(
−a2x2

)k
4 K

(
±i a− x

2
√
ax

)
as

4π
Γ

[
2s+ 1

4
,

2s+ 1

4
,

1− 2s

4
,

1− 2s

4

]
[−1/2 < Re s < 1/2; |arg a| < π]

5 K

(√
a− x
a

)
as

2π
Γ

[
s, s,

1− 2s

2
,

1− 2s

2

]
[0 < Re s < 1/2]

6 K

(√
a+ x sgn (x− a)

2a

)
as

8π
Γ

[
s

2
,
s+ 1

2
,

1− 2s

4
,

1− 2s

4

]
[a > 0; 0 < Re s < 1/2]

7 K

(√√
a−
√
x+ a

2
√
a

)
πas

2
Γ

[
s, 1−4s

4 , 1−4s
4

1
4 ,

1
4 , 1− s

]
[0 < Re s < 1/4; |arg a| < π]

3.26.2. K (ϕ (x)) and algebraic functions

1
1

(x+ a)
ρ K

(
b

x+ a

)
πas−ρ

2
B (s, ρ− s) 4F3

( 1
2 ,

1
2 ,

ρ−s
2 , ρ−s+1

2

1, ρ2 ,
ρ+1
2 ; b2

a2

)
[0 < Re s < Re ρ; |arg a| < π]
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No. f (x) F (s)

2
1

(x+ a)
ρ K

(
bx

x+ a

)
πas−ρ

2
B (s, ρ− s) 4F3

( 1
2 ,

1
2 ,

s
2 ,

s+1
2

1, ρ2 ,
ρ+1
2 ; b2

)
[0 < Re s < Re ρ; |arg a| < π]

3
1

x+ a
K

(
±x− a
x+ a

)
as−1

8π
Γ

[
s

2
,
s

2
,

1− s
2

,
1− s

2

]
[0 < Re s < 1; |arg a| < π]

4
1

x+ a
K

(
|x− a|
x+ a

)
as−1

8π
Γ

[
s

2
,
s

2
,

1− s
2

,
1− s

2

]
[Re a > 0; 0 < Re s < 1]

5
1

x+ a
K

(
±2
√
ax

x+ a

)
πas−1

4
Γ

[ s
2 ,

1−s
2

s+1
2 , 2−s

2

]
[a > 0; 0 < Re s < 1]

6
1

|x− a|
K

(
±2i
√
ax

x− a

)
πas−1

4
Γ

[ s
2 ,

1−s
2

s+1
2 , 2−s

2

]
[a > 0; 0 < Re s < 1]

7
1

(x+ a)
ρ K

(
b√
x+ a

)
πas−ρ

2
B (s, ρ− s) 3F2

( 1
2 ,

1
2 , ρ− s

1, ρ; b2

a

)
[0 < Re s < Re ρ; |arg a| < π]

8
1√
x+ a

K

(√
a

x+ a

)
as−1/2

2
Γ

[
s, s, 1−2s

2
2s+1
2

]
[0 < Re s < 1/2; |arg a| < π]

9
1√
x+ a

K

(√
x

x+ a

)
as−1/2

2
Γ

[
s, 1−2s

2 , 1−2s2

1− s

]
[0 < Re s < 1/2; |arg a| < π]

10
1√
x+ a

K

(√√
a−
√
x+ a

2
√
a

)
πas−1/2

2
Γ

[
s, 3−4s

4 , 3−4s
4

3
4 ,

3
4 , 1− s

]
[0 < Re s < 3/4; |arg a| < π]

11
1√
x+ a

K

(
|
√
a−
√
x|√

2 (x+ a)

)
as−1/2

8π
Γ

[
s

2
,

2s+ 1

4
,

1− 2s

4
,

1− s
2

]
[a > 0; 0 < Re s < 1/2]

12
1

4
√
x+ a

K

(√√
x+ a−

√
a√

2 4
√
x+ a

)
22s−1

√
π as−1/4 Γ

[
s, 1−4s

2

1− s

]
[0 < Re s < 1/4; |arg a| < π]
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No. f (x) F (s)

13
1

4
√
x+ a

K

(√√
x+ a−

√
x√

2 4
√
x+ a

)
2−2s−1/2

√
π as−1/4 Γ

[
2s, 1−4s

4
4s+3
4

]
[0 < Re s < 1/4; |arg a| < π]

14
1

4
√
x+ a

K

(
±i
√
x+ a−

√
a

2 4
√
a 4
√
x+ a

)
as−1/4

2
Γ

[
s, 1−2s

2 , 1−2s
2

1− s

]
[0 < Re s < 1/2; |arg a| < π]

15
1

4
√
x+ a

K

(
±i
√
x+ a−

√
x

2 4
√
x 4
√
x+ a

)
as−1/4

2
Γ

[ 1−4s
4 , 4s+1

4 , 4s+1
4

4s+3
4

]
[−1/4 < Re s < 1/4; |arg a| < π]

16
1√

x+ a+
√
a

K

(
±
(√
x+ a−

√
a
)2

x

)
as−1/2

4
Γ

[
s, 1−2s

2 , 1−2s
2

1− s

]
[0 < Re s < 1/2; |arg a| < π]

17
1√

x+ a±
√
a

K

({
1

±i

}
2 4
√
a 4
√
x+ a√

x+ a±
√
a

)
as−1/2

2
Γ

[
s, s, 1−2s

2
2s+1
2

]
[0 < Re s < 1/2; |arg a| < π]

18
1√

x+ a+
√
x

K

((√
x−
√
x+ a

)2
a

)
as−1/2

4
Γ

[
s, s, 1−2s

2
2s+1
2

]
[0 < Re s < 1/2; |arg a| < π]

19
1√

x+ a±
√
x

K

({
1

±i

}
2 4
√
x 4
√
x+ a√

x+ a±
√
x

)
as−1/2

2
Γ

[
s, 1−2s

2 , 1−2s
2

1− s

]
[0 < Re s < 1/2; |arg a| < π]

20
1√√

x+ a+
√
a

K

(
±i
√
x+ a−

√
a√

x

)
22s−3/2

√
π as−1/4 Γ

[
s, 1−4s

2

1− s

]
[0 < Re s < 1/4; |arg a| < π]

21
1√√

x+ a+
√
a

K

(√√
a−
√
x+ a√

a+
√
x+ a

)
22s−3/2

√
π as−1/4 Γ

[
s, 1−4s

2

1− s

]
[0 < Re s < 1/4; |arg a| < π]

22
1√√

x+ a+
√
a

K

(√√
x+ a−

√
a√

x+ a+
√
a

)
as−1/4π

2
√

2
Γ

[
s, 1−4s

4 , 1−4s
4

1
4 ,

1
4 , 1− s

]
[0 < Re s < 1/4; |arg a| < π]
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No. f (x) F (s)

23
1√√

x+ a+
√
a

22s−3/2
√
π as−1/4 Γ

[
s, 1−4s

2

1− s

]
×K

(√
2
√
a
√
x+ a− x− 2a

x

)
[0 < Re s < 1/4; |arg a| < π]

24
1√√

x+ a+
√
a

K

(
±
√
x+ a−

√
a√

x

)
as−1/4π

2
√

2
Γ

[
s, 1−4s

4 , 1−4s
4

1
4 ,

1
4 , 1− s

]
[0 < Re s < 1/4; |arg a| < π]

25
1√√

x+ a±
√
a

K

(√
2
√
a√

a±
√
x+ a

)
πas−1/4

2
Γ

[
s, s, 1−4s

4
1
4 ,

1
4 ,

4s+3
4

]
[0 < Re s < 1/4; |arg a| < π]

26
1√√

x+ a±
√
a

πas−1/4

2
Γ

[
s, s, 1−4s

4
1
4 ,

1
4 ,

4s+3
4

]
×K

({
1

i

}√
2
√
a
(√
x+ a∓

√
a
)

x

)
[0 < Re s < 1/4; |arg a| < π]

27
1√√

x+ a+
√
x

K

(
±i
√
x−
√
x+ a√
a

) √
π as−1/4

22s+1
Γ

[ 1−4s
4 , 2s
4s+3
4

]
[0 < Re s < 1/4; |arg a| < π]

28
1√√

x+ a+
√
x

K

(√√
x−
√
x+ a√

x+
√
x+ a

) √
π as−1/4

22s+1
Γ

[ 1−4s
4 , 2s
4s+3
4

]
[0 < Re s < 1/4; |arg a| < π]

29
1√√

x+ a+
√
x

K

(
±
√
x−
√
x+ a√
a

)
πas−1/4

2
√

2
Γ

[
s, s, 1−4s

4
1
4 ,

1
4 ,

4s+3
4

]
[0 < Re s < 1/4; |arg a| < π]

30
1√√

x+ a+
√
x

K

(√√
x+ a−

√
x√

x+ a+
√
x

)
πas−1/4

2
√

2
Γ

[
s, s, 1−4s

4
1
4 ,

1
4 ,

4s+3
4

]
[0 < Re s < 1/4; |arg a| < π]

31
1√√

x+ a±
√
x

K

(√
2
√
x√

x±
√
x+ a

)
πas−1/4

2
Γ

[
s, 1−4s

4 , 1−4s
4

1
4 ,

1
4 , 1− s

]
[0 < Re s < 1/4; |arg a| < π]



382 Chapter 3. Special Functions

No. f (x) F (s)

32
(√
x+ a±

√
a
) as+1/2

2
Γ

[
s+ 1, s+ 1, − 2s+1

2
2s+3
2

]
×K

(
±
{
i

1

}
2 4
√
a 4
√
x+ a√

x+ a∓
√
a

)
[−1 < Re s < −1/2; |arg a| < π]

33
(√
x+ a−

√
a
)
K

(
±
(√
x+ a−

√
a
)2

x

)
as+1/2

4
Γ

[
s+ 1, − 2s+1

2 , − 2s+1
2

−s

]
[−1 < Re s < −1/2; |arg a| < π]

34
(√
x+ a±

√
x
) as+1/2

2
Γ

[
s, 1−2s

2 , 1−2s
2

1− s

]
×K

(
±
{
i

1

}
2 4
√
x 4
√
x+ a√

x+ a∓
√
x

)
[0 < Re s < 1/2; |arg a| < π]

35
(√
x+ a−

√
x
)
K

(
±
(√
x−
√
x+ a

)2
a

)
as+1/2

4
Γ

[
s, s, 1−2s

2
2s+1
2

]
[0 < Re s < 1/2; |arg a| < π]

36
√√

x+ a−
√
aK

(
±i
√
x+ a−

√
a

x

)
22s−1/2

√
π as+1/4 Γ

[ 2s+1
2 , − 4s+1

2
1−2s

2

]
[−1/2 < Re s < −1/4; |arg a| < π]

37
√√

x+ a−
√
aK

(√√
a−
√
x+ a√

a+
√
x+ a

)
22s−1/2

√
π as+1/4 Γ

[ 2s+1
2 , − 4s+1

2
1−2s

2

]
[−1/2 < Re s < −1/4; |arg a| < π]

38
√√

x+ a−
√
aK

(
±
√
x+ a−

√
a√

x

)
πas+1/4

2
√

2
Γ

[ 2s+1
2 , − 4s+1

2 , − 4s+1
2

1
4 ,

1
4 ,

1−2s
2

]
[−1/2 < Re s < −1/4; |arg a| < π]

39
√√

x+ a−
√
aK

(√√
x+ a−

√
a√

x+ a+
√
a

)
πas+1/4

2
√

2
Γ

[ 2s+1
2 , − 4s+1

2 , − 4s+1
2

1
4 ,

1
4 ,

1−2s
2

]
[−1/2 < Re s < −1/4; |arg a| < π]

40
√√

x+ a±
√
aK

(√
2
√
a√

a∓
√
x+ a

)
πas+1/4

2
Γ

[ 2s+1
2 , 2s+1

2 , − 4s+1
2

1
4 ,

1
4 ,

4s+5
4

]
[−1/2 < Re s < −1/4; |arg a| < π]

41
√√

x+ a±
√
a

πas+1/4

2
Γ

[ 2s+1
2 , 2s+1

2 , − 4s+1
2

1
4 ,

1
4 ,

4s+5
4

]
×K

({
i

1

}√
2
√
a
(√
x+ a±

√
a
)

x

)
[−1/2 < Re s < −1/4; |arg a| < π]
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No. f (x) F (s)

42
√√

x+ a−
√
xK

(
±i
√
x−
√
x+ a√
a

) √
π as+1/4

22s+1
Γ

[ 1−4s
4 , 2s
4s+3
4

]
[0 < Re s < 1/4; |arg a| < π]

43
√√

x+ a−
√
xK

(√√
x+ a−

√
x√

x+ a+
√
x

)
πas+1/4

2
√

2
Γ

[
s, s, 1−4s

4
1
4 ,

1
4 ,

4s+3
4

]
[0 < Re s < 1/4; |arg a| < π]

44
√√

x+ a±
√
xK

(√
2
√
x√

x∓
√
x+ a

)
πas+1/4

2
Γ

[
s, 1−4s

4 , 1−4s
4

1
4 ,

1
4 , 1− s

]
[0 < Re s < 1/4; |arg a| < π]

45

√√
x+ a+

√
a√

x+ a
K

(√
2
√
a√

a−
√
x+ a

)
πas−1/4

2
Γ

[ 2s+1
2 , 2s+1

2 , 1−4s
4

3
4 ,

3
4 ,

4s+3
2

]
[−1/2 < Re s < 1/4; |arg a| < π]

46

√√
x+ a−

√
a√

x+ a
K

(√√
x+ a−

√
a√

x+ a+
√
a

)
πas−1/4

2
√

2
Γ

[ 2s+1
2 , 1−4s

4 , 1−4s
4

3
4 ,

3
4 ,

1−2s
2

]
[−1/2 < Re s < 1/4; |arg a| < π]

47

√√
x+ a−

√
a√

x+ a
K

(
±
√
x+ a−

√
a√

x

)
πas−1/4

2
√

2
Γ

[ 2s+1
2 , 1−4s

4 , 1−4s
4

3
4 ,

3
4 ,

1−2s
2

]
[−1/2 < Re s < 1/4; |arg a| < π]

48

√√
x+ a−

√
a√

x+ a
K

(√
2
√
a√

x+ a+
√
a

)
πas−1/4

2
Γ

[ 2s+1
2 , 2s+1

2 , 1−4s
4

3
4 ,

3
4 ,

4s+3
4

]
[−1/2 < Re s < 1/4; |arg a| < π]

49

√√
x+ a−

√
x√

x+ a
K

(√√
x+ a−

√
x√

x+ a+
√
x

)
πas−1/4

2
√

2
Γ

[
s, s, 3−4s

4
3
4 ,

3
4 ,

4s+1
4

]
[0 < Re s < 3/4; |arg a| < π]

50

√√
x+ a−

√
x√

x+ a
K

(
±
√
x−
√
x+ a√
a

)
πas−1/4

2
√

2
Γ

[
s, s, 3−4s

4
3
4 ,

3
4 ,

4s+1
4

]
[0 < Re s < 3/4; |arg a| < π]

51

√√
x+ a∓

√
x√

x+ a
K

(√
2
√
x√

x±
√
x+ a

)
πas−1/4

2
Γ

[
s, 3−4s

4 , 3−4s
4

3
4 ,

3
4 , 1− s

]
[0 < Re s < 3/4; |arg a| < π]
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3.26.3. θ (a− x) K (ϕ (x)) and algebraic functions

1 (a− x)
α−1
+ K (bx)

πas+α−1

2
B (s, α) 4F3

( 1
2 ,

1
2 ,

s
2 ,

s+1
2 ; a2b2

1, s+α2 , s+α+1
2

)
[a, Reα, Re s > 0]

2
(
a2 − x2

)α−1
+

K (bx)
πas+2α−2

4
B
(s

2
, α
)

3F2

( 1
2 ,

1
2 ,

s
2 ; a2b2

1, s+2α
2

)
[a, Reα, Re s > 0]

3 (a− x)
α−1
+ K (b (a− x))

πas+α−1

2
B (s, α) 4F3

( 1
2 ,

1
2 ,

α
2 ,

α+1
2 ; a2b2

3
2 ,

s+α
2 , s+α+1

2

)
[a, Reα, Re s > 0]

4 (a− x)
α−1
+ K (bx (a− x))

πas+α−1

2
B (s, α) 6F5

( 1
2 ,

1
2 , ∆ (2, α) , ∆ (2, s)

1, ∆ (4, s+ α) ; a
4b2

16

)
[a, Re s, Reα > 0]

5
θ (a− x)

x+ a
K

(
±a− x
a+ x

)
πas−1

8
Γ

[ s
2 ,

s
2

s+1
2 , s+1

2

]
[a, Re s > 0]

6 (a− x)
α−1
+ K

(
b
√
a− x

) πas+α−1

2
B (s, α) 3F2

( 1
2 ,

1
2 , α; ab2

1, s+ α

)
[a, Reα, Re s > 0]

7
θ (a− x)

(bx+ 1)
ρ K

(
c
√
a− x

) πas

2s
F3

(
1

2
, ρ,

1

2
, s; s+ 1; ac2, −ab

)
[a, Re s > 0; |arg (1 + ab)| < π]

8 θ (a− x) (x− b)α−1+ K
(
c
√
a− x

) π (a− b)α bs−1

2α
F3

(
1

2
, 1− s, 1

2
, α; α+ 1;

c2 (a− b) , b− a
b

)
[a > b > 0; Reα > 0]

9 (a− x)
α−1
+ K

(
b
√
x (a− x)

) πas+α−1

2
B (s, α) 4F3

( 1
2 ,

1
2 , α, s;

a2b2

4

1, s+α2 , s+α+1
2

)
[a, Re s, Reα > 0]

10 θ (a− x) K

(
±i a− x

2
√
ax

)
πas

4
Γ

[ 2s+1
4 , 2s+1

4
2s+3
4 , 2s+3

4

]
[a > 0; Re s > −1/2]

11 θ (a− x) K

(√
a− x
a

)
πas

2
Γ

[
s, s

2s+1
2 , 2s+1

2

]
[a, Re s > 0]
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No. f (x) F (s)

12 θ (a− x) K

(√
a− x

2a

)
π3/2as

2s+1
Γ

[
s

2s+3
4 , 2s+3

4

]
[a, Re s > 0]

13
θ (a− x)

(bx+ 1)
ρ K

(√
a− x
a

)
πas

2
Γ

[
s, s

2s+1
2 , 2s+1

2

]
3F2

(
ρ, s, s; ab
2s+1
2 , 2s+1

2

)
[a, Re s > 0; |arg (1− ab)| < π]

14 θ (a− x) K

(√
x− a
x

)
πas

2
Γ

[ 2s+1
2 , 2s+1

2

s+ 1, s+ 1

]
[a > 0; Re s > −1/2]

15 θ (a− x) K

(√
x− a

2x

)
2s−2
√
π as Γ

[ 2s+1
4 , 2s+1

4

s+ 1

]
[a > 0; Re s > −1/2]

16
θ (a− x)√
x+ a

K

(√
a− x
a+ x

)
2s−3
√
π as−1/2 Γ

[ s
2 ,

s
2

2s+1
2

]
[a, Re s > 0]

17
θ (a− x)√
x+ a

K

(√
x− a
x+ a

)
π3/2as−1/2

2s+3/2
Γ

[
s

2s+3
4 , 2s+3

4

]
[a, Re s > 0]

18
θ (a− x)√
b− x

K

(
c

√
a− x
b− x

)
πas

2s
√
b
F1

(
1

2
, s,

1

2
; s+ 1;

a

b
,
ac2

b

)
[b > a > 0; Re s > 0]

19
θ (a− x)√
a±
√
a− x

K

(
±
{

1

i

}
2 4
√
a 4
√
a− x√

a±
√
a− x

)
πas−1/2

2
Γ

[
s, s

2s+1
2 , 2s+1

2

]
[a, Re s > 0]

20
θ (a− x)√√
a±
√
a− x

K

(√
2
√
a− x√

a− x±
√
a

)
22s−3/2

√
π as−1/4 Γ

[
s, s
4s+1
2

]
[a, Re s > 0]

21
θ (a− x)√√
x±
√
x− a

K

(√
2
√
x− a√

x− a±
√
x

)
π3/2as−1/4

22s
Γ

[
2s

4s+3
4 , 4s+3

4

]
[a, Re s > 0]

22 θ (a− x)
(√
a±
√
a− x

) πas+1/2

2
Γ

[
s+ 1, s+ 1
2s+3
2 , 2s+3

2

]
[a > 0; Re s > −1]

×K

({
i

±1

}
2 4
√
a 4
√
a− x√

a∓
√
a− x

)

23 θ (a− x)
√√

a±
√
a− x 22s−1/2

√
π as+1/4 Γ

[ 2s+1
2 , 2s+1

2
4s+3
2

]
×K

(√
2
√
a− x√

a− x∓
√
a

)
[a > 0; Re s > −1/2]
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No. f (x) F (s)

24 θ (a− x)
√√

x±
√
x− a π3/2as+1/4

22s
Γ

[
2s

4s+3
4 , 4s+3

4

]
[a, Re s > 0]

×K

(√
2
√
x− a√

x− a∓
√
x

)

3.26.4. θ (x− a) K (ϕ (x)) and algebraic functions

1
θ (x− a)

x+ a
K

(
x− a
x+ a

)
πas−1

8
Γ

[ 1−s
2 , 1−s

2
2−s
2 , 2−s

2

]
[a > 0; Re s < 1]

2 θ (x− a) K

(√
a− x
a

)
πas

2
Γ

[ 1−2s
2 , 1−2s

2

1− s, 1− s

]
[a > 0; Re s < 1/2]

3 θ (x− a) K

(√
a− x

2a

) √
πas

2s+2
Γ

[ 1−2s
4 , 1−2s

4

1− s

]
[a > 0; Re s < 1/2]

4 θ (x− a) K

(
i (x− a)

2
√
ax

)
πas

4
Γ

[ 1−2s
4 , 1−2s

4
3−2s

4 , 3−2s
4

]
[a > 0; Re s < 1/2]

5 θ (x− a) K

(√
x− a
x

)
πas

2
Γ

[
−s, −s

1−2s
2 , 1−2s

2

]
[a > 0; Re s < 0]

6 θ (x− a) K

(√
x− a

2x

)
2s−1π3/2as

2
Γ

[
−s

3−2s
4 , 3−2s

4

]
[a > 0; Re s < 0]

7
θ (x− a)√
x+ a

K

(√
a− x
a+ x

)
2s−2π3/2as−1/2 Γ

[ 1−2s
2

2−s
2 , 2−s

2

]
[a > 0; Re s < 1/2]

8
θ (x− a)√
x+ a

K

(√
x− a
x+ a

) √
π as−1/2

2s+5/2
Γ

[ 1−2s
4 , 1−2s

4

1− s

]
[a > 0; Re s < 1/2]

9
θ (x− a)√
x+
√
x− a

K

(
± 2 4
√
x 4
√
x− a√

x+
√
x− a

)
πas−1/2

2
Γ

[ 1−2s
4 , 1−2s

4

1− s, 1− s

]
[a > 0; Re s < 1/2]

10
θ (x− a)√
x−
√
x− a

K

(
± 2i 4
√
x 4
√
x− a√

x+
√
x− a

)
πas−1/2

2
Γ

[ 1−2s
4 , 1−2s

4

1− s, 1− s

]
[a > 0; Re s < 1/2]

11
θ (x− a)√√
a− x±

√
a

K

(√
2
√
a− x√

a− x±
√
a

)
22s−1/2π3/2as−1/4 Γ

[ 1−4s
2

1− s, 1− s

]
[a > 0; Re s < 1/4]



3.26. The Complete Elliptic Integrals K (z), E (z), and D (z) 387

No. f (x) F (s)

12
θ (x− a)√√
x±
√
x− a

K

(√
2
√
x− a√

x− a±
√
x

) √
π as−1/4

22s+1
Γ

[ 1−4s
4 , 1−4s

4

1− 2s

]
[a > 0; Re s < 1/4]

13 θ (x− a)
(√
x+
√
x− a

) πas+1/2

2
Γ

[ 1−2s
2 , 1−2s

2

1− s, 1− s

]
[a > 0; Re s < 1/2]

×K

(
2i 4
√
x 4
√
x− a√

x−
√
x− a

)

14 θ (x− a)
(√
x−
√
x− a

) πas+1/2

2
Γ

[ 1−2s
2 , 1−2s

2

1− s, 1− s

]
[a > 0; Re s < 1/2]

×K

(
2 4
√
x 4
√
x− a√

x+
√
x− a

)

15 θ (x− a)
√√

a±
√
a− x π3/222s+1/2as+1/4 Γ

[ − 4s+1
2

1−2s
2 , 1−2s

2

]
×K

(√
2
√
a− x√

a− x∓
√
a

)
[a > 0; Re s < −1/4]

16 θ (x− a)
√√

x±
√
x− a πas+1/4

2
Γ

[ 1−4s
2 , 1−4s

2
1−2s

2 , 1− s

]
[a > 0; Re s < 1/4]

×K

(√
2
√
x− a√

x− a∓
√
x

)

3.26.5. E (ϕ (x)) and algebraic functions

Notation: ε = 0 or 1.

1 E (iax)− π

2
−a
−s

8
Γ

[ s
2 ,

1−s
2 , − s+1

2
2−s
2

]
[Re a > 0; −2 < Re s < 1]

2 E (iax)
a−s

8
Γ

[ s
2 ,

1−s
2 , − s+1

2
2−s
2

]
− π

2

n∑
k=0

(−1/2)k (1/2)k
(k!)

2

(
−a2x2

)k
[Re a > 0; −2n− 2 < Re s < −1,−2n]

3
1

x2 + a2
E

(
ix

a

)
as−2

2
Γ

[ s
2 ,

1−s
2 , 3−s

2
2−s
2

]
[a > 0; 0 < Re s < 1]

4
1

x2 + a2
E

(
ia

x

)
as−2

2
Γ

[ s+1
2 , s−12 , 2−s

2
s
2

]
[a > 0; 1 < Re s < 2]
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No. f (x) F (s)

5
1[

(x+ a)
2 − b2

]ε
(x+ a)

ρ E

(
b

x+ a

)
πas−ρ−2ε

2
B (s, ρ− s+ 2ε)

× 4F3

( 2ε−1
2 , 2ε+1

2 , ρ−s+2ε
2 , ρ−s+2ε+1

2

1, ρ+2ε
2 , ρ+2ε+1

2 ; b2

a2

)
[0 < Re s < Re ρ+ 2ε; |arg a| < π]

6
1[

(x+ a)
2 − b2x2

]ε
(x+ a)

ρ E

(
bx

x+ a

)
πas−ρ−2ε

2
B (s, ρ− s+ 2ε)

× 4F3

( 2ε−1
2 , 2ε+1

2 , s2 ,
s+1
2

1, ρ+2ε
2 , ρ+2ε+1

2 ; b2

)
[0 < Re s < Re ρ+ 2ε; |arg a| < π]

7
1

(x+ a)
ρ E

(
b√
x+ a

)
πas−ρ

2
B (s, ρ− s) 3F2

(− 1
2 ,

1
2 , ρ− s

1, ρ; b2

a

)
[0 < Re s < Re ρ; |arg a| < π]

8 E

(√
a− x
a

)
πas

2
Γ

[
s, s+ 1

2s+1
2 , 2s+3

2

]
[a, Re s > 0]

9
1√
x+ a

E

(√
a

x+ a

)
as−1/2 Γ

[ 1−2s
2 , s, s+ 1

1+2s
2

]
[0 < Re s < 1/2; |arg a| < π]

10 E

(√
x− a
x

)
πas

2
Γ

[ 2s−1
2 , 2s+1

2

s, s+ 1

]
[a > 0; Re s > 1/2]

11
1√
x+ a

E

(√
x

x+ a

)
as−1/2 Γ

[ 1−2s
2 , 3−2s

2 , s

1− s

]
[0 < Re s < 1/2; |arg a| < π]

12

√√
x+ a±

√
a√

x+ a
E

(√
2
√
a√

a±
√
x+ a

)
2πas−1/4 Γ

[
s, s+ 1, 1−4s

4
1
4 ,

1
4 ,

4s+3
4

]

[0 < Re s < 1/4; |arg a| < π]

13

√√
x+ a±

√
x√

x+ a
E

(√
2
√
x√

x±
√
x+ a

)
2πas−1/4 Γ

[
s, 1−4s

4 , 5−4s
4

1
4 ,

1
4 , 1− s

]
[0 < Re s < 1/4; |arg a| < π]
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3.26.6. θ (a− x) E (ϕ (x)) and algebraic functions

Notation: ε = 0 or 1.

1
(a− x)

α−1
+

(1− b2x2)
ε E (bx)

πas+α−1

2
B (s, α) 4F3

( 2ε−1
2 , 2ε+1

2 , s2 ,
s+1
2

1, s+α2 , s+α+1
2 ; a2b2

)
[a, Reα, Re s > 0]

2

(
a2 − x2

)α−1
+

(1− b2x2)
ε E (bx)

πas+2α−2

4
B
(s

2
, α
)

3F2

( 2ε−1
2 , 2ε+1

2 , s2
1, s+2α

2 ; a2b2

)
[a, Reα, Re s > 0]

3
(a− x)

α−1
+[

1− b2 (a− x)
2]ε E (b (a− x))

πas+α−1

2
B (s, α) 4F3

( 2ε−1
2 , 2ε+1

2 , α2 ,
α+1
2

1, s+α2 , s+α+1
2 ; a2b2

)
[a, Reα, Re s > 0]

4
(a− x)

α−1
+[

1− b2x2 (a− x)
2]ε E (bx (a− x))

πas+α−1

2
B (s, α)

× 6F5

( 2ε−1
2 , 2ε+1

2 , ∆ (2, α) , ∆ (2, s)

1, ∆ (4, s+ α) ; a
4b2

16

)
[a, Re s, Reα > 0]

5
(a− x)

α−1
+[

1− b2 (a− x)
]ε E

(
b
√
a− x

) πas+α−1

2
B (s, α) 3F2

( 2ε−1
2 , 2ε+1

2 , α

1, s+ α; ab2

)
[a, Reα, Re s > 0]

6
θ (a− x)

[1− c2 (a− x)]
ε

(bx+ 1)
ρ E

(
c
√
a− x

) πas

2s
F3

(
2ε− 1

2
, ρ,

2ε+ 1

2
, s; s+ 1; ac2, −ab

)
[a, Re s > 0; |arg (1 + ab)| < π]

7
θ (a− x) (x− b)α−1+

[1− c2 (a− x)]
ε E

(
c
√
a− x

) π (a− b)α bs−1

2α
F3

(
2ε− 1

2
, 1− s, 2ε+ 1

2
, α; α+ 1;

c2 (a− b) , b− a
b

)
[a > b > 0; Reα > 0]

8
(a− x)

α−1
+

[1− b2x (a− x)]
ε E

(
b
√
x (a− x)

) πas+α−1

2
B (s, α) 4F3

( 2ε−1
2 , 2ε+1

2 , α, s

1, s+α2 , s+α+1
2 ; a2b2

4

)
[a, Reα, Re s > 0]

9 θ (a− x) E

(√
a− x
a

)
πas

2
Γ

[
s, s+ 1

2s+1
2 , 2s+3

2

]
[a, Re s > 0]
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No. f (x) F (s)

10
θ (a− x)

(bx+ 1)
ρ E

(√
a− x
a

)
πas

2
Γ

[
s, s+ 1

2s+1
2 , 2s+3

2

]
3F2

(
ρ, s, s+ 1; ab

2s+1
2 , 2s+3

2

)
[a, Re s > 0; |arg (1− ab)| < π]

11 θ (a− x) E

(√
x− a
x

)
πas

2
Γ

[ 2s−1
2 , 2s+1

2

s, s+ 1

]
[a > 0; Re s > 1/2]

12
θ (a− x) (b− x)

ε−1/2[
c2 (x− a) + b− x

]ε E

(
c

√
a− x
b− x

)
πas

2s
√
b
F1

(
1

2
, s,

4ε− 1

2
; s+ 1;

a

b
,
ac2

b

)
[b > a > 0; Re s > 0]

13
θ (a− x)√
a±
√
a− x

E

(
±
{
i

1

}
2 4
√
a 4
√
a− x√

a∓
√
a− x

)
πas−1/2

2
Γ

[
s− 1, s+ 1
2s+1
2 , 2s+1

2

]
[a > 0; Re s > 1]

14
θ (a− x)√√
a±
√
a− x

E

(√
2
√
a− x√

a− x∓
√
a

)
22s−3/2

√
π as−1/4 Γ

[ 2s−1
2 , 2s+1

2
4s+1
2

]
[a > 0; Re s > 1/2]

15 θ (a− x)
(√
a−
√
a− x

) πas+1/2

2
Γ

[
s, s+ 2

2s+3
2 , 2s+3

2

]
[a, Re s > 0]

×E

(
± 2i 4
√
a 4
√
a− x√

a−
√
a− x

)

16 θ (a− x)
(√
a− x+

√
a
) πas+1/2

2
Γ

[
s, s+ 2

2s+3
2 , 2s+3

2

]
[a, Re s > 0]

×E

(
± 2 4
√
a 4
√
a− x√

a+
√
a− x

)

17 θ (a− x)
√√

a±
√
a− x 22s−1/2

√
π as+1/4 Γ

[
s, s+ 1

4s+3
2

]
[a, Re s > 0]

×E

(√
2
√
a− x√

a− x±
√
a

)

18 θ (a− x)
√√

x±
√
x− a π3/2as+1/4

22s
Γ

[
2s

4s+1
2 , 4s+5

2

]
[a, Re s > 0]

×E

(√
2
√
x− a√

x− a±
√
x

)



3.26. The Complete Elliptic Integrals K (z), E (z), and D (z) 391

3.26.7. θ (x− a) E (ϕ (x)) and algebraic functions

1
θ (x− a)√
x−
√
x− a

E

(
2 4
√
x (x− a)

√
x+
√
x− a

)
πas−1/2

2
Γ

[ 3−2s
2 , − 2s+1

2

1− s, 1− s

]
[a > 0; Re s < −1/2]

2
θ (x− a)√
x+
√
x− a

E

(
±

2i 4
√
x (x− a)

√
x−
√
x− a

)
πas−1/2

2
Γ

[ 3−2s
2 , − 2s+1

2

1− s, 1− s

]
[a > 0; Re s < −1/2]

3
θ (x− a)√√
x±
√
x− a

E

(√
2
√
x− a√

x− a∓
√
x

)
2−2s−1

√
π as−1/4 Γ

[ 3−4s
4 , − 4s+1

4

1− 2s

]
[a > 0; Re s < −1/4]

4 θ (x− a)
(√
x− a+

√
x
) πas+1/2

2
Γ

[ 3−2s
2 , − 2s+1

2

1− s, 1− s

]
[a > 0; Re s < −1/2]

×E

(
± 2 4
√
x 4
√
x− a√

x+
√
x− a

)

5 θ (x− a)
(√
x−
√
x− a

) πas+1/2

2
Γ

[ 3−2s
2 , − 2s+1

2

1− s, 1− s

]
[a > 0; Re s < −1/2]

×E

(
± 2i 4
√
x 4
√
x− a√

x−
√
x− a

)

6 θ (x− a)
√√

a±
√
a− x 22s+1/2π3/2as+1/4 Γ

[
− 4s+1

2

−s, 1− s

]
×E

(√
2
√
a− x√

a− x±
√
a

)
[a > 0; Re s < −1/4]

7 θ (x− a)
√√

x±
√
x− a 2−2s−1

√
π as+1/4 Γ

[ 3−4s
4 , − 4s+1

4

1− 2s

]
×E

(√
2
√
x− a√

x− a±
√
x

)
[a > 0; Re s < −1/4]

3.26.8. K (ϕ (x)), E (ϕ (x)), and the exponential function

Notation: δ =

{
1

0

}
.

1 θ (a− x) ebx
{

K
(√

1− x/a
)

E
(√

1− x/a
) } πas

2
Γ

[
s, s− δ + 1

2s+1
2 , 2s−2δ+3

2

]
2F2

(
s, s− δ + 1; ab
2s+1
2 , 2s−2δ+3

2

)
[a, Re s > 0]
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No. f (x) F (s)

2 θ (a− x) e−b
√
x

{
K (1− x/a)

E (1− x/a)

}
πas

2
Γ

[
s, s− δ + 1

2s+1
2 , 2s−2δ+3

2

]
2F3

(
s, s− δ + 1; ab2

4
1
2 ,

2s+1
2 , 2s−2δ+3

2

)
− πas+1/2b

2
Γ

[ 2s+1
2 , 2s−2δ+3

2

s+ 1, s− δ + 2

]
× 2F3

( 2s+1
2 , 2s−2δ+3

2 ; ab2

4
3
2 , s+ 1, s− δ + 2

)
[a, Re s > 0]

3.26.9. K (ϕ (x)), E (ϕ (x)), and hyperbolic or trigonometric functions

1 θ (a− x)

{
sinh (b

√
x)

sin (b
√
x)

}
K

(√
1− x

a

)
πas+1/2b

2
Γ

[ 2s+1
2 , 2s+1

2

s+ 1, s+ 1

]
2F3

( 2s+1
2 , 2s+1

2 ; ±ab
2

4
3
2 , s+ 1, s+ 1

)
[a > 0; Re s > −1/2]

2 θ (a− x)

{
sinh (b

√
x)

sin (b
√
x)

}
E

(√
1− x

a

)
πas+1/2b

2
Γ

[ 2s+1
2 , 2s+3

2

s+ 1, s+ 2

]
2F3

( 2s+1
2 , 2s+3

2 ; ±ab
2

4
3
2 , s+ 1, s+ 2

)
[a > 0; Re s > −1/2]

3 θ (a− x)

{
cosh (b

√
x)

cos (b
√
x)

}
K

(√
1− x

a

)
πas

2
Γ

[
s, s

2s+1
2 , 2s+1

2

]
2F3

(
s, s; ±ab

2

4
1
2 ,

2s+1
2 , 2s+1

2

)
[a, Re s > 0]

4 θ (a− x)

{
cosh (b

√
x)

cos (b
√
x)

}
E

(√
1− x

a

)
πas

2
Γ

[
s, s+ 1

2s+1
2 , 2s+3

2

]
2F3

(
s, s+ 1; ±ab

2

4
1
2 ,

2s+1
2 , 2s+3

2

)
[a, Re s > 0]

3.26.10. K (ϕ (x)), E (ϕ (x)), and the logarithmic function

Notation: δ =

{
1

0

}
.

1 θ (1− x) ln (ax+ 1)

{
K
(√

1− x
)

E
(√

1− x
) } πa

2
Γ

[
s+ 1, s− δ + 2
2s+3
2 , 2s−2δ+5

2

]
4F3

(
1, 1, s+ 1 , s− δ + 2

2, 2s+3
2 , 2s−2δ+5

2 ; −a

)
[Re s > −1; |arg (1 + a)| < π]

2 θ (a− x) ln
(
bx2 + 1

) πas+2b

2
Γ

[
s+ 2, s− δ + 3
2s+5
2 , 2s−2δ+7

2

]
×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } × 6F5

(
1, 1, s+2

2 , s+3
2 , s−δ+3

2 , s−δ+4
2 ; −a2b

2, 2s+5
4 , 2s+7

4 , 2s−2δ+7
4 , 2s−2δ+9

4

)
[
a > 0; Re s > −2; |arg

(
1 + a2b

)
| < π

]
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No. f (x) F (s)

3 θ (a− x) ln
1 + bx

1− bx

{
K
(√

1− x/a
)

E
(√

1− x/a
) } πas+1bΓ

[
s+ 1, s− δ + 2
2s+3
2 , 2s−2δ+5

2

]
× 6F5

( 1
2 , 1, s+1

2 , s+2
2 , s−δ+2

2 , s−δ+3
2 ; a2b2

3
2 ,

2s+3
4 , 2s+5

4 , 2s−2δ+5
4 , 2s−2δ+7

4

)
[
a > 0; Re s > −1; |arg

(
1− a2b2

)
| < π

]
4 θ (a− x) ln

1 + b
√
x

1− b
√
x

{
K
(√

1− x/a
)

E
(√

1− x/a
) } πas+1/2bΓ

[ 2s+1
2 , 2s−2δ+3

2

s+ 1, s− δ + 2

]
× 4F3

( 1
2 , 1, 2s+1

2 , 2s−2δ+3
2

3
2 , s+ 1, s− δ + 2; ab2

)
[
a > 0; Re s > −1/2; |arg

(
1− ab2

)
| < π

]

5 θ (a− x) ln
(
b
√
x+
√

1 + b2x
) πas+1/2b

2
Γ

[ 2s+1
2 , 2s−2δ+3

2

s+ 1, s− δ + 2

]
×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } × 4F3

( 1
2 ,

1
2 ,

2s+1
2 , 2s−2δ+3

2
3
2 , s+ 1, s− δ + 2; −ab2

)
[
a > 0; Re s > −1/2; |arg

(
1 + ab2

)
| < π

]
6 θ (a− x) ln

(
bx+

√
b2x2 + 1

) πas+1b

2
Γ

[
s+ 1, s− δ + 2
2s+3
2 , 2s−2δ+5

2

]
×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } × 6F5

( 1
2 ,

1
2 ,

s+1
2 , s+2

2 , s−δ+2
2 , s−δ+3

2 ; −a2b2
3
2 ,

2s+3
4 , 2s+5

4 , 2s−2δ+5
4 , 2s−2δ+7

4

)
[
a > 0; Re s > −1; |arg

(
1 + a2b2

)
| < π

]
7

θ (a− x)√
1 + b2x2

ln
(
bx+

√
b2x2 + 1

) πas+1b

2
Γ

[
s+ 1, s− δ + 2
2s+3
2 , 2s−2δ+5

2

]
×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } × 6F5

(
1, 1, s+1

2 , s+2
2 , s−δ+2

2 , s−δ+3
2 ; −a2b2

3
2 ,

2s+3
4 , 2s+5

4 , 2s−2δ+5
4 , 2s−2δ+7

4

)
[
a > 0; Re s > −1; |arg

(
1 + a2b2

)
| < π

]

8 θ (a− x) ln

√
a− x+

√
a√

x

{
K (bx)

E (bx)

}
π3/2as

4s
Γ

[
s

2s+1
2

]
5F4

(± 1
2 ,

1
2 ,

s
2 ,

s
2 ,

s+1
2 ; a2b2

1, 2s+1
4 , 2s+3

4 , s+2
2

)
[a, Re s > 0]

9 θ (a− x) ln

√
a2 − x2 + a

x

{
K (bx)

E (bx)

}
π3/2as

4s
Γ

[ s
2
s+1
2

]
4F3

( ± 1
2 ,

1
2 ,

s
2 ,

s
2

1, s+1
2 , s+2

2 ; a2b2

)
[a, Re s > 0]
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No. f (x) F (s)

10 θ (a− x) ln
a+
√
a2 − x2

a−
√
a2 − x2

K (bx)
π3/2as

2s
Γ

[ s
2
s+1
2

]
4F3

( 1
2 ,

1
2 ,

s
2 ,

s
2 ; a2b2

1, s+1
2 , s+2

2

)
[a, Re s > 0]

11
θ (a− x)

1− b2x2
ln

√
a− x+

√
a√

x
E (bx)

π3/2as

4s
Γ

[
s

2s+1
2

]
5F4

( 1
2 ,

3
2 ,

s
2 ,

s
2 ,

s+1
2 ; a2b2

1, 2s+1
4 , 2s+3

4 , s+2
2

)
[a, Re s > 0]

12
θ (a− x)

1− b2x2
ln

√
a2 − x2 + a

x
E (bx)

π3/2as

4s
Γ

[ s
2
s+1
2

]
4F3

( 1
2 ,

3
2 ,

s
2 ,

s
2 ; a2b2

1, s+1
2 , s+2

2

)
[a, Re s > 0]

13 θ (a− x) ln2
(
b
√
x+
√
b2x+ 1

) πas+1b2

2
Γ

[
s+ 1, s− δ + 2
2s+3
2 , 2s−2δ+5

2

]
×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } × 5F4

(
1, 1, 1, s+ 1, s− δ + 2

3
2 , 2, 2s+3

2 , 2s−2δ+5
2 ; −a2b

)
[a > 0; Re s > −1]

14 θ (a− x) ln2
(
bx+

√
b2x2 + 1

) πas+2b2

2
Γ

[
s+ 2, s− δ + 3
2s+5
2 , 2s−2δ+7

2

]
×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } × 7F6

(
1, 1, 1, s+2

2 , s+3
2 , s−δ+3

2 , s−δ+4
2 ; a2b2

3
2 , 2, 2s+5

4 , 2s+7
4 , 2s−2δ+7

4 , 2s−2δ+9
4

)
[a > 0; Re s > −2]

3.26.11. K (ϕ (x)), E (ϕ (x)), and inverse trigonometric functions

Notation: δ =

{
1

0

}
.

1 θ (a− x) arccos
x

a

{
K (bx)

E (bx)

}
π3/2as

2s2
Γ

[ s+1
2
s
2

]
4F3

( ± 1
2 ,

1
2 ,

s
2 ,

s+1
2

1, s+2
2 , s+2

2 ; a2b2

)
[a, Re s > 0]

2
θ (a− x)

1− b2x2
arccos

x

a
E (bx)

π3/2as

2s2
Γ

[ s+1
2
s
2

]
4F3

( 1
2 ,

3
2 ,

s
2 ,

s+1
2

1, s+2
2 , s+2

2 ; a2b2

)
[a, Re s > 0]

3 θ (a− x) arcsin (bx)

{
K
(√

1− x/a
)

E
(√

1− x/a
) } πas+1b

2
Γ

[
s+ 1, s− δ + 2
2s+3
2 , 2s−2δ+5

2

]
× 6F5

( 1
2 ,

1
2 ,

s+1
2 , s+2

2 , s−δ+2
2 , s−δ+3

2 ; a2b2

3
2 ,

2s+3
4 , 2s+5

4 , 2s−2δ+5
4 , 2s−2δ+7

4

)
[a > 0; Re s > −1]
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No. f (x) F (s)

4
θ (a− x)√
1− b2x2

arcsin (bx)
πas+1b

2
Γ

[
s+ 1, s− δ + 2
2s+3
2 , 2s−2δ+5

2

]

×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } × 6F5

(
1, 1, s+1

2 , s+2
2 , s−δ+2

2 , s−δ+3
2 ; a2b2

3
2 ,

2s+3
4 , 2s+5

4 , 2s−2δ+5
4 , 2s−2δ+7

4

)
[a > 0; Re s > −1]

5 θ (a− x) arcsin (b
√
x)

πas+1/2b

2
Γ

[ 2s+1
2 , 2s−2δ+3

2

s+ 1, s− δ + 2

]
4F3

( 1
2 ,

1
2 ,

2s+1
2 , 2s−2δ+3

2
3
2 , s+ 1, s− δ + 2; ab2

)

×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } [a > 0; Re s > −1/2]

6
θ (a− x)√

1− b2x
arcsin (b

√
x)

πas+1/2b

2
Γ

[ 2s+1
2 , 2s−2δ+3

2

s+ 1, s− δ + 2

]
4F3

(
1, 1, 2s+1

2 , 2s−2δ+3
2

3
2 , s+ 1, s− δ + 2; ab2

)

×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } [

a > 0; Re s > −1/2; |arg
(
1− ab2

)
| < π

]

7 θ (a− x) arcsin2 (b
√
x)

πas+1b2

2
Γ

[
s+ 1, s− δ + 2
2s+3
2 , 2s−2δ+5

2

]
5F4

(
1, 1, 1, s+ 1, s− δ + 2
3
2 , 2, 2s+3

2 , 2s−2δ+5
2 ; ab2

)

×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } [a > 0; Re s > −1]

8 θ (a− x) arcsin2 (bx)
πas+2b2

2
Γ

[
s+ 2, s− δ + 3
2s+5
2 , 2s−2δ+7

2

]

×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } × 7F6

(
1, 1, 1, s+2

2 , s+3
2 , s−δ+3

2 , s−δ+4
2 ; a2b2

3
2 , 2, 2s+5

4 , 2s+7
4 , 2s−2δ+7

4 , 2s−2δ+9
4

)
[a > 0; Re s > −2]

9 θ (a− x) arctan (bx)
πas+1b

2
Γ

[
s+ 1, s− δ + 2
2s+3
2 , 2s−2δ+5

2

]

×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } × 6F5

( 1
2 , 1, s+1

2 , s+2
2 , s−δ+2

2 , s−δ+3
2 ; −a2b2

3
2 ,

2s+3
4 , 2s+5

4 , 2s−2δ+5
4 , 2s−2δ+7

4

)
[a > 0; Re s > −1]

10 θ (a− x) arctan (b
√
x)

πas+1/2b

2
Γ

[ 2s+1
2 , 2s−2δ+3

2

s+ 1, s− δ + 2

]
4F3

( 1
2 , 1, 2s+1

2 , 2s−2δ+3
2

3
2 , s+ 1, s− δ + 2; −ab2

)

×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } [a, Re s > 0]
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3.26.12. K (ϕ (x)), E (ϕ (x)), and Li2 (ax)

Notation: δ =

{
1

0

}
.

1 θ (a− x) Li2 (bx)
πas+1b

2
Γ

[
s+ 1, s− δ + 2
2s+3
2 , 2s−2δ+5

2

]
4F3

(
1, 1, 1, s+ 1, s− δ + 2

2, 2, 2s+3
2 , 2s−2δ+5

2 ; ab

)
×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } [a > 0, Re s > −1; |arg (1− ab)| < π]

3.26.13. K (ϕ (x)), E (ϕ (x)), and Si (axr), shi (axr)

1 θ (a− x)

{
shi (bx)

Si (bx)

}
πas+1b2

2
Γ

[
s+ 1, s+ 1
2s+3
2 , 2s+3

2

]
5F6

( 1
2 ,

s+1
2 , s+1

2 , s+2
2 , s+2

2 ; ±a
2b2

4
3
2 ,

3
2 ,

2s+3
4 , 2s+3

4 , 2s+5
4 , 2s+5

4

)
×K

(√
1− x

a

)
[a > 0; Re s > −1]

2 θ (a− x)

{
shi (bx)

Si (bx)

}
πas+1b2

2
Γ

[
s+ 1, s+ 2
2s+3
2 , 2s+5

2

]
5F6

( 1
2 ,

s+1
2 , s+2

2 , s+2
2 , s+3

2 ; ±a
2b2

4
3
2 ,

3
2 ,

2s+3
4 , 2s+5

4 , 2s+5
4 , 2s+7

4

)
×E

(√
1− x

a

)
[a > 0; Re s > −1]

3 θ (a− x)

{
shi (b

√
x)

Si (b
√
x)

}
πas+1/2b

2
Γ

[ 2s+1
2 , 2s+1

2

s+ 1, s+ 1

]
3F4

( 1
2 ,

2s+1
2 , 2s+1

2 ; ±ab
2

4
3
2 ,

3
2 , s+ 1, s+ 1

)
×K

(√
1− x

a

)
[a > 0; Re s > −1/2]

4 θ (a− x)

{
shi (a

√
x)

Si (a
√
x)

}
πas+1/2b

2
Γ

[ 2s+1
2 , 2s+3

2

s+ 1, s+ 2

]
3F4

( 1
2 ,

2s+1
2 , 2s+3

2 ; ±ab
2

4
3
2 ,

3
2 , s+ 1, s+ 2

)
×E

(√
1− x

a

)
[a > 0; Re s > −1/2]

3.26.14. K (ϕ (x)), E (ϕ (x)), and ci (ax), chi (ax)

1 θ (a− x)

{
chi (bx)

ci (bx)

}
πas

2
Γ

[
s, s

2s+1
2 , 2s+1

2

] [
2ψ (s)− 2ψ

(
s+

1

2

)
×K

(√
1− x

a

)
+ ln (ab) + C

]
− πas+2b2

8
Γ

[
s+ 2, s+ 2
2s+5
2 , 2s+5

2

]
× 6F7

(
1, 1, s+2

2 , s+2
2 , s+3

2 , s+3
2 ; ± a2b2

4
3
2 , 2, 2, 2s+5

4 , 2s+5
4 , 2s+7

4 , 2s+7
4

)
[a, Re s > 0]
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No. f (x) F (s)

2 θ (a− x)

{
chi (bx)

ci (bx)

}
πas

2
Γ

[
s, s+ 1

2s+1
2 , 2s+3

2

] [
2ψ (s)− 2ψ

(
s+

1

2

)
×E

(√
1− x

a

)
+

1

s (2s+ 1)
+ ln (ab) + C

]
− πas+2b2

8
Γ

[
s+ 2, s+ 3
2s+5
2 , 2s+7

2

]
× 6F7

(
1, 1, s+2

2 , s+3
2 , s+3

2 , s+4
2 ; ± a2b2

4
3
2 , 2, 2, 2s+5

4 , 2s+7
4 , 2s+7

4 , 2s+9
4

)
[a, Re s > 0]

3.26.15. K (ϕ (x)), E (ϕ (x)), and erf (axr)

Notation: δ =

{
1

0

}
.

1 θ (a− x) erf (bx)
πas+1b

2
Γ

[
s+ 1, s− δ + 2
2s+3
2 , 2s−2δ+5

2

]
×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } × 5F5

( 1
2 ,

s+1
2 , s+2

2 , s−δ+2
2 , s−δ+3

2 ; −a2b2
3
2 ,

2s+3
4 , 2s+5

4 , 2s−2δ+5
4 , 2s−2δ+7

4

)
[a > 0; Re s > −1]

2 θ (a− x) eb
2x2

erf (bx)
πas+1b

2
Γ

[
s+ 1, s− δ + 2
2s+3
2 , 2s−2δ+5

2

]
×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } × 5F5

( 1
2 ,

s+1
2 , s+2

2 , s−δ+2
2 , s−δ+3

2 ; a2b2

3
2 ,

2s+3
4 , 2s+5

4 , 2s−2δ+5
4 , 2s−2δ+7

4

)
[a > 0; Re s > −1]

3 θ (a− x) erf (b
√
x)

√
π as+1/2bΓ

[ 2s+1
2 , 2s−2δ+3

2

s+ 1, s− δ + 2

]
3F3

( 1
2 ,

2s+1
2 , 2s−2δ+3

2 ; −ab2
3
2 , s+ 1, s− δ + 2

)
×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } [a > 0; Re s > −1/2]

4 θ (a− x) eb
2x erf (b

√
x)

√
π as+1/2bΓ

[ 2s+1
2 , 2s−2δ+3

2

s+ 1, s− δ + 2

]
3F3

(
1, 2s+1

2 , 2s−2δ+3
2 ; ab2

3
2 , s+ 1, s− δ + 2

)
×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } [a > 0; Re s > −1/2]

3.26.16. K (ϕ (x)), E (ϕ (x)), and S (a
√
x), C (a

√
x)

Notation: δ =

{
1

0

}
.

1 θ (a− x)S (b
√
x)

as+3/4

3

√
πb3

2
Γ

[ 4s+3
4 , 4s−4δ+7

4
4s+5
4 , 4s−4δ+9

4

]
3F4

( 3
4 ,

4s+3
4 , 4s−4δ+7

4 ; −ab
2

4
3
2 ,

7
4 ,

4s+5
4 , 4s−4δ+9

4

)
×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } [a > 0; Re s > −3/4]
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No. f (x) F (s)

2 θ (a− x)C (b
√
x) as+1/4

√
πb

2
Γ

[ 4s+1
4 , 4s−4δ+5

4
4s+3
4 , 4s−4δ+7

4

]
3F4

( 1
4 ,

4s+1
4 , 4s−4δ+5

4 ; −ab
2

4
1
2 ,

5
4 ,

4s+3
4 , 4s−4δ+7

4

)
×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } [a > 0; Re s > −1/4]

3.26.17. K (ϕ (x)), E (ϕ (x)), and γ (ν, ax)

Notation: δ =

{
1

0

}
.

1 θ (a− x) γ (ν, bx)
πas+νbν

2ν
Γ

[
s+ ν, s+ ν − δ + 1
2s+2ν+1

2 , 2s+2ν−2δ+3
2

]
×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } × 3F3

(
ν, s+ ν, s+ ν − δ + 1; −ab
ν + 1, 2s+2ν+1

2 , 2s+2ν−2δ+3
2

)
[a, Re (s+ ν) > 0]

2 θ (a− x) ebxγ (ν, bx)
πas+νbν

2ν
Γ

[
s+ ν, s+ ν − δ + 1
2s+2ν+1

2 , 2s+2ν−2δ+3
2

]
×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } × 3F3

(
1, s+ ν, s+ ν − δ + 1; ab

ν + 1, 2s+2ν+1
2 , 2s+2ν−2δ+3

2

)
[a, Re (s+ ν) > 0]

3.26.18. K (ϕ (x)), E (ϕ (x)), and Jν (bxr), Iν (bxr)

Notation: δ =

{
1

0

}
.

1 θ (a− x)

{
Jν (bx)

Iν (bx)

}
πas+νbν

2ν+1
Γ

[
s+ ν, s+ ν

ν + 1, 2s+2ν+1
2 , 2s+2ν+1

2

]
×K

(√
1− x

a

)
× 4F5

( s+ν
2 , s+ν2 , s+ν+1

2 , s+ν+1
2 ; ∓ a2b2

4

ν + 1, 2s+2ν+1
4 , 2s+2ν+1

4 , 2s+2ν+3
4 , 2s+2ν+3

4

)
[a, Re (s+ ν) > 0]

2 θ (a− x)

{
Jν (bx)

Iν (bx)

}
πas+νbν

2ν+1
Γ

[
s+ ν, s+ ν + 1

ν + 1, 2s+2ν+1
2 , 2s+2ν+3

2

]
×E

(√
1− x

a

)
× 4F5

( s+ν
2 , s+ν+1

2 , s+ν+1
2 , s+ν+3

2 ; ∓ a2b2

4

ν + 1, 2s+2ν+1
4 , 2s+2ν+3

4 , 2s+2ν+3
4 , 2s+2ν+5

4

)
[a, Re (s+ ν) > 0]

3 θ (a− x)

{
Jν (b

√
x)

Iν (b
√
x)

}
πas+ν/2bν

2ν+1

Γ2
(
2s+ν

2

)
Γ (ν + 1) Γ2

(
2s+ν+1

2

) 2F3

( 2s+ν
2 , 2s+ν

2 ; ∓ab
2

4

ν + 1, 2s+ν+1
2 , 2s+ν+1

2

)
×K

(√
1− x

a

)
[a, Re (s+ ν/2) > 0]
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No. f (x) F (s)

4 θ (a− x)

{
Jν (b

√
x)

Iν (b
√
x)

}
πas+ν/2bν

2ν+1
Γ

[ 2s+ν
2 , 2s+ν+2

2

ν + 1, 2s+ν+1
2 , 2s+ν+3

2

]
×E

(√
1− x

a

)
× 2F3

( 2s+ν
2 , 2s+ν+2

2 ; ∓ab
2

4

ν + 1, 2s+ν+1
2 , 2s+ν+3

2

)
[a, Re (s+ ν/2) > 0]

5 θ (a− x) ebxIν (bx)
πas+νbν

2ν+1
Γ

[
s+ ν, s+ ν − δ + 1

ν + 1, 2s+2ν+1
2 , 2s+2ν−2δ+3

2

]
×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } × 3F3

( 2ν+1
2 , s+ ν, s+ ν − δ + 1; 2ab

2ν + 1, 2s+2ν+1
2 , 2s+2ν−2δ+3

2

)
[a, Re (s+ ν) > 0]

6 θ (a− x)
πas+(µ+ν)/2bµ+ν

2µ+ν+1
Γ

[ 2s+µ+ν
2 , 2s+µ+ν

2

µ+ 1, ν + 1, 2s+µ+ν+1
2 , 2s+µ+ν+1

2

]
×
{
Jµ (b

√
x) Jν (b

√
x)

Iµ (b
√
x) Iν (b

√
x)

}
× 4F5

( µ+ν+1
2 , µ+ν+2

2 , 2s+µ+ν
2 , 2s+µ+ν

2 ; ∓ab2

µ+ 1, ν + 1, µ+ ν + 1, 2s+µ+ν+1
2 , 2s+µ+ν+1

2

)
×K

(√
1− x

a

)
[a, Re (2s+ µ+ ν) > 0]

7 θ (a− x)
πas+(µ+ν)/2bµ+ν

2µ+ν+1
Γ

[ 2s+µ+ν
2 , 2s+µ+ν+2

2

µ+ 1, ν + 1, 2s+µ+ν+1
2 , 2s+µ+ν+3

2

]
×
{
Jµ (b

√
x) Jν (b

√
x)

Iµ (b
√
x) Iν (b

√
x)

}
× 4F5

( µ+ν+1
2 , µ+ν+2

2 , 2s+µ+ν
2 , 2s+µ+ν+2

2 ; ∓ab2

µ+ 1, ν + 1, µ+ ν + 1, 2s+µ+ν+1
2 , 2s+µ+ν+3

2

)
×E

(√
1− x

a

)
[a, Re (2s+ µ+ ν) > 0]

3.26.19. K (ϕ (x)), E (ϕ (x)), and Hν (bxr), Lν (bxr)

1 θ (a− x)

{
Hν (bx)

Lν (bx)

}
√
π as+ν+1

(
b

2

)ν+1

Γ

[
s+ ν + 1, s+ ν + 1

2ν+3
2 , 2s+2ν+3

2 , 2s+2ν+3
2

]
×K

(√
1− x

a

)
× 4F5

(
1, s+ν+1

2 , s+ν+1
2 , s+ν+2

2 , s+ν+2
2 ; ∓ a2b2

4
3
2 ,

2ν+3
2 , 2s+2ν+3

4 , 2s+2ν+3
4 , 2s+2ν+5

4 , 2s+2ν+5
4

)
[a, Re (s+ ν + 1) > 0]

2 θ (a− x)

{
Hν (bx))

Lν (bx)

}
√
π as+ν+1

(
b

2

)ν+1

Γ

[
s+ ν + 1, s+ ν + 2

2ν+3
2 , 2s+2ν+3

2 , 2s+2ν+5
2

]
×E

(√
1− x

a

)
× 5F6

(
1, s+ν+1

2 , s+ν+2
2 , s+ν+2

2 , s+ν+3
2 ; ∓ a2b2

4
3
2 ,

2ν+3
2 , 2s+2ν+3

4 , 2s+2ν+5
4 , 2s+2ν+5

4 , 2s+2ν+7
4

)
[a, Re (s+ ν + 1) > 0]
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No. f (x) F (s)

3 θ (a− x)

{
Hν (b

√
x)

Lν (b
√
x)

}
√
π as+(ν+1)/2

(
b

2

)ν+1

Γ

[ 2s+ν+1
2 , 2s+ν+1

2
2ν+3

2 , 2s+ν+2
2 , 2s+ν+2

2

]
×K

(√
1− x

a

)
× 3F4

(
1, 2s+ν+1

2 , 2s+ν+1
2 ; ∓ab

2

4
3
2 ,

2ν+3
2 , 2s+ν+2

2 , 2s+ν+2
2

)
[a > 0; Re (2s+ ν) > −1]

4 θ (a− x)

{
Hν (b

√
x)

Lν (b
√
x)

}
√
πas+(ν+1)/2

(
b

2

)ν+1

Γ

[ 2s+ν+1
2 , 2s+ν+3

2
2ν+3

2 , 2s+ν+2
2 , 2s+ν+4

2

]
×E

(√
1− x

a

)
× 3F4

(
1, 2s+ν+1

2 , 2s+ν+3
2 ; ∓ab

2

4
3
2 ,

2ν+3
2 , 2s+ν+2

2 , 2s+ν+4
2

)
[a > 0; Re (2s+ ν) > −1]

3.26.20. K (bx), E (bx), and Tn (ax)

No. f (x) F (s)

1
(
a2 − x2

)−1/2
+

Tn

(x
a

) π2

4

(a
2

)s−1
Γ

[
s

s−n+1
2 , s+n+1

2

]
4F3

(± 1
2 ,

1
2 ,

s
2 ,

s+1
2 ; a2b2

1, s−n+1
2 , s+n+1

2

)
×
{

K (bx)

E (bx)

}
[a > 0; Re s > ((−1)

n − 1) /2]

2

(
a2 − x2

)−1/2
+

1− b2x2
Tn

(x
a

) π2

4

(a
2

)s−1
Γ

[
s

s−n+1
2 , s+n+1

2

]
4F3

( 1
2 ,

3
2 ,

s
2 ,

s+1
2 ; a2b2

1, s−n+1
2 , s+n+1

2

)
×E (bx) [a > 0; Re s > ((−1)

n − 1) /2]

3.26.21. K (ϕ (x)), E (ϕ (x)), and Lλn (ax), Hn (axr)

Notation: δ =

{
1

0

}
.

1 θ (a− x)Lλn (bx)
π (λ+ 1)n a

s

2 (n!)
Γ

[
s, s− δ + 1

2s+1
2 , 2s−2δ+3

2

]
3F3

(
−n, s, s− δ + 1; ab

λ+ 1, 2s+1
2 , 2s−2δ+3

2

)
×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } [a, Re s > 0]

2 θ (a− x)H2n (bx) (−1)
n (2n)!

n!

πas

2
Γ

[
s+ 1, s− δ + 1
2s+1
2 , 2s−2δ+3

2

]
×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } × 5F5

(−n, s2 , s+1
2 , s−δ+1

2 , s−δ+2
2 ; −a2b2

1
2 ,

2s+1
4 , 2s+3

4 , 2s−2δ+3
4 , 2s−2δ+5

4

)
[a, Re s > 0]



3.26. The Complete Elliptic Integrals K (z), E (z), and D (z) 401

No. f (x) F (s)

3 θ (a− x)H2n+1 (bx) (−1)
n (2n+ 1)!

n!
πas+1bΓ

[
s+ 1, s− δ + 2
2s+3
2 , 2s−2δ+5

2

]
×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } × 5F5

(−n, s+1
2 , s+2

2 , s−δ+2
2 , s−δ+3

2 ; −a2b2
3
2 ,

2s+3
4 , 2s+5

4 , 2s−2δ+5
4 , 2s−2δ+7

4

)
[a > 0; Re s > −1]

4 θ (a− x)H2n (b
√
x) (−1)

n
22n−1πas

(
1

2

)
n

Γ

[
s, s− δ + 1

2s+1
2 , 2s−2δ+3

2

]
×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } × 3F3

(
−n, s, s− δ + 1; ab2

1
2 ,

2s+1
2 , 2s−2δ+3

2

)
[a, Re s > 0]

5 θ (a− x)H2n+1 (b
√
x) (−4)

n
πas+1/2b

(
3

2

)
n

Γ

[ 2s+1
2 , 2s−2δ+3

2

s+ 1, s− δ + 2

]
×
{

K
(√

1− x/a
)

E
(√

1− x/a
) } × 3F3

(−n, 2s+1
2 , 2s−2δ+3

2 ; ab2

3
2 , s+ 1, s− δ + 2

)
[a > 0; Re s > −1/2]

3.26.22. K (bx), E (bx), and Cλn (ax)

1
(
a2 − x2

)λ−1/2
+

Cλn

(x
a

) π2

2 (n!)

(a
2

)s+2λ−1
Γ

[
n+ 2λ, s

λ, s−n+1
2 , s+n+2λ+1

2

]
×
{

K (bx)

E (bx)

}
× 4F3

(± 1
2 ,

1
2 ,

s
2 ,

s+1
2 ; a2b2

1, s−n+1
2 , s+n+2λ+1

2

)
[a > 0; Reλ > −1/2; Re s > ((−1)

n − 1) /2]

2

(
a2 − x2

)λ−1/2
+

1− b2x2
Cλn

(x
a

) π2

2 (n!)

(a
2

)s+2λ−1
Γ

[
n+ 2λ, s

λ, s−n+1
2 , s+n+2λ+1

2

]
×E (bx) × 4F3

( 1
2 ,

3
2 ,

s
2 ,

s+1
2 ; a2b2

1, s−n+1
2 , s+n+2λ+1

2

)
[a > 0; Reλ > −1/2; Re s > ((−1)

n − 1) /2]

3.26.23. D (ϕ (x)) and various functions

1 θ (a− x) ln
a+
√
a2 − x2
x

π3/2as

8s
Γ

[ s
2
s+1
2

]
4F3

( 1
2 ,

3
2 ,

s
2 ,

s
2 ; a2b2

2, s+1
2 , s+2

2

)
[a, Re s > 0]

×D (bx)

2 θ (a− x) arccos
x

a
D (bx)

π3/2as

4s2
Γ

[ s+1
2
s
2

]
4F3

( 1
2 ,

3
2 ,

s
2 ,

s+1
2 ; a2b2

2, s+2
2 , s+2

2

)
[a, Re s > 0]
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No. f (x) F (s)

3 (a− x)
α−1
+ D

(
b
√
x (a− x)

) πas+α−1

4
B (s, α) 4F3

( 1
2 ,

3
2 , α, s;

a2b2

4

2, s+α2 , s+α+1
2

)
[a, Re s, Reα > 0]

3.26.24. Products of K (ϕ (x))

1 θ (a− x) K (bx) K

(√
1− x

a

)
π2as

4
Γ

[
s, s

2s+1
2 , 2s+1

2

]
6F5

( 1
2 ,

1
2 ,

s
2 ,

s
2 ,

s+1
2 , s+1

2 ; a2b2

1, 2s+1
4 , 2s+1

4 , 2s+3
4 , 2s+3

4

)
[a, Re s > 0]

2 θ (a− x) K (b
√
x) K

(√
1− x

a

)
π2as

4
Γ

[
s, s

2s+1
2 , 2s+1

2

]
4F3

( 1
2 ,

1
2 , s, s; ab

2

1, 2s+1
2 , 2s+1

2

)
[a, Re s > 0]

3
θ (a− x)√

1 + b2x
K

(
b
√
x√

1 + b2x

)
π2as

4
Γ

[
s, s

2s+1
2 , 2s+1

2

]
4F3

( 1
2 ,

1
2 , s, s; −ab

2

1, 2s+1
2 , 2s+1

2

)
×K

(√
1− x

a

) [
a, Re s > 0; |arg

(
1 + ab2

)
| < π

]
4 K2

(√√
a−
√
x+ a

2
√
a

) √
π as

4
Γ

[
s, 1−2s

4 , 1−2s
4 , 1−2s

4

1− s, 1− s

]
[0 < Re s < 1/2; |arg a| < π]

5 K2

(√√
x−
√
x+ a

2
√
x

) √
π as

4
Γ

[
−s, 2s+1

4 , 2s+1
4 , 2s+1

4

s+ 1, s+ 1

]
[−1/2 < Re s < 0; |arg a| < π]

6
1√

x+ a+
√
x

K2

(
±
√
x+ a−

√
x√

a

) √
π as−1/2

8
Γ

[
s, s, s, 1−2s2
2s+1
2 , 2s+1

2

]
[0 < Re s < 1/2; |arg a| < π]

7
1√

x+ a+
√
a

K2

(
±
√
x+ a−

√
a√

x

) √
π as−1/2

8
Γ

[
s, 1−2s

2 , 1−2s
2 , 1−2s

2

1− s, 1− s

]
[0 < Re s < 1/2; |arg a| < π]

8 K

(
i

√
2
√
x
(√
x−
√
x+ a

)
a

) √
π as

4
Γ

[
s, 1−2s

2 , 1−2s
2 , 1−2s

2

1− s, 1− s

]

×K

(
i

√
2
√
x
(√
x+
√
x+ a

)
a

)
[0 < Re s < 1/2; |arg a| < π]
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No. f (x) F (s)

9 K

(
i

√
2
√
a
(√
a−
√
x+ a

)
x

) √
π as

4
Γ

[
−s, 2s+1

2 , 2s+1
2 , 2s+1

2

s+ 1, s+ 1

]

×K

(
i

√
2
√
a
(√
a+
√
x+ a

)
x

)
[−1/2 < Re s < 0; |arg a| < π]

10 K

(√
1− (

√
x+ a−

√
a)2

x

) √
π as

4
Γ

[
−s, 2s+1

2 , 2s+1
2 , 2s+1

2

s+ 1, s+ 1

]

×K

(√
1− (

√
x+ a+

√
a)2

x

)
[−1/2 < Re s < 0; |arg a| < π]

11 K

(√
1− (

√
x+ a−

√
x)2

a

) √
π as

4
Γ

[
s, 1−2s

2 , 1−2s
2 , 1−2s

2

1− s, 1− s

]

×K

(√
1− (

√
x+ a+

√
x)2

a

)
[0 < Re s < 1/2; |arg a| < π]

3.26.25. Products of K (ϕ (x)) and E (ϕ (x))

Notation: ε = 0 or 1.

1 θ (a− x) E

(√
1− x

a

)
K (bx)

π2as

4
Γ

[
s, s+ 1

2s+1
2 , 2s+3

2

]
× 6F5

( 1
2 ,

1
2 ,

s
2 ,

s+1
2 , s+1

2 , s+2
2 ; a2b2

1, 2s+1
4 , 2s+3

4 , 2s+3
4 , 2s+5

4

)
[a, Re s > 0]

2 θ (a− x) E

(√
1− x

a

)
K (b
√
x)

π2as

4
Γ

[
s, s+ 1

2s+1
2 , 2s+3

2

]
4F3

( 1
2 ,

1
2 , s, s+ 1; ab2

1, 2s+1
2 , 2s+3

2

)
[a, Re s > 0]

3 θ (a− x) E (bx) K

(√
1− x

a

)
π2as

4
Γ

[
s, s

2s+1
2 , 2s+1

2

]
× 6F5

(− 1
2 ,

1
2 ,

s
2 ,

s
2 ,

s+1
2 , s+1

2 ; a2b2

1, 2s+1
4 , 2s+1

4 , 2s+3
4 , 2s+3

4

)
[a, Re s > 0]

4
θ (a− x)

(1− b2x)
ε E (b

√
x) K

(√
1− x

a

)
π2as

4
Γ

[
s, s

2s+1
2 , 2s+1

2

]
4F3

( 2ε−1
2 , 2ε+1

2 , s, s; ab2

1, 2s+1
2 , 2s+1

2

)
[a, Re s > 0]
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No. f (x) F (s)

5 θ (a− x)
√

1 + b2xE

(
b
√
x√

1 + b2x

)
π2as

4
Γ

[
s, s

2s+1
2 , 2s+1

2

]
4F3

(− 1
2 ,

1
2 , s, s; −ab

2

1, 2s+1
2 , 2s+1

2

)
×K

(√
1− x

a

) [
a, Re s > 0; |arg

(
1 + ab2

)
| < π

]

6
θ (a− x)√

1 + b2x
E

(√
1− x

a

)
π2as

4
Γ

[
s, s+ 1

2s+1
2 , 2s+3

2

]
4F3

( 1
2 ,

1
2 , s, s+ 1; −ab2

1, 2s+1
2 , 2s+3

2

)
×K

(
b
√
x√

1 + b2x

) [
a, Re s > 0; |arg

(
1 + ab2

)
| < π

]

3.26.26. Products of E (ϕ (x))

Notation: ε = 0 or 1.

1
θ (a− x)

(1− b2x2)
ε E (bx) E

(√
1− x

a

)
π2as

4
Γ

[
s, s+ 1

2s+1
2 , 2s+3

2

]
× 6F5

( 2ε−1
2 , 2ε+1

2 , s2 ,
s+1
2 , s+1

2 , s+2
2 ; a2b2

1, 2s+1
4 , 2s+3

4 , 2s+3
4 , 2s+5

4

)
[a, Re s > 0]

2
θ (a− x)

(1− b2x)
ε E (b

√
x) E

(√
1− x

a

)
π2as

4
Γ

[
s, s+ 1

2s+1
2 , 2s+3

2

]
4F3

( 2ε−1
2 , 2ε+1

2 , s, s+ 1; ab2

1, 2s+1
2 , 2s+3

2

)
[a, Re s > 0]

3 θ (a− x)
√

1 + b2xE

(
b
√
x√

1 + b2x

)
π2as

4
Γ

[
s, s+ 1

2s+1
2 , 2s+3

2

]
4F3

(− 1
2 ,

1
2 , s, s+ 1; −ab2

1, 2s+1
2 , 2s+3

2

)
×E

(√
1− x

a

) [
a, Re s > 0; |arg

(
1 + ab2

)
| < π

]

3.26.27. Products containing D (ϕ (x))

1 θ (a− x) K

(√
1− x

a

)
D (b
√
x)

π2as

8
Γ

[
s, s

2s+1
2 , 2s+1

2

]
4F3

( 1
2 ,

3
2 , s, s; ab

2

2, 2s+1
2 , 2s+1

2

)
[a, Re s > 0]

2 θ (a− x) E

(√
1− x

a

)
D (b
√
x)

π2as

8
Γ

[
s, s+ 1

2s+1
2 , 2s+3

2

]
4F3

( 1
2 ,

3
2 , s, s+ 1; ab2

2, 2s+1
2 , 2s+3

2

)
[a, Re s > 0]
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3.27. The Hypergeometric Function 0F1 (b; z)

More formulas can be obtained from the corresponding sections due to the relations

0F1 (b; −z) = Γ (b) z(1−b)/2 Jb−1
(
2
√
z
)
, 0F1 (b; z) = Γ (b) z(1−b)/2 Ib−1

(
2
√
z
)
,

0F1 (b; z) = lim
a→∞ 1F1

(
a; b;

z

a

)
, 0F1 (b; z) = e−2

√
z
1F1

(
b− 1

2
; 2b− 1; 4

√
z
)
,

0F1 (b; z) = Γ (b) G10
02

(
−z
∣∣∣∣ ·

0, 1− b

)
.

3.27.1. 0F1 (b; ωx) and the exponential function

No. f (x) F (s)

1 e2
√
ωx

0F1 (b; ωx)
22b−4s−1 (−

√
ω)
−2s

√
π

Γ

[
b, 2b−4s−1

2 , 2s

2b− 2s− 1

]
[ω < 0; 0 < Re s < (2 Re b− 1) /4]

2 e−2
√
ωx

0F1 (b; ωx)
22b−4s−1ω−s√

π
Γ

[
b, 2b−4s−1

2 , 2s

2b− 2s− 1

]
[ω < 0; 0 < Re s < (2 Re b− 1) /4]

3.27.2. 0F1 (b; ωx) and trigonometric functions

1

{
sin (2

√
ωx+ σ)

cos (2
√
ωx+ σ)

}
22b−4s−1ω−s√

π

{
sin (sπ + σ)

cos (sπ + σ)

}
Γ

[
b, 2b−4s−1

2 , 2s

2b− 2s− 1

]
× 0F1 (b; −ωx) [ω > 0; 0 < Re s < (2 Re b− 1) /4]

3.27.3. 0F1 (b; ωx) and sinc (
√
ax)

1 sinc (2
√
ωx) 0F1 (b; −ωx) −22b−4sω−s√

π
cos (sπ) Γ

[
b, 1−4s+2b

2 , 2s− 1

2b− 2s

]
[ω > 0; 0 < Re s < (2 Re b+ 1) /4]

3.27.4. 0F1 (b; ωx) and the Bessel functions

1 Jν (2
√
ωx) 0F1 (b; −ωx) ω−s Γ

[
b, b− 2s, 2s+ν

2
ν−2s+2

2 , 2b−2s−ν
2 , 2b−2s+ν

2

]
[ω > 0; −Re ν/2 < Re s < Re b/2]
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No. f (x) F (s)

2 J−b−n (2
√
ωx) 0F1 (b; −ωx)

(−1)
n+1

ωs
Γ

[
b, b− 2s, 2s−b+n+2

2
b+n−2s+2

2 , 3b+n−2s
2 , 2−b−n−2s

2

]
− (−1)

[(n+1)/2]

2n
√
π

(ωx)
−(b+n)/2

[ω > 0; (Re b− n) /2− 1 < Re s < Re b/2]

× Γ (b)

[n/2]∑
k=0

([
n
2

]
− k + 1

)
n−[n/2]

k!

× Γ

[
k − n+

[
n
2

]
+ 1

2

b+ k, k − n− b+ 1

]
(−4ωx)

k

3 Yν (2
√
ωx) 0F1 (b; −ωx) −ω

−s

π
cos

(2s− ν)π

2
Γ

[
b, b− 2s, 2s−ν

2 , 2s+ν
2

2b−2s−ν
2 , 2b−2s+ν

2

]
[ω > 0; |Re ν|/2 < Re s < Re b/2]

4 Y−b−1 (2
√
ωx) 0F1 (b; −ωx)

2b−2sω−s

π3/2 (b− 2s+ 1)
sin

(2s+ b)π

2

+
cot (bπ)

Γ (−b)
(ωx)

−(b+1)/2 × Γ

[
b, b−2s2 , 2s−b+3

2 , 2s+b+1
2

3b−2s+1
2

]
[
ω > 0; (Re b− 3) /2, − (Re b+ 1) /2

< Re s < Re b/2

]
5 Y−b (2

√
ωx) 0F1 (b; −ωx) −2b−2s−1ω−s

π3/2
cos

(2s+ b)π

2
Γ

[
b, b−2s+1

2 , 2s−b
2 , 2s+b

2
3b−2s

2

]
+

cos (bπ)

2π
Γ (b) (ωx)

−b/2
[ω > 0; |Re b|/2 < Re s < (Re b+ 1) /2]

6 Yb (2
√
ωx) 0F1 (b; −ωx) −2b−2s−1ω−s√

π
Γ

[
b, 2s−b

2 , 2s+b
2

3b−2s
2 , 2s−b+1

2

]
+

Γ (b)

π
(ωx)

−b/2
[
ω > 0; (Re b− 2) /2, −Re b/2

< Re s < Re b/2

]
7 Yb+1 (2

√
ωx) 0F1 (b; −ωx)

2b−2sω−s√
π (b− 2s+ 1)

Γ

[
b, 2s+b+1

2 , 2s−b+3
2

2s−b+2
2 , 3b−2s+1

2

]
+

Γ (b+ 1)

π
(ωx)

−(b+1)/2

[
ω > 0; (Re b− 3) /2, − (Re b+ 1) /2

< Re s < (Re b+ 1) /2

]
8 Y±b±n (2

√
ωx) 0F1 (b; −ωx) (±1)

n ω
−s

π
cos

(2s∓ b+ n)π

2

+
(∓1)

n

2n
√
π

(ωx)
−(b+n)/2

{
csc (bπ)

cot (bπ)

}
× Γ

[
b, b− 2s, 2s−b+n+2

2 , 2s+b+n
2

b+n−2s+2
2 , 3b+n−2s

2

]
× Γ (b)

[n/2]∑
k=0

(−1)
k+[(n+1)/2]

[
ω > 0; (Re b− n) /2− 1, − (Re b+ n) /2

< Re s < Re b/2

]
×

([
n
2

]
− k + 1

)
n−[n/2]

k!

× Γ

[
k − n+

[
n
2

]
+ 1

2

b+ k, k − n− b+ 1

]
(4ωx)

k
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No. f (x) F (s)

9

{
H

(1)
ν (2

√
ωx)

H
(2)
ν (2

√
ωx)

}
0F1 (b; −ωx)

ω−s

π
Γ

[
b, b− 2s, 2s+ν

2
ν−2s+2

2 , 2b−2s−ν
2 , 2b−2s+ν

2

]
×
[
π ∓ i cos

(2s− ν)π

2
Γ
(
s− ν

2

)
Γ
(

1− s+
ν

2

)]
[ω > 0; |Re ν|/2 < Re s < Re b/2]

10 Kb−1 (2
√
ωx) 0F1 (b; −ωx)

ω−s

4
Γ

[
b, 2s−b+1

2 , 2s+b−1
4

3b−2s+1
4

]
[Re s > |1− Re b|/2]

11 Kν (2
√
ωx) 0F1 (b; ωx)

ω−s

2
Γ

[
b, b− 2s, 2s−ν

2 , 2s+ν
2

2b−2s−ν
2 , 2b−2s+ν

2

]
[|Re ν|/2 < Re s < Re b/2]

3.27.5. 0F1 (b; ωx) and kerν (
√
ax), keiν (

√
ax)

1 ker±b∓1 (2
√
ωx) 0F1 (b; iωx) ± iω

−s

8

(
2b−2s√
π

ei(∓b−s)π/2 Γ

[
b, b−2s2 , 2s+b−1

2 , 2s−b+1
2

3b−2s−1
2

]
− ei(±b+s)π/2 Γ

[
b, 2s+b−1

4 , 2s−b+1
2

3b−2s+1
4

])
[ω > 0; |Re b− 1|/2 < Re s < Re b/2]

2 kei±b∓1 (2
√
ωx) 0F1 (b; iωx) ±ω

−s

8

(
2b−2s√
π

ei(∓b−s)π/2 Γ

[
b, b−2s2 , 2s+b−1

2 , 2s−b+1
2

3b−2s−1
2

]
+ ei(±b+s)π/2 Γ

[
b, 2s+b−1

4 , 2s−b+1
2

3b−2s+1
4

])
[ω > 0; |Re b− 1|/2 < Re s < Re b/2]

3.27.6. 0F1 (b; ωx) and Ai ( 3
√
ax), Ai′ ( 3

√
ax)

1 Ai
(
32/3 3
√
ωx
)

0F1 (b; ωx)
3−1/6ω−s

2π
Γ

[
b, s, 3s+1

3 , 3b−6s−1
3

b− s, 3b−3s−1
3

]
[0 < Re s < (3 Re b− 1) /6; |argω| < π]

2 Ai′
(
32/3 3
√
ωx
)

0F1 (b; ωx) −31/6ω−s

2π
Γ

[
b, s, 3s+2

3 , 3b−6s−2
3

b− s, 3b−3s−2
3

]
[0 < Re s < (3 Re b− 2) /6; |argω| < π]
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3.28. The Kummer Confluent Hypergeometric Function 1F1 (a; b; z)

More formulas can be obtained from the corresponding sections due to the relations

1F1 (a; b; z) = lim
λ→∞

2F1

(
a, λ; b;

z

λ

)
, 1F1 (a; b; z) =

Γ (b)

Γ (a)
G11

12

(
−z
∣∣∣∣ 1− a

0, 1− b

)
.

3.28.1. 1F1 (a; b; ωx) and algebraic functions

No. f (x) F (s)

1 1F1

(
a; −ωx

b

)
ω−s Γ

[
b, s, a− s
a, b− s

]
[0 < Re s < Re a; Reω > 0]

2 (σ − x)
α−1
+ 1F1

(
a; −ωx

b

)
σs+α−1 B(s, α) 2F2

(
a, s; −σω
b, s+ α

)
[σ, Reα, Re s > 0]

3 (x− σ)
α−1
+ 1F1

(
a; −ωx

b

)
ω1−s−α Γ

[
b

b− s− α+ 1

]
B (a− s− α+ 1, s+ α− 1)

× 2F2

(
1− α, a− s− α+ 1; −σω
1− s− α+ 2, b− s− α

)
+ σs+α−1 B (1− s− α, α) 2F2

(
a, s; −σω
b, s+ α

)
[
σ, Reα > 0; (Reω > 0; Re (s− a+ α) < 1) or

(Reω = 0; Re s < Re (b− a− α) + 2)

]

4
1

(x+ σ)
ρ 1F1

(
a; −ωx

b

)
σs−ρ B (s, ρ− s) 2F2

(
a, s; σω

b, s− ρ+ 1

)
+ ωρ−s B (s− ρ, a− s+ ρ) Γ

[
b

b− s+ ρ

]
× 2F2

(
ρ, a− s+ ρ; σω

1− s+ ρ, b− s+ ρ

)
[

(Reω > 0; 0 < Re s < Re (ρ+ a)) or

(Reω = 0; 0 < Re s < Re (b− a+ ρ) + 1) ; |arg σ| < π

]

5
1

x− σ 1F1

(
a; −ωx

b

)
ω1−s B (a− s+ 1, s− 1) Γ

[
b

b− s+ 1

]
× 2F2

(
1, a− s+ 1; −σω
2− s, b− s+ 1

)
− πσs−1 cot (sπ) 1F1

(
a; −σω

b

)
[
σ > 0; (Reω > 0; 0 < Re s < Re a+ 1) or

(Reω = 0; 0 < Re s < Re (b− a) + 2)

]
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No. f (x) F (s)

6
(√
x+
√
x+ σ

)ρ 2ρ

ωs+ρ/2
B

(
2b− 2a− 2s− ρ

2
,

2s+ ρ

2

)
× 1F1

(
a; −ωx

b

)
× Γ

[
b

2b−2s−ρ
2

]
3F3

(−ρ2 , 1−ρ
2 , 2a−2s−ρ

2 ; σω

1− ρ, 2−2s−ρ
2 , 2b−2s−ρ

2

)

− σs+ρ/2ρ

22s
Γ

[
2s, −2s−ρ2

2s−ρ+2
2

]
3F3

(
a, s, 2s+1

2 ; σω

b, 2s−ρ+2
2 , 2s+ρ+2

2

)
[

(Reω > 0; 0 < Re s < Re (a− ρ/2)) or

(Reω = 0; 0 < Re s < Re (b− a− ρ/2) + 1) ; |arg σ| < π

]

7

(√
x+
√
x+ σ

)ρ
√
x+ σ

2ρ

ωs+(ρ−1)/2 B

(
2a− 2s− ρ+ 1

2
,

2s+ ρ− 1

2

)
× 1F1

(
a; −ωx

b

)
× Γ

[
b

2b−2s−ρ+1
2

]
3F3

( 1−ρ
2 , 2−ρ

2 , 2a−2s−ρ+1
2 ; σω

1− ρ, 3−2s−ρ
2 , 2b−2s−ρ+1

2

)

+
σs+(ρ−1)/2

22s−1
B

(
2s,

1− 2s− ρ
2

)
3F3

(
a, s, 2s+1

2 ; σω

b, 2s−ρ+1
2 , 2s+ρ+1

2

)
[

(Reω > 0; 0 < Re s < Re (a+ (1− ρ) /2)) or

(Reω = 0; 0 < Re s < Re (b− a+ (3− ρ) /2)) ; |arg σ| < π

]

8 θ (x− σ) (x− τ)
−a σs−a

a− s
Ψ1

(
a, a− s; a− s+ 1, b;

τ

σ
, ω
)

× 1F1

(
a; b;

ωx

x− τ

)
[σ > 0; |τ | < σ; 0 < Re s < Re a]

9 (σ − x)
b−1
+ (τ − x)

−a
τ−aσs+b−1 B (s, b) Φ1

(
a, s, s+ b,

σ

τ
,
σω

τ

)
× 1F1

(
a; b;

ω (σ − x)

τ − x

)
[τ > σ > 0; Re b, Re s > 0]

3.28.2. 1F1 (a; b; ωx) and the exponential function

1 e−σx 1F1

(
a; ωx

b

)
Γ (s)

σs
2F1

(
a, s

b; ω
σ

)


(Re (σ − ω) > 0, Reσ > 0; Re s > 0) or

(Re (σ − ω) = 0, Reσ > 0; 0 < Re s < Re (b− a) + 1) or

(Re (σ − ω) > 0, Reσ = 0; 0 < Re s < Re a+ 1) or

(Re (σ − ω) = 0, Reσ = 0; 0 < Re s < Re a+ 1, Re (b− a) + 1)


2 e−ωx 1F1

(
a; ωx

b

)
ω−s Γ

[
s, b− a− s, b
b− s, b− a

]
[

(Reω > 0; 0 < Re s < Re (b− a)) or

(Reω = 0; 0 < Re s < Re a+ 1, Re (b− a))

]
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No. f (x) F (s)

3 (σ − x)
α−1
+ e−ωx σs+α−1 B (s, α) 2F2

(
b− a, s; −σω
b, s+ α

)
[σ, Reα, Re s > 0]

× 1F1

(
a; ωx

b

)

4 (x− σ)
α−1
+ e−ωx ω1−s−α B (1− a+ b− s− α, s+ α− 1) Γ

[
b

b− s− α+ 1

]
× 1F1

(
a; ωx

b

)
× 2F2

(
1− α, 1− a+ b− α− s; −σω

2− s− α, b− α− s+ 1

)
+ σs+α−1 B (1− s− α, α) 2F2

(
b− a, s; −σω
b, s+ α

)
[
σ > 0; (Reω > 0; Re s < Re (b− a− α) + 1) or

(Reω = 0; Re s < Re (a− α) + 2, Re (b− a− α) + 1)

]

5
e−ωx

(x+ σ)
ρ 1F1

(
a; ωx

b

)
σs−ρ B (s, ρ− s) 2F2

(
b− a, s; σω
b, s− ρ+ 1

)
+ ωρ−s B (s− ρ, b− a+ ρ− s) Γ

[
b

b+ ρ− s

]
× 2F2

(
ρ, b− a+ ρ− s; σω
ρ− s+ 1, b+ ρ− s

)
[

(Reω > 0; 0 < Re s < Re (b− a+ ρ)) or

(Reω = 0; 0 < Re s < Re (b− a+ ρ) , Re (a+ ρ) + 1) ; |arg σ| < π

]

6
e−ωx

x− σ 1F1

(
a; ωx

b

)
ω1−s B (1− s− a+ b, s− 1) Γ

[
b

b− s+ 1

]
× 2F2

(
1, 1− s− a+ b

2− s, 1− s+ b; −σω

)
− πσs−1 cot (sπ) 1F1

(
b− a
b; −σω

)
[
σ > 0; (Reω > 0; 0 < Re s < Re (b− a) + 1) or

(Reω = 0; 0 < Re s < Re a+ 2, Re (b− a) + 1)

]

7 e−σ
√
x
1F1

(
a; −ωx

b

)
2σ2(a−s)

ωa
Γ

[
b, 2s− 2a

b− a

]
2F2

(
a, a− b+ 1; σ2

4ω
2a−2s+1

2 , a− s+ 1

)
− σ

ωs+1/2
B

(
s+

1

2
, a− s− 1

2

)
× Γ

[
b

b− s− 1
2

]
2F2

( 2s+1
2 , 2s−2b+3

2
3
2 ,

2s−2a+3
2 ; σ2

4ω

)
+ ω−s B (s, a− s) Γ

[
b

b− s

]
2F2

(
s, s− b+ 1; σ2

4ω
1
2 , s− a+ 1

)
[

(Reω ≥ 0; Reσ, Re s > 0) or

(Reω = Reσ = 0; 0 < Re s < Re (b− a) + 1/2, Re a+ 1)

]
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No. f (x) F (s)

8 e−σ
√
x−ωx

1F1

(
a; ωx

b

)
2ωa−b

σ2(a−b+s) Γ

[
b, 2a− 2b+ 2s

a

]
× 2F2

(
1− a, b− a; σ2

4ω

b− a− s+ 1
2 , b− a− s+ 1

)
− σ

ωs+1/2
B

(
2b− 2a− 2s− 1

2
,

2s+ 1

2

)
× Γ

[
b

2b−2s−1
2

]
2F2

( 2s+1
2 , 2s−2b+3

2
3
2 ,

2s+2a−2b+3
2 ; σ2

4ω

)
+ ω−s B (b− a− s, s) Γ

[
b

b− s

]
2F2

(
s, s− b+ 1; σ2

4ω
1
2 , s+ a− b+ 1

)
[

(Reω ≥ 0; Reσ, Re s > 0) or

(Reω = Reσ = 0, 0 < Re s < Re a+ 1/2, Re (b− a) + 1)

]

9 e−σ/x 1F1

(
a; −ωx

b

)
ω−s B (a− s, s) Γ

[
b

b− s

]
1F2

(
a− s; σω

1− s, b− s

)
+ σsΓ (−s) 1F2

(
a; σω

b, s+ 1

)


(Reω > 0, Reσ > 0; Re s < Re a) or

(Reω = 0, Reσ > 0; Re s < Re a, Re (b− a) + 1) or

(Reω > 0, Reσ = 0; −1 < Re s < Re a) or

(Reω = 0, Reσ = 0; −1 < Re s < Re a, Re (b− a) + 1)



10 e−ωx−σ/x 1F1

(
a; ωx

b

)
ω−s B (−a+ b− s, s) Γ

[
b

b− s

]
1F2

(
b− a− s; σω
1− s, b− s

)
+ σsΓ (−s) 1F2

(
b− a; σω

b, s+ 1

)


(Reω > 0, Reσ > 0; Re s < Re (b− a)) or

(Reω = 0, Reσ > 0; Re s < Re a+ 1, Re (b− a)) or

(Reω > 0, Reσ = 0; −1 < Re s < Re (b− a)) or

(Reω = 0, Reσ = 0; −1 < Re s < Re a+ 1, Re (b− a))



11
(√
x+
√
x+ σ

)ρ
e−ωx

2ρ

ωs+ρ/2
B

(
2b− 2a− 2s− ρ

2
,

2s+ ρ

2

)
× 1F1

(
a; ωx

b

)
× Γ

[
b

2b−2s−ρ
2

]
3F3

(−ρ2 , 1−ρ
2 , 2b−2a−2s−ρ

2 ; σω

1− ρ, 2−2s−ρ
2 , 2b−2s−ρ

2

)

− σs+ρ/2ρ

22s
Γ

[
2s, −2s−ρ2

2s−ρ+2
2

]
3F3

(
b− a, s, 2s+1

2 ; σω

b, 2s−ρ+2
2 , 2s+ρ+2

2

)
[

(Reω > 0; 0 < Re s < Re (b− a− ρ/2)) or

(Reω = 0; 0 < Re s < Re (a− ρ/2) + 1, Re (b− a− ρ/2)) ; |arg σ| < π

]
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No. f (x) F (s)

12

(√
x+
√
x+ σ

)ρ
√
x+ σ

e−ωx
2ρ

ωs+(ρ−1)/2 B

(
2b− 2a− 2s− ρ+ 1

2
,

2s+ ρ− 1

2

)
× 1F1

(
a; ωx

b

)
× Γ

[
b

2b−2s−ρ+1
2

]
3F3

( 1−ρ
2 , 2−ρ

2 , 2s−2a+2b−ρ+1
2 ; σω

1− ρ, 3−2s−ρ
2 , 2b−2s−ρ+1

2

)
+
σs+(ρ−1)/2

22s−1
B

(
2s,

1− 2s− ρ
2

)
× 3F3

(
b− a, s, 2s+1

2 ; σω

b, 2s−ρ+1
2 , 2s+ρ+1

2

)
[

(Reω > 0; 0 < Re s < Re (b− a− ρ/2) + 1/2) or

(Reω = 0; 0 < Re s < Re (a− ρ/2) + 3/2, Re (b− a− ρ/2) + 1/2) ; |arg σ| < π

]

13 (σ − x)
α−1
+ eτx σs+α−1 B (s, α) Φ2 (s, a; s+ b, στ, σω) [σ, Reα, Re s > 0]

× 1F1

(
a; ω (σ − x)

b

)

3.28.3. 1F1 (a; b; ωx) and trigonometric functions

1 sin (σx) 1F1

(
a; −ωx

b

)
σ−s sin

sπ

2
Γ (s) 4F3

(a
2 ,

a+1
2 , s2 ,

s+1
2

1
2 ,

b
2 ,

b+1
2

)
− aσ−s−1ω

b
cos

sπ

2
Γ (s+ 1) 4F3

(a+1
2 , a+2

2 , s+1
2 , s+2

2
3
2 ,

b+1
2 , b+2

2 ; −ω2

σ2

)
[
σ > 0; (Reω > 0; −1 < Re s < Re a+ 1) or

(Reω = 0; −1 < Re s < Re a+ 1, Re (b− a))

]

2 cos (σx) 1F1

(
a; −ωx

b

)
asω

bσs+1
sin

sπ

2
Γ (s) 4F3

(a+1
2 , a+2

2 , s+1
2 , s+2

2
3
2 ,

b+1
2 , b+2

2 ; −ω2

σ2

)
+ σ−s cos

sπ

2
Γ (s) 4F3

( a
2 ,

a+1
2 , s2 ,

s+1
2

1
2 ,

b
2 ,

b+1
2 ; −ω2

σ2

)
[
σ > 0; (Reω > 0; 0 < Re s < Re a+ 1) or

(Reω = 0; 0 < Re s < Re a+ 1, Re (b− a))

]

3 sin (σ
√
x) 1F1

(
a; −ωx

b

)
σ

ωs+1/2
B

(
2a− 2s− 1

2
,

2s+ 1

2

)
Γ

[
b

2b−2s−1
2

]
× 2F2

( 2s+1
2 , 2s−2b+3

2
3
2 ,

2s−2a+3
2 ; − σ2

4ω

)
− 2σ2a−2s

ωa
sin [(a− s)π]

× Γ

[
b, 2s− 2a

b− a

]
2F2

(
a, a− b+ 1; − σ2

4ω
2a−2s+1

2 , a− s+ 1

)
[
σ > 0; (Reω > 0; −1/2 < Re s < Re a+ 1/2) or

(Reω = 0; −1/2 < Re s < Re a+ 1/2, Re (b− a) + 1)

]
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No. f (x) F (s)

4 cos (σ
√
x) 1F1

(
a; −ωx

b

)
2σ2a−2s

ωa
cos [(a− s)π] Γ

[
b, 2s− 2a

b− a

]
× 2F2

(
a, a− b+ 1; − σ2

4ω
2a−2s+1

2 , a− s+ 1

)
+ ω−s B (a− s, s) Γ

[
b

b− s

]
2F2

(
s, s− b+ 1; − σ2

4ω
1
2 , s− a+ 1

)
[
σ > 0; (Reω > 0; 0 < Re s < Re a+ 1/2) or

(Reω = 0; 0 < Re s < Re a+ 1/2, Re (b− a) + 1)

]

5 sin
σ√
x

1F1

(
a; −ωx

b

)
πσ2s sec (sπ)

Γ (2s+ 1)
1F3

(
a; σ2ω

4

b, 2s+1
2 , s+ 1

)
− πσ sec (sπ)

ωs−1/2
Γ

[
b, 2a−2s+1

2

a, 3
2 − s, b− s+ 1

2

]
× 1F3

( 2a−2s+1
2 ; σ2ω

4
3
2 ,

3−2s
2 , 2b−2s+1

2

)
[
σ > 0; (Reω > 0; −1/2 < Re s < Re a+ 1/2) or

(Reω = 0; −1/2 < Re s < Re a+ 1/2, Re (b− a) + 3/2)

]

6 cos
σ√
x

1F1

(
a; −ωx

b

)
π csc (sπ)

ωs
Γ

[
b, a− s

a, 1− s, b− s

]
1F3

(
a− s; σ2ω

4
1
2 , 1− s, b− s

)
− πσ2s csc (sπ)

Γ (2s+ 1)
1F3

(
a; σ2ω

4

b, 2s+1
2 , s+ 1

)
[
σ > 0; (Reω > 0; −1/2 < Re s < Re a) or

(Reω = 0; −1/2 < Re s < Re a, Re (b− a) + 1)

]

7 e−ωx sin (σx) 1F1

(
a; ωx

b

)
σ−s sin

sπ

2
Γ (s) 4F3

( b−a
2 , b−a+1

2 , s2 ,
s+1
2

1
2 ,

b
2 ,

b+1
2 ; −ω2

σ2

)
− aσ−s−1ω

b
cos

sπ

2
Γ (s+ 1)

× 4F3

( b−a+1
2 , b−a+2

2 , s+1
2 , s+2

2
3
2 ,

b+1
2 , b+2

2 ; −ω2

σ2

)
[
σ > 0; (Reω > 0; −1 < Re s < Re (b− a) + 1) or

(Reω = 0; −1 < Re s < Re a+ 1, Re (b− a) + 1)

]

8 e−ωx cos (σx) 1F1

(
a; ωx

b

)
(b− a) sω

bσs+1
sin

sπ

2
Γ (s) 4F3

( b−a+1
2 , b−a+2

2 , s+1
2 , s+2

2
3
2 ,

b+1
2 , b+2

2 ; −ω2

σ2

)
+ σ−s cos

sπ

2
Γ (s) 4F3

( b−a
2 , b−a+1

2 , s2 ,
s+1
2

1
2 ,

b
2 ,

b+1
2 ; −ω2

σ2

)
[
σ > 0; (Reω > 0; 0 < Re s < Re (b− a) + 1) or

(Reω = 0; 0 < Re s < Re a+ 1, Re (b− a) + 1)

]
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No. f (x) F (s)

9 e−ωx sin (σ
√
x)

2ωa−b

σ2(s+a−b) sin [(s+ a− b)π] Γ

[
b, 2a− 2b+ 2s

a

]
× 1F1

(
a; ωx

b

)
× 2F2

(
1− a, b− a; − σ2

4ω
2b−2a−2s+1

2 , b− a− s+ 1

)

+
σ

ωs+1/2
B

(
2b− 2a− 2s− 1

2
,

2s+ 1

2

)
Γ

[
b

2b−2s−1
2

]

× 2F2

( 2s+1
2 , 2s−2b+3

2
3
2 ,

2a−2b+2s+3
2 ; − σ2

4ω

)
[
σ > 0; (Reω > 0; −1/2 < Re s < Re (b− a) + 1/2) or

(Reω = 0; −1/2 < Re s < Re a+ 1, Re (b− a) + 1/2)

]

10 e−ωx cos (σ
√
x)

2ωa−b

σ2(a−b+s) cos [(s+ a− b)π] Γ

[
b, 2s+ 2a− 2b

a

]
× 1F1

(
a; ωx

b

)
× 2F2

(
1− a, b− a; − σ2

4ω
2b−2a−2s+1

2 , b− a− s+ 1

)

+ ω−s B (b− a− s, s) Γ

[
b

b− s

]
2F2

(
s, s− b+ 1; − σ2

4ω
1
2 , s+ a− b+ 1

)
[
σ > 0; (Reω > 0; 0 < Re s < Re (b− a) + 1/2) or

(Reω = 0; 0 < Re s < Re a+ 1, Re (b− a) + 1/2)

]

11 e−ωx sin
σ√
x

1F1

(
a; ωx

b

)
πσ2s sec (sπ)

Γ (2s+ 1)
1F3

(
b− a; σ2ω

4

b, 2s+1
2 , s+ 1

)

− πσ sec (sπ)

ωs−1/2
Γ

[
b, 2b−2a−2s+1

2

b− a, 3−2s
2 , 2b−2s+1

2

]

× 1F3

( 2b−2a−2s+1
2 ; σ2ω

4
3
2 ,

3−2s
2 , 2b−2s+1

2

)
[
σ > 0; (Reω > 0; −1/2 < Re s < Re (b− a) + 1/2) or

(Reω = 0; −1/2 < Re s < Re a+ 3/2, Re (b− a) + 1/2)

]

12 e−ωx cos
σ√
x

1F1

(
a; ωx

b

)
π csc (sπ)

ωs
Γ

[
b, b− a− s

b− a, 1− s, b− s

]
1F3

(
b− a− s; σ2ω

4
1
2 , 1− s, b− s

)

− πσ2s csc (sπ)

Γ (2s+ 1)
1F3

(
b− a; σ2ω

4

b, 2s+1
2 , s+ 1

)
[
σ > 0; (Reω > 0; −1/2 < Re s < Re (b− a)) or

(Reω = 0; −1/2 < Re s < Re a+ 1, Re (b− a))

]
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3.28.4. 1F1 (a; b; ωx) and the logarithmic function

1 ln (σx+ 1) 1F1

(
a; −ωx

b

)
ω1−s

σ
B (a− s+ 1, s− 1) Γ

[
b

b− s+ 1

]
3F3

(
1, 1, a− s+ 1; ω

σ

2, 2− s, b− s+ 1

)
+ ω−s B (s, a− s) Γ

[
b

b− s

] [
lnσ − lnω − ψ (a− s)

+ ψ (b− s) + ψ (s)
]

+
π csc (sπ)

σss
2F2

(
a, s; ω

σ

b, s+ 1

)
[

(Reω > 0; −1 < Re s < Re a) or

(Reω = 0; −1 < Re s < Re a, Re (b− a) + 1) ; |arg σ| < π

]

2 ln|σx− 1| 1F1

(
a; −ωx

b

)
−ω

1−s

σ
B (a− s+ 1, s− 1)

× Γ

[
b

b− s+ 1

]
3F3

(
1, 1, a− s+ 1; −ωσ
2, 2− s, b− s+ 1

)
+ ω−s B (s, a− s) Γ

[
b

b− s

] [
lnσ − lnω − ψ (a− s)

+ ψ (b− s) + ψ (s)
]

+
πσ−s

s
cot (sπ) 2F2

(
a, s; −ωσ
b, s+ 1

)
[
σ > 0; (Reω > 0; −1 < Re s < Re a) or

(Reω = 0; −1 < Re s < Re a, Re (b− a) + 1)

]

3 e−ωx ln (σx+ 1)
ω1−s

σ
B (b− a− s+ 1, s− 1) Γ

[
b

b− s+ 1

]
× 1F1

(
a; ωx

b

)
× 3F3

(
1, 1, b− a− s+ 1; ω

σ

2, 2− s, b− s+ 1

)
+ ω−s B (s, b− a− s)

× Γ

[
b

b− s

] [
lnσ − lnω − ψ (b− a− s)

+ ψ (b− s) + ψ (s)
]

+
π csc (sπ)

σss
2F2

(
b− a, s; ω

σ

b, s+ 1

)
[

(Reω > 0; −1 < Re s < Re (b− a) + 1) or

(Reω = 0; −1 < Re s < Re a+ 1, Re (b− a) + 1) ; |arg σ| < π

]

4 e−ωx ln|σx− 1| −ω
1−s

σ
B (b− a− s+ 1, s− 1) Γ

[
b

b− s+ 1

]
× 1F1

(
a; ωx

b

)
× 3F3

(
1, 1, b− a− s+ 1; −ωσ

2, 2− s, b− s+ 1

)
+ ω−s B (b− a− s, s) Γ

[
b

b− s

]
× (lnσ − lnω)− ω−s B (b− a− s, s) Γ

[
b

b− s

] [
ψ (b− a− s)

− ψ (b− s)− ψ (s)
]

+
πσ−s

s
cot (sπ) 2F2

(
b− a, s; −ωσ
b, s+ 1

)
[
σ > 0; (Reω > 0; −1 < Re s < Re a) or

(Reω = 0; −1 < Re s < Re a, Re (b− a) + 1)

]



416 Chapter 3. Special Functions

3.28.5. 1F1 (a; b; ωx) and erf (σ
√
x), erfc (σ

√
x)

1 erf (σ
√
x) 1F1

(
a; −ωx

b

)
ω−s B (a− s, s) Γ

[
b

b− s

]
− σ−2s√

πs
Γ

(
2s+ 1

2

)
3F2

(
a, s, 2s+1

2

b, s+ 1; − ω
σ2

)
[

(Reω > 0; −1/2 < Re s < Re a) or

(Reω = 0; −1/2 < Re s < Re a, Re (b− a) + 1) ; |arg σ| < π/4

]

2 erfc (σ
√
x) 1F1

(
a; ωx

b

)
σ−2s√
πs

Γ

(
2s+ 1

2

)
3F2

(
a, s, 2s+1

2

b, s+ 1; ω
σ2

)

(
Re
(
σ2 − ω

)
> 0; Re s > 0; |arg σ| < π/4

)
or

(Reω < 0; 0 < Re s < Re a+ 3/2; |arg σ| = π/4) or(
Re
(
σ2 − ω

)
= 0; 0 < Re s < Re (b− a) + 3/2; |arg σ| < π/4

)
or(

Re
(
σ2 − ω

)
= 0; 0 < Re s < Re a, Re (b− a) + 3/2; |arg σ| = π/4

)


3 e−ωx erf (σ
√
x) ω−s B (b− a− s, s) Γ

[
b

b− s

]
× 1F1

(
a; ωx

b

)
− σ−2s√

πs
Γ

(
2s+ 1

2

)
3F2

(
b− a, s, 2s+1

2

b, s+ 1; − ω
σ2

)
[

(Reω > 0; −1/2 < Re s < Re (b− a)) or

(Reω = 0; −1/2 < Re s < Re a+ 1, Re (b− a)) ; |arg σ| < π/4

]

4 e−ωx erfc (σ
√
x)

σ−2s√
πs

Γ

(
2s+ 1

2

)
3F2

(
b− a, s, 2s+1

2

b, s+ 1; ω
σ2

)
× 1F1

(
a; ωx

b

)

(
Re
(
σ2 + ω

)
> 0; Re s > 0; |arg σ| < π/4

)
or

(Reω > 0; 0 < Re s < Re (b− a) + 3/2; |arg σ| = π/4) or(
Re
(
σ2 + ω

)
= 0; 0 < Re s < Re a+ 3/2; |arg σ| < π/4

)
or(

Re
(
σ2 + ω

)
= 0; 0 < Re s < Re a, Re (b− a) + 3/2; |arg σ| = π/4

)


3.28.6. 1F1 (a; b; ωx) and the Bessel functions

1 Jν (σx) 1F1

(
a; −ωx

b

)
2s−1ω−s

(
σ2

ω2

)−s/2
Γ

[ s+ν
2

2−s+ν
2

]
4F3

(a
2 ,

a+1
2 , s−ν2 , s+ν2

1
2 ,

b
2 ,

b+1
2 ; −ω2

σ2

)
− 2sa

b σ2
ω2−s

(
σ2

ω2

)(1−s)/2

Γ

[ s+ν+1
2

1−s+ν
2

]
× 4F3

(a+1
2 , a+2

2 , s−ν+1
2 , s+ν+1

2
3
2 ,

b+1
2 , b+2

2 ; −ω2

σ2

)
[
σ > 0; (Reω > 0; −Re ν < Re s < Re a+ 3/2) or

(Reω = 0; −Re ν < Re s < Re a+ 3/2, Re (b− a) + 3/2)

]
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No. f (x) F (s)

2 Jν (σ
√
x) 1F1

(
a; −ωx

b

)
22s−2a

σ2s

( ω
σ2

)−a
Γ

[
b, 2s−2a+ν

2

b− a, 2a−2s+ν+2
2

]
2F2

(
a, a− b+ 1; − σ2

4ω
2a−2s−ν+2

2 , 2a−2s+ν+2
2

)
+
σ−2s

2ν

( ω
σ2

)−s−ν/2
B

(
a− s− ν

2
, s+

ν

2

)
× Γ

[
b

ν + 1, 2b−2s−ν
2

]
2F2

( 2s+ν
2 , 2s−2b+ν+2

2

ν + 1, 2s−2a+ν+2
2 ; − σ2

4ω

)
[
σ > 0; (Reω > 0; −Re ν < Re s < Re a+ 3/4) or

(Reω = 0; −Re ν < Re s < Re a+ 3/4, Re (b− a) + 5/4)

]

3 Jν

(
σ√
x

)
1F1

(
a; −ωx

b

)
σ2s

22s
Γ

[ ν−2s
2

2s+ν+2
2

]
1F3

(
a; σ2ω

4

b, 2s−ν+2
2 , 2s+ν+2

2

)
+
ω−s

2ν

(
1

σ2ω

)−ν/2
B

(
2s− ν

2
,

2a− 2s+ ν

2

)
× Γ

[
b

ν + 1, 2b−2s+ν
2

]
1F3

( 2a−2s+ν
2 ; σ2ω

4

ν + 1, ν−2s+2
2 , 2b−2s+ν

2

)
[
σ > 0; (Reω > 0; 3/4 < Re s < Re (a+ ν/2) + 1/4) or

(Reω = 0; 3/4 < Re s < Re (a+ ν/2) + 1/4, Re (b− a− ν/2) + 5/4)

]

4 Yν (σx) 1F1

(
a; −ωx

b

)
−2sa

bπ
ω−s

(
σ2

ω2

)−(s+1)/2

sin
(s− ν)π

2
Γ

(
s− ν + 1

2

)
× Γ

(
s+ ν + 1

2

)
4F3

(a+1
2 , a+2

2 , s−ν+1
2 , s+ν+1

2
3
2 ,

b+1
2 , b+2

2 ; −ω2

σ2

)
− 2s−1

π
ω−s

(
σ2

ω2

)−s/2
cos

(s− ν)π

2
Γ

(
s− ν

2

)
× Γ

(
s+ ν

2

)
4F3

(a
2 ,

a+1
2 , s−ν2 , s+ν2

1
2 ,

b
2 ,

b+1
2 ; −ω2

σ2

)
[
σ > 0; (Reω > 0; |Re ν| < Re s < Re a+ 3/2) or

(Reω = 0; |Re ν| < Re s < Re a+ 3/2, Re (b− a) + 3/2)

]

5 Yν (σ
√
x) 1F1

(
a; −ωx

b

)
−22s−2a

π
σ−2s

( ω
σ2

)−a
cos

(2s− 2a− ν)π

2

× Γ

[
b, 2s−2a−ν

2 , 2s−2a+ν
2

b− a

]
2F2

(
a, a− b+ 1; − σ2

4ω
2a−2s−ν+2

2 , 2a−2s+ν+2
2

)
− σ−2s

2νπ

( ω
σ2

)−s−ν/2
cos (πν) B

(
2a− 2s− ν

2
,

2s+ ν

2

)
× Γ

[
b, −ν

2b−2s−ν
2

]
2F2

( 2s+ν
2 , 2s−2b+ν+2

2

ν + 1, 2s+2a+ν+2
2 ; − σ2

4ω

)
− 2νσ−2s

( ω
σ2

)ν/2−s
B

(
2a− 2s+ ν

2
,

2s− ν
2

)
×
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No. f (x) F (s)

× csc (πν) Γ

[
b

1− ν, 2b−2s+ν
2

]
2F2

( 2s−ν
2 , 2s−2b−ν+2

2

1− ν, 2s−2a−ν+2
2 ; − σ2

4ω

)
[
σ > 0; (Reω > 0; |Re ν| < Re s < Re a+ 3/4) or

(Reω = 0; |Re ν| < Re s < Re a+ 3/4, Re (b− a) + 5/4)

]

6 Kν (σx) 1F1

(
a; −ωx

b

)
2s−2

ωs

(
σ2

ω2

)−s/2
Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)
4F3

(a
2 ,

a+1
2 , s−ν2 , s+ν2

1
2 ,

b
2 ,

b+1
2 ; ω2

σ2

)
− 2s−1a

bωs

(
σ2

ω2

)−(s+1)/2

Γ

(
s− ν + 1

2

)
Γ

(
s+ ν + 1

2

)
× 4F3

(a+1
2 , a+2

2 , s−ν+1
2 , s+ν+1

2
3
2 ,

b+1
2 , b+2

2 ; ω2

σ2

)

(
Reσ > 0, Re (σ + ω) > 0; |Re ν| < Re s

)
or(

Reσ = 0, Reω > 0; |Re ν| < Re s < Re a+ 3/2
)

or(
Reσ = 0, Reω = 0; |Re ν| < Re s < Re a+ 3/2, Re (b− a) + 3/2

)


7 Kν (σ
√
x) 1F1

(
a; −ωx

b

)
22s−2a−1σ−2s

( ω
σ2

)−a
Γ

[
b, 2s−2a−ν

2 , 2s−2a+ν
2

b− a

]
× 2F2

(
a, a− b+ 1; σ2

4ω
2a−2s−ν+2

2 , 2a−2s+ν+2
2

)
+
σ−2s

2ν+1

( ω
σ2

)−s−ν/2
B

(
2a− 2s− ν

2
,

2s+ ν

2

)
Γ

[
−ν, b

2b−2s−ν
2

]
× 2F2

( 2s+ν
2 , 2s−2b+ν+2

2 ; σ2

4ω

ν + 1, 2s−2a+ν+2
2

)
+

2ν−1

σ2s

( ω
σ2

)ν/2−s
B

(
2a− 2s+ ν

2
,

2s− ν
2

)
Γ

[
ν, b

2b−2s+ν
2

]
× 2F2

( 2s−ν
2 , 2s−2b−ν+2

2 ; σ2

4ω

1− ν, 2s−2a−ν+2
2

)

(
Reσ > 0, Reω ≥ 0; |Re ν| < Re s

)
or(

Reσ = 0, Reω > 0; |Re ν| < Re s < Re a+ 1/2
)

or(
Reσ = 0, Reω = 0; |Re ν| < Re s < Re a+ 1/2, Re (b− a) + 1

)


8 e−ωxJν (σx) 1F1

(
a; ωx

b

)
2s (a− b)

b
ω−s

(
σ2

ω2

)−(s+1)/2

Γ

[ s+ν+1
2

1−s+ν
2

]
× 4F3

( b−a+1
2 , b−a+2

2 , s−ν+1
2 , s+ν+1

2
3
2 ,

b+1
2 , b+2

2 ; −ω2

σ2

)
+

2s−1

ωs

(
σ2

ω2

)−s/2
Γ

[ s+ν
2

2−s+ν
2

]
4F3

( b−a
2 , b−a+1

2 , s−ν2 , s+ν2
1
2 ,

b
2 ,

b+1
2 ; −ω2

σ2

)
[
σ > 0; (Reω > 0; −Re ν < Re s < Re (b− a) + 3/2) or

(Reω = 0; −Re ν < Re s < Re a+ 3/2, Re (b− a) + 3/2)

]
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No. f (x) F (s)

9 e−ωxJν (σ
√
x)

22s+2a−2b

σ2s

( ω
σ2

)a−b
Γ

[
b, 2s+2a−2b+ν

2

a, 2b−2a−2s+ν+2
2

]

× 1F1

(
a; ωx

b

)
× 2F2

(
1− a, b− a; − σ2

4ω

b− a− s− ν
2 + 1, b− a− s+ ν

2 + 1

)

+
σ−2s

2ν

( ω
σ2

)−s−ν/2
B

(
2b− 2a− 2s− ν

2
,

2s+ ν

2

)

× Γ

[
b

ν + 1, b− s− ν
2

]
2F2

( 2s+ν
2 , 2s−2b+ν+2

2 ; − σ2

4ω

ν + 1, 2s+2a−2b+ν+2
2

)
[
σ > 0; (Reω > 0; −Re ν < Re s < Re (b− a) + 3/4) or

(Reω = 0; −Re ν < Re s < Re a+ 5/4, Re (b− a) + 3/4)

]

10 e−ωxJν

(
σ√
x

)
σ2s

22s
Γ

[ ν
2 − s

s+ ν
2 + 1

]
1F3

(
b− a; σ2ω

4

b, s− ν
2 + 1, s+ ν

2 + 1

)
× 1F1

(
a; ωx

b

)
+
ω−s

2ν

(
1

σ2ω

)−ν/2
B

(
2s− ν

2
,

2b− 2a− 2s+ ν

2

)
× Γ

[
b

ν + 1, 2b−2s+ν
2

]
1F3

( 2b−2a−2s+ν
2 ; σ2ω

4

ν + 1, ν−2s+2
2 , 2b−2s+ν

2

)
[
σ > 0; (Reω > 0; 3/4 < Re s < Re (b− a+ ν/2) + 1/4) or

(Reω = 0; 3/4 < Re s < Re (a− ν/2) + 5/4, Re (b− a+ ν/2) + 1/4)

]

11 e−ωx Yν (σx) 1F1

(
a; ωx

b

)
−2s (b− a)

bπωs

(
σ2

ω2

)−(s+1)/2

sin
(s− ν)π

2
Γ

(
s− ν + 1

2

)
× Γ

(
s+ ν + 1

2

)
4F3

( b−a+1
2 , b−a+2

2 , s−ν+1
2 , s+ν+1

2
3
2 ,

b+1
2 , b+2

2 ; −ω2

σ2

)
− 2s−1

πωs

(
σ2

ω2

)−s/2
cos

(s− ν)π

2
Γ

(
s− ν

2

)
× Γ

(
s+ ν

2

)
4F3

( b−a
2 , b−a+1

2 , s−ν2 , s+ν2
1
2 ,

b+1
2 , b2 ; −ω2

σ2

)
[
σ > 0; (Reω > 0; |Re ν| < Re s < Re (b− a) + 3/2) or

(Reω = 0; |Re ν| < Re s < Re a+ 3/2, Re (b− a) + 3/2)

]

12 e−ωx Yν (σ
√
x) −22(s+a−b)

π
σ−2s

( ω
σ2

)a−b
cos

(2s+ 2a− 2b− ν)π

2

× 1F1

(
a; ωx

b

)
× Γ

[
b, 2s+2a−2b−ν

2 , 2s+2a−2b+ν
2

a

]
× 2F2

(
1− a, b− a; − σ2

4ω
2b−2a−2s−ν+2

2 , 2b−2a−2s+ν+2
2

)
− σ−2s

2νπ

( ω
σ2

)−s−ν/2
cos (νπ) B

(
2b− 2a− 2s− ν

2
,

2s+ ν

2

)
×
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No. f (x) F (s)

× Γ

[
−ν, b

2b−2s−ν
2

]
2F2

( 2s+ν
2 , 2s−2b+ν+2

2 ; − σ2

4ω

ν + 1, 2s+2a−2b+ν+2
2

)

− 2ν

σ2s

( ω
σ2

)ν/2−s
csc (νπ) B

(
2s− ν

2
,

2b− 2a− 2s+ ν

2

)

× Γ

[
b

1− ν, 2b−2s+ν
2

]
2F2

( 2s−ν
2 , 2s−2b−ν+2

2 ; − σ2

4ω

1− ν, 2s+2a−2b−ν+2
2

)
[
σ > 0; (Reω > 0; |Re ν| < Re s < Re (b− a) + 3/4) or

(Reω = 0; |Re ν| < Re s < Re a+ 5/4, Re (b− a) + 3/4)

]

13 e−ωxKν (σx) 1F1

(
a; ωx

b

)
2s−2

ωs

(
σ2

ω2

)−s/2
Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)

× 4F3

( b−a
2 , b−a+1

2 , s−ν2 , s+ν2
1
2 ,

b
2 ,

b+1
2 ; ω2

σ2

)

+
2s−1 (a− b)

bωs

(
σ2

ω2

)−(s+1)/2

Γ

(
s− ν + 1

2

)

× Γ

(
s+ ν + 1

2

)
4F3

( b−a+1
2 , b−a+2

2 , s−ν+1
2 , s+ν+1

2
3
2 ,

b+1
2 , b+2

2 ; ω2

σ2

)

(
Reσ > 0, Re (σ + ω) > 0; |Re ν| < Re s

)
or(

Reσ = 0, Reω > 0; |Re ν| < Re s < Re (b− a) + 3/2
)

or(
Reσ = 0, Reω = 0; |Re ν| < Re s < Re a+ 3/2, Re (b− a) + 3/2

)


14 e−ωxKν (σ
√
x) 22(s+a−b)−1σ−2s

( ω
σ2

)a−b
Γ

[
b, 2s+2a−2b−ν

2 , 2s+2a−2b+ν
2

a

]

× 1F1

(
a; ωx

b

)
× 2F2

(
1− a, b− a; σ2

4ω
2b−2a−2s−ν

2 , 2b−2a−2s+ν+2
2

)

+
σ−2s

2ν+1

( ω
σ2

)−s−ν/2
B

(
2b− 2a− 2s− ν

2
,

2s+ ν

2

)

× Γ

[
−ν, b

2b−2s−ν
2

]
2F2

( 2s+ν
2 , 2s−2b+ν+2

2 ; σ2

4ω

ν + 1, 2s+2a−2b+ν+2
2

)

+ 2ν−1σ−2s
( ω
σ2

)ν/2−s
B

(
2s− ν

2
,

2b− 2a− 2s+ ν

2

)

× Γ

[
ν, b

2b−2s+ν
2

]
2F2

( 2s−ν
2 , 2s−2b−ν+2

2 ; σ2

4ω

1− ν, 2s+2a−2b−ν+2
2

)

(
Reσ > 0, Reω ≥ 0; |Re ν| < Re s

)
or(

Reσ = 0, Reω > 0; |Re ν| < Re s < Re (b− a) + 1/2
)

or(
Reσ = 0, Reω = 0; |Re ν| < Re s < Re a+ 1, Re (b− a) + 1/2

)
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3.28.7. 1F1 (a; b; ωx) and the Struve functions

1 Hν (σ
√
x) 1F1

(
a; ωx

b

)
22s−2aπ

ωs

(
σ2

ω

)a−s
Γ

[
b

b− a, 2a−2s−ν+2
2 , 2a−2s+ν+2

2

]
× csc

(2s− 2a+ ν + 1)π

2
2F2

(
a, a− b+ 1; − σ2

4ω

a− s− ν
2 + 1, a− s+ ν

2 + 1

)
+

ω−s

2ν
√
π

(
σ2

ω

)(ν+1)/2

B

(
2a− 2s− ν − 1

2
,

2s+ ν + 1

2

)
× Γ

[
b

2ν+3
2 , 2b−2s−ν−1

2

]
3F3

(
1, 2s+ν+1

2 , 2s−2b+ν+3
2

3
2 ,

2ν+3
2 , 2s−2a+ν+3

2 ; − σ2

4ω

)
 σ > 0;

(
Reω > 0; −Re ν − 1 < Re s < Re a+ 1/4, Re (a− ν/2) + 1/2

)
or(

Reω = 0; −Re ν − 1 < Re s < Re (b− a) + 5/4, Re (a− ν/2) + 1/2,

Re (b− a− ν/2) + 3/2
)


2 e−ωx Hν (σ
√
x) 22(s+a−b)πω−s

(
σ2

ω

)b−a−s
csc

(2s+ 2a− b+ ν + 1)π

2

× 1F1

(
a; ωx

b

)
× Γ

[
b

a, 2b−2a−2s−ν+2
2 , 2b−2a−2s+ν+2

2

]
× 2F2

(
1− a, b− a; − σ2

4ω
2b−2a−2s−ν+2

2 , 2b−2a−2s+ν+2
2

)
+

ω−s

2ν
√
π

(
σ2

ω

)(ν+1)/2

B

(
2b− 2a− 2s− ν − 1

2
,

2s+ ν + 1

2

)
× Γ

[
b

2ν+3
2 , 2b−2s−ν−1

2

]
3F3

(
1, 2s+ν+1

2 , 2s−2b+ν+3
2 ; − σ2

4ω
3
2 ,

2ν+3
2 , 2s+2a−2b+ν+3

2

)
[
σ > 0;

(
Reω > 0; −Re ν − 1 < Re s < Re (b− a) + 1/4, Re (b− a− ν/2) + 1/2

)
or(

Reω = 0; −Re ν − 1 < Re s < Re a+ 5/4, Re (a− ν/2) + 3/2, Re (b− a− ν/2) + 1/2
) ]

3.28.8. 1F1 (a; b; ωx) and Pn (ϕ (x))

1 θ (σ − x)Pn

(
2x

σ
− 1

)
(−1)

n
(1− s)n σs

(s)n+1
3F3

(
a, s, s; σω

b, s− n, s+ n+ 1

)
[σ, Re s > 0]

× 1F1

(
a; ωx

b

)
2 θ (x− σ)Pn

(
2x

σ
− 1

)
(4/σ)

n

n!

(
1

2

)
n

ω−s−n Γ

[
b

b− n− s

]
B (a− n− s, s+ n)

× 1F1

(
a; −ωx

b

)
× 3F3

(
−n, −n, a− n− s; −σω
−2n, 1− n− s, b− n− s

)
+

(−1)
n+1

σs (1− s)n
(s)n+1

3F3

(
a, s, s; −σω

b, s− n, s+ n+ 1

)
[
σ > 0; (Reω > 0; 0 < Re s < Re a− n) or

(Reω = 0; 0 < Re s < Re a− n, Re (b− a)− n+ 1)

]
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No. f (x) F (s)

3 θ (σ − x)Pn

(
2σ

x
− 1

)
(−1)

n+1
σs

(s+ 1)n
(−s)n+1

3F3

(
a, s− n, s+ n+ 1

b, s+ 1, s+ 1; σω

)
× 1F1

(
a; ωx

b

)
[σ > 0; Re s > n]

4 θ (σ − x)Pn

(√
x

σ

)
σs Γ

[
s, 2s+1

2
2s−n+1

2 , 2s+n+2
2

]
3F3

(
a, s, 2s+1

2 ; σω

b, 2s−n+1
2 , 2s+n+2

2

)
× 1F1

(
a; ωx

b

)
[σ > 0; Re s > ((−1)

n − 1) /4]

5 θ (x− σ)Pn

(√
x

σ

)
2nω−s−n/2

σn/2n!

(
1

2

)
n

B

(
2a− n− 2s

2
,

2s+ n

2

)
× 1F1

(
a; −ωx

b

)
× Γ

[
b

2b−n−2s
2

]
3F3

(−n2 , 1−n
2 , 2a−n−2s

2 ; −σω
1−2n

2 , 2−2s−n
2 , 2b−n−2s

2

)
+

(σ/4)
s

√
π

Γ

[ n−2s+1
2 , −2s−n2

1− 2s

]
3F3

(
a, s, 2s+1

2 ; −σω
b, 2s−n+1

2 , 2s+n+2
2

)
[
σ > 0; (Reω > 0; Re s < Re a− n/2) or

(Reω = 0; Re s < Re a− n/2, Re (b− a)− n/2 + 1)

]

6 θ (σ − x)Pn

(√
σ

x

)
(4σ)

s

√
π

Γ

[ 2s−n
2 , 2s+n+1

2

2s+ 1

]
3F3

(
a, 2s−n

2 , 2s+n+1
2

b, 2s+1
2 , s+ 1; σω

)
× 1F1

(
a; ωx

b

)
[σ > 0; Re s > n/2]

7 θ (x− σ)Pn

(√
σ

x

)
22s+1

√
π σs Γ

[
−2s

2−2s+n
2 , 1−2s−n

2

]
3F3

(
a, 2s−n

2 , 2s+n+1
2 ; −σω

b, s+ 1
2 , s+ 1

)
× 1F1

(
a; −ωx

b

)
+

(1 + (−1)
n
)

2
√
π ωs

Γ

[
b, n+1

2

b− s, n+2
2

]
B (a− s, s)

× 3F3

(n+1
2 , −n2 , a− s; −σω

1
2 , 1− s, b− s

)
+

((−1)
n − 1)

√
σ√

π ωs−1/2
B

(
a− s+

1

2
, s− 1

2

)
× Γ

[
b, n+2

2

b− s+ 1
2 ,

n+1
2

]
3F3

(n+2
2 , 1−n

2 , a− s+ 1
2 ; −σω

3
2 ,

3
2 − s, b− s+ 1

2

)
[
σ > 0; (Reω > 0; Re s < Re a+ (1− (−1)

n
) /4) or

(Reω = 0; Re s < Re a+ (1− (−1)
n
) /4, Re (b− a) + (5− (−1)

n
) /4)

]

8 θ (σ − x) e−ωxPn

(
2x

σ
− 1

)
(−1)

n
σs (1− s)n

(s)n+1
3F3

(
b− a, s, s; −σω
b, s− n, s+ n+ 1

)
× 1F1

(
a; ωx

b

)
[σ, Re s > 0]
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No. f (x) F (s)

9 θ (x− σ) e−ωxPn

(
2x

σ
− 1

)
(4/σ)

n

n!

(
1

2

)
n

ω−s−n Γ

[
b

b− s− n

]
B (b− a− s− n, s+ n)

× 1F1

(
a; ωx

b

)
× 3F3

(
−n, −n, b− a− n− s; −σω
−2n, 1− s− n, b− n− s

)
+

(−1)
n+1

σs (1− s)n
(s)n+1

3F3

(
b− a, s, s; −σω
b, s− n, s+ n+ 1

)
[
σ > 0; (Reω > 0; 0 < Re s < Re (b− a)− n) or

(Reω = 0; 0 < Re s < Re a− n+ 1, Re (b− a)− n)

]

10 θ (σ − x) e−ωxPn

(
2σ

x
− 1

)
(−1)

n+1
σs

(s+ 1)n
(−s)n+1

3F3

(
b− a, s− n, s+ n+ 1

b, s+ 1, s+ 1; −σω

)
× 1F1

(
a; ωx

b

)
[σ > 0; Re s > n]

11 θ (σ − x) e−ωxPn

(√
x

σ

) √
π σs

22s−1
Γ

[
2s

2s−n+1
2 , 2s+n+2

2

]
3F3

(
b− a, s, 2s+1

2 ; −σω
b, 2s−n+1

2 , 2s+n+2
2

)
× 1F1

(
a; ωx

b

)
[σ > 0; Re s > ((−1)

n − 1) /4]

12 θ (x− σ) e−ωxPn

(√
x

σ

)
2nω−s−n/2

n!σn/2

(
1

2

)
n

Γ

[
b

2b−n−2s
2

]
B

(
2b− 2a− n− 2s

2
,

2s+ n

2

)
× 1F1

(
a; ωx

b

)
× 3F3

(−n2 , 1−n
2 , 2b−2a−n−2s

2 ; −σω
1−2n

2 , 2−2s−n
2 , 2b−n−2s

2

)
+

(σ/4)
s

√
π

× Γ

[ 1−2s+n
2 , −2s−n2

1− 2s

]
3F3

(
b− a, s, 2s+1

2 ; −σω
b, 2s−n+1

2 , 2s+n+2
2

)
[
σ > 0; (Reω > 0; Re s < Re (b− a)− n/2) or

(Reω = 0; Re s < Re a− n/2 + 1, Re (b− a)− n/2)

]

13 θ (σ − x) e−ωxPn

(√
σ

x

)
(4σ)

s

√
π

Γ

[ 2s−n
2 , 2s+n+1

2

2s+ 1

]
3F3

(
b− a, 2s−n

2 , 2s+n+1
2

b, 2s+1
2 , s+ 1; −σω

)
× 1F1

(
a; ωx

b

)
[σ > 0; Re s > n/2]

14 θ (x− σ) e−ωxPn

(√
σ

x

)
22s+1

√
π σs Γ

[
−2s

2−2s+n
2 , 1−2s−n

2

]
3F3

(
b− a, 2s−n

2 , 2s+n+1
2

b, 2s+1
2 , s+ 1; −σω

)
× 1F1

(
a; ωx

b

)
+

(1 + (−1)
n
)

2
√
π ωs

Γ

[
b, n+1

2

b− s, n+2
2

]
3F3

( −n2 , n+1
2 , b− a− s

1
2 , 1− s, b− s; −σω

)
× B (b− a− s, s) +

((−1)
n − 1)

√
σ√

π ωs−1/2
B

(
b− a− s+

1

2
, s− 1

2

)
× Γ

[
b, n+2

2

b− s+ 1
2 ,

n+1
2

]
3F3

( 1−n
2 , n+2

2 , b− a− s+ 1
2

3
2 ,

3−2s
2 , b− s+ 1

2 ; −σω

)
[
σ > 0; (Reω > 0; Re s < Re (b− a) + (1− (−1)

n
) /4) or

(Reω = 0; Re s < Re (b− a) + (1− (−1)
n
) /4, Re a+ (5− (−1)

n
) /4)

]
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3.28.9. 1F1 (a; b; ωx) and Tn (ϕ (x))

1 (σ − x)
−1/2
+ Tn

(
2x

σ
− 1

)
(−1)

n√
π

(
1

2
− s
)
n

σs−1/2 Γ

[
s

s+ n+ 1
2

]
× 1F1

(
a; ωx

b

)
× 3F3

(
a, s, s+ 1

2 ; σω

b, s− n+ 1
2 , s+ n+ 1

2

)
[σ, Re s > 0]

2 (x− σ)
−1/2
+ Tn

(
2x

σ
− 1

)
1

2

(
4

σ

)n
ω−s−n+1/2 Γ

[
b

2b−2n−2s+1
2

]
× 1F1

(
a; −ωx

b

)
× B

(
2a− 2n− 2s+ 1

2
,

2s+ 2n− 1

2

)
× 3F3

(
1− n, 1−2n

2 , 2a−2n−2s+1
2 ; −σω

1− 2n, 3−2n−2s
2 , 2b−2n−2s+1

2

)
+
√
π σs−1/2

×
(

1− 2s

2

)
n

Γ

[ 1−2n−2s
2

1− s

]
3F3

(
a, s, 2s+1

2 ; −σω
b, 2s−2n+1

2 , 2s+2n+1
2

)
[
σ > 0; (Reω > 0; Re s < Re a− n+ 1/2) or

(Reω = 0; Re s < Re a− n+ 1/2, Re (b− a)− n+ 1/2)

]

3 (σ − x)
−1/2
+ Tn

(
2σ

x
− 1

)
√
π σs−1/2 (s)n Γ

[
s− n
2s+1
2

]
3F3

(
a, s− n, s+ n

b, s, 2s+1
2 ; σω

)
× 1F1

(
a; ωx

b

)
[σ > 0; Re s > n]

4 (σ − x)
−1/2
+ Tn

(√
x

σ

)
√
π σs−1/2 Γ

[
s, 2s+1

2
2s−n+1

2 , 2s+n+1
2

]
3F3

(
a, s, 2s+1

2 ; σω

b, 2s−n+1
2 , 2s+n+1

2

)
× 1F1

(
a; ωx

b

)
[σ > 0; Re s > ((−1)

n − 1) /4]

5 (x− σ)
−1/2
+ Tn

(√
x

σ

)
2n−1ω−s−n/2+1/2

σn/2
Γ

[
b

2b−n−2s+1
2

]
× 1F1

(
a; −ωx

b

)
× B

(
2a− n− 2s+ 1

2
,

2s+ n− 1

2

)
× 3F3

( 1−n
2 , 2−n

2 , 2a−n−2s+1
2 ; −σω

1− n, 3−2s−n
2 , 2b−n−2s+1

2

)
+

1

2

(σ
4

)s−1/2
Γ

[ 1−2s+n
2 , 1−2s−n

2

1− 2s

]
3F3

(
a, s, 2s+1

2 ; −σω
b, 2s−n+1

2 , 2s+n+1
2

)
[
σ > 0; (Reω > 0; Re s < Re a− n/2 + 1/2) or

(Reω = 0; Re s < Re a− n/2 + 1/2, Re (b− a)− n/2 + 3/2)

]

6 (σ − x)
−1/2
+ Tn

(√
σ

x

)
(4σ)

s−1/2
B

(
2s− n

2
,

2s+ n

2

)
3F3

(
a, 2s−n

2 , 2s+n
2

b, s, 2s+1
2 ; σω

)
× 1F1

(
a; ωx

b

)
[σ > 0; Re s > n/2]
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No. f (x) F (s)

7 (x− σ)
−1/2
+ Tn

(√
σ

x

)
1 + (−1)

n

2ωs−1/2
B

(
2a− 2s+ 1

2
,

2s− 1

2

)
× 1F1

(
a; −ωx

b

)
× Γ

[
b

2b−2s+1
2

]
3F3

( 1−n
2 , 1+n

2 , 2a−2s+1
2

1
2 ,

3−2s
2 , 2b−2s+1

2 ; −σω

)

+
((−1)

n − 1)n
√
σ

2ωs−1
B (a− s+ 1, s− 1)

× Γ

[
b

b− s+ 1

]
3F3

( 2−n
2 , 2+n

2 , a− s+ 1
3
2 , 2− s, b− s+ 1; −σω

)

+ 22sπσs−1/2 Γ

[
1− 2s

2−2s−n
2 , 2−2s+n

2

]
3F3

(
a, 2s−n

2 , 2s+n
2

b, s, 2s+1
2 ; −σω

)
[
σ > 0; (Reω > 0; Re s < Re a+ (3− (−1)

n
) /4) or

(Reω = 0; Re s < Re a+ (3− (−1)
n
) /4, Re (b− a) + (7− (−1)

n
) /4)

]

8 (σ − x)
−1/2
+ e−ωx (−1)

n√
π σs−1/2

(
1

2
− s
)
n

Γ

[
s

s+ n+ 1
2

]
× Tn

(
2x

σ
− 1

)
× 3F3

(
b− a, s, s+ 1

2 ; −σω
b, s− n+ 1

2 , s+ n+ 1
2

)
× 1F1

(
a; ωx

b

)
[σ, Re s > 0]

9 (x− σ)
−1/2
+ e−ωx

1

2

(
4

σ

)n
ω−s−n+1/2 Γ

[
b

2b−2s−2n+1
2

]
× Tn

(
2x

σ
− 1

)
× B

(
2b− 2a− 2s− 2n+ 1

2
,

2s+ 2n− 1

2

)
× 1F1

(
a; ωx

b

)
× 3F3

(
1− n, 1−2n

2 , 2b−2a−2s−2n+1
2 ;−σω

1− 2n, 3−2s−2n
2 , 2b−2s−2n+1

2

)
+
√
π σs−1/2

(
1− 2s

2

)
n

Γ

[ 1−2s−2n
2

1− s

]
× 3F3

(
b− a, s, 2s+1

2 ; −σω
b, 2s−2n+1

2 , 2s+2n+1
2

)
[
σ > 0; (Reω > 0; Re s < Re (b− a)− n+ 1/2) or

(Reω = 0; Re s < Re a− n+ 3/2, Re (b− a)− n+ 1/2)

]

10 (σ − x)
−1/2
+ e−ωx

√
π σs−1/2 (s)n Γ

[
s− n
2s+1
2

]
3F3

(
b− a, s− n, s+ n

b, s, 2s+1
2 ; −σω

)
× Tn

(
2σ

x
− 1

)
[σ > 0; Re s > n]

× 1F1

(
a; ωx

b

)
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No. f (x) F (s)

11 (σ − x)
−1/2
+ e−ωx

πσs−1/2

22s−1
Γ

[
2s

2s−n+1
2 , 2s+n+1

2

]
3F3

(
b− a, s, 2s+1

2 ; −σω
b, 2s−n+1

2 , 2s+n+1
2

)
× Tn

(√
x

σ

)
1F1

(
a; ωx

b

)
[σ > 0; Re s > ((−1)

n − 1) /4]

12 (x− σ)
−1/2
+ e−ωx

2n−1ω−s−n/2+1/2

σn/2
Γ

[
b

2b−n−2s+1
2

]
× Tn

(√
x

σ

)
× B

(
2b− 2a− n− 2s+ 1

2
,

2s+ n− 1

2

)
× 1F1

(
a; ωx

b

)
× 3F3

( 1−n
2 , 2−n

2 , 2b−2a−n−2s+1
2 ; −σω

1− n, 3−2s−n
2 , 2b−n−2s+1

2

)
+

1

2

(σ
4

)s−1/2
Γ

[ 1−2s+n
2 , 1−2s−n

2

1− 2s

]
3F3

(
b− a, s, 2s+1

2 ; −σω
b, 2s−n+1

2 , 2s+n+1
2

)
[
σ > 0; (Reω > 0; Re s < Re (b− a)− n/2 + 1/2) or

(Reω = 0; Re s < Re a− n/2 + 3/2, Re (b− a)− n/2 + 1/2)

]

13 (σ − x)
−1/2
+ e−ωx (4σ)

s−1/2
B

(
2s− n

2
,

2s+ n

2

)
3F3

(
b− a, 2s−n

2 , 2s+n
2

b, s, 2s+1
2 ; −σω

)
× Tn

(√
σ

x

)
1F1

(
a; ωx

b

)
[σ > 0; Re s > n/2]

14 (x− σ)
−1/2
+ e−ωx

1 + (−1)
n

2ωs−1/2
B

(
2b− 2a− 2s+ 1

2
,

2s− 1

2

)
× Tn

(√
σ

x

)
× Γ

[
b

2b−2s+1
2

]
3F3

( 1−n
2 , 1+n

2 , 2b−2a−2s+1
2

1
2 ,

3−2s
2 , 2b−2s+1

2 ; −σω

)
× 1F1

(
a; −ωx

b

)
+

((−1)
n − 1)n

√
σ

2ωs−1
B (b− a− s+ 1, s− 1)

× Γ

[
b

b− s+ 1

]
3F3

( 2−n
2 , 2+n

2 , b− a− s+ 1
3
2 , 2− s, b− s+ 1; −σω

)
+

22sπ

σ1/2−s Γ

[
1− 2s

2−2s−n
2 , 2−2s+n

2

]
3F3

(
b− a, 2s−n

2 , 2s+n
2

b, s, 2s+1
2 ; −σω

)
[
σ > 0; (Reω > 0; Re s < Re (b− a) + (3− (−1)

n
) /4) or

(Reω = 0; Re s < Re (b− a) + (3− (−1)
n
) /4, Re a+ (7− (−1)

n
) /4)

]

3.28.10. 1F1 (a; b; ωx) and Un (ϕ (x))

1 (σ − x)
1/2
+ Un

(
2x

σ
− 1

)
(−1)

n
(n+ 1)

√
π σs+1/2

2

(
3− 2s

2

)
n

Γ

[
s

2s+2n+3
2

]
× 1F1

(
a; ωx

b

)
× 3F3

(
a, s, s− 1

2 ; σω

b, 2s−2n−1
2 , 2s+2n+3

2

)
[σ, Re s > 0]
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No. f (x) F (s)

2 (x− σ)
1/2
+ Un

(
2x

σ
− 1

)
(n+ 1)

√
π σs+1/2

2

(
3− 2s

2

)
n

Γ

[
− 2s+2n+1

2

1− s

]
× 1F1

(
a; −ωx

b

)
× 3F3

(
a, s− 1

2 , s; −σω
b, 2s−2n−1

2 , 2s+2n+3
2

)
+

(4/σ)
n

ωs+n+1/2
B

(
2a− 2n− 2s− 1

2
,

2s+ 2n+ 1

2

)
× Γ

[
b

2b−2n−2s−1
2

]
× 3F3

(−n− 1, − 2n+1
2 , 2a−2n−2s−1

2 ; −σω
−2n− 1, 1−2n−2s

2 , 2b−2n−2s−1
2

)
[
σ > 0; (Reω > 0; Re s < Re a− n− 1/2) or

(Reω = 0; Re s < Re a− n− 1/2, Re (b− a)− n+ 1/2)

]

3 (σ − x)
1/2
+ Un

(
2σ

x
− 1

)
(n+ 1)

√
π σs+1/2

2
(s+ 2)n Γ

[
s− n
2s+3
2

]
3F3

(
a, s− n, s+ n+ 2

b, s+ 3
2 , s+ 2; σω

)
× 1F1

(
a; ωx

b

)
[σ > 0; Re s > n]

4 (σ − x)
1/2
+ Un

(√
x

σ

)
(n+ 1)πσs+1/2

22s
Γ

[
2s

2s−n+1
2 , 2s+n+3

2

]
3F3

(
a, s, 2s+1

2 ; σω

b, 2s−n+1
2 , 2s+n+3

2

)
× 1F1

(
a; ωx

b

)
[σ > 0; Re s > ((−1)

n − 1) /4]

5 (x− σ)
1/2
+ Un

(√
x

σ

)
2nω−s−n/2−1/2

σn/2
Γ

[
b

2b−n−2s−1
2

]
× 1F1

(
a; −ωx

b

)
× B

(
2a− n− 2s− 1

2
,

2s+ n+ 1

2

)
× 3F3

(−n2 , −n+1
2 , 2a−n−2s−1

2 ; −σω
−n, 1−2s−n

2 , 2b−n−2s−1
2

)
+ (n+ 1)

(σ
4

)s+1/2

Γ

[ n−2s+1
2 , − 2s+n+1

2

1− 2s

]
× 3F3

(
a, s, 2s+1

2 ; −σω
b, 2s−n+1

2 , 2s+n+3
2

)
[
σ > 0; (Reω > 0; Re s < Re a− n/2− 1/2) or

(Reω = 0; Re s < Re a− n/2− 1/2, Re (b− a)− n/2 + 1/2)

]

6 (σ − x)
1/2
+ Un

(√
σ

x

)
22s (n+ 1)σs+1/2 Γ

[ 2s−n
2 , 2s+n+2

2

2s+ 2

]
× 1F1

(
a; ωx

b

)
× 3F3

(
a, 2s−n

2 , 2s+n+2
2

b, s+ 1, 2s+3
2 ; σω

)
[σ > 0; Re s > n/2]
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No. f (x) F (s)

7 (x− σ)
1/2
+ Un

(√
σ

x

)
(n+ 1)π (4σ)

s+1/2
Γ

[
−2s− 1

n−2s+2
2 , − 2s+n

2

]
× 1F1

(
a; −ωx

b

)
× 3F3

(
a, 2s−n

2 , 2s+n+2
2 ; −σω

b, s+ 1, s+ 3
2

)
+

1 + (−1)
n

2ωs+1/2

× Γ

[
b

b− s− 1
2

]
B

(
a− s− 1

2
, s+

1

2

)
× 3F3

(−n+1
2 , n+1

2 , 2a−2s−1
2 ; −σω

1
2 ,

1−2s
2 , 2b−2s−1

2

)
+

(n+ 1) ((−1)
n − 1)

√
σ

2ωs
Γ

[
b

b− s

]
B (a− s, s)

× 3F3

(−n2 , n+2
2 , a− s; −σω

3
2 , 1− s, b− s

)
[
σ > 0; (Reω > 0; Re s < Re a− (1 + (−1)

n
) /4) or

(Reω = 0; Re s < Re a− (1 + (−1)
n
) /4, Re (b− a) + (3− (−1)

n
) /4)

]

8 (σ − x)
1/2
+ e−ωx

(−1)
n

(n+ 1)
√
π σs+1/2

2

(
3− 2s

2

)
n

Γ

[
s

2s+2n+3
2

]
× Un

(
2x

σ
− 1

)
× 3F3

(
b− a, s, s− 1

2 ; −σω
b, 2s−2n−1

2 , 2s+2n+3
2

)
× 1F1

(
a; ωx

b

)
[σ, Re s > 0]

9 (x− σ)
1/2
+ e−ωx

(n+ 1)
√
π σs+1/2

2

(
3− 2s

2

)
n

× Un
(

2x

σ
− 1

)
× Γ

[
− 2s+2n+1

2

1− s

]
3F3

(
b− a, s− 1

2 , s; −σω
b, 2s−2n−1

2 , 2s+2n+3
2

)
× 1F1

(
a; ωx

b

)
+

(4/σ)
n

ωs+n+1/2
B

(
2b− 2a− 2n− 2s− 1

2
,

2s+ 2n+ 1

2

)
× Γ

[
b

2b−2n−2s−1
2

]
3F3

(−n− 1, − 2n+1
2 , 2b−2a−2n−2s−1

2 ; −σω
−2n− 1, 1−2n−2s

2 , 2b−2n−2s−1
2

)
[
σ > 0; (Reω > 0; Re s < Re (b− a)− n− 1/2) or

(Reω = 0; Re s < Re a− n+ 1/2, Re (b− a)− n− 1/2)

]

10 (σ − x)
1/2
+ e−ωx

(n+ 1)
√
π σs+1/2

2
(s+ 2)n Γ

[
s− n
2s+3
2

]
× Un

(
2σ

x
− 1

)
× 3F3

(
b− a, s− n, s+ n+ 2

b, 2s+3
2 , s+ 2; −σω

)
[σ > 0; Re s > n]

× 1F1

(
a; ωx

b

)
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No. f (x) F (s)

11 (σ − x)
1/2
+ e−ωx

(n+ 1)πσs+1/2

22s
Γ

[
2s

2s−n+1
2 , 2s+n+3

2

]
3F3

(
b− a, s, 2s+1

2 ; −σω
b, 2s−n+1

2 , 2s+n+3
2

)
× Un

(√
x

σ

)
[σ > 0; Re s > ((−1)

n − 1) /4]

× 1F1

(
a; ωx

b

)

12 (x− σ)
1/2
+ e−ωx

2nω−s−n/2−1/2

σn/2
Γ

[
b

2b−n−2s−1
2

]
× Un

(√
x

σ

)
× B

(
2b− 2a− n− 2s− 1

2
,

2s+ n+ 1

2

)
× 1F1

(
a; ωx

b

)
× 3F3

(−n2 , −n+1
2 , 2b−2a−n−2s−1

2 ; −σω
−n, 1−2s−n

2 , 2b−n−2s−1
2

)
+ (n+ 1)

(σ
4

)s+1/2

Γ

[ n−2s+1
2 , − 2s+n+1

2

1− 2s

]
× 3F3

(
b− a, s, 2s+1

2 ; −σω
b, 2s−n+1

2 , 2s+n+3
2

)
[
σ > 0; (Reω > 0; Re s < Re (b− a)− n/2− 1/2) or

(Reω = 0; Re s < Re a− n/2 + 1/2, Re (b− a)− n/2− 1/2)

]

13 (σ − x)
1/2
+ e−ωxUn

(√
σ

x

)
22s (n+ 1)σs+1/2 Γ

[ 2s−n
2 , 2s+n+2

2

2s+ 2

]
× 1F1

(
a; ωx

b

)
× 3F3

(
b− a, 2s−n

2 , 2s+n+2
2

b, s+ 1, 2s+3
2 ; −σω

)
[σ > 0; Re s > n/2]

14 (x− σ)
1/2
+ e−ωx (n+ 1)π (4σ)

s+1/2
Γ

[
−2s− 1

n−2s+2
2 , −2s−n2

]
× Un

(√
σ

x

)
× 3F3

(
b− a, 2s−n

2 , 2s+n+2
2

b, s+ 1, s+ 3
2 ; −σω

)
+

(1 + (−1)
n
)

2ωs+1/2

× 1F1

(
a; ωx

b

)
× Γ

[
b

b− s− 1
2

]
B

(
b− a− s− 1

2
, s+

1

2

)
× 3F3

(−n+1
2 , n+1

2 , b− a− s− 1
2

1
2 ,

1−2s
2 , b− s− 1

2 ; −σω

)
+

(n+ 1) ((−1)
n − 1)

√
σ

2ωs
Γ

[
b

b− s

]
B (b− a− s, s)

× 3F3

( −n2 , n+2
2 , b− a− s

3
2 , 1− s, b− s; −σω

)
[
σ > 0; (Reω > 0; Re s < Re (b− a)− (1 + (−1)

n
) /4) or

(Reω = 0; Re s < Re (b− a)− (1 + (−1)
n
) /4, Re a+ (3− (−1)

n
) /4)

]
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3.28.11. 1F1 (a; b; ωx) and Hn (σ
√
x)

1 e−σ
2xHn (σ

√
x)

2n−2s+1
√
π

σ2s
Γ

[
2s

2s−n+1
2

]
3F2

(
a, s, 2s+1

2 ; − ω
σ2

b, 2s−n+1
2

)
× 1F1

(
a; −ωx

b

)

(
Re
(
σ2 + ω

)
> 0; Re s > [n/2]− n/2; |arg σ| < π/4

)
or

(Reω > 0; [n/2]− n/2 < Re s < Re a− n/2 + 1; |arg σ| = π/4) or

(Reω = 0; [n/2]− n/2 < Re s < Re a− n/2 + 1, Re (b− a)− n/2 + 1; |arg σ| = π/4)


2 e−(σ

2+ω)xHn (σ
√
x)

2n−2s+1
√
π

σ2s
Γ

[
2s

2s−n+1
2

]
3F2

(
b− a, s, 2s+1

2 ; − ω
σ2

b, 2s−n+1
2

)
× 1F1

(
a; ωx

b

)

(
Re
(
σ2 + ω

)
> 0; Re s > [n/2]− n/2; |arg σ| < π/4

)
or

(Reω > 0; [n/2]− n/2 < Re s < Re (b− a)− n/2 + 1; |arg σ| = π/4) or

(Reω = 0; [n/2]− n/2 < Re s < Re a− n/2 + 1, Re (b− a)− n/2 + 1; |arg σ| = π/4)


3.28.12. 1F1 (a; b; ωx) and Lλn (σx)

1 e−σxLλn (σx)
σa−s

n!ωa
(1− s+ a+ λ)n Γ

[
b, s− a
b− a

]
× 1F1

(
a; −ωx

b

)
× 3F2

(
a, a− b+ 1, 1− s+ a+ n+ λ

1− s+ a, 1− s+ a+ λ; − σ
ω

)

+
(λ+ 1)n
n!ωs

B (a− s, s) Γ

[
b

b− s

]
3F2

(
s, s− b+ 1, n+ λ+ 1

s+ a+ 1, λ+ 1; − σ
ω

)
 (Reσ, Re (σ + ω) , Re s > 0) or

(Reσ = 0, Reω > 0; 0 < Re s < Re a− n+ 1) or

(Reσ = 0, Reω = 0; 0 < Re s < Re a− n+ 1, Re (b− a)− n+ 1)


2 e−(σ+ω)xLλn (σx)

σb−a−s

n!ωb−a
(1− s+ b− a+ λ)n Γ

[
b, s+ a− b

a

]
× 1F1

(
a; ωx

b

)
× 3F2

(
1− a, b− a, 1− s+ b− a+ n+ λ

1− s+ b− a, 1− s+ b− a+ λ; − σ
ω

)

+
(λ+ 1)n
n!ωs

B (b− a− s, s) Γ

[
b

b− s

]

× 3F2

(
n+ λ+ 1, s, s− b+ 1

λ+ 1, s+ a− b+ 1; − σ
ω

)
 (Reσ, Re (σ + ω) , Re s > 0) or

(Reσ = 0, Reω > 0; 0 < Re s < Re (b− a)− n+ 1) or

(Reσ = 0, Reω = 0; 0 < Re s < Re a− n+ 1, Re (b− a)− n+ 1)
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3.28.13. 1F1 (a; b; ωx) and Cλn (ϕ (x))

1 (σ − x)
λ−1/2
+ Cλn

(
2x

σ
− 1

)
(−1)

n
(2λ)n

(
1
2 − s+ λ

)
n
σs+λ−1/2

n!
Γ

[
s, λ+ 1

2

s+ n+ λ+ 1
2

]
× 1F1

(
a; ωx

b

)
× 3F3

(
a, s, s− λ+ 1

2 ; σω

b, s− n− λ+ 1
2 , s+ n+ λ+ 1

2

) [
σ, Re s > 0;

Reλ > −1/2

]

2 (x− σ)
λ−1/2
+ Cλn

(
2x

σ
− 1

)
4nω−n−s−λ+1/2

n!σn
(λ)n Γ

[
b

2b−2n−2s−2λ+1
2

]
× 1F1

(
a; −ωx

b

)
× B

(
2a− 2n− 2s− 2λ+ 1

2
,

2s+ 2n+ 2λ− 1

2

)
× 3F3

(
1− n− 2λ, 1−2n−2λ

2 , 2a−2n−2s−2λ+1
2 ; −σω

1− 2n− 2λ, 3−2n−2s−2λ
2 , 2b−2n−2s−2λ+1

2

)
+

√
π σs+λ−1/2

22λ−1n!

(
1− 2s+ 2λ

2

)
n

× Γ

[
n+ 2λ, 1−2n−2s−2λ

2

λ, 1− s

]
3F3

(
a, s, 2s−2λ+1

2 ; −σω
b, 2s−2n−2λ+1

2 , 2s+2n+2λ+1
2

)
[
σ > 0; Reλ > −1/2; (Reω > 0; Re s < Re (a− λ)− n+ 1/2) or

(Reω = 0; Re s < Re (a− λ)− n+ 1/2, Re (b− a− λ)− n+ 1/2)

]

3 (σ − x)
λ−1/2
+ Cλn

(
2σ

x
− 1

)
21−2λ

√
π σs+λ−1/2

n!
(s+ 2λ)n Γ

[
n+ 2λ, s− n
λ, 2s+2λ+1

2

]
× 1F1

(
a; ωx

b

)
× 3F3

(
a, s− n, s+ n+ 2λ; σω

b, 2s+2λ+1
2 , s+ 2λ

)
[σ > 0; Reλ > −1/2; Re s > n]

4 (σ − x)
λ−1/2
+ Cλn

(√
x

σ

)
(2λ)n σ

s+λ−1/2

n!
Γ

[ 2λ+1
2 , s, 2s+1

2
2s−n+1

2 , 2s+2λ+n+1
2

]
× 1F1

(
a; ω x

b

)
× 3F3

(
a, s, 2s+1

2 ; σω

b, 2s−n+1
2 , 2s+2λ+n+1

2

)
[σ > 0; Reλ > −1/2; Re s > ((−1)

n − 1) /4]

5 (x− σ)
λ−1/2
+ Cλn

(√
x

σ

)
2nω−s−n/2−λ+1/2

n!σn/2
(λ)n Γ

[
b

2b−n−2s−2λ+1
2

]
× 1F1

(
a; −ωx

b

)
× B

(
2a− n− 2s− 2λ+ 1

2
,

2s+ n+ 2λ− 1

2

)
× 3F3

( 1−n−2λ
2 , 2−n−2λ

2 , 2a−n−2s−2λ+1
2 ; −σω

1− n− λ, 3−2s−n−2λ
2 , 2b−n−2s−2λ+1

2

)
+

(σ/4)
s+λ−1/2

n!

× Γ

[
n+ 2λ, n−2s+1

2 , 1−n−2s−2λ
2

λ, 1− 2s

]
3F3

(
a, s, 2s+1

2 ; −σω
b, 2s−n+1

2 , 2s+n+2λ+1
2

)
[
σ > 0; Reλ > −1/2; (Reω > 0; Re s < Re (a− λ)− n/2 + 1/2) or

(Reω = 0; Re s < Re (a− λ)− n/2 + 1/2, Re (b− a− λ)− n/2 + 3/2)

]
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No. f (x) F (s)

6 (σ − x)
λ−1/2
+ Cλn

(√
σ

x

)
22sσs+λ−1/2

n!
Γ

[
n+ 2λ, 2s−n

2 , 2s+n+2λ
2

λ, 2s+ 2λ

]
× 1F1

(
a; ωx

b

)
× 3F3

(
a, 2s−n

2 , 2s+n+2λ
2

b, s+ λ, 2s+2λ+1
2 ; σω

) [
σ > 0, Reλ > −1/2;

Re s > n/2

]

7 (x− σ)
λ−1/2
+ Cλn

(√
σ

x

)
22s+1πσs+λ−1/2

n!
Γ

[
n+ 2λ, 1− 2s− 2λ

λ, n−2s+2
2 , 2−n−2s−2λ

2

]
× 1F1

(
a; −ωx

b

)
× 3F3

(
a, 2s−n

2 , 2s+n+2λ
2 ; −σω

b, s+ λ, s+ λ+ 1
2

)
+

(1 + (−1)
n
) 2n−1

n!
√
π ωs+λ−1/2

× Γ

[
b, n+1

2 , n+2λ
2

λ, b− s− λ+ 1
2

]
B

(
a− s− λ+

1

2
, s+ λ− 1

2

)
× 3F3

(n+1
2 , 1−n−2λ

2 , a− s− λ+ 1
2 ; −σω

1
2 ,

3
2 − s− λ, b− s− λ+ 1

2

)
+

((−1)
n − 1) 2n

√
σ

n!
√
π ωs+λ−1

B (a− s− λ+ 1, s+ λ− 1)

× Γ

[
b, n+2

2 , n+2λ+1
2

λ, b− s− λ+ 1

]
3F3

(n+2
2 , 2−n−2λ

2 , a− s− λ+ 1; −σω
3
2 , 2− s− λ, b− s− λ+ 1

)
[
σ > 0; Reλ > −1/2; (Reω > 0; Re s < Re (a− λ) + (3− (−1)

n
) /4) or

(Reω = 0; Re s < Re (a− λ) + (3− (−1)
n
) /4, Re (b− a− λ) + (7− (−1)

n
) /4)

]

8 (σ − x)
λ−1/2
+ e−ωx

(−1)
n
σs+λ−1/2 (2λ)n

(
1
2 − s+ λ

)
n

n!
Γ

[
s, λ+ 1

2

s+ n+ λ+ 1
2

]
× Cλn

(
2x

σ
− 1

)
× 3F3

(
b− a, s, s− λ+ 1

2 ; −σω
b, s− n− λ+ 1

2 , s+ n+ λ+ 1
2

)
× 1F1

(
a; ωx

b

)
[σ, Re s > 0; Reλ > −1/2]

9 (x− σ)
λ−1/2
+ e−ωx

4nω−s−n−λ+1/2

n!σn
(λ)n Γ

[
b

2b−2n−2s−2λ+1
2

]
× Cλn

(
2x

σ
− 1

)
× B

(
2b− 2a− 2n− 2s− 2λ+ 1

2
,

2s+ 2n+ 2λ− 1

2

)
× 1F1

(
a; ωx

b

)
× 3F3

(
1− n− 2λ, 1−2n−2λ

2 , 2b−2a−2n−2s−2λ+1
2 ;−σω

1− 2n− 2λ, 3−2n−2s−2λ
2 , 2b−2n−2s−2λ+1

2

)
+

√
π σs+λ−1/2

22λ−1n!

(
1− 2s+ 2λ

2

)
n

Γ

[
n+ 2λ, 1−2n−2s−2λ

2

λ, 1− s

]
× 3F3

(
b− a, s, 2s−2λ+1

2 ; −σω
b, 2s−2n−2λ+1

2 , 2s+2n+2λ+1
2

)
[
σ > 0; Reλ > −1/2; (Reω > 0; Re s < Re (b− a− λ)− n+ 1/2) or

(Reω = 0; Re s < Re (a− λ)− n+ 3/2, Re (b− a− λ)− n+ 1/2)

]
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No. f (x) F (s)

10 (σ − x)
λ−1/2
+ e−ωx

21−2λ
√
π σs+λ−1/2

n!
(s+ 2λ)n Γ

[
n+ 2λ, s− n
λ, 2s+2λ+1

2

]
× Cλn

(
2σ

x
− 1

)
× 3F3

(
b− a, s− n, s+ n+ 2λ

b, 2s+2λ+1
2 , s+ 2λ; −σω

)
× 1F1

(
a; ωx

b

)
[σ > 0; Reλ > −1/2; Re s > n]

11 (σ − x)
λ−1/2
+ e−ωx

πσs+λ−1/2

22s+2λ−2n!
Γ

[
n+ 2λ, 2s

λ, 2s−n+1
2 , 2s+n+2λ+1

2

]
× Cλn

(√
x

σ

)
× 3F3

(
b− a, s, 2s+1

2 ; −σω
b, 2s−n+1

2 , 2s+n+2λ+1
2

)
× 1F1

(
a; ωx

b

)
[σ > 0; Reλ > −1/2; Re s > ((−1)

n − 1) /4]

12 (x− σ)
λ−1/2
+ e−ωx

2nω−s−n/2−λ+1/2

n!σn/2
(λ)n Γ

[
b

2b−n−2s−2λ+1
2

]
× Cλn

(√
x

σ

)
× B

(
2b− 2a− n− 2s− 2λ+ 1

2
,

2s+ n+ 2λ− 1

2

)
× 1F1

(
a; ωx

b

)
× 3F3

( 1−n−2λ
2 , 2−n−2λ

2 , 2b−2a−n−2s−2λ+1
2 ; −σω

1− n− λ, 3−2s−n−2λ
2 , 2b−n−2s−2λ+1

2

)
+

(σ/4)
s+λ−1/2

n!
Γ

[
n+ 2λ, n−2s+1

2 , 1−n−2s−2λ
2

λ, 1− 2s

]
× 3F3

(
b− a, s, 2s+1

2 ; −σω
b, 2s−n+1

2 , 2s+n+2λ+1
2

)
[
σ > 0; Reλ > −1/2; (Reω > 0; Re s < Re (b− a− λ)− n/2 + 1/2) or

(Reω = 0; Re s < Re (a− λ)− n/2 + 3/2, Re (b− a− λ)− n/2 + 1/2)

]

13 (σ − x)
λ−1/2
+ e−ωx

22sσs+λ−1/2

n!
Γ

[
n+ 2λ, 2s−n

2 , 2s+n+2λ
2

λ, 2s+ 2λ

]
× Cλn

(√
σ

x

)
× 3F3

(
b− a, 2s−n

2 , 2s+n+2λ
2

b, s+ λ, 2s+2λ+1
2 ; −σω

)
× 1F1

(
a; ωx

b

)
[σ > 0, Reλ > −1/2; Re s > n/2]

14 (x− σ)
λ−1/2
+ e−ωx

22s+1πσs+λ−1/2

n!
Γ

[
1− 2s− 2λ, n+ 2λ

λ, n−2s+2
2 , 2−n−2s−2λ

2

]
× Cλn

(√
σ

x

)
× 3F3

(
b− a, 2s−n

2 , 2s+n+2λ
2

b, s+ λ, s+ λ+ 1
2 ; −σω

)
× 1F1

(
a; ωx

b

)
+

(1 + (−1)
n
) 2n−1

n!
√
π ωs+λ−1/2

Γ

[
b, n+1

2 , n+2λ
2

λ, b− s− λ+ 1
2

]
×
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No. f (x) F (s)

× B

(
b− a− s− λ+

1

2
, s+ λ− 1

2

)
× 3F3

( n+1
2 , 1−n−2λ

2 , b− a− s− λ+ 1
2

1
2 ,

3
2 − s− λ, b− s− λ+ 1

2 ; −σω

)
+

((−1)
n − 1) 2n

√
σ

n!
√
π ωs+λ−1

B (b− a− s− λ+ 1, s+ λ− 1)

× Γ

[
b, n+2

2 , n+2λ+1
2

λ, b− s− λ+ 1

]
3F3

( n+2
2 , 2−n−2λ

2 , b− a− s− λ+ 1
3
2 , 2− s− λ, b− s− λ+ 1; −σω

)
[
σ > 0; Reλ > −1/2; (Reω > 0; Re s < Re (b− a− λ) + (3− (−1)

n
) /4) or

(Reω = 0; Re s < Re (b− a− λ) + (3− (−1)
n
) /4, Re (a− λ) + (7− (−1)

n
) /4)

]

3.28.14. 1F1 (a; b; ωx) and P
(ρ, σ)
n (ϕ (x))

1 (σ − x)
µ
+ P

(µ, ν)
n

(
2x

σ
− 1

)
σs+µ

n!
Γ

[
n+ µ+ 1, s, s− ν

s+ n+ µ+ 1, s− n− ν

]
× 1F1

(
a; ωx

b

)
× 3F3

(
a, s, s− ν; σω

b, s+ n+ µ+ 1, s− n− ν

) [
σ, Re s > 0;

Reµ > −1

]

2 (x− σ)
µ
+ P

(µ, ν)
n

(
2x

σ
− 1

)
ω−s−n−µ

n!σn
(n+ µ+ ν + 1)n

B (a− n− s− µ, s+ n+ µ)

Γ (b− n− s− µ)

× 1F1

(
a; −ωx

b

)
× Γ (b) 3F3

(
−n− µ, a− n− s− µ, −n− µ− ν; −σω
1− n− s− µ, b− n− s− µ, −2n− µ− ν

)
+
σs+µ

n!
(ν − s+ 1)n B (−s− n− µ, n+ µ+ 1)

× 3F3

(
a, s, s− ν; −σω

b, s+ n+ µ+ 1, s− n− ν

)
[
σ > 0; Reµ > −1; (Reω > 0; Re s < Re (a− µ)− n) or

(Reω = 0; Re s < Re (a− µ)− n, Re (b− a− µ)− n+ 1)

]

3 (σ − x)
µ
+ P

(µ, ν)
n

(
2σ

x
− 1

)
σs+µ

n!
Γ

[
n+ µ+ 1, s− n, s+ n+ µ+ ν + 1

s+ µ+ 1, s+ µ+ ν + 1

]
× 1F1

(
a; ωx

b

)
× 3F3

(
a, s− n, s+ n+ µ+ ν + 1; σω

b, s+ µ+ 1, s+ µ+ ν + 1

)
[σ > 0; Reµ > −1; Re s > n]

4 (x− σ)
µ
+ P

(µ, ν)
n

(
2σ

x
− 1

)
(−1)

n
(ν + 1)n

n!ωs+µ
B (a− s− µ, s+ µ) Γ

[
b

b− s− µ

]
× 1F1

(
a; −ωx

b

)
× 3F3

(
−n− µ, n+ ν + 1, a− s− µ

ν + 1, 1− s− µ, b− s− µ; −σω

)
+

(−1)
n
σs+µ

n!
(s+ µ+ ν + 1)n Γ

[
n+ µ+ 1, −s− µ

n− s+ 1

]
×
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No. f (x) F (s)

× 3F3

(
a, s− n, s+ n+ µ+ ν + 1

b, s+ µ+ 1, s+ µ+ ν + 1; −σω

)
[
σ > 0; Reµ > −1; (Reω > 0; Re s < Re (a− µ)) or

(Reω = 0; Re s < Re (a− µ) , Re (b− a− µ) + 1)

]

5 (σ − x)
µ
+ e−ωx

σs+µ

n!
Γ

[
n+ µ+ 1, s, s− ν

s+ n+ µ+ 1, s− n− ν

]
× P (µ, ν)

n

(
2x

σ
− 1

)
× 3F3

(
b− a, s, s− ν; −σω

b, s+ n+ µ+ 1, s− n− ν

)
× 1F1

(
a; ωx

b

)
[σ, Re s > 0; Reµ > −1]

6 (x− σ)
µ
+ e
−ωx ω−s−n−µ

n!σn
(n+ µ+ ν + 1)n B (b− a− n− s− µ, s+ n+ µ)

× P (µ, ν)
n

(
2x

σ
− 1

)
× Γ

[
b

b− n− s− µ

]
× 1F1

(
a; ωx

b

)
× 3F3

(
−n− µ, b− a− n− s− µ, −n− µ− ν; −σω

1− n− s− µ, b− n− s− µ, −2n− µ− ν

)
+
σs+µ

n!
(ν − s+ 1)n B (−s− n− µ, n+ µ+ 1)

× 3F3

(
b− a, s, s− ν; −σω

b, s+ n+ µ+ 1, s− n− ν

)
[
σ > 0; Reµ > −1; (Reω > 0; Re s < Re (b− a− µ)− n) or

(Reω = 0; Re s < Re (a− µ)− n+ 1, Re (b− a− µ)− n)

]

7 (σ − x)
µ
+ e
−ωx σs+µ

n!
Γ

[
n+ µ+ 1, s− n, s+ n+ µ+ ν + 1

s+ µ+ 1, s+ µ+ ν + 1

]
× P (µ, ν)

n

(
2σ

x
− 1

)
× 3F3

(
b− a, s− n, s+ n+ µ+ ν + 1; −σω

b, s+ µ+ 1, s+ µ+ ν + 1

)
× 1F1

(
a; ωx

b

)
[σ > 0; Reµ > −1; Re s > n]

8 (x− σ)
µ
+ e−ωx

(−1)
n

(ν + 1)n
n!ωs+µ

B (b− a− s− µ, s+ µ) Γ

[
b

b− s− µ

]
× P (µ, ν)

n

(
2σ

x
− 1

)
× 3F3

(
−n− µ, b− a− s− µ, n+ ν + 1

−s− µ+ 1, b− s− µ, ν + 1; −σω

)
× 1F1

(
a; ωx

b

)
+

(−1)
n
σs+µ

n!
(s+ µ+ ν + 1)n Γ

[
n+ µ+ 1, −s− µ

n− s+ 1

]
× 3F3

(
b− a, s− n, s+ n+ µ+ ν + 1

b, s+ µ+ 1, s+ µ+ ν + 1; −σω

)
[
σ > 0; Reµ > −1; (Reω > 0; Re s < Re (b− a− µ)) or

(Reω = 0; Re s < Re (a− µ) + 1, Re (b− a− µ))

]
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3.28.15. Products of 1F1 (a; b; ωxr)

1 1F1

(
a; −wx

b

)
1F1

(
c; −σx
d

)
σa−sω−a Γ

[
b, d

b− a, a+ d− s

]
B (a− s+ c, s− a)

× 3F2

(
a, a− b+ 1, a+ c− s
a− s+ 1, a+ d− s; − σ

ω

)

+ ω−s Γ

[
b

b− s

]
B (a− s, s) 3F2

(
c, s, s− b+ 1

d, s− a+ 1; − σ
ω

)


(
Reσ > 0, Reω > 0; 0 < Re s < Re (a+ c)

)
or(

Reσ > 0, Reω = 0; 0 < Re s < Re (a+ c) , Re (b+ c− a) + 1
)

or(
Reσ = 0, Reω > 0; 0 < Re s < Re (a+ c) , Re (a+ d− c) + 1

)
or(

Reσ = 0, Reω = 0; 0 < Re s < Re (a+ c) , Re (b+ c− a) + 1,

Re (a+ d− c) + 1, Re (b+ d− a− c) + 1
)



2
(
σ2 − x2

)α−1
+ 1F1

(
a; −ωx

b

)
σs+2α−2

2
B
(s

2
, α
)

3F4

(
a, b− a, s2 ; σ2ω2

4
b
2 ,

b+1
2 , b, s+2α

2

)
× 1F1

(
a;ωx

b

)
[σ, Reα, Re s > 0]

3 1F1

(
a; −ωx

b

)
1F1

(
c; −σx
d

)
Γ

[
d

s+ d

]
σs B (s+ c, −s) 2F3

(
a, s+ c; σω

b, s+ 1, s+ d

)

+ Γ

[
b

b− s

]
ω−s B (a− s, s) 2F3

(
c, a− s; σω
d, 1− s, b− s

)

(
Reσ > 0, Reω > 0; −Re a < Re s < Re a

)
or(

Reσ > 0, Reω = 0; −Re a < Re s < Re a, Re (b− a) + 1
)

or(
Reσ = 0, Reω > 0; −Re a, Re (c− d)− 1 < Re s < Re a

)
or(

Reσ = 0, Reω = 0; −Re a, Re (c− d)− 1 < Re s < Re a, Re (b− a) + 1
)


4 e−ωx 1F1

(
a; −σx

b

)
σ−aωa−s Γ

[
b, d

b− a, a+ d− s

]
B (s− a, a− c+ d− s)

× 1F1

(
c; ωx

d

)
× 3F2

(
a, a− b+ 1, a− c+ d− s
a− s+ 1, a+ d− s; −ωσ

)

+ σ−s Γ

[
b

b− s

]
B (a− s, s) 3F2

(
d− c, s, s− b+ 1

d, s− a+ 1; −ωσ

)


(
Reσ > 0, Reω > 0; 0 < Re s < Re (a− c+ d)

)
or(

Reσ > 0, Reω = 0; 0 < Re s < Re (a− c+ d) , Re (a+ c) + 1
)

or(
Reσ = 0, Reω > 0; 0 < Re s < Re (a− c+ d) , Re (b+ d− a− c) + 1

)
or(

Reσ = 0, Reω = 0; 0 < Re s < Re (a− c+ d) , Re (a+ c) + 1,

Re (b+ d− a− c) + 1, Re (b+ c− a) + 1
)
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No. f (x) F (s)

5 e−(σ+ω)x 1F1

(
a; σx

b

)
σa−bω−a+b−s Γ

[
b, d

a, b− a+ d− s

]
× 1F1

(
c; ωx

d

)
× B (b− a− c+ d− s, a− b+ s)

× 3F2

(
1− a, b− a, b− a− c+ d− s
b− a− s+ 1, b− a+ d− s; −ωσ

)
+ σ−s Γ

[
b

b− s

]
B (b− a− s, s)

× 3F2

(
d− c, s, s− b+ 1

d, s+ a− b+ 1; −ωσ

)


(
Reσ > 0, Reω > 0; 0 < Re s < Re (b+ d− a− c)

)
or(

Reσ > 0, Reω = 0; 0 < Re s < Re (b+ d− a− c) , Re (b+ c− a) + 1
)

or(
Reσ = 0, Reω > 0; 0 < Re s < Re (b+ d− a− c) , Re (a+ d− c) + 1

)
or(

Reσ = 0, Reω = 0; 0 < Re s < Re (b+ d− a− c) , Re (b+ c− a) + 1,

Re (a+ d− c) + 1, Re (a+ c) + 1
)


6 e−σ/x 1F1

(
a; −wx

b

)
σs Γ

[
d

s+ d

]
B (s− c+ d, −s) 2F3

(
a, s− c+ d; σω

b, s+ 1, s+ d

)
× 1F1

(
c; σ

x

d

)
+ ω−s Γ

[
b

b− s

]
B (a− s, s) 2F3

(
d− c, a− s; σω
1− s, b− s, d

)

(
Reσ > 0, Reω > 0; Re (c− d) < Re s < Re a

)
or(

Reσ > 0, Reω = 0; Re (c− d) < Re s < Re a, Re (b− a) + 1
)

or(
Reσ = 0, Reω > 0; Re (c− d) , −Re c− 1 < Re s < Re a

)
or(

Reσ = 0, Reω = 0; Re (c− d) , −Re c− 1 < Re s < Re a, Re (b− a) + 1
)


7 e−ωx−σ/x 1F1

(
a; wx

b

)
σs Γ

[
d

s+ d

]
B (s− c+ d, −s) 2F3

(
b− a, s− c+ d

b, s+ 1, s+ d; σω

)
× 1F1

(
c; σ

x

d

)
+ ω−s Γ

[
b

b− s

]
B (b− a− s, s) 2F3

(
d− c, b− a− s

1− s, b− s, d; σω

)

(
Reσ > 0, Reω > 0; Re (c− d) < Re s < Re (b− a)

)
or(

Reσ > 0, Reω = 0; Re (c− d) < Re s < Re a+ 1, Re (b− a)
)

or(
Reσ = 0, Reω > 0; Re (c− d) , −Re c− 1 < Re s < Re (b− a)

)
or(

Reσ = 0, Reω = 0; Re (c− d) , −Re c− 1 < Re s < Re a+ 1, Re (b− a)
)


8 Jν (σx) 1F1

(
a; −ωx

b

)
2s−1

σs
Γ

[ s+ν
2

2−s+ν
2

]
4F3

(
a, b− a, s−ν2 , s+ν2
b
2 ,

b+1
2 , b; −ω2

σ2

)
× 1F1

(
a; ωx

b

)
[σ, ω > 0; −Re ν < Re s < 2 Re a+ 3/2, 2 Re (b− a) + 3/2, Re b+ 3/2]



438 Chapter 3. Special Functions

3.29. The Tricomi Confluent Hypergeometric Function Ψ (a; b; z)

In this section, we give some selected simple formulas. Many new transforms can be obtained from
Section 3.28 due to the connection formula

Ψ

(
a; z

b

)
=

Γ (b− 1)

Γ (a)
z1−b 1F1

(
a− b+ 1

2− b; z

)
+

Γ (1− b)
Γ (a− b+ 1)

1F1

(
a; z

b

)
.

More formulas can be obtained from the corresponding sections due to the relations

Ψ (a, b; z) = z−a lim
c→∞ 2F1

(
a, a− b+ 1; c; 1− c

z

)
,

Ψ (a, b; z) =
1

Γ (a) Γ (a− b+ 1)
G21

12

(
z

∣∣∣∣ 1− a
0, 1− b

)
.

3.29.1. Ψ (a; b; ωx) and algebraic functions

No. f (x) F (s)

1 Ψ

(
a; ωx

b

)
ω−s Γ

[
s, s− b+ 1, a− s

a, a− b+ 1

]
[0, Re b− 1 < Re s < Re a]

2 (σ − x)
µ−1
+ Ψ

(
a; ωx

b

)
σs−b+µ

ωb−1
Γ

[
b− 1

a

]
B (µ, s− b+ 1) 2F2

(
a− b+ 1, s− b+ 1; σω

2− b, s− b+ µ+ 1

)
+ σs+µ−1 Γ

[
1− b

a− b+ 1

]
B (µ, s) 2F2

(
a, s; σω

b, s+ µ

)
[σ, Reµ > 0; Re s > 0, Re b− 1]

3 (x− σ)
µ−1
+ Ψ

(
a; ωx

b

)
σs−b+µ

ωb−1
Γ

[
b− 1

a

]
B (µ, b− s− µ) 2F2

(
a− b+ 1, s− b+ 1;σω

2− b, s− b+ µ+ 1

)
+ ω1−s−µ Γ

[
s+ µ− 1

a

]
B (a− s− µ+ 1, s− b+ µ)

× 2F2

(
1− µ, a− s− µ+ 1; σω

2− s− µ, b− s− µ+ 1

)
+ σs+µ−1 Γ

[
1− b

a− b+ 1

]
B (µ, 1− s− µ) 2F2

(
a, s; σω

b, s+ µ

)
[σ, Reµ > 0; Re (s− a+ µ) < 1; |argω| < π]

4
1

x− σ
Ψ

(
a; ωx

b

)
πσs−b

ωb−1
cot [(b− s)π] Γ

[
b− 1

a

]
1F1

(
a− b+ 1

2− b; σω

)
+ ω1−s Γ

[
s− b

a− b+ 1

]
B (s− 1, a− s+ 1) 2F2

(
1, a− s+ 1; σω

2− s, b− s+ 1

)
− πσs−1 cot (sπ) Γ

[
1− b

a− b+ 1

]
1F1

(
a; σω

b

)
[σ > 0; 0, Re b− 1 < Re s < Re a+ 1]
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No. f (x) F (s)

5
1

(x+ σ)
ρΨ

(
a; ωx

b

)
σs−b−ρ+1

ωb−1
Γ

[
b− 1

a

]
B (s− b+ 1, b− s+ ρ− 1)

× 2F2

(
a− b+ 1, s− b+ 1

2− b, s− b− ρ+ 2; −σω

)
+ ωρ−s Γ

[
s− b− ρ+ 1

a− b+ 1

]

× B (s− ρ, a− s+ ρ) 2F2

(
ρ, a− s+ ρ; −σω
ρ− s+ 1, ρ− s+ b

)

+ σs−ρ Γ

[
1− b

a− b+ 1

]
B (s, ρ) 2F2

(
a, s; −σω
b, s− ρ+ 1

)
[0, Re b− 1 < Re s < Re (a+ ρ) ; |arg σ|, |argω| < π]

6
(√
x+
√
x+ σ

)ν − νσs−b+ν/2+1

22s−2b+2ωb−1
Γ

[
b− 1, 2s− 2b+ 2, 2b−2s−ν−2

2

a, 2s−2b−ν+4
2

]

×Ψ

(
a; ωx

b

)
× 3F3

(
a− b+ 1, s− b+ 1, 2s−2b+3

2 ; −σω
2− b, 2s−2b−ν+4

2 , 2s−2b+ν+4
2

)

+
2ν

ωs+ν/2
B

(
2a− 2s− ν

2
,

2s+ ν

2

)

× Γ

[ 2s−2b+ν+2
2

a− b+ 1

]
3F3

(−ν2 , 1−ν
2 , 2a−2s−ν

2 ; −σω
1− ν, 2−2s−ν

2 , 2b−2s−ν
2

)

− νσs+ν/2

22s
Γ

[
1− b, − 2s+ν

2 , 2s

a− b+ 1, 2s−ν+2
2

]
3F3

(
a, s, 2s+1

2 ; −σω
b, 2s−ν+2

2 , 2s+ν+2
2

)
[0, Re b− 1 < Re s < Re (a− ν/2) ; |arg σ|, |argω| < π]

7

(√
x+
√
x+ σ

)ν
√
x+ σ

σs−b+(ν+1)/2

22s−2b+1ωb−1
B

(
2s− 2b+ 2,

2b− 2s− ν − 1

2

)
×Ψ

(
a; ωx

b

)
× Γ

[
b− 1

a

]
3F3

(
a− b+ 1, s− b+ 1, 2s−2b+3

2 ; −σω
2− b, 2s−2b−ν+3

2 , 2s−2b+ν+3
2

)

+
2ν

ωs+(ν−1)/2 B

(
2a− 2s− ν + 1

2
,

2s+ ν − 1

2

)

× Γ

[ 2s−2b+ν+1
2

a− b+ 1

]
3F3

( 1−ν
2 , 2−ν

2 , 2a−2s−ν+1
2 ; −σω

1− ν, 3−2s−ν
2 , 2b−2s−ν+1

2

)
+
σs+(ν−1)/2

22s−1
B

(
2s,

1− 2s− ν
2

)
× Γ

[
1− b

a− b+ 1

]
3F3

(
a, s, 2s+1

2 ; −σω
b, 2s−ν+1

2 , 2s+ν+1
2

)
[0, Re b− 1 < Re s < Re (a− (ν − 1) /2) ; |arg σ|, |argω| < π]
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3.29.2. Ψ (a; b; ωx) and the exponential function

1 e−ωxΨ

(
a; ωx

b

)
ω−s Γ

[
s, s− b+ 1

s+ a− b+ 1

][
(Reω > 0; Re s > 0, Re b− 1) or

(Reω = 0; 0, Re b− 1 < Re s < Re a+ 1)

]

2 e−σxΨ

(
a; ωx

b

)
ω−s Γ

[
s, s− b+ 1

s+ a− b+ 1

]
2F1

(
s, s− b+ 1; ω−σ

ω

s+ a− b+ 1

)
[

(Reσ > 0; Re s > 0, Re b− 1) or

(Reσ = 0; 0, Re b− 1 < Re s < Re a+ 1)

]

3 =
σb−s−1

ωb−1
Γ

[
b− 1, s− b+ 1

a

]
2F1

(
a− b+ 1, s− b+ 1

2− b; ω
σ

)
+ σ−s Γ

[
1− b, s
a− b+ 1

]
2F1

(
a, s

b; ω
σ

)
[

(Reσ > 0; Re s > 0, Re b− 1) or

(Reσ = 0; 0, Re b− 1 < Re s < Re a+ 1)

]

4 e−σ
√
xΨ

(
a; ωx

b

)
2σ2a−2s

ωa
Γ (2s− 2a) 2F2

(
a, a− b+ 1; − σ2

4ω
2a−2s+1

2 , a− s+ 1

)
− σ

ωs+1/2
B

(
2s+ 1

2
,

2a− 2s− 1

2

)
× Γ

[ s−2b+3
2

a− b+ 1

]
2F2

( 2s+1
2 , 2s−2b+3

2
3
2 ,

2s−2a+3
2 ; − σ2

4ω

)
+ ω−s B (s, a− s) Γ

[ s−b+1
2

a− b+ 1

]
2F2

(
s, s− b+ 1

1
2 , s− a+ 1; − σ2

4ω

)
[

(Reσ > 0; Re s > 0, Re b− 1) or

(Reσ = 0; 0, Re b− 1 < Re s < Re a+ 1/2)

]
5 e−σ

√
x−ωxΨ

(
a; ωx

b

)
ω−s Γ

[
s, s− b+ 1

s+ a− b+ 1

]
2F2

(
s, s− b+ 1; σ2

4ω
1
2 , s+ a− b+ 1

)
− σ

ωs+1/2
Γ

[ 2s+1
2 , 2s−2b+3

2
2s+2a−2b+3

2

]
2F2

( 2s+1
2 , 2s−2b+3

2 ; σ2

4ω
3
2 ,

2s+2a−2b+3
2

)
 (Reω > 0; Re s > 0, Re b− 1) or

(Reω = 0, Reσ > 0; Re s > 0, Re b− 1) or

(Reω = 0, Reσ = 0; Re a+ 1 > Re s > 0, Re b− 1)


6 e−σ/xΨ

(
a; ωx

b

)
σ−b+s+1

ωb−1
Γ

[
b− 1, b− s− 1

a

]
1F2

(
a− b+ 1; −σω
2− b, s− b+ 2

)
+ ω−s B (s, a− s) Γ

[
s− b+ 1

a− b+ 1

]
1F2

(
a− s; −σω
1− s, b− s

)
+ σs Γ

[
1− b, −s
a− b+ 1

]
1F2

(
a; −σω
b, s+ 1

)
[

(Reσ > 0; Re s < Re a) or

(Reσ = 0; −1, Re b− 2 < Re s < Re a)

]
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No. f (x) F (s)

7 e−ωx−σ/xΨ

(
a; ωx

b

)
σs−b+1

ωb−1
Γ

[
b− 1, b− s− 1

a

]
1F2

(
1− a; σω

2− b, s− b+ 2

)

+ ω−s Γ

[
s, s− b+ 1

s+ a− b+ 1

]
1F2

(
s− a+ b; σω

1− s, b− s

)

+ σs Γ

[
1− b, −s
a− b+ 1

]
1F2

(
b− a; σω

b, s+ 1

)


(Reσ, Reω > 0) or

(Reσ = 0, Reω > 0; −1, Re b− 2 < Re s) or

(Reσ > 0, Reω = 0; Re s < Re a+ 1) or

(Reσ = 0, Reω = 0; − 1, Re b− 2 < Re s < Re a+ 1)


8 (σ − x)

µ−1
+ e−ωx

σs−b+µ

ωb−1
Γ

[
b− 1

a

]
B (µ, s− b+ 1) 2F2

(
1− a, s− b+ 1; −σω
2− b, s− b+ µ+ 1

)

×Ψ

(
a; ωx

b

)
+ σs+µ−1 Γ

[
1− b

a− b+ 1

]
B (µ, s) 2F2

(
b− a, s; −σω
b, s+ µ

)
[σ, Reµ > 0; Re s > 0, Re b− 1]

9 (x− σ)
µ−1
+ e−ωx

σs−b+µ

ωb−1
Γ

[
b− 1

a

]
B (µ, b− s− µ) 2F2

(
1− a, s− b+ 1; −σω
2− b, s− b+ µ+ 1

)

×Ψ

(
a; ωx

b

)
+ ω−s−µ+1 Γ

[
s+ µ− 1, s− b+ µ

a− b+ s+ µ

]

× 2F2

(
1− µ, b− a− s− µ+ 1; −σω

2− s− µ, b− s− µ+ 1

)

+ σs+µ−1 Γ

[
1− b

a− b+ 1

]
B (µ, 1− s− µ) 2F2

(
b− a, s

b, s+ µ; −σω

)
[
σ, Reµ > 0; Reω > 0 or

(Reω = 0; Re s < Re (a− µ) + 2)

]

10
e−ωx

(x+ σ)
ρ Ψ

(
a; ωx

b

)
σs−b−ρ+1

ωb−1
Γ

[
b− 1

a

]
B (s− b+ 1, b− s+ ρ− 1)

× 2F2

(
1− a, s− b+ 1; σω

2− b, s− b− ρ+ 2

)
+ ωρ−s Γ

[
s− ρ, s− b− ρ+ 1

s+ a− b− ρ+ 1

]
2F2

(
ρ, b− a− s+ ρ; σω

ρ− s+ 1, ρ− s+ b

)
+ σs−ρ Γ

[
1− b

a− b+ 1

]
B (s, ρ− s) 2F2

(
b− a, s; σω
b, s− ρ+ 1

)
[

(Reω > 0; Re s > 0, Re b− 1) or

(Reω = 0; 0, Re b− 1 < Re s < Re ρ+ 1) ; |arg σ| < π

]
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No. f (x) F (s)

11
e−ωx

x− σ
Ψ

(
a; ωx

b

)
πσs−b

ωb−1
cot [(b− s)π] Γ

[
b− 1

a

]
1F1

(
1− a; −σω

2− b

)

+ ω1−s Γ

[
s− 1, s− b
s+ a− b

]
2F2

(
1, b− a− s+ 1; −σω

2− s, b− s+ 1

)

− πσs−1 cot (sπ) Γ

[
1− b

a− b+ 1

]
1F1

(
b− a
b; −σω

)
[
σ > 0; (Reω > 0; Re s > 0, Re b− 1) or

(Reω = 0; 0, Re b− 1 < Re s < 2)

]

12
(√
x+
√
σ + x

)ν
e−ωx

νσs−b+ν/2+1

22s−2b+2ωb−1
Γ

[
b− 1, 2s− 2b+ 2, 2b−2s−ν−2

2

a, 2s−2b−ν+4
2

]

×Ψ

(
a; ωx

b

)
× 3F3

(
1− a, s− b+ 1, 2s−2b+3

2 ; σω

2− b, 2s−2b−ν+4
2 , 2s−2b+ν+4

2

)

+
2ν

ωs+ν/2
Γ

[
s+ ν

2 , −b+ s+ ν
2 + 1

a− b+ s+ ν
2 + 1

]

× 3F3

(−ν2 , 1−ν
2 , 2b−2a−2s−ν

2 ; σω

1− ν, 2−2s−ν
2 , 2b−2s−ν

2

)

− νσs+ν/2

22s
Γ

[
1− b, − 2s+ν

2 , 2s

a− b+ 1, 2s−ν+2
2

]
3F3

(
b− a, s, 2s+1

2 ; σω

b, 2s−ν+2
2 , 2s+ν+2

2

)
[

(Reω > 0; Re s > 0, Re b− 1) or

(Reω = 0; 0, Re b− 1 < Re s < −Re ν/2 + 1) ; |arg σ| < π

]

13

(√
x+
√
x+ σ

)ν
√
x+ σ

e−ωx
σs−b+(ν+1)/2

22s−2b+1ωb−1
B

(
2s− 2b+ 2,

2b− 2s− ν − 1

2

)

×Ψ

(
a; ωx

b

)
× Γ

[
b− 1

a

]
3F3

(
1− a, s− b+ 1, 2s−2b+3

2 ; σω

2− b, 2s−2b−ν+3
2 , 2s−2b+ν+3

2

)

+
2ν

ωs+(ν−1)/2 Γ

[ 2s+ν−1
2 , 2s−2b+ν+1

2
2s+2a−2b+ν+1

2

]

× 3F3

( 1−ν
2 , 2−ν

2 , 2b−2a−2s−ν+1
2 ; σω

1− ν, 3−2s−ν
2 , 2b−2s−ν+1

2

)

+
σs+(ν−1)/2

22s−1
B

(
2s,

1− 2s− ν
2

)

× Γ

[
1− b

a− b+ 1

]
3F3

(
b− a, s, 2s+1

2 ; σω

b, 2s−ν+1
2 , 2s+ν+1

2

)
[

(Reω > 0; Re s > 0, Re b− 1) or

(Reω = 0; 0, Re b− 1 < Re s < −Re ν/2 + 3/2) ; |arg σ| < π

]
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3.29.3. Ψ (a; b; ωx) and trigonometric functions

1 sin (σx) Ψ

(
a; ωx

b

)
a (a− b+ 1)πσa−s+1

2ωa+1Γ (a− s+ 2)
csc

(a− s)π
2

× 4F3

(
∆ (2, a+ 1) , ∆ (2, a− b+ 2)

3
2 , ∆ (2, a− s+ 2) ; − σ2

ω2

)
+

πσa−sω−a

2Γ (a− s+ 1)

× sec
(a− s)π

2
4F3

(
∆ (2, a) , ∆ (2, a− b+ 1)
1
2 , ∆ (2, a− s+ 1) ; − σ2

ω2

)
+

σ

ωs+1
B (a− s− 1, s− b+ 2) Γ

[
s+ 1

a

]
× 4F3

(
∆ (2, s+ 1) , ∆ (2, s− b+ 2)

3
2 , ∆ (2, s− a+ 2) ; − σ2

ω2

)
[σ > 0; −1, Re b− 2 < Re s < Re a+ 1; |argω| < π/2]

2 cos (σx) Ψ

(
a; ωx

b

)
ω−s B (a− s, s) Γ

[
s− b+ 1

a− b+ 1

]
4F3

(
∆ (2, s) , ∆ (2, s− b+ 1)
1
2 , ∆ (2, s+ a+ 2) ; − σ2

ω2

)

+
a (a− b+ 1)πσa−s+1

2ωa+1Γ (a− s+ 2)
sec

(a− s)π
2

× 4F3

(
∆ (2, a+ 1) , ∆ (2, a− b+ 2)

3
2 , ∆ (2, a− s+ 2) ; − σ2

ω2

)
− πσa−sω−a

2Γ (a− s+ 1)

× csc
(a− s)π

2
4F3

(
∆ (2, a) , ∆ (2, a− b+ 1)
1
2 , ∆ (2, a− s+ 1) ; − σ2

ω2

)
[σ > 0; 0, Re b− 1 < Re s < Re a+ 1; |argω| < π/2]

3 sin (σ
√
x) Ψ

(
a; ωx

b

) √
π (2/σ)

2(s−a)

ωa
Γ

[ 2s−2a+1
2

a− s+ 1

]
2F2

(
a, a− b+ 1; σ2

4ω

a− s+ 1
2 , a− s+ 1

)

+ σω−s−1/2 Γ

[ 2s+1
2

a, 2s−2a+3
2

]
B

(
2a− 2s− 1

2
,

2s− 2b+ 3

2

)
× 2F2

( 2s+1
2 , 2s−2b+3

2
3
2 ,

2s−2s+3
2 ; σ2

4ω

)
[σ > 0; −1/2, Re b− 3/2 < Re s < Re a+ 1/2]

4 cos (σ
√
x) Ψ

(
a; ωx

b

) √
π (2/σ)

2s−2a

ωa
Γ

[
s− a

2a−2s+1
2

]
2F2

(
a, a− b+ 1; σ2

4ω
2a−2s+1

2 , a− s+ 1

)
+ ω−s B (a− s, s) Γ

[
s− b+ 1

a− b+ 1

]
2F2

(
s, s− b+ 1; σ2

4ω
1
2 , s− a+ 1

)
[σ > 0; 0, Re b− 1 < Re s < Re a+ 1/2]
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No. f (x) F (s)

5 e−ωx sin (σx) Ψ

(
a; ωx

b

)
σ

ωs+1
Γ

[
s+ 1, s− b+ 2

a− b+ s+ 2

]
4F3

(
∆ (2, s+ 1) , ∆ (2, s− b+ 2)
3
2 , ∆ (2, s+ a− b+ 2) ; − σ2

ω2

)
[

(Reω > |Imσ|; Re s > −1, Re b− 2) or(
Re2 ω = Im2 σ; −1, Re b− 2 < Re s < Re a+ 1

)]

6 e−ωx cos (σx) Ψ

(
a; ωx

b

)
ω−s Γ

[
s, s− b+ 1

a− b+ s+ 1

]
4F3

(
∆ (2, s) , ∆ (2, s− b+ 1)

1
2 , ∆ (2, s+ a− b+ 1) ; − σ2

ω2

)
[

(Reω > |Imσ|; Re s > 0, Re b− 1) or(
Re2 ω = Im2 σ; 0, Re b− 1 < Re s < Re a+ 1

)]

7 e−ωx sin (σ
√
x)

σ

ωs+1/2
Γ

[ 2s+1
2 , 2s−2b+3

2
2s+2a−2b+3

2

]
2F2

( 2s+1
2 , 2s−2b+3

2
3
2 ,

2s+2a−2b+3
2 ; − σ2

4ω

)
×Ψ

(
a; ωx

b

) [
(Reω > 0; Re s > −1/2, Re b− 3/2) or

(σ > 0, Reω = 0; − 1/2, Re b− 3/2 < Re s < Re a+ 1/2)

]

8 e−ωx cos (σ
√
x) ω−s Γ

[
s, s− b+ 1

s+ a− b+ 1

]
2F2

(
s, s− b+ 1

1, s+ a− b+ 1; − σ2

4ω

)
×Ψ

(
a; ωx

b

) [
(Reω > 0; Re s > 0, Re b− 1) or

(σ > 0, Reω = 0; 0, Re b− 1 < Re s < Re a+ 1/2)

]

3.29.4. Ψ (a; b; ωx) and the logarithmic function

1 ln (σx+ 1) Ψ

(
a; ωx

b

)
πσb−s−1ω1−b

s− b+ 1
csc [(b− s)π] Γ

[
b− 1

a

]

× 2F2

(
a− b+ 1, s− b+ 1

2− b, s− b+ 2; −ωσ

)
+
ω1−s

σ
B (a− s+ 1, s− 1)

× Γ

[
s− b

a− b+ 1

]
3F3

(
1, 1, a− s+ 1; −ωσ
2, 2− s, b− s+ 1

)

+ ω−s B (a− s, s− b+ 1) Γ
[ s
a

]
ln
σ

ω

− ω−s B (a− s, s) Γ

[
s− b+ 1

a− b+ 1

] [
ψ (a− s)− ψ (s− b+ 1)

− ψ (s)
]

+
πσ−s

s
csc (sπ) Γ

[
1− b

a− b+ 1

]
2F2

(
a, s; −ωσ
b, s+ 1

)
[

(Reω > 0; Re s > −1, Re b− 2) or

(Reω = 0; −1, Re b− 2 < Re s < Re a) ; |arg σ| < π

]
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No. f (x) F (s)

2 e−ωx ln (σx+ 1)
πσb−s−1ω1−b

s− b+ 1
csc [(b− s)π] Γ

[
b− 1

a

]
2F2

(
1− a, s− b+ 1

2− b, s− b+ 2; ω
σ

)
×Ψ

(
a; ωx

b

)
− πω1−s

σ
csc (sπ) Γ

[
s− b

2− s, a− b+ s

]
3F3

(
1, 1, 1− s− a+ b; ω

σ

2, 2− s, 1− s+ b

)
+
πσ−s

s
csc (sπ) Γ

[
1− b

a− b+ 1

]
2F2

(
b− a, s; ω

σ

b, s+ 1

)
+ ω−s Γ

[
s, s− b+ 1

s+ a− b+ 1

] [
ψ (s) + ψ (s− b)− ψ (s+ a− b) + ln

σ

ω

]
[

(Reω > 0; Re s > −1, Re b− 2) or

(Reω = 0; −1, Re b− 2 < Re s < Re a) ; |arg σ| < π

]

3.29.5. Ψ (a; b; ωx) and Ei (σx)

1 Ei (−σx) Ψ

(
a; ωx

b

)
σb−s−1ω1−b

b− s− 1
Γ

[
b−1, s−b+1

a

]
3F2

(
a− b+ 1, s− b+ 1, s− b+ 1

2− b, s− b+ 2; ω
σ

)
− σ−s

s
Γ

[
1− b, s
a− b+ 1

]
3F2

(
a, s, s

b, s+ 1; ω
σ

)
[

(Reσ ≥ 0; Imσ 6= 0; 0, Re b− 1 < Re s < Re a) or

(σ > 0; Re s > −1, Re b− 2)

]

2 e−ωx Ei (−σx)
σb−s−1ω1−b

b− s− 1
Γ

[
b− 1, s− b+ 1

a

]
3F2

(
1− a, s− b+ 1, s− b+ 1

2− b, s− b+ 2; −ωσ

)
×Ψ

(
a; ωx

b

)
− σ−s

s
Γ

[
1− b, s
a− b+ 1

]
3F2

(
b− a, s, s
b, s+ 1; −ωσ

)


(Reω, Re (σ + ω) > 0; Imσ 6= 0; Re s > 0, Re b− 1) or

(Re (σ + ω) > 0; Imσ = 0; Re s > 0, Re b− 1) or

(Reσ ≥ 0; Reω = 0; Imσ 6= 0; 0, Re b− 1 < Re s < Re a+ 1) or

(σ > 0; Reω = 0; Re s > 0, Re b− 1)


3.29.6. Ψ (a; b; ωx) and erf (σ

√
x), erfc (σ

√
x)

1 erf (σ
√
x) Ψ

(
a; ωx

b

)
σ2a−2sω−a√
π (a− s)

Γ

(
2s− 2a+ 1

2

)
3F2

(
a, a− b+ 1, a− s; σ2

ω
2a−2s+1

2 , a− s+ 1

)
+

2σ√
π ωs+1/2

B

(
2a− 2s− 1

2
,

2s− 2b+ 3

2

)
× Γ

[ 2s+1
2

a

]
3F2

( 1
2 ,

2s+1
2 , 2s−2b+3

2
3
2 ,

2s−2a+3
2 ; σ2

ω

)
[−1/2, Re b− 3/2 < Re s < Re a; |arg σ| < π/4]
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No. f (x) F (s)

2 erfc (σ
√
x) Ψ

(
a; ωx

b

)
σ2b−2s−2ω1−b
√
π (s− b+ 1)

Γ

[
b− 1, 2s−2b+3

2

a

]
× 3F2

(
a− b+ 1, s− b+ 1, 2s−2b+3

2

2− b, s− b+ 2; ω
σ2

)
+
σ−2s

22s−1
Γ

[
1− b, 2s

a− b+ 1, s

]
3F2

(
a, s, 2s+1

2

b, s+ 1; ω
σ2

)
[

(Re s > 0, Re b− 1; |arg σ| < π/4) or

(0, Re b− 1 < Re s < Re a+ 3/2; |arg σ| = π/4)

]

3 e−ωx erf (σ
√
x)

2σω−s−1/2√
π

Γ

[ 2s+1
2 , 2s−2b+3

2
2s+2a−2b+3

2

]
3F2

( 1
2 ,

2s+1
2 , 2s−2b+3

2
3
2 ,

2s+2a−2b+3
2 ; −σ2

ω

)
×Ψ

(
a; ωx

b

)

(
Re
(
σ2 + ω

)
> 0; Reω > 0; Re s > −1/2, Re b− 3/2

)
or(

Re
(
σ2 + ω

)
= 0; Reω > 0; Re s > −1/2, Re b− 3/2 < Re s < 0, Re a+ 3/2

)
or(

Reω = 0; Re s > −1/2, Re b− 3/2 < Re s < 0, Re a+ 1; |arg σ| ≤ π/4
)


4 e−ωx erfc (σ

√
x)

σ2b−2s−2ω1−b
√
π (s− b+ 1)

Γ

[
b− 1, 2s−2b+3

2

a

]
3F2

(
1− a, s− b+ 1, 2s−2b+3

2

2− b, s− b+ 2; − ω
σ2

)
×Ψ

(
a; ωx

b

)
+
σ−2s√
π s

Γ

[
1− b, 2s+1

2

a− b+ 1

]
3F2

(
b− a, s, 2s+1

2

b, s+ 1; − ω
σ2

)
[(

Re
(
σ2 + ω

)
> 0; Re s > 0, Re b− 1

)
or

(Re (σ2 + ω) = 0; 0, Re b− 1 < Re s < Re a+ 3/2)

]

3.29.7. Ψ (a; b; ωx) and the Bessel functions

1 Jν (σx) Ψ

(
a; ωx

b

)
−2s−a−2a (a− b+ 1)

σs−a−1ωa+1
Γ

[ s−a+ν−1
2

a−s+ν+3
2

]

× 4F3

(
∆ (2, a+ 1) , ∆ (2, a− b+ 2)
3
2 ,

a−s−ν+3
2 , a−s+ν+3

2 ; − σ2

ω2

)

+
2s−a−1

σs−aωa
Γ

[ s−a+ν
2

a−s+ν+2
2

]
4F3

(
∆ (2, a) , ∆ (2, a− b+ 1)
1
2 ,

a−s−ν+2
2 , a−s+ν+2

2 ; − σ2

ω2

)

+
(σ/2)

ν

ωs+ν
B (a− s− ν, s+ ν) Γ

[
s− b+ ν + 1

ν + 1, a− b+ 1

]

× 4F3

(
∆ (2, s+ ν) , ∆ (2, s− b+ ν + 1)

ν + 1, ∆ (2, s− a+ ν + 1) ; − σ2

ω2

)
[
σ > 0; Re (b− ν)− 1, −Re ν < Re s < Re a+ 3/2;

|argω| < π/2

]
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No. f (x) F (s)

2 Jν (σ
√
x) Ψ

(
a; ωx

b

)
(σ/2)

2a−2s

ωa
Γ

[ 2s−2a+ν
2

2a−2s+ν+2
2

]
2F2

(
a, a− b+ 1; σ2

4ω
2a−2s−ν+2

2 , 2a−2s+ν+2
2

)

+
(σ/2)

ν

ωs+ν/2
B

(
2a− 2s− ν

2
,

2s+ ν

2

)

× Γ

[ 2s−2b+ν+2
2

ν + 1, a− b+ 1

]
2F2

( 2s+ν
2 , 2s−2b+ν+2

2 ; σ2

4ω

ν + 1, 2s−2a+ν+2
2

)
[σ > 0; Re (b− ν/2)− 1, −Re ν/2 < Re s < Re a+ 3/4]

3 e−ωxJν (σx) Ψ

(
a; ωx

b

)
(σ/2)

ν

ωs+ν
Γ

[
s+ ν, s− b+ ν + 1

ν + 1, s+ a− b+ ν + 1

]
× 4F3

(
∆ (2, s+ ν) , ∆ (2, s− b+ ν + 1)

∆ (2, s+ a− b+ ν + 1) , ν + 1; − σ2

ω2

)
[(

Reω > |Imσ|; Re s > Re (b− ν)− 1, −Re ν
)

or(
Re2 ω = Im2 σ; Re (b− ν)− 1, −Re ν < Re s < Re a+ 3/2

)]

4 e−ωxJν (σ
√
x)

(σ/2)
ν

ωs+ν/2
Γ

[ 2s+ν
2 , 2s−2b+ν+2

2

ν + 1, 2s+2a−2b+ν+1
2

]
2F2

( 2s+ν
2 , 2s−2b+ν+2

2 ; σ2

4ω

ν + 1, 2s+2a−2b+ν+2
2

)
×Ψ

(
a; ωx

b

)
[

(Reω > 0; Re s > Re (b− ν/2)− 1, −Re ν/2) or

(σ > 0; Reω = 0; Re (b− ν/2)− 1, −Re ν/2 < Re s < Re a+ 3/4)

]

5 e−ωx Yν (σ
√
x)

(σ/2)
ν

πωs+ν/2
cos (πν) Γ

[ 2s+ν
2 , 2s−2b+ν+2

2

−ν, 2s+2a−2b+ν+2
2

]

×Ψ

(
a; ωx

b

)
× 2F2

( 2s+ν
2 , 2s−2b+ν+2

2 ; − σ2

4ω

ν + 1, 2s+2a−2b+ν+2
2

)
− (2/σ)

ν

πωs−ν/2

× Γ

[
ν, 2s−ν

2 , 2s−2b−ν+2
2

2s+2a−2b−ν+2
2

]
2F2

( 2s−ν
2 , 2s−2b−ν+2

2 ; − σ2

4ω

1− ν, 2s+2a−2b−ν+2
2

)
[

(Reω > 0; Re s > Re b− |Re ν|/2− 1, −|Re ν|/2) or

(σ > 0; Reω = 0; Re b− |Re ν|/2− 1, −|Re ν|/2 < Re s < Re a+ 3/4)

]

6 e−ωxIν (σx) Ψ

(
a; ωx

b

)
(σ/2)

ν

ωs+ν
Γ

[
s+ ν, s− b+ ν + 1

ν + 1, s+ a− b+ ν + 1

]
× 4F3

(
∆ (2, s+ ν) , ∆ (2, s− b+ ν + 1)

ν + 1, ∆ (2, s+ a− b+ ν + 1) ; σ2

ω2

)
[(

Reω > |Reσ|; Re s > Re (b− ν)− 1, −Re ν
)

or(
Re2 ω = Re2 σ; Re (b− ν)− 1, −Re ν < Re s < Re a+ 3/2

)]
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No. f (x) F (s)

7 e−ωxKν (σ
√
x)

2−ν−1σν

ωs+ν/2
Γ

[−ν, 2s+ν
2 , 2s−2b+ν+2

2
2s+2a−2b+ν+2

2

]
×Ψ

(
a; ωx

b

)
× 2F2

( 2s+ν
2 , 2s−2b−ν+2

2 ; σ2

4ω

ν + 1, 2s+2a−2b+ν+2
2

)
+

2ν−1σ−ν

ωs−ν/2

× Γ

[
ν, 2s−ν

2 , 2s−2b−ν+2
2

2s+2a−2b−ν+2
2

]
2F2

( 2s−ν
2 , 2s−2b−ν+2

2 ; σ2

4ω

1− ν, 2s+2a−2b−ν+2
2

)

(
Reω > 0; Re s > Re b− |Re ν|/2− 1, −|Re ν|/2

)
or(

Reσ > 0; Reω = 0; Re s > Re b− |Re ν|/2− 1, −|Re ν|/2
)

or(
Reσ = 0; Reω = 0; Re b− |Re ν|/2− 1, −|Re ν|/2 < Re s < Re a+ 5/4

)


3.29.8. Ψ (a; b; ωx) and Pn (ϕ (x))

1 θ (σ − x)Pn

(
2x

σ
− 1

)
σs−b+1

ωb−1
Γ

[
b− 1, s− b+ 1, s− b+ 1

a, s− b− n+ 1, s− b+ n+ 2

]

×Ψ

(
a; ωx

b

)
× 3F3

(
a− b+ 1, s− b+ 1, s− b+ 1; σω

2− b, s− b− n+ 1, s− b+ n+ 2

)

+ σs Γ

[
1− b, s, s

a− b+ 1, s− n, s+ n+ 1

]
3F3

(
a, s, s; σω

b, s− n, s+ n+ 1

)
[σ > 0; Re s > 0, Re b− 1]

2 θ (σ − x)Pn

(
2σ

x
− 1

)
σs−b+1

ωb−1
Γ

[
b− 1, s− b− n+ 1, s− b+ n+ 2

a, s− b+ 2, s− b+ 2

]

×Ψ

(
a; ωx

b

)
× 3F3

(
a− b+ 1, s− b− n+ 1, s− b+ n+ 2

2− b, s− b+ 2, s− b+ 2; σω

)
+ σs Γ

[
1− b, s− n, s+ n+ 1

a− b+ 1, s+ 1, s+ 1

]
3F3

(
a, s− n, s+ n+ 1

b, s+ 1, s+ 1; σω

)
[σ > 0; Re s > n, Re b+ n− 1]

3 θ (σ − x) e−ωx
σs−b+1

ωb−1
Γ

[
b− 1, s− b+ 1, s− b+ 1

a, s− b− n+ 1, s− b+ n+ 2

]
× Pn

(
2x

σ
− 1

)
× 3F3

(
1− a, s− b+ 1, s− b+ 1; −σω

2− b, s− b− n+ 1, s− b+ n+ 2

)
×Ψ

(
a; ωx

b

)
+ σs Γ

[
1− b, s, s

a− b+ 1, s− n, s+ n+ 1

]
× 3F3

(
b− a, s, s; −σω
b, s− n, s+ n+ 1

)
[σ > 0; Re s > 0, Re b− 1]



3.29. The Tricomi Confluent Hypergeometric Function Ψ (a; b; z) 449

No. f (x) F (s)

4 θ (σ − x) e−ωx
σs−b+1

ωb−1
Γ

[
b− 1, s− b− n+ 1, s− b+ n+ 2

a, s− b+ 2, s− b+ 2

]
× Pn

(
2σ

x
− 1

)
× 3F3

(
1− a, s− b− n+ 1, s− b+ n+ 2

2− b, s− b+ 2, s− b+ 2; −σω

)
×Ψ

(
a; ωx

b

)
+ σs Γ

[
1− b, s− n, s+ n+ 1

a− b+ 1, s+ 1, s+ 1

]
3F3

(
b− a, s− n, s+ n+ 1

b, s+ 1, s+ 1; −σω

)
[σ > 0; Re s > n, Re b+ n− 1]

3.29.9. Ψ (a; b; ωx) and Tn (ϕ (x))

1 (σ − x)
−1/2
+

√
π σs−b+1/2

ωb−1
Γ

[
b− 1, s− b+ 1, 2s−2b+3

2

a, 2s−2b−2n+3
2 , 2s−2b+2n+3

2

]
× Tn

(
2x

σ
− 1

)
× 3F3

(
a− b+ 1, s− b+ 1, 2s−2b+3

2 ; σω

2− b, 2s−2b−2n+3
2 , 2s−2b+2n+3

2

)
×Ψ

(
a; ωx

b

)
+
√
π σs−1/2 Γ

[
1− b, s, 2s+1

2

a− b+ 1, 2s−2n+1
2 , 2s+2n+1

2

]
× 3F3

(
a, s, 2s+1

2 ; σω

b, 2s−2n+1
2 , 2s+2n+1

2

)
[σ > 0; Re s > 0, Re b− 1]

2 (σ − x)
−1/2
+

√
π σs−b+1/2

ωb−1
Γ

[
b− 1, s− b− n+ 1, s− b+ n+ 1

a, 2s−2b+3
2 , s− b+ 1

]
× Tn

(
2σ

x
− 1

)
× 3F3

(
a− b+ 1, s− b− n+ 1, s− b+ n+ 1

2− b, 2s−2b+3
2 , s− b+ 1; σω

)
×Ψ

(
a; ωx

b

)
+
√
π σs−1/2 Γ

[
1− b, s− n, s+ n

a− b+ 1, 2s+1
2 , s

]
3F3

(
a, s− n, s+ n

b, 2s+1
2 , s; σω

)
[σ > 0; Re s > n, Re b+ n− 1]

3 (σ − x)
−1/2
+ e−ωx

√
π σs−b+1/2

ωb−1
Γ

[
b− 1, s− b+ 1, 2s−2b+3

2

a, 2s−2b−2n+3
2 , 2s−2b+2n+3

2

]
× Tn

(
2x

σ
− 1

)
× 3F3

(
1− a, s− b+ 1, 2s−2b+3

2 ; −σω
2− b, 2s−2b−2n+3

2 , 2s−2b+2n+3
2

)
×Ψ

(
a; ωx

b

)
+
√
π σs−1/2 Γ

[
1− b, s, 2s+1

2

a− b+ 1, 2s−2n+1
2 , 2s+2n+1

2

]
× 3F3

(
b− a, s, 2s+1

2 ; −σω
b, 2s−2n+1

2 , 2s+2n+1
2

)
[σ > 0; Re s > 0, Re b− 1]
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No. f (x) F (s)

4 (σ − x)
−1/2
+ e−ωx

√
π σs−b+1/2

ωb−1
Γ

[
b− 1, s− b− n+ 1, s− b+ n+ 1

a, 2s−2b+3
2 , s− b+ 1

]
× Tn

(
2σ

x
− 1

)
× 3F3

(
1− a, s− b− n+ 1, s− b+ n+ 1

2− b, 2s−2b+3
2 , s− b+ 1; −σω

)
×Ψ

(
a; ωx

b

)
+
√
π σs−1/2 Γ

[
1− b, s− n, s+ n

a− b+ 1, 2s+1
2 , s

]
3F3

(
b− a, s− n, s+ n

b, 2s+1
2 , s; −σω

)
[σ > 0; Re s > n, Re b+ n− 1]

3.29.10. Ψ (a; b; ωx) and Un (ϕ (x))

1 (σ − x)
1/2
+

(n+ 1)
√
π σs−b+3/2

2ωb−1
Γ

[
b− 1, s− b+ 1, 2s−2b+1

2

a, 2s−2b−2n+1
2 , 2s−2b+2n+5

2

]
× Un

(
2x

σ
− 1

)
× 3F3

(
a− b+ 1, s− b+ 1, 2s−2b+1

2 ; σω

2− b, 2s−2b−2n+1
2 , 2s−2b+2n+5

2

)
×Ψ

(
a; ωx

b

)
+

(n+ 1)
√
π σs+1/2

2
Γ

[
1− b, s, 2s−1

2

a− b+ 1, 2s−2n−1
2 , 2s+2n+3

2

]
× 3F3

(
a, s, 2s−1

2 ; σω

b, 2s−2n−1
2 , 2s+2n+3

2

)
[σ > 0; Re s > 0, Re b− 1]

2 (σ − x)
1/2
+

(n+ 1)
√
π σs−b+3/2

2ωb−1
Γ

[
b− 1

a

]
Γ

[
s− b− n+ 1, s− b+ n+ 3

2s−2b+5
2 , s− b+ 3

]
× Un

(
2σ

x
− 1

)
× 3F3

(
a− b+ 1, s− b− n+ 1, s− b+ n+ 3

2− b, 2s−2b+5
2 , s− b+ 3; σω

)
×Ψ

(
a; ωx

b

)
+

(n+ 1)
√
π σs+1/2

2
Γ

[
1− b, s− n, s+ n+ 2

a− b+ 1, 2s+3
2 , s+ 2

]
× 3F3

(
a, s− n, s+ n+ 2

b, 2s+3
2 , s+ 2; σω

)
[σ > 0; Re s > n, Re b+ n− 1]

3 (σ − x)
1/2
+ e−ωx

(n+ 1)
√
π σs−b+3/2

2ωb−1
Γ

[
b− 1, s− b+ 1, 2s−2b+1

2

a, 2s−2b−2n+1
2 , 2s−2b+2n+5

2

]
× Un

(
2x

σ
− 1

)
× 3F3

(
1− a, s− b+ 1, 2s−2b+1

2 ; −σω
2− b, 2s−2b−2n+1

2 , 2s−2b+2n+5
2

)
×Ψ

(
a; ωx

b

)
+

(n+ 1)
√
π σs+1/2

2
Γ

[
1− b, s, 2s−1

2

a− b+ 1, 2s−2n−1
2 , 2s+2n+3

2

]
× 3F3

(
b− a, s, 2s−1

2 ; −σω
b, 2s−2n−1

2 , 2s+2n+3
2

)
[σ > 0; Re s > 0, Re b− 1]
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No. f (x) F (s)

4 (σ − x)
1/2
+ e−ωx

(n+ 1)
√
π σs−b+3/2

2ωb−1
Γ

[
b− 1

a

]
Γ

[
s− b− n+ 1, s− b+ n+ 3

2s−2b+5
2 , s− b+ 3

]
× Un

(
2σ

x
− 1

)
× 3F3

(
1− a, s− b− n+ 1, s− b+ n+ 3

2− b, 2s−2b+5
2 , s− b+ 3; −σω

)
×Ψ

(
a; ωx

b

)
+

(n+ 1)
√
π σs+1/2

2
Γ

[
1− b, s− n, s+ n+ 2

a− b+ 1, 2s+3
2 , s+ 2

]
× 3F3

(
b− a, s− n, s+ n+ 2

b, 2s+3
2 , s+ 2; −σω

)
[σ > 0; Re s > n, Re b+ n− 1]

3.29.11. Ψ (a; b; ωx) and Hn (σ
√
x)

1 e−σ
2xHn (σ

√
x)

√
π ω1−b

22s−2b−n+1σ2s−2b+2
Γ

[
b− 1, 2s− 2b+ 2

a, 2s−2b−n+3
2

]
×Ψ

(
a; ωx

b

)
× 3F2

(
a− b+ 1, s− b+ 1, 2s−2b+3

2

2− b, 2s−2b−n+3
2 ; ω

σ2

)
+

√
π σ−2s

22s−n−1
Γ

[
1− b, 2s

a− b+ 1, 2s−n+1
2

]
3F2

(
a, s, 2s+1

2

b, 2s−n+1
2 ; ω

σ2

)
[(

Reσ2 > 0; Re s+ (1− (−1)
n
) /2 > 0, Re b− 1

)
or

(Reσ2 = 0; 0, Re b− 1 < Re s− (1− (−1)
n
) /2 < Re a+ 1)

]

2 e−(σ
2+ω)xHn (σ

√
x)

2n
√
π

ωs
Γ

[
s, s− b+ 1

1−n
2 , s+ a− b+ 1

]
3F2

( n+1
2 , s, s− b+ 1

1
2 , s+ a− b+ 1; −σ2

ω

)
×Ψ

(
a; ωx

b

)
− 2n+1

√
π σ

ωs+1/2
Γ

[ 2s+1
2 , 2s−2b+3

2

−n2 ,
2s+2a−2b+3

2

]
3F2

( n+2
2 , 2s+1

2 , 2s−2b+3
2

3
2 ,

2s+2a−2b+3
2 ; −σ2

ω

)
[(

Re
(
σ2 + ω

)
> 0; Re s+ (1− (−1)

n
) /2 > 0, Re b− 1

)
or

(Re (σ2 + ω) = 0; 0, Re b− 1 < Re s− (1− (−1)
n
) /2 < Re a+ 1)

]

3.29.12. Ψ (a; b; ωx) and Lλn (σx)

1 e−σxLλn (σx) Ψ

(
a; ωx

b

)
ω−s

n!

(σ
ω

)a−s
Γ

[
s− a, 1− s+ a+ n+ λ

1− s+ a+ λ

]
× 3F2

(
a, a− b+ 1, 1− s+ a+ n+ λ

a− s+ 1, a− s+ λ+ 1; σ
ω

)
+
ω−s

n!

× Γ

[
n+ λ+ 1, s, a− s, s− b+ 1

a, a− b+ 1, λ+ 1

]
3F2

(
n+ λ+ 1, s, s− b+ 1

λ+ 1, s− a+ 1; σ
ω

)
[

(Reσ > 0; Re s > 0, Re b− 1) or

(Reσ = 0; 0, Re b− 1 < Re s+ n < Re a+ 1)

]
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No. f (x) F (s)

2 e−(σ+ω)xLλn (σx)
ω−s

n!
Γ

[
n+ λ+ 1, s, s− b+ 1

λ+ 1, s+ a− b+ 1

]
3F2

(
n+ λ+ 1, s, s− b+ 1

λ+ 1, s+ a− b+ 1; − σ
ω

)
×Ψ

(
a; ωx

b

) [
(Re (σ + ω) > 0; Re s > 0, Re b− 1) or

(Re (σ + ω) = 0; 0, Re b− 1 < Re s+ n < Re a+ 1)

]

3.29.13. Ψ (a; b; ωx) and Cλn (ϕ (x))

1 (σ − x)
λ−1/2
+

√
π σs−b+λ+1/2

22λ−1n!ωb−1
Γ

[
b− 1, n+ 2λ, s− b+ 1, 2s−2b−2λ+3

2

a, λ, 2s−2b−2n−2λ+3
2 , 2s−2b+2n+2λ+3

2

]
× Cλn

(
2x

σ
− 1

)
× 3F3

(
a− b+ 1, s− b+ 1, 2s−2b−2λ+3

2 ; σω

2− b, 2s−2b−2n−2λ+3
2 , 2s−2b+2n+2λ+3

2

)
×Ψ

(
a; ωx

b

)
+

√
π σs+λ−1/2

22λ−1n!
Γ

[
1− b, n+ 2λ, s, 2s−2λ+1

2

λ, a− b+ 1, 2s−2n−2λ+1
2 , 2s+2n+2λ+1

2

]
× 3F3

(
a, s, 2s−2λ+1

2 ; σω

b, 2s−2n−2λ+1
2 , 2s+2n+2λ+1

2

)
[σ > 0; Re s > 0, Re b− 1]

2 (σ − x)
λ−1/2
+

√
π σs−b+λ+1/2

22λ−1n!ωb−1
Γ

[
b− 1, n+ 2λ

a, λ

]
× Cλn

(
2σ

x
− 1

)
× Γ

[
s− b− n+ 1, s− b+ n+ 2λ+ 1

2s−2b+2λ+3
2 , s− b+ 2λ+ 1

]
×Ψ

(
a; ωx

b

)
× 3F3

(
a− b+ 1, s− b− n+ 1, s− b+ n+ 2λ+ 1

2− b, 2s−2b+2λ+3
2 , s− b+ 2λ+ 1; σω

)
+

√
π σs+λ−1/2

22λ−1n!
Γ

[
1− b, n+ 2λ, s− n, s+ n+ 2λ

λ, a− b+ 1, 2s+2λ+1
2 , s+ 2λ

]
× 3F3

(
a, s− n, s+ n+ 2λ

b, 2s+2λ+1
2 , s+ 2λ; σω

)
[σ > 0; Re s > n, Re b+ n− 1]

3 (σ − x)
λ−1/2
+ e−ωx

√
π σs−b+λ+1/2

22λ−1n!ωb−1
Γ

[
b− 1, n+ 2λ, s− b+ 1, 2s−2b−2λ+3

2

a, λ, 2s−2b−2n−2λ+3
2 , 2s−2b+2n+2λ+3

2

]
× Cλn

(
2x

σ
− 1

)
× 3F3

(
1− a, s− b+ 1, 2s−2b−2λ+3

2 ; −σω
2− b, 2s−2b−2n−2λ+3

2 , 2s−2b+2n+2λ+3
2

)
×Ψ

(
a; ωx

b

)
+

√
π σs+λ−1/2

22λ−1n!
Γ

[
1− b, n+ 2λ, s, 2s−2λ+1

2

λ, a− b+ 1, 2s−2n−2λ+1
2 , 2s+2n+2λ+1

2

]
× 3F3

(
b− a, s, 2s−2λ+1

2 ; −σω
b, 2s−2n−2λ+1

2 , 2s+2n+2λ+1
2

)
[σ > 0; Re s > 0, Re b− 1]
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No. f (x) F (s)

4 (σ − x)
λ−1/2
+ e−ωx

√
π σs−b+λ+1/2

22λ−1n!ωb−1
Γ

[
b− 1, n+ 2λ

a, λ

]
× Cλn

(
2σ

x
− 1

)
× Γ

[
s− b− n+ 1, s− b+ n+ 2λ+ 1

2s−2b+2λ+3
2 , s− b+ 2λ+ 1

]
×Ψ

(
a; ωx

b

)
× 3F3

(
1− a, s− b− n+ 1, s− b+ n+ 2λ+ 1

2− b, 2s−2b+2λ+3
2 , s− b+ 2λ+ 1; −σω

)
+

√
π σs+λ−1/2

22λ−1n!
Γ

[
1− b, n+ 2λ, s− n, s+ n+ 2λ

λ, a− b+ 1, 2s+2λ+1
2 , s+ 2λ

]
× 3F3

(
b− a, s− n, s+ n+ 2λ

b, 2s+2λ+1
2 , s+ 2λ; −σω

)
[σ > 0; Re s > n, Re b+ n− 1]

3.29.14. Ψ (a; b; ωx) and P
(µ, ν)
n (ϕ (x))

1 (σ − x)
µ
+ −πσ

s−b+µ+1

n!ωb−1
csc (bπ) Γ

[
n+ µ+ 1

a, 2− b

]
× P (µ, ν)

n

(
2σ

x
− 1

)
× Γ

[
s− b− n+ 1, s− b+ n+ µ+ ν + 2

s− b+ µ+ 2, s− b+ µ+ ν + 2

]
×Ψ

(
a; ωx

b

)
× 3F3

(
a− b+ 1, s− b− n+ 1, s− b+ n+ µ+ ν + 2

2− b, s− b+ µ+ 2, s− b+ µ+ ν + 2; σω

)
+
πσs+µ

n!
csc [(1− b)π] Γ

[
n+ µ+ 1

b, a− b+ 1

]
× Γ

[
s−n, s+n+µ+ν+1

s+µ+1, s+µ+ν+1

]
3F3

(
a, s− n, s+ n+ µ+ ν + 1

b, s+ µ+ 1, s+ µ+ ν + 1; σω

)
[σ > 0; Re s > n, Re b+ n− 1]

2 (σ − x)
µ
+ e
−ωx πσs−b+µ+1

n!ωb−1
csc [(b− 1)π] Γ

[
n+ µ+ 1

a, 2− b

]
× P (µ, ν)

n

(
2σ

x
− 1

)
× Γ

[
s− b− n+ 1, s− b+ n+ µ+ ν + 2

s− b+ µ+ 2, s− b+ µ+ ν + 2

]
×Ψ

(
a; ωx

b

)
× 3F3

(
1− a, s− b− n+ 1, s− b+ n+ µ+ ν + 2

2− b, s− b+ µ+ 2, s− b+ µ+ ν + 2; −σω

)
+
πσs+µ

n!
csc (bπ) Γ

[
n+ µ+ 1, s− n, s+ n+ µ+ ν + 1

b, a− b+ 1, s+ µ+ 1, s+ µ+ ν + 1

]
× 3F3

(
b− a, s− n, s+ n+ µ+ ν + 1

b, s+ µ+ 1, s+ µ+ ν + 1; −σω

)
[σ > 0; Re s > n, Re b+ n− 1]
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3.29.15. Ψ (a; b; ωx) and K (ϕ (x)), E (ϕ (x))

Notation: δ =

{
1

0

}
.

1 θ (σ − x)
πσs−b+1

2ωb−1
Γ

[
b− 1, s− b+ 1, s− b− δ + 2

a, 2s−2b+3
2 , 2s−2b−2δ+5

2

]
×
{

K
(√

1− x/σ
)

E
(√

1− x/σ
) } × 3F3

(
a− b+ 1, s− b+ 1, s− b− δ + 2

2− b, 2s−2b+3
2 , 2s−2b−2δ+5

2 ; σω

)
×Ψ

(
a; ωx

b

)
+
πσs

2
Γ

[
1− b, s, s− δ + 1

a− b+ 1, 2s+1
2 , 2s−2δ+3

2

]
3F3

(
a, s, s− δ + 1; σω

b, 2s+1
2 , 2s−2δ+3

2

)
[σ > 0; Re s > 0, Re b− 1]

2 θ (σ − x) e−ωx
πσs−b+1

2ωb−1
Γ

[
b− 1, s− b+ 1, s− b− δ + 2

a, 2s−2b+3
2 , 2s−2b−2δ+5

2

]
×
{

K
(√

1− x/σ
)

E
(√

1− x/σ
) } × 3F3

(
1− a, s− b+ 1, s− b− δ + 2

2− b, 2s−2b+3
2 , 2s−2b−2δ+5

2 ; −σω

)
×Ψ

(
a; ωx

b

)
+
πσs

2
Γ

[
1− b, s, s− δ + 1

a− b+ 1, 2s+1
2 , 2s−2δ+3

2

]
× 3F3

(
b− a, s, s− δ + 1; −σω

b, 2s+1
2 , 2s−2δ+3

2

)
[σ > 0; Re s > 0, Re b− 1]

3.29.16. Ψ (a; b; ωx) and 1F1 (a; b; σx)

1 1F1

(
a; −ωx

b

)
2s−b−1√
π ωs

Γ

[
b, s2 , a−

s
2 ,

s−b+1
2 , s−b+2

2

a, b− s
2 ,

s
2 + a− b+ 1

]
×Ψ

(
a; ωx

b

) [
(Reω > 0; 0, Re b− 1 < Re s < 2 Re a) or

(Reω = 0; 0, Re b− 1 < Re s < 2 Re a, Re b+ 1)

]

2 e−ωx 1F1

(
b− a; ωx

b

)
2s−b−1√
π ωs

Γ

[
b, s2 , a−

s
2 ,

s−b+1
2 , s−b+2

2

a, b− s
2 ,

s
2 + a− b+ 1

]
×Ψ

(
a; ωx

b

) [
(Reω > 0; 0, Re b− 1 < Re s < 2 Re a) or

(Reω = 0; 0, Re b− 1 < Re s < 2 Re a, Re b+ 1)

]

3.29.17. Products of Ψ (a; b; ωx)

1 Ψ

(
a; −ωx

b

)
Ψ

(
a; ωx

b

)
2s−b−1

√
π (−ω2)

s/2
Γ

[ 2a−s
2 , s2 ,

s−b+1
2 , s−b+2

2 , s−2b+2
2

a, a− b+ 1, s+2a−2b+2
2

]
[Reω > 0; 0, Re b− 1, 2 Re b− 2 < Re s < 2 Re a]
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No. f (x) F (s)

2 Ψ

(
µ; σx

ν

)
Ψ

(
a; ωx

b

)
ω1−b

σs−b+1
Γ

[
b− 1, s− b+ 1, b− s+ µ− 1, s− b− ν + 2

a, µ, µ− ν + 1

]
× 3F2

(
a− b+ 1, s− b− ν + 2, s− b+ 1

2− b, s− b− µ+ 2; −ωσ

)
+
ωµ−s

σµ
Γ

[
a− s+ µ, s− µ, s− b− µ+ 1

a, a− b+ 1

]
× 3F2

(
µ, µ− ν + 1, a− s+ µ

1− s+ µ, b− s+ µ; −ωσ

)
+ σ−s Γ

[
1− b, µ− s, s, s− ν + 1

a− b+ 1, µ, µ− ν + 1

]
3F2

(
a, s, s− ν + 1

b, s− µ+ 1; −ωσ

)
[0, Re ν − 1, Re (b+ ν)− 2, Re b− 1 < Re s < Re (a+ µ)]

3 Ψ

(
µ; σ

x

ν

)
Ψ

(
a; ωx

b

)
σs−b+1

ωb−1
Γ

[
b− 1, b− s− 1, b− s− ν, s− b+ µ+ 1

a, µ, µ− ν + 1

]
× 2F3

(
a− b+ 1, s− b+ µ+ 1; σω

2− b, s− b+ 2, s− b+ ν + 1

)
+

σ1−ν

ωs+ν−1
Γ

[
ν − 1, 1− s+ a− ν, s+ ν − 1, s− b+ ν

a, µ, a− b+ 1

]
× 2F3

(
µ− ν + 1, 1− s+ a− ν; σω

2− ν, 2− s− ν, 1− s+ b− ν

)
+ σs Γ

[
1− b, −s, 1− s− ν, s+ µ

a− b+ 1, µ, µ− ν + 1

]
2F3

(
a, s+ µ; σω

b, s+ 1, s+ ν

)
+ ω−s Γ

[
1− ν, s, a− s, s− b+ 1

a, a− b+ 1, µ− ν + 1

]
2F3

(
µ, a− s; σω
ν, 1− s, b− s

)
[−Reµ, Re (b− µ)− 1 < Re s < Re a, Re (a− ν) + 1]

4 e−ωxΨ

(
µ; σx

ν

)
σ1−ν

ωs−ν+1
Γ

[
ν − 1, s− ν + 1, s− b− ν + 2

µ, s+ a− b− ν + 2

]
×Ψ

(
a; ωx

b

)
× 3F2

(
µ− ν + 1, s− ν + 1, s− b− ν + 2

2− ν, s+ a− b− ν + 2; σ
ω

)
+ ω−s Γ

[
1− ν, s, s− b+ 1

µ− ν + 1, s+ a− b+ 1

]
3F2

(
µ, s, s− b+ 1; σ

ω

ν, s+ a− b+ 1

)
[

(Reω > 0; Re s > 0, Re b− 1, Re ν − 1, Re (b+ ν)− 2) or

(Reω = 0; 0, Re b− 1, Re ν − 1, Re (b+ ν)− 2 < Re s < Re (a+ µ) + 1)

]

5 e−(σ+ω)xΨ

(
µ; σx

ν

)
σ1−ν

ωs−ν+1
Γ

[
ν − 1, s− ν + 1, s− b− ν + 2

µ, s+ a− b− ν + 2

]
×Ψ

(
a; ωx

b

)
× 3F2

(
1− µ, s− ν + 1, s− b− ν + 2

2− ν, a− b+ s− ν + 2; − σ
ω

)
+
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No. f (x) F (s)

+ ω−s Γ

[
1− ν, s, s− b+ 1

µ− ν + 1, a− b+ s+ 1

]
3F2

(
ν − µ, s, s− b+ 1

ν, a− b+ s+ 1; − σ
ω

)
[

(Re (σ + ω) > 0; Re s > 0, Re b− 1, Re ν − 1, Re (b+ ν)− 2) or

(Re (σ + ω) = 0; 0, Re b− 1, Re ν − 1, Re (b+ ν)− 2 < Re s < Re (a+ µ) + 1)

]

6 e−σxΨ

(
µ; σ

x

ν

)
Ψ

(
a; ωx

b

)
σs−b+1

ωb−1
Γ

[
b− 1, b− s− 1, b− s− ν, s− b+ µ+ 1

a, µ, µ− ν + 1

]
× 2F3

(
1− a, s− b+ µ+ 1; −σω

2− b, s− b+ 2, s− b+ ν + 1

)
+

σ1−ν

ωs+ν−1
Γ

[
ν − 1, s+ ν − 1, s− b+ ν

µ, s+ a− b+ ν

]
× 2F3

(
µ− ν + 1, 1− s− a+ b− ν; −σω

2− ν, 2− s− ν, 1− s+ b− ν

)
− σs csc (bπ) sin [(µ− ν)π] Γ

[
ν − µ, −s, 1− s− ν, s+ µ

b, a− b+ 1, µ

]
× 2F3

(
b− a, s+ µ; −σω
b, s+ 1, s+ ν

)
+ ω−s Γ

[
1− ν, s, s− b+ 1

µ− ν + 1, s+ a− b+ 1

]
2F3

(
µ, b− a− s; −σω
ν, 1− s, b− s

)

(
Reσ > 0; −Reµ, Re (b− µ)− 1 < Re s

)
or(

Reσ = 0; −Reµ, Re (b− µ)− 1 < Re s

< Re a+ 1,Re (a− ν) + 2
)


7 Jν (σx) Ψ

(
a; −iωx

b

)
2s−2a−1

(
σ2

ω2

)a−s/2 (
ω2
)−s/2

Γ

[ s−2a+ν
2

2a−s+ν+2
2

]
×Ψ

(
a; iωx

b

)
× 4F3

(
a, a− b+ 1, 2a−b+1

2 , 2a−b+2
2

2a− b+ 1, 2a−s−ν+2
2 , 2a−s+ν+2

2 ; σ2

ω2

)
+

2−ν−1

(ω2)
s/2

(
σ2

ω2

)ν/2
× B

(
s+ ν

2
,

2a− s− ν
2

)
Γ

[ s−2b+ν+2
2 , s− b+ ν + 1

ν + 1, a− b+ 1, s+2a−2b+ν+2
2

]
× 4F3

( s+ν
2 , s−2b+ν+2

2 , s−b+ν+1
2 , s−b+ν+2

2

ν + 1, s−2a+ν+2
2 , s+2a−2b+ν+2

2 ; σ2

ω2

)
[

σ > 0; Reω 6= 0;

−Re ν, Re (2b− ν)− 2, Re (b− ν)− 1 < Re s < 2 Re a+ 3/2

]

8 e−ωxJν (σx) Ψ

(
a; ωx

b

)
2−ν−1σν

ωs+ν
Γ

[ s+ν
2 , s−2b+ν+2

2 , s− b+ ν + 1

ν + 1, s−2a+ν+2
2 , s+2a−2b+ν+2

2

]

×Ψ

(
b− a; ωx

b

)
× 4F3

( s+ν
2 , s+ν−2b+2

2 , s+ν−b+1
2 , s+ν−b+2

2

ν + 1, s+ν−2a+2
2 , s+ν+2a−2b+2

2 ; − σ2

ω2

)
[(

Reω > |Imσ|; Re s > −Re ν, Re (2b− ν)− 2, Re (b− ν)− 1
)

or(
Re2 ω = Im2 σ; −Re ν, Re (2b− ν)− 2, Re (b− ν)− 1 < Re s < Re b+ 3/2

)]
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3.30. The Whittaker Functions Mρ, σ (z) and Wρ, σ (z)

The Whittaker functions Mρ, σ (z) and Wρ, σ (z) are connected with the Kummer confluent hyper-
geometric function 1F1 (a; b; z) and the Tricomi confluent hypergeometric function Ψ (a; b; x) by
the relations

Mρ, σ (z) = zσ+1/2e−z/2 1F1

(
σ − ρ+

1

2
; 2σ + 1; z

)
,

Mρ, σ (z) = zσ+1/2e−z/2
[
z−2σ Γ

[
2σ

1
2 + σ − ρ

]
1F1

( 1
2 − σ − ρ
1− 2σ; z

)
+ Γ

[
−2σ

1
2 − σ − ρ

]
1F1

( 1
2 + σ − ρ
1 + 2σ; z

)]
,

Wρ, σ (z) = zσ+1/2e−x/2 Ψ

(
σ − ρ+

1

2
; 2σ + 1; z

)
.

To evaluate the Mellin transform of functions containing Mρ, σ (z) and Wρ, σ (z), one can apply the
above relations and the formulas of Sections 3.28 and 3.29. We present here only several of such
formulas.

3.30.1. Wρ, σ (ax)

No. f (x) F (s)

1 W−1/2, 0 (ax)
2s−1/2

as
Γ

(
2s+ 1

2

)[
ψ

(
2s+ 3

4

)
− ψ

(
2s+ 1

4

)]
[

(Re a > 0; Re s > −1/2) or

(Re a = 0; − 1/2 < Re s < 3/2)

]

2 W0, σ (ax)
22s−1√
π as

Γ

(
2s− 2σ + 1

4

)
Γ

(
2s+ 2σ + 1

4

)
[
σ 6= 0; (Re a > 0; Re s > |Reσ| − 1/2) or

(Re a = 0; |Reσ| − 1/2 < Re s < 1)

]

3 W±1/2, σ (ax)
22s−1a−s√
π σ(1∓1)/2

[
Γ

(
2s− 2σ + 1

4

)
Γ

(
2s+ 2σ + 3

4

)
± Γ

(
2s− 2σ + 3

4

)
Γ

(
2s+ 2σ + 1

4

)]
[
σ 6= 0; (Re a > 0; Re s > |Reσ| − 1/2) or

(Re a = 0; |Reσ| − 1/2 < Re s < 1/2)

]

4 Wρ, σ (ax) a−s Γ

[ 2s−2σ+1
2 , 2s+2σ+1

2

s− ρ+ 1

]
2F1

( 2s−2σ+1
2 , 2s+2σ+1

2

s− ρ+ 1; 1
2

)
[
σ 6= 0; (Re a > 0; Re s > |Reσ| − 1/2) or

(Re a = 0; |Reσ| − 1/2 < Re s < −Re ρ+ 1)

]
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3.30.2. Mρ, σ (ax), Wρ, σ (bx), and the exponential function

1 e−axMρ, σ (bx)
2s+σ+1/2 bσ+1/2

(2a− b)s+σ+1/2
Γ

(
2s+ 2σ + 1

2

)
2F1

( 2ρ+2σ+1
2 , 2s+2σ+1

2

2σ + 1; 2b
b−2a

)


(Re a > |Re b|/2; Re s > −Reσ − 1/2) or

(Re a = Re b/2 > 0; −Reσ − 1/2 < Re s < Re ρ+ 1) or

(Re a = −Re b/2 > 0; −Reσ − 1/2 < Re s < −Re ρ+ 1)



2 e−ax/2Mρ, σ (ax) a−s Γ

[
2σ + 1, ρ− s, 2s+2σ+1

2
2ρ+2σ+1

2 , 1−2s+2σ
2

]
[

(Re a > 0; −Reσ − 1/2 < Re s < Re ρ) or

(Re a = 0; −Reσ − 1/2 < Re s < Re ρ, 1− Re ρ)

]

3 e−axWρ, σ (bx) b−s Γ

[ 2s−2σ+1
2 , 2s+2σ+1

2

s− ρ+ 1

]
2F1

( 2s−2σ+1
2 , 2s+2σ+1

2

s− ρ+ 1; b−2a
2b

)
[
σ 6= 0; (Re (2a+ b) > 0; Re s > |Reσ| − 1/2) or

(Re (2a+ b) = 0; |Reσ| − 1/2 < Re s < 1− Re ρ)

]

4 e−ax/2Wρ, σ (ax) a−s Γ

[ 2s−2σ+1
2 , 2s+2σ+1

2

s− ρ+ 1

]
[
σ 6= 0; (Re a > 0; Re s > |Reσ| − 1/2) or

(Re a = 0; |Reσ| − 1/2 < Re s < 1− Re ρ)

]

5 eax/2Wρ, σ (ax) a−s Γ

[ 2s−2σ+1
2 , 2s+2σ+1

2 , −s− ρ
1−2ρ−2σ

2 , 1−2ρ+2σ
2

]
[|Reσ| − 1/2 < Re s < −Re ρ]

6 e−ax/2Wρ, σ (ax) a−s Γ

[ 2s−2σ+1
2 , 2s+2σ+1

2

s− ρ+ 1

]
[

(Re s > |Reσ| − 1/2; |arg a| < π/2) or

(|Reσ| − 1/2 < Re s < 1− Re ρ; |arg a| = π/2)

]

3.30.3. Wρ, σ (ax) and hyperbolic functions

1

{
sinh (ax/2)

cosh (ax/2)

}
a−s

2
Γ

[−s− ρ, 2s−2σ+1
2 , 2s+2σ+1

2
1−2ρ−2σ

2 , 1−2ρ+2σ
2

]
∓ a−s

2
Γ

[ 2s−2σ+1
2 , 2s+2σ+1

2

s− ρ+ 1

]
×Wρ, σ (ax) [|Reσ| − 1/2 < Re s < −Re ρ; |arg a| ≤ π/2]
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3.30.4. Wρ, σ (ax) and Lσρ (bx)

1 eax/2L2σ
ρ−σ−1/2 (−ax)

aσ+1/2
(
a2
)−(2s+2σ+1)/4

cos [(ρ− σ)π]

2π

×Wρ, σ (ax) × Γ

[ 2ρ+2σ+1
2 , 2s−2σ+1

2 , 2s+2σ+1
4 , 1−2s−4ρ+2σ

4
3−2s+6σ

4 , 2s−4ρ−2σ+3
4

]
[

(|Reσ| − 1/2 < Re s < Re (σ − 2ρ) + 1/2; |arg a| < π/2) or

(|Reσ| − 1/2 < Re s < Re (σ − 2ρ) + 1/2, Reσ + 3/2; |arg a| = π/2)

]

2 e−ax/2L2σ
−ρ−σ−1/2 (ax)

a−s

2
Γ

[ 2s−2σ+1
2 , 2s+2σ+1

4 , 1−2s−4ρ+2σ
4

1−2ρ−2σ
2 , 2s−4ρ−2σ+3

4 , 3−2s+6σ
4

]
×Wρ, σ (ax)

[
(|Reσ| − 1/2 < Re s < Re (σ − 2ρ) + 1/2; |arg a| < π/2) or

(|Reσ| − 1/2 < Re s < Re (σ − 2ρ) + 1/2, Reσ + 3/2; |arg a| = π/2)

]

3.30.5. Wρ, σ (ax) and 1F1 (b; c; dx), Ψ (b; c; dx)

1 e±ax/2 1F1

( 1∓2ρ+2σ
2

2σ + 1; ∓ax

)
2s−σ−3/2a−s√

π

×Wρ, σ (ax) × Γ

[
2σ + 1, 2s−2σ+1

4 , 2s−2σ+3
4 , 2s+2σ+1

4 , 1−2s−4ρ+2σ
4

1−2ρ+2σ
2 , 3−2s+6σ

4 , 2s−4ρ−2σ+3
4

]
[

(|Reσ| − 1/2 < Re s < 1/2− Re (2ρ− σ) ; |arg a| < π/2) or

(|Reσ| − 1/2 < Re s < 1/2− Re (2ρ− σ) , Reσ + 3/2; |arg a| = π/2)

]

2 eax/2 Ψ

( 1−2ρ±2σ
2

1± 2σ; −ax

) √
a i∓σ2s∓σ−3/2

(
−a2

)−(2s+1)/4

√
π

×Wρ, σ (ax) × Γ

[ 2s∓6σ+1
4 , 2s−2σ+1

4 , 2s∓2σ+3
4 , 2s+2σ+1

4 , 1−2s−4ρ±2σ
4

1−2ρ−2σ
2 , 1−2ρ+2σ

2 , 2s−4ρ∓2σ+3
4

]
[|Reσ| − 1/2, ± 3 Reσ − 1/2 < Re s < 1/2− Re (2ρ∓ σ)]

3.30.6. Products of Mµ, ν (ax) and Wµ, ν (bx)

1 Mρ, σ (−ax)Wρ, σ (ax)
(−a)

σ+1/2

2 as+σ+1/2
Γ

[
2σ + 1, − s+2ρ

2 , s+ 1, s+2σ+1
2

1−2ρ+2σ
2 , 1−s+2σ

2 , s−2ρ+2
2

]
[

(−1, 2 Reσ − 1 < Re s < −2 Re ρ; |arg a| < π/2) or

(−1, 2 Reσ − 1 < Re s < 1, −2 Re ρ; |arg a| = π/2)

]
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No. f (x) F (s)

2 Mρ,−σ (−ax)Wρ, σ (ax)
i (−1)

−σ

2 as
Γ

[
1− 2σ, − s+2ρ

2 , s+ 1, s−2σ+1
2

1−2ρ−2σ
2 , 1−s−2σ

2 , s−2ρ+2
2

]
[

(−1, 2 Reσ − 1 < Re s < −2 Re ρ; |arg a| < π/2) or

(−1, 2 Reσ − 1 < Re s < 1, −2 Re ρ; |arg a| = π/2)

]

3 M−ρ, σ (ax)Wρ, σ (ax)
a−s

2
Γ

[
2σ + 1, s+ 1, s+2σ+1

2 , − s+2ρ
2

2σ−2ρ+1
2 , s−2ρ+2

2 , 1−s+2σ
2

]
[

(Re a > 0; −1, −2 Reσ − 1 < Re s < −2 Re ρ) or

(Re a = 0; −1, −2 Reσ − 1 < Re s < 1, −2 Re ρ)

]

4 M−ρ,−σ (ax)Wρ, σ (ax)
a−s

2
Γ

[
1− 2σ, − s+2ρ

2 , s+ 1, s−2σ+1
2

1−2ρ−2σ
2 , 1−s−2σ

2 , s−2ρ+2
2

]
[

(−1, 2 Reσ − 1 < Re s < −2 Re ρ; |arg a| < π/2) or

(−1, 2 Reσ − 1 < Re s < 1, −2 Re ρ; |arg a| = π/2)

]

5 Wρ,±σ (−ax)Wρ,±σ (ax)

(
−a2

)−s/2
2

Γ

[− s+2ρ
2 , s+ 1, s−2σ+1

2 , s+2σ+1
2

1−2ρ−2σ
2 , 1−2ρ+2σ

2 , s−2ρ+2
2

]
[2|Reσ| − 1 < Re s < −2 Re ρ]

6 Wρ,−σ (∓ax)

(
−a2

)−s/2
2

Γ

[− s+2ρ
2 , s+ 1, s−2σ+1

2 , s+2σ+1
2

1−2ρ−2σ
2 , 1−2ρ+2σ

2 , s−2ρ+2
2

]
×Wρ, σ (±ax) [2|Reσ| − 1 < Re s < −2 Re ρ]

7 W−ρ, σ (ax)Wρ, σ (ax)
a−s

2
Γ

[
s+ 1, s+2σ+1

2 , s−2σ+1
2

s−2ρ+2
2 , s+2ρ+2

2

]
[

(Re a > 0; Re s > −1, 2|Reσ| − 1) or

(Re a = 0; 2|Reσ| − 1 < Re s < 1)

]

8 Mρ, σ (−iax)Mρ, σ (iax)
a−s

2
Γ

[
2σ + 1, 2σ + 1, s+2σ+1

2 , 2ρ−s
2 , − s+2ρ

2

−s, 1−2ρ+2σ
2 , 1+2ρ+2σ

2 , 2σ−s+1
2

]
[a > 0; − 2 Reσ − 1 < Re s < 1, −2|Re ρ|]

9 Wρ, σ (−iax)Wρ, σ (iax)
a−s

2
Γ

[
s+ 1, s+2σ+1

2 , s−2σ+1
2 , − s+2ρ

2
1−2ρ+2σ

2 , 1−2ρ−2σ
2 , s−2ρ+2

2

]
[2|Reσ| − 1 < Re s < −2 Re ρ; |arg a| < π]

10 Wρ,−σ (−iax)Wρ, σ (iax)
a−s

2
Γ

[
s+ 1, s+2σ+1

2 , s−2σ+1
2 , − s+2ρ

2
1−2ρ+2σ

2 , 1−2ρ−2σ
2 , s−2ρ+2

2

]
[2|Reσ| − 1 < Re s < −2 Re ρ; |arg a| < π]
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3.31. The Gauss Hypergeometric Function 2F1 (a, b; c; z)

More formulas can be obtained from the corresponding sections due to the relations

2F1

(
a, b

c; z

)
= Γ

[
1− a, c
c− a

]
P

(c−1, a+b−c)
−a (1− 2z) ,

2F1

(
a, b

c; z

)
= Γ

[
c

a, b

]
G12

22

(
−z
∣∣∣∣ 1− a, 1− b

0, 1− c

)
,

2F1

(
a, b

c; z

)
= Γ

[
c

a, b, c− a, c− b

]
G22

22

(
1− z

∣∣∣∣ 1− a, 1− b
0, c− a− b

)
.

3.31.1. 2F1 (a, b; c; ωx) and algebraic functions

No. f (x) F (s)

1 2F1

(
a, b

c; −ωx

)
ω−s Γ

[
c

a, b

]
Γ

[
a− s, b− s, s

c− s

]
[0 < Re s < Re a, Re b; |argω| < π]

2 2F1

(
a, b

c; −ωx

)
− 1 − (−ω)

−s
Γ

[
c

a, b

]
Γ

[
−s, a− s, b− s, s+ 1

1− s, c− s

]
[−1 < Re s < 0, Re a, Re b; |argω| < π]

3 2F1

(
a, b

c; −ωx

)
(−1)

n+1
ω−s Γ

[
c

a, b

]
Γ

[
a− s, b− s, −n− s, s+ n+ 1

1− s, c− s

]
−

n∑
k=0

(a)k (b)k
k! (c)k

(−ωx)
k

[−n− 1 < Re s < −n, Re a, Re b; |argω| < π]

4
1

x− σ 2F1

(
a, b

c; −ωx

)
ω1−s Γ

[
c, a− s+ 1, b− s+ 1, s− 1

a, b, c− s+ 1

]
× 3F2

(
1, a− s+ 1, b− s+ 1

2− s, c− s+ 1; −σω

)
− πσs−1 cot (sπ) 2F1

(
a, b

c; −σω

)
[σ > 0; 0 < Re s < Re a+ 1, Re b+ 1; |argω| < π]

5 (σ − x)
µ−1
+ 2F1

(
a, b

c; −ωx

)
σs+µ−1 B (µ, s) 3F2

(
a, b, s

c, s+ µ; −σω

)
[σ, Reµ, Re s > 0; |arg (1 + σω)| < π]



462 Chapter 3. Special Functions

No. f (x) F (s)

6 (x− σ)
µ−1
+ 2F1

(
a, b

c; −ωx

)
σs+µ−1 B (µ, 1− µ− s) 3F2

(
a, b, s; −σω
c, s+ µ

)
+ Γ

[
c, s+ µ− 1, a− µ− s+ 1, b− µ− s+ 1

a, b, c− µ− s+ 1

]
× ω1−s−µ

3F2

(
1− µ, a− µ− s+ 1, b− µ+ 1

2− µ− s, c− µ− s+ 1; −σω

)
[σ, Reµ > 0; Re s < Re (a− µ) , Re (b− µ) ; |argω| < π]

7
1

(x+ σ)
ρ 2F1

(
a, b

c; −ωx

)
σs−ρ B (s, ρ− s) 3F2

(
a, b, s; σω

c, s− ρ+ 1

)
+ ωρ−s Γ

[
c, s− ρ, a+ ρ− s, b+ ρ− s

a, b, c+ ρ− s

]
× 3F2

(
ρ, a+ ρ− s, b+ ρ− s
c+ ρ− s, ρ− s+ 1; σω

)
[0 < Re s < Re (a+ ρ) , Re (b+ ρ) ; |arg σ|, |argω| < π]

8 2F1

(
a, b

c; −iωx

)
2ω−s cos

sπ

2
Γ

[
c

a, b

]
Γ

[
a− s, b− s, s

c− s

]
+ 2F1

(
a, b

c; iωx

)
[0 < Re s < Re a, Re b; |argω| < π/2]

9 2F1

(
a, b

c; −iωx

)
−2i ω−s sin

sπ

2
Γ

[
c

a, b

]
Γ

[
a− s, b− s, s

c− s

]
− 2F1

(
a, b

c; iωx

)
[−1 < Re s < Re a, Re b; |argω| < π/2]

10 (x+ ω)
−b

b (2a+ 2b− s)ωs−b Γ

[
a+ 2b+ 1

2b+ 1, a+ b+ 1

]
× 2F1

(
a, b; − x

ω

a+ 2b+ 1

)
× Γ

[
s, 2b− s, a+ b− s
a+ 2b− s+ 1

]
[0 < Re s < 2 Re b, Re (a+ b) , 2 Re (a+ b) + 1;|argω| < π]

11 (x+ ω) 2F1

(
a, b; − x

ω

a− b+ 1

)
(a− 2s− 1)ωs+1 Γ

[
a− b+ 1

a, b− 1

]
Γ

[
a− s− 1, b− s− 1, s

a− b− s+ 1

]
[0 < Re s < Re a− 1, Re b− 1, (Re a+ 1) /2; |argω| < π]

12 (x+ ω) 2F1

(
a, b; − x

ω
2a+b−1

2

)
2a− s− 2

2
ωs+1 Γ

[ 2a+b−1
2

a, b− 1

]
Γ

[
a− s− 1, b− s− 1, s

2a+b−2s−1
2

]
[0 < Re s < Re a− 1, Re b− 1; |argω| < π]



3.31. The Gauss Hypergeometric Function 2F1 (a, b; c; z) 463

No. f (x) F (s)

13 (x+ ω)
2b

2F1

(
a, b; − x

ω

a− b+ 1

)
(a− 2b− 2s)ωs+2b Γ

[
a− b+ 1

−b, a− 2b+ 1

]
Γ

[
s, −b− s, a− 2b− s

a− b− s+ 1

]
[0 < Re s < −Re b, Re (a− 2b) ; |argω| < π]

14 (x+ ω)
a+b−c

2F1

(
a, b

c; − x
ω

)
ωs+a+b−c Γ

[
c

c− a, c− b

]
Γ

[
c− a− s, c− b− s, s

c− s

]
[0 < Re s < Re (c− a) , Re (c− b) ; |argω| < π]

15 θ (ω − x) 2F1

(
a, c+ n

c; x
ω

)
ωs

(c)n
Γ

[
1− a, s, c− s+ n

s− a+ 1, c− s

]
[Re a < 1− n; ω, Re s > 0]

16 (ω − x)
b−c−n
+ 2F1

(
−n, b
c; x

ω

)
ωs+b−c−n

(c)n
Γ

[
b− c+ 1, s, c− s+ n

s+ b− c+ 1, c− s

]
[ω, Re (b− c− n+ 1) , Re s > 0]

17 (x− ω)
b−c−n
+ 2F1

(
−n, b
c; x

ω

)
ωs+b−c−n

(c)n
Γ

[
b− c+ 1, s− c+ 1, c− b− s

s− c− n+ 1, 1− s

]
[ω > 0; Re s < Re (c− b) < 1− n]

3.31.2. 2F1

(
a, b; c;

ω

x

)
and algebraic functions

1 (x+ ω)
a+b−c

2F1

(
a, b

c; −ωx

)
ωs+a+b−c Γ

[
c

c− a, c− b

]
Γ

[
c− a− b− s, s+ a, s+ b

s+ a+ b

]
[−Re a, −Re b < Re s < Re (c− a− b) ; |argω| < π]

2 (x− ω)
a+b−c

2F1

(
a, b

c; ω
x

)
ei(−a+b+c)πωs+a+b−c Γ

[
c

c− a, c− b

]
× Γ

[
c− a− b− s, s+ a, s+ b

s+ a+ b

]
[−Re a, −Re b < Re s < Re (c− a− b) ; 0 < argω ≤ π]

3 (x− ω)
2b

2F1

(
a, b; ω

x

a− b+ 1

)
e−i(s+2b)π (2s+ a+ 2b)ωs+2b Γ

[
a− b+ 1

−b, a− 2b+ 1

]
× Γ

[
−s− 2b, s+ a, s+ b

s+ a+ b+ 1

]
[
−Re a, −Re b, −Re (a+ 2b) /2− 1 < Re s < −2 Re b;

0 < argω ≤ π

]
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No. f (x) F (s)

4 (x− ω)
−b e−i(s−b)πωs−b

2
Γ

[
a+ 2b+ 1

2b, a+ b+ 1

]
× 2F1

(
a, b; ω

x

a+ 2b+ 1

)
× Γ

[
b− s, s+ a, s+ b, s+ 2a+ b+ 1

s+ a+ b+ 1, s+ 2a+ b

]
[−Re a, −Re b, −Re (2a+ b)− 1 < Re s < Re b; 0 < argω ≤ π]

5 (x+ ω) 2F1

(
a, b; −ωx
2a+b−1

2

)
s+ 2a− 1

2
ωs+1 Γ

[ 2a+b−1
2

a, b− 1

]
Γ

[
−s− 1, s+ a, s+ b

2s+2a+b+1
2

]
[−Re a, −Re b < Re s < −1; |argω| < π]

6 (x+ ω) 2F1

(
a, b; −ωx
a− b+ 1

)
2ωs+1 Γ

[
a− b+ 1

a, b− 1

]
Γ

[−s− 1, s+ a, s+ b, 2s+a+3
2

2s+a+1
2 , s+ a− b+ 2

]
[−Re a, −Re b < Re s < −1; |argω| < π]

7 θ (x− ω) 2F1

(
a, c+ n

c; ω
x

)
ωs

(c)n
Γ

[
1− a, s+ c+ n, −s
s+ c, 1− a− s

]
[ω > 0, Re a < 1− n; Re s < 0]

8 (x− ω)
b−c−n
+ 2F1

(
−n, b
c; ω

x

)
ωs+b−c−n

(c)n
Γ

[
b− c+ 1, c− b− s+ n, s+ b

n− s+ 1, s+ b− n

]
[ω > 0, Re (b− c) > n− 1; Re s < Re (c− b) + n]

3.31.3. 2F1 (a, b; c; ωxr) and various functions

1 θ (1− x) 2F1

(
a, b

c; x

)
Γ

[
1− b, c, s, a− s
a, s− b+ 1, c− s

]
+ θ (x− 1)x−a

[
Re (c− a− b) > −1; 0 < Re s < Re a;

b 6= 1, 2, . . . ; c 6= 0,−1,−2, . . .

]
× Γ

[
1− b, c

a− b+ 1, c− a

]
× 2F1

(
a, a− c+ 1

a− b+ 1; 1
x

)

3.31.4. 2F1

(
a, b; c;

ω − x
ω

)
and algebraic functions

1 2F1

(
a, b

c; ω−x
ω

)
ωs Γ

[
c, a− s, b− s, s, s− a− b+ c

a, b, c− a, c− b

]
[0, Re (a+ b− c) < Re s < Re a, Re b; |argω| < π]
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No. f (x) F (s)

2 (σ − x)
µ−1
+ 2F1

(
a, b

c; ω−x
ω

)
σs+µ−1 Γ

[
c, c− a− b, µ, s
c− a, c− b, s+ µ

]
3F2

(
a, b, s; σ

ω

a+ b− c+ 1, s+ µ

)
+
σs−a−b+c+µ−1

ωc−a−b
Γ

[
c, a+ b− c, µ, s− a− b+ c

a, b, s− a− b+ c+ µ

]
× 3F2

(
c− a, c− b, s− a− b+ c; σ

ω

c− a− b+ 1, s− a− b+ c+ µ

)
[σ, Reµ > 0; Re s > 0, Re (a+ b− c) ; |argω| < π]

3 (x− σ)
µ−1
+ 2F1

(
a, b

c; ω−x
ω

)
σs+µ−a−1ωs Γ

[
c, b− a, µ, a− µ− s+ 1

b, c− a, a− s+ 1

]
× 3F2

(
a, c− b, a− µ− s+ 1

a− b+ 1, a− s+ 1; ω
σ

)
+ σs+µ−b−1ωbΓ

[
a− b, c, µ, b− µ− s+ 1

a, c− b, b− s+ 1

]
× 3F2

(
b, c− a, b− µ− s+ 1

b− a+ 1, b− s+ 1; ω
σ

)
[
σ, Reµ > 0; Re s < Re (a− µ+ 1) ,

Re (b− µ+ 1) ; |argω| < π

]

4
1

x− σ 2F1

(
a, b

c; ω−x
ω

)
πσs−a−1ωa cot [(a− s)π] Γ

[
b− a, c
b, c− a

]
2F1

(
a, c− b; ω

σ

a− b+ 1

)
+ πσs−b−1ωb cot [(b− s)π] Γ

[
a− b, c
a, c− b

]
2F1

(
b, c− a; ω

σ

b− a+ 1

)
− ωs

σ
Γ

[
c, s, s− a− b+ c, a− s, b− s

a, b, c− a, c− b

]
× 3F2

(
1, s, s− a− b+ c; ω

σ

s− a+ 1, s− b+ 1

)
[
σ > 0; 0, Re (a+ b− c) < Re s

< Re a+ 1, Re b+ 1; |argω| < π

]

5
1

(x+ σ)
ρ 2F1

(
a, b

c; ω−x
ω

)
σ−ρωs Γ

[
c, s, a− s, b− s, s− a− b+ c

a, b, c− a, c− b

]
× 3F2

(
ρ, s, s− a− b+ c; −ωσ
s− a+ 1, s− b+ 1

)
+ σs−ρ−aωa Γ

[
b− a, c
b, c− a

]
× Γ

[
s− a, a+ ρ− s

ρ

]
3F2

(
a, c− b, a+ ρ− s; −ωσ
a− s+ 1, a− b+ 1

)
+ σs−ρ−bωb

× Γ

[
a− b, c, s− b, b− s+ ρ

a, c− b, ρ

]
3F2

(
b, c− a, b+ ρ− s; −ωσ
b− a+ 1, b− s+ 1

)
[

0, Re (a+ b− c) < Re s < Re (a+ ρ) , Re (b+ ρ) ;

|arg σ|, |argω| < π

]
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No. f (x) F (s)

6 (ω − x)
c−1
+ 2F1

(
a, b

c; ω−x
ω

)
ωs+c−1 Γ

[
c, s, s− a− b+ c

s− a+ c, s− b+ c

]
[ω, Re c > 0; Re s > 0, Re (a+ b− c)]

7 (ω − x)
c−1

2F1

(
a, b

c; ω−x
ω

)
ωs+c−1 Γ

[
c, s, s− a− b+ c

s− a+ c, s− b+ c

]
− eicπωs+c−1 Γ

[
c, a− c− s+ 1, b− c− s+ 1

1− s, a+ b− c− s+ 1

]
[

Re c > 0; 0, Re (a+ b− c) < Re s

< Re (a− c) + 1, Re (b− c) + 1; Imω > 0

]

8 (x− ω)
c−1
+ 2F1

(
a, b

c; ω−x
ω

)
ωs+c−1 Γ

[
c, a− c− s+ 1, b− c− s+ 1

1− s, a+ b− c− s+ 1

]
[ω, Re c > 0; Re s < Re (a− c) + 1, Re (b− c) + 1]

9 (x− ω)
c−1

2F1

(
a, b

c; ω−x
ω

)
ωs+c−1 Γ

[
c, a− c− s+ 1, b− c− s+ 1

1− s, a+ b− c− s+ 1

]
− eicπωs+c−1 Γ

[
c, s− a− b+ c, s

s− a+ c, s− b+ c

]
[
ω, Re c > 0; 0, Re (a+ b− c) < Re s

< Re (a− c) + 1, Re (b− c) + 1

]

10 (σ − x)
µ−1
+ (ω − x)

c−1
σs+µ−1ωc−1 Γ

[
c, c− a− b, µ, s
c− a, c− b, s+ µ

]

× 2F1

(
a, b

c; ω−x
ω

)
× 3F2

(
a− c+ 1, b− c+ 1, s

a+ b− c+ 1, s+ µ; σ
ω

)

+
σs−a−b+c+µ−1

ω1−a−b Γ

[
c, a+ b− c, µ, s− a− b+ c

a, b, s+ µ− a− b+ c

]

× 3F2

(
1− a, 1− b, s− a− b+ c; σ

ω

c− a− b+ 1, s+ µ− a− b+ c

)
[0 < σ < ω; Reµ, Re s, Re (s− a− b+ c) > 0]

11 (σ − x)
µ−1

(ω − x)
c−1
+ σµ−1ωc+s−1 Γ

[
c, s, s− a− b+ c

s− a+ c, s− b+ c

]
× 2F1

(
a, b

c; ω−x
ω

)
× 3F2

(
1− µ, s, s− a− b+ c

s− a+ c, s− b+ c; ω
σ

)
[0 < ω < σ; Re c, Re s, Re (s− a− b+ c) > 0]
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No. f (x) F (s)

12 (x− σ)
µ−1
+ (ω − x)

c−1
+ σs+µ−1ωc−1 Γ

[
c, c− a− b, µ, 1− s− µ

c− a, c− b, 1− s

]

× 2F1

(
a, b

c; ω−x
ω

)
× 3F2

(
a− c+ 1, b− c+ 1, s

a+ b− c+ 1, s+ µ; σ
ω

)
+ σs+µ−a−b+c−1ωa+b−1

× Γ

[
c, a+ b− c, µ, a+ b− c− µ− s+ 1

a, b, a+ b− c− s+ 1

]

× 3F2

(
1− a, 1− b, s− a− b+ c; σ

ω

c− a− b+ 1, s+ µ− a− b+ c

)

+ ωs+µ+c−2 Γ

[
c, s+ µ− 1, s− a− b+ c+ µ− 1

s+ µ− a+ c− 1, s+ µ− b+ c− 1

]

× 3F2

(
1− µ, a− c− µ− s+ 2, b− c− µ− s+ 2

2− µ− s, a+ b− c− µ− s+ 2; σ
ω

)
[0 < σ < ω; Re c, Reµ > 0]

13
(ω − x)

c−1
+

(x+ σ)
ρ 2F1

(
a, b

c; ω−x
ω

)
σ−ρωs+c−1 Γ

[
c, s, s− a− b+ c

s− a+ c, s− b+ c

]
× 3F2

(
ρ, s, s− a− b+ c

s− a+ c, s− b+ c; −ωσ

)
[ω, Re c, Re s, Re (s− a− b+ c) > 0; |arg σ| < π]

14
(ω − x)

c−1
+

x− σ 2F1

(
a, b

c; ω−x
ω

)
−πσs−1ωc−1 cot (sπ) Γ

[
c, c− a− b
c− a, c− b

]
2F1

(
a− c+ 1, b− c+ 1

a+ b− c+ 1; σ
ω

)
+ πσs−a−b+c−1ωa+b−1 cot [(a+ b− c− s)π]

× Γ

[
c, a+ b− c

a, b

]
2F1

(
1− a, 1− b

c− a− b+ 1; σ
ω

)

+ ωs+c−2 Γ

[
c, s− 1, c− a− b+ s− 1

s− a+ c− 1, s− b+ c− 1

]

× 3F2

(
1, a− c− s+ 2, b− c− s+ 2

2− s, a+ b− c− s+ 2; σ
ω

)
[0 < σ < ω; Re c, Re s, Re (s− a− b+ c) > 0]

15
(ω − x)

c−1
+

x− σ 2F1

(
a, b

c; ω−x
ω

)
−ω

s+c−1

σ
Γ

[
c, s, s− a− b+ c

s− a+ c, s− b+ c

]
3F2

(
1, s, s− a− b+ c

s− a+ c, s− b+ c; ω
σ

)
[0 < ω < σ; Re c, Re s, Re (s− a− b+ c) > 0]
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3.31.5. 2F1

(
a, b; c;

ω

x+ ω

)
and algebraic functions

1 (x+ ω)
−a

2F1

(
a, b

c; ω
x+ω

)
ωs−a Γ

[
c, s, s− a− b+ c, a− s

a, c− b, s− a+ c

]
[0, Re (a+ b− c) < Re s < Re a; |argω| < π]

2 (x+ ω)
a

2F1

(
a, 1− a
c; ω

x+ω

)
2ωs+a Γ

[
c, −s− a, s, s+ c− 1, 2s+a+c+1

2

−a, c− a, s+ a+ c, 2s+a+c−1
2

]
[

0, 1− Re c, −Re (a+ c+ 1) /2 < Re s < −Re a;

|argω| < π

]

3 (x+ ω)
−2a ωs−2a

2
Γ

[
c, 2a− s, s, s− 3a+ c− 1, s− 4a+ 2c− 1

2a, c− a, s− 2a+ c, s− 4a+ 2c− 2

]
× 2F1

(
a, 2a+ 1

c; ω
x+ω

) [
0, Re (4a− 2c) + 1, Re (3a− c) + 1 < Re s < 2 Re a;

|argω| < π

]

4 (x+ ω)
1−a

2ωs−a+1 Γ

[ a+b+1
2 , a− s− 1, s, 2s−a+3

2 , 2s−a−b+1
2

a, a−b−12 , 2s−a+1
2 , 2s−a+b+3

2

]
× 2F1

(
a, b; ω

x+ω
a+b+1

2

) [
0, Re (a− 3) /2, Re (a+ b− 1) /2 < Re s

< Re a− 1; |argω| < π

]

5 (x+ ω)
1−b (s+ b− 1)ωs−b+1

2
Γ

[
2b− a− 1

b, 2b− 2a− 2

]
× 2F1

(
a, b; ω

x+ω

2b− a− 1

)
× Γ

[
b− s− 1, s, s− 2a+ b− 1

s− a+ b

]
[

0, −Re b, Re (2a− b) + 1 < Re s < Re b− 1;

|argω| < π

]

3.31.6. 2F1

(
a, b; c;

x− ω
x

)
and algebraic functions

1 (ω − x)
c−1
+ 2F1

(
a, b

c; x−ω
x

)
ωs+c−1 Γ

[
c, s+ a, s+ b

s+ c, s+ a+ b

]
[ω, Re c > 0; Re s > −Re a, −Re b]

2 (ω − x)
c−1

2F1

(
a, b

c; x−ω
x

)
ωs+c−1 Γ

[
c, s+ a, s+ b

s+ a+ b, s+ c

]
− eicπωs+c−1 Γ

[
c, 1− a− b− s, 1− c− s

1− a− s, 1− b− s

]
[

Re c > 0; −Re a, −Re b < Re s

< Re (1− a− b) , Re (1− c) ; 0 < argω ≤ π

]
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No. f (x) F (s)

3 (x− ω)
c−1
+ 2F1

(
a, b

c; x−ω
x

)
ωs+c−1Γ

[
c, 1− a− b− s, 1− c− s

1− a− s, 1− b− s

]
[ω, Re c > 0; Re s < 1− Re c, 1− Re (a+ b)]

4 (x− ω)
c−1

2F1

(
a, b

c; x−ω
x

)
ωs+c−1 Γ

[
c, 1− a− b− s, 1− c− s

1− a− s, 1− b− s

]
− eicπωs+c−1 Γ

[
c, s+ a, s+ b

s+ a+ b, s+ c

]
[

Re c > 0; −Re a, −Re b < Re s

< 1− Re c, 1− Re (a+ b) ; Imω < 0

]

3.31.7. 2F1

(
a, b; c;

x

x+ ω

)
and algebraic functions

1 (x+ ω)
−a

2F1

(
a, b

c; x
x+ω

)
ωs−a Γ

[
c, a− s, c− b− s, s

a, c− b, c− s

]
[0 < Re s < Re a, Re (c− b) ; |argω| < π]

2 (x+ ω)
a
2F1

(
a, 1− a
c; x

x+ω

)
2ωs+a Γ

[
c

−a, c− a

]
Γ

[ −2s−a+c+1
2 , −s− a, − s− a+ c− 1, s

−2s−a+c−1
2 , c− s

]
[

0 < Re s < −Re a, Re (c− a)− 1,

Re (c− a+ 1) /2; |argω| < π

]

3 (x+ ω)
1−a

(a− 2s− 1)ωs−a+1 Γ

[ a+b+1
2

a, a−b−12

]
Γ

[
s, a− s− 1, a−b−2s−12

a+b−2s+1
2

]
× 2F1

(
a, b; x

x+ω
a+b+1

2

) [
0 < Re s < Re a− 1, Re (a+ 1) /2,

Re (a− b− 1) /2; |argω| < π

]

4 (x+ ω)
1−b (2b− s− 2)

2
ωs−b+1 Γ

[
2b− a− 1

b, 2b− 2a− 2

]
× 2F1

(
a, b; x

x+ω

2b− a− 1

)
× Γ

[
s, b− s− 1, 2b− 2a− s− 2

2b− a− s− 1

]
[0 < Re s < Re b− 1, 2 Re (b− a)− 2; |argω| < π]

5 (x+ ω)
−2a ωs−2a

2
Γ

[
c

2a, c− a

]
Γ

[
s, 2a− s, 2c− 2a− s− 1, c− a− s− 1

2c− 2a− s− 2, c− s

]
× 2F1

(
a, 2a+ 1

c; x
x+ω

) [
0 < Re s < 2 Re a, Re (c− a)− 1,

2 Re (c− a)− 1; |argω| < π

]
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3.31.8. 2F1

(
a, b; c;

4ωx(
x+ ω

)2) and algebraic functions

1 (x+ ω)
−2a ωs−2a

2
Γ

[ 2b+1
2 , 2b−2a+1

2

a

]
Γ

[ s
2 ,

2a−s
2

s−2a+2b+1
2 , 2b−s+1

2

]
× 2F1

(
a, b

2b; 4ωx
(x+ω)2

)
[Reω > 0; 0 < Re s < 2 Re a < 2 Re b+ 1]

2 (x+ ω)
−2a

ωs−2a Γ

[
c, c− 2a

2a

]
Γ

[
s, 2a− s

s− 2a+ c, c− s

]
× 2F1

(
a, 2a+1

2

c; 4ωx
(x+ω)2

)
[Reω > 0; 0 < Re s < 2 Re a < Re c]

3 (x+ ω)
−2a ωs−2a

2
Γ

[ 2b+1
2 , 2b−2a+1

2

a

]
Γ

[ s
2 ,

2a−s
2

2b−s+1
2 , s−2a+2b+1

2

]
× 2F1

(
a, b

2b; 4ωx
(x+ω)2

)
[ω > 0; Re (a− b) < 1/2; 0 < Re s < 2 Re a]

4
(x+ ω)

−2b

|x− ω|2b−2a
ωs+2a−4b

2
Γ

[ 2b+1
2 , 2a−2b+1

2

2b− a

]
Γ

[ s
2 ,

4b−2a−s
2

s+2a−2b+1
2 , 2b−s+1

2

]
× 2F1

(
a, b

2b; 4ωx
(x+ω)2

)
[ω > 0; Re (b− a) < 1/2; 0 < Re s < 2 Re (2b− a)]

5
(x+ ω)

−2a

|x− ω|2c−4a−1
ωs+2a−2c+1 Γ

[
c, 2a− c+ 1

2c− 2a− 1

]
Γ

[
s, 2c− 2a− s− 1

c− s, s+ 2a− c+ 1

]
× 2F1

(
a, 2a+1

2

c; 4ωx
(x+ω)2

)
[ω > 0; Re (c− 2a) < 1; 0 < Re s < 2 Re (c− a)− 1]

3.31.9. 2F1

(
a, b; c; − 4ωx

(x− ω)2

)
and algebraic functions

1 |x− ω|−2a ωs−2a

2
Γ

[ 2b+1
2 , 2b−2a+1

2

a

]
Γ

[ s
2 ,

2a−s
2

2b−s+1
2 , s−2a+2b+1

2

]
× 2F1

(
a, b

2b; − 4ωx
(x−ω)2

)
[ω > 0; Re (a− b) < 1/2; 0 < Re s < 2 Re a]

2 |x− ω|−2a ωs−2a Γ

[ 2a+2b+1
2 , 2b−2a+1

2

2a

]
Γ

[
s, 2a− s

2s−2a+2b+1
2 , 2a+2b−2s+1

2

]
× 2F1

(
a, b; − 4ωx

(x−ω)2

a+ b+ 1
2

)
[ω > 0; 0 < Re s < 2 Re a < 2 Re b+ 1]

3
(x+ ω)

2a−2b

|x− ω|2b
ωs+2a−4b

2
Γ

[ 2b+1
2 , 2a−2b+1

2

2b− a

]
Γ

[ s
2 ,

4b−2a−s
2

2b−s+1
2 , s+2a−2b+1

2

]
× 2F1

(
a, b

2b; − 4ωx
(x−ω)2

)
[ω > 0; Re (b− a) < 1/2; 0 < Re s < 2 Re (2b− a)]



3.31. The Gauss Hypergeometric Function 2F1 (a, b; c; z) 471

No. f (x) F (s)

4
x+ 1

|x− 1|2a
Γ

[ 2a+2b−1
2 , 2b−2a+1

2 , s, 2a− s− 1

2a− 1, 2s−2a+2b+1
2 , 2a+2b−2s−1

2

]
× 2F1

(
a, b; − 4x

(x−1)2

2a+2b−1
2

)
[Re (b− a) > −1/2; 0 < Re s < 2 Re a− 1]

3.31.10. 2F1

(
a, b; c;

α1x
3 + β1x

2 + γ1x+ δ1
α2x3 + β2x2 + γ2x+ δ2

)
and algebraic functions

1 (x+ ω)
−a √

π ωs−a Γ

[
s, 3a− s, 1−3a−3s

3

3a, 1−3a
3 , 1−2s

2

]
× 2F1

(
a, 1−6a

6

1
2 ; − x(8x+9ω)2

27ω2(x+ω)

)
[Reω ≥ 0; 0 < Re s < 1/3− Re a, 3 Re a]

2 (x+ ω)
−a √

π ωs−a Γ

[
a− s, s+ 2a, 3s−6a+1

3

3a, 1−3a
3 , 2s−2a+1

2

]
× 2F1

(
a, 1−6a

6

1
2 ; −ω(9x+8ω)2

27x2(x+ω)

)
[Reω ≥ 0; −2 Re a, 2 Re a− 1/3 < Re s < Re a]

3 (4x+ ω)
−3a ωs−3a

26a
Γ

[ 12a+2
3

6a+1
6 , 3a

]
Γ

[
s, 3a− s, 6s−12a+1

6
3s+3a+2

3

]
× 2F1

(
a, 3a+1

3
12a+5

6 ; 27ω2x
(4x+ω)3

)
[0, 2 Re a− 1/6 < Re s < 3 Re a; |argω| < π]

4 (x+ 4ω)
−3a ωs−3a

26a
Γ

[ 12a+2
3

6a+1
6 , 3a

]
Γ

[
s, 3a− s, 6a−6s+1

6
12a−3s+2

3

]
× 2F1

(
a, 3a+1

3
12a+5

6 ; 27ωx2

(x+4ω)3

)
[0 < Re s < 3 Re a, Re a+ 1/6; |argω| < π]

5 (3x+ 4ω)
−3a

(9x+ 8ω)
32−3a

√
π ωs−3a+1

2
Γ

[
3a− s− 1, 3s−12a+7

3 , s
4−3a

3 , 3a− 1, 2s−6a+5
2

]
× 2F1

(
a, 3a+1

3

3
2 ; ω(9x+8ω)2

(3x+4ω)3

)
[Re > 0; 4 Re a− 7/3 < Re s < 3 Re a− 1]

6 (4x+ 3ω)
−3a

(8x+ 9ω)
32−3a

√
π ωs−3a+1

2
Γ

[
3a− s− 1, 4−3a−3s

3 , s
4−3a

3 , 3a− 1, 3−2s
2

]
× 2F1

(
a, 3a+1

3

3
2 ; x(8x+9ω)2

(4x+3ω)3

)
[0 < Re s < 3 Re a− 1, 4/3− Re a; |argω| < π]

7 (3x− ω)
−3a

(9x+ ω)
32−3a

√
π ωs−3a+1

2
Γ

[
3a− s− 1, 6s−12a+7

6 , s
6a+1

6 , 3a− 1, 2s−6a+5
2

]
× 2F1

(
a, 3a+1

3

3
2 ; −ω(9x+ω)

2

(3x−ω)3

)
[Re ≥ 0; 0, 2 Re a− 7/6 < Re s < 3 Re a− 1]
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No. f (x) F (s)

8 (3ω − x)
−3a

(x+ 9ω)
32−3a

√
π ωs−3a+1

2
Γ

[
3a− s− 1, 6a−6s+1

6 , s
6a+1

6 , 3a− 1, 3−2s
2

]
× 2F1

(
a, 3a+1

3

3
2 ; x(x+9ω)2

(x−3ω)3

)
[Re ≥ 0; 0, Re a− 1/6 < Re s < 3 Re a− 1]

3.31.11. 2F1

(
a, b; c;

ω1x+ σ1
ω2x+ σ2

)
and algebraic functions

1 (ω − x)
−b
+ 2F1

(
−n, b
c; ω

ω−x

)
(−1)

n ω
s−b

(c)n
Γ

[
1− b, s, b− c− s+ 1

s− b+ 1, b− c− n− s+ 1

]
[Re b < 1− n; ω, Re s > 0]

2 (x− ω)
−b
+ 2F1

(
−n, b
c; ω

ω−x

)
ωs−b

(c)n
Γ

[
1− b, b− s, s− b+ c+ n

1− s, s− b+ c

]
[ω > 0; Re s < Re b < 1− n]

3 (ω − x)
−b
+ 2F1

(
−n, b
c; x

x−ω

)
ωs−b

(c)n
Γ

[
1− b, s, c− s+ n

s− b+ 1, c− s

]
[Re b < 1− n; ω, Re s > 0]

4 (x− ω)
−b
+ 2F1

(
−n, b
c; x

x−ω

)
(−1)

n ω
s−b

(c)n
Γ

[
1− b, s− c+ 1, b− s
s− c− n+ 1, 1− s

]
[ω > 0; Re s < Re b < 1− n]

5 (σ − x)
c−1
+ (τ + x)

µ
σs+c−1τµ Γ

[
c, s

s+ c

]
F3

(
a, −µ, b, s; s+ c; σω, −σ

τ

)
× 2F1

(
a, b

c; ω (σ − x)

)
[σ, Re c, Re s > 0]

6 θ (x− σ) (x− τ)
−a σs−a

a− s
F2

(
a, b, a− s; c, a− s+ 1; ω,

τ

σ

)
× 2F1

(
a, b

c; ωx
x−τ

)
[σ > 0; |ω|+ |τ/σ| < 1; Re s < Re a]

7 (σ − x)
c−1
+ (τ − x)

−a
σs+c−1τ−a B (s, c)F1

(
a, b, s; s+ c;

σ

τ
,
σω

τ

)
× 2F1

(
a, b

c; ω(σ−x)
τ−x

)
[σ, τ, Re c, Re s > 0; σ < τ, |ω| < τ ]

8 (σ − x)
c−1
+

(
σ

1− σ
− x
)−a

(1− σ)
a
σs−a+c−1 B (s, c)F1 (a; s, b; c+ s; 1− σ, ω)

× 2F1

(
a, b

c; ω(σ−x)
(σ−1)x+σ

)
[σ, Re c, Re s > 0]
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3.31.12. 2F1

(
a, b; c;

√
x−
√
x+ ω

2
√
x

)
and algebraic functions

1
(√
x+ ω +

√
x
)−a 2b−1aωs−a/2√

π
Γ

[ −2s+a
2 , 2s+a

2 , 2s+b
2 , 2s+b+1

2
2s+a+2

2 , 2s+a+2b
2

]
× 2F1

(
a, b

a+ 1;
√
x−
√
x+ω

2
√
x

) [
−Re a/2, −Re b/2 < Re s < Re a/2;

− π < argω ≤ π

]

2
(√
x+ ω −

√
x
)a 2b−1aωs+a/2√

π
Γ

[ −2s+a
2 , 2s+a

2 , 2s+b
2 , 2s+b+1

2
2s+a+2

2 , 2s+a+2b
2

]
× 2F1

(
a, b

a+ 1;
√
x−
√
x+ω

2
√
x

) [
−Re a/2, −Re b/2 < Re s < Re a/2;

|argω| < π

]

3
(√
x+ ω +

√
x
)b−2c+2 (c− 1)ωs+b/2−c+1

√
π

Γ

[ −2s−b+2c−2
2 , 2s+1

2 , s+ 1, 2s+b
2

2s−b+2c
2 , 2s+b+2

2

]
× 2F1

(
1, b

c;
√
x−
√
x+ω

2
√
x

) [
−1/2, −Re b/2 < Re s < Re (2c− b− 2) /2;

|argω| < π

]

4
(√
x+ ω −

√
x
)2c−b−2 (c− 1)ωs−b/2+c−1√

π
Γ

[ −2s−b+2c−2
2 , 2s+1

2 , s+ 1, 2s+b
2

2s−b+2c
2 , 2s+b+2

2

]
× 2F1

(
1, b

c;
√
x−
√
x+ω

2
√
x

) [
−1/2, −Re b/2 < Re s < Re (2c− b− 2) /2;

−π < argω ≤ π

]

3.31.13. 2F1

(
a, b; c;

√
ω −
√
x+ ω

2
√
ω

)
and algebraic functions

1
(√
x+ ω +

√
ω
)−a 22s−aaωs−a/2

a− s
Γ

[
s, a+ b− 2s

a+ b− s

]
× 2F1

(
a, b;

√
ω−
√
x+ω

2
√
ω

a+ 1

)
[0 < Re s < Re a, Re (a+ b) /2; −π < argω ≤ π]

2
(√
x+ ω +

√
ω
)b−2c+2 (c− 1)ωs+b/2−c+1

√
π

Γ

[
c− s− 1

c− s

]
Γ

[ −2s−b+2c−1
2 , −2s−b+2c

2 , s

2c− s− b− 1

]
× 2F1

(
1, b

c;
√
ω−
√
x+ω

2
√
ω

) [
0 < Re s < Re c− 1, Re (2c− b− 1) /2;

−π < argω ≤ π

]

3
(√
x+ ω −

√
ω
)2c−b−2 (1− c)ωs−b/2+c−1√

π
Γ

[ −2s+b−2c+3
2 , −2s+b−2c+4

2

1− s

]
× 2F1

(
1, b

c;
√
ω−
√
x+ω

2
√
ω

)
× Γ

[
b− c− s+ 1, s− b+ 2c− 2

b− c− s+ 2

]
[

Re (b− 2c) + 2 < Re s < Re (b/2− c) + 3/2,

Re (b− c) + 1; −π < argω ≤ π

]
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3.31.14. 2F1

(
a, b; c;

√
x+ ω −

√
x√

x+ ω +
√
x

)
and algebraic functions

1
(√
x+ ω +

√
x
)−2a aωs−a

2b
√
π

Γ

[
a− s, 2s−b+1

2 , 2s−b+2
2 , s

s+ 1, s+ a− b+ 1

]
× 2F1

(
a, b

a+ 1;
√
x+ω−

√
x√

x+ω+
√
x

)
[0, Re (b− 1) /2 < Re s < Re a; −π < argω ≤ π]

2
(√
x+ ω +

√
x
)1−b−c (c− 1)ωs+(1−b−c)/2

2
√
π

Γ

[ −2s+b+c−1
2 , 2s−b+c−1

2 , 2s+1
2 , s

2s−b+c+1
2 , 2s+b+c−1

2

]
× 2F1

(
1, b

c;
√
x+ω−

√
x√

x+ω+
√
x

) [
0, Re (b− c+ 1) /2 < Re s

< Re (b+ c− 1) /2; −π < argω ≤ π

]

3.31.15. 2F1

(
a, b; c;

√
±x+ ω −

√
ω√

±x+ ω +
√
ω

)
and algebraic functions

1
(√
ω − x+

√
ω
)−2a 22s−2aa

a− s
ω−a

(
− 1

ω

)−s
Γ

[
2a− b− 2s+ 1, s

2a− b− s+ 1

]
× 2F1

(
a, b

a+ 1;
√
ω−x−

√
ω√

ω−x+
√
ω

) [
0 < Re s < Re a, Re (2a− b+ 1) /2;

−π < argω ≤ π

]

2
(√
x+ ω +

√
ω
)−2a a (4ω)

s−a

a− s
Γ

[
2a− b− 2s+ 1, s

2a− b− s+ 1

]
× 2F1

(
a, b

a+ 1;
√
x+ω−

√
ω√

x+ω+
√
ω

) [
0 < Re s < Re a, Re (2a− b+ 1) /2;

−π < argω ≤ π

]

3
(√
x+ ω +

√
ω
)1−b−c (c− 1) (4ω)

s+(1−b−c)/2

c− s− 1
Γ

[
b+ c− 2s− 1, s

b+ c− s− 1

]
× 2F1

(
1, b

c;
√
x+ω−

√
ω√

x+ω+
√
ω

) [
0 < Re s < Re c− 1, Re (b+ c− 1) /2;

−π < argω ≤ π

]

3.31.16. 2F1

(
a, b; c;

x− 2
√
ω
√
x+ ω + 2ω

x

)
and algebraic functions

1
(√
x+ ω −

√
ω
)2a aωs+a

2b
√
π

Γ

[
−s− a, 1−2s−2a−b

2 , 2−2s−2a−b
2 , s+ 2a

1− a− s, 1− b− s

]
× 2F1

(
a, b; x−2

√
ω
√
x+ω+2ω
x

a+ 1

) [
−2 Re a < Re s < −Re a, Re (1− 2a− b) /2;

−π < argω ≤ π

]

2
(√
x+ ω −

√
ω
)b+c−1 (1− c) (4ω)

s+(b+c−1)/2

s+ b
Γ

[
1− b− c− 2s, s+ b+ c− 1

−s

]
× 2F1

(
1, b

c; x−2
√
ω
√
x+ω+2ω
x

) [
Re (1− b− c) < Re s < −Re b, Re (1− b− c) /2;

−π < argω ≤ π

]
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3.31.17. 2F1

(
a, b; c;

2x− 2
√
x
√
x+ ω + ω

ω

)
and algebraic functions

1
(√
x+ ω −

√
x
)2a aωs+a

22ss
Γ

[
a− s, 2s− b+ 1

s+ a− b+ 1

]
× 2F1

(
a, b; 2x−2

√
x
√
x+ω+ω

ω

a+ 1

)
[0, Re (b− 1) /2 < Re s < Re a; |argω| < π]

2
(√
x+ ω −

√
x
)b+c−1 (c− 1)ωs+(b+c−1)/2

22s−1 (2s− b+ c− 1)
Γ

[ −2s+b+c−1
2 , 2s

2s+b+c−1
2

]
× 2F1

(
1, b

c; 2x−2
√
x
√
x+ω+ω

ω

) [
0, Re (b− c+ 1) /2 < Re s < Re (b+ c− 1) /2;

|argω| < π

]

3.31.18. 2F1

(
a, b; c;

2x− 2
√
x
√
x+ ω + ω

2
√
x
(√
x−
√
x+ ω

) ) and algebraic functions

1
(√
x+ ω −

√
x
)a 2b−1aωs+a/2√

π
Γ

[ −2s+a
2 , 2s+a

2 , 2s+b
2 , 2s+b+1

2
2s+a+2

2 , 2s+a+2b
2

]
× 2F1

(
a, b; 2x−2

√
x
√
x+ω+ω

2
√
x(
√
x−
√
x+ω)

a+ 1

) [
−Re a/2, −Re b/2 < Re s < Re a/2;

|argω| < π

]

2
(√
x+ ω −

√
x
)2c−b−2 (c− 1)ωs−b/2+c−1√

π
Γ

[ 2c−b−2s−2
2 , 2s+1

2 , s+ 1, 2s+b
2

2s+2c−b
2 , 2s+b+2

2

]
× 2F1

(
1, b

c; 2x−2
√
x
√
x+ω+ω

2
√
x(
√
x−
√
x+ω)

) [
−1/2, −Re b/2 < Re s < Re (c− b/2)− 1;

−π < argω ≤ π

]

3.31.19. 2F1

(
a, b; c;

x− 2
√
ω
√
x+ ω + 2ω

2
√
ω
(√
ω −
√
x+ ω

) ) and algebraic functions

1
(√
x+ ω −

√
ω
)a 2b−1aωs+a/2√

π
Γ

[
−s, b−a−2s2 , b−a−2s+1

2 , s+ a

1− s, b− s

]
× 2F1

(
a, b; x−2

√
ω
√
x+ω+2ω

2
√
ω(
√
ω−
√
x+ω)

a+ 1

)
[−Re a < Re s < 0, Re (b− a) /2; 0 ≤ argω ≤ π]

2
(√
x+ ω −

√
ω
)2c−b−2 (c− 1)ωs−b/2+c−1√

π
Γ

[ b−2c−2s+3
2 , b−2c−2s+4

2

1− s

]
× 2F1

(
1, b; x−2

√
ω
√
x+ω+2ω

2
√
ω(
√
ω−
√
x+ω)

c

)
× Γ

[
b− c− s+ 1, s− b+ 2c− 2

b− c− s+ 2

]
[

Re (b− 2c) + 2 < Re s < Re (b− c) + 1,

Re (b− 2c+ 3) /2; −π < argω ≤ π

]
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3.31.20. 2F1

(
a, b; c;

x−
√
x2 + ω2

2x

)
and algebraic functions

1
(√
x2 + ω2 + x

)−a 2b−2aωs−a√
π

Γ

[ −s+a
2 , s+a2 , s+b2 , s+b+1

2
s+a+2

2 , s+a+2b
2

]
× 2F1

(
a, b; x−

√
x2+ω2

2x

a+ 1

)
[−Re a,−Re b < Re s < Re a; −π/2 < argω ≤ π/2]

2
(√
x2 + ω2 + x

)b−2c+2 (c− 1)ωs+b−2c+2

2
√
π

Γ

[ 2c−b−s−2
2 , s+1

2 , s+2
2 , s+b2

s−b+2c
2 , s+b+2

2

]
× 2F1

(
1, b; x−

√
x2+ω2

2x

c

) [
−1, −Re b < Re s < Re (2c− b)− 2;

−π/2 < argω ≤ π/2

]

3.31.21. 2F1

(
a, b; c;

ω −
√
x2 + ω2

2ω

)
and algebraic functions

1
(√
x2 + ω2 + ω

)−a 2b−2aωs−a√
π

Γ

[ 2a−s
2 , a+b−s2 , a+b−s+1

2 , s2
2a−s+2

2 , 2a+2b−s
2

]
× 2F1

(
a, b; ω−

√
x2+ω2

2ω

a+ 1

) [
0 < Re s < 2 Re a, Re (a+ b) ;

−π/2 < argω ≤ π/2

]

2
(√
x2 + ω2 + ω

)b−2c+2 (c− 1)ωs+b−2c+2

2
√
π

Γ

[ 2c−s−2
2 , 2c−b−s−1

2 , 2c−b−s
2 , s2

2c−s
2 , 4c−2b−s−2

2

]
× 2F1

(
1, b; ω−

√
x2+ω2

2ω

c

) [
0 < Re s < 2 Re c− 2, Re (2c− b)− 1;

−π/2 < argω ≤ π/2

]

3.31.22. 2F1

(
a, b; c;

√
x2 + ω2 − x√
x2 + ω2 + x

)
and algebraic functions

1
(√
x2 + ω2 + x

)−2a aωs−2a

2b+1
√
π

Γ

[ 2a−s
2 , s−b+1

2 , s−b+2
2 , s2

s+2
2 , s+2a−2b+2

2

]
× 2F1

(
a, b;

√
x2+ω2−x√
x2+ω2+x

a+ 1

)
[0, Re b− 1 < Re s < 2 Re a;−π/2 < argω ≤ π/2]

2
(√
x2 + ω2 + x

)1−b−c (c− 1)ωs−b−c+1

4
√
π

Γ

[ b+c−s−1
2 , s2 ,

s+1
2 , s−b+c−12

s−b+c+1
2 , s+b+c−12

]
× 2F1

(
1, b;

√
x2+ω2−x√
x2+ω2+x

c

) [
0, Re (b− c) + 1 < Re s < Re (b+ c)− 1;

−π/2 < argω ≤ π/2

]
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3.31.23. 2F1

(
a, b; c;

√
x2 + ω2 − ω√
x2 + ω2 + ω

)
and algebraic functions

1
(√
x2 + ω2 + ω

)−2a aωs−2a

2b+1
√
π

Γ

[ 2a−s
2 , 2a−b−s+1

2 , 2a−b−s+2
2 , s2

2a−s+2
2 , 4a−2b−s+2

2

]
× 2F1

(
a, b;

√
x2+ω2−ω√
x2+ω2+ω

a+ 1

) [
0 < Re s < 2 Re a, Re (2a− b) + 1;

−π/2 < argω ≤ π/2

]

2
(√
x2 + ω2 + ω

)1−b−c (c− 1)ωs−b−c+1

4
√
π

Γ

[ b+c−s−1
2 , b+c−s2 , 2c−s−2

2 , s2
2c−s
2 , 2b+2c−s−2

2

]
× 2F1

(
1, b;

√
x2+ω2−ω√
x2+ω2+ω

c

) [
0 < Re s < 2 Re c− 2, Re (b+ c)− 1;

−π/2 < argω ≤ π/2

]

3.31.24. 2F1

(
a, b; c;

x2 − 2ω
√
x2 + ω2 + 2ω2

x2

)
and algebraic functions

1
(√
x2 + ω2 − ω

)2a aωs+2a

2b+1
√
π

Γ

[ 1−s−2a−b
2 , 2−s−2a−b

2 , −s−2a2 , s+4a
2

2−2a−s
2 , 2−2b−s

2

]
× 2F1

(
a, b; x2−2ω

√
x2+ω2+2ω2

x2

a+ 1

) [
−4 Re a < Re s < −2 Re a, 1− Re (2a+ b) ;

|argω| < π/2

]

2
(√
x2 + ω2 − ω

)b+c−1 (c− 1)ωs+b+c−1

4
√
π

Γ

[ 1−b−c−s
2 , 2−b−c−s

2 , −s−2b2
2−2b−s

2

]
× 2F1

(
1, b; x2−2ω

√
x2+ω2+2ω2

x2

c

)
× Γ

[ s+2b+2c−2
2

− s2

]
[

2− 2 Re (b+ c) < Re s < −2 Re b,

1− Re (b+ c) ; |argω| < π/2

]

3.31.25. 2F1

(
a, b; c;

2x2 − 2x
√
x2 + ω2 + ω2

ω2

)
and algebraic functions

1
(√
x2 + ω2 − x

)2a aωs+2a

2b+1
√
π

Γ

[ 2a−s
2 , s−b+1

2 , s−b+2
2 , s2

s+2
2 , s+2a−2b+2

2

]
× 2F1

(
a, b; 2x2−2x

√
x2+ω2+ω2

ω2

a+ 1

)
[0, Re b− 1 < Re s < 2 Re a; |argω| < π/2]

2
(√
x2 + ω2 − x

)b+c−1 (c− 1)ωs+b+c−1

4
√
π

Γ

[ b+c−s−1
2 , s2 ,

s+1
2 , s−b+c−12

s−b+c+1
2 , s+b+c−12

]
× 2F1

(
1, b; 2x2−2x

√
x2+ω2+ω2

ω2

c

) [
0, Re (b− c) + 1 < Re s < Re (b+ c)− 1;

|argω| < π/2

]



478 Chapter 3. Special Functions

3.31.26. 2F1

(
a, b; c;

2x2 − 2x
√
x2 + ω2 + ω2

2x
(
x−
√
x2 + ω2

) )
and algebraic functions

1
(√
x2 + ω2 − x

)a 2b−2aωs+a√
π

Γ

[ −s+a
2 , s+a2 , s+b2 , s+b+1

2
s+a+2

2 , s+a+2b
2

]
× 2F1

(
a, b; 2x2−2x

√
x2+ω2+ω2

2x(x−
√
x2+ω2)

a+ 1

)
[Reω > 0; −Re a,−Re b < Re s < Re a]

2
(√
x2 + ω2 − x

)2c−b−2 (c− 1)ωs−b+2c−2

2
√
π

Γ

[ 2c−b−s−2
2 , s+1

2 , s+2
2 , s+b2

s+b+2
2 , s−b+2c

2

]
× 2F1

(
1, b; 2x2−2x

√
x2+ω2+ω2

2x(x−
√
x2+ω2)

c

) [
−1, −Re b < Re s < Re (2c− b)− 2;

−π/2 < argω ≤ π/2

]

3.31.27. 2F1

(
a, b; c;

x2 − 2ω
√
x2 + ω2 + 2ω2

2ω
(
ω −
√
x2 + ω2

) )
and algebraic functions

1
(√
x2 + ω2 − ω

)a 2b−2aωs+a√
π

Γ

[− s2 , b−a−s2 , b−a−s+1
2 , s+2a

2
2−s
2 , 2b−s

2

]
× 2F1

(
a, b; x2−2ω

√
x2+ω2+2ω2

2ω(ω−
√
x2+ω2)

a+ 1

) [
−2 Re a < Re s < 0, Re (b− a) ;

−π/2 < argω ≤ π/2

]

2
(√
x2 + ω2 − ω

)2c−b−2 (c− 1)ωs−b+2c−2

2
√
π

Γ

[ b−2c−s+3
2 , b−2c−s+4

2
2−s
2

]
× 2F1

(
1, b; x2−2ω

√
x2+ω2+2ω2

2ω(ω−
√
x2+ω2)

c

)
× Γ

[ 2b−2c−s+2
2 , s−2b+4c−4

2
2b−2c−s+4

2

]
[

2 Re (b− 2c) + 4 < Re s < Re (b− 2c) + 3,

2 Re (b− c+ 1) ; −π/2 < argω ≤ π/2

]

3.31.28. 2F1 (a, b; c; ϕ (x)) and algebraic functions

No. f (x) F (s)

1
|1∓

√
x|2a

|1− x|2b 2F1

(
a, b

2b; ±4
√
x

(1±
√
x)

2

)
Γ

[ 2b+1
2 , 2a−2b+1

2 , s, 2b− a− s
2b− a, 2s+2a−2b+1

2 , 2b−2s+1
2

]
[Re (a− b) > −1/2; 0 < Re s < Re (2b− a)]

2 (σ − x)
µ−1
+ 2F1

(
a, b

c; ωx (σ − x)

)
σs+µ−1 B (µ, s) 4F3

(
a, b, µ, s; σ2ω

4

c, s+µ2 , s+µ+1
2

)
[σ, Reµ, Re s > 0]
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3.31.29. 2F1 (a, b; c; ϕ (x)) and the exponential function

1 e−σx 2F1

(
a, b

c; −ωx

)
ω−s Γ

[
c, s, a− s, b− s

a, b, c− s

]
2F2

(
s, s− c+ 1; σ

ω

s− a+ 1, s− b+ 1

)

+
σa−s

ωa
Γ

[
c, b− a, s− a

b, c− a

]
2F2

(
a, a− c+ 1; σ

ω

a− b+ 1, a− s+ 1

)

+
σb−s

ωb
Γ

[
c, a− b, s− b

a, c− b

]
2F2

(
b, b− c+ 1; σ

ω

b− a+ 1, b− s+ 1

)
[Reσ, Re s > 0; |argω| < π]

2 e−σx 2F1

(
a, b

c; 1− ωx

)
ω−s Γ

[
c, s, a− s, b− s, s− a− b+ c

a, b, c− a, c− b

]
2F2

(
s, s− a− b+ c; − σ

ω

s− a+ 1, s− b+ 1

)
+
σa−s

ωa
Γ

[
b− a, c, s− a

b, c− a

]
2F2

(
a, c− b; − σ

ω

a− b+ 1, a− s+ 1

)
+
σb−s

ωb
Γ

[
a− b, c, s− b

a, c− b

]
2F2

(
b, c− a; − σ

ω

b− a+ 1, b− s+ 1

)
[Reσ, Re s, Re (s− a− b+ c) > 0; |argω| < π]

3 (σ − x)
c−1
+ eτx σs+c−1 B (s, c) Ξ1 (a, s, b; s+ c; σω, στ) [σ, Re c, Re s > 0]

× 2F1

(
a, b

c; ω (σ − x)

)

4 e−σ/x 2F1

(
a, b

c; −ωx

)
ω−s Γ

[
c, s, a− s, b− s

a, b, c− s

]
2F2

(
a− s, b− s; σω

1− s, c− s

)
+ σs Γ (−s) 2F2

(
a, b; σω

c, s+ 1

)
[Reσ > 0; Re s < Re a, Re b; |argω| < π]

5 e−σ
√
x
2F1

(
a, b

c; −ωx

)
2σ2a−2s

ωa
Γ

[
c, b− a, 2s− 2a

b, c− a

]
2F3

(
a, a− c+ 1; − σ2

4ω

a− b+ 1, a− s+ 1, 2a−2s−1
2

)
+

2σ2b−2s

ωb
Γ

[
c, a− b, 2s− 2b

a, c− b

]
× 2F3

(
b, b− c+ 1; − σ2

4ω

b− a+ 1, b− s+ 1, 2b−2s−1
2

)
+ ω−s Γ

[
c, s, a− s, b− s

a, b, c− s

]
2F3

(
s, s− c+ 1; − σ2

4ω
1
2 , s− a+ 1, s− b+ 1

)
− σ

ωs+1/2
Γ

[
c, 2s+1

2 , 2a−2s−1
2 , 2b−2s−1

2

a, b, 2c−2s−1
2

]
2F3

( 2s+1
2 , 2s−2c+3

2 ; − σ2

4ω
3
2 ,

2s−2a+3
2 , 2s−2b+3

2

)
[Reσ, Re s > 0; |argω| < π]
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No. f (x) F (s)

6 e−σ
√
x
2F1

(
a, b

c; 1− ωx

)
2σ2a−2s

ωa
Γ

[
c, b− a, 2s− 2a

b, c− a

]
2F3

(
a, c− b; σ2

4ω

a− b+ 1, a− s+ 1, 2a−2s+1
2

)
+

2σ2b−2s

ωb
Γ

[
c, a− b, 2s− 2b

a, c− b

]
× 2F3

(
b, c− a; σ2

4ω

b− a+ 1, b− s+ 1, 2b−2s+1
2

)
+ ω−s Γ

[
c, s, a− s, b− s, s− a− b+ c

a, b, c− a, c− b

]
× 2F3

(
s, s− a− b+ c; σ2

4ω
1
2 , s− a+ 1, s− b+ 1

)
− σ

ωs+1/2
Γ

[
c, 2s+1

2 , 2a−2s−1
2 , 2b−2s−1

2 , 2s−2a−2b+2c+1
2

a, b, c− a, c− b

]
× 2F3

( 2s+1
2 , 2s−2a−2b+2c+1

2 ; σ2

4ω
3
2 ,

2s−2a+3
2 , 2s−2b+3

2

)
[Reσ, Re s, Re (s− a− b+ c) > 0; |argω| < π]

7 e−σ/
√
x
2F1

(
a, b

c; −ωx

)
ω−s Γ

[
c, s, a− s, b− s

a, b, c− s

]
2F3

(
a− s, b− s; −σ

2ω
4

1
2 , 1− s, c− s

)
+

σ2s

√
π 22s

Γ

(
1

2
− s
)

Γ (−s) 2F3

(
a, b; −σ

2ω
4

c, 2s+1
2 , s+ 1

)
− σω1/2−s Γ

[
c, 2s−1

2 , 2a−2s+1
2 , 2b−2s+1

2

a, b, 2c−2s+1
2

]
× 2F3

( 2a−2s+1
2 , 2b−2s+1

2 ; −σ
2ω
4

3
2 ,

3−2s
2 , 2c−2s+1

2

)
[Reσ > 0; Re s < Re a, Re b; −π < argω ≤ π]

8 (ω − x)
c−1
+ e−σx ωs+c−1 Γ

[
c, s, s− a− b+ c

s− a+ c, s− b+ c

]
2F2

(
s, s− a− b+ c; −σω
s− a+ c, s− b+ c

)
× 2F1

(
a, b

c; ω−x
ω

)
[ω, Re c, Re s, Re (s− a− b+ c) > 0]

9 (ω − x)
c−1
+ e−σ

√
x ωs+c−1 Γ

[
c, s, s− a− b+ c

s− a+ c, s− b+ c

]
2F3

(
s, s− a− b+ c; σ2ω

4
1
2 , s− a+ c, s− b+ c

)
× 2F1

(
a, b

c; ω−x
ω

)
− σωs+c−1/2 Γ

[
c, 2s+1

2 , 2s−2a−2b+2c+1
2

2s−2a+2c+1
2 , 2s−2b+2c+1

2

]
× 2F3

( 2s+1
2 , 2s−2a−2b+2c+1

2 ; σ2ω
4

3
2 ,

2s−2a+2c+1
2 , 2s−2b+2c+1

2

)
[ω, Re c, Re s, Re (s− a− b+ c) > 0]
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No. f (x) F (s)

10 (x− ω)
c−1
+ e−σx ωs+c−1 Γ

[
c, a− c− s+ 1, b− c− s+ 1

1− s, a+ b− c− s+ 1

]
× 2F1

(
a, b

c; ω−x
ω

)
× 2F2

(
s, s− a− b+ c; −σω
s− a+ c, s− b+ c

)
+ σa−c−s+1ωa Γ

[
b− a, c, s− a+ c− 1

b, c− a

]
× 2F2

(
1− b, a− c+ 1; −σω
a− b+ 1, a− c− s+ 2

)
+ σb−c−s+1ωb Γ

[
a− b, c, s− b+ c− 1

a, c− b

]
× 2F2

(
1− a, b− c+ 1; −σω
b− a+ 1, b− c− s+ 2

)
[ω, Re c, Reσ > 0]

11 (x− ω)
c−1
+ e−σ

√
x ωc+s−1 Γ

[
c, a− c− s+ 1, b− c− s+ 1

1− s, a+ b− c− s+ 1

]
× 2F1

(
a, b

c; ω−x
ω

)
× 2F3

(
s, s− a− b+ c; σ2ω

4
1
2 , s− a+ c, s− b+ c

)
+ 2σ2(a−c−s+1)ωa Γ

[
b− a, c, 2s− 2a+ 2c− 2

b, c− a

]
× 2F3

(
1− b, a− c+ 1; σ2ω

4

a− b+ 1, 2a−2c−2s+3
2 , a− c− s+ 2

)
+ 2σ2(b−c−s+1)ωb Γ

[
c, a− b, 2 s− 2b+ 2c− 2

a, c− b

]
× 2F3

(
1− a, b− c+ 1; σ2ω

4

b− a+ 1, 2b−2c−2s+3
2 , 2b−2c−2s+4

2

)
− σωc+s−1/2 Γ

[
c, 2a−2c−2s+1

2 , 2b−2c−2s+1
2

1−2s
2 , 2a+2b−2c−2s+1

2

]
× 2F3

( 2s+1
2 , 2s−2a−2b+2c+1

2 ; σ2ω
4

3
2 ,

2s−2a+2c+1
2 , 2s−2b+2c+1

2

)
[ω, Re c, Reσ > 0]

3.31.30. 2F1 (a, b; c; ωx+ σ) and trigonometric functions

Notation: δ =

{
1

0

}
.

1

{
sin (σ

√
x)

cos (σ
√
x)

}
2σ2a−2s

ωa
Γ

[
b− a, c, 2s− 2a

b, c− a

]{
sin [(s− a)π]

cos [(s− a)π]

}
× 2F1

(
a, b

c; −ωx

)
× 2F3

(
a, a− c+ 1; σ2

4ω

a− b+ 1, 2a−2s+1
2 , a− s+ 1

)
+

2σ2b−2s

ωb
Γ

[
a− b, c, 2s− 2b

a, c− b

]{
sin [(s− b)π]

cos [(s− b)π]

}
×
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No. f (x) F (s)

× 2F3

(
b, b− c+ 1; σ2

4ω

b− a+ 1, 2b−2s+1
2 , b− s+ 1

)

+
σδ

ωs+δ/2
Γ

[
c, 2s+δ

2 , 2a−2s−δ
2 , 2b−δ−2s

2

a, b, 2c−δ−2s
2

]

× 2F3

(
s+ δ

2 ,
2s−2c+δ+2

2 ; σ2

4ω
2δ+1

2 , 2s−2a+δ+2
2 , 2s−2b+δ+2

2

)
[σ > 0; −δ/2 < Re s < Re a+ 1/2, Re b+ 1/2; |argω| < π]

2

{
sin (σ/

√
x)

cos (σ/
√
x)

}
σδ

ωs−δ/2
Γ

[
c, 2s−δ

2 , 2a+δ−2s
2 , 2b+δ−2s

2

a, b, 2c+δ−2s
2

]

× 2F1

(
a, b

c; −ωx)

)
× 2F3

( 2a+δ−2s
2 , 2b+δ−2s

2 ; σ2ω
4

2δ+1
2 , 2c+δ−2s

2 , δ−2s+2
2

)

∓ 2σ2s Γ (−2s)

{
sin (sπ)

cos (sπ)

}
2F3

(
a, b; σ2ω

4

c, 2s+1
2 , s+ 1

)
[σ > 0; −1/2 < Re s < Re a+ δ/2, Re b+ δ/2; |argω| < π]

3

{
sin (σ

√
x)

cos (σ
√
x)

}
σδ

ωs+δ/2
Γ

[
c, 2s−2a−2b+2c+δ

2 , 2s+δ
2 , 2a−2s−δ

2 , 2b−2s−δ
2

a, b, c− a, c− b

]

× 2F1

(
a, b

c; 1− ωx

)
× 2F3

( 2s+δ
2 , 2s−2a−2b+2c+δ

2 ; − σ2

4ω
2δ+1

2 , 2s+δ−2a+2
2 , 2s+δ−2b+2

2

)

+
2σ2a−2s

ωa

{
sin [(s− a)π]

cos [(s− a)π]

}
Γ

[
b− a, c, 2s− 2a

b, c− a

]

× 2F3

(
a, c− b; − σ2

4ω

a− b+ 1, 2a−2s+1
2 , a− s+ 1

)

+
2σ2b−2s

ωb

{
sin [(s− b)π]

cos [(s− b)π]

}
Γ

[
a− b, c, 2s− 2b

a, c− b

]

× 2F3

(
b, c− a; − σ2

4ω

b− a+ 1, 2b−2s+1
2 , b− s+ 1

)
[
σ > 0; Re s, Re (c− a− b+ s) > −δ/2;

Re (s− a) , Re (s− b) < 1/2; |argω| < π

]

4 (ω − x)
c−1
+

{
sin (σ

√
x)

cos (σ
√
x)

}
σδωs+c+δ/2−1 Γ

[
c, 2s+δ

2 , 2s−2a−2b+2c+δ
2

2s−2a+2c+δ
2 , 2s−2b+2c+δ

2

]
× 2F1

(
a, b

c; ω−x
ω

)
× 2F3

( 2s+δ
2 , 2s−2a−2b+2c+δ

2 ; −σ
2ω
4

2δ+1
2 , 2s−2a+2c+δ

2 , 2s−2b+2c+δ
2

)
[ω, Re c, Re s > 0; Re (s− a− b+ c) > −δ/2]
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No. f (x) F (s)

5 (x− ω)
c−1
+

{
sin (σ

√
x)

cos (σ
√
x)

}
σδωc+s+δ/2−1 Γ

[
c, 2a−2c−δ−2s+2

2 , 2b−2c−δ−2s+2
2

2−δ−2s
2 , 2a+2b−2c−δ−2s+2

2

]
× 2F1

(
a, b

c; ω−x
ω

)
× 2F3

(
s+ δ

2 , c− a− b+ s+ δ
2 ; −σ

2ω
4

2δ+1
2 , 2s−2a+2c+δ

2 , 2s−2b+2c+δ
2

)
− 2σ2(a−c−s+1)ωa

{
sin [(s− a+ c)π]

cos [(s− a+ c)π]

}
× Γ

[
b− a, c, 2s− 2a+ 2c− 2

b, c− a

]
× 2F3

(
1− b, a− c+ 1; −σ

2ω
4

a− b+ 1, a− c− s+ 3
2 , a− c− s+ 2

)
− 2σ2(b−c−s+1)ωb

{
sin [(s− b+ c)π]

cos [(s− b+ c)π]

}
× Γ

[
a− b, c, 2s− 2b+ 2c− 2

a, c− b

]
× 2F3

(
1− a, b− c+ 1; −σ

2ω
4

b− a+ 1, b− c− s+ 3
2 , b− c− s+ 2

)
[σ, ω, Re c > 0; Re (s− a+ c) , Re (s− b+ c) < 3/2]

3.31.31. 2F1 (a, b; c; ϕ (x)) and the Bessel functions

1 Jν (σ
√
x) 2F1

(
a, b

c; −ωx

)
(σ/2)

ν

ωs+ν/2
Γ

[
c, 2s+ν

2 , 2a−ν−2s
2 , 2b−ν−2s

2

a, b, ν + 1, 2c−ν−2s
2

]
× 2F3

( 2s+ν
2 , 2s+ν−2c+2

2 ; σ2

4ω

ν + 1, 2s+ν−2a+2
2 , 2s+ν−2b+2

2

)
+

(σ/2)
2a−2s

ωa
Γ

[
c, b− a
b, c− a

]
× Γ

[ 2s−2a+ν
2

2−2s+2a+ν
2

]
2F3

(
a, a− c+ 1; σ2

4ω

a− b+ 1, 2a+ν−2s+2
2 , 2a−ν−2s+2

2

)
+

(σ/2)
2b−2s

ωb
Γ

[
c, a− b, 2s+ν−2b

2

a, c− b, 2b+ν−2s+2
2

]
× 2F3

(
b, b− c+ 1; σ2

4ω

b− a+ 1, 2b−ν−2s+2
2 , 2b+ν−2s+2

2

)
[σ, Re (2s+ ν) > 0; Re (s− a) , Re (s− b) < 3/4; |argω| < π]

2 Jν

(
σ√
x

)
2F1

(
a, b

c; −ωx

) (σ
2

)2s
Γ

[ ν−2s
2

2s+ν+2
2

]
2F3

(
a, b; σ2ω

4

c, 2s−ν+2
2 , 2s+ν+2

2

)
+

(σ/2)
ν

ωs−ν/2
Γ

[
c

a, b

]
× Γ

[ 2s−ν
2 , 2a−2s+ν

2 , 2b−2s+ν
2

ν + 1, 2c−2s+ν
2

]
2F3

( 2a+ν−2s
2 , 2b+ν−2s

2 ; σ2ω
4

ν + 1, ν−2s+2
2 , ν+2c−2s

2

)
[σ > 0; − 3/4 < Re s < Re (a+ ν/2) , Re (b+ ν/2) ; |argω| < π]
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No. f (x) F (s)

3 Jν (σ
√
x)

(σ/2)
2a−2s

ωa
Γ

[
b− a, c, 2s−2a+ν

2

b, c− a, 2−2s+2a+ν
2

]
× 2F1

(
a, b

c; 1− ωx

)
× 2F3

(
a, c− b; − σ2

4ω

a− b+ 1, 2−2s+2a−ν
2 , 2−2s+2a+ν

2

)
+

(σ/2)
2b−2s

ωb
Γ

[
a− b, c
a, c− b

]
× Γ

[ 2s−2b+ν
2

2−2s+2b+ν
2

]
2F3

(
b, c− a; − σ2

4ω

1− a+ b, 2−2s+2b−ν
2 , 2−2s+2b+ν

2

)
+

(σ/2)
ν

ωs+ν/2
Γ

[
c, 2s+ν

2 , 2a−2s−ν
2 , 2b−2s−ν

2 , 2s−2a−2b+2c+ν
2

a, b, c− a, c− b, ν + 1

]
× 2F3

( 2s+ν
2 , 2s−2a−2b+2c+ν

2 ; − σ2

4ω

ν + 1, 2s−2a+ν+2
2 , 2s−2b+ν+2

2

)
[
σ, Re (s− a− b+ c+ ν/2) , Re (2s+ ν) > 0;

Re (s− a) , Re (s− b) < 3/4; |argω| < π

]

4 (ω − x)
c−1
+ Jν (σ

√
x)

(σ
2

)ν
ωs+c+ν/2−1 Γ

[
c, 2s+ν

2 , 2s+2c−2a−2b+ν
2

ν + 1, 2s−2a+2c+ν
2 , 2s−2b+2c+ν

2

]
× 2F1

(
a, b

c; ω−x
ω

)
× 2F3

( 2s+ν
2 , 2s−2a−2b+2c+ν

2 ; −σ
2ω
4

ν + 1, 2s−2a+2c+ν
2 , 2s−2b+2c+ν

2

)
[ω, Re c, Re (2s+ ν) , Re (c− a− b+ s+ ν/2) > 0]

5 (x− ω)
c−1
+ Jν (σ

√
x)

(σ
2

)2(a−c−s+1)

ωa Γ

[
c, b− a, 2s−2a+2c+ν−2

2

c− a, b, 2a−2c+ν−2s+4
2

]
× 2F1

(
a, b

c; ω−x
ω

)
× 2F3

(
1− b, a− c+ 1; −σ

2ω
4

a− b+ 1, 2a−2c+ν−2s+4
2 , 2a−2c−ν−2s+4

2

)
+
(σ

2

)2(b−c−s+1)

ωb Γ

[
a− b, c, 2s−2b+2c+ν−2

2

a, c− b, 2b−2c+ν−2s+4
2

]
× 2F3

(
1− a, b− c+ 1; −σ

2ω
4

b− a+ 1, 2b−2c−ν−2s+4
2 , 2b−2c+ν−2s+4

2

)
+
(σ

2

)ν
ωs+c+ν/2−1 Γ

[
c, 2a−2c−ν−2s+2

2 , 2b−2c−ν−2s+2
2

ν + 1, 2−ν−2s
2 , 2a+2b−2c−ν−2s+2

2

]
× 2F3

( 2s+ν
2 , 2s−2a−2b+2c+ν

2 ; −σ
2ω
4

ν + 1, 2s−2a+2c+ν
2 , 2s−2b+2c+ν

2

)
[σ, ω > 0; Re (s− a+ c) , Re (s− b+ c) < 7/4]

6 (ω − x)
c−1
+ Iν (σ

√
x)

(σ
2

)ν
ωs+c+ν/2−1 Γ

[
c, 2s+ν

2 , 2s−2a−2b+2c+ν
2

ν + 1, 2s−2a+2c+ν
2 , 2s−2b+2c+ν

2

]
× 2F1

(
a, b

c; ω−x
ω

)
× 2F3

( 2s+ν
2 , 2s−2a−2b+2c+ν

2 ; σ2ω
4

ν + 1, 2s−2a+2c+ν
2 , 2s−2b+2c+ν

2

)
[ω, Re c, Re (2s+ ν) , Re (s− a− b+ c+ ν/2) > 0]
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No. f (x) F (s)

7 Kν (σ
√
x)

(σ/2)
2a−2s

2ωa
Γ

[
b− a, c, 2s−2a+ν

2 , 2s−2a−ν
2

b, c− a

]
× 2F1

(
a, b

c; −ωx

)
× 2F3

(
a, a− c+ 1; − σ2

4ω

a− b+ 1, 2a−2s+ν+2
2 , 2a−2s−ν+2

2

)
+

(σ/2)
2b−2s

2ωb
Γ

[
a− b, c, 2s−2b+ν

2 , 2s−2b−ν
2

a, c− b

]
× 2F3

(
b, b− c+ 1; − σ2

4ω

b− a+ 1, 2b−2s+ν+2
2 , 2b−2s−ν+2

2

)
+

(σ/2)
ν

2ωs+ν/2
Γ

[
c, −ν, 2s+ν

2 , 2a−2s−ν
2 , 2b−2s−ν

2

a, b, 2c−2s−ν
2

]
× 2F3

( 2s+ν
2 , 2s−2c+ν+2

2 ; − σ2

4ω

ν + 1, 2s−2a+ν+2
2 , 2s−2b+ν+2

2

)
+

(2/σ)
ν

2ωs−ν/2
Γ

[
c, ν, 2s−ν

2 , 2a−2s+ν
2 , 2b−2s+ν

2

a, b, 2c−2s+ν
2

]
× 2F3

( 2s−ν
2 , 2s−2c−ν+2

2 ; − σ2

4ω

1− ν, 2s−2a−ν+2
2 , 2s−2b−ν+2

2

)
[Reσ > 0; Re s > |Re ν|/2; |argω| < π]

8 Kν

(
σ√
x

)
(σ/2)

ν

2ωs−ν/2
Γ

[
c, −ν, 2s−ν

2 , 2a−2s+ν
2 , 2b−2s+ν

2

a, b, 2c−2s+ν
2

]
× 2F1

(
a, b

c; −ωx

)
× 2F3

( 2a−2s+ν
2 , 2b−2s+ν

2 ; −σ
2ω
4

1 + ν, 2−2s+ν
2 , 2c−2s+ν

2

)
+

(σ/2)
−ν

2ωs+ν/2
Γ

[
c, ν, 2s+ν

2 , 2a−2s−ν
2 , 2b−2s−ν

2

a, b, 2c−2s−ν
2

]
× 2F3

( 2a−2s−ν
2 , 2b−2s−ν

2 ; −σ
2ω
4

1− ν, 2−2s−ν
2 , 2c−2s−ν

2

)
+

(σ/2)
2s

2
Γ

(
ν − 2s

2

)
× Γ

(
−2s+ ν

2

)
2F3

(
a, b; −σ

2ω
4

c, 2s−ν+2
2 , 2s+ν+2

2

)
[Reσ > 0; Re s < Re a− |Re ν|/2, Re b− |Re ν|/2; |argω| < π]

9 (ω − x)
c−1
+ Kν (σ

√
x)

2ν−1ωs+c−ν/2−1

σν
Γ

[
c, ν, 2s−ν

2 , 2s−2a−2b+2c−ν
2

2s−2a+2c−ν
2 , 2s−2b+2c−ν

2

]
× 2F1

(
a, b

c; ω−x
ω

)
× 2F3

( 2s−ν
2 , 2s−2a−2b+2c−ν

2 ; σ2ω
4

1− ν, 2s−2a+2c−ν
2 , 2s−2b+2c−ν

2

)
+
σνωs+c+ν/2−1

2ν+1
Γ

[
c, −ν, 2s+ν

2 , 2s−2a−2b+2c+ν
2

2s−2a+2c+ν
2 , 2s−2b+2c+ν

2

]
× 2F3

( 2s+ν
2 , 2s−2a−2b+2c+ν

2 ; σ2ω
4

1 + ν, 2s−2a+2c+ν
2 , 2s−2b+2c+ν

2

)
[ω, Re c > 0; Re s, Re (s− a− b+ c) > |Re ν|/2]
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3.31.32. 2F
2
1 (a, b; c; ϕ (x))

1 2F
2
1

(
a, b; − x

ω
2a+2b+1

2

)
22a+2b−1ωs√

π
Γ

[ 2a+2b+1
2 , 2a+2b+1

2

2a, 2b

]
Γ

[
s, 2a− s, 2b− s, a+ b− s

2a+ 2b− s, 2a+2b−2s+1
2

]
[0 < Re s < 2 Re a, 2 Re b; |argω| < π]

2 (x+ ω) 2F
2
1

(
a, b; − x

ω
2a+2b−1

2

)
22a+2b−3ωs+1

√
π

Γ

[ 2a+2b−1
2 , 2a+2b−1

2

2a− 1, 2b− 1

]
× Γ

[
s, 2a− s− 1, 2b− s− 1, a+ b− s− 1

2a+ 2b− s− 2, 2a+2b−2s−1
2

]
[0 < Re s < 2 Re a− 1, 2 Re b− 1; |argω| < π]

3 2F
2
1

(
a, b; −ωx
2a+2b+1

2

)
22a+2b−1ωs√

π
Γ

[ 2a+2b+1
2 , 2a+2b+1

2

2a, 2b

]
Γ

[
−s, s+ 2a, s+ 2b, s+ a+ b

s+ 2a+ 2b, 2s+2a+2b+1
2

]
[−2 Re a, −2 Re b < Re s < 0; |argω| < π]

4 (x+ ω) 2F
2
1

(
a, b; −ωx
2a+2b−1

2

)
22a+2b−3ωs+1

√
π

Γ

[ 2a+2b−1
2 , 2a+2b−1

2

2a− 1, 2b− 1

]
× Γ

[
−s− 1, s+ 2a, s+ 2b, s+ a+ b

s+ 2a+ 2b− 1, 2s+2a+2b+1
2

]
[−2 Re a, −2 Re b < Re s < −1; − π < argω ≤ π]

5 (x+ ω)
−2a 4c−1ωs−2a√

π
Γ

[
c, c

2a, 2c− 2a− 1

]
× 2F

2
1

(
a, 2a+1

2

c; ω
x+ω

)
× Γ

[
s, 2a− s, s− 4a+ 2c− 1, 2s−4a+2c−1

2

s− 2a+ c, s− 2a+ 2c− 1

]
[0, Re (2a− c) + 1/2 < Re s < 2 Re a; |argω| < π]

6 (x+ ω)
−2a 4c−1ωs−2a√

π
Γ

[
c, c

2a, 2c− 2a− 1

]
× 2F

2
1

(
a, 2a+1

2

c; x
x+ω

)
× Γ

[
s, 2a− s, 2c−2s−1

2 , 2c− 2a− s− 1

c− s, 2c− s− 1

]
[0 < Re s < 2 Re a, 2 Re (c− a)− 1; |argω| < π]

7 2F
2
1

(
a, b;

√
ω−
√
x+ω

2
√
ω

a+b+1
2

)
2a+b−1ωs√

π
Γ

[ a+b+1
2 , a+b+1

2

a, b

]
Γ

[
s, a− s, b− s, a+b−2s2

a+ b− s, a+b−2s+1
2

]
[0 < Re s < Re a, Re b; |argω| < π]
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No. f (x) F (s)

8
(√
x+ ω +

√
ω
)2−2c ωs−c+1

√
π

Γ

[
c, c

c− a, a+ c− 1

]
× 2F

2
1

(
a, 1− a

c;
√
ω−
√
x+ω

2
√
ω

)
× Γ

[
s, c− a− s, a+ c− s− 1, 2c−2s−1

2

c− s, 2c− s− 1

]
[0 < Re s < Re (c− a) , Re (a+ c)− 1; −π < argω ≤ π]

9
(√
x+ ω −

√
ω
)2c−2 ωs+c−1√

π
Γ

[
c, c

c− a, a+ c− 1

]
× 2F

2
1

(
a, 1− a

c;
√
ω−
√
x+ω

2
√
ω

)
× Γ

[ 3−2s−2c
2 , 2− s− a− c, 1− s+ a− c, s+ 2c− 2

1− s, 2− s− c

]
[

2− 2 Re c < Re s < 2− Re (a+ c) , 1 + Re (a− c) ;

−π < argω ≤ π

]

10 2F
2
1

(
a, b;

√
x−
√
x+ω

2
√
x

a+b+1
2

)
2a+b−1ωs√

π
Γ

[ a+b+1
2 , a+b+1

2

a, b

]
Γ

[−s, s+ a, s+ b, 2s+a+b
2

s+ a+ b, 2s+a+b+1
2

]
[−Re a, − Re b < Re s < 0; |argω| < π]

11
(√
x+ ω +

√
x
)2−2c ωs−c+1

√
π

Γ

[
c, c

c− a, a+ c− 1

]
Γ

[
s+ a, s− a+ 1, c− s− 1, 2s+1

2

s+ 1, s+ c

]
× 2F

2
1

(
a, 1− a

c;
√
x−
√
x+ω

2
√
x

)
[−1/2, − Re a < Re s < Re c− 1; −π < argω ≤ π]

12
(√
x+ ω −

√
x
)2c−2 ωs+c−1√

π
Γ

[
c, c

c− a, a+ c− 1

]
Γ

[
s+ a, s− a+ 1, c− s− 1, 2s+1

2

s+ 1, s+ c

]
× 2F

2
1

(
a, 1− a

c;
√
x−
√
x+ω

2
√
x

) [
−1/2, −Re a, Re a− 1 < Re s < Re c− 1;

− π < argω ≤ π

]

13
(√
x+ ω +

√
ω
)−2a ωs−a

4b
√
π

Γ

[
a− b+ 1, a− b+ 1

a, a− 2b+ 1

]
× 2F

2
1

(
a, b;

√
x+ω−

√
ω√

x+ω+
√
ω

a− b+ 1

)
× Γ

[
s, a− s, a− 2b− s+ 1, 2a−2b−2s+1

2

a− b− s+ 1, 2a− 2b− s+ 1

]
[0 < Re s < Re a, Re (a− 2b) + 1; |argω| < π]

14
(√
x+ ω −

√
ω
)2a ωs+a

4b
√
π

Γ

[
a− b+ 1, a− b+ 1

a, a− 2b+ 1

]
× 2F

2
1

(
a, b;

√
x+ω−

√
ω√

x+ω+
√
ω

a− b+ 1

)
× Γ

[
−s− a, s+ 2a, 1− s− a− 2b, 1−2s−2a−2b

2

1− s− 2b, 1− s− a− b

]
[−2 Re a < Re s < −Re a, 1− Re (a+ 2b) ; |argω| < π]
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No. f (x) F (s)

15
(√
x+ ω +

√
x
)−2a ωs−a

4b
√
π

Γ

[
a− b+ 1, a− b+ 1

a, a− 2b+ 1

]
Γ

[
s, a− s, s− 2b+ 1, 2s−2b+1

2

s− b+ 1, s+ a− 2b+ 1

]
× 2F

2
1

(
a, b;

√
x+ω−

√
x√

x+ω+
√
x

a− b+ 1

)
[0, 2 Re b− 1 < Re s < Re a; |argω| < π]

16
(√
x+ ω −

√
x
)2a ωs+a

4b
√
π

Γ

[
a− b+ 1, a− b+ 1

a, a− 2b+ 1

]
Γ

[
s, a− s, s− 2b+ 1, 2s−2b+1

2

s− b+ 1, s+ a− 2b+ 1

]
× 2F

2
1

(
a, b;

√
x+ω−

√
x√

x+ω+
√
x

a− b+ 1

)
[0, 2 Re b− 1 < Re s < Re a; |argω| < π]

17 2F
2
1

(
a, b; x−

√
x2+ω2

2x
a+b+1

2

)
2a+b−2ωs√

π
Γ

[ a+b+1
2 , a+b+1

2

a, b

]
Γ

[− s2 , s+2a
2 , s+2b

2 , s+a+b2
s+a+b+1

2 , s+2a+2b
2

]
[−2 Re a, −2 Re b < Re s < 0; −π/2 < argω ≤ π/2]

18
(√
x2 + ω2 + ω

)2−2c ωs−2c+2

2
√
π

Γ

[
c, c

c− a, a+ c− 1

]
Γ

[ s
2 ,

2c−s−1
2 , 2c−s−2a

2 , 2a+2c−s−2
2

2c−s
2 , 4c−s−2

2

]
× 2F

2
1

(
a, 1− a

c; ω−
√
x2+ω2

2ω

)
[0 < Re s < −2 Re (a− c) , 2 Re c− 1; −π/2 < argω ≤ π/2]

19
(√
x2 + ω2 − ω

)2c−2 ωs+2c−2

2
√
π

Γ

[
c, c

c− a, a+ c− 1

]
× 2F

2
1

(
a, 1− a

c; ω−
√
x2+ω2

2ω

)
× Γ

[ 3−s−2c
2 , 4−s−2a−2c

2 , 2−s+2a−2c
2 , s+4c−4

2
2−s
2 , 4−s−2c

2

]
[

4− 4 Re c < Re s < 2 + 2 Re (a− c) , 3− 2 Re c;

−π/2 < argω ≤ π/2

]

20
(√
x2 + ω2 + x

)2−2c ωs−2c+2

√
π s

Γ

[
c, c

c− a, a+ c− 1

]
Γ

[ 2c−s−2
2 , s+1

2 , s−2a+2
2 , s+2a

2
s
2 ,

s+2c
2

]
× 2F

2
1

(
a, 1− a

c; x−
√
x2+ω2

2x

)
[−1, −2 Re a < Re s < 2 Re c− 2; −π/2 < argω ≤ π/2]

21
(√
x2 + ω2 − x

)2c−2 ωs+2c−2

2
√
π

Γ

[
c, c

c− a, a+ c− 1

]
Γ

[ 2c−s−2
2 , s+1

2 , s−2a+2
2 , s+2a

2
s+2
2 , s+2c

2

]
× 2F

2
1

(
a, 1− a

c; x−
√
x2+ω2

2x

)
[−1, −2 Re a < Re s < 2 Re c− 2; −π/2 < argω ≤ π/2]

22
(√
x2 + ω2 + ω

)−2a ωs−2a

22b+1
√
π

Γ

[
a− b+ 1, a− b+ 1

a, a− 2b+ 1

]
× 2F

2
1

(
a, b;

√
x2+ω2−ω√
x2+ω2+ω

a− b+ 1

)
× Γ

[ s
2 ,

2a−s
2 , 1−s+2a−2b

2 , 2−s+2a−4b
2

2−s+4a−4b
2 , 2−s+2a−2b

2

]
[0 < Re s < 2 Re a, 2 Re (a− b) + 1; −π/2 < argω ≤ π/2]



3.31. The Gauss Hypergeometric Function 2F1 (a, b; c; z) 489

No. f (x) F (s)

23
(√
x2 + ω2 − ω

)2a ωs+2a

22b+1
√
π

Γ

[
a− b+ 1, a− b+ 1

a, a− 2b+ 1

]
× 2F

2
1

(
a, b;

√
x2+ω2−ω√
x2+ω2+ω

a− b+ 1

)
× Γ

[ s+4a
2 , −2a−s2 , 1−s−2a−2b

2 , 2−s−2a−4b
2

2−s−4b
2 , 2−s−2a−2b

2

]
[
−4 Re a < Re s < −2 Re a, −2 Re (a+ b) + 1;

|argω| < π/2

]

24
(√
x2 + ω2 + x

)−2a ωs−2a

22b+1
√
π

Γ

[
a− b+ 1, a− b+ 1

a, a− 2b+ 1

]
Γ

[ s
2 ,

2a−s
2 , s−2b+1

2 , s−4b+2
2

s−2b+2
2 , s+2a−4b+2

2

]
× 2F

2
1

(
a, b;

√
x2+ω2−x√
x2+ω2+x

a− b+ 1

)
[0, 2 Re b− 1 < Re s < 2 Re a; |argω| < π/2]

25
(√
x2 + ω2 − x

)2a ωs+2a

22b+1
√
π

Γ

[
a− b+ 1, a− b+ 1

a, a− 2b+ 1

]
Γ

[ s
2 ,

2a−s
2 , s−2b+1

2 , s−4b+2
2

s−2b+2
2 , s+2a−4b+2

2

]
× 2F

2
1

(
a, b;

√
x2+ω2−x√
x2+ω2+x

a− b+ 1

)
[0, 2 Re b− 1 < Re s < 2 Re a; |argω| < π/2]

3.31.33. 2F1

(
a1, b1; c1; −

x

ω

)
2F1

(
a2, b2; c2; −

x

ω

)
and algebraic functions

1 2F1

(
a, b; − x

ω
2a+2b−1

2

)
22a+2b−2ωs√

π
Γ

[ 2a+2b−1
2 , 2a+2b+1

2

2a, 2b

]
× 2F1

(
a, b; − x

ω
2a+2b+1

2

)
× Γ

[
s, 2a− s, 2b− s, a+ b− s
2a+ 2b− s− 1, 2a+2b−2s+1

2

]
[0 < Re s < 2 Re a, 2 Re b; |argω| < π]

2 2F1

(
a, b; − x

ω
2a+2b+1

2

)
22a+2b−1ωs√

π
Γ

[ 2a+2b+1
2 , 2a+2b+1

2

2a, 2b+ 1

]
× 2F1

(
a, b+ 1; − x

ω
2a+2b+1

2

)
× Γ

[
s, 2a− s, 2b− s+ 1, a+ b− s

2a+ 2b− s, 2a+2b−2s+1
2

]
[

0 < Re s < 2 Re a, 2 Re b+ 1, Re (a+ b) ;

|argω| < π

]

3 2F1

(
a, b

2a+2b+1
2 ; − x

ω

)
22a+2b−1ωs√

π
Γ

[ 2a+2b+1
2 , 2a+2b+1

2

2a+ 1, 2b

]
× 2F1

(
a+ 1, b

2a+2b+1
2 ; − x

ω

)
× Γ

[
s, 2a− s+ 1, 2b− s, a+ b− s

2a+ 2b− s, 2a+2b−2s+1
2

]
[

0 < Re s < 2 Re a+ 1, 2 Re b, Re (a+ b) ;

|argω| < π

]
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No. f (x) F (s)

4 2F1

(
a, b; − x

ω
2a+2b+1

2

)
22a+2bωs√

π
Γ

[ 2a+2b+1
2 , 2a+2b+3

2

2a+ 1, 2b+ 1

]
× 2F1

(
a+ 1, b+ 1; − x

ω
2a+2b+3

2

)
× Γ

[
s, 2a− s+ 1, 2b− s+ 1, a+ b− s+ 1

2a+ 2b− s+ 1, 2a+2b−2s+3
2

]
[0 < Re s < 2 Re a+ 1, 2 Re b+ 1; |argω| < π]

5 2F1

(
a, b

2a+2b+1
2 ; − x

ω

)
(1− 2a− 2b)ωs

2
√
π

cos [(a− b)π]

cos [(a+ b)π]

× 2F1

( 1−2a
2 , 1−2b

2
3−2a−2b

2 ; − x
ω

)
× Γ

[
s, 1−2s

2 , 2a−2b−2s+1
2 , 2b−2a−2s+1

2
2a+2b−2s+1

2 , 3−2a−2b−2s
2

]
[0 < Re s < 1/2− |Re (a− b)|; |argω| < π]

6 (x+ ω) 2F1

( 3−2a
2 , 3−2b

2
5−2a−2b

2 ; − x
ω

)
(2a+ 2b− 3)ωs+1

2
√
π

cos [(a− b)π]

cos [(a+ b)π]

× 2F1

(
a, b; − x

ω
2a+2b−1

2

)
× Γ

[
s, 1−2s

2 , 2a−2b−2s+1
2 , 2b−2a−2s+1

2
5−2a−2b−2s

2 , 2a+2b−2s−1
2

]
[0 < Re s < 1/2− |Re (a− b)|; |argω| < π]

7
√
x+ ω 2F1

(
a, b; − x

ω
2a+2b−1

2

)
22a+2b−3ωs+1/2

√
π

Γ

[ 2a+2b−1
2 , 2a+2b−1

2

2a− 1, 2b− 1

]
× 2F1

( 2a−1
2 , 2b−1

2
2a+2b−1

2 ; − x
ω

)
× Γ

[
s, 2a− s− 1, 2b− s− 1, a+ b− s− 1

2a+ 2b− s− 2, 2a+2b−2s−1
2

]
[0 < Re s < 2 Re a− 1, 2 Re b− 1; |argω| < π]

8
√
x+ ω 2F1

(
a, b; − x

ω
2a+2b−1

2

)
22a+2b−3ωs+1/2

√
π

Γ

[ 2a+2b−1
2 , 2a+2b−1

2

2a− 1, 2b

]
× 2F1

( 2a−1
2 , 2b+1

2
2a+2b−1

2 ; − x
ω

)
× Γ

[
s, 2a− s− 1, 2b− s, a+ b− s− 1

2a+ 2b− s− 2, 2a+2b−2s−1
2

]
[

0 < Re s < 2 Re a− 1, 2 Re b, Re (a+ b)− 1;

|argω| < π

]

9
√
x+ ω 2F1

(
a, b; − x

ω
2a+2b+1

2

)
22a+2b−1ωs+1/2

√
π

Γ

[ 2a+2b+1
2 , 2a+2b+1

2

2a, 2b

]
× 2F1

( 2a+1
2 , 2b+1

2
2a+2b+1

2 ; − x
ω

)
× Γ

[
s, 2a− s, 2b− s, a+ b− s

2a+ 2b− s, 2a+2b−2s+1
2

]
[0 < Re s < 2 Re a, 2 Re b; |argω| < π]
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No. f (x) F (s)

10
√
x+ ω 2F1

(
a, b; − x

ω
2a+2b−1

2

)
(2a+ 2b− 3)ωs+1/2

2
√
π

cos [(a− b)π]

cos [(a+ b)π]

× 2F1

(
1− a, 1− b
5−2a−2b

2 ; − x
ω

)
× Γ

[
s, 1−2s

2 , 2a−2b−2s+1
2 , 2b−2a−2s+1

2
2a+2b−2s−1

2 , 5−2a−2b−2s
2

]
[0 < Re s < 1/2− |Re (a− b)|; |argω| < π]

11
√
x+ ω 2F1

(
1− a, 1− b
3−2a−2b

2 ; − x
ω

)
(1− 2a− 2b)ωs+1/2

2
√
π

cos [(a− b)π]

cos [(a+ b)π]

× 2F1

(
a, b; − x

ω
2a+2b+1

2

)
× Γ

[
s, 1−2s

2 , 2a−2b−2s+1
2 , 2b−2a−2s+1

2
2a+2b−2s+1

2 , 3−2a−2b−2s
2

]
[0 < Re s < 1/2− |Re (a− b)|; |argω| < π]

12
1√
x+ ω

2F1

(
a, b; − x

ω
2a+2b+1

2

)
22a+2bωs−1/2√

π
Γ

[ 2a+2b+1
2 , 2a+2b+3

2

2a+ 1, 2b+ 1

]
× 2F1

( 2a+1
2 , 2b+1

2
2a+2b+3

2 ; − x
ω

)
× Γ

[
s, 2a− s+ 1, 2b− s+ 1, a+ b− s+ 1

2a+ 2b− s+ 1, 2a+2b−2s+3
2

]
[0 < Re s < 2 Re a+ 1, 2 Re b+ 1; |argω| < π]

13
1√
x+ ω

2F1

(
a, b; − x

ω
2a+2b+1

2

)
22a+2b−1ωs−1/2√

π
Γ

[ 2a+2b+1
2 , 2a+2b+1

2

2a+ 1, 2b

]
× 2F1

( 2a+1
2 , 2b−1

2 ; − x
ω

2a+2b+1
2

)
× Γ

[
s, 2a− s+ 1, 2b− s, a+ b− s

2a+ 2b− s, 2a+2b−2s+1
2

]
[

0 < Re s < 2 Re a+ 1, 2 Re b,Re (a+ b) ;

|argω| < π

]

14
√
x+ ω 2F1

( 2a−1
2 , 2b−1

2
2a+2b−3

2 ; − x
ω

)
22a+2b−4ωs+1/2

√
π

Γ

[ 2a+2b−3
2 , 2a+2b−1

2

2a− 1, 2b− 1

]
× 2F1

(
a, b; − x

ω
2a+2b−1

2

)
× Γ

[
s, 2a− s− 1, 2b− s− 1, a+ b− s− 1

2a+2b−2s−1
2 , 2a+ 2b− s− 3

]
[0 < Re s < 2 Re a− 1, 2 Re b− 1; |argω| < π]

15
√
x+ ω 2F1

(
a, b; − x

ω
2a+2b−1

2

)
22a+2b−2ωs+1/2

√
π

Γ

[ 2a+2b−1
2 , 2a+2b+1

2

2a, 2b

]
× 2F1

( 2a+1
2 , 2b+1

2
2a+2b+1

2 ; − x
ω

)
× Γ

[
s, 2a− s, 2b− s, a+ b− s
2a+2b−2s+1

2 , 2a+ 2b− s− 1

]
[0 < Re s < 2 Re a, 2 Re b; |argω| < π]
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3.31.34. 2F1

(
a1, b1

c1; 1− ω1x

)
2F1

(
a2, b2

c2; 1− ω2x

)
and algebraic functions

1 (σ − x)
c−1
+ 2F1

(
a, b

c; σ−x
σ

)
σs+c−1 Γ

[
c, c′, c′ − a′ − b′, s, s− a− b+ c

c′ − a′, c′ − b′, s− a+ c, s− b+ c

]

× 2F1

(
a′, b′

c′; 1− ωx

)
× 4F3

(
a′, b′, s, s− a− b+ c; σω

a′ + b′ − c′ + 1, s− a+ c, s− b+ c

)

+
σs−a

′−b′+c+c′−1

ωa′+b′−c′
Γ

[
c, c′, a′ + b′ − c

a′, b′, s− a− a′ − b′ + c+ c′

]

× Γ

[
s− a′ − b′ + c′, s− a− a′ − b− b′ + c+ c′

s− a′ − b− b′ + c+ c′

]

× 4F3

(
c′ − a′, c′ − b′, s− a′ − b′ + c′,

c′ − a′ − b′ + 1, s− a− a′ − b′ + c+ c′,

s− a− a′ − b− b′ + c+ c′; σω

s− a′ − b− b′ + c+ c′

)
 ω, Re c > 0;

Re s > 0, Re (a+ b− c) , Re (a′ + b′ − c′) ,
Re (a+ a′ + b+ b′ − c− c′) ; |arg (1− σω)| < π



3.31.35. 2F1

(
a1, b1

c1;
√
ω−
√
x+ω

2
√
ω

)
2F1

(
a2, b2

c2;
√
ω−
√
x+ω

2
√
ω

)
and algebraic functions

1 2F1

(
a, b;

√
ω−
√
x+ω

2
√
ω

a+ b− c+ 1

)
(4ω)

s
Γ

[
c, a+ b− c+ 1

a, b

]
× 2F1

(
a, b

c;
√
ω−
√
x+ω

2
√
ω

)
× Γ

[
s, a− s, b− s, a+ b− 2s

a+ b− s, c− s, a+ b− c− s+ 1

]
[0 < Re s < Re a, Re b; |argω| < π]

2 2F1

(
a, 1− a

2− c;
√
ω−
√
x+ω

2
√
ω

)
(1− c)ωs√

π

sin (aπ)

sin (cπ)
Γ

[
s, 1−2s

2 , a− s, 1− a− s
c− s, 2− c− s

]

× 2F1

(
a, 1− a

c;
√
ω−
√
x+ω

2
√
ω

)
[0 < Re s < Re a, 1− Re a; |argω| < π]

3 2F1

(
a, 2a+1

2 ;
√
ω−
√
x+ω

2
√
ω

2a− c+ 3
2

)
28s−4a+1

√
π ωs Γ

[
c

2a

]
Γ

[
s, 4a− 4s, 4a−2c+3

2

c− s, 4a−2s+1
2 , 4a−2c−2s+3

2

]

× 2F1

(
a, 2a+1

2

c;
√
ω−
√
x+ω

2
√
ω

)
[0 < Re s < Re a; |argω| < π]
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No. f (x) F (s)

4 2F1

(
1− a, 1− b

3−a−b
2 ;

√
ω−
√
x+ω

2
√
ω

)
(1− a− b)ωs

2
√
π

cos [(a− b)π/2]

cos [(a+ b)π/2]

× 2F1

(
a, b;

√
ω−
√
x+ω

2
√
ω

a+b+1
2

)
× Γ

[
s, 1−2s

2 , a−b−2s+1
2 , b−a−2s+1

2
a+b−2s+1

2 , 3−a−b−2s
2

]
[0 < Re s < (1− |Re (a− b)|) /2; |argω| < π]

5
(√
ω +
√
x+ ω

)1−c
(4ω)

s+(1−c)/2
Γ

[
c, a+ b− c+ 1

a, b

]
× 2F1

(
a, b

c;
√
ω−
√
x+ω

2
√
ω

)
× Γ

[
s, a− s, b− s, a+ b− 2s

a+ b− s, c− s, a+ b− c− s+ 1

]

× 2F1

(
a− c+ 1, b− c+ 1

a+ b− c+ 1;
√
ω−
√
x+ω

2
√
ω

)
[0 < Re s < Re a, Re b; |argω| < π]

6
(√
ω +
√
x+ ω

)a+b−c
(4ω)

s+(a+b−c)/2
Γ

[
c, c− a− b+ 1

c− a, c− b

]
× 2F1

(
a, b

c;
√
ω−
√
x+ω

2
√
ω

)
× Γ

[
s, c− a− s, c− b− s, 2c− a− b− 2s

c− s, c− a− b− s+ 1, 2c− a− b− s

]

× 2F1

(
c− a, c− b;

√
ω−
√
x+ω

2
√
ω

c− a− b+ 1

)
[0 < Re s < Re (c− a) , Re (c− b) ; |argω| < π]

7
(√
ω +
√
x+ ω

)a+b−2c+1
(4ω)

s+(a+b−2c+1)/2
Γ

[
c, c− a− b+ 1

c− a, c− b

]
× 2F1

(
a, b

c;
√
ω−
√
x+ω

2
√
ω

)
× Γ

[
s, c− a− s, c− b− s, 2c− a− b− 2s

c− s, c− a− b− s+ 1, 2c− a− b− s

]

× 2F1

(
1− a, 1− b

c− a− b+ 1;
√
ω−
√
x+ω

2
√
ω

)
[0 < Re s < Re (c− a) , Re (c− b) ; |argω| < π]

8
(√
ω +
√
x+ ω

)1−c (1− c)ωs+(1−c)/2

2c−1
√
π

sin (aπ)

sin (cπ)
Γ

[
s, 1−2s

2 , a− s, 1− a− s
c− s, 2− c− s

]
× 2F1

(
a, 1− a

c;
√
ω−
√
x+ω

2
√
ω

)
[0 < Re s < Re a, 1− Re a; |argω| < π]

× 2F1

(
a− c+ 1, 2− a− c

2− c;
√
ω−
√
x+ω

2
√
ω

)

9
(√
ω +
√
x+ ω

)1−c
28s−4a−c+2ωs+(1−c)/2 Γ

[
c, 4a−2c+3

2

2a

]
× 2F1

(
a, 2a+1

2

c;
√
ω−
√
x+ω

2
√
ω

)
× Γ

[
s, 4a− 4s

c− s, 4a−2s+1
2 , 4a−2c−2s+3

2

]

× 2F1

(
a− c+ 1, 2a−2c+3

2

4a−2c+3
2 ;

√
ω−
√
x+ω

2
√
ω

)
[0 < Re s < Re a; |argω| < π]
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No. f (x) F (s)

10
(√
ω +
√
x+ ω

)2a−2c+3/2
28s+6a−6c+9/2

√
π ωa−c+s+3/4 Γ

[
c, 2c−4a+1

2

2c− 2a− 1

]
× 2F1

( 1−2a
2 , 1− a

2c−4a+1
2 ;

√
ω−
√
x+ω

2
√
ω

)
× Γ

[
s, 4c− 4a− 4s− 2

c− s, 2c−4a−2s+1
2 , 4c−4a−2s−1

2

]

× 2F1

(
a, 2a+1

2

c;
√
ω−
√
x+ω

2
√
ω

)
[0 < Re s < Re (c− a)− 1/2; |argω| < π]

11
(√
ω +
√
x+ ω

)(a+b−1)/2 2(a+b−3)/2 (1− a− b)ωs+(a+b−1)/4
√
π

cos
(a− b)π

2

× 2F1

(
a, b;

√
ω−
√
x+ω

2
√
ω

a+b+1
2

)
× sec

(a+ b)π

2
Γ

[
s, 1−2s

2 , a−b−2s+1
2 , b−a−2s+1

2
a+b−2s+1

2 , 3−a−b−2s
2

]

× 2F1

( a−b+1
2 , b−a+1

2

3−a−b
2 ;

√
ω−
√
x+ω

2
√
ω

)
[0 < Re s < 1/2− |Re (a− b)|; |argω| < π]

12
(√
ω +
√
x+ ω

)(1−a−b)/2 2(a+b−1)/2ωs+(1−a−b)/4
√
π

Γ

[ a+b+1
2 , a+b+1

2

a, b

]
× 2F1

(
a, b;

√
ω−
√
x+ω

2
√
ω

a+b+1
2

)
× Γ

[
s, a− s, b− s, a+b−2s2
a+b−2s+1

2 , a+ b− s

]

× 2F1

( a−b+1
2 , b−a+1

2

a+b+1
2 ;

√
ω−
√
x+ω

2
√
ω

)
[0 < Re s < Re a, Re b; |argω| < π]

13
(√
ω +
√
x+ ω

)a−b
28s+a−5b+1

√
πωs+(a−b)/2 Γ

[ 2a+2b+1
2 , b− a+ 1

2b

]
× 2F1

(
a, 2a+1

2

a+b+1
2 ;

√
ω−
√
x+ω

2
√
ω

)
× Γ

[
s, 4b− 4s

4b−2s+1
2 , 2a+2b−2s+1

2 , b− a− s+ 1

]

× 2F1

(
b, 2b+1

2 ;
√
ω−
√
x+ω

2
√
ω

b− a+ 1

)
[0 < Re s < Re b; |argω| < π]

14
(√
ω +
√
x+ ω

)2a−c+1/2
28s+6a−5c+7/2

√
πωs+(4a−2c+1)/4 Γ

[
c, 2c−4a+1

2

2c− 2a− 1

]
× 2F1

(
a, 2a+1

2

c;
√
ω−
√
x+ω

2
√
ω

)
× Γ

[
s, 4c− 4a− 4s− 2

c− s, 2c−4a−2s+1
2 , 4c−4a−2s−1

2

]

× 2F1

(
c− a, 2c−2a−1

2

2c−4a+1
2 ;

√
ω−
√
x+ω

2
√
ω

)
[0 < Re s < Re (c− a)− 1/2; |argω| < π]

15
(√
ω +
√
x+ ω

)1−c 2c−1ωs+(1−c)/2
√
π

Γ

[
c, c

c− a, c− a− 1

]
× 2F1

(
a, a− 1

c;
√
ω−
√
x+ω

2
√
ω

)
× Γ

[
s, c− a− s, a+ c− s− 1, 2c−2s−1

2

c− s, 2c− s− 1

]

× 2F1

(
c− a, a+ c− 1

c;
√
ω−
√
x+ω

2
√
ω

)
[0 < Re s < Re (c− a) , Re c− 1/2; |argω| < π]
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3.31.36. 2F1

(
a1, b1

c1;
√
x−
√
x+ω

2
√
x

)
2F1

(
a2, b2

c2;
√
x−
√
x+ω

2
√
x

)
and algebraic functions

1 2F1

(
a, b;

√
x−
√
x+ω

2
√
x

a+ b− c+ 1

) (ω
4

)s
Γ

[
c, a+ b− c+ 1

a, b

]
× 2F1

(
a, b

c;
√
x−
√
x+ω

2
√
x

)
× Γ

[
−s, s+ a, s+ b, 2s+ a+ b

s+ a+ b, s+ c, s+ a+ b− c+ 1

]
[−Re a, −Re b < Re s < 0; |argω| < π]

2 2F1

(
1− a, a

2− c;
√
x−
√
x+ω

2
√
x

)
(1− c)ωs√

π

sin (aπ)

sin (cπ)
Γ

[
−s, 2s+1

2 , s+ a, s− a+ 1

s+ c, s− c+ 2

]

× 2F1

(
1− a, a

c;
√
x−
√
x+ω

2
√
x

)
[Re a− 1, −Re a < Re s < 0; |argω| < π]

3 2F1

(
a, 2a+1

2 ;
√
x−
√
x+ω

2
√
x

4a−2c+3
2

) √
π ωs

28s+4a−1 Γ

[
c, −s, 4s+ 4a, 4a−2c+3

2

2a, s+ c, 2s+4a+1
2 , 2s+4a−2c+3

2

]

× 2F1

(
a, 2a+1

2

c;
√
x−
√
x+ω

2
√
x

)
[−Re a < Re s < 0; |argω| < π]

4 2F1

(
1− a, 1− b

3−a−b
2 ;

√
x−
√
x+ω

2
√
x

)
(1− a− b)ωs

2
√
π

cos [(a− b)π/2]

cos [(a+ b)π/2]

× 2F1

(
a, b;

√
x−
√
x+ω

2
√
x

a+b+1
2

)
× Γ

[−s, 2s+1
2 , 2s+a−b+1

2 , 2s−a+b+1
2

2s−a−b+3
2 , 2s+a+b+1

2

]
[(|Re (a− b)| − 1) /2 < Re s < 0; |argω| < π]

5
(√
x+
√
x+ ω

)1−c
4−sωs+(1−c)/2 Γ

[
c, a+ b− c+ 1

a, b

]
× 2F1

(
a, b

c;
√
x−
√
x+ω

2
√
x

)
× Γ

[
2s+ a+ b− c+ 1, c−2s−12

2s+c+1
2

]

× 2F1

(
a− c+ 1, b− c+ 1

a+ b− c+ 1;
√
x−
√
x+ω

2
√
x

)
× Γ

[ 2s+2a−c+1
2 , 2s+2b−c+1

2
2s+2a+2b−c+1

2 , 2s+2a+2b−3c+3
2

]
[

Re (c− 2a− 1) /2, Re (c− 2b− 1) /2

< Re s < (Re c− 1) /2; |argω| < π

]

6
(√
x+
√
x+ ω

)a+b−c
4−sωs+(a+b−c)/2 Γ

[
c, c− a− b+ 1

c− a, c− b

]
× 2F1

(
a, b

c;
√
x−
√
x+ω

2
√
x

)
× Γ

[
2s+ c, 2s+a−b+c

2 , 2s−a+b+c
2 , c−a−b−2s2

2s+a+b+c
2 , 2s−a−b+c+2

2 , 2s+3c−a−b
2

]

× 2F1

(
c− a, c− b;

√
x−
√
x+ω

2
√
x

c− a− b+ 1

) [
Re (a− b− c) /2, Re (b− a− c) /2, −Re c/2

< Re s < Re (c− a− b) /2; |argω| < π

]
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No. f (x) F (s)

7
(√
x+
√
x+ ω

)a+b−2c+1 ωs+(a+b−2c+1)/2

22s
Γ

[
c, c− a− b+ 1

c− a, c− b

]
× 2F1

(
a, b

c;
√
x−
√
x+ω

2
√
x

)
× Γ

[
2s+ 1, 2s+a−b+1

2 , 2s−a+b+1
2 , 2c−a−b−2s−1

2
2s+a+b+1

2 , 2s−a−b+3
2 , 2s−a−b+2c+1

2

]

× 2F1

(
1− a, 1− b;

√
x−
√
x+ω

2
√
x

c− a− b+ 1

) [
(|Re (a− b)| − 1) /2 < Re s

< Re (2c− a− b− 1) /2; |argω| < π

]

8
(√
x+
√
x+ ω

)1−c (1− c)ωs+(1−c)/2

2c−1
√
π

sin (aπ)

sin (cπ)

× 2F1

(
a, 1− a

c;
√
x−
√
x+ω

2
√
x

)
× Γ

[ c−2s−1
2 , 2s−c+2

2 , 2s+2a−c+1
2 , 2s−2a−c+3

2
2s+c+1

2 , 2s−3c+5
2

]

× 2F1

(
a− c+ 1, 2− a
2− c;

√
x−
√
x+ω

2
√
x

) [
Re (2a+ c− 3) /2, Re (c− 2a− 1) /2 < Re s

< (Re c− 1) /2; |argω| < π

]

9
(√
x+
√
x+ ω

)1−c √
π ωs+(1−c)/2

28s+4a−3c+2
Γ

[
c, 4a−2c+3

2

2a

]
× 2F1

(
a, 2a+1

2

c;
√
x−
√
x+ω

2
√
x

)
× Γ

[ c−2s−1
2 , 4s+ 4a− 2c+ 2

2s+c+1
2 , 2s+4a−c+2

2 , 2s+4a−3c+4
2

]

× 2F1

(
a− c+ 1, 2a−2c+3

2

4a−2c+3
2 ;

√
x−
√
x+ω

2
√
x

) [
Re (c− 2a− 1) /2, Re (2c− 4a− 3) /4

< Re s < (Re c− 1) /2; |argω| < π

]

10
(√
x+
√
x+ ω

)2a−2c+3/2
√
π ωs+a−c+3/4

28s+2a−2c+3/2
Γ

[
c, 2c−4a+1

2

2c− 2a− 1

]
× 2F1

( 1−2a
2 , 1− a

2c−4a+1
2 ;

√
x−
√
x+ω

2
√
x

)
× Γ

[ 4c−4a−4s−3
4 , 4s+ 1

4s−4a+5
4 , 4s+4a+3

4 , 4s−4a+4c+1
4

]

× 2F1

(
a, 2a+1

2

c;
√
x−
√
x+ω

2
√
x

)
[−1/4 < Re s < Re (c− a)− 3/4; |argω| < π]

3.31.37. 2F1

(
a1, b1

c1; −
2
√
x(
√
x±
√
x+ω)

ω

)
2F1

(
a2, b2

c2; −
2
√
x(
√
x+
√
x+ω)

ω

)
and algebraic

functions

1 2F1

(
a, b

c; − 2
√
x(
√
x−
√
x+ω)

ω

) (ω
4

)s
Γ

[
c, c

a, b, c− a, c− b

]

× 2F1

(
a, b

c; − 2
√
x(
√
x+
√
x+ω)

ω

)
× Γ

[
s, a− s, b− s, c− a− s, c− b− s

c− s, c− 2s

]
[

0 < Re s < Re a, Re b, Re (c− a) , Re (c− b) ;

|argω| < π

]
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No. f (x) F (s)

2

(
2
√
x
(√
x+
√
x+ ω

)
ω

+ 1

)a (ω
4

)s
Γ

[
c, c

a, b, c− a, c− b

]
× 2F1

(
a, b

c; − 2
√
x(
√
x+
√
x+ω)

ω

)
× Γ

[
s, a− s, b− s, c− a− s, c− b− s

c− s, c− 2s

]

× 2F1

(
a, c− b

c; − 2
√
x(
√
x+
√
x+ω)

ω

) [
0 < Re s < Re a, Re b, Re (c− a) , Re (c− b) ;

|argω| < π

]
3

(
2x± 2

√
x
√
x+ ω + ω

)−a−b+c
4−sωs−a−b+c Γ

[
c, c, s, a− s, b− s
a, b, c− a, c− b

]
× 2F1

(
a, b

c; ± 2
√
x(
√
x+ω∓

√
x)

ω

)
× Γ

[
c− a− s, c− b− s

c− s, c− 2s

] [{
|argω| < π

Reω ≥ 0

}
;

× 2F1

(
c− a, c− b

c; ∓ 2
√
x(
√
x+ω±

√
x)

ω

)
0 < Re s < Re a, Re b, Re (c− a) , Re (c− b)

]

3.31.38. 2F1

(
a1, b1

c1;
2
√
ω(
√
x+ω−

√
ω)

x

)
2F1

(
a2, b2

c2; −
2
√
ω(
√
x+ω+

√
ω)

x

)
and algebraic functions

1 2F1

(
a, b

c;
2
√
ω(
√
x+ω−

√
ω)

x

)
(4ω)

s
Γ

[
c, c

a, b, c− a, c− b

]

× 2F1

(
a, b

c; − 2
√
ω(
√
x+ω+

√
ω)

x

)
× Γ

[
−s, s+ a, s+ b, s− a+ c, s− b+ c

s+ c, 2s+ c

]
[−Re a, −Re b, Re (a− c) , Re (b− c) < Re s < 0; |argω| < π]

2
(√
ω ±
√
x+ ω

)2(c−a−b)
(4ω)

s−a−b+c
Γ

[
c, c, a+ b− c− s, s− a+ c

a, b, c− a, c− b

]
× 2F1

(
a, b

c; ± 2
√
ω(
√
x+ω∓

√
ω)

x

)
× Γ

[
s− b+ c, s− a− 2b+ 2c, s− 2a− b+ 2c

s− a− b+ 2c, 2s− 2a− 2b+ 3c

]

× 2F1

(
c− a, c− b

c; ∓ 2
√
ω(
√
x+ω±

√
ω)

x

) [
Re (a− c) , Re (b− c) , Re (2a+ b− 2c) ,

Re (a+ 2b− 2c) < Re s < Re (a+ b− c) ; |argω| < π

]

3.31.39. 2F1

(
a1, b1

c1;
2
√
ω(
√
ω+
√
ω−x)

x

)
2F1

(
a2, b2

c2; −
2
√
ω(
√
ω+
√
ω−x)

x

)
and algebraic functions

1
(
x− 2ω − 2

√
ω
√
ω − x

)a
e−i(s+a)π (4ω)

s+a
Γ

[
c, c

a, b, c− a, c− b

]
× 2F1

(
a, b

c;
2
√
ω(
√
ω+
√
ω−x)

x

)
× Γ

[
s+ 2a, −s− a

2s+ 2a+ c

]
Γ

[
s+ a+ b, s+ c, s+ a− b+ c

s+ a+ c

]

× 2F1

(
a, c− b

c;
2
√
ω(
√
ω+
√
ω−x)

x

) [
−2 Re a, −Re (a+ b) , −Re c, Re (b− a− c)

< Re s < −Re a; 0 < argω ≤ π

]



498 Chapter 3. Special functions

3.32. The Generalized Hypergeometric Function 3F2

(a1, a2 , a3
b1, b2; z

)
More formulas can be obtained from the corresponding sections due to the relations

3F2

(
a1, a2, a3
b1, b2; z

)
= Γ

[
b1, b2

a1, a2, a3

]
G13

33

(
−z
∣∣∣∣ 1− a1, 1− a2, 1− a3

0, 1− b1, 1− b2

)
.

3.32.1. 3F2

( a1, a2, a3
b1, b2; ϕ (x)

)
and algebraic functions

No. f (x) F (s)

1 (x+ σ)
2b+1

3F2

(
a, 2a− 2, b; − x

σ

a− 1, 2a− b− 1

)
(2a− 2b− 2s− 3)σs+2b+1

× Γ

[
2a− b− 1

−b− 1, 2a− 2b− 2

]
× Γ

[
s, − b− s− 1, 2a− 2b− s− 3

2a− b− s− 1

]
[

0 < Re s < −Re b− 1, Re (a− b)− 1/2,

2 Re (a− b)− 3; |arg σ| < π

]

2
(√
x+ σ −

√
x
)a σs+a/2

22s
Γ

[
a− b+ 1, a− c+ 1

a, a− b− c+ 1

]
× 3F2

(
a, b, c;

2
√
x(
√
x−
√
x+σ)

σ + 1

a− b+ 1, a− c+ 1

)
× Γ

[
2s, a−2s2 , 2s+a−2b−2c+2

2
2s+a−2b+2

2 , 2s+a−2c+2
2

]
[

0, Re (b− a/2 + c)− 1 < Re s < Re a/2;

|arg σ| < π

]

3
(√
x2 + σ2 − x

)a σa+s

2s+1
Γ

[
a− b+ 1, a− c+ 1

a, a− b− c+ 1

]
× 3F2

(
a, b, c; 1− 2x(

√
x2+σ2−x)
σ2

a− b+ 1, a− c+ 1

)
× Γ

[
s, a−s2 , s+a−2b−2c+2

2
s+a−2b+2

2 , s+a−2c+2
2

]
[

0, Re (−a+ 2b+ 2c)− 2 < Re s < Re a;

|arg σ| < π/2

]

4
(√
x+ σ −

√
σ
)a

(4σ)
s+a/2

Γ

[
a− b+ 1, a− c+ 1

a, a− b− c+ 1

]
× 3F2

(
a, b, c; 1− 2

√
σ(
√
x+σ−

√
σ)

x

a− b+ 1, a− c+ 1

)
× Γ

[
s+ a, −2s− a, 1− b− c− s

1− b− s, 1− c− s

]
[
−Re a < Re s < −Re a/2, 1− Re (b+ c) ;

|arg σ| < π

]
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3.33. The Generalized Hypergeometric Functions pFq ((ap) ; (bq) ; z)

More formulas can be obtained from the corresponding section due to the relation

pFq

(
a1, a2, . . . , ap; z

b1, b2, . . . , bq

)
= Γ

[
b1, b2, . . . , bq
a1, a2, . . . , ap

]
G1, p
p, q+1

(
−z
∣∣∣∣ 1− a1, 1− a2, . . . , 1− ap

0, 1− b1, 1− b2, . . . , 1− bq

)
.

It is supposed that all hypergeometric functions in formulas exist. If at least one of the upper
parameters of a hypergeometric function is a negative integer, then the corresponding function turns
into a polynomial, and the conditions can be weakened.

Notation:

χ =

q∑
j=1

bj −
p∑
i=1

ai +
p− q

2
+ 1.

The expression Re s < Re (ak + a) means that the inequality is valid for all k = 1, 2, . . . , p.

3.33.1. pFq ((ap) ; (bq) ; ϕ (x)) and algebraic functions

No. f (x) F (s)

1 pFq

(
(ap) ; −ωx

(bq)

)
ω−s Γ

[
(bq) , s, (ap)− s
(ap) , (bq)− s

]

[
q = p− 1; |argω| < π; 0 < Re s < Re ak

]
or[

q = p; (Reω > 0; 0 < Re s < Re ak) or

(Reω = 0; 0 < Re s < Re ak, 1− Reχ)
]

or[
q = p+ 1; ω > 0; 0 < Re s < Re ak, 1/2− Reχ

]



2 (σ − x)
α−1
+ pFq

(
(ap) ; −ωx

(bq)

)
σs+α−1 B (s, α) p+1Fq+1

(
(ap) , s; −σω
(bq) , s+ α

)
[σ, Reα, Re s > 0]

3 (x− σ)
α−1
+

Γ (s+ α− 1)

ωs+α−1
Γ

[
(bq) , (ap)− α− s+ 1

(ap) , (bq)− α− s+ 1

]
× pFq

(
(ap) ; −ωx

(bq)

)
× p+1Fq+1

(
1− α, (ap)− α− s+ 1; −σω
2− α− s, (bq)− α− s+ 1

)
+ σα+s−1 B (α, 1− α− s) p+1Fq+1

(
(ap) , s; −σω
(bq) , s+ α

)

[
q = p− 1; σ, Reα > 0; |argω| < π; Re s < Re (ak − α) + 1

]
or[

q = p; Reα > 0; (σ, Reω > 0; Re s < Re (ak − α) + 1) or

(σ > 0; Reω = 0; Re s < Re (ak − α) + 1, 2− Re (α+ χ))
]

or[
q = p+ 1; Reα > 0; σ, ω > 0; Re s < Re (ak − α) + 1, 3/2− Re (α+ χ)

]
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No. f (x) F (s)

4
1

|x− σ|ρ p
Fq

(
(ap) ; −ωx

(bq)

)
Γ (s− ρ)

ωs−ρ
Γ

[
(bq) , (ap) + ρ− s
(ap) , (bq) + ρ− s

]
× p+1Fq+1

(
ρ, (ap) + ρ− s; −σω
ρ− s+ 1, (bq) + ρ− s

)
+ σs−ρ sec

ρπ

2

× cos
(2s− ρ)π

2
B (ρ− s, s) p+1Fq+1

(
s, (ap) ; −σω
s− ρ+ 1, (bq)

)
[0 < ρ < 1]

[
q = p− 1; σ > 0; |argω| < π; 0 < Re s < Re (ak + ρ)

]
or[

q = p; (σ, Reω > 0; 0 < Re s < Re (ak + ρ)) or

(σ > 0; Reω = 0; 0 < Re s < Re (ak + ρ) , Re (ρ− χ) + 1)
]

or[
q = p+ 1; σ, ω > 0; 0 < Re s < Re (ak + ρ) , Re (ρ− χ) + 1/2

]


5
1

x− σ pFq

(
(ap) ; −ωx

(bq)

)
Γ (s− 1)

ωs−1
Γ

[
(bq) , (ap)− s+ 1

(ap) , (bq)− s+ 1

]
× p+1Fq+1

(
1, (ap)− s+ 1; −σω
2− s, (bq)− s+ 1

)
− πσs−1 cot (sπ) pFq

(
(ap) ; −σω

(bq)

)

[
q = p− 1; σ > 0; |argω| < π; 0 < Re s < Re ak + 1

]
or[

q = p; (σ, Reω > 0; 0 < Re s < Re ak + 1) or

(σ > 0; Reω = 0; 0 < Re s < Re ak + 1, 2− Reχ) or[
q = p+ 1; σ, ω > 0; 0 < Re s < Re ak + 1, 3/2− Reχ

]


6
1

(x+ σ)
ρ pFq

(
(ap) ; −ωx

(bq)

)
σs−ρ B (ρ− s, s) p+1Fq+1

(
(ap) , s; σω

(bq) , s− ρ+ 1

)
+ ωρ−s Γ

[
(bq) , s− ρ, (ap) + ρ− s

(ap) , (bq) + ρ− s

]
× p+1Fq+1

(
ρ, (ap) + ρ− s; σω

ρ− s+ 1, (bq) + ρ− s

)

[
q = p− 1; |arg σ|, |argω| < π; 0 < Re s < Re (ak + ρ)

]
or[

q = p; (|arg σ| < π; Reω > 0; 0 < Re s < Re (ak + ρ)) or

(|arg σ| < π; Reω = 0; 0 < Re s < Re (ak + ρ) , Re (ρ− χ) + 1)
]

or[
q = p+ 1; |arg σ| < π; ω > 0; 0 < Re s < Re (ak + ρ) , Re (ρ− χ) + 1/2

]


7
(
σ2 − x2

)α−1
+

p∏
i=1

ai

q∏
j=1

b−1j
σs+2α−1ω

2
B

(
s+ 1

2
, α

)
pFq

(
(ap) ; −ωx

(bq)

)
× 2p+1F2q+2

( (ap)+1
2 ,

(ap)+2
2 , s+1

2 ; σ2ω2

4

3
2 ,

(bq)+1
2 ,

(bq)+2
2 , s+2α+1

2

)

+
σs+2α−2

2
B
(s

2
, α
)

2p+1F2q+2

( (ap)
2 ,

(ap)+1
2 , s2 ; σ2ω2

4

1
2 ,

(bq)
2 ,

(bq)+1
2 , s+2α

2

)
[σ, Reα, Re s > 0]
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No. f (x) F (s)

8
(
x2 − σ2

)α−1
+

Γ (s+ 2α− 2)

ωs+2α−2 Γ

[
(bq) , (ap)− 2α− s+ 2

(ap) , (bq)− 2α− s+ 2

]

× pFq

(
(ap) ; −ωx

(bq)

)
× 2p+1F2q+2

(
1− α, (ap)−2α−s+2

2 ,
(ap)−2α−s+3

2 ; σ2ω2

16

3−2α−s
2 , 4−2α−s

2 ,
(bq)−2α−s+2

2 ,
(bq)−2α−s+3

2

)

−
p∏
i=1

ai

q∏
j=1

b−1j
σs+2α−1ω

2
B

(
α,

1− 2α− s
2

)

× 2p+1F2q+2

( (ap)+1
2 ,

(ap)+2
2 , s+1

2 ; σ2ω2

16

3
2 ,

(bq)+1
2 ,

(bq)+2
2 , s+2α+1

2

)

+
σs+2α−2

2
B

(
α,

2− 2α− s
2

)

× 2p+1F2q+2

( (ap)
2 ,

(ap)+1
2 , s2 ; σ2ω2

16

1
2 ,

(bq)
2 ,

(bq)+1
2 , s+2α

2

)

[
q = p− 1; σ, Reα > 0; |argω| < π; Re s < Re (ak − 2α) + 2

]
or[

q = p; Reα > 0; (σ, Reω > 0; Re s < Re (ak − 2α) + 2) or

(σ > 0; Reω = 0; Re s < Re (ak − 2α) + 2, 3− Re (2α+ χ))
]

or[
q = p+ 1; σ, ω, Reα > 0; Re s < Re (ak − 2α) + 2, 5/2− Re (2α+ χ)

]


9
1

|x2 − σ2|ρ p
Fq

(
(ap) ; −ωx

(bq)

) (
ω2
)ρ−s/2

Γ (s− 2ρ) Γ

[
(bq) , (ap) + 2ρ− s
(ap) , (bq) + 2ρ− s

]

× 2p+1F2q+2

(
ρ,

(ap)+2ρ−s
2 ,

(ap)+2ρ−s+1
2 ; σ2ω2

16
2ρ−s+1

2 , 2ρ−s+2
2 ,

(bq)+2ρ−s
2 ,

(bq)+2ρ−s+1
2

)

+

p∏
i=1

ai

q∏
j=1

b−1j
σs−2ρ+1

√
ω2

2

× sec
ρπ

2
sin

(s− ρ)π

2
B

(
s+ 1

2
,

2ρ− s− 1

2

)

× 2p+1F2q+2

( s+1
2 ,

(ap)+1
2 ,

(ap)+2
2 ; σ2ω2

16

3
2 ,

s−2ρ+3
2 ,

(bq)+1
2 ,

(bq)+2
2

)

+
σs−2ρ

2
sec

ρπ

2
cos

(s− ρ)π

2
B

(
s

2
,

2ρ− s
2

)

× 2p+1F2q+2

( s
2 ,

(ap)
2 ,

(ap)+1
2 ; σ2ω2

16

1
2 ,

s−2ρ+2
2 ,

(bq)
2 ,

(bq)+1
2

)
[0 < ρ < 1/2]

[
q = p− 1; σ > 0; |argω| < π; 0 < Re s < Re (ak + 2ρ)

]
or[

q = p; (σ, Reω > 0; 0 < Re s < Re (ak + 2ρ)) or

(σ > 0; Reω = 0; 0 < Re s < Re (ak + 2ρ) , Re (2ρ− χ) + 1)
]

or[
q = p+ 1; σ, ω > 0; 0 < Re s < Re (ak + 2ρ) , Re (2ρ− χ) + 1/2

]
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No. f (x) F (s)

10
1

x2 − σ2 p
Fq

(
(ap) ; −ωx

(bq)

)
Γ (s− 2)

ωs−2
Γ

[
(bq) , (ap)− s+ 2

(ap) , (bq)− s+ 2

]

× 2p+1F2q+2

(
1,

(ap)−s+2
2 ,

(ap)−s+3
2 ; σ2ω2

4

3−s
2 , 4−s

2 ,
(bq)−s+2

2 ,
(bq)−s+3

2

)

−
p∏
i=1

ai

q∏
j=1

b−1j
πωσs−1

2
tan

sπ

2

× 2pF2q+1

( (ap)+1
2 ,

(ap)+2
2 ; σ2ω2

4

3
2 ,

(bq)+1
2 ,

(bq)+2
2

)

− πσs−2

2
cot

sπ

2
2pF2q+1

( (ap)
2 ,

(ap)+1
2 ; σ2ω2

4

1
2 ,

(bq)
2 ,

(bq)+1
2

)

[
q = p− 1; σ > 0; |argω| < π; 0 < Re s < Re ak + 2

]
or[

q = p; (σ, Reω > 0; 0 < Re s < Re ak + 2) or

(σ > 0; Reω = 0; 0 < Re s < Re ak + 2, 3− Reχ) or[
q = p+ 1; σ, ω > 0; 0 < Re s < Re ak + 2, 5/2− Reχ

]



11
1

(x2 + σ2)
ρ pFq

(
(ap) ; −ωx

(bq)

)
ω2ρ−s Γ (s− 2ρ) Γ

[
(bq) , (ap) + 2ρ− s
(ap) , (bq) + 2ρ− s

]

× 2p+1F2q+2

(
ρ,

(ap)+2ρ−s
2 ,

(ap)+2ρ−s+1
2 ; −σ

2ω2

16
2ρ−s+1

2 , 2ρ−s+2
2 ,

(bq)+2ρ−s
2 ,

(bq)+2ρ−s+1
2

)

−
p∏
i=1

ai

q∏
j=1

b−1j
σs−2ρ+1ω

2
B

(
2ρ− s− 1

2
,
s+ 1

2

)

× 2p+1F2q+2

( s+1
2 ,

(ap)+1
2 ,

(ap)+2
2 ; −σ

2ω2

16

3
2 ,

s−2ρ+3
2 ,

(bq)+1
2 ,

(bq)+2
2

)

+
σs−2ρ

2
B

(
2ρ− s

2
,
s

2

)

× 2p+1F2q+2

( s
2 ,

(ap)
2 ,

(ap)+1
2 ; −σ

2ω2

16

1
2 ,

s−2ρ+2
2 ,

(bq)
2 ,

(bq)+1
2

)

[
q = p− 1; |arg σ| < π/2; |argω| < π; 0 < Re s < Re (ak + 2ρ)

]
or[

q = p; |arg σ| < π/2; (Reω > 0; 0 < Re s < Re (ak + 2ρ)) or

(Reω = 0; 0 < Re s < Re (ak + 2ρ) , Re (2ρ− χ) + 1)
]

or[
q = p+ 1; |arg σ| < π/2; ω > 0; 0 < Re s < Re (ak + 2ρ) , Re (2ρ− χ) + 1/2

]



12 (σ − x)
α−1
+ σs+α−1 B (α, s) p+1Fq+1

(
(ap) ,

s
2 ,

s+1
2 ; −σ2ω

(bq) ,
s+α
2 , s+α+1

2

)
× pFq

(
(ap) ; −ωx2

(bq)

)
[σ, Reα, Re s > 0]
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No. f (x) F (s)

13 (x− σ)
α−1
+

(1− α)σ

2ωs+α−2
Γ

(
s+ α− 2

2

)
Γ

[
(bq) ,

2(ap)−α−s+2
2

(ap) ,
(bq)−α−s+2

2

]

× pFq

(
(ap) ; −ωx2

(bq)

)
× p+1Fq+1

( 2−α
2 , 3−α

2 ,
2(ap)−α−s+2

2 ; −σ2ω

3
2 ,

4−α−s
2 ,

2(bq)−α−s+2
2

)

+
1

2ωs+α−1
Γ

(
s+ α− 1

2

)
Γ

[
(bq) ,

2(ap)−α−s+1
2

(ap) ,
(bq)−α−s+1

2

]

× p+1Fq+1

( 1−α
2 , 2−α

2 ,
2(ap)−α−s+1

2 ; −σ2ω

1
2 ,

3−α−s
2 ,

2(bq)−α−s+1
2

)

+ σs+α−1 B (α, 1− α− s) p+1Fq+1

(
(ap) ,

s
2 ,

s+1
2 ; −σ2ω

(bq) ,
s+α
2 , s+α+1

2

)

[
q = p− 1; σ, Reα > 0; |argω| < π; Re s < Re (2ak − α) + 1

]
or[

q = p; Reα > 0; (σ, Reω > 0; Re s < Re (2ak − α) + 1) or

(σ > 0; Reω = 0; Re s < Re (2ak − α) + 1, 3− Re (α+ 2χ))
]

or[
q = p+ 1; σ, ω, Reα > 0; Re s < Re (2ak − α) + 1, 2− Re (α+ 2χ)

]


14
1

|x− σ|ρ p
Fq

(
(ap) ; −ωx2

(bq)

)
ρσω(ρ−s+1)/2

2
Γ

(
s− ρ+ 1

2

)
Γ

[
(bq) ,

2(ap)+ρ−s+1
2

(ap) ,
2(bq)+ρ−s+1

2

]

× p+2Fq+2

(ρ+1
2 , ρ+2

2 ,
2(ap)+ρ−s+1

2 ; −σ2ω

3
2 ,

ρ−s+3
2 ,

2(bq)+ρ−s+1
2

)

+
ω(ρ−s)/2

2
Γ

(
s− ρ

2

)
Γ

[
(bq) ,

2(ap)+ρ−s
2

(ap) ,
2(bq)+ρ−s

2

]

× p+2Fq+2

(ρ
2 ,

ρ+1
2 ,

2(ap)+ρ−s
2 ; −σ2ω

1
2 ,

ρ−s+2
2 ,

2(bq)+ρ−s
2

)

+ σs−ρ sec
ρπ

2
cos

(2s− ρ)π

2
B (s, ρ− s)

× p+2Fq+2

(
(ap) ,

s
2 ,

s+1
2 ; −σ2ω

(bq) ,
s−ρ+1

2 , s−ρ+2
2

)
[0 < ρ < 1]

[
q = p− 1; σ > 0; |argω| < π; 0 < Re s < Re (2ak + ρ)

]
or[

q = p; (σ, Reω > 0; 0 < Re s < Re (2ak + ρ)) or

(σ > 0; Reω = 0; 0 < Re s < Re (2ak + ρ) , Re (ρ− 2χ) + 2)
]

or[
q = p+ 1; σ, ω > 0; 0 < Re s < Re (2ak + ρ) , Re (ρ− 2χ) + 1

]


15
1

x− σ pFq

(
(ap) ; −ωx2

(bq)

)
σ

2ω(s−2)/2 Γ

(
s− 2

2

)
Γ

[
(bq) ,

2(ap)−s+2
2

(ap) ,
2(bq)−s+2

2

]

× p+1Fq+1

(
1,

2(ap)−s+2
2 ; −σ2ω

4−s
2 ,

2(bq)−s+2
2

)

+
1

2ω(s−1)/2 Γ

(
s− 1

2

)
Γ

[
(bq) ,

2(ap)−s+1
2

(ap) ,
2(bq)−s+1

2

]
×
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No. f (x) F (s)

× p+1Fq+1

(
1,

2(ap)−s+1
2 ; −σ2ω

3−s
2 ,

2(bq)−s+1
2

)

− πσs−1 cot (sπ) pFq

(
(ap) ; −σ2ω

(bq)

)

[
q = p− 1; σ > 0; |argω| < π; 0 < Re s < 2 Re ak + 1

]
or[

q = p; (σ, Reω > 0; 0 < Re s < 2 Re ak + 1) or

(σ > 0; Reω = 0; 0 < Re s < 2 Re ak + 1, 3− 2 Reχ) or[
q = p+ 1; σ, ω > 0; 0 < Re s < 2 Re ak + 1, 2− 2 Reχ

]


16
1

(x+ σ)
ρ pFq

(
(ap) ; −ωx2

(bq)

)
σs−ρ B (ρ− s, s) p+2Fq+2

(
(ap) ,

s
2 ,

s+1
2 ; −σ2ω

(bq) ,
s−ρ+1

2 , s−ρ+2
2

)
+
ω(ρ−s)/2

2
Γ

[
(bq) ,

s−ρ
2 ,

2(ap)+ρ−s
2

(ap) ,
2(bq)+ρ−s

2

]

× p+2Fq+2

(ρ
2 ,

ρ+1
2 ,

2(ap)+ρ−s
2 ; −σ2ω

1
2 ,

ρ−s+2
2 ,

2(bq)+ρ−s
2

)

− ρσω(ρ−s+1)/2

2
Γ

[
(bq) ,

s−ρ+1
2 ,

2(ap)+ρ−s+1
2

(ap) ,
2(bq)+ρ−s+1

2

]

× p+2Fq+2

(ρ+1
2 , ρ+2

2 ,
2(ap)+ρ−s+1

2 ; −σ2ω

3
2 ,

ρ−s+3
2 ,

2(bq)+ρ−s+1
2

)

[
q = p− 1; |arg σ|, |argω| < π; 0 < Re s < Re (2ak + ρ)

]
or[

q = p; (|arg σ| < π; Reω > 0; 0 < Re s < Re (2ak + ρ)) or

(|arg σ| < π; Reω = 0; 0 < Re s < Re (2ak + ρ) , Re (ρ− 2χ) + 2)
]

or[
q = p+ 1; |arg σ| < π; ω > 0; 0 < Re s < Re (2ak + ρ) , Re (ρ− 2χ) + 1

]


17
1

(x+ σ)
ρ pFq

(
(ap) ; b

x+σ

(bq)

)
σs−ρ B (s, ρ− s) p+1Fq+1

(
(ap) , ρ− s
(bq) , ρ; b

σ

)
[0 < Re s < Re ρ; |arg σ| < π]

18
1

(x+ σ)
ρ pFq

(
(ap) ; bx

x+σ

(bq)

)
σs−ρ B (s, ρ− s) p+1Fq+1

(
(ap) , s

(bq) , ρ; b

)
[0 < Re s < Re ρ; |arg σ| < π]

19
1

(x+ σ)
ρ pFq

(
(ap) ; b

(x+σ)2

(bq)

)
σs−ρ B (s, ρ− s) p+1Fq+1

(
(ap) ,

ρ−s
2 , ρ−s+1

2

(bq) ,
ρ
2 ,

ρ+1
2 ; b

σ2

)
[0 < Re s < Re ρ; |arg σ| < π]

20
1

(x+ σ)
ρ pFq

(
(ap) ; bx2

(x+σ)2

(bq)

)
σs−ρ B (s, ρ− s) p+2Fq+2

(
(ap) ,

s
2 ,

s+1
2

(bq) ,
ρ
2 ,

ρ+1
2 ; b

)
[0 < Re s < Re ρ; |arg σ| < π]
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3.33.2. pFq ((ap) ; (bq) ; ωxr) and the exponential function

Notation:

µ =

p∑
i=1

ai −
q∑
j=1

bj +
q − p+ 1

2
.

1 e−σx pFq

(
(ap) ; −ωx

(bq)

)
Γ (s)

σs
p+1Fq

(
(ap) , s

(bq) ; −ωσ

)


[
q = p− 1; |argω| < π; (Reσ, Re s > 0) or

(Reσ = 0; 0 < Re s < Re ak + 1)
]

or[
q = p; (Reσ, Re (σ + ω) , Re s > 0) or

(Reσ > 0; Re (σ + ω) = 0; 0 < Re s < 1− Reχ) or

(Reσ = 0; Reω > 0; 0 < Re s < Re ak + 1) or

(Reσ = Reω = 0; 0 < Re s < Re ak + 1, 1− Reχ)
]

or[
q = p+ 1; (Reσ, Re s > 0; |argω| < π) or

(Reσ = 0; ω > 0; 0 < Re s < Re ak + 1, 1− Reχ)
]

or[
q ≥ p+ 2; Reσ, Re s > 0; |argω| < π

]


2 e−σx

k

pFq

(
(ap) ; −ωx`

(bq)

)
kµ−1`s/k−1/2σ−s/k

(2π)
[(k−1)(p−q+1)+`−1]/2 Γ

[
(bq)

(ap)

]

×Gk, kp+`kp+`, kq+k

(
``ωk

kk(q−p+1)σ`

∣∣∣∣ ∆ (k, 1− (ap)) ,∆ (`, s)

∆ (k, 0) ,∆ (k, 1− (bq))

)
[A = min1≤i≤p ai]

[
q = p− 1; k > 0; |argω| < π; (Reσ, Re s > 0) or

(Reσ = 0; 0 < Re s < k + `A)
]

or[
q = p;

(
0 < k < `; (Reσ, Re s > 0; Reω ≥ 0) or

(Reσ = 0; Reω > 0; 0 < Re s < k + `A) or

(Reσ = Reω = 0; 0 < Re s < k + `A, `− `Reχ)
)

or(
k = `; (Reσ, Re (σ + ω) , Re s > 0) or

(Reσ = 0; Reω > 0; 0 < Re s < `+ `A) or

(Reσ > 0; Re (σ + ω) = 0; 0 < Re s < `− `Reχ) or

(Reσ = Reω = 0; 0 < Re s < `+ `A, `− `Reχ)
)

or(
k > `; (Reσ, Re s > 0; |argω| < π) or

(Reσ = 0; Reω > 0; 0 < Re s < k + `A) or

(Reσ = Reω = 0; 0 < Re s < k + `A, k − `Reχ)
)]

or[
q = p+ 1;

(
0 < k < `/2; (ω, Reσ, Re s > 0) or(

Reσ = 0; ω > 0; 0 < Re s < k + `A, `/2− `Reχ
))

or(
k = `/2; (2|Im

√
ω| < Reσ; Re s > 0) or

(Reσ = 0; ω > 0; 0 < Re s < k + `A, `/2− `Reχ)
)

or(
k > `/2; (Reσ, Re s > 0; |argω| < π) or

(Reσ = 0; ω > 0; 0 < Re s < k + `A, k − `Reχ)
)]

or[
q ≥ p+ 2;

(
k = `/ (q − p+ 1) ; (Reσ, Re s > 0; |argω| < π) or(

Reσ = 0; Re (−ω)
k/`

> 0; 0 < Re s < `Re ak + k
))

or

(k > `/ (q − p+ 1) ; Reσ, Re s > 0; |argω| < π)
]
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No. f (x) F (s)

3 e−σx pFq

(
(ap) ; ωx`

(bq)

)
Γ (s)

σs
p+`Fq

(
(ap) , ∆ (`, s)

(bq) ;
(
`
σ

)`
ω

)

p+ ` ≤ q + 1; Re s > 0;

p+ ` < q; Reσ > 0;

p+ ` = q + 1; Re
(
σ + `ω1/`e2πji/`

)
> 0

(j = 0, 1, . . . , `− 1)


4 e−σx

2

pFq

(
(ap) ; −ωx

(bq)

)
−

p∏
i=1

ai

q∏
j=1

b−1j
ω

2σ(s+1)/2
Γ

(
s+ 1

2

)

× 2p+1F2q+1

( (ap)+1
2 ,

(ap)+2
2 , s+1

2

3
2 ,

(bq)+1
2 ,

(bq)+2
2 ; ω2

4q−p+1σ

)

+
σ−s/2

2
Γ
(s

2

)
2p+1F2q+1

( (ap)
2 ,

(ap)+1
2 , s2

1
2 ,

(bq)
2 ,

(bq)+1
2 ; ω2

4q−p+1σ

)


[
q = p− 1; |argω| < π; (Reσ, Re s > 0) or

(Reσ = 0; 0 < Re s < Re ak + 2)
]

or[
q = p; (Reσ, Re s > 0; |argω| < π) or

(Reσ = 0; Reω > 0; 0 < Re s < Re ak + 2) or

(Reσ = Reω = 0; 0 < Re s < Re ak + 2, 2− Reχ)
]

or[
q = p+ 1; (Reσ, Re s > 0; |argω| < π) or

(Reσ = 0; ω > 0; 0 < Re s < Re ak + 2, 2− Reχ)
]

or[
q ≥ p+ 2; Reσ, Re s > 0; |argω| < π

]


5 e−σ/x pFq

(
(ap) ; −ωx

(bq)

)
ω−s Γ

[
(bq) , s, (ap)− s
(ap) , (bq)− s

]
pFq+1

(
(ap)− s; σω

(bq)− s, 1− s

)
+ σs Γ (−s) pFq+1

(
(ap) ; σω

(bq) , s+ 1

)

[
q = p− 1; |argω| < π; (Reσ > 0; Re s < Re ak) or (Reσ = 0; Re s > −1)

]
or[

q = p; (Reω > 0; Re s < Re ak) or (Reω = 0; Re s < Re ak, 1− Reχ)
]

or[
q = p+ 1; ω > 0; Re s < Re ak, 1/2− Reχ

]


6 e−σ/x
2

pFq

(
(ap) ; −ωx

(bq)

)
ω−s Γ

[
(bq) , s, (ap − s)
(ap) , (bq)− s

]
2pF2q+2

( (ap)−s
2 ,

(ap)−s+1
2 ; − σω2

4q−p+1

(bq)−s
2 ,

(bq)−s+1
2 , 1−s

2 , 2−s
2

)

−
p∏
i=1

ai

q∏
j=1

b−1j
ωσ(s+1)/2

2
Γ

(
−s+ 1

2

)

× 2pF2q+2

( (ap)+1
2 ,

(ap)+2
2 ; − σω2

4q−p+1

3
2 ,

(bq)+1
2 ,

(bq)+2
2 , s+3

2

)

+
σs/2

2
Γ
(
−s

2

)
2pF2q+2

( (ap)
2 ,

(ap)+1
2 ; − σω2

4q−p+1

1
2 ,

(bq)
2 ,

(bq)+1
2 , s+2

2

)

[
q = p− 1; |argω| < π; (Reσ > 0; Re s < Re ak) or (Reσ = 0; −2 < Re s < Re ak)

]
or[

q = p; (|argω| < π/2; Re s < Re ak) or (|argω| = π/2; Re s < Re ak, 1− Reχ)
]

or[
q = p+ 1; ω > 0; Re s < Re ak, 1/2− Reχ

]
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No. f (x) F (s)

7 e−σ
√
x
pFq

(
(ap) ; −ωx

(bq)

)
2
(
σ2
)−s

Γ (2s) p+2Fq

(
(ap) , s,

2s+1
2

(bq) ; − 4ω
σ2

)


[
q = p− 1; |argω| < π; (Reσ, Re s > 0) or

(Reσ = 0; 0 < Re s < Re ak + 1/2)
]

or[
q = p; (Reσ, Re s > 0; Reω ≥ 0) or

(Reσ = 0, Reω > 0; 0 < Re s < Re ak + 1/2) or

(Reσ = Reω = 0; 0 < Re s < Re ak + 1/2, 1− Reχ)
]

or[
q = p+ 1; (2|Im

√
ω| < Reσ; Re s > 0) or

(Reσ = 0; ω > 0; 0 < Re s < Re ak + 1/2, 1/2− Reχ) or

(Reσ > 0; 2|Im
√
ω|+ Reσ = 0; 0 < Re s < 1/2− Reχ)

]
or[

q ≥ p+ 2; Reσ, Re s > 0; |argω| < π
]


8 e−σ/

√
x
pFq

(
(ap) ; −ωx

(bq)

)
−
(

1

σ2

)−s (
σ2ω

)(1−2s)/2
Γ

[ 2s−1
2 , (bq) ,

1−2s+2(ap)
2

(ap) ,
1−2s+2(bq)

2

]

× pFq+3

( 1−2s+2(ap)
2 ; −σ

2ω
4

3
2 ,

1−2s+2(bq)
2 , 3−2s

2

)

+

(
1

σ2

)−s (
σ2ω

)−s
Γ

[
s, (bq) , (ap)− s

(ap) , (bq)− s

]
× pFq+3

(
(ap)− s; −σ

2ω
4

1
2 , (bq)− s, 1− s

)
+ 2

(
1

σ2

)−s
Γ (−2s) pFq+3

(
(ap) ; −σ

2ω
4

(bq) ,
2s+1
2 , s+ 1

)


[
q = p− 1; |argω| < π; (Reσ > 0; Re s < Re ak) or

(Reσ = 0; Re s > −1/2)
]

or[
q = p; (Reω > 0; Re s < Re ak) or

(Reω = 0; Re s < Re ak, 1− Reχ)
]

or[
q = p+ 1; ω > 0; Re s < Re ak, 1/2− Reχ

]



3.33.3. pFq ((ap) ; (bq) ; ωxr) and the logarithmic function

1 θ (σ − x) ln

√
σ +
√
σ − x√
x

√
π σs

2s
Γ

[
s

2s+1
2

]
p+2Fq+2

(
(ap) , s, s; σω

(bq) ,
2s+1
2 , s+ 1

)
× pFq

(
(ap)

(bq) ; ωx

)
[σ, Re s > 0; |argω| < π]

2 θ (σ − x) ln

√
σ +
√
σ − x√
x

√
π σs

2s
Γ

[
s

2s+1
2

]
p+3Fq+3

(
(ap) ,

s
2 ,

s
2 ,

s+1
2 ; σ2ω

(bq) ,
2s+1
4 , 2s+3

4 , s+2
2

)
× pFq

(
(ap)

(bq) ; ωx2

)
[σ, Re s > 0; |argω| < π]
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3.33.4. pFq ((ap) ; (bq) ; ωx) and inverse trigonometric functions

1 θ (σ − x) arccos
x

σ

p∏
i=1

ai

q∏
j=1

b−1j

√
π ωσs+1

2 (s+ 1)
Γ

[ s+2
2
s+3
2

]

× pFq

(
(ap) ; ωx

(bq)

)
× 2p+2F2q+3

( (ap)+1
2 ,

(ap)+2
2 , s+1

2 , s+2
2 ; σ2ω2

4q−p+1

3
2 ,

(bq)+1
2 ,

(bq)+2
2 , s+3

2 , s+3
2

)

+

√
π σs

2s
Γ

[ s+1
2
s+2
2

]

× 2p+2F2q+3

( (ap)
2 ,

(ap)+1
2 , s2 ,

s+1
2 ; σ2ω2

4q−p+1

1
2 ,

(bq)
2 ,

(bq)+1
2 , s+2

2 , s+2
2

)
[σ, Re s > 0; |argω| < π]

2 θ (σ − x) arccos

√
x

σ

√
π σs

2s
Γ

[ 2s+1
2

s+ 1

]
p+2Fq+2

(
(ap) , s,

2s+1
2 ; σω

(bq) , s+ 1, s+ 1

)
× pFq

(
(ap) ; ωx

(bq)

)
[σ, Re s > 0; |argω| < π]

3.33.5. pFq ((ap) ; (bq) ; ωx) and Ei (σxr)

1 Ei (−σx) pFq

(
(ap) ; ωx

(bq)

)
−σ
−s

s
Γ (s) p+2Fq+1

(
(ap) , s, s

(bq) , s+ 1; ω
σ

)


[
q = p− 1; σ, Re s > 0; |argω| < π

]
or[

q = p; (σ, σ + Reω, Re s > 0) or

(σ > 0; σ + Reω = 0; 0 < Re s < 2− Reχ)
]

or[
p = 0; q = 1; Imσ 6= 0, Reσ ≥ 0; ω > 0;

0 < Re s < (2 Re b1 + 3) /4
]

or[
q ≥ p+ 1; σ, Re s > 0; |argω| < π

]



2 Ei (−σ
√
x) pFq

(
(ap) ; ωx

(bq)

)
σ−2s

s
Γ (2s) p+3Fq+1

(
(ap) , s, s,

2s+1
2

(bq) , s+ 1; 4ω
σ2

)


[
q = p− 1; σ, Re s > 0; |argω| < π

]
or[

q = p; (σ, Re s > 0; Reω ≥ 0) or

(σ > 0; Reω = 0; 0 < Re s < 3/2− Reχ)
]

or[
p = 0; q = 1; Imσ 6= 0; ω > 0;

0 < Re s < (2 Re b1 + 1) /4
]

or[
q = p+ 1; |Im

√
ω| < σ; Re s > 0

]
or[

q ≥ p+ 2; σ, Re s > 0; |argω| < π
]
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3.33.6. pFq ((ap) ; (bq) ; ωx) and erfc (σxr)

1 erfc (σx) pFq

(
(ap) ; −ωx

(bq)

)
−

p∏
i=1

ai

q∏
j=1

b−1j
σ−s−1ω√
π (s+ 1)

Γ

(
s+ 2

2

)

× 2p+2F2q+2

( (ap)+1
2 ,

(ap)+2
2 , s+1

2 , s+2
2 ; ω2

4q−p+1σ2

3
2 ,

(bq)+1
2 ,

(bq)+2
2 , s+3

2

)

+
σ−s√
π s

Γ

(
s+ 1

2

)
2p+2F2q+2

( (ap)
2 ,

(ap)+1
2 , s2 ,

s+1
2 ; ω2

4q−p+1σ2

1
2 ,

(bq)
2 ,

(bq)+1
2 , s+2

2

)


[
q = p− 1; (Re s > 0; |arg σ| < π/4) or

(0 < Re s < Re ak + 3; |arg σ| = π/4)
]

or[
q = p; (Re s > 0; |arg σ| < π/4) or

(Reω > 0; 0 < Re s < Re ak + 3; |arg σ| = π/4) or

(Reω = 0; Re s < 3− Reχ; |arg σ| = π/4)
]

or[
q = p+ 1; (Re s > 0; |arg σ| < π/4) or

(0 < Re s < Re ak + 3, 3− Reχ; |arg σ| = π/4)
]

or[
q ≥ p+ 2; Re s > 0; |arg σ| < π/4

]


2 erfc (σ

√
x) pFq

(
(ap) ; −ωx

(bq)

)
σ−2s√
π s

Γ

(
2s+ 1

2

)
pFq

(
(ap) , s,

2s+1
2

(bq) , s+ 1; − ω
σ2

)


[
q = p− 1; (Re s > 0; |arg σ| < π/4) or

(0 < Re s < Re ak + 3/2; |arg σ| = π/4)
]

or[
q = p; (Re s > 0; |arg σ| < π/4) or(

Re
(
σ2 + ω

)
> 0; 0 < Re s < Re ak + 3/2; |arg σ| = π/4

)
or(

Re
(
σ2 + ω

)
= 0; Re s < 3/2− Reχ; |arg σ| = π/4

)]
or[

q = p+ 1; (Re s > 0; |arg σ| < π/4) or

(0 < Re s < Re ak + 3/2, 3/2− Reχ; |arg σ| = π/4)
]

or[
q ≥ p+ 2; Re s > 0; |arg σ| < π/4

]


3.33.7. pFq ((ap) ; (bq) ; ωx) and Γ (ν, σxr)

1 Γ (ν, σx) pFq

(
(ap) ; −ωx

(bq)

)
σ−s

s
Γ (s+ ν) p+2Fq+1

(
(ap) , s, s+ ν

(bq) , s+ 1; −ωσ

)


[
q = p− 1; (Reσ > 0; Re s > 0, −Re ν) or

(Reσ = 0; 0,−Re ν < Re s < 2− Re (ν − ak))
]

or[
q = p; (Reσ > 0; Re s > 0, −Re ν) or

(Reσ = 0; 0, −Re ν < Re s < 2− Re (ν − ak)) or(
Re
(
σ + ω

)
> 0; Re s > 0, −Re ν

)
or(

Re
(
σ + ω

)
= 0; 0, −Re ν < Re s < 2− Re (ν + χ)

)]
or[

q = p+ 1; (Reσ > 0; Re s > 0,−Re ν) or

(Reσ = 0; 0, −Re ν < Re s < 2− Re (ν + χ) , 2− Re (ν − ak))
]

or[
q ≥ p+ 2; Reσ > 0; Re s > 0, −Re ν

]
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No. f (x) F (s)

2 Γ (ν, σ
√
x) pFq

(
(ap) ; −ωx

(bq)

)
σ−2s

s
Γ (2s+ ν) p+3Fq+1

(
(ap) , s,

2s+ν
2 , 2s+ν+1

2

(bq) , s+ 1; − 4ω
σ2

)


[
q = p− 1; (Reσ > 0; Re s > 0, −Re ν/2) or

(Reσ = 0; 0, −Re ν/2 < Re s < 1− Re (ν/2− ak))
]

or[
q = p; (Reσ > 0; Reω ≥ 0; Re s > 0, −Re ν/2) or

(Reσ = 0; 0, −Re ν/2 < Re s < 1− Re (ν/2− ak)) or

(Reω > 0; Re s > 0, −Re ν/2) or

(Reω = 0; 0, −Re ν/2 < Re s < 3/2− Re (ν/2− χ))
]

or[
q = p+ 1; (Reσ > 0; Re s > 0,−Re ν/2) or

(Reσ = 0; 0, −Re ν/2 < Re s < 1− Re (ν/2 + χ))
]

or[
q ≥ p+ 2; Reσ > 0; Re s > 0, −Re ν/2

]


3.33.8. pFq ((ap) ; (bq) ; ωxr) and Jν (σx), Yν (σx)

1 Jν (σx) pFq

(
(ap) ; −ωx

(bq)

)
−

p∏
i=1

ai

q∏
j=1

b−1j
2s

ωs

(
ω2

σ2

)(s+1)/2

Γ

[ s+ν+1
2

1−s+ν
2

]

× 2p+2F2q+1

( (ap)+1
2 ,

(ap)+2
2 , s−ν+1

2 , s+ν+1
2

3
2 ,

(bq)+1
2 ,

(bq)+2
2 ; − ω2

4q−pσ2

)

+
2s−1

ωs

(
ω2

σ2

)s/2
Γ

[ s+ν
2

2−s+ν
2

]
× 2p+2F2q+1

( (ap)
2 ,

(ap)+1
2 , s−ν2 , s+ν2

1
2 ,

(bq)
2 ,

(bq)+1
2 ; − ω2

4q−pσ2

)

[
q = p− 1; σ > 0; |argω| < π; −Re ν < Re s < Re ak + 3/2

]
or[

q = p; (σ, Reω > 0; −Re ν < Re s < Re ak + 3/2) or

(σ, ω > 0; −Re ν < Re s < Re ak + 3/2, 3/2− Reχ)
]

or[
q = p+ 1; (σ, ω > 0; −Re ν < Re s < Re ak + 3/2, 3/2− Reχ)

]


2 Yν (σx) pFq

(
(ap) ; −ωx

(bq)

)
−

p∏
i=1

ai

q∏
j=1

b−1j
2s

πωs

(
ω2

σ2

)(s+1)/2

sin
(s− ν)π

2
Γ

(
s− ν + 1

2

)

× Γ

(
s+ ν + 1

2

)
2p+2F2q+1

( (ap)+1
2 ,

(ap)+2
2 , s−ν+1

2 , s+ν+1
2

3
2 ,

(bq)+1
2 ,

(bq)+2
2 ; − ω2

4q−pσ2

)

− 2s−1

πωs

(
ω2

σ2

)s/2
cos

(s− ν)π

2
Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)
× 2p+2F2q+1

( (ap)
2 ,

(ap)+1
2 , s−ν2 , s+ν2

1
2 ,

(bq)
2 ,

(bq)+1
2 ; − ω2

4q−pσ2

)

[
q = p− 1; σ > 0; |argω| < π; −|Re ν| < Re s < Re ak + 3/2

]
or[

q = p; (σ, Reω > 0; −|Re ν| < Re s < Re ak + 3/2) or

(σ, ω > 0; −|Re ν| < Re s < Re ak + 3/2, 3/2− Reχ)
]

or[
q = p+ 1; (σ, ω > 0; −|Re ν| < Re s < Re ak + 3/2, 3/2− Reχ)

]
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3.33.9. pFq ((ap) ; (bq) ; ωx) and Kν (σxr)

1 Kν (σx) pFq

(
(ap) ; −ωx

(bq)

)
−2s−1ω

σs+1

p∏
i=1

ai

q∏
j=1

b−1j Γ

(
s− ν + 1

2

)
Γ

(
s+ ν + 1

2

)

× 2p+2F2q+1

( (ap)+1
2 ,

(ap)+2
2 , s−ν+1

2 , s+ν+1
2

3
2 ,

(bq)+1
2 ,

(bq)+2
2 ; ω2

4q−pσ2

)
+

2s

4σs
Γ

(
s− ν

2

)

× Γ

(
s+ ν

2

)
2p+2F2q+1

( (ap)
2 ,

(ap)+1
2 , s−ν2 , s+ν2

1
2 ,

(bq)
2 ,

(bq)+1
2 ; ω2

4q−pσ2

)


[
q = p− 1; |argω| < π; (Reσ > 0; Re s > |Re ν|) or

(σ > 0; |Re ν| < Re s < Re ak + 3/2)
]

or[
q = p; (Reσ, Re (σ + ω) > 0; Re s > |Re ν|) or

(σ, Reω > 0; |Re ν| < Re s < Re ak + 3/2) or

(Reσ > 0; Re (σ + ω) = 0; |Re ν| < Re s < 3/2− Reχ) or

(σ, ω > 0; |Re ν| < Re s < 3/2 + Re ak, 3/2− Reχ)
]

or[
q = p+ 1; (Reσ > 0; Re s > |Re ν|) or

(σ, ω > 0; |Re ν| < Re s < 3/2 + Re ak, 3/2− Reχ)
]

or[
q ≥ p+ 2; (Reσ > 0; Re s > |Re ν|) or

(σ, ω > 0; |Re ν| < Re s < 3/2 + Re ak)


2 Kν (σ

√
x) pFq

(
(ap) ; −ωx

(bq)

)
22s−1

σ2s
Γ

(
2s− ν

2

)
Γ

(
2s+ ν

2

)
p+2Fq

(
(ap) ,

2s−ν
2 , 2s+ν

2

(bq) ; − 4ω
σ2

)


[
q = p− 1; |argω| < π; (Reσ > 0; Re s > |Re ν|/2) or

(σ > 0; |Re ν|/2 < Re s < Re ak + 3/4)
]

or[
q = p; (Reσ > 0; Reω ≥ 0; Re s > |Re ν|/2) or

(Reσ = 0; Reω > 0; |Re ν| < Re s < Re ak + 3/4) or

(Reσ = Reω = 0; |Re ν|/2 < Re s < 3/4 + Re ak, 5/4− Reχ)
]

or[
q = p+ 1; (Reσ > 2|Im

√
ω|; Re s > |Re ν|/2) or

(σ, ω > 0; |Re ν|/2 < Re s < 3/4 + Re ak, 3/4− Reχ)
]

or[
q ≥ p+ 2; (Reσ > 0; Re s > |Re ν|/2)

]


3 e−σxKν (σx)

√
π (2σ)

−s
Γ

[
s− ν, s+ ν

2s+1
2

]
p+2Fq+1

(
(ap) , s− ν, s+ ν

(bq) ,
2s+1
2 ; − ω

2σ

)
× pFq

(
(ap) ; −ωx

(bq)

)


[
q = p− 1; |argω| < π; (Reσ > 0; Re s > |Re ν|) or

(σ > 0; |Re ν| < Re s < Re ak + 3/2)
]

or[
q = p; (Reσ, Re (2σ + ω) > 0; Re s > |Re ν|) or

(σ, Reω > 0; |Re ν| < Re s < Re ak + 3/2) or

(Reσ > 0; Re (2σ + ω) = 0; |Re ν| < Re s < 3/2− Reχ) or

(σ, ω > 0; |Re ν| < Re s < 3/2 + Re ak, 3/2− Reχ)
]

or[
q = p+ 1; (Reσ > 0; Re s > |Re ν|) or

(σ, ω > 0; |Re ν| < Re s < 3/2 + Re ak, 3/2− Reχ)
]

or[
q ≥ p+ 2; (Reσ > 0; Re s > |Re ν|) or

(σ, ω > 0; |Re ν| < Re s < Re ak + 3/2)
]
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No. f (x) F (s)

4 e−σ
√
xKν (σ

√
x) 2

√
π (2σ)

−2s
Γ

[
2s− ν, 2s+ ν

4s+1
2

]
× pFq

(
(ap) ; −ωx

(bq)

)
× p+4Fq+2

(
(ap) ,

2s−ν
2 , 2s−ν+1

2 , 2s+ν
2 , 2s+ν+1

2

(bq) ,
4s+1
4 , 4s+3

4 ; − ω
σ2

)


[
q = p− 1; |argω| < π; (Reσ > 0; Re s > |Re ν|/2) or

(σ > 0; |Re ν|/2 < Re s < Re ak + 3/4)
]

or[
q = p; (Reσ > 0; Reω ≥ 0; Re s > |Re ν|/2) or

(Reσ = 0; Reω > 0; |Re ν|/2 < Re s < Re ak + 3/4) or

(Reσ = Reω = 0; |Re ν|/2 < Re s < 3/4 + Re ak, 5/4− Reχ)
]

or[
q = p+ 1; (Reσ > |Im

√
ω|; Re s > |Re ν|/2) or

(σ, ω > 0; |Re ν|/2 < Re s < 3/4 + Re ak, 3/4− Reχ) or[
q ≥ p+ 2; (Reσ > 0; Re s > |Re ν|/2)

]



5 Kµ (σx)Kν (σx) −
p∏
i=1

ai

q∏
j=1

b−1j
2s−2ω

σs+1

× pFq

(
(ap) ; −ωx

(bq)

)
× Γ

[ s−µ−ν+1
2 , s−µ+ν+1

2 , s+µ−ν+1
2 , s+µ+ν+1

2

s+ 1

]

× 2p+4F2q+3

( (ap)+1
2 ,

(ap)+2
2 , s−µ−ν+1

2 ,

3
2 ,

(bq)+1
2 ,

(bq)+2
2 ,

s−µ+ν+1
2 , s+µ−ν+1

2 , s+µ+ν+1
2

s+1
2 , s+2

2 ; ω2

4q−p+1σ2

)

+
2s−3

σs
Γ

[ s−µ−ν
2 , s−µ+ν2 , s+µ−ν2 , s+µ+ν2

s

]

× 2p+4F2q+3

( (ap)
2 ,

(ap)+1
2 , s−µ−ν2 ,

1
2 ,

(bq)
2 ,

(bq)+1
2 ,

s−µ+ν
2 , s+µ−ν2 , s+µ+ν2
s
2 ,

s+1
2 ; ω2

4q−p+1σ2

)


[
q = p− 1; |argω| < π; (Reσ > 0; Re s > |Reµ|+ |Re ν|) or

(σ > 0; |Reµ|+ |Re ν| < Re s < Re ak + 2)
]

or[
q = p; (Reσ, Re (2σ + ω) > 0; Re s > |Reµ|+ |Re ν|) or

(Reσ = 0; Reω > 0; |Reµ|+ |Re ν| < Re s < Re ak + 2) or

(Reσ > 0, Re (2σ + ω) = 0; |Reµ|+ |Re ν| < Re s < 2− Reχ) or

(Reσ = Reω = 0; |Reµ|+ |Re ν| < Re s < Re ak + 2, 2− Reχ)
]

or[
q = p+ 1; (Reσ > 0; Re s > |Reµ|+ |Re ν|) or

(σ, ω > 0; |Reµ|+ |Re ν| < Re s < Re ak + 2, 2− Reχ)
]

or[
q ≥ p+ 2; Reσ > 0; Re s > |Reµ|+ |Re ν|

]
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No. f (x) F (s)

6 Kµ (σ
√
x)Kν (σ

√
x)

22s−2

σ2s
Γ

[ 2s−µ−ν
2 , 2s−µ+ν

2 , 2s+µ−ν
2 , 2s+µ+ν

2

2s

]

× pFq

(
(ap) ; −ωx

(bq)

)
× p+4Fq+2

(
(ap) ,

2s−µ−ν
2 , 2s−µ+ν

2 , 2s+µ−ν
2 , 2s+µ+ν

2

(bq) , s,
2s+1
2 ; − ω

σ2

)


[
q = p− 1; |argω| < π; (Reσ > 0; Re s > (|Reµ|+ |Re ν|) /2) or

(σ > 0; (|Reµ|+ |Re ν|) /2 < Re s < Re ak + 1)
]

or[
q = p; (Reσ > 0, Reω ≥ 0; Re s > (|Reµ|+ |Re ν|) /2) or

(σ > 0; Reω > 0; (|Reµ|+ |Re ν|) /2 < Re s < Re ak + 1) or

(σ, ω > 0; (|Reµ|+ |Re ν|) /2 < Re s < Re ak + 1, 3/2− Reχ)
]

or[
q = p+ 1; (|Im

√
ω| < Reσ; Re s > (|Reµ|+ |Re ν|) /2) or

(σ, ω > 0; (|Reµ|+ |Re ν|) /2 < Re s < Re ak + 1, 1− Reχ)
]

or[
q ≥ p+ 2; Reσ > 0; Re s > (|Reµ|+ |Re ν|) /2

]



3.33.10. pFq ((ap) ; (bq) ; ωx) and Ai (σxr)

1 Ai (σx) pFq

(
(ap) ; −ωx

(bq)

)
3(4s−7)/6

2πσs
Γ

(
s

3

)
Γ

(
s+ 1

3

)

× 3p+2F3q+2

(
∆ (3, (ap)) ,

s
3 ,

s+1
3

1
3 ,

2
3 , ∆ (3, (bq)) ; − ω3

33(q−p)+1σ3

)

− 3(4s−3)/6ω

2πσs+1

∏p
i=1 ai∏q
j=1 bj

Γ

(
s+ 1

3

)
Γ

(
s+ 2

3

)

× 3p+2F3q+2

(
∆ (3, (ap) + 1) , s+1

3 , s+2
3

2
3 ,

4
3 , ∆ (3, (bq) + 1) ; − ω3

33(q−p)+1σ3

)

+
3(4s+1)/6ω2

4πσs+2

∏p
i=1 ai (ai + 1)∏q
j=1 bj (bj + 1)

Γ

(
s+ 2

3

)
Γ

(
s+ 3

3

)

× 3p+2F3q+2

(
∆ (3, (ap) + 2) , s+2

3 , s+3
3

4
3 ,

5
3 , ∆ (3, (bq) + 2) ; − ω3

33(q−p)+1σ3

)


[
q = p− 1; |argω| < π; (|arg σ| < π/3; Re s > 0) or

(|arg σ| = π/3; 0 < Re s < Re ak + 7/4)
][

q = p; (|arg σ| < π/3; Re s > 0) or

(|arg σ| = π/3; Reω > 0; 0 < Re s < Re ak + 7/4) or

(|arg σ| = π/3; Reω = 0; 0 < Re s < Re ak + 7/4, 7/4− Reχ)
][

q = p+ 1; (|arg σ| < π/3; Re s > 0) or

(|arg σ| = π/3; ω > 0; 0 < Re s < Re ak + 7/4, 7/4− Reχ)
][

q ≥ p+ 2; |arg σ| < π/3; Re s > 0
]
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No. f (x) F (s)

2 Ai2 (σ 3
√
x) pFq

(
(ap) ; −ωx

(bq)

)
2−2s−2/3

3s−1/6
√
π σ3s

Γ

[
3s

6s+5
6

]
p+3Fq+1

(
(ap) , ∆ (3, 3s)

(bq) ,
6s+5
6 ; − 9ω

4σ3

)


[
q = p− 1; |argω| < π; (|arg σ| < π/3; Re s > 0) or

(|arg σ| = π/3; 0 < Re s < Re ak + 2/3)
][

q = p; (|arg σ| < π/3; Reω ≥ 0; Re s > 0) or

(|arg σ| = π/3; Reω > 0; 0 < Re s < Re ak + 2/3) or

(|arg σ| = π/3; Reω = 0; 0 < Re s < Re ak + 2/3, 7/6− Reχ)
][

q = p+ 1;
(
|Im
√
ω| < 2 Reσ3/2/3; Re s > 0

)
or(

|arg σ| = π/3; |Im
√
ω| < 2 Reσ3/2/3; 0 < Re s < Re ak + 2/3

)
or

(|arg σ| = π/3; ω > 0; 0 < Re s < Re ak + 2/3, 2/3− Reχ)
][

q ≥ p+ 2; |arg σ| < π/3; Re s > 0
]



3.33.11. pFq ((ap) ; (bq) ; ωxr) and Pn (ϕ (x))

Notation: ε = 0 or 1.

1 θ (σ − x)Pn

(x
σ

) √
π

p∏
i=1

ai

q∏
j=1

b−1j

(σ
2

)s+1

ω Γ

[
s+ 1

s−n+2
2 , s+n+3

2

]

× pFq

(
(ap) ; ωx

(bq)

)
× 2p+2F2q+3

( (ap)+1
2 ,

(ap)+2
2 , s+1

2 , s+2
2 ; σ2ω2

4q−p+1

3
2 ,

(bq)+1
2 ,

(bq)+2
2 , s−n+2

2 , s+n+3
2

)

+
√
π
(σ

2

)s
Γ

[
s

s−n+1
2 , s+n+2

2

]

× 2p+2F2q+3

( (ap)
2 ,

(ap)+1
2 , s2 ,

s+1
2 ; σ2ω2

4q−p+1

1
2 ,

(bq)
2 ,

(bq)+1
2 , s−n+1

2 , s+n+2
2

)
[σ > 0; Re s > 2 [n/2]− n]

2 θ (σ − x)Pn

(
2x

σ
− 1

)
σs Γ

[
s, s

s− n, s+ n+ 1

]
p+2Fq+2

(
(ap) , s, s; σω

(bq) , s− n, s+ n+ 1

)
× pFq

(
(ap) ; ωx

(bq)

)
[σ, Re s > 0]

3 θ (σ − x)Pn

(
2x

σ
− 1

)
σs Γ

[
s, s

s− n, s+ n+ 1

]
× pFq

(
(ap) ; ωx2

(bq)

)
× p+4Fq+4

(
(ap) ,

s
2 ,

s
2 ,

s+1
2 , s+1

2 ; σ2ω

(bq) ,
s−n
2 , s−n+1

2 , s+n+1
2 , s+n+2

2

)
[σ, Re s > 0]



3.33. The Generalized Hypergeometric Functions pFq ((ap) ; (bq) ; z) 515

No. f (x) F (s)

4 θ (σ − x)Pn

(σ
x

) p∏
i=1

ai

q∏
j=1

b−1j
2sσs+1ω√

π
Γ

[ s−n+1
2 , s+n+2

2

s+ 2

]

× pFq

(
(ap) ; ωx

(bq)

)
× 2p+2F2q+3

( (ap)+1
2 ,

(ap)+2
2 , s−n+1

2 , s+n+2
2 ; σ2ω2

4q−p+1

3
2 ,

(bq)+1
2 ,

(bq)+2
2 , s+2

2 , s+3
2

)

+
2s−1σs√

π
Γ

[ s−n
2 , s+n+1

2

s+ 1

]

× 2p+2F2q+3

( (ap)
2 ,

(ap)+1
2 , s−n2 , s+n+1

2 ; σ2ω2

4q−p+1

1
2 ,

(bq)
2 ,

(bq)+1
2 , s+1

2 , s+2
2

)
[σ > 0; Re s > n]

5 θ (σ − x)Pn

(
2σ

x
− 1

)
σs Γ

[
s− n, s+ n+ 1

s+ 1, s+ 1

]
p+2Fq+2

(
(ap) , s− n, s+ n+ 1

(bq) , s+ 1, s+ 1; σω

)
× pFq

(
(ap) ; ωx

(bq)

)
[σ > 0; Re s > n]

6 θ (σ − x)Pn

(√
x

σ

) √
π σs

22s−1
Γ

[
2s

2s−n+1
2 , 2s+n+2

2

]
p+2Fq+2

(
(ap) , s,

2s+1
2 ; σω

(bq) ,
2s−n+1

2 , 2s+n+2
2

)
× pFq

(
(ap) ; ωx

(bq)

)
[σ > 0; Re s > [n/2]− n/2]

7 θ (σ − x)Pn

(
2

√
x

σ
− 1

)
2σs Γ

[
2s, 2s

2s− n, 2s+ n+ 1

]
× pFq

(
(ap) ; ωx

(bq)

)
× p+4Fq+4

(
(ap) , ∆ (2, 2s) , ∆ (2, 2s) ; σω

(bq) , ∆ (2, 2s− n) , ∆ (2, 2s+ n+ 1)

)
[σ > 0; Re s > 0]

8 (σ − x)
(ε−1)/2
+

(−1)
n√

π σs+(ε−1)/2

n!

(
1

2

)
n+ε

Γ

[
s, s

s− n, 2s+2n+2ε+1
2

]
× P2n+ε

(√
1− x

σ

)
× p+2Fq+2

(
(ap) , s, s; σω

(bq) , s− n, 2s+2n+2ε+1
2

)
× pFq

(
(ap) ; ωx

(bq)

)
[σ, Re s > 0]

9 θ (σ − x)Pn

(√
σ

x

)
(4σ)

s

√
π

Γ

[ 2s−n
2 , s+2n+1

2

2s+ 1

]
p+2Fq+2

(
(ap) ,

2s−n
2 , 2s+n+1

2

(bq) ,
2s+1
2 , s+ 1; σω

)
× pFq

(
(ap) ; ωx

(bq)

)
[σ > 0; Re s > n/2]
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No. f (x) F (s)

10 θ (σ − x)Pn

(
2

√
σ

x
− 1

)
2σs Γ

[
2s− n, 2s+ n+ 1

2s+ 1, 2s+ 1

]
× pFq

(
(ap) ; ωx

(bq)

)
× p+4Fq+4

(
(ap) ,

2s−n
2 , 2s−n+1

2 , 2s+n+1
2 , 2s+n+2

2

(bq) ,
2s+1
2 , 2s+1

2 , s+ 1, s+ 1; σω

)
[σ > 0; Re s > n/2]

3.33.12. pFq ((ap) ; (bq) ; ωxr) and Tn (ϕ (x))

Notation: ε = 0 or 1.

1
(
σ2 − x2

)−1/2
+

Tn

(x
σ

) π

2

p∏
i=1

ai

q∏
j=1

b−1j

(σ
2

)s
ω Γ

[
s+ 1

s−n+2
2 , s+n+2

2

]

× pFq

(
(ap) ; ωx

(bq)

)
× 2p+2F2q+3

( (ap)+1
2 ,

(ap)+2
2 , s+1

2 , s+2
2 ; σ2ω2

4q−p+1

3
2 ,

(bq)+1
2 ,

(bq)+2
2 , s−n+2

2 , s+n+2
2

)

+
π

2

(σ
2

)s−1
Γ

[
s

s−n+1
2 , s+n+1

2

]

× 2p+2F2q+3

( (ap)
2 ,

(ap)+1
2 , s2 ,

s+1
2 ; σ2ω2

4q−p+1

1
2 ,

(bq)
2 ,

(bq)+1
2 , s−n+1

2 , s+n+1
2

)
[σ > 0; Re s > 2 [n/2]− n]

2 (σ − x)
−1/2
+ Tn

(
2x

σ
− 1

)
π σs−1/2

22s−1
Γ

[
2s

2s−2n+1
2 , 2s+2n+1

2

]
× pFq

(
(ap) ; ωx

(bq)

)
× p+2Fq+2

(
(ap) , s,

2s+1
2 ; σω

(bq) ,
2s−2n+1

2 , 2s+2n+1
2

)
[σ, Re s > 0]

3 (σ − x)
−1/2
+ Tn

(
2x

σ
− 1

)
πσs−1/2

22s−1
Γ

[
2s

2s−2n+1
2 , 2s+2n+1

2

]
× pFq

(
(ap) ; ωx2

(bq)

)
× p+4Fq+4

(
(ap) , ∆ (4, 2s) ; σ2ω

(bq) , ∆
(
2, 2s−2n+1

2

)
, ∆

(
2, 2s+2n+1

2

))
[σ, Re s > 0]

4 (σ − x)
−1/2
+ Tn

(
2σ

x
− 1

)
22s−1σs−1/2 B (s− n, s+ n) p+2Fq+2

(
(ap) , s− n, s+ n

(bq) ,
2s+1
2 , s; σω

)
× pFq

(
(ap) ; ωx

(bq)

)
[σ > 0; Re s > n]
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No. f (x) F (s)

5 (σ − x)
−1/2
+ Tn

(
2σ

x
− 1

)
22s−1 σs−1/2 B (s− n, s+ n)

× pFq

(
(ap) ; ωx2

(bq)

)
× p+4Fq+4

(
(ap) ,

s−n
2 , s−n+1

2 , s+n2 , s+n+1
2

(bq) ,
2s+1
4 , 2s+3

4 , s2 ,
s+1
2 ; σ2ω

)
[σ > 0; Re s > n]

6 (σ − x)
−1/2
+ Tn

(√
x

σ

)
π

(√
σ

2

)2s−1

Γ

[
2s

2s−n+1
2 , 2s+n+1

2

]
× pFq

(
(ap) ; ωx

(bq)

)
× p+2Fq+2

(
(ap) , s, s+ 1

2 ; σω

(bq) ,
2s−n+1

2 , 2s+n+1
2

)
[σ > 0; Re s > [n/2]− n/2]

7 (σ − x)
(ε−1)/2
+

(−1)
n

(2n+ 1)
ε
π σs+(ε−1)/2

22s+ε−1
Γ

[
2s

2s−2n+1
2 , 2s+2n+2ε+1

2

]
× T2n+ε

(√
1− x

σ

)
× p+2Fq+2

(
(ap) , s,

2s+1
2 ; σω

(bq) ,
2s−2n+1

2 , 2s+2n+2ε+1
2

)
× pFq

(
(ap) ; ωx

(bq)

)
[σ, Re s > 0]

3.33.13. pFq ((ap) ; (bq) ; ωxr) and Un (ϕ (x))

Notation: ε = 0 or 1.

1
(
σ2 − x2

)1/2
+

Un

(x
σ

)
(n+ 1)π

p∏
i=1

ai

q∏
j=1

b−1j

(σ
2

)s+2

ω Γ

[
s+ 1

s−n+2
2 , s+n+4

2

]

× pFq

(
(ap) ; ωx

(bq)

)
× 2p+2F2q+3

( (ap)+1
2 ,

(ap)+2
2 , s+1

2 , s+2
2 ; σ2ω2

4q−p+1

3
2 ,

(bq)+1
2 ,

(bq)+2
2 , s−n+2

2 , s+n+4
2

)

+ π (n+ 1)
(σ

2

)s+1

Γ

[
s

s−n+1
2 , s+n+3

2

]
× 2p+2F2q+3

( (ap)
2 ,

(ap)+1
2 , s2 ,

s+1
2 ; σ2ω2

4q−p+1

1
2 ,

(bq)
2 ,

(bq)+1
2 , s−n+1

2 , s+n+3
2

)
[σ > 0; Re s > 2 [n/2]− n]

2 (σ − x)
1/2
+ Un

(
2x

σ
− 1

)
(n+ 1)π σs+1/2

22s−1
Γ

[
2s− 1

2s−2n−1
2 , 2s+2n+3

2

]
× pFq

(
(ap) ; ωx

(bq)

)
× p+2Fq+2

(
(ap) , s,

2s−1
2 ; σω

(bq) ,
2s−2n−1

2 , 2s+2n+3
2

)
[σ, Re s > 0]
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No. f (x) F (s)

3 (σ − x)
1/2
+ Un

(
2x

σ
− 1

)
(n+ 1)πσs+1/2

22s−1
Γ

[
2s− 1

2s−2n−1
2 , 2s+2n+3

2

]
× pFq

(
(ap) ; ωx2

(bq)

)
× p+4Fq+4

(
(ap) , ∆ (2, s) , ∆

(
2, 2s−1

2

)
; σ2ω

(bq) , ∆
(
2, 2s−2n−1

2

)
, ∆

(
2, 2s+2n+3

2

))
[σ, Re s > 0]

4 (σ − x)
1/2
+ Un

(
2σ

x
− 1

)
22s+1 (n+ 1)σs+1/2 Γ

[
s− n, s+ n+ 2

2s+ 3

]
× pFq

(
(ap) ; ωx

(bq)

)
× p+2Fq+2

(
(ap) , s− n, s+ n+ 2

(bq) ,
2s+3
2 , s+ 2; σω

)
[σ > 0; Re s > n]

5 (σ − x)
1/2
+ 22s+1 (n+ 1)σs+1/2 Γ

[
s− n, s+ n+ 2

2s+ 3

]
× Un

(
2σ

x
− 1

)
× p+4Fq+4

(
(ap) ,

s−n
2 , s−n+1

2 , s+n+2
2 , s+n+3

2

(bq) ,
2s+3
4 , 2s+5

4 , 2s+2
2 , 2s+3

2 ; σω

)
× pFq

(
(ap) ; ωx2

(bq)

)
[σ > 0; Re s > n]

6 (σ − x)
1/2
+ Un

(√
x

σ

)
(n+ 1)πσs+1/2

22s
Γ

[
2s

2s−n+1
2 , 2s+n+3

2

]
× pFq

(
(ap) ; ωx

(bq)

)
× p+2Fq+2

(
(ap) , s,

2s+1
2 ; σω

(bq) ,
2s−n+1

2 , 2s+n+3
2

)
[σ > 0; Re s > [n/2]− n/2]

7 (σ − x)
(ε−1)/2
+

(−1)
n

(n+ 1)
ε
πσs+(ε−1)/2

22s−2
Γ

[
2s− 1

2s−2n−1
2 , 2s+2n+2ε+1

2

]
× U2n+ε

(√
1− x

σ

)
× p+2Fq+2

(
(ap) , s,

2s−1
2 ; σω

(bq) ,
2s−2n−1

2 , 2s+2n+2ε+1
2

)
× pFq

(
(ap) ; ωx

(bq)

)
[σ, Re s > 0]

3.33.14. pFq ((ap) ; (bq) ; ωx) and Hn (σxr)

1 e−σ
2x2

Hn (σx) −
p∏
i=1

ai

q∏
j=1

b−1j
2n−s−1

√
π ω

σs+1
Γ

[
s+ 1
s−n+2

2

]

× pFq

(
(ap) ; −ωx

(bq)

)
× 2p+2F2q+2

( (ap)+1
2 ,

(ap)+2
2 , s+1

2 , s+2
2 ; ω2

4q−p+1σ2

3
2 ,

(bq)+1
2 ,

(bq)+2
2 , s−n+2

2

)

+

√
π 2n−s

σs
Γ

[
s

s−n+1
2

]
×
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No. f (x) F (s)

× 2p+2F2q+2

( (ap)
2 ,

(ap)+1
2 , s2 ,

s+1
2 ; ω2

4q−p+1σ2

1
2 ,

(bq)
2 ,

(bq)+1
2 , s−n+1

2

)


[
q = p− 1; |argω| < π;

(
Reσ2 > 0; Re s > 2 [n/2]− n

)
or(

Reσ2 = 0; 2 [n/2]− n < Re s < Re ak − n+ 2
)]

or[
q = p;

(
Reσ2 > 0; |argω| < π; Re s > 2 [n/2]− n

)
or(

Reσ2 = 0; Reω > 0; 2 [n/2]− n < Re s < Re ak − n+ 2
)

or(
Reσ2 = 0; Reω = 0; 2 [n/2]− n < Re s < Re ak − n+ 2, 2− n− Reχ

)
or[

q = p+ 1;
(
Reσ2 > 0; |argω| < π; Re s > 2 [n/2]− n

)
or(

Reσ2 = 0; ω > 0; 2 [n/2]− n < Re s < Re ak − n+ 2, 2− n− Reχ
)
] or[

q ≥ p+ 2; Reσ2 > 0; |argω| < π; Re s > 2 [n/2]− n
]


2 e−σ

2xHn (σ
√
x)

√
π 21−2s+n

σ2s
Γ

[
2s

2s−n+1
2

]
p+2Fq+1

(
(ap) , s,

2s+1
2

(bq) ,
2s−n+1

2 ; − ω
σ2

)
× pFq

(
(ap) ; −ωx

(bq)

)


[
q = p− 1; |argω| < π; (|arg σ| < π/4; Re s > [n/2]− n/2) or

(|arg σ| = π/4; [n/2]− n/2 < Re s < Re ak − n/2 + 1)
]

or[
q = p;

(
|arg σ| < π/4; Re

(
σ2 + ω

)
> 0; Re s > [n/2]− n/2

)
or(

|arg σ| < π/4; Re
(
σ2 + ω

)
= 0; [n/2]− n/2 < Re s < 1− n/2− Reχ

)
or

(|arg σ| = π/4; Reω > 0; [n/2]− n/2 < Re s < Re ak − n/2 + 1) or(
|arg σ| = π/4; Reω = 0; [n/2]− n/2 < Re s < Re ak − n/2 + 1, 1− n/2− Reχ

)]
or[

q = p+ 1; (|arg σ| < π/4; |argω| < π; Re s > [n/2]− n/2) or(
|arg σ| = π/4; ω > 0; [n/2]− n/2 < Re s < Re ak − n/2 + 1, 1− n/2− Reχ

)]
or[

q ≥ p+ 2; |arg σ| < π/4; |argω| < π; Re s > [n/2]− n/2
]


3.33.15. pFq ((ap) ; (bq) ; ωx) and Lλn (σxr)

1 e−σxLλn (σx)
σ−s

n!
(1− s+ λ)n Γ (s) p+2Fq+1

(
(ap) , s− λ, s

(bq) , s− n− λ; −ωσ

)
× pFq

(
(ap) ; −ωx

(bq)

)


[
q = p− 1; |argω| < π; (Reσ, Re s > 0) or

(Reσ = 0; 0 < Re s < Re ak − n+ 1)
]

or[
q = p;

(
Reσ, Re s > 0; Re

(
σ2 + ω

)
> 0
)

or(
Reσ > 0; Re

(
σ2 + ω

)
= 0; 0 < Re s < 1− n− Reχ

)
or

(Reσ = 0; Reω > 0; 0 < Re s < Re ak − n+ 1) or

(Reσ = 0; Reω = 0; 0 < Re s < Re ak − n+ 1, 1− n− Reχ)
]

or[
q = p+ 1; (Reσ, Re s > 0; |argω| < π) or

(Reσ = 0; ω > 0; 0 < Re s < Re ak − n+ 1, 1− n− Reχ)
]

or[
q ≥ p+ 2; Reσ, Re s > 0; |argω| < π

]
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No. f (x) F (s)

2 e−σ
√
xLλn (σ

√
x)

2σ−2s

n!
(1− 2s+ λ)n Γ (2s)

× pFq

(
(ap) ; −ωx

(bq)

)
× p+4Fq+2

(
(ap) ,

2s−λ
2 , 2s−λ+1

2 , s, 2s+1
2

(bq) ,
2s−n−λ

2 , 2s−n−λ+1
2 ; − 4ω

σ2

)


[
q = p− 1; |argω| < π; (Reσ, Re s > 0) or

(Reσ = 0; 0 < Re s < Re ak + (1− n) /2)
]

or[
q = p; (Reσ, Re s > 0; Reω ≥ 0) or

(Reσ = 0; Reω > 0; 0 < Re s < Re ak + (1− n) /2) or

(Reσ = Reω = 0; 0 < Re s < Re ak + (1− n) /2, 1− n/2− Reχ)
]

or[
q = p+ 1; (2|Im

√
ω| < Reσ; Re s > 0) or

(Reσ > 0; 2|Im
√
ω|+ Reσ = 0; 0 < Re s < (1− n) /2− Reχ) or

(Reσ = 0; ω > 0; Re s < Re ak + (1− n) /2, (1− n) /2− Reχ)
]

or[
q ≥ p+ 2; Reσ, Re s > 0; |argω| < π

]


3.33.16. pFq ((ap) ; (bq) ; ωx) and Cλn (ϕ (x))

Notation: ε = 0 or 1.

1
(
σ2 − x2

)λ−1/2
+

Cλn

(x
σ

) π

n!

p∏
i=1

ai

q∏
j=1

b−1j

(σ
2

)s+2λ

ω Γ

[
n+ 2λ, s+ 1

λ, s−n+2
2 , s+n+2λ+2

2

]

× pFq

(
(ap) ; ωx

(bq)

)
× 2p+2F2q+3

( (ap)+1
2 ,

(ap)+2
2 , s+1

2 , s+2
2 ; σ2ω2

4q−p+1

3
2 ,

(bq)+1
2 ,

(bq)+2
2 , s−n+2

2 , s+n+2λ+2
2

)

+
π

n!

(σ
2

)s+2λ−1
Γ

[
n+ 2λ, s

λ, s−n+1
2 , s+n+2λ+1

2

]
× 2p+2F2q+3

( (ap)
2 ,

(ap)+1
2 , s2 ,

s+1
2 ; σ2ω2

4q−p+1

1
2 ,

(bq)
2 ,

(bq)+1
2 , s−n+1

2 , s+n+2λ+1
2

)
[σ > 0; Reλ > −1/2; Re s > 2 [n/2]− n]

2 (σ − x)
λ−1/2
+

√
π σs+λ−1/2

22λ−1n!
Γ

[
n+ 2λ, s, 2s−2λ+1

2

λ, 2s−2n−2λ+1
2 , 2s+2n+2λ+1

2

]
× Cλn

(
2x

σ
− 1

)
× p+2Fq+2

(
(ap) , s,

2s−2λ+1
2 ; σω

(bq) ,
2s−2n−2λ+1

2 , 2s+2n+2λ+1
2

)
× pFq

(
(ap) ; ωx

(bq)

)
[σ, Re s > 0; Reλ > −1/2]

3 (σ − x)
λ−1/2
+

(−1)
n√

π σs+λ−1/2

22λ−1n!
Γ

[
n+ 2λ, s, 1−2s+2n+2λ

2

λ, 1−2s+2λ
2 , 2s+2n+2λ+1

2

]
× Cλn

(
2x

σ
− 1

)
× pFq

(
(ap) , ∆ (2, s) , ∆

(
2, 2s−2λ+1

2

)
; σ2ω

(bq) , ∆
(
2, 2s−2n−2λ+1

2

)
, ∆

(
2, 2s+2n+2λ+1

2

))
× pFq

(
(ap) ; ωx2

(bq)

)
[σ, Re s > 0; λ > −1/2]
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No. f (x) F (s)

4 (σ − x)
λ−1/2
+

√
π σs+λ−1/2

22λ−1n!
Γ

[
n+ 2λ, s− n, s+ n+ 2λ

λ, 2s+2λ+1
2 , s+ 2λ

]
× Cλn

(
2σ

x
− 1

)
× p+2Fq+2

(
(ap) , s− n, s+ n+ 2λ

(bq) ,
2s+2λ+1

2 , s+ 2λ; σω

)
× pFq

(
(ap) ; ωx

(bq)

)
[σ > 0; Reλ > −1/2; Re s > n]

5 (σ − x)
λ−1/2
+

√
π σs+λ−1/2

22λ−1n!
Γ

[
n+ 2λ, s− n, s+ n+ 2λ

λ, 2s+2λ+1
2 , s+ 2λ

]
× Cλn

(
2σ

x
− 1

)
× p+4Fq+4

(
(ap) , ∆ (2, s− n) , ∆ (2, s+ n+ 2λ)

(bq) , ∆
(
2, 2s+2λ+1

2

)
, ∆ (2, s+ 2λ) ; σ2ω

)
× pFq

(
(ap) ; ωx2

(bq)

)
[σ > 0; Reλ > −1/2; Re s > n]

6 (σ − x)
−n−2λ σs−n−2λ

n!
(
2λ+1

2

)
n

Γ

[
1− 2λ, s, 2s−2λ+1

2
2s−2n−2λ+1

2 , s− n− 2λ+ 1

]

× Cλn
(
σ + x

σ − x

)
× p+2Fq+2

(
(ap) , s,

2s−2λ+1
2 ; σω

(bq) , s− n− 2λ+ 1, 2s−2n−2λ+1
2

)
× pFq

(
(ap) ; ωx

(bq)

)
[σ, Re s > 0; Reλ < 1/2− n]

7 (σ − x)
λ−1/2
+ Cλn

(√
x

σ

)
2π

n!

(√
σ

2

)2s+2λ−1

Γ

[
n+ 2λ, 2s

λ, 2s−n+1
2 , 2s+n+2λ+1

2

]
× pFq

(
(ap) ; ωx

(bq)

)
× p+2Fq+2

(
(ap) , s,

2s+1
2 ; σω

(bq) ,
2s−n+1

2 , 2s+n+2λ+1
2

)
[σ > 0; Reλ > −1/2; Re s > [n/2]− n/2]

8 (σ − x)
(ε−1)/2
+

(−1)
n√

π σs+(ε−1)/2

n!
(λ)n+ε Γ

[
s, 2s−2λ+1

2
2s−2n−2λ+1

2 , 2s+2n+2ε+1
2

]
× Cλ2n+ε

(√
1− x

σ

)
× p+2Fq+2

(
(ap) , s,

2s−2λ+1
2 ; σω

(bq) ,
2s−2n−2λ+1

2 , 2s+2n+2ε+1
2

)
× pFq

(
(ap) ; ωx

(bq)

)
[σ, Re s > 0]

9 (σ − x)
−n/2−λ
+

σs−n/2−λ

n!
(2λ− 2s)n B (1− λ, s)

× Cλn
(√

σ

σ − x

)
× p+2Fq+2

(
(ap) , s,

2s−2λ+1
2 ; σω

(bq) ,
2s−n−2λ+1

2 , 2s−n−2λ+2
2

)
× pFq

(
(ap) ; ωx

(bq)

)
[σ, Re s > 0; Reλ < 1− n]
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3.33.17. pFq ((ap) ; (bq) ; ωxr) and P
(α, β)
n (ϕ (x))

1 (σ − x)
α
+ P

(α, β)
n

(
2x

σ
− 1

)
(−1)

n
σs+α

n!
(1− s+ β)n B (n+ α+ 1, s)

× pFq

(
(ap) ; ωx

(bq)

)
× p+2Fq+2

(
(ap) , s, s− β; σω

(bq) , s− n− β, s+ n+ α+ 1

)
[σ, Re s > 0; Reα > −1]

2 (σ − x)
α
+ P

(α, β)
n

(
2x

σ
− 1

)
(−1)

n
σs+α

n!
(β − s+ 1)n B (n+ α+ 1, s)

× pFq

(
(ap) ; ωx2

(bq)

)
× p+4Fq+4

(
(ap) , ∆ (2, s) , ∆ (2, s− β) ; σ2ω

(bq) , ∆ (2, s− n− β) , ∆ (2, s+ n+ α+ 1)

)
[σ, Re s > 0; Reα > −1]

3 (σ − x)
α
+ P

(α, β)
n

(
2σ

x
− 1

)
σs+α

n!
(s+ α+ β + 1)n B (n+ α+ 1, s− n)

× pFq

(
(ap) ; ωx

(bq)

)
× p+2Fq+2

(
(ap) , s− n, s+ n+ α+ β + 1

(bq) , s+ α+ 1, s+ α+ β + 1; σω

)
[σ > 0; Reα > −1; Re s > n]

4 (σ − x)
−n−α−β−1
+

σs−n−α−β−1

n!
(1− s+ α)n B (−n− α− β, s)

× P (α, β)
n

(
σ + x

σ − x

)
× p+2Fq+2

(
(ap) , s, s− α; σω

(bq) , s− n− α, s− n− α− β

)
× pFq

(
(ap) ; ωx

(bq)

)
[σ, Re s > 0; Re (α+ β) < −n]

3.33.18. pFq ((ap) ; (bq) ; ωxr) and K (ϕ (x)), E (ϕ (x))

Notation: δ =

{
1

0

}
.

1 θ (σ − x)

{
K
(√

1− x/σ
)

E
(√

1− x/σ
) } πσs

2
Γ

[
s, s− δ + 1

2s+1
2 , 2s−2δ+3

2

]
p+2Fq+2

(
(ap) , s, s− δ + 1; σω

(bq) ,
2s+1
2 , 2s−2δ+3

2

)
× pFq

(
(ap) ; ωx

(bq)

)
[σ, Re s > 0]

2 θ (σ − x)

{
K
(√

1− x/σ
)

E
(√

1− x/σ
) } πσs

2
Γ

[
s, s− δ + 1

2s+1
2 , 2s−2δ+3

2

]
× pFq

(
(ap) ; ωx2

(bq)

)
× p+4Fq+4

(
(ap),

s
2 ,

s+1
2 , s−δ+1

2 , s−δ+2
2 ; σ2ω

(bq) ,
2s+1
4 , 2s+3

4 , 2s−2δ+3
4 , 2s−2δ+5

4

)
[σ, Re s > 0]
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3.33.19. pFq ((ap) ; (bq) ; ωxr) and Pµν (ϕ (x)), Pµν (ϕ (x))

1
(
σ2 − x2

)−µ/2
+

Pµν

(x
σ

) √
π ω

(σ
2

)s−µ+1
p∏
i=1

ai

q∏
j=1

b−1j Γ

[
s+ 1

s−µ−ν+2
2 , s−µ+ν+3

2

]

× pFq

(
(ap) ; ωx

(bq)

)
× 2p+2F2q+3

( (ap)+1
2 ,

(ap)+2
2 , s+1

2 , s+2
2 ; σ2ω2

4q−p+1

3
2 ,

(bq)+1
2 ,

(bq)+2
2 , s−µ−ν+2

2 , s−µ+ν+3
2

)

+
√
π
(σ

2

)s−µ
Γ

[
s

s−µ−ν+1
2 , s−µ+ν+2

2

]
× 2p+2F2q+3

( (ap)
2 ,

(ap)+1
2 , s2 ,

s+1
2 ; σ2ω2

4q−p+1

1
2 ,

(bq)
2 ,

(bq)+1
2 , s−µ−ν+1

2 , s−µ+ν+2
2

)
[σ, Re s > 0; Reµ < 1]

2 (σ − x)
−µ/2
+ Pµν

(
2x

σ
− 1

)
σs−µ/2 Γ

[ 2s−µ
2 , 2s+µ

2
2s−µ−2ν

2 , 2s−µ+2ν+2
2

]
× pFq

(
(ap) ; ωx

(bq)

)
× p+2Fq+2

(
(ap) ,

2s−µ
2 , 2s+µ

2 ; σω

(bq) ,
2s−µ−2ν

2 , 2s−µ+2ν+2
2

)
[σ > 0; Reµ < 1; Re s > |Reµ|/2]

3 (σ − x)
−µ/2
+ Pµν

(√
x

σ

)
21−2s+µ

√
π σs−µ/2 Γ

[
2s

2s−µ−ν+1
2 , 2s−µ+ν+2

2

]
× pFq

(
(ap) ; ωx

(bq)

)
× p+2Fq+2

(
(ap) , s,

2s+1
2 ; σω

(bq) ,
2s−µ−ν+1

2 , 2s−µ+ν+2
2

)
[σ, Re s > 0; Reµ < 1]

4 (σ − x)
−µ/2
+ Pµν

(
2σ

x
− 1

)
σs−µ/2 Γ

[
s− ν, s+ ν + 1

s+ 1, s− µ+ 1

]
× pFq

(
(ap) ; ωx

(bq)

)
× p+2Fq+2

(
(ap) , s− ν, s+ ν + 1; σω

(bq) , s+ 1, s− µ+ 1

)
[σ > 0; Reµ < 1; Re s > Re ν, −Re ν − 1]

5
(
σ2 − x2

)−µ/2
+

Pµν

(σ
x

) 2sωσs−µ+1

√
π

p∏
i=1

ai

q∏
j=1

b−1j Γ

[ s−ν+1
2 , s+ν+2

2

s− µ+ 2

]

× pFq

(
(ap) ; ωx

(bq)

)
× 2p+2F2q+3

( (ap)+1
2 ,

(ap)+2
2 , s−ν+2

2 , s+ν+3
2 ; σ2ω2

4q−p+1

3
2 ,

(bq)+1
2 ,

(bq)+2
2 , s−µ+3

2 , s−µ+4
2

)

+
2s−1σs−µ√

π
Γ

[ s−ν
2 , s+ν+1

2

s− µ+ 1

]
× 2p+2F2q+3

( (ap)
2 ,

(ap)+1
2 , s−ν2 , s+ν+1

2 ; σ2ω2

4q−p+1

1
2 ,

(bq)
2 ,

(bq)+1
2 , s−µ+1

2 , s−µ+2
2

)
[σ > 0; Reµ < 1; Re s > Re ν, −Re ν − 1]
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No. f (x) F (s)

6 (σ − x)
−µ/2
+ Pµν

(√
σ

x

)
22sσs−µ/2√

π
Γ

[ 2s−ν
2 , 2s+ν+1

2

2s− µ+ 1

]
× pFq

(
(ap) ; ωx

(bq)

)
× p+2Fq+2

(
(ap) ,

2s−ν
2 , 2s+ν+1

2 ; σω

(bq) ,
2s−µ+1

2 , 2s−µ+2
2

)
[σ > 0; Reµ < 1; Re s > Re ν, −Re ν − 1]

7 (σ − x)
−µ/2
+ Pµν

(
2x

σ
− 1

)
σs−µ/2 Γ

[ 2s−µ
2 , 2s+µ

2
2s−µ−2ν

2 , 2s−µ+2ν+2
2

]
× pFq

(
(ap) ; ωx2

(bq)

)
× p+4Fq+4

(
(ap) , ∆

(
2, 2s−µ

2

)
, ∆

(
2, 2s+µ

2

)
; σ2ω

(bq) , ∆
(
2, 2s−µ−2ν

2

)
, ∆

(
2, 2s−µ+2ν+2

2

))
[σ > 0; Reµ < 1; Re s > |Reµ|/2]

8 (σ − x)
−µ/2
+ Pµν

(
2σ

x
− 1

)
σs−µ/2 Γ

[
s− ν, s+ ν + 1

s+ 1, s− µ+ 1

]
× pFq

(
(ap) ; ωx2

(bq)

)
× p+4Fq+4

(
(ap) ,

s−ν
2 , s−ν+1

2 , s+ν+1
2 , s+ν+2

2

(bq) ,
s+1
2 , s+2

2 , s−µ+1
2 , s−µ+2

2 ; σ2ω

)
[σ > 0; Reµ < 1; Re s > Re ν, −Re ν − 1]

3.33.20. pFq ((ap) ; (bq) ; ωxr) and Qµν (ϕ (x))

1 (σ − x)
ν
+Q

µ
ν

(
σ + x

σ − x

)
eiµπσs+ν

2
Γ

[
ν + 1, µ+ ν + 1, 2s−µ

2 , 2s+µ
2

2s−µ+2ν+2
2 , 2s+µ+2ν+2

2

]
× pFq

(
(ap) ; ωx

(bq)

)
× p+2Fq+2

(
(ap) ,

2s−µ
2 , 2s+µ

2 ; σω

(bq) ,
2s−µ+2ν+2

2 , 2s+µ+2ν+2
2

)
[σ > 0; Re ν > −1; Re s > |Reµ|/2]

2 (σ − x)
ν
+Q

µ
ν

(
σ + x

σ − x

)
eiµπσs+ν

2
Γ

[
ν + 1, µ+ ν + 1, 2s−µ

2 , 2s+µ
2

2s−µ+2ν+2
2 , 2s+µ+2ν+2

2

]
× pFq

(
(ap) ; ωx2

(bq)

)
× p+4Fq+4

(
(ap) , ∆

(
2, 2s−µ

2

)
, ∆

(
2, 2s+µ

2

)
; σ2ω

(bq) , ∆
(
2, 2s−µ+2ν+2

2

)
, ∆

(
2, 2s+µ+2ν+2

2

))
[σ > 0; Re ν > −1; Re s > |Reµ|/2]

3.33.21. pFq ((ap) ; (bq) ; ωxr) and Ψ (a, b; σx)

1 e−σx Ψ (a, b; σx)× σ−s Γ

[
s, s− b+ 1

s+ a− b+ 1

]
p+2Fq+1

(
(ap) , s, s− b+ 1

(bq) , s+ a− b+ 1; −ωσ

)
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No. f (x) F (s)

× pFq

(
(ap) ; −ωx

(bq)

)

[
q = p− 1; |arg σ|, |argω| < π; 0, Re b− 1 < Re s < Re (ak + a)

]
or[

q = p; |arg σ| < π; (Reω > 0; 0, Re b− 1 < Re s < Re (ak + a)) or

(Reω = 0; 0, Re b− 1 < Re s < Re (ak + a) , Re (a− χ) + 1) or[
q = p+ 1; ω > 0; 0, Re b− 1 < Re s < Re (ak + a) , Re (a− χ) + 1/2; |arg σ| < π

]
.


2 e−σx Ψ (a, b; σx) σ−s Γ

[
s, s− b+ 1

s+ a− b+ 1

]
p+4Fq+2

(
(ap) ,

s
2 ,

s+1
2 , s−b+1

2 , s−b+2
2

(bq) ,
s+a−b+1

2 , s+a−b+2
2 ; − 4ω

σ2

)
× pFq

(
(ap) ; −ωx2

(bq)

)

[
q = p− 1; |arg σ|, |argω| < π; 0, Re b− 1 < Re s < Re (2ak + a)

]
or[

q = p; |arg σ| < π; (Reω > 0; 0, Re b− 1 < Re s < Re (2ak + a)) or

(Reω = 0; 0, Re b− 1 < Re s < Re (2ak + a) , Re (a− 2χ) + 2) or[
q = p+ 1; ω > 0; 0, Re b− 1 < Re s < Re (2ak + a) , Re (a− 2χ) + 1; |arg σ| < π

]
.


3.33.22. pFq ((ap) ; (bq) ; ωxr) and 2F1 (a, b; ϕ (x))

1 (σ − x)
c−1
+ 2F1

(
a, b

c; 1− x
σ

)
σs+c−1 Γ

[
c, s, s− a− b+ c

s− a+ c, s− b+ c

]
× pFq

(
(ap) ; ωx

(bq)

)
× p+2Fq+2

(
(ap) , s, s− a− b+ c; σω

(bq) , s− a+ c, s− b+ c

)
[σ, Re c > 0; Re s > 0, Re (a+ b− c)]

2 (σ − x)
c−1
+ 2F1

(
a, b

c; 1− σ
x

)
σs+c−1 Γ

[
c, s+ a, s+ b

s+ a+ b, s+ c

]
p+2Fq+2

(
(ap) , s+ a, s+ b; σω

(bq) , s+ a+ b, s+ c

)
× pFq

(
(ap) ; ωx

(bq)

)
[σ, Re c > 0; Re s > −Re a, −Re b]

3 (σ − x)
c−1
+ 2F1

(
a, b

c; 1− x
σ

)
σs+c−1 Γ

[
c, s, s− a− b+ c

s− a+ c, s− b+ c

]
× pFq

(
(ap) ; ωx2

(bq)

)
× p+4Fq+4

(
(ap) ,

s
2 ,

s+1
2 , s−a−b+c2 , s−a−b+c+1

2 ; σ2ω

(bq) ,
s−a+c

2 , s−a+c+1
2 , s−b+c2 , s−b+c+1

2

)
[σ, Re c > 0; Re s > 0, Re (a+ b− c)]

4 (σ − x)
c−1
+ 2F1

(
a, b

c; 1− σ
x

)
σs+c−1 Γ

[
c, s+ a, s+ b

s+ a+ b, s+ c

]
× pFq

(
(ap) ; ωx2

(bq)

)
× p+4Fq+4

(
(ap) ,

s+a
2 , s+a+1

2 , s+b2 , s+b+1
2 ; σ2ω

(bq) ,
s+a+b

2 , s+a+b+1
2 , s+c2 , s+c+1

2

)
[σ, Re c > 0; Re s > −Re a, −Re b]
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3.33.23. Products of pFq ((ap) ; (bq) ; ωxr)

Notation:
g =

(1− `) (m− n+ 1) + (1− k) (p− q + 1)

2
;

µ =

p∑
i=1

ai −
q∑
j=1

bj +
q − p+ 1

2
; ρ =

m∑
i=1

ci −
n∑
j=1

dj +
n−m+ 1

2
;

k, `, m, n, p, q = 0, 1, 2, . . . ; k, ` 6= 0; m ≤ n+ 1; p ≤ q + 1.

1 mFn

(
(cm) ; −σx

(dn)

)
(2π)

g
kµ `ρ+s(n−m+1)−1 σ−s Γ

[
(bq) , (dn)

(ap) , (cm)

]
× pFq

(
(ap) ; −ωx`/k

(bq)

)
×Gk+`m, kp+`kp+`n+`, kq+k+`m

(
kk(p−q−1)ωk

``(m−n−1)σ`

∣∣∣∣
∆ (`, 1− s) , ∆ (k, 1− (ap)) , ∆ (`, (dn)− s)

∆ (k, 0) , ∆ (`, (cm)− s) , ∆ (k, 1− (bq))

)
and one of the following conditions hold

(1)

 mp 6= 0; m = n or m = n+ 1; p = q or p = q + 1;

|arg σ| < (m− n+ 1)π/2; |argω| < (p− q + 1)π/2; Re s > 0;

Re
(
s− cj − ai`/k

)
< 0 (j = 1, 2, . . . ,m; i = 1, 2, . . . , p)



(2)


m > 0; m = n or m = n+ 1; p = q − 1 or p = q;

|arg σ| < (m− n+ 1)π/2; |argω| = (p− q + 1)π/2; Re s > 0;

Re
(
s− cj − ai`/k

)
< 0 (j = 1, 2, . . . ,m; i = 1, 2, . . . , p)

(p− q − 1) Re (s− cj)− ` Reµ/k > −3`/2k (j = 1, 2, . . . , p)



(3)


m = n− 1; or m = n; p > 0; p = q or p = q + 1;

|arg σ| = (m− n+ 1)π/2; |argω| < (p− q + 1)π/2; Re s > 0;

Re
(
s− cj − ai`/k

)
< 0 (j = 1, 2, . . . ,m; i = 1, 2, . . . , p)

(m− n− 1) Re
(
s− ai`/k

)
− Re ρ > −3/2


2 mFn

(
(cm) ; −σx

(dn)

)
(2π)

g
kµ `ρ+s+(m−n−1)−1 σs Γ

[
(bq) , (dn)

(ap) , (cm)

]
× pFq

(
(ap) ; −ωx`/k

(bq)

)
×Gk+`, kp+`mkq+`m, kq+k+`n+`

(
kk(p−q−1)ωk

``(n−m+1)σ−`

∣∣∣∣
∆ (k, (ap)) , ∆ (`, 1− s− (cm))

∆ (`, −s) , ∆ (k, 0) , ∆ (k, 1− (bq)) , ∆ (`, 1− s− (dn))

)
and one of the following conditions hold

(1)

 mp 6= 0; m = n or m = n+ 1; p = q or p = q + 1;

|arg σ| < (m− n+ 1)π/2; |argω| < (p− q + 1)π/2;

Re (a+ cj) > 0 (j = 1, . . . ,m) ; Re
(
s− aj`/k

)
< 0 (j = 1, 2, . . . , p)



(2)


m = n or m = n+ 1; p = q − 1 or p = q;

|arg σ| < (m− n+ 1)π/2; |argω| = (p− q + 1)π/2;

Re (a+ cj) > 0 (j = 1, . . . ,m) ; Re
(
s− aj`/k

)
< 0 (j = 1, 2, . . . , p)

Re
[
(p− q − 1)− µ`/k

]
> −3`/ (2k)



(3)


m = n− 1 or m = n; p = q or p = q + 1;

|arg σ| = (m− n+ 1)π/2; |argω| < (p− q + 1)π/2;

Re (a+ cj) > 0 (j = 1, . . . ,m) ; Re
(
s− aj`/k

)
< 0 (j = 1, 2, . . . , p)

Re [(n−m− 1) s− ρ] > −3/2
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3.34. The Appell Functions

3.34.1. The Appell and algebraic functions

1 (σ − x)
c−1
+ σs+c−1 B (s, c)F1 (a, b, b′; s+ c; σw, σz)

× F1 (a, b, b′; c; w (σ − x) , z (σ − x)) [σ, Re c, Re s > 0]

2
1

(x+ σ)
b
F1

(
a, b, b′; c;

w

x+ σ
, z
)

σs−b B (s, b− s)F1

(
a, b− s, b′; c; w

σ
, z
)

[0 < Re s < Re b; |arg σ| < π]

3
1

(x+ σ)
b
F1

(
a, b, b′; c;

wx

x+ σ
, z
)

σs−b B (s, b− s)F1 (a, s, b′; c; w, z)

[0 < Re s < Re b; |arg σ| < π]

4
1

(x+ σ)
a F1

(
a, b, b′; c;

w

x+ σ
,

z

x+ σ

)
σs−a B (s, a− s)F1

(
a− s, b, b′; c; w

σ
,
z

σ

)
[0 < Re s < Re a; |arg σ| < π]

5
1

(x+ σ)
a F1

(
a, b, b′; c;

wx

x+ σ
,

zx

x+ σ

)
σs−a B (s, a− s)F1 (s, b, b′; c; w, z)

[0 < Re s < Re a; |arg σ| < π]

6 (σ − x)
c−1
+ σs+c−1 B (s, c)F2 (a, b, b′; s+ c, c′; σw, z)

× F2 (a, b, b′; c, c′; w (σ − x) , z) [σ, Re c, Re s > 0]

7 (x− σ)
c−1
+ σs+c−1 B (c, 1− c− s)F2 (a, b, b′; 1− s, c′; w, z)

× F2

(
a, b, b′; c, c′;

w (x− σ)

x
, z
)

[σ, Re c > 0; Re (s+ c) < 1]

8
1

(x+ σ)
b
F2

(
a, b, b′; c, c′;

w

x+ σ
, z
)

σs−b B (s, b− s)F2

(
a, s, b′; c, c′;

w

σ
, z
)

[0 < Re s < Re b; |arg σ| < π]

9
1

(x+ σ)
b
F2

(
a, b, b′; c, c′;

wx

x+ σ
, z
)

σs−b B (s, b− s)F2 (a, s, b′; c, c′; w, z)

[0 < Re s < Re b; |arg σ| < π]

10
1

(x+ σ)
a σs−a B (s, a− s)F2

(
a− s, b, b′; c, c′; w

σ
,
z

σ

)
× F2

(
a, b, b′; c, c′;

w

x+ σ
,

z

x+ σ

)
[0 < Re s < Re a; |arg σ| < π]
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No. f (x) F (s)

11
1

(x+ σ)
a σs−a B (s, a− s)F2 (s, b, b′; c, c′; w, z)

× F2

(
a, b, b′; c, c′;

wx

x+ σ
,

zx

x+ σ

)
[0 < Re s < Re a; |arg σ| < π]

12 (σ − x)
c−1
+ σs+c−1 B (s, c)F3 (a, a′, b, b′; s+ c; σw, σz)

× F3 (a, a′, b, b′; c; w (σ − x) , z (σ − x)) [σ, Re c, Re s > 0]

13
1

(x+ σ)
a F3

(
a, a′, b, b′; c;

w

x+ σ
, z
)

σs−a B (s, a− s)F3

(
a− s, a′, b, b′; c; w

σ
, z
)

[0 < Re s < Re a; |arg σ| < π]

14
1

(x+ σ)
a F3

(
a, a′, b, b′; c;

wx

x+ σ
, z
)

σs−a B (s, a− s)F3 (s, a′, b, b′; c; w, z)

[0 < Re s < Re a; |arg σ| < π]

15 (1− x)
c−1
+ Γ (c) Γ

[
s+ a′, s+ b′, s+ c− a− b

s+ a′ + b′, s+ c− a, s+ c− b

]
× F3

(
a, a′, b, b′, c; 1− x, 1− 1

x

) [
Re c > 0; Re s > −Re a′, − Re b′;

Re (s− a− b+ c) > 0

]

16 (x− 1)
c−1
+ Γ (c) Γ

[
1− a′ − b′ − s, 1 + a− c− s

1− a′ − s, 1− b′ − s

]
× F3

(
a, a′, b, b′, c; 1− x, 1− 1

x

)
× Γ

[
1 + b− c− s

1 + a+ b− c− s

]
[

Re c > 0; Re s < 1− Re (a′ + b′) ;

Re s < 1− Re (a− c) , 1− Re (b− c)

]
17 (σ − x)

c−1
+ F4 (a, b; c, c′; w (σ − x) , z) σs+c−1 B (s, c)F4 (a, b; s+ c, c′; σw, z)

[σ, Re c, Re s > 0]

18 (x− σ)
c−1
+ F4

(
a, b; c, c′;

w (x− σ)

x
, z
)

σs+c−1 B (c, 1− c− s)F4 (a, b; 1− s, c′; w, z)

[σ, Re c > 0; Re (s+ c) < 1]

19
1

(x+ σ)
a F4

(
a, b; c, c′;

w

x+ σ
,

z

x+ σ

)
σs−a B (s, a− s)F4

(
a− s, b; c, c′; w

σ
,
z

σ

)
[0 < Re s < Re a; |arg σ| < π]

20
1

(x+ σ)
a F4

(
a, b; c, c′;

wx

x+ σ
,

zx

x+ σ

)
σs−a B (s, a− s)F4 (s, b; c, c′; w, z)

[0 < Re s < Re a; |arg σ| < π]
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3.35. The Humbert Functions

3.35.1. The Humbert and algebraic functions

1 (σ − x)
c−1
+ σs+c−1 B (s, c) Φ1 (a, b; s+ c; σw, σz)

× Φ1 (a, b; c; w (σ − x) , z (σ − x)) [σ, Re c, Re s > 0]

2
1

(x+ σ)
b

Φ1

(
a, b; c;

w

x+ σ
, z
)

σs−b B (s, b− s) Φ1

(
a, b− s; c; w

σ
, z
)

[0 < Re s < Re b; |arg σ| < π]

3
1

(x+ σ)
b

Φ1

(
a, b; c;

wx

x+ σ
, z
)

σs−b B (s, b− s) Φ1 (a, s; c; w, z)

[0 < Re s < Re b; |arg σ| < π]

4
1

(x+ σ)
a Φ1

(
a, b, c;

w

x+ σ
,

z

x+ σ

)
σs−a B (s, a− s) Φ1

(
a− s, b; c; w

σ
,
z

σ

)
[0 < Re s < Re a; |arg σ| < π] ,

5
1

(x+ σ)
a Φ1

(
a, b, b′; c;

wx

x+ σ
,

zx

x+ σ

)
σs−a B (s, a− s) Φ1 (a− s, b, b′; c; w, z)

[0 < Re s < Re a; |arg σ| < π]

6 (σ − x)
c−1
+ σs+c−1 B (s, c) Φ2 (b, b′; s+ c; σw, σz)

× Φ2 (b, b′; c; w (σ − x) , z (σ − x)) [σ, Re c, Re s > 0]

7
1

(x+ σ)
b

Φ2

(
b, b′; c;

w

x+ σ
, z
)

σs−b B (s, b− s) Φ2

(
b− s, b′; c; w

σ
, z
)

[0 < Re s < Re b; |arg σ| < π]

8
1

(x+ σ)
b

Φ2

(
b, b′; c;

wx

x+ σ
, z
)

σs−b B (s, b− s) Φ2 (s, b′; c; w, z)

[0 < Re s < Re b; |arg σ| < π]

9 (σ − x)
c−1
+ Φ3 (a; c; w (σ − x) , z (σ − x)) σs+c−1 B (s, c) Φ3 (a; s+ c; σw, σz)

[σ, Re c, Re s > 0]
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No. f (x) F (s)

10
1

(x+ σ)
b

Φ3

(
b; c;

w

x+ σ
, z
)

σs−b B (s, b− s) Φ3

(
b− s; c; w

σ
, z
)

[0 < Re s < Re b; |arg σ| < π]

11
1

(x+ σ)
b

Φ3

(
b; c;

wx

x+ σ
, z
)

σs−b B (s, b− s) Φ3 (s; c; w, z)

[0 < Re s < Re b; |arg σ| < π]

12 (σ − x)
c−1
+ σs+c−1 B (s, c) Ξ1 (a, a′, b; s+ c; σw, σz)

× Ξ1 (a, a′, b; c; w (σ − x) , z (σ − x)) [σ, Re c, Re s > 0]

13
1

(x+ σ)
a Ξ1

(
a, a′, b; c;

w

x+ σ
, z
)

σs−a B (s, a− s) Ξ1

(
a− s, a′, b; c; w

σ
, z
)

[0 < Re s < Re a; |arg σ| < π]

14
1

(x+ σ)
a Ξ1

(
a, a′, b; c;

wx

x+ σ
, z
)

σs−a B (s, a− s) Ξ1 (s, a′, b; c; w, z)

[0 < Re s < Re a; |arg σ| < π] ,

15 (σ − x)
c−1
+ σs+c−1 B (s, c) Ξ2 (a, b; s+ c; σw, σz)

× Ξ2 (a, b; c; w (σ − x) , z (σ − x)) [σ, Re c, Re s > 0]

16
1

(x+ σ)
a Ξ2

(
a, b; c;

w

x+ σ
, z
)

σs−a B (s, a− s) Ξ2

(
a− s, b; c; w

σ
, z
)

[0 < Re s < Re a; |arg σ| < π]

17
1

(x+ σ)
a Ξ2

(
a, b; c;

wx

x+ σ
, z
)

σs−a B (s, a− s) Ξ2 (s, b; c; w, z)

[0 < Re s < Re a; |arg σ| < π]

18 (σ − x)
c−1
+ Ψ1 (a, b; c, c′; w (σ − x) , z) σs+c−1 B (s, c) Ψ1 (a, b; s+ c, c′; σw, z)

[σ, Re c, Re s > 0]
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No. f (x) F (s)

19 (x− σ)
c−1
+ Ψ1

(
a, b; c, c′;

w (x− σ)

x
, z
)

σs+c−1 B (c, 1− c− s) Ψ1 (a, b; 1− s, c′; w, z)

[σ, Re c > 0; Re (s+ c) < 1]

20
1

(x+ σ)
b

Ψ1

(
a, b; c, c′;

w

x+ σ
, z
)

σs−b B (s, b− s) Ψ1

(
a, s; c, c′;

w

σ
, z
)

[0 < Re s < Re b; |arg σ| < π]

21
1

(x+ σ)
b

Ψ1

(
a, b; c, c′;

wx

x+ σ
, z
)

σs−b B (s, b− s) Ψ1 (a, s; c, c′; w, z)

[0 < Re s < Re b; |arg σ| < π]

22
1

(x+ σ)
a Ψ1

(
a, b; c, c′;

w

x+ σ
,

z

x+ σ

)
σs−a B (s, a− s) Ψ1

(
a− s, b; c, c′; w

σ
,
z

σ

)
[0 < Re s < Re a; |arg σ| < π]

23
1

(x+ σ)
a Ψ1

(
a, b; c, c′;

wx

x+ σ
,

zx

x+ σ

)
σs−a B (s, a− s) Ψ1 (s, b; c, c′; w, z)

[0 < Re s < Re a; |arg σ| < π]

24 (σ − x)
c−1
+ Ψ2 (a; c, c′; w (σ − x) , z) σs+c−1 B (s, c) Ψ2 (a; s+ c, c′; σw, z)

[σ, Re c, Re s > 0]

25 (x− σ)
c−1
+ Ψ2

(
a; c, c′;

w (x− σ)

x
, z
)

σs+c−1 B (c, 1− c− s) Ψ2 (a; 1− s, c′; w, z)

[σ, Re c > 0; Re (s+ c) < 1]

26
1

(x+ σ)
a Ψ2

(
a; c, c′;

w

x+ σ
,

z

x+ σ

)
σs−a B (s, a− s) Ψ2

(
a− s; c, c′; w

σ
,
z

σ

)
[0 < Re s < Re a; |arg σ| < π]

27
1

(x+ σ)
a Ψ2

(
a; c, c′;

wx

x+ σ
,

zx

x+ σ

)
σs−a B (s, a− s) Ψ2 (s; c, c′; w, z)

[0 < Re s < Re a; |arg σ| < π]
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3.35.2. The Humbert and the exponential functions

1 e−pxΦ1 (a, b; w, zx)
Γ (s)

ps
F1

(
a, b, s; c; w,

z

p

)
[Re p > 0, Re z; Re s > 0]

2 e−pxΦ2 (b, b′; c; wx, z)
Γ (s)

ps
Ξ1

(
b, b′; s; c;

w

p
, z
)

[Re p > 0, Rew; Re s > 0]

3 e−pxΦ2 (b, b′; c; wx, zx)
Γ (s)

ps
F1

(
s, b, b′; c;

w

p
,
z

p

)
[Re p > 0, Re z, Rew; Re s > 0]

4 e−pxΦ3 (b; c; w, zx)
Γ (s)

ps
Φ2

(
b, s; c; w,

z

p

)
[Re p > 0, Re z; Re s > 0]

5 e−pxΦ3 (b; c; wx, z)
Γ (s)

ps
Ξ2

(
s, b; c;

w

p
, z
)

[Re p > 0, Rew; Re s > 0]

6 e−pxΦ3 (b; c; wx, zx)
Γ (s)

ps
Φ1

(
s, b; c;

w

p
,
z

p

)
[Re p > 0, Rew; Re s > 0]

7 e−p
√
xΦ3 (b; c; w, zx)

2Γ (2s)

p2s
Ξ1

(
s, b,

2s+ 1

2
; c;

4z

p2
, w
)

[Re p > 2|Re (
√
z)|; Re s > 0]

8 e−pxΨ1 (a, b; c, c′; w, zx)
Γ (s)

ps
F2

(
a, b, s; c, c′; w,

z

p

)
[Re p > 0, Re z; Re s > 0]

9 e−pxΨ2 (a; c, c′; wx, z)
Γ (s)

ps
Ψ1

(
a, s; c, c′;

w

p
, z
)

[Re p > 0, Rew; Re s > 0]

10 e−pxΨ2 (a; c, c′; wx, zx)
Γ (s)

ps
F4

(
s, a; c, c′;

w

p
,
z

p

)
[Re p > 0, Rew, Re z; Re s > 0]

11 e−pxΞ1 (a, a′, b; c; w, zx)
Γ (s)

ps
F3

(
a, a′, b, s; c; w,

z

p

)
[Re p > 0, Re z; Re s > 0]

12 e−pxΞ2 (a, b; c; w, zx)
Γ (s)

ps
Ξ1

(
a, s, b; c; w,

z

p

)
[Re p > 0, Re z; Re s > 0]

13 e−p
√
xΞ2 (a, b; c; w, zx)

2Γ (2s)

p2s
F3

(
a, s, b, s+

1

2
; c; w,

4z

p2

)
[Re p > 2|Re (

√
z)|; Re s > 0]
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3.36. The Meijer G-Function

More formulas can be obtained from the corresponding section due to the relations

Gmnpq

(
z

∣∣∣∣ (ap)

(bq)

)
=

m∑
k=1

Γ

[
(bm)

′ − bk, bk − (an) + 1

an+1 − bk, . . . , ap − bk, bk − bm+1 + 1, . . . , bk − bq + 1

]

× zbk pFq
(
bk − (ap) + 1; (−1)

p−m−n
z

bk − (bq)
′
+ 1

)
.

The notations (bm)
′ − bk and bk − (bq)

′
+ 1 mean

that the term with bk − bk is absent. (p < q) or (p = q, m+ n > p) or

(p = q, m+ n = p; |z| < 1) ;

bj − bk 6= 0, ±1, ±2, . . . ; j 6= k; j, k = 1, 2, . . . , m.


Gmnpq

(
z

∣∣∣∣ (ap)

(bq)

)
=

n∑
k=1

Γ

[
ak − (an)

′
, (bm)− ak + 1

ak − bm+1, . . . , ak − bq, an+1 − ak + 1, . . . , ap − ak + 1

]

× zak−1 pFq
(

(bq)− ak + 1; (−1)q−m−n
z

(ap)
′ − ak + 1

)
.

The notations ak − (an)
′

and (ap)
′ − ak + 1 mean

that the term with ak − ak is absent. (p > q) or (p = q, m+ n = p+ 1; z /∈ (−1, 0)) or

(p = q, m+ n > p+ 1) or (p = q, m+ n = p; |z| > 1) ;

aj − ak 6= 0, ±1, ±2, . . . ; j 6= k; j, k = 1, 2, . . . , n.

.
Notation:

m, n, p, q, r, t, u, v = 0, 1, 2, . . . ; σ, ω ∈ C; σ 6= 0; ω 6= 0;

0 ≤ m ≤ q; 0 ≤ n ≤ p; 0 ≤ r ≤ v; 0 ≤ t ≤ u;

b∗ = r + t− u+ v

2
, c∗ = m+ n− p+ q

2
;

µ =

q∑
j=1

bj −
p∑
i=1

ai +
p− q

2
+ 1, ρ =

v∑
h=1

dh −
u∑
g=1

cg +
u− v

2
+ 1;

k, ` = 1, 2, . . . ; ∆ (k, a) =
a

k
,
a+ 1

k
, . . . ,

a+ k − 1

k
;

∆ (k, (ap)) = ∆ (k, a1) , ∆ (k, a2) , . . . ,∆ (k, ap) ;

ϕ = q − p− `

k
(v − u) ; η = 1− s (v − u)− µ− ρ.

Conditions A:

1◦ ai − bj 6= 1, 2, . . . (i = 1, . . . , n; j = 1, . . . ,m) ;

cg − dh 6= 1, 2, . . . (g = 1, . . . , t; h = 1, . . . , r) ;

2◦ Re

(
s+ dh +

`

k
bj

)
> 0 (j = 1, . . . ,m; h = 1, . . . , r) ;
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3◦ Re

(
s+ cg +

`

k
ai

)
<
`

k
+ 1 (i = 1, . . . , n; g = 1, . . . , t) ;

4◦ (p− q) Re (s+ cg − 1)− `

k
Reµ > − 3`

2k
(g = 1, . . . , t) ;

5◦ (p− q) Re (s+ dh)− `

k
Reµ > − 3`

2k
(h = 1, . . . , r) ;

6◦ (u− v) Re

(
s+

`

k
ai −

`

k

)
− Re ρ > −3

2
(i = 1, . . . , n) ;

7◦ (u− v) Re

(
s+

`

k
bj

)
− Re ρ > −3

2
(j = 1, . . . ,m) ;

8◦ |ϕ|+ 2 Re

[
(q − p) (v − u) s+

`

k
(v − u) (µ− 1) + (q − p) (ρ− 1)

]
> 0;

9◦ |ϕ| − 2 Re

[
(q − p) (v − u) s+

`

k
(v − u) (µ− 1) + (q − p) (ρ− 1)

]
> 0;

10◦ ϕ = 0; c∗ + r (b∗ − 1) ≤ 0; |arg
(
1− z0σ−`ωk

)
| < π;

z0 =

(
`

k

)l(v−u)
exp [− (`b∗ + kc∗)πi]

and z0 = σ`ω−k provided that Re [(v − u) s+ µ+ ρ] < 1.

11◦ One of the following conditions holds:

λc > 0 or λc = 0, λr 6= 0, Re η > −1 or λc = λr = 0, Re η > 0.

λc = (q − p) |ω|1/(q−p) cos ψ̃ + (v − u) |σ|1/(v−u) cos θ,

ψ̃ =
1

q − p
[|argω|+ (q −m− n)π] , θ =

1

v − u
[|arg σ|+ (v − r − t)π] ;

λr = (q − p) |ω|1/(q−p) sgn (argω) sin ψ̃

+ (v − u) |σ|1/(v−u) sgn (arg σ) sin θ for argω arg σ 6= 0;

λr = λ+r λ
−
r , λ±r = lim

arg σ→±0
λr for arg σ = 0 and argω 6= 0;

λr = λ̃+r λ̃
−
r , λ̃±r = lim

argω→±0
λr for arg σ 6= 0 and argω = 0;

λr = λ̄+r λ̄
−
r , λ̄±r = lim

argω→0
arg σ→±0

λr for arg σ = argω = 0.

Gmnpq

(
z

∣∣∣∣ (ap)

(bq)

)
= (2π)

(1−k)c∗
kµGkm, knkp, kq

(
zk

kk(q−p)

∣∣∣∣ ∆ (k, (ap))

∆ (k, (bq))

)
[k = 1, 2, . . . ] .
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3.36.1. Gmnpq

(
ωx

∣∣∣∣ (ap)

(bq)

)

No. f (x) F (s)

1 Gmnpq

(
ωx

∣∣∣∣ (ap)

(bq)

)
ω−s Γ

[
1− (an)− s, s+ (bm)

s+ an+1, . . . , s+ ap, 1− bm+1 − s, . . . , 1− bq − s

]


[
q = p− 2; c∗ ≥ 0;

(−1)
q−m−n

ω < 0; −Re bk, −Reχ− 1/2 < Re s < 1− Re ak
]

or[
q = p− 1; c∗ ≥ 0;

(
(−1)

q−m−n
Reω < 0; −Re bk < Re s < 1− Re ak

)
or

(Reω = 0; −Re bk, −Reχ− 1 < Re s < 1− Re ak)
]

or[
q = p; c∗ > 0;

(
|argω| < (2m+ 2n− p− q)π/2;

−Re bk < Re s < 1− Re ak
)

or(
ω > 0; c∗ = 0;

∑p
k=1 Re (ak − bk) > 0; −Re bk < Re s < 1− Re ak

)]
or[

q = p+ 1; c∗ ≥ 0;
(
(−1)

p−m−n
Reω < 0; −Re bk < Re s < 1− Re ak

)
or

(Reω = 0; −Re bk < Re s < 1− Re ak, 1− Reχ)
]

or[
q = p+ 2; c∗ ≥ 0; (−1)

p−m−n
ω < 0; −Re bk < Re s < 1− Re ak, 1/2− Reχ

]



2 Gmnpq

(
x

∣∣∣∣ (ap)

(bq)

)
Γ

[
1− (an)− s, s+ (bm)

s+ an+1, . . . , s+ ap, 1− bm+1 − s, . . . , 1− bq − s

]


− min
1≤j≤m

Re bj < Re s < 1− max
1≤k≤n

Re ak

and either[
0 ≤ n ≤ p; 0 ≤ m ≤ q; 2 (m+ n) > p+ q

]
or[

0 ≤ n ≤ p ≤ q − 2 (or 0 ≤ m ≤ q ≤ p− 2) ;

2 (m+ n) = p+ q;

(q − p) Re s <
q − p+ 1

2
+ Re

( p∑
k=1

ak −
q∑
j=1

bj

)]
or[
p = q ≥ 1; m+ n = p;

p∑
j=1

Re (aj − bj) > 0
]



3.36.2. Gmnpq

(
ωx

∣∣∣∣ (ap)

(bq)

)
and algebraic functions

1 (a− x)
α−1
+

kµ as+α−1Γ (α)

`α (2π)
c∗(k−1) Gkm, kn+`kp+`, kq+`

(
ωka`

kk(q−p)

∣∣∣∣ ∆ (`, 1− s) ,
∆ (k, (bq)) ,

×Gmnpq
(
ωx`/k

∣∣∣∣ (ap)

(bq)

)
∆ (k, (ap))

∆ (`, 1− s− α)

)
[

see Conditions A with

σ = 1/a; r = u = v = 1; t = d1 = 0; c1 = α

]
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No. f (x) F (s)

2 (x− a)
α−1
+

kµ `−α

(2π)
c∗(k−1)

a1−s−α
Γ (α)

×Gmnpq
(
ωx`/k

∣∣∣∣ (ap)

(bq)

)
×Gkm+`, kn

kp+`, kq+`

(
ωka`

kk(q−p)

∣∣∣∣ ∆ (k, (ap)) , ∆ (k, 1− s)
∆ (k, 1− s− α) , ∆ (k, (bq))

)
[

see Conditions A with

σ = 1/a; r = d1 = 0; t = u = v = 1; c1 = α

]

3
1

(x+ a)
β

kµ `β−1 as−β

(2π)
c∗(k−1)+`−1

Γ (β)

×Gmnpq
(
ωx`/k

∣∣∣∣ (ap)

(bq)

)
×Gkm+`, kn+`

kp+`, kq+`

(
ωka`

kk(q−p)

∣∣∣∣ ∆ (`, 1− s) , ∆ (k, (ap))

∆ (`, β − s) , ∆ (k, (bq))

)
[

see Conditions A with

σ = 1/a; r = t = u = v = 1; c1 = 1− β; d1 = 0

]

4
1

x− a
Gmnpq

(
ωx`/k

∣∣∣∣ (ap)

(bq)

)
− π kµ as−1

(2π)
c∗(k−1) G

km+`, kn+`
kp+2`, kq+2`

(
ωka`

kk(q−p)

∣∣∣∣ ∆ (`, 1− s) ,
∆ (`, 1− s) ,

∆ (k, (ap)) , ∆
(
`, 1−2s2

)
∆ (k, (bq)) , ∆

(
`, 1−2s2

) )
[

see Conditions A with

σ = 1/a; r = t = 1; u = v = 2; c1 = d1 = 0; c2 = d2 = 1/2

]

5
1

(x+ a)
β

√
2π ks−1/2 `1/2−β as−β

(`− k)
s−β+1/2

Gm+`, n
p+`, q+`

(
ω``

kk

(
a

`− k

)`−k ∣∣∣∣ (ap) ,

∆ (k, s) ,

×Gmnpq
(
ω (x+ a)

`

xk

∣∣∣∣ (ap)

(bq)

)
∆ (`, β)

∆ (`− k, β − s) , (bq)

)


0 < k < `; c∗ > 0; |arg
(
ωa`−k

)
| < c∗π;

−k + k max
1≤j≤n

Re aj < Re s

< Reβ + (`− k)
[
1− max

1≤j≤n
Re aj

]


6
1

(x+ a)
β

√
2π ks−1/2 `1/2−β as−β

(k − `)1/2+s−β

×Gmnpq
(
ω (x+ a)

`

xk

∣∣∣∣ (ap)

(bq)

)
×Gm+k, n+k−`

p+k, q+k

(
ω``

kk

(
a

k − `

)`−k ∣∣∣∣
∆ (`− k, s− β + 1) , (ap) , ∆ (`, β)

∆ (k, s) , (bq)

)


0 < ` < k; c∗ > 0; |arg
(
ωa`−k

)
| < c∗π;

−k + k max
1≤j≤n

Re aj < Re s

< Reβ + (k − `) min
1≤j≤m

Re bj
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No. f (x) F (s)

7
1

(x+ a)
β

√
2π (ka)

s−β
Γ (β − s) Gm+k, n

p+k, q+k

(
ω

∣∣∣∣ (ap) , ∆ (k, β)

∆ (k, s) , (bq)

)
×Gmnpq

(
ω (x+ a)

`

xk

∣∣∣∣ (ap)

(bq)

) [
` = k > 0; c∗ > 0; |argω| < c∗π;

−k + k max
1≤j≤n

Re aj < Re s < Reβ

]

8
1

(x+ 1)
β

Γ (β − s)Gm,n+1
p+1, q+1

(
ω

∣∣∣∣ 1− s, (ap) , ∆ (k, β)

(bq) , 1− β

)

×Gmnpq
(

ωx

x+ 1

∣∣∣∣ (ap)

(bq)

) [
c∗ > 0; |argω| < c∗π;

− min
1≤j≤m

Re bj < Re s < Reβ

]

3.36.3. Gmnpq

(
ωxσ

∣∣∣∣ (ap)

(bq)

)
and the exponential function

1 e−σxGmnpq

(
ωx`/k

∣∣∣∣ (ap)

(bq)

)
kµ `s−1/2 σ−s

(2π)
(`−1)/2+(k−1)c∗ G

km, kn+`
kp+`, kq

(
ωk``

σ`kk(q−p)

∣∣∣∣ ∆ (`, 1− s) ,
∆ (k, (bq))

∆ (k, (ap))

·

) [
see Conditions A with

r = v = 1; t = u = d1 = 0

]

2 e−σxGmnpq

(
ωx

∣∣∣∣ (ap)

(bq)

)
σ−sGm,n+1

p+1, q

(
ω

σ

∣∣∣∣ 1− s, (ap)

(bq)

)


[
q = p− 2; (−1)

q−m−n
ω < 0; (Reσ > 0; −Re bk, −Reχ− 1/2 < Re s) or

(Reσ = 0; −Re bk, −Reχ− 1/2 < Re s < 2− Re ak)
][

q = p− 1;
(
Reσ > 0; (−1)

q−m−n
ω < 0; −Re bk < Re s

)
or

(Reσ > 0; Reω = 0; −Re bk, −Reχ− 1 < Re s) or(
Reσ = 0; (−1)

q−m−n
ω < 0; −Re bk < Re s < 2− Re ak

)
or

(Reσ = Reω = 0; −Re bk, −Reχ− 1 < Re s < 2− Re ak)
]

or[
q = p; (Reσ > 0; Re s > −Re bk) or

(Reσ = 0; −Re bk < Re s < 2− Re ak) ;(
(m+ n > p; |argω| < (m+ n− p)π) or

(m+ n = p; ω > 0;
∑p
k=1 Re (ak − bk) > 0)

)]
or[

q = p+ 1;
(
Reσ, Re

(
σ − (−1)

p−m−n
ω
)
> 0; Re s > −Re bk

)
or(

Reσ > 0; Re
(
σ − (−1)

p−m−n
ω
)

= 0; −Re bk < Re s < 1− Reχ
)

or(
Reσ = 0; (−1)

p−m−n
Reω < 0; −Re bk < Re s < 2− Re ak

)
or

(Reσ = Reω = 0; −Re bk < Re s < 2− Re ak, 1− Reχ)
]

or[
q = p+ 2;

(
Reσ > 0; (−1)

p−m−n
ω < 0; −Re bk < Re s

)
or(

Reσ = 0; Re s < 2− Re ak, 1− Reχ
)]

or[
q ≥ p+ 3; Reσ > 0; Re s > −Re bk

]
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3.36.4. Gmnpq

(
ωxσ

∣∣∣∣ (ap)

(bq)

)
and trigonometric functions

1 sin (bx)
kµ (2`)

s−1/2
b−s

2 (2π)
(k−1)c∗−1/2 G

km, kn+`
kp+2`, kq

(
ωk (2`)

2`

b2`kk(q−p)

∣∣∣∣ ∆
(
`, 1−s

2

)
,

×Gmnpq
(
ωx2`/k

∣∣∣∣ (ap)

(bq)

)
∆ (k, (ap)) , ∆

(
`, 2−s

2

)
∆ (k, (bq))

)
 see Conditions A with s being

replaced by s/2 and with

σ = b2/4; r = 1; t = u = 0; v = 2; d1 = 1/2; d2 = 0



2 sin (bx)Gmnpq

(
ωx2

∣∣∣∣ (ap)

(bq)

) √
π

b
Gm,n+1
p+2, q

(
4ω

b2

∣∣∣∣ 0, (ap) ,
1
2

(bq)

)
[
c∗ > 0; b > 0; Re bj > −1 (j = 1, . . . ,m) ;

Re ai < 1/2 (i = 1, . . . , n) ; |argω| < c∗π

]

3 cos (bx)
kµ (2`)

s−1/2
b−s

2 (2π)
c∗(k−1)−1/2

×Gmnpq
(
ωx2`/k

∣∣∣∣ (ap)

(bq)

)
×Gkm, kn+`kp+2`, kq

(
ωk (2`)

2`

b2`kk(q−p)

∣∣∣∣ ∆
(
`, 2−s

2

)
, ∆ (k, (ap)) , ∆

(
`, 1−s

2

)
∆ (k, (bq))

)
 see Conditions A with s being

replaced by s/2 and with

σ = b2/4; r = 1; t = u = 0; v = 2; d1 = d2 = 1/2



4 cos (bx)Gmnpq

(
ωx2

∣∣∣∣ (ap)

(bq)

) √
π

b
Gm,n+1
p+2, q

(
4ω

b2

∣∣∣∣ 1
2 , (ap) , 0

(bq)

)
[
c∗; b > 0; Re bj > −1/2 (j = 1, . . . ,m) ;

Re ai < 1/2 (i = 1, . . . , n) ; |argω| < c∗π

]

3.36.5. Gmnpq

(
ωxσ

∣∣∣∣ (ap)

(bq)

)
and the Bessel functions

1 Jν (bx)
kµ (2`)

s−1

(2π)
(k−1)c∗

bs
Gkm, kn+`kp+2`, kq

(
ωk (2`)

2`

b2`kk(q−p)

∣∣∣∣ ∆
(
`, 2−s−ν

2

)
,

·

×Gmnpq
(
ωx2`/k

∣∣∣∣ (ap)

(bq)

)
∆ (k, (ap)) , ∆

(
`, 2−s+ν

2

)
∆ (k, (bq))

)
 see Conditions A with s being

replaced by s/2 and with

σ = b2/4; r = 1; t = u = 0; v = 2; d1 = ν/4; d2 = −ν/4





3.36. The Meijer G-Function 539

No. f (x) F (s)

2 Jν (bx)Gmnpq

(
ωx2

∣∣∣∣ (ap)

(bq)

)
2s−1

bs
Gm,n+1
p+2, q

(
4ω

b2

∣∣∣∣ 2−s−ν
2 , (ap) ,

2−s+ν
2

(bq)

)
 c∗ > 0; b > 0; |argω| < c∗π;

Re (bj + (s+ ν) /2) > 0 (j = 1, . . . ,m) ,

Re (ai + s/2) < 5/4 (i = 1, . . . , n)



3 Jν (a
√
x)

(
2

a

)2s

Gm,n+1
p+2, q

(
4ω

a2

∣∣∣∣ 2−2s−ν
2 , (ap) ,

2−2s+ν
2

(bq)

)

×Gmnpq
(
ωx

∣∣∣∣ (ap)

(bq)

) [
c∗ > 0; a > 0; |argω| < c∗π;

−Re ν/2− min
1≤j≤m

Re bj < Re s < 7/4− max
1≤i≤n

Re ai

]

4 Yν (bx)
kµ (2`)

s−1

(2π)
(k−1)c∗

bs
Gkm, kn+2`
kp+3`, kq+`

(
ωk (2`)

2`

b2`kk(q−p)

∣∣∣∣ ∆
(
`, 2−s−ν

2

)
,

∆ (k, (bq)),

×Gmnpq
(
ωx2`/k

∣∣∣∣ (ap)

(bq)

)
∆
(
`, 2−s+ν

2

)
, ∆ (k, (ap)) , ∆

(
`, 3−s+ν

2

)
∆
(
`, 3−s+ν2

) )


see Conditions A with s

being replaced by s/2 and with

σ = b2/4; r = 2; t = 0;u = 1; v = 3;

c1 = d3 = (1− ν) /2; d1 = −ν/2; d2 = ν/2



5 Yν (a
√
x)

(
2

a

)2s

Gm,n+2
p+3, q+1

(
4ω

a2

∣∣∣∣ 2−2s−2ν
2 , 2−2s+2ν

2 , (ap) ,
3−2s+ν

2

(bq) ,
3−2s+ν

2

)

×Gmnpq
(
ωx

∣∣∣∣ (ap)

(bq)

) [
c∗ > 0; a > 0; |argω| < c∗π

− min
1≤j≤m

Re bj − Re ν/2 < Re s < 7/4− max
1≤i≤n

Re ai

]

6 Kν (bx)
πkµ (2`)

s−1

(2π)
(k−1)c∗+`

bs
Gkm, kn+2`
kp+2`, kq

(
ωk (2`)

2`

b2`kk(q−p)

∣∣∣∣ ∆
(
`, 2−s−ν

2

)
,

×Gmnpq
(
ωx2`/k

∣∣∣∣ (ap)

(bq)

)
∆
(
`, 2−s+ν

2

)
, ∆ (k, (ap))

∆ (k, (bq))

)
 see Conditions A with s

being replaced by s/2 and with

σ = b2/4; r = v = 2; t = u = 0; d1 = −ν/2; d2 = ν/2



7 Kν (a
√
x)

1

2

(
2

a

)2s

Gmnpq

(
4ω

a2

∣∣∣∣ 2−2s−ν
2 , 2−2s+ν

2 , (ap)

(bq)

)

×Gmnpq
(
ωx

∣∣∣∣ (ap)

(bq)

) [
c∗ > 0; a > 0; |argω| < c∗π;

Re s > Re ν/2− min
1≤j≤m

Re bj

]
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3.36.6. Gmnpq

(
ωxσ

∣∣∣∣ (ap)

(bq)

)
and orthogonal polynomials

1
(
a2 − x2

)λ−1/2
+

Cλr

(x
a

) kµ as+2λ−1

2 r! (2π)
(k−1)c∗

`λ+1/2
(2λ)r Γ

(
2λ+ 1

2

)

×Gmnpq
(
ωx2`/k

∣∣∣∣ (ap)

(bq)

)
×Gkm, kn+2`

kp+2`, kq+2`

(
ωkkk(p−q)

σ2`

∣∣∣∣ ∆ (2`, 1− s) ,
∆ (k, (bq)) ,

∆ (k, (ap))

∆
(
`, 1−s−r−2λ

2

)
, ∆

(
`, 1−s+r

2

))
see Conditions A with s being

replaced by s/2 and with σ = a−2; t = 0;

r = u = v = 2; c1 = (r + 2λ+ 1) /2; c2 = (1− r) /2;

d1 = 0; d2 = 1/2; r = 0, 1, 2, . . .


2 (a− x)

α
+ P

(α, β)
r

(
2x

a
− 1

)
kµ as+α Γ (α+ r + 1)

(2π)
(k−1)c∗

`α+1r!
Gkm, kn+2`
kp+2`, kq+2`

(
ωka`

kk(q−p)

∣∣∣∣ ∆ (`, 1− s) ,
∆ (k, (bq)) ,

×Gmnpq
(
ωx`/k

∣∣∣∣ (ap)

(bq)

)
∆ (`, 1− s+ β) , ∆ (k, (ap))

∆ (`, 1− s+ r + β) , ∆ (`, −s− r − α)

)
 see Conditions A with

σ = 1/a; t = 0; r = u = v = 2; c1 = α+ r + 1;

c2 = −v − r; d1 = 0; d2 = −v; r = 0, 1, 2, . . .



3.36.7. Gmnpq

(
ωxσ

∣∣∣∣ (ap)

(bq)

)
and the Legendre function

1
(
a2 − x2

)−λ/2
+

Pλν

(x
a

) kµ (2`)
λ−1

as−λ

(2π)
(k−1)c∗ Gkm, kn+2`

kp+2`, kq+2`

(
a2`ωk

kk(q−p)

∣∣∣∣ ∆ (2`, 1− s) ,
∆ (k, (bq)) ,

×Gmnpq
(
ωx2`/k

∣∣∣∣ (ap)

(bq)

)
∆ (k, (ap))

∆
(
`, λ−s−ν2

)
, ∆

(
`, 1−s+λ+ν

2

))
see Conditions A with s

being replaced by s/2 and with

σ = 1/a2; t = 0; r = u = v = 2; c1 = (1− λ− ν) /2;

c2 = (2− λ+ ν) /2; d1 = 0; d2 = 1/2


2

(
x2 − a2

)−λ/2
+

Pλν

(x
a

) kµ (2`)
λ−1

as−λ

(2π)
(k−1)c∗ Gkm+2`, kn

kp+2`, kq+2`

(
a2`ωk

kk(q−p)

∣∣∣∣ ∆ (k, (ap)) ,

∆
(
`, λ−s−ν2

)
,

×Gmnpq
(
ωx2`/k

∣∣∣∣ (ap)

(bq)

)
∆ (2`, −s)

∆
(
`, 1−s+λ+ν

2

)
, ∆ (k, (bq))

)


see Conditions A with s

being replaced by s/2 and with

σ = 1/a2; r = 0; t = u = v = 2; c1 = (1− λ− ν) /2;

c2 = (2− λ+ ν) /2; d1 = 0; d2 = 1/2
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3.36.8. Gmnpq

(
ωxσ

∣∣∣∣ (ap)

(bq)

)
and the Struve function

1 Hν (2
√
x) Gm+1, n+1

p+3, q+1

(
ω

∣∣∣∣ 1−2s−ν
2 , (ap) ,

2−2s+ν
2 , 2−2s−ν

2
1−2s−ν

2 , (bq)

)

×Gmnpq
(
ωx

∣∣∣∣ (ap)

(bq)

) 
c∗ > 0; |argω| < c∗π;

Re s > − (1 + Re ν) /2− min
1≤j≤m

Re bj ;

Re s < 1− max
1≤i≤n

Re ai −max [−3/4, Re (ν − 1) /2]



3.36.9. Gmnpq

(
ωxσ

∣∣∣∣ (ap)

(bq)

)
and the Whittaker functions

1 e−σx/2Wµ, ν (σx)
kµ `s+µ−1/2 σ−s

(2π)
(`−1)/2+(k−1)c∗ Γ

[
2ν + 1
2µ+2ν+1

2

]

×Gmnpq
(
ωx`/k

∣∣∣∣ (ap)

(bq)

)
×Gkm+`, kn+`

kp+2`, kq+`

(
ωk``

σ`kk(q−p)

∣∣∣∣ ∆
(
`, 1−2s−2ν

2

)
,

∆ (`, µ− s) ,

∆ (k, (ap)) , ∆
(
`, 1−2s+2ν

2

)
∆ (k, (bq))

)
[

see Conditions A with v = 2;

r = t = u = 1; c1 = 1− µ; d1 = 1/2 + ν; d2 = 1/2− ν

]

2 e−σx/2Wµ, ν (σx)
kµ `s+µ−1/2 σ−s

(2π)
(`−1)/2+(k−1)c∗

×Gmnpq
(
ωx`/k

∣∣∣∣ (ap)

(bq)

)
×Gkm, kn+2`

kp+2`, kq+`

(
ωk``

σ`kk(q−p)

∣∣∣∣ ∆
(
`, 1−2s−2ν

2

)
,

∆ (k, (bq)) ,

∆
(
`, 1−2s+2ν

2

)
, ∆ (k, (ap))

∆ (`, µ− s)

)
[

see Conditions A with t = 0; r = v = 2;

u = 1; c1 = 1− µ; d1 = 1/2 + ν; d2 = 1/2− ν

]

3 eσx/2Wµ, ν (σx) (2π)
3(1−`)/2+(1−k)c∗ kµ `s−µ−1/2 σ−s

Γ
(
1−2µ−2ν

2

)
Γ
(
1−2µ+2ν

2

)
×Gmnpq

(
ωx`/k

∣∣∣∣ (ap)

(bq)

)
×Gkm+`, kn+2`

kp+2`, kq+`

(
ωk``

σ`kk(q−p)

∣∣∣∣ ∆
(
`, 1−2s−2ν

2

)
,

∆ (`, −s− µ) ,

∆
(
`, 1−2s+2ν

2

)
, ∆ (k, (ap))

∆ (k, (bq))

)
[

see Conditions A with r = v = 2;

t = u = 1; c1 = µ+ 1; d1 = 1/2 + ν; d2 = 1/2− ν

]
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3.36.10. Gmnpq

(
ωxσ

∣∣∣∣ (ap)

(bq)

)
and hypergeometric functions

1 2F1

(
a, b

c; 1− σx

)
kµ `c−2 σ−ρ

(2π)
2(`−1)+(k−1)c∗ Γ

[
c

a, b, c− a, c− b

]

×Gmnpq
(
ωx`/k

∣∣∣∣ (ap)

(bq)

)
×Gkm+2`, kn+2`

kp+2`, kq+2`

(
ωkσ−`

kk(q−p)

∣∣∣∣ ∆ (`, 1− s) ,
∆ (`, a− s) ,

∆ (`, 1− s+ a+ b− c) , ∆ (k, (ap))

∆ (`, b− s) , ∆ (k, (bq))

)
[

see Conditions A with r = t = u = v = 2;

c1 = 1− a; c2 = 1− b; d1 = 0; d2 = c− a− b

]

2 (d− x)
c−1
+ 2F1

(
a, b

c; d−x
d

)
kµ `−c Γ (c)

(2π)
(k−1)c∗

d1−s−c
Gkm, kn+2`
kp+2`, kq+2`

(
ωkd`

kk(q−p)

∣∣∣∣ ∆ (`, 1− s) ,
∆ (k, (bq)) ,

×Gmnpq
(
ωx`/k

∣∣∣∣ (ap)

(bq)

)
∆ (`, 1− s+ a+ b− c) , ∆ (k, (ap))

∆ (`, 1− s+ a− c) , ∆ (`, 1− s+ b− c)

)
[

see Conditions A with σ = 1/d; r = u = v = 2;

t = 0; c1 = c− a; c2 = c− b; d1 = 0; d2 = c− a− b

]

3 (x− d)
c−1
+ 2F1

(
a, b

c; d−x
d

)
kµ `−c Γ (c)

(2π)
(k−1)c∗

d1−s−c
Gkm+2`, kn
kp+2`, kq+2`

(
ωkd`

kk(q−p)

∣∣∣∣ ∆ (k, (ap)) ,

∆ (`, 1− s+ a− c) ,

×Gmnpq
(
ωx`/k

∣∣∣∣ (ap)

(bq)

)
∆ (`, 1− s) , ∆ (`, 1− s+ a+ b− c)

∆ (`, 1− s+ b− c) , ∆ (k, (bq))

)
[

see Conditions A with σ = 1/d; r = u = v = 2;

s = 0; c1 = c− a; c2 = c− b; d1 = 0; d2 = c− a− b

]

4 2F1

(
a, b

c; −σx

)
kµ `a+b−c−1 σ−s

(2π)
`−1+(k−1)c∗ Γ

[
c

a, b

]
Gkm+2`, kn+`
kp+2`, kq+2`

(
σ−lωk

kk(q−p)

∣∣∣∣ ∆ (`, 1− s) ,
∆ (`, a− s) ,

×Gmnpq
(
ωx`/k

∣∣∣∣ (ap)

(bq)

)
∆ (k, (ap)) , ∆ (`, c− s)
∆ (`, b− s) , ∆ (k, (bq))

)
[

see Conditions A with r = 1; t = u = v = 2;

c1 = 1− a; c2 = 1− b; d1 = 0; d2 = 1− c

]

5 rFt

(
(cr) ; −σx

(dt)

)
kµ `η σ−s

(2π)
(1+r−t)(`−1)/2+(k−1)c∗ Γ

[
(dt)

(cr)

]

×Gmnpq
(
ωx`/k

∣∣∣∣ (ap)

(bq)

)
×Gkm+r`, kn+`

kp+t`+`, kq+r`

(
ωkkk(p−q)

σ```(r−t−1)

∣∣∣∣ ∆ (`, 1− s) ,
∆ (`, (cr)− s) ,

∆ (k, (ap)) , ∆ (`, (dt)− s)
∆ (k, (bq))

)
[

see Conditions A with t = u = r;

r = 1; , v = l + 1; (cu) = 1− (cr) ; (dv) = 0, 1− (dt)

]
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3.36.11. Products of two Meijer’s G-functions

Notation:

ψ =
1

p− q

( q∑
j=1

bj −
p∑
i=1

ai +
p− q + 1

2

)
, χ =

1

v − u

( v∑
j=1

dj −
u∑
i=1

ci +
u− v + 1

2

)
.

∑
L

=

m∑
k=1

m∏
j=1; j 6=k

Γ (bj − bk)
n∏
j=1

Γ (bk − aj + 1)
r∏
j=1

Γ (s+ bk + dj)
t∏

j=1

Γ (1− bk − cj − s)

p∏
j=n+1

Γ (aj − bk)
q∏

j=m+1

Γ (bk − bj + 1)
u∏

j=t+1

Γ (s+ bk + cj)
v∏

j=r+1

Γ (1− bk − dj − s)

×
(ω
σ

)bk
p+vFq+u−1

(
bk − (ap) + 1, s+ bk + (dv) ; (−1)

p+v−m−n−r−t ω
σ

bk − (bq)
′
+ 1, s+ bk + (cu)

)

+

t∑
k=1

t∏
j=1; j 6=k

Γ (ck − cj)
r∏
j=1

Γ (dj − ck + 1)
n∏
j=1

Γ (2− aj − ck − s)
m∏
j=1

Γ (s+ bj + ck − 1)

v∏
j=r+1

Γ (ck − dj)
u∏

j=t+1

Γ (cj − ck + 1)
q∏

j=m+1

Γ (2− bj − ck − s)
p∏

j=n+1

Γ (s+ aj + ck − 1)

×
(ω
σ

)1−s−ck
p+vFq+u−1

(
(dv)− ck + 1, 2− (ap)− ck − s; (−1)

p+v−m−n−r−t ω
σ

(cu)
′ − ck + 1, 2− (bq)− ck − s

)
,

∑
R

=

n∑
k=1

n∏
j=1; j 6=k

Γ (ak − aj)
m∏
j=1

Γ (bj − ak + 1)
t∏

j=1

Γ (2− ak − cj − s)
r∏
j=1

Γ (s+ ak + dj − 1)

p∏
j=n+1

Γ (aj − ak + 1)
q∏

j=m+1

Γ (ak − bj)
v∏

j=r+1

Γ (2− ak − dj − s)
u∏

j=t+1

Γ (s+ ak + cj − 1)

×
(ω
σ

)ak−1
q+uFp+v−1

(
(bq)− ak + 1, 2− ak − (cu)− s; (−1)

q+u−m−n−r−t σ
ω

(ap)
′ − ak + 1, 2− ak − (dv)− s

)

+

r∑
k=1

r∏
j=1; j 6=k

Γ (dj − dk)
t∏

j=1

Γ (dk − cj + 1)
m∏
j=1

Γ (s+ bj + dk)
n∏
j=1

Γ (1− aj − dk − s)

v∏
j=r+1

Γ (dk − dj + 1)
p∏

j=n+1

Γ (s+ aj + dk)
u∏

j=t+1

Γ (cj − dk)
q∏

j=m+1

Γ (1− s− bj − dk)

×
(ω
σ

)−s−dk
q+uFp+v−1

(
s+ (bq) + dk, dk − (cu) + 1; (−1)

q+u−m−n−r−t σ
ω

dk − (dv)
′
+ 1, s+ (ap) + dk

)
.

Conditions B:

B1 (v ≤ u− 3) :

B1.1 (q = p− 1)[
m = 0; n ≥ q + 1; 2n− 2q + 2r + 2t− u− v ≥ 1;

(−1)
q−n

Reω < 0; Re s < 2− Re (ai + cg)

]
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B2 (v = u− 2) :

B2.1 (q = p− 2) m+ n ≥ q + 1; r + t ≥ u− 1; (−1)
v−r−t

σ < 0; (−1)
q−m−n

ω < 0;

−Re (χ+ ψ)−
(
1− δ0, ω−(−1)q−m−n−v+r+tσ

)
/2, −Re (bj + ψ)− 1/2,

−Re (χ+ dh)− 1/2, −Re (bj + dh) < Re s < 2− Re (ai + cg)


or

B2.2 (q = p− 1) m+ n ≥ q + 1; r + t ≥ u− 1; (−1)
v−r−t

σ < 0;

−Re (bj + ψ)− 1/2, −Re (bj + dh) < Re s < 2− Re (ai + cg) ;

(−1)
q−m−n

Reω < 0 or (Reω = 0; −Re (χ+ ψ)− 1, −Re (χ+ dh)− 1 < Re s)


or

B2.3 (q = p)
r + t ≥ u− 1; (−1)

v−r−t
σ < 0;

−Re (bj + ψ)− 1/2, −Re (bj + dh) < Re s < 2− Re (ai + cg) ;(
m+ n > p; |argω| < (m+ n− p)π

)
or(

m+ n = p; ω > 0;
∑p
k=1 Re (ak − bk) > 0

)


or

B2.4 (q = p+ 1) m+ n ≥ p+ 1; r + t ≥ u− 1; (−1)
v−r−t

σ < 0;

−Re (bj + ψ)− 1/2, −Re (bj + dh) < Re s < 2− Re (ai + cg) ;

(−1)
p−m−n

Reω < 0 or
(
Reω = 0; Re s < 2− Re (cg + χ)

)


or

B2.5 (q = p+ 2)
m+ n ≥ p+ 1; r + t ≥ u− 1;

(−1)
v−r−t

σ < 0; (−1)
p−m−n

ω < 0;

−Re (bj + ψ)− 1/2, −Re (bj + dh) < Re s

< 2− Re (ai + cg) , 3/2− Re (cg + χ)


B3 (v = u− 1) :

B3.1 (q = p− 2)
m+ n ≥ q + 1; r + t ≥ u; (−1)

q−m−n
ω < 0;

−Re (dh + χ)− 1/2, −Re (bj + dh) < Re s

< 2− Re (ai + cg) ; (−1)
v−r−t

Reσ < 0 or(
Reσ = 0; −Re (bj + ψ)− 1, −Re (χ+ ψ)− 1 < Re s

)


or

B3.2 (q = p− 1)
m = 0; n ≥ q + 1; r + t ≥ u;

(−1)
q−n

Reω < 0; Re s < 2− Re (ai + cg) ;(
Re
(
(−1)

q−n
/ω + (−1)

v−r−t
/σ
)
< 0 or(

Re
(
(−1)

q−n
σ + (−1)

v−r−t
ω
)

= 0; −Re (χ+ ψ)− 1 < Re s
))
,
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m+ n ≥ q + 1; r + t ≥ u; −Re (bj + dh) < Re s

< 2− Re (ai + cg) ;
((

(−1)
v−r−t

Reσ < 0;
(
(−1)

q−m−n
Reω < 0 or

(Reω = 0; −Re (dh + χ)− 1 < Re s)
))

or(
Reσ = 0; −Re (bj + ψ)− 1 < Re s;(
(−1)

q−m−n
Reω < 0 or(

Reω = 0; −Re (dh + χ)− 1, −Re (χ+ ψ)− 1 < Re s
))))


or

B3.3 (q = p)
r + t ≥ u; −Re (bj + dh) < Re s < 2− Re (ai + cg) ;

(−1)
v−r−t

Reσ < 0 or (Reσ = 0; −Re (bj + ψ)− 1 < Re s) ;(
m+ n > p; |argω| < (m+ n− p)π

)
or(

m+ n = p; ω > 0;
∑p
k=1 Re (ak − bk) > 0

)


or

B3.4 (q = p+ 1) m+ n ≥ p+ 1; r + t ≥ u; −Re (bj + dh) < Re s < 2− Re (ai + cg) ;(
(−1)

v−r−t
Reσ < 0 or (Reσ = 0; −Re (bj + ψ)− 1 < Re s)

)
;

(−1)
p−m−n

Reω < 0 or (Reω = 0; Re s < 2− Re (cg + χ))


or

B3.5 (q = p+ 2) m+ n ≥ p+ 1; r + t ≥ u; (−1)
p−m−n

ω < 0;

−Re (bj + dh) < Re s < 2− Re (ai + cg) , 3/2− Re (cg + χ) ;(
(−1)

v−r−t
Reσ < 0 or

(
Reσ = 0; −Re (bj + ψ)− 1 < Re s

))


B4 (v = u) :

B4.1 (q = p− 2) m+ n ≥ q + 1; (−1)
q−m−n

ω < 0; −Re (bj + dh) , −Re (dh + χ)− 1/2 <

< Re s < 2− Re (ai + cg) ;
((
r + t > v; |arg σ| < (r + t− v)π

)
or(

r + t = v; σ > 0;
∑u
j=1 Re (cj − dj) > 0

))


or

B4.2 (q = p− 1)
m+ n ≥ q + 1; −Re (bj + dh) < Re s < 2− Re (ai + cg) ;((
r + t > v; |arg σ| < (r + t− v)π

)
or(

r + t = v; σ > 0;
∑u
j=1 Re (cj − dj) > 0

))
;

(−1)
q−m−n

Reω < 0 or (Reω = 0; −Re (dh + χ)− 1 < Re s)


or

B4.3 (q = p) r + t > u; |arg σ| < (r + t− u)π; −Re (bj + dh) < Re s < 2− Re (ai + cg) ;((
m+ n > p; |argω| < (m+ n− p)π

)
or

(m+ n = p; ω > 0;
∑p
k=1 Re (ak − bk) > 0)

)
,
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r + t = u; σ > 0; −Re (bj + dh) < Re s < 2− Re (ai + cg) ;((∑u

j=1 Re (cj − dj) > 0;((
m+ n > p; |argω| < (m+ n− p)π

)
or(

m+ n = p; ω > 0; ω 6= σ;
∑p
k=1 Re (ak − bk) > 0

)))
or(

m+ n = p; ω = σ;
∑p
k=1 Re (ak − bk) +

∑u
j=1 Re (cj − dj) > 1

))


or

B4.4 (q = p+ 1)
m+ n ≥ p+ 1; −Re (bj + dh) < Re s < 2− Re (ai + cg) ;((
r + t > u; |arg σ| < (r + t− u)π

)
or(

r + t = u; σ > 0;
∑u
j=1 Re (cj − dj) > 0

))
;(

(−1)
p−m−n

Reω < 0 or (Reω = 0; Re s < 2− Re (cg + χ))
)


or

B4.5 (q = p+ 2)
m+ n ≥ p+ 1; (−1)

p−m−n
ω < 0;

−Re (bj + dh) < Re s < 2− Re (ai + cg) , 3/2− Re (cg + χ) ;(
r + t > u; |arg σ| < (r + t− u)π

)
or(

r + t = u; σ > 0;
∑u
j=1 Re (cj − dj) > 0

)


B5 (v = u+ 1) :

B5.1 (q = p− 2) m+ n ≥ q + 1; r + t ≥ v; (−1)
q−m−n

ω < 0;

−Re (bj + dh) , −Re (dh + χ)− 1/2 < Re s < 2− Re (ai + cg) ;

(−1)
u−r−t

Reσ < 0 or (Reσ = 0; Re s < 2− Re (ai + ψ))


or

B5.2 (q = p− 1) m+ n ≥ q + 1; r + t ≥ v; −Re (bj + dh) < Re s < 2− Re (ai + cg) ;

(−1)
u−r−t

Reσ < 0 or (Reσ = 0; Re s < 2− Re (ai + ψ)) ;

(−1)
q−m−n

Reω < 0 or (Reω = 0; −Re (dh + χ)− 1 < Re s)


or

B5.3 (q = p)
r + t ≥ u+ 1; −Re (bj + dh) < Re s < 2− Re (ai + cg) ;

(−1)
u−r−t

Reσ < 0 or (Reσ = 0; Re s < 2− Re (ai + ψ)) ;(
m+ n > p; |argω| < (m+ n− p)π

)
or(

m+ n = p; ω > 0;
∑p
k=1 Re (ak − bk) > 0

)


or

B5.4 (q = p+ 1)
nt = 0; v = u+ 1; m+ n ≥ p+ 1; r + t ≥ u+ 1;

(−1)
p−m

Reω < 0 for n = 0; (−1)
u−r

Reσ < 0 for t = 0;

−Re (bj + dh) < Re s; (−1)
u−r−t

Reσ + (−1)
p−m−n

Reω < 0 or(
(−1)

u−r−t
Reσ + (−1)

p−m−n
Reω = 0; Re s < 1− Re (χ+ ψ)

)
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m+ n ≥ p+ 1; r + t ≥ u+ 1; −Re (bj + dh) < Re s < 2− Re (ai + cg) ;((

(−1)
u−r−t

Reσ < 0;
(
(−1)

p−m−n
Reω < 0 or(

Reω = 0; Re s < 2− Re (cg + χ)
)))

or(
Reσ = 0; Re s < 2− Re (ai + ψ) ;

(
(−1)

p−m−n
Reω < 0 or

(Reω = 0; Re s < 1− Re (χ+ ψ) , 2− Re (cg + χ))
)))


or

B5.5 (q = p+ 2) m+ n ≥ p+ 1; r + t ≥ u+ 1; (−1)
p−m−n

ω < 0;

−Re (bj + dh) < Re s < 2− Re (ai + cg) , 3/2− Re (cg + χ) ;

(−1)
u−r−t

Reσ < 0 or
(
Reσ = 0; Re s < 1− Re (χ+ ψ) , 2− Re (ai + ψ)

)


B6 (v = u+ 2) :

B6.1 (q = p− 2) m+ n ≥ q + 1; r + t ≥ v − 1; (−1)
u−r−t

σ < 0; (−1)
q−m−n

ω < 0;

−Re (bj + dh) , −Re (dh + χ)− 1/2 <

< Re s < 2− Re (ai + cg) , 3/2− Re (ai + ψ)


or

B6.2 (q = p− 1) m+ n ≥ q + 1; r + t ≥ v − 1; (−1)
u−r−t

σ < 0;

−Re (bj + dh) < Re s < 2− Re (ai + cg) , 3/2− Re (ai + ψ) ;

(−1)
q−m−n

Reω < 0 or
(
Reω = 0; −Re (dh + χ)− 1 < Re s

)


or

B6.3 (q = p)
r + t ≥ u+ 1; (−1)

u−r−t
σ < 0;

−Re (bj + dh) < Re s < 2− Re (ai + cg) , 3/2− Re (ai + ψ) ;((
m+ n > p; |argω| < (m+ n− p)π

)
or(

m+ n = p; ω > 0;
∑p
k=1 Re (ak − bk) > 0

))


or

B6.4 (q = p+ 1) m+ n ≥ p+ 1; r + t ≥ u+ 1; (−1)
u−r−t

σ < 0;

−Re (bj + dh) < Re s < 2− Re (ai + cg) , 3/2− Re (ai + ψ) ;

(−1)
p−m−n

Reω < 0 or (Reω = 0; Re s < 2− Re (cg + χ) , 1− Re (χ+ ψ))


or

B6.5 (q = p+ 2) m+ n ≥ p+ 1; r + t ≥ u+ 1;

(−1)
u−r−t

σ < 0; (−1)
p−m−n

ω < 0; −Re (bj + dh) < Re s < 2− Re (ai + cg) ,

3/2− Re (cg + χ) , 3/2− Re (ai + ψ) ,
(
1− δ0, σ−(−1)−m−n+p+r+t−uω

)
/2− Re (χ+ ψ)


B7 (v ≥ u+ 3) :

B7.1 (q = p+ 1)[
n = 0; m ≥ p+ 1; 2m− 2p+ 2r + 2t− u− v ≥ 1; (−1)

p−m
Reω < 0; −Re (bj + dh) < Re s

]
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No. f (x) F (s)

1 Gmnpq

(
ωx

∣∣∣∣ (ap)

(bq)

)
σ−sGm+t, n+r

p+v, q+u

(
ω

σ

∣∣∣∣ (an) , 1− s− (dv) , an+1, . . . , ap
(bm) , 1− s− (cu) , bm+1, . . . , bq

)

×Grtuv
(
σx

∣∣∣∣ (cu)

(dv)

)


0 ≤ m ≤ q; 0 ≤ n ≤ p; 0 ≤ r ≤ v; 0 ≤ t ≤ u; 0 ≤ q − p ≤ 2;

−2 ≤ v − u; σ ∈ C; ω ∈ C; σ 6= 0; ω 6= 0; ai − bj 6= 1, 2, . . . ;

i = 1, . . . , n; j = 1, . . . ,m; cg − dh 6= 1, 2, . . . ;

g = 1, . . . , t; h = 1, . . . , r;

see Conditions B1–B7



2 Gmnpq

(
ωx

∣∣∣∣ (ap)

(bq)

)
σ−s

2πi

∫ γ+i∞

γ−i∞

∏m
j=1 Γ (bj + τ)

∏t
g=1 Γ (1− s− cg + τ)∏p

k=n+1 Γ (ak + τ)
∏v
k=r+1 Γ (1− s− dk + τ)

×Grtuv
(
σx

∣∣∣∣ (cu)

(dv)

)
×

∏n
i=1 Γ (1− ai − τ)

∏r
h=1 Γ (s+ dh − τ)∏q

k=m+1 Γ (1− bk − τ)
∏u
k=t+1 Γ (s+ ck − τ)

(ω
σ

)−τ
dτ[

−Re bk, Re (s+ ck)− 1 < γ = Re τ < 1− Re ak, Re (s+ dk) ;

see Conditions B1–B7

]

3 Gmnpq

(
ωx

∣∣∣∣ (ap)

(bq)

)
σ−s

∑
L

×Grtuv
(
σx

∣∣∣∣ (cu)

(dv)

) 
(q + u > p+ v; |ω/σ| <∞) or (q + u = p+ v; |ω/σ| < 1) ;

ai − ak, dh − df , s+ ai + dh 6= 0, ±1, ±2, . . . for

1 ≤ i ≤ n, 1 ≤ k ≤ n, 1 ≤ h ≤ r, 1 ≤ f ≤ r, j 6= k, h 6= f ;

see Conditions B1–B7


4 σ−s

∑
R

(q + u < p+ v; |ω/σ| <∞) or (q + u = p+ v; |ω/σ| > 1) ;

bj − bk, cg − cf , s+ bj + cg 6= 0, ±1, ±2, . . . for

1 ≤ j ≤ m, 1 ≤ k ≤ m, 1 ≤ g ≤ t, 1 ≤ f ≤ t, j 6= k, g 6= f ;

see Conditions B1–B7


5 σ−s

∑
L

= σ−s
∑

R[
q + u = p+ v; m+ n+ r + t− (p+ q + u+ v) /2 > 0;

see Conditions B1–B7

]

The following formula is valid if the integers k and ` are mutually prime. If this is not the
case and M is the greatest common divisor of k and `, one should make the change of variable of
integration x→ x1/M :

6 Gmnpq

(
ωx`

∣∣∣∣ (ap)

(bq)

)
kµ−1`ρ+s(v−u)/k−1σ−s/k

(2π)
R

Gkm+`t, kn+`r
kp+`v, kq+`u

(
kk(p−q)ωk

``(u−v)σ`

∣∣∣∣ ∆ (k, (an)) ,

∆ (k, (bm)) ,

×Grtuv
(
σxk

∣∣∣∣ (cu)

(dv)

)
∆
(
`, 1− (dv)− s

k

)
, ∆ (k, (an+1)) , . . . ,∆ (k, (ap))

∆
(
`, 1− (cu)− s

k

)
, ∆ (k, (bm+1)) , . . . ,∆ (k, (bq))

)
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No. f (x) F (s)

R = (k − 1) c∗ + (`− 1) b∗;

k, ` = 1, 2, ...; 0 ≤ m ≤ q; 0 ≤ n ≤ p; 0 ≤ r ≤ v;

0 ≤ t ≤ u; 0 ≤ q − p ≤ 2; −2 ≤ v − u; σ 6= 0; ω 6= 0;

ai − bj 6= 1, 2, . . . ; i = 1, 2, ..., n; j = 1, 2, . . . ,m;

cg − dh 6= 1, 2, . . . ; g = 1, . . . , t; h = 1, . . . , r;

see Conditions B1–B7 with the substitution

m→ km, n→ kn, p→ kp, q → kq,

r → `r, t→ `t, u→ `u, v → `v,

ap → ∆ (k, (ap)) , bq → ∆ (k, (bq)) ,

cu → ∆ (k, (cu)) , dv → ∆ (k, (dv)) ,

σ → σ``−`(v−u), ω → ωkk−k(q−p), s→ s/ (k`)


7 Gmnpq

(
ωx`/k

∣∣∣∣ (ap)

(bq)

)
kµ `ρ+s(v−u)−1 σ−s

(2π)
(`−1)b∗+(k−1)c∗G

km+`t, kn+`r
kp+`v, kq+`u

(
kk(p−q)ωk

``(u−v)σ`

∣∣∣∣ ∆ (k, (an)) ,

∆ (k, (bm)) ,

×Grtuv
(
σx

∣∣∣∣ (cu)

(dv)

)
∆ (`, 1− (dv)− s) , ∆ (k, an+1) , . . . ,∆ (k, ap)

∆ (`, 1− (cu)− s) , ∆ (k, bm+1) , . . . ,∆ (k, bq)

)


One of the following conditions holds (if mr = 0 or nt=0,

the 2◦ and 3◦ are omitted, respectively):

1) mnrt 6= 0; b∗, c∗ > 0; |arg σ| < b∗π; |argω| < c∗π; 1◦–3◦;

2) u = v; b∗ = 0; c∗, σ > 0; |argω| < c∗π; |Re ρ| < 1; 1◦–3◦;

3) p = q; b∗, ω > 0; c∗ = 0; |arg σ| < b∗π; |Reµ| < 1; 1◦–3◦;

4) p = q; u = v; b∗ = c∗ = 0; σ, ω > 0; Reµ, Re ρ < 1; σl 6= ωk; 1◦–3◦;

5) p = q; u = v; b∗ = c∗ = 0; σ, ω > 0; Re (µ+ ρ) < 2; σl = ωk; 1◦–3◦;

6) p > q; r > 0; b∗ > 0; c∗ ≥ 0; |arg σ| < b∗π; |argω| = c∗π; 1◦–3◦; 5◦;

7) p < q; t > 0; b∗ > 0; c∗ ≥ 0; |arg σ| < b∗π; |argω| = c∗π; 1◦–4◦;

8) m > 0; u > v; b∗ ≥ 0; c∗ > 0; |arg σ| = b∗π; |argω| < c∗π; 1◦–3◦; 7◦;

9) n > 0; u < v; b∗ ≥ 0; c∗ > 0; |arg σ| < b∗π; |argω| = c∗π; 1◦–3◦; 6◦;

10) p > q; u = v; b∗ = 0; c∗ ≥ 0; σ > 0; |argω| = c∗π; Re ρ < 1; 1◦–3◦; 5◦;

11) p < q; u = v; b∗ = 0; c∗ ≥ 0; σ > 0; |argω| = c∗π; Re ρ < 1; 1◦–4◦;

12) p = q; u > v; b∗ ≥ 0; c∗ = 0; |arg σ| = b∗π; ω > 0; Reµ < 1; 1◦–3◦; 7◦;

13) p = q; u < v; b∗ ≥ 0; c∗ = 0; |arg σ| = b∗π; ω > 0; Reµ < 1; 1◦–3◦; 6◦;

14) p < q; u > v; b∗, c∗ ≥ 0; |arg σ| = b∗π; |argω| = c∗π; 1◦–4◦; 7◦;

15) p > q; u < v; b∗, c∗ ≥ 0; |arg σ| = b∗π; |argω| = c∗π; 1◦–3◦; 5◦; 6◦;

16) p > q; u > v; b∗, c∗ ≥ 0; |arg σ| = b∗π; |argω| = c∗π; 1◦–3◦; 5◦; 7◦; 8◦; 10◦;

17) p < q; u < v; b∗, c∗ ≥ 0; |arg σ| = b∗π; |argω| = c∗π; 1◦–4◦; 6◦; 9◦; 10◦;

18) t = 0; r, b∗, ϕ > 0; |arg σ| < b∗π; 1◦–2◦;

19) t > 0; r = 0; b∗ > 0; ϕ < 0; |arg σ| < b∗π; 1◦; 3◦;

20) m > 0; n = 0; c∗ > 0; ϕ < 0; |argω| < c∗π; 1◦–2◦;
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No. f (x) F (s)

21) m = 0; n > 0; c∗, ϕ > 0; |argω| < c∗π; 1◦; 3◦;

22) rt = 0; b∗, c∗ > 0; |arg σ| < b∗π; |argω| < c∗π; 1◦–3◦;

23) mn = 0; b∗, c∗ > 0; |arg σ| < b∗π; |argω| < c∗π; 1◦–3◦;

24) m+ n > p; t = ϕ = 0; r, b∗ > 0; c∗ < 0; |arg σ| < b∗π;

|argω| < (m+ n− p+ 1)π; 1◦; 2◦; 10◦; 11◦;

25) m+ n > q; r = ϕ = 0; t, b∗ > 0; c∗ < 0; |arg σ| < b∗π;

|argω| < (m+ n− q + 1)π; 1◦; 3◦; 10◦; 11◦;

26) p = q − 1; t = ϕ = 0; r > 0; b∗ > 0; c∗ ≥ 0; |arg σ| < b∗π;

c∗π < |argω| < (c∗ + 1)π; 1◦; 2◦; 10◦; 11◦;

27) p = q + 1; r = ϕ = 0; t > 0; b∗ > 0; c∗ ≥ 0; |arg σ| < b∗π;

c∗π < |argω| < (c∗ + 1)π; 1◦; 3◦; 10◦; 11◦;

28) p < q − 1; t = ϕ = 0; r > 0; b∗ > 0; c∗ ≥ 0; |arg σ| < b∗π;

c∗π < |argω| < (m+ n− p+ 1)π; 1◦; 2◦; 10◦; 11◦;

29) p > q − 1; r = ϕ = 0; t > 0; b∗ > 0; c∗ ≥ 0; |arg σ| < b∗π;

c∗π < |argω| < (m+ n− q + 1)π; 1◦; 3◦; 10◦; 11◦;

30) n = ϕ = 0; r + t > u; m > 0; b∗ < 0; c∗ > 0; |arg σ| < (r + t− u+ 1)π;

|argω| < c∗π; 1◦; 2◦; 10◦; 11◦;

31) m = ϕ = 0; r + t > v; n > 0; b∗ < 0; c∗ > 0; |arg σ| < (r + t− v + 1)π;

|argω| < c∗π; 1◦; 3◦; 10◦; 11◦;

32) n = ϕ = 0; u = v − 1; m > 0; b∗ ≥ 0; c∗ > 0; b∗π < |arg σ| < (b∗ + 1)π;

|argω| < c∗π; 1◦; 2◦; 10◦; 11◦;

33) m = ϕ = 0; u = v + 1; n > 0; b∗ ≥ 0; c∗ > 0; b∗π < |arg σ| < (b∗ + 1)π;

|argω| < c∗π; 1◦; 3◦; 10◦; 11◦;

34) n = ϕ = 0; u < v − 1; m > 0; b∗ ≥ 0; c∗ > 0;

b∗π < |arg σ| < (r + t− u+ 1)π; |argω| < c∗π; 1◦; 2◦; 10◦; 11◦;

35) m = ϕ = 0; u > v + 1; n > 0; b∗ ≥ 0; c∗ > 0;

b∗π < |arg σ| < (r + t− v + 1)π; |argω| < c∗π; 1◦; 3◦; 10◦; 11◦.



b∗ = r + t− u+ v

2
, c∗ = m+ n− p+ q

2
.

8 Grtuv

(
x+ σ

∣∣∣∣ (cu)

(dv)

) ∞∑
k=0

(−σ)
k

k!
Gm+t, n+r+1
p+v+1, q+u+1

(
ω

∣∣∣∣ 1− s,
(bm) ,

×Gmnpq
(
ωx

∣∣∣∣ (ap)

(bq)

)
k − s− (dv) + 1, an+1, . . . , ap

k − s− (cu) + 1, k − s+ 1, bm+1, . . . , bq

)
b∗, c∗ > 0; |arg σ| < π; |argω| < c∗π;

− min
1≤j≤m

Re bj < Re s < 2− max
1≤i≤n

Re ai − max
1≤k≤t

Re ck
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3.37. Various Special Functions

3.37.1. The exponential integral Eν (z)

More formulas can be obtained from the corresponding sections due to the relations

Eν (z) = zν−1Γ (1− ν, z) , Eν (z) = zν−1Γ (1− ν)− 1

1− ν 1F1

(
1− ν

2− ν;−z

)
,

Eν (z) = zν−1e−zΨ (ν, ν; z) , Eν (z) = G20
12

(
z

∣∣∣∣ ν

ν − 1, 0

)
.

No. f (x) F (s)

1 Eν (ax)
a−s

s+ ν − 1
Γ (s)

[
(Re a > 0; Re s > 1− Re ν, 0) or

(Re a = 0; 0, 1− Re ν < Re s < 2)

]

2 Eν (ax)− Γ (1− ν) (ax)
ν−1 a−s

s+ ν − 1
Γ (s) [Re a ≥ 0; −1 < Re s < 1− Re ν, 0]

+
1

1− ν

3 Eν (ax)− Γ (1− ν) (ax)
ν−1 a−s

s+ ν − 1
Γ (s) [Re a ≥ 0; −n− 1 < Re s < −n, 1− Re ν]

+
n∑
k=0

(−ax)
k

k! (k − ν + 1)

4 eaxEν (ax) πa−s csc (sπ) Γ

[
s+ ν − 1

ν

]
[0, 1− Re ν < Re s < 1]

5 Γ (1− ν, −ax)Eν (ax)
π

s+ ν − 1
a(ν−s−1)/2 (−a)

(1−ν−s)/2
sec

(s− ν)π

2
Γ

[
s

ν

]
[|1− Re ν| < Re s < Re ν + 1]

6 Eν (−ax)Eν (ax)
π

s+ 2ν − 2
a−s/2 (−a)

−s/2
csc

sπ

2
Γ

[
s+ ν − 1

ν

]
[0, 1− Re ν, 2− 2 Re ν < Re s < 2]

7 Eν (−i
√
ax)Eν (i

√
ax)

πa−s

s+ ν − 1
csc (sπ) Γ

[
2s+ ν − 1

ν

]
[0, 1− Re ν, (1− Re ν) /2 < Re s < 1]
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3.37.2. The theta functions θj (b, ax)

No. f (x) F (s)

1 θ (a− x)

{
θ1 (b, x/a)

θ2 (b, x/a)

}
πass−1/2

cosh (
√
s π)

{
sinh (2b

√
s)

sinh [(π − 2b)
√
s]

}
[a, Re s > 0; − (1± 1)π ≤ b ≤ (3∓ 1)π/4]

2 θ (a− x)

{
θ3 (b, x/a)

θ4 (b, x/a)

}
πass−1/2

sinh (
√
s π)

{
cosh [(π − 2b)

√
s]

cosh (2b
√
s)

}
[a, Re s > 0; − (1∓ 1)π ≤ b ≤ (3± 1)π/4]

3

{
θ1 (b, e−x)

θ2 (b, e−x)

}
22s−1π2s−1/2 Γ

(
1− 2s

2

)[
ζ

(
1− 2s,

(3± 3)π + 4b

8π

)
+ ζ

(
1− 2s,

(5∓ 3)π − 4b

8π

)
− ζ

(
1− 2s,

(3∓ 1)π + 4b

8π

)
− ζ

(
1− 2s,

(5± 1)π − 4b

8π

)
[Re s > 0; − (1± 1)π/4 ≤ b ≤ (3∓ 1)π/4]

4

{
θ3 (b, e−x)− 1

θ4 (b, e−x)− 1

}
Γ (s)

[
Li2s

(
±e−2ib

)
+ Li2s

(
±e2ib

)]
[Re s > 1/2; − (1∓ 1)π/4 ≤ b ≤ (3± 1)π/4]

5

{
θ1 (π/2, e−x)

θ2 (0, e−x)

}
2Γ (s) ζ

(
2s,

1

2

)
[Re s > 1/2]

6

{
θ3 (0, e−x)− 1

θ4 (π/2, e−x)− 1

}
2Γ (s) ζ (2s, 0) [Re s > 1/2]

7

{
θ3 (π/2, e−x)− 1

θ4 (0, e−x)− 1

}
2
(
21−2s − 1

)
Γ (s) ζ (2s, 0) [Re s > 1/2]

8 −θ2 (0, e−x) 2
(
22s − 1

) (
21−2s − 1

)
Γ (s) ζ (2s, 0) [Re s > 1/2]

+ θ3 (0, e−x)

− θ4 (0, e−x)
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3.37.3. The generalized Fresnel integrals S (z, ν) and C (z, ν)

More formulas can be obtained from the corresponding sections due to the relations{
S (z, ν)

C (z, ν)

}
=

{
sin (νπ/2)

cos (νπ/2)

}
Γ (ν)− zν+δ

ν + δ
1F2

( ν+δ
2 ; − z

2

4
2δ+1

2 , ν+δ+2
2

)
, δ =

{
1

0

}
.

1 C (ax, ν)
2s+ν−1

√
π

s as
Γ

[ s+ν
2

1−s−ν
2

]
[a > 0; 0, −Re ν < Re s < 2− Re ν]

2 S (ax, ν)
2s+ν−1

√
π

s as
Γ

[ s+ν+1
2

2−s−ν
2

]
[a > 0; 0, −Re ν − 1 < Re s < 2− Re ν]

3.37.4. The integral Bessel functions

More formulas can be obtained from the corresponding sections due to the relations

Jiν (z) = − zν

2νν2 Γ (ν)
1F2

( ν
2 ; − z

2

4
ν+2
2 , ν + 1

)
+

1

ν
;{

Y i (z)

Ki (z)

}
= ± 1

2ν

{
cot (νπ/2)

π csc (νπ/2)

}
± Γ (−ν)

2νπ

{
cos νπ

π

}(z
2

)ν
1F2

( ν
2 ; ∓ z

2

4
ν+2
2 , ν + 1

)
∓ Γ (ν)

2νπ

{
1

π

}(z
2

)−ν
1F2

( −ν2 ; ∓ z
2

4
2−ν
2 , 1− ν

)
, ν 6= ±n.

1 Jiν (ax)
2s−1

s as
Γ

[ s+ν
2

2−s+ν
2

]
[a > 0; −Re ν, 0 < Re s < 2]

2 Kiν (ax)
2s−2

s as
Γ

(
s− ν

2

)
Γ

(
s+ ν

2

)
[a > 0; Re s > |Re ν|]

3 Y iν (ax)
2s−1

s as
Γ

[ s−ν
2 , s+ν2

3−s+ν
2 , s−ν−12

]
[a > 0; |Re ν| < Re s < 2]

3.37.5. The Lommel functions

1 sµ, ν (ax)
2s+µ−2

as
Γ

[ µ−ν+1
2 , µ+ν+1

2 , −s−µ+1
2 , s+µ+1

2
2−s−ν

2 , 2−s+ν
2

]
[a > 0; |Re (s+ µ)| < 1, Re s < 3/2]

2 Sµ, ν (ax)
2s+µ−2

as
Γ

[ s−ν
2 , s+ν2 , −s−µ+1

2 , s+µ+1
2

1−µ−ν
2 , 1−µ+ν

2

]
[a > 0; |Re (s+ µ)| < 1, Re s < 3/2]
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3.37.6. The Owen and H-functions

No. f (x) F (s)

1 T (ax, b)
2s/2−2b

πas
Γ
(s

2

)
2F1

( 1
2 ,

s+2
2

3
2 ; −b2

)
[
Re a2, Re

(
a2 + a2b2

)
< 0; Re s > 0

]
2 e−cx

2

T (ax, b)
2s/2−2b

π (a2 + 2c)
s/2

Γ
(s

2

)
F1

(
1

2
, 1,

s

2
;

3

2
; −b2, − a2b2

a2 + 2c

)
[
Re a2, Re

(
a2 + a2b2

)
< 2 Re c; Re s > 0

]
3 Hν (x, a, b)

2s/2−3
(
1− a2

)ν
as+1

π

[
√
π Γ

[ 2ν+1
2 , s2
ν + 1

]
2F1

( 2ν+1
2 , s+2

2

ν + 1; 1− a2

)
− 2

(2ν + 1) (1 + a2b2)
ν+1/2

Γ
(s

2

)
× F1

(
ν +

1

2
;

1

2
,
s

2
+ 1; ν +

3

2
;

1

1 + a2b2
,

1− a2

1 + a2b2

)]
[0 < a ≤ 1; Re s > 0]

3.37.7. The Bessel–Maitland and generalized Bessel–Maitland functions

1 Jµν (ax) a−s Γ

[
s

1− µs+ ν

] [
(a > 0, Reµ < 1; Re s > 0) or

(a > 0, µ = 1; 0 < Re s < (2 Re ν + 3) /4)

]

2 Jµν,λ (ax)
2s−1

as
Γ

[ − s+2λ+ν−2
2 , s+2λ+ν

2

2−s−ν
2 , 2−µs−(2λ+ν)µ+2λ+2ν

2

]
[

(a > 0, Reµ < 1; −Re (2λ+ ν) < Re s < 2− Re (2λ+ ν)) or

(a > 0, µ = 1; −Re (2λ+ ν) < Re s < 3/2, 2− Re (2λ+ ν))

]

3.37.8. Other functions

1 Eρ (−x; µ) Γ

[
s, 1− s
µ− s

ρ

] [
(ρ > 1/2; 0 < Re s < 1) or

(ρ = 1/2; 0 < Re s < 1, Reµ/2)

]

2 µ (ae−x, 1)
π (1− s)
sin (sπ)

µ (a, 1− s)

3 θ (1− x)µ (− lnx, λ)
1

s lnλ+1 s
[Reλ > −1; Re s > 1]
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No. f (x) F (s)

4 µ (z, λ, x+ ρ) Γ (s)µ (z, s+ λ, ρ) [Reλ, Re ρ > −1; Re s > 0]

5 eρxµ (ae−x, 1, ρ) Γ (s) Γ (2− s)µ (a, 1− s, ρ)

6 θ (1− x)µ (− lnx, λ, ρ)
1

sρ+1 lnλ+1 s
[Reλ, Re ρ > −1; Re s > 1]

7
θ (1− x)√
− lnx

µ
(
a
√
− lnx, λ, ρ

) 2λ+1
√
π√

s
µ

(
a2

4s
, λ,

ρ

2

)
[a > 0; Reλ > −1; Re ρ > −2]

8 θ (1− x)µ
(
a
√
− lnx, λ, ρ

) 2λ
√
π a

s3/2
µ

(
a2

4s
, λ,

ρ− 1

2

)
[a > 0; Reλ, Re ρ > −1]

9 θ (a− x) ν
(x
a

)
as
∫ ∞
0

dt

(t+ s) Γ (t+ 1)
[a, Re s > 0]

10 ν (e−x)
π

sin (sπ)
µ (1, −s) [Re s > 0]

11 ν
(
ae−bx

) π

bs sin (sπ)
µ (a, −s) [a, Re b > 0; 0 < Re s < 1]

12 θ (1− x) ν (− lnx)
1

s ln s
[Re s > 1]

13
θ (1− x) ν

(
a
√
− lnx

)
√
− lnx

2
√
π√
s
ν

(
a2

4s

)
[a, Re s > 0]

14 ν (a, x+ ρ) Γ (s)µ (a, s, ρ) [Re ρ > −1; a, Re s > 0]

15 θ (1− x) ν (− lnx, ρ)
1

sρ+1 ln s
[Re ρ > −1; Re s > 1]

16
θ (1− x) ν

(
a
√
− lnx, ρ

)
√
− lnx

2
√
π√
s
ν

(
a2

4s
,
ρ

2

)
[a, Re s > 0; Re ρ > −2]

17 θ (1− x) ν
(
a
√
− lnx, ρ

) √
π a

s3/2
ν

(
a2

4s
,
ρ− 1

2

)
[a, Re s > 0; Re ρ > −1]
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Appendix I
Some Properties of the Mellin Transforms

The integral

F (s) =

∫ ∞
0

xs−1f (x) dx (I.1)

is called the Mellin transform of the function f (x).
The notations M [f (x)] (s) and M [f (x) ; s] are used as well. Here f (x) denotes a function of

the real variable x, 0 ≤ x < ∞, which is Lebesgue integrable over any interval (0, A), A > 0, and
s = σ + iτ is a complex number.

The Mellin transform is closely connected with the Fourier and Laplace transforms. The substi-
tution x = e−t transforms (I.1) into the two-sided Laplace transform,

F (s) =

∫ ∞
−∞

e−tsf
(
e−t
)
dt.

Change of variables x = ey, f (x) = g (y) in (I.1) yields

F (s) =

∫ ∞
−∞

esyg (y) dy = (Fg) (is) ,

where

(Fg) (ξ) =

∫ ∞
−∞

e−iyξ g (y) dy

is the Fourier transform of the function g (y). Below, relations are given between the Mellin transform
and some other integral transforms [15,22].

1. The Fourier cosine transform:

Fc [f (t) ; x] =

√
2

π

∫ ∞
0

cos (xt) f (t) dt,

M [Fc [f (t) ; s]] =

√
2

π
cos

sπ

2
Γ (s)M [f (x) ; 1− s] .

2. The Fourier sine transform:

Fs [f (t) ; x] =

√
2

π

∫ ∞
0

sin (xt) f (t) dt,

M [Fs [f (t) ; x] ; z] =

√
2

π
sin

zπ

2
Γ (z)M [f (x) ; 1− z] .
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3. The Laplace transform:

L [f (t) ; x] =

∫ ∞
0

e−xtf (t) dt,

M [L [f (t) ; x] ; s] = Γ (s)M [f (x) ; 1− s] .

4. The Hankel transform:

Hν [f (t) ; x] =

∫ ∞
0

√
xt Jν (xt) f (t) dt,

M [Hν [f (t) ; x] ; s] = 2s−1/2 Γ

[ 2s+2ν+1
4

3−2s+2ν
4

]
M [f (x) ; 1− s] .

5. The Meijer transform:

Kν [f (t) ; x] =

∫ ∞
0

√
xtKν (xt) f (t) dt,

M [Kν [f (t) ; x] ; s] = 2s−3/2 Γ

(
2s+ 2ν + 1

4

)
Γ

(
2s− 2ν + 1

4

)
M [f (x) ; 1− s] .

6. The Yν–Bessel transform:

Yν [f (t) ; x] =

∫ ∞
0

√
xt Yν (xt) f (t) dt,

M [Yν [f (t) ; x] ; s] =
2s−1/2

π
sin

(2ν − 2s− 3)π

4

× Γ

(
2s− 2ν + 1

4

)
Γ

(
2s+ 2ν + 1

4

)
M [f (x) ; 1− s] .

7. The Hν–Struve transform:

Hν [f (t) ; x] =

∫ ∞
0

√
xtHν (xt) f (t) dt,

M [Hν [f (t) ; x] ; s] = 2s−1/2 tan
(2s+ 2ν + 1)π

4
Γ

[ 2s+2ν+1
2

3−2s+2ν
4

]
M [f (x) ; 1− s] .

8. The Hilbert transform:

H [f (t) ; x] =

∫ ∞
0

f (t)

t− x
dt,

M [H [f (t) ; x] ; s] =
Γ (s) Γ (1− s)

Γ
(
s+ 1

2

)
Γ
(
1
2 − s

)M [f (x) ; s] = cos (sπ) M [f (x) ; s] .

9. The generalized Stieltjes transform:

Sν [f (t) ; x] =

∫ ∞
0

f (t)

(x+ t)
ν dt,

M [Sν [f (t) ; x] ; s] = B (s, ν − s) M [f (x) ; s− ν + 1] .
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10. The Liouville fractional integrals [24]:

Iν0+ [f (t) ; x] =
1

Γ (ν)

∫ x

0

(x− t)ν−1 f (t) dt,

M
[
Iν0+ [f (t) ; x] ; s

]
=

Γ (1− s− ν)

Γ (1− s)
M [f (x) ; s+ ν] .

Iν− [f (t) ; x] =
1

Γ (ν)

∫ ∞
x

(t− x)
ν−1

f (t) dt,

M
[
Iν− [f (t) ; x] ; s

]
=

Γ (s)

Γ (s+ ν)
M [f (x) ; s+ ν] .

The inverse formula. The Mellin transform can be inverted under some conditions. For
example, if f (x) is analytic on 0 < x <∞ and satisfies the asymptotic conditions

f (x) = O
(
x−α

)
, x→ 0,

f (x) = O
(
x−β

)
, x→∞,

where α < β, then the function F (s), defined by (I.1), is analytic in the strip α < Re s < β, and

f (x) =
1

2πi

∫ σ+i∞

σ−i∞
x−sF (s) ds = M−1 [F (s)] , α < σ < β. (I.2)

The simplest sufficient condition for the validity of the formulae (I.1) and (I.2) is provided by the
continuity of f (x) on 0 < x <∞ and the existence of the integral∫ ∞

0

xσ−1|f (x)| dx <∞. (I.3)

Let us note two important properties of the Mellin transform [11]:
The convolution formula. If F (s) and G (s) are the Mellin transforms of f (x) and g (x), then

M

[∫ ∞
0

f (ξ) g

(
x

ξ

)
dξ

ξ
; s

]
= F (s)G (s) . (I.4)

The commutation formula. We have

M

[
x
df (x)

dx
; s

]
= −sM [f (x) ; s] (I.5)

provided that f (x) and xf ′ (x) satisfy the condition (I.3), and

lim
x→0

xsf (x) = lim
x→∞

xsf (x) = 0.

One more important formula: If

F (s) =

∫ ∞
0

xs−1f (x) dx, G (s) =

∫ ∞
0

xs−1g (x) dx,

and

h (t) =

∫ ∞
0

f (x) g (xt) dx,

then ∫ ∞
0

ts−1h (t) dt = F (1− s)G (s) .
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In conclusion, we mention one more version of the Mellin transform that is useful in the theory
of Dirichlet series [10]. Let

Φ (s) =
∞∑
n=1

ann
−s, Re s > α,

and

ϕ (x) =
∞∑
n=1

ane
−nx, x > 0.

Then we have

Φ (s) =
1

Γ (s)

∫ ∞
0

xs−1ϕ (x) dx (I.6)

and

ϕ (x) =
1

2πi

∫ σ+i∞

σ−i∞
x−s Γ (s) Φ (s) ds, σ > α. (I.7)

Putting Φ (s) = 1 in (I.6), we obtain the integral representation of the gamma function:

Γ (s) =

∫ ∞
0

e−x xs−1 dx, Re s > 0.

For Φ (s) = ζ (s) in (I.6), we get the integral representation of the Riemann zeta function:

ζ (s) =
1

Γ (s)

∫ ∞
0

xs−1

ex − 1
dx, Re s > 1.

Putting Φ (s) = 1 in (I.7), we obtain the integral representation of the exponential function:

e−x =
1

2πi

∫ σ+i∞

σ−i∞
x−s Γ (s) ds, σ > 0, |arg x| < π/2.

For Φ (s) = Γ (s) in (I.7), we arrive at the integral representation of the Macdonald’s function:

2K0

(
2
√
x
)

=
1

2πi

∫ σ+i∞

σ−i∞
x−s Γ2 (s) ds, x, σ > 0.

Evaluation of integrals. We illustrate the Mellin transformation method in evaluation of
integrals by some examples.

Example I.1. Let us derive the relation∫ ∞
0

tα−1e−t−t/x dt = Γ (α)

(
1 +

1

x

)−α
, (I.8)

where Reα, Re (1 + 1/x) > 0. The integral has the form of the Mellin convolution of the functions

f (t) = tα e−t, g (t) = e−1/t.

Their Mellin transforms are

F (s) = Γ (s+ α) , Re (s+ α) > 0,

and
G (s) = Γ (−s) , Re s < 0.

Denoting the integral by I (x, α) we obtain its Mellin transform in the form

M [I (x, α) ; s] = Γ (s+ α) Γ (−s) , −Reα < Re s < 0.
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From the formula 2.1.2.3 we have

M
[
(1 + x)

−α
; s
]

=
1

Γ (α)
Γ (s) Γ (α− s) , 0 < Re s < Reα,

whence, due to the relation 1.1.2.3, we get

M

[(
1 +

1

x

)−α
; s

]
=

1

Γ (α)
Γ (−s) Γ (s+ α) , −Reα < Re s < 0,

and, finally,

I (x, α) = Γ (α)

(
1 +

1

x

)−α
, Reα, Re (1 + 1/x) > 0.

Example I.2. Let us evaluate the integral

I (a, b, α, µ, ν) =

∫ ∞
0

tα−1Kµ (at) Iν (bt) dt. (I.9)

Making use of the formula Iν (z) = (−i)ν Jν (iz), we transform the function Iν into Jν , for which
the Mellin transform exists. Then the integral (I.9) takes the form

I (a, b, α, µ, ν) = (−i)ν
∫ ∞
0

tα−1Kµ (at) Jν (ibt) dt.

After substitutions

b→ −ic, t→ 2
√
τ

c
, c→

√
x

and

f (η) = Kµ

(
2
√
η

)
η−α/2, g (τ) = Jν

(
2
√
τ
)

we obtain a relation of the form (I.4):

I (a, b, α, µ, ν) = (−i)ν 2α−1a−αM−1 [F (s) G (s)] .

The images of the corresponding functions can be found by making use of formulae (1.1.5.2),
(3.14.1.3), and (3.10.1.2):

F (s) =

∫ ∞
0

ts−1Kµ

(
2√
t

)
t−α/2 dt

=
1

2
Γ

[
α+ µ

2
− s, α− µ

2
− s
]
, Re s < −|Re (α± µ)|

2
;

G (s) =

∫ ∞
0

ts−1Jν
(
2
√
t
)
dt

= Γ

[
s+ ν

2

1− s+ ν
2

]
, −Re ν

2
< Re s <

3

4
.

Multiplying them, we obtain

F (s) G (s) =
1

2
Γ

[ α+µ
2 − s, α−µ2 − s, s+ ν

2

1− s+ ν
2

]
.

Now, with the aid of formulae 8.4.49.13 from [20], we find M−1 [F (s) G (s)], and thereby the value
of the integral (I.9):

I (a, b, α, µ, ν) = 2α−2a−α−νbν Γ

[
α+ µ+ ν

2
,
α− µ+ ν

2
, ν + 1

]
× 2F1

(
α+ µ+ ν

2
,
α− µ+ ν

2
; ν + 1;

b2

a2

)
,

Re (α+ ν ± µ) , Re (a± b) > 0.
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Example I.3. Consider the integral equation

y (x) +

∫ ∞
0

y (ξ) f

(
x

ξ

)
dξ

ξ
= g (x) , (I.10)

where f and g are known functions. Applying the Mellin transform (I.1) and the relation (I.4), we
obtain the equality

Y (s) + F (s)Y (s) = G (s) ,

where Y , F , and G are the Mellin transforms of y, f , and g, respectively, and hence

Y (s) =
G (s)

1 + F (s)
.

Applying the inversion formula (I.2), we find the required solution

y (x) = M−1
[

G (s)

1 + F (s)

]
.

Example I.4. Consider the Laplace equation in polar coordinates [11]

∆u =

(
∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂ϕ2

)
u = 0 (I.11)

in the sector 0 < ϕ < ϕ0 < 2π, 0 < r <∞ with Dirichlet boundary conditions

u (r, ϕ)|ϕ=0 = u0 (r) , u (r, ϕ)|ϕ=ϕ0
= u1 (r) . (I.12)

We suppose that the solution is bounded at infinity and the so-called “Meixner condition on the
edge” limr→0

√
r ∂u∂r = 0 is satisfied. These conditions guarantee the uniqueness of the solution.

Applying the Mellin transform with respect to the variable r, we get

U (s, ϕ) =

∫ ∞
0

rs−1u (r, ϕ) dr.

The functions U0 (s) and U1 (s) are defined similarly. Now, by taking the commutation relation (I.5)
into account, (I.11) and (I.12) are reduced to the ordinary differential equation for U (s, ϕ)(

U ′′ϕϕ (s, ϕ)
)2

+ U (s, ϕ) = 0 (I.13)

with the boundary conditions

U (s, 0) = U0 (s) , U (s, ϕ0) = U1 (s) . (I.14)

Solving this boundary value problem and applying the inversion formula (I.2), we find the solution
u (r, ϕ).

Some other applications can be found, for example, in [2].



Appendix II
Conditions of Convergence

Exploring conditions of convergence of integrals at a point, we often can replace integrands with
simpler asymptotic expressions containing only power, exponential, and trigonometric functions
and providing the same conditions. For example, instead of behavior of the functions eax−x

2

and
sin
(
x2 + 2x+ a

)
, when x → ∞, we can consider behavior of eax and sinx2, respectively, and get

the same conditions of convergence of the corresponding integral at infinity.
Below, we give some model integrals, their conditions of convergence, and a list of asymptotic

analogues of elementary and special functions. Conditions for the majority of other integrals can
be obtained by replacing integrands with their asymptotic analogues and comparing them with the
formulas 1–9. Note that some integrals can require deeper investigation of asymptotics.

I. Convergence at x = 0:

1.

∫ 1

0

xα dx [Reα > −1] .

2.

∫ 1

0

xαeax
β

dx


(Re a, β > 0; Reα > −1) or

(Re a < 0; β < 0) or

(Re a < 0; β ≥ 0; Reα > −1) or

(Re a = 0; Reα > −1)

.

II. Convergence at x =∞:

3.

∫ ∞
1

xα dx [Reα < −1].

4.

∫ ∞
1

xαe−ax dx

 (Re a > 0) or

(Re a = 0; Im a 6= 0; Reα < 0)

.

5.

∫ ∞
1

xαe−ax
β

dx


(Re a > 0; β > 0) or

(Re a > 0; β > 0; Reα < −1) or

(Re a < 0; β < 0; Reα < −1) or

(Re a = 0; Reα < β − 1)

.

6.

∫ ∞
1

xα
{

sin (ax)

cos (ax)

}
dx [Im a = 0; Reα < 0].
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7.

∫ ∞
1

xα
{

sin
(
axβ

)
cos (axβ)

}
dx [Im a = 0; β > 0; Reα < β − 1].

8.

∫ ∞
1

xαeax
β

{
sin (bxγ)

cos (bxγ)

}
dx


(Re a > 0; Im b = 0; α > 0; β < 0; Reα < γ − 1) or

(Re a < 0; Im b = 0; β, γ > 0) or

(Re a = Im b = 0; α, β > 0; Reα < β + 1, γ + 1)

.

The Cauchy principal value of the integral ∫ b

a

f (x) dx

with a singular point x = c ∈ (a, b) is defined as

lim
ε→0

(∫ c−ε

a

f (x) dx+

∫ b

c+ε

f (x) dx

)
;

for example, ∫ b

a

1

x− c
dx = ln

b− c
c− a

; 0 < a < c < b.

III. Convergence at x = c (Cauchy principal value):

9.

∫ b

a

1

xr − cr
dx [0 < a < c < b].

Asymptotic analogues of elementary and special functions

Definition. A set of functions
{
f1 (z) , f2 (z) , . . . , fn (z)

}
, such that the integral∫ b

a

f (x) g (x) dx

converges or diverges at a point x = c simultaneously with all integrals∫ b

a

fi (x) g (x) dx,

is called asymptotic analogue of the function f (x) at the point x = c. Note that asymptotic analogue
is not the main term of asymptotics, though in some cases it can coincide with it. We use the notation

f (z) =⇒
{
f1 (z) , f2 (z) , . . . , fn (z)

}
.

For z → ∞, the functions sin z and sinh z in asymptotic analogues can be replaced with cos z
and cosh z, respectively.

For example, for the error function erf (z) that has asymptotic behaviour of the form

erf (z) ∼ 2z√
π
− 2z3

3
√
π

+ . . . , z → 0,

erf (z) ∼ 1 + e−z
2

(
− 1√

πz
+

1

2
√
πz3

+ . . .

)
, z →∞,

we write

erf (z) =⇒

 z, z → 0,{
1,
e−z

2

z

}
, z →∞.
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More examples:

sin (az) =⇒


z, z → 0,

sin (az), |z| → ∞; Im (az) = 0,

e|Im(az)|, |z| → ∞; Im (az) 6= 0.

Jν (az) =⇒


zν , z → 0,

sin (az)√
z

, |z| → ∞; Im (az) = 0,

e|Im(az)|
√
z

, |z| → ∞; Im (az) 6= 0.

Table of asymptotic analogues

(a+ bzr)
s

=⇒



1, z → 0; r > 0,

zrs, z → 0; r < 0,{[
a+

((
−a
b

)1/r)r
b

]s
,

[
z −

(
−a
b

)1/r]s}
, z →

(
−a
b

)1/r
,

zrs, |z| → ∞; r > 0,

1, |z| → ∞; r < 0.

√
bzr =⇒

 zr/2, z → 0,

zr/2, |z| → ∞.

Ai (z) =⇒


1, z → 0,

e−2z
3/2/3

4
√
z

, |z| → ∞; −2π

3
< arg z ≤ 2π

3
,{

e−2z
3/2/3

4
√
z

,
e2z

3/2/3

4
√
z

}
, |z| → ∞; otherwise.

Ai′ (z) =⇒


1, z → 0,

4
√
ze−2z

3/2/3, |z| → ∞; −2π

3
< arg z ≤ 2π

3
,{

4
√
z e−2z

3/2/3, 4
√
z e2z

3/2/3
}

, |z| → ∞; otherwise.

arccos z =⇒


1, z → 0,
√

1− z, z → 1,

1, z → −1,

{1, ln z}, |z| → ∞.

arccosh z =⇒


1, z → 0,
√
z − 1, z → 1,

1, z → −1,

{1, ln z}, |z| → ∞.
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arccot z =⇒


1, z → 0,

{1, ln (z − i)}, z → i,

{1, ln (z + i)}, z → −i,
1

z
, |z| → ∞.

arccoth z =⇒


1, z → 0,

{1, ln (z − 1)}, z → 1,

{1, ln (z + 1)}, z → −1,
1

z
, |z| → ∞.

arccsc z =⇒


{1, ln z}, z → 0,

1, z → 1,

1, z → −1,
1

z
, |z| → ∞.

arccsch z =⇒


{1, ln z}, z → 0,

1, z → i,

1, z → −i,
1

z
, |z| → ∞.

arcsec z =⇒


{1, ln z}, z → 0,
√
z − 1, z → 1,

1, z → −1,

1, |z| → ∞.

arcsech z =⇒


{1, ln z}, z → 0,
√

1− z, z → 1,

1, z → −1,

1, |z| → ∞.

arcsin z =⇒


z, z → 0,

1, z → 1,

1, z → −1,

{1, ln z}, |z| → ∞.
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arcsinh z =⇒


z, z → 0,

1, z → i,

1, z → −i,

{1, ln z}, |z| → ∞.

arctan z =⇒


z, z → 0,

{1, ln (z − i)}, z → i,

{1, ln (z + i)}, z → −i,

1, |z| → ∞.

arctanh z =⇒


z, z → 0,

{1, ln (1− z)}, z → 1,

{1, ln (1 + z)}, z → −1,

1, |z| → ∞.

beiν (z) =⇒


{
νzν , zν+2

}
, z → 0,{

e(−1)
1/4z

√
z

,
e(−1)

3/4z

√
z

,
e−(−1)

1/4z

√
z

,
e−(−1)

3/4z

√
z

}
, |z| → ∞.

berν (z) =⇒

 zν , z → 0,{
e(−1)

1/4z

√
z

,
e(−1)

3/4z

√
z

,
e−(−1)

1/4z

√
z

,
e−(−1)

3/4z

√
z

}
, |z| → ∞.

Bi (z) =⇒

 1, z → 0,{
e−2z

3/2/3

4
√
z

,
e2z

3/2/3

4
√
z

}
, |z| → ∞.

Bi′ (z) =⇒

 1, z → 0,{
4
√
z e−2z

3/2/3, 4
√
z e2z

3/2/3
}

, |z| → ∞.

C (z) =⇒

 √z, z → 0,{
1,

sin z√
z

}
, |z| → ∞.

Cλn (z) =⇒

 zn−2[n/2], z → 0,

zn, |z| → ∞.

chi (z) =⇒


{1, ln z}, z → 0,{

1,
sinh z

z

}
, |z| → ∞; arg z = π/2,

sinh z

z
, |z| → ∞; arg z 6= π/2.
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ci (z) =⇒


{1, ln z}, z → 0,{

1,
sin z

z

}
, z → −∞,

sin z

z
, |z| → ∞; arg z 6= π.

cos z =⇒


1, z → 0,

cos z, z →∞; Im z = 0,

e|Im z|, |z| → ∞; Im z 6= 0.

cosh z =⇒


1, z → 0,

cosh z, z →∞; Re z = 0,

e|Re z|, |z| → ∞; Re z 6= 0.

cot z =⇒



1

z
, z → 0,

cot z, z →∞; Im z = 0,
1

z − nπ
z → nπ; n = 0, ±1, ±2, . . .

1, |z| → ∞; Im z 6= 0.

coth z =⇒



1

z
, z → 0,

coth z, z →∞; Re z = 0,
1

z − nπi
, z → nπi; n = 0, ±1, ±2, . . . ,

1, |z| → ∞; Re z 6= 0.

csc z =⇒



1

z
, z → 0,

1

z − nπ
, z → nπ; n = 0, ±1, ±2, . . . ,

csc z, z →∞; Im z = 0,

e−|Im z|, |z| → ∞; Im z 6= 0.

csch z =⇒



1

z
, z → 0,

1

z − nπi
, z → nπi, n = 0, ±1, ±2, . . . ,

csch z, z →∞; Re z = 0,

e−|Re z|, |z| → ∞; Re z 6= 0.

D (z) =⇒


1, z → 0,

{1, ln (1− z)}, z → 1,

{1, ln (1 + z)}, z → −1,
1

z
, |z| → ∞.
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Dν (z) =⇒


1, z → 0,

zνe−z
2/4, |z| → ∞; −π

2
< arg z ≤ π

2
,{

zνe−z
2/4,

z−ν−2ez
2/4

Γ (−ν)

}
, |z| → ∞ .

Eν (z) =⇒


1, z → 0,{1

z
,

cos z√
z

}
, |z| → ∞; Im z = 0; ν = ±1

2
, ±3

2
, . . . ,{1

z
,
e|Im z|
√
z

}
|z| → ∞; Im z 6= 0; ν 6= ±1

2
, ±3

2
, . . .

E (z) =⇒


1, z → 0,

1, z → 1,

1, z → −1,

z, |z| → ∞.

Ei (z) =⇒


{1, ln z}, z → 0,
ez

z
, |z| → ∞; Im z = 0,{

1,
ez

z

}
, |z| → ∞; Im z 6= 0, . . .

ez =⇒


1, z → 0,

cos (Im z), |z| → ∞; Re z = 0,

ez, |z| → ∞; Re z 6= 0.

erf (z) =⇒

 z, z → 0,{
1,
e−z

2

z

}
, |z| → ∞.

erfc (z) =⇒


1, z → 0,

e−z
2

z
, |z| → ∞; −π

2
< arg z ≤ π

2
,{

1,
e−z

2

z

}
|z| → ∞; otherwise.

erfi (z) =⇒

 z, z → 0,{
1,
ez

2

z

}
, |z| → ∞.

0F1 (b; z) =⇒


1, z → 0,

z(1−2b)/4 cos
(
2
√
−z
)
, z → −∞,

z(1−2b)/4e2|Im(
√
−z)|, |z| → ∞; arg z 6= π.
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1F1

(
a; z

b

)
=⇒

 1, z → 0,{
z−a, za−bez

}
, |z| → ∞.

2F1

(
a, b

c; z

)
=⇒


1, z → 0,{

1, (1− z)c−a−b
}

, |z| → 1; c− a− b 6= 0,

{1, ln (1− z)}, |z| → 1; c− a− b = 0,{
z−a, z−b

}
, |z| → ∞.

3F2

(
a1, a2, a3
b1, b2; z

)
=⇒


1, z → 0,{

1, (1− z)b1+b2−a1−a2−a3
}

, z → 1; b1 + b2 − a1 − a2 − a3 6= 0,

{1, ln (1− z)}, z → 1; b1 + b2 − a1 − a2 − a3 = 0,

{z−a1 , z−a2 , z−a3}, |z| → ∞.

1F2

(
a1; z

b1, b2

)
=⇒


1, z → 0,{
z−a1 , z(2a1−2b1−2b2+1)/4 cos

(
2
√
−z
)}

, z → −∞,{
z−a1 , z(2a1−2b1−2b2+1)/4e2|Im(

√
−z)|

}
, |z| → ∞; arg z 6= π.

pFq

(
(ap) ; z

(bq)

)
=⇒



1, z → 0,

{1, (1− z)
∑q
j=1 bj−

∑q+1
i=1 ai}, z → 1; p = q + 1;

q∑
j=1

bj −
q+1∑
i=1

ai 6= 0,

{1, ln (1− z)}, z → 1; p = q + 1;
q∑
j=1

bj −
q+1∑
i=1

ai = 0,

{z−a1 , z−a2 , . . . , z−ap}, |z| → ∞; p = q + 1,

{z−a1 , z−a2 , . . . , z−ap , zχez}, |z| → ∞; p = q,{
z−a1 , z−a2 , . . . , z−ap , zχ cos

(
2
√
−z
)}

|z| → ∞; p = q − 1,{
z−a1 , z−a2 , . . . , z−ap , |z| → ∞; p < q − 1,

zχ exp
[
(q − p+ 1) z1/(q−p+1)

]}
,

χ =
1

q − p+ 1

(q − p
2

+
p∑
i=1

ai −
q∑
j=1

bj

)
.
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Gm,np, q

(
z

∣∣∣∣ (ap)

(bq)

)
=⇒



{
zb1 , zb2 , . . . , zbm

}
, z → 0; p = q,{

zb1 , zb2 , . . . , zbm , zχ exp
[
(−1)q−m−nz−1

]}
, z → 0; p = q + 1,{

zb1 , zb2 , . . . , zbm , z → 0; p = q + 2,

zχ cos
(
2
√

(−1)q−m−n−1z−1
)}

,{
zb1 , zb2 , . . . , zbm ,

zχ exp
[
(p− q) (−z)1/(q−p)

]}
, z → 0; p > q + 2,{

1, (1− (−1)p−m−nz)
∑p
i=1(ai−bi)−1

}
, z → (−1)

m+n−p
;

p = q;
p∑
i=1

(ai − bi) 6= 1,

{1, ln (1− (−1)p−m−nz)}, z → (−1)
m+n−p

;

p = q;∑p
i=1 (ai − bi) = 1,

1, z → (−1)
m+n−p

;

p 6= q,{
za1−1, za2−1, . . . , zan−1

}
, |z| → ∞; p = q,{

za1−1, za2−1, . . . , zan−1, |z| → ∞; p = q − 1,

zχ exp [(−1)p−m−nz]
}

,{
za1−1, za2−1, . . . , zan−1, |z| → ∞; p = q − 2,

zχ cos
(
2
√

(−1)p−m−n−1z
)}

,{
za1−1, za2−1, . . . , zan−1, |z| → ∞; p < q − 2,

zχ exp
[
(q − p) (−z)1/(q−p)

]}
,

χ =
1

q − p

(p− q + 1

2
+

q∑
j=1

bj −
p∑
i=1

ai

)

Hν (z) =⇒


zν+1, z → 0,{
zν−1,

cos z√
z

}
, |z| → ∞; Im z = 0,{

zν−1,
e|Im z|
√
z

}
|z| → ∞; Im z 6= 0.

H
(1)
ν (z) =⇒


{zν , z−ν}, z → 0,
cos z√
z

, |z| → ∞; Im z = 0,

e|Im z|
√
z

, |z| → ∞; Im z 6= 0.
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H
(2)
ν (z) =⇒


{zν , z−ν}, z → 0,
cos z√
z

, |z| → ∞; Im z = 0,

e|Im z|
√
z

|z| → ∞; Im z 6= 0.

Hn (z) =⇒

[
zn−2[n/2], z → 0,

zn, |z| → ∞.

Iν (z) =⇒


zν , z → 0,
cosh z√

z
, |z| → ∞; Re z = 0,

e|Re z|
√
z

, |z| → ∞; Re z 6= 0.

Jν (z) =⇒


zν , z → 0,
cos z√
z

, |z| → ∞; Im z = 0,

e|Im z|
√
z

, |z| → ∞; Im z 6= 0.

Jν (z) =⇒


1, z → 0,{1

z
,

cos z√
z

}
, |z| → ∞; Im z = 0,{1

z
,
e|Im z|
√
z

}
, |z| → ∞; Im z 6= 0.

K (z) =⇒


1, z → 0,

{1, ln (1− z)}, z → 1,

{1, ln (1 + z)} z → −1,
ln z

z
|z| → ∞.

Kν (z) =⇒

 {zν , z−ν}, z → 0,

e−z√
z

, |z| → ∞.

keiν (z) =⇒

 {zν , z−ν}, z → 0,{
e(−1)

1/4z

√
z

,
e(−1)

3/4z

√
z

,
e−(−1)

1/4z

√
z

,
e−(−1)

3/4z

√
z

}
, |z| → ∞.

kerν (z) =⇒

 {zν , z−ν}, z → 0,{
e(−1)

1/4z

√
z

,
e(−1)

3/4z

√
z

,
e−(−1)

1/4z

√
z

,
e−(−1)

3/4z

√
z

}
, |z| → ∞.

Lν (z) =⇒


zν+1, z → 0,{
zν−1,

cosh z√
z

}
, |z| → ∞; Re z = 0,{

zν−1,
e|Re z|
√
z

}
, |z| → ∞; Re z 6= 0.
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Lλn (z) =⇒

[
1, z → 0,

zn, |z| → ∞.

Liν (z) =⇒


z, z → 0,{

1, (z − 1)
ν−1
}

, z → 1,

{1, lnν z}, |z| → ∞.

Li2 (z) =⇒


z, z → 0,

1, z → 1,{
1, ln2 z

}
, |z| → ∞.

ln (1 + azr)=⇒


zr, z → 0; r > 0,

ln z, z → 0; r < 0,

ln z, |z| → ∞; r > 0,

zr, |z| → ∞; r < 0.

Mρ, σ (z) =⇒

[
zσ+1/2, z → 0,{
zρe−z/2, z−ρez/2

}
, |z| → ∞.

Pn (z) =⇒

[
zn−2[n/2], z → 0,

zn, |z| → ∞.

Pν (z) =⇒



{
1

Γ
(
1−ν
2

)
Γ
(
2+ν
2

) , z

Γ
(
−ν2
)

Γ
(
1+ν
2

)}, z → 0,

1, z → 1,

{1, ln (z + 1)} z → −1,{
zν ,

z−ν−1

Γ (−ν)

}
, |z| → ∞.

Pµν (z) =⇒


1, z → 0,

(1− z)−µ/2, z → 1,{
(z + 1)

µ/2
, (z + 1)

−µ/2
}

, z → −1,{
zν ,

z−ν−1

Γ (−ν)

}
, |z| → ∞.

Pµν (z) =⇒


1, z → 0,

(z − 1)
−µ/2

, z → 1,{
(z + 1)

µ/2
, (z + 1)

−µ/2
}

, z → −1,{
zν ,

z−ν−1

Γ (−ν)

}
, |z| → ∞.

P
(ρ, σ)
n (z) =⇒

[
1, z → 0,

zn, |z| → ∞.
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Qν (z) =⇒


1, z → 0,

{1, ln (1− z)}, z → 1,

{1, ln (z + 1)}, z → −1,{
zν , z−ν−1

}
, |z| → ∞.

Qµν (z) =⇒


1, z → 0,{

(1− z)µ/2 , (1− z)−µ/2
}

, z → 1,{
(z + 1)

µ/2
, (z + 1)

−µ/2
}

, z → −1,{
zν , z−ν−1

}
, |z| → ∞.

Qµ
ν (z) =⇒


1, z → 0,{

(z − 1)
µ/2

, (z − 1)
−µ/2

}
, z → 1,{

(z + 1)
µ/2

, (z + 1)
−µ/2

}
, z → −1,

z−ν−1, |z| → ∞.

S (z) =⇒

 z3/2, z → 0,{
1,

cos z√
z

}
, |z| → ∞.

Sµ, ν (z) =⇒


zµ+1, z → 0,
cos z√
z

, |z| → ∞; Im z = 0,

e|Im z|
√
z

, |z| → ∞; Im z 6= 0.

sµ, ν (z) =⇒


zµ+1, z → 0,
cos z√
z

, |z| → ∞; Im z = 0,

e|Im z|
√
z

, |z| → ∞; Im z 6= 0.

sec z =⇒


1, z → 0,

1

z −
(
n+ 1

2

)
π

, z →
(
n+

1

2

)
π; n = 0, ±1, ±2, . . . ,

sec z, |z| → ∞; Im z = 0,

e−|Im z|, |z| → ∞; Im z 6= 0.

sech z =⇒


1, z → 0,

1

z −
(
n+ 1

2

)
πi

, z →
(
n+

1

2

)
πi; n = 0, ±1, ±2, . . . ,

sech z, |z| → ∞; Im z = 0,

e−|Re z|, |z| → ∞; Im z 6= 0.

sin z =⇒


z, z → 0,

sin z, |z| → ∞; Im z = 0,

e|Im z|, |z| → ∞; Im z 6= 0.
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sinh z =⇒


z, z → 0,

sinh z, |z| → ∞; Re z = 0,

e|Re z|, |z| → ∞; Re z 6= 0.

sinc (z) =⇒


1, z → 0,
sin z

z
, |z| → ∞; Im z = 0,

e|Im z|

z
, |z| → ∞; Im z 6= 0.

shi (z) =⇒

 z, z → 0,{
1,

cosh z

z

}
, |z| → ∞

Si (z) =⇒

 z, z → 0,{
1,

cos z

z

}
, |z| → ∞

T (z, a) =⇒
[

1, z → 0.

Tn (z) =⇒

[
zn−2[n/2], z → 0,

zn, |z| → ∞.

tan z =⇒


z, z → 0,

1

z −
(
n+ 1

2

)
π

, z →
(
n+

1

2

)
π; n = 0, ±1, ±2, . . . ,

tan z, |z| → ∞; Im z = 0,

1, |z| → ∞; Im z 6= 0.

tanh z =⇒


z, z → 0,

1

z −
(
n+ 1

2

)
πi

, z →
(
n+

1

2

)
πi; n = 0, ±1, ±2, . . . ,

tanh z, |z| → ∞; Re z = 0,

1, |z| → ∞; Re z 6= 0.

Un (z) =⇒

[
zn−2[n/2], z → 0,

zn, |z| → ∞.

Wρ, σ (z) =⇒

[ {
zσ+1/2, z1/2−σ

}
, z → 0,

zρe−z/2, |z| → ∞.

Yν (z) =⇒


{zν , z−ν}, z → 0,
cos z√
z

, |z| → ∞; Im z = 0,

e|Im z|
√
z

, |z| → ∞; Im z 6= 0.
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B (z, β) =⇒


1

z
, z → 0; β 6= 0,−1,−2, . . . ,

1

z − k
, z → k; k = 0,−1,−2; k + β 6= 0,−1,−2, . . . ,

z−β , |z| → ∞.

Γ (z) =⇒


1

z
, z → 0,

1

z − n
, z → n; n = 0,−1,−2, . . . ,

zz√
z ez

, |z| → ∞.

Γ (ν, z) =⇒

[
{1, zν}, z → 0,

zν−1e−z, |z| → ∞.

γ (ν, z) =⇒

[
zν , z → 0,{

1, zν−1e−z
}

, |z| → ∞.

ζ (z) =⇒

[
1, z → 0,

ζ (z), |z| → ∞.

ζ (z, v) =⇒
[

1, z → 0.

θj (z, q) =⇒

[
z, z → 0; j = 1,

1, z → 0; j = 2, 3, 4.

Φ (z, s, v) =⇒

 1, z → 0,{1

z
, z−v lns−1 z

}
, |z| → ∞; Re v, Re s > 0.

Ψ (a; b; z) =⇒

[ {
1, z1−b

}
, z → 0,

z−a, |z| → ∞.

ψ (z) =⇒


1

z
, z → 0,

1

z + k
, z → −k; k = 0, 1, 2, . . . ,

ln z, |z| → ∞.

ψ(n) (z) =⇒


z−n−1, z → 0,

(z + k)
−n−1

, z → −k; k, n = 0, 1, 2, . . . ,

z−n, |z| → ∞; n 6= 0.
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Index of Notations for Functions and Constants

Ai (z) =
1

π

√
z

3
K1/3

(
2

3
z3/2

)
is the Airy function

arccos z, arccot z = arctan
1

z
, arccsc z = arcsin

1

z
, arcsec z = arccos

1

z
, arcsin z, arctan z

are inverse trigonometric functions

arccosh z, arcsinh z, arctanh z, arccsch z = arcsinh
1

z
, arcsech z = arccosh

1

z
, arccoth z = arctanh

1

z
are inverse hyperbolic functions

arg z is the argument of the complex number z, z = |z|ei arg z

Bn are the Bernoulli numbers

Bn (z) are the Bernoulli polynomials

beiν (z), berν (z) are the Kelvin functions

berν x+ i beiν x = Jν
(
e3πi/4x

)
= eνπiJν

(
e−πi/4x

)
= eνπi/2Iν

(
eπi/4x

)
= e3νπi/2Iν

(
e−3πi/4x

)
Bi (z) =

√
z

3

[
I−1/3

(
2

3
z3/2

)
+ I1/3

(
2

3
z3/2

)]
is the Airy function

C = −ψ (1) = 0,577 215 664 9 . . . is the Euler constant

C (z) =
1√
2π

∫ z

0

cos t√
t
dt is the Fresnel cosine integral

C (z, ν) =

∫ ∞
z

tν−1 cos t dt [Re ν < 1] is the generalized Fresnel cosine integral

Cλn (z) =
(2λ)n
n!

2F1

(
−n, n+ 2λ; λ+

1

2
;

1− z
2

)
are the Gegenbauer polynomials

chi (z) = C + ln z +

∫ z

0

cosh t− 1

t
dt is the hyperbolic cosine integral

ci (z) = −
∫ ∞
z

cos t

t
dt is the cosine integral

cos z =
eiz + e−iz

2

cosh z =
ez + e−z

2

coth z =
cosh z

sinh z

cot z =
cos z

sin z

csc z =
1

sin z

csch z =
1

sinh z
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D =
d

dz
, Da =

d

da

D (k) =

∫ π/2

0

sin2 t dt√
1− k2 sin2 t

is the complete elliptic integral

D (ϕ, k) =

∫ ϕ

0

sin2 t dt√
1− k2 sin2 t

is the elliptic integral

Dν (z) = 2ν/2e−z
2/4 Ψ

(
−ν

2
,

1

2
;
z2

2

)
is the parabolic cylinder function

E (k) =

∫ π/2

0

√
1− k2 sin2 t dt is the complete elliptic integral of the second kind

En are the Euler numbers

En (z) are the Euler polynomials

Eν (z) =

∫ ∞
1

e−zt

tν
dt [Re z > 0] is the exponential E-integral

Eν (z) =
1

π

∫ π

0

sin (νt− z sin t) dt is the Weber function

Eρ (z; µ) =

∞∑
k=0

zk

Γ (µ+ ρ−1k)
[ρ > 0] is the Mittag–Leffler function

Ei (z) =

∫ z

−∞

et

t
dt is the exponential integral

erf (z) =
2√
π

∫ z

0

e−t
2

dt is the error function

erfc (z) = 1− erf (z) =
2√
π

∫ ∞
z

e−t
2

dt is the complementary error function

erfi (z) =
2√
π

∫ z

0

et
2

dt is the error function of imaginary argument

1F1

(
a; z

b

)
≡ 1F1

(
a

b; z

)
≡ 1F1 (a; b; z) =

∞∑
k=0

(a)k z
k

(b)k k!

is the Kummer confluent hypergeometric function

2F1

(
a, b; z

c

)
≡ 2F1

(
a, b

c; z

)
≡ 2F1 (a, b; c; z) =

∞∑
k=0

(a)k (b)k
(c)k

zk

k!
[|z| < 1],

=
Γ (c)

Γ (a) Γ (c− b)

∫ 1

0

tb−1 (1− t)c−b−1 (1− tz)−a dt

[Re c > Re b > 0; |arg (1− z)| < π]

is the Gauss hypergeometric function

pFq

(
(ap) ; z

(bq)

)
≡ pFq

(
(ap)

(bq) ; z

)
≡ pFq ((ap); (bq); z)

≡ pFq (a1, . . . , ap; b1, . . . , bq; z) =

∞∑
k=0

(a1)k (a2)k . . . (ap)k
(b1)k (b2)k . . . (bq)k

zk

k!

is the generalized hypergeometric function
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F
(n)
j (. . . ; . . . ; z1, . . . , zn) [j = A,B,C,D] are the Lauricella functions:

F
(n)
A (a, b1, . . . , bn; c1, . . . , cn; z1, . . . , zn) =

=

∞∑
k1,...,kn=0

(a)k1+...+kn (b1)k1 . . . (bn)kn
(c1)k1 . . . (cn)kn

zk11 . . . zknn
k1! . . . kn!

,

[ n∑
j=1

|zj | < 1

]
F

(n)
B (a1, . . . , an, b1, . . . , bn; c; z1, . . . , zn) =

=

∞∑
k1,...,kn=0

(a1)k1 . . . (an)kn (b1)k1 . . . (bn)kn
(c)k1+...+kn

zk11 . . . zknn
k1! . . . kn!

, [|zj | < 1, j = 1, 2, . . . , n]

F
(n)
C (a, b; c1, . . . , cn; z1, . . . , zn) =

∞∑
k1,...,kn=0

(a)k1+...+kn (b)k1+...+kn
(c1)k1 . . . (cn)kn

zk11 . . . zknn
k1! . . . kn!

,

[ n∑
j=1

√
|zj | < 1

]

F
(n)
D (a, b1, . . . , bn; c; z1, . . . , zn) =

∞∑
k1,...,kn=0

(a)k1+...+kn (b1)k1 . . . (bn)kn
(c)k1+...+kn

zk11 . . . zknn
k1! . . . kn!

,

[|zj | < 1, j = 1, 2, . . . , n]

Fj (. . . ; w, z) [j = 1, 2, 3, 4] are the Appell functions:

F1 (a, b, b′; c; w, z) =

∞∑
k,`=0

(a)k+` (b)k (b′)`
(c)k+`

wkz`

k! `!
[|w|, |z| < 1],

F2 (a, b, b′; c, c′; w, z) =

∞∑
k,`=0

(a)k+` (b)k (b′)`
(c)k (c′)`

wkz`

k! `!
[|w|+ |z| < 1],

F3 (a, a′, b, b′; c; w, z) =

∞∑
k,`=0

(a)k (a′)` (b)k (b′)`
(c)k+`

wkz`

k! `!
[|w|, |z| < 1],

F4 (a, b; c, c′; w, z) =

∞∑
k,`=0

(a)k+` (b)k+`
(c)k (c′)`

wkz`

k! `!

[√
|w|+

√
|z| < 1

]

G =

∞∑
k=0

(−1)
k

(2k + 1)
2 = 0,915 965 594 2 . . . is the Catalan constant

Gmnpq

(
z

∣∣∣∣ (ap)

(bq)

)
≡ Gmnpq

(
z

∣∣∣∣ a1, . . . , apb1, . . . , bq

)

=
1

2πi

∫
L

Γ (b1 + s) . . . Γ (bm + s) Γ (1− a1 − s) . . . Γ (1− an − s)
Γ (an+1 + s) . . . Γ (ap + s) Γ (1− bm+1 − s) . . . Γ (1− bq − s)

z−s ds,

L = L±∞, Li∞ is the Meijer G-function

Hν (z) =
2√
π

(z
2

)ν+1 1

Γ
(
ν + 3

2

) 1F2

(
1; − z

2

4
3
2 , ν + 3

2

)
is the Struve function

H
(1)
ν (z), H

(2)
ν (z) are the Hankel functions of the first and second kind (the Bessel functions of the

third kind H
(1)
ν (z) = Jν (z) + i Yν (z), H

(2)
ν (z) = Jν (z)− i Yν (z))
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Hn (z) = (−1)
n
ez

2 dn

dzn
e−z

2

are the Hermite polynomials

Hν (z, a, b) =

(
1− a2

)ν
2π

∫ b

0

e−z
2(t2+1)/[2(a2t2+1)]

(t2 + 1) (a2t2 + 1)
ν dt

Iν (z) =
1

Γ (ν + 1)

(z
2

)ν
0F1

(
ν + 1;

z2

4

)
= e−νπi/2Jν

(
eπi/2z

)
is the modified Bessel

function of the first kind

Jν (z) =
1

Γ (ν + 1)

(z
2

)ν
0F1

(
ν + 1; −z

2

4

)
is the Bessel function of the first kind

Jν (z) =
1

π

∫ π

0

cos (νt− z sin t) dt is the Anger function

Jµν (z) =
∞∑
k=0

(−z)k

k! Γ (kµ+ ν + 1)
[µ > −1] is the Bessel–Maitland function

Jµν,λ (z) =
∞∑
k=0

(−1)
k

(z/2)
2k+2λ+ν

Γ (k + λ+ 1) Γ (kµ+ ν + λ+ 1)
[µ > 0] is the generalized Bessel–Maitland function

Jiν (z) =

∫ ∞
z

Jν (t)

t
dt is the integral Bessel function of the first kind

K (k) =

∫ π/2

0

dt√
1− k2 sin2 t

is the complete elliptic integral of the first kind

Kν (z) =
π [I−ν (z)− Iν (z)]

2 sin νπ
[ν 6= n], Kn (z) = lim

ν→n
Kν (z) [n = 0,±1,±2, . . .]

is the Macdonald function (the modified Bessel function of the third kind)

keiν (z), kerν (z) are the Kelvin functions

kerν x+ i keiν x = e−νπi/2Kν

(
eπi/4x

)
=

1

2
πiH

(1)
ν

(
e3πi/4x

)
= −1

2
πie−νπiH

(2)
ν

(
e−πi/4x

)
Kiν (z) =

∫ ∞
z

Kν (t)

t
dt is the modified integral Bessel function

Lν (z) = e−(ν+1)πi/2 Hν

(
eπi/2z

)
is the modified Struve function

Ln (z) = L0
n (z) are the Laguerre polynomials

Lλn (z) =
z−λez

n!

dn

dzn
(
zn+λe−z

)
are the generalized Laguerre polynomials

Liν (z) =

∞∑
k=1

zk

kν
[|z| < 1]

=
z

Γ (ν)

∫ ∞
0

tν−1 dt

et − z
[Re ν > 0; |arg (1− z)| < π]

is the polylogarithm of the order ν

Li2 (z) is the Euler dilogarithm

Mκ,µ (z) = zµ+1/2e−z/2 1F1

(
µ− κ + 1

2

2µ+ 1; z

)
is the Whittaker confluent hypergeometric

function
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Pn (z) =
2−n

n!

dn

dzn
(
z2 − 1

)n
are the Legendre polynomials

Pν (z) ≡ P 0
ν (z) = 2F1

(
−ν, 1 + ν

1; 1−z
2

)
[|arg (1 + z)| < π]

is the Legendre function of the first kind

Pµν (z) =
1

Γ (1− µ)

(
z + 1

z − 1

)µ/2
2F1

(
−ν, ν + 1

1− µ; 1−z
2

)
[|arg (z ± 1)| < π; µ 6= m; m = 1, 2, . . .]

Pmν (z) =
(
z2 − 1

)m/2( d

dz

)m
Pν (z) [|arg (z − 1)| < π; m = 1, 2, . . .]

Pµν (x) =
1

Γ (1− µ)

(
1 + x

1− x

)µ/2
2F1

(
−ν, ν + 1

1− µ; 1−x
2

)
[−1 < x < 1; µ 6= m; m = 1, 2, . . .]

Pmν (x) = (−1)
m (

1− x2
)m/2( d

dx

)m
Pν (x) [−1 < x < 1; m = 1, 2, . . .]

is the associated Legendre function of the first kind

P
(ρ,σ)
n (z) =

(−1)
n

2nn!
(1− z)−ρ (1 + z)

−σ dn

dzn

[
(1− z)ρ+n (1 + z)

σ+n
]

=
(ρ+ 1)n

n!
2F1

(
−n, ρ+ σ + n+ 1

ρ+ 1; 1−z
2

)
are the Jacobi polynomials

Qν (z) ≡ Q0
ν (z) is the Legendre function of the second kind

Qν (z) ≡ Q0
ν (z) = Qν (z) +

1

2
[ln (z − 1)− ln (1− z)]Pν (z)

Qµν (z) =
eiµπ
√
π

2ν+1
Γ

[
µ+ ν + 1

ν + 3/2

]
z−µ−ν−1

(
z2 − 1

)µ/2
2F1

(µ+ν+1
2 , µ+ν+2

2

ν + 3
2 ; 1

z2

)
[|arg z|, |arg (z ± 1)| < π; ν + 1/2, µ+ ν 6= −1,−2,−3, . . .]

Qµ−n−3/2 (z) =
eiµπ
√
π Γ (µ+ n+ 3/2)

2n+3/2 (n+ 1)!
z−µ−n−3/2

(
z2 − 1

)µ/2
2F1

( 2µ+2n+3
4 , 2µ+2n+5

4

n+ 2; 1
z2

)
[|arg z|, |arg (z ± 1)| < π; µ+ ν 6= −1,−2,−3, . . .]

Qµ
ν (x) =

e−iµπ

2

[
e−µπ/2Qµν (x+ i0) + eiµπ/2Qµν (x− i0)

]
=

π

2 sinµπ

[
Pµν (x) cosµπ − Γ

[
ν + µ+ 1

ν − µ+ 1

]
P−µν (x)

]
[−1 < x < 1; µ 6= ±m; µ+ ν 6= −1,−2,−3, . . .],

= (−1)
m (

1− x2
)m/2( d

dx

)m
Qν (x) [µ = m; ν 6= −m− 1,−m− 2, . . .],

= (−1)
m

Γ

[
ν −m+ 1

µ+m+ 1

]
Qm
ν (x) [µ = −m; ν 6= −m− 1,−m− 2, . . . ]

is the associated Legendre function of the second kind

S (z) =
1√
2π

∫ z

0

sin t√
t
dt is the Fresnel cosine integral

S (z, ν) =

∫ ∞
z

tν−1 sin t dt [Re ν < 1] is the generalized Fresnel sine integral
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Sµ, ν (z) = sµ,ν (z) + 2µ−1 Γ

[
ν, (ν + µ+ 1) /2

(ν − µ+ 1) /2

](
z

2

)−ν
0F1

(
1− ν; −z

2

4

)
+

+ 2µ−1 Γ

[
−ν, (1 + µ− ν) /2

(1− µ− ν) /2

](
z

2

)ν
0F1

(
1 + ν; −z

2

4

)
is the Lommel function

sµ, ν (z) =
zµ+1

(µ+ 1)
2 − ν2

1F2

(
1;
µ+ ν + 3

2
,
µ− ν + 3

2
; −z

2

4

)
is the Lommel function

sgnx =


1, x > 0,

0, x = 0,

−1, x < 0

sec z =
1

cos z

sech z =
1

cosh z

shi (z) =

∫ z

0

sinh t

t
dt = −i Si (iz) is the hyperbolic sine integral

Si (z) =

∫ z

0

sin t

t
dt is the sine integral

si (z) = Si (z)− π

2
= −

∫ ∞
z

sin t

t
dt is the sine integral

sin z =
eiz − e−iz

2i
,

sinc z =
sin z

z

sinh z =
ez − e−z

2
,

T (z, a) =
1

2π

∫ a

0

e−(1+t2)z2/2

1 + t2
dt [|arg a| < π] is the Owen function

Tn (z) = cos (n arccos z) = 2F1

(
−n, n
1
2 ; 1−z

2

)
are the Chebyshev polynomials of the first kind

tanh z =
sinh z

cosh z
,

Un (z) =
sin [(n+ 1) arccos z]√

1− z2
= (n+ 1) 2F1

(
−n, n+ 2

3
2 ; 1−z

2

)
are the Chebyshev polynomials of the

second kind

Wκ, µ (z) = zµ+1/2e−z/2 Ψ

(
µ− κ + 1

2

2µ+ 1; z

)
is the Whittaker confluent hypergeometric function

Yν (z) =
cos νπJν (z)− J−ν (z)

sin νπ
[ν 6= n], Yn (z) = lim

ν→n
Yν (z) [n = 0,±1,±2, . . .]

is the Neumann function (the Bessel function of the second kind)

Y iν (z) =

∫ ∞
z

Yν (t)

t
dt is the integral Bessel function of the second kind
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B (α, β) =
Γ (α) Γ (β)

Γ (α+ β)
is the beta function

Bz (α, β) =

∫ z

0

tα−1 (1− t)β−1 dt [Reα > 1; z < 1] is the incomplete beta function

Γ (z) =

∫ ∞
0

tz−1e−t dt [Re z > 0] is the gamma function

Γ (ν, z) =

∫ ∞
z

tν−1e−t dt is the complementary incomplete gamma function

γ (ν, z) = Γ (ν)− Γ (ν, z) =

∫ z

0

tν−1e−t dt [Re ν > 0] is the incomplete gamma function

Γ

[
(ap)

(bq)

]
≡ Γ

[
a1, . . . , ap
b1, . . . , bq

]
≡

p∏
k=1

Γ (ak)

q∏
`=1

Γ (b`)

Γ [(ap)] ≡ Γ [a1, . . . , ap] ≡
p∏
k=1

Γ (ak)

∆ (k, a) =
a

k
,
a+ 1

k
, . . . ,

a+ k − 1

k

∆ (k, (ap)) =
(ap)

k
,

(ap) + 1

k
, . . . ,

(ap) + k − 1

k

δm,n =

{
0, m 6= n,

1, m = n
is the Kronecker symbol

ζ (z) =

∞∑
k=1

1

kz
[Re z > 1] is the Riemann zeta function

ζ (z, v) =

∞∑
k=0

1

(v + k)
z [Re z > 1; v 6= 0,−1,−2, . . .] is the Hurwitz zeta function

θj (z, q) [j = 1, 2, 3, 4] are the theta functions:

θ1 (z, q) = 2

∞∑
k=0

(−1)
k
q(k+1/2)2 sin (2k + 1) z,

θ2 (z, q) = 2

∞∑
k=0

q(k+1/2)2 cos (2k + 1) z,

θ3 (z, q) = 1 + 2

∞∑
k=1

qk
2

cos (2kz) ,

θ4 (z, q) = 1 + 2

∞∑
k=1

(−1)
k
qk

2

cos (2kz)

θ (x) =

{
1, x ≥ 0,

0, x < 0
is the Heaviside function

λ (z, a) =

∫ a

0

z−t Γ (t+ 1) dt
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µ (z, λ) =

∫ ∞
0

tλzt

Γ (λ+ 1) Γ (t+ 1)
dt [Reλ > −1]

µ (z, λ, ρ) =

∫ ∞
0

tλzt+ρ

Γ (λ+ 1) Γ (t+ ρ+ 1)
dt [Reλ > −1]

ν (z) =

∫ ∞
0

zt

Γ (t+ 1)
dt

ν (z, ρ) =

∫ ∞
0

zt+ρ

Γ (t+ ρ+ 1)
dt

Ξj (. . . ; w, z) [j = 1, 2] are the Humbert functions:

Ξ1 (a, a′, b; c; w, z) =

∞∑
k, `=0

(a)k (a′)` (b)k
(c)k+`

wkz`

k! `!
[|w| < 1]

Ξ2 (a, b; c; w, z) =

∞∑
k, `=0

(a)k (b)k
(c)k+`

wkz`

k! `!
[|w| < 1]

Φ (z, s, v) =

∞∑
k=0

zk

(v + k)
s [|z| < 1; v 6= 0,−1,−2, . . .]

Φj (. . . ; w, z) [j = 1, 2, 3] are the Humbert functions:

Φ1 (a, b; c; w, z) =

∞∑
k, `=0

(a)k+` (b)k
(c)k+`

wkz`

k! `!
[|w| < 1]

Φ2 (b, b′; c; w, z) =

∞∑
k, `=0

(b)k (b′)`
(c)k+`

wkz`

k! `!

Φ3 (b; c; w, z) =

∞∑
k, `=0

(b)k
(c)k+`

wkz`

k! `!

Ψ

(
a; z

b

)
≡ Ψ

(
a

b; z

)
≡ Ψ (a; b; z) =

Γ (b− 1)

Γ (a)
z1−b 1F1

(
1 + a− b
2− b; z

)
+

Γ (1− b)
Γ (1 + a− b) 1F1

(
a; z

b

)
[b 6= 0, ±1, ±2, . . . ]

Ψ (a; n; z) = lim
b→n

Ψ (a; b; z) [n = 0, ±1, ±2, . . . ]

is the Tricomi confluent hypergeometric function

Ψj (. . . ; w, z) [j = 1, 2] are the Humbert functions:

Ψ1 (a, b; c, c′; w, z) =

∞∑
k, `=0

(a)k+` (b)k
(c)k (c′)`

wkz`

k! `!
[|w| < 1]

Ψ2 (a; c, c′; w, z) =

∞∑
k, `=0

(a)k+`
(c)k (c′)`

wkz`

k! `!

ψ (z) = [ln Γ (z)]
′

=
Γ′ (z)

Γ (z)
is the psi function (digamma function)

ψ(n) (z) =
dn

dzn
ψ (z) is the polygamma function
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(ap) = a1, a2, . . . , ap

(ap) + b = a1 + b, a2 + b, . . . , ap + b

(ap) /b = a1/b, a2/b, . . . , ap/b

(ap)
′ − aj = a1 − aj , . . . , aj−1 − aj , aj+1 − aj , . . . , ap − aj [1 ≤ j ≤ p]

(a)k = a (a+ 1) . . . (a+ k − 1) = Γ (a+ k) /Γ (a) [k = 1, 2, 3, . . .], (a)0 = 1

is the Pochhammer symbol

∆ (k, a) =
a

k
,
a+ 1

k
, . . . ,

a+ k − 1

k

∆ (k, (ap)) =
(ap)

k
,

(ap) + 1

k
, . . . ,

(ap) + k − 1

k

n! = 1 · 2 · 3 . . . (n− 1)n = (1)n , 0! = 1! = (−1)! = 1

(2n)!! = 2 · 4 · 6 . . . (2n− 2) 2n = 2nn!, 0!! = (−1)!! = 1

(2n+ 1)!! = 1 · 3 · 5 . . . (2n+ 1) =
2n+1

√
π

Γ

(
n+

3

2

)
=

(
3

2

)
n

2n

(
n

k

)
=
n (n− 1) . . . (n− k + 1)

k!
=

n!

k! (n− k)!
=

(−1)
k

(−n)k
k!

,

(
n

0

)
= 1

Re a, Re b > c means Re a > c and Re b > c

[x] = n [n ≤ x < n+ 1, n = 0,±1,±2, . . .] is the integer part of x

xλ+ =

{
xλ, x > 0,

0, x < 0∏
(ap)k =

p∏
j=1

(aj)k,
∏

((ap) + b)k =

p∏
j=1

(aj + b)k

n∏
k=m

ak = amam+1 . . . an [n ≥ m],

= 1 [n < m]

∞∏
k=1

ak (z) = lim
n→∞

n∏
k=1

ak (z)

n∑
k=m

ak = am + am+1 + . . .+ an [n ≥ m],

= 0 [n < m]

∞∑
k=1

ak (z) = lim
n→∞

n∑
k=1

ak (z)
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